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Abstract

In this thesis we study the sub-Riemannian geometry associated with the Grusin operator
and on 2-step nilpotent Lie groups to obtain heat kernel estimates.

In particular let n be a nilpotent Lie algebra of step 2, that is a finite dimensional real
Lie algebra such that 3 := [n,n] # {0} and [n, [n,n]] = {0}. The corresponding connected,
simply connected Lie group N can always be realized as R™ x R™ with group product

(x,2) - (y,u) = <x+y,z+u—§ (<J]:17 y>)m 1) , (x,2), (y,u) € N

where J7, j = 1,...,m are skew-symmetric matrices acting on R". Let X1,...,X,, denote
left invariant vector fields such that X; (0) = 0,,, j = 1,...,n, which generate the Lie
algebra. We study the sub-Riemannian geometry associated with these vector fields and
give a complete description of the Carnot-Carathéodory distance ||, in the case, where
N =H,,, = ~ R? x R™ is of Heisenberg type. This allows us to give pointwise estimates
for the heat convolution kernel k; associated with the sub-Laplacian £ = 77, XJZ. In
particular we prove that

2
|kt (:E,Z)| < C’t_%mm{B <|(33,Z)|CC'> .B (1 + |($7z)|00>}e—ﬁ($72)|200,

|| 4t
1+1 ,if (v,m) € {(2,3), (4,7
where B () = ;,,?,glg it (rym) € 1(2,3), (4,7} , §>0,
£ 2 , otherwise

for all (z,2) € H,,,. Here ¢ = 2v + 2m is the homogeneous dimension of H, ,,. This
extends the results obtained by Beals, Gaveau and Greiner in [3] on the Heisenberg group
to Heisenberg type groups.
Furthermore we study the singular sub-Riemannian geometry associated to the Grusin
operator
G =AM, + 2?0 on R? x R,,.

Again we are able to give explicit formulas for the Carnot-Carathéodory distance doc¢.
Combined with the explicit formulas for the heat kernel K;, we establish the following
pointwise estimate

K (Cn) <Ct s min{1_|_ d(‘?CJ(fé‘”)’l dcc Cn } o dec(Cn)
x

for all ¢ = (z,u1),n = (£,u) € R"! where a = max{qT } Here the homogeneous

dimension is ¢ = n + 2. Hence this result corresponds for n > 2 to that obtained by Beals,
Gaveau and Greiner on the Heisenberg group.



Zusammenfassung

Wir behandeln in dieser Dissertation sowohl die Sub-Riemannsche Geometrie, die vom
Grusin Operator erzeugt wird, als auch die auf 2-stufig nilpotenten Lie Gruppen. Ziel sind
gewisse Abschitzungen von Warmeleitungskernen.

Sei n eine nilpotente Lie Algebra der Stufe 2, d.h. eine endlich dimensionale reelle Lie
Algebra mit der Eigenschaft, dass 3 := [n,n] # {0} und [n, [n,n]] = {0} ist. Wir kénnen die
zugehorige zusammenhéngende, einfach zusammenhéngende Lie Gruppe N als R™ x R™
realisieren, mit Gruppen Multiplikation

(r,2) - (y,u) = <:17—|—y,z—|—u— % (<ij,y>);n:1> , (z,2), (y,u) € N,

wobei J7 € R™" 4§ = 1,...,m schiefsymmetrische Matrizen sind. = Weiterhin
seien mit Xj,..., X, die linksinvarianten Vektorfelder mit X;(0) = 0., bezeichnet,
welche die Lie Algebra erzeugen. Wir untersuchen die beziiglich dieser Vektorfelder
erzeugte Sub-Riemannsche Geometrie und kénnen im Falle von Heisenberg Typ Gruppen
H,, 1 ~ R?* xR™ den Carnot-Carathéodory Abstand || vollstéindig beschreiben. Mithilfe
der gewonnen Erkenntnisse konnen wir den Warmeleitungs-Faltungskern k; beziiglich des
Sub-Laplace Operators £ = ;’:1 X]2 abschétzen. Im Detail erhalten wir die folgende
Abschéitzung

2
|kt (33‘,2)| < Ot—% Hlln{B <|(JE,Z)|CC) .B <1 + |($7z)|00>}e—ﬁ|($,2)2007

|z| 4t

wobei B (6) {2*32%5 alls (m) €{23), (4D}
&2 , sonst

fir alle (x,z) € H,,,,. Die homogene Dimension ist in diesem Fall ¢ = 2v + 2m. Somit
konnen wir die Resultate von Beals, Gaveau und Greiner [3] auf der Heisenberg Gruppe auf
Heisenberg Typ Gruppen verallgemeinern.

Desweiteren untersuchen wir die singuldre Sub-Riemannsche Geometrie, welche vom
Grusin Operator

G =AM+ |z]?0? on R xR,

erzeugt wird. Auch hier kénnen wir explizite Formeln fiir den Carnot-Carathéodory Ab-
stand doc angeben. Kombiniert mit expliziten Formeln fiir den zugehorigen Warme-
leitungskern K; erhalten wir die punktweise Abschétzung

dCC ({717) 1 + dcc (C’n) }a e—ﬁdcc(Cvﬁ)z

K (C,n) <Ot 3 '{1 ,

fiir alle ¢ = (2,u1),n = (£,u) € R™™! wobei o = max {%, 0}. In diesem Fall betragt die
homogene Dimension ¢ = n 4+ 2. Somit erhalten wir ein Resultat, das fiir n > 2 mit dem
auf der Heisenberg Gruppe von Beals, Gaveau und Greiner korrespondiert.



Introduction

Consider the (Euclidean) heat equation
(8t - Am) u =0 on R>0 X Rn, (1)

where A, = 77, 89%]_ is the Laplacian on R™. Then it is well known that the heat
(convolution-) kernel is given by

b () = ent~E el (2)

with some constant ¢, > 0. A natural question to ask is whether a corresponding result
or at least a pointwise estimate holds in some “non-Euclidean setting”. In particular we
are interested in the heat kernel on 2-step nilpotent Lie groups and the heat kernel for the
Grusin operator.

On nilpotent Lie groups, Coulhon, Saloff-Coste, and Varopoulos show in their book [37]
that the heat (convolution-) kernel corresponding to a sub-Laplacian satisfies the following
estimate

‘kt (x)‘ <C.V (\/z>_1 e_mm%c’ (3)

for every € > 0 where ||~ is the so-called Carnot-Carathéodory metric and V (r) is the
volume of the ball of radius r > 0 with respect to the Carnot-Carathéodory metric. We
also find a lower bound in this book

ke (@)] = C'V (V) emilelec, (4)

with constants C’, ¢ > 0.

Given a collection of vector fields {Xj,..., Xx}, which fulfills Hérmander’s condition,
ie. X;, j = 1,...,k together with their iterated brackets span the tangent space at
every point, the sub-Laplacian associated to these vector fields is £ = Z§:1 le. Then
Hormander’s condition ensures that £ is hypoelliptic.

Heuristically the diffusion of £ “follows” the vector fields X, j = 1,..., k. This idea leads
to the notion of “horizontal” curves that stay tangent to the span of the X;, j = 1,... k.
Again Hormander’s condition ensures that any two points can be connected by such a
horizontal curve. Hence, as a natural generalization of the Riemannian metric, the Carnot-
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Introduction

Carathéodory distance, which is the infimum of the length over all horizontal curves con-
necting two given points, might be the “correct” geometrically object.

The estimate (3) can be improved (see the book [37] itself, [15, 9, 13]). The strongest
estimate in this more general setting known to date seems to be in Sikora [31]. Actually he
shows that

d—1 D-1 2
D (z,y)
lky (2,9)] < C mi {t_% (1 dcc\ﬁl_:ay)) % <1 dcc\%ll,y)> }e_dccTy (5)

for the heat (integral-) kernel associated to the Laplace-Beltrami operator on a connected
and complete Riemannian manifold M. This estimate holds under the assumption that

sup k¢ (z,2) <
zeM

ct4?  ift<1
(6)

ct=DP2 ift>1

As remarked in [31] this estimate (5) also holds true for sub-Laplacians on Lie groups as
long as the diagonal estimate (6) remains true. In particular on stratified, connected, simply
connected, nilpotent Lie groups the diagonal estimate (6) holds true for d = D = ¢ where
q is the homogeneous dimension.

Sub-Riemannian geometry

Given a distribution D C T'M on a smooth manifold M, an absolutely continuous curve
v :[0,T] — M is called horizontal, if 4 (t) € D (v (t)) for almost all ¢ € [0,7]. Let g be a
Riemannian metric on D. Then the length of a horizontal curve is defined by

T
Lo = [ 1@l @
and the Carnot-Carathéodory distance (or sub-Riemannian distance) is
doc (v,y) = inf {L (v) : 7 horizontal ,y (0) = =, v(T) = y}. (8)

In Riemannian geometry locally length minimizing arcs are called geodesics, and they are
given by the geodesic equation. An obvious analogue to the geodesic equation is the equation
of non-null bicharacteristics of the Hamiltonian of the sub-Riemannian metric. In contrast
to the Riemannian case, the “space” projection of these bicharacteristics - we call them
normal extremals - do not characterize all locally length-minimizing arcs. Thus in the
sub-Riemannian setting there are two “candidates” for the definition of “geodesic”: either



Heat kernels on 2-step nilpotent Lie groups

the length-minimizing arcs or the normal extremals. Since there is no agreement in the
literature on the definition of “geodesic” in this setting, we avoid the word “geodesic”.

Although not all length-minimizing arcs are normal extremals, every normal extremal is
locally length minimizing. In order to characterize the necessary conditions to be length
minimizing in terms of some differential equations, we use Control Theory to introduce “ab-
normal extremals”. Pontryagin’s Maximum Principle states that every length minimizing
arc is either a normal extremal or an abnormal extremal. These two classes of extremals
are not mutually exclusive and the abnormal extremals need not be length-minimizing.
Abnormal extremals that are not normal are called strictly abnormal extremals and they
even need not to be smooth.

Heat kernels on 2-step nilpotent Lie groups
Let N, realized as R” x R™, be a 2-step nilpotent Lie group. Consider the heat equation
(O —L)u=0 on Ryp x N, 9)

where .
L= X7 (10)
j=1
is a sub-Laplacian on N. Then from Sikora [31] we know that the heat (convolution-) kernel
admits the following bound

2 \ T
e ()] S £ (1+‘”ﬁ‘%) el (1)

Here ¢ = n 4 2m is the homogeneous dimension, derived from the non isotropic dilations
6r (z,2) = (ra,r%2),(z,2) € N, r > 0. With respect to these dilations £ is homogeneous
of degree 2.

On the Heisenberg group H,,, realized as R?” x R, which is one of the simplest examples
and the prototype of a 2-step nilpotent Lie group, Beals, Gaveau and Greiner [3] improve

this estimate (11). Basically they prove that

N
<t (14 Bloc) ® R
ke ()] St72 |14 1t e atlfloc, (12)

Note that ¢ = 2v + 2, hence ‘12;4 = v — 1. The main ingredients for this proof are the

knowledge of “explicit” formulas for the heat kernel as well as for the Carnot-Carathéodory
distance.
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Introduction

Due to the seminal work of Gaveau in [19], there are as well explicit formulas for the heat
kernel on 2-step nilpotent Lie groups (see also Cygan [14]). This gives hope to transfer the
results (12) on the Heisenberg group to general 2-step nilpotent Lie groups. Provided that
one has adequate formulas for the Carnot-Carathéodory distance.

But it turns out that the Carnot-Carathéodory distance on 2-step nilpotent Lie groups
in general is not easy to understand. In contrast to the Heisenberg group the existence of
abnormal extremals is not excluded (see example 1.8.1 on page 32). One may first think
of the free 2-step nilpotent Lie group, since this group is somehow “easier”. Although this
group admits no strictly abnormal extremals, the normal extremal equations have a very
complicated structure.

The Heisenberg type groups do not admit abnormal extremals and are closer related to
the Heisenberg group. It then turns out that the Carnot-Carathéodory distance is indeed
easier to understand. Furthermore, we are able to generalize the result of (12) to Heisenberg
type groups. Note that any Heisenberg group is also of Heisenberg type.

The Grusin operator

Now consider the Grusin operator

G=A,+|z*9? on R? x R, (13)
and the corresponding heat equation

(0 —G)u=0 on Rsg x R*. (14)

Then we can write G also as a “sum of squares” operator

n
G=> (x}+U}), (15)
j=1
where X; = 0,,, Uj = x;0,, j = 1,...,n are smooth vector fields on R™*1. This collection

H={X;,U;: j=1,...,n} of vector fields spans the tangent space everywhere except on
the line = 0. But since [X;,U;] = 0, the Hérmander condition is fulfilled. Notice that
in contrast to a regular distribution the dimension of

D (z,u) :=span{X; (z,u),U; (z,u) : j=1,...,n} C T(LH)R"Jrl

changes from n + 1 to n whenever = 0. This in turn means that D does not lead to
a sub-Riemannian geometry in the regular sense, but after all one can define the Carnot-
Carathéodory distance, which, due to the lack of translation invariance of G, itself is not

10



The main results

translation invariant. Furthermore, the length-minimizing problem does not lead to abnor-
mal curves.

The main results

In view of the above discussion the main results are certainly Corollary 2.4.15 in Section
2.4 on page 94 and Theorem 3.4.6 in Section 3.4 on page 136.

Let b, ,, be a 2-step nilpotent Lie algebra spanned by the orthonormal basis X1, ..., Xa,,
Z1, ..., Zy such that [hy, ., bym] = 3 :=span{Zi,..., Z,}, and let H, ,, be the correspond-
ing connected, simply connected Lie group realized as R? x R™ with group multiplication

L ()" H
(I’,Z)'(ZU,U) - (x+yvz+u_§ (< x7y>>j:1) ’ (x,z),(y,u) € v,m
where J7, j = 1,...,m are skew-symmetric matrices acting on R?”. For z € R™ we define
the skew-symmetric matrices J? := Z;”:l szj. Then H, ,, is a Heisenberg type group if
(JZ)2 =— |z|2 I for every z € R™. So let H, ,,, be a Heisenberg type group and let

2v
L=) X; (16)
j=1

denote the sub-Laplacian corresponding to the left-invariant vector fields X1, ..., X9, which
satisfy Hormander’s condition. Then —£ is an essentially self-adjoint operator on L? (H,,.m),
hypoelliptic and non-negative. Let {etﬁ}bo denote the heat semigroup generated by L.

Since £ is left-invariant et admits a convolution kernel k; such that
Ef=fxk (17)

for every t > 0 and f € L* (Hy,m). Then k; is called heat kernel for £ and since 0; — L is
hypoelliptic, the function (t,g) — k¢ (g) is smooth on Rsg x H, .

Furthermore let doco denote the Carnot-Carathéodory distance associated to the hor-
izontal distribution D = span{Xi,...,Xo,}. Then dc¢ is left-invariant and we write
l9|lco = dec (e,9), g € Hy m. We can prove the following result:

Theorem. For (z,z) € H, ,, we have
2
Ik (2, 2)] < C't~% min {B (7’(”6”2)“00) B (1 + 7’(”5’;2‘00) } emal@Aloc, (18)
x

where B (6) — {lgoqggi-ll-ﬁ) if (V,m)G{(2,3)a(4,7)}7 50,

, otherwise

11
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Introduction

where ¢ = 2v + 2m is the homogeneous dimension.

Note that since H, ,, is a Heisenberg type group the integers v,m € N has to satisfy
specific properties. We always have m < 2v—1 and therefore ‘1_3277”_1 >0, wherem = 2v—1
is only possible if v € {1,2,4} (see Lemma 2.4.10). This means that B is always increasing,
except for v =1 and m = 1. For m =1 H, ; is a Heisenberg group and this result exactly
coincides with the result of Beals, Greiner, and Gaveau (12), [3]. With respect to the
general result of Sikora (11) in [31] this is an improvement in the exponent of the second
factor by 32 at least if (v,m) ¢ {(2,3),(4,7)}.

We may note here that in the region |z| < |z|*

’(m7‘z)"CC S 1 (19)

stays bounded, hence also the second factor in (18). This means that in this region we
get an even greater improvement. This is also part of the theorem of Beals, Gaveau, and
Greiner.

A similar result is obtained for the heat kernel with respect to the Grusin operator. Let
K; (¢,n), t >0, ¢,n € R"! denote the heat kernel in the sense that

Q) = Ky (C,m) f(n)dn, £>0 (20)

Rn+1

for f € L% (R"1). Thus u (t,() = €'“ f () is the solution of the heat equation
@ —G)u=0,t>0 (21)
with with the boundary condition
u(t,”) — f in L2 (R”“) ast — 0. (22)

Theorem. For ¢ = (z,0), n = (&,u) € R*™ we have

2 (6%
|Kt<x,s,u>|,st-%mm{1+7dfffg>,1+LCEE’”) } emwlecCn®  (23)

with o = max (%, 0) and g = n + 2 denotes the homogeneous dimension.

Again we produced a result which corresponds to that obtained by Beals, Gaveau, and
Greiner on the Heisenberg group (12). At least for n > 2, but for n = 1 we might not
expect an additional decay of the heat kernel.

12



Organization of this thesis

Although we primarily targeted pointwise heat kernel estimates, from a differential geo-
metric point of view the results in Section 2.3.1 and 3.2 are interesting on their own. We
give a complete description of the sub-Riemannian geometry associated to X1, ..., X9, on
Heisenberg type groups and a complete description of the (singular) sub-Riemannian ge-
ometry associated to the Grusin operator. Besides these complete descriptions we present
some possibly useful formulas on free 2-step nilpotent Lie groups.

Organization of this thesis

This thesis consists of three parts which are more or less independent of each other.
CHAPTER 1 gives an overview of sub-Riemannian geometry. Due to the new phenomena
that occur when passing from Riemannian geometry over to sub-Riemannian geometry, we
give an introduction to the main terms and definitions in sub-Riemannian geometry and
the length minimizing problem. Furthermore, we give a brief overview of Control Theory
(Section 1.7). In Section 1.8 we discuss the situation on 2-step nilpotent Lie groups and in
Section 1.9 on the singular sub-Riemannian geometry associated to the Grusin operator.
In CHAPTER 2 we recall some basic facts on 2-step nilpotent Lie groups and give the
most important examples of the free group, Heisenberg type groups and Heisenberg groups
(Section 2.1). In Section 2.2 and 2.3 we discuss the sub-Riemannian geometry on these
groups, and give a complete description of the sub-Riemannian geometry on Heisenberg
type groups in Section 2.5.1.
The explicit formulas for the Carnot-Carathéodory distance and the heat kernel are then
used in Section 2.4 to establish the heat kernel upper bound (18) on Heisenberg type groups.
CHAPTER 3 on the Grusin operator has a similar structure as Chapter 2. First we
give the preliminary definitions in Section 3.1 to begin the discussion of the (singular)
sub-Riemannian geometry in Section 3.2. In Section 3.3 we derive the formula for the
heat kernel by reducing it via a partial Fourier transform to heat kernels of some rescaled
Hermite operators. This allows us to establish the heat kernel upper bound (23) for the
Grusin operator in Section 3.4.
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1 Some notes on sub-Riemannian geometry

There are some major differences when passing from Riemannian geometry over to the sub-
Riemannian geometry as we already stated in the introduction. New phenomena occur and
in view of some misleading literature, we want to give a short overview of sub-Riemannian
geometry following in particular [23], but also a summary of [20, 29, 30, 26, 1].

Chapter 1

When studying horizontal length minimizing arcs, two different classes of “extremals”
have to be considered. The “normal extremals” which are the characteristics of the asso-
ciated Hamiltonian generalize somehow the Riemannian geodesics. But in contrast to the

Riemannian case the existence of “abnormal extremals” is not excluded. These two types
of minimizers are not mutually exclusive.

The normal extremals have the property that they locally minimize length and are also
differentiable. Since these two types of extremals are not mutually exclusive, the question
arises whether strictly abnormal extremals, i.e. abnormal extremals that are not normal,
do exist at all. Furthermore, one could ask if strictly abnormal extremals could minimize
length and if they are differentiable.

It is not difficult to give examples for the existence of strictly abnormal extremals. The
first example of a length minimizer that is not a normal extremal (strictly abnormal min-
imizer) was first given 1994 by Montgomery in [25]. For rank-2 distributions Liu and
Sussmann [23] point to a generic class of abnormal extremals that also minimizes length.

Also in nilpotent Lie groups the analysis of abnormal extremals can not be avoided.
In [20] we find an example of a graded nilpotent Lie group that admits “many” strictly
abnormal minimizers.

Since we are mostly interested in 2-step nilpotent Lie groups, we focus our attention on
these groups in Section 1.8. The free 2-step nilpotent Lie group (also known as the Gaveau-
Brockett system) allows “many” abnormal extremals, but all of them are also normal. This
minimizing problem was first considered by Gaveau in 1977 in [19] and then by Brockett
in 1982 in [6] (see Remark 1.0.1).

Adapting the methods of [23], it is easy to prove that every non-constant abnormal
minimizer on a general 2-step nilpotent Lie group is normal in some subgroup and thus
smooth. This was done by Golé and Karidi in [20]. As another consequence we see that
the abnormal extremals on nonsingular 2-step nilpotent Lie groups (Métivier groups - see
Definition 1.8.5) are just the constant curves. Hence we need not care about abnormal

15



1.1

1 Some notes on sub-Riemannian geometry

extremals if we consider the Carnot-Carathéodory distance on Heisenberg type groups which
are nonsingular.

Furthermore we give an example (see Section 1.8.1) of a 2-step nilpotent Lie group with
strictly abnormal extremals. In [20] we can find an example of a nilpotent Lie group with
strictly abnormal minimizers. The Lie group constructed in [20] is 4-step nilpotent whereas
the group we want to discuss in Section 1.8.1 is a 2-step nilpotent Lie group. It turns out
that the strictly abnormal extremals, we are considering in this example, are not length-
minimizing.

In Section 1.9 we study the length minimizing problem associated to the Grusin operator.
Again we can prove that the locally length minimizing curves are fully characterized by
normal extremals, in particular we show that the abnormal extremals are just constant
curves.

Remark 1.0.1. Gaveau falsely stated 1977 in [19] that on free 2-step nilpotent Lie groups
(with n > 3) there are points which can not be connected by a characteristic of the Hamil-
tonian. This would have implied the existence of “strictly abnormal minimizers”, since by
Chow‘s theorem there is always a horizontal curve with finite length connecting any given
two points. The points considered by Gaveau can in fact be joined by a characteristic curve
- as has been shown in Brockett [6] and Lemma 2.2.13 on page 70. An alternate proof (which
was given in [23]) is given later in this section, which also shows that all “minimizers” are
“normal” in this case (Theorem 1.8.3).

Preliminary definitions and notation

Let M be a smooth manifold. A subset D C T'M which assigns to each x € M a linear
subspace D(x) C T, M is called singular distribution. If D is actually a smooth subbundle
of TM, then D is called a smooth distribution or simply a distribution. Note that
D being a smooth distribution implies that dim D(z) is constant. A sub-Riemannian
structure (D, g) on a smooth manifold M is given by a smooth distribution D and a

Riemannian metric ¢ on D. For p € M and v,w € T,M we write <v,w>g = gp (v,w)
1/2
g

equipped with a sub-Riemannian structure (D, g).

Let D be a smooth distribution on M, and U C M open, then Sec (D, U) denotes the set
of all smooth section of D defined on U. Further let Sec (D) := Uy Sec (D, U).
For k € {0,1,...,00} let V¥ (M) denote the set of all vector fields of class C* on M.

and |vf, = (v,v),/". A sub-Riemannian manifold (M, D,g) is a smooth manifold M
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1.3

1.2 Horizontal curves and the Carnot-Carathéodory distance

Horizontal curves and the Carnot-Carathéodory distance

Definition 1.2.1. Let (M, D, g) be a sub-Riemannian manifold. An absolutely continuous
curve v : [0,7] — M, T > 0 on M is called horizontal (or D-admissible) if

4(1) = (1) € D (3 (1) (1)

for almost all ¢t € [0, 7]. As in Riemannian geometry the length of a horizontal curve ~
is defined by

T
L) = [ 15 @ dr (1.2
0
7 is parametrized by arc-length if [|§(¢)||, = 1 for almost all ¢ € [0,7]. We call
7 :[0,1] — M parametrized with constant speed if || ()|, = ¢ for almost all ¢ € [0, 1]
where ¢ > 0 is a constant.
The Carnot-Carathéodory distance (or sub-Riemannian distance) on (M, D, g)
is defined by

doo (p,q) :=inf {L(vy): v is a horizontal curve and ~ joines p,q}, p,q € M, (1.3)

where we use the convention that inf @ = oco.

Definition 1.2.2. We call a distribution D bracket-generating or nonholonomic if the
vector fields in Sec (D) and their iterated brackets span the tangent space T, M at every
point x € M. If D is spanned by a global basis of smooth vector fields, this property is also
called Hormander’s condition.

If M is connected and D is bracket-generating, then by the Chow-Rashevskii theo-
rem every two points p,q € M can be connected by a horizontal curve. Furthermore
doo : M x M — R is a metric that induces the topology of M.

Hamiltonians and bicharacteristics

Let N be a symplectic manifold with symplectic 2-form Q. For H € C!(N) there is a
—
unique vector field H on N such that

Q(X,H) = (dH, X) (1.4)
for every vector field X on IN. We call this vector field H the Hamiltonian vector field

associated to H.
We will recall some properties:

17
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1 Some notes on sub-Riemannian geometry

o If H,K € C*(N), k> 1, then the vector field H is of class Cck1,

« For H,K € C'(N) the Poisson bracket is {H, K} = <dK,ﬁ> =Q (ﬁ,l_())
o Furthermore we have {H, KL} ={H,K} L+ {H,L} K,

o the Jacobi identity {H,{K,L}} +{K,{L,H}} +{L,{H,K}} =0,

— — —
e and HK = HK + KH.

For any subset H C C!'(N) we define ﬁ(:ﬂ) = {ﬁ(:p) H e H} C T,M, for x € M.
An absolutely continuous curve I' : [0,7] — T*M is called a bicharacteristic of H, if
I(t) e H (T'(t)) for almost every t. A null bicharacteristic of H is a bicharacteristic
of H along which all the functions H € H vanish. A bicharacteristic of a single function
H € C* is a curve of class C* along which H is constant.

The cotangent bundle T*M of a manifold M has a natural symplectic struc-
ture determined by the 2-form Q) = dwy, where wys is the 1-form given by
wy (7,8) (v) = (€, dmyy (v) for v € T, ¢ (T"M) and 7}, denotes the canonical projec-
tion of T"M to M. Relative to a coordinate chart T*x = (xl, coy 2™ &y, &) induced
by a chart k = (z!,...,2™) on M, we have the formulas

wy =Y &da?, Qur = > _déj Ada?, (1.5)
J J

— OH 0 OH 0 O0H 0K 0H 0K
i J

Let M be a smooth manifold and H C C*(T*M), then a characteristic (null char-
acteristic) of H is a curve v in M, which is the projection of a bicharacteristic (null
bicharacteristic) I' of H to M, i.e. v = 7w}, oI'. A characteristic « is called a nontriv-
ial characteristic (nontrivial null characteristic) if we can choose I' to be entirely
contained in T# M. For p € M we denote Tp#M =Ty M \ {0}.

