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Abstract

Complex networks of many interacting units occur in diverse areas as, for example, gene
regulation, neural networks, economic interactions, and the organization of the inter-
net. Many of these networks exhibit complex, non-Hamiltonian dynamics that strongly
depends on network topology. In addition, ensembles of dynamical networks commu-
nicating with each other often show emergent behavior - for example, in development
(morphogenesis) of multicellular organisms cell-cell communication can coordinate the
dynamics of gene regulatory networks, leading to complex spatial patterns.

The purpose of this thesis is threefold: first, to gain insight into the interdependence
between network dynamics and -topology; second, to explore how this interdependence,
together with local rewiring events, can contribute to evolution of network topologies
with properties as, e.g., observed for gene regulatory networks; third, to investigate
how local interactions between coupled networks can lead to robust and reproduceable
emergence of spatial patterns and solve functional tasks in morphogenesis.

This train of thoughts is pursued in the following steps: (i) First, the critical con-
nectivity of Random Threshold Networks is calculated analytically by combination of a
new combinatorial approach to “damage spreading” with an annealed approximation.
A non-trivial dependence of damage propagation on the in-degree of network nodes is
identified that may have important consequences for the evolution of network topolo-
gies. (ii) Then, a model of topological network evolution is studied in the context of
evolving gene regulatory networks. This model leads to evolution of network topolo-
gies close to criticality, however, with a degree-distribution and activity pattern that
deviate from random networks, in good agreement with statistical data obtained for
real gene networks. (iii) Thereafter, morphogenesis by coupled regulatory networks is
studied. Starting from experimental observations in Hydra, a gene network model ca-
pable of de novo pattern formation and regulation of pattern proportions is developed,
providing a network-based, alternative scenario to gradient-based explanations of these
morphogenetic processes. (iv) Robustness of this model with respect to two type of per-
turbations often found in biological organisms, stochastic update errors and cell flow,
is studied. It is shown that noise-induced control contributes to pattern stabilization,
even under cell flow. A first order phase transition is found at vanishing noise, a second
order phase transition at increased cell flow. (v) Finally, a two-dimensional extension
of the morphogenetic model is studied. Here, a competition between inititial symmetry
breaking and neighborhood-dependent state changes of cells leads to sharp and local-
ized boundaries of spatial activity domains, as required for robust self-organization of
position information in a two-dimensional tissue.



Kurzfassung

Komplexe Netzwerke aus vielen wechselwirkenden Untereinheiten findet man in ver-
schiedenen Bereichen, wie z.B. der Regulation von Genaktivitit, neuronalen Netzen,
okonomischen Beziehungen, und der Organisation des Internets. Viele dieser Netzwerke
zeigen komplexe, nicht-Hamiltonsche Dynamik, die stark von der Netzwerktopologie
abhngt. In Ensembles von gekoppelten dynamischen Netzwerken findet man emer-
gentes Verhalten - so kann z.B. die Kommunikation zwischen Zellen in der Entwick-
lung (Morphogenese) vielzelliger Organismen die Dynamik regulatorischer genetischer
Netzwerke koordinieren, was zur Entstehung komplexer raumlicher Muster fiihrt.

Die Zielstellung dieser Arbeit umfasst drei Bereiche: als erstes soll ein Einblick in die
Abhéngigkeiten zwischen Netzwerkdynamik und -topologie gewonnen werden, zweitens
soll untersucht werden, wie diese Abhéngigkeiten, zusammen mit lokalen Umverdrah-
tungen, zur Evolution von Netzwerktopologien mit Eigenschaften, wie sie z.B. in Gen-
regulationsnetzwerken beobachtet werden, beitragen konnen; drittens soll analysiert
werden, wie lokale Wechselwirkungen zwischen gekoppelten Netzwerken zur robusten
und reproduzierbaren Entstehung raumlicher Muster und zur Losung funktioneller Auf-
gaben in der Morphogenese fiihren.

Dieser Gedankengang wird in folgenden Schritten entwickelt: (i) Als erstes wird die
kritische Konnektivitat zufilliger Schwellenwertnetzwerke mit Hilfe einer Kombina-
tion eines neuen, kombinatorischen Ansatzes mit einer Annealed-Néherung analytisch
berechnet. Es wird eine nicht-triviale Abhéngigkeit der Stérungspropagation vom
Knotengrad gefunden, die Auswirkungen auf die Evolution von Netzwerktopologien
haben kénnte. (ii) Danach wird ein Modell topologischer Netzwerkevolution unter-
sucht, das zur Entstehung von Netzwerktopologien nahe dem kritischen Punkt fiihrt,
jedoch mit nicht-zufilligen Knotengradverteilungen und Aktivitdtsmustern, in guter
Ubereinstimmung mit Daten fiir reale Genregulationsnetzwerke. (iii) Im nichsten
Schritt wird Morphogenese durch gekoppelte regulatorische Netzwerke untersucht. Aus-
gehend von Beobachtungen bei Hydra, wird ein Netzwerkmodell entwickelt, das zur
de-novo Musterbildung und zur Regulation von Musterproportionen imstande ist. (iv)
Hiernach wird die Robustheit deses Modells analysiert in Bezug auf zwei Arten von
Storungen: stochastische Fluktuationen der Dynamik und Zellflufl. Als Ergebnis findet
man eine Stabilisierung des rdumlichen Musters durch rauschinduzierte Kontrolle, sogar
unter Zellfluf. (v) SchlieBlich wird eine zweidimensionale Erweiterung untersucht,
bei der Konkurrenz zwischen anfanglicher Symmetriebrechung und nachbarschafts-
abhangiger Zelldifferenzierung zu scharfen und lokalisierten Grenzen zwischen Ak-
tivitatsdoméanen fiithrt, wie es fiir die robuste Selbstorganisation von Positionsinfor-
mation in einem zweidimensionalen Gewebe erforderlich ist.
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Part 1

Overview



Chapter 1

Introduction

1.1 Motivation

How is the intriguing complexity of biological organisms encoded in their genes? Almost
fifty years after the discovery of the genetic code and the structure of DNA by Watson
and Crick (1953), the first draft of the complete human genome sequence was obtained
and lead to the startling estimate, that humans have only between 25000 and 30000
genes (International Human Genome Sequencing Consortium, 2001; Claverie, 2001) -
not even twice as many as the nematode worm C. Elegans (Reboul et al., 2001). It
seems hard to perceive how organs as complex as the human brain can be encoded by
such a limited set of genes — what is the answer to this problem? For a long time,
reductionist concepts as, for example, “one gene - one phene” relationships or “selfish
genes” (Dawkins, 1976) provided a sound working ground in molecular genetics, here,
however, we are pointed at the limits of these ideas.

More recent experimental observations, that revealed an unexpected complexity
of regulatory interactions in genomic systems, point at a possible solution. These
regulatory interactions, mostly at the level of gene transcription, constitute complex
dynamical networks, leading to a self-regulated, context-dependent, combinatorial re-
trieval of the information encoded in the genes. One can expect that new experimental
techniques as, e.g., DNA microarrays, will provide even larger amounts of data in this
context, hence, it seems time to think of new methods and theoretical concepts that
may contribute to an understanding of the dynamics and evolution of gene requlatory
networks, and how they solve complex functional tasks in living beings.

What can Statistical Physics contribute to this emerging “network perspective” of
biological organisms? It seems quite natural to view molecular networks as stochastic
many-particle systems (Sasai and Wolynes, 2003), however, with properties very dis-
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tinct from the systems studied in classical Statistical Mechanics, mainly due to lack of
a Hamiltonian in most cases. Furthermore, usually neither experimental data available
today nor current theoretical concepts and computational capacities allow for detailed
dynamical models.

Facing these current limitations to a “Statistical Mechanics of molecular networks”,
different research strategies have been pursued that, in some sense, are complementary
to each other: (i) detailed models of small sub-units or sub-networks, (ii) strongly sim-
plified models of network dynamics, to gain insight into generic dynamical properties
of networks of many interacting sub-units, (iii) toy-models for the evolution of network
topologies and (iv) models for the solution of functional tasks by regulatory networks,
e.g., spatial pattern formation during development of a multicellular organism.

In this thesis, we shall focus on strategies (ii) to (iv). In the following, we start
with some considerations on dynamics and evolution of complex networks.

Kauffman (1969, 1993) introduced Random Boolean Networks (RBN) as simpli-
fied models for the dynamics of gene regulatory networks. RBN show complex non-
Hamiltonian dynamics; whereas the dynamics of signal propagation, including a phase
transition at a critical average connectivity in the limit of large system sizes (Derrida
and Pomeau, 1986), is understood quite well, an understanding of global dynamical
properties as, for example, the scaling of attractor periods (Albert and Barabdsi, 2000)
or the number of different dynamical attractors (Samuelson and Troein, 2003) with
network connectivity and system size, just starts to emerge. Random Threshold Net-
works (RTN) are a subset of RBN (Kiirten, 1988b), but numerically much easier to
investigate. However, analytical insight into the dynamics of RTN, concerning e.g.
critical dynamical behavior, could be obtained only in some limiting cases (Kiirten,
1988a). The first aim of this thesis is to contribute to an increased understanding of
the dynamics of RTN, including more general network topologies. For this purpose,
propagation of perturbations in RTN is studied by means of combinatorial methods,
which allows for an analytical calculation of the critical mean connectivity K.. It is
found that propagation of perturbation depends on the in-degree of network nodes,
which may have implications for the evolution of network topologies.

Evolution of complex networks has been studied in many different approaches. To
explain the frequent observation of degree-distributions following power-laws in many
social and technological networks, models based on preferential attachment (Barabasi
and Albert, 1999) have been suggested, whereas for similar observations in biological
networks, e.g. protein-protein interactions or gene regulatory networks, models based
on gene duplications may be a more favorable choice (Chung et al., 2003). However,
for the study of the evolution of regulatory networks, network dynamics, constituting
the “phenotype” natural selection acts on, cannot be neglected any more. Only few
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models of network evolution based on an interplay of network dynamics and selective
“rewiring” of interactions between network nodes have been studied so far (Wagner,
1994; Bornholdt and Sneppen, 1998; Bornholdt and Rohlf, 2000). The second aim of
this thesis is to provide a contribution to this discussion by a study of a simplified
version of the model proposed by Bornholdt and Rohlf (2000), with a focus on self-
organization of non-random topological and dynamical properties, and comparing the
findings to statistical data available for gene regulatory networks of real organisms.

How does network dynamics affect the emergence of complexity at higher levels
of organization, for example, during development of a multicellular organism? This
fascinating question leads to the third strand of ideas followed in this thesis. In multi-
cellular organisms, cells self-organize into complex social ensembles due to an interplay
of diverse dynamical processes summarized in the term morphogenesis. Although all
cells contain identical genetic information, cell differentiation into diverse cell types
as well as their arrangement in complex spatial patterns are universal features of the
development of multicellular organisms, and both can be explained by a combinatorial
use (differential expression) of genetic information.

Until recently, however, most theoretical concepts that tried to explain these exper-
imental observations adapted the rather “static” view common to the early genomic
era. The typical picture in these approaches was the following: due to a Turing in-
stability in initial conditions (Turing, 1952), chemical dynamics of a reaction-diffusion
system containing at least two chemical species, an “activator” and an “inhibitor” with
different diffusion constants, establishes a stationary pattern (e.g., a concentration gra-
dient) of a hypothetic “morphogen”; genes then passively “respond” to this pattern
by concentration-dependent activation or inhibition of transcription (Gierer and Mein-
hardt, 1972; Koch and Meinhardt, 1994). Gene regulation by morphogen gradients has
been observed in several organisms, but in most cases these gradients do not originate
from reaction-diffusion systems; furthermore, in such systems parameter fine-tuning is
needed, including a non-trivial hierarchy (separation by orders of magnitude) of dif-
fusion constants, which imposes severe contrains on applications to biological systems
(Lander, Nie and Wan, 2002).

Recent biological research often has shifted the focus towards a “network perspec-
tive” of development, with complex (often short-range) cascades of signalling molecules
coordinating regulatory dynamics of adjacent cells; genes no longer passively respond to
“prepatterns” - regulatory networks actively take part in pattern formation processes.
Theoretical concepts that adapt this picture of “coupled regulatory networks” now be-
come available (e.g. Jackson, Johnson and Nash, 1986; Furusawa and Kaneko, 2000;
Salazar-Ciudad, Garcia and Solé, 2000), and one may wonder if basic morphogenetic
processes, as, for example, self-organization of position information (Wolpert, 1969),
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that have been explained by gradient-based models so far, could arise as a consequence
of this regulatory dynamics and local cell-cell communication.

As a first approach to this question, we start from two basic experimental obser-
vations made in the polyp Hydra: de-novo pattern formation from randomized cell
aggregates (Technau et al., 2000) and proportion regulation, i.e. scale independence,
of (position-dependent) spatial gene expression patterns. Using the framework of cellu-
lar automata and coupled discrete threshold networks, a simple gene network model is
developed that reproduces these experimental observations, with the only ingredient of
(biased) local information transfer between cells, but without the need for parameter
tuning as observed in many models based on reaction-diffusion systems.

Morphogenesis exhibits considerable robustness against perturbations acting on a
large range of scales - hence, for the sake of biological plausibility, any theoretical model
of the underlying dynamical processes must exhibit this feature, too. For this purpose,
robustness of the proposed model with respect to two type of perturbations is studied:
stochastic update errors and directed cell flow, as often found in biological organisms.
it is shown that noise-induced control, based on soliton-like excitations (“particles”)
that travel through the system, contributes to pattern stabilization. A first order phase
transition is found at vanishing noise, a second order phase transition at increased cell
flow.

Finally, the issue of dimensionality in morphogenesis is approached by extending
the proposed model into two dimensions.
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1.2 OQOutline

Let us now briefly summarize the train of thoughts pursued in this thesis.

In the remaining chapters of part I, a brief summary of the biological background is
given (chapter 2), followed by surveys of the Statistical Physics of discrete dynamical
networks (chapter 3) and of cellular automata (chapter 4), providing the methodological
framework for subsequent studies on dynamics and evolution of complex networks and
morphogenesis by coupled regulatory networks. In chapter 5, a survey of theoretical
concepts and mathematical models of morphogenesis is provided, paving the way from
older diffusion-based models to recent approaches based on dynamics of regulatory
networks.

In part II of this thesis, the concepts introduced in part I are applied and advanced
in the following numerical and analytical studies:

e In chapter 6, the critical connectivity of random threshold networks is calcu-
lated analytically by combination of a new combinatorial approach to “damage
spreading” with an annealed approximation. A non-trivial dependence of damage
propagation on the in-degree of network nodes is identified; this “damage sup-
pression” at network hubs may have important consequences for the evolution of
network topologies.

e In chapter 7, a simplified version of the model of topological network evolution
introduced by Bornholdt and Rohlf (2000) is studied in the context of evolving
gene regulatory networks. It is shown that this model not only leads to evolution
of network topologies close to criticality, but also to a degree-distribution and ac-
tivity pattern that deviates from random networks. These findings are compared
to recent statistical data obtained for real gene networks.

e In chapter 8, morphogenesis by coupled regulatory networks is studied. Starting
from experimental observations in Hydra, in three steps a gene network model
capable of de novo pattern formation and requlation of pattern proportions is
developed, providing a network-based, alternative scenario to gradient-based ex-
planations of these morphogenetic processes.

e In chapter 9, robustness of the model introduced in chapter 8 in an implemen-
tation as a stochastic cellular automaton is studied. It is shown that the model
is robust with respect to two type of perturbations: stochastic update errors and
directed cell flow, as often found in biological organisms. Noise-induced control
contributes to pattern stabilization. A first order phase transition is found at
vanishing noise, a second order phase transition at increased cell flow.
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e In chapter 10, a two-dimensional extension of the morphogenetic model is stud-
ied. It is shown that a competition between inititial symmetry breaking and
neighborhood-dependent state changes of cells leads to sharp and localized bound-
aries of spatial activity domains in 2D. Interference between both dynamical
processes is studied and the findings are compared to experimental observations.

e In chapter 11, a conclusion and an outlook are given.

e In the appendix, the genetic algorithm that has been applied for the develop-
ment of the model introduced in chapter 8 is explained. Statistical properties
of different solutions are compared and possible implications for the evolution of
similar mechanisms in biological organisms are discussed.



Chapter 2

Biological background

2.1 Introduction

Depending on its level (or complexity) of organization, life on earth can be divided into
several big "kingdoms”. The main divisions are:

e Prokaryotes (archaebacteria and bacteria)
e Eukaryotes (protista, algae, plants, animals and fungi (mushrooms)),

where only the latter possess a cell nucleus and organelles, as for example mitochondria
and ribosomes. Eukaroytes themselves show two different levels of complexity: unicel-
lular organization or multicellular organization. Algae, plants, animals and fungi have
developed multicellular strains during evolution, however, plants and, in particular,
animals have developed multicellular structures much more complex than those found
in algae and fungi.

In particular, the occurence of multicellular animals (metazoa) provides one of
the great puzzles in evolutionary biology: there is some evidence in the fossil record
that all animal phyla appeared during a very short period of evolution, apparently
at the beginning of the Cambrium around 550 million years ago; in literature, this
period of evolution is mostly quoted as ”Cambrian explosion” (Solé, Salazar-Ciudad
and Garcia-Fernandez, 2000; Arthur, 1997, pp.3 seq.). However, there is an ongoing
debate about the precise timing, concerning both the starting point and the duration
of the evolution of the first phyla of multi-cellular animals (Arthur, 1997). In any
case, compared to the long period of time evolution of life remained at the unicellular
level, multicellular organization obviously developed on a short time scale. Maynard
Smith and Szathméry (1995) argue that three basic problems had to be solved for
development of a multicellular organism, with differentiated cells:
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1. Gene regqulation. In multicellular organisms — with few exceptions — all genes are
present in all tissues, and differentiation of cells arises because different sets of
genes are active. How are different genes switched on and off in different cells?

2. Cell heredity, and the dual inheritance system. Not only are different genes
switched on in different cells, but the states of differentiation are heritable through
cell division. There is a ”dual inheritance system”: The primary system, depend-
ing on the nucleotide sequence of the DNA, determines resemblance between par-
ents and offspring, the secondary system requires the transmission, through cell
division, of states of gene activity. How does the secondary system work?

3. Spatial patterns. Differentiated cells are arranged in space in a specific and re-
peatable pattern. How does this come about?

Although some arguments also seem to speak in favor of external triggers of the
Cambrian explosion, e.g., a certain level of oxygen concentration in the atmosphere
and in the oceans had to be reached before multicellular organization could ”pay oft”
(Derry et al., 1992), most biologists agree that the three problems formulated above
form the ”central part” of the puzzle (Solé, Salazar-Ciudad and Garcia-Fernandez,
2000). The probably most intriguing aspect of the three problems is that they are not
isolated from each other, but have strong interdependencies: cell heredity relies on gene
regulation, spatial pattern formation on cell heredity, and gene regulation is influenced
by spatial pattern formation, as, for example, cell rearrangements and intercellular
communication. It has been argued by theoretical biologists, that - because of these
strong interdependencies - Darwinian evolution, i.e. the interplay of mutations and
selection, does not suffice to explain the appearance of multicellularity, ,and that, in
addition, there exist fundamental principles of self-organization, which - once they had
developed - allowed for fast evolutionary “jumps” towards higher levels of complexity
(Kauffman, 1993; Solé, Salazar-Ciudad and Garcia-Fernandez, 2000), in contrast to the
gradual character of evolutionary changes as postulated by Darwin (1859).

The intention of this thesis is by no means to find a solution of this deep puzzle, but
rather to contribute to an increased theoretical understanding of the first and the third
problem formulated above, by definition and study of simple modelling frameworks that
can be analyzed with methods of Statistical Physics. However, before these theoretical
frameworks are developed (see chapters. 3-5 and part I of this thesis), the basic
mechanisms underlying development, or, equivalently, morphogenesis of multicellular
organisms are discussed in more detail in Sec. 2.2, and in Sec. 2.3, a specific example
of animal development, the fresh water polyp Hydra, is introduced.
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2.2 Basic mechanisms of animal morphogenesis

2.2.1 Introduction

In this section, a short review of developmental mechanisms common to all multicellular
animals (metazoa) is given; for a more detailed description, see e.g. (Alberts et al.,
2002, pp. 1157 seq.).

Most animals and plants start their life as a single cell - a fertilized egg. During
morphogenesis, this cell divides many times to produce many different cells in a final
pattern of astonishing complexity and precision. How does the genome determine this
pattern?

The gemome is normally identical in every cell. Cells do not differ because they
contain different genetic information, but because they express different sets of genes.
There are four essential processes by which the embryo is constructed, that are under
control of selective gene expression:

1. cell proliferation, producing many cells from one

2. cell spezialization, creating cells with different characteristics at different positions
3. cell interactions, coordinating the behavior of one cell with that of its neighbors
4. cell movement, rearranging the cells to form structured tissues and organs.

During morphogenesis, all these processes are happening at once. Indeed, development
of multicellular organisms is a paradigmatic example of a spatially extended decentral-
1zed system: there is no central instance that coordinates development, rather each
single cell has to make its own decisions, according to its own copy of the genetic pro-
gram and the circumstances it meets during its developmental path. Cell differentiation
relies on the remarkable fact that cells have a memory: the genes a cell expresses depend
the cell’s past as well as its present environment. The molecular machinery leading
to this astonishing feature of context-dependent information processing in cells will be
sketched in the next section, however, we will restrict ourselves to gene regulation at
transcription level.

2.2.2 Gene regulatory networks

Cell memory as well as differential expression of genes mainly relies on the activity of
gene requlatory networks at transcription level (Arnone and Davidson, 1997; Davidson,
2001): transcription factors, i.e. proteins produced by regulatory genes, can bind to
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Figure 2.1: Eukaryotic gene regulatory proteins, that can act as transcription activators or
repressors, often assemble into complexes on DNA. In panel (A), seven different regulatory
proteins in solution are shown, that assemble into various complexes on DNA and thereby
initiate or inhibit transcription of some genes (B). In this way, regulatory interactions can
implement complex logical networks (after Alberts et al., 2002).

certain regions of the DNA and either activate or repress transcription of a (down-
stream) gene. In eucaryotes, regulatory proteins can assemble into complexes on the
DNA (cf. Fig. 2.1), meaning that they in principle can implement networks with com-
plex logical rules for gene expression control, as envisioned by Kauffman (1969, 1993).
In such circuits, memory can be created, e.g., by a positive feedback loop (Alberts et
al., 2002, pp. 419 seq.), as sketched in Fig. 2.2. Several gene regulatory proteins that
are involved in establishing the Drosophila body plan, for example, stimulate their own
expression, thereby creating a positive feedback loop (Lawrence, 1992; Alberts et al.,
2002). By subsequent activation of different regulatory circuits, cells can be driven to
different ”fates” and different cell lineages are created in the course of development.
Interestingly, in many cases the direction and composition of this sequence cannot be
changed - it is said that such cells are determined for their fate (Alberts et al., 2002,
p. 1163); this introduces the notion of irreversibility to many developmental pathways
(Kaneko and Furusawa, 1999). Concerning the global structure of regulatory networks,
for most organisms the molecular data available today do not suffice to make conclu-
sive predictions, however, for some organisms preliminary results have been obtained
by means of statistical methods, raising the question for the evolutionary processes
that could lead to networks with the observed properties (cf. chapter 7).
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Figure 2.2: Creation of cell differentiation and cell memory by autoregulatory feedback.
The gene coding for protein A normally is not transcribed, but a transient signal during
development turns on its expression. Because protein A autoregulates its own expression via,
a positive feedback loop, the effect of the transient signal is remembered in all of the cell’s
descendents (after Alberts et al., 2002).

