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Zusammenfassung

Diese Arbeit enthélt verschiedene neue Resultate in der dynamischen Untersuchung der
Exponentialfamilie z — exp(z) + k. Wir geben eine neue Beschreibung der Menge der ent-
kommenden Punkte einer beliebigen Exponentialabbildung, die es erlaubt, Aussagen iiber
deren Topologie zu beweisen. Unter anderem geben wir eine Antwort auf die Frage, welche
externen Strahlen mit entkommenden Endpunkten in diesen Endpunkten differenzierbar
sind, und zeigen, dafl entkommende Punkte beliebig langsam entkommen kénnen. Deswei-
teren beweisen wir mehrere Resultate iiber die Existenz von nichtlandenden Strahlen und
Starrheit der Dynamik von Exponentialfunktionen auf den Mengen ihrer entkommenden
Punkte.

Ferner zeigen wir, daf je zwei hyperbolische oder parabolische Exponentialfunktionen
auf den Mengen ihrer entkommenden Punkte konjugiert sind. Genauer geben wir eine
Beschreibung der Juliamenge einer solchen Funktion als Quotient der Juliamenge einer
Exponentialfunktion mit einem anziehenden Fixpunkt. Dies ist ein Analogon zum “Pinched
Disk”-Modell fiir Polynomfunktionen und erlaubt die Beschreibung der Dynamik dieser
Funktionen anhand ihrer Kombinatorik.

Wir geben desweiteren eine vollstdndige Beschreibung der Bifurkationsstruktur von hy-
perbolischen Komponenten in der Exponentialfamilie und geben einen vereinfachten Beweis
des Satzes von Schleicher, dal der Rand dieser Komponenten in C zusammenhéngend ist,
wie von Baker und Rippon [5] sowie Eremenko und Lyubich [30] vermutet wurde. (Dieser
Teil der Dissertation ist eine gemeinsame Arbeit mit Dierk Schleicher.)

Ferner beweisen wir, dafl periodische externe Strahlen von Exponentialabbildungen mit
nichtentkommendem singuldrem Wert stets landen. Dies ist ein Analogon eines Satzes von
Douady und Hubbard fiir Polynome. Wir beweisen desweiteren, daf§ die Punkte hochstens
eines periodischer Zykels einer solchen Exponentialfunktion nicht Landepunkte periodi-
scher externen Strahlen sind.

Wir zeigen auflerdem, dafl der Rand von unbeschrinkten Siegelscheiben dieser Familie
immer den singuldren Wert enthélt; dies beantwortet eine Frage von Herman, Baker und
Rippon in [13].

Die Arbeit verusucht desweiteren, eine Ubersicht iiber den aktuellen Stand des Wissens
auf dem Gebiet der Iteration von Exponentialfunktionen zu geben.



Abstract

This thesis contains several new results about the dynamics of exponential maps 2z
exp(z) + k. We give a new description of the set of escaping points of an arbitrary expo-
nential map which allows us to prove statements about the topology of this set. Using this
description, we give an answer to the question which external rays with escaping endpoints
are differentiable in these endpoints and show that orbits may escape arbitrarily slowly.
We also prove several results about the existence of nonlanding external rays and rigidity
of exponential maps on their sets of escaping points.

Furthermore we show that any two hyperbolic or parabolic exponential maps are topo-
logically conjugate on their sets of escaping points. More precisely, we give an analog of
the “pinched disk model” for polynomials by describing the Julia set of any attracting or
parabolic exponential map as the quotient of that of an exponential map with an attracting
fixed point. This allows the description of the dynamics of such parameters purely in terms
of their combinatorics.

We also give a complete description of the bifurcation structure of hyperbolic com-
ponents in the space of exponential maps. This yields a simplified proof of Schleicher’s
theorem that the boundary of such a component in C is a curve, as was conjectured by
Baker and Rippon [5] as well as Eremenko and Lyubich [30]. (This part of the thesis is
joint work with Dierk Schleicher.)

Furthermore, we prove that periodic external rays of exponential maps with nonescaping
singular value always land. This is an analog of a well-known theorem of Douady and
Hubbard for polynomials. We also show that there is at most one periodic cycle of such a
map whose points are not landing points of periodic external rays.

Finally, we show that the boundary of unbounded Siegel disks always contains the
singular value. This answers a question of Herman, Baker and Rippon stated in [13]

In addition to the presentation of these new results, the thesis also aims to give an
overview of the current state of knowledge on the dynamics of exponential maps.
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Chapter 1

Introduction

This thesis studies the dynamics of exponential maps E, : z — exp(z) + & and the struc-
ture of their parameter space. This simplest family among transcendental entire functions
has received special attention over the years, much like the quadratic family has among
polynomials, and it is hoped that an understanding of exponential dynamics will be useful
in the study of more general classes. We wish to emphasize that such an understanding is
important not only in its own right, but also because the iteration of transcendental func-
tion has links to many other areas in dynamical systems and function theory; we content
ourselves here with giving three examples. Features of exponential dynamics appear in
the study of parabolic implosion [79], which is one of the most prominent current topics of
polynomial dynamics. The family Ate™, a close relative of the exponential, is the second
simplest model in population dynamics (the first being the logistic family). Finally, anyone
interested in finding the roots of entire functions should consider studying their Newton’s
method, i.e. iteration of a transcendental meromorphic function.

The reason that the exponential family is a natural candidate to begin with is the
same that has made the quadratic family a favorite object of study: in both cases the
maps possess only one singular value. The singular values (i.e., the critical and asymptotic
values) of a function play an important role in the study of its dynamics: a restriction on
the number of singular values generally limits the amount of different dynamical features
that can appear for the same map. Therefore, the simplest non-trivial parameter space of
holomorphic functions is given by the quadratic family, in which each function has only
a single simple critical point. Exponential maps are the only transcendental functions
which have only one singular value (see e.g. [57, Appendix D] or Theorem 2.3.5), and thus
form the simplest family consisting of transcendental maps. Furthermore, the exponential
family is the limit — not only analytically, but dynamically — of the families of unicritical
polynomials, parametrized as z — (1 + g)d + c. This makes exponential maps an excellent
candidate for applying methods that have proved useful in the study of these polynomials,
as first developed for the Mandelbrot Set in Douady and Hubbard’s famous Orsay Notes
[27].

Note that parameter space of exponential maps has often been studied under the
parametrization z — Aexp(z), rather than our form z — exp(z) + k; compare the re-

7



8 CHAPTER 1. INTRODUCTION

Figure 1.1: Parameter space for the exponential family.



marks at the end of Chapter 2. In the following, when quoting established results, we
translate them into our parametrization.

In some sense, exponential dynamics was first studied by Euler [32], who determined
for which real b the sequence b, b, . converges. However, the study of iterated entire
transcendental functions truly began with Fatou’s mémoire [34], in which he conjectured,
among other things, that the Julia set of exp is the complex plane. This was proved by
Misiurewicz in 1981 [59].

The study of holomorphic iteration received a strong revival in the 1980’s with Sullivan’s
proof of the nonexistence of wandering domains for rational functions [81] and Douady
and Hubbard’s celebrated study of the Mandelbrot set [27]. (The availability of stunning
computer pictures also contributed to an immense rise in popularity.) These ideas were
then also applied to the study of transcendental functions, with exponential maps being
the natural one-parameter family to study in analogy to quadratic polynomials. This
was first carried out by Baker and Rippon [5] and Eremenko and Lyubich [30, 31] (who
considered the exponential family as an example of more general classes of entire functions).
Subsequently, several phenomena where exposed which differ from those occurring for
polynomials; see e.g. [50, 53]. There was also a large body of work done notably by
Devaney and several coauthors (e.g. [17, 20, 23]) to understand the dynamics of E, for
k € R. Also, as early as in [21] (recently published as [11, 12]), the idea of considering
exponential maps as a dynamical limit of unicritical polynomials was considered. However,
there was little subsequent study of exponential parameter space or the dynamics of general
exponential maps.

This changed in the late 1990’s with work by Schleicher (in some parts as joined work
with Zimmer) [73, 74, 77, 76] which aimed at understanding exponential dynamics in
the combinatorial terms used to study the Mandelbrot set. For example, [77] gives a
complete description of the set of escaping points of an arbitrary exponential map, and
in [73] Schleicher proved two conjectures by Eremenko and Lyubich [30] on hyperbolic
components of exponential maps. (Several parts of [73] were published and generalized in
(74, 77, 76, 35], though large parts are still unpublished.)

This thesis continues the investigation of exponential maps in this spirit. We prove
several new results, resolving in particular a question stated in [73, Section VI.6] on the
landing of periodic external rays and a question by Herman, Baker and Rippon regarding
the boundaries of Siegel disks [13]. We also give new and simplified proofs of the abovemen-
tioned theorems. (Since [73] was not widely circulated, this makes proofs of the conjectures
from [30] available for the first time.) In the following, we describe our main results, which
are for a large part contained in the manuscripts and preprints [64, 65, 66, 67, 68].

We first develop a model for the set of escaping points of an exponential map and
construct a correspondence between this model and the set of escaping points of any
exponential map. This construction yields a new, simpler proof of the classification theorem
of escaping points mentioned above. To state this result, we need to introduce some
minimal amount of symbolic dynamics for exponential maps. (See also Section 3.1.) We
associate to (certain) orbits under E, an external address, i.e., a sequence s = $15283 ... of
entire numbers, which records the position of each orbit point with respect to a partition
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of the plane into horizontal strips of height 27w. More precisely, we say that a point z has
external address s under E, if Im(EF~!(2)) € ((2sx — 1), (25, + 1)) for all k > 1. (Note
that not every point has an external address.) Recall also that I(E,) denotes the set of
escaping points of E; i.e. the set of all points z with |E}(z)| — oc.

Theorem 1.1 (Classification of Escaping Points [77])
Let k € C. Let s be any external address for which there exists some x > 0 such that
|sk| < exp®~!(z) for all k > 1. Then there exists a curve gs := g& : (0,00) — I(Ey)

or gs := g5 : [0,00) — I(Ey) (called the external ray at address s) with the following
properties.

e g, is a path connected component of I(Ej).
o lim; . Re(gs(t)) = oo.
e For large t, g(t) has external address s.

Conversely, if the singular value does not escape, then every path connected component of
I(E,) is such an external ray. If the singular value does escape, then every path connected
component is either an external ray or is mapped into the external ray containing k in
finitely many steps.

Rather than just provide a new proof of a known theorem, our construction yields
topological information on the set of escaping points. In particular, we prove the following
result.

Theorem 1.2 (Canonical Correspondence of Escaping Points)
Let ky,ks € C be parameters for which the singular orbit does not escape. Then there
exists a unique bijection

O I(E,.,) — [(E,)

such that ®(E,, (z)) = E,,(®(2)) and |®(E" (2)) — E,(®(2))| — 0 for all z and such that
® maps g5 to gg* for all s.
Furthermore, if R is large enough, then ® is a homeomorphism from

Ig:={z € I(E,) : Re(E"(r1)) > R for alln > 0}

to ®(Ir). Here R can be chosen to be of the order log(max{1, |r1]|, |k2|}) + O(1).

In fact, if there is any conjugacy between two exponential maps on their sets of escaping
points which respects the combinatorial order of external rays (see Section 3.5), then this
conjugacy is given by the above map ®. In particular, we show the following theorems.
(A Misiurewicz parameter is one for which the singular value is preperiodic; an escaping
parameter is one for which the singular value escapes.)



11

Theorem 1.3 (Uniqueness of Conjugacy)
Suppose that FE,, and E,, are conjugate by an orientation-preserving homeomorphism
U : C — C. Then there exists k € Z such that

U(z) = ®(z + 2mik)
for all z € 1(E,,), where ® is the map from the previous theorem.

Theorem 1.4 (No Conjugacy)
Suppose that k1 and ko are escaping or Misiurewicz parameters such that E., and E, are
topologically conjugate. Then there exists k € Z such that k1 = ko+2mik or Ky = Ko+27ik.

This latter result is a generalization of a theorem by Douady and Goldberg [26] who show
this result for real (escaping) parameters xq, kg > —1.

In the case of an exponential map which has an attracting or parabolic orbit, on the
other hand, our model becomes an analog of the “pinched disk model” [25] for polynomials.
In particular, this implies the following.

Theorem 1.5 (Conjugacy for Attracting and Parabolic Dynamics)
Suppose that E,, and E,., both have an attracting or parabolic periodic orbit. Then the
map ® from Theorem 1.2 is a conjugacy on all of I(E,,).

We should note that the topology of exponential maps with an attracting fixed point
was described in [1], which was generalized to arbitrary periods in [10]. In particular, these
articles proved the landing of all external rays for such parameters. However, the models
depended on the parameter, thus these results do not imply Theorem 1.5.

Our model allows explicit computation of the speed of escape. For example, we show
that, for any exponential map, there are escaping points which escape arbitrarily slowly.
Furthermore, we also show the existence of nonlanding external rays for many exponen-
tial maps whose singular value is in the Julia set. (As usual, an external ray gs lands
if lim; 0 gs(t) exists.) For Misiurewicz parameters the existence of nonlanding rays was
observed by Schleicher (personal communication), and later this was proved for real pa-
rameters k € (—1,00) by Devaney and Jarque [22].

Theorem 1.6 (Nonlanding External Rays)
Suppose that E, is an exponential map for which some external ray accumulates at k.
Then there exists an external ray whose accumulation set contains an entire external ray.

In many cases — in particular if x is escaping or Misiurewicz — we can even show that
there is a ray which accumulates on itself.

By a result of Viana [84], external rays are C*° curves. Recall from Theorem 1.1 that
some rays may have an endpoint gs(0) which also escapes. It was previously not known
which of these rays are differentiable in their endpoints, and whether this depends on the
parameter. Using our construction, we are able to answer this question.
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Theorem 1.7 (Differentiability in Endpoints)
Let k € C, and suppose that s is an external address for which g, has an escaping endpoint
2o := ¢5(0). Then the curve g is continuously differentiable in z, if and only if the sum

> arg(Ef(z))

k>0
converges. Moreover, this condition depends only on s.

We also study the combinatorics of attracting parameters more closely and succeed
in giving a complete description of the bifurcation structure of hyperbolic components in
exponential parameter space — i.e., components in which all parameters have an attracting
periodic orbit. In particular, we develop algorithms for computing intermediate external
addresses, characteristic external addresses, kneading sequences and internal addresses of
hyperbolic components. As a corollary, we obtain a necessary and sufficient condition for
an attracting exponential map to have infinitely many periodic points at which at least two
external rays land (Corollary 5.9.8). A non-necessary sufficient condition was presented in
[9]. Furthermore, we prove that there are infinitely many bifurcation trees of hyperbolic
components (Corollary 5.8.7), which had been conjectured in [30]. We also give a simplified
version of Schleicher’s proof of the following important conjecture from [30].

Theorem 1.8 (Boundaries of Hyperbolic Components [73, Proposition V.6.4])
Let W be a hyperbolic component. Then OW C C is connected.

The results described in the previous paragraph — Section 4.5 and Sections 5.3 to 5.11,
to be precise — are joint work with Dierk Schleicher.

Forster [35] extended work of Schleicher [73, Chapter II] to give a classification of those
parameters for which the singular value lies on a ray (but is not an escaping endpoint of
a ray). Using our results, we can complete this theorem to a complete classification of
escaping parameters.

Theorem 1.9 (Parameter Rays)

Let s be an exponentially bounded external address. Then there exists a curve G :
(0,00) — C or G; : [0,00) — C such that, in the dynamical plane of k := G4(t), k € gs(t).
Gs is called the parameter ray at address s. Every escaping parameter lies on a (unique)
parameter ray.

Possibly the most important result of this thesis is an analog of Douady and Hubbard’s
landing theorem for periodic rays of polynomials [56, Theorem 18.10].

Theorem 1.10 (Landing of External Rays)
Let E,, be an exponential map with nonescaping singular value. Let s be any periodic
external address. Then g, lands at a parabolic or repelling periodic point.

The proof of this theorem makes use of the theory of holomorphic motions [51] and a
landing theorem for periodic parameter rays due to Schleicher [73, Theorem V.7.2]. It is
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rather unusual that the landing of parameter rays is used to prove the landing of dynamical
rays.

Unfortunately, these methods cannot be generalized to higher dimensional parameter
spaces, which is why we also give a direct dynamical proof of this theorem in the important
case where the ray does not intersect the postsingular set (Theorem 3.9.1). While this thesis
was being prepared, we noticed that a proof by Schleicher and Zimmer [76] of the landing
theorem in the special case where the singular orbit is bounded can also be generalized to
handle the case covered by Theorem 3.9.1.

Theorem 1.10 suggests the important question whether the converse is true, i.e. whether
every repelling periodic point is the landing point of some external ray. Recall that this is
the case for polynomials with connected Julia set by a theorem of Douady [56, Theorem
18.11]. (It was shown by Eremenko and Levin [29] that every repelling periodic point is
accessible from the basin of oo even if the Julia set is disconnected.) Using Theorem 1.10,
we give a partial answer in this direction, again utilizing results in parameter space.

Theorem 1.11 (Almost all Periodic Points are Landing Points)
Let E,. be any exponential map with nonescaping singular value. Then, except for at most
one periodic orbit, every periodic point is the landing point of a periodic external ray.

Because a nonrepelling periodic point can never be the landing point of a periodic external
ray by the Snail Lemma [56, Lemma 16.2], this shows that for attracting or indifferent
parameters all repelling periodic points are landing points of periodic rays. We believe
that these are the only exceptions that can occur in Theorem 1.11, but this question is
still open. This problem is discussed in Section 7.2.

Finally, we also give an answer to the question of Herman, Baker and Rippon [13]
whether unbounded exponential Siegel disks need contain the singular value in their bound-
ary.

Theorem 1.12 (Siegel Disks and Singular Values)
Suppose that E, has a Siegel disk U (of arbitrary period) such that k ¢ OE”(U) for all n.
Then U is bounded.

By a result of Herman [42], this implies that the singular value is on the boundary of
the Siegel disk when the rotation number is diophantine (and, in fact, when it belongs to
the more general class H [60]). This result is rather separate from the rest of the thesis,
except that the existence of curves in the Julia set is used in the proof.

Because the topics covered in this thesis already cover many aspects of the study of
iterated exponential maps, we have attempted to make it into not only a presentation of
new results, but also as complete an account as possible of the current state of knowledge
in the field. We thus hope that it will be useful as a self-contained overview of exponential
dynamics.

The thesis is organized as follows. Chapter 3 contains the general construction of
external rays which is fundamental for the rest of the thesis, as well as a discussion of
several general results, most of which are of a topological nature. This includes a discussion
of the dynamical landing theorem (Theorem 3.9.1) that we mentioned earlier.
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Chapter 4 then turns its attention to attracting, parabolic, escaping and Misiurewicz
parameters, which are those for which there is much knowledge about combinatorics. Here
a special focus lies on attracting and parabolic parameters; in particular, we prove Theorem
1.5. Results from [76] for escaping and Misiurewicz parameters (which are from [76]) are
reviewed rather quickly. The chapter is concluded by a discussion of combinatorial ideas
introduced in [74] and extended in [68], which applies to all classes of parameters studied
in the chapter.

In Chapter 5, we discuss exponential parameter space; in particular we examine the
bifurcation structure of hyperbolic components. This chapter also contains the proofs of
Theorems 1.10 and 1.11.

Chapter 6 reviews results about exponential dynamics which do not belong to the areas
covered by the previous chapters. We prove Theorem 1.12, and discuss the dimension para-
dox discovered by Karpinska [45] and generalized by Schleicher and Zimmer [77]. Finally,
Chapter 7 lists some interesting questions which remain open.

As this work is rather long, we have attempted to make the different chapters self-
contained to some degree. The construction of Sections 3.2 and 3.3 is the basis of almost
all considerations in the thesis, and the combinatorial definitions of Section 3.7 are almost
equally important. All other sections of Chapter 3 are largely independent of each other.
They are likewise not required for the understanding of the subsequent chapters, with the
exception of the results (but not the methods) of Sections 3.9 and 3.10. Similarly, only
Sections 4.1 and 4.5 are fundamentally important for the study of Chapter 5.
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Chapter 2

Preliminaries

2.1 Notation

We assume that the reader is familiar with the basic notions of function theory, the Fatou-
Julia theory of iterated holomorphic functions, and the theory of Riemann Surfaces. Ex-
cellent references are e.g. [7, 15, 56, 80, 8, 36].

Throughout the text, C will denote the complex plane, C the Riemann sphere, D the
open unit disk and H the left half plane. Sometimes we will also consider the cylinder
C := C/2miZ = C/ exp and the punctured disk D* := D\ {0}. Finally, D,(z) is the disk of
radius r around zy. If U is an open subset of the plane, we will use the notation V' € U to
describe the fact that V is compactly contained in U; i.e. that V is bounded and V C U.

Let f: C — C be a nonconstant and nonlinear entire function. As usual, f™ denotes
the n-th iterate of f. By F(f) we denote the Fatou set of f, i.e., the largest set where the
family (f") is normal; J(f) := C\ F(f) is called the Julia set. The set of escaping points
of f is denoted by

I(f) = {zEC:T}LrEO\f”(Z)| :OO};

recall that J(f) = 0I(f) [28, Formula (1)]. When the function f is fixed, we also denote
these sets simply by F', J and I.

Another fundamental object is the set of singularities of f=1, or short singular values.
A number ¢ € C is a singular value for f if it is either a critical or asymptotic value of f.
The set of singular values of f is denoted by sing(f~'). The postsingular set of f is the set

P(f) = f(sing(f)).

n>0

Note that f: C\ f~*(P(f)) — C\ P(f) is a covering map.

A point z € C is called periodic under f if there is some n such that f"(z) = z.
The smallest such n is called the period of z. A periodic point is called superattracting,
attracting, repelling or indifferent, depending on whether |(f”)/ (z)| is=0, <1, >1or
= 1, respectively. Suppose that z is an indifferent periodic point, and let (") (z) = e?™.

15
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Then z is called parabolic if « is rational. Otherwise it is called either a Siegel or Cremer
point, depending on whether z € F or z € J.