For each vector field X on M set

Hx :T"M — R, (‘Taf) = (S,X((L’» :

(We will often use brackets to denote the value of the linear form § € Ty M, p € M

evaluate at v € T,M: (£, v) = £ (v).) If X € VI (M), then the vector field ];TX is called
the Hamiltonian lift of X and {Hx,Hy} = Hxy), X,Y € V! (M). Moreover the
characteristics of Hx are exactly the integral curves of X.

18



1.4 Abnormal extremals

1.4 Abnormal extremals

There are several equivalent ways to define normal and abnormal extremals. The original
definition came from Control Theory, but we will use the definition of [23], since this is
more “differential geometric”.

Definition 1.4.1. Let D be a smooth distribution on a smooth manifold M. An ab-
normal biextremal (abnormal extremal) of D is an absolutely continuous curve
in T#M (in M) which is a null bicharacteristic (nontrivial null characteristic) of
Hp = {Hx : X is a smooth section in D}.

Remark 1.4.2. Since dry, (I—TX) (z, 5)) = X (z), it follows that every abnormal extremal is

a horizontal curve.

Chapter 1

Remark 1.4.3. We have the following equivalent characterizations of abnormal extremals:

1. 7 is an abnormal extremal iff v is an abnormal extremal in the sense of Pontryagin’s
Maximum Principle of Control Theory. Later we will give a short overview of Control
Theory and the Maximum Principle. We give a proof of this equivalence in Proposition
1.7.3.

2. Let p € M and Hp(p) denote the set of all horizontal curves « : [0,1] — M that
have finite energy, i.e. fol \|7(t)\|§dt < 00, and satisfy v (0) = p. Then this set is
independent of the choice of the metric g and one can define a differentiable structure
on Hp (p) [5]. We define the endpoint map

end, : Hp (p) = M,y ~(1). (1.7)

Then end, is a smooth map and ~ : [0,1] — M is an abnormal extremal iff v is a
singular point of end,(g). In this context abnormal extremals are also called singular
curves. For more details see for example [29, 30]

3. The abnormal biextremals are exactly the characteristic curves of D that lie in T# M.
For what this means exactly see [23].

1.5 Normal extremals

Definition 1.5.1. Let (z,£) € T*M, then the restriction £|D (x) of { to D (z) C T, M
has a well-defined norm denoted again by ||{|,, since D (z) is an inner product space. The
function H : T*M — R given by

1
Hy (2,€) = 5 [i€llg (18)
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is called the Hamiltonian (function) of the sub-Riemannian structure (D, g). A normal
biextremal is a curve I' in 7% M such that I is a bicharacteristic of the Hamiltonian H and
H does not vanish along I'. A normal extremal is a curve in M which is the projection
of a normal biextremal.

Remark 1.5.2. Given a local frame {X;...,X,} of D, we define the matrix
95 (p) = (Xi (p), X; (p)),- Let g7 (p) denotes its inverse, then

Hy (z,€) = 5 3" () (6 X (2)) (€, X; (2)) (1.9)
0,
= §Zg’JHXiHXj. (1.10)
irj
If {X1,...,X,} is a orthonormal frame of D (with respect to the sub-Riemannian inner
product), then
1 n
Hy (2,6) = 5 36, (2))*. (111)
j=1

Definition 1.5.3. A biextremal (extremal) is either an abnormal biextremal (abnormal

extremal) or a normal biextremal (normal extremal).

Remark 1.5.4. A biextremal is either normal or abnormal, and the two possibilities are
mutually exclusive. In general this is not true for extremals, i.e. an abnormal extremal can
also be a normal extremal.

Definition 1.5.5. A strictly abnormal extremal of (D, g) is an abnormal extremal

which is not a normal extremal.

Remark 1.5.6. The smoothness of Hy implies that normal (bi)extremals are smooth but an
analogous statement for abnormal extremals is false (in general).

The length minimizing problem

Definition 1.6.1. Let (M,D,g) be a sub-Riemannian manifold. A horizontal curve
v :[0,T] — M is called a minimizer if doc (v(0),v(T)) = L(v). An abnormal mini-
mizer is an abnormal extremal which is a minimizer. A strictly abnormal minimizer

is a strictly abnormal extremal which is a minimizer.

First note that the class of all non-constant minimizers is equivalent modulo repara-
metrization to the class of those minimizers that are parametrized by arc-length. More-
over there is a one-to-one correspondence of curves parametrized by arc-length and curves
parametrized with constant speed. In particular «[0,7] — M is parametrized by arc-length
iff v/ :[0,1] = M, t — ~(t/T) is parametrized with constant speed.
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1.6 The length minimizing problem

Remark 1.6.2. As a consequence of Filipov’s theorem we have the following existence result
for minimizers. Let p € M. Then for every ¢ in a sufficiently small neighborhood of p there
exists a curve of minimal length connecting p and q. We do not want to go into details of
the various existence results (see for example [1, 10]). We just want to note that in the
situations we are going study in Section 1.8 and 1.9 the existence of a minimizers connecting
any two points p, ¢ is always ensured. This is another consequence of Filippov’s theorem

(see [1]).

We will now introduce the class of (locally) time optimal arcs.

Definition 1.6.3. Let v : [0,7] — M be a non-constant horizontal curve with || (¢)[|, <1
for almost all ¢ € [0, 7]. Then v is time-optimal (or time-minimizing) if 7' < 7" for all
curves 7' : [0, 7] — M with [|4' (¢)]|, <1 and 7(0) =~ (0), v (T) =~ (T").

v is called locally time-optimal, if there exists § > 0 such that the restriction of v to

Chapter 1

every subinterval of [0, 7] of length ¢ is time-optimal.

This definition gives another characterization of the class of all minimizers: The class of
those minimizers that are parametrized by arc-length is equal to the class of all time-optimal
arcs.

We now give the main results for the relation between minimizers and extremals. Both
theorems 1.6.4, 1.6.5 can be found in [23]. Later in Section 1.7 we will repeat the proof
of Theorem 1.6.4 found in [23] by reducing it to a corollary of Pontryagin’s Maximum
Principle.

Theorem 1.6.4. Let (M,D,g) be a sub-Riemannian manifold and v : [0,T] — M be a
length minimizer parametrized by arc-length. Then v is an extremal.

This theorem gives us candidates for the minimizing problem. The next theorem gives a
partial converse of Theorem 1.6.4:

Theorem 1.6.5. Let (M, D, g) be a sub-Riemannian manifold. Then every normal extremal
is locally time-optimal.

Remark 1.6.6. Theorem 1.6.5 tells us that the class of normal extremals is very useful
when characterizing the minimizers, since this tells us that every normal extremal is at
least locally optimal. The class of abnormal extremals which might be very large does not
behave so nicely, because it turns out that they fail to be (locally) optimal in general. They
fail to be even smooth in general.

1.6.1 Some examples

1. If D = TM, then there are no abnormal extremals. Thus all extremals are locally
optimal. (This is the Riemannian case.)
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2. If D is strongly bracket-generating but D # TM, then the abnormal extremals
are exactly the constant curves. A smooth distribution D is called strongly
bracket-generating if for all p € M and X € Sec(D), with X (p) # 0 we have
D + [X,Sec (D)] (p) = T,M.

1.7 Control systems

Definition 1.7.1. An autonomous control system F of class C' on a smooth man-
ifold M is a parametrized family F = {X,: a € A} of vector fields of class C! on M,
where A is an arbitrary set. A control for an autonomous control system is a function
a: [0,7] — A. An F-trajectory generated by a control a is a curve v : [0,T] — M
such that 7 (t) = Xy (7 (t)) for almost all £ € [0,T]. A control « is called admissible if
(7,t) = Xo(,1) := Xy (v) satisfies the Carathéodory conditions:

1. t — X,(z,t) is Lebesgue measurable as a function of ¢ for fixed z,

2. for every chart x : V. C M — R™ and every compact subset K C « (V) there exists
an integrable function ¢ : [0,7] — R such that

oxk
X ol+ | GE @] <o, frall @y ek x0T, (112
x
where X[ : k (V) x [0,T] — R™ is the representation of X, with respect to the chart

K.

An admissible trajectory of F' is an F-trajectory that is generated by an admissible
control . A non-constant, admissible trajectory v : [0,7] — M is time-optimal if ' < T”
for all admissible trajectories 4 : [0,7"] — M such that v (0) =~/ (0) and v (T') =~ (T").

Notation. In Control Theory one uses the following notation and abbreviations:
e The manifold M is known as the state space of the system F.
e The set A is known as the control space, or the set of control values.

e The word “control” is used a little vague; it either means the A-valued “variable” a
or the A-valued function « : [0,7] — A.

e A common way to introduce a control system is to say “the system
t = Xo(z), v € M, a € A" This is to be interpreted as a control system
F = {X,: a€ A}. The formal expression © = X, (z) is an abbreviation for the
fact that each control function ¢ — « () gives rise for the ordinary differential equa-
tion @ (t) = X, (2 (t)), whose solutions are the trajectories of the system.
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1.7 Control systems

We define the Hamiltonian of the control system F' by
H (z,(,a) = Hx, (z,{) = ((, X4 (2)), (z,{) €T*M, a € A.

Let T' = (v,¢) : [0,T] — T*M be an absolutely continuous curve, such that ~ : [0,7] — M
is a trajectory corresponding to an admissible control « : [0,7] — A and T' satisfies the
adjoint equation

. _—
I'(t) = Hx,, (I'(t)), for almost all ¢ € [0,77, (1.13)

where Hy,, denotes the Hamiltonian lift of X). Then ¢ is called an adjoint vector
along (v, a). An adjoint vector ¢ along (7, a) is called maximizing if there exists a constant
hg > 0 such that

ho = H (y(t),¢ (t).a(t) = max {H (v(£),{ (t) ,a) : a€A) (1.14)

for almost all ¢ € [0, T]. If ( () # 0 for every ¢, then ( is called nontrivial.
With these notations the Pontryagin’s Maximum Principle states:

Theorem 1.7.2. If F is an autonomous control system of class C* on a manifold M, and
v is a time-optimal trajectory corresponding to an admissible control c, then there exists a

nontrivial mazimizing adjoint vector along (7, @).

A proof can be found in many books of Control Theory for example in [1].

The language of Control Theory gives us now an equivalent formulation of our length
minimizing problem and another characterization of normal and abnormal extremals. Let
(M, D, g) be a sub-Riemannian manifold. We will assume that D has a global orthonormal
basis of sections X1,...,X,. This assumption makes the proofs slightly simpler without
loosing much of the basic ideas. Furthermore, the situations we will consider later will
always admit this property. In Remark 1.7.4 we give some hints for the general situation.

As control space we choose the closed unit ball in R", i.e. A= {a€R": |a] <1} and
we define X, = 377 ;a;X; for a € A. Let F' = {X,: a € A} be the control system.
Then the Carathéodory conditions ensure that the F-admissible trajectories are precisely
the horizontal curves v : [0,T] — M with [|§ (¢)[|, < 1 for almost all ¢ € [0,T]. Thus the
time-optimal trajectories for I’ are exactly the time-optimal horizontal curves.

We now prove the following equivalent characterization for abnormal and normal ex-
tremals such that Theorem 1.6.4 just becomes a corollary of Pontryagin’s Maximum Prin-
ciple.

Proposition 1.7.3. Let v : [0,T] — M be a horizontal curve parametrized by arc-length.
Then ~ is an extremal if and only if there exists an admissible control o« : [0,T] — A
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corresponding to v and a nontrivial maximizing adjoint vector ¢ along (v, ), i.e. there
exists hg > 0 such that

E) =T ()¢ (1), (1), (1.15)

ho = H (7)€ (1), (1)) = mau H (+/(£),¢ (1) ), (1.16)
for almost all t € [0,T]. Moreover 7 is a normal extremal if and only if one can choose
ho # 0 and 7y is an abnormal extremal if and only if one can choose hy = 0.

Proof.

o First assume that v is an abnormal extremal. Then there exists ¢ such that
I'= (v,¢) : [0,T] — T#M is an abnormal biextremal. i.e. I'(t) € 7?9 (' (¢)) for al-
most all t and Hx (I' (t)) = 0 for all smooth sections X in D. Since X;, j =1,...,nis
an orthonormal basis of D (x) for every x € M there are functions &; : [0,7]xM — R,
where x — @&; (t,x) is smooth for each j =1,...,n and all t € [0,T] such that

I (t) = Hgyx (I'(t)) for almost all ¢. (1.17)
Then .
§(t) =D a5 (L (D) X; (v (1) (1.18)

j
for almost all ¢t € [0,7]. Let a(t) := a(t,7(t)) then |a(t)] = 1 since ||¥(t)][, = 1
for almost all ¢ € [0,7]. Then a : [0,7] — A is an admissible control for v. Since
Hx (I (t)) = 0 for every smooth section X we have

H(y(#),¢(t),a(t)) =0=maxH(y(t),((t),a). (1.19)

Furthermore we have by (1.17)

L) = 5 > (4:0) (C (1), X; (2)
j=1

x=(t)

S zn: (€ (), X, (v (1)) Edj (t,y (1))
oz

—1

<

(1.20)
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But since (¢ (t), X; (v (1)) = Hx, (' (t)) = 0 it follows that

0

C(H) == H (7(1),C (1), (1))

almost everywhere and thus ¢ is an nontrivial maximizing adjoint vector along (7, cv).

o Now assume that + is a normal extremal. Then there exists ¢ such that I' = (v, () is
. —
a normal biextremal, i.e. I' (t) = Ha (I" (¢)) almost everywhere. In particular

5 (1) = %Hz ~ 3¢ VO X (@) (121)
7j=1
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almost everywhere. If we let «a; (t) = (((¢t),X;(y(t))) for j = 1,...,n, then
| (t)| =1 and «: [0,T] — A is an admissible control for v and

: 0 1
Ct) = =52 52 (1), X; (@)’
or 2 “—
i=1 a=y(t)
8 n
= L €0 @y (€05 ()
j:
= T H((0,C(0),0() (1.22)
- al‘ Y ) y & .
almost everywhere. Furthermore the maximum of a — 377 a; (( (t), X; (’y( ))) on
the closed unit ball in R™ is attained for the vector ((¢(¢),X; (v (t ))})? L = af(t).
Since Hy (I' (¢)) is constant in ¢ and nonzero it follows that there exists hg > 0 such

that
ho=H (v(t),¢(t),a(t)) =maxH (y(t),¢(t),a).

acA
Thus ( is a nontrivial maximizing adjoint vector along (v, ).
Now let a : [0,7] — A be an admissible control for v and suppose that there exists a
nontrivial maximizing adjoint vector ¢ along (v, a). We will show that « is an abnormal

extremal if the maximizing condition (1.16) holds with hy = 0 and 7 is a normal extremal
if (1.16) holds with some hg > 0.

o Assume that the maximizing condition (1.16) holds with hy = 0, i.e. the maximum
of @ — 377 1 a;(C(t),X;(v(t)) on the closed unit ball is zero. This means that
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26

(C(t),Xj(y(t) =0 foral j =1,...,n and thus Hx (I'(t)) = 0 for all smooth
sections X of D. Since a (t) X = > a; (t) X is a smooth section of D and

1@=Z%@&WW=%%WM®£W, (1.23)
j=1
E1) =~ (1) ()X (@) (1.24)
j=1

almost everywhere we have I (t) € 779) (T'(t)) and thus ~ is an abnormal extremal.

Now assume that the maximizing condition (1.16) holds with hy > 0. By multiplying
¢ by hy 1 we obtain a new nontrivial maximizing adjoint vector such that

1=H{(y(t),¢(),a(t)) =maxH (y(t),((),a) (1.25)

holds almost everywhere. Since the maximum of the functional
a3 4, (C (), X, (7 (1) (1.26)
j=1
on the closed unit ball is 1 it follows that

(). X;(v(1))* =1

1

n

<

so that a (t) = (v (), ...,y (t)) with

aj (t) = (C (1), X; (v (@), j=1,....n. (1.27)

has length 1, and the maximum in (1.26) is attained for a = « (t). We conclude that

S =3 0y (0 X (v (1) = (1) X5 (1 (0) X, (3 (1))
=1 j=1
:%mwwﬂm,
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and by the adjoint equation (1.15)

)= s > (1) (C(1), X ()

for almost all ¢ € [0, T]. Thus + is a normal extremal.

O

Remark 1.7.4. If we do not have a global orthonormal basis of smooth sections, we have
to choose a different control system. In this case let the control space A be the set of all
smooth sections X of D such that [|X (z)||, < 1 for all 2 € M and define X, := a for all
a€ A Let F ={X,: a € A} be the control system. Then again the admissible trajectories
of this control system are precisely the horizontal curves 7 : [0, 7] — M with [|§ (¢)]|, < 1
almost everywhere.

Proposition 1.7.3 is still valid and can be proven with similar arguments. Essentially
we proved that I' = (v,() is a biextremal iff ¢ is a nontrivial adjoint vector along (v, a)
with hg € {0,1} where 7 is an admissible trajectory corresponding to «. But these two
statements are local properties. Indeed we can cover the image of v by open sets {Uj}j
such that on each U; we have an orthonormal basis X{ ..., XJ of smooth sections for
D (x), x € Uj. Furthermore we can restrict I' = (v,¢) to I'; = (v4,¢;) : I; — T'M where
the Intervals {/;}, cover [0,T]. Now we can repeat the above proof for each T';.

As opposed to the Riemannian case being an extremal is not a local property in the
sub-Riemannian case. Indeed, suppose 7 : [0,7] — M is “locally extremal”, i.e. such that
the restrictions ~; : I; — M of v to intervals I; that cover [0,7] are extremals. Thus for
each j there is (; such that (v;,(;) is a biextremal. In the Riemannian case the covectors (;
are uniquely determined and therefore they coincide, making it possible to define a global
¢. But in the sub-Riemannian case there is no reason why the (; should match and thus it
is impossible to construct a global (.

Remark 1.7.5. Proposition 1.7.3 shows that Theorem 1.6.4 is a corollary of Pontryagin’s
Maximum Principle 1.7.2. If v : [0,7] — M parametrized by arc-length is time-optimal
for the length-minimizing problem then v is also a time-optimal trajectory for the control
system described above. By Pontryagin’s Maximum Principle and Proposition 1.7.3 we
have that ~ is either a normal or an abnormal extremal and this proves Theorem 1.6.4.
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Normal and abnormal extremals on nilpotent Lie groups of step 2

We give first a short introduction of the notation we will use here. A more detailed overview
of the basic facts on 2-step nilpotent Lie groups can be found in Chapter 2.

Let n denote a 2-step nilpotent real Lie algebra, i.e. [n,n] # {0} and [[n,n],n] = {0},
endowed with a scalar product (-,-) such that n = v @3, 3 := [n,n], v := 3, and dimv = n,
dimj = m. The complete structure of n is captured by the maps 3 2— j(Z) € so(v)
defined by

U(2)X,Y)=—(XY],Z2), X,)Y v, Z€;. (1.28)
By fixing an orthonormal basis X1,..., X, of v and an orthonormal basis Z1,..., Z,, of 3
we can define the skew-symmetric matrices J7, j =1,...,m, by

(77), = (X0 X1, Z5) = G (Z) Xe. Xo), 1Skl <y =1, m.

Let N denote the corresponding connected, simply connected 2-step nilpotent Lie group
with exponential map

exp (xX 4+ zZ) = (z,2) € N =R" xR™
and group product
1 . m
. — _Z J
@) = (e 4vztu—g ((Fog)" ). @) e N

The left invariant vector fields which we again denote by Xy,...,X,, Z1,..., Z,, are then

given by
1 & :
Xi =00 — 53 (F2), 05, i=1com Zj=0,, j=1....m. (1.29)
j=1
Since obviously the linear span D of the vector fields Xi,..., X, is a bracket-generating

distribution on N, we have a sub-Riemannian structure together with the Riemannian met-
ric defined by letting the left-invariant vector fields X1, ..., X, being a global orthonormal
basis.

Now we consider the control system (&, 2) = -7 a; X}, ie.

1, .
T =a, z"j:—§<ﬂw,a>,j:1,...,m,aEA (1.30)
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on N with control set A = {a € R": |a| <1}. Then the length minimizers parametrized
by arc-length are precisely the time-optimal trajectories of this control system. The Hamil-
tonian of this control system is

1
H(x>z7£>77>a) = <£—§J77$7a>7 x,gERn,Z,UERm,aEA. (131)
Thus a trajectory v = (x,z) : [0,7] — N corresponding to an admissible control

a : [0,7] — A is an extremal if there exists a nowhere vanishing absolutely continuous
function (£ (t),n (t)) and a constant hg > 0 such that (£, n) satisfies the adjoint equations

£(t) = —%J”a (t), 7n=0, (1.32)
and the maximizing condition
ho = H (x(t),2(t),§(t),n(t),a(t)) =maxH (x(t),z(t),£(t),n(t),a) (1.33)

acA

almost everywhere. Notice that n is constant. Furthermore, ~ is a normal extremal iff we
can choose hg to be nonzero. In this case we can assume hg = 1. If hg can be chosen equal
to 0, then v is abnormal.

Lemma 1.8.1. A trajectory v = (z,z) : [0,T] — N corresponding to a control
a: [0, T] — A is a normal extremal parametrized by arc-length if and only if there ex-
ists ) € R™ such that & (t) = J7a (t) and |a (0)] = 1, d.e. a(t) =" a(0).

Proof. This proof can also be found in [23].

Let v = (#,2) : [0,T] — N corresponding to a control « : [0,7] — A be a normal
extremal parametrized by arc-length. Then there exists a nontrivial adjoint vector (£,n)
as above such that the adjoint equations (1.32) and the maximizing condition (1.33) are
satisfied. Since the maximum of

0 <5 (t) %J% () ,a> acA (1.34)

on the closed unit ball is assumed to be 1 and this maximum is attained for a (¢) we conclude
that

Hg(t) - %J"m (t)H 1

and
o(t) = £(t) — %J% t). (1.35)
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But this means that « is absolutely continuous. And by (1.32) we get

a(t) =€ (t) — %J"a’; (t) = —J"a(t).

Conversely suppose that v = (z, z) is a trajectory that corresponds to a control «, which
satisfies & (t) = J7a (t) for some 7 € R™ and | (0)] = 1. Then |a (t)| = 1 for all ¢ and thus
v is parametrized by arc-length. Now let 7 (t) = —ij and £ (t) = a(t) + 3J%z (t). Then
(&, ) satisfies the adjoint equation (1.32) and the maximizing condition (1.33) holds with
ho = 1. Thus ~ is a normal extremal. O

Lemma 1.8.2. Let v = (x,z) : [0,T] — N be a horizontal curve parametrized by arc-
length. Then v is an abnormal extremal if and only if there exists n € R™ \ {0} such that
JNz(t) = 0.

Proof. First suppose that ~ is an abnormal extremal corresponding to a control
a:[0,7] — A. Then there exists a nontrivial adjoint vector (£, n) such that

: 1
E(t) = —§J’7(t)oz (t), 7 (t) =0 and (1.36)
1
0= Hg (t) — 5,]77“)9@ @], (1.37)
for almost all ¢. This means that 7 (t) = n is constant and by (1.37) £ = $J"z. Hence

0=¢(t) — $J7i (t) = —J"a (t) and thus .J7& = $.J%a = 0. 1 = 0 would imply that £ =0
but since (£,7n) is a nontrivial adjoint vector we conclude that n # 0.

Now suppose that J7i (t) = 0 for a nontrivial n € R™ \ {0}. Choose ¢ (t) = 3.J"z (t)
and let a(t) = @ (t). Then « : [0,7] — A is an admissible control corresponding to ~.

Furthermore,
E(t)=0= —§J”oz (t), n(t)=0 and (1.38)
1
0= Hg (1)~ 3" (t)H . (1.39)
Hence v is an abnormal extremal. O

Theorem 1.8.3. Let F,, be a free 2-step nilpotent Lie group in n generators, so that
dimF,, = n + (g‘) Then every length minimizer in F, parametrized by arc-length is a
normal extremal.

Proof. See also [23]. Since the vector fields X;, j = 1,...,n, are left invariant we can always
assume that v (0) = 0. Let v = (x,2) : [0,7] — F,, be a non-constant length minimizing
trajectory such that « (0,0) = 0 with corresponding control a. By the Maximum Principle
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1.7.2 v is a normal or an abnormal extremal. We prove that + is a normal extremal by
induction on n.

If n = 2, then J" € so(2) has no nontrivial kernel for n € R\ {0}. By Lemma 1.8.2 this
means that v is an abnormal extremal iff &£ = 0. But then v would be a constant curve.

Now let n > 2 and assume that every abnormal extremal in a free nilpotent Lie group Fj
with 7 < n is normal. Let us assume that ~ is an abnormal extremal in F;,, then by Lemma
1.8.2 there exists n € R™ \ {0} such that J"z (t) = J7« (t) = 0. Since x (0) = 0 we have
JTx = 0. Then S = kern J" is a proper nontrivial subspace of R™. Let s := {sX : s € S}
and f := s @ [s,5]. Then | is a Lie subalgebra of f and according to the notation above
we let F = R™ x R™ denote the corresponding Lie group, where 7 = dims < n and
m = dim [s,5]. Without loss of generality we may assume that S = R”. Since z (t),a (t) € S
and 2 (t) = —% (S (t) ,a(t)>);.n:1 = exp (—% [2X, aX]) € exp ([s,s]) we have that v is a
trajectory in F corresponding to the S-valued control a : [0,7] — A := {a € R" : |a| < 1}.
Furthermore, v minimizes length and is parametrized by arc length when regarded as an
admissible arc for the sub-Riemannian manifold F. Now we consider two cases:

If [s,5] = {0}, then F is abelian and thus v is a straight line which is obviously also
normal in F},.

If [s,5] # {0}, then F is a free 2-step nilpotent Lie group Fj and by the induction
hypothesis 7 is a normal extremal in F. By Lemma 1.8.1 there exists 77 € R™ such that
a(t) = Jla(t), |a(0)] = 1 where J7 € so (). Then J7 € so(7i) extends to a skew-
symmetric linear map J" € so (n) with some n € R™. Again by Lemma 1.8.1 this implies
that v is a normal extremal in F'. O

Theorem 1.8.4. Let N be a 2-step nilpotent Lie group. Then every non-constant abnormal
minimizer parametrized by arc-length in N is normal in some subgroup of N and therefore
smooth.

