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Abstract

In this dissertation we look at different two models of sorting algorithms based on divide-
and-conquer algorithms. Quicksort algorithm, sort an unsorted array of n distinct
elements. Partial Quicksort sorts the [ smallest elements in a list of length n. Both
stochastic divide-and-conquer algorithms are widely studied. Our algorithm Quicksort
on the fly provides online the first smallest, then second smallest and so on. If we
stop at the [-th smallest, we obtain Partial Quicksort. We analyze the running time
performance Y,, of Quicksort on the fly using the parameter [ as time index. We show
that, the process Y,, converges not only in distribution, but also uniformly as n — oo
almost everywhere in D to a random variable Y. The distribution of Y is characterized
as a solution of a stochastic fixed point equation

1€N

with values in the space D of cadlag functions on the unit interval. This result includes
the performance of Quicksort via [ = n, respectively Y (1) in the limit.
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Chapter 1

Introduction

In this thesis we focus on the Partial Quicksort algorithm, first proposed and analyzed
by Martinez [32]. The input is a list of n distinct reals and the output of the algorithm
are the sorted [ smallest elements. Basically find with Quickselect [27] first the list of {
smallest elements and then sort them by Quicksort [27]. It works as follow

e Choose a pivot with random with a uniform distribution;
e Find the list of strictly smaller numbers and the list of strictly larger numbers;
e [f the rank of the pivot is smaller than [

— Sort the left sub-array using ‘Quicksort’;
— Apply Partial Quicksort to the right sub-array.

e [f the rank of the pivot is greater than [
— Apply Partial Quicksort to the left sub-array.

e Recall Partial Quicksort till termination.

We introduce a nice version of Partial Quicksort, called Quicksort on the fly. Our
algorithm is a suitable rearrangement of Partial Quicksort, it provides first the smallest,
then second smallest, and so on until the largest element of a list of n different reals.
Quicksort on the fly works as follow

e Pick by random with uniform distribution an element of the list as a pivot.

e Compare all others to the pivot and form the list of strictly smaller numbers,
pivot, and the list of strictly larger numbers in this order.

e Recall independently the algorithm for the left sided list until termination.

o If necessary recall the algorithm for the right sided list.

11



1. Introduction

For given array with large size it can be assumed that the running time of the algorithm
is proportional to the number of comparisons needed to sort the array. Let X(n,[) be
the number of comparisons done by Partial Quicksort to sort the [ smallest elements
out of n elements. The average number [32] is

E(X(n,0)=2n+2(n+1)H, —2(n+3— 1)H, 1, — 6] + 6

With the normalization

v by _ XD = B(X(n1) 1)

n n

Y, () will converge in distribution to some Y (¢) as & — ¢, [33]. Further there is a
characterization of the one-dimensional marginals via a unique solution Y with values
in the space D, of cadlag functions, satisfying some fixed point equation [33].

In our paper we consider [ not as a fixed value as above but as a variable and we consider
Y, as a D valued precess. Our first main result is the following.

Theorem 1.1. The process (Yn(%))le{o,l,l---,n} converges as n — oo in distribution to a

process Y = (Y(t))icpo1] with values in D satisfying the stochastic fixed point equation

(O 2 (s (UY' () + (0= DY) ) + LUV () + CON (12

Here U is a uniformly distributed random variable on the unit interval [0,1]. The

random variables Y, Y2, U are independent. The random variables Y' and Y? have
the same distribution as'Y with values in D. The cost function C = C(-,-) is given by

Clzx,t) = 1+2zlnzx+2(1 —z)In(l —2) + 2L« ((1 —¢)In(1 — 1)
(1—2)ln(l —2)—(x—t)In(x —t) — (1 — x))

Our second main result provides a very specific version of Y via the weighted branching
process.

Theorem 1.2. There exists random variables Y, Y1, Y2 U and C such that equation
(1.2) holds even almost everywhere.

In our work, we use a smart approach to show the existence of equation (1.2) via the
weighted branching process [41]. This approach is inspired by the analysis of Quickselect
[17, 24, 33|, where fixed point equations on D were considered for the first time.
Let (V, ((T1,Tz),C), (D, ), (D+,®)) be the corresponding weighted branching process,
which we will discuss in Chapter 3. Then the total weight up to generation n for the
tree V with root v

Ry:= > Ly,eC™

'UEV<7L

12



1. Introduction

will converge not only in distribution, but also uniformly as n — oo almost everywhere
in D to a random variable R". For all v € V the family R",v € V satisfies

2
RY = ZﬂvRvi 4+ v
=1

almost everywhere. This is exactly the equation (1.2) for random variables. Moreover,
for every p > 1 holds

1
8+ ()7 el
1—k,

2l ool <

where k, = (%)% and @ is a random variable with the Quicksort distribution.

The almost everywhere convergence is much stronger than convergence in distribution.
The interplay of convergence of measures and of random variables, forward and back-
ward view, is the key to our main result. As a motivation of these results, we give
in the following section a short overview on the previous related work including some

basic facts. In Section 1.2 we describe briefly the outline of this thesis.

1.1 A brief overview

Our approach was inspired by the methods used for the analysis of Quicksort and
Quickselect. We present a short overview of the ongoing, since it is similar to our more
refined approach.

Quicksort sorts an array of n distinct reals and is a well known and popular sorting
algorithm. Quicksort was invented by Hoare [20] and based on a divide and conquer
strategy, described in Chapter 4. Quicksort is considered as one of the ten algorithms
with the greatest influence on the development and practical impact of science and
engineering in the 20th century [14]. There is a large number of contributions to the
Quicksort analysis, for example we mention [10], [19], [37], [39], [30], [11], [36], [8], [23]
and [15].

Let X,, be the number of comparisons used by Quicksort to sort a list of size n. The
random variable X, is basically proportional to the running time of Quicksort [45],
which depends (a little bit) on the implementation and computer hardware. The average
number E(X,,) of comparisons [27] is E(X,,) ~ nlnn. The first complete running time
analysis for a random divide and conquer was for Quicksort [39]. The random variable

_ X, - B(X,)

n

Y,

converges in distribution to a random variable Y, which distribution is characterized as
the unique solution of the stochastic fixed point equation

13



1. Introduction

Y2Uy'+(1-0)Y?+C(U)

with expectation 0 and finite variance. Here U is uniformly distributed on [0, 1] and
U,Y',Y? are independent. Y! and Y2 have the same distribution and C' is given by

Clx):=2xlnx+2(1 —2z)In(l —z) +1, z € 0,1]

Quickselect or FIND, introduced by Hoare [28] in 1961 is a search algorithm widely used
for finding the [-th smallest element out of n distinct numbers. Most of the mathemat-
ical results on the complexity of Quickselect are about expectations or distributions for
the number of comparisons needed to complete its task by the algorithm [18]. A pivot
is uniformly chosen at random from the available n elements, and compares the n — 1
remaining elements against it.

Let X, (k) be the number of comparisons needed to find the [-th smallest out of n. The
running time of this algorithm is always a random variable either by random input or
internal randomness. The expectation of X, (k) is explicitly known [26]

E(X,(k)=2n+3+n+1)H, — (k+2)H, — (n+3 — k)H, 11 1)

for 1 < k <n, and Hy denotes the k-th harmonic number. An asymptotic approxima-
tion as n — o0 is
E(X,(k))

n

for 0 <t =% <1 [18]. The asymptotic variance Var(X,(k)) was derived by Kirschen-
hofer and Prodinger [22] using combinatorial and generating function methods. Fur-
thermore, [9], [18], [31], [28], [17] and [42] studied the limiting distribution of X, (k) or
X, as a process.

A major tool are fixed point equation and the contraction method for operator K like

~2—2tnt —2(1 —t)In(1 —¢)

K(u) ) AY,+C (1.3)

€N

The random variables (A, B,C),Y;,i € N are independent and the random variables Y;
have the same distribution p. In a more general form of (1.2), Knof and Roesler [25]
considered general recurrence

y" 23 Ao Br+C" (1.4)
iEN
on the set D of cadlag functions on the unit interval [0, 1]. Here ((A?, B, I?);, C™), Y7,
1,7,k € N are all independent. Y;j , A, C™ have values in the set D. The random
variables B]' take values in Dy, the set of all maps from the unit interval to itself and
piecewise increasing.

14



1. Introduction

Under some assumptions they showed the existence of solutions of (1.4) via the weighted
branching process, and Y converges in distribution to Y satisfying

YEZAMOBZ-JFC

1EN

The contraction method [40] invented for the analysis of Quicksort, proved to be very
successful for other algorithms [38, 34]. The contraction method is a general method to
derive convergence in distribution of recursive structures. This method was pioneered
by Roesler [39, 40] and later by Rachev and Rueschendorf [36] and Neininger [34].
This method was explained in the context of several divide and conquer algorithms
in [38]. Knof [24] studied the finite dimensional distributions of D-valued processes
Y™ by the contraction method. He introduced a suitable complete metric space and
showed convergence of all finite dimensional distributions. His results include Quicksort.
Gruebel and Roesler [18] used a nice version of the Quickselect processes and showed
the convergence in other topology to a limiting process Y which is a fixed point of the
map K [35].

1.2 Thesis outline

In view of the above brief overview, the thesis is organized as follows:

Chapter 2 provides general well known results on the space D = D0, 1] of cadlag func-
tions on the unit interval [0, 1], following Billingsley [4].

In Chapter 3 we introduce the weighted branching process (V, (T, C), (G, %), (H,®))
which was first introduced by Roesler [40] and plays a crucial role in our work. After
that, we give two extreme examples, first a pure branching process and a second one
with a pure multiplicative structure.

In Chapter 4 we embed the Quicksort process into a weighted branching process and
discuss some properties of the limiting distribution.

In Chapter 5 we introduce in detail the Partial Quicksort algorithm and our version
Quicksort on the fly. We show the distribution of the number X (S, () of comparisons to
sort the [ smallest elements out of the list S depends only on |S| and [. This provides
recursive equations for X (|.S|,1), which are essential for our work.

In Chapter 6 we present the two main results in this thesis. We suggest a normaliza-
tion of the running time of Partial Quicksort using [ as time index. Further we derive
asymptotic formulas for the limiting process as an application of the weighted branch-
ing process. Finally we choose a very specific version with nice additional properties to
ensure almost everywhere convergence of random variables. That implies the desired

15



1. Introduction

distributional convergence of processes (1.2).

In the Appendix the reader will see some basic facts about stochastic processes and
their convergence.

In the paper we defined Y,, slightly different than in (1.1). The reasons are only nota-
tional ones. For example we divided by n + 1 instead of n to assure a divisor unequal 0
without saying this all the time. In probability the space D of right continuous functions
with left hand limits is (for good reasons) preferred to the space H of left continuous
functions with existing right limits. In our problem the use of H would be more natural
by the example in mind. Both spaces are equivalent in the sense of a bijection preserv-
ing the structure (The functions here have only discontinuities of the first kind). But
these are only technical considerations not inflicting the semantic statements.

16



Chapter 2

Metric spaces

Metrics generalize the notion of distance on the real line, which is a useful tool for more
general applications. We will introduce in this chapter an important tool in the theory
of metric spaces, called Banach’s fixed point theorem. Following we will construct a
special metric space with respective properties which we need in our work.

Definition 2.1. (metric space) Let E be a non-empty set and suppose there is a func-
tiond: F x E — [0,00), and for all x,y, z € E the following three properties holds:

(i) (positivity) d(z,y) >0

(ii) (Non- degenerated) d(z,y)=0<z=y

(iii) (symmetry) d(z,y) = d(y,x)

(iv) (Triangle inequality) d(x,y) < d(z,z) + d(z,y).

Then the tuple (E,d) is called metric space and d is called metric.

Definition 2.2. (Cauchy sequences)
A sequence (z,),n € N in a metric space (F,d) is called a Cauchy sequence, if for all
€ > 0, there exist an ny € N such that

Vn,m > ng, d(x,, ) <€

Definition 2.3. (complete metric space)

A metric space (F,d) is said to be complete if every Cauchy sequence in E converges
in F.

In many fields, stability is a fundamental concept that can be described in terms of
fixed point. Before we begin the special theory, we introduce a general view on the
fixed point problem.

Definition 2.4. (fixed point)
A fixed point of a function f: F — F is an element z € E such that f(x) = x .

17



2. Metric spaces

2.1 Banach’s contraction principle

In our work we are interested in the most important result in fixed point theory. We
state and prove Banach’s contraction principle, also called the contraction mapping
theorem. It is due to Banach and was first appeared in his Ph.D. thesis (1920, published
in 1922)[6]. It states that every strict contraction on a complete metric space has a
unique fixed point. This is an important tool in the theory of metric spaces. For
national notations we denote the n-th iterates of f : E — E by f",n € N, the n times
composition of f.

Definition 2.5. Let (X, d) be a metric space. A map f : X — X is called Lipschitz
map (contraction) if there exists a real positive constant a such that

d(f(x), f(y) < a-d(z,y), Yo,y € X.

The constant « is called Lipschitz constant for f. If a < 1, f is called a contraction
and « is said to be a contraction constant of f. We use strict contraction if v < 1. If
a > 1, we say f is non expansive.

Theorem 2.6. (Banach’s contraction principle) Let (E,d) be a complete metric space
and let f : E — E be a strict contraction. Then f has a unique fized point z, and for
each z € E, we have

lim f*(x) =z

n—o0

Proof. First we show the existence. Let f : £ — FE be a strict contraction with a
contraction constant «. For any fixed z( € E, define the sequence z; by settings

Tht1 = f(l’k), keN

11 = f(20), 22 = f(x1) = fQ(%) sy Tp = fap_1) = fk(xo)-
From the fact that
d(f(z), f(y)) < a-d(z,y),

conclude by induction for every integer j > 1

d(.fL'j+1,£Cj) S Oéj . d(.flfl, LCQ) (21)

18



2. Metric spaces

For 1 < m < n, the triangle inequality gives

d(f"(xo), f™(20))

a™d(f"" (o), To)

Q™ [d(f" 7™ (o), d(f""H (wo)) + d(f T (wo), d(f T (20))
w4 d(f(wo), 20)]

n—m—1

a™( Z o?)d(xy, x0)

=0
< am(z o?)d(zy, o)
=0

d(xy, xo).

d(xp, Tm)

+ IAINA

IN

«

<
- 1«

Since lim o™ = 0 implies d(z,, ) — 0, i.e. (2,)new is Cauchy in the metric space
m—0o0
(E,d). Since E is complete this sequence converges to a point z € E | lim f"(x) = z.
n—oo
z is a fixed point since since f is continuous,

2= lim " (x) = lim £ (f"(x)) = f(2).

n—o0

For the uniquenesses, let 21,20 € E be both fixed points of f, i.e. z; = f(z1) and
29 = f(z2). then from equation (2.1)

d(21,22) = d(f(21), f(22)) < - d(21, 22),

Since 0 < o < 1 implies d(z1, 2z9) = 0, and therefore we must have that z; = z5, f has
at most one fixed point. [

Corollary 2.7. Let (E,d) be a complete metric space and let f : E — E be a strict
contraction with a contraction constant o« and fixed point z. Then for any xo € E we
have the estimates

A, 2) < (w0, flw0)), 2.2
d(xm,2) < a-d(xg,_1,2), (2.3)
(2, 2) < %d(wm_l,xm). (2.4)

Proof. From the Theorem 2.6, and 1 < m < n provides

m

(0%
d(l’n,ﬂﬁm) S md(l'l,l'o) =

am

1l -«

d(x1, f(x0))

19



2. Metric spaces

This implies (2.2) since

nh_g)lo (T, Tp) = d(Xs, 2).