Similarly, a component of the Fatou set U is called periodic if there is some n such that
f™(U) C U. A periodic Fatou component U is called an attraction domain, a Bdttcher
domain or a parabolic domain if the iterates (f™)reny on U converge to an attracting,
superattracting or parabolic periodic point, respectively. It is called a Siegel disk if f|U
is conjugate to an irrational rotation of the disk, and a Baker domain if the iterates of f
on U converge locally uniformly to co. It is well-known [8, Theorem 6] that every periodic
component must be of one of these types (note that f cannot have a Herman ring by
the maximum principle). A component of the Fatou set which is neither periodic nor
preperiodic is called wandering.

Throughout this thesis, we frequently consider external addresses, i.e. sequences of
integers, and denote the shift map of such sequences by o, i.e. 0(s18283...) = S283....
Also, the notation 5755...5, is used to denote the sequence in which the entries s1, ..., s,
are repeated periodically. Often, the function F(t) = exp(t) — 1 will be used as a model
function for exponential growth. We conclude any proof (or any result which is an im-
mediate corollary of previously proved facts) with the symbol B. Results which are cited
without proof are concluded by the symbol L.

2.2 The Hyperbolic Metric

In this section we review those results about hyperbolic geometry of plane domains which
we shall require. See [2] or [54] for more details.
Recall that the unique metric of constant negative curvature —1 on D is given by

2
s — |dz|
1|z

and is called the hyperbolic metric on D. This metric is invariant under Mobius transfor-
mations of the disk. Suppose that U C C is any domain with [C\U| > 1, and 7 : D — U
is a universal covering. Then there exists a unique metric on S whose pullback under ¢ is
the hyperbolic metric of D; this metric is called the hyperbolic metric of U. We will denote
its density by py : U — (0, 00); i.e.

2|dw|
7' (2)[(1 = [2]?)’
where z is chosen such that w(z) = w. In the few cases where the universal covering 7 is
explicitly known, one can thus compute the hyperbolic metric. Two important cases are
given by the left half plane H and the punctured disk D*:
1
~ —Rew

1

B |wlog|w||'

ds = py(w)|dw| =

and

pr(w)

o+ (w)
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One of the most useful elementary facts about the hyperbolic metric is given by the
Schwarz Lemma.

2.2.1 Theorem (Schwarz Lemma)

Let f : S — T be a holomorphic map between hyperbolic Riemann Surfaces S and T'. Then
either f is a covering map (in which case it is a local isometry) or it strictly decreases the
hyperbolic metric. O

2.2.2 Corollary (Monotonicity of the Hyperbolic Metric)
Suppose U C V C C and |C\ V| > 1. Then the hyperbolic metrics py(z)|dz| and py(z)|dz|
satisfy
pu(2) > py(2)
for all z € U. |

It is important to have estimates on the hyperbolic metric of a plane domain. The
following elementary estimate, obtained from the Schwarz Lemma and Koebe’s theorem,
often suffices.

2.2.3 Theorem (Estimates on the Hyperbolic Metric)
Let U C C, |[C\ U| > 1. Then the hyperbolic metric py(z)|dz| satisfies

( ) < #
PUl%) = dist(z, 0U)

(where dist denotes euclidean distance). If U is simply connected, also

1

—_— < .
Sdst(zo0) = )

g

In the case of multiply connected domains, the bound of the previous theorem may be
false, as the case of D* shows. An exact asymptotic is given by [54, Theorem 2.3]. However,
we shall only require the following lower bound for a certain multiply connected domain,
which can be obtained by much more elementary means.

2.2.4 Lemma (Hyperbolic Metric of a Multiply Punctured Domain)
Let U := C\ {2mik : k € Z} and H := {z : Rez > 0}. Then there exists C' > 0 such that
for all z with Rez > 1,
C
>C- = :

pu(2) pr(2) = 5
PROOF. Taking the image of both domains under the covering map exp, it suffices to
show that the hyperbolic metrics of exp(U) = C\ {0, 1} and exp(H) = C\ D satisfy such a
relation for all z with |z| > e. However, this follows by classical estimates on the hyperbolic
metric of C\ {0,1} [2, Theorem 1-12]. [
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2.3 Iteration of Exponential Functions

In this section, we review some important results concerning the dynamics of the exponen-
tial family

E,:C— C;z exp(z) + k.
Note that many of these results have in fact been proved for the larger class S of functions
with finitely many singular values [31].

Let us begin by proving that escaping points for exponential maps must lie in the Julia
set. (Compare [31, Section 2].)

2.3.1 Lemma (Escaping Points in Julia Set)
Let k € C. Then I(E,) C J(E,).

PROOF. Suppose that there is zy € I(E,) N F(E,). Then there exists dy > 0 such that
f™ — oo uniformly on D, (2). Then also Re f"|p, (s) — 00 (because |exp z| = exp(Re z2)).
Thus we can assume that Re E7(z) > max{Re(r), 2} for all z € Dy, (29). Let

0y, = dist (E7(20), 0E (Dsy(20))) -

Then §,, < 7, as otherwise D, (E"(zp)) would intersect one of the lines {Im z = (2k—1)7},
whose images under E, have real part < Rex. But then E, is injective on Dy, (E"(20)),
and so by Koebe’s theorem,

(B (20)) exp(Re E7 (20) e’ e\ "
5n+12’ 0 |5n: ( 7 )5n225n2”'2(2) - g — 0.
This is a contradiction. |

2.3.2 Theorem (Classification of Fatou Components)
Let k € C. Then every component of the Fatou set of E,, is simply connected, and is either
an attraction domain, a parabolic domain, a Siegel disk or a preimage of such a domain.

PRrROOF. Sullivan’s theorem that a rational function does not have wandering domains [81]
has been generalized to the class of exponential maps by Baker and Rippon [5, Theorem
6]. Thus, every component of the Fatou set is periodic or preperiodic. Also, by the
previous lemma there are no Baker domains. F, has no superattracting periodic points
because it does not have critical points. Thus every Fatou component is of one of the listed
types. The fact that all Fatou components are simply connected follows by the maximum
principle. Indeed, suppose that ~ is a simple closed curve which maps to an attraction
domain, a parabolic domain or a Siegel disk under iteration. Then, on ~, the iterates £
are bounded, which implies by the maximum principle that they are also bounded on the
domain enclosed by . However, by Montel’s theorem this domain then lies in the Fatou
set.! [ |

'In fact, if f is any entire function, then every nonwandering component of the Fatou set is simply
connected [3].
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A famous theorem of Shishikura states that the number of nonrepelling periodic cycles
of a rational function is bounded by the number of its critical points. Shishikura’s argument
was adopted by Eremenko and Lyubich [31] for functions with finitely many singular values.
For exponential maps, this means that there is at most one nonrepelling cycle.

2.3.3 Theorem (Number of Nonrepelling Cycles)
An exponential map has at most one periodic cycle which is not repelling. 0

2.3.4 Definition (Types of Exponential Parameters)

We call a parameter k attracting (or hyperbolic), parabolic, Siegel or Cremer if the map
E, has a nonrepelling cycle of the corresponding type. We call a parameter Misiurewicz if
the singular value of E,; is preperiodic and escaping if k € I(E,); i.e. if the singular orbit
escapes.

REMARK. An escaping or Misiurewicz parameter has no nonrepelling cycle. Indeed, every
cycle of immediate attracting or parabolic basins must contain a singular value, and both
boundaries of Siegel disks and Cremer cycles must be contained in the postsingular set [56,
Theorem 14.4].

To conclude, let us prove that, as noted in the introduction, the exponential family is

the only family of transcendental entire maps with only one singular value. (See also [57,
Appendix DJ.)

2.3.5 Theorem (Entire Maps with One Singular Value)

Suppose that f : C — C is an entire function with sing(f~') = {0}. Then there exist
a € C* and b € C such that f is either of the form z +— exp(az + b) or of the form
z—alz—b)? (d>2).

REMARK. Note that z — exp(az + b) is conjugate to z — exp(z) + b + loga. Similarly
2+ a(z — b)? is conjugate to a map of the form z — 2% + c.
PRrROOF. f:C\ f7'(0) — C* is a covering map. In particular, C\ f~1(0) is a parabolic
surface, so f~1(0) consists of at most one point. If it is empty, then f is a universal covering
of C*. Because exp is also a universal covering of C* and any two such coverings are related
by a conformal isomorphism of C, there are a # 0 and b such that f(z) = exp(az +b).
Now suppose that f~1(0) is nonempty. Then it consists of a single point b € C and
f:C\ {b} — C*is a covering map. Again, it follows that there is some d > 0 and a
biholomorphic map ¢ : C\ {b} — C* such that f(z) = ¢(2)¢ for all 2. Because f(b) =0,
¢ extends to a conformal isomorphism of C, i.e. a Mobius transformation of the form
2z a(z—b). [ |

REMARKS ON PARAMETRIZATION. The exponential family has most often been parame-
trized in the form

z — Aexp(z),
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with A € C*. (Baker and Rippon [5] use the parametrization z — exp(Az), and Ere-
menko and Lyubich [31] use the same parametrization as we do.) Note that the map
Aexp is conjugate to E, whenever A = exp(x). Although the choice of parametrization is
largely a matter of taste, we feel that we should include an explanation why we prefer the
parametrization as F,.

We are considering escaping points and external rays, and in particular the structure of
the dynamical plane near co. Therefore we prefer a parametrization in which the behavior
of all maps at co is the same for all exponential maps. For the map z +— Aexp(z) this
is not the case, so that the asymptotics of external rays depends on the parameter. This
seems somewhat awkward.

Another reason why this choice seems preferable to us is that it further stresses the
analogy to the unicritical polynomial families, which are likewise usually parametrized as
2+ 2%+ ¢, for which, again, the behavior at oo is normalized to be the same in the entire
family:.

Finally, this parametrization — as in that of the polynomial families — has the concep-
tual advantage that the structure of parameter space around a parameter corresponds to
the structure of the dynamical plane around the singular value, and not around the image
of the singular value as in the more traditional parametrization.

The only disadvantage we can see is the fact that the x-plane is not a genuine parameter
space, because two parameters which differ by an integer multiple of 27¢ are conformally
conjugate. However, this also has a positive side, as this way the same periodic structure
exists in parameter space as in the dynamical plane. Also, the combinatorial structure
of the parameter plane takes place in the same space as that of the dynamical plane.
However, it will sometimes be useful to remember that we can restrict to parameters with
Imk € (—m, 7.



Chapter 3

Escaping Points of Exponential Maps

This chapter deals with general facts concerning external rays of exponential maps. The
first sections contain the construction of external rays, including the proofs of Theorems
1.1 and 1.2. We then turn to several results regarding the topology of the set of escaping
points. Section 3.4 contains the proof of Theorem 1.7 and Section 3.5 contains a proof of
Theorem 1.3 as well as a short investigation of escaping set rigidity. Section 3.8 proves
the existence of nonlanding rays for broad classes of exponential maps (Theorem 1.6).
Section 3.9 contains a proof of the landing theorem for periodic rays which do not intersect
the postsingular set, as mentioned in the introduction. Also, Section 3.7 contains several
combinatorial notions which will be utilized in later chapters.

3.1 Symbolic Dynamics for Exponential Maps

One of the most powerful ideas for studying dynamical systems is to encode dynamical
behavior by partitioning phase space into different regions and associating to orbits the
sequence of regions that they visit. In this way, the dynamics is reduced to the dynamics
of a shift map over a symbol space, making it possible to study dynamical features as com-
binatorial problems. Classical examples include the Smale horseshoe, unimodal maps and,
of course, the study of external rays of polynomials introduced by Douady and Hubbard.

Symbolic dynamics has been part of the study of iterated exponential maps for a long
time (see e.g. [23, 21, 20]). Let us first restrict to the case of a real parameter k € (—oo, —1).
Then E, has an attracting fixed point which attracts the entire interval (—oo, 0]. Thus the
line segment (—oo, k) and its preimage, {z : 3k € Z : Im z = (2k + 1)7}, lie in the Fatou
set. In other words, the Julia set is completely contained within the strips

Sy ={z:Imz € ((2k — L), (2k + 1)7) };

see Figure 3.1(a).

Therefore, we can associate to each point z € J(E,) a unique sequence s = 18283 . . .
of integers such that E*~1(z2) € S, for all k. We call this sequence the external address of
z. It was shown by Devaney (see [23]) that, for every address s for which the set of points

21
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(c) In general, external rays cross sector boundaries.

Figure 3.1: The definition of external addresses.
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with address s is nonempty, this set consists of an injective curve v : [0,00) — C with
v(t) — oo as t — oo; see Figure 3.1(b). For ¢t > 0, v(t) is an escaping point, whereas v(0)
may be or not be escaping.

The description of which sequences are realized used to depend on the parameter. It
was recently observed by Schleicher [77] that this is not necessary, and that in fact the
possible growth rates of orbits under exponential maps are independent of the parameter.
These sequences are the so-called “exponentially bounded” sequences; see Section 3.6 for
a definition.

For a general exponential map F,, the Julia set need no longer be contained in the strips
Si; see Figure 3.1(c). But if z is an escaping point, then E”(z) ¢ {k +t:t € (—00,0]} for
all n larger than some ng. In particular, the orbit of E(z) never intersects the preimages
of this line; i.e., E7°(z) has an external address.

Using this idea, Schleicher and Zimmer [77] first construct a “ray-end” for any expo-
nentially bounded external address, and then use a pull-back argument to construct the
full ray. Because this pull-back will never reach the endpoint of a ray, they have to use
topological arguments to show that every escaping point is either on a ray or the endpoint
of a ray, which concludes their proof of Theorem 1.1. However, this proof does not give
much information about the behavior of escaping endpoints.

In the following, we modify this approach by using a model for the entire set of escaping
points of an exponential map. This model allows us to make topological statements about
escaping points, and in particular about the escape speed of escaping endpoints. We should
note that our construction is independent of the previously known facts which we stated
in this section, and, in particular, gives a new proof of these.

3.2 A Model for the Set of Escaping Points

We will now develop the promised model for the set of escaping points of an exponential
map (with nonescaping singular orbit). There is considerable freedom in the definition,
and the best choices may depend on the intended use. Here we have chosen a model which
allows very explicit calculations. However, there is a downside to this, on which we will
remark in the appropriate place.

Recall that a sequence s = s1s5... of integers is called an external address. Our model
will be situated in the space of all pairs (s,t), where s is an external address and ¢ > 0.
Note that the space of external addresses has a natural topological structure, namely the
order topology of the lexicographic order on external addresses (i.e. the topology whose
open sets are unions of open intervals). Thus the model space is equipped with the product
topology of this topology and the usual topology of the real numbers. The first entry of
the external address of a point should be thought of as indicating its imaginary part, while
the second component indicates its real part. We thus define Z(s,t) := ¢ + 2mis; and
|(s,t)| := |Z(s,t)]. We shall also write T' for the projection to the second component;
i.e. T(s,t) = t. In analogy to the potential-theoretic interpretation of external rays of
polynomials, we will sometimes refer to ¢ as the “potential” of the point (s, ).
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Recall that F(t) = exp(t) — 1. We define
Fs,t) := (0(s), F(t) = 2mls2])),

where o is the shift map, i.e. 0(s18283...) = $283.... The key property of this model is
the following: for any s and ¢ with T'(F(s,t)) > 0,

1
EF@ < |Fls, )] < F(t).

This means that, as in exponential dynamics, the exponential of the real part of a point
essentially determines the size of its image.
We now define

X :={(s,t) : Y¥n >0:T(F"(s,t)) > 0} and
X = {(s,t) € X : T(F"(s,t)) — oo}

The dynamics of F on X will be our model of the set of escaping points; whereas X
should be thought of as a model of the Julia set in the presence of an attracting fixed point,
as discussed in Section 3.1.

3.2.1 Observation (Comb Structure of X and X)
For every external address s, there exists a ts such that

XN ({s} x[0,00)) = {(s,1) : t > t};
this t, depends lower semicontinuously on s. Furthermore,
{(s,t) 1t > ts} C X.
PROOF. Suppose that (s,t) € X and ' =t +§, § > 0. By the definition of F, we have

T(F(st) = T(F(s, 1) = F(t') = F(1)
=exp(t +9) —exp(t) > exp(d) — 1 = F(0).

By induction,
T(F" (s, 1) = T(F"(s,1") = T(F"(s,t)) = F(8) — oo.

This proves the first and last claim. To prove semicontinuity, note that X is a closed set.
Therefore, for any R > 0 the set

{s:t; <R} ={s:(s,R) € X}

is closed. |
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3.2.2 Lemma (Calculation of ;)
Define t) := 0 and, inductively,

t§+1 = F*l (tlog.(g) + 27T’SQ|) .
Then t¥ — t, for every s.

Proor. Note that, for every s, the sequence tg is nondecreasing, so t; := lim tg exists.
Also note that T'(F" (s, t;)) =t,., = 0. This shows that (s,t}) € X, ie., t, >t
On the other hand, note that

T(F*(s,15)) = Lory = 0

and thus (s, %) ¢ X; i.e. t¥ <t,. Therefore ¢, = suptf <t,. [ |

3.3 Classification of Escaping Points

Throughout this section, let us fix some k € C. Recall that a point z is said to have
external address s if

Im(E"1(2)) € S,

for all n, where Sy = {z:Imz € ((2k — 1), (2k + 1)7) }.

We will now construct a conjugacy (on a suitable subset of X). This is done by iterating
forward in our model and then backwards in the dynamics of .. To this end, we define
the inverse branches L of E, by

Li(w) := Log(w — k) + 2mik,

where Log : C\ (—00,0] — Sp is the principle branch of the logarithm. Thus Lj(w) is
defined and analytic whenever w — k ¢ (—o0, 0].
Define maps G, inductively by Gy(s,t) := Z(s,t) and

Gk+1(§7 t) = Ls1(Gk<JT(§7 t)))

(wherever this is defined).
Fix K > 27 + 6 such that |k| < K, and set @ := max{log(4(K + 7 + 3)), 7 + 2}.
Consider the set

Y =Yg :={(s,t) € X : T(F"(s,t)) > Q for all n}.

Note that Y contains the set of all (s,¢) with ¢ > ¢, + Q. Note also that, for every
x = (s,t) € X, there exists some n so that F"(z) € Y.

3.3.1 Lemma (Bound on Gy)
For all k, Gy, is defined on Y and satisfies | Re Gi(s,t) — t| < 2; in particular,

|Gr(s, t) — Z(s,t)| <7 +2.
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ProoOF. By induction. The case k = 0 is trivial. Let £ > 0 such that the claim is true for
k; we will show that it holds also for k£ + 1. Let (s,t) € Y. By the induction hypothesis,

GR(F(s,1) = Z(F(s,1))| < 7+ 2.

Therefore,
Re (Gr(F(s,t))) > T(F(s,t) —m—2>Q —7—2>0.

Furthermore, we have
F(t)=exp(t) —1>exp(Q) — 1 > 4K + 7+ 2)
In particular,

Cu(Fs. )| > |Z(F(s, )| —m—2 > % 99K

Thus Gi(F(s,t)) — k ¢ (—00,0], so Gry1(s,t) is defined. Furthermore, we can write
Gr(F(s,1) — k= Z(F(s,1)) + (Ge(F(s,1)) = Z(F(s,1)) — &),

and, by the definition of @),
1 1
Ge(F(s:)) = Z(F(s,0) =wl <74+ 2+ K < Jexp(@) =1 < Joxp(t) — 1.
Therefore

Re(Grpa(s, 1)) = log |Gu(F(s,1)) — | = log (|Z<f<§, 0 +1 - iexp@))

1 1

> log <ﬁ exp(t) — 2 exp(t)) >t —log4.

Analogously Re(Gg41(s,t)) <t +log4. Thus
|Gri1(s,t) — Z(s,t)| < |Re(Grya(s,t) —t| + | Im(Gria(s,t)) — 2mwsy| <logd + 7 < 7+ 2.

This completes the proof. |

3.3.2 Theorem (Convergence to a Conjugacy)

On Y, the functions G,, converge uniformly (in (s,t) and k) to a function G : Y — J(Ej)
such that G(s,t) has external address s for each (s,t) € Y. This function satisfies Go F =
FE,. oG and

’G(g, t) — (Log(Z(F(s,t))) + 27m'31)‘ <e (2K + 21+ 4). (3.1)

Furthermore, G(s,t) € I if and only if (s,t) € X, G is a homeomorphism between Y
and its image, and G(s,t) depends holomorphically on k for fixed (s,t) € Y.
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REMARK. Note that (3.1) implies that
G(s,t) =t +2mis; + O(e™) (3.2)

for every s.
ProoF. Recall from the previous proof that, for n > 1,

GR(F"(s,1))] > 2K

and
Re (Gk(F"(s,t))) > 0.

Furthermore, the distance between Gy (F(s,t)) and Gy1(F(s,t)) is at most 2w + 4. Thus
we can connect these two points by a straight line within the set

{zeC:|z—k|>2and z — Kk ¢ (—00,0]}.

Since L, (z) = 1, it follows that

1
(Grra(8,1) = Graa(s, )] < SlGR(F(s,1) = Gen (F(s, 1)),
It follows by induction that
Grs1(s,t) — Grya(s,t)] <27 (71 +2),

so the GG, converge uniformly on Y. Because E, o G,, = G,,_1 o F, we see that G satisfies

the functional relation
E.oG=GokF.

To prove the asymptotics (3.1), note that

‘G(ﬁv t)—(Log(Z(F(s,1))) + 27rz'31)‘ —

Log (1 L GF(st) — k= Z(ﬂﬁi)))‘

Z(F(s,1))
G(F(s,t)) — Z(F(s,t)) — K T+24+ K 2r4+4+4+2K
= ﬁ’ Z(F(s,1)) SV © - el

(Note that | Log(1 + 2)| < v/2|z| for |z| < 3).

By Lemma 3.3.1, G(s,t) escapes under iteration of E, if and only if (s,t) escapes
under iteration of F. Clearly the point G(s,t) has the correct external address (note that
arg(Gk,l(g, t)) is bounded away from =+, so that the values Gy(s,t) cannot converge to
the strip boundaries). In particular, G(s,t) # G(s',t') whenever s # s, because the points
have different external addresses. On the other hand, under iteration of F, the points (s, t)
and (s,t'), t # t', will eventually be arbitrarily far apart, and therefore the same holds for
G(s,t) and G(s,t') under E,. This proves injectivity.

