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Zusammenfassung

Mit G = —(9,2 + 220,%) bezeichnen wir den Grusin Operator auf R? Das
Cauchy-Problem der assoziierten Wellengleichung auf R x R? ist gegeben durch
0? v
<@+G)’U:O: ’U’t:O:fa E‘t:osz

wobei sich t auf die Zeit bezieht und f, ¢ geeignete Funktionen sind. Die Losung
dieses Problems ist formal gegeben durch

o(t, z,u) = [cos(tVG) f](z,u) + [%g] (x,u).

Das Thema dieser Dissertation sind Glattheitseigenschaften der Losung v in
Abhéangigkeit von den Anfangsdaten. Wir betrachten dabei einen festen Zeit-
punkt ¢. Die Glattheit einer Losung messen wir beziiglich Sobolev-Normen
[fllg = [[(1 + G)*/*f||r,, definiert in Termen des Differentialoperators G.
Sc bezeichne den Streifen S¢ := {(z,u) € R* |z| < C} im R% Wir be-
weisen, dass fir 1 < p < oo die Losung v in L,;® liegt, falls unsere Anfangs-
daten f und g in einem Streifen So, C' > 0, getragene L,-Funktionen sind
und zudem « > |1/p — 1/2| gilt. Hierzu zeigen wir, dass sich fiir alle C' > 0
der Operator exp(itv/G)(1 + G)~*/2, definiert auf dem Schwartzraum .7, zu
einem beschriankten Operator von L,(Sc) nach L,(R?) fortsetzen 148t, sofern
a>|1/p—1/2]| gilt.



Abstract

Let G := — (9,2 + 220,%) denote the Grusin operator on R?. Consider the Cauchy
problem for the associated wave equation on R x R?, given by
0? v
FHG)u=0, vieo=f, oo =g
(8152 li=0 = f 8t\to 9
where t denotes time and f, ¢ are suitable functions. The solution to this problem
is formally given by

o(t, z,u) = [cos(tVG) f](x,u) + [%g] (x,u).

The focus of this thesis lies on smoothness properties of the solution v for fixed
time ¢ with respect to the initial data. Smoothness can be measured in terms
of Sobolev norms || f{|re := [[(1 + G)*/%f||1,, defined in terms of the differential
operator G. Let S¢ denote the strip Sc := {(z,u) € R? |z| < C} in R?. We
prove that for 1 < p < oo the solution v is in L, if our initial data f and g
are L,-functions supported in a fixed strip S¢, €' > 0, and if a > |1/p — 1/2]
holds. In fact, we show that for every C' > 0 the operator exp(itv/G)(1 + G)~*/2,
defined for Schwartz functions, extends to a bounded operator from L,(S¢) to
L,(R?) for all a > |1/p —1/2].



Contents

0 Introduction 1
0.1 Context and background . . . . . .. ... ... 1
0.2 Themainresult . . . . . . ... .. ... ... ... ... ... 5
0.3 Organization of this thesis . . . . . ... ... ... .. ... ... 7
0.4 Acknowledgements . . . . . .. ... ... L. 9

1 Preliminaries 10
1.1 Remarks about integral kernels . . . . . .. ... ... ... ... 10
1.2 The Grusin operator and the sub-Laplacian on H,, . . . . .. .. 11
1.3 Transference . . . . . . . . . .. ... 14
1.4 The optimal control metric associated to G . . . . . . . ... .. 17

2 The main theorem and a conjecture 25

3 The joint functional calculus for G and U 30
3.1 Spectral projection operators torays . . . . ... ... ... ... 30
3.2 Properties of the function @, . . . . . . .. .. .. ... ... 38

4 Reductions 50
4.1 Interpolation, reductiontop=1.. .. . . . .. .. .. ... ... 50
4.2 Reduction to an estimate for the local part of the kernel, part 1 . 50
4.3 The case of large &’ . . . . . . . ... L 53
4.4 Reduction to an estimate for the local part of the kernel, part 2 . 59

5 Preparations 61
5.1 Dyadic decomposition. . . . . . .. ... oL 61
5.2 Integral formulas for Kj; . . . . . ... ... ... 63
5.3 Calculations for the phase function o . . . . . . ... .. ... .. 74
5.4 The change of coordinates . . . . . . . .. ... ... ... ... 75

6 The proof of Proposition 5.3 79
6.1 Some integrations in the new coordinates . . . . . . . .. ... .. 79
6.2 Estimation for 2778 <1/%,. . . . . .. ... L. 89
6.3 Estimation for 2877 < %, . . . .. 96

Index of notation 101

References 103






0 Introduction

0.1 Context and background
Let

L(z,0,) = = Y aa(2)0," (0.1)

laf<2

be a linear partial differential operator of order 2 with smooth real coefficients
in an open set  C R? with principal symbol L,,.(z,§) = > jal=2 Ga(T)E*. We
say L is elliptic in x, if

L, (z,6) # 0 for all £ € T,Q\0 := {¢ € T,Q); £ #0}.

We call L elliptic, if L is elliptic for all x € Q. L is called non-elliptic, if L is not
elliptic.
In addition, we assume that L is positive and essentially selfadjoint. We con-

sider now the following Cauchy problem for the wave equation associated to L

on £:
0*v o

@—FL’U:O, U‘t:0:f7 ahzong

where t denotes time and f, g are suitable functions. The solution to this problem
is formally given by

v(t,z) := cos(tV'L) f(z) + %g(w), (x,t) € 2 xR.

The functions of L are defined by the spectral theorem and the above expression
for v makes sense at least for f,g € L?(R?).

Smoothness properties of the solution v, for fixed time ¢, can be measured in
terms of Sobolev norms || f||za = || (1+L)*/?f||1, adapted to L. We are especially
interested in estimates of the following kind.

For everyt > 0, 1 < p < oo and a > a(d,p) there exists a constant Cpy such
that

I COS@\/E)JCHL;Q < Coallfllp (0.2)
and VI
sin(tv' L)
— < (¢ .
1 o = Gl (0.3)
hold.

We call these estimates wave estimates.
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Wave estimates for the Laplacian on Euclidean space

For L = —A and Q = R?, we have the usual Cauchy problem on the Euclidean
space. For this case, estimates have been established by Sigrid Sjostrand [25],
Akihiko Miyachi [14] and Juan Peral [21]. In 1980, Peral and Miyachi inde-
pendently showed the estimates (0.2), (0.3) for a(d,p) := (d — 1)|1/p — 1/2|.
In fact, they showed that these estimates also hold true for the endpoint

= al(d,p) = (d—1)]1/p —1/2| if 1 < p < oo. Moreover, both operators
are bounded from the Hardy space H;(R?) to L;(RY) for a = (d — 1)/2. These
estimates are optimal. In the following we call a(d, p) := (d — 1)|1/p — 1/2| the
critical indew.

The solution v can also be written as

e = 2 // e (1) + 8 i
ZA x) + Al g(z).

e==+1

The operators A’  are Fourier integral operators. Andreas Seeger, Christopher
D. Sogge and Elias M. Stein [23] showed that wave estimates (0.2), (0.3) hold
true for a wide class of Fourier integral operators for the critical index «(d, p)
and d the topological dimension of the underlying space.

In general let

P .= @2 + L(SL’, 836),

with L defined as in (0.1), and put p(z,7,€) := =72+ L,.(x,€). If L is an elliptic
operator, then P is strictly hyperbolic, which means that

p(z, 7,€) has two real distinct roots 7 (z, &), To(z, &)
for each (x,&) with £ # 0.

It is well known (see J. J. Duistermaat [4]) that in this case one can find elliptic
Fourier integral operators Tt 4 such that for small ¢ the solution v(¢,z) of the
Cauchy problem with initial condltlons 0Fv(0, - ) = fi for k = 0,1 is given by

v(t,x) = Z T} 1. fr(2),

j=1,2, k=0,1

modulo an infinitely smoothing operator (this technic is often called the geomet-
rical optics ansatz). Therefore, the estimates (0.2) and (0.3) hold true for a wide
class of elliptic operators L, provided ¢ is small and «(d,p) = (d —1)|1/p—1/2|.
In fact, Seeger, Sogge and Stein [23] showed these estimates for elliptic differen-
tial operators of order m on compact, smooth manifolds of dimension d. Locally
such an operator of order 2 is of the form (0.1).
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Hormander type operators

Now we remove the requirement of ellipticity. To ensure that the question of
smoothness of a solution v of the wave equation is reasonable, we should demand
that L(x,0,) is hypoelliptic, which means that for all v € D'(2)

singsupp v C singsupp L(z, 0,)v

holds. An elliptic operator L is hypoelliptic.
In 1967, Lars Hormander showed that operators of the form

L(x,0,) == —(>_ X} + Xo),
/=1

where all X, are real vector fields on an open set €2, are hypoelliptic under the
following, rather weak condition:

For all z € Q, the tangential space T, in x is spanned by {X7,..., X}

and finitely many iterated commutators of Xy,..., X,,.

This condition is often called Hérmander’s condition and an operator which
fulfills it is called an operator of Hormander type. If we write L as 33, oy aa(2)0,%,
we can show that — Z|a\:z ao(2)€* > 0. Operators fulfilling this inequality are
often called degenerate elliptic operators.

The associated wave equation to a non-elliptic operator is not strictly hy-
perbolic, and that is why we cannot use a geometrical optic ansatz to write the
solutions by using Fourier integral operators. Since we have no ”straight forward”
way of computing the solutions of the wave equation, we can presently only hope
to get results for special operators. Furthermore, the underlying geometry is sub-
Riemannian and, in general, substantially more complex than the geometry for
wave equations associated to elliptic operators.

Nevertheless, we expect that for many Hormander type operators (0.2) and
(0.3) hold true for the critical index (d —1)|1/p —1/2|, where d is the topological
dimension of the underlying space and that such a result is optimal, except for
the endpoint. As far as we know, there is only one result of this type for a
non-elliptic operator yet known. We define this operator in the following.

Wave estimates for the sub-Laplacian on the Heisenberg group.

Let H,, denote the 2m + 1-dimensional Heisenberg group. As a manifold H,, is
the R*™ . The vector fields X; := 8,, — 3y;0,, Y; := 0, + 32,0, U := 9, form a
natural basis for the Lie algebra of left-invariant vector fields. The sub-Laplacian

Li==} (X]+Y})

j=1
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is non-elliptic. Nevertheless, L is a hypoelliptic operator, since [X;,Y;] = U and
hence the Hormander condition is fulfilled.

In 1999, Detlef Miiller and Elias M. Stein [19] showed that the estimates (0.2),
(0.3) hold true for the critical index (d — 1)|1/p — 1/2|, where d := 2m +1 is the
topological dimension of H,,. Except for the endpoint a(d, p), this result is opti-
mal. One can reduce the proof to showing that the operator exp(iv/L)(1 + L)~/
is bounded on L, for a > a(d, p). Furthermore, it can be restricted to the case
p = 1. For this case, Miiller and Stein showed that the corresponding convolution
kernel of this operator lies in L;(H,,).

Before we present our result, we want to mention a recent result by Michael
Cowling and Adam Sikora. They studied a sub-Laplacian on the group SU(2).
This sub-Laplacian is also of Hérmander type. Since the SU(2) is connected to
the Heisenberg group (see Fulvio Ricci [22]), one can hope to get wave estimates
for the wave equation associated to this sub-Laplacian for the critical index
ald,p) = (d—1)|1/p—1/2| = 2|1/p — 1/2|. We know, by oral communication,
that Cowling and Miiller are working on this topic and have developed some new
technics, which yield, in principle, the wave estimates on the group SU(2) for
the critical index. But they have not worked out all details yet.

Instead of wave equations, Cowling and Sikora studied multipliers and proved
a spectral multiplier theorem for this sub-Laplacian. By general functional cal-
culus one can deduce multiplier theorems from wave estimates (see Miiller [16]).

Spectral multiplier theorems

We say that for an operator L(x,0d,) a Mikhlin-Hérmander multiplier theorem
holds if for all bounded Borel functions m : R* — C with

sup ||n( - )m(t - )|, < oo (0.4)

te[l,00[

the operator m(L) is a bounded operator on L, for 1 < p < co and m(L) is of
weak type (1, 1), provided s is bigger than an index sg. 7 is here a non trivial cut-
off function on R*. Miiller and Stein [20] and independently Waldemar Hebisch
[10] proved a Mikhlin-H6érmander multiplier theorem for the sub-Laplacian L
on H,, for the index sy = d/2 = (2m + 1)/2, which is half of the topological
dimension of H,,. This result is optimal, except for the endpoint. It follows also
from the mentioned estimates for the wave equation by Miiller and Stein by the
method of subordination. In fact, Hebisch [10], and also Ricci, Miiller and Stein
[17] showed multiplier theorems for generalized Heisenberg groups and not only
for H,,.

In 2001, Cowling and Sikora showed that a Mikhlin-Hérmander multiplier
theorem for a sub-Laplacian on the group SU(2) (see [3]) holds true for sy = 3/2,
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which is half of the topological dimension of SU(2) and therefore, this result is
the analogue for SU(2) of the result obtained by Miiller and Stein and as well of
the result by Hebisch. This result is optimal, except for the endpoint.

By using the methods of Miiller in [16], it should be possible to prove a
Mikhlin-Hormander multiplier theorem for the Grusin operator. We conjecture
the following theorem.

Conjecture. Let m : RT™ — C a bounded Borel function that fulfills (0.4). Than
m(G) is a bounded operator on L, for 1 < p < oo and m(G) is of weak type
(1,1), provided s > 1.

0.2 The main result

Let Sc denote the strip Sc := {(2/, /) € R?; |2/| < C'} in R?. In this thesis, we

show that for the most basic and historically first studied non-elliptic Hormander

type operator the estimates (0.2) and (0.3) hold true with critical index a(d, p)

and d the topological dimension of the underlying space, provided the initial data

f and g are supported in a fixed strip S¢. This operator is the Grusin operator.
The Grusin operator G is defined by

G = —(0,* +2°9,%)

on R?. Though this operator is non-elliptic, it is still a hypoelliptic operator,
since it fulfills the Hormander condition. Since G is one of the easiest Hormander
type operators, it is predestinated as a starting point for a systematic study of
wave equations for non-elliptic operators of this type.

GG posses less invariance properties than the sub-Laplacian L on H,,. That
is why the study of waves associated to this operator is more difficult than the
study of waves associated to L. In contrast to L, the Grusin operator is not
translation invariant. Waves associated to G that start near the axis 2’ = 0
exhibit a behavior similar to the behavior of waves on H;. Waves associated to
GG that start far away form the axis ' = 0 behave like waves associated to an
elliptic operator. Especially the transition area, 0 < x’ < 1, is very interesting
and gives new insights in the general theory of wave estimates for operators of
Hormander type.

G is connected to the sub-Laplacian L on Hy, since it can be written as an
image of L under a certain representation of Hj.

Our result reads as follows.
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Theorem 1. For every C > 0,t > 0,1 < p < oo and a > |1/p — 1/2]| there
exists a constant Cp', o such that for all f and g in & and supported in Sc the

estimates
cos t\/_ oo
H 1+ G a/2fH J(R2) p,tHf”Lp(R2)7

and

sin(tv/G)
e

9|, gy < Coaclgllzycue

hold.

Since the topological dimension is d = 2, and hence d —1 = 1, this theorem is
a localized analogue for GG of the result by Miiller and Stein for the sub-Laplacian
on the Heisenberg group.

We can restrict to ¢ = 1, since G is homogenous with respect to the
dilation 6, : (z,u) — (rz,7%u), r > 0. Instead of cos(v/G)(1+ G)~/?
and sin(vG)G2(1 4+ G)~*/? we study the operator exp(ivG)(1 + G)~/2.
The assertion for cos(v/G)(1 + G)~*/? follows immediately. For the operator
sin(v/G)GY2(1 + G)~*/2, we use that it suffices to prove the assertion for
n(G) sin(tv/G)G~12G=/2, where 7 is a smooth function supported away from
the origin. Thus our theorem can be reduced to the following.

Theorem 2. For every C > 0, 1 < p < oo, the operator exp(iv/G)(1 + G)~*/?
extends to a bounded operator from L,(Sc) to L,(R?), provided o > [1/p —1/2].

By standard interpolation arguments, it suffices to show the case p = 1. Since

G is not translation invariant, exp(iv/G)(1 + G)~*/? has no convolution kernel.

To prove the case p = 1 we show that this operator has an integral kernel K such

that exp(ivG)(1 + G)~*2f(z,u) = [ K(2',u',z,u) f(2',u) d(2',u) for every
f € % and that

1B, o, -, e (0.5)

is uniformly bounded for |2'| < C and v’ € R.

As we have mentioned before, due to the lack of translation invariance, the
behavior of a wave highly depends on its starting point. For waves starting near
the axis 2’ = 0, we use ideas of Miiller and Stein and adapt them to our situation.
For waves starting far away form the axis ' = 0, it should be possible to reduce by
scaling arguments to the results by Seeger, Sogge and Stein for elliptic operators.
For this case we only present the general idea and do not go into the details.

It turns out that the most crucial part, but also the most interesting part, of
the proof is the case when waves start near, but not exactly on the axis 2’ = 0.
For waves starting at 2’ = 0 the methods of Miiller and Stein work very well,
but as soon as the starting point is a little bit away from 2’ = 0 matters become
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a lot more difficult. A sketch of the proof of Theorem 2 will be given in Chapter
2.

Before we start to prove Theorem 2, we have to calculate the integral kernel
of exp(iv/G)(1 4+ G)~*/? in a very explicit way.

Peter C. Greiner, David Holcman and Yakar Kannai derived in [8] formu-
las for the distribution kernel of sin(tv/G)G~/2. We do not use their formulas
for two reasons. First, we are interested in the ”"smoothed” wave propagators
cos(tvV/G) (1 4+ G)~*/? and sin(tv/G)G2(1 + G)~*/? resp. exp(ivV/G) (1 + G)~/?
instead of sin(tv/G)G~1/2,

The second reason is that Greiner, Holeman and Kannai identify R? with C
and their formulas involve contour integrals. This representation seems not to
be explicitly enough to show wave estimates, or, it is not clearly evident how
to use them. Moreover, we do not know how to get similar formulas for higher
dimensional Grusin operators by this approach. Though we prove wave estimates
only for the two dimensional case, our method of calculating the integral kernel
of exp(iv/G)(1+G)~*/? can also be used, in principle, for the higher dimensional
case.

We use a trick that was used beforehand by Miiller and Stein for the sub-
Laplacian L on H,,. G can be written as (¢U)(—iGU ') and hence one can derive
formulas for the integral kernel of exp(iv/G)(1 + G)~*/? by using the functional
calculus of iU and the functional calculus of —iGU~!. The calculus for —iLU !,
L instead of G, has been studied by Robert S. Strichartz in [28]. We adapt his
methods to our situation and calculate m(—iGU 1), for a bounded Borel function
m. This gives us a representation of the integral kernel of exp(iv/G)(1 4+ G) /2
that can be handled by oscillatory integral methods.

0.3 Organization of this thesis

In CHAPTER 1, Section 1.1, we define the Grusin operator and the sub-Laplacian
L on the Heisenberg group H,,.

The Grusin operator is the image of L under a certain representation of the
polarized Heisenberg group of dimension 3. Therefore, transference methods are
applicable. We show that for G a weak multiplier theorem holds. This will be
done in Section 2.

The next section, Section 1.3, is devoted to the study of the underlying geom-
etry of our problem. We give explicit formulas for geodesics belonging to optimal
control metric associated to GG. This, together with a result by Richard Melrose
[13], allows us to estimate the speed of propagation of our waves. At the end of
this section, we present figures of geodesics and balls belonging to the optimal
control metric associated to G, and a figure of the sphere in the optimal control
metric associated to L.
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In CHAPTER 2, we state our main theorem and a conjecture for higher di-
mensional Grusin operators. Moreover, we give a short sketch of the proof of
Theorem 2.

In CHAPTER 3, we study the joint functional calculus for U = i0, and
G. Since G can be written as (iU)(—iGU '), we are especially interested in
m(—iGU™'), where m is a bounded Borel function.

The functional calculus for —iLU !, L instead of G, has been studied by
Strichartz [28]. Strichartz derived explicit formulas for joint eigenfunctions ¢, ,
associated to the eigenvalues A of L and the eigenvalues e\/(1 4 2n) of iU.
He showed that the operators m(—iLU™'), m a bounded Borel function, can
be written as a sum over certain generalized projection operators PEE asso-
ciated to rays of the Heisenberg fan. Formally 7371?76 is the convolution opera-
tor with kernel f ®an dX. We adapt these ideas to our situation. Since G is
not translation invariant, the corresponding projection operators P, . are no
longer convolution operators. But they are still Ly-bounded singular integral
operators. For a bounded Borel function m, we get the spectral decomposition

m(—iGU N =3y 2onmgm(€(2n + 1)) Prc(f).

In CHAPTER 4, we show that it suffices to prove the theorem for p = 1. Let
K denote the integral kernel of exp(iv/G)(1 + G)~*/2. To prove the theorem, we
show that

|‘K($/>ula Ty T )HLl(RQ) (06)

is uniformly bounded for |2’'| < C' and ' € R. Since G is translation invariant
with respect to u, we only have to consider the case v’ = 0. We formally show
how one can use scaling arguments and the result by Seeger, Sogge and Stein for
elliptic operators, to proof that (0.6) is also true for large 2.

Furthermore, instead of estimating exp(iv/G)(1+G) /2, we are allowed to es-
timate h*(G) := n(G) G=*/% exp(iv/G), where 1 is a smooth function supported
away from the origin. In addition we show, due to the finite speed of propagation
of our waves, that it suffices to show that the integral kernel Kpo(gy(2',0, -, -)
of h*(G) is in Li(Bg((2',0),C), where Bg((2',0), C) is a ball with respect to the
optimal control metric associated to G centered in (z’,0) with radius C' and C' a
constant.