2.2.3 Cell-cell communication and spatial pattern formation

For creating a "body plan”, cells not only have to differentiate, but also have to do so
in a spatially ordered manner - this requires cell interactions for establishing ” position
information” (a notion introduced by Wolpert, 1969). Although sister cells also may
become different via, e.g., asymmetric divisions (this is, for example, observed in the
Sea Urchin embryo, Horstadius, 1935, 1973), mainly two mechanisms are known that
can lead to self-organization of position information:

e inductive interactions
e morphogen gradients,

where morphogens, yet, may be regarded as ”long range inducers” (Alberts et al., 2002,
p. 1166). In the strict sense, however, induction means short range signals exerted by
a cell on its neighbor cells. Quite often, such signals are transmitted via direct cell-
cell-contacts, which are mediated through some well-established signalling pathways,
using receptor-ligand binding; examples of such signalling pathways are the TGF 3 su-
perfamily (using TGFf as ligand and TGFf receptors), the Wnt (wingless) pathway
(using Wnt as ligand and Frizzled as receptor), and the Delta-notch pathway, using
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Delta as ligand and Notch as receptor (Alberts et al., 2002, p. 1167). Morphogens,
on the contrary, are signalling molecules that can diffuse, often from a localized source
and thereby creating a concentration gradient; genes are assumed to be activated in a
concentration-dependent manner, leading to position-dependent differentiation of cells.
Morphogen gradients are well-established for several organisms, however, the mecha-
nism of diffusion in a cellular environment itself is discussed in a controversial way in
recent research (for a review, cf. Sec. 5.1.3). Interestingly, pattern formation via in-
ductive interactions in development has been neglected by theoreticians until recently,
whereas much research effort has been invested into the study of reaction-diffusion
systems (cf. chapter 5). Indeed, in many cases, one may wonder if ”position infor-
mation” formerly attributed to morphogen gradients could arise from induction-like
interactions instead. In the case of the Sea Urchin, for example, for some results of
grafting experiments that could be interpreted by morphogene gradients in an intrigu-
ingly elegant way (Horstadius, 1935, 1973) it finally turned out, that they had to be
attributed to the regulative capacities of certain inductive signalling cascades (Ransick
and Davidson, 1993).

2.2.4 High-level processes in morphogenesis

Cell movements and progammed cell death (apoptosis) are "high level mechanisms”
of morphogenesis that are ubiquitous in animal development. Cell movements may
arise either by “passive” mechanisms, e.g., via cell proliferations or cell-cell adhesion,
or by “active” mechanisms as, e.g., chemotaxis. The biophysics of cell movements due
to cell-cell adhesion is well understood today (Graner and Glazier, 1992; Ruoslahti,
1997; Steinberg and Takeichi, 1994) and it has been shown that physical constrains,
as, for example, minimization of surface tension, can lead to movements of whole cell
ensembles (Odell and Oster, 1981) that can be coordinated by genetic control (Drasdo
and Forgacs, 2000). Hence, it might be speculated that the spectacular, coordinated
movements of tissues — e.g. during gastrulation — are the result of a delicate interplay
between “generic” and genetic mechanisms (Hogeweg, 2000). A detailed discussion of
this fascinating field of research is beyond the scope of this thesis, in chapter 9, however,
a very simple form of cell movement - directed cell flow due to cell proliferations - is
discussed in the framework of a model of spatial pattern formation.
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Figure 2.3: Schematic illustration of the Hydra body plan with its three distinct regions
(head, body column and foot) along the body axis (adapted from Storch and Welsch, 1996).

2.3 Huydra - developmental biology of a basic meta-
Zoon

In the following, we will shortly review some basic aspects of the morphogenesis of
a classical “model organism” in developmental biology, the fresh water polyp Hydra.
Some of the observations made for Hydra development are taken as a starting point for
the development of a model for pattern formation in chapter 8 of this thesis.

Hydra belongs to the phylum Chidaria, a very basal group of multicellular animals
(metazoa). Cnidaria are mostly marine organisms with radial symmetry and diploblas-
tic organization, i.e., two layers of tissue - entoderm and exoderm - surround a hollow
interior, the gastro-vascular space. The body plan is characterized by one central (basal-
apical) body axis. Hydra shows the typical, simple body plan of a polyp with radial
symmetry, with three distinct body regions along the symmetry axis: head, body and
foot. The head is characterized by a mouth (hypostome) surrounded by tentacula, and
the foot serves for the animal’s adherence to a substrate. Hydra reproduces asexually
by budding. Buds typically arise in a localized “budding region” that roughly divides
the body-axis in the ratio 1/2 (Fig. 2.3).
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There are mainly two aspects of Hydra development that distinguish it from most
other animals, and make it a very interesting model system as well for Developmental
Biology as for Statistical Physics: Hydra has an astonishing capacity for regeneration,
and the adult animal is in a dynamic (yet, stationary) state of continous growth and
pattern formation (Hydra as “eternal embryo”). Hydra has the ability of reboot-like
“de-novo pattern formation”. After dissociation of its cells in a centrifuge, the animal
can regenerate within five days from a small random aggregate of cells (Gierer et al.,
1972; Technau et al., 2000). During this time, self-organization of a well-defined head-
foot axis takes place, with establishment of the corresponding spatial gene expression
patterns. Gierer and Meinhardt (1972) gave a possible physico-chemical explanation
of these observations in terms of a Turing instability (Turing, 1952) in a reaction-
diffusion system, however, recent careful experimental observations of axis formation
have casted doubts on this explanation (Fitterer et al., 2003; Ott et al., 2004). The
cells of Hydra epithelia proliferate during the animals whole lifetime, there is a steady
cell flow from the proliferation zone in the middle of the body column towards head
and foot (David and Campbell, 1972). To compensate for this dynamic tissue flow, the
molecular machinery that control spatial pattern formation has to be constantly active
in the adult Hydra.

Similar to higher animals (e.g., Bilateria), Hydra has a “organizer region”, the
hypostome (cf. Fig. 2.3). In this region, many genes are expressed that are particularly
important for pattern formation. In most cases, expression patterns of these genes are
regionally confined and show sharp boundaries, an observation also found for other
genes in other body regions; the nature of the mechanisms that lead to such sharp
and confined patterns is unknown. However, the identification of a particularly large
number of transcription factor binding sites at the head gene KS1 (Endl, Lohmann
and Bosch, 1999), for example, as well as a number of taxon-sprecific genes found
inovlved in Hydra development (Bosch and Khalturin, 2002), point at a complex gene
regulatory network leading to self-organization of these expression patterns. For the
genes Pedibin and Cn-NK2, that control pattern formation in the foot region, such a
regulatory circiut has been identified (Thomsen, 2001; Thomsen et al., 2003), which is
presumably part of a much larger regulatory network.



Chapter 3

Statistical Physics of Dynamical
Networks

3.1 Network topology

The mathematical discipline of graph theory provides the framework for a quantitative
description of network topologies, (see e.g. West, 2001). In the following, we will
summarize some basic concepts of graph theory, followed by some results for classical
random graphs and their relation to statistical physics. Finally, some basic properties
of network topologies as they are observed in natural, technological and social networks
are discussed.

A graph is a triple G = (V] E, f) consisting of a set of vertices V, a set of edges F,
and a relation f that maps each edge to two vertices called its endpoints. Equivalent
and more frequently used in the physical literature is the notion of a network of
nodes (sites) and links. A subgraph, sometimes called cluster or subnetwork, is a
graph J with V(J) C V(G), E(J) C E(G) and the same relation f for the assignment
of links to endpoints as in G. A path is a simple graph (i.e., a graph with neither
multiple links between a pair of nodes nor links from a node to itself) whose nodes
can be ordered so that two nodes are adjacent if and only if they are consecutive in
the list. A network is called connected if each pair of nodes belongs to a path. The
degree k of a node is the number of links it is endpoint to. In Statistical Physics,
the notion of connectivity is very often used as a synonym of degree. A convenient
and important statistical measure for the characterization of network topologies is
the degree distribution, defined as the probability P(k) of the occurrence of a node
with degree k£ in a given network. Furthermore, a network can be either unipartite
or multipartite, meaning that it is composed of one or several kinds of nodes. It can
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be directed, which means that the links have a direction pointing from one node to
another, or undirected. For the study of dynamical networks, i.e. networks which are
characterized not only by their topology, but also by some kind of dynamics taking
place on them, in most cases directed, unipartite networks are considered, just as will
be done in the remainder of this work.

In most complex networks in nature, a certain degree of randomness is found,
which means that their topology cannot be mapped on some regular, low dimensional
geometry. Random graphs can serve as a first approximation to stochasticity in
networks (Erdés and Rényi, 1960).

In random graphs, links are assigned randomly to pairs of nodes with a constant
probability p. Hence, the number of links L of a classical random network with N
nodes is 1

inpN(N—l), (3.1)
leading to a mean degree of

K=p(N-1). (3.2)
The random assignment of links translates into a binomial degree distribution,

P = (V1) - (33)

If the number of nodes N is large and p is small, P(k) can be approximated by a
Poissonian: _
Kk

)= e XK. (3.4)

P(k

Most real-world networks, however, cannot be characterized by random graphs, as
it turned out; concerning, for example, the degree distribution, usually clear deviations
from a Poissonian are found. In particular, the degree distributions of many real-world
networks approximately follow power laws (Barabési, 2002; Albert and Barabasi, 2002):

P(k) oc k. (3.5)

Notice that such networks can be directed, in this case in-degree distribution and
out-degree distribution may differ, e.g., they may follow power-laws with different
exponents, or one of them may follow no power-law at all, but, e.g., an exponential
distribution instead. Barabdsi and Albert (1999) established the notion of “scale-free”
networks, in analogy to fractals, phase transitions, and other situations where power-
laws are observed and no characteristic scale can be found. Since 1999, a large amount
of research in the Statistical Physics community has been devoted to scale-free networks
(for recent reviews cf. Albert and Barabdsi, 2002; Dorogovtsev and Mendes, 2002).



3.1 Network topology 18

Scale-free network topologies have been observed, e.g., for the internet (Faloutsos et al.,
1999), the World Wide Web on the site level (Huberman and Adamic, 1999), citation
networks of scientific papers (Redner, 1998), E-mail networks (Ebel et al., 2002) and
many other technological and social networks. For biological networks, the quality of
databases in most cases does not suffice to make clear predictions, however, in some
cases degree distributions roughly following a power-law have been identified, e.g., for
the network of protein interactions in yeast (Kleinberg et al., 1999; Dewey and Galas,
2001; Jeong et al., 2001), for the metabolic network in E. Coli (Barabasi and Albert,
1999; Jeong et al., 2000), the yeast transcriptional regulatory network (Guelzim et al.,
2002) and functional interactions between genes (Snel, 2002). However, the in-degree
distribution of several gene regulatory networks can be fitted much better with an
exponential (Thieffry et al., 1998; Guelzim et al., 2002; Rohlf and Bornholdt, 2004a),
which, on the other hand, is still an obvious deviation from the Poissonian, as it would
be expected for a random graph.

A survey of existing results on the scaling exponents observed in large networks
reveals a striking difference between biological (molecular and regulatory) networks
and non-biological (social, technological and economic) networks: whereas the former
mostly have scaling exponents in the range 1 < v < 2, the latter have ~y values between
2 and 4 (Chung et al., 2003). This leads to the assumption that the basic mechanisms
that drive the ewvolution of network topologies are fundamentally different for both
classes.

Besides the frequent observation of scale-free degree distributions, there exist a
number of other non-trivial characteristics that are shared by many real-world net-
works. One of these is the so called small world property (Milgram, 1967), which, in
mathematical terms, is defined as a network with (i) a clustering coefficient C' much
higher than expected for a random network of identical size (i.e., with identical num-
bers of nodes and links) and (ii) a small average length of the shortest path between
two nodes ¢ (sometimes called diameter of the network) scaling logarithmically with
network size (Watts and Strogatz, 1998; Amaral et al., 2000). For the clustering coeffi-
cient C, there exist different definitions in literature, however, must frequently used is
the one considered by (Barrat and Weigt, 2000; Newman et al., 2001) in terms of the
so-called triangle clustering coefficient based on the notion of “triples” in graphs. A
triple is a connected subgraph containing exactly three nodes (or, equivalently, a pair
of adjacent links), whereas a fully connected triple is a triangle of links. Then, the
triangle clustering coeflicient is

3 X (number of fully connected triples)
Cr = : i (3.6)
number of triples
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The small world property has been observed not only in diverse social and tech-
nological networks (for a review cf., for example, Ebel, 2002), but also in biological
networks as, for example, in the neural network of C. Elegans (Watts and Strogatz,
1998), and in the transcriptional regulatory network of yeast (Guelzim et al., 2002).
Whereas plausible models for the evolution of “small worlds” in social networks exist
(Davidsen et al., 2002), the evolutionary processes leading to small-world properties in
biological networks are in most cases unknown.

A property that is very common in gene regulatory networks is their modular and
hierarchical organization (Arnone and Davidson, 1997), meaning that they often decay
into functional subnetworks (modules) with only sparse interconnections between them,
and that these “modules” sometimes are controlled by a few “master genes” in a
hierarchical manner. In the context of morphogenesis, such a hierarchical network will
be discussed in chapter 8 of this thesis.

3.2 Network dynamics

3.2.1 Introduction

How can one define dynamics taking place on complex networks in a suitable way?
Discrete Dynamical Networks (DDN) are networks, where the dynamics of the single
elements (nodes) is discrete in time and states. DDN can serve as a first approxima-
tion to the dynamics of many natural networks. For example, dynamics of neurons,
the elements that constitute neural networks, can be approximated by two different
states, “silent” and “firing” (Schuster, 2001, p. 127); consequently, McCulloch and
Pitts (1943) proposed a binary description of neural activity. For gene regulatory net-
works the situation is not that clear, however, there is empirical evidence that strong
cooperative effects of transcriptional activation by individual transcription factors are
mainly responsible for strong transcriptional activation (repression) of a target gene
(Carey et al., 1990; Wright and Gustafsson, 1991; Oliviero and Struhl, 1991); hence
it has been argued that such transcriptional regulation can approximated as a sum of
weighted (regulatory) inputs with gene activity normalized to a certain interval, e.g.
[0,1] (Wagner, 1994); here, 0 represents maximum repression and 1 maximum activa-
tion. It can be shown that restriction to a discrete state space does not change the
essential dynamics in these models, cosequently prototypes of such networks, namely
Boolean (logical) networks (Kauffman, 1969, 1993) and threshold networks with dis-
crete state space (Wagner, 1994; Bornholdt and Sneppen, 1998, 2000; Bornholdt and
Rohlf, 2000) have been considered as simple theoretical models of gene regulatory net-
works.
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In this thesis, we will follow this philosophy and consider only Random Boolean
Networks and Random Threshold Networks. In the following, some basic definitions
will be given.

3.2.2 Definitions
3.2.2.1 Boolean Networks

A Boolean Network is a directed network consisting of N binary sites (automata)
with states o; € {0,1}. The sites interact with each other via logical (Boolean) rules
and the states evolve discretely in time. The state of site ¢ at time ¢ + 1 is determined
by the inputs it receives from k other sites, ojm (t) (m = 1,2,...k), at time ¢ and the
transition function f; associated with the site 4:

oi(t +1) = filoy (1), 0,2(0), - 030 (1) (37)

In Random Boolean Networks (RBN) the logical rules f; are chosen at random from
among all the 92* possible Boolean rules of k£ inputs. Each of the £ inputs is also chosen
at random from among the N sites in the network.

3.2.2.2 Threshold Networks

A Threshold network is a directed network consisting of NV binary sites (automata)
with states o; € {—1,1}. For each site i, its state at time ¢ 4+ 1 is a function of the
inputs it receives from other elements at time ¢:

oi(t +1) = sgn (fi(t)) (3.8)
with v

The threshold parameter A is a real number. In Random Threshold Networks, each
node receives its inputs from a random set of other nodes, and the interaction weights
c;; are sampled randomly from a given distribution p(c;;). In the following we will
always consider the discrete distribution

p(cij) ={-1,0,1}, (3.10)

i.e. the interaction weights take discrete values ¢;; = £1, with ¢;; = 0 if site ¢ does not
receive any input from element j.
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There are close formal relationships between RBN and RTN; Kiirten points out
that - from an analytical point of view - it is plausible that a finite sequence of Boolean
operations can be defined in terms of a neural network with weighted interactions and
suitable thresholds (Kiirten, 1988a). RTN are can be considered as a subset of RBN,
with similar dynamical properties, but numerically much easier to investigate.

3.2.3 Global dynamics: transients and attractors

Because - contrary to ”classical” neural networks - RBN and RTN have asymme-
tric interconnections ¢;;, they exhibit complex non-Hamiltonian dynamics (Kauffman,
1969, 1993; Kiirten, 1988a; Bastolla and Parisi, 1996). The dimension of state space
of a binary network of NV elements is 2%, thus after a maximum of 2V time steps a
previously occurred system state & = (o1, 09, ..., o) must re-occur and the dynamics
becomes trapped in an dynamical attractor or limit cycle of L < 2V ever-repeating
states, defining the period L of the attractor. Starting dynamical runs with a random
initial state vector &;,;, there follow always a number 7" of transient states the systems
flushes through before a dynamical attractor is reached, defining the transient of length
T. Usually a random network with an average coordination number K > 1 has a
number of different dynamical attractors, mostly with different periods. The median
period length strongly depends on the average connectivity K as we will see below.
Each attractor has an entire set of transients leading to it from different initial state
vectors, defining the basin of attraction of this limit cycle. Even for small networks
(e.g. N = 32) the state space is very huge (here 23? ~ 10!°), making it hard to identify
all attractors with their entire basins of attraction (Wuensche, 1998).

By identification of dynamical attractors with “cell types”, Kauffman (1969) argued
that RBN with a mean coonectivity beween 2 and 3 could serve as models of gene
requlatory networks. In this parameter range, ensemble statistics gained in numerical
simulations seemed to prove that the number of different attractors N, scales with
the square root of the network size N, similar to the observed number of different
cell types in multicellular organisms as a function of the (estimated) number of genes.
Later on, Kauffman refined this hypothesis an claimed that gene regulatory networks
share properties of RBN near criticality, that will be discussed in the next section.
However, recent research has rendered this postulate at least in part obsolete. Bilke
and Sjunnesson (2001) observed, in an enumeration statistics of attractor periods, a
scaling behavior Ny < N. Socolar and Kauffman (2003) stated that N4 presumably
grows faster than linear at criticality, however, they argued, the true asymptotic behav-
ior could only be observed for N > 108. Finally, Samuelson and Troein (2003) showed
by an analytic calculation, that the number of attractors in Kauffman networks near
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criticality grows faster than any power law, hence proving that the previous observa-
tions were artefacts of biased undersampling of state space in numerical simulations,
i.e., because of the finite number of initial conditions that had been tested, only the
attractors with the largest basins of attraction had been found.

3.2.4 Ciriticality in RBN and RTN

The dynamical behavior of RBN and RTN depends strongly on the average coordi-
nation number K: sparse connections produce ordered nets, whereas high average
coordination numbers lead to chaotic dynamics, i.e. transients and attractor periods
diverging exponentially with system size (Kauffman, 1969, 1993; Kiirten, 1988b). But
the dynamics of RBN also depends on the way the Boolean functions are chosen: some
of the rules are chaotic (XOR and EQUIVALENCE ) in the sense that the dynamics exclu-
sively due to them produces enormous periods while two others (CONTRADICTION and
TAUTOLOGY ) produce a constant output of either 1 or 0. Keeping a given connectivity
K fixed, a bias in the rules chosen can drive a network from ordered to chaotic behavior
or vice versa. In RTN the threshold parameter h plays this role: a suitable increase of A
forces networks into the ordered regime even at high connectivities (Kiirten, 1988a,b).

In the following, let us consider a network where each node has the same number
K of inputs and let us model a possible bias in the choice of the Boolean functions by
the demand, that they are still chosen at random among all possible rules, but each of
them produces a biased output: 0 with probability p and 1 with probability 1 —p. One
finds a transition from ordered to chaotic dynamics critically dependent on K and p;
in the limit N — oo the position of the so-called critical line in the parameter space
spanned by K and p is given by the equation (Flyvbjerg, 1988):

1

2pe(1 = pe) = - (3.11)

The dynamical behavior of networks near the critical line is very complex, showing
power-law distributions of various dynamical quantities (Bhattacharjya and Liang,
1996). Special interest was devoted to critical RBN with p = 1/2 and K = K, = 2,
which were introduced by Kauffman to model dynamical properties of genetic regu-
latory networks Kauffman (1969). In the literature, these networks with p = 1/2 are
referred to as "Kauffman nets” (Derrida and Stauffer, 1986; Samuelson and Troein,
2003; Schuster, 2001).

Derrida and Pomeau (1986) introduced the notion of the so-called annealed approz-
imation to the Statistical Physics of Kauffman networks, giving analytical evidence for
a phase transition at K, = 2 in the limit N — oo. In this approximation, in each
time step to all sites (spins) K inputs and Boolean functions are reassigned randomly,
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thus the network topology is not quenched. Then, dynamics is iterated and the time
evolution of the Hamming distance ' between two spin configurations is calculated,
that initially are neighbors in state space. Let us consider two randomly chosen spin
configurations &; and &y which have d(&1,55) = n at t = 0. One can calculate the
probability P;(m,n) that the distance d(&1, 52) of their images &1 and &5 at time ¢t = 1
is d(d1,d09) = m. With the re-normalization n/N = z and m/N = y the authors show
that P;(m,n) is very peaked around a value

1-(1-2)F

h=rt (3.12)

Regarding the time evolution of y = y; of the two spin configurations for all ¢, this
leads to the recurrence relation

. 1- (1 - yt—l)K
Yt = 9 )

(3.13)

y1 given by 3.12. The authors also give a straight-forward generalization of formula
(3.13) to networks where k is not constant:

1—(1— gt
Y41 = ZPk%, (3.14)
k

where py is the (in)degree distribution. For K < 2, the fixed point z = 0 is the only
fixed point of the map (3.13) and its is attractive for any starting value z, y; — 0 as

t — 00. So
d(d1(t), 02(t))
N

lim lim y = lim lim =0 for K <2 (3.15)

t—00 N—00 t—o00 N—oo
For K > 2, the fixed point z = 0 is unstable and there appears a new fixed point y* of
(3.13) which is attractive. So one has

o o d(31(2),52()
tll)l’&}\ll_}ﬂ(l)oyt—tli)%]\}l_{[(l)oT—y

for K > 2 (3.16)

Thus the annealed approximation indeed confirms that there is a phase transition
from “frozen” dynamics (convergence of dynamical trajectories) to “chaotic” dynamics
(divergence of trajectories) at K. = 2. Luque and Solé (1996) gave a simple interpreta-
tion of these results in terms of “damage spreading”, i.e. percolation of perturbations
on the network, and generalized it to sets of coupled networks.