Proof. See [20]. Again we can assume that v (0) = 0. Again by induction on dim N, we
can repeat the arguments of Theorem 1.8.3 up to the point where we extended J7 € so (71),
7 € R™ to a matrix J” € s0(n), n € R™. Actually one can extend J7 € so (1) to a skew-
symmetric linear map A € so (n) but in general it is not clear that there exists n € R™ such
that A = J". For a general 2-step nilpotent Lie group {J" : n € R™} is just a subspace of
s0 (n). For a free 2-step nilpotent Lie group the map 1 +— J" is a vector space isomorphism
R™ — so (n). Anyway this proves that every non-constant abnormal minimizer is after all
a normal extremal in some subgroup. O

Definition 1.8.5. A 2-step nilpotent Lie algebra n = v @& 3, 3 = [n,n], v = 3+ is called
nonsingular if ad X : n — 3 is surjective for all X € v\ {0}. A nonsingular 2-step nilpotent
Lie group is also called Métivier group.
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Remark 1.8.6. A 2-step nilpotent Lie algebra is nonsingular if and only if J7 € so (n) is
nonsingular for every n € R™ \ {0}.

The Heisenberg type groups (note that this includes Heisenberg groups) are important
examples of nonsingular 2-step nilpotent Lie groups. But not every nonsingular 2-step
nilpotent Lie group is isomorphic to a Heisenberg type group. An example for a nonsingular
2-step nilpotent Lie group which is not isomorphic to a group of Heisenberg type can be
found for instance in [28].

Theorem 1.8.7. Let N be a nonsingular 2-step nilpotent Lie group. Then the abnormal
extremals parametrized by arc-length are exactly the constant curves.

Proof. Let v : [0,T] — N be an abnormal extremal parametrized by arc-length. Then by
Lemma 1.8.2 there exists n € R™ \ {0} such that 0 = J"% (¢). Since J" is nonsingular, this
implies that # = 0 and thus 2 = 0 which gives the claim. O

Summary 1.8.8. This section shows that on 2-step nilpotent Lie groups the existence of
abnormal extremals in general can not be avoided. But whether these abnormal extremals
play a role in the minimizing process does depend on the particular structure of the Lie
group. As we have seen in Theorem 1.8.7 there are no abnormal extremals to consider
on nonsingular 2-step nilpotent Lie groups. And in Section 2.3.1 we are able to give very
explicit formulas for the Carnot-Carathéodory distance on Heisenberg type groups.

The free 2-step nilpotent Lie groups do not admit any strictly abnormal minimizers but
many abnormal extremals which are always normal. Thus the length minimizing problem
of the Carnot-Carathéodory distance is completely described by the normal extremals. As
in the Riemannian case the Hamiltonian differential equations gives us necessary conditions
for a curve being minimizing.

An Example for strictly abnormal minimizer in 2-step nilpotent Lie groups

We now want to give an example for the existence of strictly abnormal extremals in 2-step
nilpotent Lie groups. It turns out that the strictly abnormal extremals we are considering
in Theorem 1.8.10 are not length minimizing. The first example for the existence of strictly
abnormal minimizers was given by Montgomery in [25]. Liu and Sussmann [23] study a
generic class of abnormal minimizers on manifolds with two-dimensional distribution, called
regular abnormal extremals. An example of strictly abnormal minimizers on a nilpotent
Lie group (of step 4) can be found in [20]. Here we want to present an example on a 2-step
nilpotent Lie group.
Let g be the 6-dimensional real Lie algebra spanned by the orthonormal basis

{e1,e2,e3,e4, f1, f2}
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with nontrivial commutator relations

le1, 2] = f1, [es,e4] = fa, [e1,e3] = [ea, 4] = f1. (1.40)

Then g = v @ 3 where v = span {e1, e2,e3,e4} and 3 = [g, 9] = span {f1, fo} is the center of
g. Let G denote the corresponding Lie group which we realize as R* x R?. The structure

matrices are given by

0 1 10 00 0 0

1 0 01 00 0 0
Jh =gt = dJP=J2= 1.41
1 0 0o | ™ 00 0 1 (1.41)

0 -1 00 00 —1 0

The group product on G reads

1) , (x,2), (y,u) € G,

(z,2)- (y,u) = (m—l—y,z—i—u— % (<Jjw’y>)j

and the left invariant vector fields are
12
i: Z’L_§Z( ) Z.:17273747 21:821722:822'

Proposition 1.8.9. Let

Hy:={(z,2) €G: x3=24=0, 20 =0},
Hy:={(z,2) € G: 1 = x4, xg = —x3, 21 = —22} .

Then Hy, Hy are subgroups of G and isomorphic to the Heisenberg group Hy. The ab-
normal extremals parametrized by arc-length of G starting in 0 are exactly the horizon-
tal curves parametrized by arc-length in Hy1 or Hs. Furthermore an abnormal extremal
v = (z,2) : [0,T] — G parametrized by arc-length starting in 0 is strictly abnormal if
z(T) #0.

Proof. The subgroup properties are immediately clear if one observes that
log Hy = span{ey, ez, fi} =: b1 and log Hy = span{e; + ey, ez —e3, f1 — fo} =: b2 and
h1,h, are Lie subalgebras of g since

le1,ea] = f1 and [e1 +eq,e0 —e3] = fi— fir— fi+ fa=fo— f1. (1.43)

Thus H;, Hy are subgroups of G which are obviously isomorphic to the Heisenberg group
Hj.
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By Lemma 1.8.2 v = (x, 2) is an abnormal extremal iff there exists 7 € R?\ {0} such that
0 = J"% almost everywhere. Since we assumed that z (0) = 0 we have that 0 = J7z. Now
it is easy to see that J" has a nontrivial kernel iff n; = 0 or 172 = n1. In case of 71 = 0 the
kernel of J" is R? x {0} and since npée = (, 2) = —1 (J"z,&) = 0 we conclude that 2o =0
and ~y is a horizontal curve in Hy. If now 1, = 72 then the kernel of J7 is the linear span
of (1,0,0,1) and (0,1,—1,0) and n1 (%1 + 22) = (n,2) = —% (J7z,4) = 0. Thus z; = —z
and « is a horizontal curve in Ho. Furthermore every horizontal curve parametrized by
arc-length in Hy respectively Hs is obviously an abnormal extremal in G.

Now let v = (z,2) : [0,T7] — G with control « : [0,7] — A be an abnormal extremal in
G contained in Hy. Then by Lemma 1.8.1 7 is a normal extremal iff there exists a n € R?
such that & = J"a. Since a = (o, 9, 0,0) we have

a=m (o, —ap,—a, —a).

m # 0 implies that &« = 0 and therefore « is constant equal to 0. If we assume that
n1 = 0, then it follows that a (t) = c is constant with ¢ € R? x {0}. Thus = (t) = ct,
2i(t)=—3(Jz(t),a(t))=0,j=1,2and z(t) = 0.

If v = (x,2) : [0,7] — G with control « is an abnormal extremal in G contained in Hp
and normal in Hs, then by Lemma 1.8.1 there exists € R? such that & = J7«. Since
a = (a1, ag, —ag, a1) we have

a=1m (0,0, -1, —042) + 19 (0,0, 011,042) .

This implies that & = 0. Thus x(t) = ¢t and z(f) = 0 with some constant
c € kern (J! + J?).
This means that an abnormal extremal v = (x, 2) is strictly abnormal if z (T") #0. O

Proposition 1.8.9 gives us a complete description of the abnormal extremals in G. Now
we want to ask the question whether the abnormal extremals minimize the length. It turns
out that determining whether one of the strictly abnormal extremals is also minimizing is
a very difficult task even in this “simple” example. Therefore we will restrict our further
analysis to curves that connect 0 € G and some point (0,z) € G, z # 0.

Theorem 1.8.10. Let p = (5,0),q = (s,—s) € R2\ {0}. Then every length-minimizer
connecting 0 € G and (0,p) € G or (0,q) € G is normal and not abnormal. In particular

doc (0,(0,p)* = 2V2r |s| < 4 |s| = inf {L ()% : v abnormal and connects 0, (O,p)} ,
(1.44)
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and

doc (0,(0,9))* = 4v/2r |s| < 8 |s| = inf {L ()% : v abnormal and connects 0, (O,q)} )
(1.45)

Proof. By the previous Proposition 1.8.9 we have seen that every abnormal extremal con-
necting 0 € G and (0,p) € G (or (0,q) € G) is actually strictly abnormal and contained
in Hy or Hs. Both subgroups Hi, Hy are isomorphic to the Heisenberg group H; and the
length-minimizing problem on Heisenberg groups is well understood (see Section 2.3.1).
Thus from Theorem 2.3.6 on page 77 we know that a length minimizing curve g in Hj
(which is a normal extremal in H;) connecting 0 € H; and (0, s) € H; has length

L(vu)? = 4r|s|. (1.46)
Via the Lie group isomorphism
Hy > (z1,22,0,0,21,0) — (21,22, 21) € Hy,
which obviously preserves the length of horizontal curves we can conclude that
47 |s| = inf {L (7)? : v abnormal inG and connects 0, (O,p)} .

Now observe that

_ 1 ( ), e 1
é1:=—=(e1+e4), 63 := —
! \/5 ! 4 2 \/5

is a basis of the Lie algebra hy with the property that {é;,és} is orthonormal and
[61,8] = f1. Then the Lie group isomorphisms

(e2—e3), fi:= % (fo— f1)

o Hy — Hy, (21,22, —22, 24, 21, —21) — (\/5961, V213, —221)

has the property that v is horizontal in G and contained in Hs iff ¢ o is horizontal in Hj,
where L () = L (¢ o). We conclude that

87 |s| = inf {L (v)? : v abnormal and connects 0, (0, q)} .

Now we have to find the shortest normal extremals in . This is a long proof and
consists of several steps. After reparametrization we will assume here that our curves are

parametrized with constant speed.
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o Let v = (z,2) : [0,1] — G be a normal extremal parametrized with constant speed

starting in 0 € G with z (1) = 0. By the definition of normal extremals there exists a
(&,7n) such that T' = (z,2,&,7n) : [0,1] — G is a bicharacteristic of the Hamiltonian

2

1 1 1 1
H2($,Z,§,U):§‘§—§J% :§’C’27 C1=§—§Jn$ (1.47)

and H does not vanish along I'. This means that I' satisfies the Hamiltonian differ-
ential equations:

B =00, 5=y (Pac), E0) =200, i) =0 (149

Thus 7 is constant 7 (¢) = n and furthermore

) . 1
() =&(t) = 5" (t) = —J'C (), where ((0) =£(0) =: &. (1.49)
Solving equation (1.49) gives
¢(t)=e""% (1.50)
and taking into account that x (0) = 0 we get

I — —tJ"

_ ¢ Ly
r(t)= —5—6 0 =5 (""" +I). (1.51)
We define the term L _j;A by its power series >322 —((J._Jrll); AJ which is convergent for

every A € M (n).

Now let us denote the eigenvalues of J”7 by +iAq, £ila, Ay > 0, Ao > 0. Furthermore,
ES (A, p) will always denote the eigenspace of a matrix A corresponding to the eigen-
value p. Then we can write {y = & + &2, where &; € ES ((J")z,—/\i), j=1,2 are
uniquely determined. Thus the condition x (1) = 0 is equivalent to \; € 27Z* or
& =0 for j = 1,2. Now observe that

1

sz/mwﬁ=mh (1.52)

0

this means that at least for one j = 1,2 we have \; € 27Z* since otherwise it would
follow that L (y) = 0.
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Before we integrate the equation 2; = —% (J ix,C ) we want to compute the eigenvalues
and eigenvectors of (J7)2. For this let n = (a,b) € R2, then

—2a2 0 0 a? + ab
(JT)? = 0 —2a? — (a® + ab) 0
0 — (a2 +ab)  — (a® +b?) 0
a? + ab 0 0 — (a® +b%)

Since calculating the eigensystem in case a = 0, i.e.

00 0 0
00 0 0
JN? =
(77) 00 = 0
00 0 —b2

is easy we will assume here that a # 0. Let

1
a4 = % (afb:I: \/R) with R := 5a® — 2ab + b* and
a

1
A\ = ﬁ\/3a2+b2+(a+b) VR,

1
Ay = —1/3a2 + b2 — (a+ b) VR.
2= 75 (a+b)
Then A, Ay € R are well-defined, since

(a+b)* R = (a+b)* (4a® + (a—b)*)
= 4a* + 8a%b + 4a*V* + a* — 2a%b* + b?
= 9a* 4 6a%b? + b* — 4a% (a — b)?
2
< (3(12 1 b2) .
Furthermore, let

V] = (—()H_’O’O,l), Vo = (O,(X+,1,0),
vy :=(—a_,0,0,1), wv4:=(0,a_,1,0).

37

Chapter 1




1 Some notes on sub-Riemannian geometry

We claim that vy, ve are eigenvectors of (J")2 corresponding to the eigenvalue —\?
and v3, vy are eigenvectors of (J 77)2 corresponding to the eigenvalue —\3. Indeed we

have
(J")2 vy = (2a2a+ +a%+ab,0,0,— (a2 + ab) ay —a’— b2)
= (2a2 + a\/ﬁ,o,o,—% ((a+ b) (a — b) + 2a® + 20> + (a + b) \/§)>
- (2a2 +aV/R,0,0, —A%) ,
(J”)2 vy = (2@204_ +a% + ab,0,0, — (a2 + ab) a_ —a’— b2)
= (2&2 —aV'R,0,0, —/\g) ,
(J")2 vy = (0, —2a%ay —a® — ab, — (a2 + ab) ay —a’— b2,0)
— (0, —24® — aVR, —A%,o) ,
(J")2 vy = (0, —2a%a_ —a® — ab, — (a2 + ab) a_ —a®— b2,0)
- (0, —24d® + aV/R, —)\2,0) :
But since

A%a+:4—1a(a—b+\/ﬁ) (302 +6* + (a+b) VR)

(30° + b%a — 3a%b — b + (a = b + 3> + b?) VR + (a + b) R)

1
 da
1 3 2

- (8a +4da x/ﬁ)
=24+ aV'R and
Ma_ =2d® — aVR,

we have

(JN? 01 = =X2v1, (J)? vy = —\20y, (1.53a)
(JN)?v3 = —=Advs, (J")? vy = — Ay, (1.53b)

and this shows that our claim was true.
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o Now we distinguish the two cases of endpoints to be either (0,p) or (0, q).

« First let z(1) = p and assume that L (7)* < 2¢/27|s|. We will show that then
L(v)* = 2v/2r |s| and actually that there exists a normal extremal with this length
and endpoints.

First observe that
(0,2 () = —5 (712 (£),C (1)) =
((€0:&0) — (€0, C (1))

N =

which gives

Chapter 1

,2(1)) = 5 160l — 5 {602 (1) = £ [&of” = 5L ()" (150

Since we assumed that L ()? < 2v/2n|s| and z (1) = (s,0) we conclude that
1
as = (n,z (1)) = 5L(7)* < V2 s|. (1.55)

Thus we have that a has the same sign as s and 0 # |a| < v/27. First we will show
that A\, A\ € 27Z*. For this assume that X' € {A\, A2} is not contained in 27Z*.
Then for A € {A1, A2}, N # X we have A € 27Z* and & is an eigenvector of (J)?
corresponding to the eigenvalue —A\?. Then

(1=e") g = % (JC () — 7€)

I—et" 1

z(t) = Tf@ ="

and thus

() = 5 (P ), (1)) = 535 (FT%0,8 (1)) — 535 (FICH,C0). (156)

Now, for any skew-symmetric matrix S € so (n), we claim that
(ST7C(£),C (1)) = (ST6o, Eo) for every ¢ (1.57)

To see this, observe that

sin (tA)

C(t) =e "¢ = cos (tA) & — J"€,
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since &y is an eigenvector of (J ’7)2 corresponding to the eigenvalue —\?. Then

sin? (t\)

(STIC(1),C (1)) = cos? (1) (ST60, €0) + 32 (S (T2 60, T60)
sin (tA)

3 (ST, J"&0) + (S &0, &0))

= cos? (t\) (ST, &) + sin? (EN) (S J"€, &o)
(8 J"€0, o)

— cos (t\)

and this gives the claim (1.57).

Using equation (1.57) we can integrate equation (1.56) to conclude that
5 (1) = — 55 (760, 6). (1.58)

Since &y is an eigenvector of (J77)2 we have { = pivy + pove or g = 1vs + fovy
for some 0 # (u1,p2) € R2. Since both cases lead to the same calculations we may
assume for simplicity that {y = piv1 + pove. Then J7€y = oA (u1ve — povy) for some
o€ {l,—1} and

2(1) =55 <J"507J2§o> ) (—u% —u%) £ 0.

Since 29 (1) should be zero this is a contradiction and therefore we have that
A1, Ao € 277",

Now we will show that a = —b. Observe that
R =5a% — 2ab+ 0% = 4a® + (a — b)* > (a — b)?
and
2 min {/\%,/\%} =3a®+b>—|a+b VR
<30+ 07— |a? — 17|
< 4a® < 872, (1.59)

Thus min {A},A\3} = 472 One may observe that the inequality (1.59) is strict if
a # —b. Thus the assumption a # —b would lead to an contradiction and we conclude
that a = —b. Then

M =20% = \] = 472 (1.60)

and thus |a| = 27, L (7)* = 227 |s].
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o To prove that there exists a normal extremal with length L(fy)2 = 2/27|s]
let n = (a,—a), a = \/577‘—:; and & € R?* such that |&|> = 2v/2n|s| and
& = (&1,8&2,8,—&1). Let v = (x,2) : [0,1] — G be the normal extremal as
above, i.e. the solution of the Hamiltonian equations with data v (0) = 0, n, .
Then J” has the eigenvalues £i27 and thus z (1) = 0. Since (J")? = — (27) I,
&o is an eigenvector of (J7)? and by (1.58) we have

1 » .
5 (1) = —535 (P T%60.60) = =55 (7 (11 = 1) &0.60). -
o
But (Jl - J2) 60 - (2627 _2§1a 07O)a Jl (Jl - J2) 60 - (_2617 _2627 _2627 261) '.a
and therefore z3 (1) = 0 and f_.c
©)
2 () = —55 (I (11 = 72 &0.6) = 15 60l

= S.

« Now let z(1) = ¢ and assume that L (v)* < 4/2r|s|. We will show that then
L (v)* = 4V27 |s| and actually that there exists a normal extremal with this length
and endpoints.

In this case we have by (1.54)
(a—b)s = (n,=(1)) = 3 |60l = 5L (2)* < 2/3m ],
so that a — b has the same sign as s and
0# |a—b| < 2V2m. (1.61)

Again we will first assume that there is A’ € {1, A2} such that X ¢ 27Z* and show
that this is a contradiction. Let A € {A;, Ao} with A € 27Z* (this A exists since
we already mentioned that A, Ao ¢ 27Z* leads to an contradiction). Since & is an
eigenvector of (J7)? with eigenvalue —\2 we have by (1.58)

1 .
2 (1) = g3 (P /"60.4)
and since z (1) = (s, —s) we conclude

0=z (1) + 2 (1) = —%<(J1 +J2) J"§0,§0>. (1.62)
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But this is a contradiction as we will show now. First consider the case a = 0; then
& = (0,0,&3,&4) and & is an eigenvector of (J”)2 with eigenvalue —A\2. Then

(7" + %) r0,€0) = b ( (" + 2) Pe0,60) = —b (€3 + €3)

and since b # 0 and &y # 0 this contradicts (1.62).

So we will assume that a # 0. Then &y = p1v1 + pove or & = p1vs + povy for some
0 # (ju1, p12) € R? since & is an eigenvector of (J7)? with eigenvalue —A2. Then

0={(J'+ %) e, 60) = oA (3 +43) (' + J?) va, 01 )
. 0= <(J1 + J2) J”§0,§0> — o) (u? + u%) <(J1 + J2) U4,v3>

respectively. But this is equivalent to (1 + a4 )? = 0 respectively (14 a_)? = 0. But
ay = —1 respectively a_ = —1 is only possible if R = (3a — b)2. It is easy to see that
R = (3a — b)* is equivalent to a = b. Indeed we have

(30 — b)?> — R = 4a® — 4ab = 4a (a — b),

and R = (3a — b)? is equivalent to a = b since a # 0. But we assumed by (1.61) that
a # b and thus the assumption \' ¢ 27Z* leads to a contradiction.

Thus we have A\, Ay € 27Z*. Now we will show that « = —b. For this observe
that

2min {23, 03} = 302 + 8 — \/(a +1)? (502 — 2ab + 1?)

:2a(a+b)—\/4@2(a+b)2+(a—b)2(a+b)2+(a—b)2

<(a—b)*<2.-4n2. (1.63)

Thus min {A?, A3} = (27)®. The inequality (1.63) is strict if a+b # 0 since a # b. But

then min (A%, \3) # (277)2 and this is a contradiction. So we conclude that a = —b
and then

A =2a% = M} = 4n”. (1.64)

Thus |a| = V27, |a — b] = 2]a| = 2v/27 and L (7)? = 4427 |s].

o To prove the existence of a normal extremal with length L (7)? = 4v/2r |s| let
n = (a,—a) with a = \/iﬂ'ﬁ and & € R* such that |&|° = 427 |s| and
& = (&1,&2,—&2,&1). Solving the Hamiltonian equations with data ~ (0) = 0,
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&o,n leads to a normal extremal v = (z,2z) : [0,1] — G with the following
properties. Since £i2m are the eigenvalues of J"7 we have z (1) = 0 and

1
2 (2m)?

5 (1) =~ (JT60,6) = —5 5 (F (' = ) &0.&0) . (165)

812

Now we have

(1= 7*) &0 = (0,0, 261, ~26)

and

T = J2) & = (—261,-26,0,0)
J2 (I = J%) & = (0,0,-26,261).

Thus we have by (1.65):

a a
a(l) =1 (f% +§§) =52 [6ol” = s and

2() =15 (8+8) ==

This completes the proof. [l

Singular sub-Riemannian manifolds and the Grusin operator
We consider the manifold R? x R,, and the vector fields
Xj :8%., Uj :Z'jau, J = 1,...,7”1,. (166)

Then D = span{X;,U; : j =1,...,n} is a singular distribution, which is bracket-generat-
ing, in particular [X;,U;] = 0y, j = 1,...,n. By requiring that X,..., X, together with
|z| 8, is an orthonormal basis of D (z,u) for every (z,u) € R"*! we define a metric 1l (200

on D (z,u). In particular we have for

v=030u+Y a0, €D(z,u), acR"BER (1.67)
j=1

that

2, B .
of + = ,ifx#0
V1) = {‘ [ 7 (1.68)

la? Jifz=0
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Note that this is not a sub-Riemannian structure in the sense of Section 1.1. Nevertheless
we can call an absolutely continuous curve v : [0, 7] — R"*! horizontal if ¥ (t) € D (v (t))
for almost all ¢ € [0, 7] and define its length by

T
L(y) = / 15 1] o . (1.69)
0

Furthermore, we can define the Carnot-Carathéodory distance for p,q € R**! as in the
sub-Riemannian case by

dcc (p, q) == inf {L (y) : v :[0,T] — R""! is horizontal and ~ (0) = p, v (T) = q} .
(1.70)
By the Chow-Rashevskii theorem it follows that dcc (p,q) < oo for p,q € R**! since D is
bracket-generating.
We now want to translate the minimizing problem into the language of Control Theory.
Let
A={(a,b) e R : |af + b < 1} (1.71)

be the control space and
F={aX+0bU: (a,b) € A} (1.72)

the control system. Observe that a X + bU = 377 a;0;; + (b, x) Oy, thus

b, )2
JaX + U2, = [af? + <|$—|> < laf? + bf2. (1.73)

So the the admissible trajectories of the control system F' are precisely the horizontal curves
v [0,T] — R™ 1 with ||5 (2)]] 4t < 1. The Hamiltonian of this control system is given by

H (z,u, & m,a,b) = ((&n),aX (z,u) +bU (z,u))
= (a,&) +n(bx), (z,u),(En) R (a,b) € A (1.74)

Pontryagin’s Maximum Principle gives us necessary conditions for a curve being length
minimizing and we call v an extremal if the necessary conditions are satisfied. In particular
let 7 : [0,7] — R™*! be an admissible trajectory with control (o, 3) : [0,T] — A. Then 7 is
an extremal if there exists a nontrivial maximizing adjoint vector ¢ along (v, (o, 3)), i.e.
if there exists hg > 0 such that

C(t) =~ (v (@), ¢ (@), ((t),5(t)), and (1.75)
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ho = H (y(t),C(t),(a(t),8(t) = max H(y(t),((t),(a,b)) (1.76)

(a,b)eA

for almost all ¢ € [0,T]. Moreover v is called a normal extremal if we can choose hg # 0
and 7 is called an abnormal extremal if we can choose hg = 0.

Theorem 1.9.1. Let vy = (z,u) : [0,T] — R"! be a length minimizer parametrized by arc-
length. Then v is a normal extremal. Furthermore a mon constant curve vy parametrized
by arc-length is a normal extremal if and only if there exists n € R such that the following
differential equations are satisfied

i) =—nx(t), a(t)=nlz@)*, foraltel0,T)]. (1.77)

Proof. Let v = (z,u) : [0,7] — R"*! be a length minimizer parametrized by arc-length
corresponding to the control («, ) : [0,7] — A. Then Pontryagin’s Maximum Principle
tells us that there exists a nontrivial maximizing adjoint vector ¢ = (£,7) : [0,7] — R*+!

along (7, (a, B)), i.e.

: OH OH
§(t)——a—w——77(t)ﬁ(t), U(t)——%—(% (1.78)
and there exists hg > 0 such that
ho = H (w,u,&,m,0,8) = max H(z,u,&n,a,7) (1.79)

(a,,@)E.A

almost everywhere. Thus we have that 7 () = 7 is constant.

First assume that hg = 0, i.e. v is an abnormal extremal; then (£ (t),nz (¢)) = 0 since
otherwise the maximum of (a,b) — (a,& (t)) +n (b, z (t)) on the closed unit ball would not
be zero. This means that £ = 0 and since (&, ) is nontrivial we have  # 0 and thus x = 0.
Since v is an admissible trajectory we further have that @ (¢) = (5 (t),z (¢)) = 0 and thus
7 is constant.

