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Zusammenfassung

Diese Dissertation enthilt drei wissenschaftliche Arbeiten zum Problem der Nutzen-
maximierung auf einem Finanzmarkt mit proportionalen Transaktionskosten. FEine
der aufschlussreichsten Herangehensweisen hierzu ist der Ubergang zu der asympto-
tischen Analysis der Auswirkung kleiner bzw. verschwindender Transaktionskosten,
wobei der maximal erwartete Nutzen durch Taylor-Entwicklung lokal approximiert wird.
Dieses Vorgehen findet Anwendung in den aktuellen Arbeiten von Kallsen und Muhle-
Karbe (2012, 2013), in welchen mittels heuristischer Argumente ein Kandidat fiir die
nidhrungsweise optimale Handelsstrategie, das asymptotische Handelsvolumen dazu sowie
der Effekt der kleinen Transaktionskosten ermittelt werden. Ziel dieser Dissertation ist ein
rigoroser Beweis zur Verifikation der Resultate von Kallsen und Muhle-Karbe mit priziser
Formulierung hinreichender Regularitidtsannahmen an das Marktmodell. Die Betrachtung
erfolgt in drei Stufen jeweils mit einem der folgenden Schwerpunkte: exponentielle
Nutzenfunktion, allgemeine Nutzenfunktionen sowie Handelsvolumen der approxima-
tiv optimalen Strategie. Durchgehend besteht die Kernidee in der Verwendung des so
genannten Schattenpreis-Prozesses, welcher eine Transformation des urspriinglichen
Optimierungsproblems mit Transaktionskosten in ein dquivalentes Problem ohne Transak-
tionskosten ermoglicht. Der Beweis der approximativen Optimalitidt der vorgeschlagenen
Handelsstrategie basiert auf der Martingalmethode bzw. Dualitétstheorie, wihrend sich
die Verifikation der asymptotischen Formeln fiir das dazugehorige Handelsvolumen und
den Kosteneffekt auf die Ergodeneigenschaft der reflektierten Brownschen Bewegung
stiitzt. Die gesamte Methode funktioniert in einem allgemeinen eindimensionalen It6-
Rahmen (d.h. der Verlauf des Aktienkurses wird durch einen allgemeinen Ito-Prozess
modelliert), was einen Zugang zu stochastischen Volatilitdtsmodellen bietet.






Abstract

This thesis contains three scientific articles on the problem of utility maximization in a
financial market with proportional transaction costs. One of the most revealing approaches
to this problem consists in passing to the asymptotic analysis of the impact of small
transaction costs, where the maximum expected utility is approximated locally by a
Taylor series expansion. In recent works by Kallsen and Muhle-Karbe (2012, 2013)
dealing with this issue, heuristic arguments are used for deriving a candidate trading
strategy which is expected to be optimal to the leading order, along with asymptotic
formulas for the associated trading volume and the effect of the small transaction costs.
The subject of this thesis is a rigorous proof verifying the results of Kallsen and Muhle-
Karbe with precise formulation of sufficient regularity assumptions on the market model.
The study is carried out in three stages considering the exponential utility function, general
utility functions and trading volume of the leading-order optimal strategy, respectively.
The key idea throughout is the utilization of the so-called shadow price process which
facilitates a transformation of the original problem with transaction costs into an equivalent
frictionless one. The proof of the approximate optimality of the proposed strategy is
based on the martingale method (duality theory), while the verification of the asymptotic
formula for the respective trading volume and the impact of transaction costs relies on the
ergodic property of reflected Brownian motion. The entire method works within a general
one-dimensional Ito6 framework (i.e., the stock price is modelled by a general Itd process),
which provides an access to stochastic volatility models.
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Chapter 1

Introduction

A classical problem of mathematical finance concerns an economic agent who invests
in a financial market so as to maximize the expected utility of his terminal wealth and
intermediate consumption. A possible approach to tackle such a problem is based on
the dual characterization of admissible portfolios with the help of convex analysis. This
has been studied mostly in frictionless environments, for instance in [21, 24, 34, 22]. In
the context of markets with friction, Cvitani¢ and Karatzas [5] extend this approach to
problems with proportional transaction costs. They introduce more or less explicitly the
concept of consistent price systems and shadow price processes, which allow to translate
the original problem into a more tractable frictionless one, cf. in particular Loewenstein
[27], Kallsen and Muhle-Karbe [[17]] and Gerhold et al. [[10] in this context.

The issue of utility optimization under proportional transaction costs is addressed for
the first time by Magill and Constantinides [28]]. Their heuristic derivation suggests that
the optimal policy maintains the proportion of stock holdings within a wedge-shaped
no-trade region containing the frictionless optimal risky fraction called Merton line. Davis
and Norman [6]] make this analysis rigorous and reveal that the optimal policy is linked
to reflecting diffusions within the buying and selling boundaries of the no-trade region.
Shreve and Soner [35] remove the restrictive conditions in [6] by merely assuming a
finite value function which is shown to solve the Hamilton-Jacobi-Bellman equation in a
viscosity sense. Shreve also proves that the sensitivity of the maximum expected utility to
small transaction costs € is of the order 0(82/ 3); and the width of the no-trade interval for
the risky proportion is suggested to have order O(g!/3).

In recent studies, Kallsen and Muhle-Karbe [20, [19] investigate optimal portfolio
choice under small proportional transaction costs € for a stock price modelled by a
general Itd process S over a finite time horizon 7. In [20] dealing with optimization
of exponential utility from terminal wealth, a leading-order optimal trading policy and
the associated welfare impact are formally derived. Continuing the study of [20], [19]
introduces a generalized risk-tolerance process R and provides parallel results for settings
with general utility functions and allowing for intermediate consumption. Let us recall the
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main statements therein. The leading-order optimal strategy ¢¢ (in the sense of number
of shares) is expected to stay within a no-trade region around the frictionless optimizer
@; it increases and decreases only while hitting the lower and upper bound, respectively.
In general, the midpoint of the no-trade region is shifted from ¢ by a corrector term
accounting for the wealth effect caused by the past transaction costs. The half-width of
the no-trade region reads as

L (3.dle.0] \'
Ao _<2Rd[S,S]S£ . (1.1)

The welfare impact of transaction costs is expressed in terms of the so-called certainty
equivalent loss which refers to the initial capital necessary to balance the effect of
transaction costs. To the leading order, this amounts to

1 T (Ag")?
5EQUO %d{S,S]I], (12)

where Q denotes the equivalent martingale measure minimizing the frictionless dual
problem. Moreover, the trading volume of strategy ¢ quantified by its total variation can
be approximated by a finite rate:

N Y.V '3 rdle, 0], \*? ~1/3
/O|d(p,\—/0 (eS)) (ﬁ) (d[S—SL) d[s.s), +o(e”'?).  (13)

The purpose of the present study is to rigorously prove the main statements of [20,19]]
under well-defined regularity conditions. Our approach resembles that of Henderson [12]
and Kramkov and Sirbu [26]] in the sense that an explicitly known dual control provides
us with an upper bound for the optimization problem. Since this bound coincides to the
leading order with the utility of a candidate strategy to the primal problem, the latter must
be approximately optimal. The idea of our proof can be outlined as follows:

e [20, [19] each derive a possibly suboptimal candidate strategy ¢¢ along with a
shadow price S€. This term here refers to a frictionless price process moving within
the bid-ask bounds [(1 — €)S, (1 + €)S] and such that strategy ¢f only buys and
sells stock if the shadow price S¢ coincides with the ask price (1 + €)S; and bid
price (1 — €)S;, respectively. Evidently, following ¢¢ in the frictionless market S¢
yields the same wealth process and hence the same expected utility as in the original
market with proportional transaction costs. This expected utility can be computed
explicitly to the leading order because both ¢f and S¢ are given in closed form.

e According to [21}, 124,134, 22] dealing with the issue of hedging duality in frictionless
markets, the utility maximization problem for S§¢ without transaction costs is related
to a dual minimization problem on the set of equivalent local martingale measures.



Specifically, the value of the dual problem dominates the expected utility of any
admissible trading strategy. In a second step we therefore construct a carefully
chosen, explicitly known local martingale measure (identified with its Radon-
Nikodym density Z%) for S¢. Since trading in the frictionless market S leads to
higher profit than in the original market with transaction costs, the Lagrange dual
function evaluated at Z€ provides an upper bound to the maximum expected utility
in the market with friction. This upper bound can be computed explicitly to the
leading order because Z¢ is known in closed form.

e In a final step we observe that the suboptimal expected utility of ¢¢ coincides to the
leading order with the upper bound above, which proves the approximate optimality
of the candidate strategy.

In the language of [5l, (Z%,Z¢S%) is a state-price density, which, by duality to the set
of self-financing portfolios in the market with friction, provides an upper bound to the
expected utility under transaction costs.

In contrast to our method, the classical approach to the leading-order optimization
is based on stochastic control theory in a Markovian framework. Roughly speaking, the
main purpose therein is to develop an asymptotic series expansion of the value function
for small transaction costs. Based on the Hamilton-Jacobi-Bellman equation, appropriate
differential equations for the leading-order terms can be derived heuristically in a first step
and then shown to possess viscosity solutions of the latter. For an account of the literature,
the reader is referred to [20, [19]. Here we point out again some essential works in the
related areas. Focusing on geometric Brownian motion, Whalley and Wilmott [40] deal
with exponential utility and heuristically develop power series expansions of the value
function with and without contingent claim liability, which provides an approximate utility
indifference option price; Bichuch [3]] proves the results in [40]] rigorously and provides a
“nearly optimal” strategy. For power type utility functions, Jane¢ek and Shreve [16] derive
asymptotic expansions of the value function and the no-trade boundary over an infinite
time horizon; Bichuch [2] carries out parallel analysis for a finite time horizon. Soner
and Touzi [38, 31]] (Possamai to be added to the latter) treat infinite horizon consumption
problems for utility functions on the positive real line and general Markovian models
in one- and multi-dimensional cases, respectively. They identify the first-order term in
the asymptotic expansion of the value function with a singular ergodic control problem
and make use of the deep theory of homogenization. In the one-dimensional case, the
no-trade boundary is calculated explicitly to the leading order by solving the corrector
equation for the potential function of the ergodic control. The cited papers carry a strong
analytic flavor. By contrast and as noted above, our more probabilistic approach relies on
dual considerations and our emphasis is put on an exact description of the leading-order
optimal policy.

The thesis is organized as follows. In Chapter 2] we focus on exponential utility and
verify the main results of [20] concerning formulas (1.1} [I.2) for a constant risk-tolerance
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process R. In Chapter [3] we generalize the main theorem of Chapter 2] and provide a rigor-
ous proof of formulas heuristically derived in [[19] for general utility functions
on R and allowing for intermediate consumption, provided that the related risk-tolerance
process R exists. In Chapter[d] relying on ergodic properties of reflected Brownian motion,
the asymptotic formula for the trading volume (I.3) proposed in [19] is proved in the
sense of convergence in probability; using the same approach, the incurred utility loss
while following the leading-order optimal trading strategy ¢¢ can be approximated by an
expression that does not depend on ¢ itself, which completes the proof of formula (1.2).
Due to different references and for the sake of better exposition, each chapter is written
as a self-contained article with separate notation. Appendix [A]contains some essential
inequalities which are used for the estimations throughout the thesis. In order to provide
examples for the main theorem of Chapter [2|in concrete models, in Appendix |B|we derive
the frictionless optimal trading strategy ¢ maximizing exponential utility in stochastic
volatility models with conditionally independent increments.

We generally use the notation of [[15] and [32]. In particular, H * Y := [, H;dY; stands
for the stochastic integral of H with respectto Y.



Chapter 2

Exponential Utility

At this first stage of our research, we consider an investor with constant absolute risk
aversion who trades a risky asset with price following general 1t6 dynamics, in the presence
of small proportional transaction costs. Kallsen and Muhle-Karbe [20] formally derive
a leading-order optimal trading policy and the associated welfare impact of transaction
costs. In the present chapter we carry out a convex duality approach facilitated by the
concept of shadow price processes in order to verify the main results of [20] under well-
defined regularity conditions. Furthermore, due to the nature of exponential utility, our
theorem can be directly applied to the issue of utility indifference pricing for deriving an
asymptotic price formula and the related hedging strategy. In particular, the results of
Whalley and Wilmott [40]] and Bichuch [3] can be verified here as a byproduct. It turns
out that our regularity conditions imposed on the frictionless optimization problem in the
presence of contingent claim liability are consistent with the regularity assumptions on
the payoff function required in [3]] for the rigorous proof.

The remainder of this chapter is organized as follows. The market model is introduced
in Section 2.1 Subsequently, we present the main results concerning the leading-order
optimal investment and their application in utility indifference pricing. In Section[2.3] we
provide examples in concrete models, where the frictionless optimizer is known explicitly;
we also verify the asymptotic utility indifference price formula proposed in [40, 3] by
applying our main theorem. For comparison with existing literature, in Section [2.4] we
state the Markovian counterparts of the assumptions required for our main theorem and
the auxiliary shadow price process as our key object for the proof. The proofs of the main
results are provided in Section[2.5]

2.1 The market model

We consider the same setup as in [20]: fixing a finite time horizon 7 € (0, o), the financial
market consists of a riskless asset (bond) with price normalized to 1 and a risky asset
(stock) traded with proportional transaction costs. The stock price S is modelled by a

5
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general positive Itd process
dS, = b>dt + 6, dW,

defined on a filtered probability space (Q,.7,F,P). Here, W is a one-dimensional,
standard Brownian motion and b, ¢ are predictable processes satisfying

T
/ 5|+ (65)2dt <o as.
0

Let € € (0,1) denote the relative bid-ask spread, i.e., an investor has to pay the higher ask
price (14 €)S but only receives the lower bid-price (1 — €)S for buying and selling the
stock, respectively.

Definition 2.1.1. 1. A trading strategy is an R?-valued predictable process (y°, y)
of finite variation, where W, and y; denote the number of shares held in the bank
account and in stock at time ¢, respectively. The liquidation wealth process of a
trading strategy (y°, y) is defined as

XVE =y 4 ylyn0y(1 - €)S+ Wy (1 +8)S.

2. Writing w = y! — w! with increasing predictable processes ', y* which do not
increase at the same time, a trading strategy (y°, ) is called self financing if

dl//,o =(1- S)Stdl//ti —(1 +8)Sth/tT7

cf. [17]. For given initial value y{, a self-financing trading strategy (y°, y) will be
identified with its second component y in the sequel.

3. Given initial wealth (xB ,xS )€ R? in the bank account and the stock, respectively,
a self-financing trading strategy (y°, y) is said to be admissible for (x®,x%) and

written as

v e (x5 %)
if xB = l//g , x5 = WS, and if the related liquidation wealth is bounded from below,
1.e.,

XV®> K forsome K € R,.

Remark 2.1.2. The liquidation wealth of a self-financing strategy (y°, w) with x8 = 11/8 ,
o= WoSo can be written as

X" = ‘Vto + ‘I/tl{q/fzo}(l —€)S + ‘//1{1;/,<0}(1 +€)S;

=y +(1-¢)Se - (1+€)Se yl + Vilpy >0y (1 —€)S + Wil (y, <0y (1 +€)S;.
2.1)
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If (1—€)Seyt =Sy and (1+¢€)Sey! =5y for some Itd process S with values
in [(1—¢)S,(1+¢€)S], then (2.1) and integration by parts yield

XVE =y =S v WS — Wil 20y (S — (1= €)8) = Wil py<0) (S — (1 +€)S))
= Y0+ W0So+ W * S — Wil gy, 503 (S — (1—€)S)) — Wiy, <01 (St — (1+€)S1)

and hence B
XV — (x+ eS| < ex’ +2¢e|yS.

In this setting, we focus on the exponential utility function with constant absolute risk
aversion p > 0:
U(x):=—e P

Our optimization problem consists in maximizing the expected utility or, equivalently, the
certainty equivalent CE(X#/ ?) of terminal wealth over all admissible trading strategies
with given initial wealth (x®,x5). As usual, the certainty equivalent of a random payoff X
refers to the deterministic amount with the same utility, i.e.,

CE(X) := —Il)mE[e—PX}.

2.2 Main results

In this section we present the main theorem of this chapter concerning the leading-order
optimal investment under small transaction costs. To this end, we require some regularity
conditions on the corresponding frictionless market.

Assumption 2.2.1. We suppose that the frictionless price process S allows for an equiva-
lent local martingale measure with finite relative entropy.

Denote the initial wealth before liquidation by x := xB +x5. According to [8, Theorems
2.1, 2.2], Assumption [2.2.1|implies that the minimal entropy (local) martingale measure
(MEMM) Q for S exists. By [34, Theorem 2.2 (iv)], there is a predictable, S-integrable
process @ such that ¢ * S is a Q-martingale and

@_ U/(X+(P'ST)
dP y

with y := E[U’(x+ ¢ * S7)]. Interpreted as number of shares, strategy ¢ is the optimal
solution to the frictionless counterpart of the above utility maximization problem.

For any It6 process X, we denote by bX and XX its local Q-drift and quadratic
variation, respectively, i.e.,

dX, = b¥dt+amQ, X .= :
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where M*Q is a continuous Q-local martingale starting in 0. Similarly, for Itd processes
X and Y, their local covariation is denoted by

XY diX,Y]
b dt

The local drift rate of Itd process X relative to P rather than Q is written as »*°F.

Assumption 2.2.2. We suppose that the frictionless optimizer ¢ and the activity rate

P9
P="5s

are well-defined Itd processes such that p > 0.

The processes S, ¢, p and their dynamics depend on the current level of the stock
price. In concrete models, the following related normalized processes are easier to work
with:

e the stock return process Y :=1InS,
e the stock holdings m := @S,
e the normalized activity rate 1 := pS*.

Assumption 2.2.3. We assume that

Eq [ sup |X,|"} <o foranyn € Nandany X € 77, (2.2)
+€[0,T]

where
A= {m,n,n b7, ()T T e

Moreover, we suppose
Eqlexp(|9p@ * St)] < oo (2.3)

Finally, ¢?-? is assumed to be a continuous process.

2.2.1 Optimal investment

The following theorem provides the main results of this chapter.

Theorem 2.2.4. Suppose that Assumptions[2.2.1}[2.2.2}[2.2.3| hold. Let

1/3 1/3
ApT =+ (z—’;Se) =+ (3—”g> s (2.4)
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1. There exists a continuous adapted process
0° =9 +Ap =09 — %,
where AQ has values in [AQ~,A@p™],
Po+AQ ifx° > (go+A¢;)So,
€

96 =4 Po+AQy ifx* < (go+Ag;)So,
x5/So otherwise,

and @€', @&V are increasing process such that
0% increases only on the set{A@ = Ap~} C Q% [0,T],
@& increases only on the set{A@ = A"} C Q x [0,T].

2. By slight abuse of notation, we identify Q¢ with the unique self-financing strategy
(W0, ) that satisfies W) = xB, woSo = x5, w; = @f fort € (0,T). Define

7€ = inf{t €10,7]: |Xr(p8’8 —(x+@*S)|>1or |Xz¢8’£

> 8_4/3} AT. (2.5)

Then P(t® =T) — 1 as € — 0. Moreover, Q%1 1e is a utility-maximizing strategy
t0 the leading order O(€2/3), i.e.,

sup E [U(X}”"S)} =E [U(X;.’ff’e)] +o(e%).
weE(xB x5)

(As above, 91| e here refers to the strategy y € o/® (xB,x5) with y; = @Ff Ljo,cep ()
fort € (0,T].)