How does the argument of Derrida and Pomeau translate for the dynamics of RTN?
Kiirten (1988b) showed that for RTN, under the assumption that K remains finite (and

L Consider two bit strings of length I. The Hamming distance then is defined as the number of bits
that are different in both bit strings.
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is the same for all network nodes, just as in Kauffman’s original model), the Hamming
distance of two states at time t 4 7, given their distance at time ¢, takes the form of a
polynomial spline function of order K:

K

Hict+ 1) = () = 3 (-1 (7 ) auHic) (3.17)
with ,
a, =1 (-1)" (T) 1) v=1,..,K (3.18)
and

I (p, h) =/.../dml...dchp(xl)...p(xK)-@[xmﬂ+...+xK+h)2—(x1+...+xm)2],

(3.19)
where ©(z) represents the Heaviside function and p(c;;) is the statistical distribution
of interaction weights. It can be shown that a possible critical point or critical line
then is completely determined for a; # 0 by the equation

dFg

dHK aq (3 0)

Hg=0

The main drawback of Kiirten’s method is that it can be applied only to networks
with finite and constant K - a generalization for random networks, where the number
K of inputs per node is allowed to vary, fails because of the complexity of the analytical
expressions for large K. In chapter 6 of this thesis, we introduce a new approach that
solves the problem of finding the critical point for this case with A = 0 (Rohlf and
Bornholdt, 2002). The main idea is the following: First, by combinatorical considera-
tions, the probability ps(k) for damage spreading at a given node as a function of the
number k of its inputs is derived; it is found that for k£ = 2,4, 6, .. it obeys the relation

pa(k) = k'<kl;2)+(“2)'<<k+k2)/2> (3.21)

o - 2k
= ps(k + 1)a (3'22)

and for k£ = 3,5, 7, ... one obtains

E- (4 0)

polh) = —— O (323)




3.2 Network dynamics 25

For large k, in good approximation this scales as

ps(k) = %H ir—k(\/%)kw\/g% (3.24)

Assuming a Poisson distribution for the connectivity and taking the average over
all nodes, one obtains the average probability for damage spreading at a given mean
connectivity K:

(ps)(K) = e & { %f}% (— ) : (%)ZH} (3.25)

In chapter 6 we show that the time evolution of the (normalized) Hamming distance
y then is given by the recurrence relation

yir = (ps)(K) (1 — e~ %), (3.26)
A linear stability analysis of this map finally yields the critical mean connectivity
K, = 1.849 + 0.001 (3.27)

for this type of RTN, which, surprisingly, is smaller than the minimum critical value
K =2 found in RBN.

Interestingly, Nakamura (2003) has applied the approach introduced in (Rohlf and
Bornholdt, 2002) to RTN with scale-free network topology, and, introducing stochas-
tical update errors into dynamics, found a non-monotonous dependence of damage
spreading on the system temperature 7'. This result accords well with the notion of
“damage supression” at highly connected notes (hubs) in RTN, that will be discussed
in chapter 6.

3.2.5 Local measures of network dynamics

The simplest measures of network dynamics at the single-node level are the average
actiity of a network site 2, which is the pendant of the magnetization per site in other
spin systems, and the average correlation of the dynamical states of a pair (i,7) of
sites. For RBN, some results based on numerical simulations are known, that connect
the average activity with global dynamical properties as, for example, the number of
“relevant nodes” (Bastolla and Parisi, 1998b), for RTN, however, only few results have
been published (e.g. in Bornholdt and Rohlf, 2000).

In the following, the respective definitions of these two local measures of network
dynamics for RTN are given, followed by a summary of their typical properties.
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3.2.5.1 Average activity

The average activity A(7) of a site i is defined as the average over all states o;(t) site i
takes in dynamical network evolution between two distinct points of time 77 and T5:

Af) = 7 ! L0 (3.28)

“Frozen” sites ¢+ which do not change their states between 77 and 75 obviously have
|A(i)| = 1, whereas sites occasionally flipping from o; = 1 to 0; = —1 or vice versa
have 0 < |A(4)| < 1.

3.2.5.2 Average correlation

The average correlation Corr(i,j) of a pair (7, j) of sites is defined as the average over
the products o;(t)o;(¢) in dynamical network evolution between two distinct points of
time 77 and T5:
1 &
Corr (i, j) = > ailt)o;(t) (3.29)

_B—ﬂtn

If the dynamical activity of two sites 7 and j is correlated, i.e. if o; and o; always
have either the same or the opposite sign, one has |Corr(s, j)| = 1. If the relationship
between the signs of 0; and o, occasionally changes, one has 0 < |Corr(z, j)| < 1.

3.2.5.3 Properties of the two measures in RTN

The properties of the average activity in RTN as a function of the mean connectivity
K have been studied in detail by Rohlf (2000). One main result concerns the frozen
component C, i.e. those network sites that “freeze” to a constant state in the asymptotic
limit of dynamical evolution, and the number of correlated pairs C.,... Both quantities
show a phase transition near the critical connectivity K., that becomes sharp in the
limit of large system sizes (Rohlf, 2000; Bornholdt and Rohlf, 2000). This distinct
property, that relates local network dynamics and network topology to each other,
qualifies A(i) and Corr(z,4j) as suitable measures for the study of network evolution
based on local rewiring events. Other quantities of interest concern the sites which
actively take part in the dynamics; one can study, e.g., the average activity (A),s of
non-frozen sites or the average correlation (Corr),,. of pairs of sites with at least one
active site. These quantities can be related to the global network activity (A),, defined
as the average over the activity of all network sites, by the following relations (Rohlf,
2000):
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(s =""5 (3.30)
and correspondingly
<A)g - Ccorr
= — 31
(Corr) e 1 —C. (3.31)

It was shown that both quantities become maximal near the critical connectivity
K. (Rohlf and Bornholdt, 2002, cf. Sec. 6.6 of this thesis).



Chapter 4

Statistical Physics of Cellular
Automata (CA)

4.1 Introduction

Cellular Automata (CA) are dynamical systems that are discrete in state, space and
time. CA are paradigmatic examples of decentralized spatially extended dynamical
systems: state changes (dynamics) depend only on the local neighborhood of a cell and
some (usually very simple) update rules, there is no central control mechanism that
coordinates dynamics. The concept of CA originally was introduced by von Neumann,
after a suggestion of Ulam, to study the logical organization behind biological self-
reproduction (von Neumann, 1966). Von Neumanns system was very complicated, it
needed more than 30 different states and complex transition rules to work, however,
it was soon recognized that CA with more simple update rules may serve as powerful
models for the study of pattern formation and emergent complex behavior. CA became
popular with Conways invention of the “Game of Life” in 1968 (cf. Gardner, 1983), a
two-dimensional CA with very simple update rules, yet able to produce astonishingly
complex patterns and, as it was shown later, even capable of universal computation.
However, the beginning of systematic research on CA had to wait until the 1980s, and,
to a large extent, was made possible by the fast development of computer technology
that had taken place in the meantime. CA research now shifted to modeling natural
and artificial systems in computer simulations (for a review, cf. for example Gerhardt
and Schuster, 1995).

Traditionally, pattern formation in spatially extended systems has been modeled
with (partial) differential equations (PDE); prominent examples are reaction-diffusion
systems, that will be reviewed in Sec. 5.1 in the context of biological pattern for-
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mation. Are cellular automata only some kind of “coarse grained approximation” to
models based on differential equations? Indeed, Toffoli (1984) argued that CA rather
represent a fully-fledged alternative to PDE-based modeling in physics. In many cases,
they may be more suitable to define a modeling framework for a given problem than
differential equations, e.g. for complex systems that are explicitly formed by discrete
“agents”; problems of this type can be found in various areas as, for example, traffic
simulations (Schreckenberg, 1995; Simon and Nagel, 1998), simulations of the immune
system (Kamp and Bornholdt, 2002), or, in Statistical Physics, the Ising model of
magnetism, which also can be interpreted as a CA with “update rules” defined by a
Hamiltonian. For pattern formation in biological organisms, however, the situation is
not that clear: on the one hand, the discrete cellular organization of (multi-cellular) or-
ganisms obviously seems to speak in favor of the application of CA, on the other hand,
biological cells themselves are very complex objects with processes of information- and
energy-transfer taking place on several different scales, ranging from single molecules
over regulatory networks to motions of whole cell ensembles (cf. chapter 5). However,
depending on the context, one may take a pragmatic view: cell differentiation into n
different cell types, for example, could be interpreted in terms of CA with n differ-
ent states, which then allows for the study of pattern formation on the “scale” of cell
differentiation. A subsequent, more sophistictated interpretation in terms, e.g., of cou-
pled regulatory networks, is possible and is studied in chapter 8. Similarly, additional
levels of complexity in morphogenesis, e.g. cells movements, as studied in chapter 9,
and cell-cell adhesion (Hogeweg, 2000) can be integrated in terms of suitably defined
cellular automata.

In the following, a short introduction into the Statistical Physics of CA is provided,
defining the framework for the development of a CA-based model of the emergence of
position information and proportion regulation in biological pattern formation (Rohlf
and Bornholdt, 2003).

4.2 Definitions

4.2.1 One-dimensional CA

A one-dimensional cellular automaton consists of a linear lattice (string) of identical
cells, each of which can take one of a finite number n of states. The (local) state of
cell 7 at time ¢ is denoted by

oi(H) €S =1{0,1,...,n—1} with ¢eN,. (4.1)
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The (global) state &(t) at time ¢ then is defined as the state vector

3(t) = (oo(t), 01(t), ..., on_1()) € BV, (4.2)

where N is the size of the lattice (the number of cells).
At each time step, all cells in the lattice are updated in parallel according to a local
update rule f :

O'Z(t) = f(O'Z'_,n(t — 1), N O'i_l(t — 1), O'Z'(t - 1), O'i+1(t — 1), N O'i+7-(t - 1)) (43)

with f:{0,1,...,n}* — {0,1,...,n}, where k = 27+ 1 is the neighborhoodsize and
r the radius of the CA. In this thesis, only rules with k¥ = 3 (r = 1), i.e. strictly local
update rules, are considered. f can be forumlated as as lookup table (rule table), that
explicitly maps each neighboorhod state to a certain output state.

There exist n* different neighborhood configurations, hence the state space has size
S = n"k; this means that even for moderate n and £ the number of possible states is
already very large (e.g., for n = 3 and k = 3, there exist 327 ~ 10'2 different states).
Consequently, simple update rules can lead to very complex CA dynamics. For finite
N, boundary conditions have to be specified explicitly.

4.2.2 Two-dimensional CA

A two-dimensional cellular automaton consists of a two-dimensional lattice of identical
cells, each of which can take one of a finite number n of states. The (local) state of the
cell (i,7) at time ¢ is denoted by

Ui,j(t) €Y= {0, 1,..,n— 1} with t € Np. (44)

The (global) state 3(t) at time ¢ then is defined as the state matrix

00,0(t) oo1(t) -+ ooNy-1(t)
E(t) _ 0'1’(:) (t) 0'1,1 (t) . Ul,Nz:—l(t) ’ (45)
on—10(t) on—11(t) o0 on—1,N—1(2)

if the CA has size N = N; x Nj. In two-dimensional CA, the update neighborhood of
a cell (z,7) can be defined in two different ways, either as von Neumann neighborhood
or as Moore neighborhood; both possibilities are illustrated in Fig. 4.1. In this thesis,
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1 ]

o;(t+1) o,(t+1)

Figure 4.1: Schematic illustration of a two-dimensional CA with three different states (light
grey, dark grey and black). Left panel: von Neumann neighborhood, update of the middle
cell depends only on the states if the four nearest neighbors and its own state, right panel:
Moore neighborhood, update of the middle cell depends on eight neighbor cells and its own
state.

only two-dimensional CA with von Neumann neighborhood with radius » = 1 are
considered, i.e., each cell (i, j) updates its state according to

0ij(t) = floij1(t = 1),0050(t = 1),00(t = 1),0i1;(t = 1), 0i115(t = 1)) (4.6)

with f:{0,1,...,n}°— {0,1,...,n}.
For finite N, boundary conditions have to be specified explicitly (e.g., as periodic).

4.3 Statistical and Computational Mechanics of Cel-
lular Automata

The simplest class of one-dimensional cellular automata was studied extensively by
Wolfram (1983, 1984a,b). In particular, he considered CA with n = 2 and k£ = 3.
Starting dynamics from simple (e.g., periodic) initial configurations, these CA either
tend to homogeneous states or generate self-similar patterns (in a two-dimensional
space-time plot) with fractal dimensions ~ 1.59 or &~ 1.69 (Wolfram, 1983). For ran-
dom initial configurations, complex self-organization phenomena are observed. CA
dynamics is locally irreversible: different inititial configurations can lead to the same
final configuration (dynamical attractor). This phenomenon is also found in discrete
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dynamical networks, because of their complex basins of attraction. Irreversibility in
CA state evolution can, e.g., be characterized by the time evolution of the average state
entropy

M n
(5) = 223" pylogy ;. (47)
i=1 j=1
taken over a statistical ensemble starting from M different initial states, where p; is the
probability for state 7. Whereas for reversible systems, time evolution almost always
leads to an increase of entropy (which reflects Liouville’s Theorem, that the total num-
ber of possible configurations must remain constant with time), in irreversible systems
entropy may decrease with time. Indeed, in CA typically a decrease in entropy with
time is found, which reflects the fact that the number of accessible state configurations
decreases with time (Wolfram, 1983). Consequently, CA in principal have the capabil-
ity to transform spatio-temporal “disorder” into “order”, which predestinates them as
simple, yet non-trivial tools for the study of spatial pattern formation.
Wolfram proposed a qualitative classification of (asymptotic) CA behavior into
four classes, intending to identify “universality classes” of all possible CA behavior
(Wolfram, 1984a,b):

1. A (fixed) homogeneous state

2. (Stable) periodic attractors (periodic in time and/or space)
3. “Chaotic” dynamics (in time and space)

4. “Complex” dynamics.

An example of a class 4 CA is the two-dimensional “Game of Life” introduced by
Conway (cf. Gardner, 1983).

Langton (1986) introduced the A parameter as an attempt to make Wolfram’s
scheme more quantitative. The A parameter is obtained as a result of a statistic of the
output states in the CA lookup table. Strictly speaking, it is defined as the fraction of
non-quiescent states in this table, where the quiescent state of a CA is an arbitrarily
chosen (but fixed) state o € 3. For X = {0,1}, e.g., if state 0 is chosen as quiescent
state, A is simply the fraction of 1s among the output states in the rule table. A can
also be interpreted in terms of update dynamics: if an (infinite length) CA is started
with a random initial configuration, such that all possible neighborhood configurations
occur with equal probability, then A is the fraction of 1s in the CA lattice at the next
time step.

Langton created CA rule tables at random, but with increasing A values, and ob-
served that CA dynamics typically changes in a way, that goes through Wolfram’s



4.3 Statistical and Computational Mechanics of Cellular Automata 33

Q"

Figure 4.2: Quasi-particles in the CA model of pattern formation introduced by Rohlf and
Bornholdt (2003) (cf. chapters 8 and 9). The ¥ and the 2 particle are transient excitations
that “decay” immediately into a stable 7 particle.

classes in the order 1 — 2 — 4 — 3, analogous to a bifurcation sequence in a dy-
namical system when some control parameter is increased. Hence, Langton argued,
“complex” dynamical behavior of CA is typically found at intermediate or “critical”
A values (metaphorically called the “edge of chaos”). The “critical” A\ values, Lang-
ton claimed, are associated with a phase transition between periodic and chaotic CA
dynamics (Langton, 1986, 1990, 1991).

The (parallel) computing capacities of CA have attracted much interest. It could
be shown, for example, that the “Game of Life” is capable of universal computation
(in the sense of a Turing machine): some basic dynamical configurations in this two-
dimensional CA can perform basic logical operations, as, for example, AND, or and
NOT, others in principle can serve as registers for information storage. The outlines
of a proof that the “Game of Life” CA is universal were given by Berlekamp (1982)
and independently by Gosper (cf. Gardner, 1983), and Chapman (2002) constructed
a “life” pattern that implements the actions of a universal register machine, thus ex-
plicitly proving that this CA is a universal computer. Interestingly, there also exist
one-dimensional CA with universal computing capacity (Smith, 1971; Lindgren and
Nordahl, 1990; Wolfram, 2002).

Computational Mechanics (CM) of CA was developed as a kind of “high level de-
scription” of dynamical computing processes in CA (Hanson, 1993; Hanson and Crutch-
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Particles Interactions

Label | P d v F+n—v

r 1 1 1 A+n—Q

A 2 2 -1 A+d—=p

A |3 1 1/3 T -

n 1 0 0 Q—n

) ~1|~—-085|=—-0.85

1 0 0 0

Q 0 0 0

Table 4.1: Particle catalog of the CA model introduced in Rohlf and Bornholdt (2003) (cf.
chapters 8 and 9). The sign of v is defined by the direction of movement of the particle
(positive sign for movement to the right side of the 1D-lattice, negative sign for movement
to the left side.

field, 1997; Hordijk, 1998, 1999). CM is based on the observation, that in many CA,
there are only a few important patterns, i.e. regularities in space-time dynamics, that
dominate the global behavior of the system. Important in this context is the concept
of regular domains, which are defined as a set of spatial configurations in the CA with
the following two properties (Hordijk, 1999):

e Temporal invariance or periodicity
e Spatial homogeneity,

where the latter means a form of spatial translation invariance, i.e. the regular domain,
or pattern, is position independent and can occur anywhere in the lattice. Many
of the CA computing capacities, however, are rather based on wviolations of domain
regularities. Interestingly, many of these violations are regular, repeating structures
themselfes.

This observation is taken as the starting point of a higher level description of CA
computation called “particle computation” (Das et al., 1994; Crutchfield and Mitchell,
1995). In this context, a particle a is defined as a spatially localized (i.e., bounded
width), temporally periodic boundary between two adjacent domains. In terms of a
more physical language, a particle may be viewed as a regular, soliton-like excitation
moving over the CA lattice. Hence, particles have a characteristic period P (first repeat
time of a characteristic pattern) and velocity v = d/P, where d is the displacement
of the particle on the lattice during the period. CA computation arises from particle
interactions: similar to particles in elementary particle physics, CA particles can, e.g.,
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annihilate each other or can be transformed into a set of new particles, when they meet
each other. Examples of these processes are shown in Fig. 4.2 (adapted from Rohlf
and Bornholdt (2003, 2004b), cf. chapters 8 and 9). Particles and their interactions
can be summed up in a particle catalog. The particle catalog for the model introduced
in chapter 8 of this work is shown in Table 4.1. Note that the ® particle in this model
is not a particle in the strict sense, as it shows some stochastic irregularities in its
“trajectory” due to randomness in the initial condition, however, on average, it has a
characteristic period and velocity.

As outlined above, state space becomes large even for quite simple CA. If one
wishes to solve particular problems with CA, such as a pre-defined computational task
or self-organization of spatial pattern with certain properties, one has to define an
appropriate search strategy. In most cases, classical optimization routines fail in this
case, however, it has been shown that genetic algorithms (GA) (Holland, 1975) are very
efficient in finding candidate CA rule tables (Crutchfield and Mitchell, 1995; Hordijk,
1999); hence, in this thesis genetic algorithms have been applied for evolution of CA
solutions in the context of spatial pattern formation (cf. chapters 8 and 9, and the
appendix for details about the GA that has been applied).



Chapter 5

Mathematical models of
Morphogenesis

In this chapter, a review of some concepts and mathematical modeling approaches
commonly used in the theory of morphogenesis is provided. The main focus is set on
two classes of systems, that - to some degree - can be regarded as autonomous strains
of research:

e reaction-diffusion systems (Sec. 5.1)

e coupled regulatory networks (Sec. 5.3).

Coupled chemical reaction networks, in some sense a in-between of both classes,
are discussed in Sec. 5.2.

5.1 Reaction-diffusion models and morphogenetic
gradients

5.1.1 Turing-type models as a paradigm of pattern formation

First systematic observations how diffusive chemicals could influence animal develop-
ment were made in the late nineteenth century. In the first half of the twentieth century,
for certain model organisms, as e.g. the Sea Urchin, first hypotheses about physico-
chemical mechanisms of regulation where formulated, which served as phenomenolog-
ical models for explanation of experimental observations. A prominent example is
the double gradient hypothesis of Sea Urchin development (Horstadius, 1935, 1973).
However, the mechanism leading to generation and maintenance of such “morphogen
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gradients” as well as their chemical nature remained obscure. In 1952, Turing proposed
the first mathematical theory of morphogenesis including a plausible physico-chemical
mechanism for generation of spatial patterns.

Turing-type models of morphogenesis are based on reaction-diffusion approxima-
tions involving a small number of molecular species (morphogens) diffusing on a con-
tinuous domain (Meinhardt, 1982). Turing patterns arise as a consequence of spatial
instabilities in models of the form:

W~ nG+F(G), (5.1)

-

where A is the Laplace operator and ¢(7,t) = (¢1, ..., #,) is the vector involving the
concentration ¢; of each morphogen. The two terms on the right-hand side introduce
the diffusion and the reaction parts, respectively (7 and ¢ are spatial and temporal
coordinates, respectively). For n = 2 the model can be solved analytically and has, for
example, spatially periodic solutions with a characteristic wavelength A. In particular,
most models are based on two morphogens with activatory and inhibitory proper-
ties and different diffusion constants. Gierer and Meinhardt (1972) showed that two
features are prerequisite for stable morphogen gradients in this type of model: local
self-enhancement and long-range inhibition, thus the activator a is auto-catalytic and
has a small diffusion constant compared to the inhibitor A, which counteracts the auto-
catalytic feedback loop by lateral inhibition. This is described by the following set of
partial differential equations for the concentrations of a and h (Gierer and Meinhardst,
1972; Koch and Meinhardt, 1994):

Oa a?

— = DA —_— .2
ot N e T (5:2)
oh ,

Pl DpAh + ppa” — pph + oy, (5.3)

D, and D), are the diffusion constants, i, and u, the removal rates, and p,, p, the cross-
reaction coefficients; o,, 0, are basic production terms; k, is a saturation constant.
For stationary patterns the condition u, > u, is necessary. The saturation constant
ko determines the form of the pattern: for x, = 0 irregular patterns arise, whereas
ke > 0 leads to stripe-like patterns. Lateral inhibition can also be achieved by by the
depletion of a substance s required for the auto-catalysis of a. In its simplest form the
system then can be formulated as

% = D,Aa+ py(a*s — a) (5.4)
0Os 9
= DpAs+ ps(1 —as) (5.5)

ot
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Based solely on the mechanisms of either Eqn. 5.3 or 5.5 a monotonic gradient can be
maintained only if the tissue is small (less than 1mm or 100 cells in diameter, Wolpert
(1969)). If an organism grows beyond this, cells must respond to the gradient by
activating particular gen es. Koch and Meinhardt (1994) argue that the gene activity,
once triggered, should be independent of the evoking signal, thus such a biochemical
switch requires either direct or indirect auto-catalytic activation Meinhardt (1978); this
genetic switch can be modeled by (Koch and Meinhardt, 1994):

oy _ vy

— _ 5.6
at on 1 + K,ny ,U‘yy + Oext, ( )

where 0., is the external stimulus. In the absence of such a signal, the system
has two stable steady states: a low one at y = 0 and a high one at y = (p, +
/P2 — 4kypi2) /26y py. If Oegr exceeds a certain threshold, the system switches from
the low to the high state.