The function G is continuous as uniform limit of continuous functions; for the same
reason, G(s,t) is analytic in k. To prove that the inverse G~' is continuous, note that
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we can compactify both Y and G(Y') by adding a point at infinity. The extended map
G is still continuous, and the inverse of a continuous bijective map on a compact space is
continuous. |

REMARK. The asymptotic description of G(s,t) in terms of

Log(Z(F(s,t))) + 2mis, =log v/(F(t) — 2|sa|)2 + (2ms5)2+
iarg((F(t) — 2m|so| + 2misy) + 2mis

is somewhat awkward. Had we used, instead of F, the map

F(s.t) = (0(s), VF(t)? — (27m52)?),

then the whole construction would have carried through analogously (with somewhat im-
proved constants). For the map G’ : Y — [ that we obtain this way, we would correspond-
ingly have the following asymptotics:

|Re(G'(s,t)) —t| < et (2K + 21 + 4).

However, in this thesis we will never use the asymptotics in any other form than (3.2),
whereas we will rather often make direct calculations in the model. This is why we have
opted to use the function F rather than F’.

In order to extend G to a bijection G : X — I, the main remaining problem is to decide
whether a point is contained in G(Y'). The following Theorem is a counterpart to Theorem
3.3.2.

3.3.3 Theorem (Points in the Image of G)
Suppose that z € C spends its entire orbit in the half plane {w € C : Rew > Q+1}. Then
z has an external address s, and there exists t such that (s,t) € Y and z = G(s,t).

ProoOF. First note that, for n > 1,
|E(2) — K] = exp(Re(E ™' (2)) = exp(Q + 1) > 2K

and Re E?(z) > 0, so E?(2) — k ¢ (—00,0). Therefore, no iterate of z lies on the strip
boundaries, and thus z has an external address s.
Consider the sequence t; of potentials uniquely defined by

F¥(s,t4) = (o*(s), Re(EX(2))).
By an analogous argument to that of Lemma 3.3.1, we see that
|T(F7(s,tx)) — Re El(2)] <1
for all j < k. Let ¢t be any limit point of the sequence t;. Then, by the above,

|T(F/(s,t) = Re El(z)| < 1;
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in particular, (s,t) € Y.

Since G(s,t) also has external address s, it now follows that the distance between
FEJ(G(s,t)) and F(z) is bounded for all j. By the same contraction argument as in the
proof of Theorem 3.3.2, they are equal. |

We can now prove the existence of a global correspondence between X and I(E,). The
following result proves the classification of escaping points (Theorem 1.1) — except for the
fact that external rays form the path-connected components of I, which will be shown in
Section 3.8 — as well as Theorem 1.2.

3.3.4 Corollary (Global Correspondence)
Suppose that k ¢ I. Then G|(Y N X) extends to a bijective function

G: X —1

which satisfies G(F(s,t)) = E.(G(s,1)).
Furthermore, G is a homeomorphism on every F*(Y N X) and for every s the function
t — G(s,t) is continuous (“G is continuous along rays”).

Proor. It is sufficient to show, by induction G extends to a homeomorphism
G:F*YnX)— EXGYnX))

for every k > 1. Indeed, the sets of definition clearly exhaust all of X, while the range
exhausts I by Theorem 3.3.3. Continuity along rays also follows because every (s,t) € X
has a neighborhood on the ray that is completely contained in the same F*(Y N X).

So let us suppose that G has been extended to F~*(Y N X). First note that we can
extend G to F~**)(Y N X) in such a way that the extension is continuous along rays.
Indeed, for every s, we can choose a branch L of E_! on the ray such that L(G(F(s,t))) =
G(s,t) whenever (s,t) € F~%(Y N X). This extension is also continuous in both variables
because the branch L varies continuously. |

REMARK. If Kk € I, then there is a similar statement; we will only need to exclude all
preimages of the ray which contains . As the full statement becomes rather complicated,
we will not discuss it here. However, clearly G still has a maximal extension, which can
be described as follows. There exists some (s°,¢°) with G(s%,t°) = k, and G is defined for
all (s,t) except those for which F"(s,t) = (s°¢') for some n > 1 and ¢’ < ¢°.

When considering individual rays, it is often cumbersome to take into account the
starting potential t,. For convenience, we make the following definition.

3.3.5 Definition (External Rays)
Let k € C, and let s be any external address with t, < co. We define a curve g, — the
external ray at address s by
9s(t) = G(s, t +1).
If g, is not defined for all t > 0 (i.e., if there exists ty > ts such that G(F"(s,ty)) = k),
then we will sometimes call g, a “broken ray”. We say that an unbroken ray g, lands at a
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point zy if lim;_,g g5(t) = 2. Similarly, we say that gs(t) has an escaping endpoint if g,(0)
is defined and escaping; i.e. if (s,ts) € X.

3.3.6 Remark (Convergence of Rays)
Suppose that s" is a sequence of external addresses converging to a sequence s’ such that
also tgn — ty, and let ty > 0 such that g, (t) is defined for all t > ty. Then

9snlito.00) = 950 1t0.00)
uniformly.

PROOF. There exists k such that {(s,t):t —t, > to} C F*(Yy). The claim then follows
from Corollary 3.3.4. |

REMARK. In the case where gy is broken, we can say the following (with the same proof).
Suppose that s* > s° (or < g%) for all n. Then, under the assumptions of Remark 3.3.6
the rays gsn converge locally uniformly (in C) to a curve gy : (0,00) — C. This curve has
gx0(t) = oo if and only if G(F"(s’,t + te)) = k for some n > 1 and coincides with g
where the latter is defined. Thus if the ray which contains s is periodic, oo is assumed
infinitely many times on this curve. Also, one can see that this curve must accumulate
everywhere on itself. A Theorem of Curry [16] can be used to show that the accumulation
set of g0 in C can be compactified to an indecomposable continuum. This was done for
k> —1in [18] and for certain other parameters in [70].

In the following, we will sometimes write G* or g% for the objects constructed previously
when the parameter is not fixed in the context.

There is an interesting corollary of Theorem 3.3.2. Note that Yy contains many points
of X \ X; in particular endpoints of periodic addresses. Which of these addresses lie in
Y, depends on @ (and thus on the parameter); however, we can use this fact to give an
elementary bound on those parameters for which we know that these rays cross sector
boundaries or are not defined. This is the content of the following result, which will later
be used to bound parameter rays.

3.3.7 Corollary (Bound on Parameter Rays)
Let s be an external address witht, < co. Let ty := inf, > tsn(s) and suppose that ty > w+2.
If k € C such that G(F(s,t)) = k for some t, then

1
|61 > = exp(to)-

In particular, if s is periodic of period n and M := max |sg| is large enough, then |k| >
TF (2 M).

Similarly, suppose that s' and s® are external addresses for which there is n € N and
some large enough M such that

max |s) | > M
kn+1<m<(k+1)n
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for all k > 0 and j € {1,2}. If k is a parameter such that gy and g% land together, then
|k| > %F‘"(27TM).

PROOF. Recall that, for any address s” such that (s°,¢50) € Yoy = Yg(u), the ray g% lands,
and in particular, ga(§0) does not contain k. Also, no two such rays have the same landing
point, because the landing points have the same external address as the rays. Thus the
first claim is proved upon noting that ty < Q(x) = max{log(4|x| + 7 + 3), 7 + 2} implies

1 1
|k| > 1 exp(ty) —m—3 > R exp(to)

(for to > 7+ 2).

The second and third claim follow from this by realizing that, among all addresses s
one of whose entries so, ..., s,41 is of size at least M, the value of ¢, is minimized by the
address

s=00...0M0

(where the first block of Os consists of n — 1 entries). For this s, the value can be easily
computed to be F~" (2w M). |

3.4 Differentiability of Rays

Viana [84] proved (using a different parametrization) that the rays gs are C*. His argu-
ments also apply to the parametrization of the curves given by our construction. (Compare
also the proof of Theorem 3.4.2 below.)

3.4.1 Theorem (Rays are Differentiable [84])
Let s be an exponentially bounded external address. Then g, : (0,00) — C is C™. U

A proof of the differentiability of rays using the parametrization of rays constructed
n [77] can also be found in [35], where this was carried out to obtain specific estimates
on the first and second derivatives. However, there is no information about which rays
with escaping endpoints are also differentiable in these endpoints. Using the results of the
previous section, we can answer this question.

3.4.2 Theorem (Differentiability of Rays in Endpoints)
Let s be an exponentially bounded external address such that (s,ts) € X. Then the curve
95 ([0, 00)) is continuously differentiable in g,(0) if and only if the sum

> 27T$]+]_
3.3
; T(Fi(s,t,) (3.3)

converges.
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REMARK. By the formulation “the curve is continuously differentiable in g4(0)” we mean
that it is continuously differentiable under a suitable parametrization (e.g., by arclength),
not that the function g, itself is necessarily differentiable in 0. If the convergence of the
sum is absolute, then one can show that the function g, itself is differentiable in 0.
PROOF. Let ) be the number from the previous section for which all G, are defined on
the set Yy and converge uniformly to the function G there; it is clearly sufficient to prove
the theorem for addresses for which (s,¢,) € Yo N X.
By the definition of the functions Gy, their ¢-derivatives in any point (s,t) € Y are

given by

0G|, 1 0Gk—1

_(§7 t) = ’

ot Gr-1(F(s,t)) =k Ot

T eeTF (s, 1)
G (Fils ) -

£ exp(T(Fi—1( k G(F'(s,t)) — Gr_j(F(s,t))
(H G(Fi(s,t)) ) H( Gr—j(Fi(s,1)) — K )

(F(s,1)) - exp(t) =

Recall that ' | |
|G(F7(s,1) — Grej(F(s,1))| < 2% (21 4 4),

so the last product converges uniformly for ¢ > t,. It is not difficult to see that the first
product converges locally uniformly (and is nonzero) for ¢ > t, (see e.g. [35]). Note that
this proves that the ray without the endpoint is C*.

Now the ray is continuously differentiable in its endpoint if and only if arg (‘9G(s t))
has a limit as ¢ — t,. The above argument shows that this is equivalent to the question
whether the function

has a limit for ¢ — ¢,.

CrAM The limit lim,_;, ©(t) exists if and only if the sum O(t,) is convergent.
To prove this claim, fix some number m > 3 and define, for n large enough, ¢,, > ¢, to
be the unique number for which

T(F"(s,tn)) = T(F"(s,15)) + logm.

Note that |G(F"(s,t,)) — G(F"(s,ts))| < K := 2w + 4 + logm. It follows again by
contraction that, for k < n,

G(F*(5,1)) — G(F¥(s,t,))] < 2700 . K.
Thus

2 wg(CF 1)) —#) = 2 arg(G(FH e t)) = )| < 7K )ty
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which is easily seen to converge to 0 as n — c0.
Also observe that, for k > n + 1,

T(FH(s,ta)) = F*"7H((m = 1) - F(T(F"(,1))))

and
2msn-1 < FY N (F(T(F (s, 1)),
It easily follows that

k=n+2

arg (G(F*(s,t,)) — /-@)’ — 0

as n — oo. Similarly, for large enough n, the value ‘arg(G(]—"”“(g, tn)) — /4,)‘ is no larger
than —2= 4 ¢. If arg G(F"*(s,t,)) tends to 0, then arg G(F™"* (s, t,)) also does.

Now let us first consider the case that arg G(F7(s, t,)) does not converge to 0 (and thus
in particular the sum ©(¢,) is divergent). So let 6 > 0 and let ny be a subsequence such
that

‘arg(G(}""’“@, ts)) — /@)‘ > 0.

If m was chosen to be 1 + g, then it follows from the above considerations that

4 )
©(tn,—1) = Oty,)| =6 — " o(1) > =t o(1)
(as k — o00). In particular, the sequence ©(¢,) does not have a limit for n — oo. This
proves the claim in this case.
So we can now suppose that arg G(F?(s,ts)) — 0. Then, by our observations,

n

O(t,) = > arg(G(F¥(s,t,)) — k)| — 0.

k=1

Thus in particular the sequence O(t,,) has a limit if and only if the sum O(t;) is convergent.
It remains to show that this implies that © has a limit as t — t5. However, it is easy to
show that

sup  |O(tn) —O(1)] = 0

tE€[tn tn+1]

as n — o0o. Indeed, by the above observations,

—_

3

|arg G(F* (s, 1)) — arg G(F* (s, tn))]

1

B
Il

is small, as is
oo

> Jarg(G(F (s, 1) — k).

k=n+2
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Figure 3.2: These pictures are intended to illustrate Theorem 3.4.2. Shown is the ray at
address 01234 . .. for the parameter kK = —2 in three successive magnifications. The images
demonstrate that the ray indeed spirals around its escaping endpoint.

The two entries that remain to be dealt with tend to 0 because arg G(F(s, ts)) does. This
proves the claim in the second case.

To conclude the proof, we need to show that the convergence of the sum ©(t,) is
equivalent to the convergence in the sum (3.3) of the statement of the theorem. It is clear
that the terms of (3.3) converge to 0 if and only if those of ©(t5) do. So we can suppose that
arg G(F*(s,t,)) — 0. It is easy to see that then there exists  such that |G(F*(s,t,))| >
F*(z) for all large enough k. Because of this and since |G(F*(s,t,)) — Z(F*(s,ts))| is
bounded by 2 4 7, we have

k‘o kO 1

Zarg(G(]:kst ZargZ ts)) S?T-(2+7r+|fi\)-ZFk—<x>.
K

k

The last sum is clearly absolutely convergent, and so the convergence of the sum O(¢,) and

that of .
Z arg Z(F" (s, ts))
k

are equivalent. Similarly, one sees that the convergence of this last sum and the sum (3.3)
are equivalent. [ |

3.5 Canonical Correspondence and Escaping Set Rigi-
dity

The bijection G : X — I(k) constructed in the previous section — while having certain
continuity properties — is, in general, quite far from being a conjugacy. The question
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poses itself whether one could, using another construction, create a different map which is
a conjugacy, or at least is continuous on a larger set. We will now show that this is not the
case. The reason is that otherwise points with different escape speeds must be identified
under this map. On the other hand, the periodical structure of the dynamical plane would
have to be preserved, so that the kind of stretching that is happening in the real direction
cannot occur in the imaginary direction. Both of these directions interact under the map,
and one derives a contradiction. This argument is essentially that of Douady and Goldberg
[26] showing that for ki, ks € (—1,00), the maps E,, and E,, are not conjugate on their
Julia sets. In the terminology of our model, the proof will become somewhat simpler.

The second statement of the next theorem is somewhat complicated. The reader should
simply think of it as a more precise version of the first part which makes the theorem more
applicable.

3.5.1 Theorem (No Nontrivial Self-Conjugacies)
Let Q > 0 and suppose that f : YoNX — X is a continuous map with foF = F o f and
f(r,t) € {r} x (0,00) (3.4)

for all r and t. Then f is the identity.
More precisely, let (s,ty) € Yo N X. Suppose that a function

f o7 (Fs.te)nYy — X
J20
satisfies f o F = F o f and (3.4). If f(s,to) # (s,to), then f is not continuous in (s, ty).
PRrROOF. The first statement follows immediately from the second. So let = := (s,ty) and

f be as in the second part of the theorem, and suppose that f(s,ty) = (s, t;) with to # .
If n is large enough, we can find m(n) € N such that

0 <log(2mm(n) +to+1) — T(F"(x)) < 1.

Let us define y,, := (m(n) S9 8384 ... ,to). Now pull back the points vy, along the orbit of
x. More precisely, let z, be the uniquely defined point with address s1s3 ... s,m(n)sss;s. ..
such that F"*1(z,) = y,.

By the choice of m(n),

0 < T(F(2) — T(F(2)) < 1,

and thus ' 4 4
T(F/(zn)) = T(F(x)) < F~"=9(1)

for every j <n. In particular, z, € Yy and z, — =.
On the other hand, consider the image points f(z,). Because F"(f(2,)) = f(yn) =
(m(n)sgss ..., t,), we have, once more,

IT(f(z0) = T(z0)] < FD (It — to]) — 0.
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Thus
lim f(z,) = lim 2z, =x # f(x) = f (lim zn) )
so f is not continuous in x. |

An immediate consequence is that there is no other map with the same continuity
properties as our map G. In fact, we can make a stronger statement.

3.5.2 Corollary (No Other Conjugacies)
Suppose that E,, and E,, have nonescaping singular values and are conjugate on their sets

of escaping points by a conjugacy f that sends each external ray of E, to the corresponding
external ray of E,,. Then f = G"2 o (G")~L.

PROOF. Let
o I(E,) — [(Ey)

be defined by ® := f~! o G o (G*)~!. Then if If Q is large enough, ® is continuous
on G*(Yy). Suppose that z = G(s,ty) € I(E,,) such that ®(z) # z. We may assume
(by possibly exchanging k1 and ko and passing to a forward image of z if necessary) that
2 € Yo and T(G7HD(2))) > to.

Then the function

folJo 7 (Fs,t0) N Yo = Yo, (r,t) = GH(G(r, 1))

j=0
is continuous. This contradicts Theorem 3.5.1. |

One expects that the condition of every external ray being send to the corresponding
ray in the limit dynamics is satisfied by every “reasonable” conjugacy (up to a possible
relabeling of the combinatorics). In order to make this precise, let us introduce some
additional notation. When discussing conjugacies between functions of the plane, one
natural requirement is that the conjugacy is orientation-preserving. When we talk about
conjugacies on the sets of escaping points, as we will in this section, then this notion
should be replaced by the preservation of the order of external rays. More precisely, a
continuous function from some subset of X to X is called order-preserving if the map
on external addresses that it induces is order-preserving. Similarly, if ki, ks € C and
f : I(Es,) — I(E.,) is continuous, then we call f order-preserving if it maps external
rays in such a way that the order of their external addresses is preserved. Note that any
orientation-preserving conjugacy of two exponential maps will induce an order-preserving
map on their sets of escaping points. (We implicitly use the fact that the lexicographic
order of external addresses coincides with the vertical order of external rays, see Lemma
3.7.1.)

3.5.3 Lemma (Self-Conjugacies of the Shift)
Let f be an order-preserving homeomorphism of the space of external addresses such that
foo=oo f. Then there exists j € 7Z such that

f(s18283...) = (s1+7)(sa+7)(s3+7)-..



3.5. CANONICAL CORRESPONDENCE AND ESCAPING SET RIGIDITY 37

for all external addresses s = $15283....

PROOF. Recall that j denotes the constant address jjj.... The image of every constant
address must also be constant, and without loss of generality, we may assume that f(0) = 0.
(Otherwise, we can consider the map f(s) = (51 — j)(32 — j)..., where 3 = f(s) and
f(0) = j).) Note that f must map every periodic address to an address of the same period;
since periodic addresses are dense, it is sufficient to prove that f fixes these. Because f is
order-preserving, it must fix every address of period 1. If s is such that |s;| < A for all k,
then s and all its images under o lie between the period 1 addresses —A and A. Because
f is order-preserving, all entries of f(s) lie between —A and A as well.

Now, fix some A, N € N. By the above, f is an order-preserving permutation of the
space of all periodic addresses s of period < N which satisfy |s;| < A for all k. However,
this set is finite, so all its images must be fixed by f. |

3.5.4 Corollary (Order-Preserving Conjugacies)
Suppose that f is an order-preserving conjugacy between two maps E,., and E,, (with
nonescaping singular orbit) on their escaping sets. Then there exists a parameter ki =
Ko + 2mik such that

GH’Q © Gf;l : I(Em) - I(E@)

is a conjugacy.

Proor. The map f induces an order-preserving self-conjugacy of the shift. By Lemma
3.5.3 this map consists of shifting all labels by some number k. Let k), := ko — 2mik.
The maps Ej, and E,, o are conjugate by the map z — z — 2mik, and the induced
self-conjugacy of the shift consists of shifting all labels by —k. Thus the map f' : z —
f(2) — 2mik is a conjugacy between E,, and E,, which preserves external rays. The claim
follows by Corollary 3.5.2. ]

The next theorem is a generalization of the result of Douady and Goldberg [26].

3.5.5 Theorem (No Conjugacy for Escaping Parameters)

Let s be an external address and let t, # ty with (s,t1),(s,t2) € X. Suppose that k1 and
Ko are parameters such that G"™ (s, t1) = k1 and G**(s,t3) = ky. Then E,, and E,, are
not conjugate on C.

PRrROOF. By contradiction, let f : C — C be a conjugacy between F,, and FE,,. For some
set () > 0, the map

a: Yy — Xi(s,t) = (G™)H(F(G¥(s,1)))

is defined. « is either order-preserving or order-reversing, depending on whether f is
orientation-preserving or -reversing. Also a # id because a(F"(s,t1)) = F"(s,ta) #
fn<§’ tl)
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Note that a(c"(s)) = o™(s). Thus, if s is not constant, then « preserves external
addresses (i.e. satisfies (3.4). As in the proof of Corollary 3.5.2, this contradicts Theorem
3.5.1.

So suppose that s is constant, say s = 0, and that « is order-reversing. Then the map
a(sise...) = a((—s1)(—s2)...) preserves external addresses, and we can again apply
Theorem 3.5.1. [ ]

3.5.6 Theorem (Rigidity for Parameters with Different Combinatorics)
Suppose that s is an external address and k is a nonescaping parameter for which the
singular value is contained in the limit set of gi. Suppose furthermore that x' is another
nonescaping parameter such that the limit set of g;“/ does not contain the singular value
and is bounded. Then G* o (G*')~! is not continuous.

ProoOF. We first prove the theorem under the simplifying assumption that g’g' lands, and
comment at the end on the minor changes necessary if it does not. Let

f=G"o (G : [(Ey) — I(E,).

Let zp be the landing point of g%, and let w € I(E,). Then (because w € J(E,)),
there exists a sequence z, of preimages of z, under iterates of E,, which converges to w.
For every n, there is a preimage s" of s such that g%, lands at z,. In particular, there exists
a sequence t, such that ¢, |(0,t,] — w uniformly.