3. The optimal certainty equivalent amounts to

sup  CE(X}®) = CE(XT(’;&’E) +o(e2/?)
yeE(xB x5)
= CE(x+¢*57) ~ 2Eq [(A9™) [S.8]r] +0(¢?%).
Proof. The proof is split up into several steps given in Section The existence
of @¢ is linked to the Skorohod problem with time-dependent reflecting barriers (cf.
Lemma [2.5.1)). With the help of the shadow price process S¢ derived heuristically in
[20] (cf. Corollary for rigorous arguments), the utility generated by ¢ stopped
at 7€ is computed in Lemma The optimality of ¢@¢ is proved by means of some
dual considerations (cf. Lemma in conjunction with the conjugate relation (cf.
Lemmal[2.5.10). Finally, the proof of the explicit expression for the certainty equivalent
loss relies on a random time change and the ergodic property of reflected Brownian
motion presented in Chapter [ (cf. Corollary 2.5.TT]). O
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From our theorem, the leading-order optimal strategy under transaction costs ¢ stays
within the random no-trade region [@ +A@ ™, @ + A¢@ ™| around the frictionless optimizer
@; it increases and decreases only while hitting the lower and upper bound, respectively.
In this sense, @ +A@™ and @ + A@~ correspond to the selling and buying boundary,
respectively. At the random time t¥, the portfolio is liquidated primarily in order to bound
losses.

Roughly speaking, the assumptions in Theorem [2.2.4] concern sufficient integrability
of the solution to the frictionless utility maximization problem in order to guarantee that
the maximum expected utility is twice differentiable as a function of £!/3. In Section
these assumptions are verified in a general stochastic volatility setup. For comparison
with the classical approach of stochastic control, their Markovian counterparts are stated
in Section

2.2.2 Utility indifference pricing

As a byproduct, due to the nature of exponential utility, Theorem [2.2.4]yields an asymp-
totic utility indifference price and the corresponding hedging strategy. Let H be an
Zr-measurable random variable modelling a contingent claim maturing at time 7'. For
simplicity, we suppose that H is bounded. The utility indifference price of H denoted
by 7% (H) refers to the initial premium compensating the certainty equivalent with and
without the contingent claim liability —H, i.e.,

né(H):= sup CEX/°)— sup CE(X/°—H).
yed/ (xF x%) yed(x x%)

Notice that letting P be the equivalent probability measure with density

dpH et
dP = E[erH]’
for exponential utility, we have
sup E[UXY—H)| =E[e"] sup Epu [UX))]. (2.6)
weaE(xB x5) weE(xB x5)

Hence the utility maximization problem in the presence of random endowment —H is
equivalent to the pure optimal investment problem treated in Theorem|2.2.4junder measure
P/, From Girsanov’s Theorem, change of measure from P to P¥ results in change of
the local drift of stock price S, which in turn leads to a different frictionless optimizer

@™ rather than @ and a new MEMM Q! such that % minimizes the relative entropy
with respect to P, (Note that from [7], the set of local martingale measures with finite
relative entropy with respect to P? equals that with respect to P.) Theorem applied
to problem on the underlying probability space (Q,P?) then yields the asymptotic
utility indifference price of H. We assert this as a direct consequence of Theorem [2.2.4]in

the following corollary.
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Corollary 2.2.5. Let H be a bounded .#r-measurable random variable representing
a contingent claim with maturity T. Suppose that Assumption holds and denote
by Q" ¢! the MEMM and the frictionless optimal trading strategy in the presence of
contingent claim liability H, i.e., Q| ' are related by

dQf  U'(x+ ¢Sy —H)

dP  E[U'(x+¢"*S7—H)|

Further, suppose that the counterparts of Assumptions[2.2.2] [2.2.3]in case of frictionless
optimization with random endowment —H hold, i.e., all objects initially related to Q, @
are now replaced with those related to Q" , o™ defined in the same manner. Then the
utility indifference price of H amounts to

n°(H) = 7°(H) +§ (Eqn [(A@™ )7 < [S,S]r] —Eq [(A@*)?+ [S,8]7]) +o(*/?),

where ﬂO(H ) is the frictionless utility indifference price, AQ™ is given by and

1/3
3 970"
H4t . _
Ao ._i<2p 55 Se) .

Moreover, relating ¢, 7€ to @7 A@™'" in the same manner as ¢%,7¢ in Theo-
rem related to @, AQ™", respectively, ot ’81[[0&11,8]} is the hedging strategy corre-

sponding to the indifference price n€(H) to the leading order O(g*/3).

Remark 2.2.6. If the market is complete, Q” = Q is the unique equivalent martingale
measure and the frictionless utility optimization in the presence of contingent claim
liability is split up into the pure optimal investment problem and hedging away the
random endowment —H, i.e., 7°(H) = Eq[H] and ¢" = ¢ + A with A the replicating
strategy of claim H. Writing the Q-local martingale parts of ¢, A as th(P’Q = F,(P ds;,
thA Q= I';dS;, the no-trade region and asymptotic utility indifference price provided in
Corollary [2.2.5|can be expressed by

1/3
ApfEs =+ (;(F“’SZ + FS2)28) : (2.7)
p

9p82> 1/3E |:(1—~(pS2 +FSZ)4/3 _ (F(pS2>4/3
Q

”S(H):EQ[H]+(3—2 2

. [S,S]T} +o(e2/3).

(2.8)
In the Black-Scholes model, [2.8) coincide with the results of Whalley and Wilmott
[40] which are proved under well-defined conditions by Bichuch [3]]. In Section [2.3.2]
we show that our regularity conditions on the frictionless optimizer ¢ in form of
Assumptions are indeed consistent with the conditions imposed on the payoff
function g with H = g(S7) in [3, Assumptions 3.1, 3.2].
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2.3 Examples

We now verify the assumptions for Theorem [2.2.4]in concrete models, where the friction-
less optimizer ¢ is explicitly known. In general, it is difficult to solve the frictionless
optimization problem in closed form. Here we discuss two tractable cases: the Black-
Scholes model with and without contingent claim liability, and stochastic volatility models
with conditionally independent increments.

2.3.1 Black-Scholes model
Let us consider the so-called Black-Scholes model:
dS; = S;(bdt + cdW;) (2.9)

with b € R;0 € R\ {0}. We show that Assumptions [2.2.1},2.2.2} [2.2.3|hold if b # 0.
From Theorem [B.T]in the appendix, the frictionless optimal strategy ¢ satisfies

o= @S = 1% forallr € [0,T). (2.10)
By 1t6’s formula, we have
dq), - —%d& + —d[S,S]t
po2s; po?s;
and hence ) ) )
C:PJP __ 0’ Pr b n: = b

~ pro2s? - p2otsy p*c?
for all r € [0,T]. Therefore, all processes in set .7 of (2.2)) are constant, which in
particular yields Condition (2.2). The frictionless optimal terminal gains are of the form

b Q
St =—W
QD T po T >

where W =W, + (b/o)t, t € [0,T] is a standard Brownian motion under measure Q.
Thus, Condition (2.3) is satisfied. Then from Theorem [2.2.4] the no-trade bounds are

determined by
3p2e \'/*
APES =+ [ —— 2.11

and the certainty equivalent loss due to transaction costs refers to

op*e2\ ' T

sup  CE(X}®) —CE(x+¢*Sr)=— ( 5 ) ~+o(e®?). (212
yeE(xBxS) 320 p
(2.11)) coincides with the formulas in [40, p.319] and [3| (3.4)]. The expression in (2.12)),
on the other hand, is obtained from [3, (3.7, 3.8)] if one uses the equation for V; in [40,
p-317]. Note, however, that [3] considers a slightly more involved notion of admissibility.
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2.3.2 Verification of Bichuch

As an application of Corollary [2.2.5] we verify the asymptotic utility indifference price
formula proposed by Whalley and Wilmott [40] and proved rigorously by Bichuch [3]].

Proposition 2.3.1. For the Black-Scholes moldel with b > 0, let H=g(St) be a
European type contingent claim with bounded payoff function g : R, — R satisfying
[3) Assumptions 3.1, 3.2], that is,

(C1) g is four times continuously differentiable such that g (s) — g (s)s, s*g" (s), s°g" (s)
are bounded for all s € R

b
(C2) — — sup |s°¢" (s)| > K for some K € Ry \ {0}.
po S€R+

Let Vo(Sy,t), T'(S;,t) be the Black-Scholes price of g(St) and the related option’s gamma,
respectively, i.e.,
=02V,

and the function Vy satisfies the Black-Scholes PDE:

2.2
(e}
@%+7;¥%:Q

Vo(s,T) = g(s).
Then the utility indifference price of H amounts to

n¢(H) = Vo (S0,0)
4 (91;’—;2) v Eq MT o? ((F(St,t)Szz _ by (%)4/3) dt]

po po
+o(e23).

Moreover, the no-trade region for hedging strategy ¢ is given by

3 b 2 1/3
Adﬁ&:i(zxn&nﬁ—ag)a .

(Cf. [3\ Corollary 3.8, Lemma 5.5] for equivalent results.)

Proof. In order to apply Corollary [2.2.5] we verify the counterparts of Assumptions[2.2.2]
required on the parameters related to ¢'’. Recalling Remark |[2.2.6, we have

(le = @+ Vo (Ss,1)
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with @ given by (2.10). Then the stock holdings following strategy @'’ are
1 = fS; = 7+ 9 Vo(S1,1)S; (2.13)

with 7 as in (2.10). Due to the four-times differentiability imposed on g, it holds that
Vo € CH! (cf. [3, Lemma 4.2]). In view of lb and using It6’s formula, we obtain

drfl = (OVo(Si,1) + 8,02V (S;,1))dS; + S:9,9sVo (S, 1)dt

+ (92Vo (St,1) + 8192 Vo(Sr,1))d]S, Sls, (2.14)
and hence
BT = 5,0,0Vo(Si,1) + G2 (S2O2Vo (Si,1) + S22Vo (S, 1)), (2.15)
H - H
T = 0(8:95Vo(Si,1) + S7ITVo(Sr,1)) . (2.16)

1t6’s formula applied to ¢ = 77 /S yields

dof! = —fds +ﬁd[s S] +ldnH+d L]
1 Stz t S[3 I St t Sa t’

in conjunction with (2.13] [2.14), this implies

o "
C

N =S8 = (m — ST Vo (Si,1))*. (2.17)
Gt

Using again It6’s formula, we obtain

b1 = 2\ /nH[S20,02Vo(Sy,1) + G(S* Vo Sy, 1) + 4393V (S,1) + 25202V (S1.1))],
(2.18)

H ,H

el =4nH 62 (303 (S,1) + 25202V (S;,1)) . (2.19)

Now, by [3, Lemma 4.2], Condition (C1) on g (cf. [3, Assumption 3.1]) implies that
Vo — 595Vo, s292Vo, 393 Vy, s*92V as well as 59,9V, 520,02V} are globally bounded on
R x [0,T]; combined with the boundedness of g and thus that of Vy, sd,V} is also globally
bounded. In view of (2.13] 2.15] 2.16] 2.17| 2.18| 2.19)), we tgen c}{edgce that Condition
(C1) on g implies the boundedness of 7/, 6™ ,c™ & nH pn” 171" Moreover, since
s297Vp is bounded by sup g |s*¢”(s)| according to [3, Lemma 4.2], in view of (2.17

2.10), Condition (C2) on g (cf. [3, Assumption 3.2]) implies the boundedness of (n)~".
Therefore, Assumptions [2.2.2] imposed on ¢ instead of ¢ are fulfilled. Then,

applying Corollary 2.2.5|and recalling 2.8 2.11} 2.12), the assertion follows. [
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2.3.3 Stochastic volatility model
Let us turn to the following stochastic volatility model:
ds, = S;(b(Y;)dt + o (Y,)dW;) (2.20)

with continuous functions b, 0 : R — R and a non-necessarily Markovian 1t process Y
which is independent of the Brownian motion W. The filtration is assumed to be generated
by WandY.

Proposition 2.3.2. Suppose that the stochastic volatility model is such that
o the coefficients b(Y), 6(Y) are bounded processes that are bounded away from 0,

e the processes

b Y T,
g 2.21)
po(Y)? o(¥)?
are Ito processes with bounded coefficients b™¥ ™ b"Y N and continuous
s
e for

S

Z ;:E[exp(—%/oT<G((%)))2dz) ‘%} (2.22)

the process 2z / 72 is bounded.

Then Assumptions [2.2.1] [2.2.2} [2.2.3| are satisfied. Moreover, T and 1M are the corre-
sponding stock holdings and normalized activity rate. The no-trade boundary is given

by
1/3
AQES =+ <3n_8)
2p

and the certainty equivalent loss amounts to

T o\ 13
Eq [/ (m) G(Y,)zdt] 23 +o(e*?).
0

Proof. Step 1. We show that [f(S),X] = 0 for any C?>-function f and any It6 process X
which is o (? )-measurable. Indeed, by It6’s formula it suffices to prove that [W,X] = 0.
Using [32, Theorem I1.4], it is easy to show that the martingale part of X is G(IN/ )-
measurable. Hence without loss of generality, X is a local martingale. By localization
it suffices to consider the case where X is a square-integrable martingale. Let G be the
filtration defined in in the appendix. Then X; is %-measurable for any ¢ € [0, 7] and
W is a Brownian motion relative to both F and G. We obtain

EW.Xi| 7] = E[EW. X, |%]|.7s] = E[E[W; |4]X;|.7,] = WE[X|.F] = WX,
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for any s < t. Hence WX is a martingale, which implies [W, X] = 0 as desired.

Step 2. We show that 7,7 in coincide with the stock holdings and the normal-
ized activity rate. By Theorem B.1] the frictionless optimizer ¢ satisfies ¢,S; = 7, for any
t € [0,T]. From Itd’s formula we get

y T 1 1
do, = ——=dS; +—=d|S,S|;+ —dmy+d | =, | .
@ S? ! S3 S, Sls S {S :|l

Step 1 yields [S, ] = 0, which implies

2 _/TN\2 .7t ?,0 7T
nro(Y;) +c c c
PP = ( t)2 r ZSS S? - 71;12_;_ %2 = 1. (2.23)
Sl ¢ G(Yt)

Step 3. Let Z be defined as in tb By Theorem ZZ/ Z is the density process of
the MEMM Q. For any It6 process X, Girsanov’s theorem implies
p CZZX
b =b" + L=
tZt

Integration by parts yields

Z7 Z7 Z7Z
c cZ; cZ

<\ = VX [ VXX = —+
Z2 7

ZZ

F2X b(Y)

oY

ZX ZX
_ c~ +c_ XX,
7 Z

7

In view of our boundedness assumptions, we conclude that 5™ and b are bounded.
Consequently, all processes in set .77 are bounded, which implies Condition (2.2)).
Moreover, the frictionless optimal terminal gains are of the form

where WQ =W + [5(b(Y;)/o(Y,))dt is a standard Brownian motion under measure Q. If
an integrand H is bounded by m € R, we have

Q L A [
EQ[exp(H°WT)}§EQ exp H°WT—§/0 H7dt ) | exp EmT
1 2
<exp EmT < oo,

Together, we conclude that Condition (2.3)) holds. Finally, in view of (2.23)), requiring ¢™"
to have continuous paths ensures that the process ¢?¢ is continuous, which completes the
proof of Assumption[2.2.3] O
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2.4 Comparison and Interpretation

In this section we comment on the regularity conditions in Theorem [2.2.4] and state the
connection of our approach to the classical methods of stochastic control in a Markovian
framework.

2.4.1 Markovian setting

For the sake of better exposition, let us focus on the following setup (cf. e.g. [41, 39])
with stock price S evolving as:

dS; = S;(u(Yr)dt + o (Yr)dW;) (2.24)

for a one-dimensional state variable Y with dynamics
dY, = b(X;)dt +a(X;)d(EW 4+ 1/1 = E2WH),

where W, W+ are one-dimensional standard Brownian motions orthogonal to each other,
§ € [—1,1], and u, 0,b,a are Lipschitz-continuous functions from R to R; furthermore, ¢
is assumed to be bounded away from zero. Note that in case of { =1, corresponds
to the model considered in the recent study by Soner and Touzi [38].

2.4.2 Parameters in the frictionless market

Since ¢ is supposed to be the frictionless optimal trading strategy, letting X := XV*¢
denote the wealth process generated by ¢ and starting in x at time ¢, i.e., dX, = @,dS,
with X; = x, the value function v in the frictionless case can be written as

V(t, U,x) =E [U(XT) }(Y;,Xt) = ('U,x)] .
Note that for exponential utility U (-) = —e~?("), the value function is of the form
v(t,0,x) =e Pu(t,v). (2.25)

Now, let us link our regularity conditions on the frictionless parameters to requirements
on the value function v and the market coefficients:

i) On Assumption From (2.23), we deduce d}'v = (—p)"v for all n € N. In
particular, for a finite value function v, the process {8xv(t,T,,Xt)}t€[07T] is a martingale.
Duality theory (cf. [34, Theorem 2.2]) yields that {d,v(¢,Y;,X;)/ (0, 0,X) }refo,7] is the
density process of the MEMM Q, which leads to Assumption[2.2.1]

ii) On Assumption[2.2.2] From [39, Theorem 4.1], for smooth value function v with
d2v < 0, the frictionless optimal stock holdings satisfy

B 1/ a dyu
m=n(tY,):= p (0'2 + p— ) (£,X7). (2.26)



18 CHAPTER 2. EXPONENTIAL UTILITY

Define the differential operator . := d; +bd, + %az&%. In case of T € C12, 1t’s formula
yields the local characteristics of the process 7:

P = Zr( ), T = a(X)X(3em (1Y) (2.27)

Integration by parts applied to ¢ = /S combined with (2.27) then yields the normalized
activity rate 1:

99 a(Y,)? alY,
= S5 =) = ) S Gunl. ) 20 o

(t,X;)dpm(t,Yy).

(2.28)
If the function 1 € C'2, It&’s formula yields the local characteristics of the process 7:

Q

Y = 20Xy, MM =a(X)2(dun (1,Y:))% (2.29)

Together, Assumption[2.2.2)refers to the two times continuous differentiability of functions
7, n in (2.26] [2.28)), respectively, as well as the requirement of 1 > O for the process 7 in
(2.28). We then find out that in case of § = 1, these regularity conditions are intimately
connected to [38, Assumption 5.2 (smoothness)]. Indeed, the Markovian counterparts of
our frictionless parameters 7, 1 expressed in terms of correspond to y, (& /0)?
in [38], respectively, with o given by [38, Equation (3.8)].

iii) On Assumption[2.2.3] Note that a sufficient condition for Assumption [2.2.3]is
the boundedness of all processes in the set .7 in Condition (2.2)). Aiming to verify this
stronger but more illustrative condition, we suppose that the functions p,c,b,a,6~!
are bounded and smooth with bounded derivatives at all orders. Due to [29, Section 8]
and in view of (2.26][2.27][2.28] 2.29)), the above regularity conditions imposed on the
coefficients ensure the boundedness of 7, 5™F, ¢™* 1, b"P 11, Moreover, let Z denote
the density process of the MEMM Q. For any Itd process X, Girsanov’s theorem yields

L

XZ XZ 2
PX=pP+- with |—| <X¥—.
Z Z 72

Due to [39, Lemma 3.1, Equation (3.12)], the above regularity conditions on the coeffi-
cients also guarantee the boundedness of ¢%# /Z2. Therefore, we deduce the boundedness
of all processes in the set .7 in Condition except for 1!, In order to obtain the
boundedness of the process 1!, we have to require additionally that the function 1 in

(2.28) satisfies
n>n* forsome n*ecR;\{0}. (2.30)

As mentioned above, in case of { = 1, 1 in our context corresponds to (a/c)? in [38].
Hence (2.30) is linked to [38, Equation (5.3)] implied by [38 Assumption 5.2, (5.2)].
(Note that since [38] deals with utility functions defined on the positive real line, the
different risk tolerances result in the slight difference between (2.30) and [38, Equation
(5.3)].) As [38], we do not attempt to verify (2.30) in general but simply point out that as
a direct consequence of (2.28)), the requirement (2.30) can be verified e.g.
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e for { = 1 and constant coefficients u, o, cf. [38] Section 6] or Sectionm;
e for { = 0 which is a special case of the example considered in Section m

In the context of utility indifference pricing, the counterparts of Assumptions
required on the frictionless optimizer @' in the presence of random endowment
—H are additionally linked to the regularity of the payoff function g with H = g(S7). The
considerations in Section [2.3.2](cf. Proposition [2.3.1)) reveal that for bounded claim H,
the boundedness of all processes in the set .7 of Condition (2.2) relative to @, Q —
except for (n# )_1 —1is connected to [3, Assumption 3.1]; the counterpart of requirement
(2.30) on (n)~! corresponds to [3, Assumption 3.2].