Since z is a fixed point, we obtain (2.3) by
A, 2) = A(f (), () < - (i, 2),
m > 1. By (2.3) the triangle inequality provides
d(zm, 2) < a(d(Tm—1, Tm) + d(xm, 2)),

and therefore the equation (2.4) is obtained. O

2.2 The space D [0, 1]

In this section we introduce the space D = DJ0, 1] of cadlag functions on [0, 1] which
are important in the study of stochastic processes. We introduce a metric and topology
on D under which the space becomes a separable metric space. We will give briefly
some properties of that space. For more details we refer to [4].

Definition 2.8. (cadlag functions) Let D = D[0, 1] be the space of real functions f on
[0, 1] that are right-continuous and have left-hand limits:

(i) For 0 <t <1, f(t+) = limgy f(s) exists and f(t+) = f(1).

(ii) For 0 <t <1, f(t—) = limgy f(s) exists.

Functions having these two properties are called cadlag functions.
For f € D0, 1] and Ty C [0, 1], let

wy(To) := sup {|f(t) = f(s)| : 1, s € To},

and for 6 > 0
wy(6) == sup wy([t,t +9]).
0<t<1-§
A continuous function is uniformly continuous on a compact interval. The following
lemma provides a similar property for the cadlag functions on D]0, 1].

Proposition 2.9. For each f € D and for each € > 0 there exist points to,t1,- -ty
such that
O=tog<ti <ty =1

and
wi([tio1, ) <€, i=1,2,--- ,m.

20



2. Metric spaces

From the above lemma we note that for each given real r > 0, there can be at most
finitely many points ¢ € [0, 1] such that |f(t) — f(t—)| > r. Therefore f has at most
countably many discontinuities and it follow also that f is bounded [4], i.e.

sup|f()] < oo.

Proposition 2.10. Let f : [0,1] — RY be The map f(xr) = xlnz and let a be a
constant, 0 < a < % Then
wy(a) <4al|lnal.

Proof. Let |x —y| < afor z,y € [0,1] and 0 < a < % We consider the different cases.
Case 1. If z,y > a. then using Taylor expansion of the function f is f(y) — f(x) =

’

(y — ) f(&) for some value = between x and y. We obtain

|f(y) = f(x)| < |y — x|sup f(Z)‘ <a(l+|na|) <2allnal.

z>a

Case 2. If z,y < a. Then

1) = F@)] < 250p|7()] < 2alinal.

Case 3. f x Vy < a and x Ay > a. Without loss of generality let x < a and y > «a.
Then

1F(y) = F@) < [f(y) = fla)| + [f(a) = f(2)] < 4a[nal.

Definition 2.11. For 0 < § < 1 and f € D define

wy(d) = inf max wy [tie1, i) ,

where the infimum is over all finite sets ¢; € [0, 1] and the set {¢;} satisfy that 0 = ¢, <
th<---<t.=land t; —t;_1 >0, Vi=1,2,---r. Notice, the Lemma 2.9 is just
equivalent to assertion that

limws(6) =0 forall feD.

6—0

We will introduce a norm p on D to become a Banach space. For all f,g € D0, 1]
define a map p: D x D — [0,00) by

p(f,g) == sup |f(t) —g(t)]. (2.5)

t€[0,1]

Lemma 2.1. Let p be defined as in (2.5). Then (D[0,1], p) is a complete metric space.

21



2. Metric spaces

Proof. We show the properties of the metric. p is well defined. Since for all f, g € D it
is trivial to show p(f,g9) > 0,p(f,9) = 0 < f =g and p(f,g) = p(g, h), we show the
triangle inequality. For f, g, h € D and for all ¢ € [0, 1] then

p(f.g) = sup [f(t) —g(t)|

t€[0,1]

< Sup (L (&) = h@)| + [A(t) — g(£)])

< sup |f(t) = h(t)| + sup |h(t) — g(t)]
t€[0,1] te(0,1]

= p(f,h) +p(h,g).

Therefore p is a metric on D [0, 1]. To prove the completeness, let (f,,)nen be a Cauchy

sequence in D [0, 1]. Let ¢, > 0,n € N be decreasing to 0 and ), €, < 00.

Define
n;:=inf{n:Vn>m>n, p(fm, fn) < €&}.

To show that n;,7 € N is increasing, consider
A ={n:Yn>m>n, p(fm, fn) <&},

and notice n; = inf A;. Since for ¢ < j we have ¢; > ¢;, it follows A; DO A;. This implies
n; < n; and therefore n;,7 € N is increasing.

The sequence (fy,,)ien is a Cauchy sequence in (D, p) Since for ig < i < j

j—1
p(fﬂj?fni) < p(fnk+1’fnk)
k=i
j—1
< Zek§26k—>0 as iy — 00.
k=1 k>ig

For n;; < m < n and 7, such that n; < m < n;;; and n; < n < n; ;. The sequence
(fn)nen is a Cauchy sequence in (D, p) since

P(fms fn) < p(fms i) + o Fry) + p(fnys f)-
O

In our work we use the supremum norm || f||_ = sup, |f| and sometimes we use || f]|
instead of using p(f,0) .

22



2. Metric spaces

2.3 Skorodhod topology

The Skorodhod space provides a natural and convenient formalism for describing tra-
jectories of stochastic processes admitting jumps. The Theorem 2.1 introduced the
Banach space (D, p) but it is easy to see that it is non-separable, what is always dis-
advantageous in probability theory. To overcome this inconvenience, A.V. Skorodhod
introduced a metric and topology under which the space becomes a separable metric
space.

Definition 2.12. Let A denote the space of strictly increasing and continuous mappings
A [0,1] = [0,1] with A(0) = 0 and A(1) = 1. Let Z € A, Z : [0,1] — [0,1] be the
identity map. The Skorodhod metric on D0, 1] is defined by

d(f,g) :=inf{e>0:3INe A with p(\,Z)<e and p(f,go)) <e}, (2.6)

for all f,g € D.

This metric generates the Skorodhod topology on D, see [1]. The o—filed o(D) is
generated by the Skorodhod topology on D. The o—field o(D) is isomorphic to the
product o—field RT intersected with D, where T is a dense subset of [0, 1] containing
1. We refer to books by Billingsley [4] and Aldous [1] for exhaustive discussion of limit
theorem results.

Lemma 2.2. A sequence (fn)nen C D|0, 1] converges in the Skorodhod topology to a
limit f € DI[0,1] if and only if there exist functions A, € A such that

lim sup p(\,,Z) =0,

n—oo ¢

and

Remark 2.13. From the definitions (2.5) and (2.6), it is obvious that d(f, g) > p(f, g).
By Lemma 2.2 if f,, converges uniformly to f then f, converges in the Skorodhod
topology to f. Since

[fu(t) = FOI < [fa(t) = SO+ [fAa(®)) = F(B)], An € A (2.7)

The Skorodhod convergence does imply that f,,(¢) — f(¢) holds for continuity points ¢
of f and hence for all but countably many ¢. From (2.7), if f is uniformly continuous
on [0, 1], then

[ = FIF < W fn = SRl 4 we([[An = Z1)).

Therefore the Skorodhod convergence implies uniform convergence. The Skorodhod
topology is finer than the uniform topology.
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The finite-dimensional sets play an important role in D. For 0 <t¢; < --- <t <1 and
f € D define the projection
Tty -ty - D — [Rk

by
Tyt (F) = (f(T1)s -+ f(tr)) -

It is obviously by the remark 2.13 that the zero and identity functions in A, called 0 and
1 respectively are elements in D and my and m; are continuous. If f is not continuous
at t, then f, converges in the Skorodhod topology to f but f,(t) does not converge to
f(t). And therefore if ¢ € (0,1), then 7, is continuous in the Skorodhod topology at f
if and only if f is continuous at t. We state the next two lemmas without proofs and
for more details we refer to [4].

Lemma 2.3. 1. The projections my and m are continuous and for t € (0,1), the
projection my is continuous in the Skorodhod topology at f if and only if f is continuous
at t.

2. FEach m; is measurable with respect to o(D) — B(R), and each m,...., is measurable
with respect to o(D) — B(R?).

Lemma 2.4. Let (2, A, P) be a probability space and X : Q@ — D. Then X is a random
variable with values in (D, o (D)) if and only if for all t € [0,1] the projections.

Xi:w—R, w— X(w)(t)
is a random variable on (R, B(R)).

Let Dt be the subset of all functions f : [0,1] — [0,1] in D such that there exists
0=ty <t <--- <t =1 satisfying f is increasing on the interval [t;_;,t;) for
1 =1,2,--- ,r. In the following we consider the composition of random variables and
give some results needed in our work.

Lemma 2.5. Let X be a random variable with values in D and let B be a random
variable with values in Dy. Then X o B is a random variable with values in D.

Proof. Let X : Q@ — D, and B : @ — D;. Since for all w € , B(w) € Dy , then the
function (X o B)(w) € D. It is sufficient by Lemma 2.4 to show X o B(t) : Q@ — R is
measurable for all ¢ € [0, 1].

For all t € [0,1] define B; : 2 — R, j € N by

Bj(w) := .
’ j
we will approximate the X o B by the random variables X o B; using the discretization
on the values 0, %, % N % B;(t) is a measurable for all w € Q since

(B,(1) ([0, 1)) = (B(#)~" ([ : ,1>) e A,
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for all j € N and ¢ € [0, 1]. By the definition of B;, Bj(w) > B(w)(t) and lim; B;(w) =
B(w)(t). Furthermore

X 0 B(w)(t) = X(lim B;(w)(t) = lim X (B;(w) (1)) = (X o By(w)(1)

Then lim; (X o B;(t)) is measurable since X o B;(t) is measurable. This implies that
X o B(t) is measurable for all ¢ € [0,1) with respect to B(R). O

2.4 The metric |||, 5

Let
F(D) :={X:Q— D: X is measurable}, (2.8)

be the space of all measurable functions X with values in D. For 1 < p < o0, define
the subspace

F(D) = {X € F(D) : IX]..]l, < oo}

Here [|-||, denotes the usual L,-norm for random variables and ||| , refers to the supre-
mum norm.
For 1 < p < o0, define

o+ Fp(D) = R

by

X, p = X (2.9)

P

Proposition 2.14. For 1 < p < oo the map |||, , defined above is a pseudo-metric
on Fp(D).

Definition 2.15. For all X|Y € F(D) and 1 < p < oo, define the binary relation ~
. X~Y & PX#Y)=0.
Proposition 2.16. The relation ~ defined above is an equivalence relation on F (D).
For the equivalence relation ~ on F(D), define
[fl, =19 € Fp(D): f~yg},
the equivalence class of an element f € F(D). Let
70y ={1),: f € (D)},

be the space of equivalence classes [f],.
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2. Metric spaces

Forall 1 <p<oo,t€[0,1] and f,g € ]:"p(D) define

d, : F,(D) x F,(D)

by R
dy ([f1.19]) = llp(f, 9, -

Proposition 2.17. For all 1 < p < o0, Jp defined above is well defined.

Proof. Let f,g € Fp(D) and fi € [f], 91 € [g]. We willshow [[p(f1, 91)l,.p = [Io(f, DI, p-
By the triangle inequality

loCo g0 < (s Dl + 1loCfs 9, o + 1120, 901,

Io(fi Do = (B D i=py + 10))7)

= (E((fr, PLi=p))" + (E (2 (fr, F)Lszn))
= 0.

Sl

In the last equality the first term is zero since p is a metric, and the second term is zero
since P(f1 # f) = 0. Analogue [|p(g, 91)[[, , = 0 and therefore we have

(e g)lpp < leCf Do - (2.10)
On the other hand
lo(fsD)ll,p < Mol Fll,n + oG 90, p + [lo(g1, 9, p
< e(f1 90,0 (2.11)
Combining equations (2.10) and (2.11), then |[p(f1,g1)l,, p = llo(f, 9)ll, p- And there-
fore [[p(f1,91)l, p is independent of the choice fi, g1. O

Proposition 2.18. (.?Ep(D), Jp> , 1 < p < oo, isa Banach space with the usual addition

and multiplication

]+ 1] == [f + gl
c-[fl:=le- 11,
I M0 = 1 llpp
for f,g € Fp(D),c€R.
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Chapter 3

Weighted branching process

The purpose of this chapter is to introduce the weighted branching process (WBP),
which was first introduced by Roesler [40], and may be viewed as a generalization of the
classical Galton-Watson process. The importance of the weighted branching processes
does not only come from their natural relevance in the general theory of branching
processes which are very common in nature and real world, but these processes include
various applications, especially data structures and the analysis of random algorithms
in computer science. First we specify some notation for trees.

3.1 The Ulam-Harris tree

Consider the infinite Ulam-Harris tree

\/::UN"

neNg

be the infinite tree rooted at {¢} where N = {1,2,...} denotes the set of posi-
tive integers and by convention N° := {¢} contains the null sequence ¢. Each v =
(v1,v9,...,v,) € Vis called a node or vertex which we also write as vjvs...v,. The
vertex v is uniquely connected to the root ¢ by the path

O — V] — VVg —> - - —> Uy ... Up.

The length of v is denoted by |v|, thus |v; - - - v,,| = n and in particularly we use |¢| := 0.
For all v € V and for every k € N define

o) k=0
U= v k< ol
v k> |v

Further we use the notations for w = wy ... w,,

VW ‘= V102 ... 0,W1W9 ... W,
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3. Weighted branching process

ov:=v and wvp:=v
In our work we suppress if possible the root ¢. We introduce the definition of an

ordering on V which reflects the kinship of its vertices when interpreted as individuals
of a genealogical tree. We now define some useful relations on V.

Definition 3.1. (relation on V)
For all v, w € V, the prefix order < on V is given by

v=w:= JueV:ou=w.

The node v is called an ancestor or progenitor of w and conversely w is called a descen-
dant of v. If uw € N, then v is also called a mother of w and, conversely, w is called a
child or offspring of v.
We further define

v<w:ESvwAv#£w.

In the context of branching tree, the relation v < w may be interpreted as, the node v
is strictly older than w in terms of generations. We extend this definition to subsets of
V. For all L CV and v € V, Define

vL:dJweV:iowelL,

v<L:=JweV\{¢p}:vweL

and
L<v:edwel and w=<uv,

L<v:&edwel and w<w.

Remark 3.2. We use the m-ary tree {1,...m}" := [, g, {1,---m}". In the case that
V= Upnen, 11,2}, the tree is called binary tree.