On the other hand, the rays g%. are all preimages of g7, which accumulates on x. Thus
g%, accumulates at co, and so we can find #/, < t,, such that g%, () — oo. Thus

gan(t,) — w,

but
Fgia(8)) = g (L) 7> f(w).

This shows that f is not continuous.

If gf;/ does not land, let A denote its accumulation set. The proof will work analogously
if we find a sequence of preimages of A which converges uniformly to w. This is easy
to achieve as follows. First note that every component of the preimage of A is compact.
Indeed, otherwise there is no continuous branch of E-! on A, which means that A separates
k from oo. However, this is impossible: if k € J(Ej), then there must be escaping points
close to k, which are connected to co by an external ray, and if K € F(E,), then it is easy
to see that there is a curve in the Fatou set which connects & to oo (see Section 4.1). All
preimages of A are translates of each other; let K denote the diameter of any of these
preimages. For n sufficiently large, let U,, be a small neighborhood of w which is mapped
biholomorphically to Do, 1 (E?(w)) by E™. (It is easy to see that such a neighborhood
exists for large enough n.) Chose among the preimages of A that one, call it A,,, which

satisfies
|E" T (w) — k| < |z — K| < |E"(w) — k| + 27+ K
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and for all z € A,,. If n is so large that |[E"™(w) — k| > 27 + K, then

2+ K

n+1
Thus if we take the pullback A’ of A, by the same branch of E_! that carries E""(w)
to E™(w), then A, C Dyri1(E(w)). We can then further pull back A/, to U,, and the
diameters of the U, shrink to 0 by Koebe’s theorem. This concludes the proof. |

The preceding result yields Theorem 1.4, which we state here in a slightly stronger
form. The proof will require results from the following chapters, but we decided to include
it here in order to keep the rigidity results in one place.

3.5.7 Corollary (Rigidity for Escaping and Misiurewicz Parameters)

Suppose that ki # ko are attracting, parabolic, Misiurewicz or escaping parameters, at
least one of which is not attracting or parabolic. Suppose that ITm ki, Imky € (—m, 7]
Then E,, and E, are not conjugate on their sets of escaping points by an order-preserving
conjugacy.

Proor. Clearly an escaping parameter cannot be conjugate to a nonescaping parameter.
So let us first suppose that x; and ko are escaping parameters, and suppose the singular
values lie on the rays at external addresses s' and s®. Then by Remark 5.12.3, both
addresses have first entry 0. Since the conjugacy must map the singular value of E,, to
that of E,,, it follows by Lemma 3.5.3 that s' = s?. As in the proof of Theorem 3.5.5, it
follows that their potentials are equal as well. However, this contradicts Theorem 5.12.2.

Now suppose that both x; and ky are Misiurewicz. Assume that the preperiod of x; is
smaller or equal to that of k5. By Theorem 4.4.2, there exists a preperiodic address s such
that ¢ lands at x;. Because of Theorem 3.9.1 (and because the preperiod of k9 is greater
or equal to that of ), ¢® lands at a preperiodic point. This point is # x, by Theorem
4.4.4. Thus we can apply Theorem 3.5.6. The same argument works (without reference to
Theorem 4.4.2) if ky is parabolic or attracting. |

It seems reasonable to conjecture that the escaping dynamics of exponential maps whose
singular value lies in the Julia set is rigid. This would imply density of hyperbolicity.
Indeed, a non-hyperbolic stable parameter would be (quasiconformally) conjugate to all
nearby parameters, and in particular the maps would be conjugate on their sets of escaping
points. (See Section 5.1.)

3.5.8 Conjecture (Escaping Set Rigidity)
Suppose that ki is a parameter such that ky € J(Ey,), and let ko ¢ {k1 + 2mik}. Then
there exists no order-preserving conjugacy

fiI(Es) — I(Ey,)

between E,, and E,,.
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3.6 Speed of Escape

Our model gives us very good control over the speed with which escaping points escape,
as we shall see in this section. Let us first discuss some properties of external addresses
which were considered in the construction of [77].

3.6.1 Definition (Properties of External Addresses)
Let s be an external address.

e s is called exponentially bounded if there exists x > 0 such that, for all k > 1,

on|sp| < F*1(x).

o We say that s has positive minimal potential, if there exists an x > 0 such that
2r|sg| > F* ()
for infinitely many k.

o [f S is a family of external addresses, then we call S uniformly exponentially bounded
if all addresses in S are exponentially bounded with the same x.

e An external address s is called slow if there exists a subsequence o™ (s) of the iterates
of s under the shift map which is uniformly exponentially bounded. Otherwise, s is
called fast.

It is known that escaping points exist exactly for exponentially bounded addresses, and
that a ray of escaping points has an escaping endpoint if and only if its address is fast
[77]. The results of Section 3.3 show that our model has the same properties; however, this
can be easily proved by elementary means. Moreover, the last statement of the following
lemma, concerning the speed of escape of the endpoints of addresses with positive minimal
potential, is new.

3.6.2 Lemma (Speed of Escaping Points)
Let s be an external address. Then

e t, < oo if and only if s is exponentially bounded.
e s is a fast external address if and only if (s,ts) € X.

e s has positive minimal potential if and only if there exists a positive x for which

T(Fi(s,ts)) > FI(x) for all j.
PROOF. Let s be an external address with ¢; < co. Then, by definition,

F(T(F*(s,ts))) = 2| spa.
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Since T(F*~1(s,ts)) < F*¥(t,), it follows that
nlsal < FA().

Conversely, let s be an exponentially bounded external address, say 2m|s;| < F*~!(z)
for all k > 2; we may suppose that x > log 2. We show that (s, 2z) € X. More precisely, we
will show by induction that T'(F*(s, 2x)) > 2F*(z). This is trivial for ¥ = 0. Furthermore,

T(F*(s,22)) = F(T(F*(s, 27))) — 27|sp-2]
> F(2F*(z)) — F*'(z) = F*'(2) (exp(F*(2))) > 2F*(x).

Let us now prove the statement about fast addresses. By the above, a family of ad-
dresses (s¥) is uniformly exponentially bounded if and only if the entries (s¥) and the family
(tex) are both uniformly bounded. Thus if s is a slow address, then some subsequence of
(ton(s)) is bounded, and thus t,»(5) # co. Conversely, if a subsequence ¢, () is uniformly

bounded, then the sequence ¢ n,+: is uniformly exponentially bounded.
Finally, suppose that s has positive minimal potential; say

27|sg| > FF71(t)
for infinitely many k. Let x = (s, ;). Since
27|si| < F(T(F**(2))),
we see that T'(F*2(x)) > F*¥2(¢), and inductively,
T(F(x)) > F'(t) (3.5)

for all j < k — 1. Since k was arbitrarily large, (3.5) is true for all j.

On the other hand, suppose that s does not have positive minimal potential. Let a > 0;
then there exists an n such that 27|s;,| < F¥1(a) for all k > n. Then, if k > n — 1 is so
large that F*(a) > 3,

T (F (c%(s),2F"(a))) = F(2F"(a)) — 27|sg42| < 3F**'(a) — F*a = 2F"(a).

Thus (F(o*(s),2F*%(a))) € X, and therefore tx(s) < 2F*(a). [ ]

The real part of any point G(s,t) with ¢ > ¢, grows like an iterated exponential.
However, we have just seen that this is the case for the endpoint G(s,t,) if and only if s
has positive minimal potential in the sense of [77]. We will now show that the real parts
of escaping points can grow arbitrarily slowly.

3.6.3 Theorem (Arbitrarily Slow Escape)
Suppose 1, is a sequence of positive real numbers such that r,, — oo and r,11 < F(r, —5).
Let k € C. Then there exists a z € I and a ng € N such that, for n > ny,

|Re(E" ™ (2)) —ry| <7+ 2.
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PROOF. It is sufficient to construct (s,t) € X such that |T(F" (s, t)) — .| < . Let
¢ := rq; we will construct the entries of s inductively. (Remember that T'(F" (s, t)) depends
only on the first n entries of s.) The construction is very simple: If si,...s, have been
constructed, choose s,, such that

|F(T(F" ' (s,t))) — r — 2m]s|| < .

The point (s,77) clearly has the desired property. [ |

In [40], it was shown that, if the singular orbit escapes within some sector {z : |Im z| <
T Re z}, the limit set of the orbit of almost every point is the postsingular set. It is clear
that this “sector condition” is satisfied for G(s,t) if t > t5, and that it can be satisfied for
the endpoint G(s,ts) only if s has positive minimal potential. Using our explicit model,
we can characterize exactly for which addresses the endpoint does satisfy this condition,
and show in particular that there are many addresses with positive minimal potentials for
which this is not the case. Note that the set of parameters that satisfies this condition has
Hausdorff dimension two [62], which is an analog of the corresponding result by McMullen
in the dynamical plane [53]. See Section 6.2 for a discussion.

3.6.4 Theorem (Endpoints that Escape in Sector)
Let s be an exponentially bounded external address, and define

b :=limsup F~" Y (27|s,|).

Set t, .= T(F" !(s,ts)). The following two conditions are equivalent:
a) There are K and ng such that 27|s,| < Kt, for n > ny.

b) There are C' and ng such that wr|s,| < CF"1(b) for n > ny.

REMARK. b is the minimal potential as defined in [77].

PROOF. Let us define b, := F~"Y(2x|s,|). As in the proof of the last statement of
Lemma 3.6.2, we have for £ < n:
ty > F*L(by).

In particular, t, > F*~1(b), which proves that condition b) implies condition a).
We may assume that for each ng € N, the set {b, : n > ng} has a maximum (otherwise,
condition b) is satisfied by definition). Define a sequence nj inductively by

Ngy1 = min{n > ny : b, = max b }-
k

Let us show that, for all n > n;_q,

tn < 2F"71(b,,). (3.6)
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Let z, := (6" !(s),2F" *(b,,)); we must prove that z, € X. Indeed, it is shown by a
standard induction that
T(F(zn)) > T(wn41)

for all [, and the claim follows.
Taking the infimum (over k) on the right side of (3.6), it follows that

t, < 2F"71(b),

and the claim follows. |

We believe that these examples are sufficient to illustrate that our model is well suited
for the computing of combinatorial conditions corresponding to growth conditions. We
should note that, analogously to the previous theorem, one can derive a (nonempty) con-
dition for an endpoint to eventually escape within every parabola Rez > |Im(z)|?. (By
the results of Karpinska [45], the set of such points has Hausdorff dimension 1. Compare
the discussion in Section 6.2.)

3.7 Extended Combinatorics

In the following, we will often use the combinatorial information given by external rays
(and other curves to co). In this section, we discuss the general notions and extend our
combinatorial notation a little bit.

Suppose that C is any family of curves v : [0,00) — C for which Rev(t) — +oc.
Suppose furthermore that for any two curves 1,72 € C, the set of intersection points of v,
and 7, is bounded. Then C is equipped with a natural vertical order: of any two curves in
C, one is above the other. More precisely, define Hg := {z € C: Rez > R} for R > 0. If
v € C and R is large enough, then the set Hg \ 7 has exactly two unbounded components,
one above and one below v, and any other curve of C must (eventually) tend to oo within
one of these.

For the family of external rays, it is an immediate consequence of the construction that
this order coincides with the lexicographic order on external addresses.

3.7.1 Lemma (Vertical Order of External Rays)
Let s and s be exponentially bounded external addresses. Then g, is above gz if and only
if s > 3.

REMARK. We have already used this statement implicitly in Section 3.5.

PROOF. Suppose that s > 5. Let j be the first entry at which s and $ differ. Then s; > 3;
by the definition of the lexicographic order. Since g,;-1(5) tends to oo within the strip S,
and g,i-1(3) tends to oo within Sz, g,i-1(s) lies above g4i-1(3). Because the pullback of two
curves under E, (into the same strip Sy) preserves vertical order, the claim follows. |

We would now like to use the structure of external rays to assign combinatorics to
other curves to infinity. However, the space of external addresses is not order-complete
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with respect to the lexicographic ordering; i.e., not every bounded subset has a supremum.
Therefore we will now add the so-called intermediate external addresses to our repertoire.
An intermediate external address is a finite sequence of the form

S = 8182...5,-10Q,

where s1,...,8,0 € Z and s,_1 € Z + % When we wish to make the distinction, we will
refer to an external address in the original sense as an “infinite” external address. We will
denote the space of all infinite and intermediate external addresses by S.

To illustrate this definition, consider the following construction. Let

FiR\{(2k—1)7: k€ Z} — R,t — tan(20).

Then to any (infinite) external address s we can associate a unique point x for which
fF1(z) € ((23k — 1)m, (25 + 1)7r) for all k. However, this subset is missing the countably
many preimages of oo under the iterates of f. Adding the intermediate external addresses
corresponds to filling in these points. The resulting space is then isomorphic to R (and
thus order-complete).

We will also often add oo as an (intermediate) external address. The set S := SU{oo}
carries a complete circular ordering (and is isomorphic to S*). Sometimes we will also form
a quotient by identifying all elements of & whose first entries differ by an integer. (We
denote the elements of this space by replacing the first entry of s by an asterisk *.) The
resulting space, denoted by S, is then mapped isomorphically to S under the shift. This
should be thought of as analogous to E being a conformal isomorphism from the cylinder
C = C/2miZ to C\ {k}. To stress this analogy, we will refer to S as a “cylinder”. Of
course, S is topologically a circle, but we imagine each point having a ray attached to it.

Now let 7 : [0,00) — C be any curve with Re~y(t) — oo and suppose that for every s,
the set {t: g5(t) € v} is bounded. Then we can assign an external address to this curve:

addr(y) :=sup{s : v is above g}
(=inf{s : v is below g,} ),

where addr(y) = oo if the set in the definition is unbounded or empty. If v is a curve for
which 7(t) — —oo or |[Im~(t)| — oo, then we also set addr(vy) := co.

As an example, consider the curve v : [0,00) — C,t — t+ (2k+ 1)7, k € Z. This curve
lies between the strips Sy, and Sj11. As we would expect, addr(y) = (k + 3)oc.

3.7.2 Remark
If v is a curve as above and addr(vy) # oo, then addr(E, o) = o(addr(7)). [

In the following, we shall sometimes encounter external rays which have the property
that lim; . gs(t) = co. These rays then have two external addresses: the ordinary external
address s, but also the address s’ of the curve ¢t — g¢4(1/t). For brevity of notation, we
shall denote this latter address by

addr™(s) := addr™(g,) := §".
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Finally, we will occasionally (particularly in the next section) need to deal with the
case of curves which do not land at co, but do accumulate there. To such a curve v, we
want to associate an accumulation set of addresses. For a fixed R > 0, we shall say that a
point z is separated from ~ in Hp if there exists some external ray ¢ such that z and ~ lie
in different components of Hg \ g([1,00)]). We define

ADDR(y) := ﬂ {s:gs([1,00)) is not separated from v in Hp.},
R>0

where the closure is taken in S. The set ADDR(y) is closed, and if addr(y) is defined,
then ADDR(v) = {addr(v)}. Again, in the case where an external ray accumulates at co
we shall denote the corresponding set by ADDR™(g5) := ADDR™ (s).

3.8 Limiting Behavior of External Rays

In this section, we will analyze the limiting behavior of rays more closely. In particular,
we shall show that in many cases there exist rays which do not land, and in fact limit on
themselves. However, let us first prove two results which essentially already appear in [77,
Proof of Corollary 6.9] and show that a ray at a “slow” address cannot land at an escaping
point. This proves that every ray is indeed a path connected component of I, and thus
completes the proof of Theorem 1.1.

3.8.1 Lemma (Limit Set of Ray)
Let g : (0,00) — I be an external ray, and let

L= ﬂg(((),t))

t>0

denote the limit set of L. If there is (s,ty) such that gs(ty) € L, then
95((0,%0]) C L.

PROOF. Let us define addresses s"* by

it sl k=n
S =
F Sk otherwise.

One sees easily that tg,+ — t,0 for n — oo.
Now pick some ¢, 0 < ¢t < t°. Then

gsnt ([t’ OO)) - gé([tv OO))

uniformly. Therefore any curve which does not intersect the ggn+ and accumulates at g;(to)
must also accumulate at g (t). [
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3.8.2 Lemma (Addresses of Rays Landing Together)
Suppose that s and s’ are two addresses such that the rays gs and gy land at the same
point. Then |s; — s}| < 1 for all k.

PROOF. Assume, by contradiction, that |sy — s;.| > 1 for some k; by passing to a forward
iterate if necessary we can assume that K = 1. Let S denote the union of g,, gs and their
common landing point 2y, which is a Jordan arc tending to co in both directions. Note that
E, is injective on S. Indeed, E, is injective on every ray, and it is injective on g;U gy unless
s and s’ differ only in their first entries. However, in that case gy would be a translate of
gs by a multiple of 277, which means that g, and gy cannot land together. Finally, E, is
injective on S as otherwise z; would lie on an external ray, which contradicts Lemma 3.8.1.

On the other hand, if |s; — s}| > 1, then the two ends of R tend to oo with a difference
of more than 27 in their imaginary parts. This means that RN (R + 27i) # (), and thus
FE. is not injective on R. This is a contradiction. |

3.8.3 Corollary (No Landing at Escaping Points)
Suppose s is a slow address. Then gs does not land at an escaping point.

PrROOF. By Lemma 3.8.1, g, could only land at the escaping endpoint of some ray g
with fast address s’. However, because s is slow and s’ is fast, there is a k£ € N such that
sk + 1 < s}, which contradicts Lemma 3.8.2. |

We now prove the main theorem of this section.

3.8.4 Theorem (Existence of Nonlanding Rays)
Suppose that there exists s such that the external ray gs either lands at k or contains k.
Then there is r such that the accumulation set of g, contains g,.

REMARK. We will actually show the existence of uncountably many such r. By a result of
Curry [16], the accumulation set of such a ray either disconnects the plane into infinitely
many components, has topological dimension 2 or is an indecomposable continuum. It
van be shown that, under the hypotheses of Theorem 3.8.4, the limit set is always an
indecomposable continuum.

The following lemma reduces Theorem 3.8.4 to the question of constructing an address

r with r € ADDR™ (g,).

3.8.5 Lemma (Accumulation Addresses)
Let g, be an external ray and suppose that s € ADDR™(r) is exponentially bounded. Then
the accumulation set of g, contains the ray gs,.

PRrROOF. Analogous to that of Lemma 3.8.1. |

PROOF OF THEOREM 3.8.4. We shall first restrict to the case where s is bounded. At
the end of the proof, we will remark on the modifications required to deal with the case
that s is unbounded.
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Let m € Z such that ms < s, and let K € Z be such that s, < K for all k. We define
s’ := Kms; note that gy lands at co. The address r will consist of a concatenation of ever
longer initial blocks of s'; i.e. it will be of the form

r=Kmsisy...8,, Kmsisa...5, KmsiSy...5p,... . (3.7)

Note first that there exists a such that ¢, < a for any address r of the form (3.7); for
example a = 2ty suffices.

We will define ny, ng, ... inductively. (We shall see that at each step, we have infinitely
many choices, yielding uncountably many possible choices of r.) Suppose that n,...,ng
have already been chosen. Consider the address

k

¥ = Kms1Sg...8n, ... Kmsisy...5,,5.

The ray gg is a preimage of g, and thus lands at co. We claim that

1
addr™ (s") = Kmsisy...8,, ... Kmsis,. .. Sny, (K — 5) 0. (3.8)

The proof proceeds by induction on the steps of pullbacks taken to obtain s* from ms
(which has addr™ (ms) = 00). Recall that the preimages of g5 disconnect the plane. Thus,
there is no preimage of s between addr™ (Kms) and Kms. Since

1
K§>Km§>(K—§)oo>(K—1)§,

it follows that

addr™ (Kms) = (K - %) 0.

For the induction step, suppose we know that addr™(07(s*)) has the correct address.
Then, by the same reasoning as above, we only need to show that addr™ (o7 (s*)) and o7 (s*)
do not surround s. However, these two addresses agree on all entries up to the second but
last entry of addr™(¢7(s*)), in which one is K and the other K — 3. Since all entries of s
are smaller than K, the claim follows.

Choose some ¢, < + such that |gs (t)| is larger than, say, k, and choose 8, small enough
(see below). By Remark 3.3.6, there exists N such that, for any address r of the form (*)
with ng > N, we have |g,(t) — gsn(t)| < 0, for ¢ > ¢,,. We can then choose ny;; such
that ng,q > N. This completes the inductive construction.

Clearly if the d,, were chosen small enough, then r € ADDR™ (r). By Lemma 3.8.5, this
completes the proof in the case where s is bounded.

If s is unbounded, we construct the address r in a slightly different way. Suppose
without loss of generality that the entries of s are not bounded from above. We again
choose m such that ms < s and consider addresses of the form

T =TS1...8,MS1 ... Spy ...,
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where each ny, is chosen so that s, <'s,, for n < n;. The rest of the proof then proceeds
analogously. |

We will now adopt the proof to the case where the ray does not necessarily land at s
but accumulate there.

3.8.6 Theorem (Existence of Nonlanding Rays, IT)
Suppose that s is an external address such that g, accumulates at k. Then there exist r
and 1’ such that the accumulation set of g, contains g,.

REMARK. We believe that one can always achieve r = r’. In most cases the proof directly
gives this; however we are currently unable to show this in general.

The construction is largely the same, if somewhat more complicated because we need
to deal with rays for which ADDR™ consists of more than one element. Let us first prove
the following simple topological facts.

3.8.7 Lemma
Let r and s be exponentially bounded external addresses. Let t be any (infinite or inter-
mediate) external address.

a) Suppose that inf Re(gs(t)) = —oo andt € ADDR™(r). If r<s<tort<s<r,
then inf Re(g,(t)) = —oc.

b) Suppose thatt € ADDR™(r) andt' € ADDR™ (s). Ifr<s<t<t ort' <t<s<r,
then t' € ADDR™ ().

c) Suppose that t € ADDR™(s). Ift~ := (t; — 1)tatg--- > s, then t= € ADDR™(s).
Similarly, if t* := (t; + 1)tat3--- < s, then t* € ADDR™(s).