In CHAPTER 5, we use a dyadic decomposition of the joint spectrum of G and
1U to decompose the integral kernel Kj () in dyadic parts K} j . The proof of the
theorem is then reduced to showing that supj,/<; [| Kk;(2',0, -, *)[|L (B ((20).0))
is summable in j and k. We derive explicit formulas for these dyadic parts by
using the projection operators P, . we have defined in Chapter 3. Furthermore,
we introduce new coordinates.
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1 Preliminaries

1.1 Remarks about integral kernels

We know that if A : L,(R?*) — L,(R?), 1 < p,q < oo is a translation invariant
operator, then there exists a distribution u € %/(R?) with Af = f % u for all
[ € (R?). Furthermore, if u is in L;(R?) then the operator . — C*°, f — fxu
extends to a bounded operator on L;. (In fact, we know that this operator extends
to a bounded operator on L; if and only if u is a finite Borel measure.)

Since the operator of interest G = —(9,% +229,?) is not translation invariant,
most of the operators we study in this work do not have a convolution kernel.
Though by the Schwartz kernel theorem, we know that for every continuous
linear map A : C§°(R?) — D'(IR?) there exists a distribution K such that

<Ap, Y >= K ® 9¢), (1.1)

where ¢ ® ¢ denotes the tensor product of 1) and ¢. We designate K as the
distribution kernel of A.
If K is a measurable function such that for every f € .%

Af(z) = / K, 2) f(a!) de,

we say that K is the integral kernel of A. If we consider more than one operator,
we usually denote the integral kernel of an operator A by K4. We also write

Ka(x', ) = Ab,,

where d,, denotes the Dirac measure at the point z’.
Given such an A and K we assume now that

sup/!K(m’,mﬂ dr and sup/|K(x',x)| dx’

are bounded. By Schur’s test, A is bounded on L, for 1 < p < oo. For the
Li-boundedness, we only need that sup,, [ |K(2/,z)| dz is bounded.

Definition. Let A be an operator with measurable integral kernel K (2, z) such
that

A e) = [ K@) 1) o (12)
for all f € .. We define the Schur norm of K, denoted by || K||schur, by

K s = sp [ 1K' )] do
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In the following, we only use the phrases ” K has bounded Schur norm” or
"the kernels K; have bounded Schur norms, uniformly for ¢ € I” if (K;), is a
family of kernels and there exists a constant C' such that || K| sehur < C for all
t in an interval I.

Thus an operator A with integral kernel K such that K has bounded Schur
norm is bounded on L;.

1.2 The Grusin operator and the sub-Laplacian on H,,
The Grusin operator

Let n € IN. We define the Grusin operator G,, on R"™! by

Gy = _(Az + |I|28u2)

G, is positive and essentially selfadjoint on C§°(R"™). Though this operator
is not elliptic for x = 0, it is still a hypoelliptic operator, since it fulfills the
Hormander condition. G is one of the easiest Hormander type operators.

V. V. Grusin studied in 1970 (see [9]) a class of operators that is not con-
tained in the class of Hormander type operators. He gave sufficient and necessary
condition for operators in this class to be hypoelliptic. The Grusin operator is a
prototype of these operators.

This work will be restricted to the case n = 1. Therefore, we define

G:=Gh.
For every r > 0, we define the dilation §, on R? by
Sl u) = (raz, r*u). (1.3)
Then for every suitable f and r > 0,
G(f od,)(x,u) =1*(Gf) oo (z,u)

holds. Hence G is homogenous of degree 2 with respect to ,.

The Heisenberg group and the sub-Laplacian

Let H,, denote the Heisenberg group, which is R*™ x R endowed with the group
law

1
(. y,u) - (@ y ) = (2 2l y + o u+ w4 Sw((@,y), (@, 9))
for x,y, 2",y € R™, u,u’ € R, where w is the canonical symplectic form

w((x,y),(x’,y’)) 2:x'yl—$/'y, xvyaxlayl € R™
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on R?". H,, is a connected, simply connected and nilpotent Lie group.
The Lebesgue measure on the Euclidean space R?"*! is a bi-invariant Haar
measure on H,,. The convolution of two functions f,g € Ly(H,,) is defined by

(f *9)(x,y,u) /faz o o) g((& o )z y ) (s of o).

The dilation 6 : (x,y,u) — (rz,ry,r*u) is an automorphism of H,, for every
r > 0. The vector fields

1 1
- azj -3 aw Yj = ayj + 51‘]'(9“, U= a“

form a natural basis for the Lie algebra b, of left-invariant vector fields with
commutator relations

(X5, Ya] = 63U,
(X5, Xi] = [V}, Ya] = [X;,U] = [Y;, U] = 0.

We define now the sub-Laplacian on H,, by
=) (X7 +Y)). (1.4)
7j=1

Explicitly L is given by

1
L=-A,y+2-0,—y-0p+ Z|(9§,y)|28u2.

L is positive, essentially selfadjoint and homogenous with respect to 6. More-
over, L is non-elliptic, but hypoelliptic, since the Hormander condition is fulfilled.

Another common way of writing H,,, is as a set of matrices

{A(p7 q, U)v P, q € Rn, v € R}

with
1 P1 Pn U
1 0 a1
Alp,q,v) == - :
0 I g
1

and endowed with the usual matrix product. By identifying A(p,q,v) with
(p,q,v), we get a group on R?*" x R with group law

(p.q,v)- (0, ¢, V)=@p+p, g+, v+V +p-¢).
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This group is called the polarized Heisenberg group and we denote it by ]ﬁm H,,
is isomorphic to H,, by

U H, — Hy, (2,9,u) = (p,g,0) = (2,50 + 2 - y/2)

with inverse transformation

U Hy — Hy, (pyg,0) = (2,y,u) = (p,q,v —p-q/2).

A basis of the Lie algebra is given by

=0y, Qj:=0,+pi0,, V:i=0,

and the sub-Laplacian on this group is
Zap] + QJ+pJa))'

For more information about the Heisenberg group we refer to Stein [27] and
Taylor [30].

LP-estimates for the wave equation on the Heisenberg group

In analogy to the Cauchy problem for the wave equation on Euclidean space, we
consider the following Cauchy problem on H,, x R.

0%v

ov
JRE— + LfU O’ Vlt—o = s — =0 — (.
12 li=o = f ot =0 =g
Since the work of Miiller and Stein about L,-estimates for solutions of this
Cauchy problem is the starting point of this work, we want to state its main
result once again.

D. Miiller and E. M. Stein established in [19] the following estimates.

Theorem. (D. Miiller, E. M. Stein (1999)) Let d := 2m+1 denote the topo-
logical dimension of H,,. For everyt > 0,1 <p<oo anda > (d—1)|1/p—1/2]
there exists a constant CY'; such that for all f and g in &7 the estimates

H cos(tv/L) ‘

1+ L /2 ]?it”f”[/p(]Hm)?

Lp(Hy)

and

H smt\/_)
\/_1—|—L a1/2'g

= O;?,t HgHLp(]HM)’

Lp(Hpn)
hold.
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By a standard interpolation argument and since L is homogeneous with re-
spect to 68, it suffices to prove the theorem for p = 1 and ¢ = 1. In fact, Miiller
and Stein showed that the operator exp(iv/L)(1 4 L)~*/? extends to a bounded
operator on L;i(H,,), when a > m. For this purpose, they showed that the cor-
responding convolution kernel belongs to Ly (IH,,).

The proof of this theorem is strongly involved in the proof of our Theorem 2.
One reason for this is that G is the image of L under a certain representation of
the polarized Heisenberg group ;.

1.3 Transference

In this section, we denote the polarized Heisenberg group H, by G with elements
g€ G, g=(p,q,v). The Lie algebra of G we denote by g. Define

P:=0, Q:=0,+p0, V:=0, (1.5)

The sub-Laplacian is now given by L = —(P? + Q?).
Let b denote the smallest subalgebra of g with @) € h. With exp, : g — G
denoting the exponential function, we define now

H :=exp(h) CG.

For every f: G — C we put

1/2
| flle = (/|f(p,0,v)|2 dp dv)

and we define

H = {f; |fllr <ocand f(hg) = f(g)V (9,h) € G x H}.

7 is a Hilbert space with norm || - || ,». We denote the set of unitary operators
on € by U(F).
7:G—U),
(7 (9)f1(h) := f(hg)

defines an unitary representation 7 of G with representation space 7. We denote
the associative algebra of left-invariant differential operators with C'*°-coefficients
by 2,(G). dr denotes the representation of %,(G) derived from 7. Then

dn(P) =0, dn(Q)=p 0,

and hence
dr(L) = —(9,* + p*0,°). (1.6)
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Thus the Grusin operator G is the image of L under dr.

For m € Cw(R"), the operator m(L), defined by the functional calculus
for L, is contained in the C*-algebra C*(G). We denote the *-representation of
C*(G) which corresponds to 7 again by 7. If m € ., then we know by a result
of Hulanicki [12] that

m(L)f = f+ M,
with M € Z(G). Now, let m € C(R™T). If we assume that m(L) is given by
m(L)f = f* M with M € L,(G), we have

m(m(L)) = /gM(a:) 7(x) du.

Furthermore, we have that the functional calculus commutes with the represen-
tation m, i.e.

7(m(L)) = m(dn(L)).

For a proof see e.g. Proposition 1.1 in [15].
These facts allow us to compute the integral kernel Mg of m(G) by using the
convolution kernel M}, of m(L), provided My, is in Ly(G).

Proposition 1.1. Let m € Co(R™) such that the operator m(L) has a convolu-
tion kernel My, € L(G). Then for every f € ./ (R?)

[m(G) fl(p,v) = /ML(p’ —p,q v —v—pqd)dd f(p',v) dp" dv’

holds.

Proof. Let f € #N.7, g:= (p,q,v) €G. Then
mm(L)9) = [ Mula) Flgo) da
= [ Mul(p.00) ) dd 0.0 dif
= /ML(p' —p.d —q.v' —v+plg—q)) dd f(p,0.0) dpf dv/
= /ML(p’ —p, ¢ —v—pq)dg f(p/,0,0) dp dv'.
Since m(G) = m(m(L)) = x(m(L)), we finally get for f € .7 (R2)

[m(G) f](p,v) = /ML(p’ —p,q v —v—pqd)dqd f(p',v) dp dv'.
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By this observation and the Fubini theorem, we deduce the following corollary.

Corollary 1.2. Let m € Coo(R>o) such that the operator m(L) has a convolution
kernel My, € Ly(G). Then m(G) is bounded on Li(R*) and has an integral kernel
Mg with bounded Schur norm. Furthermore, || Mgl schur = || ML L, -

REMARK. In the coordinates (z,y,u) of the Heisenberg group H;, and with
L=—(X?+Y?) and G = —(9,> + 2%9,%), we get

m(G) f) (. u) = / My(a! — 29/ o —u— (z+ 2y /2) dy (') de’ dd.
o

From the wave estimates for the Heisenberg group by Miiller and Stein (see
the last part of Section 1.2), we know that the convolution kernel M of the
operator m®(L) := exp(iv/L)(1 + L)~*/? lies in L,(H,), for a > (d — 1)/2 and
with d = 3 the topological dimension of H;. Hence we obtain that the operator
exp(iv/G)(1 4+ G)~*/? is bounded in L;(R?) for o > 1.

Comparing this result with our result in Theorem 2, for p = 1, we see that
by this approach we miss half a derivative. One can show that the ¢’-integral

/Mi"(p’ —p,¢ v —v—pq)dd

is an oscillatory integral and hence one can hope to get this missing half a deriva-
tive by using the method of stationary phase. Miiller and Stein derived an explicit
formula for Mj* as a one dimensional oscillatory integral. So, by using Proposi-
tion 1.1 we end up with a two dimensional oscillatory integral. Unfortunately,
this integral turned out to be very complicated. Hence we do not use this repre-
sentation of the integral kernel of exp(iv/G)(1+ G)~*/2 for the proof of Theorem
2.

Nevertheless, Corollary 1.2 is very useful to show that a weak multiplier
theorem for GG holds. We use this multiplier theorem in the proof of Theorem 2.

A weak multiplier theorem for G

Proposition 1.3. (Multipliers for G) Suppose ¢ € C*(R"), with k assumed
to be sufficiently large. If 1 satisfies the inequalities

{ € o) S €7 forall0 <€,
€ o () € foralll <€ < oo,

for 0 < € <k, then the integral kernel of 1)(G) has bounded Schur norm.
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Proof. Miiller and Stein showed in [19], Section 1.1 that under these conditions
for ¢ the convolution kernel of ¥ (L) is in L;(H;). By Corollary 1.2, the integra-
bility of the kernel of (L) implies the boundedness of the Schur norm of the
integral kernel of ¥(G). O

The fact that GG is an image of L under a representation of IH; implies much more
than we have stated here. In general, let A be an operator on a well-behaved
group and 7 a representation of this group. The process of getting information
for the operator 7(A) from properties of A is often called ” transference method”.
Several people have worked on this subject. We refer here to a paper by Ronald
R. Coifman and Guido Weiss [2].

1.4 The optimal control metric associated to GG

In this section we study the optimal control metric of GG. The definition for
optimal control metrics resp. Carnot-Carathéodory metrics we have taken from
the paper [29] by Strichartz.

Let M be a connected C'*° manifold, X,...,X,, smooth real vector fields
on M. Let x € M and v € T, M. If v is in the linear span of the vector fields
Xi(x),..., X;n(z) we define

o]l = inf{&} + - + &5 &X1(2) + - + EnXon(@) = v}
If v is not in the linear span of X;(z),..., X,,(z) we define
[v]l3 = oo.

Let I be an interval and v : I — M be a piecewise C'-curve. We call v admissible,
if {[4(¢)||@) < oo forallt e I.
We assume now that v is admissible and I = [0, 1]. Set

Liy) = / @) dt.

The Carnot-Carathéodory metric associated to the vector fields Xi,...,X,, on
M we define by

dec(z,y) = Inf{L(7); 7(0) = =, v(1) =y, 7 regular}.

Now let A := —(>°,%, X7). If A is a Hormander type operator, then we define
the optimal control metric ds associated to A by d4 := d.., where d.. is the
Carnot-Carathéodory metric associated to the vector fields X, ..., X,,. In [13]
this metric is called A-distance.
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Now let M := R? and define vector fields X; and X, by
X = a:m - (170) X = mlaﬁm - (O7m1)’

Then [X1, X3] = 0., = (0,1). The Carnot-Carathéodory distance d.. to these
vector fields is the optimal control metric of our operator G = —(X? + X2).

Let g''(z) =1, ¢**(z) = 2? and ¢"**(x) = ¢*'(x) = 0. The Riemannian metric
gjk, if there were one, ought to be the inverse of the metric /%, which does not
exists. ¢’F is often called sub-Riemannian metric.

Here we are interested in balls Bg((x1,x2), R), belonging to this metric, of
radius R and centered at (z1,z5). Especially we like to show that

Ba((71,72), R) € B(x1,cR) X B(xe,cR(R + |x1])),

with some constant ¢ and B(z, R) the ball with respect to the Euclidean metric
on R of radius R and centered at x. To show this we study geodesics.

Let x,y € M. We want to find an admissible curve v = (y',~4?) with (0) = =,
v(1) = y and dg(x,y) = L(7). We can assume that ||§(t)||,«) is constant. To find
this curve we have to minimize fol 17() ||y dt with v(0) = 2 and y(1) = .
Instead of minimizing this integral, we are allowed to minimize

/0 KO dt = / (1) + Eji dt,

with v(0) = z, (1) = y. The minimizer is a solution of the Euler-Lagrange
equations

. 212
7+ 571;3 =0
7 (1.7)
2
( 1)2 = constant.
Y

For v(0) = (0, 0) these equations have the solutions

2 .
ety = (Fmon, 5 (5-20)), cen
ﬁc(t) = (Cta 0)7 & 6 ]R

For ds-Balls centered in the origin we obtain essentially
Ba(0, R) ~ {(z1,22); 11| < R, |2s| < R?}.

These calculations have also been done by Greiner, Holeman and Kannai in [8].
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With some more calculus, we get also formulas for (0) = (21,0). Define
7t i= ¢y sin(bt) /b + ¢y cos(bt) /b,

- )t (4 20

with ¢1, ¢, b,d € R. All solutions of (1.7) are of one of these forms, or given by

Be.
Since (0) should be (z1,0) we choose ¢y = x1b and d = 0. Thus by defining
Voo, 1= C18in(bt)/b+ zy cos(bt),
2 .
2 C_1<f - 81n(2l)t)> T
75,61 : b 2 4b + b

sin(%t))

.2 9 (1
sin”(bt) + :L‘lb<2 + 10

the function v, (t) : [0,1] — R? t — (7., (t),7.,(t)) is part of a geodesic
starting in (z1,0) of length \/c? + 23b%. For every ¢; € R, there exists a ¢ > |z1)|
and an € € {+1,1} such that ¢; = ey/c? — b2, Define

Voo = €\/ 2 — b2 sin(bt) /b + 1 cos(bt),

2 : .
o .t sin(2bt) €81 [ oy o 5 sin(2bt)
Voee =7 (2 a0 > + 5 \/c? — x1b? sin®(bt) + 7 CE

Now the function () : [0,1] — R?, t = (77, (t), Ve, (1)) is part of a
geodesic starting in (x1,0) of length c.

An easy calculation shows, that we can write the components of v, .. in the
following form

71},0,5 = €|w1b|\/ 2/ (220?) — 1sin(bt) /b + x1 cos(bt),
9 c*t ,sin(20t)

ot o sin(20t)
Vb,c,e — 2b c 4h2 :

+ exq|mi]y/ 2/ (2302) — 1sin®(bt) + 23 5

With this information it is not difficult to show that there exists a constant
¢ with
Ba((21,0),1) € B(xy,¢) x B(0,¢(1 + |z4])).

To prove this we have to study the functions 7, .. We can restrict to |z]* > C,
with ¢ > 1 a sufficiently large constant and hence |b] < 1/]z;| < 1/C is
small. Therefore, sin(2bt)/(2b%) — t/b < 1 and 2% sin(20t) < |z1]. Now, we get
for 1/(b?2%) > 2 by the Taylor expansion of the sine function

|sin(bt)|z1]y/b 2072 — 1] <1, |sin®(bt)z]y/b227% — 1] < 1.
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And for 1/(b*z%) < 2 we get the same estimates. Hence
[Voe(t) — 1] S 1 and |y, (O] S 1+ |2l

for all ¢ < 1. Since G = —X? — X2 is homogeneous with respect to the auto-
morphic dilation 4, and translation invariant with respect to the variable x5 we
get

Bea((z1,x9), R) C B(xy,cR) X B(xg,cR(R + |21])).

We now want to use our previous notation. We denote the first variable by x
and the second by u. Then G = —(9,* + 29,?) and we have proven the following
proposition.

Proposition 1.4. Let Bg((x,u), R) denote the ball with respect to the optimal
control metric associated to G, centered in (z,u) and with radius R € R*. There
exists a constant ¢ such that for all z,u € R and R € R™

Bg((z,u), R) € B(x,cR) x B(u,cR(R + |z|))
holds.

This proposition allows us to make a statement about the speed of propaga-
tion of our wave.

Proposition 1.5. (Finite wave propagation speed) Let K, denote the dis-
tribution kernel of cos(tv/G). There exists a constant €y such that

supp K; C {(2/, v/, z,u); (z,u) € B(2',6pt) x B(u', 6ot (t + |2'|))}. (1.8)

Proof. This assertion follows by Proposition 1.4 and since
supp K; C {(2/, v/, z,u); (z,u) € Bg((2',u),1)},

which was shown by Melrose in [13]. In fact, Melrose showed that this is true
for an arbitrary positive selfadjoint differential operator of second order on a
compact manifold. The compactness is not essential here, since the operator G is
homogeneous with respect to ¢, and hence we have to show (1.8) only for small
t. O

REMARK. A formal proof of (1.8) can also be obtained in the following way.
The support of the distribution cos(tv/L)dy is contained in B, where B/ denotes
the ball with respect to the optimal control metric associated to L on H;, centered
in 0 and with radius ¢. There exists a constant C' > 1 such that

Bt C {(2.1) € Hy; |2| < Ct, |u| < C**}.
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Let K .,/ denote the distribution kernel of cos(tv/L). Formally,

COos

Ki(2' v 2 u) = /Kcos(tﬁ)(x’ —z,y v —u—(r+2)y/2) dy.

Observe that |2/ — x|, |y/| < Ct and |u’ — u| > 2C?t(t + |2’]) implies

W —u— (z+2)y /2] > W —u| — |(z+2")y /2| > 3C*?)2 > C*2.
Hence, if Kcos(t VI) would be integrable, the assertion (1.8) would follow immedi-
ately. Unfortunately, K_ /I is not integrable and so this second proof is only

cos(
formally true.
o

To get an impression how the geometry looks like, we now want to show some
figures. Define

Sa(2',u') == {(x,u); dg((2',u'), (z,u)) = 1}.

N

J

|

wmﬁmmm@qu ‘

IAVRVAVAVAVAVAVAVAVAVAVAY

-2

Figure 1. Figure 2.

Figure 1 shows geodesics starting in the origin. Figure 2 shows the sphere
S6(0,0). It has a highly complicated structure. Remarkable is that it has an
inner structure consisting of infinitely many edges tending to the origin. This a
tribute to the non-ellipticity of G in 0. The sphere is symmetric with respect to
the axis x = 0.
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2,
u
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X
_27
Figure 3. Figure 4.