3.2 Weighted branching process

Let (2, A, P) be a probability space, rich enough to carry all occurring random vari-
ables in our work. Let (G, %) be a measurable semigroup (x: G x G — G, (g,h) = g=*h
associative and measurable) with a grave A, (Vg € A : Axg=A =g A ) and a
neutral element e (Vg€ G:exg=g=g=xe).

The semigroup (G, ) operates transitive and measurable on the measurable space H
via ®: G x H— H and G x H is endowed with the product o-field. Let T": Q — G
be a random variable relative to the product space.

We use the notation T' = (11,75, -+ ), where T; : Q — G is the i-th projection of T.
Let C': Q0 — H be a random variable with values in a measurable semigroup H.
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3. Weighted branching process

Let (T%,C"),v € V, be independent copies of (7,C') on the same probability space
(Q, A, P). We call T7, the weight attached to the edge (v, vi) connecting v and vi. C?
is called the weight of the vertex v. The interpretation of C" is as a cost function on a
vertex v € V.

Definition 3.3. (weighted branching process)
A tuple (V,(T,C), (G, *), (H,®)) as above is called a weighted branching process (WBP).

For a weighted branching process without costs we write also (V, T, (G, x)). We shall
use freely other trees such as m-ary trees {1,2,---m}" of all sequences in an appropriate
sense. The interpretation of GG is as maps from H to H. If H has additional structure
then we might enlarge G to have the induced structure.

For example if H is a vector space or an ordered set, we may extended G to a vector
space of maps or ordered sets via the natural extension.

Definition 3.4. (path weight)
Define recursively a family L := (L,),ev of random variables L, :  — G by

Ly:=e, Ly:=L,+T; forall veV,iel.
We call L, the path weight from the root ¢ to the node v.

Similarly, we define recursively for all v € V| the family of path weights from v to vw
LY := (LY)wey by

Li:=e, Ly :=Ly*T/ forall weV,ieN. (3.1)

The path weight L, has the following product representation

L, = T T s To2 s s T2 vno
n—1
. Yk
= H T'Uk+1 (32)
k=0

for v = vyvs - - v,. Hence L, is just the accumulated multiplicative weight along the
path connecting the root ¢ with the node v. L, forms the total weight of the branch
starting from the root ¢ to node v accumulated under operation * of the edge weights.

An individual or a node v is called alive, if L, # A, otherwise the node is called dead.

In particular all nodes with weight A are skipped in pictures. Figure 3.1 shows the first
few individuals of a family tree. We draw only the living individuals.
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3. Weighted branching process

Figure 3.1: Family tree with weights

Define the total weight (cost) regarded up to the n-th generation by
R,:==Y L,®C" neN (3.3)

lv|<n

Because we deal only with positive values, everything will be well defined in our ex-
amples. We explain the forward and backward view via a weighted branching pro-
cess on RT for simplicity. The same argument will hold later for the the weighted
branching process (V, (T, C), (D, ), (D, ®)). Consider a weighted branching process
(V’ (T7 C)v ([RJr7 ')’ ([R’ ))

Define
Ry =Y Li-C™
lw|<n
for v € V,n € N. Since H is a vector space and R is a lattice, we will embed G to maps
H* and use freely the induced structures +, - and V. Let R! i € N are independent
copies of R,,, then we have the following lemma

Lemma 3.1. For each v € V, the sequence (R}),n € N is a WBP and satisfies the
backward equation

Ry =C"+Y TP @R, (3.4)

1€EN
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3. Weighted branching process

n e D\lo.
Proof. See Roesler and Rueschendorf [38] O

The backward equation can be simply written as

R,=C+Y T,®R, (3.5)

1EN

where the random variables (T7',C') and R, ;,7 € N are independent. The distribution
of (T, C) is given. R,,;,i € N are independent copies of R,, and Ry = 0, Ry = Cy. Here
R! denotes the R,, random variable for the tree with root 1.

Remark 3.5. We took in the backward equation (3.4) the almost everywhere version
of the random variables. One of the major applications is equation (3.4) in distribu-
tion. This provides a recursive definition of the distribution of R,,, since (7%,C") is
independent of (R |);c for every v € V.

3.3 Examples

Weighted branching processes have a branching structure and a multiplicative structure.
We give two extreme examples, first example is a pure branching process and the second
is a pure multiplicative structure.

3.3.1 Galton-Watson branching process

The simple Galton-Watson branching process (GWP) is a classical example. A Galton-
Watson branching process [2] is defined as a process (Z,)nen, with values in Ny is
introduced according to the recurrence formula

anl

Zl = 17 Zn = Z Xn,ia
=1

where ani, n,i € Ny are independent and identically random variables with values in
No. The random number of offspring per individual always has the same distribution
p, called offspring distribution and

Dk :zP(Xnvi:k>, Vk € N.

Let G = {0,1} with usual multiplication. Galton-Watson branching processes are
special cases of Weighted branching processes without costs.
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3. Weighted branching process

Let T : Q — {0,1}" and we allow only two possible cases for T}, that T} are either 0 or
1. The individual v has the path weight 1 if alive or 0 if dead . The process

Zn=> Ly
|v|=n

gives the number of living individuals in the n-th generation, which is the total weight
in the n-th generation. (Z,)nen, forms an ordinary Galton-Watson branching process
to Z,, to

pr =P T, =k).
=1

The process (Zy = 1, Zy,- - - ) has the same distribution as the process (Zy =1, Zy,---)
above.

3.3.2 Branching random walk

Another example is the multiplicative random walk. Let Y,,,n € N be independent and
identically distributed random variables with values in R*. Define a process (W, )nen
on the multiplicative group (R, ) by

Wo=1, W, = ﬁYi.
i=1

Such process is called multiplicative random walk, ([44], [41]). The multiplicative ran-
dom walk corresponds to a WBP with exactly one individual as successor. i.e.

P <Z g0 = 1) —1

. Without loss of generality, T, = 0 = T35 = ... and T} has the same distribution as Y;.
So we could give an pointwise embedding via random variables

Wo=1=1Ls Yi=T7, Ya=T! Y;=T",

Then W, is the product of n independent copies of T}. The process (W), ),ew is pointwise
equal to a weighted branching process (Z,,)y,-
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3. Weighted branching process

3.4 The operator K

In this section, we introduce an operator K from probability measure on D into itself
and give the connection to a weighted branching process (V, (T, C), (D, ")), (Ds, ).

Let A = (4;)ien, B = (B;))ien ,C be random variables. The random variables A;,i € N
and C' take values in D and the random variables B;,7 € N take values in D;. The
distribution of (A, B, C') is assumed to be fixed. Let M (D) be the set of all probability

measures defined on D.
Define a map K : M(D) — M(D) by
2N A X 0B+ C, (3.6)
iEN

where the random variables (A, B,C), X;,i € N are independent. The random vari-
ables X; have the same distribution p. We always assume that the right hand side of
equation (3.6) is well defined.

Lemma 3.2. (Knof)
Let (X;) be a family of random variables with values in D. Then

(ZA i(1) +C( ))

€N

1€EN

te[0,1]
are random variables with values in D.

Lemma 3.3. (Knof)

Let (X;)ien and (Y;)iew be two families of independent and identically distributed random
variables with values in D. Let ((A;)ien, (Bi)ien, C), (Xi)ien, (Ya)ien be independent
random variables. Suppose for all i € N, that X; and Y; have the same distribution.
Then

(ZAi(t)-XioBi(t) +C(t)> <ZA -Y; o By )+C(t)>
te(0,1]

1EN 1€EN te[0,1]

We are interested in fixed points of the operator K obtained by an iteration of K. Let
the starting measure o be the point measure on the function 0 € D identical 0. Define
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1€N

,LLQiIKOK(,U,()) = L ZA1<Z(AUOBZlejoBmoBz)"i_CzoBz)"i_C)

J

ps = KoKoK(uy) = L ZAiZAijoBi(ZAl-jkoBijoBi~Xi2jkoBijkoBijoBi
, , -

¢ J

fin 2= K" (o).

Here £(X) denotes the distribution of X. The random variables X are independent
with distribution o and independent of all A, B, C' random variables. It is obviously
that

K (o) = £(C).

In the next chapter we will give in some examples some connection between the operator
K and well defined weighted branching processes.
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Chapter 4

Quicksort

In the short history of computer science, the Quicksort algorithm is one of the fastest,
best known and most widely studied sorting algorithms. It was invented and developed
by Hoare in 1961 [20]. Most real-world sorting is done by Quicksort. It is the default
sorting scheme in some operating systems, such as UNIX, and it is not difficult to
implement. It has been studied extensively by Sedgewick [45], Knuth [27] and others.
Quicksort sorts an array of distinct numbers based on a divide and conquer strategy.
The basic idea of Quicksort algorithm to sort an array of n distinct elements is quite
simple. The idea can be described as follows

e Choose one element of the array as the pivot.
e Divide the array of elements (except the pivot) into two nonempty subarrays.

— All elements in the left partition are strictly less than the pivot.
— All elements in the right partition are strictly greater than the pivot.

e Recall the procedure recursively to sort both subarrays.

What is the worst-case performance for these pivot selection mechanisms? In this work
we will ignor all aspects of the Quicksort algorithm except the number of comparisons.
Let X,, denote the random number of comparisons required by Quicksort to sort n
elements and suppose that Xy = 0. Then X, satisfies the recurrence relation

(4.1)

Y XUn,l—i—X'n,Un—i—n—l for n>2
" 10 for n=0,1

The random variable U, is uniformly distributed on {1,...,n} if we pick the pivot by
random with uniform distribution. X, X have the same distribution and U,,, X, X are
all independent. To understand above recurrence (4.1), we must consider it term by
term. The term n — 1 is needed since every splinting uses n —1 comparisons. U, —1 and
n — U, represent the sizes of the left and right subarrays. The sorting of the subarrays
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are independent. In other words, the distribution £(X,,) of the random variable X,
satisfies the distributional recurrence relation Xy =0, X; =0, X5 =1,

LX)=L(Xy, 1+ X, p, +n—1), n>2. (4.2)

4.1 Performance of Quicksort

For the comparison-based algorithms like Quicksort, we express running time in terms
of the number of comparisons done. So, the running time of the Quicksort algorithm
depends on the position of selected pivot. In this section we discuss three possible cases
for the Quicksort: worst-case, best-case and the average-case.

4.1.1 The worst-case

The worst case scenario for the random standard Quicksort algorithm appears if we pick
a pivot always as the largest or smallest value in the array. The case occurs when the
two subsequences are as unbalanced as they can be one sequence has all the remaining
elements and the other has none.

Proposition 4.1. The mazimal value of X,, is bounded below by (";1)2

n2

5 -

and above by

Proof. Let a, := esssup, ¢y Xp, the maximum value of X,,. We have to show the
inequality
(n—1)?
2
for n € N. We show the first inequality by an induction on n. The induction start
n = 1 is obvious. We show only the induction step n — 1 to n.

< <n2
> A >
2

a, = sup  (@p—1+ Gpu+n—1)
1<u<n,ueN
-1 2 _ 2
< swp ((u )?, (n—u) n—1)
1<u<n,ueR 2 2

The supremum is attained at the boundaries of the interval [1,n]. The last inequality
provides a,, < ”72 For the second inequality we take v = 1 and argue
Gn > Qo+ Qp1+n—1
(n—2)?
2
(n—2)?
5

> +n—1
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Remark 4.2. The worst case occurs when the partition produces one two subproblems,
one has none elements and other has all the n — 1 remaining elements. In that case the
recursion depth is n — 1 levels and the Quicksort runs in time O(n?). It is no better
than simple quadratic time algorithms like straight insertion sort.

4.1.2 The best-case

The good case behavior of the Quicksort algorithm occurs when the pivot is the median.
Therefore in each recursion step the partitioning produces exactly two subarrays of
almost equal length each have size 5. Let b, := essinfi<y<nuen X, refers to the minimal
value of X,,. We show the next two propositions

Proposition 4.3. The minimal value b, of X,, is bounded below by nlnn.

Proof. We show the inequality nlnn < b, for n € N by an induction on n. For the
induction step n — 1 to n, notice x — x Inz is convex.

b, = inf  (by_1+bpy+n—1)
1<u<n,ueN
> i _ _ _ _ _
> 1§u1§%f,uen? (u—1DIn(u—1)+ (n—w)Iln(n —u) +n—1)
u—1 u—1 n—u n—u
> i — —
> lgugizf,‘ue[R([(n 1)n_1ln(n_1)+n_lln(n_l)—i-ln(n 1)] —1—1)
1
> (n—1)In(n—1)+ (n — 1)(1n(§)+1)

1
(n—1)In(n —1).

Vv

O
Proposition 4.4. The mimimal value b, of X,, is bounded above by 2nlInyn. Moreover
bym_1 < 2™ (m — 1)
for m € N.
Proof. Define ¢,, n € N by ¢; = 0 and recursively

CnI:C(%1+CLJ+n—27 for n > 2.

n
2

Consider
Com

2m’

dm = m e D\IQ.
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It is obvious that dy = 0 and
com = 2(cgm-1 +2™71) for m > 1.
Hence

2
dm = 2—m(C2m—1 + 2m_1)

Cmel
= 2m—1 + 1

= dm—l +1

= m-—1.

Therefore com = 2™(m —1). Now we prove first the second statement of the proposition

by an induction on m. The induction start n = 1 is obvious since ¢; = 0. We show

only the induction step n — 1 to n. Choose u = %, we have

bn—l inf (bn_z + bn—u—l +n— 2)

1<un—1,ueN
rg]+ez tr -2

ININ

Cp-

Then the second statement follows easily. For the first statement, let 2™ < n < 2m+1
Then by the monotonicity

by, < bomr1_q < 2™ im < 2n1ng n.
O

Remark 4.5. If the Quicksort always picks median as pivot at every step then the
Quicksort runs in time O(nlnn). In the best case, this is excellent essentially as good
as any comparison sorting algorithm can be.

4.1.3 The average-case

Since the best case is O(nInn) and the worst case is O(n?), then the average case must
be between the best case and the worst case. Certainly, on random data, the position
of the pivot could be the first one, the second one, etc.

In practice, the implementations of Quicksort algorithm often chooses a pivot randomly
each time. This method is seen to work excellently in the practical implementations of
Quicksort. This choice reduces the chance that the worst-case ever occurs.

The other technique, which deterministically prevents the worst case from ever occur-
ring, pick a pivot as the median of the array each time.
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When we pick the pivot, we compare all other elements to it and therefore we perform
n — 1 comparisons to split the array. Depending on the pivot, we might split the array
into one sub array of size 0 and one sub array of size n — 1, or into a sub array of size 1
and other one of size n — 2, and so on up to a sub array of size n — 1 and one of size 0.
There are n possible positions and each one is equally likely with probability %

Therefore to determine the average running time for the Quicksort let 7, ; denote the
probability that the chosen pivot is the jth smallest element among n distinct elements
and in the standard case, we assume that 7, , = P(U, = k) = %

Let a, = FE(X,), the average number of comparisons to sort n distinct elements by
Quicksort.

Lemma 4.1. Forn > 1, the average number of comparisons to sort n distinct elements
made by randomized Quicksort is at most 2nlnn.