ProOF. To prove part (a), suppose by contradiction that r < s < t and that M :=
inf Re(g,.(t)) > —oo. Let ¢y := max{t : Regs(t) = M. Then g, separates g, from any
address > s, which is a contradiction.

Part b) is topologically the same as part a). To prove part ¢), note first that t* €
ADDR™ (g5 + 2mi). By b), also t € ADDR™ (g5 + 27i), and thus t~ € ADDR™(s). [ |

SKETCH OF THE PROOF OF THEOREM 3.8.6. The proof is essentially the same as that of
Theorem 3.8.4. However, the assertion (3.8) will be replaced by showing that ADDR™(s¥)
contains an address t* whose entries do not differ by more than 1 from the entries of

1
Kmsisy...5,, ... Kmsisy... 8y, (K — 5) 00.

This is easily proved applying part (c) of Lemma 3.8.7 repeatedly in the pullback. We
leave it to the reader to convince themselves that the rest of the construction of the
proof can be modified so that ADDR™(r) contains any limit address of the t*. Because
all t* are uniformly exponentially bounded, all their limit addresses are also infinite and
exponentially bounded. Again, the claim then follows by Lemma 3.8.5. |
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To conclude this section, we give a negative answer to a question of Devaney and Jarque
[22]. For simplicity, we restrict here to considering the map Ey = exp. The article asked
whether, for any address s which contains arbitrarily long blocks of zeros, the accumulation
set is an indecomposable continuum. We show that this is not the case.

3.8.8 Theorem (Landing Ray with Long Blocks of Zeroes)

Suppose that (ny,) is a sequence of positive natural numbers. Then there exists a sequence
(myg) such that the ray at address s lands, where s consists of my entries of 1, ny entries of
0, my entries of 1, ny entries of 0 and so on.

SKETCH OF PROOF. All addresses considered in the following are assumed to consist only
of entries in {0, 1}. Let us say that two addresses s and s are e-close if |gs(t) — g¢(t)] < €
for all t. We claim that, for any n and any € > 0, there exists an m such that if 1 and s
are 1-close, then the addresses 1 and 1™0"s are e-close.

Let us consider first the addresses 0”1 and 0"s. These addresses are K-close for some
(large) K, because the derivative of Log™ is bounded from below on a neighborhood of
radius 1 of gy. Similarly, continually pulling back a point into the strip {Imz € (m,37)}
contracts the Euclidean metric. Thus if m is large enough, then 1™0"s and 1™0"1 are, say,
S-close. It is therefore sufficient to show that r := 1"0"1 and 1 are arbitrarily close if m is
large enough. Set r’ := 0"1.

Fix some ¢y > 0, and let ¢; be such that E7(g,(t1)) = g,». It is easy to see that, if m is
large enough, then

|9-(t) — g1(t)| < €

for ¢ > ¢;. On the other hand, the diameter of gf((O, to]) is bounded. By the previous
contraction argument, if m was large enough, then

19:(6) = 91(0)] < 5

for 0 <t < ty, and

l9v(t) = gr(0)] < ==

(Here g7(0) denotes the landing point of the ray gg.)
Now, for each k choose such a number m; for n = n; and ¢ = Qik Then the addresses

sF = 1mgmmzgne 0]

converge to an address s of the form described in the theorem. By construction, it follows
that s is 1-close to 1. In particular, the accumulation set of g, is bounded. Only slightly
more care is required to show that, for each k, s* is 2%—01086 to s*71, which shows that g,
lands, as claimed. |
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3.9 A Landing Theorem for Periodic Rays

In this section, we will discuss landing properties of periodic rays of periodic external rays.
While we will eventually show that all periodic rays of exponential maps with nonescaping
singular orbit land, the proof uses deep results on parameter space. Also, the proof actually
uses the fact that the theorem is known for certain parameters, such as those for which we
prove it in this section.

Our proof is an adaptation of the proof that periodic rays land for polynomials with
connected Julia set. Such a polynomial is a covering map of the set of escaping points to
itself, and therefore locally preserves the hyperbolic metric. So the hyperbolic length of
the piece of a fixed ray between any point and its image is constant (and is in fact exactly
log d, where d is the degree of the map). Since the ray accumulates on the Julia set, where
the hyperbolic metric blows up, this means that the euclidean distance between a point
on the ray and its image tends to 0. Therefore all accumulation points are periodic. Since
the limit set of the ray is connected, it lands at a single periodic point. (For more details,
see [56, Theorem 18.10].)

The main obstruction to carrying this proof over to the exponential case is that the
set of escaping points is no longer open. However, we shall remove this difficulty by
considering an open set that is an approximation to the set of escaping points: All points
whose orbits become large at some point in the future and stay so for at least a certain
number of iterations. Now if we can show that the ray’s accumulation set is contained
in the boundary of this domain, then we can use the same proof as before. However, we
will have to take out the singular orbit. Thus the proof, as presented here, requires the
ray does not intersect the postsingular set at low potentials. This condition, although it
includes the previously known cases, is still rather special. Indeed, for a generic set in the
bifurcation locus, the singular orbit is dense in the plane (Theorem 5.1.6). As the example
of rays at addresses which do not contain zeros shows below, it may nonetheless be possible
to generalize the proof to larger classes of parameters.

In the following, fix k € C and E := E,. Let g := g, : (0,00) — C be a periodic external
ray of period p whose orbit does not contain the singular value. Let f : (0,00) — (0, 00)
be the unique function satisfying g(f(t)) = E?(g(t)). (In fact, f(t) = T(FP(s,t +t5)) —ts.)
Recall that P denotes the postsingular set of Fj.

3.9.1 Theorem (Periodic Rays Land)
If there is some Ty > 0 such that g((0, f(Tp)]) NP = 0, then there exists a periodic point
z such that lim,_ g(t) = z.

REMARK. The landing point must be repelling or parabolic by the Snail lemma [56,
Lemma 16.2], just as in the polynomial case.

We shall begin with some preliminary observations. Let A := (2max |s;| + 1)7. Then,
if ¢ is large enough, [Im(E*(g(t)))| < A for all k > 0. For an arbitrary R > 0, consider
the set

Sp:={z:Rez> R and |Imz| < A}.
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We define

Ug = {z: 3k : E¥*(z), ... EE+DP(2) € Sp}\ P.
U is open, and by the above it contains ¢((0, f(Tp)]). Furthermore, E~?(Ug) C Ug, and
EP : E7P(Ug) — Ug is a covering map.

Consider the component V}, of E77(Ug) that contains g((0,7p]), and the image com-
ponent Vi := EP(V},) of Ug. Then EP : V), — Vg is still a covering map, and thus expands
the hyperbolic metric of Vi. In particular, let ¢ be the hyperbolic length of the piece
9([To, f(Ty)]). Then, for any ¢t < Tp, the length of g([t, f(¢)]) is at most £.

We are now ready to prove Theorem 3.9.1. Let

G := g((O,t])

denote the accumulation set of g. The key step is proving the following lemma.

3.9.2 Lemma (Limit Set on Boundary)
There exists an R > 0 such that G C OVj.

PROOF. Let w be a periodic point of E with Re(w) > 0 and set Ry := max; Re(E*(w)).
Note that Vg, € U := C\ {w + 2mik : k € Z}. By the monotonicity of the hyperbolic
metric, the hyperbolic metric of Vg, is larger than that of U. Thus, by Lemma 2.2.4, the
hyperbolic metric on Vg, satisfies

(z) > ¢ > ¢
Py \2) = Re(z) — Re(w) — Rez

whenever Re z > Re(w) + 1.

Now fix some large R and suppose that G N Vi # (. Because G is forward invariant
under EP, this means that there is 2y € G such that E*(z) € Sg for k =1,...,p. Thus if
we choose z; = g(t), t < Ty, close enough to zg, then E*(z) € Sg for k =1,...,p.

If R was chosen large enough, then, whenever Re z > R,

|E(z)] > exp(Re(z) — 1) + A+ 1.
In particular, if | Im F(z)| < A and Re(E(z)) > 0, then
Re (E(2)) =1 > [E(2)| = [Im E(2)| — 1 > exp(Re(z) — 1).
By induction, we thus obtain
Re EP(z1) > exp?(Re(z1) — 1).
Denote the hyperbolic distance on Vg, by dist,. Let r := Re(z;). Then

expP(r—1) dr
¢ > disty(z, EP(2)) > C/ —
r xT

= C (exp” ' (r) — log(r)) .
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The last term is certainly unbounded as R (and thus r) tends to co. This is a contradiction.
|

PROOF OF THEOREM 3.9.1. Let R be such that G C 0Vx. We will first show that every
point of GG is fixed by EP. Because the set of fixed points of EP is discrete, this proves that
G lands either at a periodic point or at co.

The proof is the same as in the polynomial case: Suppose that g(¢,) — =z, where
t, — 0. Because z € OUp, and disty,(g(t,), g(f(t,))) < ¢, it follows that the euclidean
distance dist(g(t,), g(f(t,))) tends to 0. Because g(F?(t,)) — E(z), this implies E(z) = z.

It remains to show that g cannot land at oo; so suppose this is the case. Then all rays
in the cycle of g also land at oo, and therefore lim; o Re g(t) = +00. Since E is injective
on g, g cannot intersect any of its translates; the same goes for its images E¥ o g. It
follows that g and its images have bounded imaginary parts. As in the proof of Lemma
3.9.2 this implies that we can choose R large enough such that if r = Re(g(t)) > R, then
Re(g(f7'(t))) < exp™P(r) + 1. Thus it is impossible for the backward orbit g(f~*(¢t)) to
converge to co. This is a contradiction. |

In the following, suppose that Imx € [—m,7]. Then we can adapt the proof to show
that every periodic ray whose address has only nonzero entries lands. This has been known
for a long time, and can be shown in many different ways. In fact, any external ray with
such an address lands (see Section 3.11 for a discussion). However, we wish to present this
argument as an indication that the proof of Theorem 3.9.1 might be generalized even to
cases where the postsingular orbit is dense.

3.9.3 Theorem (Nonzero Periodic Rays Land [21])
Let k € C, Imk € [—m,7|. Then every periodic ray whose address contains no zeros lands.

SKETCH OF PROOF. The proof relies on the fact that these rays can never cross the lines
{Im z = (2k — 1)7}, and in particular never enter the strip which contains k. The proof
proceeds as above; however, instead of Ur we use the sets

Ug :={z: 3k : B (2),...  E*P(2) € Sp}\ {k+x: 2 € (—o0,0]}.

Again, let 173 be the component of U r which contains the ray g, and let 1712. be the cor-
responding component of E_P(Vg). Then, by definition V}, does not intersect the set
{Imz € [—m, 7]}, and thus V}j, C V. The rest of the proof proceeds as above. [

We wish to emphasize that the main difficulty for using this method to prove the landing
of a periodic ray in a more general setting appears to consist of first separating the ray
from k. Indeed, if the ray accumulated on x and the orbit of x accumulates on the ray at
arbitrarily low potentials, then it is impossible to find a domain U such that ¢ € U and
g:U — E(U) D U is a covering map. The general landing theorem (Theorem 5.13.1)
shows that this case never occurs, but we do not currently know of any intrinsic dynamical
reason for this.
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3.10 Holomorphic Motion of External Rays

In this section we present a rather peculiar method to prove the landing of external rays,
which will allow us to prove theorem 1.10 in Section 5.13. It is a direct consequence of
the “A-lemma” in the theory of holomorphic motions [51]. For completeness, we give the
simple proof here, which is largely the same as for the general A-lemma.

3.10.1 Lemma (Holomorphic Motion of External Rays)

Let s be an exponentially bounded external address. Suppose that U C C is a domain
such that k ¢ Yon(s) for all k € U and n > 1. If there exists some kg € U such that gg°
lands, then g% lands for all k € U.

PROOF. Let us use the notation h(x) := gf(t). Note that the family (h)ic(o,1) of holo-
morphic functions is normal by Montel’s theorem, as it omits the holomorphic functions
Kk +— K and k — hy(k). Let hg be a limit function of this family as ¢ — 0. Note that
ho(ko) = 2o and, by Hurwitz’s theorem, ho(x) # hi(r) for all Kk € W and ¢t > 0.

Now if h is some other limit function of i, as t — 0, then h(rq) = 2 = ho(q). Since
the h; omit the holomorphic function hg, we can apply Hurwitz’s theorem once more to

see that h = hy. In other words, h; — hy as t — 0. In particular, g,.(t) — ho(x) for every
K. |

3.11 Rays at Nonzero Addresses

In this section, we shortly remark on the case of external addresses containing only nonzero
entries (under the assumption that Imx € [—m, 7). These addresses were the main focus
of attention in [21], where they were called regular. However, despite the connection with
the position of the singular value which is the origin of this terminology, we feel that rays
at addresses which contain zeros do not deserve the title “singular”. In fact, these are the
rays that contain combinatorial information about the map, as only rays of this kind can
have a common landing point. Milnor has suggested calling them “unreal” (in the context
of the traditional parametrization z — Aexp(z)) because they do not intersect the real
axis. Since the real axis has no special significance in our parametrization, however, we
prefer to simply call them “nonzero”.

As we have noticed before, rays at nonzero addresses can never cross the lines {Im z =
(2k — 1)}, which makes them rather special. In Section 3.9, we have already proved the
result from [21] that nonzero periodic rays always land. For completeness, we will give
here the short (and standard) proof of a converse result.

3.11.1 Theorem (Periodic Points Outside the Singular Strip)
Suppose that Imk € [—m,7|. If zy is a periodic point whose orbit is contained in {z :
|Im z| > 7}, then zy is the landing point of some nonzero periodic ray.
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PROOF. Let s = 5155...5, be the external address of 2. Then the ray g, has a periodic
landing point z;, and the orbits of both points lie in the same strips S, = {z : Imz €
((2k — 1)m, (2k + 1))} of the partition.

There exists a unique component U of E_;"(S,,) such that E¥1(U) C S, for k =
1,...,n. Then 29,21 € U. Now E! : U — S} is a covering map, and thus expands the
hyperbolic metric of S,. However, this is only possible if zy = 2;. [ |

Finally, we should note that, in fact, all external rays at nonzero addresses land. An
elegant and natural proof of this fact can be found in [77]. However, for completeness, we
will give a short proof using the result of the previous section.

3.11.2 Theorem (All Nonzero Rays Land [77, Proposition 6.11])
Suppose that Im k € (—m, ), and suppose that s is a nonzero address. Then gs lands.

PROOF. For such k, neither g; nor any of its image rays can contain x, because these rays
do not intersect the partition boundaries. Because g, lands for e.g. k = —2, as mentioned
in Section 3.1 and proved in Section 4.2, the theorem follows from Lemma 3.10.1. |



Chapter 4

Combinatorics of Exponential Maps

In this chapter, we shift our focus from considering general exponential maps to those
parameters whose dynamics allows us to gain more combinatorial information. The largest
part of the chapter deals with attracting or parabolic parameters. In particular, we prove
Theorem 1.5 in Section 4.2 and show that topological renormalization fails even for at-
tracting parameters (Section 4.3).

The rest of the chapter consists of a combinatorial discussion of itineraries and orbit
portraits which is taken from [68] and is an extension of concepts introduced by Schleicher
in [74]. These concepts will be of great importance in our study of exponential parame-
ter space (Chapter 5). In Section 4.4 we also discuss the combinatorics of escaping and
Misiurewicz parameters, as introduced in [76], allowing us to incorporate these into the
combinatorial discussion which follows. (In this, our description slightly differs from that
in [68], which is restricted to attracting maps for simplicity.)

For many of the results from [74] which we cite, we have at least included a sketch of
the proof. We hope that this will give the reader a better understanding of the essential
ideas, especially since many of the proofs convey interesting additional information on the
combinatorics which is being considered.

4.1 Symbolic Dynamics of Attracting Fatou Compo-
nents

We shall now examine one of the striking features of attracting and parabolic exponential
dynamics which is not present in the polynomial case: the Fatou components are un-
bounded, which allows us to incorporate their dynamics into the combinatorial model of
external addresses.

Throughout this section, let k € C such that F, has an attracting or parabolic periodic
point. Then the singular value « is contained in some periodic Fatou component which we
call the characteristic Fatou component. Let Uy — Uy — ... — U, = Uy be the cycle of
Fatou components, labeled such that U; is the characteristic component. Since U; contains
a neighborhood of the singular value, U, contains an entire left half plane. In particular,

95
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Up contains a horizontal curve along which Re(z) — —oo. This curve is unique up to
homotopy. Its pullback to U; under E"~! is also a curve to oo, and all countably many
preimages of this curve are curves to oo in Uy. By taking pullbacks of these curves, we
see that every Fatou component U contains infinitely many homotopy classes of curves to
oo (i.e., infinitely many prime ends for which oo is the only principal point.) In fact these
prime ends are dense in the prime end topology on OU, compare [4]. Also, every prime
end contains oo in its impression [6]. (See [20] for the case n = 1.)

A homotopy class as above will be called an access to infinity within U. We will also
call the homotopy class in Uy which contains all horizontal curves to —oo the “access to
—o0”. Accesses to infinity fit naturally into our combinatorial description: if v is a curve
to oo within any Fatou component, then, as in Section 3.7, it has an associated infinite or
intermediate external address addr(y), and this address depends only on the access to co
represented by .

Note that addr(y) = oo if and only if v represents the access to —oo in Uy. Note that
any curve vy to oo in the Fatou set for which addr(v) is intermediate will eventually map
to a curve in Uy with address co. In other words, v can be obtained, up to homotopy, by
a pullback of the horizontal curve to —oo in Uy. Because this pullback is unique as long
as it does not pass through Uj, there is a distinguished access to oo within each Fatou
component:

4.1.1 Definition and Lemma (Principal Address of Fatou Components)

Let k € C be an attracting or parabolic parameter, and let U be a Fatou component. If
m € N is minimal with the property that E™ Y(U) = Uy, then there is a unique access
to infinity in U whose address is intermediate and has length m; it corresponds to the
access to —oo in Uy under the (bijective) map E™' : U — Uy. The address of this access
is denoted by addr(U). We also define the (intermediate) external address of x to be
addr(k) := addr(Uy). [ |

As we shall see in the next section, addr(x) completely determines the dynamics of Ej
on the Julia set. Because the previous definition is somewhat abstract and it is vitally
important for the understanding of much that follows, let us explain it in a slightly more
hands-on manner. Let U be a component as in the previous Lemma. If T is large and
negative, then the curve v, : [0,00) — C,t +— T — t + Im & lies in Uy. Let ,,_1,...,71 be
successive pullbacks of this curve such that ~; lies in U. Then

addr(U) = addr(y1) = $1... 8,100

can be interpreted in the following way. The curve 7, tends to —oo in U, which is why
the corresponding entry is oco. The curve 7, 1 has constant imaginary part 27s,,_; in
other words, it lies on the boundary between the strips S, +1 and SSm_r%. The curves
Y for k < m — 1 tend to oo in Sy, ; in fact their imaginary part is asymptotic to 2ms.
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RS

(b) A period 5 parameter whose multiplier has angle 1/3. The picture shows the
three broken attracting rays and three unbroken rays landing at the distinguished
boundary cycles.

Figure 4.1: Hlustrations of the definition of itineraries and Lemma 4.1.7.
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Itineraries

The above construction allows us to define a partition of C\ Uy that is dynamically more
meaningful than the static partition into horizontal strips used in the definition of external
addresses. Select some curve v C U; connecting x to oo with addr(y) = addr(U;). Its
pullback under E, consists of countably many curves connecting —oco to oo within U
(compare Figure 4.1(a)); all of these curves are translates of each other (by 2miZ). Thus,
they partition the dynamical plane into “regions” R;, where the labeling is chosen so that
R; contains all z with Im(z) = (2j + 1)m and Re(z) large. (This labeling has the same
ambiguity as the labeling of the static partition.) To any point z in the Julia set, we can
then associate an itinerary, recording into which strips its orbit maps.

4.1.2 Definition ((Dynamical) Itinerary)
If z € J(f), then the itinerary of z is defined to be itin(z) := wjuy. .., where u, = j iff
E¥Y(z) € Ry. If z € F(f), then we similarly define itin(z) = wjus...u,_1*, where n is
the smallest number such that E"7'(z) € Uy.

REMARK. If an orbit enters Uy but does not fall on the boundary between the sectors R;,
we could define an entry for its itinerary at this step. However, this entry would depend
on the noncanonical choice of 7.

Analogously, one can define a combinatorial notion of itineraries for external addresses
roughly as follows (the precise definition is Definition 4.1.3 below). Let s = addr(x). We
want the itinerary of any external address r to record the intervals of

S\o'(s) =8\ {js:jel}

containing the orbit points of r under the shift. If we wish to assign itineraries to every
address of §, we will also need to assign labels to the strip boundaries js; this is done by
labelling them with a “boundary symbol” ;:_1. (This convention means simply that the
address lies between the strips labelled j and j — 1.) In Section 4.4, we will also define
itineraries for other types of parameters; this time using external rays rather than curves
in Fatou components to connect the singular value to co. Therefore we make the definition
here in all generality, i.e. for addresses s which are not necessarily intermediate.

4.1.3 Definition ((Combinatorial) Itinerary)

Let s € S andr € S. Then the itinerary of r with respect to s is iting(r) = wyuy . .., where
w=j i js<otl(r)<(G+1)s
w=1, if o) =js
w=x* if o"(r)=o00

We also define itin{ (r) and itin (r) to be the address obtained by replacing each boundary
symbol %_1 by j or j — 1, respectively.

When k is a fixed hyperbolic or parabolic parameter, we shall usually abbreviate
itin(r) = itinagar(e)(r)-
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REMARK.

(a) If z lies in the closure of the external ray g,, then itin(z) = itin(r). If z lies in a
Fatou component U, then itin(z) = itin(addr(U)).

(b) In the case s = 0o, we can define itineraries analogously, but the addresses js and
(j +1)s in the definition will have to be replaced by (j — 1)oo and (j + 3)oo. With
this definition, itin,(r) = r for all infinite external addresses r.

4.1.4 Definition (Kneading Sequence)
Let s be an intermediate external address. Then

K(s) := iting(s)

is called the kneading sequence of s. We again set K*(s) := itin (s) and K(k) =
K(addr(k).

