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Zusammenfassung

Wir untersuchen die Strukturen der klassischen kompakten Baum-Forcings
von Sacks und Silver, sowie von dem Spaltungsbaum Forcing. Beson-
deres Augenmerk liegt dabei auf den Strukturen sowie den kardinalen
Koeffizienten der zugehorigen Forcing Ideale und maximalen Antiket-

ten.

Hierbei wurden folgende Resultate bewiesen

e Es wurde der Nachweis der Unabhéngigkeit der Uberdeckungszahlen

des Sacks Forcing Ideals und des Spaltungsbaum Forcing Ideals gefiihrt.

e Die (0,¢,¢)—nirgends Distributivitdt des Spaltungsbaum Forcings

wurde in ZFC bewiesen.

e Es findet sich in der Arbeit ein Nachweis der relativen Konsistenz von

ZFC zu (ZFC+—-CH+ es existieren kurze Antiketten des Spaltungsbaum Forcings).

e Die dominating number 0 wird als untere Schranke fiir die Antiket-

tenzahl des Silver Forcings nachgewiesen.

111






Abstract

We investigate the structures of the classical compact tree forcings of
Sacks and Silver, as well as of the splitting tree forcing. We focus on
the study of the structures and the cardinal coefficients of their respec-

tive forcing ideals and maximal antichains.

The following results are proven.

e A proof is given for the independence of the covering numbers of the

Sacks forcing ideal and the splitting tree forcing ideal.

e The (9, ¢, c)—nowhere distributivity of the splitting tree forcings is
shown in ZFC.

e This thesis contains the proof for the relative consistency of ZFC' and

(ZFC+—CH+ there exist short mazimal antichains of the splitting tree forcing).

e We show that the dominating number is a lower bound for the an-

tichain number of the Silver forcing.
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1 Introduction and basic definitions

In the first subsection of this chapter a short introduction to the topic of this PhD
thesis is given. It also contains the motviation behind the results of this thesis
and how they are connected to the current state of research. The following
subsections introduce some basic concepts together with their respective
definitions and some notations that are used in this thesis. We assume that the
reader is familiar with the basic concepts behind set theory and forcing.

Introduction

Forcing is one of the main methods to produce independence results
in modern set theory. A very common type of forcings that occur fre-
quently is tree forcing. A classical tree forcing consists of a certain
class of trees that are subsets of 2<“ or w<“. The closure of those trees
is a closed set in the Cantor space or in the Baire space respectively,
thus a certain type of tree forcing often characterizes a certain type of
closed sets with special analytical or combinatorical properties. Prob-
ably, the most known example is the Sacks forcing, whose tree closures
are exactly the perfect sets of the Cantor space.

Another example is the splitting tree forcing. O. Spinas found that it
characterizes the analytic countably splitting sets of the Cantor Space
(see [Spi04]).

He also found the following canonization result for Borel functions

f (29" — 2¥. Whenever we have some splitting block p = Il;,,p;,
with p; is a splitting tree, then there exists a splitting tree ¢; C p; for
each 1 < n and some E C n such that the following holds. For all
x,y € Il;cn[q;] we have f(z) = f(y) & x; =y; for alli € E.

In other words, for every Borel function and every such splitting block
we find a splitting subblock, such that the function is either one to one
or constant with respect to one side of the subblock ( [Spi07]).

A lot of the fusion techniques for splitting trees that are used in this
thesis were developed in his paper. The class of splitting trees is a
subclass of Sacks trees and seems to be quite similar. Unfortunately,
the fusion techniques are much more complicated than those for Sacks
trees.

The starting point of my research was to analyze how similar those
types of trees were with respect to forcing. One aspect, which is im-
portant to understand the structure of a tree forcing, is the structure of
its respective forcing ideal. Hence, the first thing that is shown is that
the splitting tree forcing ideal is neither a subset of the Sacks forcing
ideal nor the Silver forcing ideal and vice versa. This is similar to the
analysis that J. Brendle did for several other tree forcings ( [Bre95]).
The next question that comes up is, whether the ideals are different in



terms of cardinal coefficients. Take for example the covering number,
which is the smallest number of ideal sets that are needed to cover
the whole Cantor space and is denoted by cov(I) with I being the re-
spective ideal. H. Judah A. Miller and S. Shelah have shown that by
starting with a ZFC + C'H model and doing a countable support iter-
ation of Sacks forcing of length ws, one obtains a model that satisfies
¢ =cov(I(S)) = No.

In chapter 3 I use this result along with a result by J.E. Baumgartner
and R. Laver [BL79] and the techniques mentioned above by O. Spinas.
As a result, I can show that the covering numbers of the ideals of the
splitting tree forcing and the Sacks forcing respectively are indepen-
dent from each other. That means that there exists no ZFC provable
connection between these numbers. The relation of other coefficients
of these ideals is still not known.

P. Simon has shown that the Sacks forcing is (b, ¢, ¢)-nowhere distribu-
tive, which implies that it collapses ¢ to b ( [Sim93]). Around the same
time A. Roslanowski and S. Shelah have shown that Sacks forcing col-
lapses ¢ to b™¢, which is between b and ? ( [RS96]). In chapter 4 I
show a simillar result for splitting tree forcing. Actually, splitting tree
forcing is (0, ¢, ¢)-nowhere distributive.

Other important aspects of forcings are the structures and possible car-
dinalities of their maximal antichains. It was possible to use simillar
ideas as in [RS96] to obtain a model, where the continuum hypothe-
sis fails but short uncountable maximal antichains of the splitting tree
forcing exist.

For Silver forcing this proof can not be reproduced in the same man-
ner. Inspired by a question of G. Laguzzi ( [Lagl3]) and others, whether
add(I(S7)) < b holds true, O. Spinas and I analyzed the structure of
Silver antichains. We conjectured that the smallest size of an uncount-
able Silver antichain is ¢. We were able to prove this to some extend.
O. Spinas found that maximal antichains that consist solely of Silver
funtions with infinite domain have to be of size ¢. He could also use
this theorem to answer the question of G. Laguzzi positively. Further-
more, note the following. Given two incompatible Silver functions with
infinite domains, the reason for their incompatibility can either be that
they have different values for a natural that is in both of their domains,
or they are identical on the common part of their domains but they are
incompatible due to their codomains being almost disjoint. We were
able to show that an antichain of size smaller than ¢ (with finite and
infinite conditions) that has an uncountable subset of conditions that
are incompatible only due to the second reason, is not maximal. In
conclusion, I could show that uncountable maximal antichains of Sil-



ver forcing have to be at least of size d. These results for the Silver
forcing are presented in the last chapter of the PhD thesis and will also
be published in an article that is about to be released ( [SW]).

Tree forcings

A common type of forcings are tree forcings, whose members are usually
subtrees T' of 2¥ or w<¥ that feature a certain property that defines
the respective forcing and which is ordered by inclusion. By [T] we
denote the set of all infinite branches of T. [T] is a closed set in the
Cantor space or in the Baire space respectively and often certain types
of forcings are used to characterize closed sets in the Cantor space or
Baire space with special analytical and/or combinatorical properties.

We define T'(n) :={oc €T : |o| =n+1} and
T'in:={ceT: |o| <n} =, T(k). We denote by T'[n] the val-
ues that the nodes of T" have on the n-th level of T, i.e. T'[n] := {o(n) :
oc€Tn)}. Foranyo € Tlet T [ oT :={re€T:7CoVT2o}
be the subtree of T consisting of all nodes that are initial segments or
extensions of ¢ (sometimes we use the notation p,). For a given tree
T let
sp(T) :=={oc €T : 3,5 (i # jANo"i,075 € T)} be the set of all
splitting nodes of T.
Furthermore, if we have a subset X of 2<% or w<¥, by dwcl(X) we
denote the downward closure of X, which is the tree {oc € 2<¥ : 37 €
XoCr}or{oew:3re X o C 7} respectively.
If we have some uncountable X C 2% or w* then
cond(X):={oce2¥: {reX:0Ca} >N} or
{o ews:|{zr € X : 0 C z}| > Ny} respectively is the condensation
tree of X. It is easy to see that then X \ [cond(X)] is countable and
cond(X) is a perfect tree, i.e. Vo e T3r € T (1 Do AT € sp(T)).

The tree forcings that are the main object of this thesis are the
Sacks forcing S, the splitting tree forcing S and the Silver forcing Si.
A short introduction to each of these forcings will be given.

Definition 1.1. The Sacks forcing (S, <) is defined by:

pES:& pC2<%is a tree A p is perfect,
ie. VoeT3rep (tr Do AT e sp(p)).

For p,q € S we define p < g :<p Cq.



Remark. It is easy to see that the perfect sets of the Cantor space
are exactly the closures of members of the Sacks forcing.

S is a quite natural tree forcing and several other tree forcings, in
particular the ones that will be of interest in this thesis, are subforcings
of S.

Definition 1.2. The splitting tree forcing S is defined by:

peES:&pC2<%is a tree
ANYo € padK € wV¥n > K 319,71 € p (19,71 2 0ATe(n) = 0ATI(R) =

1).
For p,q € S we define p < ¢q:<= p Cq.

Remark. Note that the defining property of splitting trees implies
that every splitting tree is a perfect tree.

If we have given a splitting tree p and a node o € p, we denote by
K, (o) the smallest possible witness for the splitting property of p with
respect to o.

As found by O. Spinas (see [Spi04]) splitting trees can be used to
characterize the analytic countably splitting subsets of [w]“.

Definition 1.3. A subset X C [w]” is called countably splitting iff for
every countable A C [w]* there exists b € X that splits all a € A, i.e.
Vae A(lanbl =wAlanNbt| =w).

By identifying members of [w]* with their respective characterisitic
functions (€ 2¢) one can easily see that the closures of splitting trees
are closed countably splitting sets and in addition we get the following
theorem.

Theorem 1.4 (O. Spinas 2004). An analytic subset X of the Cantor
space is countably splitting, if and only if it contains the closure of a
splitting tree.

If we have a,b € [w]* and a is not splitting b, i.e. b C* a or b C* a°
we say b refines a.

The third relevant tree forcing in this thesis is the Silver forcing.
Definition 1.5. The Silver forcing Si is defined by:

p € Si & p C 2<¥pis perfect and for all nodes o, 0’ € p of the same
length and all i € 2 we have 071 € p < ¢'7i € p, i.e. on each level



either all nodes go left, all nodes go right or all nodes split at that level.

For p,q € Si we define p < g <= p Cq.

Remarks. We will identify a Silver tree with a function f : dom(f) —
2 with dom(f) C w and infinite codomain. Such f represents the Silver
tree consisting of all nodes o € 2<¥ with o(n) = f(n) for n € dom(f).
The respective ordering is reverse inclusion.

Sometimes it is convenient to identify such f with f € (2U {x})* with
f7{*}] being the codomain of f.

Note the following important fact. All the above mentioned tree

forcings satisfy axiom A. The fusion order that witnesses axiom A is
defined for S and Si by p <,, ¢ = (p < g A Von-th splitting node of
p (0 €q)).
For a fusion order witnessing axiom A for S we point to chapter 3.
This implies the properness of all three forcings, thus these forcings all
preserve the cardinality of N;. Moreover, all these forcings have the
size of the continuum ¢. Hence, in a ground model that satisfies the
continuum hypothesis, the forcings satisfy the Ny-chain condition and
therefore also preserve all cardinals. Because properness is preserved
by countable support iterations this is also true if we take a model of
ZFC + CH and do a countable support iteration of length Wy. (See
[She98] for preservation results for proper forcings.)

Forcing ideals and cardinal coefficents

Given a tree forcing P C P(2<¥) we can define the ideal of “small”
subsets of the Cantor space with respect to this forcing.

Definition 1.6. Let P be a forcing, whose members are subtrees of
2<¢ ordered by inclusion. Then we define the forcing ideal I(P) by

I(P):={XC2¥: Vpe PIqg<plgnX=0}

As with other ideals on the Cantor space we can analyze the cardinal
coeffiecients of this forcing ideals. In this thesis we will only need the
covering number, which is defined in the following way.

Definition 1.7. Let Y be a set and I C B(Y') be an ideal, then the
covering number of the ideal cov(I) is defined by

cov(l):=min{|§|: §CIANUF =Y},



i.e. the smallest cardinality of a family § of ideal sets, whose union
covers the whole space Y.

To understand the structure of forcings and forcing ideals it is also
helpful to study their antichains. Recall that two members p and q
of a forcing P are called compatible (p || ¢), if there exists r € P
with r < p and » < ¢. Else we say that p and ¢ are incompatible
(pLq). An antichain is a subset of the forcing, such that any two of
its members are incompatible. An antichain is maximal if every mem-
ber of the forcing is compatible to at least one element of the antichain.

For every n € w let f, := {(:,0) : ¢ <n}U{(n,1)} € Si. Then
it is easy to see that an arbitrary Silver function f is compatible to f,
with n being the minimal natural number, such that either f(n) = 1
or n ¢ dom(f). Hence, {f, : n € w} forms a countable maximal
antichain. To get a maximal Sacks antichain define p,, := 2<% [ f, for
every n € w. Given p € S, we have p || p, with n minimal, such that
1 € p[n]. In addition, we have p, Lp,, for m # n. By the same reasons
{pn : n € w} is also a maximal antichain with respect to the splitting
tree forcing.
Hence, for these forcings we define the antichain number in the follow-
ing way.

Definition 1.8. Let P be either Sacks, Silver or splitting tree forcing.
We define the antichain numer of P by

a(P) := min{|A| : A is a maximal antichain A |A] > N }.

One of the main results of chapter 5 will be that a(S7) is at least of
the same size as the dominating number 9.

Definition 1.9. The dominating number 0 is the smallest cardinality
of a dominating family of functions of w*, i.e

0:=min{|§| : FCw AVgew If €eFV°ncwgn) < f(n)}.



2 Set theoretic inclusions between the splitting
tree forcing ideal and other forcing ideals

One of the most fundamental questions one may ask with respect to the interplay
of two different types of tree forcings is if one of the forcing ideals is a subset of
the other. Jorg Brendle has already shown in ZFC that the Sacks forcing ideal is
not a subset of the Silver forcing ideal [Bre95]. Hence, before we investigate the

cardinal invariants of the splitting tree forcing and its respective ideal, it is shown

in this chapter that in every model of ZFC the splitting forcing ideal is not a
subset of the afore mentioned two ideals and vice versa. Brendle also mentions
withoutout giving a proof that there exists a member of the Silver forcing ideal
that is not an element of the Sacks ideal. For completeness sake a small proof of
this fact is included in this chapter as well.

We start with the following well known fact:
Proposition 2.1. I(Si) € I(S)

Proof. Let T € S be some skew tree. It suffices to show that

[T € I(Si)\ I(S).

Because T is a skew tree it is pretty obvious that T" does not contain
a Silver tree as a subset. Hence, for every p € Si we have o € p such
that o ¢ T, which implies that [p [ o] N [T] = 0.

We can conclude that [T] € I(S%).

On the other hand T' € S witnesses that [T] is not a member of I(S),
thus the claim is proven. O

Now, let us compare the Silver ideal and the splitting ideal.

Proposition 2.2. I(S) € 1(S7)

Proof. Let f be a Silver function with |dom(f)| = w and let T' € Si be
the respective tree.
We have Vp C T (p € Si — [p|N[T] # 0).
That means [T] ¢ 1(S7).
Now let ¢ € S be an arbitrary splitting tree. Pick some n € dom(f)
with n > K (0). Then there exists, by definition of K,(0), o € ¢ with
lo| > n+1and o(n) =1 — f(n). In particular we have ¢ ¢ T', which
implies [¢ | o] N [T] = 0.
We can conclude that [T] € I(S).

[

Proposition 2.3. I(Si) € 1(S)



Proof. Let (p; : ¢ < 2%) be an enumeration of all Silver trees
(with (f; : ¢ < 2%) being the respective Silver functions)
and let (g : &€ < 2™) be an enumeration of all splitting trees.

For a Silver tree p with a Silver function f we say p is of Type(Even),
if all n € w \ dom(f) are even, and p is of Type(Odd),
if all n € w\ dom(f) are odd.
Because the set of Silver trees that are either of Type(Fven) or of
Type(Odd) is dense in Si we can assume without restriction that for
all ¢ < 2% we have that p; is of one of these types.

Let & € 2% be arbitrary.
We construct a perfect subtree g¢ C g¢ in the following way:

For n € w and (s,t) € 2" x 2" we pick o, € g¢ by recursion.

n=20:
We define og g := 0.

n~n-+1:
Let 0, be constructed for any (s,t) € 2% x 2% with k < n.
Let k,, > maz{N € w: 3(s,t) € 2"x2" (N = K (0,,))} with k, even.

For every (s,t) € 2" x 2" and every i, j € 2 pick o, ,~; € g¢ with
o-s’\zt’\ > Os.ts |O-s’\zt’\ | - k + 1 and O-s"zt’\](kn) =1

Let I, > maz{N € w: I(s,t) € 2"x2"3i,j € 2 (N = Ky (04~;1~;)) }-
with [,, odd.

For every (s,t) € 2" x 2" and every i,j € 2 pick 05~;,~; € g¢ with
Os~it~j 2 O los—~it~il =l + 1 and o5~ ~;(1,) = J.

st g0
Let G := dwcl{os; : In € w (s,t) € 2" x 2"},

Now, for any f € 2% we denote by gz/ the downward closure of the
set of all o, with s C f.

Note that for all ¢ € g/ and n € w with k, < |o| we have

o(ky) = f(n).
Hence, we can conclude that for all p € Si of Type(Odd) we have

{fe2o: [pIn[zE] #0} < L

Thus, we can pick some f € 2¥ with

10



V¢ < € (pc is of Type(Odd) — [pc] N [ge’] = 0).

By construction of g/ we have, for any o € split(ge’), that |o]| is even.
Therefore Vp € Si (p is of Type(Even) — |[p] N [g']] < 1).

Because of this we can pick some z¢ with V¢ < & (z¢ € [p¢]).
Define X := {z¢: £ < 2%},

For any ¢ < 2% we have X ¢ [p,] for all £ with ¢ < & < 2% It fol-
lows | X N [pe]| < 2%. Obviously, every Silver tree can be decomposed
into continuum many Silver subtrees with pairwise disjoint closure.
Hence, we can find a Silver subtree pg C pe such that [pg] N X = 0.
We conclude X € I(S1).

On the other hand, for any g € S, we have X N[q] # () by construc-
tion. Thus, X ¢ I(9).
[

Proposition 2.4. I(S) ¢ I(S)

Proof. Pick some p € S that does not contain a splitting tree as a sub-
set (for example pick a perfect tree such that every node has a fixed
value 0 on even levels or alternatively take a perfect Type(ig,iy) tree
for some ig, i € 2 (see the following definition/remark and Proposition
2.8)).

By a result of O.Spinas an analytic subset of 2 is countably splitting,
if and only if it contains the closure of a splitting tree as a subset
(see [Spi04]).

Thus, we know that [p] is not countably splitting. We have a countable
set A C [w]* such that there is no x € [p| that splits all members of A.