Proof. By the recurrence (4.2) we have
E(X,)=n—1+Y P(U, =j)(E(X;1) + E(X,_;))
j=1

If we consider the standard case, when P(U,, = k) = 1, then

T on

1 n
n=n—1+— j— n—j
ap=n—1+ n;l (aj_1 + an—j)

. n n
Since » 0 aj-1 = ) i_ an—; are the same,

2 n
ap=n—14+ — a;_

Multiply both sides by n and subtract the same equation for n — 1, then divide by
n(n 4+ 1) and obtain
an an—1  2(n—1)

n+l n +n(n—i—l)
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Iterating this recursion provides

n+1

anr | 2(n = ) = 2j
noonn+l) S G+DE+2)
n—1 n—1 n—1
P D DI
U+ +2) m+l “(J+1)(+2)
"1 " 1
DPLID Pie

i SO0+

"1 | "1
3Ly Y

= J = J j J+1

n 1 n 1 n+11
2 4> -4y -4

=J =) =Y

2

AH, —2H, —4=2H, + —— —4

+1 +1+n—|—1

where H, = >, %, n € N denote the n-th harmonic number. The values of the
sequence (H, —Inn) decrease monotonically towards the limit:

lim (H,, —Inn) =,

n—oo

where v = 0.5772156649 . .., is called Euler constant. The corresponding asymptotic

expansion is

H, =

1 1 1
Inn+~+ §n’1 - En’Q + mn"l +0(n™"),

see [27]. Therefore Vn € N, a,, has the asymptotic expansion

an

Q

2(n+1)H, 1 +2—-4(n+1)=2(n+1)H, —4n
2(n+1)(y+Inn+0(n™1))
2nlnn +n(2y —4)+2lnn+2y+ 1+ 0(n™1).

4.2 How to choose a pivot?

In the preceding section we show that selecting a good pivot is important. A poor choice
of a pivot could give a running time quadratic proportional to the number of elements
squared. Therefore selecting a good pivot greatly improves the speed of the Quicksort
algorithm. Many people just use the first element in the list as the pivot, however this
causes the sort to perform very badly if the data is already sorted. There are several
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methods to avoid the worst case in practical solutions. Unix uses the median of the first
the last and the element in the middle. Therefore, when choosing the pivot we need
to be more careful. For example, when Quicksort is used in web services, it is possible
for an attacker to intentionally exploit the worst case performance and choose data
which will cause a slow running time or maximize the chance of running out of stack
space. The choice of a good pivot greatly improves the speed of the Quicksort algorithm.

The simplest way is to choose an arbitrary element say the first for example as pivot,
this does not avoid the worst case. Instead of using the first element, a much better
method is called median of three Quicksort. In that method choose the pivot of each re-
cursive stage as the median of a sample of three elements. Other method is to take tree
samples, each sample contain 3 elements, take the median for each sample and choose
the median of three medians as a pivot,this method called pseudomedian of 9 Quicksort.

To make sure to avoid any kind of presorting it is better to use the median element of
the first, middle, and the last element as a pivot. To optimize the algorithm, for an
array smaller than 7, the pivot is chosen as the middle key or sort with the standard
Quicksort, for mid-sized arrays( for an array of size between 8 and 39) the pivot is
chosen using the median-of-three Quicksort, and finally for larger arrays use the pseu-
domedian of 9 Quicksort. This helps some but unfortunately simple anomalies happens
27].

4.3 Normalization of X,

Let X,, be the random variable defined as in (4.2) representing the number of compar-
isons in an array of size n. Consider the corresponding normalized random variable
X, — EX,
Yy i=——, n>2 (4.3)

n

The equation (4.2) rewrites in terms of Y;,, and Yy = 0 = Y] implies the recursion

Up—1 - — U,
Y Y " Cn(Un)) . n>2 (4.4)

L) =& (YUn_l

where for any fixed n, the random variables Y;,Y;,U,, 1 < i < n are independent.
The random variable U, is uniformly distributed on {1,...,n}. C, is a function on
{1,2,--- ,n} defined by
, n—1 1
Cu(i) = ——+ — (BE(Xi1) + E(Xn—i) = E(Xa)), (4.5)
It is obvious that E(Y,) = 0 and E(C,(U,)) = 0. In order to estimate C,,(j) defined
by (4.5), we need some explicit bounds on a,, by the harmonic numbers.
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Asn — oo, % converges in distribution to some random variable U, which is uniformly
distributed on the unit interval [0,1]. Furthermore the random variable C,(n - %)
converges to C'(u), when U,, — U as n — o0,

C(u) :=2ulnu+2(1 —u)In(l —u)+ 1, u € [0, 1], (4.6)

with C'(u) :=1 for u =0, 1.

By using martingales, Roesler [40, 43] and Régnier [37] used different methods showed
that Y,, converges in distribution to some random variable Y. Moreover, by formally
taking limits in (4.4), Y satisfying the distributional equation of the form

Y2UY +(1-U)Y +C(U) (4.7)

where 2 denotes equality in distribution, and U, Y ,and Y are independent. Y and Y
have the same distribution; and U is uniformly distributed on [0,1]. In the following
we discuss the existence of some random variable Y satisfying (4.7) by a fixed point
argument.

4.4 Existence of a fixed point

Let M be the set of distributions on R. Define the set of distributions F' on R with
finite p-th moment by

Mp:{FGM:/|x|de(a:)<oo}, 1 <p<o0.
Let
M, o= {FGM:/l’dF(]?)—O}.
Define a map S : Myy — My by
S):=2UY +(1-U)Y +C(U))

where U is uniformly distributed on [0, 1], the random variables U, Y, Y are independent
and Y, Y have the same distribution v and C : (0,1) — R is defined as in (4.6). Let

A1 = U7A2 = (1 - U),Ag :A4 = ,C = C(t),
Roesler [39] showed the following theorem:

Theorem 4.6. (Roesler) (i) The Function S is a strict contraction with respect to the
Wasserstein dy-metric, and has a unique fized point in May

(ii)Any sequence v, S(v), S?*(v), ... where v € D converges in the Wasserstein dy-metric
to a unique fized point £(Y') of the operator

v=2Y)—= S)=2UY +(1-U)Y +C(U))
(11i) The fized point of S is the weak limit of the Y, of (4.3).
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By the equation (4.3), E(Y,) = 0. U is uniformly distributed on [0,1], U,Y ,and Y are
independent and Y and Y have the same distribution.

E(C(U)) = 2E(UlnU)+2E(1-U)In(1-U)) +1
= 2/1:cln:cd:c—|—2/1(1—x)1n(1—x)da:+1

= (- +2A-p+1=0

E((CU)*) = 148-E({UlU)+8-E(U*(InU)*)+8-EU(1-U)lnU - -In(1-"U))
= 1+8- (/lxlnxdx+/la:2(lnm)2dx+/lxlnx-(l—x)ln(l—x)dx)

s 1+2+37—3772
- 4 27 108

91 — 272
_ Tﬂzo.mm.

Let us calculate the standard deviation of the random variables Y,, and X,,.
Var(Y) = E(Y?)=E((UY +(1-U)Y +G(U))?)
= E(UY’+(1-0U)Y*+(C(U))?)

= B0+ B ((CW0)P).

Then
Var(Y) = 3-E((C(U))?)

21 — 272
9

By the equation (4.3), and the Theorem 4.6

2
= 3 =7— ng ~ 0.42609.

Var (X,) = n*Var(Y,) ~n*Var (Y) ~ 0.4269 - n?,

and therefore oy, ~ 0.652276 and ox, ~ 0.652276 - n.
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4.5 Quicksort as a weighted branching process

In the above section, we explained the idea of the Quicksort algorithm. We will now
introduce the Quicksort process as weighted branching process. We use the same nota-
tions we discussed before.

We consider the binary tree V. = {1,2}". Let U’,v € V be independent real ran-
dom variables with a uniform distribution on [0,1]. Let E be the set of the intervals
[a,0),0 < a < b<1. Define the map

T = (15,17) : QO x E—- EX FE
by
7% ([a,0)) := (17 ([a,)) , T5 ([a, 0))) = ([a,a + U*(b = a)), [a + U"(b = a), b)) .
For all v € Vand © = 0,1 define amap L :V — E by
L,=1T,(L,) with L,=10,1).

L, is interpreted as the weight of the path from the root ¢ to the vertex v € V.
For all ¢ € [0, 1) define the process Z,, : 2 x [0,1] — R by

Zu(t) = 3 Lier | Lo,

lv|<n

where Z,(1) = limy Z,(t). We define the limiting process Z : © x [0,1] — R by

Z(t) == lim Z,(t) = Z Ler,

n—oo
veVvY

L.

Let G = R be the multiplicative semigroup with neutral element e = 1 and the grave
A = 0. G operates on H = R transitive by usual multiplication.

Define the weights of the edges as follow

T = U,
W= 1-U,
W = TV=-..=0,

the weights from the root ¢ to the node v. The path weight L, from the root ¢ to the
node v is recursively by

Lvi - Lvirz‘va
Ly = L
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Define C': [0,1] — R by
C(x):=14+2xInx+2(1 —2)In(1 —x) forall xe€][0,1].
And define C" := C(U").
According to our settings, then the tuple ({1,2}",(T%, C?)yev, (R,,R,-)) is a weighted

branching process. Since H is an ordered vector space, we extend G with the interpre-
tation of maps to the ordered vector space generated by the maps x — az, a € R.

The total weight cost up to n — 1 generation is

R, is an Ly martingale and converges in Ly and almost everywhere to @ [39]. The dis-
tribution of () is called the Quicksort distribution. Moreover the Quicksort distribution
is uniquely characterized [39, 13] as the solution @ with E(Q) =0, Var(Q) < oo of the

stochastic fixed points equation

Q2UQ+(1-U)Q:+C(U). (4.8)

Here 2 denote the equality in distribution. The random variables U, (); and Q)5 are
independent and @01, )2 have the same distribution as Q).

By the almost everywhere convergence of R} := Z‘w‘ <n Ly,CY, the random variables

Q= ZLUCU“’, vevV

weVY

exists and satisfy almost everywhere

Qv — UUQUI + (1 o Uv)@v? + O(Uv)
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4.6 Convergence of the discrete Quicksort distribu-
tions

Now the abstract embedding into a WBP with an additional parameter n € N. Let
H :={h: Ny — R},

and

G2 ::{g:N0—>D\IO},

with g(0) = 0 and g(n) < n for all n € N. Define G as the set H x G;. The
semigroup structure * is given by

(f1,91) * (f2,92) = fioga- fa-hogrog
And the operation ® on H is given by

(f,9)@h=f-hog.

Here o denotes composition and - denotes the usual multiplication on R. The interpre-
tation of (f,g) € G is as a map on H with f is a multiplicative factor and ¢g an index
transformation. The operation * corresponds to the convolution of maps on H. Since
H is a vector space, we may enlarge GG naturally to a vector space.

Consider a binary tree V = {1,2}". Let U",v € V be independent random variables
with a uniform distribution on [0, 1]. Let I := [nU"]. Define the edge weights on the
edges (v,v1) and (v, vy) by

Ji(n) = I7—1
Jy(n) == n—1I
v ‘[;’L) —1 v
) = (L)
v Iﬁ v
) = (-2,

And define the vertex weight C¥(n) := C,(I}). The total weight cost up to m — 1
generation is
Ry = Y Ly®C"™.
VEV om

As m — oo, the random variable R}, converges almost every where and in Ly to some
limit RY,. The random variable RY satisfying the fixed point equation

Ry, = T/Ry , +C"
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Remark 4.7. The connection to the previous description is
Y, 2 Roo(n).
RY.(n) converges for every v € V in Ly to the random variable ¥, the Quicksort
distribution [39].
4.7 Properties of the limiting distribution

In this section we introduce the basic facts about the limiting distribution of Quicksort.
We give a short definition and we show some concepts for the convergence.

4.7.1 Bounds on characteristic function

Define the characteristic function of Y for all real ¢ by ¢(t) = E (¢"). No closed form
is known for the moment generating function. Because of the fixed point properties
according to the Theorem 4.6. In 1994 Eddy and Schervish [11] applied a successive
substitution method to obtain a numerical approximation of the characteristic function
o(t), see [46].

Specifically by conditioning on U, an estimate of characteristic function of X was ob-
tained from the fundamental relation

o(t) = / H(ut)d((1 — )™ du

and thus the estimate
1
[o(t)] < / |p(ut)| |p((1 — w)t)| du.
0

Fill and Janson [13] proved that the characteristic function of S(v) is bounded by 2 ‘t_%

for each Y and Y and therefore improved the exponent to show the following theorem
on super polynomial decay of the characteristic function of the limit variable Y .

Theorem 4.8. (Fill) For every real v > 0 and for all t € R there exist a smallest
constant 0 < ¢, < oo such that the characteristic function of the limit variable Y
satisfies
o(t)] < clt| ™"
If0 <r <1, then
[T(1 - 7")}2 2
< ———cC.
=To 2
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Some explicit bounds on ¢, are given for some special cases when ¢, < oo for r as large
as possible. This mean the characteristic function ¢(t) belongs to the class of infinitely
differentiable functions with derivatives of all order, decrease more rapidly than any
power. Roesler [39] showed that the moment generating function of Y is everywhere
finite, i.e Y has finite moments of all orders and the characteristic function ¢(t) is
infitely differentiable. Using Theorem 4.8 leads to a rapid decrease of all derivatives, so
for each real 7 > 0 and integer k > 0, there exist a constant ¢, such that

|6 ()] < crplt]

Consider an estimate of ¢(t) by the recurrence

Oni1(t) = /01 O (ut)dn (1 — u)t)e™“Wdu,n =0,1,2, ... (4.9)

Tan and Hadjicostas [46] used the Theorem 4.6 and proved the following result:

Theorem 4.9. Let ¢o(t) be the characteristic function of v with zero mean and finite
second moment. Define recursively by (4.9) a sequence of complez valued functions ¢,,.
Then for each n, ¢, is the characteristic function of S™(v) € D.

Moreover, by the Theorem 4.6, S™(v) converges in distribution to the fixed point v of
S, and therefore

lim ¢, (t) = ¢(t)

for all real t € D.

4.7.2 Bounds on Density function and derivatives

For every fixed y, 9, the random variable hy v (U) defined as in (4.7) is absolutely con-
tinuous. Given (y,y) € R*, Tan and Hadjicostas [46] considered a map related to the
fixed point equation (4.7), hy 5 : [0,1] — R by

y+1 if u=1
hyg =4 w+ (1 —uwy+Gu) if uwe(0,1) (4.10)
y+1 if u=0

where G(u) is given by (4.6). If U is uniformly distributed on the unit interval [0, 1],
then the function hyy(u) has a density with respect to the Lebesgue measure[46]. So,
the limiting distribution of the random number of comparisons required by Quicksort
to sort a list of n distinct elements has a density, and that density is positive almost
everywhere.

From the Theorem 4.8, if » = 0 and r» = 2, assume that the characteristic function is
integrable over the real line, then according to the Fourier inversion theorem in [12], for
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all real z,, Y has a bounded continuous density f(z) given by

f(z) ]'1m e g 1)t

= % .