Combinations of several systems 5.3 or 5.5 with 5.6 lead to complex patterns. Mostly,
the systems are combined in a hierarchical way: A first system A establishes a primary
pattern which is used to modify and trigger a second system B, e.g. a genetic switch.

5.1.2 Example: Gierer-Meinhardt model of Hydra pattern
formation

Gierer and Meinhardt applied their activator-inhibitor model to pattern formation in
the fresh water polyp Hydra, and showed that - under certain assumptions - this model
could explain a number of experimental observations (see section ... for details on the
developmental biology of Hydra).

The model ist based on reaction-diffusion equations, including several subsystems
with activators and inhibitors for the distinct pattern forming systems in Hydra (head,
foot, hypostome). In addition to their original Turing-like model the authors had
to include a “source density” to account for the regeneration properties of Hydra:
local “sources” of morphogens stabilize the animal-wide morphogen gradients. The
concentration change of the primary head activator ay and its inhibitor hg is modeled
by two coupled euquations,

Oay pap(af — poy) 0%ay

R — D .
ot hat HEGH F B 50 (5.7)

oh 0%h

8—;{ = /LH)OG'?T{ — I/Hh,H + DhH —axQH + Pig (58)

where p(z) is the source density and p and v are the rates of activator and inhibitor
degradation, respectively. The RD-equations used for foot and tentacle formation



5.1 Reaction-diffusion models and morphogenetic gradients 39

are very similar, and dp/0t follows a diffusion equation with additional terms for the
feedback effects of head and foot activators.

Head activation is assumed to take place at regions of the highest source density,
foot activation has the opposite behavior, hence - under this assumption - the model
correctly reproduces the polarity of Hydra, regeneration properties also are reproduced
quite well (e.g. cutting experiments). Budding is regarded as a trigger of second head
activator maximum and a source density minimum in this model; the head system
has an inhibitory, the foot system an activating effect, both effects together might
regulate the position of the budding point at the head-foot axis. The periodic spacing
of successive buds at nearly 180 degree angles arises as a direct consequence of lateral
inhibition in this model.

Despite its success in explaining numerous experimental observations, this model of
Hydra pattern formation shares limitations inherent to all Turing-type models, which
shall be discussed in the next section.

5.1.3 Limits of reaction-diffusion models and gradient-based
pattern control

Activator-inhibitor models of biological pattern formation have been studied in detail
and were applied to model morphogenesis of numerous organisms (Koch and Mein-
hardt, 1994). Although this type of model provides a very intuitive phenomenological
framework and apparently convincing explanations for numerous experimental obser-
vations, it has inherent limitations that leave several questions unresolved.

The first major point is that morphogen gradients originating from a Turing-type
reaction scheme have not been observed experimentally so far. Axis formation of
Drosophila is often quoted as a striking example of gradient-controlled development
(Alberts et al., 2002), however, this expample does not provide an argument in favor
of activator-inhibitor models. Morphogen gradients that control position dependend
gene activation in the Drosophila embryo are imposed externally (by follicle cells of the
mother, (Alberts et al., 2002)), and Drosophila has a very special mode of development
involving a syncytium (i.e., in early embryogenesis, cell nuclei are not seperated by
cell membranes, but lie all in the same cytoplasma), which drastically facilitates es-
tablishment of diffusive gradients. However, in later stages of Drosophila development,
where cellular organization is already present, gradients of proteins (namely, DPP and
Wingless during development of the imaginal disk) also have been observed (Entchev
et al., 2000; Strigini and Cohen, 2000). For this case, Meinhardt (1983) proposed a
“boundary model” which envisioned three long-range gradients, whereas in fact there
are only two. Hence, this example does not fit really convincingly with a reaction-
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diffusion model either. For Vulva development of Caenorhabditis elegans, there is some
indirect evidence for pattern control by a morphogene gradient (Kenyon, 1995), but
evidently this gradient is produced and maintained by a single cell (the “anchor cell”)
and extends only over a few cells, which makes involvement of long range inhibition
(the second essential ingredient of the Gierer-Meinhardt model) quite improbable.

Here, we are pointed at an inherent shortcoming of reaction-diffusion models of pat-
tern formation: their dependence on parameter tuning, namely of diffusion constants,
to work at all. The diffusion constants of activator and inhibitor have to be separated
by several orders of magnitude to achieve short-range activation and long-range inhi-
bition at the same time (Lander, Nie and Wan (2002)). If both activator and inhibitor
are proteins as typically found in biological cells, this is by no means a trivial assump-
tion. Partially, this problem may be relaxed by introducing additional parameters (e.g.
protein degradation), but of course this makes the models more complex and thus even
more prone to parameter tuning.

Doubts about the plausibility of RD-models have been issued at a even more basic
level: in a cellular environment, diffusion itself as a driving force of pattern formation
is a highly non-trivial assumption. Gap-junctions between cells allow only for diffusion
of small molecules and ions (Kumar and Gilula, 1996), and hence cannot contribute
significantly to establishment of morphogen gradients: proteins are simply “to large”.
Consequently, one has to assume that systems of membrane-associated receptors control
the gradient. Kerszberg and Wolpert (1998) asserted that capture of morphogens by
receptors so impedes diffusion that useful stable gradients can never arise by that
mechanism, and propose that active transport mechanisms (as, e.g., transcytosis or
“bucket brigade” transfer of molecules) establish the gradient. However, Lander, Nie
and Wan (2002) showed that certain cell biological processes would have to occur at
implausibly fast rates for these mechanisms to work, at that receptor-based diffusion
in priciple could work given that receptor numbers, kinetics and internalization and
degradation meet certain conditions. They point out that these conditions seem to fit
with observations, however, doubts about robustness and biological plausibility of the
necessary “tuning” of several critical parameters remain.

Last, in the reaction-diffusion picture, cell internal capacities of information pro-
cessing, e.g. by chemical or gene regulatory networks, are neglected completely. In the
next section, we will review an approach of Kaneko et al. that still relies on diffusion,
however, represents a significant step forward by inclusion of cellular organization and
cell-internal information processing into a theory of biological pattern formation.



5.2 Chemical networks and pattern formation 41

5.2 Chemical networks as models for differentiation
and pattern formation

Several approaches have been suggested to overcome the inherent limitations of reaction-
diffusion models, namely their oversimplification of metabolism and - even more sig-
nificant - the neglect of cellular organization. Cellularity leads to new problems and
questions beyond the scope of simple RD-models, as, for example, cell differentia-
tion, occurence of more complex processes of local signal-transfer and -processing (e.g.
involving membrane-associated receptors or active transport) and complex spatial rear-
rangements of cell populations during development, including cell divisions, cell move-
ments and cell death (apoptosis).

Cellular differentiation due to a coupling of intra-cellular chemical dynamics and
cell-cell signalling by diffusing morphogens was modeled by Furusawa and Kaneko
(2000, 2001). Their model consists of a one-dimensional string of cells, surrounded by
a medium. Cellular dynamics is modeled by inclusion of biochemical reactions with
enzymes, simple cell-cell interactions through diffusion and cell division as a result of
biochemical reactions within each cell. Core of the model is a catalytic network among &
chemicals, represented by a matrix Con(¢, j, m) which takes on unity when the reaction
from the chemical [ to m is catalyzed by 7, zero otherwise. Each cell takes penetrable
chemicals from the medium as nutrient, and the reaction network transforms them to
unpenetrable chemicals. As a result the volume of the cell increases, which triggers
cell division (when the volume is doubled). ' In the model it is assumed that there are
two types of chemicals, one which can penetrate the membrane arzd)one which can not.
m
(2
0 otherwise. The concentration of the ith chemical in cell £ then is given by

The notation o, is used, which takes the value 1 if the chemical ¢;  is penetrable, and

deW) _ 700 _ ) Xk: AO() | (5.9)
dt Z ' =1 Z
with
Ack(t) = Con(m,j,6) e ™ (1) (P (1)* = Con(t,j',m') e (1) (¢ (1))
m,j m',j’
+0,D(CO®p?, 1) — D(1)) . (5.10)

'Hogeweg (2000) uses a similar approach of volume triggered cell division, which - in some instances
- was indeed observed experimentally (Ruoslahti, 1997; Chen and Mrksich, 1997). However, for setting
up a more general model scenario of pattern formation and morphogenesis, genetic control of the cell
cycle certainly cannot be neglected any more. Indeed, this approach was taken, e.g., by Jackson,
Johnson and Nash (1986).
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The variable pf denotes the location of the i-th cell, and « is the degree of cat-
alyzation. The second term in Eqn. 5.10 represents the dilution effect by changing
the volume of the cell. On the other hand, the diffusion of chemicals in the medium is
governed by the following equation for C®):

0C9 (z,t) PHV2C® x (© ©
—— = (z,t) + Za(x — o D(CO(z,t) —O),  (5.11)
(3

where the boundary condition is chosen to be C(0,t) = C(2mag,t) = const., D is
the diffusion constant of the environment, and z,,,, denotes the extent of the medium.
In this model, by an extensive statistical analysis two types of reaction networks were
identified: the first class shows fast growth (cell number increases exponentially in
time); during subsequent divisions, starting from a homogeneous “stem” cell popu-
lation, cells become differentiated. In the differentiated cells, chemical dynamics is
simpler (periodic orbits or point attractors) than in the stem cells, which show chaotic
dynamics. As a result of differentiation, the cells make a cooperative use of the chem-
icals which leads to the observed fast growth. The second class of networks shows no
differentiation and a slower ensemble growth compared to “differentiated” cell ensem-
bles of the first class. The developmental process of cells of the first class is irreversible;
the loss of multipotency, known to exist in the developmental process of real organ-
isms ), is explained in terms of a transition from complex (chaotic) dynamics to simple
dynamics in differentiated cells.

In the most recent version of this model (Furusawa and Kaneko, 2003), in addition
to chemical dynamics and volume-triggered cell divisions, also cell death and cell adhe-
sion are included. In this extended model, self-organization of position information, i.e.
patterns of cell-differentiation that depend on the position of the cell in the cell ensem-
ble, is observed. In fact, this is an almost complete multi level model of morphogenesis,
that integrates three levels of complexity (cell internal dynamics, cell-to-cell commu-
nication and “high level” morphogenetic processes as, for example, cell movement); in
this sense, the model can be compared well with a multi-level model of morphogenesis
introduced by Hogeweg (2000), however, this model is based on Boolean networks and
local cell-cell communication by membrane-bound receptors.

The model introduced by Furusawa and Kaneko reproduces several features ob-
served in animal development with striking accuracy, e.g., irreversibility of cell dif-
ferentiation (loss of multipotency), determination of cell fates in cell lineages during
development by means of successive redifferentiations, and, as was mentioned last, to
some extent it also provides a possible mechanism for self-organization of ordered spa-
tial patterns. From the viewpoint of Statistical Phyics, however, the insights into the
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dynamics of morphogenetic processes that can be gained from this model are limited,
mainly due to its high dimensionality. Chemical dynamics itself is already quite com-
plex (coupled, non-linear partial differential equations), and dimensionality is again
increased significantly by diffusion-mediated cell-cell communication and higher-level
morphogenetic processes; the number of free parameters is much higher than in older
reaction-diffusion models. Hence, it seems almost impossible to “disentangle” the com-
plex interplay of subprocesses in this model and, e.g., to distinguish the dominant fac-
tors leading to the emergence of the two “classes” of cell ensembles (e.g., structure and
topology of the reaction network versus confinement to certain regions in dynamical
parameter space).

5.3 Coupled regulatory networks and local infor-
mation transfer

The models of pattern formation and morphogenesis discussed in the previous sections,
despite their different perspectives and complexity, had two main points in common: a
non-local mechanism of information transfer (diffusion), combined with quite complex
chemical dynamics. The following questions arise:

e Can patterns of similar (or even higher) complexity and robustness as in diffusion-
based models self-organize from local dynamics (i.e. a combination of local in-
formation transfer between cells and cell-internal information processing)?

e What does most significantly contribute to pattern complexity and robustness:
chemical /regulatory dynamics or the structure/topology of interactions (net-
works)?

The first point is well motivated by experimental observations in developmental
biology. Direct contact induction, as discussed in Sec. 2.2.3, is such a local (or, at least
short-range) mechanism of information transfer. Surprisingly, the pattern formation
potential of induction has been neglected by theoreticians until recently. The second
point sets the focus on the “network perspective”: diffusion-based models of morpho-
genesis rely on appropriate choices of reaction kinetics and parameters, however, if there
exist robust modules or “elementary networks” capable to generate basic patterns, this
may not be so important any more. In this case, robustness of development would
result considerably from topology and information processing in regulatory networks
rather than from precise control of kinetic parameters. Interestingly, such intrinsic
robustness of pattern formation against parameter variation was found by von Dassow
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et al. (2000) in a model of the Drosophila segment polarity network (cf. also Dearden
and Akam, 2000). In the following, we shall give a short review of pattern formation
models that are based on local signaling between cells and cell-internal information
processing by regulatory networks.

Jackson, Johnson and Nash (1986) modeled the dynamics of gene networks capable
of pattern generation by discrete, Boolean Networks as introduced by Kauffman (1969,
1993). In this model small numbers of cells arranged in a one-dimensional, growing
array are able to communicate with nearest neighbors through inductive interactions,
that are modeled in terms of Boolean (logical) functions similar to those of the internal
networks. The model is completed by means of a schematic cell cycle which governs the
conditions under which the cell will divide or cease division. Eventually, the system
settles down into a final state; in other words, the tissue falls into a attractor (i.e.
some recurrent pattern of gene expression). One of the interesting results of the study
was that cell-cell interactions allowed generation of new cell types, i.e. of dynamical
attractors not present in an isolated network, and such a capacity was shown to be
maximal when about 20% of the genes were involved in such interactions. This kind of
neighborhood-dependent differentiation or cell memory, respectively, is also found in
the more complex Boolean network based morphogenetic model studied by Hogeweg
(2000).

An alternative theoretical approach to interacting gene networks, based on conti-
nous dynamics and a connectionist architecture similar to neural networks, was con-
sidered by Mjolsness, Sharp and Reinitz (1991) in their connectionist model. The basic
model is defined by a set of differential equations with the following structure:

N,

dg;; Lo

c?tj = —)gi; +0 E Witgy +0;| + D;Vgy;, (5.12)
-1

where g;; denotes the concentration of the jth gene product in the ith cell, W% is
a random matrix describing interactions among genes with both positive and negative
values, 0; is the threshold in gene response and D; the diffusion constant of gene prod-
uct j.The function defining the interactions among genes, O(z), is assumed to be a
sigmoidal one. Specifically, the MSR model uses O(z) = 1/(1 + exp (—p2)), but other
choices lead to similar results. Using this model and seraching over parameter space
by means of optimization methods (simulated annealing), these authors have been able
to discover correlations in experimental data on gene expression in developmental pro-
cesses (Mjolsness, Sharp and Reinitz, 1991) and to reproduce the gap gene expression
patterns along the antero-posterior axis of Drosophila (Reinitz and Mjolsness, 1995).
Note that the diffusion constant D; was chosen in a way that allowed only for diffu-
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Figure 5.1: Typical spatio-temporal patterns in the DCI model studied by Salazar et al.: (a)
transient activation fo gene expressionh with decay and further recruitment at later times;
(b) stripe pattern and (c) low-dimensional chaos (after Solé, Salazar-Ciudad and Garcia-
Fernandez (2002)).

sion between nearest neighbors, hence this model can be considered “local” in spite of
diffusion based information transfer (as described by the Laplacian in Eqn. 5.12).
The connectionist model was extended to a direct contact induction model (DCIM)
by Salazar et al. (Salazar-Ciudad, Garcia and Solé, 2000; Salazar-Ciudad, Newman
and Solé, 2001; Salazar-Ciudad, Solé, and Newman, 2001). In this model, N, cells are
arranged in a line or N, X N, cells are arranged on a square lattice. Each cell has the
same network of N, genes; N}, of the genes code for hormones (meaning molecules that
affect gene expression in other cells), IV, genes code for cellular or nuclear receptors of
the hormones and the rest are transcription factors or proteins involved in signal trans-
duction inside the cell. The model assumes that the change in the activity or chance
of transcription induced by interaction follows a saturating function of Hill shape.
Enhancers and protein- binding sites are characterized by weights W, € [—1,+1],
binding of hormones and receptors by W), € [0,1]. In the DCIM, it is assumed that
the hormones are mebrane-bound an then can only effect the immidiate neighbors.
The authors now study randomly generated networks, which are modeled by a set
of coupled, nonlinear partial differential equations. The change of activity of the j th
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Figure 5.2: Minimal gene networks (“modules”) in the DCI model studied by Salazar et
al., intra-cellular interactions plotted only at the left side, cell-to-cell inputs the left to right
(after Solé, Salazar-Ciudad and Garcia-Fernandez (2002)).

gene in the ¢ th cell in the DM is modeled by:

Ng
dgy _ © [Zk:l ijgik]
o K.+© [ZkNil Wikgi

[ (5.13)

for the non-receptor gene products, where i =1,..., N, and j = N, +1,..., N, and by
0gi _ hy

_ — g 5.14
a K, +hy HOH (5.14)
with
Ny Np,
hiy =0© Z Wikgir + Z Wi (gi—1, + 9z‘+1,z)] (5.15)
k=1 k=1

for the receptors, where ¢ =1,..., Noand | = N, — N, +1,..., N,.
 is the rate of protein degradation, K, is the binding rate constant, D; € [0, 1] is the
diffusion rate constant of the i-th hormone (randomly generated).

Salazar-Ciudad, Garcia and Solé studied ensemble statistics of these randomly gen-
erated networks, starting dynamics from random initial conditions, and explored the
space of possible spatio-temporal patterns and the structure of the networks which
generated them. One main result of the studies is that inductive interactions lead
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to a larger number of stable patterns than diffusive models. Typical spatio-temporal
patterns displayed by the DCIM are shown in Fig. 5.1. The authors also identified
a number of minimal gene networks underlying the observed patters (Solé, Salazar-
Ciudad and Garcia-Fernandez (1999, 2002), cf. Fig. 5.2). The structure of networks
that generate spatially inhomgeneous patterns can be assigned to one of two different
classes: networks with random (“emergent”) topology or networks with hierarchical
organization. Emergent networks generally produce the more complex patterns, e.g.
when the number of stripes in the pattern is larger than four, the network tends to be
emergent, whereas when the number of stripes is smaller, it is usually hierarchic. The
range of phenotypic variation in hierarchical networks is much more restricted than
in emergent ones. Furthermore, the authors find that hierarchical networks are more
robust with respect to mutations, i.e. they are more likely to produce the same target
pattern under change of some of the W;; than emergent networks, and they produce
more finely tuned patterns. Thus, the authors argue, in the course of evolution emer-
gent networks are likely to be gradually replaced by hierarchical networks. The authors
finally use this approach to model the evolution of segmentation mechanisms as in the
Drosophila embryo (Salazar-Ciudad, Solé, and Newman, 2001; Szathmary, 2001), and
hypothesize that an original gene network of emergent type with a clock-like behavior
has been replaced by the genetic hierarchy seen in modern-day Drosophila in the course
of evolution.

To summarize this part, different theoretical approaches have proven that morpho-
genesis based on local cell-cell communication and cell-internal information processing
by gene regulatory networks is as least as efficient as pattern formation by reaction-
diffusion systems. Furthermore, dynamics of regulatory networks with appropriate
topologies contributes significantly to robustness of pattern formation (von Dassow et
al., 2000; Salazar-Ciudad, Garcia and Solé, 2000; Solé, Salazar-Ciudad and Garcia-
Fernandez, 2002).
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Dynamics and evolution of
regulatory networks and
morphogenesis: numerical and
analytical studies



Chapter 6

Criticality in Random Threshold
Networks: Annealed
Approximation and Beyond

6.1 Introduction

Recently, research on complex networks has become increasingly popular in the sta-
tistical physicist’s community (Strogatz, 2001; Dorogovtsev and Mendes, 2001; Albert
and Barabdsi, 2002). The variety of fields where networks of many interacting units
are found, e.g. gene regulation, neural systems, food webs, species relationships in
biological evolution, economic interactions and the organization of the internet, gives
rise to the question of common, underlying dynamical and structural principles, as
well as to the study of simple model systems suitable as a theoretical framework for a
wide class of complex systems. Such a theoretical approach is provided, for example,
by Random Boolean Networks (RBN), originally introduced by Kauffman to model
the dynamics of genetic regulatory networks in biological organisms (Kauffman, 1969,
1993). In this class of models the state o; € {0,1} of a network node ¢ is a logical
function of the states of k; other nodes chosen at random. The logical functions are
also chosen at random, either with equal probability or with a suitably defined bias. A
phase transition with respect to the average number K of inputs per node is observed
at a critical connectivity K, = 2 ': for K < K, a “frozen” phase is found with short
limit cycles and isolated islands of activity, whereas for K > K, one finds a “chaotic”

IThis is the critical value for unbiased Boolean functions; a bias p in the choice of the Boolean
functions, where p denotes the mean fraction of 1’s in the sites outputs, shifts the critical connectivity

to K. = 1/[2p(1 —p)].
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phase with limit cycles diverging exponentially with system size, and small pertur-
bations (“damage”) propagating through the whole system. While a more detailed
understanding of this transition by means of percolation theory (Albert and Barabdsi,
2000) is still in its infancy, theoretical insight primarily was gained by application of
the so-called annealed approzimation introduced by Derrida and Pomeau (Derrida and
Pomeau, 1986) and successive extensions (Bastolla and Parisi, 1996; Solé and Luque,
1995; Luque and Solé, 1996); the analytical study of damage spreading by means of
this approximation allows for the exact determination of critical points in the limit of
large system sizes V.

Closely related to RBN are Random Threshold Networks (RTN), first studied as
diluted, non-symmetric spin glasses (Derrida and Flyvbjerg, 1987) and diluted, asym-
metric neural networks (Derrida and Gardner, 1987; Kree and Zippelius, 1987). Net-
works of this kind also show complex dynamical behavior similar to RBN at a critical
connectivity K.. For the case where the number of inputs per node K is constant,
theoretical insight could be obtained in the framework of the annealed approximation
(Kiirten, 1988a,b), but the extension of these results to more realistic szenarios, where
the number of inputs per node is allowed to vary, fails because of the complexity of the
analytical expressions involved.