By the same result, for any ¢ € S we have that [¢] is countably
splitting. By definition for any ¢ € S we have that
Q, = [gfNn{x € 2¥ : x splits A} is countably splitting as well and
therefore contains the closure of some splitting subtree § C ¢q. Because
[@] € @ we have [g] N [p] = 0.
We can conclude that [p] € I(S).

On the other hand p € S, hence [p] ¢ I(S).
Ol

Before we can answer the question, weather a member of the Sacks

11



ideal exists that is not an element of the splitting ideal, we need to
make some preperations.

Definition 2.5. Let p € S be a perfect tree and let ig,i; € 2. We say
p is of Type (ig,11), if the following holds true:

For all o € split(p) and for all zg,z1 € [p] with 29 2 ¢70 and
z1 2 01 we have:
Vi e 2Vr € split(p) (07j C 7 Cxj — x1-(|7]) = 145).

Definition 2.6. Let p € S be a perfect tree. Let (o5 : s € 2<¢) be a
canonical enumeration of the splitting nodes of of p , i.e. oy = stem(p),
os C oy for s Ctand o,~; 20, j for j € 2.

We call p an alternating tree, if the following holds true:

For all s € 2<% o € split(p), x € [p] with x,0 D 04, 0 = 04—, and
such that o4 is the common initial segment of z and o we have

2(jo]) = {O, if |t] is odd

1, if |t| is even .

Remark. By definition all perfect trees that have a certain type or are
alternating trees are skew trees. Also, a perfect tree can not be of two
different types. If a perfect tree is of Type(ig, i1), every perfect subtree
is of Type(ig, 1) as well.

Proposition 2.7. Let p € S be arbitrary. Then there exists ¢ € S with
q C p and q is an alternating tree.

Proof. We build a fusion sequence of splitting trees (p, : n € w) with
Po = P, Pnt1 <nt1 Pn for all n € w and such that we have the following

property (*):
For all natural n > 1 and for all o,7 € p with common initial

segment p and o being an (n + 1)-th splitting node and Ingth(o) <
Ingth(T) we have:

(o) 0, o |split(pn) N{p: uj CpCo} isodd
7(lo]) =
1, otherwise

We construct the p,, by recursion:

n=1:
Choose oy 2 stem(p~0) such that o € split(p) and |og| > K(stem(p~1)).

12



Then there exists 7 O stem(p~1) with lgth(7) > |op| such that
7(|og|) = 0.

Now let K := maz{K(0;°0), K(0c; 1)} and choose 7y € split(p) with
70 2 7 and
|’7'0’ Z K

By definition of K, there exist oy 2 0 0 and o¢; 2 o 1 with
lgth(O'()o) = lgth(O'Ol) > |T()| and 0'00(|T0|) = 0'01(|7'0|) =0

Define p; := Upe{ro,dooyﬁol}p P

n~n+4 1.
Let p, be already constructed with p,, = ican+1Pn [ o; with o; exten-
sions of the 2" (n + 1)-th splitting nodes.

We construct extensions of these nodes by recursion:
First, choose o € split(p,) with o) 2 oy and
log] > maxz{K(o;): 1<j<2"} Also, for all j with 1 < j < 2"+
pick o € p, with 67 D oy, such that

010 0, if |split(pn,) N{p: ooNo; CpCop}|+1 is odd
a;(lool) = |
1, otherwise ,

thus respecting (*).
0

Define g, := 0070 and 0@, := 091

Now let ¢ < 2"t — 1 and suppose that O;Z’k are constructed for all
j <iand k € 2 and that a;'- are constructed for i < 5 < 2". Choose
oitl € split(p,) with o'f} D ol and
ot > mar({K (o} : j>i+1}U{K(d},): j<ijk€2}).

For all j <14,k € 2 pick J;.j,;l € p, with Jﬂl ) J;'.’,C and

i+1 i+1

0, if |split(pn) N{p: oix1No; CpC o} +1is odd
o (loial) =

1, otherwise

For all j with i +1 < j < 2" pick o}"" € p, with o}*' 2 0} and

g

H(Jot ) = {0, if |split(pn) N{p: 0is1No; CpC o} + 1 ds odd

) = .
o 1, otherwise

13



Define o/f] =010 and 0/}, =0

i+1f\1
i+1 i+1,1 .

i+1

After we have recursively constructed all aizﬂ_l fori < 2"t ke?2

L 2n+1_1
we define pny1 = UjconiipeaPn [ 05 -

After we have obtained the fusion sequence of perfect trees let
q = pewPn €S.

Obviously by construction ¢ is an alternating subtree of p.
O

Proposition 2.8. Let p € S and ig,1; € 2 be arbitrary. Then there
exists ¢ € S with ¢ C p and q is of Type (ig,11).

Proof. Similar to the proof of Proposition 2.7 we build a fusion se-
quence of splitting trees (p, : n € w) with py = p, ppr1 <ny1 pn for all
n € w and such that we have the following property (*):

For all natural n > 1 and for all o,7 € p with common initial seg-
ment p and o being an (n+1)-th splitting node and Ingth(o) < Ingth(7)
we have:

(o) 10, if T is right of o by lexicographic order
T(lo]) =
11, otherwise

The sequence can be constructed analogously as in the proof of
Proposition 2.7 with values chosen for o’(|o}|) and o7, (|o;|) with re-
spect to the altered (*) property.

It is easy to see that g := (J,,Pn € S is the desired subtree of
p. ]

Lemma 2.9. Let p be an alternating tree. Then there exists a perfect
subtree ¢ C q with q is of Type (1,1).

Proof. Let f : Even — 2 be a function and let (o, : s € 2<¥) be
a canonical enumeration of the splitting nodes (an order isomorphism
w.r.t. inclusion order). Let ¢ := dwcl({os: s € 2<“ A's | Even C f}).
Then it can be easily seen that ¢ is a Type(1, 1) subtree of p. O

Corollary 2.10. Let A < 2% be an ordinal and let (ps : & < \) be a
sequence of perfect trees such that
VE < AVp € S (p C p — pisnotof Type (1,1)). And let q be an
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alternating perfect tree.
Then there ezists a perfect tree § C q with Y& < X ([pe] N [q] = 0).

Proof. By Lemma 2.9 we can find some perfect ¢ C ¢ of Type (1,1).
Assume by contradiction that for any & < A we would have that [¢']N[pg]
is uncountable, then we would have some perfect subtree of ¢’ N pe¢ of
Type (1,1), which is not possible because of our premise that pe does
not contain a Type (1,1,) tree.

Thus, the assumption is wrong and we can conclude that

a7 N (Ueanlpel)| < 2%

Because every perfect tree can be partioned into 2% many perfect sub-
trees with disjoint closures, we can find a perfect subtree ¢ C ¢’ with
ve < A (@) N [pe) = 0). )

The next Lemma is a specific case of Lemma 2 on page 11 from
[Bre95).

Lemma 2.11. Let p € S. Then there exists (ig,i1) € 2% and a perfect
subtree p C p with p is of Type (ig,i1).

The following two lemmata will be core elements in answering the
question, weather the Sacks ideal is a subset of the splitting ideal or
not.

Lemma 2.12. For everyp € S exists a ¢ € S with ¢ Cp

and {ogs: (s,t) € 259 x 25 A [s| = |t|} C split(q)

such that

Vn,m € wVs,t € 2"Vs' t' € 2™(05y Cogypy <> (s T8 ANt CH))
and the following two conditions hold true:

i): For all f € 2¥ we have that
qr = dwcl{oss : s,t €2 N|s| = [t| As C f}) is alternating.

i1):

Fori € 2 let f;,g9; € 2¥ and s € 2<¥ such that for all i € 2 we have
s C fi and fi(|s]) = i.

Then for ¢; := U, c., Ofiingiin the following holds true:

Vi€ 2Vp € split(q) ((0s~igis+1] S p € i) = d1-i(|p]) = 0).

Proof. We construct recursively a sequence (p, : n € w) as well as
{0511 (s,1) € 2%¥ x 2 A\ |s| = |t|} C split(p) and
{Tstr: (s,1) €259 x 2 Als| = |[t| Ak € 2} C p, such that

15



bPo=Pp
and for all n € w we have p,,1 < p,

and for all n € w and for every ¢ which is at most a 2n-th splitting
node of p, and for all 7 € p,, with |7| > |o| the following two properties
hold true:

(¥): (0 =04 AT Cogp Ns| s NtL)

(o) 0 Jif{pe€py:7No < pCo}nsplit(p,)]/2 is even
= 7(lo]) = ’
1 if{pep,:7No < pCoa}nsplit(p,)|/2is odd

and (xx): (05t CoANogy CTAsLs) = 7(|o|) =0.

n=20:
Define pg := p, ogg := stem(p) and for 7 € 2 define 7991 := stem(p)~J.

n~n-+1:
Fix some n € w.Let p, be constructed as well as o, € split(p,) and
Totj € Do With 744 D 05,77 for all s, € 2", j € 2.

First, we will recursively construct nodes 7,;~; € split(p,) with
Ost~; 2 Tsz,; that shall be the successor splitting nodes of the oy, in
Pnt1, and also extensions 7, ¢~;; € p, with 7,;—~;; 2 0,,~, ¢ While
doing this we have to make sure that (x) will hold in p,1.

Let 7 : 227+ 5 97 % 2" x 2 be a bijection.

For 7(0) =: (so, to, jo) choose agg?t&jo
(0)

S0,t5 Jo

ko = |0 | > max{K,, (1o0;): (s,t,j) € 2" x 2" x 2}).

50,tg"Jo

€ split(p,) with

2 Tso.to.jo Such that

Now, for all (s,t,j) € 2" x 2" x 2 with 7w(0) # (s,t,7)
pick ai?t)ﬂ ;i € Pn With ag?tl ;2 Tstj and \ag?t)m ;| > ko such that

owi5(ke) = 0.

For 7 € 2 define T(O) =0 1.

80,85 705t 80,t5Jo
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Now let m € 22"+ m > 1 and assume that for all

(s,t,7) € 2" x 2" x 2 with 77!(s,¢,7) < m and i € 2 the nodes ot

(m—1)
Jsi

have been constructed and assume that for all (s,,j) € 2™ x 2" x 2

with 7=1(s,¢,j) > m the nodes o7 i b

(m)

For 7(m) =: ($m, tm, jm) choose o ",

m o m-1)

Sm,t;;jm — smvtajm’

o such that

have been constructed.

€ split(p,) with

> mazx ({Kpn <TS(T:]12> c (st 7) < m}

U {Kpn <J$:;)> c (s, t,7) > m}) .

(m)

Forall 5,t € 2" and 7, j € 2 with 7" (s,,j) < m choose 7,1~ ; € pn

and 77" (km) = 0.

with 7, tl D rm7l) s

ERA X

Also, for all s,t € 2" and j € 2 with 7!
j(k:m) =0.

; -1
Ué(:?lj € pn with Uﬁf?lj ) Ugj?ﬁj) and agt?l
m) . (m) -
For 7 € 2 define 7- B N

(

(s,t,j) > m choose

After we have constructed all UST,)\ for s,t € 2", 7 € 2 and m €

227t with 7(s,t,7) < m and all 7'3 t"]z
€ 22t with m(s,t,7) >m

we define, for all s, € 2" and j € 2,

( 975])

Osi—j = 02" with my ;1= (s, t, )

and we define, for all s, € 2" and 7,5 € 2,
(22n+171)

Tst~ i = Tst—~j,i

for s,t € 2", 4,7 € 2 and

After having defined the (2n+ 1)-th splitting nodes of p, 1, namely
the nodes o,,~; and their extensions 7,;~;,;, we will now recursively
construct nodes o4~;~; € split(p,) with og—;~; D Ts1—;4, that will be
the successor splitting nodes of the nodes 7,;~; in p,41, as well as ex-

tensions Ts~; 1~k € Pn With 7o~ 1~k € Dn
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Let 7 : 2272 5 27 % 2" x 2 x 2 be a bijection.

For 7(0) =: (so, to, %0, jo) choose UEA)IO oo € split(p,) with
Ugg)m, tg Jo 2 m such that
lo = |0 iy 4| = ma{ I, (Tom50) = (s,8,4,5) €2 x 2" x 2 x 2.

For all (s,t,i,7) € 2" x 2" x 2 x 2 with 7(0) # (s,t,4,7) pick

aéoﬂ)ztﬁ € pn with ngztA D Ts1~j.i, such that:

if sLsg, then o*s ztﬁ (lo) =10
and if s || sop and tjLt7 jo, then
72 i5(10) =

. . 0 -
0 if [{p € split(pn) : 02 150 VT id © P C 0\ o H/2

1s even
. ‘ 0 _ 0
L it [{p € split(pn) = 001 jo N Tor3d G P C ;@wmﬂ/
is odd
For k € 2 define 7. =0 T

55 10,t5 " Jo,k Sg %0,tg Jo

Now let m € 22"*2 m > 1 and assume that for all
(s,t,4,7) € 2" x 2" x 2 x 2 with 77!(s,t,7,7) < m and k € 2 the nodes
(m—1) ;. have been constructed and that for all (s,t,4,j) € 2"x2"x2x2

s zt’”
1)

with 77(s,t,1,7) > m the nodes asmztﬁ have been constructed.

For m(m) =: (Sm,tm,im, jm) choose Uiglm,mm € split(p,) with
aggzmimm € split(p,) 2 agAlm)t;n\ i € split(py), such that

L, == ]08 it jm | = MaT <{Kpn (Tgingtlﬁ)j’k) s (s, t,4,5) < m}

U {Kpn (ogf;tll» c o (s, b4, ) > m}) :

For all (s,t,4,7) € 2" X 2" X 2 x 2 with 771(s,¢,4,7) < m and all

k € 2 pick TS(Tg,tAM € p, with Ts(ﬁztﬁj p 2 TiT;tllj’k, such that:

if s57ip_Ls ™4, then 7'5( ™) (lm) =0

Ltk
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and if s; i || s7¢ and 5 jo Lt 4, then

i sullm) =
. . m—1
0 71f |{p € Spht(pn) : Ugﬁzm,t,@jm N Ts( Ztljk - p g s Zm7t7’;]m}|/2
1S even
L if [{p € split(p,) - o02) oy N7 CpCa smmmﬂm
is odd

For all (s,t,i,7) € 2" x 2" x 2 x 2 with 7= !(s,¢,4,5) > m pick
(m)

Ooii~; € P With o 2 ol tlﬁj, such that:

if s, Ls, then o™ (l) =0

st

and if s, || s and ¢, j,, Lt 7, then

. . m m—1
0 if [{p € split(pa) : o\, Nol" D CpCal™ . }/2
is even
1 if [{p € split(py) = o™ nal™ ) CpCal™ . 3]/2
is odd
For k € 2 define T(m? ik ag Lmtm]m’ﬁ

If we have constructed all agﬂz i~ for s;t € 2" 4,5 € 2 and
m € 2*"*2 with n(s,t,1,5) <m

and if we have constructed all Ts(ﬁztﬂjk for s,t € 2™, 4,5,k € 2 and
€ 2?72 with w(s,t,1,7) > m

we define, for all s,¢t € 2" and 7, € 2,

( .Stl_]) . L . .
Osmimj 1= Ogmyy With my 5 := m(s,t,4,7)

and we define, for all s,¢ € 2™ and i, j, k € 2,

(22n+2_1)
Tsﬁivt/.\j7k = TS/\i,t’\j,k :

We finish the construction of p,.; by defining
Pnt1 = U Pn rTs“i,t“j,k-
s,te2m
7/7J7k€2

It is now easy to see that by construction the sequence (p, : n € w)
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is as desired and that by defining
q = NpewPn = dwcl({os, = s, € 25¥}) € §,q is a witness for the
statement of the lemma.

O

Lemma 2.13. Let ¢ and {os; : (s,t) € 29 x2<YA|s| = |t|} C split(q)
be as in Lemma 2.12. For every f € 2¥ let

qr = dwcl({oss : (s,1) € 29 x 2 A |s| = |t| As C f}). Then for
every p € S such that p is of Type (ig,i1) # (0,0)

the set {f € 2¥ : [qf] N [p] # O} is countable.

Proof. Fix some perfect p that is without restriction of Type (g, 1)
with i = 0. Assume for contradiction that A := {f € 2 : [¢¢] N [p] #
()} is uncountable. Hence, T := cond(A) is a perfect tree and therefore
we can pick some s € split(T). Now, by definition of A and 7', there
exist uncountably many functions f € 2¥, such that s—0 C f and there
exists g € 2¢ with (U, c., 0fimgin € [a7] N [p)-

By a simple pigeonhole argument we find fy, f1, g0, g1 € 2¥ with
s70C fg,fl, 90 r |S| +1 =01 r |S| + 1 and

;= U, cw Ofiingiin € lag,] N [p] for every i € 2.

Analogously we find fs, f3, 92,93 € 2¥ with

sT1C fo,f3, g2 1 |s| +1=yg3 [[s|+ 1 and

®; = Unew O fin.gsin € [q7] N [p] for every i € {2,3}.

For o = &y N @, € split(p) we have that oo 1s41 € 0 C Po.
So, by definition of ¢, for ®5 € [p] we have ®5(|o|) = 0. Analogous we
got $o(|P2 N P3]) = 0. This is obviously a contradiction because with
respect to the type of p at least one of the values has to be 1.

We can conclude that {f € 2 : [q¢] N [p] # 0} is countable.

Lemma 2.13 will enable us to prove the following theorem.
Theorem 2.14. I(S) € I(S)

Proof. Let (p; : ¢ < 2%) enumerate all perfect trees of a certain type
and let
(pe : € < 2%) enumerate all splitting trees.

We construct a set X = {zy : A < 2%} € S\ I(9) in the following
way.
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For \ < 2% we first pick some ¢ C ¢y as in Lemma 2.12. By Lemma
2.13 we can conclude that
A= {f €2 3¢ <A (lg) O] # 0 Ap isof Type # (0,0))}
has a cardinality equal or less than |A| - [Rg|. Thus, we can pick some
fe2v\ A
¢r is an alternating perfect tree and by Lemma 2.9 we can choose a
perfect subtree gy C ¢y of type (1,1).
We can conclude that V¢ < A [q3] N [pe] = 0.
We obtain z, by just picking some arbitrary member of [gy].

To see that X is as desired, fix an arbitrary p € S. By Lemma 2.11
there exists a ¢ < 2% with p; C p. For all A > ¢ we have z) ¢ [pc],
thus we can conclude that |[p;] N X| < 2% and we get that there exists
7 € S with p¢ € pe and [pg] N X = 0.

Because p € S was chosen arbitrary we have X € I(S).
On the other hand for every A < 2% we have that [g)] meets X in z,.
This implies that X ¢ I(.5).

0
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3 The independence of the covering numbers of

I(S) and I(S)

In the last chapter we have seen that, in every ZFC model, the splitting tree
forcing ideal is not included in the Sacks forcing ideal and vice versa. This raises
the question of whether their cardinal invariants are related to each other. In this
chapter we will focus on the covering number of the two ideals. H.Judah, A.Miller
and S.Shelah have shown that starting with a ground model that satisfies CH and

then iterating the Sacks forcing wo times with countable supports leads to a
model that satisfies that ¢ = cov(I(S)) = wy (see [JMS92]). We will use a result of

Baumgartner and Laver [BL79] to show that this model also satisfies
cov(I(S)) = wy. To show that a model of ZFC + CH has a forcing extension that
satisfies cov(I(S)) < cov(I(S)) we have to delve deeper into the countable support
iteration of splitting tree forcing. We will use techniques similar to the ones that

O. Spinas used, when he analyzed finite products of splitting tree forcing
in [Spi07], to get a continous reading of names that is one to one for the iterated
forcing. This will lead to the desired forcing extension. As the main result of this
chapter we will get that the covering numbers of the two ideals are independent.

