
Moment-Based Estimation of Ma
ros
opi
Dynami
 Models in Ma
roe
onomi
s and Finan
e
als Inaugural-Dissertationzur Erlangung des akademis
hen Grades eines Doktorsder Wirtshaft- und Sozialwissenshaftli
hen Fakultätder Cristian-Albre
hts-Universität zu Kiel

vorgelegt vonM. A. Tae-Seok Jang,aus Seoul (Korea) geb. 29/01/1979Kiel, November 2012



Gedru
kt mit Genehmigung derWirts
hafts- und Sozialwissens
haftli
hen Fakultätder Christian-Albre
hts-Universität zu Kiel
Dekan: Prof. Horst Ra�Erstberi
hterstattender: Prof. Dr. Thomas LuxZweitberi
hterstattender: Prof. Dr. Roman Liesenfeld

Tag der Abgabe der Arbeit: 28 August, 2012Tag der mündli
hen Prüfung: 31 O
tober, 2012



A
knowledgments
This resear
h has been supported by the German A
ademi
 Ex
hange Servi
e (DAAD)and the Univeristy of Kiel. The author greatly a
knowledges his a
ademi
 mentorand resear
h supervisors, Reiner Franke, Thomas Lux and Roman Liesenfeld fortheir guidan
e and support; he is also indebted to Stephen Sa
ht for his 
ollabora-tive work on the DSGE models. He appre
iates all 
omments and suggestions thathe re
eived at 
onferen
es in Berlin, Kiel, Mannheim, Zwi
kau (Germany), Dallas(US), London (UK), Prague (Cze
h Republi
), and Seoul (Korea). He is grateful tohis family, friends, and 
olleagues in the world.





Citation Guides
Main body of my PhD thesis will 
ontain �ve 
hapters. Note here that the thesisin
ludes 
ollaborative works with Reiner Franke and Stephen Sa
ht. Citations tothese works 
an be done as follows:Chapter 2 Ba
kward-Looking Behavior in the New-Keynesian ModelFranke, R., and Jang, T.-S. and Sa
ht, S. (2011): Moment mat
hingversus Bayesian estimation: ba
kward-looking behaviour in the New-Keynesianthree-equations model. E
onomi
 Working paper 2011-10, University of Kiel.Chapter 3 Stru
tural Estimation of the New-Keynesian ModelJang, T.-S. (2012): Stru
tural Estimation of the New-Keynesian Model: aFormal Test of Ba
kward- and Forward-looking Behavior, in: N. Balke, F.Canova, F. Milani, and M. Wynne (ed.), DSGE Models in Ma
roe
onomi
s:Estimation, Evaluation, and New Development, Advan
es in E
onometri
s:Vol. 28, Emerald Group Publishing Limited, 421�467.Chapter 4 Identi�
ation of Animal Spirits in a Bounded RationaltiyModelJang, T.-S. and Sa
ht, S. (2012): Identi�
ation of animal spirits in abounded rationality model: an appli
ation to the Euro area. E
onomi
 Work-ing paper 2012-12, University of Kiel.Chapter 5 The Role of Behavioral Heterogeneity in Asset Pri
ing Mod-elsJang, T.-S. (2012): The role of behavioral heterogeneity in asset pri
ing mod-els. mimeo, Univerity of Kiel.Chapter 6 So
ial Intera
tion E�e
ts in Finan
ial DataJang, T.-S (2012): Identi�
ation of so
ial intera
tion e�e
ts in �nan
ial data:simulation based inferen
e for a noise trader model. mimeo, University of Kiel.





Abstra
t
The thesis is divided into two parts. Part I (ma
roe
onomi
 models) is devotedto empiri
ally examine the role of ba
kward-looking behavior in a standard New-Keynesian model and its behavioral variant. This part in
ludes three 
hapters.In 
hapter 2, the stru
tural parameters of the New-Keynesian model (NKM) areestimated from a histori
al data set of the US e
onomy. The moment-mat
hingmethod is used to dis
uss the importan
e of ba
kward-looking behavior in the New-Keynesian Phillips Curve, and its empiri
al results are 
ontrasted to the Bayesianestimation. Then the model with purely forward-looking expe
tations and its hy-brid variant are 
ompared using a formal test. Chapter 3 dis
usses the persistentdynami
s of in�ation and output in the NKM, and analyzes statisti
al properties ofthe estimation methods and the 
hoi
e of moment 
onditions. The empiri
al per-forman
e of model sele
tion methods is examined using information 
riteria alongthe lines of the maximum likelihood estimation. Chapter 4 demonstrates that mar-ket euphoria and depression in the e
onomy 
an be explained by swit
hing betweenheterogeneous investors along the lines of the dis
rete 
hoi
e theory. This 
hapterinvestigates a bounded rationality model with histori
al Euro Area data and dis
ussthe e�e
ts of the investors' over(or under)rea
tion on market stru
ture. Part II (�-nan
ial market models) 
ontains two 
hapters 
on
erning the relevan
e of behavioralheterogeneity in �nan
ial markets. Chapter 5 dis
usses the e�e
t of heterogeneoustrading rules on the return volatility in the asset pri
ing model. The adaptive beliefsystem is estimated using the simulated method of moments estimator. Espe
ially,two types of the noise term in the model dynami
s are investigated by means ofsimulations (i.e. additive and multipli
ative). In a stru
tural sto
hasti
 volatilitymodel, the two trading me
hanisms (i.e. wealth and herding) are 
ompared a

ord-ing to a formal test. Finally, 
hapter 6 examines the so
ial intera
tion e�e
ts of amarket mi
rosimulation model on various histori
al FX data. In parti
ular, simula-tion based inferen
e is used to examine the validity of the group behavior when theanalyti
al expression for moment 
onditions is fairly 
ompli
ated.Keywords: behavioral heterogeneity; group behavior; moment-based estimation;mi
rosimulation; New-Keynesian; return volatility; so
ial intera
tion e�e
ts.
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1Introdu
tion
1.1 Motivation of the studyThe purpose of this thesis is to empiri
ally examine a standard ma
roe
onomi
model and alternative models of behavioral heterogeneity (i.e. agent-based models(ABM)) in �nan
e. At the beginning, we study the stru
tural dynami
s of thesemodels and their 
omplexity, some of whi
h do not permit a straightforward appli-
ation to data. Therefore our empiri
al analysis aims to demonstrate how to disen-tangle the stru
tural modeling dynami
s and endogeneity from whi
h we 
an �nd anempiri
al 
onne
tion between the behavior of e
onomi
 agents and the ma
ros
opi
dynami
s; i.e. behavioral heterogeneity, so
ial intera
tion e�e
ts, optimal behaviorand expe
tation formation pro
ess.1 Then we develop e
onometri
 or statisti
al in-feren
e te
hniques su
h that the empiri
al performan
e of models 
an be 
ompared.Con
erning the spe
i�
 models examined in this thesis, we �rst dis
uss a smalls
ale dynami
s sto
hasti
 general equilibrium (DSGE) model and its behavioralvariant in whi
h agents have 
ognitive limitations. In parti
ular, we attempt toestimate the stru
tural parameters of this kind of ma
roe
onomi
 model using USand Euro Area data. In the se
ond part, the asset pri
ing models with behavioralheterogeneity are put forward to explain the e�e
t of heterogeneous trading rules on�nan
ial markets; we have delved into empiri
al questions about pri
e movementsusing the adaptive belief system and a stru
tural sto
hasti
 volatility model. Finally,we study the role of group behavior in a market mi
rosimulation model and identifythe e�e
ts of so
ial intera
tions on return volatility.For the most part, this thesis resolves the parameter estimation of the stru
turalmodels by using moment-based estimation. In this study, we use the terminologyof the moment-based estimation (or the minimum distan
e estimator), whi
h 
anen
ompass the generalized method of moments and the 
lassi
al minimum distan
eestimator as spe
ial 
ases. Also see Newey and M
Fadden (1994) for their ex
ellent
lassi�
ation of these e
onometri
 estimators. Here we brie�y summarize the e
ono-metri
 steps for estimating the DSGE model and ABMs. It is assumed that the1The standard ma
roe
onomi
 model is based on the mi
roe
onomi
 theory of utility/pro�tmaximization where agents dis
ount their future 
onsumption/interest rate under perfe
t foresight;e.g. 
onsumption smoothing in Euler equations or Calvo pri
e-setting rules. On the other hand,ABMs follow a bottom-up approa
h using simple de
ision rules of agents, whi
h 
an allow for groupintera
tions and behavioral heterogeneity.



2 1. Introdu
tion
p-dimensional set of parameters of the models must satisfy the following momentrestri
tions:

E
[
m(xi; θ0)

]
= 0 (1.1)where m(xi; θ) is a q-dimensional ve
tor of fun
tions of the observable data xi,

i = 1, · · · , T . The model-generated moment 
onditions will satisfy the momentrestri
tion in Equation (1.1) if the parameter θ in Θ 
onverges to the true one
θ0. For the parameter identi�
ation in the moment-based estimation, our empiri
alappli
ations 
onsider at least as many moment 
onditions as parameters: over orexa
t identi�
ation, i.e. q ≥ p.In empiri
al appli
ations, we estimate the sample moment equation:

m∗ =
1

T

T∑

i=1

m(xi) (1.2)where m∗ is the 
hosen empiri
al moments, whi
h 
an 
omprise distributional prop-erties of the empiri
al data xi. The obje
tive fun
tion of the method of momentsestimator is de�ned as the following quadrati
 form:
S(θ) = (m∗ −m)′ W (m∗ −m) (1.3)where m is the model-generated moment fun
tion. W is a non-negative de�nite,symmetri
 weight matrix. A

ordingly, we obtain the parameter estimates from theobje
tive fun
tion S at its minimum:

θ̂ = arg min
θ∈Θ

S(θ) (1.4)Under the standard regularity 
onditions,2 the estimator has the following asymp-toti
 distribution of the parameter estimates:
√
T (θ̂T − θ0) ∼ N(0,Λ) (1.5)2The regularity 
onditions su
h as sto
hasti
 equi
ontinuity and asymptoti
 unbiasedness formoment estimates are used to provide 
onsisten
y, asymptoti
 normality and e�
ien
y of e
ono-metri
 estimators. A set of the regularity 
onditions in
ludes the parameter 
ompa
tness, a twi
e
ontinuously di�erentiable obje
tive fun
tion and its uniform 
onvergen
e, et
. See Newey andM
Fadden (1994) for large sample theory in e
onometri
s.



1.1. Motivation of the study 3where Λ is a 
ovarian
e matrix of the parameter estimation. In general, it is shownin e
onometri
 literature that the method of moments estimator is 
onsistent andasymptoti
ally normal; e.g. Hansen (1982), Pakes and Pollard (1989), and Du�e andSingleton (1993). If the model 
omplexity and underlying data generating pro
esshinder a

urate assessment of asymptoti
 inferen
e (e.g. 
losed-form or analyti
alsolutions are not available), we rely on simulation te
hniques and bootstrap methodsfor the estimation.However, there are pros and 
ons to apply the moment-based estimation te
h-niques to the 
omplex (or overly parameterized) models. On the one hand, fromthe model-generated moments, we 
an transparently evaluate the performan
e ofthe models to data and �nd a good approximation to the data generating pro
ess.This 
an be 
onsidered a dire
t result of the solution of a system instead of relyingon an auxiliary model, whi
h indire
tly measures an approximation of the modelto the data.3 On the other hand, be
ause of the non-linear mapping between themodel stru
ture and the redu
ed form parameters, however, the estimated parame-ters 
an be poorly determined with large standard errors; the large sampling vari-ability makes the empiri
al analysis inherently di�
ult in the 
ontext of statisti
alinferen
e.In many 
ases, 
omplexity hinders a dire
t estimation approa
h su
h as likelihood-based statisti
al inferen
e, and the obje
tive fun
tion exhibits several optima in theparameter spa
e of the 
omplex model; e.g. see Winker et al. (2007). Moreover,the moment 
onditions are not linear in the parameter ve
tor θ, so that we 
annotprove the global identi�
ation 
onditions for the stru
tural parameters; a standardrank 
ondition - a ne
essary and su�
ient 
ondition for the identi�
ation of theparameters of stru
tural equations models - 
annot be applied. This means that wedo not know the existen
e of a unique optimum in the obje
tive fun
tion. The worst
ase 
ould be that the obje
tive fun
tion 
annot be di�erentiated and its 
onvexityis not known.4 This has pra
ti
al impli
ations. For example, the 
onvergen
e of theoptimization pro
edure should be 
he
ked during the estimation. We need to ex-amine a unique optima from di�erent starting values of the model parameters; it isoften the 
ase that variations in the parameter estimates should be examined usinga set of di�erent optimization routines su
h as iterative minimization, Nelder-Meadsimplex, random sear
h method, et
.From the 
urrent problem in empiri
al appli
ations, we address an issue ofmoment-mat
hing approa
h to evaluating the 
omplex models. But the statisti-
al properties of the estimator by mathemati
al proofs is beyond the s
ope of this3The auxiliary model in indire
t inferen
e 
an refer to a linear regression model, a �nite impulseresponse model, a s
ore ve
tor of e�
ient method of moments, et
.4The di�erentiability of the obje
tive fun
tion is a mild (or weak) requirement for regularity,sin
e 
onsisten
y and asymptoti
 normality of the moment-based estimation 
an be established witha non-smooth obje
tive fun
tion; e.g. see the estimation of dis
rete 
hoi
e models in M
Fadden(1989).



4 1. Introdu
tionpresent investigation and is relegated to future resear
h. Therefore the main 
ontri-bution of this thesis is to take e
onomi
ally well formulated models to data, wherewe show how to �nd the solution of the system and to implement some numeri
aland te
hni
al methods su
h as simulation te
hniques and 
omparison pro
eduresbetween two 
ompeting spe
i�
ations. In other words, we evaluate the empiri
alperforman
e of the DSGE models and ABMs based on their ability to mat
h thesample moments of data. From these analyses, we attempt to establish an empiri-
al 
onne
tion between the behavioral rules and the ma
ros
opi
 dynami
s in thesemodels.In this thesis, we 
onsider that the model is possibly misspe
i�ed to 
apture thereality; i.e. the empiri
al model is based on an in
omplete probability formulation ofthe real data. In this 
ase, statisti
al hypothesis testing from the likelihood fun
tionis not straightforward; the assumption that error terms follow a Gaussian distribu-tion does not hold. In addition to 
ommon statisti
al problems when the modelis misspe
i�ed, the 
losed form solutions for likelihood fun
tion often do not exist.Therefore, our purpose of this empiri
al analysis is to test whether the alternativeexplanations of the ma
ros
opi
 dynami
s 
an provide a reasonable approximationto the real data a

ording to the 
hosen moment 
onditions. We 
onsider the be-havioral heterogeneity in the stru
tural dynami
s as a possibly relevant explanationon the data generating pro
ess, and dis
uss to what extent the moment-based esti-mation 
an answer the e
onomi
 questions 
on
erning the behavior of the e
onomi
agents.More generally, the statisti
al inferen
e pro
edures adopted in this thesis areas follows: �rst, we derive analyti
 moment 
onditions for a system of equations,and utilize them when mat
hing the empiri
al properties of data; the stylized fa
tsknown in empiri
al ma
roe
onomi
 and �nan
ial literature (e.g. �rst moment, thesample auto- and 
ross-
ovarian
es, fat-tailed distribution, et
.) are used for thepurpose of parameter estimation and model validation. Se
ond, we judge the modelvalidity based on its ability to mat
h the 
hosen empiri
al moments. However, if themoment 
onditions do not have a simple analyti
 form, then we repla
e them by anapproximation based on simulations. During the model estimation, we study two
ompeting spe
i�
ations and 
ompare their empiri
al performan
es using a formaltest; i.e. hypothesis testing of an equal �t of the two models. Finally, we investigatethe properties of the moment-based estimator via Monte Carlo experiments. Overallwe evaluate the empiri
al performan
e of the ma
roe
onomi
 and �nan
ial marketmodels along the lines of moment 
onditions dis
ussed in this thesis.



1.2. Stru
ture of the thesis 51.2 Stru
ture of the thesisThe thesis is divided into two parts. Part I (ma
roe
onomi
 models) is devotedto empiri
ally examine the role of ba
kward-looking behavior in a standard New-Keynesian model and its behavioral variant. This part in
ludes three 
hapters.Chapter 2 attempts to estimate the stru
tural parameters of the New-Keynesianmodel (NKM); e.g. the pri
e indexation parameter. A histori
al data set of the USe
onomy is used to dis
uss the importan
e of ba
kward- or forward-looking behaviorin the New-Keynesian Phillips Curve by using both moment-mat
hing and Bayesianestimation. Then the model with purely forward-looking expe
tations and its hy-brid variant are 
ompared using the formal model 
omparison test of Hnatkovska,Marmer and Tang (2012). Chapter 3 investigates the persistent dynami
s of in-�ation and output in the NKM and provides a formal dis
ussion on the 
hoi
e ofmoment 
onditions for the model estimation. The empiri
al performan
e of modelsele
tion methods is examined using information 
riteria along the lines of the max-imum likelihood estimation. The similarity between the two 
hapters is that we usethe same spe
i�
ation of a small-s
ale NKM for the empiri
al analysis. But a majorstress of 
hapter 3 is on the robustness of the 
hosen moment 
onditions and theirstatisti
al relationship to the maximum likelihood estimation. Chapter 4 demon-strates that market euphoria and depression in the e
onomy 
an be explained byswit
hing between heterogeneous groups along the lines of the dis
rete 
hoi
e theory.This 
hapter estimates the behavioral parameters of a bounded rationality modelof De Grauwe (2011) with histori
al Euro Area data by moment-based estimation.The model provides insights for understanding the investors' over(or under)rea
tionto observed e
onomi
 sho
ks and their e�e
ts on market stru
ture.Part II (�nan
ial market models) 
ontains two 
hapters investigating the rel-evan
e of behavioral heterogeneity in �nan
ial markets. Chapter 5 dis
usses thee�e
t of heterogeneous trading rules on the return volatility in the asset pri
ingmodel. First, the original version of the adaptive belief system (Gaunersdorfer andHommes (2007)) is estimated using the simulated method of moments estimator.Espe
ially, the model dynami
s are investigated by means of simulations with twotypes of the noise term (i.e. additive and multipli
ative). Se
ond, the properties ofa stru
tural sto
hasti
 volatility model are examined following Franke and Wester-ho� (2012). The two trading me
hanisms (i.e. wealth and herding) are 
ompareda

ording to a formal test. Finally, 
hapter 6 dis
usses the so
ial intera
tion e�e
tsof a market mi
rosimulation model in various histori
al FX data (Alfarano and Lux(2007)). In parti
ular, simulation based inferen
e is used to examine the validity ofthe group behavior when the analyti
al expression for moment 
onditions is fairly
ompli
ated.A general 
on
lusion summarizes the main �ndings of the thesis and presents anagenda for future resear
h.



PART I. Ma
roe
onomi
 Models



2Ba
kward-Looking Behavior inthe New-Keynesian Model
The 
hapter 
onsiders an elementary New-Keynesian three-equations model and
ontrasts its Bayesian estimation with the results from the method of moments(MM), whi
h seeks to mat
h the model-generated se
ond moments of in�ation,output and the interest rate to their empiri
al 
ounterparts. Spe
ial emphasis ispla
ed on the degree of ba
kward-looking behavior in the Phillips 
urve. While,in line with mu
h of the literature, it only plays a marginal role in the Bayesianestimations, MM yields values of the pri
e indexation parameter 
lose to or even atits maximal value of one. These results are worth noti
ing sin
e the mat
hing thusa
hieved is entirely satisfa
tory. The mat
hing of some spe
ial (and even better)versions of the model is e
onometri
ally evaluated by a model 
omparison test.2.1 Introdu
tionThe New-Keynesian modelling of dynami
 sto
hasti
 general equilibrium (DSGE)with its nominal rigidities and in
omplete markets is still the ruling paradigm in
ontemporary ma
roe
onomi
s. The fundamental three-equations versions repre-sent the so-
alled New Ma
roe
onomi
 Consensus and, as a point of departure, aremost valuable in shaping the theoreti
al dis
ussion on monetary poli
y and othertopi
s. Over the last de
ade these models have also been extensively subje
ted toestimation. Here system estimations (as opposed to single-equations estimations)gained in importan
e. First maximum likelihood and more re
ently the Bayesianestimation approa
h 
rystallized as the most popular methods, a development thatprobably not the least was fostered by the dissemination of the powerful DYNAREsoftware pa
kage. By now Bayesian estimations have even be
ome so dominant thatother te
hniques are at risk of eking out a marginal existen
e.The ex
lusiveness of likelihood methods is nevertheless worth re
onsidering. Insome form or another, it is well-known that �maximum likelihood does the `right'e�
ient thing if the model is true. It does not ne
essarily do the `reasonable' thingfor `approximate' models� (Co
hrane, 2001, p. 293). This remark, whi
h 
ertainly
arries over to the marginal likelihood in the Bayesian estimations, should not benegle
ted sin
e after all, any model in e
onomi
s 
an only be an approximation to thehypotheti
al 
onstru
t of a true real-world data generation pro
ess. For this reasonit is desirable, unless vital, to work with alternative system estimation methods aswell.



8 2. Ba
kward-Looking Behavior in the New-Keynesian ModelWhile likelihood methods 
on
entrate on predi
tions of a model for the nextperiod, the method of moments (MM) estimation approa
h, as we understand thisterm here, is 
on
erned with the dynami
 properties of a model in general. Theirquantitative representation refers to a number of summary statisti
s, or `moments',and the estimation seeks to identify numeri
al parameter values su
h that the model-generated moments 
ome as 
lose as possible to their empiri
al 
ounterparts.The 
ru
ial point of MM is obviously the 
hoi
e of these moments, whi
h by
riti
s is branded as arbitrary.1 Again, however, the approximate nature of stru
-tural modelling must be taken into a

ount, whi
h at best allows a model to mat
hsome of the `stylized fa
ts' of an a
tual e
onomy. Limited-information methods likeMM are therefore not ne
essarily inferior to a full-information estimation approa
h.Moreover, MM requires the resear
her to make up his or her mind about the dimen-sions along whi
h the model should be most realisti
, and it is just this expli
itnessand, in pra
ti
e, easy interpretation of the moment mat
hing that are strong argu-ments in favour of MM. This begins informally with diagrams 
omparing the pro�lesof the theoreti
al to the empiri
al moments and their inspe
tion with the naked eye,but also more formal methods are available to assess a model's goodness-of-�t. Infa
t, learning in these ways whi
h of the empiri
al moments are more, and whi
h areless adequately mat
hed 
an provide useful information about the parti
ular meritsand demerits of a model.The present 
hapter takes a New-Keynesian three-equations model from the shelfand 
ontrasts its Bayesian estimations with the results from MM estimations. As faras we know, su
h a dire
t 
omparison has not been undertaken before. Spe
i�
ally,we start out from the Bayesian estimations of a version that enabled Castelnuovo(2010) to demonstrate the superiority of a positive and time-varying in�ation targetover a steady state rate of in�ation �xed at zero. Our interest is, however, moreelementary, whi
h is the reason why we 
ir
umvent this issue by having the stru
turalequations dire
tly referring to the deviations of in�ation and the interest rate froman exogenous trend. We rather 
on
entrate on the sour
es of in�ation persisten
ein the Phillips 
urve as they are 
aused by exogenous or endogenous fa
tors, i.e.,by serial 
orrelation in the sho
k pro
ess or by pri
e indexation of �rms, where thelatter yield a positive 
oe�
ient on lagged in�ation and a 
orresponding redu
tionof the 
oe�
ient on expe
ted in�ation.In this respe
t, Castelnuovo in line with several other examples in the literatureobtains eviden
e for strong forward-looking behavior (low indexation) and high 
or-relation in the random sho
ks. This feature is on
e again 
on�rmed by the Bayesianestimations of our slightly modi�ed model. By 
ontrast, to anti
ipate our most im-portant �nding, the MM estimations show a strong tenden
y towards the opposite:high pri
e indexation in 
ombination with white noise sho
ks. This new result hasto be taken seriously, sin
e it will be pointed out that the implied mat
hing of the1 The estimation approa
hes of indire
t inferen
e (II) or the e�
ient method of moments (EMM)
an be viewed as endogenizing this 
hoi
e. On the other hand, this shifts the issue of arbitrariness,or judgement, to the 
hoi
e of the auxiliary model that these methods employ. Carras
o andFlorens (2002) provide a su

in
t overview of II, EMM and the method of (simulated) moments.



2.2. The moment mat
hing estimation approa
h 9moments is entirely satisfa
tory.The 
hapter is stru
tured as follows. The next se
tion introdu
es the MM esti-mation pro
edure together with a sket
h of the bootstrap re-estimations that we willutilize. Se
tion 3 des
ribes the small New-Keynesian model to whi
h this method isapplied and lists the se
ond moments the model is supposed to mat
h. The resultsthat we thus obtain are presented in Se
tions 4 and 5, where Se
tion 4 deals withthe period of the so-
alled Great In�ation and Se
tion 5 with the Great Modera-tion. The main 
on
eptual dis
ussions are 
ontained in Se
tion 4, whi
h is thereforesubdivided into several subse
tions.After 
ontrasting the Bayesian with the MM estimation in Se
tion 4.1, the nextsubse
tion examines in greater detail the problem of disentangling the endogenousand exogenous sour
es of in�ation persisten
e. Se
tion 4.3 subsequently employs anew e
onometri
 test by Hnatkovska et al. (2009) to de
ide whether our ben
hmarkestimation is signi�
antly superior to other, more spe
ial versions of the model. InSe
tion 4.4 we temporarily step outside the model and ask if a still higher (
ompos-ite) 
oe�
ient on lagged in�ation would outperform the previous mat
hing. Ba
kin the original framework, Se
tion 4.5 sets up the 
on�den
e intervals for the stru
-tural parameters, whi
h invokes the abovementioned bootstrap re-estimations ofthe model be
ause some of the parameters are estimated at their upper- or lower-bounds. In addition, this method allows us to 
ompute a moment-spe
i�
 p-valueto 
hara
terize the model's validity. The organization of Se
tion 5 for the GreatModeration period is similar, ex
ept that after the previous dis
ussions the presen-tation of the results 
an now be mu
h shorter. Se
tion 6 
on
ludes. Several morete
hni
al details are relegated to an appendix.2.2 The moment mat
hing estimation approa
hAs mentioned above, the MM estimation pro
edure 
omputes a number of summarystatisti
s, i.e. moments, for a model and sear
hes for a set of parameter values thatminimize a distan
e between them and their empiri
al 
ounterparts. The methodhas also been applied to New-Keynesian DSGE models. The major part of thiswork is 
on
erned with the mat
hing of impulse-response fun
tions (IRFs), wherealmost all of these 
ontributions 
onsider the responses to only one sho
k, namely,a monetary poli
y sho
k.2 An ex
eption is Altig et al. (2011), who add two typesof te
hnology sho
ks to the monetary impulse.While this treatment avoids 
onsigning itself to a 
hoi
e about whi
h other in-novations to in
lude in the modelling framework, a good mat
hing of one type ofIRFs does not ne
essarily imply a similar good mat
h of another type. In this re-spe
t our situation will be di�erent in that we deal with a model that has beensubje
ted to a Bayesian estimation before. So the model has already as many sho
k2 Besides the early 
ontribution by Rotemberg and Woodford (1987), examples from the lastfew years are Christiano et al. (2005), Boivin and Giannoni (2006), Henzel et al. (2009), Hülsewiget al. (2009). In 
ontrast, Avouyi-Dovi and Matheron (2007) study the responses to a te
hnologysho
k.



10 2. Ba
kward-Looking Behavior in the New-Keynesian Modelpro
esses prespe
i�ed as there are endogenous variables. This allows us to 
onsidera broader range of dynami
 properties, whi
h are 
onveniently summarized by these
ond moments of the e
onomi
 key variables (whi
h in the present 
ase will bethe output gap and the rates of interest and in�ation). That is, we will be 
on-
erned with their un
onditional 
ontemporaneous and lagged auto-
ovarian
es and
ross-
ovarian
es, whi
h in
identally 
ontain similar information to the IRFs of the(three) sho
k variables of the model.Su
h a 
hoi
e of moments has been more usual for the M(S)M estimation of,in a wider sense, real business 
y
le models (the `S' refers to the 
ases where thesemoments 
annot be 
omputed analyti
ally but must be simulated).3 Closest to ourwork is the MM estimation of a New-Keynesian model by Matheron and Poilly(2009). Their model is, however, ri
her than ours and instead of the output gap asa level variable they are interested in the 
omovements of the output growth rate.Hen
e one would have to be 
areful with a 
omparison of their results and ours.4It may be emphasized that we �x our moments in advan
e and their numberwill not be too small, either. This 
ommitment is di�erent from an expli
it momentsele
tion pro
edure as it was, for example, used by Karamé et al. (2008). Theybegin with a large set of moments, estimate their model on them, and then stepby step dis
ard the moments whi
h the model reprodu
es most poorly until anover-identi�
ation test fails to reje
t the model any longer.Let us then turn to the moments that we adopt, whi
h fortunately 
an be treatedin an analyti
al manner. To explain this, we should �rst des
ribe the general stru
-ture of our model. It is a hybrid variant of the New-Keynesian three-equationsmodel, with forward-looking as well as ba
kward-looking elements in the Phillips
urve and the IS equation. Its 
anoni
al form reads,
AEt yt+1 + B yt + C yt−1 + vt = 0

vt = N vt−1 + εt , εt ∼ N(0,Σε)
(2.1)The matri
es A, B, C, N , Σε with the stru
tural parameters are here all (n × n)square matri
es (spe
i�
ally, n = 3). The ve
tor yt ∈ Rn 
ontains the endogenousvariables (with zero steady state values) and vt ∈ Rn 
olle
ts the random sho
ks,whi
h are supposed to be governed by an autoregressive pro
ess (
ertainly, N is astable matrix). The i.i.d. innovations εt follow a normal distribution with a diagonal

(n× n) 
ovarian
e matrix Σε.The equilibrium law of motion of (2.1) is des
ribed by the re
ursive equations
yt = Ω yt−1 + Φ vt

vt = N vt−1 + εt
(2.2)3 These appli
ations seem rather s
attered, though; see Jonsson and Klein(1996), Hairault etal. (1997), Collard et al. (2002) and, more re
ently, Karamé et al. (2008), Gorodni
henko and Ng(2010), Ambler et al. (2011), Kim and Ruge-Mur
ia (2011).4 Another di�eren
e is that they do not mat
h dire
tly the empiri
al se
ond moments, whi
hwe do, but the moments deriving from the estimation of a 
anoni
al ve
tor autoregression. Thismight somewhat favour a better mat
h.



2.2. The moment mat
hing estimation approa
h 11where Ω and Φ are two (n×n) matri
es and Ω is required to be stable. Using themethod of undetermined 
oe�
ients, Ω and Φ are su

essively obtained as the solu-tions to the following two matrix equations, whi
h under determina
y are uniquelydetermined (In being the (n×n) identity matrix),
AΩ2 + B Ω + C = 0

(AΩ +B)Φ + AΦN + In = 0As indi
ated, our aim in the moment mat
hing estimation is that the sto
hasti
pro
ess (2.2) reprodu
es the auto
ovarian
es of the empiri
al 
ounterparts of thevariables in the ve
tor yt. It is 
onvenient in this respe
t that (2.2) is essentiallya �rst-order ve
tor autoregression (VAR). The theoreti
al auto
ovarian
es 
an thusbe easily obtained from the 
losed-form expressions given, e.g., in Lütkepohl (2007).We only have to adjust the notation by 
hanging the dating of the sho
ks and rewrite(2.2) as
[

yt
vt+1

]
=

[
Ω Φ
0 N

] [
yt−1

vt

]
+

[
0
I

]
εt+1 (2.3)With zt = (y′t, v

′
t+1)

′, D = (0 I)′, ut = D εt+1, and A1 the (2n×2n) matrix on theright-hand side asso
iated with the ve
tor (y′t−1, v
′
t)
′ = zt−1, eq. (2.3) 
an be more
ompa
tly written as

zt = A1 zt−1 + ut , ut ∼ N(0,Σu) , Σu = DΣεD
′ (2.4)The (asymptoti
) 
ontemporaneous and lagged auto
ovarian
es of this VAR(1) aregiven by the matri
es

Γ(h) := E(zt z
′
t−h) ∈ RK×K , K = 2n, h = 0, 1, 2, . . . (2.5)Following Lütkepohl (2007, pp. 26f), their 
omputation pro
eeds in two steps. First,

Γ(0) is obtained from the equation Γ(0) = A1 Γ(0)A
′
1 +Σu, whi
h yieldsve
Γ(0) = (IK2 −A1 ⊗A1)
−1 ve
Σu (2.6)(the symbol `⊗' denotes the Krone
ker produ
t and invertibility is guaranteed sin
e

A1 is 
learly a stable matrix). Subsequently the Yule-Walker equations are employed,from whi
h the lagged auto
ovarian
es are re
ursively obtained as
Γ(h) = A1 Γ(h− 1) , h = 1, 2, 3, . . . (2.7)The estimation seeks to mat
h a subset of the 
oe�
ients in the matri
es Γ(h) totheir observable empiri
al 
ounterparts. In sum, let there be nm of these moments,whi
h are 
olle
ted in a ve
tor m. Furthermore, denote by θ the ve
tor of thestru
tural 
oe�
ients in (2.1) that are to be estimated, its dimension being nθ.To make the dependen
e of the theoreti
al moments on the parti
ular values of
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θ expli
it, we will write m = m(θ). On the other hand, let m̂T designate the
orresponding empiri
al moments from a sample of T observations. Below, referen
ewill also be made to Σ̂m as an estimate of the 
ovarian
e matrix of the moments(index T is here suppressed to ease notation).The distan
e between the ve
tors of the model-generated and empiri
al momentsis measured by a quadrati
 fun
tion that is 
hara
terized by an (nm×nm) weightingmatrix W . A

ordingly, the model is estimated by the set of parameters θ̂ thatminimize this distan
e over an admissible set Θ ⊂ Rnθ , that is,5

θ̂ = arg min
θ∈Θ

J(θ; m̂T ,W ) := arg min
θ∈Θ

T [m(θ)− m̂T ]
′W [m(θ)− m̂T ] (2.8)Regarding the weighting matrix in (2.8), an obvious sin
e asymptoti
ally optimal
hoi
e would be the inverse of an estimated moment 
ovarian
e matrix (Newey andM
Fadden, 1994, pp. 2164f). The optimality, however, does not ne
essarily 
arryover to small samples and a bias may arise in the estimations. As a 
onsequen
e, inthe 
ontext of estimating 
ovarian
e stru
tures even the identity matrix may be asuperior weighting matrix (Altonji and Segal, 1996). In addition and not surprisinglyin view of (2.7), with the 
hoi
e of the above moments a matrix Σ̂m is so 
lose tobeing singular that its inverse 
ould not be relied on. The usual option in su
h asituation is to employ a diagonal weighting matrix the entries of whi
h are given bythe re
ipro
als of the varian
es of the single moments. This gives us

Wii = 1 / Σ̂m,ii , i = 1, . . . nm (2.9)(and of 
ourse Wij = 0 for i 6= j). Clearly, the less pre
isely a moment is estimatedfrom the data, that is, the higher is its varian
e, the lower is the weight atta
hedto it in the loss fun
tion. Sin
e the width of the 
on�den
e intervals around theempiri
al moments m̂T,i is proportional to (1/T ) times the square root of Σ̂m,ii, itmay be stated that the model-generated momentsmi(θ̂) obtained from the estimatedparameters lie �as mu
h as possible inside these 
on�den
e intervals� (Christiano etal., 2005, p. 17). Nevertheless, a formulation of this kind, whi
h with almost the samewords 
an also be found in several other appli
ations, should not be interpreted toonarrowly. In parti
ular, it will be seen that a minimum of the loss fun
tion in (2.8)need not simultaneously minimize the number of moments outside the 
on�den
eintervals.It is well-known that under standard regularity 
onditions the parameter esti-mates θ̂ are 
onsistent and asymptoti
ally follow a normal distribution around the(pseudo-) true parameter ve
tor θo. There is moreover an expli
it formula in theliterature (Newey and M
Fadden, 1994, pp. 2153f) for estimates of the 
orrespond-ing 
ovarian
e matrix, whi
h allows one to 
ompute the standard errors of θ̂ as the5 The sample size T is in
luded in the spe
i�
ation of the loss fun
tion to have the notation
onsistent with the literature that will be referred to below. It may also be added that if, inthe 
ourse of the minimization sear
h pro
edure for (2.8), some parameter leaves an admissibleinterval, it is reset to the boundary value, the distan
e of the thus resulting moments is 
omputed,and then a su�
iently strong penalty is added that proportionately in
reases with the extent ofthe original violation. In this way also 
orner solutions to (2.8) 
an be safely identi�ed.
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hing estimation approa
h 13square roots of its diagonal elements. In the present 
ase, however, this approa
hfa
es two problems. First, it will turn out that lo
ally the obje
tive fun
tion J rea
tsonly very weakly to the 
hanges in some of the parameters. Hen
e these standarderrors be
ome extremely large and, beyond this (lo
ally relevant) fa
t, are not veryinformative. The se
ond point is that one of the regularity 
onditions will be vio-lated if the minimizing parameter ve
tor is a 
orner solution of (2.8); trivially, forsome 
omponents i the distributions of the estimated parameters 
annot be 
entredaround the point estimates θ̂i then.These reasons indu
e us to use a (parametri
) bootstrap pro
edure as an alter-native determination of standard errors or, more instru
tively, 
on�den
e intervals.To this end we work with the null hypothesis that the estimated model is the truedata generating pro
ess. Thus, we take the estimated parameters θ̂ and, startingfrom the steady state (i.e. the zero ve
tor), run a sto
hasti
 simulation of the modelover 500+T periods, from whi
h the �rst 500 periods are dis
arded to rule out anytransient e�e
ts. The underlying random number sequen
e may be identi�ed by aninteger index b. Repeating this a great number of times B, with di�erent randomnumber seeds of 
ourse, b = 1, . . . , B arti�
ial time series of length T are obtained.For ea
h of them we 
ompute the ve
tor of the resulting moments, denoted as m̂b
T ,and use their varian
es to set up the diagonal sample-spe
i�
 weighting matrix W b.Subsequently, for ea
h b, the fun
tion J(θ; m̂b

T ,W
b) is minimized over the parameterspa
e Θ. Finally, the frequen
y distribution of the re-estimated parameters

{ θ̂b : b = 1, . . . , B } (2.10)
an serve as a proxy for the probability distribution of the θ̂. From (2.10), we 
an es-tablish two types of 95% 
on�den
e intervals for the i-th 
omponent of the originallyestimated ve
tor θ̂, the standard per
entile interval and Hall's per
entile 
on�den
einterval. Hall's method has the advantage that it is asymptoti
ally 
orre
t, but itmay violate the admissible range of a parameter. Therefore we use Hall's interval ifno su
h violation o

urs and the standard interval otherwise. The details are spelledout in Appendix A2.The bootstrap re-estimation experiment 
an also help us to de
ide at what sig-ni�
an
e level the null hypothesis may or may not be reje
ted. We only have to
onsider the frequen
y distribution of the values of the loss fun
tion,
Jb = J(θ̂b; m̂b

T ,W
b) , b = 1, . . . , B (2.11)and 
ompare, let us say, the 95% quantile J0.95 of (2.11) to the value Ĵ := J(θ̂; m̂T ,W )that was obtained from the original estimation on the empiri
al moments in (2.8).At the 
onventional 5% signi�
an
e level, the model would have to be reje
ted asbeing in
onsistent with the data if Ĵ ex
eeds J0.95, otherwise it would have passedthe test. In this way we 
an also readily 
onstru
t a p-value of the model. It isgiven by the value of p that equates the (1−p)-quantile of the distribution {Jb} to

Ĵ , whi
h says that if Ĵ were employed as a ben
hmark for model reje
tion, then p isthe error rate of falsely reje
ting the null hypothesis that the model is true. Hen
e,in short, the higher this p-value the better the �t.
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kward-Looking Behavior in the New-Keynesian ModelIt goes without saying that these statements are 
onditional on the spe
ial 
hoi
eof the moments that the model is required to mat
h. Certainly, if more and moremoments were added to our list, the p-value will dwindle.2.3 The three-equations modelIt should be expli
itly made 
lear from the beginning that our estimations are 
on-
erned with a New-Keynesian model in gap form. That is, generally the trend rates
π⋆t and r⋆t of in�ation and interest (or the rates of these variables in a fri
tionlessequilibrium) are allowed to vary over time, and what is showing up in the threekey equations of the model are not the raw rates of in�ation and interest πt and rt(i.e. their deviations from the zero steady state values in the simpler models), butthe in�ation gap π̂t := πt − π⋆t and the interest rate gap r̂t := rt − r⋆t .6 There areseveral ways to interpret the o

urren
e of these more general gaps in, espe
ially,the Phillips 
urve, and the persuasiveness of the mi
rofoundations presently avail-able for them in the literature is still another issue. We nevertheless join most ofthe empiri
al appli
ations and leave this dis
ussion aside. For simpli
ity, the trendvariations themselves are treated as purely exogenous, so that π⋆t and r⋆t 
an remainin the ba
kground.Regarding possible sour
es of persisten
e in the endogenous variables, whi
h wethen try to disentangle in the estimations, we 
on
entrate on the Phillips 
urve.Here we in
lude both lagged in�ation in its deterministi
 
ore and serial 
orrelationin the exogenous sho
ks. This is in 
ontrast to the 
ommon pra
ti
e that fromthe outset assumes either white noise sho
ks or purely forward-looking pri
e settingbehavior.7 On the other hand, the random sho
ks in the IS equation and the Taylorrule are supposed to be i.i.d. and persisten
e is only brought about by a laggedoutput gap and a lagged rate of interest, respe
tively. Denoting the output gap inperiod t by xt, the model thus reads,

π̂t =
β

1 + αβ
Et π̂t+1 +

α

1 + αβ
π̂t−1 + κxt + vπ,t

xt =
1

1+χ
Et xt+1 +

χ

1+χ
xt−1 − τ (r̂t − Et π̂t+1) + εx,t

r̂t = φr r̂t−1 + (1−φr) (φπ π̂t + φx xt) + εr,t

vπ,t = ρπ vπ,t−1 + επ,t

(2.12)The time unit is to be thought of as one quarter. The three sho
ks εz,t are normallydistributed around zero with varian
es σ2z (z = π, x, r). All of the parameters6 As for example remarked by Cogley et al. (2010, p. 43, fn 1) when dis
ussing in�ation persis-ten
e, it is not always 
ompletely plain in the literature whether the fo
us is on raw in�ation orthe in�ation gap.7 In similar models to ours, examples of ex
luding auto
orrelated sho
ks in a hybrid Phillips
urve are Lindé (2005), Cho and Moreno (2006) or Salemi (2006), while the purely forward-looking models studied by, e.g., Lubik and S
horfheide (2004), Del Negro and S
horfheide (2004),S
horfheide (2005) allow for some persisten
e in the sho
k pro
ess. We have 
hosen these referen
esfrom the 
ompilation in S
horfheide (2008, p. 421, Table 3).
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i�
ally, β is the dis
ount fa
tor, κ a 
omposite parameterthat depends on the degree of pri
e sti
kiness and assumptions on the produ
tionte
hnology of �rms, the 
oe�
ient α represents the degree of pri
e indexation (0 ≤
α ≤ 1), and the persisten
e in the supply sho
ks is given by the auto
orrelation ρπ(0 ≤ ρπ < 1).8 In the IS equation, χ is the representative household's degree of habitformation (0 ≤ χ ≤ 1) and τ a 
omposite parameter 
ontaining its intertemporalelasti
ity of substitution. In the Taylor rule, φr determines the degree of interestrate smoothing (0 ≤ φr < 1), and φx and φπ are the poli
y 
oe�
ients that measurethe 
entral bank's rea
tions to 
ontemporaneous output and in�ation.It depends on the parti
ular kind of mi
rofoundations whether or not α and
χ also enter the determination of the 
omposite parameters κ and τ , respe
tively,and whether the latter 
ontinue to be positive and well-de�ned in the polar 
ases
α = 1 or χ = 1. In the estimations, however, κ and τ will not be subje
ted to anytheoreti
al 
onstraints in this respe
t.The moments 
onstituting the estimation of the model are based on the the-oreti
al 
ovarian
es of the interest rate gap r̂, the output gap x and the in�ationgap π̂. Referring to the auto
ovarian
e matri
es Γ(h) from (2.6) and (2.7), we arethus 
on
erned with the nine pro�les of Cov(pt, qt−h) = Γij(h) for p, q = r̂, x, π̂ and,
orrespondingly, i, j = 1, 2, 3, while the lags extend from h = 0, 1, . . . up to somemaximal lag H. Given that the length of the business 
y
les in the US e
onomyvaries between (roughly) �ve and ten years, the estimations should not be based ontoo long a lag horizon. A reasonable 
ompromise is a length of two years, so thatwe will work with H = 8. In this way we have a total of 78 moments to mat
h: 9pro�les with (1+8) lags, minus 3 moments to avoid double 
ounting the zero lags inthe 
ross relationships.The empiri
al data on whi
h the estimations of (2.12) are 
arried out derive fromreal GDP, the GDP pri
e de�ator, and the federal funds rate. To determine theexogenous trend rates underlying the model's gap formulation, we 
ontent ourselveswith a deterministi
 setting and spe
ify them by the 
onvenient Hodri
k-Pres
ott�lter (as usual, although debatable, the smoothing parameter is λ=1600).9The total sample period 
overs the time from 1960 to 2007.10 Despite fo
ussingon trend deviations instead of levels, one has to be aware that there are still great
hanges over these years in the varian
e of the three variables and partly also in8 As it turns out, in some few estimations the �t 
ould be improved by admitting negativevalues of ρπ. We will, however, disregard this option sin
e it seems too arti�
ial, 
on
eptually andsin
e it implies a somewhat ragged pro�le of the auto
ovarian
es of the in�ation rate.9 Ireland (2007) and, more ambitiously, Cogley and Sbordone (2008) are two proposals of howto endogenize trend in�ation as the target set by the 
entral bank. Ireland (p. 1864), however,
on
ludes from his estimations that still �
onsiderable un
ertainty remains about the true sour
e ofmovements in the Federal Reserve's in�ation target�. Lauba
h and Williams (2003) and Messonierand Renne (2007) are attempts at an estimation of a time-varying natural rate of interest.10 The Hodri
k-Pres
ott trend is 
omputed over a longer period, to avoid end-of-period e�e
ts.The time series of the gaps that we thus obtain 
an be downloaded fromhttp://www.bwl.uni-kiel.de/gwif/downloads_papers.php?lang=en (if this string is 
opied intothe browser address bar, the unders
ore 
hara
ter `_' may have to be retyped manually).
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kward-Looking Behavior in the New-Keynesian Modelthe pattern of their 
ross 
ovarian
es. This makes it ne
essary to subdivide theperiod into two subsamples, whi
h are 
ommonly referred to as the periods of theGreat In�ation (GI) and the Great Moderation (GM). We de�ne the former bythe interval 1960:1 � 1979:2 and the latter by 1982:4 � 2007:2; the time inbetweenis ex
luded be
ause of its idiosyn
rasy (Bernanke and Mihov, 1998). To give animmediate example for the need of the subdivision, the standard deviation of theannualized in�ation gap in GI is 1.41% versus 0.77% in GM; for the output gap itis 1.77% in GI versus 1.15% in GM.2.4 The Great In�ation period2.4.1 Basi
 resultsThe three-equations model (2.12) in
ludes 12 stru
tural parameters. Among them,the dis
ount fa
tor β is not a very 
riti
al 
oe�
ient and is therefore dire
tly 
ali-brated at =	0.99. So the following 11 parameters remain to be estimated: α, κ, ρπ,
σπ in the Phillips 
urve and its sho
k pro
ess; χ, τ , σx in the IS equation; and φπ,
φx, φr, σr in the Taylor rule. The in�ation and interest rate gap in (2.12) are annu-alized, whi
h may be taken into a

ount when 
onsidering the order of magnitudeof κ, τ , φx and the two noise levels σπ, σr.We begin with a Bayesian referen
e estimation (BR) of the model. The meanvalues of the posterior distribution of the parameters are reported in the �rst 
olumnof Table 2.1 (the priors are do
umented in Appendix A1). Ex
ept perhaps for therelatively high poli
y 
oe�
ient φx, the results are not dramati
ally di�erent fromother Bayesian estimations in the literature. In parti
ular, regarding the sour
es ofin�ation persisten
e, low 
oe�
ients on expe
ted in�ation in the Phillips 
urve (i.e.,low values of α) and a high auto
orrelation ρπ in the sho
k pro
ess are typi
al forthem.11 It is, however, interesting to note an ex
eption to this rule. Del Negro etal. (2007, p. 132, Table 1) obtain high pri
e indexation (α = 0.76) and low sho
kpersisten
e (ρπ = 0.12), despite their setting of rather opposite priors.12 This out-
ome exempli�es that even within the Bayesian framework, the tenden
y towards apurely forward-looking Phillips 
urve with persistent random sho
ks is possibly notan unequivo
ally established property, yet.The original motivation of this 
hapter was to 
he
k the role of α and ρπ fromthe outside, by an alternative estimation approa
h. The pivotal result of our MMestimation is given in the se
ond 
olumn of Table 2.1, whi
h we will refer to asestimation A, or model A. As a matter of fa
t, the most immediate observation ison α and ρπ, for whi
h the 
ontrast to the Bayesian estimation 
ould not be morestriking: α is estimated at its maximum value of unity and ρπ at its minimum valueof zero.11 For examples from more general models, see Smets and Wouters (2003, 2007), Adolfson etal. (2007), Benati and Suri
o (2007), Fève et al. (2009), Cogley et al. (2010). Apart from thedetermination of trend in�ation, estimation BR 
an be dire
tly 
ompared to Castelnuovo's (2010)results for his so-
alled TI model, on whi
h he (arguably) imposes α = 0.12 The present symbols α and ρπ 
orrespond to their ιp and ρλf

.
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Table 2.1: Parameter estimates for GI.Bayesian Moment Mat
hing

α 0.067 1.000 0.000 0.700
(0.000− 0.144) (0.543− 1.000)

κ 0.198 0.051 0.242 0.067
(0.119− 0.275) (0.000− 0.085)

ρπ 0.552 0.000 0.692 0.550
(0.433− 0.668) (0.000− 0.334)

σπ 0.666 0.571 0.664 0.274
(0.492− 0.827) (0.242− 0.838)

χ 0.758 1.000 1.000 1.000
(0.672− 0.844) (0.730− 1.000)

τ 0.034 0.096 0.062 0.080
(0.018− 0.049) (0.008− 0.155)

σx 0.612 0.610 0.440 0.590
(0.511− 0.706) (0.296− 0.887)

φπ 1.173 1.482 1.524 1.574
(1.000− 1.361) (1.338− 1.690)

φx 1.336 0.030 0.000 0.068
(0.705− 1.965) (0.000− 0.210)

φr 0.792 0.333 0.421 0.383
(0.717− 0.866) (0.136− 0.457)

σr 0.729 0.000 0.000 0.000
(0.630− 0.827) (0.000− 0.595)

J 209.1 47.6 119.4 77.6MCI missed 21 0 5 1Note: The dis
ount fa
tor is β = 0.99 throughout. In estimations B and C, α is�xed at 0.00 and 0.70, respe
tively. The smaller numbers indi
ate the 
on�den
eintervals; from the posterior distribution in a Bayesian referen
e estimation (BR),while in estimation A they are 
omputed from (A1) in Appendix A2 for α, ρπ, χ, φx,
σr and from (A2) for κ, σπ, τ , σx, φπ, φr. The last row gives the number of moments(`M') that miss the 
on�den
e intervals (`CI') of the empiri
al moments. The boldfa
e �gures emphasize 
ertain results (model A) or assumptions (model B and C).
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kward-Looking Behavior in the New-Keynesian ModelBefore we turn to a more 
omprehensive dis
ussion of these parameters and theother results in the table, let us 
onsider the mat
hing properties of estimations BRand A. While it is trivial that BR implies a higher loss J than model A, the di�er-en
es are so substantial that in e�e
t the two estimation approa
hes may appear to
on
entrate on rather distin
t features of the data, whi
h show no general tenden
yto imply ea
h other. This is, however, a preliminary and informal evaluation. InSe
tion 2.4.3 a rigorous e
onometri
 test will be applied in order to see whether orin what sense it 
an be maintained.It is one purpose of Figure 2.1 to illustrate the di�eren
es from the point ofview of moment mat
hing. The thin dashed lines in the diagrams are the empiri
alauto- and 
ross-
ovarian
es of the interest rate, output and in�ation (sin
e there willbe no more risk of 
onfusion, we will from now on omit the expression `gap' whendis
ussing these variables). The shaded area is the 95% 
on�den
e band aroundthem. The bold (red) lines depi
t the moments obtained from the MM estimationA, while the dotted (blue) lines are the moments implied by the Bayesian estimationBR. Re
all that in order to evaluate their goodness-of-�t as our loss fun
tion de�nesit, only the �rst eight lags are relevant.Inspe
ting the performan
e of the MM estimation with the naked eye, the mat
hit a
hieves looks very good over the �rst few lags and still fairly good over the higherlags until the maximal lag H = 8. In any 
ase, it is remarkable that all of themoments are 
ontained within the 
on�den
e intervals of the empiri
al moments.This even holds true for the 
ovarian
es up to lag 20. Hen
e, at the usual 5%signi�
an
e level and as far as the (asymptoti
) se
ond moments are 
on
erned thatwe 
hose, the model 
ould not be reje
ted as being in
onsistent with the real-worlddata generation pro
ess.In �ner detail, the model-implied moments show less persisten
e than the em-piri
al 
ovarian
es, in that they return more qui
kly to the zero level and then staythere. In other words, with respe
t to the 
ovarian
es of its state variables the modelpredi
ts a shorter memory than it seems to prevail in reality. Reprodu
ing a longermemory would, however, ask too mu
h from a small model su
h as the present one,if the longer memory is a reliable phenomenon at all.The 
ovarian
es implied by the parameters of the Bayesian estimation are farless satisfa
tory. In sum, as reported in the �rst 
olumn of Table 2.1, 15 of theirmoments are outside the empiri
al 
on�den
e intervals, although the violation isnot overly strong.13 The best mat
h, a
tually a very good one, is obtained forthe auto-
ovarian
es of in�ation, Cov(π̂t, π̂t−h). Still a

eptable is the persisten
ein these statisti
s for output and the interest rate, while their initial levels aretoo low. Mainly responsible for the high value of the loss fun
tion (J = 209.1)in Table 2.1 are the 
ross-
ovarian
es, the performan
e of whi
h is rather poor,espe
ially if one has a look at the pra
ti
ally vanishing Cov(xt, π̂t±h) statisti
s.Con
lusions from the Bayesian estimation that 
on
ern the 
entral features of thedynami
 output-in�ation nexus may therefore be taken with some 
are; at least in13 The highest t-statisti
 is around 2.30.



