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ABSTRACT I: The operators that realize a discrete symmetry group on a physical system
describing a particle in a magnetic field furnish a projective representation of the group on the
particle states. Promoting the magnetic background to a topologically non trivial field, one
can still derive the magnetic translation operators from the path integral approach in their
general form. For that, one has to introduce some basic differential geometrical techniques,
for example the concept of a complex line bundle with connection, the wave functions seen
as sections thereof as well as holonomies along trajectories. It is interesting to ask whether
such a construction can be extended to the case of a propagating string, making use of similar
geometrical techniques. In the higher dimensional string case, the magnetic field is a 3-form,
the so called Kalb-Ramond field strength. To derive the operators that lift the group action
to the states, one has to construct the magnetic amplitudes in terms of the locally given fields.
Once constructed, the translation operators turn out to generate a braided quasi quantum
group which is the twisted version of the Drinfel’d quantum double of a finite group algebra.
The 3-cocycle providing the twist is related to the Kalb-Ramond field by a series of de Rham,
Cech and group cohomological equations finding their natural framework in a tricomplex.
As a Hopf algebra, the algebra generated by the magnetic translations comes equipped with
some algebraic ingredients, that find their physical counterpart in operations on magnetic
amplitudes. For example, the coproduct provides the representation of a string interaction
process given by a world-sheet having the shape of a pair of pants. A braided Hopf algebra
allows for a representation of the braid group on the tensor category of its modules, which
becomes as such a braided monoidal category. This allows to identify the Hilbert spaces
of string states with objects of the category. It is rather amazing that such a non-trivial
algebraic structure pops up almost automatically by the requirement of gauge invariance and
the commutation of translations with propagation.

ABSTRACT II: Quantum field theory lies at the root of our current understanding of
elementary particles. A more general formulation of perturbative QFT on projective modules
over noncommutative algebras is proposed. In noncommutative geometry, projective mod-
ules are the noncommutative analogues of vector bundles being the natural receptacles for
matter fields. This leads to the construction of a field theory on a Heisenberg module over
noncommutative tori. It is proven to be 1-loop renormalizable and highly sensitive to the
number-theoretical aspect of the deformation parameter. The problem of UV/IR mixing is
encountered which can be cured at the price of introducing a non-local counter-term which is
acceptable in NCQFT.

ABSTRACT III: One of many applications of noncommutative geometry is the construc-
tion of the standard model of particle physics. The so called almost commutative standard
model uses spectral triples as its appropriate description. The finite part of such a triple
consists of a direct sum of matrix algebras leading to their classification in terms of Krajewski
diagrams. One can investigate whether the standard model takes a prominent position within
all irreducible Krajewski diagrams which are classified using an algorithm implemented on a
computer. It is shown that this is indeed the case.
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KURZFASSUNG I: Diskrete Translationen des quantenmechanischen Systems eines Teil-
chens im magnetischen Feld kénnen nur durch projektiv wirkende Operatoren auf den Zustén-
den dargestellt werden. Die allgemeine Form dieser Operatoren kann mit Hilfe des Pfadin-
tegralformalismus hergeleitet werden, selbst wenn das Hintergrundfeld topologisch als nicht-
trivial angenommen wird. Dafiir sind Grundkonzepte der Differentialgeometrie erforderlich,
wie das des komplexen Linienbiindels mit Zusammenhang, Wellenfunktionen als Schnitte
dariiber oder Holonomien entlang von Trajektorien. Es stellt sich die Frage, ob derlei ge-
ometrische Techniken auch auf einen propagierenden String iibertragen werden koénnen. In
diesem Fall namlich, ist das Magnetfeld eine 3-Form; das so genannte Kalb-Ramond-Feld.
Um die Operatoren herzuleiten, die die Gruppenwirkung auf die Zustédnde liften, muf die
magnetische Amplitude mit Hilfe der lokal gegebenen Eichfelder konstruiert werden. Die kon-
struierten Operatoren erweisen sich als Generatoren einer gezopften Quasiquantengruppe: die
getwistete Version des Drinfel’d’schen Quantendoppels einer endlichen Gruppenalgebra. Das
den Twist verursachende 3-Kozykel ist durch eine Reihe von De Rham-, Cech- und gruppenko-
homologischen Gleichungen, die auf natiirliche Weise einem Trikomplex entspringen, mit dem
Kalb-Ramond-Feld verkniipft. Bestimmte Elemente der konstruierten Hopfalgebra spiegeln
sich in Operationen auf magnetischen Amplituden wider; zum Beispiel stellt ihr Koprodukt die
korrekte Darstellung auf Weltlaken in Form einer Hose dar. Als gezopfte Hopfalgebra erlaubt
sie zuséitzlich die Konstruktion einer Darstellung der Zopfgruppe auf der Tensorkategorie ihrer
Moduln, womit diese Kategorie eine Zopfung erhilt. Die Hilbertrdume der Stringzusténde
konnen mit Objekten der Kategorie identifiziert werden. Es ist erstaunlich, dafs eine solch
nicht-triviale algebraische Struktur allein durch die Forderung der Eichinvarianz und der Ver-

tauschbarkeit von Translationen und Propagationen zum Vorschein kommt.

KURZFASSUNG II: Quantenfeldtheorie liegt unserem momentanen Verstédndnis der El-
ementarteilchenphysik zu Grunde. Hier wird eine verallgemeinerte Formulierung von per-
turbativer QFT auf projektiven Moduln iiber nicht-kommutativen Algebren vorgestellt. In
der nicht-kommutativen Geometrie finden Vektorbiindel ihre Entsprechung in projektiven
Moduln, wobei die Materiefelder als wertig im Modul angesehen werden. Als Beispiel fiithrt
dies zu einer Quantenfeldtheorie auf einem Heisenberg-Modul iiber nicht-kommutativen Tori.
Es wird gezeigt, dafs die so erhaltene Theorie bis einschlieflich zur ersten Schleifenordnung
renormierbar ist, wobei sich eine interessante Sensitivitit beziiglich des Deformationsparam-
eters herausstellt. Das auftretende Problem der UV /IR-Mischung kann durch die Einfiihrung
eines in der nicht-kommutativen Feldtheorie durchaus erlaubten nicht-lokalen Gegenterms
behoben werden.

KURZzFASSUNG III: Eine Anwendung der nicht-kommutativen Geometrie ist die Kon-
struktion des Standardmodells der Elementarteilchenphysik. Das fast-kommutative Standard-
modell basiert auf spektralen Tripeln. Der endliche Teil eines solchen Tripels besteht aus einer
direkten Summe von Matrixalgebren, was zu ihrer Klassifizierung mit Hilfe von Krajewski-
Diagrammen fiihrt. Die Klassifizierung von Krajewski-Diagrammen entspricht der Suche nach
irreduziblen Diagrammen und beruht auf einem Algorithmus, der rechnerunterstiitzt ablaufen
kann. Es stellt sich heraus, daft das zum Standardmodell zugehorige Krajewski-Diagram eine
ausgezeichnete Position in der Menge aller Irreduziblen einnimmt.
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REsSUME I: Les translations d’un systéme quantique décrivant une particule dans un
champ magnétique peuvent étre représentées sur les états par des opérateurs qui forment une
représentation projective. La forme générale de ces opérateurs s’obtient en utilisant le formal-
isme des intégrales fonctionnelles, méme si le champ de fond est topologiquement non-trivial.
La construction nécessite des concepts basiques de géométrie différentielle, par exemple le
concept de fibré en droite complexe avec connexion et également Uinterprétation des fonc-
tions d’ondes comme des sections de fibré. On peut se poser la question de savoir si de telles
techniques géomeétriques peuvent étre transférées au probléme d’'une corde qui se propage.
Dans ce cas 13, le champ magnétique devient une 3-forme nommeée champ de Kalb-Ramond.
Pour la construction des opérateurs de translations, il faut construire ’amplitude magnetique
en termes des champs de jauge locaux. Il se trouve qu’ils engendrent un groupe quantique
tressé : C'est la version twistée du double de Drinfel’d d’une algebre d’un groupe fini. Le
3-cocycle causant le twist est relié aux champs de Kalb-Ramond par une série d’équations
cohomologiques de De Rham et Cech et des relations de la cohomologie des groupes, les trois
cohomologies se combinent naturellement dans un tricomplexe. Quelques éléments de cette
algébre de Hopf peuvent étre compris par certaines opérations sur les amplitudes magnétiques.
Par exemple, le coproduit représente les translations magnétiques des surfaces de type 'pan-
talon’. Comme ’algébre de Hopf est tressée, elle permet de représenter aussi le groupe des
tresses sur la catégorie des modules. Par conséquent la catégorie est equipée d’'un 'tressage’ et
les espaces de Hilbert des états de cordes peuvent étre identifiés avec des objets de la catégorie.
C’est trés étonnant qu’une telle structure apparait simplement en demandant ’invariance de
jauge et la commutativité des translations avec la propagation.

REsUME II: La description et la compréhension de la physique des particules élémen-
taires repose sur la théorie des champs quantiques. Ici, une généralisation de la théorie
des champs quantiques dans des modules projectives sur des algébres non-commutatives est
présentée. En utilisant la géometrie non-commutative, un fibré vectorielle peut étre decrit
par un module projectif, dans lequel les champs prennent leurs valeurs. L’exemple présenté
est une théorie dans un module de Heisenberg sur le tore non-commutatif. Il est montré que
cette théorie est renormalisable & une boucle, rendant visible une sensitivité intéressante au
sujet du parameétre de déformation. Le probléme de la présence du mélange UV /IR peut
étre empéché en introduisant un contre-terme non local qui est acceptable pour la théorie des
champs non-commutative.

RESUME III: La construction du modéle standard des particules élémentaires représente
une application de la géométrie non-commutative. Le modéle presque-commutatif est basé
sur les triplets spectraux. La partie finie d’un tel triplet consiste en une somme directe
d’algébres matricielles, rendant possible la classification des triplets finis par 1'utilisation des
diagrammes de Krajewski. Cette classification est équivalente & I'analyse des diagrammes
de Krajewski irréductibles et est basée sur un algorithme qui peut étre implémenté sur un
ordinateur. En effet il se trouve que le diagramme représentant le modéle standard occupe
une place distinguée parmi ’ensemble des diagrammes irréductibles.
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Part 1

A BRAIDED QUASI QUANTUM GROUP FROM
KALB-RAMOND FIELDS AND MAGNETIC AMPLITUDES
FOR STRINGS ON ORBIFOLDS






CHAPTER 1

INTRODUCTION

In most physical situations classical and quantum mechanical problems are modelled taking
for granted topologically trivial configuration spaces, for example a particle in R? or harmonic
oscillators. Classical symmetries of the system under consideration are then naively expected
to be left unbroken in the quantum regime. Generally, symmetries of a classical system are
groups G of transformations of the underlying space which have to be lifted to the quantum
Hilbert space, i.e. by a representation of G in terms of operators acting unitarily on the
quantum states. In some situations, however, the procedure of finding an adequate Hilbert
space and the corresponding algebra of self-adjoint operators represented on the Hilbert space
is not unique, but suffers from the appearance of ambiguities which parametrize inequivalent
quantization schemes. This effect can always be observed, if the configuration space under
consideration is no longer simply connected, i.e. it has a non-trivial first homotopy group.
Such problems are normally attacked using the formalism of geometric quantization [1] (GQ)
which provides one of the most rigorous quantization prescriptions. Especially the link be-
tween classical mechanics and quantum mechanics is made clear, because it uses the language
of symplectic geometry, the underlying geometry of classical mechanics. Geometrically, GQ
uses the concept of complex line bundles with connection, the symplectic form being a not
necessarily globally exact 2-form on phase space M. As a consequence, the prequantum line
bundle must be taken to be non-trivial as well, leading to the famous quantization ambiguities
such as f-vacua. The existence itself of such a bundle with curvature resides on the integra-
bility condition for the symplectic form, that is, it must belong to the integral cohomology
group H?(M,27Z) and equivalence classes of local data defining the bundle turn out to be a
HY(M, U(1))-torsor.

In geometrical terms something similar happens if one is interested in topologically non-
trivial background fields. Probably one of the first examples is that of the motion of a particle
in the field of a magnetic monopole of Dirac. In this case it is not natural to regard wave
functions merely as functions over the configuration space but to interpret them as being
section of a complex line bundle with connection. The magnetic field is then the 2-form
curvature of such a bundle equipped with a connection 1-form giving rise to the background
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field only locally. As a consequence, the magnetic background is globally defined but not
exact. Thus, topologically non-trivial background fields require the application of differential
geometry. In lack of a globally exact 2-form, the passage to quantum mechanics via Feynman’s
path integral formalism leads to complications due to the non-existence of a global action
which should be summed over all trajectories yielding the probability amplitude. However,
this problem can be overcome by interpreting transition amplitudes no more as complex
numbers but rather as linear maps between the fibres of the line bundle. Topological terms in
the action are then simply obtained by parallel transport along the paths. In this context a
classical symmetry is realized as diffeomorphisms acting on the base manifold M leaving the
background field invariant. However, this does not have to give rise to a symmetry of quantum
mechanics. Since the object under consideration is a bundle with connection, a diffeomorphism
on M should be liftable to an isomorphism between the respective line bundle and its pull-
back. This may fail, for example, if the space is multiply connected, i.e. HY{(M,U(1)) # 1.
But even if G is liftable to the bundle and H'(M,U(1)) is trivial, in general one obtains an
action of a central extension of G by U(1), that is, a projective representation of G on the
space of quantum states.

The problem of a globally ill defined action also exist in two-dimensional topological field
theory [2]. Here, closed but not exact 3-forms play the role of the magnetic field described
above and the holonomies are integrals over a 2-form potential along a surface. This is the ad-
equate framework to study the propagation of a string coupled to this 'magnetic background’,
which is now called Kalb-Ramond field. Since the string is a higher-dimensional object it is
quite natural to increase the degree of the involved differential forms. Geometrically, however,
the question is to find the corresponding mathematical object which is capable of arranging
the local field components, as is the case for a bundle with connection. It turns out that this
is the concept of gerbes |3]. The task is thus to combine these ideas and to try to define mag-
netic translation operators acting on string states. Since in the particle’s case these operators
form a projective representation and generate a twisted group algebra, one is interested in a
similar construction for strings and, as such, one aims at analyzing the algebraic structure
that arises from ’stringy magnetic translations’. This part of the thesis is devoted to filling
this gap.

Inspired by string compactifications on orbifolds M/G, the operators of magnetic trans-
lations will be derived for open string states that close up to an element of G, the so called
twisted sectors. Orbifolds arose in string theory out of the desire to find realistic models of
compactification that are still exactly solvable in contrast to the much more complicated case
of Calabi-Yau internal manifolds [4]. However, the construction of a real orbifold theory in
terms of projecting to the G-invariant sub-Hilbert space is not what is targeted, but the aim
is rather to find field relations and group actions on the fields to construct a valid action for
twisted sectors. As it turns out, these relations can be found solving cohomological equations
which makes it possible to adapt the well known local construction of the two-dimensional
holonomies to the twisted sectors.

As a matter of fact, the construction of stringy magnetic translations 1" is quite straight-



forward. As a guiding principle, their derivation is obtained using their commutation with

TO::D:O::DT.

Much more impressive is the result of the analysis of the algebraic structure they generate if

propagation,

string interaction are taken into account. Schematically, this starts with a basic interaction

T@@m

where A stands for the most important part of a coalgebra structure, the coproduct. It is

process,

generally believed that quantum groups play an important role as generalized symmetries of
quantum systems. Following |5, 6] quantum groups, or special kinds of Hopf algebras, give
rise to more general transformation laws of states of a physical system, incorporating rather
‘exotic’ features like non-associativity or braided statistics. Although this arises in a different
context here; it is what is met in a quite distinct manner: The magnetic translations of the
twisted string states generate a braided quasi Hopf algebra, or quasi-triangular quasi Hopf
algebra. The advantage of the construction presented here is indeed its geometrical origin.
All algebraic components have their counterpart in certain operations on string amplitudes,
introducing the product, coproduct as well as the braiding and quasi-associativity. This is
due to the fact that the Hilbert spaces of string states carry a representation of the underlying
algebra A and can be identified as A-modules. Such modules generally represent the objects
of a tensor category, which becomes braided monoidal in the quasi quantum group case.

The first part of this thesis is organized as follows:

CHAPTER TWO: This chapter shall serve as a preparation for the constructions to be
applied to strings. More precisely, the operators realizing magnetic translations on the particle
states are derived both in the canonical and the path integral formalism. In the canonical
formalism, the extra phases that accompany magnetic translations due to the appearance of
a 2-cocycle are identified with isomorphisms between equivalent line bundles with connection.
For the path integral approach, the magnetic amplitude is constructed out of the local data of
the complex line bundle with connection. The assumed translation symmetry of the physical
system translates into the commutation of translation with propagation. The techniques to be
introduced here will be directly carried over to the next chapter dealing with the propagation
of strings.

CHAPTER THREE: In order to implement the group action on the gauge field compo-
nents of the Kalb-Ramond potential appearing in the topological term of the string action,
a tricomplex is introduced as a general tool. It provides a convenient method to generate
cohomological field equations relating equivalence classes of local data of gerbes by combining
(Jech/De Rham cohomology with group cohomology. Gerbes are introduced because their lo-
cal data is necessary to construct the magnetic amplitude for a propagating string, in analogy
to what has been done for the particle. This gives rise to the operators of stringy magnetic
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translations represented on string states. The operators turn out to fulfill a projective mul-
tiplication law similar to the particle’s case. However, string amplitudes are described by
Riemannian surfaces and permit to encode interactions. It is therefore expected that the
constructed operators of stringy magnetic translations respect a richer algebraic structure. It
turns out that this algebraic structure is that of a twisted Drinfel’d quantum double of a finite
group algebra which is a braided quasi Hopf algebra.

CHAPTER FOUR: This chapter is devoted to a short survey of Hopf algebras. As a
mathematical interlude, it should be understood as providing the necessary mathematical
background in order to fully appreciate the structure that has been found to arise solely from
analyzing magnetic amplitudes together with some physical requirements, for example gauge
invariance. Basically, this chapter gives a list of some techniques and definitions appearing in
the context of Hopf algebras particularly suited for the understanding of the twisted quantum
double. The notations introduced here will be used in the succeeding chapter.

CHAPTER FIVE: The geometrical nature of string amplitudes allows for the description
of string interactions encoded by the topology of the associated Riemannian surfaces. To
begin with, the simplest interaction is analyzed which corresponds to a world-sheet with the
shape of a pair of pants. This gives rise to an additional algebraic structure, namely the
coproduct. Again it pops up solely by the asking for gauge invariance and the dynamical
invariance with respect to the group action. Making contact with the representation theory
of this Hopf algebra in the context of monoidal categories, one can translate the defining
features of the algebra to operations on string states. Quasi coassociativity leads to a non-
associative behavior of string disintegrations related by the Drinfel’d associator on the level
of amplitudes. Further, it is shown that the algebra generates the mapping class group of an
arbitrary surface by Dehn twists and a representation of the braid group. Finally, the antipode
and the counit take their role as trivial representation on vacuum states and reinterpretations
of propagators by orientation reversing operations on the boundary of the string world-sheet.
Discrete torsion turns out to be a Drinfel’d twist.

CHAPTER SIX closes with some concluding remarks.

This first part of the thesis to be presented bases upon a collaboration with Dr. Thomas
Krajewski from the Centre de Physique Théorique (CPT) in Marseille. A shorter version is
publicly available |7] and is going to be submitted to the Journal of High Energy Physics
(JHEP).



CHAPTER 2

A PARTICLE IN A MAGNETIC FIELD

The purpose of this chapter is the explicit construction of the magnetic amplitude of a particle
in a topologically non-trivial background magnetic field. This will serve as a preparation
for the case of a string, which turns out to have a much richer structure, caused by the
involved differential forms of higher degree. For the particle, we analyze the local data of a
complex Hermitian line bundle with connection which serves as the point of departure for the
construction of the operators of magnetic translations. The magnetic translations are derived
from the magnetic amplitude entering the path integral formula of the propagator.

§ 2.1 PATH INTEGRAL AND TOPOLOGY

In quantum mechanics, the transition amplitude for a physical system is governed by the uni-

Ht where H is the self adjoint Hamiltonian describing the dynamics

tary evolution operator e%
of the system. According to the standard path integral formulation, the transition amplitude
to find the system at a given (final) time ¢’ in the state |y,t') if it has been in the state |z, t)

at (initial) time ¢ is given by the kernel
Ky tiat) = [ [Dplr)] ef 5 o 115000, 2.)

where L(p,¢) is the Lagrangian and the (suitably normalized) integration measure [Dy] is
conventionally understood as the (infinite) summation over all possible paths with ¢(t) = =
and ¢(t') = y. (Note, that even for a free particle, L = %mgbz the exact calculation of the path
integral (2.1) is technically rather involved. Practically this is done by taking the discretized
version and solving the appearing Gauflian integrals. Difficulties enter mainly because, for
Gaufian integrals, one has to compute the determinant of the matrix in the quadratic term,
which becomes (in the limit) an infinite dimensional tri-diagonal matrix [8].) From now on,
let M denote the configuration space. The kernel K (y,t’;z,t) evolves a wave function ¥(x,t)
according to

U(y,t') = /Mdzn K(y,t';z,t) U(x,t) (2.2)

7
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and conservation of probability can be understood as the ’gluing’ of propagators

Ko )= [ dy Kt t) K.t 2.3)
M

with a fixed intermediate time t” > ¢/ > t.

Throughout this thesis, a path shall be denoted by a map ¢ : [a,b] — M from a fixed
interval [a,b] into the manifold M. Furthermore, the Fuclidean propagator will be worked
with, conveniently written as (h = 1)

K(y,z) = [Dy] eS¢, (2.4)

pla)=z
e(b)=y
with the measure [Dy] respecting the indicated boundary conditions of the map ¢. The
Euclidean action functional is represented by S[¢]. Most of the time, time parameters will be

omitted, but one should keep in mind the quantum mechanical causal meaning of a propagator.

The previous well known definitions are applicable only for topologically trivial configu-
ration spaces. There are interesting phenomena arising from configuration spaces which are
not so simple in the topological sense. Generally, these cases can be treated if one dares to
apply the concept of line bundles and geometric quantization (GQ) [1, 9, 10]. A possible
non-triviality of the underlying space translates into the non-triviality of the constructed line
bundle and as a characteristic feature, all objects including derivations, fields and operators
are well defined only locally. For example, wave functions are bundle valued, i.e. they are
sections over the corresponding bundle instead of being merely functions on M. Furthermore,
if elements of an action functional are defined only locally, it is hard to write down a transition
amplitude in the path integral formalism. In this case, K(y,x) can only be interpreted as a
map between the fibre at z and the fibre at y of the bundle |2], and as such it carries Cech
indices pertaining to the open sets used to cover x and y. This is particularly important
if the Lagrangian contains the coupling to a (possibly only locally defined) magnetic vector
potential, since one has to calculate the holonomy along the path to write down the action.
This is one of the main aspects to be considered in the sequel.

NON-SIMPLY CONNECTED SPACES

To give an example, depending on the topological structure of the space, one can understand
one of the first important results in geometric (pre-)quantization by path integral considera-
tions. The result is that in GQ, one finds inequivalent quantizations of the same theory which
are identified mathematically with inequivalent Hermitian complex line bundles. Those are
classified by flat line bundles representing elements of the cohomology group H*(M, U(1)).
The latter group may be viewed as that of characters of the fundamental group 7 (M) of M.
In one of the subsequent sections, this fact will be derived from the local data of a line bundle.

In a simple path integral approach, suppose M is multiply connected*. The set of all
paths between two arbitrary fixed points x,y € M can be reorganized into equivalence classes

*Simply connected: Every closed curve can be contracted to a point, H (M, U(1)) is trivial.
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of homotopic paths. It is this structure which is reflected by the first homotopy group. To
maintain the picture of the path integral, one is then tempted to carry it out separately in each
homotopy class. It was shown by Schulman [11], that if the fundamental group is not trivial,
the kernel K (y,t';z,t) can be decomposed into a complex-weighted sum of sub-amplitudes
K. (y,t';z,t) indexed by an element v € (M),

Kyt z,t) = x(7) Ky (y,t's2,t), (2.5)
yem (M)

with x(7) some complex weights. Each K, is given by (2.1) but with a measure [Dy], taking
only paths from the class labeled by ~. Then, (2.3) requires that the x(v) be phases [12],

XMx(Y) =x0"+7),  Ix() =1 (2.6)

In other words, x(7) must furnish a one-dimensional representation of the fundamental group
7m1(M). The problem is the ambiguity in the quantization process, since a priori, there are
infinitely many inequivalent one-dimensional representations of m1(M). For example, on a
2-torus T2 = S x S! the fundamental group is 71(T?2) = Z2, and x will map an element
n € Z?% to ¥ with 6 € [0,1] x [0,1] C R? being completely arbitrary.

This is a general result and always appears if the configuration space of a system is no
longer simply connected. Thus it turns out that the inequivalent quantizations are classified
by

Hom(m (M),U(1)) (=~ HY(M,U(1))), (2.7)

i.e. the set of unitary equivalence classes of one dimensional representations of the fundamental
group (or the equivalent classes of flat line bundles with connection). This structure is also
known as f-angles or vacuum-angles and lies at the origin of various physical phenomena like
statistics of identical particles, the Aharonov-Bohm effect or the QCD vacuum angle.

PERIODICITY CONDITIONS

Quantum mechanically, the complex ambiguity from (2.5) can be viewed as a choice for
boundary conditions of the wave function. For that, consider the simple example of the
quantization of a particle (m = 1) confined to S* (i.e. the circle). With the simple Hamiltonian
H= —g‘@g, one can directly calculate the kernel:

i

K(e1,t1500,t0) = (prle™ #1070 o0) =3 "W, (1) W} (o )e n Fn i =10), (2.8)

by insertion of a complete set of energy eigenstates, which are given by ¥,,(p) = \/%ei"‘p with

energy eigenvalues E,, = @ These eigenfunctions are periodic, i.e. ¥,,(0) = ¥,,(27). Using

Poisson resummation ), f(n) = >, f(k) with the Fourier transform f(k) = [ dne=2mink £(n),
one can directly perform the sum (2.8). The result is

l ((901 + 27Tk) — (:00)2 } ) (29)

K ; = om0
(1,15 0, to) Ek: x(k) 2mih(t, — to) P { 2h (t1 —to)
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With x(k) = 1, Vk, introduced for convenience, this is nothing but the sum over K ((¢1 +
27k), t1: 0o, o), i.e. K is exactly the solution of (2.1) for a free particle on R. The tilde
notation shall indicate that it is the free propagator on the universal covering space of S?,
that is, R. Clearly, this is a decomposition into homotopic equivalence classes of paths, since
for each k € Z, the end point (p1 + 27k) is shifted by an element of the fundamental group,
which is, for the circle, m1(S*) = Z. We can thus identify K, and v € 71 (M) in (2.5) with
K((p1 + 2mk), t1; 00, to) = Ky, and k € 7, (S1).

But what about the weights x(7) all equal to one? For that, simply recalculate the kernel
(2.8), but this time with gquasi-periodic boundary conditions for the energy eigenfunctions,
Le. ¥,(0)

Un(p) =
yields

K(tpl,tl; goo,to) = % Zexp {—i(n — 6’)((,01 — (po) — %(n — 0)2(t1 — to)} . (2.10)

e?™9 W, (21), where 6 is an arbitrary parameter. The appropriate states are

!("=0)¢ with energies B, = %z(n —6)2. Inserting this data into the sum in (2.8)

5
3

This sum is (after Poisson resummation) equal to (2.9) for x (k) = e*™% The quasi-periodicity
is an arbitrary parameter, since |¥,|? stays periodic. Nonetheless, different values of 6 cor-
respond to different energy spectra, i.e. different physics. The mathematical quantization
procedure itself is consistent in each case, but the experiment has to decide which version is
realized by nature.

INDISTINGUISHABLE PARTICLES

The configuration space can even be more abstract and generally needs not to be interpreted
as a real space where a particle is moving in. The path integral approach, however, stays
valid and there are more bizarre topological phenomena. For example, consider a system of
N indistinguishable identical particles moving on R?. The configuration space My will be
different from (R?)Y, since one should identify configurations which differ only by the order
of the particles. Furthermore, there are never 2 particles at the same place, so one has to
remove the diagonal. Generally, then, the configuration space is

My = ((RHN = A)/Sy, (2.11)
with
A= {(7*1, s ry) € (RYN |7 = rj whenever i # j} , (2.12)

where the quotient with respect to the permutation group > was taken as well. It turns out
that the fundamental group of My is given [13] by

Xy if d>3
m(My) = { Bz § d—o (2.13)

with By being the Artin braid group. Such considerations (which I will not follow here)
lead to anyonic behavior, for example the anyonic statistics of particles confined to a two-
dimensional surface in the quantum Hall regime. The braid group becomes important when
magnetic translations for strings will be analyzed.
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TOPOLOGICALLY NON TRIVIAL BACKGROUND FIELDS

The path integral formulation of the transition amplitude is very convenient if one is interested
in, say, a charged particle in a magnetic field B. In this case, the effect of a magnetic field is
to replace the integrand in (2.4) by

o Slel BOd, o=51el [, (2.14)

where A[p] shall be referred to as the magnetic amplitude. It contains the vector potential A
integrated along the chosen paths. As a consequence, a quantum mechanical particle moving
inside a magnetic field along a path ¢ from x to y picks up a phase

Alg] = eXp{% / A.d) (2.15)
©

which is nothing but the ’holonomy’ of A along .

However, there is a type of topological configurations that might pose quantization prob-
lems, namely background fields that are given only locally. A prominent example is a particle
moving in the field of Dirac’s magnetic monopole [14] which casts light on the fascinating
relationship between physics and geometry. Dirac ignored the divergence-free magnetic field
and thus one of Maxwell’s equations by assuming

V-B=oy#0 (2.16)

because he felt that such an object is worth thinking about anyway. His Gedankenexperiment
opened the door for differential geometry to enter physics. The problem is, even if there is a
well defined magnetic field everywhere on

M = R3\{0}, (2.17)

there is no globally non-singular vector potential such that B =V xA One says that B
is not globally ezact. The topology of the problem is that of a sphere S? with the monopole
located at the origin /(%) = 4wgd3(F), and calculating

/SQE-dgz/ng(:ﬁ) &7 = drg £ 0 (2.18)

as well as

/ B-dS= [ A.-di=0 (2.19)
S2 oS

leads to a contradiction. The solution is to choose at least two vector potentials fL and
A_ on different domains Uy and U_ covering the upper and lower hemisphere of S? with a
non-vanishing intersection Uy N U_. Since B =V x /_fi, both vector potentials must differ
on the intersection by a gauge transformation

—

A — A, =VA. (2.20)
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Without going into the computational details’, an appropriate choice would be in spherical
coordinates (r, ¢, 0)

A 1 07
4‘*‘ = rs??lse ¢€ on Uy (2.21)
A= - rs(igsﬂ ¢ on U
such that one can find A(¢) = —2g¢. Since a gauge transformation also involves the wave
functions, .
vo = exp{ oAby, (2.22)
c
consistency at the coordinates ¢ = 0 < ¢ = 27 leads to the quantization of the monopole
charge, i.e.
h
2el

The natural mathematical object is thus given by a manifold M which has to be covered
with open sets {U;}. For background fields, on each such open set U; there is defined a
vector potential A; and on every intersection U; NU;, the two vector potentials A; and A; are
related by a gauge transformation. This leads automatically to the concept of line bundles
with connection, where the transition functions play the role of gauge transformations and
the sections over the bundle represent the wave functions. All these geometrical relations will
be specified in more detail in one of the following sections. Dirac’s flux quantization can then
be understood as B (viewed as the curvature of the respective line bundle) belonging to a
certain cohomology group H2(M, 27Z).

In that case, the action functional S[yp] appearing in the path integral formula (2.4) must
be constructed from the local data of the line bundle, leading to the interpretation of the
propagator as a linear map between fibres.

AHARONOV-BOHM EFFECT

In 1959 the ’significance of electromagnetic potentials in quantum theory’ [15] was not so
clear as for us, for we already know that the experiments were quite successful. It is the
vector potential that becomes important because of (2.15), at least quantum mechanically.
In Aharonov’s and Bohm’s experiment the phase shift

AS = exp{;_l—ec 7{ A dz} (2.24)

appears even in the case B =0. The phase difference can be interpreted as a pure topological
phase. Indeed, the solenoid placed between the two slits removes a point from the configuration

space, thus changing the topology to
M = R?\{0} (2.25)

with the solenoid located at the origin. There are then (among all the others) two paths from
different homotopy classes: The path that passes the first slit, and the path that goes through

fThis example is the most basic one and appears in almost every textbook about topology and gauge fields.
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the second one. They cannot be deformed continuously into each other, because the electrons
are excluded from the point where the solenoid is located. Topologically, the vector potential
A is not globally exact, since this would mean the existence of a continuous and differentiable
function f € C°°(M) such that A = Vf which is not the case because otherwise AS would

be zero due to Stoke’s law.

§ 2.2 GLOBALLY EXACT MAGNETIC TRANSLATIONS

As a preparation for the derivation of magnetic translations in the topologically non-trivial
case, let us recall their appearance for a charged particle moving on the plane R? from quantum
mechanics. As the lattice group, we take G = Z2. The constant magnetic field shall point
perpendicularly to the plane, i.e. B = (0,0,B), and is of course invariant under lattice
translations. One can choose a magnetic potential in the symmetric gauge A= %E X X =
%(—By, Bz, 0) such that B =rot A. For such a system, the Hamilton operator is given by

0 ieB

y)? + (a—y - 2—71635)2 (2.26)

~ 1 e -
Hp=—(p—-A
L 2m(p c )

9 R [ 0 ieB
=——— |(=—+ —
2m |0z  2hc

and has the Landau levels as energy eigenstates. Because of the magnetic field, the usual

translation symmetry by a lattice vector § is broken, unless the group of translations is
replaced by the magnetic translation group (MTG) [16] whose elements T act as

(Ty)(F) = et B @D (i + g). (2.27)

These operators commute with the Hamiltonian and are the usual translations followed by a
gauge transformation of ¢ due to the additional phase. Let us give a name to that phase,

b5(T) 1= eahe B @9, (2.28)

The operators Ty, § € Z?, form a projective representation of translations [17| and generate an
algebra which is no longer commutative. Indeed, it is instructive to compare two successive

translations T T}, with the application of T§+H' There is a phase mismatch,

T; Ty, = evhe B(@<R) T.; (2.29)
which depends only on the lattice vectors ¢ and h. Let us give a name to that phase,
de B.(axh
Wg ;1= ene (Gxh), (2.30)

The phase Wa is called a 2-cocycle. This stems from the fact that the operators T; acting on
wave functions should form an associative algebra, i.e.

Ty (T; Tp) = (T3 T;) Ty, Vg.h.k € 2%, (2.31)
and an explicit computation yields a relation for the phase Wz i

WEE Wakek = YgR g i (2:32)
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Thus (2.32) defines what a 2-cocycle is. Physically, Wik represents the exponential of the

magnetic flux through the surface spanned by g and h. Notlce that Wy jp can be written as

wWii =3 05 (bg,0) " g (2.33)

for reasons that will concern us later. Here, the "pull-back’

g o(T) := ¢(Z + g) (2.34)
is introduced because w is constant and the #-dependence of ¢ has been dropped.

The operators Ty are considered to be a symmetry of the system (they commute with
the Hamiltonian) and should therefore commute with the propagator. This means that, in
principle, the information about the phase ¢ which accompanies the magnetic translations,
could be extracted from the path-integral’s magnetic amplitude. From equation (2.15), a path
@ from & to ¢ gives the amplitude

Alp] = et Jo A9 (2.35)

Al - §] = ete Jo 9" Ad7 (2.36)

where ¢ - ¢ stands for the path but shifted by the lattice vector g. For their ratio, one finds

A[QD . g] |: ie B( ):| |: ie B ( )i| o 1o
- - v — e2h e 2hc = (ZS—* X (Zs_. y s (237)
which corresponds to the phases that appear if one acts on the ’incoming’ ¥ (Z) and ’outgoing’
¥ (y) with magnetic translations.

The aim of the next sections is to derive these magnetic translations in cases, where
the fields are not globally exact. Although all this is in principle well known* some basic
facts about the local constructions |2]| have to be recalled. As we want to apply the path
integral method just used to derive the phases ¢z, we have to construct the action (at least
the magnetic part) from the local data of the associated line bundle. Magnetic fields and
vector potentials will be described by differential forms carrying their local index of the open
set U they are defined on. Let us start with some remarks about bundles. From now on,
m=e=c=h=1

§ 2.3 SOME REMARKS ABOUT BUNDLES AND SOME COHOMOLOGY

To start with, consider a quantum mechanical particle propagating on a manifold M in the
presence of a magnetic field B, which is a 2-form on M, denoted B € Q?(M). In general B
is not globally exact (B # dA). It is, however, closed, i.e. it is assumed that the Bianchi

#Well, in principle.



2.3 SOME REMARKS ABOUT BUNDLES AND SOME COHOMOLOGY 15

identity dB = 0 is fulfilled. Let {U;} denote a sufficiently fine open covering of M. For
technical reasons, it is assumed that {U;} is a contractible open cover, that is, every open set
as well as any non-empty finite multiple intersection of these is contractible to a point.

By Poincaré’s lemma, on each open chart U;, one finds B; = By, to be exact, i.e. 3A4; €
QY(U;) such that dA; = B;. For the consistent construction of a complex (Hermitian) line
bundle £ [18, 19], it is required to have well defined U(1)-valued transition functions f;;,
relating the connection 1-forms A; on double intersections U; NU;. The full local data of the
bundle with connection is then given by the defining equations

Bi = dAZ on uz
Aj —A; =idlog fij on u;Nu; (2.38)
fifrjfii=1 on U; NU; N U

where the last equation is equivalent to the statement, that the de Rham cohomology class
[B] belongs to H2(M, 27Z), which is due to the de Rham isomorphism between Cech- and de-
Rham cohomology [20]. For differential forms, HP(M) denotes the p'" de Rham cohomology
group, which is the space of equivalence classes of closed real p-forms € QP(M), with two
forms regarded as equivalent if they differ by an exact form. Analogously, Cech g-cocycles
are elements in HY(M, G({U;})), where G({U;}) denotes the sheaf C*°(M,U(1)) or QP(M)
subordinate to the open covering {U;}.

The transition functions f;; = fjfl relate sections defined locally by complex valued func-

tions 1; on twofold overlappings, i.e. 1; = fi;90; on U; N U;. The de Rham differential d
together with the 1-forms A; define a connection with globally defined curvature B. Here,
V; = d —i4;, which is the covariant derivative that results from the minimal coupling pre-
scription. Generally, a connection V is an operator that assigns a 1-form with values in £ to
each section,

V:I(M, L) — DM, L)@ Q' (M) (2.39)

such that V(fvy) = (df)y + fV for any f € C°°(M). Furthermore, the transition functions

‘glue’ together the local pieces, i.e.

fii(VY); = fi(d—14;) ¢
= fi(d—14; + fi; dfij)e
= (d—1i4;)Y;
= (V)i (2.40)
Asin GQ), the sections are interpreted as the quantum mechanical wave functions building up

the Hilbert space of states of the system. For that, L must be equipped with an Hermitian
pairing (compatible with the connection in the usual sense [1]) defining a scalar product.

INTEGRABILITY AND CLASSIFICATION

Complex line bundles with connection (£, V) are classified by their first Chern class [19], which
is an element of H?(M,27Z). Indeed, their very existence requires the integrality condition



16 A PARTICLE IN A MAGNETIC FIELD

to be valid for the curvature, i.e. [B] € H*(M,27Z). To understand why this is related to
the third relation of (2.38), write the transition functions as f;; = ™. For the real-valued
functions wu;j, it is necessary to fulfill z;;, := w;, + ugj +uj; € 20Z. Thus, there is an integral
Cech 2-cocycle Zijk, since (SZ)ijkl = Zjkl — Zikl + 251 — Zige = 0 on U, NU; N U N Tt s
this Cech 2-cocycle whose class is in H?(M,2rZ) (with coefficients in the sheaf of constant
functions) and coincides by de Rham’s isomorphism with the class defined by [B]. The Cech
coboundary operator 0 is taken to be the standard one, and will be given explicitly in the

sequel when we start calculations.

More down-to-earth, all this means that the integral of B over any closed 2-dimensional
submanifold must be an integral multiple of 27. This is nothing but Dirac’s quantization of
the magnetic monopole charge. By Stoke’s theorem, the holonomy for any closed curve v in
M with respect to V is equal to the integral of B over a surface ¥ with 0¥ = v. Since one
can choose any such surface, the integral over a closed surface must? [21] be a multiple of 27.
For trivial bundles, if B is globally exact, the integrality condition is always true.

Apart from the usual gauge ambiguity, which replaces A; by A; +1i dlogm;, the transition
functions f;; by ni_lfijnj and the sections v); by ’I’]i_l?/)i, there is an ambiguity in the definition
of the transition functions f;; themselves. One can replace f;; by fi; - ¢;j, where ¢;; are
constants such that ¢;; = cj_i1 and c¢;icjcj; = 1, while the potentials are left unchanged. The
net effect is that one obtains another bundle with connection (L', V') which has the same
curvature. A bundle with constant transition functions has a vanishing curvature and the
replacement f;; — fi; - ¢;; is equivalent to tensoring (L,V) with a flat line bundle (F,Vg),
since L ®J has transition functions f;;-c;; while the potentials are added. Conversely, taking
any two bundles with connection and identical curvature, their difference (in the sense of
tensoring the first with the dual of the second) will yield a flat line bundle. Up to constant
gauge transformations, this degree of freedom lies exactly in the constant Cech-1-cocycle Cij
which gives a classification of flat line bundles by elements in H! (M, U(1)). Cohomologically,
this can be understood by the short exact sequence of sheaves [1]

exp

0—-21Z—-R=>U(1)—0 (2.41)
which induces a long exact sequence of cohomology groups
0 — HY(M,27Z) — H'(M,R) — H'(M, U (1)) > H*(M, 27Z) — H* (M, R) — ...  (2.42)

showing that two topologically equivalent flat line bundles (having the same Chern class in
the image of the connecting morphism ¢) may have inequivalent connections labeled by an
element in H'(M,U(1)). Note, that if the space under consideration is simply connected,
HY(M,U(1)) = 0, the choice of a line bundle is unique up to equivalence. Here we meet the
same classification as in the last section, since the topology dependence can be made clear by
the isomorphism (2.7)

HY(M,U(1)) ~ Hom(m; (M), U(1)), (2.43)

$Take a sphere, paint a closed curve. The flux is the surface integral enclosed by the curve. Which surface
to take? There are two, the one inside and the one outside (which is in fact on a sphere also inside but with
opposite orientation!) There is only one topological possibility: Both results must agree.
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with 71(M) the fundamental group, but the reasoning lies only with the bundle itself. The
result is the same, a non-trivial topology 71 (M) # 0 will lead to the existence of nonequivalent
line bundles, which have the same curvature but nonequivalent connections.

§ 2.4 LOCAL CONSTRUCTION OF THE MAGNETIC AMPLITUDE

If everything is only locally defined, the evolution of the wave function (2.2) requires the use
of a partition of unity. In short, a partition of unity is defined to be a family of differentiable
functions p;(z), € M such that

i) 0<pi(x) <
i7) ( )zOlfxgéu (2.44)
iit) pl( )+ p2(x) + ... = 1for any z € M

where it is assumed that M is paracompact¥. Under this assumption, (2.2) reads in terms of
the complex functions 1; defining the sections,

Z/df’fﬂz Kji(y, ©) di(). (2.45)

The kernel Kj;(y, z) is now equipped with the indices of the open sets pertaining to the points
x and y and is computed according to (2.4) and (2.14)

Ky, / o= S 4] (2.46)

n (2.46), the magnetic amplitude is the only element that carries the local indices, as S[y]
only involves the kinetic term and does not require the use of the local potentials A; and f;;.

The holonomy of the connection along the chosen trajectory contained in Aj;[p] is con-
structed using the techniques introduced in [2|. Recall that a path in M is the map ¢ from
a fixed interval ¢ into M. Split the interval into segments s;, 7 = 1,...,n — 1, and vertices v;,
j =1,..,n, such that p(s;) C Ua, and ¢(v;) € Ug, for a suitable assignment of open sets.
Of course, this assignment is ambiguous, but the result should not depend on this choice.
Since the vertices v; bound the single segments, the holonomy can be calculated segment by
segment. Every time, when there is a change of the chart, the transition functions are used
to switch the potential according to A; — A; = id log f;; from the second equation in (2.38).
It is obvious that the solution must be of the form

Ap o] = exp{i ) / o Aot I @ fal;(;’f (v;). (2.47)

$;CL s;Cl

v;€0s;
Here, ¢* indicates the pull-back, i.e. ¢*f = fogp, and €(i, j) takes the values 41 if s; is arriving
at the corresponding vertex v;, and —1 otherwise. The precise procedure can be recovered
from figure 2.1. For notational reasons and generality, rename the open sets Ug, = U; and

YThe open cover {U;} is such that every point z € M is covered with a finite number of U,.
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Figure 2.1: A path is split into segments and vertices.

Ug, = U; such that (2.47) becomes Ag, 3, [¢] = Aji[p] as in (2.46). Besides, the image under
¢ of the initial and the final vertex will be denoted by x = ¢(v1), y = ¢(v,) respectively.

