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Abstract:

Alain Connes discovered an algebraic approach to geometry on replacing ordi-
nary Riemannian spin geometry by spectral triples. A spectral triple is a set of three
entities: an algebra, a Dirac operator, and a Hilbert space. They encode all the
information of the geometry. A novel feature is the possibility to include so called
noncommutative spaces. These are represented by noncommutative algebras, while
our every-day space-time is encoded by commutative algebras. It is now tempting to
render the commutative algebra representing space-time a little bit noncommutative,
by tensorising it with a sum of matrix algebras. Alain Connes and Ali Chamseddine
discovered that, for a certain choice of matrix algebras, one obtains general relativity
and the classical field theory of the standard model of particle physics. These half
commutative, half noncommutative spectral triples are called almost-commutative.
They provide a natural interpretation of the Higgs boson as a connection in the
noncommutative part of the geometry.

Every almost-commutative spectral triple represents a Yang-Mills-Higgs model
and is a potential candidate for a physical theory. In this doctoral thesis further physi-
cal requirements are imposed on these spectral triples, such as non-degenerate fermion
masses and renormalisability. From these first principles all almost-commutative
spectral triples, with up to four algebras were classified in collaboration with Prof.
Thomas Schiicker, Prof. Bruno Iochum, and Jan-Hendrik Jureit. Surprisingly the
standard model takes a most prominent position in this classification. It remains an

open question whether more than four algebras contain further models.
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Zusammenfassung:

Alain Connes formulierte einen algebraischen Ansatz, der es erlaubt, Riemannsche
Spin-Mannigfaltigkeiten durch so genannte spektrale Tripel zu beschreiben. FEin spek-
trales Tripel ist eine Menge mit drei Elementen: Einer Algebra, einem Diracoperator
und einem Hilbertraum. Unterwirft man diese Elemente einer Reihe von Konsis-
tenzbedingungen, den Axiomen der nichtkommutativen Geometrie, so lassen sich bei
geeigneter Wahl der Elemente alle Informationen einer Riemannschen Spinmannigfal-
tigkeit wiederherstellen. Das Interessante an dieser Umformulierung der Geometrie
ist, daB in allen Definitionen und Beweisen die Kommutativitat der Algebra und
damit der Raumkoordinaten keine Rolle spielt.

Der erste Schritt iiber die bekannte Raumzeit hinaus ist nun, die Funktionenal-
gebra ein “bifichen nichtkommutativ”’ zu machen. Zu diesem Zweck wahlt man eine
Matrixalgebra, die im allgemeinen nichtkommutativ ist, einen dazu passenden Dirac-
operator und Hilbertraum, und tensorisiert das dazugehorige diskrete spektrale Tripel
mit dem der Raumzeit. Das Ergebnis wird als fast-kommutatives spektrales Tripel
bezeichnet und beschreibt eine Kaluza-Klein-artige Raumzeit mit diskreten, das heifit
nicht direkt mefibaren, extra Dimensionen.

Connes und Chamsedine haben entdeckt, daf fiir eine bestimmte Wahl des diskre-
ten Tripels die Yang-Mills-Higgs-Theorie des Standardmodells der Elementarteilchen-
physik und die allgemeine Relativitatstheorie als klassische Feldtheorie vereinheitlicht
reproduziert werden. Das erstaunliche an dieser Herangehensweise ist, neben der
bisher einmaligen Vereinheitlichung, dafl das normalerweise von Hand eingefiihrte
Higgsboson aus der Theorie zwingend folgt und eine natiirliche Erklarung als Zusam-
menhang im diskreten Raum erfahrt.

Das Ziel dieser Dissertation war, eine Klassifikation der fast-kommutativen spek-
tralen Tripel vom Standpunkt der Elementarteilchenphysik vorzunehmen. Zu diesem
Zweck wurde eine bereits bestehende Klassifizierung diskreter spektraler Tripel durch
Dr. Krajewski im physikalischen Sinne erweitert. Es wurden einige plausible physika-
lische Zusatzannahmen gemacht, und in Zusammenarbeit mit Prof. Schiicker, Prof.
Iochum und J.-H. Jureit konnten die fast-kommutativen spektralen Tripel mit bis zu
vier Matrixalgebren vollstandig klassifiziert werden. Das iiberraschende Ergebnis ist,
daBl das Standardmodell eine herausragende Position einnimmt. Es ist, bis auf ein
exotisches Modell, das einzige physikalisch relevante spektrale Tripel.

Die vollstandigen Ergebnisse sind dieser Arbeit als Anhang angefiigt.
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Chapter 1
Introduction

In the last century fundamental physics saw two revolutions, overthrowing the New-
tonian view of the laws that govern Nature. These were general relativity, pioneered
by Einstein and Hilbert, and quantum mechanics, where many names such as Heisen-
berg, Schrodinger, Pauli, Dirac, Bohr and more come into mind.

The first revolution, general relativity, introduced space-time as a physical entity,
which obtains dynamics and interacts with matter. It proved to be extremely efficient
to describe structures reaching from cosmology to falling apples. Yet, there was
a price to pay. The very concept of a universal time had to be abandoned and
was replaced by the proper time 7 of the observer. Dynamics is governed by the
Einstein equations, where the metric of the space-time manifold itself becomes a
variable. Symmetries play a fundamental role in physics and its laws are required
to be invariant under these. For general relativity the principle of relativity implies
that the theory should be invariant under generalised coordinate transformations or
diffeomorphisms. Gravity is then nothing but a pseudo-force belonging to generalised
coordinate transformations with matter as its source.

A few years later quantum mechanics and its descendent, quantum field theory,
appeared on the scene. These theories allow to model the sub-atomic, atomic and
molecular scales of Nature with extraordinary precission. But again, a price has
to be payed. The very notion of exact measurement has to be abandoned. Due to
Heisenberg’s uncertainty relation the position and the momentum of a particle cannot
be measured at the same time with arbitrary accuracy. The position and momentum
observables x;, p; with ¢ = 1,2, 3, become operators on a Hilbert space, x; — z; and

pi — Pi, which form a non-commutative algebra [%;, p;] = d;;h. Represented on the



Hilbert space of wave functions H > ¥(x) these operators take the well known form

0
a.CCZ'

4V (x) =2,V (x)  pVY(x) = —ih—U(x).

Note that the position operators and the momentum operators commute among them-
selves [2;, Z;] = [pi, ;] = 0. In the special relativistic case the Klein-Gordon operator
and the Dirac operator govern the dynamics of Bosons and Fermions, respectively.
Now time is included into the formalism as a fourth dimension, xy, of space-time.

All attempts to merge general relativity and quantum mechanics have failed so
far. Quantising general relativity leads to theories which are not renormalisable. So
these theories exhibit infinite quantities which cannot be eliminated. On the other
hand quantum mechanics is only well defined on flat spaces with universal time, i.e.
Fuclidian or Minkowski spaces.

But what should such a theory of quantum space-time look like on the mathe-
matical level? There are two heuristic arguments which suggest that the points of
space-time should lose all meaning, and so the classical notion of a manifold, funda-
mental to general relativity, should vanish.

The first argument, see [24], goes as follows. Imagine an accelerator that allows to
measure the position of a particle with ever higher precission. Applying Heisenberg’s
uncertainty relation this means that the energy needed, will increase. Now the Ein-
stein equations imply a threshhold of energy, or equivalently mass, per volume unit,
which, if surpassed, forces the space-time itself within the volume to collapse into
a singularity surrounded by a Schwarzschild horizon. In this way the measurement
of position and so of space-time has a limit. It was shown in [24] that this causes
the position observables x, to become noncommutative, [z,,z,] # 0, they form a
noncommutative algebra. This means as well that the very notion of a point loses
all its meaning, and so does the mathematical tool of differential geometry, in which
general relativity is formulated.

The second argument is based on the physical notion of a space-time point. In
general, fundamental particles, such as electrons, are considered to be point-like, so
they do not have a spatial extension. Modelling an abstract space-time point by an
electron seems to be quite adequate. But how can one define the basic notions of
geometry like distance? Defining distance as the way traveled by an electron is again
plagued with uncertainties. If the starting and the end point are known more and
more accurately, the momentum becomes reciprocally more and more obscure. But

the momentum defines the actual distance travelled by the electron. Every physical



measurement is based necessarily on particles and so it is bound to be equipped
with a fundamental uncertainty, which is not due to the technical accuracy of the
experiment.

These two rather heuristic arguments may pave the way. It seems that space-
time itself should be equipped with an uncertainty. One approach to tackle this
problem is in the spirit of quantum mechanics. Space-time should be replaced by a
suitable set of operators, acting on some Hilbert space with the dynamics defined by
a Dirac operator. The choice of a relativistic operator is clear since the theory ought
to be Lorentz invariant. As for the Dirac operator, in favour of the Klein-Gordon
operator, matter is built from Fermions and so the Dirac operator is privileged.
This approach, now known as noncommutative geometry, has been worked out by
Alain Connes [2]. He started out on this field to find a generalised understanding to
cope with mathematical objects that seemed geometrical, yet escaped the standard
approaches. His work has its predecessors in Gelfand and Naimark, who stated that
the topology of a manifold is encoded in the algebra of complex valued functions
over the manifold. Connes extended this theorem and translated the whole set of
geometric data into an algebraic language. The points of the manifold are replaced
by an algebra, which, inspired by quantum mechanics, acts on a Hilbert space. With
help of a Dirac operator acting as well on the Hilbert space, Connes formulated a set
of axioms which allows to recover the geometrical data of the manifold. These three
items, the algebra, the Hilbert space and the Dirac operator are called a spectral
triple. But it should be noted that the set of manifolds, i.e. space-times, which
allow to be described by a spectral triple is limited. These manifolds have to be
Riemannian, i.e. of Euclidian signature, and they have to admit a Dirac operator,
which is not true for any manifold. The second condition presents no drawback since
matter is built out of fermions and so space-time falls exactly into this class. But
asking the manifold to be Euclidian, whereas special relativity requires a Lorentzian
signature, poses a problem, which is still open. Nevertheless one can argue, along
the line of Euclidian quantum field theory that this can be cured by Wick rotations
afterwards.

The strongest point in favour of the spectral triple approach is, as the name
noncommutative geometry already implies, that the whole formulation is independent
of the commutativity of the algebra. So even when the algebra is noncommutative
it is possible to define a geometry in a consistent way. But then the geometry gets
equipped with an uncertainty relation, just as in quantum mechanics.

A third theory that proved to be at the heart of Nature’s laws is Yang-Mills-Higgs



theory. The standard model of particle physics is the most prominent example. It
is a classical gauge theory which describes the known elementary particles by means
of the symmetries they obey, together with the electro-weak and the strong force.
In contrast to general relativity, this classical field theory allows to pass over to a
quantum field theory. All elementary particles are fermions and the forces acting
between them are mediated by bosons. The symmetries of the theory are compact
Lie groups, for the standard model of particle physics it is U(1) x SU(2) x SU(3).
Fermions are Dirac spinors, placed in multiplets which are representations of the
symmetry groups. A peculiar feature of the standard model is that fermions are
chiral. This means that they come in two classes, called left- and right-handed. Now
the left-handed fermions form a different representation of the symmetry group as
the right-handed. This poses a serious problem, since mass terms would explictly
break the symmetry. To circumvent this an extra boson, the Higgs boson, has to be
introduced. Its dynamics is governed by the so called Higgs potential, which breaks
at low energy the gauge symmetry and introduces mass terms for the fermions, but
leaves the over-all symmetry intact. In the standard formulation of the standard
model this Higgs mechanism has to be introduced by hand. It should be pointed
out that the standard model of particle physics is a highly successful theory. All the
non-gravitational forces and all known matter is described in a unified and beautiful
way. But again it is not possible to unify it on the footing of differential geometry
with general relativity. The problem is that no manifold exists, which has general
coordinate transformations and a compact Lie group as its diffeomorphism group.
But here the power of noncommutative geometry comes in.

The first observation is that the general coordinate transformations of a manifold
correspond to the automorphisms of the algebra of complex valued functions over
the manifold. Chamseddine and Connes discovered that it is possible to define an
action, called the spectral action, to give space-time in the setting of spectral triples
a dynamics, just as the Einstein-Hilbert action for general relativity. This spectral
action is given by the number of eigenvalues of the Dirac operator up to a cut-off. It is
most remarkable that this action reproduces the Einstein-Hilbert action in the limit
of high eigenvalues of the Dirac operator. The crucial observation is now that in con-
trast to the diffeomorphisms of a manifold, the automorphisms of an algebra allow to
be extended to include compact Lie groups. These are the automorphisms of matrix
algebras. And since the whole notion of a spectral triple is independent of the com-
mutativity of the algebra, it is possible to combine the algebra of functions over the

space-time manifold with an algebra being the sum of simple matrix algebras by ten-



sorising. These combined function-matrix geometries are called almost-commutative
geometries. The part of the spectral triple based on the matrix algebra is often called
the finite or internal part. Choosing as matrix algebra C & H @ M3(C), where H
are the quaternions, one recovers with a suitable choice for the Hilbert space that
the spectral action reproduces the Einstein-Hilbert action and the Yang-Mills-Higgs
action of the standard model. The Higgs scalar together with its potential emerge
naturally as the ” Einstein-Hilbert action” in the noncommutative part of the algebra.
Here it has become possible for the first time to give the Higgs scalar a geomtrical
interpretation. In the almost-commutative setting it plays at the same time the role
of a connection in the finite part of the geometry as well as that of the fermionic mass
matrix.

As gravity emerged in the classical setting as a pseudo-force belonging to general
coordinate transformation, in almost-commutative geometry the electro-weak and the
strong force emerge as pseudo-forces belonging to the automorphisms of the algebra.
In this spirit one can put up a table which contains the pseudo-force, the transfor-
mation which allows to convert it into a simpler force, the geometry which emerges

from the respective symmetry and finally the notion of time that is appropriate.

Pseudo Force Transformation | Simple Force Geometry Time
Coriolis force rotation no force Euclidian absolute
magnetic force Lorentz transf. | electric force Minkowski universal
gravity gen. coor. transf. no force Riemannian proper ()
el.-weak, strong gauge transf. gravity almost-comm. | ?A7 ~ 10740s?

The immediate question that arises is: Which kind of Yang-Mills-Higgs theory
may fit into the frame work of almost-commutative geometry? The set of all Yang-
Mills-Higgs theories is depicted in figure 1.1. One sees that left-right symmetric,
grand unified and supersymmetric theories do not belong to the elected group of
almost-commutative models. But, as mentioned above, the standard model does.

The main task of the work presented in this thesis is to clarify the structure
of this restricted sub-set of Yang-Mills-Higgs theories that originate from spectral
triples. Since this is still an unscalable challenge it is necessary to adopt a mini-
mal approach. Imposing certain constraints which are gathered from different areas
reaching from Riemannian geometry over high energy physics to quantum field theory
and starting out with only up to four summands in the matrix algebra part of the

almost commutative geometry, one can give a classification from the particles physi-
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Figure 1.1: Yang-Mills-Higgs models and noncommutative geometry.

cist’s point of view. As it is custom in particle physics, space-time curvature will be
neglected. Nonetheless the Riemannian part of the spectral triple plays a crucial role
in the spectral action, introducing derivatives and thus the gauge bosons. Setting the
curvature to zero when the Einstein-Hilbert and Yang-Mills-Higgs action have been
obtained from the spectral action leaves the Yang-Mills-Higgs action. With respect
to this part of the spectral action the classification will be done. As a consequence
only the finite matrix algebra part of the spectral triple has to be classified. The
internal Dirac operator enters into the Higgs scalar and the minimum of the Higgs
potential is the mass matrix of the fermions.

This classification proceeds in two steps. First all the possible finite spectral
triples, with a given number of summands of simple matrix algebras, have to be
found. This classification of finite spectral triples has been done in the most general
setting by Paschke, Sitarz [22] and Krajewski [25]. To visualise a finite spectral
triple Krajewski introduced a diagrammatic notion, the so called Krajewski diagrams,
which encode all the algebraic data of a spectral triple. If one imposes now as a first
condition that the spectral triple be irreducible, i.e. that the finite Hilbert space be
as small as possible, one is led to the notion of a minimal Krajewski diagram. For
a given number of algebras, the algebra representation on the Hilbert space and the
possible Dirac operators are encoded in these diagrams by arrows connecting two
sub-representations. Finding the minimal diagrams via this diagrammatic approach
is very convenient and quite simple for up to two summands in the matrix algebra.

In this case only a handful of diagrams exist and it is difficult to miss a diagram.



But with three and more algebras the task quickly becomes intractable. For three
algebras it may be done by hand, but one risks to overlook some diagrams. It is thus
fortunate that the diagrammatic treatment allows to translate the algebraic problem
of finding spectral triples into the combinatorial problem of finding minimal Krajewski
diagrams. This can then be put into a computer program. Still the problem is quite
involved and the algorithm to find minimal Krajewski diagrams needs a lot of care.
Furthermore the number of possible Krajewski diagrams increases rapidly with the
number of summands of matrix algebras and reaches the maximal capacity of an
up-to-date personal computer at five summands.

If one has found the minimal Krajewski diagrams the second major step follows.
From each Krajewski diagram all the possible spectral triples have to be extracted.

These are then analysed with respect to the following heteroclitic criteria:

For simplicity and in view of the minimal approach the spectral triple should be
irreducible. This means simply that the Hilbert space cannot be reduced while

still obeying all the axioms of a spectral triple.

The spectral triple should be non-degenerate, which means that the fermion masses
should be non-degenerate, up to the inevitable degeneracies which are left and
right, particle and antiparticle and a degeneracy due to a colour. This condition
has its origin in perturbative quantum field theory and asserts that the possible

mass equalities are stable under renormalisation flow.

e Another criterion also stemming from quantum field theory is that the Yang-Mills-
Higgs models should be free of Yang-Mills anomalies. In hope of a possible
unified quantum theory of all forces, including gravity, it is also demanded that

the models be free of mixed gravitational anomalies.

From particle phenomenology originates the condition that the representation of
the little group has to be complex in each fermion multiplet, in order to distin-

guish particles from antiparticles.

e The last item is the requirement that massless fermions should be neutral under

the little group. This is of course motivated by the Lorentz force.

Now the Higgs potential has to be minimised and the resulting models have to be
compared with the above list of criteria. If a model fits all the points of the list it

may be considered of physical importance, otherwise it will be discarded.



This thesis is now organised as follows: The second chapter gives a brief in-
troduction into the standard model of particle physics and into general relativity.
The main point in the treatment of general relativity is the derivation of gravity as
a pseudo-force associated to generalised coordinate transformation. Since spectral
triples require space-time to be of Euclidian signature a few words on Wick-rotation
will be said.

The third chapter introduces the spectral triple of a 4-dimensional Riemannian
spin manifold with all its necessary items and axioms. Most of the treatment will be
from the physicists point of view, sometimes lacking complete mathematical rigour.
Here the spectral action will be introduced which allows to recover Einsteinian gravity
in the Euclidian setting. Next it will be shown how the notion of a spectral triple
generalises to finite spaces with finite sums of matrix algebras. Some of the major
geometrical notions such as geodesic length and dimension will be translated to the
finite setting. Based on the axioms for the finite spectral triples the representation
of these by Krajewski diagrams will be developed in some detail. In the last step
almost-commutative spectral triples will be defined and some of their major properties
highlighted.

In the fourth chapter the classification scheme of almost-commutative spectral
triples will be presented. Therefore the criteria mentioned above are explained more
thoroughly. Since understanding comes usually by giving a concrete example the
standard model of particle physics will be treated from its Krajewski diagram to the
minimisation of the Higgs potential.

This thesis is a cumulative thesis and the new scientific content is gathered in
the publications attached to the end. These have been written in collaboration with

Thomas Schiicker, Bruno Iochum and Jan-Hendrik Jureit and are as follows:

1. On a classification of almost-commutative spectral triples, [7], by B. Iochum, T.
Schiicker and C.A.S.. This paper classifies almost-commutative Yang-Mills-
Higgs models with up to three summands in the matrix algebra. This classifi-
cation does not yet take into account the Yang-Mills anomalies nor the require-
ment that the representation of the little group should be complex. For further

treatment of these issues for up to three algebras see [28].

2. On a classification of almost-commutative spectral triples, a second helping, [13],
by J.-H. Jureit and C.A.S.. As mentioned above the search for all minimal
Krajewski diagrams is a tedious task and when done by hand one risks to miss

a few diagrams. The development of a computer program [12] allowed to search



for Krajewski diagrams with three algebras and surfaced four diagrams which
were left out in [7]. These have been analysed again not taking into account
Yang-Mills anomalies and the complex representation of the little group, which

can again be found in [28].

3. Finding the standard model of particle physics, a combinatorial problem, [12], by
J.-H. Jureit and C.A.S.. This publication explains in detail how to find all
minimal Krajewski diagrams with letter changing arrows. An algorithm that
allows to implement this problem on a computer is developed. It becomes
apparent how a seemingly simple problem evolves into a highly complicated

combinatorial structure. The program was written in C*+.

4. On a classification of almost-commutative spectral triples, III, [14], by J.-H. Jureit,
T. Schiicker and C.A.S.. In this publication the minimal Krajewski diagrams for
four summands in the matrix algebra are analysed. These have been obtained
with help of the algorithm developed in [12]. This classification exploits all the
physical constraints mentioned above, including Yang-Mills anomalies and the

criterion of a complex representation of the little group.






Chapter 2

The Standard Model of Particle
Physics

A short survey of the standard model of elementary particle physics will be given
concentrating on the classical fields. The theory of Yang-Mills-Higgs models is going
to be reviewed and the ad hoc aspects of the standard model will be highlighted. The
quantisation of Yang-Mills-Higgs theories is beyond the scope of this thesis, only some
aspects arising from quantum corrections like mass renormalisation and anomalies
will be presented briefly. In the noncommutative setting they serve to motivate
some of the assumptions imposed for the classification. A thorough introduction
into classical gauge theories, the necessary basics in group theory and the relevant
standard references can be found in [20]. For a stronger focus on the standard model
see [10, 8.

2.1 The Gauge Principle

One is interested in a theory where the fields ®(x) transform covariantly under the
Poincaré group in order that the Lagrangian and thus the action is invariant under
these transformations. The unitary representation of a Poincaré transformation of
®(x) is given by

(U0, A)®)(x) = DIA)B(A (& — a)), (2.1)

where (a,A) are the parameters of the translation and the Lorentz transformation.
To ensure renormalisability of the theory one may have scalar or pseudo-scalar fields
where the representation of the Lorentz transformation is simply D(A) = 1. Ad-

ditionally spin—% fermions with a 4-dimensional representation on Dirac spinors or
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a 2-dimensional representation on Weyl spinors is permitted. In the following the
Poincaré invariance will be taken for granted for all appropriate quantities like fields
and Lagrangians.

To construct a field theory start with the most general renormalisable matter

Lagrangian for an arbitrary number of spin—% Dirac or Weyl fields 1, scalar fields

Pa *

L= bt @ L 0+ V)

a k

+ (D magtaths + Y gaglatispe + hoc.) (2.2)
a,f a,B,a

Weyl fields are included as Dirac fields satisfying the chiral condition (1 4 v5)1 = 0.
The masses of the Dirac fields are encoded in the constant mass matrix (mag) and the
Yukawa couplings are given by the constants gis. V(pa) is a polynomial of fourth
degree which is bounded from below. Any gauge theory will be based on such a
Lagrangian.

One may now specialise our theory based on the Lagrangian 2.2 by incorpo-
rating further symmetries. In the spirit of the Poincaré symmetry the fields ®(x)
(®(z) = ¢(x) or p(x)) will now be multiplet representations of a rigid (space-time
independent) finite-dimensional compact Lie group G. The representation U(u),
u € G, on a field will be required to be unitary in order to preserve the inner product
of the fields and thus probability. A representation will be called chiral if it couples
differently to left and right fields. If the representation is the same on left and right
fields it is called vectorial. Furthermore the Lagrangian 2.2 will be demanded to be

invariant under the group G. In a compactified notation this reads
L(®,00) = L(U(u)®,0U (u)®). (2.3)

The requirement of invariance reduces of course the number of independent con-
stants in the Lagrangian. Chiral representations for example require the respective
mass matrix of the fields to be zero, since chiral masses break the symmetry. The
representation will in general not be the same for different fields nor will it necessarily
be irreducible. As a consequence of these extra continuous symmetries one has new
Noether currents and Noether charges.

The next step in our journey will be to gauge the rigid symmetry, i.e. to impose a

dependence on the space-time M. It was Weyl who introduced the gauge procedure
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in order to unify electro-magnetism with the general theory of relativity. While in
his approach the scale invariance of the metric in general relativity was made local

here the Lie group G will be gauged in the sense of Yang and Mills,

G — {differentiable maps from M to G}
u — u(x). (2.4)

An immediate consequence is that the invariant Lagrangian 2.2 is no longer invariant
under U(u(z)). This is obvious since the representation no longer commutes with the

derivative.

OuU (u(2))@(x) # U(u(x))0,®(x)  but
OuU (u(2))@(x) = (9,U(u(2)))®(x) + U(u(z))0,®(x). (2.5)

To cure this shortcoming one introduces a gauge connection or gauge field Aﬁ(:p)
(explicit space-time dependence will be suppressed in the following) which transforms

inhomogeneously under the gauge group as
Ay - UAJU +UB,U (2.6)

These gauge fields are identified with the force mediating gauge bosons of the physical

theory. The derivative is generalised to the covariant derivative
k
D, = 0, + g AL, 2.7

o being the generators of the group G in the appropriate representation and g is the
coupling constant. The covariant derivative commutes with U(u(x)) and substituting
it for the partial derivative will render the Lagrangian invariant with respect to local

gauge transformations:
L(®, D®) = L(U(u(x))®, DU (u(z))®P). (2.8)
Abbreviating A, = Al’jak the gauge curvature of field strength

F = gil[Dua D))= OuAy — Ou Ay + Q[Aw A, (2.9)
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is introduced, which transforms homogeneously under gauge transformations as
F,=UF,U" (2.10)

In proper mathematical terms the gauge connection A, would be the connection of
the principal G-bundle over Minkowski space and F),, its curvature. Now a kinetic
term for the gauge connection is introduced and the Lagrangian is enlarged to the so

called gauged Lagrangian
1
L(A,®) = —Ztr(Fwa) + L(®, D). (2.11)

The trace is being taken over the internal indices of the gauge multiplet. As a simple

example take as rigid group G = U(1) represented on Dirac spinors ¢ (z) as

U(H)y(x) = e (x) (2.12)

and the Dirac Lagrangian

Lp(y, 0) = $dip — mipp. (2.13)

Gauging the group with H — H(z) and gauging the Lagrangian leads immediately

to the Maxwell-Dirac Lagrangian
- - 1
Lain(t, 00) = B0 — Ay — mips + {Fu P, (2.14)

where the coupling constant e is the electric charge of the electron and A = ivtA,.

2.2 Spontaneous Symmetry Breaking

From the transformation properties of the gauge field 2.6 it becomes immediately
clear that no mass term for the gauge fields can be added to the Lagrangian, since
it would break gauge invariance. But it is known from experiment that there exist
massive gauge bosons. The Meissner effect in superconductivity is due to a massive
photon and the weak force is mediated by the massive vector bosons W= and Z°. To
introduce mass into the Lagrangian a closer inspection of the scalar potential V' (¢)
in 2.2 will help.

Since the components of the Lagrangian are invariant under G we have of course
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for any v € G

V({U(u)p) = V(). (2.15)

But the constant minimum S(K)? of the scalar potential is in general not invariant under
the whole gauge group G but has a subgroup H C G as invariance group, the so
called little group. That means if ¢ minimises V(¢) then U(u) ¢=9 with u€ H and
U(u) ¢ is in the minimum of V(e) for all u € G. The generators of G which do not
leave the minimum invariant are called broken. If the minimum of V' (p) is $=0 the
subgroup is H = G. But if the minimum is non-trivial, &;é 0, one can, in view of
the perturbative formulation of quantum field theory (QFT), expand the Lagrangian

2.11 around this minimum
L(A, ¢, ¢(x)) — L(A, ¢, H). (2.16)
The new scalar field H(x) is a small deviation from the minimum
H(x)=p(x)— ¢ . (2.17)

It is clear that the low energy limit Lagrangian L(A, 1, H) is invariant only with
respect to the little group. The effect of the spontaneous symmetry breaking is that
new mass terms are introduced. The gauge bosons, the Dirac fermions and the scalars
will be reviewed briefly.

Through the constant minimum & some of the gauge bosons A, will aquire H-

(o]
invariant masses via the kinetic term of ¥:

1 o 1 o o
(D, ¢)? = 592(1% ©)? = éMklAkAl My = ¢*(or P, 01 P). (2.18)

p i
Here g is the gauge coupling constant, (¢, ¢') the respective inner product and oy the
generators of the (p-representation. Not all the eigenvalues of the mass matrix My,
are necessarily non-zero.

The Yukawa terms coupling the scalar field ¢ to the Dirac spinors ¢ will produce

in the expansion around the minimum an extra mass term
@ama,@wﬁ + djaGZlg Pa wﬁ- (219)

The new mass matrix is then given by my,; = mas + G55 Pa- It is again not required
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Figure 2.1: One-loop electron self-energy Feynman diagram

that all eigenvalues of my; be non-zero. A gauge group G¢ will be called a colour
group if its representation commutes with the mass matrix, i.e. the mass matrix of the
respective fermion multiplet is a multiple of the unity matrix. Nonetheless a colour
group may be broken by the Higgs potential, for example if the scalar field does not
couple via a Yukawa coupling to the fermion multiplet. Generically the scalar field
would then give different masses to the gauge fields associated with the colour group.

Assuming the scalar potential V() to be a fourth order polynomial it can be
expanded explicitely around s%:

o 1 1
V(Q) = V(¢) - V(SO) aBHaHﬁ + gvaﬁyHaHﬁHv + IVQBV(;H“HBHVH‘S(,Q.QO)

~ 2l

2

Vap = (78908&;%) N etc. (2.21)
=P

Since QOD is a minimum the symmetric mass matrix V,3 has to be positive. The

Goldstone theorem for rigid G states now that V3 cannot be positive-definite, but

has at least dimG/H zero eigenvalues. So there are at least dimG/H massless scalar

fields, the so called Goldstone bosons.

Since these massless fields are unphysical, i.e. they have never been observed,
they are to be eliminated. When the rigid group G is gauged the Higgs mechanism
uses the potential A, to absorb the Goldstone bosons by choosing a suitable gauge.
The resulting theory has then the desired massive gauge bosons plus a number of

massive scalar fields, called the Higgs bosons.

2.3 Renormalisation Constraints

As mentioned above the QFT of Yang-Mills-Higgs-theories is beyond the scope of this

thesis. But since some aspects of renormalisation like running masses and anomalies
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Figure 2.2: One-loop quark self-energy Feynman diagram

play a central role in the latter classification of almost-commutative geometries, some
words on these topics are useful.

If one passes over from the classical Lagrangians 2.2 or 2.16 to QFT the masses
and coupling constants turn out not to be the physical entities, i.e. they are not the
masses and charges measured in experiments. For example the self-energy term of
the electron as depicted in the Feynman diagram figure 2.1 is divergent and has to
be renormalised.

The renormalisation procedure leads to renormalisation group equations which
produce the renormalisation flows. As a result the particle masses and the couplings
become energy dependent. For unbroken colour groups the masses of the colour
multiplet stay degenerate under the renormalisation flow. If the colour group is
broken this is no longer true since the gauge bosons possess different masses. Take the
strong force with three coloured quarks as an example. The leading self-energy term
for a red and a blue quark with red-antired and blue-antiblue gluons, see figure 2.2,
will cause the masses of the quarks to develop differently under the renormalisation
flow if the gluon masses do not coincide.