At first we want to look at some basic properties of the splitting tree
forcing. If we have some GG C S that is a generic filter over some ground
model V', as with other tree forcings, one can look at g := [ J () G which
is a member of 2. We say that g is a generic splitting real (over V).
Then ¢ has the following property.

Proposition 3.1. Let V' be some ground model and g splitting generic
over V.. Then for every x € V N 2“ we have that g splits x.

Proof. The proof is an easy density argument. m

In constrast we have a theorem that has been proven by Baumgart-
ner and Laver [BL79].

Theorem 3.2. Let V' be a ground model, let o > 1 be an ordinal, let
S, be the countable support iteration of S of length o and let G be a S,
generic filter over V.. Then every x € V|G| is refined by some y € V,
i.e. x does not split y.

Proof. For reference see the Theorem 4.3 in [BL79] O

One can use Laver generic and Sacks generic reals to reconstruct the
respective Laver generic or Sacks generic filters. It is well known that
in the same fashion one can use the splitting generic real to reconstruct
the splitting generic filter as shown in the following proof.

Proposition 3.3. Let V' be some ground model and let g be a splitting
generic real over V. Then G := {p € VNS : g € [p|} defines a S
generic filter over V.
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Proof. If G’ is a generic filter with g = |J( G’, then by definition of G
we have G' C G. Thus, for every dense set D C S of the ground model
we have DN G # ().

We still have to prove that two splitting trees that are members of
G contain a splitting tree as a subset.
So let p,q € G. We have g € [pNgq]. We will use a Cantor-Bendixon
style procedure in V' to construct a subset of p N ¢:

For every tree A C 2<% let

A={oceA:3X e Ww]”If: X =2Vre(A]o)Vkedom(t)NX
(7(k)) = f(x)},

which is, in other words, the set of nodes such that the tree restricted
to one of these nodes has fixed values on a ground model set.

Now define recursively (in V') ro := pNq, ray1 = 7o \ Ta and
x 1= [NexpTe for A € Lim.
This sequence becomes constant at some 0 < wy, i.e. rg = g 1.
Assume that g ¢ [ry], thus we have a < ¢ minimal with g € [r,] and
g & [rat1], hence we have o C g with o € r, and o ¢ 7,41. We can
assume without loss of generality that (in V') we have some X € [w]*
such that all € [r, | o] have constant value 0 on X. Because of
the Shoenfield absoluteness theorem, this also holds true in the generic
extension, hence g [ X := 0. But then g would not split the ground
model set X, which is obviously a contradiction.
We can conclude that g € [rp]. This means that ry is not empty. But
then, by definition of ry, we have ry € S. Furthermore p and ¢ are

compatible, which is witnessed by 7y .
O

As a consequence of Proposition 3.1 we have that forcing with the
splitting tree forcing adds new reals. By a result of O. Spinas ( [Spi07])
we know, if G is a S generic filter over V and « € V[G] is a new real,
that V[z] = V[G]. With respect to the theorem of Baumgartner and
Laver we can conclude that for a S generic filter G and a S generic
filter H the new reals of V[G] and V[H] are disjoint.

Another important fact is the following.
Lemma 3.4. S is proper.

Proof. S satisfies Axiom A (see [Spi07] or below). O
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Thus, we get:

Proposition 3.5. Let V be a ground model that satisfies CH and let
P be either the splitting tree forcing or the Sacks forcing. Let Vw}; be
a generic extension obtained by a countable support iteration of P of
length wo. Then the following two facts hold.

(i): V ek is a cardinal < V. |=k is a cardinal

(i): VI Ec=uw

Proof. (i): It is well known fact that, if we start with a model of CH
and we do a countable support iteration of length < wy of proper forc-
ings of size Ny, the iteration satisfies the N5 chain condition. Also,
properness is preserved under the iteration (see [She98| for these and
other more general preservation theorems).

That Sacks forcing adds new reals is a well known fact. The same
holds true for splitting tree forcing as we know by Proposition 3.1.
Hence, V. = ¢ > wy. The fact that VI | ¢ < w, is proven by a
standard nice name argument. O]

Now that we have stated the basic facts, let us examine the situa-
tion of the covering number of the forcing ideals in V5 and V7. We
will start with the former one.

We cite a theorem of [JMS92].

Theorem 3.6. Let V' be a ground model that satisfies CH and let Vf;
be a generic extension obtained by countable support iteration of Sacks
forcing of length wy. Then the following holds true.

V5 = cov(I(S)) = wy
Proof. See [JMS92]. O

On the other hand the covering number of the splitting ideal is small
in Vf“z as stated by the following theorem.

Theorem 3.7. Let V' be a ground model that satisfies CH and let Vf;
be a generic extension obtained by countable support iteration of Sacks
forcing of length wy. Then the following holds true.

V5 = cov(I(S)) = w
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Proof. We work in V. Let D be a dense subset of S. Let (pe : £ < wo)
enumerate all members of D.

We will use this enumeration to construct a matrix with w; many rows
such that every row is a dense subset of S and such that for every real
z € 2° NV, there exists a row such that z is not an element of any of
the closures of the trees in that row.

Let (a¢ : ¢ < wq) enumerate all ground model reals. Now for every
¢ <wp and every £ < wy we can find a splitting tree g¢ ¢ C pe with the
property that every y € [gc¢] splits a¢ (see the proof of Theorem 2.4).

Now because by Theorem 3.2 for every real z € V; N2 there exists
¢ < wi, such that x does not split ac,
thus Vo € V3 N2° 3 <wi V€ <k (z ¢ [qee))
and the matrix (gce @ ¢ < wy,§ < k) is as desired.

For ¢ < wy define X¢ =29\ U, [qcel-

Because every row of the matrix is a dense subset of S, we can
conclude that X, € I(S) for all ¢ < w;. And because for every real
in the forcing extension there is a row of the matrix, such that no
closure of the trees in that row contains that real, we can conclude
that 2 C {J.,, Xe (in V5. -

We have the following corollary.

Corollary 3.8. Let V' be a ground model that satisfies CH and let Vf;
be a generic extension obtained by countable support iteration of Sacks
forcing of length wy. Then the follwing holds true.

V5 = cov(I(S)) < cov(I(S))

To show that cov(I(S)) and cov(I(S)) are independent of each other,
we will take a closer look at the model VWSQ, which is a generic exten-
sion of a ZFC + C'H model we get by iterating splitting tree forcing
wy times with countable support.

With Proposition 3.5 in mind we get the following theorem.

Theorem 3.9. Let V' be a ground model that satisfies CH and let szz
be a generic extension obtained by countable support iteration of split-
ting tree forcing of length wo. Then the follwing holds true.

V3 = cov(I(S)) = wo
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Proof. Because of Proposition 3.5 we know that in sz2 the cardinals of
the ground model are preserved and that the continuum has size w,.
The rest of the proof is done analogously to the proof of Theorem 1.2
in [JMS92]. O]

To we analyze cov(I(S)) in V7 a little closer, we will go the same
route that J.E. Baumgartner and R.Laver went in [BL79] combined
with the fusion techniques for splitting trees of [Spi07]. We show that
there is a continuous one to one reading of names for the iterated split-
ting tree forcing. For this we need the following definitions.

Definition 3.10. Let p € S be a splitting tree. We call F' C p a front of
p, if and only if |F| < wAp = J,cpp [ oAV, 0" € F (0 # 0’ — 0l0’).
In other words, a front of p is a finite maximal antichain of nodes of
the tree with respect to inverse inclusion order.

Definition 3.11. Let « € OR and S, denote the countable support
iteration of the splitting tree forcing of length a.
Let H € [a|< be arbitrary.

For a p € S, we say the set I is a H-front of p if and only if the
follwing holds true:

(i): Fis a function with dom(F) = H and F(j) is a Sg-name for every
pgeH.

(ii): If 0 € H then F(0) is a front of p(0).

(iii): For all § € H with 0 < § we have that p | 8 IF F(3) is a front of
p(B).

Remark: For H € [o]<* with H D H we can assume that F' is also a

H-front of p by defining F(f) as a canonical name for the stem of p(/3)
forall € H\ H.

Definition 3.12. We say that ((p;, F;) : i € w), with p; € S and
F; € [pi]=¥ for all i € w, is a front-fusion sequence, iff for all i € w we
have that (p; + 1, Fiy1) < (pi, F;) and Fjy4 strictly refines F;.

With (¢,G) < (p, F) &
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(i):q<p

(ii): F is a front of p and G is a front of q.

(iii): Vo € F; j € w: p(o)[j] = q(o)[j]
Remark: In this case we have that p := (,., p; € S and p is generated
by Uiew E

Definition 3.13. Let a € OR and let p; € Sy, H; € [a]* and F, be a
function with domain H; for all i € w. We say that ((p;, i, H;) : i € w)
is a front-fusion sequence for S, iff the following holds true:

(i): H; € H;yy for all i € w.

(i1): Uiew Hi = Uie,, supp(pi)

(iii): F; is a Hy-front of p; for all i € w.

(iV): (pis1, Fi1) <wipy (pin ) for all i € w.

Given p,q € S, with F is a H-front of p and G is a ﬁ]—front of ¢, for
some H, H € [a|<¥ with H O H,we define (¢,G) <z (p, F) &

(a): I 0 € H then (q(0), G(0)) < (p(0), F(0)).

(b): For all 3 € H with ) < § we have
q I B (q(B),G(B)) < (p(B), F(B))-

Remark: A simple induction shows that p := (), pi € Sa.

Definition 3.14. Let a € OR,p € Sa, H € [supp(p)]=* and F be a
H-front of p. '

We say that p is (H, F')-deciding iff:

For all 7 € (2<«)H#

cither: VB € H [(p | B) | (7 | B) IF 7(B) € F(B)]
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With (p [ 8) | (¢ | #) meaning the tree that is restricted in each
coordinate ¢ € H N f to the nodes that are compatible to (().

Remark: Let p be (H, F)-deciding and 8, < .. < S, an increasing
enumeration of H. Then p [ 5y decides, whether a node is a member of
the front F'(5y) of p(By) or not. If we restrict p in the Sy-th coordinate
to some o( that is forced to be in the front of p(f5y) the restriction
decides, what F'((3;) looks like. More generally, we can gradually re-
strict p coordinatewise to nodes that are in the respective fronts to
decide what the front of the next coordinate is. Because of this, for
7 € (2<%)H we say sometimes “ 7 € F 7, if 7 satisfies the first condition
of the definition above and in this case we denote by ps the restriction

of p(8) by @(B) for all g € H.

Before we can go on and prove the existence of an injective contin-
uous reading of names of countable support iterations of the splitting
tree forcing, we need to prove a somewhat technical lemma.

Again, V will be a model for ZFC + CH and V. will be a model
that is obtained by countable support iteration of the splitting tree
forcing of length wy. With respect to this, we will denote, for § < ws,
by Vs the intermediate model that the iteration produces at the é-th
step of the iteration. In the following context we will identify (by a
dense embedding) the forcing Sor(fs,a)) in Vs, with the forcing
St 1= {p € S, : supp(p) - [57 Oé)}
ordered by p<qg<:3f € Gs (fTp< fq).

Lemma 3.15. Let 6 < a € OR, H = {5, ..., B} € [0, )<
Furthermore let p € S5, and F' a H-front of p.

Then the following holds true (in Vs ):

(1):

For any f that is a Sso-name for a function f : w — Vs and for any
i € w there exists a condition q € Sso and a H-front G' of q such that
(¢,G) <g (p, F), q is (H,G)-deciding and for all & € G we have that
¢5 decides the value off(i).

(ii):

For any f that is a Sso-name for a function f : w — Vj there exists
a condition q € Sso and a sequence ((Gi, H;) © i € w), H; € [0,a)<
and the G; are H;-fronts of q such that (¢, G;) <m, (p, F), q is (H;, G;)-
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deciding and for alli € w and & € G; we have that ¢z decides the value

of f(i).
(iii):

For‘all v >« qndf that are Sso-names for elements of _Sav there exists
(¢,G) <uy (p, F) and f € Soy (f € Vs) with q is (H,G)-deciding and

gI-f=T.

Proof. For each 6, a (i) = (ii): .

By iteration we get a sequence ((g;, H;, G;) : i € w) with .
Hiy O H;, Hy 2 H and (¢i+1, Giv1) <,y (4, Gi), (g0, Ho) <m, (0, F)
and (J,c,, Hi = U,e,, supp(q;) as in (i).

We get the desired ¢ by defining ¢ := (), ¢ (see the remark in
Definition 3.13).

Also for each §, o (ii) = (iii):
This is pretty much the same as in the proof of Lemma 2.3 (iv) in
[BL79].
By (ii) we have ¢ < p that forces that supp(f) € A = {a; : i € w} for
countable A € V and we have a sequence (G; : i € w), such that for
every o € G; we have a set fr with ¢ | 7@ IF f(a;) = f5.
Define (in Vj)
fla)) ={(r,7): IrFo e G, ((1,7) € AT <TAT<(q]7) Linay}
aswell as f [ [a,y)\ A := 1.
An easy caclulation shows that ¢ IF f = f

_|

It remains to show that (i) holds true for all 6, € OR. This will
be done by induction on « (i.e. for a =1 and a > 1) using (i)-(iii) for
¢ < a in the induction hypothesis.

a=1:

This is similar to the proof of Lemma 3 in [Spi07] (here it will be eas-
ier because we do not need to force incompatible decisions here). Let
p € S be arbitrary with a front F' (and H = {0}).

Let F' = {po, ..., pr} enumerate the front.

Fix some v < r. We want to construct our new subtree g,, of p,, in
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the following way.

Step 1:

Let s := stem(p,,), define K := K, (s70).

Enumerate 25 Nps—~1 by {0, : j <}

Next, for any j < [, choose a subtree g, of p,, such that g, I+ f (1) =
7., for some z,, € V.

Step 2:

Let K := min{K,, (0;) : j <I}.

Enumerate 25" N pg~o by {p; : j <t}

Choose subtrees g,; < p,, with g, I+ f(z) = x,, for some r,, € V.

After these two steps we define ¢ = Uj<l o, U Uj<t qu; With a
front G = {o;: j<}U{p;: j<t}

After doing this construction for each v < r define ¢ := (J,, q@
together with a front G := J,, G®).

It is easy to see that p,[n] = ¢,[n] for all ¢ € F' and n € w and the
other statements of (i) should be pretty clear by construction.

a>1:

We show the lemma for § = () (For § > ) the proof is completely anal-
ogous).

We first work in V3, and prove (i) for H,, := {3, } instead of H.

If « = B, + 1 the proof is the same as in the case « = 1. So we can
assume that a > 3, + 1.

Let F(B,) = {po, ..., pr} and fix some v < r.

Step 1:
We define s := stem(p(5,)),p,, K = Ky, (s70)

and enumerate 25 N p(3,)s~1 by {o; : j <}
For each o; we find ¢(53,),, € S and g,, € g, 11  such that

Q(/Bn)aj T 90 < p(ﬁn)oj “pl[But1,a)and Q(ﬁn)aj " Yo, I f(z) = Zo;
for some T, €V.
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Step 2:
Let K* := mz’n{Kq(gn)gj (o) 7 <}

Enumerate 25" N p(B,)s~0 by {p; : j <t}

Choose as above ¢(Bn)u; ~ Gu; < P(Bn)y, ~ p [ [Bn +1,a) with
q(Bn)y; ~ g, I f(i) = x,,, for some x,, € V.

After doing these two steps we define ¢*)(8,) = U;<1a(Bn)o; U
U; < 4(8n),, and define a front GW = {o;: j<}U{p: j<th

After doing this construction for each v < r define ¢(8,) := U<, a"(B,)
with the front G := |, G.

v<r

Let g be a name for the union of {(g,,q(8,),) : o € G}.
Thus, q(Bn)s I (9 1F f(i) = 20).

Now, by induction hypothesis (i.e. (iii) for 8, + 1 < «), we know
that there exists 9 € Sp,11a and (¢(5n),G") <g5.1 (¢(Bn), G)

(= (@'(Bn), G) <gs,3 (P(Bn), F'(5n)))
such that ¢'(5,) IF ¢ = g.

So for each o € G we have that ¢/(8,), g IF f(i) = z,.

We can conclude that ¢'(5,) "¢ with the {f, }-front G witnesses (i)
of the lemma for H, in Vj,.

If B,—1+1 < B, and we work in V3, 41 we can conclude that
P [Bn- 1+1 , Bn) I (4, G) witnesses the lemma for {3, } in Vj, for some
names ¢ and G.

We can pick ¢ [ [Bo-1+1,8,) < p | [Buo1+1, B,) that forces G = G,
G = g for some G,q and decides the respective z,.
It follows that in this case ¢ := ¢ [ [Bn—1 + 1,8,) ~ ¢ and G witnesses
the lemma in V3, 41 for H,.
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To finish the induction step for o > 1 we have to show that, if the
lemma holds true in Vj, 4y for Hyyq = {Bk+1, ..., Bn}, it holds true in
Vs,_i+1 (or V for k = 0) for Hy, := {B, Brs1, -, B} (With Hy = H).

We start to work in Vs,. Let p € S, and F a Hj-front.
Let F(Bk) = {po, .., pr} and fix v < 7.

Step 1 7 :

Define s := stem(p(Bk),,) and K := K(s70).

Enumerate 2% N p(Bx)s~1 by {o;: j <}

Now by the induction hypothesis we know that

p(/Bk)U'j I (g(gj)vGaj) SHk+1 (p f [ﬁk + 1,0(),F f Hk+1)> such that the
lemma holds true.

We find ¢(Br)s; < p(Br)s, that forces §l71) = ¢l9) | decides for all
T et (2<9) if 7 €

for o € GUJ..

GU], (w.r.t Definition 3.14) and forces 757 = x5

Hence, for ¢(Bk)s, IF T € ng we have
A(Bi)o, 95" I F(i) = 0,5

Step 2 7 :
Define K* := min{Kq(ﬁk)Uj (o) : j <l}.

Enumerate 25~ Np(Br)s~o by {p; : j <t}

Again we find ¢(8y),, < p(Bk),, and g9, GW, T,z asin Step 1 7.

After these two steps define q(3;)™ = Ui« 4(Br)o; WU, <0 a(Br) ;-
Let GO (By) :=={oy: j<}U{p;: j<t}.

After doing this construction for all v < r define

q(Bk) = U<, q(Bk)™) and G(B) = U< GO (By).
Now let g be a name fo the union of {(¢), ¢(Bx)s) : o € G(Bx)}.

By induction hypothesis for 8y+1 < a we get that there exists a g in
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Ser1 o and (¢'(Br), G) <(s,y (a(Br), G(Br)) such that ¢'(8) - g =7.

Define ¢ := ¢/(5) 7.