Note that the n-th entry u, of the kneading sequence K (s) is locally constant (when
defined) as a function of s, unless u, is a boundary symbol gfl (which happens exactly when
0"(s) = s8) or u, = *. In the former case, it will be j for addresses slightly above s, and
j — 1 slightly below s. The latter case occurs when s is an intermediate external address;
ie. s = 81...8, 9k + %)oo and K(s) = uy...u,_1*. Then the addresses sy ...s,_1k]

approximate s from below (for j — o0) and have kneading sequence u; . .. un,1§_1 for large

j. Similarly, s1...s,-1(k+1)j, j — —o0, have kneading sequence u; . . .un_1§_1 when j
is small.

Finally let us make the simple observation that every itinerary is realized (with a
possible exception).

4.1.5 Lemma (Existence of Itineraries)

Let u be any sequence of entire numbers, and let s € S. Then there exists an (infinite)
external address t such that iting(t) = u, unless 0™(u) € {K*(s), K (s)} for some n > 1.
If u is periodic, then t can be chosen to be periodic.

REMARK. Note that the resulting address ¢ might not be exponentially bounded. However,
this is the case if and only if u is not exponentially bounded. Also, note that it may happen
that K(s) is periodic but there is no periodic address ¢ with iting(t) = K(s).

Proor. Let us denote
S = ks, (k+1)s] ={t € S: ks <t < (k+1)s}.

and define
My :={tesS: Uj_l@) € Suj for all j < k}.

Then each M, is compact and M1 C M. One also easily checks that M} is nonempty.
Thus (| My # 0; let ¢ be any element of this intersection. Then ¢ clearly has itinerary u,
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unless, for some n > 1, 0"(t) = s. In this case, choose a monotone sequence t, € My with
t, — t and 0/(t,) # s for all j < k+ 1. Then iting(t,) begins with u; ...u;. To fix our
ideas, suppose that t, converges to ¢ from above. It follows that itin] () = u; or in other
words 0"(u) = KT (s). B

For the last statement, see [76, Lemma 5.2]. [

Attracting Dynamic Rays

For the following considerations, suppose that F, has an attracting orbit, which we label

ag — a; — ... — a, = ag such that a;, € U;. We can construct a curve representing

addr(k) using the linearizable dynamics on the Fatou set: connect the attracting point a;

to k by a straight line in linearizing coordinates and consider the pullback under the first

return map of U;. The result is a curve y connecting a; to oo with addr(y) = addr(k).
To generalize this construction, consider the extended Koenigs map

gb : U1 — C,
P(E(2)) = ne(2).

(Here p is the multiplier of the attracting orbit.) For simplicity, we normalize ¢ in such
a way that ¢(x) = 1. Now we can define dynamic rays inside the Fatou component U;:

4.1.6 Definition (Attracting Dynamic Ray)

Let 0 € R/Z, and Ry(t) = te*™ (for t > 0). Then the component vy of ¢~*(Ry([0,0)))
which contains a; is called the attracting dynamic ray at angle 0. If €*™® = ;=" for some
n > 0, the ray v is called broken, and every component of ¢~"(Rg(|pu|™, 00)) is called a

ray piece at angle 6.
arg(u)

The attracting dynamic ray at angle —=5 = is called the principal attracting ray of Ej.
We can apply the same procedure to obtain dynamic rays inside Us, ..., U,.

REMARK. The principal attracting ray is just the curve considered above, which connects
a; to oo with external address addr (k).

Now suppose that pu = 627”%, where p and ¢ are relatively prime. Among the rays
starting at ay, there is a cycle of ¢ broken rays, completely containing the singular orbit in
U;. Rays outside this cycle are periodic with period ¢ and unbroken, see Figure 4.1(b). In

fact, we can say even more:

4.1.7 Definition and Lemma (Distinguished Boundary Orbit)
Consider an attracting exponential map of period n whose multiplier u has rational angle IE’.
Then on 0Uy, there is an orbit (under E7) of period q such that every unbroken attracting

ray starting at a; lands at a point of this orbit. It is called the distinguished boundary
orbit on 0U;.

REMARK. For ¢ =1 this is [74, Lemma 6.1].
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ProoOF. The proof is analogous to the last part of the proof of Theorem 3.9.1: The
attracting dynamic ray accumulates on the boundary, and thus every accumulation point
is a periodic point or co. The ray cannot land at oo, because the imaginary parts of points
on the ray (and its finitely many images) is bounded; thus large points on the ray would
have exponentially growing real parts and thus escape. |

4.2 'Topology of the Julia Set for Attracting and Para-
bolic Parameters

We will now completely describe the Julia sets of attracting and parabolic exponential
maps (and their dynamics thereon) as a quotient of our model X. In particular, any two
attracting exponential maps are conjugate on their sets of escaping points. We will give the
complete construction for attracting parameters, and remark on the parabolic case later.

So let k € C such that E, has an attracting cycle ayg — a1 — ... — a, = ag and
corresponding Fatou components Uy +— U; — ... — U, = Uy, again labelled such that
x € U;. By the Koenigs linearization theorem, we can find open neighborhoods U; of a;
such that k € Uy, E.(U;) € Ujy1 and E,(U,) € U;. Define Uy := E_'(U;) and consider

the set
n—1
W:=C\ (U E) )
i=0

Then E_Y(W) C W, and E, : E_Y(W) — W is a covering map.

As in the definition of itineraries, let v C U; connect & to oo with addr(y) = addr(k),
and set V := C\ ~. Recall that E_!(V') consists of the regions R}, used in the definition of
itineraries; let

Zk:V—>Rk

denote the corresponding branch of E_!. These differ from the branches L;, considered in
Chapter 3. Note that Ly, is well-defined everywhere on the Julia set.

Choose some A > 0 and B < 0 such that the map G = G" : X — I(E,) satisfies
|ReG(s,t) —t| <2+ mon Y, and such that

H:={2€C:Rez>A-2}CcWC{ze€C:Rez> B}.
Now let us define functions Hy, : X — J(E,) by

Hy(s,t) :=G(s,t + A) and
Hk+1(§a t) = Zu1(Hk<f(§7 t)))v

where u; is the first entry of itinagar(x)(s). Note that Hy(s,t) always lies on the external
ray gs.
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4.2.1 Theorem (Conjugacy for Attracting Parameters)
In the hyperbolic metric of W, the functions Hj converge uniformly to a continuous,
surjective function

H: X —J

with H o F = E,, o F. Furthermore, H|x : X — [ is a conjugacy.

REMARK. By Corollary 3.5.2, H|x must be equal to G*.

PROOF. Since E, : E_Y(W) — W is a covering map, it expands the hyperbolic metric of
W. In fact, there exists K > 1 such that | DE.(2)|lnyp > K for all z € E;1(W).
To prove this, let W’ be any component of E-1(W), and let

Wi={2eW:z+2rike W forall k € Z}.

(Thus W is obtained from W by obtaining all translates of the sets U;.) Then W’ C W c
W. Because pj; > pw by the monotonicity of the hyperbolic metric, it is sufficient to show
that, for every z € W,

pw(2)

Py (%)
However, recall that Uy contains a left half plane, so that, for some Ry > 0, the set C\ W’
contains the curves {R + (2k + 1)7 : R > Ry}. By Theorem 2.2.3, this implies that py-(2)
is bounded from below for large real parts of z. On the other hand, W contains the right
half plane H, and therefore pg;(2) — 0 as Rez — +00. Thus

> K > 1. (4.1)

lim p(2) = 00.
Re z—+00 pW(Z)
Because the expression ’;/—VK/ is 2mi-periodic and QW' C W, the claim (4.1) follows.
w

For an arbitrary (s,t) € X, consider the two points z; := E.(Hy(s,t)) = G(F(s,t+ A))
and zy := FE,(Hi(s,t)) = Ho(F(s,t)). Both points have real parts greater than A — 2 and
thus can be connected by a straight line gg in W. Note that gy is homotopic (in W) to the
piece of the ray g, between z; and 2z, as this piece is also contained in the half plane H.
Thus we can pull back gy and obtain a curve g; between Hy(s,t) and H;(s,t). We claim
that the (euclidean) length of g; is uniformly bounded (independent of s and t).

To prove this claim, recall that

Re(z1) <T(F(s,t+A)) +2=exp(t+ A) — 2m|sy| + 1

and
Re(zg) > T(F(s,t)) — 2 = exp(t) — 2m|sa| — 3.

It follows that the euclidean length of gq satisfies

0(go) < exp(t + A) —exp(t) + 4+ 27 = O(exp(t)).
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Because all points of go have absolute value at least |z — 27 > &\/g) — 2 —3m, we see that

Recall that, since py(z) — 0 as Rez — oo, the function py is uniformly bounded on
W', Thus the hyperbolic length of g; in the hyperbolic metric of W is also bounded by
some constant C'. Now, taking pullbacks inductively, we see that the hyperbolic distance
between Hy(s,t) and Hy41(s, t) is bounded by 4. Thus the Hj converge uniformly. The
functional equation is satisfied by construction.

To show surjectivity of H, it is sufficient to see that H(X) is dense in J (note that
because the hyperbolic distance between H(x) and Hy(x) is uniformly bounded, H is again
continuous as a map X U{oo} — JU{oo}). However, density of the image is trivial because

E;Y(H(X)) C H(X), and backward orbits of any point (except x) accumulate on the whole

Julia set. Injectivity of H on X follows by the same argument as before. |

An immediate corollary is the following.

4.2.2 Proposition (External rays landing at a common point)

Let r be an attracting parameter. Then every non-escaping point in J(FE,) is the landing
point of at least one external ray. Two external rays land at the same point if and only if
they have identical itineraries.

PROOF. The only thing we still need to check is that, whenever itin(s) = itin(s’), then
H(s,ts) = H(s',ty). However, for any n, the n-th entries of s and s’ differ by at most 1. It
follows easily (for example by Lemma 3.2.2) that |t,n (s —tn(s)| is bounded independently of
n. Thus the distance between the points Ho(0"(s), ton(s)) and Ho(0™(8'), ton(s) is uniformly
bounded as well. The claim now follows by the contraction argument from the previous
proof. [ |

Note that the proof of 4.2.2 for periodic addresses is much easier, compare [76] and also
Section 4.4.

4.2.3 Corollary (“Pinched Cantor Bouquet”) N
Let k be an attracting parameter and r = addr(k). Form the quotient X of X by identifying
all point (s,ts) and (s',ty) for which

itin,(s) = itin,(s').
Then F projects to a map F : X — X which is conjugate to E, : J(E,) — J(E.). [ |

We have only constructed the Julia set as a quotient of our model space, and it is not
quite obvious a priori that this quotient has a natural embedding in the plane, and that
the homeomorphism extends continuously. While it is possible to do this, we will contend
ourselves here to discuss the boundaries of Fatou components directly.
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4.2.4 Theorem (Points on 0U))
Let k be an attracting parameter, and let U, be its characteristic Fatou component. Let
u;...u, 1* be the kneading sequence of k. Then a point z € J lies on OU; if and only if
its itinerary uiuy ... satisfies

Upntj = U, (4'2)

for every k > 0 and 1 < j < n.

PrROOF. Clearly any point on 0U; must have an itinerary of the form (4.2). Conversely,
let z satisfy this condition. Then it is easy to see that the hyperbolic distance between
Efnti(z) and OU ; is universally bounded, and the claim follows by contraction. |

All the preceding theorems remain true also for parabolic parameters. Clearly, the main
issue is to prove an analog of Theorem 4.2.1, whose proof gets somewhat more complicated
by the fact that the hyperbolic metric is no longer uniformly expanded. This can be dealt
with by considering the euclidean metric in a neighborhood of the parabolic point (using
the asymptotic behavior in the repelling directions), and the hyperbolic metric outside
this neighborhood. This is the same method as in the original proof that the Julia sets
of parabolic quadratic polynomials are locally connected [27]. Those arguments, however,
are somewhat technical and hardly very enlightening. Furthermore, in recent work by
Haissinsky [39], parabolic rational maps were constructed from hyperbolic maps by using
Guy David’s transquasiconformal surgery. In particular, the resulting parabolic map is
topologically conjugate to the hyperbolic function it originated from. It seems likely that
these methods generalize to the space of exponential maps and thus yield a natural proof
of the conjugacy of parabolic exponential maps to attracting exponential maps with the
same combinatorics (i.e., with the same intermediate external address). In view of these
issues, we have decided against a presentation of rigorous proofs of the above theorems
in the parabolic case. Note also that we will, in the remainder of this thesis, apply these
results only for periodic rays or periodic points, for which the proofs are much simpler.

Let us finally discuss the question of accessible points on QU;. Clearly only the landing
point of an external ray can be accessible from U;. It is not difficult to prove the converse,
compare [10]. (Note that [10] used a different, more complicated combinatorial description;
however this is not substantial to the proof of accessibility.)

4.2.5 Theorem (Accessible Points)
Let k be an attracting parameter and let K(k) = ujuy...u,_1*. Then a point z € U is
accessible if and only if it is the landing point of an external ray. O

The following theorem was proved for the case of k € (—o0, —1) in [20]; the general case

is not much different (but has, to our knowledge, not previously been published). Compare
also [6].

4.2.6 Theorem (Prime Ends of U;)
For an attracting parameter k, let ¢ : D — U; be a Riemann map of U;. Then for every
0 € R/Z, the curve

Yo 0 10,1) = Uy, ye(r) = <Z5(7’€2m9)
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has a limit point for r — 1.
In fact, every prime end impression of U; consists either of oo alone or of co together
with one or two rays and a (common) landing point. U

REMARK. Recall that the prime end impression of vy is the set

() ¢(D:(e>) N D).

e>0

Proor. We may assume that ¢ is normalized so that 7, lies in the same homotopy class
of U; as the attracting dynamic ray. (L.e., E" () is a curve to «.) It is not difficult to see
[20] that the map ¢! o E, o ¢ extends continuously to D\ {1} and that the preimages of
1 are dense in 0D. Let ¢ : (R/Z) \ {0} — R/Z be the corresponding map on angles.

If 0 € K :=Jv"(0), then clearly v tends to co for r — 1. Furthermore, the prime
end impression of vy is {oo} because this is true for 7. Thus let § ¢ K. We can choose
sequences ¢ and 0, in K which converge to 6 from above and below, respectively. Let

addr® := addr (7).

These sequences are (eventually) monotone decreasing resp. increasing, and thus converge
to two addresses s* and s~. It is easy to check that these addresses have a common
itinerary. (Otherwise there would be a curve 5 with 8/ € K between them, which is
a contradiction.) Clearly every point in the impression of 75 must then have this same
itinerary.

If the addresses s™ and s~ are not exponentially bounded, then it follows that the
impression of vy is {oo} (and indeed s* = s~ = addr(vy)). Otherwise, the two rays gs+
and g,- land together, and the impression consists of these rays together with oo and their
common landing point. Furthermore, no other 74 can accumulate at these points. By
Theorem 4.2.5, the landing point z of the rays is accessible; thus it is the single principle
point of this prime end and lim, . v4(r) = z. [

A corresponding statement can be made for attracting dynamic rays (cf Section 4.1).
To the best of our knowledge, this result has not previously been published, so we again
include a sketch of its proof.

4.2.7 Theorem (Attracting Dynamic Rays Land)
Let k be an attracting parameter. Then all unbroken attracting dynamic rays land in C.

SKETCH OF PROOF. In the case where the multiplier is rational, this is Lemma 4.1.7. So
suppose that pu = re?™ with 6 ¢ Q. Let ® : U; — C be the extended linearizing map,
normalized as usual so that ®(x) = 1. Denote by gy the attracting dynamic ray at angle
0:; i.e. the component of

O~ ({re’™ 11 > 0})

which contains a;.
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Let 0 € R/Z with na +6 # 0 (mod 1). Then we can find n;" so that
—nFf-a—0 (mod 1)

from above and below, respectively. The claim now follows similarly to that of Theorem
4.2.6, by considering the attracting rays g := g—nm.o- The landing point cannot be oo
because its itinerary is bounded. |

4.3 Invalidity of Renormalization

Renormalization plays an important part in the study of polynomial dynamics. While
there is no natural generalization of the original Douady-Hubbard concept to the study of
exponential maps, it was hoped that some concept of renormalization does exist in this
family, and that in particular, the renormalization principle is topologically valid. Let us
now describe a consequence that this principle would have, and prove that this is false even
for attracting parameters.

Suppose that FE, is any hyperbolic exponential map of period n > 1, let u be the
multiplier of its attracting orbit and let Uy be the Fatou component containing a left half
plane. E”|y, is conformally conjugate to Ej,| F(Ery) where kg is such that E,, has an
attracting fixed point with multiplier ko (in fact, ko = logu — p). This can be proved
either by constructing the conjugacy directly using the linearizing coordinates of E, and
E,,, or by conjugating these maps to a normal form as in [73, Section II1.4] or [20]. Let

O :Uy— F(Ey,)

be this conjugacy, and note that ®(z + 2mi) = ®(z) + 2mi. For simplicity, we will assume
that ko = —2 (in fact, this can always be achieved by following ® by a quasiconformal
homeomorphism, see Theorem 5.2.3). The principle of topological renormalization would
imply that this map extends continuously to Uy. We show that this cannot be the case.
The reason is similar to the argument from Section 3.5: Orbits of E' can grow much faster
than those of E,,, but imaginary parts of two points which correspond under ¢ differ by
no more than a fixed constant because the 2mi-periodic structure must be preserved.

4.3.1 Theorem (No Topological Renormalization)
Let E, and ® be as above. Then ® does not have a continuous extension to the boundary

of Uo.

PROOF. Assume, by contradiction, that ® does extend continuously to 0F,.

Again, cut the plane into the strips Ry used in the definition of itineraries; these strips
have bounded imaginary parts. We may assume that they are numbered so that Ry contains
0. Let

R:=RoU |]J R,

1<j<n—1
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Whge Ujls ... u,_1* is the kneading sequence of s. Thus the orbit of any point z € Uy lies
in Uy U R. Define A :=sup,p |Im(2)|, and note that A > 7.
Choose K large enough such that, whenever |E,(z)| > K, then

Bu(2)] — A— 1> exp(Re(z) — 1) (4.3)

and
|E.(2)] + A4+ 1 < exp(Re(z) + 1). (4.4)

Let
M :=max {|®(z)| : z € UyN Ry and Re(z) € [K — 1, K + 1]}

and choose k so large that expf(K —m— A) > M.
Pick any point z; € Uy with Re(z;) = 0 and

Im(21) € [exp"(K) — m, exp™(K) + 7] .

There exists a unique point zy € Ry N Uy with EF"(z) = z; and EI™(z) € Ry for j < n.
By (4.3), we see that

Re(EM !(z)) — 1 <log(|z1| — A — 1) < exp™ ! (K)

and, similarly, by (4.4,
Re(E () +1 > exp™ ! (K).

In particular, Re(E,’j"‘l(zo)) > K. Repeating this argument inductively, it follows that
Re(z) € [K — 1, K +1].
Because ®(z + 27i) = ®(2) + 27, we can estimate that
In(®(21)) > exp™ (K) — 7 — A
On the other hand, Re(®(zp)) < M, and thus

(21)] = | E4(®(x0))]| < exp* (Re(®(20))) < exp(M) < exp™ (K — 7 — A)
<exp NK) -7 — A

This is a contradiction. |

4.4 Escaping and Misiurewicz Parameters

Let x be an escaping parameter; say k = ¢%(ty). The preimages of gi((to, oo)) form a
partition of the plane, see Figure 4.2(a). Thus we can assign each point in C an itinerary,
completely analogous to Definition 4.1.2. (Note that the itinerary of any point whose
forward orbit intersects the ray g; will contain boundary symbols.)
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(a) The dynamical partition for an escaping parameter with addr(x) = 01. There are
no periodic rays landing at either the fixed point z or the cycle wy — ws — w;.

(b) The dynamical partition for a Misiurewicz parameter with addr(x) = 0110. There
are two preperiodic rays landing at the singular value.

Figure 4.2: Mlustration of the definition of itineraries.
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4.4.1 Theorem (Periodic Points are Landing Points [76])
Let k be an escaping parameter. Then no two periodic or preperiodic points of E,. have
the same itinerary. A periodic external ray lands at a given periodic point if and only if
both have the same itinerary.

Furthermore, every (pre)-periodic point z is the landing point of at least one (pre)-
periodic ray, unless there exists n > 1 such that itin(E"(z)) € {K*(s), K~ (s)}.

SKETCH OF PROOF. The first statement is proved by the usual hyperbolic contraction
argument: The map FE, expands the hyperbolic metric of

U:=C\ | JEf (g:([to, 0))) -

k>0

The hyperbolic length of any curve in U connecting two periodic points with the same
itinerary thus shrinks to 0 under the corresponding pullbacks. Since every periodic ray
(which does not map to gs under iteration of E) lands at a periodic point with the same
itinerary 3.9.1, the second claim is also proved. The last statement now follows from
Lemma 4.1.5. U

Now let k be a Misiurewicz parameter; i.e., E™(k) is periodic for some n > 1. Using the
theory of “spiders”, a method of iteration in Teichmiiller spaces, Schleicher and Zimmer
construct a ray that lands at the singular value.

4.4.2 Theorem (Ray at Singular Orbit [76, Theorem 4.3])
Let k be a Misiurewicz parameter. Then there exists a preperiodic address s such that the
ray gy lands at the singular value of E,.. ]

REMARK. We shall write addr(x) = s in analogy with the attracting and escaping cases.
One should bear in mind, however, that the address s need not be uniquely determined.

Again, one can now define itineraries, using the preimages of g, as partition boundaries;
see Figure 4.2(b). It should not be surprising that this suffices to prove that periodic points
are landing points for Misiurewicz parameters.

4.4.3 Theorem (Periodic Points are Landing Points [76])

No two periodic or preperiodic points of E, have the same itinerary. A (pre)-periodic
external ray lands at a given (pre)-periodic point if and only if both have the same itinerary.
Furthermore, every (pre)-periodic point z is the landing point of a (pre)-periodic external
ray.