For a Yang-Mills-Higgs theory to be renormalisable there are two major con-
straints. The Higgs potential has to be a polynomial of maximal degree four, bounded
from below. And the theory has to be free of anomalies. An anomaly is defined as a
classical symmetry of the Lagrangian that is not respected by quantum corrections. In
general such violations of the classical symmetry lead to nonrenormalisable theories,
but for certain models, like the standard model, the anomalies cancel out. Being free
of anomalies will be a major constraint in the classification of almost-commutative

geometries. The two anomalies which have to be considered are the axial anomaly
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Figure 2.3: Feynman diagram of the Yang-Mills anomaly

due to Adler and Bardeen, figure 2.3, and the slightly speculative mixed gravitational
anomaly, figure 2.4.
From the axial fermion coupling in the Lagrangian stems the conserved axial

current

Jh = D70, (2.22)

which is conserved on the classical level, 0,j; = 0. After passing over to the QFT

this is no longer true,

2

Ol = 31 TH(U)G™(4,). (2.23)

where the G*(A,,) are pseudo-scalars which only depend on the gauge bosons and
the T2 (U) are constants which depend only on the fermion representation of the
gauge group. This anomaly always destroys the renormalisability of the QFT and so
T2 (U) = 0 has to be imposed. A treatment to first order of the loop expansion turns
out to be sufficient and the anomalous triangle feynman graph is depicted in figure
2.3. There exists a simple way to express T)%(U) in terms of the generators oy g of

the left- and right-handed fermion representations:

Tbac = Zc - gc? where (L7 R‘)%C = trUE,R{UE,Pb O-E,R}' (224)
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Figure 2.4: Feynman diagram of the mixed gravitational anomaly

The mixed gravitational anomaly is based on the assumption that a graviton
should couple essentially the same way as the other gauge bosons. It should have a
similar triangle diagram, see figure 2.4 as the Yang-Mills anomaly and takes a par-
ticularly simple form expressed in terms of generators. Again the vanishing of the
anomaly only depends on the choice of the left- and right-handed fermion represen-

tation
Te = tro? — trod. (2.25)

A more thorough introduction into the topic on anomalies, index theorems and their

applications in QFT can be found in [23].

2.4 How to Build a Gauge Theory

Miopoulos [15] gave a recipe to find a physically relevant Yang-Mills-Higgs theory,

which was meant as a joke but soon became the standard procedure:

1. Choose a gauge group G with NV generators.

2. Choose the the matter fields (Dirac fermions, scalars, etc.) as representations of

G.
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3. Construct a covariant derivative by choosing the gauge bosons in a representation

of G.
4. Write the most general renormalisable Lagrangian invariant under G.

5. Find the minimum of the Higgs potential and develop the Lagrangian to first order
around this minimum. Now some of the gauge bosons and matter fields may

aquire mass terms from spontaneous symmetry breaking.
6. Use the QFT of the model to obtain predictions.
7. Ask an experimentalist whether the predictions have any resemblance with Nature.

8. If the answer is “Yes” publish it. If the answer is “No” restart at 1.

2.5 The Standard Model

The standard model of particle physics is the result of a long series of trial and error,
e.g. repeated use of Iliopoulos’ recipe. It took over thirty years to adjust the theory
to the experimental data. The winner until further notice is a theory posessing only
Dirac fermions, a Higgs doublet and as gauge group SU(2)w x U(1l)y x SU(3)c¢.
All the fermions are tensor products of the fundamental representations or the one
dimensional representations of isospin group SU(2)w, the hypercharge group U(1)y
and the colour group SU(3)c. A table of the representations is given in figure 2.5.
There is a subtlety concerning the d, s and the b quarks. They are the physical quarks,
i.e. the eigenstates of the mass matrix and are obtained from the weak eigenstates

d', s and the 0/ by a unitary transformation, the Cabibo-Kobayashi-Maskawa matrix

Uckum:
d d
s| =Uckm | s (2.26)
b b

The Higgs scalar is an isospin doublet and a colour singlet. Its representation is
given in figure 2.6.

The gauge connections are in the adjoint representations and the covariant deriva-
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Figure 2.5: Fermionic representations of SU(2)w x U(1)y x SU(3)c
tives come in a left and a right version for leptons and quarks and a Higgs version:

. Tk . YW . a
D¢ = 9,+ ZgW[fE + ZQ/TBM +1ig3Giita
Y;
= 0, +igW, + ig'TWBM +igsG,,
Y . Y .
D}Q;z = 0,+ Zg’TWBM +1g3Gta = 0, + Zg’TWBM + 193G,

T Y Y
DY = 8, +igWrE +ig ' B, =8, +igW, + ig’TWBu

2 2
Y
D}I;é = 8N+Zg,7 m
T Y Y
D7 = 9, + igW[fEk + ig'TW L= O, +igW, + ig’TWBH (2.27)

Here Yy is the hypercharge of U(1l)y, 7; and t; are the generators of SU(2);, and
SU(3)¢, and g, ¢' and g3 are the coupling constants of SU(2), U(1) and SU(3).

The gauge curvatures are given by

W = 0,W,—0,W, — g[W,,W,)]
B, = 0,B,—9,B,
G = 0,G,—0,G,— g3[G,u. Gy). (2.28)

The experimental fact that the weak interaction breaks parity maximally leads to the
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Figure 2.6: Higgs representation of SU(2)w x U(1)y x SU(3)¢

standard model Lagrangian

LSM = Lgauge + Lfermion + LHz'ggs + LYukawm (229)
where
1 v 1 v 1 v
Lgauge = —Ztr(WWW“ )— ZBW/B“ — Ztr(GWG“ ),
Lpermion = i »  LyD{Ly+i Y  €xDfel
i=e,u,T i=e,u,T
+i Y QUDEQL+i Y uRpDRuy +i Y dpDYdy
i=u,c,t i=u,c,t i=d,s,b
Ly ukawa = — Z KL pe’s — h.c. 4+ analogous quark terms. (2.30)
i=e,u,T

There are no explicit mass terms since they would break gauge invariance due to
the chiral structure. It should be noted that the Yukawa couplings x; and their quark
analogs can be chosen freely and have to be determined by experimental data. The

Higgs potential is chosen to be

2
V(0) = —50'0+ A6, A>0 (2.31)

and has a minimum at

() = 2

This minimum breaks the SU(2)y x U(1)y part of the gauge group down to the
electromagnetic gauge group U(1),,. The resulting three Goldstone bosons 6,(x)

associated to the three broken generators 7% can be eliminated by a generalised gauge
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rotation

T) =ex Z,Ga(x)r_“ 0
¢(z) = exp(i— =) (%(HH@:)))' (2.33)

This gauge transformation will be absorbed by the the three massive gauge fields.
The real field H(x) is the physical Higgs scalar which still awaits its experimental
discovery.

The mass eigenstates of the gauge bosons are linear combination of the W[f and
B,,. They constitute the physical gauge bosons of the weak interaction Wj and ZS

and the photon A, and are given, with their respective masses, by

W = %(Wj TFiW2), My:= %gv,
7% = cosf,W? —sinb, B Mzo = My
K a - cos0,,’
A, = sinf, W) +cosl, B, Ms=0, (2.34)

where tan 6, = ¢’/g defines the weak angle 6,,.
The standard model of particle physics has a number of intriguing properties that

explain why it took so long to complete it:

e All fermions are in the fundamental or in the one dimensional representation of the

gauge group.

The representation of SU(3) is vectorial, so the gluons couple in the same way to

left- and right-handed quarks. Leptons are colour blind.

SU(3) is an unbroken colour group, since the Higgs scalar is a colour singlet. Its
representation commutes with the quark mass matrix and all quarks in each
colour triplet have the same mass. Since the colour is unbroken this mass

relation stays untouched by the renormalisation group flow.

The fermion masses are non-degenerate, the only exception being the colour de-

generacy of the quark masses in the colour triplets.

The left fermions are SU(2) doublets and the right fermions are singlets. Parity is

broken maximally by the weak interaction.

The Higgs scalar is an isospin doublet and hence the gauge group is broken and

the gauge bosons Wj and ZS aquire masses.
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e The photon is massless and couples vectorially.

It takes a good deal of fine tuning of the representations and the hypercharges to
achieve all these features, especially the last one. Most of the choices are completely

ad-hoc and have to be carefully adjusted to match the experimental data.

2.6 General Relativity

In the classification of almost-commutative geometries, following in the later chapters,
the aspect of general relativity will play the role of a mediator only. Therefore a short
and rather incomplete account shall be sufficient, for an introduction see [9].

General relativity will be regarded as a theory of the dynamics of spacetime itself.
It is thus not necessarily Einsteinian general relativity but may be any background
independent or diffeomorphism invariant theory of the dynamics of Riemannian or
pseudo-Riemannian manifolds. For the moment only the Einstein-Hilbert term will
be taken into account, but in the noncommutative setting extra terms will appear in
the Lagrangian.

The dynamical fields in general relativity are the components of the metric tensor
g of the spacetime manifold M with respect to coordinates z#. If one starts out
with a flat 4-dimensional Minkowski space, with signature (+, —, —, —) and metric
N, With respect to cartesian coordinates z#, a freely falling particle on the trajectory

7 (s) will satisfy Newtons equation of motion

d?3*(s)
ds?

=0, (2.35)

where p parametrises the trajectory. A general coordinate transformation z* = (%)
will introduce pseudo forces
d*3*(s) \ dxt dz”

= -I" — 2.36
ds? " ds ds’ (2.36)

via the Levi-Civita connection

1 ) ) )
D = —g | = g, — — 2.
= 597 | It e ™ G| (2.37)
with
1 _1p . oot (x
G2) = T o T (@)% T = 20D, (2.38)
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By promoting g,, to be a dynamical variable the metric will no longer be flat and the
pseudo forces are promoted to real forces. The potential of the gravitational force is
now the metric g, .

Since the energy-momentum tensor 7}, of matter should be the source of gravity,
the dynamics of the metric should also be dictated by 7},,. So a covariant tensor of
degree 2 has to be constructed from g,,. For Einsteinian general relativity this leads

to the celebrated Einstein field equations

1 81G
R, — §R G — Neg = i Ty (2.39)

The curvature tensors involved are:

the Riemann tensor: R),, = 4d,I), — 0.1, +T7,.T,, — T,

UK pET vn prs KN

the Ricci tensor: R, = Rﬁ/\n,

the curvature scalar: R = ¢g"'R,,,,.

A, is the cosmological constant, which from latest observations is positive. The
Einstein field equations can be derived via the Euler-Lagrange variational principle

from the Einstein-Hilbert action

1 2A,
Seulg] = —m/ﬂ4\/§Rd4x BT /M\/§d4x, (2.40)

with the Einstein-Hilbert Lagrangian

1 2A
Low = — e 2.41
o = —Vg (167TGR * 167TG) ’ (241)

where g = detg,,. Combined with the Lagrangian of the standard model 2.29 as
matter source this gives the full classical Lagrangian of all known fermions and all

four forces:

L= Lgy+/gLsu. (2.42)

Here one has to include into the Dirac operator a spin connection, which ensures its

covariance on a curved manifold.
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2.7 The Euclidian Lagrangian

Noncommutative geometry in Connes’ sense requires the Dirac action to be a scalar

product and thus the metric has to be Riemannian, i.e. of signature (4, +,+,+).

With a certain amount of care the combined Lagrangian 2.42 can be Wick rotated to

the Lagrangian L” with Euclidian signature. This rotation results in a change of sign

for the cosmological part, the gauge part, the Yukawa part and the scalar potential

in the Lagrangian. Putting everything together one finds the Euclidian Lagrangian

1 2A
L¥ = — R <
V9 167G + 167G
1 v 1 v 1 v
+Ztr(WWW“ ) + ZBMVB'LL + Ztr(GWG“ )
+i Yy LyDELp+i Y ejiDhel
i=e,u,T i=e,u,T
+i Y QUDEQL+i > upDpuy +i Y djpD3d)
i=u,c,t i=u,c,t i=d,s,b
+(D"p)* Do+ V(9)

+ Z i L3 pely + h.c. + analogous quark terms | .

i=e,u,T

Since the metric is now Riemannian, the Dirac inner product

(4, ) pirac = /M B

goes over into the Euclidian inner product

(wv ¢)Eudid = / 'QZ)*'QZ) d4l‘.

Mguyclid

(2.43)

(2.44)

(2.45)

A further subtlety that occurs is the necessity of a fermion doubling. It is no longer

possible to define mass terms and kinetic terms of chiral fermions by projecting out
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the left- and right-handed part of the Dirac spinor. In the Lorentzian case one has

T4+ 75

1, —
(%, O)oiac = m =L ypdle 4+ m = uds
MLorenz 2 MLorenz 2
— / wR*,yOde4x + / 'l/)L*’YO'l/}Rd4.§C'
MLorenz MLorenz
= (¢R7 wL)DiraC + (%UL, Q7Z}1‘%)Di1"aca (246)

(6, F)pme — /M Frod Tty 4 / ol 5 ity

2 MLorentz 2

= [ ettt [ et
MLorenz

Mtorenz
= (wL7 @wL)DiraC + (wR7 a’l/}R)Dirac- (247)

Since in Euclidian space-time the inner product does not contain 7y, this split is no

longer possible:

('QZ), Qﬁ)EuClid = / ’(/} 47%1/)(:1455 + / w 4T 5 ?/}d4ZL'
Mguciia M

Euclid 2

— / ’l/)L*’l/}Ld4.§C' 4 / wR*wRdllx
MEuclid

MEuclid

= (" ") Buetia + (7, ) Bucta, (2.48)

Ly — gt
G 0)aa = [ vt udtes [ gt Pgate
MEuclid MEuclid

— / @DR*@deZl{L‘ + / ¢L*$¢Rd4x
Mguyclid Mguyclid

= (@ ") puctia + (", P Buctia- (2.49)

To cure this shortcoming, the left and right spinors are treated as independent ob-
jects. Their appropriate interactions are put in by hand and after Wick rotating
to Minkowski space and reintroduction of the Dirac inner product the superfluous

degrees of freedom are projected out.






Chapter 3
Noncommutative Geometry

The aim of this chapter is to repeat the derivation of Einstein in a generalised way.
Gravity turned out to be nothing but a pseudo-force having its origins in coordinate
transformations and one is tempted to include the two forces of the standard model,
the electro-weak and the strong force, into this framework. This program necessitates
a fundamental twist in the way one should see the measurement of length. Since 1983
the meter is no longer defined to be rod made of a 90% platinum and 10% iridium
but as the distance the light travels in vacuum in 1/299792458 second. So geometry
should consequentely be renamed chronometry. The entities used to define a second
are nothing but the excitation states of fermions, i.e. electrons, bound in a potential
such as a caesium atom. Consequentely geometry should be viewed with the eyes of a
fermion and one could ask the question: How would an electron do general relativity?
This point of view is essentially the same as Marc Kac’s famous question: Can one
hear the shape of a drum? The ear is replaced by a fermion and the shape of the
drum is space-time, or now more correctly time-space.

In the realm of classical differential geometry the playground to describe spinors
and their dynamics in curved space is a Riemannian or pseudo-Riemannian spin
manifold. A spin manifold can be thought of as a manifold which admits a spinor
bundle or spin structure, i.e. it is possible to associate to each point of the mani-
fold a spinor space in a continuous way. For technical reasons the manifold will be
taken to be compact, to allow discrete eigenvalues for the Dirac operator, Riemannian
(with Euclidian signature) and orientable. In the models studied below it will always
be possible to Wick rotate the final theory to a pseudo-Riemannian manifold with
Minkowskian signature. The manifold will be taken to be 4-dimensional since this

appears to be the dimension chosen by nature. Most 4-dimensional, orientable com-
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pact Riemannian manifolds will allow a spin structure, examples being the 4-torus
and the 4-sphere. In fact all parallelisable manifolds are spin manifolds.

Now it is time to change the point of view and leave the basic ingredients of classi-
cal differential geometry behind. Instead of a manifold, its metric, and spin structure
the new actors will be the C'*°-functions on the manifold, the Dirac operator and the

fermion. The inspiration for this translation is drawn from quantum mechanics.

3.1 Riemannian Spinmanifolds as Spectral Triples

Starting out with the phase space Mp of a classical system S, a classical observable is
defined to be a differentiable function f on Mp. Time is considered to be a separate
parameter. An example would be R? being the phase space of an harmonic oscillator
with its total energy as an observable. These observables form an algebra A =
C>(Mp) which is real, unital, involutive, associative and commutative. Observables
can be added, multiplied among themselves and multiplied by real numbers. The
involution * is trivial in the sense that a* = a for any a € A. Position and momentum
should also be thought of as elements of the algebra of observables and not as points
in phase space. So it is A that has a real physical significance and not Mp itself.
Passing over to quantum mechanics the algebra A is made noncommutative by
endowing it with a commutation relation for the position observables z;, 7 =1,2,3

and the momentum observables p;,
[, pi] = ih1dy;, (3.1)

where 0j; is the Kronecker delta and 1 is the unity of the algebra. Time is still a
separate parameter and not an observable. The algebra is real, associative and the
involution (hermitian conjugation) is a map from the algebra onto itself with the

following properties:

(ab)* = b*a”,
1" = 1 and
a” = a. (3.2)

An immediate consequence of the noncommutativity in equation 3.1 is that the notion
of an underlying phase space looses its meaning. Instead one could think of a space

consisting of cells, the size of which is determined by an uncertainty Az; and Ap,
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of the “points”. To define such an uncertainty Aa of an observable, it is necessary
to faithfully represent the algebra on a Hilbert space of wave functions H via a
representation p. The last ingredient one wishes to add is dynamics via a self adjoint

observable H* = H € A and the Schrodinger equation:

(1, %) = pUHYO(1, %), (LX) € Ho (3.3)

The subscript ¢ on the Hilbert space is to indicate that time is just a parameter, not
an observable.

Passing over to special relativity Dirac realised that the treatment of fermions
requires a different setting. Instead of wave functions the Hilbert space contains

spinors and the Schrodinger equation is replaced by the Dirac equation

J =0. (3.4)

The Dirac operator @ is no longer a self adjoint observable but a first order differential
operator acting on the Hilbert space. In Euclidian space-time it is a self adjoint
operator. Curvature can be included by adding a spin connection iy*w, to the Dirac
operator. It is the equivalent of the Levi-Civita connection Ffw in the tangent bundle.

Following this line one constructs relativistic quantum mechanics, the question
is now, can one invert this derivation? In other words, given an algebra, a Dirac
operator and a Hilbert space to act on, is it possible to recover the phase space or
the configuration space? Or put even differently, given an electron, and a set of
observational data, as complete as possible, can one reconstruct the local structure
of space-time?

The answer to these questions was given by Alain Connes and it is: Yes, under
some assumptions. It is possible to define a compact Riemannian spin geometry on
the basis of a real, associative, unitary algebra with involution A represented on a
Hilbert space H and a self adjoint operator D, called the Dirac operator. The set
(A, H,D) is called a spectral triple. It allows an axiomatic approach to geometry,
which is completely equivalent to classical differential geometry. The easiest access
is by giving the axioms and relating them to the geometrical properties they reflect.
Since the main interest in this thesis lies in an Euclidian version of space time, i.e. a 4-

dimensional compact Riemannian spin manifold, this will be the calibrating example.
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Even, real spectral triples; the ingredients: An even, real spectral triple con-
tains all the necessary information to reconstruct an even dimensional compact Rie-

mannian spin manifold, see [4]. Five items are needed:

First item: A is a real, associative, unital, commutative algebra with involu-
tion. Commutative matrix algebras which represent point spaces are excluded for
the moment, they will serve as a simple example later, when finite geometries are
treated. For a compact manifold M it is the algebra C*(M) of arbitrarily often dif-
ferentiable functions with complex values. The involution is complex conjugation. If
A is commutative it encodes the topological information of an underlying space. For
example the property wunital of the algebra corresponds to the property compact of
the space. The algebra plays the role of the algebra of coordinates of the manifold
or equivalently the algebra of classical observables. Commutativity is not necessary
for the consistency of this axiomatic approach, this will be vital later on. A short
dictionary of translations from the algebra C*°(M) to topology the of M is given in
the following table.

Topology Algebra
topological space M real, associative, involutive algebra A
continuous proper map morphism
homeomorphism automorphism
compact unital
metrisable separable
open (dense) subset (essential) ideal
closed subset quotient algebra

The mathematical details are based on the theorem of Gelfand and Naimark which
can be described in a sloppy way by “inverting” the idea of a function on points x of

the space. Instead the points are seen as states 0, acting on functions a,
a— 0z(a). (3.5)

The points x of the space M are recovered from the algebra A = C>°(M) via the pure
states of the algebra. A state § of an algebra is a linear form on A that is normalised,
0(1) and positive §(a*a) > 0 for all a € A. If a state cannot be written as a convex
combination of states it is said to be pure. The pure states of the algebra are in

one-to-one correspondence with the points of the topological space M.
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To refine the geometric information one has to pass from a toplogical space to
a manifold, here to an orientable even dimensional Riemannian spin manifold. To
achieve this the space has to be equipped with a metric, an orientation and a spin

structure. For the translation into the spectral language four more items are needed.

Second item: H is a Hilbert space on which the algebra A is faithfully rep-
resented via a representation p. This is inspired by quantum mechanics where ob-
servables, here the elements of the algebra, are operators acting on a Hilbert space.
In the case of a Riemannian spin manifold, H = £2(M,S) is the Hilbert space of
complex, square integrable spinors 1) on M. Since M is taken to be 4-dimensional
the spinor is locally a column vector ¥ (z) € C* x € M. The representation of the

algebra of functions C*°(M) is simply by pointwise multiplication:
(p(a)0)(x) = a(@)b(x), a€C(M)and ¥ € H. (3.6)

Third item: 7D is the Dirac operator. It is a self adjoint operator D* = D
with compact resolvent. This operator furnishes the geometry of the space M with
a differential structure, it plays the role of the metric, encodes the dimension of
the space and will of course determine the dynamics of the fermions via the Dirac

equation.

Fourth item: J is an anti-unitary operator on H with J? = —1, in four dimen-

sions. It is called the real structure and can be identified with the charge conjugation
operator C' from particle physics. It permutes particles with antiparticles and in the

case of the 4-dimensional Riemannian spin manifold it is given by

—1

J = C =~"4% o complex conjugation =

oS O = O
o = O O

—1

Fifth item: 7y is a unitary operator on H with x? = 14. It called the chirality
and is for the calibrating example identical with the chirality operator 5 from particle

physics:

1, 0
X=7%="7v*= " . (3.8)
0 1,
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These five items have to fulfil a number of axioms which ensure that all the prop-
erties of the compact Riemannian spin geometry can be properly recovered. These

axioms are:

[D, p(a)] is a bounded operator for all a € A and [[D, p(a)], Jp(a)J '] = 0 for all
a,a € A. This is the first order condition. It is the algebraic way to ensure

that D is a first order differential operator on a Riemannian spin manifold.

Regularity. This axiom states that the elements of the algebra are differentiable.

This is of course always the case for the algebra C>(M).

Orientability. This axioms states that there exists a Hochschild cycle ¢ such that
X = p(c). This is the algebraic notion of orientability and the manifolds con-
sidered here will always be taken to be orientable. It also relates the chirality

x to the volume form.

Poincaré duality. In ordinary differential geometry the Poincaré duality ensures
that there exists a nondegenerate pairing between k forms and n — k forms on
compact orientable n-dimensional manifolds. It will allow terms like tr(F),, F*")
in the standard model Lagrangian to have a well defined integral. In noncommu-
tative geometry this duality is promoted to an axiom. The algebraic translation
is far more involved and digs deep into K-theory. The statement is that the
intersection form N : K,(A) x K,(A) — Z is nondegenerate. K,(A) is a col-
lective notion for the algebraic K-groups. For the purpose of this thesis it is
sufficient to state that compact, orientable Riemannian spin manifolds always
satisfy the Poincaré duality. In the case of finite geometries it will take a par-
ticularly simple form that will serve as a major ingredient for the classification

program.

e [p(a),Jp(a)J~1] = 0 for all a,a € A. This axiom ensures that the Hilbert space

can be treated as a bimodule with p(a) as left multiplication and Jp(a)J ™! as

right multiplication.
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e [y, p(a)] =0 for all a € A which allows the decomposition of the Hilbert space into
left- and a right-handed spinors H = Hj & Hg. The left-handed spinors are
the eigenspinors of y corresponding to the eigenvalue —1 and the right-handed

spinors are the eigenspinors corresponding to the eigenvalue +1.

e [D,J] =1[J,x] ={D,x} = 0. These properties ensure that particles and antipar-
ticles share the same dynamics and that chirality does not change under time
evolution. From the geometric point of view they guarantee, together with the

two preceeding axioms, that the manifold is real.

Now the five actors are chosen and the stage is set by the axioms. The play
of physics and geometry can take place. The collection (A, H,D,J,x), fulfilling
the axioms given above, is what Connes calls an even, real spectral triple. It is
most important to note that neither the algebraic data given by the spectral triple
nor the axioms require the algebra A to be commutative. A spectral triple with a
noncommutative algebra will be called a noncommutative geometry. In the case of a

commutative algebra Connes reconstruction theorem holds:

Reconstruction theorem (Connes 1996 [4]): Consider a real, even spectral
triple (A, H, D, J, x) whose algebra A is commutative. Then there exists a com-
pact Riemannian spin manifold M (of dimension 4 mod 8), whose spectral triple
(C>®(M), L*(M,S),d,C,~s) coincides with (A, H, D, J, x) whose algebra A.

Here the case with dimension 4 is completely sufficient and the axioms are adjusted
to reproduce exactly this dimension. It is of course possible to formulate axioms for
any even dimension, including dimension zero. To achieve this, only the signs of
some of the commutation relations and the squares of J and y have to be altered.
For a more detailed account on the reconstruction theorem and its mathematical
foundations, the Costa Rica book [17] should be consulted. In the following some
of the most important geometric properties will be reconstructed from the algebraic
data.

Differential forms: A differential form dp(a), a € A, of degree one is defined

as

dp(a) = —i[D, p(a)). (3.9)
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For the case of a flat Riemannian spin manifold the Dirac operator is the ordinary

Dirac operator
D=¢@= ivo,. (3.10)
The differential dp(a) is then

(dp(a)y)(x) = —i[@, a(z)](x)
= Y0u(a(z)(z) — y*a(x)du(z)
= ~Y*(0,a(x))yY(z). (3.11)

Identifying v* with dz* one recovers the usual differential of a(x).

The metric: It is possible to recover the metric of the manifold via Connes’
distance formula. One should remember that the points x on the manifold M are the
pure states of the algebra d,. In the case where the algebra is simply the algebra of
C*>-functions on the manifold, the pure states are given by the Dirac distributions.

The distance formula for two pure states d, and ¢, is simply
sup{|d;(a) — d,(a)|; a € A such that||[D, p(a)]|| < 1}. (3.12)

This is certainly well defined, since by definition ||[D, p(a)]|| is a bounded operator.
For an explicit example the simplest compact oriented Riemannian spin manifold is
instructive: The unit circle S*. The Dirac operator is D = id/dx and the algebra
of functions C*(S') acts faithfully on a wave function ¢ € £*(S!) by pointwise
multiplication (p(a)y)(z) = a(z)y(x). The operator norm is defined as

[P, pla)}¥]

m = sup,|a’(z)], (3.13)

1D, p(a)]|| = supy,

with the scalar product

o = [ St (3.14)

From the distance formula 3.12 follows with d,(a) = a(z) the geodesic distance on

the circle,

sup,{|a(z) — a(y)]; sup,|a’(z)| < 1} = |z —yl. (3.15)
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The dimension: From Weyl’s spectral theorem it is well known that the eigen-
values of the Laplace operator A on a compact manifold M grow asymptotically as
n?/4mM  The same holds for the eigenvalues of the Dirac operator, which is in a
sense the “square root” of the Laplacian. Here the eigenvalues grow as n/4™M  Thus
the dimension of the manifold is a local property, determined by the asymptotical
behaviour of the eigenvalues of the Dirac operator. Only the high energy part is of
interest and this is in nice agreement with the picture of the electron “feeling” the

geometry of space-time.

3.2 General Relativity II

To repeat Einstein’s derivation of general relativity it is necessary to translate the
notion of a general coordinate transformation or diffeomorphism ¢ on the manifold
M to the spinor space. The first thing to note is that the diffeomorphisms & of
a compact manifold M are in one-to-one correspondence with the automorphisms
o of the algebra C*(M). From now on ¢ will be used for diffeomorphisms and
automorphisms.

Following Connes program these automorphisms Aut(.A) have to be lifted to the
spinor space £?(M,S). This lift L(o) is possible for automorphisms close to the
identity. It is double-valued [18, 27] and acts on spinors ¢ € £L?(M,S) in a coordinate

neighbourhood as

(L(o)¥) () = (S(A(0, 9))lo-1@) (0™ (2))). (3.16)
with
S :80(4) — Spin(4) A=expwr— exp(%wab[ya, 7). (3.17)

The Lorentz transformation A and the Jacobian matrix J are given by

Mool = VT T00 /o] gy, =20 @iy

oxH

and ¢ is the metric tensor. This lift is unique infinitesimally [6] and its double
valuedness has for the case of Pauli spinors been verified experimentally in neutron
interferometry [11].

Starting out with the flat Dirac operator D = @, pseudo forces will be introduced
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in a covariant way by writing @ in curved coordinates with the lifted automorphisms:

L(o)@L(0) ™! = ie, 1rv" [8;; + s(wu)} , (3.19)

1

where the vierbein e ™ = 7 J7 is a symmetric matrix. It is the spinor equivalent

of the metric tensor. This equation corresponds to equation 2.36, where the spin
connection w,, is the gauge transform of the Levi-Civita connection I'. It has an
explicit expression in terms of the vierbein e:

1 [0e;,  Oel dem

v m a  —la —1v

e, — o b (3.20)

a J—

wb“(e) " 2|0z, ox,, + e oz, “

Since 3.2 is just the flat Dirac operator in curved coordinates the forces are still
pseudo forces. To impose the relativity principle means to promote the equivalent of
the metric tensor, the vierbein e}, to an arbitrary invertible symmetric matrix e(z)
depending smoothly on x.

The procedure just described has some shortcomings. It would be much more
satisfactory if the act of promoting the vierbein to an arbitrary matrix, i.e. “curving”
the flat Dirac operator, could be handled in a more “linear” way. Therefore the

following conjecture is presented:

Conjecture: On a compact Riemannian spin manifold any Dirac operator /D
can be obtained from an arbitrarily chosen initial Dirac operator D by a finite linear

combination of generalised coordinate transformations:

I'D =Y "rL(c;)DL(0;)"", r; € R, 0; € Aut(A). (3.21)

J

These Dirac operators /D will be called fluctuated Dirac operators.

For this conjecture no proof is known yet. But it has been inspired by a theorem

of Moser [16] which says:
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Theorem: Let M be an orientable, connected, compact, n-dimensional differ-

entiable manifold (without boundary). Let w,n € Q™ be volume forms with

/MWZ/MT]' (3.22)

There exists a diffeomorphism o : M — M such that c*w = 7.

This theorem states that the very rough geometrical notions of a volume form and the
volume itself are determined by the diffeomorphisms of the manifold. The propsition
is intended to be in the same spirit. Simple calculations show that linear combina-
tions of two Dirac operators in different coordinate systems produce readily curvature
and torsion. One should note that it is not possible to build linear combinations of
metrics.

For a compact Riemannian spin manifold M the dynamical configuration space

of all Dirac operators is now defined as

F = {fD = erL(aj)DL(aj)*l, r; €R, 05 € Aut(.A)} . (3.23)

J

F is an affine space that contains all the possible Dirac operators on M. To persue
Einsteins derivation of general relativity further it is necessary to define the dynamics

of the Dirac operator itself, in the same way the metric became a dynamical variable.

The spectral action: As mentioned, a positive functional on the set F of
Dirac operators is needed to obtain the dynamics of the gravitational field. This is
the celebrated spectral action Sy : F — R, due to Chamsedinne & Connes [1]. It is
motivated by the modern unit of time in terms of the frequencies of atomic spectra,
and as a bonus it is diffeomorphism invariant.

Sx[/D] is simply the number of eigenvalues A of /D counted with their multiplicities
up to a cut-off A such that |A| < A. Since only the high-energy behaviour is of
experimental interest, the asymptotical behaviour for A — oo has to be computed.
This can be done by introducing a sufficiently fast decreasing regulator function
h : Ry — R,. Since the Dirac operator anticommutes with the chirality its spectrum

is even and it is sufficient to consider only the positive operator / D, The asymptotic
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f 2
. (3)
AQ

If one replaced the differentiable function A by the discontinuous characteristic func-

spectral action is given by

SK/D] = tr (3.24)

tion of the unit interval one would recover S). The asymptotic functional can be
approximated with the well known heat kernel expansion. For the 4-dimensional

Riemannian spin manifold M one finds:

1 VN
Si'D] = //\/t { 167rG<2Ac a R>} det(gu)d'
+ / a(5R* -8R, R*™ — TR, TR“”AT)\/det(g J)d'x
“ ( " HUA H”

+ O(A™?), (3.25)

where the cosmological constant is

h
A, = 2A2, (3.26)
ho
Newton’s constant is
G = 3T p- (3.27)
heo
and
hy
= —. 3.28
“ = 57607 (3.28)
The regulator function only enters through its first three moments
ho :/ wh(u)du, hy = / h(u)du, and hy = h(0) (3.29)
0 0

and is in this sense universal. For a small curvature the square terms of the curva-
ture tensors in 3.25 can be neglected and the Einstein-Hilbert action with a positive
cosmological constant is recovered. The square terms of the curvature tensors are
proportional to the square of the Weyl tensor €, -, up to the Euler characteristic

which is a topological invariant and does not depend on the metric. In Schwarzschild
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and Robertson-Walker space-times the Weyl tensor vanishes identically.