Because, for o € G(Bi), G, is decided by ¢'(fk), and forced to be as
in the lemma for Hy,1 we can define us canonicaly a Hj-front G such
that ¢’ is (H;, G)-deciding (¢, G) <p, (p, F') and

¢, - f(i) = x5 for 7 € G.

Thus, the lemma holds true in V3, for Hj, and as before we can show
that, if S +1 < B4, the lemma also holds true in V3, |4, for Hy or,
if £k =0, we can show that in V' the lemma holds true for H.

This proves the lemma for a > 1.
m

We get the following corollary.

Corollary 3.16. Let a« € OR, p € S, F a front of p that is partitioned
into two disjoint subsets, lets say F' = Fyooq U Fypaq and let g € S o).

Furthermore let f be a S-Name for an element of S} q),
such that Vo € Fyeq (p [ o lF f=9g).

Then there ezists ¢ € S and a front G of ¢ with (¢,G) < (p, F)
and No € Fyeqa q [ 0 = p | 0 and there exists f € Vo) (in V), such

that ¢IF f = f.
Proof. By Lemma 3.15 ii) we have (¢, Fyooq) < (Uangoodp [0, Fyo0d),

such that g forces that supp(f)Usupp(g) € A = {a; : i € w} for count-

able A € V and we have a sequence (G; : i € w) of refining fronts of ¢/,

such that for every o € G; we have a set f, with ¢’ [ o IF f(az-) = f,.

Define (in V)

fla;)) ={(r,7): oG, Ir ((1,7) € feAT<T AT < (¢ [0) I, )
Vdo € Fyq Ir ((1,7) € gla;)) N\T < r AT < (

)" Lpan)}-

Define ¢ := ¢’ U, cp,,(p [ 0). Obviously we have ¢ [ o = p [ o for all
o € Fy.q and an easy calculation shows that ¢ |- f = f. [

Now, we prove the existence of an injective continuous reading of
names for the iterated splitting tree forcing.

Lemma 3.17. Let @ < wy, b € w, H = {po,..,0u} € [a|<¥, & a S,-
Name.
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Furthermore let p € S, with
plFte2YNi ¢ Ve forall§ < a.

Let F be an H-front such that p is (H, F)-deciding.

Then there exists ¢ < p and a H-front G of q, such that
(i): (¢,G) < (p, F) with G being a strict refinement of F.
(ii): q is (H,G)-deciding.

(iii): For allG € G exists &5 € 2<° with q | & I+ & C @Alngth(&5) >
b
and for 7, with & # & we have &1 &.

Proof. We start with a remark. The induction in the following proof
has a similar structure as in Lemma 3.15. Coordinate-wise we are do-
ing a similar construction as in [Spi07] to force incompatible initial
segments of .

Consider the two dimensional case. We are able to construct a condi-
tion ¢ that is stronger than p and a front in the first coordinate, such
that by restricting ¢ to a member of this front, the respective restriction
forces that ¢ has in the second component a front as desired. Namely,
every member of the second front decides an initial segment of & and all
these initial segments are incompatible. The problem is, if we restrict ¢
to two different members of the first front, we do not necessarily force
incompatible initial segments any more. If we had Sacks forcing instead
of splitting tree forcing, for each member of the first front, we could
just make the respective front in the second coordinate big enough and
then drop some nodes in each of the fronts of the second component. If
we did the same with splitting tree forcing, in general, our trees would
lose the splitting tree property. We can solve the problem by using
the same idea as in the case of Sacks forcing and interweaving it more
carefully into the induction.

We proof the Lemma by induction on a.

a=1:

Essentially this is the same construction as in Lemma 3 of [Spi07]. In
addition we do a precise bookkeeeping of all substeps that occur. (For
easier reading we write F' instead of F(0)).
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Let F' = {po, .., pp}. For v <r define s, := stem(p [ po),
sh = stem(p | s,70) and K = max{K,(p,) : v <r}.

Step 1:

Define

F = Uy, [0 18,70 U (p [ 8, —~ 1)] N 2K,
Fyy) = Uper(p [ 50 ~ 1) N2,

That means we partition the front F© into “good” and “bad”
nodes. Above the good nodes we will be allowed to thin out the tree to
decide initial segments of & (or rather other statements). The subtrees
that consist of all nodes that are compatible to a bad node stay fixed.
This ensures that for the tree ¢ that we will construct, we will have
(q 1 po)k] = (p ] py)lk] for all v <r and k € w.

Let {o; : i < l} enumerate the members of F;S())d. For all i < I

exists a condition ¢©) | o; < p | oy with ¢ | o; IF &,, C @, such that
§oi L&, and &, | > bforall i, j <l; i#j (plFa ¢ V).

Define ¢ := J,_,(¢¥ | o) U U, cro (@ 7).

bad

This finishes the first contruction step.

For later use let ®©((p, F), (p, F), (q(o),F(O)

Yood: Fb(c?c)l)) be the state-
ment that ¢(* < p is built as in the first construction step with respec-
tive good and bad nodes.

The first parameter is the pair (p, F') of the premise of the lemma. The
nodes of the front of the first parameter are used to calculate the the
good and bad nodes (i.e to define s,, etc.. in this case). The second
component lists the condition/front of the previous construction step.
The number 0 indicates the construction step (in this case that the bad
nodes are exactly the ones of length K that are compatible to some
sy 1).

Note that the statement that incompatible initial segments of & are
forced by ¢° restricted to the respective good nodes is not included in
®©) . This will be handled seperately.

Step 2:
Let K* :=maz : {K,o(7): 7€ FO}.

Define
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F(? = ¢ N 2K",
FO =, (@@ 1 s,70)U (¢ T s,71)] N 25,
Fi = Uye, (@@ 1 5,71) N 257

Let {u; : ¢ < k} enumerate Fg(;))d and choose ¢ | p; < ¢ | p
with ¢ | p, IF §u ST N, > band &, L, fori,j <k; i# jand
5#1‘ 2 go for o € F(O)d with L Do.

goo

Define ¢V == U, (¢ 1 111) UU, ) (@@ 1 7).

As before, we let @V ((p, F), (¢©, F UF,)(C?&), (¢, FY Fb(ic)l)) be

» + good good’
the respective statement for the second construction step.

Step 3:
Let K** :=maz{K,o(7): 7€ FW}.

Define
F(z) = q(l) N QK**’
Fyna = Uy, [ 15,71 U (¢ [ 5,7 1] 2K,
Fpod = Uz, (0 1 5,70) 0127

Let {v; : i < m} enumerate Fg(g())d and choose ¢@ | v; < ¢ | v
with ¢® [ v IF €&, C 2 A€,| > b and §, L&, fori,j <m; i # j and
&, 2 &, for o that is a good node of the previous steps with v; 2O 0.

Define ¢ :={J,_,,(¢® T v;) U UreFlfj;(q(l) I 7).

Also @@ ((p, F), (¢, Fg(;c))d U Fb(i;), (¢, Fg(ggd, Fb(jc)l)) is the formula
that describes the third construction step with repect to the good and

bad nodes.

After we have done the three construction steps we define

G:= Fg(zgdu{a € Fg(;())d: Jv<rs0Ca}.

We have (¢¥,G) <y (p, F) and one can easily see that (¢, Q)
witnesses the statement of this lemma. This proves the lemma for the
case that a = 1.
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Remarks:
e Without loss of generality, in every step we can choose the &, of equal
length.

o if dO)((p, F), (¢, F-D) (¢, ja

. . gOOd, .
¢V < ¢, such that Fg(f))od U FY s a front of ¢ and with

Fb(;?i)) is true and we have

q’(i) lo=¢" [oforalloe Flfézl, then we can conclude

that ®((p, F), (q0~V, FO-), (¢, FY | FY).

That means that above the good nodes we are allowed to thin out
the

trees of the respective steps as we wish.

a>1:

Before we start with the actual proof of the induction step, we observe
the situation for the special case that « = 2 and H = {0, 1}. This will
make the description of the general case a little easier.

We have given p = (p(0),p(1)) € Sy as well as & and F as in the
premise of the lemma. Also let {p, :< r} enumerate the members of
F(0).

We start to work in V' and do the first construction step for p(0),
ie
we define s, := stem(p(0) [ p,), s, := stem(p(0) | s,70),
K = mar{K,q)(s,) : v<r},

FO(0) := p(0) N 2%
Fyona(0) = Uy, [(p(0) T 5,70) U (p(0) | 5,” 1)) N 2K,
Fyon(0) := U, <, (p(0)  5,71) N2,

From the view of V] (the intermediate model that we get after forc-
ing with ) we can prove the statement of the lemma with some mod-
ifications.

To be more precise, for every o € F ;fjgd(o) there exists
¢@(0) [ 0 < p(0) | o and S-names ¢ (1), Fa(f]g)ood(l), Fa(,b)ad(l), such
that

g0 (0) | o IF 2O ((p(1), F(1)), (5(1), E(1)), (6 (1), B2 (1), ES) (1))
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and
¢9(0) | o IF

[\;]au) e B9 (1) ooy (687Q) 1 0(1) IF &y € & A L&, o] =
b

and
¢0(0) [ 0 I-Yo(1),0'(1) € L 4(1)  (0(1) # 0'(1) = Eoo) Lérory)-

In addition we can assume that ¢(®(0) | o decides FO_ good(l), Fa(?b)ad(l)

and &, (1), and that there exists L € w with |&, ,1)| = L, for all
o € 0. 1) € £, ),

We can make this assumption, because if this is not the case, we can
thin out ¢®(0) and qf,o)(l) above the good nodes, such that the state-
ment holds true.

Now, let m := | F © (0 )|. We can assume, by the same argument as

good
above, that for all o(0) € Fg(oc))d(()) o(l) Fi(())) g00a(1) and i < m there
exists To(0),0(1),i D) 0'(1) and ég 0),0(1),i = 50(0 (1) with

¢9(0) 1 0(0) I [To@o. e¢3xn
A q((%)(l) rTG(O) “_ fo‘ 0' g ZL'],

such that 50(0)70(1)7Z‘J_§J 0),0(1),j ; for ¢ 75 ]

For all o(0), o'(0) € F¥

good

(0) with 0/(0) # o'(0) and o/(1) € ELpy) ooq(1)
exists at most one node ¢'(1) with &£,(0),0( H o1(0),0'(1)- Therefore, we
can choose ia(o) 0(1) € m for all 0(0) € good(()), o(l) € ((()))good(l)
such that &(0),0(1),i,(0) (1) L& (00,07 (1,0 (0y 01y £ ((0), (1)) # (07(0), 0'(1)).

That means that we can assume without loss of generality (by
shrinking the subtrees that sit above the good nodes), that

¢©(0) 1 (0) I [¢X0 (1) T (1) IF* &no)oy € i,
with &(0).01) L€ (0),07(1) for (0(0), (1)) # (0'(0),0'(1)).

We define a S-name ¢(9)(1) for the union of '
{65 (1),¢®(0) 1 o) = o€ ED(0)} U{(p(1),¢®(0) : o€ 500}

By Corollary 3.16 we can assume without loss of generality (by
shrinking ¢(®(0) above the good nodes) that we have a name ¢/ (1)
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for a member of S, with ¢(©(0) IF ¢°*% (1) = ¢ (1), in particular

¢(0) | o IF g0 (1) = q'((yo)(l) for all o € Fg(g())d(()) and

¢@(0) [ o IF 00 (1) = p(1) for all & € F)(0).

Obviously there exist canonical names F©% (1), F. <0’0>(1),Fb<3(’i0>(1)

» + good
with
g IF EOO(1) = ERI (1) U EL (1),
(0,0 (0 (0,0 (0
q<°>(o‘) [ ol Eon (1) = EN)) sood(1) A Fi (1) = EX) (1) for all
o€ Fg(gid(O) and

¢©(0) | o I E29(1)

good

O A ECY (1) = F(1) for all o € E%(0).

Now we do the second construction step in V; analogously and de-

cide the respective objects by shrinking ¢(°’(0) above the good nodes.
This way we get ¢ (0) < ¢©(0), FOD (1), Fygol (1), oy (1), 40 (1)
such that

a©V(0) I FOV(1) = Fooy (1) U B (1)

q<°:1>(_0) | o decides the members of F{01(1), F;gil)(l), F;fc’;)(l) for all
o € F(0) (as above) and

¢OV(0) [ o IF

SO ((p(0), F(0)), (40 (1), FOO(L), (40, Fygod (1), Fray (1))
for all o € Fg(ggd(()),

and such that ¢/%"(0) | o = ¢@(0) | o for all o € Flfle(O)

In addition, for all ¢(0) € F;fj})d(o) and all o(1) with

q<0,1>(0) Po(0)I-o(1) € F<0’1>(1), we have

good

¢P(0) 1 a(0) IF [V (1) T o(1) - &o).01) € 4].

and for all 0(0),0(1) as above and all 7(0), 7(1) that are good nodes
(of one of the good fronts constructed so far) with ¢(0) 2 7(0) and

0'(1) 2 7‘(1) we have fg(g)vg(l) 2 57(0)77-(1).

Again, we have &5(0),0(1)L&(0),0r1) for (0(0),0(1)) # (0(0),0'(1)).
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Analogously we do the third step in V3 and decide the respective

objects by shrinking ¢/®"(0) above the good nodes. This way we get
@2 (0) < ¢V (0), FO2(1), F92 (1), K%Y (1), 402 (1) such that

» + good

¢®2(0) IF FO2 (1) = RO (1) U Fe2 (1)

¢ (0) | o decides the members of F(02)(1), Fgfgﬁ(l), E%2 (1) for all
o € FO(0) (as above),

¢ (0) [ o IF

S ((p(0), F(0)), (¢°0(1), FOV(1), (¢, Fo (1), BN (1))
for all o € Fg(ggd(()),

and such that ¢©*2(0) | o = ¢©(0) | o for all o € E)(0).

In addition, for all o(0) € Fg‘fjgd(o) and all o(1) with

q<0,2>(0) Fo(0)IFo(l) € F<O’2>(1), we have

good

¢©2(0) | ¢(0) IF [¢°2(1) | (1) IF* o(0),0(1) € ]

and for all 0(0),0(1) as above and all 7(0), 7(1) that are good nodes
with o(0) 2 7(0) and (1) 2 7(1) we have & 0)0(1) 2 &r(0),7(1)-

We have &o(0),01) L€ (0),0(1) for (0(0), (1)) # (07(0),0"(1)).

Note the following. Let & = (¢(0),0(1)) and 7 = (¢/(0),0'(1)) be
sequences with @ # @,

c(0),0'(0) € PO

good(o) and
¢ 1 o(0) I-
o(1) € F%2 (1)

good

U{o € EY (1) : 3pe F(1) (o D stem(p(1) | stem(p(1) | p)~0)"0)}

good
and

¢ | o'(0) I+
o'(1) € F%2 (1)

good

U{o € FOU (1) : 3pe F(1) (0 2 stem(p(1) | stem(p(1) | p)~0)"0)}.

good
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Then there exist 7 C o(1),7" C ¢’(1), which are both forced (by

¢>? | ¢(0) and ¢‘>? | ¢’(0) respectively) to be in F;ood( ) for some i €

3, such that (c(0),7) # (0'(0),7"). We can conclude that {50y, L&o (o)
and thus & 1&.

After we have done the three steps in the second coordinate, we go

back to our first coordinate and do the second construction step.
We define K* := maz{K 0.2 (1) : 7 € FO(0)},

E(l)(o) ( )QQK
Fyooal0) = u r[< 2(0) [ 5,70) U (¢02(0) | 5,7 1)) N 25",
Fjan(0) := Uy, (¢92(0) 15,7 1) M2

We are then doing the three construction steps in V; in the same
fashion as before, thus we get for all i € 3:

gt a1y, FAD ) B (1) with:

good

402 < 410 < (L) < g012)

4©2(0) [ o = g19(0) [ o and g10(0) | o IF g02(1) = g9 (1) for all
o€ Fb(ad(O ,

g s (H,(FO(0), F9(1)))-deciding,
g I OO = B U Bl (1),

g0 (0) 1 o IF
O ((p(1), F(1)), (402 (1), FO2A(1)), (¢M0 (1), EE9 (1), B (1))
for all o € Fg(;gd(())

d(0) ol , .
D ((p(1), F (1)), (¢ (1), (1), (601, Fr™ (1), ™ (1))
for all o € 1) (0).

In particular we can conclude that (p, F) <g (g%, (FM(0), F{42(1))).
In addition we have for a fixed 7 € 3,

that for all o(0) € Fg(i())d(())
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and all o(1) with ¢(%(0) | o(0) IF o(1) € E0(1),

that ¢ | (0(0),0(1)) Ik &)y C &, With E50)0(1)LEr(0)07(1)

for (0(0),0(1)) # (¢'(0),0'(1)) and for all 7(0),7(1) that are good
nodes (of one of the good fronts constructed so far) with ¢(0) 2 7(0)
and o(1) 2 7(1) we have &:(0),0(1) 2 &r(0),7(1)-

Next, we go back to our first coordinate and do the third construc-
tion step. Define K™ :=max{K 12 ) (7) : T € FO0)},

F®(0) := ¢2(0) 25"
E2(0) = Uy [(072(0) 1,7 1)U (¢%2(0) 5,7 1)] 125
EP(0) = Uy, (¢12(0) | 5,70) M 2K

v

We do the three construction steps from the view of V; and get for
all i € 3¢9, [20(1), F;g&g(l), F{27(1) with the analog properties as
above.

We can define a name G for the H-front of ¢‘%2 that consists of all
g = (0(0),0(1)) with either

o(0) € £2 ,(0) and

¢?2(0) 1 0(0) IF o(1) € E22(1)

ood
U{o € F;;id(l) : Elpge F(1) (o D stem(p(1) | stem(p(1) | p)~0)70)}
or .
o(0) € {o € Fg(jgd
and .
g22(0) [ 0(0) I o(1) € F (1)

good

U{o € F(1’1>(1) : dp e F(1) (o D stem(p(1) | stem(p(1) | p)~0)"0)}.

good

(0) : 3p € F(0) (0 2 stem(p(0) | stem(p(0) [ p)~0)"0)}

By construction ¢‘>? is (H, G)-deciding. Also for all @ € G we have
defined & with ¢22 [ G- & C @ A |&5| > b.

Now let @ = (0(0),0(1)), @@ = (¢/(0),0'(1
can be seen easily that there exist 7
and 7,5 € 3 with 7(0), 7/(0) € F

good

that 7(0) € ¢(0),7'(0) C ¢’(0), 7(1
Thus, & 1&, which implies & 1.&5.

N

2

=
\]
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We can conclude that ¢®2 and G witness the lemma for the special
case.

Now, we prove the lemma for a > 1 for the general case. The
costruction that has to be done is basically the same as in the special
case. The main difference is that depending on H we can have some
arbitrary finite number of coordinates that we have to handle, which
are not necessarily next to each other.

Let a > 1,H = {fo,.., 3.} € [2]<“ and p, F' as in the premise of
the lemma.

To capture the single substeps of the construction we will introduce
a new relation in the following way:

Let ¢ : 3" — {0, 1,2} the function that maps a natural number
to its trinary representation. .