2.4. The Great In�ation period 19

Figure 2.1: Estimated versus empiri
al 
ovarian
e pro�les (GI).Note: The bold (red) line results from the MM estimation A of Table 2.1, the solid(blue) line with dots from the Bayesian referen
e estimation BR. The shaded area isthe 95% 
on�den
e band around the empiri
al moments.the present 
ontext the relatively good one-period ahead fore
asting properties ofthis approa
h do not seem well suited to deliver authoritative statements about thegeneral interrelationships of these variables.142.4.2 Pri
e indexation versus sho
k persisten
eThe MM estimation makes a de�nite statement about the relative importan
e ofpri
e indexation and the sho
k auto
orrelation as the two main sour
es of per-sisten
e in the Phillips 
urve. The out
ome of α = 1 and ρπ = 0 is the exa
topposite of the message from the papers by, for example, Ireland (2007, p. 1864)and Cogley and Sbordone (2008, p. 2113), who found no signi�
ant eviden
e forba
kward-looking behavior in similar pri
e setting spe
i�
ations. They argue that14 With respe
t to likelihood methods in general, the di�erent properties of estimation A andBR tend to 
ontradi
t the intuition expressed, for example, by S
horfheide (2008, p. 402) that�[s℄uper�
ially, the likelihood fun
tion peaks at parameter values for whi
h a weighted dis
repan
ybetween DSGE model-implied auto
ovarian
es of [state ve
tor℄ xt and sample auto
ovarian
es isminimized.�



20 2. Ba
kward-Looking Behavior in the New-Keynesian Modela purely forward-looking Phillips 
urve proves fully su�
ient be
ause their modelsappropriately a

ount for time-variation in the in�ation target, whi
h 
an substi-tute for the ba
kward-looking terms in previous estimations on raw in�ation dataor their deviations from the mean.

Figure 2.2: Minimized values of J given α and ρπ (GI).Sin
e our in�ation gap variable is based on a time-varying trend, too, the 
on-tradistin
tive results appear somewhat puzzling. There are several possible expla-nations for this, beginning with di�erent estimation methods and di�erent sampleperiods.15 Also the spe
i�
 details in the Phillips 
urves may be less inno
entthan a short des
ription of their basi
 ingredients suggests. Another point makesthings even more 
ompli
ated, whi
h is to realize that identi�
ation of forward-and ba
kward-looking terms in a Phillips 
urve may easily depend on assumptionsabout other stru
tural equations in a general equilibrium model, in
luding the pre-
ise auxiliary assumptions about the sho
k pro
esses. To paraphrase the 
on
ludingsenten
e in Beyer and Farmer (2007, p. 527), any attempt to 
ategorize an observeddata series as arising from two di�erent Phillips 
urve spe
i�
ations �is determinedas mu
h by subtle 
hoi
es over the way to model the dynami
s as it is by the datathemselves�.16 Our estimation is therefore far from being able to settle the 
ontro-versial subje
t of ba
kward-looking versus forward-looking behavior. For the time15 In parti
ular, Ireland and Cogley&Sbordone estimate their models over longer sample periods,namely 1959:1 � 2004:2 and 1960:1 � 2003:4, respe
tively. The 
ommon wisdom is that for the yearsafter 1984, the New-Keynesian Phillips 
urve needs to explain only a moderate degree of persisten
e.We may, however, anti
ipate that in our estimations of the Great Moderation below the 
oe�
ienton lagged in�ation in the Phillips 
urve is not driven to zero, either.16 Their paper illustrates this with the distin
tion between determina
y and indetermina
y.



2.4. The Great In�ation period 21being, we 
an only point out the strikingly di�erent results and must leave it tofurther e�ort to �nd out more about what essentially is responsible for them.Within the present framework, one may now s
rutinize the reliability of theestimates α = 1 and ρπ = 0. Be
ause of their 
ommon role to generate persisten
ein the Phillips 
urve, the two parameters are also the �rst 
andidates the variationsof whi
h might give rise to multiple lo
al minima. This idea motivates the following
omplementary estimations: treat both α and ρπ as exogenous parameters, 
onsidera grid of the pairs (α, ρπ), and estimate the nine remaining parameters for ea
h ofthe grid points.Figure 2.2 plots the thus minimized values of J in the three-dimensional spa
eabove the (α, ρπ)-plane, for 0.70 ≤ α ≤ 1.00 and 0.00 ≤ ρπ ≤ 0.70. What imme-diately leaps to the eye is the perfe
t smoothness of the surfa
e and the absen
e ofany lo
al valley. Overall, Figure 2.2 
an instil additional 
on�den
e in us that the
orner point (α, ρπ) = (1.00, 0.00) does indeed 
onstitute the global minimum.A se
ond feature of Figure 2.2 
an shed more light on the informal question forthe relative importan
e of pri
e indexation (α) versus the persisten
e in the sho
kpro
ess to in�ation (ρπ). In the present 
ontext, `importan
e' may be measured bythe relative 
hanges in min J brought about by the variations in α and ρπ. Thebold lines on the surfa
e along the ρπ-axis 
learly show that, for �xed values of α,the variations in ρπ have only a minor impa
t on the goodness-of-�t, at least forvalues of ρπ in the range between 0.00 and 0.40, say. For �xed values of ρπ, on theother hand, the deterioration is mu
h more serious when α is gradually de
reased.Indexation is therefore a 
ru
ial parameter for the moment mat
hing and higherpersisten
e in the sho
ks is not nearly 
apable of making up for the negative e�e
tsof lower indexation. As this is a global phenomenon in GI, the best �t for this periodentails maximal pri
e indexation, α = 1.After establishing indexation as the parameter of primary 
on
ern in the Phillips
urve, it is interesting to see the 
hanges in the estimation results when only α isexogenously varied and J is minimized a
ross the remaining ten parameters, whi
hnow in
lude ρπ. Figure 2.3 presents the most important rea
tions. First of all, theloss fun
tion in the upper-left panel is monotoni
ally rising as α de
reases over theentire admissible range from unity down to zero. This underlines what has just beensaid about the dominan
e of the e�e
ts from α over the e�e
ts from ρπ, not onlylo
ally but over the full domain of α. The worsening from J = 47.6 at α = 1 to
J = 119.4 at zero indexation (
f. estimation B in Table 2.1) appears rather severe,though a dis
ussion of whether it 
an also be 
ategorized as statisti
ally signi�
antwill be postponed until the next subse
tion.The next e�e
t of interest are the implied 
hanges in the auto
orrelation ρπ of thesho
ks. As expe
ted, lower indexation gives more s
ope for higher sho
k persisten
e,and again this holds over the entire range of α; see the upper-right panel in Figure2.3. It is, however, remarkable that between α = 0.95 and α = 0.94 an almostdis
ontinuous 
hange in the optimal value of ρπ o

urs, when ρπ jumps from 0.051to 0.262. The reason for this is that the fun
tions ρπ 7→ J(ρπ) in Figure 2.2 for �xed
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Figure 2.3: MM estimation of the model under exogenous variations of α (GI).values of α are all very �at in that region, whi
h implies that already small 
hangesin their shape brought about by small 
hanges in α 
an shift the minimum of thesefun
tions 
onsiderably.17Our reasoning 
on
erning the Phillips 
urve has so far left aside the output gapas a sour
e of inherited persisten
e. The lower-right panel in Figure 2.3 for theoptimal values of the parameter κ reveals a stronger in�uen
e of this variable as
ompensation for a redu
ed persisten
e from pri
e indexation.The results illustrated in these three panels 
an be related to Fuhrer's (2006)analysis of the 
onstituent fa
tors 
ontributing to in�ation persisten
e. For this, he
on
entrates on the auto
orrelations of the in�ation rate as they are brought aboutby a hybrid Phillips 
urve and a simple AR(1) pro
ess for the driving variable. Ourstudy is more general in that it in
orporates additional 
riteria the model is desiredto mat
h, and also dis
usses the possible in�uen
e of persisten
e in the sho
k pro
essto in�ation.18 Fuhrer's main message from his GMM and maximum likelihoodestimations is nevertheless maintained: little is inherited from the persisten
e of(the sho
k and) the driving variable�and if so, this deteriorates the performan
e ofthe model. Hen
e, �the predominant sour
e of in�ation persisten
e in the NKPC isthe lagged in�ation term� (Fuhrer, 2006, p. 79). A
tually, his 
oe�
ient on laggedin�ation is typi
ally even higher than 0.5025, whi
h is the maximal value that we
an get in eq. (2.12) when α = 1. This is a numeri
al issue that we return to inSe
tion 2.4.4.17 It a
tually required spe
ial 
are to spot the jump of the optimal ρπ pre
isely between 0.94and 0.95.18 Fuhrer assumes white-noise i.i.d. sho
ks and makes a remark that the serial 
orrelation thatmight be added to the sho
k variable will plausibly be relatively low (Fuhrer, 2006, p. 70).



2.4. The Great In�ation period 23Among the other parameters in the estimations of the model and their rea
-tions to diminished indexation, the lower-left panel of Figure 2.3 shows the poli
y
oe�
ient φπ on the in�ation gap in the Taylor rule. Higher values of it might beinterpreted as an indire
t sour
e of in�ation persisten
e, a
ting through the interestrate 
hannel. This point of view is 
on�rmed by the moderate in
rease of φπ inresponse to a redu
tion in α. Nevertheless, as indexation de
reases further, otherme
hanisms be
ome more in�uential and eventually reverse this e�e
t. Besides, theestimated order of magnitude of φπ (and also φx) appears to be more reasonable forMM than BR.2.4.3 Is full pri
e indexation signi�
antly superior?In the dis
ussion of Figure 2.1 we have emphasized the mu
h better mat
h of ourestimation A with pri
e indexation α = 1 versus the Bayesian referen
e estimationBR with an indexation 
lose to zero. In terms of the loss fun
tion, this amountsto a 
omparison of J = 47.6 versus J = 209.1. In the previous subse
tion, whenassessing the role of α in �ner detail, it has furthermore been pointed out thatimposing the purely forward-looking 
ase α = 0 on the MM estimation deteriorates
J from 47.6 to 119.4 (see Table 2.1). Nevertheless, these �gures as su
h are not yetsu�
ient to 
hara
terize the di�eren
es as `signi�
ant'. Espe
ially be
ause J is aquadrati
 fun
tion of the moment deviations, the apparently large di�eren
es mightbe somewhat misleading.Table 2.1 also reports that the two models BR and B have, respe
tively, 21and 5 of the model-generated moments outside the empiri
al 
on�den
e intervals.Sin
e all of the moments of model A are inside the intervals, it might be said thatthis model 
annot be stri
tly told apart from the hypotheti
al true data generationpro
ess, whereas the mat
hing obtained for models BR and B 
an. On the otherhand, this need not ne
essarily imply that BR and B are signi�
antly inferior to theun
onstrained model. For example, we would hesitate to subs
ribe to this statementif, in the 
omparison of two models, the set of 
riti
al moments were 
lose to theboundaries of the 
on�den
e intervals�one inside, the other outside the intervals.As a matter of fa
t, as has been remarked above (see footnote 13), the violationsof the 
on�den
e interval 
onditions by model BR are not very strong, and a similarstatement holds true for model B. In order to de
ide whether these estimationsare signi�
antly inferior to model A, a test pro
edure for MM-estimated modelsproposed by Hnatkovska, Marmer and Tang (2009; HMT hen
eforth) seems tailor-made for the present framework; although the 
omparison of model A and BRrequires a slight modi�
ation of the latter, whi
h is explained further below. It isparti
ularly 
harming that the authors are expli
itly 
on
erned with misspe
i�edmodels.1919 See De�nition 2.1 in HMT for a pre
ise de�nition of misspe
i�
ation, whi
h is here moment-spe
i�
. There is no reason to believe that a small ma
roe
onomi
 model su
h as (2.12) shouldnot satisfy it, despite the 
onventional formulation above that model A �
annot be reje
ted by thedata�.



24 2. Ba
kward-Looking Behavior in the New-Keynesian ModelThe following des
ription re
apitulates what is needed to apply the e
onometri
theorems of HMT as a re
ipe. To set the stage in general, let X and Y be twoarbitrary models that are estimated on the same set of empiri
al moments. Withrespe
t to I = X,Y , let θI be the ve
tor of free parameters entering model I and
mI(θI) the ve
tor of the moments generated by θI in model I. Three 
ases needto be distinguished: (a) Model Y is nested in model X, whi
h means that for allmoments mY(θY) there is a parameter ve
tor θX with mX(θX) = mY(θY); (b) X andY are stri
tly non-nested, whi
h means they have no moment ve
tor in 
ommon; (
)X and Y are overlapping, a

ording to whi
h the models are non-nested and haveat least one moment ve
tor in 
ommon.As our estimations were laid out, model A nests model B with its 
onstraint
α = 0. Model A's optimal value of α is, however, a 
orner solution (α̂ = 1), whereasthe test statisti
s put forward by HMT assume that the estimated parameters arein the interior of the admissible region (see their Assumption 2.5(b)). Hen
e α mustbe treated as being exogenously �xed at unity, by whi
h the two models be
omestri
tly non-nested or overlapping. The same applies to any model and to any of itsparameters that has been estimated at an end-point of the admissible interval.The basi
 question of the model 
omparison approa
h is whether the lower valueof the loss fun
tion of a model indi
ates a signi�
antly superior performan
e. Ifthe models are nested or overlapping, an answer �rst has to 
arry out a test thatestablishes whether or not model X and Y have the same pseudo-true moments. Ifthey have, one 
on
ludes that the two models have the same �t and the testing isdone. If not, and the models are nested, unequal moment ve
tors also mean reje
tionof the null hypothesis of an equal �t; that is, under these 
ir
umstan
es the modelwith the lower loss has a signi�
antly superior �t.On the other hand, if the moments are found to be signi�
antly di�erent in theoverlapping 
ase, or if they are stri
tly non-nested, the �t of one model might stillbe similarly good (or bad) to the �t of the other model. It is now the task of anotherstep to de
ide on the signi�
an
e of the di�eren
e in the loss.Both steps in the test pro
edure are based on a dire
t 
omparison of the lossfun
tions of the two models, whi
h in the present 
ontext we write as

JI(θI ; m̂T ,W ) := T [mI(θI)− m̂T ]
′W [mI(θI)− m̂T ] , I = X,Y (2.13)(re
all that m̂T is the ve
tor of the empiri
al moments). Letting X be the 
andidateof a signi�
ant superiority, referen
e is made to the (positive and s
aled) di�eren
ebetween the two minimized values of JY and JX, as they are brought about by

θ̂Y and θ̂X, respe
tively. HMT use the a
ronym QLR for it (alluding to the term`quasi-likelihood ratio').20 With respe
t to the notation in (2.13), it is de�ned asQLR(θ̂Y, θ̂X) := (1/T ) [JY(θ̂Y; m̂T ,W ) − JX(θ̂X; m̂T ,W ) ] (2.14)In the �rst step, for two nested or overlapping models, HMT derive an expli
it ex-pression for the probability distribution P to whi
h T ·QLR 
onverges in probability20 Sin
e we only use QLR as a re
ipe, notational referen
e to the sample length T , whi
h ishelpful for the formulation of asymptoti
 statements, is suppressed.



2.4. The Great In�ation period 25under the null hypothesis that both models have the same pseudo-true moments (for-mally introdu
ed shortly below). This proposition involves the weighting matrixW ,the 
ovarian
e matrix of the moments Σm and its square root Σ1/2
m , and two spe
ialand rather 
ompli
ated matri
es VX, VY pertaining to model X and Y, respe
tively;all of these matri
es have format (nm×nm).21 The probability element is representedby a random ve
tor z the nm 
omponents of whi
h are independent and follow thestandard normal. Then, the asymptoti
 distribution P we are looking for reads,

P ∼ z′ Σ1/2
m W (VY − VX)W Σ1/2

m z (2.15)In their paper, HMT des
ribe P as a mixed χ2 distribution. The term is somewhatdelusive as the latter has a positive support, while from P also negative values
ould be obtained with positive probability, even if model Y is nested in model X.22Intuitively, this may happen if, 
ompared to the estimated model Y , the estimate
θ̂X of model X does not lead to an equal or superior mat
h in all of the moments. Inthis 
ase a non-negligible subset of the realizations of the ve
tor z 
an put su�
ientweight on exa
tly the moments in whi
h model X is slightly inferior to Y .The distribution P is nonstandard and, in parti
ular, depends on the unknowntrue moments and their 
ovarian
e matrix. However, the distribution and its 
riti
alvalues 
an be approximated by simulations that use (a) 
onsistent estimates of thematri
es entering P , and (b) su�
iently many random draws of the ve
tor z. Tobe more expli
it, let a hat over Σm, VX, VY denote the estimates of these matri
es(Appendix A3 and A4 give the further details), and 
onsider c = 1, . . . , 1000 randomdraws zc ∈ Rnm from the multivariate standard normal. This gives us a 
olle
tionof 1000 realizations of the estimated version of (2.15),

{ z′c Σ̂1/2
m W (V̂Y − V̂X)W Σ̂1/2

m zc : zc ∼ N(0, Inm), c = 1, . . . , 1000 } (2.16)It is the 95% quantile of these simulated values, whi
h may be designated Q0.95,that enables us to test whether the two models have identi
al pseudo-true moments,that is, whether the hypothesis
mY (θY,o) = mX(θX,o) (2.17)is satis�ed, where θI,o are the pseudo-true parameters of model I (I = X,Y ).23A

ordingly, at a 5% signi�
an
e level, the re
ipe is:reje
t (2.17) if T ·QLR(θ̂Y, θ̂X) > Q0.95 (2.18)21 To be pre
ise, for the following HMT suppose that the 
ovarian
e matrix Σ is positive-de�nite,whereas our moments are not independent so that our estimated Σ̂ is only semipositive-de�nite(whi
h we 
he
ked). HMT employ the assumption to ensure that the test statisti
s involving Σ̂are stri
tly positive (private 
ommuni
ation with Vadim Marmer). However, the 
ondition is byno means ne
essary for that. If Σ is semipositive-de�nite then, for reasons of 
ontinuity, all of thestatements remain true if the statisti
s happen to be nonzero, the only possible di�eren
e beingthat a stri
t inequality may turn into a weak inequality.22 Vadim Marmer 
lari�ed this point to us in a private 
ommuni
ation, where he also identi�edthis possible phenomenon in a formal de
omposition of the QLR statisti
.23 Formally, with respe
t to the notation in eq. (2.8) and to mo as the moment ve
tor resultingfrom the unknown true model of the e
onomy, θI,o satis�es JI(θI,o;mo,W ) ≤ JI(θI ;mo,W ) forall θI in the set of feasible parameters.



26 2. Ba
kward-Looking Behavior in the New-Keynesian ModelIf (2.18) applies and the models are nested then, as mentioned above, we 
an atthe same time 
on
lude that the one with the lower loss su

eeds in a signi�
antlybetter �t. On the other hand, a failure to reje
t (2.17) tells us that the two modelshave essentially the same �t, so that the testing is 
ompleted.Taking the se
ond step in the test pro
edure, let us suppose that the inequalityin (2.18) is satis�ed, or that we already know that model X and Y are stri
tlynon-nested. Regarding the relative quality of the �t, the pre
ise formulation of thenull and the alternative hypothesis, H0 and HA, reads,
H0 : JX(θX,o;mo,W ) = JY(θY,o;mo,W )

HA : JX(θX,o;mo,W ) < JY(θY,o;mo,W )
(2.19)where mo is the ve
tor of the moments generated by the unknown true data gener-ation pro
ess of the e
onomy. The test of (2.19) utilizes QLR on
e again to set up a

t-statisti
. To this end, the following estimate of an asymptoti
 standard deviationis spe
i�ed,
ŝ = 2 ·

√
{ Σ̂1/2

m W [mY(θ̂Y )−mX(θ̂X)] }′ { Σ̂1/2
m W [mY(θ̂Y )−mX(θ̂X)] } (2.20)Letting z1−0.05/2 be the 
onventional 
riti
al quantile of the standard normal distri-bution, the se
ond step of the model 
omparison pro
edure is:reje
t H0 in favour of HA if √T QLR(θ̂Y, θ̂X) / ŝ > z1−0.05/2 = 1.96 (2.21)To sum up, HMT's model 
omparison test is 
onstituted by the results from (2.18)and, if the se
ond step is still to be taken, from (2.21).When now, in a �rst appli
ation, we want to 
ompare our model A to theBayesian referen
e model BR, we meet with the obsta
le that BR has not beenestimated by MM. To �t BR into the MM framework, we help ourselves by �xingall of the numeri
al parameters of BR ex
ept σπ, whi
h is treated as the one andonly free parameter for an MM estimation. The value that thus minimizes the lossfun
tion 
hanges slightly from 0.666 to σπ = 0.690, redu
ing the loss from 209.1 to208.3. Let us 
all this modi�ed model BR',

σπ = 0.690, other parameters from BR (BR')and instead of BR, 
ompare model A to BR'.24 Clearly, A and BR' are non-nested,though we do not know whether they are stri
tly non-nested or overlapping. Sin
ethe latter 
annot be ruled out, we should begin with 
omputing the statisti
s neededfor the test in eq. (2.18). The basi
 �gures are reported in the �rst two rows of Table2.2. First, the di�eren
e between the minimized values of J , whi
h equals T ·QLR,
learly ex
eeds the 95% quantile Q0.95 of the simulated test distribution (2.16). Atthe 5% signi�
an
e level we 
an therefore dis
ard the hypothesis that model A andBR' have equal moments in the sense of eq. (2.17), so that we 
ontinue with step 2of the test.24 For model A, the parameters α, ρπ, χ, φx, σr are exogenously �xed sin
e they were estimatedat (or 
lose to) the boundary of their feasible range.



2.4. The Great In�ation period 27For the standard deviation in (2.20), ŝ = 13.09 is obtained. Together with√
T QLR = T · QLR /√T = 160.7 /

√
78 = 18.20, the test statisti
 in (2.21) is
omputed as 1.39. As this falls short of the 
riti
al value, we are not legitimatedto 
on
lude that the moment mat
hing implied by the slightly modi�ed Bayesianestimation BR' with J = 208.3 is signi�
antly inferior to the mat
h of our basi
MM estimation A with J = 47.6, even though the two models are sure to havedi�erent moments. The same result is obtained when 
omparing model A with theMM estimation B of the purely-forward-looking model variant, whi
h has α = 0imposed.25 Table 2.2: Comparison of alternative estimations.Model α J T · |QLR| Q0.95

√
T |QLR| /ŝ Con
lusionGI : A 1.00 47.6 −− −− −− −−BR' vs.A 0.07 208.3 160.7 130.1 1.39 di�erent moments,but equivalent �tBvs.A 0.00 119.4 71.8 39.0 1.51 di�erent moments,but equivalent �tCvs.A 0.70 77.6 30.0 29.8 −− same moments(at the 5% margin)F' vs. BR' 2.48 13.0 195.3 149.3 −− di�erent moments,F' superior to BR'Fvs. B 2.48 12.7 106.7 48.3 −− di�erent moments,F superior to BFvs.A 2.48 12.7 34.9 21.8 −− di�erent moments,F superior to AGM: A 0.82 54.1 −− −− −− −−BR' vs.A 0.03 157.7 103.6 121.7 −− same momentsBvs.A 0.00 68.4 14.3 50.6 −− same momentsNote: Models F, F' for GI and A, B for GM are introdu
ed below. Column αreprodu
es the values for the �rst model.An intuitive argument to understand this �nding is that there are some mo-ments of the two models that are on opposite sides of the pro�le of the empiri
almoments. This holds for a 
omparison of A and BR' as well as A and B. So themoments are relatively far apart from ea
h other, while their deviations from theempiri
al moments are more moderate. The �rst phenomenon 
ontributes to the25 Ireland (2007, p. 1864) with his maximum likelihood approa
h obtains a signi�
ant result tothe opposite. As already indi
ated above, in his estimations the parameter α leans up against itslower bound of zero. He 
he
ked this estimate by alternatively imposing the 
onstraint α = 1 andfound that this spe
i�
ation was �rmly reje
ted by a likelihood ratio test.



28 2. Ba
kward-Looking Behavior in the New-Keynesian Modeloverall 
on
lusion of signi�
antly distin
t moments of, say, model A and B in the�rst step of the test pro
edure. The latter deviations are evaluated by the loss fun
-tion as JA(θ̂A; m̂T ,W ) and JB(θ̂B; m̂T ,W ), respe
tively, and although naively thedi�eren
e between these two values may appear rather large, the se
ond step of eqs(2.20), (2.21) does not yet 
lassify it as signi�
ant. If this is not exa
tly what onehas expe
ted then, given the empiri
al and asymptoti
 moments of the two estima-tions, the failure of the inequality in (2.21) to hold true might be viewed as beingdue to the fa
t that our sample size T =78 is too small.26After establishing that the two MM estimations A and B yield at least sig-ni�
antly di�erent moments, let us utilize on
e more the �rst step of the model
omparison test. Again treating the degree of pri
e indexation α as an exogenousparameter, we gradually in
rease it from α = 0 and ask from what value of α ondo the moments from the 
orresponding estimations di�er no longer signi�
antlyfrom the moments of model A with α = 1. The borderline 
ase is brought about by
α = 0.70, whi
h gives rise to estimation C in Table 2.1. As shown in Table 2.2, theresulting test statisti
 T ·QLR(θ̂C, θ̂A) is 30.0 and thus essentially equal to the 95%quantile Q0.95 = 29.8 of the simulated distribution from (2.16). Estimations where
α is �xed at higher values than 0.70�and only these�lead to T ·QLR < Q0.95 andtherefore do not reje
t the hypothesis of equal moments.The basi
 feature of these model 
omparisons is the s
ope for obtaining signi�-
antly di�erent moments, whi
h was established in the �rst step of the test pro
edurefor overlapping models. The se
ond step, however, showed that this is not yet su�-
ient to 
on
lude that the model with the lower loss is also signi�
antly better thanthe other. Hen
e, if we like to get the more pronoun
ed result of one model signi�-
antly outperforming the other, we have to broaden the framework of the dis
ussion.This is an issue that we 
an return to below.2.4.4 Admitting stronger ba
kward-looking behaviorHaving identi�ed the momentous role of full indexation in the pri
e adjustments ofthe non-optimizing �rms, we may take one step further. In fa
t, the un
he
ked fall ofthe fun
tion α 7→ minJ towards the end-point α = 1 in the top-left panel of Figure2.3 suggests that still higher values of α would lead to a further improvement in themat
hing of the moments. This idea 
ould be pursued in another framework thatallows for wider intervals of the two 
oe�
ients on expe
ted and lagged in�ation inthe Phillips 
urve. In the simplest 
ase, a parameter µ ∈ [0, 1] may be introdu
edand the 
oe�
ients on Etπ̂t+1 and π̂t−1 dire
tly spe
i�ed as (	−µ) and µ, respe
tively,without mu
h 
aring about the exa
t mi
rofoundations.27The range of the 
omposite 
oe�
ients on the two in�ation rates 
ould also beextended if, to e
onomize on notation, we leave the e
onomi
 interpretation of the26 If θ̂A, θ̂B and the matri
es in the above equations remained un
hanged, √T ′ QLR/ŝ > 1.96would obtain if T ′ > (1.96/1.51)2 · T , i.e. T ′ ≥ 132.27 This is the version that, without dis
ussing further details of its theoreti
al ba
kground, Fuhrer(2006, p. 53) presents as the �
anoni
al hybrid New Keynesian Phillips 
urve�.



2.4. The Great In�ation period 29parameter α aside and allow it to ex
eed unity. This is how we pro
eed in the presentsubse
tion. Formally, the Phillips 
urve equation in (2.12) need not be altered then.Carrying out the estimation on
e more without the 
onstraint does indeed drive αfurther up to a value larger than 2; see model D in Table 2.3. With the estimated
α = 2.214, the 
omposite 
oe�
ient on lagged in�ation amounts to 0.69, whi
his higher than the values that Fuhrer (2006) got from his GMM estimations in asimpli�ed framework but lower than his value of 0.94 from a maximum likelihoodestimation of the same 
oe�
ient (for a sample eight years longer than our GIperiod; 
f. Fuhrer, 2006, pp. 67�69). Although we abstain here from a dis
ussion ofthe pre
ision of these results, they underline the important role of ba
kward-lookingbehavior in the �rms' pri
e setting even more strongly than before.Table 2.3: GI estimations (the e
onomi
 
onstraints on α and χ are dropped).Model α κ σπ χ τ σx φπ φx φr JA 1.000 0.051 0.571 1.000 0.096 0.610 1.482 0.030 0.333 47.6D 2.214 0.114 0.419 1.000 0.186 0.476 1.115 0.000 0.115 29.6E 1.000 0.043 0.536 1.460 0.122 0.488 1.616 0.298 0.484 37.7F 2.484 0.103 0.303 1.574 0.202 0.444 1.606 0.016 0.000 12.7Note: In all 
ases, ρπ = 0 and σr = 0 results. Values of α and χ ex
eeding oneare admitted for notational 
onvenien
e; they are not meant to have a meaningfule
onomi
 interpretation. In model F, the implied 
oe�
ients on lagged in�ation andlagged output in (2.12) are 0.72 and 0.61, respe
tively. Bold fa
e �gures emphasizethe kind of `ex
essive' ba
kward-looking behavior admitted in the estimations.As a somewhat surprising side result we note that the in�uen
e of the inheritedpersisten
e in the Phillips 
urve in
reases, too, rather than de
reases, i.e., the esti-mate of the slope 
oe�
ient κ doubles from 0.051 to 0.114. The e�e
t on the entireoutput-in�ation nexus is a simultaneous doubling of τ , the 
oe�
ient on the realinterest rate in the IS equation.The improvement in the moment mat
hing to whi
h the higher values of α 
angive rise is more than only marginal. It is, in parti
ular, remarkable that in theauto
ovarian
e diagrams su
h as those in Figure 2.1, they would now su

eed inbringing about a nonnegligible overshooting in all of the nine pro�les after their�rst return to the zero line. Although this reprodu
es an empiri
al feature thattakes pla
e at lags beyond the horizon of our loss fun
tion, the mat
hing over the�rst eight lags alone diminishes J by already more than one-third, from 47.6 (for
α = 1) to J = 29.6.Sin
e with respe
t to the indexation parameter α it proved useful to step outsidethe original model formulation, we may try the same with the habit parameter χ in
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kward-Looking Behavior in the New-Keynesian Modelthe IS equation, whi
h so far was 
onsistently estimated at its upper bound χ = 1.Reintrodu
ing the upper bound α = 1 in the Phillips 
urve, model E in Table 2.3shows that also in this way a better �t 
an be obtained, although with J = 37.7 lessso than with model D. It is brought about by χ = 1.460, by whi
h the 
oe�
ienton lagged output in the IS equation in
reases from 0.50 to 0.59.Lastly, it is only natural to drop the 
onstraints simultaneously on both parame-ters α and χ, whi
h 
onstitutes our model F. The inertia thus made possible do nottend to repla
e ea
h other but α as well as χ are estimated at similar values to theprevious results with only one of the relaxations. Interestingly, no more persisten
eis now required on the part of the interest rate (φr = 0), and the noise levels σπ and
σx of the exogenous sho
ks 
an subside. Hen
e the deterministi
 
ore of the modelgains in importan
e.Most remarkable of all, however, is the �nal improvement in the performan
e ofsystem (2.12) that is thus a
hieved. Not only that the two persisten
e e�e
ts fromhigher values of α and χ do not 
an
el out, they even reinfor
e ea
h other. Thatis, if starting from model A ea
h e�e
t were maintained irrespe
tive of the rest, thevalue of J would fall to 47.6− (47.6−29.6)− (47.6−37.7) = 19.7. Instead, estimationF redu
es the value of the loss fun
tion further down to 12.7. With respe
t to modelA this is as strong an improvement as 73%.While the �t of model A was already fairly good, the �t of model F 
ouldtherefore be summarized as, we dare say, ex
ellent. The diagrams of the 
ovarian
epro�les in Figure 2.4 illustrate this to the naked eye. If there still is somethingto be desired it is a higher varian
e of the in�ation rate in the lower-right panel,and a stronger fall from there to its �rst-order auto
ovarian
e. We would also liketo stress that the good mat
hing of the moments 
onsiderably extends beyond the8-lag horizon of the estimation itself.Despite our ex
itement about the 
lose �t of estimation F, it is yet another ques-tion if F 
an be said to be signi�
antly better than the other estimations. Here,if anything, F should signi�
antly outperform estimation B with its high value of
J = 119.4 for the loss fun
tion when �xing α at zero. For this 
omparison, B
an be regarded as being nested in F.28 Cal
ulating the 95% quantile of distribu-tion (2.16) as Q0.95 = 48.3, whi
h falls short of the di�eren
e in the loss fun
tions
106.7 = (119.4 − 12.7) = T · QLR, we do not only know that B and F have signif-i
antly di�erent moment ve
tors, but we 
an also 
on
lude that model B is signi�-
antly inferior to model F; see Table 2.2. Perhaps somewhat surprisingly, the sametable shows that (with the analogous pro
edure to footnote 28) model F is evensigni�
antly better than model A, whi
h previously seemed so satisfa
tory.29 These28 Model B has �xed parameters α = 0, χ = 1 and σr = 0, while model F only treats σr = 0 as a�xed parameter. Fixing the latter is ne
essary sin
e otherwise the matri
es F I (I = B,F ) enteringthe determination of V̂ I in (2.16) would not be invertible (owing to ∂mI/∂σr = 0 at σr = 0; 
f.Appendix A4). We should add that even though the restri
tion ρπ ≥ 0 is now dropped for modelF, the 
oe�
ient 
ontinues to be estimated at zero. Hen
e all parameters that are free in B arealso free in F.29 In order to 
ompare F to the modi�ed Bayesian estimation BR' from above (with its slightly
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Figure 2.4: Covarian
e pro�les of model F from Table 2.3 (bold lines).two results give strong emphasis on the bene�
ial role of ba
kward-looking behaviorin the Phillips 
urve and IS equation, if we adopt a moment mat
hing perspe
tive.Our investigation thus 
alls for a re
onsideration of the mi
rofoundations that wouldpermit the resulting 
oe�
ients on lagged in�ation and lagged output to be
omelarger than one-half.2.4.5 Evaluation of the estimated parametersAfter temporarily transgressing the interpretational framework for the indexationand habit persisten
e parameters, we return to our main estimation A with the
orner solution α = 1 and χ = 1. Let us now have a 
loser inspe
tion of its parameterestimates. Apart from the issue of the degree of `ba
kwardness' in the Phillips
urve and the IS equation, another remarkable result 
on
erns the 
oe�
ients inthe Taylor rule. Straightforward 
onventional wisdom has it that over the GreatIn�ation period the 
entral bank paid (perhaps unduly) strong attention to thevariations of e
onomi
 a
tivity at the 
ost of pri
e stability, an idea that would be
aptured by a high poli
y 
oe�
ient φx on the output gap and a low 
oe�
ient φπon the in�ation gap not mu
h above one. This is what we indeed �nd in the Bayesianimproved �t), where again we want to take advantage of the nested 
ase treatment, we 
an �x σr at
σr = 0.729 from BR' and re-estimate all of the remaining parameters. This gives us estimation F'(with a deteriorated �t). The test statisti
s reported in Table 2.2 show that then F' is signi�
antlysuperior to BR'.
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kward-Looking Behavior in the New-Keynesian Modelreferen
e estimation BR in Table 2.1. The moment mat
hing approa
h, however,reverses the role of the two parameters: the in�ation gap 
oe�
ient of model A isalmost equal to Taylor's famous rule-of-thumb value of 1.50 (Taylor, 1993, p. 202),while the output gap takes pra
ti
ally no e�e
t at all. Again in 
ontrast to theBayesian estimation, with φr=0.33 there is furthermore only weak own-persisten
ein the rule, whi
h appears all the more surprising as the interest rate inherits nopersisten
e from the output gap.The 
omplete absen
e of noise in the monetary poli
y rule, σr = 0 (somethingthat would imply a sto
hasti
 singularity in likelihood estimations), may not beoverrated. If for 
on
eptual reasons in a broader 
ontext a 
ertain randomness inthe 
ondu
t of monetary poli
y were required, we have a wider range over whi
h
eteris paribus in
reases of this parameter have no more than a minimal impa
t onthe loss fun
tion, su
h that in the auto
ovarian
e diagrams in Figure 2.1 the humaneye would hardly noti
e any di�eren
e. For example, the model-generated varian
ethat the interest rate gap in indire
t ways inherits from the other two random sho
ksis as high as 3.21 for σr = 0, and a rise of σr to 0.50 would in
rease it to just 3.46.30Te
hni
ally speaking, σr is thus only weakly identi�ed, or white-noise e�e
ts in thepoli
y rule have an almost negligible bearing on the overall �t of the model.The observation on σr brings us to the general question of the a

ura
y of theestimated parameters. As indi
ated at the end of Se
tion 2.2, we use re-estimationson the model-generated moments to 
onstru
t 95% 
on�den
e intervals for them.Here Hall's method (spe
i�ed in Appendix A2) serves to obtain the 
on�den
e in-tervals if the parameters are estimated at an interior value (these are the 
oe�
ients
κ, σπ, τ , σx, φπ, φr), while the standard per
entile intervals are preferred if theyare estimated at, or 
lose to, one of the end-points of their admissible range (theseare α, ρπ, χ, φx and σr). A sample size of B = 1000 is su�
ient for the bootstrap.In this way we arrive at the intervals given in 
olumn A of Table 2.1.Most of the 
on�den
e intervals of the MM estimation are wider than those fromthe Bayesian approa
h. Apart from σr, all of the other parameters are neverthelessreasonably well identi�ed. The frequen
y distributions of the re-estimated parame-ters are plotted in the last 11 panels of Figure 2.5,31 where the shaded areas indi
atea 95% probability mass with the end-points being determined by the standard per-
entile intervals. In parti
ular, the re-estimations 
on�rm that the polar results
α = 1, ρπ = 0 and χ = 1 are no outliers. Note also that even several intervals in theinterior of the admissible range are not symmetri
 around the estimated parametervalues, so that the standard intervals shown here di�er from the Hall per
entileintervals in Table 2.1. Examples for this are the parameters κ, τ and φr.30 A further in
rease of the noise level up to σr = 1.00, say, would have a stronger e�e
t as itraises the varian
e to 4.21. Regarding the �the indire
t ways� in whi
h the other sho
ks a
t on theinterest rate, it may be noted that in spite of φx ≈ 0, a fall of σx to zero in the IS equation would
ause a drop of Var(r̂t) from 3.21 to 1.98. The main reason for this is the fall of Var(π̂t) from 1.80to 1.23.31 The density fun
tions are estimated by means of the Epane
hnikov kernel; see Davidson andMa
Kinnon (2004, pp. 678�683) for the 
omputational details.
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Figure 2.5: Frequen
y distributions of the re-estimations of the bootstrapped modelA (GI).Note: The bold bars at the bottom indi
ate the estimates on the empiri
al moments,the shaded areas show a 95% probability mass of the distributions.Of 
ourse, the re-estimated parameter values are not all independent of ea
hother. On the basis of the dis
ussion of the di�erent sour
es of persisten
e in thePhillips 
urve it will, in parti
ular, be expe
ted that the estimates of α and ρπare inversely related. With a negative 
orrelation 
oe�
ient of −0.71, Table 2.4do
uments that this is indeed the tightest relationships between two parameters thatwe 
an �nd. As indi
ated by the bold type numbers there are, however, also otherparameters that are 
losely 
onne
ted, where most of the pairwise dependen
ies arewithin ea
h of the three equations of the model. Two remarkable ex
eptions area 
ertain tenden
y that an in
rease of κ in the Phillips 
urve goes along with anin
rease of τ in the IS equation, and an in
rease in the supply sho
k level σπ (but notpersisten
e ρπ) in the Phillips 
urve goes along with an in
reased persisten
e φr inthe Taylor rule (and therefore with a de
rease in σπ). The other interdependen
iesdo not seem too surprising and may stand for themselves.Let us �nally turn to the top-left panel of Figure 2.5, whi
h displays the dis-tribution of the minimized values Jb of the loss fun
tion in the re-estimations; seeeq. (2.11). As indi
ated by the shaded area, its 95% quantile is J0.95 = 65.0. The es-timated value Ĵ = 47.6 is 
learly below this ben
hmark, so the bootstrap test under
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kward-Looking Behavior in the New-Keynesian ModelTable 2.4: Pairwise 
orrelations of parameter re-estimates of model A (GI).
α κ ρπ σπ χ τ σx φπ φx φr σr

α : 1.00 −0.08 −0.71 0.29 0.13 −0.06 0.02 0.05 0.04 0.30 −0.11

κ : 1.00 0.35 0.26 −0.14 0.39 0.07 0.18 0.03 0.18 −0.33

ρπ : 1.00 −0.35 −0.10 0.11 −0.02 0.04 0.05 −0.08 −0.02

σπ : 1.00 0.24 0.27 0.03 −0.01 −0.02 0.35 −0.41
χ : 1.00 0.12 −0.44 −0.24 −0.12 0.23 −0.11

τ : 1.00 0.21 −0.14 −0.01 0.00 −0.19

σx : 1.00 0.20 0.13 0.01 0.01
φπ : 1.00 0.39 0.28 −0.22

φx : 1.00 0.47 −0.10

φr : 1.00 −0.49
σr : 1.00Note: Bold fa
e �gures emphasize higher 
orrelation 
oe�
ients.the null hypothesis 
annot reje
t the model. Sin
e the quantile of Ĵ is 88.38%, themodel may be said to have a moment-spe
i�
 p-value of 11.62%. We nonethelessformulate this only as a 
onventional statement to su

in
tly evaluate the overallgoodness-of-�t; of 
ourse, it is not meant to imply that model A 
ould be the �true�model of the e
onomy.2.5 The Great Moderation periodIn this se
tion we 
onsider the period of the Great Moderation, where in otherrespe
ts we 
an pro
eed along the same lines as above. Our main result is the
omparison of estimation A with a Bayesian referen
e estimation BR in Table 2.5.Again, as in the Great In�ation sample and emphasized by the bold fa
e �gures,in 
ontrast to BR estimation A needs no persisten
e from the sho
k pro
ess in thePhillips 
urve (ρπ = 0), and it yields a high degree of pri
e indexation α, althoughit is here not maximal.Apart from that, the general wisdom that in�ation during the GM period wasless exposed to exogenous sho
ks than during GI is 
orroborated by the estimationof the noise level σπ, whi
h is redu
ed by almost two-thirds (
f. estimation A inTable 2.1). Also the driving variables in the Phillips 
urve and the IS equationhave a somewhat weaker in�uen
e than in GI (lower estimates of κ and τ andnarrower 
on�den
e intervals). On the other hand, the Taylor rule exhibits strongerpersisten
e φr. In addition, it is more responsive to the output gap (higher valueof φx), while the estimated 
oe�
ient on the in�ation gap φπ has a similar order ofmagnitude to GI. These statements have, however, to be quali�ed sin
e, in striking
ontrast to the Bayesian referen
e estimation BR shown in the �rst 
olumn of Table
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Table 2.5: Parameter estimates for GM.Bayesian Moment Mat
hingBR A B C D

α 0.033 0.816 0.000 0.459 0.863
(0.000− 0.071) (0.475− 1.000)

κ 0.163 0.030 0.139 0.049 0.020
(0.103− 0.221) (0.000− 0.046)

ρπ 0.389 0.000 0.712 0.000 0.000
(0.274− 0.510) (0.000− 0.453)

σπ 0.517 0.200 0.176 0.455 0.163
(0.420− 0.611) (0.140− 0.373)

χ 0.825 1.000 1.000 1.000 ∞
(0.759− 0.891) (0.669− 1.000)

τ 0.017 0.047 0.045 0.040 0.275
(0.009− 0.025) (0.000− 0.085)

σx 0.346 0.532 0.515 0.504 0.555
(0.296− 0.399) (0.295− 0.702)

φπ 1.181 1.626 2.412 2.784 1.418
(1.001− 1.383) (0.295− 3.746)

φx 1.014 1.031 0.664 0.687 1.296
(0.602− 1.419) (0.176− 2.129)

φr 0.814 0.776 0.753 0.786 0.760
(0.762− 0.867) (0.673− 0.958)

σr 0.449 0.472 0.527 0.393 0.348
(0.395− 0.502) (0.296− 0.942)

J 170.1 54.1 68.4 72.8 39.6MCI missed 15 3 4 1 2
p-value � 5.4% � � �Note: The dis
ount fa
tor is =	0.99 throughout. In estimation B, α is �xed at 0.00.The smaller numbers indi
ate the 
on�den
e intervals; from the posterior distributionin a Bayesian referen
e estimation (BR), while in estimation A they are 
omputedfrom (A1) for α, ρπ, χ, φπ, φx and from (A2) for κ, σπ, τ , σx, φr, σr. The last rowgives the number of moments (`M') that miss the 
on�den
e intervals (`CI') of theempiri
al moments.
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kward-Looking Behavior in the New-Keynesian Model2.5, both of these parameter estimates have extremely wide 
on�den
e intervals.32In our moment mat
hing estimation approa
h we have therefore no �rm basis to
ompare the two poli
y 
oe�
ients φπ and φx between GI and GM. In
identally,the width of the 
on�den
e intervals is not so mu
h di�erent from the intervalsthat Cho and Moreno (2006, pp. 1467�, Tables 2, 4, 5) obtain from their maximumlikelihood bootstrap re-estimations of a similar three-equations model (their sampleperiod is 1980:4 �2000:1).The distributions of the re-estimates from the bootstrap for these and the otherparameters, on the basis of whi
h the 
on�den
e intervals are 
omputed, are shownin Figure 2.6. Note that just as for GI, the distribution of χ strongly leans againstone, and the distribution of ρπ against zero. Regarding the indexation parameter
α, the distribution has most of its probability mass not very far below unity (themedian is 0.846).Figure 2.6 is a

ompanied by the pairwise 
orrelations for these estimates inTable 2.5. Comparing it to Table 2.4 for GI, the following four 
hanges are notewor-thy. (1) Not only is the 
orrelation 
oe�
ient between κ and τ redu
ed by one half,but there is now also a positive 
orrelation between α and τ , whi
h was previouslynegligible. (2) There is a moderate positive 
orrelation between σπ and φπ, and amoderate negative 
orrelation between σπ and φx, both of whi
h were not presentin GI. (3) The previously weakly positive 
onne
tion between the re-estimates of χand τ has strengthened, and the previously strongly negative 
onne
tion between
χ and σx has weakened. (4) While in GI the poli
y 
oe�
ients φπ and φx werepositively 
orrelated, this has be
ome a negative relationship in GM.Turning to the quality of the mat
h of estimation A in GM, with a minimizedvalue J = 54.1 of the loss fun
tion versus J = 47.6 in Table 2.1 it appears slightlyworse than estimation A in GI. This impression is 
on�rmed by the moment-spe
i�

p-value as it was dis
ussed at the end of Se
tion 2.4.5. In the top-left panel ofFigure 2.6, whi
h presents the distribution of the minimized values Jb of the re-estimations, it 
an be seen that its 95% quantile J0.95 almost 
oin
ides with theoriginally estimated Ĵ . The exa
t numbers are J0.95 = 55.0 and Ĵ = 54.1, whi
h
onstitutes a quantile of 94.6%. The model's p-value therefore amounts to 5.40%,
ompared to 11.63% for GI.3332 Several of the low estimates of φπ might imply indetermina
y with one stable root too manyin the Blan
hard-Kahn 
ondition. This poses no problem for us sin
e the solution matrix Ω in(2.2) was 
omputed by employing the brute for
e iteration pro
edure mentioned in Binder andPesaran (1996, p. 155, fn 26). First, for the present model even a 
rude initialization like 0.80 timesthe identity matrix proves good enough to ensure 
onvergen
e. Se
ond, in the 
ase of multiplesolutions the iteration sele
ts one of the solution matri
es automati
ally and, as we have 
he
kedby a number of examples, the most appropriate one�whi
h means that Ω 
hanges 
ontinuouslywhen 
eteris paribus variations of φπ lead the system from determina
y to indetermina
y. By theway, the high robustness of the method is in 
ontrast to the su�
ient, somewhat spe
ial 
onditionsfor lo
al 
onvergen
e given by Bai et al. (2005, pp. 116f).33 Cho and Moreno (2006) evaluate their three-equations model by bootstrapping and re-estimating the model and a low-order un
onstrained VAR, from whi
h subsequently a likelihoodratio test statisti
 
an be 
omputed. The resulting p-value is zero for their base model but inter-estingly, with p = 3.90% (see their Table 6 on p. 1474, panels A and B) this statisti
 is not too
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Figure 2.6: Frequen
y distributions of the re-estimations of the bootstrapped modelA (GM).Note: The bold bars at the bottom indi
ate the estimates on the empiri
al moments,the shaded areas show a 95% probability mass of the distributions.Considering the mat
hing of the single moments, there are now three momentsthat miss the empiri
al 
on�den
e intervals, versus none in GI. Figure 2.7 showsthat responsible for this is the steep initial de
line of the auto-
ovarian
e pro�leof the in�ation gap, whi
h means that in GM there is noti
eably less persisten
ein π̂t than in GI. As it turns out, the model is not too well prepared for that,so that one may be even tempted to say that in its entirety the model tends toexhibit too mu
h, rather than too little, in�ation persisten
e. Spe
i�
ally, it seeksto �nd a 
ompromise by �rst strongly underestimating the level of the varian
e of
π̂t, the 
orresponding t-statisti
 being −3.17, and then moderately overestimatingCov(π̂t, π̂t−1) and Cov(π̂t, π̂t−2) with a t-statisti
 of 2.30 in both 
ases; see the bold(red) line in Figure 2.7. In this�but only in this�respe
t, the Bayesian referen
eestimation BR (see the dotted (blue) line) proves to be somewhat superior; for theother types of moments, BR displays a similar inferiority to that in GI.In an attempt to for
e all of the model-generated moments into the empiri-di�erent from ours if they admit auto- as well as 
ross-
orrelations in all of the random sho
ks(whi
h on the other hand are features that our estimates 
an dispense with).
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kward-Looking Behavior in the New-Keynesian ModelTable 2.6: Pairwise 
orrelations of parameter re-estimates of model A (GM).
α κ ρπ σπ χ τ σx φπ φx φr σr