Up to now the whole derivation of Euclidian Einsteinian gravity has been retraced.
And again it was never necessary to take the algebra A of the spectral triple to be
commutative. Thus in view of quantum mechanics the next step will be to investigate
noncommutative spectral triples and include them into the framework presented so

far.

3.3 Finite Spectral Triples

General relativity is a diffeomorphism invariant theory. One of the main inspirations
to pass over to a noncommutative regime is the desire to unify the symmetries of
the standard model with those of general relativity on the same footing. It is not
possible to do so within the frame work of classical differential geometry, i.e. there
are no manifolds that possess at the same time the diffeomorphisms and a product
of finite simple Lie groups as a symmetry group. This is due to a theorem of Mather,
for details see [5]. To pave the way towards a unified view of symmetry the focus
should be turned firstly to spaces with those finite Lie groups as symmetries.

Since the symmetries of spaces represented by spectral triples are the automor-
phisms of the algebras, matrix algebras will serve as the first noncommutative exam-
ples. These spectral triples will be called finite spectral triples or finite geometries.

The ingredients and axioms for a finite spectral triple resemble closely those of
a spectral triple stemming from a Riemannian spin manifold, [3, 4]. Since the main
interest of this thesis is particle physics, one extra condition will be added, the so
called S°-reality. It will ensure that the Hilbert space of fermions can be decomposed
into a particle and an antiparticle part and is encoded in an unitary operator e. A

spectral triple solely based on a Riemannian spin manifold can never be S%-real.

Real, S%-real, finite spectral triples; the ingredients: An real, S%real, finite
spectral triple does not represent a manifold or any kind of classical space if the
algebra is noncommutative. Like the phase space in quantum mechanics can no
longer be described by points, but instead has to be “imagined” as a space consisting
of “cells”, the idea of an underlying space has to be abandoned. The power of
noncommutative geometry is that these “spaces” can still be adequately handled

within the setting of a spectral triple. Only minor changes are necessary.
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First item: The algebra 4, is again real, associative, unital and has an involu-
tion. The subscript f indicates the finite nature of the algebra. It is necessarily the

direct finite sum of matrix algebras,
Ap = My, (Ki) © My, (Ko) @ - - - ® My (Ky), (3.30)

where K; is either the field of real numbers R, the field of complex numbers C or
the field of quaternions H. The subscript n; of the matrix subalgebras indicates the
matrix size.

These matrix algebras are in general noncommutative, the only commutative ex-
amples are diagonal matrix algebras over the real or complex numbers. As in the
commutative case it is possible to define states and pure states as positive function-
als on the algebra. For commutative matrix algebras the finite set of pure states has
an interpretation. It is a set of points, where the distance between the points can
be calculated with Connes’ distance formula 3.12, the so called n-point spaces. For

noncommutative matrix algebras all such interpretations fail.

Second item: The Hilbert space Hy is determined by the representation p of
the algebra A;. In general it is of the form cV , a direct sum of irreducible spaces
C™), each being the representation space of a fundamental representation of a simple
summand Ay = M,,(K;). The convention is (n) = n for K = R,C and (n) = 2n for
K = H since the quaternions are represented as complex 2 X 2-matrices. As the axioms
for a finite spectral triple will allow a more lucid consideration of the representation

this topic will be postponed until everything is established.

Third item: The Dirac operator Dy is again a self adjoint operator. It has a
simple structure being a fixed N x N-matrix acting on the Hilbert space H ;=C".
The finite Dirac operator will be interpreted as the fermionic mass matrix. Again the

structure of the Dirac operator can be largely simplified with help of the axioms.

Fourth item: The real structure J; is an anti-unitary operator on H; with

J]% = Laimp,- It permutes particles and antiparticles.

Fourth item: x; is a unitary operator on H; with X% = Laimn,-

Fifth item: The S%real structure € is an unitary operator acting on H; with

€2 = Lgimp- It allows to distinguish between particles and antiparticles and interdicts
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Majorana-Weyl fermions.

The axioms for a finite spectral triple are the same as in the Riemannian case, up
to a few signs. Two additional commutation relations for the S%real structure are
introduced and the orientability and the Poincaré duality can be cast into a simple

form:

o [Jr, Dyl = [Js, xs] = {x, Ds} = 0 ensure again the triple to be real.
e [c, D] = 0 ensures the S-reality.

e [e,p(a)] =€, x7] = 0 and {¢, J;} = 0 allow the Hilbert space to split into a particle
part and an antiparticle part. Together with the commutation relation for the
chirality this it can be written as a sum of left, right, particle and antiparticle

subspaces:
Hy=H, ®Hr ®H} ©Hg. (3.31)

Consequentely the representation also decomposes

p. 0 0 0
0 0 0

p= Pr 7 (3.32)
0 0 5 0
00 0

From € = 1gimp, follows that the eigenvalues of € are +1 and —1. They

correspond to the particle and antiparticle spinors.

e Orientability. For matrix algebras A; this axiom reduces to the requirement that
there exist a finite number of elements a;,b; € Ay such that y; can be written

in the form

Xf = Z/)(ai)pr(bi)Jfl- (3.33)

e Poincaré duality. The nondegenerate intersection form can now be given explicitely:

N = tr(Oxr p(i) Jrp(ps) 7 1), (3.34)
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where

pi=00..0006me08..00€c Af (3.35)

is a projector with m; a minimal projector of the respective matrix subalgebras
in the ¢-th summand and zero otherwise. For a 3 X 3-matrix algebra over the

real or complex numbers the minimal projector would be

(3.36)

o R
o O O
o O O

whereas a 2 x 2-matrix algebra over the quaternions would have

1, 0
<0 0). (3.37)

These are the only minimal rank projectors, up to unitary equivalence. Nonde-

generacy of the intersection form is of course equivalent to det(N;;) # 0.

Putting together the axioms some basic matrix manipulations lead to further

simplifications. The real structure, the chirality and the S%reality can be written as

O 1 imH¢$ imH$
Jp = (AP R ) o ¢ e (3.38)
L (dimHy,+dimHg) 0
—Ldim#, 0 0 0
0 Laim 0 0
X; = dntn (3.39)
0 0 —Laimre 0
0 0 0 Limnes,
and
Taim3, 0 0 0
0 Lgim 0
- ampe 0 (3.40)
0 0 —Ldimme 0
0 0 0 —Ldimps,

It follows also easily that dimH; =dimH{ and dimHp =dimH$%. From this, one can
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deduce the general form of the Dirac operator

0O M 0 0
* 0 0 0
Dy = M 1, (3.41)
o 0 0 M
0O 0 M 0

where M is an arbitrary complex dimH ; xdimH g-matrix.

The metric: It is possible to define a consistent geodesic distance on a finite
spectral triple. The distance formula is the same as in the Riemannian case. A
simple example is the two-point space, where the algebra is commutative. The whole

spectral triple is given by

Af =C,®Cr> (CLL,CLR), Hf:([:4

ar, 0 0 0 0 m 0 0
0 0 0 o0 0 0
p = aR 3 Df — " I m E C
0 0 ag O 0 0 0 m
0 0 0 ag 0 0 m O
(3.42)
0 1, ) .
Jf - 1 0 ©cC.C., Xf :dlag(_1717_171)7 Ezdlag(Ll’_l’_l)'
2

This algebra has two pure states d;(ar,ar) = ar, and 0g(ar,ar) = ar which may
be interpreted as the two points of the space. The distance between them is readily

calculated via Connes’ distance formula 3.12 to be 1/|m].

The dimension: Since the Dirac operator is a matrix of finite dimension it has
only a finite number of eigenvalues. The spectral dimension is zero, which is rather
intuitive if one thinks of the previous example. It should be noted that it becomes
possible to use the full geometric machinery even on spaces which are only sets of

points or on algebras which states do no longer represent points of any classical space.
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The automorphisms of the algebra: All the automorphisms of matrix alge-

bras connected to the unity element are inner, i.e. they are of the form

iya = uau* a € Ay, (3.43)

where

uelUU(Ay) ={ue As|lu'u = uu* =1} (3.44)

is an element of the group of unitaries of the algebra and 7 is a map from the unitaries

into the inner automorphisms Int(Ay)

i:U(Ay) — Int(Ay)

U . (3.45)
In the kernel of ¢ are the central unitaries, which commute with all elements in Ay.
These inner automorphisms Int(Ay) are equivalent to the group of unitaries U(Ay)
modulo the central unitaries U°(Ay). For the possible sub-matrix algebras one has

the following list of unitaries, central unitaries and inner automorphisms:

A U(A) U(A) Int(A) =U(A)/U(A)

R Z Z 1y

C U(1) U(1) {1}

H USp(1) = SU(2) Z, > +1, SU(2)/Z,
M,(R), n >2 O(n) Zy > %1, O(n)/Z,
M,(C),n >2 U(n) U(1) sexp(i0)1,, | U(n)/U(1) = SU(n)/Z,

6 € [0,2m)
M,(H), n > 2 USp(n) 7, > £1,, USp(n)/Z

The Abelian algebras R and C do not possess any inner automorphisms. Remarkably
the quaternions and the matrix algebras over the complex numbers produce exactly
the kind of inner automorphisms that correspond to the nonabelian gauge groups of
the standard model. Note that the exceptional groups do not appear. They are the

automorphism groups of non-associative algebras.

The lift:
are going to be lifted to the Hilbert space. This lift has a simple closed form [3],

As in the Riemannian case the automorphisms close to the identity
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A

L = Loi ! with

A

L(u) = p(u)Jrp(u)J ", (3.46)

Here two crucial problems occur. The symmetry group of the standard model con-
tains an Abelian sub-group U(1)y. But the inner automorphisms do not contain any
Abelian subgroups by definition. Furthermore the lift is multivalued for matrix al-
gebras over the complex numbers since the kernel of ¢ contains an U(1)-group. Note
that neither the matrix algebras over the reals nor those over the quaternions have
any central unitaries close to the identity. The solution to both of these problems
is to centrally extend the lift, i.e. to adjoin some central elements. One has to dis-
tinguish between central unitaries stemming from the Abelian algebra C and those
from nonabelian matrix algebras M, (C), n > 2. To simplify let the algebra A; be
a sum of matrix algebras over the complex numbers. Furthermore the commutative

and noncommutative sub-algebras will be separated,

N
Ap=C" o P M, (C) 3 (b, ...;bus,cry ooy en), i > 2. (3.47)

k=1

The group of unitaries U(Ay) and the group of central unitaries U°(Ay) are then
given by:

UA) = UMM xU(ny) x .. x Uny) 3 u = (U1, o0y Ung, Wi, ey Wx ),
U(Ap) = UDMN 50 = (vg, e var, Wl oo WS Ty ). (3.48)

For the inner automorphisms follows
Int(Af) = U(A;) JU(A;) 3 u™ = (1, ..., L, wi, ., wi), (3.49)
with w!*inld (M,,)/U(1). The lift L = Loi™! can be written explicitely with

L=p(1, ... wy,...owy) Jyp() I (3.50)

It is multivalued due to the kernel of i, ker(i) = U(Ay). This multivaluedness can be

cured by introducing an additional lift ¢ for the central unitaries, which is restricted
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to those unitaries U"°(Ay) stemming from the noncommutative part of the algebra,

N N N
lwi, ..., wy) = p H(qul)ql’jl""’ H(wJC,M)QM,jM’ H (w§A4+1)q1,jNI+1:ﬂ_n1"“
Ji=1 Jm=l1 Jm+1=1
N
T H <ch'A/1+N)QI’jM+N]l"N Jfﬂ(---)‘];lv (3.51)
Jmyn=1

with the (M + N) x N matrix of charges g ;. The extended lift L is then defined as

A

L(u', w) = (Loi V) (u)l(we), u' €Int(As), w® €U (Ay). (3.52)

In this way Abelian gauge groups have been introduced and the multivaluedness has
been reduced, depending on the choice of the matrix of charges. If one desires a
unique lift one can define a maximal central extension by allowing the whole group
of unitaries to be lifted

Linas(u) := p(u) Jyp(u) J;' u € U(Ay). (3.53)

Written out with the representation 3.32 and the real structure 3.38, a lift reads

pr(u)pg(u) 0 0
) - 0 palwer(s) 0 0
0 A ORI
0 0 Pr(w)pr(u)
Ly(uw) O 0 0
_ 0 Lp(w) 0 0 (354
0 0 Lg(w) O
0 0 0 Lg(u)

with Lp(u) = pr(u)pi(u) = pi(u)pr(u) and Lr(u) = pgp(u)pr(u) = pr(u)pk(u),
by definition. The unitaries v are chosen to produce the kind of central extension
desired. As in the Riemannian case a coordinate transformation of the Dirac operator

3.41 introduces a finite connection H,

Dy =L(u)DyL " (u) =Dy + H + J;HJ; (3.55)
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with H(u) = p(u)[D, p(u™1)] a finite 1-form, which will in the almost-commutative
case be interpreted as the Higgs scalar. For the straight forward derivation of 3.55 only
the axioms for finite spectral triples are used. Equation 3.55 clarifies the geometric
interpretation of the Higgs scalar H, but for calculations it will be more convenient
to work with the field

p(u) = pr(u)pg(u)Mpg(u)pr(u) = L (u) MLg(w), (3.56)

which will also be called Higgs scalar. The whole Dirac operator reads

0 ¢ 0 0
0 0 0

LD,;L ! = 9‘; 0 0 o (3.57)
0 0 % 0

The spectral action: It is clear that for the spectral action, being the number
of eigenvalues of the Dirac operator up to a cut-off, there is no sensible meaning of
asymptotic expansion in the finite case. This is different when Riemannian and finite

geometries are combined in almost-commutative geometries.

3.4 Krajewski Diagrams

There exists a diagrammatic approach to describe all the properties of a real, S%-real
finite spectral triple. It is a slightly tedious but straight forward calculation. This
classification has been done in [21, 22, 25] and [26] in the more general case without
SO-reality. The diagrammatic approach is due to Thomas Krajewski, therefore the
diagrams will be called Krajewski diagrams. In the treatment presented here S°-
reality will be employed from the start on, so the calculations become a little bit
more lucid.

As a further simplification the calculation will be presented for real algebras A

being the sum of matrix algebras over R

N N

Ay =D M (R) 5 a = Pai, (3.58)

i=1

where a; are the fundamental representations of the summands. The generalisation to

algebras with complex or quaternionic entries will be straight forward. Note also that
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in the zero-dimensional case the real structure J; squares to one. Thus Jy = J; = J !

and consequentely ijl will be replaced by Jy.

The representation, the Hilbert space and the chirality: The first step on
the way to a diagrammatic description of the spectral triple is the representation p of
the algebra on the Hilbert space H;. Due to the S%-real structure e, which commutes

with the representation
[p(a),e] =0, forallae Ay, (3.59)

p can be split into the particle representation p” and the antiparticle representation
oA, with p = pP @ pA. Again the complex conjugate of the antiparticle part is

conventional. This split is achieved with the projectors

Laimr, £
Pr/A = %fe (3.60)

In the same way the Hilbert space splits into a particle and an antiparticle part
Hy = Hf D HJ‘?. The real structure acts on the representation by conjugation. It

exchanges the particle and antiparticle part and complex conjugates both

Jsp(a) Ty = J(6" (@) & p3(a)) Iy = p*(@) © pP(a). (3.61)
On the Hilbert space it acts as

JpHy @Hf — Hy
preyt — yYroyP (3.62)
Since JJ% =1 it follows that dime :dimH? and J; can be written as
0 1,
Jp = S (3.63)
jldim?‘l%D 0

One can now choose a representation for the particle and antiparticle part which
fullfills the bimodule axiom, stating that [p(a), Jp(a)J] = 0 for all a,a € A;. A
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convenient choice of basis for the Hilbert space gives the following representation,

N N
p"(a) = p" <@ ai> = @ a; @ Ly, ® 1y, (3.64)
i=1

ij=1
N N
p(a) = p? <EB aj> = @ 1n, ® Ly, ® aj, (3.65)
j=1 ij=1
with the corresponding particle and antiparticle Hilbert spaces
N N
Hy =@PH,~Pcracm o (3.66)
ij=1 ij=1
N N
Hf =P Hi~ PH,=H] (3.67)
ij=1 ij=1

Here 1,,, € M,, denotes the unit matrix of the i-th algebra. 1,,,; encodes the possibil-
ity that the ¢-th and the j-th fundamental representation a; and a; occur m;; times.
By convention 1y = 0. The representation is determined up to chirality by the matrix
(mij) € My(Ng). For p to remain a faithful representation of Ay each fundamental
representation a; has to occur at least once. Any other possible representation will
only result in an exchange of some of the summands of p” and p4. The bimodule
structure of the Hilbert space can be written in terms of the particle and antiparticle

part of the representation as
[p"(a),p*(@)] =0 foralla,ac A;. (3.68)

Since the chirality is a finite sum, see 3.33, and commutes with the S°-real structure

it reads in the chosen basis
xr=x"ex* (3.69)

with
N
X" =x" = P 10, ® Xijlm, @ Ln,. (3.70)
ij=1

The number x;; = F1 indicates whether the Hilbert subspace H;; is left- or right-
handed. With the matrices (x;;) € Mn(Z2) and (m;;) the representation of the
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spectral triple is completely described up to a change of basis of the Hilbert space.
Both matrices can be combined into a single matrix p € My(Z) with p;; = x;mi;
called the multiplicity matriz. The chirality matrix can be recovered from p by
Xij = sgn(p;) and the multiplicity of the representation by m;; = |u;;|. Note that
there is a slight difference in the convention of the matrix (m;;) and multiplicity
matrix g in [21, 22, 25] and [26]. Here (m;;) and g are not necessarily symmetric
which is in contrast to the treatment of Paschke, Sitarz and Krajewski. This is due
to a different choice of the basis of the Hilbert space.

One can ask now if any matrix pu € My(Z) will describe the representation, the
chirality and the Hilbert space of a real, S%-real finite spectral triple. This is of course
not the case, the reason being the Poincaré duality which is in general not respected.
But it is easy to establish a connection between the multiplicity matrix p and the
intersection form N, see 3.34. With the projectors p; and p; from 3.35 the matrix

elements of N are:

Nij = tr (xyp0)Jrp(pr)Jy)

I N N
=t (@ Lo; ® Xiglmg; ® Lo, & €D Lo, ® Xijlm ® Jan)
L \ij=1 b,j=1
N N
X @ Dli & ]]-mij ® ]]-nj ©® @ ]]-nl & ]]-mij ®plj>
i,j=1 b,j=1

N N

i,j=1 i,j=1

Multiplying the respective summands and using the projectors p; and p; to project

on the respective subrepresentations gives

N N
Ny = tr (@ i @ Xijlm,; @ prj @ @ i @ Xij L, ®pkj>

i,j=1 ty=1
N N
= tr (@ Pii @ Xijlm,; @ pm) + tr (@ Pii @ Xijlmy; ® pw) . (3.72)
i,j=1 bj=1

Since only the minimal rank projectors m; and 7, contribute to the trace, 3.72 reduces
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to

ﬂij = tr(Xlk‘ﬂ-l ® j]'mlk ® ﬂ-k) + tr(Xklﬂ'k ® ]]-mkl ® 7Tl)
= XMk tr(m & m) + X e tr(m @ m)
—_—— —_——

=1 =1
= XMk + Xkl = fik =+ Ml (3.73)

So the non-degenerate intersection form can be expressed with the multiplicity ma-
trix as N = p + p'. Conversely any matrix p € My (Z) with dety + p' # 0 depicts
the representation of a real S°-real finite spectral triple with N matrix subalgebras
over R. Including matrix algebras over the quaternions is straight forward. Only
the respective unit matrices in the representation and the chirality, as well as the
size of the respective Hilbert spaces have to be doubled. Introducing matrix algebras
over the complex numbers needs a bit more care, since these algebras have two irre-
ducible representations, the fundamental one and its complex conjugate. These two

representations have to be taken into account

N N
pP(a) — P <@ ai) = @ Aie; X ]]'miaijaj X ]]-(n]) (374)

t,j=10,05

N N
pA<a,) — pA <@ a,j> = @ 1) ® ]]_miaijaj ® Aja,, (3.75)

t,j=l0,005

with a;1 = a; and a;n = @; if a; € M,,(C) and (n;) = n; if a; € M,,,(R), M,,(C) and
(n;) = 2n; if a; € M,,(H). Following the previous calculation is now very tedious and

cluttered with indices. The elements of the multiplicity matrix are
[’L’iOéijOéj = Xiozijozj miaijaja (376)

but N = p + it is no longer the intersection form. To calculate the intersection form

one has to sum over the indices which indicate complex conjugation

Nij = Bij Z Niawja, » (3.77)

g, aj

which can also be written as N = i + it with

f="" i, (3.78)

Qa;, a;
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R C H
Nijay Nija; > 0
Nij = Nij Nij = 24, Nijay Nij = 20
i = Hij fli Zaj Hijo flij = Hij

Nicsj Niazzj > 0

Nij = D,

7

B

[1e7%1

flij = D g, Miosj

Hij = Zaiaj Hia;jo;

Nias=1j Nizzj > 0
N=23, Niaj

flij = D . Micij

Nija; Nijay 2 0
Nij =2 30, Nija Nij =40y

flij = D", Hijo,

Figure 3.1: Conditions imposed on N, N, fi and .

Here (3;; is an integer that depends on the pair of algebras (7, j) and originates from
the minimal rank projectors. The orientability 3.33 imposes some extra conditions on
w1 and N, if one or both subalgebras are over the complex numbers. For each possible
pair of algebras (7, j) these conditions and f3;; are given in the table in figure 3.1. To

tighten up the indices, @; is defined as 1 = 2 and 2 = 1.

The contracted multiplicity matrices /i are the first ingredient of the
diagrammatic approach. Any matrix ;i € M(Z) with det(/i+ /') # 0 encodes
all the algebraic data of an real, S°-real finite spectral triple, up to possible
blow-ups due to the complex conjugate representation. The only missing

ingredient is the Dirac operator, which will be treated after an example.
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As a simple example the reduced multiplicity matrix

L= <_01 3) (3.79)

shall be analysed. It corresponds indeed to a spectral triple, since det(fi+ /') = —2 #
0. The particle part of the chirality is

X = (_1>11®11®11€B12®12®11
= -191L,® 1L, (3.80)

For the representation one finds

pladb)’ = a1, 1,001, ®1,
= adbR 1,
p(a@b)A = 11311, ®adPl®1L,Qa
= a® 1, ®als (3.81)

witha®be Ay =A@ B and A =R, C and B = My(R), M>(C) or H. One can now
"un-reduce” or "blow up” the reduced multiplicity matrix to recover all the complex
representation by writing down all the permitted multiplicity matrices p that reduce

to fi. Take for example B = M;(C). One possible blow-up would be

-1 11
u=10 00 (3.82)
0O 00
where the representation reads
pladb)’ = a®1,®1L,001L 0L GbO1L ®1,
= adbdb
pladb)? = 1,231,801, a1, ®1; ®a,
= a®aly P al, (3.83)

with the same chirality as in 3.80.
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The Dirac operator: The last item missing to complete the finite spectral triple is
the Dirac operator. Again the calculation will be shown for matrix algebras over the
real numbers. The changes to allow matrix algebras over the complex numbers and
the quaternions should be clear in view of the previous considerations. In the finite
case the Dirac operator is nothing but a complex matrix Dy € Mgimp(C), subject to
the commutation relations presented in the axioms. Taking the Hilbert space basis
of the previous considerations it is a matter of simple matrix manipulations to show

that from [e, Df| = [J;, Ds| = 0 follows the general form

A0

So Dy splits into two parts, A and A, which are equal up to complex conjugation. The
first acts on the particle part of the Hilbert space, the second on the antiparticle part.
Since the Dirac operator does not mix the particle and the antiparticle Hilbert space
it is sufficient to treat only the particle part A. The Dirac operator anti-commutes
with the chirality, which translates for A to AxY = —xPA. It follows that the Dirac
operator maps the left Hilbert space to the right Hilbert space and vice versa. As a
consequence only spectral triples with left- and right-handed Hilbert subspaces allow
a non-zero Dirac operator.

The best one can do to determine the fine structure of A is achieved by investigat-
ing its action on the Hilbert subspaces qu 3.67 associated to a multiplicity matrix
element fi,,. Remember that each such subspace is equivalent to a tensor product of

finite complex spaces
P o rn m n
H,, ~C" @C"" @ C". (3.85)
One first constructs a projector to project onto these subspaces:

Py = Pp(ﬂp)pA(ﬂq)

N
= P1i®1n, @1, (3.86)

ij=1
with1; =0®...®001,, @0®...80 € A;. Ignoring the zero summands the projector

can be written as

Py=1, ®1,, ®1,, (3.87)
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acting on H' as B,/H' = ng. The projectors satisfy the following conditions:

P, P,=PF, and
Py Prs = 0p0gs PpgPrs. (3.88)

Now the particle part of the Dirac operator A can be split into submatrices A, s

mapping the Hilbert subspace HE, to HE

pg?
Apgrs = PpgAP,. (3.89)
The major constraint on these submatrices is the first order axiom

D, p(a)], Jgp(a)J] =0, for alla,a € Ay, (3.90)
which must of course hold for particle part

1A, p7 ()], p*(@)] =0, for alla,a € Ay;. (3.91)

Choosing for a = 1, and for a = 1, leads to

(A, p"(1,)], p*(1)] = [(Ap (L) — p7 (1) A), p* (1))
= ApP(1,)p" (1) — p* (1) Ap" (1)
p" (1) Ap™ (1) + p™ (1) " (1,) A (3.92)

Using the definition of the projectors 3.86, this gives

0 = AP, —p*(1,)Ap"(1,)
—pP (1) Ap?(1,) + PhA. (3.93)

Multiplying 3.93 from the left with P,, and from the right with P, while keeping in
mind that P pf (1) = 0,0 Poy, Pogp™(1s) = 045 Ppy and Ay s = PpyAP,, one finds

qu,rs = _5pr5qupq,rs + 5p35T3qu,rs + 5qrésrqu,rs
= (=0 Bgs + GpsOTS + Ggr 05 ) A . (3.94)

It follows that Ay, ,s # Oonly if p =rand ¢ # sorifp # rand ¢ = s. A, ,, = 0 since
the Dirac operator has to map between Hilbert subspaces with different chirality. To
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pin down the shape of A, ,, = 0 consider the case with p # r and ¢ = s. Applied to
a spinor " € HY

quarqu = qu,rq@brlj] — 71011;17 (3.95)

where

Vg €Ml ~C"@C™ @C™ and
Ypg € ML, ~C™QC™ ®C™ (3.96)

with Hﬁ] and qu being of opposite chirality. One deduces that A,,,, has the general

form
APQJ"Q = M(nr~mrq)><(np~m,~q) & anan (397)

where M n,m,o)x (npmrg) € M, mug)x (npmrq) (C) and /\;lnqan € My, xn,(C). The rect-
angular matrix M connects the first two entries in the tensor product of ,, and 1,
and M the third. Applying the first order condition to Apq.rq for arbitrary algebra

elements a,a € Ay gives

[Apgrg: 7 (@), p2@)] = [(Apgrgp” (@) = p (@) Apgrg; (@)
qu,rqpp(a)pA(d) - PA(d)qu,rqu(a)
_/)P<G)qu,rqu(d) + pA(d>pP<a>qu,rq- (3.98)

Using the projective property of A, ,, and leaving out the algebra elements projected
to zero leads with 3.97 to

[Bpara: (@) pY@] = Myt (@ © Tm,,)

— (tp ® Ly, ) My e (mreme)]

® [ananaq - aq/\?lnqan}

0. (3.99)

Since this has to be true for any element a,, a, and a, of the subalgebras it follows
that anan =1,,. And so

Apgrg = Mnpmeg)x(npmrg) @ L, (3.100)
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and by the same line of reasoning
ADpgps = Ln, ® Mngmp)x(nsmps)- (3.101)

With the self-adjointness of A, it follows immediately from A, .q : HE, — HP , that
Apgrq - Hig — Hiy.

So, translating everthing into the language of the multiplicity matrix means that
Apqrq can connect Hilbert subspaces corresponding to the matrix elements i, and
fipg if 7 # p and sign(f,,) #sign(f,,). The second possibility A, ,s can connect

Hilbert subspaces corresponding to the matrix elements i, and fi,, if p # s and

Sign(flps) #sign(fpq)-

Putting together the previous conclusions with the notion of the multi-
plicity matrix the Dirac operator may be depicted by joining two elements
of /i of opposite sign within the same row or the same column with a line.
To avoid superfluous algebra representations any non-zero element of the
multiplicity matrix has to be connected to an element of opposite sign via
the Dirac operator. These Diagrams that encode all the information of a

real S%real finite spectral triple are called Krajewski diagrams.

It is evident that a given multiplicity matrix £ will in general allow several different
Dirac operators. By construction all of them will be in accordance with the axioms
of a finite spectral triple.

Applying this to the example 3.79 one finds for the contracted multiplicity matrix
one possible Dirac operator, joining fi1; and fi;2. So the corresponding Krajewski

diagram is

a b
a —1—2
b 0 0

The algebra elements a, b corresponding to the entries of [i;; are written out explicitely

over the corresponding row or left of the corresponding line. The Dirac operator can
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be written off as

0 M 0 0

p_ M 0 0 0 (3.102)
0 0 0 M
0 0 M

with M € My,1(C). A further simplification that will become handy when multiplic-
ity matrices with small numerical entries are treated, is the introduction of the arrow
notation. An arrow unifies two multiplicity matrix entries fi;; = —1, fi;5 = 1 and the
Dirac operator submatrix joining them. It is depicted by pointing from positive to

negative chirality:

GC——-©
Hij ik
The circles only intend to guide the eye of the reader. Every arrow comes with three
algebras: Two algebras that localise its end points, they are called left (A;) and right
algebra (Ay) according to their chirality and a third algebra that localises the arrow,
called the colour algebra (A;) . The respective submatrice of M is then of the form
M & 1.
For sums of up to three simple algebras the classification constraints will imply
that most entries of p have an absolute value less than or equal to two. So one can
use a simple arrow to connect plus one to minus one and double arrows to connect

plus one to minus two or plus two to minus one

C——© CG—==9 CaaaS)
-1 +1 -2 +1 -1 42
For a given algebra, every spectral triple is encoded in its multiplicity matrix
which itself is encoded in its Krajewski diagram, a field of arrows. In the conventions
used here, for particles, ¢ = 1, the column label of the multiplicity matrix indicates
the representation, the row label indicates the multiplicity. For antiparticles, the
row label of the multiplicity matrix indicates the representation, the column label
indicates the multiplicity.
A black disk on a double arrow indicates that the coefficient of the multiplicity
matrix is plus or minus one at this location, “the two arrows are joined at this

location”. For example the following arrows

GCG—® ®&—05
Hij ik Hij Mk
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Mig ik
Hij iE‘—Q
Heg O
represent respectively submatrices of M of type

M,
@1y and  (My M) @ 1) (3.103)
M

with My, My of size (n;) x (ng) or in the third case, a matrix of type
(Ml (%9 1(”1) 1(nj) & M2> (3.104)

where M; and M, are of size (n;) x (ng) and (n;) X (ng).
According to these rules, one can omit the number +1, +2 under the arrows, since

they are now redundant.

3.5 Almost-Commutative Spectral Triples

The gauge symmetries of a theory correspond in the setting of noncommutative geo-
metry to the automorphisms of the algebra of a spectral triple. For general relativity
the gauge symmetries are the diffeomorphisms of a manifold M, for the standard
model one has a finite dimensional Lie group. For a combined Einstein-Hilbert and
standard model lagrangian the gauge group is the semi-direct product of the dif-
feomorphisms Diff(M) and the differentiable maps from M into the gauge group of
the standard model SU(2),, x U(1)y x SU(3)¢/(Zy x Z3). One can now pose the
question whether there is some space X which has this semi-direct product as its
diffeomorphism group Diff(X'). Within the set of manifolds no such space exists (this
is due to a theorem of J.Mather, see [5]). But spectral triples allow exactly the right
symmetries. The Riemannian spectral triple has the diffeomorphisms and the finite
spectral triples have finite Lie groups as automorphisms. And spectral triples have
a further property: One can build the tensor product of two spectral triples and this
product is again a spectral triple. For two spectral triples of Riemannian manifolds M
and N, one finds that the tensor product is the spectral triple of their direct product
M x N. To obtain the desired semi-direct product as an automorphism group, one

has to build the tensor product of a Riemannian spectral triple and a finite spectral
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triple.