2.4.3 Shadow price

As in [20] for the heuristic derivation, the concept of an auxiliary shadow price is again
essential for our rigorous proof of the results concerning the optimal investment under
small transaction costs. The shadow price process corresponds to the dual optimizer
in a market with proportional transaction costs, which appears for the first time in [3]],
cf. the process RP =7, /ZO in [5) Theorem 6.1]. It is a process taking values within
the bid-ask spread [(1 — €)S, (1 + €)S]. [5, Theorem 6.1] reveals a general relationship
between the primal and dual optimizers in frictional markets, namely the optimal trading
strategy (number of shares) increases and decreases only when the shadow price process
hits its upper and lower bound, respectively. This indicates that the utility maximization
problem under transaction costs is equivalent to the frictionless optimization at shadow
price. In particular, at any instant, any transaction between the optimal holdings in the
bank and the stock would result in utility loss, even if this could be conducted at the
potentially more favorable shadow price rather than the real bid or ask price. In the
Markovian case, this can be interpreted as follows. In the model stated in Section[2.4.1]
letting (XB,X5) := (XB,X5)?*"*" denote the optimal portfolio holdings in bond and
stock starting in (xZ,x%) at time 7, the value function v¢ in the market with transaction
costs can be written as

V(10,38 x5 = E|UXRE+ X7 — X2 (X, X8, X5) = (0,25, x%)|.

Let g, := q(t,Y;, X, X5) denote the shadow price at time ¢ divided by S;. Then the above
consideration suggests that the mapping R > & —— v&(¢,v,x8 — 8¢(t,v,x8,x5),x5 + §)
attains its maximum at & = 0. In particular, its derivative should be equal to zero at 6 =0,
which leads to

a €
gt 0,58 35 = 2V (1 9B xS e[l —e, 1+ €. 2.31)

axBVS
Note that in the buying and selling region where ¢; = 1 4 € and g; = 1 — €, respectively,
(2.31)) coincides with the Hamilton-Jacobi-Bellman equation e.g. in [6, Equation (3.3)],

[35) Equation (4.6)].
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Passing to the asymptotic analysis for small transaction costs, the approximate shadow
price process S¢ along with the candidate strategy @¢ proposed in [20] reads as

oS5 9peSS\ 13
st s Patot—or - (g ) (s g -

(cf. Section[2.5. 1| below for existence and detailed analysis). On the other hand, previous
literature dealing with Markovian settings (cf. [35, 40, [16} 3, 138]) suggests a Taylor series
expansion of the value function v¢ in form of

V(0,5 65) = v(t, 0,58 +x5) +u(t, 0,08 +x5)¥3 +w(t,v,x8 +x5,&)e¥3 1 0(e2/3),
(2.32)
where & := (x5 — n(r,v))/€'/3 stands for the so-called “fast variable” (cf. [38]). In
the classical asymptotic analysis carried out in the literature [35} 40, |16, 3. 38|, partial
differential equations for the leading-order terms u, w are derived by combining (2.32)
and the Hamilton-Jacobi-Bellman equation for v¥; in [38]] these are called the “corrector
equations”. In [40} 3], the partial differential equations for u,w can be solved explicitly,
cf. [40, 3, functions H,,H;]. The detailed analysis in Section u shows that the
counterparts of our Ap*, —S(¢f — @)/e'/3 in [40, 3] are Y+, H,,, respectively. In
the recent study [38]], the function w is identified with the solution of an appropriate
corrector equation related to some ergodic control problem, cf. [38, Equation (3.11)].
As stated in Section [2.4.2] our normalized activity rate 1 is connected to (&¢/c)? in
[38]]; in conjunction with (2.4) and [38, Equation (4.4)] for 10 = A%! = 1, we find out
that pA@*S/e'/3, p(f — ¢)S/e'/? and (5¢ — S)/(S€) in our context correspond to po,
p=—(32v/dw)& and —w, = —dgw/dyv in 38| Section 4.1], respectively.

Note that according to Section [3.4] considering the risk-tolerance process R introduced
in [19] as the risk tolerance of the value function evaluated along the optimal wealth
process, the interpretation in this section also holds for the setting of Chapter 3| for general
utility functions by replacing p and 1] with R and 1), respectively.

2.5 Proof of the main results

Now, we prove Theorem [2.2.4]and assume throughout this section that Assumptions[2.2.1]
2.2.21hold.

2.5.1 Analysis of shadow price process S¢

Let us start with the investigation of the shadow price process S¢ formally derived in [20]
along with the candidate strategy @¢.

Existence

First, we prove the existence of the candidate strategy ¢ in Theorem 1.
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Lemma 2.5.1. For

Al if xS > (@0 +Agy)So,
Ago:= S Agy  ifx® < (¢o+Agy)So,

S .
g—o —@o otherwise,

there exists a solution A@ to the Skorohod stochastic differential equation (SDE)
dAQ, = —d o, (2.33)

with reflection at AQ~, AQ™T, i.e., there exist a continuous adapted [AQ~,AQ™"]-valued
process AQ and adapted increasing processes @€', @€ such that

©¢" increases only on the set {A@ =A@~} C Q x [0,T], (2.34)
@%¥ increases only on the set {A@ = ApT} C Q x [0,T], (2.35)

and
Ap=—¢+¢° — @ (2.36)

Proof. Notice that is an SDE related to the semimartingale ¢ with constant coeffi-
cients which are obviously Lipschitz continuous with respect to A@: the time-dependent
reflecting barriers A@™ are Lipschitz operators in the sense of [37, Definition 3.1] evalu-
ated at process A@. Hence the assertion follows from [37, Theorem 3.3]. O

Let us now pass to the auxiliary shadow price process S¢ proposed in [20]].

Corollary 2.5.2. Let A@, o1, & be as in Lemma (or equivalently in Theorem m

Define
S8 1/3 1/3 2/3
pc S + 2 2 (8) /
=— == =A — =3 = 2.37
2 s (3) e () v (@) e
and
AS := aA@® — yAe. (2.38)
Then AS is an Ité process with values in [—€S, €S] such that
@¢T increases only on the set {AS = €S} C Q x [0,T], (2.39)
@%¥ increases only on the set {AS = —S} C Q% [0,T]. (2.40)

Proof. Consider the function f(x,a,g) := ax® — gx. By Assumption2.2.2} o, ¥, ¢ are Ito
processes. From (2.34] [2.35] 2.36)) we deduce that

dA@; = —d; on {A@ # Ap™}. (2.41)
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Since

d
a—i(A«pi,a,w =3a(Ap™)?—y=0, (2.42)

It6’s formula yields
dAS; = df (A, ap, %)

= —(3,AQ? — 1)de; + 3 Apd]@, 9],
—3A¢rd(a, @) + Ap}doy — Agdy +d]y, ). (2.43)

In particular, AS is an Ito process. Moreover, (2.34)2.35] [2.38) and f(A@*, ot y) = FeS
imply (2.39}[2.40). 0
Remark 2.5.3. For Ag and AS as in Lemma and Corollary [2.5.2] define

0 = 0 +AQ, S :=S+AS. (2.44)

S€ serves as a proxy to the so-called shadow price process which corresponds to the dual
optimizer in the market with transaction costs, cf. the process RP = Z; /Zy in [5, Theorem

6.1]. Due to (2.39} [2.40), trading with ¢¢ at price S¢ without friction or at the bid/ask
prices S(1 £ &) are equivalent. This will be exploited in the next sections for computing
the expected utility generated by ¢¢ and constructing a suitable dual upper bound.

Estimation of local parameters

In order to prepare for the calculations in coming sections, as a next step we look into the
local dynamics of the shadow price process. Keeping the notations of , 8,7 in (2.37)),
we define the following sets of processes:

HY = { BSS, ap?, Be0, B, BoP o0

%CAS’S — {a[ﬂzc"”s,ﬁ3ca’s,ﬁcaﬁ2’s} 7

%CAS‘AS — {a2ﬁ4c(p7(p’ [566_05,057 Bzcaﬁz,aﬁz} ’
™ {aﬁzc‘l”‘l’, B9 ﬁcaﬁ27rp} ’

G, = {SbPY U U {BbA B e %b“} ,

G = {Bzcs,s,szcwp} U {ﬁch,A A ¢ %CAS,AS}’
G =G U%.
From (2.43)), the coefficients related to AS can be estimated as follows:
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b2 = pA@c) — (B304 AQF — 1)bf —3A@ T + AQPb* — Aib! + 1P, (2.45)
——

-~

=:G,(1) ::G,(Z)
‘G,(I)| <cst.Bc el ‘G,(Z)‘ < cst. Y b3, (2.46)
PAe A\ {BeSS)
CtAS,S < cst. Z ‘ c,A’S ‘82/3, (2.47)
ASc eSS
c,AS’AS‘ <ost. Y, c,A’A‘84/3 (2.48)
A ypcASAS
and
AS,p S.S 2 432 3.0,0 P
Ct = PG (Ap — (Ag,") )/—i_\A(Pt ¢ —Age K (2.49)
:TGrt(s) :TGrt<4)
67| < estloufZe s, |G et X [qe @50)

A9\ (af2c9-0}

Note that here and in the sequel, inequalities of the form A < cst.B are to be interpreted
in the sense that there exists a constant k € R which does not depend on € and such that
A <kB.

Actually, for the proof of Theorem[2.2.4] Condition (2.2)) can be slightly weakened. We
formulate the weaker assumptions as a consequence of Condition (2.2)) in the subsequent
lemma.

Lemma 2.5.4. Condition implies

T
ZEQ [/ |gt’4dt] +Eq | sup “PzSt|4‘|‘ sup ’ﬁtSt|4 < oo, (2.51)
P 0 t€[0,T] t€[0,7]
As |16 7| pA |10
Eq | sup |%<| |+ )Y Eq / L dt] < oo, (2.52)
ASe eSS relo,1]| c;’ A 0 [0

Proof. This follows from Itd’s formula, straightforward but tedious calculations and
LemmalA.2 O
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2.5.2 Primal considerations

With the help of the shadow price process S, in this section we approximate the expected
utility generated by the candidate strategy ¢@*. Here we proceed similarly to [20], in that
we develop a Taylor series expansion of the expected utility generated by ¢ in el/3.
Aiming for this, we first use the estimations of the local dynamics of S¢ provided in the
previous section and analyze the deviation of the liquidation wealth corresponding to ¢
from the frictionless optimal wealth process x + ¢ ¢ S. This is done in the subsequent
lemma. The approximation relies on the basic inequalities provided in Appendix [A]

Lemma 2.5.5. Assume Condition (2.2).

1. For any stopping time T, we have

Eq [X;PS’E (x+o osr)} = pEq [(2407 — (A9™)?) + [S,S):] + O(¢), (2.53)

Eq [(XT(,,% (xtoe ST))Z] —Eq [A@?+[S,S]:] +0(e), (2.54)
e 3
o7& __ . —
HX (98 o =0 (2.55)
2. Define stopping times
78! ;:inf{r €[0,7): X7 — (x+ 95| > 1}, (2.56)
82 = inf{t e[0,7): [x7¢| > 8_4/3} , (2.57)
€=t ATEIAT. (2.58)
Then
Q(zf <T)=0(e*?) (2.59)

and limng(Tg < T) =0.

Proof. 1. Let T be a stopping time and g be a natural number less than or equal to 4.
In view of (2.44), the deviation of the liquidation wealth X?*¢ from x+ ¢ * S can be
separated into four parts:

XOf (x4 @*S) =A@ *S+ @ AS+AQ*AS+ (X? € — (x+ ¢+ 55)).  (2.60)

We look into the terms in (2.60) in the following four steps.

Step 1. From (A2} and (2.51), we get

T
S.S
|Ap * Squ(Q) < cst.||[Ap e SH;’”(Q) < cst. \/EQ {/0 |Bc, th} gl/3. (2.61)

N J/
-

<oo
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By letting ¢ = 2 we deduce that A@ * S is a square-integrable Q-martingale. Thus
Eq[Ap *S:] =0, (2.62)
Eq [(A@*S:)?] =Eq [A@**[S,S]¢]. (2.63)
Step 2. Integration by parts yields
Q*AS=@QAS—AS* 9 —[AS, 0]
By |AS| < &S and (2.51)), we have

||§DASH§q(Q) <Eq

sup |87 €9. (2.64)
t€[0,T]

<oo

From |AS| < €S, (A.7) and (2.51)), we obtain

T T
1AS * @][f(q) < st (EQ [/ |Stb§°|er}+\/EQ U IS%c?”‘"!erDsq. (2.65)
0 0

<o

In view of (2.49]2.50,[A.7)) and (2.51)), it holds that
EQ[[AS, ¢]c] = —pEq [(A9” — (A@™)?) «[S,8]¢] + O(e), (2.66)

T
1AS, @]l Scst. ), Eq { / |9 th] g2/3, (2.67)
A ypedSo 0
<oo
Together, (2.64H2.67)) then yield
Eq[ * ASt] = pEq [(A@® — (A@™)?) + [S,S]:] + O(e), (2.68)
pe ASHZ([(Q) = 0(82q/3)- (2.69)
Step 3. From (2.43][2.46] [2.48] [A.7)) and (2.51)), we have

Eq[A@ * ASy] = pEq [A¢* * [S, S]] + O(e), (2.70)

T
“A(P'ASH}({M(Q) < cst. Z Eq [/ |ﬁ,btA|th} g2a/3
0

ANy ol
<oo
T
+ cst. Y Eq { / |B2cAA th} g24/3. (2.71)
AAC ypeASAS 0

N J/

-~

<oo
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Step 4. Due to (2.39} [2.40) and Remark [2.1.2] taking (A.4] [2.51) into account, we

deduce
€ q
HX‘P £ (xt @f + SF) <2Eq | sup |9fSi|| & +x5¢
51(Q) 1€[0,T]
<cst.Eq | sup @S9+ sup |BSi|9+x°| el (2.72)
t€[0,T] t€[0,T]

/

-~

< oo

Together, in view of (A.4), relations (2.60) and (2.62] [2.68] [2.70] [2.72) for g = 1 imply
(59 (Z60) and (263 269, 271) 272 for g = 2 yield (Z:5%). (260) and (26T, 269
R.71}2.72)) for g = 3 lead to (2.53).

2. (2.56), Markov’s inequality, and (A.4] [2.60} 2.61] 2.69] 2.71] 2.72)) yield

Q(z*' <T) < Q(sup |Xf"8’£—(x+<p-sz)\>1>
1€[0,T]

< Hxﬁ”gv'g —(x+@*S)

o(e*?).

4
54(Q)

Condition (2.3) implies that the Q-martingale ¢ * S is in fact square-integrable and hence

Eq[¢@? * [S,S]7] < 0. Moreover, from (2.57), Markov’s inequality, (A.2} [2.60) and (A.7]
2.61,2.69, 2. 71, 2.72) for g = 1, we get

Q(t¥? <T) < Q( sup !X,‘PE?S > 8_4/3>
t€[0,T]

< ||X(P€’8HSI(Q)£4/3
< (Hx—i—(p “Sllsi)+ X E—(x+ e S)HSI(Q)) '’
< cst. <1 + \/EQ (@2 [S,S]7] + || X — (x+ ¢ S)HSI(Q)) g3
<oo
Therefore,
Q(tf < T) < Q(®' < T)+Q(5? < T) = 0(e*?).
Since P and Q are equivalent, Q(7¢ < T') — 0 implies P(7* < T') — 0. O

Using the considerations above, we now compute the expected utility when following
strategy @81[[0778]] to the leading order.
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Lemma 2.5.6. Suppose that Conditions hold. For ¢ as in or equivalently
in (2.58), we have

B [U(xf)] =B+ o -51)] -y | (807~ 380°) < [5.83r | +0(e).
2.73)

Proof. Let Z denote the density process of Q. Taylor expansion of U (x) = —e™P* yields

U(XE*®) =U(x+¢*Sr) +yZr (X0 F—(x+ ¢+ S1)) - gyZT (X5 (xtge5p)

Vv 7
5) —~

:;G(
P2 £ e
+FyZTexp <—p6(XT(’lf2 — (x+(p°ST))> (XT(@ T—(x+o 'ST))

(&

:;G(7)

for some random 6 € (0, 1). In view of (2.53| [2.54} [2.53)), the terms G©),G(©), G(7) are
expected to have expectation of order O(£2/3),0(€2/3),0(¢), respectively. We prove this
rigorously in the following steps.

Step 1: Expectation of terms G©),G©). Notice that

XEE—(x+@o8r) = (XE " — (x+¢+5x)) + (¢ See — @+ 57) (2.74)
with
£ e (12.56)
X5 —(x+@eSe)| < 1 (2.75)
and
EQ[|¢*Swe—@*Sr[*"] <cstEq[|@*Sr[*] < oo (2.76)

for all n € N, where the first inequality in 1' is due to the fact that |@ * S|*" is a
Q-submartingale. In view of (2.74)), Holder’s inequality and (2.59} [2.76] [2.73)), we have

E[G(S)] —yEQ [Xff’g — (X—|— Q- STS):| ‘ < yEQ |:1{T£<T}‘(p *Sre — (O& STH

< yQ(rf < Tﬁ{‘/EQ [ *See — = Sr|*]
= 0O(e) 2.77)

and
(E[G@] - gyEQ [(Xr‘ie’g —(x+o 'Srs))z} ‘
cst. (EQ [1fzecry|@ * See — @ * S7*] +Eq [y @ * See — @ * S7])

<
< ostQ(ef < T)i{/Eqllp* e — ¢+ 1]+ O(e)
— 0(e). (2.78)
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Step 2: Expectation of the remainder term G'7). From (]2.75[) and (]2.55[), we obtain
€ 3
IE[G7)]| < cst.Eq [exp (—pO(@*Se—@=Sr)) }Xﬁ o (xte St)| ]

€ 3
<cst. Eq |:1{T£:T} ‘XY(? - (x+o@- ST)‘ }

=0(¢)

+cst.Eq [I{TS<T} exp ( —pO(@eSe—0@- ST)) |X;@8’8 —(x+¢@°Sr) }3] .

/

-~

:;G(g)
By Holder’s inequality and (2.59) we have

8 < Qi€ <T)? i‘/EQ oxp (—4pB(@ * See — 9+ 57)) X~ (x+ 9+ 57)["].
() .
=0(¢e

=:G 9)

Using again Holder’s inequality, we get

G < 9/\2/EQ {exp<—2p9(¢ See— @St )} \/ 1XZ = (x|

J/

N ~~

(2.76)
:;G(IO) =

%S}

with

G110 < \9/EQ lexp(—9p0@ * Sge)] \9/EQ exp(9p0¢ * S7)].