Let q,q' € S, G,G" H-fronts of ¢ and ¢ with ¢ is (H, G)-deciding
and ¢’ is (H, G')-deciding,
and let Ggood7 Gbada G’ Glbad eV with

good)’

q | B IF G(Br) = Gyooa(Br) U_Gbad(ﬂk) for all & < n and
¢ | Bl G'(Br) = Gooa(Br) U Ghoq(Bi) for all k < m.

We say for 7 € (2<“)" that 7 € Ggoqda
if vk <n((q [ Br) I (@ 1 Br) IFT(Br) € Ggooa(Br))-

Also let ¢ and ¢ natural numbers.

For j € 3" we write

((p, F)’ (Q7 G)> (Ggooda Gbad)> C) §¢(j) ((p’ F)a (q/a G/)a (G;oom Ggad)v Cl)? if
and only if the following conditions hold true:

/

i): ¢<gq

ii): G refines G/, i.e. for 7 € G and @ € G we have a(8;) 2 7 (53) for
all & < n.

iii): For N the leftmost digit with (¢(j))n # (¢(j — 1))n (or the first
digit in the case of j = 0) we have:

VE<NVYG€G ((q1B8) @1 Br) I Gooa(Br) = G poa Br)
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A Graa(Br) = Ghaa(Br)-

iv): With N as above we have:
Vk N Vo € Ggood(( rﬂk) f (O' fﬂk) I+
QD ((p(Br), F(Br)): (¢ (Br), G'(Br)): (4(Br): Ggood(Br) s Graa(Br)))))-

V): Vo € G Vicn (a1 B) 1 (@ 1 B) IF () € Ghraa
= VE>1((q!B) I @1 Bk)IFq(Be) 1T(B) = (Be) [ T(Br))]

vi): For all 7 € Ggood exists & € 25 with |&5| = ¢ > ¢, such that
Vo, 0,047 (¢TI & CiN&GLE).

The properties i) to vi) describe the transition to the next construc-
tion step. iv) makes sure that we have (¢, G) <g (p, F'). v) means that
the trees stay fixed above the bad nodes (and in all further coordinates).
vi) is the statement that, if we restrict our condition to the good nodes,
it forces initial segments of &, which are pairwise incompatible. The
condition that ¢ > ¢ makes sure that in a descending chain of tuples we
have that & D & for sequences of good nodes @ and @ where the first
one is a member of the front of a later tuple and an extension of the sec-
ond one, which is a member of the front of a previous tuple of the chain.

Consider the situation that there exists a full sequence, i.e.
((p ), (0, ), (1, 07),5) Z00.00 -+ Z4(7)
((pv F)a (q(J)u F( )) (Fgoodan(agl) b ) Z¢(j+1) .. 222..22

3ntl_q

((p) F), (q((3n+1 1)7 F((3n+1 1))7 <F(3n+1_1)7 Fb(éd ))7 b3n+1,1).

good

We can then define a witness (¢, G) for the lemma in the following
way (analogously to the special case):

Define ¢ := ¢®"""~V and let G' be a canonical definition of the H-
front, such that ¢ is (H, G)-deciding and we have 7 € G
& 3) Vk < n (60D = 1V (60)k = 2)
NT € F(j)
AVE < n((6(G)e =1 — (a1 Bi) 1 (1 Be) IF
3P € F(B) (stem(p(Br) T (stem(p(Br) I p))"0)"0) <
(k)]

Now, similarly to our special case, if we have given 7, € G with
T # 0, there exist j < 3" and 7,7 € F(J)d with 7 # 7 and
Vk < n (T(Br) Ca(Be) NT(Br) C @ (ﬂk)) By property vi) for the
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respective tuple of the sequence we can conclude that &1&~ and thus

gﬁj—fﬁ"
Thus, such a pair (q, G) is actually a witness for the lemma.

Now we need to prove that, given the premise of the lemma, such
a full sequence exists.

We show that for each j € 3" — 1 and every tuple

t;=((p, F), (O, FW), (Fg(f)z)d, FY b;) there exists a successor tuple

. 1 1 .
tis = ((p. ), (qU+D, PO (FUD FUTDY by ) with £y <gge
.

We show by backwards induction that, if in V3, 4 for each tuple
as above exists a successor tuple with repect to Hyy1 := {Bk11, -, On},
this claim also holds true in Vi, 11 (or V for k = 0) with respect to Hj.

We start the induction by showing that the claim holds true in Vj,
with respect to H, = {8,}. If @« = 8, + 1 the proof is completely
analog to the case a = 1. Thus, we can assume that o > 3, + 1.

We work in V3, and have given j € 2 and a tuple
((p ] [Bur ), F' T [ﬁn, @), (@9 1 [Bn, @), F9 | [Bn, @),
(F_(;ood r [6717 ) Fbid [ [ﬁna ))’ )

In the same way as before we can find (in Vj,)
090G, FO 5, Eyg? (o) and Fiad(5) with

good

Vs, = @9 ((p(B,), F(B), (49 (8,), FO(By)),
(@9 (B0), FSED(Ba), BTV (8.)).

For all o € ng;’dl)(ﬂn) there exists ¢/ (8,) < ¢YTV(8,) | o and
f o) € S/Bn+17a with
qg(ﬁl)(ﬁn) Flo) < q/(]+1)(6n) o q]-i-l) | [B. + 1, ) and

@It (B) fO IR C i
In addition we can pick all those obnjects such that there exists
biy1 > by with |&,| = b1 and &, 1€, for all 0,0’ € FZFL(3,) with

good
o#ao.

Now, let f be a Ss,+1-name for the union of
{(F.q570) 0 € B (B0
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{(@V 1B, +1,0),¢9(B,) 1 0) = 0 € ROV (B}

By Corollary 3.16 we get
q(]+1)(/8n) < U €F<j+1>(ﬁ )qg ]+1 U Ua_eF(J+1)(B )q(]) r o,
and we get ¢UV | [8, + 1,a) € Sp,11.4, such that

U ((p(Ba), F(Ba)), (@9 (Ba), FD(Ba)), (a9 (Ba), FLi (Ba), Fioa P (8a)))
and ¢UtD(B8,) IF f = ¢UtY | [B,, @) hold true.

In particular, we have for
gD | [B,,a) = g0 (8,) U | [B, 4 1,a) that
(@ 1 B @) 0 IR & C i

Thus, by ((p | [B0: @), F 1 [, @), (g9 1 [Br, @), FUTY | [, ),

( gg;l) | [Bn, @), ESTY 1 (B, @), bj11) we have the desired successor

in Vj, with respect to H,,.

Analogously to the proof of 3.15 (i) we can see that the claim also
holds true in Vg, 41 with respect to H,.

Next, let £ < n and assume that we get successor tuples in Vg, 41
with respect to Hi, 1. We show that under this hypothesis we can get
successors in Vs, |41 with respect to Hj.

We work in Vg, Let j < 30*"F*1 —1 and

(( r[ﬁlm )7 r[ﬁlm )) (q(] r[ﬁkaa)aF(j) r[ﬁka&))a
(Fg(ood | [Brr @), 9 1 [Br, @), b) a respective tuple.

At first, consider the case that (¢(j5))o = (¢(j + 1))o, i.e. that the
leftmost digits of the trinary representations are equal.

We define FZ4D () = ED () and B2t (Be) i= Fyo)(Be).

good

By our induction hypothesis we have for all o € F (Ood (Bk) a con-
dition ¢/""V(8,) < ¢ J)(Bk) [ o and a tuple

to = (0 T [Be+ 1,0), F | [B+ 1,0)), (¢, F@), (F) ), b)),
such that
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4,7 (B) IF to <qo11nis <g+1>>n>>A .
(EO T Bt 1, ) EL 1 e+ L by
(Without loss of generality we have that ¢/,“"V(8,) decides F(©) etc..)

In particular, we have ¢.9 ) (8,) IF [¢©@) IF* &,~5 C ] for all 7 with
.Y (B IF 7 e FY)

good*

Analogously to the special case, that we have discussed before, we
can assume without loss of generality (by thinning out ¢{®) above the
good nodes), that {,~51&,~5, if (0,7) # (0/,@') and that all those
initial segments have common length ;.

Let f be a name for the union of {(¢(*), q:y(jﬂ)(ﬂk)) C o€ Fgf):dl (Bk) U
{(q(j) I [Br + 1,@),q(j)(/3k) lo):0€ F;ﬁ;l)(ﬁk)}.

By corollary 3.16 we get U (8,) < ¢.Y"(8,) with FUTD(5,)
is a front of ¢t (8;) and ¢UtV(B,) | o = .Y (B) | o for all
o€ Féjjl)(ﬁk) and we get ¢Ut) | [Bk +1,a) € Sp, 41,0 With
q(j+1)<5k) I g+ | Bk +1,0) = f

If we define ¢U*) | [Bi,0) = ¢, (B) 0" 1 B+ La), w
have
qUtY 1 [Br,a) | 07F IF &~5 C @ for all 0 € FUth (6r) and @ with

] good
qUtD(By) o lF7 e [,

If we define FUD | [By, ), Fg(g;;ll) I [Br, ) and Fb(g;l) I [Br, @) in a
canonical way, we have with

(( r[ﬁ’m )7 r[ﬁkv ))7( G+) r[ﬁk a) FU+D r[ﬁkv ))7
(F(JH) ' Bk, ), Fb;jl I [Bk, ), bjs1) the desired ¢(j + 1)-successor.

good

We still need to consider the case that (¢(7))o # (¢(j+1))o. In this

case we start by doing the respective construction step in Vg, , i.e. we
get QUD(By), EVTD (Bi) and B2 () with

ST (p(By), F(B))s (49 (Br), F(B)), (@7 (By),
E9D(81), F2 P (Bi)).-

The rest of the proof is completely analog with g+ (3;) taking the
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role of ¢U)(By).

Thus, we have proven that in Vj, we can get successor tuples with
respect to Hy. Analogously to the proof of 3.15 (i) we get the claim
for Vi, 41 with respect to Hj. Furthermore, by induction we can
conclude that the claim holds true in V' with respect to H. Hence,
we can construct a full sequence, which proves the lemma as we have
stated before.

O

We can immediately conclude the existance of the desired injective
continous reading of names for the iterated splitting tree forcing.

Corollary 3.18. Let o < ws, p € S, and & a S,-name for a real such
that for all £ < a we have that p Ik & ¢ V.

Then there exists a ¢ < p and a sequence <(H1,Fl,kl) © 1 € w) such
that H’L € [a]<w7 E s a Hi’front fOT’ q, kl cw, <Q7 E+1) §H¢+1 (Q7 F’L)? q
is (H;, E)-decidz’ng and ki1 > k; for alli € w and there exists a family
{&7 € 2°¢: T € e, I}, such that for every i € w and o € F; we
have ¢z IF & C o

and length(&) > k;

and for two indices @,7 that are incompatible in at least one coordinate
we have &1 &5.

Proof. We just need to iterate Lemma 3.17. In this way, for any given
(pi, Fi, Hi, k;), we get (piy1, Fipr, Higq, Kiv1) with

Hiyy 2 H; as in the lemma. If we choose the sets H; carefully such
that (J,c, Hi = U,e, support(p;), we have that ((p;, Fi, H;) : i € w)
is an iterated fusion sequence. It is now easy to see that its infimum,
q € S,, witnesses the corollary. [

Corollary 3.18 gives us the required tool to prove the main result of
this chapter.

Theorem 3.19. Let V be a model for ZFC + CH and let V7 be the
model that we get by countable support iteration of splitting tree forcing
of length wo. Then the following holds true.

VS b Con(I(S)) = &y

Proof. Let {gr»: A < ws} be an enumeration of Sacks forcing S in V7.
We will construct a matrix of perfect trees {gcy : ¢ < wi, A < wy} such
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that each row D¢ := {gex : A < ws} is a dense subset of S (in V7).
Also we want to arrange that for every real that is not already in the
groundmodel, there exists a row such that the real is not included in
the closure of any tree of that row.

By defining X, := 2¢\ quD< [q] we get a set that is in the Sacks
ideal I(S) and by construction of our matrix, every real which is not in
the ground model is a member of | J c<w; X¢. Hence, it remains to show
that we can construct this matrix.

To each name for a new real x € VWS2 we assign a function

f (of the ground model) in the following way. We choose p from the
generic filter that is as in Corollary 3.18, i.e. there exists a sequence
(Hi, Fy, ki © i € w) and a family P := {&: @ € (J,, £5} (which in-
duces the perfect tree of possible initial segments of @) as in the corol-
lary (i.e. the Fj are strictly refining H,;-fronts, p is (H;, F;)-deciding; ps
forces 7 to include some initial segment &5 and for any ¢ € w and for
different 7,3’ the respective & and & are incompatible and at least
of length k;).

We collapse the support of p to its order type with the canonical iso-
morphism ¢. This induces us an isomorphism j : {7 : 7 € {J,., Fi} —
im(j) by defining j(7) = {(i(a),0) : (a,0) € 7}. We define the
function f by f:j(@) — &

Note that, for some real z € V7 and for the function f defined as

mentioned above (w.r.t z), the closure of f~'[{z [ k: k € w}] is a
sequence of generic reals that are introduced at iteration steps indi-
cated by the ordinals of the support of the condition p that was used
to define f above.
Also note that by collapsing the support, on one hand we lose the infor-
mation which coordinate of the function represents which coordinate
of the support of p, but on the other hand there are at most w;-many
such functions.

For each such function f we build a row of the matrix in the fol-
lowing way:
Let (¢t : k € w) be an enumeration of the coordinates of the domain
of f.
For A € wy we have that ¢, is an element of some intermediate model
V, of the iteration.
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We have the following cases.
Case 1: 3yeq, 10 ¢ P

In this case just define gsy :=qx [ 0 < g
It is clear that no real x that has the function f assigned to it is a
member of [gy].

Case 2: ¢y C P

First, we construct ¢} < g\ as an intersection of a Sacks fusion se-
quence.

Assume that ¢y > qf\o) > ... > qf\k_l) are already constructed.

Choose m € w such that every node in 2™ N q/(\k_l) is the extension

of at least k many splitting nodes from qf\kfl). Let {o; : i <} be an

enumeration of 2™ N q/(\k_l).

For each i < [ let A; := WCk(ffl[qgk_l) [ 0:]) € V,, be the projection
to the (j-th coordinate.
(Note that because of the assumptions of Case 2 we have that [A;] # 0).

Now, we have either:
(i): A; is a perfect tree.

Then there exists a perfect subtree A; C A; in V, that is constant
on a set a of V,N[w]”, i.e. there exists a constant value ¢ € 2 such that
for all 0 € Al and all j € dom(c) Na we have o(j) = ¢. In this case

define q&k) oy = f[ffl[qg\k_l) o, N 7T<_k1 [A%]]], which is a perfect tree.

or (ii): There exists an isolated branch y € [A4,].

Then there exists o € qf\kfl), such that [m¢, [f_l[qg\k*l) Foilll =y

(e V,N2¥). In this case define q/(\k) oy = qf\k—l) o

After we have defined all qg\k) [ o; for all i <[ we define

k k
qg\ = Ui QE\ " 1o

If we have constructed the whole fusion sequence, we can define
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o (k)
q},A = mkew qy -

If we have that x € [q'f ,) for some x with the function f assigned to

it, then for each £ € w we have that z is a member of some [qg\k) [ o]
as above.

So the projection of the inverse of the reverse image under f to the
(x-th coordinate either constant on a real from V., (Case (i)) or it is a
real from V itself (Case (ii)).

This means that the generic real in the coordinate that was collapsed
to (i cannot be a real that splits all reals from V., hence it has to be
a real that is generic for some V; with ¢ <. We can conclude that x
itself has to be an element from V.

This means we can choose a subtree g7, < q}’/\ that has none of the
wi-many reals of V,, in its closure, and thus we can conclude again that
no x that has f assigned to it can be an element of [gy ].

In this way we can construct w; many rows (one for each function
) of perfect trees that are dense (from the point of view of V), such
that for each real x € V3 there is one row of trees that do not contain
the real x in their closures. So we are able to construct the desired
matrix.

O
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4 On the antichain number of the splitting tree
forcing

In this chapter we look at the collapsing number and the antichain number of the
splitting tree forcing. By a result of P. Simon the Sacks forcing is
(b, ¢, ¢)-distributive (see [Sim93]). One can conclude that Sacks forcing collapses
the cardinality of the continuum to the unbounding number of the ground model.
While it seems not possible to modify this proof to show the same result for the
splitting tree forcing, we can use the fusion techniques for splitting tree forcing
that are introduced in [Spi07] to show that the splitting tree forcing is
(0, ¢, ¢)-distributive. Thus, it collapses ¢ to 9. In [RS96] A. Roslanowski and
S.Shelah have shown the relative consistency of ZFC' and
ZFC 4+ —CH + a(S) = Xy, where a(S) is the smallest possible cardinality of an
uncountable antichain of Sacks forcing. This latter result also holds true for
splitting tree forcing, which is shown in this chapter by a modification of the
original proof.

We recall the following definitions.

Definition 4.1. Let P be a forcing and let x, 1, A be cardinals. P is
called (k, p, A)—distributive, if and only if for each family (P : £ < k)
consisting of maximal antichains of cardinality equal or less than u
there exists a maximal antichain (), such that

Ve QVE<r: ({pePe: pllatl <.

A stronger property than not being (k, u, A\)—distributive is the fol-
lowing.

Definition 4.2. Let P be a forcing and let k, 1, A be cardinals. P is
called (k, i, \)—nowhere distributive, if and only if there exists a family
(P : € < k) consisting of antichains of cardinality equal or less than

p,such that Vg e P3¢ <k: ({pe Pe: pll g} > N).
The next two propositions are well known facts.

Proposition 4.3. Let P be a forcing and k,u be infinite cardinals
with k < . If P is (K, jt, i) —nowhere distributive, then forcing with P
changes the cofinality of u to equal or smaller than k.

Proof. Let (P : £ < k) as in Definition 4.2. And for each £ < & let
(pl(,g) 1 v < 79 < p) be an enumeration of Px.

By f := {((¢, ﬁ),p,(f)) : & < K,v < 7} we define a P—name for a
function from « to u.

Assume that any p € P would force that f is bounded. Without
loss of generality we can assume that there exists a A < k with
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plFVYE < X: f(€) < A Then, by the choice of our maximal antichains,
there exists £ < k with [{v < : p || pl(,g)}] > p. In particular, there
exists a v > A such that p || p,(f). But this is a contradiction because, by

definition of f and choice of p, p and p,(,ﬁ) have to be incompatible. [J

Proposition 4.4. Let P be a forcing and &, p infinite cardinals with
Kk < p. If P is (k, pu, u)—nowhere distributive and P has a dense subset
of cardinality 6 < u, then P collapses p to k.

Proof. Let (P¢ : £ < k) as in Definition 4.2. and let (d; : ¢ < J) be an
enumeration of a dense subset of P.

By choice of the maximal antichains, we can pick for each ( < ¢ a
§<rwith [{p€ P : plldet] = p

Next, we recursivley construct for each ¢ aset X, C {p € P; : p | d¢},
such that we have for all ¢, (" < § with ¢ # ¢’ that | X;| = p and

(& = &) = XN X = 0.

Now, for each { < ¢ let <p,(f) : v < p) enumerate X¢. Choose a
Dy ¢<dv<

17

P—name f for a function from & to u with {((&, ), p
1} € f. We will show that f is a name for a surjection.