By the Theorem 4.8, in the case of r = k + 2, then t*¢~®¢(¢), and since the moment
generating function of Y is everywhere finite [39], then the density f has derivatives of
all orders [12] given by

8 () = L /Oo (—it)* ¢(t)dt, k> 0,2 € R.

=5 .

Therefore the derivatives are bounded,
1 (o]
sup | FO@) < o [ o] dek o
x t=—00

Using theorem 4.8, [14] improved the result by [46] on the existence of a density and
showed the next theorem

Theorem 4.10. For each integer k > 0, the Quicksort limiting distribution has an k
times continuously differentiable density function f for allm > k+3. For allx € R, there
eist a constant Cy, independent of n such that |f*)(z)| < Cy. Euplicitly |f(z)| < 16
when n > 5, and |f(x)] < 2466.
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Chapter 5

Partial Quicksort

5.1 Introduction

The partial sort problem which appear in many applications is, given an array of size
n, sort the [ smallest elements. Sorting the whole array is an obvious solution, but it
clearly too much. By using the divide and conquer strategy, the Quickselect algorithm
solves the problem of finding only the [-th smallest element in an array of n [20]. The
partial sorting algorithm named Partial Quicksort which is a modification of Quickse-
lect answers this question.

Partial Quicksort was first proposed and analyzed by Martinez [32]. It is a simple vari-
ant of the Quicksort algorithm that solves the partial sorting problem, by combining
selection and sorting into a single algorithm. It finds the [ smallest elements of a given
array containing n distinct elements and sorts them. If the array contains one or no
elements, then we are done. Otherwise, the algorithm Partial Quicksort uses the prin-
ciples of Quicksort, and works as follows.

Choose a pivot by random with a uniform distribution;

Find the list of strictly smaller numbers and the list of strictly larger numbers;

If the rank of the pivot is smaller than [

— Sort the left sub-array using ‘Quicksort’;
— Apply Partial Quicksort to the right sub-array.

If the rank of the pivot is greater than [

— Apply Partial Quicksort to the left sub-array.

Recall Partial Quicksort till termination.
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5. Partial Quicksort

The partitioning step needs exactly n — 1 element comparisons. After that we face
two lists under conditions like the initial. When [ = n the Partial Quicksort algorithm
behaves exactly as Quicksort.

We introduce a nice version of Partial Quicksort, called Quicksort on the fly. Our
algorithm is a suitable rearrangement of Partial Quicksort, it provides first the smallest,
then second smallest, and so on until the largest element of a list of n different reals.
Quicksort on the fly works as follow

e Pick by random with uniform distribution an element of the list as a pivot.

e Compare all others to the pivot and form the list of strictly smaller numbers,
pivot, and the list of strictly larger numbers in this order.

e Recall independently the algorithm for the left sided list until termination.

o [f necessary recall the algorithm for the right sided list.

For given array with large size it can be assumed that the running time of the algorithm
is proportional to the number of comparisons needed to sort the array.

5.2 Running time analysis

In computer science, one of the major goals is to understand how to solve problems
with computers. The efficiency of the running time analysis provides theoretical es-
timates for the resources needed by the Partial Quicksort, the time needed to sort [
smallest elements of a given array containing n distinct elements. The running time
of an algorithm is stated as a function depending on the computer, the number of
steps and so on. Basically it suffices to consider only the number of comparisons done
by Partial Quicksort. The running time will be proportional with a factor depend-
ing on the actual performing computer and program code. The running time of Partial
Quicksort is proportional to the number of comparisons performed during the execution.

In more detail, let S be the set of distinct n elements ordered randomly. One of its
elements is chosen as the pivot usually randomly with a uniform distribution. Split
the list S into the left sub-array S, strictly smaller ones and the right sub-array S-,
strictly larger ones. If the [-th is in S. then all the required elements are in the left
subarray, so we only need to make a recursive call for S.. If the [ — th is in S5 or
the pivot then sort S. by the Quicksort algorithm and recall recursively the Partial
Quicksort algorithm for S-.

Now define the random variable, X (S,[) of comparisons required to sort [ smallest

elements in an array of distinct n = |S| numbers. The random variable X satisfies the
recursive formula
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(X(S,0), = (IS] = 1+ L<r X' (S<, ) + Lpog (XS, T — 1) + X*(95,1— 1))

for i =1,2,---|S|. Here the random variable I(S) = |S-| + 1 represents the position of
the rank of the pivot after comparisons and takes values in {1,2,...n} with a uniform
distribution. The random variables X!, X? denote the number of comparisons on both
subarrays using recursively the same algorithm. For given S. and S-, the random
variables X!, X? are independent. X (S, --) satisfies a similar recursion and so on.
The random variable [ is independent of the random variables X! and X?2.

, (5.1)

Notice the distribution of X;(S<,[S<|) in (5.1) is the Quicksort distribution sorting
all |S<| numbers by some specified Quicksort version. The equation (5.1) determines
recursively the distribution of (X (S,1)), in order to find the sorted [ smallest elements
out of the set .S of distinct numbers.

Proposition 5.1. Let S, S be two sets of n different reals , and let | =1,2,---n. Then
L(X(S,1)=L(X(5,1).
Proof. By induction on n. It is true for n = 1 and we are done. Assume it is true for
k < n, so we use the notation
L(X(S, D) =L(X(|S],0)), for [S|<E. (5.2)

The random variable I(S) = I(|S]) is uniformly distributed on {1,2,---k}. Let
(X (kD) ez mys (X2(R, 1) )ieq1,2,1y be independent random variables independent of
I and with the distribution given in (5.2). Since |S<|, S|, |S<| , }S>| < n then

LXN(S<, 1)) = LUX(S<, D)

and

LXH(S5, 1)) = LUX(S5, D)
Now let [S| = |S| =n+ 1. Then

k+1
L(X(S,1) = i P(I =)Lk — 1+ L, X (S<, 1)

+ :ﬂ-l>i(X1(S<7i - 1) + X2(S>7l - Z)))l
k+1

= Y PU=0)L(k—1+1X"(i—1,1)
=1

+ (XN — 1,0 — 1) + X% (n — 0,1 — 1))
k+1

= Y P =)Lk -1+ 1L,X"(5,1)
i=1

b (X (S — 1) + X250 - 1))
= L(X(S,])).
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‘C(Xl(S<7[ - 1)) = E(X1(|S<’ A= 1))7

and
£<X2(S>7l - 1)) = ﬁ(X2(|S>| A =1)).
Then
L(X(S,1) =L(X(k+1,1)).
Then the statement is true for n = k£ + 1 and therefore true for all n € N. O]

Remark 5.2. The above Proposition is true states that the distribution of X (S,1)
depends only on |S| and [. It is true since we use the internal randomness. So we will

use X (5,1) 2 X(]S],1) for any input S (see [33]).

The equation (5.1) determines recursively the distribution of comparisons X (n, [) needed
to sort the [ smallest elements in an array of size n. Using the Proposition 5.1, we obtain
the recursion for X (n, -)

X)) 2 n—1+41, X (L= 1,0 4+ 1y, X (I, — 1,1, — )
+ 1 X2 —1I,,1— 1) (5.3)

The random variables I,,, X1(i,j) and X?(i,7), 4,7 € N, j < i < n are independent.
The random variables X(j,.) have the same distribution recursively as X(j,.). The
random variable I,, = I(n,[) is uniformly distributed on {1,2,...n}. We put for natural
reasons the boundary conditions,

X(0,0)=0,X(1,0)=0= X(1,1).

Notice that X (j, ), the random number of comparisons required by to sort j elements
is the cost of the algorithm Quicksort and X (n,n) = X(n,n —1).

For all our purposes the distribution of the X random variables is important, not the
realization as random variables. For that reason we consider the equation (5.3) for
distributions. In our version of Quicksort that we discussed in Chapter 4, we use the
internal randomness by picking the pivot with a uniform distribution. Like in standard
Quicksort, we could use external randomness instead of internal randomness. Choose
as input a uniform distribution on all permutation 7 on order n and pick as pivot any,
for example always the first in the list.

Now X (m,-) for input m we face the same distribution as with internal randomness.
The main advantage using internal randomness is the same distribution of X for every
input. Alternatively we could start with independent and identically distributed ran-
dom variables uniformly on [0, 1] and choose as pivot always the first element of the list.
Again X is deterministic for given independent and identically distributed sequence like
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for random input.

From the recursive formula (5.3) we obtain the best and worst performance of the Par-
tial Quicksort algorithm. The best behavior is by picking incidentally the [-th largest
for the Find procedure and then doing Quicksort in its best. When the pivot is the
largest all the time, then we face the worst performance of the algorithm [33].

5.3 Average number of comparisons

From equation (5.3), we obtain a recursion for the expected number of comparisons
a(n,1) = B(X(n,1))

a(n, l) = n-—1 +E(]].l+12[<X1([ — 1,[ — 1) +X1(n — I,l — [))) +E(ﬂ[>l+1X2([ — 1,[))

l n
= n—14+> mplak—Lk=1)+an—ki-k)+ Y mualk—1,1)
k=1

k=Il+1

forneN,l=1,2,--- ,n. Here m,; denote the probability that the chosen pivot is
the k-th element among the n given distinct elements.

Up to now, everything holds no matter which pivot selection scheme we do use. It
is usual in the analysis of comparison-based sorting algorithms, to assume that the
probability of any permutation of the given distinct n elements is equally the same.
So we take 7, = % for all 1 < k < n in the standard case and therefore we get the
recursion

l

1
a(n,l) = n—1+=> (a(k—1Lk—1)+a(n—k1—Fk))
n
k=1
1 n
+ = > alk—1,1),1>0 (5.4)
L

with the boundary conditions
VneN a(n,0)=0 and VieN a(0,1) =0.

The recurrence (5.4) reflects the cost for splitting the array a(k—1,k—1),a(n—k,l—k)
and the cost for sorting a(k — 1,1). In this recurrence, the number of comparisons done
to choose the pivot is n — 1, and k refers to the position of the pivot chosen with prob-
ability %

When £k is smaller than [, the algorithm fully sorts the entire left subarray, and partial
quicksort call itself recursively for the right subarray of size n — k. In the other case
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when k£ is greater than [, the algorithm sorts the [ smallest elements in the left subarray
of size k — 1.
Let ¢,,; denote the toll function given by

Hence, we get the recurrence

l n

a(n,Z):tnﬁlza(n—k,Z—kHl > ak—1,1) (5.5)

n
k=1 k=l+1

3

The recurrence (5.5) is the recurrence for the average number of comparisons made
by Quickselect. The next lemma represents the toll function expressed in terms of the
harmonic number.

Lemma 5.1. The toll function defined above is
1 l
tn,l =n—1+— (l(l + 1)Hl + 5(1 — 5[)) .
n

Proof. By using the well known properties of the nth harmonic number

—~ [k (n+1 1
2 ()= () (- 5)

and for m=1 we get
- n+1 1
o= ("5 (m-3)

also > 7, Hy = (n+ 1)H,, — n, see [16]

dalk—1,k—1) = > (2kHk—1—4(k — 1))

l l
k=1 k=1

l
= 2) kHy—21—-4) (k—1)
k= k=1

~

—_

_ l(l-l—l)Hz-l—l—gl(l—l—l)-i—Ql

z
= (I + D H + 5(1-50).
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The solution of the equation (5.5) is solved exactly using different techniques. Martinez
[32] translated the equation (5.5) into a functional relation over the bivariate generat-
ing functions. He used bivariate generating functions as the main tool associated to
the quantities a(n,l) and t,; and solving the arising differential equation. Kuba [29]
connected the Partial Quicksort algorithm with the Multiple Quickselect algorithm. He
introduced a general method to find the solutions for a class of recurrences related to the
Multiple Quickselect algorithm which is again based on a difference argument of Knuth.

The second approach is much easier using a general theorem and the Lemma 5.1.
Since a(n,l) is a function of n then all a(i,-),7 < n is uniquely determined under
some boundary conditions. So if the rank of the pivot I, is uniformly distributed on
{1,2,...n}, the next Lemma [32] give an explicit solution for the equation (5.5)

Lemma 5.2. The average number of comparisons done by Partial Quicksort to sort
the | smallest elements out of n elements is given by

a(n,l) =2n+2(n+1)H, —2(n+3 —1)Hy41-; — 61 +6
if 1 <1 <n and0 otherwise.

Here H, = Y ,_, %, n € N denotes the n-th harmonic number and the values of the
sequence (H,, —Inn) decrease monotonically towards the limit:

lim (H, —lnn) =,

n—oo

where v = 0.5772156649 . . ., is called Euler constant [27].
As we have already studied in the previous chapter, when n = [ we recognize that the
partial Quicksort works exactly the same way as Quicksort. So that

a(n,n) =a, =2(n+ 1)H, — 4n.
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Chapter 6

Partial Quicksort as a process

The aim of this chapter is to introduce the Partial Quicksort process or simply Quicksort
process. Asymptotic running times of algorithms are widely studied. We focus here on
the distribution of comparisons done by Partial Quicksort to sort the [ smallest elements
out of n elements, which is proportional to the running time of the algorithm discussed
in the previous chapter. We will specify the Partial Quicksort process as a weighted
branching process, by using the weighted branching process notation. The main result
in that chapter is the convergence almost everywhere of the sequence (R, )nen to a limit
called R. Moreover the distribution of the limit R will be a fixed point.
In order to study the convergence behavior of X (n,[) as s process as n — 0o, we suggest
a suitable normalization of X (n,!) as

l X(n,l+1)—a(n,l+1)

Y. (—):=
<n) n+1

(6.1)

were a(n, j) is given as in Lemma 5.2 for 1 < j < n. Assume for simplicity that the
rank I(n,l) of the pivot is uniformly distributed on {1,2,--- ,n}. I = I(n,l) depends
only on [ and on the size n of the list. We have a recursion given by the following
Lemma

Lemma 6.1. For 1 =0,1,--- ,n—1,n € N and Y,(1) = Y, (®=21), the random variable
Y, (+) satisfying the recursion

(@) B e )

I I [ —1
1 oy -y d

+ C(n,l, 1))

where
1
C(?’L, l,l) = n—H(:ﬂ_l+1<i(a(i - ].,l + ].) + ]ll+1:ia(i - ]_,l - ].))
+ :ﬂ.l+1>i(a(i — 172 - 1) + a(n - Z,l + 1-— i)))OSlSn' (62)
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6. Partial Quicksort as a process

Proof. Straight forward by using (6.1), (5.3) and Lemma 5.2. O

In the next lemma we will give an explicit formula of the function C(n,[,7). For the
proof we need the well known properties of the n-th harmonic number [16]

- n+1 1
> kHy = ( ) ) (Hn+1—§),
k=1
Y1 Hy=(n+1)H, —n and nH,_, =nH, — 1.
Lemma 6.2. The function C' as defined in (6.2) has the explicit representation

Cn,l,i) = 2—(H, — Hypy) +2(1 — —

V(Hpy1-i — Hpp1)

n+1 n+1
1+2—1
+ 21l§i(_n—+1(Hi+2—l — Hy 1)
1 .
- (1- n—H)(H” +1—4) = Hypp1 + (n+3 = )(Hnp1- — Hos1)
) 1 1
- n+i—2+ - ).

m+1)(+1+10) M+Dn+2-1)

Proof. From equation (6.2), Lemma 5.2 and using the properties of the n-th harmonic
number we have

(n+1)C(n,l,1)

n—1—a(n,l)+ Lali—1,0)+1=ta(i — 1,7 — 1)

+ Lsi(a(i—1,i—1) +aln —i,1 —1))

= —n—-1-2n+1)H,+2(n+3—-1)H,111+6l—6

+ 1200 — 1)+ 2iH;_y — 2(i +2 — 1)H;_; — 61 + 6)

+ 1(2iH;o — 40— 1))+ L«i(2(n—3) +2(n —i+ 1)Hp—y)
2n+3 —1)Hpp1—; —6(l — i) +6

= —n—1-2n+1)Hp1 +2(n+3—10)H, 1+ 2iH;

+ 2L i(—(i+2—-0)H;-1+1—1)

+ 20,,(l—1)+20((n+1—9)Hys1 s —2(n+3—1)H 1 +n+1)

= 2iH;+2n+1—9)H1; —2(n+1)H, 1 +n+1

+ 2L i(—n+i—2—-(G+2—-0)H; . — (n+1—i)H,11-

+ (n+3—10)Hp11-1)

+ 25i(—n+1—-2—(n+1—i)H,\1 i +2(n+3—i)H,+1—1)

= 2iH;+2n+1—0)H, 1 —2n+1)Hpp1 +n+1

+ 2L<i(—n+i—-2—-(i+2—-0)H;-1—(n+1—49)Hp1-4

+ (n+3—-0)Hu 1)

= 2H; +2n+1—)Hpp1i —2(n+ ) Hppy +n+1

+ 2L<i(—n+i—2—(i+2—0)Hijoy—(n+1—0)Hp1-

+ M+3—0)Hp3—n+i—2+ - ! ! ).

it1—1 n+2-1
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6. Partial Quicksort as a process

[]

Notice Y,, is well defined and there are no boundary conditions besides Yy = 0 = Y.
The equation (6.2) allows an analysis of the asymptotic of Y,,(+) in n.