3)

<

Since ¢ * S is a Q-martingale, exp(—9pO ¢ * S) is a Q-submartingale by Jensen’s inequal-
ity. Hence,
23
EqQlexp(—9p0¢ * Sz)] < Eq[exp(—9p0¢ * S7)] < oo,
Therefore,
E[G7] = 0(e). (2.79)

Step 3: Further estimations. In a final step, we sum up th e expectations of G®), G(©),

G7) estimated as above. Combining (]2 77L |2 78 |2 79[) with (2 - we obtain

B [U(x")] ~EUc+ 9+5r)] - ypo | (3907 5A«pZ) +[5.5)] +0fe)

Moreover, Holder’s inequality and yield
z51) (2.80)

T 2 3,5 € 3y T 2 S84 2/3
Eq / ((A(pt) —EA(pt>d[S,S]t < est.Q(tf < T)3 {[Eq / B2 S |4dr | €23,
7€ ——— 0
< o0

=0(e -
This completes the proof. [
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2.5.3 Dual considerations

In order to obtain an appropriate upper bound for the maximum expected utility, we
construct a dual variable based on Girsanov’s theorem. More specifically, we consider
the minimal martingale measure for the appropriately stopped process S relative to Q.
This martingale measure turns out to be optimal to the leading order. Throughout this
section, we keep the notations of @%,A@, S, AS in (2.44), 7° in as well as all sets
of processes defined in Section

Let
o Q5|
p= =infet €[0,T]: | —<| > 3 (2.81)
(o
and define
7@ . exp(N©), / Qstt—— '(9;9)261[5,5][, (2.82)
where .
e bS ; B bAS ;
0% = s liope = S5 cass loee] (2.83)
Furthermore, let
872 . 3 . SaQ _ 1
po i=infqre0,T]:|Z 1> 5[ (2.84)
pf:=pSl ApE2AT. (2.85)

and define the “stopped” processes

Q° = 0 reppe), AP = AQLg e ppey,

€.—s(1 ASTP NE . (NENTEAPE  FE 78 Q\TENPE
= +W , N —(N) , Z .—(Z’ ) . (286)
Remark 2.5.7. By construction, Z° is a bounded Q-local martingale and hence a Q-
martingale. If Z denotes the density process of Q, the process Z¢ := 7Z%isa P-martingale.
Integration by parts yields that Z°S* is a Q-local martingale and hence ZES° = ZZ°S  isa
P-local martingale. Consequently, S° is a local martingale under the probability measure
with density process ZE. Therefore, Z¢ corresponds to an equivalent (local) martmgale
measure for S°. It serves as a dual variable in the frictionless market at shadow price ¢

Passing to convex duality theory, we denote by U U the conjugate function of U, i.e.,

U(y) :=sup(U(x) —xy), y=0, (2.87)

x€R
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which satisfies —U’ = (U’)~!. Since U (x) = —e ¥, we obtain

_ 1 _ 1~ 1
mY, 0'0)=—, U"()=-—. (2.88)
p P py py

Our purpose is to calculate the expected convex conjugate U evaluated at the dual
variable yZ& = yZZ° to the leading order. Parallel to the procedure in the previous section,
we develop a Taylor series expansion of E[U(yZ€)] in £'/3. Since Z¢ is expected to
approach the frictionless dual optimizer Z for € near 0, this will be accomplished by
looking into the deviation of Z¢ from Z and applying the frictionless duality theory linking
yZ to ¢@. This is done in the subsequent two lemmas.

Lemma 2.5.8. Assume Condition (2.2).
1. ForZ* defined by , we have

Eo [(Z‘; - 1)2] = p?Eq [A@? + [S,5]7] + O(e), (2.89)
Eq [17‘} - 1]3} — 0(e). (2.90)

2. For p® defined in (m), it holds that

Q(pf < T)=0(e*?). (2.91)

Proof. Note that on {p€ > 1}, (2.45} .46, P.47, 2.81] 2.83) yield

S s biop S
QISGt = pAgD[ o, + <SS ASS PAq)t O; (292)
@t )
::Z;Elz)
with
bA
0| <est. Y | |e'3, |pA@oS| < cstBode!/, (2.93)
pre ™S T
(12) b M
G <est. Y |51+ Y sl | € (2.94)
pac yvds | Ot ASe eSS ¢

From (2.84) and Taylor expansion of x — e*, we obtain

Z°—1=—pA®*S+(N°+pAg+S)+G"3)  with |G<13>|§§W’3|2. (2.95)
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1. From (2.95), (A4) for g =2, (A.2) for g = 2,4, (2.92] 2.93] 2.94] [A.7), the
Cauchy-Schwarz inequality and (2.52)), we deduce that

Eq [(2? 14 pApe ST)Z} < LN+ pAP 5|2 q) + S INE [ )

T 7.A |18m
4
<Y Y| ¥ EQ[/ u dt}
m=12n=1.2 pAC b 0 t
oo
1
AS 2n

t

Tl
x |1+ ) EQVO S
C

8m
dt] £*3.(2.96)

S.S
cASc eSS t

/

~~

< oo

Combined with (2.63)) and the Cauchy-Schwarz inequality, this yields (2.89). Analogously,
from (2.93), (A.4) for g = 3, (A.2)) for g = 3,6, (2.92}[2.93] [A.7) and (2.52), we get

€ ~€ ~7€
Eo[1Zr —1P] < ostIN"[3nq) +est V" o)

1

T bA 6m 2n

<ot Y Y| X Eolf |[&] @] e
m=12n=12 \ pac_ybAS 0 10

N

J/
-~

<oo

2. By (2.81), Markov’s inequality, (2.47), (A.4) for ¢ = 2 and (2.52), it holds that

AS,S ||2 AS |2
Q(p®! < T) <4|| %5 < cst. e (2.97)
@l gterillG i)
<oo

Further, notice that

Q(p** <T)=Q({p*? < T}N{p*?* <p*'}+Q(p*! <p** <T),
where

Q&' < pt2 < T) < Q(p*' < T) 0(e*?).

From (2.84)), Markov’s inequality, (A.2)) for ¢ = 6, (2.92)2.93] [A.7)) and (2.52), we deduce
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that

Q({p*? <TIn{p*?* <p®'}) < Q(HIST:\Zf’Q—II%)

IN

Q(Elth:|N,€| >1n%>

IN

cst.Eq

sup |NF|°
t€[0,T]

IN

6
cst. ||N8||H6(Q)

cst. Y ( Y Eq

n=12 \ pAc pp™S

A
=t
S

Tlp
)

G;

IN

12 -
dt] ) g2,

J

<oo
Together, (2.91) follows. ]

Now, let us apply the conjugate relation connecting the frictionless primal and dual
optimizers ¢ and yZ, respectively, and gather the above considerations to draw the
following conclusion.

Lemma 2.5.9. Under Condition (2.2)), we have
~ _ 3
E|0021Z7)| +xv = E[U(x+ ¢ * 57)] - ypEq [((AW ~Sag?) - [s,sﬂ +0(e).
(2.98)
Proof. By ll Taylor expansion of U yields

~ _ ~ ~ _ 1~ _
U(yZrZy) = U(Zr) +U' (vZr)yZr(Zy — 1) + EU"(yZT)(yZT)Z(Zi —1)?
:;G(M) ::(‘;r(IS)

for some random 6 € (0,1). Due to the optimality of ¢ and yZy as well as by the
conjugate relation (cf. [34, Theorem 2.2]), we conclude

E[U(vZr)] = E[U(x+ ¢ * S7)] —xy, (2.99)
—U'(yZr)=x+¢*Sr, (2.100)

_ |
U" (vZr)(yZr)* = 2, (2.101)
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and ¢ ¢ S is a Q-martingale, i.e.,
Eqx+ ¢ Sr]=ux. (2.102)
Step 1. By means of the above conjugate relations, we now calculate the expectation

of the first two terms G4, G(1%) in the Taylor expansion of U. (2.100} 2.102) yield

E [GU‘”} =Eqlxt ¢~ Sr] —xy—yEq [7?«0 . ST)}
=0

and
~Eq |Zi(9*57)] = ~Eq |Z1(#° +57)| +Eq [9°+ S — 0+ 7]
+EQ|(Zr — 1)@+ 57— 9+ 57)| .

Note that Z° (@€ * §°) is a Q-local martingale, cf. Remark [2.5.7| (2.84] [2.72] [2.57) and

@31) yield

which implies that Z° (@ 38) is a uniformly integrable Q-martingale and hence

sup |@S;|+ sup |BS;|

Z'(@°+5")
t€[0,T] t€[0,T)

<cst. | e 4+E
s1Q ( ?

—£ ¢ o€
EqQ[Z7(9° * 7)) = 0.
(2.62 [2.68] [2.70] [2.77) in conjunction with (2.59] 2.91)) and the argument in (2.77) yield

Eq [@8 S -0 ST] = pEq [(2A¢* — (A@™)?) * [S,S]zeppe ] + O(e).

Further, we have

Eq (Zr — 1)@ * 57— ¢ 51)]

= EQ [(7; — 1)(A¢ ° ST)] +EQ [(7?« — 1)(68 ® AST +Q- Sfe/\ps —Q° ST)] .
.G _.GU8)

From (2.63)), the Cauchy-Schwarz inequality and (2.96), we conclude
G = —pEq (A9~ 51)?] +Eq | (Z7 — 1+ AP+ S7)(AP 1)
= —pEq [A9” * [S,S]r] + O(e).
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By the Cauchy-Schwarz inequality, (2.84) and (2.89), using (2.69] 2. 71 [A.4)) for g =2
and combining the argument in (2.77)) with (2.91)), it follows that

|G(18)|§Cst.\/ [ —1) }\/EQ @+ ASr)?]

+ CSt.EQ [l{fe/\pe<T}‘(P ° S‘cf/\pg —0Q° ST”

=0(¢).
Together, we obtain
E [GU“)} = ypEq [(A@® — (A@™)2) * [, S]zenpe] + O(e). (2.103)
Moreover, (2.101) and (2.89) yield
yp
E [G“S)] - Z—EQ [(z 1) ] LEq (497 +[8.5)r] + O(e). (2.104)

Step 2. let us pass to the remainder term G190, By (]2.84[) and (]2.90[), we have

(E [G(w)] ‘ < cstEq [|Z§ - 1|3] — 0(e). (2.105)
Step 3. Finally, from (2.99] 2.103] 2.104}, [2.105)) we obtain

E [17 (yZTZ?)] +xy

= E[U(x+¢*5r)]—ypEg {((Aqfr)z = %A(p2> .S, S]TSAPS} +0(e).

Combining this with (2.91)) and the argument in (2.80)), the assertion follows. O

2.5.4 Optimality

Having calculated both the primal and dual value of the optimization problem related to
the approximate shadow price, recalling the link and equivalence stated in Remark [2.5.3]
we are now able to prove the leading-order optimality of the candidate strategy @F.

Lemma 2.5.10. Under Assumption we have

sip  E[U(XY)] =E[U(x )] +0(e).
yea/(xB x5)

Proof. Take an arbitrary admissible trading strategy v € 7€ (x8,x5) and let S°, Z° be as
in (2.86). Since S° has values in [(1— €)S, (1 + €)S], we have

x+yeS >XVE>_K as. (2.106)
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for some K € R. Recalling Remark , Z(x+ye ES) is a Q-local martingale and
hence a Q-supermartingale by (2.106). Therefore,

Eq [Z?(Hw@?)} <x. (2.107)

Together, we conclude

=

IN=
R

E [UX}")] E :U(X+W'3’§)}

™
NS
=

E|U(2Z177)| +yEq |Zp(x+ v+ 7))

™
N
=

E :ﬁ(yZT?})} +xy
B EU et Sr)]
~wBo | (80"~ 580%)  .51r | +0(e)

Since @1 ;e € &€ (xB,x%) by definition, this proves the assertion. O

Finally, we apply the ergodic argument in Section.3]in order to express the minimum
utility loss caused by transaction costs in terms of A@™ rather than both Ap™ and A, cf.

(2.7312.98).
Corollary 2.5.11. Under Assumption[2.2.3] we have

sup E[UXY®)|=E[U(x+¢*Sr)]— yEPEQ [(ApT)2 < [S,S]r] +o0(e*?)
weaE(xB x5)

and hence

sup  CE(XY)=CE(x+¢+5r)— gEQ [(Ap™)2+[S,5]7] +o0(e2/3).
yea/E(xB x5)

Proof. The proof relies on the ergodic property of reflected Brownian motion stated in
Section[4.3] More specifically, we are aiming to apply Lemma[.3.4]to our context with
(A@,K,L,AY) on (Q,P) in Sectioncorresponding to (AQ, (Ap™ /€'/3)2¢55,0,0) on
(Q,Q) in the present setting. We therefore verify Assumption and Condition (4.17).
Note that our strategy ¢¢ characterized by (2.33}[2.34, [2.35)) corresponds to the process

@? following the dynamics of 4.3) for 6 £ (/2)1/3, A® £ 0, B £ B. Hence it
suffices to show that Condition (2.2)) implies

BB Bb? Bbh
90 99 90

s1(Q)

T
+Eq {/ ﬁtch’sdt} < oo,
5'(Q) 0

5'(Q)
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which follows from It6’s formula applied to ¢ = 7/S and B = 3¢??/(pc53)S and
Lemmal[A.2] Therefore, Lemma4.3.4]can be applied, which yields

Eq [A@** [S,S]7] = %EQ [(A@™)?+ [S,8]7] +0(e*3). (2.108)

The assertion in turn is a consequence of Lemma [2.5.10|in conjunction with [2.108)
and Taylor expansion of y — —% In(—y) at E[U(x+ ¢ * S7)]. O



Chapter 3

General Utility

In order to continue the study on the utility maximization problem addressed in the
introduction, this chapter provides a rigorous proof of the main results of Kallsen and
Muhle-Karbe [[19] concerning an explicit leading-order optimal trading-consumption
policy and the associated welfare under small proportional transaction costs. Here, a
market with one risky asset modelled by a general Itd process and utility functions on
R, with bounded relative risk aversion are considered. Assuming the existence of the
generalized risk-tolerance process introduced in [19]], we apply the duality theory of
[22, 5] in order to obtain a parallel theorem to Theorem [2.2.4

The procedure here resembles that in Chapter[2] Constructing a suitable dual variable
to the frictionless market at an auxiliary shadow price enables us to find an upper bound
to the original optimization problem matching the expected utility generated by the
proposed candidate strategy in [[19] to the leading order, which obviously yields the
desired approximate optimality. In contrast to Chapter 2] however, the concerned dual
variable is in general not necessarily the minimal martingale measure for the shadow
price. Instead, it depends on the generalized risk-tolerance process introduced in [[19].
The existence of such a generalized risk-tolerance process is not proved here. Since we
are dealing with general utility functions, our rigorous proof also relies on some convex
analytical considerations by Kramkov and Sirbu [25] assuming a bounded relative risk
aversion. The literature related to the subject of this chapter is provided in Chapter[I]

In the subsequent section, we recall the setup and address the utility maximization
problem allowing for intermediate consumption. The main results are stated in Section
B3.2] In Section [3.3| we verify the regularity conditions required in the main theorem
for logarithmic utility in a model with general Itd process as well as power utility in a
stochastic volatility model with conditionally independent increments. In Section [3.4{ we
compare our assumptions on the frictionless parameters to the requirements of the recent
work by Soner and Touzi [38] dealing with the same issue in a Markovian framework.
The proof of the main theorem is split up in several steps provided in Section[3.5]

Throughout this chapter & (H) := exp (H — 5 [H,H]) denotes the stochastic exponen-

37
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tial with respect to an Itd process H; and I; :=t stands for the identity process.

3.1 The market model

Let us fix a finite time horizon T € (0,0). Our financial market consists of one riskless
asset (bond) with price normalized to 1 and one risky asset (stock) with price modelled
by a general positive Itd process defined on a filtered probability space (Q,.7 ,F,P):

dS; = bSdt + 65dw;,

where W is a one-dimensional standard Brownian motion and »°, 65 are predictable
processes with

T
/ 5]+ (65)2dt <o as.
0

For € € (0,1), the stock is supposed to be traded with proportional transaction costs €S.
The price processes (1 —€)S and (14 €)S for buying and selling one share are called the
bid- and ask-price, respectively.

Definition 3.1.1. 1. A trading strategy (y°, y) is considered to be a two-dimensional
predictable process of finite variation with W and y; representing the number of
shares held in the bank account and in stock at time ¢, respectively. The consumption
rate k is a non-negative adapted process satisfying

T
/ kidt < oo a.s.
0

2. A trading-consumption policy (w°, y, k) is called self financing if
dy? = (1—¢€)S;dy;} — (1+¢€)Sidy, — k.

Here, %T and l//,¢ stand for the number of shares bought and sold by time ¢, respec-
tively. Mathematically, w', y' are increasing processes which do not increase at
the same time and such that w = y! — yt. In the sequel, a self-financing trading-
consumption policy (y°, y, k) for given initial value y{ is identified with (y,k)
for simplification of the notation.

3. In order to value a self-financing portfolio/consumption pair (y, k), we consider
the liquidation wealth process defined as

XE (y,k) = y° + yS — |y Se.
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4. We call a self-financing portfolio/consumption pair (y°, ) admissible for initial
wealth (xB,xS )€ R? in the bank account and the stock, respectively, and write

(w,k) € o7 (x%,x%)
if xB = 1,118 xS = WoSo, and if the related liquidation wealth is positive, i.e.,
X¢ (y,k) > 0.

Let U € {U; (t,-) fort € [0,T),U,} be our utility function which is defined on the
positive real line, strictly concave, strictly increasing and continuously differentiable. Our
purpose is to maximize the expected utility from consumption and terminal wealth, i.e.,

to find

T
argsup E [/ W (t,k)dt + Uy (X5 (w,k)) |
(yk)ea® (xB ,xS) 0

whereﬂ 1 € {0,1} (the mapping ¢t — U, (t,-) is considered to be measurable). We also
consider the minimum certainty equivalent loss ACE? which refers to the initial capital
necessary to balance the effect of transaction costs. Mathematically, ACE? is defined
implicitly by

T
sup EU WL (1, k) dt + Us (XE (w1, k) 3.1)
(y.k)eart (xB ,x5> 0
T
= sup E{/ U (t,k,)dt+U2(xB—|—xS—ACEE+l//°ST—k°IT) ,
(k) €70 (xB+xS—ACEF) 0

where 7% (z) denotes the set of admissible investment-consumption strategies (, k)
with initial capital z in the frictionless market in the sense of Karatzas and Zitkovié [22]],
that 1s, y 1s a predictable, S-integrable process and k is non-negative adapted such that
z+yeS—keI1>0.

3.2 Main results

This section contains the main theorem of this chapter which states the approximate
optimality of the candidate trading-consumption policy proposed in [19]. In order to
provide a rigorous proof, we impose the following regularity conditions on the frictionless
market.

'Throughout this chapter, we use the convention that 1® = 0 for 1 = 0 if the object @ is not well defined
incase of 1 =0.
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Assumption 3.2.1. Let U € {U, (t,-) fort € [0,T),U,}. As in [25, Assumption 1], the
relative risk aversion is assumed to be bounded, that is,

U (x)x
U’ (x)

€ (aj,ay) forsome aj,a; > 0and all x > 0. (3.2)

Let x := x8 + x5 denote the initial wealth before liquidation. Suppose that the fric-
tionless price process S allows for an equivalent local martingale measure (EMM) and
the value function of the frictionless utility maximization problem has finite value in x.
According to Kramkov and Sirbu [25, Lemma 3], utility functions with bounded relative
risk aversion fulfill both the Inada conditions and the requirement that the asymptotic
elasticity of U is strictly less than one. Then by Karatzas and Zitkovié¢ [22, Theorem
3.10], there exist a predictable S-integrable process ¢, a non-negative adapted process
k and a finitely additive measure Q with regular part Q" (cf. [22, Proposition 2.1] for
accurate definition) such that

ld(Q\y,)r B lUl/ (1, %) (€ [0.7) dQ"  Uy(x+@*Sr—xK°Ir)
dP gz y T dpP y

with
iy =1E[U](t,x)], y=E[Uy(x+¢@*Sr—K*Ir)],

where (¢, k) interpreted as number of shares and consumption rate, respectively, is the
optimal solution to the frictionless counterpart of the above utility maximization problem
and Q minimizes the related dual problem.

Assumption 3.2.2. We suppose that the dual optimizer Q to the frictionless utility maxi-
mization of consumption and terminal wealth is an equivalent local martingale measure
(EMM) and thus Q" = Q.

In the sequel, the density process of Q is denoted by Z. For any It6 process X, we
write bX and XX for its local Q-drift and quadratic variation, respectively, i.e.,

d[X,X
dx, = o+ am*@, X = XXl 7 b

where MX-Q is a continuous Q-local martingale starting in 0. For Itd processes X and Y,
their local covariation is denoted by

v dX Yl
L dr

The local drift rate of Itd process X relative to P rather than Q is written as »*°F.
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Assumption 3.2.3. We assume the existence of the risk-tolerance process R in [19], that
is, a positive Itd process R satisfying

2
bR:l CR7R_(CR’S) ., RT:_Uﬁ(X-HP'ST—K-IT) (33)
R S5 ’ Ul (x+ ¢St —K*Ir) '

(cf. [19, Equation (B.15)]), where r stands for the risk tolerance with respect to the current

consumption:
Ui (t,%)

_l—
Ulll (t7Kl)

fort € [0,T). In line with [19], we also define the sensitivity parameters

ry =

(P/ L RS = r
" RcSST " R

and suppose that ¢’ is an Ito process.