α : 1.00 −0.08 −0.62 −0.05 0.22 0.35 0.27 0.11 0.01 0.11 −0.08

κ : 1.00 0.22 −0.12 −0.21 0.20 0.18 −0.03 0.22 0.10 −0.11

ρπ : 1.00 −0.39 −0.10 −0.17 −0.16 −0.06 0.02 −0.05 0.01

σπ : 1.00 0.00 0.11 0.03 0.29 −0.22 −0.04 −0.05

χ : 1.00 0.33 −0.16 0.15 −0.04 0.04 −0.08

τ : 1.00 0.45 0.06 −0.03 −0.18 −0.05

σx : 1.00 0.09 0.05 0.03 −0.09

φπ : 1.00 −0.26 0.20 −0.11

φx : 1.00 0.59 −0.22

φr : 1.00 −0.33

σr : 1.00
al 
on�den
e intervals, we also experimented with an ad-ho
 modi�
ation of thepresent loss fun
tion. It is essentially the sum of the skilfully weighted and nonlin-early transformed t-statisti
s of the single moment deviations (mi(θ)− m̂i,T ), whi
htolerate small and medium deviations and heavily penalize t-statisti
s 
lose to orabove 2. However, our e�ort in thus tuning the fun
tion was not fully su

essful.The best we 
ould a
hieve is a miss of just one 
on�den
e interval, whi
h by theway requires a lower degree of pri
e indexation and still no persisten
e in the supplysho
ks. Table 2.5 reports this parameter set as estimation C. It goes without sayingthat the pri
e for this kind of improvement is a larger deterioration of the originalloss fun
tion J . The remaining moment that is not satisfa
torily mat
hed is againan auto
ovarian
e of the in�ation gap, this time Cov(π̂t, π̂t−4) with a t-statisti
s of
−3.63. This underestimation may nevertheless be 
onsidered to be pardonable giventhe pe
uliar peaks every four quarters in Cov(π̂t, π̂t−h), h = 4, 8, . . . (although thedata is seasonally adjusted and the phenomenon is 
ompletely absent in GI).After dis
ussing the main estimation A, we 
an follow the se
ond part of theanalysis in Se
tion 2.4.2 (negle
ting the more detailed �rst part for reasons of spa
e).A

ordingly, we study the impa
t of varying degrees of pri
e indexation α on theestimated sho
k persisten
e ρπ and the resulting overall �t of the model. Againin
luding the estimates of κ and φπ in this exer
ise, Figure 2.8 is obtained. Its maindi�eren
e from Figure 2.3 for GI is, of 
ourse, that the fun
tion α 7→ minJ has aninterior minimum, although the performan
e of the model for α = 1 is not mu
hworse. Also to the left of the estimated (i.e. minimizing) α, the deterioration of Jis not very dramati
. A
tually, the test pro
edure introdu
ed in Se
tion 2.4.3 tellsus that the value J = 68.4 for the purely forward-looking 
ase α = 0 (whi
h isestimation B in Table 2.5) is not signi�
antly di�erent from J = 54.1 for α̂ = 0.816in estimation A. More pre
isely, as do
umented in the lower part of Table 2.2, even
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Figure 2.7: estimated versus empiri
al 
ovarian
e pro�les (GM).Note: The bold (red) line results from the MM estimation A of Table 2.5, the solid(blue) line with dots from the Bayesian referen
e estimation BR. The shaded area isthe 95% 
on�den
e band around the empiri
al moments.the moments generated by the two estimations 
annot be signi�
antly told apart.In
identally, a 
omparison of model A with the Bayesian referen
e estimation leadsto the same 
on
lusion.34Regarding the estimates of ρπ, κ and φπ that are asso
iated with the exogenousvariations in α, Figure 2.8 shares with Figure 2.3 the feature that these parametersare low if α is high and vi
e versa. Again, there is also a dis
ontinuous jump of ρπ.In Figure 2.8 it is, however, extreme and instead of the monotoni
 in
rease of ρπ as
α de
reases, there are pra
ti
ally just two states of sho
k persisten
e: the estimated
ρπ is zero for 0.64 ≤ α ≤ 1, and it marginally falls (rather than in
reases) from 0.739to 0.712 as α de
reases from 0.63 down to zero. The jump of ρπ is furthermore sostrong that it makes itself also felt in the estimates of κ and φπ.At the end of this se
tion, we again step outside the interpretational frameworkof the parameters α and χ and generally admit values ex
eeding unity for them.34 Analogously to the treatment for the GI period in Se
tion 2.4.3, BR is modi�ed to BR' byusing σπ as the one and only parameter that is reset to minimize the MM loss fun
tion; the newvalue is then σπ = 0.428, whi
h redu
es the loss from 170.1 to J = 157.7.
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Figure 2.8: MM estimation under exogenous variations of α (GM).Estimation D in the last 
olumn of Table 2.5 shows that the pri
e indexation αmakes no use of this option; even if the minimum sear
h pro
edure for the lossfun
tion initializes α 
onsiderably above unity, the parameter soon returns into aregion of roughly 0.80 or 0.90 (before the other parameters settle down on their �nalvalues of the estimation). By 
ontrast, the habit persisten
e χ strongly tends awayfrom unity, even extremely so. Pra
ti
ally, χ 
an be said to head towards in�nity,whi
h only means that the full weight in the IS equation is on lagged output andthe forward-looking 
omponent 
ompletely disappears. As far as we know, a purelyba
kward-looking IS equation has not yet been obtained in the estimation of New-Keynesian models of similar 
omplexity.2.6 Con
lusionBeing 
on
erned with the estimation of 
ontemporary ma
roe
onomi
 DSGE mod-els, the main purpose of this 
hapter was a 
hallenge of the dominant position ofthe Bayesian approa
h. Our alternative was the method of moments (MM). In thepresent appli
ation it seeks to mat
h the model-generated se
ond moments of thee
onomi
 variables to their empiri
al 
ounterparts, thus summarizing the basi
 dy-nami
 properties of the model. Besides the relatively low 
omputational 
ost, amain advantage of the method is its transparen
y. In this respe
t, MM allows theresear
her to 
on
entrate on what he or she 
onsiders to be the most importantstylized fa
ts of the e
onomy, and requires him or her to make them expli
it. Whilein the end the 
hoi
e of moments is a matter of judgement, it is a useful and in-formative de
ision to make sin
e a model, at whatever level of 
omplexity, 
annot
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lusion 41possibly reprodu
e all of the empiri
al regularities that we observe. In addition, theMM approa
h provides us with an intuitive notion of the goodness-of-�t of a model,whi
h may be 
he
ked by visual inspe
tion of suitably organized diagrams or moreformally by an e
onometri
 assessment of the minimized value of a loss fun
tion.A novel feature of the 
hapter is that it 
ontrasts the MM with the Bayesianestimation results. To this end we limited ourselves to an elementary three-equationsmodel of the New-Keynesian ma
roe
onomi
 
onsensus, where the in�ation andinterest rates in the stru
tural equations are spe
i�ed as the deviations from anexogenous �exible trend. Spe
ial emphasis was pla
ed on a 
omparison of the degreeof ba
kward-looking behavior in the hybrid Phillips 
urve. A typi
al result of many(though not all) Bayesian estimations, to whi
h our framework was no ex
eption, isthat lagged in�ation tends to play only a minor role in the Phillips 
urve. In�ationpersisten
e is here brought about by serial 
orrelation in the sho
k pro
ess, besidesthe inherited persisten
e from the output gap.Our MM estimations may add new insights into this dis
ussion. In fa
t, theyfound strong eviden
e to exa
tly the 
ontrary. With α ≈ 0.80 the degree of pri
eindexation is high in the Great Moderation (GM) period and it is estimated at itsmaximal value of α = 1.00 in the sample of the Great In�ation (GI), whereas inboth 
ases the supply side sho
ks are white noise and inherited persisten
e is weak.We even took one step further and showed that if, hypotheti
ally, the parameter
α were permitted to ex
eed unity, then in GI it would be as high as almost 2.50.This means that the 
omposite 
oe�
ient on lagged in�ation in the Phillips 
urvewould be larger than 0.70. The habit persisten
e parameter χ in the IS equation,by the way, would also be higher than one if it were free in this respe
t (in both GIand GM).The mu
h stronger role for the ba
kward-looking elements is all the more impor-tant sin
e, already in the presen
e of the 
onstraints α ≤ 1 and χ ≤ 1, the mat
hingof the empiri
al moments proves to be fairly good. The general qualitative im-pression is supported by (moment-spe
i�
) p-values above the 5% signi�
an
e level.Moreover, if the 
onstraints were dropped, the mat
h for GI is so strongly improvedthat we dared to 
hara
terize it as ex
ellent. In that 
ase a new e
onometri
 test byHnatkovska et al. (2009) enabled us to 
on
lude that it is signi�
antly better thanour MM ben
hmark estimation with α = 1.From our perspe
tive there are thus primarily two issues that future resear
hmay turn to. First, re
onsider the mi
rofoundations for lagged in�ation and outputin the Phillips 
urve and IS equation, whi
h still are arguably ad ho
�if they at allallow for 
oe�
ients on these variables that are larger than one-half.35 Se
ond, applythe MM approa
h to models with a ri
her theoreti
al stru
ture, whi
h would alsoextend the s
ope for the moments entering the estimations. The obvious question35 For the ad ho
 nature of the 
ommon mi
rofoundations of a hybrid Phillips 
urve, see Ruddand Whelan (2005, pp. 20f), whi
h is the longer version of Rudd and Whelan (2007, p. 163, fn 7).An interesting new 
on
ept to make the Phillips 
urve more �exible is the hazard fun
tion studiedby Sheedy (2010), although it 
omes at the 
ost of a more 
ompli
ated stru
ture of lagged and alsoexpe
ted in�ation.
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kward-Looking Behavior in the New-Keynesian Modelwould then be whether or not the present results will survive.Appendix A: Prior densities of the Bayesian referen
e es-timationThe prior densities are essentially taken over from Castelnuovo (2010). One ex
ep-tion is that we mistrust his relatively high estimate of the poli
y parameter φπ inthe GI period, the posterior mode of whi
h, guided by his prior normal distribu-tion around 1.70, amounts to more than 1.80. Following the results by Lubik andS
horfheide (2007) and Benati and Suri
o (2009), we prefer a lower prior mean andde
ide on φπ ∼ (	1.3, 0.2) for this distribution.Regarding the prior for the pri
e indexation parameter α we 
annot draw onCastelnuovo sin
e, basi
ally (apart from some other spe
i�
ation details), he alter-natively �xes α either at zero or one. As his results, like the ones by Ireland (2007)and Cogley and Sbordone (2008) mentioned in the text, favour the purely forward-looking Phillips 
urve with α = 0, we 
hoose a prior mean less than 0.50 but stillwith some s
ope for α to move to higher values in the estimation pro
ess. So weassume α ∼ β(0.3, 0.2). Nevertheless, as reported in both Table 2.1 and 2.5, withthis setting our estimations show a strong tenden
y, too, for α to lean against zero.To be self-
ontained, the priors are all listed in Table A2.6.36 We 
he
ked that theposterior densities to whi
h they give rise are in fa
t well-behaved. This 
on
ernstheir relationship to the prior densities as well as the 
onvergen
e 
he
ks by Brooksand Gelman (1998), whi
h are summarized in the uni- and multivariate diagnosti
sprovided by Dynare.Table 2.7: Prior densities of the BR estimations in Tables 2.1 and 2.5.
α κ ρπ σπ

β(0.3, 0.2) Γ(0.4, 0.1) β(0.6, 0.1) IΓ(1.0, 8.0)

χ τ � σx

β(0.5, 0.1) Γ(0.037, 0.0125) � IΓ(0.25, 2.0)

φπ φx φr σr

β(1.3, 0.2) Γ(1.2, 0.8) β(0.5, 0.28) IΓ(1.0, 8.0)36 Note that our rates of interest and in�ation are annualized, while Castelnuovo's are not.
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lusion 43Appendix B: The standard per
entile and Hall's per
entile
on�den
e intervalLet a 
olle
tion { θ̂b : b = 1, . . . , B } of parameter re-estimates be given, as statedin (2.10). With respe
t to a signi�
an
e level α = 0.05, let θ̂i,L be the estimatefrom (2.10) su
h that only a fra
tion α/2 of all the bootstrap estimates θ̂bi are lessthan this value, and likewise θ̂i,H the estimate that is ex
eeded by only α/2 of thebootstrap estimates. The standard per
entile 
on�den
e interval is then given byCIS(θi) = [ θ̂i,L, θ̂i,H ] (A1)(the index S indi
ating that (A1) is regarded as the standard method.) If the originalestimate θ̂i from (2.8) lies on the boundary of the admissible set of the parameters,
Θ, and θ̂i,L (or θ̂i,H) 
oin
ides with it, then θ̂i,H (or θ̂i,L) itself will be the (1−α/2)-quantile (the α/2-quantile, respe
tively).Although (A1) is a straightforward spe
i�
ation, it has to be taken into a

ountthat it may not have the desired 
overage probability. In parti
ular, if θ̂i is a biasedestimate of θoi , the bootstrap distribution may be asymptoti
ally 
entred around θoiplus a bias term and, hen
e, CIS(θi) is a (1− α)% 
on�den
e interval for the latterquantity and may thus have a grossly distorted range as a 
on�den
e interval for θoi .An alternative to (A1) that �xes this problem is Hall's per
entile 
on�den
einterval, whi
h essentially is de�ned as

[ 2θ̂i − θ̂i,H , 2θ̂i − θ̂i,L ] (A2)It is based on the idea that the bootstrap distribution (θ̂bi − θ̂i) approximates thedistribution (θ̂i − θoi ). This implies that Prob(θ̂i,L − θ̂i < θ̂i − θoi < θ̂i,H − θ̂i) ≈Prob(θ̂i,L− θ̂i < θ̂bi − θ̂i < θ̂i,H − θ̂i) = 1−α, and the �rst probability expression iseasily seen to be equal to Prob(2θ̂i− θ̂i,H < θoi < 2θ̂i− θ̂i,L) = Prob(θoi ∈ CIH(θi)).Hen
e Hall's per
entile method is asymptoti
ally 
orre
t.It 
an, however, happen that 2θ̂i − θ̂i,H falls short of a lower bound θi,aL of theadmissible range of the parameter (something whi
h by 
onstru
tion is not possiblewith the standard per
entile interval). The lower end of the 
on�den
e interval maythen be set equal to θi,aL. Similarly so if 2θ̂i − θ̂i,L ex
eeds an upper bound θi,aHof the admissible range. We leave su
h a modi�
ation of (A2) aside sin
e in these
ases it seems more meaningful to resort to (A1).Appendix C: Estimation of the moment 
ovarian
e matrix
Σ̂mLet pt, qt stand for the empiri
al interest rate (gap) rt, the output gap xt orthe in�ation (gap) πt, as the 
ase may be (the hat on r and π is here omitted).The theoreti
al 
ovarian
e of pt and qt−h is given by E[(pt − Ept)(qt−h − Eqt)] =

E(ptqt−h)− (Ept)(Eqt−h) = E(ptqt−h)− (Ept)(Eqt). Correspondingly, with respe
t



44 2. Ba
kward-Looking Behavior in the New-Keynesian Modelto a sample period of length T , we spe
ify the empiri
al 
ovarian
e Cov(pt, qt−h)as being equal to the time average of the produ
ts ptqt−h minus the produ
t of thetime averages of pt and qt. For the nm 
ovarian
es of interest, let there be a total of
na su
h average values involved and 
olle
t them in a ve
tor â ∈ Rna . For a suitablefun
tion g(·) de�ned on (a subset of) Rna and attaining values in (a subset of) Rnm ,the empiri
al moments 
an be expressed as

m̂T = g(â) (A3)In order to obtain the 
ovarian
e matrix of the moments, we �rst estimate the
ovarian
e matrix of the average values â. If zt is a ve
tor the 
omponents of whi
h
ontain all of the lags h of rt, yt, πt that we need (h = 0, 1, . . . H), and fj(·) for
j = 1, . . . na are suitable real fun
tions (to be detailed in a moment) that are de�nedon these stret
hes zt, the time averages 
an be written as being given by

âj =
1

T

T∑

t=1

fj(zt) , j = 1, . . . , na (A4)While ao is the `true' value of the real-world data generation pro
ess, the ve
tor ofits estimates â is distributed around it as
√
T (â− ao)

a∼ N(0,Σa) (A5)For some suitable lag length p (the usual symbol, not to be 
onfused with the above
pt representing rt, xt or πt), a 
ommon HAC estimator of the 
ovarian
e matrix Σais the following (na×na) Newey-West matrix,

Σ̂a = Ĉ(0) +

p∑

h=1

(1− h

p+ 1
) [ Ĉ(h) + Ĉ(h)′ ]

Ĉ(h) =
1

T

T∑

t=h+1

[f(zt)− â] [f(zt−h)− â]′ , h = 0, 1, . . . , p

(A6)Spe
i�
ally, we follow the advi
e in Davidson and Ma
Kinnon (2004, p. 364) ands
ale p with T 1/3. A

ordingly we may set p = 5 for the two subsamples of theGreat In�ation and Great Moderation.Next, put mo = g(ao) and Go = [∂gi(a
o)/∂aj ] ∈ Rnm×na. Employing the deltamethod (
f. Davidson and Ma
Kinnon, 2004, pp. 207f), we know that asymptoti
ally

√
T (m̂T −mo)

a∼ N(0, Go ΣaG
′
o) (A7)Thus, on the basis of (A6) and the estimated matrix of the partial derivatives Ĝ,whi
h is 
onstituted by the elements ∂gi(â)/∂aj , the (nm × nm) 
ovarian
e matrixof the moments m̂T from the �nite sample {zt}Tt=1 
an be estimated as

Σ̂m = Ĝ Σ̂a Ĝ′ (A8)
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lusion 45Entering the 
al
ulation of the moments Cov(pt, qt−h) mentioned in the text (p, q =
r, x, π) are the mean values of the produ
ts pt qt−h and, in addition, the three meanvalues of rt, yt and πt (as already indi
ated above). This gives us the dimension
na = nm + 3. Denoting the mean value of a series pt by ap and the means of theprodu
ts pt qt−h by apq(h), the nm 
ovarian
es 
an be written as being given byCov(pt qt−h) = apq(h) − ap aq.There are nine di�erent types of 
ovarian
e pro�les. We organize these mo-ments in nine index sets I1, . . . , I9. They do not all 
ontain the same number ofindi
es sin
e for two distin
t variables p and q it has to be taken into a

ount thatCov(pt, qt−h) is in
luded with the lags h = 0, 1, . . . ,H in the obje
tive fun
tion, butthe reverse 
ovarian
es Cov(qt, pt−h) only with lags from h=1 onwards. The �rstand last index in the index sets and the type of 
ovarian
es assigned to these sets aredetailed in the following table. Besides, it on
e again makes it 
lear that with H=8,the total number of moments in the obje
tive fun
tion is nm = 9 (H+1) − 3 = 78.Table 2.8: Spe
i�
ation of the index sets.number of fun
tionsCov set �rst index last index indi
es gi(·)

rt rt−h I1 1 H+1 H+1 arr(h)− a2r
rt xt−h I2 (H+1) + 1 2 (H+1) H+1 arx(h)− arax
rt πt−h I3 2 (H+1) + 1 3 (H+1) H+1 arπ(h)− araπ

xt rt−h I4 3 (H+1) + 1 4 (H+1) − 1 H axr(h)− arax
xt xt−h I5 4 (H+1) 5 (H+1) − 1 H+1 axx(h)− a2x
xt πt−h I6 5 (H+1) 6 (H+1) − 1 H+1 axπ(h)− axaπ

πt rt−h I7 6 (H+1) 7 (H+1) − 2 H aπr(h)− araπ
πt xt−h I8 7 (H+1)− 1 8 (H+1) − 3 H aπx(h)− axaπ
πt πt−h I9 8 (H+1)− 2 9 (H+1) − 3 H+1 aππ(h) − a2πRegarding the na fun
tions fi(·) in (A4), the �rst nm of them are de�ned ina

ordan
e with the pairs of variables that are asso
iated with index i in TableA2.6, that is, f1(zt) = rt rt−0, f2(zt) = rt rt−1, et
., until fnm(zt) = πt πt−H . Theremaining three fun
tions 
apture the average values of the single variables in theobvious order,

fnm+1(zt) = rt , fnm+2(zt) = xt , fnm+3(zt) = πtAll ingredients are thus available to 
ompute Σ̂a from (A6).With a1 = arr(0), a2 = arr(1), et
., the matrix Ĝ 
an be readily set up fromthe last 
olumn in Table A2.6. For i, j = 1, . . . , nm we simply have ∂gi(â)/∂aj = 1if i= j, and the partial derivatives are zero otherwise. The last three 
olumns of
Ĝ, whi
h are the derivatives with respe
t to anm+1 = ar, anm+2 = ax, anm+3 = aπ,are given in Table A2.6. It remains to plug this matrix into eq. (A8) to obtain the
ovarian
e matrix Σ̂m of the estimated moments.
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kward-Looking Behavior in the New-Keynesian ModelTable 2.9: The last three 
olumns of matrix Ĝ.rows 
olumn
orresponding to nm + 1 nm + 2 nm + 3

I1 −2 âr 0 0
I2 −âx −âr 0
I3 −âπ 0 −âr
I4 −âx −âr 0
I5 0 −2 âx 0
I6 0 −âπ −âx
I7 −âπ 0 −âr
I8 0 −âπ −âx
I9 0 0 −2 âπAppendix D: Spe
i�
ation of the matri
es V

X and V
Y inequation (2.15)First, 
ompute for ea
h model I (I =X,Y ) the following matrix F I , whi
h in thespe
i�
ations further below will be assumed to be non-singular:

F I =
∂mI(θI)′

∂θI
W

∂mI(θI)

∂θI′
− M I

M I = {EI ⊗ [(m̂T −mI(θI))′W ]} ∂

∂θI′
ve
[∂mI(θI)

∂θI′

]It is understood that the derivatives are evaluated at the estimated parameterve
tor θ̂I (we 
urrently omit the hat). These derivatives are well-de�ned sin
e in thepresent 
ontext only those parameters are treated as free parameters the estimatedvalues of whi
h happen to be in the interior of the admissible set.37 Letting nIθ bethe dimension of the ve
tor of the free parameters in model I, EI is here the nIθ×nIθidentity matrix. The matri
es ∂mI′/∂θI and ∂mI/∂θI
′ have format nIθ × nm and

nm×nIθ, respe
tively, so that F I andM I are nIθ×nIθ square matri
es. The format of
M I derives from the fa
t that the matrix in square bra
kets is a (1×nm) row ve
tor,so that the matrix in 
urly bra
kets from the Krone
ker produ
t is nIθ × (nIθ · nm),while the matrix of the derivative of the ve
-expression has the suitable format
(nIθ · nm)× nIθ.The matrix F I enters three matri
es V I

1 , V I
2 , V I

3 , whi
h are now easily seen tobe nm × nm square matri
es:37 For the numeri
al derivatives the built-in pro
edures gradp and hessp in the GAUSS softwarepa
kage are used. The optimal step size for the se
ond derivatives is 
arefully adjusted be
ausethe di�eren
e approximations might not be pre
ise when the �rst derivative is small; see Gill et al.(1981, pp. 127�133) for the details of determining the step size.
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V I
1 =

∂mI(θI)

∂θI
′ (F I

′
)−1∂m

I(θI)′

∂θI
W

∂mI(θI)

∂θI
′ (F I)−1 ∂m

I(θI)′

∂θI

V I
2 =

∂mI(θI)

∂θI′
[(F I

′
)−1 + (F I)−1]

∂mI(θI)′

∂θI

V I
3 =

∂mI(θI)

∂θI
′ (F I

′
)−1 (M I′ +M I) (F I)−1 ∂m

I(θI)′

∂θIFinally, the matri
es V I in (2.15) are given by
V I = V I

1 − V I
2 − V I

3 , I = X,Y





3Stru
tural Estimation of theNew-Keynesian Model
This 
hapter analyzes the empiri
al relationship between the pri
e-setting/
onsumerbehavior and the sour
es of persisten
e in in�ation and output. First, a small-s
aleNew-Keynesian model (NKM) is examined using the method of moment and max-imum likelihood estimators with US data from 1960 to 2007. Then a formal test
ompares the �t of two 
ompeting spe
i�
ations in the New-Keynesian PhillipsCurve (NKPC) and the IS equation; i.e. ba
kward- and forward-looking behavior.A

ordingly, the in
lusion of a lagged term in the NKPC and the IS equation im-proves the �t of the model while o�setting the in�uen
e of inherited and extrinsi
persisten
e; it is shown that intrinsi
 persisten
e plays a major role in approximat-ing the in�ation and output dynami
s for the Great In�ation period. However, thenull hypothesis 
annot be reje
ted at the 5% level for the Great Moderation pe-riod; i.e. the NKM with purely forward-looking behavior and its hybrid variant areequivalent. Monte Carlo experiments are used to investigate the validity of moment
onditions and the �nite sample properties of the estimation methods. Finally, theempiri
al performan
e of the formal test is dis
ussed along the lines of the Akaike'sand the Bayesian information 
riterion.3.1 Introdu
tionIn the New-Keynesian model (NKM), some extensions su
h as habit formation andindexing behavior have gained popularity for the ability to �t the ma
ro data well;see Christiano et al. (2005), Smets and Wouters (2003, 2005, 2007), and Rabanaland Rubio-Ramarez (2005). For example, the forward-looking behavior of pri
e in-dexation has been 
hallenged by ma
roe
onomists over the last de
ade, be
ause ahybrid variant of the model with ba
kward-looking behavior provides a good ap-proximation of in�ation dynami
s; see also Gali and Gertler (1999), Fuhrer (1997),Rudd and Whelan (2005, 2006). In the same way, inertial behavior in the dynami
sof the output gap 
an be better explained by the presen
e of habit persisten
e in
onsumption rule; e.g. see Fuhrer (2000). A

ordingly, the lagged dynami
s in theNKM in�uen
e the transmission of sho
ks to the e
onomy; the ba
kward-lookingbehavior in the pri
e-setting and 
onsumption rules a�e
ts the degree of endogenouspersisten
e in in�ation and output. This also implies that a good approximation ofthe NKM to the data (e.g. the persisten
e of aggregate ma
ro variables) 
an pro-vide a potential explanation for the monetary transmission 
hannel to in�ation and
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tural Estimation of the New-Keynesian Modeloutput; see Amato and Lauba
h (2003, 2004) as well as Woodford (2003, Ch.3).In a small-s
ale hybrid NKM, however, 
urrent in�ation and output depend onits expe
ted future and lagged values, whi
h 
an give rise to a highly non-linear map-ping between stru
tural parameters and the obje
tive fun
tion during estimation.Be
ause of this, we 
annot easily over
ome identi�
ation problems in the stru
-tural model; in other words, the minimization problem in extreme estimators oftendoes not have a unique solution asymptoti
ally; e.g. see Canova and Sala (2009).The purpose of this 
hapter is to show to what extent 
lassi
al estimation methods
ope with stru
tural parameter estimates and how these 
an be used to evaluatethe model's empiri
al performan
e. Espe
ially, we draw attention to an analyti
solution of the model and 
ondu
t a stru
tural e
onometri
 analysis to identify thee�e
ts of a lagged term in in�ation and output.1More generally, we apply the formal test of Hnatkovska, Marmer and Tang(2012) [HMT hen
eforth℄ and examine the signi�
ant in�uen
e of the lagged termon the in�ation and output dynami
s. A

ording to HMT, the Vuong-type χ2 testevaluates the adequa
y of a broad 
lass of goodness-of-�t measures and allows formodel misspe
i�
ation; see also Linhart and Zu

hini (1986) for model sele
tion.Hen
e, the test statisti
 used in our study 
an simply indi
ate the goodness-of-�tof the model in hypothesis testing, whi
h measures the dis
repan
y between themodel-generated and empiri
al moments. For example, Vuong (1989) demonstrateshow to use the likelihood ratio test for non-nested models. Rivers and Vuong (2002)generalize the hypothesis testing pro
edure to empiri
al appli
ations involving awide range of estimation te
hniques. Their pro
edure extends to 
omplex modelsele
tion situations where one or both models may be misspe
i�ed and the modelsmay or may not be nested; see Golden (2000, 2003).The advantage of the formal test of HMT is that the model's empiri
al perfor-man
e 
an be �exibly evaluated a

ording to the 
hosen moment 
onditions. The�exibility is 
ommonly asso
iated with the transparen
y to the �t of the modelwhen the moment 
onditions are dire
tly binding for parameter estimation. Indeed,the limited information approa
h has been widely used to estimate parameters ofa monetary DSGE model starting from Rotemberg and Woodford (1997). For ex-ample, one 
ommon approa
h to this problem is to use impulse responses that aremost informative about the DSGE model; Dridi et al. (2007) and Hall et al. (2012)dis
uss the 
hoi
e of binding fun
tion - i.e. a fun
tion whi
h 
an 
onne
t the pa-rameters of the model to the parameters of an auxiliary model - and information
riteria for the sele
tion of valid response. Espe
ially, when the model misspe
i-�
ations and 
omplex stru
tural system do not allow for e�
ient estimation, theadequa
y of the model in �tting the data 
an be judged by using binding fun
tions;see Gourieroux and Monfort (1995). To 
ondu
t empiri
al analysis without the aux-iliary model, Franke et al. (2011) examine a small-s
ale DSGE model using analyti
se
ond moments of the sample auto- and 
ross-
ovarian
es up to lag 8 (two years)1Alternatively, the 
ommon and simple strategy to provide a quantitative assessment of in�ationand output is to use a redu
ed form (or single equation) estimation, 
alibration or simulation basedinferen
e; see also Gregory and Smith (1991) as well as Nason and Smith (2008).



3.2. Expe
tation formation in a DSGE model 51for estimation as well as model sele
tion. While the empiri
al results using the mo-ment mat
hing approa
h are 
ontrasted with the Bayesian estimation, however, thevalidity of their 
hosen moment 
onditions is not indi
ated by a statisti
al test.In this study, we dis
uss the e�
ien
y of the method of moments (MM) estima-tion and examine the validity of moment 
onditions along the lines of the maximumlikelihood (ML) approa
h. To see this, �rst, we investigate the NKM's empiri
alperforman
e by using the relationship between interest rate, in�ation and output ofUS data. In parti
ular, we attempt to assess the signi�
an
e of the lagged dynami
sin in�ation and output. From the ML and MM estimations, we pinpoint an em-piri
al link between the hybrid model stru
ture and the persisten
e in in�ation andoutput. Next, the empiri
al performan
es of the model with purely forward-lookingbehavior and its hybrid variant are evaluated using the model sele
tion 
riterion.A

ordingly, the in
lusion of a lagged term in the New-Keynesian Phillips Curve(NKPC) and the IS equation improves the �t of the model while o�setting the in-�uen
e of inherited and extrinsi
 persisten
e; it is shown that intrinsi
 persisten
eplays a major role in approximating in�ation and output dynami
s for the GreatIn�ation period. However, the null hypothesis 
annot be reje
ted at the 5% level forthe Great Moderation period; i.e. the NKM with purely forward-looking behaviorand its hybrid variant are equivalent. Finally, we 
arry out a Monte Carlo study toexamine the statisti
al e�
ien
y of the estimation methods.This 
hapter is organized as follows: Se
tion 2 reviews the standard New-Keynesian three-equations model and examines the importan
e of intrinsi
 persis-ten
e (or ba
kward-looking behavior) for the 
o-movement between in�ation andoutput. Estimation methodologies and model sele
tion pro
edures are des
ribedin se
tion 3. Se
tion 4 presents the empiri
al results and the model 
omparisonbetween the NKM with the forward-looking behavior and its hybrid variant. More-over, the �nite sample properties of the estimators are investigated using the MonteCarlo experiments in se
tion 5. Finally, se
tion 6 
on
ludes. All te
hni
al detailsare 
olle
ted in the appendix.3.2 Expe
tation formation in a DSGE modelIn this se
tion, we present the standard New-Keynesian model featuring aggregatesupply, aggregate demand (IS), and monetary poli
y equations.2 We explore themodel spe
i�
ations of the lagged dynami
s in the NKPC and the IS equation, witha fo
us on the ba
kward- and forward-looking behavior.2Smets and Wouters (2003, 2007) empiri
ally examine a medium-s
ale version of the NKM.They estimate stru
tural parameters and idiosyn
rati
 sho
ks with the Bayesian te
hniques. Inour study, however, we study a small-s
ale general equilibrium model and investigate the role ofoptimizing behavior in the dynami
s of in�ation and output.



52 3. Stru
tural Estimation of the New-Keynesian Model3.2.1 The New-Keynesian three-equations modelMi
rofoundations of supply- and demand-side e
onomy have been established asthe key 
omponents of a New-Keynesian model framework; e.g. the behavior ofoptimizing e
onomi
 agents. The monetary poli
y behavior is des
ribed by theTaylor rule where the lagged interest rate re�e
ts the gradual adjustment of a 
entralbank. Thus the model is a 
onvenient tool for modeling systemi
 
hanges in thee
onomy. Espe
ially, in our 
urrent study, we attempt to examine to what extentthe gaps of interest rate, in�ation and output are related to ea
h other and to whatextent they a�e
t the e
onomy (π̂t := πt−π∗t , r̂t := rt−r∗t ). The trend 
omponentsof the quarterly data are estimated by using the Hodri
k-Pres
ott �lter with thesmoothing parameter of λ=1600.3 The standard model reads as follows:
π̂t =

β

1 + αβ
Et π̂t+1 +

α

1 + αβ
π̂t−1 + κ xt + νπ,t

xt =
1

1 + χ
Et xt+1 +

χ

1 + χ
xt−1 − τ (r̂t − Et π̂t+1) + νx,t (3.1)

r̂t = φr r̂t−1 + (1− φr) (φππ̂t + φxxt) + εr,t

νπ,t = ρπνπ,t−1 + επ,t (for indexing behavior) (3.2)
νx,t = ρxνx,t−1 + εx,t (for 
onsumption behavior)where the variable xt is the output gap, π̂t is the in�ation gap and r̂t is the interestrate gap. The dis
ount fa
tor and the slope 
oe�
ient of the Phillips 
urve aredenoted by the parameters β and κ, respe
tively. The parameters α and χ measurethe degree of pri
e indexation in the NKPC (0 ≤ α ≤ 1) and habit persisten
e of thehousehold (0 ≤ χ ≤ 1). And τ is a parameter that refers to the intertemporal elas-ti
ity of substitution of 
onsumption (τ ≥ 0). In the Taylor rule, φr determines thedegree of interest rate smoothing (0 ≤ φr ≤ 1). The other parameters φx and φπ arethe poli
y 
oe�
ients that measure the 
entral bank's rea
tions to 
ontemporaneousoutput and in�ation (φx, φπ ≥ 0).The sho
ks εz,t are normally distributed with standard deviation σz (i.i.d. with

z = π, x, r). Sin
e νπ,t and νx,t are autoregressive pro
esses, the persisten
e of the
ost-push and demand sho
ks are 
aptured by the parameters ρπ and ρx, respe
tively(0 ≤ ρπ, ρx ≤ 1). In estimation, we do not take them together, but treat them asbeing an independent 
ase in order to dire
tly disentangle the sour
es of in�ationand output persisten
e in the model.43Note here that we use the gaps instead of the levels for interest rate and in�ation. Indeed,many empiri
al studies provide eviden
e for a time-varying trend in in�ation and the natural rate ofinterest; see Castelnuovo (2010), Cogley and Sbordone (2008), and Cogley et al. (2010). Moreover,the se
ond moments are 
hosen to mat
h the data when we estimate the model parameters. Asa result, if we would use the non-stationary data without making assumptions about the datagenerating pro
ess, it would 
ause substantial bias in parameter estimates of the stru
tural model.4In the 
urrent study, we do not 
onsider the presen
e of serially 
orrelated sho
ks in the



3.2. Expe
tation formation in a DSGE model 53For the sake of simpli
ity, we present the above stru
tural equations in 
anoni
alform. We denote by yt and νt the ve
tor of three observable variables and the sho
ksrespe
tively: yt = (π̂t, xt, r̂t)
′, νt = (νπ,t, νx,t, 0)

′.
AEtyt+1 + Byt + Cyt−1 + νt = 0 (3.3)

νt = Nνt−1 + εt, εt ∼ N(0,Σε)where the matri
es A, B, C, N are de�ned in appendix B.To solve the system, we 
an express the derivation of the solution as the re
ursiveequation with matri
es Ω and Φ. First, we use the method of undetermined 
oe�-
ients to obtain the unique solution of the system under determina
y (i.e., φπ ≥ 1).Se
ond, we apply the brute for
e iteration method of Binder and Pesaran (1995) tonumeri
ally evaluate the matrix Ω; see appendix B for some intermediate steps.
yt = Ωyt−1 + Φνt (3.4)
νt = Nνt−1 + εtFrom the matri
es Ω and Φ, it follows that the 
ontemporaneous and laggedauto
ovarian
e pro
ess of the model 
an be 
omputed re
ursively using the Yule-Walker equations; see 
hapter 2 of Lütkepohl (2005). On the whole, we adjust thenotation by 
hanging the dating of the sho
ks and rewrite Equation (3.4) as

[
yt
νt+1

]
=

[
Ω Φ

0 N

] [
yt−1

νt

]
+

[
0

I

]
εt+1 (3.5)Moreover, we 
an transform Equation (3.5) into the law of motion of zt =

(y′t, ν
′
t+1)

′. This 
an be more 
ompa
tly written as
zt = A1zt−1 + ut, ut ∼ N(0,Σu), Σu = DΣεD

′ (3.6)where the matrix A1 and the 
ovarian
e matrix Σu are fun
tions of the parameterve
tor θ. The sho
ks are mapped into the ve
tor of ut = D · εt+1 with D = (0 I)′.The estimation methodologies will be dis
ussed later.realizations of interest rate. It is assumed here that the sho
k persisten
e parameter of interestrate ρr is explained by its lagged term with the smoothing parameter φr. See also Carrillo et al.(2007).
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tural Estimation of the New-Keynesian Model3.2.2 Sour
es of persisten
e: ba
kward- and forward-looking be-haviorIn the study of the model 
omparison, we put an emphasis on two polar 
ases ofthe behavior of e
onomi
 agents. For example, when the pri
e indexation parameter
α is set to zero, it is assumed in the model that expe
tations are purely forward-looking. In this 
ase, in�ation persisten
e is ex
lusively driven by the exogenoussho
k pro
ess and inherited persisten
e from the output gap (see Table 3.1). Butallowing it to be a free parameter, we assume that agents in the market 
an 
hoosenaive expe
tations. As a result, the NKPC is a�e
ted by both expe
ted future andlagged in�ation. This allows the model to have a degree of inertia in the dynami
s,whi
h 
an provide stru
tural insights on the 
omovement between in�ation andoutput. Table 3.1: Sour
es of persisten
e in the NKPC and the IS equationpersisten
e in�ation outputintrinsi
 indexing behavior (α) habit formation (χ)extrinsi
 AR (1) of the sho
k (ρπ) AR (1) of the sho
k (ρx)inherited slope of Phillips 
urve (κ) intertemporal substitution (τ)In the same vein, Table 3.1 shows that we 
an distinguish between the ba
kward-and forward-looking behavior in the IS equation. As long as ea
h household 
hooses
onsumption optimally (i.e., without habit formation χ = 0), the output dynami
sin the e
onomy are only driven by the exogenous sho
k and the inherited persisten
e.The latter is implied by rational-expe
tations equilibrium in the intertemporal al-lo
ation of 
onsumption. On the 
ontrary, if habit persisten
e is present in the
onsumption rule (i.e., χ is now a free parameter), then the output dynami
s is en-dogenously sustained by the optimizing behavior; the in
lusion of habit formationin 
onsumption 
an explain the dependen
e of the 
urrent expenditure on the pastlevel of expenditure. As a result, the NKPC also depends on the lagged term in theIS equation.In the 
urrent study, we aim to disentangle the sour
es of in�ation and outputpersisten
e using 
lassi
al estimation methods. Espe
ially, we investigate the degreeof endogenous dynami
s in the model with the lagged term. In other words, it
an be seen that the in
lusion of the ba
kward-looking behavior in the NKPC andthe IS equation o�sets the e�e
ts of the extrinsi
 and inherited persisten
e whilestrengthening the 
omovement between in�ation and output. Note here that wepinpoint the sour
es of persisten
e by separately 
onsidering AR (1) of the sho
ksfor the pri
e indexing and 
onsumption behavior.55We also investigated the 
ase where two extrinsi
 persisten
e are allowed in the model atthe same time; i.e. ρπ, ρx 6= 0. But in this 
ase we found unreliable parameter values, and thesour
es of persisten
e are not 
learly identi�ed. For example, in in�ation persisten
e, the results
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tion 553.3 Estimation methodologies and model sele
tionIn this se
tion, we explain our estimation methodologies, whi
h must be based on thesolution of the model: the method of moment and maximum likelihood estimation.And we present a formal testing pro
edure su
h that the empiri
al performan
e ofthe models 
an be 
ompared.3.3.1 Method of moment and model 
omparison: HMT (2012)From the law of motion in Equation (3.6), it follows that a set of the se
ond mo-ments of zt 
an be analyti
ally 
omputed. Thus the 
ontemporaneous and laggedauto
ovarian
es of the �rst-order ve
tor-autoregressive (VAR (1)) are given by:
Γ(h) := E(ztz

′
t−h) ∈ RK×K, K = 2n, h = 0, 1, 2, · · · (3.7)where n is the dimension of the ve
tor of observable variables yt. Their 
omputationpro
eeds in two steps. First, Γ(0) is obtained from the equation Γ(0) = A1Γ(0)A

′
1+

Σu, whi
h yields ve
Γ(0) = (IK2 −A1 ⊗A1)
−1ve
Σu (3.8)where the symbol '⊗' denotes the Krone
ker produ
t. The invertibility of the term

IK2 − A1 ⊗ A1 is guaranteed, be
ause A1 is 
learly a stable matrix; i.e. φπ ≥ 1.Se
ond, the Yule-Walker equations are employed, from whi
h we 
an re
ursivelyobtain the lagged auto
ovarian
es as
Γ(h) = A1Γ(h− 1) (3.9)This formula relates to a ve
tor autoregressive pro
ess of the model. From Equa-tion (3.9), we 
an 
ompute analyti
 se
ond moments of the model, whi
h will beused to mat
h the empiri
al 
ounterparts during the MM estimation.For the purposes of 
omparison between two models (A and B), we must esti-mate the model parameters by minimizing a weighted obje
tive fun
tion (the 
hosengoodness-of-�t measures):of the model estimation indi
ate high degree of intrinsi
 persisten
e in the output dynami
s (χ =1.0). This e�e
t will enter into the Phillips 
urve, and eventually have in�uen
e on the in�ationdynami
s. If the model allows for extrinsi
 persisten
e in the supply sho
k (ρx 6= 0), then the e�e
tof intrinsi
 persisten
e from the output will be o�set by extrinsi
 persisten
e, and will a�e
t theintrinsi
 persisten
e in in�ation. These make it inherently di�
ult to provide a distin
t analysison the identi�
ation of the sour
es of persisten
e in the model. Therefore we de
ide to separately
onsider the AR (1) sho
ks in in�ation and output.
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JI(θ) ≡ min

θI∈Θ
T (m̂T −mI(θI))′ W (m̂T −mI(θI)), I = A,B (3.10)where mI is a ve
tor of moments, and m̂ is a 
onsistent and asymptoti
ally normalestimator of true moments m0.6To examine the ma
roe
onomi
 e�e
ts of the expe
ted future and lagged termon the NKPC and the IS equation, we use auto- and 
ross-
ovarian
es at lag 1 (15moments) from the interest rate gap (r̂t), the output gap (xt), and the in�ation rategap (π̂t); see also appendix A. With referen
e to the alternative moment 
onditions,we present a 
ase for the auto- and 
ross-
ovarian
es up to lag 4 (42 moments). Theempiri
al results of moment estimates and their robustness will be dis
ussed later.Note here that we use a set of the se
ond moments to evaluate the model's empiri
alperforman
e and apply a formal test to the model of purely forward-looking behaviorand its hybrid variant.In order to 
onstru
t the obje
tive fun
tion, we must estimate the weight matrix

W . Here we simply use the Newey-West estimator (Newey and West (1987)):
Σ̂m = Γ̂T (0) +

5∑

k=1

(
Γ̂T (k) + Γ̂T (k)

′
) (3.11)where Γ̂T (j) is 1

T

∑T
t=j+1(mt − m̄)(mt − m̄)′, and k is the number of lags.7 Inparti
ular, we ignore o�-diagonal elements of the weight matrix and 
ompute theinverse of Σ̂m; i.e. W = 1/Σ̂m,ii, i = 1, · · · , nm. The reason for this restri
tion istwo-fold: (i) when the sample size is small, the 
orrelation between the elements ofthe weight matrix and the se
ond moments is likely to be high; e.g. see Altonji andSegal (1996). (ii) If we 
onsider a large set of the moment 
onditions up to lag oftwo or three years, the rows in the weight matrix are 
orrelated to some extent. Toavoid the dependen
e between the moments, we only use the diagonal 
omponentsof the varian
e-
ovarian
e matrix.Under the standard regularity 
onditions, the asymptoti
 distribution of theparameter estimates is given by:

√
T (θ̂T − θ0) ∼ N(0,Λ) (3.12)6The obje
tive fun
tion in Equation (3.10) is multiplied by the sample size T , sin
e this givesan asymptoti
 χ2 test statisti
 for testing the null hypothesis that the moment 
onditions hold;i.e. the model misspe
i�
ation.7The lag order is 
hosen following a simple rule of thumb for sample size (∼ T 1/4). For the GIand GM data, we have 78 and 99 quarterly observations respe
tively. Therefore k is set to 5.
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tion 57where we 
an numeri
ally 
ompute the 
ovarian
e matrix Λ using the �rst derivativeof the moments at optimum; i.e. Λ = [(DWD′)−1]D′WΣmWD[(DWD′)−1]′.8 Notehere that D is a gradient ve
tor of moment fun
tions evaluated at the estimatedvalues:
D̂ =

∂m(θ;XT )

∂θ

∣∣∣∣
θ=θ̂T

(3.13)Next, we 
onsider hypotheses 
omparing the goodness-of-�t of the 
ompetingmodels. The null hypothesis H0 is that two non-nested models �t the data equally:
H0 :

∥∥W 1/2(m̂T −mA(θA))
∥∥−

∥∥W 1/2(m̂T −mB(θB))
∥∥ = 0 (3.14)The �rst alternative hypothesis is that model A performs better than model B when

H1 :
∥∥W 1/2(m̂T −mA(θA))

∥∥−
∥∥W 1/2(m̂T −mB(θB))

∥∥ < 0 (3.15)The se
ond alternative hypothesis is that model B performs better than model Awhen
H2 :

∥∥W 1/2(m̂T −mA(θA))
∥∥−

∥∥W 1/2(m̂T −mB(θB))
∥∥ > 0 (3.16)To 
arry out the model 
omparison, we de�ne the quasi-likelihood-ratio (QLR)statisti
 as Q̂LR = JB(θ̂B)− JA(θ̂A) (3.17)A

ording to HMT, the relationship between two models (A and B) 
an bede�ned in terms of the following terminologies: (i) nested, (ii) stri
tly non-nestedand (iii) overlapping models. Espe
ially, if the two models share moment 
onditionsfor the data generating pro
ess and neither model is nested within the other, weassume that two models are overlapping; note here that the two models 
an not8If the weight matrix is 
hosen optimally (Ŵ = Σ−1

m ), the estimated 
ovarian
e matrix Λbe
omes (DWD′)−1; see 
hapter 1 of Anatolyev and Gospodinov (2011) among others. However,in our study, the estimated 
on�den
e bands be
ome wider, be
ause the weighting s
heme in theobje
tive fun
tion is not optimal.
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tural Estimation of the New-Keynesian Modelbe identi
al, be
ause they 
an still generate di�erent moment 
onditions by usingdi�erent numeri
al values for the parameters. Then we 
an 
ondu
t two sequentialpro
edures of the hypothesis testing á la Vuong (1989). To begin, we 
ompute
riti
al values of the QLR distribution for the �rst step of the model 
omparison.9The simulated QLR distribution is de�ned as the following χ2-type formula:
Z ′ Σ̂1/2

m W (V B − V A)W Σ̂1/2
m Z, Z ∼ N(0, Enm) (3.18)where Σ is a positive de�nite 
ovarian
e matrix of the moment estimates, and Z isdrawn from the multivariate (nm) normal distribution; appendix E de�nes the nIθby nIθ matrix V I with I = A, B in Equation (3.18). If Q̂LR ex
eeds the 
riti
alvalue from a 95% 
on�den
e interval, then the null hypothesis is reje
ted. Next, these
ond step investigates whether or not the sour
e of the reje
tion asymptoti
ally
omes from the same goodness-of-�t. The suggested test statisti
 has a standardnormal distribution (z):

w0 = 2 ·
√

(mB(θB)−mA(θA))′ W (mB(θB)−mA(θA)) (3.19)The standard deviation w0 measures the un
ertainty of the Q̂LR estimates oftwo models. A

ordingly, the null of the equal �ts 
an be reje
ted when √
T ·QLR(θ̂B, θ̂A)/ŵ0 > z1−0.05/2 in whi
h 
ase A is the preferred model, or √
T ·QLR(θ̂B, θ̂A)/ŵ0 < −z1−0.05/2 in whi
h 
ase B is preferred.3.3.2 Maximum likelihood and model sele
tionLikelihood inferen
e has been widely used to estimate the parameters of DSGEmodels over the last de
ade; see Ireland (2004), Lindé (2005) and others. We brie�ysummarize the e
onometri
 steps for the ML estimation and model sele
tion. FromEquation (3.4), we may write that:

yt = Ωyt−1 + Φ · (N · νt−1 + εt) (3.20)
= (Ω +ΦNΦ−1)yt−1 − ΦNΦ−1Ωyt−2 + Φ · εtwhere we de�ne the variable Φ·εt as ηt. Now we assume that ηt follows a multivariatenormal distribution.9Appendix E presents intermediate steps for simulating the QLR distribution. The theoreti
alQLR distribution is derived from the mean value expansion to a binding fun
tion (or moment
onditions).
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ηt ∼ N(0,Ση), Ση ≡ Φ · Σε · Φ′ (3.21)Hen
e we 
an obtain the following 
onditional probability for the ve
tor of observablevariables yt:

yt|yt−1, yt−2 ∼ N((Ω + ΦNΦ−1)yt−1 − ΦNΦ−1Ωyt−2, Ση) (3.22)Given the normality assumption of sho
ks and data set, the likelihood fun
tion 
anbe 
onstru
ted as:
L(θ) = −n · T

2
ln(2π)− T

2
ln |Ση| −

1

2

T∑

t=2

η′t · Σ−1
η · ηt (3.23)where n is the dimension of yt. Finally, we arrive at the ML estimates for theparameter θ by maximizing Equation (3.23):

θml = arg max
θ∈Θ

L(θ) (3.24)Under standard regularity 
onditions, the ML estimation is 
onsistent and asymp-toti
ally normal:
√
T (θ̂ml − θ0)

a∼ N(0, (Υ/T )−1) (3.25)where Υ = E(∂2L(θ)/∂θ∂θ′) is the information matrix. In our study, Υ is numeri-
ally 
omputed using the Hessian matrix of the log likelihood fun
tion at optimum.For the purposes of the formal test, we use the well-known approa
h to model se-le
tion, the Akaike information 
riterion (AIC):AIC = − 2

T
· lnL(θ) +

2 p

T
(3.26)where p is the dimension of the parameter θ. Then, we 
hoose the model for whi
hAIC is the smallest. As an alternative to the AIC, we also 
onsider the Bayesianinformation 
riterion (BIC):BIC = − 2

T
· lnL(θ) +

p · lnT
T

(3.27)where the se
ond term, p · lnT penalizes the model with additional parameters.