Figure 3 shows the sphere Sg(2',0), where ' = 0.1. Figure 4 is an enlargement
of Figure 3 near the point (0.1,0). The inner structure is given by only finitely
many edges. Sg(0.1,0) is, in contrast to Sg(0,0), not symmetric with respect to
any axis r = c.

20
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2
_10]

—20

—30 -

Figure 5. Figure 6.
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Figure 5 shows the sphere S;(0.5,0). The sphere Sg(z,0) in figure 6 is given
for x = 10 and is nearly an ellipsoid with elongation comparable to |z| in the
u-direction and elongation comparable to 1 in the z-direction. Near this sphere
the operator G is elliptic.

Figure 7.

Figure 7 shows the sphere belonging to the optimal control metric of the sub-
Laplacian L on the Heisenberg group H;. We get this picture by rotating the
sphere in figure 2 around the axis x = 0. This reflects the fact that G is the
image of L under the representation 7 given in the previous section.

If we consider the Cauchy problem

o*v ov
2 Av =0, vl =Ff, Eh:o =9,

for the usual wave equation, then the solution v is given by

vt x) = [+ Qu(x) + g * By(x),
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where the wave propagators ();, P, are distributions with
singsupp Q; = singsupp P, = S'(0) = {z € R?; |z| = t}.

For our wave equation we get a similar result. If we denote the distribution kernel

of cos(tv/G) and sin(tvV/G) /v/G by Q, and P, respectively, we have
singsupp @Q; = singsupp P, C {(2/, v/, z,u) € R?; do((z',u), (z,u)) = t}.

This has been proven by Melrose in [13].

Therefore, for given 2, the set S, := Sg(2’,0) in R?, shown in the figures 2
to 6 has the property that (singsupp Q1) N ((2/,0) x R?) C (z/,0) x S,

In the introduction, we mentioned that the most crucial part of the proof of
Theorem 2 is the case when waves start near, but not exactly on the axis z = 0.
Now, since we know the underlying geometry better, we want to pick up this
subject once more.

First we thought that estimating waves starting in the origin should be most
difficult, since G is not elliptic in (0,0). Though, by comparing figure 2 and
figure 7 one can see that this situation is very similar to the situation on the
Heisenberg group. By a slightly modification of the methods of Miiller and Stein
we can prove that the integral kernel of exp(iv/G)(1+G) ™26, ) lies in L (R?).

Waves starting in (z/,0) with 2’ very far away from 0 behave like waves for
an elliptic operator, as one can see in figure 6. Therefore, this case should also
be not very difficult. We do not consider this case in detail.

The most difficult case is when 0 < |2/| < ¢, where ¢ is a small constant. A
reason for this is that in this case the set S,, has a highly complex structure,
as one can see in figures 3 and 4. Especially the lack of symmetry, which we
have for Sy, causes that explicit formulas for exp(iv/G)(1+ G) ™25, o) are very
complicated.
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2 The main theorem and a conjecture

Since we now have the fundamentals, we want to present the main theorem one
more time. Furthermore, we state a conjecture for higher dimensional Grusin
operators, and give a short sketch of the proof of our theorem.

The main theorem of this thesis reads as follows. Put Sy = {(x,u) €

Theorem 1. For every ¢, > 0,t >0, 1 <p < oo and o > |1/p — 1/2| there
exists a constant C3', o such that for all f in & with supp f C S, the estimates

cos t\/_
H 1+Ga/2fH pt%”fHLp R2);
and e
sin(tv Q) .
H\/_ (1+ G)le-1) 2f‘ L, (R2) < Cora 1l Low2),
hold.

For higher dimensional Grusin operators G,, we conjecture that the following

holds.

Conjecture. Let d := n—+1 denote the topological dimension. For every ¢, > 0,
t>0,1<p<ooanda>(d—1)|1/p—1/2| there exists a constant C3, . such
that for all f in . with supp f C S¢, the estimates

cos (t C""
and -
sin(tvG o
H VG, (1+ Gt /2fHLp(IRd) < G (B>
hold.

Many our technics we use for the proof of Theorem 1 are also applicable in
the higher dimensional case. Our computations for this case so far give rise to
the hope that the conjecture is really true, but we have not gone into the details
yet.

Instead of Theorem 1 we show the following.

Theorem 2. Let €, > 0, 1 < p < co. The operator exp(iv/G)(1+G)~*/? extends
to a bounded operator from L,(Sg,) to L,(R?) for a > |1/p—1/2|.



26 2 THE MAIN THEOREM AND A CONJECTURE

The restriction to time ¢ = 1 is not essential, since G is homogenous
with respect to the dilation 6, : (z,u) — (rz,r*u), r > 0, and hence one
can deduce the case t # 1 by the case t = 1. As we mentioned before,

the assertion for cos(v/G)(1 + G)~*/? follows immediately. For the operator
sin(tv/G)G/2(1 + G)~(@=D/2 we use that it suffices to show the assertion for
n(G) sin(tv/G)G~2G=(@=D/2 where 1) is a smooth function supported away from
the origin (see Proposition 4.1 in Section 4.2).

We simplify our notation by defining
m(G) = exp(ivVG)(1 + G) /2.

Furthermore, we fix a constant % > 0.

Throughout our calculations it turned out that it is very useful to compare
our results and formulas with the results and formulas that have been derived
by Miiller and Stein. The topological dimension of the Heisenberg group H,, is
2m + 1 and the critical index a(d,p) = 2m|1/p — 1/2| is m, for p = 1. In our
work the dimension of R? can be written as 2 X 1/2 4+ 1 and the critical index
al(d,p) =1|1/p —1/2| is 1/2, for p = 1. Therefore, we set m to be equal to 1/2,

m:=1/2.

In REMARKS we consider formulas for L on H,, and only there we take m to be

in IN. If A is some term with respect to G, we denote the corresponding term for
L on H,, by AH,

A short sketch of the proof of Theorem 2

By standard interpolation arguments, it suffices to prove the case p = 1, hence
we show that for all @ > 1/2 the integral kernel of m®(G) has bounded Schur
norm. We can restrict to high frequencies in the spectrum of GG, and instead of
m®(G) we are allowed to study the operator h*(G), with

ho(€) == nx(€) €% %

and 7y smooth and supported in {{ € Rt; € > N}.

Let Xp(2/ v/, z,u) := 1 for all (z,u) € B(z',2%,) x B(v',2%,(2 + |2'|) and
0 otherwise. By using the finite speed of propagation (see Proposition 1.8), it
suffices to show that the integral kernel XpKja(g) has bounded Schur norm.
This is Proposition 4.1.

In the next chapter we present an idea how one can proof our result also in
the case that f is not supported in a strip Sc. This idea reads as follows. By
scaling in u, we can transform G into the operator G := —9,% — 22 /2"20,%. Now
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let ' >> 1. On the set |z — 2'| <1, u € R the operator G is elliptic and just a
smooth perturbation of the Laplacian. Hence it should be possible to use Fourier
integral operator methods to obtain estimates for solutions to the wave equation
02 + G (see Seeger, Sogge, Stein [23]). From these estimates one would get that

sup ||Kh°‘(G)(x/7ul7 Tyt )”Ll
|z’ |>Cu'€R
is bounded, where C' is a constant. B
We exchange X'z by a smooth variant Xz of X'5. Let Q2 := S¢, . The proof of
the theorem is then reduced to showing that the operator

f = /fBKha(G)(xlaulu ) ) f(x',u/) d.l’, dul

is bounded from L,(2) to L,(R?), for every 1 < p < oco. This is Proposition 4.5.
G and U are strongly commuting operators. Their joint spectrum is the
closure of the union of rays

R e = {(E/\,T); T=02n+ 1)\ A > 0}, e:==+1, n € Ny.

By a dyadic decomposition of the joint spectrum, we write h*(G) as a sum of
operators Hp ;, k € Z, j € Ny, e = x1, where H ; is given by

Hi f =278 " X520 + 1) 75 (U) (PLf),

with 75 (\) = /Ek_j(e)\) eV e x = (277 . ) and .)?Qk_j = X(272kH0 )
cut off functions and P, the spectral projection operator that corresponds to the
ray %n. in the joint spectrum. These projection operators and especially their
integral kernels we study in Chapter 3. If we denote the integral kernel of the
operator Hy ; by K ;, then away from the diagonal K ; is given by

—ak 00
K (2,0, 2,u) = o= ZXj(Qn + 1)/ Pr(a',0,2,u — 5) ®f ; () ds, (2.1)
n=0 -

where Py is the integral kernel of the projection operator Py, and @7, is given by
an oscillatory integral. We can reduce to the case e = 1. By the method of station-
ary phase, ®; . is roughly given by 231270 f(\/(m + n) [ (22F-7)s71) ellmtn)/s,
with f € C3°(R), supported away from the origin. Now we choose a to be the
critical index m = 1/2. To prove the theorem, it suffices to show that for every

€ > 0 there exists a constant C. with

Sup Z ||£BK;J('I,7O’ Ty ” )||L1 < Ce 26]6‘ (22)

|z |<2%1 jeNo
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Because, having this assertion allows us to sum over all k£, which gives us the
desired result for h*(G). That the assertion (2.2) is true is stated in Proposition
5.3.

For the proof of Proposition 5.3, we use many technical lemmata. Though,
there are two main observations that we want to mention. The first thing we
need is an explicit formula for PS. In Chapter 3 we derive

P,(2',0,2,u/2) = C [Q, — Qn_a],
with

n

0= CUl+m+1D)Tn—Ll+m+1) _op e (22 + 2% —iu)/?
n p— e e .
I'(¢+1) I'(n—0+41) (22 4 22 + du)/2Hm+l

=0

and o depending on x, z’ and u. Careful examinations rends that (), behaves
like the sum of two terms of the form

n" +ino (xQ + a? — Zu>n/2

Q= — s
n |1 _ 6—i20’|3/2 (132 + I‘,2 + Z'u)n/2+m+1 :

REMARK. On the Heisenberg group H,,, Miiller, Stein and Strichartz de-
rived similar formulas. The corresponding convolution kernel P is given by
PH = C,[QMm — Q] with

n—1

(n+m)! (22 +y? — 4iu)"

H __ ,m+l —1)" .
@ (=) n! (22 4 y? + diu)rtmtl

Observe that % ~nm.
o

For 2/ = 0, the factor €7 is equal to 7 and hence |1 — 77| is just 2. Roughly
we get
($2 o 'LU)n/2
(22 + qu)n/2Hmt1

Qr:l;,:(0707 " ) :Cmnmzin

This coincidence allows us to use many methods that were used by Miiller and
Stein in their proof. Unfortunately, matters become very difficult when we choose
2/ away from 0.

The second important observation we use is the following. By using our for-
mulas we derived for (),, and after some scaling, we see that the integral in
(2.1) is an oscillatory integral with phase function s — ¢(s) + 277 /s, where
is roughly given by

Rw — 2z (u — 3))

= t
#(s) = arctan (2Raz‘x1 + (u—s)w
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with R := 22 + x% and w = ((xQ _ x%)Q + (u— 3)2)1/2. By

o Rw — 2xzy(u — 5) (R (u—s)Hw
" 2Rz + (u— s)w’ " 2Rzxy + (u—s)w’
s:=s, Y(x,u,s):=(X,Y,s).

we define new coordinates such that ¢(s) = arctan(X) and dsp(s) = X/Y. For
x1 = 0, these coordinates coincides with coordinates which were used by Miiller
and Stein. On first sight, it is not clear that using them is really possible. The
problem is that the functional determinant of 1)~! can not be computed directly,
or, to be more exact, in a straight forward way.

Nevertheless, it is possible to find an expression for det(¢)~*). We can esti-
mate the integral in (2.1) by using these new coordinates and a refined partial
integration. We prove Proposition 5.3, which completes the proof of Theorem 2.
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3 The joint functional calculus for G and U

In [28] Strichartz regarded harmonic analysis on the Heisenberg group H,, as the
joint spectral theory of the operator L and the operator iU, where U = 0, is the
partial derivative with respect to the central variable u of the group.

The joint spectrum of these operators is the Heisenberg fan, which is the
closure of the union of rays %, . := {(\,7); 7 = eX/(m + 2n), A > 0}. The
spectral decomposition of a function f in Ly can be given as

f:kz,e/o I * Oxne dA,

where the functions f * ¢, . are joint eigenfunctions of ¢U and L. The functions
®a ke can be explicitly calculated in terms of Laguerre polynomials.

In this chapter we adapt the methods of Strichartz to our situation. Instead
of the joint spectrum of the sub-Laplacian :U and L we study the joint spectrum
of iU and G, which also consists of rays in R x R*. Our main concern here is
to derive simple formulas for certain spectral projection operators belonging to

these rays and, in the end, to derive a simple formula for the integral kernel
me(G).

3.1 Spectral projection operators to rays

Let U := 0,. Since G and iU are essentially self-adjoint and strongly commuting
operators, they have a well defined joint spectrum. This spectrum consists of the
union of rays

R, = {(6)\,7‘); T=02n+ 1A A > 0}

for € := +1, n € Ny together with the limit ray Z., = {(0,7); 7 > 0}. Here
e\ refers to the spectrum U and 7 to the spectrum of G. In analogy to the
Heisenberg group we will call the closure of the union of rays %, . the Grusin
fan.

We write

G = (iU)(—iGU™).

The operator iU is easy. The operator —iGU ™! can be written as a sum over
spectral projection operators to rays.
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Proposition 3.1. Let m be a bounded measurable function on the Grusin fan.
Then for every f € .

Im(G,iU) fl(x,u) = Z Z /000 m(eX, (2n + 1)A) [Prnef](x,u) dX

e=+1 n=0
with
[Pk,n,Ele’a U) = /(rb/\,n,e (ﬂf/, U,, x, u) f({)j'/7 u,) dx’ du’7
Az )
QS)\,n,e (.CE,, u’, x, u) = ? 6—16)\(u—u ) hn(>\1/2$,) hn()\l/2$)
and

ho(x) == (/7 n! 2")—1/2 (0, — x)”e‘x2/2

the n-th Hermite function.

Proof. Observe that under the Fourier transform with respect to the variable u
the operator G is the Hermite operator Hy := —(8,? —Az?). By using the spectral
decomposition of the Hermite operator and the Fourier inversion formula with
respect to the variable u, we get for any Schwartz function f on R?

flz,u) = Z Z/OOO /(b,\,n,e(x’,u’,x,u) f(a' u) da’ du' dA,

e=+1n=0

with
/\1/2 ) ,
Orme( 'z u) = D e~ A=) (AV20y by, (A2 ).
7r
The function @y, (z,u) := e~ h,(\/2z) is a joint eigenfunction of G' and iU
with

GCI))\,n,e = (27’L —+ 1)/\ CD)\,n,e
Z'U(I))\jnﬁ =€\ (I)/\,n,e-

Hence
G P (2n+1) ®
7 ne — € n,e
i A,
the proposition follows by the spectral theorem. O

This proposition implies the next corollary.
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Corollary 3.2. Let m be a bounded measurable function then for every f € .

[m(—iGU sz (2n 4 1)) [Pocf)(z,w)
e=+1n=0
with
[Prcfl(z,u) =

)\1/2
/ / eI A (A2 by (ANY2) (2 ) dat dud d

The operator P, will be called the spectral projection operator to the ray
R e
Observe that with S(x,u) := (z, —u)

[P, —1f1(;u) = =[Poa(f 0 9)](x, —u).

Hence it suffices to study P, ;. We assume now € = 1 and define P,, := P,,; to
make the notation simpler.

For x, w € R and f € . supported away form wu, we see by using partial
integration that [P, f](x,u) can be given by an absolutely convergent integral.
By Fubini’s theorem we get

[(Pnfl(z,u) =
)\1/2
/ / e A=) b (Y227 by (AYV22) dX f(af ) da dud.
We define now

12 /
P,(2' vz, u) = / A e~ A=) b (Y227 by, (AY22) dX (3.1)
0

2m
and
/\1/2 ) ,
Oan (@' Uz u) = o e~ M=) (Y257 by (AN 22), (3.2)
7r
Then

[P f)(@,u) = /Pn(x',u/,x,U) f@' ) do’ dud,
for f € ., supported away form wu.

REMARK. Strichartz showed that the projection operators P for iU and L are
Calderon-Zygmund operators and that

PH = ¢, 6+ pv. PR
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PY is a kernel of similar type than P, and p.v.PY is the operator with kernel
P in the principal value sense.

The same should also be true here, but we do not need this additional infor-
mation.

o

We compute P, explicitly. Recall the Mehler formula, according to which for
allz,y € Rand z € C, |z] < 1

- W1 N Hu(2)H,(y)2" _o?
;%hn(x) ha(y) 2" = N 7; ] e 2
1 2ayz—22 (22 +y?) 22 4y?
= — ¢ 1—22 e~ 2
VTVl — 22
holds. Thus
ZT”/ Oan (2 0z, u) dX
n=0 0
o] 00 /\1/2 ) ,
=> " / S e ) (W22 by (AY220) d
— 0o 2m
oo 2r\zz’ —r?(Az?+z'?) 22422
= 1 \/X e 1—72 6*)\+T€fi)\(u7u’) d\

1 o \/X e—)\ [(x2+m’2)2(11+7f2)—217fﬁ/ —i—i(u—u’)]

dA.

For small r this integral converges since, 2 + 2'2 > 2xa’.

REMARK. For 2/ = 0 = 4/ we obtain

1472 .
T e R I

1 /°° VA
232 J, JI—r2
On the Heisenberg group H;, Strichartz established the following formula

[e.e]

h 1 <A ZA[2]2 1+r i
ZT’”/ Suan(z,u) d\ = — (N g
n=0 0

A72 ), 1—r

with [z|* = 22 + %
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The M-integration can be computed easily, since the Gamma function has the
integral representation

I'(z) = / =t et dt,
0
for Re(z) > 0. We get

(9] (3 1/2
Zr"/o Oan (2! ' 2 u) dXN = %(1 —7?)
(2% + 2"%) + 2i(u — ') + r*((«® + 2"*) = 2i(u —u)) — 4r:v:c')_3/2.
Put
, ['(3/2)2'/2
MxmuLUVZ-Légr—(l—ﬁ> (3.3)

x ((2° + ) + 2i(u — ') + r*((2* + ) = 2i(u — ') — 47“1’1‘,)73/2

Since our operator is translation invariant with respect to the wu-direction, we
only have to consider the case v/ = 0. In the following, we are interested in
P,(2',0,2,u/2), thus we replace 2u by u.
We use the abbreviations
R:=2*+27 2:=R+iu, p:=4z2, (3.4)

and

w = /ot + 2t = 2(xa’)2 + w2 =/ R2 — 4(za))? + u?,
a:=/(22 + 27?)? + u2 = VR? + u2.
With these definitions we get ¢ = C,,, (1 —r?)(z+r*z—pr)~™"!, with C,, a con-

stant. Recall that m is always 1/2, except when we speak about the Heisenberg
group MH,,.

Lemma 3.3. Let o € IN/2 then

" Z/?
—||r:0(z + 7%z — D)% = Cy by
n!

(3.5)

potn/2
holds with

F g—l-Oé) F(n—€+oz) 6—1’2&7
T T )T+ 1)

: p . p?
o __ R .
‘ (2\4 I 4|er)

C2zd 4 inat ot =20 + w200 4w
\/(1;2 T x’2)2 42 VR2 + u2

and C,, a constant only depending on c.
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Proof. Put e? := Zand 7= re~". Then

(z4+ 1?2 —rp) * =27¢ (1 + 77— ?%) -
=z (r = p) (7= Bo)]

2
41212

The roots (31 and (3, are given by [; = ﬁ +14/1 — = ¢ and By = 3;. We

have |31] =1 = || and

(Z + 7,22 o Tp)—a — @ ez’219a [(7‘ . ei(ﬁ-i—a))(r . 6“19_0))]_0‘.

Thus
o _ _a
—Tlro(z + 172 = rp)
S pi2ia n n! ’ )
_ . . . . _ Ji(040)y—a—L
= [ > T e a =) ()
x (=" a-...-(a+(n—10)-1) (—ei(ﬁ_"))_a_(”_é)
IN{A —i— a)l(n—Ll+a) _,
—(—1 2a T i(9—o)n —12lo
e o on ST L)
IN( + a)l(n—L0+a) _, ,
_C —i2lo ,—a ,—i(0—0o)n
Z ST e R
—n/2 )
:Ca bn,a W e .
O
We are only interested in o = 3/2 and a = 1/2. Thus we put
Anm = bn,3/2 and qnm—1 = bn,1/2- (36)

Furthermore, we observe that

| iz R* + u? — (4(z2")? + idaz’'w — w?) w? — i2z2'w
— € —= g
R? 4 u? R?4+u?
and thus
1= ei2o| = 2\/w4 +4(za’)2w? 5 w? + 4(xa’)? _ oW

2 |

R2 + 2 = w R2 + 2
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For z = R + iu, we get

<R — iu>1/2 o (E) 1/2 o _ (2_2)1/2 o _ 2o (R — iu)(2zz’ + iw)
IER

R +iu
R2xx’ + uw + i(Rw — 2zx'u)  |z|? ,
= P = W exp (z arctan (
z z
Rw — 2xx’u>)
R2za’ +uw/ /)’

z
Rw — 2xx'u
R2xa" + uw

= exp <2 arctan (

2| |2[?