In case of 1 = 0 and b® = 0, R coincides with the risk-tolerance wealth process in [26),
Definition 2] which exists either if the market is complete or if the utility function is of
power or exponential type, cf. [20, Remark 4]. Applying the Galtchouk-Kunita-Watanabe
decomposition to the Q-local martingale part of R, we obtain

R,S
g3
dR; = bidt + ~5dS, +dR;,
Cl ’

where R* is a Q-local martingale with [R*,S] = 0. In particular, it holds that
RRE — (RERE _ R(bR+ 7).

According to [19], the parameters ¢’ and k¥’ model the sensitivity of the frictionless
optimal trading and consumption rate to the current wealth, respectively.

Assumption 3.2.4. The frictionless optimizer ¢ and the activity rate

e
P="5s

are assumed to be well-defined It6 processes. Moreover, we suppose that ¢®¢ > 0.

Due to the nature of the utility functions which we are dealing with and for the sake
of interpretation in concrete models, we introduce the following normalized processes:

e the stock return process Y with dS; = §;dY;,

e the frictionless optimal wealth process X (¢,K) :=x+@*S—Kk*1,
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o the risky fraction w := (PT;’

e the normalized activity rate

~ 3pst 3( ,  WERR M pp2cYR ppcm 27rcR’”>

IR2 2 R2CY,Y+CY,Y_ RYY oYY + RcYY

Assumption 3.2.5. We assume that

Eq | sup |H|"| +Eq | sup U, (X (¢,x))® +Eq | sup Z*8
t€[0,T] t€[0,T] t€[0,T]
4 XS((P,K) !
+EQ sup |lU1 (t, K})‘ +EQ sup |tU; (t,—) < oo (3.4)
1€[0,T] t.5€[0,T) ar

for any n € N and any H € J# U 7%, where

+1 / 1o
I = {ﬂ,nil,bn,bn, (CY’Y) T N REL RO RR G 20009 ] },

M = {X((P,K)il, {(9@<(PI’S—K/'I—%°R+%' [R,R])]il, {5(—%-RL>FI}.

Further, the process ¢?? is assumed to have continuous paths.

The subsequent theorem presents the main results of this chapter concerning the gen-
eral structure of leading-order utility maximization under small proportional transaction
costs. It parallels Theorem [2.2.4] of the previous chapter for exponential utility.

Theorem 3.2.6. Suppose that Assumptions[3.2.1)[3.2.2} [3.2.3| 3.2.4) 3.2.5| hold. Let

1/3 1/3
ApF =+ (%RpSs) = :I:(US)TR.

1. There exist continuous adapted processes @, k¢ with
9° = ¢+ ((9°—9)*S—(k°—K)* 1)+ A9 = ¢ — o,
K = k+k((°—9)*S—(k°—xK)*1),

where
Po+Apy  if x> (go+Aey)So,
@5 = Po+AQ, ifx* < (po+Agy)So,
x5/So otherwise,

A@ takes values in [AQ~ ,A@™T], and ¢!, ¢ are increasing process such that
©%1 increases only on the set {Ap =49~} CQXx[0,T],
@t increases only on the set {Ap=ApT} CQx[0,T].
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2. Inorder to ease the notation, let (9€, k%) represent the unique self-financing trading-
consumption policy (y°,y.k) with w§ = x5, wSo = x5, (wi.k) = (¢, k%) for
t € (0,T]. Define

€ £ -€\ € __
7% :=inf{7r €[0,7]: X (97, K) ~ Xi (9. K) >10rlu >1 AT.
X (¢, ) 2 Ki 2
(3.5)
Then P(1* =T) — 1 as € — 0. Moreover, setting
~ ~ Xre O, K
0° =0 ), K=K et %lﬂraﬂ]v (3.6)

(9, k%) is an admissible utility-maximizing portfolio/consumption pair to the
leading order 0(82/3), ie.,

T
sup E [/ W (t,k)dt + U, (X5 (l//,k))]
(vk)eare (xB ,xs) 0

T
| [ 0 R+ U 0 (3,7 o),
0
(Analogously, (9¢, k) stands for the portfolio/consumption pair (y,k) € o/ (x8,x5)
with (W, ki) = (@F, Kf) for t € (0,T].)

3. The minimum certainty equivalent loss amounts to

(Ap*)?
R

1
ACE? = —E,

> +o(e??).

¢ [S7S]T

Proof. As in Chapter 2] the proof is done in several steps in Section The existence
of our candidate portfolio/consumption pair (%, k¢) is related to a multi-dimensional
Skorohod problem (cf. Lemma[3.5.2). The utility generated by (@€, k¢) is approximated
by means of an auxiliary shadow price process S¢, exploiting the equivalence of following
strategy @¢ in the market with transaction costs and in the frictionless market at price $¢
(cf. Corollary and Section [3.5.2). The optimality of (¢¢, k¢) relies on some dual
considerations (cf. Section [3.5.3) as well as the ergodic property of reflected Brownian
motion stated in Chapter [ (cf. Section [3.5.4). O

Note that the stopping argument in (3.5} [3.6)) is essential for our approach. Focusing
on utility functions defined on R ;, we follow the trading and consumption policy (¥, k%)
only by time 7¢ in order to prevent negative wealth. In addition, up to 7%, the losses are
bounded so that some convex analytical considerations of Kramkov and Sirbu [25] can be
applied to our context (cf. Lemma and Lemma [3.5.10] for more details).

According to Theorem [3.2.6] it is to the leading order optimal to keep the number
of shares @f within a random corridor called no-trade region at a half-width of A@™.
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In general, the midpoint of the corridor refers to the frictionless optimizer ¢ with an
offset accounting for the wealth effect of the past transaction costs expressed in terms of
o' ((9% — @) *S— (k& — k) * I). Note that from the self-financing restriction, we have

X (95, k%) — X (¢,K) = (¢° — @) * S — (kK — k) * [ — &S * (¢ + ¢%) —£| 9" S;

thus to the leading order, (@f — @) * S — (k¥ — k) * I can be calculated by the loss in liqui-
dation wealth X ¢ (9%, k%) — X (¢, k) plus the incurred transaction costs €S * ((pST + (psi).
For a general asymptotic analysis of the trading volume and transaction costs related to
“aisle-type” strategies like @, the reader is referred to Chapter [4]

3.3 Examples

In order to present applications of Theorem [3.2.6, in this section we consider some
concrete models and specific utility functions such that the frictionless optimizer (¢, x) is
known explicitly.

3.3.1 Logarithmic utility

Let Uy (,-) := e % 1In(-) forallz € [0,T), U, := In for some § € R, . Consider the model
with stock price S determined by

dS; = S; (bidt + 0,dW;)

where W is a standard Brownian motion and the processes b, ¢ are continuous, bounded
and bounded away from 0. We assume additionally that the local P-drift and quadratic
variation of o, b are bounded. Further, setting 7 := b/c?, the processes ¢™%,c™W are
assumed to be continuous.

Standard martingale method (cf. e.g. [11, Theorem 3.1, Example 4.2]) yields that the
Merton proportion for the frictionless problem equals

S, b
P _ P forallr e 0,T]

X (¢,x)  of

and the corresponding dual optimizer is the minimal EMM with density process

2oo(-Low).

Therefore, the frictionless optimal consumption rate and wealth process are of the form

—ot

l b

le 5T x& (— . WQ> ,
1(1—5e9T) +1 o ;

Kt:
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1 <%e’5t - %e’5T> +1 b
Xt((p,K)— l(l_%e—éT)+1 .x@(d(c w )t7

respectively, where WQ := W + [;(b;/0;)dt is a standard Brownian motion under the
measure Q. Since —U" (x)x/U’(x) = 1for U € {U; (t,-) fort € [0,T),U,} and all x > 0,
the risk-tolerance process R and the risk tolerance with respect to the consumption rate
read as

R=X(9,x), r=1K,

respectively. Hence by definition, we have

b 3 5 ’ CTE’Y Cﬂ',ﬂ'
/ K / ¢ b R 1
: X(p,x)’ ¢ X(p,x) 025’ . ’
and
¢’-S—K’-1—1-R+i-[k Rj=m+Y—7m+Y+ (ng'S)*[Y.Y]= b o/
R R? ’ ’ o2

Together, using 1t6’s formula and due to the boundedness assumptions on b, 0, it can be
shown that all processes in Condition (3.4)) are either bounded or in form of

Hexp (H . WQ) with bounded H, H.

Note that if the processes H, H are bounded by m € R, it holds for any n € N that

2
sup & (nH . WQ> exp <nm T) . (37
t€[0,T] ! 2

Eq

J— n
sup ‘H, exp (H . W,Q> ‘ <m"Eq
t€[0,T]

::Mt

By boundedness of H, the process M in (3.7) is an L>-martingale under measure Q; Doob’s
quadratic inequality yields that it is a uniformly integrable Q-martingale. Therefore,

Assumptions[3.2.1) 3.2.2][3.2.3 [3.2.4] [3.2.5] are fulfilled. Then from Theorem 3.2.6] the

no-trade bounds are given by

AQ;S; 1/3
—— =x(ne forallt € [0,T
Xt ((P’ K.) (nt ) [ ]

and the certainty equivalent loss is equal to

1 T
EEQ |:/() X; ((P,K‘) ntzo-tzdl 82/3—|—0(82/3),
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3.3.2 Power utility

We now focus on the problem without consumption with utility function of power type,
ie,1=0, Us(x) =x""7/(1 — p) for some p € R, \ {0,1}. Consider the following
stochastic volatility model:

ds; = 5, (b(¥)di + (¥)aW, ) (3.8)

where the functions b, 6 : R — R are continuous, Y stands for an Ito process which is
independent of the Brownian motion W. Here, we suppose that the filtration is generated
by WandY.

Proposition 3.3.1. Let us assume that the stochastic volatility model ([3.8) fulfills the
following requirements:

e the processes b(Y), 6(Y) are bounded and bounded away from 0,

o [etting
b(Y) 3/, , ot
= — = — 1 — - .
T e =3 (n (1-m) +chY , (3.9)

the processes T and 1 are Ito processes with bounded coefficients b™Y ™% p1¥ N1
and continuous ¢™7%,

e defining

Z;:E{exp<—%/OT<b<(?)>2dt) ‘%] (3.10)

the process 2z / 72 is bounded.

Then Assumptions[3.2.1| 3.2.2] 3.2.3| B.2.4] 3.2.5| are fulfilled. Moreover, the processes Tt

and 1 coincide with the risky fraction and normalized activity rate, respectively. Setting
X :=x+4 @ *S, the no-trade boundary reads as

Q

Ap*s _ 1
X p

(ne)'/?
and the minimum certainty equivalent loss equals
1 T2 o2 2/3 2/3
2—EQ / Xinfo(Y)“dt| e +o(e°).
14 0
Proof. Step 1. Due to [18, Theorom 3.1], the frictionless optimal stock holdings satisfy

(PtSl _ b(Yf/) forallt € [07 T] .

X; pG(Y,)z
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Thus, the frictionless optimal wealth process is

Y O N (O
X =x& <p0'(l7) W—i—/o pG()N’t)zdt>'

From the conjugate relation, the related dual optimizer satisfies yZy = X P Since
—Uj/ (x)x/Uj(x) = p for all x > 0, the risk-tolerance wealth process is R = X /p. Further,
as shown in Proposition it holds that ¢™Y = ¢™R = 0. Hence by definition, 7 and 1
defined in (3.9) are the corresponding risky fraction and activity rate and we have

Step 2. Define filtration G = (%) ¢[0,7] by

4 :=(o (,% U o((?,)rem)) ., te[0,7],

s>t
_ b(Y
Z:=8& —(—N) ‘W .
o(Y)
From the definition of filtration G, the random variable Zr~deﬁned by 1' is %-
measurable. Due to [1, Theorem 15.5], since the processes Y and W are irglepengent,
W is also a standard Brownian motion relative to G. Since the process b(Y)/c(Y) is

assumed to be bounded, the local martingale Z satisfies Novikov’s condition, and thus it
is a martingale with respect to both F and G. Hence, it holds for any 7 € [0, T] that

and set

78 = E[x"|9]

[ T b(Y;) T b(¥,)\?
- E_x Fexp <_/0 G(Z)dw“_/o <o(z)> ds)‘g’]

= E _x_pZTZT‘%}

= x_pZT Zt .
——
4y-measurable

In particular, Z(T} is integrable. From Step 1, the normalized G-martingale Z€ is the
G-density process of the probability measure Q . Taking the conditional expectation of
76 with respect to the filtration F, we deduce that 77 =7.
Step 3. For any Itd process H, using Girsanov’s theorem twice, we deduce
7 H ZH

bH:bH’P—’—CT—f—T
Z VA
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with

b(¥)

o(Y)

Vi,

ZH ZH | 27 77 77
CZ~ +C_ < C~ /CH7H+ C__2\/CH, = C~_+
7 Z 7? Z

ZZ

Thus, our boundedness assumptions ensure that b™ and b are bounded. Therefore, all
processes in Condition (3.4) are either bounded or of the form

Hexp (H . WQ) with bounded H,H,

and hence, as shown in the previous example (cf. (3.7))), the assertion follows. [

3.4 Comments on the regularity conditions

In order to compare Theorem [3.2.6) with existing literature based on stochastic control
theory, in this section we focus on the Markovian setting in Section [2.4.1] and provide the
Markovian counterparts of Assumptions[3.2.1}[3.2.21[3.2.3| [3.2.4] 3.2.5]

Let us denote by X := X V%9 the frictionless optimal wealth process starting with x
at time 7 following the portfolio/consumption pair (@, k), i.e., X, = x+ [ odSs— [ xds.
Then the value function (also called the indirect utility in [19]) representing the maximum
expected utility achieved on the time interval [¢, 7] from initial wealth x can be written as

v(t,v,x) =E {/ITUl (s,%)ds +Us (Xr)

(¥, %) = (v,x)] |

We now comment on the assumptions in Theorem [3.2.6|by formally relating them
to some regularity conditions on the value function v which are commonly required in
classical approaches of stochastic control:

On Assumption [3.2.1} Dealing with utility functions on the positive real line, the
special case of utility with constant relative risk aversion is of particular interest. In
a Markovian setting, Condition (3.2)) requiring a bounded risk aversion of the utility
function reminds us of the analogous assumption imposed on the value function in [38)
Equation (7.1)], provided that the value function is two-times differentiable.

On Assumption By the formal recursion in [[19, Section B.1], up to normaliza-
tion, the density process Z of the dual optimizer Q refers to the marginal indirect utility
evaluated along the optimal wealth process, i.e., Z, = dyv (¢,Y;,X;) /9 (0, ,x).

On Assumption [3.2.3] In [19]], the process R following the dynamics in (3.3) is ex-
pected to be the risk tolerance of the indirect utility evaluated along the optimal wealth pro-
cess, i.e., R, = —dw(t,Y;,X,)/d2v(t,X;,X,), which generalizes the risk-tolerance wealth
process in [26]]. Suppose that this can be rigorously proved. Itd’s formula then yields that
requiring R, ¢’ to be 1td processes refers to a sufficient regularity condition on the value
function, e.g. v € Ccl33,
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On Assumption Based on the dynamic programming principle, the Hamilton-
Jacobi-Bellman equation which the value function v is expected to satisfy (cf. e.g. [30])
reads as:

v+ (bavv+ %a285v>
+sup (Uj (+,k) — kdyv) + sup (1920283\/—{— 0 (Lo + Cao'av@cv)) =0,
k>0 ocR \ 2
v(T,v,x) =U, (x).

Suppose that the value function is a solution of this partial differential equation with
terminal condition. Then the optimal consumption rate k and the optimal stock holdings
U are obtained by solving the maximization problems in the Hamilton-Jacobi-Bellman
equation. From convex analysis, K is given by

K=k (100%) = (U (1)) (0w (6,70 %0))

Assuming strict concavity of v in x, the optimal stock holdings ¥ refer to

A O Oy Oy .
O = S =0 (1,01, %) 1= — (%a—;v +02 gzvv) (1,7, %)) . (3.11)

Let & := 0, +bdy + %a283 + 192629, + O (ud, + {acdyd,). If the function ® € C122,
then from Itd’s formula, the coefficients of the process ¥ in (3.11) are given by

bPP =29 (1,7,%),
¢ = (a(9v0) + 926 (210)° +20a0 99, 99,0 ) (1,T,,%,)

Moreover, since ¢ = /S, integration by parts yields

¢,9

3 9) C 4
Ererz = %St
¢’

N () .
= ’19‘2 (I7Yt7X[) —2 (E(Caavﬁ—i—cﬁaxﬁ)) (t,Y[,X[)
1 .
= 0(tY,X) =1 (3.12)
Again, assuming 1] € C'%? and applying Itd’s formula lead to

blﬁy:gﬁ (t7Yt7Xt)7
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il <a2 (du7))* + 820> (8xﬁ)2-|—2§a61980ﬁ3x7~1> (1,00, %).

Therefore, Assumption [3.2.4]is linked to the two-times differentiability of the functions
¥ and 1 above and the requirement that 17 > 0. For { = 1, the parameters ¥ = 7R and
2/3nR? in our context refer to y and («/c)? in [38, Equation (3.8)], respectively. If the
relative risk aversion X /R is bounded, Assumption is related to [38, Assumption
5.2 (Smoothness)].

On Assumption[3.2.5] For better exposition, here we suppose that there is no interme-
diate consumption and focus on the utility functions with constant relative risk aversion,
ie., 1 =0and —xU} (x)/Uj(x) = p € Ry \ {0}. In this case, the risk-tolerance process
R is given by X (¢, k) /p and we have R+ = 0 (see [[19, Section B.2] or Section [3.3|for
more details). From [41, Theorems 3.2, 3.3], the value function and the optimal stock
holdings are of the form
x=p
I—p

1 u 4 adyu
D (t,0,x) _x(p 52 + P+ (1= p) ou ) (v,1).
Hence, the optimal risky fraction is

v(t,0,x) = u(v,t)?, (3.13)

s (taYhXt)

n.t — ﬂ(t,Tt,X[) = R— — (
t

u 4 adyt
2 P (- p) ou

and by definition, the sensitivity parameter ¢’ is given by

_L(le, C adu
¢ = St (p02+p+§2(1—p) ou (tht)' (315)

Now, let us suppose the boundedness and smoothness of the coefficient functions u, o,
b, a, 6~ ! and their derivatives at all orders. From (3.14} [3.12] 3.15]) and applying It&’s
formula as well as the same arguments as in [29, Section 8, footnote 25], the processes
n, n, b*F, p1F, (CY’Y)il, T NN SR 52099 are then expected to be bounded.
Moreover, as in [[19, Section B.1] by formal recursion and combining the duality relation
in [24],i.e., v (T,Y7,Xr) /0:v (0,v,x) = Zr, the density process Z of the dual optimizer
Q is up to normalization expected to be dyv (-,T,)A( ) Itd’s formula and yield

) (I7TI)7 (314)

ZZ ) CX,)? Cr,r
L <(1-p)PLt-+82
z7r (1=p) X? u(Y;,t)’

and so the process ¢“ /Z? is bounded due to the above arguments. Then from Girsanov’s
theorem, for any It process X, it holds that

X7 XZ |
bxzb’“’+7 with ‘—
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which implies that the processes b”, b", Sb?" are bounded as well and all processes in
(3.4) except for n~! are either bounded or of the form

Hexp (H . WQ) with bounded H, H

possessing bounded " (Q)-norm for all n € N (cf. for more details). Finally, we
consider the process ! Since for bounded indirect relative risk tolerance —xd2v/dv,
2/3nR?* = 1) corresponds to (¢t /c)? in [38, Equation (3.8)], requiring ! > n* for some
Nn* € R4\ {0} in our context refers to [38, Equation (5.3)] guaranteed by [38, Assumption
5.2, Equation (5.2)]. In case of logarithmic utility, this requirement is fulfilled by imposing
boundedness and regularity assumptions of the market coefficients (cf. Section [3.3.1] for
more details). In general, { = 0 provides a sufficient condition which is considered in

Section

3.5 Proof of the main results

In this section we prove Theorem[3.2.6] We generally proceed as in Chapter[2]and suppose

throughout that Assumptions [3.2.1} [3.2.2] [3.2.3] [3.2.4] hold.