Changing the triangulation of £ and/or assigning different open sets, the amplitude (2.47)
is completely invariant, up to the covering chosen at the end points. Indeed, changing U; — U
and U; — U;, the amplitude becomes

Aikle] = fij(y) Ajile] fir(x). (2.48)

For example, consider the configuration of figure 2.1. From formula (2.47) one obtains the magnetic
amplitude

Axlel = e lil [ ¢ Ao+ [ ot [ 0 A0))

X fani(®) )5, (p(02)) (2.49)
X faspa(p(02)) fra, (0(03))

X fasps (p(v3)) f(;g,lj (y)-

Using the cocycle condition for the transition functions fu,;fik = fa,r at the vertex x and fo.;fj =

fasl at y, one easily verifies equation (2.48).

Under any intermediate change of an open set Ug, — Uﬁ{_, it is also invariant, since the
B;’s are only used to switch a; — ;1. For a change U, — Ua;, there is a contribution from
the respective integral over A,,, which transforms accordingly Aa; = A,, +idlog faia;. One
has thus a difference of exp f&' dlog fo,a; = faiag(gp(le))f_l,((p(vi)), which is cancelled by

o

the corresponding terms stemming from the lower part of (2.49).

(GAUGE INVARIANCE

It is interesting to analyze the behavior of the magnetic amplitude under gauge transforma-
tions. Under such a transformation, A}, = A, 41 dlog 7q,, g&lﬂj =1} faup; 13, the ratio
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of the corresponding magnetic amplitudes is, following (2.47)

Y

—G(i,j)

A .
JZ[(’D] _ exp{iz i dlogna,} H <Zﬁ> (p(v)))

AJZ[(’D] Sin HO(S") SiCZ Qi
v; €0s;
=TI %) = @) m) (2.50)
s;Cl
v; €055

which is absorbed by the transformation of the wave functions v, = n; '¢; and P = nj_le,
as usual. In our context, we use a gauge transformation as an equivalence relation between
bundles with connection, in the sense that all objects A;, f;; and 1); are transformed at the
same time, i.e.

A; — A;+idlogn;

fig = ' figmg (2.51)

i = o Y
for some U(1)-valued function n;. Since we shall always work with the given local data
(Ai, fij; i), gauge invariance/transformations (probably the most important physical princi-
ple) will build up a basic guideline for consistency throughout a great number of calculations
to be done. As a consequence there will be important observations justified purely by gauge
invariance.

Once written down, the explicit expression of the magnetic amplitude always follows the
same pattern and should be thought of exactly how it appears in (2.47). However, in our
setting it will turn out to be very convenient to use a powerful abbreviation, which will be
defined later within Deligne cohomology [2, 20]. For the moment, let us write the magnetic
amplitude (2.47) for a path ¢ joining z = ¢(v1) to y = ¢(v,) symbolically as

Ajli] = [17A] (2.52)
J

where the use of a triangulation is self-understood and it only depends on the open sets U;

and U; used to cover the endpoints. Using this notation, gauge transformations act as

A ) [HEA] ). (2:53)

Jt
The crucial bold letter A stands for both the 1-form potential A; as well as the transition
function f;;. Bold letters will be defined in more detail in chapter 3.

§ 2.5 PROJECTIVE GROUP ACTION ON PARTICLE STATES

As pointed out in section 2.2, we are interested in the magnetic translation operators realizing
the symmetry of the physical system under consideration. In our case the symmetry is given
by a discrete group G and the magnetic translation operators shall lift this symmetry to the
quantum states, i.e. the sections of the underlying line bundle. In our setup, a classical
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symmetry would be diffeomorphisms of M that leave the field strength B invariant. As we
have already seen in section 2.2, a classical symmetry does not a prior: give rise to a symmetry
of the quantized theory due to the anomaly introduced by the 2-cocycle. In the local picture,
the basic obstruction is that any diffeomorphism Q of M is not liftable to an isomorphism 9
of the bundle L, in the sense that the pull-back bundle g*L may not, in general, be isomorphic
to L.

However, if H! (M, U(1)) is trivial, the pull-back bundle is isomorphic to £ and Q preserves
the Hermitian structure and the connection. The lift is then defined only up to multiplication
by elements of U(1) which gives rise to the projective representation of the symmetry group
we already encountered for globally exact MTG.

Recall that a projective representation of a group respects the multiplication only modulo
complex numbers. If p is a representation of the group G, then o(g)o(h) is only proportional
to o(gh), i.e. o(9)o(h) = wgpn o(gh). The map w : G x G — U(1) satisfies the cocycle
property wp kg nk = Wgh kWgh, V9, h,k € G, which ensures the associativity of the product.
From the cohomological side of view, w defines a group cohomology class in H2(G,U(1)). It
is sometimes called the twist of the projective representation.

To start, consider a discrete group G, acting on M from the right. We choose a right
action of the group on the manifold M, i.e. (z-g)-h = z - (gh) for any z € M and g,h € G,
so that we have a standard left action of G by pull-back on differential forms. The pull-back
action is defined for functions as ¢*f(z) = f(x-g) and more generally for differential forms
by ng*w = ng w for any n-form w and n-dimensional submanifold N C M. The pull-back
action is also compatible with the de Rham differential in the sense that d(¢*w) = ¢*(dw).
These properties of the pull-back action of G are essential in the following computations.

As already stated above the magnetic field B is considered to be invariant under the group
action, which translates into the equation ¢g*B = B for any g € G. We aim at finding the
operators Ty that lift the action of G' to the wave functions of the particle in such a way that
the dynamics remains invariant. We assume that the action S[p] is genuinely invariant, i.e.
that S[p-g] = S[p] for any path ¢ and g € G.

To implement the group action on the locally defined gauge fields, it is convenient to work
with a good invariant cover {U;} of M by open sets U; that are stable by G and which are
disjoint unions of contractible open sets. Acting with G on a section defined by v; on U;,
one finds that g*v; is a section of the pull-back bundle ¢g*L. The latter is defined by the
transition functions g* f;; and is equipped with the pull-back connection given by the forms
g*A;. Because B is invariant under G, the two connections have the same curvature B. If
HY(M,U(1)) is trivial, which is the case for simply connected M, the bundles £ and g*L are

isomorphic as bundles with connections, so that there exists a function ¢g,; such that

{ g*A; —A; = idlogdy; on U, (2.54)

g fij (fi)) ™" = g (¢g;0)™" on UiNU;.

The U(1)-valued function ¢g.; realizes the isomorphism since it takes a section of £ to a section
of g*L as ¥; — (dg.;) '¢; and transforms the local fields in the right way. Note, that the
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explicit construction of ¢4.; can be performed using Cech cohomology: One solves the first
equation in (2.54), then the triviality of the cohomology group H*(M, U(1)) shows that there
is a common solution to both equations, unique up to a multiplicative constant.

Using this isomorphism, one can define the unitary operators T, : 'H — H locally by

(qu/})i - (ng;ig*wia (2.55)

which should be compared to eq. (2.27). The only difference is that the wave functions as
well as the function ¢g,; carry a local index 7 of an open set U;. Indeed, this is the geometrical
explication for the phase ¢z in equation (2.28): It is the isomorphism between the pull-back
bundle g*L and the original one L.

As is easy to check, (T,1); also defines a section of L,

(Ty)i = ¢gi9 (fijhy) = (bgni g f” bgii fij 97U;
¢g§.7 fl.?

= [ij (Tyv);, (2.56)

and T}, is composed out of two operations: First, it takes the pull-back of ¢) which is a section

of ¢*L and then the inverse of the previous isomorphism is used to come back to a section of
L.

Thus the map g — Tj provides a lift to the quantum setting of the classical symmetry
group G. By construction, these operators commute with the connection V,

Ty(Vp)i = Ty(d—idy)yy
= ¢gi(g i —ig" (Aithi))
Ggi(d —ig"As) g™ehi
bg;i(d + ¢;3d¢g;i —14i) 9"
(d—i4;)¢g:i9" i
= Vi(Tgv)i. (2.57)
so that they also commute with the Hamiltonian which is constructed out of V. This was the
point of departure in paragraph 2.2. The commutativity of T, with the connection therefore
ensures that the T, commute with the dynamics of the system, i.e. they should be deriv-

able from the commutation with the propagator and its magnetic amplitude. This ’second’
derivation will be performed after analyzing the appearance of the cocycle.

As mentioned (and expected), in quantum mechanics, g — T, only provides a projective
representation of G, and the twist can be computed by comparing

(Tg(Thw))i = (ﬁg;i g*(Thw)i
= bgi 9" Onsi (gh) i (2.58)
(Tyn)i = Pgnii(gh) i (2.59)

so that one finds
TgTh = Wg,h Tgha (2.60)
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where i}
Wy p = M (2.61)
@ghi
The last equation should be compared to (2.33). Again, w is constant,
idlogwyp, = idlogg*¢n,; +idlog g —idlog dgp.i
= gh'A —g A+ g A — A — (gh)" A + 4
- 0 (2.62)
and does not depend on the open set U; used to compute it:
9 Onibgi G OniCeibghii 9 Pniibei _ 9 fij fig (9h)" fij G Onide
Pghsi G Onijgiibghsi Pghij g*h* fi; 9* fij fij Pghsj
Pghsj ’

where the second equation of (2.54) was used. Of course, it fulfills the cocycle identity

Wh,k Wy hk = Wgh,k Wq h (2.64)

which ensures the associativity of the product of three operators, (T,73,)1 = T4(TyT}). The
special combination of ¢g4.; in (2.61) thus fulfills all necessary conditions to provide a projective
representation with w defining an element in the group cohomology class H2(G, U(1)). Notice
that although the form of w by equation (2.61) might suggest that it is exact, it is not. This
would have been the case if ¢ were a constant instead of a function. As operators acting on
the particle’s Hilbert space H, the operators Tj; generate an algebra which is denoted by KG¥.
When the action is free (i.e. there is no fixed point), KG* is nothing but the twisted group
algebra of G defined by the 2-cocycle w.

T, is not unique since one can always multiply ¢4.; by a constant 4. This changes the
cocycle w by a group coboundary,
Qg0lp

Woh = WohT =T (2.65)
g

which corresponds to an equivalent projective representation. Two projective representations
are said to be equivalent, if the 2-cocycles define the same cohomology class, i.e. they differ by
a group coboundary, which has the effect of multiplying each T, by a factor oy not changing
the algebraic structure.

We come now to the derivation of the magnetic translations T from the path integral
(as we already did at the end of section 2.2). For that, it is used that the operators T are
expected to be symmetries of the theory, which means that they commute with propagation.
In short, this most important principle is

T,K = KT,. (2.66)
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Though this follows (2.57) from the commutation of 7, with V, it is instructive to derive
this in the path integral framework. To this aim, let us express the commutation relation
TyK = KT, using the local forms of T, and K given in (2.55) and (2.45). Starting with );,
the local expression for KT, reads

(KT, =3 [ e 0i@) Kitw.2) 64:4(0) wia-g), (2.67)
whereas T4 K1) yields

(TgKif))j = (259] /d$,0@ yz y g,z )sz(l‘)

- Z/dfﬂﬂz ) ¢g;5(y) Kji(y-g,2-9) vi(x-g). (2.68)

To obtain this equality, one has to perform a change of variables x — x-g, assuming that the
measure (usually associated to the Riemannian metric involved in the kinetic term) and the

partition of unity are G-invariant.

Accordingly, the commutation of Ty and K follows if

Kji(y-g,2-9) = b,53(y) Kji(y, ) dg.i(2). (2.69)

Using (2.46), the propagator Kj;(y-g,-g) is expressed as a path integral

Kji(y-g,2-9) = / (D] e A4(¢]. (2.70)
¢’ (a)=z-g
¢’ (b)=y-g

Then, we substitute ¢’ = -g, assuming that the measure and the kinetic term S[y] of the

total action are genuinely invariant under G,

Kji(y-g.2-9) = / D] =S A1), (2.71)

pla)=z
p(b)=y

Then, (2.69) follows immediately from the transformation law of the magnetic amplitude,

Ajile-g] = &,.5(y) Ajile] dg.il). (2.72)

This last relation is easily checked using (2.54) and the definition of the magnetic amplitude
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(2.47) which gives explicitly for the ratio,

_E(imj)

Ajilp-g] . . 9" fais, '
B e [ gt - 1 (L22) o)

et sce N Jai;
v;€0s;
@g'ﬁ' _E(imj)
= exp{iz idlog ¢g.a, } H (—J> (p(vy))
5iCL p(si) 5iCL @g;ai
”Ujeasi
(i ¢ 3, _E(ivj)
= I a9 (52 @)
$;CL gicu
v; €0s;
= 0y5(Y) bgi() (2.73)

with our convention that the open set that covers the initial point x is Ug, = U; and the one
covering y is Ug, = U;.

We arrived at the result pointed out when the ratio of the globally exact versions was
computed (2.37). And again, alternatively, one could have directly determined the phase ¢g.;
by comparing the magnetic amplitude of ¢ and ¢-g. Then, ¢,.; is defined such that (2.72)
holds. This provides the phase that must accompany the pull-back action in the definition of
T, in such a way that it commutes with the propagator. The physical requirement, namely
the commutation of the translation operators with the propagator, will influence the line of
thought that will be adopted for a string in succeeding chapters. Besides, it turns out that
this method is versatile enough to also encompass processes involving string interactions.
But before going to interactions, there is a single string to handle which turns out to be very
interesting. We have to generalize the local gauge fields to a "higher dimensional’ version, since
the string is a 'higher dimensional’ geometrical object. The mathematical object handling the
local data of the fields is now called a gerbel to be defined in the next chapter. For a brief
idea of gerbes, see |3, 22.

IOxford English Dictionary: Gerbe. 1698 |-Fr. gerbe wheat-sheaf] 1. A wheat-sheaf 1808. 2. Something
resembling a sheaf of wheat: esp. a kind of firework.



CHAPTER 3

MAGNETIC TRANSLATIONS FOR STRINGS

"Never calculate without first knowing the answer.” — J. Wheeler

In this chapter, a generalization of the previous construction for bosonic strings in the presence
of a Kalb-Ramond (KR) field strength H on M is presented. This construction is inspired by
the application of orbifolds M/G to string theory and the KR field is taken to be invariant
under the orbifold group G. In analogy with the case of the particle in a B-field, the stringy
magnetic translations are defined as the operators T, that realize the action of g € G on
the twisted sectors which are strings of winding w. The idea makes use of the fact that the
general form of these operators follows again from their commutation with string propagation

T(Z:OZEDT (3.1)

as was the case for the particle, Ty K = KT,. Since in string theory, a simple cylinder should

along cylinders,

be thought of as the higher dimensional generalization of a particle world-line. It is assumed
that one can find a similar algebraic structure for the stringy magnetic translations, i.e. a
projective multiplication law.

However, because string interactions are by essence geometrical, the algebra generated
by these operators is also expected to admit a much richer structure than in the case of a
particle. Indeed, the action of Tj” on two string states is constrained by its commutation with
processes involving pairs of pants*, which provides the algebra with an additional structure,
called coproduct A,

T - AT. (3.2)

As a result, the stringy magnetic translations turn out to generate a quasi-quantum group
D¥(KG), first introduced by R. Dijkgraaf, V. Pasquier and P. Roche [23] in the context of

Y

*This is indeed the correct mathematical expression.

25
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orbifold conformal field theory (CFT). The algebraic structure of D¥(KG) is that of a twisted
Drinfel’d quantum double, to be explained in chapter 4. For the moment, let us ignore the
knowledge of any algebraic structure and naively start to analyze a propagating string.

§ 3.1 STRING ACTION AND CFT

As previously stated, describing a propagating string in space time is by its nature more
complicated than the propagation of a particle. A string is a one-dimensional object, thus it
will be described by a world-sheet instead of a world-line. A closed string for example traces
out a tube in space-time, while an open string traces out a strip. Formally, one distinguishes an
abstract 'world-sheet’ from its image in space-time, sometimes confusingly called world-sheet,
as well. To avoid this confusion, we shall adopt the notation that X is the image in space time
of an abstract world-sheet S. The abstract world-sheet S is an area in parametrization space
spanned by two coordinates (o, 7), where o indicates the string direction and 7 describes the
propagation in time. The surface X in space-time M is then described by a map (the field)

0:S — M. (3.3)

One should think of ¢(S) = 3 as the embedded surface in M representing the history of a
string, in the same way as a world-line represents the path of a particle.

Fields mapping a surface S to a target manifold M, both equipped with metric structures,
are described by two-dimensional sigma models [24]. Such field configurations represent the
evolution of a string, and the basic action functional of a classical bosonic string then reads
[24, 25]

1
Sle) =~ o [ 70 T 1 D (3.4
S

4o/

with o the string tension, 7, is the Minkowski metric of the target space, and 7, the
metric on S. Here, a, f € {1,2} indicate the 7- and o-directions, respectively. The action
(3.4) is essentially the Nambu-Goto action, which can be seen by variation with respect to
v and then rewriting 7 in terms of the ’induced’” metric hog = On"0p" M. For the
record, the important features of (3.4) are its symmetries: Apart from Lorentz/Poincaré-
invariance, it is invariant under world-sheet reparametrizations. Writing ¢! = o and €2 =
7, this is due to the transformation behavior of the measure of the Nambu-Goto action
~ [d¢lde?/—h. The latter is invariant under a reparametrization (51(51752)752(51752))
since the Jacobi-determinants are inverse of each other, yielding d¢'d¢é?v/—h = detde? \/—_fz
= 62“("77)7aﬁ. In
the quantum setting, two-dimensional field theories exhibiting conformal invariance (CFT)

The second important symmetry is its conformal invariance, v,3 — 7&6

are the adequate formulation for the two-dimensional string world sheets. This is particularly
important for string interactions, where the perturbation expansion is built by considering
two-dimensional conformal theories on surfaces of arbitrary topology. In this thesis, CFT is
not what is targeted. However, we will make use of some general axiomatic ingredients which
are most important, because of the application of a 'path integral’ analogue. This does not
exceed some basic axioms from |26].
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Recall that, for the particle, the emphasis was placed on the algebraic structure of the
operators T, arising exclusively from the topological (magnetic) term. To mimic this proce-
dure, let us analyze the coupling of a string to a 'magnetic’ term, and after the extraction of
the basic objects (which turn out to be differential forms) focus on the structure that arises
solely from those. Since a string exhibits a supplementary dimension, the coupling to a back-
ground field, say, some type of magnetic field, will also involve objects of higher degree. In
consequence, the Maxwell field A, appearing in the action of a particle coupled to this field is
replaced by a higher dimensional one, the "Kalb-Ramond’ field originally introduced in [27] as
an antisymmetric two tensor By, , not to be confused with the magnetic field of the previous
section (dA = B). Now, By, must be understood as a potential whose derivative leads to a
3-form field, usually denoted H = dB, or in local coordinates

H;w)\ = 8uBV)\ + 81/B)\u + 8,\BW. (3.5)

It is the field strength H,,\ which plays the role of the magnetic field in the particle’s case,
B, = 0,A, — 0,A,, and which is now a 3-form instead of a 2-form.

As a generalization to the free action (3.4), the coupling of a string to background fields
is described by the o-model action [28]

L / P /7 { (177G (X) +1¢7 B, (X)) 0, X40;X° + o/ ®R}, (36)
dra! Js

S =

where G, is the metric of the target space, ® is the dilaton and B, is the Kalb-Ramond
potential. The dilaton is a scalar field, which couples to the world-sheet metric through
its Ricci scalar’. Such an action is reparametrization invariant and the kinetic term stays
invariant under Weyl rescaling. However, the conformal symmetry cannot be maintained in
the quantum theory, unless the target space fields G, H and ® obey some equations of motion
reminiscent of Einstein’s equations at the lowest order in o/ [28]. Although the KB field must
be chosen such that conformal invariance is satisfied, we restrict ourselves to the analysis of
this magnetic term, conveniently written as

A= exp{i/EB}. (3.7)

Since it does not use the metric on §, it is often called a topological term. In our context, it
is this term (3.7) generating the interesting structure, the constants are ignored with no loss
of generality. In analogy with the holonomy in the particle’s case, the KR-term (3.7) is now
the integral over B along the surface ¥ = ¢(S).

To construct an orbifold string theory, some care is needed when dealing with the Kalb-
Ramond field. Indeed, whereas the field strength H is invariant, this is not necessarily so
for its potential 2-form B, exactly as was the case for the particle coupled to the potential
1-form A. Analogously, the relation H = dB may only hold locally on M, so that one has to
cover M by patches U; and work with locally defined potentials B;. Recall that for a bundle,

TThe dilaton is introduced on the quantum level due to the requirement of renormalization.
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two locally given potentials A; and A; have to be related by the transition functions f;; on a
two-fold overlapping U; N'U;. For the KR-field, the posed question is how to relate two fields
B; and Bj. Since B;/; are 2-forms, they will have to be related by the exterior derivative of a
1-form B;;. But then, the 1-forms B;;, Bj;, and By; will also have to be related on three-fold
overlappings U; N U; N Uy by 0-forms f;;x, just to glue everything together smoothly. Indeed,
such a construction exist and this is what makes the local data of a 1-gerbe [22, 2, 29, 30].

Therefore, in order to handle all these fields and, additionally, their transformation laws
under G, it is convenient to introduce a special mathematical object, called tricomplex, com-
bining de Rham, Cech and group cohomologies. Starting with H, one obtains a sequence
of locally defined fields by solving cohomological equations. As for the particle, the locally
defined potentials (and the derived relations between them) are the basic ingredients entering
the construction of the magnetic amplitudes for the twisted sectors. The latter are the phases
describing the coupling of a string to the Kalb-Ramond field, i.e. (3.7) but constructed locally,
and have to be inserted into the world-sheet path integral like the magnetic amplitude Aj;
had to be inserted into the path integral of the particle (2.14).

§ 3.2 TRICOMPLEX

As stated above, to construct all required relations that are necessary to define a consistent
group action on a string wave function and the fields, we will make use of a tricomplex. To
locally construct magnetic amplitudes, the required objects to work with are de Rham forms
and Cech cochains. All these objects mix up due to the group action, so it seems natural to
try to group them together as single elements with the required coboundary operators. For
example, recall the first appearance of the bold potential A = (4;, f;;) in equation (2.52). This
tuple contains the 1-form A; which is a Cech 0-cochain as well as the transition functions fij
as a O-form with two Cech indices, i.e. a Cech 1-cochain. There is indeed systematics behind
it. In the string’s case, the interesting objects are the 2-forms B;, 1-forms B;; and functions
(0-forms) f;jx coming as 0-,1- and 2-Cech cochains. From the group action (2.54), one can
read off the relations between the pulled-back fields g*A; and g¢* f;; and their untranslated
pendants. This leads to the isomorphism ¢g.; relating the line bundle £ with its pull-back. As
a calibrating example, let us produce these equations with the help of the systematic method
of the tricomplex. Once done, apply it to the higher degree case of the fields B;, B;; and f;;
and look what comes out.

To begin with, assume that M has been covered with a good invariant cover {U;}. Define
the tricomplex by cochains ¢, 4 ,, which are de Rham forms of degree p, defined on (¢+1)-fold
intersections U;, N---NU;, and which are functions of r group indices. For convenience, these
cochains are real-valued for p > 1 and U(1)-valued in the case p = 0. This convention comes

" will

with a little complication, namely, the additive notation for p > 0 using '+’ and '—
switch to multiplication and the inverse in the case p = 0. Having the de Rham differential
d in the p-direction, this means that for p = 0, we take idlog. Besides, elements ¢, ,, are

completely antisymmetric in their indices labelling the open sets involved in the intersection,
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where for p = 0 the antisymmetry involves the inverse instead of the opposite. The directions
of the corresponding coboundaries are chosen as in figure 3.1.

Figure 3.1: Directions of the coboundaries.

It is then straight forward to define the other two coboundary operators. In the g-direction,
the Cech coboundary ¢ is defined as

q
(5C)i07"'7iq = Z(_]‘)kcio,...,ik,...,iq (38)

0

where 4, means that the index i), has been omitted. As a simple example consider low values

of ¢,
(SC)U = ¢ —¢ on U; NU;,
(5C)ijk = Cjk — Cik t+ Cij on U;N u]' N U (3.9)
(0C)ijii = Cjrt — Ciwl + ciji — cijr. on U N U; N U N Uy

The first equation is a measure of how far is ¢; from a global object whereas the other ones
compare objects defined on multiple intersections. Note, that for U(1)-valued cochains, the
additive notation is replaced by the multiplication. For example, recall that the transition
functions f;; of a line bundle (2.38) are Cech 1-cocycles which means nothing but (0 f)jx = 1.

Finally, in the r-direction, the group coboundary operator [31]

T
% k
(6€)go,..ngr = 90Cq1,..gr + Z(_l) CgosensGh—1Gkrgr T (_1)T+lcgo,---,gr71a (3.10)
k=1

defines group cohomology. The group action is by pull-back, i.e. ¢g* is the pull-back action on
forms. Again, as an example for low values of r,

(6c)g = g'e—c (3.11)
(6c)gn = g cn —cgn+cq, (3.12)
(0C)ghk = gChk — Cghk + Conk — Cqh- (3.13)

The first equation quantifies the lack of invariance of ¢ under the action of g. The other
equations appear in physics in the definition of representations up to a phase [32|. Indeed, if
we represent the group G on some functions by Ty1(x) = pgy () (2g), the multiplication law of
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G is fulfilled iff p satisfies (3.12). This is nothing but (2.61) for the U(1)-valued ¢4;; and w. The
third equation enters into the definition of projective representations: TyT}), = wy nTy, defines
an associative multiplication law iff w obeys (3.13). Because most of the multiplication laws
encountered in physics involve the operator multiplication, a failure of associativity seldom
occurs. This is nothing but (2.64), i.e. wyp is a group 2-cocycle. Let us also note that we
have defined the group coboundary § for differential forms on which G acts by pull-back but
the same definition is valid for an arbitrary representation of G. Further note that the three
differentials d, § and 6 commute. Recently, a similar construction including group cohomology
has been introduced [33] concerning the lift of an orientifold group action on the B-fields.

The construction of the tricomplex T, ; arises directly from the Cech-de Rham bicomplex
given for any fixed value of r,
Trs= B cpar (3.14)
ptg=s
where the Cech-de Rham sector is equipped with the Deligne differential [2, 20]

D:Tps — Trott (3.15)
leaving the group index r untouched. It acts as
(De)p,gr = (—=1)*dep—1,4r + (—1)q_150p,q—1,r (3.16)

for (¢p.gr)r, p+q=s & component of an element C in T, ;. We define de,—1 4, (resp. Scp7q_17r)
as 0 when p = 0 (resp. ¢ = 0). Obviously, D squares to 0 and commutes with the group
coboundary §, which makes it into a total tricomplex. Up to multiplication by a global sign
on T, the Cech-de Rham sub bicomplex is identical to the one presented in [2|, so that it
follows that they share the same cohomology. In particular, it follows |2] that in degree one,
the cohomology of the Cech-de Rham complex is given by HY(M, U(1)) and in degree two by
H2(M, U(1)).

Again in simple words: A general T, s-cochain C' is an element carrying r group indices,
Cy, ...g,- This element is further decomposed into (s+1) Cech/de Rham cochain components,
of which the first is a de Rham s-form being a Cech O-cochain at the same time. For the
following components the de Rham degree decreases and the Cech degree increases. The last
component of C'is a de Rham 0-form which is a Cech s-cochain at the same time. The r-index
is the same for every component. As an example take the element C € T 2. One can write
out the components to be

T172 5C := (Cg;i y Cgiij » Cg;ijk)' (3.17)
The Deligne differential acts on each component according to (3.16):

J132DC = (dcg;i , ch;i —degiij _ch;ij +degaijk +5cg;,~jk). (3.18)

Note that for U(1)-valued components the additive notation must be changed to the mul-
tiplicative notation. As a convention, total cochains € T, will always be printed as bold

letters, unless it is a Greek capital® or a constant.

#This convention is chosen because bold Greek capitals lead to unnaturally high fluctuations of the grey-
value distribution of a printed page, i.e. for aesthetical reasons.
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1-FORM GAUGE POTENTIALS

With all these fancy definitions, let us try to reconstruct the defining equations of the line
bundle encountered in equation (2.38). With

B = (B;,0,1) € To2

3.19
A = (A, fij) € Toa, (3.19)

where A; are the locally defined connection one forms and f;; the U(1)-valued transition
functions, formula (2.38) is obtained by setting DA = B:

DA = D(A;, fij) = (d4; , (64;);; —idlog fi; , —(0fij)ijn)
= (dA;, A; — A, —idlog fi; , fix fix! fif)
LB — (B0, 1) (3.20)

Note the possibly confusing® but exact notation in expressions like (wa)”k 4 is the Cech
coboundary operator and creates an additional index. The two indices ¢j are different from
the three indices ijk after the application of . This was omitted in (3.18) for clarity and will
be omitted in future computations. If a coboundary is applied, it is the result, that carries
the indices.

Assuming that H'(M, U(1)) is trivial, the degree one cohomology of the Cech-de Rham
complex is also trivial, and one can make a very convenient observation, namely, since the
magnetic field strength B is invariant under the group action, 0B = ¢*B — B = 0, and §
commutes with D,

SDA = DSA =0 =3 € Ty | D = 0A, (3.21)

or in words, dA is exact with respect to D. Writing out the group indices,
DO, =g"A — A, (3.22)
one recovers exactly the relations (2.54), with ® = (¢g;;), because

D® = D (dg;) = (idlog gii ; ¢y ¢;z1)

! " " _
ZOA = (Ai— A, g i 1Y), (3.23)
We also define
Tg,o Sw=00 (3.24)
that fulfills
Dw = DId = §DP = §2A = 0. (3.25)

It shows that w is constant and globally defined (&u = 0). By definition, w also satisfies
dw = 0 so that it is a group 2-cocycle. Of course it is nothing but w5 from (2.61).

If the degree one cohomology of the Cech-de Rham bicomplex is not trivial, then there is
an obstruction to solving DdA = 0, which corresponds to the fact that a line bundle and its

$In principle it is less confusing, but there are more indices to worry about.
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pull-back by g are not necessarily isomorphic. Here, we are working in the simply connected
case.

Finally, the gauge ambiguity in this setting is described by an element 1 € Tg o acting on
the potential as
A A+D
{ —oATEn (3.26)

® — dina

which can be written out with n = (n;)

Ai — AZ + idlogm,
fii = fini ' - (3.27)
bgii — bgii g ni(mi)~* Qg

As an additional ambiguity, note that the constant group l-cochain a4 changes w,; by a
coboundary, since w = 6® and (dar)gp, = ozg_hlozg which corresponds to what we encountered
in (2.65).

We can now understand the [...];; notation of the magnetic amplitude (2.52). The notation
encodes (up to a sign) the formal analogy between cochains of the Cech-de Rham bicomplex
and ordinary differential forms. Gauge transformations (3.26) read

A [ A = )] [FA] @) (3.28)

ji ji

with [n(z)]; = ng4,:(z). The action of g € G on the amplitude reads
_ sy
— [0, ()] [elfx A]

Ajilp-g) = [0 774 j (4 (2)]; (3.29)

7t Ji
with [®4(z)], = ¢g;i(x). An element € T, s enclosed by a pair of square brackets has several
components which are evaluated at the Cech indices attached, [..];,. 4,. Let us carry over all

this to higher forms.

2-FORM GAUGE POTENTIALS AND THEIR INVARIANCE

The formalism just developed is of course very well suited to be applied to the higher dimen-
sional case of the local data of a I-gerbe. (In particular, because the equations are rather
compact, it is harder to lose sight even if applied to n-gerbes). We have seen that the KR
gauge potential is a 2-form and the field strength a 3-form. To start with, let H be the Kalb-
Ramond 3-form such that its de Rham cohomology class belongs to H3(M, 27Z). This class
is also called Dixmier-Douady-class |20] and can be considered as the ’higher dimensional’
version of the Chern class for line bundles. Under these assumptions one can find locally
defined forms of lower degree such that

HZ' = dBZ' on ui
Bj - B, = de'j on U;N u]‘ (3-30)
Bjk — B, + Bij = idlog fijk on U;N u]‘ N Up ’
Fir(fi) i (i)™ = 1 on U NU; NUL N
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where all forms are antisymmetric in their indices. This set of equations is the analogue of
the local data defining a line bundle with connection, (2.38). The mathematical profoundness
of the underlying equations and their geometrical meaning in terms of gerbes or even 'bundle
gerbes’ [34, 35] will not be used. We simply adapt the techniques introduced for the particle
to the case where there is a 3-form background field instead of a 2-form and solely work with
the local representation of the fields. As a generic term, all these local fields will be referred
to as 'the B-fields’.

Given H, 'the B-fields’ are not unique. One can gauge transform them as

Bij — Bz‘j +Aj —A; —idlogmj, (331)
fie = Figk i mikmi;s
while preserving (3.30). Note that the gauge transformation now involves real 1-forms A; and

U(1)-valued functions n;;. Besides, there is a gauge transformation of the gauge transforma-

tion since

{Ai — A +idlogé;, (3:2)

nij — i & (&)
has no effect on the B-fields. For the sake of brevity, the latter shall be called residual gauge

transformations.

To write these equations using the Cech-de Rham bicomplex, let us define elements in Trs
and mimic the method applied for the bundle,

H= (HZ',O,O, 1) S 70,3

B = (B, Bij, fijr) € Toz (3.33)
The equations (3.30) are then equivalent to the very compact equation
DB =H (3.34)
as can be recovered using the definition of D (3.16)
DB = D(Bi, By, fiji)
= (dB;, (0By)ij —dByj , —(0Bij)ijk +1d1og fiji , (0fijk)ijki)
LH = (H,0,0,1) (3.35)

and the application of the Cech coboundary.
Again, the invariance of H under the group action, i.e. (H=¢*H—-H =0, and DB = H

implies

JDB = D6B =0 — 3A € T,; | DA = B (3.36)

because the relevant cohomology is assumed to be trivial |2]. By the same token and because
52 =0,
’B =6DA =DSA =0 — 3P € Tog | DD = A, (3.37)
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such that the group action is completely encoded by

DA = /B,
D = JA, . (3.38)
w = 0P

Here, w = 0® is a constant and globally defined element € T3, since
Dw = DD = §DP = §2A = 0. (3.39)
Further, it is a group 3-cocycle, because of
bw =620 = 0. (3.40)

The 3-cocycle will play an important role, since it is an essential ingredient of the algebraic
structure we are interested in. However, on this stage of its derivation, this cannot be recog-
nized yet.

For the defining equations of the group action (3.38), one can write out the group indices

leading to
DA, = ¢'B-B
D, = ¢*Ap— Ay, + A, . (3.41)
wont = G Cnr(Pgni) Py nr(Pgn)

The first equation means that A, is a gauge transformation from B to g*B. Then,
(gh)*B can be obtained from B either by Ag,, or by Ay + g*Aj,. Therefore, the two gauge
transformations must be related by a residual gauge transformation ®, ;. This is encoded in
the second equation. The last equation arises from the two ways of combining two residual
gauge transformations from Agp, to Ag + h*Ay + (gh)*Ay. Indeed, one can use either

® P
Agni —25 Ay + 5" Ape T Ay + g* Ay + (gh)* Ay, (3.42)
or
Pyhk * Py,n * *
Ay —= Agr + (gh)" A, —= Ay + g"Ap + (gh)" Ay (3.43)

Since the two combinations of residual gauge transformations have the same action on Agp,
they differ by a constant which is wy p, 1.

In figure 3.2, vertices correspond to B-fields, arrows to gauge transformations A, faces
to residual gauge transformations ®, 5 and wy 1 to the tetrahedron obtained by gluing the
two couples of triangles corresponding to (3.42) and (3.43).

The next logical step is to write down all Cech-indices. In accordance with their definition,

A= (Ag;iafg§ij) €T1,1

s 3.44
Q= (pgn:i) € T2p (3.44)
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—ég— Agh g Ay
B g*B
A,
a) b) c)

Figure 3.2: Geometric illustration for group cochains.

such that one obtains

dAg;i = g*Bz — Bz
Ag.j — Agi —idlog fo.i5 = g"Bij — Bij
(Fgrit) ™ forin(Foig) ™! 9* fije(fije) ™ ' (3.45)
idlog ¢y n. i G Api — Agnii + Agyi
¢g7h;j(¢g7h;i)_l = g*fh; ij(fgh;ij)_lfg;ij

( Wohk = G Oni(Ogn i) Dgnk:i(Dgnii)

These are the equations derived by E. Sharpe in his analysis of discrete torsion [36], at the
notable exception of the 3-cocycle w. As we have seen, the triviality of w cannot be obtained
solely on the grounds of the invariance of H. However, it is an essential consistency condition
in order to build a honest orbifold theory. We come back to this point in chapter 5. For the
moment, just note that the 3-cocycle wgp 1 (for the particle it was the 2-cocycle wy ;) arises
naturally from the construction using the tricomplex.

To complete all possible gauge transformations, they can be written in a compact way

B — B+ DA s Ae T(),l
A - A+iA+DO | @ETL() (3.46)
P — PO« , Q& T270 ’ -
w — woia , weT3p
such that with the explicit version of the gauge fields
A= (Aimij) € Toa (3.47)
© = (04:4) € T10
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one recovers (3.31) plus additional transformations of the other fields

B;; — B+ Aj —A; —idlog Nij
fige = ige (i)~ i (mig) ™! (3.48)
Agi — AgitgAi— A +idlogly; '
foii = fgij 0ij(0ig) ™ 0g5(0g56)
Gghii — Dghsi g*eh;i(egh;i)_leg;i

In this context, the residual gauge transformations read
A—A+DE , &£=(&)€ Toos (3.49)

which reproduces (3.32).

The precise construction can be recovered from figure 3.3 by following the step-like path
indicated by the arrows towards the §/r-axis. The presented general method constructs

®=0D
@ DDO=6A
© A DA=35B
; T
H —

d A B H=DB
Figure 3.3: De Rham/Cech/group tricomplex for the derivation of B, A, ® and w.

the local field transformations under the group action. For the bundle (2.38), these relations
assured that the pull-back bundle is isomorphic to the original bundle, yielding the phase that
accompanies the operators of magnetic translations. For a group invariant 3-form H with all
its local components gathered into H, and the corresponding potential forms gathered into B,
the relations assure the pull-back gerbe to be stably isomorphic to the original one [29]. The
group action introduces two fields, A, and @, 5, and a group 3-cocycle wy p, 1 € T30 which is
constant and globally defined. Apart from that, there are gauge transformations induced by
A € Tp1 and © € Ty as well as gauge transformations of the gauge transformation induced
by an element & € T .

It it now clear how to proceed to define stringy magnetic translations: Construct the ana-
logue of the particle’s magnetic amplitude for a string and compare the translated amplitude
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with the original one. From the ratio, read off the phase that must accompany the magnetic
translation operators. For the following computation, all field relations derived here will be
of striking importance. The magnetic amplitude should be invariant under gauge transforma-
tions and locally appearing re-triangulations up to boundary terms that are absorbed by the
string states, completely analogous to the particle case. The string magnetic amplitude will

be constructed in the next section.

M-THEORY

To show the generality of the introduced methods, let us apply the tricomplex to the local data of a
2-gerbe [37, 38]. The local data is given by a background 4-form and the corresponding potential being
a 3-form. The tricomplex method is so general that it could be applied to any degree. In M-Theory,
the equations are obtained from a set of fields

C = (G, Cij, Ciji, fijrr) € To.3, (3.50)

standing for the locally defined 3-form potentials C; and all lower degree forms needed to glue them
on non trivial intersections. The globally defined closed 4-form field strength G = (G;,0,0,0,1) € Tg 4
together with all defining equations is obtained by

DC =G, (3.51)
or written explicitly with Cech indices
Gi = dCYZ on ul
Oj — Ol = dCYZ on ul n uj‘
Cij+Cjk +Cri = dCijk on U; NU; NUg . (3.52)
Cjri — Cigg + Ciji — Cijre = idlog fijm on W NU; N UL N
(Firtm) ™Y fikim (figim) ™ fijiom (i)™ = 1 on U; NU; N Uk NU; N Uy,

We are then introducing the additional fields needed to define the group action on that 2-gerbe. These
are clearly B € 712, A € T and ® € T3, such that the group action is finally given by

DB = 46C

DA = /4B

DD — A (3.53)
w = 6P

These equations are very convenient to read off the gauge degrees of freedom. The gauge ambiguities
take the form

C — C+ODY . T eTos
B — B+dT+DA , AeTiy
A — A+IiA+DO | @672)0 s (354)
d — PO« s 0467370
w — wox , w€Tup

where we included the ambiguity due to the group 3-cochain «, which is a 3-cocycle if one requires that
w remains unchanged, and can be identified with the M-theory analogue of discrete torsion [37, 38].

INot necessary but interesting
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Additionally, there are now three levels of residual gauge transformations, namely

T

T + D= , =€ ‘3'071
= E+Dnp , neToo - (3.55)
A —- A =+ ‘DC R C S Tl,O

—
—

Let’s start to write out the group indices for the group action. One obtains

DPB, = g C-C
DAyn = g'Bp—By, + By (3.56)
DOynk = g Ank—Agh +Agnk —Agn
Wonkt = 9 Cnki(Pgnk) ™ Py (Lgnk) " Py, k-
We are now going to display all Cech indices. Note, that the fields are written explicitly as
B = (By;i, Bg;ijs fo:0n),
A= (Agﬁh;iv fg,h;ij); (357)
¢ = (d)g,h,k;i)-
From (3.56) we have
dBg: = g'Ci—C;
Bg,j = Bg;i —dBg;i; = g*Cij — Cy;
By ik + Bg;kj + Bg; ji +1dlog fgije = 9" Ciji — Ciji
Foant Fawa Josiat Fggne = 9" Figma(Figra) ™"
dAgvh§'i = g*Bh;i - th;i + Bg;i (358)

Aghij — Aghyi —1d10g fg ns i 9" Bh;ij — Bgh;ij + Bg;ij
(fq,h;jk)_lfmh; ik(fg,h; ij)_l 9" [hsijk (fgh;ijk)_lfq;ijk
idlog ¢g nk;i 9 Ankyi — Aghk i + Ag ks i — Agonsi

Gank; i (Pank:i) " = G fnksig(Fonbsig) ™ Fonk:is(Fgnig) ™"

These equations are equivalent to the ones presented in [37].

§ 3.3 STRING PROPAGATION AND STATES

As for a particle, a closed string propagating on M in a background 3-form H can be described
in the functional integral approach by the insertion of a magnetic amplitude. More precisely,
the string propagator K can be derived in perturbation theory from CFT asll [26]

K(Y:X) = / Dy e S Ag], (3.59)
p(08)=X*UY

where ¢ is the map ('path’) from the corresponding two dimensional surface S into the
manifold M, where the boundary values coincide with the string initial and final positions
X and Y in analogy to the particle propagator and the map ¢ : [a,b] — M with p(a) = =
and ¢(b) = y fixed. The * stands for the different orientations with respect to the incoming

and outgoing string, since the strings have a winding. In general, X and Y may both have

ITo be more precise one has to further integrate over the moduli and sum over the genera of S
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several connected components and the topology of S encodes all the possible interactions. For
example, Y may be a disjoint union of several outgoing strings if there is a decomposition
during the propagation process encoded by the topology of S. In this thesis, we confine
ourselves to the simplest topologies for S: a cylinder (free string propagation) and later a pair
of pants (tree level decay of a string).

Besides, K(Y; X) fulfills a set of axioms which essentially state that two processes corre-
sponding to two world-sheets S and S’ can be sewn end-to-end [26], if their boundaries allow
for it. K provides the evolution of the string wave function according to

U(X) — (V) = /[DX] K(Y; X)¥(X), (3.60)

where the ’string wave functions’ ¥ and ¥’ are now functionals of the string’s embedding X
in space-time. The magnetic amplitude A[p] encodes the couplings to the potentials of the
external H-field and defines, together with S[p] a conformally invariant field theory on S. In
comparison to the magnetic amplitude of the particle, A[p] holds the topological KR term
(3.7). The kinetic term for the propagating string (the free action (3.4)) is denoted by S[¢]
in (3.59).

The definition of a string’s configuration X used here is intimately connected with the
posed problem of the orbifold construction. For that, it is again assumed that a finite discrete
group G acts on M and leaves the background field H as well as the kinetic action S[y]
invariant, g*H — H = 0, S[p-g] = S[¢], Vg € G. We aim at constructing magnetic amplitudes
for some open strings in M that will define closed strings on the orbifold M/G. These states
are called twisted sectors, and are defined to be strings that close up to an element of the
group G. More precisely, the configuration space €, of strings with winding w is defined by

Cw={Xuw: [0,21] =M such that X, (27) = X,,(0) - w}. (3.61)

For w = 1¢g, it corresponds to closed strings and one can glue together the endpoints of
the segment to recover the circle S'. In the general case, it is convenient to view strings
in G, as defined on a pointed circle, with boundary value differing by w, or equivalently,
as strings defined on the universal cover R of S! fulfilling the quasi periodicity condition
Xw(o +2nm) = Xy(o) - w". In order to make the illustrations easier, the first point of view
shall be adopted.

§ 3.4 STRING MAGNETIC AMPLITUDE

The simplest amplitude corresponds to a single free string of winding w propagating between
an initial configuration X, and a final one Y,,. The magnetic amplitude is constructed using a
slight modification of the techniques introduced in [2], in order to deal with the twisted sectors.
Such an amplitude is associated to a map ¢ from a cut cylinder S, to M, that interpolates
between X, and Y,, such that its boundary values along the cut differ by w. Hence, the cut
cylinder S, replaces the interval £ known from the particle’s case, and to locally reconstruct
(3.7), it has to be triangulated analogously to the choice of segments and vertices needed for
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E—

Figure 3.4: The cut of a cylinder.