Proposition 6.1. Let | = [, and i = i, be two sequences such that % — t € [0,1]
and ‘= — x € [0,1] as n — oo. Then the cost function C(n,l,,i,) defined as in (6.2)
converges almost everywhere to a function C(x,t), given by
Cz,t) = 14+2xlnz+2(1—2)In(l —x)) + 2L« ((1 — ¢) In(1 — )
— l—=2)ln(l—2)—(x—t)In(x —t) — (1 —x)) (6.3)

Proof. The cost function C(n,l,,i,) takes the form

C(n,l,i) = lezi(a(z_zl_l)+a(n_12’l_ln)+n;1_a(7;;l)>
— 1,1 -1 l
n n n

Using lemma 5.2, and as n — oo then %" converges to some t € [0, 1] and %" converges
to some x € [0,1] and t # x
For the first term in the equation (6.4)

i, (a(i—l,i—1)+a(n—i,l—i)+n—1 a(n,l))

n n n n

= 2ulnu+2ulnn —4n +2(1 —u) +2(1 —u)In(l —u) +2(1 —u)lnn
21 —¢)In(1 —¢t) —2(1 —t)Inn —6(t —u) —2—2tlnn

b2l —t)In(l—t)+6t+1

= 2ulnu +2(1 —u)In(l —u) +1 (6.5)

and for the second term in equation (6.4)

,— 1 —1
lim, . (a(z ) Ln B a(n,l)) _

n n n
= 2u+2ulnu+2ulnn — 2(u —t)In(u —t) — 2(u —t)Inn
— 6t —2—2tlnn+2(1 —t)In(1 —¢) +6t+1
= 2u+2ulnu+2(1 —t)In(l —¢) — 2(u —t)In(u —t) — 1
(6.6)

Combining equation (6.5) with equation (6.6) finishes the proof.
]

Extend Y,,(-) nicely to a suitable right continuous step function with values in function
space D = DJ0, 1], the space of cadlag functions on the unit interval [0, 1].
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6. Partial Quicksort as a process

We shall use the extension

[nt]
Yo(t) = Yn(T)' (6.7)
Here |z| denotes to the largest integer less than or equal to x. The process Y, is
continuous at 1 and satisfying the recursion

I, nt

I, —1

D

Yal®) 2 (e, =V (o A

I
1 —Y} (1) + (1 - V2, (——
b o (SR 0= S EnE (2)
+ C(n, [nt], I,)
for n > 1 with the boundary conditions
VneN Y,(0)=0 and Vte[0,1] Yy(t) =0.

In short notations the above equation can be written as

Y, z (Pn(Unv (Ykl)k<m (YkQ)k‘<n) (68)

for a suitable ¢, : [0,1] x D™ x D" — D.

If n — oo U, converges weakly to a random variable U with uniform distribution on
[0,1]. Under appropriate conditions the next theorem show that Y,, converges weakly
to a aprocess Y with values in D. The next theorem is one of our major results.

Theorem 6.2. The process (Yn(%»le{o,lﬂ,---,n} converges as n — oo in distribution to a
process Y = (Y(t))iepo1] with values in D satisfying the stochastic fixed point equation

(Y (t))eepo] 2 Ly (UY1(1) + (1 — U)YZ(%)) + ]lt<UUY1(%) + C(U,1))tepo.

Here U is a uniformly distributed random variable on the unit interval [0,1]. The
random variables Y', Y2, U are independent. The random variables Y' and Y? have
the same distribution as'Y with values in D. The cost function C = C(-,-) is given by
equation (6.3).

Figure 6.1.a illustrate the sorting by the Partial Quicksort and Figure 6.1.b illustrate
the corresponding binary tree.
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6. Partial Quicksort as a process

o

°

o

o\ /

\
o\

0 00 6006 & 6 0600000

Figur6.1.a Figur 6.1.b

Figure 6.1: Partial Quicksort and the corresponding binary tree.

6.1 Model description

Let G := D x Dy and let H := D. For all f, f1, fo € D and g, g1,92 € Dt define the
operation x : G x G — G by

* ((fr1,91), (f2,92)) = (f1,91) * (f2,92) = (f1- fa0 91,920 1) - (6.9)

where o denotes the convolution and - is the pointwise multiplication in D.

For all f, fi,h € D and g, ¢, € Dy, define the operation ® : G x H — H by

®((f.9).h)=(f,g9)®h=f-hog.
For all f, f1, fa, f , fl, fg € D .the operation * is bilinear in the first coordinate on D x Dy,
(f1+f27g)*(fv.é) = (flag)*(f?g)+(f2’g)*(f7g)
(fr9) % (i + ford) = (fo9) % (f19) + (f.9) % (fo. 9).
And for all f, fi, fo,h € D g,€ Dy

(fit f9)®@h=(f1,9) @h+ (f2.9) @D
(f,9) @ (hi+ha) = (f,9) @h1+ (f,9) ® h.
The tuple (f,g) € G has the interpretation of a map My, : H — H acting as
(Myg(h))(t,n) = f(t,n)h(g(t,n)). (6.10)

The first coordinate f is a space transformation and the second coordinate g is a
time and index transformation. The semigroup structure x is the composition of the
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6. Partial Quicksort as a process

corresponding maps. Since H is a vector space and R is a lattice, we will embed G to
maps H™ and use freely the induced structures + ,- and V.

(Mfug + Mf1,g1)(h) = Mﬁg(h) + Mfl,gl(h)a
a-(Myg)(h) = (a- Myg)(h),
and

(MygV My, g,)(h) = (M) (h)) V (My, g, ().

It is easy to see the equation (6.9) as follow

Myg o My, g, (h)(t,n) = Myg(f1(t,n), h(g1(t, 1))
= f(t;n)- (f1,h(91))(g(t,n))
= f(t,n) fi(g(t,n)h(g1(g(t, n)))
= My prog.gi0g(R)(E,10).

Proposition 6.3. (G, ) is a measurable semigroup with neutral element (1,id), and
the grave grave A in G is the element (0,0) where id is the identity and 1, 0 denote the
function constant 1 and 0 respectively. G operates via ® transitive and measurable on
the measurable space H.

To specify the Partial Quicksort process discussed in the previous chapter as a weighted
branching process we translate the above recurrence into weighted branching process
notations. The recurrence of the Partial Quicksort process see [33] takes the form

t—U" t
(Y())eoy = | Lovae (1 = U) - Y )+ Ly UV - Y (—) + C(U", 1) ,
' 1-Uv uv te[0,1]
where the cost function C' is given by
CU"t) = 2U0°InU"+ 1poey; (1 + U Q" +2(1 — U”) In(1 — UY)) (6.11)

b Ly (U0 — 14+ 2(1 — #)In(1 — t) — 2(UY — ) In(U* — t)).

Here U",v € V is uniformly distributed random variable on the unit interval [0, 1]. The
random variable Qv has a limiting Quicksort distribution. The random variables Y!,
Y2, UY and Q" are independent. The random variables Y'! and Y? have the same distri-
bution as Y with values in D. In the next section we will construct the corresponding
binary tree.

6.1.1 Binary tree

Consider the binary tree

vV ={1,2}".

For v = vjvg-+-v, € V,;n € N and for m € N, m < n, v|m = vyvy---v,, denote to
the m-th coordinate of v. Let U" : Q@ — [0,1],v € V be independent and identically
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6. Partial Quicksort as a process

uniformly distributed random variables on the unit interval [0, 1]. Let QV,v € V be the
random variable has a limiting Quicksort distribution.

Define a map T : Q — G, the weights on the edges (v,vi),v € V,i € {1,2} by

T? = (A}, BY) forall veV

and
T = (TlvaT2v707"'>

For all v € V, define the following parameters

Ai}(t> = ]]'U”>tUU7
Ag(t) = 1U“§t(1 — Uv),
A5() = 0= A(t) =+
t
B (t) = — A1
1< ) (UU )te[o,l]
t—U
Bi(t) = (— Y, o)
? 1-U tel0,1]
Bi(t) == 0=DB(t)="--. (6.12)

Define a map CV : Q) — H, the vertex weight by
CY .= C(UU, ) + :[LUvStUUQUI, (613)
where C'is given in (6.3).

Remark 6.4. Here (A", BY,C"),v € V in terms of U" are iid copies of (A, B,C).
The edge weight T attached to the edge (v,vi) is given by (AY, BY). The tuple

2

(V,(TY, C")yey, (G, *, H,®)) is a weighted branching process.

Consider the weighted branching process as given above and for all v € V, define the
sequence

Ry:= > LL®C™ Ry=0, (6.14)
WEY «p,
where the family of path weights L” := (LY)yey from the node v is given recursively

by (3.1).

Lemma 6.3. Let U be a uniformly distributed random variable on [0,1] and C' defined
as in (6.13). Then for allt € [0,1) E(C) =0 and Var(C) < co.
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6. Partial Quicksort as a process

Proof. From equations (6.11), we have
1 t
E(C) = 2/ ulnudu—l—E/ (14 uQ +2(1 — u) In(1 — u))du
0 0

+ /1 u—1+2(1—¢)In(l —t) — 2(u —t) In(u — t))du.

It follows
/01 (1 — w)*(In(1 — u))’du = 22_7
/ot (1 —u)In(l —u)du = % <_(1 —1)*In(1—1) + g - t) 7
/tl (u—t)In(u — t)du = % ((1 — ) Il —1) - %(1 - t>2) |
/Ot (1 — ) In(t — u)du = % (t2 Int— g) ,
and

1
1
/ u(1 —u)(Inw) In(1 — u)du = 08 (37 — 37%) ~ 0,068437 < 1.
0

Therefore
1 ¢
E(C’))—2/ u(lnu)du—l—/ (14+u@ +2(1 —u)In(1 —u))du = 0.
0 0
Moreover
1 1
E(C?) < 1+4 [ ulnudu+4 [ v?(lnu)’d
(c?) < —|—/Ounuu—|—/0u(nu)u
1
4 1—u)In(l —u)d
+ /0 (1 —wu)In(l —u)du
1
+ 4/ (1= w)2(In(1 — u))2du
0
1
+ 8/ u(l —u)Inwuln(l — u)du
0
1 2
+ gE(Q)

< Q.
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6. Partial Quicksort as a process

Our first main result is the following statement.

Theorem 6.5. Let (V,((T1,T3),C), (G, *),(H,®)) be the weighted branching process
defined as above. Then R} converges uniformly as n — oo almost everywhere in D to
a random variable R* for all v € V. The family R*,v € V satisfies

2
R'=> T/R" +C" (6.15)

i=1
almost everywhere. Moreover, for every p > 1 holds

1
8+ ()7 I,

R <
IRl <~

(6.16)

where k, = (-2 v and Q@ is a random variable with the Quicksort distribution.

1)
Before we prove the above theorem we state the following consequence.

Lemma 6.4. The random variables R}, defined as in (6.14) satisfies the backward re-
cursion

2
Ry, =Y T'@Ry_ +C"
=1

for allv eV and m € N.

Proof. The sum RY, is well defined and by equations (6.14) and (3.2), we have

Ry = ) (Th wTow s Toom) @ O
Jw|<m
— Z Z (lel * T % - _T[:}le'wk71> ® OV
k=0 weVy

m 2
— v + Z Z Z (Tvzv " Tvil'l o n Tviwyna:k_g) ® Cvia:
k=1 i=1 z€Vi_

m

2
— v + ZT;U % (Z Z Tvixl % .. .Tvia:yuzk_g) ® C«vix
=1

k=1 2xeVi_1

2
i=1

|z|<n—1

2
= C"+ > T/=Ry .
=1

69



6. Partial Quicksort as a process

The connection between the operator K introduced in Chapter 3 and the weighted
branching process R,,, in the case of the Partial Quicksort is given by the following
Corollary.

Corollary 6.6. Let the starting measure g be the point measure on the function 0 € D
identical 0. Then the random variables R, defined as in (6.14) satisfies

Ry =C%+> A? - R.oB/, (6.17)
ieN
where R!, denotes the the random variable R, for the tree with root i. The distribution
of Ry, is K™(uo)-

Proof. In the positive case all R, and n—fold iterates K"(ug) are well defined [25]. By
Lemma 6.4, the sequence R,, satisfies the backward recursion

Rup1=Cy+ ) TP ® R},
ieN
If TP == (AY,BY) forall v e V,ie Nand TV = (1T7,77), then by the settings in
Section 6.1 we have
R, = C*+3 (A0, B!) @R,
iEN
= C°+) A?-R,oB.

ieN

To prove the distributional result on R, we use the mathematical induction on n. The

induction base case when n = 1 is true since R; = C has the distribution K (). For
the inductive step n to n + 1 argue by the backward recursion

Ry = C°+) A?-R, 0B

ieN
= K(L(Ry))
= K(K"(po))
— Kn+1(u0).
Here the random variables (A?, Bf’ , C’¢> ,R! i € N are independent. n
For all v € V,n € N define Sy, : Q@ — D by
Sp= > LLec™, Si=C" (6.18)
|lw|=n

The equation (6.18) defines the total weight in the n-th generation. Our interest con-
centrates on the total weight (cost) regarded up to the n-th generation. From equations
(6.18) and (3.3), we have

Su= Rl — R, (6.19)
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6. Partial Quicksort as a process

Using equation (3.5) it is easy to show that for all w € 2 and S, (w) € D,

Sp=> TSy, (6.20)

1€EN

where T; defined as in (6.12) and S! and S? are the S, random variable for the tree
with root 7.