First, we recall some properties of the utility function fulfilling Assumption [3.2.1]
which are stated in Kramkov and Sirbu [25]].

Remark 3.5.1. Consider U € {U, (¢t,-) fort € [0,T),U,}.
1. Let U denote the conjugate function of U, that is,
U(y):=sup(U(x)—xy), y>O0. (3.16)

x>0

From the conjugate relation —U’ = v’ )_1, Condition l| is equivalent to

U’ 11
_UO)y €(—,—) forally>0. (3.17)

U'y) @ a

2. Due to [25, Lemma 3], for any a > 1, there exist by,by € (0,1) such that

U’ (ax)
_— for all . A
U ) € (b1,by) forallx>0 (3.18)

Analogously, it can be shown that for any a > 1, there exist 51,52 € (0,1) such that

U'ay)  + +
/(@) (G B) forally > 0. (3.19)
U'(y)

3. The functions x — & and y U0) are strictly decreasing and increasing, re-

X y

spectively.
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3.5.1 Analysis of shadow price process S¢

In this section we carry out a detailed analysis of the shadow price process S¢ proposed in
[19] which serves as the key object of our proof.

Existence

Let us start with the existence of the candidate trading-consumption policy (¢¢, k?) in
Theorem 1 derived along with the shadow price process S in [19].

Lemma 3.5.2. For AXVO =0,

Apf ifxS > (9o +Agy)So,
A@y:= A, ifx® < (@o+AQ,)So,

S .
’g.—o — @y otherwise,

there exist continuous adapted processes AX, AQ € [A9~ ,ApT], ©¢ and adapted increas-
ing processes @€', & such that

o1 increases only on the set {Ap =A@~} CQx[0,T], (3.20)
@ increases only on the set {A(p = A(p+} cQx|[0,T], (3.21)
and

F= 0+ AX +Ap =T — 9%, dAX, = AX:d (@' * S, — K * L) +A@dS:.
(3.22)

Proof. Consider the R*-valued semimartingales

z:=(z",72%,72°,2z%, H:=(H'H*H HY

with . .
1. Feo_ o eQ_ / + ..\ o
Z:=Agp Aot ¢ S— ¢S]+ (Ap™ @) {A(er,S],

1 (¢) .. oK. ¢ 2 I 1
Zz-:__o I . o] . / — / . | — r_-
2= eS—K'I, Z':=A@T S,

1
H':=— co— | —— H>=—H?>=H* =

and the function f: [—1,1] x R} — R¥4 x = (x1,x0,23,x4) — £ (x) := { fi; (x) }
with

ij=1,..4

fi1 (x) = foa (x) == x1, f12(x) = f23 (x) := x2,
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fij(x) =0 for (i, j)  {(1,1),(1,2),(2,3),(2,4)} .

For each m,n € N, define
C,Zl"zl > m} )

4
T ::inf{te 0,7]: ZDHI
Flm) {fi(jn)}i,j—l , with £ = (fyAn) v (—n).

=1,...

Since £ is Lipschitz-continuous and bounded on [—1,1] x R? with linear growth rate,
from [36] Theorem 5], we deduce that there exists a pair of R*-valued continuous adapted
processes (X", K(") solving the Skorohod SDE,

ax{"™" = ab 4 (0 (X" ) azp o+ ag ™",

where X (m:n)1 e [_1, 1], x (m.n)2 c R, x (mn)3 _ x(mn)d _ 0; Kmml _ p(mn)t _ g(mn)l
with increasing processes KT and K"} which increase only on the set {X ()1 —
—1} and {X""1 =1}, respectively, and K2 = g(mm)3 — gmm4 — (), Since f fulfills
the linear growth condition:

If x)||* <C|lx|*> forsomeCeR, andallx € [—1,1] x R?,
by (A2 [A4] and Fubini’s theorem, we get

2

E Xfmﬁ)

sup IIHT’"H

Z/
DY >b” “

x,mn)

e Hf( )z

t€[0,T]

2 . .
(m,n AN/
U X, ) ‘ ¢ T dt

sup
t€[0,T]

2
< 1+E

< 14+m’+cstE

+cst.E

2 2 2
< 1+m"+cstmC sup dt.

0 sefoy]

Monotone convergence and Gronwall’s inequality (cf. e.g. [32, Theorem V.68]) yield

Xt(ma”)

E sup

t€[0,T]

lim sup
"m0 tel0,T]

n—oo

X H]zlimE

2] < <m2+ 1) ecst.mzCT.

Since 7, — o a.s when m — oo, putting together the solutions on [[0, 7],

X = Z X(m’n)l[[ojfm]] with K := Z K(m’n)l[[()JmH
m,neN m,neN
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provides the unique solution to the Skorohod SDE on [0, T]:
dX; = dH; + f (X;) dZ; + dK;.
Finally, setting
AP :=X'ApT, AX:=X?, ¢ :=¢+¢'X>+A0g,
el =A@t oK, % =A@t K'Y,
1to’s formula yields that AX, A@, %, %7, &) are the desired processes fulfilling
3.21],3.22). N

As a consequence of the previous lemma, the following corollary provides the exis-
tence of the shadow price process S¢ in [19].

Corollary 3.5.3. Let Ap , ¢¢', @& be as in Lemma Set

AQS AQ*S
Am="22 0 Ant =200 4 (me)',
R R
2\ S €\2/3
=AnT (= == =3aB? (—)
ﬁﬂ<8),aﬁ3,yaﬁ2,
and define
AS := aAT? — yAT. (3.23)
Then AS is an It6 process valued in [—€S, €S| with
@¢T increases only on the set {AS = €S} C Q x [0,T], (3.24)
@% increases only on the set {AS = —S} C Q x [0,T]. (3.25)

Proof. Corresponding to lb let us consider the function f (x,a,b) := ax® — bx. Then
by definition, it holds that

of

S, (FAT 0. 7) =3a (£AT)? —y=0. (3.26)
Note that (3.20] 3.21], [3.22)) yield
A ‘Pz+(P/A5(Vt Sy
dAT, = d ‘I’;’S’ — _d ( 1; ) on {Ap # Ap*) (3.27)
t t

and @, @', R, o, y are assumed to be 1td processes. Therefore, applying 1td’s formula, we
have

dAS, = df(Am, 04, )
= (3oc,Ajt,2 — %)dAm + 304 Amd|Am, AT,
+3Ard|o, AT, + A doy — Amdy, — dy, AT);. (3.28)

In particular, AS is an It6 process. Furthermore, in view of (3.20] [3.21] [3.23) and from
f(£Am, a,y) = FeS, we conclude (3.24} 3.25). O
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Remark 3.54. 1. For ¢¢, AX, Am and AS in Lemma and Corollary , set

S€:=S+AS, Ak = K'AX, kKt = k+Axk. (3.29)
Observe that (3.22)) yields

AX = (@f — @) S—Axel.

2. As indicated above, the process S¢ models the so-called shadow price in the sense
that it is an It6 process moving within the bid-ask spread [(1 — €)S, (1 + €)S] and
it coincides with the ask and bid price only if the strategy ¢¢ hits the buying and
selling boundary of the no-trade region, respectively. Obviously, following strategy
©%, trading in a frictionless market at price S¢ generates the same value as in the
original market with transaction costs. This is the key idea which our proof of the
approximate optimality of (¢, k¢) is based on.

Estimation of local parameters

As preparation for the primal and dual considerations related to the frictionless market
with shadow price process S¢, we next investigate some local coefficients related to the
process AS. Let us throughout keep the notations of the processes A@, AX, Ax, Ax™, AS

as well as the parameters o, 3, ¥ in Lemma and Corollary
First, using 1t6’s formula and (3.27)), we have

R, TR, b R, 1 b R;
do, = — dY,+——d\Y. Y —dR; +—d —d|n,R|,——d|Y.R|, ——d|n.Y
(Pt St l+ St [ ) ]I+St t+St 7rt+St [71'-7 ]z St [ ) ]t St [757 ]ta
(3.30)
b2 I 2 ATy AT
dAm = —dﬂ} — R—tht + R_%d [R,R][ + ﬂ[dY[ — R_td [R7Y]t — R—ldR[ + R—lzd [R,R][
Am (1 — @S,
AT (1 — @lS))dY, — wc{[& Y], — Amd[S, 9'] — Am @S, d]Y,Y),
t
AX, 2 AX, AX, AX,
——L(@/S))"dYy — —=S,d] + —— K @[Sydt — — (1+ ¢/S;) d [S,¢'],
Rl‘ Rt Rt Rl‘
Ajfv 2 AXV AXV 2
+— (¢/S) d[RY], + —-S,d [¢'.R], — — (¢/S;)"d[Y,Y],. (3.31)
Now, set
AX pR R.R RY
X(A) :=—¢g7 /3, b(Ar) := B T —

R R? R
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and define the following sets of processes:

%cA”*A” {ﬁz - ,[)’2( )2 vY X(A)2 ((P/S)“CY,Y’X(A)ZSZC(p’,(p’},
bA” PR g cRr S,¢' / YY g /o
K B BR2>B< -0 )_BC B(PSC (A)Sb ,X<A)K(pS
re\ .S,¢ R Sc?' R ra\2 Yy
X(A)(l—HpS)c"”,X(A)((pS) = X (A) = X(A) (@'S) " }
AT,Q CR’(P Y ra\2 Y !
F =3B (1—¢'S)c"?.X(A) (¢'S) ", X (A)Sc?? ¢,

R 7

§
B>
&
I

{aﬁ4 Y.y (xﬁzb(An) BS Y)Y ﬁz a0 ﬁSbO‘ ﬁbo‘ﬁ [33 vy aﬁzaﬁ2}
bAs {a AA 05.32 Aﬁz AA AL AN %Cmmﬂ %bAﬂ}
=1
{
{

Y
i

1 2 pl AT, A
0‘[35 vy BzR R: /33 o.R ﬁcaﬁR aﬁerA AAGE%Cﬂﬂ}y

2 = Lap3elY ap2eSs, Bics ﬁcaﬁz oA AAG%CAEAE}
%CAS,AS - a2ﬁ7 Yy ﬁ6 o,o ﬁZ (Xﬁ aﬁ2 2ﬁ4 AA . AAE%CAEAR}
%CASJP :{ﬁZRCYY Ocﬁzc(P(P BS o,Q Bcaﬁ N0 OCBZ Ao . rA(p ggcmﬂp}

Note that from (3.31],[3.30]), we obtain

1
cAn,Aﬂ o §B 3CY’Y

< cst. Z rA’A‘ 82/3,
}’A’Aec%cAﬂ’Aﬂ

)bA”—b(An)’ <est. ¥ |A]e,
rAc b
3
An<p+ﬁ R yy < st Z ‘rmp)gl/;
3S A9 e gt TP

Then by (3.28), the coefficients related to AS can be estimated in the following manner:

b2 = Am S, +GP (3.32)
—_———
=:G,(1)
with
‘G(l)‘ < cst.ﬁScY’Y81/3, )G(Z)‘ < cst. bA‘ /3, (3.33)

pAetNS UgphtS
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1 1
c:AS?R ‘ < cst. Z ‘CIAJ{ 32/3, (3.34)
ARL ¢ %CASA,RL
(A5S| < ctAﬁ‘ 23, (3.35)
ASe eSS
‘CtAS,AS’ <ot Y cA’A‘ g3, (3.36)
AAg eSS
and 5
0 — (Antz — (Am") ) R +Gt(4) (3.37)
with
68| < est|BR T[22, |61 <est e, (338)
A9 S ?

The following lemma transforms Condition (3.4)) into a more technical version which
will be directly worked with in coming sections.

Lemma 3.5.5. Assume Condition (3.4).

1. Forany q € N, we have

AX

<cst.e!/3, (3.39)
R

59(Q)

2. Set

G = {Sbfp}ufﬂ“"”u{ﬁRbA,<p b bAe%bSU%bAs}

2
2p2
R AX :
G, = {SZC(PJP} U ﬁsz CA7A, <(P/ ) CA’A : CA"A c %CAS,AS ’

el/3
G =G U%,.
Then for any n € N, we have
Y Eq / lg:|" dt} < cst., (3.40)
g9y
n CA,S n
Z Eqg | sup —S + Z Eq | sup ﬁ ] < cst.
hePWAS Lgph™S )y cAS R t€[0,7] 10 ASpedSS t€[0.T]| ¢

(3.41)
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Proof. 1. Note that from li and Ito’s formula, AX /R solves the affine linear SDE

AX, AX, [, . 1 1 Ag
d— = — *Ss—x°*L——°*R+—=°|RR d— S
Rt Rl (‘P t t R l‘+R2 [ ) ]t + R ty
which implies
AX AQ , 1 1
—=¢&(H .S th Hi=¢ *S—«x'*I——*R+—°*[R,R]. (3.42

By the Cauchy-Schwarz inequality, (A.2] [A.7), Condition (3.4) and Lemma [A.2] we
obtain for any g € N that

> |14 YYy |4
AX T ZC )
o & (H),)
<cst.
which implies (3.39)).

2. Analogously to Lemma[2.5.4]in Chapter 2] (3.40] [3.41) follow from (3.30), It6’s
formula applied to ¢’, &, 82, Condition (3.4) combined with (3.39) and Lemma [

3.5.2 Primal considerations

Having analyzed the local dynamics of the shadow price process S¢, we are now able to
compute the wealth and utility generated by the candidate trading-consumption policy
(9%, k).

As a first step, we consider the deviation of the wealth process generated by (%, k%)
under transaction costs from the frictionless optimal wealth process (¢, ).

Lemma 3.5.6. Assume Condition (3.4).

1. For any stopping time T, we have

2002 — (Ap*)?
B X (9°,5) e (¢0,1)] = Eq | 27— 52 ) L5 5) | ~Eq[ax-1
'AXA
+Eq | 22200 p Pus.s)|+oE). (44
Furthermore,
IX® (0°, k%) = X (9,6) || 50(q) = O(e'?) (3.45)

holds for any g € N.
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2. Define stopping times

: XF (9%, k%) — X (9, K) 1}

761 ::mf{t c0,T]: |~ 4 e 3.46
AK; 1
£2 -— inf T : =% _ 4
T infere[0,7T]:1 pa > 50 (3.47)
18 =& ATEIAT. (3.48)
Then

Q(° <T)=0(&) (3.49)

and in particular, limg 0P (78 <T) = 0.

3. It holds that

(ng((pg, Ke) _XTE(¢> K))z
Rye

A(pZ 2

=Eq { B [S,S]rf} —Eq {AK

7

Eq

b ITE:| + 0(8) .
(3.50)

Proof. 1. Let g € N and 7 be a stopping time. The loss due to transaction costs can be
split up into five parts:
X ((pE, KS) -X ((P, K)
= (0= 0) S+ AS+(9° — ) *AS+ (X (¢%,0) = (x+ 9%+ 5°)) — Ak * L.

We will estimate each term separately.

Step 1. (A2} [A7), Condition (3.4), (3.39) and LemmalA.2]yield

~ q
€ . Q|4 — ! °
(9%~ 0)8ll5q = ||(92%+ag)es|
T AX \2 2
2 2\ YY 3
< CSt.\/EQ {/O (((P;S,) <81/3) +ﬁt)ct dl“| gq/7
<cst.
and thus
& .S :0 1/3 351
16° — 9) * Sllsuiq) = O(e"). G0

In particular, the Q-local martingale (% — @) * S is a square-integrable Q-martingale,
which implies
Eq[(¢®—¢)*S],=0. (3.52)

Step 2. Integration by parts leads to

Q*AS=@QAS—AS* @ —[AS, 0]
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Since |AS| < €S, Condition (3.4) and Lemma|[A.2]yield

|0AS|%, ) < Eo

sup @S| €%; (3.53)
t€[0,T]

-~

<0

and by [3.40), we have

T
|AS * ‘PHZW(Q) < cst. (EQ U |Stb;”\‘7dz} \/EQ U 12 <P,thD . (3.54)
0

<oo

Further, from (3.37] [3.38)) and using (A.7| [3.40), we deduce

AQ? — (Ap™)> !
%ﬂ&b‘] <cst.Eq [/ ﬁtch ‘ dt] g2/3,
sQ) ~ - L
<o
AQ? — (Ap™) ! g
45, 9] + =0 =P[5, <ot Y EQ{ | d,} g4
$4(Q Aoe P ’
<?2rst
In conjunction with (A.4)), this implies
AQ? — (Ap™t)?
BollaS.0l) = —Eq | “T 2 ) Lis g | 1o, (59
I1AS, @]l 50(q) = o(e*?). (3.56)
(3.53H3.56)) combined with (A.2) then yield
A@? — (Ap™T)?
Eq[¢*AS:] = Eq %-[S,S]T +o(e), (3.57)
@ * AS]l g0y = O(*?). (3.58)

Step 3. (3.22) yields

(¢° — @) *AS=Ag* AS+ (go’AX“) . AS.
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In view of (3.32,[3.33][3.36)) and using [3:40), we obtain

A

q T
< cst. EQ { /
H4(Q) Lo

*[S,S]

q
28, c,Y’Y‘ dt] £24/3,

2 q

Ag
HAq) AS— =

*[S,S] < cst. ) Eq

Hq(Q) bAG%bASU%bAS

Combined with (A.4), this yields

A 2
EQ[A‘P’AST]:EQ[;D

. [S,S]T} +0(¢), (3.59)

14 * AS[l i) = (™). (3.60)
Again, from (3.32][3.33] [3.36) and by [3.40), we have

T
< cst. EQ /
H9(Q) 0

IAY 2q
w . [S,S] dt 8q/3,

AX, YY
R (04 81—/;[3;5;@ ’

(. J/

~~
<cst.
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and hence applying (A.4), we obtain

- 'AXA

Eo[(¢/aX) as:| =Eq | #5050 < (s8], | +0(e), (3.61)

AR ) o _ (23
H((p AX) AS’ oy = O (3.62)

Combining (3.59H3.62)) with (A.2) then yields

A@? 'AXA
Bol(9° - )+ A5 =Eo | “-+ [5.51 + Bo | Z5 50 551, +0(e), (.63
1(9° — @) * AS|l5q(q) = o(e*?). (3.64)

Step 4. In view of (3.24] [3.29) and recalling Remark [2.1.2] regarding the self-financing
constraint, by (3.39), Condition (3.4) and Lemma|[A.2] it holds that

1X€ (9%,0) — (x+ 9% * 59|50
< [|9%S]l5uq) & +2x"¢

< ot (oSl + |08 +IBRIsq+x ) e o5

(.

~\~
<cst.

Step 5. From (3.29,[3.39), Condition (3.4) and Lemma[A.2] we deduce

AX

=0(e'/?). (3.66)
524(Q)
Now, applying (A.4), relations (3.52] [3.57] [3.63)) and (3.63) for ¢ = 1 imply (3.44); (3.39]

58] 5.64, (.65, [.69) yield (3.45).
2. From (3.46), Markov’s inequality, the Cauchy-Schwarz inequality, (3.43)) and

Condition (3.4), we have
- 1
2

6
6
s21Q) 1X€ (0%, k%) = X (9. ) [|512)
= 0(&%). (3.67)

1A% 50(q) < lI7lls24(q)

XF (0%, k%) — X (9, %)

Q(T8’1<T) < Q(sup

1€[0,7) X (9. %)
€ (€ E) _ 6
< ot |X (9%, k%) —X (9, k)
X (,x) $6(Q)

< cst. HX((p, K) !
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(3.47), Markov’s inequality, the Cauchy-Schwarz inequality, (3.66) and Conditions (3.2]
yield

A 1
Q(‘L’S’2<T) < Qf sup 1t il
t€[0,T] Ki 2
Axc[[®
< cst.||t—
K llso)
6 —116
< est. Akl [t g2 - (3.68)
_o(?) <o
Hence, we deduce
Q(*<T)=Q(t*' <T)+Q(r*? < T) = 0(¢?).
Since P and Q are equivalent, Q(7¢ < T') — 0 implies P(7* < T) — 0.
3. Integration by parts and It6’s formula yield
AR AR AR AR (0"~ 0)
=— *R * RR+2————=+S§
R R? + R3 (R, R]+ R
AXA ¢ _g)? AX (¢F —
_AXAR (90 g g o AX (O Z0) g g
R R R?
By (3.22) and definition of ¢, x’, the Q-drift of AX2/R is
CAX? e 1 pr () Ag? AK* - Ag?
/0 —— (b —E(Cz’ — 55 ) +2n)di+ R *[$.8]=— P i [S,5].