60 3. Stru
tural Estimation of the New-Keynesian Model3.4 Empiri
al appli
ationIn this se
tion, we present empiri
al results of the model using the US data. First,we attempt to disentangle the sour
es of persisten
e in in�ation and output; weexamine the empiri
al performan
e of the model using the formal test of HMT.Se
ond, the similarities and dissimilarities between the MM and ML estimations aredis
ussed. Finally, we investigate the validity of extra moment 
onditions based onthe model's empiri
al performan
e.3.4.1 DataThe data we use in this study 
omprise the GDP pri
e de�ator, the real GDP andthe federal funds rate. The series are taken from the US model data sets by Ray C.Fair; http://fairmodel.e
on.yale.edu/main3.htm. The trend rates underlyingthe gap formulation are treated as exogenously given. The trend from a Hodri
k-Pres
ott (HP) �lter is used with the smoothing parameter λ =1600. The dataset 
overs the period 1960-2007. Due to the stru
tural break beginning with theappointment of Paul Vol
ker as 
hairman of the U.S. Federal Reserve Board, wesplit data into two sub-samples: the Great In�ation (GI, 1960:Q1-1979:Q2) and theGreat Moderation (GM, 1982:Q4-2007:Q2). The data split in the US e
onomy isstandard in most existing empiri
al works.3.4.2 Basi
 results on method of moments estimation and model
omparisonIn this se
tion, we apply the MM estimation to the model and dis
uss the im-portan
e of the lagged dynami
s for in�ation and output persisten
e. Auto- and
ross-
ovarian
es at lag 1 are used as 
hosen moment 
onditions. Next, the model
omparison method is used to provide a formal assessment of the performan
e of
ompeting spe
i�
ations.3.4.2.1 Assessing the �t of the model to in�ation persisten
e: 15 mo-mentsA set of se
ond moment 
onditions is used to assess the performan
e of the twomodels to �t in�ation persisten
e in the GI data. Table 3.2 shows the parameterestimates for the model with forward-looking behavior and its hybrid variant. Aslong as the pro�t maximizing rule without indexation to past in�ation (or purelyforward-looking) determines the total amount of output in the e
onomy, the in�ationdynami
s are primarily 
aptured by inherited and extrinsi
 persisten
e. Indeed, fromthe model with purely forward-looking behavior, we obtain mu
h higher estimatedvalues for the parameters κ and ρπ than its hybrid variant; i.e. κ̂ = 0.12 (forward)
> 0.05 (hybrid), ρ̂π = 0.51 (forward) > 0.0 (hybrid).
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al appli
ation 61Table 3.2: Parameter estimates for in�ation persisten
e with 15 momentsGI GMhybrid forward hybrid forward
α 0.768 0.0 (�xed) 0.105 0.0 (�xed)(0.007 - 1.000) ( - ) (0.000 - 1.000) ( - )
κ 0.047 0.123 0.052 0.058(0.009 - 0.084) (0.000 - 0.318) (0.000 - 0.136) (0.008 - 0.107)
ρπ 0.000 0.506 0.000 0.086( - ) (0.078 - 0.933) ( - ) (0.000 - 0.269)
σπ 0.679 0.778 0.638 0.644(0.103 - 1.255) (0.603 - 0.952) (0.454 - 0.823) (0.491 - 0.798)
χ 1.000 0.999 0.774 0.802( - ) (0.441 - 1.000) (0.497 - 1.000) (0.499 - 1.000)
τ 0.094 0.089 0.000 0.000(0.015 - 0.174) (0.000 - 0.192) ( - ) ( - )
ρx 0.0 (�xed) 0.0 (�xed) 0.0 (�xed) 0.0 (�xed)( - ) ( - ) ( - ) ( - )
σx 0.727 0.662 0.404 0.369(0.547 - 0.907) (0.416 - 0.909) (0.118 - 0.691) (0.068 - 0.671)
φπ 1.659 1.744 1.798 1.943(1.000 - 2.334) (1.084 - 2.404) (1.000 - 4.039) (1.000 - 4.465)
φx 0.378 0.181 0.729 0.652(0.026 - 0.731) (0.000 - 0.452) (0.226 - 1.231) (0.087 - 1.217)
φr 0.544 0.463 0.841 0.849(0.323 - 0.765) (0.248 - 0.678) (0.698 - 0.984) (0.707 - 0.991)
σr 0.786 0.662 0.391 0.384(0.382 - 1.190) (0.155 - 1.169) (0.099 - 0.684) (0.080 - 0.688)
J(θ) 1.30 3.24 2.26 2.44Note: The dis
ount fa
tor parameter β is 
alibrated to 0.99. The 95% asymptoti

on�den
e intervals are given in bra
kets.Turning to the formal test, we 
lassify the two models into the nested 
ase.Sin
e the hybrid variant of the model 
an generate ri
her dynami
s due to thelagged in�ation with the pri
e indexation parameter α, it nests the other model;the model with the forward-looking expe
tations does not allow for the e�e
ts ofintrinsi
 persisten
e on the NKPC.To test the null hypothesis that the two models have an equal �t to the data,we 
ompare the estimated loss fun
tion values (Ĵ(θ)). We �nd QLR = 1.94. Thesimulated 1% and 5% 
riti
al values for the hypothesis testing are 2.42 and 1.31,respe
tively; see the left panel of Figure 3 in appendix F. Therefore we reje
t thenull hypothesis at 5% level; the ba
kward-looking behavior plays a signi�
ant rolein approximating the in�ation persisten
e of the GI.This �nding is summarized in Table 3.3. The results show that the hybridvariant of the model 
an approximate the in�ation dynami
s better than the other.The in
lusion of the lagged term 
an almost provide perfe
t �t to the 
omovements
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tural Estimation of the New-Keynesian Modelbetween interest rate, in�ation and output; e.g. see Cov(rt, xt−k), Cov(xt, πt−k),Cov(πt, rt−k). However, this result does not indi
ate that the e�e
ts of the inheritedand extrinsi
 persisten
e alone 
annot explain the empiri
al regularities in the USe
onomy. This point should be 
lear, sin
e the evaluation of the �t of the nestedmodel is not so bad; the estimated values of auto- and 
ross-
ovarian
es at lag 1lie within the 95% 
on�den
e intervals of the empiri
al moments. A

ording to theformal test, we 
an only say that there is a signi�
ant di�eren
e between model-generated moments of the two model, and the �t of the hybrid variant to the datais superior. Note here that we do not aim to mat
h the auto- and 
ross-
ovarian
esup to higher lags; this will be dis
ussed later.Table 3.3: Empiri
al and model-generated moments for in�ation persisten
e: 15 moment 
onditionsLabel Emp. 95% CI hybrid forward Label Emp. 95% CI hybrid forwardVar(r̂t) 3.296 1.297-5.296 3.400 3.524 Cov(xt,x−1) 2.523 1.356-3.690 2.365 2.495Cov(r̂t, r̂−1) 2.886 1.142-4.629 2.572 2.388 Cov(xt, π̂t) 0.069 -0.415-0.552 0.160 0.236Cov(r̂t, xt) 0.232 -0.611-1.075 0.256 0.270 Cov(xt, π̂−1) -0.350 -1.239-0.539 -0.342 -0.234Cov(r̂t, x−1) 0.991 0.235-1.746 0.946 0.782 Cov(π̂t, r̂−1) 1.288 -0.021-2.597 1.067 0.846Cov(r̂t, π̂t) 1.535 -0.026-3.097 1.854 2.155 Cov(π̂t, x−1) 0.588 0.199-0.977 0.527 0.442Cov(xt, π̂−1) 1.401 0.038-2.765 1.731 1.714 Var(π̂t) 1.989 0.615-3.364 1.713 1.921Cov(xt, r̂−1) -0.450 -1.622-0.722 -0.490 -0.369 Cov(π̂t, π̂−1) 0.893 -0.216-2.001 1.033 0.789Var(xt) 3.001 1.728-4.275 3.191 3.176Note: 95% CI means the 95% asymptoti
 
on�den
e intervals for empiri
al moments. Bold fa
e �gures emphasizea better �t of the hybrid model to the empiri
al moments.Next, we 
onsider the same steps for the model 
omparison using the GM data.However, most parameter estimates of the two models do not di�er too mu
h. Forexample, the estimated value for the pri
e indexation is 
lose to zero in the hybridvariant of the model; i.e. α̂ = 0.105. A

ordingly, the result of the formal testshows that the two models �t the data equally well. We �nd that the estimatedQLR statisti
 is small: QLR = 0.17. The simulated 1% and 5% 
riteria for thehypothesis testing are 0.51 and 0.27, respe
tively; see the right panel of Figure 3 inappendix F. Therefore the null hypothesis 
annot be reje
ted.To save spa
e, we do not report the model-generated moments for GM. Indeed,when we 
ompare traje
tories of the model-generated moments (i.e. hybrid andforward), the model 
ovarian
e pro�les overlap ea
h other. The two models providea good �t to auto- and 
ross-
ovarain
es at the short lag. In other words, we
on
lude that the two models are not signi�
antly di�erent at 5% level. We dis
ussthe evaluation of the �t of the model using alternative moment 
onditions later,be
ause the model has a bad �t to the sample auto
ovarian
es up to relatively largelags (two or three years).
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al appli
ation 633.4.2.2 Assessing the �t of the model to output persisten
e: 15 momentsTurning to the output dynami
s in the IS equation, we estimate the e�e
ts of habitpersisten
e on the model. The estimated parameters for the model with or withouta habit formation are presented in Table 3.4; in the purely forward-looking behavior
χ is set to zero, whereas this parameter is subje
t to the estimation in the hybridvariant of the model. The MM estimates of the two models have similar valuesex
ept for the degree of the supply sho
k σx, monetary poli
y sho
k σr and theTaylor rule 
oe�
ient φπ.Table 3.4: Parameter estimates for output persisten
e with 15 momentsGI GMhybrid forward hybrid forward

α 0.517 0.740 0.039 0.036(0.044 - 0.990) (0.204 - 1.000) (0.000 - 0.215) (0.000 - 0.205)
κ 0.061 0.066 0.064 0.057(0.011 - 0.112) (0.004 - 0.128) (0.000 - 0.130) (0.000 - 0.117)
ρπ 0.0 (�xed) 0.0 (�xed) 0.0 (�xed) 0.0 (�xed)( - ) ( - ) ( - ) ( - )
σπ 0.876 0.715 0.684 0.687(0.576 - 1.175) (0.447 - 0.983) (0.545 - 0.824) (0.547 - 0.826)
χ 0.931 0.0 (�xed) 0.585 0.0 (�xed)(0.000 - 1.000) ( - ) (0.000 - 1.000) ( - )
τ 0.441 0.422 0.480 0.506(0.000 - 0.943) (0.000 - 0.995) (0.000 - 1.223) (0.000 - 1.315)
ρx 0.914 0.868 0.930 0.941(0.756 - 1.000) (0.725 - 1.000) (0.864 - 0.996) (0.878 - 1.000)
σx 0.214 0.445 0.197 0.218(0.039 - 0.390) (0.154 - 0.736) (0.000 - 0.452) (0.011 - 0.425)
φπ 1.857 2.256 1.109 1.354(1.000 - 2.729) (1.000 - 3.661) (1.000 - 2.395) (1.000 - 2.905)
φx 0.838 0.797 1.526 1.438(0.227 - 1.449) (0.244 - 1.349) (0.537 - 2.515) (0.464 - 2.412)
φr 0.725 0.835 0.863 0.898(0.482 - 0.968) (0.681 - 0.989) (0.773 - 0.953) (0.804 - 0.993)
σr 0.695 0.240 0.294 0.215(0.207 - 1.183) (0.000 - 1.326) (0.060 - 0.528) (0.000 - 0.612)
J(θ) 0.44 1.91 0.40 0.57Note: The dis
ount fa
tor parameter β is 
alibrated to 0.99. The 95% asymptoti

on�den
e intervals are given in bra
kets.It 
an be seen from the GI data that the estimated demand sho
k is two timeshigher in an optimal 
onsumption behavior without habit persisten
e than the othermodel (σ̂x = 0.45 (forward) > 0.21 (hybrid)). This result shows that the outputdynami
s are more or less driven by the high level of the demand sho
ks when asimple rule of thumb behavior is not allowed in the IS equation. As a result, the per-sisten
e from the demand sho
ks also a�e
ts in�ation dynami
s while o�setting the
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ts of inherited persisten
e. This is indi
ated by a relatively moderate degree ofba
kward-looking behavior; i.e. α̂ = 0.517 (hybrid) and 0.740 (forward). Moreover,
on
erning the hybrid model spe
i�
ation, whi
h allows a fra
tion of 
onsumers tohave a rule of thumb behavior, the estimation results indi
ate a low value for themonetary 
oe�
ients on in�ation; i.e. φ̂π = 2.26 (forward) > 1.86 (hybrid). Putdi�erently, 
entral banks rea
t weakly to sho
ks due to the fa
t that the transmis-sion of the sho
ks endogenously a�e
ts the output persisten
e; sin
e the parameterestimates are poorly determined with a large 
on�den
e interval, however, we mightraise doubts about appropriateness of this impli
ation espe
ially when the samplesize is small. The reliability of the parameter estimates will be investigated latervia a Monte Carlo study.Now, we 
ompute the loss fun
tion values to apply a formal test to the twospe
i�
ations in the IS equation. In GI, these values are respe
tively 0.44 and 1.91for the model with and without habit formation. The simulated 1% and 5% 
riteriafor the hypothesis testing are 1.89 and 1.08, respe
tively; see the left panel of Figure4 in appendix F. Sin
e the estimated value for QLR ex
eeds the 
riterion at 5%level, we reje
t the null hypothesis that the two models are equivalent. This impliesthat the output dynami
s are better approximated by the 
onsumption behaviorin a rule of thumb manner. This �nding is shown in Table 3.5. For example, thehybrid variant of the model 
an almost provide perfe
t �t to the 
ovarian
e pro�lesof (rt, xt−k), (xt, xt−k) and (πt, πt−k).Table 3.5: Empiri
al and model-generated moments for output persisten
e: 15 moment 
onditionsLabel Emp. 95% CI hybrid forward Label Emp. 95% CI hybrid forwardVar(r̂t) 3.296 1.297 ∼ 5.296 3.305 3.196 Cov(xt,x−1) 2.523 1.356 ∼ 3.690 2.468 2.187Cov(r̂t, r̂−1) 2.886 1.142 ∼ 4.629 2.873 3.041 Cov(xt, π̂t) 0.069 -0.415 ∼ 0.552 0.094 0.073Cov(r̂t, xt) 0.232 -0.611 ∼ 1.075 0.164 0.342 Cov(xt, π̂−1) -0.350 -1.239 ∼ 0.539 -0.417 -0.368Cov(r̂t, x−1) 0.991 0.235 ∼ 1.746 0.984 0.789 Cov(π̂t, r̂−1) 1.288 -0.021 ∼ 2.597 1.048 1.025Cov(r̂t, π̂t) 1.535 -0.026 ∼ 3.097 1.657 1.525 Cov(π̂t, x−1) 0.588 0.199 ∼ 0.977 0.578 0.579Cov(xt, π̂−1) 1.401 0.038 ∼ 2.765 1.582 1.638 Var(π̂t) 1.989 0.615 ∼ 3.364 1.907 1.810Cov(xt, r̂−1) -0.450 -1.622 ∼ 0.722 -0.252 -0.073 Cov(π̂t, π̂−1) 0.893 -0.216 ∼ 2.001 0.934 1.109Var(xt) 3.001 1.728 ∼ 4.275 3.067 3.331Note: 95% CI means the 95% asymptoti
 
on�den
e intervals for empiri
al moments. Bold fa
e �gures emphasize abetter �t of the hybrid model to the empiri
al moments.In the period of GM, the parameter estimates for the two models are found tobe similar. The di�eren
e in the loss fun
tion values is small (i.e., QLR = 0.17).The simulated 1% and 5% 
riteria for the hypothesis testing are 7.58 and 12.37,respe
tively; see the right panel of Figure 4 in appendix F. We 
annot reje
t thenull hypothesis that the two models are equivalent. To save spa
e, we do not reportthe model-generated moments for the GM period; the 
ovarian
e pro�les of the twomodels overlap ea
h other.
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al appli
ation 653.4.3 Basi
 results on maximum likelihood estimationFor 
omparison purposes, we present the empiri
al results of the ML estimation ofthe NKM; it is known in empiri
al literature that likelihood inferen
e has satisfa
toryasymptoti
 properties when the model is 
orre
tly spe
i�ed. In addition, we willexamine the large sample properties and statisti
al e�
ien
y of the estimators interms of our 
hoi
e of moments via extensive Monte Carlo experiments later.Table 3.6: ML estimates for in�ation and output persisten
ein�ation persisten
e output persisten
eGI GM GI GM
α 0.446 0.157 α 0.478 0.126(0.241 - 0.652) (0.149 - 0.164) (0.230 - 0.726) (0.008 - 0.243)
κ 0.000 0.036 κ 0.018 0.046( - ) (0.034 - 0.037) (0.000 - 0.099) (0.015 - 0.077)
ρπ 0.000 0.000 ρπ 0.0 (�xed) 0.0 (�xed)( - ) ( - ) ( - ) ( - )
σπ 0.879 0.654 σπ 0.869 0.663(0.740 - 1.019) (0.649 - 0.660) (0.737 - 1.002) (0.597 - 0.729)
χ 1.000 0.998 χ 0.281 0.254( - ) (0.978 - 1.000) (0.245 - 0.316) (0.133 - 0.374)
τ 0.037 0.016 τ 0.081 0.027(0.001 - 0.073) (0.014 - 0.019) (0.038 - 0.125) (0.014 - 0.040)
ρx 0.0 (�xed) 0.0 (�xed) ρx 0.808 0.763( - ) ( - ) (0.735 - 0.880) (0.692 - 0.835)
σx 0.523 0.253 σx 0.211 0.098(0.442 - 0.604) (0.252 - 0.255) (0.174 - 0.248) (0.093 - 0.104)
φπ 1.353 1.001 φπ 1.394 1.000(1.000 - 2.760) (1.000 - 1.112) (1.000 - 2.661) ( - )
φx 1.180 1.275 φx 1.352 1.456(0.295 - 2.064) (1.225 - 1.324) (0.710 - 1.995) (1.135 - 1.777)
φr 0.809 0.830 φr 0.803 0.843(0.690 - 0.927) (0.827 - 0.833) (0.754 - 0.852) (0.828 - 0.857)
σr 0.734 0.477 σr 0.741 0.476(0.618 - 0.850) (0.472 - 0.481) (0.622 - 0.859) (0.435 - 0.518)
L(θ) -308.86 -233.99 L(θ) -309.53 -231.84Note: The dis
ount fa
tor parameter β is 
alibrated to 0.99. The 95% asymptoti

on�den
e intervals are given in bra
kets.Table 3.6 shows that ML and MM give somewhat similar parameter estimatesto the hybrid variant of the model for in�ation persisten
e.10 For example, the10We also investigated the likelihood ratio test between the model with purely forward-lookingbehavior and its hybrid variant. However, we found that its likelihood value does not di�er too
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e indexation α are 0.45 and 0.16 for the GI and GMdata, respe
tively. The likelihood inferen
e also provides eviden
e of (moderate)intrinsi
 in�ation persisten
e in the model. In other words, the ba
kward-lookingbehavior in the pri
esetting rule a

ounts for in�ation persisten
e. Moreover, theML estimation gives a very small value for the slope of the Phillips 
urve (κ̂ = 0.0(GI) and 0.04 (GM)); individual �rms are likely to be less responsive to 
hanges ine
onomi
 a
tivity (i.e., the Phillips 
urve is �at). Hen
e, in�ation dynami
s in GIare primarily driven by intrinsi
 (moderate) and extrinsi
 (strong) persisten
e; i.e.
α̂ = 0.446, σ̂π = 0.879.As far as the output persisten
e is 
on
erned, we �nd a slight di�eren
e betweenthe ML and MM estimation. For example, the 
omparison of the estimation resultsbetween the two estimators shows that the former gives a mu
h lower value for thehabit formation parameter (χ=0.28 and 0.25 for the GI and GM data). Furtherinteresting observation from Table 3.6 is that the ML estimate for the intertemporalelasti
ity of substitution is found to be mu
h lower (τ=0.08 and 0.03 for the GIand GM data). This implies that output persisten
e is not best 
aptured by thesubstitution e�e
ts from the Fisher equation.Overall, the slight di�eren
e in estimates 
an be attributed to the assumptionof normality of the sho
ks; if the model is 
orre
tly spe
i�ed, the ML estimationmethod is more a

urate for estimating the NKM than the MM estimation. Sin
ewe 
onsider that the model is possibly misspe
i�ed to 
apture the reality (or thetrue data generating pro
ess is not known), however, MM is likely to be a relevant
hoi
e for evaluating the model's goodness-of-�t to the data; the moment mat
hing
an provide a 
loser �t to the sample auto
ovarian
e. The statisti
al e�
ien
y and
onsisten
y of the parameter estimation adopted in this study will be investigatedvia a Monte Carlo study later.Another important point is that the high dimension of the parameter spa
e
an give rise to multiple lo
al optima in the likelihood fun
tion. However, in the
urrent study, we have a strong 
on�den
e in the identi�
ation of the stru
turalparameters, be
ause the 
onvergen
e of the optimization pro
edure is examinedusing di�erent starting values. We found that our empiri
al results 
onverge to aglobal optimum and are veri�ed by using a set of di�erent optimization su
h asiterative minimization, Nelder-Mead simplex, and random sear
h method. In thisrespe
t, the stru
tural estimation based on the analyti
 solution of the system is ableto 
ope with the parameter identi�
ation problems in a small-s
ale hybrid NKM.To make a more systemi
 investigation on our 
hoi
e of moments, the next se
tionis devoted to examine the parameter estimation of the model using a large set ofmoment 
onditions.
mu
h, be
ause the model with purely forward-looking behavior does not make a drasti
 
hangein the parameter estimates. In this 
ase, the formal test based on the likelihood fun
tion is note�e
tive. We do not report these results to save spa
e.
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al appli
ation 673.4.4 Validity of extra moment 
onditionsIn this se
tion, we examine the sensitivity of the MM estimation to the 
hosenmoment 
onditions. From this investigation, we will �nd that alternative moment
onditions do not indu
e qualitative 
hanges in the parameter estimation. To makeour 
hoi
e of moment 
onditions more reliable, we make a 
ase for the ve
tor autore-gressive (VAR) model with lag 4 as a referen
e model; see appendix C for optimallag sele
tion 
riteria. A

ordingly, we analyze the persisten
e of the ma
ro data inthe U.S. e
onomy using auto- and 
ross-
ovarian
es up to lag 4.3.4.4.1 Assessing the �t of the model to in�ation persisten
e: 42 mo-mentsWith a fo
us on alternative moment 
onditions of auto- and 
ross-
ovarian
es upto lag 4 (42 moments), we now estimate two spe
i�
ations of the NKM: forward-looking (α = 0) and hybrid 
ase (i.e. α is a free parameter). In Table 3.7, we �ndeviden
e of strong ba
kward-looking behavior in the NKPC; α̂ = 1.0. Moreover,the MM estimates with a small and large set of moments give qualitatively similarvalues ex
ept for the poli
y sho
k parameter (σr=0.0).11 For example, in the modelwith purely forward-looking behavior, the inherited and extrinsi
 persisten
e havea substantial in�uen
e on the system, 
ompensating for the absen
e of intrinsi
persisten
e in the NKPC: κ = 0.155 (forward) > 0.044 (hybrid), ρπ = 0.675(forward) > 0.0 (hybrid).Next, we draw attention to the model 
omparison. In the GI data, we foundthat the pri
e indexation parameter is a 
orner solution. A

ordingly we treat α asbeing exogenously �xed at unity, be
ause it is assumed in HMT that the estimatedparameters are in the interior of the admissible region (see their assumption 2.5(b)). Put di�erently, sin
e we 
onsider the pri
e indexation parameter as beingexogenously set to di�erent values, it 
an be seen that two models are now equallya

urate and identi
al in population. In this respe
t, we treat two models as beingoverlapping and apply a two step sequential test for model 
omparison. On the
ontrary, the value for the estimated pri
e indexation parameter lies in the interiorof the parameter spa
e for �tting the GM data (α = 0.525). In this 
ase, the hybridversion of the model nests the one with the purely forward-looking expe
tations.In the period of GI, the hybrid variant has a better goodness-of-�t to the data(J = 11.93) than the purely forward-looking version of the model (J = 42.77). Asit is dis
ussed above, the estimated AR (1) 
oe�
ient for the 
ost-push sho
k hasno in�uen
e on the hybrid NKPC; ρ̂π = 0.0.12 The results also show that inheritedpersisten
e has a smaller impa
t on the output dynami
s in the hybrid variant of11Indeed, likelihood inferen
e would avoid su
h an estimate provided that there is a sto
hasti
singularity with zero poli
y sho
k (i.e., the likelihood value be
omes negative in�nity at this point).12The estimated value for the parameter σr hit the boundary. This makes the obje
tive fun
-tion ill-behaved and partial derivatives numeri
ally unstable. We set it to zero and 
ompute thenumeri
al derivatives of the other parameters for the model 
omparison. See appendix D for thematrix notation.
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tural Estimation of the New-Keynesian Modelthe model (κ̂ = 0.044). This implies that the persisten
e is best 
aptured by theba
kward-looking behavior in the hybrid variant. As a result, we �nd almost perfe
t�t to the 
omovements between in�ation and output from the hybrid NKM.Table 3.7: Parameter estimates for in�ation persisten
e with 42 momentsGI GMhybrid forward hybrid forward
α 1.0 0.0 (�xed) 0.509 0.0 (�xed)( - ) ( - ) (0.126 - 0.924) ( - )
κ 0.044 0.155 0.037 0.102(0.018 - 0.069) (0.000 - 0.395) (0.000 - 0.075) (0.017 - 0.187)
ρπ 0.000 0.675 0.000 0.596( - ) (0.387 - 0.964) (0.000 - 0.813) (0.367 - 0.825)
σπ 0.470 0.518 0.364 0.231(0.000 - 1.686) (0.233 - 0.790) (0.048 - 0.680) (0.093 - 0.369)
χ 1.0 1.0 0.770 0.915( - ) ( - ) (0.515 - 1.000) (0.518 - 1.000)
τ 0.092 0.063 0.020 0.027(0.045 - 0.140) (0.008 - 0.118) (0.000 - 0.055) (0.000 - 0.074)
ρx 0.0 (�xed) 0.0 (�xed) 0.0 (�xed) 0.0 (�xed)( - ) ( - ) ( - ) ( - )
σx 0.716 0.600 0.547 0.468(0.462 - 0.970) (0.348 - 0.853) (0.202 - 0.820) (0.185 - 0.751)
φπ 1.740 1.809 2.025 2.218(1.255 - 2.225) (1.221 - 2.397) (1.000 - 2.870) (1.141 - 3.114)
φx 0.080 0.157 0.563 0.564(0.000 - 0.542) (0.000 - 0.528) (0.216 - 1.059) (0.154 - 0.974)
φr 0.267 0.458 0.765 0.732(0.000 - 0.905) (0.224 - 0.692) (0.619 - 0.881) (0.592 - 0.872)
σr 0.000 0.000 0.486 0.545( - ) ( - ) (0.303 - 0.727) (0.351 - 0.739)
J(θ) 11.93 42.77 23.97 27.47Note: The dis
ount fa
tor parameter β is 
alibrated to 0.99. The 95% asymptoti

on�den
e intervals are given in bra
kets.In order to examine the signi�
ant di�eren
e of the �t of the two models, wesubtra
t the obje
tive fun
tion value of purely forward-looking NKM from its hybridvariant; i.e. QLR = 30.83. A

ording to the simulated test distribution, 
riti
alvalues for the 99% and 95% 
on�den
e intervals are 16.99 and 9.96, respe
tively(see the left panel of Figure 5 in appendix F). Sin
e the test statisti
 ex
eeds the
riti
al value at 5% level, we pro
eed to take the se
ond step of the hypothesistesting, whi
h asymptoti
ally evaluates the estimated moments of two models fromthe empiri
al data.In the se
ond step of the formal test, we examine the un
ertainty of the estimateddi�eren
e between the two models for evaluating their �t to the data. We 
omputethe plug-in estimate of ŵ0 (2.54). Under the null hypothesis, the test stati
 follows
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VAR(4)

+z
95%

 CI

−z
95%

 CI

forward (α=0)

hybrid (α=1)

Figure 3.1: Covarian
e pro�les for in�ation persisten
e in GI (dashed: empiri
al,
△: hybrid, *: forward)Note: The empiri
al auto- and 
ross-
ovarian
es are 
omputed using an unrestri
tedfourth-order ve
tor autoregression (VAR) model. The asymptoti
 95% 
on�den
ebands are 
onstru
ted following Coenen (2005).a standard normal distribution; i.e. √T ·QLR(θA, θB) ∼ N(0, w2

0). The estimate of√
T · QLR/ŵ is 1.37, whi
h is smaller than a 
riti
al value at the 5% signi�
an
elevel of the two-tailed test. Therefore the results show that both models have thesame goodness-of-�t to the pro�le of the empiri
al moments, and the null hypothesis
annot be reje
ted.13 Figure 1 depi
ts the model-generated moment 
onditions atthree years for GI and 
ontrasts them with the empiri
al 
ounterparts of the VAR(4) model. Indeed, a visual inspe
tion of this �gure indi
ates that the two modelshave di�erent moments, but their mat
hing to the empiri
al 
ounterparts is notsigni�
antly di�erent.In the period of GM (Table 3.7), it is shown that the hybrid variant �ts the databetter (23.97). The estimation results provide eviden
e of the (strong) inherited and13This statisti
al inferen
e does not remain the same if the pri
e indexation parameter is allowedto ex
eed unity. The 
onstraint on habit formation parameter (χ) is also removed. See Franke etal. (2011) for details.
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Figure 3.2: Covarian
e pro�les for in�ation persisten
e in GM (dashed: empiri
al,
△: hybrid, *: forward)Note: The empiri
al auto- and 
ross-
ovarian
es are 
omputed using an unrestri
tedfourth-order ve
tor autoregression (VAR) model. The asymptoti
 95% 
on�den
ebands are 
onstru
ted following Coenen (2005).extrinsi
 persisten
e in the model with purely forward-looking behavior, be
ausethese 
an o�set the impa
t of inherited persisten
e on the output dynami
s; i.e. κ̂ =0.102 (forward) > 0.037 (hybrid), ρ̂π = 0.596 (forward) > 0.0 (hybrid). However,the other parameter estimates are not di�erent in both spe
i�
ations.These empiri
al �ndings seem to strengthen the relevan
e of ba
kward-lookingbehavior for the GM data. However, the di�eren
e between the two models (3.49)does not ex
eed the 
riti
al value for the 95% 
on�den
e intervals in the formaltest; i.e., 
riti
al values for 99% and 95% 
on�den
e intervals are 38.39 and 21.46,respe
tively; also see the right panel of Figure 5 in appendix F. Put di�erently,the e�e
ts of intrinsi
 persisten
e on in�ation 
an be adequately repla
ed by theinherited and extrinsi
 persisten
e. From this, we 
annot identify the sour
es ofthe persisten
e in the system. Therefore we do not pro
eed to take the se
ondstep of the model 
omparison method and 
on
lude that the null hypothesis 
annotbe reje
ted. Figure 3.2 depi
ts the model-generated moment 
onditions at three
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ation 71years for the GM data; the 
omparison between the model-generated and empiri
almoments by a VAR (4) pro
ess is displayed here.3.4.4.2 Assessing the �t of the model to output persisten
e: 42 momentsTable 3.8 reports the MM estimation for the output persisten
e using alternativemoment 
onditions. The results show that the output dynami
s are strongly in�u-en
ed by the inherited persisten
e. Indeed, in the 
ase of the intertemporal elasti
ityof substitution, we obtain high estimated values for the two models: e.g. in GI, τ̂ =0.205 (hybrid), 0.676 (forward). In addition, we �nd that all the estimated valuesfor ρx ex
eed 0.7. Espe
ially regarding the GI data, this value in
reases substan-tially in the model with purely forward-looking expe
tations, whi
h 
an 
over theabsen
e of intrinsi
 persisten
e in the IS equation; i.e. χ=0.0 (�xed), τ̂ = 0.676.Table 3.8: Parameter estimates for output persisten
e with 42 momentsGI GMhybrid forward hybrid forward
α 1.0 0.998 0.186 0.203( - ) ( - ) (0.000 - 0.396) (0.000 - 0.441)
κ 0.054 0.037 0.086 0.088(0.005 - 0.102) (0.010 - 0.065) (0.037 - 0.134) (0.027 - 0.149)
ρπ 0.0 (�xed) 0.0 (�xed) 0.0 (�xed) 0.0 (�xed)( - ) ( - ) ( - ) ( - )
σπ 0.519 0.428 0.609 0.579(0.099 - 0.939) (0.108 - 0.747) (0.461 - 0.757) (0.410 - 0.749)
χ 1.0 0.0 (�xed) 0.991 0.0 (�xed)( - ) ( - ) ( - ) ( - )
τ 0.205 0.676 0.237 0.236(0.000 - 0.436) (0.000 - 1.897) (0.000 - 0.547) (0.000 - 0.803)
ρx 0.707 0.890 0.854 0.790(0.290 - 1.000) (0.743 - 1.000) (0.686 - 1.000) (0.583 - 0.997)
σx 0.213 0.519 0.140 0.340(0.016 - 0.410) (0.169 - 0.869) (0.000 - 0.298) (0.037 - 0.642)
φπ 1.741 2.046 2.133 2.224(1.154 - 2.327) (1.000 - 3.134) (1.000 - 3.279) (1.000 - 3.764)
φx 0.169 1.103 0.762 0.588(0.000 - 0.584) (0.275 - 1.931) (0.189 - 1.335) (0.000 - 1.202)
φr 0.389 0.889 0.770 0.783(0.000 - 0.853) (0.753 - 1.026) (0.640 - 0.900) (0.648 - 0.917)
σr 0.012 0.016 0.447 0.448( - ) ( - ) (0.248 - 0.645) (0.212 - 0.685)
J(θ) 10.54 31.64 20.79 23.85Note: The dis
ount fa
tor parameter β is 
alibrated to 0.99. The 95% asymptoti

on�den
e intervals are given in bra
kets.Another point worthwhile mentioning here is that the estimation results of thepurely forward-looking model indi
ate high monetary poli
y 
oe�
ients on interest
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tural Estimation of the New-Keynesian Modelrate, in�ation and output in GI; i.e. φ̂π = 2.05, φ̂x = 1.10, φ̂r = 0.89. Moreover,in the hybrid variant, the parameter χ is almost a 
orner solution for both the GIand GM data, whi
h strengthens a rule of thumb behavior in 
onsumption. In otherwords, the rule of thumb behavior reinfor
es the degree of endogenous persisten
ein the output dynami
s. However, as long as the model predi
ts that the optimalbehavior of household is des
ribed by 
onsumption without a simple rule of thumbbehavior (χ = 0), the result indi
ates the strong degree of the demand sho
ks; theestimated value is more than twi
e as high as the one of the hybrid model; i.e.
σ̂x=0.519 (forward) > 0.213 (hybrid) for GI, 0.340 (forward) > 0.140 (hybrid) forGM.Turning to the model 
omparison by using the GI data, we treat the two mod-els as being overlapping, be
ause the habit formation parameter is now a 
ornersolution. In the �rst step of the model 
omparison, we 
ompare the obje
tive fun
-tion values (QLR = 21.10). The simulated 5% and 1% 
riteria for the hypothesistesting are 19.63 and 34.59, respe
tively (see the left panel of Figure 6 in appendixF). Sin
e the estimated QLR ex
eeds the 5% 
riterion for the model 
omparison, wesupport the hypothesis that two models have di�erent moments. In the se
ond step,we estimate √

T · QLR/ŵ whi
h is 1.02. However, this value does not ex
eed the
riterion in the standard normal distribution. As a result, we 
on
lude that thereis no signi�
ant di�eren
e between two models in mat
hing the empiri
al moments;i.e. the two models have di�erent moments, but an equivalent �t to the empiri
almoments. To save spa
e, we do not provide the model 
ovarian
e pro�les for theoutput persisten
e. Note here that the result of the MM estimation with a largeset of moments provides a 
loser �t to the sample auto- and 
ross-
ovarian
es up tolarge lags.Now we draw attention to the model 
omparison by using the GM data. Tobegin, we treat the two models as being a nested 
ase, sin
e the estimated value forthe habit formation parameter lies at an interior point. The model without habitpersisten
e is nested within the other. Next, we 
ompute the di�eren
e between theobje
tive fun
tion values of the two models (QLR = 3.06). Then this value is usedto evaluate the null hypothesis of the equal �t of the two models. Sin
e the 5% and1% 
riteria for the hypothesis testing are 18.52 and 29.05, respe
tively (see the rightpanel of Figure 6), the null hypothesis 
annot be reje
ted. Therefore we 
on
ludethat two models have an equal �t to the empiri
al moments.In sum, the MM estimation using a large set of moment 
onditions 
an providea stronger eviden
e for the ba
kward-looking behavior in the pri
esetting and 
on-sumption rules 
ompared to ML and MM with 15 moment 
onditions. This resultis mainly attributed to the fa
t that the obje
tive fun
tion to minimize is now thenorm of additional sample se
ond moments. However, the result of the model 
om-parison be
omes in
on
lusive, be
ause the estimated values for the pri
e indexationand habit persisten
e parameters were 
orner solutions; we used the two-step se-quential hypothesis testing. We found that the null hypothesis 
annot be reje
tedwhen the sample size is small. An elaborate analysis of model sele
tion will bedis
ussed in the next se
tion.
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ien
y from moment 
onditions 733.5 Attaining e�
ien
y from moment 
onditionsIn this se
tion, �rst, we study the �nite sample properties of the estimators forthe NKM; in addition, we investigate the e�e
t of model misspe
i�
ation on theparameter estimation. Se
ond, we dis
uss the empiri
al performan
e of the formaltest of HMT along the lines of the Akaike's and the Bayesian information 
riterion.3.5.1 Monte Carlo studyThe Monte Carlo experiment attempts to 
learly demonstrate the statisti
al e�-
ien
y of the estimation methods, whi
h are used in the previous se
tion. In thisway, we aim to investigate the role of 
hoi
e of moments and its in�uen
e on theparameter estimation. To begin, we 
onsider the model spe
i�
ation of in�ationpersisten
e as the true date generating pro
ess; we simulate the arti�
ial e
onomyby using the parameters near to the results of the MM estimation with 15 moments(see Table 3.2): e.g. high degree of ba
kward-looking behavior (α=0.750), moder-ate inherited persisten
e (κ=0.050) and no extrinsi
 persisten
e (ρπ=0.0). Next,we generate 1,000 data sets ea
h 
onsisting of 550 observations. The �rst 50 ob-servations are removed as a transient period. Three sample sizes are 
onsidered:100, 200 and 500. We use the Matlab R2010a for this study. In optimization, weuse the un
onstrained minimization "fmini
on" with the algorithm 'interior-point';maximum iteration and toleran
e level are set to 500 and 10−6, respe
tively.In the Monte Carlo experiments, we 
onsider two 
ases of model spe
i�
ation;i.e. 
orre
tly spe
i�ed and misspe
i�ed. In the former, we dis
uss the �nite sampleproperties of the MM and ML estimation. Turning to the latter, we 
onsider themodel with purely forward-looking expe
tations and examine the degree of biasin the parameter estimates; i.e. (1) to what extent the extrinsi
 persisten
e (ρπ) isin�ated due to the misspe
i�
ation and (2) to what extent the model misspe
i�
ationa�e
ts the estimates for the other stru
tural parameters.The main �ndings for the 
orre
tly spe
i�ed 
ase in Table 3.9 
an be summarizedas follows:
• The estimate of the pri
e indexation parameter α is downward-biased, whereasthe AR (1) 
oe�
ient of in�ation sho
ks ρπ is estimated to be positive. Es-pe
ially, in ML, we found that the sum of the estimated values for the pri
eindexation and extrinsi
 persisten
e parameters is 
lose to the true value of α:i.e. α + ρπ ≈ 0.75.
• ML has slightly poorer �nite sample properties than MM. If the sample sizeis small, the 
onventional Gaussian asymptoti
 approximation to the sampledistribution is not as mu
h pre
ise as MM.
• The asymptoti
 e�
ien
y of the ML estimation appears superior to MM, sin
ethe mean of standard errors over 1000 estimations shows that the 
on�den
eintervals for the MM estimates are noti
eably narrow. However, the large
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tural Estimation of the New-Keynesian Modelsample size remarkably improves the asymptoti
 e�
ien
y of MM with 15 and42 moments; e.g. T=500.
• It 
an be seen from the Monte Carlo results that the overall parameter un
er-tainty of MM with 42 moments is higher than ML and MM with 15 moments.However, in this 
ase, MM with 42 moments 
an provide the most pre
iseestimate on the pri
e indexation parameter α. Note here that the a

ura
yof statisti
al inferen
e for the behavior of e
onomi
 agents (i.e. ba
kward- orforward-looking) 
omes at the 
ost of allowing for large un
ertainty in theestimates of other stru
tural parameters; in other words, in
orporating morese
ond moments in the obje
tive fun
tion improves the �t of the model to thepersisten
e of in�ation dynami
s, but redu
es e�
ien
y in the other stru
turalparameters.
• The results using MM with 42 moments show that we obtain the large asymp-toti
 error for the poli
y sho
k parameter σr; i.e. S.E = 1.407 for T=100. Thisis attributed to the fa
t that the estimated values sometimes hit the boundary(i.e. σr = 0.0), whi
h makes the numeri
al derivative of the moments unstable.This problem does not o

ur when the large sample size is used (e.g. T=500).Turning to the misspe
i�ed 
ase, the results show that there is high 
orrelationbetween the pri
e indexation and AR (1) 
oe�
ient of the supply sho
ks; see ap-pendix G. Indeed, it is shown in Table 3.13 that the AR (1) 
oe�
ient is stronglyupward-biased for both MM and ML. The parameter estimates o�set the e�e
ts ofintrinsi
 persisten
e on the in�ation dynami
s; e.g. ρπ = 0.616 (ML), 0.632 (MMwith 15 moments), 0.598 (MM with 42 moments) when the sample size is 100. Thelarge sample size does not 
orre
t the bias of this parameter. Fortunately, the otherstru
tural parameters are not in�uen
ed by the model misspe
i�
ation; i.e. we ob-tain parameter estimates near to the true ones by using both MM and ML. They
onverge at some reasonable rate towards the true parameters as the sample sizegets larger (
onsisten
y).Similarly, the degree of the in�ation sho
k σπ is more or less downward-biased.In addition, the slope 
oe�
ient of the Phillips 
urve is upward-biased in ML, andthe results of the MM estimation show very strong bias: κ̂ = 0.096 (ML), 0.176 (MMwith 15 moments), 0.205 (MM with 42 moments) when T=100. We 
an see that(strong) extrinsi
 and (moderate) inherited persisten
e o�set the absen
e of intrinsi
persisten
e from the model misspe
i�
ation. When this result is 
ontrasted by the
orre
tly spe
i�ed 
ase, however, we obtain a relatively higher value for the estimatedobje
tive fun
tion: e.g. Ĵ = 2.36 (misspe
ifed) > 0.30 (
orre
tly spe
i�ed) for T =100, MM with 15 moments. In other words, redire
ting the intrinsi
 persisten
e tothe inherited and extrinsi
 persisten
e is not satisfa
tory enough to provide a goodapproximation to the data. This is in line with our empiri
al �ndings in the previousse
tion; the lagged terms in the NKPC and IS equation are empiri
ally important.
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Table 3.9: The Monte Carlo results on the MM and ML estimates, ( ): root mean square error, S.E : mean of standard errorML MM with 15 moments MM with 42 moments
θ0 T = 100 T = 200 T = 500 T = 100 T = 200 T = 500 T = 100 T = 200 T = 500

α 0.750 0.523 (0.375) 0.573 (0.322) 0.651 (0.228) 0.614 (0.256) 0.654 (0.196) 0.692 (0.121) 0.700 (0.245) 0.702 (0.205) 0.729 (0.118)S.E : 0.162 S.E : 0.170 S.E : 0.175 S.E : 0.319 S.E : 0.222 S.E : 0.138 S.E : 0.281 S.E : 0.190 S.E : 0.113
κ 0.050 0.074 (0.076) 0.066 (0.081) 0.056 (0.014) 0.083 (0.057) 0.068 (0.030) 0.058 (0.015) 0.093 (0.075) 0.073 (0.042) 0.058 (0.018)S.E : 0.054 S.E : 0.048 S.E : 0.041 S.E : 0.042 S.E : 0.025 S.E : 0.013 S.E : 0.050 S.E : 0.030 S.E : 0.014
ρπ 0.000 0.218 (0.330) 0.172 (0.284) 0.097 (0.198) 0.175 (0.255) 0.129 (0.194) 0.082 (0.124) 0.194 (0.299) 0.147 (0.241) 0.078 (0.144)S.E : 0.112 S.E : 0.1000 S.E : 0.076 S.E : 0.327 S.E : 0.238 S.E : 0.152 S.E : 0.313 S.E : 0.230 S.E : 0.150
σπ 0.675 0.602 (0.330) 0.619 (0.125) 0.640 (0.073) 0.613 (0.113) 0.624 (0.085) 0.639 (0.056) 0.564 (0.1778) 0.584 (0.136) 0.618 (0.088)S.E : 0.044 S.E : 0.047 S.E : 0.048 S.E : 0.143 S.E : 0.106 S.E : 0.068 S.E : 0.172 S.E : 0.130 S.E : 0.086
χ 1.000 0.935 (0.113) 0.949 (0.090) 0.967 (0.053) 0.932 (0.108) 0.948 (0.078) 0.962 (0.055) 0.941 (0.075) 0.956 (0.083) 0.966 (0.059)S.E : 0.159 S.E : 0.183 S.E : 0.201 S.E : 0.173 S.E : 0.126 S.E : 0.082 S.E : 0.207 S.E : 0.151 S.E : 0.098

τ 0.090 0.089 (0.031) 0.088 (0.023) 0.087 (0.014) 0.101 (0.039) 0.095 (0.026) 0.091 (0.016) 0.105 (0.044) 0.097 (0.030) 0.092 (0.018)S.E : 0.045 S.E : 0.047 S.E : 0.048 S.E : 0.040 S.E : 0.028 S.E : 0.017 S.E : 0.041 S.E : 0.029 S.E : 0.018

σx 0.700 0.695 (0.059) 0.697 (0.043) 0.699 (0.025) 0.743 (0.102) 0.735 (0.073) 0.724 (0.048) 0.738 (0.123) 0.729 (0.086) 0.721 (0.054)S.E : 0.050 S.E : 0.052 S.E : 0.053 S.E : 0.086 S.E : 0.062 S.E : 0.039 S.E : 0.121 S.E : 0.089 S.E : 0.057

φπ 1.650 1.666 (0.183) 1.654 (0.118) 1.652 (0.074) 1.681 (0.194) 1.664 (0.123) 1.659 (0.076) 1.705 (0.229) 1.679 (0.145) 1.665 (0.088)S.E : 0.345 S.E : 0.316 S.E : 0.274 S.E : 0.210 S.E : 0.147 S.E : 0.093 S.E : 0.214 S.E : 0.151 S.E : 0.098

φx 0.375 0.362 (0.124) 0.361 (0.083) 0.366 (0.052) 0.337 (0.148) 0.343 (0.100) 0.352 (0.063) 0.294 (0.191) 0.317 (0.129) 0.344 (0.082)S.E : 0.227 S.E : 0.224 S.E : 0.228 S.E : 0.137 S.E : 0.097 S.E : 0.062 S.E : 0.156 S.E : 0.110 S.E : 0.071

φr 0.550 0.543 (0.048) 0.545 (0.034) 0.547 (0.021) 0.525 (0.063) 0.531 (0.045) 0.538 (0.027) 0.524 (0.080) 0.532 (0.056) 0.542 (0.034)S.E : 0.068 S.E : 0.070 S.E : 0.077 S.E : 0.074 S.E : 0.052 S.E : 0.033 S.E : 0.086 S.E : 0.061 S.E : 0.039

σr 0.750 0.738 (0.056) 0.743 (0.038) 0.748 (0.024) 0.723 (0.087) 0.736 (0.057) 0.746 (0.034) 0.617 (0.269) 0.672 (0.173) 0.721 (0.053)S.E : 0.053 S.E : 0.055 S.E : 0.056 S.E : 0.109 S.E : 0.076 S.E : 0.048 S.E : 1.407 S.E : 0.675 S.E : 0.087

L(θ) or J(θ) -385.76 -800.93 -2015.15 0.30 0.25 0.23 7.55 5.84 4.92
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tural Estimation of the New-Keynesian Model3.5.2 Model sele
tion and dis
ussionFrom the empiri
al investigation using MM with a large set of moments, we foundthat the statisti
al power of the model 
omparison test is weak and the result be-
omes in
on
lusive; in this 
ase, we treat two models as being overlapping. Notehere that we use the small sample to estimate the parameters of the NKM in whi
hthe asymptoti
 test of the model 
omparison is likely to make a Type II error; i.e.we a

ept the null hypothesis when the equal �t of moments is false.14Table 3.10: Model sele
tion using information 
riteria: in�ation persisten
eGI (T=78) GM (T=99)ML hybrid forward ML hybrid forward
L(θ)/T -3.96 -4.41 -4.82 -2.36 -2.69 -2.69AIC 8.20 9.02 9.90 4.95 5.61 5.58BIC 8.53 9.43 10.20 5.24 5.90 5.84Ranking 1 2 3 1 3 2Note: The ba
kward- and forward-looking behaviors are examined using theMM estimation with auto- and 
ross-
ovarian
es at lag 1.To make the formal test more elaborate, we rank the model a

ording to thewell-known information 
riteria. For this purpose, we suppose that the parameterestimates using MM are to be a possible minimum point in the likelihood fun
tion.Table 3.10 and 3.11 report the mean value for the log-likelihood and the model se-le
tion 
riterion: the 
ases of in�ation and output persisten
e, respe
tively. Here wepresent MM with a small set of the moment 
onditions (auto- and 
ross-
ovarian
esat lag 1), be
ause MM with alternative moments (auto- and 
ross-
ovarian
es at lag4) yields the zero poli
y sho
k for the GI data.A

ording to AIC and BIC, by de�nition, we prefer the ML over the MM esti-mation with 15 moments for both GI and GM data. If the assumption of normalityis not violated and the model is 
orre
tly spe
i�ed, we 
an 
on
lude that the MLestimation is the most e�
ient; this statisti
al inferen
e is veri�ed by the MonteCarlo study in the previous se
tion. Nevertheless, the AIC and BIC of the MMestimation do not di�er too mu
h from the ML estimation; mat
hing the auto- and
ross-
ovarian
es at lag 1 
an provide more or less the same e�
ien
y as the like-lihood inferen
e. Also the statisti
al inferen
e for the behavior of e
onomi
 agentsdoes not 
hange; i.e. the hybrid variant 
an approximate the dynami
s in in�ationand output better than the model with purely forward-looking behavior when �t-ting the GI data: e.g. AIC = 9.02 (hybrid) < 9.90 (forward). On the other hand,the in
on
lusive result using the GM data shows that the pri
esetting rule with-out indexation to past in�ation (or purely forward-looking) is preferred due to itsparsimonious des
ription of the data: i.e. BIC = 5.90 (hybrid) > 5.84 (forward).14Marmer and Otsu (2012) dis
uss the general optimality of 
omparison of misspe
i�ed modelsand propose a feasible approximation to the optimal test, whi
h is more powerful than Rivers andVuong (2002).



3.5. Attaining e�
ien
y from moment 
onditions 77Table 3.11: Model sele
tion using information 
riteria: output persisten
eGI (T=78) GM (T=99)ML hybrid forward ML hybrid forward
L(θ)/T -3.97 -4.62 -7.88 -2.34 -3.09 -4.22AIC 8.22 9.51 16.01 4.91 6.41 8.64BIC 8.55 9.85 16.31 5.19 6.69 8.90Ranking 1 2 3 1 2 3Note: The ba
kward- and forward-looking behaviors are examined using theMM estimation with auto- and 
ross-
ovarian
es at lag 1.In Table 3.11, we have found essentially similar results for the output persisten
e;the results of the model 
omparison indi
ate that the ba
kward-looking behavior inthe IS equation is more appropriate for both GI and GM data. These exer
ises in-di
ate that ML and MM have basi
ally equivalent properties in statisti
al inferen
e;they result in the same 
on
lusion for the model 
omparison.15 In other words, ifthe 
hosen moment 
onditions are e�
ient, we do not �nd signi�
ant di�eren
e be-tween the ML and MM estimations. Nonetheless, the formal test of HMT serves asa 
onvenient tool for evaluating the performan
e of the 
ompeting models; sin
e thedata generating pro
ess is 
omplex, we 
an attempt to �nd signi�
ant di�eren
esbetween two models along the lines of 
hosen moment 
onditions.In addition, we 
an see from our empiri
al appli
ation that the moment-mat
hingmethod a
hieves a high a

ura
y in taking the models to the data, but the parameterestimation be
omes more un
ertain than likelihood inferen
e; i.e. wide 
on�den
eintervals. Indeed, these empiri
al �ndings show the variations in the model sele
tionfor evaluating the e�e
t of the lagged term on the NKPC and the IS equation.Moreover, in our empiri
al appli
ation, if we in
lude additional se
ond moments inthe obje
tive fun
tion, this improves the empiri
al performan
e of the two models,but will make the 
omparison between them in
on
lusive. The take-home messagefrom this analysis is that the power of the test 
an de
rease with a parti
ular set ofmoment 
onditions.