£. This time, the triangulation includes 2-simplices as well, since we deal with an object with
dimension raised by one. The procedure is therefore to pick a triangulation of the cylinder S,
by 2-simplices denoted by ¢;, 1-simplices (the former segments) s; and vertices vy, such that
o(ci) C Ua,;, p(sj) C Ug, and @(vg) € Uy, . Note that cutting the cylinder in the twisted
sector’s sense does not spoil the validity of such a triangulation, since the open cover {U;} is
chosen to be group invariant. The procedure of ’cutting’ is graphically represented in figure
3.4. Starting from S, it is cut (S — S.) and triangulated as indicated by the subset of little
triangles. Everything is then mapped to M depicted as the incoming circle from x to xw that
propagates to its final position at y to yw. Note that the winding is an invariant and the
propagation process is represented by the actual size of the circles. It should be regarded as if
one looks through a cylinder which is located in front of ones eye, like a monocular telescope.
This is a standard way of visualization also applied in CFT.

To realize a gauge invariant magnetic amplitude for twisted sectors, one has to include
an additional term into (3.7). This is triggered by the possible gauge B — B + dA, with
A a 1-form. Due to the cut, this produces a contribution to the amplitude which cannot
be absorbed by the gauged wave function; only boundary terms at X,, or Y,, are allowed
to remain. Thus, gauge invariance requires an additional term integrated along the cut to
cancel the term stemming from B — B + dA. The field to be integrated has already been
constructed, it is A,, from the tricomplex construction (3.45) for a string with winding w. If
everything were globally defined, its relation to B would be d4,, = w*B—B. Since Ay, € T1 1,
it has to be integrated using a triangulation. The intersections of the cut with the triangles
provide this triangulation by segments S;» and by vertices v}.. Collecting all together leads to
the definition of the amplitude

mm]:wwijﬁwwwwE:/wm@}Hw%$MW
c; Y€ Si

Ci,Sj Ci,S35,Vk
Sjcaci Sjcaci
v €0S;
: * x p—€(5.k) /1
< el [ ot Aug) [T ¢ £ 00 (3.62)
s; 55 s’ up,
v}ceas;-

The first line is identical to the contribution of closed strings in [2]. Here one can see
the individual roles played by the local components of the total form B = (B, Byj, fijk)
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introduced in the previous section. The locally given 2-form B; is integrated along the 2-
simplices ¢; in (3.62). The corresponding local version is given by the open set associated to
the 2-simplex; in our case, it is denoted by U,,, which leads to an integral over B,,. In order to
consistently 'switch’” between triangles, one has to integrate the 1-form components B;; along
the bounding segments s; C dc;, where the open sets are given by the associated Uy, of the
2-simplex itself and the one associated to the chosen bounding segment, whose open sets are
denoted by Ug;. This leads to the integral over By, ;. Analogously to switching between the
line segments using the transition functions f;; in the particle’s amplitude, the U(1)-valued
functions f;j play a similar role in equation (3.62). Namely, the line integrals over B, p; along
the boundaries dc; meet the triangle vertices vy, each one being an element of the associated
open set U, . In passing from one segment to another, there comes a factor f;%?k (p(vr)),
where € encodes the orientation of the current boundary segment in the sense that v, inherits
the orientation depending on whether v, € 0s; is the vertex where the segments starts or
ends. As an analogue to the line bundle (2.38), equation (3.30) gives the necessary conditions
in order to give a procedure of how switching between the open sets for all involved forms.

The second line is formally identical to the magnetic amplitude for a particle (2.47), with
the difference, that the functions fy, ;; are not the transition functions of a line bundle because
of equation (3.45). Note the slight abuse of notation. The cylinder is first cut and then
triangulated, such that the segments and vertices of the cut are induced by the boundaries
and vertices of the little triangles that touch the cut. Because of the invariance of the open
cover with respect to the group action, the two triangulations on the upper and lower lip of
the cut coincide. Thus the total form A, = (Ay.4, fu;ij) introduced in (3.44) and (3.45) is
integrated along the induced segments, using exactly the same convention as for the holonomy
of the particle path.

HOMOTOPIC CHANGE OF THE CUT

The full amplitude (3.62) is constructed to be invariant under a change of the triangulation or
assignment of open sets. It is further invariant under homotopic changes of the cut. As long
as the endpoints on the bounding circles are fixed, this is due to the use of a good invariant
cover. Suppose the cut changes as indicated in figure 3.5. This leads to a new surface in

Figure 3.5: Homotopy under the change of the cut.

the target space, that coincides with the original one up to some region X”. To see this,
separate the cylinder world-sheet into two pieces, S, = ZNS” compatible with some chosen
triangulation. Imagine the two regions Z and 8” to be separated by the new cut ¢’. Denote
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the restrictions of ¢ on the corresponding pieces by ¢(Z) := A, ¢(S”) := X" respectively.
Accordingly, the world-sheet S, takes the form ¥ = A NY” in target space. Then, the image
of the new world-sheet Sy corresponding to the new cut ¢ equals the Z-part, p(Z) = A,
whereas the region 8" of the gap between the two different cuts appears in M lifted by the
winding, i.e. as the surface w*¥”. To obtain this result, note that due to the invariance of
the open cover, ¢ can be extended to the universal cover of the cylinder, using a periodic
triangulation. Then, depending on the domain, §” is mapped to M modulo elements w" € G,
n € Z. The surface X" and its shifted version by the winding is illustrated in figure 3.6 and

a) b)
Figure 3.6: The shaded area is shifted by w.

corresponds to the shaded area. To make contact with the action of the group G on the fields,
suppose B = B and A,, = A, were globally defined, with dA,, = w*B — B according to
(3.45). Then the amplitude (3.62) could be trivially written as

Alp] = e o BH )y Av (3.63)

where 7 is the path along the image of the cut, v = ¢(c). For two different cuts ¢ and ¢ but
with the same endpoints, apply the previous considerations, yielding two amplitudes A4 and
A’ with the ratio

A/A’ — Jsn B—w*B+i [ Ay—i [, Aw

ol Jor (mdAw)+ [osn Aw _ 1 (3.64)

because of Stoke’s law.

DIFFEOMORPHISM INVARIANCE

Besides, the amplitude is invariant under diffeomorphisms of the cylinder that are connected
to the identity and reduce to the identity on the boundary. Such diffeomorphisms are simply
a change of the triangulation followed by a change of variables in the associated integrals, as
well as a smooth deformation of the cut. This is not true if we consider large diffeomorphisms
because the latter induce a non homotopic change of the cut. We shall come back to this
point in chapter 5.

§ 3.5 TRANSITION FUNCTIONS

From figure 3.4 one can learn that a triangulation of S, such that p(c;) C Ua,, ¢(s5) C Ug, and
¢(v) € Uy, induces a triangulation on the boundary circles. These induced triangulations
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shall serve to define an open cover of the string’s configuration space C,. In analogy to the
particle we would like to interpret the string wave functions as sections of a line bundle over
Cw. For that, one has to define the open sets U; used to cover the string space. Afterwards
one needs transition functions Gy that allow to glue together the local data, exactly like
in the case for the line bundle of the particle. Recall that, for the particle, the magnetic
amplitude (2.47) depends on the open sets pertaining to the end points of the path and the
propagator is interpreted as a map from the fiber at the initial position x to the fibre at y
acting on wave functions being sections of this bundle. Something similar happens for strings.
I and J are indices that label a covering of C,, by open sets Uy and the string wave functions
are sections of a bundle over C,. The dependence of the magnetic amplitude for the string
(3.62) on the induced triangulations I and J is thus not very surprising. This is why in (3.62)
it was written with the two indices, A 7[d].

Suppose, there are two triangulations of the cut circle, I and J, or equivalently, periodic
triangulations of the real line. The triangulation I is defined by segments s and vertices v,
such that X (s) C Uy, and X (v) € Ug,. The triangulation J is defined by s’ and v’ such that
X(s') € Uy, and X (v') € Ug . For notational reasons, the numbering index of segments
and vertices is omitted, because a condensed notation permits to write down the transition

functions more clearly. Motivated by [2], the open sets U; can be defined to be
Ur={X e, suchthat X(s)CU, and X(v)e Ug,} (3.65)

and varying over all triangulations and assignments, these open sets cover C,. Consider now
a non-empty intersection U; NU; defined by segments 5 := s N s’ and associated vertices .
As an important definition, set as = o and o = o,. For o set

gﬁ{ﬂv i es 7512:{@:" T (3.66)

Og S Qg v ES

ST

Then, the transition functions Gy are defined as

)
. * X*faga%a’g(v) % p—1
Grj(X) =exp {1;/§X Bam;} H (W) x X fw%ﬁvoﬁéo (0) (3.67)

,5|5€05

with vg being the vertex of the cut and €(v) takes values —1 if v is the first vertex of s, and
+1 if ¥ is the second. Here, the order is given by the intrinsic order of the single segments 5.
With these conventions, it is possible to prove

Grx(X) =Grj(X) Gk (X) (3.68)

for X eU;NUyNUg.

For example, consider a configuration of 3 intersecting triangulations building up four segments,
l_l, ...,l_4. This means that I is covered by I; and Iy + I + Iy with vertices vg, v1 and vy - w. The
intersection J is covered by Iy + 15 and I3 + I, with bounding vertices vy, v2 and vy - w. According to



44 MAGNETIC TRANSLATIONS FOR STRINGS

this, K has 1 + ls + I3 and 14 with vertices vg, v3 and vy - w. Compute Grs, Gjx and Grx to see
what terms are involved:

Gry = exp{i [ X*Bagay +1 | X*Ba,op +i [ X*Balai}X*f;_lﬁUB, (3.69)
1 l2 13414 o
-1 -1 -1
<fﬁoﬁg,ag> <fﬁlagag,> (fﬁ1ﬁ(’,a6) <falﬁ;ag) (fa16{a§> (fﬁoﬁgag)
fﬁoaoa{, vo fﬁlaoa{, v fﬁlala{, . falala{, vg foqalo/l vg fﬁoala’l vo-w
Gixg = exp{i X*Ba{,a{,"‘l‘i X*Ba’la{,"i'i/ X*Baﬁai’}X*fu_ylﬁ’ﬁ” (370)
Z1+Z2 Z3 Z4 rere
—1 -1 -1
(fﬁaﬁa'az;> (fﬁ;az;az;) (fﬁ;az;az;) (fa;ﬁa'aa') (fam;'aa'> (fﬁaﬁ(;a;')
Tosena /oo \Mreay /o, \iaray /,, \Matatay /o \Saqarar /, \Tsgatar /0
Grx = exp{i | X*Bagay +1 [ X*Bala;ﬁ—i/i X*Bayay} X* Fodyoon (3.71)
1 la+13 la

(fﬁoﬁgaf;) (fmgag)_l(fmgag) (falﬁi’as/)_l<fmﬁi/a’1’> (fﬁoﬁé{a/{)_l
Fooaoaty ) oy \Sra0ag /y \Srarag /oy \Masanay /g \Sararay /o, \fooasat /.0y
where the notation (-),, means X*(-)(v;). The integrals over the 1-forms B;; can be eliminated using
the third relation of equation (3.30), i.e. B;; + Bjr + Br; = idlog fijx. The other terms can be
rearranged using the cocycle condition fjklfi;llfiﬂfi;,i = 1 and from (3.45) recall w* fi;x(fiju)"" =
fuwiik fwskj fwiji- All together, one finds after writing down over ~ 40 terms and a long and tedious

calculation that % = 1, which is the required condition for the transition functions.

Accordingly, a line bundle can be constructed on €, using these transition functions. The
string wave functions are sections of this bundle, defined locally in the chart U; by a complex
valued function Wj that fulfills ¥; = Gr;¥; on overlapping charts. We denote by H,, the
space of sections of the line bundle over €.

The magnetic amplitude (3.62) only depends on the fields A € T;; and B € Ty 2, on the
surface X swept out by the string in M and on the triangulations and assignments I and J
pertaining to X and Y. Because the expression (3.62) is rather cumbersome to work with,
we abbreviate it as we did for the particle

Astle] = [eifE B+i [} Aw] (3.72)

Jr’

where z = X(0) and y = Y (0). However, there are some computations that follow in the
explicit version of formula (3.72). Recall that B = (B, Byj, fijx) and Ay = (Awi, fuwsij)
contain all fields such that the choice of the notation in (3.72) exactly reproduces (3.62).
In words, it really means that one has to cut the cylinder, triangulate it and compute the
amplitude as in (3.62). For topologically trivial fields, B and A, can be identified with de
Rham forms B and A, and (3.72) can be taken literally as the integrals of B over ¥ and of
A,, over the cut joining x to y. The same argument holds for the locally constructed particle
magnetic amplitude. Here, the contributions of B and A, cannot be separated, only their
combination is consistent.
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From this construction, the dependence of the magnetic amplitude (3.62) on the covering
and assignments pertaining to the endpoints is readily expressed using the transition functions.
If one trades I and J for K and L, a simple argumentation shows that

[ei JsB+i[Y Aw]

— Gy [eiszHfé’Aw] Grx, (3.73)

LK JI

which is in agreement with its interpretation as an holonomy in the line bundle, in analogy
with the particle’s case, compare to (2.48). Since the transition I — K and J — L changes
the triangulation on the boundary, this transition comes together with a reassignment of the
‘inner’ triangulation of Aj; which is compatible with the new induced K and L. Because
A g is triangulation-invariant (up to the triangulation on the boundary), (3.73) describes the
right procedure of such a re-triangulation including the boundary terms.

§ 3.6 GAUGE TRANSFORMATIONS

As a warm up for the derivation of stringy magnetic translations, consider now a gauge
transformation (3.46) given by A = (A;,7;;) and ©,, = (0y,;) acting on the fields as in
(3.48). Explicitly, there are many fields involved in such transformations. For the magnetic

amplitude, it induces the following change:

Asile] = [eifEB—HfzyAw] o Aylg] = [ i [ (B+DA)+i [V (Aw+uw*A— A+®@w)]ﬂ' (3.74)

Upon expressing everything using the triangulations and the explicit form of the gauge trans-
formations (3.48), there are cancellations occurring simplex by simplex in such a way that
only boundary terms remain. One can safely dare to write down the explicit ratio

/
¥
ALH = exp{IZ/ ©*Aq, }exp{i Z / (Mg, — Aoy} H gpnazgj 375)
JI[SO] CiySj CiySj
5;C0c; 5;C0c;
x T 05 memnas, )0 < exp(iy / (wihy —Ag)} (3.76)
Cis85,Vk sV es5)
5;C0c;
v, €05
776/ _E(J7k)
* o
< ey, < 11 ¢ ( Tt 0, »,;ﬁwlﬁ) (vi) (3.77)
53 s Ve
U;EBS’»
= expii Z /(,0 Ag,} eXp{lZ/ , w*Aﬁg _Aﬁg} (3.78)
5;COc; 3 SO(SJ’)
' w*ngl_—\/ _E(J7k)
< T M)~ U ew) ] (7” 9w;~,,;) (p(v).  (3.79)
CiyS5,Vk s ! 776;72
SjCBci /]7ak/
v €Ds; U €05
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The last expression has an amazing abbreviation in terms of the compact notation introduced
in (3.72). It reads

! w
2]~ foutare ' [erl e ™). a0

While all ’inner’ integrals along triangles cancel, the contribution of A along the cut cancels
with the lateral boundary of the world-sheet 3. Only the integrals of A along the incoming
and outcoming string remain, where the open sets Ug, are the ones defining the covers I,
J respectively. The third term in line (3.75) is canceled by the 7,,5,-part of the first term
in row (3.76). Elements of the form 7),,, vanish, because they cancel separately for each
triangle. The ng,,,’s together with the integrals over A thus generate a factor [e_ifzxw A]I
and [¢’ T M with A = (Ai,mij) € To.1, where [---]; always means that the expression inside
the bracket is evaluated using the triangulation and assignments given by I, i.e. taking the
line integrals segment by segment and introducing the U(1)-valued function 7 for each vertex
between the segments analogously to the particle’s amplitude. The remaining terms in line
(3.77) containing ¢’s along the cut all cancel as well, apart from two values 6y, (z) and
Y (0) respectively, induced by I and J. For the notation, recall that © € T; o with only one
local component, © = (6,.;).

9;;1%,! (y) with v, and ~; indicating the open sets U, and U, used on the boundary at X(0)

Therefore, the gauge transformed amplitude reads

@_1(y)eifyywA}J{eisz—l—ifzyAw} {@w(x)e—iffw/\] _ (3.81)

w I

JI

Note the identical structure in comparison with formula (2.53) for the particle. For physics
to remain invariant, the wave function has to be changed as

T (X) — [@;1(1-) el A]I U7 (X), (3.82)

It is worthwhile to notice that in addition to the expected 1-form gauge transformation given
by A, there is a new, winding dependent, scalar gauge transformation associated to ©. This
part of the general gauge transformation shall be referred to as secondary gauge transforma-
tions in the sequel.

§ 3.7 STRINGY MAGNETIC TRANSLATIONS

At the classical level, the group G transforms a string X,, that starts at x and ends at z-w,
into the string X,,-g, starting at z-¢ and ending at z-wg = z-gw?, with w9 = g lwg.
Accordingly, g changes the winding from w to w9 and defines a map from C,, to Cys. This is
a complication that enters because the group G is assumed to be non commutative. However,

all results also hold in the commutative case but they simplify dramatically.

The stringy magnetic translation must therefore be interpreted as a map

Ty : Huws — Huy (3.83)
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realizing the translations at the quantum level as the pull-back action on sections of the
corresponding bundles, followed by a multiplication by a winding dependent phase factor. In
accordance with formula (2.55), they can be written as

[Tgwlll]] (Xw) = [T;)(Xw)]] \I’I(Xw'g)y (3.84)

for any X,, € Uy C €. Because the open cover of M is invariant, we are allowed to use U;
to cover Cug, with the same triangulation and assignment. This can be summarized by the
assertion that the collection of all U7 forms an invariant cover of € = U,,C,,. Once determined
the covering dependent phase [T;“(X)] ;» it will be necessary to show that all [T;”\IJ]I can be
glued together to form a section over €, that belongs to H,,.

To proceed as for the particle, the unknown phase is determined by requiring that T
commutes with string propagation. To obtain a sufficient condition ensuring this commuta-
tion, let us perform a heuristic analysis, similar to the path integral derivation in section 2.5.
Following (3.60), the propagation process of a string of winding w is expressed as

W (X) = (V) = [IDX] KoY X)W, (X), (3.85)

where the index I has been omitted for clarity. The most important postulation is then (in

terms of matrix elements) the commutation relation
T Ky = Ky, T} (3.86)

or equivalently, the commutation of the diagram

Hoy —H,,
T;”T TT;’ (3.87)
ng ng Hwy

as the guiding principle. Including the yet to be defined phases T into this commutation
relation yields on the level of matrix elements

T (Y) Ko (Y g: X g) = Ko (Y3 X) Y7 (X), (3.88)

which can be considered as the analogue to (2.69). From here, the analysis goes as before,
namely if this commutation relation holds for the propagator, it is sufficient to postulate it for
the magnetic amplitude, the object we now know to handle. Again, this can be achieved by
assuming that all terms in the path integral (3.59) but the magnetic amplitudes are genuinely
invariant under the action of G. By equating the magnetic contribution of ¢-g and ¢ in the
path integral on both sides of (3.88)

Y

(T, Asile-gl = Aslel [T2(X)], (3.89)

we get the sufficient condition for the commutation to hold.
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It is then clear how one should proceed. Using the explicit expression of the magnetic
amplitude, compute the ratio of Ajs[p-g] and A,s[p] and read off the phase Y§' for the
magnetic translations. The explicit form in terms of a triangulation will involve a lot of
terms, of which a great number should cancel. To compare the two contributions, the key will
be to make considerable use of the relations for the local fields (3.45). Let us see if one can
cancel terms. Start from the results of the previous section, and write down the amplitude of

the translated cylinder:

Astlp-g) = [ o BHL T A ] (3.90)
Then, writing everything out with Cech indices, the ratio takes the form
Aile - :
Asile 9] = exp{lz/ g"Ba, — B, } exp{i Z / 9" Ba,g; — Ba;p, } (3.91)
Al [90] c; Jele) Ci)S;5
5;C0c;
x exp{iZ/ 9 Apag — A} (3.92)
5 Je(s))
* €(4,k) *f LBl A —<(.k)
9" faip; 9" Fuwoipyy
< T (522) e« T <f—> (p(t}). (399)
Ci5S5,Vk aiB;Vk s ! w?ﬁjl-’Y;;
SjC@ci /]’8k/
VL €0S; Uy €95

The first term in line (3.91) is easily evaluated using ¢*B; — B; = dAg,; from (3.45). One

obtains a boundary term

exp{iZ/( )g* o; — Ba, } = exp{i Z / 0 Aga; } (3.94)
C; "2\&)

Ci,S§
5;COc;

Analogously, for the 1-form term of (3.91)

exp{i Z / 9" Ba,g; — Ba;g; } (3.95)

Ci)Sj
5;C0c;
= exp{i Z/ Agp; — Agia; —1idlog fy. 0.} (3.96)
Ci,Sj SD(Sj
5;C0c;
k)
= expli Y / Ags, — Agait x 1 1o (p(wr)).  (3.97)
Ci,Sj Ci,S35,Vk
5;C0c; 5;C0c;
”Ukeas]‘

The term in (3.92) is not so easy to transform to a boundary. For that, it is convenient to

use the relation
Dd =F5A — idlog ¢g,h;i = g*Ah;Z- — Agh;i + Ag;i (3.98)
for the definition of a new field

Pg,h = @hhgh (I);}L S T270, (3.99)
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such that with T'yj, = (T'g p.) = (¢h7gh;i¢;}l;i) one has
idlog Uy i = h"Agn; — Agi — 6" Ansi + A, (3.100)
or, including all fields, in Deligne cohomology,
Dlyn=h"Ap —Ag—g" Ay + Ay, (3.101)

Recall that ¢" = h~'gh. Formula (3.100) can be used to obtain

53 PS5

= expliy] / W A~ Ayg} H Lo (e(eh). (3.102)

s’ (s
vkéas
To evaluate the second term in (3.93), we use again (3.101), but with the second field com-
ponent, i.e.
Uong _ 1 forsis Jhsi
Fg,h;z' B fg;ij g*fh;ij ’

g*fwg; Ly —<(ik) w*f; ! At Pu) T~ —<(.k)
H (&) (p(v})) = H ( 93B3 ,mk> ((’D(U;))‘ (3.104)

.3l A L3l A T .3l
85,0, fw,ﬁj'yk s;_’v;c fg,ﬁj'yk w,g,ﬁj
v}, 6889 v}, 6889

(3.103)

such that

Finally, the first term in (3.93) is standard, and can be rewritten using (3.45) again,

g*faﬂ"wc €(3k) fg.a.ﬁ/ €(G.k)
IT(52) = T1 (#2222 ) ot (3.105)
Ci)87,Uk @iV Cir87,Uk fg;ﬁj’m fg;aiﬁj

jCOc; COci

Zieé); 18)268;

Collecting all together, the result for the ratio (3.91)-(3.93) is

Asilp-g] . ' )
m = exp{i Z/ Ag o, b exp{i Z/ Ag;ﬁj Agoi} (3.106)

Ci,Sj P s; Ci)Sj QO(S]‘
Sjcaci Sjcaci
e(4,k) . *
X H (azﬁg (vr)) eXp{lZ/ w Ag;ﬁ} _Ag;ﬁé-} (3.107)
Ciy85,Vk s @(sj)
5;C0c;
v €0s;

w*f 5’ , 1" , —6(j7k‘)
—e(J,k 985 w,g;y
< T rugeeh) < T1 ( T ng_ﬁ’j) ((v})) (3.108)
/ / gk s g

/ /
85Uy 8%V
! ! / !
vkeasj vkeasj

H ( Faoim >E(j,k)
X — ] (o)), (3.109)
Ci,85,Vk fg?ﬁj’Yk fg?%ﬁj

5;C0c;

v €0s;
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and after some cancellations similar to the ones that occurred for the computation of the
gauge transformation ratio (3.75)-(3.77),

Ajile - gl . / . :
——r = = expfi E w A,z — Az} exp{i E / Agp} (3.110)
Aj1ly] — Jo(s!) 905 T, )9

Ci,S8j P S;
5;C0c;

* _e(jvk)
—e(j w* fg:8,
X H fg;ﬁgf;f’(w(vk)) X H (43 k pwyg%> (p(v,)), (3.111)

.30~
Ci,Sj,Vk s;_’,u;c fg,ﬁj’yk
55 C0c; v, €95,
v, €08 k J

which can be written very conveniently using our [...]-notation:

Antle 9] _ o1 ) o A S A,
CAglel [Fw’g(y) ¢ ]J [vag(‘l’) e L- (3.112)

Accordingly, by comparing this with (3.89) and setting

(5 (0)], = [Pugla)e 740 (3.113)

we can define the stringy magnetic translations as
[T39], (X) = [Pug(@) e 72 wi(x-g), (3.114)

and the discussion preceding (3.89) ensures that it commutes with propagation.

Strictly speaking, the T, are defined only for wave functions defined on local charts. To have
operators defined between H,,s and H,,, one has to check that all [T;j\IJ} I for various I can be glued
into a global section on C,,. But this follows from the relation

Gr(X-g9) _ {I‘wﬂ(x) et AQL (3.115)

Gry(X) [Fw,g(ﬂf) P Ag} )

J
that is obtained from the explicit form of G  given in (3.67) and a very long and tedious computation,

since it only juggles relations between f,.;; and f;;; as well as their pull-backs by group elements.

As a simple illustration of the action of a stringy magnetic translation, consider the process
K°~1(X; —) in which a single string with trivial winding w = 14 is created out of the vacuum.
The magnetic amplitude for such a process is

Arlp] = [eiszL, (3.116)

where ¥ = ¢(8S) is a cap as in figure 3.7. This amplitude is to be inserted into a path integral
(3.59),

W) = [1De] el (3.117)
p(08)=X

and yields a wave function for a string of trivial winding, which is invariant under G.
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Figure 3.7: A cap.

PROJECTIVE ACTION AND COCYCLE

In the particle’s case, we have seen that magnetic translations only form a projective repre-
sentation of G. In order to check if something similar happens for a string, let us compare
Tg“’Tﬁ”g with T;‘,’L. On the left hand side, starting with ¥ € H, 4n, we first act with Tﬁ”g

. raw9d .
W (X) = [T°9], (X) = [rwg,h(x) e il AhL (X h), withX € Cuo.  (3.118)
Then, we further act on ¥’ € H,¢ with Ty,
[T, (X) = [rw(g;) e—ifﬁwAg]I U/(X-g), withX € C,. (3.119)

Replacing ¥’ by its expression, we arrive at

[T v, (X) = [rw,g(x) g Twop(x)e s w<A9+g*Ah>]I U (X-gh), withX € Cy,
(3.120)
where we have used the pull-back operation of g to trade the integral of Aj over the string
X -g for the integral of g* Ay over X.

For the other hand side, calculate directly the action of T;‘;L to get
[T55,9], () = [Dugn(a) e " Aon | wi(Xgh). (3.121)

The result is that there is a phase mismatch between Tg“,’l and Tg“’Tﬁ“g, that is,

[Ty (X)), = [PEMO] | [T (X)), (3.122)
with
[Parcx)] - Pus(@) s (o) 7 B0 (3.123)
B I [Fw,gh(ﬂf) el Agh] ) ' '

Using D®, p, = g*Ap — Agp + Ay, cancellations similar to the ones in (3.91)-(3.93) occur in
the explicit evaluation using Cech cochains. Recall that

(I)g,h = (¢g,h;i) € rI2,0 (3124)

such that

DO = (id10g g i , %”W’). (3.125)
¢g,h;i
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With (3.99), the result can then be expressed solely with ®’s:

Py ws G5 P, yon P gh W Py

()| . (3.126)
I

[Pgh(X)] o [

(I)w,g g*¢w97h ¢h7,wgh @g’h
After repeated use of w = d®, or more precisely the special combination

ok -1 —1
Wy, hweh = 9 (I)h,wgh (pgh,wgh (Eg,wgh (I)g,h
— -1 1
Wagh =W g B0y Pugh Py g (3.127)

-1 -1
wnggvh = g*@wgvh CIDwg,h ®nggh ®ngg
the previous expression simplifies to

ww,g7h wg7h’wgh

Poh — (3.128)

Wg,w9,h
Further, because Dw = 0, w is globally defined (i.e. it does not depend on the open set in
which it has been computed) and is constant. This is why the I and X in the notation was
dropped. As a generalization to the 2-cocycle in the particle case, P&’h describes a (winding-
dependent) group 2-cochain fulfilling

'pg;h 'pg]h,k = pgjyhk 'pzbk (3.129)

which makes the action of T¢" on the string states a projective one. In our context the
appearance of w? as an index of P is due to the winding changing property of T;’. The
occurrence of this combination of the 3-cocycle w corresponds to chopping the prism spanned
by w, w9 and w9” into three tetrahedra, as can be seen in figure 3.8. We thus encountered a

wg,h,wgh

Figure 3.8: The phase of the product in terms of tetrahedra.

similar projective lift of the ‘magnetic’ translations with the general multiplication law
TLTY = Spwe PE T, (3.130)

which is exactly the multiplication of the quasi-quantum group D* (K@) introduced in [23] and
the 'twisted’ version of the Drinfel’d quantum double explained in the next chapter. Indeed,
the phase P can also be understood as a twist of the algebraic structure. As we shall see
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later, it is just one component of a more general ’2-cocycle’, namely a 2-cocycle in a certain
bicomplex twisting the algebra-part of D“(KG) whose product law has just been found.
Although a 3-cocycle like wg p  usually indicates a breakdown of an associativity law, the
product of three stringy magnetic translations remains associative, since they are operators in
the Hilbert space, and which is assured by (3.128). However, we will encounter a certain kind
of non-associativity due to this 3-cocycle when we will deal with the representation theory of
this algebra.

As stated above, equation (3.130) gives us the first hint of the (possibly) more general
algebraic structure of the operators T,” realizing the magnetic translations for the twisted
sectors. Indeed, the structure of D¥(KG) is mathematically a bit more involved. As it turns
out, one can analyze more complicated magnetic amplitudes associated to world-sheets whose
topology encodes a string interaction. Arbitrary string processes, be it decompositions of
one or more incoming strings, or even loop amplitudes, can be described by the associated
Riemannian surfaces. As already said in the introductory paragraph of this chapter, we are
going to extend our previous construction to a simple interaction encoded by a world-sheet
which has the shape of a pair of pants. Since the outcoming is two strings, one has to
find a consistent procedure of how to apply a magnetic translation. For that, one has to
introduce the concept of a coproduct which is a basic ingredient of a bialgebra or Hopf algebra.
Apart from that, there is a very rich representation theory, i.e. modules over such an algebra
naturally carry certain equivalent features, for example a tensor product or a braiding. Since
we want to understand the Hilbert spaces of the string states as modules over the algebra
which is generated by the operators T¢", a further investigation of the underlying algebraic
structure will give us some insights into the structure of the representation spaces in which
the wave functions of the string live. As it turns out, one has to touch the domain of category
theory and quasi-triangular quasi Hopf algebras. To provide some necessary definitions of
the concepts to be used, the next chapter will list the most basic properties of various Hopf
algebras.

In our context, when we will analyze the basic string interactions, most of the mathematical
concepts will arise naturally from the asking for gauge invariance, like it has just happened
for the product. The mathematical profoundness could, in principle, be ignored. However,
as a beautiful mathematical construction, it is very worthwhile to develop the link between
physical assumptions and the algebraic aspect of this theory.
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CHAPTER 4

HOPF ALGEBRAS, CATEGORIES AND BRAIDS

This chapter shall be devoted to a brief survey of the basic definitions concerning Hopf algebras
and quasi Hopf algebras. There is an interesting interconnectedness between bialgebras A
and their associated tensor categories 4 M of representations which can be carried over to
the case of braided or quasi-triangular Hopf algebras. In this case, the monoidal category
of modules over the bialgebra inherits some key features of the underlying structure. As the
most important referential literature one might mention the books [39, 40, 41| among other
well established sources.

§ 4.1 ALGEBRAS AND COALGEBRAS

In standard parlance, an algebra can be thought of as a triple (A, u,n), where A is a vector
space (over a field K) equipped with a product 4 : A® A — A and a unit n : K — A as linear
maps such that the following diagrams commute:

o Associativity:

id
ARA®A—2 ADA
id@ul lu (4.1)
A®A a A

(which is sometimes written as (a-b)-c=a- (b-c) for all a,b,c € A).

Ko A n®id A0A id®n A®K
\lﬂ/ 42)
A

(i.e. n(1k) is a left and right unit for pu).

The algebra is said to be commutative if, in addition, the diagram

95
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¢ Commutativity:

x l# (4.3)

commutes. Here 7 denotes the flip, i.e T(a®b) =b® a for a,b € A.

A coalgebra can be thought of as the dual picture of an algebra, which means that it is
obtained by reversing the arrows in the diagrams (4.1), (4.2) and (4.3). Formally, a coalgebra
is a triple (C, A, €), where C is a vector space over K together with the coproduct A : € — C®C

and the counit € : A — K, i.e. linear maps such that the diagrams

o Coassociativity:

ARid

CRERC~——C®C
asa| B (4.4)
ewe = e
and
o Counity:
e®id id®e

KC=—CoC——CxK
\ / (4.5)
C
commute. If, in addition, one has that

o Cocommutativity:

commutes, the coalgebra is said to be cocommutative.

For an algebra A, there is also the notion of an opposite algebra A°P, which is an algebra
with the same underlying vector space, but with the opposite product pu°® = po 7. The
commutativity axiom (4.3) therefore means simply, that u°? = p. Analogously one has an
opposite coalgebra C°P which is defined as € but with the opposite coproduct A°? = 70 A.
Axiom (4.6) then reads A°P = A.

SWEEDLER’S AND OTHER USEFUL NOTATIONS

There is a nice notation for the coproduct of an element a € C due to Sweedler. One writes
A(a) = >_; aj(1)®a;(2), where the sum is normally omitted for shortness, i.e. A(a) = a()®az).
For example, coassociativity (4.4) looks like (a(1)1) ® a(1)(2)) ® a2) = an) @ (a@)1) @ a2)2));
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which is then written as a(1) ® a(2) ® a(3). In general, if one looks at higher coproducts, i.e.
A" @ — ¥ 1) coassociativity guarantees that

A" = (A ®id®" D)o A = (1d®(D @ A) o AP (4.7)

such that in Sweedler’s notation, it is simply A™(a) = a@) ® ... ® a(ny41). To get used to
the notation, notice the definition of higher coproducts, for example A2 = (id ® A) o A =
(A®id)oAor A’ = ([d®id®A)o(id®A)oA =... = (A®id®id) o (A®id) o A (the dots
stand for all other four permutations of id and A in the brackets).

Sometimes one has to embed an element ¢ = ¢1 ® po @ b3 € A®3 into A®™ by the repeated
insertion of 14 and possibly reshuffling the components ¢;. For example

Gijk = 1la® .. OP RIY® .. QP33R .0 ®...014 €A (4.8)

is an element, where ¢; is in the i position, ¢o in the %, ¢3 in the k™ and the rest is 14.
Consequently, one does not know a priori if an element ¢o34 is in A®* or perhaps in A®7,
but this is always clear from the context. Here, ¢ € A®3 is just an example, and the same
notation is of course used for general elements A®* which are embedded into A®™ for k < n.

§ 4.2 BIALGEBRAS AND HOPF ALGEBRAS

A bialgebra is a quintuple (H, u, A, n,€) which is equipped with an algebra and a coalgebra
structure at the same time in a compatible way. The compatibility is, that n and p are
morphisms of coalgebras and A and e are morphisms of algebras, respectively. In fact, both
statements are equivalent. In other words, A and e have to intertwine with p and 7, i.e.
Aopu=(pep) o(id®r®id) o (A®A) and A(lg) = 1g¢® lg¢, as well as eo p ~ € ® € and
6(1}() = 1IK-

A Hopf algebra is a bialgebra with an additional piece of information, that is, an endomor-
phism S : H — H, called an antipode. It has to satisfy po(S®id)oA = po(id®S)o A = noe,

or diagrammatically, that

o Antipode:
S®id id®S
3¢ g0 30—V LD g 9¢
AT lu (4.9)
H oe H

commutes. It is unique and plays more or less the role of an inverse, since (4.9) is nothing
but S(a(y)ap) = aq)S(aw)) = €(a)lsc. So the full set of data giving a Hopf algebra is the
sextuple (H, u, A, n,¢€,S). Note, that the antipode does not have to be invertible.
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A GROUP ALGEBRA

One of the easiest examples is the group algebra A = KG, which is a free K-module with a
finite group G as a basis. The unit in G is denoted by 1 and KG can be written as the set
{a=2>",ccalg)g}. The algebra structure is evidently given by linearly extending the product
in G and n(1lk) = 14 = 1, whereas the coalgebra structure is A(g) = ¢ ® g and €(g) = 1k.

1 which would not have worked, if G were just a monoid.

The antipode can be set to S(g) = g~
Notice that KG is always cocommutative, but only commutative if G is abelian. It is clear
that the product is associative, because the product in G is associative, and also that A is
coassociative. The bialgebra structure is given, because A and e are algebra morphisms, i.e.
A(gh) = gh®@gh = (g®g)(h®h) = A(g)A(h) and €(gh) = 1k = €(g)e(h). One can also check
that for the antipode S one has the required condition po(S®id)oA(g) = S(g9)g = 1g = noe(g)
and trivially (e ®id) o A(g) = lk ® g ~ g.

THE ALGEBRA OF FUNCTIONS ON A FINITE GROUP

Let G be a finite group as in the previous example. Denote by K(G) the algebra of functions
on GG with values in K. It is a commutative Hopf algebra. The K-module structure is simply
(ko)(g) = ko(g) for k € K, ¢ € K(G) and g € G and the addition is point-wise. The
algebra product is given by (¢10)(g) = ¢(g)¥(g) with unit n(k)(g) = k, the coproduct, counit
and antipode are (A¢)(u,v) = ¢(uv), e(¢) = ¢(1g) and (S(#))(g) = #(g~'). Note that the
coproduct is defined by identifying K(G) @ K(G) ~ K(G x G). Coassociativity follows directly
from the associativity in the group: ((A ®id) o A¢)(g,h,7) = (A¢)(gh,j) = ¢((gh)j) =
¢(g(hj)) = (Ad)(g,hj) = ((id ® A) 0 Ad)(g,h, ). Also ((e @id) o Ad)(g) = (Ad)(la,g) =
¢(lag) and ((S¢))d@)(9) = (Sbu))(9)de)(9) = ¢n)(9 Do) (9) = dlg™'9) = é(lc) =
€(¢). The two algebras K(G) and KG are the dual of each other.

§ 4.3 BRAIDED BIALGEBRAS

Now that the basic definitions have been given, one can relax some relations, i.e. for example
cocommutativity and coassociativity. This will lead to the concept of braided bialgebras and
quast bialgebras, respectively. Let’s start with a braided bialgebra.

Given a bialgebra (H, u, A, n,¢€), it is called quasi-cocommutative, if there is an invertible
element R € H ® H, called universal R-matriz, such that for all a € H one has

o Quasi-Cocommutativity:

A®P(a) =RA(@)R™'  Vae XK. (4.10)

Furthermore, the bialgebra is called braided, if R satisfies the relations

¢ Braid relations:

i) (i[d®A)R = Ri3Ris

4.11
i) (A®id)R = Ri3Ras )
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using the notation introduced in (4.8). A Hopf algebra is braided, if the underlying bialgebra
is and the universal R-matrix becomes part of the definition, hence (3, u, A, n,¢€,S,R). For
braided bialgebras, the R-matrix is also often called quasi-triangular structure, which is due
to Drinfel’d.

THE BRAID GROUP AND THE QUANTUM-YANG-BAXTER-EQUATION

A very important consequence of (4.10) and (4.11) is the so called (Quantum-)Yang-Baxter-
Equation, which follows directly by calculating

(id ® A°P)R = (id ® 7)(id ® A)R = Ras[(id ® A)R|R5, (4.12)

or

(AP @id)R = (7 ® id)(A ® id)R = Ri2[(A @ id)R|R - (4.13)
One finds

¢ Quantum-Yang-Baxter-Equation (QYBE):

R12R13R23 = Ra3R13R12, (4.14)

which is in fact closely related to the braid group B,,. The braid group B, is literally the
collection of all braids with n strands one can imagine. Therefore, it is infinite. It is generated

by the two elementary braids

i i+1 i i+1

UZ:X : 0;1:%,

involving only the i and (i+1)" strand while leaving all others straight. There are essentially
three conditions, that have to be fulfilled and which define properly the features of B, the so
called Artin- or Braid-relations:

¢ Artin Relations:

i) oo =okoy, if|k—i]>1
1)  0i04410; = 0j+10i0i+1 (4.15)
iii) o0t =1 =05 '

(where the unit of the braid group is written as ¢).

These relations are completely obvious, since one can really think with ropes or draw fancy
pictures. For example, the second Artin relation has a very natural origin, because depicted
it looks like
1 i+1 42 1 i+1 42
/ J / %

// (/
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and is clear if one tries to retangle a bit the strands. (In fact it’s a Reidemeister Move of the
third kind with the second strand.)

To understand the relation between the braid group and the R-Matrix of a braided Hopf
algebra JH, one has to look from the viewpoint of the tensor category 5cM of modules, which
can eventually be braided as well. Since I have not yet said what a tensor category is, I
postpone it to one of the next sections, but it can already be said that the R-matrix will
be used to "construct” the braiding of the tensor category or, in other words, it gives a
representation of the braid group for free.

§ 4.4 QUASI BIALGEBRAS AND BRAIDED QUASI BIALGEBRAS

Weakening cocommutativity (4.6) to quasi-cocommutativity (4.10) lead to braided bialgebras.
Following the same lines one can also relax coassociativity (4.4) to quasi-coassociativity, which
will have quasi-bialgebras as a consequence. Both concepts can be mixed, and from that a
braided quasi bialgebra or quasi-triangular quasi bialgebra will emerge, which will be the basic

object of concern.

QUASI BIALGEBRAS AND QUASI HOPF ALGEBRAS

In order to define a quasi bialgebra one has to introduce additional structures. The definition
goes as follows: Starting out from an algebra H with a counit € and a coproduct A as before,
one requires the existence of an invertible element 2 € H ® H ® H, called the Drinfel’d
associator and two invertible elements r,[ € H such that one has

o Quasi-Coassociativity:

(id@A)oA(a) =Q[(A®id) 0o A(a)] Q™' Vac K (4.16)

¢ Counit Constraints:

i)  (e®id)oAa) =1"tal

4.17
i) ([d®e)oA(a) =rtar (4.17)

o Drinfel’d Associator Relations:
i) (d®id®A)(Q)(A®id®id)(Q) = Q34 [(1d @ A @ id)(2)] Q123 (4.18)

i) ((d®e®id)(Q)=rel~!

In the case | = r = 1g¢, the counit constraints (4.17) are nothing but the diagram (4.5), and
therefore required for a bialgebra anyway.

Notice, that as R can be used to define a braiding in the category of H-modules, the
Drinfel’d associator {2 appearing in the coassociativity of the algebra can play a similar rule,
namely defining a non trivial associativity constraint in M. We will see this later on.

A quasi Hopf algebra is a quasi bialgebra (with an antipode) where the relation for the
antipode (4.9) is modified by the requirement of the existence of two elements a, § € H such
that
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o Antipode and Counit:

i) S(aq))aap) = ela)a
i) a@)BS(ap) =¢€(a)s v et (4.19)

o Antipode and Drinfel’d Associator:

Y e18S(wa)aps =Y S(@1)ap:f59(p3) =y (4.20)

(with the notation Q = 3" ¢ ® p2 ® 3 and Q7! =" 31 ® G2 @ @3).

BRAIDED QUASI BI- AND HOPF ALGEBRAS

As mentioned, a quasi bialgebra can also be braided. The definition will involve the braid
relations (4.11) and the Yang-Baxter-Equation (4.14). Whereas the quasi-cocommutativity
(4.10) stays untouched, i.e. A°(a) = RA(a)R™!, the other ones will mix a bit with the
Drinfel’d associator §2 in the following way:

¢ Quasi Braid relations:

Z) (id X A)R = 92_31173139213721291_213

L. . _ 421
i) (A ®id)R = Q312R 13035 R230123 (421)
¢ Quasi-(Quantum-) Yang-Baxter-Equation:

R1202312R13Q135R23Q = Q321 R23 Q031 R130213R 12 (4.22)

The QYBE is now called Quasi-(Quantum-)Yang-Baxter-Equation (QQYBE) and arises again
naturally from the second Artin relation in (4.15), but this time with a non-trivial associativity
constraint of the tensor category, where R represents the braid group.

Finally, a quasi Hopf algebra is quasi-triangular, if the underlying quasi bialgebra is.

DRINFEL’'D TWIST

Generally, a Drinfel’d twist is an equivalence relation on quasi Hopf algebras such that the
category of modules of two equivalent quasi Hopf algebras are tensor equivalent. In the
literature, it is also called a gauge transformation of the Hopf algebra. The twist is constructed
with the aid of an invertible element F € H ® H such that (e ® id)F = (id ® €)F = 1. One
can then define a new quasi Hopf algebra, whose quasi bialgebra structure is given by the
twisted coproduct as well as a new Drinfel’d associator:

{A;:J{—>}C®J{, H>a— Ar(a) = FA(@)F (4.23)

OF = Fos(id ® A)FIQA @ id)[F1]F5 ’

whereas the counit stays the same. It is then the triple (¢, Az, Q) which defines the gauge
transformed quasi bialgebra structure on H, now denoted by Hr.
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Recall that a quasi Hopf structure comes with elements «, 8 € H as a modification of the
standard antipode relations. If a and § are the corresponding elements in H, then a Drinfel’d
twist carries them over to 3. With the notation F = > f1 ® fo and F~1 = Y f1 ® fo,
define new versions ar and Sz by

or =L S0l
{ B = S 1 08(f2) 20

The quasi Hopf structure of the new collection Hz, €, Axr, Qr, ar and [r is then complete.