SKETCH OF PROOF. The only significant difference to the escape case consists of showing
that any periodic point z whose itinerary coincides with that of w := E”(x) must be equal
to w. This is done by connecting z to a linearizing neighborhood of w and then repeating
the contraction argument. U

Schleicher and Shishikura [75] extended Thurston’s classification theorem to postsin-
gularly finite exponential maps, which yields the following theorem.
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4.4.4 Theorem (Existence of Misiurewicz Parameters [75])
For every preperiodic address s, there exists a unique parameter x € C for which g5 lands
at k. ]

4.5 Orbit Portraits and Characteristic Rays

Let k € C. Following Milnor [58], we define the notion of orbit portraits to encode the
dynamics of periodic rays landing at common points.

4.5.1 Definition (Orbit Portrait)
Let (z1,...,2,) be a repelling or parabolic periodic orbit for E,. Define

Ay, = {r € §: r is periodic and g, lands at z}.

Then O := {A,...,A,} is called the orbit portrait of (z,). The orbit (and the orbit
portrait) is called essential if |Ay| > 1 for any k.

4.5.2 Lemma (Basic Properties of Orbit Portraits)

Let O = {A,,..., Ay} be an orbit portrait. Then all Aj, are finite, and all addresses in the
portrait share the same period gn. gn is called the ray period of the orbit. The shift map
carries Ay, bijectively onto Ay.q.

PROOF. The proof that all rays share the same period and are transformed bijectively
by the shift is completely analogous to the polynomial setting [56, Lemma 18.12]. Let n
be the common period of the rays in O and let s = 5755...5, € A;. By Lemma 3.8.2, it
follows that

Ay C {sish.. s, 1 |s; —s5] <1},

thus A; is finite. [ |

An orbit portrait is a combinatorial object, and we will often suppress the actual choice
of parameter present in its definition.

4.5.3 Definition (Characteristic Rays)
Let (z1) be a periodic orbit as before, and let O be its orbit portrait. Suppose there exist
j andr,T € A; such that the rays g, and g;z, together with their common landing point z;,
separate the singular value from all other rays of the orbit portrait.

Then g, and gz are called the characteristic rays (and r and 7 the characteristic ad-
dresses) of the orbit (zx). The interval in S bounded by r and 7 is called the characteristic
sector of O.

4.5.4 Lemma (Permutation of Dynamic Rays [74, Lemma 5.2])

Every essential periodic orbit has exactly two characteristic rays; their addresses depend on
O, but not on k. Furthermore, if |Ay| > 2, then the rays landing at each z; are permuted
cyclically by the first return map. O
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As in the Mandelbrot set, it will turn out that orbit portraits are “born” in bifurcations
of hyperbolic components. Therefore we will now turn our attention once more to the
case of attracting or parabolic parameters. Let k be an attracting parameter, and let
Uy — Uy — Uy — ... — U, denote the cycle of Fatou components, with the usual
convention that U, = U, contains a left half plane. We are interested in points on 0U;
which are fixed by the first return map E™ of U; (see Figure 4.3(a)). Let us first state how
these are combinatorially distinguished.

4.5.5 Lemma (Boundary Fixed Points)

Let k € C be an attracting or parabolic parameter of period n, and let u = ujuy ... u, 1% =
K(k). For every m € 7Z, there exists a unique periodic point z, € OU; (of period dividing
n) with itin(z,) = Wuy ... u,_m. There are no other fixed points of E" on 0U,. Further-
more, if |m| is large enough, then z, is the landing point of the external ray at address

182 .. Sp_a(Sn_1 + 3)m (ifm < 0) or 5183... Sp_2(Sp—1 — 3)(m+ 1) (ifm > 0).

PROOF. The fact that each itinerary is realized follows by Lemma 4.1.5, and for large |m|
the given addresses have the correct itinerary. The rest of the claim follows from Theorem
4.2.4. [ |

For hyperbolic quadratic polynomials, there is always a pair of periodic rays landing
together at the boundary of a periodic attracting Fatou component. This is the main motor
of the combinatorial description of their dynamics. Therefore it is important to know that
the same is the case for exponential maps.

4.5.6 Theorem and Definition (Dynamic Root [74, Theorem 6.2])
Let k be an attracting or parabolic parameter, and let n > 2 be the period of U;. Then
exactly one fixed point of the first return map ET|sy, is the landing point of two or more
rays.

This point is called the dynamic root of U;. The characteristic rays of its orbit portrait
are called the characteristic rays of k.

Proor. Note that it is clear that there can be at most one such fixed point. Indeed, if
O is any nonessential orbit portrait, then the two characteristic rays of O will enclose k,
and thus all of OU;. Because rays do not intersect, this means that any other pair of rays
landing together on OU; separates x from all rays in the orbit portrait O. In particular,
there can be at most one such pair.

It thus suffices to prove existence. We will give a proof which is a variation on that in
[74] and shows how the orbit of the characteristic rays relates to the corresponding Fatou
components.

Let s = addr(k) and let ujuy...u, 1% = K(s). For abbreviation, we define

ADDR(U;) = {addr(7y) : v : [0,00) — Uj, |y(t)| — oo}
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(a) Periodic rays landing at boundary fixed (b) Us surrounds the rays g,2(;+) (as well as Uy
points. and Uy)

Figure 4.3: External rays for an attracting parameter with address 020%00.

We define two external addresses by

t* := sup ADDR(U,) and
t~ :=inf ADDR(U),

and claim that these addresses are periodic of period n and have a common itinerary of the
form wjuy . .. w,_1m (which will conclude the proof). Note that t* # s; indeed, Uy contains
curves both above and below U, _;, and these map to curves in U; below and above any
curve representing s.

To prove this claim, we show inductively that, for 1 < j < n+ 1, the pairs (t;,1]) :=
(0771(t7), 0771 (")) have the following properties.

a) t; = inf{r € ADDR(U;) : r > zj_} and Ej = sup{r € ADDR(U;) : r < tj

¥

b) There exists k such that ks <tf,t; < (k+ 1)s;

c) For every address r € ADDR(Uj41),

t; <r <ty (4.5)

J J

in the circular ordering of S.
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Note that, for j # n, b) follows from a) (with & = u;). Let us now show a) to c) by
induction on j; the proof of the theorem will then be complete: for j = n + 1, a) and
c¢) imply that z;“ =t and =t and b) ensures that the addresses have the correct
itinerary entries.

Clearly the claims a) to ¢) are true for j = 1. Now suppose they is satisfied for some j,
1 < j < n. Then it follows from b) that (4.5) is also true for the projections of the addresses
to the cylinder S. Because the shift is order-preserving as a map from the cylinder S to S,
claims a) and c) follow for j 4 1. In the case where j # n — 1, this also proves b) for j + 1.

It thus remains to show b) for j = n if we know that a) and c) hold. Let k :=
max k : ks < t!. Because (k+ 1)s € ADDR(Uy), it follows that ks <t <t < (k+1)
which proves b).

193

Y

REMARK. Note that it is possible that o/(t7) < o’(¢t7) for j < n — 1, in which case
ADDR(Uj41) lies outside of this ray pair in the (linear) ordering of S. Compare Figure
4.3(b). It is easy to see that in this case the ray pair must enclose one of the components
Uy, ..., U;. In particular, u,, € {uy,...,u,-1}.

It is apparent from the proof of the previous theorem that the relationship between s
and the characteristic addresses of x is purely combinatorial. (One needs to check that the
sets ADDR(U;) depend only on s, but this is easily done; compare Theorems 4.2.4 and

4.2.6.) In fact, this relationship can be expressed in the following form:

4.5.7 Definition (Intermediate Address Associated to an Orbit Portrait)

Let s be an intermediate external address of length n > 2, and let r and 7 be periodic of
period n with r < s < 7. Then we say that r and 7 are characteristic addresses for s if
iting(r) = iting(7), the first n — 1 entries of this itinerary agree with those of K(s) and

({O'j(f) j >0} U{d’(F) :jZO}) N (r,7) =0.

Conversely, we say that s is associated to an orbit portrait O if the characteristic
addresses for O are characteristic for s in the above sense.

REMARK. If £ is an attracting or parabolic parameter and s = addr(k), then the addresses
of the characteristic rays of E, are characteristic addresses for s in the above sense. Thus,
using this terminology, we could formulate a purely combinatorial version of Theorem
4.5.6 as follows: Every intermediate external address has exactly one pair of characteristic
addresses. However, it is not immediate how to efficiently construct these addresses from
s; an algorithm for this will be given in Section 5.7. On the other hand, it is very easy
to reconstruct s from its characteristic addresses, compare Lemma 4.5.12. (In particular,
every orbit portrait has exactly one associated intermediate external address.)

One of the fundamental questions for the study of parameter space that will follow is
the following: When does an exponential map realize a given orbit portrait? We can give
a (combinatorial) answer to this question using the following observations.
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4.5.8 Lemma (Behavior of Itineraries under Change of Partition)
Let O be an essential orbit portrait, and let s € §. Then the characteristic addresses of O
have common itinerary with respect to s if and only if s lies in the characteristic sector of
0.

If this is the case, then this common itinerary does not depend on the choice of s, nor
does the itinerary of any intermediate address associated to O.

PROOF. When we refer to “strips” in the following, we mean the intervals (ms, (m+1)s) C
S, which are used to define itineraries. Let r < 7 be the characteristic addresses of O. We
again denote r; := o7~ !(r).

First suppose that s does not belong to the characteristic sector of O. The shift
map takes the interval between 7, , and r,_, bijectively to S\ [r,7], where [r, 7] is the
characteristic sector of O. It follows that there exists some preimage of s between 7, and
r,. In other words, these two addresses lie in different strips, and thus their itineraries
differ. Conversely suppose that s does lie between r and 7. Then, in analogy to the
previous argument, the entire interval [, , r, ] is contained in a single strip. We claim that,
for every j < m, the two addresses r; and 7; lie in one of the translates of that interval.
(By this we mean the set obtained by adding some integer to the first entry of all addresses
in the interval.) Indeed, otherwise they would be mapped into the characteristic sector of
O by the same argument as before. This is impossible by the definition of characteristic
addresses. Thus r; and 7; lie in the same strip for every j, which concludes the proof of
the first claim.

To prove the second statement, first consider any s and t with o(t) # s. Then, if s
varies continuously without moving through o (), the first entry of iting(¢) does not change.
The addresses r and 7 never map into the characteristic sector under a positive iterate of
the shift. Thus every itinerary entry of these addresses is locally constant, and therefore
constant, when s is varied in the characteristic sector.

It is also true that any intermediate external address t associated to O never maps
into the characteristic sector. One way to see this is the following: by [74, Theorem 3.5],
there exists some attracting parameter x with addr(k) = t; compare Theorem 5.2.5. Then
r and 7 are the characteristic addresses of x, and there exists some curve v in U; with
addr(y) = t. The forward images of v are separated from v by the rays g,, gz and their
common landing point, and the claim follows. (It is also possible to prove this by purely
combinatorial means.) [ |

4.5.9 Corollary (Characteristic Rays determine Orbit Portrait)
Let O be an essential orbit portrait. Let k be some attracting, parabolic, Misiurewicz or
escaping parameter with addr(k) = s. Then the following are equivalent:

1. E, has an orbit with portrait O.
2. s lies in the characteristic sector of O.

3. The characteristic rays of O land together under E,.
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PrROOF. Assume that E, has an orbit with portrait @. Then the characteristic rays of
O enclose the singular value k, and therefore also the curve v ending at x used in the
definition of itineraries. Thus s = addr(y) = addr(k) lies between the addresses of these
rays. So 1. implies 2. Also, 2. is equivalent to 3. by Lemma 4.5.8.

Now suppose that 3. holds, i.e. that the characteristic rays of O land together for F..
Then the period of their common landing point z is equal to that of its itinerary, which
does not depend on s by Lemma 4.5.8. Thus, the orbit portrait of z is an extension of O
(by which we mean that the set A, of rays landing at E*~!(z) contains at least all rays
required by O). It remains to show that this orbit portrait cannot contain any additional
orbits of rays. But otherwise there would be at least three rays landing at z, while the
orbit portrait contains more than one cycle of rays. This contradicts Lemma 4.5.4. |

Recall that, in the Mandelbrot set, the wake of a hyperbolic component is the set of
parameters for which the characteristic rays of this component land together, or equiva-
lently the region enclosed by its two characteristic parameter rays. The analog of this fact
for exponential maps will have to wait until Section 5.13; however the previous Lemma
shows that at least a combinatorial variant of this notion exists.

4.5.10 Definition (Combinatorial Wake)
Let s be an intermediate external address, and r < 1 its characteristic addresses. The
(combinatorial) wake of s is defined to be

W(s)={teS:r<t<r}.

REMARK. This object is, strictly speaking, just the characteristic sector of O. However,
one should think of the orbit portrait as situated in “combinatorial dynamical space”,
while the wake lies in “combinatorial parameter space”. (This is the same distinction as
for “itineraries” and “kneading sequences”.)

4.5.11 Definition (Forbidden Kneading Sequence)

Let t,,t, be the characteristic addresses of an orbit portrait, and let s be an associated in-
termediate external address. Then u = iting(t,) = itin,(¢,) is called the forbidden kneading
sequence of s and denoted by K*(s).

REMARK. The reason for this terminology is the following: If r € W(s) is any external
address, then K(s) cannot begin with ujuy...u,. The relevance of this fact (which is also
proved there) will be seen in Section 5.9.

To conclude, we now give an algorithm for finding the (unique) intermediate address
associated to an orbit portrait.

4.5.12 Lemma (Unique Address for Orbit Portraits)
Every essential orbit portrait O has exactly one associated intermediate external address.
This address can be computed by a simple algorithm.
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PRrROOF. Let r < 7 be the characteristic addresses of O. Choose any s’ between r and
7. Let us construct an address s whose itinerary with respect to s’ agrees with that of
the characteristic rays on the first n — 1 entries. We define the entries s; of s inductively,
starting with s, 1 € Z + %

We have to choose s,,_; such that s, ; = s,_100 is not separated from r, , and 7, ,
by the partition xs’. This obviously determines s,,_; uniquely; namely s, 1 = k + % where
ks' <r,_; < (k+1)s’. When s; is known for j > k, the same argument yields s;: it is
chosen such that sgsgi1 ... S,-100 is the unique address of this form in the strip containing
(ukg, (u + 1)§).

This construction, together with the second observation in Lemma 4.5.8, proves unique-
ness of the associated intermediate address. To prove that the constructed address is asso-
ciated to the orbit portrait, it only remains to see that it lies in the characteristic sector.
However, r, < oo < 7, in the circular ordering of S, and this order is preserved under
repeated pullbacks through the same strips. |



Chapter 5

Parameter Space

After having studied the dynamical plane of exponential maps in general and several im-
portant classes of maps in particular, we now turn to an investigation of the s-plane. The
first main result of this chapter is the fact that boundaries of hyperbolic components are
connected (Theorem 1.8). The proof (in Section 5.3) will use an important tool called the
“Squeezing Lemma” (Theorem 5.3.5), which is proved in the subsequent sections. Along
the way, we also give a complete description of the bifurcation structure of hyperbolic com-
ponents, including several new combinatorial algorithms, e.g. to calculate the characteristic
rays associated to an intermediate external address.

In Section 5.12; we also discuss parameter rays. Using our results in Chapter 3 and the
Squeezing Lemma, we extend the work of Schleicher [73, Chapter 2] and Foérster [35] to a
complete classification of escaping parameters.

Finally, with all the tools in place, we give proofs of Theorems 1.10 and 1.11 in Sections
5.13 and 5.14, using arguments in the parameter plane.

5.1 Structural Stability

5.1.1 Definition (Structural Stability and Bifurcation Locus)

A parameter kg € C is called structurally stable if there exists a neighborhood U of kg
such that, for every k € U, the map E,; is conjugate to E,,. The complement of the set of
structurally stable parameters is called the bifurcation locus and is denoted by B.

The theorem of Mané, Sad and Sullivan [51] that structural stability is dense in the space
of rational maps has been generalized by Eremenko and Lyubich [31] to parameter spaces
of entire functions with only finitely many singularities; in particular to the exponential
family.

5.1.2 Theorem (Structural Stability is Dense [31])
The structurally stable parameters form an open and dense subset of C. U

As in the case of rational maps, there are several equivalent definitions of structural
stability. We mention some of these here; for further details the reader is referred to [85].

77
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5.1.3 Theorem (Equivalent Definitions of Structural Stability [31, 85])
Let kg € C. Then the following properties are equivalent.

e kg Is structurally stable.

e kg is J-stable; i.e. there exists a neighborhood of ky in which all maps are conjugate
on their Julia sets.

e There exists a neighborhood U of kg such that either J(E,) = C for all kK € U or
J(E,) #C forallk € U.

e There is a neighborhood of ky which contains no indifferent parameters.
e The family of functions k — E”(k) is normal in k. O

It was proved by Devaney [17] that Ey = exp is not structurally stable. This result has
been generalized to arbitrary escaping parameters by Ye [85]. (This can also be proved
using a perturbation argument as in Section 5.4.) Note also that Misiurewicz parameters
cannot be structurally stable, because the equation E™ (k) = E™"(k) has a discrete set
of solutions by the identity theorem.

5.1.4 Theorem (Structurally Unstable Parameters)
Escaping and Misiurewicz parameters, as well as parameters with an indifferent periodic
orbit, are structurally unstable. Il

5.1.5 Lemma (Parameters near an unstable parameter)
Suppose that kg € B. Then there are Misiurewicz, attracting and escaping parameters
arbitrarily close to kg.

PROOF. Let ag be a repelling periodic point of E,,, say of period n > 3. Let U be a (small)
neighborhood of ky. By the implicit mapping theorem, there exists a holomorphic function
Kk — a(k) with a(kg) = ag and E?(a(k)) = a(k). By choosing U sufficiently small, we
may assume that a is defined on all of U. By Theorem 5.1.3 and Montel’s theorem, there
exist m and k € U such that E™(k) € {a(k), E.(a(x)), E*(a(k))}. Thus & is a Misiurewicz
point.

Furthermore, by Theorem 5.1.3, indifferent parameters are dense in the bifurcation
locus. Every indifferent parameter can be perturbed so that the indifferent orbit becomes
attracting.

Finally, consider any open set U which contains no escaping parameters. Then for every
(s,t) € X, the point G"(s,t) depends holomorphically on x in U. In other words, I(E,)

moves holomorphically, and by the A-lemma, so does J(E,) = I(E,). [

Let us take this opportunity to remark on the fact that the landing theorem 3.9.1 fails
on a very large set of parameters. Indeed, the set of parameters whose postsingular set is
all of C is generic in B, as is the set of points for which all periodic external rays land.
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5.1.6 Theorem (Genericity of P = C)
The following two conditions are both generic in the bifurcation locus of exponential maps:

1. All periodic external rays land at repelling periodic points.
2. P=C.

PROOF. Fix any periodic address s of period n, and consider the set V, of parameters where
the ray g, lands at a repelling periodic point. This set is open by a routine perturbation
argument (well known from the polynomial setting [38, Lemma B.1]), which we sketch in
the following. Suppose that for some parameter kg, g, lands at a repelling periodic point
wp. Choose a linearizing neighborhood U of wy, and some ¢, > 0 such that E”(gs(t)) =
gs(t') and g,([t,¥']) C U (in the dynamical plane of E,,). For x close to ko, U is still a
linearizing neighborhood for a repelling periodic point w(x) of E,. Furthermore, g,([t,#'])
depends continuously on k, so gé([t, t/ ]) C U for k close to kg. Since the backward iterates
E-k . U — U converge uniformly to w(k), it follows that the ray g, lands at w(x). Thus
Kk € V.

For any Misiurewicz parameter, all periodic rays land; thus Vi N B is dense in B.
Therefore the intersection of all Vj is generic in B.

Let U C C be open. The set

V({U):={keC:3n: E}r) eU}

is open. We will show that V(U) N B is dense in the bifurcation locus. Let kg € B; we
may assume that J(kg) = C. Choose any two repelling periodic points of E,, in U. These
points move holomorphically (and stay in U) under a small perturbation of xo. Thus, by
Montel’s theorem, there exists x arbitrarily close to kg such that, for some n, E?(k) is one
of these periodic points. Thus k € V(U); furthermore x € B because k is a Misiurewicz
parameter.

Thus V(U) N B is open and dense in B for every U. Consequently,

{k€B:P()=C}=Bn () V(D.(p+iq)

p,q€Q
€€Q+

is generic in B. |

5.2 Hyperbolic Components

5.2.1 Definition (Stable Components)
Suppose W' is a component of C\ B. Then W is called hyperbolic if all parameters in W
are attracting. Otherwise W is called nonhyperbolic or queer.

It is conjectured that queer components do not exist. Note that all parameters within
the same hyperbolic component W have the same period, because the attracting orbit
moves holomorphically throughout W. We can say even more: the combinatorics of all
parameters within the same component are the same.
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Figure 5.1: Several hyperbolic components in the strip {Im s € [0, 27]}. Within the period
two component W% «, barameters with positive real multiplier are colored white.
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5.2.2 Definition and Lemma (External Addresses of Hyperbolic Components)
Let W be a hyperbolic component. Then all parameters k € W have the same intermediate
external address addr(k). This address is called the intermediate external address of W
and denoted by addr(W).

ProoOF. The attracting dynamic ray which connects the periodic point a; to x moves
continuously throughout W because the linearizing coordinates on the attractive basin
depend holomorphically on the parameter. The branch of E_" which takes this curve
back into U; also depends continuously, and thus the external address of this pullback is
constant.

(A different proof can be furnished as follows: If k,x" € W, then the two maps are
topologically conjugate on their Julia sets, see Theorem 5.2.3 below. In particular, they
have the same characteristic rays, which implies by Lemma 4.5.12 that they have the same
intermediate external address.) |

Similarly, the kneading sequences, characteristic external addresses etc. only depend on
W. Correspondingly, we will also denote these objects by K(W), K*(W) etc.

Hyperbolic components of exponential maps were first considered in [5] and [31]. It
was proved in [31] that, for every hyperbolic component, the multiplier map is a universal
covering map.