2
R t &

N
-~

Moreover, from (3.39] [3.66), Condition (3.4) and Lemmal[A.2] we get
T /AX \?
[ (3]
H(Q) oA

T/ AX,(9/AX, + R 2
<cstEq {/ < Q1A% + tﬁt)) ctY’Ydt} < oo,
0

R;

- 2
H AX(9°—9) ¢
R
H%(Q)
Therefore, the Q-local martingale part of AX? /R is a square-integrable Q-martingale.

Together, we have

Aggs A(Pz AK

S 5] a2

. Ifs] +0(e). (3.69)
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Moreover, using the Cauchy-Schwarz inequality and (A.4), Condition (3.4) and (3.58§]
yield

(XE (¢F, K5) — Xze (9, K) —AJWI ‘
Ry

2
S4Q)’

X£ (¢87 Ke) —-X (¢7 K) —AX

< R Y| g
<o ~ ~~

=0(e*?)

this in conjunction with (3.69) and the Cauchy-Schwarz inequality implies (3.50). [

Now, we approximate the expected utility generated by (@€, k¢) by developing a

Taylor series expansion around the frictionless optimizer (¢, k) up to the leading order
0(e?/3).

Lemma 3.5.7. Assume Condition (3.4). Let € be the stopping time in or equivalently

in and (@%,K¢) be defined by and (3.6). Then we have
(9°,k%) € 7°(x" ")
and
T ~ ~ ~
Bo [ 101 )1+ (65 5.7
0

(ApT)? —3Ag?
R

~ B[ i) dr+ U (9.0)| B 15,5];

'AXA
+Eq % « [5,8], | +o(e¥?). (3.70)

Proof. First, we show that (¢%, k¢) is an admissible portfolio/consumption pair. From

(3.6 [3.46), we deduce that

XE (9%,k%) = XF (¢f,k%) € B,%} X (@,x) fort <71t (3.71)

~ ~ ! Xee O, K
X (9°,K°) = Xze (95,%°) —/TE %

-~

6[0,%)(1.8(@,1()]

ds fort > ¢,

and thus

1 e~
ZXT£(¢,K)§Xt8((p8,K€)§ Xee (@,x)  fort > 18, (3.72)

| W
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In particular, we have X¢ (¢, k¢) > 0. Taking into account that k¢ > 0 (cf. (3.6} [3.47)),
we then obtain the admissibility of (@¢, k€).
Next, we prove (3.70). Taylor expansion of U (¢,-) for ¢ € [0,T), U, yields

T
| e ar+ U (65 (3, 7))
0

_ /OTLUI(t,K,)dt—i—Uz(XT((P;K))

2

r AK;

_ T 1 /™
w1 [ UR) - Ui+ [ oz [ uz S
0 0

J/

1
T 1y

-~ -~ -~

G0O) —:G(6) =GN
( (

+YZr (X7 (9°,K°) — Xr (9,K)) — 5¥Zr
:;G(8> g

3 (U3 (XF (R, 0r) — UF (%1 (9, K) (6 (§°, %) — X (9,%))

—.g(11)

for some random (%), 77 € (0, 1), where

X; (687 §87 197") = XT ((P, K) + 19T (X; (687 §8) _XT ((P, K)) .

We consider the expectation of the terms G to GU') separately in the following steps.
Step 1: Expectation of term G®). From lb Fubini’s theorem, the Cauchy-Schwarz

inequality, (3.49) and Condition (3.4)), we deduce
dt]

U, (t, Xze ((pv K))

’E[G(S)H < E[1{18<T}/0T|1U1(z,1<;)|+

1 T
= EQ |:Z—TI{T8<T}/(; ‘lU] (l‘,K[)""

1 _
< estQ(ef <T)2 |27 |ga g 1101 () 1)

4T

:

U, (t,m)

+est.Q(1f < T)% |z~ HS4(Q) Eg | sup

1,5€[0,T) 4T

1
= O(e).

Step 2: Expectation of terms G©) 10 G). Fubini’s theorem yields

E [G@} = VEq[AK * L],
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E[67] = JEq [Afz -Ife] .

Notice that by (3.72]) and condition (3.4),
Eq [IXf (5°.%) ~ Xr (9.0)|] <ot [X (9.6) L < (T3

holds for any g € N. Using the Cauchy-Schwarz inequality, (3.73] [3.71), (3.49) and
Condition (3.4) lead to

‘E [G(S)} —yEqQ [X{,-gs (9%, x°) — Xze (0, K)]‘

YEQ [1jecry [(XF (95, K°) — X1 (9, K)) — (X2 (0%, k%) — Xze (9, %)) ]

est.Q (1 < T)? X (0,5) 20
= o (3.74)

<
<

E [G(ﬂ ~2Eq

2

(X <<p8,x€>—xfe<<p,w<>)2]
Ry

< cst.Eq [l{fed} R%g"(Xﬁ(asv%g)_XT((p’K))z—(XES(‘PSvKE)_Xre ((P,K))zu

1 1

Rr  Ree
1 _

< ostQ(18 < T)?2 HR 1HS4(Q) ||X((p,K)||§4(Q)

— 0(e). (3.75)

Now, (374 B44) yield

+ CSt.EQ |:1{T€<T} (X7€ (6687 E6) _XT (‘Pu K))2:|

2092 — (Ap™)’
R

/
E[69+6Y] — kg «[5,5) | +yEq [% : [S,S]Tg} +0(e);
(575 B50) yield
2
N 4O — Y. |29,
E[67+6)] 2EQ{R [S,S]rg}nLO(e).

Step 3: Expectation of term G109, Consider the case where 1 = 1. From Condition

(3.2), (3.47), Remark 3 and (3.18)), we obtain for ¢ < 7¢ that

Uj (t,% + %AK;) U (t, 3%
Ul (1, K + 0AK)| < ap—— <a 12
VT (16 0rAk) | < a2 K+ oA 0 g K
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In conjunction with the Cauchy-Schwarz inequality, Conditions (3.2} [3.4) and (3.66)), this
leads to

2 2
G(10) A2
sup E ||— < cst. sup Eq | sup Z ’2—/3’
£€(0,1) € £c(0,1) 1€(0,T) €
< cst.||Z]| s HI,K_]HZ8 sup Ar i < oo,
N @ SO o 1€ g

Therefore, by [14, Theorem 27.2], {G(19) /£?/ 3}86(071) is uniformly integrable. Since
G(19) /£2/3 — 0 in probability for € | 0, this implies
E[G0] = o(£2/3).
Step 4: Expectation of term G, Note that

G
£2/3

€ (nE €\ _ 2
= L) ((ug’ (X (0 %, 91) — U (x (g, ) LK) (900 )

::G(lz)

j—{;ff} ((Uz” (X5 (9°,%°,97)) — Uy (Xr (9,%))) (XF (9°,K°) — X (9, K))2> .

7

:;G(]?’)

From Condition (3.2)), (3.71), Remark[3.5.1}3 and (3.18]), we deduce

Uj (XE (9%, x8,07)) _ U} (3Xr (9,%)) Uy (Xr (9, %))
U (XE S,K&‘,ﬁ < 22\7T ) < 2212 < t.2—7;
U2 (XF (¢ )| < X7 (9, x8,97)  —  Lxr(e,x) = X (0,%)

combined with the Cauchy-Schwarz inequality, Condition (3.4) and (3.45)), this yields

[STIS%}

3
2

2
sup E UG(IZ) 1 (X7 (9%, k%) — X7 (9. K))

1
} < cst. sup Eq |Z;

£c(0,1) £c(0,1) Xr (9, %) g2/3
1 _
S T U
€ (€ €Y _ 3
< sup ‘X (¢°, k) —X (¢, K)

e€(0,1) elf3 512(Q)
< oo,
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Due to Condition (3.2)), (3.72), Remark [3.5.1}-3 and (3.18)), it holds that

Uy (X5 (9°,%%,97))]
U; (X7 (9%, k%, 97))
X5 (9 %, 07)
U3 (1= 07) Xr (9,%) + % Xet (0,))
(1= 97) X7 (9, k) + F Xee (9, K)
U, (Xr (9,%)) U3 (X (9,%))
< 1 20 Lol 4
= X< X} Xr (9, x) 2 xr>x.e } %XTS (p,x)
/
S cst. sup M.
epor] X (9,K)
Thus, Holder’s inequality, (3.49), and Condition (3.4)) yield

|

<

az

sup E UG(B)
)

e€(0,1
3
1 [Yeeery  US(X(9,6)) e e ~ 2|
E L up 2 AR yee 87’(8 -X K
- Q ZT 82/3 [e[O,T} Xt((p7K) ( T(¢ ) T((P ))
1
Qe <T)? , ] Yt
< . e — g
S ot swp S 1z ||s8(Q>}|U2(X(‘P»’<>)||s8(o>HX(‘P’K) 5(Q)
X [1X (@, %) 1324 q)
< oo,

Combined with (A.4) and [14, Theorem 27.2], we deduce that {G(H)/ezﬁ}ge(o’l) is
uniformly integrable. Since GU'!) /€2/3 — 0 in probability when € | 0, this yields
E[G!V] = o(e2/3).

Step 5: Further estimations. Finally, from the Cauchy-Schwarz inequality, (3.49),
Holder’s inequality, Condition (3.4) and Lemma|[A.2]as well as (3.39), we have

T (AgH)* — 3Aq? ' i
Eq / (Ag; )R 2 ‘Pfd[s,sl,] < cst-Q(f£<T>;\/EQ U PR dt]
T€ t ’
_ o), (3.76)
T o/ AX ! X, ’
Eq / wd[s,ﬂt] < cst.Q(f8<T)%\/EQ V oS AX B dt}
7€ t ’
_ o), (3.77)

which completes the proof. [
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3.5.3 Dual considerations

Aiming to prove the optimality of the candidate strategy (@€, k¢), we intend to find an
upper bound to the utility optimization problem which matches the utility generated by
(¢, %) to the leading order. In the previous section, we have transformed the initial
optimization problem under transaction costs into a frictionless one at price S¢. Standard
duality theory (cf. e.g. [24, 22]) yields that the dual problem of minimizing the expected
convex conjugate U over all EMM for $¢ dominates the frictionless maximum expected
utility for S. We therefore apply Girsanov’s theorem and construct the density process of
an appropriate EMM for S¢ at which the dual object function related to the frictionless
market at price S¢ equals the expected utility attained by (9%, k¢) to the leading order.
Define the stopping time

AS,S 1
p&l:=inf{re[0,7]: C’S—S >3 (3.78)
t
and the process N¢ := InZ&Q with
7¢Q._ g (-vas «S_HER . RL> , (3.79)
where
L 1,pl
pes  PSCHRSSE g (g
' SS 1 eAss  Tlopsp : R RE (—LeRY)
(3.80)
Further, define the stopping times
€2 : €,Q 1
p& :=infer€[0,T]:|Z> —1|>§ , (3.81)
pfi=pSl ApE2AT (3.82)
and the following “stopped” processes:
@8 = (pel[[07rs/\pe]], AQ = A¢1[[0775Aps}}, AT = Aﬂl[[o,reAps}p
=€ ASTS/\p ) —£.R TENpE —¢ €A € =€ € A€
S =St —empe), H D= (HY) 0 N= (V)T 7= (Z8Q) =P,
(3.83)

Remark 3.5.8. Define Z¢ := ZZ°. From , Z° is a bounded Q-local martingale
and thus a Q-martingale. Therefore, Z¢ is a P-martingale. and integration by parts
yield that Z°S isa Q-local martingale and hence 788° =7Z°S" is a P-local martingale.
Cgonsequently, Z¢ is the density process of an equivalent (local) martingale measure for

S
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Note that in contrast to Chapter |2, the dual variable Z¢ constructed in the present
general setting is not necessarily the minimal martingale measure for s°. According to
[3]], the pair (Z€,ZES") is a state price density which is dual to the set of self-financing
portfolios in the market with friction and therefore provides an upper bound to our original
utility maximization problem under transaction costs.

In order to approximate the expectation of the convex conjugate U at the dual variable
yZ¢ for small €, we first estimate the deviation of Z¢ from Z, utilizing the investigation of
the local parameters related to the shadow price process s provided in Section 3.5.1l

Lemma 3.5.9. Under Condition ((3.4), we have

ZF—1 =0(e'?) foranyqeN, (3.84)

59(Q)

Q(p* < T)=0(e?) (3.85)

Eq UOT” (7" - 1)2dz+RT (77 - 1)2]

2
= Eq {A;f . [S,S]T] —2Eq [(AQHER) « [R,S];] +o(e?). (3.86)

and

Proof. Let g € N. First, note that from (3.80), H&%R satisfies the affine linear SDE
1
d (Htg,RRt> — HtaRth (_E .Rtl) —dAT * Y,

and hence
HERR = —HEReRE _ Aoy, (3.87)

By the Cauchy-Schwarz inequality, (A.2] [A.7), Condition (3.4) and Lemma[A.2] we have

& _1 .RJ— 1 T 2 YY 4
||H8’Rng(Q) < cst. ( I;{’ ) Eq / ’1 i — dr|ei3.
524(Q) 0 |[&(~xR),]
(3.88)
In view of (3.78] [3.80), from (3.32] [3.33] [3.34)) and using Taylor expansion of x —
(1+x)~! and (3.35), we deduce that on {p€ > 1},
L
AQ pASoS — HERASE 65 Ag,
S

Hioo) = 40+~ — 55—~ R O (3.89)

¢t t

J/

::G,(M)
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with
A
‘ﬁdt < CSt.BtStC[Y7Y81/3,
AR
bA
‘HSS S Yy |Zl+ X ‘HSR‘ '3, (3.90)
pre™S gt | Ot CARL ¢ AR
::515)
14 15 s
‘G,( )‘Scst.Gt( R M e (3.91)
ASe eSS | Ct

From (3.81) and Taylor expansion of x — ¢*, we obtain

54

_ _ _ 3 __
Z° 1= ATy —HReRL 4 (N* 4 AT+ Y + HER« RY) + G117 with ‘G(”)’ <ZIN°P.
(3.92)

1. From A7), in view of (392} B89 B:90, B01). and by (A1) B8S).
Condition (3.4) and Lemma|A.2] we deduce

_ q
“Aﬁ-Y+H8’R ‘Rt
51(Q)

< GSL[AT Y[y )+ oSt HH -RL]

< CSt.\/EQ UOT

[

H(Q)

2 q
q T|( HER
tch,Y} dt] €93 4 cst. Eq / ( §/3> Cfi,Ri dt | €13
0 E

<cst.

~
<cst.

and thus

HM Y +H" °RLH o(e'/?); (3.93)
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q
59(Q)

< st H]T/£+Aﬁ°Y+ﬁ£’R -Ri’

H78—1+Aﬁ°Y+ﬁ£’R Rt

q

) 4+ cst. Hﬁs

2q
H%(Q)

1
T 2gm mn
< est. ) ) (EQ Uo G§15)+G,(15)Gt(16)’ q dtD £24/3

m=12n=1_2

H1(Q

-

<cst.

2
el/3 i

N J/
-

<cst.

fet YO Y <EQ:/0T

m=1,2n=1,2

and hence q

59(Q)

Z'— 1+ AT Y +H e R* = 0(e¥/3). (3.94)

Combined with (A.4), this implies (3.84).
2. (3.78), Markov’s inequality, (3.35] [A.4)) and (3.41)) yield

3

3

Q(p*' <T)<38 = <cst. ) < €. (3.95)
= eSS | —= eSS |
N (Q) CA,SG%CAS’S N (Q)
oo

Further, from (3.81)), Markov’s inequality, (3.95)), (A.2)), (3.89}[3.90) and (A.7), by (3.41]
[3.88)), Condition(3.4) and Lemma[A.2] we deduce that

Q(p** <T) = Q{p** <T}IN{p** <p®'})+Q(p*' <p*?<T)
< Q (Ell € [0,T]: |Nf| > ln%> +Q(p%! <T)

IN

sup |Nf ]6 + 0(82)

t€[0,T]

6
est. [|[N¥[| e ) +0(&?)

1
T "
cst. Y (EQ [/ ‘Gt(ls)‘lzdtD £2
n=1,. 0

(. /

cst.Eq

IN

IA

<::,St.
12 n
T Hg’R 2 RL RL
+cst. Z Eq /0 # ¢ dt 32+0(32).
n=1,2

N

~~
<cst.

Together, (3.85) follows.
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3. By the Cauchy-Schwarz inequality, (3.84} [3.94) and Condition (3.4), we get

T . 2 o 2
’EQ U ry (zf—l) o (Aﬁ°Yt—l—H€’R'RtL> dt]
0

_ 2 _ 2
+ ‘EQ [RT (z?- 1) Ry (Aﬁ°YT +H8’R-R%> ]

_ _ 2
75 1+ AT Y +HR e Rt
5(Q)

< cst-(||r||sz(Q)+HR||S2(Q))

-~ [\

-~

= —0(e*?)

—¢ _ +7€,R
—|—Cst.<||”HSZ(Q)+||R||52(Q)> 78 14 ATY +H e RL S4(Q)‘

-~ (. -\

€

5(Q)

<oo =0(e2/?3) :0(81/3)

= 0O(e).

Moreover, using the Cauchy-Schwarz inequality, from (3.49] [3.85), Condition (3.4) and
(13.93)), we obtain

T — —&,R L 2
Eq / (A% Y+ HO o RE)
TENPE

. 2
Eo [(RT — Reenpe) (Aﬁ Y+ HR R%) }

+

2

1
< . £ € 3 H = TER  pL
< estQ(ttAPE<T) <||r||S4(Q)+||R||S4(Q)> AT*Y+H " *R #(0)

-~

<0

= 0(e).
Hence, we have

o [ n (@ 1) arre (22 1))

Ts/\ps 2 2
— E, Uo r, (An-Yt+H&R-Rf> dt + Reep e (An-YTEAphLH&R-R;APS) }

+0(¢€).
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Integration by parts yields
2
R(Amey +HER«RY)

— 2 (RAn:(An Y+ HER o RL)> Y42 (Hg’RR(Aﬂ oY + HER °RL)> ‘Rt

(. J (. J/

G0 _.g19)

2
+ (An .Y + HER -RL> *R+2 (HS’R(AR .Y + HER -Rﬂ) . [R,RL}

N J/ (& J/

G( 0) :;G(ZI)

+ (R(HER)2) « [RL Ri] (RAnz) . [v,Y]+2 (An(An Y +HER . Ri)) “[V,R].
—— ~ _
—:G(22) =G23)

From cRR" = (ROR = R(bR +r) and in view of (3.87), we deduce that the Q-drift of
Jore (An oY, + HER e RY) dt + R (Azr oY +HER « RL)” equals

G +/ Y 1+262R, + GR,) (bf + 1) ar.
&,
Furthermore, from 3.88)), Condition (3.4) and Lemmal[A.2] we have

) T 2
HG(lg)HHz(Q) — 2||(RA7IH€’RR) . YH12LI2(Q) < Cst.EQ [/0 (thﬁt[-]t&R) Cf’Ydt] <

51,

o _ 2” (HS’RR)Z .RlHj{Z(Q) <cst.Eq {/OT (Htg’RRt> f RLdt} <

o

r 2
o | (H5RR) -RH;Q(Q) < cst.Eq [/0 (Ht87RRt> Cf’Rdl‘:| -

Therefore, the Q-local martingale part of R (ATL’ Y + HER -RL)2 is a square-integrable
Q-martingale. Together, we obtain

Eq [/OTrt (z° - 1>2dt+RT (77 - 1)2}

= Eq |(RAT) [¥,Y] e pe — 2 (ATHERR)  [Y,R] e ppe | + O 2).