(3.7)

arctan denotes the branch of tan™! taking values in [0, 7], since |Rw| > [2x2'u

and thus the imaginary part is always positive. We also get

<R—z’u>1/2 o <  arct (Rw+2x:c’u>>
e =exp | —iarctan | ——— ) ),
R+1iu P R2z2’ — uw

where arctan denotes the same branch of tan™! taking values in [0, 7].
For the integral kernel P, of P, we get

P, (2,0, 2,u/2) = /00 Grn(2',0,2,u/2) dX = C [Qy, — Qn—2a).
0

For @,, and with m = 1/2 we have the following formula

n

Qn = Qn(.I,,O,.T,U) :Z

=0

Dt m+ )Tt m+1) oy,
I'e+1) IF'(n—0+1)
(.732 4 I'/Q _ ZU)n/2

(33'2 + /2 + Z’u)n/2+m+1’

X 6’LTLO’

with

C2za’ 4 i/at o =20+ u? 2za +iw
V(2% 4+ 272)? 4+ u? a '

o

(3.8)

(3.9)

(3.10)

(3.11)

For completeness we also want to state another formula for the projection

operators. It is based on the following observation
Lemma 3.4. Let f,g € C® with g™ (r)|,—o = 0 for all n > 2. Then

Ln/2] 1

1
- (n) _ nn—20 ( 1L p(n—~)
n'(fog) |7‘:0_ Z 2g€'<n_2£)| (g) (g ) f Og|7‘:0‘

=0
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By this lemma we get easily

"
_'lr:O(Z + 1?7z —rp)
n!
[n/2]
1 n—20 (o=\¢ moln—C+a) o
- S ot T 2z)" (-1 il S e
;2"6!71—26)!( )" (22) (1) O
= L Ln/QJ(— ) M P2 z*
() = o (n —20)! Lot (n—0)
[n/2] ) PR
= L (—1)€ M (4zx )n—% (2° + 2% —iu)
I'(a) P o (n—20)! ! (22 + 22 + qu)ot (-0

Hence

| o' .20 A= €, G - Qu
0

with @, given by

[n/2]

Qu=>)_ (-1 — (n—20)! (3.10a)

/=0

(2% + 2% —iu)*
X (1'2 4+ 2 4+ Z'u)m-i-l—‘r(n—@ :

It turns out, that this formula is not very useful. In the following we only use

formula (3.10).

The region where w is small
For the region where w is small we establish a second formula for the P,. Let

Crm
Qi=—T(z+rZ—1p)™
im

Cm : :
— (@ + 2% du A+ (2 — i) — draa) ™
im

Then ¢ = 0,9 and by Lemma 3.3 we obtain

o o C
O o=y 22 _ pp)—atl

T Ir=0 A= e G TrE )

z/? (R B Zu)n/2 ino

? no __. R
=Chn qn,m—1W " = Cim Gnm-1 (R 4 du)m+n/2
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Define

R—i n/2 )
R, = Gnm—1 ( ( iu) e, (3.12)

R+ Z'u)m-i—n/Z
For P, we get

P, =Cp, [Qn - Qn—2] = %@”rzo Cb = %arn|r:0 (atq)) = %&farnlr:o ¢

3.13

REMARK. In the Heisenberg situation, the corresponding function ¢ is given
by

oM (z,y,u) = 2" il (1 — 1)

x ((2% + y?) + diu+ r((2* + y*) — 4iw)) ™"
For the convolution kernel PH we have a very similar expressions as for B,.

Py = CulQu™ — Qur]

n n n—1
and
P:lH = Cm (9tR,]I1{’",
with ) ) .
oF :im+1(—1)”(n+m>! (2% 4+ y* — diu)™
" nl (2% 4 y? + diu)n
and

Sm4n—1) (2% +y?) — diuw)"
n! (22 + y?) + ddu)m+n

o

Careful examination rends that @, given by (3.10), can be roughly written
as a sum of two functions @, and @, , where each behaves like

nm e ((L’Q 4 xl2 o 2u)n/2

|O-|m+1 (.T2 4+ 2+ iu>n/2+m+1 ’

For R, we get a similar expression. These calculations will be done in the next
section.

3.2 Properties of the function @,

In the last chapter we obtained the following formulas

Po(al, 0,2, u/2) / " oan(@0,2,10/2) AN = C [Qn — Qo]
0
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with
“Tl+m+1)Tn—L0+m+1) _,
n — nlL‘/,O,I,U, = € 2t
@ @n ) P re+1) Fin—0+1)
ino ($2 + " — Zu)n/2
X e (1’2 + 22 _l_z‘u)n/2+m+1'
where m = 1/2.

Let X*, X~ € Cg° with X*(2) + X (z) =1 for all z € [0, 1. Furthermore
XT(x)=0"for x >3/4 and X~ (z) =0 for z < 1/4.

£+m+1) 'n—C0+m+1) _,
+ . Xi 12&7.

Then
(I’Q + $/2 _ Z'Ll/)n/2

_ + — ino
Qn - (Qn,m + Qn,m)e (%2 + :CIZ + Z-u)n/2+m+1' (314)
By the transformation ¢ — n — ¢, we get easily
- — . Fl+m+1D)Tn—C+m+1) 0 _i
= X — i2lo  —i2no
G =2 X ((n ) Tex1y Tm—ixn © ¢
—- ZI‘; e—i2na
Thus
2%+ 112 — ju)"/?
Qn = (qr—:m e’ + qnm mo) (1,2(_1_ 7,2 :_ iu)n/)2+m+1
(3.15)

(2% + 112 — iu)"™/?
(I2 —|—l’12 +Z'u)n/2+m+l

ZTLU

—’LTLO’)

= (G €™ + Gy €

X~ ((n— -)/n) is of the same type as X" and ¢, and g, ,, behave in the same
way. So, we can exchange ¢, in (3.15) by ¢, ..
Partial summation and the beta function

We define for a sequence a := a,, the difference Operator A by
Ala), = Aay, := ap, — ap_1.
The product rule reads as follows

A(anbn) = anbn - an—lbn—l = (an - an—l)bn + an—l(bn - bn—l)

= A(@)nbn + an 1 AD),. (3.16)
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Define
T+ m+1)

ry=—————~
¢ T((+1)
Recall the definition of the beta function. For Re z > 0 and Rew > 0 the function
B(z,w) is defined by

1
B(z,w) :z/ =1 — ).
0

and B(z,w) = % So we have

((+1)B({+3/2,1/2)

b= I(1/2)

(3.17)

Lemma 3.5. Let k, N € N, z,w € C and f € IN/2.

(a)
AYB(z+k,w) = (-1)"B(z+k — N,w+ N)

holds if Rez+k— N >0 and Rew > 0.

(b)
B(k—p3,8) <cT(B) k™"

holds if k — (3 > 0.
(c)

Aévl—‘g § CN gl/Q—N

holds if { — N > 0.

Proof. The first assertion follows by induction. For the main step we use the
equality

ArB(z + k,w) = B(z + k,w) — B(z+ k — 1,w)
1 1
_ / tz-i—k—l(l . t)w_ldt . / tz+k—2(1 . t)w—ldt
0 0

1 1
= —/ 21— 1) (1 — ) dt = —/ 2 (1 — )" dt
0 0
=—-B(z+k—1w+1).
For the second assertion we study the case 3 € IN first. In this case we have

L'k — B)I(B) <T(B) k°.

Blk—0,8) = =~ <
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For 5 € IN—1/2 we use the Wallis product formula. This formula can be derived
by using the product development of the sine function and reads as follows

. ( 2-4-6-...-(2n) ))2 1

n—oo\1-3-5-...-2n—1)) 2n 2

Thus I'(k + 1/2)/T(k) < ¢ k'/? and

m-w#%
B I'(k—p)
—F(ﬁ)((k_n.(/g—z)... (k=8-1/2)I'(k—-03-1/2)

k?l/2
< ¢ T(B) 15512 = ¢ T(0) K7

By using (3.17) the third assertion is now an easy consequence. O]
We also need some estimates for derivatives of the beta function. Put
Y= (logT) =T"/T.

This function is sometimes called the digamma function. The first derivative is
connected with the half series

— 1
((x,s) := Z e for z > 0,
n=0

called the Hurwitz zeta function. In fact we have

V@)=Y s = (@)

n=0
and the derivatives ¥V (z) of n-th order in the point x is bounded by cy|z|~.

REMARK. For x = 1, the Hurwitz zeta function is the well known Riemannian
zeta function ((s).
o

By these facts we obtain the following lemma.
Lemma 3.6. Forallx 21, w >0
0, B(x,w) < Cy x|V

holds.
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Proof. First we want to study the case N = 1. Observe that

S TP@)l(w)  T'(2) e +w) T(@)l(w)
B, w) = 8gvf‘(a:—{—w) B F(:B+w)r(w) [z +w) D(z +w)
= [¢b(x) = ¥(z + w)]B(z, w).

The estimate follows by the mean value theorem. The higher cases N > 1 follow
in the same way by using the product formula (3.16). ]

By these observations it is obvious to regard the functions I'y and I',,_, as
“symbols” of order 1/2 with respect to the operators A and 0. By the previous

lemmata, one gets
10N ANT | < ey, £/ (3.18)

for all Ny < /. In fact

aZNlAéVZ’Fe :F(1/2) a£N1AéVz(€ + 1)3(5 + 3/2’ 1/2)
:F(11/2) oM (AP B(0+3/2,1/2) + L AB(L +3/2,1/2))
:F(ll/Q) oM (=)™ 'B(0+5/2 — Ny, —1/2 + Ny)

+ (1) 0 B((+3/2 = Ny, 1/2 4+ Ny))
and the estimate (3.18) follows. Similarly
10 M AN AN, | < ey yn, n/2TN N2 N (3.19)

for all Ny + N3 < n/4 with ¢ < 3n/4. The function (¢,n) — X(¢/n) behaves
even better. An easy calculation shows that

DM ATEATEX (/)] < eny vy g nT TN (3.20)
holds, for all ¢ < 3n/4. In fact
AX(0/n) = X(0/n) — X(({ —1)/n) =n~" X,(0)

with X, = n(X(z/n) — X((z — 1)/n)) and X, is of the same type than X,.
Furthermore,

A X (0/n) = X(Un—1)/(n> —n)) — X(ln/(n® —n)) =n"" X,(0)

with X, := n(X(z/n) — X(z/(n — 1)) and X,, is of the same type than X,,.

For the estimates to come we also need "half derivatives”. In some sense,
we get the next lemma by applying the operator ” A/2”. We do our calculation
in the Fourier space, where we estimate integrals. Finally, we use the Poisson
summation formula.
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Lemma 3.7. Let f € R and ¢ > 1. Let X, € C3° with X,,(z) =0 forx <1/2 or
x> |n/c|+1 and X,(z) =1 for 1 <x < |n/c|. For all ¢ with |1 —¢e“| < 1/2

[n/c] B
‘Z €—1/2( 0)8 wﬁl ‘Z‘X 12 (n — )8 zaﬁ‘ ST Zia|1/2
=1

holds.
Proof. Since our function is periodic we can assume that 0 < o < 1/2 holds. Put
[ (O’—$ _I — /X 1/2 t)ﬁ ei(a—x)t dt

= pl/2+h / X, (nt) t712(1 —t)P oot gt

Then we have

ZX 1/2 ﬂzaf ZI U—,I’

TE€Z

Put y := n(o — x). For |y| < C we have |I,,| < n'/?+5.
For |y| > C we get easily by partial integration and since X, (n -)" is zero
outside a set of measure ~ 1/n.

ear ) N-My=1/2(1
MNE: /Wa V@Y MeV2 (1 0 dt

SZT cM/W@ O] 0L = 1)) di 4o e (1)
< nN M 1/n (1/n) 1/2—-N+M +n1/2( )N _ nl/z(ﬁ)N

[yl [yl |yl
=n? o — x|V,

For |y| > C we also have a second estimate. Observe that

= " ) 21—t R L L
_Wo n(t/y) 1—t/y)e g2 ) +W1-~

= y1/2 (]1 + .[2)
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with W, (- ) = X,(n - ), holds. The first Integral can be estimated by a constant.
For the second integral we get by integration by parts

Bl S0/ +] [ @0 (e/) 20t e

+|/ W) (B2 (1 — t/y)P) et dt|.

But this is bounded by a constant, since ¥,, is a bounded function, the support
of OU,(-/y) has measure ~ y/n, OV, (t/y) < n/y, Oi'/? is integrable and

~Y

(1 —t/y)? <1/y. For z = 0, we get the following estimates

n?
L, (a—x)|<n1/2+ﬁ< if no < C and

~ 1/ 27
nl/2+8 n? )
|In(0—$>’5W:m, lfTLO'ZC.

Hence |1,,(o)] < nfo~1/2. For |z| > 1 we have y > C and

S o —2) $n® 3 e 2 S0 Snf o2

jz|>1 |z|>1
The lemma follows by the Poisson summation formula. O]
Corollary 3.8.
n—1 - —y
A [X((€—1)/n)T | AT e 2en < — — (3.21)

~ |]_ _ 6_Z20’1/2

~
I

1
holds for all o with |1 — €| < 1/2.

Proof. (3.19) and (3.20) together with the product formula (3.16) imply that the
function (n, £) — A, [X((—1)/n)T,_¢1] behaves like (n —£)~/2. (3.18) implies
that the function ¢ ~— A,I', behaves like ¢~'/2. Furthermore, X ((¢ — 1)/n) is
supported in [0, |[n/c|] with a constant ¢ > 1. Hence this corollary follows by the
proof of Lemma 3.7 with slightly modifications. m

Proposition 3.9. (a) For every € there exists a constant C. such that

E 1 —/ 1 . .
g H )
n~2J £=0 ) F(n - g + 1) (3 22)
2]/2+Je 9J '
< 06\1 — B (1§ 21— e for all o and w.
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(b) For every e there exists a constant C, such that

€P€—|—m+1 n—~0(+m+1 : :
Z ZX f/ ) ( ) 6—12&7 elwn
Y1) Tn—f(+1)
n~2J £=0 (3'23)
0i/2+je 2J

< 05‘1 e (1101 = )i for all o and w.

The proof is mainly based on the fact that I'; behaves like ¢'/? and that
X(¢/n) T,_,; behaves like n'/2, since £ < 3n/4. Observe that the double sum
in (3.22) is bounded by 2%. By partial summation with respect to n we win
277 /|1 — ¢*|. By partial summation with respect to ¢ we get roughly two terms
(Y2 (n — 0)Y2 and (Y2 (n — £)~Y2. We win 277/|1 — e7*??|. Hence the double
sum is bounded by 2% /|1 —e~%2?|. To get an additional factor 277/2 /|1 — =727 |1/2
we use Corollary 3.8. Hence, together with the partial summation in n, we get
our result.

Just one more partial summation in ¢ would not give us the desired result,
since we would have to sum over £~%/2 (n — ¢)'/? which gives, after summing all
up, 22 /|1 — e~%?|? by interpolating this with our previous result we would get
23/2+1/43 /|1 — ¢729|3/2 which is not sufficient.

Proof. For j < 10 the estimate (3.22) is obvious. So we can restrict to j > 10.
Now n > 2% We assume that w € [—7, 7], then |1 — ™| ~ |w|. Furthermore,
we assume that o € [—7/2,7/2], then |1 — 7| ~ |o]|.

Since
01 l1—1
iwl iwl 1 iw iwly iwlo
(ag—ap_q) e = ap e (1 —e™) + ag e —ay,_q e
=to =to

for an arbitrary sequence a, holds, we get

£+m+1)1“(n—€+m+1) iy
X 1280
Z ) =T D Tmoirn ¢

1 n
> XU/ g e+ X (U/n)T Ty e

=0 (=2

=l

X)Ly e 4Ty e (1 —e ™)~

=0
n

+ D AX (/)DL g] e (1— )7 =t g, + g + 4,
(=1
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since X (z) = 0 for x > 1. By partial summation with respect to n the function
> moi G €™ can be written as a sum of two terms of the form

1 _ € Z ZA g/n Fg . Z] 712€aeiwn

n~2J3 =0
and

1
(1 . eiw)—IZX g/n L, e~ 2bo iwn|n~2j
=0

By the symbol properties (3.19)—(3.20) of the functions I',_, and X' (¢{/n) both
terms are bounded by 27/2|w|™!.

By the same arguments we obtain that Y. ., ¢2 €“" is bounded by
29/2|g| 7 w|~'. We are left with the sum over ¢>. Once more we use partial sum-
mation with respect to n. Observe that

Z q3 iwn __ 7220 Z ZAZ g/n FZ . g] —i2lo eium

n~2J n~2J £=1

can be written as

((1 — ™) (1 — e ™) Z A, [ZAg (¢/n)T T, _’2&’] eler

n~2J
_ ((1 - eiw)(l _ 6—@20 <Z ZA Aé g/n T, d z2£aeiwn (A)
n~2J (=1
£ AT, ey e 7).
n~2J

together with boundary terms of the form
(1—e® Z Ag[X (/)T Tpy] €728 (1 — e720) 7L giom) ) (B)

Since X((n—1)/n) = 0 = AX(1) we just have to study the first summand in (A).
Using (3.18)—(3.20) and the product rule it is easy to see that (A) is bounded by
¢ 27|o| tlw|™!, where ¢ is a constant independent of o, w and j. Unfortunately
we need a slightly better estimate. Observe that

AnAg[X<€/TL)FZFn_g] :AnAg[X(é/n)Fn_g] Fg
+ An[X((g - 1)/n)I’n,g+1] Agrg
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Applying one more time the summation operator A, to the first term and sum-
ming over all ¢ gives us

ZAZA AgX(0/n)T, ] Ty Snt

Thus, we get

(1= )1 =) 3 5 AL A0y ] Ty e Pocion <

= = loPlwl

By interpolating this result with our previous one, we get the bound
27/2|¢|=3/2|w|~!. For the second term, involving A, [X ((€—1)/n)T_ps1] ALy, we
need a more refined method then just partial summation. For [1—e7| > 1/2 we
use partial summation with respect to £ as we did for the first term. We get the es-
timate 2//2|¢|~2|w|~!. This is weaker than it should be, but since |1 —e~27| > 1/2
this is bounded by 2//%|¢|~%/2|w|~L. For |1 — ™7 < 1/2 we use Corollary 3.8
and get the expected bound directly. In fact
1— —120' A g 1 AT —i2lo jiwn < 2j/2

(( € ) ZZ /n) n— erl] oL g€ € ~ ‘0_’3/2|w"

n~2Ji =1

For (B) all the calculations are very similar. The first estimate we get is that
(B) is bounded by ¢ 27 |o|w|™!. We write

ZAg E/n Fan g] —i2te

- Z ((AX(/n)Telg + X (€~ 1)/n)(AD,_)Te)e 22

3

3 X((6—1)/n)T, g1 (ATy) e,

(=1

For the first sum we use one more time partial summation which gives us an
additional factor (n|o|)~'. Now by interpolation we get

—120 —i2lo iwn < 2j/2
((1—e“)(1 - ZAE (€/n)T,_g] Ty e 27| o5 < EEEmR

As before we use Corollary 3.8 for the second sum and obtain

| | 2i/2
(=) 1) 3 1M (AT 26 S 2
=1
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Of course, if we omit the partial summation in n and do similar calculations, we
also get an estimate of the form
£+m+1)r(n—£+m+1) Ciote 21/2
X g 1200 _iwn <O 27
’ZZ G =Fexn Tmoirn ¢ SO

n~2Ji £=0

Observe that —22_ < 2/2 and

lo[3/2|w] = |o|3/2]w| 1T

23/2 27/2 0i/2+je 27

1 ]
mln{’0-|3/2’w’1+€ ‘0—|3/2 }"\-’ ‘1 e~ z20‘3/2 (1+2j‘1 _ezw|)1+6

which completes the proof (a).

(b) we get in a similar way. We write

(TUl+m+1)T(n—l+m+1)
ZXW” C(l+1)  Tn—t+1) °©

2
= XU/ T, e 7 + 2Tl 5 e ™ (1— e 27)7!
=0

+ Y AX(/n) T, e (1—e ™) =g +q.+d.
=

For ¢} and ¢ we get with the same methods as in (a)
2]/ 2

an <
doane > g et S STl

n~2J n~2J

For ¢ we have
ZA g/n E I, 5] —i2lo (1 _ e—iQO’)—l
_ZA f FZ é/n) ] 6—1‘2&7 (1 _ 6—i20)—1

+ Z(e — 1) T A[X (/)T y] €27 (1 — e720) 1,
(=2

Since A[¢ T'y] behaves like I'y we get by the proof of (a)

. ‘ 21/2
—120 Z ZA E FZ g/n) hs € —i200 (1 _ 6—220)—1 plwn <

n~2i =2 ~ |0‘5/2‘w"
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For the second sum we use one time more partial summation in ¢ and get two
terms, that behave like

—7,20 Z Fg E/n ] 6—1’2&7 (A)

and

7220' Ze I, A2 g/n) ] efi%o (B)
By partial summation with respect to n we get
| Z ng E/n ] e—i%a 6iwn| 5 2j|w|—1.
n~2J

Now, one more partial summation in ¢ yields that this sum is bounded by
lo|7tw|~!. Interpolating these two results gives us our expected result. For (B)
we get the same results. We omit the details. [

For q;i m—1 We get similar results.

Proposition 3.10. (a) For every € there exists a constant C. such that

‘ZZXK/TL g—i_m) (n_g—{_m) e—i%oeiwn
I'(¢) I'(n—1)
n~2Ji £=0 » (3‘24)
—j/2+je J
<0 2 2

- |1_€—i20|1/2 (1+2j|1_6iw|)1+e’

for all o and w.

(b) For every e there exists a constant C, such that

CT( E I'n—1¢ ‘ 4
‘Z Z X g/n + m) (7; —;m) 6712&7 elwn
n~2J7 £=0 ) (TL o ) (325)
Q—i/2+je 27
< Cell i (11Ol = )i for all o and w.