5.2.3 Theorem (Multiplier Map [31])

Let W be a hyperbolic component. Then W is simply connected and the map p: W — D*
which maps each parameter to the multiplier of its unique attracting cycle is a universal
covering. Furthermore, if k, k' € W, then FE,, and E,, are quasiconformally conjugate. [J

Note that hyperbolic components in exponential parameter space do not have “centers”
because the multiplier can never be 0. In some sense, their center is at oco:

5.2.4 Lemma (Small Multipliers)
Let W be a hyperbolic component of period n. If (k;) is a sequence of parameters in
a hyperbolic component W such that u(k;) — 0, then r; — oo. In particular, every
hyperbolic component is unbounded.

ProOOF. Let k € W and let aq,...,a, denote its attracting orbit as usual. Recall that
() = [ exvlay). (5.1
j=1

Since |p(k;)| < 1, there is some j such that Rea; < 0. This implies that |a;41| < |k] + 1.
Denote f(t) = exp(t) + ||, then it follows that
Jarl < f*H(|K] + 1)

for all k. Thus the product (5.1) is bounded from below in terms of ||, which concludes
the proof. [
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Hyperbolic components are completely classified by the following theorem, which was
the main result of [74]. (A proof of the existence part of this theorem has also been
published in [19]).

5.2.5 Theorem and Definition (Classification of Hyperbolic Components [74])
For every intermediate external address s, there exists exactly one hyperbolic component
W with addr(W) = s, which we denote by Wy. The vertical order of hyperbolic components
coincides with the lexicographic order of their external addresses.

REMARK. To explain the last statement of the theorem, note that for any hyperbolic
component W and any curve 7 : [0,00) — W such that lim p(vy(t)) = 0, Lemma 5.2.4
shows that |y(t)| — oo. By Theorem 5.2.3 there is a unique homotopy class which contains
all such curves. We shall refer to this as the preferred homotopy class of W. As in Section
3.7, these homotopy classes have a vertical order, and this is the order referred to in the
theorem. Note, however, that we cannot yet exclude the possibility that there are other
homotopy classes of curves to co within hyperbolic components which could have a different
vertical ordering.

SKETCH OF PROOF. The proof of the existence part of the statement is essentially the
argument used in Section 5.4 to prove part of the Squeezing Lemma. (More precisely, the
argument in Section 5.4 is an extension of the original argument in [74].)

To prove uniqueness, suppose that 1, k9 are two parameters with the same intermediate
external address and the same positive real multiplier 1 € (0,1). Suppose furthermore that
for both k1 and ko the dynamic root is the distinguished boundary fixed point; it is easy
to show that every hyperbolic component contains a parameter of this kind (see Section
5.5). Under these conditions, Schleicher uses quasiconformal methods to show that x; and
ko are conformally conjugate.

The essence of the argument is as follows. In a neighborhood of the attracting periodic
orbits, the maps E,, and E, are conformally conjugate. This conformal conjugacy can
be extended to a quasiconformal homeomorphism which sends the curves on the orbit of
the principal attracting rays to curves in the corresponding homotopy class for E,,. By
propagating this map using the dynamics of E,, and E,,, one then obtains a sequence of
quasiconformal homeomorphisms with uniformly bounded dilatation which are conformal
conjugacies on larger and larger subsets of the Fatou set. In the limit, one obtains a
quasiconformal conjugacy between the two maps which is conformal on the Fatou set.
Because the Julia set has measure zero, this conjugacy is conformal on the plane. U

Let us also note the following elementary facts about hyperbolic components of periods
one and two [5]; see Figure 5.1.

5.2.6 Lemma (Hyperbolic Components of Period 1 and 2)
There is a unique component W, of period 1, which contains a left half plane. W, is the
biholomorphic image of the left half plane H = {Re z < 0} under the map

H — C; pu — p1 — exp(p).
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For every k € Z + %, the period 2 component Wy, asymptotically contains the strip

{n :Imk € (2m(k — %),%(k: + i))} :

5.3 Boundaries of Hyperbolic Components
We now turn our attention to the boundaries of hyperbolic components.

5.3.1 Lemma (Indifferent Parameters)

Let W be a hyperbolic component of period n and kg € OW. Then ky has an indifferent
cycle of period dividing n. Furthermore, as k — kg in W, the nonrepelling cycles of E,.
converge to the indifferent cycle of E,.

PROOF. Let k; — kg in W. Since the multiplier of the nonrepelling orbit of x; is the
product of E/ along the cycle, there exists at least one point z; on this orbit such that
|exp(z;)| = ]E’ (z;)] < 1. Because the k; stay bounded, the sequence E,, (z;) = exp(z;)+k;
is bounded and thus has a limit point z, which is a nonrepelling fixed point of EY . Since
ko has at most one nonrepelling orbit, and since z can clearly not be attracting because
ko € OW, the claim follows. [ |

Similarly to the definition of external (and internal) rays for polynomials, the foliation
of the punctured disk by radial rays gives rise to a foliation of the hyperbolic component
by internal rays. These rays are of a natural interest when studying the boundary of
hyperbolic components. In fact it is not difficult to show — and we will do so in this
section — that the question whether the boundary of a hyperbolic component is connected
reduces to that whether an internal ray can land at oo.

5.3.2 Definition (Internal Rays)
Let W be a hyperbolic component, and let p : W — ID* be the multiplier map. If 0 € R/Z,
then any component of

ut ({7“627”0 1 € (0, 1)})
is called an internal ray of angle 6. Internal rays are usually parametrized asy : (0,1) — C
such that u(y(t)) = te*™. We say that an internal ray « lands at a point z if z =
limy 1 ().

REMARK. By Lemma 5.2.4, lim; o (t) = oo.

5.3.3 Lemma (Boundary is Locally Connected)
Let W be a hyperbolic component. Then OW C C is locally connected. In particular,

every internal ray of W lands in C.
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PROOF. Let H denote the left half plane as usual, and let ® : H — W be a conformal
isomorphism such that po® = exp. Such a map exists because both exp and p are universal
covers of ID*.

We will show that ® extends continuously to a map HU {oo} — C. Let 6 € R and let
L c C denote the set of limit points of ®(z) as z — if. We must show that L consists of
a single point. Let ko € LN C; then by Lemma 5.3.1, F,, has an indifferent periodic point
a with multiplier ;1 = exp(if). Note that the set of such parameters « is discrete. Indeed,
suppose there is a sequence k,, — Ko of such parameters. By the argument of Lemma
5.3.1, the indifferent orbits of the k,, orbits accumulate at the indifferent orbit of x¢. Pick
an indifferent periodic point a, of E,, such that the a, converge to a. Then the points
(Kn, ayn) lie in the zero set of the function of two complex variables given by

f<H7 a) = (E:(CL) - a, EZ)I(CO - ﬂ)'

However, because f is analytic, this implies that for all x in a neighborhood of k there
is a solution of f(k,z) = 0. In other words, all parameters in a neighborhood of  are
indifferent, which is absurd. Thus the limit set L is connected, but is contained in a
discrete set. It follows that |L| = 1, as required.

Finally, let us show that ®(z) has no accumulation points in C as z — oco. Suppose
then that v C H is a curve to oo with a finite accumulation point xo. Then by Lemma
5.3.1, Ko has an indifferent orbit of multiplier, say, e?™*. We can continue the multiplier
of this orbit to an analytic function on a finite sheeted cover of a neighborhood U of k.
In particular, there are finitely many connected subsets of U in which the orbit becomes
attracting, which means that (if U was chosen small enough) the set ®~!(U) consists of
finitely many bounded components. Thus () 4 oc. [ |

5.3.4 Corollary (Landing Points of Internal Rays)
Every boundary point of W in C is the landing point of a unique internal ray; in particular
every component of OW N C is a Jordan arc extending to oo in both directions.

ProOF. The fact that every boundary point is the landing point of an internal ray follows
immediately from Lemma 5.3.3. We thus need to show that no two internal rays can land
at the same boundary point ky. Let ® : H — W be a conformal isomorphism as before,
and suppose that ®(if) = ®(i0') =: ko for some § < #'. (Recall that by Lemma 5.3.3, ®
extends continuously to the boundary.)

Connect i€ and 0’ by a curve in H; the image of this curve under ® is then a simple
closed curve v in W which intersects W only in kg. By the F. and M. Riesz theorem
[56, Theorem A.3|, there exists some parameter xk; € ®(i[0,0]) \ {ko}. The indifferent
parameter k; then lies in the bifurcation locus B and is separated from oo by the curve 7.
Because Misiurewicz parameters are dense in B, there exists some Misiurewicz parameter xo
which is also enclosed by 7. By Lemma 5.1.5, we can finally find some attracting parameter
K with |ky — k| < dist(k, OW). It follows that the hyperbolic component containing & is
separated from oo by =, which contradicts Lemma 5.2.4. |
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The only question that remains is thus whether an internal ray can land at oo, dis-
connecting the boundary of W in C. In order to study this question, we will return to
combinatorial considerations. Recall that hyperbolic components have a natural vertical
order, given by the preferred homotopy classes; i.e. the homotopy classes of curves along
which the multiplier tends to 0. If v : [0, 00) — C is a curve to oo which does not contain
indifferent parameters, then, as in Section 3.7, we can associate to it an address

addr(y) := inf{s : W is above ~}.

The following fundamental result, which we call the “Squeezing Lemma”, shows that
there are only two possibilities for such a curve.

5.3.5 Theorem (Squeezing Lemma)
Let v : [0,00) — C be a curve in parameter space with |y(t)] — oo. Suppose that =
contains no indifferent parameters. Then

(a) s:= addr(y) is either intermediate or exponentially bounded.

(b) If s is exponentially bounded, then ~y(t) is escaping for large t. More precisely,
v(t) = g2(r), where r — 0o as t — oco.

(c) If s is intermediate, then v is contained in Wy and is homotopic to a curve in Wy
along which the multiplier tends to 0.

REMARK. Part (b) of the Squeezing Lemma is essentially [73, Proposition 11.9.2], although
our proof is different. (In fact, [73, Proposition 11.9.2] was restricted to bounded external
addresses, but this restriction is not essential.) Also, part (a) and (c) of the theorem were
proved in [73] for parameter rays and internal rays of hyperbolic components [73, Propo-
sition V.6.1], which suffices to prove Theorem 1.8. Proofs of these facts using simplified
proofs were contained in [68]. The general form of the squeezing lemma as above is new.

Part (b) of the Squeezing Lemma can be proved in an elementary way, which will
be done in Section 5.4. Parts (c) and (a) require a more intimate understanding of the
bifurcation structure of hyperbolic components and will be proved as Theorem 5.8.8 and
5.10.1, respectively.

With the help of the Squeezing Lemma, let us now prove Theorem 1.8.

5.3.6 Theorem (Boundary of Hyperbolic Components [73, Proposition V.6.4])
Let W be a hyperbolic component. Then the boundary of W in C is a Jordan arc which
tends to oo in both directions.

Proor. By Corollary 5.3.4, it remains only to show that no internal ray lands at co.
So suppose by contradiction that v is an internal ray which lands at co. Then by the
Squeezing Lemma, both ends of v lie in the same homotopy class. This is again impossible
by the F. and M. Riesz theorem. |
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As we have mentioned before (in Section 4.2), there are methods available for rational
functions to construct parabolic parameters through transquasiconformal surgery. It seems
likely that these methods can be transferred to the exponential family to show the landing of
internal rays at rational angles in a more canonical way. For irrational angles, an analytical
method to construct landing points by surgery is not available, and the difficulties in
developing such a surgery, even for polynomials, are formidable. Another way to find a
more analytical proof Theorem 5.3.6 would be to obtain estimates on internal rays in terms
of the combinatorics of the component (and the sector of the internal ray, see Section 5.5).
However, currently no such results are known.

Finally, let us use the Squeezing Lemma to deduce a fact about nonhyperbolic compo-
nents. Compare also the discussion in Section 7.2.

5.3.7 Corollary (Nonaccessibility of oo in Queer Components)
Suppose that W is a nonhyperbolic stable component. Then oo is not accessible from W'.

PROOF. W cannot contain attracting or escaping parameters; thus the claim follows
directly from the Squeezing Lemma. |

5.4 Proof of Part (b) of the Squeezing Lemma

5.4.1 Theorem (Squeezing Lemma, Part (b))

Let 7y : [0,00) — C be a curve in parameter space which does not contain any indifferent
parameters. Suppose that v(t) — oo and that s := addr(y) is exponentially bounded.
Then, if t is large enough, (t) is escaping; in fact v(t) = gg(t) (r) with r — 00 as t — oc.

This fact was originally proved — for bounded external addresses — by approximating
the parameter ray at a given address (see Section 5.12) above and below by other parameter
rays [73, Proposition 11.9.2]. This is the origin of the name “Squeezing Lemma”. Our proof
will instead squeeze from above and below using hyperbolic components. It relies on the
same ideas as the proof of the existence of hyperbolic components in [74]; the essence of the
argument goes back as far as [5, Section 7] (which, however, did not use a combinatorial
description to distinguish these components).

The first step is to obtain a condition which allows us to identify parameters in a given

hyperbolic component. This is the content of the following lemma, which is a generalization
of [74, Lemma 3.4].

5.4.2 Lemma (Identifying Hyperbolic Components)

Let x > 2 be arbitrary. Let kg € C with Reky > 2x 4+ 1, and let kg =: 21 — 23— ... be
the singular orbit of E,,. Suppose there exists n € N such that, for all 1 < k < n — 1,
Re(z;,) > 0 and | Im(z,)| < F*~(z). Then

Re(z) > F*'(Re(kg) — 1). (5.2)
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Furthermore, consider the map f : k — E"%(x). Then
|f'(Ko)] = F"*(Re(ro) — 1). (5.3)

If Im(z,-1) € ™+ 27Z, then E,, has an attracting periodic orbit of exact period n.
The multiplier of this orbit tends to 0 as (for fixed z) either Re(kg) or n tend to oc.
Furthermore, addr(kg) = 1 ... $,—100, where Im 2, € ((2$k — )7, (28 + 1)7r) fork <n—1
and Im z,,_1 = 2s,,_17.

PRrOOF. First note that, for t > 2, the following inequalities hold:

exp(t) > 2t +1 (5.4)
exp(2t — 1) > 2exp(t) (5.5)
exp(2t) — 3exp(t) > exp(2t — 1). (5.6)
We shall show by induction that
Re(zk1) — 1 > F(Re(z,) — 1); (5.7)

this proves (5.2). In the following, let us fix to := % > .

Suppose that £ > 0 and that (5.7) holds for all smaller values of k. Note that this
implies by (5.5) that Re z; > 2F*"1(t,).

Because Re(2gy1) > |2xe1| — F¥(), we can estimate

Re(zp41) = 12> |zp| — FH(2) — 1
> exp(Re(zx)) — 1 — |wo| — F*(x) — 1
> F(Re(z,)) — Re(ko) — | Im(kg)| — F*(2)
> F(Re(zp)) — 2ty — v — F*(x)
> F(Re(z)) — 3F%(ty) > F(Re(z) — 1),

where the last inequality follows from (5.6).
Now consider the maps E*(k) := E¥(k). Then

aEk-H aEk

Ik (/‘io) = exp(zkﬂ)m(/ﬁg) -+ 1.
Therefore, by the above
OE*t! k1
e (ko)| > |exp(zry1)| — 1 > F*(Re(ko) — 1).

The fact that E,, is attracting (with exact period n) was proved in [74, Lemma 3.4]
under the weaker assumption that Im z; is bounded. The proof remains essentially the
same, so we shall only sketch it without working out the precise estimates. Using similar
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estimates as above, it is shown that the left half plane {z € C : Rez < Rez, + 1} is
mapped by E7 into a very small circle around z, (whose size goes to 0 as either Re z; or
n tend to 0o). This shows that F,, has an attracting orbit of period n, and the statement
about the multiplier follows by the Schwarz lemma.

To see that o has the correct external address, connect z, to —oo by a curve 7, at con-
stant imaginary parts, and consider the pullbacks 7 of this curve along the orbit (z;). Now
for 1 < k < n—1, the curve ~, contains no points at real parts < Re r¢. Indeed any point on
Ve maps, in n — k iterations, to a point with real part less than Re x,, < —F" '(Re kg —1).
It is easy to see that this is impossible for a point with real part less than Re xy. Thus
the curve 7;_1 is completely contained in the strip {Imz € ((23k_1 — D), (281 + 1)7r) },
which completes the proof. |

Now that we have a way to recognize points in a given hyperbolic component, we wish
to construct these. The next lemma shows that we can construct parameters satisfying the
conditions of Lemma 5.4.2 for which the point z,_; is at any prescribed position (subject
to the obvious condition that the real part has to be sufficiently large).

5.4.3 Lemma (Parameters with Prescribed Singular Orbit)

Let s be any exponentially bounded address, say 27 (|sp| +1) < F*(z) with z > 2.
Set R := 2z + 2. Let n € N be arbitrary and define s* := sy...(s,_1 + %)oo and
5™ = 51...(8,_1 — 2)oo. Then there exists R’ with F~""2(R) = R+ O(1) and a
conformal map ® from Kgr :={z: Re(z) > R',Im(z) € [(2s,-1 — 1)7, (25,1 + 1)7]} into
parameter space such that

1. For any z € Kg/, ®(z) satisfies the hypothesis of Lemma 5.4.2, and, for 1 < k <n—1,
Im(z,) € ((2s, — 1), (28 + 1)),

2. B 2(®(2) = 2.

3. Re(®(R + (25,1 — 1)7) ) = B

REMARK. By Lemma 5.4.2, this proves the existence of hyperbolic components with an
arbitrary intermediate external address.

PRrROOF. Forall s, set t,, := max{2x+1,log(2(|x|+2))}. Let us define ¢y, : Kpn—2(;, ) — Cby
bn_1(2) = z and ¢p(2) = Ly, (¢1r11(2)), where Ly, is the branch of E_ ! that takes values in
the strip Im z € [(2sx—1)7, (255 +1)7]. A simple induction (quite similar to that of Lemma
3.3.1) shows that ¢y, is defined for 1 < k < n — 1, and | Re(¢x(2)) — FF"(Rez)| < 1.
Define ¢, := ¢;.

Now let us return to the parameter plane. Note that, if x is any parameter with
Rer = R and Imk € ((2s; — 1)m, (252 + 1)), then ¢, < R — 1. Now move « horizontally
from R+ i(2s; — 1) to R+ (251 + 1)m. Because k starts out below the image of ¢, but
ends up above it, and because ¢ depends continuously on k, there is some value of k such
that k = ¢, (r + 2s,_17) for some r. Set R’ :=r.
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We claim that we can extend this solution of the implicit equation ¢,(z) = k to an
analytic function of z in all of K. Because Kg is simply connected, it is sufficient to
show that this solution can be continued analytically along every curve 7 : [0,1] — Kg
with v(0) = r + 2s,_17m. Let I = [0,to] or I = [0,%y) be the maximum interval through
which the solution can be continued. First note that any x which solves this equation for
some z € Kp satisfies the conditions of Lemma 5.4.2. By the derivative estimate (5.3) and
the inverse function theorem, we can extend every solution locally, so the set I is open.

It thus remains to show only that ¢y € I. is closed. Let x be a limit point of ®(v(t))
as t — to. Then, by continuity of ¢, ¢.(7v(to)) = k. Again, by (5.3), the set of such & is
discrete, and thus ®(y(t)) — k as t — to. |

PROOF OF THEOREM 5.4.1. Set s := addr(7), and let z > 2 be such that 27 (|s;| +1) <
F*=Y(z). For every n, let ®, and R/, be as in Lemma 5.4.3, and let

1
5T = 5159 .. 8, o(8p_1 & 5)00

By Lemma 5.4.2, ®,(z) € Wz whenever Imz = (2s,_; & 1)7. Note also that, by the
estimate (5.3),

2T

diamcb({R; Ybibe (281 — 1), (2501 + 1)7?]}) < Ty

Recall that « tends to oo between the components W,- and W+, and thus between the
curves {®(z) : Imz = (2s,_1 — 1)7} and {®(2) : Imz = (2s,_1 + 1)7}. It follows that, for
large t,

Y(t) € () ®u(Kry).

By (5.2) and the construction of ®, this means that «(t) is escaping and has external
address s. It follows easily from the estimates of Lemma 5.4.2 that the potential of ~(¢)
goes to oo as t — oo. |

In fact, this proof actually constructs a curve with external address s as the intersection
of the images of the ®,,. This is a rather curious way of constructing parameter rays, which
we will record here for use in Section 5.12.

5.4.4 Corollary (Parameter Ray Tails)
Let s be any exponentially bounded external address. Then, for some t, > 0, there exists
a curve

H; : [tg,00) — C

with addr(Hg) = s such that gs é(t)(t) = H(t) for all t > to. For each t > ty, Hy(t) is a
simple zero of the function
K= ga(t) — K.

Furthermore, if v : [0,00) — C is any curve which does not contain indifferent pa-
rameters and which has external address s, then ~(t) € Hg[ty,00) whenever t is large
enough.
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PRrROOF. It is easy to show that the curves
v [FT(R)), 00) — €t O (FP72(t) + (2501 + 1))

and
N FTOTO(R), 00) — €t $p(FP72(1) + (2801 + 1))

converge uniformly to a curve which, after reparametrization, has the required properties.
To show that the given parameter is a simple solution, estimate the derivative %gg(t)
using the estimates in Lemma 5.4.2. Details are left to the reader. |

5.5 Sectors of Hyperbolic Components

Recall that the multiplier map of a hyperbolic component W is a universal covering. In
particular, W can be decomposed into countably many fundamental domains, which we
call sectors. The appearance of these sectors is well-known from the setting of Multibrot
sets, where every hyperbolic component has d — 1 sectors (if d is the degree). In order
to describe the combinatorics of components bifurcating from W, we have to study the
structure of these sectors more carefully.

5.5.1 Definition (Sectors of a Hyperbolic Component)
Let W be a hyperbolic component, and let j : W — D* be the multiplier map. Then any
component of =D\ [0, 1)) is called a sector of W.

REMARK. Every sector is bounded by two internal rays of angle 0 and is mapped biholo-
morphically to D\ [0, 1) by the multiplier map.

We will now describe how to distinguish the sectors of a hyperbolic component combi-
natorially.

5.5