Using the equation (6.12) and (6.20), for all ¢ € [0, 1] we obtain

Sit) = D (Al-SLieB)(®)

and therefore

t t—U"
Si) = Loadl" 11 () + Tomad1 = UG (=)

Lemma 6.5. Let SY,n € N,v € V be as above. Then for alln € N, E(|[S,|l.) =0
and Var(||Sy||y,) converges exponentially fast to 0, as n — oo.

(6.21)

Proof. Notice (SY),, 2 (S%),,. By equation (6.21)

2 2
||Sn||2,D - ”TiSn—1||2,D

_ E(Sgp
~ Baw <(ﬂt<UUs;1<5>)2 # (1ewt1 - U>Sil<%>)2> .

All mixed terms are zero. The first term is

t—-U

t

2
s <1t<UUs,11<i>) _ E(U2sup<szl<i>>2)
¢ U U

t<u
< B (0 |si])
< BE(UYE (Hsg,lui) (6.22)
And the second term is
e (U o , t=U.,
Eow (1e0(-0)SLGZ ) = E(0- 0Pt )
< B(1-w?|s2 %)
< E(1-uw?) B ([s21) (6.23)
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6. Partial Quicksort as a process

Then we have

ISiE, < (BU?+EQ-U2)E (||s2,]2)

22 (12 12,)-

For n € Np, let b, := HSn,1H27D. Notice b,, does not depend on the vertex v. Then

IN

2 2
bn S bn—l?

Wl N

and therefore by iteration of the inequality

Whete by = [[Sollyp = IC(U, ) < . 0
Let A(t) := >, |Ai(t)| for all ¢t € [0,1] and note that E ||A]|  =EU)+ E(1-U) =1

and
2
> E sup | A1) = BU* + E1 - U)* =2B(U*) = 2 < 1.

i=1.2 te[0,1]

Lemma 6.6. For fized t € [0,1] and n € N, Var(R,(t)) converges exponentially fast
to 0, as n — o0.

Proof. The random variables S;, € N are pointwise well defined and measurable. By
Theorem 6.5 we have

E(R,(t)?) = E (Z&(t))

= E(ZZSj(t)Sj(t))
= ZZE(Si(t)Sj(t))

= T E(S07) + 3 E(S((0)85(1)).
i=0 i=0 i#]

By the Cauchy-Schwarz inequality, S;(¢)S;(t) is integrable. For i,j € N and i < j,

define
Bi:=0o ((T”, CU)|U|§n) .
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By conditional expectation we have for ¢ < j

E(Si(t)S;(1)) = EE(Si(1)S;(1)|Bi)]
= E[Si()E(5;(1)[Bi)] = 0
Therefore -
E((Ra(1))*) = ) B ((Si(1))°)
And therefor Lemma 6.5 finishes the proof. . O]

Lemma 6.7. For allt € [0,1],n € N

Z |Snll o, < 00 almost everywhere.

Proof. By equation (2.9) and lemma 6.5, we get

E()_1ISull.)

neN

as n — 0.

IN

IN

IN

> E(ISall.)

neN

> HSalllly

neN

D MlSalloolls

neN

D15 ®lop

neN

Z(;)gbo<oo

neN

Lemma 6.8. The sequence (Ry)nen, s a Cauchy sequence in (.7-'2(D), HH2D>

Proof. We have to show Ve > 0, 3dng € N such that

VYn > m > nyg,

[ = Bonllyp < €
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By Lemma 2.18 and Lemma 6.5, the triangle inequality holds for all n > m > ng

n—1
HRn_RmHQ,D = ZSI

l=m 2,D
n—1

< D ISl
l=m

< Y
>ng

<

TLO —
2\ 2 2
z ba-11=14/2
— 0 as ng— oo.

Here for given € use ng such that

Ng = mf{m eEN: Z ||SjH2,D < 6} .

j=>m

Now we come back to the proof of the Theorem 6.5.

Proof. of the Theorem 6.5

From the above Lemma 6.1.1, the Cauchy sequence R,,n € N converges to some
R = R.. Since R,(t) = > . Sn(t), R is the point wise limit of ) . S,(t) for
all ¢ € [0,1]. From the Lemma 6.1.1

ElR-R, < E

< E() S

>n

o0

< Y ElSill

>n

— 0 as n— oo.

Then R is well defined almost everywhere and for every realization w € €2 and every
t € [0,1], the limit R(w)(t) exists. By the backward view in Lemma 6.4 going to the
limit as n — oo and by the almost everywhere convergence R satisfies the equation
(6.15). For the equation (6.16), by the backward equation in Lemma 6.4 we have

1Ralloe = [| TRy V TRy 4 ||+ 1€l -

Consider the weighted branching process as above but with cost function

C"=8+4U"|Q", veW.
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6. Partial Quicksort as a process

Define

R=Y\ 1o

Jj<n wevj

Then Ry = 0 and R,, T R point wise,
R, =T{RyL, VIR, + C"

for n € N. By an induction on n we show HRZHHOO <R, Iftn=1|R, =
|C?||,, <8 then ||RY||,, < RY. For the induction step n to n + 1 argue by

Rl < TRV LR? L+ 107
< ||nRy v TRYZ| +C
S Tlel\/TQRZQ—FCVU:RZJA.
Then for p > 1
Rl < BB VERRE| +[C],
< (B|DRL, "+ E|RR_,|")7 +8+ |UQ],
< NRuoall, (B|T3P + E|Ta)7 + 8+ [UQI,
< k| Rocall, + 8+ 1UQ],
< Y s (v, lel, +3)
=0
_ s+l lel,
= 1—k,
where
k, = EITWf+E|LP<E|UP+E]1-UP
2
P _
< 2E(U)§p+1.

And therefore )
L\
8+ (57)7 1Qll,
1 -k, '

|12, = lim || R, =

n—o0

]

6.2 Convergence of the discrete Quicksort process

In this section we prove the convergence of finite dimensional marginals of Y,, to Y. We
will define a nice version of Y,, such that Y;,(¢) converges in Ly-norm to Y (t) for every

75



6. Partial Quicksort as a process

t € [0, 1]. This requires to define a nice family (Y,"),en of random variables with values
in D, indexed by the tree V. We will include the Partial Quicksort process via the index
0o, compare this with the Weighted branching processes in Chapters 4 and 6.

Let V = {1,2}" be the binary tree and define
H:={h:[0,1] x Ny = R|Vn € Ny h(-,n) € D}

Here N = N U {oo}. Let Gy be the set of all maps g : [0,1] x Ng — [0,1] x Ny such
that g(-,0) =0, YneN ®$y(g(-,n)) <n and P2(g(-,00)) = co. Here ¢ denotes the
projection to the second coordinate.

Let G = H x G5 and define the semigroup operation * : G x G — G by

*((f1,01), (f2,92)) = (f1, 1) * (f2,92) = (f1- fa0 91,920 91)

for all f1,fo» € [0,1] and g1,92 € Ny. Here o denotes the convolution and - is the
pointwise multiplication in [0, 1]. The semigroup (G, *) has the neutral element (1,1id),
the function identically 1, the identity and the grave is (0, id).

For all f, fi,h € [0,1] and g, g1 € G3, define the operation ® : G x H — H by

®((f.9),h) = (f,g9)@h=f-hog.
For all f, fi, f>,h € H and g € G,

(fi+fo9)®@h=(f1,9) ®h+ (f2,9) ®h,

The tuple (f,g) € G has the interpretation of a map My, : H — H via

(Myg(h))(t,n) = f(E,n)h(g(t,n)). (6.24)

The first coordinate f is a space transformation and the second coordinate ¢ is a time
and index transformation. The semi group structure * is the composition of the corre-
sponding maps. Since H is a vector space and R is a lattice, we will embed G to maps
H" and use freely the induced structures + ,- and V.

(Mﬁg + Mfl,gl)(h) = Mﬁg(h) + Mf1791 (h)a
a-(Myg)(h) = (a- Myg)(h),

and

(Mg V My, g)(h) = (M) (h)) V (My, g, (h))) -

Let UY : Q2 — [0,1],v € V be independent and identically uniformly distributed random
variables on the unit interval [0,1]. Let Q¥,v € V be a random variable has a limiting
Quicksort distribution.
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6. Partial Quicksort as a process

Define T} : Q — @G, the weights on the edges (v, vi),v € V,i € {1,2} by

T? = (A7, (B, J!)) for all

1%

veV,reN,

and TV = (17, Ty) with values in G and the vertex weight C* with values in H by the

following coefficients

I = [nU]
Jv
gr = In
n
Ji(t,n) = I)—1
Jy(t,n) = n—1I"
I’ —1
AT (t = Lcpv—2
1(t,n) 30—
0 I
A2 (t, n) = :ﬂ-t>Uﬁ(1 _ —
[nt)
BY(t = 1IN——
) t— U
Bi(t,n) = Ovl—U;{
v v Iﬁ —1 vl
C (t, n) = C(n, LntJ 7[n> + ﬂ.tZu%T Iv—1 (625)

Notice JY(t,n) + J3(t,n) = n —1. For n € N,v € V, with the above coefficients we

expect for the limit the following parameters:

Ji(t,00) = o0
Jy(t,00) = o0
Al(t,00) = LicpoU”
A3 (t, 00) Lispe (1 —UY)
t
By(t = 1N—=
1( ? OO) UU
t—>Uu"
By -
5 (t, 00) 0V T
C(t,00) = c(U%t) + LspnUQ"" (6.26)

where t € [0, 1] and for ¢ = 1,2, AY(-,0) is identically 0.

Define

Ry (tn) = ) (Lh,®C™)(t,n) (6.27)

weYm

for m,n € No,v € V,t € [0, 1].
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6. Partial Quicksort as a process

Proposition 6.7. The random variables R}, defined as above satisfy the backward re-

cursion
2

Ry, (t,n) = (T} @ Ry,_)(t,n) + C*(t,n)

i=1

for allm € Ny and v €V .

Proof. The sum RY, is well defined and by equations (6.27) and (3.2), we have

Ry (tn) = > ((Th «To s - Tor 1) @ C™)(t,n)
|w|<m
= D0 D (T R T T ) © O (1)
k=0 weVy

_ t n + Z Z Z vy Tvml - Tvixl---:rk,2> ® me)(t, n)

k=1 i=1 z€V}_y

2 m
= O+ (T (D D T T 2) @ ) (1)
=1

k=1 2z€Vi_1

= C%t,n)+ Z(Tf * Z LY ® C")(t,n)

lz|<n—1
= C(t,n +Z * RY)(t,n).

[]

Lemma 6.9. For every n € Ny, the function R (-,n) converges almost everywhere
pointwise as m — oo to R (-,n) = > oy Ly,C"(-,n) for every v € V. The limit
satisfies the equation

Proof. By definition RY, (w)(t,n) is increasing in m for every realization w €  and
every t in the unit interval [0, 1]. Therefore exists the limit RY, which has only finitely
many non zero summands. By equation 6.27 going to the limit as m — oo we get

=Y L@ C(n)
weY

for every n € Ng,v € V. We prove the second statement by induction on n. The cases
n =0 and n = 1 are true since Yy = 0 = RY (-,0) and Y;" = 0 = R (-,1). For the
induction step use the representation given in equation (6.8) for Y,, and the backward
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6. Partial Quicksort as a process

equation in Proposition 6.7 for R.,, so we have
R (t,n) = Ty ® RG(t,n) + T @ RZ(tn) + C"(t,n)

= Aj(t, )R (BY(t,n), Jy(t,n)) + Aj(t, n) R (By (t,n), J3 (¢, n)) + C(t,n)
= ALY (BE (8 1)) + A (6, n) Y50 (B (t,n)) + C*(t,n)

= Licoy—— YEL (1A T )+ Ly (1 - E)}/I;fl(o ViT U;;) +C°(t,n)

= Y

n

]

Remark 6.8. By Lemma 6.9, R"(t,n) = RY (t,n) is the limit of R}, (¢,n) as m — oo.
Since Ry, (t,n) = >, oy, Sm(t,n) then R(t,n) is the point wise limit of > Sy (¢,n)
for all ¢ € [0,1],v € V,n € Ny. Then R is well defined almost everywhere and for every
realization w € €2 and every t € [0, 1], the limit RY (w)(t,n) exists almost everywhere.
By the backward view in Proposition 6.7 going to the limit as m — oo and by the
almost everywhere convergence RY satisfies the equation

R (t,n) =Y (T} ® RY)(t,n) + C*(t,n).

i=1
For m,n € Ng,v € V and t € [0, 1], define

S;Lv}l(tu TL) = R;}n—l—l (t7 TL) - R;}n(t n)
The last equation takes the form

Sh(tn) = Y (L, @ C*™)(t,n), S§(t,n)=0.

wEVm

In the following let v,w,w € V, m,i € Ny and t € [0,1]. Notice LY, = (A%, B®,J")
acts as a map on H via

(L, @ h)(t,n) =t A% (t,n)h(B(t,n), J'(t, n)) (6.28)
Define an operator E(L?) acting on H by
E((Ly, @ h)(t,n)) = ((E(L,))(h)) (t,n), (6.29)
and define another operator (L)? on H via
((L)*)(h) = (L(R))*. (6.30)

Let A,, be the o-field generated by all random variables U”,v € V,,,,m € Ny. The
random variable L}, is measurable with respect to Ay, and C” is independent of Aj,.
Before we look at the second main theorem we have to prove some necessary results.
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6. Partial Quicksort as a process

Proposition 6.9. For all v,w # w €V, n € Ng and t € [0, 1], holds
E(L) @ C*(t,n) - Ly @ C"(t,n)) =0 for w # w.

Proof. Since Lj, is measurable with respect to A, and C** is independent of Aj,.,|,
then by equation (6.28) we have

E(L, @ C(t,n)[Apu) = E(AL (L n)C™((By, J,) (T, 1)) Apuw)

= ( Z;(tvn))E(me((BzaJg))(tan)|“4|vw|)
0.

We prove the statement for the possible two cases. For |w| # |w|

L.HS. = B(L’,®C"™(tn) L\ C"(tn
= (B(AL(t,n)C™((By, Jy)(t,n)E

w?! Y w

E(AL () Ag(t,n)(C*((By, Jy

= B(A(t, ) ALt n)(C (B, T,

wr Cw
= 0.