If H additionally comes with a braiding R, then Hx is also equipped with a quasi-
triangular structure,

Rr = .7:21Rf1_21 (4.25)

fulfilling all necessary relations of the R-matrix and braid relations using the transformed
versions Ar and Qr.

§ 4.5 THE DRINFEL’'D QUANTUM DOUBLE

The Drinfel’d Quantum Double is a quasi-triangular Hopf algebra arising from a single Hopf
algebra by building a special bicrossed product. The bicrossed product is similar to the semi-
direct product of groups, but is a generalization. The bicrossed product for bialgebras is
technically a bit challenging, therefore let us have a look at groups first.

One has to start with the definition of a matched pair of groups: Two groups (G, H)
are called matched, if there is a left-action of H on G as well as a right-action of G on H.
Denoting the left-action of an element h on g as h> g (respectively h < g for a right-action),
they have to fulfill

(hh') ag = (h<(h'>g))(h <g)
he(g9") = (h>g)((hag)>g) (4.26)
hl>1G:1G s 1H<lg:1H.

Note that one has of course h<(gg’) = (h<g)<g, h<alg = h and (hh')>g = h> (A >g),
lg>g = g, i.e. really an action. Once having a matched pair, one can define a group
structure on G x H, which is called bicrossed product of G and H and is denoted by G < H.
The product in G <1 H is defined to be (g,h)(¢', 1) = (9(h>¢'), (h<g')R') and the inverse is
(g.h) " = (ko g, (ha(h o g,

Two bialgebras (A, B) can also be matched. Namely if A is a left B-module coalgebra and
B is a right A-module coalgebra, such that

b (aa’) = (bay > aq))((be) <am) >a)
(bb,) d4a = (b < (bl(l) > a(l)))(b’(2) < CL(Q))
bDlAZE(b)1A s 1B<1a:e(a)193
(bay <aq)) @ (be) > ae) = (be) <a@) © (ba) > aq))-

(4.27)
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Recall that an algebra A is a B-module coalgebra, if the B-module structure is compatible
with the coalgebra-structure of A, or in simple words, the action of B as amapp>: BQA — A
is a coalgebra morphism, i.e

A(b > a) = (b(l) > a(l)) (029 (b(g) > a(z)) (4.28)

together with e(ba) = €(b)e(a). Like for the groups, one can now define a bialgebra structure
on the vector space A® B, the bicrossed product of bialgebras A > B. The product in A <1 B
is

(a®b)(d @b) = a(byyv a'(l)) ® (b(2) < a'(z))b', (4.29)
the coproduct is the standard tensor coproduct given by A(a®b) = (a(1) ®b(1)) ® (a(2) @ ba))
and the counit is €(a ® b) = e(a)e(b). If, furthermore, A and B are Hopf algebras with
antipodes S4 and Sg, then A <t B is a Hopf algebra with the antipode

S(a®b) = Sn(ba)) > Salaw)) ® Ss(bu)) <Salaw))- (4.30)

The crucial observation is, that if a Hopf algebra H has an invertible antipode S, then
there is a natural left action of H on (H°P)*) the so called co-adjoint representation. Likewise
one can show that this induces a right action of (H°P)* on H. Therefore, H comes naturally
equipped with a right (H°P)*-module-coalgebra structure, whereas (H°P)* is a left H-module-
coalgebra. Without going into further details, the actions can be given, for a,b € H, f € H*,

(av f)(b) = (S (ag)) bagy),
(a<f)=f(Sa@s)an)) ag),

such that the pair ((H°P)*, ) is matched. Having a matched pair, one can construct the

(4.31)

bicrossed product

D(H) := (HP)" < H, (4.32)
which is called the Drinfel’d quantum double of H. As a vector space it is clearly (H°P)* @ H
and the two Hopf algebras are embedded as Hopf subalgebras

(HP)* - D(H) — H (4.33)
via the natural identifications a — 1®a, respectively f +— f®1. The product in D(H) follows
directly by the one of the bicrossed product (4.29) given by

(f@a)lg@b) = fg(S™ (ag@)()anm) @ apb, (4.34)
where (-) is just a wildcard character for an element € H.

The theory of quantum doubles is a vast topic, and is not the aim of this thesis*. Never-
theless, there is a last feature of D(H) which should be mentioned. Namely, that it is braided.
Suppose the basis of 3 is denoted by e; and the one of it’s dual e’. One can than choose an
element

ReDH)@DH) =D (@)@ (1xe) (4.35)
and will find that it is a quasi-triangular structure fulfilling all necessary conditions to build
a braided bialgebra.

*By all means it is not the mathematical point of view we are so interested in.
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QUANTUM DOUBLE OF THE GROUP ALGEBRA

The construction of the previous section is the most general one. As an example, consider the
quantum double of the group algebra of a finite group G, i.e. D(KG) = K(G) < KG. Recall
that these two Hopf algebras are strictly dual to each other and KG is always cocommutative.
As a result, the right action of K(G) on KG is the trivial one, namely a < f = e(f)a for
a € KG, f € K(G), whereas KG still acts on K(G) by the coadjoint representation (the first
equation in (4.31)). The next step is to choose a basis of the algebra of functions K(G). Take
the Kronecker-d-functions (with a group index), taking one argument, such that d,(h) = 1,
if g = h and zero otherwise. A function f € K(G) can then be written as f = > . f(9)dg
and in that basis, the algebra structure becomes (040p)(-) = d4(h)dg(-) with unit > J,. The
coalgebra structure takes the form A(dg) = > ),y g ® 0y with counit €(dy) = 4(1¢). The
antipode is S(d,) = d4-1. We have thus a basis of D(KG),

{511} ®g}(w,g)€G><G7 (4.36)

and we can write down the coalgebra structure in D(KG), which is

Ay @g)= > (0u®9) @ (0, ®9), (4.37)

UvV=w

where the counit takes the form
6(511) @ g) = 5w(1G)1[K- (4-38)

The left coadjoint action of a group element g on a dual basis element J,, translates into
g 0y = dgyg-1, 1.e. the right adjoint action of G' on itself. So one can write the algebra
structure using (4.34)

(0w ® 9)(0y ® h) = 0w (9> 0y) ® gh = Su(gug™") (60w ® gh), (4.39)

which is even simpler if G is abelian, since the adjoint action becomes trivial as well. Finally,
one can immediately write down the R-Matrix which is given by (4.35) and therefore,

R=>(0,®1c)® () du®w), (4.40)

as well as the antipode using equation (4.30):
5(5111 ® g) = (9_1 l>5w*1) ® g_l = (5g*1wflg ® g_l)' (4'41)

In this example the trivial right action of the dual back on the algebra rather simplifies things.
This always happens, if the algebra (in our case the group algebra) is cocommutative. Then,
(H°P)* is not only a H-module-coalgebra, but a H-module-algebra. This is the definition of
a crossed product, often denoted by A x B. Indeed, for the group algebra,

D(KG) = K(G) x KG, (4.42)

because KG is always cocommutative.
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TWISTED QUANTUM DOUBLE

The quantum double D(KG) from the last subsection is a braided Hopf algebra. There is a
method to modify (twist) this algebra into a quasi Hopf algebra due to a U(1)-valued group
3-cocycle wy p x, which, as a cocycle fulfills

-1 -1
Whikd Wop g1 Wauhkl Wy b gt Wohde = 1, (4.43)

and was already met in (3.40). However, for the moment we do not have to know anything
about how it arose in chapter 3. However, to continue with this nice correspondence, let us
rename the basis elements from equation (4.36), i.e.

T;} = {511) @ g}(w,g)EGXG' (4-44)
With the aid of the 3-cocycle w, eq. (4.43), one defines elements

wwygyh wg,h,wgh

pg),h _ (4.45)
Wy,w9,h
and
w. Wq.v9 w9
Q= (4.46)
wvyg7wg

with the notation ¢" = h='gh,Vg,h € G.

There is then a twisted version of the Drinfel’d quantum double, which will be denoted
by D¥(KG) and with w called the twist. The algebra D¥(KG) is not only a quasi-triangular
(braided) Hopf algebra, but a quasi-triangular quasi Hopf algebra. To define it, P modifies
the product law, and Qf ,, appears in the coproduct, if one would like to compare it to the
untwisted D(KG) from the last section. The algebra structure is then

TP TP = buue PE"Toh, . lpe =Y T, (4.47)
w

(to be compared to (4.39)), and the coalgebra structure (counit € and coproduct A) by

AT =D Q9 TraTy , eIY)=0dwle)lk. (4.48)
uv=w
(to be compared to (4.37)). Apart from the additional phases P and Q, it is exactly the same.
(Note that 8, (gvg™') = 6,.w9). As a quasi Hopf algebra, there is a Drinfel’d associator
Q= w, T eT, eTY, (4.49)
u,v,W
and the two elements « and (3 are given by

a=1lps , B= wyu1,TH (4.50)

w

(Recall the definition of a quasi Hopf algebra from subsection 4.4).
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Furthermore, as a braided Hopf algebra, D*(KG) comes with a quasi-triangular structure
which stays the same as in the untwisted case,

R=> TV &I, (4.51)
v, w

and which fulfills the Quasi-Yang-Baxter Equation (4.22). The antipode acts as

S(TY) = (Pe, ) (e ot (4.52)

g w w,w— 1L

and one can find an explicit Drinfel’d twist

F=Y o, T T}, (4.53)
u,v

with oy, : G X G — U(1) being some group 2-cochain. As an aside, any twist-equivalent
quantum double D*' (KG) = D*(KG)# is then given by a cohomologous 3-cocycle «’, i.e.
w'w™l = da. One is then tempted to deduce that quasi Hopf algebras of the form D¥(KQ)
are thus classified (up to twist equivalence) by H3(G,U(1)), but we are not going to follow
this statement here.

The law (4.47) has already been encountered in (3.130)! A natural question to ask would
be whether all other structures of this general theory arise as well as physical consequences
like the product did. Indeed, as we will work out, the coproduct as well as the braiding and
the associator have physical interpretations. However, before going into the details, there is
just one other mathematical construction to be alluded to, which describes the structure of
the representation spaces. As already stated in the beginning, the theory of Hopf algebras
and their respective representation spaces is intimately tied up with the theory of tensor
categories.

§ 4.6 MODULES AS TENSOR CATEGORIES

Suppose M7, My are modules over an algebra A. Then, there is of course a A ® A-module
structure on the tensor product M; ® My, given canonically by (a®b)(m;®@ms) = (am;@bms),
where a,b € A and m; € M;. The important observation is, for A equipped with a bialgebra
structure, the algebra morphism A : A — A®A allows the A ®.A-module M7 ® M5 to become
also an A-module, simply by the abuse of the coproduct a(m; ® msy) = agymi & a(gyms.
This procedure is applicable more than once, giving for example an A-module structure on
My ® My @ M3 by A?(a)(m; ® ma ® m3). Recall that there are two possibilities for AZ2.
Namely (id® A)oA and (A®id)o A corresponding to M; ® (My® M3) and (M7 ® M) ® Ms,
respectively. They are only equivalent if A is coassociative, otherwise there has to exist at
least an isomorphism between them. For vector spaces there are the natural isomorphisms
V1oV eVi~2V@(VheVs)and KV ~V ~V @K due to the definition of the tensor
product. In the case of modules over an algebra (or even more general tensor products), these
isomorphisms have to become the appropriate morphisms compatible with the structure.
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Indeed, if A is a bialgebra, the isomorphisms between (M7 ® M) ® Mg ~ My @ (Ms @ Ms)
and K M ~ M ~ M ® K are A-module morphisms, with K as an A-module by the trivial
action aA = e(a)\. The existence of these properties can be expressed by saying that the
category of representations of a Hopf algebra is monoidal because the necessary compatibility
axioms for the tensor product in a monoidal category are satisfied in this case.

A physicist’s definition of a category goes as follows: A category C is a collection of
objects U, V,W,... and a set of morphisms Mor(U, V') for each U,V. The sets Mor(U, V)
and Mor(W, X) should be disjoint unless U = W and V = X and there is an associative
composition (1) o ¢) € Mor(U, W) if ¢ € Mor(U,V) and ¢ € Mor(V,W). Further, every set
Mor(V, V') should contain an identity element idy .

Talking about categories always comes with talking about functors as well. So a covariant
functor F' : C — D between two categories is a map, mapping objects to objects, i.e. for every
V € C there is an element F'(V') € D, and morphisms to morphisms, i.e. for every ¢ : V. — W
there is a morphism F(¢) : F(V) — F(W), such that F(¢ o ¢) = F(¢) o F(¢). Then, a
monoidal category is a category C together with a functor ® : C x C — C which is associative,
i.e. there is for each triple (U, V, W) a functorial isomorphism (called associativity constraint)
Pyyw  (URV)W — U® (VeW). It is clear that here one tries to mimic the definitions
of a normal tensor product between vector spaces; so this is why the functor ® of the category
is also called tensor product and the category tensor category. One also requires the existence
of a unit element I € C together with isomorphisms ¢y : I ®V — V and ry : VI -V,
called left (resp. right) unit constraint. ® has to fulfill the famous

¢ Pentagon Axiom:

WeX)o (Y ®Z)

Pwex,v,z Pw,x,yeoz
(WeX)eY)® Z We XY ®Z) (4.54)
Qw,x,y ®idz dw®®x,v,z
P
We(XY))eZ —LWe(XeY)® Z)
commutes,
whereas the unit-constraints obey the
o Triangle Axiom:
]
Veol)oW oLy VeoloWw)
(4.55)
ry Qidy idy Ly
VeWw

commutes.
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Indeed, this definition seems a bit abstract, but in principle, one just has to think about a
collection of tensor products of elements, where you can fill in the brackets where you want,
because they all coincide (in the sense that there is an isomorphism between them). As a
matter of fact, the pentagon axiom (4.54) and the triangle (4.55) are sufficient to show the
generality of the latter argument.

What should be kept in mind is, that the axioms that are necessary for having a bial-
gebra A are directly reflected by the axioms that have to be fulfilled in order to make the
category of modules 4 M a tensor category. So one could say that coassociativity translates
to associativity in the category, and the counit relations of the bialgebra lead to the axioms
of unity in 4 M. There is even a statement about the opposite argumentation: if the category
of A-modules over an algebra A is tensor, then A is equipped with a bialgebra structure.
For a coassociative bialgebra, the associativity constraint ® of the category is trivial. (If, in
addition the left and right unit constraints ¢, r are trivial as well, the category is called strict.)
If the bialgebra is a quasi bialgebra with a Drinfel’d associator §2, the associativity constraint
in the category is given by

Puyvw((u®v)@w) = Zcpl >u® (P> v p3>w), (4.56)

where again the notation is Q = > 1 ® p2 ® 3. Therefore, quasi-coassociativity on the
bialgebra level determines an associativity constraint for the category and the strictness is
lost.

§ 4.7 QUASITENSOR OR BRAIDED MONOIDAL CATEGORIES

Having an associativity and a left (resp. right) unity constraint for the tensor category
following from coassociativity and the counit, one could ask the question whether there is a
similar construction concerning commutativity of the 'tensor’ product. For vector spaces, this
is trivially implemented just by the transposition map flipping two elements u®v — v®u. For
the category of A-modules 4 M there should be isomorphisms between two objects W : URQV ~
V ® U, but the two representations can be rather unrelated. As a matter of fact, one can
define a category with such a map V¥ in the following way: A braided or quasitensor category
C is a monoidal category with a commutativity constraint, i.e. a functorial isomorphism
Uyw: VoW — W ®V for each two elements U,V € C. ¥ has to fulfill the the famous
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¢ Hexagon Axioms:

V®(W®Z) (V®W)®Z
idy®@Ww,z cI>xif,lw,z Dy w,z Yy, w®idz
V®(Z®W) (V®W)®Z V®(W®Z) (W@V)@Z
(I)V,lZ,W\L \L‘I’Vepw,z WV,W@Zl l@w,v,z
(V®Z)®W) Z®(V®W) (W@Z)@V) W®(V®Z)
Uy, z®idw o, w CI)W,Z,X Av@‘lfv,z
(Z@V)@W W®(Z®V)
(4.57)
commute.

In general, the difference between ¥ and the transposition map is that one does not assume
that o W =id. This is why one has to think of ’braids’ between the objects of the category,
and not simply transpositions. So W itself is normally called braiding of the category.

The interesting analogy between the braided category and the underlying braided bialgebra
is that ¥ can be constructed from the quasi-triangular structure R,

Uy w(v®w) :ZRQDU}@RlDU:RQlDT(U@w), (4.58)

so just by the action of R (written as > R; ® Rg) followed by the flip 7. Again, the argu-
mentation goes as well into the opposite direction, namely, the category of modules over a
bialgebra is braided, if an only if, the bialgebra is. Notice that if one has a braiding between
two objects of 4 M, this corresponds to having a generator of the braid group! As a result,
one has automatically a representation of the braid group on any braided tensor category.
And this is the connection between the braid group and the (Quasi)-Yang-Baxter-Equation
(4.14) (resp. (4.22)): Suppose we use the representation g(o;) of the generators o1 and o9
on (U®V)® W by applying the map given in (4.58) in the appropriate slot. This means
that we have to take care of the bracket structure, i.e. W can only act within a bracket
enclosing two elements. This will introduce some multiplications with € following (4.56); in
other words we want to act with o30901 on an element u® v w € (U V)@ W (written as
(u ®v) @ w for clarity) and compare the result with o90;09 acting on the same element. Of
course, this is the second Artin relation, and having a good representation of the braid group
means 010901 = 090109. After a little calculation one finds

Ro1€05;5Ra1231 Rz (0 @ v) @ u) (4.59)
91_213733291327331Q§112R219321 ((w ®v) ® u) (4.60)

~—

o(o1)o(o2)e(o1)((u @ v) ®w
o(a2)o(o1)e(o2)((u @ v) @ w

~—

with the action > in (4.56) and (4.58) taken just as multiplication. But this is exactly the
QQYBE of (4.22) after swapping 1 < 3. Analogously, this becomes the normal QYBE,
namely if  and therefore the associativity constraint ¢ are trivial.
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So in the case of a quasi algebra, the Drinfel’d associator Q € A ® A ® A makes the
braiding more complicated, because one has to take care of the brackets in multiple tensor
product expressions

uURrew®z) — (L®v)@w) 2). (4.61)

Therefore one can decide to chose a unique system of parenthesis all opening on the left
(or on the right). The multiplication by Q allows to change these brackets, for example
(u®v)w) — Que (vew)), or (LeV)® (W 2)) = (ARid®id)[Q (L) ®w)® 2).
It is not possible, to braid the last expression ((u ® v) ® (w ® z)) in the 2. and 3. argument
without multiplying before with (2 ®id)(A ® id ® id)[Q27!], to enclose v and w into a pair of
brackets. This means that the representation of the braid group has to take this into account
if acting on multiple tensor product expressions like (4.61). Define

Q(O‘i) (...(Ul ® Ug) ® ---'Un—l) ® Un) = <I>i_17—i,i+1Ri,i+1((I>i(U1 ® ... Un)) (462)
to always ensure the right positions of the brackets. @ is defined to be
Op, = AF2(Q) @ id®nF! (4.63)

and
AL @ ... @ vy) = (A(v1) QU3 ® ... @ V). (4.64)

®, is the identity. This representation shifts the brackets into the proper position, applies the
braid, and puts the brackets back to place afterwards. In (4.59) and (4.60) this was done, we
only had to use &5 = Q.

§ 4.8 APPENDIX: HIGHER COPRODUCTS OF R

In the coassociative case, sometimes it might be useful to have a closed expression for higher
coproducts of the R-matrix. Since this does not exist in various textbooks, the formula and
its proof is included here:

Proposition: If R is the quasi-triangular structure of a braided bialgebra with coproduct A,

then for m,n >0
m+1 m+2

@areaR=11 I Ru (4.65)

i=1 j=m+n-+2

Proof: Since we are in the case of a braided bialgebra, we have (id ® A)R = R13R12 and
(A ®id)R = R13R23. Now assume that for n > 0 it is true that

2
[doA"R =[] Ru (4.66)
i=n+2

and write

(id ® A") = (id®*" @ A) o (id®" P @ A) o ..o (id® A). (4.67)
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Then, for n + 1 we have

2
[deA"™™R = ("7 ®@A)o(id®AMR = ({d*" ' @A) [] Rui
i=n+2
2

=[] [Gd®" @ A)Ry ] (4.68)
i=n—+2

Note that in the above formula Ry ; € A®"H2 with i = 2,...,n+2. There are two possibilities:
i) 2<i<n+1:— (i[d*"™ @ ARy =R € AP (with A(1) =1®1)

Z’L) t=n+2:— (id®n+1 ® A)Rl,i = R17n+3R1,n+2

It follows
2 2
H (d*" M ® A)YR1; = RintsRint2 H (id®" ! @ A)Ry,
i=n-+2 i=n+1
2
= H Rl,i € A®n+3. (4.69)
i=(n+1)+2

A similar formula is obtained in the same way for the other one

m+1
(A" @id)R = [ Rimso: (4.70)
i=1

Since we are interested in (A™ ® A™), we first rewrite it as
(A™® A™) = (1Jd®" T @ A™) o (A™ @ id) (4.71)

and use eq. (4.66) respectively (4.70) to handle the expressions. Plugging it in and using
again the fact, that A is an algebra homomorphism, we have to calculate

m—+1 m—+1
1d® @ AM[ ] Rimsal = [] (4% @ A")Ri s, (4.72)
i=1 i1

and recover formula (4.66), this time for R; ;12 instead of Ri2, where there is just m times
a “1” included. In other words,

m—+2
(WA*™ @ A" Rimi2 = [] R, (4.73)
j=m+4n+2

which gives eq. (4.65). O
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CHAPTER 5

INTERACTING STRINGS AND THE QUASI HOPF
STRUCTURE

Returning to the magnetic translations 7T; (and having viewed the coproduct from the purely
algebraic perspective), a further analysis will pave the way to a stringy interpretation of the
various algebraic components in terms of magnetic amplitudes describing interactions. As
previously stated, string interactions can be represented by Riemann surfaces (world-sheets)
> that encode the details of the interaction process within their topology. For example, an
incoming string that splits into two and recombines afterwards will built a genus one world-
sheet which has the shape of a torus with two holes in it. For the sake of simplicity and
feasibility, the following analysis shall be restricted to the case of tree-level decays, i.e. trivial

genus.

§ 5.1 STOKE’S LAW IN DELIGNE LANGUAGE

The first problem one encounters if one likes to do explicit calculations, is that for amplitudes
more complicated then the cylinder, the assumed triangulation is not that simple. Recall
that any abstract world-sheet S has to be cut § — S, such that one has a simply connected
time-space submanifold ¢(S,) = X. However, as described in chapter 3, the amplitude is
triangulation invariant and is implicitly encoded into the short notation [...]. From (3.28) we
can see that this notation gives a correspondence between the complicated (s 4 1)-tuples in
J,.s of the Cech-de Rham bicomplex and globally defined differential s-forms. This is the line
of thought followed in the sequel, namely, the Deligne-cochains behave as if they were global
forms. The computational details are all done automatically if [...] is used.

For example, we have seen that an element A = (A;, fi;) € T,1, (the r-fold group index
has been omitted for brevity), can be integrated along a trajectory from ¢ : x — y, simply

A = eXP{iZ/_‘P*Aﬁj} [T o5 ), (5.1)

ji
55,0k |V €Os;

written as

73
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which intrinsically uses both components (A;, fi;). Apart from the assignment of open sets
pertaining to the initial point x, U;, and the final point y, U;, it is assumed that there always
exists an application ¢ and an intermediate triangulation with open sets such that ¢(s;) C Ug,
and ¢(vy) € Uy, . This is particularly useful, if one integrates a total derivative. Let n € T,
or in components, n = (1;). The Deligne differential D (3.16) tells us that

Dn = (idlogn; , n; ni_l). (5.2)
By computing explicitly the line integral of this differential

0221 = ey / idlogny) [T O w50 (o))

ji ~ J (s,
Sj PAS; sj,vk|vk€83j

- I 9P ew) =05t y) mi)

55,0k |V €S
- [n(y)_l]j ()], (5.3)

this yields up to a sign convention exactly the result one would have expected from globally
defined forms.

The same holds for Deligne 2-forms. For example, take A = (A;,7;;) € T,.1 and integrate
DA = (dA;, Aj— Ay —idlogni; , m3 mikny;") (5.4)

along a surface X:

[eifzm} = expf{i)y / dAa;Yexp{i ) / (Ag; = Aa; —idloga,s,}

C; SD(C’L) sj Caci gD(Sj)

x H (ﬁ@{,kﬁam n;ilﬁj)g(j’k)(@(vk))

VR €05
. —e(g,k
= ewli 3 [ 4y TT w5 et
5;€0c; ¥ P\5i v €05
= [eo=1], (5.5)

which is again Stoke’s law. Therefore, one can intuitively carry out the computations without
knowing anything about the interior cancellations (which are in fact always of this nature).
In other words, the notation behaves as if all forms were globally defined. By choosing a
valid triangulation, writing down all Cech indices and doing the explicit computation, one
will always find a result which could have been expected from the previous considerations.
Also, by the same token, this justifies the result (3.64) concerning homotopic changes of the
cut.

§ 5.2 DERIVATION OF THE COPRODUCT FROM THE PAIR OF PANTS

As said above, the cornerstone of the subsequent derivation of the quasi Hopf structure of
the algebra generated by the stringy magnetic translations resides in the geometrical nature
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of the interactions of strings. To be more precise, consider a process in which m incoming
strings scatter to produce n outgoing ones. In the path integral formalism, this should give
rise to an operator

Km—m . H@m N H@n (56)

containing the magnetic amplitude,

K™Y s UPX;) = / Dyl W A, (5.7)

©(88)=X*UY

where ¢ : § — M is the conformal field describing the embedding of the strings into space-
time. The surface S has a boundary made of m + n circles, the n circles ¥ = (Yr,...,Yn)
whose orientation agrees with that of p(9S) correspond to the outgoing strings while the m
others X = (X1,...,Xp;) are the incoming ones. This is a generalization of the single string
propagator K'~1(Y; X) (3.59) where the index -'~! has been omitted. In our context, the
magnetic amplitude A[p] has to be equipped with n + m boundary triangulation indices,
J1y .oy In, In, ..., Iy, pertaining to the collection of circles U;Y; and U; Xj;.

To derive the coproduct, it suffices to regard the tree level decay of a string of winding
vw into a string of winding v and another one of winding w. In decays, one should think of
the winding as a conserved quantity. The amplitude of this process Kgﬂ_ﬂ’z is associated to the
pair of pants § depicted in figure 5.1.

X Xvw

Figure 5.1: Basic interaction associated to a pair of pants.

To construct the corresponding magnetic amplitude, one has to cut the pants in order to
obtain a simply connected surface. Then, the amplitude reads

Agicilp] = [ BHL Am i AL Av gL () (5.8)

JK,I’
where [ is used to cover the incoming string while J and K label the covers of the two
outgoing strings. The insertion of @;%U(t) is necessary to maintain invariance under the
secondary gauge transformations of A and ® given by (3.46) as we will see below. Apart from
the surface integral over X, there are several integrations along the cuts, each one integrates
the 1-form contribution corresponding to its winding, i.e. A,, A,, and A,,. This magnetic
amplitude is to be inserted into the path integral for the evolution operator K&TU’Z encoding
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the decay process Hyw — Hy ® Hy,

KIZ2(Y U Z:X) = / Dy e SHA, (5.9)
©(dS)=X*UYUZ

where X, Y and Z are three strings of respective windings vw, v and w. In this heuristic
analysis above, the indices pertaining to the coverings are left out for the sake of clarity.

1-2

Lower winding indices indicate the result of a process.

As already mentioned, the insertion of ®~! in the amplitude (5.8) is motivated by the
requirement of gauge invariance. Recall that if B — B+ DA, the 1-form contribution changes
according to A — A + §A. Writing in detail the so arising terms, one finds that

[eifazA+if;(&A)vafty(éA)u—i—ift‘j}(éA)w} :[e—if;”““’A} [eifyy“A} [eif;wA} (5.10)
I J K

JK,I
leaving one primary gauge term for each string, as expected. Secondary gauging, A —
A + DO, however, generates a term

|:ei fzt DOyw+i [ DOL+i [ D@w] _ [@vw (‘T)]I [@;l(y)] [@;1(2)] X

JK,I J
X [0°Ou(t) O (t) O4(1)] (5.11)

with U, the open set used to cover the branching point ¢. In order to cancel the ¢-dependent
term in the previous formula, one has to insert an additional ®~! in the amplitude (5.8), since
secondary gauging also changes ® according to & — ® §0O.

Apart from gauge invariance, the amplitude is independent of the homotopy class of the
three cuts and under diffeomorphisms connected to the identity that act trivially on the
boundary strings. Besides, using the relation D®, ,, = v*A, — Ay, + A,, one can move
the point ¢ along the cut, leaving the amplitude unchanged. Obviously, if one considers the
reversed process in which two strings join, one has to insert ®,, ,,. It is interesting to note that
a similar phase factor has been encountered in the context of toroidally compactified closed
string field theory [42]. Whereas our phase factor is a 2-cochain on the windings, their phase
factor is a 2-cocycle on the momenta. This is equivalent, since T-duality exchanges windings

and momenta, and their cocycle condition simply stipulates the triviality of w.

The amplitude (5.8) contributes to the process describing the tree level decay Hy, —
H, ® Hy. It is expected that the corresponding operator K&TU’Z commutes with the action of
G, but the latter may be defined on the tensor product H, ® H, only up to an additional
phase. To determine the possible extra phase in the tensor product, compare the operators

Kyo2Te o (TP T Ky (5.12)

v9,wI

It is important to take care of the windings for G not abelian, because as already stated above,
T,’ changes the winding, since X - g starts at z - g and ends at x - wg =z - gw?. At the level
of the kernels, (5.12) means that one has to compare

Kiy2(YUZ X) To(X) — Yo(Y)YY(Z) Ky we(Y-gU Z-g; X -g), (5.13)

v9 w9
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where T stands for the phase defining the stringy magnetic translation given by equation
(3.113). For that, proceed as for single string propagations in the last section and simply
compare the magnetic amplitudes. Ak r[¢] enters into K} »*(Y U Z; X) whereas Ak 1[¢-g]
is the corresponding term in K3;°2,(Y-gU Z-g; X -g).

To begin with, the translated amplitude involving strings of windings v9, w9 and (vw)9

reads

ei fz} g*B—l—if,? g*A(vw)g-Hfty g*Aug—l—ift’; g*Ag g*(I)_l ( )] (5_14)

7_)9711)9

Ak 1le-g] = KL

For the computation of the ratio (in order to find the expected extra phase factors that
accompany the tensor product), recall that DI'y, g = g*Aye — Ay — w Ay + Ay, Using as
well Stoke’s law for Deligne 2-forms (5.5),

|:eif2 g*B—B} — [eifaz Ag] , (5.15)
one can rearrange the terms in the ratio, such that
Ask.1le-g] _ {e—if;“’w Ag] [eifyy“ Ag} |:eif;w Ag]
Ak 1l¢] I J K

(5.16)

. rt . - rz
X [ot e Dot Pt PP r L (1) @y ()]

JK,I

Integrating the total derivatives and reshuffling some of the components, the ratio can be

expressed as

- ifV'A - i [ .
Askileg] [<rv,;<y>efy ) (Tl (2) e 2" A9) @, yg v Ty

= o t . 5.17
AJKJ[(:D] (P;ul;’g (a;) e' fﬂc Ag) g*q)vg,wg va,g ( ) } JK,I ( )
=(Q0) !
The first ratio in the bracket is nothing but
-1 ifyvAg -1 ifzzwA VW
e ) ) TP M
[Tibyla) 7 A 50, (2]

which is exactly what one expects from acting with 7" on the incoming string and T/ ®7T," on
the two outgoing ones, so that it cancels when acting with the stringy magnetic translations.

The under-braced term Qg,w takes a special form using the 3-cocycle w = §®. With

-1 —1
Wy v9,wI = g*@vg,wg (pvg,wg ®g7(vw)g (I)gﬂ)g
Wyw,g = U Puy g P Py,uwg (I)mw (5.19)

vw,g
% -1 —1
Wy,g,w9 = U (I)ngg (I)Ug,wg (I)Ung (I)v,g

one obtains

w Wag.v9 w9
ng = ’U,U),g g:U 7w , (520)
’ wvygng
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which is globally defined and constant. Therefore, the action of G on the tensor product
Hys @ Hyws must be defined with the extra phase,

Q%w (T; ® T;U) t Hys @ Hys — Hy @ Hy. (521)

Amazing, eh? This is exactly the phase appearing in the coproduct A : D¥(KG) — D¥(KG)®
D¥(KGQG) of the quasi-quantum group, defined in (4.48) as

AT =D 99, TyaTy. (5.22)
TW=U
In the first place, the definition of D“(IKG) appears rather abstractly. However, note that the
derivation of the coproduct in our context arises quite naturally and, in fact, is a consequence
of gauge invariance. The phase Qf ,, is not a group 2-cocycle in v, w. Instead it fulfills

Q?va ng,w Wyg,v9,w9 = Qg,w Q?L,vw Wy, v,w (523)

arising by repeated application of the cocycle relation dw = 1. As for the phase appearing in
the product, the phase of the coproduct can be understood in terms of a prism, representing
the translation by g of a string of winding vw decomposed into a string of winding v followed by
a string of winding w. The decomposition of the prism into the three tetrahedra components
is depicted in figure 5.2.

Figure 5.2: The phase of the coproduct in terms of tetrahedra.

Algebraically, we can thus promote (5.12) to an equation,

A(T:w)Kl—Q — Kgﬂ—;? T:w , T:w c Dw([KG) (524)

1)9711]9

The coproduct provides us automatically with the phase Q such that this equation is true.
In (5.12), this was the ansatz, which has now turned out to be the right one if one adds the
phase Q by replacing the naive tensor product with the coproduct. One thus obtains the

commuting diagram
Ky?
HUUJ HU ® 7_(’Ll)

T;wT TA(T;“J) . (5.25)
H(vw)g —_— Hyg & ng

1—2
Kvgng
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§ 5.3 TRANSGRESSION AND TWIST*

The expression of the phase factor appearing in the multiplication law (3.130) in terms of
the 3-cocycle w can be interpreted using a transgression map similar to the one introduced in
[43]. Denote by (C,d) the standard group cohomology complex with values in U(1) and by
(C,4) anew complex whose cochains are group cochains with values in U (1)-valued functions
over G. For any n-cochain in C™ defined by the function w — Cgy,...gn(w), define a twisted
coboundary as

~ ~ i - _1k - -1 n+1
(82)gorrgn () = Egu.gn (09) % TT Cgorogirgongn (@) T % (Fgorngur () T

k=1
(5.26)
The transgression map 7 takes an (n + 1)-cochain ¢g, 4., € C"™! to an n-cochain in C' by
[Tc]gl,ygn (w) = H (Cglwwgingl"'gi79i+17---7!]n) ‘ (527)

For cocycles 8, a and w of orders 1,2 and 3, we have

o g w. , 7hw h, gh
[T5] () = Bu,  [Ta], (w) = =2, [Tw], (w) = —"—220, (5.28)
Qu,g ’ Wg,w9,h
The transgression map induces a morphism of complexes since it fulfills 7 o § = 50T,

Therefore, the image of an (n + 1)-cocycle in C' is an n-cocycle in C. In particular, the 3-
cocycle w is transgressed into a 2-cocycle on functions of the winding, which allows to interpret
the product law (3.130) of stringy magnetic translations as a projective representation.

The twist of the algebra D¥(KG) by the 3-cocycle wy j, , has the elements P and Q as a
consequence. Thus, one is tempted to understand the twist that produces the quasi-structure
as the twist by a general 2-cocycle, as it is the case for the twist of a group leading to a
projective multiplication. For the Hopf algebra, the twist changes the multiplication and the
comultiplication at the same time, caused by a 3-cocycle. Indeed, the consistency of the quasi
Hopf algebra structure implies that the phases P and Q obey the following equations

h gk bk bk
Pu Pg - ’g Pug Y
hgih h ~gh
Pg Pg Q%,’U QZg,Ug = ng Q?L,Ua (529)
Q%,’U ng,w Wyg v9 w9 = Qg,w Q?L,vw Wy,v,w-

The first equation expresses the associativity of the product, this is nothing but (3.129). The
second one ensures the compatibility of the product and the coproduct (the coproduct is an
algebra morphism) and the last one is the quasi-coassociativity of the coproduct, i.e. (5.23).
Using the group coboundary § for the windings u, v, w, ... and the twisted group coboundary
6 for g, h, k, ..., with its extra action by conjugation on the windings for its first factor, these

*Just a short cohomological remark about the appearance of P and Q as a twist of D(KG).
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equations read
(5P)%’h7k = 17
(6Q)%L (6P) = 1, (5.30)
. -1
(5Q)Z,v,w ((50‘))%,1},10) = 1.

g.h  ~g
u

Together with (0w)yvw = 1, these equations simply stipulate that ( s Qo Wyww) 18 @

2-cocycle in a bicomplex constructed out of § and 5.

§ 5.4 (QUASI COASSOCIATIVITY

From chapter 4 we know that the occurrence of the coproduct in the action on the tensor
product is natural in the theory of quasi Hopf algebras A, i.e. one can construct an A-module
structure on the tensor product of two A-modules by taking two representations p; and g9
and building a new one

(01®02)0 A (5.31)

with the aid of the coproduct. This is exactly what happens for strings in a background
3-form H: the representation acting on H, ® H,, is nothing but the tensor product of the
representations on H, and on H,,, but with the tensor product defined using the coproduct
rule (5.31).

It is also interesting to analyze if the quasi-coassociativity of the algebra has a counter-
part interpreted in terms of magnetic amplitudes. As explained in section 4.6, the Drinfel’d
associator gives an associativity constraint on the tensor category of representations. Recall

that quasi-coassociativity (4.16) reads
([d®A)o A=Q((A®id)oA)Q, (5.32)
where  is the Drinfel’d associator (4.49),
Q= wi, T T, Ty, (5.33)
Uyv,w
This means that, on the level of the representation of the algebra, one has to distinguish

between different parenthesings of the tensor products

Q
(01 ®02) ® 03 — 01 ® (02 ® 03), (5.34)

where these two representations are intertwined by Q due to equation (4.56). In our case,
is central and therefore disappears from 5.32, however, on the level of the category, the extra

phase stays where it is.

Can this be viewed in terms of our amplitudes? In fact, the failure of associativity is very
natural from the point of view of the magnetic amplitudes. Consider the process in which one
string of winding uvw decays into three of windings u, v and w. Such a process can happen
in two different ways: 1) A first decomposition of a string of winding wvw into uv and w and
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then a splitting of the first into v and v. 2) The first decomposition produces v and vw, a
second one produces v and w for the second string. These are the two possibilities for AZ.
In the language of pairs of pants, this arises from the composition of two pairs of pants in
the two different ways, like in figure 5.3. Due to the different cut, the amplitudes will not

LK

Figure 5.3: Two different cuts related by the associator.

exactly give the same contribution. To compare the two amplitudes, it is useful to apply the
relation D, = g*Aj — Ay, + Ay in such a way that the two branching points of the cut
come together. However, they cannot pass through each other and they always remain in the

same order. The ’fine structure’ of a triple branching point for the 1 — 3 decay is depicted in
figure 5.4. The two amplitudes coincide except that the branching yields [<I>_1 @_l]a for the

UV,W T UV
first and [u*@;%ﬂ);},w]a for the second, with a being the index of the open set used to cover
the branching point (which is 'z’ and not ’#’ just in the figure). The order of branchings must
always be preserved, which is represented by the triangles that are attached to each other’s
edges. Each triangle corresponds to a factor @;}) depending on the winding that belongs to

the two edges that point into the direction of disintegration.

Xuvw Xuvw
,,,,,,,, J xuv J Xuv

Figure 5.4: The fine structure of the branching point, with all ®~!’s evaluated at z.

Notice the combination of ®’s: This is nothing but the last line in (3.41), i.e. the usual
relation between the 3-cocycle and ®. Thus, the second amplitude simply differs from the
first one by the phase factor wy, 4. This is in perfect agreement with the quasi category point
of view, where the pattern of splittings implies that the first process reads

Huvw — Huv ® Hw — (Hu ® Hv) X Hw, (535)
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Figure 5.5: Quasi-associativity on the states.

whereas the second is

The two processes end in two different tensor products, differing only by their parenthesings.
This statement is illustrated in figure 5.5, where we indicated the different parenthesings on
the Hilbert spaces by the finely drawn ellipses encircling the corresponding states. Indeed, the
phase difference of the two amplitudes corresponds to the Drinfel’d associator Q! Interpreting
the spaces H as objects of the tensor category, and therefore as modules over the algebra
D¥ (K@), the Drinfel’d associator switches the parenthesing according to equation (4.56).
Thus what is derived here as a consequence of gauge invariance has a deep interpretation in
terms of the representation theory of the underlying Hopf algebra.

It is compatible with the action of magnetic translations, in the sense that they commute
with the switching of brackets. Recall that a magnetic translation on a 3-fold tensor product
acts depending on the module as

w0y Ty @T) T (Hus @ Hys) @ Hus — (Hu @ Hy) @ Hay (5.37)
for the first possibility of parenthesing, and for the second

One can then use relation (5.23) to obtain the commutation of the corresponding actions.

A similar result holds for more general amplitudes: the pattern of interactions involved
selects the parenthesing of the Hilbert spaces appearing on the boundary due to the various
possibilities of AN. This is particularly clear if one considers processes in which one string
can decay into n strings, i.e. processes of the form K1~ The branching of the cut yields
a tree that encodes all the information on the parenthesis to be used. The choice made for
intermediate states is irrelevant since changing their parenthesing always produce two phases
that cancel. Any change in the parenthesing can be implemented by successive applications of
the associator that moves branches of the tree from one side of the corresponding branching
point to the other side. Using MacLane’s coherence theorem [39], the cocycle condition on w
implies that any sequence of associators between two fixed parenthesing always yields the same
phase. For the branching point, MacLane’s coherence theorem is presented by the pentagon
from category theory (4.54) and is depicted in figure 5.6. It is equivalent to relation (4.18).
Figure 5.6 can directly be compared to (4.54) by simply translating the triangles attached to
each other and the indicated tree structure to the corresponding structure of brackets.
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Figure 5.6: The pentagon with branching points and its tree structure.

§ 5.5 LARGE DIFFEOMORPHISMS AND MAPPING CLASS GROUP

A homotopic change of the cut corresponds to a diffeomorphism of the surface S that lies
in the connected component of the identity diffeomorphism. As already stated, such trans-
formations do not alter the outcome of the amplitude of the process. However, there are
large diffeomorphisms that transform the cut into a different homotopy class. In general,
the structure of self-homeomorphisms of any surface up to homotopy is known as the map-
ping class group [44] of the surface, which is isomorphic to the automorphism group of the
fundamental group. More precisely, take a topological space M and denote by Homeo(M)
its self-homeomorphisms. By Homeo;q(M) denote the homeomorphisms homotopically con-
nected to the identity homeomorphism. Then, the mapping class group MCG(M) of M is

given by the short exact sequence
1 — Homeojq (M) — Homeo(M) — MCG(M) — 1, (5.39)

i.e. the self-homeomorphisms up to homotopy. For example, a 2-torus T2 has SL(2,Z) as its
group of large diffeomorphisms.

In this section it is shown that the mapping class group of surfaces describing tree level
decays is generated by two elementary diffeomorphisms, namely the Dehn twist of the cylinder
and the braiding of a pair of pants. The braiding should arise naturally in the framework of our
algebra, since it is a braided Hopf algebra. The representation space then carries a braiding
as well, interpreted as the map (4.58) that flips two objects of the tensor category since the
braid must be constructed from the R-matrix. To begin, consider all the tree level amplitudes
describing the decay of one string into N others, i.e. processes of the form K'=V . Any tree
level amplitude can be obtained by gluing cylinders and pants together. The resulting surface
has a mapping class group whose generators can be constructed using the quasi-quantum
group D¥(KG).
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DEHN TWIST OF THE CYLINDER

In our context, the Dehn twist of the cylinder changes the cut by turning it once around
the cylinder during propagation. The magnetic translations Ti allow us to understand the
transformation of the cylinder amplitude under this large diffeomorphism. Recall that the

cylinder amplitude reads

Asilyg] = [ei Jo B[} Aw] (5.40)

JI
If we act with a Dehn twist on the cylinder, then the cut ¢ is changed into ¢’ which induces
a corresponding change ¢ — ¢. In the target space M, the transformation yields a new
world-sheet ¥’ and the image of the new cut joins x to y-w, as can be seen in figure 5.7.
Therefore, we get an other amplitude A ;[¢’] and the ratio of the two amplitudes turns out

' i» W
A

X XwW

Figure 5.7: The Dehn twist of the cylinder.

to be

Asle'] [ei S (W*B=B)+i [ Ay—i [¥ Aw]
Ajilgl
This follows from the fact that 3 and ¥’ only differ by the shaded surface 3" (see figure 5.8),

. (5.41)

Figure 5.8: The surface X”.

whose contribution is lifted by w in Ar[¢'] with respect to its contribution to Ajr[e]. After
using w*B = B + DA, in the explicit expression of the ratio, only boundary terms remain.
Two of them cancel with the integrals along the cut and we are left with

Asle] oS A
i [ ]J. (5.42)

Now recall the translation by w of a string Y with winding w which is

(), (v) = [ WA w(), (5.43)
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because I'y, ., = 1. Thus, the action of the Dehn twist simply amounts to translating the
outgoing string by its own winding. Starting with the twisted cylinder one constructs the
twisted propagator K’ and the comparison of the magnetic amplitudes for ¢ and ¢’ shows
that

TYK'L = KL (5.44)

Because of the commutation of T and K,,, the twist can as well be implemented on the
incoming string.