In the following, an alternative approach is followed which allows us to calculate
the critical value K, for RTN with discrete weights and zero threshold, but with non-
constant number of inputs per node. Starting from a combinatorical investigation, an
additional degree of complexity in this type of RTN is identified, which is not found
in RBN: damage propagation depends on the in — degree of signal-receiving sites.
The introduction of the average probability of damage propagation allows to apply the
annealed approximation and leads to the surprising result, that this class of random
networks has a critical connectitivity K, < 2, contrary to RBN where one always has
K. > 2. Numerical evidence is presented supporting the analytical results. Finally,
a short outlook on the complexity of phenomena in RTN near K, is given, which are
beyond the scope of the annealed approximation, and it will discussed how the results of
this study could relate to properties of real-world networks, such as robustness (Barkai
and Leibler, 1997; Alon et al., 1999; Albert, Jeong, and Barabasi, 2000; Bornholdt
and Sneppen, 2000) and non-trivial degree-distributions (Barabési and Albert, 1999;
Strogatz, 2001).

6.2 Random Threshold Networks

A Random Threshold Network (RTN) consists of N randomly interconnected binary
sites (spins) with states o; = £1. For each site ¢, its state at time ¢ + 1 is a function
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of the inputs it receives from other spins at time ¢:

oi(t +1) = sgn (fi(1)) (6.1)
with

The N network sites are updated in parallel. In the following discussion the threshold
parameter h is set to zero. The interaction weights c;; take discrete values c¢;; = £1,
+1 or —1 with equal probability. If ¢ does not receive signals from j, one has ¢;; = 0.
The in-degree k; of site i thus is defined as the number of weights ¢;; with ¢;; # 0. If K
denotes the average connectivity of the network, for large NV the statistical distribution
of in- and out-degrees follows a Poissonian:
Rt

Prob(k; = k) = 0 e X (6.3)
This corresponds to the case where each weight has equal probability p = K/N to take
a non-zero value.

6.3 Damage Spreading in RTN: dependence on the
in-degree k

The most convenient way to distinguish the ordered (frozen) and the chaotic phase of
a discrete dynamical network is to study the so-called damage spreading: for K < K.,
a small local perturbation, e.g. changing the state of a single site 0; — —o;, vanishes,
whereas above K, it percolates through the network. In RBN, the probability p, that
a site ¢ propagates the damage when a single input j is changed (1 — 0 or 0 — 1) does
not depend on the in-degree k of site i: if the possible 22" Boolean functions of the k&
inputs are chosen with equal probability, one has p, = 1/2; if the Boolean functions
are chosen with a bias p, where p denotes the mean percentage of 1’s in the output
of i, one has p; = 2p(1 — p) (Derrida and Pomeau, 1986). Hence, in RBN damage
spreading only depends on the out-degree of the perturbed site. In RTN, the situation
turns out to be more complex: here we find that damage spreading strongly depends
on the in-degree of the sites. In the following, we will use combinatorical considerations
to derive the exact distribution p,(k) for RTN.

Consider a site 7 having k arbitrary input spins, k& € {0,1,2,..., N}. Let k, denote
the number of spins equal to +1, k_ the number of spins equal to —1, hence k = k, +k_.
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Figure 6.1: Combinatorical derivation of ps(k), here for kK = 3. Reversal of the thick-lined
inputs ¢;;0(t) leads to a spin-flip of site ¢, i.e. o}(t+1) = —o;(¢+1) (thick-lined vectors). The
total number of input configurations is 8 (see the right column showing the corresponding
numbers of spin configurations), hence the number of possible spin-flips is 3 - 8 = 24. The
total number of input-spin reversals leading to damage propagation is 2 - (3 + 3) = 12. Thus
we find p,s(3) = 1/2. The generalization for k = 5,7,9, ... is straight-forward.

The state o;(t + 1) of site ¢ at time ¢ + 1 is given by eqn. (6.1) and (6.2). Let us first
calculate the probability ps(k) that a change of the sign of one arbitrary input spin at
time ¢ reverses the sign of i’s output at t+ 1, i.e. that it leads to o}(t+1) = —o;(t +1).
The number of possible configurations of & spins is 2¥; as in each of these configurations
k spins can be flipped (reversed in sign), the total number of possible spin-flips is

Ztotal =k- 2k- (64)

Thus p; is defined as the number of spin reversals leading to o}(t + 1) = —o;(t + 1),
devided by Ztotal-

For k = 1 it is easy to see that p; = 1, whereas for £ = 2 one gets p; = 1/2. For
k > 3 we have to analyze even and odd k seperately:

Odd k: By the definition of the transition function for site 7 (eqn. (6.2)) one rec-
ognizes that there are only two configurations in which a flip of a single input spin at
time ¢ can lead to a spin-flip of site ¢ at time ¢ + 1; these configurations are given by

the condition:
lky —k_|=1. (6.5)

If by =k_+1 (ie. o;(t+1) =1), the reversal of a positive input spin always leads
to oi(t + 1) = —1, whereas flips of negative input spins do not change the state of site
i (for ky = k_ — 1 it is vice versa). Thus in both configurations (k + 1)/2 spin flips of
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Figure 6.2: Local probability for damage propagation, ps(k), as a function of the in-degree
k of the signal-receiving site, for odd k. The squares correspond to the exact result of eqn.
(6.7), the dashed curve shows the Stirling approximation of eqn. (6.13).

k possible lead to o}(t + 1) = —o;(t + 1). The total number of configurations fulfilling
eqn. (6.5) is

et = (e ye) * (e ) =2 () o0

Hence the number of spin-flips leading to damage spreading at site ¢ is Zqqpip- (k+1)/2
and we obtain for £ = 3,5,7, ...

k
o (k+1)-

(6.7)

Fig. 6.1 demonstrates the above derivation at the example £ = 3. p,(k) for odd £ is
shown in Fig. 6.2.

Even k: For even k, there are also only two configurations in which changing a
single input of site ¢ at time ¢ leads to o}(t + 1) = —o;(t + 1), given by the conditions

ky =k (x) or k =k, +2 (*x). (6.8)

In the case k; = k_ + 2 neither the reversal of a positive nor the reversal of a negative
input-spin changes the output of i, due to the signum function in eqn. (2). In the case
(%), k/2 spin-flips (+1 — —1) change the output of site i (+1 — —1), in the case (xx)
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(k +2)/2 spin-flips (—1 — +1) do so. The number of configurations fulfilling eqn. (8)
is given by

et = 70+ 269 = (412) + () 09

So we finally obtain for £ = 2,4,6, ..
k-Z(x)+ (k+2)- Z(xx)

ps(k) = Z (6.10)
k k
_ b (o) + 00 () 611
k- 2k '
= ps(k+1), (6.12)

as can be seen by some simple algebra.
Using the Stirling formula for k!, one recognizes that the asymptotic behavior of
ps(k) for odd k is given by

p() = %(%)kw@% (6.13)

Thus it turns out that
lim lim py(k) = 0. (6.14)

N—oo k=N
However, this does not mean that there is no damage spreading for £ — N: in each
timestep, damage increases o k - ps(k) ~ vk ~ v/N in this limit, which ensures the
existence of a “chaotic” regime.

6.4 Average probability for damage spreading

Choosing an arbitrary network site ¢ with at least one input and changing the sign of
one input-spin will lead to a spin-flip of site ¢ with probability p,(k), dependent on the
number of inputs k. Now we are interested in the expectation value of this probability,
i.e. the average probability for damge spreading (p,)(K) for a given average network
connectivity K. For large N, this problem is equivalent to connecting a new site j
with state o; to an arbitrary site 7 of a network of size N — 1 with average connectivity
K; thus k; is increased by one. Hence, changing the sign of o; at time ¢ will lead to a
different output of site i at time ¢ + 1 with probability ps(k; + 1). Using the Poisson

approximation and taking the thermodynamic limit N — oo, this leads to

(ps)(K) =€) % -ps(k +1) (6.15)



6.4 Average probability for damage spreading 55

0.3 T
annealed approximation

015 N=32 +
025 : N =256 x |

’ N =2048

N =32768 ®©
0.2 -
= 015 .
0.1 200 K=17 -
0.05 R e e
’ XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
**xxxxxx**x*xxxxxxxx****xx**xxxxxx
DF\DHHV*‘F‘DDDDDDDDDDDDDDDDDD

0 100 200
t

Figure 6.3: Time evolution of the relative Hamming distance y; of two spin configurations
with yo = 0.3 for different network sizes N with K = 1.7 (numerical simulations, ensemble
statistics over 10000 networks / 400 networks (N = 32768)). For large N, one finds conver-
gence against the prediction of the annealed approximation (solid curve). The inset shows
the same for overcritical networks (K = 2.0).

Splitting the sum for even and odd k yields

ro2i—1

(ps)(K) = _K{1+Z% ps(2i) EOO:K 22+1)} (6.16)

Using the relation ps(k) = ps(k 4+ 1) for even k one obtains

=1

Inserting (7) into this equation finally yields

_ ~ 1 [e ) 1 B R- 2i—1
(po) (K) = { s>y (%) (5) } . (6.18)
=1
Formula (6.18) is the central result of this chapter, as it allows for an analytic calcula-
tion of the critical connectivity K. of RTN. For practical use it is worth to notice that

the sum in eqn. (6.18) converges very fast, setting the upper limit to ten is sufficient
for a relative error A(p,)/(ps) < O(107*).
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Figure 6.4: The normalized distance y for ¢ — oo as a function of K, calculated by numerical
solution of eqn. (6.23). One finds y(K) > 0 for K > K, = 1.849.

6.5 Calculation of K. by Derrida’s Annealed Ap-

proximation

The still most powerful analytical approach to describe damage spreading in random
networks of automata - and thus to calculate the critical value K, of K - is the so-called
annealed approxzimation introduced by Derrida and Pomeau (1986). This approxima-
tion, originally applied to Kauffman networks (Boolean networks with constant number
K of inputs per node), neglects the fact that the (Boolean) functions and the interac-
tions between the spins are quenched, i.e. constant over time, and instead randomly
reassigns inputs and functions to all spins at each time step. As a central result of this
approximation Derrida and Pomeau derived a recursion formula which describes the
time evolution of the Hamming distance d(&, ") of two spin configurations & and &”.
The normalized distance y = d(&,5")/N at time ¢ 4+ 1 for p; = 1/2 and in-degree k is
given by the recursion

1—(1—y)*
Yt+1 = % (619)
They also give a straight-forward generalization to networks where £ is not constant:
1—(1—y)k
Y1 = zk:pk#, (6.20)

where pi is the probability that a network site has k£ inputs. In the case of an average
probability for damage propagation (p,)(K) depending on K, as for the RTN discussed
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Figure 6.5: Average Hamming distance d; for two configurations & and & differing in one
bit at time ¢ — 1 as a function of the average connectivity (ensemble average over 10000
random networks with N = 128 for each data point). One finds excellent agreement with the
prediction of the annealed approximation (solid curve, dt snneated = (ps)(K) - K).

in this article, this generalizes to

v = () (K) Y i~ [1 = (1= )], (6.21)

In the following, we focus our discussion on random networks, where each link has
equal probability to take a non-zero value (as first introduced by Erdds and Rényi,
1960). Thus, for average connectivities K < N, py, is given by a Poissonian, leading to

b = @) YR -

= (p)(K) (1 —e "), (6.22)

Fig. 6.3 compares the time evolution of the Hamming distance, measured in numerical
simulations of RTN of different size N, to the prediction of eqn. (22).

As well for subcritical as for supercritical K one finds convergence against the
annealed approximation, but for K > K, the convergence is quite slow.

In the limit ¢ — 0o we expect that the normalized distance y(K) evolves to a constant
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value, i.e. y;11 = y; = y. Inserting this condition in eqn. (6.22) leads to the fixed point
equation

f) =y —ps)(K) (1 —exp[-K -y]) = 0. (6.23)
Solutions y* of eqn. (6.23) for some values of the average connectivity K are shown
in Fig. 4; evidently, there exists a critical connectivity K. above which the Hamming
distance of two initially nearby trajectories increases to a non-zero value, indicating
damage spreading through the network. The exact value K. can be obtained easily by
a linear stability analysis of eqn. (6.23). y§ = 0 is always a solution of (6.23), but is
attractive (stable) only for K < K.
This fixed point is stable only if

ll_r)no dfd_(j)‘ (yo +¢€) < 1. (6.24)
One has i) - .
L 45+9) = ) () K -exp[-K -] (6.5
ie.
ing | 2 55-+.9) = ) - ¢ (6.26)
Inserting this result into (6.24) we find that yj = 0 is attractive if
{ps)(K)-K < 1. (6.27)

Thus the critical connectivity K. can be obtained by solving the equation

<ps>(Kc) K. = 1, (628)

(ps)(K) given by eqn. (6.18).

Eqn. (6.27) and (6.28) have a simple interpretation in terms of damage spreading:
(ps)(K) - K is the expectation value (d;) of the Hamming distance - i.e. of the damage
- at time ¢, if at time t — 1 a single spin is reversed, as this spin on average has
K outputs to other spins, which all will propagate damage with probability (p,)(K).
Fig. 6.5 shows that the prediction (d;anneated) Of Our annealed approximation agrees
perfectly well with with the average d; measured between two spin configurations in
RTN with d; 1 = 1 (ensemble statistics).

A numerical solution of eqn. (6.28) for the RTN discussed here yields the critical value

K, = 1.849 + 0.001. (6.29)

Thus we get the remarkable result that in RTN with A~ = 0 and discrete interaction
weights, marginal damage spreading - i.e. the percolation transition from frozen to
chaotic dynamics - is found below K = 2, in contrast to RBN where one always has
K.>2.
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6.6 Beyond the Annealed Approximation: Com-
plexity in RTN

So far we presented numerical evidence that the annealed approximation correctly pre-
dicts the average damage spreading behavior in RTN and thus the critical connectivity
K, in the limit of large system sizes, however, this coarse-grained approach of course
does not capture the whole complexity of the network dynamics near criticality. Con-
cerning the statistics of damage spreading, even for quite large N scale-free distributions
are found in a certain range around K.; skewed, super-critical distributions, with an
increasing maximum moving towards N/2 with increasing K, are found for K > 2.1
(N = 8192, Fig. 6.6). In the ordered regime, the distributions decay exponentially.
Presumably, the good convergence of the average Hamming distance measured in nu-
merical simulations for K < K, against the annealed approximation directly reflects
averaging over these exponential distributions with well-defined characteristic scale,
whereas averaging over the the scale-free damage-distributions around K. leads to the
observed weak finite-size scaling o 1/log (N) against the analytical result (Fig. 6.3) at
the order-chaos transition. Furthermore, for finite N, even the transition from critical
(scale-free) to supercritical distributions (Gaussian distributions in the limit K — N)
is rather smooth: even deep in the “chaotic” regime (e.g. K = 2.5, Fig. 6.6) damage
becomes zero for more than 60% of the initial conditions/ the networks tested, and the
damage distributions are clearly bimodal.

Attractor periods of RTN are found to be power-law distributed in a certain range of
connectivities around K., due to dynamical correlations between network sites, which
are neglected completely in the framework of Derrida’s annealed approximation. We
shall briefly discuss this: The average correlation Corr(i, j) of a pair (7, 7) of sites is
defined as the average over the products o;(t)o;(t) in dynamical network evolution
between two distinct points of time 77 and T5:

T

> ai(t)oy(t) (6.30)

t=T1

_ 1
T, —T

The global average correlation can be defined as

(Corr), = m ZZ |Corr(4,7)| with ¢ # 7, (6.31)

i=1 j=1

neglecting trivial auto-correlations.
In the ordered (frozen) regime, there are few, isolated (non-frozen) clusters with
dynamical activity, but their dynamics is not correlated. A good measure here is
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Figure 6.6: Statistical distributions p(d) of the Hamming distances d(o,5) for two spin
configurations o, & with d(t = 0) = 0.3 - N. Only the tails of the distributions are shown
in this log-log-plot. Ensemble statistics was taken after 100 dynamical updates over 5000
RTN with size N = 8192 and Poissonian distributed in- and out-degree, testing 20 different
initial conditions for each network. In the ordered regime (K = 1) damage is suppressed
exponentially. Near criticality and slightly above (K = 1.85, K = 2.0) the tails aproximately
obey power-laws (log-binned data). For 2.1 < K < 2.6, the distributions are bimodal (shown
here for K = 2.5), with an increasing maximium at large damage values. For larger K,
the tails of the distributions become Gaussian, with a maximum approaching d = N/2 with
increasing K. Not visible in this plot is the pronounced maximum of all distributions at
d = 0: even for K = 3.0 damage finally becomes zero for about 56% of the networks/ the
initial conditions tested; this maximum vanishes for K — N.

the average correlation of non-correlated sites (Corr),., i.e. the average correlation
of pairs of sites with 0 < Corr(i,5) < 1 (Fig. 6.7). (Corr),. is almost zero in the
ordered regime. Due to this uncorrelated dynamics of a few “active islands” in a
frozen network the distributions of attractor periods P decay o exp (—P). Near K.,
however, (Corr),. shows a pronounced maximum, i.e. the dynamics of active clusters
becomes strongly correlated; thus, at this percolation transition, attractor periods show
scale-free distributions. In the chaotic regime, damage spreading destroys most of the
correlations, consequently, (Corr),. decays once again.
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Figure 6.7: Global average correlation (Corr), (lines) and average correlation of non-
correlated pairs (Corr),. (crosses or points) as a function of the average connectivity K
for four different system sizes N. For each value of K sampled ensemble-averages were taken
over 1000 RTN. For each network the average was taken over a subset of 5000 randomly
chosen pairs of sites. Individual runs were limited to T}, = 20000.

6.7 Discussion

In this chapter, damage spreading in Random Threshold Networks (RTN) with zero
threshold and discrete weights was investigated. This kind of discrete dynamical net-
work shows complex dynamics similar to Boolean networks, with a transition from
ordered to chaotic dynamics at a critical average connectivity K.. Using combinatorial
methods, the exact distribution ps(k) for local damage propagation was derived. It was
shown that Derrida’s annealed approximation can be applied to this class of models;
this theoretical analysis yielded the surprising result K. = 1.849, in contrast to RBN,
where K. > 2. The ansatz proposed in this study could offer a road-map for an ana-
lytical treatment of similar systems with additional complexity (non-discrete weights,
h #0).

An interesting result of our studies is that in dynamical networks with sparse asymmet-
ric interactions and some kind of threshold characteristics governing dynamics, a high
number k of inputs per node can stabilize dynamics, as the effect of single, local errors is
reduced like 1/ V'k; this, however, is counteracted by the overall topological randomness
in the network, which allows for ordered dynamics only at small average connectiv-
ities K. This effect of “local damage suppression” at nodes with high in-degree ist
demonstrated in Fig. 6.8, directly comparing damage distributions in RTN and RBN:
damage spreading was investigated for networks with “flat”, scale-free in-degree dis-
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Figure 6.8: Statistical distributions p(d) of the Hamming distances d(o,5) for two spin
configurations o, & with d(t = 0) = 0.3 - N. Only the tails of the distributions are shown
in this log-log-plot. Ensemble statistics was taken after 100 dynamical updates over 10000
RTN or RBN, respectively, with size N = 2048 and average connectivity K = 2.5, Poissonian
distributed out-degree and in-degree-distribution p(ki,) o< k;*. The choice o = 1 leads
to clustered, hierarchical networks with ordered dynamics, but in RTN damage spreading
is stronger suppressed: p(d) shows a faster exponential decay than in RBN. This is a direct
effect of the local damage suppression due to highly connected nodes in RTN. For a = 2.2, the
opposite is observed: Whereas RBN show an only slightly overcritical p(d) with a power-law
regime prevailing over almost two decades, RTN show a strongly skewed, overcritical p(d).
In this regime the local damage suppression effect o« 1/k;;, is not strong enough to counteract
chaotic dynamics increasing o< koy:-

tributions o k;,%, wheras the out-degree follows a Poissonian. For very flat in-degree
distributions (o = 1), both RTN and RBN have a hierarchical, clustered structure and
show ordered dynamics, but in RTN damage is stronger suppressed than in RBN, due
to local damage suppression at highly connected nodes. For steeper in-degree distri-
butions (¢ = 2.2 in Fig. 6.8) this effect is not strong enough, and the dynamics in
RTN is even “more chaotic” in RTN than in RBN. Concerning models including self-
organization of network topology this could have important consequences. Topological
evolution of RTN by a local coupling of control- and order parameters (connectivity and
magnetization/correlations of network sites) was introduced in Bornholdt and Rohlf
(2000). Does “damage suppression” at highly connected nodes affect self-organization
of network structure in such models, e.g. leading to broader degree-distributions that

deviate from a Poissonian? To answer this question, in the next chapter a simplified
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version of this model will be studied, which can be regarded as a kind of “toy-model”
for evolution of gene regulatory networks based on local “rewiring” of regulatory in-
teractions. The results are compared to an analysis of statistical data available for the
gene regulatory networks of E. Coli and yeast.



Chapter 7

Gene Regulatory Networks: A
Discrete Model of Dynamics and
Topological Evolution

7.1 Introduction

In the last chapter, the dynamics of damage propagation in Random Threshold Net-
works was studied with respect to two different types of degree-distributions, following
either a Poissonian or a power-law with a given exponent. It was shown that local
damage suppression at network nodes with high in-degree can have a global effect
on network dynamics, given an adequate network topology (e.g. a scale-free network
topology with an exponent v < 1.5). Clearly, suppression of update errors, i.e. ro-
bustness of dynamics is an essential feature of regulatory networks — hence, what types
of evolutionary processes can lead to network topologies with this property? Inter-
estingly, statistical data available for gene regulatory networks in several organisms
indeed indicate distinct deviations from random graphs of the Erdds-Rényi type.

For example, Thieffry et al. (1998) analyzed the gene regulatory network of FE.
Coli at transcription level. The observed statistical distribution of the number of
regulatory outputs, i.e. of genes controlled by a given regulatory gene, is shown in Fig.
7.1, the inset shows the distribution of the number of regulatory inputs a given gene
receives. For both distributions the best fit to the data is an exponential. Interpreting
genes as nodes and regulatory interactions as edges (links) of a directed graph, these
distributions of in- and out-links deviate clearly from the Poissonian expected for a
random graph with equal probability for each node to receive a new link. Another
interesting feature is the low connectivity (average number of interactions per gene) of
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Figure 7.1: Statistical distribution of regulatory outputs, i.e. the number K of genes con-
trolled by a given regulatory gene (E. Coli, transcription level), log-log-plot. The inset shows
the distribution of regulatory inputs. Data (squares) were taken from (Thieffry et al., 1998),
fits proportional to exp [— K| were added by the authors.

the network, which is between 2 and 3. Similar results have been obtained for other
organisms; for the transcriptional regulatory network of yeast, Guelzim et al. (2002)
found an in-degree distribution following an exponential, and an out-degree distribution
follwing a power-law.