Assume by contradiction that there exists p € P and v < u with

plF v ¢ ran(f). By density we have some ¢ with d; < p. We also know

by choice of p(f) that p(yo || d¢ (and thus, p(yo || p), and by choice of f

we know that pl(,g) - f (fc) = 1, which is obviously a contradiction. [J

Theorem 4.5. The splitting tree forcing S is (0, ¢, ¢)—nowhere dis-
tributive.

Proof. First, fix some dominating family F' C w* with |F| = 0. With-
out loss of generality we can assume that for all functions g € F we
have that g is strictly increasing and Vn € w: g(n) > n+ 1.

We will show that there exists a family {S, : ¢ € F'} with the
following properties:

i) S, CS, S;=0V|Sy|=ctloralgeF
i) Vge FYTI,T' € 8,: (T #T — TLT') (ie. (TNT') ¢ S)

i) VIre Sdge F: {I"'e S, |T'CT} =c¢
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This family is obviously a witness for the (9, ¢, ¢)—nowhere distribu-
tivity of S.

For every splitting tree T" we define kr : w — w by
kr(n) := maz{Kr(c) : o € T | n+ 1}. We pick a function gr € F
such that gy dominates kp. Now, if we have N > 0 with Vn > N :
gr(n) > kp(n), we can conclude by our choice of F' that the for the

m k.
iterated function g#"=0>?(0) > S 282> N.

Now, fix some splitting tree 7" with a function gr as above and
N € w with Vn > N : gr(n) > kr(n). We will recursively construct
a fusion sequence (T, : m € w) of splitting trees with 7" O T}, and
Vm € w: Ty 2 Tyt and pr =) T, €58S.

mew

m=20:

If N > 0, we choose 0 € T with |o| = ¢g4(0) + 1 and define Ty :=T | o.
Otherwise, if N = 0, we know that ¢g%(0) > kr(0) and choose 0y, 01 € T
with |o;| = ¢2(0) + 1 and 0;(g%(0)) =i for i € 2 and we define
To:=T | 0pUT | 1. In both cases we define ny := ¢g2(0).

m~~m-+1:
Dk 282

First, define [ := g5 (0) and let v : 2™ — 2<% enumerate all
members of {s € 2 : |s| = m + 1} in lexicographic order.
Define Moy := 977 (1) and nagy = g5 72(1) for i < 2m+L,

Note that Tba(z‘) = gT(ﬁa(i)) and ﬁa(i—l—l) = gT(na(Z)))

If N >m+ 1, choose o € T, with |o| =1+ 1 and define T}, :=
T, |o.

Otherwise, if N < m 4+ 1, we know that [ > N and recursively

construct a sequence (Tr(,?}rl, . Tr(f_:l;r 171)) in the following way.

First, for every o € T,, recursively define @ € 2<% by:
(D) := o(nyg), if ng € dom(o)
g(k+1):=0(ns), if ng € dom(o) and (¢ [ k+1) = s,
otherwise (ns ¢ dom(c) or @ is defined for all k& < m) the finite recur-
sion stops.
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Now, for every o € T, with |o| = Tia0) + 1 and @ = a(0), we pick
extensions 0o, 01 € T),, with og,01 2 0, |og| = |01] = naE) + 1 and
0j(Na(0)) = J-

Le(zg) A be the set of extensions that we have chosen and define

T =
m+1

UH(Tn T 7 1€ AJUU{Tn [ 71 7 €T A|T| = Tra) +1AT # a(0)}.

Now assume that for some i with 0 < ¢ < 2™! — 1 we have already
constructed T’ ,Eﬂrl
Then, for every o € T\ with lo| = Tagiy1y + 1 and 7 = a(i + 1), we
pick extensions o, 0, € T with 00,01 2 0, |00 = |01] = Nagr1y + 1
and 0;(na(i+1)) = J-
Let A be the set of extensions that we have chosen and define
i 2
U{T,Sf) f7: 7 EA}UU{TT,(? [ 7 T€T7(rf)/\’7" = Tty + LAT #
a(i+1)}.

After the construction of T7, ,; for all 0 <4 < 2™*! define
Tt i= Téfr; "~V This concludes the m -+ 1-th recursion step.

One can easily check, that (7, : m € w) is a fusion sequence of
splitting trees. Hence, we can define pr :=(,,c, Tm € S.

Again, for every o € pr we can recursively define:
(D) := o(ng), if ng € dom(o)
g(k+1):=0(ns), if ng € dom(o) and (¢ [ k+1) = s,
otherwise (ns ¢ dom(c)) the finite recursion stops.

For pruned non-empty tree (i.e. a nonempty tree that has only in-
finite branches) @ C 2<¢ with stem(Q) || stem(pr)we define
T? ={oce€pr: 7€Q}.

Assume that () has some isolated branch, e.g. x being the only
member of [Q | 7] for some 7 € 2<“. We can conclude, for all o € T
with @ D 7, that & C x, and thus we know that o(ny;) = o(k) = (k)
for every k € || 4+ 1. Hence, if we fix some o with @ O 7 we get that
(T? | 0)[ns] = z(|s]) for every initial segment s C z. That means that
T is not a splitting tree.

On the other hand consider the case, where @) is perfect. Thus, for
every ¢ € T® we can find 09,01 € Q with 79,71 2 & and 79L7. Fur-
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thermore, we can find 0y, 01 € T9 with 0y, 01 D 0 and 55 = 79 and 77 =
71. Now by construction of pr we have for all n > gr(max{n.,,n. })
that either (79 | a¢)[n] = {0,1} or (T9 | o1)[n] = {0, 1}, thus n wit-
nesses the splitting property for o in T%. Because o was arbitrary we
can conclude that 79 is a splitting tree.

In conclusion, we get that 7% is splitting, if and only if () is a perfect
tree. We get even more: If QQ is not perfect then 79 does not contain
a splitting tree. (*)

If we now let (T¢ : € < ¢) be an enumeration of all splitting trees,
each with a respective function gr, and a subtree pz,, and in addition

define 7¢ := stem(pr, ), we can easily find an antichain {Q¢¢ : &, < ¢}
of perfect trees with 7. C stem(Qe) for all £, < ¢. For example,
let {fec : & C < ¢} be a family of functions from w into 2, with
two different functions of the family being in two different equivalence
classes modulo finite. If, for every &, ( < ¢, we define a Silver function
he.¢ by

Te(n)  if m=2nAn <|r| for somen € w
hec(m) =< fee(n) Lif m=2nAn> |7 for somen € w
* ,otherwise

Y

then, the respective family of Silver trees is our desired antichain of
perfect trees.
For (¢,¢) # (¢, (") with g7, = gr; we can conclude that either stem(7%)

or stem(T¢) is compatible to both stems of Q¢ and Q¢ . So without

loss of generality assume that the latter fact is true for 7;. Then we
have T£Q§,< N ng/’gl - Tng’Cngl’C/ with va( N Q§/7</ g S, and thus j—ngé’<

and Tg ¢ are not compatible.

Finally, define S, := {TgQ“ 0 §,C€cAgr, =g} forevery g € F.
Every nonempty Sy is an antichain, as we have just seen, and for every
T € S we have some &, such that 7" = T and Sng contains with
{TgQ“ t ¢ <c} C Sy, ¢ many subtrees of T'. Thus, {S;: g € F'} is as

desired.
O]

As a consequence of Proposition 4.4 and Theorem 4.5 we get the
following.
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Corollary 4.6. Let V be a ZFC model and G be S-generic over V.
Then the following holds true.

VIG] = [e¥] = [

As mentioned before, we also want to examine the antichain num-
ber of the splitting tree forcing. In particular, we want to show that it
is relative consistent to ZF'C' to have a ZFC model that fails CH and
contains a short maximal antichain of splitting trees (i.e. a maximal
antichain of size N;).

This is basically a modified version of the proof for the same fact with
respect to Sacks forcing by A.Roslanowski and S.Shelah (see [RS96]).

At first we need to introduce a special type of splitting trees and
prove some lemmata.

Definition 4.7. We say that a splitting tree p is slim, p € Sgum, iff

p €S AI°(n,ng,n) €w? Jcy,c1 €2 Vo € p(n) Ik € (n,ng] Jog, 01 €
plo

(n<mng<niA(plo)k)={oo,01} NogLoy

A(p [ oo)no] = {co} A (p I o1)[na] = {e1}).

In other words a slim splitting tree is a splitting tree with infinite
many levels such that every node on such a level splits into two exten-
sions, let us say a first one and a second one. And all subtrees of nodes
compatible to a first extension have a fixed value ¢y on the same level
ng, and all subtrees of nodes compatible to a second node have a fixed
value c¢; on the same level n;.

Lemma 4.8. Let p € S and F' a front of p,

then there exists a q € Ssim with ¢ < p and a Front G of q, such that
(q,G) < (p, F) (see Definition 3.12).
In particular, Ssimy i dense in S.

Proof. We construct a fusion sequence ((p;, F;) : i € w) by recursion
in the following way.
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Let (po, Fy) := (p, F'). We can assume without restriction that there
exists a € w with F' = p(a).

Now for n € w assume that (p,, F,,) be costructed and that there
exists a € w, such that F,, = p,(a). Also choose ¢; € 2 for every j € 2.
Let {o; : j € k} be an enumeration of F,.

For each j € k,l € 2 pick 0;; € p,, such that o;; 2 0;; 0;0Ll0;.1
and such that there exists m € w with p,, [ o;(m) = {0;0,0,1}

Choose mg > maz{K,, (0;;) : j € k;l € 2} and let {u; : j € ko}
an enumeration of ;. (pn [ 0j0)(mo) and {7; : j € k1} an enumera-
tion of Ujek(pn [oj1)(mo).

Pick m; > maz{K,, (o) : 0 € p,;|o| = me} and for every j € ko
choose pi; € pp(my + 1) with p; 2 py, such that Ve, 1 p(m1) = co.
Define Pni1 = Ujeko (pn f ,U;) U Uj€k1 (pn f Tj)'

Define pri1 = Ujer, (Pn 1 17) U Ujer, (P | 75) and choose
mo > max{Kp=(0) : 0 € Dpy1; |o| = my + 1},
Let {u] : ) € ko} an enumeration of U, (D1 [ 1)) (m2)
and {7} : j € k3} an enumeration of ¢, (D1 I 75)(m2).

Now choose m3 > mazr{Kz=(0) : 0 € Doi1;|0| = ma} and for every
J € k3 pick 77" € ppri(ms +1) with 77" 2 7/, such that Vjep, : 77/ (m3) =

C1.

Define p, 41 := Uj€k2 (Pn+1 [ M;'/) U Ujekg (an | TJ/',)
and F, 1 := ppy1(ms + 1).

By construction we have for r < mg that
(Pn 1 0)lr] = (Pnta [ 0j)[r]-

For mg < r < mqy we have that
(pn [ 0))[r] ={0,1} = (ot [ 05,0)[r] = Pt [ 05)[r] = (Pagr [ 0)][7]

and for r > my:
(pn 1 0)[r] = 40,1} = (pota [ 050)[1] = (Puta [ 05)[7].
This implies (ppi1, Fri1) < (Pn, Fn)

and we have Fj, 11 = pn41(m3) and for all o; € F,, = p,(a) we have
Oji for 1 € 2 and my < ms with (anrl r O'jp)[ml] = {Co} and (pn+1 r
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oj1)[ms] = {c1}-
This finishes the (n + 1)-th recursion step.

Let ¢ == (,eoPn = dwcl(U,c, Fn) € S, then obviously (¢, F;,) <
(p, F') for any n € w and by construction ¢ € Sgjin.

]

Lemma 4.9. Let § < w; and T = (Ty : £ < §) a countable sequence
of slim splitting trees. Then there exists T' € Sgim with Vecs : T LT,

In particular, every countable antichain of slim splitting trees is not
maximal.

Proof. Assume without loss of generality that 6 = w.
We construct T by recursion. For some kg € w let T' | ky € 2<% be an
arbitrary tree.

Now assume that, for some increasing sequence kg < .. < k; of nat-
ural numbers, T' | k; has been constructed for all ¢ < j.

Pick (n, ng,n1) with k; < n, as in Definition 4.7, witnessing the slim
property for Tj. Let {o; : | < m} be an enumeration of Tj(n). For
I <mlet 0,0 and o;; be the respective extensions as in the definition
of the slimness property.

Now expand T to heigth h := max{|oo| : | < m} by the full
binary tree (ie. T | h:= {0 € 2<" . 37 € T(k;) (7 || 0)}). Then
let My :={oce€T(h): 3l <m (o | o10)}. Pick for every o € My an
extension p, € 2<¢ with |u,| = no + 1 and py,(ng) = 1 — ¢y (with ¢ as
in the definition of the slim property of T; with respect to (n,ng, n1)).
We expand T" up to height ng + 1 by defining
T I no+1:=dwcl({u,: 0 € My})U{o €25 : I € T(h)\ Mo}. In
other words we are expanding the members of M, by extensions that
are not members of 7; and expand all other nodes of T'(h) by the full
binary tree.

Analogously define M :={oc € T(no+1) : Al <m (o || 041)} and
pick for every o € M; an extension p, € 2< with |u,| = n; + 1 and
to(n1) = 1 — ¢y (with ¢; as in the definition of the slim property of
T;). Define T | ny + 1 := dwcl({u, : 0 € Mi})U{c € 25 : Ir €
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We conclude the induction step by defining k; +1 :=n; + 1.

Again it is easy to see that T is a splitting tree and obviously in-
compatible to all T for £ < ¢. Because of Lemma 4.8 we can reduce 7'

to a slim splitting subtree.
O

We will now define a forcing, which is not trivial by Lemma 4.9

Definition 4.10. Let § < w; and T = (T; : £ < §) a countable se-
quence of slim splitting trees.

We define (Q(T), <) in the following way.

p€Q(T) & p=(S,F), such that S = (Sy, ..., Sp_1) with
Si € {T S SSlim : Vf < 5 (TJ_Tg)}

AN F = (F, ..., Fp_1) with
F; is a front of S; for all ¢ € k.

ANV Vo € FVT € Fj (ol7).

For p,q € Q(T) with
p= (S5, s o)y (FY s Fie 1)) and
1 1 1 1
g=((S$", s S (EY o B
define ¢ <p:& (i) : U;y, Fj(l) refines (J; ., FZ-(O)
(ii): Vi < ko 3j < k1 ((SSV, FV) < (SO, E)).

J 7

In addition if G is a Q(T)-generic filter over V, we define

Te = dwcd((UH{U;c, Fi : (S, F) € Gy F = (Fo, ..., Fi—1) }),

which is the downward closure of all fronts that occur in the conditions
of the generic filter.

Lemma 4.11. Let V = ZFC and G be a Q(T)-generic Filter over V,
then
VIG] E Tq is a slim splitting tree.
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Proof. Let o € dwcl(F) for p = (S,F) € G with F is a front of the
sequence F'.

An easy density argument shows the following.
There exists a sequence of conditions of the generic Filter
(pp + m € w) with pp = p and for all n € w there exist F,,S,
in the respective sequences of the condition p,, such that Fy = F,
(Spi1s Fri1) < (S, Fy) and F,q is a strict refinement of F,,.

= Nhew Sn € Sand 0 € (), Sn € Tt
Thus to witness the splitting property of ¢ in Tz we can choose the lev-
els and extensions that witness the splitting property for o in (.., Sn
= in T holds the splitting property for o.
=Tce S

Now let p = (S, F) € Q(T) be an arbitrary condition with

F = (Fy,...,F,_1) and S = (Sp, ..., Sk_1). Without loss of generality
we can assume that there exists an a € w, such that Vj < k F; = 5;(a).
Also let m € w be arbitrary.
By doing the construction in the proof of Lemma 4.8 simultaneously
for all pairs (S;, F;) we are obviously able to construct slim splitting
trees S§ C S; for all j € k and (n,ng,n1) € w® with n > m as well as
co, ¢1, such that all S satisfy the slim property for the same (1, ng, n1)
with the same respective values ¢y and ¢;.
If we define ¢ := ((S), .., Si_1), (S{(n1 + 1), ..,S;_;(n1 + 1))) we have
g < p and we can conclude, by a density argument, that T satisfies
the slimness property with respect to a triple of levels (n,ng, n;) with
n > m. Because m was chosen arbitrarily we get that T € Sgin.

O

Lemma 4.12. Let V = ZFC and G be a Q(T)-generic filter over V,
then

Proof. Let £ < § and p = ((So, .., Sk—1), (Fos ., Fx—1)). By definition
we have for all j < & that S; LT;. Thus, we can conclude
Vj<k?VO'€Sj HEESJ‘ (620’/\5¢T§).

Hence, for each pair (S;, F;) we are able to do the construction
in the proof of Lemma 4.8 and in addition in the first induction step
everytime we choose an extension y, of a o € S; we pick p, ¢ Te. That
way, we obtain S € Sgn, with S5 C S; and Si(m) NT: = () for every
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J € k and sufficiently large m € w.

Thus, we have for ¢ := ({S}, .., Sy_1), (S4(m),..S;_,(m))) € Q(T) that

g<pandql-TglT;.

By density and because £ < ¢ was chosen arbitrarily we can conclude
m

Lemma 4.13. Let p € Q(T) with p = (F,(Sy, ..., Sk_1)), then

Proof. Let p € G. Then there exists, by a density argument analogous
to the proof of Lemma 4.11 , a sequence (p,, : n € w) with p, € G,py =

p and p, = (F(n),g(n)), such that for every j < k there exist F ,5?), Sli?)

in the sequences F(n),g(n) and with the property that for all j € k we
have that S} := (1, S,i?) is a slim splitting tree.
In addition, it holds true (in V/[G]) that S} < Ty as well as % < S for
all j € k, hence plFVj ek T; || T.

O

Lemma 4.14. The forcing Q(T) has the countable chain condition.

Proof. Let X = {p¢: € < wi} be a set of w;-many conditions of Q(T)
with pe = (F(g)’g(g))'

By the pigeonhole principle, there exist at least two conditions
Desspe, € X with P = F = F = (R, ..,F,_;) and S5 =
(Sé&)), ..Sff(i)ﬁ and S% = (S(()&), S,(fl_)l> In addition we can assume,
for every i € m, that if we do the first induction step in the proof of
Lemma 4.8 for (SZ»(EO), F;) as well as for (SZ.(&), F;) we can choose for ev-
ery o; € F, = {0, : j < k} the same extensions o;,0;, € SN 5.
We can continue the first induction step with the same levels ny and
n, to obtain subtrees Si(&) C SZ-(&) with the property that (Si(&)) I
7jo)lna] = (S5 1 ajn)lm] = {0} and (S 1 o0)mo) = (S 1
oi1)[m] = {1} for all j < k.

Thus, we obtain trees 5, §V € Sg;,, and fronts F&) = 5 (n; +1)
and F = §%Y(n; + 1), such that Vo € FVo' € F®) 5106 and
such that (S, F&) < (8%, F&) for 1 € 2.
If we do this for every ¢ € m and define
a:= (S5, S S, SEN AR, BEL R ES) € Q(T),
we can conclude that g < pg,, pe, and thus pe, || pe, -

0
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By combining the previous lemmata we obtain the following theo-
rem.