15However, remember that a

ording to the formal test of HMT, the better �t of the hybridvariant is not signi�
antly superior to the other model when the GM data is used. In this sense,the model 
omparison of HMT is more 
on
erned with a dire
t 
omparison between the modelsrather than the a

ura
y of the approximation to the underlying data generating pro
ess.
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tural Estimation of the New-Keynesian Model3.6 Con
lusionThis 
hapter 
onsidered the stru
tural estimation of the NKM where we 
ondu
teda formal 
omparison of the model with purely forward-looking behavior and itshybrid variant. Espe
ially, we examined the importan
e of the future expe
ted andlagged values in the in�ation and output dynami
s using US data; i.e. forward-and ba
kward-looking behavior in the NKPC and the IS equation. The modelsare estimated by the 
lassi
al estimation methods of MM and ML. In the former,we derived the analyti
 moments of the auto- and 
ross-
ovarian
es from a linearsystem of the NKM; we estimated the the parameters by mat
hing the model-generated moments with their empiri
al 
ounterparts. These empiri
al �ndings are
ompared with the ML estimation while their sensitivity to the moment 
onditionsis also examined.A

ording to the estimated loss fun
tion values obtained by MM, we evaluatedtwo 
ompeting models using the formal test of HMT when they are overlapping orone model is nested within another. The empiri
al results show that the in
lusionof a lagged term in the NKPC and the IS equation improves the model's empiri
alperforman
e. In other words, the ba
kward-looking behavior in the model playsan important role in approximating the persisten
e of in�ation and output. Thisresult suggests intrinsi
 persisten
e as the main sour
e of the in�ation and outputdynami
s in GI. However, in GM, we 
annot reje
t the null hypothesis at 5% level,be
ause the model with purely forward-looking expe
tations and its hybrid varianthave an equal �t to the data. These empiri
al �ndings are veri�ed using the MonteCarlo experiments; we investigated the statisti
al e�
ien
y of the estimators andthe impli
ations for the model sele
tion.We 
lose this 
hapter by pointing out that (analyti
) moment 
onditions providea relevant information about the data generating pro
ess, whi
h 
an be used toestimate stru
tural parameters in the model; from this, we 
an dire
tly 
omparethe 
ompeting spe
i�
ations in the NKM using the formal test. Moreover, if themodel does not have readily available expressions for moment 
onditions due to itsnon-linear model stru
ture, they 
an be repla
ed by an approximation based onsimulations. For example, the model of De Grauwe (2011) 
onne
ts the dis
rete
hoi
e theory to a monetary DSGE framework in whi
h agents' belief 
an displayendogenous waves of market optimism and pessimism. However, the non-linearvariant of the DSGE model does not have a simple 
losed-form expression for aVAR (q) pro
ess. If this is the 
ase, the simulated method of moments 
an o�er anempiri
al analysis of the model by approximating the non-linearity in the moment
onditions; e.g. see Jang and Sa
ht (2012) regarding simulation based inferen
efor the non-linear group dynami
s. Another example would be a DSGE model withre
ursive preferen
e and sto
hasti
 volatility; i.e. see also Caldara et al. (2012) for the
omparison of the solution methods. The non-linearity from re
ursive preferen
esand sto
hasti
 volatility 
an be simply simulated and estimated via the methodof moments adopted in this 
hapter. We leave it to future resear
h to empiri
allyexamine this kind of non-linear models.
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lusion 79AppendixA: Choi
e of momentsA1: Auto- and 
ross-
ovarian
es at lag 1 (one quarter): 15 moment
onditionsThis se
tion lists the moment 
onditions for the method of moment estimation. Theauto- and 
ross-
ovarian
es at lag 1 in
lude the following 15 moment 
onditionsafter removing double 
ounting of the interest gap (r̂t), the output gap (xt), andthe in�ation gap (π̂t).1. m1: Var (r̂t) 9. m9: Cov (xt, xt−1)2. m2: Cov (r̂t, r̂t−1) 10. m10: Cov (xt, π̂t)3. m3: Cov (r̂t, xt) 11. m11: Cov (xt, π̂t−1)4. m4: Cov (r̂t, xt−1) 12. m12: Cov (π̂t, xt−1)5. m5: Cov (r̂t, π̂t) 13. m13: Cov (π̂t, r̂t−1)6. m6: Cov (r̂t, π̂t−1) 14. m14: Var (π̂t)7. m7: Cov (xt, r̂t−1) 15. m15: Cov (π̂t, π̂t−1)8. m8: Var (xt)A2: Auto- and 
ross-
ovarian
es at lag 4 (one year): 42 moment
onditionsIn the same vein, there are nine pro�les of the sample 
ovarian
e fun
tions. Countingall the 
ombination of three observable variables gives 42 moment 
onditions for theauto- and 
ross-
ovarian
es at lag 4. To save spa
e, we abstra
t its list here by usingthe following notation:Cov(ut, vt−h), u & v = r̂t, xt, π̂t (3.28)where h denotes the lag length used in the auto- and 
ross-
ovarain
es (h = 0, 1, 2, 3, 4).



80 3. Stru
tural Estimation of the New-Keynesian ModelB: Redu
ed form of matrix and solution of the NKMIn this se
tion we give a des
ription of the matrix notation in Equation (3.3) andthe solution pro
edure for the system of the NKM. The matri
es of A, B, C and Nwith yt = (π̂t, xt, r̂t)
′ are de�ned as follows.

A =




0 0 β
1+αβ

0 1
1+χ τ

0 0 0


 , B =




0 κ −1

−τ −1 0

−1 (1− φr)φx (1− φr)φπ




C =




0 0 α
1+αβ

0 χ
1+χ 0

φr 0 0


 , N =




0 0 ρπ
0 ρx 0

0 0 0


Using Equation (3.4), we rede�ne the ve
tor of observable variables yt as termsof one-period-ahead.

yt+1 = Ωyt + Φνt+1

= Ω(Ωyt−1 + Φνt) + Φ(Nνt + εt+1)

= Ω2yt−1 + (ΩΦ + ΦN)νt + Φεt+1 (3.29)Substitute Equations (3.29) and (3.4) into the 
anoni
al form of Equation (3.3).
Et

[
AΩ2yt−1 +A(ΩΦ + ΦN)νt +AΦεt+1 +BΩyt−1 +BΦνt +Cyt−1 + νt

]
= 0 (3.30)Drop the expe
tation and rearrange things.

(AΩ2 + BΩ + C)yt−1 + (AΩΦ + AΦN + BΦ + In)νt = 0 (3.31)where n=3. This implies that the following equations must hold for all yt−1 and νt.
AΩ2 + BΩ + C = 0 (3.32)

(AΩ + B)Φ + AΦN + In = 0An iterative method 
an provide the solution of the matrix Ω. The matrix Φ
an be obtained by using some matrix algebra; i.e. the solution of the Lyapunovequation.
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lusion 81C: VAR lag order sele
tionIn our study, a VAR (q) model des
ribes the relationship between the empiri
al auto-and 
ross-
ovarian
es of interest rate, in�ation and output. We employ the modelof a K-dimensional multiple times series yt := (y1t, · · · , yKt)′ following Lütkepohl(2005):
yt = ν +A1yt−1 + · · ·+Aqyt−1 + ut (3.33)where ν is a �xed (K × 1) ve
tor of inter
ept, and ut is a K-dimensional innovationpro
ess with E(ut) = 0, E(utu

′
t) = Σu. The matri
es Ai in
lude �xed (K × K)
oe�
ients. The following lag order sele
tion 
riteria are 
onsidered in Table 3.12:�nal predi
tion error (FPE), Akaike information 
riterion (AIC), Hannan-Quinninformation 
riterion (HQ), Bayesian information 
riterion (BIC). The 
hosen lagorder for both periods is one year (VAR (4)).Table 3.12: VAR lag order sele
tion 
riteriaGI GMLag FPE AIC HQ BIC FPE AIC HQ BIC0 14931.714 9.534 9.534 9.534 8926.601 9.036 9.036 9.0361 194.525 5.309 5.302 5.466 205.437 5.554 5.558 5.6992 106.200 4.822 4.805 5.137 112.227 4.843 4.851 5.1363 24.202 3.462 3.435 3.936 26.806 3.505 3.515 3.9454 1.136 0.522* 0.482* 1.156* 1.696 0.839* 0.851* 1.427*5 1.058 0.569 0.515 1.365 1.759 0.970 0.983 1.7086 0.944* 0.571 0.501 1.528 2.094 1.238 1.251 2.1277 0.970 0.709 0.620 1.830 1.611 1.068 1.081 2.1108 1.050 0.893 0.783 2.177 1.563* 1.129 1.139 2.324Note: The star (*) indi
ates an optimal lag length.



82 3. Stru
tural Estimation of the New-Keynesian ModelD: Matrix notationThis se
tion gives a matrix notation for the derivative of the moment 
onditions.This notation is used to implement the pro
edures for the model 
omparison ofHMT; see appendix E. Let m(θ) be a mn by 1 ve
tor. The parameter ve
tor θ has adimension of nIθ. The gradient matrix ∂m(θ)
∂θ′ has dimension mmn × nIθ. The se
ondderivative matrix ∂

∂θI′
ve
(∂mI (θI)

∂θI′

) has dimension mmn · nIθ × nIθ

∂m(θ)

∂θ′
=




∂m1

∂θ1
∂m1

∂θ2
· · · ∂m1

∂θ
nI
θ

∂m2

∂θ1
∂m2

∂θ2
· · · ∂m2

∂θ
nI
θ... ... · · · ...

∂mmn
∂θ1

∂mmn
∂θ2

· · · ∂mmn
∂θ

nI
θ



.

∂

∂θI′
ve
(∂mI(θI)

∂θI′

)
=




∂m1

∂θ1∂θ1
∂m1

∂θ1∂θ2
· · · ∂m1

∂θ1∂θnI
θ... ... . . . ...

∂mmn
∂θ1∂θ1

∂mmn
∂θ1∂θ2

· · · ∂mmn
∂θ1∂θnI

θ
∂m1

∂θ2∂θ1
∂m1

∂θ2∂θ2
· · · ∂m1

∂θ2∂θnI
θ... ... . . . ...

∂mmn
∂θ2∂θ1

∂mmn
∂θ2∂θ2

· · · ∂mmn
∂θ2∂θnI

θ... ... . . . ...... ... . . . ...
∂m1

∂θ
nI
θ
∂θ1

∂m1

∂θ
nI
θ
∂θ2

· · · ∂m1

∂θ
nI
θ
∂θ

nI
θ... ... . . . ...

∂mmn
∂θ

nI
θ
∂θ1

∂mmn
∂θ

nI
θ
∂θ2

· · · ∂mmn
∂θ

nI
θ
∂θ

nI
θ




.
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lusion 83E: Te
hni
al note on the model 
omparison methodThis se
tion re
apitulates the equations for the model 
omparision method of HMT.Assume that model B is nested within model A. The quantitative goodness-of-�t ofmodels to data is evaluated using the method of moments in se
tion 3.1. The "full"model is tested against the "restri
ted" model.Let mT be a nm ve
tor of moments. m̂(θ) is the 
onsistent estimator of mT .The un
ertainty of moment estimates is assessed by estimating a Newey-West typeweighted sum of auto
ovarian
e matri
es (Σ̂m). Given the assumption of normality,we 
an 
onsistently estimate the 
ovarian
e matrix of moment 
onditions.
√
T (mT − m̂(θ)) −→

d
N(0, Σ̂m) (3.34)The estimates θ̂I are obtained at the point where a weighted obje
tive fun
tionis minimized:

J(θI) ≡ min
θI∈Θ

T ·
∥∥W 1/2(m̂T −mI(θ̂I))

∥∥2, I = A,B (3.35)
‖W 1/2(m̂T −mI(θ̂I))‖ is de�ned as √(m̂T −mI(θ̂))′W (m̂T −mI(θ̂)). The weightmatrix W is set to the diagonal 
omponents of 1/Σ̂m,ii (ii = 1, · · · , nm). The quasi-likelihood ratio test statisti
 is 
onstru
ted as the di�eren
e in �ts between twomodels: QLR(θ̂B , θ̂A) = JB(θ̂B)− JA(θ̂A) (3.36)

JI (I = A,B) is a minimum value of the obje
tive fun
tion given parameterestimates from Equation (3.35). It is assumed that the 
hosen moment fun
tionsin the models are twi
e 
ontinuously di�erentiable in neighborhoods of θI ⊂ ΘnI
θ .Further, the matrix F and M are non-singluar in neighborhoods of θ.16:

F I =
∂mI(θI)′

∂θI
W
∂mI(θI)

∂θI′
−M I (3.37)

M I = (EI ⊗ (m̂T −mI(θI))′W )
∂

∂θI′
ve
(∂mI(θI)

∂θI′
)
, I = A,B (3.38)

EI is the identity matrix of whi
h dimension is nIθ × nIθ. Note here that the dimen-16We use the built-in pro
edures gradp and hessp in the GAUSS software pa
kage. The optimalstep size for the gradient ve
tor and the Hessian matrix is 
arefully adjusted, be
ause di�eren
eapproximations is likely to be impre
ise provided that the �rst derivative is small. See Gill et al.(1981, Ch.4, pp. 127-133) for the 
hoi
e of the �nite-di�eren
e interval.
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tural Estimation of the New-Keynesian Modelsions of the matri
es ∂mI(θI )

∂θI′
and ∂

∂θI′
ve
(∂mI (θI)

∂θI′

) are nm × nIθ and nm · nIθ × nIθ.The dimension of F I and M I are nIθ by nIθ.The theorem 3.1 in HMT states that the quasi-likelihood ratio test QLR 
on-verges in distribution to Equation (3.18). The nIθ by nIθ matrix V I is de�ned as
V I = V I

1 − V I
2 − V I

3 with I = A,B:
V I
1 =

∂mI(θI)

∂θI′
(F I

′
)−1 ∂m

I(θI)′

∂θI
W
∂mI(θI)

∂θI′
(F I)−1 ∂m

I(θI)′

∂θI

V I
2 =

∂mI(θI)

∂θI′
((F I

′
)−1 + (F I)−1)

∂mI(θI)′

∂θI

V I
3 =

∂mI(θI)

∂θI′
(F I

′
)−1(M I′ +M I)(F I)−1∂m

I(θI)′

∂θIHowever, it is sometimes observed that the estimated V̂B − V̂A is not a positive-de�nite matrix where some negative values are drawn in simulations. We should notdis
ard the negative values of the test distribution when making statisti
al inferen
efor the model 
omparison. The hypothesis test is assessed by 
riti
al values at the 1%and 5% 
on�den
e level (Q99, Q95) from the simulated asymptoti
 test distribution.When one model is nested within another, one reje
ts the null hypothesis at 5%level that two models are equivalent if QLR(θ̂A, θ̂B) > Q95.
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lusion 85F: Simulated QLR distribution for model 
omparisonF1: Auto- and 
ross-
ovarian
es at lag 1: 15 moment 
onditions
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Figure 3.3: Test distribution for in�ation persisten
e: GI (left) and GM (right)
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Figure 3.4: Test distribution for output persisten
e: GI (left) and GM (right)



86 3. Stru
tural Estimation of the New-Keynesian ModelF2: Auto- and 
ross-
ovarian
es at lag 4: 42 moment 
onditions

−20 −10 0 10 20 30
0

0.02

0.04

0.06

0.08

0.1

0.12

Q
95%

−30 −20 −10 0 10 20 30 40 50 60 70
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Q
95%Figure 3.5: Test distribution for in�ation persisten
e: GI (left) and GM (right)

−20 −10 0 10 20 30 40 50 60
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Q
95%

−20 −10 0 10 20 30 40 50 60
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Q
95%

Figure 3.6: Test distribution for output persisten
e: GI (left) and GM (right)
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G: The Monte Carlo result of the misspe
i�ed 
ase

Table 3.13: Monte Carlo results on the MM and ML estimates of the misspe
i�ed model, ( ): root mean square error, S.E : mean of standard errorsML MM with 15 moments MM with 42 moments
θ0 T = 100 T = 200 T = 500 T = 100 T = 200 T = 500 T = 100 T = 200 T = 500

κ 0.050 0.096 (0.186) 0.089 (0.212) 0.077 (0.031) 0.176 (0.140) 0.168 (0.125) 0.163 (0.118) 0.205 (0.175) 0.191 (0.152) 0.182 (0.136)
ρπ 0.000 0.616 (0.621) 0.618 (0.620) 0.617 (0.618) 0.632 (0.635) 0.646 (0.647) 0.653 (0.654) 0.598 (0.604) 0.614 (0.617) 0.623 (0.624)
σπ 0.675 0.491 (0.293) 0.487 (0.330) 0.474 (0.205) 0.560 (0.151) 0.543 (0.150) 0.531 (0.654) 0.661 (0.164) 0.633 (0.127) 0.612 (0.098)

χ 1.000 0.921 (0.132) 0.938 (0.100) 0.955 (0.066) 0.981 (0.053) 0.994 (0.020) 0.999 (0.015) 0.970 (0.083) 0.986 (0.047) 0.997 (0.014)

τ 0.090 0.085 (0.032) 0.085 (0.024) 0.085 (0.015) 0.089 (0.029) 0.086 (0.021) 0.084 (0.014) 0.088 (0.035) 0.083 (0.024) 0.080 (0.017)

σx 0.700 0.688 (0.064) 0.691 (0.046) 0.694 (0.026) 0.637 (0.123) 0.636 (0.103) 0.636 (0.082) 0.654 (0.132) 0.644 (0.106) 0.639 (0.083)

φπ 1.650 1.667 (0.182) 1.657 (0.118) 1.657 (0.075) 1.691 (0.182) 1.681 (0.117) 1.679 (0.075) 1.848 (0.291) 1.783 (0.203) 1.775 (0.156)

φx 0.375 0.352 (0.127) 0.352 (0.085) 0.356 (0.054) 0.227 (0.211) 0.227 (0.203) 0.226 (0.164) 0.315 (0.282) 0.238 (0.197) 0.237 (0.166)

φr 0.550 0.540 (0.049) 0.541 (0.035) 0.356 (0.054) 0.488 (0.086) 0.487 (0.077) 0.489 (0.067) 0.527 (0.070) 0.524 (0.053) 0.525 (0.038)

σr 0.750 0.738 (0.056) 0.743 (0.039) 0.748 (0.024) 0.733 (0.101) 0.744 (0.069) 0.756 (0.043) 0.597 (0.313) 0.616 (0.244) 0.649 (0.164)

L(θ) or J(θ) -398.38 -805.68 -2026.45 2.36 3.46 6.95 24.22 29.36 49.73Note: The misspe
i�ed model does not in
lude the parameter α in the NKPC. To save spa
e, we do not report the asymptoti
 standard errors for the parameterestimates, be
ause these are not qualitatively di�erent from the 
orre
tly spe
i�ed 
ase.





4Identi�
ation of Animal Spirits ina Bounded Rationality Model
In this 
hapter we empiri
ally examine a heterogenous bounded rationality versionof a hybrid New-Keynesian model. The model is estimated via the simulated methodof moments using Euro Area data from 1975Q1 to 2009Q4. It is generally assumedthat agents' beliefs display waves of optimism and pessimism - so 
alled animalspirits - on future movements of the output and in�ation gap. Our main empiri
al�ndings show that a bounded rationality model with 
ognitive limitation providesa reasonable �t to auto- and 
ross-
ovarian
es of the data. This result is mainlydriven by a high degree of intrinsi
 persisten
e in the output and in�ation gap dueto the impa
t of animal spirits on e
onomi
 dynami
s. Further, over the whole timeinterval the agents had expe
ted moderate deviations of the future output gap fromits steady state value with low un
ertainty. Finally, we �nd strong eviden
e for anautoregressive expe
tation formation pro
ess regarding the in�ation gap.4.1 Introdu
tionRational expe
tations are a �exible and natural way of modeling market behav-ior in dynami
 sto
hasti
 general equilibrium (DSGE) models, whi
h are widelyused by ma
roe
onomists. Sin
e the DSGE approa
h disposes a 
onvenient an-alyti
al tra
tability under the assumption of rational expe
tations, this modelingframework serves as an e�
ient toolbox for analyzing monetary and �s
al poli
ymeasures. As Selten (2001) states, however, "modern mainstream e
onomi
 theoryis largely based on an unrealisti
 pi
ture of human de
ision theory" sin
e eviden
efrom experimental studies supports information pro
essing with limited 
ognitiveability of agents rather than perfe
t information (see Hommes (2011) among oth-ers). Indeed, a plethora of studies have been done on alternative forms of informa-tion pro
essing me
hanisms in ma
roe
onomi
s; see e.g. the literature on learning(Evans and Honkaphohja (2001)), rational inattention (Sims (2003)), sti
ky infor-mation (Mankiw and Reis (2002)) or bounded rationality in general (Sargent (1994)and Kahneman (2003)). Camerer (1998) also o�ers an informative overview of thedis
ussion on this topi
 in e
onomi
s.For the most part of the behavioral resear
h, we 
an treat the realization ofe
onomi
 de
isions as being a 
omplex and intera
tive pro
ess between di�erenttypes of agents. Keynes (1936) already attributed signi�
ant irrationality to human
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ussed the impa
ts of waves of optimism and pessimism - so 
alledanimal spirits - on e
onomi
 out
ome. A

ording to Akerlof and Shiller (2009), theemotional states are re�e
ted in e
onomi
 behavior - see also Franke (forth
oming)for his extensive dis
ussion about market behavior and how expe
tation formationshould be treated in ma
roe
onomi
 models.In this 
hapter we attempt to empiri
ally examine the hypothesis that the be-havioral heterogeneity will have a ma
ros
opi
 impa
t on the e
onomy. The pointof view taken here is that a behavioral model 
an provide a 
on
eptual frameworkfor a 
ognitive ability as well as a substantial degree of inertia in the DSGE mod-els. A

ording to De Grauwe (2011), if agents are known to be either optimistsor pessimists, their ability (or better: limitation) to form their expe
tations a�e
tse
onomi
 
onditions, i.e. movements in employment, the output gap and in�ation,more appropriately than standard rational expe
tation models. Indeed, it is shownin the expe
tation formation pro
ess under bounded rationality that we 
an ex-pli
itly model animal spirits by applying dis
rete 
hoi
e theory on group behavior.Then the behavior of optimists and pessimists is 
onsidered to be a by-produ
t of theswit
hing me
hanisms based on the performan
e measure from agents' expe
tations(see also e.g. Westerho� (2008) as well as Lengni
k and Wohltmann (forth
oming)among others).To the best of our knowledge, however, an empiri
al evaluation of a boundedrationality model of this type dis
ussed above is missing in the literature so far.We �ll the existing gap between the use of the models and their empiri
al evalu-ations in the literature by measuring the e�e
ts of psy
hologi
al behavior on thee
onomy under 
onsideration of animal spirits. We show that the moment-basedestimation (Franke et al. (2011)) 
an be easily used to estimate a small-s
ale DSGEmodel. Mainly, similarities and dissimilarities between two polar 
ases of expe
ta-tion formation pro
esses will be examined: while the underlying model stru
ture isidenti
al to a standard three-equations New-Keynesian model (NKM), we also allowboth for rational expe
tations and for endogenously-formed expe
tations using thebehavioral spe
i�
ation by De Grauwe (2011). In parti
ular, we study his behaviorale
onomi
 framework and provide an empiri
al investigation of bounded rationalityon e
onomi
 dynami
s in the Euro Area from 1975Q1 to 2009Q4. A

ordingly, animportant aspe
t of this 
hapter is to test the bounded rationality hypothesis inorder to o�er reliable parameter values that 
an be used for 
alibration in morerealisti
-grounded future work, e.g. studying monetary and �s
al poli
y analysis ina DSGE model without the assumption of rational expe
tations.In our empiri
al appli
ation, we show that the NKM with rational expe
tationsor bounded rationality 
an generate auto- and 
ross-
ovarian
es of the output gap,the in�ation gap and the interest gap, whi
h 
an mimi
 real data well. A quadrati
obje
tive fun
tion is used in the estimation to measure the distan
e between themodel-generated and empiri
al moments. As the usual pro
edure of the method ofmoments, the global minimum of the obje
tive fun
tion provides 
onsistent parame-ter estimates of the model. Then we evaluate the goodness-of-�t of the model to thedata from the value of the quadrati
 obje
t fun
tion; i.e. the lower this value, the
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tations vs. bounded rationality 91better the �t of the model-generated moments to their empiri
al 
ounterparts. Theempiri
al appli
ation using the method of moment approa
h stays in line with thework of Franke et al. (2011), who estimate a similar version of the NKM presentedhere for two sub-samples, i.e. the Great In�ation and Great Moderation period inthe US. They 
ome to the 
on
lusion that in�ation dynami
s are primarily drivenby intrinsi
 rather than extrinsi
 persisten
e - whi
h is the total opposite of the re-sults when applying Bayesian estimation. This is re�e
ted by a high degree of pri
eindexation and a low degree of persisten
e in the assumed AR(1) 
ost-push sho
k.In general, this kind of estimation te
hnique is 
losely related to the approa
hesof indire
t inferen
e with the di�eren
e that in our 
ase the stru
tural form of aDSGE model is used instead of an auxiliary model like a SVAR (
f. Smith (1993)and Christiano et al. (2005) among others).Main �ndings 
an be summarized as follows. First, over the whole time intervalthe agents had expe
ted moderate deviations of the future output gap from itssteady state value with low un
ertainty. Se
ond, we �nd strong eviden
e for anautoregressive expe
tation formation pro
ess regarding the in�ation gap, whi
h is inline with the s
ienti�
 
onsensus among experimental e
onomists (Roos and S
hmidt(2012)).The remainder of the 
hapter is stru
tured as follows. Se
tion 2 introdu
es asmall-s
ale NKM and dis
usses two model spe
i�
ations, i.e. one with rational ex-pe
tations and the other under 
onsideration of the animal spirits. The estimationmethodology is presented in se
tion 3. Se
tion 4 then estimates two versions of themodel by the moment-based estimation and dis
usses their empiri
al results. After-wards, the properties of the moment-based pro
edure for estimation are examinedthrough a Monte Carlo study and a sensitivity analysis in se
tion 5. Finally, se
tion6 
on
ludes. The appendix 
olle
ts all relevant te
hni
al details.4.2 The model: rational expe
tations vs. bounded ratio-nalityThe New-Keynesian three-equations model reads as follows:
yt =

1

1 + χ
Ẽjt yt+1 +

χ

1 + χ
yt−1 − τ(r̂t − Ẽjt π̂t+1) + εy,t (4.1)

π̂t =
ν

1 + αν
Ẽjt π̂t+1 +

α

1 + αν
π̂t−1 + κyt + επ̂,t (4.2)

r̂t = φr̂(φπ̂π̂t + φyyt) + (1− φr̂)r̂t−1 + εr̂,t (4.3)where the supers
ript j = {RE, BR} refers to the rational expe
tation (RE) andthe bounded rationality (BR) model, whi
h we des
ribe below. The 
orrespondingexpe
tations operator is Ẽjt , whi
h has to be spe
i�ed for both models. It goeswithout saying that all variables are given in quarterly magnitudes. Equation (4.1)des
ribes a hybrid dynami
 IS 
urve and results from the standard utility maximiza-tion approa
h of a representative household. Here the 
urrent output gap depends
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ation of Animal Spirits in a Bounded Rationality Modelnegatively on the real interest rate, i.e. it is stemming from intertemporal optimiza-tion of 
onsumption and saving resulting in 
onsumption smoothing. The parameter
τ ≥ 0 denotes the inverse intertemporal elasti
ity of substitution. Equation (4.2) isknown as the hybrid New-Keynesian Phillips Curve (NKPC) where the output gap(yt) is the driving for
e of in�ation due to monopolisti
 
ompetition and the Calvopri
e-setting s
heme. The slope of the Phillips Curve is given by the parameter
κ ≥ 0. The parameter ν denotes the dis
ount fa
tor (0 < ν < 1). A

ording tothe Taylor rule with interest rate smoothing (4.3), the nominal interest gap is apredetermined variable while the monetary authority rea
ts dire
tly to movementsin the output (φy ≥ 0) and in�ation (φπ̂ ≥ 0) gap. We a

ount for intrinsi
 persis-ten
e in this stylized version of the well-known Smets and Wouters (2003, 2005 and2007) model due to the assumption of ba
kward-looking behavior indi
ated by theparameters for habit formation χ, pri
e indexation α and interest rate smoothing
φr̂, respe
tively (0 ≤ χ ≤ 1, 0 ≤ α ≤ 1, 0 ≤ φr̂ ≤ 1). We assume that the ex-ogenous driving for
es in the model variables follow idiosyn
rati
 sho
ks εz,t, whi
hare drawn from multivariate normal distributions around mean zero and varian
e
σ2z with variables z = {y, π̂, r̂}.Note here that we 
onsider the gaps instead of the levels and therefore a

ountexpli
itly for a time-varying trend in in�ation and the natural rate of interest. The
orresponding gaps are simply given by taking the di�eren
e of the a
tual value foroutput, in�ation and the interest rate from their trends (i.e. time-varying steadystate values) respe
tively where the latter is 
omputed by applying the Hodri
k-Pres
ott �lter with a standard value of the 
orresponding smoothing parameter of1600. A

ordingly, the set of equations is used to des
ribe the dynami
s in theoutput gap yt, the in�ation gap π̂t and the nominal interest rate gap r̂t, where x̂twith x = {π, r} denotes the deviations in both variables from the time-varying trendexpli
itly.The results of many studies show that assuming a 
onstant trend, like a zero-in�ation steady state, leads to misleading results. For example, As
ari and Ropele(2009) observe that the dynami
 properties (i.e. mainly the stability of the system)depend on the variation in trend in�ation. Cogley and Sbordone (2008) also provideeviden
e for the explanation of in�ation persisten
e by 
onsidering a time-varyingtrend in in�ation. In the same vein, we 
an abandon the assumption of a 
onstantnatural rate of interest as being empiri
ally unrealisti
. In this 
hapter, we follow theempiri
al approa
hes proposed by Cogley et al. (2010), Castelnuovo (2010), Frankeet al. (2011) among others, who also 
onsider gap spe
i�
ations for in�ation (andthe nominal interest rate). Furthermore, in�ation and money growth are likely tobe non-stationary in the Euro Area data. If that is the 
ase, the estimation method-ology su
h as the method of moments approa
h presented here (or the generalizedmethod of moments in general) will lead to biased estimates.1 Taken this into a
-
ount, in the 
urrent study we 
onsider the gaps rather than the levels in order to1See also Russel and Banerjee (2008) as well as Aussenma
her-Wes
he and Gerla
h (2008)among others for methodologi
al issues related to non-stationary in�ation in the US and the EuroArea.



4.2. The model: rational expe
tations vs. bounded rationality 93ensure the stationary of the times series.To make the des
ription of the expe
tation formation pro
esses more expli
it,�rst we examine two polar 
ases in the theoreti
al model framework of the NKM.First, under rational expe
tations, the forward-looking terms, whi
h are the expe
-tations of the output gap and in�ation gap at time t+1 in equations (4.1) and (4.2),are just given by
ẼREt yt+1 = Etyt+1 (4.4)
ẼREt π̂t+1 = Etπ̂t+1 (4.5)where Et denotes the expe
tations operator 
onditional on information given at time

t. Se
ond, as regards the other spe
i�
ation, we depart from rational expe
tationsby 
onsidering a behaviorial model of De Grauwe (2011). It is generally assumedthat agents will be either optimists or pessimists (in the following indi
ated by thesupers
ripts O and P , respe
tively) who form expe
tations based on their beliefsregarding movements in the future output gap:
EOt yt+1 = dt (4.6)
EPt yt+1 = −dt (4.7)where
dt =

1

2
· [β + δσ(yt)] (4.8)"
an be interpreted as the divergen
e in beliefs among agents about the output gap"(De Grauwe (2011, p. 427)). In 
ontrast to the RE model, both types of agents areun
ertain about the future dynami
s of the output gap and therefore predi
t a�xed value of yt+1 denoted by β ≥ 0. We 
an interpret the latter as the predi
tedsubje
tive mean value of yt. However, this kind of subje
tive fore
ast is generallybiased and therefore depends on the volatility in the output gap; i.e. given by theun
onditional standard deviation σ(yt) ≥ 0. In this respe
t, the parameter δ ≥ 0measures the degree of divergen
e in the movement of e
onomi
 a
tivity. Note thatdue to the symmetry in the divergen
e in beliefs, optimists expe
t that the outputgap will di�er positively from the steady state value (whi
h for 
onsisten
y is set tozero) while pessimists will expe
t a negative deviation by the same amount. Thevalue of δ remains the same a
ross both types of agents.The expression for the market fore
ast regarding the output gap in the boundedrationality model is given by

ẼBRt yt+1 = αOy,t ·EOt yt+1 + αPy,t ·EPt yt+1 = (αOy,t − αPy,t) · dt (4.9)where αOy + αPy = 1. A spe
i�
 fore
asting rule 
hosen by agents, i.e. (4.6) or (4.7),is indi
ated by the probability of αOy,t and αPy,t, respe
tively. In parti
ular, αOy (or
αPy ) 
an also be interpreted as the probability being an optimist (or pessimist). Inthe following, we show expli
itly how these probabilities are 
omputed. Indeed, thesele
tion of the fore
asting rules (4.6) or (4.7) depends on the fore
ast performan
es
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ation of Animal Spirits in a Bounded Rationality Modelof optimists and pessimists Ukt given by the mean squared fore
asting error, whi
h
an be simply updated in every period as
Ukt = ρUkt−1 − (1− ρ)(Ekt−1yt − yt)

2 (4.10)where k = O, P and the parameter ρ denotes the measure of the memory of agents(0 ≤ ρ ≤ 1). Here ρ = 0 means that agents have no memory of past observationswhile ρ = 1 means that they have in�nite memory instead. By applying dis
rete
hoi
e theory under 
onsideration of the fore
ast performan
es, agents revise theirexpe
tations in whi
h di�erent performan
e measures will be utilized for αOy,t and
αPy,t:2

αOy,t =
exp(γUOt )exp(γUOt ) + exp(γUPt )

(4.11)
αPy,t =

exp(γUPt )exp(γUOt ) + exp(γUPt )
= 1− αOy,t (4.12)where the parameter γ ≥ 0 denotes the intensity of 
hoi
e: if γ = 0, the self-sele
tingme
hanism is purely sto
hasti
 (αOy,t = αPy,t = 1/2), whereas if γ = ∞, it is fullydeterministi
 (αOy,t = 0, αPy,t = 1 or vi
e versa; see De Grauwe (2011), p. 429). For
lari�
ation, if γ = 0 agents are indi�erent in being optimist or pessimist while if γ =

∞ their expe
tation formation pro
ess is independent of their emotional state, i.e.they rea
t quite sensitively to in�nitesimal 
hanges in their fore
ast performan
es.We explain this revision pro
ess as follows. Given the past value of the fore
astperforman
e (Ukt−1), the lower the di�eren
e between the expe
ted value of theoutput gap (taken from the previous period, i.e. Ekt−1yt = |dt−1|) and its realizationin period t, the higher the 
orresponding fore
ast performan
e Ukt will be. In otherwords, if e.g. the optimists predi
t future movements in yt more a

urately 
omparedto the pessimists, then this results in UOt > UPt . Hen
e, the pessimists revise theirexpe
tations by swit
hing to the fore
asting rule used by the optimists, whi
h we
an express as EOt yt+1 = dt. Finally, this fore
asting rule be
omes dominant and theshare of pessimisti
 group in the market de
reases. Based on the equations (4.10) to(4.12), we 
an rationalize equation (4.9) by using simple substitution. This resultsin a higher degree of volatility in the expe
tation formation pro
ess regarding theoutput gap when 
ompared to the out
ome in the RE model (we refer to se
tion 4.2for a 
lari�
ation).The same logi
 
an be applied for the in�ation gap expe
tations. Following thebehavioral heterogeneity approa
h proposed by De Grauwe (2011, pp. 436), we as-sume that agents will be either so 
alled in�ation targeters (tar) or extrapolators(ext).3 In the former 
ase, the 
entral bank an
hors expe
tations by announ
ing2See also Westerho� (2008, p. 199) and Lengni
k and Wohltmann (forth
oming) among othersfor an appli
ation of dis
rete 
hoi
e theory to models in �nan
e and ma
roe
onomi
s.3This 
on
ept of behavioral heterogeneity has been widely used in �nan
ial market models, seee.g. Chiarella and He (2002) as well as Hommes (2006) among others.
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tations vs. bounded rationality 95a target for the in�ation gap ¯̂π. From the view of the in�ation targeters, we 
on-sider this pre-
ommitment strategy to be fully 
redible. Hen
e the 
orrespondingfore
asting rule be
omes
Etart π̂t+1 = ¯̂π (4.13)where we assume ¯̂π = 0.4 The extrapolators form their expe
tations in a stati
way and will expe
t that the future value of the in�ation gap equals simply its pastvalue, i.e.

Eextt π̂t+1 = π̂t−1. (4.14)This results in the market fore
ast for the in�ation gap similar to (4.9):
ẼBRt π̂t+1 = αtarπ̂,tE

tar
t π̂t+1 + αextπ̂,tE

ext
t π̂t+1 = αtarπ̂,t

¯̂π + αextπ̂,t π̂t−1. (4.15)The fore
ast performan
es of in�ation targeters and extrapolators are given by themean squared fore
asting error written as
U st = ρU st−1 − (1− ρ)(Est−1π̂t − π̂t)

2 (4.16)where s = (tar, ext), and �nally we may write:
αtarπ̂,t =

exp(γU tart )exp(γU tart ) + exp(γU extt )
(4.17)

αextπ̂,t =
exp(γU extt )exp(γU tart ) + exp(γU extt )

= 1− αtarπ̂,t . (4.18)Here αtarπ̂,t denotes the probability to be an in�ation targeter, whi
h is the 
ase ifthe fore
ast performan
e using the announ
ed in�ation gap target is superior to theextrapolation of the in�ation gap expe
tations and vi
e versa. Note here that thememory (ρ) as well as the intensive of 
hoi
e parameter (γ) do not di�er a
rossthe expe
tation formation pro
esses in terms of the output and in�ation gap. Inthe end, the bounded rationality model turns out to be purely ba
kward-looking(
f. equations (4.10) and (4.16)) while the forward- and ba
kward-looking behavioris 
ontained in the rational expe
tation model. The solution to both systems 
anbe 
omputed by ba
kward-indu
tion and the method of undetermined 
oe�
ientsrespe
tively, whi
h are shown in appendix A.Finally, one may argue that the presented model is not suitable for e.g. poli
yanalysis sin
e it is not based 
ompletely on mi
ro-foundations. In parti
ular, theexpe
tation me
hanisms are imposed ex post on a system of stru
tural equationswhi
h themselves have been derived from maximizing behavior under the assumptionof rational expe
tations. However, eviden
e from experimental e
onomi
s 
an helpus to motivate the assumption of the divergen
e in beliefs (re�e
ts guessing) andthe existen
e of the extrapolators (whi
h might be seen as pattern-based time-series4In this respe
t (based on a optimal monetary poli
y strategy), an in�ation gap target of zeroper
ent implies that the European Central Bank seeks to minimize the deviation of its (realized)target rate of in�ation from the 
orresponding time-varying steady state value, where in the opti-mum this deviation should be zero.
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asting) done by De Grauwe (2011) and adopted in our study. Roos and S
hmidt(2012) �nd eviden
e for a ba
kward-looking behavior in forming expe
tations bynon-professionals in e
onomi
 theory and poli
y. In their experimental study, theyshow that the proje
tions of the future realizations in the output gap and in�ationare based either on histori
al patterns of the time series or - in the 
ase of no availableinformation - on simple guessing.From a theoreti
al point of view, Bran
h and M
Gough (2009) introdu
e hetero-geneous expe
tations into a New Keynesian framework where the forward lookingexpressions in the IS 
urve and NKPC are 
onvex 
ombinations of ba
kward- andforward-looking behavior. The authors show that a mi
ro-founded NKM underbounded rationality 
an be derived if spe
i�
 axioms are 
onsidered within the opti-mizing behavior of households and �rms. These axioms ensure the ability of agentsto fore
ast future realization of the output gap and in�ation on the mi
ro level aswell as the aggregation of this behavior on the ma
ro level. In 
omparison, DeGrauwe (2010) allows for a swit
hing me
hanism based on dis
rete 
hoi
e theory. Itis an open question if the latter ful�lls the axioms imposed by Bran
h and M
Gough(2009) whi
h may help to over
ome the (negle
ted) problem of mis-spe
i�
ation. Tosum up, there is no doubt that an extensive elaboration on the mir
ofoundation ofexpe
tations formation is needed, even though up to now it is a fa
t that amongneuros
ientists the eviden
e on information pro
essing in the human brain is am-biguous.4.3 The estimation methodologyOver the last de
ade the Bayesian estimation be
ame the most popular method forthe estimation of DSGE models while pushing 
lassi
al estimation methods asidesu
h as the generalized method of moments and the pure maximum likelihood ap-proa
h. Indeed, the Bayesian approa
h 
ertainly has the advantage over the others:on the one hand, the distributions of the parameters in a system of equations frame-work 
an be easily 
omputed from user friendly software like e.g. Dynare. On theother hand, however, there are two major disadvantages when we apply Bayesiante
hniques to our empiri
al study.First, the Bayesian approa
h to the DSGE model requires the 
hoi
e of appro-priate prior distributions asso
iated with the underlying e
onomi
 interpretation ofthe stru
tural parameters. It is still an open question what 
riteria are suited best inorder to identify the most a

urate prior information. For instan
e, Lombardi andNi
oletti (2011) dis
uss the sensitivity of posterior estimation results to the 
hoi
eof di�erent expressions of the prior knowledge; Del Negro and S
horfheide (2008)also provide an expli
it method for 
onstru
ting prior distributions based on thebeliefs regarding ma
roe
onomi
 indi
ators. However, so far the existing knowledgeby neuros
ientists does not allow for pinning down a general mi
ro-founded modelon information pro
essing (De Grauwe (2011)). In addition, the Bayesian estima-tion must be designed to 
ope with the shape of the prior distribution, whi
h is
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i�ed, i.e. 'uninformative' priors; as a result, the estimated posterior be-
omes quite similar to the prior distribution. In this respe
t, the Bayesian analysisis not a pana
ea for the BR model, sin
e prior information is not available at leastfor the behavioral parameters β, δ and ρ. Se
ond, due to the fa
t that a logisti
fun
tion is applied on the parameters of the BR model (as a result of applying thedis
rete 
hoi
e theory), a resear
her must use a Bayesian full-information analysissu
h as a parti
le �lter. Espe
ially, as long as this �lter method is applied for evalu-ating the likelihood fun
tion, the estimation 
an be subje
ted to e.g. an in
rease inapproximation errors of the non-linear model (DeJong and Dave (2007), Chap. 11).To avoid these disadvantages of the Bayesian approa
h, in this 
hapter we seek tomat
h the model-generated auto
ovarian
es of the interest gap, the output gap andin�ation gap with their empiri
al 
ounterparts. We minimize the distan
e betweenthese model-generated and empiri
al moments under 
onsideration of a quadrati
fun
tion, whi
h summarizes the 
hara
teristi
s of empiri
al data. This method is
alled simply moment mat
hing (
f. Franke et al. (2011)). Main advantage of thise
onometri
 method is that we 
an 
he
k transparently the goodness-of-�t of themodel to data, sin
e the empiri
al 
omparison (graphi
ally) between the mat
h ofthe estimated and simulated auto
ovarian
es is dire
t.The method of moment approa
h 
omprises distributional properties of empiri
aldata Xt, t = 1, · · · , T . The sample 
ovarian
e matrix at lag k is de�ned by
mt(k) =

1

T

T−k∑

t=1

(Xt − X̄)(Xt+k − X̄)′ (4.19)where X̄ = (1/T )
∑T

t=1Xt is the ve
tor of the sample mean. The sample average ofdis
repan
y between the model-generated and the empiri
al moments is denoted as
g(θ;Xt) ≡ m∗

t −mt (4.20)where m∗
t is the empiri
al moment fun
tion and mt the model-generated momentfun
tion (
f. equation (4.19)). θ is a l × 1 ve
tor of unknown stru
tural parameterswith a parameter spa
e Θ. Given that the length of the business 
y
les lies between(roughly) one and eight years in the Euro Area. A reasonable 
ompromise is a lengthof two years. Therefore we will use auto- and 
ross-
ovarian
es of the interest rategap, the output gap and the in�ation gap at a lag k, where k = 0, · · · , 8. We havea p-dimensional ve
tor of moment 
onditions (p = 78) by avoiding double 
ountingat the zero lags in the 
ross relationships.5We obtain the parameter estimates from the following quadrati
 obje
tive fun
-tion (or loss fun
tion) as a result of the minimization pro
ess:5The Delta method is used to 
ompute the 
on�den
e bands in the auto- and 
ross-
ovarian
emoment estimation (see appendix B for details).
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Q(θ) = arg min

θ∈Θ
g(θ;Xt)

′ Ŵ g(θ;Xt) (4.21)with the weight matrix Ŵ estimated 
onsistently in several ways (see Andrews(1991)). Here we use the heteros
edasti
ity and auto
orrelation 
onsistent (HAC)
ovarian
e matrix estimator suggested by Newey and West (1987). The kernel esti-mator has the following general form with the 
ovarian
e matrix of the appropriatelystandardized moment 
onditions:
Γ̂T (j) =

1

T

T∑

t=j+1

(mt − m̄)(mt−j − m̄)′ (4.22)where m̄ on
e again denotes the sample mean. Following an automati
 sele
tion forthe lag length, we use a popular 
hoi
e of j ∼ T 1/3 leading to j = 5 when estimatingthe 
ovarian
e matrix (Newey and West (1994)):
Ω̂NW = Γ̂T (0) +

5∑

j=1

(
Γ̂T (j) + Γ̂T (j)

′
)
. (4.23)The weight matrix Ŵ is 
omputed from the inverse of the estimated 
ovari-an
e matrix. However, a high 
orrelation between the moment 
onditions that we
onsider makes the estimated 
ovarian
e matrix nearly singular. In addition, themoment 
onditions and the elements of the weight matrix are highly 
orrelatedwhen the small sample size is used (Altonji and Segal (1996)). Therefore, we usethe diagonal matrix entries as the weighting s
heme, i.e. we ignore the o�-diagonal
omponents of the matrix Ŵ = Ω̂−1

ii . The estimated 
on�den
e bands, then, be-
ome wider sin
e the sandwi
h elements in the 
ovarian
e of parameter estimates
annot 
an
el out with this weighting s
heme (see also Anatolyev and Gospodinov(2011)).Under 
ertain regularity 
onditions, one 
an derive the following asymptoti
distribution of the method of moments estimation of the parameters:
√
T (θ̂T − θ0) ∼ N(0,Λ) (4.24)where Λ = [(DWD′)−1]D′WΩWD[(DWD′)−1]′, and D is the gradient ve
tor ofmoment fun
tions evaluated around the point estimates:
D̂ =

∂m(θ;XT )

∂θ

∣∣∣∣
θ=θ̂T

. (4.25)
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an obtain the simple analyti
 moment 
onditions of the model.However, for the BR model, the analyti
 expressions for the moment 
onditions arenot readily available due to the non-linear dis
rete 
hoi
e framework. To 
ir
umventthis problem, we use the simulated method of moments to estimate the behavioralparameters in the BR model. The simulated method of moments is parti
ularlysuited to a situation where the model is easily simulated by repla
ing theoreti
almoments. Then the model-generated moments in Equation (5.21) are repla
ed bytheir simulated 
ounterparts:
mt =

1

S · T

S·T∑

t=1

m̃t. (4.26)We 
an simulate the data from the model and 
ompute the moment 
onditions(m̃t) in order to approximate the theoreti
al moments (mt). The simulation size isdenoted by S. The asymptoti
 normality of the simulated method of moments holdsunder 
ertain regularity 
onditions (Du�e and Singleton (1993), Lee and Ingram(1991)):
√
T (θ̂SMM − θ0) ∼ N(0,ΛSMM ) (4.27)where ΛSMM = (B′WB)−1B′W (1+ 1/S) Ω WB(B′WB)−1′ , i.e. a 
ovarian
e ma-trix of the SMM estimates. A gradient ve
tor of the moment fun
tion is de�nedas B ≡ E

[
∂mt
∂θ

∣∣∣
θ=θ̂

]. Sin
e the 
ovarian
e matrix be
omes less a

urate than theestimation where the analyti
 moments are used, the model estimation is now sub-je
ted to simulation errors. To redu
e the simulation error, we set the simulationsize to a reasonably large value 100.Finally, we use the J test to evaluate 
ompatibilities of the moment 
onditions:
J ≡ T ·Q(θ̂)

d→ χ2
p−l (4.28)where the J-statisti
 is asymptoti
ally χ2 distributed with (p− l) degrees of freedom(over-identi�
ation).6 A striking feature of the method of moments approa
h is itstransparen
y. In parti
ular, it is easy to 
he
k the goodness-of-�t of the model fromthe moment 
onditions of interest, i.e. the dynami
 properties of the model 
an betested by evaluating graphi
ally the mat
h of the estimated and model-generatedmoments.6However, if the o�-diagonal 
omponents in the estimated Newey andWest matrix are dis
arded,the the distribution in the J-statisti
 is likely to have a larger dispersion than the χ2-distributionwith degrees of freedom of p− l. Indeed, when the weight matrix is not optimal or some moment
onditions are not valid, the J-statisti
 is no longer χ2 distributed. We 
he
k the validity of theweight matrix with our 
hosen moment 
onditions via a Monte Carlo study.
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al appli
ation to the Euro areaIn this se
tion, we �rst present the data for our empiri
al appli
ation. Then wedis
uss our empiri
al results of the stru
tural and behavioral parameters. Finally,we examine the �nite sample properties of the moment-based estimator via a MonteCarlo study and investigate three-dimensional parameter spa
e of the BR model.4.4.1 DataThe data sour
e for the New Keynesian model is the 10th update of the Area-wideModel quarterly database des
ribed in Fagan et al. (2001). The output gap andinterest rate gap are 
omputed from real GDP and nominal short-term interest raterespe
tively using the Hodri
k-Pres
ott �lter with a standard smoothing parameterof 1600. The in�ation measure is the quarterly log-di�eren
e of the HarmonizedIndex of Consumer Pri
es (HICP) instead of the GDP de�ator. The in�ation gapis also 
omputed using the Hodri
k-Pres
ott �lter.7 The sample for this data setis available from 1970:Q1 onwards. As we use the data over �ve years in a rollingwindow analysis to estimate the per
eived volatility of the output gap σ(yt), thedata applied in this study 
over the period from 1975:Q1 to 2009:Q4.4.4.2 Basi
 resultsWe �rst estimate the RE and BR model parameters using the moment-based estima-tion presented in the previous se
tion. Afterwards we make a 
omparison betweenthe two models and examine the e�e
ts of divergen
e in beliefs on the in�ation andoutput gap dynami
s. As it is 
ommon in a persuasive amount of empiri
al studies,the dis
ount parameter ν is 
alibrated to 0.99. We also �x γ to unity, whi
h isin line with De Grauwe (2011, p. 439) and a

ounts for a moderate degree in theintensity of 
hoi
e.8 By �xing those parameters in the �nal estimation, we 
an re-du
e problems in high-dimensional parameter spa
e and 
ope with the un
ertaintyof the estimates. Given these assumptions, we 
an separately obtain the estimatesfor remaining parameters from the rational and bounded rationality model via themoment-based estimation. They are presented in Table 1.7We resort to the HICP instead of the 
on
eptually more appropriate impli
it GDP-de�atorwhi
h is 
ommon in the literature, sin
e the former is more in line with mi
ro data eviden
e.For instan
e, Forsells and Kenny (2004) show that in�ation expe
tations 
an be approximated bymi
ro-level data like 
onsumer surveys (i.e. in the European Commission survey indi
ators). Alsosee Ahrens and Sa
ht (2011, pp. 10�11) for a more detailed dis
ussion on using the HICP insteadof the GDP-de�ator in ma
roe
onomi
 studies.8Goldbaum and Mizra
h (2008) estimated the intensity of 
hoi
e parameter in the dynami
model for mutual fund allo
ation de
ision. In our appli
ation, the system with many parametersis likely to have a likelihood with multiple peaks, some of whi
h are lo
ated in uninteresting orimplausible regions of the parameter spa
e. By �xing the intensity of 
hoi
e parameter, it makesit easier to 
on
entrate on our obje
tive of empiri
al appli
ation, i.e. the interpretation of the roleof bounded rationality in the NKM.
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Table 4.1: Estimates of the RE and BR modelLabel RE BR

α 0.765 0.203(0.481 - 1.000) (0.000 - 0.912)
χ 1.000 0.950- (0.000 - 1.000)
τ 0.079 0.387(0.000 - 0.222) (0.000 - 0.927)
κ 0.035 0.219(0.011 - 0.058) (0.075 - 0.362)
φy 0.497 0.673(0.058 - 0.936) (0.404 - 0.942)
φπ̂ 1.288 1.073(1.000 - 1.944) (1.000 - 1.775)
φr̂ 0.604 0.673(0.411 - 0.797) (0.523 - 0.824)
σy 0.561 0.827(0.354 - 0.768) (0.463 - 1.190)
σπ̂ 0.275 0.743(0.097 - 0.453) (0.449 - 1.046)
σr̂ 0.421 0.244(0.140 - 0.701) (0.000 - 0.624)
β - 2.221(0.000 - 9.747)
δ - 0.665(0.000 - 7.877)
ρ - 0.003(0.000 - 1.000)
J 56.30 40.30

p-value 0.8436 0.99315% 
rit. of χ2 dist. 88.25 84.82Note: The data 
over the period spanning 1975:Q1 - 2009:Q4 (T=140 observations).The parameters ν and γ are set to 0.99 and unity, respe
tively. We use the rollingwindow of 5 years (20 observations) to 
ompute the per
eived volatility of the outputgap, i.e. the un
onditional standard deviation of yt is denoted by σ(yt). The 95%asymptoti
 
on�den
e intervals are given in bra
kets.