~— —

The last equality follows from equation (6.31). For |w| = |w], then we hav

LHS. = E(L)®C"™(t,n)-L®C"™(t,n))
= E(E(AL(t,n)C™ (B, Jy)(t,n)) - (A (¢, n)C™ (B, J5) (8, 1)) Apwu)))

wr T w wr T w

= B(AL (6 n)AG (8 ) E(C™ (B, J5) (8 n)C™ (B, J5) (8 1)) Ajww))
= E(AL @, n)AG(t,n) (E(C* (B, Ju)(t, 1)) | Apw) ) E(C* (B, J5) (1)) Apw)))
= 0.

Here we used the independence of C"™ and C"™ given A - O

Lemma 6.10. For allv € V and m € Ny, we have

2
sup Y E(sup AL(t,n))* < (5)™.
neNg weVi, t€[0,1] 3

Proof. Let b(n,i) = =1 v "= Since BE(I,) = " and B((I,)?) = “HUEH e
have

E((b(n,I"))?*) = E(%(rﬁ + 14+ 2(1°)% = 2nI° — 217))

|~

(n* + 1+ 2E(
1

3n?

I,)*) = 2nE(I}) — 2E(1))

—~

2

w3

+ <

S|
Wl
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6. Partial Quicksort as a process

By definitions of AY(t,n),i = 1,2 in (6.25), we note that sup,sup, AY(¢t,n) < b(n,I?)

and AY  satisfies the recursion

ALy (tm) = A7 (t, ) A ((BY, J7)(t, ).

Let AY(n) = sup, A (t,n), then

AV (tn) =
Sgpzi: iw(t,n)

IN

1%

SEPZ ALt n) A ((BF, J7)(tm))

supsup A (t,n) Ay ((BY, J7) (t,n))
! t

< supsup A} (t,n) supsupAZf((B;ﬂJ;’)(s,n))
7 t 7 s
< bn, I2) sup AL (J?).
J
The last inequality provides
E((A3,(n)*) = EB(sup A}, (t,n))?
t
= Esup (A (t, ) AS(BY, ) (1, )
t
< Esup (46, ) AS(BY, 1) (t,m)”
t
< E(b(n, 1) Esup(Ay (B, J7)(t,n)))?
t
< B((b(n, 1)) sup E(AG(J7))?[Ap)
< B((b(n, 1)) sup E((A7(J7))%)
2 _
< gswp E((Ay(J))?)
2
< “\m
< )
The last inequality obtained by an induction on the length of w. O]

Theorem 6.10. R}, (t,n) is an Lo-martingale in m with respect to Ajyj4m for all t €

[0,1],n € Ng and v € V.

Proof. Since L;, is measurable with respect to A}, and C** is independent of Al

then by equation (6.28) we have

E(Ly, ® C"(t,n) |-’4\va)

E(AL (8 n)C* (B, J3y) (1)) | A )

E(AZ)(L n))E(CUw«BZM Jff)))(@ n)|"4\vw|> =0.
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6. Partial Quicksort as a process

Hence the martingale property follows by
E(RY,(t,0)| Apem) = Y B(LL ® C*(t,n)| Apjim) = 0

wWEVm
For the Ly statement, let a = sup,c( 1 sup,en, £((C(t,1n))?). By Proposition 6.9, we
have

sup B(Sy,(t,n))° = Y E((A;,(t,n)C™ (B, J3)(t,n)))?)

(t:n) WEVm

= 37 B((AL (5 0) P E(C™ (B J2) (1)) Ap)

< sup sup E((C(t,n))?) Z E((A},(t,n))?)

t€[0,1] n€Ng we Vi

< asup Y E((AL(tn)?)

te[0,1] WEVi,

< a sup E((A“m(t,n))z)
weV, t€[0,1]
2
a- (g)m < 0.

IN

From the above Theorem we get the next Corollary
Corollary 6.11. It holds that

2 _
supsup B(((Ry, — Rp)(m)*) Sa- (5)™!, veVome Ny,
t n

Proof. From Theorem 6.10, we obtain
E(Sp,Sn) = Y B((Ly,®C™)?)
VEVm

= B() (L, ®C™))

VEVm,

< Esup( Z (L, ® C"™)?)(t,n))

(tvn) 'UGVm

< a-(=)"
< a3
Therefore by the triangle inequality we get

E((R% = Ry)(t,n)) < Y E((Ryy, — RY)(t,n))?)

>m

< > E((S5)?)

>m

Y= 0 )"

>m

IN
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6. Partial Quicksort as a process

[]

Now we come to the second main result of this chapter:

Theorem 6.12. The above version of the Partial Quicksort process Y, (t) converges in
Lo-norm to the limit Y (t) for every t € [0,1]. All finite-dimensional marginals converge
and are uniformly integrable.

Proof. Without loss of generality let ¢ be none of the finitely many splitting points of
the tree v € V up to depths m. We estimate || RY, (t,n) — RY,(t,00)]||, by the finite sum
over all w € V,,, of the terms ||(Ly, ® C*)(t,n) — (L, ® C*)(t,0)||,. We shall show
every such term converges to 0.

Han(tvn) - an(u OO)H? =
= || > Ly @C™)(tn) = Y (L@ C™)(t,00)],

lw|<m |w|<m
< Y AL ((BY, Jo) (8 n) — Al (t 00)CPP((By, J3)(t, 00) ) |2
[w|<m
< 3 AL C (B, J9)(En)) — AL (t,00)C™ (B, J3)(t, )
[w|<m
+ AZ;@? OO)OMU((BZN Jﬂf})(tv TL)) - AZ}@? OO)OMD((BSM Jg))(tv OO)) ||2

By the triangle inequality we have
[ Ry (E,m) = Ry, (t,00) |, <
< Y AL ((BY, Jo) (8 n) — AL (t 00)CPP((BY, J3)(tn)l2

|lw|<m

+ ) AL 00)CT (B, Jy)(tn)) — ALt 00) O™ (B, Ji)(t,00))
Jw|<m

< )ALt n) — AL(E,00) |2 sup sup [[C (s, 7))
lw|<m s€(0,1] 4

+ > ALt 00)[l2[CT (B, ) (8 n)) — CP((BY, J4)(t,00)) 2
|lw|<m

The first term converges as n — oo to 0 since ||AY(t,n) — AL (t,00)||2 converges to 0
almost everywhere and is uniformly bounded by 1. Hence we have

1By, (t,n) = Ry (t,00)lly < ) O™ (B, Ji)(t,m)) — C*(By, Ji)(t 00)) 2

w?! Yw wr Cw

|w|<m

By the triangle inequality
1R, (8, n) = Ry (too)lla < ) ICUS ) — CU™)

|w|<m
i Z H:H-B}L(t’n)ZUng(t n) J:t))l (tv n) zgji(tm) - ]leU (t,00)<Uvw UUvawl H2
win w
|lw|<m
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6. Partial Quicksort as a process

From the Corollary 6.11, U} converges almost everywhere to U"" for m — oco. Then
the dominated convergence provides that the first term converges to 0, since J? (t,n) —
oo as n — oo and the function C' is bounded. Estimate the second term as follow

IRo(m) = Bo(too)ls < 3 [(sgumsuse, . — Tnguwercoe) T, (@ ol

|lw|<m

+ Z H]]-B;j)(t,oo)<U“w<‘]3)1(t’n) UW) letn)H2
|w|<m

b S Mg U@ 0y — Q)
Jw|<m

< > Msyms U~ LBy (too)<uve |2 SUp | @2
|lw|<m m

+ > = U2 Sup||Qm||2
|w|<m

+ Z ”val _ valHQ
|lw|<m

The first term converges to 0, since ||]lng(t7n)>U%u(t " — LBy (t,00)<vvw |2 is bounded and

converges almost everywhere to 0. The second term converges to 0, since [|.J, (t,n) —
U"||5 is bounded and converges almost everywhere to 0. Hence we get

1Ry (8, ) = Ry (t00)ll2 < D Q5" 1y — @7l

|w|<m

Let b, := ||@m — Q||2. Notice b, converges almost everywhere to 0 as m — oo. Then
we obtain

IRt ) = Ry (too)lla < ) BIE(QY (0 — @™ Mpun))
|w|<m

< E(bml(t,n)) —0 as n— .
And therefore by Lemma 6.9

Vo) = Y(®)]s =0 as n— oo

for all ¢ € [0, 1]. O
Remark 6.13. For a vector t = (t1,t,--- ,t;) € R*,k € N, and a real valued function
F(1), let

f@) = (f(t), f(t2), -, (i)

A finite dimensional distribution of a process X = (X (t))icp,1] is the distribution of the
X(t),t € [0, 1]
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6. Partial Quicksort as a process

6.3 Conclusion

The online version of Partial Quicksort “Quicksort on the fly” provides returns the
input in increasing natural order during the sorting process. The normalized asymptotic
number of comparisons needed to sort the [-th smallest out of n appears as a weighted
branching process in [. It appear as limiting distributions solutions of some stochastic
fixed points equation of the form Y 2 >, AY; 0 B; + C with path in the space D of
cadlag functions on the unit interval.
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Appendix A

Mathematical basics for stochastic
processes and their convergence

A.1 Basic definitions

In this section we introduce a short overview of the basic mathematical definitions
for stochastic processes and we refer to [2], [7] and [21] for more detailed information.
The purpose of this chapter is to give a short overview of the basic terminology used
throughout the thesis, and to emphasize certain mathematical results for stochastic
processes and its asymptotic properties which are important in the proofs.

A.1.1 Asymptotic notations

The asymptotic notations are mostly used in computer science to give a simple char-
acterization of the algorithms efficiency and allows use to compare the relative perfor-
mance of the alternative algorithms. Such notations are convenient for as we used for
describing the best and worst cases, running time of the Quicksort.

Let f,g9,h : R — C, and suppose ¢ € C , we define the following

Big-O
We write f(n) = O(g(n)) If
lim sup M < 00.
oo g(n)
Little-o
We write f(n) = o(g(n)) if
tim L
n=eo |g(n))
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A. Mathematical basics for stochastic processes and their convergence

Asymptotic Equality
We write f(n) ~ g(n) if

lim M =1.
nieo g(n)
Definition A.1. (filtration). Let (£2,.A, P) be a probability space. A family of o-fields

(Fi)i=0 is called a filtration, if F; C F; for all s <t. If F, =, F;s forall t € [0,00),
(Ft)i>o0 is called right continuous filtration. If {A € A: P(A) =0} C F; for all ¢ then
a filtration (F):>o is called complete.

For the following let (F,o(FE)) be a measurable space and Y : Q x [0,00) — FE be a
stochastic process. Further we assume that (F;):>o is a right continuous and complete
filtration.

Definition A.2. (adapted). The stochastic process Y : Q x [0,00) — E is said to be
adapted to (F;);>0 if Y; : Q — E is F-measurable, i.e. Y, 1(C) € F; for all C € C.

Definition A.3. (finite-dimensional distributions). The finite-dimensional distribu-
tions of a stochastic process are the distributions of the finite-dimensional vectors

<Y21’Y227.“Y;k)7 tlatQa"' >tk€[a7b]

such that a =t; <ta <--- <ty =band k > 1.

A.1.2 (Conditional expectation)

Let X : Q@ — E be an integrable random variable, i.e. F|X| < co. The conditional
expectation of X given F; is a Fi-measurable random variable and denoted by E(X|F;)
such that

/ E(X|F)dP = / XdP, for all A € F,.
A A

The next proposition states the main properties of the conditional expectation.

Proposition A.4. Let X1, X5, X3 : Q — FE be integrable random variables and let
s,t € [0,00) with s < t. Then the following holds almost everywhere.

1. E(E(X|F)) = E(X),

2. If X, < X, then E(X1|F,) < E(Xo|F),

3. B (aX) +bXo|F) = aE (X1|F,) + bE (Xo|F) Va,beR,

4. BE(E(X|F)|F) = (BE(X]F,).

5. E(XY|F)) =YE(X|F)) for all F;-measurable bounded random variables Y.
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Proof. See Kallenberg [21]. O

Definition A.5. (martingale). The process Y is a martingale if it is (F;)¢>0 adapted
and integrable such that for all ¢ € [0, c0) holds

E(Y)|F,) =Y, Vs<t.

A.2 The Mallow Metric

In this section we introduce the notion Mallows metric on the space M, of all one-
dimensional distribution functions with existing p-th absolute moment which is used
mainly in the statistics literature and in some literature on algorithms. Moreover show
connections between the Mallow metric determined by the convergence and other types
of convergences.

Definition A.6. For real 1 < p < oo and F,G € M, the map d, : M, x M, = R,
defined by

d(F,G) = i X =Y, (A1)

is called Mallow-metric d,,. The infimum is taken over all random variable X and Y on
any probability space (2, A, P), with £(X) = F and L(Y) = G. The next proposition
states the important properties of that metric.

Lemma A.1. For all F,G,H € M, and 1 < p < oo, the map d,, defined as in equation
(A.1) has the following properties

1. dy(F,G)=0iff F=G (Identity).

2. d,(F,G) =d,(G, F) (Symmetry).

3. dy(F,G) < d,(F,H) + d,(H,G) (Triangle inequality).

In addition the infimum is attained for X = F~Y(U),Y = G~(U), where U is uniformly
distributed on [0,1] and F~! is the left continuous inverse of the right continuous
distribution function F,

Fl(z)=inf{y: F(y) > 2} for x €[0,1], inf ¢ = oco.
And thus
B(F,G) = |F () - G| = /0 F ' (w) — G\ (w)]" du.

Proof. Let F,G be distribution functions in M,,. For the identity property, if ' = G,
then for a random variable X with £(X) = F', we have

0 <dy(F,G)=dy(F, F) < || X - X]|,=0.

89



A. Mathematical basics for stochastic processes and their convergence

Conversely, if d,(F,G) =0 for F,G € M,

dy(F,G) = ||F~'(U) = GHU)|| =0

p

Then F~1(U) = G7}(U) almost surely and thus F' = L(F~'(U)) = L(GT'(U)) =G.

The symmetry property of the map d, follows directly from the definition. For the
triangle inequality, consider F, G € M, and U is uniformly distributed random variable
on the interval [0, 1], then

4(FG) = |Fw)-a'),
[F=HO) = 2 XU, + [[HH(U) = GTHU|
= d,(F, H)+d,(H,G).

IN

p

]

A sequence F), of points in a metric space (M,,d,) converges to a limit distribution
function F' € M, if

lim d,(F,, F) = lim ||F,7(U) = F(U)]|, =0.

n—oo

For 1 < p < oo, the metric space (M,, d,) is complete. In a natural way the metric d, on
M, defines a pseudo-metric for random variables in L,, by d,(X,Y) = d,(L£(X), L(Y)).

Remark A.7. The d, convergence is the same as weak convergence plus convergence
of absolute moment of order p, more details, see [5], [40] and [3].
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Notations

{0,1,2,3,...}

set of real numbers

set of nonnegative real numbers

set of complex numbers

minimum of x and y

maximum of x and y

main branch of complex logarithm

the underlying probability space

left-hand, right-hand limit of a real function f in ¢
indicator function of a set A

the distribution of the random variable X

the expected value of the random variable X
the variance of the random variable X

equality in distribution

the modulus of z € C

summation over all nodes in the nth generation
the largest integer less than or equal to x
thesmallest integer greater than or equal to x
weighted branching process

Galton-Watson branching process
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