In this chapter we address the question how the observed network topology, here
for the example of E. Coli, might be related to general dynamical properties of gene
regulatory networks. We study a simple evolutionary algorithm in the framework
of discrete dynamical networks which mimics functional change and selection at the
single-gene level by a local coupling between an order parameter (dynamical activity of
a network node) and a control parameter (connectivity). The model investigated here
is a simplified version of the very general model of topological self-orgnanization in
dynamical networks introduced by Bornholdt and Rohlf (2000). As a result we observe
the self-organization of a network topology with an average connectivity between 2
and 3, and with a non-random degree-distribution that shows clear deviations from a
Poissonian. The network dynamics is stabilized in a non-chaotic regime by a feedback
between control parameter (connectivity) and order parameter (activity of nodes), that
allows for robust self-regulation over a wide parameter range.
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7.2 Evolution of network topologies based on local
dynamical rules

7.2.1 The modeling framework: discrete dynamical networks

Discrete dynamical networks are a theoretical idealization of the dynamics found in gene
regulatory networks: the networks nodes (genes) can take only two states, “on” or “off”,
depending on regulatory interactions with other genes (at the level of transcription)
modeled by weighted connections, which are either activating or inhibitory. Kauffman
(1969, 1993) introduced Random Boolean Networks, where the state of a gene is a
logical function of its regulatory inputs, whereas more recent studies (Wagner, 1994;
Bornholdt and Sneppen, 2000) favor networks, where the state of a gene is determined
by a weighted sum of its inputs plus a threshold (Random Threshold Networks, RTN).
In our study we use a threshold network defined in the following paragraph.

7.2.2 Definition of the threshold network

Let us consider a network of N randomly interconnected binary elements with states
0; = x1. For each site 7, its state at time ¢ + 1 is a function of the inputs it receives
from other elements at time t¢:

oi(t +1) = sgn (fi(1)) (7.1)
with

The interaction weights ¢;; take discrete values ¢;; = 1, with ¢;; = 0 if site ¢ does not
receive any input from element j. In the following, the threshold parameter A is set to
zero. The dynamics of the network states is generated by iterating this rule starting
from a random initial condition, using parallel updates of the N network sites.

7.2.3 Network dynamics

RTN show complex dynamics, similar to Random Boolean Networks (Kauffman, 1969).
The number of possible system states & = (01, 09, ...,on) is 2V. Hence, applying paral-
lel updates as discussed here, the system dynamics inevitably settles down to a periodic
attractor of P repeating states (1 < P < 2V) after a number T of transient states.
The scaling properties of 7" and P as a function of system size N are highly non-trivial.
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In particular, a phase transition is observed at a critical average connectivity K, ~ 2
(Rohlf and Bornholdt, 2002, cf. chapter 6) with lengths of transients and attractors
diverging exponentially with system size for an average connectivity larger than K.
In this dynamical regime, small perturbations spread rapidly through the network,
whereas near K. network dynamics is considerably robust. Furthermore, at K, the
range of possible dynamic behavior is broad, reflected by scale- free distributions of
attractor periods and transient lengths with a median scaling proportional to v/N.
Kauffman postulated that gene regulatory networks may exhibit properties of dynam-
ical networks near criticality (Kauffman, 1969). This would confine network evolution
to considerable small average connectivities close to K., a hypothesis now becoming
testable by modern experimental techniques (e.g. microarrays).

7.2.4 An algorithm for evolving network topology

As a dynamical order parameter we introduce the average activity A(¢) of a site i

T

A) = g il (73)

t=T1

taken between two arbitrary points of time 77 and 75 in the course of network dynamics.
Roughly speaking, A(7) characterizes how often (on average) a gene changes between
the state of being expressed (active) and being inactive. A value of A() close to one
indicates an inflexible expression pattern almost constant in time, whereas A(i) ~ 0
means that gene 7 is turned on and off very often in a rather chaotic manner. The first
case indicates that the gene is regulated insufficiently, due to missing or bad integra-
tion into the regulatory network, whereas the latter case could result from conflicting
signals of (too many) regulatory inputs. Both extremes are often hazardous for bio-
logical organisms, thus selective pressure would tend to favor mutations which lead to
additional regulatory inputs in the first case, and vice versa in the latter case. These
simple assumptions are integrated in the following algorithm evolving the topology of
our model network (a simplified version of the algorithm introduced in Bornholdt and
Rohlf (2000)):

1. Choose a random network with an average connectivity Kj;,;.

2. Choose a random initial state vector &'(t = 0) = (01, 09, ..., o) for the N binary
network sites.

3. Calculate the new system states &(t) according to eqn. (7.2), using parallel update
of the N sites.
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Figure 7.2: The selective criterion leading to topological self-organization: a gene which is
regulated insufficiently (|A(7)] = 1) receives an additional regulatory input, a gene which
tends to show chaotic expression patterns (|A(¢)| < 1), due to conflicting regulatory signals,
loses one of its inputs.

4. After T, updates the network topology is changed according to the following local
rewiring rules:

5. A site ¢ is chosen at random and its average activity A(:) over the last T updates
is determined (7' < Ty,).

6. If |[A(¢)| = 1, i receives a new link ¢;; from a site j selected at random, choosing
¢i; = +1 or —1 with equal probability. If [A(¢)| < 1, one of the existing non-zero
links of site ¢ is set to zero.

7. Go to step number 3. and iterate.

Selective pressure for moderate gene activity between the extremes of either static
or chaotic dynamics enters into the model via local rewiring (step 6.): genes with very
static expression patterns (|A(i)] = 1) receive a new (random) input - this adjusts
their dynamics to the overall expression pattern in the network, whereas genes with
fluctuating dynamics (| A(7)| < 1) reduce their connectivity, which favors simplicity of
input patterns.

In step 5. and 6. the average correlation Corr(i,j) between two sites i and j,
defined as the average over the products o;(t)o;(t) in dynamical network evolution
between two distinct points of time 77 and Ty

1 &

=57 > oit)oy(t) (7.4)

t=T1

Corr(4, 7)
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Figure 7.3: Independent from the initial conditions the proposed model leads to a robust
evolution of a network topology with average connectivity Ke,(t) between 2 and 3, shown
here for two networks of size N = 2048 with different initial connectivities K;,;. The mean
value over the evolutionary process is K = 2.49.

can be applied instead of A(7) (results not shown here). If |Corr(i, j)| = 1, 7 receives a
new link ¢;; from site j, choosing ¢;; = +1 or —1 with equal probability, if |Corr (7, j)| <
1, one of the existing non-zero links of site 7 or of site j is set to zero.

7.2.5 Results

Independent from the initial conditions (initial state vector and connectivity) we ob-
serve a robust evolution of a network topology with an average connectivity K between
2 and 3; this is shown in Fig. 7.3 for a network of size N = 2048. One finds small,
limited fluctuations around the mean value due to the evolutionary dynamics. For
large networks K approaches the critical value K, where a percolation transition from
ordered to chaotic dynamics is found (Bornholdt and Rohlf, 2000, cf. also chapter 6 of
this thesis.)

For the averaged statistical distribution p(K) of in- and out-links (Fig. 7.4) of the
evolved networks one observes a flat exponential decay

p(K) =~ pg - exp [—aK], (7.5)

with py and « constant, similar to the findings for the transcriptional network of FE.
Coli. This distribution clearly deviates from the Poissonian
KK

= o7 &P [-K] (7.6)

Prandom (K)
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Figure 7.4: Statistical distribution p(K) of the number of regulatory interactions K per gene
in the proposed model for a network of size N = 64. Compared to the Poisson distribution for
random networks with K = 4.46, it shows a flatter decay proportional to exp [~ K], similar
to observations for the transcriptional network of E. Coli.

expected for a random network with the same average connectivity K.

Since the central step of our topology-evolving algorithm - step 6. - involves a local
coupling between a dynamical order parameter (average activity) and a topological
control parameter, one would expect a self-organization of global dynamics showing
deviations from random networks, corresponding to the evolved non-random structure.
Indeed one observes self-organization processes stabilizing the dynamics of the evolving
networks in a regime of moderate, non-chaotic dynamics: the ratio between inactive
or “frozen” genes and active genes, which occasionally change their expression state,
is at an intermediate level, contrary to the steep decay of the fraction of frozen genes
found for randomly generated networks with increasing K (Fig. 7.5).

7.3 Discussion

Discrete dynamical networks have been discussed in theoretical biology as models of
general dynamical properties of genetic regulatory networks since about 30 years.
In the framework of such models we studied possible mechanisms of structural self-
organization of genetic regulatory networks as a consequence of functional change at
the single-gene level and selection. We started from the assumption, that for a gene
with an inflexible, “frozen” expression pattern biological selection might favor muta-
tions leading to new regulatory inputs (new functions), whereas genes with high number
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Figure 7.5: The fraction of “frozen” genes as a function of the average connectivity for an
evolved network of size N = 64 (crosses). The dashed line shows the corresponding curve for
random networks.

of (conflicting) regulatory inputs tend to push towards chaotic patterns of activity, thus
mutations reducing the number of inputs would be favored by selection. Our model,
based on a local coupling between a dynamical order parameter (activity or correlation
of genes) and rewiring of regulatory interactions, predicts an average connectivity and
non-random network structure well compatible with current experimental data, as it
was shown by an analyis of statistical data available for the transcriptional network of
E. Coli (Thieffry et al., 1998). Hence, one might speculate that similar mechanisms
involving an interplay between network dynamics, mutations and selection may play a
role in the evolution of regulatory networks of simple organisms.

The selective criterion discussed in this chapter, mimicing functional changes at
the single-gene level, was formulated as an abstract, local rewiring rule. However,
if regulatory networks have to solve a specific task at a higher organizational level,
e.g. the regulation of a spatially extended pattern in a multicellular organism, such
a local model of network evolution may not apply any more, and network structure
and -organization as a whole may become important; hence, morphogenesis by coupled
requlatory networks will require a different methodological approach. This problem will
be studied in more detail in the following chapter.



Chapter 8

Morphogenesis by coupled
regulatory networks

8.1 Introduction

Understanding the molecular machinery that regulates development of multicellular
organisms is among the most fascinating problems of modern science. Today, a grow-
ing experimental record about the regulatory mechanisms involved in development is
accumulating, in particular in well-studied model-organisms as, e.g., Drosophila or Hy-
dra (Technau et al., 2000; Bosch, 1998). Still, the genomic details known today are not
sufficient to derive dynamical models of developmental gene regulation processes in full
detail. Phenomenological models of developmental processes, on the other hand, are
well established today. Pioneering work in this field was done by Turing, who in his
seminal paper (Turing, 1952) considered a purely physico-chemical origin of biological
pattern formation. His theory is based on an instability in a system of coupled reaction-
diffusion equations. In this type of model, for certain parameter choices, stochastic
fluctuations in the initial conditions can lead to self-organization and maintenance of
spatial patterns, e.g. concentration gradients or periodic patterns. This principle has
been successfully applied to biological morphogenesis in numerous applications (Gierer
and Meinhardt, 1972; Meinhardt and Gierer, 2000). However, as current experiments
make us wonder about the astonishingly high complexity of single regulating genes
in development (Bosch and Khalturin, 2002), they also seem to suggest that diffusion
models will not be able to capture all details of developmental regulation, and point
at a complex network of regulating interactions instead.

The role of information processing in gene regulatory networks during development
has entered the focus of theoretical research only recently. One pioneering study was
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published by Jackson, Johnson and Nash (1986), who investigated the dynamics of
spatial pattern formation in a system of locally coupled, identical dynamical networks.
In this model, gene regulatory dynamics is approximated by Boolean networks with a
subset of nodes communicating not only with nodes in the (intracellular) network, but
also with some nodes in the neighboring cells. Boolean networks are minimal models
of information processing in network structures and have been discussed as models of
gene regulation since the end of the 1960s (Kauffman, 1969, 1993). The model of Jack-
son et al. demonstrated the enormous pattern forming potential of local information
processing, similar to direct contact induction (Slack, 1993) as known in developmental
biology. More recently, Salazar-Ciuadad et al. introduced a gene network model based
on continuous dynamics (Salazar-Ciudad, Garcia and Solé, 2000; Solé, Salazar-Ciudad
and Garcia-Fernandez, 2002) and coupling their networks by direct contact induction.
Interestingly, they observe a larger variety of spatial patterns than Turing-type models
with diffusive morphogens, and find that patterns are less sensitive to initial conditions,
with more time-independent (stationary) patterns. This matches well the intuition that
networks of regulators have the potential for more general dynamical mechanisms than
diffusion driven models. Let us here therefore study interacting networks in pattern
formation and in particular consider information-transfer-based processes. In (Rohlf
and Bornholdt, 2003), we introduced a simple cellular automata (CA) model of spatial
pattern formation based on local information transfer, that performs de novo pattern
formation by generating and regulating a domain boundary. In section 8.2.2, this model
is defined and in section 8.3.1 the resulting (deterministic) dynamics is analyzed. A
study of the dynamics under noise and cell flow is delayed to chapter 9. Here, we will
focuse on the question how this very general mechanism could emerge as a result of
interacting nodes in coupled identical networks, similar to gene regulation networks in
interacting cells. We will show that the model can be mapped on a system of coupled
regulatory networks by means of two steps: first, the CA model is translated into a
Boolean network model. The basic logic of this model is analyzed an then, in a sec-
ond step, mapped on a threshold network. The resulting network has a hierarchical
structure of information processing and size and complexity well compatible with ex-
perimental observations in biological organisms (von Dassow et al., 2000; Bosch and
Khalturin, 2002).

The genetic algorithm applied for identification of model solutions is explained in
appendix A of this thesis, and in appendixB a comparison of the statistical properties
of different solutions is provided.
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8.2 Problem and Model

Let us first motivate and define the morphogenetic problem that we will use as a test
case. Then we undertake a three-step approach to find a genetic network model that
solves this pattern formation problem. In the first step, we summarize the properties
of the cellular automata model introduced in Rohlf and Bornholdt (2003). Cellular
automata as dynamical systems discrete in time and state space are known to display
a wide variety of complex patterns (Wolfram, 1983, 1984a,b) and are capable of solv-
ing complex computational tasks, including universal computation. We searched for
solutions (i.e. rule tables which solve the problem) by aid of a genetic algorithm (for
details, see Appendix). Candidate solutions have to fulfill four demands: Their update
dynamics has to generate a spatial pattern which 1) obeys a predefined scaling ratio
a/(1—a), 2) is independent of the initial condition chosen at random, 3) is independent
of the system size (i.e. the number of cells N¢) and 4) is stationary (a fixed point).
In the second step, this cellular automata rule table is “translated” into (spatially
coupled) Boolean networks, using binary coding of the cellular automata states. The
logical structure of the obtained network is reduced to a minimal form, and then, in
step three, translated into a threshold network.
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Figure 8.1: Gene expression domains in Hydra, here for the example of the “foot” genes
Pedibin (Ped) and Cn-NK2. The Pedibin domain shows a quite sharp boundary towards
the body region of the animal. The relative position of the boundary, given by the ratio
a/(1 — @), is independent of the absolute size of the animal (proportion regulation).
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Figure 8.2: Diagram showing the interaction structure of the minimal network needed to
solve the asymmetric expression task. For the sake of clarity, intracellular interactions be-
tween the two genes GG1 and G9 are shown only for cell ¢, and likewise outgoing intercellular
signals from the two genes two the neighbor cells 7 — 1 and ¢ + 1 were left out. The tran-
scription factors produced by gene G and G2 in cell 1 — 1 couple to the receptor systems R
and Rjy, respectively, whereas in cell ¢ + 1 the transcription factors produced by these genes
couple to the receptor systems R3 and Ry (biased signaling). In cell 7, the receptors release
factors which regulate the activity of G1 and Go.

8.2.1 A test scenario: Hydra foot formation

A classical model organism for studies of position dependent gene activation is the
fresh water polyp Hydra, which has three distinct body regions - a head with mouth
and tentacles, a body column and a foot region. The positions of these regions are
accurately regulated along the body axis.

The problem we shall focus on is sketched schematically in Fig. 10.6 for the example
of the “foot” genes Pedibin and CN-NK2 (Thomsen, 2001; Thomsen et al., 2003).
CN-NK2 is active only in the lowest foot region, the expression domain of Pedibin
extends a bit more upwards on the body column, where it is turned off at some point,
i.e. the domain shows a sharp boundary. The relative position of the boundary is
almost independent of the animal’s size, i.e. the ratio a//(1 — «) (as denoted in Fig.
10.6) is almost invariant under changes of body size. As the Pedibin/CN-NK2 system
presumably plays an important role in determining the foot region, this invariance
appears to be an essential prerequisite for maintaining the correct body proportions
(proportion regulation) and to establish the head-foot polarity. Such regulation of
position information is a quite general problem in biological development (Wolpert,
1969). An interesting problem is how the specific properties of this regulation can be
achieved by a small network of regulatory genes and if so, whether local communication
between the cells (networks) is sufficient. This basic question is the central motivation
for the present study. In particular, we consider the simplified problem of regulating
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one domain as, for example, the foot region versus the rest of the body. We consider this
as a one dimensional problem as first approximation to the well-defined head-foot-axis
in Hydra.

Developmental processes exhibit an astonishing robustness. This often includes the
ability of de novo pattern formation, e.g., to regenerate a Hydra even after complete
dissociation of the cell ensemble in a centrifuge (Miiller , 1993). Further, they are
robust in the face of a steady cell flux: Hydra cells constantly move from the central
body region along the body axis towards the top and bottom, where they differentiate
into the respective cell types according to their position on the head-foot axis. The
global pattern of gene activity is maintained in this dynamic environment. Let us
take these observations as a starting point for a detailed study how the interplay of
noise-induced regulatory dynamics and cell flow may stabilize a developmental system.

8.2.2 One dimensional cellular automata: Definitions

To define a model system that performs the pattern formation task of domain self-
organization (Rohlf and Bornholdt, 2003), consider a one-dimensional cellular automa-
ton with parallel update (Wolfram, 1983). N cells are arranged on a one-dimensional
lattice, and each cell is labeled uniquely with an index 7 € {0,1, ..., No — 1}. Each cell
can take n possible states o; € {0,1,..,n}. The state o;(t) of cell ¢ is a function of its
own state o;(t — 1) and of its neighbor’s states o;_1(t — 1) and ;41 (t —1) at time ¢t — 1,
i.e.

oi(t) = floi1(t—1),0:(t = 1), 0541 (t — 1)] (8.1)

with f:{0,1,....,n}3— {0,1,...,n} (a cellular automaton with neighborhood 3). At the
system boundaries, for simplicity we choose a discrete analogue of zero flux boundary
conditions, i.e. we set 01 = oy, 41 = const. = 0. Other choices, e.g. asymmetric
boundaries with cell update depending only on the inner neighbor cell, lead to similar
results. The state evolution of course strongly depends on the choice of f: for a three-
state cellular automaton (n = 3), there are 3?7 ~ 7.626 - 10'2 possible update rules,
each of which has a unique set of dynamical attractors. As we will show in the results
section, n = 3 is the minimal number of states necessary to solve the pattern formation
problem formulated above.
Now we can formulate the problem we intend to solve as follows: Find a set F
of functions (update rules) which, given a random initial vector & = (oy,...,on, 1),
within 7" update steps evolves the system’s dynamics to a fixed point attractor with
the property:
& ::{"Z:Q if i< lo Nl (8.2)
oi#2 if 1>[a-Nd
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where [-] is the Gauss bracket. The scaling parameter o may take any value 0 < a < 1.
For simplicity, it is fixed here to o = 0.3. Notice that « does not depend on N, i.e. we
are looking for a set of solutions where the ratio of the domain sizes r := a/(1 — ) is
invariant under changes of the system size. This clearly is a non-trivial task when only
local information transfer is allowed. The ratio r is a global property of the system,
which has to emerge from purely local (next neighbor) interactions between the cell’s
states.

8.2.3 Translation into spatially coupled Boolean networks

One can now take a step further towards biological systems, by transferring the dy-
namics we found for a cellular automata chain onto cells in a line that communicate
with each other, similar to biological cells. Identifying states with cell types and as-
suming that the model cells have a network of regulators inside, each of them capable
to reproduce the rules of a cellular automaton, we obtain a model mimicking basic
properties of a biological genetic network in development.

Cellular automata rule tables can easily be translated into logical (Boolean) net-
works, e.g., for n = 3, two internal nodes can be used for binary coding of the cell
states. One then has

(01(8), 03(8)) = fa(o1 (t = 1), 01 5(t = 1), 015 (t — 1)) (8.3)

with f; : {0,1}% — {0,1}2. The so obtained rule tables are, by application of Boolean
logic, transformed into a minimized conjunctive normal form, which only makes use
of the the three logical operators NOT, AND and OR with a minimal number of
AND operations. This is a rather realistic assumption for gene regulatory networks,
as the AND operation is more difficult to realize on the basis of interactions between
transcription factors. Other logical functions as, e.g., XOR, are even harder to realize
biochemically Davidson (2001). The structure of the constructed network and its
biological interpretation is shown in Fig. 8.2. Note that the up-down symmetry of the
body axis is broken locally by a spatially asymmetric receptor distribution (Marciniak,
2003).

8.2.4 Translation into spatially coupled threshold networks

Perhaps the simplest model for transcriptional regulation networks are threshold net-
works, a subset of Boolean networks, where logical functions are modeled by weighted
sums of the nodes’ input states plus a threshold A (Kiirten, 1988a; 7). They have proven
to be valuable tools to address questions associated to the dynamics and evolution of
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gene regulatory networks (Wagner, 1994; Bornholdt and Sneppen, 2000; Bornholdt and
Rohlf, 2000; Rohlf and Bornholdt, 2002, 2004a).

Any Boolean network which has been reduced to its minimized form (here, the con-
junctive normal form), can be coded as a dynamical threshold network, with minimally
three hierachies of information processing (“input layer”: signals from the neighbor cells
at time ¢t — 1, “hidden layer”: logical processing of the signals, “output layer”: states
of the two “pattern genes” in cell i at time ¢). The genes’ states now may take values
0; = £1, and likewise for the interaction weights one has céj = +1 for activating and
inhibiting regulation, respectively, and céj = 0 if gene i does not receive an input from
gene j in cell [. The dynamics then is defined as

ol (t) = sign (f;(t — 1)) (8.4)
with
2 i+1
£i(t) = Z Z chioh + h; (8.5)
k=1 l=i—-1

for the “hidden” genes, where o}, k € {1,2} is the state of the kth output gene in cell
[ (there are no couplings between the genes in the “hidden” layer). The threshold h;

is given by
2 i+l

hi=Y > lcl -2, (8.6)

k=1 l=i—1
which implements a logical OR operation. For the “output” (pattern forming) genes,
one simply has

K,
fk(t) = Z g — kfm (87)
=1

i.e. the weights are all set to one, and the (negative) threshold equals the number of
inputs k¥ that gene k receives from the “hidden” genes (logical AND).

8.3 Results

8.3.1 Cellular Automata Model

The first major outcome of the cellular automata model is that a number of n = 3
different states is necessary and sufficient for this class of systems to solve the given
pattern formation task. The update table of the fittest solution found during optimiza-
tion runs, which solves the problem independent of system size for about 98 percent
of (randomly chosen) initial conditions (i.e. has fitness ® = 0.98), is shown in Table I.
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index | j—1 0y 0Ojy1 | 0; || index | 0,1 07 Oiq1 | O
0 0 0 0 0 14 1 1 2 2
1 0 0 1 2 15 1 2 0 0
2 0 0 2 1 16 1 2 1 0
3 0 1 0 0 17 1 2 2 1
4 0 1 1 2 18 2 0 0 0
5 0 1 2 2 19 2 0 1 0
6 0 2 0 1 20 2 0 2 0
7 0 2 1 2 21 2 1 0 1
8 0 2 2 2 22 2 1 1 2
9 1 0 0 0 23 2 1 2 2
10 1 0 1 1 24 2 2 0 1
11 1 0 2 1 25 2 2 1 2
12 1 1 0 0 26 2 2 2 2
13 1 1 1 1

Table 8.1: Rule table of the best cellular automata solution found during genetic algorithm
search. In the left column, the rule table index is shown, running from 0 to 26, in the middle
column the three input states at time ¢ are shown, the right column shows the corresponding
output states at time £ + 1.