The tensor product of a spectral triple from a 4-dimensional Riemannian spin
manifold (denoted with a subscript R) and a finite spectral triple (denoted with a
subscript f) is given by

A:AR@)AJC, H:HR(X)HJC
D=3Jd®1;+7® Dy,
J=C®Jsy, X=X/, (3.105)

where 1, is a unit matrix of the size of the finite Hilbert space. The S°-real structure

is only defined on the finite part. Writing out the Dirac operator gives

D@ Laimry, V5 @M 0 0
M* L4im 0 0
p—| % P& Lamots _ (3.106)
0 0 D@ Laimry, V5 @M
0 0 5 @ M* P @ Lgimmg

The lift L of the automorphisms to the Hilbert space is simply the multiplica-
tion of the lift for the diffeomorphisms 3.16 and the finite lift 3.54 extended to the

differentiable maps u(x) from M into the automorphisms of Ay
L(o(z),u(x)) = L(o(x))L(u(z)), o(x) € Diff(M). (3.107)
The space-time dependence will from now on not be written explicitely.

Repeating Einstein: As in the case of Riemannian spectral triples forces will

be introduced by writing the Dirac operator in curved coordinates D = L(o, u)DL(o, u) ™"

dr, Y5 & @ 0 0

) * 0 0

po|wEe I 1 1, (3.108)
0 0 CPC' %P

0 0 Y5 @ p* CPrC!
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with

L — ie;m’}/a ® [ldimHLa,u + ]]-dimHL‘S(w(e)u) + ALML
Ir = ieg"Y" @ [Lairn O + Laimren s(w(€) ) + Apyl,

ALM = []_L(u)auﬂ_L(u)_l, ARM = [LR(U)auﬂ_R(U)_l. (3109)

Where the Higgs scalar ¢ is defined as in 3.56 and the vierbein e and the spin
connection w(e) as in 3.20. The vector fields Ay r are identified with the gauge
bosons corresponding to the gauge group or inner automorphism group of the model.
Because of the Riemannian nature of the manifold M the Dirac action is a scalar

product

SDirac = (%DY/J); w € H7 (3110)

where the scalar product of spinors is defined as

() = /M ble) W (@)dV, b € H, (3.111)

with dV := y/det(g,,)d*x. Splitting the Hilbert space into left, right, particle and

antiparticle spinor multiplets

VL

P = w’j (3.112)
L

C

R



3.5. ALMOST-COMMUTATIVE SPECTRAL TRIPLES 64

leads for the Dirac operator 3.108 to the ordinary Dirac action plus the Yukawa action

I, By 0 0 Yr
~ V5 Q9" dr 0 0 (o
D _ * * Cc* Cc* dv
<w7 1/}) /]‘\/[<wL7wR7 L> R) O 0 CaLC,I Vs ®¢ wi
0 0 5@ " CPrC™1 UV
= /M {wzmw + VnRdrr + T CPLCT YT + @DgC@RC_l@/}%} dv
b [ s @)+ (s D)0+l AV (3.113)

As in the pure gravity case there are two ways to implement the relativity principle.
The first possibility consists in promoting the vierbein to become an arbitrary sym-
metric invertible matrix e(x), Ap/r(x) to become an arbitrary gauge connection and
the Higgs scalar ¢(z) an arbitrary multiplet of scalar fields, all depending smoothly
on x.

The second possibility is again in the spirit of Moser’s theorem. One defines the

fluctuated Dirac operator

fD = ZTjL(O’j,Uj)’DL(O'j,Uj)il, T’j c [R, O'j c lef(M), Uj c Aut(Af), (3114)

J

as a finite sum over an arbitrarily chosen Dirac operator D in different curved coordi-
nate systems. In contrast to the purely gravitational case it will no longer be possible
to reach any Dirac operator by fluctuating a given one. This proposition should still
be valid for the vierbein e and the gauge connections A/ but it is certainly not true
for the Higgs scalar ¢. One could think of this richer structure in the noncommuta-
tive part as a shortcoming, but in the classification it will prove to be vital. Due to

this extra structure the dynamical configuration space

F= {ZTJL(Jj7uj)DL(Uj7uj)_17 rj € R, 0; € Diff(M), u; € Am(Af)}
j

(3.115)

will in general depend on the choice of D and here especially on this of Dy.
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The spectral action: For the three fields e, A7/ and ¢ the spectral action,
being the number of eigenvalues of the Dirac operator /D up to a cut-off A, has to
be calculated. This is again a long and laborious calculation which is given in detail

in [1]. Via the heat-kernel expansion one finds a Yang-Mills-Higgs action

f 2
. (3)
A2

24, 1
- / { R+ a(5R? — 8RR — TR, R")
M

Sccle, Arr, ] = tr

167G 167G

1 * 14 1 *
+; Q—QEth}Wﬂ“ + §(Du90) D¥ep
* 2 1 2 *
At (" )" — Suttr(e")

+ %tr(gp*gp)R } dV + O(A7?) (3.116)

where the coupling constants are functions of the moments hg, hs, hs and of the
cut-off A

Ac = Oélh—QAQ, G = Oézh—QAiz, a = 043h4,
1 1 h
2 —ay— A= —, u? = as—2A2 3.117
g; Oly; he (6% e 1% Qs I ( )

The curvature terms F),,, and the covariant derivative D, are in the standard form of
Yang-Mills-Higgs theory and the constants «; depend on the special choice of matrix
algebras in the finite part of the algebra.

This action is valid at the cut-off A where it ties together the coupling constants g;
of the gauge connections and the Higgs coupling A since they originate from the same
heat-kernel coefficient. Comparing this with the running coupling constants of the
nonabelian gauge sub-groups of the standard model, which meet at a unifying scale
of A =10'" GeV, and assuming that the particle content of the model in question is
complete, one may compute the value of A at lower energies via the renormalisation

groups. This calculation has been carried out explicitely for the standard model [19].






Chapter 4

Classitying Almost-Commutative

Geometries

The aim of this thesis is to classify almost-commutative spectral triples from the point
of view of elementary particle physics. Since this classication focuses only on the non-
gravitational forces one may neglect the gravitational part of the spectral action 3.116.
One has then to check all the possible spectral triples for a fixed number of matrix
algebra summands in the finite part. There is of course an infinite number of possible
finite spectral triples, but a minimal approach realised by imposing some reasonable
conditions, which will be described later, and restricting oneself to no more than four
summands in the algebra, renders the task feasible. Some of these conditions can be
translated to the Krajewski diagrams, which allow to partially translate the algebraic
problem into a combinatorial one. These restricted Krajewski diagrams will be called
minimal and one starts with finding all these minimal diagrams for a given number
of summands in the finite part of the algebra.

In the second step one has to analyse the obtained spectral triples, again under
assumptions originating in particle physics. The main task consists in finding the
minimum of the Yang-Mills-Higgs action. This is achieved by minimising the Higgs

potential
* 2 1 2 *
Vi) = Atr(p"p)” — gurtr(p"p). (4.1)

since the gravitational part will be set to zero. This minimum 4(,)0 enters the Yang-
Mills-Higgs action via the Yukawa terms as the mass term of the fermions. For the

classification presented here, the Higgs scalar 3.56 will be defined in the spirit of
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Moser’s theorem. So the configuration space F of the Higgs potentials is
F = {@ = erﬂ_(uj)l?fﬂ_(uj)’l, r; €R, u; € Aut(Af)} : (4.2)
J

One has thus to find an element ¢€ F that minimises V(). For different initial Dirac
operators the minima may differ. One has F(D;) = F(D;) or F(D;) N F(Dy) = {0}
for Dy # D;. In the second case one may have ¢ (Dy) 7&42 (Dy). This richer structure
of the noncommutative part of the configuration space will be crucial for the standard
model, since it allows non-degenerate masses of the fermions. The fermion masses

generated by the minimum are gauge-invariant under the little group G,.

4.1 Constraints from Particle Physics

The present list of constraints from particle physics, which is to be employed in
the classification of almost-commutative spectral triples, should be seen in the spirit
of Sheldon Glashow’s ”shopping list” for grand unified theories. The constraints are
heteroclite in the sense that the items on the list have been chosen to please the ”gout
du jour” of particle physics and noncommutative geometry. A further guidance has

been Riemannian geometry and the desire to stay as "minimal” as possible.

Non-degeneracy and irreducibility: A real spectral triple (A, H, D, J) is de-
generate if the kernel of D contains a non-trivial subspace of the complex Hilbert
space H invariant under the representation p on H of the real algebra A and under
the real structure J. This requirement is inspired by spectral triples stemming from

Riemannian manifolds which are never degenerate.

A non-degenerate spectral triple (A, H, D, J) is reducible if there is a proper sub-
space Ho C ‘H invariant under the algebra p(A) and the real structure J such that
(A, Ho, D|x,) is a non-degenerate spectral triple. If the triple is S%real and even,
one requires the subspace Hj to be also invariant under the S%-real structure e and
under the chirality y such that the triple (A, Ho, D|x,) is again S%-real and even.
Demanding a spectral triple to be irreducible means to choose the smallest possible
Hilbert space, i.e. the smallest possible number of fermions. In the quest for the
standard model this requirement restricts all models to just one fermionic family.

For more details see [7].
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Finding minimal Krajewski diagrams: A Krajewski diagram is said to be min-
imal if erasing any number of arrows from the diagram always results in a diagram
which does not respect the Poincare duality, i.e. det(ji + i*) = 0. Erasing an arrow
which is connected to another arrow will leave the connection point unchanged. An

example for a non-minimal diagram is

a b c
a G—=- O
b O G—
c O O O

since the vertical arrow can be erased without changing the the multiplicity matrix.
Minimality is a necessary but not a sufficient condition for the corresponding spectral
triple to be non-degenerate and irreducible. A counter-example for a minimal diagram
which is degenerate is diagram 5 of figure 6 in [7]. Finding all minimal Krajewski
diagrams is a difficult combinatorial problem. An algorithm to compute all minimal
diagrams for a given finite algebra and further details on the problem are presented
in [12].

Invariant transformations of Krajewski diagrams: For the physical Yang-
Mills-Higgs models following from a Krajewski diagram it is irrelevant if the corre-
sponding multiplicity matrices are transposed, multiplied by —1 or if the rows and
columns are renumbered simultaneously. These three transformations amount sim-
ply to exchanging particles and antiparticles, left-handed and right-handed particles
and to a change of basis of the Hilbert space. They can consequently be regarded
as equivalent from the physical point of view. Therefore in the classification only

Krajewski diagrams up to these three equivalence relations are taken into account.

Dynamical non-degeneracy: The irreducible spectral triple (A, H, D) is dynam-
ically non-degenerate if all minima S% of the action V(p) define a non-degenerate
spectral triple (A, H, SOO) and if the spectra of all minima have no degeneracies other
than the three kinematical degeneracies: left-right, particle-antiparticle and colour.
This means that the fermionic masses are non-degenerate apart from the three kine-

matical degeneracies. Of course in the massless case there is no left-right degeneracy.
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Unbroken colour groups: It is also supposed that the colour degeneracies are
protected by the little group. By this one means that all eigenvectors of & corre-
sponding to the same eigenvalue are in a common orbit of the little group (and scalar
multiplication and charge conjugation). A colour group is defined to be the auto-
morphism group of the colour algebra of an arrow. In physicists’ language this last
requirement means noncommutative colour groups are unbroken. It ensures that the

corresponding mass degeneracies are protected from quantum corrections.

Anomalies: A crucial physical question is, whether a Yang-Mills-Higgs model is
free of of the Yang-Mills anomalies T}, see 2.24, and mixed gravitational anomalies

ﬁ, see 2.25. In the almost-commutative the corresponding quantity for T is

1—c¢

Tyn = tr ( XU3(X)) (4.3)

and for T it is

T, = tr (1 . Xu<x>) | (4.4)

where [(X) is the Lie algebra version of the lift L(u). These are required to vanish
identically. Imposing the Yang-Mills-Higgs model to be free of those anomalies allows
to partially fix the hypercharges via central extensions. For a thorough treatment
of the standard model see [29], for the case of three algebras see [28] and for the
case of four algebras [14]. As an example see the calculation of the standard model
below. Note that there is no geometrical interpretation of the Yang-Mills anomalies
and mixed gravitational anomalies within the context of spectral triples. They have

their origin in quantum field theory.

The little group: To allow a distinction between particles and antiparticles after
symmetry breaking, the little group G, is required to have a complex representation
on all subspaces which are irreducible under Gy, i.e. all Gy-multiplets of the fermions.

By definition a real representation fulfills p(a) = p(a) whereas for a pseudo-real repre-
sentation there exists a unitary operator U, such that Up(a)U ™! = p(a). A complex
representation is a representation which is neither real nor pseudo-real. Furthermore,

if there is a massless fermion it should be uncharged with respect to the little group.
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This requirement is inspired by the Lorentz force
mi = qF (4.5)

which is only well defined for massive particles.

4.2 The Almost-Commutative Standard Model

As an example for the analysis of a minimal Krajewski diagram, the standard model
shall be treated in more detail. The minimal approach implies that only one fermion
family is considered. Since the calculation is intended to be as instructive as pos-
sible it had to be streamlined. Whenever more than one possibility to blow-up a
reduced multiplicity matrix occurs, or whenever more than one spectral triple can be
constructed from a Krajewski diagram, the way leading to the standard model will
be chosen. For a complete treatment of all the possibilities see [7, 13, 12] and [28].
Furthermore the presentation will be restricted, where possible, to the particle part
of the occurring operators and representations.

The minimal Krajewski diagram leading to the standard model is diagram 17 of

figure 7 in [7], with chirality switched:

a b c
a G—0© O
b O O O
c G=® O

The algebra is of the form Ay = A® B @& C > (a,b,c), where the respective
representations a, b and ¢ of the subalgebras, A, B and C, are written over the
columns and to the left of the rows. The size of a matrix subalgebra X shall be

written as Ny. Reading off the contracted multiplicity matrix
1 0
g=10 0 0], (4.6)
2 0

one sees that det(i + ') = 2 # 0, up to a possible factor from algebras over the

quaternions. The single arrow has as left algebra B, as right algebra A and as colour
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algebra A. It follows immediately that the colour group is broken, i.e. that the Higgs
scalar ¢ will only be an A-singlet if A is 1-dimensional. Here A = C is chosen.

The diagram allows for many possibilities to blow-up, i.e. to enlarge an algebra
representation by its complex conjugate. For the standard model the blow-up of the

first algebra A, leading to the following diagram is appropriate:

a a b C
a O O0—=—0 O
a O O O O
b O O O O
c ®/®—)—>© O

with its multiplicity matrix

, (4.7)

—_ o O O
_ o O =
o o o O

—1

again up to a factor due to matrix algebras over quaternions. From this, one reads off

the representation of the algebra, ordered into left and right, particle and antiparticle

part:
bo 1o 0 e 00
pL(a,b,c) = ( 0 ‘ b)? pR(a,b,c): 0 ale O,
0 0 a
Loe 0 ¢ 00
c
pilab,c) = (2 a ) prla,b,c)= 10 ¢ 0], (4.8)
0 CL]]_Q
0 0 a

where 1. is the unit matrix in C'. This representation acts on the Hilbert space
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H = HPE @ HPE @ HAE @ HAR with the left- and right-handed particle subspaces

L
HPE= | N |, HPR= | (4.9)
Ve .
e
and antiparticle subspaces
N
<d> ch
HAL = [ " HAR = [ e | (4.10)

L ’
c
Ve 6cR
e

where the denomination of the Dirac spinors d, u, v,, etc., is intended to be slightly
suggestive in view of things to come. Note the fermions appear as left-handed doublets
and right-handed singlets. A right-handed v, is missing.

The particle part A of the Dirac operator is

0 0 Mi®le My®1c 0
0 0 0 0 M,
A=|Me1c 0 0 0 (4.11)
M;®1c 0 0 0
0 Mz 0 0

with My, My, My € Mpy,«1(C). To determine the maximal size Np of the matrix
algebra B one uses a trick called neutrino counting. Since the fermion masses are
to be non-degenerate there must be no more than one massless particle. The Dirac
operator with submatrices of the form My, «1(C) will always have more than one
zero eigenvalue if Ng > 2. Since these eigenvalues are the masses of fermions, asking
for non-degeneracy results in B = R,C or B = Ms(R), M5(C) or H. For the present
calculation B = H is chosen. A similar derivation of the standard model with B =
M(C) can be found in [29]. For the Dirac operator follows that Mj, My, M3 €
Moy (C).

The last item that needs to be fixed is the algebra C'. It is the colour algebra for
the double arrow, but it is not broken, so one cannot determine its size. A complex,

noncommutative algebra is needed for the central extension, so C' is chosen to be
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Mc(C), a complex matrix algebra of size N¢ > 2. One than has
Ar=CeHa Mc(C). (4.12)
And for the particle part of the chirality one finds
x" =diag[(—1)1, ® 1¢, (—1)1s,1¢,1¢, 1] (4.13)

In the next step the lift L has to be worked out. The unitaries of A; close to
the identity are: U°(A) = U(C) = {1}, U*(B) = U*(H) = SU(2) and U*(C) =
U (Mc(C)) = U(N¢). With definition 3.52 and the algebra representation one finds
for the particle part of the lift

LP((det w)?, u, (det w)?w) = pP((det w)?, u, (detw)%w)p?((det w)?, u, (det w)%w)
Dph((det w)?, u, (det w)%w)pi((det w)?, u, (det w)%w)
= diag [(det w)’u ® w, (det w) Pu, (det w)" w,
(det w)9™Pw, (det w) =], (4.14)

where u € SU(2), w € U(N¢) and p,q € Q. To fix the exponents p and ¢ the Yang-
Mills anomaly condition Tyy = 0 is employed. To do so one has to render the lift
4.14 infinitesimal. With

u=1y+ X +0(X?), X €su(2), w=1c+Y +0(Y?), Y €u(Ng)
and (detw)” =1+ ntrX (4.15)

one finds the particle part of the Lie algebra lift

¥ = diag[ly ® (qtrYle +Y) + X @ 1¢, X — ptrY 1y, Y 4+ trY (¢ + p)ic,
Y +trY (¢ —p)le, —2ptrY]. (4.16)
Demanding that
Tymtr [x7(17)?] (4.17)

is equal to zero gives, after a tedious but straight foreward calculation, a relation
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between p, ¢ and the size of C"

p—1
Ne -

q= (4.18)

It is not possible to fix Ng on reasons coming purely from anomalies. The correct
physical quantities will have to be fixed later by experiment. Note that the gravita-
tional anomaly Tg,,. vanishes identically for the Lie algebra lift 4.16 for any p, ¢ or
N¢. Now the lift L is given in terms of p and N¢ by

LP((det w)?, u, (detw) ¥ w) = LP((detw)?, u, (det w)¥e @)
= diag [(det w)NLCu ® W, (det w) Pu, (det w)pﬂ\?c w,

(det w) NLE_pzD, (det w)’Qp] :

with (det w)~/New = € SU(N¢).
Next the Higgs potential ¢ € F can be calculated. The three mass matrices M,

M, and Ms; of the initial Dirac operator are chosen as

0 0
M, = <m1> My = ( ) ,and M; = ( ) , (4.20)
0 ) ms

with my, my, mg € C arbitrary. It follows for the particle part of the Higgs potential

P

o= Z riLP ((det w)P, u, (det w) Ve ) A [U_P((det W), u, (detw) % w)] -1

0 0 ¢pi®1c Y21 O

0 0 0 0
= |po1e 0 0 0 (4.21)
ei®1c 0 0 0
0 ¢ 0 0

with
p1r = ZTiuiMﬂdetwi)*p, 902:ZTiUiM1(detwf), and

ps = Y riuMs(detuw;)?. (4.22)

i
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For the Dirac operator with mass matrices 4.20 it follows that ¢i, ¢y and 3 allow

the following operations: One can combine ¢; and ¢, into a single matrix

detw; )P 0
P12 = Zriui(M17M2) << ) )

0 (detw;)P
detw;)™? 0
= 3 (detuwy) (My, M) (4.23)
- 0 (detw;)P
and write @3 as
(detw;)P 0
S < 0 (detwy) 24
This is possible since (M, M) is a diagonal matrix. One sees further that
detw,;)™P 0
(detw) e SU(2) (4.25)
0 (detw;)?
and thus
detw; )P 0
u, [ (et e SU(2). (4.26)
0 (detw; )P

With the observation that any quaterion h € H can be written as h = ru with r € R
and u € SU(2) it follows that o1/, and @3 take the simple form

0 0
@1/2:h<77;1 ) <p3:h( ) with h:(x_ %)e[H. (4.27)
ma ms3 -y T

It is now easy to minimise the Higgs potential

Vip) = Mr(p"e)? — 5utr(s") (4.28)

with respect to the variables x,y € C. To break up the calculation into smaller steps
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one starts with

P1/207, @Lo 0 0 0
0 : 0 0
oo = s (4.29)
0 0 @ippre®lc 0
0 0 0 P33
It follows that
tr(pp™) = 2Nctr(o] sp1/2) + 2tr(psp;)
= 2Nctr(p]pp1/2) + 20503 (4.30)
and
tr(pp*)? = 2NCtr(go’{/2<p1/2)2 + 2tr(p3¢%)?
= 2Netr(@} jo172)” + 2(@5s)?, (4.31)

where the cyclic property of the trace and the vector form of the 3 has been used.

. m; 0 T —y
P12 = ( ' _ ) <_ ) (4.32)
0 mo Yy ox

Furthermore one has

and
. om0\ [z —y\[ 2z y\ [ m O
ez = g I\ 2 )y 2/ Lo m,
my 0 2% + y|? 0 m; 0
0 g 0 |z|* + |y|? 0 my
20
= el : (4.33)
0 |mof?
with r := |z|*> + |y|? as the new variable. In the same way follows

V33 = r\mg\Q. (4.34)
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Putting everything into V() gives

V(p) = A2Ne|ma|* +2Ne|mol* + 2ms|*) r*

2

—%(2]\70‘7711‘2 + 2Nc|m2‘2 + 2\m3\2) r
2

= lar?— %ﬁ T. (4.35)

The minimum in r is found by differentiating with respect to r and is

2
o a

Now one can construct a minimum of the Higgs potential as

o= \/; A. (4.37)

The minimum is given by the initial mass matrices M;, M, and M3 up to a fixed
numerical factor \/E € R*. The masses my, my and ms are identified as the quark
masses and the electron mass and the Dirac operator has one zero eigenvalue, the
mass of the electron-neutrino.

In the last step the little group and the charges of the fermions have to be found.
U(1) x SU(2) x SU(N¢) is the unbroken gauge group. The little group Gy is defined
by pF(ge) o — pE(ge) = 0 for all g, € G,. This is only possible if the representation
is diagonal. It follows that U(1) x SU(2) — U(1) C SU(2) > v so that G, =
U(1) x SU(N¢). The charges of the fermions are then given by the lift of G:

. 0
(det w)Ne (g _) ® W 0

LPL — v
0
0 (det w)P <S )
v
(det w)p+%u~1 0 0
LR = 0 (det w) P e @ 0 : (4.38)
0 (det w)=%

the electric charges being the exponents of the U(1) elements.
Finally p, N¢c and v have to be fixed in view of experimental data. The neutrino

has to be neutral under the little group and so (detw)?v = 1 and it follows that
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v = (detw)?. With p = —1/2 the electric charge of the electron is Q). = —1. Now
using the experimental fact that there are three colours for the quarks, No = 3 gives
charge )y = —1/3 to the first quark corresponding to m;, which can now be identified
as the down quark. In the same way one finds for the up quark, corresponding to ms,
its electric charge @, = +2/3. Note that the charges for the left and right fermions

are equal and that the colour and the electric charge couple vectorially, as desired.






Chapter 5
Conclusions

To conclude this thesis the main results of the work presented in [7, 12, 13] and [14]
shall be summarised in a condensed form. Since [7] and [13] do not employ extended
lifts as well as the full list of constraints presented in chapter 4, these conclusions will
go beyond those publications. For a detailed account see [28]. For four summands
the complete calculation is executed in [14].

In the work presented, a classification of spectral triples has been proposed.
These spectral triples consist of the tensor product of a spectral triple encoding a
4-dimensional compact Riemannian spin manifold and a finite, real, S°-real, irre-
ducible spectral triple whose algebra is a sum of up to four simple matrix algebras.
For these spectral triples the spectral action and the Dirac action produce a complete
Yang-Mills-Higgs theory, which was analysed with respect to heteroclitic conditions
from different areas in theoretical physics.

The major tool to find the spectral triples were Krajewski diagrams which allowed
to convert the algebraic problem into a combinatorial one, executable by a computer.
This combinatorial problem of finding all minimal Krajewski diagrams for a given
number of summands in the finite part of the algebra has been presented in [12].
By ordering all possible diagrams with a given number of arrows into so called nets,
encoding the reducibility with respect to one another, allows to determine the minimal
diagrams. These nets grow rapidly in size and complexity as the number of summands
in the finite algebra augments and the algorithm quickly reaches the capacity limits
of an ordinary personal computer. For example a net for four algebras with up to
four arrows has approximately 11000 diagrams connected among each other. But
since each diagram is only the representative of a whole equivalence class, a few

million diagrams have to be considered. This explains the trouble with the computer
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capacity. An open problem that remains, is the question whether for a given number
of arrows all minimal diagrams appear. One could imagine the case that one finds
minimal diagrams for two and three arrows but none for four and five. But this does
not ensure that there will not be further minimal diagrams for more than five arrows.
No criterion telling when and where such ”islands” may appear exists. Although for
three summands in the finite algebra the complexity is sufficiently small that one can
be sure that no minimal diagrams with more than three arrows exist.

Having found the minimal diagrams the corresponding finite spectral triples have
been constructed and their Yang-Mills-Higgs models were analysed. If one discards
all models that have a dynamically degenerate fermionic mass spectrum, Yang-Mills
or gravitational anomalies, a fermion multiplet whose representation under the little
group is not complex or a massless particle transforming non-trivially under the little

group, the following models survive:

One simple summand: This set is void. The Yang-Mills-Higgs models either
produce dynamically degenerate spectral triples or the algebra is commutative and

does not have automorphisms close to the identity that could be lifted.

Two simple summands: This set is void, too. The only model which is dy-
namically non-degenerate consits of the electro-weak part of the standard model for
leptons, but it displays a Yang-Mills anomaly and the representation of the little

group is not complex.

Three simple summands: Here the diagrams 17 and 22 in the publication [7]

fulfil all the requirements.

b O O

O O 0O o

c (——®

Diagram 17 from [7]
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They produce the standard model of particle physics and several sub-models. With

their respective algebras the gauge groups and the little groups are as follows:
(@) Ar=Ca® My(C)® Mc(C), U(1l)xSU(2) x SU(N¢) — U(1) x SU(N¢)

The size of the algebra Mq(C) cannot be determined and consequently the number
of colours Ngo > 2 remains open. One could argue that the proton, while being a
colour singlet, should be a fermion. Then Ny = 3 would be the minimal number of

colours. So this model reproduces the standard model.
(b)) Ay=CeHa M(C), U(1l)xSU2) x SU(N¢) — U(1) x SU(N¢)

This model exhibits the same features as the preceding model and reproduces also
the standard model.

() A;=C®M(R)@® Mc(C), U(1l) x SO2) x SU(N¢) — U(1) x SU(N¢)

This model closely resembles the standard model, but the W-vector bosons are miss-

ing.
(d) A =C@® My(C)®d Mc(H), U(1) x SU(2) x USp(N¢) — U(1) x USp(Ne¢)

Here roughly half the gluons of the standard model are missing since the symplectic
group has roughly half the generators of the special unitary group with equal size.

Furthermore the number of colours has to be even, excluding fermionic protons.
() Ar=C&® My(C)® Mc(R), U(1l) x SU(2) x SO(N¢) — U(1) x SO(N¢)

As in the case with quaternionic colour algebra roughly half of the standard model

gluons are missing.

Four simple summands: The diagrams 18 and 19 in [14] reproduce exactly the

same models as the diagrams 17 and 22 from [7] for three summands.
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a b c d
a O O O O
b O O O O
c &= O O
d 6—=© O O

Diagram 18 from [14]

The fourth algebra appearing has to be 1-dimensional since it is the colour algebra for
the neutrino. Dimension 1 follows from the condition that a massless fermion should
be neutral with respect to the little group. A fascinating feature of this model is that
the extra gauge boson, which is produced by the extra colour, decouples completely
and has no physical appearance.

In the case of four summands a second Yang-Mills-Higgs model, fulfilling all the
requirements, shows up. It is an electro-strong model and may be reconstructed from
the diagrams 1,2,3,4,7 and 8 in [14].

a b ¢ d
a G—6 O O
b O O O O
CW

da O O O O

Diagram 1 from [14]

Its particle content consists of two fermions and the algebra and the gauge group are

given by
Ar=CeCaeCa® Mc(C) U(1l) x SU(N¢) — U(1) x SU(Ng).

One of the fermions is electron-like with no colour, the other is quark-like with a

colour group SU(N¢) and N¢ > 2. The gauge group couples vectorially and thus it
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is not spontaneously broken. It follows that the masses of the fermions are real Dirac

masses not originating from a Higgs scalar and the little group is equal to the gauge

group.

Summary:

Almost-commutative geometry allows to unify Euclidian general relativity and the
standard model of particle physics as classical field theories. This is achieved via
the language of spectral triples, the commutative part describing gravity and the
finite part, based on sums of matrix algebras, describing the electro-weak and the
strong force. In the present setting, and this the essential fact, the Higgs boson ac-
quires a natural interpretation as a connection in the finite part of the spectral triple.
These almost-commutative spectral triples where classified with respect to the num-
ber of summands of the matrix algebra and under the assumption of reasonable, but
heteroclitic physical assumptions stemming from geometry, particle physics and per-
turbative quantum field theory. The classification resulted, for up to four summands,

in a most prominent position of the standard model of particle physics.

Open problems:

Two major open problems remain, to which almost-commutative geometry does
not seem to have an answer: Why are there three colours? Why are there three
families of fermions? These questions may find a solution in a fully noncommutative
theory which has the almost-commutative case as its low-energy limit. But within

the almost-commutative regime no solution is in sight.

An outlook:

One may dream of a really noncommutative theory encompassing not only the
classical field theories of gravity, the electro-weak and the strong force, but also
allowing to describe a unified quantum field theory. But this seems still far beyond
the reach of todays theories. A more modest objective is to persue the chase for
spectral triples with more then four simple summands in the finite part of the algebra,

and see if new insights can be gained.
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1 Introduction

Within noncommutative geometry pioneered by Connes [IEEH], the almost commutative
ones play an interesting role. They are defined by spectral triples (A, H, D) where the
algebra A; has the form A, = C*(M)® A with A a direct sum of matrix algebras and M
a (compact Euclidean) spacetime. For instance in the standard model of particle physics,
A=Ha¢ Ca M;(C). It is important to classify the almost commutative triples because
of their applications to physics. Let us sketch some of them.

Einstein’s derivation of general relativity from Riemannian geometry goes in two steps.
The first step sets up the kinematics: the equivalence principle uses general coordinate
transformations and starts from the flat metric of special relativity to guess curved metrics.
The second step constructs a dynamics for the set of all metrics by imposing covariance
under general coordinate transformations.

Connes generalizes Einstein’s derivation to noncommutative geometry [EE]. In this
new setting the metric is encoded in a Dirac operator and a coherent definition of the
equivalence principle becomes available: the fluctuations of the Dirac operator by algebra
automorphisms properly lifted to the Hilbert space of spinors. Indeed in Riemannian
geometry, the algebra is the commutative algebra of functions on spacetime, the auto-
morphisms are precisely the general coordinate transformations and fluctuating the flat
Dirac operator leads to Dirac operators with curvature and torsion. The second step is the
spectral action which in the commutative i.e. Riemannian case reproduces the Einstein-
Hilbert action plus a positive cosmological constant and a curvature squared term. The
Euclidean spectral action is positive definite and its ground states can be interpreted as
a regularization of the initial singularity.