102 4. Identi�
ation of Animal Spirits in a Bounded Rationality ModelSeveral observations are worth mentioning. The parameter estimate of the degreeof pri
e indexation α is mu
h higher in the RE (0.765) than the BR (0.203) model.It follows that the expressions, whi
h are in front of the forward- and ba
kward-looking terms in the Phillips Curve, indi
ate a higher weight on future in�ation
Ẽjt π̂t+1 (i.e. ν

1+αν >
α

1+αν ); the result is more pronoun
ed for the BR (0.82 > 0.18)
ompared to the RE model (0.56 > 0.43). For the latter, this indi
ates that there isstrong eviden
e for a hybrid stru
ture of the NKPC. The empiri
al appli
ations ofthe BR model show that the dynami
s of the in�ation gap are primarily driven bythe expe
tations (i.e. the evaluation of the fore
ast performan
e) for the in�ationgap if 
ognitive limitation of agents is assumed. This is not ne
essarily true underrational expe
tations. In other words, we �nd strong eviden
e for an autoregressiveexpe
tation formation pro
ess, sin
e the estimated value for α is high; one groupassumes a 
entral bank in�ation target of zero per
ent (equation (13)), while theother group of the agents form their expe
tations in a purely stati
 way (equation(14)). Regarding the dynami
 IS equation, the output gap is in�uen
ed by theforward- and ba
kward-looking terms at the same proportion, sin
e the empiri
alestimates show that χ = 1 and χ = 0.950 hold for the RE and the BR models,respe
tively. In parti
ular, this degree of habit persisten
e suggests that past obser-vations strongly matter for the dynami
s of the output gap. Finally, the parameterestimate for the degree of interest rate smoothing shows that there is a moderatedegree of persisten
e (φr̂,t) in the nominal interest rate gap for both models.Furthermore, while the empiri
al estimates for κ and τ in the RE model indi
atea small degree of inherited persisten
e due to 
hanges in the real interest rate gap andthe output gap respe
tively, this does not hold for the BRmodel. Here the 
hanges inthe output gap have a strong impa
t (κ = 0.219) on movements in the in�ation gaprelative to the RE 
ase (κ = 0.035). For the output gap, inherited persisten
e playsa fundamental role in shaping the dynami
s of this e
onomi
 indi
ator, whi
h 
anbe seen through the high values of inverse intertemporal elasti
ity of substitution.For the BR model, this value (τ = 0.387) is mu
h larger than the one for the REmodel (τ = 0.079). This implies that the tenden
y towards risk aversion in the BRis stronger than the RE model. To sum up, our results show that in the BR model
ross-movements in the output and in�ation gap a

ount for persisten
e in bothvariables (under 
onsideration of perfe
t habit formation χ = 1) rather than pri
eindexation alone. This 
an be seen through the high values of κ and τ 
ompared to
α. For the RE model, the opposite holds.The output and in�ation gap sho
ks, whose magnitudes are estimated to be
σy = 0.827 and σπ̂ = 0.743 respe
tively, are larger for the BR than those of theRE model. The results reveal that the volatilities of the output and in�ation gapare strengthened by the e�e
ts of behavioral heterogeneity on the 
onsumption andpri
esetting rules. For instan
e, the waves of optimism and pessimism a
t as apersistent for
e in the output gap �u
tuations with peaks and troughs. Figure 1illustrates that the peak of the �u
tuation in the simulated output gap (middle-leftpanel) 
orresponds to the market optimism (lower-left panel) and vi
e versa. Thequalitative interpretation remains almost the same for the in�ation gap dynami
s
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ation to the Euro area 103(middle- and lower-right panel respe
tively) - but the dynami
s of extrapolatorsare highly volatile re�e
ting the large se
ond moment of the empiri
al in�ationgap (upper-right panel). The goodness-of-�t of the models 
ould not be dire
tly
ompared by illustrating the simulated time series (middle-panels), but we 
an seethat the series resemble qualitatively their empiri
al 
ounterparts (upper-panels).Finally, the nominal interest rate sho
ks σr̂ in the RE model are estimated to beroughly twi
e as large as in the BR model.The remaining parameter estimates 
on�rm the known results from the literaturewhere the monetary poli
y 
oe�
ient on the output gap is low while the oppositeholds for the 
oe�
ient on the in�ation gap. The latter indi
ates that the Taylorprin
iple holds over the whole sample period. Nevertheless, the results for the BRmodel indi
ate a stronger 
on
ern in the output gap movements relative to thedynami
s in the in�ation gap. Again, the opposite is true for the RE model. It isworth mentioning that the estimation results indi
ate a monetary poli
y 
oe�
ienton the output gap φy of 0.673, whi
h is in line with the observations of De Grauwe(2011, pp. 443-445). His simulations show that �exible in�ation targeting 
an redu
eboth output gap and in�ation (gap) variability at a minimum level if φy lies in therange of 0.6 to 0.8.The interpretation of this observation is two-fold. First, 
onsider the 
ase ofstri
t in�ation targeting, where the 
entral bank does not a

ount for the volatilityin the output gap. As a result, the fore
ast performan
e of the optimists andpessimists are not a�e
ted sin
e the (real) interest rate gap in the dynami
 IS 
urvedoes not response dire
tly to monetary poli
y. However, there is still an indire
te�e
t (even highly volatile movements in yt are not dampened by the poli
y makers)indi
ated by κ in the NKPC. Hen
e, due to the high degree of inherited persisten
ethe stri
t in�ation targeting 
an fail to 
ontrol strong �u
tuations in the output andin�ation gap. Se
ond, in the 
ase of strong output gap stabilization (relative to thein�ation gap) the 
entral bank dampens its pre-
ommitment to an in�ation target.The ampli�
ation e�e
ts of this kind of poli
y on the fore
ast performan
es of thein�ation extrapolators will then result in higher in�ation variability. We 
on
ludethat our empiri
al �ndings a

ount for neither the �rst nor the se
ond extreme 
ase,but for a optimal �exible in�ation targeting in the Euro Area over the observed timeinterval instead.As already noted, the present study fo
uses on the estimation of the boundedrationality parameters. First, we 
ome to the 
on
lusion that over the whole sampleperiod, the optimisti
 agents have expe
ted a �xed divergen
e of belief of β = 2.221.Roughly speaking, the optimists have been really optimisti
 that the future outputgap will di�er positively by slightly above one per
ent on average from its steadystate value.9 Due to the symmetri
 stru
ture of the divergen
e in beliefs, over thesame sample period pessimisti
 agents were moderately pessimisti
 instead, sin
efrom their point of view the future output gap was expe
ted to be around one9Note that expe
ted future value of the output gap is given by Ei
tyt+1 = |dt| = 1

2
β on averagewith i = {O, P}.
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Figure 4.1: Dynami
s in the output gap and the in�ation gap.Note: Upper and middle panels plot empiri
al and simulated values for the outputgap (left) and the in�ation gap (right), while lower panels plot the 
orrespondingfra
tion of market optimists (left) and extrapolators (right). The simulated timeseries are 
omputed using the parameter estimates for both models given in Table 1.
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Figure 4.2: Model 
ovarian
e (Cov) pro�les in the Euro Area.Note: The dashed line results from the empiri
al 
ovarian
e estimates. The shadedarea is the 95% 
on�den
e bands around the empiri
al moments. The triangle (BR)and star (RE) lines indi
ate the model generated ones. The 
on�den
e bands are
omputed via the Delta method (see Appendix B).
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ent on average below its steady state value. Furthermore, both types of agentsfelt safely about their expe
tations due to the fa
t that the estimate for the variable
omponent in the divergen
e of pessimisti
 beliefs is very low (δ = 0.665) - thisimplies that there is a low degree of un
ertainty 
onne
ted to the expe
ted futurevalue of yt. In line with the results for (and assumptions of) the parameters, whi
hindi
ate endogenous and inherited persisten
e (α, χ, κ and τ), the highly subje
tiveexpe
ted mean value of the output gap β - in 
onjun
tion with the dynami
s indu
edby the self-sele
ting me
hanisms (see the 
orresponding fra
tions in the lower-panelsin Figure 1) - explains the high volatility of the output gap. Based on dis
rete 
hoi
etheory, this strengthens the optimisti
 agents' belief about the future output gapto diverge in the data, sin
e they 
an over(or under)-rea
t to underlying sho
ksthat o

ur a
ross the Euro Area. The same observation holds for the in�ation gapdynami
s. The proportion of the extrapolators in the e
onomy 
orresponds to thein�ation gap movements (
f. lower right vs. upper-right panels in Figure 1): thehigher the fra
tion of extrapolators is, the more volatile the in�ation gap dynami
swill be. Finally, ρ is estimated to be zero, i.e. past errors are not taken into a

ount(
f. equations (4.10) and (4.16)). This leads to the 
on
lusion that stri
t forgetfulnessor 
ognitive limitation holds, whi
h is a requirement for observing animal spirits (
f.De Grauwe (2011, p. 440)).Indeed, visual inspe
tion shows a fairly remarkable goodness-of-�t of the modelsto data (see Figure 2). The mat
h both models a
hieve looks 
learly good over the�rst few lags and still fairly good over the higher lags until the lag 8. In any 
ase,all of the moments are now inside the 
on�den
e intervals of the empiri
al moments.This even holds true for some 
ovarian
es up to lag 20. This is also 
on�rmed bythe values of the loss fun
tion J for the RE (56.30) and BR (40.30) model givenin the last row of Table 1. The asymptoti
 χ2 distributions for the J-test have thedegrees of freedom of 68 and 65 for the RE and BR model, respe
tively. Sin
e the
riti
al values at 5% level are 85.25 and 84.82 respe
tively, and the estimated lossfun
tion values are smaller than these 
riteria, we do not reje
t the null hypothesisthat these models are valid. Moreover, the pi
ture shows a remarkable �t of the BRmodel, whi
h leads to some 
on�den
e in the estimation pro
edure. We 
on
ludethat a bounded rationality model with 
ognitive limitation provides good �ts forauto- and 
ross-
ovarian
es of the data.Note here that the signi�
ant di�eren
es between two models have to be testedby a formal model 
omparison method, sin
e the models do not have any di�
ultiesto �t the empiri
al moments at the 5% signi�
ant interval (see also Jang (2012)among others). In other words, the J-test only evaluate the validity of the modelalong the lines of the 
hosen moment 
onditions. Therefore we 
annot provide adire
t 
omparison between the �ts of the two models. More rigorous test will be apriority for future resear
h.Finally, our empiri
al results indi
ate that the empiri
al test of bounded ratio-nality (viz. the assumption of the divergen
e in beliefs) has to be treated 
arefully,be
ause all parameters (espe
ially the behavioral ones) within the non-linear mod-eling approa
h are generally poorly determined, i.e. wide 
on�den
e bands o

ur.
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al appli
ation to the Euro area 107We delve into this problem by examining the �nite size properties of the moment-based pro
edure through a Monte Carlo study and a sensitivity analysis presentedin the next se
tion. Our results from these exer
ises will a
hieve 
on�den
e in theparameter estimates given in Table 1.4.4.3 Comparison with other studiesThere exists a plethora of studies on the estimation of (small, medium or large)NKM with rational expe
tations using Euro Area data. However, to the best ofour knowledge these studies are di�erent to our 
ontribution in several dimensions.While we apply a moment-based estimation on the Euro Area data over a spe
i�
time interval up to the end of 2009, most of the investigations are based on thegeneralized method of moments and Bayesian estimations using data just to thebeginning of the 21st 
entury instead. Furthermore, we 
onsider gap spe
i�
ationsof π̂t and r̂t expli
itly while in the literature the majority of time series are notdetrended. Hen
e, a 
omparison of our results with those from the literature has tobe done with some 
aution.More generally, one of the representative studies in this �eld is the empiri
alappli
ation of Smets and Wouters (2003). Here the sample period 
aptures theperiod from 1980:Q2 to 1999:Q4. In their 
hapter, they apply Bayesian estimationon a medium s
ale model for the Euro Area. Compared to the 
ases of the RE andBR presented here, they found di�erent values for the parameters τ and φπ̂t , whi
hare estimated to be higher (0.739 and 1.684). In 
ontrast, the estimated values for
κ and φy are relatively small (0.01 and 0.10). Finally, φr̂ = 0.673 is slightly lowerthan in Smets and Wouters (2003, φr = 0.956).Moons et al. (2007) give a good overview on the results stemming from di�erentstudies using di�erent te
hniques ex
ept for the Bayesian one. Most of the parameterestimates are in line with those reported in 
olumn 1 of our Table 1, i.e. in 
ase ofthe RE model. A

ording to Table 1 in Moons et al. (2007, p. 888) τ and κ varyin a range of (0.03, 0.08) and (0.02, 0.17), while we �nd τ = 0.079 and κ = 0.035.The results for the poli
y parameters φŷ = 0.604, φπ̂ = 1.288 and φr̂ = 0.497 areslightly below the estimates reported in Moons et al. (2007) where φy = (0.77, 0.90),
φπ = (0.87, 2.02) and φr = (1, 3.2). For the latter, note on
e again that the leveland not the gap of the 
orresponding time series is 
onsidered. The 
ompositeparameter, whi
h indi
ate ba
kward-looking behavior in the dynami
 IS 
urve andthe NKPC, 
an be denoted by ψ1 =

χ
1+χ and ψ2 =

α
1+αν . It 
an be stated that ourresults for the RE model, ψ1 = 0.5 and ψ2 = 0.43, mimi
 roughly those found inthe literature, i.e. ψ1 = (0.22, 0.97) and ψ2 = (0.13, 0.54).Comparing the results dis
ussed in the previous paragraph with those presentedin 
olumn 2 of Table 1, it 
an be seen that in the 
ase of the BR model these resultsdi�er substantially from the those reported in the literature. Not surprisingly, thisstems from the fa
t that the behavioral model of De Grauwe exhibits a di�erent kindof expe
tation 
hannel whi
h 
an substitute the absen
e of rational expe
tationsfor the model dynami
s. Nevertheless, Moons et al. (2007) estimate a small s
ale
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onomy under 
onsideration of a �s
al poli
y rule (in the spirit ofthe European Stability and Growth Pa
t) with Bayesian te
hniques and found theparameter estimates, whi
h are similar with our results. In parti
ular, τ is estimatedto be high (0.24) whi
h is in line with the BR model (0.387). The authors also �ndthat a high value of the monetary poli
y 
oe�
ient 
on
erning the output gap isestimated to be φy = 0.75, while we �nd a value of 0.673.4.5 Robustness 
he
ksIn this se
tion, we report the variation of the parameter estimates under both theRE and BR model. First, we study the �nite size properties of the moment-basedestimation using the Monte Carlo study. The result shows that we 
an redu
e theestimation un
ertainty presented here with a large sample size. Compared to theRE model, however, the parameter estimates of the BR model have wide 
on�den
eintervals, be
ause the non-linearity of the model gives rise to additional parameterun
ertainty during the estimation. This a�e
ts the 
orresponding values of thebounded rationality parameters β, δ and the memory parameter ρ in the fore
astingheuristi
s (4.11) and (4.12) as well as (4.17) and (4.18). Se
ond, we investigate thesensitivity of these behavioral parameters in the obje
tive fun
tion by investigatingthree-dimensional parameter spa
e. We vary these parameters in a reasonable rangeto �nd the lowest value of the loss fun
tion (4.21).4.5.1 Monte Carlo studyTo analyze the �nite sample properties in the ma
ro data, we use three samplingperiods in the data generating pro
ess (T=100, 200, 500). The experimental trueparameters are drawn from the parameter estimates in the previous se
tion. Af-ter 550 observations are simulated, we dis
ard the �rst 50 observations to trim atransient period. In the RE model, we 
ompute the empiri
al moment 
onditionsand its Newey-West weight matrix of ea
h arti�
ial time series, and estimate theparameters using the method of moment estimator over 500 repli
ations. The samepro
edure is 
arried out to estimate the parameters of the BR model. However, thismakes the 
omputation expensive for the simulated method of moment estimator.We redu
e the 
omputational 
ost by setting the simulation size to S = 10.10Table 4.2 summarizes the results from the MC experiment for the RE model.We report the mean, the root mean square error (RMSE) and the standard error(S.E). The true values of the parameters are stated in the se
ond 
olumn. Theresults show that the method of moment estimation of the RE model has good�nite sample properties; see the RMSE sensitivity to variations in sample size. Thelarge sample size remarkably improves the asymptoti
 e�
ien
y of the method of10The implementation of the MC study on the model with a large simulation size (i.e. S=100)does not have a drasti
 
hange in parameter estimates; see appendix C. The approximation errorrates of analyti
 moments are 10% and 1% for the simulation sizes S = 10 and 100, respe
tively.The 
omputation be
omes expensive when the large simulation size is used.
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Table 4.2: Monte Carlo study for the RE modelT=100 T=200 T=500Label True (θ0) Mean RMSE Mean RMSE Mean RMSE

α 0.750 0.802 0.174 0.778 0.125 0.763 0.079S.E: 0.155 S.E: 0.112 S.E: 0.073
χ 1.000 0.943 0.128 0.939 0.127 0.946 0.103S.E: 0.365 S.E: 0.293 S.E: 0.202
τ 0.085 0.100 0.062 0.088 0.043 0.083 0.029S.E: 0.079 S.E: 0.061 S.E: 0.041
κ 0.035 0.047 0.026 0.042 0.016 0.039 0.009S.E: 0.016 S.E: 0.011 S.E: 0.071
φy 0.500 0.518 0.267 0.487 0.167 0.487 0.107S.E: 0.236 S.E: 0.162 S.E: 0.104
φπ̂ 1.250 1.350 0.309 1.322 0.217 1.296 0.146S.E: 0.343 S.E: 0.222 S.E: 0.144
φr̂ 0.600 0.623 0.111 0.615 0.076 0.611 0.046S.E: 0.094 S.E: 0.069 S.E: 0.045
σy 0.600 0.632 0.127 0.627 0.090 0.623 0.059S.E: 0.125 S.E: 0.095 S.E: 0.062
σπ̂ 0.275 0.249 0.075 0.263 0.049 0.270 0.030S.E: 0.062 S.E: 0.046 S.E: 0.031
σr̂ 0.400 0.234 0.240 0.289 0.181 0.345 0.105S.E: 7.487 S.E: 1.456 S.E: 1.026

J 30.58 24.12 20.10# of reje
tions 4 6 0Note: ν is set to the value of 0.99. The reported statisti
s are based on 500 repli-
ations. RMSE is the root mean square error. S.E denotes the mean of standarderror.
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e the mean of standard error for the estimates be
omes thesmallest. However, the estimated value for the poli
y sho
k parameter σr often hitthe boundary (i.e. σr = 0.0) and makes the numeri
al derivative of the moment
onditions unstable. This leads to the large asymptoti
 error for this parameter.11The J-statisti
 is used to evaluate the validity of the two models when �ttingthe arti�
ial data. On average, the null hypothesis that the model is the true one isnot reje
ted a

ording to the over-identi�
ation test for both the RE and BR model;e.g. for the sample size of T=100, the J test reje
ts the validity of the RE and BRmodel for 4 and 16 times, respe
tively. The number of reje
tion is very small, sin
ethe simulated repli
ations are 500. And we do not �nd any reje
tion of both modelswhen a large sample size is used (T=500). In addition, it 
an be seen from the Jtest that the BR model �ts the data slightly better than the RE model on average.Nevertheless, the dire
t diagnosti
 
omparison between two models must be madewith 
aution, be
ause the BR model has more parameters than the RE model, i.e.their χ2-distributions are di�erent.In 
omparison with the results of the RE model, we found that the simulatedmethod of moments regarding the BR model has more or less poor �nite sampleproperties when inspe
ting the parameters α, τ , β, and δ (see Table 4.3). However,the large un
ertainty for the parameter estimates 
an be mitigated by more observa-tions in the data. On the other side, note here that we 
an 
onsistently re
over thetrue values for the other parameter estimates. Put di�erently, the parameter esti-mates almost 
onverge to the true ones as the sample size in
reases (i.e. T=500). Inthis 
ase the RMSE gets smaller. The large sample allows us to make more a

urateinferen
e about the group behavior in the market expe
tation formation pro
esses.Indeed, as market behavior is unobservable in most 
ases, we need a large samplesize to 
onsistently estimate the behavioral parameters. Nevertheless, the estimatedresults for the behavioral parameters 
an be seen as 
on�dent starting values usedfor 
alibration exer
ises like for e.g. (optimal) monetary and �s
al poli
y analysis.4.5.2 Sensitivity of the behavioral parametersIn this sensitivity analysis we investigate the region of the obje
tive fun
tion withrespe
t to di�erent values of β, δ and ρ. The �ndings from the MC study indi
atethat the RMSE values for these behavioral parameters in the dis
rete 
hoi
e theoryare higher than those for the other stru
tural parameters even for a large samplesize. We dis
uss the poor �nite sample properties of these 
ru
ial parameters in theBR model by evaluating the loss fun
tion under 
onsideration of di�erent pairs for
β, δ and ρ. The remaining parameters are �xed on their estimated values takenfrom the se
ond 
olumn of Table 1. It is our aim to pin down those values from the11Note here that we use the optimization tool (Matlab version R2010a) with the fmin
on solver.Espe
ially the interior-point algorithm has a number of advantages over other algorithms (i.e.,a
tive-set, trust-region-re�e
tive, and sqp). For example, the implementation of the interior-pointalgorithm for large-s
ale linear programming is 
onsiderably simpler than for the other algorithms.Furthermore, it 
an handle nonlinear non-
onvex optimization problems of the BR model.
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Table 4.3: Monte Carlo study for the BR modelT=100 T=200 T=500Label True (θ0) Mean RMSE Mean RMSE Mean RMSE

α 0.200 0.326 0.286 0.383 0.278 0.285 0.187S.E: 0.312 S.E: 0.232 S.E: 0.142
χ 1.000 0.666 0.724 0.798 0.679 0.850 0.655S.E: 1.802 S.E: 1.614 S.E: 1.470
τ 0.385 1.075 0.837 0.620 0.370 0.550 0.292S.E: 0.810 S.E: 0.341 S.E: 0.216
κ 0.215 0.246 0.153 0.223 0.142 0.225 0.139S.E: 0.076 S.E: 0.051 S.E: 0.035
φy 0.675 0.757 0.458 0.697 0.435 0.694 0.430S.E: 0.248 S.E: 0.116 S.E: 0.065
φπ̂ 1.100 1.090 0.703 1.069 0.699 1.089 0.699S.E: 0.326 S.E: 0.174 S.E: 0.106
φr̂ 0.670 0.681 0.427 0.675 0.425 0.681 0.424S.E: 0.073 S.E: 0.046 S.E: 0.028
σy 0.825 0.872 0.549 0.888 0.533 0.874 0.527S.E: 0.290 S.E: 0.182 S.E: 0.133
σπ̂ 0.740 0.606 0.496 0.647 0.477 0.699 0.470S.E: 0.090 S.E: 0.053 S.E: 0.034
σr̂ 0.240 0.165 0.182 0.180 0.176 0.165 0.180S.E: 0.169 S.E: 0.140 S.E: 0.113
β 2.250 2.831 1.867 2.440 1.608 2.330 1.543S.E: 5.638 S.E: 4.149 S.E: 3.670
δ 0.650 1.293 1.021 0.925 0.750 0.862 0.663S.E: 4.000 S.E: 3.596 S.E: 3.223
ρ 0.000 0.213 0.218 0.104 0.134 0.093 0.122S.E: 0.422 S.E: 0.386 S.E: 0.335

J 29.34 22.30 20.74# of reje
tions 16 1 0Note: ν is set to the value of 0.99. The reported statisti
s are based on 500 repli-
ations. RMSE is the root mean square error. S.E denotes the mean of standarderror.
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e, whi
h are asso
iated with the lowest value of the loss fun
tion.
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βδFigure 4.3: 3-D 
ontour plot of the parameter spa
e with β and δNote: The value of the quadrati
 obje
tive fun
tion J is given on the verti
al axis.Figures 3 to 5 illustrate three 
ontour plots, from whi
h we 
an examine theregion of the loss fun
tion J under 
onsideration of the pairwise variation in all threeparameters over a reasonable range. We see from Figure 3 that the minimum valueof the loss fun
tion is 
entered around (δ, β) = (0.6, 2.2). This observation is in linewith our results given in Table 1, and indi
ates that applying the method of momentapproa
h leads to 
onsistent parameter estimates. However, our result emphasizesthat the shape of the 
ontour plot is moderately �at for spe
i�
 
ombinations of δand β, i.e. whi
h still indi
ates the existen
e of wide 
on�den
e bands. Note thatthe value of the loss fun
tion in
reases dramati
ally if δ and β deviate strongly fromtheir estimated values. In this 
ase a trade-o� arises: a highly predi
ted subje
tivemean value β requires a low degree of divergen
e δ in order to ensure a minimumvalue of J .Figure 4 and 5 show that the minimum of the loss fun
tion is given by a value ofthe memory parameter ρ equal to zero in 
onjun
ture with the estimated values of βand δ around 2.2 and 0.6, respe
tively. This result 
on�rms the estimate of ρ givenin Table 1 and strengthens our argumentation in se
tion 4 sin
e stri
t forgetfulnessholds as a requirement for observing animal spirits.In sum, this simulation results show that for a small sample size, the results froma MC study and a sensitive analysis 
on�rm the absen
e of statisti
al a

ura
y ofthese behavioral parameters (i.e. the 
ase of wide 
on�den
e bands) when applyingthe method of moment approa
h.
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lusionIn this 
hapter, we attempt to provide empiri
al eviden
e for the behavioral as-sumption in the model of De Grauwe (2011). The validity of the model assumptionon the 
ognitive limitation (e.g. be
ause of di�erent individual emotional states)is empiri
ally tested using histori
al Euro Area data. We attempt to identify theso-
alled behavioral parameters, whi
h a

ount for animal spirits in the Euro Area;i.e. we hypothesize that histori
al movements of ma
ro dynami
s are in�uen
ed bywaves of optimism and pessimism.To examine the e�e
ts of the group behavior on the output and in�ation gap,we follow the behavioral approa
h of De Grauwe (2011), who assumes divergen
e inbeliefs about the future value of both variables. The 
orresponding de
ision rulesfor market optimism and pessimism are given by the fore
ast performan
e of theagents from the dis
rete 
hoi
e theory. To see this, we 
ontrast a standard hybridversion of the three-equations New-Keynesian model of rational expe
tations witha version of the same model where we assume bounded rationality in expe
tationformation pro
esses using the moment-based estimation.Our main empiri
al �ndings show that a bounded rationality model with 
ogni-tive limitation provides a reasonable �t to auto- and 
ross-
ovarian
es of the EuroArea data. Therefore our empiri
al results of the BR model o�er some new in-sights into expe
tation formation pro
esses for the Euro Area. First, over the wholetime interval the agents had expe
ted moderate deviations of the output gap fromits steady state value with low un
ertainty. Se
ond, in the absen
e of rational be-havior we �nd strong eviden
e for an autoregressive expe
tation formation pro
essregarding the in�ation gap. Both observations explain a high degree of persisten
ein the output gap and the in�ation gap. Based on the dis
rete 
hoi
e theory andthe self-sele
tion pro
ess of the agents, we found that animal spirits strengthen theoptimisti
's belief about the future output gap to diverge in the histori
al Euro Areadata.To the best of our knowledge, su
h kind of empiri
al studies have not beenextensively investigated before in the literature. However, the empiri
al test ofbounded rationality (viz. the assumption of the divergen
e in beliefs) has to betreated 
arefully, be
ause the parameters (espe
ially the behavioral ones) withinthe non-linear modeling approa
h are poorly determined, i.e. wide 
on�den
e bandso

ur. We delve into this problem by examining the �nite size properties of themoment-based pro
edure through a Monte Carlo study and a sensitivity analysis.In the end, we provide empiri
al eviden
e in support of De Grauwe (2011, fn. 4)for understanding the group's over- and under-rea
tion to the e
onomy. In order toidentify the e�e
ts of individual expe
tation formation pro
esses on the e
onomy,in further resear
h, the de
ision rules i.e. the transition rules from one state of thee
onomy to another 
an be 
al
ulated based on survey data (for example see Lux(2009)). Thus these probabilities are then treated as exogenous and (in 
ontrast tothe De Grauwe model) are 
omputed under 
onsideration of the underlying timeseries using the dis
rete 
hoi
e theory. Finally and only if the estimation of small-
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ale models is 
onsidered to be satisfa
tory, one 
an further 
ontinue the modelestimation with mu
h ri
her models like e.g. the medium-s
ale version developed bythe Smets and Wouters (2005, 2007). We leave these issues to future resear
h.



116 4. Identi�
ation of Animal Spirits in a Bounded Rationality ModelAppendixA: Solution of the NKMIn general, all model spe
i�
ations are des
ribed by the following system in 
anoni
alform:
AXt +BXt−1 + CXt+1 + εt = 0 (4.29)where

Xt =




yt
π̂t
r̂t


 , Xt−1 =




yt−1

π̂t−1

r̂t−1


 , Xt+1 =




Ẽjt yt+1

Ẽjt π̂t+1

Ẽjt r̂t+1


 , εt = 


εy,t
επ̂,t
εr̂,t


 .The 
orresponding system matri
es are given by:

A =




1 0 τ

−λ 1 0

−φr̂φy −φr̂φπ 1


 , B =




− χ
1+χ 0 0

0 − α
1+αν 0

0 0 −(1− φr̂)


 (4.30)and

C =




− 1
1+χ −τ 0

0 − ν
1+αν 0

0 0 0


 . (4.31)Re
all that for the rational expe
tations model we assume

ẼREt yt+1 = Etyt+1

ẼREt π̂t+1 = Etπ̂t+1and for the bounded rationality model we assume
ẼBRt yt+1 = (αOy,t − αPy,t)dt

ẼBRt π̂t+1 = αtarπ̂,t
¯̂π + αextπ̂,t π̂t−1where we also 
onsider equations (4.10) to (4.18) with ¯̂π = 0. In the following, wesolve for the dynami
s of the system (4.29). In 
ase of the BR model, the solutionis given by

Xt = −A−1[BXt−1 + CXt+1 + εt] (4.32)where the matrix A is of full rank, i.e. its determinant is not equal to zero, given theparameter estimates in se
tion 4. Under 
onsideration of the heuristi
s for the fore-
asts regarding the output and in�ation gap expe
tations, the forward looking term
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Xt+1 is substituted by the equivalent expressions for the dis
rete 
hoi
e me
hanismgiven in se
tion 2. It follows that the model be
omes purely ba
kward-looking andthus (4.32) 
an be solved by ba
kward-indu
tion.In 
ontrast, the RE model is both ba
kward- and forward-looking. Therefore weapply the method of undetermined 
oe�
ients in order to solve the model. The lawof motion whi
h des
ribes the analyti
al solution is given by

Xt = ΩXt−1 +Φεt (4.33)where Ω ∈ R3×3 and Φ ∈ R3×3 are the solution matri
es. The former is a stablematrix as long as (similar to the matrix A in the BR 
ase) its determinant is notequal to zero, whi
h ensures the invertibility of Ω. Again, this is 
on�rmed giventhe estimation results in se
tion 4. We substitute (4.33) into (4.29) whi
h yields
A(ΩXt−1 +Φεt) +BXt−1 + C(ΩXt +ΦEtεt+1) + εt = 0.This is equivalent to

A(ΩXt−1 +Φεt) +BXt−1 + C(Ω2Xt−1 +ΩΦεt +ΦEtεt+1) + εt = 0.Hen
e, the redu
ed form 
an be rewritten as
(CΩ2 +AΩ+B)Xt−1 + (AΦ +CΩΦ+ I)εt = 0 (4.34)with I being the identity matrix. Note that εt ∼ N(0, σ2z ) with z = {y, π̂, r̂} andthus Etεt+1 = 0. In order to solve equation (4.34), all the terms in bra
kets mustbe zero.12 Thus the solution matri
es 
an be uniquely determined. We may writethat as
CΩ2 +AΩ+B = 0 ⇒ Ω = −(CΩ+A)−1B. (4.35)In order to solve the quadrati
 matrix equation (4.35) numeri
ally, we employ thebrute for
e iteration pro
edure mentioned in Binder and Pesaran (1995, p. 155, fn26). Hen
e an equivalent re
ursive relation of (4.35) is given by

Ωn = −(CΩn−1 +A)−1B (4.36)with an arbitrary number of iteration steps N where n = {1, 2, ..., N}. We de�ne
Ω0 = ξI with 0 ≤ ξ ≤ 1. The iteration pro
ess (4.36) pro
eeds until ||Ωn−Ωn−1|| < ξwhere ξ is an arbitrarily small number. Given the solution of Ω, the 
omputationof Φ is straightforward:

AΦ+ CΩnΦ+ I = 0 ⇒ Φ = −(A+ CΩn)
−1. (4.37)12Obviously the trivial solution Xt−1 = Γt = εt = 0 is dis
arded.
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on�den
e interval for auto- and 
ross-
ovarian
esThe Delta method is a 
ommon te
hnique for providing the �rst-order approxima-tions to the varian
e of a transformed parameter; see 
hapter 5 of Davidson andMa
kinnon (2004) among others. In the study, we use the Delta method when 
om-puting the standard errors of the estimated auto- and 
ross-
ovarian
es of the data.The 
ovarian
e is de�ned as follows:
γij(h) = E[(Xi,t − µi)(Xj,t+h − µj)

′], t = 1, · · · , T (4.38)where γij is the auto-
ovarian
e fun
tion when i = j. Otherwise γij denotes the
ross-
ovarian
e between Xi,t and Xj,t+h. h denotes the lag in data and µi(or µj)is the sample mean of the variable Xi(or Xj). The 
ovarian
e fun
tion in Equa-tion (4.38) pro
eeds with a simple multipli
ation:
γij(h) = E[Xi,t ·X ′

j,t+h]− µi ·E[X ′
j,t+h] = µij − µi · µjwhere µij denotes E[Xi,t ·X ′

j,t+h]. Now we see that γij(h) is a transformed fun
tionof the population moments µi, µj and µij . Denote the ve
tor µ as the 
olle
tionof the moments: µ = [µi µj µij]. We di�erentiate the 
ovarian
e fun
tion withrespe
t to the ve
tor µ:
D =

∂γij(h)

∂µ
=




∂γij(h)
∂µi

∂γij(h)
∂µj

∂γij(h)
∂µij



=




−µj
−µi
1


 (4.39)Therefore the Delta method provides the asymptoti
 distribution of the estimate γ̂ijby mat
hing the sample moments of the data.

√
T (γij − γ̂ij) ∼ N(0,D′SD). (4.40)For some suitable lag length q, we use a 
ommon HAC estimator of Newey and West(1994) when estimating the 
ovarian
e matrix of sample moments. Spe
i�
ally, wefollow the advi
e in Davidson and Ma
Kinnon (2004, p.364) and s
ale q with T 1/3.A

ordingly we may set q = 5 for the Euro area data.

Σ̂µ = Ĉ(0) +

q∑

k=1

(
1− k

q + 1

)
[Ĉ(k) + Ĉ(k)′] (4.41)

Ĉ(k) =
1

T

T∑

t=k+1

[f(zt)− µ̂][f(zt−h)− µ̂]′where f(zt) = [Xi, Xj , Xi · Xj ]. We use the optimal weight matrix S = Σ̂−1
µ inestimating the 
ovarian
e matrix of moments. Let sγ be √

D′SD. Then the 95%asymptoti
 
on�den
e intervals for auto- and 
ross-
ovarian
e estimates be
ome:
[γij − 1.96 · sγ , γij + 1.96 · sγ ]. (4.42)
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ale simulation study for the BR modelWe report the results of a simulation study for the BR model when a large simulationsize is used; S=100. At present, we see that the model estimates using a largesimulation size have slightly smaller values for the RMSEs than ones from a smallsimulation size in the se
tion 4.3.Table 4.4: Monte Carlo Study for the BR ModelT=100Label True (θ0) Mean RMSE
α 0.200 0.249 0.262S.E: 0.314
χ 1.000 0.693 0.716S.E: 2.653
τ 0.385 0.884 0.818S.E: 0.699
κ 0.215 0.236 0.154S.E: 0.0800
φy 0.675 0.728 0.454S.E: 0.181
φπ̂ 1.100 1.105 0.701S.E: 0.701
φr̂ 0.670 0.677 0.427S.E: 0.066
σy 0.825 0.913 0.561S.E: 0.302
σπ̂ 0.740 0.689 0.479S.E: 0.081
σr̂ 0.240 0.165 0.198S.E: 0.246
β 2.250 2.585 1.812S.E: 9.275
δ 0.650 1.139 0.992S.E: 7.656
ρ 0.000 0.224 0.239S.E: 0.547

J 28.53# of reje
tions 9Note: ν is set to the value of 0.99. The reported statisti
s are based on 500 repli
a-tions. RMSE is the root mean square error. S.E denotes the mean of standard error.Sin
e the simulation studies be
ome 
omputationally expensive with a large samplesize, we only report the 
ase of T = 100.
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5The Role of BehavioralHeterogeneity in Asset Pri
ingModels
In this 
hapter we empiri
ally examine alternative models of behavioral heterogene-ity in �nan
ial markets via moment-based estimation: the adaptive belief system(ABS) and a stru
tural sto
hasti
 volatility (SSV) model. First, we dis
uss theempiri
al performan
e of ABS with two types of noise spe
i�
ation (i.e. additiveand multipli
ative) using S&P 500. In parti
ular, we evaluate the validity of twomodel spe
i�
ations from the simulated test distribution. Se
ond, we 
onsider twotrading me
hanisms of SSV and 
ompare their empiri
al performan
e on the returnvolatility. The result of the formal test shows that the herding me
hanism �ts thedata better than the model where the wealth me
hanism is used, but the two modelsare not signi�
antly di�erent at 5% level.5.1 Introdu
tionAgent-based models (ABM) are often used to a

ount for behavioral heterogeneityand so
ial intera
tions between investors. For example, De Long et al. (1990) aswell as Bro
k and Hommes (1997, 1998) develop a framework for the asset pri
ingmodel in whi
h pri
e movements are endogenously determined by heterogeneousexpe
tations. Similarly, several variants of behavioral heterogeneity in ABMs havebeen proposed during the last de
ade, whi
h 
an des
ribe the intera
tive tradingpro
esses observed in �nan
ial markets; see Gaunersdorfer (2000), Chiarella and He(2002), De Grauwe and Grimaldi (2006) and others. It has been shown that themodel of behavioral heterogeneity is 
apable of depi
ting the relationship betweenpri
e movements and trading me
hanism.It is generally assumed in the asset pri
ing model that the investor is aware ofhis or her investment obje
tive: i.e. pro�t maximization by allo
ating the money torisky or risk-free assets. However, the main di�eren
e between ABMs and the tradi-tional portfolio model lies in the fa
t that in the former market demand is primarilydriven by a weighted average of di�erent types of traders. Espe
ially, the behavioralheterogeneity 
an be developed by applying the dis
rete 
hoi
e theory to the tradingbehavior in the asset pri
ing models; also see Anderson et al. (1992). For example,the nonlinear dynami
s of the adaptive belief system (ABS) are 
hara
terized bythe behavioral rules of fundamentalist and 
hartist as well as their intera
tions;
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ing Modelsthe fundamentalist sti
ks to his or her belief on the market fundamental whereasthe 
hartist takes up an adaptive position and seeks for opportunity from the pri
etrend. In most 
ases, a simple de
ision rule, whi
h is used in ABS, prevents thepri
e series from being dire
ted to an ever-in
reasing traje
tory (or bubble). A
-
ordingly, the intera
tive pro
ess of simple swit
hing between the two investors 
anprovide a potential explanation for the empiri
al regularities in �nan
ial data su
has volatility 
lustering and fat-tailed distribution.However, the non-linear mapping between the model stru
ture and the redu
edparameters hinders an empiri
al investigation of ABMs. For example, we 
annotprove the global identi�
ation 
onditions for the parameters of ABMs, and theirintra
tability does not allow us to investigate the 
onvexity of the obje
tive fun
tion.As a result, the empiri
al analyses of the ABMs pay attention to some restri
tedparameter spa
e and delve into the modeling problems; Amilon (2008) used anauxiliary model to estimate a variant of ABS and found that the model with arealisti
 modeling of noise spe
i�
ation 
an not provide a good approximation to�nan
ial data; e.g. long range dependen
e in return volatility. Franke (2010) alsodis
ussed the importan
e of the noise term for the model dynami
s; i.e. the originalversion of ABS 
annot explain stylized fa
ts known in �nan
ial literature.1In this 
hapter, �rst we review two asset pri
ing models with behavioral het-erogeneity: ABS and a stru
tural sto
hasti
 volatility (SSV) model. In the former,we dis
uss the importan
e of two types of noise spe
i�
ation for evaluating the em-piri
al performan
e; i.e. additive and multipli
ative. In the latter, we examine therole of trading me
hanisms in the model dynami
s (see also Franke and Westerho�(2011a, 2012)[FW hereafter℄). To see this, we 
ompare the empiri
al performan
eof two trading me
hanisms: namely, the investors 
an either (1) 
ontinue with apro�table strategy based on their past performan
e (wealth) or (2) follow the opin-ion of su

essful peer groups (herding). Se
ond, we propose the simulated methodof moments to estimate the parameters of ABS and SSV with the data of S&P500 index. Sin
e behavioral heterogeneity has a highly non-linear impa
t on thema
ros
opi
 variable, e.g. the market pri
e, we 
an not �nd a simple 
losed formsolution for these models. Therefore we 
annot derive analyti
al moment equationsof the system, but must approximate them based on simulations; see also Gilli andWinker (2003). Con
erning the moment 
onditions in our empiri
al appli
ations, weutilize four features of stylized fa
ts known in �nan
ial literature following Frankeand Westerho� (2012): the absen
e of auto
orrelations in the raw returns, fat-taileddistribution, volatility 
lustering, and long memory.Sin
e the non-linear mapping from the parameters of ABS to the obje
tive fun
-tion gives rise to multiple lo
al minima during the estimation, we restri
t our em-1To 
ope with identi�
ation problems in the non-linear and sto
hasti
 models, we 
an �x someof the model parameters and evaluate the empiri
al performan
e based on the stylized fa
ts knownin empiri
al literature; e.g. model validation. Moreover, we 
an 
alibrate some of key parameters bymeans of additional (mi
ro-level) data sets, whi
h are widely a

epted by a
ademi
s or resear
hers;see also the validation methodology by Winker et al. (2007) and the spe
ial issue of ComputationalE
onomi
s (2007) edited by Fagiolo et al. (2007) regarding empiri
al appli
ations of ABMs.
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ing models with behavioral heterogeneity 123piri
al analysis to the parameters, whi
h are investigated by Gaunersdorfer andHommes (2007)[GH hereafter℄. Therefore this study does not provide an elaborateanalysis of the parameter estimation, but examines the e�e
ts of the noise term onthe model dynami
s. The results of the empiri
al appli
ation show that the baselinemodel of ABS 
annot reprodu
e all stylized fa
ts of �nan
ial data; i.e. the absen
e oflong range dependen
e in absolute returns. A

ordingly, the model with multipli
a-tive noise has a poor performan
e on the �nan
ial data while the other model withadditive noise is sensitive to the noise level for mat
hing the empiri
al moments.Moreover, we dis
uss the importan
e of the �nite size e�e
ts for analyzing the de
i-sion rules of ABS. The simulation results show that the sto
hasti
 extension of theswit
hing rules allows for a possible misper
eption of investors in the deterministi
dynami
s.Con
erning the role of the trading me
hanism in the pri
e dynami
s, we exam-ine the empiri
al performan
e of SSV using a formal test. For instan
e, Franke andWesterho� (2011b) investigate the �t of several variants of SSV and rank them basedon their ability to mat
h the 
hosen moment 
onditions using simulations (i.e. jointmoment 
overage ratio). In order to make the model 
omparison more expli
it, weevaluate the �t of two 
ompeting spe
i�
ations in SSV a

ording to the simulatedtest distribution. In parti
ular, we apply the formal test of Hnatkovska, Marmer andTang (2012) [HMT hereafter℄ and examine a signi�
ant di�eren
e between the twotrading me
hanisms in �tting the data. We �nd that the herding me
hanism has abetter goodness-of-�t to the data than the model dynami
s where the wealth me
h-anism is used, but the results reveal no statisti
ally signi�
ant di�eren
e betweenthem at 5% level.The 
hapter pro
eeds as follows. Se
tion 2 dis
usses the basi
 dynami
 prop-erties of the asset pri
ing model with behavioral heterogeneity; the e�e
ts of noisespe
i�
ation are investigated in ABS while the role of trading me
hanisms is empir-i
ally examined in SSV. Se
tion 3 explains the estimation methodology, and se
tion4 presents the empiri
al results as well as the formal test of SSV. Finally, se
tion 5
on
ludes. Appendix 
olle
ts all relevant details of this study.
5.2 The asset pri
ing models with behavioral hetero-geneityThis se
tion reviews a theoreti
al framework for the asset pri
ing model with behav-ioral heterogeneity. First, we dis
uss the role of heterogeneous trading rules in thepri
e dynami
s of ABS and examine the e�e
ts of noise spe
i�
ation on the pri
emovements: additive and multipli
ative sho
ks. Se
ond, we investigate the e�e
t ofbehavioral heterogeneity in terms of two trading me
hanisms of SSV: herding andwealth.



124 5. The Role of Behavioral Heterogeneity in Asset Pri
ing Models5.2.1 The adaptive belief systemWe examine the portfolio 
hoi
e problem for the investor who manages the risk in-volved in asset markets using mean varian
e optimization. Note here that the modelwith the traditional portfolio theory has been extended allowing for heterogeneousexpe
tations. There are two types of investment strategy in �nan
ial markets; i.e.fundamentalism and 
hartism. These strategies follow simple behavioral rules:
E1,t[pt+1] ≡ pe1,t+1 = p∗ + ν(pt−1 − p∗), 0 ≤ ν ≤ 1 (5.1)
E2,t[pt+1] ≡ pe2,t+1 = p∗ + g(pt−1 − pt−2), g ≥ 0 (5.2)The fundamentalists (type 1) believe that tomorrow′s pri
e will move to thefundamental pri
e p∗ by the adjustment speed of ν; if pt−1 < p∗, for example,then the fundamentalists expe
t that this di�eren
e will be 
overed by the market
learing, but with a time lag of the adjustment speed in the market.2 On the otherside, the 
hartists (type 2) make use of information about the observed pri
e trendand 
ontinuously update this investment opportunity with the adjustment speed of

g. In this model, we assume that the investors allo
ate their wealth in two ways,namely either to keep their money in a risk-free asset or to invest it into a riskyasset. Be
ause of this simpli�
ation, the total wealth of two traders (type h=1, 2)in period t + 1 
an be expressed as the 
urrent wealth and the expe
ted pro�ts ofthe investment:
Wh,t+1 = (1 + r)Wh,t + {pt+1 + y − (1 + r)pt} · zh,t (5.3)where the state variable zh,t refers to the market demand for the risky asset froma trader type h. The variables y and r denote a 
onstant dividend and interestrate. For the sake of simpli
ity, we use the notations R and Rt+1 for 1 + r and

pt+1 + y − (1 + r)pt, respe
tively.It is assumed here that investors maximize the expe
ted return, but minimizethe risks from their investment. This statement of the problem 
an be formulatedas:
Φ ≡ max

zh,t
Eh,t(Wh,t+1)−

a

2
· Vh,t(Wh,t+1), h = 1, 2 (5.4)2Without loss of generality, we assume that the fundamental pri
e is 
onstant over time. Thisimplies that the deviation of market pri
e from the fundamentals is important to generate returnvolatility in this model.



5.2. The asset pri
ing models with behavioral heterogeneity 125where the parameter a measures risk aversion (a > 0). The optimality 
ondition ofEquation (5.4) 
an be expressed as its �rst derivative. We set it equal to zero withrespe
t to the market demand:
∂Φ

∂zh,t
= Eh,t(Rt+1) − a · V ar(Rt+1)zh,t

!
= 0 (5.5)On
e the market demand and supply are 
leared, we 
an arrive at the myopi
mean varian
e optimization for heterogeneous agents:

zh,t =
Eh,t(Rt+1)

a · Vh,t(Rt+1)
(5.6)For the sake of simpli
ity, we assume that investors have a 
onstant belief ofvarian
e (Vh,t ≡ σ2). Sin
e the trading strategies in�uen
e the wealth dynami
sthrough Equation (5.3), we 
an simply indi
ate the evolutionary �tness measure byusing a

umulation of the pro�ts:

Uh,t = (1 + r)zh,t−1 + η Uh,t−1

=
R

aσ2
· {peh,t + y − (1 + r)pt−1} + η Uh,t−1, h = 1, 2

(5.7)where η is the memory parameter measuring how fast the past �tness is dis
ountedwith the sele
ted market strategies.Note here that the investors update their utility and evaluate the 
hosen tradingstrategy until the expe
ted pro�ts do not di�er from the market realization. Inother words, the investors assess their preferen
es ordering between the two tradingstrategies, whi
h are determined by the utility fun
tion of their �tness values. Espe-
ially the intermediate dynami
s of ABS are asso
iated with the swit
hing pro
essbetween two investors; i.e. the dis
rete 
hoi
e theory. In this framework, it 
anbe seen that the observed 
hoi
e between fundamentalism and 
hartism is madea

ording to the relative advantage of utility from the �tness measure.3
nh,t =

exp(βUh,t−1)

exp(βU1,t−1) + exp(βU2,t−1)
, h = 1, 2 (5.8)3The dis
rete 
hoi
e framework for the group dynami
s is 
ommonly asso
iated with Gibbsdistribution when the in�nite number of agents is assumed in the system. See also Manski andM
Fadden (1981) for details.
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ing Modelswhere the parameter β denotes the intensity of 
hoi
e. The resulting evolutionary�tness and the 
hoi
e probability shape the traje
tory of the pri
e dynami
s. Thisimplies that the pri
e movements 
an be 
onsidered as being a dire
t result of theintera
tive adjustment pro
esses between the fundamentalists and the 
hartists.4We 
omplete the updating s
heme by assuming that the fra
tion of traders evolvea

ording to the following rule:
n2,t = n2,t ·

[
exp

{−(pt−1 − p∗)2

α

}] (5.9)It 
an be seen in Equation (5.9) that the updating 
apa
ity of the 
hartist is 
on-trolled by the parameter α, whi
h measures the sensitivity to the observed deviationfrom the fundamentals. Finally, we arrive at the pri
e equation in the model withthe heterogeneous market demand: the intera
tive pro
ess gives rise to market pri
emovements. Therefore the equilibrium pri
e is re�e
ted in the demand of the het-erogeneous traders after adjusting their market shares:
p̂t :=

1

R
{n1,t · E1,t(pt+1 + y) + n2,t · E2,t(pt+1 + y)} (5.10)In sum, the four lagged pri
es (pt−j, 1 ≤ j ≤ 4) and two lagged �tnesses(Uh,t−1, Uh,t−2) a�e
t the 
urrent pri
e in the model. Con
erning the 
omputationof the model, we 
an simulate the model by using the initial four pri
e values.Then the model 
an sequentially generate the pri
e series from Equation (5.10).During the intermediate steps, the heterogeneous trading rules have a dire
t impa
ton their realized pro�ts. The performan
e of strategy espe
ially has in�uen
e onthe evolutionary part of the model in whi
h the pri
e dynami
s are endogenouslygoverned by the market fra
tions of heterogeneous traders.Table 5.1: Parameter values for simulation

ν g α β r a σ η ρ y P ∗1 1.9 1800 2 0.001 1 1 0.99 10 1 1000A

ordingly, the model dynami
s 
an reprodu
e a periodi
 ups and downs inthe pri
e path; i.e., see the limit 
y
le in Figure 5.1. Note here that the simulatedseries are generated using the parameter values in Table 5.1. Indeed, whenever the
hartists are dominant in the market, the model predi
ts that the pri
e will be devi-ated from the fundamentals. Sin
e the behavior of 
hartists will be in�uen
ed by this4However, the model dynami
s be
ome unstable when this parameter of the swit
hing rulesin
reases more than two (β > 2); e.g. see Gaunersdorfer (2000) and Gaunersdorfer et al. (2008) forthe role of this intensity of 
hoi
e parameter in the system bifur
ation as well as Goldbaum andMizra
h (2008) for estimation.
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Figure 5.1: Deterministi
 stru
ture of ABSobserved deviation (penalty term), however, this will suppress the market a
tivity ofthe 
hartists (e.g. to what extent the pri
e 
an be deviated from the fundamentals,
exp

{
−(pt−1−p∗)2

α

}). This ensures that the updating pro
ess 
an pla
e a limit on thedeviation from the fundamentals. On the other hand, if the 
hartist strategy is notpro�table anymore, then the investors are likely to take up the opposite position(fundamentalism). Overall, it 
an be seen that the pri
e �u
tuations in the modelare 
onsidered results of the intera
tive pro
esses between the investors.
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ing ModelsNoise spe
i�
ation in ABSIn the 
urrent study, we 
onsider two types of the noise term for simulating thepri
e equation of ABS: additive and multipli
ative. The e�e
t of noise spe
i�
ationhas been extensively studied in the �eld of sto
hasti
 di�erential equations; alsosee Longtin (2003) for the use of noise term in Langevin equations. The marketequilibrium pri
e with additive noise 
an be de�ned as:
pt = p̂t + εt, εt ∼ N(0, ρ1) (5.11)where ρ1 measures the magnitude of additive noise over time. p̂ denotes the deter-ministi
 part of the pri
e dynami
s in ABS.However, we observe a high noise-to-pri
e ratio in the model dynami
s when thesimulated pri
e level is moderately low; if pt = 50 and ρ = 10, then the noise-to-pri
eratio ( εtpt ) be
omes 20%. When the noise drasti
ally 
hange the system, for example,it 
an be seen that the model allows for multiple equilibria in the pri
e traje
tory.The intermittent swit
hing pro
esses are sensitive to the initial pri
e values used insimulations. As an alternative route to randomness in the model dynami
s, we 
anpropose the market pri
e equation with multipli
ative noise, where the noise termand the lagged pri
e have the multipli
ative e�e
ts on the 
urrent pri
e level; seeAmilon (2008) and Franke (2010).

pt = p̂t + pt−1 · εt, εt ∼ N(0, ρ2) (5.12)where ρ2 measures the magnitude of multipli
ative noise over time.The parameter values in Table 5.1 are used for simulating return series; e.g.additive (ρ = 10) and multipli
ative (ρ = 0.01) sho
ks in Equation (5.11) and (5.12),respe
tively. Figure 5.2 illustrates that the returns with the multipli
ative sho
ks(right panel) show less dependen
e in volatility than the other one (left panel).Moreover, it 
an be seen that the model with additive noise 
annot predi
t thevolatility 
lustering in �nan
ial data, be
ause the simulated data exhibit strong timedependen
e without having a distin
t impa
t of 
hartism on the model dynami
s(see the period between 3,500 and 4,500 in the left panel).Note here that we 
an easily simulate the de
ision rules of two investors, butthe system 
an undergo a bifur
ation with some parameter 
ombinations. This 
anallow for a negative pri
e traje
tory in simulations; i.e. pt < 0. Be
ause of this, wedo not attempt to estimate all parameters in the model, but analyze the relevan
eof noise spe
i�
ation in the model dynami
s; i.e. to what extent the spe
i�
ation ofthe noise term a�e
ts the model dynami
s in �tting real data. It will be dis
ussedlater in detail.
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Figure 5.2: Return series of ABS with additive (left) and multipli
ative (right) noise.We use the parameter values of Table 5.2 for simulations. The values for the noise term ρ are 10 (additive) and 0.01 (multipli
ative) respe
tively.