Now assume that hg # 0; then we can assume that hg = 1. Since the maximum of the
functional

(a,b) = (a, & (8)) +n (b, (¢))
on the closed unit ball is 1 and is attained for (a(¢), [ (t)) we have that

€D +n* |z () =1

and we can conclude that

a(t)=&(t), B(t) =n(t). (1.80)
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Then the adjoint equation (1.78) tells us that & (t) = —nB(t) = —n’z (t). Since ~ is an
admissible trajectory for (a, 3) we have by (1.80) that
& (t) = a(t) = £(t), and @ (t) = (B,z (1) = 7|z ()] (1.81)

Thus v and € are smooth and & () = € (t) = —nxz (¢).
Conversely suppose that 7 is non constant and parametrized by arc-length and that there

exists 17 € R such that
i(t)=—n?x(t), and u(t) =nlz @),
2 = (B(t),z(t)). Since 7 is

Let a(t) = x(t), B(t) := nx(t); then w(t) = nlx(t)]” =

parametrized by arc-length it follows that

. 2
a0+ 2 @R+ a0

1=

and thus (a, ) is an admissible control for v. If we further let £ (¢) := « (¢), and n(t) = n

to be constant, then

_%—Ij (v (t),€(t),m,a(t),B() =-n8() =—n*z(t) =

and ——u = 0 = 7n. Furthermore

)omab) < IO + 2 |z @) = ] () + 15 (¢

H(y(t),¢

for all (a,b) € A. This means that

L=H(y(t),§(),nat),B(t) = (;I;)?gAH( v (t),€(t),n,a,b)

and thus (£,7) is a nontrivial maximizing adjoint vector.
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2 Nilpotent Lie groups of step 2

2.1 Preliminary definitions and notation

A real Lie algebra n is called a 2-step nilpotent Lie algebra if the ideal 3 := [n,n] is not
trivial and contained in the center, i.e. [n,3] = {0}. Let n denote a nilpotent Lie algebra
of step 2. We equip n with a positive definite inner product (-,-) such that n = v @ 3.
Furthermore, we choose an orthonormal basis Xi,..., X, of v and an orthonormal basis
Zl,...,Zm Of3

The complete structure of n is captured by the maps j : 3 — so0 (v) defined by the equation

<](Z)X7Y>:_<[X7Y]7Z>7X7Y€U7Z€5 (21)
Remark 2.1.1. Equivalently one may define j (Z) : v — v by

J(2)X = ad" (X) (2) = — (ad (X)) Z
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where (ad (X))" denotes the transpose of the adjoint representation ad (X) : n — 3,
ad (X) (Y) = [X,Y], Y € n determined by (-, ).

Since we already fixed a basis of v,3 we may define the skew-symmetric matrices
Jie€so(n),j=1,...,mby

(Jj)kl = (Xp, X1),Z), j=1,...,m, 1 <k, 1 <n. (2.2)
Then
m .
J? =Y zJ) €s0(n) (2.3)
j=1
is the matrix representation of j (zZ) in the basis Xy,..., X,.

A connected, simply connected Lie group is called a 2-step nilpotent Lie group if the
corresponding Lie algebra is a 2-step nilpotent Lie algebra. Using exponential coordinates,
a 2-step nilpotent Lie group NV can always be viewed as N = R” x R™ with exponential
map

exp (¢ X + 2Z) = (z,2) € N =R" x R™. (2.4)
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By the Campbell-Baker-Hausdorff formula the group product is then given by

(x,2) - (y,u) = exp ((m+y)X+(z+u)Z+ [z X, yX])
= exp ((:E—l—y)X +(z+uw)Z %i z“: f’«"kleZ,le)
j=1kl=1

- <x+y,z+u——(<ﬂx y>)m ) (2.5)

J=1

The left invariant vector fields on N which we again denote by X;,i = 1,...,n,
Zj,j =1,...,m are given by
Zj=0,,j=1,....,m (2.6)

and for f € C*(N)

d
Xf (0.9) = 4| 1(@2) (e:,0)
= Oy, —%i<ij,ei>82jf(x,z),z'zl,...,n.

Here ej € R™, j € {1,...,n} denotes the j-th standard unit vector in R", i.e

1 k=
€;), = 0 = . gk=1,...,n
(€3 =0 {0 vk #J

Then

l\DI»—\

Z( 2) Oeyi=1,.0m. (2.7)
Remark 2.1.2. Recall the definition of the Carnot-Carathéodory distance:
dec (p,q) = inf {l () : v is horizontal and v (0) = p, v(T) = ¢}, p,q € N.

Since the vector fields X7,...,X,, are left invariant the Carnot-Carathéodory distance is

also left invariant, i.e.

dec (9-p,g-q) =dec (p.q), p,q,9 € N.

We will therefore restrict our further analysis to the case p = 0 and write

|q|CC = dcc (O,Q) , 4 € N. (28)
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Remark 2.1.3. If we consider the non-isotropic dilations
Oy (z,2) = (rx,rzz) ,(x,2) € N, r >0, (2.9)

then the Carnot-Carathéodory metric is homogeneous of degree 1 with respect to these
dilations, i.e.
16: (Dlcc =7lglcc 9 € Nyr>0.
Now we want to give some important examples which will be revisited in following sec-

tions.

Example 2.1.4. The Heisenberg algebra 6, with orthonormal basis

X1,Y1,...,X,,Y,, Z is characterized by the commutator relations
[XZ,YVJ] :61'73'2, ’i,j = 1,...,1/ (210)
(X, X, =[Y3,Y;]| =[X;,Z] =[Y;,Z] =0, i, =1,...,v. (2.11)

Thus we have b, = v @ 3 with 1-dimensional center 3 = RZ = [h,,h,] and
vp=span{X; Y;:i=1,...,v} =3
The structure of b, is determined by the matrix

0 1
-1 0

0 1
-1 0

Note that J> = J-J = —1I.
The corresponding Lie group, the Heisenberg group, is H, = R?” x R with group product

(x,2) - (z,u) = (w—i—y,z—l—u—%(hﬁ,y}), (z,2), (y,u) € R* x R.

The next example is a generalization of the Heisenberg algebra with larger center.

Example 2.1.5. A Heisenberg type algebra b,,, with m-dimensional center
3 = span{Z,...,Z,} and 2v-dimensional v = span{Xy,Y7,...,X,,Y,} = 3 is char-
acterized by the condition that

i (2 =—(Z,Z)Idy, Z € 3. (2.12)
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2 Nilpotent Lie groups of step 2

With this property we necessarily need that the dimension of v has to be n := 2v even.

The corresponding Lie group, a Heisenberg type group, is H, ,,, = R?” x R™, endowed
with the Campbell-Baker-Hausdorff product. Note that if m = 1, then a Heisenberg type
group H, 1 is isomorphic to the Heisenberg group H,.

Example 2.1.6. The free 2-step nilpotent Lie algebra f = v ® 3 in n generators
Xi,..., X, is given by v = span{X1,...,X,} and (3)-dimensional center 3 spanned by
{Zy;: 1 <k<l<n}, with commutation relations

[Xk,Xl] = Zk,la 1<k<l<n, (2.13)
and all other commutators being zero. Thus the structure of f is determined by the matrices
Jk’l:2ek/\el, 1<k<l<n,

where the exterior product x Ay € so (n) for z,y € R™ is given by

1
(T AY), = B (xryr —iyr) s 1 <kl <n

(see Section 2.1.1 on the next page).
The corresponding Lie group, the free 2-step nilpotent Lie group, is F' = R" x R() with
group product

(x7 Z) : (yau) = (‘T ty,z+tu— % (<Jk’lx’y>)1<k<l<n>

1
= (a: +y,z+u—+ B) (Try — wlyk)1§k<lgn>

= <:n+y,z—|—u+ ((3:/\11);“) > , (z,2), (y,u) € F. (2.14)

1<k<I<n

The left invariant vector fields are given by

Zklza

(=0, 1<k<l<n,

1 [ "
Xj =00+ 5 (kz Tk0ay, — Y mkazjyk) : (2.15)
=1

k=j+1

We want to introduce some basic notation and properties on skew-symmetric matrices.
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2.1.1 Some facts on so(n) and the adjoint representation

Before we begin to study the sub-Riemannian geometry of 2-step nilpotent Lie groups we
want to present some basic facts on so (n) and the adjoint representation ad on so(n) to
establish the notation which we are going to use.

s0(n), the vector space of all n x n skew-symmetric matrices, is a Lie algebra with
bracket [A,B] = AB — BA, A,B € so(n). The corresponding Lie group SO(n) is the
special orthogonal group. We equip M (n) with the scalar product (A, B) = tr (ABt) and
denote |A| = (A,A>% = (tr (AAt))%.
The tensor product x ® y € M(n) of two vectors z,y € R" is the matrix with entries

(x®y)k7l:xkyl, kl=1,...,n; (2.16)

the exterior product (or wedge product) z Ay € M(n) is then given by
w/\y:%(w@)y—y@)x). (2.17)
Obviously the exterior product defines a skew-symmetric matrix, i.e. z Ay € so(n) for

z,y € R™
Next we give some very basic properties of the tensor product.

Lemma 2.1.7. For z,y,z,u € R" and A € M(n) we have
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1. (zoy) =y®u,

2. Az ®y) = (Az) @y,

3 (roy)A=r (Aly),

4. (x@y)2z=(y,2)z,

R

(z®y,2@u) = (y,u) (z,2),

D

e @yl =zl lyl.
And some basic properties for the exterior product:

Lemma 2.1.8. For z,y,z,u € R", A€ M(n), and S € so(n) we have
1 (zAy) ' =yAz=—-xAy,
2. Az Ny) A' = (Az) A (Ay),

3. [S,x ANyl =Sz ANy+xASy,

o1
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4. (S,z Ny) =(Sy,z)
5 @ Ay, Au) = § ((2,2) (y,u) = (2,u) (. 2))
6. le Ayl® =5 (lef Iyl = (@.9)%),

7. Let vy, ...,v, € R™ be an orthonormal basis of R, then v/2 (vpy Avy), 1 <k<l<n
is an orthonormal basis of so(n).

Notation. In the sequel we use the convention that A, ® have a weaker binding than other
operations on vectors. Thus, for a matrix A € M (n) and vectors z,y € R", Az Ay will
always denote (Ax) A y.

Proof. Very simple calculations but also a source of errors.
L (zAy)' =3y@r—20y)=yAz=—aAyY.
2. Az Ay) A = 5 ((Ar) © (Ay) — (Ay) © (Ax)) = (Az) A (Ay).
3. [S,znyl=1(Sz2@y—Sy®z—2® (Sy) +y® (S'2) = (Sz) Ay +z A (Sy).
4. (S,zAy)=itr(Sy@a—Szr®y) =1 ((Sy,z) — (Sz,y)) = (Sy, ).

(z ANy, zAu)=={(zRy,z20u) —(y@z,2Qu) — (xQRy,u®z2) + (yRz,uR 2z))

(2, 2) (y, u) = (2, u) {y, 2)) .

DO = ] =

6. [z Ayl =5 ((@,2) (,9) — (@.9) . 2) = 5 (| 1ol = (=.)°).

7. By 5. we have 2 (Uk N vp, v N\ ’Uj> = 5k,i61,j — 5k,j61,i = 5(k,l),(i,j) — 5(k,l),(j,i) = 6(19,1),(1’,]’)

(since k < I, i < j). Thus {\/i(vk A Ul)}1<k<l< are orthogonal and by 6. they are
S N

also normalized. Since dimso(n) = (), this is indeed an orthonormal basis.
O

As mentioned before so(n) denotes the Lie algebra of all n x n skew-symmetric matrices.
The corresponding Lie group SO(n), the special orthogonal group, is the group of all
orthogonal matrices with determinant 1. The exponential map is given by the usual power
series ‘

exp (4) = Z ik A € so(n). (2.18)

=07’
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We will now study the map ad : so(n) — gl(so(n)), the adjoint representation of so(n),
given by
ad(A)B :=[A,B] = AB — BA, A, B € so(n). (2.19)

By exponentiating this map one gets the adjoint representation Ad : SO(n) — GL(so(n))
of SO(n), i.e

Ad (exp (A)) :==exp (ad (4 ‘, A € so(n). (2.20)

i=0

Furthermore, Ad (Q) = Int (Q),, @ € SO(n) where Int (Q) : SO(n) — SO(n) is given
by Int (Q) P := QPQ~! and Int (Q), is the differential of the map Int (Q) at the identity
I € SO(n), we have

Ad (e?) X =X (eA)_l

—etXe ™ A X €50(n). (2.21)
Lemma 2.1.9. Let A € so(n), then ad (A) € gl(so0(n)) is skew-symmetric, i.e.
(ad (A4) B,C) = — (B,ad (A)C), B,C € so(n). (2.22)

Proof. Let B,C € so(n). Then

(ad (4) B,C) = tr ((AB — BA) C")
tr (BC'A~ BAC")
(B,A'C - CA")
(B,ad (4') C) = — (B,ad (4) C).

O

Next we want to give some characterization of the eigenvalues and eigenvectors of ad (A)
for a given matrix A € so(n). Let n = 2v if n is even or n = 2v 4+ 1 if n is odd.
As a skew-symmetric matrix A has eigenvalues A1, —tAq, ..., i\, —iA, for even n, and
Xo = 0,9\1, —iXi, ..., i\, —i), for odd n, where 0 < A\; < ... < \,. So A2, which is
symmetric, has only real eigenvalues —\?, ..., —A2 for even n and 0, —\?, ..., —\2 for odd
n.

Recall the following fundamental result on skew-symmetric matrices:
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2 Nilpotent Lie groups of step 2

Lemma 2.1.10. Let A € so(n) with eigenvalues as above. Then there is a orthonormal
basis v1,01,...,U,, 0, for even n (respectively vy, vy, 01, ..., 0y, 0, for odd n) of R™ such that

Moj= ity A=Ay, G =1 &8

and if n is odd Avg = 0.

Remark. The above lemma shows that A has the shape of a “block-diagonal” matrix in the
basis {vj;, 0;},, i.e.

0 -\
A1 O
QtAQ = I ’
0 -\
A0
if Q= (v101...v,7,) and n is even. For odd n we write Q = (vgv1 01 ... v, U,) to get
0 0 o --- 0 0
0 0 —X\
0 A 0
Qrg=| . "
O O _)\V
0 A O
Remark 2.1.11. Let A € so(n). Given a orthonormal basis {vy,...,v,} of eigenvectors of

A? such that A%v; = —/\?’Uj, j=1,...,n we define A=' € M (n) by

Al {—%A% Lif A # 0
;=
0

Jif A =0
for j = 1,...,n. Then A=! € so(n) and AA~'z = 2 = A~'Az for all 2 € imA. By
identifying so (n) with R™, m = () we can also define (ad AL

Proposition 2.1.12. Let n = 2v even, A € so(n) and {v1,01,...,v,,0,} as in Lemma
2.1.10. For1<i<j<vlet

+

wm =v; A\ vy + ’lN)j AN ?72', (224&)
'lbi:j = ?~}i A vy + v; N\ ?~}j, (224b)

and for 1 < j <wv let
Wy = \/E’Uj N U} (2.25)
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Then (ad A)* has eigenvalues 0, — (\; £ )\j)z, 1<i<j<vand
{wi, o5 1<i<j<vju{w;:1<j<v)

l?]’ Z7

is an orthonormal basis of eigenvectors of (ad A)Q. Furthermore,

ad Aw;; = (N & \)) @7, (2.26a)
ad Ay = — (N £\ wi, 1<i<j<v (2.26b)
adAw;; =0, 1 <j<w. (2.26¢)

Remark 2.1.13. This proposition is also known as the Cartan decomposition or root space

decomposition of so (n).

Proof. Since {v1,01,...,v,,0,} is an orthonormal basis for R™ we know that
{V2ui A vj, V25 A v, VB0 N8, VR AT 1< < G <vfU{VR0 A1 <G <)
is an orthonormal basis for so(n). Now it is easy to see that

{wlpolys1sic<i<vfulu,; 1<)

is as well an orthonormal basis for so(n). To complete the proof we have to verify (2.26).
Let 1 <j < v, then
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ad ijJ = \/5 (Avj A 1~)j + v N AT)]')
= \/5 ()\jf}j A\ f)j — )\jvj A Uj)
=0.

Now let 1 <i < j < v, then

adAwfj :AUZ‘/\U]'—|—Ui/\AUj:|:(AZ~Jj/\@Z‘—|—1~)j/\AZ~JZ‘)
=X (Ui ANvj F 05 Avg) + Aj (v A0 Foj AD;)
= ()\zi)\J) (f)i/\vjjzvi/\ﬁj)
= (\i £ N) 075
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2 Nilpotent Lie groups of step 2

and
ad Ay, = A Avj + B A Avj £ (Avg A B + v; A AD;)
:/\i(—vi/\’Uj:|:’L~)Z'/\Z~1j)+/\j(’[~)i/\2~1j:FUZ'/\’Uj)
:—()\i:t)\j)('l]i/\'vjﬂ:f)j/\f)i)
= — (N £ A) wy

The case for odd n is very similar:

Proposition 2.1.14. Let n = 2v + 1 odd, A € so(n) and {vg,v1,01,...,0,,0,} as in
Lemma 2.1.10 on page 53. For 1 <i < j < v let

wi:j =v; ANy + ’[)j A U, (2.27&)
Wy =B Aoy kv A, (2.27D)
and for 1 < j <wv let
Wy = \/E’Uj A U} (2.28)
Further for 1 < j <wv let
wo,j = \/E’U(] A vj (2.29a)
o = V2 A ;. (2.29b)

Then (ad A)? has eigenvalues 0, — (\; + /\j)2, 0<i<j<vand

{wfj,w;ﬂj:1§i<j§u}u{wj,j:1§j§u}u{w07j,w0,j: 1<j<v}

is an orthonormal basis of eigenvalues of (ad A)2. Furthermore,

ad Aw;; = (A + \j) @75,

ad A, = — (N £ N w;, 1<i<j<v,
ad Awg j = Ao, 5,

ad Ay j = —Ajwp ;,

adAw;; =0, 1<j5 <.

Proof. The proof is analog to 2.1.12, if one takes into account that the additional wy j, o ;
completes the orthonormal basis in this case. O
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

Let § denote the free nilpotent Lie algebra of step 2 with Lie group F' as presented in
Example 2.1.6.

In this section we want to study the sub-Riemannian geometry associated to the hor-
izontal distribution D = span{Xy,...,X,} C TF. In particular we want to give some
more “explicit” formulas for the Carnot-Carathéodory distance do¢ introduced in Section
1. Thus we need to find length minimizing curves connecting two given point p,q € F,
p # ¢q. In Section 1.8 Theorem 1.8.3 we already discussed the minimizing problem on free
2-step nilpotent Lie groups and we proved that the abnormal minimizers are actually nor-
mal. This means that the Hamiltonian differential equations gives us necessary conditions

for a curve to be minimizing.

Proposition 2.2.1. Let v = (z,z) : [0,T] — F be an absolute continuous curve in F.
Then ~y is horizontal if and only if

JH = () A (¢) (2.30)
for almost all t € [0, T]. If v is horizontal, its length is I~
b
T (]
. -
L(y) = / |(t)| dt. (2.31) %
0 :
O

Proof. For almost all ¢ we have

n
=St Y i,
j=1

1<k<i<n

1> Jj—1 n
PX — 52@- (kz k02, — xkazj,k) + Y ks,
= =1

j=1 k=j+1 1<k<i<n

1
=X + Z (Z"kJ — 5 (Q'lek — xkxl)) 82“ (2.32)

D=

So ~ is horizontal, iff Z (xpa; — 212k), 1 < k <1 < n for almost all t. This means
that

J* =z Ai.
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2 Nilpotent Lie groups of step 2

If ~ is horizontal, then its length is given by

T T
Liy) = / 15 ()l it = / @ (1)) dr.
0 0

O
If we identify p € T)'F', ¢ € F with (&,m) € R™ x R(g), the Hamiltonian reads
1< (I
Hy (z,2,&,m) = 52 & — B (J"z);
j=1
1 1, |?
— Zle_Zgm
5 19 2J x (2.33)
1
= S I¢P, (234)

with ( := & — %J"m.
This Hamiltonian function Hy generates a system of Hamiltonian differential equations
in particular we have

) POl
0¢ T on’

COH, . OH, (2.35)

&= oz 0z

For every solution I' = (x, 2,&,7n) : [0,T] — T*F to the Hamiltonian equations, i.e. bichar-
acteristic, such that Hy does not vanish along I', the projection v = (z,2) : [0,T] — F is a
normal extremal. Furthermore, by Theorem 1.6.4 every length minimizer parametrized by
arc-length is a normal extremal.

Obviously the last equation is 77 (t) = 0 and thus 7 is constant. Let A = J"%) € so (n).
In the sequel we will often use the following notation: for z € R"™ we will write

T =1x + a7 where xx € kern A and z; € im A

are uniquely determined.

Theorem 2.2.2. The solution to the Hamiltonian equations with initial condition

(z,2) (0) = (0,0),£(0) = a, J' = A € s0(n)
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

s given by
1— —tA
z(t) = Tea, (2.36)
_ L
JOR (™ +1)a, (2.37)
J1E = A, (2.38)
and
1— eftadA
z(t) _ A—1 - —1
J =A f[(t)/\xj(t) 7&(1/\ (A Oq/\oq)
+ 2N () Ao — 20T () A a (2.39)

Proof. (As mentioned before, we use the convention that the binding of A is weaker than
other operations on vectors, i.e. Ar Ay = (Ax) ANy, A€ M (n),z,y € R".) We start with

the easiest equation, i.e.

0H,
"(t) = — = 77(0) = A

This just means that 7 is constant, i.e. J7® = A. Next we write the other equations more

explicitly: -
r — —2 — - = - = =

1 n o _ 1
O 5 (<A6i><>)i:1 - 2A<7 and

g = — — (] s = — — > — 1 < k < l < .C.
2kl O 5 < 96,C> 2 (71Ce — (1), 1 < <n, ie
J =z AC.

Solving these equations, we will first notice that

(=é—ghi=—AC, ((0)=£(0) ~ 3Ax(0) = a.

This gives
C(t) = e, (2.40)
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2 Nilpotent Lie groups of step 2

and the remaining equations become

B L tA
x(t) = /C(s)ds = [Ta, (2.41)
0
£(t) = —% / AC(s)ds + £(0) = % (1+c™)a, (2.42)
0

I_eftA

where ~=5— is defined by its power series. This proves (2.36) and (2.37). To integrate the

last equation we write & = ag + ay as described above. Then zx = tak, £k = ax and

J=xr AN+ o ANCr +2r A+ o ACK
=Atar G — e tadA (A_loq A oq) + x5 ANag +tag A (. (2.43)

Integrating the third summand of (2.43) gives

t

t
/:E[(S) ANagds = / (I - e_SA) Aoy A agds
0 0

:tA_la]/\OéK —A_la,’](t) Nag, (2.44)

and by integrating the last summand of (2.43) by parts

¢ t
/saK/\CI(s)ds:taK/\a:I(t)—/aK/\a:I(s)ds
0 0

:tOzK/\:E[(t)—I—tA_loq/\OzK—A_lﬂjj(t)/\OzK. (2.45)

Combining (2.44) and (2.45) with (2.43) gives

1— e—tadA
z2(t) _ A—1 o -1
JP =N ar Axp(t) 2d A (A Oq/\oz[)
+t (2A_loq — 33[(75)) Nog — 2A_1:E[(t) N Qg
1— e—tadA
Al B 1
=A Oq/\a,’](t) ad A (A Oq/\a])

+ 2tA_1§[(t) Nag — 2A_133](t) Nag,

. J—e—t ad A, . .
where again ~—1— is defined by its power series. O

There is another useful equation which can be derived from the Hamiltonian equations:
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

Lemma 2.2.3. Let (z,2,£,m) : [0,T] — F be the solution to the Hamiltonian equations
with initial condition (x,2)(0) = 0, £(0) = a and J"®) = A. Then

[mJqu2anAxm. (2.46)
Proof. From the Hamiltonian equations we have J° = x A ¢. Thus

[A,Jﬂ =AzAC+z AN
=aAN(—Al ANz
=2NC—ACNZ
=2 NE+26 Az

Integrating this equation gives the desired result

A, J?*] =26 AN .

O
Proposition 2.2.4. All normal extremals parametrized with constant speed on the free N
2-step nilpotent Lie group F starting in 0 € F are given by v = (x,2) : [0,1] — F, where o
P
Q
potze 2.47 £
x(t) = @ (2.47) O

1— e—t ad A
2t = A1g (¢ - —— (A
J f[()/\l’[() ad A ( Oq/\oz[)
+ 2tA_1£[(t) Nag — 2A_1l’[(t) N (2.48)

with parameters a € R™\ {0}, A € so(n). Their lengths are given by
L(y*) = |al. (2.49)

Proof. Since the normal extremals are the projections of the bicharacteristics given by
Theorem 2.2.2 the first statement of the proposition is immediately clear.
Since || = |¢| = || the length of vy is L (’ya’A) = |a. O

Now we come to the most difficult part. In view of the Carnot-Carathéodory distance
we need to find those normal extremals connecting 0 € F' and any given point (x,z) € F
and then compare their lengths to find the shortest. Thus we have to find those parameters
a € R", A € so(n) such that

7% (0) = 0 and y™* (1) = (v, 2).

61



2 Nilpotent Lie groups of step 2

This turns out to be a very difficult problem, and we are not able to give a complete answer
to this problem. Only for some nilpotent Lie groups, i.e. the Heisenberg type groups (and
in particular the Heisenberg group - see [3]), we can solve these boundary conditions. These
results are presented later when we discuss general nilpotent Lie groups in section 2.3.

From now on (z, z) € F will always denote a fixed point in F' and not, as before, denote a
curve. Since we are now only interested in the endpoint this is not a mismatch in notation.

The next lemma is an explicit formulation of the boundary condition ~(0) = 0,
v(1) = (z,2) € F.

Lemma 2.2.5. Let (z,2) € F. Then v**, a € R"\ {0}, A € so(n) is a normal extremal
parametrized with constant speed connecting 0 € F' and (z,z) € F if and only if

1— —A
x = Tea, (2.50)
2 -1 L—e —1 —1
JF=A 51/\331—W(A a]/\()é[)+2A ErNag — 20 xr N ak. (2.51)

For a further understanding of these equations we decompose R" into the eigenspaces of
A? and so (n) into the eigenspaces of (ad A)2. In doing so, we need some more notation.

Let A € so(n) with unique nonzero eigenvalues +i, ..., +i), with b € Ny, A; > 0,
j=1,...,b. We may sort the \;, j =1,...,b such that

AMN=0< A << Ag and Agpq < -+ < Ap,

where

)\1,...,)\a¢27{'z*, )\a+1,...,)\b€2ﬂ'Z*.

b
For any vector v € R" we can uniquely write v = 3 v, where v; € ES(A?, —)\3); and for
§=0
a vector v € ES(A2, —A?), 1 <5 < b we denote v = )\Ajv. As mentioned before ES (A, p)
denotes the eigenspace of a matrix A corresponding to the eigenvalue p. Observe that if n
is even ES (A%,0) = kern (A) might be {0} but if n is odd dimkern A > 1.

Furthermore, let

b
Vo= @ ES(A% -X}), Vi :=kernA, Vg = (Vz ® Vk)". (2.52)
Jj=a+1
Then R" = Vi & V; @ Vi and every vector v € R" can be uniquely written as

v =vg + vy +vg With vg € Vi, vy € Vi, vg € Vg.