A noncommutative space or geometry is defined by a ‘spectral triple’ consisting of
an algebra A, a Hilbert space ‘H and a Dirac operator D. One important property of
noncommutative geometry is that it contains discrete spaces, commutative or not. They
have finite dimensional algebras and Hilbert spaces. An almost commutative geometry
is a tensor product of the infinite dimensional commutative algebra consisting of space-
time functions with a finite dimensional noncommutative algebra, the ‘internal space’.
The internal Dirac operator is simply an initial fermionic mass matrix and the internal
algebra automorphisms of the tensor product are gauge transformations. The internal
fluctuations produce gauge bosons and Higgs scalars and the spectral action of an almost
commutative geometry produces — besides the gravitational action — the complete Yang-
Mills-Higgs action. The Higgs scalar is therefore the internal metric and its dynamics is
the Higgs potential. The initial fermionic mass matrix in general is not a solution of the
internal dynamics, the ‘internal Einstein equation’. These solutions are the minima of
the Higgs potential which induces the spontaneous symmetry breaking. They yield the
true fermionic mass matrix and we have to compute it. Let us remark that in the prior
approach of noncommutative Yang-Mills theories without gravity [[], the Dirac operator
was not a dynamical variable. Consequently there was no nuance between initial and true
fermion masses.

Although only a small subset of all Yang-Mills-Higgs models can be described as
an almost commutative geometry this subset is still infinite and difficult to assess. We



propose to reduce it using two constraints. The first is inspired by ‘grand unified theories’,
in particular SO(10): the gauge group of the standard model of electro-magnetic, weak
and strong forces is embedded into a simple group and the representation of one generation
of quarks and leptons is embedded into an irreducible representation. Therefore our first
constraint is: take the internal algebra simple and its spectral triple irreducible. As
we will see the resulting fermion masses in the ground state are degenerate in flagrant
contradiction to experiment. We therefore analyze internal algebras with two and three
simple summands and their irreducible spectral triples. Again, in most cases the fermion
masses come out degenerate with a few exceptions. Our aim is to list these exceptions. In
other words, our second constraint is to impose a non-degenerate fermionic mass spectrum
in the ground state, namely to restrict the analysis to dynamically non-degenerate spectral
triples. The mathematical definitions of these constraints are given in sections 2 and 4.

2 Irreducibility

A spectral triple is given by (A, H, D) such that the real *-algebra A acts on the complex
Hilbert space H, the Dirac operator D on H is selfadjoint and a priori unbounded. These
three items satisfy certain constraints of geometrical significance [lEH]. The commutative
examples come from the triple (A = C*(M),H = L*(M,S),D = iy*d,) associated to a
compact Riemannian spin manifold M. As the resolvent of D is compact, (A, H,D = 0)
is never a spectral triple for infinite dimensional H. However, this degenerate situation
can occur in finite cases, but is excluded from our definition of irreducible spectral triples.

Definition 2.1. i) A spectral triple (A, H, D) is degenerate if the kernel of D contains a
non-trivial subspace of the complex Hilbert space ‘H invariant under the representation p
on H of the real algebra A.

ii) A non-degenerate spectral triple (A, H, D) is reducible if there is a proper subspace
Ho C H invariant under the algebra p(A) such that (A, Ho, D|y,) is a non-degenerate
spectral triple. If the triple is real, S%real and even, we require the subspace Hg to be
also invariant under the real structure .J, the S%real structure ¢ and under the chirality
x such that the triple (A, Ho, D|#,) is again real, S°real and even.

Remark 2.2. 1) (A=C>*(M),H = L*(M,S),D = iv*3d,) is never degenerate.

i) If (A;, Hi, D;) are two spectral triples then (A ® Az, H1 @ Ha, D1 @ 1) is a spectral
triple whose kernel of D; ® 1 is infinite dimensional when H; is of infinite dimension.

iii) A finite dimensional commutative triple is a collection of points. It is non-
degenerate if all points have finite distances. The converse is wrong, A = Ce C o C
with the triple given by diagram 15 is a counterexample.

iv) A reducible triple is not necessarily decomposable into a direct sum. For example,

a 0
(0 a) 0 0 0
A=CsC3 (@b, pat)=| ° " 0L (2.1)
0 0 ( ) 0
0 a
0 0 0 a



0o M 0 0

M* 0 0 0 1
0 0 M+ 0

Here and throughout,” and * mean complex conjugation and adjoint.

v) Our definition of irreducibility differs from the one in our favorite book [H]. Indeed
every spectral triple coming from a Riemannian spin manifold is irreducible in our case,
even if the manifold is not connected, that is when the commutative spectral triple is a
direct sum.

vi) In our definition of reducibility, the Dirac operator is not supposed to leave the
subspace Hy invariant. Our definition is adapted to the use we will make of spectral
triples: the fluctuations under algebra automorphisms properly lifted to the Hilbert space
promote the Dirac operator to a dynamical variable and we are interested in its dynamics,
the spectral action [H].

Since we are mainly interested in finite or 0-dimensional triples, we only recall the
definition for this case and also restricting ourselves to the real and S°real triples [BH]:

Definition 2.3. A real, S%real, finite spectral triple is given by (A, H, D, J, €, x) with a
finite dimensional real algebra A, a faithful representation p of A on a finite dimensional
complex Hilbert space ‘H. Four additional operators are defined on ‘H: the Dirac operator
D is selfadjoint, the real structure .J is antiunitary, and the S%-real structure ¢ and the
chirality y are both unitary involutions. These operators satisfy:

. Sl D=l =[ex]Z[eD] =0 of =—Jo Dy =-xD
1 2(a)] = [e:p()] = [p(a), Jp(B)T7"] = [[D, p(a)], (b)) = 0,¥a,b € A.

e The chirality can be written as a finite sum y = Y p(a;)Jp(b;)J~". This condition is
called orientability.

e The intersection form N;; := tr(x p(p:)Jp(p;)J ") is non-degenerate, det N # 0. The p;
are minimal rank projections in A. This condition is called Poincaré duality.

With the help of the projectors (1+x)/2 and (1+¢€)/2, the Hilbert space is decomposed
as

H=H,dHrdH, DM (2.3)

The two first components correspond in physics to particles, ¢ = 1, the last two correspond
to antiparticles, e = —1. We use the convention where left-handed spinors have negative
and right-handed spinors have positive chirality.

If we denote by pr, the restriction of p to Hy, ... and by p% the restriction to H%, we
will always write the representation in the following form

o 00 0
o pr o0 0
=10 o 0| (2.4)
0 0 0 7



With respect to the decomposition (B) of H, D has the form

0o M 0 0

M 0 0 0
0 0 M* 0

Note that the S%reality of internal spaces is equivalent to the absence of Majorana-Weyl
spinors. These are possible in 0-dimensional spaces, but impossible in 4- and (1+43)-
dimensional spaces M.

3 Krajewski diagrams

Krajewski and Paschke & Sitarz have classified all finite, thus 0-dimensional, real spectral
triples [LALH]. Let us summarize this classification for the S%real case using Krajewski’s
diagrammatic language.

3.1 Conventions and multiplicity matrices

e The algebra: it is a finite sum of N simple algebras, A = &Y M, (K;) and K; =
R, C H where H denotes the quaternions.

e The representation: let us start with the easy case, K = R, H in all components of
the algebra. The algebras M, (R)and M, (H) only have one irreducible representation, the
fundamental one on C™, where (n) = n for K = R and (n) = 2n for K = H. Therefore
p is of the form

N N N —

p(Bil1a:) = (B;)j=16i @ Loy, @ 1(ny)) & (Dijo1Lng) @ Limys @ @5). (3.1)

The multiplicities m;; are non-negative integers and we denote by 1, the n x n identity

matrix and set by convention 1y := 0. At the same time the real structure J permutes

the two main summands and complex conjugates them, while the S%real structure and
the chirality read

€ = (Biizle) @ lmy; @ 1) & (Bhzilin) @ (Dl @ 1iny),  (32)
X = (BNeilm) @ Xjilmy: @ Lny) & (BDic1 ) @ Xjilmy: @ 1(my),  (3:3)
where x;; = +1 according to our previous convention on left-(right-)handed spinors.

We define the multiplicity matriz p € My(Z) such that y;; := x;; m;;. There are N
minimal projectors in A, each of the form p; = 0@ --- & 0@ diag(1¢),0,...,0) 0@ - - - 0.
With respect to the basis p;/(1), the matrix of the intersection form is p + u?.

If the algebra has summands with K = C, things get more complicated. Indeed M,,(C)
has two non-equivalent irreducible representations, the fundamental one and its complex
conjugate, so we change (EJl) into

POL10:) = (Bmti00, i ® Ly iy @ 1) (B Lm) @ Linya o, @ Ty ). (3:4)

J

6



where o; = 1 when a; € M,,(K),K = R,H and o; = 1,2 when a; € M,,(C), and
;1 i= A4, Qi 2= dy.

Therefore the multiplicity matrix is an integer valued square matrix of size equal to the
number of summands with K = R and H plus two times the number of summands with
K = C and decomposes into N? submatrices of size 1 x 1, 2 x 2,1 x 2 and 2 x 1. For
example 4 = M, (C) & M,,,(C) & M,(R) 5 (a,b,c) has a 5 x 5 multiplicity matrix. Let us

label its rows and columns with algebra elements:

Haa HMab Hac %
p | e e b
Hea  Heb Hec (&

aa bb ¢
If both entries p;; and pj; of the multiplicity matrix are non-zero, then they must have
the same sign.

The nonvanishing entries within each submatrix 1 x 2 or 2 x 1, like p., or 4., must
have the same sign, while the signs of the nonvanishing entries in each 2 x 2 submatrix,

e.g. [lqq OT f1ap must be checker board like: <t __|_> or (__I_ +>.

The contracted multiplicity matriz i i1s the N x N matrix constructed from p by
replacing each of the previous submatrices in g by the sum of the entries of the submatrix.

e Poincaré duality: The last condition to be satisfied by the multiplicity matrix reflects
the Poincaré duality. With respect to the basis p; /(1) introduced above, (1) = 1 for K =R
and C, (1) = 2 for K = H, the matrix of the intersection form is i + 1. Therefore we
must have det(j + 47) # 0.

e The Dirac operator: The components of the (internal) Dirac operator are represented
by horizontal or vertical lines connecting two nonvanishing entries of opposite signs in the
multiplicity matrix g and we will orient them from plus to minus. Each arrow represents
a nonvanishing, complex submatrix in the Dirac operator: For instance y;; can be linked

to p, or pug; by

o——o0 Hkj
[ij ik I
Hig
and these arrows represent respectively submatrices of M in D of type M @ 1(,,,) with M
a complex (n;) x (ng) matrix and 1(,;) @ M with M a complex (n;) x (n;) matrix.
The requirement of non-degeneracy of a spectral triple means that every nonvanishing
entry in the multiplicity matrix g is touched by at least one arrow.
e Convention for the diagrams: We will see that (for sums of up to three simple
algebras) irreducibility implies that most entries of  have an absolute value less than or
equal to two. So we will use a simple arrow to connect plus one to minus one and double

arrows to connect plus one to minus two or plus two to minus one (Figure 1.)

G———>0 CG——= &—0
-1 +1 -2 41 -1 42
Fig. 1

7



Our arrows always point from plus, that is right chirality, to minus, that is left chirality.
For a given algebra, every spectral triple is encoded in its multiplicity matrix which itself
is encoded in its Krajewski diagram, a field of arrows. In our conventions, for particles,
¢ = 1, the column label of the multiplicity matrix indicates the representation, the row
label indicates the multiplicity. For antiparticles, the row label of the multiplicity matrix
indicates the representation, the column label indicates the multiplicity.

Every arrow comes with three algebras: Two algebras that localize its end points, let us
call them right and left algebras and a third algebra that localizes the arrow, let us call it
colour algebra. For example for the arrow

o———=>0

Pij ik
the left algebra is A;, the right algebra is A; and the colour algebra is A;.
The circles in the diagrams only intend to guide the eye. A black disk on a double arrow
indicates that the coefficient of the multiplicity matrix is plus or minus one at this location,
“the two arrows are joined at this location”. For example the the following arrows

G——=8 &——>o
Mij ik Hij o ik

Hig Wik

Mg Iﬂ_@

e o)

represent respectively submatrices of M of type

M,
(Ml MQ.) ® 1(m) and <M2> ® 1(%‘)

with My, M3 of size (n;) X (ny) or in the third case, a matrix of type (Ml @ lny) 1ln)) ® Mg)
where My and My are of size (n;) x (ng) and (n;) X (n,).

According to these rules, we can omit the number £1,4+2 under the arrows like in
Figure 2, since they are now redundant.

Let us give a few examples of the explicit form of the spectral triple associated to a
given Krajewski’s diagram:

Take the algebra A = H & M3(C) 5 (a,b) with the first diagram of Figure 2.

a b b a b b a b b
a G—==o© O a &==© O a e
b O o © b o o O bI—jo
b o o o b o o o0 b o o ©

Fig. 2



Then the multiplicity matrix and its contraction are
) R
0 00
Using (), its representation is, up to unitary equivalence
pr(a,b) =a® lg, prla,b) =b® la, pi(a,b) =15 ® a, pgla,b) =15 @ a.
The Hilbert space is
H=C'aCasC aC.

In its Dirac operator (), M = M ® 1y, where M is a nonvanishing complex 2 x 3
matrix.
Real structure, S%-real structure and chirality are given by (cc stands for complex conju-
gation)

0 0
J:<o 110>OCC 6:<110 0) ‘= 0 1g 0 0
lio O ’ 0 —1y0/° 0 0 —1, 0

0 0 0

The first tensor factor in a ® 1, concerns particles, the second concerns antiparticles
denoted by -°. The antiparticle representation is read from the transposed multiplicity
maftrix.

The second diagram of Figure 2 yields

-1 2 0 ) 1 9
p={0 00), i=(7, 5
0 00

and its spectral triple reads:

b 0
plad) =ats pnlat)= (7)ot

) ) 1 0
pj;(a,b) = 12 & a, pR(avb) = <03 13) ® a,

M= <M1 Mg) ® 1y, My and M, of size 2 x 3,
—14 O 0

0
(0 ), . L _(ls O o 1, 0o o0
A\l O T 0“1/ YTl o 0 =1, 0
0 0 0 1y

In Krajewski’s notations, equation (EJl), we would have written pgr(a,b) = b ® 15 ® 1,
the middle factor showing the entry of the multiplicity matrix p.
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Finally, still for the same algebra, let us consider the third diagram of Figure 2. It
gives

o OO
=

I
N
}_\l
—
(el
N

and

b®1 0
prla,b) =a® 1y, PR(%’)):( rh a®13>’

C C 1 ®CL 0
et =noa pen= (000,
M= (Ml & 12 12 & MQ) s M1 and M2 of size 2 x 3.

In the three above examples all arrows have left algebra H, right algebra M5(C) and
colour algebra H. The numerous examples below should allow the reader to get familiar
with the translation between diagrams and triples.

3.2 Multiplicity matrix and irreducibility

Our work is based on the following lemma indicating that a classification of irreducible
spectral triples is possible.

Lemma 3.1. i) The direct sum of multiplicity malrices is again a multiplicity matriz
describing the direct sum of spectral triples.

ii) For a given algebra there is only a finite list of multiplicity matrices describing irre-
ducible triples.

Proof. i) is obvious.

ii) Given an algebra A, denote by S the set of multiplicity matrices p € M,(Z) (n
is determined by A) associated to irreducible spectral triples. Define a partial order in
M, (Z)by i > v when p;; and v;; have the same sign and |u;;| > |vy;] foralli,7 =1,... n.
The interest of this order is that for two different multiplicity matrices p, v such that y > v
and v € §, p corresponds to a reducible triple.

To prove that card(S) < oo, we first identify M, (Z) with Z™. We denote by
{€i}tief1,..,n2y be the canonical basis of Z™ and St := SN N”. We now prove that
card(ST) < oo, which is sufficient.

Assume card(ST) = oco. Then there exists at least one direction (say along e;) such
that sup{(u)i|p € ST} = co. Suppose now that in each hyperplane defined by me;, m €
N, all points ¢ € St remain uniformly bounded, p; < B,i = 2,...,n% This means that
there exists an infinite family of points in an hypertube parallel to e;. Necessarily, there
exists an infinite subfamily {ux}ren C ST of points in the hypertube which are aligned:
(k)i = (pr41)i, Vo # 1 and (pg)1 < (prs1)1. But this is impossible since pr < figtr
cannot happen. As a consequence, there exists a second direction (say along ey after

10



renumbering) where the intersection of successive hyperplanes along e; and e; contain
an infinite family of points of ST. By induction, the same reasoning in each direction e;
implies that there exits an infinite family {p }1 of points in St with increasing vectors:
(r)i < (pg41)i, Vi. Again this yields the contradiction pg < pryr and ppyq ¢ ST. ]

4 Fluctuations and dynamical non-degeneracy

The aim of this work is two-fold. First, we work out all irreducible real, S°real diagrams
for algebras with one, two and three simple summands. Second, we give all associated
spectral triples that are ‘dynamically non-degenerate’. By this we mean the following.
The spectrum of the (internal) Dirac operator D is always degenerate: all nonvanishing
eigenvalues come in pairs of opposite sign due to the chirality that anticommutes with D.
All eigenvalues appear twice due to the real structure that commutes with D. There is a
further degeneracy, two-fold in the example above, M = M ®1,, that comes from the first
order axiom. Let us call it colour degeneracy. 1t is absent if and only if the colour algebras
of all arrows are commutative. Of course, these three degeneracies survive the fluctuations
of the Dirac operator and the minimization of the Higgs potential. By dynamical non-
degenerate we mean (see precise definition below) that no minimum of the Higgs potential
has degeneracies other than the above three. The first two degeneracies survive quantum
fluctuations as well. We also want the colour degeneracies to be protected from quantum
fluctuations. A natural protection is unbroken gauge invariance, a requirement that we
will include into the definition of dynamical non-degeneracy.

Except for complex conjugation in M, (C) and permutations of identical summands in
the algebra A = A, & Ay & ... A, every algebra automorphism o is inner, o(a) = uvau™"
for a unitary u € U(A). Therefore the connected component of the automorphism group

is Aut(A)° = U(A)/(U(A) N Center(A)). Its lift to the Hilbert space [
L) = plu) T p(u) "

is multi-valued.
The fluctuation /D of the Dirac operator D is given by a finite collection f of real
numbers r; and algebra automorphisms o; € Aut(A)° such that

ID:= "rjL(o;)D L(o;)™", r; €R, 0; € Aut(A)".

J

The fluctuated Dirac operator /D is often denoted by ¢, the ‘Higgs scalar’, in the physics
literature. We consider only fluctuations with real coefficients since /D must remain
selfadjoint.

To avoid the multi-valuedness in the fluctuations, we allow the entire unitary group
viewed as a (maximal) central extension of the automorphism group. We will come back
to minimal central extensions in another work.

An almost commutative geometry is the tensor product of a finite noncommutative
triple with an infinite, commutative spectral triple. By Connes’ reconstruction theorem [g]
we know that the latter comes from a Riemannian spin manifold, which we will take to

11



be any 4-dimensional, compact, flat manifold like the flat 4-torus. The spectral action of
this almost commutative spectral triple reduced to the finite part is a functional on the
vector space of all fluctuated, finite Dirac operators:

VD) = A te[(!D)Y] - £ te[(!D)?],

where A and p are positive constants [B 0. The spectral action is invariant under lifted
automorphisms and even under the unitary group U(A) 3 u,

V([p(w)J p(u) T ID [p(u) ] p(u)J |7 = V(ID),

and it is bounded from below. Our task is to find the minima /D of this action, their
spectra and their little groups

G = {u € U(A)), [p(w)p(u)I /D [p(w)Jp(u)s )™ = D}

Definition 4.1. The irreducible spectral triple (A, H, D) is dynamically non-degenerate
if all minima /D of the action V(D) define a non-degenerate spectral triple (A, H, fD)
and if the spectra of all minima have no degeneracies other than the three kinematical
degeneracies: left-right, particle-antiparticle and colour. Of course in the massless case
there is no left-right degeneracy. We also suppose that the colour degeneracies are pro-
tected by the little group. By this we mean that all eigenvectors of D corresponding to
the same eigenvalue are in a common orbit of the little group (and scalar multiplication
and charge conjugation).

In physicists’ language this last requirement means noncommutative colour groups
are unbroken. It ensures that the corresponding mass degeneracies are protected from
quantum corrections.

5 Statement of the result

The main result of this work is the following

Theorem 5.1. The sum of simple algebras, A = @f\il A; with N = 1,2,3 admils a finite,
real, S°-real, irreducible and dynamically non-degenerate spectral triple if and only if it is
in this list, up to a reordering of the summands:

N=1|N=2 N=3

1461 |1916C
void 1161
241 |2614C
26141

12



Here 1 is a short hand for R or C and 2 for My(R), M3(C) or H.

The ‘colour’ algebra C is any simple algebra and has two important constraints:

i) Its representations on corresponding left- and right-handed subspaces of H are identical
(up to possibly different multiplicities).

ii) The Dirac operator D is invariant under U(C),

p(1,1,w)Dp(1,1,w)' =D, forall we U(C).

This implies that the unitaries of C do not participate in the fluctuations and are therefore
unbroken, i.e. elements of the little group.

Let us emphasize that although the 4-dimensional ‘spacetime’ manifold M used to
define the almost commutative geometry does not show up in this result, it is an important
ingredient of the spectral action and its asymptotic behavior. In particular the dimension
of M is linked to the order of the polynomial V. Therefore our classification indeed
concerns 4-dimensional, almost commutative geometries.

We give in section Bl an example of a reducible triple which is dynamically non-
degenerate and whose algebra is not in the above list.

6 One simple algebra

From the classification [E4E0], we know that A = M, (C) are the only simple algebras to
admit real spectral triples. Up to permutation of @ and a (complex conjugation in A), up
to permutation of particles and antiparticles (reflection of the diagram with respect to the
main diagonal) and up to permutation of left- and right-handed particles (changing the
direction of all arrows), all real S%real and irreducible triples have Krajewski diagrams
indicated in Figure 3:

a a a a a a a a
a G—=—=® a a &——0 a
oo el ae. ub
Fig. 3
Indeed, a Krajewski diagram must contain at least one arrow which can be put into the
position p = _01 —Bl by use of the three above permutations. However, alone this

arrow does not fulfil Poincaré duality, i + 17 = 0. There are four ways to add a second
arrow. But Poincaré duality can only be satisfied if the two arrows are joined in one point.
Adding a third arrow makes the diagram corresponding to a reducible spectral triple.
The first diagram yields:

a 0

)= (1) o paa) =00 L i) = 10 (§0) o) = Looa (61

a
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M,

./M = M@ln = (Mg

> @ 1,, My, My e M,(C).

Real structure, S%real structure and chirality are:

—1g,2 0 0 0
J— 0 13,2 o ce. e — 13,2 0 B 0 +1,2 0 0
“\se 0 TN 0 1.2 /YT 0 0 —lge O
0 0 0 +1,.2
Let us write the fluctuations of D as
0 M 0 0
D M0 0 0 62
T 0 0 0 M (6.2)
0 0 M 0
Here
M.
f — f _ 1
M="Mxl, = (fM2> ® 1,
Then
fM1:Zr~u-M1uT fM2:ZrlulM2ulT SO fM:Zr uj 0 M, ul
: J 7 7 : J 70 : J 0 u] M2 7"
j j j
and
4 M2 2 ,LL2
VED) = A tr|[/D } -Su {f@ } = d4n O\ (M7 M%) = Bl ).

The matrix /M is of size 2n x n. Therefore the fluctuation /D has at least n vanishing
eigenvalues each still coming with its n-fold colour degeneracy and all triples with n > 2
are dynamically degenerate since /M/M™ € M,,(C) has at least n zero eigenvalues.

For n = 1, all minima of the action V' are of the form |f]\41|2 + |f]\42|2 = %. But the
corresponding fluctuated Dirac operator has a nontrivial invariant subspace in its kernel
and the triple is degenerate. To make the subspace explicit apply a unitary change of
basis to set {M, to zero. In every minimum the little group is Z,.

At this point, an overkill is instructive. We will show that the case n > 2 also features
dynamical degeneracy in the non-zero eigenvalues.

In general, the set of all possible fluctuations /D, i.e. the image under the fluctuations
(B33), is difficult to describe. However, the action V only depends on the positive n x n
matrix C' := /M " /M and is a sum of n? polynomials of fourth order in the matrix elements

of C:

n

V(C) =40 (D (MCE = 5Ca) + Y _ACyl?). (6.3)

i=1 i#j
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If C = gln is in this image then it is the unique minimum in terms of the variable C'.
To compute the minima of the action, we now distinguish cases:
1: At least one diagonal element of one of the two matrices is non-zero:
After a suitable renumbering of the basis of the Hilbert space H, we may assume

(My)11 # 0. With a first fluctuation,

1 0
1 1
rmn = 577’2 = 2 Uy = 1n7 Uy = <0 _1n_1> )

we obtain for /M a block diagonal matrix with 2 x 2 blocks. By means of the fluctuation

1 0
r = %7r2 = %7 Uy = 17’L7 Uy = <0 Zl 1) 9
we isolate the (1,1) elements of M; and My and with ry =ry = ... =7, =1, uy = 1,,
0001 O
01 0 8 (1) (1) 8 0100 O
Ug = 1 0 0 , Uz = 100 0 , Ug = 0 01 O 0 5
0 0 1,-2 000 1 1000 0
" 0000 I,4

we distribute them over the entire diagonal obtaining

= (i)

Then C is a non-vanishing multiple of the identity and a suitable multiple of the above M
is a minimum. The spectrum of this minimum /D has an additional dynamical degeneracy
and up to the sign, /D has one single eigenvalue. The little group is Gy = O(n). Note
also that fMl and fMg are proportional, fMl =« fMg, a € C, so there is a unitary change
of basis in the Hilbert space H such that M, = 0 in the new basis and the spectral triple
(M, (C),H, D) is degenerate.

2: All diagonal elements of M; and M, vanish but M; and M; are not both skewsym-
metric:

After a suitable renumbering, we may assume (Mi)i2 =  — v, (M1)21 = B + 7,
(Mi)11 = (My)22 = 0, with 8 # 0. As in case 1 we can isolate this block. Fluctuating
with

1/vV2 —1/V/2 0
rm=1, w=|1/vV2 1/V2 0 ,
0 0

1n—2

we obtain (‘M;);; = —8 and conclude as in case 1.
3: M; and M, are skewsymmetric and linearly dependent:

: 1 i :
Thus M can be written as M = M; ® (a)’ a € C and by a unitary change of basis,
we may assume « = 0 that is My = 0 without changing the representation (BZ). Then
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the spectral triple is degenerate. Let us nevertheless finish this case. By another unitary
change of basis (or fluctuation), cf. appendix (), we put

0 —X
At 0

Il
TN
Rel=

|
S >
[\]
~

where the zero in the lower right corner concerns the case n odd. Let us suppose that A; is
not zero. By isolating the upper left block and by distributing it over the entire diagonal
we obtain a {M;;; = A\, for all 7. If n is even, we then have the minimum C = gln for
V(C). Its spectrum is again completely degenerate with little group G, = USp(%). If

n is odd the spectrum of /D contains 4 vanishing eigenvalues, all others being of same
absolute value and G, = USp(25%) x U(1).

4: M; and M, are skewsymmetric and linearly independent:

Then /M, and /M, vary independently over all skewsymmetric matrices (cf. Lemma
A.2). For n = 3 the minimization can be done by direct calculation. All minima are
gauge equivalent to

0 10
—1.0 0 .
; 0 00 : " f 2
far — 2 — f M= B
M= lo o] C=Mr=g (o1
0 00
—1.0 0

Although the spectrum has a two-fold dynamical degeneracy the little group is only
Gy = U(1) > diag(e?, e e7%). For general n, we were unable to compute a minimum

explicitly, but we will show that its spectrum is dynamically degenerate. To alleviate

notations let us rescale variables, /D — \/LZ—/\fD. Then the spectral action reads for

C; =M IM;
VM, M) = ™5 (12[CF) — te[C4] 4 te[CF] — t2[Cy] + 2tx[C1 Cy)) -

All minima of this fourth order polynomial have vanishing partial derivatives with respect
to IM," and M,". These equations read

fMl — 2 fMl fMl* fMl —|— fMl fMQ* fMQ —|— fMQ fMQ* fMl, (64)
fMQ — QfMQ fMQ* fMQ —|— fMQ fMl* fMl —|— fMl fMl* fMQ
Let us put X := Ci.Y :=Cyand Z := fMl* IM,. We multiply equation (BH) from the
left by /M, and likewise for (BE=3) to get
X =2X? 4+ XY + 727, (6.5)
Y =2Y? + XY + Z*Z.
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Subtracting (BEH) from its Hermitian conjugate, we have that X and Y commute and
subtracting (BH) from (B we get

AX —Y)(X +Y —11,)=[2", 2]

Multiplying (B=) from the left with fMl* and multiplying the Hermitian conjugate of
(B from the right with /M, , we have

Z=27Y +ZX + X7, (6.6)
7 =2XZ+YZ+ZY.

Taking the difference, we find that Z commutes with X 4+ Y.

We are to show that the spectrum of C = fM*fM = X 4+ Y is degenerate: Let us
suppose that it is non-degenerate. Take an orthonormal basis of eigenvectors of C'. Then
it is also an eigenbasis of Z implying that [Z, Z*] = 0 and by (BE) the eigenvalues z; and
y;of X and Y correspondmg to the j-th basis vector satisfy at least one of the equations
r;j=vy;, x;+y; = 5. But as fMl and fMg are skewsymmetric, each eigenvalue of X and
Y is doubly degenerate with the exception of one vanishing eigenvalue if n is odd. This
contradicts the non-degeneracy of X + Y.

The triple of the second diagram of figure 3 differs from the first only with respect to
representation and Dirac operator

a 0 _ . a 0 .
pla)= (5 ) et pn)=aot i@ =10 (3 0). s =1e0

a

./M = <M1 ® 1n) ; M17M2 € Mn(C)

1n ® M2
Again, non- degeneracy of the zero eigenvalue requires n = 1 and all minima, |f]\41|2 +
|f]\42|2 = 55, have little group Zy. But now all minima of the action V are not gauge

equivalent. Indeed when M, = = pu(4N)"12, M, = 0 and Ker(D) = Span{Hr,, H,})-
Thus the eigenvector in the image of %(1 — ¢€) associated to the zero eigenvalue of the fluc-
tuated Dirac operator, which is in Hp,, transforms under p(u).Jp(u).J ™" as multiplication

~1/2 According to

by u~2, while it transforms as multiplication by u? when /M, = u(4))
our definition the triple is dynamically degenerate because in both cases, the eigenvectors
define a one-dimensional complex subspace invariant under A4 and contained in the kernel
of the fluctuated Dirac operator /D.

The last two diagrams of Figure 3 are treated as the first two and yield the same

conclusions.

7 Two simple algebras

Again our starting point is the list, Figure 4, of all irreducible Krajewski diagrams up to
the three mentioned types of permutations and up to permutations of the two algebras
and disregarding any direct sum of two diagrams from Figure 3.
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Q
Q
fop)
el
Q
Q
<o~
el

a O O o} 0 a O O o} O
b O @ O 0 b O O O 0
b O O O o) b O O O o)
a a b b a a b b
a O G—=—8 a O O
a O O o} O a O O e} I
b O @ O 0 b O O O o
b O O o o) b O O O o)
Fig. 4

Let k and ¢ be the size of the matrices of 4, = M,(K) > a and Ay = M,,(K) > b.
E.g. k=nfor Ay = M,,(R) or M,,(C) and k = 2n for 4, = M, (H).
The first diagram of figure 4 yields:

pL(aab) =a® ly, pR(aab) =b® Lk, ch(avb) = 1; ®a, p%(a,b) =1, ®a,

M=M® 1g, M e kag((C).

M is non-zero and we may assume My # 0. Except for the k-fold colour degeneracy, we
accept at most one zero eigenvalue of M*M. Therefore we must have k =/ or k ={+ 1.

We assume £ < k. Let in (B2

M="Mg 1%, M= ZT]' u]'MUj_I, u; € U(.Al), v; € U(.Az)

J

Ifk>2/0>2o0rk>2,/(>2, wemay isolate the upper 2 x 2 block by fluctuations: With
the first fluctuation,

1 1 0 1y 0
» T2 = 3, up = lg, v1 = 1y, ug = 0 —1z 2= 0 —1lio)’

we obtain for M a block diagonal type matrix. By means of the fluctuation

[

rm =

[N

r =

1 0
,TQZ%, Ulzlk, ’Ulzlg, UQzlk, ’U2:<02 —1g 2).
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we isolate the upper block. If & = ¢ = 2 this step is empty.