130 5. The Role of Behavioral Heterogeneity in Asset Pri
ing Models5.2.2 A stru
tural sto
hasti
 volatility model: herding versus wealthIn this se
tion we dis
uss the herding and wealth me
hanism of the SSV model. Atthe beginning, we distinguish two types of investors: fundamentalists and 
hartists.Their trading behaviors of the mean reversion and the trend following strategy servea market demand for risky assets. The behavioral heterogeneity developed in thismodel is similar with ABS, but the main di�eren
e lies in the spe
i�
ation of demandsho
ks for the two investors:
dft = φ(p∗ − pt) + εft , εft ∼ N(0, σ2f ) (5.13)
dct = χ(pt − pt−1) + εct , εct ∼ N(0, σ2c ) (5.14)where the state variables dft and dct denote the demand of average fundamental-ists and 
hartists. The parameters φ and χ measure the response to pri
e 
hangesfrom the fundamentals (p∗) and the previous pri
e (pt−1), respe
tively. The de-mand sho
ks are represented as two independent and normally distributed randomvariables εft and εct for the two investors.Con
erning the system size in the model, we assume that the market is populatedby the total number of 2N fundamentalists (nft ) and 
hartists (nct). Note here thatwe regard the majority index of the fundamentalists as a proxy for the marketregimes: fundamentalism ("x = +1") or 
hartism ("x = −1").

xt :=
nft − nct
2N

(5.15)A

ordingly, the pri
e dynami
s are driven by the market demands from twotypes of investors. Indeed, it 
an be seen that the intera
tive market pro
essesprevail when the market is in disequilibrium. The adjustment equation for the pri
eat period t+ 1 
an be set up from Equations (5.13) to (5.15) as follows:
pt+1 = pt +

µ

2
·
[
(1 + xt) · φ · (p∗ − pt) + (1− xt) · χ · (pt − pt−1) + εt

]

εt ∼ N(0, σ2t ), σ2t =
(1 + xt)

2σ2f + (1− xt)
2σ2c

2

(5.16)As a rule, the ex
ess demand 
an be adjusted by a market maker, who 
an in
reaseor de
rease the market pri
e with a 
onstant proportionality fa
tor µ > 0. Underthese 
ir
umstan
es, the total demand sho
ks 
an be summarized by two normalrandom distribution with mean zero and two single varian
es. Hen
e, the modelpredi
ts that the pri
e volatility is driven by market stru
ture in the e
onomy, and
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ing models with behavioral heterogeneity 131the noise term σ2t in Equation (5.16) 
hanges a

ording to heterogeneous demandsho
ks. Espe
ially one obtains the 
urrent demand sho
k from the time-varyingshare of the fundamentalists (1 + xt) · σf and the 
hartists (1− xt) · σc.5Now we dis
uss the dynami
s of SSV in terms of behavioral heterogeneity. Inthe same way of ABS, the swit
hing me
hanism based on the dis
rete 
hoi
e theoryprovides a des
ription of the group dynami
s in SSV. Then the market shares aresolely explained by the following equation:
nst =

exp(βust−1)

exp(βuft−1) + exp(βuct−1)
, s = f, c (5.17)where β denotes the intensity of 
hoi
e parameter. To be more spe
i�
, we divideEquation (5.17) by the observed market utility of the fundamentalists exp(βuft−1).Therefore the equation of the market share 
an be transformed into 
ompa
t form,from whi
h we easily examine the share of fundamentalists regarding their utilityadvantage over the 
hartists:

nft =
1

1 + exp{−β(uft−1 − uct−1)}

nct = 1− nft

(5.18)For the sake of simpli
ity, we rede�ne the dis
repan
y between utilities for twogroups (i.e. uft−1−uct−1) as an attra
tive index at−1. Sin
e the past 
apital gains giverise to the payo� di�eren
e between the fundamentalists (uf ) and the 
hartists (uc),the observed utility advantage, whi
h is denoted by the previous attra
tive index,has in�uen
e on the realization of the group dynami
s. Turning to the spe
i�
ationfor the attra
tive index, we examine the variants of the trading behavior, i.e. theherding and wealth me
hanism.
• Dis
rete 
hoi
e with herding me
hanismIn order to establish a 
onne
tion between the group behavior and return volatil-ity, we de�ne the attra
tive index at as a payo� equation with the trading strategyof mean reversion and the majority index (Equation (5.19)). By in
orporating in-formation about the market sentiment (i.e. xt) into the 
urrent payo� of investors,the herding me
hanism predi
ts the pri
e dynami
s in terms of the so
io-e
onomi

on�guration of the market.5The transformation of the majority index by adding/subtra
ting unity results in the relativeshare of fundamentalists/
hartists in ea
h group; i.e. 1 + xt =

n
f
t

N
, 1− xt =

nc
t

N
.
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ing Models
at(xt, pt) := α0 + αxxt + αd(pt − p∗)2 (5.19)where the 
oe�
ient α0 measures a predisposition of traders to the fundamentals.The parameters αx and αd denote a group pressure and the in�uen
e of misalign-ment, respe
tively (αx, αd > 0).

• Dis
rete 
hoi
e with wealth me
hanismIn the wealth me
hanism, we assume that investors 
ompare their pro�ts withthe other group; this payo� di�eren
e will have in�uen
e on their investment strat-egy. The primary di�eren
e between the herding and wealth me
hanism lies in thespe
i�
ation of the attra
tive index; the observed dis
repan
y of 
apital gains be-tween the two investors 
ontrols an endogenous swit
hing pro
ess in the model ofthe wealth me
hanism.
gst = [exp(pt)− exp(pt−1)] · dst−2

wst = ηwst−1 + (1− η)gst , s = f, c

at(xt, pt) := αw(w
f
t − wct )

(5.20)where we express the 
urrent wealth as a weighted sum of the previous wealth (wt−1)and 
urrent pro�ts (gt). The 
oe�
ient η measures their memory on the previouspri
e (0 ≤ η ≤ 1), while the parameter αw denotes the adjustment speed of thepay-o� strategies in the swit
hing pro
ess (αw > 0).5.3 The estimation methodologyIn this study, we estimate the parameters of ABS and SSV via the simulated methodof moments (SMM) estimator. Sin
e the de
ision rules from the dis
rete 
hoi
etheory make these models highly non-linear, we 
annot easily obtain the analyti
almoment equations of a system. In this 
ase, the SMM estimation 
an repla
e themoment 
onditions by approximations based on simulations. We 
an obtain theparameter estimates by minimizing the distan
e between the model-generated andempiri
al moments in the obje
tive fun
tion. For the 
omparison of two 
ompetingmodels, the obje
tive fun
tion 
an be de�ned as:
JI(θ) = min

θI∈Θ
[m̂T −mI(θI)]′ Ŵ [m̂T −mI(θI)], I = A, B (5.21)



5.3. The estimation methodology 133where we distinguish the estimated obje
tive fun
tion values of the two models usingthe notation I; i.e. I = A, B. mI denotes a ve
tor of the model-generated momentswhile m̂ is an estimate of the true moments m0. In parti
ular, the �t of the twomodel spe
i�
ations to the data is 
ompared using the formal test of HMT.As it is dis
ussed above, the swit
hing pro
ess based on the dis
rete 
hoi
e theorya�e
ts the dynami
s of ABS and SSV in a non-linear way. Therefore we approximatethe moment 
onditions of these models by simulations; i.e. mI(θI) = 1
ψT

∑ψT
t=1mt.We denote by ψ a simulation size, whi
h is set to 100.The weight matrix is 
onstru
ted using the moving blo
k bootstrap method. Wedenote by mb a ve
tor of the bootstrapped sample moments. B is the number ofblo
k bootstrap sampling. m̄ is the mean value of the bootstrapped moments.

Ω̂BB := V ar(mb) =
1

B

B∑

b=1

(mb − m̄)(mb − m̄)′ (5.22)As a result, we 
an 
ompute the weight matrix by taking the inverse of the varian
e-
ovarian
e matrix from 1,000 moving blo
k bootstrapped sample: Ŵ = Ω̂−1
BB.Turning to the blo
k length, we use a �xed window of 250 days.6 To make thetest pro
edure of HMT (Hnatkovska, Marmer, Tang (2011)) [HMT-sup hen
eforth℄operational, we estimate the variations in the moment estimates and their 
ovarian
estru
ture by using the double blo
k bootstrap method; see appendix D.Under the standard regularity 
onditions, √T (θT −θ0) 
onverges in distributionas T → ∞ to a normal random ve
tor with mean zero and 
ovarian
e Λψ (Lee andIngram (1991), Du�e and Singleton (1993)):

Λψ = [(DψWD′
ψ)

−1]D′
ψW (1 + 1/ψ)ΩWDψ [(DψWD′

ψ)
−1]′ (5.23)where Dψ is an expe
ted partial derivative matrix of the moments with respe
t tosimulations used in the model. This 
an be numeri
ally 
omputed at optimum ofthe parameter estimates (Dψ ≡ E

[
∂m(θ)
∂θ

]).
6If resear
hers believe in long range dependen
e in their data, then they 
an in
rease the windowlength for estimating the 
ovarian
e stru
ture of the moments in the bootstrap method. Seealso a performan
e 
omparison of several double blo
ks-of-blo
ks pro
edures by Bühlmann (2002),Horowitz et al. (2006), Lee and Lai (2009) and others. In our study we use the one-year window,be
ause we 
annot �nd any signi�
antly positive auto
orrelation in S&P 500 index after one year;see also Winker and Jeleskovi
 (2007).
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ing Models5.4 Empiri
al appli
ationIn this se
tion we �rst present the data and 
hoi
e of moment 
onditions for ourempiri
al appli
ation. Se
ond, we dis
uss the parameter estimates of both ABS andSSV. Finally, we 
ondu
t a formal test to de
ide whether the �t of the two tradingme
hanisms of SSV is signi�
antly di�erent.5.4.1 Data and 
hoi
e of momentsFor the empiri
al appli
ation, we use the histori
al data of S&P 500 index. Thedaily data range from Jan.02.1980 to Sep.29.2006. The sample size of returns is6750. We use the 10 moment 
onditions, whi
h are 
hara
terized by four featuresof stylized fa
ts known in �nan
ial literature. For example, Pagan (1996) studieda set of stylized fa
ts on �nan
ial data, while Winker and Jeleskovi
 (2006, 2007)dis
ussed the un
onditional and time-dependent properties of foreign ex
hange rateseries.Table 5.2: Empiri
al and bootstrapped moment estimates of S&P 500 indexlabel empri
ial moving BB
m1 mean 0.0427 0.0421
m2 varian
e 1.0628 1.0706
m3 
orr(rt, rt+1) 0.0196 0.0191
m4 
orr(|rt|, |rt+1|) 0.1825 0.1746
m5 
orr(|rt|, |rt+5|) 0.2131 0.2041
m6 
orr(|rt|, |rt+10|) 0.1531 0.1455
m7 
orr(|rt|, |rt+20|) 0.1264 0.1138
m8 
orr(|rt|, |rt+50|) 0.1070 0.0850
m9 
orr(|rt|, |rt+100|) 0.0703 0.0406
m10 5-10% right tail of Hill estimator 3.2722 3.2981test 
riterion 95%: 19.07 99%: 25.44Note: Moving BB means the moving blo
k bootstrapped data. The summarystatisti
s are 
omputed using 1,000 bootstrapped resampling.Table 5.2 presents the empiri
al and blo
k bootstrapped moment estimates ofthe S&P 500 index. The mean (m1) and varian
e (m2) 
apture the general shape ofdistribution of the data. The 1st lag of auto
orrelation of raw returns (m3) is 
hosento 
ope with the empiri
al fa
t that returns are not serially 
orrelated; if the 1stlag appears to have no 
orrelation, we are 
on�dent that raw returns do not showsigni�
ant dependen
e over the subsequent lags. The auto
orrelations of absolutereturns (m4, m5, m6, m7, m8, m9) measure the short- and long-term dependen
eof volatility in returns. Finally, the Hill estimator (m10) estimates the degree of thefat-tailed distribution in the data.



5.4. Empiri
al appli
ation 135Figure 5.3 depi
ts a kernel estimate on the distribution of the obje
tive fun
tion,whi
h is obtained from 1,000 bootstrapped samples. The 95% and 95% 
riteria ofthis distribution are 19.07 and 25.44, respe
tively. These threshold values will beused as test statisti
s for evaluating the misspe
i�
ation of the model in SMM; if theobje
tive fun
tion value ex
eeds this 
riterion, we 
on
lude that the model 
annotmat
h the data along the 
hosen moment 
onditions in this study.
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Figure 5.3: Distribution of the bootstrapped obje
tive fun
tion values5.4.2 Estimation results of ABSIn ABS, we fo
us on the stable region of the model dynami
s for the parameterestimation; sin
e the non-linear dynami
s allow for a bifur
ation in the system withrespe
t to the model parameters (espe
ially β), it 
an be seen that the mappingbetween the parameters θ and the model-generated moments m(θ) is highly non-linear. A

ordingly, the obje
tive fun
tion J(θ) does not have a unique minimumduring the estimation.7 Therefore we restri
t our analysis to the region in parameterspa
e where the model dynami
s are stable; i.e. we 
onstrain the parameter estimatesnear the values, whi
h are reported in GH for the model simulation. In addition,we implement the random sear
h method to �nd a best minimum value for theparameters of ABS.To 
ope with identi�
ation problems in the non-linear dynami
s, we 
alibratesome parameters in the model; this 
an redu
e the bias of parameter estimates.First, the parameter ν is set to unity where we 
an examine the 
ase of the strongvolatility 
lustering region for 'E�
ient Market Hypothesis' believers; sin
e all mar-ket information is already in
orporated into the pri
e, the fundamentalists expe
t7In this 
ase, e
onometri
 analysis should 
ope with multiple lo
al minima in the obje
tivefun
tion. As long as the dynami
s of ABS depend on non-linear representation, the moment-basedestimation 
ould get trapped in lo
al minima during the optimization pro
ess.
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ing Modelsthat the future pri
e will follow the lagged one (pe1,t+1 = pt−1). Se
ond, we setthe risk aversion and the 
onstant belief on the varian
e to unity, respe
tively; i.e.
a = 1, σ = 1. The other behavioral parameters in the dis
rete 
hoi
e framework are
alibrated following the previous simulation results of GH: α = 1800, β = 2. Hen
e,we have now three parameters to be estimated in the model: adjustment speed of
hartists g, memory parameter η, noise term ρ.Table 5.3: Parameter estimates for ABSlabel additive multipli
ative

g 5.498 (1.287) 6.488 (1.491)
η 0.981 (0.254) 0.378 (0.154)
ρ 8.500 (0.431) 0.008 (0.001)

J(θ) 107.07 133.24The other parameters are 
alibrated: ν = 1, a = 1,
σ = 1, α = 1800, β = 2. ( ): standard error.Table 5.3 reports the estimates of two spe
i�
ations in the model.8 Indeed, theestimated values for g do not di�er too mu
h between the models with additiveand multipli
ative noise. Espe
ially, this empiri
al result shows that the �t of themodel relates to the return volatility; the higher the parameter value for g, themore volatile the pri
e movements. However, the model with the additive noiseattains a higher value for memory parameter than the other (η: 0.98 (additive) >0.38 (multipli
ative)). Sin
e the role of noise term in the two models is not same,we 
annot make a dire
t 
omparison between the estimated values for the sho
ks.However, it 
an be seen that the magnitude of the sho
ks for both models is similar;sin
e the fundamental pri
e is set to 1,000 for the model simulation, we 
an arriveat ρ̄ = ρ

p∗ = 8.5/1000 = 0.0085.Table 5.4: Simulated moments of ABS with additive and multipli
ative noiseLabel additive multipli
ative Label additive multipli
ative
m1 -0.0004 -0.0002 m6 0.0444 0.0112
m2 1.0255 1.0938 m7 0.0401 0.0042
m3 0.0473 0.0810 m8 0.0414 0.0024
m4 0.1017 0.0790 m9 0.0342 0.0008
m5 0.0465 0.0157 m10 3.8535 3.72928Sin
e the model estimation is obtained using a random sear
h method, the point estimates ofthe model do not indi
ate the smoothed minimum value in the obje
tive fun
tion. Therefore we donot apply the asymptoti
 normality of the parameter estimates from Equation (5.23). Alternativelywe 
ompute the standard error of the parameter estimates by using 100 repli
ations of SMM withdi�erent random seeds.
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al appli
ation 137More generally, the empiri
al results 
an be summarized as follows:
• From this empiri
al appli
ation, we found that the model dynami
s of ABSare misspe
i�ed, sin
e the obje
tive fun
tion values of the two models ex
eedthe simulated test 
riterion (Ĵ(θ): 107.07, 133.24 > 25.44).
• Con
erning the minimum values of the obje
tive fun
tion, we do not havemu
h 
on�den
e in the uniqueness of the parameter estimates, be
ause dif-ferent parameter estimates are often found when we 
hange starting valuesin optimization. This violates the assumption 2.4 of HMT, espe
ially theuniqueness of parameter estimates. Therefore we do not 
ompare the �t oftwo models of ABS using the formal test.Alternatively we 
ompare the �t of the two models from the model-generatedmoments. Table 5.4 shows the simulated moment 
onditions from the two spe
-i�
ations. For example, they do not have any di�
ulty to mat
h the mean andvarian
e of the data (m1,m2). But these models fail to approximate the 
hara
-teristi
s of the data, espe
ially the time dependen
e of return volatility; e.g. see

m4, m5, m6, m7, m8. The empiri
al performan
e for mat
hing these moments inthe model with multipli
ative noise is worse than the other model. By applyingthe Hill estimator, we found that the model-generated moments 
ontain slightly lessextreme values than the empiri
al ones; i.e. 3.85 (additive), 3.73 (multipli
ative) >3.27 (empiri
al).
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Figure 5.4: The e�e
t of noise spe
i�
ation on obje
tive fun
tion: additive (left)and multipli
ative (right).To examine to what extent the level of the noise term plays a role in approxi-mating the data, we investigate the 
urvature of the obje
tive fun
tion with respe
t



138 5. The Role of Behavioral Heterogeneity in Asset Pri
ing Modelsto the s
ale of the sho
k. For this 
omputation, we set the other parameters (g and
η) to the values in Table 5.3, and 
hange the degree of the noise term. Then we
al
ulate the obje
tive fun
tion based on the noise level and depi
t their variations.In Figure 5.4, the left panel draws the obje
tive fun
tion of the model with additivenoise while the right panel a

ounts of the 
ase with multipli
ative noise. Espe-
ially, when the s
ale of the additive noise in
reases, we obtain a mu
h higher valuefor the obje
tive fun
tion, i.e. a bad �t of the model to the data. This graphi
al
omparison between the two models shows that the model with additive noise ismore sensitive to the level of noise assumed in the model than the other. Overall,the results indi
ate that the noise level is empiri
ally important for simulating thedynami
s of ABS.
5.4.3 Estimation results of SSV and model 
omparisonIn this se
tion, we dis
uss the empiri
al results of SSV and 
ondu
t a formal model
omparison between two trading me
hanisms. The level parameters of SSV are
alibrated; i.e. the adjustment parameter for fundamentalists φ and 
hartists χ, theproportionality fa
tor of market maker µ. In addition, we set the intensity of 
hoi
eparameter β to unity. In the 
ase of the herding me
hanism, these parameters areset to the following values: (β, φ, χ, µ) = (1.0, 0.12, 1.5, 0.01). For the 
ase ofthe wealth me
hanism, they are set to the following values: (β, φ, χ, µ) = (1.0,1.0, 1.0, 0.01).9We use SMM to estimate the parameters of the two 
ompeting spe
i�
ations inSSV. The parameter estimates are reported in Table 5.5. The single 
omparisonof these parameter estimates is not mu
h informative, be
ause the two models usedi�erent spe
i�
ations for the attra
tive index. But the estimated values for thedemand sho
ks are noteworthy to mention here. For example, the estimation resultof the herding me
hanism indi
ates that the demand sho
k of the 
hartist is mu
hhigher than the wealth me
hanism (σ̂c: 2.98 (herding) > 1.96 (wealth)), while theestimated demand sho
k of the fundamentalists shows a slight di�eren
e betweenthe two models (σ̂f : 0.79 (herding), 0.68 (wealth)). This implies that the modelapproximation of the herding to the data depends largely on the demand sho
kof the 
hartists, whereas the dynami
s of the wealth me
hanism are more or lessdriven by the adjustment pro
ess implied by the observed dis
repan
y between thetwo investors (α̂w).9The level parameters are 
hosen a

ording to FW. If we 
hange these parameters, SMM wouldarrive at some inferior values of the obje
tive fun
tion. Note here that this 
hapter demonstrateshow the formal test 
an be applied to this model, but not an elaborate estimation.



5.4. Empiri
al appli
ation 139Table 5.5: Parameter estimates of herding and wealthlabel herding wealth
α̂0 -0.417 -(-0.640 ∼ -0.195)
α̂x 1.773 -(1.280 ∼ 2.267)
α̂d 19.022 -(11.128 ∼ 26.916)

α̂w/100 - 21.248(0.000 ∼ 99.129 )
η̂ - 0.986(0.981 ∼ 0.992)
σ̂f 0.788 0.684(0.706 ∼ 0.870) (0.609 ∼ 0.759)
σ̂c 2.983 1.957(2.414 ∼ 3.551) (1.522 ∼ 2.391)
Ĵ(θ) 26.11 49.85Note. The bra
kets ( ) indi
ate the 95% 
on�den
e intervalsof the parameter estimates.Now we evaluate the empiri
al performan
e of the two models by using a formaltest. A

ording to Vuong (1989), two models are overlapping if (i) they have 
ommonmoment 
onditions and (ii) neither model is nested in the other. The SSV modelwith wealth and herding me
hanism has the same underlying stru
ture ex
ept for thespe
i�
ation of the attra
tive index. That is the main reason why we 
an 
onsiderthe two spe
i�
ations as being an overlapping 
ase.10Following HMT, we use two step sequential test. First, we 
ompare the mini-mum value of obje
tive fun
tion for the two models, whi
h is obtained using SMM;i.e. herding: 26.11, wealth: 49.85, respe
tively. Then we measure the signi�
ant dif-feren
e between the two models by subtra
ting these values (i.e. 23.74); see 
haptertwo and three regarding the formal framework for the model 
omparison.The 
riti
al value for the model 
omparison is 141.21 at 5% level; see the 
om-putational details for the simulated distribution in appendix C as well as Figure 5.8in appendix E. The estimated di�eren
e between two obje
tive fun
tion values does10To make this 
lassi�
ation more spe
i�
, we denote by θh = (α0, αx, αd)

′ and θw = (η, αw)
′the parameter set of the herding and wealth me
hanisms, respe
tively. First, the two modelsare not stri
tly non-nested, be
ause from some 
ombinations of the parameters (namely, θh = 0and θw = 0), we 
an �nd that they have same moment 
onditions, i.e. mA(θh) = mB(θw). Inother words, the ability of the two models to mat
h the 
hara
teristi
s of the data is potentiallyequivalent; i.e. the �t of two models to the true data generating pro
ess are equally a

urate.Se
ond, one model is not nested in the other, be
ause the trading me
hanism will have di�erentin�uen
e on the swit
hing me
hanisms and produ
e the di�erent moment 
onditions. This meansthat we have mA(θh) 6= mB(θw) asymptoti
ally if θh 6= 0 and θw 6= 0. Therefore we treat the twomodels as being an overlapping 
ase.
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Figure 5.5: Returns (upper) and fra
tion of 
hartists (lower) from herdingnot ex
eed the simulated 
riti
al value (i.e., 49.85 - 26.11 = 23.74). Therefore we
annot reje
t the null hypothesis that the two models have an equal �t to the data;we do not pro
eed to the se
ond step of the model 
omparison.Table 5.6: Simulated moments of herding and wealth me
hanismslabel herding wealth label herding wealth
m1 0.0000 0.0000 m6 0.2076 0.1978
m2 1.3061 1.3506 m7 0.1715 0.1660
m3 0.0077 0.0068 m8 0.1051 0.1036
m4 0.2394 0.2413 m9 0.0563 0.0487
m5 0.2261 0.2154 m10 2.9115 3.2849To judge the validity of our 
omparison results in detail, we investigate a sum-mary statisti
 of the individual moment 
onditions generated by ea
h model. It 
anbe seen in Tables 5.2 and 5.6 that the moment mat
hing from both herding and
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Figure 5.6: Returns (upper) and fra
tion of 
hartists (lower) from wealth
wealth is fairly good. Moreover, the numeri
al values for the estimated obje
tivefun
tion indi
ate that the model-generated moments are not signi�
antly di�erentfrom the empiri
al ones. Indeed, the histori
al return volatility of S&P 500 
anbe explained by both of them; see Figure 5.5 and 5.6. We also point out that thein
on
lusive 
omparison results would be related to a sampling varian
e and the pa-rameter un
ertainty from the swit
hing me
hanism. In other words, the formal testof di�erent trading me
hanisms is sensitive to the amount of observations, i.e. thedata set that 
ontains a large number of extreme returns. Overall, the results showthat the SSV model is moderately robust to the di�erent swit
hing me
hanismswhen mat
hing the empiri
al features of the data. Put di�erently, the variations ofthe market fra
tion play a major role in approximating the stylized fa
ts of �nan
ialvolatility; the higher fra
tion of 
hartists, the higher volatility in returns.
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ing Models5.5 Con
lusionIn this 
hapter, we dis
ussed the asset pri
ing models of behavioral heterogeneityand evaluated the empiri
al performan
e of ABS and SSV. In ABS, we examined thee�e
ts of noise spe
i�
ation on the model dynami
s by 
omparing two types of thenoise term. Sin
e the empiri
al appli
ation of ABS violates standard assumptions inmoment-based estimation (e.g. �nding a unique solution in the obje
tive fun
tion),we instead fo
used on the stable region of the model dynami
s and used randomsear
h method for minimizing the obje
tive fun
tion during the estimation. Theempiri
al results show that the �t of the model with multipli
ative noise is worsethan the model with additive noise. Moreover, we found that ABS 
an not mat
hthe 
hosen moment 
onditions regardless of the noise spe
i�
ation. Therefore theyfail to explain the empiri
al regularities of the S&P 500 index.Con
erning the empiri
al 
onne
tion between the trading behavior and the pri
edynami
s, we investigated the e�e
ts of two trading me
hanisms in SSV and 
om-pared their empiri
al performan
e. To examine to what extent behavioral hetero-geneity a�e
ts the model dynami
s, we tested the two types of trading rules usingthe formal model 
omparison. We found that the herding me
hanism provides abetter �t to the volatility of �nan
ial data than does the wealth. However, the nullhypothesis of an equal �t of the two models 
annot be reje
ted at 5% level. Thevariations of the market fra
tion between heterogeneous investors a
t as a main driv-ing for
e behind the non-linear dynami
s of SSV. This result shows that the modeldynami
s of SSV is moderately robust to di�erent spe
i�
ations for analyzing thetrading me
hanism.
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lusion 143Appendix A: Sto
hasti
 interpretation of swit
hing rulein ABSIn this se
tion, the model dynami
s of ABS are extended allowing for a �nite numberof investors. To examine the �nite size e�e
ts on the market pri
e volatility, we pro-pose a sto
hasti
 guideline to the dis
rete 
hoi
e theory; we re�ne the approximationof the model to the group behavior from the sto
hasti
 pro
ess.
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Figure 5.7: Deterministi
 model dynami
s with a �nite number of agents
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ing ModelsWe denote by Nc the sto
hasti
 realization of the fra
tions of 
hartists from the�nite-size system:
Nc ∼ B(N,n2,t) (5.24)where the variable N denotes the total number of agents used in simulations. B(· , ·)denotes the binomial distribution spe
i�ed by the parameters N and n2,t. Figure5.7 illustrates the �nite size e�e
ts of ABS on the pri
e dynami
s. Note here thatthe model dynami
s with the �nite number of agents are 
ontrasted with the in�niteben
hmark in Equation (5.9); see also Figure 5.1.It 
an be seen that irregular jumps in returns are in�uen
ed by the misper
eptionof investors: e.g. the random realization of being a 
hartist in the �nite size system.In Figure 5.7 we observe the variation in the return dynami
s when a small numberof agents is employed in this arti�
ial e
onomy; i.e., N = 2, 4, 10. The support of aprobability distribution is 
learly dis
rete in this 
ase. For N = 2, we 
an pla
e itsprobability into three points (0.0, 0.5, and 1.0). The 
ase of N = 10 allows for thesupport of the probability: a set of {0.0, 0.1, · · · , 0.9, 1.0}. If the number of agentsused in simulations in
reases up to N = 30, the pri
e movements follow the periodi
limit 
y
le where the in�nite intera
ting agents are assumed in the model. Overallthe misper
eption of investors is likely to o

ur when we keep a small number ofagents in the system.

B: Sele
tion matrixThe entries of a sele
tion matrix CW used in the simulated test distribution 
onsistof zeros and unities; see appendix C. For example, we 
an 
onsider a simple 3 × 3positive de�nite matrix as follows:
M =



e11 e12 e13
e12 e22 e23
e13 e23 e33


 .

The matrixM has six unique elements. Then the elements of the matrix has thefollowing relationship (see also the matrix notation of ve
(W ) = CW · ξ̂ in appendixC):
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


e11
e12
e13
e12
e22
e23
e13
e23
e33




=




1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1







e11
e12
e13
e22
e23
e33



.

We 
an easily apply the same pro
edure to the 10 × 10 weight matrix in theSMM. The weight matrix used in this study has 55 unique elements. We leave it asa trivial exer
ise for the reader.C: Te
hni
al note on the model 
omparison method witha random weight matrixThis se
tion summarizes the matrix notations used in the test distribution of theformal test. The starting point of HMT is that the model is misspe
i�ed where arandom weight matrix 
annot be optimal. Sin
e the use of the weight matrix 
anin�uen
e the asymptoti
 varian
e matrix of the method of moments, it is ne
essary totake into a

ount the 
orrelation between the moment 
onditions and the 
onsistentweight matrix. That is the main motivation of the HMT's supplementary paperwhi
h spe
i�es additional matrix formula for simulating the test distribution.In this study, we 
onsider a symmetri
 
ovarian
e matrix as the weight matrix(or random weight matrix). The moment estimates and the unique elements ofa random weight matrix are asymptoti
ally normally distributed under standardassumptions in HMT-sup11:
√
T
(
(mT − m̂(θ))′, (ξT − ξ̂)

)′
−→
d

N(0, Σ̂0) (5.25)where ξ is the unique elements ofW . The unique elements of the weight matrix referto the sampling variability in the moment estimates. For example, the variation inthe �rst moment 
an be explained by the se
ond moment, while the variation inthe varian
e is represented by the fourth moment (kurtosis). Remember that we
an estimate the variation in the unique elements using the double blo
k bootstrapmethod. The intermediate steps will be dis
ussed in the next se
tion.11In this study, the terminology of "random" implies that we use a full weight matrix withoutimposing any restri
tion on its elements. If this matrix is estimated from the data, we 
an regardit as a data-dependent matrix.
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ing ModelsIn our study we set the weight matrix to W = Ω̂−1
BB . To pro
eed to the nextstep of matrix 
omputation, we 
al
ulate the sele
tion matrix CW from its simplemultipli
ation of ve
(W ) = CW ξ̂. The matrix CW has dimension n2m × d where ddenotes the number of unique elements of W . As it is dis
ussed above, we use theblo
k bootstrap method to 
onsistently estimate the varian
e-
ovarian
e matrix Σ̂0of whi
h dimension is (nm + d) × (nm + d). It is assumed here that the matri
es

D, F, M are non-singular in neighborhoods of θ:
DI =

(
W EI ⊗ (m̂T −mI(θI))′CW

)

F I =
∂mI(θI)′

∂θI
W
∂mI(θI)

∂θI
′ −M I (5.26)

M I = (EI ⊗ (m̂T −mI(θI))′W )
∂

∂θI
′ ve
(∂mI(θI)

∂θI
′

)
, I = A,B

EI is the identity matrix of whi
h dimension is nIθ × nIθ. Note here that thedimensions of the matri
es ∂mI(θI )

∂θI′
and ∂

∂θI′
ve
(∂mI (θI )

∂θI′

) are (nm + d) × nIθ and
(nm + d) · nIθ × nIθ. The dimension of F I and M I are nIθ by nIθ.The theorem S.4 of HMT-sup states that the QLR test distribution 
onvergesin distribution to z′Σ̂1/2

0 (UB − UA)Σ̂
1/2
0 z, where z ∼ N(0, Enm+d). The nIθ + d by

nIθ + d matrix U I is de�ned as U I = U I1 − U I2 − U I3 − U I4 with I = A, B:12
U I1 = DI′ ∂m

I(θI)

∂θI′
(F I

′
)−1 ∂m

I(θI)′

∂θI
W
∂mI(θI)

∂θI′
(F I)−1∂m

I(θI)′

∂θI
DI

U I2 =
(
W 0

)∂mI(θI)

∂θI′
(F I)−1∂m

I(θI)′

∂θI
DI +DI′ ∂m

I(θI)

∂θI′
(F I

′
)−1 ∂m

I(θI)′

∂θI

(
W 0

)

U I3 = DI′ ∂m
I(θI)

∂θI′
(F I

′
)−1(M I′ +M I)(F I)−1∂m

I(θI)′

∂θI
DI

U I4 =
(
0 EI ⊗ (m̂T −mI(θI))′CW

)′∂mI(θI)

∂θI′
(F I)−1∂m

I(θI)′

∂θI
DI

+ DI′ ∂m
I(θI)

∂θI′
(F I

′
)−1∂m

I(θI)′

∂θI

(
0 EI ⊗ (m̂T −mI(θI))′CW

)When two models are overlapping, we 
an use a sequential testing pro
edurefollowing Vuong (1989). The �rst step of the model 
omparison is to test the nullhypothesis that the �t of the models to the empiri
al moments is equivalent. If thenull hypothesis (H0) is reje
ted, then the se
ond step is to 
ompute the asymptoti
distribution of the QLR statisti
 (see theorem S.5 in HMT-sup). Sin
e the H0
annot be reje
ted in the �rst step, we do not pro
eed to the se
ond step in ourstudy.12The matrix notation (W 0) means that the nI
θ × d zero matrix is sta
ked into the nI

θ × nI
θweight matrix. The dimension of (W 0) is nI

θ × (nI
θ + d).
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lusion 147D: Double moving blo
k bootstrap methodThis se
tion reviews the moving bootstrap method, whi
h is used in this 
hapter toestimate the 
ovarian
e matrix; also see Lahiri (2003) for the details. In order toestimate the variations of the moment 
onditions and unique elements of the weightmatrix, we also 
onsider the double blo
k bootstrap method.We assume that random variables of X1,X2, · · · ,XN are weakly dependent andstationary. We denote by χn and l the sample and an integer for the sub-sample;i.e. χn = {X1, · · · ,X2}, l ≡ ln ∈ [1, n]. Then we 
an 
reate the sub-blo
ked sampleof Bi = (Xi, · · · ,Xi+l−1) with the blo
k of length l for Xi, 1 ≤ i ≤ N . Theintermediate steps are taken as follows:C1: Generate a bootstrap sample of size T by sampling the data using a�xed blo
k length with repla
ement. Denote by B∗ the resampled data; i.e.
B∗ = {B∗

1 , · · · , B∗
k}, where the elements in B∗

i 
onsist of (X∗
(i−1)l+1, · · · ,X∗

il),
i = 1, · · · , k.C2: Reshu�e B∗ again using random interval point and generate a doublebootstrapped sample of size T . Denote by B∗∗ the double resampled data; i.e.
B∗∗ = {B∗∗

1 , · · · , B∗∗
k }, where the elements in B∗∗

i are (X∗∗
(i−1)l+1, · · · ,X∗∗

il ),
i = 1, · · · , k.C3: Compute the varian
e-
ovarian
e matrix of B∗∗; i.e. Σ̂0. This matrix willbe inserted into the simulated test distribution for the model 
omparison (seeEquation (5.25) in appendix C).



148 5. The Role of Behavioral Heterogeneity in Asset Pri
ing ModelsE: Simulated QLR distribution for model 
omparison
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Figure 5.8: QLR distribution of SSV



6So
ial Intera
tion E�e
ts inFinan
ial Data
In this 
hapter we estimate a sto
hasti
 agent based model (ABM) of an arti�
ial�nan
ial market with so
ial intera
tions among market parti
ipants. Assumingthat fundamentals are des
ribed by a Brownian motion, �rst, we study the dynami
properties of a simple intera
ting agent model; i.e. the 
onne
tion between newsinnovation and so
ial intera
tions. Se
ond, we use simulation based inferen
e toidentify the e�e
ts of the behavior of noise traders on pri
e movements by mat
hingempiri
al moments of returns (as 
losely as possible). The results show that themimeti
 
ontagion of investors is an important fa
tor to explain histori
al pri
es in�ve major FX markets. As a result, histori
al volatility of returns under s
rutiny
an be robustly de
omposed into news innovation (45-55%) and so
ial intera
tione�e
ts (45-55%).6.1 Introdu
tionFinan
ial markets are populated by heterogeneous investors. Their motivations andpreferen
es for investments give rise to 
omplex dynami
s in asset markets. How-ever, despite the diversity of expe
tations and �nan
ial obje
tives, most investors
an be 
ategorized as either 
hartists or fundamentalists.1 Motivated by an empir-i
al eviden
e of heterogeneous expe
tations and trading strategies, a large numberof asset pri
ing models have been proposed allowing for heterogeneity of traders,boundedly rational expe
tation formation as well as aspe
ts of so
ial intera
tions;reviews of this literature in
lude Hommes (2006), Lux (2009), Chen et al. (2009)among others.To name only a few, the adaptive belief system des
ribes an intera
tive pro
essbetween di�erent types of traders, who seek for pro�table investment strategies; seeBro
k and Hommes (1997), Gaunersdorfer (2000), Hommes (2001), Chiarella andHe (2002), Chiarella et al. (2006), Gaunersdorfer and Hommes (2007). In the modelof De Grauwe et al. (1993), a 
haoti
 market for
e drives pri
e movements in theforeign ex
hange market; see also De Grauwe and Grimaldi (2006). Their frame-work for analyzing the behavior of fundamentalists and 
hartists 
losely resemblesan earlier work of Frankel and Froot (1990). As regards a sto
hasti
 approa
h to1The distin
tion between 
hartists and fundamental traders has a long history. In parti
ular,early 
ontributions in
lude Baumol (1957), Zeeman (1974), Day and Huang (1990).



150 6. So
ial Intera
tion E�e
ts in Finan
ial Datagroup behavior, Kirman (1991, 1993) proposed a simple swit
hing me
hanism thatmimi
s the behavior of ants. Lux (1995, 1997) generalized the swit
hing dynam-i
s of the herd behavior implied by a jump Markov pro
ess. In another model,Westerho� (2009) as well as Franke and Westerho� (2009) examined the e�e
t ofheterogeneous demand sho
ks on the e
onomy and explored the dynami
s of returnvolatility a

ording to the stru
tural swit
hing me
hanism.It is assumed in this 
hapter that behavioral heterogeneity a�e
ts pri
e move-ments in the �nan
ial markets. As a possible explanation for heterogeneity, wepropose a sto
hasti
 model of so
ial intera
tions and examine, by empiri
ally vali-dating the model, what e�e
t su
h a non-rational group behavior will have on themarket; see Föllmer et al. (2005), Horst and Rothe (2008) among others for a prob-abilisti
 approa
h on the herd behavior in �nan
ial markets. Note here that returnswould be 
onsidered results of an opinion formation pro
ess among investors. Thenthe model and framework in this experimental study show that the behavioral het-erogeneity is one of the main driving for
es behind pri
e movements. This has somesimilarities with approa
hes of other intera
tion-based models, but a key di�eren
ein our approa
h is our re
ognition that investment de
isions and the 
ommuni
ationsamong agents are endogenously driven by so
ial intera
tions.It is shown in Alfarano and Lux (2007) that a simple model of so
ial intera
tionsbetween optimisti
 and pessimisti
 investors 
an reprodu
e several salient featuresabout �nan
ial time series: volatility 
lustering, long range dependen
e and lep-tokurti
 distribution. One di�
ulty with this approa
h is, however, that the pri
edynami
s indu
ed by a 
omplex Markov 
hain of the so
ial intera
tion do not mimi
real data. For example, the simulated pri
e bears little resemblan
e to real pri
esdue to a bi-stable distribution of the opinion formation pro
ess in the model; alsosee Pollard (2006). Moreover, the dynami
s of ABMs sometimes rely on unrealis-ti
 noise level; e.g. see Lux (2006), Amilon (2008). Su
h a dis
onne
tion betweenABMs and the empiri
al fa
ts 
an be explained by the model 
omplexity; the mod-eling approa
h to ABMs is intuitively appealing (e.g. bottom-up approa
h), but
losed-form expressions of non-linear or sto
hasti
 systems are not readily availablefor the model estimation. A

ordingly, the 
omplexity of ABMs be
omes a burdenfor evaluating their empiri
al performan
e.To 
ir
umvent this problem, Winker et al. (2007) propose a model validationmethod using heuristi
 optimization te
hniques, whi
h 
an deal with non
onvexparameter spa
e for estimating ABMs.2 Following their study, we demonstratehow to apply the simulated method of moments estimator to empiri
ally validate asimple intera
ting agent model. To begin with, we use simulation based inferen
ewith the blo
k bootstrap method, whi
h de
odes a time-dependent stru
ture in�nan
ial data; see also Gilli and Winker (2003). Next, we attempt to estimate themodel parameters as a dire
t result of mat
hing the empiri
al moments of returns(as 
losely as possible). For that purpose, we propose several moment 
onditions asstylized fa
ts of �nan
ial data; we use them to analyze the time-dependent stru
ture2They also found that time series models show a better empiri
al performan
e than ABMs.
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k bootstrap method, whi
h 
an allow for an e�
ient estimationand statisti
al inferen
e in the 
ontext of model misspe
i�
ation.The empiri
al �ndings of this market mi
rosimulation model show that a mimeti

ontagion of investors is an important fa
tor to explain the daily return volatility ofvarious foreign ex
hange (FX) markets. For instan
e, it is assumed in our arti�
iale
onomy that the so
ial intera
tion e�e
ts among investors are re�e
ted in a bullishor bearish market sentiment. Espe
ially, a "fragile" (or neutral) market sentiment
oin
ides with errati
 pri
e movements in the histori
al FX market data. Thisimplies that investors relate news arrivals to the future earning of the asset. With aqui
k update on market information, the noise trader intera
ts with his or her peers.As a result, the groups of the noise trader are busy to 
ommuni
ate with ea
h otheras long as there is mu
h un
ertainty about fundamentals in �nan
ial markets. Notehere that when the FX rallies on bullish (or bearish) sentiment, assets are likely to beovervalued (or undervalued) against the fundamentals. Overall, pri
e �u
tuationsobserved in �nan
ial markets 
an be a dire
t result of so
ial intera
tions amongmarket parti
ipants.The remainder of this 
hapter pro
eeds as follows. Se
tion 2 reviews a simplemodel of the opinion dynami
s and dis
usses the properties of an arti�
ial �nan
ialmarket with so
ial intera
tions. To set the stage for our subsequent empiri
al anal-ysis about the trading behavior from various FX markets, se
tion 3 dis
usses thesimulated method of moments, the blo
k bootstrap method, and identi�
ation prob-lems in dete
ting group behavior of the model. Se
tion 4 presents main results of amodel validation and empiri
al estimates obtained from the data. Finally, se
tion 5
on
ludes. Appendix 
olle
ts all relevant details.6.2 The model framework6.2.1 The behavior of noise tradersIn this se
tion, we dis
uss the basi
 properties of group behavior in a simple inter-a
ting model. To begin, the sentiment of the market is represented as being in anopinion formation pro
ess among N agents; i.e. the rede�nition of a binary opin-ion variable, say +1 (optimisti
) and -1 (pessimisti
) stands for the opinion of ea
hagent. The variables NO,t and NP,t denote the number of optimisti
 and pessimisti
agents at date t, respe
tively. Next, the state of the system is de�ned as the marketsentiment (opinion index):
xt =

NO,t −NP,t

N
(6.1)Ea
h agent revisits and possibly 
hanges his or her opinion a

ording to a Poissonpro
ess with intensity ν. The probability for the opposite opinion is assumed to beproportional to the 
urrent fra
tion of agents maintaining the opposite view of the
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ial Intera
tion E�e
ts in Finan
ial Datamarket. Agents eventually re
onsider their opinion and evaluate the 
urrent marketsentiment, whi
h is re�e
ted in the opinion index. Then a pessimisti
 agent de
idesto join the optimisti
 group with a 
onditional probability ω(NO + 1, NP − 1 | · ),whereas the reverse move is obtained with ω(NO − 1, NP +1 | · ). In a 
ontinuous-time framework, the state 
on�guration of the market during an in�nitely smalltime interval ∆t is governed by the following transition probabilities:
ω(NO + 1, NP − 1, t+∆t | NO, NP , t) = ν∆tNP

NO

N

ω(NO − 1, NP + 1, t+∆t | NO, NP , t) = ν∆tNO
NP

N

ω(NO, NP , t+∆t | NO, NP , t) = 1− 2ν∆t
NONP

Nwhere the parameter ν might now be seen as a 
ombined 
onstant for Poisson 
lo
kand the proportionality fa
tor for the strength of so
ial intera
tions. The state ofthe system evolves over time as agents swit
h between groups.To make the pro
ess more expli
it, we denote by X and Y the random variablesof a binomial distribution:
X ∼ B(NO,t, w)

Y ∼ B(NP,t, w)
(6.2)where X and Y are independent repli
ations from the transition probability. Notehere that a binomial random variable 
an be most easily simulated by the sum of

N independent Bernoulli random variables. Hen
e it holds that
NO,∆t = NO,t − X + Y (6.3)
NP,∆t = N − NO,∆tThis implies that a binary 
hoi
e at individual level explains ma
ros
opi
 be-havior in this arti�
ial e
onomy. To prevent the simple Markov 
hain pro
ess frombeing absorbed at the boundaries of x = ±1, the following re�e
ting rules are added:If NP (t) = 0, then P{NP (t+∆t) = 1} = 1If NO(t) = 0, then P{NO(t+∆t) = 1} = 1

(6.4)This rule makes the extreme states of the opinion index (x = ±1) transient, butleads to a distribution that has its peaks at the boundaries (U-shaped distribution).A

ordingly, the model has a unique equilibrium in the path of opinion dynami
s;see Alfarano and Lux (2007).
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Figure 6.1: The opinion index and its frequen
y histogramNote: The upper, middle and lower panels are simulated using a small (N=25), large(N=100), and extremely large (N=1,000) system size.The model takes as input binary de
ision pro
esses that spe
ify the developmentof group dynami
s with respe
t to the system size used in the e
onomy. Con
erningthe model estimation, we use a large number of agents N to maintain an appropriatelevel of so
ial intera
tions. Indeed, Alfarano and Lux (2007) proved the existen
eof the unique equilibrium distribution of an opinion formation pro
ess, of whi
hfun
tional form is U-shaped:
Pe(x) =

1

L

1

1− x2
(6.5)where L is a normalization 
onstant:

L = ln
2− δ

δ
, δ =

1

N
(6.6)Therefore the dynami
s of opinion formation in the equilibrium distribution aredependent on the 
urrent opinion index xt and the number of agents N . The rela-tive frequen
y of the opinion index is in�uen
ed by the system size of this arti�
ial



154 6. So
ial Intera
tion E�e
ts in Finan
ial Datae
onomy. Indeed, the large system size (N → ∞) will redu
e the observed frequen
yof the intermediate state in the opinion index (−0.5 < xt < 0.5), but puts more em-phasis on the two bi-stable states (xt = ±1). This relation between the system sizeand the opinion index is attributed to the fa
t that the 
hange of the normalization
onstant in Equation (6.5) a�e
ts the equilibrium distribution.3 This implies thatthe opinion formation pro
ess is dependent on the number of agents; see Figure 6.1.In general, we �x N to a large value for the model estimation, and investigate thee�e
ts of the system size on the parameter estimates. This will be dis
ussed later.
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Figure 6.2: The behavior of swit
hing pro
ess in a noise trader modelNote: The upper, middle and lower panels are simulated using the parameter ν =

0.5, 2.0, 10, respe
tively. The other parameters are �xed: β = 1.0, NFTF = 10,
NCTC = 1, 100 · δ0 = 0.4, ∆t = 0.01, N=100.It is noteworthy to remember that the parameter ν, whi
h 
ontrols the speed ofthe group behavior, has no impa
t on the qualitative dispersion of the equilibriumdistribution; see Figure 6.2. However, this parameter value is asso
iated with the3The variation in the equilibrium distribution is 
ontrolled by the logarithmi
 transformation ofthe system size. For instan
e, L = ln 1.99

0.01
≃ 5.29 for N = 100, while we arrive at the normalization
onstant L of 7.60 for N = 1000.
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ity of the swit
hing pro
ess at mi
ro-time step. Indeed, the in
rease in theparameter ν a�e
ts the swit
hing pro
ess in a highly dynami
 way and gives rise tomore extreme opinions observed in the market.6.2.2 The arti�
ial market and ben
hmark simulationNow we relate a 
omposition of the population of the investors to the log-returnsof the market pri
e; see Alfarano et al. (2008). Note here that the fundamental-ists adopt a mean reversion behavior when they respond to ex
ess demand. Onthe 
ontrary, noise traders exploit investment opportunities from the market senti-ment. Assuming that a market maker adjusts the pri
e a

ording to the observedex
ess demand, we 
an write a sto
hasti
 di�erential equation implied by the newsinnovations and the opinion dynami
s.
1

pt

dpt
dt

= β · [NFTF · ln
(pF
pt

)
+ NCTC · xt] (6.7)where the parameter β measures the speed of pri
e adjustments. The parameters

NFTF and NCTC denote the transa
tion volumes of the fundamentalists and thenoise traders, respe
tively. For instantaneous market 
learing (dpt
dt = 0

), we maywrite the pri
e equation as:
ln pt = ln pF,t +

NCTC
NFTF

· xt (6.8)Be
ause the purpose of the mi
rosimulation model is to explain the empiri
alobservation of histori
al �nan
ial data, we assume that fundamentals are des
ribedby a Brownian motion. As a sour
e of randomness in the model, the market'sresponse to the news arrival in�uen
es the pri
e dynami
s.d ln pF,t+∆t = δ0 · εt dt (6.9)where εt is a standard Gaussian random variable at time t, and the 
onstant term
δ0 denotes a measure of the news arrival in the market. The news innovation inEquation (6.9) with transition rates for the opinion index establishes the 
onne
tionbetween the opinion index and the pri
e �u
tuations. Then the model predi
tsthat the groups of noise traders are busy to 
ommuni
ate with ea
h other when themarket mood is moderately neutral (i.e. −0.5 < xt < 0.5).Turning to the relation between so
ial intera
tions and the fra
tion of opti-misti
/pessimisti
 agents, the model predi
ts that the so
ial intera
tions will havestrong e�e
ts on pri
e movements as long as the opinion of two groups is starkly



156 6. So
ial Intera
tion E�e
ts in Finan
ial Datadivided over the market regime. If the half of agents is optimisti
 and the other halfis pessimisti
 (i.e. NO = NP ), the transition rate, whi
h des
ribes the 
hanges in theso
io-e
onomi
 
on�gurations, arrives at the highest point; i.e. the numeri
al valuewill be ν∆tN4 . A

ordingly, before they sell or buy assets, investors make an e�ortto 
olle
t information about fundamentals and are likely to 
ope with peer pressure,whi
h 
an in�uen
e their de
ision making. On the other hand, the transition rate ofthe boundary points (i.e. NO = NP = 0) arrives at the minimal value of ν∆t2N−1
4Ninstead of no movements. In sum, this observation summarizes the link between thetransition rates of the group behavior and the pri
e dynami
s.Table 6.1: Parameter values for simulation

v NFTF NCTC 100 · δ0 β ∆t log pF,0 Nvalue 0.5 10 1.0 0.4 1.0 0.01 1.0 100However, the pri
e movements with the opinion index 
an not readily be ex-pressed in a 
losed form way; e.g. Alfarano et al. (2007) derived analyti
 momentsof the variant of this simple intera
ting model, but in our 
ase this mathemati
alderivation is mu
h more 
ompli
ated due to the 
ombination of news innovationand the group behavior. Instead of relying on the analyti
 solution of the model,hen
e, we simulate the pri
e path pt by dis
retizing Equation (6.7) for estimation.We assume that time is dis
retely de�ned over the trading days (∆t = 0.01). Nowthe solution of the pri
e adjustment pro
ess 
an be approximated using an impli
itEuler s
heme.4In this simulation, we use 100 noise traders and allow for so
ial intera
tions atea
h mi
ro-time step. For the sake of simpli
ity, the adjustment speed parameter βis set to unity. Sin
e the adjustment speed parameter is �xed due to the 
ollinear-ity (i.e. the pri
e equation multiplies this parameter and the other trading volumeparameters, so these parameters β, NFTF , and NCTC 
annot be identi�ed simulta-neously), we attempt to estimate the other parameters; i.e., N, ν, NFTF , NCTC , δ0.As the opinion dynami
s of the 
omplex Markov Chain are in�uen
ed by the pa-rameters ν and N , however, the model generally fa
es identi�
ation problems inthe estimation pro
edure; the mapping between these parameters and the obje
tivefun
tion is highly non-linear, and the 
hange of these parameter values 
an indu
edi�erent traje
tory of the pri
e dynami
s. As regards the estimation strategy, forexample, we �x the parameter N (i.e. the system size), whi
h makes the path ofthe pri
e dynami
s stable in the model. In parti
ular, we examine the importan
eof the system size for evaluating the �t of the model and its in�uen
e on parameterestimation. The details of identi�
ation issues in this model will be dis
ussed later.4If a small step size (i.e ∆t = 0.01) is used for approximating the solution of the pri
e dynami
s,then the 
omputation will be very expensive. For instan
e, in order to generate 10,000 pri
e series,
10, 000 ∗ 1

0.01
times of 
omputations have to be exe
uted. Note here that we translate a mainalgorithm for the swit
hing pro
ess into a powerful C language to enhan
e exe
ution speeds.
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Figure 6.3: Noise trader model with so
ial intera
tionsNote here that we simulate the model by using the parameters do
umented inTable 6.1. The model syn
hronizes a dominan
e of the optimisti
 or pessimisti
investors with the over- or under-valuation of assets (see Figure 6.3). Sin
e theso
ial intera
tion e�e
ts are strong for the transition periods between the extrememarket regimes, it is shown that the so
ial intera
tion proxied by the opinion indexhas a dire
t in�uen
e on the market turbulen
e: the stronger so
ial intera
tions willlead to the higher volatility in �nan
ial markets. The auto
orrelation pattern of theabsolute returns appears highly persistent.
6.3 Simulation based inferen
eIn this se
tion, �rst, we explain the simulated method of moments (SMM) for esti-mating the group behavior. Se
ond, we present several sets of moment 
onditions
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ial Intera
tion E�e
ts in Finan
ial Dataused in the SMM estimation. Finally, we dis
uss identi�
ation problems in themodel by investigating three-dimensional parameter spa
e.6.3.1 The simulated method of moments estimationThe SMM estimation is the 
ounterpart of the generalized method of moments whentheoreti
al moments are approximated by simulations.5 Returns of the simulateddata series are de�ned as:
rt+1 = 100× ln(pt+1

pt

) (6.10)We 
onsider the pri
e equation that is generated by the exogenous opinion index(xt) and the other parameters of the trading behavior; pt = f(pt−1, xt, εt; θ). Thevariable εt denotes idiosyn
rati
 sho
ks of a sto
hasti
 pro
ess at date t. Note herethat the parameter ve
tor θ has a dimension of m× 1. Sin
e the sto
hasti
 pro
essfor pt results from a 
ombination of the opinion dynami
s spelled in Equation (6.1)to (6.4) and the sto
hasti
 di�erential equation for the pri
e adjustment (Equa-tions (6.7) and (6.9)), a 
onditional likelihood fun
tion of the model f(pt | zt; θ)does not have a simple analyti
 solution with zt = [pt−1, · · · , p0]′. Alternatively,we 
an approximate the model solution based on simulations. The distan
e of themodel-generated moments (ft) from the empiri
al moments (f∗t ) is de�ned as:
D(θ) =

1

T

T∑

t=1

f∗t − 1

ST

ST∑

t=1

ft (6.11)where S denotes the simulation size, and its high value asymptoti
ally redu
es thesimulation error. The simulations 
an be made to approximate the population mo-ments of a stru
tural model by performing a Monte Carlo integration as determinedby 1
ST

ST∑
t=1
ft; see also Mi
haelides and Ng (2000) among others. To obtain an ap-proximation of moments 
onditions with desired pre
ision, we �x the simulation sizeto 100. The �rst 500 simulation data are dis
arded to ex
lude an initial transientperiod to ensure that p0 has been drawn from a stationary distribution for pt (Leeand Ingram (1991)). In pra
ti
e, we 
an simulate S independent sequen
es of alength T rather than a single sequen
e of ST , be
ause this 
an redu
e simulationerrors of a highly persistent data; see Jonsson and Klein (1996).If the model is well spe
i�ed to generate the data for some θ ∈ Rm, the resultingestimator be
omes 
onsistent (Du�e and Singleton (1993)).

plim
T,S→∞

D(θ) = 0

∣∣∣∣
θ=θ0

(6.12)5See Carras
o and Florens (2002) for a detailed survey on the simulated method of moments.