Lemma 2.2.6. Let A € so(n) and v € R™. Then
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

0; Avj € kern (ad A) forall j =1,...,0,
vj AUk, Uj A\ O, U5 A, v; AT € im (ad A) for all 1 < j <k <D,
vo A Vg, vog Avg € im (ad A) for all 1 < k <.

Proof. For j =1,...,b we have that

adA(ﬁj /\’Uj) = A’Dj /\Uj +7-)j /\Avj
= —)\jvj ANvj+ )\jf}j A f}j
=0.

Hence 0; A v; € kernad A.
For 0 < j < k < b we can write

- 1 . - T, . -
Uj/\Uk:§(Uj/\vk+vjAvk)+§(7)j/\vk—vjAvk),

~ 1 B 1 -
vj/\vk:§(vj/\vk—|—vj/\vk)—i(vj/\vk—vj/\vk).

In view of Proposition 2.1.12 and 2.1.14 we can conclude that
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(85 A vk + v A Tg) € BS ((ad A)*, = (A + 1)°) and
(5 A vk — v; AT) € BS ((ad M), = () = A)?) .

Since A\; # A, and Aj, A\, # 0 we conclude that
0j N vk, vj AT € im (ad A) .
Similarly we write
1 L 1 -
vj N vg = i(vj/\vquvj/\Uk)Jri(vj/\Uk—Uj/\Uk),
. 1 L 1 L
v; N\ v = i(vj/\vquUj/\Uk)— i(vj/\vk—vj/\vk)

to see that
vj ANk, Uj AUy € im (ad A) .

Since
(ad A)2 (UO A ’Uk) = *)\%’UQ N Vg, (ad A)2 (UO A ’[}k) = *)\%’UQ N Vg

63



2 Nilpotent Lie groups of step 2

we have that vy A vk, vo A O € im (ad A). O

Lemma 2.2.7. Let I' = (y,9) : [0,1] — T*F be a normal biestremal with
ro) = (0,0,a,m), « € R*\ {0}, A = J" € so(n). Moreover, let (x,z) = v(1) and
(€n) = 0 (1). Then
IA
aKg = Tk, ap = me

€k = Tk, Er = %Acoth %A:ER, &r = g, (2.53b)

Mg, =0, (2.53a)

=

and J* = Zk + Zr, where Zi € kern (ad A), Zr € im (ad A) and

b

1L s A\ L 1 _
T = 7 Z ( 23)\j — 2cot é) TjNxj+ Z )\—jozj e (2.54)
Jj=a+1

o A2 b2
Z[:Z COtEJ—r l’o/\i’j-i— Z r:ﬂo/\dj

j=1 J j=a+1"Y
\;cot X —)\kcotA—’“
+ Z J 22 5 2 ()\ka:j NZTp — )\ji’j VAN ij)
1<j<k<a /\j — Ak
+ > wow 3 3o (AT Aok = Agj A di) - (2.55)
1<j<a<k<b "3 Tk

Remark 2.2.8. Note that the decomposition x = xx 4+ g + z, is depending on A. Thus
the vectors xx, xR,z are actually depending A, which is suppressed in this notation.

Proof. As a normal biextremal I' is given as a solution to the Hamiltonian differential equa-
tion. Thus we can apply Theorem 2.2.2 on page 58 to calculate the endpoint I' (1). The first
equations (2.53) follow easily by diagonalizing equation (2.36) and (2.37) in Theorem 2.2.2
on page 58. In particular

J— A A _ —3A
r = Ae a:aK+%e_%AaR+0, (2.56)
_ _ A A _
thus zx = ak, agp = o IR€? 2R, Tn = 0. Furthermore,
2
1 1
1 _ ezh 4 e73h
§:§(I+€ A)QZQK+Ame+aﬂ, (257)
2

thus €x = ag, & = ap and g = %Acoth %AxR.
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

Turning our attention to the last equation we have by Lemma 2.2.3 that

J?=2(ad A" (€A x) + Pg (J?), (2.58)

where Py : so(n) — kern (ad A) denotes the orthogonal projection to the kernel of ad A and
(ad A)~! is defined as in Remark 2.1.11. Using equation (2.51) we have

Py (JZ) = Pr (A_1§[ /\x[) — Py (A_la[ A Oé]) + 2Pgk (A_lfj Nag — A_lx[ A OéK) .

The calculation of Pk (J7) takes several steps:

e Since ag = xk and §; = \jcot A\jz;, j =1,...,b, we have

b
_ 1 -
A hNag == X{ijo
j=1 J

a b
1
:*ZCOt)\ji‘j/\l‘Q* Z )\—dj/\()éo,
j=1 j=at+1 Y
. 1
A .CL'[/\OZK:*Z)\—ZL'J'/\xO.
j=1"9

By applying Lemma 2.2.6 we can conclude that A~'¢; A ag, A" 2 A ag € im (ad A)

and thus
Py (Aflgj Nag — Aflx] A aK) =0. (2.59)
e Now write A~ as A g as
b1
Afla[ Nay = — Z )\—54] N oy
Gk=1"
b1 1
= — )\—dj/\onJr Z (A—ajAdkfdeak>.
j=1"17 1<j<k<b J
Hence by Lemma 2.2.6
b1
Pic (A" o Aar) ==Y 4N (2.60)
j=1"
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2 Nilpotent Lie groups of step 2

o Furthermore, since z; = 0 we have A~ Axp = A~ Y¢r Aagp + A1 Azg. To
calculate Pk (A71¢,: A xR) we write

A Nag = Z Z f] N Tk-

Jj=a+1k= 1
Since by (2.56)
2sinh 1A 2 sin )"‘ A A
T = Tze_%l\ak = <cos Tkak — sin 7]60716> k=1,...,a
and §; = «j, j = a+ 1,...,b we can conclude with Lemma 2.2.6 that

Pg (A% Axg) = 0. Now write A™1ég Az as

a

A_lfR NTR = — Z )\—fj A%
g 1 - 1 -
__erj/\xj_ Z <T§j/\$k+)\—§k/\l’j>.
=17 1<j<k<a \"J ¥
Since éj = /\2—’ cot %a?j, j=1,...,a we can apply Lemma 2.2.6 to see that
a 1 ~
Px (A_lfj/\aj]) = —foj/\xj, (2.61)
=179

e Summarizing (2.59), (2.60), and (2.61) yields

b a
1 . -
PK(JZ) :Zraj/\()é] —Zé’j/\x]
j=1"1 j=1
1< A s b
= - ( - ;)\,_e%adA(:ij/\:Ej)—200‘5—]5:]-/\3:]-)+ Z —a&; A a

4j=1 sin® 5 2 Pt A\

1 & )\- A\ b 1

j=1 \sin 7 £
To calculate (ad A)_1 (€ A x), we can write
b b
EnT= ) Ehap= ) &Ny, (2.63)

7,k=0 J,k=1
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

because
SoNxzg =20 Nx9=0.

Furthermore, we have
Aj
§ N = )\cot2xj/\xj—0 i=1,...,a,
and by (2.56), (2.57)
gj Nxj = ’l9§aj A (19300@- + ’l}zdj) = 1951956()@ A @ € kern (adA), j=a+1,...,0,

with some ¢, J,,9;z € R. Hence, §; A z; € kern (ad A) and (ad A7 (& Axj) = 0. Thus by
(2.63)

(ad A)"' (€A ) = (ad A)™ ( Z &; /\xk)

J.k=1,k#j

Now we decompose the sum (2.63) into eigenvectors of (ad A)Z, iefor jk=1,...,b,k#j

write 1

where

wi, =& Awp £ 3, A G (2.65)
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By Lemma 2.1.12 (2.1.14) we can conclude that wjik ce ES ((adA)Q,f()\j:I:)\k)Q),
Jok=1,...,b, k# j. Thus for j # 0, k # 0 we have

_ —1 —1 _
(ad A)7 (& A p) = 200 T A (w)i) + 500 — a2 A (w5
1 1 ~ 1 =
=3 (m (Eijk+£ink)+m(§j/\$kfj/\jk)>
J

)\
- )\2£J/\33k’+

Ak

)\
Further observe that for k=1,...,b

€0 A g, & A xo € ES ((adA)2 , —)\i) ,
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2 Nilpotent Lie groups of step 2

thus
_ 1
(adA)~' (g0 A ay) = V] ad A (& A )
k
= —i&] N Tg, (2.67)
Ak
and 1
(ad A)™! (& A o) = _A_,f’“ A Tg. (2.68)
Hence

b b
(adA)HEAD) =Y (adA) (€ Amy + G A+ D (adA) (g Aay)

J=1 Jk=1,j7#k
| b 1 _
:—Z)\—(&)/\x] +f]/\:E0)—|— Z )\2 )\2 ()\kfj/\:ik—/\jfj/\ﬂjk)
j=1" G k=1j#k J
b1
= - )\_(50/\33]‘1’5]/\530)
j=179
1 . . - _
+ N2 \2 ()\kfj ANZp — N NTj — Nj&i N xp + N A xj)
1<j<k<b "J k
AP VI | b
Jj=1 j=a+1
1 Aj cot 20— )\ cot Ak - B
+ B Z J )\2 )\2 2 ()\kﬂjj N T — /\jﬂjj N ﬂjk)
1<j<k<a
1 ~ _
+ Z /\2 ()\ja:j Ny — )\kxj A Oék) .
1<j<a<k<b J
This together with (2.62) and (2.58) completes the proof. O

An immediate consequence is the following formula for the length:
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

Lemma 2.2.9. Let v : [0,1] — F, a € R*\ {0}, A € so(n) be, as above, a normal
extremal parametrized with constant speed such that v (1) = (x,2) € F. Then its length
18

lA 2
a, AN\ 2 2
L(y) = Sinh%A(mme) + o
= Z 2)\ |xJ| + Z |O‘J|
j=a+1

Proof. Using Lemma 2.2.7 gives

2
L(y*) = Jaxl® + agl® + |ax]’
2
+ |O‘7r|2

1
sA
sinh

:|$K|2—|— TR

1
5\

2
+ ’O‘W‘Z

_|_zA
sinh lA

(xR +$K)

1 A2
:ZZ 2] |xJ| + Z |O‘J|

j=a+1

O

Lemma 2.2.7 gives us the structure of the skew-symmetric matrix J? in terms of a basis
of eigenvectors of (ad A)z. This gives immediately the following formulas on the diagonal
of J? relative to an orthogonal basis of eigenvectors of A%:

Lemma 2.2.10. Let (z,2) € F, and (a, A) € R x 50 (n) such that v (1) = (x,2). Then

s 1 Aj Aj
<szj,xj>:§ (siHQ% — 2cot 2>|$J| ,j=0,...,a (2.69)

2)\]' (Jzaj,dj> = ‘Oéj‘4, j=a+1,...,b
Remark 2.2.11. Let

x
= —cotx, z € R\ nZ*.
w(x) g Ot T \ 7

Then equation (2.69) is equivalent to

Y
(772, 5) = g (71) s (2.70)
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2 Nilpotent Lie groups of step 2

The function p also appears when studying the sub-Riemannian geometry on Heisen-
berg type groups - see Section 2.3.1 and Figure 2.1 on page 80. Hence we understand
equation (2.70) and therefore the diagonal of J* with respect to the orthogonal basis of
the eigenvectors of A? very well. In particular if |x;| # 0 we have finitely many solutions
)\é‘?, k =1,...,n; of equation (2.70). Moreover there is always exactly one solution in the
interval (—2m,27) and at most two solutions in an interval (2mm,2(m + 1)x), m € N if
(J?x;,25) > 0 respectively (=2 (m + 1), —2mm), m € N if (J?z;, &;) <O0.

But when looking for normal extremals 7** which connect 0 € F and a given point
(z,z) € F we also need to solve the “off-diagonal equations” given in Lemma 2.2.7. From
this it should follow which eigenvectors of A? one has to choose. But this seems to be highly
complicated. It is not even clear that given one solution «, A one gets other solutions by
altering only the eigenvalues with respect to equation (2.55). This may show that the
“diagonal” and “off-diagonal equations” are highly intertwined.

Nevertheless we give some results for some special cases.

Lemma 2.2.12. Let (2,0) € F, x # 0. Then v connects 0 € F with (x,0) € F iff
z € kern A and a = z. The length of Y% and therefore the Carnot-Carathéodory distance
in this case is

@ 0)loo =1 (%) =1al. (2.71)

Proof. If we choose any matrix A such that z € kern A and « := z, then by Lemma 2.2.7 we
have v** (1) = (x,0). Conversely suppose that v with o € R™ and A € so (n) connects
0 € F and (z,0) € F. Then, using Lemma 2.2.7, we have Zx =0, i.e. ; =0,i=1,...,a
and a;j =0, j =a+1,...,b. Thus

r=xg €kernA and o = ag + ap = axg = rKg = x.
The length of such curves is always
L(7*") =lal = |a].
O

Lemma 2.2.13. Let (0,z) € F. Let +if;, j = 1,...,c denote the nonzero eigenvalues of
J? counted with multiplicities, such that 61 > ... > 0. > 0. Then

10,2)[&c = 27 6. (2.72)
j=1
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2.2 Sub-Riemannian geometry on free 2-step nilpotent Lie groups

Proof. Let a € R",A € so(n) such that y** connects 0 € F with (0,z) € F. Then
ag =0, ag =0 and

z 1.
J* = Z )\—aj/\aj. (2.73)

j:a+1 ]
This means that A2 has ¢ different eigenvalues

=A%, j=1,...,cwith \; €2nZ*, j=1,....c.

Since (JZ)2 has eigenvalues —9]2-, j=1,...,c and the square of the right side of (2.73) has

2
eigenvalues — (% |ozj|2) , we have after re-sorting the A\;, j=1,...,c
J
L9
0; = )\—J |a]”
Moreover aq, a1, ..., ac, . is a orthogonal basis of eigenvectors of (JZ)2 and A2. The length

of %M in this case is

[

Ly*M)? =3 oy

j=1

=Y 0\
7j=1

Thus the shortest normal extremal in this case is given by v** if we choose Aj=2jm. U
Another consequence of Lemma 2.2.5 is the following Lemma

Lemma 2.2.14. Let %, o € R*\ {0},A € so0(n) be, as above, a normal extremal
parametrized with constant speed. Then for X € so(n) with [X,A] =0

<JZ,X> = — <XA_1£], (l’] —|—$K)> + <XA_1Oz[,Oz[> + <XA_1J}],J}K>,

in particular

2

1
1 1 1
“A) = |2 ﬂ——<A th = A > 2.74
(J#,A) Sinh%AxR +lag|” = 5 (Acoth Az, zr ), (2.74)
or equivalently
a A 1 A =
L(’y ’ ):5 Acothg(xR—FfEK),(fUR—FxK) + (J*,A). (2.75)
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2 Nilpotent Lie groups of step 2

Proof. Use equation (2.51) in Lemma 2.2.5 to see that

—adA

151,w1> <X, % (A_lal A aI)> - <XA—1 (&1 — =) 7aK>
T eadA
ad A
XAy, (xp + aK)> - <X,A_1oz1 A Oq> + <XA_1:E1,aK>
= — (XA, (wr + ak)) + (XA oy, 0r) + (XA ap ).

(X), A ar A oq> + <XA_1:L'[, aK>

= —(xa
= —(xa7g, :c1+aK)>+<
=

Since by Lemma 2.2.7 g = xx this proves the first part of this Lemma. Setting X = A
gives

(J*,A) = (a1, ar) — (&1, 21)
1 2 1

2 +]aﬂ\2—<—AcothAwR,wR>.
sinh 2

TR

A

0

2.3 Sub-Riemannian geometry on general 2-step nilpotent Lie groups

In this section we want to revisit the Carnot-Carathéodory distance on a general 2-step
nilpotent Lie group N. Contrary to free 2-step nilpotent Lie groups the existence of strictly
abnormal extremals is not excluded “here (see Section 1.8 and the example in Section 1.8.1).
This fact makes the analysis of the Carnot-Carathéodory distance more difficult. Using the
results on free 2-step nilpotent Lie groups in Section 2.2 we are able to solve the Hamiltonian
differential equations. Even though the results on free 2-step nilpotent Lie groups carry
over, the boundary conditions and the existence of strictly abnormal extremals are a lot
more difficult. For this reason we will quickly pass to Heisenberg type groups in Section
2.3.1.

As in case of the free 2-step nilpotent Lie group we define the horizontal distribution
D =span{Xj,..., X, } which is again bracket-generating. By requiring that Xi,..., X, is
a orthonormal basis of H we define a Riemannian metric on D.

Proposition 2.3.1. Let v = (z,2) : [0,1] — N be an absolute continuous curve in N.
Then ~y is horizontal if and only if

(F (). (1) (2.76)

l\DI)—t

zj () =
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2.3 Sub-Riemannian geometry on general 2-step nilpotent Lie groups

for almost all t € [0,1]. If v is horizontal then its length is

1

sz/u@wt

0

Proof. For almost all ¢ we have

Y= @0, + Y 20,
i=1 j=1
. = . 1. ;
=X + Z (zj + 3 le (Jﬁx)l) 0
j=1 i=1
=X+ (z + % <J]xyc>> d.,.

Jj=1

Thus v is horizontal, iff Z; (t) = % (Jig,z), j=1,...,m for almost all ¢, and the length of

a horizontal curve 7 is

1 1
L) = [ 15Ol de= [ 1o ae
0 0

The Hamiltonian is given by

1 & 1 2
H2 (.’L’,Z,f,'f}) = 5 Z (67/ - 5 (Jnx)z)
=1
1 1 ]?
— _ _Jn
25 2Jx
L 2

if we write ( := & — %J Tg. This gives the Hamiltonian differential equations

s OH L OH . O, OH
“Tae “T Tap ST TTar T e

and we have the following result.

(2.77)

(2.78)

Proposition 2.3.2. The solution to the Hamiltonian equations with initial condition

(z,2)(0) = (0,0), £(0) =a, n(0) =0, (a,8) e R" xR™
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2.3.1

2 Nilpotent Lie groups of step 2

s given by
—tA
2 (t) = %a, (2.79)
£(t) = % (™ +1)a, (2.80)
n(t) =5, (2.81)
and

(AT (& (1) a1 (1) Pa). (2.82)
where A = JP.

Proof. First notice that J7 is constant equal to A, since 7 = 0. The other Hamiltonian
equations yield

PO =C), €)= -3AC0),

1 . 1 .
s _ 2/ gi — /g
4= =5 (Fr),C0) =5 (F e Acm).
Using the results on the free 2-step nilpotent Lie group in Section 2.2 Theorem 2.2.2 we
conclude that

p(t) = ——a, £@t)=5(I+c™)a,

N | —

_ tad A )
50 = 5 (A6 (1), Py () + 5 <% (7). A s A a1>

Sub-Riemannian geometry on Heisenberg type groups

In this section we want to study the sub-Riemannian geometry on Heisenberg type groups
H, ,» = R" x R™, n = 2v introduced in example 2.1.5. The specific properties of these
group makes it possible to give a complete answer to the length minimizing problem. As
a nonsingular nilpotent Lie group of step 2 the only abnormal extremals are constant
curves by Theorem 1.8.7. Thus, to calculate the Carnot-Carathéodory distance, we have to
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2.3 Sub-Riemannian geometry on general 2-step nilpotent Lie groups

compare the lengths of the normal extremals which are given as solutions to the Hamiltonian
differential equations.

Immediate consequences of the defining property (JZ)2 = — \2]21 , z € R™ where [
denotes the identity matrix on R?”, are the following facts:

Lemma 2.3.3. Let x,y € R", z,u € R™. Then

(JP, JUz) = (z,u) |z)*, 2 € R, z,u € R™, (2.83)
(Joz, JPy) = (z.9) |2, .,y €R", 2 €R™, (2:84)
JEJE+ JTF = =2(z,u) I, z,u € R™. (2.85)

Proof. We start with equation (2.84)
(Jiz, 7y) = = (T 2,y) = |2 (,9)
To see (2.83) and (2.85) notice that
et ulr I = (Jz+u)2 = (J* + JY)?
= — 2P T = |uf T+ J2 T + T,

This gives (2.85) since |z + u|* = |2|>+|u|*+2 (z, u). Then equation (2.83) is a consequence
of (2.85) since

1
(J2x, J'z) = ~3 (J“J?x,z) + (x, J*J"z))
= (z,u) |a|*.
U

Before we begin discussing the sub-Riemannian geometry we need some information on
(ad J?)*, k € N which is subject to the following lemma.

Lemma 2.3.4. Let z,u € R™. Then for every k € N we have

(ad J*)? = (20) [ (|22 J" = (z,u) J7)  and (2.86a)
(ad J*)2EFL g = (20)2F | 2% ad (J7) JV. (2.86b)

Furthermore, for x € R™ we have

(22, ((ad J*)* J")2) =0, kEN. (2.87)
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2 Nilpotent Lie groups of step 2

Proof. Since ad (J*) J* = 0 equation (2.86b) is an immediate consequence of (2.86a). We
prove (2.86a) by induction. For k = 1 we have by (2.85)

(ad J*)2 J% = J2J2J% — 207 JUT* + JUJJ?
= —2[22 T 4 2(JUT*T? + 2 (z,u) J?)
=—4 (]2\2 J' = (z,u) Jz) .

Now let k € N, then by the induction hypothesis we have

(ad J2)2(k+1) Tt — (22)2k |Z|2k—2 (ad Jz)2 (|Z|2 Jv <Z,’LL> Jz)
= =420 |2 (|2 7" = (z,u) J7)
_ (2Z~)2k+2 ’2‘216 (’2‘2 Jv— <27u> Jz) )
Hence we have proven (2.86a) for all k£ € N.

To prove the remaining claim (2.87) of this lemma in view of (2.86) it suffices to prove
(2.87) for k = 1,2. First for k = 1 we have

(JPzx, (ad (J*) J) x) = (J?x, J*J ) — (J?x, J" J*x)
= |2 (&, JUa) — (Jz, J"J?z)
= 07

since J* and J" are skew-symmetric. For & = 2 we have by (2.86a)

(7%, ((ad 52 J") &) = —4 |2 (J7, J"z) + 4 (z,u) (Jz, Jox)
= —412* (z,u) |2* + 4 (z,u) |2 ||
= 0.
Ol

Theorem 2.3.5. The normal extremals parametrized with constant speed are given by
YN = (z,2) : [0,1] = H,pm, o € R™\ {0}, n € R™ where

sin (£ \7]])
!n\
sm \ | cos( 5|n| .
g — nlalnl) eos(i) ">)|a|27"|g A0
;ifn=20

— oz 1) (2.88)

(2.89)
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2.3 Sub-Riemannian geometry on general 2-step nilpotent Lie groups

Proof. The normal extremals are given as the projections of the bicharacteristics of the
Hamiltonian. Thus using Proposition 2.3.2 on page 73 and the fact that the kernel of J" is

trivial if n # 0 yields

[— et inh (LJ7) _: .
z(t) = ,;7 a=2"" ,](73 )e_%‘]]oz, and

50 =5 (PN w2 0) + 3 <% (#).mtan a> ,

for j =1,...,m and n # 0. If n = 0, then the kernel of J7 is R” and Proposition 2.3.2 on
page 73 gives z (t) = 0. Furthermore,

1 Y t t M
£(t) = 3 (I + e_t‘]’) o = cosh (§J’7) e 2.

Since (J")? = —|n|* I has the only eigenvalue — |n|* we conclude that

-t

sin (% ,

x(t) = 27‘(2”77‘)6_%‘]]
n

£ (t) = cos (% \77]) e 7.

Q,

Now assume that 7 # 0. Since then (J7) ™ = —ﬁ;.]”, by Lemma 2.3.4 and Lemma 2.3.3

we have for j =1,...,m

_sin (3 [nl) cos (5 ) <Jj (I e 2 e—%J”a>
|| ’

¢ I — etadJ” )
_ Ny ¢ (i
2| <J o gz ()@

zj () =

_ sin (% |77|) C;)S (% |77|) <JjJn€_%JnOé, e—%Jna> n t . <J1704, Jja>
In| 2|
_ <3 _sin (§ o)) cos (4 MD) af? i
2 In| In?

This proves the claim. O

Theorem 2.3.6. Let (0,z) € H, ,,, 2 # 0. Then v*", o € R"\ {0}, n € R™ is a normal
extremal connecting 0 € H,, ,,, and (0, z) if and only if |n| € 2nZ* such that

? n
— = ml and |a| =1/2|n||z|. (2.90)

2|
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2 Nilpotent Lie groups of step 2

In this case the length of v is

L) = /2 el
10.2)loe = /4|2, (2.91)

Proof. By Theorem 2.3.5 v (1) = (0, z) is equivalent to

sin (% ]7]!) 1y

Moreover

ozzTe 27" and (2.92)
n
: 1 1
1 sin(gnl)cos (3 n|
PR (z1n1) cos (3 1) laf? L. (2.93)
2 7] In|

Equation (2.92) is in turn equivalent to |n| € 27Z*. Thus (2.93) is
2z [n* = |af*n.
This proves the first part of the lemma. The length is given by

L(y*") = laf = y/2(nl =],

and the shortest normal extremal is obviously given by a parameter || = 27 and thus

10, 2)cc = /4m |zl
O

Lemma 2.3.7. Let (z,2) € H, p,, x # 0. Then v*", o € R", n € R™ is a normal extremal
connecting 0 € H,, ,,, and (z, z) € H,,,, if and only if |n| ¢ 2oN and

ul e%J"x

_ 2.94)
ol (
2sin %
PRI (£ S /| U AN (2.95)
|ZE|2 2 sin? I%\ 2 ) Inl
In this case the length is given by
Ul
L(y"") = ——pm =] (2.96)
2 ‘sm St
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2.3 Sub-Riemannian geometry on general 2-step nilpotent Lie groups

Remark 2.3.8. The function \ — ﬁ

on R\ nZ*. Furthermore, limy_,g (ﬁ

sense for n = 0 if we identify the term

1)
2sinz‘—;7| n]

with its continuous extension, i.e. we define the right side of (2.95) to be 0 € R™ if n = 0.

—cot A first defined R\ 7Z has a continuous extension
— cot )\) = 0. Thus the right side of (2.95) makes

Proof. By Theorem 2.3.5 = # 0 is equivalent to |n| ¢ 27N. And by Theorem 2.3.5 we
conclude that v is connecting 0 and (z, z) iff

bl g,
2sin ‘—g'
and
l . smi‘cosm ‘77| 2 n_ .
2 |77‘ 4 sin? ‘—2" ‘Z” \77\2 ’ 1f77 7é 0
,ifn=20
1
1 !77\ _Ct\n! 2
4 2 | | | |
The length in this case is
Ul
L(7™) =lal = o
( ) 2 'sm ‘g' ’
O
Definition 2.3.9. For A ¢ 7Z* let
(N) A t A d (2.97)
= ——5— —CO an .
H sin? A ’
)\2
L(A) = ——. 2.98
(M) sin? A ( )

As stated in Remark 2.3.8 we define y, [ in 0 by their continuous continuation, i.e. p(0) =0
and [ (0) = 1. Moreover p,l € C* (R\ 7Z*).