Proof. The proof is similar to the proof of the previous proposition. Hence we
omit it. ]
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4 Reductions

4.1 Interpolation, reduction to p =1

Define the analytic family of operators T, := 'V /(1 + G)*/2. If we assume now
that the case p =1 is true, we have

[Tofll2 < Callfll2,  if Rea =0,
|Toflli £ Collfll1, if Rea >1/2.

Miiller and Stein showed that the convolution kernel of the operator (1+ L)~
has bounded L;-norm, for v € R and ¢ > 0. The L;-norms grow polynomially
in . By transference, Corollary 1.2, the operators (1 + G)~“" have integral
kernels with bounded Schur norms and the Schur norms grow polynomially in
7. Hence we can use the analytic interpolation theorem in [26] and a standard
duality argument to deduce the theorem, for arbitrary 1 < p < oc.

4.2 Reduction to an estimate for the local part of the
kernel, part 1

From now on, we take a to be always bigger than 1/2, let

>1
o> —.
2

Let n be an even C§°(R) function, such that n(§) = 1 for small £, and n(§) = 0, if
|€] > 1. For some large constant N > 1, to be chosen later, put ny (&) := (¢ / ).
Define

Dy (&) = (1 —nn)(&) €72 e™VE, for all € € RY. (4.1)
and h® := h{. Then A (€) = 0 for all £ < N. Furthermore, we define
B.(2',u) :== B(a',€yr) x B(u', Gor(r + |2'])).
Proposition 4.1. Put

1, if (z,u) € By, u)
0, otherwise .

Xp(2' vz u) = {

Then the integral kernel (1 — Xp)Kpo (i) has bounded Schur norm. Furthermore,
to prove the theorem, it suffices to show that XpKpa(q) has bounded Schur norm.
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Proof. Define
Farl€) = (L —nx)(€) €7 cos(tv/€),
9ot (&) == (1 =) () [€]7 sin(t/€)
Then h*(§) = fa,1(§) +iga1(§). Let
Gat(§) == (1 —nn)(€) €7/ sin(t/[¢]) sen(9).
Then g, is an odd function and

h*(&) = fan(§) +igaa(§), forall £ >0,
h(G) = fa1(G) +igar(G).

It is easily seen that for & > 0

(1= ) (€[] /2 = / o(7) cos(ry/E)dr,

where ¢ is such that np € Ly and (1 —n)p € .. Hence

Jar(§) = /(W)(T) cos(TV/€) cos(t\/€) dr + ®(\/€) cos(t\/€),

with ® € .. By Proposition 1.8 the support of the distribution
/(7790)(7’) COS(T\/E) cos(t\/a) dr

lies in the support of X'g for all ¢ < 1. Define

B(E) 1= B(/E) coslty/E) — B(0)e .
Then

€ OO S € forall 0 <€ <1,

€8 0 p(€)] S €7 for all 1 < € < o0,
And thus the integral kernel of ®(v/G)cos(tv/G) has bounded Schur norm by
Proposition 1.3 and the fact that e~ is the heat-kernel, which has bounded Schur
norm. Thus, if we denote the integral kernel of f,;(G) by Ky, then (1 —Xp) Ky
has bounded Schur norm.

Since g, ¢ is an odd function we get by the Fourier transform and the sum-
mation formula for the cos function

Jot = / o(7) sin(T/€) sin(t\/€) dr
= /go(T) COS(T\/E) cos(t\/g) dT—/gp(T) cos((7'+t)\/g) dr
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with some appropriate function . This can be written as

J00)() cos(r /&) cos(t/6) dr + @(VE) coslt/6)
= [@) cosl(r+ V&) dr — [((1 = n)e)(r) cosl(7 + )V/E) dr

with a smooth function ® € .. As for f,;, we know that for all 7 < 1 the
supports of the distributions

/ (10)(r) cos(rv/G) cos(tv/) dr and
[0 cost(z +0VG) ar

lie in the support of Xp. Furthermore, the kernel of ®(v/G) cos(tv/G) has bounded
Schur norm for all |t/ < 1, as we have seen before.
We are left with the operator [((1 —n)¢)(7) cos((7 + ¢)v/G) dr which can

be written as
/ (1= 1)) (7) [cos(VT) cos(tv/G) — sin(rv/G) sin(tv/G)] dr =
D, (VG) cos(tVG) + 0o(VG) sin(tVG)

with appropriate functions ®; and ®, supported away from the origin. Once
more we can show that the functions

D1 (1/€) cos(tr/€) — @1(0)e ¢, Bo(1/€) sin(ty/€) — Ba(0)e™*
fulfill the conditions of Proposition 1.3 and thus the integral kernels of the oper-
ators @1 (v/G) cos(tV/G) and ®,(v/G) sin(tv/G) have bounded Schur norms, since
the heat-kernel has bounded Schur norm. Thus, if we denote the integral ker-
nel of g,:(G) by K, then (1 — Xp) K, has bounded Schur norm. Hence, if we
know that XpKja(q) has bounded Schur norm, we could conclude that Kje(q)
has bounded Schur norm.

The last thing we have to prove is that if the kernel of h*(G) has bounded
Schur norm, this is also true for the kernel of (1 + G)~/ 2¢iVG We write

(L4672 Ve = nn(€)(1+ &)~ 2eVE 4 €2 (L+ €721 — ) ()€ *%e™E.
The functions ny(€)(1 4 £)~/2eVE — ¢ ¢2/2(1 4 £)~%/2 — 1 4 ¢~¢ satisfy the
hypothesis of Proposition 1.3 and thus the operators ny(G)(1 + G)~/ 261VG and
G/2(1+G)*/2 have bounded Schur norms. Since (1 —ny)(G)G~*/2¢VE = h2(G)
the proposition has been proven. O

A further reduction allows us to exchange the indicator function X'z by a
smooth variant, this will be shown in part 2 of this section.
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4.3 The case of large 2

Before we go on with the proof of the theorem, we want to mention how one can

get uniform estimates for ||XpKpa)(2',0, -, - )|z, for 2 >> 1. Since we have

not done all calculations in this section in detail, we formulate the key estimate

as a conjecture and show how this conjecture implies the result for z’ >> 1.
Let us define operators G, for € < 1/4 in the following way

G = -0, — (14 2ex + €2%)0,°.

These operators are uniformly elliptic operators on the set {(z,u); |(z,u)| < ¢},
for every ¢ > 0. By Fourier integral methods, one can show that solutions to
corresponding wave equations fulfill estimates in the sense of (0.2) and (0.3),
uniformly in € < 1/4.

Proposition 4.2. Let o > 1/2, 1 < p < o0 and ¢ > 0. There exists a con-
stant Cype such that for all e < 1/4, t sufficiently small and f supported in

{(z,u); |(z,u)] < c}
H

. S Ca,p,c”fHW;‘ (42)

holds.

Such estimates are well known. At the end of the chapter we will give a sketch of
the proof. For details see [23] and [24]. In fact, Seeger, Sogge and Stein showed
that Proposition 4.2 is true for an elliptic operator defined on a compact manifold
instead of GG.. The compactness is here not necessary, since we have finite speed
of wave propagation and since the functions f are supported in a compact set.

Since the operator G. is elliptic on the support of f it should be possible to
exchange the usual Sobolev norm || - [lwe by norms || - ||zo == [[(1 + G2 |,
In addition, the assertion (4.3) should also hold true for p = 1 and with a slightly
worse exponent o > 1/2. We conjecture the following.

Conjecture 4.3. Let o > 1/2 and ¢ > 0. There exists a constant Cy . such that
for all e < 1/4, t sufficiently small and f supported in {(x,u); |(z,u)| < c}

H exp(ity/G

(1+ G. a/sz < Coellfllz, (4.3)

holds.

This conjecture implies now the following proposition.
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Proposition 4.4. Conjecture 4.3 implies that for every a > 1/2 there exist
constants C, C,, such that

sup ||Kho‘(G) (xlv Oa x, U)HLl(a:,u) S Ca (44)

[2/|>C
holds.

Hence, if the conjecture was true, this proposition together with our theo-
rem would imply that the operator exp(iv/G)(1 4+ G)~*/? extends to a bounded
operator on L,(R?) for a > |1/p—1/2| and 1 < p < 0.

Proof. Since

2 x? 2\ 2 292
<_az - (1+F+x_1>8u >f( + 1, 'x1)|(xf:(31,u/:1:1) - (_aar -z au )f|(x,u)7
1

we can express the kernel of m(G) by the kernel of m(G/,,) for every bounded
function m. We have

/Km(glm)(x', u' x—xy,uf/xe) fa +a, vz del du
= /Km(g)(x’,u’,x,u) f@ ') da” du
and thus
xyt Km(Gl/xl)(:C/ — 1, Uy, — x,u/x) = Koy (2,0, 2, u).

By Proposition 4.2 the operator exp(tv/G.)(1 + G.)~%/2, with kernel Mgy, is
bounded from L;(€2;) to Ly for small ¢ < to, with ¢ a sufficiently small constant.
Hence

[ M2, (2,0, 2, ul 11 (2,0) < Ca

for all |2'| <2 and C,, independent of €. Since the operator
(1 — ) (G (1 + GG 1>,

for small §, is bounded on L; we get that the kernel ]\Za{ % of the operator
he~°(G.) has bounded Schur norm. Hence

ay! / U\Zcffé(xl — 21,0, — 21, u/x1)| de du < C,,
for all |[2" — x| < 1. With € = 1/x; this leads to

/th5(G)(x/7 0,2,u) de du < Cy,
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for all |[2' — x| < 1. With 2/ = 2; we end up with
/]th_a(G)(x',O,:E,uﬂ dx du < C,,

uniformly in 2/, provided ' > 4. By the homogeneity of G with respect to the
dilation (z,u) — (rz,r*u), it follows that

sup /Kha—é(G)(x/, 0, z,u) dv du < C,.

|z'|>4/to

By setting C' := 4/t, the proposition has been proven. O

Fourier integral operators
In this section we deal with operators of the form

~

Af(z) = / alz,€) €7@ Fle) de. (4.5)

where the amplitude a is a real valued function in a symbol class ST, p > 0,
0 < 1, and the phase function ¢ fulfills

(a) ¢ is smooth, real valued and homogeneous of degree 1 in &.
(b) the gradient V¢ is nowhere vanishing on the support of a, for all £ # 0.

These operators are a special cases of Fourier integral operators. We refer to
Sogge [24] and Duistermaat [4] for a general definition.

The aspect of interest for us is that the operator defined in (4.5) is essentially
the solution operator to a strictly hyperbolic differential equation.

Sketch of the proof of Proposition 4.2

We use the abbreviations z := (z,u), ( := (£,n). Let P. := 92 + G.. Since P, is
strictly hyperbolic we can factor its principal symbol,

p(:z:,u, 677777—) = (T - )\+($7 u7€7 U))(T - )\_(.CU, U,f, 77))
with Ae = (€2 + (1 + z¢)?1?)Y/2. The eikonal equation

[ B = Mo 0a) = (00 4 (2 @)
P lt=0 = (%

is a system of two first order nonlinear differential equation for ¢* and ¢~, and
it can be solved at least for small ¢. By the initial condition ¢*(0,2,¢) = (2[¢)
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the solutions @™, ¢~ will satisfy the requirements (a) and (b) for small ¢, |t| < 6,
0 sufficiently small and independent of e.
We suppose that an approximate solution v to the Cauchy problem

02+ GJ)v=Pv=0, vl—o=fo, O|=o=f1, (4.6)
for fo, f1 € ., can be written as
otru) =Y / 0"k (t, z,¢) €29 fi(C) de,

ve{+,—}, ke{0,1}

where a“* is a symbol of order —k. For simplicity we only consider the case

fo € . and f; = 0. The case fy = 0 and f; € . can be obtained similarly.
Then, the general case follows since our wave equation is linear.
Put f; = 0. We suppose that v is given as v = v + v, with

v (t,x,u) = /ab(t,z,o et (t5:6) ﬁ)((’) ¢, (4.7)
for . € {+, —} and a* is a symbol of order 0 and given as a sum over symbols aj,

in Sk
a‘(t,2,¢) = > aj(t, z,). (4.8)

k<0

Now we compute the symbols at,. Since p*|;—o = (2|¢) and u should be a solution
with u|;—o = fo and du|;—o = 0 we have the following equations for a™ and a™.

(4 +aYimo = 1

[i@tg0+a+ + Z.atQO_CL_ + at(a+ + a_>]|t:() =0
Since ¢* fulfills the eikonal equation (4.3) the second equation can be written as
lioc(a®™ —a™) +0(a” +a )]|s=0 = 0, (4.9)

with o := (&2 + (1 + 2¢€)?1?)"/2. Since o is of order 1 and d,(a* + a~) is a symbol
of order 0, the highest order term in a has to fulfill

o(ag — ag)|e=o = 0.

Put
di:=af +a., bp:=a —a, (4.10)

In order to fulfill (4.9) and with respect to the symbol orders of o, by and dj, we
choose b, and dj, so that

Y:O'bk’t:() == —(atdk)|t:0. (4].].)
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Furthermore, to approximate a solution of the wave equation, i.e. to ensure that
P.vis small, ¢} and a; have to fulfill a transport equation. We get these equation
in the following way. By Applying our operator P. to v*, for ¢ € {+,—}, we get

P = / ¢ty 2, ) €' 659 fy(O)d¢
with
¢t 20) = e P )

(20 (0) — 20 (Brat) — 2(1 + 26 + Ea)(Du)(Bua) (112
+i(P.g")a" + (P.a').

Because v should be an approximate solution we have to show that ¢* has order
—N, with N sufficiently large. Thus we set ¢* equal to zero and solve for the
symbols af. The leading term is

i(200") (i) — 2(0up) (o) — 2(1 + 26 + €*27)(0up") (Quttg)) + i(Pesp' )
which is of order 1. Define
V' i= (0")0, — (0up")s — (1 + 2ex + €2%)(Dup") .
We study now the transport equation
(Viap)(t, z,¢) + (Pep)ag(t, 2, ¢) = 0,
for « € {+, —} and with initial conditions
(a5 — ag)le=o = boli—o =0, (ag + ag)lt=0 = doft—o = 1. (4.13)

Since V'* is a real vector field, we can solve these equations, on the same t-interval
and get solutions af in the symbol class S°. Furthermore, we have aj —ay = 0
and ag + a; = 1. By Rewriting (4.12) and setting equal to zero we get

V(Y )+ (P (D @) —i(RYoa) =0,

k<—1 k<—1 k<0
for « € {+, —}. This gives us new transport equations for a*; and a_,.
(Valy)(t: z,¢) + (Pep')aly(t, 2, () — i(Peap) = 0.

Since we have already calculated dy, we get for these transport equations with
initial conditions, chosen with respect to (4.11),

io(ay — aZy)|imo = i0b_1|imo = —0ido|i=0, (aT) 4+ aTy)|tmo = d_1]t=0 =0
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unique solutions a®, and a_,. Iteratively, we can solve the transport equations
(Viap)(t, 2, C) + (Pep')ag(t, 2, ¢) — i(Peajyy) = 0.
with initial conditions
io(a; — a;;)|i—o = 10b|i—o = —Odig1li=0, (a7 + ai; )|i=0 = dil=o = 0

for all k < —1 and ¢ € {+,—}.
We choose now a sufficiently large N € IN. Put a' := Z—Nskgo ay,, for
v € {+,—}, and

Bt = Y / At 2, ) €900 F1(¢) dc.

ve{+,—}
Then
(Po)(t,z) = F(t,2),

,’J|t:0 - fOu

where

Fit,2)= 3 / 2t 2,0) €29 Jo(¢) de

ve{+,—}

and ¢ is a symbol of order —N, for ¢ € {+, —}. Furthermore, 0;0|;—, is given by

@maa=:}:L/ka+¢wwﬂaacwﬂ*%%@>ﬂ
k=—N
~ [(@d)(0.2.0) €9 Fi) d¢

Put g(2) := [(0d_n)(0,2,¢) 1 fo(¢) dC.
Now, if a exact solution v for the Cauchy problem (4.6) is given, the function
w := v — v fulfills the inhomogeneous wave equation

(@2 + Ge)w = F,
w|t:0 - 07
Jwli— = g.

Since our operator G, is just a smooth perturbation of the Laplacian, we have
finite speed of wave propagation. Since f is compactly supported we can find an
open set {2y with 25 compact and independent of € such that suppv C €),.
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By general theory (see [5]), in fact by using the energy inequality, we obtain
the estimate

t
Hw(ta ')HL2(Q2) < Ct(HQHM(QQ) +/O HF(Tv ')HL2(Q2) dT)? (4'14)

with C; independent of €. Since ¢* and d,d_x are both symbols of order — N, we
get
[w(t, )l < Cillfollzy-
By the Cauchy-Schwarz inequality, the L;-norm of w(¢, - ) on {2 is bounded by
the Lo-norm of w(t, - ) on Q.
We are left with the estimation of Fourier integral operators of the form

f s Af(t ) = / alt, z,¢) @#t=9 F(¢) dc,

where a is a symbol of order 0 and ¢ fulfills the requirements (a) and (b). Fur-
thermore, a and ¢ depend smoothly on €. By well known regularity properties of
Fourier integral operators, we obtain that the operator A is bounded from W
to L, for @« > [1/2 —1/p| and 1 < p < oo. We refer here to [23] and [24]. This
completes the sketch of the proof.

4.4 Reduction to an estimate for the local part of the
kernel, part 2

We now exchange the indicator function Xz by a smooth variant of it. Let Xp €
C>=(R*), with
fg(x',u',w,u) =1 for all (2,4, xz,u) € supp Xp

and
Xp(a' u x,u) = 0 for all (2,4, x,u) with (z,u) & By(a',u').

Xp is a smooth function supported near the diagonal (x,u) = (2, ).
Put
Q= {(z,u) € R* |z]| < 2%, }.

Proposition 4.5. To prove the theorem, it suffices to show that for all o > 1/2
the operator

f— /fBKha(G)(x',u', o) fa'u) de du (4.15)

is bounded from L,(Q) to L,(R?) for every 1 < p < cc.
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Proof. Let o > 1/2. We assume now that the operator defined in (4.15) is
bounded from L,(Q2) to L,(R?) for every 1 < p < co. By Proposition 4.1 we
have to show that there exists a constant C' with

sup /|X3Kha(g)(x',u’,x,u)| dx du < C. (4.16)

' <%o,u’

Since o > 1/2 we can choose an € > 0 such that « —e > 1/2. Put o/ :== o — e.
Since we known from Proposition 4.1 that the kernel (1 — X)K Lo has bounded
Schur norm, we get that the operator h* (G) is bounded from L, () to L,(R?)
for 1 <p < 0.

In [19] it was shown that (1 + L) 0, is in L, for some p > 1 and that
(14 L)~“0q is rapidly decreasing away from the origin. By the transfer principle,
Proposition 1.1, we get that the function

fq{,vu/ (wu) = Kaye- (2, d, 2, u) Xo (2, u),

lies in L, and that the function

2

' u!

C(wou) = Kagg)— (2, o/, 2, u) (1 — Xo)(z,u),

lies in Ly. Now, by applying the operator h* (G) to the functions farw and f2
for |2'| < Cy, Cp a constant, we get

W (G o lly < Co (@) f2ulla < C
with a constant C' only depending on Cj, p and «a. Since
Koy (@' !, x,u) = B (G) for (2, 0),

and since the function (z,u) — Xp(2/,u/,x,u) is in Ly, with norm bounded by
(14 |2'|) for every (a’,u'), there is for every Cy > 0 a constant C; > 0 with

sup /|X3Kha(g)(x',u’,x,u)| dz du < C.

|z’ [<Co,u’
This gives us the assertion (4.16) and proves the proposition. ]

With slight modifications of the proof of Proposition 4.5 we can also show
that the Conjecture 4.3 together with the assumption (4.15) implies that for
every 1 < p < oo the operator exp(iv/G)(1 + G)~*/? extends to a bounded
operator on L,(R?), provided a > |1/p — 1/2|.
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5 Preparations

5.1 Dyadic decomposition.

We have seen in Section 3.1 that the spectrum of the Grusin operator lies in the
union of the rays

{6)\7' (2n + ))\,/\>0}, e:==+1, ne Ny
={(0,7); 7= 0}.

This is the joined spectrum of the operators GG and U. Since G is a positive
operator, the spectrum of G is contained in {J, ¢y, Zn,1 U Zoo-

In Section 1.4 we have studied spheres belonging to the optimal control metric
associated to GG. This gave us a description of the singularities of the distribu-
tion kernel of cos(v/G). The singularities lie in a rather complicated curve, that
contains many, for ' = 0 infinitely many, edges.

In this section, we decompose the integral kernel of A%(G) in a sum of integral
kernels K7 ; such that these parts of the integral kernel coincides, in some way,
with the edges in the singular support of cos(v/G).

Roughly, for every (k, j, €), we choose a rectangle in the joint spectrum of iU
and G of length 27 in the n-direction and length 22*77 in the \ direction. ¢(2n+1)
corresponds to the spectrum of —iGU ! and ) to the spectrum of iU. The dyadic
operators with integral kernels K ; are of the form h*(G) Xy, (iU) X (—iGU ')
where X is a cut-off function. Since G = (iU)(—iGU ') we can compute the in-
tegral kernels of these dyadic parts by the functional calculus of iU and —iGU 1.

The Fourier transform gives us a spectral decomposition of iU and in Chapter
3 we derived the spectral decomposition of the operator —iGU ! as a sum over
singular integral operators P, . We get an explicit formula for the integral kernel
K (o' u', v, u) away from the diagonal u' = u.