BRAIDING OF THE PAIR OF PANTS

Consider now the large diffeomorphism of the pant that induces a braiding of the cut as in
figure 5.9. The braiding induces the change ¢ — ¢’ associated to the new amplitude

X  Xvw

Figure 5.9: The braiding.

A glf] = [ o Bride At 17 At B @71 (1)) (5.45)
’ KJ,I

where the line integrals involve the cuts in figure 5.9. The new amplitude Agj[¢'] differs
from the old one Ajk r[¢] given in (5.8) by the ordering of the windings ((v,w) — (w,v"))
and by the shaded surface X" (see figure 5.10) which is a) removed from ¥, lifted by w and
b) reinserted into ¥ to form Y’. To indicate the order of the windings, note that the indices
JK < KJ have swapped. As before for the unbraided pair of pants, we assume the name of
the open set that covers the branching point t as U,. The ratio of the two amplitudes can

X XVwW X XwWv"

a) b)

Figure 5.10: The surface X" and its lift by w.
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then be calculated to be

% - [P;nlu(t)]a [eiftyw*Avw—Av—v*Aw_;_Aw}J7a [eifyyvAw}J
= {F;,%u(y) eifyy”AwL -

which matches exactly the phase that appears in the operator 7;). To obtain this result, use
DA, =w*B - B and
[eifE” DA“’} = [eifaE” A“’] . (5.47)

Therefore, the braiding of the pants induces a change of the magnetic amplitude Ak r[¢] —
Ag j1[¢'] that corresponds to the braid group action derived from the general theory of quasi-
triangular Hopf algebras.

To understand this phase in terms of the braiding of the algebra, recall that the algebra
comes with the R-matrix (4.51)

R=> TV &Iy (5.48)

VW
When acting on a tensor product of two states, it leaves the first string invariant (due to the
Ty, factor) and translates the second by the winding of the first. The corresponding action
of the braid group with two strands Bs is defined by its generator ¢ = 7 0o R, where 7 is the
flip, see equation (4.58) in section 4.7. If we restrict ourselves to strings with fixed windings,

this induces a map

0-1)711) : Hw ® HUU) — Hv ® Hw (549)

defined by o, = 7o (id ® T};). Then, the same reasoning as for the twist of the cylinder
applies: The braiding yields another pant S’ whose field ¢’ defines a propagator K’ related
to K by

oo K it = K) 02, (5.50)
or more precisely,
K
va » Hv ® Hw
\ TUW : (5.51)
K2
Hw ® HUU)

Note that thanks to the quasi-triangularity condition 7o A = R AR ™! the braid group action
commutes with the stringy magnetic translations, provided the latter act on tensor products
using the coproduct rule.

When more than two factors are involved and w is trivial, i.e. the Drinfel’d associator w
is also trivial, the exchange of the factors is governed by the braid group with N strands By.
And as already mentioned the latter is generated by the operators o; = 7 o R that exchange
the two adjacent factors located at the i*" and (i 4+ 1) place in the tensor product. From
equations (4.59) and (4.60), the defining relations of By hold thanks to the Yang-Baxter
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equation R19R13R23 = Ro3Ri13R12. If w is non-trivial, the braid group action still makes
sense, but some care is required because of the lack of associativity of the tensor product.
For the action of By defined using its generators o; one has to make a repeated use of
the associator to make sure that the parenthesings do not separate the two factors being
exchanged. Therefore, when composing o; and o, one has to insert suitable representations
of the associator as it was shown in (4.62)-(4.64). The defining relations of the braid group
(4.15) then follow from the quasi Yang-Baxter equation (4.22), which is a modification of the
Yang-Baxter equation (4.14) in order to take into account the Drinfel’d associator.

As a result, the operators T' generate the Dehn twists and implement the braidings of
pants. By gluing cylinders and pants, one arrives at the mapping class group generated by
the twists and braids of cylinders and pants, forming tree-level amplitudes with one incoming
and N outgoing strings.

BRAIDED OPERAD STRUCTURE

If the windings match, an amplitude for a process 1 — N can be glued together with N
amplitudes for 1 — n;, ¢ = 1,..., N, so that the result is an amplitude pertaining to the
process 1 — Zfil n;. In figure 5.11, one can see a simple example of gluing three amplitudes
1—1,1— 3 and 1 — 2, into the corresponding slots of a first one 1 — 3. More generally,

Figure 5.11: The braided operad structure of tree level amplitudes.

denoting by Ay the set of amplitudes with & outgoing strings, the gluings define composition

laws

IN AN X Apy X X Apy = Ap gy - (5.52)

The sets A carry an obvious representation of the braid group By, with generators o; acting
in the same manner as for the pair of pants. The action is compatible with the gluing, in the
sense that braiding before gluing is equivalent to braiding after gluing. A composition rule
like (5.52) defines the structure map of a special mathematical object, called an operad. To
be compatible with an operad’s full definition, the structure map has to be associative (which
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is obviously the case), and has to respect an action of a symmetry group Sy,

i) IN(AN 05 Apyyoo s Any) = n(AN; A”crlu)’ . aAngq(N)) co(ny,...,nyN)
i) YN(AN; Apy T Ay ) = IN(AN 0 Apy e Apy) (B B T)
(5.53)
with o € 8. The group 8y can be the permutation group (Xy) or, in the case of a braided
operad, the braid group 8y = By [45]. The notation o(ni,...,ny) means an element in
8y~ p, Which is obtained from o by replacing its ith strand by n; parallel strands. @7, is the
block direct sum of the braids 7, € 8,,. These relations are simply the manifestation of the
commutability of 'gluing’ and ’braiding’, which is fulfilled in our case of the amplitudes.

§ 5.6 LOOP AMPLITUDES AND MODULAR INVARIANCE OF THE TORUS'

As the simplest example of a loop amplitude, we want to consider the torus. As an amplitude,
it can be constructed from the cylinder amplitude (3.72). For that, by acting with a stringy
magnetic translation on one of the boundaries, it can be glued together to form the torus.
The procedure is pictured in figure 5.12. The amplitude can be written as

Alg] = [ s BHE " AL Ay ()] (5.54)

and corresponds to a cylinder of winding ¢ and ’length’ h. g and h are two commuting
elements of G and the extra phase T corresponding to the translation by h has been added.
This amplitude should be though of as being inserted into a functional integral contributing
to the trace of (T} ) K, which is further summed over g and h to provide the torus partition
function. Because there is no boundary, it does not depend at all on the triangulation used in
its computation. Nevertheless, we write it into brackets to remember that its actual definition
relies on some triangulation. Besides, it is invariant under homotopic changes of the cut,
diffeomorphisms connected to the identity and gauge transformations. These properties are
valid whether w is trivial or not.

T

Figure 5.12: Obtaining a torus amplitude from a cylinder.

The problem arises if one analyzes its behavior under a global magnetic translation. In
this case, the amplitude receives a phase which can be written solely in terms of the 3-cocycle
w, i.e. under a global translation ¢ — ¢-k, the amplitude changes according to

Qk
Alp-k] = B LRI TGk g1y - 2R g (5.55)

T Ok
wk79k7hk wg7h7k wh7k7gk Qg,h

In lack of an explanation, this section should rather be viewed as an observation.
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Such a phase is called a global anomaly which is an anomaly that violates a large gauge
transformation. It is interesting to note that, for a commutative group, this phase matches
exactly the topological action for a 3-torus in finite group topological gauge theory derived
by Witten and Dijkgraaf [46]. Using the relation (3.130) and its geometrical interpretation
given in figure 3.8, this combination of 3-cocycles can be understood as a way of chopping the
parallelepiped build out of g, h and k into six tetrahedra.

In string theory, one requirement for vanishing global anomalies is modular invariance
of 1-loop diagrams. For the torus, the modular group is the group of large diffeomorphisms
SL(2,Z), namely diffeomorphisms that are not continuously connected to the identity diffeo-
morphism as analyzed in the last subsection. It is generated by two modular transformations,
conventionally denoted by S and T, that act on the cut in the following sense:

g — gh g — h!
T: S: . 5.56
{h — h {h — g ( )

Here, the amplitude changes by extra phases depending on the 3-cocycle w as well. More
precisely, T acts as

Alp] — A[Te] = wh g.n Alp) (5.57)

and S as

Alp] — AlSg] = —noh™__ Af). (5.58)

Wh h—1,gWg b h—1
This behavior of the torus amplitude and of all the previous tree level amplitudes under global
translations and large diffeomorphisms yields relations that are very similar to the ones in
[47|, derived in the context of CFT. In fact, this last paper deals with algebraic properties
of the conformal blocks in an orbifold theory with group G. It is rather amazing that the
formulae pertaining to the transformation of conformal blocks are so close to the ones derived

here for magnetic amplitudes, especially because our derivation relies solely on the geometry
of the Kalb-Ramond field and does not refer to CF'T.

More generally, we expect all loop amplitudes to be flawed by these global anomalies under
translation and global diffeomorphisms. This is due to the insertion of the gauge fields A, and
®, 5, along the internal cuts, which is required by gauge invariance. Any global change induces
a change of these gauge fields which is only partially compensated along the two boundaries
of the cut. This is another clue that the orbifold theory is consistent only for trivial w. If
we assume that w is trivial, then one can construct the magnetic amplitude for an arbitrary
surface as follows. At the tree level, we construct the amplitude by gluing together cylinders
and pairs of pants as given in (3.62) and (5.8). For the latter it is crucial to insert a factor
of @;%U when a string of winding vw splits into two strings of windings v and w and &, ,,
when they join. Loop amplitudes are obtained by further gluing together some incoming and
outgoing strings using the operators T,,”. At the level of magnetic amplitudes, this translates
into insertions of the phases T¢’ when a string of winding w is glued with its lift by g. Then,
the triviality of w ensures that the amplitude is independent of the patterns of joining and
splitting, as well as under global translations and large diffeomorphisms.
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§ 5.7 DISCRETE TORSION AND DRINFEL’D TWIST

Originally, discrete torsion was introduced [48] as an additional degree of freedom appearing
as complex weights e, € U(1), g,h € G, for orbifold amplitudes. Constraints for modular
invariance of 1-loop and higher partition functions of a closed string on the orbifold M/G

then lead to a set of axioms,

€w,gh = €w,g€w,h
_ -1
€gw = Cug , (5.59)
€9 = 1

if one restricts oneself to mutually commuting elements w, g,h € G. Its geometrical nature
has been unveiled in |36, 38|, showing that it corresponds to an ambiguity appearing in the lift
of the orbifold group action to the fields. Due to global anomalies we have already seen that
for the orbifold to be existent, the 3-cocycle wy j , must be assumed to be trivial. However,
let us analyze if discrete torsion has a pendant in our context of the Hopf algebra. For that,
recall the constant ambiguity in the definition of ® in equation (3.38) and (3.46). The change
® — &' = ®o with a € Ty, or with group indices for clarity

b, — (I);,h = ®4 pay p, (5.60)
does not induce a change of w due to its definition w = §®, if v is a group 2-cocycle

Qh kg, hk = Ctgh kClg,h- (5.61)

Because the operators realizing the stringy magnetic translations 7, defined in (3.114) depend
on ® through I' (see definition (3.101)), the 2-cocycle « induces the change

Ty — (T')y = €wy Ty, (5.62)

where we set the phase to be equal to the corresponding combination of a’s,

Cwg = ‘ngw". (5.63)
w7g

If @« = 673 is a coboundary, this simply amounts to multiply the wave functions in H,, by the
global phase 3, so that the ambiguity is parametrized by the group cohomology class of a,
ie. H2(G,U(1)).

The magnetic translations T)” and (T’)g thus obey the same multiplication law as given
in (3.130), since their product only involves w which is left unchanged by the 2-cocycle oy p,.
Writing the product (3.130) in terms of (7)) by replacing them with T, and €, 4 leads to
the identity

€w,g€w9,h = €w,gh> (5.64)
that can be checked directly by repeated use of the cocycle condition (5.61). In other words,

at fixed w the application g — €, 4 defines a 1-cocycle on the normalizer N, of w. Or, in
other words, one finds the relation of discrete torsion (5.59).
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For the coproduct, however, there is an extra phase that remains,

AT =Y <O‘—“’> Q5. (T, @ (17, (5.65)

«
TW=U v,w

which can easily be computed from the ratio

€v,g€w, Qg 09 Qg a9 Oy, Ayg w9
g9 9 _ 9 g9 9 _ (566)
€ow,g Qv,gQw,g g, (vw)9 Qo,w
by repeated use of the cocycle relation for a, namely (6a)yw,g = 1, (60)gpowe = 1 and

day gws = 1. Generally, the change in the coproduct could have been expected since the

definition of the coproduct depends on the interaction which involves ®~!

as required by
invariance under secondary gauge transformations.

But all this is a Drinfel’d twist! Recall it from the equations (4.23). It defines a new
coproduct of the form

A— Ar=FAFL, (5.67)
with the element F € D*(KG) @ D¥(KKG) given by (4.53),

F=)Y o, T oTt, (5.68)
u,veG

If one computes explicitly the new coproduct FAF !, one finds exactly the phase Qg w9 a;}u
from the derivation in (5.65) and (5.66). Therefore, the operation T,” — (T")y" corresponds to
a Drinfel’d twist of the quasi-quantum group D*. By equation (4.25) it also induces a change
of the R-matrix involved in the braiding, now given by

R — Rp=FuRFy = Y ewo T1, @ TY, (5.69)

v,weG
but leaves the associator € invariant because of the cocycle condition (5.61).

In summary, discrete torsion was identified in [36, 38] with an ambiguity in the lift of
the orbifold group action to the fields. Since the operators T are defined with a subset of
these fields, there is an induced ambiguity appearing in the definition of the operators 7,
that lift the group action to the twisted states. Then, any two choices T;’ and (T/); of such
operators generate quasi-quantum groups related by a Drinfel’d twist. As already stated, they

are equivalent as far as their representations are considered [39].

§ 5.8 ANTIPODE AND COUNIT

To investigate the role played by the counit € of the algebra D“(KG), consider a process

K%~2(X UY;—), in which two states are created out of the vacuum. This process can be
obtained by gluing the cap (3.7) to the incoming slot of a pair of pants, see figure 5.13. Using
the homotopy invariance of the cut, the magnetic amplitude takes the form

Aps—lp] = [efsBHLuAvig-l - (2)

7w71

. 5.70
. (5.70)
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e(T,<) — A(Ty¢)

Figure 5.13: A cap is glued to a pant.

Here, I and J correspond to the two outgoing states X and Y. The notation ngz’vz,l(XUY; -)
shall indicate the creation out of the vacuum of two strings with respective winding w and w™?
as already used for the cap. The amplitude (5.70) can easily be obtained using D®,, ,-1 =
w*A,-1 + Ay to shift the ’branching point’ directly to the position z, i.e. X(0). The
commutation of this process with a magnetic translation 7' € D¥(KG) then reads

A(Ty) Kty = Koo e(T59), (5.71)

or in terms of a commutative diagram

Kw w1
<> : Huw @ Hy-1
e(T) A(T,G) (5.72)

O —

ng ® ’H(wfl)g

w9, (w—1)9
where () denotes the vacuum. At the level of matrix elements one has to compare,

TYXO)TY (V) Koy, 1) (X gUY g =) & K2 (X UY;—). (5.73)

g w1

Indeed, D¥(KKG) acts trivially on the vacuum, as can be seen by the ratio

Arj ¢ gl —1 P [T A 1 et A g 1
B v il IO K] P L R BN A R )
reproducing the two phases T’(X) and T’gl’fl(Y) for the two outgoing states and producing
the expected factor qu w—1 from the coproduct. Therefore, the counit provides the trivial
representation.

The similarity between the amplitude (5.70) and that of the cylinder (3.72) suggest some
procedure of ’orientation reversing’. Indeed, from the general propagator (5.7), the orientation
of the boundaries of the surface ¢(9S) = 9% encodes which string is incoming and which is
outgoing. Outgoing states are in correspondence with the orientation of the world-sheet, and
they are interpreted as incoming, if their orientation is reversed. Hence, the surface that
corresponds to the process K°~2 should also contribute to a single string propagation K.
This suggests the existence of an operator II from H to its dual that changes an outgoing
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string to an incoming one. At the level of a wave function, if ¥ € H,,, then one can define
v € H; _, by
[M¥] . (X*) = [@y-1(x)], U7(X) (5.75)

where X* € C,,-1 denotes the string with orientation reversed, i.e. that starts at zw and ends
at x, and I* is the triangulation and assignment with the order reversed. Geometrically, TT¥
is a section of the dual bundle defined by the transition functions G7; = GI_J1 and with gauge
transformations and holonomies along cylinders defined by the opposite phases. As for the
dictated by the
requirement of invariance under secondary gauge transformations. In geometrical terms, II

pair of pants, the inclusion of the winding dependent extra phase ®,, -1 is

is a line bundle isomorphism induced by the orientation reversing. For the process of a two

string state created from the vacuum, this means

M®id) K02, = K12} (5.76)

w,w—1 T

or at the level of matrix elements,

Dy 1 (2) K02 (X UY;—) = KL2HY; X79). (5.77)

R

Note that the surface ¢(S) contributing to both of the latter processes has the border ¢(9S) =
Y U X which can also be interpreted as (9S) =Y U (X™*)*. The same argument holds for
the process of the annihilation of two strings, Ki?ﬂw(—;X* U Y™) which can be associated
to the surface p(9S) = (Y*)* U (X*)*.

For Hopf algebras A, see for example [39, 40, 41], the antipode allows to define the dual of
a given representation. Let M be an A-module and M* the dual. Then the antipode induces
an A-module structure on M* according to

(a> f)(v) = f(S(a)pv) , acAve M, fe M. (5.78)

In our setting, the antipode ensures the compatibility of the quasi-quantum group action on
the string states with the orientation reversing operation. Indeed, if ¥ € H,¢ and ¥’ € H,, -1,
then we have

[ [T0]] . (X7) O7(X7) = [TP] . (X™g) [S(T)W], (X"g) (5.79)

for any string X* € C,,-1, with

S(Ty) = ——ole D! PwglwP  plemhe (5.80)
the antipode of D¥(KG), or written as in (4.52),
-1 _ _ —1\g
STy = (P24 ) Q0 )T T Hyr — iy, (5.81)

To see that (5.79) is true, just apply the definitions of the appearing operators, i.e. on the
LHS of (5.79) H¥_, > [II[T2¥]]

[T 9], (X7) = | @y (2) Tugla) e 72| 0 (0). (5.82)
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On the RHS, there is for H7 .\, > [[T¥]

)9
Y], (X*-g) = [g*®wg7(w71)g(x)j|1 U (X-9) (5.83)

as well as for the term H -1y 3 [Tg(f’l’l)gg[;/]’

w™ ! * * —i[® g*A _ *
7] (Xeg) = |(wg) Tyige g (@) e e Ao | wp(xt) (5.84)

not forgetting the factor Pg’g;1 9 —1. Now express the phases in (5.83) and (5.84
g g w

w,w 1

solely with ®’s and obtain (after putting them on the LHS):

w9, (w—1)9

LHS = [cbwwlcbgwg@wgg@
x

wg)* P (yy-1)9 g1 (wg)"* o 1 -t @;;,1 w*<I>g7g71L (5.85)

everything evaluated at x. Finally, to show (5.79), express the phase of the antipode (5.80)
solely with ®’s using wg p r = g*®h7k@g_,3’k<1>g7hk®;i:

(PI9 @

w,w™ 1)

* * —1
w {g (I)( 1)9,g=1 (I)w lg,g~ (I)gv(w9)71 q)g,(wfl)g}

* —1
X w (Eg,(w 1yg q)wg (w—1)9 (IDw wlg (I)w,g

xw{ (WO By Ol By )

x {g O gt O @97971}

X w q>u)11 (I)lG’g @;w g <I>w w,1
X0 1y Pug g Pyl Do (5.86)

In this last formula, the first (wg (-1)9,4-1), third (wy,-144-1) and fourth line (w
have been lifted by w for convenience. Note that this is allowed due to dw = 1. In (5.86),

g7g717w71)

there are 16 terms that cancel, leaving the ones in (5.85). O

Using this compatibility (5.79), one gets for a fixed winding

(M@ ) ATI) K072, ) = Te " Klhy, ST2), (5.87)

representing the isomorphism between

(M@ id)[A(T,9) Ky ly-1ya) € i1 @ Hyn (5.88)
and
Ty K(lw—’l) S(T3) s Hyp1 — Hyper. (5.89)

Together with (5.71) and (5.76) this gives rise to the equation

T(Q)S(T(l)) = E(T), VT € ’Dw([KG), (5.90)
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which can be obtained using [49]
SAT) = p~Tp, VT e DY(KG) (5.91)
as well as the anti-morphism property of the antipode and
T(l)ﬂS(T(g)) = E(T)ﬂa VT € Dw([KG). (5.92)
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CHAPTER 6

CONCLUSIONS AND OUTLOOK

From the physical point of view, the operators T;" realizing magnetic translations for strings
have been constructed. Generally, the operators lift the action of a discrete finite group G
to the states, where the magnetic background field is taken to be G-invariant. In the case
of a particle in an invariant magnetic field strength B, it turns out that the operators T,
furnish a projective representation of the translation group. The operators are derived for
topologically non trivial background fields, i.e. B # dA globally. For that, we have applied the
local construction of the magnetic amplitude A[p| entering Feynman’s path integral formula
for the propagator. The magnetic amplitude for a path ¢ is given by the holonomy of the
connection of an hermitian complex line bundle £ and the propagator K (y,z) is interpreted
as a linear map between the fibres at « and y. For the magnetic amplitude, the local data
of the line bundle is used, that is, the fields (A;, fij) are combined in such a way that they
provide the tool to write down the holonomy. Here, f;; are the transition functions and A; the
gauge fields. The wave functions v; become sections over the line bundle and the magnetic
translations act projectively on the space of sections. The extra phase that accompanies the
magnetic translations is thus identified with the isomorphism that relates the line bundle £
with its pull-back bundle g*L for any g € G. The explicit construction of the T,’s is done by
requiring their commutation with the dynamics of the system, i.e. they commute with the
propagator. The algebra generated by these operators is that of a non-commutative torus due

to the appearance of the group 2-cocycle wy p.

For a string, the coupling to a magnetic field H is achieved via the Kalb-Ramond potential
B which is now a 2-form instead of the 1-form connection. Analogously, the 3-form H is
assumed to be invariant with respect to the group action and the problem of a globally non
exact field strength H # dB is treated. Geometrically, the B-fields provide the local data of a
1-gerbe as a triple (B, Byj, fijr), where B; is the locally given 2-form, B;; a 1-form and f;;, are
U(1) valued ’transition functions’ of the gerbe, all fields are related on multiple intersections
of open sets N;U;. To implement the action of the group G on the gauge fields, the convenient
framework of a tricomplex in terms of the Cech- de Rham- and group cohomology has been
introduced. This allows to methodically generate a sequence of Cech-de Rham gauge fields
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of decreasing degree ending in a constant group 3-cocycle wyp k. The group action on the
gauge fields is then completely encoded by (Deligne-)cohomological equations. This procedure
is versatile enough to be applied to gauge potentials of any degree, for example the 3-form
potential appearing in M-theory. In its easiest version, the methods of the tricomplex have
been used to derive the equations that provide the group action to the local data of the line
bundle.

The construction of the magnetic translations on the string states follows the lines of the
procedure introduced for the particle. For that, one has to formulate the string magnetic am-
plitude with the local data (B;, Bj, fijk). Using these gauge fields, the operators T, realizing
the group action are constructed by requiring that they commute with the propagation of a
single string. This leads to a projective action where the extra phase PY" can be given in
terms of the 3-cocycle wy p  that appeared already in the tricomplex method. To complete
the structural analysis of the algebra generated by the so derived magnetic translation opera-
tors T7", tree level amplitudes for a single string are included. The most basic interaction is a
string that decomposes into two and therefore builds up a world-sheet which has the form of
a pair of pants. The action of the magnetic translations on the outgoing two-string state can
only be consistent, if they act as Qﬁng“ ® T which is expected by the representation theory
of the underlying algebra. Indeed, it predicts this action by the coproduct A(Tg“’), where the
coproduct is accompanied by the extra phase O, , and is entirely justifiable by gauge invari-
ance. It is rather amazing and highly non trivial that the so obtained algebraic structure is in
one-to-one correspondence with that of the quasi-quantum group D¥(KG), i.e. the w-twisted
Drinfel’d quantum double of a finite group algebra KG. This quasi Hopf algebra was derived
by R. Dijkgraaf, V. Pasquier and P. Roche [23] in the context of two dimensional conformal
field theory and reappears here rather naturally as the algebra generated by simple magnetic
translations. Therefore, it is expected that the underlying quantum symmetry group has a
deeper physical and mathematical meaning than it has been unveiled here.

To make contact with the representation theory of D¥(KG) in a more explicit manner,
the winding dependent Hilbert spaces of twisted sector states are identified with modules over
the algebra. These modules are nothing but objects in a tensor category, which inherits some
key features of the underlying algebra. For example, the coproduct A provides the tensor
product ® for the category and the quasi-coassociativity given by the Drinfel’d associator 2
for a quasi Hopf algebra provides the associativity constraint ®;; s in the category. If the
algebra is braided, it is further equipped with a quasi-triangular structure, i.e. an R-matrix,
that provides a braiding ¥y as a functorial isomorphisms in the category. Since D¥(KG)
is a braided quasi Hopf algebra, the braiding and the quasi-coassociativity have counterparts
on the level of magnetic amplitudes. Indeed, it turns out that for tree level amplitudes of a
string that disintegrates into more than two, quasi-coassociativity is reflected by the structure
of parenthesings that arises from the propagation and decomposition process in a tree shaped
manner. Picking two amplitudes with a different outgoing Hilbert space structure, one can
switch them by repeated use of the Drinfel’d associator, in complete accordance with the
category point of view. Analogously, the braiding is accomplished by using the R-matrix. For
the magnetic amplitude, the process of braiding corresponds to turning the cut around one
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of the legs, thus to produce a large diffeomorphism of the world-sheet which does not lie in
the connected component of the identity diffeomorphism. Together with the Dehn twist of a
single cylinder, the algebra D“(KG) generates the mapping class group of more complicated
surfaces, obtained by gluing together cylinders and pair of pants. By gluing together tree-level
amplitudes, one can deduce their behavior as respecting that of a braided operad, which is
simply the statement that gluing commutes with braiding and twisting.

However, with a view to the construction of an orbifold M/G in the presence of a G-
invariant 3-form H on M, the 3-cocycle wy p i leads to problems. This is due to the non-
existence of invariant states and the global anomalies appearing for 1-loop amplitudes, re-
quiring wy . to be trivial. This also confirms, from a different viewpoint, the results pre-
sented by Sharpe in the context of discrete torsion. Discrete torsion has as well a beautiful
counterpart in the context of the presented work, namely it corresponds to a Drinfel’d twist
of D¥Y(KG). Finally, the antipode and the counit of D¥(KG) provide the compatibility of
vacuum amplitudes with magnetic translations. The counit €(7,°) turns out to be just the
trivial representation on the vacuum that can be found by commuting a process K°~2 with
the magnetic translations. Since in algebraic terms the antipode provides a dual represen-
tation, one obtains a relation between processes K%~2 and K'~! by orientation reversing.
The orientation of the boundaries of the world-sheet encodes whether a string is incoming
or outgoing. Reversing the orientations of several boundary components provides a way to
reinterpret a given process by reshuffling the incoming and outgoing variables. In this con-
text, the antipode represents the intermediator between translations and flips of boundary
orientations.

In view of |23] and [47] it remains to understand the true origin of this quasi Hopf algebra
since it already appears without the application of conformal field theory. Therefore, it seems
possible that the algebra D“(IKG) has indeed a deeper structural meaning. Particularly its
application to M-Theory or supersymmetric models should be considered as an interesting
future research project.
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CHAPTER 7

INTRODUCTION:
WHY NONCOMMUTATIVE FIELD THEORY?

This chapter gives a brief idea of noncommutative field theory. It is a cumulative part with
the publication attached to its end.

§ 7.1 NONCOMMUTATIVE SPACES

Noncommutative geometry [1] is a mathematical branch developed at the end of the last
century by Alain Connes. It allows to translate differential geometry into a purely alge-
braic language. More precisely, the idea is to identify a smooth manifold with the algebra
of functions over it. It is then possible to describe geometrical objects like vector bundles,
connections, differential forms and exterior derivatives solely in algebraic terms. Since the
commutativity of the algebra associated to the space does not play any role, one can ex-
tend this procedure to a 'noncommutative space’ in replacing the algebra of functions by a

noncommutative deformation. For a good review, see for example [2].

Probably the most familiar example is the phase space of quantum mechanics. Classical
observables, the algebra of functions on phase space, is replaced by a noncommutative C*-
algebra of quantum mechanical observables obeying the commutation relation [a:i,pj] = ihé;.
In consequence, Heisenberg’s uncertainty causes points of this space to lose their meaning. In
this sense, noncommutative geometry does to position space what Heisenberg does to phase
space. The space becomes 'fuzzy’ which means that the coordinates of spacetime are replaced
by Hermitian operators obeying the commutation relation

[, 2] = 169, (7.1)

Here, the antisymmetric deformation tensor #% plays the role of Planck’s constant, and can
be taken to be constant or as a function of the coordinates. In some applications, the number
theoretical aspect plays an important role.
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Another example is that of the quantum mechanics of the motion of charged particles
in two dimensions under the influence of a constant, perpendicular applied magnetic field.
Recall that, the Hamiltonian of one particle is given by

)
- T 1 [
H = —=—(p——-A)? 7.2
L™ 9m ™ 2m ( c ) (72)
with A the vector potential in any gauge choice. The energy eigenvalues are the Landau levels
E = hw.(n+ %) where w, = fn—Bc is the cyclotronic frequency of the classical electron orbits. It
is interesting, that the kinetical momenta 7 = p — %fl do not commute,

75, 75] = ih%(aiAj — 0, Ay), (7.3)

one has thus a situation in which the momentum space of a system is no longer commutative.
To obtain an example of a noncommutative position space, take the example above in the
strong magnetic field limit. If the magnetic field B is made strong enough, there is an
insuperable energy gap between the lowest Landau level and the excited ones due to the
separation of energy levels proportional to B. If B > m, the Lagrangian in the gauge
A = (0, Bz) reads

. eB .
L=pq= (795)(3/) (7.4)
such that one has the canonical pair
&, ] = ih— (7.5)
z,9| = ih—. .
Y cB

With 09 = %eij, this is the starting point (7.1). Hence, a two-dimensional physical system
constrained to the lowest Landau level can be understood as a simple example of noncommu-
tative position space.

§ 7.2 FIELD THEORY

The idea already suggested by Heisenberg was that if spacetime is indeed smeared out on
very small length scales, this might perhaps prevent loop integrals to be divergent, so to say,
some sort of a 'natural’ energy cut-off. From a different viewpoint, this is completely obvious:
probing smaller and smaller regions comes together with putting more and more energy into
a little volume. There is a natural limit of this procedure [3|, namely the creation of a little
black hole that blocks the so desired deeper insight from the observer by its event horizon.
However, this argument assumes that the laws of general relativity are really applicable at
these scales which is a priori not so obvious. From the field theoretical perspective, there are
many reasons why one might postulate noncommutativity apart from the hope to improve the
short distance behavior and renormalizability properties of a theory. For some good review
see [4, 5, 6]. For example, string theory 'predictions’ are limited by the spacial extension of a
string, i.e. the string length. And there are arguments for the appearance of noncommutative
gauge theories as certain limits of M-Theory |7]. Noncommutative geometry seems to appear
in condensed matter physics as well [8, 9]. Electrons confined to a plane projected to the
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lowest Landau level can be thought of as a noncommutative field theory. This gives hope to
find a field theoretical explanation for the (fractional) quantum Hall effect |10, 11].

One of the best studied noncommutative quantum field theories is the noncommutative
version of the toy model ¢}. For a recent review, see [12, 13]. Recall that the action of
ordinary ¢} theory is given by

St = [ dte (~50:00"6 + gt + 3", (7.6)

The field ¢ is a continuous function* over R and in the quartic interaction the four fields are
just multiplied according to the commutative point-wise product. To render such a theory
noncommutative, one passes over from R?* to the so called Moyal plane [Ré. The algebra of
functions changes according to the change of the product. Namely the point-wise product is
exchanged by the Moyal-Groenenwald product defined as

1
(2m)*

(fxg)(x) = /d4yd4k fz+0-k)g(x+y)er. (7.7)
Here, © is an antisymmetric 4 X 4-matrix and © - k = ©,,k”. The idea is then to replace all
products in the action to obtain

S[¢] =/d4x (—% M¢*8“¢+%m2¢*¢+%¢*¢*¢*¢). (7.8)

There are several consequences of the use of the Moyal product. First, the free part of
the theory is unchanged since the product of two fields is unchanged by the deformation.
The quartic interaction term, however, yields a vertex which is now invariant only if the
permutations of the fields have a cyclic order. This means that such Feynman graphs are
represented as ribbon graphs. This gives rise to a distinction between topologically trivial, or
planar graphs, as well as non-planar graphs that can be thought of lying on a surface of non-
trivial topology. The planar sector of this theory remains indeed unchanged in comparison
with the commutative case. In contrast to this, non-planar diagrams lead to a strange mixing
of scales, the so called UV /IR-mixing. For this, consider the non-planar tadpole

k

ip, k, OHY
[ o [ dtk S (7.9)
v k2 + m?

which differs from the planar one

k

1
4
—_ 1
p O Oc/dkkz%-m2 (7.10)

by the appearance of the oscillatory, momentum dependent phase. The planar loop (7.10)
contributes to the standard one-loop mass correction and is quadratically divergent. Because

*They are of course Schwartz class functions.
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of the rapidly oscillating phase at high energies, the non-planar tadpole (7.9) is finite, but
only if p # 0! Indeed, the extra phase serves as a regulator, which can be seen most easily
by rewriting the propagator in Schwinger parametrization and integrating out the Gaufian

1puk (Sld 00 -
— 41, —a(k?+m?)+ip-k
/dkk‘2+m2 /0 da/dk‘e

2 o] _
e da _ 2 _ﬁ
- T /0 el (7.11)

integral over k,

with p#* = ©,,p” and p-k = p*k,. Thus, at external momenta # 0, the damping factor 1/4«
leads to a convergent integral. In consequence, non-planar tadpoles inserted into any bigger
graph make IR-divergent any n-point Green function with n > 6. Since this term is non-local,
it cannot be absorbed into a mass redefinition, thus rendering the theory non-renormalizable.
This phenomenon is the extensively studied UV /IR-mixing, and is a characteristic feature of
noncommutative field theory.

The UV/IR-problem was cured by H. Grosse and R. Wulkenhaar [14, 15] who found a
way to formulate a renormalizable noncommutative ¢* theory. The trick is to insert an extra
term into the action,

QQ
ﬂ@::/ﬂ%v<—%;@*6%¢+7;@m@*«ﬂ%>+%nﬁ¢*¢4-%¢*¢*¢*¢> (7.12)

with z, = 20~z and Q some real dimensionless parameter, in the self dual case Q = 1. The
propagator of this theory is the kernel of the inverse of the operator (A + Q232 +m?), with
A = —0M0, the Laplacian, such that the kinetic term of this theory is given by a harmonic
oscillator Hamiltonian and the propagator becomes the Mehler kernel. The origin of this
term is still unclear, but it has important consequences. The most important, it renders
this theory renormalizable to all orders in perturbation theory in overcoming the UV/IR
mixing problem. The process of including such a term has been given a name; it is called
vulcanization. Further, it restores the so called Langmann-Szabo duality (LSD) [16] in the
kinetic part of the action. Langmann and Szabo remarked that the interaction term with
the Moyal product is invariant under a duality transformation that exchanges positions and
momenta. More precisely, this is a cyclic Fourier transformation. The process of vulcanization
serves to restore this duality for the free theory, like a harmonic oscillator is obviously invariant
under such an exchange. The LS-duality then induces a change of the action

A
Slgsm, A 9] — Sl L 5 ).

which becomes exact for = 1. Up to now, it seems that this duality is important with

(7.13)

respect to the renormalizability of noncommutative theories. In fact, there are other models,
for example the noncommutative Gross-Neveu model [12], that can be rendered renormalizable
to all orders by vulcanization.

I prefer the term 'wulkenhaarization’ for obvious reasons.
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In QFT, the fields can be interpreted geometrically as sections in a vector bundle over
the underlying manifold. In simple cases, this bundle is taken to be trivial, thus topologically
it is isomorphic to a direct product of the base manifold and the fibres. For a field theory
over the Moyal plane, the fields can be thought of as sections over a trivial bundle, whose
base manifold is a noncommutative space. In terms of noncommutative geometry, this is
equivalent to fields taking their values in a free A-module with A being the noncommutative
Moyal algebra, i.e. the Schwartz space of smooth and rapidly decreasing functions equipped
with the Moyal x-product. This idea can be extended to the case of a topologically non-trivial
bundle which leads to the interpretation of fields living in a projective module which stands

for the noncommutative pendant of a non-trivial vector bundle.

§ 7.3 FIELD THEORY ON PROJECTIVE MODULES

Hence, returning to this more general setting, noncommutative geometry says that the topo-
logical structure of a space M can be analyzed by its C*-algebra of continuous functions. This
is due to the Gelfand-Naimark theorem that states that commutative C*-algebras are equiv-
alent to locally compact Hausdorff spaces (there are some functors between their categories).
For details, please consult |2, 17, 18|. One can then pass over to the noncommutative realm
by formulating some notions of standard (commutative) geometry in purely algebraic terms
and replacing the algebra by a noncommutative one. For example, let A be the algebra of
smooth functions C*°(M). A vector bundle is specified by a projection 7 : E — M with F
the total space. The space of smooth sections I'(E) = C°°(M, E) comes naturally equipped
with an A-module structure, in the sense that sections can be multiplied point-wise with
functions, yielding another section, compatible with the definition of an action. For trivial
bundles, this means that the space of sections I'(E) is isomorphic to the free module AY. By
the Serre-Swan theorem, any vector bundle can be written as a direct summand of a trivial
one, which means that I'(E) itself can be obtained by some sort of projection. More precisely,
suppose M is covered with open sets {U;} and compact, which allows for a partition of unity
by functions 1, ....,%, € A with 3% | |¢;]> = 1. One can define a projection p € M,y (A)
by pi; = v;fijv;. where f;; are the transition functions of E fulfilling the cocycle condition.
A section s € T'(E) is locally given by a function s; : U; — CV and transforms according to
s; = fijs; on intersections U;NU;. On regarding sections as tuples s = (5191, ..., S4¥q) € AN
one identifies I'(M) with pA9Y. Generally, A-modules of the form pA™ are called finite pro-
jective modules. A noncommutative vector bundle is just a finite projective module € over
A, where A is no longer commutative. There are similar constructions that allow to properly
define differential forms, connections, etc, i.e. the ingredients necessary to define an action
and a field theory.

The basic and most general constructions to define an action functional for such a theory
can be summarized [19]:

e A (finitely generated) projective module £ over A. For technical reasons, A is assumed
to be a dense sub-algebra of a C* algebra A. The projective module will become the
receptacle for matter fields. A should be equipped with a trace Tr 4.
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e Differential forms on A can be defined by the graded differential algebra Q°(A) =
B2 2¥(A) equipped with the nilpotent differential d : QF(A) — QFFL(A) fulfilling
the graded Leibniz rule. As an A-bimodule, each component Q¥(A) must be equipped
with a scalar product (-,-); compatible with the action, i.e. (w,na)r = (wa*,n); and
(w,an)y = (a*w, )k, Ya € A and w,n € QF.

e An Hermitian structure in terms of an A valued pairing (-,+)4 : £ xE — A. This pairing
must be compatible with the action of A, (¢, xa)a = (¢, x).4a and with the involution,
(@, x)a = (X, ®)%. and is positive definite, (¢, $) 4 > 0 with a > 0 < 3b € Ala = b*D.

e Further one needs a connection on the projective module, i.e. amap V : £ — ER@ 40 (A)
fulfilling the Leibniz rule V(¢a) = V(¢)a + ¢ ® da for ¢ € £ and a € A. It should be
compatible with the Hermitian structure, i.e. d(¢,x)a = (Vé,x)a + (¢, Vx)a. This
promotes £ to a pré-C* module or pré-Hilbert module.

e The module € can be completed in the norm, |||¢||| = \/||(¢, ¢).a|| with || - || being the
C*-norm in A promoting £ to a C*-module. Using the trace in A, the scalar product
(,ye = Tra[(¢, x).4] turns € into a Hilbert space.

e Finally, to define a kinetic term, one has to extend the scalar product (-,-)z on QF(A)
to & ® QF(A), denoted by (-, ) 4.

The previous algebraic constructions allows to define a general action functional

516.6'] = (V6. V) 41 + m?Tral(6, 6)a] + S Teal(@, 0], (7.14)

which should be compared to the well known version (7.6).

§ 7.4 HEISENBERG MODULE OVER THE NCT AS AN EXAMPLE

In [19], this construction is applied to the example of a 4-dimensional noncommutative torus
as underlying algebra 'I]'g. The representation space is a projective module £g(R?) which is
constructed to be a Heisenberg module [18] over Tj and is equivalent to the Schwartz space
S(R?) of the real plane. For convenience, one can show that this representations space is iso-
morphic to the Bargmann [20] space £g(C?), the space of holomorphic functions on C2. This
leads to an interesting physical interpretation in 2 dimensions. The analytic functions building
up the Bargmann space are in one-to-one correspondence with wave functions of the lowest
Landau level. The noncommutative torus arises naturally if one considers a translational
invariance under a lattice. This is the topology of the quantum Hall effect.

The analysis of the four dimensional theory in terms of the 1PI-Green functions leads
to the behavior under renormalization. It turns out that the 2-point sector in the one-loop
approximation generates quadratically divergent local counter-terms which can be absorbed
by a mass redefinition. The 4-point sector decomposes into a planar and non-planar one. The
planar part is perfectly acceptable in the sense that it generates a logarithmically diverging
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but local contribution to the coupling constant renormalization. However, the non-planar
4-point sector yields a non-local contribution corresponding to a term of the form

/

SToAl(6, 0P (715

that was absent in the original action (7.14). The appearance of this term is the manifestation
of the UV/IR-mixing problem mentioned in the beginning and arises in [19] from the non-

Finally, it allows to write down the action functional which is renormalizable up to one-loop

planar graphs:

calculations,

516.61] = (V6. V6) a1 +mPTeal(d, 01 + S Teall6, 03] + S Teallo )% (716)

Noncommutative field theory and noncommutative geometry is an active research area
in mathematical physics. It would be nice to enhance the previous example to fermions,
i.e. some kind of Gross-Neveu model or something similar. A challenge would be to prove
the renormalizability to all orders in perturbation theory. This is indeed an aspect of a
future work. Possibly, this can be achieved in position space (not in Bargmann space) by the
application of the so called multi-scale analysis. This procedure has proven to be very effective
in demonstrating all-order renormalizability of several noncommutative field theory models
[12]. Since this part of the thesis is a cumulative one, a detailed description of the outlined
techniques and results can be found in the attached publication [19] done in collaboration
with Raimar Wulkenhaar, Victor Gayral and Thomas Krajewski.
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CHAPTER 8

PUBLICATION

This chapter contains the reference to the publication from a collaboration with Victor Gayral,
Thomas Krajewski and Raimar Wulkenhaar. The publication is attached to the end of this
part.

o Quantum field theory on projective modules [19], V. Gayral, T. Krajewski, R. Wulken-
haar and J.-H.J.. We propose a general formulation of perturbative quantum field theory
on (finitely generated) projective modules over noncommutative algebras. This is the
analogue of scalar field theories with non-trivial topology in the noncommutative realm.
We treat in detail the case of Heisenberg modules over noncommutative tori and show
how these models can be understood as large rectangular p x ¢ matrix models, in the
limit p/q — 6, where 6 is a possibly irrational number. We find out that the model is
highly sensitive to the number-theoretical aspect of 6 and suffers from an UV /IR-mixing.
We give a way to cure the entanglement and prove one-loop renormalizability.
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1 Introduction

In its most general acceptance, quantum field theory (QFT) can be defined as the theory of
infinite-dimensional dynamical systems which are based on geometrical concepts like, for in-
stance, locality and invariance principles. Within the path integral approach, one first defines
an action functional S[¢], the argument of which is a field ¢ that belongs to a fixed configuration
space C. Then, one defines and studies the (euclidian) path integral

/C (DY) Flgle519

[ pojeste
C

where F belongs to a suitable class of functionals of the field. Such a framework is at the root of
our current understanding of the dynamics of elementary particles, where the configuration space
contains matter fields (section of various bundles over space-time) and gauge fields (connections
over these bundles). For a trivial topology of these bundles, all these fields can be understood

(F) = (1.1)



as functions over the space-time manifold M. Then the action functional involves the integral
over M of a Lagrangian density ultimately constructed out of pointwise products of the fields.