Fig. 8.3 shows the typical update dynamics of this solution. The finite size scaling of
the self-organized relative domain size « as a function of the the number of cells N¢ is
shown in Fig. 8.4. In the limit of large system sizes, o converges towards

i = 0.281 + 0.001. (8.8)

The variance of o vanishes with a power of Ng, i.e. the relative size of fluctuations
induced by different initial conditions becomes arbitrarily small with increasing system
size. Hence, the pattern self-organization in this system exhibits considerable robust-
ness against fluctuations in the initial conditions. The main mechanism leading to
stabilization at a,, = 0.281 is a modulation of the traveling velocity of the right phase
boundary in Fig. 2 such that the boundary on average moves slightly more than one
cell to the left per update step, whereas the left boundary moves one cell to the right
exactly every third update step. the modulation of the right boundary can be seen
as the result of interacting phase boundaries reminiscent of particle interactions, that
were introduced and defined in section 4.3.
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Figure 8.3: A typical dynamical run for the Automata as defined in Table 8.1, here for a
system of size Ng = 250 cells (deterministic dynamics, no noise), starting from a random
initial configuration. Time is running on the y-axis from top to bottom. Cells with state
o; = 0 are depicted in black color, cells with ; = 1 in red and cells with ¢; = 2 in blue.

8.3.2 Interaction topology of the minimal network

In this section let us translate the rule table found in the previous section into a (gene)
regulatory network. We will see that this network has biologically realistic properties
regarding the number of genes necessary for information processing and the complex-
ity of interaction structure, making it well conceivable that similar “developmental
modules” exist in biological systems.

8.3.2.1 Boolean representation

The rule table of Table 1 first is translated into binary coding, i.e 0 — 00, 1 — 01
and 2 — 10, this corresponds to two “genes” G and G2 one of which (G;) is active
only in a domain at the left side of the cell chain. The so obtained Boolean update
table is reduced to its minimized conjunctive normal form, using a Quine-McCluskey
algorithm (McCluskey, 1956). For the construction of the network topology we use
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Figure 8.4: Finite size scaling of the self-organized relative domain size « as a function of
the total number of cells N¢. In the limit of large system sizes, a converges towards a fixed
value aoo = 0.281 £0.001 (as denoted by the straight line fit). The inset shows the finite size
scaling of the variance Var[a(N¢)]; the straight line in this log-log plot has slope —1.3 and
indicates that fluctuations vanish with a power of the system size.

the conjunctive normal form, as it is a somewhat biologically plausible solution with
a minimal number of logical AND operations. In principle, other network topologies,
e.g. with more levels of hierarchy, are possible and biologically plausible, however, they
involve a higher number of logical sub-processing steps, i.e. a higher number of genes,
hence we will not discuss them here.

Considering the huge number of possible input configurations which the outputs
theoretically could depend on, the complexity of the resulting network is surprisingly
low. As shown in Fig. 8.5, the output state of gene G; only depends on five different
input configurations of at maximum four different inputs, gene number two on six
different input configurations of at maximum four different inputs. This indicates
that the spatial information flowing into that network is strongly reduced by internal
information processing (only a small number of input states leads to output “17),
as expected for the simple stationary target pattern. Nevertheless, this information
processing is sufficient to solve the non-trivial task of domain size scaling.
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Figure 8.5: Boolean representation of the minimal network, minimized conjunctive normal
form. G® with a € {1,2} and b € {i — 1,4, + 1} denotes gene a in cell number b. The inputs
in the left branches of the trees are given by the genes’ states at time t — 1. = denotes NOT,
©® denotes logical AND and & logical OR.

8.3.2.2 Threshold network implementation

Alternatively, the Boolean representation of the pattern formation system can be trans-
lated into a three-layered threshold network (Fig. 8.6). The states of the genes G and
G, at time ¢ in a cell ¢ and its two neighbor cells # — 1 and 7 + 1 serve as inputs of 11
information-processing genes (“hidden” layer). The state of these genes then defines
the state of G; and G in cell 7 at time ¢ + 2 (output layer). Additionally, there is
some feedback from G; and G2 to the information processing layer, as expected for
the dependence on cell-internal dynamics already present in the cellular automata im-
plementation of the model. The resulting stationary spatial patterns of gene G (the
“domain gene”), G5 (active only at the domain boundary) and the “hidden” genes
after system relaxation are shown in Table 2, for a system size of No = 30 cells. From
this seemingly redundant pattern in equilibrium one hardly guesses the higher level
of genetic information processing during the self-organizing phase. The network we
construct here, regarded as a “developmental module” defining the head-foot polarity
through spatially asymmetric gene expression, has a size similar to biological modules
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Figure 8.6: Threshold network realization of the pattern formation system. Solid line arrows
denote links with w;; = +1, dashed arrows denote links with w;; = —1. The inputs from the
genes in the neighbor cells (Gi1,G5!, G4 and G4 are processed by a layer of “hidden
genes” (hollow circles) with different thresholds h (as these “genes” perform a logical OR
operation, one has h = k;, — 2). The threshold of gene G is hy = —5, for gene G5 one has
he = —6 (logical AND).

(compare, for example, the segment polarity network in Drosophila, von Dassow et al.,
2000)) as well as similar complexity (average connectivity K = 3).

8.4 Discussion

In this chapter, the dynamics of pattern formation motivated by animal morphogene-
sis and the largely observed participation of complex gene regulation networks in their
coordination and control was considered. A simple developmental problem was chosen
to study toy models of interacting networks that control pattern formation and mor-
phogenesis in this setting. In particular, the goal was to explore how networks can
offer additional mechanisms beyond the standard diffusion based process of the Turing
instability. The obtained results suggest that main functions of morphogenesis can be
performed by dynamical networks without relying on diffusive biochemical signals, but
using local signaling between neighboring cells. This includes solving the problem of
generating global position information from purely local interactions. But also it goes
beyond diffusion based models as it offers solutions to developmental problems that are
difficult for such models and avoids their inherent problem of fine tuned model param-
eters. It may be not too far fetched to speculate that some developmental processes
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Table 8.2: Spatial gene activity patterns of the network shown in Fig. 6. (stationary patterns
after the system has reached equilibrium), No = 30. The numbers identify the “hidden” genes
in Fig. 8.6 from the left hand side to the right. States were transformed by o — (o +1)/2.

as, e.g., the establishment of position information, may rely on this type of internal
information processing rather than on interpretation of, e.g., chemical gradients. As
only ingredient to the present model, symmetry has to be broken locally by a spatially
asymmetric receptor distribution, e.g., as proposed by Marciniak (2003), to provide
the necessary input information. Also hybrid approaches are conceivable. For exam-
ple such broken symmetry could be provided by a gradient, even without fine-tuning
(contrary to standard gradient-based models) since only the direction of the gradient
has to be read out.

The network model derived here performs accurate regulation of position informa-
tion and robust de novo pattern formation from random conditions, with a mechanism
based on local information transfer rather than the Turing instability. Non-local infor-
mation is transmitted through soliton-like quasi-particles instead of long-range gradi-
ents. Two realizations as discrete dynamical networks, Boolean networks and thresh-
old networks, have been developed. The resulting networks have size and complexity
comparable to developmental gene regulation modules as observed in animals, e.g.,
Drosophila (von Dassow et al., 2000) or Hydra (Bosch, 1998; Bosch and Khalturin,
2002). The threshold networks (as models for transcriptional regulation networks)
process position information in a hierarchical manner; in the present study, hierarchy
levels were limited to three, but realizations with more levels of hierarchy, i.e. more
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“pre-processing” of information are also possible. Similar hierarchical and modular or-
ganization are typical signatures of gene regulatory networks in organisms (Davidson,
2001).



Chapter 9

Noise-induced control, phase
transitions, and cell flow in pattern
formation

9.1 Introduction

Morphogenesis and pattern formation work with great precision and reliability in the
presence of various sources of noise, acting on a large range of scales. Gene regulation
itself is intrinsically a stochastic process, as transcription factors bind stochastically
to the respective binding sites (Lewin, 1997; Alberts et al., 2002). The question how
coordinated (for example, periodic) gene expression is achieved in spite of stochasticity
in switching events (Gardner and Collins, 2000) and although there is no such thing
as a central “update clock”, is fascinating in itself and is a current research topic in
Statistical Physics (Kepler and Elston, 2001; Sasai and Wolynes, 2003; Klemm and
Bornholdt, 2003). However, in development fluctuations and perturbations can occur
on even more coarse-grained scales. There is evidence, for example, that prolifera-
tion and differentiation of stem cells in some cases is a stochastic process (Abkowitz,
Catlin and Guttorp, 1996), a feature which is also predicted by some theoretical ap-
proaches (Kaneko and Furusawa, 1999; Furusawa and Kaneko, 2001). Cell movements
and errors in cell differentiation lead to additional sources of “developmental noise”.
However, overall development proceeds in spite of all these perturbations, given they do
not exceed a certain tolerance level — morphogenesis is an intrinsically robust process
(Edelman, 1988; Goodwin, Kauffman and Murray, 1993).

In the following we will study dynamics and robustness of the model introduced in
chapter 8 with respect to noise. Two kinds of perturbations frequently occur: Stochas-
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Figure 9.1: Quasi-particles, started by stochastic update errors, lead to control of the bound-
ary position under noise (left panel). The I' particle (top right) leads to readjustment of the
boundary two cells to the left, the A particle (bottom right) leads to readjustment of the
boundary one cell to the right.

tic update errors and external forces caused by a directed cell flow due to cell prolif-
erations. Both types of perturbations are very common during animal development,
e.g., in Hydra cells continuously move from the central body region along the body
axis towards the top and bottom, and differentiate into the respective cell types along
the way according to their position on the head-foot axis.

We show that the model is robust with respect to stochastic update errors. Noise-
induced excitations (quasi-particles) contribute to pattern stabilization by stochastic
control of the boundary position that seperates the two activity domains in the station-
ary state, even in presence of cell flow. Two phase transitions are found, a first order
phase transition at vanishing noise, and a second order phase transition at increased
cell flow.

9.2 Dynamics under noise

Let us define stochastic update errors with probability p per cell, leading to an aver-
age error rate r. = p N¢. Interestingly, this stochastic noise starts moving “particle”
excitations in the cellular automaton which, as a result indeed stabilize the develop-
mental structure of the system. To prepare for the details of these effects, define first
how we measure the boundary position properly in the presence of noise. Let us use a
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Figure 9.2: Average boundary position o* as a function of the error rate r, for system sizes
N¢g = 100, N¢g = 400, and Ng = 1600. The abscissa is logarithmic. Numerical data are
averaged over 200 different initial conditions with 2 - 106 updates each. The dashed curves
show the mean field approximation given by Eqn. 9.1, the straight dashed lines mark the
unperturbed solution a* = 0.281 and the solution under noise, o* = 1/3.

statistical method to measure the boundary position in order to get conclusive results
also for high p: Starting at + = 0, we put a “measuring frame” of size w over cell 7 and
the next w — 1 cells, move this frame to the right and, for each ¢, measure the fraction
z of cells with state 0 = 2 within the frame. The algorithm stops when z drops below
1/2 and the boundary position is defined to be i + w/2. It is easy to see that, for not
too high p, there are only two different quasi-particles (i.e. state perturbations moving
through the homogeneous phases), as shown in Fig. 9.1. In the following, these parti-
cles are called I' and A. The I' particle is started in the o, phase by a stochastic error
0; =2 — 0; # 2 at some i < aN¢), moves to the right and, when reaching the domain
boundary, readjusts it two cells to the left of its original position. The A particle is
started in the oy phase by a stochastic error 0; = 0 — o0; # 0 at some ¢ > aNg and
moves to the left. Interaction with the domain boundary readjusts it one cell to the
right. Thus we find that the average position o* of the boundary is given by the rate
equation

2a°re = (1 — a®)re, (9.1)

*

i.e. of =1/3. Interestingly, for not too high error rates r., o* is independent from r,

and thus from p. If we consider the average boundary position o* as a system-specific
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Figure 9.3: Average domain boundary position a* as a function of the error rate r., sampled
over update windows of different lengths s,, (ensemble statistics, 400 different initial condi-
tions for each data point). The abscissa is logarithmic. With increasing s,,, the transition
from the solution ojj,, = 0.281 under deterministic dynamics to o = 1/3 under noise is

shifted towards r. = 0. The two straight lines define a lower boundary o and a upper

*

up» 38 explained in the text.

boundary «

order parameter which is controlled by the two quasi-particles, then comparing the
solution of Eqn. (9.1) to the equilibrium position in the noiseless case indicates that
the system undergoes a first order phase transition with respect to a* at p = r, = 0.
Figs. 9.3 and 9.4 show noise dependence and finite size scaling of the transition. In
case of a first order phase transition at ., = 0, we would expect a shift of the transition
point 77" (s,,) towards 7, = 0 which is proportional to s;;' as well as a divergence of

[+
the slope at the transition point when s,, is increased, i.e. do*/dr.(rl"®) — oo when
Sy — O0.

The shift of rfr"s(s,) is most easily measured by defining a lower and a upper
boundary «oj,, and «,, respectively (Fig. 9.3); when o crosses these boundaries,
two transition points 7% and r’°” are obtained. We find that r*? ~ c,,s;' and
Tl 2 ¢l sy, With ¢,y > ¢ion as expected (Fig. 9.4), which implies that the difference

Artrans(g, ) := r% — rlov gcales as

Artrans(s,) = (Cup — Clow) s;l, (9.2)

hence, because Aa*(r)*"*) = const. = oy, —a,,, indeed da* /dr.(r{*"*) diverges when
the sampling window size goes to infinity.
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%
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window length s,,. Both r¢¥ and rl® vanish o s3,!, as indicated by the line with slope —1

in this log-log-plot.

points where o* crosses aj,,, and o), respectively (Fig. 7), as a function of the sampling

The solution o* = 1/3 is stable only for 0 < r, < 1/2. As shown in Fig. 9.1, the
interaction of a I' particle with the boundary needs only one update time step, whereas
the boundary readjustment following a A particle interaction takes three update time
steps. Hence, we conclude that the term on the right hand side of Eqn. (10), which
gives the flow rate of A particles at the boundary, for large r. will saturate at 1/3,
leading to

20T, = = (9.3)
with the solution .
af = G ro' +O(Ne) (9.4)

for r. > 1/2. Hence, there is a crossover from the solution o* = 1/3 to another
! around r, = 1/2. The finite size scaling term ©(N¢) can
be estimated from the following consideration: for p — 1, the average domain size
created by “pure chance” is given by o* = Ng' 320¢ (1/3)" - n ~ (3/4) N5'. If the
measuring window has size w, we obtain ©(N¢) =~ (3/4)w N5'. To summarize, we
find that the self-organized boundary position is given by

solution vanishing with r_

0.281 £0.001 if re =10
o = 1/3 if 0<r,<1/2
(1/6)r,' + ©(N¢) if re>1/2

(9.5)
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Figure 9.5: For the system with stochastic update errors, fluctuations of the boundary posi-
tion « around the average position a* = 1/3 are Gaussian distributed. The figure compares
the numerically obtained stationary probability distribution with the analytic result of Eqn.
9.10 for three different system sizes. All data are gained for . = 0.1 and averaged over 100
different initial conditions with 2 - 10% updates each. The inset shows a typical timeseries of
the boundary position.

with a first-order phase transition at r, = 0 and a crossover around r, = 1/2.
Now let us consider the fluctuations of o around o* given by the master equation

p () = 2ar.p" (a+280)+ (1 —a)r.p” '(a—9)
+ (Ne—71)p" Ha) —2ar.p™ *(a)
— (1=a)rep™(a) (9.6)

with 6 = 1/Ng. Eqn. (9.6) determines the probability p™(«) to find the boundary
at position a at update time step 7, given its position at time 7 — 1. This equation
can be simplified as we are interested only in the stationary probability distribution
of a. It is easy to see that the error rate r. just provides a time scale for relaxation
towards the stationary distribution and has no effect on the stationary distribution
itself. Therefore, we may consider the limit r, — r"** := N¢, divide through r, and
neglect the last three terms on the right handside of Eqn. (9.6) (which become zero in
this limit). We obtain

p () =2ap” Ha+28)+ (1—a)p” ' (a-24). (9.7)
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Figure 9.6: Probability distribution p(¢) of waiting times for boundary readjustements in
the model with stochastic update errors for three different values of r., semi-log plot. As
expected for a Poisson process, p(t) is an exponential.

To study this equation, we consider the continuum limit N — oo. Let us introduce
the scaling variables z = (a— a*)v/Ng, t = 7/N¢ and the probability density f(z,t) =
Ncp™(a Ng). Inserting these definitions into Eqn. (9.7) and ignoring all subdominant
powers O(1/N¢), we obtain a Fokker-Planck equation (Gardiner, 1983):

2
afg, H (aaxQ +3(% a:) f@,1). (9.8)

The stationary solution of this equation is given by

Fla) = @ exp |22 99)

i.e. in the long time limit ¢ — 0o, the probability density for the boundary position o
is a Gaussian with mean o*:

p(a, Ng) =

N, 3N,
3 Ne exp |-22C (a — a*)?]. (9.10)
2T 2

From Eqn. (9.10) we see that the variance of « vanishes ~ 1/N¢c and the relative
boundary position becomes sharp in the limit of large system sizes. Fig. 9.5 shows
that this continuum approximation for Nz > 400 provides very good correspondence
with the numerically obtained probability distributions.
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The stochastic nature of boundary stabilization under noise is also reflected by the
probability distribution of waiting times t for boundary readjustments due to particle
interactions: the particle production is a Poisson process with the parameter A = r,
and the waiting time distribution is given by

pwait(t) =Te eXp (_Te t) (911)

with an average waiting time (t) = r_2. Fig. 9.6 shows the waiting time distributions
for different error rates r..

9.3 Noise-induced pattern control under cell flow

In a biological organism, a pattern has to be robust not only with respect to dynamical
noise, but also with respect, e.g., to “mechanical” perturbations. In Hydra, e.g., there
is a steady flow of cells directed towards the animal’s head and foot, due to continued
proliferation of stem cells (David and Campbell, 1972); the stationary pattern of gene
activity is maintained is spite of this cell flow. Let us now study the robustness of the
model with respect to this type of perturbation. Let us consider a constant cell flow
with rate r¢, which is directed towards the left or the right system boundary. In Eqn.
(9.1), we now get an additional drift term 7, on the left hand side:

20°r, £y =1.(1 — a¥), (9.12)

with the solution

a*:{ %( __f) if re 27y (9.13)

0 if Te <Tf

for the case of cell flow directed towards the left system boundary (plus sign in eqn.

(9.12)). One observes that o undergoes a second order phase transition at the critical

crit

value ¢ = r;. Below r¢™, the domain size o* vanishes, and above r¢

¢ it grows until

it reaches the value o, = 1/3 of the system without cell flow. For cell flow directed

max
towards the right system boundary (minus sign in eqn. (9.12)), we obtain

o [ F(HE) i s (9.14)
1 it ry>2r,.

In this case, the critical cell flow rate is given by r; = 2r,, for cell flow rates larger
than this value the oo-domain extends over the whole system, i.e. o* = 1.

Fig. 9.7 compares the results of numerical simulations with the mean field approx-
imation of Eqn. (9.12). In numerical simulations, cell flow is realized by application of
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Figure 9.7: Average domain size o* as a function of the the cell flow rate r; for three
different error rates r.; numerical data (crosses and points) were sampled over 10 different
initial conditions and 1e6 updates for each data point. “Left” indicates cell flow directed to
the left system boundary, “right” to the right system boundary, respectively. The dashed
lines are the corresponding solutions of Eqn. (9.12).

the translation operator © g; := ;7 to all cells with 0 < 7 < Ng — 1 every 7']71 time
steps and leaving oy,_; unchanged. In case of cell flow directed to the right system
boundary, in the limit r; — 1 the boundary position o* detected in numerical simu-
lations deviates from the mean field prediction, due to a boundary effect at the left
system boundary (stochastic production of finite lifetime stationary oscillators, leading
to intermittent flows of I' particles through the system).

To summarize this part, we see that in the model stochastic errors in dynamical
updates for r, > r; indeed stabilize the global pattern against the mechanical stress of
directed cell flow.

9.4 Summary

Robustness of the model of pattern formation introduced in chapter 8 was studied
in detail for two types of perturbations, stochastic update errors (noise) and directed
cell flow. A first order phase transition is observed for vanishing noise and a second
order phase transition at increasing cell flow. Fluctuations of the noise-controlled
boundary position were studied numerically for finite size systems and analytically in
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the continuum limit. We find that the relative size of fluctuations vanishes with 1/Ng,
which means that the boundary position becomes sharp in the limit of large system
sizes. Dynamics under cell flow is studied in detail numerically and analytically by a
mean field approximation. A basic observation is that noise-induced perturbations act
as quasi-particles that stabilize the pattern against the directed force of cell flow. At
a critical cell flow rate, there is a second order phase transition towards a vanishing
domain size or a domain extending over the whole system, depending on the direction
of cell flow, respectively.

Several extensions of this model are conceivable. In the present model, the cell flow
rate 7y is considered as a free parameter, the global pattern, however, can be controlled
easily by an appropriate choice of the error rate r.. This may suggest to extend the
model by introduction of some kind of dynamical coupling between r, and ¢, treating
rs as a function of r.. Interestingly, similar approaches have been studied by Hogeweg
(2000) and Furusawa and Kaneko (2000, 2003): In both models of morphogenesis,
the rate of cell divisions is controlled by cell differentiation and cell-to-cell signaling.
Dynamics in both models, however, is deterministic. An extension of our model as
outlined above may open up for interesting studies how stochastic signaling events
could control and stabilize a global expression pattern and cell flow as an integrated
system. Other possible extensions of the model concern the dimensionality: In two or
three dimensions other mechanisms of symmetry breaking might be present, possibly
leading to new, interesting dynamical effects.