By Proposition 3.1 the operator h*(G) can be decomposed in the following

way
G)f = ZZ/ B((2n + D)A) [Pancf] dA

e=+1n=0

Let X, j € Z denote a dyadic decomposition of unity on R*. Define now
Hp,f = Z/ he((2n + 1)A) Xap;(N) X;j(2n + 1) [Pancf] dX
00

for j € No, k€ Z, e € {—1,1}, A > 0. Since

21 < \/(2n + 1A < 28



62 5 PREPARATIONS

on the support of hj ;, we have hi ; = 0, unless 2k > N/4. So, if we fix any
ko > 1, we may choose N sufficiently large so that

(G = Y Hf, (5.1)

e=+1
k>kg, jENg

Furthermore, we choose kq sufficiently large so that we can delete the factor
(1—mn)(-/N) in h*. In the following, we use the abbreviation ¢ = 2k — j. Define

X(x) := |z| 72X (x).

Then B B ,
Xo(NX;(2n +1) = 2 (2n + DA) ™

A (A) &;(2n +1)
and
h((2n 4+ 1)A) K(N) X;(2n + 1)
= (204 1A VB K03 (204 1)
= 970k iV/@nDN B (\) B (20 + 1).

Since X is of similar type as X', we shall again write X in place of X. Observe
that

Hif =Y > / 27V DA X (2N) X (2n 4+ 1) [Panzf] d,
e=+1n=0"0
and hence we get with Corollary 3.2

Hi;f=27"% % Xj(ce(2n +1)) 7, (U) (Pyf)

e=+1 n
=27 " Xj(2n + 1) A5 (iU) (Psf),
with v
Vi (A) == Xi(eN) VG,

We denote the integral kernel of the operator Hj ; by K ;. Away from the diag-
onal, Kj ; is given by

2—cxk
K (@, 0,2,u) =

™

X Xj(2n+ 1) / P(a',0, 2, u — 5) VDA, (eX) e g\ ds.
n=0

o0
— 00
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We put

Pinls) = 5 / VIR X (eX) e d. (5.2)

Then @, ,(s) = ®; ,(—s) and

n

K (@', 0,2,u) ZX 2n—|—1/ Pr(x’,0,2,u —s) &, (s) ds.

Since P, ' (2/,0,2,u) = P)(2',0,z,—u) and & (s) = ®;,,(—s) we get
K];;-(ZL',,O,I,U) = K,i’j(x',O,x,u).
Hence we can restrict to the case e = 1. Put
Kij =K ;.

Thus, to prove the theorem it suffices to show the following proposition. Recall
that in the previous section we have defined

Q= {(z,u) € R* |z| < 2%}

Proposition 5.1. If « > 1/2, then

> XKl @@z, < oo

e==+1
k>kg, 720

for every p, 1 < p < oo, where ||K||(, )z, denotes the operator norm of the
integral operator f — [ K (', W/, -, - ) f(a/,u') da’ du’ from L,(Q) to Ly,.

5.2 Integral formulas for Kj ;

In this section we completely follow the proof of Miiller and Stein. More exactly,
we reproduce the Sections 1.2 and 2 of [19]. The only difference here is that we
do not have translation invariant operators. Of course, we use our formulas for
the spectral projection operators P, we derived in Section 3.1 and Section 3.2.

Recall the definition of ®!

4

®[ 27T/ i/ (2n+1)|A| X( ) —iAs d\. (53)

n

We define @, := ®; .
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Lemma 5.2. Let f € C§°(R) be supported in [1/2,2]. For every N € IN there
exist functions fo,... fx € C5°(R) supported in [1/4,4] and Ex € C*(R?), such
that for (a,b) € R? with |(a,b)| > 1

- N
/ pilaz—ba?/2) f(z) do = ia®/(2b) Zb—l/Q—V f.(a/b) + Ex(a,b),
—00 v=0

where Ey satisfies
E](\?‘) = O(|(a,b)|7™*7Y), for every a € N%,

Proof. Miiller and Stein [19], Lemma 1.4. The proof bases upon the method of
stationary phase. O

We may apply the lemma to @, since \/(2n + 1)2¢ ~ 2¥ > 1, and obtain

al on+11
O, (u) =D/ () of ol+1,,)—1/2-v V( )
en(u) =e ZV_O( u) W\ 2 2 (5.4)
+2En(1/(2n + 1)2¢, 25 1),

with fv and Ey as in the lemma. Put a, := \/(2n + 1)2¢. Since a,, ~ 2" and

since

/ M + 2n 1 1/2+v
_ v —1/2—v 1/24v + _ .y 1/2—v
(QK IU) 1/2 = an’/ anQ (2€ IU) 1/2 = Cl,n’/ ( 2@ %) 3

the v-th term in (5.4) is given by

—1/2-v 7 M+2TL1
st f”(\/ )

with fyu(z) = /27 f, (). Since f, is of the same type as f, and we only have
to sum over finitely many v we may reduce to the case where ®;,, is either of

the form
_1/2_1, 27l + 1 ]_ i(2n w
(a) 2 0} f< / 5 @) ¢i2n 1)/ (4u)

with f € C§°(R) supported in [1/8,2] and v € Ny, or of the form

(b) Dpn(u) = 2t En(ang, 2£+1u).

First we study the case (b).
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Miiller and Stein showed that the corresponding operators with convolution
kernels

[?k,j =g ok ZXj(l + 2n) /Pf(x, y,u—5) Pop_jn(s) ds,

where P is the kernel of the projection operator PX on the Heisenberg group
and ®q;_;,, is given by (b), are L, bounded for 1 < p < oo. Furthermore, they
showed that one can sum up all L,-operator norms for o > 0. Observe that
a > 1/2. Hence the operator with convolution kernel K = >k K,j 1s bounded
on L, for 1 < p < oc.

Let 7 be the representation of H; with 7(L) = G. We mentioned in Section
1.3 that one can transfer estimates for operators on H; to operators on R?. By
transfer methods the operator with integral kernel K := Zk’,j Ky j, where K
is given by

X;(2n + 1)/ P, (2" v 2 u — s) §p(s) ds

n=0 -

2—ak &

2

Ky (@' vz u) =

and &y, is given by (b), is bounded on L,. Furthermore, also the operator with
truncated kernel XzK is bounded on L,. We do not want to go in the details
here. There is one difficulty. One can use transference, usually, only for bounded
measures and the convolution kernel K is not bounded. We just want to mention
an argument that one has to use, to make the transference principle work.

We take a dyadic decomposition of unity ¢ in the following way. Put

Upi= Y o (N (20 4 1),

l7]<r, [kI<r

where X is chosen as in section 5.1. We define ¢ := G~1(3¢), where G is the Gelfand transform
for the algebra of radial functions on H;. Furthermore, we put ®¢ := 7(¥¢). Then the set

X :={®(f); f€C(R?), r e Ny, e =+1}

is dense in L,(R?). Now we define the operator A on L,(R?) by

AL f) =D m(Kpy = W5) f. (5.5)

k,j

By transfer methods we can deduce that 7(¢¢ * I?kyj) is bounded on L, since ¢} * IN(;CJ- is
a bounded measure. The convolution kernel of the original operator H ,1 ; on the Heisenberg
group is given by G~ (¢x ;) where ¢y ; = (A\,n) — ¢ ;(A\,n) has compact support in A with
A ~ 22k=J (compare [19], section 1.1). Thus we can localize the Fourier transform of ®; ,, given

by (b), to the same region. Hence for every (r,¢) there are only finitely many k, j we have to
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sum up in (5.5). Therefore, the operator A is bounded on L,. But A is equal to the operator
with integral kernel K.

The case that @, is given by (a) is left.

Since
a;’z/Q "x;j(2n+1) =27 k/2—vk X;i(2n+1),

with X of similar type than X}, we only have to prove the following proposition
instead of Proposition 5.1. We have exchanged « by the critical index m.

Proposition 5.3. Suppose that Ky ; is given by

Ky (2,0, z,u) =27 Z Xj(m +n) / P, (2',0,x,u/2 — s/2) @y ;n(s) ds

-7 m+n1 i(m+n)/s
Dujnls) = 2T f () )

[ € C5°(R) supported in [1/8,2], x € C§°(R) supported in [1/2,2], x; = x(277 +)
and k > 0 sufficiently large. Then for every e > 0 there exists a constant C. with

with

sup Z HXBK’W(Z’ 0, -, Mz, <C.2%.

\a: |<2<61 jeNg

Before we prove Proposition 5.3, we do some more reductions. Let ¥ € C§°
with x(z) = 1 for 1/4 < z < 16 and supported in [1/8,32]. Since x;(m +
n)®y. ;n(s) =0, unless 1/4 < 2875 < 16

X (m + )@ (s) = xj(m + n)X (257 5) D ju(s).

1(5s) = olon (57)

with g smooth and supported in [log1/16,log 2] C [—m, 7|, we see that

m + n w Z m-+mn)/s
(I)k’j’n<8) - Za”<22k—j82> 2/2=d X(2k Is tfe = Zauq)k]ny

VEZ VEZ

Moreover, writing

where

a, = O(|v|™"), (5.6)
for every N € IN. By the definition

Ko (2,0, z,u) =27 Z Xj(m +n) / Po(2',0,2,u/2 — 5/2) Oy jnu(s) ds
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we get

Kkv] - : :al/ Kk)jal/'

By defining x(,)(s) = s X(s), we still have ) € C§° and supported in
[1/8,32]. Furthermore,

IX() lleo = O((L+ [2)%), (5.7)
for all &« € N and

—J m+mn w ~ —7 i(m4+n)/s
Dpjnw(s) = 2o/ (22k—j32> X(Qk ’s) et/

_ 23k/27j X(y)<2kij5) 271']'1/ (m + n)iu ei(ern)/s.

We define now . o '
X(w) (%) = X (2772) = (2772)"x (27 z)
and get x();(m +n) =279"(m + n)"x;(m + n). Thus,
X (m 4 1) P jn(s) = 22279 x5 (m 4+ n) x) (28 7s) /s,

By inserting the formulas for ®y ;, ., we obtain

Ko (2,0, z,u) == 27" Z X;(m +n)

X /Pn(x’, 0,2, (u—35)/2) Ppjn.(s)ds

| (5.8)
b2 906§y 4 )

X /X(u>(2“8) (2™ P,)(2,0,z, (u — 5)/2) €M™/ g,

Now we need our explicit formulas for P,, which we derived in Chapter 3. We
have

P (20,2, (u—38)/2) = C [Qn — Qun_o](2,0, 2, (u—s)/2), (5.9)
where

(22 + 2,2 —i(u—s))"?

(22 + 212 +i(u — s))/2HmtL

Qn(‘xl7 07 .T, (u - S)/2) — (q;m eino + a’;m efino->
C]ﬁ, m 1S given by

Tl+m+1)Tn—L+m+1)

S0 w7y m v s e

=0
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where X' € Cg° with X (x) = 0 for > 3/4. Furthermore, ¢, ,, is similar to the
function g, ,, == ¢, ,,. o is given by

P
_ 2zx’ + 1w (5.1())

with w = /(22 — 22)2 + (u — 5)2 and R = 2” + 2’2, Define now

(1o

o ) . (Rw—2a:x’(u—s)>+1
wt (2, z,u, s) = arctan -
T R2za’ + (u — s)w s
and . ( )
B w + 2z (u — s 1
w (2, z,u,s) = —arctan (RQxx’ - s)w) + >

arctan denotes the branch of tan™! taking values in [0, 7], since |Rw| > |2zxu
and thus the imaginary part is always positive (compare (3.7) and (3.8)). Observe
that

. Rw — 2z2'(u — s) 1
w (2 x, —u,—s) = — <arctan< - ) +—>
R2za’ 4 (u — s)w s (5.11)
=—w (2,7, u,s)
holds. We define
2 2 il V2
+/ 7 o .+ +4inc (iL’ + T Z(u S))
Qn (35 0,2, (u 3)/2) = € (332 + o2+ z(u _ S))n/2+m+1
and P = QF + Qf_Q. By these definitions we get
Q’,:il: ei(m-‘,-n)/s _ Qi: ei(m—l-n—i-l)/s e—i/s
=g eEine (2° + 2% —i(u — )" i(mtn+1)/s ,—i/s
n,m (22 + 212 + i(u — s))/2Hmt
_ qim ei(n+m+1)wi efi/s eii(erl)U |R—|—Z<U . S)’imil.

By (5.10) and (5.11), we find out that the term Q; (2/,0,z, (—u + s)) elm+n)/s
is similar to Q;f (2/,0, z, (u — s)) e!m+n)/s. Since we are interested in L;-norms of
Ky ;. and by (5.8), we only have to consider @} in our estimates to come. In
fact, if we define K ,j ;» nsuch a way that it only involves +-terms and K . so

that it only involves —-terms, we deduce from the L;-boundedness of K ,j ;. the

Ly-boundedness of K ,j ;v 1f we now exchange u by —u and s by —s we get the

Li-boundedness of K

7]7,/'
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Furthermore, define

(2 2, u, ) = ZX (m+n)qg-27m gilmtmtlw® (5.12)

v,j,m
Thus,
ok/2 9(m=1)(; ZX(” (m+n)

X / X (28778) (27MIQE) (2,0, 2, (u — 5)/2) ' MTM/5 s
_ok/2 o(m=1)(j—F)

(5.13)

= (2, r,u,8)
V,Jym AT 0 —i/s _Fi(m+1)o k—j
. / (R2+ (u—s)2)miiz & € Xw)(277s) ds.

In order to simplify the notation, we only consider v = 0 from now on. Our
estimates for K} ;, are depending on estimates we get for ¢ J m and ¢ j m—1- For
Cﬁfj’m resp. CV m—1 We use our estimates in Proposition 3.9 and Proposition 3.10.
These estimates only depend on 4 derivatives of X,. And hence, by (5.7), these
estimates are bounded by O((1+|v|)*). Since a,, descends as fast, as we want (see
(5.6)), it will be clear, at the end of our proof, that it suffices to show estimates

for v = 0. Put
Gim = Coj;m-
Hence we get, with this new definition and by (5.13), that

ok/2 9(m=1)(j—Fk)
X Z X(0),;(m +n) /X(O)(Qk_js) (27™MQE) (2, 0,2, (u—s5)/2) €M/ ds

+ !
_ok/2 o(m—1)(j—k) G (@', 2,0, 5) —i/s _Fi(m+)o . (ok—j
=2"<2 J / (R + (1= 5)) 072 e %e X(2577s) ds.

For Q). _, we get

+ i(m+n)

. 6( /s _ q;f_g ei((n72)+m+1)w ei/s efi(mfl)a ’R_i_iu‘fmfl.

Observe that
Xi(m+n) =X (m—+n—2)+277(2X(m+n) —2X;(m+n—2)).

Now let Xj(x) := 20X (x +2) — 20X;(x) = 2 [, X'((x +2 — 2t)/27) dt. Since this



70 5 PREPARATIONS

function has similar properties as X, we obtain

2k/2+(m71)(j7k) ij(m+n> /X(O)(2kj5> ( mgQi ) i(m+n)/s ds

:I:
_ ok/2 o(m=1)(j—k) m (2T u,8) i/s Film+1l)o . (ok—j
=2M*2 J </ T+ (u )T e'’s eTHMTHT (2 5) ds

. :I: (1: T, u, S) . | |
—j i/s _Fi(m+1)o k—j
I / (R2 (u — S) )(m+1)/2 € € X(2 S) ds>7

with zjm of the same type as (. From now on we denote K} ;o again by Kj ;.
Thus,

Ky (2,0, 2,u) Z C 2k/2 9(m=1Di-k)
ec{+,—}

¢ (2 x,u,s) ‘ , , .
J,m [t Rl _ils ils Cei(ma)o e
X</(1L%2+(u—s)2)<m+1>/z (e7r —ele) e T x (2 Ts) ds (5.14)

— J m i/s —ei(m+1)o k—
~2 [ e ¢ ) ),

For the region where w(s) is small we use (3.13) and obtain

(22 + 212 —i(u — s))"/?
(xZ +l’12 +z(u _ S))n/?-i—m

ino

—ina)

RTL - (qr—;m—l € + a;,m—l €

with q:{’ m_1 given by

n

X(l/n)

(=0

F'll+m)T(n—0+m)
F'f¢+1) T'(n—0+1)

and g, ,, , similar to ¢um-1 := ¢, ,,_;. Put

(2% + 212 — du)"/?

i(m+n)/s —i/s —i(m+n)/s
(22 + 212 + du)n/2tm ¢ © .

R ino
Rn T qn,mfl e

Then
R+ ei(m-I—n)/s _ +

;i + C =
= G ez(n-i-m)w e~ tmo |R+ZU| m

Thus we obtain a second formula for Ky ;. Ky ; is given by

Ky j(2',0,2,u) Z C 2k/% 9(m=3)(i=k)
ec{+,—}

gg’j’m—l(x/’ L, Uy S) —eimo k—j
X / (R® + (u— 5)) e X(2"7s) ds,

(5.15)
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with
o N
st (T, 21,1, 8) = ZXj(m 1) Gy 27 T
n
and some constant C.

We now distinguish the cases when j — k is small and when £ — j is small.
We define the constant %5 by

1 1

G = ———. 5.16
2162 (6 + 6)? (5.16)

Furthermore, recall that we have to integrate K}, ; over the set
O(z') = {(x,u); |z —2'| < 2%, |u| <262+ |2'])} (5.17)

and that |2'| < 2%).

K} ; for the case 277" < 1/%,

Let p € C§° such that p(z) = 1 for |z| < 22 and p(z) = 0 for |z| > 2'3. We split
de' into

Ky j(a',0,z,u) := 9~ mk Z Xj(m +n) / Po(2",0,z, (u— 5)/2) P jn(s) ds
=2 S ot ) [ B0, - 9/2) i) (1 )20l s
+27F > "X (m +n) / Po(a’,0, 2, (u = 5)/2) @pjn(s) p(2'Dw(s)?) ds.

We use integration by parts in the second term. We find that Kj ; is a sum of
terms of the following types

27N " X (m + n) / Po(2',0,, 2, (u — 5)/2) ®pjn(s)

(5.18a)
x (1 — p)(24k=Day(s)?) ds,
x p(24 5Dy (s5)?) ds
and
—mk 9d(k—j) Xim+n) | R,(2',0,2, (u—s D jn(s) (u—s
2R S ) [ o002 (0= 9/2) Pugals) () s

x ' (24* =)y (5)?) ds.
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We have seen before that it suffices to consider only +-terms, since we get the
Lq-estimates for the —-terms by exchanging v with —u and s with —s. To make
our notation simpler, we put w := w* and ¢, := fm Observe that

Cim e/ = Z Xj(m +n) q’;;m(o') 9=mj gi(ntmtlEl)w

n=0
" R2zx’ + (u — s)w F i(Rw — 222’ (u — s))
R2 4 (t — s)?
~ R2xa’ + (u — s)w F i(Rw — 222’ (u — s))
=G 2 AV
R2+(t—s)

with me := (jm €5 of the same type as (;. Since 277 < 1 we can write (5.18a),
only considering the +-terms, as a finite sum of terms of the following types
(compare (5.14))

2k/2 2(m—1)(]—k) Cj,m(x/a T, u, S)
(RZ+ (u— 5)2)m+D/2

" R2zx’ + (u — s)w + €i( Rw — 2za’ (u — s)) o—i(m+1)e
R? + (u — s)?
x (1 — p)(2¥*E=Dap(s)?) X (2577 s) ds

with € = £1. We can restrict to the case ¢ = 1, since the second case is similar.
For (5.18b), only considering the +-terms, we get (compare (5.15))

2 S 2k )[R0 (1 5)/2) Buals) o2 s ds

— 9k/2 9(m=3)(j—k) / Cj,mfl(mlﬁx? u, ) o imo
(R 1 (u— s)2)"/2

p(24F=Dy(5)?) X(28775s) ds.

And for the last term (5.18c¢), only considering the +-terms, we get (compare
(5.15))

27mk+4(kfj) Z )(j(m + TL)

X /R:[(x',o,x, (u—1s)/2) 5;””(5) (u — s) p/(24E=Day(s)?) ds

/
__ok/2 o(m—5)(j—k)—j Gm-1(z', 2, u, ) _ —imo
=2"/= 9 / R+ (u— )y (u—s)e

P (24 (5)?) &(2877s) ds.
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We now replace = by 205722y by 2075y and s by 2/*s. Furthermore, we

set 7 := 2:=9/2%" and define

Ck,j,m(wl, Zz,u, s) = Z Xj(m + n) qzm omj pi(ntm+1)e(s)

and
Crjom—1 (21, 2,0, 8) := Z Xj(m+n) q:{’mfl 9mj eiWrﬂ”L)w(s)7

n

with

Rw — 2 - 9k~
w — 2zx (U s)>+ ‘

= arct
p(s) = arctan (RZxxl + (u— s)w

S

Hence we have to study the following terms.

, . ok/2 om(j—k) Crjom (1,7, 4, ) —i(m+1)o
Fy (21, z,u) == 2% 2 / T2+ (0= 522 e

X (R2zxzy + (u — s)w — i(Rw — 2z (u — s)))
x (1= p) (22 w(s)?) X(s) ds

for (5.18a)).

G (1, @, u) = 22 20n=D0=R)

Ck, ',m— (x 9 I, u? S) —imo —q
o [ Spmtlent ) o ey (s s

for (5.18b). And at last

ij(x17$, U) = Qk/Z 2(m—2)(j_k)_j

[ LT () e @ Dule)?) () ds

for (5.18c).

K}, ; for the case 277" > ¢,

In this case we only use formula (5.15). Thus we have to study

Gy, 1, u) =282 2m=Di=F) / Crgom—1(T1, 2,1, 9) e "™ X (s) ds.