This function p is well understood since it also appeared in [3] when studying the sub-
Riemannian geometry on Heisenberg groups. We will repeat here some of the proper-
ties found in [3]. These properties are also used in Section 3.2 when studying the sub-
Riemannian geometry associated with the Grusin operator.
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2 Nilpotent Lie groups of step 2

First we want to observe that u is an odd function, i.e g (—\) = —p (A) and [ is even. We
therefore may restrict our further analysis to M‘[O,oo)\wN respectively [ ’[O,w)\wN' In figure
2.1 we plotted the graph of pu.

T 2 3T 4

Figure 2.1: The graph of the function pu.

Lemma 2.3.10. The function p is a monotone increasing diffeomorphism of the interval
(=m,m) onto R. On each interval (mm,(m+1)7w), m € N, u has a unique critical point
Am, which is a minimum. A, s given as the solution of the equation 1 — Acot A = 0 in the
corresponding interval. On this interval u decreases strictly from +oo to p(Ay) and then
increases strictly to +o0o. Moreover

w(Am) > mm, (2.99)

for every m € N.

Proof. Although this proof can be found in [3] we want to give the proof here. Observe

that 1 — ot )
YA =200 A ¢ 2.100
O P (2.100)
thus the critical point A\,, € (mm,(m+1)w), m € N are exactly the solutions of
1 —Xcot A =0, A ¢ nZ. Since ' has the same sign as 1 — Acot A it follows that j[ (px x,,)
is monotone decreasing and ,u|(/\m7(m +1)m) is monotone increasing. To prove that ,u|(_mr)
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is a monotone increasing diffeomorphism onto R we claim that p’ (\) > % for A € (—m, 7).
Since 4/ (0) = 2 we show that p” (A) > 0 for A € (0, 7). The second derivative of p is
A—sinAcos A —2 (1 — Acot \)sin A cos A
" )\ — 2
w2 sin? A
A —3sin Acos A — 2\ cos? A
—9 — 7
sin® \

A ¢ wZ* (2.101)

Let f()\) := A —3sin Acos A — 2Acos? . Then f (0) = 0 and

ffAN)=1-3 (0052)\—51112 )\) +2cos? A — 4\ sin Acos A
=4sin A (sin A — Acos \)
>0,

for A € (0, 7). Hence p” (X\) > 0 for A € (0, 7).

Furthermore, we have

puN+m)=p\)+ > p(A) + . (2.102)

Hence 11 (An) > m since pf gy > 0. O

Theorem 2.3.11. Given (z,0) € H, ,,, © # 0, then there is exactly one normal extremal
parametrized with constant speed connecting 0 € H, ,, and (x,0), namely 0. Moreover

[(z,0)lce = |zl (2.103)

Proof. By Lemma 2.3.7 the normal extremals connecting 0 and (z,0) are given by ~*"
where 7 is equal to zero or a solution of

1
o= (LIl oIy (2.104)
2 gin? ‘—g' 2

By Lemma 2.3.10 there is only one solution of (2.104), namely n = 0. Thus

and
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2 Nilpotent Lie groups of step 2

Theorem 2.3.12. Given (z,z) € H,,,, x # 0, z # 0, then there are finitely many normal
extremals connecting 0 and (x,z). These are given by v*" where 1 is a solution of
il 1 (M) z_n

lz> T\ 2 2| Inl

(2.105)

1
ho
7]

and
2sin S

Their length is strictly increasing with |n|. Moreover
2

_Iml e (2.106a)

4 sin? ‘"—2‘)‘

= I8 o 0Ly 9 ey,

2

(2, 2) 60 =
(2.106b)

where |no| € [0,27) is the unique solution of (2.105) in the interval [0, 2m).

Proof. First observe that if |n| is a solution of (2.105) then

Inl (Il
2|77||Z|=7u 5 |z|?

2 |n Il 2
|| —TCOtj\ﬂf\ ;

2
_ Il
C fain2 10l
4sin® o
which proves the identity (2.106). To prove the rest of the theorem we prove that for every

a > 0 and any two solutions s < t of the equation

a=puA),NeR\nZ" (2.107)
it follows that
I(s) <l(t).
Before we prove this note that for A ¢ 7Z*

i)\cot)\—cot)\—L—— (\) (2.108)

d\ B sim?a MY )
A (N) =1(N) — Acot A (2.109)
(2.110)

and therefore
V()= =) + Q)+ (N) =2 (V).
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Lemma 2.3.10 on page 80 tells us that the equation (2.107) has at most two solutions in
each interval (mm, (m + 1)), m € Ny and exactly one solution in the interval (0, 7).
First let p (s) = a be a solution of (2.107) in the interval (mm, (m + 1) 7), m € N, then

=1 (A\m) + / A (A) dA

A'YL
= 1) + MOV — /u (A) dA. (2.111)
>\77L
Since by (2.109)

L (Am) — At (M) = A cot A, = 1, (2.112)

we conclude that .
1(s) = sy (s) — /M (\) d. (2.113)

Am

Observe that equation (2.113) also holds true for a solution s € [0,7) of (2.107) if we let
Ao := 0. Now let p1(s) = a = pu(t), s <t be two solutions of (2.107) in the same interval
(mm,(m+1)7), m € N, then s < A\, <t and

l(s)—l(t):—(t—s)a—i—/t,u()\)d)\<0.

The last inequality follows since the maximum of p on the interval [s,t] is a and thus
S dr < (t—s)a.

If we have two solutions s € (mm,(m+1)7), m € Ny and t € (m+1)7,(m+2)m) of
(2.107) with A\, < s<(m+1)7 <t < Ap41, then

s Am+1
l(s)—l(t):—(t—s)a—/,u()\)d/\— / (N dA < 0,
Am t
since 1 > 0 on [0,00) \ 7N. O
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2.4

2 Nilpotent Lie groups of step 2

Heat kernel estimates on Heisenberg type groups

Let G be a nilpotent Lie group of step 2 with left-invariant vector fields Xy,..., X, as in
Section 2.1. Consider the sub-Laplacian

L= X7 (2.114)
j=1
and the corresponding heat equation
(O —L)u=00nR5y xG. (2.115)

—L is a non-negative, hypoelliptic and essentially self-adjoint operator on L?(G). Then
L is the infinitesimal generator of the heat semigroup {ew}tw. Since L is also left-invariant

L

for every t > 0 the operator e~ is given by a convolution kernel, i.e.

L f = fxky.

ky is called heat kernel for £ and since the differential operator 0; — £ is hypoelliptic k; has
the additional feature that (t,g) — k¢ (g) is a smooth function on (0,00) x G. This means
that e“ f is the unique solution of the heat equation (2.115) with boundary condition

e£f — fin L (G) ast — 07, (2.116)

Now we want to turn our attention to Heisenberg type groups. The heat kernel for a
Heisenberg type group is given by the following formula:

Theorem 2.4.1. The heat kernel on H,,,, is given by

v 2

— eyt ) A ) 0 o [ 2E

ki (z,2) = cymt /(sinh\)\\ et exp i |A| coth [A] | dA, (2.117)
Rm

where ¢ =277 (2m) (")

There are different techniques to derive formulas of this type for 2-step nilpotent Lie
groups. Cygan [14] uses irreducible unitary representations of free nilpotent Lie groups to
derive formulas for the heat kernel on free 2-step nilpotent Lie groups. These formulas are
then used to provide formulas for the heat kernel on general 2-step nilpotent Lie groups. But
also the techniques of twisted convolutions given in [27] can be used to give this expression
of the heat kernel.
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2.4 Heat kernel estimates on Heisenberg type groups

We are now going to use this formula (2.117) for the heat kernel to produce pointwise
estimates of the heat kernel. In particular we give estimates of the form

by (2, 2)| St~ (2,2, 1) e 3 @2)ee,

where f is a function of polynomial growth. This can be derived by using the formulas of
the Carnot-Carathéodory metric of Section 2.3.1.
Let us recall the result of Section 2.3.1 in a slightly different manner.

Remark 2.4.2. Let (z,z) € Hy, . If  # 0, then

y2

——5— |z|* = ycoty |z|* + 4y |z,
sin?y

2
(=, 2)|co =

where y € [0,7) is the unique solution of the equation

4|z| Yy
2 — cot 2.118
2 s’y cot y ( )

in the interval [0, 7). If z = 0, then
(0.2) ¢ = 4 |2

For the further calculations it will be more convenient to deal with

|>‘| >V —| \2\)\\ thA|+4i(\,z)
h = r o HAZL AN, 2.11
(z,2) / (Si B e A ( 9)
]an
Then
k X == th—(m V)h <_l' —Z ) . 2.120
t ( 72) C s 2\/z7 At ( )

Remark 2.4.3. Note that for every orthogonal matrix A € O (m) we have

h(x,z)=h(z,Az). (2.121)
Hence we may always assume that z = (21,0,...,0), z1 = |z|.
Remark 2.4.4. The functions
_ 8 _ ——
V() = Snh e’ P(&) :=EcothE, & e C\inZ", (2.122)

are holomorphic with simple poles in kni, k € Z*.

Remark 2.4.5. Moreover we will assume that m > 2. The case m = 1 is the Heisenberg
group Hj which has been intensively studied by Beals, Gaveau and Greiner in [3]. With
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2 Nilpotent Lie groups of step 2

some modifications the below calculations also works for the case m = 1. In particular the
“outer integration” does not occur which actually makes the estimates easier.

Lemma 2.4.6. Let
V) =V (VRHRE), e\ i=¢ (VAZ+ R2) AR, R>0. (2.123)

Then for m > 2, (z,z) € H, , with z = (21,0,...,0)

o0 [e.e]

h(z,2) = v, / R™2 / Va(\)Ve VrWIeP+4ida gy g (2.124)
0 —00
where vy, = vol,_o (Sm_z) = I?{{;lmffll;//;) is the surface area of the (m — 2)-dimensional

sphere in R™~1,

Proof. If m = 2 we have

(x,2) / / ( )\2 +n )Vexp (—w (\/)\2 + 7]2> z|* + 4i)\21) d\dn
- 2/0 /_OO Vie (V)Y exp (—tm (A) [ + 4idz1 ) dAdR.

Now if m > 2 we take polar coordinates on R™! to see that

/ / ( A2+ n] ) exp (—w (W) ya;\2+4z'Azl) ddn

Rm—1
= voly;,_o (Sm_2)

e} [e.e]

. / Jr / V (VTR exp (— (VA2 + B2) [of? + 4idz ) dAdR
0
orm/2=1 70Rm ) / V() (Ne*+4ixz1 g\ gR.
L (m/2-1) /

O

Remark 2.4.7. Since both functions Vv are even the definitions (2.123) of Vg, ¥r, R >0
do not depend on the choice of the square root. Thus we can extend the functions Vz and
1r to holomorphic functions

Vi, g : C\ {j:z'\/ﬂzkr2 TR2: ke N} ~C.
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2.4 Heat kernel estimates on Heisenberg type groups

The next step is to move the line of integration of the “A-integral” to R + iy with some
—m <y < m, but first we need some preliminary estimates for Vz and ¢g.

Lemma 2.4.8. . There is a constant C' > 0 such that for all R >0, A\e R, 0 <y <

. 1 1. /O R
Ve + )| <Crgar 20 AT (2.125)
1
Vi O+ )| < C<1+W>' (2.126)

Furthermore, for all R >0, A€ R, 0 <y < we have
R (Yr(A+iy)) > ycoty. (2.127)

Proof. Firstlet R >0, A € R, 0 <y < 7 and let a+ib € C be a square root of (A\+iy)?+ R?,
i.e.
(a +ib)* = (A +iy)* + R>.

Then
a? — b =22 — %2 + R? and ab = M. (2.128)

From this we get
0 < b <9 (2.129)

because, if b2 > y? it would follow by the second equality of (2.128) that a? = %ﬁ < \?
and by the first equality of (2.128)

b2:a2_)\2+y2_R2§y2_R2<y2,

since R > 0. But this is a contradiction to the assumption b? > y? and (2.129) is indeed
true. Furthermore, we can conclude from the first equation in (2.128) and (2.129) that

MNiR>a2=0 4+ N+ R?— > > N+ R? — 2 (2.130)

Now we want to prove that
a’ > N2 (2.131)

By (2.128) we have for b # 0

2
b2:a2—>\2+y2—R2:>\2<y——1>+y2—R22y2—R2,
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2 Nilpotent Lie groups of step 2

since by (2.129) y? > b2, Thus by (2.128) we have
a? =0+ X+ R* —y? > \%,

for b # 0. But if b = 0, then by the second equation of (2.128) A =0or y = 0. If A =0,
then obviously a? > \?; and if y = 0, then a? = \2 + R? > \2.
With these preliminary observations we are able to prove the estimates of this lemma.

o To show (2.127) observe that 0 < |b| <y and we write

R(Wr (A +1y)) = R (¥ (a+bi))
1 asinh (2a) + bsin (2b)
2 sinh?a +sin2b
_acotha sinh? a + bcot bsin? b
sinh? a + sin? b
— beot b+ sinh?a ?Ot]g - b.COt b
sinh® @ + sin? b

>bcecotb
= ycoty,
since b +— bcot b is even and monotone decreasing on [0, ) and acotha > 1 > bcot b.
o Now observe that
Vi (A +yi)[* = |V (a+bi)|”

a® + b?
sinh?a + sin?b

b2 a?
< (4 v 2.132
- ( + a2> sinh? a ( )

1

since =%— <1 and |b| < 7. So, this proves (2.126).

sinh a

o Since V has simple poles in k7i, k € Z* we have that f (z) := (z + 7i) (z — wi) V (2) is
holomorphic in {z €C: —3r<SQz< %ﬂ'} In view of (2.132) we have for sufficiently
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2.4 Heat kernel estimates on Heisenberg type groups

large |Rz|, say |Rz| > s, that [f(2)| S e~2IRl For |Rz| < s, |Sz| < 7 we have
|f (2)] S 1. Hence, |V (2)] < |22 + 72 e 217l for all |Sz| < 7 and thus

1
Ve (A +iy)| < VR
B2+ (A + i) + 72|
1 L /2L R2
< — VAR
SREAAZ a2 2°

_1 A2+ R2
< R 42— 42" : ’

forall R>0,\eR, 0<y <.

O

Remark 2.4.9. Let H,,,, be a Heisenberg type group. Then the integersv, m has to satisfy
specific properties, i.e.
m < 8p + 2¢ (2.133)

if 2v = 24147 for 71 € N odd and p € Ny, ¢ € {0,1,2,3}. This is a result of Kaplan [22].
As a first consequence we have since 27 < 2g + 2, ¢ € {0,1,2,3} that
m<8+21-1<2(Up+q—1)+3
— 210g2 (24P+q—1) _|_ 3
< 2logy (v) + 3. (2.134)

This observation was also given in [2].

Lemma 2.4.10. Let H, ,, be a Heisenberg type group with m > 2. Then v > 2 and
m < 2v — 1. Moreover, if v ¢ {2,4}, then m < 2v — 2.

Proof. Let 2v = 2747 with 7 € N odd and p € Ny, ¢ € {0,1,2,3} as above.

If v < 4, then by (2.133) p = 0 and thus m < 29—1 < 2v —1. Therefore, we can conclude
that v > 2 since otherwise m < 1 which contradicts the assumption m > 2. If v = 3, then
6 = 2v = 29797 is only possible for 7 = 3, p =0, and ¢ = 1. Hence m < 2¢ —1 =1 and
this contradicts the assumption m > 2.

Now let v > 4. Then v < 2¥~2 and by (2.134) we conclude

m < 2logy (V) +3 <2v — 1.

Hence m < 2v — 2 and this completes the proof. ]
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2 Nilpotent Lie groups of step 2

Lemma 2.4.11. Let m > 2. Then there is a constant C > 0 such that for 0 <y < m and
(x,2) € Hy ; with z = (21,0,...,0):

e ) £ O B () e, (2.135)

for all0 <y < m and (x,z) € H,,,, with z = (21,0,...,0), where

, €>0.

- 1+ logé , ifm=2v—1
Bu,m (g) = 1(2 _ _1) .
Ealevmm , ifm#2w—1

Remark 2.4.12. As a consequence of Lemma 2.4.10 B is strictly increasing.

Proof. As a consequence of the exponential decay of |Vg (A +iy)| in R and A, shown in
Lemma 2.4.8, we can move the line of integration to R + iy in the inner integral in (2.124).
Thus

h(z,2)] = vm /Rm—2 / V(A +iy)” exp (—Yr(\ + iy) |2]* + 4i( + iy)z1 ) dAIR

—0o0
o0

0
<om [ B [ VRO i)l exp (<R (wrh+ i) ol — 1) dAR
0 —00

< QUme_|x|2yCoty—4yz1/Rm—2/|VR(>\+iy)|V d)\dR,
0 0

where the last inequality follows by (2.127). To estimate the remaining integral
I /Rm—2 / Va() + iy)|” d\IR
0 0

we first split the outer integral:

U [e.e] [e.e]

I:/Rm_Z/|VR(/\+z'y)|”d)\dR+/Rm_2/|VR(/\+z'y)|”d>\dR. (2.136)
0 0 0

s
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2.4 Heat kernel estimates on Heisenberg type groups

If we now use inequality (2.125) of Lemma 2.4.8 on page 87, we can estimate the second
integral in (2.136) by

/ R™2 / [Ve(A + iy)|” dAdR < / R™2 / eV TVITE NdR < 1.
0 0

s s

For the first integral in (2.136) we split the inner integral into three parts:

(e} T 272 00
/|VR()\ il = / V(A + i) dA + / V(A + iy dA + / Vi(h + ig)|” d
0 0 r 272
= [1—|—Ig—|—[3, fOI‘OSRS?T,
with 7 := 72 + R% — 42,
Inequality (2.125) gives
s 1 v
0
_ ! (2.137)
(n2+ R2 — y2) '
The use of inequality (2.126) gives
2?2
I /!v (At )!”dA</°° Lonve At
p— 7/ —_—
2 R Y ~ . Y ~ pr—1
-
1
= 7 (2.138)
(m2 + R? — y?)
since m > 2 and by Lemma 2.4.10 v > 2. By (2.125) we have for I3
[e.e] oo
Iz = / Va(A+iy)|” dA < [ e vaVEF g\ < 1. (2.139)
0

272
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2 Nilpotent Lie groups of step 2

Putting (2.137), (2.138), and (2.139) together yields

T 0o T Rm_2
Rm—2/v A+i ”dAng/ dR
/ ’ R( y)’ (71'2 + R2 B y2)l/—1
0 0 0
2_(v-1) e Rm2
(2 o\Tz (-l " /
= (ﬂ' -y ) / W 7T2 — y2dR
0
N e
< 1 / R™2 IR
- (m—y)"~ N ) (1+ R)?>v—2

If m # 2v — 1, then by Lemma 2.4.10 m < 2v — 2 and thus

N “
Rm—2 Rm—2
[ wrmens | wmmnst
0
If now m=2v—1, thenu—mT"'1 =0 and
w/\/ T2 —y? e W/\/m
-1
0 1
<1+ log S
/72 — 2
<1+ log T
™=y
and this completes the proof. O

Now if we choose y = yp in Lemma 2.4.11, where yo € [0,7) is the solution of (2.118),
2
the exponential term in 2.4.11 is e~ (*?)lcc. But %_y tends to infinity if y approaches .
Therefore we choose y = yg — € in Lemma 2.4.11 for an appropriate ¢ > 0.

Theorem 2.4.13. There is a constant C > 0, such that for all (x,z) € H,, ,,

Iz, 2)] < C - min {B,,vm (14 1@ 2))  Bun (%) } el@Alze (2.140)

where

B () {13?515 i m) {23, @D}
& , otherwise
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2.4 Heat kernel estimates on Heisenberg type groups

Remark 2.4.14. Note that if v ¢ {2,4}, then m < 2v — 2 and v — L > 1.

Proof. If m = 1, then we can use the results on the Heisenberg group obtained by Beals,
Gaveau, and Greiner in [3] to prove this Lemma. If m > 2, then m = 2v —1 is only possible
if v € {2,4}, ie (v,m) € {(2,3),(4,7)}. Hence B,,, = B, for all m > 2. So, assume
that m > 2 and as remarked in 2.4.3 we will further assume that z = (21,0,...,0), z1 = |z|.

First assume that x # 0 and let yo € [0, 7) be the solution of (2.118). Then the Carnot-
Carathéodory distance is given by

2
2 Yo 2
|($7Z)|CC ~ Sin2 y0|95|

= yo cot yo|z|* + 4yoz1.

Observe that for y € [0,%] we have y(s?n_yy) > (mr—y) > 5; and for y € [5,n] we have

y(r—y) >y > 5. We can conclude that

siny

™ <9 Yo

T—yo ~ sinyo

Then we can use Lemma 2.4.11 on page 89 with y = yy to get

NERTPA p——
P TR sin g

_ B, (M) @2
’ ] ’

but this estimates remains true if x = 0, since the right side becomes +o00. To prove the

remaining estimate
2
1,2 S Bum (14 |, 2) ) e e,

we again use Lemma 2.4.11. Let yo € [0, 7] be the solution of (2.118) if x # 0 and yo = = if

x=0.If yo < 3, then Siﬁoyo < 3, and one can immediately use Lemma 2.4.11 with y = yo.

So assume that yo > 7 and let y = yo — €, with ¢ < § which will be specified later.

If yo # 7, we have

ycot y = yo cot yo + y(cot y — cot yo) — € cot yo
> yp cot yg — € cot yo, (2.141)
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2 Nilpotent Lie groups of step 2

since cot is monotone decreasing on (0, 7). Now the use of Lemma 2.4.11 with this y yields:

™ —yo cot yo|z|2 —4yoz1 + = cot yo+4yoz
e (P

Ty
— (1= ) |(z,2)|?
< Bum (5> (=) ee, (2.142)
€

first for yg # . But, if yg = 7, which means that x = 0, we claim that this estimate (2.142)
remains true. Since in this case

|h<o,z>|5BV,m( i )+—

=Y
_(1-=<= 2
S Bum (7)€ ()t
€
the claim is indeed true.
By setting € :== ——L—>— we get our desired result:

1+|(z,2) |
(@, 2)| S Bum (14 (@, 2)|&c) €71 ee.
0

Corollary 2.4.15. There is a constant C' > 0 such that for all (z, z) € H,,,, the following
estimate holds

2
k(2 2)| < Ct~¢+™) min {Bum (%) By, (1 N %) } TR
k) x f
(2.143)

Proof. The proof is almost trivial if one uses Theorem 2.4.13 and the homogeneity of |-| .
O

Corollary 2.4.16. Let a > 0 and Q, = {(:E,Z) eH,pm: |2 < oz|3:|2}. Then there is a
constant Co > 0 depending on « such that

Ik (2, 2)] < Cut= M3l @Ec (2,2) € Qa. (2.144)

Proof. This is immediately clear by 2.4.15 since |(z, 2)|oc ~ |z| + V/|2].
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3 The Grusin operator

3.1 Introduction
In this chapter we study the geometric properties of the Grusin operator
G = A, + 2?02 onR” xR,

to give estimates for the heat kernel of this operator. One may write G as

G

(x7+03),
1

n

J

with the smooth vector fields
Xj ::8xja Uj ::wjf)u,jzl,...,n.

Since G satisfies the Hérmander condition G is hypoelliptic.

We are interested in the Carnot-Carathéodory distance associated to these vector fields,
i.e. the length of a minimizing horizontal curve. As we have seen in Section 1.9 on page 43,
the only abnormal extremals are the constant curves. Depending on the start and end point
of the curve, there are a different number of normal extremals. In addition to the results
of Calin, Chang, Greiner and Kannai in [8], we can compare their lengths to give explicit
formulas for the Carnot-Carathéodory distance. The normal extremals starting in 0 € R™*!
are very similar to those on the Heisenberg group (see Section 2.3.1 on page 74 and [3]).
But comparing the lengths of normal extremals, starting in a generic point (z,0) € R" x R
gets more complicated. Another difference occurs when studying curves connecting (x,0)
and (+x,u), where on gets two different types of normal extremals (see Theorem (3.2.12)
and (3.2.13)).

These results on the Carnot-Carathéodory distance allow us to give some pointwise esti-

Chapter 3

mates of the heat kernel.

Due to the fact that the partial Fourier transform of G in u leads to the rescaled Hermite
operators, it is easy to calculate the heat kernel using Mehler’s formula, up to the partial
Fourier transform. One may also observe that GG is translation invariant in the u-variable.
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3 The Grusin operator

This allows us to write the heat kernel in the form Ky(z,&,u), z,£ € R", u € R. So the

solution to the heat equation
(8t — G) u =0
U(O, ) =f

u(t, z) = /R n /R Ky, €0 — \) (£, \)dAdE.

Now consider the dilations

is given by

6e(x,u) = (re,r?u), =z €R", ucR, (3.1)

for r > 0. Then G is homogeneous with degree 2 and in this setting the homogeneous
dimension is ¢ = n + 2.

3.2 The sub-Riemannian geometry associated to the Grusin operator

In this section we want to continue the analysis of the sub-Riemannian geometry associated
with the singular horizontal distribution D spanned by the vector fields X;, U;, j = 1,...,n.

Remark 3.2.1. With respect to the dilations (3.1) the Carnot-Carathéodory distance is
homogeneous with degree 1, i.e.

dec (6:(€),6,(n)) = rdoc(C,n), ¢,neR™

In Theorem 1.9.1 on page 45 we already proved that the abnormal extremals are just con-
stant curves. Thus every length minimizer parametrized with constant speed for doc (p, q),
p # ¢ is a normal extremal.

Theorem 3.2.2. All normal extremals v parametrized with constant speed starting in

(z1,u1) € R X R are given by y>¢ = (7&;,7?5) :[0,1] — R™ x R, where

W?S(t) = g sin(bt) 4 1 cos(bt) (3.2a)
be B E (E B sin(2bt)> T1-C . o
V6 (t) = 7\ 5 0 + ; sin (bt) (3.2b)
2, (1t sin(2bt)>
+ |x1|"b (2 + m + uy

with parameters b € R\ {0}, ¢ € R", and

() = (et + z1,u1) (3.3)
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3.2 The sub-Riemannian geometry associated to the Grusin operator

which is the limiting case b — 0. The length is given by

L") = Ief + a1 82 (3.4

Remark. In this chapter we will denote the standard scalar product on R" by x-y, x,y € R".