Over the last decade, a radical modification of this construction has proven to be of interest
in mathematical physics: instead of being grounded in ordinary differential geometry, QFT
can also fruitfully use the concepts introduced in Noncommutative Geometry. The latter is a
branch of mathematics pioneered in the eighties by A. Connes (see [8] and [12] for an overview
of recent developments), that extends geometrical concepts to a wide class of spaces whose
coordinate algebras are noncommutative, instead of being merely functions with the pointwise
product. For instance, noncommutative analogues of vector bundles, which are the natural
receptacles for matter fields, are defined as projective modules over the noncommutative algebra
of coordinates. Noncommutative field theory (NCFT) has grown up from the need of new
methods in understanding a wide range of problems in theoretical physics, ranging from the
construction of open string field theory [27] to the understanding of the dynamics of string
theory [25] and M-theory [11] in magnetic backgrounds. Though not directly related to NCFT,
other applications of noncommutative geometry include the geometry of aperiodic solids [3] as
well as the standard model of particle physics [5].

The NCFT’s involved in most of these applications are based on configuration spaces C
which consist of matrices with coeffcients in the algebra of quantum coordinates A. The latter
are deformations of the commutative algebra of coordinates over space-time, with deformation
parameters depending on some background. In the language of noncommutative geometry,
these configuration spaces correspond to free modules, which are the analogues of trivial vector
bundles. There is first success with renormalisation to all orders of such NCFT’s [18]. Since
noncommutative geometry is versatile enough to include non-trivial bundles as projective mod-
ules, the restriction to free modules appears to be rather unnatural. While projective modules
already appear in the string theory literature (see for instance [28] and [25]), the NCFT’s they
naturally define has not yet been investigated. The present work aims at filling this gap, in the
case of the simplest non-trivial projective modules over noncommutative tori.

This paper is organized as follows.

In section 2, we first give a general construction of the configuration space and the action func-
tional in the framework of noncommutative geometry, making use of a spectral triple (A, H, D).
Then, we illustrate the general theory for some Heisenberg modules over d-dimensional noncom-
mutative tori. These modules are constructed using representations of the Heisenberg group
that can be formulated either using functions over R? or holomorphic functions on C%. In this
last case, we illustrate how such a module appears naturally in the study of an electron on the
plane in an external magnetic field, confined to its ground state in the presence of a periodic
potential.

Section 3 is devoted to the construction of the NCFT based on Heisenberg modules. We first
give the perturbative expansion of the path integral using a Hubbard-Stratonovitch transforma-
tion. The resulting theory makes use of planar diagrams reminiscent of rectangular matrix mod-
els and exhibits a duality symmetry. Then, we use the position space formulation to strengthen
this analogy with rectangular matrices. Finally, we give the general rules for the computation
of Feynman diagrams in the holomorphic representation.

In section 4 we use the holomorphic representation to compute one-loop diagrams. While the
divergent planar diagrams turn out to be renormalizable by standard methods, new phenomena
occur in the non-planar case. If the deformation parameter fulfills a Diophantine condition,
we give explicit bounds on the amplitude showing that they are renormalized by an extra
counterterm.

Section 5 deals with the effect of the new counterterm. It is shown that it is harmless and
does not spoil the general properties of the NCFT.

Finally, in section 6 we compute the 8 functions for the two interacting terms.



2 Classical field theory

2.1 Projective modules in noncommutative geometry

To begin with, let us recall some basic facts about projective modules in noncommutative ge-
ometry and the way they enter in the construction of a noncommutative field theory. A much
more thorough presentation of the subject can be found in [8] (see also [12] for an overview of
recent developments in noncommutative geometry). Here, we restrict ourselves to the amount
of material that is necessary in order to construct our noncommutative field theory.

First, we recall that the basic idea of noncommutative geometry is to replace the commutative
data of a space X by a possibly noncommutative algebra A that plays the role of the complex-
valued functions on X. In general, it is necessary to assume that A is a C*-algebra, which means
that it is equipped with an involution * and a norm which are compatible. This is motivated
by the Gelfand-Naimark theorem which asserts that commutative C*-algebras with unit are
equivalent to compact Hausdorfl spaces.

In the same spirit, the notion of a finite-dimensional complex vector bundle is extended
to the noncommutative realm by first looking at the structure of its space of sections. By
the Serre-Swan theorem, spaces of sections of vector bundles over X are equivalent to finitely
generated projective modules £ (projective modules for short) over the algebra of continuous
functions over X. Up to an isomorphism, such a module can always be realized as the right
A-module eAYN, where e is a projection in the algebra of N x N matrices with coefficients in
A. The relation between the idempotent and the standard construction of a vector bundle
using transition functions goes as follows. Cover the compact space X by N open sets {U;}
defining a good cover and let . |f;|? be a partition of unity associated to this cover. Using the
transition functions g;;, we define the N x N matrix e;; = f;*g;; f;, whose entries are complex-
valued functions over X'. Then, it is straightforward to check that e is a projection using the
cocycle condition g;; = girgr;j- Accordingly, in the general setting one defines by duality a
noncommutative vector bundle to be a finitely generated projective module over a possibly
noncommutative C*-algebra. From a classical field theoretical perspective, the module £ is the
natural receptacle for the matter fields with non-trivial topology. If the topology is trivial, these
fields simply live in a free module A”, the simplest version being the algebra itself.

Rather than at the C*-level, we will work here at the smooth one, i.e. we will assume that
A is a Fréchet pré-C*-algebra. This means that A is a dense sub-algebra of a C*-algebra A,
which is stable under holomorphic functional calculus and which is endowed with a Fréchet
topology. We will assume that the topology comes from a set of semi-norms, say {p;}. Without
any further structure, £ is simply a projective right module over A; it will be promoted to
a topological vector space later on. There are many reasons why it is preferable to work at
the smooth level. First, our construction of perturbative field theory relies on the theory of
distributions, useless at the level of C*-algebras and C*-modules (our projective modules will
be soon endowed with an A-valued hermitian paring promoting it to a pre-C*-module). But
also for many interesting examples (e.g. Heisenberg modules and C*-dynamical systems [10]),
one does not lose any geometrical information passing from C*- to smooth structures.

To construct a noncommutative field theory out of the previous data, one further needs a
suitable space of differential forms as well as some scalar products on these forms. Differential
forms are defined through a graded differential algebra:

QA == P 2 (A), (2.1)

neN

which is a graded bi-module over A, together with a nilpotent differential operator

d: Qu(A) — Qs (A), (2.2)



fulfilling the graded Leibniz rule. Note that in the general noncommutative setting, it is not
assumed that (A) is graded commutative. Usually, one assumes that Qo(A) = A and that
Q(A) is equipped with an involution * compatible with those of A. The scalar product (-, -),, on
2, (A) is assumed to be compatible with the left and right actions of A,

{ <w777a>n = <wa*ﬂ7>n,

(w, an)n = (@*w, N)n, (2.3)

for all w,n € Q,(A) and a € A. In full generality, the scalar product in degree 0 is always
obtained from a faithful state ¥, i.e. a normalized positive-definite linear functional on A:

(a,b)g :== V¥ (a*b), a,be A (2.4)

In view of the application we have in mind, it is more appropriate to require that the state is
actually a faithful trace on A, so that

(a,byg = Tr4 (a*d). (2.5)

For instance, in the simplest version of a (commutative or not) Yang-Mills theory, one starts
with a topologically trivial connection given by an anti-hermitian element A of Q(A), out
of which we define the curvature as F = dA + A? € Qy(A). The Yang-Mills action is then
constructed as (F, F')y, where (-, )9 is an invariant scalar product on 3(A). This invariance
condition simply states that the left and right actions of A are compatible with the scalar
product. This ensures gauge invariance, where gauge transformations are given by unitary
elements u € A, acting as X

{ A — u_lAu—i-u Ldu, (2.6)
F — u Fu.

Such a scalar product encodes an information that goes beyond the topological level, contained
in the algebra A alone. For instance, in a four-dimensional Yang-Mills theory, it amounts to the
choice of a conformal structure. Before we come to grips with such an issue, let us note that
one can also define in full generality a noncommutative Chern-Simons theory out of a cyclic 3-
cocycle [4] which is a convenient setting to develop open string field theory [27]. As a topological
theory, the construction of Chern-Simons theory does not rely on such a scalar product.

Differential forms and their scalar products are conveniently constructed out of a spectral
triple (A, D, H). This involves a Hilbert space H carrying a representation 7 of the algebra A
by bounded operators and a self-adjoint unbounded operator D with compact resolvent. This
data is constrained by compatibility conditions, allowing to reconstruct a smooth Riemannian
manifold when A is commutative. For instance, the commutators of D with the elements of A
must extend to bounded operators. For a spectral triple, there is a notion of dimension, given by
the growth of the eigenvalues of |D|. More precisely, such a triple has spectral dimension d if the
resolvent of D belongs to the d-th weak Schatten ideal £L4>°(H). The latter is the ideal of compact
operators whose sequence singular values (in decreasing order and counted with multiplicity)
are O(n~Y 4), With a spectral triple, one defines differential forms as a representation of the
universal differential algebra

apday ---da, +— 7(ag)[D,7m(ar)]---[D,7m(an)]. (2.7)

Such representation can be quite pathological since it may happen that the image of an element
of the universal differential algebra is zero, whereas the image of the differential of this element
is not! To overcome this problem, one has to divide the resulting algebra by a graded differential
ideal (the so-called junk ideal). Fortunately we can ignore this point here. This is because the
first non-trivial component of this ideal occurs at the level of two-forms only. However, this is



highly relevant for a proper formulation of noncommutative Yang-Mills theory in this framework.
For a triple of spectral dimension d, there is a canonical way to define the scalar product between
two differential forms in Q,,(A):

(W, N)n = Trpix (w*n (1+ \D|)_d). (2.8)

Here, Trpix is any of the Dixmier traces. Such an object is a singular trace defined on the
ideal £1°°(H) and is heuristically given by the coefficient of the logarithmic divergence of the
ordinary operator trace (see [8] for more details on Dixmier traces). There is no point to enter
here in the mathematical subtleties of the theory of Dixmier traces. This is because the operator
(14 |D|)~? we will consider in our example belongs to the class of ‘measurable operators’. The
latter consists of elements of £1°°(H) for which any Dixmier trace gives the same result.
It is important to know that the Dirac operator D encodes the metric aspect of noncommutative
geometry and allows also to define the fermionic action for spinors ¢ € H as (¢, DY) »
It is worthwhile to mention that the use of a spectral triple to construct noncommutative field
theory is highly convenient (mainly because it allows to define differential forms with scalar
products in a canonical way) but not necessary. Indeed, our construction is much more general
and works for any differential calculus with scalar products on each component.

Turning back to the projective module £, one has to define a connection V. This is an
operator that extends to elements of £ the differential of a given differential calculus (Q(A), d).
In general, a connection is a linear map

V:E—=E®A0 (A, (2.9)
fulfilling the Leibniz rule

V(ga) =V (¢)a+ ¢ ® da, (2.10)

for any ¢ € £ and a € A. The projective module £ is further equipped with a hermitian
structure (+,-)4 : € x &€ — A, which is an A-valued sesquilinear form on &, satisfying the
following compatibility and positivity conditions:

(¢7 Xa),A - (¢7 X)
(. X) 4= (x:9)4 (2.11)
(¢ ¢)A 07

for all ¢,x € £ and a € A. We recall that a is a positive element of A if it can be written as
a = b*b with b € A. Besides, the connection has to be compatible with the hermitian structure
in the sense that

d((bu X)A - <v¢7X)A + <¢7 vX)A? (212)

for all ¢, x € £. We would like to stress that the field theory we are constructing is Euclidean,
precisely because the paring (2.11) is positive definite.
As a side remark, let us note that one can define the curvature of V as F = V2, where V has
been extended by the Leibniz rule to £ ® 4 Q2 (A). This is the starting point for the development
of a general gauge theory in the framework of noncommutative geometry.

Within the supplementary structure of an hermitian .A-valued paring, £ can be promoted to
a topological vector space in different ways. When A comes from a C*-algebra A, £ is called
a pré-Hilbert module and it can be completed with respect to the norm ||[¢||| := \/[[{®, &) ,]|,
where ||.|| denotes the C*-norm of A. The resulting Banach space is obviously called a right
Hilbert- or C*-module. One can also defined a Fréchet topology on &, finer than the C* one, via
the semi-norms {p;} of A, setting ¢;(¢) := /pi((¢, ¢) ,), for all $ € £. When £ is complete with
respect to this topology, that we will assume from now on, we will call it a Fréchet projective



right A-module. Finally, when A possesses a faithful trace Tr 4, £ can be completed to an
Hilbert space Hg using the scalar product (.,.)¢, obtained by composition of the trace with the
hermitian structure:

(@, x)e = Tral(¢,x)a] (2.13)

We use the notation H¢ for this Hilbert space, in order to emphasize its canonical nature, once
a trace and an hermitian structure are given.

If we realize the projective module as e A" for some hermitian idempotent e € My (A), then
a connection is easily defined as V(e€) := ed (e€) + eAe, € € AV, where A is an anti-hermitian
matrix in My (A). In this case, the hermitian structure is given by (e, e() 4 := {*e(, and the
compatibility of the connection follows from (ede)* = —eAe.

Finally, let us construct a functional action for a classical field ¢ in a projective module
E. To this aim, we have to extend the scalar product (.,.); on ©;(A) to a scalar product on
E @4 Q1 (A). It will allow to construct the kinetic term out of V¢. Let us construct this scalar
product on € ® 4 2, (A), for any n € N. For &, ¥ € £ @4 Q,(A), we write

(I)zZqﬁi@wi, \IJ:Z%@% (2.14)

with ¢;,1; € € and w;, n; € Q,(A). Then, one can define the scalar product (.,.) 4, using both
(o, )n and (.,.)4:
(D, W) am =D _ (Wi (D1 15) 4 M) (2.15)
i,J
In particular, it allows to define the kinetic term as

(Vo,Vo)ar. (2.16)
To construct the mass term, we simply use the scalar product (2.13):
15 (9, 0be = 1 Tral(9, d) 4l- (2.17)

For the interaction term, which should be a polynomial in the field, we can extend the former
construction. For instance, the basic A¢* interaction reads

A

> Tral (6. 0)4]. (2.18)
More generally, one can construct arbitrary monomials

A n

Y leaf (6,004 ). (219)

We may also consider products of such terms. Despite they look very unnatural with respect to
ordinary QFT, they should be needed to obtain a stable quantum theory; stable with respect
to the renormalization group flow. We will see in the next sections that for a qbi theory on the
Heisenberg module, such a ‘product of trace’ term is precisely the missing term which will allow
to cure the UV/IR mixing problem.

The basic action we shall use in the sequel reads

516,01] = (Vo, Vo) aa + 18 Teal (6,0)4] + 5 Tra [(6,6)2, ) (2.20)

Here we have followed the traditional notation of QFT where a complex field ¢ and its
conjugate ¢ are treated as independent variables. In our setting, ¢! has to be considered as an
element of the dual module £* which consists of A-linear forms on &, defined by

o' (x) = (¢, X) 4., (2.21)
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for any xy € A. This distinction between ¢ and ¢ will prove to be very convenient when
developing the perturbative path integral approach, for instance in getting the right symmetry
factors. However, it is important to notice that £* is not the topological dual of £. Moreover,
it should be clear that £* ~ £ as a linear space, the identification being given by ¢ < (¢,.)% =
(., ) 4. Also, E* carries the same Fréchet topology than &.

In the case of a field theory constructed out of a spectral triple, we would like to stress that
the choice of the order n of the monomials (2.19) involved in the interaction term depends on
the spectral dimension of the triple d. In the general setting, n should be related to the spectral
properties of the propagator, which is the bounded operator on Hg given by the inverse of the
(densely defined) positive operator H, corresponding to the quadratic part of the action (2.20).
More precisely, H is defined in terms of the following quadratic form on £

<¢7 HX>$ = <v¢7 VX>.A,17 ¢7X €& C Hg' (222)

It is precisely because we are going to study a model coming from a spectral triple of spectral
dimension 4 that we focus on quartic interaction.

It may seems to be quite restrictive to ask for the existence of a faithful trace to define the
classical action. Faithfulness is required in order that the quantum theory has a power-counting
properly related to the spectral properties of the propagator of the model. But traciality is not
needed at all, it simply makes the noncommutative models closer to the commutative one. For
instance, there are numerous noncommutative algebras giving rise to non-trivial spectral triples
(e.g. SU4(2) [14]), that do not posses any faithful trace. In such circumstance, one can define
the classical theory by replacing everywhere the trace Tr 4 by a faithful state ¥ on A.

It is also worthwhile to notice that this theory is naturally coupled to gauge fields since it is

invariant under
¢ — ug
{V — U®IQI(A)VU71, (2'23)

where u is a unitary element of the algebra B := End4(€) of A-linear transformations of £.
Thus the gauge invariant action for the field ¢ coupled to a Yang-Mills connection V reads

516,61, 9] = (P, F)o+ (V6. Vo) s + i Tea (6.0)4] + 5 Tra[ (6,03 ], (224)

which involves the scalar product (-, -)2 on the the space of 2-forms Q9(.A). As already mentioned,
in the context of spectral triple, the curvature is in principle an equivalence class of 2-forms
(modulo the junk ideal). However, we still ignore this point since we are not going to include a
gauge degree of freedom when developing the quantum theory. For that reason, it is preferable
to stick to the action functional (2.20).

2.2 Noncommutative tori

2.2.1 Geometric structures

Let us now work out the previous construction in the case of a d-dimensional smooth noncom-
mutative torus. The latter is defined through its algebra of coordinates, Ag, which is the algebra
of all power series a = 3 ;4 a, Uy, with fast decreasing coefficients {a,} € S (Z4). Here, U,
are unitary elements of Ag fulfilling

U U, =e ™0, (2.25)

where O is a skew-symmetric real d x d matrix which defines a 2-cocycle on the group Z% C R,
The algebra Ag is endowed with its natural Fréchet topology, coming from the set of semi-norms
pn(a) = sup,cza (1+y[*)*|ay]), n €N, a € Ae. In analogy with its commutative counterpart,
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where the unitaries U,’s are nothing but the Fourier modes, the smoothness condition relies on
the rapid decay of the sequence {a.}.

The structure of this algebra depends on the arithmetical properties of the entries of the
matrix ©. Three typical cases have to be distinguished.

e If all the entries of © are integers, then the algebra Ag is commutative and can be identified
with the algebra of smooth functions on an ordinary torus.

e If all the entries of are rational numbers, then Ag can be realized as a bundle of matrix
algebras over an ordinary torus. This is clear for d = 2, where the unique parameter
0 = p/q in © determines the size of the matrices to be q. The general case follows from
reducing the matrix © to a direct sum of 2 x 2 matrices plus a zero matrix (that corresponds
to the null space of ©), using a transformation in SL(d,Z). The algebra of functions over
the underlying torus is nothing but the center of Ag.

e If all the entries of © are irrational numbers and © is invertible, then the center of the
algebra is trivial and Ag is a noncommutative space that cannot be reduced to an ordinary
space.

In our analysis of noncommutative field theories, we are mostly interested in the irrational
case that exhibits some new phenomena. However, it is also interesting to keep in mind the first
two cases since they can always be understood in the context of commutative field theories with
matrix-valued fields. In the discussion of the non-planar diagrams, it will be necessary to single
out irrational numbers that fulfill a Diophantine condition. The latter are irrational numbers
that are ‘far away from the rationals’. The use of the Diophantine condition is not infrequent
in noncommutative geometry. For instance, it appears to be crucial in the computation of the
Hochschild cohomology of Ag [9], as well as for the heat-invariants [17].

The differential algebra can be constructed out of the d commuting derivations

0, (Uy) == 2imy, Uy, v=(11,---,7) € 7, (2.26)
which is the infinitesimal form of the proper action of T% on Ag given by
(62i7ra1’ L. ,€2i7rad) i U(,Y) — eQiﬂa-'yU(,y). (227)

Elements of Q, (Ae) are completely antisymmetric multiplets wy, ... 4, of Ae. The multiplica-
tion and the differential in 2 (Ag) obey the same algebraic rules as the wedge product and the
de Rham differential. The algebra Ag has a faithful trace Tr 4, defined by

Tr 44 ( Z ar U,Y> = ag. (2.28)

~ezZd

If Ag is commutative, this trace is nothing but the integral over the underlying torus, with a
volume normalized to 1. In the irrational case, Tr 4, is the unique faithful trace up to normal-
ization. The scalar product on €, (Ae) is made out of the trace

(W, Mn = Trag (W 0™ "), (2.29)

where the euclidian metric and Einstein’s summation convention have been used. This con-
struction follows readily from the general principles, using the spectral triple (Ag, H, D) where
H = Agd/Q], with Ag the completion of Ag with respect to the norm induced by the scalar
product (a,b) 4, = Tra,(a*b) and where D = il'*¢, is the standard euclidian Dirac operator.
Note that a noncommutative torus is a noncommutative manifold without boundary, in the sense
that the integral of a derivative always vanishes: Tr 4, (0,U,) = 0. This relation is particularly
useful in the study of classical field theories, because it allows to derive classical field equations
and invariance laws.



2.2.2 Heisenberg modules

A wide class of projective modules over Ag can be constructed as projective representations of
groups of the type G x G with G = RP x Z4 x F', where F is a finite Abelian group and G the dual
of G [24]. Equivalently, these projective representations can be thought of as representations
of the Heisenberg groups associated to the corresponding central extensions. The group G x G
acts by unitary operators on the Hilbert space L%(G, dg) obtained by completion of the space of
smooth fast decreasing functions S(G) on G. For (g, 1) € G x G and ¢ € L2(G, dg), the action
is

() i= (o) (o) 6z + ). (2:30)
Then, given a lattice I" isomorphic to Z¢ in G x @, one can represent the algebra Ag (acting on
the right) on L?(G, dg) by restricting the action (2.30) to the sub-group I':

oUy =Ty .d, ¢ € L*G,dg), v=(g,u) €T. (2.31)

The multiplication law of the algebra Ag is satisfied with the so-called Heisenberg cocycle:
e~2m00r") .= 1(¢g") 1/ (9)~L. If we assume that (G x G)/T is compact, then £ = S(G) is a
finitely generated projective module called the Heisenberg module. In particular, this forces the
dimension of the noncommutative torus d to be even. This means that for a € Ag and ¢ € Es
then ¢a = Z'y a~ ¢U, is well defined as an element of £s. This can be proven by elementary
Fourier analysis. This module is equipped with a Ag-valued scalar product defined by

(6 X) 4 = > (6 XUn) 12(Gg) U=ry- (2.32)

vyel

This paring takes values in the smooth algebra Ag and not in its C*-completion. Again, basic
Fourier analysis shows that the sequence {(¢, xUy)r2(q,dg) }yeze 18 of Schwartz class whenever
¢, x € Es.

A connection on &s is entirely specified by its covariant derivatives V,, once we have iden-
tified Q; (Ae) with (Ae)?. The canonical Heisenberg connection V is obtained from the in-
finitesimal action of the continuous part of the group G x G. In general, it both involves partial
derivatives ai (action of RP) and multiplication by z; (action of (RP)*). Finally, it is also use-
ful to note that the endomorphism algebra End 44 (€s) is nothing but another noncommutative
torus generated by the dual lattice Ted x G, which pairs trivially with I with respect to the
Heisenberg cocycle.

Besides, the curvature of V is defined as F,, := [V,,V,], which is always an anti-hermitian
element of End 4, (€s).

To construct the action functional for a classical field ¢ € £s, we choose a constant positive
definite matrix g, to define a scalar product between 1-forms, so that the general form of the
action given by (2.20) is

— y A
816, 6] = V39" Trag [ (Vud, Vo) 4y |+ /015 Trae [ (6,0) ag | +v05 Trae[ (#:0)%, ] (233)
with ¢g"” denoting the inverse of g,, and g its determinant. Since the module we consider is

made out of complex-valued functions, from now on, we denote an element of the dual module
&5 by ¢. Note that more general terms such as

[Tra0[(66)4, "] (231

can be introduced. In the last section, we shall see that for d = 4, the renormalization forces
the introduction of such a term with n =1, k = 2.
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The simplest example of a Heisenberg module is constructed explicitly for d = 2 as follows.
In the two-dimensional case there is only one deformation parameter in the matrix ©, namely
f. We will denote by Ay the corresponding noncommutative torus algebra. In this case, we
start with the projective representation (2.30) of R x (R)* on the Schwartz space of the real line.
Then, one defines the lattice I and its dual T as

, (2.35)

with § > 0. The lattices T’ and T' define two commuting noncommmutative torus algebras Ag
and End 4,(Es) = Ay, acting on ¢ € s as

(2.36)

- Tmn 2inn’z
(U§¢) (x):=€"9 e o olx+m).
In the previous equation, we have identified (R x R*)* = R* x R with R x R* so that the lattice

and its dual are both subsets of R x R*.
The Ag-valued scalar product follows from the general form (2.32) and is explicitly given by

{ ((va)(x) .= 6i7r9mn eQiﬂnx ¢(m + me)’

(9:X) 4, = Z (ememn/Rdxa(m) e2immne x(x+m9)> U_,. (2.37)

vyel

The Heisenberg connection is given by the two covariant derivatives

Zi;r$¢(x) and Vag(z) = M (2.38)

Vig(r) = - dx

This connection minimize the Yang-Mills action [13] and has a constant curvature given by

um

Fio =1[V1,Vq] = -

(2.39)

In this example, with the euclidian metric g,,, = 6,,,, the action functional (2.33) reads

> An?

516,91 := /Rdma(x) (_@ T > ¢() +M3/Rda:$(x) P(x)
+% > / dz §(z+n+mb) ¢(z+n) §(x) p(z+mb).  (2.40)

m,ne”L R

To derive this expression from (2.37), we used the Poisson re-summation formula in the sense of
tempered distributions to write > €2™* = 3" §(x +n). The kinetic part of this action is simply
the energy of an harmonic oscillator. The interaction takes a non-local form in z-space because
of the summation over m and n, but reduces to the an-harmonic oscillator for m =n = 0. We
shall further comment on the non-local structure of this interaction in section 3.3.1, once we
have derived the Feynman rules.

So far, we have seen that for the Heisenberg module there are two notions of dimension. The
first one, d, is the spectral dimension of the noncommutative torus, whereas the second, d/2,
is the dimension of the representation space entering in £g(R%?) = S(R%?). In the sequel, in
view of quantum field application, we will see that the pertinent notion of dimension is those of
the noncommutative torus. In the following and unless otherwise specified, d will always denote
the dimension of the noncommutative torus, which moreover has to be even.
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2.2.3 Symmetries and field equation

We are now going to review the classical discrete symmetries of the Model. First note that this
action is invariant under a version of the Langmann-Szabo duality [23]. If we replace ¢ by its
Fourier transform

0O = [ doe 2 o(a), (2.41)

then the action is invariant, up to a rescaling of the different parameters:

S, 10,010, @] = 52.S0x, 620, 1701571 (2.42)

This duality is an essential tool in the study of the renormalizability of the model.

Besides the Langmann-Szabo duality, there is another discrete symmetry involving the
Fourier transform. This symmetry is related to the action of the modular group SL(2,Z) on the
modulus 7 in the upper half plane. Here 7 parameterizes the constant matrix of determinant
one, entering in the kinetic term as

_ 1 (1w
1= 567 (e o) 24

Then, the action is invariant under simultaneous changes of the field and the modulus under the
generators S and T of the modular group,
—2imxé
S ) — L[ déea ) T — =1
oa) = Jgladee™F 00 : -
T: ¢(x) — e o ¢(x), T — T+1

For such a metric, the Langmann-Szabo duality must also be accompanied by the action of S on
the modulus. The transformations given by S and 7' define outer automorphisms of the algebra
of the noncommutative torus and correspond to large diffeomorphsims of the torus. Other outer
automorphsisms are given by the translations defined in (2.27), but they do not leave the action
invariant because of the non-trivial connection. Translation invariance can only be recovered by
including gauge fields.

We have displayed the construction in the two dimensional case with the simplest Heisenberg
module. More general modules can easily be obtained in any even dimension by simply tensoring
this module by itself d/2 times. In this case the action takes the same form as in (2.40) with
x, m and n replaced by d/2-dimensional vectors. The Langmann-Szabo duality takes the same
form as before except that the coupling constant A transforms as

A— AO2E, (2.45)

In particular, the coupling constant is invariant in four dimensions.

It is also interesting to look at the classical field equation:

oslg. @l _  dSledl _ (2.46)

5o o¢

where, as usual, the functional derivatives are defined in the weak sense, with respect to the
paring (2.13). Because the action is “symmetric” in ¢ and ¢, it is sufficient to look at one of
them. The first one reads

Hop=-X¢(6,0)a, = —A D _(6,0Us) 12m) $U_r, (2.47)

vyerl
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where ) )
d 47
H:=——— + 1%+ p (2.48)
is the harmonic oscillator Hamiltonian with frequency 27 /6. In the explicit realization of the
module £s = S(R), the field equation can be rewritten as

d>  4n?
( d2+w +,u0 :—)\Zd)a:+n o(x +n+mb) ¢(x + mb). (2.49)

n,me”z

A very important task would be to study the solutions of the classical field equation.

2.3 Holomorphic representation

For our purposes it is convenient to work with an equivalent representation of the Heisenberg
modules in terms of holomorphic functions. In the general case, these are constructed out of the
space of square integrable holomorphic functions on C with respect to the scalar product

(6. X)5 = / dpi(=,%) (2) x(2), (2.50)

with the GauBian measure, normalized as du(z, Z) == (w/7)e“I?”dR(2) dS(2), and w > 0 is an
arbitrary parameter. We denote by Hp := L%wl((C, du) the corresponding Hilbert space. It also
admits a projective representation of C ~ R x R* given by
wlv|?
(To9)(2) := e 2
The operators T, are unitary with respect to the scalar product (.,.)p and obey to the multi-
plication rule

(z+v), veC. (2.51)

T,T,, = ez@w=o0 . (2.52)

Let us choose a square lattice in C parametrized by [ > 0,
[:={y=I(m+in) with (m,n)ez*}. (2.53)

One can define a right action U, of Ay, with 0 = “’712, by restricting the action (2.51) to the
lattice I, i.e. U, := T, ¢, v € I'. Here and in the following, we made a slight abuse of notation
by denoting by U, an element of Ay as well as the operator acting on the right on Hp. Note
that in this framework, the dual lattice is given by

={7=—m +in/) with (m/,n) €z}, (2.54)

and gives rise to an action of A; 9. The scalar product with values in the algebra Ay is defined
as in (2.32), with (-, ) p denoting the Bargmann scalar product:

(6:X) 4, = > _ (& XUy U, (2.55)
yerl’
The connection follows from the infinitesimal action of the translation group on H p. It reads
T |do T |do
V10l = o |0 +esola)]| and Vasle) = T | —wseta)| (250)

and of course they fulfil the Leibniz rule V;(¢Uy) = (Vi¢)U,+¢(0;U;), i = 1,2, where the deriva-
tions of Ay have been defined in (2.26). Note that we have introduced an extra parameter R > 0
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which has the dimension of a length and has to be thought as the ‘radius’ of the noncommutative
torus. It is to be noted that this connection has constant curvature Fio = [V, V3] = % and
that Tra, [F12] = 2im{jz. This provides a topological invariant of the bundle, analogous to the
first Chern class. Usually, one includes the factor ;75 in the trace since it corresponds to the di-
mension of the bundle [12]. Therefore, the topological invariant belongs to 2i7Z, which holds for
arbitrary projective modules and arbitrary connections over a two-dimensional noncommutative
torus.

From a physical point of view, the Bargmann module appears in the analysis of the motion
of an electron confined to the x,y plane in an external uniform magnetic field of strength B
along an orthogonal axis. If we denote by —e and m the charge and the mass of the electron,

the Hamiltonian is, in the Landau gauge,

h? d ieB \? d ieB \?
H,=—|| 57— = + | =+ == 2.57
L 2m [(63} 2h > <8y 2h > ( )
Translation invariance is realized through the magnetic translation operators
— 52 (ay—bx)
(Tapt) (z,y) :=e 2 Y@ +a,y +b), (2.58)
which form a projective representation of the translation group,
Ty Ty = e'5n @b (2.59)

Let us now assume that the magnetic field is strong enough so that the electron is confined to
the lowest Landau level, which is the ground state of the Hamiltonian Hy, with energy gif
The wave functions pertaining to the lowest Landau level are conveniently written using a

complex coordinate z = x + 1y,

Y(z,7) = e 3 g(2), (2.60)

where ¢ is an arbitrary holomorphic function with square summable Taylor coefficients. Thus,
the lowest Landau level is infinitely degenerated and its wave functions are in one-to-one cor-
respondence with analytic functions ¢ in the Bargmann space ‘Hp with w = %. Besides, a
magnetic translation by v = a+ib acts on ¢ via the action of C on holomorphic functions (2.51).

The noncommutative tori arise naturally when we consider the effect of an atomic lattice in
perturbation theory. Indeed, let us assume that in addition to the magnetic field, the electron
is submitted to a potential V' created by a square lattice of spacing I. Then, the potential is
Z2-periodic, V(z + Im,y + nl) = V(x,y) for any (m,n) € Z2. Furthermore, let us make the
assumption that the magnetic field is strong enough so that one can consider the electron to be
confined to the lowest Landau level even in the presence of V. Therefore, the implementation of
the lattice translations imply that the lowest Landau level is nothing but the Bargmann module

‘Hp over the noncommutative torus Ay with a parameter

wl®  eBI? R
T oth O’

(2.61)

where ® = BI? is the flux of B through the unit cell of the lattice and ®q = %Th is the quantum
flux. This noncommutative torus may be seen as a Noncommutative Brioullin zone since it
replaces the ordinary Brioullin zone in the presence of the magnetic field. For this interpretation
to hold, it is necessary to take R = 2T7r which corresponds to the size of the Brioullin zone. Let us
note that the topological invariant given by Tr 4, (Fi2), is nothing but the Hall conductivity [2].

If the electron remains confined to the lowest Landau level, then V' has to be projected on H g

and lattice invariance translates into the statement that V must commute with the left action
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of Ap. Therefore, V is an element of the algebra A,y acting on the right. This is a general
constraint on the action of V, solely derived from symmetry considerations and independent of
the precise form of V.

Obviously, the projective modules constructed out of the Schwartz space and the Bargmann
space are equivalent, the explicit equivalence being the unitary Bargmann transform B : Hg —
‘Hp defined as

w\ 1/2 _w(@?+42?) .
(BY)@ = (2)7 [ doe T ), (2.62)
R
and its inverse is
1/2 w(z24+7z2 _
(B7'9)@) = (%) / dp(zz) e "2 VR G (), (2.63)
C

for x € L?(R) and ¢ € Hp. This corresponds to the equivalence between the vertical polarization
on the phase space R x R* and the holomorphic one. Then, one defines the smooth module £pg
as the image of Schwartz space under the Bargmann transform.

Consider now the projective action T,; of R x R* on the Schwartz functions of the real
line. Its image through the Bargmann transform is an action of C by the operators T}, given

in (2.51) with v = % (a+ Z}—b) This allows to establish a general correspondence between
the two projective modules, their scalar products and their connections. In what follows, it is
particularly convenient to set w = 27”, in such a way that the lattices I' and I' read, in the
holomorphic formulation,
r {9( +in) with (m,n) €z} (2.64)
=< —(m+in) wi m,n , .
V2

and 1
[ = {— m' +in')  with (m/,n') € Z2}, 2.65
75 (m' i) (. (2:65)
It amounts to set [ = % in the general square lattice introduced at the beginning of this section.

An arbitrary lattice in C would correspond to an arbitrary lattice in R x R* using the inverse
Bargmann transform. From now on, we restrict ourselves to the preceding values of w and [.
In this framework, the two operators representing the connection read

Vib(z) = % [%(z) +wz¢>(z)} and  Vao(z) = % [%(z) _ wqu(z)} , (2.66)
2 6

as follows from (2.66) with w = =F, [ = 7 and R = 1. The operator (2.48) entering into the

definition of the kinetic term is

H=—(V1)? = (Vo)* +pd =2w (z% + %) + g (2.67)
which is nothing but the image through the Bargmann transform of the harmonic oscillator
Hamiltonian —dci—z + w?z? + p3. Note that there is a constant term in H even if pg = 0. Thus,
even in a massless theory, there is a priori no infrared divergences at the tree level. Of course,
this picture may change at higher loop order because of the IR/UV mixing.

In the development of the quantum theory associated to these projective modules, it will be
interesting to have at our disposal higher dimensional analogues of the previous construction.
While the general structure of projective modules over higher dimensional noncommutative tori

is extremely rich [24], we can easily construct simple examples in any even dimension d by simply

. h . .
taking the %lt tensor power of the previous module. This corresponds to a Bargmann space of
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holomorphic functions on C%2. The corresponding lattices are simply obtained by replacing the
d

integers m, n, m’ and n’ by vectors in Z2. This procedure leads to a noncommutative algebra

Ag with a d X d matrix © which is a direct sum of 2 x 2 antisymmetric matrices,

0 6
-0 0

o= : (2.68)

-6 0

To emphasis the difference with a generic noncommutative torus algebra Ag, we will denote the
algebra corresponding to the specific choice (2.68) by Ay, like in the two-dimensional case.

3 QFT and diagrammatics

3.1 Feynman rules

In this section, we restore the notation ¢, instead of the complex conjugate notation ¢, to denote
an element of the dual module £*. The reason is that we would like to sketch a representation
free construction of Feynmann rules for a field theory on the Heisenberg modules corresponding
to the choice (2.68). Otherwise specified, £ can be either £5(R%2) or Eg(C%#?), or even another
unitarily equivalent module. We also emphasize that such a procedure does not rely on the
particular structures of the module studied, so that it can be employed for the construction of
any quantum field theory on a projective module.

The action functional S[¢, '] we have defined in the previous section can serve as a basis
for the construction of a perturbative quantum field theory. This amounts to define and study
the (2N)-point functions Gapn, given in terms of the functional integral

[1pélDet) (s0¢ @ @ oo ql) eWos!
/wwwww*ww

as a perturbation of a free Gaufliian functional integral. Because the projective module can
be realized as a dense sub-space of an Hilbert space of functions with a kinetic term given
by a second order differential operator, the free field theory is always well-defined. We will
always assume in this section that the functional integral has been regularized, for example by
integrating only over a finite dimensional subspace of the projective module. Later on, we shall
use other regularization techniques suitable for renormalization.

This means that once the theory is regularized, the Green’s functions Go define distributions
on the projective tensor product &V @ £*®N ~ S(RY) (recall that S(R¥?) is a nuclear space).
The evaluation of Goy on 2N test functions v; € &, xl e & i=1,---,N, is given by the
following path integral formula:

GQN(XI?"' >Ximw17"' :wQ) = (3-2)
/[D¢] (D' Tra, [(x1,8) 4,) Tra, [(6501) 4] -+ Tray [(xns ) 4,] Trap (6, 0m).a,] €502

[1Depgt)esioen

GQN =

, (3.1)

It has to be noted that the field ¢ and its conjugate ¢ must occur an equal number of times,
as required by the invariance under global phase multiplication. Any correlation function not
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fulfilling this condition vanishes identically. Note that the field ¢ lives in a module £ and its
conjugate ¢ in the dual module £*, so that the correlation function with 2V fields is conveniently
seen as a linear map from £V to itself.

As usual in QFT, all the correlations functions can be gathered into the generating functional

/[Dﬁb] [ngT] o S[0.81 1+ Tray [(1,0) 4y | +Tra, [(6,7).4,]

[1Dapste-sies’

From Z[J,JT] we define W[J,JT]| = log Z[J,JT] and T[¢, '] as the Legendre transform of
WIJ, JT,

Z[J,J1 = (3.3)

, SW SW
T, '] = Tra, [(0, ) ay] + Tra, [(J0)a,] = WL JT] with ¢ = 577 and ot = <7

Whereas Z is obtained as a sum over all Feynman diagrams, W only involves connected diagrams
and I" only 1PI diagrams, i.e. diagrams that remain connected if one cuts any internal line. In
the sequel, we shall always restrict our analysis to 1PI diagrams.

Since the action functional can be written as

516,6'] = Tra, [ (6. Ho)a, + 5 (6,672, . (3.4

it is convenient to rewrite the quartic interaction using a Hubbard-Stratonovitch transform as

o 3Tra, [(0004,] _ / [DA] e T 2700004, ] (3.5)

where we integrate over all Hermitian elements A* = A € Ay. From a physical perspective, this
amounts to consider A as a random external field subjected to Gauflian probability law.

As usual, a regularization is self-understood and we have dropped an irrelevant normalization
factor. Thus, the correlation function reads

/ [D][D$'|[DA] (qb RP R QPR aﬁ*) o~y [(6.H) 4y +24% +iXA(6,6) 4,

/ [D¢][D'|[DA] e 140 [(6,H8) 4y + 242 +iNA(6:6) 4, |

Gon = (3.6)

This allows us to derive the Feynman rules in a very simple way. There is a trivial propagator
for the A-field

AN AL = — (3.7)

Note that the field A only appears in internal lines since we only compute correlations of ¢ and ¢
We have also used an explicit expansion over the noncommutative Fourier modes A = Zv AU,

The fields ¢ and ¢! propagate according to
—» —H', (3.8)

where H is defined in (2.67). Because the fields are complex, the propagator is not symmetric
and an orientation on the lines is necessary. We always consider ¢! as incoming and ¢ as
outgoing, so that the propagator makes sense as a linear map from & to itself. Finally, the
interaction vertex is

— AU, (3.9)
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It is important to note that there is a cyclic ordering of the fields A, ¢t and ¢ at the vertices
which is due to the fact that the scalar product (¢, ¢) 4, takes its values in the algebra Ag. The
vertex (3.9) always has the A-field attached to the right when following the arrows of the ¢-field.
Exchanging ¢ and ¢! would involve the scalar product (¢, ¢) B, With values in the commutant
of Ag in L(Hg). (Recall that He is the Hilbert space obtained by completion of £ with respect
to the norm subordonate to the scalar product (.,.)¢ = Tra,[(.,.)4,].) We shall come back to
this point when discussing duality.

It is worthwhile to notice that all the operators entering in the Feynmann rules extend to
bounded operators on Hge. Instead being interpreted as a distribution, a typical regularized
Feynman diagram with N-incoming and N-outgoing lines will then be conveniently seen as a
linear map from H®V to itself.

For instance, an arbitrary diagram with 2/N external legs is obtained as follows:

e Draw N oriented lines representing the propagation of the field ¢. Each of these lines
represents an operator from Hg to itself, obtained by multiplying propagators H ~! and
interactions U.,.

e If they occur, draw closed oriented loops made of propagators H ~! and vertices U, and
take the traces of the corresponding operators.

e Relate all interactions by wavy lines representing the propagation of A and sum over all
the corresponding 7.

It is important to know at this stage that the divergences we will encounter may both come
from the traces and the sums over ~’s.

Because of the orientation of the lines, there are no non-trivial symmetry factors, as e.g. in
QED.

The simplest diagram in the 2-point function He — Hg is

;,‘”‘M\B =Y u, B, (3.10)
Y
— -¢ <+

Here we have made a little abuse of notation, using the same symbol U, to denote an element of
the noncommutative torus and the operator acting (on the right) on Hg. Also, the trace which
will appear in the next diagram, is not the noncommutative torus trace but the operator trace
on Hg. A diagram contributing to the 2-point function involving a closed loop is

= -\ Tx (U, H ) U, (3.11)
v

The simplest non-planar diagram contributing to the 2-point function is

7

72 =Y U, H'U ,H'U,H'U,, (3.12)
m Y1572
-t -¢
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where 79 has the same orientation as v;. Analogously, let us list a few diagrams contributing to
the 4-point function He ® Hg — He ® Hg, starting with the tree level contribution:

gl =-A) U, e, (3.13)
Y

This diagram simply represents the vertex once the A-field has been integrated out.
The first non-trivial four-point diagram with a loop is

—> > »—
y L =R U HU) e (L, BT (1)
Y1,72
—- - -

This diagram is planar and a non-planar one, can be constructed by exchanging v, and 79 in
the second tensor product,

Y2
=\ Z (U_’Y2 H U—’Yl) ® (U'yz H! U’yl) . (3.15)
k\W\l 7572
—g - -

With a trace, the simplest example is

Y2
=N Te(H'U,H'U ) U, 0U,. (3.16)

1,72
Al

Finally, let us give a more complicated example, contributing to the 6-point function He @ He ®
Hg _>H5®HS®H57

8 V4

s L0 (3.17)

Y6
72

I e i

Uy ® (Uyy H ' Uyy) @ (U, H1 Uy HH U, HH U,
=X ¥ xTr(H'U_ H U H'U_, H'U_H'U_H'U_,,) , (3.18)
Yo xTr (H Uy, H U HVU-,)

where ~s9,7v3,74, 77, Vs leave the loops and the internal v, and ~g first leave and then arrive,
accordingly to the orientation.
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Let us note that on the definition of an 1PI diagram, we impose the irreducibility condition
only for the ¢-lines, not for the A-lines. In fact, only the ¢-lines are really internal lines. Thus
we reserved the terminology to the latter. The wavy A-lines are just a convenient way to visu-
alize the interaction and serve to indicate the identifications of the operators U, inserted in the
diagram.