Theorem 4.15. Let V be a model of ZFC + —~CH (+2% = Ny)
Define a finite support iteration of forcings

(Pe,Q¢ | 1 <€ <wp;0<( <wy) of length wy as follows.

Let Q¢ be a Pe-Name for the forcing Q(T¢),

whith Te == (T; : ¢ < &) being the sequence of the generic trees that
were introduced in the previous iteration steps.

Then for any G that is P, -generic over V the following holds
VIG] E 2% > Ry(= Ny) and (T; : ¢ < wi) is a mazimal antichain of
splitting trees.

Proof. First note that the forcing is a finite support iteration of c.c.c-
forcings and therefore satisfies the countable chain condition itself (see
Lemma 4.14). Hence, V[G] | 2% > N,. If we have the additional
premise that 2% = N, we get by an easy nice name argument that
VI[G] | 2% = R,.

Lemma 4.11 and Lemma 4.12 (and Lemma 4.9) imply that {T; : ¢ <
wi } is an antichain in S consisting of slim splitting trees.

Now assume by contradiction that {7, : { < w;} is not a maximal
antichain in V[G].
In this case pick some T" € V[G] N S with T LT, for all { < wy.
By Lemma 4.8 we can assume without loss of generality that T € Sgip,.
By the c.c.c of P, and a simple nice name argument we know that there
exists a Pe-name for T' with £ < w;.
For some § with ¢ < ¢ < w; there exists a condition p € Py with
pIF Veew, : TLT: (or more precisely a p € P, with supp(p) C 9).
But on the other hand we have for ¢ := pU (0, ((0),(T))) € Psy1 C P,,,
that ¢ < p and ¢ |- T' || Ts, which is obviously a contradiction.
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5 The antichain number of Silver forcing

In this chapter we investigate the structure of uncountable maximal antichains of
Silver forcing. TThis forms part of a JSL article that is the joint work of O.Spinas
and me ( [SW]). As mentioned in the introduction, G.Laguzzi asked wether
add(1(S7)) < b ( [Lagl3]). In order to answer this question, Spinas proved that
uncountable maximal antichains of Silver forcing that consist solely of Silver
functions with infinite domains are of size ¢ (see Theorem 5.2). This result
eventually led to a positive answer of Laguzzi’s question ( [SW]). Theorem 5.4, a
joint work of Spinas and me, exhibits another situation in which maximal Silver
antichains have cardinality ¢ (Spinas proved the special case that is described at
the beginning of the proof and I used this basic idea to show the general case). In
Theorem 5.5 I used this to conclude that the antichain number of the Silver
forcing is at least 9, which is the main result of this chapter. We conjecture the
Silver antichain number to be ¢, which remains an open question.

Recall that for f, g € Si Silver functions we write f || g, if f and ¢
are compatible, which is equivalent to fUg € Si. If f and g are incom-
patible, we write f_1g. Note that there are two reasons for f, g € Si to
be incompatible: There exists n € dom(f) N dom(g) with f(n) # g(n),
or (dom(f))c N (dom(g))€ is finite.
or f € Siand z € (2U {x})¥ we write f|z if f does not contradict x,
ie. Vn € dom(f)Ndom(z) f(n) = x(n). If the opposite is true, we
write f 1 .

An antichain A C S7 is a set of pairwise incompatible Silver conditions.
It is the interplay of the two reasons for incompatibility just mentioned
that makes it hard in general to understand the structure of maximal
Silver antichains.

For any antichain A of Silver conditions we denote by

Afn i ={f € A:|dom(f)| < w} the set of finite conditions and by
Aps = {f € A : |dom(f)| = w} the set of infinite conditions of the
antichain.

In some situations we shall have an infinite subset X C w and we need
to consider Silver conditions relative to X, i.e. f € Si with X\ dom(f)
infinite. The set of all these is denoted by Si(X). For f,g € Si(X)
we write f ||x g if f, g are compatible with respect to Si(X) or fLxg
otherwise.

Note the following well known fact.

Lemma 5.1. Let {X, : £ <y < ¢} be a family of sets X¢ € [w]”. Then
there exists a X € [w]* with |w\ X| = w, such that | X N X¢| = w for
all &€ < .

Proof. Let {X¢: & <~} be as above. Let T" C w<“ be a perfect tree
such that each natural number occurs exactly once and thus uniquely
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determines a node that has this number as its last value.

Pick some x € [T'] that is not definable from TU{T}U{X, : £ < v}.
What is meant by this phrase is that we choose A\ € OR sufficiently
large (such that the statements that are relevant for the proof are
absolute for Hy and V'), and then we pick some x € (H, N [T])\ N for
some N < H, with TU{T}U... C N and |[N| < ¢. (Note, that from
now on we will use this phrase to simplify the notation).

This implies that V§ < v X¢ €* ran(z). Hence, if we define X :=
w \ ran(z) we have V€ < v | X N X¢| =w and |w \ X| = w.

O

O.Spinas used this fact to conclude the following

Theorem 5.2. Let A C Si be a set of Silver conditions with |A| < ¢
and Vf € A |domf| = w. Let (e, : n € w) be an enumeration of [w]<*
and let A, == {f € A: [T {1}] = e,}. If every A, is an antichain,
there exists h € St such that h{ f for every f € A.

Proof. Let B,, := {(domf)c : f € A,}. Obviously every B, is an
a.d.family. Now, because we have countably many a.d. families, we
can easily choose some b € [w]* with the property that for all n € w
there is at most one ¢ € B,, with |¢ N b| = w, and if ¢ is like that then
actually b C* c.

For all f € A with |f~![{1}]| < w we have f € A, for some n € w.
Hence, by choice of b we have either b C* (domf)¢ from which we can
conclude

[dom f 1 (w\ b)] = w,

or |bN (domf)¢| < w, hence b C* domf.

This enables us to define a partition of A as follows: Letting
Co={feA:|fT{1}]| <wAbC* dom(f)},
Cro={feA:|f {1} <wAbC" (dom(f))},
Dy:={feA:|f {1l =wApn f[{1}] = w},
Dy={feA:[f {1}l =wAlpn {1} <w},
we have A = Cy UC; U Dy U Dy and ' is countable.

o

By Lemma 5.1 we can pick some infinite by C b with |boNf~H[{1}]| =
w for all f € Dy as well as |b\ by| = w.
For by := 0\ by we have Vf € Cy by C* dom(f).

Next, let (f, : n € w) enumerate the elements of C; and con-
struct a perfect tree T C (w \ b)<¥ with Vo € T'\ {0} (o(|o| — 1) €

(w\ b) N fi,1 [{0}])
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and Vo,0’ € T\ {0} (0 # o' — (o(|o| — 1) # o'(|o’| — 1))), such that
each natural number occurs in the tree at most once.

By our assumption |A| < ¢ we then pick some by € [T] that is not
definable by T U {T'} U Dy U {D }.

Assume by contradiction, that there exists f € D;, such that
F7H{1}] C* by, hence f7L[{1}]\ N C b, for some N € w.
Then by construction of the tree by would be determined by
by ={oc €T :0(|o|]—1) € f'[{1}]\ N}, which is clearly not possible.

So in conclusion we get: Vf € C; f~'[{0}] N by # O by construction
of our tree, as well as Vf € Dy (|(w\b) \ bo N f7H{1}]| = w) as stated
above.

Again by Lemma 2.1 we can split up (w\b)\ by into two disjoint infinite
sets b3 and by with Vf € Dy |f~'[{1}]Nbs| = w

If we define h € S7 by:

0 ,ifneb()Ubg
h(n) :=q1 ifne€b Ub

x ,otherwise

we can easily check that h t A.
In particular, we get the following corollary:

Corollary 5.3. If A C Si is an antichain of Silver conditions with
|A| < candVf € A |domf| =w, then A is not mazimal.

As a consequence of Theorem 5.2 we can show that the additivity
of the Silver ideal is at most b (see [SW]).

The core of this chapter is the following result which analyzes max-
imal Silver antichains that contain uncountably many elements which
are pairwise incompatible by the second reason mentioned in the be-
ginning of this chapter.

Theorem 5.4. Let A C Si be an antichain with wy < |A| < ¢. If for
some real x € 2¥ the set {f € A : flx} is uncountable, then A is not
mazximal.
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Proof. We assume without loss of generality that

{f € A:V¥n € domf f(n) = 0} is uncountable. Let (e, : n € w)
enumerate the set {f1[{1}]: f € AusA|fH{1}]] < w} C w=¥ with
eo = ) and as in the previous proof define

An = A{f € Ay : [T'{1}] = e,} and B, := {(domf)° : f € A,}.
Clearly each B, is an almost disjoint family and B, is uncountable.
Also for each n € w define x,, € 2¥ by:

o (k) = {1 ifkce,

0 ,otherwise

If for some n € w we have b € B,, and if it is clear which B,, we are
referring to, we will often write f, for a Silver condition that has b as
its codomain with f, '[{1}] = e,.

We will also identify each b € B,, with its strictly increasing enumera-
tion.

Let T" C w<“ be the tree on w consisting of all o € w<¥ that are
initial segments of uncountably many members of Bj.

Thus, T := cond({c € w< : b € By 0 C b}).
As By is an uncountable a.d family, 7" is perfect.

Let us first sketch the basic idea of the proof in the special situation
that B,, = ) for all n > 1. It is clear that for no f € Ag, can there be
o € T with f~'[{1}] C ran(c). Hence every Silver condition that is
constantly 0 outside some fixed branch of 7" is incompatible with every

f € Az,

We distinguish two cases:

Case 1:

JoeT3ImewIby#b € BoN|[T | o] Vf € A, (fH{1}] C ran(by) Uran(by)
= [T nm #0)

In this case choose by, b; and m as above and define a function h €
(2U {*})* by:

0 ,if n & ran(by) Uran(b)
ho(n) := < 0 ,if n € (ran(by) U ran(by)) Nm

* ,otherwise
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Then obviously hy_LAg, and because By is an a.d. family we have for all
f,g € Ainsthat |dom(f)N(boUby)| = w and fLsyue,)\m g- Hence, by the
latter fact and by Theorem 5.2 we can pick hy : (bgUby) \m — 2U {*}
with Ay Lpoup)\m Ains. We can conclude that for h := ho U hy we have
hlA.

Case 2: If the first case does not hold true, we can construct recur-
sively
(05 s € 2% and (fs : s € 2<¥) with o5 € T and f; € Ag, for all
s € 2<“ in the following way:
For a given o, € T we pick branches by, b; € [T] with by # b; and
by, by 2 os. Let n be the length of the common initial segment. Because
we are not in case 1 we can find fs € Ag, with f;7'[{1}] C ran(by) U
ran(b;) and f71[{1}]Nn = 0. Let 0,~9,0,~1 € T be sufficiently long
initial segments of by and b; with f;'[{1}] C ran(cs—o) Uran(os—1).
After we have got all oy, f, let Ty := dwcl({os : s € 2<“}). Choose a
branch = € [Tp] that is not definable from T'U {T'} U AU {A}. Note
that because x is a branch in T' we have f~'{1} N (w \ z) # 0 for all
f e Ag,.
Thus, if we define hy € (2U {*})“ by

ho(n) = {0 iftn ¢ x

x ifneux

we have hyL Ag,.

Now, assume by contradiction that we have b € By with b 2* ran(z).
Then we know by choice of x that {y € [To] : b O* ran(y)} is un-
countable (otherwise z would be definable by b). Then there exists
N € w with {y € [Ty] : bUN D ran(y)} uncountable. Let 7" the
perfect condensation tree of the latter set. We can pick some o, that
is a member of T” of length greater or equal to N, such that o,~
and o, are members of T” as well. For branches by, b; of T" with
ran(by) 2 ran(os~o) and ran(b;) 2 ran(os~1) we have by definition of
To that (ran(by) Uran(by)) \ N 2 f71[{1}]. Hence b O f71[{1}]. This
implies fs || f, which is a contradiction.

Therefore {f [ x: f € Ay} is an antichain solely consisting of infinite
conditions relative to z.

By Theorem 5.2 we can choose h; € Si(zr) with hy L, Ay For
h = hoU hy we get hl A.

For the general case we can repeatedly apply this basic idea in a
quite delicate recursion (to take care of all B,,) together with some new
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ideas, which in particular exploit the freedom we had to choose the two
branches by, b; in case 2.
We construct a subtree Ty C T by recursion in the following way:

At the beginning of the recursion:
Choose a splitting node 7 € sp(T') and 75,07 € T, 7g,01 2 7 with
ao(|7]) # 71(|7]). For o fix b € By N [T | ) , which we call the
"reference branch”. First, we check wether there exist f € Ag, and
o €T with 0 D a7 and f~'[{1}] C (ran(c) Ub) \ |7].
If we find such o, f, we define oy := 0, fog9:= f, co == {w} =: 1 and
0o := b | k with k € w sufficiently large that f~'[{1}] C ran(oy) U
ran(oy).
In addition set T := T [ 09 and T .— T [ o1
If we are not able to find any such o, f we try to construct a sequence
(™| m € w) recursively with
o1 Cp® Cu®C
and obtain by y := |,,c., w™ € w¥ an “opponent” to b as follows:

m=0:
Case 1: For all a € By we have that a 2* b :
In this case simply define (© := 77.
Case 2: There exists a € By with a 2* b:
Case 2.1: Yo € T (0 251 — f7H{1}] & (ran(o) Ub) \ |7|):
In this case define u(© := 7.
Case 2.2: 3o € T (0 D a1 A f7H{1}] C (ran(o) Ub) \ |7|):
Then let 77 € T be a witness for this statement.
Consider the folowing two subcases:
Case 2.2.1: Theset X :={b € By: be [T | gO]A|bNa|l = w} is
uncountable:
In this case the construction of the (™) stops.
We define fog = fa, cpy = {w}, cqy := {a} and oy := 79 as well
as g := b | k with k € w sufficiently large, such that f;'[{1}] C
ran(og) Uran(oy).
We also set T := T [ o and TV .= cond(X)
and go on with the construction of the tree Ty (as described later).
Case 2.2.2: The X of the former case is countable:
Then choose some @ € T, pu® D 7®, such that [b° Nran(u@)| > 1
and
la® Nran(p®)| > 1. This is clearly possible since uncountably many
b € By have i¥) as an initial segment and By is an a.d. family.
In this case we go on with the construction of the p(™.
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m~~m-+1:
For m € w let u™ be constructed:
Case 1: For all a € By, we have a 2* b
In this case choose p™+Y € T, p™+1) D 1™ such that [ran(p™+)N
I_)c| > m + 2 and such that for all £ < m, where we had case 2.2.2 wit-
nessed by @ € By,1, we have: |[ran(p™)Nnac| >m+2—k.
Case 2: There exists a € Bm+2 Wlth a D* b:
Case 2.1: Yo € T (0 D put™ [{1}] ,@ (ran(c) Ub) \ |7]):
In this case also choose plm+l ) € T ™) D M such that
lran(u™tD) N b°| > m + 2 and such that for all k < m, where we
had case 2.2.2 witnessed by @ € Bjyy, we have: [ran(p™+Y) N ac| >
m+2—k.
Case 2.2: 3o €T (0 D ™ A f7H{1}] C (ran(o) Ub) \ |7]):
Then let 7Y be a Wltness
Again we have two subcases:
Case 2.2.1: Theset X :={b€ By: be [T [ g™V AbNal =w} is
uncountable:
Then the construction of the p(™ stops.
Define fop := fo, co) = A{w}, cqy = {a}
and oy := @™ty and g :=1b [ k with k£ € w sufficiently large, such
that f,'[{1}] C ran(og) Uran(oy).
Also define: T .= T [ o9 and TV .= cond(X)
Case 2.2.2: The set X defined above is countable:
Then choose ™Y € T, ™+ D 7+ such that:
lran(p™t) Nac| > 1, jran(p™) ND| > m + 2 and for all k < m,
where we had case 2.2.2 witnessed by @ € By, 1, we have |ran(p™+9)n
| >m—+2—k.

Let us first consider the situation, where the construction of the
©™) does not stop (Whlch means that case 2.2.1 does not occur):
Define by y := U, ,c., 1™ the opponent to b. By construction the fol-
lowing propositions are true:

i) For all f € Ag, we have:
BN # D or fH{IHN (W \ (yNd) #0.

ii) For f = f; with d € By for some k € w we have:

bN dom(fs)| =w (case 1 or case 2 with a D* b, a # d)
or f7H{I N #Bor £ {1 N (w\bUy) # 0 (case 2.1 with d D* b)
or |y Ndom(fq)| =w (case 2.2.2 with d D* b).

iii) For f = f; we have |y Ndom(f)| = w. ~

iv) For f = f; with d € By \ {b} we have |[dom(f) Nb| = w.

v) For f € A with |f("V[{1}]| = w the following holds: f~*[{1}]N(w)
(yub)) # 0 or [dom(f) N (yUb)| =w.
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Thus, if we define h € Si by h | (w\ (bUy)) U|7| := 0, each condition
of the antichain is either incompatible to h or is an infinite Silver con-
dition relativized to (bUy) \ |7|. This means, we can use Corollary 5.3
to obtain h € S7 with h L A.

= A is not maximal.

If on the other hand we did not start to construct an opponent or
the construction of the opponent stops (case 2.2.1), we go on with the
construction of Tj in the following way:

For ¢ € 2 we have either:
Case a: There exists a € By with X := {b € By N [T ] bNnUal =
w A |bNa| =w} uncountable:
In this case define z(; := a and T := cond(X) (C T(l)).
Or:
Case b:
VYa € By {be BoN[T ] bN el =wAlbNal =w} is countable:

In this case define z;y := * and T(@) .— 7%

Remark: Because Z := {b € By : [bN|Je| = w} is uncountable
and T = cond( ) it follows in case b, that for all a € B; the set
{oceT® (|a]—1)€a}1sdense1nT(<>)

In fact more is true:

For each subtree 7" C TU)) with the property

Vo € T" ([T" | o] N Z is uncountable)

we have Va € By {c € T": o(|o| — 1) € a“} is dense in T".

(Note that in case b all subtrees T®) with s € 2<% and s(0) = i in the
following construction actually will have the above property.)

This finishes the first step in the construction of Tj.

Suppose that for for some n € w and for all s € 2" all o, together with the
¢, and z for all t € 257 \ § have been constructed

such that for each s € 2" we have gotten 7 = cond(X) with un-
countable

X={beBy: 0D, AV1 <k <|s|Vd € cq, (JbNd| =w)
AV <k <|s| ((zspx # %) = |bN 25| = w)}.

Now fix some s € 2",
Choose a splitting node 7, € sp(T*)), such that

72



ran(ts | [|os], |7s])) Nd £ O for all ) £ ¢ C s, d € ¢

and that ran(7s | [|og|, |7s])) Nz # 0 for all B # ¢ C s with z, # *.
(This is possible by the construction of 7).)

Next, choose Ts—q, Ts~1 € T with Ty—g, Ts~1 2 T

and Ty-o(|7.]) # Ty (|7.])