Now we may distinguish cases.

1: A = M,(R) or M,(C), Ay = M,,(R) or M,,(C): like above, we isolate M;; and
as in case 1 for one algebra we distribute My, over the entire diagonal, obtaining thus
M IM proportional to the identity. The spectrum of the fluctuated Dirac operator /D
minimizing the action V has an /-fold dynamical degeneracy.

2: Ay = M,(H) , Ay = M,,,(H), define the fluctuation

0 1 0
,ngi, Ulzlk, ’Ulzlg, Uy = —1 0 5
0 Tp—o

0 1 0 = 0 =
U2 = i(—l 0) 0 , Uz = (Z 0) 0 , Vs = i(@ ()) 0 ,

0 Lo 0 Tr—o 0 Loz

5
[Se]
|
ENT

the upper block is proportional to 1,. The plus signs in + are used if My, = My, We
distribute the block over the diagonal and get an ¢-fold dynamical degeneracy (recall that
0 <k).

3: A = M,(R)or M,(C), Ay, = M,,,(H). If My2 = 0 we fluctuate with

1 0
y '3 = %7 U = 1k7 v = 1(7 Uy = <0 _1> ! 0 U2 = 1({’
0 [P

0 1 0 —1
Us = (1 0) 0 , U3 = _<1 0) 0 ,

I
r=r2=y

and obtain
My, 0 0
fM: 0 —M11

If My3 # 0 we fluctuate with

1 0
1 1 2
rn="mr=53,7T3=75, U1:1k701:1é,u2:<0 1, ; v2 = 1y,
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with 0 := %(Arg(MH) — Arg(M3)) and obtain

eié’MH e—i€M12 0
M = 0 0

0 0

In both cases, we distribute the 2 x 2 block over the diagonal and achieve M* /M pro-
portional to the identity.

In all three cases, £ must be one to avoid dynamical degeneracy.

The second diagram of Figure 4 is treated in the same fashion. The last two diagrams
of Figure 4 have no ‘letter changing arrow’, an arrow connecting an a to a b. They are
treated as the triples with one simple algebra: Counting neutrinos, that is requiring at
most one zero eigenvalue (up to a possible colour degeneracy) yields A = C & C and
degeneracy.

Finally using the permutations we get the list of all irreducible, dynamically non-
degenerate triples with two algebras:

- There are the commutative triples, that is the two-point spaces, 4 = C& C > (a,b):

a 000
06 00 :
pla,b) = 004 ol andin D, M € C. (7.1)
000 a
There is a second one with the same algebra:

a 000
06 00
000 a

And there are the real versions, A=C& R, R&C and R & R.
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- The noncommutative triples have 4 = M,(C) & C 3 (a,b) with four irreducible
triples:

a®ly 0 0 0
B 0 bl, 0 0 (0
pla,b) = 0 0 1,oa 0| M= (m) ® 1lg, m € C, (7.3)
0 0 0 a
a®ly 0 0 0
B 0 bl, 0 0 (0
pla,b) = 0 0 1,oa o0l M= (m) ® 1g, (7.4)
0 0 0 a
a 0 0 O
0b 0 O 0
p(a,b) - 00 612 Q ) M = <m> ) (75>
00 0 b
a 0 0 0
0b 0 O 0
pla,b) = 0 0 bl 0] M= (m) . (7.6)
00 0 b

In all four cases, all minima ID are gauge equivalent to the Dirac operator D with the
absolute value of m fixed in terms of A and y and the little groups are

Gy = U(1) x U(1) ((eo e%) ,a&) |

In the two triples (E=3) and (=), the unitaries of the colour algebra, M;(C), are sponta-
neously broken, they do not leave any minimum invariant, U(2) ¢ G,. According to our
definition these two triples are dynamically degenerate.

- Then there are diverse real versions: replace the complex 2 x 2 matrices My(C) by
quaternions H or by real matrices My(R) and/or replace C by R. For the real forms, of
course, we have no complex conjugations in the representations. We summarize the little
groups (arrows mean group homomorphisms):

CeC
CaeR
Re& R
My(C) ¢ C
My(C) & R
HeC
He R
MQ(R)@C
MQ(R)@R

UuUuuyuuuuuuuyu

U(l) x U(1)
U(l) x Zy
Zig X Ly
U2) x U(1)
U(2) x Zy
SU(2) x U(1)
SU(2) x Zy
O(2) x U(1)
O(2) X Zy
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U(1),
U(1),
ZQ,
U(1) x U(1),
U(1) % Zs,
U(1),
ZQ,
ZQ X ZQ,
ZQ X ZQ.



The triples (E=) or its commutative version (), (E0) or its commutative version (E),
(E2), and (E) are represented by the four diagrams of figure 5.

Q
Q
fop)
o~
Q
S]]
<o~
el

a O O e} 0 a O O o} O
b O @ O 0 b O O O 0
b O O O o) b O O O o)

a a b b a a b b
a O @ O o} a O O O O
a O O o} O a O O e} O

>~
@)

@)
@)
@)

>~
@)
@)
@)
@)

Fig. 5

8 Three simple algebras

8.1 Proof for N =3

So far, we found that all irreducible, dynamically non-degenerate triples were associated to
diagrams with letter changing arrows only, i.e. arrows connecting two different algebras.
These arrows are stable under contraction of the multiplicity matrix. Therefore we start
by constructing all irreducible, contracted diagrams, Figure 6. In other words we neglect
the complex conjugate representations.

This list becomes exhaustive upon permutations of the three algebras A; = M, (K) >
a, Ay = M,,(K) 3 b, A3 = M,(K) > ¢, upon permuting left and right, i.e. changing the
directions of all two or three arrows simultaneously, and upon permutations of particles
and antiparticles independently in every connected component of the diagram.

Let k, £, p be the sizes of the matrices a, b, c.

Diagram 1 yields:

. a@lk 0 . b@lk 0
,DL(a,b, C) - ( 0 b@lg)’ ,DR(GJ,b, C) - < 0 c® 1[)7
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. 1 @ a 0 . ly®a 0
pL(aabvc):<k0 1(@[))’ ,()R(Cl,b,c):<é0 1p®b>7

and

My ®1 0
./M _= ( 10 k M2 ® 1({) 5 Ml E MkXZ(C)7 M2 E MZXP(C)‘

The fluctuations,

fMl = ZT]' ulevj_l, uj; € U(.Al), v; € U(.Az),
J
fMQ = ZT]‘ vagwj_l, wj € U(.Ag),
J
produce two decoupled fields /M; and M, as can be seen by applying the fluctuation:
™= %7 uy = lp, v =1, wy =1,, ry = %7 uy = 1y, vo = 1y, wy = —1,,.

Since the arrows M; and M, are disconnected, the action is a sum of an action in fM;
and of an action in /M,. Proceeding as in the precedmg section we find that a minimum
M, has min{k, (} eigenvalues ((4))~7 and |k — £| eigenvalues zero and M, has min{/, p}
eigenvalues p(4X)~ 2 and |(—p| eigenvalues zero. All triples associated to the first diagram
are therefore dynamically degenerate.

For the same reason, we can discard diagrams 2, 3, 4, 6, because they also have
two disconnected horizontal arrows not vertically aligned.

Diagram 5 yields:

1 0
pL(a,b,c): <a(g()) g b®1p> > pR(avbac):b®1k7

. 1 ®a 0 .
pL(a,b,c) = < kO 1({@6) ) pR(avbac) = 14@&,

M, 1
M= <1é1® Mj) . My € Mys(C), My € M, (C).

Again the fluctuations,
f — iy -1 . ,
M, = Zr] u;Myvy ", u; € U(AL), v € U(Ay),
J
fM2 = ZT]‘ w]‘Mguj_l, w; S U(.Ag),
J

produce two decoupled fields M; and /M, but now the arrows are connected and conse-
quently, the action does not decouple,

V(Cy,Cq) = 4k M tr(C}) — %/ﬂ tr(Ch)] + 40 M (CF) — %/ﬂtr(Cg)] + 8Atr(Cy) tr(Cy),
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where C; := 'M;" 'M;. TLet Ty, Tg, ..., xy be the eigenvalues of € and yy,ys, ..., yr be the
eigenvalues of ('y. The action only depends on these variables and in its minimum all z;
are equal or vanish and all y; are equal or vanish. The spectrum of the minimal Dirac
operator /D contains at most three non-vanishing numbers: /z, VYT +y implying
that & and /¢ are less than or equal to two. The fermionic mass matrix M is of size
(k* + £p) x (k{). To get at most one zero eigenvalue we must require |k* 4+ Ip — kf| <1

implying k = p = 1. For £ = 1 the minimum is at |f]\41|2 + |f]\42|2 = %, for £ = 2 the

minimum is at fMl =0, |f]\42|2 = %. In both cases, fM; = 0, the triple is degenerate in
the sense that the Dirac operator has an invariant subspace in the kernel.

Diagram 7 falls in the same way.

Diagram 8 yields the representations

a®1k 0 0
pL(a7b7C): 0 C®1k 0 ; pR(CL,b,C):(b(X())lk C(X())1>7
0 0 b1, P
Iy ®a 0 0
pifab={ 0 Lee 0 |, plabo)= (14? o %)
0 0 ly®ec P

The possible complex conjugations in the representation will not be important in this
diagram. The mass matrix is

My @ 1 0
M - Mg ® 1k 0 ) M1 € kag(C), Mg,Mg € Mpxg(C).
0 Ms* @1,

The fluctuations are
IMy = ) rjupMpyt, uy € U(AY), vy € U(Ay),
My, = z]:rj wi My, w; € U(As),
My = Z]:rj w; Msv; ",
J
and the action is, with C; := M;" /M,
V(Cy, Cy, Cs) = 4k [Atr(Cy + Cy)* — $p® tr(Cy + Co)] + 4p [Mtr(C3)? — 2% tr(C)).

Requiring at most one zero eigenvalue (up to a possible colour degeneracy) implies k& = 1,
{=p+lork=1,{=p. Inboth cases /M, and /M, vary independently. The colour group
consists of the us and ws. As they are spontaneously broken we must have k = p = 1,
leaving £ and ¢/ = 2. In the commutative case with no complex conjugations in the
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representation, {Ms = B /M, for a complex constant 3 # 0. If || > 1 the minimum is
given by

; L-1B17e* 812 ; p
IMy|? = ( IM,)? = d |["Ms]? = —.
Its mass spectrum {0, —\/‘;—A, —\/‘jﬁ} is dynamically degenerate. If |3| < 1 the minimum is

given by

?

i ; L+ 18 p? i BI*(1+181%) »*
IM)P =0, |['M|* = d ['Ms]* = .
| 1| ) | 2| 1_|_|6|4 4)\7 an | 3| 1_|_|6|4 4\

The triple is degenerate because of the invariant subspace in the kernel of the Dirac

operator. With additional complex conjugations in the representation, fMs may decouple
from /M, and the triple becomes dynamically degenerate as in diagram 1.

In the noncommutative case £k = 1, / = 2, p = 1, M; and M; must be linearly
independent. To get a nondegenerate triple for any choice of 4; and A3 = R or C and
Ay = M3(R), My(C) or H it is sufficient to take the example: M; = (m,0), My =
(0,m3), Ms = SM,. The minimum is given by fMl fMg* =0 and

|f]\41|2::u_27 |fM2|2: 1‘|‘|B|2:u_2 |fM3|2:|6|21‘|‘|6|2:u_2
4N 1+ |3]* 4X7 1+ [B]* 4N
dynamically non-degenerate for § # 0 and |3| # 1.
Let us note a new phenomenon: the three eigenvalues of a minimum ID are tied together
by a mass relation. Its origin is clear, when we add more and more irreducible components
to the Hilbert space the number of possible fluctuations does not change, the number of
components in the Dirac operator increases. This phenomenon does not only occur for

the particular choice of the mass matrices My, My, M3 above, but is generic for diagram
8. The little groups are same as the last six in (I=0).

Diagram 9 yields the representations

pr(a,b,c) = 0 a®1, 0 , pr(a,b,c) = 0 a® 1y 0 ,

0 0 b1, 0 0 c®1,

1y ®a 0 0 I/ ®a 0 0

ch(av bv C) = 0 Ly ®ec 0 s p%(av bv C) = 0 1y @b 0 >

0 0 I, ®c 0 0 1, ®c

with possible complex conjugations. The mass matrix is
My ® 1, 0 0
M= 0 1 @ My* 0 , My € Myyo(C), My, M3 € My, (C).
0 0 Ms®1,

The fluctuations are

My = Y rjuMivit w e U(AY), v € U(A),

J
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fMQ = ZT]‘ vagwj_l, wy € U(.Ag),
J
fMg = er Ungwj_l,
J
and the action V(Cy, Cy, C3) is equal to
Ak (M r(C)? = $p® tr(C)] + 4k [ r(Ca)? — 212 tr(Ca)] 4 4p (M tr(C3)? — 242 tr(C3)).

Counting neutrinos and imposing broken colour to be commutative leaves only one case,
k=1/0=p=1. We choose M3 = M, and get the minima at

; g LB w* ; L+ 18] p?
M2 = [ ML 12 = = IM-1?2 = 2 =
| 1| 4)\7 | 2| 1_|_|6|4 4)\7 | 3| |6| 1_|_|/8|4 4)\7
so it is dynamically non-degenerate for 5 # 0 and |3| # 1.
Diagram 10 yields the representations
a ® 1k 0 0
b®1 0
pL(a,b,c): 0 a® 1 0 s ,OR(Cl,b,C):< (g()) * C®1>7
0 0 b®1, b
1k ® a 0 0
1 0
pi(a,b,c): 0 Iy ®a 0 s p%(aﬂbvc):(Z(()g)a 1 ®c>7
0 0 L®c '
with possible complex conjugations. The mass matrix is
My @ 1y 0
M= M ® 1, 0 , Ml,MQ € kag(C), M; € ngp((C).
0 Ms®1,

The fluctuations are
f — Cap . -1 . .
M, = Zr] uiMyvi ™, u; € UCA), wv; € U(Ag),
J
fMQ = ZT]‘ u]'MQ’Uj_l,
J
fMg = ZT]‘ Ungwjl, wy € U(.Ag),
J
and the action is

V(Cy,Cy, C5) = 4k [ r(Ch + Ca)* — $p tr(Cr + Co)] + 4p (M tr(C3)? — 347 t1(C3)).

Neutrino counting impliesk =1,/ =2, p=1or k== p = 1. In both cases M varies
independently of /M, and fM,.
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The commutative case has always |f]\41|2 + |J2]\42|2 = |f]\43|2 = 12(4\) " and is dynam-
ically degenerate.

In the noncommutative case £k = 1, / = 2, p = 1, M; and M; must be linearly
independent. For A; & Ay = R @ My(C), CE Mz(R) and C & M,(C), lemma A.1
decouples M, and ‘M, and the triples are dynamically degenerate, M, = ((4X)~172,0),
fMg = (0,@(4)\)_1/2), fMg = (O,,LL(4)\)_1/2)T. For A1 & A, =R @ H and C & H we choose

prla,b,c) = 0 a® 1y 0 . My =(mq,0), My =(0,am).
0 0 bol,

s Itla?  Ja?(1+|af : : w2
[ts minimum has the non-degenerate spectrum {1+|al4’ Tl 1, 0} in units of 5

with one mass relation. Finally for A; & Ay = R & M3(R) we choose M; = (i,1) and

M; = (1,0) to obtain the non-degenerate spectrum {213\/57 1, 0} in units of %.

Diagram 11 yields the representations

a1, 0 b® 1 0 0
,OL(a, b7 C) = 0 b1 > pR(a'7 b7 C) = 0 b® 1k 0 s
P 0 0 c®1,
1({@& 0 0
. 1 0 .
pr(a,b,c) = ( ’“?“ ! ®C>, prla,bc)=1 0 L, ®a 0 |,
¢ 0 0 1,®c

with possible complex conjugations. The mass matrix is

M:<M1®1k My @ 1y 0

0 0 M3 ® 1p> ) M17M2 S ka(f((c)v M3 S MZXp((C)-

The fluctuations are
f — Cag . -1 . .
M, = Zr] u;Myvy ", u; € U(AL), v € U(Ay),
J
M, = er ungvj_l,
J
fMg = ZT]‘ vagwj_l, wy € U(.Ag),
J
and the action is

V(Cy,Cy, Cs) = 4k [Mr(Cy + Ca)* — Sp® tr(Cy + Co)] + 4p (M tr(C3)? — 3% t1(C3)).

Neutrino counting and imposing broken colour to be commutative leaves only one possi-
bility: £ = ¢ = p = 1, which is treated as the case £ = ¢ = p = 1 of diagram 10 with the
same conclusion, degeneracy.
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Diagram 12 yields the representations

a1, 0 b® 1 0 0
pr(a, b c) = 0 bl ) pr(a,b,c) = 0 a® 1, 0 ,
b 0 0 c®1,
1({@& 0 0
. 1 0 .
pﬂm@6%=<k?a 1@m>, prla;bc)=1 0 1,b 0 |,
¢ 0 0 lr®c

with possible complex conjugations. The mass matrix is

JM:<M1®1]C 1 @ M, 0

0 0 M3 ® 1p> 3 M17M2 € kag((C), M3 € MZXp(C)-

The fluctuations are

M, = er u; Moyt uj € U(A), v; € U(Ay),
M, = z]:rj u]-szj_l,
My = Z]:rj Ungwfl, w; € U(A3).
J
The action V(Cy, Cq, C3) equals

4k (M r(Ch)? — Sp? tr(Cy)] + 4k (M tr(Co)? — Tp? tr(Cy))]
+ 8 tr(Cy) tr(Cy) + 4p [A tr(C5)* — %/ﬂ tr(Cs)].

Since /M5 decouples, £ and p can at most differ by one. The neutrino count and imposing
broken colour to be commutative implies k = ¢ = p = 1. Then M; = a M; and we must
distinguish two cases: /M; = o /M, or AfMl andAfMg independent. Both possibilities have
a dynamically degenerate minimum: |[/M;|* + |/M,|? = |/Ms|? = %.

Diagram 13 has a ladder form, i.e. it consists of horizontal arrows, vertically aligned.
Its representations are

b®1 0
pL(a,b,c): 0 a® 1y 0 s pR(CL,b,C):< (g()) * b@l)’
0 0 a®1 b
1k ® a 0 0
. . 1 0
gas = 0 noe 0 Lo s (00 0 ),
0 0 L®ec ‘
with possible complex conjugations here and there. The mass matrix is
My @ 1% 0
M= M ®1; 0 , My, My, M3 € kag((C).
0 Ms®1,
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The fluctuations are

My = ) rjuMwt, w € U(A), v € U(A),
J

fM2 = ZTjUjMQ’Uj_l,
J

f]\43 = ZT]'U]'M;),U]'_I,

J
and the action is
V(Cy, Cy, Cs) = 4k [Atr(Cy + Cy)? — Sp* tr(Cy + Co)] + 4p (M tr(Cs)? — 2% tr(C)).

The neutrino count impliesk =1,/ =2o0or k=/{=1.
The case k = £ = 1 has the following possibilities:

1: R&REC, where C is any simple ‘colour’ algebra. All possible triples are degenerate
in the sense that the Dirac operator has an invariant subspace in its kernel.

2: R@ C & C, all possible triples are degenerate.

3: CER&C > (a,b,c). The non-degenerate triples have:

o QO
®OO

: b0
pL(av bv C) =10 > PR(G, bv C) = (0 b® 1p> :
0 1,

The fluctuations respect the mass ratios: |My| : [My| @ |Ms| = ['My] : |"My| : [YMs|. If
M, and M, are different from zero, the kernel of the Dirac operator, C(— My, M;,0,0,0;
— My, M1,0,0,0)7, is not invariant under a € C. If |M3|* # |M;|* + |My]?, the triple is

dynamically non-degenerate.
4: CaeCaC > (a,b,c). The only not obviously degenerate triples have the represen-

a

tations:
a 0 0 b 0
pr(a,b,c) =10 a 0 . prla,bc)= <0 b 1 ) , (8.1)
00 a®l1, b
and
a 0 0 b 0
pL(avbv C) =10 a 0 3 pR(avbv C) = (0 7)@1 > . (82)
00 a®1, b

The fluctuations do not respect all mass ratios, in fact fM; and ‘M, are independent
variables and only the ratio My /M3 = M, //M3 =: 1/3 is invariant under fluctuations via
(). If |3] > 1 the minima are given by

A L= 1817k g w * p
V2 — ( vz — vz - B
|M1| 4A 9 |M2| |/8|24A7 and |M3| 4A
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Its mass spectrum {0, 2“?, #ptimes} is dynamically degenerate. If |3| < 1 the minima
are given by

BIP(L+pIB1?) p*
L4 plglt 4N

1+plB]* p
14 plB]t 4N’

M2 =0, [PMy[? = and |[/Ms|* =
The triple is degenerate since there is an invariant subspace in the kernel of the Dirac
operator. For the representation (BEZ) the computations are identical to the case above,
(BE3), after permuting My and M, and after replacing M3 by Ms.

In the case k = 1, ¢/ = 2, the three submatrices My, My, M3 are linearly dependent

over C. If My is proportional to M, then both M3 and (%
2

Therefore M; and M, are linearly independent over C and M3 =: aM; + fM, with
complex coefficients o and £3.
5: C® My(C) ®C > (a,b,c). By lemma A.1, ‘M, and M, vary independently in CZ.

For the representations with

have a zero eigenvalue.

a 0
prla,b,e)=10 a
0 0

®OO

b 0
3 PR(C% bv C) = (0 b® 1p> 5 (83)

a® 1,
we get {Ms =: /M, 4+ B/M,. For instance for a = 0 we get fMl sz* = 0 as for diagram
8 and a similar mass relation,

L+ p|B]* p

" by 2 = 1+ p|B]*
L+ plB[* 4x°

M2 = L o g N
P = ? 1+ plAl* 4X~

Mo = |8 =0 (8.4)

For general a, we get the same relations with |3]? replaced by |a|? + |3|*. For the repre-
sentations with

0

b 0
0 5 pR(avbvc):< >’
ol 0 bol,

a
prla,be)= 10
0

o QO

and a # 0, all three doublets, /M, /M, and /M; vary independently. The minima,
|f]\41|2 |f]\42|2 |fM |? = 4i produce a dynamical degeneracy in this case. The other
case, o = 0 is dynamically non-degenerate with the same mass relation as above, equations
(EZ8). All other representations of this algebra are treated the same way and they either
have a mass relation or are dynamically degenerate, which means a particularly simple
mass relation.

6: R @ M3(C) @ C. This case is identical to case 5 with representation (EJ).

7: CoH&C 3 (a,b,c). For example, all triples with

b 0
5 PR(G, b7 C) = (0 b® 1p> 5
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My = (m1,0), My = (0,my) and M5 = (0, m3) have no mass relation. Indeed like in case
3, the mass ratios are stable under fluctuations: |M;|: | M| : [Ms| = |"My| : |/My] : |/Ms).
Other triples behave like in case 5.

8: R@® H & C has the same examples without mass relations as in case 7.

9: Co My(R) & C. For representations (BEd) and o = 0, we get minima with mass
relation (BZH).

10: R@ My(R) @ C. Here we take a representation (BEd) with My = (my,0), M, =
(0,m3z) and M3 = (0,3 my) and get again the mass relation (EZ).

Up to different multiplicities, we have the same conclusion for the diagrams 18, 17,
22. After permuting A; and A, we also have the same results for the other four ladders,
diagrams 14, 19, 16, 21.

Diagram 15 yields the representations

0o, 0 b® 1 0 0
PL(G, ba C) = 0 a1 s PR(G, bv C) = 0 a® 1y 0 >
P 0 0 b1,
14@& 0 0
1 0
ch(a,b,C):<k§M | @c), prla;be)=| 0 Lieb 0 |,
k 0 0 Lr®c

with possible complex conjugations. The mass matrix is

J\/i:(Ml@lk 1 @ M, 0

0 0 ]\43 ® 1p> 9 M17M27M3 € kaé((c)-

The fluctuations are

M, = ZT]' ulevj_l, uj; € U(.Al), v; € U(.Az),
J
fMQ = ZT]‘ uJ'MQ’Uj_l,
J
fMg = ZT]‘ u]'Mg’Uj_l.
J
Neutrino counting and imposing broken colour to be commutative implies & = ¢ = 1.
This case with A; and Ay = R or C is treated as in diagram 13, 3 yielding a non-

degenerate triple without mass relation. After replacing M} by M;, diagram 20 has
identical computations.

Diagram 23 yields the representations

a®1k 0 0
b1 0
pL(a,b,c): 0 b@lé 0 s pR(CL,b,C) = < (g()) ’ a®1 )7
0 0 b®1, b



1k®a 0 0

b= 0 wer o b gteng= (M0 0 )
0 0 1, ®c k c

with possible complex conjugations. The mass matrix is

M, ® 1; 0
M=11® MQ* 0 , My, My, M3 € kag(C).
0 M ® 1,

The fluctuations are

fMl = ZT]' u]-Mlvj_l, u; € U(.Al), v; € U(.Az),
J
M, = er ungvj_l,
J
My, = er ungvj_l.
J
Neutrino counting implies £ = ¢ = 1. This model with A; and A; = R or C is treated as
in diagram 13, 3 yielding a non-degenerate triple without mass relation. After replacing
M3 by Ms, diagram 24 has identical computations.

We must now extend our analysis to include the possibility of complex conjugate
representations. As in the case of two algebras, one shows that any diagram containing
a connected component consisting of only letter unchanging arrows leads to degenerate
spectra. Therefore within the class of irreducible and dynamically non-degenerate triples
the leitmotiv of a Krajewski diagram is still carried by its letter changing arrows. For three
algebras there are two additional diagrams, diagrams 25, 26, figure 7, that involve only
letter changing arrows. Their contracted diagrams resemble diagrams 4 and 9 of figure
6 except for the change of chirality in one arrow and the computation of their triples is
similar.

Note that without the presence of conjugate representations, this change violates the
condition that nonvanishing entries of the multiplicity matrix and its transposed must
have same signs. Figure 8 lists the contractions of all irreducible diagrams whose letter
unchanging arrows are connected to at least one letter changing arrow. The blow up of
the new symbols is given in Figure 9.

All triples attached to the eleven diagrams of Figure 8 are degenerate or dynamically
degenerate:

Diagram 27 with the first blow up yields

c®1 0 b® Lk 0 0
pL(a,b,c):< 0 * b@l)’ pR(avbac): 0 c® 1y 0 s
b 0 0 a®l,
M — My @1, My @1y 0
T 0 0 Ms®1,)’
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My € Myui(C), My € Myy,(C), M3 € My (C). Counting neutrinos leads to k = £ = 1.
To get a handle on p we repeat the overkill from section 4. In the worst case M, and
consequently 'M, is skewsymmetric and p is odd. By fluctuations we can obtain

()
S I ) B (]

Now /M, fluctuates independently and we may obtain for its transpose fMlT =(0,...,0,1).
We get (FMy, M) (YMy,"My)" = 1, and the minimum of the action is dynamically dege-
nerate if p > 1. The commutative case £ = / = p = 1 is obviously degenerate. For the
second blow up the computations are similar with /M, now proportional to 1, from the
start.

Diagram 28 is treated as diagram 27.

Diagram 29 has £ = / = p = 1 by neutrino count and admits only degenerate triples.

Diagrams 30, 31, 32, 34, 35, 36 have £ = / = 1 by neutrino count. As in the
commutative case of diagram 8, all their triples are degenerate.
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Diagram 33 with the first of the six possible blow ups yields:

pr(a,b,c)

pr(a,b,c)

pr(a,b,c)

pr(a,b,c)

M

a®1k
0

M, @ 1y

0
0

0 0
a®l, 0 ;
0 b®1,
0 0 0
bl, 0 0
0o b®l, 0 |’
0 0 b1,
0 0
1k®c 0 5
0 14@0
0 0 0
1({@6 0 0
0 1, ®c 0 ’
0 0 14@6
0 0 0
M, ®1, 0 0 ,

Ms®1, My®1l, Ms®1,

My, My € Myyo(C), M3, My, M5 € Myy(C). Counting neutrinos and imposing broken
colour to be commutative gives k = £ = 1. This case is degenerate: the kernel of the
Dirac operator contains the invariant subspace with elements (0,0,0,0,0, Msv, —Myv;

0,0,0,0,0, Msw, —Mqw)T, v,w € CP.
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With the second blow up diagram 33 yields

a®1k 0 0
prla,b,c) = 0 a®@l, 0 ,
0 0 b®l,
b® 1, 0 0 0
B 0 b®l, 0 0
pR(a,b,c) - 0 0 b®1p . 0 5
0 0 0 b®l,
1k®a 0 0
pilabe) = [ 0 Lee o |,
0 0 14@0
1, ®a 0 0 0
c _ 0 ly®ec 0 0
pR(a7b7c) - 0 0 1Z®C 0 9
0 0 0 1, ®c
M, ® 1y 0 0 0
./M — 0 Mz@lp 0 0 5

0 M3®1p M4®1p 1k®M5

My, My € Miyo(C), My, My € Myyo(C), Ms € M,4,(C). Counting neutrinos and impos-
ing broken colour to be commutative gives k = £ = p = 1. In the notations of Corollary
11.4, the action reads

V(a,b,c) = 4X[|Myab]* + | Maab|* + 2| Myabl?| Msb?|* + (| Msb?|* + | Myb?|> + | M52 [2)?]
=2p* [|M1ab|® + [Maab[* + (|Msb’|” + [ Mab’[* + [Msc®[)].

Its minimum is degenerate, b=0.
The other blow ups as well as diagram 37 lead to the same conclusion: degeneracy.
This completes the proof of the theorem. O
We summarize the possible algebras with N = 3 and the corresponding Krajewski
diagrams of all their irreducible, dynamically non-degenerate triplets in a table:
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Algebra Diagrams
CoRa(C=1) | 14,16,19,21
CoRal 13,17,18,22
191aC 15,20,23,24
2616 (C=1) | 14,16,19,21
201a6C 13,17,18,22
CeCa1 26
19161 9
M;(R)yeRa1 10
Heo1o1 10
26151 8

Note that relaxing the hypothesis of unbroken noncommutative colour does not add any
algebra to the list with N =1 and 2. It adds only few algebras to the list with N = 3
coming from diagrams 8, 9 and 11. We were unable to treat some of their triples, in
particular quaternionic ones.

8.2 The standard model of electro-weak and strong forces

Let us close this section by remarking that diagram 17 of Figure 6 with flipped chirality
and with algebra A =C @& H & M3(C) 5 (b, a,c), with representation

bls 0 0
15 0 .

plat)= (51 0). pataty= (0 b1 o).

0 0 b

c 0

. la®e 0O .

pL(a7b): < 20 bl)v pR(avb): 0 c Q 9

2 00 b

and with mass matrix

produces the standard model of electro-magnetic, weak and strong forces with one gener-
ation of quarks and leptons, u, d, v and e. The neutrino is a massless Weyl spinor. The
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intersection form written with respect to the basis of projectors

1 00
p1 = (0,15,0), p2=(1,0,0), p3s=10,0,{0 0 O
0 00
is
0 1 1
N=-211 -1 —-11],
1 -1 0

and non-degenerate. The colour group U(3) is unbroken and its representations on corre-
sponding left- and right-handed fermions are identical. In physicists’ language this means
that gluons are massless and couple vectorially. Further details on the standard model as
an almost commutative geometry can be found in [E3H].

9 Beyond irreducible triples

For the standard model, allowing reducible triples has two important physical conse-
quences:

i) Suppose we want to render the neutrino massive. Majorana masses are incompatible
with the axiom that the Dirac operator anticommutes with the chirality. Therefore we
must increase the Hilbert space by adding a right-handed neutrino. Then the triple
becomes reducible, but worse Poincaré duality breaks down: the intersection form becomes

0 1 1
n=-2[1 -2 -1,
1 -1 0

degenerate.

i) We may add more generations of quarks and leptons. Then the Cabibbo-Kobayashi-
Maskawa matrix makes its appearance. Now we may add right-handed neutrinos in some
but not in all generations and give Dirac masses to the corresponding neutrinos without
violating Poincaré duality.

So far we have no clue to why the standard model comes with three colours, with three
generations of quarks and with three generations of leptons. Note however that anomaly
cancellations [ll] imply further constraints that are satisfied with three colours and with
a number of quark generations equal to the number of lepton generations.