Chapter 10

A two-dimensional model of
pattern formation

10.1 Introduction

How shall one describe morphogenesis, concerning the dimensionality of its underlying
space? Organisms are complex three-dimensional structures, and development needs
time. Indeed, even after the embryonic phase development does not stop, hence it
has been argued that multicellular organisms rather should be envisioned as four-
dimensional structures similar to an “inverted cone” (Arthur, 1997, the cone reflects
the fact that - in most cases - development starts from a singe cell). However, in
many cases, the dimensionality of a given pattern formation problem may be reduced
without loosing the essential information. In chapters 8 and 9, we approximated self-
organization of position information as a one-dimensional system, inspired by the well-
defined head-foot axis observed for the polyp Hydra. In this chapter, we shall proceed
in the other direction and extend this model to two (spatial) dimensions. However,
if pattern formation is based on local signals between direct neighbor cells, in two
dimensions new problems arise. The boundaries of gene expression domains in Hydra,
e.g., are very sharp in many cases — examples are the genes Budhead (Martinez et al.,
1997) and Cn-gsc (Broun et al., 1999) in the Hydra head region — and do not show
much position variation. The pattern formation mechanism proposed in chapter 8
alone, however, would lead to self-organization of quite “rugged” boundaries in 2D,
with spatial fluctuations distributed according to a Gaussian.

We overcome this problem by introduction of a second pattern generating mecha-
nism - neighborhood-dependent state changes (“redifferentiation” of cells), that com-
petes with symmetry breaking during initial pattern formation. We show that, for small
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probabilities of “redifferentiation”, the self-organized boundary position maps onto the
one-dimensional case, however, with the additional feature of a smooth boundary that
cannot be obtained with a trivial extension of the model. Besides this stochastic time
scale separation of the two pattern-generating processes, an explicit time dependence
of neighborhood-dependent redifferentiation is discussed, also leading to robust self-
organization of smooth domain boundaries.

10.2 Problem and model

v
||
e

o 1—o X

Figure 10.1: Basic geometry of the two-dimensional model. Pattern formation is assumed
to take place on the surface of a cylinder (left diagram), aN cells on the left side of the
surface take state o = 2 (dark grey). The geometry is mapped to a regular grid with fixed
boundaries in z-direction and periodic boundaries in y-direction (right diagram). Every single
cell updates its state depending on a von-Neumann-neighborhood (black cell, with neighbors
shaded in light grey).

So far, self-organization of position information and spatial pattern formation, in-
spired by experimental observations made for the fresh water polyp Hydra, was approx-
imated as a one-dimensional problem. However, the Hydra body rather has a tube-like
structure, with two layers of tissue (epithelia) surrounding a hollow interior (the gastro-
vascular space) - hence pattern control in the adult polyp may better be considered as a
two-dimensional problem, with pattern formation processes taking place on the surface
of a cylinder. Consequently, the problem of spatial domain formation and -control as
introduced in ) generalizes in two dimensions as sketched in Fig. 10.1.

Expression domain boundaries observed in experiments, as already outlined in the
introduction, are sharp and well-localized on the head-foot axis. This observation of
“smooth boundaries” can not be explained by a trivial extension of the 1D-model as
a set of N parallel strings of cells: in this case, initial pattern formation leads to
a “rugged” boundary, with Gaussian distributed deviations from the mean position
(compare Fig. 10.2, panels 1)b) and 2)b)). In addition, in Hydra there is a flux of



10.2 Problem and model 98

2)a)

J)a)

Figure 10.2: Snapshots of CA simulations for a system of size 100 x 100 cells, time is running
from the left to the right. Parameters were chosen as follows: 1)a) - ¢) pp = 0.01, 2)a) - c)
pr =0.2, 3) a) - ¢) p, = 0.95.

cells directed towards head and foot due to continued proliferation of stem cells, and
cells redifferentiate when they cross expression boundaries. The question is, whether
in 2D there might exist a single mechanism that could explain both observations, in
addition to the mechanism of initial pattern formation as proposed in chapter 8. We will
show that simple neighborhood-dependent redifferentiation of cell states is a candidate
mechanism that may explain the observations.

In the following, we study a model implementation as a three-state two-dimensional
cellular automaton with parallel update.

Let (i,7) denote the position of a cell on a two-dimensional grid of N = N; x N,
cells with von-Neuman-neighborhood and periodic boundary conditions in y—direction
(in z—direction, boundary conditions are the same as in the 1D model). Then, at
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Figure 10.3: Time series of the average relative boundary position in z-direction, for three
different values of the homogenization probability pj. System size was 200 x 200 cells.

timestep t,

e with probability p, adjust the state o; ;(t) of cell (¢, j) to the state which is shared
by the relative majority of the four neighbor cells at time ¢ — 1 (if there is no
such majority state, e.g. if two cells have 0 = 0 and the other two have o = 1,
throw a coin)

e with probability 1 — p;, update o; ; according to

0ij(t) = floi-1,(t = 1), 005(t = 1), 0411,5(t — 1)), (10.1)
where f(t) is defined by the three-state rule table introduced in chapter 8.

Obviously, de-novo pattern formation will depend crucially on the “homogenization
parameter” pp: if py, is to large, domain formation may fail completely, if it is to small,
however, smoothing of domain boundaries will operate on a very slow time scale. An
appropriate choice (i.e. an appropriate time scale separation between both pattern-
organizing processes), however, may lead to “optimal” pattern formation. Notice that,
for the sake of time scale separation, p, does not necessarily have to be a stochastic
parameter, a periodic process would work as well (in this case, initial pattern formation
must occur with a short periodicity, interrupted by redifferentiation events which are
separated by long time periods). However, stochasticity of cell differentiation, e.g. in
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Figure 10.4: Average boundary position a(pp) as a function of the homogenization proba-
bility py, three different system sizes. For small pp, the value ay, =~ 0.281 of the 1D-model is
restored, a maximum is attained around pj = 0.3; for p;, — 1, « vanishes, i.e. no oo-domain
is formed any more (compare Fig. 2, 3) c)).

stem cell production and -redifferentiation, indeed has been observed experimentally
(Abkowitz, Catlin and Guttorp (1996)), hence we constrain our study to a stochastic
parameter p,. As a second szenario, we propose that p, may be an explicit function
of time, e.g. as a result of a “autocatalytic reaction” competing with the dynamics of
initial pattern formation. For simplicity, we choose

my={ 1O 10 <o 02)

Pmax else

with f(t) = po - exp[t/7] and 0 < ppaz, po < 1 in this case.

10.3 Results

10.3.1 Stochastic time scale separation

One finds in numerical simulations that the proposed two-stage pattern formation
works over a wide range of pp; only for very large values p, ~ 1 domain formation
fails. Snapshots of simulations for three different parameter values are shown in Fig.
10.2. One finds, that for small values the boundary position o, =~ 0.281 is restored,
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Figure 10.5: Average variance (number of cells squared) of the boundary position in z-
direction, averaged over 50 different initial conditions for each data point, as a function of
pp. Data points were sampled after 10000 dynamical updates. For p; > 0.002, the variance
is smaller than one cell on average, i.e. practically zero for most initial conditions.

and neighborhood-dependent redifferentiation finally leads to smooth boundaries. For
larger values of pp, « is shifted to larger values (i.e. towards the right handside). In
the following, we will confirm these observations with quantitative results.

Let «;(t) denote the domain boundary position measured in the ith row of the grid;
then

1 Nrows

{a)(t) = a;(t) (10.3)

n'I'OUIS i=1

defines the average boundary position at time ¢, where n,..,, is the total number of
rows (in simulations, we chose a square grid, i.e. Nygys = VN ).

Typical time series for a system of 200 x 200 cells are shown in Fig. 10.3. Initial
pattern formation takes place on a very fast time scale (fast increase of «), and the
time needed for relaxation against the equilibrium position strongly depends on py; it
is fastest for p, ~ 0.3. For p;, > 0.85, domain formation fails and o — 0 in equilibrium.

Interference between both pattern formation processes is captured quantitatively
in Fig. 10.4, which shows (a)(py) after 10000 updates as a function of p,. One finds,
that for small py, there is no interference, i.e. the average boundary position of the
1D-model is restored. For p, = 0.3, interference becomes maximal and the domain
boundary is shifted strongly to the right system side. For even larger values of p, the
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Figure 10.6: Average boundary position a(7) as a function of the time constant 7, for explicit
time dependence of the homogenization probability py, as explained in the text. For small 7,
a(7) vanishes, a maximum is reached for 7 = 1, for large 7 the equilibrium value ay =~ 0.281
of the 1D-model is restored.

domain size rapidly goes to zero.

Effectiveness of boundary “smoothing” was analyzed by measuring the (spatial)

variance
1 Nrows

Var(a) = (a; — {a))? (10.4)

n”‘O’U}S i=1
of the boundary position after 10000 dynamical updates.

Results are shown in Fig. 10.5 for three different system sizes. One finds that the
variance goes to zero already for very small values of pj, i.e. boundaries indeed become
smooth, even in a parameter region where no interference beween initial symmetry-
breaking and neighborhood-dependent redifferentiation is found.

10.3.2 Explicit time dependence of py,

Here, simulations were made with the parameter choices py = 0.005 and p,,., = 1.0,
and the boundary position was measured as a function of the time constant 7 as
defined above. One finds (@) = 0 for 7 < 1, then there is a rapid increase, followed
by a decrease , and for 7 > 100 (with a slight shift towards larger values of 7 with
increasing system size) the equilibrium value of the 1D-model is restored. Boundary
smoothness (i.e. zero variance) is obtained very fast in this szenario, as the probability
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for neighboorhood-dependent redifferentiation goes to Py = 1 within £ = —7 Inpy
timesteps (results not shown).

10.4 Summary

We studied a two-dimensional extension of the pattern formation model introduced in
chapter 8. A second pattern generating mechanism - neighborhood-dependent state
changes (“redifferentiation” of cells) - was introduced, that competes with symme-
try breaking during initial pattern formation. We showed that, for small probabil-
ities of “redifferentiation”, the self-organized boundary position maps onto the one-
dimensional case, however, with the additional feature of a smooth boundary that
cannot be obtained with a trivial extension of the model. Besides this stochastic time
scale separation of the two pattern-generating processes, an explicit time dependence
of neighborhood-dependent redifferentiation was discussed, also leading to robust self-
organization of smooth domain boundaries.



Chapter 11

Conclusions and Outlook

More than thirty years after the pioneering studies on Random Boolean Networks
published by Kauffman (1969), statistical physics of complex dynamical networks has
become a very active field of research again. These efforts take place in the face of more
and more detailed data available for gene regulatory networks, that contribute signifi-
cantly to the complexity of biological organisms by self-regulated, context-dependent,
combinatorial retrieval of the information encoded in the genome. However, a detailed
understanding of the global dynamics, structure and functions of these biological net-
works is still missing, increasing the need for new theoretical concepts and methods.

In this thesis, ideas from the statistical physics of discrete dynamical networks have
been combined with concepts of cellular automata and emergent computation in order
to understand basic dynamical properties of complex networks, to identify possible
evolutionary processes leading to network topologies as observed in experiment, and to
model the interplay of regulatory networks in morphogenesis of multicellular organisms.

The starting point was the statistical physics of sparsely connected Random
Threshold Networks (RTN). By a combinatorial derivation of the probability for
propagation of dynamical perturbations as a function of the nodes’ in-degree, combined
with a annealed approximation, we were able to calculate the critical connectiv-
ity analytically for the case of a degree-distribution following a Poissonian
(Rohlf and Bornholdt, 2002); more recently, it has been shown that this method indeed
can be applied to RTN with arbitrary degree-distributions, e.g. following power-laws
(Nakamura, 2003). Local “damage supression” at network hubs, as observed
in RTN, can have global dynamical effects, as was demostrated in this thesis
for networks with scale-free topology.

As a second step, evolution of dynamical networks based on local rewiring rules was
studied for a simplified version of the model introduced by Bornholdt and Rohlf (2000)
and discussed in the context of the evolution of gene regulatory networks. It was
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found that this algorithm, based on a coupling between a local, dynamical order
parameter (activity of nodes) and a topological control parameter (in-degree of nodes),
not only leads to self-organization of network topologies close to criticality,
but also to a non-random distribution of dynamical activity and to a degree-
distribution that deviates from a Poissonian. These results compare well with
data obtained from statistical analyses of the topology of real gene regulatory networks.

The third step of this thesis was motivated by the question, how well-defined func-
tional tasks, e.g. the robust self-organization of a particular spatial pattern during
morphogenesis, can be solved by network-based information processing, and how
such processes are related to network complexity and structure. Two experimen-
tal observations in the polyp Hydra have been taken as a starting point:
“reboot-like” de-novo pattern formation from random cell aggregates, and
scale-invariant regulation of the size gene expression domains. First, a one-
dimensional cellular automata model that solves this pattern formation task was de-
rived by aid of genetic algorithms; second, this model was mapped on a system of locally
coupled dynamical networks. Contrary to models based on reaction-diffusion
systems, in this new model no parameter tuning is needed, only a local bias
in information transfer between cells, e.g. due to a spatially asymmetric distri-
bution of signal-transmitting receptor systems. Size and complexity of the network, as
well as its hierarchical structure, compare well to observations made for “developmental
modules” in multicellular organisms.

Morphogenesis operates with astonishing reliability in presence of various sources
of noise, acting on a large range of scales. Robustness of the proposed model of
morphogenesis was studied with respect to two types of perturbations, that
frequently occur in development: random dynamical update errors and cell movements,
e.g. due to continued proliferation of cells. By a comparison of a mean-field analysis
with numerical simulations, it was shown that noise-induced excitations (“parti-
cles”) contribute to stabilization of spatial patterns, even in the presence
of cell low. Two phase transitions have been identified: a first order phase tran-
sition at vanishing noise, and a second order phase transition at increased
cell flow.

Last, the model was extended into two dimensions. The mechanism of spatial
symmetry breaking studied in the 1D-model was combined with a second, local dy-
namical rule: neighborhood-dependent state changes (“redifferntiation”) of cells,
both mechanisms decoupled by stochastic time scale separation. It was shown that
this leads to robust self-organization of spatial activity domains with smooth
and localized boundaries, an essential prerequisite for robust regulation of position
information in a two-dimensional tissue.
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To conclude, numerical and analytical methods developed for discrete dynamical
networks and spatially extended, discrete dynamical systems as, for example, cellular
automata, have proven to be versatile tools to adress questions ranging from network
dynamics and -structure over network evolution to specific problems in morphogenesis
and pattern formation. Our studies support the impression that information process-
ing in regulatory networks can contribute significantly to the emergence of complexity
and robustness in biological organisms; similar results have been found in other models
of regulatory networks and morphogenesis that are, e.g., based on coupled differential
equations (von Dassow et al., 2000; Furusawa and Kaneko, 2001; Salazar-Ciudad, Solé,
and Newman, 2001). Today, in most cases direct comparisons to molecular data are
still not possible, however, from simple dynamical models as investigated in this the-
sis, one may well get an impression of network complexity and -structure necessary
to generate specific dynamical features observed in experiments, or to solve certain
functional tasks as they occur during morhogenesis. For example, studies of this kind
may lead to identification of sub-networks or (functional) “modules” (Solé, Salazar-
Ciudad and Garcia-Fernandez, 2002), and thereby support the identification of similar
regulatory circuits in biological organisms. In any case, still much research remains
to be done. Concerning the train of thoughts followed in this thesis, an integrated —
possibly analytical — understanding of the dynamical properties of discrete dynamical
networks is still lacking, thereby limiting the study of models of network evolution as
well as possible applications to biological networks; in principle, the same holds for
systems of coupled networks. Nevertheless, it is not too far-fetched to assume that in
future research a combination of methods provided by Statistical Physics, dynamical
systems theory and Bioinformatics, in addition to their experimental counterparts in
molecular and developmental biology, will become more and more essential for a deeper
understanding of the overwhelming complexity found in living organisms.

Results of this thesis have appeared in the following publications and preprints:

e Rohlf, T. and Bornholdt, S. (2002). Criticality in Random Threshold Networks:
Annealed Approximation and Beyond. Physica A 310, 245-259

e Rohlf, T. and Bornholdt, S. (2003). Self-organized pattern formation and noise-
induced control from particle computation. Preprint: cond-mat/0312366, submit-
ted

e Rohlf, T. and Bornholdt, S. (2004). Gene Regulatory Networks: A Discrete Model
of Dynamics and Topological Evolution. In: Function and regulation of cellular
systems - Experiments and Models, Eds. Deutsch, A., Howard, H., Falcke, M.
and Zimmermann, W., Birkhauser Verlag Basel
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e Rohlf, T. and Bornholdt, S. (2004). Morphogenesis by coupled requlatory net-
works. Preprint: g-bio.MN /0401024, submitted



Appendix A

Evolution of Cellular Automata by
Genetic Algorithms (GA)

In this chapter we will briefly recapitulate how the cellular automata model of spatial
pattern formation, that has been introduced in chapter 8, has been found by application
of a genetic algorithm (GA).

A.1 Definition of the GA

In order to find a set F of update rules that solve the problem as formulated chapter
8, cellular automata have been evolved using genetic algorithms (Mitchell, Hraber and
Crutchfield, 1994). Genetic algorithms are population-based search algorithms, which
are inspired by the interplay of random mutations and selection as observed in biological
evolution (Holland, 1975). Starting from a randomly generated population of P rule
tables f,, the algorithm optimizes possible solutions by evaluating the fitness function

1 Ty [a'NC]_l
f)= Son
(fa) (T, — T)- No t_;T 220: £
Neg—1
+ ) {1=bmel ] (A.1)
i=[a-N¢]

The optimization algorithm then is defined as follows:
1. Generate a random initial population F = {f1, ..., fp} of rule tables.

2. Randomly assign system sizes NZ** < N < NZ® to all rule tables.
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3. For each rule table, generate a random initial state vector.

4. Randomly mutate one entry of each rule table (generating a population F* of
mutants).

5. Iterate dynamics over T, time steps for F and F*.

6. Evaluate ®(f,) and ®(f) for all rule tables 0 < n < P, averaging over the past
T, — T update steps (with an additional penalty term if f, does not converge to
a fixed point).

7. For each n, replace f, with f if ®(f,) < (f)).
8. Replace the least fit solution by a duplicate of the fittest one.

9. Go back to step 2 and iterate.

A.2 Evolution of cellular automata

The outcome of this search algorithm is a set of rule tables, which then can be “trans-
lated” into (spatially coupled) Boolean networks or threshold networks with suitable
thresholds. This yields a set of (minimal) dynamical networks which solve the pattern
formation task by means of internal information processing.

The genetic algorithm sketched above is run with the following parameter choices:
15 < N¢ < 150, i.e. during GA runs the system size is varied randomly between 15
and 150 cells, and the population size is set to P = 100. Fig. A.1 shows the fitness
of the highest fitness mutant and the average fitness of the population as a function
of the number of successive mutation steps during optimization. A useful solution is
found rather quickly (after about 200 updates), with further optimization observed
during futher 10000 generations. At time step 10000 mutations are turned off, thus
now the average fitness of the established population under random initial conditions
and random fluctuations of the system size N¢ is tested. The average fitness ¢ ~ 0.98
indicates a surprisingly high robustness against fluctuations in the initial start pattern,
indicating that the system is capable of de novo pattern formation. In the “fitness
picture”, Fig. A.2 confirms that the dynamically regulated domain size ratio o/(1 — «)
indeed is independent of system size (proportion regulation), there is only a weak
decay of the fitness at small values of Ng. Interestingly, one also observes that for
regeneration of Hydra polyps from random cell aggregates a minimum number of cells
is required (Technau et al., 2000). The model suggests that this observation might be
explained by the dynamics of an underlying pattern generating mechanism, i.e. that
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there has to be a minimum diversity in the initial condition for successful de novo
pattern formation.
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Figure A.1: Average fitness (®)(¢) of the mutant population F* and fitness of the highest
fitness mutant ®p.s () as a function of simulation time during the genetic algorithm run that
lead to the high fitness solution used in this paper. At time step 10000 mutations were turned
off, in order to test the established population of optimized rule tables under different initial
conditions (this corresponds to the sharp increase of (®)(¢) at time step 10000). The evolved
population of rule tables has an average fitness of about 0.98, independent from the initial
conditions and system size N¢ (in the tested range, i.e. 15 < N¢ < 150).
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Figure A.2: Average fitness of the highest fitness rule table as a function of the system size
N¢. For system sizes No > 80 the fitness is almost constant at about 0.98. Notice that the
decrease of the fitness for small N¢ is an effect of the dynamics, not of the genetic algorithm
implementation (all N¢ in the range 15 < Ng < 150 were tested with equal probability),
hence the dynamics of pattern formation may impose a lower boundary on the range of system
(animal) sizes tolerated by natural selection.
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Statistical analysis of CA solutions

An interesting question is how “difficult” it would be for an evolutionary process driven
by random mutations and selection to find solutions for the pattern formation problem
based on neighbor interactions between cells.

As we showed above, the genetic algorithm finds the correct solution fast, however,
this does not necessarily mean that biological evolution could access the same solution
as fast. If there is only one, singular solution, evolution may never succeed finding it,
as the genotype which already exists cannot be modified in an arbitrary way without
possibly destroying function of the organism (developmental constrains). To illustrate
this point, we generated an ensemble of Ng = 80 different solutions with ® > 0.96 and
performed a statistical analysis of the rule table structure.

As one can see in Fig. B.1, some positions in the rule table are quite fixed, i.e.,
there is not much variety in the outputs, whereas other positions are more variable.
However, the output frequency distribution alone does not allow to really judge the
“evolvability” of the solutions: if there are strong correlations between most of the rule
table entries, evolutionary transitions from one solution to another would be almost
impossible. To check this point, we studied statistical two point correlations between
the rule table entries. The probability for finding state o at position a and state o’ at
rule table position b is given by

1 &
ab !
= E 057 (a),0 * Oom(b),0"5 B.1

where ¢ is the Kronecker symbol and n runs over the statistical ensemble of size Ng.
The two point correlation between a and b then is defined as

(0,0")

C% = ¢ (maxpab(a, o) — cz> (B.2)
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Figure B.1: Frequency distribution p(o;) of outputs as a function of the rule table index as
denoted in table 1. Ensemble statistics is taken over 80 different solutions with & > 0.96.
The upper panel shows the distribution for o; = 0, the middle panel the distribution for
0; = 1 and the lower panel the distribution for o; = 2.

with ¢; = 9/8 and ¢ = 1/9 to obtain a proper normalization with respect to the two
limiting cases of equal probabilities (p®(o,0’) = 1/9 V(o,0")) and p®(o,0') = 1 for
o=35, o =& and p®(o,0') = 0 for all other (0,0")). Fig. B.2 shows the frequency
distribution of C% (0, o), averaged over all possible pairs (a, b). About 65% of rule table
positions are strongly correlated (C% = 1.0), the rest shows correlation values between
0.3 and 1.0. Hence, we find that the space of solutions is restricted, nevertheless there
is variability in several rule table positions. To summarize this aspect, the pattern
formation mechanism studied in this paper shows considerable robustness against rule
mutations, however, a “core module” of rules is always fixed. Interestingly, a similar
phenomenon is observed in developmental biology: Regulatory “modules” involved
in developmental processes often are evolutionaryly very conservative, i.e., they are
shared by almost all animal phyla (Davidson, 2001), while morphological variety is
created by (few) taxon specific genes (Bosch and Khalturin, 2002) and “rewiring” of
existing developmental modules.
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Figure B.2: Frequency distribution p(C®) of two point correlations C%(o,o’) of rule table
entries, as defined in Eqn. B.2, averaged over all possible pairs of rule table entries. About
65% of rule table entries have correlation 1.0, for the rest the correlation is lower.
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