Again we take a reference branch and try to construct an opponent
(with respect to By):
First choose a reference branch b € [T®) | G~ N By.
Check if there exists f € Ap, and o € T®), o D Gy~q, such that
T € b uran(o)) \ Iz
If we find such o, f, define aé“)l =0, fos:= fand og(l)o =0 |k for a
sufficiently large k € w.
In this case the construction of the opponent (w.r.t. By) stops.
Otherwise try to construct recursively the sequence (u™| m € w) as
follows:

m=20:
Case 1: For all a € By we have a 2* b
Define p := 7,
Case 2: There exists a € By with a D* b :
Case 2.1: Vo € T® (0 DT~ — f7 {1} € (ran(o) UD) \ |7s]):
Define () :=7,~;.
Case 2.2: 30 € T (0 D T~1 A f7H{1}] C (ran(o) Ub) \ |7]):
Then let 7(?) be a witness.
case 2.2.1:

X:={beB,N[TY 7Y : V) #£tCsvd e (bNndl =w)
AVD £t Cs (2 #*x— DNz =w)
AlbNal =w}

is uncountable:

In this case the construction of the (™) stops.

Define fo. = fa, 00y = 1@, 0@ := b | k with k € w sufficiently
large.

Also define T[()SAO) =T | Ué(i)\o and T[()SAI) = cond(X).

Case 2.2.2: The set X of the previous case is countable: Then choose
p® e T 40 570 such that:

lran(p©@) N 6] > 1 and |ran(p®) Na| > 1.

Remark: Because of the definition of T®) we can conclude in this
case, that
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{oeT® 130 : o(lo| —1) € a°} is dense in T | @@,
So we can arrange in the further construction of the u(™, that the
opponent (if it exists) will have an infinite intersection with a°.

m ~m+1:
Let (™ be constructed for a m € w:
Case 1: Ya € B2 a ;é b:
In this case choose p(™+Y € TG pm+1) o 1M such that
lran(u™ ) N D] > m + 2
and for all k£ < m, where we had case 2.2.2 witnessed by some a € By 1,
we have |[ran(u™ ) Nac| >m+2 — k.
Case 2: 3a € Bpyo a Db :
Case 2.1: Yo € T (o 2 ™ — fU{1Y € (ran(o) UD) \ |7)):
In this case choose p(™*1) the same way as in case 1.
case 2.2: o € T (o D ™ A f7H{1}] C (ran(o) Ub) \ |7])
In this case let (™Y be a Wltness
Case 2.2.1:

X:={beB,N[TW ™). ¥+t CsVd e (JbNd| =w)
AVD £t Cs (zp#*— (DN 2] =w)
AlbNal =w}

is uncountable:

In this case the Construction of the u™ stops.

Define fo s := fa, © SAI = ,u(mH) fﬂo = b | k with k € w sufficiently
large.

Also define T, N L I o—ffﬁo and T(()SAD = cond(X).

case 2.2.2: The set X of the previous case is countable: In this case
choose p(™m*1) € TG 1 m+1) 5 1 (m+1) such that

lran(u™t) N D] > m + 2,

ran(u™) Na’) > 1,

and for all & < m, where we had case 2.2.2 witnessed by some a € By
we have |[ran(u™)Nac| >m+2 — k.

0)

Remark: In this case we also have that {o € T(s) i ﬁ(m_i,-l) :
o(|o] — 1) € a°} is dense in T | @™+,

Now, if the construction of the (™ is successful, we can define our
opponent by y := U, ™. Again it is true, that for all f € A we

have f~1 {1} N ((w\ (y UB)) U |7s]) # 0 or |dom(f) N ([_)U y)| =w. As
before we can find h € S7 with h.l A. Hence A is not maximal.
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If on the other hand the construction of the opponent stops, we try
to construct opponents with respect to By for all t C s with ¢ # ) and
2y = = in the following sense:

EQO and

=76 (J)O and

Assume that for some ¢ < |s| and for all j < i the f;,, o
e =(s—0)

Os~1

T§s b = cond(X) for uncountable

have been constructed together with T

X={beByn[T V169 ]:VB#tCs¥dec (bnd =w)
AVD #tCs (2 #*x— DNz =w)

AVL <1 <j(zsp=x%—|bNdom(fis)| =w)}

(+1) . )

s~k Os~k and

and assume that zg;11 = * . (Otherwise just set o
define Tgi:k) accordingly.)
We know because of the fact that z4;41 = * and the respective remark

that for all e € B;;; the set {o € TESAI) ;
(s~1)

T,

(2

Pick some reference branch b € By N [T ] and check if there exist
f€ A o €T Vwith {k €w: f(k) % 2i1(k)} € GUran(o)\|7)-
If such f,o exist define fiy1, := f, ljll) = o and J(HI) =blk

o(Jo| — 1) € e} is dense in

$70)

for k € w sufficently large, as well as Tz(ilo) = TESAO) i ogié and
Fs~1) (s~ (i1
Tipy, =T, I Ug:l)'

If such f, 0 do not exist we try again to construct an opponent sequence
(™| m € w) by recursion:

Before we start the recursion we consider two different cases:
(1) Ve € B¢+1 e 77_5* Z_)
(ii) Jle € Biy1 e 2% b (remember that B;;; is an a.d.-family)
These two cases will be handled slightly differently in the following re-
cursion.
Also pick some bijection ¢ : w — w \ {0,7 4 1}.

m=20:
Case 1: Va € By a 2* b:
In this case just set u(© = agil.
Case 2: Ja € By a 2* b:
Case g.é:ﬁl) A _
Vo eTy 0200, ({k€w: fulk) #wina(k)} € (BUran(0))\|r)):
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(1)

s—~1-

In this case set u® = ¢
Case 2.2:
Otherwise let 7' € T; 7, n® D a( w1th

{hew: fulk)# i (k)} c (B Uran(i®) \ |-
Case 2.2.1:

(s~1)

X ={beBn[T" " 170 : Vo £t Csvdec (bnd| =w)
AVD £t Cs (2 #*x— [bNz| =w)
AVL <1 <i(zep=2x%— ([bN(dom(fis))| =w)
AlbNa|l =w}

is uncountable: ' B
Then define fis1, == fo, o070 == 7O, ¢/ =5 | k for k € w suf-
ficiently large, such that {k € w: fo(k) # zi41(k)} C (mn(agl:é)) U

ran(o, )\ I73). |

Also define TEH 0= =T, I aglié) and Tl(iT = cond(X).

The construction of the opponent stops in this case.

Case 2.2.2: The set X of the previous case is countable:

Then choose ,u( ) € T(SA ) , 119 D 7 with

lran(p©@) No| > 1, |mn( ) Na) > 1 (and ran(|u®)Ne| > 1 in
case of (ii)).

We also obtain our usual density property.

=(s—0) 1)

m ~m41:
Let 1™ be constructed for some m € w:
Case 1: Ya € Byini1) a B* b:
In this case choose p(™+1) ¢ Tfﬂl, plmth o m)
with
lran(p™ ) N b > m+2 (and |[ran(u™ ) Ne| > m + 2 in the case
of (ii))
and for each £ < m, where we had 2.2.2 witnessed by a € By, we
have: |[ran(u™)Nac| >m+2 — k.
Case 2: There exists a € By(m1) with a 2* b:

Case %(J:Al) ~

Vo €T, 7 (02 p™ = {kcw: fuk)#zin(k)} € (bUran(o))\
|7):

Pick ™+ as in case 1.

Case g(,? 3 B

JoeT,” (0 D u™A{k €w: fo(k)# zi1(k)} C (BUran(o))\|7|):

Then let 7Y be a witness.
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Case 2.2.1:

X={be BN, V1 am ] W £t Csvdec, (bnd =w)
AVD#tCs (2 #*— [N 2| = w)
AVL <1< (2 = * = [bN (dom(fi6))] = w)
AlbNal =w}

is uncountable:

In this case define fii15 := fa, Szill = ,u(mJrl and agfé) =0b |k
s

for £k € w sufficiently large. Also set TiJrl = TESAO) o

Tffl” := cond(X) and stop the construction of the opponent.

Case 2.2.2: The set X of the previous case is countable:

Then choose ,u(m“) € T(SAI) pm ) D T with

lran(p™tYNb| > m+-2 (and [ran(p™*Y)Ne¢| > m+2 in the case of
(ii)) and for each k < m, where had case 2.2.2 witnessed by @ € By,
we have [ran(p™+Y)Nac| > m+2—k, as well as [ran (™) Nac| > 1.
Remark: Again we get {0 € TES Y [ o(|o| — 1) € a°} is dense
AT (me1)

in T, [ .

If the construction of the opponent y := (J,,,, p™ is successful, we
have the following situation:
0" Ny| = w and for d € By, d # b, we have [bNd°| = w.
Also we either have that
for all d € B;y; holds [bNd| = w (case (i))
orelse [yNe’| =wAVd € By (d#e— |bNd| =w). (case (ii)).
Analogously as with the previous opponents we have for all j ¢ {0,i+1}
and d € B; that either

3k € (w\ (bUy) Ulrs|) N dom(fa) (fa(k) # wisa (k)

or [dom(fa) N ((bUy) \ [7])] = w. _

If we define hy € Si by dom(hg) :=w \ (bUy) U |75| and

ho | dom(ho) := z;41 | dom(hy) and, by Corollary 5.3, choose some
hy € Si((bUy) \ |7s]) with h Lo Af €A [ ho}, we have h LA,
where h := hg U h; € Si. Hence A 1s not maximal

If on the other hand the construction of the u(™ stops, then go
on with the construction of Ty (or the construction of the next oppo-
nent). If for all i < s with z,;41 = * the constructions of the oppo-
nents (with respect to B\z+1\) fail, we have constructed in particular

ol 5 sh Tl( ~9 and T . In this case set o4~ 1= ol o =

s—~0» Os~1> s—~0
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ai@l and 777 = T|(SS|AO), TE™Y = Tfjrl) and define ¢5—¢ = {w}
and cs—1 = {(dom(f;s))°: (1 <i<|[s|A zgy = %) Vi=0}

Also in this case for each j € 2 we have to check two different cases:
Case a:

There is an a € Bjs4; with:

X ={beBn[T" V) W#tCs Ve (bnd =w)
AVD#tCs (2 #*— [Nz = w)
AlbNal =w}

is uncountable:

Then define z,~; := a and T¢" ) := cond(X).

Case b:

Otherwise just define 7~ 7) :=T and zg—; 1= *.

This finishes the recursion step in the construction of the o4~ ;, TG,

(s77)

If for no s € 2<% the construction of the opponents is successful,
then define Ty := dwcl({os : s € 2<¥}), which is obviously a perfect
subtree of T'. Let x € [T] be a branch of the tree that is not defin-
able from A U {A} U Ty U {Ty}. Associated to x is a real » € 2“ by
r:=U{s: os Cx}.

Now let f € A be an arbitrary Silver function of the antichain. We
analyze the different classes that f can be a member of:

i) For f = fyfor a d € By, with k € w\ {0} there are the following
subcases:
Case 1: zy, = a € By:
Assume that f;'[{1}] C = would hold and choose some n € w with
x| n D fi'[{1}]. We have 2 € [TC®] and therefore 2 [ n € T,
and hence by definition of the tree and the fact that z,;;, = a we know,
that there exist uncountably many b € By with b D z [ n D f.1[{1}]
and |bNa| =w. But then f, || f5, which is clearly a contradiction. So
we can conclude f,1[{1}] N (w\ x) # 0.
On the other hand, we also know by the fact that « € [T, [ o, with
Zrir = @ and the construction of Ty that |z Na| = w. For any d € By
with d # a we have |dom/(fs)°Nal < w, hence we get |dom(fs) Nz| = w.
So in this case we have |[dom(f) Nz| = w or fH{1}] N (w\ z) # 0.
Case 2: zop = *:
Assume by contradiction, that da € By, a O* x. Because x is not defin-
able from AU {A} UT, U{T,}, we know that there exists N € w with
{z€[To | ov1k) : NUa D z} being uncountable. In particular, we can
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find a o, € Ty | 0 With |os| > N and z,2" € [T [ o] with NUa D
2,7 and z D 04~ and 2’ D 0s~1. Because 2z, = * with r [ £ C s
we have defined fys and {n € w: frs(n) # 2} C (zUZ)\ N Ca
is true. Also by construction we have (dom(fis))¢ € c¢s~1 and hence
12" 0 (dom(fr.s))| = w and hence |a N (dom(frs))] = w. So we can
conclude that f, || frs for some fi s with (dom(fxs))¢ ¢ By by con-
struction. So there are two different members of the antichain that are
compatible, which is a contradiction.

We can conclude that in this case Va € By |a°Nz| = w, so in particular
|dom(f) N x| = w.

ii) f = f, for b € By:
Assume by contradiction that b O* x.
Asin i) we find z, 2" in [Ty] with a common initial segment 7, |75] > N
and zU 2 C bUN. Then we have fo![{1}] € (zU2) \ N and
12" N (dom(fo1))¢| = w, hence fi, || fo.s, which is a contradiction.
We can conclude |dom(f) Nz| = w.

i) f € Apn:
Assume by contradiction f~'[{1}] N (w\ ) = 0. Then for a suffi-
ciently large n € w we would have f~'[{1}] C z | n and in conclusion
F7H{1}] € b for some b € By. This would imply f || f5, a contradic-
tion.
So in this case we can conclude f~'[{1}] N (w\ z) # 0.

iv) [fH{1H] = w:
Then f~'{1}] N (w\ x) # 0 or |dom(f) Nz| = w.

So in each case for every f € A we have 3k € w \ z f(k) =
1V |dom(f) Nz| = w. This means that if we define hy € Si by
(dom(hg))¢ := x and hy | (w\ z) := 0, then the functions of the
antichain that are compatible with hy form an antichain exclusively
consisting of infinite conditions relativized to x. By Corollary 5.3 we
can pick some h; € Si(x) that is incompatible to these functions rela-
tivized to x. If we define h := hg U hy, we get h L A.

Hence A is not a maximal antichain. O

We can now use the above theorem to prove the following:

Theorem 5.5. 0 < a(S57)

Proof. Suppose that we have an antichain A of Silver conditions with
w; < |A] < 0. We want to show that A is not maximal. Because of
theorem 2.4 we can assume without loss of generality:
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Vee2? {feA: flr} <w.

First we define a tree 7' C (2 U {*})<* as follows:

g 1}2 {oe@uish)=: {fed: ol fAo[{x}] C (dom(f))}] =
1

We will show that there exists a branch in this tree that is a Silver

condition that is incompatible with the antichain. Note that obviously

[T] ¢ Si. Hence, we define Z* := [T] N Si. T has the following prop-

erties, that are easy to prove:

i): Vo € [T\Vf € Az 3k € dom(f) Ndom(x) x(k) # f(k)

ii): The * are dense in T; i.e. Yo € T3r € T (1 2 o A7 [{*}] N

[lol,[r]) # )

iii): Vo € TVk e war €T (t 2o Alr| > kAT H{x} N[lo|,7) = 0)

iv*): If o € T, f € Ay, there are uncountably many conditions of

the antichain that are compatible with o, contain the * of ¢ in their

codomain and are also incompatible with f. This implies the following:

Vfe Ao € T3r € T3k € w (1 D o Ak € (dom(f) N (dom(7)) A

(k) # [(k))) V (k € dom(f) A7 (k) = *).

Because for any 07 € T" we also have 070 € T'and 071 € T, we
can replace iv*) by the following:
iv): Vf € AypNo € TIr € Ty 7 2 o3k € dom(1) Ndom(f) 7(k) # f(k)

Because of ii) and iii) we can pick a function [ : T — Z*;0 — z,
such that for all 0,0’ with o # o’ we have that z;![{*}] and z_,'[{*}]
are almost disjoint. Together with the assumption from the beginning
of the proof we get for any 0,0’ € T with o # ¢’ that the set B, , :=
{f € Aing: flxs A flz,} is countable. Let B := Uma,eTJ#/ B, . be
the countable set of infinite conditions of the antichain, that do not
contradict at least two different z,,z,. Let
(bp : m € w) be an enumeration of B.

In order to construct our desired branch of T, we need to introduce
some auxilliary functions Sy, Fy (for f € Aing), hn, Hy, (n € w). They
are defined as follows:

ST —w

min{k € w: k € dom(z,) N dom(f)
Neg(k) # f(R)} if = (fleg) A f Il o

S =
(o) lo| if flo
0 otherwise
Fr:w—w
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Fi(n):=mazx{k €cw: Jo €T (k= S(o) AN|o| <n}
Note that the F; are increasing.

hy, : T —w

min{k € w: Ir €T (1 Do Ak € dom(r) N dom(b,)
hy(o) == ANt =k+1AT(k)#by(k))} ifb,]| o
o] jif by Lo

Note that because of property iv) of our tree h,, is well-defined for any
necw.

H,:w—w
H,(m) :=max{k €w: Jo €T (k=h,(0) Al|o] <m)}.
For any n € w we have that H,, is increasing.

F¢(n) gives us, for all z, with |o| < n that contradict f, an upper
bound for the level at which this is witnessed.
H,,(m) gives us, for all nodes of the tree of length at most m, an upper
bound for the length of an extension in the tree that contradicts b,,.
We will use this information to construct for each s € w<“ and f € A,y

a sequence Ry := (r,(gs’f ). k € w) by recursion, that will help us to
construct the desired branch of 7.

For k < |s| define r(*/) = s(k)

and r57 = Fy o Hig 1 (r{37) ifs#£0
or r(gsvf) =0 if s = 0.
Furthermore for k € w define by recursion:

(s.,f) . _ (s.f)
r|j|+k+1 = Fyo H‘5‘+k(r|ss|+k>‘

We have {R;f: s € w<¥, f € Apst| <|A| < 9. So we can choose
a strictly increasing sequence R = (. : k € w) in w with
Vs e wVf e Ay A newr, > i

We use this sequence to construct y € Z* by recursion:

n=20:
Define o := 0.
n~>n+1:

Let oy, .., 0, be constructed. Choose 7,41 € T,6,+1 2 0, of minimal
length with 6,,,11b,. Let k,11 > |Gps1], 7ne1 be sufficiently large such
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that
(x&n+1 r kn+1)_1[{*}] N [|0n|7kn+1) 7é @ Then define On+l ‘= L4 [
Fir.

After w many steps let y :=
have y € Z* C Su.

new On- Obviously, by construction we

We claim that y L A. For all f € Ag, we get yLf by property i) .
For all b € B we have y_L B by construction of y. We still have to show
Let f € Ays\ B. Because f ¢ B we can choose ny € w sufficiently
large such that V|o| > |0y, | =(f|zs)-

Define s € w™ ™! by:

0 ,lf k < mng
s(k) :=

|0n0‘ ,lfk = Ny

S,
Hence, we have r,(mf

(s.f)
no+k

the fact that |0y, +x—1] < rii’fr)k_l we can conclude
(s:f)

Gtk < Hugik—1(|0norh-1]) < Hugrh—1(7p, 4 %—1), and hence by monotony
of Fy we get

(Ongik] > 750 = Ff o Hug i a (P8 ) > Fr(|Gne1al).

By choice of ng and definition of Fy we have 0y, = 5, ., | |Ong+k| Lf-
=yLf

) = |0ne |- Now let & > 1 be minimal with |0, x| >

r (exists by construction of o,). Because H, is increasing and by

Thus the claim is proven and we can conclude that A is not a
maximal antichain. O
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