For the simplest example of a Heisenberg module in z-space, we have seen that the theory
is invariant under the Langmann-Szabo duality, see (2.42). This is a general fact that follows
from the existence of two compatible scalar products on the projective module &£, under fairly
general conditions [24]. Indeed, if we denote by By the endomorphism algebra End 4, (&), then
one defines a scalar product (-,-)g, on &, which is linear with respect to the left action of By on
the first variable and anti-linear in the second one. The two scalar products are compatible in
the sense that

6 (0, 1) 4, = (6, X)5, s (3.19)

for any ¢, x,¥ € £. The algebra By is in general another noncommutative torus constructed
with the dual lattice. If we denote by Trg, its normalized trace, then the interaction can be
transformed as

Try, [(¢1,¢2)A9 (¢37¢4)A9} = Tra, | (61,62 (03, 64) 4, )Ae}
(61, (@2, ?3)5, ¢4)A9}
((62,83)5, 61 01) 5,
(

61, 01)5, (62,05);, | (3.20)

where we have used Tru, [(¢, X)4,] = Trg, (X, ?)B,]. We have also labeled explicitly all the
fields in order to better visualize the manipulation we have made.
At the level of the Feynman diagrams, especially for the (total) vertex, this duality reads

> — Y : (3.21)

yel iyel

Then, it is easy to see that this duality exchanges different types of diagrams: for planar diagrams
lines and bubbles are exchanged. The dual of an arbitrary diagram is constructed in two steps.
First, replace any wavy line by a double line. Then, in each double line, relate the two lines by
a new wavy line. The dual theory can also be written using a Hubbard-Stratonovitch transform
with an auxiliary field B € By, but now the opposite convention have to be used: following the
arrows, the field B leaves on the right.

-
@ — . (3.22)
-
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For the simple Heisenberg module obtained from Schwartz functions on R, the scalar product
with values in By = A, /g is simply

1
(X,¢)A1/9 =3 Z(Qﬁ Usx)r2r) U-5 (3.23)
Fel

=3 Z (/ dx ¢(x e x(x +m) e%@nz> U_5. (3.24)
'yEF

One passes from one scalar product to the other one by Poisson re-summation. In the study of
the renormalizability, it will prove to be helpful to use the Poisson re-summation for some of
the v’s only. This corresponds to a duality operation on only some of the vertices.

3.2 Reduced theory

To make contact with the standard analysis of divergences of a field theory in the Moyal plane
[15], it is helpful to write the propagator as

H'= / doce™1, (3.25)
0

Therefore, the contribution of any diagram G with N internal lines and M vertices is expressed
as an integral over N Schwinger parameters and a sum over M lattice elements

/doq---dozN Z Ig(al,...,aN;'yl,...,yM). (3.26)

Y15 YM

We refer to the next section for a precise evaluation of this integral in the Bargmann represen-
tation.

At a heuristic level, it is expected that all the divergences arise from the regions of integration
in which one or several Schwinger parameters go to zero. Indeed, if all the Schwinger parameters
are different from zero, the traces in I as well as the sums over lattice elements «y are convergent
as tempered distributions. We shall see in the next sections the details of this fact for all one-loop
diagrams.

Therefore, it is interesting to analyze I(a1,...,an;71,-..,var) when all Schwinger parame-
ters are set to zero. In this case, there are no propagators anymore and only the insertions of U,
remain. For any trace around a closed loop of internal lines, there is a divergence proportional
to the trace of the product of the operators U(v) along the loop. If we renormalize the trace
such that the trace of the identity is 1, this reduced vertex reads

3

V4 V4 3

72 72

(3.27)

Tn o~ Tn

Hem@(%w) SOy 4 +vum),
i<j
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where the ordering is given by the orientation of the loop. By the same method, we can reduce
an open line. It is important to keep in mind that the reduced diagrams are also to be thought
of as ribbon diagrams, because the cyclic orders at the vertices matters:

- - |
- (3.28)
™ Y3 e M w2 M
o
]‘_[e”T (r::79) Uniootyaa

i<j
where the ordering is again given by the orientation of the line.

The reduced theory behaves as a very simple model with vertices given by the previous two
types of diagrams, propagators equal to one and momenta corresponding to the lattice elements.
External legs of the reduced diagrams are given by the external legs of the lines that have been
reduced and the sum of the lattice elements along the line corresponds to the external momenta
of the reduced diagram. Momentum is conserved at the internal vertices and only the loops
of the reduced diagram involve a non-trivial summation. Besides, any diagram carries a phase
factor that is readily computed using the techniques introduced by T. Filk [15].

It follows from this work that the phase associated with a planar diagram (i.e. a diagram
that can be drawn without crossings) only depends on the external momenta of the reduced
diagram. Therefore, the diagram is independent of the loop momenta flowing into the reduced
diagram and the corresponding summation is divergent. For example, in the ladder diagram
contributing to the 4-point function, the summation reads

W8 b, =X tUeu, UL =Y teu, (X1) . 629
Y1,72 Y 71

constant divergence

with v = 71 + 72. The remaining sum over 7; is obviously divergent and its divergent part is
proportional to the vertex Z,Y U, ® U_, so that one can infer that it is renormalizable.

The non-planar analogue of the previous diagram behaves very differently. Its contribution
to the 4-point function is

n 7 = Z Uy Uy, @ U—y Uy, = Z Uy ® Uy <Z et 77)) : (3.30)
v 71

V1,72

y—dependent divergence

In the integral case, the phase factor is trivial and the integral diverges for all v as in the
commutative theory. If the phases are all rational, then there is a divergence for those v such
that U, is central, for other values of « there is an exact cancellation. In the irrational case,
there is obviously a divergence when v = (0. We shall see in the section on 1-loop renormalization
that this is the only divergence when 6 satisfies a Diophantine condition.

All the properties of the noncommutative field theory we have presented in this section

are independent of the representation we choose. As such, they are best derived in a general
setting, without using any specific representation for the operators H and U,. In the next
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two sections, we shall use the position space (or equivalently, by Langmann-Szabo duality,
the momentum space representation) to uncover an analogy with matrix models and with the
Grosse-Wulkenhaar one [18], and the holomorphic representation for an explicit evaluation of
Feynman diagrams and their divergences.

3.3 Position space Feynman rules and relations with other models

3.3.1 Relation with matrix models

Let us come back to the non-local structure of the interaction in z-space. For the simplest
module, i.e. £s = S(R?), the interaction term given by (2.40), can be written as

[ dwdydzatV e, 3063 o0 (331)
R
with
A
V(z,y,2,t) = 3 Z 0y —x—mb)o(z —x—mb —n)i(t —x —n). (3.32)
m,ne€z
This leads to a vertex
x r+n
(3.33)
z+mb z+n+mb

The non-local structure of this interaction given by the vertex (3.32) is intuitively understood
as follows. First let us notice that the interaction involves products of the fields at the four points
z, z+mb+n, x+n and x4+ mb. These four points are identical in the quotient space R / (2+07)
so that the theory would be local if it could be formulated on such a quotient. This is possible
if # is rational but otherwise the quotient space is badly behaved from a topological viewpoint,
namely because Z + 07 is dense in R when 6 is irrational. Such a quotient space is related
to Kronecker’s foliation and is fruitfully understood using the powerful techniques presented
in [8]. Here we shall content ourselves with a very rough analysis by disregarding the topological
difficulties so that we simply write any real number as z = [z] + k6 + [, where [z] is the class
of x in the quotient and k and [ are elements of Z. Accordingly, the interaction vertex can be
written as

[z]+EkO+1 [x]+kO+1+n

(3.34)

[z]+(m+k)0+1  [z]4+(m~+k)0+(I1+n)
It appears that all the fields are evaluated at a point which corresponds to the same equivalence
class [x] whereas the interaction mixes the integers k and [ in a particular pattern reminiscent
of matrix models. Indeed in a matrix model involving (p X g)-rectangular matrices with an
interaction of the type

A A
V(M7 MT) = §Tr [MTMMTM] = § Z (MT)iu'leliz(MT>i1j2Mj2i17 (3-35)

0<iy,ig<q—1
0<j1,j2<p—1
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the interaction vertex is

[ k+m k+ml+n

The integers k, I, kK +m and [ 4+ n correspond to matrix indices 71, ji, i and js. In the
framework of rectangular matrix models, the duality (3.20) exchanges M with its adjoint M T [7].

If 6 = g, with p and ¢ two relatively prime positive integers, then the relation with rect-

angular matrix models can be established as follows. Define the vector bundle ' — T2 over a
commutative 2-torus of radius 1/q, whose fibers are (px ¢) complex matrices, in terms of its mod-
ule of smooth sections I'*°(F"). The latter is defined as the set of (p X ¢) matrix-valued smooth
functions on [0,1/¢g] x [0,1/q], which are periodic in the second variable but only quasi-periodic

in the first: .

Mz + 2,y) = Qp(ay) M (2, 1), (—qy),

where a and b are two integers such that aqg + bp = 1 and Qn(y) is the N x N matrix defined
by

(3.36)

0 1

On(y) = R e (3.37)
627L7ry 0

Now, given ¢ € S(R) one associates an element of I'*°(F) via the map p

p: SR) > T=(F), ¢(z) — My(w,y) = > 6w+ W) (3.38)
nez
with s € {0,1,...,p—1} and j € {0,1,...,q — 1}. Using the identity
Q% Wi = 6jisn—rne™™, (3.39)
k

where only one term in the sum is non-zero, it is easy to prove that M satisfies the boundary
conditions (3.36). Conversely, one can define a function ¢ € S(R) form a matrix M € I'*°(F)
using the map p* (the notation will be justified soon):

|~

pr () = S(R), M(z,y) — éla) = g /O " dy Moo (2, y). (3.40)

From the boundary conditions (3.36), it is straightforward to see that the latter is well defined
as an element of S(R).

The map p establishes an isomorphism between S(R) and I'*°(F’), whose inverse is p*. More-
over, p and p* extend to unitary operators at the level of L?-completions. To this aim, let
L?(T?, F) be the completion of I'*°(F) with respect to the norm ||.||r induced from the scalar

1/q 1/q
product (M, N)p = q/ dm/ dy Tr[MT(z,y)N(z,y)].
0 0
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Lemma 3.1. For 6 = 2, with p and q relatively prime positive integer, the map p is a unitary
operator from L%*(R) to L?(T?, F), whose adjoint is p*.

Proof. First note that the maps (3.38) p : S(R) — I'*(F) and (3.40) p* : I'*°(F) — S(R) are
inverse each other. Indeed, for any ¢ € S(R), we have

la 1/q ‘
(" po)(z) = q/o dy(p9) oo (z,y) = q/o dy' 3" 6(x + np) e=2imnay
nez
= Z Ono¢(z +np) = o(x).
nez

Conversely, for any M € T'°°(F'), we find

(pp™ M), (w,y) = D (M) (x + w> o~ 2iTnay

nez q
1/q j ' ,
—4> [ de Moo 4 IR ) e,
nez’0 q

Using the boundary conditions (3.36) and the Poisson re-summation formula (in the sense of
tempered distributions), the former expression reads
(n+1)/q

qZ/ dz Myj(z, z) e~ 2immaly=2) — qZ/ dz Mij(z,2) 8(qz — qy) = Mij(x,y).

nez nez’ 4

1/q

Now for ¢, x € S(R), denote by M, N € I'*°(F) the corresponding matrices. Let us also
introduce the bijective map

(1]

{0,1,...,p—1} x{0,1,...,p—1} xZ — Z (3.41)
(i,4,m) = iq+ jp+npq. '

Using this map, one has
1 1
MN)r = ["do ["ay TN )
E(i, 4, n) 2(4,4,n)
Z / da:qb T+ ) (ﬂs + P )

zynEZ

+oo o

_ / do 3(2)x(x) = (6, %) 12(®).

— 00

Thus [lp6llr = ll¢llz2) and [|o"M 2w = | M|, for any ¢ € S(R) and M € D*(F). By
density, this proves that p and p* extend to isometries on L?(R) and L?(T?, F) and that they
are adjoint each other. This concludes the proof since one has already checked that p*p = 172g),

pp* = 1L2(T2,F)' |:|

It is worthwhile to notice that the map p possesses more structures. In particular, it preserves
the module structure, where I'*°(F) is equipped with a left action of the bundle algebra of (p X p)-
matrices over T?, with boundary conditions :

{ A(.%‘,y + %) = A(l‘,y),

Az + ¢, y) = Qo (qy) Ale, )% (qy)', (342
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In particular, the two covariant derivatives defining the connection (2.38) on the Schwartz space
translate into 9 )

9 AT 4 4B and Vi= 2,
oy q ox
on the rectangular matrices. In this definition, A and B are two square p X p and ¢ X ¢ constant
diagonal matrices acting by left and right multiplication. Their diagonal elements are

V) = (3.43)

2

Akk = —2271'])]{3 and Bll = —?l (3.44)

Therefore, at rational 6, the Heisenberg module simply describes a bundle of rectangular matri-
ces over an ordinary torus. These relations generalize the one given in [21], which corresponds
to the case p=¢q = 1.

Consider now a rectangular matrix model, with matrix-valued functions satisfying the bound-
ary conditions (3.36) and an action given by

S[M, M| = (3.45)
/0" da /Oq dy Te [V, M (2, y)V* M (2,y) + pdM (z, y) M (z,y) + %(MT(% )M (z,y))].

If we express the matrix M in terms of ¢ via the map p, the matrix model action agrees with
the Heisenberg module action (2.40) up to a factor ¢,

qS[M, M) = S|, d]. (3.46)

The equality for the quadratic part of the action is already contained in the Lemma 3.1. The
interaction term can be treated along the same lines. The matrix model interaction reads

ax Z / dx/ dy M j(z,y) M, (2, y) My(z,y) Myj(z,y). (3.47)
1,5,k

Expressing M in terms of ¢ and integrating over y yields

1
A 3 > ! de 5 <a: + iq+jp+Npq) b (a: + iq-I—kp-I—N’pq)
2NN i) o 1 e

(3.48)
¥ @ (x I lq+kp+(N/;NLN)pq) & (x 4 lq+jp;rN”pq) '
After a shift of the integration variable by =(i, 7, V) and a change of summation indices
N —jp—-N — N/,
{2y oW (3.49)
the interaction reads
=(4,7, N)+1
Y ST b B (o )
_(” NYN',N" ki ¢ E@dN) (3.50)
<% (m L zq+kp+(IZ’+N")pq> & (m I lq+J;7”pq> '
Finally, the identification with the vertex in x-space
A [T - -
5/ dx Z ¢(x)¢<x+m§>¢(x+m§—i—n)qﬁ(w—i—n), (3.51)
+oo

m,nez
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follows from the euclidian division of m by ¢ and of n by p,

{m = k+gN',

Let us note that the action in terms of the Schwartz function ¢ only involves the ratio £ and
does not depend separately on p and g. Therefore, it is suited to the study of the limit case

p—oo and ¢ — oo, with g — 0, (3.53)
where 6 is a fixed positive real number. Thus, one has
Jim [ [DM][DMYemtSMMI O (M, M) = / [D¢][Dle 590 (¢, 8) . (3.54)
p/q—0

In this equation, one has to keep in mind that the matrix-valued function M satisfies the
boundary condition (3.36), which means that its period is 1/¢, along the two directions x and
y, which goes to zero as ¢ — oo. In this respect, the quantum field theory over the Heisenberg
module corresponds to a twisted reduced matrix model, the size of the underlying space going
to zero. In the next sections, we shall see that the renormalization properties of these models
involves some number-theoretical properties of # for non-planar diagrams.

3.3.2 Relation with the Grosse-Wulkenhaar model

Recall that in [18,26] it is proven that the duality-covariant ¢3-theory on the Moyal hyper-plane
is renormalizable to all orders in perturbation theory. In the exact self-dual case (2 =1 in the
language of [18]), the theory is defined by the following action functional

::% g/d‘lx (p* ¢ * % d)(x), (3.55)
where A = —0#0,, is the Laplacian and X? = X*X,, with X = 200~ YWy, where 0 =
—0,,, € R are the components of the deformation matrix which defines the Moyal product x,
and z* denotes the ordinary Cartesian coordinate on R,

It is worthwhile to notice that the kinetic term of that theory is exactly the same as in the
model we study here: it is given by an harmonic oscillator Hamiltonian. But the origin of this
term is quite different. For the action (3.55), the term X?2 has been “added by hand” to cure
the UV/IR-mixing problem. More specifically, such a term is required by the renormalization
flow. But to see it, one has to formulate the theory on the matrix base (see [18]). Moreover
the presence of such term allows to restore the Langmann-Szabo duality, which holds only for
the interaction term without the quadratic potential. For the Heisenberg module, the harmonic
oscillator potential has a clear geometric origin since it comes from the connection (2.38). In
particular, whereas the frequency of the oscillator is a free parameter in [26] (and has to be
renormalized), this is not the case in our model where the frequency is inverse proportional to
the deformation parameter. Furthermore, we will see in the next section, that the value of this
parameter is preserved by the renormalization flow. However, in spite of the presence of the
confining potential, the ¢}-theory on the Heisenberg module will still suffer from an UV/IR-
mixing. Fortunately, in this case the UV /IR-entanglement is easy to cure (at least at one-loop)
by the adjunction of another interaction term.

To investigate the analogies and differences of the interactions of the two models, it is useful
to rewrite the vertex (3.32) as

S(¢) / 0 $(x) (O + X2 + i2)b(x) +

21

A x ,
V(z,y,2,t) = >2dgad Z e 0 e §(g —y + 2 — ) 2=t (3.56)

m,nczd
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This formula can be obtained from (3.32) after a Poisson re-summation on the index m. Here
we have considered the module S(R?) over a 2d-dimensional noncommutative torus, with defor-
mation matrix of the form (2.68). On the other hand, the interaction vertex associated to (3.55)
in d-dimensions is given by

Vil,y,2,t) = — e @0 g — gy 2 — 1) 2050, (3.57)

mwdgd
where #~! is the antisymmetric bilinear form associated to the inverse deformation matrix 6 -
This leads to a correspondence between the field theory on the Heisenberg module in dimension
2d (the dimension of the underlying noncommutative torus) and the field theory on the Moyal
plane of dimension d. This correspondence relates the phases in the interactions as

207 (@) Z ZFW—)  and 207 Z eZmia=t), (3:58)

mezd nezd

The dissymmetry between the two phases has a deep impact on the power counting of the two
theories: The correct analogue of the commutative ¢3-theory on the noncommutative hyperplane
is made out of the Moyal product on R*, whereas in the non-trivial module case, it has to be
formulated on S(R?), not on S(R*). Indeed, it is the dimension of the noncommtative torus,
not of the representation space, that matters. This lead to the following question: How can it
be that two theories with the same propagator in different dimensions behave the same? The
answer comes precisely from dissymmetry between the vertices (3.56) and (3.57).

To see how the vertex affects the evaluation of the Feynman diagrams, let us have a look at
the one-loop planar two-point function, associated to a quartic interaction, for the two models. In
the case of the projective module over a (2d)-noncommutative torus, if we evaluate the diagram
(3.11) in external fields o1, @2 € S(R?), we obtain up to a numerical factor

Tr ((p1,p2) 4, H ') = Z Tr (U_y H™ ') (01, 02Uy) [2(ra)- (3.59)
vyel

Recall that in d-dimensions, the spectrum of H~1 = (A + X2)"1is (d/2 + |n|)~!, n € N¢. For
v =0 (we will see that the terms with « # 0 give rise to finite contributions), the divergence is
logarithmic for d = 1, quadratic for d = 2 and so on. The behavior of this diagram for d = 2 is
reminiscent to a just-renormalizable ¢7 theory.

Alternatively, one can study the UV-divergences using a parametric representation (3.25) for
the propagator and looking at the small-G behavior. With the help of the Mehler formula, one
can express the kernel of H~! as

H \(,y) = w? / gL % (coth(d)le—yPtanh(d)le+ul?) (3.60)
’ 4m? J sinh?/? (2w ) ’

where w is the frequency of the oscillator. If we regularize the theory by setting

H'— H! :/ dpePH, (3.61)
then one gets up to an irrelevant constant

_ _ o h(wp) /2
T (H ) = | deH (w2) = [ dB (s ) 3.62
r(H) /Rd vHe (x,2) /E p sinh(wf3) sinh(2wf) (3:62)

This yields the same conclusion: the divergence (in e~1/2) is logarithmic for d = 1, quadratic
for d = 2.
Now, the same diagram for the duality-covariant model on the Moyal plane reads

Tr (L(p1 x o) H™), (3.63)
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where L(p) denotes the operator of left Moyal-multiplication by ¢ (a look at [16] can help
the unfamiliar reader to derive such formula). We show in the appendix A that the leading
divergence of (3.63) is given by

/ddx 1 % pa(z) H Yz, z). (3.64)
R
The last expression equals
e 1 2
dz 1 * pa(x / df —————e~wtanh(Wh)lel* 3.65
[ doorsienta) s (3.65)

Due to the presence of the fields @1, s inside the xz-integral, the former can be estimated by

o 1

Since in the Moyal plane case only even dimensions are allowed (to respect the symplectic pairs
structure of the Moyal product), the divergence of the planar two-point diagram (3.63) is (only)
logarithmic for d = 2 and (as expected) quadratic for d = 4.

This is a strong evidence that our field theory on S(RY) doesn’t behave accordingly to the
dimension d of the representation space, but accordingly to the dimension 2d of the underlying
noncommutative torus!

3.4 Feynman diagrams in the holomorphic representation

From now on, we shall work in the holomorphic representation for a Bargmann module in two
dimensions, obtained by tensoring twice the module of the previous type, i.e. corresponding to a
four-dimensional deformation matrix of the form (2.68). In the explicit computation of Feynman
diagrams, we have to evaluate traces and kernels of products of operators of the type H ! and
U, in the holomorphic representation. To this aim, recall that an operator A is said to be an
operator with distribution kernel A(z,z’) if its action on ¢ € Hp can be written as

Ao(z) = g du(z',Z)A(z,Z) (2. (3.67)

For instance, the identity is an operator with kernel I(z,z’) = e“’yz; the reproducing kernel of the
Bargmann space. By convention, our kernels are holomorphic in the in first variable (associated
to an incoming field on the diagram) and anti-holomorphic in the second one (associated to an
outgoing field).

Now and for all, we will fix a regularization scheme. To this aim, we define the regularized
propagator H_ ! as follows

oo
H' .= / dBe P = H1le=<H (3.68)
€

As soon as € > 0, the operator H_ ! is a strictly positive compact operator with fast decreasing
eigenvalues, and in particular trace-class. This operator admits a kernel given by

1 [ Bm?
He_l(ZQ,El) = 5/ dg G_TI(ZQ,G_szl). (369)
€
As such, it provides a natural regularization of the Feynman integrals. Indeed, if we come back
to £s(R?) by the inverse Bargmann transform, it is easy to see that H_1(x,y) is a function of
Schwartz class in both variables (have a look at (3.60) versus (3.61)). Since the vertex (3.32)
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is a tempered distribution, this means that all the contractions with the regularized propagator
are now well defined. Using the Bargmann transform back, it is immediate to see that the same
holds for the module £5(C?).

The regularized propagator, given by the expression (3.69), is graphically represented by a
single oriented line:

2o 2 g (2,7). (3.70)

Using the definition (2.51), it is easy to see that the operator U, also admits a kernel, given by
Uy(z1,73) = e NP7 (2 4 4, 75) = e 2P+ (5,55 — 7). (3.71)

Thus in the holomorphic representation, the (total or quadri-valent) vertex reads

V(z1,%2,23,24) = 5 Z Uy(21,%2) U—v(23,%4)
= O e ST (2 %5 ) (25,7 4 )
AN o= [(y. 5 — 52) 120,55 — 7) L2, T + 7
= Eze I(v,z2 —7z1) (71,22 — 7) I (23,21 +7) (3.72)
Y

and is represented by

Y = V(Zl,22,23,5) . (373)

22 21

When drawing the Feynman graphs it is important to notice that propagator and vertex are
oriented. When following the scalar field arrow, the wavy ~-line always leaves the vertex to the
right. Alternatively, to stress the link with the Hubbard-Stratonovich transformation, we may
split the vertex (3.73) into two tri-valent vertices

Y
= i\U, (21, %2), (3.74)
Z2 Z1
and a propagator for the auxiliary field
2 1
AN = X . (3-75)

3.5 Parametric representation

A careful analysis of the involved terms shows that a general (regularized) graph always has the
following structure

H 1 —i 1] z z
Tole1, %20 2on—1, BN = ) / H dfy e~ 2 Pr) Ok % Qg (8) 7 +B:(2.8) 7+ 7 Bi(2.6)
Vs €

up to a symmetry factor due to it’s multiple appearance and a term purely depending on
21,...,2oN. The notation means that having chosen an arbitrary graph, L indicates the number
of internal scalar field line integrations and V' is the number of «-lines. Missing indices for § or
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z is just short for taking all. We now give a complete set of rules to construct the matrix Q;;(3)
and the linear terms B;(z, 3), B;i(z, 3) respectively. These can be used to directly write down
the result, skipping Gauflian integrations or tracing out loops.

Draw a graph and properly orient the scalar lines as well as the -lines. For each internal

2
line, there is a B-integration accompanied by a factor exp(—% B). For each ~ there is a sum. To
construct the diagonal Q;;, one has to take care of five different types of v-lines:

1.

2.

Each ~; which connects two different external lines gives Q;; = w.

A ~; connecting a line with a bubble leads to

w
Qi = _(1 — e—wZﬁk)’ (376)
where the sum counts the internal integrations of the associated bubble.
Each ~; that connects two loops L1 and Lo generates a term
1 — e_wz ﬂk:
Qi =w ( ) (3.77)

(1— e—szl ﬁk)(l . e_wZL2 ﬁk)’

where > L, respectively > L,» counts the internal integrations of the associated loop and
the f-sum in the numerator counts them all.

. An internal +; on an external line gives

Qi = w(l —e @2 Py, (3.78)

where the sum counts the (-integrations appearing on the part of the external line which
is enclosed by that ~;.

. Every ~;, which represents an internal line inside a bubble generates

(1-— e~ W2 H ﬁk)(l e Y Xm2 Br)

Qi =w (1—o=sh) ) (3.79)

where the sum in the denominator counts all S-integrations of the bubble and » 5 (> _g,)
counts the (- integrations of the first (second) half of the bubble, each defined by the
points the gamma is attached to.

For the off diagonal elements Q;;, there are essentially two different cases to take care of.

1.

Lines. For a ~; which is attached to a chosen line, there are three possibilities. The ~;

may leave or arrive, or it may be ’internal’. Following the orientation of the line, denote

(1)

by «,;" the first position the v; is attached to and by 7(2) the (possible) second position.

i
Of course, the latter might be empty. Further, define sign(vi(a)) to be +1 if it is arriving
and —1 otherwise. The same convention holds for a v; with ¢ # j. As a last ingredient,

define Lg?’b) to be the sum over internal integration variables  enclosed by the positions

'yz»(a) and 'yj(b) on the line. Then, the final contribution is
., 7 (ab)
Qj=w Y, sign(7")) Sign(vj(-b)) el (3.80)
a,b,a<b

With slight abuse of notation, the ordering a < b is given by the orientation of the line.
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2. Loops. If there is a ; and a +; attached to a chosen loop, the same conventions as in 1)

)

can be used. Here, LZ(;L’b is defined to be the sum over internal integration variables on

i(a) and 'y(b) following the orientation of the loop.

the shortest loop segment connecting v ;

One finds

w

e Y N sien(v @) sign(4 ) e B
Qu_(1_e—w2ﬁk)zb:$gn(% ) sign(y;7) e (3.81)

In this case, note that there is no ordering in the sum over a, b, but again, the convention
is to take only a = 2 (b = 2) if the associated ~y really is internal.

The general procedure to construct the matrix Q;; is then to regard line by line and loop by
loop all ~’s that are attached to it and to apply the rules given above. For the linear terms
Bi(z,3) and B;(z, ) it is sufficient to restrict oneself to a line by line analysis.

1. For the first one, for every line decorated with an incoming z; and outgoing Z; denote by

fyi(l) and %.(2), as before, the positions a ~; might be attached to. Define Lga) to be the
sum of internal integration variables on the line segment between z; and %(a) following the
orientation. Note that Ll@ can be the empty sum. One has

Bi=—wz Y sign(y”) ek, (3.82)

and the sum only runs from a =1 to a = 2 if there is a second attachment point.

2. The second term is constructed completely analogously. It is
— (a)
B =wz Z sign('yi(a)) e Wk’ (3.83)
a

(a)

with Lga) being the sum of 3’s on the oriented line segment between «,; " and %;.

The pre-factor Ur (/) is a product of terms of the form (1 —e~%2)4/2 Namely, for each scalar
loop L it associates such a factor, that is, for d = 4 dimensions

Ur(B) =[] (1 — e wxefr)?, (3.84)

L

The sum ), () stands again for the sum over the internal integration variables defined on the
corresponding loop.

As an example, consider the first 4-point graph Fgl) (21,72, 23, 7a) (given in (4.13)). For Q;;
and B;, B; one finds

w2
Qij = 1= e*j(ﬁﬂrﬁz)) ( _e—lwﬁl el > ’ (3.85)
and
Bi:w<_zzl>, Ei:w(f%), (3.86)
as well as
Upy = (1 — e (P2, (3.87)

To complete the construction, finally include for each external line decorated with incoming
2, and outgoing Z; a term exp{z;Ze ™ Xi%} with the sum given by the (possibly empty) sum
over all integrations variables on that line.
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4 One-loop renormalization

We start this section by showing that for a ¢*-theory on the simplest Heisenberg module £(C?)
over Tg, only the two- and four-point functions are divergent in the one-loop approximation.

Proposition 4.1. At one loop, for N > 2, the 2N -point Green’s functions are finite as tempered
distributions.

Proof. In the one-loop approximation, the 1PI quantum effective action in external fields ¢ € &,
P9 € £* is given by

1
IV, 73] = 3 Indet (H(H + A By, 4,)), (4.1)

where H is the harmonic oscillator Hamiltonian in two dimensions, A is the coupling constant
and By, ) is a bounded operator on Hg, depending only on ¢ € &, 3 € £*. (€ can be
either £s(RR?) or £5(C?).) Here the definition of I'V[p;, 73] includes the normalization of the
partition function, yielding the H ! pre-factor in the determinant. To see that only the two-
and four-point functions need regularization, we perform a Dyson expansion. It formally reads:

& n
Indet (H™'(H + ABy, 75))) = Trln (1+ AH ' By, 35)) = Z(—)”“% Tr (H™' By, z)").
n=1
(4.2)
But in d = 2 dimensions, the spectrum of H ! is {(1 +n; + ny)~!, ny,ny € N}, so that H~!
belongs to LP(Hg) (the p-th Schatten class) for p > 2. Thus only the two first terms of (4.2)
are divergent. Moreover, the truncated series (starting at n = 3) is absolutely convergent for
reasonable small values of (the absolute value of) the coupling constant:

S n—i—l)‘n 1 n’)" 1n—3 3
> T (H T By ) }jHBM e - a7l
n=3

A"

< Z 1By z2) ™" ——
n=3

O
4.1 2-point sector
At one loop we have the following contributions for the two-point function:
o - TS5 (21, 73] = 2 / dp(23,73) dp(za, 1)V (21, 72, 23, 20) HZ (24,75) . (4.3)
&) T

The graph of this type appears twice, once with loop connecting z; — z3 (which is shown)
and once with loop connecting z; — z;. Replacing v — —~ shows that both contributions are
identical.

The z4-integration is directly eliminated using one reproducing kernel of the vertex (3.73),
and we are left with

A Bw i o —Bw e =
P87 = 5 1, 2) / dﬁz / dpu(z, 7)o~ eIl PP me ez tin—an) (g g
g
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Now the Gauflian z-integral can be evaluated to give

_% —w(1 - Bw—l—*yzl Z27)

o) ezl = 5 17 [ dﬁz e (45)

These two operations, use of reproducing kernels and Gauflian integration for loops, can be
tedious for more complicated graphs. This is the reason why we provide the general rules for
the parametric representation of an arbitrary Feynman graph in subsection 3.5.

In the last expression (4.5), only the term = 0 is divergent. This divergence is local and
quadratic in the cut-off (A = eV 2), yielding a mass counter-term:

5#0

ng),div[zhz_?] I(z1,72 / dﬁ e gw) : (4.6)

The (integrated) sum over v # 0 is convergent as a distribution on £g(C?), in the limit ¢ — 0.
(Recall that as a Fréchet space, £5(C?) is defined as the image of £5(R?) = S(R?) under the
Bargmann transform.) Indeed, we have for any ¢1, @2 € Eg(C?)

1 -
Fga),con'u [901’ @2]

0 o= B0 (s |el_gw +721-727)
— [ duter 1) A2, ) P a(e) . 7) [ S -
0 (1—ehv)
770
U Ood e_%e ‘WQ‘ ?LZ g: n
= (1,92 7>B/0 15 ErEmra (4.7)

770

The S-integral is bounded from above since |y|? > 02—2. Because (p1, p2Uy)p is by construction
a Schwartz sequence, the sum is finite. More precise estimations can be obtained using

1 —e %0

Lo

r<l—-e?"<z for 0<z<ux. (4.8)

The second contribution to the one-loop two-point function is the graph

Fé},)[z’l,z_ﬂ = 2/du(zg,z_3) du(z4,73)V (21,71, 23, %) HZ *(24,%3) -

22 Z3 Za1 21

—= - -

(4.9)

There are again two graphs of this type which after a change of variables give the same contri-
bution. Using (3.73) and (3.69), we find

)\ o0 B 2 = —Bw = —Bw - —Bw = —Bw
0yl 3] = 5 1e,) 3 / 4B e 5 a0 (e )z (e )y (e ) |

(4.10)

A small 3 spoils the Gaulian decay for large |y|. This can be made transparent by a
Poisson re-summation. For that, the convention on the Fourier transform we use is f(§) =
[ e7272¢ f(x)dx. The formula we obtain with this convention is

Ze_“am w(brie) - (ab) -2 Zew(bﬂw Net™) - forall a € R}, b,ce C?, (4.11)
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with the frequency w = 27 and with v = %(n—{—im) €' c C?onehasy* = %(n+zm) el cc2
In order to simplify the notations, here we use the notation v* instead of 5 to denote an element
of the dual lattice.

Using this formula, we can continue the computation of (4.10):

* 2 R
_Bup _W(i(l_lz,lﬁw)—iziﬂ*—i“/*m)

ng)[zbz_ﬂ I(z1, 72 Z/ dﬁ c (1= Py . (4.12)

Thus, the diagram (4.12) is, up to a normalization factor #~2 and the exchange v « iy*, the
same as (4.5): only the term with v* = 0 is divergent, with a local quadratic divergence.
We have proven the following

Proposition 4.2. For any 0 € R, the divergent part of the two-point 1PI Green function
associated with the action (2.33), in its one-loop approrimation, is given by

= 2 (1 ) T na] (5 + - 5) )

4.2 4-point sector: Planar graphs
Next, we look at four-leg graphs. The first possibility is

FSI) (21,72, 23, Z1)
— 2 [ us}, =) i, ) di(, 77 d( 2, 71)

x V(z1,72,21,%3 ) V(24,21 , 23,22) H- 1(22, Z3 )Hgl(zfl,z_ll) . (4.13)

This graph appears four times in the expansion, and because it contains two vertices there is
a combinatorial factor % The minus sign is from the Legendre transformation of 1PI functions.
Three of the four integrations (e.g. over zj, 25, zj) can be trivially done using the reproducing
kernels in the vertex. Thus we have

1 _#d _ 2 2 e e e o
1'2(1&)[217227Z:,”Z4 / dB1d B, E e~ 2 (B1tB2) g—w(Im*+I2l* =2 —Z221+7121 +Zay2 —Zaz3 —7223)
Y1572
X /dﬂ(z Z) o~ w(—ze™ 1yt ze~ (D1H02)wn, —pe=Fawny —ze~ (P1H02)w s 4 ape= 2wz —712)
, .

We integrate over z, put 79 = 1 + 7, and obtain after some reorganizations

Fz(jl) [zla 2_27 23, ﬁ]

2
Ko
A wlm]? ® dB1dBy e~ 2 (Brt52)
- —wlm| = _ S — L
8 ¢ Tz = 7)1z, 72 = 7)1z, % + 71)/5 (1 — e=(Br+B2)w)2
7177
— 112 1@ (1—e=P1¥)(1—c—F2w)
o WENTTE Y T e T s T S e Mo H P ORI (4.14)
For v = 0 one obtains
— _ A _ e ® dB1dBy e~ 51+52)
r __Z .
da0l?1, 22, 23, 71) 7 V(217,23 71) e (61+62) me (4.15)
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2 _ . _ o
+§Ze S 1,7 —71) 121,72 — ) 123, 71+ 70)

7
2
_* e Brw e Paw
" ® dB1dBy e~ 2 (Brt62) (1 B —wim |2 4= . ei(ﬁii@)f )> (4.16)
. (1 —e (Bitha)w) | |

The line (4.15) gives the logarithmically divergent renormalization of the coupling constant. It
remains to show that the remaining parts are convergent. In (4.16), if we add the external fields
01,02, 93, 04 € Eg(C?) and if use the inequality (4.8) we obtain:

dp1dBse™ 51"‘52) L Ye s L Te e g
‘Z<¢1’¢2U71>B <9037§04U—71>B/ (ﬁll_ﬁ; (,@1+,@2)w> ( —e wiml 1_e—(B1+B2)w )‘
Y1 0
— _Blw _ —520.1
2 _H 3,4y (L—eTA9)(1 — e o)
<@ LMot o orll-ndsl ] / L A e

7

which is finite since (s, ¢;Uy,)p is a Schwartz sequence and because the (-integral is now
harmless.

It remains to estimate in (4.14) the remaining sum over v # 0. Similar manipulations show
that

2
% d631dBs o= 3 (Bi+02)

2
O A
Lo 0[PT: 0293, 04] = = (p1,02U—41) B (03, 04Uy 44) B . (l—o BBy
71,770
w 214e— (B1+B2)w 1 o9 —Brw—(B1+B2)w 19— Baw .~ (B1+82)w 5 (1—e P1@y(1—c—Paw)
W e T T e T T arme . P e )

X e

Thus,

)\2 d/@ d/@ e~ Bl+ﬁ2)

. - o 1 2

‘Fia{#o[(pl,cpg,gog,g&d‘ < 3 Z ‘(@17902U—“/1> <9037904U“{1+“f B| / (1—e (ﬁ1+ﬁ2) w)2
71,770

w112 14e— (B14B2)w (1—e 51W)(1 e~ Baw)
-5 W‘FWW'F’WI‘FQWH s (PR Sy )

X e

5 drdgy e F 0+ o ey
8 _o— (B1+B2)w
S ] 7%0 {<S017 ZU—’Yl> <S037 S04U»yl+,y B‘ / 1 — (61+62) ) o : o |

17

which is finite.
The next graph is

23 A 25 Z4 Wr. —
—> ﬁ-: > 1',,'[21,7%2, 23, Z4]
2
» o =2 [ duGeh B dn(eh ) A, ) )
- e 0 e XV(21,%. 25,20 V(21,75 23, 70) H: (2, 20) H (24, 77) .
Z oz 2 A (4.17)

This graph appears with the same symmetry factor as the first one. All z’-integrations can
be trivially done using the reproducing kernels in the vertices, giving

2 2
(1 — — A ﬂl _ 2 2, — L _
F4b) [21, 292,23, 24] = —— d/@ld/@Q 2 ﬁl""ﬂ?)e w(|v2 |+ |*+Z2v2 +7121+Za71 +7223)

8
Y1572

X e“"(ﬁe’ﬂl“”n+%6761WV1+5€51“’Z1+%e’51”zﬁﬁe’ﬁz“’w+v_16”82“’72+Ze*ﬁ2“’23+ﬁe*ﬁ2%3)
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There are two ways to proceed. We could set 71 = 72 + v and perform a Poisson re-
summation (4.11) in the loop variable 5. The second possibility, which underlines the duality
with the previous graph, consists in a Poisson re-summation in both v, and s:

2
2 00 —E0 (81 +B2)w g2 40312
1) — — A w(zzz1+7223) ¢ RS GIEs A
F( 5 — 0 w(Ezitzzs ds: d 1—o— (B1+82)w
a 21,72, 23, Z4] 301 E (1 d B2 = e—(61+ﬁ2)w)2e
* x JE
Y1572
T e Pt

S Sk LT Ak Tk Iy
ew(l’h 21+241yy +22175 +175 23+ (Bt

If we plug now v5 = —~ + 7", we see that this graph leads to the same expression as the
previous one (4.14), up to a constant factor and the exchange v; — iy, v — —iv* and 23 < 24:

N o
Fib) (21, %2, 23, Za)

2
A2 .2 - [ dBydfy e BB

A —wly¥| sk — — = — = 1402

= — 34 Z e “MV I(iv],Z1 — z2) I (21,71 171)1(23,zz—|—171)/ (1= o i)

Vi &

1—

o

176_/31“'} C ok * |2 (1*e_ﬁlw)(1*e_ﬁ2w)
G Tt = )

(4.18)

e Paw SN Ry
(Br+pz)w Y Ty 1—

I Iv* 12 oy
X e ] Z3+1_e*(51+52)w ARt 1—

The divergent part is thus given by
1 _
Fib?dw [21, %2, 23, Za)

2
A2 X2 — — [ dBdp o~ 5 (Bi+02)

A Co P s = s o 1d52

= 8942;6 Y I (iyy, 21 — Z2) (21,21 17;)](23,224-1’)/}{)/ (l—e_(ﬂ1+ﬂ2)w)2 ,

71

£

(4.19)

which gives after a (final) Poisson re-summation (4.11) another (local, logarithmically divergent)
contribution for the coupling constant renormalization:

2
Ho
1 o . A o o % 43,dBs e~ 2 (B1+62)
Fib?div[21,2‘272’3724] =~ V (21,72, 23, %1) / (1= o GrBe) - (4.20)

)

We can summarize this estimations in the following

Proposition 4.3. For any 0 € R, the divergent part of the four-point planar 1PI Green function
associated with the action (2.33), in its one-loop approzimation, is given by

1 _ _ 22 1 1
FA(L,I))lanar,dikab P2, 93, 3] = TR2 (1 + ﬁ) Try, [(SDL ©2)4, (£3, 904)A9] In P

4.3 4-point sector: Non-planar graphs

Up to now, we have found only local divergences which can be absorbed in a mass and coupling
constant renormalization. This is not the end of the story. We will see that the next two four-
point one-loop graphs develop non-local divergences, in the sense that the counter-term needed
is not present in the classical action (2.33). Indeed, the next graphs are topologically non-planar
and their singularities are of the same kind as the singularity of the non-planar sector of a
scalar field theory on the noncommutative torus or even on certain isospectral deformations [16].
This is the discrete version of the so-called the UV/IR-entanglement phenomenon: these new
singularities are restricted to the zero-mode v = 0 of the vertex. They should not appear in
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models where the zero-mode can be consistently removed such as for U(1)-Yang-Mills theory on
the noncommutative torus [22].

As we will see, the behavior of these non-planar graphs for the Heisenberg module is highly
sensitive to the number-theoretical aspect of the deformation parameter . There are two dif-
ferent cases to consider. When 6 is rational, we know that the model is a commutative one and
the singularities are local. For irrational 8, in order to control the sums for non-vanishing ~, we
need to impose a Diophantine type condition. We first give definitions.

Definition 4.4. An irrational number 6 is said to satisfy a Diophantine condition if for all
n € Z\ {0} there exist two constants C,d > 0 such that

[n0llx = inf |06 —m| > Cln|~0+9) (4.21)

We have the possibility to weaken this condition: An irrational number 6 is said to satisfy a
weak Diophantine condition if for all n € Z\ {0} there exist two constants C'1, Cy > 0 such that

Infll = inf [n0 —m| > Cre=Ceinl (4.22)

Those definitions extends for tuples of irrational number (01, -- ,6,), where the exponent
1+ ¢ in (4.21) has to be replaced by d + 4.

A Diophantine condition is a way to measure “how far from rationals” is an irrational number.
More precisely, it means that the convergence of the continuous fractional expansion is quite
slow. Note that the (ordinary) Diophantine condition is equivalent to the requirement that the
inverse torus-norm of nf is a tempered distribution on S(Z\ {0}). This is a natural requirement
because of the distributional nature of QFT and since the basic formulation of our model relies
on Schwartz sequences. Note also that irrational numbers satisfying a Diophantine condition
are not exceptional since they are of full Lebesgue measure. However, since at one-loop the
non-planar sector is only logarithmically divergent, this condition can be weakened: We are able
to control the convergence even under the weakest version of the Diophantine condition (4.22).

The first non-planar graph to compute is given by

zs  zy 2 Zh 24 Za

— - - — Fffc) [21, %2, 23, Z4)
B2 B
% = 4 [ du(e},37) (2, ) 2 77 d( . 71)
_ %; V(21,%, 20,7 ) Vizs, 21, 2, 72) H- (2,28 HO M (2, 7))
2 < (4.23)

This graph appears eight times in the expansion, leading to twice the symmetry factor of the
previous graphs. We have
1 )\2 & “% 2 2 — —
Fz(m) (21,73, 23, Z1] = -7 dB1dfy e~ 2 Br182)g=w(Im P +hvzl*—z2m — (@ -1 +2172)
Y12 Y€

x @ (~EHR)eT L+ (FHR)e 2 4 ATe 2y ((Fa )™ D T2 —Tg)zs) (4 04)
We perform a Poisson re-summation in the loop wavy line index (in 7y2):

22 45 (51-+62)

— 00 — 5
N w(Z2 21+ 723 Hi75 23+ Eaivs 21+ 1) e 2
402 Z ¢ /E dBrdfs (1— e (Brtp2)w)2

My, = =1 _
F4c [Zlv 22,23, 24] -
Y5

——— s (I P4 P Hmivs e~ P2e —igg yre A1)
X e 1-e (B1FBa)w 2 2 2 . (4.25)
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In order to see what happens in the different arithmetical cases, it is perhaps more enlight-
ening to add external field @1, @9, 3, 04 € Ep. After some rearrangements, we obtain

2
g
1) . A2 00 e~z (B1+062)
T3 [T, 02,73, pa] = 102 ) (1,020, 8 (03, 0aUins ) B / dprdf (1= iy
N3 c

wm 24 |E]2) — @ (Aqiyte P2W—iyF~ie P1w
B Ay (PSR e (e gmeT) (4.26)

X e

Now, the number-theoretical aspect of the deformation parameter # comes into the play.
Since v* ﬁ(m +1in), for € N (commutative case) we can set y; = —iy5 in (4.25) (the sum
v1 # —iv; gives a finite contribution as it can be shown by similar estimates as those used along
this section) and obtain

2
22 oo o~ 2 (B1+62) U= e_ﬁiwm P29y

— > (p1.02U5 )8 {03, 04U, ) B /6 dB1dfs (TS CEAmry 1+ B)w

71

Thus, using the routine inequalities, we can extract the divergent part of FS} (21,72, 23, Z4):

0 . . A . R e—é(ﬁﬁ-ﬁz)
Lyl a1, 72, 23, 71] = —WV(21722723,Z4)/€ dBdBs 1 oGy (4.27)

so in the commutative case, the divergence is local as expected.