9.1 A reducible triple with non-degenerate spectrum

The criterion of dynamical degeneracy loses its meaning in presence of reducible triples

as illustrated by the following example: A = M5(C) & M»(C) & C > (a, b, ¢),

a® 1y 0 0 0
0 @1, 0 0
p(a7b7 C) - 0 0 613 ® 12 0 9
0 0 0 cly, ® 15
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1 00
5
17 <0 2 0) 0
A/l =m 0 1 (1)
0 0 1 00 0
0 0O 1 00
The fluctuations of the Dirac operator generate an 18 dimensional complex vector space in
which the spectral action V(YD) has to be minimized. We used a steepest descend method

0—2
2

of Mathematica for this task and found an absolute minimum at /D = D with m = \/LTA
and V(fD) = —%%. The spectrum of this minimum D is non- degenerate: in units of
P 5 20 91\/_

™1, All six values of course appear twice with a positive

5 We have {1, 2

» 50 170 170
and twice with a negative sign in the spectrum of ID. The little group of this minimum
is Gy = U(1) x U(1) C U(3) x U(2) x U(1) with generic element (€13, e “15,¢e"). The

spectrum of the minimum appears completely rigid, i.e. there are mass relations.

10 Conclusion

Suppose we want to apply conventional, perturbative quantum field theory to the Yang-
Mills-Higgs models coming from almost commutative geometries. Then after renormali-
zation, fermion masses are functions of energy and the colour degeneracy is compatible
with this energy dependence only if all noncommutative colour groups are unbroken. Fur-
thermore the renormalization of fermion masses is incompatible with mass relations, in
particular with the completely rigid reducible spectral triple of section B In irreducible
spectral triples, mass relations other than degeneracies only appear starting with N = 3.
All triples without such mass relations come from ladder diagrams and have algebras
1¢1¢CorHa1dC.

Let us suppose that also for N > 4 the irreducible triples without mass relations have
contracted multiplicity matrices of ladder type:

0
N =4.

M Q O T
oo oo

0
K
0

> 2 9

Then det(fi + 47) = (p€ — 00)? and irreducibility implies @ = 3 = v = § = 0. For
N > 5, all contracted multiplicity matrices i of ladder type have det(fi + i7) = 0 leading
us to the

Conjecture 10.1. The sum of N simple algebras, A = Ay © Ay © ... & Ay admils
a finite, real, S°-real, irreducible and dynamically non-degenerale spectral triple free of
mass relations if and only if it is in the list, up to a reordering of the summands:
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N=1 N=2 N=3 N=4 N>5
Re&R| Re&Ra&C | REREC &C,
ROC|ReCaC | RECBCi Dy
CoC|CapCal |CapCaldl,

MyR)& R
void | M3(R)& C void
My(C) & R
M,(C) a3 C
HeR HeRaC HeREC &6
HeC HeCoC | HeCo i @ Cy

Here C, C; and Cy are three arbitrary simple algebras. The colour algebras C for N = 3
and C; & Cy for N = 4 have two constraints:

i) Their representations on corresponding left- and right-handed subspaces of H are
identical (up to possibly different multiplicities).

ii) The Dirac operator D is invariant under U(C) or U(Cy & Cz),

p(1,1,w)Dp(1,1,w)™" =D, forall we U(C) or U(C; ©Cy).

This implies that the unitaries of C orCy & Cy do not participate in the fluctuations and
are therefore unbroken, i.e. elements of the little group.

We must admit that our brute force proof by exhaustion is not suitable for N = 4
and it seems already a formidable task to write down the list of all contracted irreducible
diagrams.

Besides renormalizability, there are two other important items on the physicist’s shop-
ping list, which will further constrain the model building kit:

i) The electric charge of a massless particle must be zero.

ii) The representation of the little group on the Hilbert space of fermions must be
complex.

Recall that a unitary representation is called real if it is equal to its complex con-
jugate and pseudo-real if it is unitarily equivalent to its complex conjugate. Otherwise
the representation is complex. For example the fundamental representation of SU(2) is
pseudo-real. An irreducible, unitary representation of U(1) is complex if and only if its
charge is non-zero.

Before we can examine these two criteria in the irreducible context, we must compute
the minimal central extensions [[EAEH] that allow the lift of algebra automorphisms to the
Hilbert space of fermions to have at most a finite number of values. This calculation is
under way.
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11 Appendix

Since this paper deals with matrices, let us briefly recall two standard results, one on
the singular value decomposition of rectangular matrices and the second on the standard
form of skewsymmetric matrices.

We write O(n) := U(M,(R)), U(n) := U(M,(C)) and USp(n) := U(M,(H)).

Lemma 11.1. i) Let M € M« (C). Then there exist U € U(n),V € U(m) such
that M = U DV where D € M,y (R) satisfies D;; = 0 for @ # j and Dy > Dy >
Dy, > Diyigpr = -+ = Dy = 0 where k = rank(M) and ¢ = min(n,m). The D%
are the eigenvalues of M*M, the columns of U (resp. V) are the eigenvectors of M M*
(resp. M*M ) arranged in the same order as the eigenvalues D%. In particular, when
M € M,xm(R), we may assume U € O(n),V € O(m) ( @] 7.3.5).

ii) Let M € M,(C) be a skewsymmetric matriz. Then, there exists U € U(n) such
that

P
UMUT:<@m¢:L’)@O---@O where 37:(_01 (1)>’ m; € L (LD
=1

and the numbers of zeros equals n — 2p ( [@] 4.4, Problem 26).

For our purpose, M is the complex fermionic mass matrix. Then, in ¢), the diagonal
elements D;; are the Dirac masses and the unitaries I/ and V' are related to the Cabibbo-
Kobayashi-Maskawa matrix.

Definition 11.2. Let M € M,,,,(C) and
f € Frex ={(rj,uj,v;)jes € R x UM,(K)) x U(M,,(K)) | J finite}
where K, K are R, C or H. The fluctuation of M is defined by
M= er u; Mo;.
J

In the case that C and H are involved, we assume of course that C C H.
Note that for a given M,

(M| feFret ={'M|[eFer}={M| [ e Fec}.

Lemma 11.3. Let Spang(F) be the real vector space spanned by the set E. Then,
i) Spang(O(n) = M, (R).
ii) Spang(U(n)) = M,(C).
iii) Spang(USp(n)) = M,,(H).
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Proof. i) 1t is sufficient to prove that any a = e’ € M, (R) is in Spang(O(n)).
When a = a”, there exists v € O(n) such that @ = vdv? where d is a real diagonal
matrix. Since

d=> % (2p—1,) + %1,
=1

where p; is the projection on the i-th vector basis, so d is in Spang(O(n)) and so is a.
When a = —a”, there exist v € O(n) and a family r, € R, k < 5 such that

a = vdiag(0,---,0,71b,--- ,rpb) v’

where b = <_01 (1)> Thus for r =3 r,

vTcw:bldiag(l,--- ,1,[),12,"' ,12)—|—r2diag(1,--- ,1,12,[),12"', 2)—|——|—

1
—I_rk (17 e 717 127 e 71276) - dia'g(r7 e 7r7 (T - T1)127 te 7(r - Tk)lQ)

is a real linear combination of matrices in O(n) by i). So a € Spang(O(n)).

ii) This follows by i) since O(n) and ¢O(n) are included in U(n).

iii) Let 1,e1, ez, e3 be the canonical basis of H such that e;e; = d;;1 — €;pex and
le; = el = e;. Since M,(H) is an H-vector space, M,(H) = I1M,(R)+ esM,(R) +
eaM,(R)+ esM,(R) and the result follows from e;0(n) C USp(n). O

Corollary 11.4. {/M| f € Fry} = {3, ai M b; | a; € Mo(K),bi € M, (K)}.
Remark 11.5. If K = K, then for any 0 # M € M, (K),
(M| f € Frx} = Mpym(K).
Nevertheless, we have a priori
M| f € Fep} @ {aMb| a € My(K),b € Mu(K)},

while the converse inclusion is true by the previous corollary. Actually, for n = m = 2

and K=K =C, if M = <(1) 8), Rank(aMb) <1 for any a and b in M,(C), but for the

fluctuation

f = {7"1 =Tr9 = 1,U1 =v = 127UQ = vy = <(; é)}, Rank(fM) = Rank(12) = 2.

Lemma 11.6. Given a family of k R-linearly independent matrices M; € Myym(R),
i = 1,...,k, there exists a fluctuation f € Frg such that 'M; = 0 for all i # 1 and
My # 0.

Proof. Let {¢;}icq1,.. py be the canonical basis of column vectors in R?. (We use abusively
the same notation for different ps.) Remark first that the fluctuation defined for given
ri,re €E R i k€ {l,...,n}and 5,0 € {1,...,m} by

M = ri M +r cicz Mclc]-T
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= rmM+ryMy cicJ-T

satisfies (YM),, = 11 M, for all p # i and q # j and (YM);; = ry My; + ry My,
For any M € M,y (R) let

Mll
Mlm

W(M):= " | € R

M,

Given a family of matrices M,..., My € M,y,,(R), let N be the matrix in M,,,«x(R)
defined by the columns W (Af;):

N = (W(My) [W(My) [ ... | W(My)).
Thus, if a fluctuation f € Fgis defined simultaneously on all M;’s, N is transformed in
J(N) = (W{EM) | WEMy) | --- | W(IMy)). By the previous remark, adding a multiple
of a line of N to a multiple of another one correspond precisely to a fluctuation. Using

Gaufl’ method, if the M,’s are linearly independent (thus k& < nm), so are the W(M,)’s
and there exists a fluctuation f such that

Lk
fIN) = <0<nmk—:)xk)

since the rank of N is k. This means that a second fluctuation given by IM := ¢ el M ¢yl

will give 9/M; = M, # 0 while 9/M; = 0 for all i # 1. O
Remark 11.7. This lemma is false when the matrices have complex entries: Let M; = <i>
and M, = (1) Then M; and M, are R- and C-linearly independent. Nevertheless,

M, = 0 always yields /My = Im(/M;) = 0. There only remains the following

Lemma 11.8. Let M; € My, (C), ¢ = 1,...,k be k matrices such that their real and
imaginary parts are 2k R-linearly independent matrices. Then there exists a fluctuation

| € Frr such that IMy # 0 and 'M; = 0 for all i # 1.

Proof. According to the previous lemma, there exists a fluctuation f € Fgrp such that
Re(M;) # 0 while Im(‘M;) = Re(‘M;) = Im(‘M;) = 0 for all i # 1, yielding the conclusion

since real and imaginary extractions commute with fluctuations. O

Within fluctuations, there are the symmetric ones in the following sense:
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Definition 11.9. Let Foc” := {(r;,u;)jes € R x U(n) | J finite} and define fluctuations
fT € F@@T on n X n square matrices by

M= er ujMujT.
j
Lemma 11.10. Let My, My be two skewsymmetric matrices in M, (C). Then
i) If the constraints "My = 0 for f € Feel always implies "My = 0, then M, is
C-colinear to M.
ii) If My is not colinear to My, then there exists a fluctuation f1 € F@@T such that
fTMl =0 and 'fTMQ # 0.

Proof. Note that ii) is a consequence of i).
To prove i), we may assume that M; has the form as in (L.

1 0 0 —1
Defineu =v @ 1@ -+ @1 € U(n) with v = @°_, v; € U(2p) where v; € {s,t}. Then

=1
Mi4+uMiu® =0, so if M; has the form <A B) ,with A € My,(C), B € My, ,—2,(C),C €

C D
My—2p2,(C), D € M3, —2,(C), then 0 = My + uMyuT. We deduce 0 = A + vAvT =
B+vB = C+ Cv" = D+ D. Thus choosing v, = @?:13 and v; = @le t, we have
(lop + vs)B+ (12, + v;)B = 0, so B = 0 since 2 1y, + vs + v; is invertible. Similarly,
C=D=0.

If Ay is the partition of A in 2 x 2 matrices, the constraint A + vAv?T = 0 implies
0= Ay —I—UkAklulT. When k # [, Ay, is necessarily zero since we may choose independently

up and u; in {s,t}. When k = [, Ag = (

01 1 0 o e
s = < ) and ¢ := < ) are two unitaries satisfying wzw’ = —z for w = s, 1.

Ok

numbers, since A is skewsymmetric. If uy = ¢, 0 = Apr + upAgpup = 2 (O(é)k ﬁ0> and
k

Ay =y x. Thus My = @h_, v & 0@ --- @ 0 and it remains to prove that v, = ¢ my,
for some constant c.

gk> where the o, 3, 74’s are complex
k

Define

uy = s®L s Pl Bl1B---B1,

v = LB BsH---BlB1B---B1,
0 0 --- 0 14
0 1, 0

w = : el elE B,

1, 0

1, 0 --- 0 O

three unitaries where the perturbation in vy is put at the k-th entry. Then
0=(2my)"" (M, — uMluT) — (2mg) " wp( My — kalvg)wg
and the same relation for M, yields 0 = 2(yym1™! — yemy™'), so v = yimi~ ' my and

Mg = (’)/1m1_1)M1. O
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1 Introduction

Alain Connes’ noncommutative geometry [2-5] allows in an elegant way to unify gravity
and the standard model of particle physics. A central role in this formalism is played by al-
most commutative spectral triples (A, H, D) which decompose into an external and an in-
ternal, finite dimensional component. The external part encodes a compact 4-dimensional
Euclidian spacetime and the internal one corresponds to a discrete 0-dimensional Kaluza-
Klein space, determining the particle content of the theory. Via the spectral action [6] one
recovers the Einstein-Hilbert action combined with the bosonic action of a Yang-Mills-
Higgs (YMH) theory. Since the set of allowed YMH-theories is determined by the possible
internal, finite dimensional spectral triples, we will restrict ourselves to this part. The
standard model of particle physics is the most prominent example in this context.

Real, finite dimensional spectral triples have been completely classified by Krajew-
ski [7] and Paschke & Sitarz [8]. A classification of almost commutative geometries from
a physical point of view was given in [1]. The spectral triples were required to be irre-
ducible and non-degenerate, in the sense that the Hilbert space was chosen to be as small
as possible with non-degenerate fermion masses. Heavy use was made of Krajewski’s di-
agrammatic method, which will be described briefly below. The main obstacle in finding
all physically relevant almost commutative spectral triples is the sheer mass of diagrams
which have to be considered. Since this is a purely combinatorial problem it is convenient
to let a computer do the tedious task. The cases of one and two matrix algebras can
still be done by hand. But already three algebras produce hundreds of diagrams and one
easily looses sight.

Therefore we developed an algorithm to calculate these diagrams and used the known
results from [1] to test and calibrate the program. The main goal was to extend the
calculations to more than three algebras, where we expect thousands of possible irreducible
spectral triples. During the calibration it turned out that four diagrams were overlooked
in the case of three algebras. To complete the proof we will present these four missing
diagrams and their models in this paper. The algorithm to compute the diagrams and
the results for the case of four algebras will be presented elsewhere.

In section 2 and 3 we will briefly introduce Krajewski diagrams and irreducible, non-
degenerate spectral triples. The missing diagrams for three algebras will be presented in
section 4.

2 Basic definitions and Krajewski diagrams

In this section we will give the necessary basic definitions for a classification of almost
commutative geometries from a particle physics point of view. As mentioned above only
the O-dimensional part will be taken into account, so we restrict ourselves to real, S°-
real, finite spectral triples (A, H,D, J,¢,x). The algebra A is a finite sum of matrix
algebras A = &N, M, (K;) with K; = R,C,H where H denotes the quaternions. A
faithful representation p of A is given on the finite dimensional Hilbert space ‘H. The
Dirac operator D is a selfadjoint operator on H and plays the role of the fermionic mass



matrix. .J is an antiunitary involution, .J* = 1, and is interpreted as the charge conjugation
operator of particle physics. The S%real structure € is a unitary involution, € = 1. Its
eigenstates with eigenvalue +1 are the particle states, eigenvalue —1 indicates antiparticle
states. The chirality x is as well a unitary involution, xy* = 1, whose eigenstates with
eigenvalue +1 (—1) are interpreted as right (left) particle states. These operators are
required to fulfill Connes’ axioms for spectral triples:

o LD =[)x]=[ex]=1[D]=0, ef=—-Je, Dx=—xD,
(@) = [, pl@)] = [p(@), T3] = [[D, pla)], T8I = 0,¥a,b € A

o The chirality can be written as a finite sum x = >_. p(a;).Jp(b;).J~'. This condition
is called orientability.

e The intersection form N;; := tr(x p(p:)Jp(p;)J ") is non-degenerate, det N # 0. The
p; are minimal rank projections in A. This condition is called Poincaré duality.

Now the Hilbert space ‘H and the representation p decompose with respect to the eigen-
values of € and y into left and right, particle and antiparticle spinors and representations:

H="H,oHroH &M, (2.1)

p=pLSPREPL D PR (2.2)

In this representation the Dirac operator has the form

M0 0 0
P=1lv o o ™| (2:3)
0 0 M 0

where M is the fermionic mass matrix connecting the left and the right handed Fermions.

Since the individual matrix algebras have only one fundamental representation for
K = R,H and two for K = C (the fundamental one and its complex conjugate), p may
be written as a direct sum of these fundamental representations with mulitiplicities

POL10:) = (Bmri000, G ® Ly iy @ L(ny) @ (BDjo1Ln) @ Linya o, @ Ty ). (2:4)

The first summand denotes the particle sector and the second the antiparticle sector. For
the dimensions of the unity matrices we have (n) = n for K = R,C and (n) = 2n for
K = H and the convention 19 = 0. The index « indicates wether the representation is
the fundamental one or its complex conjugate and thus applies only to the K = C case.
The multiplicities m;, ., are non-negative integers. Acting with the real structure .J on
p permutes the main summands and complex conjugates them. It is also possible to write
the chirality as a direct sum

X = (@%le(nz) & Xjajiailm]a]mé ® 1(nj)) @ (@f};zll(nz) & Xjajiailmja]mi ® 1(n]))7 (25)
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where Xjaia; = £1 according to our previous convention on left-(right-)handed spinors.
One can now define the multiplicity matrix g € My(Z) such that Pjojio: = Xjojio: Mijajio:-
This matrix is symmetric and decomposes into a particle and an antiparticle matrix, the
second being just the particle matrix transposed, p = pup + pa = pp + ph. The entries
of the multiplicity matrix must fulfill certain consistency conditions, which are given by
table 1 in [7]. It is also possible to recover the intersection form of the Poincaré duality,
up to a numerical factor, if the multiplicity matrix is contracted by summation over the
a’s.

The mass matrix M of the Dirac operator connects the left and the right handed
Fermions. Using the decomposition of the representation p and the corresponding decom-
position of the Hilbert space ‘H we find two types of submatrices in M, namely M @ 1(,,)
and 1¢,,) ® M. M is a complex (n;) x (n;) matrix connecting the i-th and the j-th sub-
Hilbert space and its eigenvalues give the masses of the fermion multiplet. We will call
the k-th algebra the colour algebra.

Connes’ axioms, the decomposition of the Hilbert space, the representation and the
Dirac operator allow a diagrammatic dipiction. As was shown in [7] and [1] this can be
boiled down to simple arrows, which encode the multiplicity matrix and the fermionic
mass matrix. From these information all the ingredients of the spectral triple can be
recovered. For our purpose a simple arrow and a double arrow are sufficient. The arrows
allways point from right fermions (positive chirality) to left fermions (negative chirality).
We may also restrict ourselves to the particle part, since the information of the antiparticle
part is included by transposing the particle part. As an example we will retranslate these
two generic arrows into the multiplicity matrix, the representation of the algebra and the
Dirac operator. We will adopt the conventions of [1] so that algebra elements tensorised
with 1., will be written as a direct sum of m;; summands.

Take the algebra A = H & M3(C) 5 (a,b) with the first diagram of Figure 1.

a b b a b b
«a G—=©6 O « @&=95 O
b O O O b O O O
b O O O b O O O

Fig. 1

Then the multiplicity matrix and its contraction are

10 ) 11
0 0), p= 0 0/
00

Using (E20), its representation is, up to unitary equivalence

—1
p=10
0

pL(aab) =a® 127 pR(aab) =b® 127 pi(a,b) =1® a, p%(a,b) =13®a.
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The Hilbert space is
H=C'aCaC qC.

In its Dirac operator (EE3) the mass matrix is M = M & 1,, where M is a nonvanishing
complex 2 x 3 matrix.
Real structure, S%-real structure and chirality are given by (cc stands for complex conju-

gation)
1, 0 0 0
S (0 Loy, (1w 0 o 15 0 0
N1 079 “Tlo 10/ X"l 0o 0 =1, 0
0 0 0 14

The first tensor factor in a ® 1, concerns particles, the second concerns antiparticles
denoted by -°. The antiparticle representation is read from the transposed multiplicity
matrix.

The second diagram of Figure 1 yields

-1 20\
p={0 0o0), a=(, o
0 00

and its spectral triple reads:

b 0
plad)=aots b= (] ))ot

i 13 0
pila,b) =1, @a, phla,b)=( ® q,
0 13
M= <M1 Mg) ® 19, My and M, of size 2 x 3,
0 0

—14 0
J:<o 116>occ e:<116 0) ‘= 0 1,5 0 O
lig O ’ 0 —li6/° 0 0 =14 0

0 0 0

It should be clear that the number of possible ways to fit one and more arrows into
a diagram increases factorially with the number of matrix algebras, i.e. with the size of
the diagram. Thus this seemingly simple problem soon becomes intractable, even for a
powerful computer.

We started out with the flat Dirac operator of a 4-dimensional spacetime with a fixed
fermionic mass matrix. To generate curvature we have to perform a general coordinate
transformation and then fluctuate the Dirac operator. This can be achieved by lifting
the automorphisms of the algebra to the Hilbert space, unitarily transforming the Dirac
operator with the lifted automorphisms and then building linear combinations. Again
we restrict ourselves to the finite case. Except for complex conjugation in M, (C) and

5



permutations of identical summands in the algebra A = A; & Ay & ... 5 Ay, every algebra
automorphism o is inner, o(a) = uau™" for a unitary u € U(A). Therefore the connected
component of the automorphism group is Aut(A)* = U(A)/(U(A) N Center(A)). Its lift
to the Hilbert space [4]

L(o) = p(u)Jp(u) ™"

is multi-valued.
The fluctuation /D of the Dirac operator D is given by a finite collection f of real
numbers r; and algebra automorphisms o; € Aut(A)° such that

ID:= "rjL(o;)D L(o;)™", r; €R, 0; € Aut(A)".

J

The fluctuated Dirac operator /D is often denoted by ¢, the ‘Higgs scalar’, in the physics
literature. We consider only fluctuations with real coefficients since /D must remain
selfadjoint.

To avoid the multi-valuedness in the fluctuations, we allow the entire unitary group
viewed as a (maximal) central extension of the automorphism group.

An almost commutative geometry is the tensor product of a finite noncommutative
triple with an infinite, commutative spectral triple. By Connes’ reconstruction theorem [5]
we know that the latter comes from a Riemannian spin manifold, which we will take to
be any 4-dimensional, compact, flat manifold like the flat 4-torus. The spectral action of
this almost commutative spectral triple reduced to the finite part is a functional on the
vector space of all fluctuated, finite Dirac operators:

V(D) =\ te[(!D)Y] - & te[(/D)?],

where A and p are positive constants [2,9]. The spectral action is invariant under lifted
automorphisms and even under the unitary group U(A) 3 u,

V([p(w)Jp(u)J =D [p(u) T p(u) '] 71) = V(‘D),

and it is bounded from below. Our task is to find the minima D of this action and their
spectra.

3 Irreducibility, Non-Degeneracy

To classify the almost commutative spectral triples we will impose some extra conditions
as in [1]. We will require the spectral triples to be irreducible and non-degenrate according
to the following definitions:

Definition 3.1. i) A spectral triple (A, H, D) is degenerate if the kernel of D contains a
non-trivial subspace of the complex Hilbert space ‘H invariant under the representation p
on H of the real algebra A.

ii) A non-degenerate spectral triple (A, H, D) is reducible if there is a proper subspace



Ho C H invariant under the algebra p(A) such that (A, Ho, D|y,) is a non-degenerate
spectral triple. If the triple is real, S%real and even, we require the subspace Hy to be
also invariant under the real structure J, the S%real structure ¢ and under the chirality
X such that the triple (A, Ho, D]y, ) is again real, S%real and even.

Definition 3.2. The irreducible spectral triple (A, H, D) is dynamically non-degenerate
if all minima /D of the action V(D) define a non-degenerate spectral triple (A, H, fD)
and if the spectra of all minima have no degeneracies other than the three kinematical
degeneracies: left-right, particle-antiparticle and colour. Of course in the massless case
there is no left-right degeneracy. We also suppose that the colour degeneracies are pro-
tected by the little group. By this we mean that all eigenvectors of D corresponding to
the same eigenvalue are in a common orbit of the little group (and scalar multiplication
and charge conjugation).

In physicists’ language non-degeneracy excludes all models with pairwise equal fermion
masses in the left handed particle sector up to colour degenracy. Irreducibility tells us that
the Krajewski diagrams, which we have to find must not contain more arrows than strictly
necessary to satisfy Connes’ Axioms, especially the Poincaré duality. The last requirement
of definition B means noncommutative colour groups are unbroken. It ensures that the
corresponding mass degeneracies are protected from quantum corrections.

4 The Missing Diagrams

In this section we will present the diagrams missing in the proof for three algebras in [1].
For every diagram only one representative model will be given. All the other models can
be obtained by simply exchanging left with right and particles with antiparticles. On the
diagrammatic side this is equivalent to changing the directions of all arrows or reflecting
the diagram on its diagonal. Permutations of the diagrams are neglected as well, since
they lead to the same physical models with a different order of the particles. For every
diagram there are several ways to connect the algebras by arrows in accordance with the
consistency conditions of table 1. in [7]. With respect to this, the four diagrams are all
computed in the same way and they all fall in the same way. The possibilities of complex
conjugating an algebra representation are limited and yield no essentially new models.
It should be obvious from the diagrams wether the matrix algebras are complex, real or
quaternionic. In all other cases the choice of the field will not affect the calculations, so we
will not specify the algebras explicitly. For the four missing diagrams, Ay, A,, A3 denote
the algebras, a, b, ¢ their generic elements and k., p the respective size of the matrices.

Diagram 1 yields the representation

b® 1y 0 0 a®ly, 0 0
pr(a, b c) = 0 c® 1g 0 , pr(a,b,c) = 0 b® 1y 0 ,
0 0 b1, 0 0 aol,



1, ®a 0 0 1. ®a 0 0
ch(av ba C) = 0 1? ®a 0 ) p]c%(aa ba C) = 0 1(5 ®a 0
0 0 1, ®c 0 0 1,®c
The mass matrix is
M, ® 1 0 0
M= 0 M2 & 1k 0 3 M17M3 € MkXZ(C>7 M2 € MpXZ(C)a
0 0 Ms®1,

where all three algebras are M,,(C). The fluctuations are
f — s 71 . .
M, = Zr] viMwu;,  uj € U(AL), vy € U(Ay),
J
fM2 = ZT]' U)jMQ@j_l, w; € U(.Ag),
J
My = er vagu]-_l,
J
and the action V(Cy, Cy, C3) is, with C; := M IM; equal to
4k (M r(Ch)? — Sp®tr(Cy)] + 4k M tr(Co)? — Tp® tr(C)] + 4p [A tr(C5)? — L4 tr(C5)].

Counting neutrinos and imposing broken colour to be commutative leaves only one case,
k =/ =p = 1. The fluctuations decouple the ‘M; so it is allways possible to reach the
absolute minimum of the Higgs potential and the triple is degenerate.

Diagram 2 falls in the same way.

Diagram 3 is degenerate in the commutative case and exhibits mass relations in the
noncommutative case. The calculation runs along the lines of diagram 8 in [1].

Diagram 4 yields the representation

ot o bel, 0 0
pr(a,b,c) = 0 ol ) pr(a,b,c) = 0 b® 1g 0 ,
¢ 0 0 c®l,
1g®a 0 0
1 0
pi(a,b,C)=<p§M ] ®b>, prla;bc)=1 0 1L,@a 0 |,
k 0 0 1,80

with possible complex conjugations here and there. The mass matrix is

M= My @1y My;® 14 0
- 0 0 Ms® 1,

) ) M17M2 S MpXZ(C)a M3 € Mk‘)(p(@)



The fluctuations are
fMl = ZT]' w]-Mlﬁj_l, w; € U(.Ag), v; € U(.AQ),
J
fMQ = ZT]‘ ijQ@j_l,
J
fM3 = ZT]‘ ungwj_l, Uuj S U(.A1)
J
and the action is

V(Cy,Cy, C5) = 4k [ r(Ch + Ca)* — Sp tr(Cy + Co)] + 4p (M tr(C3)? — 347 t1(C3)).

The neutrino count and broken colour imply k =/ =1and p=1or p = 2.
The case k = ¢ = p =1 is obviously degenerate.

For k =/ =1, p = 2 we have one neutrino. /M5 fluctuates independently and can be
pushed into the absolute minimum of the Higgs potential. Let us put /M; and /M, into
one matrix

,4_1 0
fMLQ = ZT]' ’U)J'(Ml,Mg) <U6 ’U-_1>
J

J

Since the ’Ej_l € C they commute with (M7, M3) and so
fMl,Q - C(Mh M2)7

where C' € M3y3(C) is an arbitrary matrix. M; has to be lineary independent of M,
because otherwise they would produce a second neutrino. It follows that (M, M) is
invertible and we can choose C' to be its inverse. In this way we reach the absolute
minimum of the Higgs potential and the triple is degenerate.

a a b b c c a a b c c
¢« 0 -6 6=6 O a O =6 O
io O O O O O @&aofo o o o
bO O O O O O b O o O O
5bO O O O O O ¢O O O O O
cO O O O O O &6 0™ O O
co 0 ™® O O O

diag. 1 diag. 2
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a a b c c a a b b c
«aG_O0 &= O a O O G=—e
io O O O O a0 O O O O
bO O O O O bH0G_O O O ©
cO O O O O 50 O O O O
cdo 0™ O O <¢O O O O O

diag. 3 diag. 4

Conclusion

The new models discovered with help of the computer complete the proof for up to three
algebras given in [1]. We did not find anything of interest from the particle physics point
of view but we gained confidence in our algorithm and it seems sensible to compute the

case with four algebras.
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1 Introduction

In this paper we present an algebraic problem which has its roots in noncommutative
geometry. Given the set of all square matrices M € M,(Z), with integer entries and
for fixed n. These matrices are called multiplicity matrices. Define a partial order in
M,(Z) by M > M' when M;; and M]; have the same sign and |M;;| > |[M/.| for all
1,7 =1,...,n. The task is now to find all the minimal multiplicity matrices which obey
two further conditions. First, the determinant of M has to be non-zero. The second
condition asserts that for any non vanishing matrix element there has to exist a second
element of oposite sign in the same row or in the same column. It is straight forward
to translate this problem into a combinatorial problem using diagramtic language with
arrows as basic elements. We will give a simple set of rules how to fit arrows into a
quadratic diagram body. The resulting diagrams are called Krajewski diagrams. They
can be reduced by combining or “clipping” the arrows in the diagram in accordance with
the rules. To each Krajewski diagram a multiplicity matrix will be associated. Our aim
will be to find those Krajewski diagrams with a minimal number of arrows that are also
as much reduced as possible while the determinant of the multiplicity matrix is non-zero.
These diagrams will be called irreducible.

The rules to construct Krajewski diagrams follow directly from Alain Connes non-
commutative geometry [3]. They are due to a special class of noncommutative geometries
called almost-commutative geometries. These unify the general theory of relativity with
the classical field theory of the standard model of particle physics [2]. It is possible to
give a complete classification of almost-commutative geometries [5] which can be narrowed
under addition of some physical assumptions to a classification of a class of Yang-Mills-
Higgs theories. Within these theories the standard model of particle physics takes a
most prominent place [1]. For a thorough introduction into the physical application of
almost-commutative geometry we refer to [4].

2 Constructing the Diagrams

Our task will now be to construct an algorithm that finds the irreducible Krajewski
diagrams. To begin with we will give the basic rules that follow from the axioms of
spectral triples and from the requirement of irreducibility. These rules will allow us to
generate the diagrams and to perform all the necessary operations.