(R (=)

(5.19)

(5.20a)

(5.20b)

(5.20¢)

(5.21)
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5.3 Calculations for the phase function ¢

In this section, we study the phase function ¢ in (j j, resp. Cx jm—1. This function

was defined in (5.19). In the next chapter, we estimate Fy j, Gy; and Hj; by

partial integration, hence we have to study the first and second derivative of ¢.
We use the abbreviations

R:=2+ 2% w:=+/R2—4(zz))?+ (u— s)2,

Let

u—s s

Rw — 2xzi(u — 5) N k=i
2Rxx1 + (u — s)w '

2 2 2k—j
©o(s) := arctan (x o ) +

©(s) := arctan (
s

Some easy computations yield

1 uU—S
Osw(s) = E(u —5)= (22 —212) + (u — 5>2)1/2’
1 u—S
Gals) = (=9 =y 21?) + (1 — 5)*)1/2’
85900(5> " B -

:R2+(u—s)2 s?
 Rw—2zzy(u—s) 2F7

Opls) = (R2+ (u—s)2)w &2
R 2k—J
2 _ _ i
Os“po(s) = T S)2>22(t s)+2 e
Rw™(u — s) + 2xx
020(s) = T2 20
aw
Rw — 2zxx(u — s _ ok=j
— a4w12( ) ((2(u = s)w + a*w™ (u—s)) + 2?.

REMARK. For z; = 0, the phase function is the same than in the Heisenberg

case. We have
R ok=j
= t
©(s) = arctan (t — s) + .

R k=i
TR (t—s)? s
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Lemma 5.4. If s ~ 1 then

|0sp(s)] < 2" + 207
10,20(s)| < 2877 + 6(aw) ™t < (252 4 (aw)7/?)?

and hence

s _ 2
e s (B Y
(8890)2 ~ Oy

Proof. Follows easily since |u — s| < w and w < a and thus

1020(s)] < 2w + 2073w 4+ 2a 7w + 2577 < 6(aw) Tt + 28,

Rw—2zx1(u—s) X _0.3(s).

(R24+ (u—s5)>)w Y

O
5.4 The change of coordinates
Let
- Rw — 2zx1(u — 3)
= arct .
Pls) i= arctan (QR:m"l + (u— s)w)
Then
- Rw — 2xx1(u — s)
Os = :
) =T P
The following change of coordinates turns out to be useful
o Rw — 2xzi(u — 5) (R (u—s)Hw
" 2Rxx) + (u— s)w’ " 2Rrry + (u—s)w’
s:=s, Yx,u,s):=(X,Y,s).
Observe that sgn X = sgnY. Some easy computations show
a’ Y|
= X s w = TS
|2Rzx1 + (u — s)w| X0 (X) (5.22)

One can compute the inverse of this transformation by solving a third order
equation in 22 and a second order equation in u. But unfortunately we have no
simple solutions for these equations.



76 5 PREPARATIONS

Nevertheless, we have a simple expression for the functional determinant in
the new coordinates.

2 - 3
[ det(s)] ! = w]2zx1 R+ (u — s)w|

at|22% — 2zt + 2x(u — $)? — 221 (u — s)w|

oy ) (5.23)
2(X)3 \/IXY — 1:2X2|

This calculation will be done in the following two lemmata.
Lemma 5.5. The following equation holds

B w|2zz R+ (u — s)wl? 1

R 2
a |22° — 222} 4+ 22(u — $)? — 221 (u — $)w|
_ 1Y a?

(X)) 225 — 222t 4 22(u — 5)2 — 221 (u — s)w|’

Proof. The proof is elementary but complex. For these computations an algebra
system like Maple is very useful. O]

Lemma 5.6. The following holds

(22° — 2zz] + 2x(u — 8)? — 221 (u — s)w)?

XY —2,°X? =
o 4(2zz1 R+ (u — s)w)?
REMARK. For z; = 0 we get XY = %
o
Proof.
XY - 22X — (Rw — 2z2y(u — 5))((u = 5)* + R)w . (Rw — 2xz1(u — s))?
(2zz1 R+ (u — s)w)? (2zx1 R+ (u — s)w)?
~(22° = 2z 4 20(u — 5) — 221 (u — s)w)?
42z R+ (u — s)w)?
As before, an algebra system is very useful for these calculations. m
Thus we get
2z R — 3 1
| det(u)|! = w|2zz1 R + (u — s)w| i
at |22 — 2zat + 22x(u — )% — 221 (u — s)w|
w2z R+ (u— s)w]? 1
2a* VIXY — 2,2X72]
w 1 Y| 1

2(X)2 /IXY —2.2X2]  2(X)®/[XY — 2,2X?]

and we have proven equation (5.23).
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REMARK. For z; = 0 we use the same coordinates as in [19], i.e.

2 a)\2
LNV (el ) Y

u—s’ uU—S

X =

The functional determinant

e Y1 (%)
4et(u) ™ = s~

is, of course, also the same, except for the extra term (X)/\/|XY| = R™Y2
which reflects the fact that our manifold IR? has one dimension less than the
Heisenberg group H;.

&

In Section 1.4 we mentioned that the case 1 # 0 is much harder to understand
than the case x; = 0. Here is one reason for this fact. Our coordinate transform
we have to use is much more complicated for x; # 0 as for z; = 0.

As far as we know, there is no easier transform that allows us to estimate the
Li-norm of the kernel Kj, ; properly.

To see that we really can use this transformation, we have to take a closer
look at the inverse of it. Though we can not hope to get an explicit and
useful formula for 1~!, we are able to show that 1) can be restricted to a finite
number of sets (2, such that i|q, is invertible. Hence we are allowed to use the
transformation formula.

Observe that by (5.22) we get the following equations for u = u — s

|X|  Rw—2zzu
X)) R+t

~ Y?

u2 = W — R2 -+ 41’2.%%

(5.24)

From the first equation we deduce

(X)? (X)

- 1

X1

This together with the second equation from (5.24) gives us for e € {—1,1}

2

} 2 2,2 IZ“ | 2<‘<>2 <‘<> 2
- _|_4 ( 1 pRp2 2 _ ) ,
<X>2 R XTIy 6\/ |X| R +x Ty X2 T |X|
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which implies

v (X)*_ LYN? Y (X)? (X)?
<<X>2—|—4x2x%—2x2xf e _RY> —4<RY—R2+x2x%?>x2ﬁ ~2 =0.

But this an equation of third order (due to R*z?z? = (2 + z%)%*x?z?) in 2% and
hence can be solved.
Now, for a given (x,u), one can find a locally defined function ¢_; with

Rw —2zziu  (R*+u*)w > _ 2

L(XY) = _< iy A
V(X Y) = 2Rxx; + ww’ 2Rxx, + tw

and hence z = sgn(z)\/1¥_1(X,Y). In addition,
VENX)? = (0oa(X,Y) + 27) + 4 (X, V)] = @

and @ = sgn(u)\/Y2/(X)2 — (Y_1(X,Y) + 23)2 + 4, (X, Y)z?.

Furthermore, there is a finite number N, a measurable set €}y of measure 0
and open sets Q,...,Qy such that Uflvzo Q, = R? and v|q, is a diffeomorphism
for every n € {1,...,N}. On all these sets we may apply the transformation
formula. We obtain the following proposition.

Proposition 5.7. There exists a constant C' such that for every measurable
f R — C with (X,Y,s) — f(X,Y,8)|Y] (X)) |XY — 2,2X?|"'/% € L,(R?)
/|f(X(x,u, s),Y(z,u,s),s)| de duds < C/ |f(X,Y,s)| |det(y))| ! dX dY ds

Y] 1

dX dY ds
(X)? /XY — 2,2X?]

—c [yl

holds.
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6 The proof of Proposition 5.3

Define

O(zy) = {(z,u); |z — x| < 267D/22%,, |u| < 2¥772%,(2 + 261)}. (6.1)
To prove Proposition 5.3, we now show that the following two estimates hold
(compare (5.17)).
(1) For every e > 0 and for all A € {F},;, Gy, Hi;}, defined by (5.20a), (5.20b)
and (5.20¢), there ezists a constant C. such that the estimate

> sup Al Ly (0 < Ce 2 (6.2)
jENo, 2i-k<1 /g, l11S26120-02

holds.

(2) For every e > 0 and for Gy, defined by (5.21), there exists a constant C.
such that the estimate

Z sup |GrjllL 0@y < Ce ke (6.3)

jEN,, 2h-i<i, 1112620772

holds.

Unfortunately, we cannot express O(x;) in the new coordinates. We only have
to integrate over such X and Y so that for given s and x; the corresponding x
and u, with X = X (z1,2,u,s) and Y = Y (21,2, u, s), are in O(x;). For this we

write
/ ... dX dY.
O(z1)

6.1 Some integrations in the new coordinates

Before we prove the assertions (6.2) and (6.3), we show a few technical lemmata
concerning integration with respect to new coordinates X and Y.

Lemma 6.1. The following estimates hold true

(a)
VIV

———=dY S ¢,
|Y - .’,13‘12X|
co<[Y <1
(b)
1 1
/ dYgl—i-log(ﬁ).
VY — 22X o

co<lY|<a1
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Proof. This estimates follows easily by the transformation ¥ — Y/(z,%|X]). In
fact

V1Y
/ IY 2X 4Y = 71| / ﬁdy o
— l‘ —
co<[Y|<er ' co/(@1?| X <Y |<er/ (2121 X])
For 22| X| < 1 we get for |[Y| < 2 the bound 23| X| ¢ < ¢; and for |Y| > 2
we get 23| X| ¢ /(23| X]) = ¢;. For 22|X| 2 1 we get for |Y| < 2 the bound
1 fy(WVIYIVIY = 1)) dY S 1. and for [Y] > 2 we get 2| X| 1/ (21| X]) =

c¢1. This gives us estimate (a). For (b) observe that

1 1
/ ¢|7 |Y—:c12X w= NN

co<|Y|<er Zr <SR
/ dY+ / ! dY+/ S
Y| VIY =1
0<\Y\<1/2 2|X‘,\ I<- 2‘X| IYI>2 Vol
<1+ log (ﬂ>
Co
holds. O

Lemma 6.2. (a) For alle >0

1 e|a1 o a2|—1/2+5

/ m

Y —az|<c
holds with a constant not depending on ay, ay and c.

(b) For alle >0

< lee’al o a2|71/2+€

/ c 1 Iy
|Y - CL2| \ |Y — CL1|

Y —az|>c¢
holds with a constant not depending on a,, ay and c.

Proof.

/ m = / Va1 — as| de

Y —az|<c |Y|<clai—az|~!

For Y < 1 the integral is bounded by ¢!=¢|a; — ag|~¥/2*<.
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For Y ~ 1 we have 1 < ¢'™¢|la; — as|~'"¢. Since the integral converges we get
lee|a,1 _ a2|71/2+e.

For Y > 1 we have /|Y — 1| > /|Y| > |Y|°. The integration gives us the
bound ¢'7¢ |a; — as| 7' \/a; — ay. Thus (a) holds.

ay

c 1 c \1-¢ 1 1
v s [ (54) _
Yol Y —az] /Y —ai] Y] |ar — as|'V/27 VY — 1
Y —as|>c
For Y < 1 and Y ~ 1 we get by integration c¢'=¢|a; — ay| /<.
For Y >> 1 we have v/Y — 1 > /Y and the integral converges. We get c¢la; —

ag|~'/?¢. Thus (b) holds. O
Lemma 6.3. Let € > 0 and C an arbitrary constant. We define
23
q/)k:,j (Xa S) =

(1 + 2j|1 — etlarctan(X)+2k=7/s) |)1+e ’

Then there exists a constant C such that for all j and k, with 22=% < C}, and all
X € R the estimate

[ a9 29 5] < ©
holds.
Proof. Put z := arctan(X) € [0, 7]. Since supp X C [1/8,32], we have

ok—j+3 2]

[ 1nxs) ao) as <2 [ as

ok—j—d (1 + 2j’1 — ei(erS)’)lJre
, , 2J
< PR (14 280 ——ds <1
<27 0427 [ G e
(compare Lemma 3.1 in [19]). O
Lemma 6.4. Let k, j € Ny with 2877 < %,. Then

ks
I .= (X, s X(s)dX dY ds S'1
O (/ ro(Xe8) s X9

holds.

Proof. In this case we have Y ~ 1, (X) ~ 1 and |X| < 2"77. We consider the
case |Y| < 223|X| first. Since 27 < 2877 we get

. 1
o(k—j)/2 / Ui (X, 5) X(s)dX dY ds

VIXIVIY =2 X]
Y~1, [Y]|<222|X|

< 2=/ / (X, )

|X|<1

X(s) dX ds.

1
VIX]
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For | X| < 2877, we do the s-integration first and obtain
. . 1
ok=3)/2 9i=k / ——dX <1.
x|<2t-7 /] X|
For | X| > 2¥7 we do the X-integration first and obtain
, 1
o(k=3)/2 / Vi (X, 8) —— dX ds
’ VAP
s~l, | X[>1 X

< 2(k=)/2 9li=h)/2 / Ui (X, s) dX ds S / ds S 1.

s~1, | X|>1 s~1

Now, the case Y| > 222|X]| is left. It is not difficult to see that for every 2’ < 2%
and s in the support of X' there exists a set ((z', s) such that

Y (21, 2,u,s) € Q) s), (6.4)

for 2y = 2(-=9/2g" and all x,u € O(z;). In addition, there exists a constant C
such that for all 2’ and s the estimate

(', 5)| < 2¢7
holds. To prove this we write

Y (R* + (u—8)*)w
X2 = " (2Rzzy + (u — s)w). (6.5)
Now, we have that (X), (u—s) and w are 1 + O(2"77). Furthermore, u, R, zz;
are bounded by 277 and s is similar to 1. Since 277 < % is small enough we get
the result. We do not want to go into the details here. For 2/ = 0 this is evident,
since in this case we have

Y
(X)?
and |u| < 2%, With this result we get

/ Ui (X, 5) Y X(s)dX dY d
(X, s S S
w7 VIXY —2.2X2

O(x1), [Y[>223|X]

< / i (X, s) ! X(s) dX dY ds (6.7)

VIX]

X(s) dX ds < 20=9/2 < g,

=Uu—S (66)

O(z1), [Y]>223|X]|

<2k / Ui (X, 5)

X<t

1

VIXT
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Lemma 6.5. Let ¢ > 0 and C' an arbitrary constant. We define

2J
Ura (X 8) 3= 5T ey 27 e
9—i/2+i—k(x
and ¥ = ‘Y_QJ—,;CS;Xf

(a) For all j and k with 277" < C, the estimate
I :=9k/2+(k=3)/2
VY 1
VX VY — 22X (X)P?

X / Ui (X, 5)X(s)

>1

dXdYds < 2%

holds.

(b) And similarly, for all j and k with 27=% < C, the estimate
[ cgk/2 (ki) /2

(C+Q9D)AVY 1
X / %,j(X,S)X(S) \/y |Y—£L‘12X’ <X>5/2

»<1,
[Y]<29—kR(X)

dXdYds < 2k

holds.
Proof. Define p;(x) := 27 (1 + 27|1 — e**|)~'~¢. Then

/@ZJM(X, s) X(s) ds = /pj(arctan(X) + 2879 /5) X(s) ds

. 27
< 9i—k . tan(X ds < 4 ds <1
< /p< an(X) +5) ds < / T B Taern e o © 5

since p; is a periodic function.

(a)

First we study the case Y > 222X or Y < 22X/2. Here we have the estimate

: oL 1 1
k/2+(k—1)/2 o—i/2+i—k 4 I
[ < ob/2+(k=)/2 g=i/24i /%(X,s) X(s) = Ty X ds 51
Now 22|X|/2 < |Y| < 222|X| and we suppose that |Y| > 4 277%|X]| or
V| < 277%|X|/4. We get

[ < ok/2+(k=3j)/2

Vri (X, s) X(s) vy L ix ay ds

VXY — 22X (X)2

Y| $279/2H =R (X)
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Since we only integrate where Y ~ a:% X and since
‘951HX|1/2 < ]Y]l/Q < 2*j/4+(jfk)/2<X>

we get form the Y-integration

1/2|$1|\/_ 1
VX (X)P

dX ds < 1.

dX ds

I < ok/24(=5)/2 /1/)k,j(X7 s) X(s) 279/4+=R/2 (X
2-I/HG=R)/2 (X\1/2 ]
VX (X)?

We are left with the case Y ~ 277%X and Y ~ z,2X. First we estimate |v/Y| by

20-k/2, /I X]. We get

< okl / by (X, 5) X(s)

[ < ok/2+(h=0)/2 9(=h)/2 - Vi (X, s)X(s) % —1x%X| (Xif’/? dX dY ds.
By Lemma 6.2 (a) we obtain
[ < otk / e (Xo8) X(s) 2L e
: @ — X7 (X

for every € > 0. For X > 1 we get by the transformation p := arctan X € [0, 7]
and with € =0

. r ) 1
< 9(i—k)/2 . k—j
I1<2 //pj(,u-i—Q /s) X(s) DIEER—TYE dp ds
0

. . T 1
< 9(i=k)+(—k)/2 .

0 g~2k—J

i —k)+(i—Fk
/ / ,Oju—i—spkJ x82|1/2d,uds

0 8N2k J

Since 22 is comparable to 2/7% we get

4 f o(k—4)/2
(—k)/2 .
2 / / pi(p+s) T du ds

0 g~2k—J

(k=3)/
oU=k)/2 pi(p+s) 2 du ds
J ‘3 — 2<k7j)/2$;1|1/2’8 + 2(’“*3)/23;1_1’1/2

0 s~2k—J
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We know that s+sgn(z;)2#9/2z 1 > s > 2¥77. We can assume that sgn(z;) = 1.
The case sgn(z;) = —1is smnlar. We obtain

o | 1
IS 2(3"‘3)/2/ / (e + s ‘ dp ds
~ p](u ) ’8 . 2(k_3)/21‘1_1|1/2 K

0 g~2k—3j

. 1
< 9li—k)/2
S 2 E / /Pg pw+mn+s) P e Y du ds

n~2k J
n~2k— J,nEIN

4 1
— 9i—k)/2 E
’ / /p] n+s) |s +n — p — 20k=0)/2g11/2 dp ds

n~2k J
n~2k=J nen’

—7,27]

For |n — 2-=9)/271| < 47 we get by integration with respect to p

o —k)/2 Z / pi(n+s)|s+n— Q(k’j)/?xf”l/2 ds.

In—2(k=3)/24

-1
11547 se[—m,2n]
nelN

|5 +n — 2(=9)/2,711/2 is bounded by a constant. The last integration gives us a
one more constant. Hence we get I < 20—F)/2,
For [n—20-/2071 > 4x we get [s+n— ji— 20-/237| > [ — 20-9)/2371| /2
and hence
j 1
I < 2U=R/2 Z / pij(n+s) i — 202z 1172 ds
In—2(k= J)/2 R SE[—m,27]

n~2k—J, nelN

. 1
(I=F)/2
S2 Z In — 2(k—j)/2x1—1|1/2'

In—2(k=3)/247 1 | >ar
n~2k—J nE]N

It is easy to observe that this last sum is bounded by 2(*-7/2 and hence I < 1.
For X < 1 and for sgn(x;) = 1, which we assume, we get with similar
arguments and arctan X ~ X

< 9je/2+(j—k)/2 ‘
s~2k—J
[X|<1
—1/24€
S U § p;j(X +n+s) X dX ds
~2k—i ’ |s+n— Q(k_j)/Qxl_1|1/2—e

s€[—m,m]
nelN IX|<1

_ iR Y / pi(n+5)

P
n~28 se|

X |72

. dX ds
|s+n— X — 20=)/2pH1/2-e

—m,27]
nelN |X|<1
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As before we get, for |n — 2=9)/271| < 4r,

9de/2 9(i—k)/2 Z pi(n+s)ds < 9(i=k)/2 oke/2

[n—2(k=0)/22 7Y <4m s 7 on]

and, for [n — 2+-=9)/2571| > 47 the estimate

2j6/2 2(]7]{)/2 Z / pj(n+ S) ’n o 2(k7j)/2x171|71/2+6 ds

|n—2(k_j)/2,zl_1 |>4n
n~2k=J, neN

5 2/4:6

s€[—m,2m]

holds.
(b)

The proof of (b) is very similar to the proof of (a).
For Y > 222X or Y < 1/222X we use

Y1/2 £ y1/2-¢/2 < 2je/4+(kfj)e/22fj/2+jfk|Y _ zjkaZX‘flJre/Q

and get by integrating with respect to Y.

1 1
VX (X322

The case Y >4 277*X or Y < 1/4 27~k X . For this part we have the estimate

dX ds < 2k

I <2k / Ui (X, 8) X(s)

1 1
I< /wk’j(X,s) X(s) dX dY ds

VXY — 22X (X)2

Since we only integrate where Y ~ 22X and since |Y] < 277%(X) we get form
the Y-integration

. 11
I <2U-R/2 /zpk (X,8) X(s) —= —— dX ds < 1
5J /X <X>

The case Y ~ 277X and Y ~ z,?X is left. By Lemma 6.2 (b) we get
(=3/2+j=k)(—¢) 1

< o(j—k)/2 .
I 52 /wk,j<X> s) X(s) (20Fs2 — x12>X|1/2—e <X>3/2+5 dX ds

By similar estimates as in (a) we get I < 2" O

We get a similar result for 2877 < 1.
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Lemma 6.6. Let ¢ > 0 and C' <1 a constant. We define

27
Ura (X 8) 3= T = e T e

27X

(a) For all j and k with 287 < C, the estimate
[ ck/2H (k)2

JY 1
X / Ui (X, S)X(S)\/Y\/m (X)5/2

>1, X<1,
Yl

dXdYds < 27¢

holds.