Proof. By Theorem 1.9.1 v = (z,u) : [0,1] — R"*! is a normal extremal iff there exists
b € R such that

for all ¢t € [0,1]. For b # 0 the solutions are given by

x (t) = asin (bt) + B cos (bt),

wty=b (1o (5= D) 0 g o) + o (5 + 22 ))

with constants «, § € R", u € R. For b = 0 the differential equations have the solutions

x(t)=ct+p
u(t) = p,

with ¢, € R", p € R. Using the initial condition v (0) = (z1,u1) leads to f = z; and
p = ui. Setting o := §, we see that the normal extremals are indeed given by ¥ b € R,

c € R™. The length is given by

1
() = [ 15Ol d
0
1

B e, u(t)?
‘N‘“(“‘ e

0

1
_ / VIg (O + 82 [z () dt.
0
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Since for b # 0 we have

2

2
& (£)]2 + 0% |z (£)]% = b2 |< cos (bt) — a1 sin (bt)] + b2 gsin(bt)—l—xlcos (bt)

b
= [ef* + 0% |21,

and for b =10
& (8)]* + 0% [z (8)° = |c?

L(7) = \lef + b2 [ |

we conclude that

O

To calculate the Carnot-Carathéodory distance, we are interested in the normal extremals
joining two given points (x1,u1), (z,u) € R™ x R.

In our further analysis we will assume that u; = 0, since y is a normal extremal connecting
(21,0), (z,u), if and only if v+ (0, u1) is a normal extremal connecting (z1,u1), (21, u+u1);
with the same length.

We will also assume that u > 0, since ’yfi(): = ’y(_ll)”c and ’y?g = —7(_21))’0.

Furthermore, observe that given b € R\ 7Z* the parameter ¢ € R" is uniquely determined
by ¢ = 573 (x — w1 cosb), due to the boundary conditions. We will denote this extremal by
~? for short.

Given b € wZ* (note that this means x = +x7), the parameter ¢ € R" is determined by

the whole sphere |¢| = \/2bu — |z1[>b2. But any ¢ € R™ with |¢| = \/2bu — |2[* b2 will give

the same length.

Theorem 3.2.3. Given (z1,0),(z,0) € R™ x R, the only normal extremal parametrized
with constant speed connecting them is given by

V(1) = (21 +1t(z —21),0) (3.5)

and its length, which is equal to the Carnot-Carathéodory distance, is
L(°) = dec ((21,0), (2,0)) = [a — a1]. (3.6)
Proof. We have to prove that b = 0 is the only parameter that allows connecting (z1,0) and
(2,0). But from the differential equations in Theorem 1.9.1, we know that Y2 ="b \’y(l) ‘2

That means (2)(t) > 0 or Y2)(t) < 0 for all £ > 0. But since we want v(2(0) = 0 and
Y2)(1) = 0, we conclude that (9 = 0, so that b = 0, hence ¢ = x — 1. O
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3.2 The sub-Riemannian geometry associated to the Grusin operator

Theorem 3.2.4. Given u > 0, there are infinitely many normal extremals ¥ m € N,
connecting (0,0) € R" xR and (0,u) € R" xR given by (3.2) with ¢y, € R™, |cp| = V2mmu.
Their lengths are

L(y™™em) = \2mru. (3.7)

In particular the shortest normal extremals in this case, which give the Carnot-Carathéodory
distance, are Y™, |c1| = V/27mu; so

doe ((0,0),(0,u)) = V2mu. (3.8)

Proof. The boundary conditions 7&3(1) =0 and 7&3(1) = u are equivalent to

_c B lc|? sin(2b)
O—Esmb and u—%<1— 5% >

Since u # 0, we have ¢ # 0. But then there exists m € N with b = mm, so that |c|2 = 2mmu.
This gives the claim. ]

b)% % b10§

Figure 3.1: Normal extremals starting at (0,0) and ending in (0,u) with different
parameters.

Now we consider the case where we want to connect (z1,0) and (z,u) with = # +x,

uw > 0. The first lemma is just a rewritten formulation of the boundary conditions
7#(0) = (1,0) and 4*¢(1) = (, u).

Lemma 3.2.5. Suppose (x1,0), (z,u) € R* xR, z # +x1, u > 0. Then v*° given by (3.2)
is a normal extremal connecting these two points, iff

c=——x—x1bcotbd
sin
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and b is any solution of

2u b 2¢-x1 1—bcoth

= — —cot b+ - 3.9
a4 Jo? s o+ JoF s )
The square of the length of ~° = A€ is then given by
L2 b,C — 2 2 — 2 . 1
(™) 70 (|ZE1| + |z T T cosb) (3.10a)
b

_ 2 2 o 0

= 2bu+ (|3:1| + |x] )bcotb 2 T (3.10b)

Proof. To find those normal extremals connecting two points (z1,0) and (z,u), we have to
find b # 0 and ¢ € R", such that 7?5(1) =x and 7?5(1) = u. Since b € 7Z means x = +x1,

we have that b & nZ. Now ’y?ég(l) = u gives:

2 ) .
ot — ﬂ ( B s1n(2b)) + g%1 " C sin(b) + |$1|2 b <1 N sm(2b))

b 2b b 2b
1 sin (20 r1-c
-2 (|C|2 + |z )? b2) - 222 ) (|C|2 — |y ? b2) +2 lb sin? b (3.11)
And ’yfii(l) = x gives
b
e ¢+ z1bcot b, (3.12)
so that
2
.b2 || lc|* + 2¢ - m1bcot b+ |1 |* b% cot? b
sin® b
= |e|*+2¢-21bcot b — | \2b2+|x1|2b2 (3.13)
! ! sin? b '
and
b? b* cot b
2 _ 2 _ . 2,2 .2
lc| —Singb\x! 201 - @ - + |2z1]7 b* cot” b
b? 2 9 b2 cot b 2.9
= o (12 + 1) = 221 - 2722 — o b
b’ 2 2 2,2
=577 (|:E| + |x1|” — 22 - @1 cos b) — |z1]” b°. (3.14)
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We can continue with (3.11) by using equation (3.13)

1 . .
2u = Z (]c\z + \xﬂsz) —cotb (MQ — ]361!2) + 2% cos? b+ 2% sin?b
. 1 2 2,9 2 2 - I
= 2 (Ief + |1 *0?) = cotd (Jef* = for]*) + 2=
1 ¢y + |z1|*beot b

(lef* + |za[*0?) = cotb (Ja” + [21]”) +2 ;

b
Now use equation (3.12) and (3.14)

€T X

L 2,2 2 2
ZU—E(M + [21]* 62) = cot b (|of* + | )+2sinb

o b 2 2 1—bCOtb
= (sinQb —cotb) (\x\ + |21 )—|—2x-x17$inb .

And the square of the length is given by

20 b0\ 2 2 _ .
L= (™) o (\x! + x| — 22 -2y cosb)
b
_ 2 2y o, 0
= 2bu+ bcot b (|az| + |z1] ) 2sinb$ x7.
]
Definition. For b € R\ 7Z*, —1 < a < 1 define:
b 1 —"bcotb
2
I(b) = 1I(ba):= — (1 —acosb). (3.16)
In the following we will often use the abbreviation
2 2 201 -
R =\/|z|" +|z1]" and ¢ = —5——.
1" + |z

Next we will study the functions p and fi, fi, which will be introduced in the next lemma.
(Note that i in this section does not mean Fourier transform!)

Lemma 3.2.6. For be R\ 7Z*, 0 <a <1, uis a convex combination, i.e.

u(t) = (1 - )i+ o (3 ). (3.17)
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and for —1 < a < 0:

where

Proof. For b e R\ 7nZ* :

u(b)

and

u(b) = (1 +a)

=
—
S
N—

|

Q
=
7N
N | o
~__

p 2b—cotb, be R\ nZ",
sin

1
C082b+tanb, beR\{<k+§)w. k:eZ}.

1—bcoth+ = —cosb
a

_ o ~ sinb
:.2b b
~ S 2 (1 + sinb)
=(1—-a)i(b) + 2a s
_ 5 b

= (- a)t) +ap 5)

beotb — 1+ =& —cosb
a

_ ~ _ sinb
u(b) = (1+ a)i(b) 3
2b b
~ COS™ 5 (sinb B )
(1+a)ii(b) —2a —

(3.18)

(3.19)

(3.20)

O

Remark. Observe that all these functions pu, fi, fi are odd. The following lemmata will show
that fi]jo,.00) > 0, filjp,00) = 0 and therefore plj o) > 0. Since we assumed that u > 0, we

only need information of these functions for b > 0.

The function fi, which also appears in the study of normal extremals on the Heisenberg
group, where intensively studied by Beals, Gaveau, Greiner in [3]. Furthermore this function
already appeared in Section 2.3.1. Recall the following result stated in Lemma 2.3.10:
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fi(b/2) ith

T 27 3 4

3
[\
3
w
N
=~
3

Figure 3.2: left: Plotting of (b) (gray), [i(b/2) (gray) and w(b) (black) with parameter

a=0.7.
right: Plotting of f(b) (gray), fi(b/2) (gray) and u(b) (black) with parameter
a=—0.7.

Lemma 3.2.7. The function i is a monotone increasing diffeomorphism of the interval
[0,7) onto [0,00). On each interval (mm,(m + 1)w), m € N, fi has a unique critical point

b, which is a minimum. by, is implicitly given as the solution of the equation 1—bcotb = 0

in the corresponding interval. On this interval, [i decreases strictly from +oo to fi(by,) and
then increases strictly to +o0o0. Moreover,

,u(bm) +m < ﬁ(bm+1)7 (3'21)

and
fi(by) > m. (3.22)

The function /i has been studied by Calin, Chang, Greiner, Kannai in [8]:

Lemma 3.2.8. The function fi is a monotone increasing diffeomorphism of [0, %) onto

[0,00). On each interval (mm + 5, (m +1)m+ ), m € Ny, i has an unique critical point

A ~

b, which is a minimum. by, is implicitly given as the solution of the equation 1+btanb =0
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in the corresponding interval. On this interval, i decreases strictly from +oo to ﬂ(lA)m) and
then increases strictly to +o0o. Moreover,

(o) > 7 <m + %) . (3.23)

Remark. Moreover fi”’(b) > 0, b ¢ 7N and g"(b) > 0, b — 5 & No, i.e. [ is strictly
convex on each interval (mm, (m + 1)7), m € N and fi is strictly convex on each interval
(mm+%,(m+1)m+ %), m € No. This is another result of [3, 8]. Hence u, as a convex
combination, is also strictly convex on each interval (mm, (m + 1)7), m € N.

Combining the previous two lemmata we get the following result for the function pu:

Lemma 3.2.9. Let —1 < a < 1. The function p is monotone increasing on [0,7) onto
[0,00). On each interval (mm,(m + 1)7), m € N, p has an unique critical point by,, which
is a minimum. For a > 0 and m € Ny

@2m + D < bami1 < bami1 < 2by < (2m + 2)m, (3.24)
(2m + 2)m < bomao < 52m+2 < (2m + 3)m;

and for a < 0 and m € N

omm < oy < bop < 20y < (2m + 1), (3.25)
(2m + 1)7‘( < bomy1 < 62m+1 < (2m + 2)7‘(’.

On each interval (mm, (m + 1)w), m € N, u decreases strictly from 400 to pu(by,) and then
increases strictly to +oo. Moreover for all m € N,

-1
11(bm) m2 , (3.26)
Ubm) = bmp(bm) = 1—ad(bm), (3.27)
where )
0(b) := cosb+ 3 sin b. (3.28)

Proof. Tt is easy to see that mm < by, < mm + 5 < b < (m + 1)7, see figure 3.3.
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vd

Ve

d

)
Il

Figure 3.3: The graphs of the functions tan (black) and — cot (gray) and the line z — z.

Since
b b b b
1—bcoth = 1—|—§tan§—§cot§
{1+gtang be ((2m+ D, (2m + 2)7)

1-— % cot % be (2mm, (2m + 1)7)

and l~)2m+1, 2 € ((2m + 1)m, (2m + 2)7) it follows that 52m+1 < 2Bm; also, since
bom,s 2bm € (2mm, (2m + 1)), it follows that bom < 2bpm.
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Figure 3.4: The graphs of the functions  ~— 14 § tan § (black) and z +— 1 —x cot z (gray).

If a > 0, ¢ is a convex combination of fi' and %7’ (g) On the interval

((2m + 1)7, (2m + 2)7) both functions are monotone increasing with zero by, .1 of i lying
left of 213m, so we have

i (52m+1) - g[/ (bzmT“> <0 and 1/ (213m) =(1-a)i (213m) > 0.

Hence p’ has a zero b, in between: 52m+1 <b, < 25m. Due to the fact that p is strictly
convex, this critical point is unique in the interval ((2m + 1), (2m + 2)7), and also a
minimum.

In the interval ((2m + 2)7, (2m + 3)7) still both functions are monotone increasing, but
only i/ has a zero at boy,4o. i (%) is positive on this interval and since i’ (b) tends to —oo

as p, b>(2m+2)7

(2m + 2)» there is a zero by of ¢’ in this interval ((2m+2)7, (2m+3))
with (2m + 2)7 < bypto < 52m+2. This critical point is unique and a minimum, since p is
convex.

The case a < 0 is similar, if we use %ﬂ (g) instead of %ﬂ (%) and the fact that in the

interval (2mm, (2m + 1)7): boy, < 2b,, are zeros of these two functions and i (g) has no
zero in ((2m + 1), (2m + 2)7).
To obtain the lower bound (3.26) on u, we consider the following cases:

106



3.2 The sub-Riemannian geometry associated to the Grusin operator

1. case a > 0 and m even:
Since % € ((mT_Q + %) T, (% + %) 7r), we have

_ o (bm
plb) = (1= a)i(bn) + af ()
> (1—a)m7r+am717r
m—1
.
-2

2. case a > 0 and m odd:
Since b’T” € <<m2—1 + %) T, mTHﬂ'), we have

w(by) > (1 —a)mm + G%W

m m—1

3. case a < 0 and m even:

Since b’T” € (%ﬂ', m;rlﬂ'), we have

u(bm) = (1+ a)

=

=

2

|

=
VRS
=

o3

N———

> (1+a)m7rfa%7r
m >m—1
5 5

4. case a < 0 and m odd:

Since % € (mT_lTF, mT“ﬂ), we have

w(by) > (14 a)mm — am2 s

Chapter 3

At last, to establish the equation (3.27), we need some more information of b,,, i.e. the

critical points of u. First observe, that for any b € R\ 7nZ*:

b
ba(b) + beotb — ——a = I(b 2
u(b) +beotd — ——a=1(b) (3.29)
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and

b al —bcotbd
sin?b sin b

d b
7 (b cot b — =

So

I'(b) = () +by'(b) — p(d)
— b (b). (3.30)

To find the critical points of u, we differentiate:

1 —bcotb b cosb—cosb(1 — beot b)
a

/ — sin b
wib) = sin? b sin? b
B 1—bcotb+ bsinb — 2cosb(1 — beot b)
7 sin®b “ sin? b '
50 1 - beot b
W) =0 a= © . (3.31)

cosb(1 —beotb) — % sin b
From this and (3.29) we get:

b
U(bm) — by (b)) = by, cot by, — b

b
=1—(1—"bpycotby,)— b
—1—a(cosb (1 = by, cot by,) — b — sin by, + bm )
n m mn m 2 sin by,

—a <cos b, (1 — by, cot by,) + b2 sin b,,, + by, cos b, cot bm>

=1—-a (cosb + — smb )
=1—ad(bn).

For the proof of the next theorem we need another lemma:

Lemma 3.2.10. On each interval (mm,(m+1)7), m € N ¢ has a unique zero, and a
unique critical point at by, which is a mazimum with 5(5m) > 0, if m is even and a
minimum with §(by,) < 0, if m is odd .
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3.2 The sub-Riemannian geometry associated to the Grusin operator

Figure 3.5: The function 4.
Proof. Since
b .
0(b) =0 < cosb+ ismbz 0
< 2+ btanb =0,

there is a unique zero in each interval (mm, (m + 1)), m € No.
The critical points of § are given by
/ . I b
() =0« —s1nb+§s1nb+§cosb:0
& beotb—1=0

& b= by,

Since .
§"(b) = —3 sin b,

we see that b, is a maximum, if m is even and a minimum, if m is odd.

(3.32)
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3 The Grusin operator

Theorem 3.2.11. Given (z1,0), (x,u) € R” x R with 1 # +x and u > 0, there are
finitely many normal extremals parametrized with constant speed > joining these two
points. These normal extremals are given by (3.2), where b is a solution of

2u _
|21 + |z

(b)), (3.33)

and their lengths are strictly increasing with b. Moreover the shortest normal extremal
joining (x1,0) and (x,u) is given by the unique solution b € (0,7) of (3.33) in the interval
(0,7). With this solution b the Carnot-Carathéodory distance is

dec (((El,O), (z,u)) = L(’Yb) (334)

b D) D)
= — + — 2z - b
S b\/|x1| || T1 - X COS

b
\/2bu + (|x1|2 + |:U|2) beot b — 2ﬁaz1 -

(2,10) (8, 10)

b=1.922

(_8a 4)

Figure 3.6: Normal extremals joining different points.

110
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Proof. From Lemma 3.2.5 we have that the normal extremals in this case are implicitly

given by solutions of the equation - ‘Eilx‘Q = pu(b). The properties of the function p show
1

us that there is exactly one solution in the interval (0,7) and at most two solutions in

each interval (mm, (m + 1)), m € N. So it remains to prove, that the values of | at these

solutions are strictly increasing, i.e. if s <t are two solutions, then I(s) < I(t).
Let s € (mm, (m+ 1)m), m € N, then we have by (3.30)

I(s) :/bs U'(b)db + U(by)
- / but! (b)db + 1(byy,)

bm

= bl ~ [ n(®)ab + 100,
= su(s) — /bs w(b)db + (b)) — by pe(byy)
= su(s) — /bs w(b)db 4+ 1 — ad(by,).

So, if we have two solutions s < ¢ of (3.33) in the same interval (mm,(m + 1)7), m € N,

we see that
1) = 1(6) = su(s) = [ n(byas —tu(t) + [ (o)
~ (5= () + [ n(t)ad

<0.

Now let Sy, b, € (mm, (m + 1)), Sy < tm, m € N be the solutions of (3.33). To compare
the corresponding “lengths” [ at t,, and s,,11, notice that
l(tm) - l(3m+1)

tm bm+1
= (Sms1 — ) i) — /b u(b)db — / ()b — (6(b) — 6(bmsr)) 0. (3.35)

Sm+1
Now consider the following cases:

1. case a > 0 and m even:
Then, since mmw < by, < by, d(mm) = 1 and by, is a maximum of 8, it follows that

0(by) > 1. And, since bng1 < bnp1 < (m+ 2)m, 5((m + 2)r) = 1 and byl is a
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minimum of 4, we have d(b,,) < 1. So (0(by) — 0(bm+1)) @ > 0, which gives the claim,
since pu > 0.

2. case a < 0 and m odd:
Then, since mr < by, < by, 6(mm) = —1 and by, is a minimum of 4, it follows that
6(bm) < —1. And, since byi1 < bpy1 < (m 4 2)w, ((m + 2)7) = —1 and b4 1 is a
maximum of §, we have §(b,,) > —1. So (§(by,) — 0(bpy+1)) @ > 0, which gives the claim,
since pu > 0.

3. case a > 0 and m odd:
Here b,,, < 2Bm_71 < Sma1 < bpygq. Let
2

Then, since 2bm-—1 is a minimum of [ (
2

b

2

=
—

and right of 2bm_1: MAXpe [t 5t 1]
2 1 oMm

—(Sm+1 = tm)p(tm) = = (Sm+1 — tm) pu(s)

= — (Smt1 —tm) <(1 —a)fi(s) + afi <§>)

(s
< — (Sm+1 —tm) aft <§>

(2 ab
< — 0| = .
<o) ()
Notice that ﬂ(%) has no singularity at (m + 1)m. Now (3.35) becomes, since
u(®) > aj (3):

[
) = o) < =a [ (5) db = (8(b) = 8(bsn))

bm+1
_ . /b (W +tang> db — (8(bm) — 6(bmr1)) @

2b
COS 2

m

=a (5(bm+1) — bypy1 tan bm2+1 - ((5(bm) — by, tan b—m)> .

= —abtan g\zm“ — (6(by) — 6(bmt1)) @

2
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3.2 The sub-Riemannian geometry associated to the Grusin operator

Further

b b b
d(b) — btan§ = cosb+ isinbf btan§

b b 1 b
= bsin — — - —2sin? = + 1
st <(3082 COS%) sin 5 +

b b b
= — (bsin2§tan§ + 2sin? 5) +1

.9 b b b
= —2sin 3 1+§tan§ + 1.

Since b, < 2 m1 < bps1 and 1+ b1 tanbm-1 =0 and b — 1+ %tan% is increasing
2 2 2
on (mm, (m + 2)7), we conclude:

Utm) = U(sm+1)

b b b b b b
2a ( sin’ 7m (1 + % tan %) — sin? —m;l (1 + —m2+1 tan —m;l))

IN

N

< 0.

4. case a < 0 and m even:
This is very similar to the third case, if we use fi. Here b, < Zb% < Smt1 < byyy1. Let

‘o tm , lf ﬂ (%n) > ,a (377L2+1)
it () < 7 (252)

Then, since 25% is a minimum of f (%) on (mm,(m + 2)r) and monotone on the left
b
2

(2) = ii(2) and therefore

and right of Qb%: MAXpe(t,,,5m41] B 5

Chapter 3

=
7N
N | o
~__
Q
S

Sm+1
<a /
tm
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Notice that u(%) has no singularity at (m + 1)m. Now (3.35) becomes, since
ul(b) > —afi(b/2):

bm+1
Utn) — U(smsr) < a (/ (b) db — 5(bm) + 5(bm+1)>
m+1 ( b/2

— cot g) db — 6(by,) + 5(bm+1)>

=a ( bcot = |b7”+1 —0(bm) + 5(bm+1)>
(bm cot 2 — §(by) — (b1 cot bm;l - 6(bm+1))) .
Further

b b . b
bcoti—é(b) = —cosb— ismb+bcot§

b b 1 b
= —bcos 7 |sing — — —2cos? = +1
2 2 sing 2

b b b

= —2cos’ = (1 — —cot —) + 1.
2 2 2

Since b, < 25% < bpy1 and 1 — B%L cot 5% =0and b+— 1— gcot% is increasing on

(mm, (m + 2)7), we conclude:

l(tm) - l(Sm—l—l)

< -2 2 <1 - —’”> — cos? =2 <1 - m >)
a <COS 5 5 cot B COS 5 D) cot B

< 0

If ty € (0,7) denotes the solution of (3.33), it remains to show that I(¢yp) < I(s1). The
above calculations can be extended to this, if one sets by = 0. In detail we have

o) = [ F(b)db+1(0)
0

to
— toplto) - / u(bdb+1—a,
0

so that

to b1
I(t0) — 1(s1) = —(s1 — fo)u(s1) — /0 u(b)db - / u()db — (1 - 5(br)) a.
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Again from the previous lemma one gets [(tg) < I(s1) if @ > 0, since 1 — §(b1) > 0 and
p > 0. If a < 0, then since /i is increasing on [0, 7):

—(s1—to)ul(s1) = —(s1—to) ((1 T a)i(sy) —af (82_1»
< (s1—to)ap (%)

S1 b
. / p (—) db.
to 2

IN

So we get

(o) — I(s1) < a/obl i <g) db— (1—6(by))a

IN
o

since 1 — & cot & >0 on [0,27).
O

Theorem 3.2.12. Given (z,0), (z,u) € R" x R, x # 0, u > 0, there are finitely many
normal extremals parametrized with constant speed connecting (z,0), (z,u). Namely:

1. For any solution b of

g (b> (3.36)
’(L-‘Q —H 2 ' (ap)
b
there is a normal extremal 4° given by (3.2) with square of length et
Q.
1)
b? b =

b2 2 _ 2

L(v’)* = @ |z|® = 2bu — 2 |z|” btan X (3.37) o

which strictly increases with b.

2. Ifu> |z|*x, then for each m € N with u > mm |x|* there are normal extremals "¢

given by (3.2) with b = 2mm, |c| = 2\/m7ru — (mm)? |x)?, with lengths

L(%¢) = 2y/mmu. (3.38)
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Moreover the shortest normal extremal and therefore the Carnot-Carathéodory distance is
given by the unique solution b of (3.36) in the interval (0,7), with this b we have

b
|lz| = \/2bu—2|x|2btan§. (3.39)

dCC((xv 0)7 (l’, u)) =

b
COS 5

Figure 3.7: Normal extremals joining (1,0) and (1,6) with different b ¢ 7Z* vs. the two

normal extremals 7= with b = 27 and ¢ = 4/2bu — 27b2.

Proof. Notice that in this case a = 1. We will consider two cases:

1. case b € ™N:
Then since 7?1‘)3(1) = x, there exists m € N with b = 2mm. Then 7?5)3(1) = v is equivalent

to
1

_ 2 2 2
u= (!c\ + (2mm)* |z| ) g

So if u > m |z|?, there is a normal extremal given by (3.2) with

b=2mm, |c|= 2\/m7ru — (mm)? |z,
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with length:
L2(y*) = |ef* + |z[* b* = 4m7u

This gives the second part of the theorem.

. case b ¢ wN:

In this case we have
®=n(3)
p(0) = 5

This is very similar to the situation in Theorem 3.2.11, but much easier, since we are

only dealing with . From Lemma 3.2.8 we know that the equation

has at most two solutions in an interval ((2m + 1), (2m + 3)7), m € Ny, each defining
a normal extremal. If s is a solution of this equation, the square of the length of the

corresponding normal extremal v is given by

L?(7) = 2U(s) |z
2

S

=2——— (1 —coss) ||

sin“ s

af
cos? 5

If s e ((2m+1)m, (2m + 3)7), m € Ny , we have

I(s) = /2 U )db+ 1 (26 )

b"L

_ /2 " by (b)db + 1 (25 )

b"L

_ /% g[/ (g) db+1(2by,)
v (%) — 2t () — /% i (g) db + 1 (2byn) (3.40)
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But now
@) — 2o i) =~ oy (B
m) — 4Um m) = ~— — 20m = an oy,
H cos? by, cos? by,
:—ZIA)mtanlA)m
— 2. (3.41)

First let s < ¢ be two solutions in an interval ((2m + 1)m, (2m + 3)7), m € Ny. Then
by (3.40) and (3.41)

Now let t,,, € ((2m+1)m, (2m~+3)7) and s;,41 € ((2m+3)7, (2m+5)7) be two solutions,
where t,,, is the rightmost and s,,,+1 is the leftmost solution in the corresponding interval.
Then by (3.40) and (3.41)

l(tm) - l(5m+1)
tim tm b Sm4-1 Sm+1 b
= i (5) = [y p(5) @t (B5) 5 [ (5) @
i3 s 2 +1h | =5 o, 2
t tm b 2I;'m+1 b
- tnn(§)- [ [ 62
( +1 ) 2 2[;m 2 it 2

< 0,

el

since 25m <ty and spyq < 213m+1.
If t € (0,7) is the solution of (3.36), we have to check, that I(t) < l(sg). As above, we
have
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so that

I(t) — I(s0) = tp (%) - /Ot,z <g) db — soji <5’2—°> 4 /Qb: A (g) db

At last we have to compare the length of the shortest normal extremal of case 1 (if there is
one) with that of case 2. Let b € (0,7) be the solution of (3.36), then since tan% > 0:

L2(4%) = 2bu — 2|2 btang

< 2mu
< L2(,727r,0).