2.1 Basic Rules

The diagram body: The diagram body is the basis to construct diagrams from. It
is a quadratic array of a given size with circles indicating the intersection points or the
rows and the columns. These circles have no meaning on their own but are there to guide
the eye of the reader. The size of the diagram body will be fixed in advance.



o O O
o O O

o O O

3 x 3 diagram body

The basic arrow: The basic simple arrow connects two circles of the diagram body.
With the end points of an arrow we associate two numbers which are called the chiral-
ity. This term stems from noncommutative geometry and corresponds to the chirality of
particle physics. A simple arrow points from chirality +1 to chirality —1.

CanS)
-1 +1

Simple Arrow

Constructing a basic diagram: To construct a basic diagram we put n horizontal
arrows in an arbitrary way into the body. Only an antiparallel arrangement of arrows is

forbidden.

E==9

Forbidden antiparallel arrows

Diagrams are sorted by their total number of arrows. The empty diagram (i.e. the
diagram body) is said to lie in level 0, the diagrams with one arrow are said to lie in level
1 and so on. For 3 x 3 diagrams some examples of possible diagrams are:

Level 0 Level 1 Level 2 Level 5

The Multiplicity Matrix: To every diagram a matrix, called the multiplicity ma-
trix M, is associated. It is a direct translation of the diagram by taking the values of the
chiralities at each end of an arrow. These values are then written into a square matrix



of the same size as the diagram and at the same position as they appear in the diagram.
The multiplicity matrix is then this matrix plus its transposed as shown in the following
example:

0 1 -1 0 0 -1 0 1 -2
0 o o — M= 0 0 O + 1 0 0 = 1 0 O

-1 0 1 -1 0 1 -2 0 -2
o 0 o

The multiplicity matrix of a diagram

Clipping two arrows: There are two ways to reduce a diagram. The first is by
combining or ¢lipping two arrows at a common point with common chirality or by building
a corner again with arrow heads of common chirality. This creates a multiple arrow.
Building a corner is achieved by transposing one of the arrows (reflecting it on the main
diagonal of the diagram) which are to be clipped.

=0 O @==—0 O ) o

o O O — O O O O O o

o O O O O O 3 O O o
4 =20 2 =20 4 -1 0
M=|-2 0 0)]—— M=1|-2 0 0 M=1|-1 0 0
0 0 0 0o 0 0/, 0 0 O

O O O o o O
2 =20 2 =10

M=|-2 2 0)]— M=1|-1 2 0
0 0 0 0 0 0



Building a corner by clipping an arrow and a transposed arrow

The procedure to clip arrows extends in a straight forward way to more than two
arrows. One only has to keep in mind to clip the arrows always at the same point in
each connected component. Even two multiple arrows can be combined at their clipping
points. Clipping arrows will not change the level a diagram belongs to.

Erasing an arrow from a diagram: The second way to reduce a diagram is by
erasing an arrow. Frasing an arrow from a diagram is completely trivial and lowers the
level of the diagram by one. A simple arrow will be deleted and an arrow which is clipped
to another (multiple) arrow will be deleted while leaving the element of the multiplicity
matrix at clipping point unaltered:

All possibilities to erase one arrow from a diagram

Irreducible Diagrams: A diagram is said to be irreducible if it satisfies two con-
ditions. First, the determinant of the multiplicity matrix has to be non-zero. Second,
reducing the diagram by clipping or erasing arrows in all possible ways until one is left
with the bare diagram body will on the way always produce diagrams with det M = 0.

The Labels: Every diagram carries a label indicating the reducibility. An ‘i’ stands
for an irreducible diagram (the determinant of the multiplicity matrix M is necessarily
non-zero). Diagrams which carry an ‘r’ can be reduced to a diagram equipped with an
‘i’ or an ‘v’ (det M is of no importance). The label ‘0’ is carried by diagrams where the
determinant of the multiplicity matrix is zero and which cannot be reduced to diagrams
equipped with an ‘r’ or an ‘i’. The labels are of internal use only and we usually do not
write them explicitely.

Equivalence of Diagrams: The physical theory following from a diagram is not
dependent on the order of the rows and columns or on a reversal of all arrows at once.
Permuting the rows and columns together or reversing the arrows does not change the
absolute value of the determinant of the multiplicity matrix. Consequently diagrams
that differ only by permutations of columns and rows or by reversing the arrows will
be regarded as equivalent. All these diagrams build an equivalence class and only one
representative will be used for further operations. As an example the following three
diagrams are equivalent:



¢) I
¢) ¢)
¢
¢
@) i
¢ o

Three equivalent diagrams

With regard to several thousands of diagrams it becomes a very time consuming procedure
to directly test all diagrams for possible equivalence. To compare two diagrams the set of
arrows of one of the diagrams has to be permuted in all possible ways and reversed. All
the resulting diagrams have to be compared to the other diagram. Sorting the diagrams
of one level into equivalence classes by direct comparison is most uneconomical.

But there exist invariants of the diagrams. These will provide us with a quicker way
to decide whether two diagrams are inequivalent or not. Only if all these invariants prove
to be equal for two diagrams it becomes necessary to decide the question of equivalence
by permuting and reversing the arrows:

1. Compare directly the arrows of the two diagrams. If the arrows coincide the diagrams
are equal and thus equivalent.

2. Compare the absolute values of the determinants of the multiplicity matrices. If they
do not coincide the diagrams are inequivalent.

3. Compare the absolute values of the traces of the multiplicity matrices. If they do not
coincide the diagrams are inequivalent.

4. Compare the Chern character of the multiplicity matices. If they do not coincide the
diagrams are inequivalent. This Chern character of the multiplicity matrix is defined

as det(1 + M?).

5. If the two diagrams are not inequivalent by virtue of points 1 to 4, permute and reverse
the set of arrows and compare the resulting diagrams.

It is remarkable that the operations of point 1 to 4 are powerful enough to find out in
most cases whether two diagrams are inequivalent. This reduces the computation time
most considerably.

The Game: With the basic rules formulated above our combinatorial game is to
find all the equivalence classes of irreducible Krajewski diagrams for a given size of the
diagram body and for a given maximal number of arrows. This seemingly simple task
will produce complex structures which we will call diagram nets. These nets fall into two
categories, the main-nets and the clip-nets. We will now present an algorithm to generate
these nets and to find the embedded irreducible Krajewski diagrams.



3 The Algorithm

The algorithm to find the irreducible Krajewski diagrams can be divided into four subal-
gorithms. Every subalgorithm stands independently but builds up on the data produced
by its predecessor. Summarised quickly the subalgorithms achieve the following: The first
subalgorithm, dubbed the “main-net subalgorithm” creates a diagram net consisting of
all equivalence classes of diagrams with up to N arrows. The “clip-net subalgorithm”
creates a diagram net of equivalence classes from every element in the main-net, reducing
each diagram by clipping the contained arrows in all possible ways. The third subalgo-
rithm which we call the “label subalgorithm” checks whether the elements of a clip-net
represent an irreducible diagram and sets the labels ‘i’, ‘r” and ‘0’ accordingly. Since the
third subalgorithm can only see the elements in a single clip-net the equivalence classes
carrying an ‘i’ or a ‘0’ might still be reducible to an element one level below by erasing
an arrow. So the last subalgorithm, the “label correction subalgorithm” checks these di-
agrams on their reducibility and changes their label to ‘v’ if necessary. The output of the
whole algorithm are the diagrams labeled with an ‘i’ representing irreducible Krajewski
diagrams.

3.1 The Main-Net Subalgorithm

The “main-net subalgorithm” fills the diagram body with up to N simple arrows. The
maximal number of arrows, i.e. the maximal level, is chosen before. The arrows are
put into the diagram body horizontally in every possible way, excluding only antiparallel
arrows. Starting with the empty diagram body level 1 is filled with one horizontal arrow.
The resulting diagrams are checked if they are equivalent and only one representative
from each equivalence class is kept. In the same way every following level is built from the
representative diagrams of the equivalence classes by adding one arrow. Each equivalence
class is connected to its predecessors and its successors. Usually an equivalence class has
several predecessors.

The subalgorithm to generate the main-net is depicted in flow chart 1 in figure B
Some explanations to read the flowchart are necessary:

1. N is the maximal number of arrows and is put in by hand.
2. L is the level index from which the diagrams are taken.

3. Dy, is an element of the ordered set that contains one representative of each equivalence
class on level L. This kind of set is a basic notion in our flow charts. The specific
order in the set is arbitrary, its only raison d’étre is that the set can be run through
from the first to the last element. This notion of ordered set has as its aim to
unclutter the flow charts and to eliminate superfluous indices.

4. fp, is an element of the ordered set that contains all the operators which put one
simple arrow into the diagram Dy in an allowed way. Each of these ordered sets
is to be understood to belong to the specific diagram Dy, that is processed in the
current loop.
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Figure 1: A main-net for a 2 x 2 diagram with up to four arrows

5. D1 is the diagram that is generated by putting in an arrow by virtue of the operator

I, -

6. The equivalence of diagrams is checked making use of the definitions and invariants
specified in section 2.1.

An example of a main-net for a 2 x 2 diagram body with up to four arrows is given in

figure [

3.2 The Clip-Net Subalgorithm

This algorithm creates a clip-net from each main-net diagram by clipping the arrows in
all possible ways. The main-net diagram is said to lie in clip level 0. The diagrams
where two arrows have been clipped are said to be in clip level 1, and so on. Each of the
diagrams in the clip-nets is again gathered in equivalence classes which are connected with
regard to their predecessors and successors. Here a technicality from the noncommutative
geometry comes in: Whenever a corner is built by clipping the diagram has to “forget’ its
predecessor. For a mathematical justification of this rule we refer to [1]. The maximal
number of clip levels is determined by the number of arrows in the main-net diagram. If
there are [ arrows in a diagram there are up to . — 1 ways to clip these arrows.

The subalgorithm to generate the clip-net is depicted in flow chart 2 in figure @l The
explanations to read the flowchart are:



I(Dg)="r", det(Mg)0

o o—=oO
1(Dg)="0", det(Mg)=0 = °
o o o
o
c— o (<]
I(Dg)="0", det(Ms)=0
o (<] o

I(Dg)="r', det(Mg)=0

SO S1 S2

Figure 2: A simplified clip-net with 4 arrows and an example for the labelling

. The representative of the equivalence class from the main-net is a member of the
clip-net. It is the only element on clip level 0.

. 5 is the clip level index. It can go up to L — 1.

. Dgs is an element of the ordered set of representatives of the equivalence classes of the
diagrams in clip-net S.

. CUp, 1s an element of the ordered set of operators which clip pairs of arrows in the
diagram Dyg, if possible. This set can be empty if it is impossible to clip any arrows.

. Dgyq is the diagram produced by applying Cp, to Dg, i.e. by clipping two arrows in
Ds.



A simple example of such a clip-net is given by figure B Here we have left out the
arrows to visualise only the basic structure of a clip-net. The dashed lines represent the
forgotten connections due to the building of a corner.

3.3 The Label Subalgorithm

This subalgorithm assigns to each equivalence class in a clip-net one of the labels ‘17, ‘1’

or ‘0’ (one should not forget that the elements of the main-net are included in the clip-
net). For the labels ‘i’ and ‘0’ this assignment is provisional since it might be changed by
the “label correction subalgorithm”. The subalgorithm starts with the highest clip level
since here the most reduced diagrams are situated. Here the labels are set to ‘i” or ‘0’
depending on the determinant of the multiplicity matrix of the diagram being non-zero or
not. Then the algorithm descends one by one to clip level 0 setting the labels according
to the determinant to ‘i’ and ‘0’ or setting the label to ‘t” if the diagram is connected to
a successor with label ‘i” or ‘r’.

The subalgorithm to label the clip-net is depicted in flow chart 3 in figure @ The
explanations to read the flowchart are:

1. If S is the highest clip level the command “Get label of Dgy,” will always give label
‘0’ the since clip level S + 1 does not exist and consequently there are no diagrams

Disr.
2. [(Dg) is the label of the element Dg and takes values ‘i’, ‘0’ or ‘r’.

3. Det(Ms) represents the determinant of the multiplicity matrix of Dg.

As an example for the labelling of a clip-net we also refer to figure @ The labels and
the determinants are only examples.

3.4 The Label Correction Subalgorithm

Since it may be possible to reduce a diagram carrying label ‘i’ or ‘0’ to a diagram with
label ‘i’ or ‘t” by erasing an arrow, it is necessary to correct these labels. It is evident
that only the clip-nets of the predecessors of the main-net diagram are of importance for
relabelling. The subalgorithm to relabel the clip-net is depicted in flow chart 4 in figure
B The explanations to read the flowchart are:

1. Dg’i is an element of the ordered set of all diagrams in the clip-net with label ‘1" or
‘0’. The relations among the elements in the clip-net are of no importance since the
diagrams are directly reduced to diagrams in clip-nets one level below.

2. Rpo: is an element of the ordered set of operators that erase one arrow from the
S

: 0,0
diagram Dy".

3. l(DOS’i) is the label of the element Dos’i and takes values ‘i’, ‘0’ or ‘r’.

10



3.5 Assembling the Algorithm

The main algorithm is composed of the four subalgorithms. Its input is the size of the
diagram body and the maximal number of arrows N. The assembly of the algorithm is
now straight foreward:

Step 1: Use the main-net subalgorithm to create the main-net up to level V.

Step 2: Create for each element in the main-net its clip-net with the clip-net subalgo-
rithm.

Step 3: Starting with level 1 label all clip-nets on this level with the label subalgorithm
and afterwards check the labels with the label correction algorithm. Repeat this
procedure successively for each level up to N.

Step 4: Print out all the elements with label ‘i’. These are the equivalence classes rep-
resenting irreducible Krajewski diagrams.

This algorithm runs very quickly on a recent PC with computation times of ca. 20
minutes for 4 x 4 diagrams and five levels. But the complexity of the nets with their
clip-nets grows rapidly with the size of the diagram bodies and the maximal number of
arrows.

4 Open Problems

There are two major open problems. The first problem is the question how to choose
the maximal number N of arrows to be put into a diagram body. We know that the
total number of irreducible Krajewski diagrams is finite, see [1], but we do not know the
exact number of such diagrams. Up to now we adopted the simple conjecture that if no
diagrams with label ‘i’ appear in two successive levels (say level 4 and level 5 for four
algebras), we considered the maximal number of irreducibles as reached. But there is still
a possibility of “islands” of irreducible Krajewski diagrams in higher levels. Although we
have checked all the elements of the diagram net for 3 x 3 diagram bodies and can be sure
that no more than three levels are necessary, already for 4 x 4 diagram bodies this is no
longer possible. We are therefore looking for a criterion to determine the maximal level
for a given size of the diagrams.

The second problem is the rapid increase of computational time and of memory re-
quired by the algorithm. We quickly exceed the capabilities of an ordinary personal
computer and it will probably be necessary to use some sort of parallel computer or
cluster to go beyond 5 x 5 diagram bodies.

5 Statement of the Result and Conclusions

We presented an algorithm to find irreducible Krajewski diagrams. The rules given here
quickly produce very complex nets of diagrams in which the irreducibles are embedded.

11



One of the most surprising features of these nets is that for 3 x 3 and 4 x 4 diagram
bodies only some twenty irreducible Krajewski diagrams appear. A complete list of these
diagrams can be found in [1]. But already 5 x 5 diagram bodies produce several hundreds
of irreducible diagrams. The order of magnitude of the total number of irreducibles seems
to be linked to the minimal number of arrows to produce an irreducible diagram. 3 x 3
and 4 x 4 diagrams need two arrows whereas 5 x 5 diagrams already need three arrows.

The irreducible Krajewski diagrams are a vital ingredient for the classification of
almost-commutative geometries from the view point of a particle physicist. From this
classification follows the prominent position of the standard model within the Yang-Mills-
Higgs theories compatible with noncommutative geometry. To underline the virtue of the
algorithm we would like to present the diagram corresponding to the standard model of
particle physics:

c—=o© O
o O O
G==® O

The Krajewsiki diagram of the standard model

The actual program for the algorithm was written in C*+.
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1 Introduction

A Yang-Mills-Higgs model is specified by choosing a real compact Lie group describing
the gauge bosons and three unitary representations describing the left- and right-handed
fermions and the Higgs scalars. Connes [ll] remarks that the set of all Yang-Mills-Higgs
models comes in two classes, fig.1. The first is tiny and contains all those models that
derive from gravity by generalizing Riemannian to almost commutative geometry. The
intersections of this tiny class with the classes of left-right symmetric, grand unified or
supersymmetric Yang-Mills-Higgs models are all empty. However the tiny class does
contain the standard model of electromagnetic, weak and strong forces with an arbitrary
number of colours.

Yang-M | | s- Hi ggs

NCG left-right symm
-~ - T T = ~
7 N
/ \
\
\ #
S o _ - QT
standard nodel super syrm

Figure 1: Pseudo forces from noncommutative geometry

The first class is tiny, but still infinite and difficult to assess. We have started putting
some order into this class. The criteria we apply are heteroclitic [H].

Two criteria are simply motivated by simplicity: we take the internal algebra to be
simple, or with two, three,... simple summands, we take the internal triple to be irre-
ducible.

Two criteria are motivated from perturbative quantum field theory of the non-gravita-
tional part in flat timespace: vanishing Yang-Mills anomalies and dynamical non-degener-
acy. The later imposes that the number of possible fermion mass equalities be restricted to
the minimum and that they be stable under renormalization flow. The origin of these mass
equalities is the following. In almost commutative geometry, the fermionic mass matrix
is the ‘Riemannian metric’ of internal space and as such becomes a dynamical variable.
Its ‘Einstein equation’ is the requirement that the fermionic mass matrix minimize the
Higgs potential. Indeed, in almost commutative geometry, the Higgs potential is the
‘Einstein-Hilbert action’ of internal space.

Two criteria are motivated from particle phenomenology: We want the fermion rep-
resentation to be complex under the little group in each of its irreducible components,



because we want to distinguish particles from anti-particles by means of unbroken charges.
We want possible massless fermions to remain neutral under the little group, i.e. not to
couple to massless gauge bosons.

Two criteria are motivated from the hope that, one day, we will have a unified quan-
tum theory of all forces: vanishing mixed gravitational Yang-Mills anomalies and again
dynamical non-degeneracy.

Our analysis is based on a classification of all finite spectral triples by means of Kra-
jewski diagrams [H] and centrally extended spin lifts of the automorphism group of their
algebras [l]. The central extension serves two purposes: (i) It makes the spin lift of
complex algebras M, (C) well defined. (ii) It allows the corresponding U(n) anomalies to
cancel.

Of course we started with the case of a simple internal algebra. Here there is only one
contracted, irreducible Krajewski diagram and all induced Yang-Mills-Higgs models are
dynamically degenerate.

The second case concerns algebras with two simple summands. It admits three con-
tracted, irreducible Krajewski diagrams, one of them being a direct sum of two diagrams
from the first case. The corresponding triples induce two Yang-Mills-Higgs models which
are dynamically non-degenerate and anomaly free: SU(2) with a doublet of left-handed
fermions and a singlet of right-handed fermions. The Higgs scalar is a doublet. Therefore
the little group is trivial, SU(2) — {1,}, and the fermion representation is real under the
little group. The second model is the SO(2) submodel of the first.

The case of three summands has 41 contracted, irreducible diagrams plus direct sums.
Its combinatorics is on the limit of what we can handle without a computer. There are
only four induced models satisfying all criteria: The first is the standard model with '
colours, C' > 2, SU(2) x U(1) x SU(C), with one generations of leptons and quarks and
one colourless SU(2) doublet of scalars. The three others are submodels, SO(2) x U(1) x
SU(C), SU(2) x U(1) x SO(C) and SU(2) x U(1) x USp(C/2) and must have C > 2,
the last submodel of course requires (' even, C' > 4.

In the following we push our classification to four summands. For simplicity we will
only consider diagrams made of letter changing arrows, i.e. we exclude arrows of type
a a because in the first three cases these arrows always produced degeneracy. When the
algebra is simple, of course all arrows are of this type and all models were degenerate.
All direct sum diagrams in cases two and three necessarily contain such arrows. For two
summands, there is only one contracted, irreducible diagram, that is not a direct sum and
that is made of letter changing arrows, for three summands there are 30 such diagrams.

For four summands, a well educated computer [H] tells us that there are 22 contracted,
irreducible diagrams made of letter changing arrows and which are not direct sums. They
are shown in fig.2. We have two pleasant surprises: (i) the number of these diagrams is
small, (ii) there are only two ladder diagrams, diagrams 18 and 19, i.e. diagrams with
vertically aligned arrows, and all other diagrams have no subdiagrams of ladder form. We
will see that these other diagrams are easily dealt with.



2 Statement of the result

Consider a finite, real, S%real, irreducible spectral triple whose algebra has four simple
summands and the extended lift as described in [@]. Consider the list of all Yang-Mills-
Higgs models induced by these triples and lifts. Discard all models that have either

e a dynamically degenerate fermionic mass spectrum,

e Yang-Mills or gravitational anomalies,

e a fermion multiplet whose representation under the little group is real or pseudo-real,
e or a massless fermion transforming non-trivially under the little group.

The remaining models are the following, C' is the number of colours, the gauge group is
on the left-hand side of the arrow, the little group on the right-hand side:

C=3,5..

SU(2) x U(1) x SU(C) U(1) x SU(C)
ZQ X ZC - ZC

The left-handed fermions transform according to a multiplet 2 C' with hypercharge
q/(2C) and a multiplet C with hypercharge —q/2. The right-handed fermions sit
in two multiplets C' with hypercharges ¢(1 + C')/(2C) and ¢(1 — C')/(2C) and one
singlet with hypercharge —q, ¢ € Q. The elements in Z4 X Z¢ are embedded in the
center of SU(2) x U(1) x SU(C') as

(exp 27;2]6 1y, exp[2mi(Ck — 20)/q], eXpQT—CfE 1p> , k=01, £=0,1,....,C —1.

The Higgs scalar transforms as an SU(2) doublet, SU(C') singlet and has hyper-
charge —q/2.

With the number of colours €' = 3, this is the standard model with one generation
of quarks and leptons.

We also have in our list two submodels of the above model defined by the subgroups

SO(2) x U(1) x SU(C) U(1) x SU(C)
Toa X i - Zc ’

SU(2) x U(1) x SO(C)
Z;

— U(1) x SO(C).

They have the same particle content as the standard model, in the first case only
the W+ bosons are missing, in the second case roughly half the gluons are lost.



SU@) x UW) x SUC) _ U(1) x SU(C)

ZC ZO
with the same particle content as for odd €. But now we have three possible
submodels:
SO(2) x U(1) x SU(C) U(l) x SU(C)
H s
ZC ZC

SU2) x U(1) x SO(C) —s U(1) x SO(C),

SU(2) x U(1) x USp(C/2) U(l) x USp(C/2)
Ziy - Ly

electro-strong
Ul) x SUC) — U(1) x SU(C)

The fermionic content is C' & 1, one quark and one charged lepton. The two fermion
masses are arbitrary but different and nonvanishing. The number of colours is
greater than or equal to two, the two charges are arbitrary but vectorlike, of course
the lepton charge must not vanish. There is no scalar and no symmetry breaking.

3 Diagram by diagram

We will use the following letters to denote algebra elements and unitaries: Let A =

M4(C) & Mp(C) & Mc(C) & Mp(C) 5 (a,b,c,d). The extended lift is defined by

L(u,v,w, 2) := p(t, 0,10, 2) Jp(@, 0,0, 2)J " (1)
with
= u(detu)(detv)"?(det w)??(det z)M* € U(A), (2)
v = v (detu)®? (detv)?(det w)?*(det 2)"* € U(B), (3)
W = w(detu)®!(det v)®?(det w)®* (det z)** € U(C), (4)
z = z(detu)™ (detv)™?(det w)™(det 2)"* € U(D), (5)

and unitaries (u,v,w, z) € U(M4s(C) & Mp(C) & Mc(C) & Mp(C)). It is understood that
for instance if A =1 we set u =1 and g;; =0, j = 1,2,3,4. If M4(C) is replaced by
M4(R) or Mys(H) we set ;1 =0 and ¢;; = 0.

Diagram 1 yields:

. b@lA 0 . CL®1A 0
PL = 0 dole)’ PRT 0 “a®le)’

5



. (g% 0 . (1a®¥a 0 (6)
Pr= 0 1pwe) PRT 0 1y®c)’

and

My ®1 0
M= ( 1 0 ! M, ® 10) ’ M, € MBXA((C)7 M, € MDxA((C). (7)

The parameters o and o take values £1 and distinguish between fundamental represen-
tation and its complex conjugate: 'a := a, ~'a := a. The colour algebras consist of as and
¢s. The as are broken and therefore we must have A = 1. We want at most one massless
Weyl fermion, which leaves us with three possibilities. The first is B =2, D = 1. The

fluctuations read:

P1 = ZT] ’LA)J'Mlﬁj_l, Y2 = ZT] éjMQ aﬁ]_l (8)

J J
We can decouple the two scalars ¢ and @9 by means of the fluctuation: ry = %, u =1,
?A}l = 12, UA)l = 10, 21 = 1, o = %, '&2 = 1, ﬁQ = —12, UAJQ = 10, 22 = 1. SiHCG the

arrows My and M, are disconnected, the Higgs potential is a sum of a potential in ¢,

and of a potential in ¢,. The minimum is ¢1= ,u(4)\)_% <(1)> and Py= ,u(4)\)_% and the

model is dynamically degenerate. The same accidents happen for the second possibility,
B =1, D =2. We are left with the third possibility, B = D = 1. Anomaly cancellations
imply that the fermion couplings are vectorial: ¢13 = g3, qa3 = @g13, and there is no
spontaneous symmetry breaking, SU(C') x U(1) — SU(C) x U(1). The model describes
electro-strong forces with one charged lepton, one quark and no scalar. The masses of both
fermions are arbitrary but nonvanishing, the electric charges are arbitrary, nonvanishing
for the lepton, and the number of colours C' is arbitrary, C' > 2.

Diagrams 3, 4 and 7 are treated in the same way and produce only the electro-strong
model.

Diagram 2 yields:

. b@lA 0 . a®1A 0
PL = 0 aa®10 ) PR = 0 d@lc )

. (1@ %a 0 e (la®*a 0 (9)
PL= 0 1la@c)’ FRT 0  lpxc)’

and

(M@l 0
M = <1A QO Ms My® 10) , M, € MBXA(C), M, € MAXD(C)7 M; € MCXA(C)(H))



If M3 = 0 diagram 2 is treated as diagram 1. We consider the case M3 # 0. Then the first
order axiom implies @ = 1. The colour algebras consist of as and ¢s. Both are broken and
we take A = C' = 1. Then M is of rank two or less. If we want at most one massless Weyl
fermion, we must take B =2 and D =1 or B =1 and D = 2. Anomaly cancellations
then imply that the doublet of fermions does not couple to the determinant of the 2 x 2
unitary, ‘the hypercharge of the doublet is zero’. On the other hand the little group turns
out either trivial or U(1). In the latter case the neutrino sitting in the doublet is charged

under this U(1).

Diagram 5 has no unbroken colour and fails as the first possibility of diagram 1,
B=2 D=1.

Diagram 6 has colour a and b, both are broken implying A = B = 1. Then we must
have C' = D =1 to avoid two or more neutrinos.

Diagram 8 yields

. a@lc 0 . a®1A 0
PL = 0 e®lg)’ PRT 0 dolg )’

c 1A®WC 0 c 1A®b 0 (11)
PL=\ 0 tewb) PRT 0 1p@b)°

and

_{(la®M 0
M= <M3 Rl My ® 1B> , My € Moyp(C), My € Moyxp(C), Ms € My a(C).(12)

We suppose that M; does not vanish otherwise diagram 8 is treated as diagram 1. Broken
colour implies A = B = 1. Neutrino counting leaves two possibilities, C'=1and D = 2 or
C' = D = 2. The first possibility is disposed of as in diagram 2. For the second possibility,
anomaly cancellations imply that the determinants of the 2 x 2 unitaries w and z do not
couple to the right-handed fermions.

Diagrams 14, 15, 16 and 17 share the fate of diagram 6.

Diagram 9 yields

bR 14 0 0 a® 14 0 0
pL = 0 c®1p 0 .,  PR= 0 b @ 1p 0 :
0 0 d®1p 0 0 2b® 1p
15® “a 0 0 14 ® “a 0 0
p5 = 0 le ® #'b 0 . P = 0 15® 7'b 0 :
0 0 Ip® %d 0 0 159 %d



and

My ®1y 1@ My 15® Ms
M = 0 My @ 15 0 (13)
0 0 Ms @ 1p

with My, € Mpya(C), My € Mcyxp(C), My € Mpyg(C), My € Muyp(C), M; €
M4« p(C). If My is nonzero f; must be one and if M; is nonzero 33 must be one. From
broken colour and neutrino counting we have A = B = D = 1 and ' = 2. Vanishing
anomalies imply that the first and the third fermion have vectorlike hypercharges, while
the hypercharges of the second fermion are zero. It is therefore neutral under the little

group U(1).
Diagrams 10, 11, 12 and 13 fail in the same way.

Diagram 18 produces the following triple:

a® lg 0 b®10 /3170 ’
e={""0 cagi1y) P={ 0 ThEle L0 )
D 0 0 B2b®1p
c 1A®c 0 c 1B®c y "
PL = 0 lawd) PR 0 tp e ) ’
0 0 lg®d
and
M, 21 My, @1 0
A/i:< 1O : 2O ‘ M3®1D>’ My, My, M3 € M4y5(C). (14)

Counting neutrinos leaves two possibilities, A = 2 and B =1, or A =1 and B = 1.
If the neutrino is to be neutral under the little group we must have D = 1 for the first
possibility and ' = 1 for the second.

The first possibility has two U(1)s if C' > 2 and all four algebras consist of matrices
with complex entries. They are parameterized by det v and by det w. For (o, 81, 52) =
++4, —+ 4+, + 4+ —, and — + —, anomaly cancellations imply that the fermionic
hypercharges of both U(1)s are proportional:

qi1 = —%7 g1 = Cp, 431 = P, qu = —Cbp, (15)
q3=0, q3=Cq, qgs=q—2, as=—Cyq, (16)

with p, g € Q. Consequently one linear combination of the two generators decouples from
the fermions and is absent from the spectral action. This is similar to what happens to
the scalar in the electro-strong model of diagram 1. The hypercharges of the remaining
generator are those of the standard model with C' colours. In the remaining four cases
(o, B1,82) =+ —+, ——+, + — —, and— — —, all 10 fermionic hypercharges vanish and
the three leptons are neutral under the little group. Finally the cases where some of the

8



four summands consist of matrices with real or quaternionic entries are treated as in the
situation with three summands and they produce the same submodels of the standard
model.

The first possibility with €' = 1 has only one U(1). For the four sign assignments:
(, B1,82) = +++, —+ +, + + —, and — + —, we find anomaly free lifts with non-
trivial little group. E.g. for the first assignment, we get 11 = —1/2, ga1 = p, g31 =
—p, and q41 = —p, with p € Q. All four assignments produce the electro-weak model
(SU(2) x U(1))/Zy — U(1) of protons, neutrons, neutrinos and electrons.

The second possibility, A = B = (' = 1, contains at least one chiral lepton with
vanishing hypercharge and therefore neutral under the little group.

Diagram 19 gives the same results as diagram 18.

In diagrams 20, 21 and 22, the elements @ and b must be matrices with complex
entries to allow for conjugate representations. Without both the fundamental represen-
tation and its complex conjugate these diagrams would violate the condition that every
nonvanishing entry of the multiplicity matrix of a (blown up) Krajewski diagram must
have the same sign as its transposed element if the latter is not zero. Diagram 20 is
treated and fails as diagram 2, diagrams 21 and 22 are treated and fail as diagram 13.

At this point we have exhausted all diagrams of figure 2.

4 Conclusion and outlook

For three summands there was essentially one irreducible spectral triple satisfying all items
on our shopping list: the standard model with one generation of quarks and leptons and
an arbitrary number of colours (greater than or equal to two). We say ‘essentially’ because
a few submodels of the standard model can be obtained. Going to four summands adds
precisely one model, the electro-strong model for one massive quark with an arbitrary
number of colours and one massive, charged lepton. Note that this is the first appearance
of a spectral triple without any Higgs scalar and without symmetry breaking.

We still have to prove that spectral triples in four summands involving letter preserving
arrows like a a do not produce any model compatible with our shopping list.

We are curious to know what happens in five (and more) summands. Here ladder
diagrams do not exist and we may speculate that our present list of models exhausts our
shopping list also in any number of summands.

Anyhow two questions remain: Who ordered three colours? Who ordered three gen-
erations?
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