6.3. Simulation based inferen
e 159where D is a (n × 1) ve
tor of the moment 
onditions. We minimize the obje
tivefun
tion. At its minimum the model 
an mat
h the empiri
al moments as 
lose aspossible. Note here that the obje
tive fun
tion is 
omposed of the di�eren
e betweenthe simulated and a
tual data with a positive de�nite weight matrix W .
Ψ(θ) = min

θ̂
D̂′ W D̂ (6.13)As long as a system of estimating moment 
onditions over-determines the un-known parameters being estimated (n > m), this 
an provide a basis for an over-identifying restri
tions test. More generally, if an estimated value for Ψ̂ is greaterthan a 
riti
al value given by the χ2 distribution, then we will reje
t the null hypoth-esis that the model is 
orre
tly spe
i�ed. A threshold value for the test is drawnfrom the right-skewed distribution, in whi
h degrees of freedom are equal to thedi�eren
e along the dimensions of D and θ; i.e., n−m.In the present study, we use the blo
k bootstrap resampling method to 
omputethe weight matrix following Winker et al. (2007). The empiri
al data are resampled1,000 times from whi
h we estimate their varian
e-
ovarian
e matrix and 
omputethe test distribution of the model misspe
i�
ation. Standard hypothesis tests andstatisti
al inferen
e will be dis
ussed using the blo
k bootstrap method later.6.3.2 The moment 
onditions and the blo
k bootstrap methodIn the 
urrent study, we utilize the moment 
onditions 
overing the main featuresof �nan
ial data; e.g. see 
hapter 4 of Taylor (2005) regarding stylized fa
ts of sto
kreturns and Winker and Jeleskovi
 (2006, 2007) for ex
hange rate returns. Ourmoment statisti
s are summarized in Table 6.2; see also appendix A.6 The DM/USdata set 
overs a period from Jan.02.1973 to De
.11.2009 at a daily frequen
y. Thesample size is 9,000; see Figure 6.4.The mean and the se
ond moment (m1,m2) measure the shape of the returndistribution. The sample auto
orrelation (ACF) of raw returns at lag 1 (m3) pro-vides some indi
ation of almost no 
orrelation between returns for di�erent days.The ACF of the absolute returns at lag 1, 5, 10, and 20 (m4 −m7) shows a highlypersistent nature of volatility.The sele
ted ACFs of |rt| at lags provide partial information about the presen
eof serial 
orrelation, but the parameters of auxiliary models 
apture global time-dependen
e properties of �nan
ial time series. For example, the GARCH (1,1)model des
ribes a presen
e of a short-range dependen
e in the data. Note here6Following Winker and Jeleskovi
 (2006, 2007), we attempted to 
onsider temporal aggregationof the FX data (e.g. from daily to weakly frequen
y). However, the in
lusion of su
h moment 
on-ditions may distort information about time-dependent stru
tures in the data due to the shrinkingnumber of observations.
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Figure 6.4: Pri
es (upper) and returns (lower) of histori
al DM/USthat the moment mID,1 (α1) measures the extent to whi
h the 
urrent volatilityfeeds through into the next day's volatility. The 
oe�
ient β1 (mID,2) 
aptures thepersisten
e of the sho
k over time in the return volatility. Finally, the tail indexmeasures extreme events of the return distribution (mID,3). The statisti
 enteringthe obje
tive fun
tion is the mean value of the Hill estimator over the 5-10% upperquantiles of the right tail. A threshold is sele
ted from an estimated plot wherea shape parameter α is fairly stable. If a low threshold value is in
luded, thiswill improve the a

ura
y of the obtained estimates, but these be
ome biased; seeFigure 6.5.With a fo
us on these moment 
onditions, we 
an 
ompute their 
ovarian
eestimates using the bootstrap method, of whi
h inverse form 
an serve as the weightmatrix in SMM. To provide an explanation of intermediate 
omputational steps, weintrodu
e notations; we denote by f b ∈ Rb a ve
tor for the sample moments b. Notehere that B is the number of blo
k bootstrap resampling. f is the mean value forthe bootstrapped moments. The weight matrix in the obje
tive fun
tion is obtainedby taking the inverse of the varian
e-
ovarian
e from 1000 blo
k bootstrap samples:
Ω̂BB ≡ V ar(mb) =

1

B

B∑

b=1

(f b − f)(f b − f)′ (6.14)
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e 161Table 6.2: Statisti
s of empiri
al moments and blo
k bootstrap samples: DM/USLabel Statisti
 Empiri
al Bootstrap
m1 E[rt] -0.0089 -0.0091
m2 Var[rt] 0.4241 0.4234
m3 
orr(rt, rt+1) 0.0287 0.0271
m4 
orr(|rt|, |rt+1|) 0.1386 0.1385
m5 
orr(|rt|, |rt+5|) 0.1453 0.1430
m6 
orr(|rt|, |rt+10|) 0.1253 0.1227
m7 
orr(|rt|, |rt+20|) 0.0951 0.0891
mID,1 α1 (GARCH(1,1)) 0.0799 0.0730
mID,2 β1 (GARCH(1,1)) 0.8900 0.8995
mID,3 α (Right tail, 5 - 10 %) 3.3781 3.4049Test 
riterion 5%: 18.96 1%: 24.14
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Figure 6.5: Hill plot for daily returnsA

ordingly, we 
an in
orporate the weight matrix of Ŵ = Ω̂−1
BB into the obje
tivefun
tion in Equation (6.13).6.3.3 The algorithm and the hypothesis testBefore minimizing the obje
tive fun
tion in Equation (6.13), we have to simulatepri
e series from the model, and 
ompute the 
hosen moment 
onditions. Below isan example of simulation based inferen
e with a target parameter setting (NFTF ,

NCTC). We implement the following algorithm (1) to estimate the moments over agrid of parameters 7:7Our algorithm follows the approa
h by Gilli and Winker (2003).



162 6. So
ial Intera
tion E�e
ts in Finan
ial DataAlgorithm (1): generating sto
hasti
 pri
e pro
ess and estimating mo-mentsPartition the grid point of parameters as [NFTF , NCTC ] ≡ [{NFT
1
F , · · · , NFT

k
F },

{NCT
1
C , · · · , NCT

j
C}], where NFT

k
F ∈ Rp and NCT

j
C ∈ Rq. The pri
e series pt isgiven by pit ∈ Rr. Common random numbers are used to make this experiment.1. for k = 1 : Rp in the parameter value of NFTF do2. for j = 1 : Rq in the parameter value of NCTC do3. for i = 1 : Rr do4. generate random sequen
es for pri
e simulation5. simulate pri
e path6. end for7. 
ompute returns and estimate moments8. end for9. end forAfter obtaining the moments from the simulated data, we use the algorithm (2)to 
al
ulate a value for the obje
tive fun
tion. We examine the variations of theobje
tive fun
tion Ψ by using several starting values.8Algorithm (2): 
omputing obje
tive fun
tionGiven the grid points over NFT

k
F ∈ Rp, NCT

j
C ∈ Rq1. for k = 1 : Rp in the parameter value of NFTF do2. for j = 1 : Rq in the parameter value of NCTC do3. obtain a value for the obje
tive fun
tion Ψ4. end for5. end forThe algorithms (1) and (2) produ
e a three-dimensional obje
tive fun
tion imageover the grid of two parameters. Figure 6.6 depi
ts the response surfa
e of Ψ overthe parameter pairs, (N ,δ0) and (NFTF , NCTF ). The simulated response surfa
e issmooth and 
onvex with respe
t to the pair (NFTF , NCTF ), but it is non-
onvexand dis
ontinuous with the pair (N , δ0).Keeping the other parameters �xed for the pair (NFTF ,NCTC), that is (ν, N, ∆t, β, 100·

δ0) = (1.0, 200, 0.01, 1.0, 0.4), we obtain a minimum value for Ψ (around 241) atthe point (NFTF , NCTC) = (23, 2.1). Similar steps are taken to estimate the pair(N, 100 ·δ0). In this 
ase, the other parameters are �xed; (NFTF , NCTC , ∆t, β) =8In optimization, we implement both the random sear
h and Nelder-Mead simplex methods.If there is no prior information about a parameter range, the random sear
h algorithm seems tobe e�
ient, but it is more time 
onsuming than the simplex. The simplex method is e�
ient tosear
h for the lowest values of the obje
tive fun
tion at a lo
al area.
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ontour plot of obje
tive fun
tionNote: We use two pairs of parameter 
ombinations: left panel for (N , δ0) and rightpanel for (NFTF , NCTC).

(10, 1.0, 0.01, 1.0). Now we �nd a minimum value of 255 at the point (N, 100 · δ0)= (150, 0.45).To assess the �t of the model to the data, we use a 
riterion from the blo
k boot-strap method and 
ompare it with the estimated loss fun
tion value Ψ̂ of the model.By applying the blo
k bootstrap method, we 
an obtain the following distributionfor the hypothesis testing:
Jb ≡ {(mb −m)′Ŵ (mb −m) : b = 1, · · · , B} (6.15)Figure 6.7 illustrates a kernel estimate for the obje
tive fun
tion from 1,000bootstrapped Jb. It is shown that the quantile distribution has a larger disper-sion than the χ2�distribution with n - m degrees of freedom. For instan
e, fromthe DM/US data, we 
an 
ompute the model sele
tion 
riteria; i.e., 26.12 at 5%level and 36.52 at 1% level. These values will be used to test whether the model-simulated data are drawn from the true data generating pro
ess. If the obje
tivefun
tion value ex
eeds these 
riteria, the model 
annot mat
h the data along 
er-tain dimensions of the empiri
al distribution. In other words, we 
on
lude that themodel is misspe
i�ed.However, the e
onometri
 analysis 
annot o�er a reliable evaluation on the �t ofthe model, be
ause the obje
tive fun
tion may exhibit multiple lo
al minima in theparameter spa
e; see the left panel of Figure 6.6. In order to �nd a global minimumin the multidimensional parameter spa
e, the sear
h pro
ess of the optimum isrestri
ted to a lo
al level. The parameter identi�
ation problems in this model willbe addressed in the next se
tion.
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Figure 6.7: Distribution of obje
tive fun
tion valuesNote. The �gure is drawn from 1,000 blo
k bootstrapped samples6.3.4 Collinearity and parameter identi�
ationThe opinion index in the model is governed by the Markov Chain pro
ess, whi
h istime-homogeneous and geometri
ally ergodi
. Note here that the herd tenden
y pa-rameter ν determines the threshold level, whi
h 
ontrols the number of jumps (birthand death) at ea
h (mi
ro-level) time step. However, we observe the dis
ontinuousresponse of the opinion index with respe
t the parameter ν when approximatingthis swit
hing pro
ess. For example, the dynami
s of the opinion index 
an beapproximated by a re
ursive sto
hasti
 di�erential equation (Langevin):dxt = σ(xt) · ηt dt, σ(xt) =

√
ν∆t(2− ν∆t)

N
[1− x2t ] (6.16)where ηt is a standard Gaussian random variable at time t, and the time-varyingterm σ(xt) measures the di�usion pro
ess of group behavior.Moreover, the pro
ess of opinion formation between agents is 
ontrolled by thejump 
omponent xt. Therefore the simulated response of the obje
tive fun
tiongenerally exhibits dis
ontinuities. This happens that a small 
hange in the parameter

ν 
auses jumps in the opinion index, and these jumps, on their turn, 
ause jumpsin the obje
tive fun
tion through the di�erential equation of the pri
e dynami
s.In optimization, the Nelder-Mead sear
h method 
an handle 
onditions su
h asdis
ontinuities and multimodalities at the lo
al level if we should 
ope with thejumps in the obje
tive fun
tion.
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e 165Table 6.3: Grid points in three-dimensional 
ontour plotlabel sub-interval of grid points stepsize
ν 0.35 + i ∗ h: 0.35 � 0.65 h = 0.01, i = 0, · · · , 30

NFTF 6.5 + i ∗ h: 0.35 � 0.65 h = 0.25, i = 0, · · · , 30
NCTC 0.65 + i ∗ h: 0.65 � 1.25 h = 0.02, i = 0, · · · , 30
100 · δ0 0.25 + i ∗ h: 0.25 � 0.55 h = 0.01, i = 0, · · · , 30
N 85 + i ∗ h: 85 � 115 h = 1.0, i = 0, · · · , 30To 
he
k the presen
e of dis
ontinuity asso
iated with the parameters of thismodel, we investigate the obje
tive fun
tion by drawing its three-dimensional pa-rameter spa
e. In this simulation we set the simulation size to 10. Table 6.3 presentsthe grid points over the parameters; Figure 6.8 illustrates three-dimensional 
ontourplots over the grid points of possible parameter 
ombinations (i.e., the parameter

ν and the other parameters su
h as NFTF , NCTC , δ0, N). This 
on�rms that thedis
ontinuity lo
ations are primarily 
aused by the parameters ν and N .Similarly, the sto
hasti
 group dynami
s aggravate the identi�
ation problemsin the model due to the �atness of the parameter spa
e. For instan
e, if the jumpintensity (ν ↑) in
reases, then the de
rease in the trading volume parameter forthe noise traders (NCTC ↓) o�sets the e�e
ts on the pri
e volatility. As a result,the volatility of returns 
hanges a little; the upper right panel of Figure 6.8 showsthat the obje
tive fun
tion values are similar along the diagonal lines on the graph.For example, the obje
tive fun
tion from some 
ombinations of trading volume andherding tenden
y parameters yields almost the same numeri
al values: (NCTC , ν,
obj.) = (1.19, 0.4, 37.04) , (0.77, 0.58, 38.80).Moreover, an in
rease of the jump intensity parameter is likely to be proportionalto the variation in the trading volume parameter for the fundamentalists. Indeed,the in
rease in the jump intensity (ν ↑) a�e
ts the o

urren
e of the extreme opinions(i.e. near the points xt = +1 or − 1) and redu
es the observation of the opinionindex near the point xt = 0; see Figure 6.2. Therefore this e�e
t 
an be o�set byan in
rease in the trading volume parameter for the fundamentalists (NFTF ↑). We
an simply 
he
k a proximity to the multi-
ollinearity between the parameters ofthe trading volume and the jump intensity using a 3-D 
ontour plot; see the valleysalong the parameters in the upper left panel of Figure 6.8.Be
ause of this long "valley" in the obje
tive fun
tion surfa
e, a gradient-basednumeri
al optimization will stop a more or less random point in it. Even more, sin
ethe obje
tive fun
tion is non-
onvex in the spa
e dire
tion of the parameter ν, itmay have multiple lo
al minima. Therefore, the optimization algorithm will stopin one of these lo
al minima of an inferior obje
tive fun
tion value. Overall, fromFigure 6.8 we 
an infer that the jumps of the swit
hing me
hanism and the relationto the trading volume parameters give rise to multimodality and asso
iated problemsfor statisti
al inferen
e. If multimodality does o

ur, (1) there are several solutionsfor the parameters of trading volume, news innovation and herding tenden
y. (2)The starting values in optimization will be a lo
al minimum during the estimation.
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e 167Table 6.4: Flatness and multimodality I of obje
tive fun
tionLabel sv estimate sv estimate sv estimate
ν 0.5 0.543 0.5 0.526 0.4 0.426

NFTF 5.0 11.201 7.5 8.532 7.5 8.783
NCTC 0.5 1.033 0.5 0.803 1.25 0.909
100 · δ0 0.5 0.369 0.5 0.367 0.4 0.395

Ψ 22.20 23.74 18.09Note: The abbreviation "sv" stands for starting value used inoptimization. The system size N is set to 100.Indeed, it is 
ommonly observed that di�erent minimum values are found inoptimization when we 
hange the starting values. It is shown in Table 6.4 thatthe obtained obje
tive fun
tion values does not have a big di�eren
e between theparameters ν and 100 ·δ0. For example, the model with the parameters of (ν = 0.54,
100·δ0 = 0.37) and (ν = 0.43, 100·δ0 = 0.40) has the loss fun
tion values forΨ=22.20and 18.09, respe
tively. The proximity to the parameter 
ollinearity is also reportedin Table 6.5. This still holds in the relation between the trading volume and herdingtenden
y parameters; i.e. Ψ = 30.64 for (ν, NFTF ) = (0.53, 16.6) while Ψ = 31.12for (ν, NFTF ) = (0.57, 8.0).Table 6.5: Flatness and multimodalities II of obje
tive fun
tionLabel sv estimate sv estimate sv estimate

ν 0.5 0.534 1.5 1.516 0.6 0.567
NFTF 15.0 16.595 15.0 9.924 6.5 8.002
NCTC 1.5 1.529 0.5 0.526 0.85 0.727
100 · δ0 0.5 0.389 0.5 0.488 0.4 0.389

Ψ 30.64 53.02 31.12Note: The abbreviation "sv" stands for starting value used inoptimization. The system size N is set to 100.Next, we measure the variation in the obje
tive fun
tion value with respe
t tothe parameter ν. The other parameters are set: (NFTF , NCTC , δ0, N) = (10, 1,0.4, 100). From Figure 6.9 we 
an see that the obje
tive fun
tion is poorly behavedwith respe
t to the parameter ν; see a wiggle in parameter spa
e. The global shapeof the obje
tive fun
tion is 
on
ave, but the fun
tion exhibits multiple lo
al minima.If simulation and dis
retization errors of the fun
tion approximation are taken intoa

ount, a obje
tive fun
tion value (Ψ=25.53) at the point of ν = 0.41 is numer-i
ally indistinguishable from the point of ν = 0.49 (Ψ=24.42). A

ordingly, theSMM estimation often provides inferior obje
tive fun
tion values with its parameterestimates during the minimization of the obje
tive fun
tion.
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Figure 6.9: The behavior of obje
tive fun
tion w.r.t the parameter νNote: The system size N is set to 100.These empiri
al results show that �nding a global minimum in SMM is non-trivial and 
omputationally di�
ult for this model unless we �x some of the pa-rameters. A

ordingly, we 
an �x the parameter ν in our empiri
al appli
ationand estimate the other parameters in the model. As an alternative solution, we
an also avoid this identi�
ation problem by setting the trading volume parametersto the values asso
iated with the region of a

eptan
e for the hypothesis testing(the model is not misspe
i�ed), and estimate the other parameters. The elaborateempiri
al appli
ation will be dis
ussed in the next se
tion.6.4 Empiri
al appli
ationIn this se
tion, we present the empiri
al results of a noise trader model with variousFX data. First, we �x the system size (N) and the herding tenden
y (ν) parameterin the model while estimating the other parameters via SMM. Se
ond, we present the
ase for estimating the trading volume parameters by �xing the herding tenden
yparameter. After �nding a parameter region that 
an provide a reasonably goodapproximation to the data, we demonstrate how to de
ompose the return volatilityinto the news innovations and so
ial intera
tions.6.4.1 DataFor empiri
al appli
ation, we use various FX market data and 
ompute the sum-mary statisti
s: CHF/US, DM/US, FRF/US, GBP/US, JPY/US. Appendix B re-ports summary statisti
s of the data sets used in this study. All data range from
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ation 169Jan.02.1973 to De
.11.2009.9 The size of the sample is 9,000 at a daily frequen
y.We 
hoose a 200 window length with 45 number of blo
ks. 1,000 samples are drawnat random using the bootstrap pro
edure.6.4.2 Parameter 
alibration I: system size and herding tenden
yIn this se
tion, we demonstrate that the appropriately 
hosen system size playsan important role in dete
ting the so
ial intera
tion e�e
ts in this model. To seethis, we �x the system size and attempt to estimate the other parameters; i.e.
ν, NFTF , NCTC , δ0. In parti
ular, we investigate the variation in the parameterestimates with respe
t to the system size. Note here that we report the results ofthis experiment using the DM/US data. In fa
t, the empiri
al results are robustto the other FX data.10 The following starting values are used for this estimation:
ν = 0.5, NFTF = 10, NCTC = 1.0, 100 · δ0 = 0.5.Table 6.6: Variation in parameters estimates from system size: DM/USparameter 
riterion 5% 1%

N
ν NFTF NCTC 100 · δ0 Ψ 18.96 24.1410 0.093 23.438 1.258 0.411 69.60 R50 0.145 10.449 1.268 0.294 18.42 A100 0.224 14.088 1.951 0.347 14.74 A200 0.535 16.098 2.111 0.373 14.63 A500 1.440 14.443 1.844 0.414 10.57 A1000 2.352 15.854 2.287 0.440 10.30 ANote: Statisti
al inferen
e for model validation (R: reje
ted, A: a

epted).It is shown in Table 6.6 that the model using the large system size a
hieves a goodapproximation to the data; i.e. the obje
tive fun
tion value is the smallest Ψ=10.30for N=1,000. Indeed, it is noti
eable that the appropriate number of noise tradersplay an important role in improving the �t of the model to the return volatility; themodel with the small number of agents (i.e., N = 10) is reje
ted at 1% level as beinga "true" model a

ording to the blo
k bootstrapping 
riterion. The empiri
al resultshows that the total number of the noise traders 
an be set to the value, whi
h isgreater than 50. This experiment demonstrates that the trading volume and theherding tenden
y parameters are highly 
orrelated; the more the intera
ting agentsare employed for simulations, the larger values for the behavioral parameters (ν,

NCTC) we obtain. In 
ontrast, the estimated value for news innovation remainsmoderately stable between 0.30 and 0.44.9The data were retrieved from the Sauder S
hool of Business, University of British Columbia,http://fx.sauder.ub
.
a/data.html.10To save spa
e, we report the 
ase of DM/US. The results of the system size remain almost thesame a
ross the other FX data.
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ial Intera
tion E�e
ts in Finan
ial DataNext, we set the system size and the herding tenden
y parameter to 100 and 0.5,respe
tively. From Table 6.6, we 
an see that the model with some of these parametervalues 
an provide a reasonable approximation to the data; the variation in theparameter ν lies between 0.15 and 0.54 when the system size 
hanges from 50 to 200.The model with these variations 
an be a

eptable of a "
orre
tly" spe
i�ed 
ase.Then we estimate the other parameters in the model: i.e. NFTF , NCTC , 100 · δ0.The parameter estimates are reported in Table 6.7. The following starting valuesare used for this estimation: NFTF = 10, NCTC = 1.0, 100 · δ0 = 0.5.Table 6.7: Parameter estimates I of the noise trader model for FX data
NFTF NCTC 100 · δ0 Ψ inferen
eCHF/US 15.123 1.5190 0.422 14.16 ADM /US 11.152 1.058 0.367 19.51 AFRF/US 8.713 0.829 0.330 34.30 RGBP/US 12.527 1.013 0.295 43.86 RJPY/US 36.891 3.868 0.357 24.21 RNote: Statisti
al inferen
e for model validation (R: reje
ted, A: a

epted).The parameters N and ν are set to 100 and 0.5, respe
tively.From the empiri
al results where we 
ontrol the system size and the herdingtenden
y parameter, it 
an be seen that the model a
hieves a good approximationto the data set of CHF and DM. On the other hand, the model is reje
ted when �ttingthe data set of FRF, GBP and JPY. Again, the estimate for the news innovationparameter appears stable lying between 0.30 and 0.43. More a

urate estimates fornews innovation and so
ial intera
tion e�e
ts will be dis
ussed later.6.4.3 Parameter 
alibration II: trading volumeAs it is dis
ussed in the previous se
tion, however, the obtained estimates are sen-sitive to the starting values due to the �atness and non-
onvexity in the obje
tivefun
tion. To 
he
k this problem, we 
ontinue another experiment to �nd an a

ep-tan
e region of the model. In this experiment, we set the total number of agentsto 100 while the simulation size is set to 10. First, we �x the noise trading volumeparameter to one and 
ontrol the variation in the trading volume parameter for thefundamentalist; i.e., NFTF = 1.0, 2.0, 5.0, 10.0, 15.0, 20.0, 30.0. Se
ond, we in-
rease the noise trading volume parameter by two or �ve times (2 and 5) and repeatthe estimation pro
edure. These experiment settings allow us to examine a modela

eptan
e surfa
e and its behavior a

ording to the 
hosen parameter values.Table 6.8 shows that we 
an �nd the parameter values (NFTF ) between 5 and15 for being non-reje
ted when the trading volume parameter for the noise traderis set to one (NCTC = 1).11 The results show that the area of parameter spa
e11To save spa
e, we report the 
ase of DM/US. The results of this experiment remain almost thesame a
ross the other FX data.
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ation 171Table 6.8: Variation in parameter estimates from trading volume: DM/US
NFTF

NCTC label 1.0 2.0 5.0 10.0 15.0 20.0 30.01.0 ν 0.022 0.049 0.161 0.474 0.580 0.642 0.575
100 · δ0 0.360 0.341 0.324 0.362 0.323 0.308 0.338obj. 2499.60 912.77 74.92 15.21 48.93 103.94 213.97inferen
e R R R A R R R2.0 ν n/a 0.014 0.041 0.106 0.278 0.484 0.587
100 · δ0 n/a 0.349 0.325 0.378 0.345 0.348 0.332obj. n/a 880.36 97.45 16.19 14.97 23.86 46.91inferen
e n/a R R A A A R5.0 ν n/a n/a n/a 0.018 0.034 0.061 0.133
100 · δ0 n/a n/a n/a 0.369 0.347 0.348 0.345obj. n/a n/a n/a 24.45 17.90 13.99 20.39inferen
e n/a n/a n/a R A A ANote: Statisti
al inferen
e for model validation (R: reje
ted, A: a

epted). Thenotation n/a means that estimates are not available, be
ause they hit a boundarypoint (negative value for the parameter ν).for non-reje
tion shifts to the right when NCTC in
reases; i.e., 5 < NFTF < 30 for

NCTC = 2, while 10 < NFTF for NCTC = 5. Moreover, if the numeri
al value forthe trading volume parameter has 
hanged a bit in simulations, we obtain di�erentestimates for the herding tenden
y parameter (ν). Again, the estimated value fornews innovation remains stable between 0.32 and 0.38. From this experiment, wefound that the market volatility 
an be robustly de
omposed into news innovationand so
ial intera
tions, but the parameter, whi
h 
ontrols the swit
hing pro
ess, ishighly 
orrelated with the trading volume parameters.6.4.4 De
omposition of return volatility: news innovation and so-
ial intera
tionsThe results of the empiri
al appli
ations in the previous se
tion show that the trad-ing volume parameters are 
orrelated to the herding tenden
y parameter in themodel; see Table 6.6 and 6.8. To 
ope with the identi�
ation problems in the groupbehavior of this model, we �x the trading volume parameters and attempt to esti-mate the magnitude of news innovation and so
ial intera
tions. More generally, weset the parameters NFTF and NCTC to 10 and unity, respe
tively. This numeri
alvalue 
an be a reasonable 
hoi
e for our 
urrent study, be
ause this value providesupper and lower bounds on the pri
e path. Sin
e the opinion index is multiplied bythe relative ratio of trading volume parameters for the noise traders and fundamen-talists (NCTC
NFTF

= 1
10 ), the pri
e dynami
s in Equation (6.8) are driven by 
hanges infundamentals and the the opinion index; i.e. 1±0.1 given that we set the logarithmi
value for the baseline fundamental value to one in our arti�
ial e
onomy.



172 6. So
ial Intera
tion E�e
ts in Finan
ial DataTable 6.9: Parameter estimates II of the noise trader model for FX data
ν 100 · δ0 Ψ inferen
eCHF/US 0.543 0.421 15.09 ADM /US 0.463 0.364 12.49 AFRF/US 0.537 0.313 35.67 RGBP/US 0.324 0.304 25.33 AJPY/US 0.509 0.353 31.04 RNote: Statisti
al inferen
e for model validation (R: reje
ted, A: a

epted).The parameters NFTF and NCTC are set to 10 and unity, respe
tively.It is shown in Table 6.9 that the model �ts the CHF, DM, and GBP datasu�
iently well, whereas its �t to the FRF and JPY data is 
learly not so good; i.e.see the estimated loss fun
tion values. We 
an see that the DM and CHF markets(100 · δ̂0 = 0.421, 0.364) are more a�e
ted by the news arrivals than the others.Con
erning the estimated value for the velo
ity of the swit
hing pro
ess, we 
aninfer that the noise traders (ν̂ = 0.543, 0.537, 0.509) are more a
tive in the CHF,FRF and JPY markets than the others.Table 6.10: De
omposition of sto
hasti
 pro
esses for FX datalabel std. news innovation(100 · δ̂0) so
ial intera
tions (ν̂)CHF/US 0.734 0.421 (57.36%) 42.64%DM /US 0.651 0.364 (55.91%) 44.09%FRF/US 0.636 0.313 (49.21%) 50.79%GBP/US 0.592 0.304 (51.35%) 48.65%JPY/US 0.657 0.353 (53.73%) 46.27%Note: "std." denotes the standard deviation of returns.Further, Table 6.10 illustrates that the market volatility of various FX markets
an be robustly de
omposed into two parts: impa
ts of news innovation (45-55%)and so
ial intera
tions (45-55%). Note that under these parameters, the modelpredi
ts that the a
tive parti
ipation of the noise traders in the market give rise tovolatility 
lustering and market turbulen
e. Put di�erently, errati
 pri
e movementsare 
ommonly asso
iated with so
ial intera
tions of the noise traders in the market.This predi
tion is in fa
t veri�ed empiri
ally. These observations are illustrated inFigure 6.10. The parameters used in the simulation are ν = 0.463, NFTF = 10.0,

NCTC = 1.0 and 100 · δ0 = 0.364. We also simulate an absolute value for the ex
essdemands of the noise traders (EDNc = |NCTC · xt|); when the noise traders buy orsell a large amount of assets in the marketpla
e, we often observe the volatile pri
emovements.Overall, we found minimum values for the obje
tive fun
tion (15.09, 12.49 and
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Figure 6.10: Model-generated data using the estimated parametersNote: The upper panels plot pri
es (left) and returns (right) while the lower panelsplot the 
orresponding opinion index (left) and ex
ess demands of the noise traders(right).25.33) using the CHF, DM, GBP data. Sin
e these values do not ex
eed the 
riterionof model misspe
i�
ation from the blo
k bootstrap method, we 
an not reje
t thenull hypothesis that the 
hara
teristi
s of the empiri
al data are mat
hed by themodel-generated ones with the parameter estimates in Table 6.9. Indeed, Table 6.11shows that the model-generated moments mat
h the empiri
al 
ounterparts almostperfe
tly. However, the obje
tive fun
tion values for the FRF and JPY market datado ex
eed the 
riteria from the blo
k bootstrap method at 1% level (35.67 > 24.10,
31.04 > 25.89); the model is misspe
i�ed.
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ial Intera
tion E�e
ts in Finan
ial DataTable 6.11: Moment estimates of FX data
m1 m2 m3 m4 m5 m6 m7 m8 m9 m10CHF -0.0133 0.5382 0.0195 0.1365 0.1247 0.1111 0.0916 0.0712 0.9142 3.4123NT 0.0003 0.4562 0.0266 0.1434 0.1347 0.1230 0.1058 0.0730 0.9122 3.9418DM -0.0089 0.4241 0.0287 0.1386 0.1453 0.1253 0.0951 0.0799 0.8900 3.3781NT 0.0003 0.4090 0.0337 0.1502 0.1431 0.1361 0.1213 0.0639 0.9261 3.8753FRF -0.0007 0.4040 0.0265 0.1316 0.1539 0.1317 0.1018 0.0946 0.8881 3.1911NT 0.0003 0.3724 0.0440 0.1572 0.1486 0.1413 0.1262 0.0666 0.9236 3.8550GBP 0.0032 0.3507 0.0525 0.1716 0.1759 0.1566 0.1338 0.0671 0.9197 3.1955NT 0.0001 0.3343 0.0374 0.1806 0.1687 0.1557 0.1380 0.0870 0.9013 3.7778JPY -0.0120 0.4311 0.0222 0.1788 0.1471 0.1165 0.1143 0.1297 0.8693 3.3463NT 0.0002 0.3880 0.0282 0.1667 0.1516 0.1364 0.1154 0.0900 0.8935 3.87966.5 Con
lusionIn this 
hapter, we proposed the moment-based estimation to examine the e�e
ts ofthe group behavior on an opinion formation pro
ess in �nan
ial markets. In a simpleintera
ting agent model, the transition rates of the opinion dynami
s a�e
t the pri
emovements; we assume that fundamentals are des
ribed by a Brownian motion.However, the mapping between the model parameters and the obje
tive fun
tion isnon-
onvex and �at with respe
t to the behavioral parameters during the estimation.To 
ir
umvent identi�
ation problems in the model, we �rst 
alibrated the systemsize and trading volume parameters, and used simulation based inferen
e to validatethe model as being a "true" one. A

ordingly, the SMM estimation provides themodel parameter estimates by mat
hing (as 
losely as possible) the moments of theFX data; the market volatility 
an be robustly de
omposed into the news innovationand so
ial intera
tions.As Keynes (1936) wrote about an imaginary beauty 
ontest in his famous workGeneral Theory of Employment Interest and Money, investors make a rule of thumbestimate of the market sentiments. A

ording to their assessment of the marketsituation, they are likely to buy or sell assets out of spe
ulative motive. Be
auseof this, we 
an establish a 
onne
tion between the e�e
ts of so
ial intera
tions andthe pri
e dynami
s in the market. Indeed, his metaphor for the group behavioris empiri
ally veri�ed by taking a simple intera
tion-based model to the FX data.This implies that the behavioral analysis of heterogeneous investors 
an su

essfullyreprodu
e the empiri
al feature of the �nan
ial data. The empiri
al results also showthat the transition rates of the histori
al market sentiment give rise to ex
essivevolatility in �nan
ial markets.A

ording to a test 
riterion from the blo
k bootstrap resample, we 
annot re-je
t the null hypothesis that the empiri
al 
hara
teristi
 of some FX data 
an beexplained by a simple intera
ting agent model. However, we found that the model
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lusion 175is misspe
i�ed for the FRF and JPY data. Sin
e the moment-based estimationprovides ben
hmark values for the behavioral parameter in a Markov 
hain of theopinion dynami
s, we 
an further 
ontinue our study of the model identi�
ationsusing the simulation based approa
hes su
h as a Markov 
hain Monte Carlo and �l-tering methods. Future resear
h is needed to examine the variation in the behavioralparameter estimates in our study.
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ial Intera
tion E�e
ts in Finan
ial DataAppendix A: Choi
e of momentsWe assume that the data sets used here are se
ond-order stationary. Then we denoteby µr, µ|r|, and µr2 �rst moments of the population for the raw, absolute and squarereturns respe
tively. The se
ond moments of r, |r|, and r2 are respe
tively σr, σ|r|,and σr2 . Auto
orrelation 
oe�
ient ρτ refers the 
orrelation of the return serieswith its own past values after time lag τ . The moment 
onditions are 
hosen amongthe following 11 moments (m1 −m11):
m1 = E[rt]− µr

m2 = E[r2t ]− σ2

m3 = E[ (rt−µr)(rt−1−µr)
σ2r

]− ρ1,r

m3+i = E[
(|rt|−µ|r|)(|rt−τ |−µ|r|)

σ2
|r|

]− ρτ,|r|, i=1, 2, 3, 4 & τ = 1, 5, 10, 20The parameters (mID,1−mID,3) of the auxiliary models (the univariate GARCH(1,1) model and the Hill estimator) are estimated via the indire
t estimation method:GARCH (1,1)
rt = γ0 + εi, εt ∼ N(0, ht)

ht = α0 + α1ε
2
t−1 + β1ht−1Tail index; see Hill (1975).

ξ = 1
k−1

k−1∑
i=1

ln ri,n − ln rk,n, for k ≥ 2

mID,1 = α1

mID,2 = β1

mID,3 = α (:= 1
ξ )
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s of FX data
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Figure 6.11: Pri
es (upper) and returns (lower) of CHF/US dataTable 6.12: Statisti
s of empiri
al moments and blo
k bootstrap samples: CHF/USLabel Statisti
 Empiri
al Bootstrap
m1 E[rt] -0.0133 -0.0136
m2 Var[rt] 0.5382 0.5392
m3 
orr(rt, rt+1) 0.0195 0.0182
m4 
orr(|rt|, |rt+1|) 0.1365 0.1340
m5 
orr(|rt|, |rt+5|) 0.1247 0.1203
m6 
orr(|rt|, |rt+10|) 0.1111 0.1099
m7 
orr(|rt|, |rt+20|) 0.0916 0.0835
mID,1 α1 (GARCH(1,1)) 0.0712 0.0754
mID,2 β1 (GARCH(1,1)) 0.9142 0.9042
mID,3 α (Right tail, 5 - 10 %) 3.4123 3.4429Test 
riterion 5%: 18.42 1%: 23.44
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Figure 6.12: Pri
es (upper) and returns (lower) of FRF/US data
Table 6.13: Statisti
s of empiri
al moments and blo
k bootstrap samples: FRF/USLabel Statisti
 Empiri
al Bootstrap

m1 E[rt] -0.0007 -0.0006
m2 Var[rt] 0.4040 0.4037
m3 
orr(rt, rt+1) 0.0265 0.0252
m4 
orr(|rt|, |rt+1|) 0.1316 0.1299
m5 
orr(|rt|, |rt+5|) 0.1539 0.1473
m6 
orr(|rt|, |rt+10|) 0.1317 0.1271
m7 
orr(|rt|, |rt+20|) 0.1018 0.0973
mID,1 α1 (GARCH(1,1)) 0.0946 0.0935
mID,2 β1 (GARCH(1,1)) 0.8881 0.8866
mID,3 α (Right tail, 5 - 10 %) 3.1911 3.2142Test 
riterion 5%: 18.24 1%: 24.10
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Figure 6.13: Pri
es (upper) and returns (lower) of GBP/US data
Table 6.14: Statisti
s of empiri
al moments and blo
k bootstrap samples:GBP/USLabel Statisti
 Empiri
al Bootstrap

m1 E[rt] 0.0032 0.0032
m2 Var[rt] 0.3507 0.3519
m3 
orr(rt, rt+1) 0.0525 0.0516
m4 
orr(|rt|, |rt+1|) 0.1716 0.1690
m5 
orr(|rt|, |rt+5|) 0.1759 0.1718
m6 
orr(|rt|, |rt+10|) 0.1566 0.1547
m7 
orr(|rt|, |rt+20|) 0.1338 0.1281
mID,1 α1 (GARCH(1,1)) 0.0671 0.0796
mID,2 β1 (GARCH(1,1)) 0.9197 0.8939
mID,3 α (Right tail, 5 - 10 %) 3.1955 3.2307Test 
riterion 5%: 18.77 1%: 25.89
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Figure 6.14: Pri
es (upper) and returns (lower) of JPY/US data
Table 6.15: Statisti
s of empiri
al moments and blo
k bootstrap samples: JPY/USLabel Statisti
 Empiri
al Bootstrap

m1 E[rt] -0.0120 -0.0122
m2 Var[rt] 0.4311 0.4301
m3 
orr(rt, rt+1) 0.0222 0.0218
m4 
orr(|rt|, |rt+1|) 0.1788 0.1740
m5 
orr(|rt|, |rt+5|) 0.1471 0.1420
m6 
orr(|rt|, |rt+10|) 0.1165 0.1045
m7 
orr(|rt|, |rt+20|) 0.1143 0.0993
mID,1 α1 (GARCH(1,1)) 0.1297 0.1820
mID,2 β1 (GARCH(1,1)) 0.8693 0.7414
mID,3 α (Right tail, 5 - 10 %) 3.3463 3.3674Test 
riterion 5%: 18.22 1%: 26.58



7General Con
lusion
In this thesis, we empiri
ally examined the importan
e of the behavior of e
onomi
agents for analyzing the ma
roe
onomi
 and �nan
ial market models. In parti
ular,we evaluated empiri
al performan
e of the DSGE models and ABMs by using aformal model 
omparison method. The empiri
al results show that the behavioralparameters of these models 
an be estimated by the method of moments estimationand simulation based inferen
e. A

ordingly we 
an draw 
on
lusions that the groupbehavior in the e
onomy 
an be one of the main driving for
es behind the ma
ro-s
opi
 dynami
s in ma
roe
onomi
 and �nan
ial data. In this way, we 
hallengedthe theory of the representative agent by showing that behavioral heterogeneity andso
ial intera
tions 
an provide a good approximation to real data.Main �ndings of this thesis and future resear
h 
an be summarized as follows:(1) In 
hapter 2, we estimate the parameters of a small-s
ale DSGE model by usingthe method of moments estimation and 
ontrast them with the Bayesian estimation.In parti
ular, we attempt to 
ompare two spe
i�
ations of the model using a for-mal test: forward- versus ba
kward-looking behavior in the New-Keynesian Phillips
urve. Our �ndings suggest that the moment-based estimation provides eviden
e forba
kward-looking behavior in the histori
al ma
ro data of the US. In addition, theresults of the model 
omparison show that a hybrid version of the New-Keynesianmodel has a better �t to the data than a model with forward-looking expe
tationsfor the Great In�ation period. A potentially interesting future resear
h topi
 wouldbe to 
ompare the empiri
al performan
e of the DSGE model with a parsimoniousve
tor autoregressive model, sin
e the latter is extensively used for e
onomi
 anal-ysis.(2) In 
hapter 3, the method of moments and maximum likelihood estimation areused to examine the signi�
an
e of a lagged term in the New-Keynesian Phillips
urve and the IS equation. Be
ause of this, we 
an establish the empiri
al relation-ship between the pri
e-setting/
onsumption behavior and the sour
es of persisten
ein in�ation and output; the in
lusion of ba
kward-looking behavior improves the�t of the model while o�setting the in�uen
e of inherited and extrinsi
 persisten
e.Moreover, it is shown that intrinsi
 persisten
e plays a important role for 
apturingthe stru
tural features of in�ation and output. We also 
arry out Monte Carlo ex-periments to examine the validity of the 
hosen moment 
onditions and the �nitesample properties of the estimation methods. The empiri
al performan
e of model
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lusionsele
tion methods is dis
ussed along the lines of the Akaike's and the Bayesianinformation 
riterion.(3) In 
hapter 4, we empiri
ally examine the model of De Grauwe (2011) in whi
hagents have 
ognitive limitations. This model in
orporates the dis
rete 
hoi
e the-ory into a monetary DSGE framework where agent's belief 
an display endogenouswaves of market optimism and pessimism. Espe
ially, we estimate the behavioral pa-rameters governing market expe
tations of heterogeneous agents using the methodof moment estimator. Sin
e the model is found to be nonlinear in the swit
hingme
hanism, we 
annot easily obtain analyti
al moment 
onditions of the systemfor estimation. Therefore, we use a simulation based approa
h to approximate themoment 
onditions. The �t of the model via the "Moment Mat
hing" shows thatthe agents had expe
ted moderate deviations of the output gap from its steadystate value with low un
ertainty. This provides an empiri
al eviden
e for ba
kward-looking behavior in the expe
tation formation pro
ess. Sin
e the estimation of asmall-s
ale DSGE model is 
onsidered to be satisfa
tory, we 
an further 
ontinuethe model estimation with mu
h ri
her models like e.g. a medium-s
ale version ofthe DSGE model developed by Smets and Wouters (2003, 2005). We leave this issueto future resear
h.(4) In 
hapter 5, �rst, we study the model dynami
s of the adaptive belief systemof Gaunersdorfer and Hommes (2007) and estimate the parameters of the modelwith two types of noise term: additive and multipli
ative. The empiri
al resultsshow that this model 
annot explain the empiri
al regularities of �nan
ial data (i.e.the absen
e of long range dependen
e in the return volatility). Indeed, the model's�t of the S&P 500 data is dependent on the noise spe
i�
ation in the dynami
s.Se
ond, we present a stru
tural sto
hasti
 volatility model of Franke and Westerho�(2012) and estimate the parameters of two model spe
i�
ations: a herding and awealth me
hanism. Then we use the formal model 
omparison method to assessthe signi�
an
e of the �t between the two models. As a result, we �nd that thetwo trading me
hanisms do not play a signi�
ant role in approximating the returnvolatility. The in
on
lusive result 
an be further examined by verifying the power ofthe test and developing statisti
al approa
h under a framework of the misspe
i�edmodels.(5) In 
hapter 6, we study the group behavior of a noise trader model of Alfarano andLux (2007). By applying the simulated method of moments estimator to the model,we 
an examine the e�e
ts of the group behavior on �nan
ial data. However, thesto
hasti
 swit
hing rule gives rise to multimodalities in the parameter spa
e; thisprevents a standard e
onometri
 analysis from inferring the exa
t time-dependentmoments of data. To 
ir
umvent these problems, we 
alibrate values for the systemsize and trading volume parameters by allowing for the so
ial intera
tion e�e
ts insimulations. We use a large number of agents (around 100) and trading volumeparameters in order to reprodu
e the empiri
al regularities observed in various FXdata. Afterwards, we estimate the e�e
ts of the news innovations and so
ial in-
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tions on the data. The empiri
al �ndings of this 
hapter suggest that returnvolatility in �nan
ial markets under s
rutiny 
an be robustly de
omposed into thenews innovations (45-55%) and so
ial intera
tions (45-55%). Sin
e the moment-based estimation provides ben
hmark values for the parameter of a Markov 
hainof the opinion dynami
s, we 
an further 
ontinue our study of the model identi�
a-tions using the simulation based approa
hes su
h as a Markov 
hain Monte Carloand �ltering methods. Future resear
h is needed to examine the variation in thebehavioral parameter estimates in our study.In this thesis, our intention in examining the non-linear and sto
hasti
 e
onomi
models was to provide a pra
ti
al guidan
e to those who develop, evaluate, andapply 
omplex e
onomi
 models. Sin
e 
omplexity in these models hinders a dire
tempiri
al appli
ation, we showed that the moment-based estimation 
an providereasonable values for the behavioral parameters, and the �t of the 
omplex mod-els 
an be evaluated along the lines of 
hosen moment 
onditions. Therefore thestatisti
al methods dis
ussed herein 
an be appli
able to the estimation of severalvariants of the stru
tural ma
roe
onomi
 models and the agent-based models. Fromthis, we 
an �nd an empiri
al 
onne
tion between the behavior of e
onomi
 agentsand the model dynami
s. Future resear
h is needed to investigate the properties ofthe moment 
onditions for these 
omplex models and statisti
al inferen
e.
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