(b) And similarly, for all j and k with 287 < C, the estimate
[ cgk/2 (ki) /2

VY 1
< e

» <1, x<1,
Yl

dXdYds < 2

holds.
Proof. Define p;(x) := 27 (1 + 271 —e™|)~17<.
(a)

The case Y > 222X or Y < 1/222X. For this part we have the estimate

: 1 1
k/2+(k=j)/2 9—Fk/2 . =
[ < ok/2+=)/2 /w,w(x, ) X(5) 7 gy 4X ds
Now, for |X| > 2F77, we obtain I < 2#=7)/2 20=k)/2 — 1 by integration over X.
For | X| < 289 we first do the s-integration and obtain

) A 1
9(k=3)/2 9i—k / dx,
x|<2t-1 VX

but this is bounded by a constant.
The case Y > 4 277FX or Y < 1/4 277%X. Since we only integrate where
Y ~ 22X we get form the Y-integration

—j _ 2 VX 1
[ < oh/2+=))/2 /@bk,j(X, s) X(s) 2R/ (X)1/2 i/Y L dX ds
9—k/4 | x\1/2
1/2 X0 dX ds <1

< k292 / by (X, s) X(s) 275 (X)
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The case Y ~ 275X and YV ~ 2,2X
Since X <1 and Y ~ 1 we get by Lemma 6.2 (a)

1
(20-Fs2 — 212) X |1/2—¢

I< 2j6/2+(k_j)6/@/)k,j(X7 s) X(s) X1 dX ds

Now, with arctan X ~ X and by the transformation s := 2¥7/s, we obtain

. . 1
ke/24+(k—j)/2 oj—k ) —1+€
2 2 / / p;i(X + ) e Qk—j/52|1/2_6 X dX ds
X <1 sn2k—i !
—1+2¢
S 2k6/2+(k*j)/2 2(]'716)26 / / pj<X + S) L1 X e dXx ds
52 = 28 fad] !

X <1 s~2k—i

Since 22X ~ Y ~ 1, the factor ;"¢ is bounded by |X|'/27¢. We assume that
sgn(z;) = 1 and hence |s + 2(-=9)/2571| > 25=7 We obtain

1

R / / pi(X + ) X2 4X ds
X <1 s~2k—i : |8 - Q(k_j)/2/$1|1/2—5
—oke/2 9(i—k)e
1
X pi(n+s) | ) 2 g 4
Z / / J ‘s—i—n—X_Q(ka)/z/xl‘lm B

n~2k—J X<1 501

Since 2F77 < 1 there is only one summand. For |n — 2+=)/2271 < 64, we
compute the z-integration and get

oke/2 9li=k)e Z pi(n+s) ds < 27°¢

[n—20k=i) /2271 |<64 51

For |n — 2:=9)/2271| > 64, we get

2ke/2 2(jfk)e Z / ,Oj(n + S) ‘n o 2(]67]')/2%,171‘71/24*6 ds S 9Je
~1

n~2k_j, s
In—2(h=0)/24 71|64

with a new e.
Since the proof for (b) is very similar, we omit it. O
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6.2 Estimation for 2/°% < 1/%,
Estimation of Hj ;
Recall the definition of Hj ; given by (5.20c). According to this

ij(xla :U,U) = 2k/2 Q(M—Q)(]’_k)_j

Cvjvm* )y 2 —1 m , —j
< G ) PR e i) () ds

Let 5 .
k(s) = (u—s) ((m:la%m@w) P/ (22D (s5)?).

Then a™w ™|k < (2xx; — iw)™ a ™w ™ = wl™m,

REMARK. On the Heisenberg group H,,, " is defined as
K= (0 — s)(R* + (t — s)%)7™/2p/ (22+9)¢?)

and we have the estimate k™ < al=™.

We know, by Proposition 3.10, that
—mj oJ je a™ je a™
Chjan—1 S 279 2024 o V(X 5) =2/ o (X, 5)
with ,
97
(1 + 2]|1 _ eiarctan(X)+2k*j/s|)1+e'

wk,j (X7 S) =
Thus
’Hk,j‘ < 9k/2 o(m=2)(j—k)—j+ej /¢k,j wt—m pl(22(k7j)w(8)2) X(S) ds.

Observe that for p/(s) # 0 we have
Y _
(X)

Lemma 6.3 implies that the s-integration just gives us a constant. In combination
with Lemma 6.1 (a) we find that

1kl 2 0@y S 2%/ 2= 20m=re 7=

<X>1/2 |y| 1

(X
X / (X, ) Y2 2(X)? /XY — 2,.2X2]
[Y[~27=F(X)

<ok/2 o(m—2)(i—K)~i+<j 9i—k /

w(s) ~ 297k,

ds dX dY

277M(X)

—j/24¢€j
(X)2+1/2| X |1/2 dX S 27

holds.
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Definition of X(s)

This was the easy part of the proof. For F}, ; and G}, ; we use partial summation in
the s-variable to get the desired estimates. For this, we use a ”control quantity”,
denoted by X(s). If ¥(s) < 1 we "win” by partial integration a factor of size
277/ For ¥(s) 2 1 we use support estimates and also "win” a factor of size
277/2. We define

oh)/2 412
di(s) =277 (—) 6.8
(5 i (69
Then
o2 g 12
206 =27 (T
Y 52
g <(2(jk)/2 + ijwl)Y>2 9 (2(jk)/2|y| Lok - X >>2
Y —2-ks2X Y — 2-ks2X ‘
Estimation of Fj, ;
Recall the definition of F}, ;. Fj ; is given by
. __ok/2 om(j—k) Chjom (%, 1, U, S) —i(m+1)o
Feg(@s, @,u) =277 2 / (R2+ (u— s)2) 92 ©
X (R2zzy + (u — s)w — i(Rw — 2zx1(u — 5))) (6.9)
x (1= p)(22FDaw(s)?) X(s) ds.
Let
 (2zxy —iw)™ R2xwy 4 (u — s)w — i(Rw — 2zz1 (u — 5))
H(S) T qm+1 qm+3
X (1= )22~ Du(s)?).
Then we have
a™ T k| < 222 — dw|" e T = (6.10)

REMARK. On the Heisenberg group H,,, " is defined by
K= (u— s —iR)(R* + (u — 5)%)~(m+2/2(1 — p)(22¢k=9)g?)

and we have the estimate k™ < ¢7™~1. Once more we see that the role of a on
the Heisenberg group coincides with the role of w in our proof.
o
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Since
|R2x71 + (u — 8)w — i(Rw — 222, (u — 8))|* = R*a* + (u — s)*a® = a*

we get
0| < || @™t (6.11)

For s in the support of (1 — p) and by (6.1) we have
co 27k < w(s) < ok=3
for suitable constants ¢y and ¢; and ¢y > 64. Thus
27F < X ><|Y|<e 2" < X > (6.12)

Hence |Y — 52277k X| > |Y| for all s € supp X and

S(s) = 2‘j<2(j_k)/2’Y’ - Pr<X >>2 < 2—j<2(j_k)/2|Y| + 27k < X >>2
< 2—j(2(j—k)/2 + 1)2 ~ 9

Observe that

-1

!
27| | 29T S (279D) 2 < 279U 1) w2 (2R 1)
PR ']
and
—1 k,_-
X L gllem #27) gy
o' X| ™ || ERE

hold true. By Lemma 5.4 we have

;
il <=0
and hence e .
290,(55) S (506) + 275(6)) ) ¥1(5),
Furthermore, '
| 5 s

By the definition of xk we have

Frj = ok/2 gm(j—Fk) /Ck,j,m(xl,x,u,s) k(s) X(s) ds
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and

Ck,j,m(xla T, u, 5) = Z X](m + n) %L,m(a) 27mj
n=0
1 )
" B, M)
i(n+m+1)0sp 9 ]

with ¢(s) := arctan(X) + 2877 /s. Thus

) - ) ) X
Frj = ok/2 om(j—k) /Qj,m(xl,a:,u — s, 2k_]/s) 2_J85(g > ds
P

j w_l

+ 2k/2 gmli- /(]m Ty, u— 8,28 J/s) Kk X ds
with
_ 0 ol-m)j

n=0
: Z X (0] e gilntmte
C’wm (m+ 1) 9nm(0)] i(n+m+1)

We know, by Proposition 3.9, that the following two inequalities

am-i—l 27 ] am—i—l
: ~ 20¢ X,
wm+1 (1 + 2j|(p|)1+e wm+1 wkﬂ( 5>

~ m-+2 m+1
Coir < 07 0i/2ie Y e 2—] ~oje 4 Ui (X, 9)
2Jsme wm+2 (1 + 2]‘¢|)1+e wmtl »J

Zk,j,m < 9—mj 9j/2+je

(6.13)

hold, with
21
djkﬂ‘ (X’ S) = (1 + 2]|1 _ eiarctan(X)-l—Qk*j/le-ﬁ-E ’

Let
J = [co 277F(X), ¢ 289(X)] .

By Lemma 6.3 the s-integration [ ;(X,s) X(s) ds yields a constant. In com-
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bination with Lemma 6.1 (b) we thus find that

| B . X
HQk/Q om(j—k) /Ck,j,m(xl’x’u’ s) 27]85(; ) ds‘
5P

<22 9700 | [ Gl (5(6) + (2E(9))') ] ds

L1(O(z1))

L1(O(z1))
/2+ej X)*2 Y] 1
< 979/t / Ui (X, s) < dX dY ds
Yles ’ VP2 2(X)% \/IXY — 22 X?]
< 97i/%Fe / ! ! dX dY
[YI2(X)32 /XY — 2:2X?

Y|eJ

—j/24¢€j C1 52(k—j 1 —j/2+¢€j
§2‘7/+j/(1+10g(a2( J)))WdXSQJ/JFJk

holds. For the term involving Z kjm We get the same result. This implies

Z 1 Frjll Ly o)) S K.
Jj—kS1
Estimation of G ;

The proof for G, ; is similar to the proof for Fj ;, except for that we have here
a set of points for which the partial integration does not yields 277. We use
estimates for the measure of this set, to get also an additional 279/2. G}, ; is
defined by

Gk,j(l’l,x, u) = 2’“/2 2(m71)(j7k)

x / (ijl(xl,x,u,s) (2w, — i)™ p(22FDw(s)?) X(s) ds.

R? + (u — s)?)m/2 am™
with
Crjm—1(T1, 2,0, 8) = Z Xj(m +1n) qum_1 2™ 'Fme,
Let )
K(s) == @x:zhcﬁ;mzw)m p(225=1)yy(5)?).
Then o™ w™™ || < |2xx1 — iw|™ a”™w ™™ = w™ ™.

REMARK. On the Heisenberg group IH,,, <™ is defined as
KJ]H — <R2 + (t o s)2)—m/2p(22(k—j)a2)

and we have the estimate k™ < a™™.
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For s in the support of p we have

w(s) < 27F
and thus A
V| <27F < X > (6.14)
Let
k—7)/2 ~1 k—3j)/2 -1
S(s) = - <2( DNI2 L >2 e (2( 3/ _|_w >2
Osp s
- <(2(jk)/2 + ijwl)y)z - (20 2|y | + ij(X)>2
Y —2i-ks2X B Y —2i-Fs2X '

Since |Y| < 297F < X > we see that

(_PTHX)
U
S(s) ~ 2 (Y - 21—k32X> (6.15)
holds. This implies that
Y — 277h2X| < 279/2HkR (X)), (6.16)

if ¥(s) > 1. Now, fix a cut-off function p; supported in |z| < 2 with pi(z) =1
for |z| < 1. We write

|Gk]| T, T, U )_Qk/Q 9(m=1)(j=k)

| [ Gumes(o5) 1(5) (1 (E9) + (1= ) (E() () d
<G+ G+ G+ Gy

with
Gllﬁ,] = 2k/2+(m71)(]7k) / )Ck,j,mfl(x17x7 u, S) (%) (5) 2*,] 2/<8>‘ dS
1<%<2
- = X
G2, = 22+ Gk / G (1, ) 2790, (’; ><S)’ s

n<2

sz = 2k/2+(m—l)(j—k) / Ck,j,mfl<xlax>u75) (KZX)(S)‘ ds

>1

Gi,j .— ok/2+(m=1)(j—k) / <k,j,m—1(x17x>ua S) 2—J (ZSOI)(S)‘ ds

n<2
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and

_ o(+m)j

' . ' e ilntm)e
Chjom—1(2, T1, U, ) = Z Xj(m+n) gnm-1 i(n +m) ‘
~ o(1+m)j

Ck]m 1\, L1, U, S ZX m+n SQHm 1) (

elntm)e
i(n+m)

Notice that

"
b
/

@ ) (6.17)

S (@D + 7)Y S 2,

~J

)
)(s) S 22 (| X | 4 22w

if ¥(s) < 1, and hence |G} ;| < |G} .

Estimates for G} ; and G} ;.

We get by Proposition 3.9

Ck mo1 < < 9—mj 9j/2+je ﬁ L ~ J€ ﬁ Ve -(X, s), (6.18)
’ wr (T 2l ™5 wm

with
21
(1 + 23'\1 — e"@|)1+€'

Vr,j =

By Lemma 6.5(a) we deduce

H2k/2 (m=1)( / ij (1,0, 8) K(s) X(s) ds”

3(s)>1
<2k/2+€J 9(m=1)(j k)

< X =12y 1
(X, dX dY d
/ YeilXos) T 5o x > VIXY — 22X ’

2(s)>1
:2k/2 1+ej 2(m 1)(j—k)

X Uy (X, s) Y17 ! dX dY ds
RIS X S VIXY — 212X
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Estimates for G7 ; and G} .

We know by Proposition 3.9

a™ 27 a™

gk, j,m—1 5 2mj 2_j/2+j€ — : ~ 20— 1/%, (X7 S)
! w™ (14 27]p|)t+e wn (6.19)
=~ ) ) ) m+1 97 ] m :
mj o—j/2+je & -1 g &
Chjm1 S 2™ 277751 T a tw —(1 T 97 e Ui (X, 8),
with )
23
Vi = (14 20(1 — ew))lte’
BEasy calculations show
) X )
27 (E5)(s) S 77() 2 (5)(s) (6.20)
wg
and ¥
290,75 ) ) < (54 (279) )5 (s2)(5)

In this case we gain by the integration by parts. We have the following estimate
IR « X S<|Y - 207k < 2R < X >

and hence .
28T <« X > N(s) < 1.

This implies, by Lemma 6.5(b),
max{ (|G |l: 0, |Gl 0@} S 2777 20m D00

. 1/2
/wk,j(X,S> (X4 (2_32)1/2) X(s) Y] 1

< (X)PRIXIV2 /Y — 2.2X]

dX dY ds

< 22€]€

6.3 Estimation for 27 < %,
Definition of >(s)

We define the control quantity ¥ in this case by

k—j3)/2 k—7)/2 i—k)/2
Z(S) . 2_] (2( 7/ )2 _ 2_] < 2( 7)/ .>2 N 2_] ( 2(] )/ Y )2‘
Oe T Y -2 kX
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Estimation of G ;

Recall that in this case Gy ; is given by

Gk,j — 2k/2 2(m71)(j*7€) / Ck’j’mfl(xh‘x? u, S) (2:172U1 — Zw)m X(S) ds. (621)

(R? + (u — s)2)m/2 am
Let Com

K(s) := (2x(701a2——mzw)‘
Then a™ w™™ |k| = [2zx1 —iw|™ a ™ W™ = w™™.

REMARK. On the Heisenberg group H,,, ™ is defined as

KM= (R? 4 (u— 5)%) /2

and we have the estimate k™ < a™™.
o

The support of X" is contained in [1/8,32]. By (5.16) and (6.1) we get for s in
the support of X the following estimates
122 — 212 = (& + 1) (x — 21)| < (262% /2  45,20-9)/2) k=) /241,
< I (GY + 61)? < 86 (G + €1 < 1/32,
R = 1%+ 27 < 16%,(%, + ¢1)* < 1/16,
u < 2V + 61)? < 86y (6o + €1)? < 1/32,

(u—s) ~1, w(s):\/(xQ—z%)Q—l—(u—s)le.

We get

Rw + 2zz1(u — s)
(u—s)w — 2Rxxy
+ (u— s)Hw
s)w — 2Rxx,

X]=| R
NwN

Y= )(ﬁ

~ 1,

which implies
Y|~ (X) ~ 1. (6.22)

Furthermore, |0,2p| < 2877 and [0yp| < 277, Hence easy calculations show

2 (E2)() £ T (520 () = 2(s) (X)) (6.23)

and
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Since |Y| ~ 1 we see that

2—k
Y —2iks2X |2

(s) (6.24)

holds. This implies
v —27k2X| < 2702, (6.25)

if ¥(s) > 1. Fix a cut-off function p; supported in |z| < 2 with pi(x) = 1 for
|z] < 1. We can write Gy ; as

[e™ —9k/2 9(m=1)(j—k)

[ Guimor(an,,5) K(5) pi(S(6) + (1= pa(E(5) () ds
SGI?]' + Gi,j + Giu‘ + Géj

with
DV (—k)— ~ KX
Gllw‘ . ok/2+(m—1)(j—k)—j / ‘ijjjm_l(xl,:v,u, s) ( " )(s) (882)(5)‘613
1<%<2
Gi,j = 2k/2+(m—1)(j—k) / ‘g’c%m_l(xl’x’u’ 8) (Z + (Q_jZ)l/Q)(S) (KLX)(S)‘ ds
»<2

Gi,j . ok/2+(m=1)(j—Fk) / Crjm—1(z1, 2,0, 8) (KX)(s)| ds
¥>1

Gl = Q2 / ‘Ek,j,m—l(xlvx’uu §) (2IR)2(s) (wX)(s)| .

¥<2

and Zk,j,m_l and Zk7j7m_1 defined as before. We have |G} ;| < |G} ;|. Notice that

k=i
02| (s) S 1277
0.51(5) £ 127

0%l S 2¢, (6.26)

if ¥(s) < 1. And hence |G}m-! s |G2]‘
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Estimates for G} ; and G} ;.

In this case we have by Lemma 6.6

G0y =22 20055 [ X(s) ds
|| k‘,]HLl(O( 1) Ck’] :El L4, S) K/(S) (S) N L1(O(z1))
O(z1)
B(s)>1
<2k/2+ej 2(m 1)(7—Fk)
’Y’l/Q 1
dX dY ds
/ Veal X, 8) e VIXY — 22X7?|
e
<226j‘

In addition with the trivial estimate in Lemma 6.4,

<2k/2+ej 2(m—1)(j—k)

/ Dri( Y1 ! dX dY ds
I8 sy VIXY —2.2X2|
O(z1)

52’6 ]/2-"-6],

HGz,j ||L1(O(l’1))

we get

1Gk i lza0w) + G2l ni0@) S min{2%e,287/24<7y,
Hence, with 2™ ~ 1/‘52,

> Gk llzao@) + 1GE L 0@

kM
5 Z 92€j + Z 2k*j/2+ej

J>k+M, j<2k J>k+M, j>2k
0o

2¢k —j/2+€j ke

Sk Y2 < 2k,
Jj=0

Estimates for Gk] and Giﬂ.

In this case we gain by the integration by parts. We deduce by Lemma 6.6

HGz,j Ll(O(rl))+||Gi,j||L1(0(x1))
<k /2+ej+(m=1)(j—F)
[ w9t o axava
X (X, s S s
O(e1)
»<2
<226j
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Together with the trivial estimate, Lemma 6.4,

1/2
ok/2+€j+(m—1)(j k) / |E]1/2 |Y| / < 9k—j/2+e€j
VIXY —z2x?] 7~
ESOl(,z%/)Nl
we get, with 2M ~ 1/%65,
G Inoe) FIGInowy = D>, 29+ Y 2k
>kt M kM, <2k >k M,j>2%k
S k 226]?.

This completes the proof of Proposition 5.3 and hence completes the proof of
Theorem 2.



Index of notation

Index of notation

- Ilzg

H : HSchur
a

«

a(d,p)

Q
—~
Q
N—

o

I POI I
8

N

set of complex numbers

set of continuous, in co vanishing functions
set of smooth functions

set of compactly supported smooth function
set of distributions

Heisenberg group of dimension 3, page 11
Heisenberg group of dimension 2m + 1, page 11
set of integrable functions

set of measurable functions with |f|? € L;

set of measurable function f with || f||La < oo
set of natural numbers

INuU{0}

set of real numbers

set of real numbers x with £ > 0
set of Schwartz functions
L,-Sobolev space of order s

set of integers

for a differential operator A, || f||za = [[(1 4 A)*/*f]|,, page 1
Schur norm, page 10

101

(2% + 2™)2 + u®)Y2 resp. (2% + 2)? + (u — 5)*)Y/2, pages 34, T4

> 1/2, page 50

(d—1)[1/p—1/2|, page 2

ball with respect to the metric d 4, page 18

general constants, pages 20, 26, 71

optimal control metric of the differential operator A, page 17
(z,u) — (rx,r*u), automorphic dilation, page 11

Grusin operator, page 11

page 50
sub-Laplacian on H,,, page 12

1/2, page 26

exp(iv/G) (1 4+ G) /2, page 26
page 79
spectral projection operator belonging to the ray %, ., page 31
x? + 2, pages 34, T4

ray in the joint spectrum of G and U, page 30
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o page 34

by pages 91, 97

Sc, S¢  pages b, 25

U d,, page 30

w (22 — 2)% 4+ u?)Y/? resp. ((z% — 2™)% + (u — s)?)"/?, pages 34, T4
X, Y new coordinates, page 75

X4 indicator function of the set A

Xp ”smooth indicator function” associated to the ball B, page 59
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