O

Theorem 3.2.13. Given (z,0),(—z,u) € R® xR, x # 0, u > 0, there are finitely many
normal extremals parametrized with constant speed connecting (x,0), (—z,u). Namely:

1. For any solution b of

U b
— =0l= 3.42
e (3) (3.42)
there is a normal extremal 4° given by (3.2) with square of length
me 00 2 b
L(y’)* = 7 2" = 2bu + [2]" beot 7, (3.43)
Sin2 b} 2

which strictly increases with b.

2. If2u > |z|* m, then for each m € Ng with 2u > (2m~+1)7 |z|? there are normal extremals

b€ given by (3.2) with b = (2m + D)7, |c| = \/2(2m + D)ru — (2m + 1)272 2| and

lengths
L(y") = /2(2m + 1)7u. (3.44)

Moreover the shortest normal extremal and therefore the Carnot-Carathéodory distance is
given by the unique solution b of (3.42) in the interval (0,7), if 2u < |z|* 7. With this b we

have:

dec((x,0), (—,u)) =

b
-~ |z| = \/2bu + |z* beot 7 (3.45)
2
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And, if 2u > \x!2 m, then the Carnot-Carathéodory distance is given by

dee ((2,0), (—z,u)) = V27u.

Figure 3.8: Normal extremals joining (1,0) and (—1,5) with different b ¢ 7Z* vs. two

normal extremals 4= with b = 7 and ¢ = +1/2bu — 23b2.

Proof. Notice that in this case @ = —1. The first part is the same proof as above, if one
replaces i, b with fi, b. In particular:

1. case b € ™N:

Then since v(1)(1) = =, there exists m € N with b = (2m + 1)7. Then y9)(1) = u is
equivalent to

1

2 2 2 12
= 2 1 .
u (|C| +(@2m+1)*n |$|)2(2m—|—1)7r

So if 2u > (2m + 1)7|z|?, there are normal extremals "¢ given by (3.2) with
b= (2m+ )7, |c| = \/2(2m +1)7u — (2m + 1)272 |z|?, with length

L2(y%€) = |¢|* + |=|* b® = 2(2m + 1)7u

This gives the second part of the theorem.
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3.2 The sub-Riemannian geometry associated to the Grusin operator

2. case b & wN:
In this case we have:

p(b) = i (g) :

This is again very similar to the situation in Theorem 3.2.11, but a lot simpler, since
we are only dealing with fi. From Lemma 3.2.7 we know that the equation

# = i (g) (3.46)

has at most two solutions in an interval (2mm, (2m + 2)7), m € N, each defining an
normal extremal. If s is a solution of this equation, the square of the length of the

corresponding normal extremal ~ is given by

L2(7) = 2U(s) |z
2

siiQ . (1 + coss) |z|?
2

~ sin? 5 [of-
2

=2

If s € 2mm, (2m + 2)7), m € N, we have:

But now

Chapter 3

= 2(3m cot l;m
=2
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3 The Grusin operator

First let s <t be two solutions of (3.46) in an interval (2mm, (2m + 2)7), m € N; then
s s b t t b
I =sal2) = ol = —til = ol =
l(s)—U(t) s,u(z) /%m,u<2>db t,u<2>—|-/26m,u<2)db
(/s t b
—t=an(3)+ [2(5)
<0.

Now let t,, € (2mm, (2m + 2)7) and s;,4+1 € ((2m + 2)7, (2m + 4)7) be two solutions,
then

l(tm) - l(sm-i-l)

~ tm tm B b [ Smi1 Sm+1 B b
2 o7 2 + 2 Gy \2

m

t, tm B
- teron(5) - [5G [ ()
( + ) 2 QBm 2 _— 2

< 0,

since 25m <ty and spyyq < 2Z~)m.
If ¢ty € (0,2m) is the solution in the interval (0,27), we have to show that I(t9) < I(s1).
But the above calculations show that

(to) = /Oto U (B)db + 1 (0)

t o /b
:t0g<5°>— i g(i)db+2.

So we get

U(to) = U(s1) = toft (%) - /Oto fi (g) db — si1fi (%) + /2: fi (g) db
b
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3.2 The sub-Riemannian geometry associated to the Grusin operator

At last we have to compare the length of the shortest normal extremal ~™°¢,
le| = y/2rnu — w2 |z|* of case 1 (if there is one) with that of case 2. Let b € (0,27) be

the solution of (3.42). If b < 7, then, since fi is monotone increasing on (0, 7), we get:

sen()<#(3)-5

But this means, that 2u < 7 |l’|2 and therefore there is no extra normal extremal. If now
b > m, we have to show that L%(y?) > 27u. We have

so that

b
L% (v*) = 2bu + 2|a[* beot 5

— %bu (1+ﬂ)

b—sinb
bQ
-y
ub —sinb
> 2mu.
b2

The last inequality holds since f(b) := j=5=5 > m, for all b € [r, 27]. To see this, observe,

that f(m) = 7 and f is monotone increasing:

£(b) = 2b(b — sinb) — b%(1 — cos b)
(b — sinb)?
b%(1 + cosb) — 2bsin b
- (b —sinb)?
> 0.

This completes the proof, since the normal extremals 4> in case 2 (with parameter b = T,

le| = V2mu — w222) are shorter. O
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3 The Grusin operator

To close this section, we give a summarizing theorem about our results of this section:

Theorem 3.2.14. Let (z1,u), (z,u) € R Ifx) = —x and 2|u — uy| > 7 |z|?, then the
Carnot-Carathéodory distance is given by

doo ((z1,u1), (z,u)) = /27 |u — uy]. (3.47)

Otherwise the Carnot-Carathéodory distance is given by

b
doc ((71,u1), (v, u)) = m\/kﬂﬂz + |z|? — 221 - 2 cosb (3.48a)

b
= \/Qb(u —uy) + (|z1]* + |z|*)bcot b — 22y - 2— 7 (3.48Db)

sin
where b € (—m, ) is the unique solution of

2(u —uy)
P+ [« s

r1-T 1—bcotb

—cotb+ 2 (3.49)

o2+ |22 sinb

in the interval (—m, ).

Figure 3.9: Sub-Riemannian spheres S (p,r) := {q : dcc (p,q) = r} with radius » = 1 and
different center points p.
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3.3 The heat kernel associated to the Grusin operator

0.6 +

Figure 3.10: The sub-Riemannian sphere S(0.2,1) with some minimizers.

3.3 The heat kernel associated to the Grusin operator

We now turn our attention to the heat equation, i.e. the Cauchy problem

{(at — G)o(t,z,u) =0 (3.50)

v(0,z,u) = f(z,u)

with some function f € S(R"*!). Taking the Fourier-transform in the u-variable we see
that this is equivalent to

Oy — Hy)w(t,z,\) =0
(Or — Hy)w( ) 7 (3.51) i
w(0,2,\) = g(z, \) -
(]
where g(z,\) := f (m,j\) denotes the partial Fourier-transform of f in the u-variable and é—
Hy) = A, — |\*|z|? denote the Hermite operator with parameter A € R, which is the partial Lf_')

Fourier-transform of G. Thanks to the Plancherel formula, any solution w of (3.51) defines
a solution v to (3.50) by taking the inverse Fourier-transform, and vice versa.

But the latter equation is well known and we give a brief discussion of this equation. The
solution of this equation is given by e‘> g, where !> is a bounded operator defined by
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3 The Grusin operator

the functional calculus, since H) is a self-adjoint operator. By the Schwartz kernel theorem
et is given by an integral kernel, i.e.

Mgla) = [N ol (3.52)

And, since H) is hypoelliptic, we have k} € C®(R?").
The Hermite functions

on/d 1 \lel o9\ >
- || —27|x| n n
ha(x) : NS <—2\/7_r> e <_8x) e , z€eR" aeNj, (3.53)

which give an orthonormal basis of L?(R"), are eigenfunctions of Hoy:
Horho = =27 (2|ar| + n) hq,. (3.54)

Since
(&= 2laP) f(r) =2 ((A (&)1 |2> f) ), (359)

we can rescale the Hermite functions

P (z) = (%)% R ((%)%x) (3.56)

to get an orthonormal basis (hé) - of eigenfunctions of Hjy:
)

Hyh) = —|A| (2|l 4+ n) ). (3.57)
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3.3 The heat kernel associated to the Grusin operator

Using Mehler’s formula, we can calculate the kernel k7:

kM (x, ) = > e™h)()h) (€)

|| >0

_ A Clal+n)t H)g AL Al
Z e (27r ha zﬂw ha 27r§

| >0

_(ANE —2/]fa \/E Al
(%) e tg;oe ha (o | o (1o
_ (1Al
= (51)

o (2 )
1 — e 4Nt
TexXp 1 oAt

0|3

. (1 n 674|>\\t) \x\gzﬂ;rlﬁf I\ + A ZE | X e 2Pt

n

= (o)™ <sinh‘(;‘|)\|t)) 5

[2” + 1€ A
: B L Y O D4 — 2
exp ( 5 |A| coth(2|\|¢) + sinh(2|)\|t)x 13

INE 2
_ —n/2
(4t) <Sinh(2)\t) )

1 . ANt
- exp <4_t (2)\t coth(2At)(|z|” + [€]7) — mx : 5)) :

Now, by taking the Fourier inverse

Ky (. 6.u) = (20)] / kMa, £)e™d) (3.58)
etz [ (2
= (2m) " (4nt) / (sinh(Z)\t))
1 9 9 4Nt iu
- exp (E <2)\tcoth(2)\t)(|33| + [¢] )mx£>)€ “
= (4rt)/>! / (SmhA)

. 2\
exp (_47 ()\coth Az + €% - e mu)) =

127

Chapter 3




3.4

3 The Grusin operator

one gets the heat kernel for the Grusin operator. Now the solution of (3.50) is given by

v@w%=A]mKK%&u—Aﬁ@AMMX (3.59)

Heat kernel estimates

We may now use the results of section 3.2 to give some estimates for the heat kernel. We

set
T A\ s e 2 .
h(x, & u) = / (sinhA) exp( ()\coth)\(\w\ + €]°) A 3 22)\u)>d)\
(3.60)
T A\ A )
= / (sinhA) exp (— ()\ coth \ — sinh)\a> R+ 2Mu> dA
with oy
l’ .
R:= R(z,€) := \/|z]* + |¢]* and a := a(x, ) := € [0,1].
Then ¢
K, (z, &, u) = (4nt)~™21p, (i—ﬂ) 3.61
It is also convenient to set
V(A = A k 3.62
(W) = (sinh)\> (3.62)
YA = YA a) (3.63)
A
= Acoth A\ — sinh/\a’ AeR.

One may see that 1(ib) = bcotb — <t—a, so that if b is a solution of (3.49), then the

sin b
exponent

()\ coth \ — a> R? — 2i)\u

sinh A

at A = ib gives exactly the square of the Carnot-Carathéodory distance dco((x,0), (€, u))?.
So we expect Gaussian-type estimates of the form

bz, &, u)| < F(z, & u)edeo(@OLEm),
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3.4 Heat kernel estimates

where F'(z,&,u) > 0 is a function depending on z, &, u. It will turn out that F' has polyno-
mial growth, more precisely

F(x>£>u) S (1 + dCC((l'vO)v (£>u))2)a>

where o = 5 — 1, if n > 2 and a = 0 if n < 2. Compared to the euclidean case, where
« = 0, one has some additional growth, if the dimension is greater than 2.
The strategy is as follows: Move the line of integration in (3.60) from the real axis to the

line R + b, where b is near to the solution by of (3.49).

Lemma 3.4.1. The function

n

VA) = (sinik) 2 ’

where the square root is the principal branch in C \ (—o0,0], is holomorphic in
{z€C:|3z| <7}. And for v +ibe C, —m < b < m, one has

n

b 2
b)) < | — .64
Vel < (55) (3.64)
V'b<1b2%y% 3.65
vl < (1+5) (o) (3.65)
Proof. To show that V is holomorphic, we have to show that
A
sinh A # (00,0,

for all A € C with —7 < SA < 7. Let v+ b € C, |b| < 7. Then

v+ib (v +ib)sinh(v —ib)
sinh(v +4b)  |sinh(v +ib)|?

vsinh v cos b+ bcosh vsin b + ¢(bsinh v cos b — v cosh v sin b) ™
- : , . (3.66) .
| sinh(v + ib)|? O
o
Q
So v]
6

_Vi € R< bsinhvcosb =vcoshrsinbd

sinh(v + ib)

< beotb=vcothv Ve =0.

But bcotb <1 and vcothr > 1 for v # 0; and v = 0 means

v +1ib b

= 0.
sinh(v +1b)  sinb ~
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3 The Grusin operator

We can conclude b
v+
—— & (—00,0 R, — b . 3.67
sinh(u+ib)¢( 00,0, vER, —m<b<m (3.67)
The second inequality is easy, since

2 - V22
~ sinh?v +sin2b
- V2 4+ b2

~ sinh? v
b2 v 2
=1+ =) (—) .
( +V2> (sinhl/)

To verify the first inequality we show that

v +ib
sinh(v + ib)

v+1ib 2 2

—_— for all R.
sinh(v + ib) oratve

flv) =

~ sin?b’

This is obviously true for v = 0, and since f(—v) = f(v), we may restrict our analysis to
the case v > 0:

2v(sinh? v + sin? b) — (12 + b?) sinh(2v)

/
Jv) = (sinh? v + sin? b)?
 2usinhv(sinhv — vcoshv) + 2vsin? b — b? sinh(2v)
B (sinh? v + sin? b)2
<0

)

since sinhv < vcoshv and 2vsin?b < sinh(2v)sin?b < b%sinh(2v). This means that f
stays below ¥ forall v € R. O

sin? b

Lemma 3.4.2. The function

A
Y(A) = Acoth A — Y (3.68a)
A
= (1 — a)A coth A + aA tanh 3 (3.68b)
A
= (1 + a)Acoth A — aXcoth 3 (3.68c¢)

is holomorphic in C\ {mki: k € Z*} for a # +1.
If a =1, then ¥(\) = /\tanh% is holomorphic in C\ {(2k + 1)mi : k € Z};
if a = —1, then ¥(\) = Acoth % is holomorphic in C\ {2kmi : k € Z*}.
In particular 1 is holomorphic in the strip {z € C: [Sz| <7} for any —1 <a < 1.
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3.4 Heat kernel estimates

Proof. The holomorphic properties of v follow easily from those of the trigonometric func-
tion coth, tanh, and the equalities (3.68), which are easy to verify:

Y(A) = AcothA —a

sinh A

shA—1
= (1 —a)Xcoth A+ a/\w

sinh A
= (1 — a)Acoth A + aA tanh %,

and

cosh A +1
sinh A

A
= (1 + a)Acoth A — aXcoth 5

P(A) = (1 4+ a)Acoth A — aX

O
Lemma 3.4.3. For v+ibe C, |b| < m, ¢(ib) is real and
R (Y(v +1ib)) > (ib), (3.69)
where
P (ib) = bcot b — as (3.70a)
=(1—a)bcotb+a (—btan g) (3.70b)
= (1 +a)bcot b — abcot g (3.70¢)

Proof. (3.70) is clear. Let v +ib € C, |b| < 7, then

1 vsinh(2v) + bsin(2b)

2 sinh?y +sin? b

v coth vsinh? v + beot bsin? b
sinh? v + sin? b

vecothv — beotd

sinh? v + sin? b

R ((v + ib) coth(v + ib)) =

= bcot b + sinh? v

> bceot b,
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3 The Grusin operator

and for [b| < 7:

) . 1 vsinh(2v) — bsin(2b
R((v -+ b) tanh(v + b)) = 2 sin§12 1/) + cos? l() )
vcothvsinh? v — btan bcos? b
sinh? v + cos2 b
vcothyv + btanb
sinh? v + cos2 b

= —btanb + sinh? v

> —btanb.
This gives for A\=v +ib e C, |b| < m:

R ((1 - a))\coth)\+a/\tanh%) ,ifa>0

R(WN) =
W) §R((1+a))\coth)\—a/\coth%) ,ifa<0

S (1 —a)bcotb+a(—btand) ,ifa>0
~ | (@ +a)bcotb — abceot 4 ,ifa<0
(G
U

With these preliminary lemmata we can start estimating h by moving the path of inte-
gration to A\ — \ + ib:

Lemma 3.4.4. There is a constant C > 0, such that for all x,& € R", v € R and
beR,|b] <7 the following estimate holds:

b\ b o2w-¢
|h(z, & u)| < C (m) exp <—2bu - <bcotb - mm) (|$|2 + |£|2)> , (3.71)

with o = max (0,5 —1).
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3.4 Heat kernel estimates

Proof. We have

|h(z, & u)| = /V()\)e_w()‘)R2+2i)\1Ld)\

e}

= / VIA+ @'b)e—w(/\Jrib)RQ+2i()\+ib)ud/\

< / |V()\ + Zb)| @_%w()\"‘ib)RQ—Qbud)\

oo
— e_w(ib)RQ—Qbu / |V()\ +Zb)| dA.
—o0
Now we split the remaining integral with r := 7 — |b|:

/ \V()\—i-ib)]d)\—2/‘V(/\+Z'b)’d)\
o /

,
S’»/‘
0

b \5 [ 1
(sinb) +/)\n/2d)\+1

n

sinb’ +/ + 12 Jr/’m

™

A

since ) 1 1
sinb o 3.72

Observe that we can assume u > 0, since h(x,§, —u) = h(z, &, u).

Setting b = by, where by parametrizes the corresponding (shortest) normal extremal,
would not give good results in every case. If b tends to 7, the estimate would blow up. To
avoid this problem, just set b = by — € with an appropriate € > 0. (Since we assumed u > 0,

we have by > 0.
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3 The Grusin operator

Proposition 3.4.5. For ¢ = (x,0), n = (&,u) € R"™! we have

d [0
Ih(x, &, 1) < min {1 + % |+ dool(C, n)2} e—doc(Cn?, (3.73)

with o = max(5 — 1,0).

Proof. First assume that x #% —&. Then the shortest normal extremal and therefore the
Carnot-Carathéodory distance will be parametrized by by € (7w, 7). We claim that

b% <3 <1 + dCC(C77])2> )

sin®by — |g;+§|2

To see this, first assume that a < 0, i.e. £-2 < 0. Then

dec(C, 77) 5o 20 (’ ! —Hf\ 2§.a:cosbo)

> B ((of? 4¢P+ 2¢ o)

sin? by
2
0

o+ &7

N sin2 bo

Ifa>0,ie &2 >0, then

(1 —acosby) (\x!2 +26 -+ !5\2)
0

2 2
> ( ‘bo _abo‘cosb0> |3:+£|2.

sin? by sin? by

If by > 2,thena bb cos by < 0 and 1fb0> Z, then a— bb cos by <

This proves the claim. Now use Lemma 3.4.4 with b = by to get

Iz, &,u)] < <1 4 %) ¢~doc (G, (3.74)
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3.4 Heat kernel estimates

But this remains true, if x = —¢ (and x = £ = 0), since the right side becomes 400 in this

case. To prove the remaining estimate
(@, & w)| S (1+doo(m)?) e dee @, (3.75)

we, again, use lemma 3.4.4. Let by € [0, 7] be the parameter for the Carnot-Carathéodory
Siflobo < 3, and one can
immediately use Lemma 3.4.4 with b = by. So assume that by > 5. Now set b = by — € with

distance. As mentioned above assume that u > 0. If by < %, then

€ < 5, which will be specified later.
If by # 7, we have

bcot b = by cot by + b (cot b — cot by) — € cot by

> by cot by — € cot by,

since cot is monotone decreasing on (0, 7); and

b b b b b
—btan 3= —bg tan 50 +b (tan 50 — tan 5) + e tan 50
b b
> —by tan 50 + etan 50,
since tan is monotone increasing on (0, 7). Therefore
b(ib) = (1—a)bcotb+a(—btand) ,a>0
(l—i-a)bcotb—abcot% ,a<0
. € .
2 P(ibo) — =4 (ibo)-
0
The use of lemma 3.4.4 with this b yields:
b @ [ —2bou+= (Y (i u
)] § (g ) ¢ VOO )2 (3.76)

~ )
€

< (l)ae—ﬂ—ﬁﬁkc@mf

first for by # w. But, if by = 7, then we have x = £ = 0 or x = —£. We claim that in this
case estimate (3.76) remains true: If x = £ = 0 then

b @ €—2b0u+2b0ub—;
sinb

(1>ae—ﬂ—ﬁﬁchmF

174N

h(x, &, u)|

A

€
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3 The Grusin operator

since 2bou = 27u = doc(¢,n)?. And, if x = —¢, then a = —1 and (ib) = bcotg >0, so
that

b - 7 —2bgu u=
Iz, ,0)] < ( . ) o b) R? —2bou+-2bou i
sin b

1I\N¢ _ <
S (_ e 2b0u+2b0ub0
€

<1>°“ o~ (1=55)doc(Cn)?

€

I

since again 2byu = 2mu = dcc (¢, n)?.
Setting ¢ = m, which optimizes this inequality (up to a constant), gives us the
desired result:

h(z, &, u)| < (14 dea(C,n)?) e decEn?, (3.77)
]

This gives the following main result:

Theorem 3.4.6. For ¢ = (,0), n = (£, u) € R"™! we have

. d d "
|K(z,&,u)] <t72 ' min {1 + T;_(Eg‘?) 14 chf;n) } e_ﬁdCC(C’n)2, (3.78)

with a = max (§ — 1,0).

Proof. The proof is almost trivial, if one uses (3.61) and the homogeneity of dcc. O
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Nomenclature

Ny

Z*

At
span
kern

im

set of all positive integers

NuU {0}

set of all integers

7\ {0}

set of all real numbers

set of all positive real numbers

set of all complex numbers

Kronecker-delta, where ¢; ; = 1if i = j and 6; ; = 0if ¢ # j
real part of a complex number

imaginary part of a complex number

i-th standard unit vector in R"

identity matrix. The dimension depends on the context.
transpose of a matrix A

R-linear span

kernel of a linear map (or matrix)

image of a linear map (or matrix)

ES(A, \) eigenspace of a matrix A corresponding to the eigenvalue A

TM, T,M tangent bundle (space at p € M) of a manifold M

T*M, TyM cotangent bundle (space at p € M) of a manifold M

T#M, Tp#]V[ cotangent bundle (space at p € M) with the zero section removed
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Nomen

clature

|-
deo(:-
|- lcc

by

buim

Hu,m

—~

ZAN D  P
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euclidian norm

) Carnot-Carathéodory distance, page 17
Carnot-Carathéodory norm, page 49

Heisenberg algebra of dimension 2v + 1, page 49
Heisenberg group of dimension 2v + 1, page 49
Heisenberg type algebra of dimension 2v + m, page 49
Heisenberg type group of dimension 2v + m, page 50
free nilpotent Lie algebra of step 2, page 50

free nilpotent Lie group of step 2, page 50

Laplacian on R™. A =377 4 Q,%j.

sub-Laplacian, page 84

Grusin operator, page 95

X <Y denotes the estimate X < CY for some absolute constant C' > 0.
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abnormal minimizer, 32
adjoint equation, 23
adjoint representation, 47, 51
of so(n), 53
of SO(n), 53
adjoint vector, 23
maximizing adjoint vector, 23
nontrivial adjoint vector, 23
D-admissible, see horizontal curve
admissible trajectory
time-optimal, 22

bicharacteristic, 18, 20

null bicharacteristic, 18
biextremal, 20

abnormal biextremal, 19

normal biextremal, 20
bracket-generating, 17

strongly bracket-generating, 22

Campbell-Baker-Hausdorff formula, 48
Carathéodory conditions, 22
Carnot-Carathéodory distance, 17, 48
Cartan decomposition, 55
characteristic, 18
nontrivial characteristic, 18
nontrivial null characteristic, 18
null characteristic, 18
Chow-Rashevskii, 17, 44
control, 22
admissible control, 22
control space, 22, 44

control system, 44
autonomous control system, 22
control values, 22

diffusion, 7

distribution, 16
singular distribution, 16, 43, 96
smooth distribution, 16

endpoint map, 19
exponential coordinates, 47
exponential map, 28, 47
exterior product, 50, 51
extremal, 20
abnormal extremal, 19
locally extremal, 27
normal extremal, 20
strictly abnormal extremal, 20

Filipov’s theorem, 21
free nilpotent Lie algebra of step 2, 50, 57
free nilpotent Lie group of step 2, 30, 50

group product, 28, 48
Grusin operator, 95
Grusin sphere, 124

Hoérmander condition, 17, 95
Hamiltonian, 20, 73

Hamiltonian differential equations, 58, 73
Hamiltonian lift, 18

Hamiltonian of a control system, 23
Hamiltonian vector field, 17
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harmonic oscillator, 125
heat equation, 84, 125
heat kernel, 128
heat semigroup, 84
Heisenberg algebra, 49
Heisenberg group, 49
Heisenberg type algebra, 49, 74
Heisenberg type group, 32, 50, 74
Hermite function, 126
Hermite operator, 125
holomorphic, 85, 86, 130
homogeneous, 49, 96
homogeneous dimension, 96
horizontal curve, 17
length of a horizontal curve, 17
hypoelliptic, 84, 95

infinitesimal generator, 84
Jacobi identity, 18
left invariant vector field, 48

Métivier group, 31
Mehler’s formula, 127
minimizer, 20

abnormal minimizer, 20

strictly abnormal minimizer, 20

nilpotent Lie algebra of step 2, 47
nonsingular 2-step nilpotent Lie alge-
bra, 31
nilpotent Lie group of step 2, 28
non-isotropic dilations, 49, 96
nonholonomic, see bracket-generating

parametrized by arc-length, 17, 20
parametrized by constant speed, 20
parametrized with constant speed, 17
Plancherel formula, 125

Poisson bracket, 18
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polar coordinates, 86
Pontryagin’s Maximum Principle, 19, 23

Riemannian metric, 16
root space decomposition, 55

singular curve, see abnormal extremal
smooth section, 16

smooth subbundle, 16

special orthogonal group, 51, 52
state space, 22

strictly abnormal minimizer, 32
sub-Laplacian, 84
sub-Riemannian distance, 17
sub-Riemannian manifold, 16
sub-Riemannian structure, 16
symplectic 2-form, 17
symplectic manifold, 17

tensor product, 51
time-minimizing, see time-optimal arc
time-optimal arc, 21
locally time-optimal, 21
trajectory
admissible trajectory, 22
F-trajectory, 22

wedge product, 51
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