When 6 is rational, the divergence is local as well. Indeed, for § = p/q we have vy; = ﬁ (my1+

iny) and —iys = %(ng — img). Thus, if we restrict the sum to the set of (mi.ni,ma,n2) €

78, such that pn; = —qgmso and pm; = gny (the rest is a finite sum that corresponds to a
finite multiplicity and yields a finite contribution) and if we add external fields and use the
transformation (3.38), we find for the divergent part:

2)\2 e—%g(/31+/32)
t T
/ da:/ dyTr M M] (x,y) Tr [M M (z,9) / dﬁldﬁz( e,(gﬁ[b)w)?

(4.28)

Whereas unfamiliar in the standard formulation of a field theory on a vector bundle with
matricial fibers, such a term in the original action is perfectly acceptable.

When 6 is irrational, plus satisfying a Diophantine condition (Definition 4.4) to control the
sums 71,75 # 0, we see in (4.25) that only the mode v = 0, 75 = 0 will contribute to the
divergent part. There are three regions to consider:

O m=%=0
(I) 7 =0, #0,
(II) 71 # 0, any 3.
In case (I), we obtain

) _ A2 00 e*é(ﬁﬁrﬁﬂ
F4C,9§ZQ,(I) [@17 ¥2,¥3, 904] = _FOQ“Ol’ ()02>B <()037 SO4>B /&- d/Bld/BQ (1 — e—(51+52)‘0)2 . (429)

It is worthwhile to notice that this divergence is non-local and requires a counter-term of the
form

Tr 4, [(90, @)Ae] Tr g, [(90, @)Ae] . (4.30)

This is the discrete version of the UV /IR-entanglement, reminiscent to toric-noncommutative
spaces [16].
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The estimation in region (II) is analogous to an estimation we performed for planar graphs.

It remains to estimate the region (IIT), where the Diophantine condition will be used. We obtain
in the limit € — 0:

1 __ _
‘Pé(lc?egz(@,(HI) (@1, 2, P3, 804])
)\2

S 402 Z |<9017902U“/1>B‘ ‘(8037904[]172*)3‘
717#0,73
2
_H0 - w By 4 _
X m)dﬁldﬁz e” 2 Py e_g%{§:£%$%%UU7”1*W5R)6*§;%ﬁggfﬁg%ﬂﬁﬁwgfhévﬂ
0 (1-— e—(ﬂ1+ﬂ2)w)2
)\2
= 102 Z |<9"17‘P2U~/1>B‘ ‘(@37904U17§>B‘
770,73
2
_H 81w s —fow Byl eB
X Oodﬁldﬁz e PO e_%jffi“;ﬁﬁ%“ |V1+iv§\267§%(m|2+|7;|2)
0 (1 — e=(Br+B2)w)2
)\2
< 462 Z |<901,902Uv1>3‘ ‘(903,904(/17;)3\
#0753
2
Ko _ -~
& e_T(ﬁl"‘B?) _%MHH'W*P
o~ (B1+B2)w 2
X/O dﬁldﬁz(l_e—(,@wﬁz)w)ze e : (4.31)

Using now the (regular) Diophantine condition according to Definition 4.4, and disregarding the
[-integrals from 1 to +oo (which gives a finite contribution say C7), we are left with
(1) .
‘P4C771750,(111) [@1, 2, @3, @4]‘
_we P1eye—Fow
\2 1 SUP.,« {e 2 1o~ (Prtf2)w
2
<Ci+ 5 > s paling) B D [(e1,92U5) 8] /O dprdy
V5 7170

\71+i’Y§|2}

(1 — e*(ﬁ1+52)w)2

*51‘*’_‘_ —Bow .
_wePl¥4emPRw N *|2
2 _o—(B1+B2)w mf”Yz 1+ |

(§]

1
<G+ Y lreti)al [ s,
0

=0 (1 — e*(51+ﬁ2)w)2
_CuweTP1¥ e ow

—2(4+9)
2 1_o—(B1iha)w 7]

1
e
<Ci1+ 0 Z [(1, 02Uy, ) B| / dprd 2
7170 0

<Ci+ Z [(¢1,02U5,)B| (Cs + Caln|m) , (4.32)
7170

(1 — o~ (Br+B2)w)2

which is finite because (p;, p;Uy)p is a Schwartz sequence.

It should be clear that the same conclusion holds with the weak Diophantine condition
(4.22) instead. The reason for that works is that this graph is logarithmically divergent only.
However, it is unclear for us if this condition will suffice at higher loops. There is a general
argument [6] that oriented just renormalizable ¢*-models do not have quadratically divergent

non-planar graphs. If this argument applies to our case, the weak Diophantine condition might
suffice in general.

40



The second non-planar graph we have to compute is

23 z} 24

Z4 1
k\:: F4d [Z172_27 2372_4]
2 _ . _ .
= 2 [ ue}, 20) (2,3 di( 77 d( 4, 1)
V1
2 X V(21,7 23,78 ) V(25,71 21, 72) HZ 'z, 717 ) HZ ' (24,757) .
Z2 21 A 21 (4.33)
We have
2 2
T [21,73, 23, 71] = —% " dBydpy e P OB gl el

Y72 7€

« ew(@nt+(@-T2)e” 1 +(@-—T2)e” 1 —Tiz1—Zav2— (Fa+T)e” 2m+(Za+72)e P2 23 +7123)

We set v9 = —y1 + 7. The resulting Gauflian decay in ; is suppressed for small 3;, which is
best expressed by a Poisson re-summation in v;:

Fg(lld) [Zl y 22, 23, 2_4]

2

5 _Hg

- /OO dhrdfye s 2R e(@—Z) =P+ (@ —y)e 1o+ (zaty)e ™2 2)
802 £~ | (2 — e Prw — e faw)2

V1Y

o @ EoaBis —gmpzmy (V1m0 —em2) =g (1o 1) za(1—e™ ) i) (7= (1=~ A1)z (1o ™02 25 i)

2
A /oo dBrdBs e 2 B ﬁ2)2ew(@_ﬁ)wﬁ(zg_zl)+521+523—ﬁifﬁ)

T 802 = (2 — e Prw — e faw)
19

y e_m (|7—17f|2+("/—17f)((1—97@“)'33—(1—6761”)'31)+(5(1—6761“)—5(1—6752”))(7—1“@))

_w—e P19y (1—e—F2w)
X e (2—e_’61“"—e_52“")

(z2+71)(21+23) ' (4.34)

When @ is irrational, plus satisfying a Diophantine condition (Definition 4.4) to control the
sums 7,v] 7 0, we see that only the mode v = 0, 7 = 0 will contribute to the diverging part.
Adding external fields and integrating over the z;-positions with the help of the reproducing
kernels, we obtain in this case

L2
A2 > dB1dp o= 5 (B1+52)
1 _ _ _ 1d32
Fé(ld);y:'yf:()[@h ©2,P3, P4] = 302 /dﬂ(zla Z1) dp(23, 23)/ 2 — o o _o Baw)?
£

w(l—e—B1w)(1—e—B2w . w(l—e—B1w)(1—e—B2w
P1(z1) w2 (21 — ((12767512(,167;32% L (21423))23(3) pa (23 — ((12767;13(,167@;) J(21423)) . (4.35)

Now, using Taylor’s theorem in the form p(z+vy) = ¢(2) +y fol d¢ (0¢)(z +&y), it is easy to see
that the derivatives of ¢ lead to a convergent (-integral. Therefore, the divergent part is given
by

2
2 © dByd —£0(B1462)
A / Prdbae = (4.36)
£

1) — —
ng{dw[%, ©2,P3, 4] = 302 (p1,92)8 (3, 03)8 2 — o P _ o Baw)2 °

Again, this divergence is quite problematic at this stage since it corresponds to a counterterm
of the form (4.30), which was not present in the classical action we have chosen (2.33).
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For 6 € N, the divergent part of the graph (4.33) is given by the mode v = —iy. Using
again Taylor’s theorem we obtain

2
Ho
A o o © dB1dfBy e 2 (B1+62)
—— . 4.
402V(21, 22, %23, %4) / (2 = e B — g Faw)2 (4.37)

€

1) L
F4d796N,div (21,72, 23, 22) =

In contrast to the irrational case, this is now a local counterterm. For 6 rational, the same
discussion than in the previous graph applies, and we are left with a divergence of the form
(4.28).

It remains to show that in the irrational Diophantian case, the remaining sum over (y,v7) #
(0,0) leads to a convergent integral. With the help of reproducing kernels we find for (4.34)

22 © dB1dBs e ,31+/52)

1 - — 1 2

Fid),eg@,com[@l"PQ"/’3"P4] =32 ( Z /d,u 21,71) dp Z3,Z3)/ 2 —c 0w — o Fawy?
'Yl 77

. _e—B1w . % —_e—P1w)(1—e— B
X P1(Z1)p2 (21 +7 - %(7 — i) — (1(2_6—21&8—625))(2’1+Z3))

== e Paw — _e—B1w)(1—e—B2w
(z3)pa (23 — 7 + %(7 —iyy) — (1(2,,3—1;9121(;7323) )(21423))

X

g

_ ) Y w —i~n*|2 i~ e B2wW) sy (1—e—B1w
Xew(v(zg—m)—'yl'yl)e (2767,@“,767@2“,)(‘7 12+ (=i ) (1—e™FP2¥)z3—(1—e™F1 )Zl)) .

We re-express v, y;-dependence of the field positions in terms of the unitaries U:

A2 © 45y e T
Fid)%(@ conu PLs P2, 3, Pa] = @( Z /du z1,71) dp z3,z3)/ 2 — o o _o Paw)?
'Yl 77

_ _eBrw _e—Baw
x 21(1) (22U 1oy i ))(Zl — iy (21 +23))

T (2—eF1w —e—Faw)

. —_e—Bw _e—Bow
X p3(Z3) (¢4U—7U(1_0762w)(7_i'ﬁ)>(23 - (l(z_e_lgll(ie_gzj))(Z1+Z3))

(2—e—P1v_e—P2w)

—B1rwy2 —Bown2
_ w irp2(g (meT P12 (e~ P2v)
(2—e_51“’—e_52“’)h 171‘ (1 22— P19 _o—PF2w) )

X e

_w(l—e P19y (1 F2w) (e F1w _o—Faw)
X e (2— e~ Prw _ *Bzw)2

(v=iv])(z1+23)

Now we absorb the last line in new unitaries, at the price of (7 — ivy])-dependent positions:

1 B B \2 00 dﬁld52e 51+52)
L0 .cons [P 02. 75, 04 = — 25 Z /d” 21, 71) dy 23’22)/ — e )2

2 —e P
(v )# e

x91(z1) | U U e-mioyinp U (1—e=P1) (1—e—P2w) (e~ 1w _o—P2w) .
(2—6751W—e7ﬁ2w) 2(2—6761“’—6*/62“’)(6*52“1(1_6*51w)+ef,81w(1_67,6‘2(4;)) (v 1'71)

. (1—eP1w)(1—eP2w) . (1—e P1w)(1—e P2w) (e P1v _e—Paw) i
<Z1 (2,e*ﬁ1w76752w) <Z1+Z3) 2(2,efﬁ1w,efﬂzw)(efﬂzw(1,6*51w)+e*51w(1,efﬂzw)) (PY 171)
xP3(3) | alhU_ (emeyqinp U (e~ P1)(1 e~ ) (e~ —o~F2) .
e PIE o P2e) 23— P1o—o P2o)(e P2o(1—e P1) e Ao (I—e P2e)) (1T

_ (ehe)(1—efee) _ (e~ P19)(1—e~F2%) (e~ 014 —ePa®) i
<Z3 (2_efﬁ1w_ef,32w) (Zl+23) 2(2_efﬁ1w_efﬁ2w)(efﬁ2w(1_6751w)_i_efﬁpu(l_e*ﬁzw))(,7 171)
_ wly—ivg 2 ( _(1707B1w)2+(170762w)2+ (1—eP1w)2(1_o=Paw)2 (= P1w _—Faw)2 )

X @ (2-e P19 _o—F2w) 2(2—e—P1w _o—Paw) 4(2—eP1¥ _o=B2wy(c=P2w (1 e P1w) o= P1w (1—e—P2w))2
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Since
(1 — e P1w)2 4 (1 — e P22 -

1
1— -
2(2 —e P —g=Pw) T 27

we obtain
1) .
|F4d79¢(@7wm} [9017 ¥2,¥3, cp4] ‘

2 + wly=ivfl?
A Z / dB1dBye™ 2(ﬁ1 B2) e_m

= 892 — e Pw — g=Faw)2

(’71 #(0 0)
| [ duten 1) dutea, myer (D)
X (‘PQUf'yUfl(ﬂl,Bg)(’yfi'yf)Ufg(ﬂl,ﬂg)(’yfi'yi*)> (21— f3(B1, B2) (21 + 23) — fa(Br, B2) (v — i71))

X (904U“/U—f1(52ﬂ1)("/—i7f)Uf2(517,32)("/—i7f)) (23 — f3(B1, B2) (21 + 23) — f2(B1, B2) (v — i) ‘7

where we have set

(1 —e Pw)
fl(ﬁlaﬁ?) - (2 — e—ﬁlw — e_ﬁzw)’

1—eB1w)(1—eB2w)(e—P1w _e—Baw
f2(B1, B2) = 2(2_6_515_e—ﬁzw)zi—ﬁQw(1_2}(_51“,)_"_6_51“(i_e_[bw)),

(1 —e A1) (1 — e F2w)
f3(B1, B2) = 2 — o i — o aw)

The next step consists in disregarding the term f3(01, 32)(z1 + 23) + f2(B1, B2)(y — i77) in the
argument of ¢, p4. Indeed, any ¢ € E5(C?) = BS(R?) can be written as ¢(z) = Y., ¢n 2",
where {¢,} € S(N). This holds because any f € S(R?) can be expanded as a sum of the
eigen-modes of the harmonic oscillator, with rapid decreasing coefficients. Thus, applying that
to LU Uy, (8,,82)(v—int)Ufa(81,82) (v—in7)» the analysis of the first term in the expansion of

(21 — f3(B1, B2) (21 + 23) — f2(B1, B2) (v — i7)) ",

is enough since they are all of the same weight, because f;(31,82) € L®(RT x RT), i =1,2,3.
Thus, each term can be estimated along the same lines as the first one, with estimates uniform
in 3,v,7;. Finally, the Schwartz coefficients will absorb the overall number of terms of the
expansion in z". Thus, disregarding the integral from 1 to +o0o which gives a finite contribution
C4, we are left with

2 BH—Bz) _ wih—in}|?
1) . A dbrdfBa e” e e
‘F4d,9¢(@,conv [901’ ©2,¥3; (‘04” Cl + 62 Z / — e Biw _ 6—52441) e ' -
(v m#(0,0)
% [(P1. 22Ut 1 51,800+ (50,8900 593 4T (a1 Lo 81000

Since (¢, xU,)p belongs to S(R?) as a function of n € C? ~ R*, and since fo — 0, 1,52 — 0
and f; — 1, 1,82 — 0, B = [ (which is the only important case to treat), we deduce that

‘ <901’ QOQU—“H-(h (B1,82)+f2(61 ,52)("/—i7f)>3<303’ S04UW—(f1 (B2,81)— f2(61,82) (v—i77) >B ‘ < Ay v s

uniformly in £, 32 and where 0 < {a%vi‘} € S(Z%). Finally, we get
1 dﬂldﬁge 514—52) _ “’|"/*WT\2

VORI Tt S
‘F4d ,0¢Q,conv [(‘01’ P2, $3; (‘04” <Ci+ Z Ay / (2 — e Bw _ —520.)) e 2¢ ' .
(47 M#(0,0) :
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Thus the estimate (4.32) of the previous diagram applies as well and shows that the limit € — 0
is finite.
Gathering all result we have proven:

Proposition 4.5. When 6 € Q, the divergent part of the four-point non-planar 1PI Green
function associated with the action (2.33), in its one-loop approzimation, is given by

) (M, My, M, M)

4, non—planar,div

3\2

1 1
q q 1
= _W/o dx/o dy Tr [MlTMQ] (z,y) Tr [M;Md (z,y) In o

and when 0 € R\ Q plus satisfying the weak Diophantine condition (4.22), it is given by

1 _ 3\2 1
L o~ planaraio [P 92: P 4] = 5525 Tra, [(01,02) 5] Ty [(3,04).85] In .

In the irrational case, this analysis leads to the introduction of a non-local term in the action
(2.33), associated to the new divergence and with a second coupling constant:

- A
S16,8) = 9" Traa [ (V0. V19 4y | + 13 Tra0 [ (6:0) 40 |45 Tt [ (800, ]

/

2
2T, [6.000]] . (@39)
Such a term also appeared in [1].

To show that our theory is now reasonably well defined, we have to show that the divergences
coming from loop diagrams constructed with the new vertex (and also with mixed vertices) can
be absorbed by a redefinition of ug, A, \'. This is shown to hold in the one-loop approximation
in the next section.

5 Mixed diagrams

We symbolize the new vertex by a dotted line:

23 24
1 )\

: = 5[(21,22)[(23,24) . (5.1)
Z2 21

This interaction (Tr Ay [(qb, ®) Ae])2 can also be written using the Hubbard-Stratonovitch

transform as
/ 2 / !
o (Tray [0:0)4,)) :,/2& / da e~ ¥t =iNaTray[(6:0)45] (5.2)
™ JR

where we integrate over a real number a. Equivalently, it can also be obtained by introducing a
different coupling for the constant mode of the field A appearing in the Hubbard-Stratonovitch
transform.
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5.1 2-point sector

The first 2-point graph with the new vertex is thus

)\l oo e 2
—_h Waa=SIem [ B (53)
€

<2 | 21

Its value is obtained from (4.5) by putting v — 0 and A — X\’. This coincides exactly with the
previous divergence.
The second contribution to the one-loop two-point function is the graph

P )\/ [ee) Bu2 o _ 8w
. \ T [21.72) = 5 121, 72) / df e e mIe A (5

_ N\ R
z2 I 23 Z1 ) 21

Again, this is immediately obtained from (4.10). After insertion of external fields, the integral
is obviously finite.
5.2 4-point sector: planar graphs

To each of the previous graphs there correspond three different new graphs. The mixed analogue
of (4.13) is

z3 Z4
| -
2 x = ! F(l)[z 72, 23, Z4)

Z4 23 de 171y <25 <3, 4 9

fr P2 A o ) (o % dB,dBy e~ '3 B1+52)
Zi I 22/ - _T 27: (Z1722) (237 24) E (1 _ e_(51+52)w)2

| T 12
_<_l_<_z_2 = o e—w(z4’Y—’yz3+71707<;1+g2)w) . (5'5)

The graph where the new vertex is above has the same value so that we count this graphs twice.
Its value is obtained from (4.14) by setting 3 = 0 and 2 = . Obviously, only the mode v =0
produces a divergence:

2
— 52 (B1+82)
(1) _ — AN _ _ & dﬂldﬂg e 2
Picainl?1, 22,28, 71) = === 1(21,22) (23, 72) A Gy (5.6)
There is also the analogue of (4.13) where both vertices are new ones:
z3 Z4
>
' O —
a/ ! Zé F4f [217 22423, 24]
b1 Qﬂz i
Zi 22/ )\12 00 dﬂldﬁQ ef‘;—o(ﬁ1+ﬁ2)
| _ -
o O s
z22 21

This gives directly the divergent part.
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All mixed analogues of the graph (4.17) are finite, because there is no loop summation:

23 PA 25 Za )
2 x | 6.: F [Z17Z_27 2372_4]
! i B
: _ Z/ dﬁldﬁge /51—1—62) w(=|n|?—yz1-717)
|
l P w(Zze P19ytz5e P19 2 4210~ P2% 23470~ P29 23)
—~—l——-— - % e¥(#2 vtz2 1+24 317 3). (5.8)
Z2 2 24 Z1
23 2_4 23 Z4 (1)
] ﬂ-: ] F4h [217227237’24]
I 2 I
| | A/Q 3 3
: : ) dﬁldﬂz e ﬁ“Lﬁ?)e“’(z2e HatEeT® =) (5.9)
| Jéi | €
1 1 1
—- ——— -
Z2 z 24 z1

5.3 4-point sector: non-planar graphs

The analogues of the first non-planar graph (4.23) have one possibility where a loop summation
remains. Writing directly the result of the Poisson re-summation, we have

! A /
z3 z Zl 22 23 z4 (1) . .
—> Zi: T - — F4i [Zla 22,23, 254]
B2 : B
/ J—
Yo : - AN w(Z2z1+7Z423+iv3 23+Z4173)
- 402
V3

2
21 e_TO(ﬁl'f'ﬁ?)

- - ~ G I
></6 dﬁldﬁ2(1_e—(ﬁ1+,@2)w)2€ 1 1+P2 . (5.10)

Only the mode 735 = 0 contributes to the divergence:

AN o [ e—%‘%(ﬂ1+62)
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The other analogues of (4.23) are finite:
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All analogues of the second non-planar graph (4.33) are finite:

23 zy P2 Z1 W
2 x — > T,/ 21,72, 23, Z1]
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In conclusion, the new divergences reproduce the action functional (4.38) (which includes
the new vertex) so that the model is one-loop renormalizable.

6 (-functions

Here we compute the (-functions of our model in the most interesting case where 6 is irra-
tional and satisfies the Diophantine condition (4.22). We can summarize the divergent Green’s
functions to

(O)oy,75) = L L) Ve (L 1
= S0 ) (L (- D)md). o
A 1 1
Ffll) [Z17Z_27 2,’3,2,’_4] = —4—2<1 + ﬁ)V(Zl,Z_Q, 23,5) In E (62)
32 1 _ o1
- W ()\'2 + o + 2)\)\'<1 + 92)) (21,22)1(23,71) In - (6.3)

This leads to the following relation between the renormalized quantities 1 g, Ag, A, and the bare
quantities pg, A, \:

MRZMO+%(/\(1+92)+A’)($+(1 2w)1 E) (6.4)
A=A 22 <1+912> 1n1, (6.5)
Np= N — ()\’2+30—);2+2)\X( 912)) ln%. (6.6)
Solving for the bare quantities, we obtain
o= (e (1 ) ) (5 (1= 52 m). ©7
A= Ar+ 222 (1+ ;2) ha1 (6.8)
X =Xp+ 1 ()\ 3222 + 22N (1+ 012)) 1n% . (6.9)
The p-functions are therefore given by
ﬂ—j—ﬁ(1+%>’ ﬁ’:i(x 2+3;\22 + 22\ (1+ 912>) . (6.10)
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We thus conclude that the model is neither asymptotically free nor has a finite fixed point as
it was the case for the renormalizable ¢}-model on the Moyal plane [19]. The result also shows
that there does not exist a (f-independent) relation between the coupling constants A, A" which
is preserved over all scales.

Conclusion

In the general formalism of noncommutative geometry, we have proposed a definition of a field
theory on a projective module which is the noncommutative analogue of a scalar field theory
with non-trivial topology. In the case of a noncommutative torus, the simplest non-trivial
projective modules can be constructed using representations of the Heisenberg commutation
relations. We have given a detailed account of the corresponding field theory, whose properties
are reminiscent of those of a rectangular matrix model, whereas algebra-valued fields correspond
to square matrices.

In particular, we have shown that the model suffers from an UV /IR-mixing. Contrarily
to what happens for field theories on the Moyal plane, here the arithmetical nature of the
deformation parameters plays a central role. For 6 satisfying a Diophantine condition, the
theory is one-loop renormalizable at the price of introducing the extra counterterm

(T4, (6.0)4,] (6.11)

in the action, whereas the basic action we started with is

Tr 4, [(é, ¢)Z9} : (6.12)

In a commutative field theory, such a counterterm would break the locality of the action but in a
matrix model it corresponds to [Tr(MTM)]? and is perfectly acceptable. This is the only way we
found to cure the UV /IR-mixing problem. Note that the adjunction of such a counterterm fits
perfectly with the spirit of [18]. The only difference is that they need to modify the propagator,
whereas we need to change the interaction.

The occurrence of the Diophantine condition is not so surprising here. In fact, after suitable
Poisson re-summations, divergences in the [ integrals appear whenever the lattice I' and its dual
[ have elements that are close enough. In the rational case, the two lattices have non-trivial
intersections that lead to sharp divergences corresponding to the usual counterterms but other-
wise the distance is bounded by a fixed number. In the irrational case, I' N r= {0} but the two
lattices have elements that are as close as possible. The Diophantine condition allows to set a
lower bound for the distance between I and T' when restricted to a ball of radius R as a function
of R.
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A Comments on the duality covariant model

In the duality covariant ¢3-theory on the Moyal plane (3.55), the planar one-loop two-point
graph reads:
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To obtain the third equality we used the translation z3 — 333—|—% (x1—x2), which leaves unchanged
the phase factor due to the skew-symmetry of S.

This amplitude is divergent in the coinciding-points limit, i.e. it is UV-divergent.
extract local divergences from the previous expression.

We now
They will correspond to the mass,
wave-function and oscillator frequency renormalization. In the same manner that momentum
space renormalization corresponds to subtract Feynman amplitude with zero external momenta,
configuration space renormalization is done by attaching all the external legs at the same point.
To be able to apply this guiding principle, we have to go to the quantum effective action level,
that is to smear the regularized Green functions with external or background fields, and to
expand them on a neighborhood of a given point via a Taylor expansion with integral remainder.
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Let us label by X;, i =1,--- ,4 the four different terms coming from the Taylor expansion.
The first summand reads:
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For the second summand, we obtain using integration by parts:
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Thus, Xy identically vanishes due to the skew-symmetry of the deformation matrix. For the
third one, we get:
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Let us show that X4, the integral remainder of the Taylor expansion, gives a finite contribu-
tion. Indeed, we have
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which is finite in the limit € — 0 since ¢ is a Schwartz function and since
tanh®2(3/2) sinh~2() is integrable in 3 = 0.
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Putting all together, we finally obtain:

AQ e—On38/40
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The last two lines are the relevant contribution to the mass renormalization and marginal con-
tribution to the wave-function and to the oscillator frequency renormalization.
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CHAPTER 9

INTRODUCTION:
THE ALMOST-COMMUTATIVE STANDARD MODEL

This chapter is a very short survey of the main ideas of almost commutative geometries and
their application to the standard model of particle physics. The mathematical details are
worked out in the thesis of Christoph Stephan [1]. This Part is a cumulative part, with the

publications attached to its end.

§ 9.1 UNIFICATION IDEA

If theoretical physicists wished for something, it would probably be a theory that unifies
gravity with the forces of the sub-atomic world, i.e. the electro-weak and the strong force.
However, to reach this goal it seems like there are some non-trivial obstructions to take. After
Maxwell had achieved the unification of the electro-magnetic sector, probably one of the most
promising ideas to incorporate gravity with Maxwell’s theory came from T. Kaluza [2] where
he proposed to consider a 5-dimensional metric g,, including some terms in A,. The fifth
dimension was assumed to be a real spacial dimension, however, it had to be compactified
to a circle with very small radius. Indeed, the 5-dimensional geodesic equation lead to an
equation of motion of a particle inside a gravitational field plus the Lorentz force. But even
if the 5-dimensional Ricci scalar lead to an Einstein-Maxwell action, some serious problems
arose and this simple idea was discarded until string theory came up with its compactified

(large) extra dimensions.

In the meanwhile, theoretical physicists were bothered with the non-gravitational part of
the story, developing the standard model of particle physics. Taking quantum mechanics as
a basis, the standard model is formulated as a quantum field theory (QFT), perturbatively
giving extraordinary precise experimental predictions. One of the main summits to take was
the unification of the electro-magnetic and the weak force by introducing the SU(2) x U(1)y-
symmetry breaking Higgs mechanism. The strong force found its mathematical formulation
in the asymptotically free SU(3)-gauge theory QCD. From the differential geometric point of
view, the total gauge group SU(2) x U(1)y x SU(3) acts on the matter fields being sections in
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174 INTRODUCTION: THE ALMOST-COMMUTATIVE STANDARD MODEL

Space-Time (ST) act on ST symmetries:
4-dim manifold Diffeomorphisms
M of M
dynamics leave invariant
Gravity:
Einstein-Hilbert
action

Figure 9.1: The structure of general relativity.

a vector bundle associated to the principal G-bundle over the manifold, GG indicating the gauge
group. Since gauge transformations are taken locally, one can thus imagine an ’internal’ space
which is attached to each point of the manifold, i.e reflecting the gauge degrees of freedom.
Apart from the fact, that this 'gauge space’ is rather abstract, it is similar to Kaluza’s point

of view.

The geometry of general relativity is different. Whereas Euclidean geometry describes
Newton’s mechanics with absolute time, special relativity unifies flat space and time within
Minkowskian geometry. In GR, Riemannian geometry is the right point of view, describing
a curved space-time. By the equivalence principle, gravity arises as a pseudo force from a
general coordinate transformation. General coordinate transformations are diffeomorphisms
of the underlying Riemannian manifold, leaving as such the Einstein-Hilbert action invariant.
This circumstance is schematically depicted in figure 9.1. The symmetry acts directly on the
manifold M, i.e. its metric.

Would it not be nice to have such a picture for the standard model, where symmetries
act 'directly’ on an underlying space-time manifold producing all forces as pseudo forces by
a group of 'coordinate transformations’ SU(2) x U(1)y x SU(3)? Or in other words, what
could one put into the upper left corner of figure 9.27 Let us think of one step even further:

2

77 : Gauge symmetries:
777 SU(2) xU(1)y x SU(3)
? leave invariant
SM-forces:

Standard model action

Figure 9.2: What is figure 9.1 for the standard model?
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Would it not be nice to place gravity and the other forces on the same footing, namely by
obtaining all forces as pseudo forces from some strange general 'coordinate transformations’
acting on some general 'space-time’?

§ 9.2 SPECTRAL TRIPLES

To answer the question, this is where A. Connes’ non-commutative geometry [3| comes into
play. In quantum mechanics, points of the phase space lose their meaning due to Heisenberg’s
uncertainty, AzAp > h/2. The commutative algebra of classical observables, i.e. functions
on phase space, is made into a noncommutative C*-algebra A due to [Z;,p;] = ihd;;, with the
involution -* the Hermitian conjugation. In the relativistic setting, the wave functions are
square integrable spinors living in the Hilbert space H = £2(S). The algebra A is faithfully
represented on H and the dynamics is given by the Dirac operator @ € End(H). It is this
triple (A, H, @) (with some additional structure) which describes Connes’ geometries. A slight
shortcoming is the requirement for an Euclidean setting, which means that @ = @. One as-
sumes that this can be cured by a Wick rotation [6], but it is still an open question how to
implement a Lorentzian signature. Since a detailed description of spectral triples is far be-

Space-Time (ST) act on ST symmetries:
4-dim manifold Diffeomorphisms
M of M
equiv. equiv.
Spectral triple act on Automorphisms
(C®(M),d,H) of C*°(M)
dynaN M]e invariant

Gravity:
Spectral action —
E-H Act.+Cosm.const.

Figure 9.3: Gravity from a spectral triple.

yond the scope of the introduction, we simply accept the fact that by Connes’ reconstruction
theorem [4], given an even, real spectral triple (A, H, D, (J), (x)) with commutative A, there
exists a Riemannian spin manifold M, whose spectral triple (C*°(M), £2(S), d, (C), (%)) co-
incides with the former triple. Some additional structure must be given, the real structure J
and the chirality yx, fulfilling together with D and the representation of A on H the axioms of
a spectral triple [4]. The crucial observation is that one can translate all the differential geo-
metric structure to an algebraic analogue. Roughly said, this allows to identify a (compact)
Riemannian spin manifold with a spectral triple. In the case of GR, the diffeomorphisms of
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the manifold have their equivalent in the automorphisms of A lifted to the spinors and the so
called spectral action due to Chamseddine & Connes [5] reproduces from the eigenvalues of
the fluctuated |1| Dirac operator the Einstein-Hilbert action with cosmological constant. One
can see the general setting in figure 9.3.

It is now possible to relax the commutativity of the algebra A. In that sense, a spectral
triple (A, D,H) with a noncommutative algebra will still be equivalent to some 'manifold’,
now promoted to a space, where points lose their meaning, i.e. a noncommutative space.
Connes’ geometry thus does to space-time what quantum mechanics does to phase space.
In particular, it is even applicable to discrete spaces, or spaces which have dimension zero.
Spectral triples are thus versatile enough to describe spaces, noncommutative or not, discrete
or continuous, on an equal footing. For example, to find an algebra A whose automorphisms
reproduce the gauge symmetries of the standard model, one can define a finite spectral triple,
for example with an algebra Ay being a direct sum of matrix algebras. In the case of the
standard model, this is Ay = C® H ® M3(C).

§ 9.3 ALMOST COMMUTATIVE GEOMETRY

An almost commutative geometry is defined to be the tensor product of two spectral triples,
the first one describing a 4-dimensional spacetime, i.e. (C®°(M),H = L2(S),#), and the
second is a O-dimensional one (Af, D¢, Hs). A O-dimensional triple has a finite dimensional
Hilbert space H; and a finite dimensional algebra Ay. In doing the tensor product, all
ingredients are just tensorized, for example A = C*°(M) ® Ay and H = L*(S) ® H, while
the total Dirac operator is given by the Leibniz rule, i.e. D = J ® 1r+ Y ® Dy. One can

Almost-commutative act on Int.+ext. symmetries
spectral triple <« = Diff(M) x
A=C®M) @Ay U(1) x SU(2) x SU(3)
dynamics leave invariant

Spectral action =
E-H act.+Cosm.const.
+ stand. model action

Figure 9.4: The almost commutative standard model.

show that the spectral action gives the Einstein-Hilbert action together with the bosonic part
of the standard model action, in the case where the finite algebra Ay is taken to be a direct
sum of matrix algebras, Ay = C® H @ M3(C). One can view such an almost commutative
geometry as ordinary (commutative) 4-dimensional spacetime with an ’internal’” Kaluza-Klein
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space attached to each point. The ’fifth’ dimension is a discrete, 0-dimensional space. In
figure 9.4, one can see the geometric arrangements. The automorphisms are a combination
of Diff(M) and the gauge transformations acting on the finite particle content in a certain
representation. It is a rather amazing fact that, since everything is formulated in a pure
geometrical language, the Higgs fields turns out to be a connection on the ’internal’ space
and comes out automatically because of the interplay between the two unseparable C'°°(M)
and finite parts. Probably, this is one of the most appealing features of almost commutative
geometry.

§ 9.4 KRAJEWSKI DIAGRAMS

The data of finite spectral triples can be completely encoded into a diagrammatic represen-
tation, the so called Krajewski diagrams (KD) [7|. This turns out to be a very convenient
method to search for #rreducible spectral triples, represented by minimal KD’s. Irreducible
finite spectral triples are spectral triples, whose Hilbert space are as small as possible without
violating the axioms for spectral triples in general. In the theory developed in [8], KD’s corre-
spond to matrix-shaped arrays of anchors providing attachment points of ’arrows’. The arrows
correspond to (parts of) the Dirac operator Dy connecting the left and right particle/anti-
particle content of the Hilbert space, that decomposes as Hy = Hy & Hgp @ H} ® H% into
particle, anti-particle, left, right. For all remarkable technical details the reader is advised to
consult the extensive literature.

In the case of the standard model, for the example of three algebra summands, the KD is
given in figure 9.5. The columns and rows correspond to C, H and M3(C). The KD encodes

G——>0 @)
(@) @) @)
CG—== O

Figure 9.5: The Krajewski diagram of the standard model.

the representations compatible with the axioms of spectral triples. In the case of the KD 9.5,
it reproduces the particle content of one generation

U c t Ve I/M> (V.r) (9.1)
() () G000,
y€R; MR, TR (9.2)

together with the corresponding anti particles. For three generations, the Hilbert space is
90-dimensional and the quarks are triplets under SU(3) as required. Note, that this repre-
sentation is automatically reproduced from the representation sector of spectral triples and
requires no further assumptions. Indeed, one can easily read it off the diagram: The starting
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point of the top single arrow at the anchor (H, C) is the left handed SU(2)-doublet (ve,e)r.
The starting point of the clipped’ double arrow at (H, M3(C)) corresponds to the left handed
SU(2)-doublet of the quark SU(3)-triplets (u,d)r. Finally, the right handed singlets are en-
coded from the position where the arrows point to. The top left corner at (C, C) is (er), the
bottom left at (C, M3(C)) comes two times (because the arrows are not clipped together),
one for the SU(3)-triplet (ug), the other one for (dg). This is the particle content of one
generation. Analogously, it works for the anti-particle content and by taking everything three
times (three generations), the particle content is complete. Note, that the picture given here
is dramatically simplified, but it does not spoil the quite interesting result: As it happened for
the representations, the axioms of spectral triples give the unfluctuated Dirac operator corre-
sponding to a matrix with some numerical entries. By 'fluctuation’, which can be thought of
as the general coordinate transformation producing the 'pseudo’ forces, a special entity pops
up inside the matrix of D, that can be identified with the Higgs field, being a color singlet,
an isospin doublet with the physical component of vanishing electric charge. Indeed, in this
framework, the Higgs can be understood as the ’'internal” metric with its dynamics given by
the Higgs potential. Calculating the spectral action produces the complete Yang-Mills-Higgs

action of the standard model coupled to gravity.

§ 9.5 CLASSIFICATION

Following the 'minimal approach’ in physics (and without knowing the KD for the standard
model) one can now try to find all minimal KD’s for a given number of matrix algebras.
Roughly speaking, a minimal KD is a diagram which cannot be further reduced, in the
sense of removing an arrow. Removing an arrow reduces the Hilbert space and therefore
the particle content. A natural question then arises: Does the standard model represent a
certain equivalence class of models in the set of all minimal diagrams? As shown in [8], this is
indeed the case. For three matrix algebras, it is among a small set of some thirty irreducible
diagrams, the only one making physical sense. Here, 'physical’ stands for some basic physical
assumptions, the 'shopping list’ [8], for example one would like to have an anomaly free model,

with non-degenerated fermion masses and an appropriate number of neutrinos.

Eventually, the classification of irreducible spectral triples with more than 2 algebra sum-
mands leads to an enormous amount of diagrams, hardly manageable by hand. The classi-
fication with three summands has been done in this way [8]. However, as it turns out, it is
possible to translate a lot of necessary conditions imposed on the link between KD’s and spec-
tral triples into if...then statements. This allows to automatize the search for all irreducible

spectral triples in a combinatorial manner, even for more than three summands of algebras.

For a most recent review about the noncommutative standard model, the classification
and experimental predictions, please consult [12].
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PUBLICATIONS

The technical details of the algorithm to find all irreducible spectral triples and its conse-
quences can be found in the following attached publications:

1. Finding the standard model of particle physics, a combinatorial problem [9], by Christoph
Stephan and J.-H.J.. The publication explains in detail how to find all minimal KD’s by
developing an algorithm implemented as a program in C++4-. The program’s size is about
some 2000 lines and makes extensive use of object oriented programming (OOP) and
standard template library (STL) techniques. The work has been accepted by Computer
Physics Communications (CPC). The program’s source code can be obtained via e-mail:
jnx@quantentunnel.de, subject: "use the source, luke”.

2. On a classification of almost commutative geometries, a second helping [10], by Christoph
Stephan and J.-H.J.. As a first application of the algorithm, we reproduced the results
presented in [8]. It turned out that there were some diagrams missing in the analysis
[8] which has been completed here. The work has been published in: J. Math. Phys.
46 (2005) 043512,

3. On a classification of almost commutative geometries III [11], by Thomas Schiicker,
C. Stephan and J.-H.J.. The classification of irreducible, almost commutative spectral
triples has been extended to the case of four algebra summands. The work has been
published in: J. Math. Phys. 46 (2005) 072303.

179
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READ.ME
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* ’Finding the standard model of particle physics - *

* a combinatorial problem’ *
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Authors: Jan-H. Jureit & Christoph Stephan 2005-2007.

Versions:

The program package is coming in two versions:

ko0’ - Main program main_koO.cpp with all header and implementation
files (listed below). Finding all irreducible
Krajewski-diagrams in algebraic dimension KO0-O (see paper).

’ko6’ - Main program main_ko6.cpp with all header and implementation
files (listed below). Finding all irreducible
Krajewski-diagrams in algebraic dimension KO0-6 (see paper).

Each version (’ko0’ or ’ko6’) comes with several headers (.h) and their
implementations (.cpp), as well as a template class (.hpp).

List of files:

In each directory ’ko0’ or ’ko6’ one can find the following files:

’main_koX.cpp’ - Main program that arranges all the algorithm steps
described in the article. The ’X’ stands for ’0’ or
’6’. In fact, both versions are completely equal,
since the difference is in one of the additional files.

>AC_Pos.cpp’ - A simple class that provides a position (a point)
>AC_Pos.h’ inside a Krajewski diagram. It is essentially just

a structure for a tupel (x,y) with integer values x and

y.
YAC_Arrow.cpp’ - This class provides an arrow inside a Krajewski
AC_Arrow.h’ diagram. It contains a vector of AC_Pos-points.

Several member functions are doing permutations,
negations and other arrow-based operations.
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’AC_Diagram.cpp’ - This class represents a Krajewski diagram. It is a
’>AC_Diagram.h’ large collection of data and member functions doing
all required operations used to manipulate a diagram
like arrow-inversions, permutations, testing for
equivalence, etc..
Here, there is the only difference between the two
versions koO and ko6.

>AC_Matrix.hpp’ - This is a matrix template class provided for
convenience and for handling the matrix content of each
Krajewski-Diagram, like calculating determinants or
summing matrices and so on. It’s just a matrix class,

nothing more.

Compiling and running:

To compile and run a chosen version, make sure to adjust 3 global parameters
given at the beginning of ’main_koX.cpp’.

The global parameters are:

’DIMENSION’ - Set the size of Krajewski diagrams. Default is 3 which
means a 3x3-Matrix, i.e. a spectral triple with 3

algebra summands.

’MAX_LEVEL’ - Its default value is set to 3. This is the reached
level of the main-net algorithm. If 3, all Krajewski
diagram with a maximal number of 3 arrows will be
generated.

’PRINT’ - This is a bool for (printing || !printing). If true,
the diagrams will be printed on standard output at the
end of the calculation.

To compile, just compile all files (but the .hpp-file) and link them,
for example with gcc on a unix machine:

’g++ -0 output main_koO.cpp AC_Pos.cpp AC_Arrow.cpp AC_Diagram.cpp -02’

Running time and memory consumptions:

The running time highly depends on the chosen size (DIMENSION) of the Krajewski
diagrams. Starting with seconds for 3x3, it can run for a week or so for 5x5
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on a standard Pentium 4.

For our computers, memory (>1GB) has been exceeded for the case 6x6 due to

some millions of diagrams. Good luck.
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for the brst assignment, we ggt;=<1/2, g,1=p, q31=°Pp, and qs1=°p, with p Q. All four
assignments produce the electro-weak mo8&l2 U 1 /Z, U 1 of protons, neutrons, neu-
trinos, and electrons.

The second possibilitA=B=C=1, contains at least one chiral lepton with vanishing hyper-
charge and therefore neutral under the little group.

Diagram 19 gives the same results as diagram 18.

In diagrams 20, 21 and22, the elements andb must be matrices with complex entries to
allow for conjugate representations. Without both the fundamental representation and its complex
conjugate, these diagrams would violate the condition that every nonvanishing entry of the mul-
tiplicity matrix of a blown-up Krajewski diagram must have the same sign as its transposed
element if the latter is not zero. Diagram 20 is treated and fails as diagram 2; diagrams 21 and 22
are treated and fail as diagram 13.

At this point we have exhausted all diagrams of Fig. 2.

IV. CONCLUSION AND OUTLOOK

For three summands there was essentially one irreducible spectral triple satisfying all items on
our shopping list: the standard model with one generation of quarks and leptons and an arbitrary
number of colorsgreater than or equal to 2Ve say OessentiallyO because a few submodels of the
standard model can be obtained. Going to four summands adds precisely one model, the electro-
strong model for one massive quark with an arbitrary number of colors and one massive, charged
lepton. Note that this is the brst appearance of a spectral triple without any Higgs scalar and
without symmetry breaking.

We still have to prove that spectral triples in four summands involving letter-preserving
arrows likea # do not produce any model compatible with our shopping list.

We are curious to know what happens in baed more summands. Here, ladder diagrams do
not exist and we may speculate that our present list of models exhausts our shopping list also in
any number of summands.

Anyhow, two questions remain: Who ordered three colors? Who ordered three generations?
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