Finally, the Cauchy-Schwarz inequality, Holder’s inequality, (3.49] [3.85)), Condition (3.4)
and Lemma/[A.2]as well as (3.88)) yield

T . T
‘EQ [ /E R,Anzd[KY]t} Scst.Q(Ts/\p8<T)2\/EQ [ /0

s/\ps
\-

2
Rtﬁtzctny ‘ dt:|

g

< oo

=0(e),
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T 2
<cst.Q (TP APt < T)% \/EQ [/ ﬁ,Hf’Rcf’R‘ dt]
0

N J/
-~

<cst.

‘EQ U: A, (AT » Y,)d[Y,R]I]

E/\p£

=0(¢).

(3.86) then follows.
O

By means of the estimations in the previous lemma and applying the duality theory in
[24] 22] linking yZ to (¢, k), we are now able to calculate the desired dual upper bound
provided by Z¢.

Lemma 3.5.10. Assume Condition (3.4)). It holds that
T —~ — ~ —
E [/ 10 <z,yz,zf) dt + U, (ﬂﬂ?)] +ay
0

(ApT) —3Ag?
R

T
= | [ i )ar+ U3 (9.0)) | g - [5,5];

—yEq [(AQHER) « [R,S];] +0(e¥?). (3.96)

Proof. Taylor expansion of U; (z,-) fort € [0,T) and U, yields
r . & ~ =23
/ 10, (t, VZ,Z' ) dt+ U, <yZTZT)
0
T o_ ~
- /0 10 (1.2 dr + U (vZr)

T _ _ _
+/0 W0l (t,yZ,)vZ, (zf—1> dr + UL, (vZr ) vZr (z‘;—1>

:;G(24)

1 T =~ 2 (=€ 2 1~// 2 (€
-, /O D1 (1.52) 62 (Z 1) de + 208 021) 020 (Z5 1)

:;G(25)

w15 ) (01 oz (140, (2 -1))) =01 02) 02 (7 1)

J

2

J/

~~

:;G(26)

(ﬁg’ <yZT (1 +Or (Zi _ 1))) Oy (yZT)) (vZr)>? (7? _ 1)2

N

+

| =

-

:;G(27)

for some random (%),cp07) € (0,1). Since X (¢,x) and yZ are considered to be the
frictionless optimizer for the primal and dual problem, respectively, by the conjugate
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relation (cf. [22, Theorem 3.10]), it holds that

E [/OTlﬁl (t,Z))di + U (sz)} —E [/OTlUl (t,5) di +Us (X7 (0, K)))] oy,
- . (3.97)
—wi(t,yZ) =%,  —Us(vZr) = Xr (9,%), (3.98)
Wy (t,52:) 0Z:)? = vryZe, U3 (yZr) (yZr)* = RryZr, (3.99)
and ;
x=E [/0 Zkdt + Zr Xy (@, ;c)] =Eqx+¢*5S7], (3.100)

where the second equality in (3.100) follows from Fubini’s theorem.
Step 1. From (3.98), (3.100), Remark [3.5.8]and Fubini’s theorem, we have

T T _
E[G®Y| =E { /0 ZthdZ-I-ZTXT(q)aK')}_yE {/O ZththtJrZrZ?Xr((P,K)}

=YEqx+ ¢ 87| —xy—yEq [7? (¢ °Sr)} :
=

and
~Eq [Z7 (9= 57)| = —Eq |77 (9°+57) ] +Eq [7° - 57— 9 57
+Eq [(Z‘;— 1) (68 -§§—¢-ST)] .

Note that from Remark , @F + S° is a local martingale under the measure with density
process Z¢ = 775 l, 3.65)) and Conditions l, yield
7 (5-5)
€ (€ —€ 4 ¢

< ot (nx (9.5 510y + 1K1y +||X° (9°,0) = (x+9° +5%) | (Q))

< oo,
and hence the Q-local martingale Zt (@° e ge) is a uniformly integrable Q-martingale and

Eo [Z‘; (@8 -Ei)] ~0.

From (3.52] [3.57][3.63), in view of (3.49] [3.85)) and by the same argument as in (3.74)), we

obtain

‘S'(Q)

2092 — (AT
R

‘ [Sv S]TE/\pS

Eq |#°+S7— 51| =Eq

P'AXAQ
+Eq | TR 15 8] e | +O(e).
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Observe that

Eq [(7?- 1) (@8 °§§_¢'ST>]
= FQ [(7; - 1)<(P8 - Q) 'SreApﬁl‘FFQ [(z{; - 1)(68 'AET‘F(P * Steppe — @ 'ST)l-

~~ ~~

=:G(28) =:G(?)

The Cauchy-Schwarz inequality, (3.42)) and (3.94) yield

AQ _
‘G(zg)‘ = —Eqg {( R(P * St +H87R 'RJT_) ((Pg —Q)* Srs/\pe}

_ AQ _
‘|‘EQ |:<Z§~—1+ R(P 'ST—|—H£7R'R%> ((pg—(p) 'st/\p£:|

AQ —
= —Bo| (5P srHRE) (97— 0) S| 40

2 /AXVA
= —Eq |:T ¢ [SvS]TE/\pS:| —Eq P e. S, 5]

R +0(e).

TENPE

Using the Cauchy-Schwarz inequality and (A.4)), in view of (3.81] [3.84} [3.58] [3.64) and
combining the argument in with (3.85), we conclude

o) < cst.\/EQRze;_lﬂ\/EQ[(ae,AET)z]

+cst.Eq [1{7:8/\p€<T} |(p *Steppe— @ STH
= O(e).

Together, it follows that

A@* — (Ap™)’

E [G(Z“)} —Eq . [S, ] +0(e). (3.101)

TENPE

Step 2. (3.99), Fubini’s theorem and (3.86) imply

)] _ Vg [A97, _ ERY o 2/3
E[G ]_EEQ o " [5:8)r | —yEq [(ApH®®) * [R.S)7] +o(e77).  (3.102)

Step 3. We show that the family {(G(2®) +G(27))/¢2/3} gc(0,1) is uniformly integrable.
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By Condition (3.17), (3.81), Remark [3.5.1}3 and (3.19), we deduce

0 (rvz (1+0,(Z 1)) 1l7f<f’yzr<1+0t(75—1>>>|

IN
|

aj yZ[(1+19'l(Zf—1))

_ L|Ui(5y2)
-a %th
Ul (1,yZ,

< est|YUL%)
VZ;

and

‘ﬁé’(yzr(lﬂ%(ii—l)))‘ < ailey(ZZl(r;?gT—_l)l))))‘

U; (3vZr)
ar | 3yZr
ﬁﬁ VZr) |
yZr |’

IA
|

< cst.

using again (3.17) and combining this with (3.98), Fubini’s theorem, the Cauchy-Schwarz
inequality, (3.84) and Conditions (3.2] [3.4), we obtain

G L gen |?

sup E
ec(0,1) g2/3
2 2
T (Z;—1)? (Z7 —1)?
< cst. sup E / K~—————dt| | +cst. sup Eq | |Xr (@, K) "
£€(0,1) 1o e?/3 e€(0,1) @ e’
e 4 e 4
) —1 s 1
< cst.||K||S4( sup ‘W +cst.||X((p,K)||S4( Sup || —73-
et $4(Q) ecto) $4(Q)

< oo,

Thus by [14, Theorem 27.2], the family {(G?0) + G(?7))/e2/3} . (0,1) is uniformly inte-
grable. Since (G(26) + Gm)) / €23 5 01in probability when € | 0O, this implies

E [G(%) + G<27)} = o(e?/?). (3.103)

Finally, the assertion follows from (3.97], [3.101], [3.102] [3.103) in conjunction with @D
and the argument in (3.76)).




3.5. PROOF OF THE MAIN RESULTS 79

3.5.4 Optimality

Based on the primal and dual considerations above, in this section we prove the leading-
order optimality of policy (¢, k¢).

First, we apply the ergodic argument stated in Section4.3]to remove the dependence
of the expressions [3.96) on the reflecting process Ag.

Lemma 3.5.11. Under Assumptions[3.2.5] we have

2

A 1 Aot
EQ{ 1(5 "1S:S] ] 7EQ ( q;) “[8,8]; | +o(e*3), (3.104)
Eq W'[&S]T] =o(e?), (3.105)
Eq [(8¢H"") *[R.S];] = o(e?). (3.106)

Proof. We verify the assumptions for Lemma|4.3.4] 1n the context of this chapter. Note
that the “aisle type” strate haracterlzed . 3) refers to our candldate
strategy o¢ satisfying (3. ZOE ’_(Lll 3 22) with P £ Q, 5 (g/2) 1/3 20, A2 (p’AX
and B £ 3. In view of @lﬁb and applying It6’s formula to A(p+/£1/3 @©'AX /'3,
we deduce that Condition (3.4) combined with (3.39) and Lemma[A.2]implies Condition
(@.4). Moreover, according to Assumption [3.2.3] ¢#? is considered to be continuous and

strictly positive. Therefore, Assumption [d.2.1]is fulfilled. Further, corresponding to (3.42]
[3.80), let us define the following processes:

where
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From Condition (3.4) and Lemmal[A.2] we have

wl[ v g, (el

i 02 .
ctAYO’AY()‘ ds} + HL(l)

)

s
2
T T 2.y
< cst.Eq {/ ﬁ,thcf’Y)dt] +cst.Eqg / Lz dt
0 0 |[&(H),]
Y,y
zzct

dt

T
+cst.E /
o |6 (—5erY),)?

+est.||6 (H) @'Sc™ BR]| g1 +est.

& (_l .RJ_) BcRY
R $4(Q)
< cst.

(cf. Condition ). Applying LemmaMto K,LALO AY 2AY fori=1 and
i = 2, we then obtain (3.104), (3.105)) and (3.106)), respectively. [

Lemma 3.5.12. Under Assumption we have

T
sip  E [/ WU (¢, ) di + Us (XE (q/,k))}
(yk)eare (xB,xS) 0

T
- E V Wy (t,K°) dt + Uy (X5 (9°, %8))] +o(e2/3).
0
Further, the minimum certainty equivalent loss is

1
ACE® = _Eq

(Ap™)?
R

*[S,8]; | +o(e*3).

Proof. 1. We prove the approximate optimality of (¢, k¢) via the conjugate relation.
Let (y,k) € o7¢(xB,x5) be an arbitrary admissible trading strategy. In view of (3.83), we
have S° € [(1—¢€)S, (1+€)S], which implies

x+yeS —kel>XE(y k) >0. (3.107)

Since by Remark , x+ye 5% is a local martingale under the measure with density
process Z& = ng, in conjunction with (3.107)), we obtain

Eq [Z;()H—l//'g‘;)} <x. (3.108)
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Combining the above considerations with Fubini’s theorem, we deduce

E [/OTLUl (t,k)dt +Us (X%(w,k))}

[ (T -
< E / lU1(l,kt)dl+U2(x+W'S;—k'IT)]
|Jo
T _ _ _ _ _
< E /O lUl(t,thZf)dt+Uz(yZTZ‘;)l +yEq [Z?(x+w-5§)]
(3-108) T . _ .
< E /0 lUl(t,thZ,)dt+U2(yZTZT)} +xy
T
(2651043109 p /0 W (6, 5) di +Us (Xr (9, K))

+)2
- %EQ [W; S, [S,S]T} +o(e*?)

(3.703.104)3.105)

—

T
E {/0 W, (t,KE)dt + Uy (X (’@S,EE))} +o(e2/3). (3.109)

In addition, from Lemma we have (¢¢, k¢) € o7¢(xB,x5). Then, the optimality of
(@€, k%) follows.

2. Consider the value function of the frictionless optimization problem, i.e., the
mapping

T
z—v(z) ;== sup E[/ U, (t,kt)dt—kUz(z—f—w'ST—k°IT)].
(yhesz) L0

From [22, Theorem 3.10 (v)], we have V/(x) = y. Taylor expansion of v around x in
conjunction with (3.1} [3.109) then yields the minimum certainty equivalent loss. O






Chapter 4

Trading Volume

In this chapter we investigate the class of “aisle-type” trading strategies staying constant
while between some small, time-dependent barriers given by general [td processes over a
finite time horizon, i.e., trading does not occur inside some random corridor but happens
at an infinite rate at the boundary in order to remain within the corridor. By means of a
random time change and looking into the local dynamics of such a strategy, we prove the
asymptotic formula for its total variation (trading volume) proposed in [19] providing a
finite rate with respect to time.

In the context of utility maximization under proportional transaction costs with one
risky asset, the behavior of the optimal trading strategy can be characterized by the
aisle-type dynamics considered in this chapter, cf. [28, 16, 35]. For small transaction costs
and the related asymptotics, in the previous two chapters we have rigorously proved the
leading-order optimality of the candidate strategy ¢ keeping the number of shares within
an explicit random corridor (no-trade region) proposed in [20, [19] for related settings;
applying the main theorem of this chapter, the trading volume and incurred transaction
costs while following strategy ¢¢ can be calculated to the leading order. Moreover,
utilizing the method in the last section of this chapter, the minimum utility loss can be
simplified to an expression that does not depend on the aisle-type strategy ¢¢ itself, which
completes the proofs in Chapters 2 and

Concerning asymptotic results for the trading volume in portfolio optimization under
proportional transaction costs, Janecek and Shreve [16] provide heuristic arguments in
the context of maximizing power utility of consumption in the Black-Scholes model over
an infinite time horizon, rescaling time and applying the ergodic theorem on the local
time of reflected Brownian motion. For the corresponding long-run optimal investment
problem in the same setting, Gerhold et al. [9] make the idea in [[16] precise to derive
rigorously the long-term average of the share- and wealth-turnover. In case of power
utility and Black-Scholes model, the asymptotic turnover proposed in [19] and proved in
this chapter coincide with the asymptotic results in [9]]. By contrast, our approach inherits
the spirit of the previous two chapters in respect of using an auxiliary shadow price

83
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process for calculating the displacement loss and transaction costs caused by trading with
the aisle-type strategy ¢¢, and relies on the uniform stationary distribution of standard
Brownian motion reflected to remain within a fixed interval.

The remainder of this chapter is organized as follows. The subsequent section provides
a precise definition of the aisle-type strategies considered in the study of this chapter. The
main theorem concerning the asymptotic total variation of those strategies and applications
are stated in Section In Section 4.3| we carry out a random time change and apply
ergodic arguments to reflected Brownian motion in order to remove the dependence of
the asymptotic formulas on the aisle-type strategy itself, which completes the proof in
Section {.3]as well as the proofs of the minimum utility loss in Chapters [2]and [3]

4.1 Setup

First, let us recall some of the notations in [32]. For a process A of finite variation, [, |dA;|
denotes the total variation of A. Fixing a compact time interval [0,7], we say that a
sequence of processes {H"}, . converges to a process H uniformly in probability and
write
H'"— H as n— oo
u.p.
if
sup |H' — H;| — 0 in probability
t€[0,T]
for n — oo.
Now, fix a finite time horizon T and a filtered probability space (2,.%,F,P). For any
Itd process X, bX and ¢XX stand for its local drift and quadratic variation, respectively,
i.e.,
dlX,X
ax, = pdivam¥, <X = XXl
dt
where M¥ is a continuous local martingale starting in 0. Analogously, the local covariation
of Itd processes X and Y is denoted by

xy . dX,Y]
C

b dt

In this chapter we consider the following quantities to be known. We assume that 6 is
a real number in (0, 1) and ¢, B, ¥ are Itd processes which do not depend on &, where 3
is strictly positive. Further, we suppose that A® is an Itd process starting in 0.

Lemma 4.1.1. Set Ap* := +B8. There exists a continuous adapted process @° with

0% =@+ AP+ Ap = @ — @O, 4.1
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where AQ has values in [AQ~,A@™"| and (p‘ST, q)& are increasing process such that
0" increases only on the set {Ap=Ap~} CQx[0,T], (4.2)
@V increases only on the set {Ap=Ap™"} CQx[0,T]. (4.3)

Proof. The assertion follows from [37, Theorem 3.3]. Indeed, (4.I) is related to a
Skorohod SDE driven by the semimartingale ¢ + A® with constant coefficients which
are in particular Lipschitz continuous with respect to A¢. The time-dependent reflecting
barriers A@* are Lipschitz operators in the sense of [37, Definition 3.1] evaluated at
process A@. 0

In Chapters [2| and (3| dealing with the problem of utility maximization under small
transaction costs, we have proved the leading-order optimality of the candidate strategy
©¢ proposed in [20}[19] behaving like the process (p‘s in Lemma for suitable ¢ + AP
and A@™ = 488 representing the midpoint and the spread of the approximately optimal
no-trade region, respectively. Generally, we call a strategy following the dynamics of
an “aisle-type” strategy. The aim of this chapter consists in verifying the
asymptotic formula for the total variation of the aisle-type strategy (p5 in Lemma
for small & proposed in [19] under well-defined regularity conditions.

4.2 Main results

In this section we rigorously prove the asymptotic turnover of the aisle-type strategies
heuristically derived in [[19]]. To this end, let us first impose some regularity conditions on
the processes @, B, ¥, A® which we are starting with.

Assumption 4.2.1. Set

AP
H = {‘Pﬁ,F}-
We suppose that
XX bX
Z — —ﬁ < cst., 4.4)
xenw 12 lst  xep 1 s

where cst. is used to denote a constant independent of & and || - ||s« stands for the S7-norm
defined in (A.1). Further, ¢?? is assumed to be a positive process with continuous paths.

Assumption 4.2.2. Set

G = {w Yt yp?, Lpexx Yoox Y oww Vg xx e, XY €H }
B "B BB B ’ Y#¢
We assume that
T
)

T
YE /0 |gt|dt} +E

g€Y

@ C(P7(P
" |

< cst. 4.5

4 A0 A0 2
+<c,5’5> dt
S4
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The following theorem states the main result of this chapter.

Theorem 4.2.3. Suppose that Assumptions hold. Let (pa be the process
satisfying (.1} .2l B.3). Then

. s 1 09
5/ v, ldo —>—/‘Pt C gt as 810 (4.6)
0 up. 2 Jo Bt
Proof. Set
1
o= E‘P[)”3, y:=3aB?s>
and define

AE = aA@® — yAQ.
By @1} A2} 3), we have
dAQ, = —d@, —dAD, on {A@ £ Ap™}. 4.7)

For the function f(x,a,b) := ax® — bx, it holds that

P
8—£ (Ap™, 0, 7) =0;

since «, ¥ are Itd processes by assumption, in view of and applying It6’s formula,
we deduce that

dAgt - df(A(Pt, ala %)
= (30uAp? — %) dAQ; +304Agd [Ap, Ap),
+3A¢7d (o, Ap), + Ap}d oy — Agidy, —d [y,A@),

and AE is an Itd process taking values in [— |¥| 83, || 83]. By applying Itd’s formula to
a, Y, we obtain

49430 (897~ (Ap")?) @] <est. Y gl 87, (4.8)
gEY
‘(bAE _3aA(pc‘Pv‘P> (ACI)—l-A(p)‘ <cst. Y |g] &7, (4.9)
geY
CAGAS (A<P+A(p)2 < cst. Z g 8°. (4.10)
gcY

Using integration by parts twice, we get

AE+ 0 = AE(9° — ) +AE + 9 +[AE, 9] — (AD+Ag) + AL — 9% AL ].
=0
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From |AE| < |WP| 83, and Assumption [4.2.2} it holds that

|ag@®~0)|| < (I!‘I’Bllsn+ AP S1>163’

|\ ¢ J—
0
T T
|AE * @]l < cst. E[/ ]‘Ptbﬂdt]—kE /|‘P,2c,‘p"”}dt 53
0 0

~~

<cst.

~
<cst.

In view of (4.8 4.9 [4.10), by (A.2L[A.7) and Assumption[4.2.2] we have

H[Aﬁ,(p] +/0. 3oy <A(p,2 — (A(Pz+>2> PPy

sl
T
< E Uo AT (Agof— (A(pt+)2> cf’"”‘dr]
T
< cst.E / Z|g,|dt 53
0 g€Y

/

-

<cst.

and

H(A(IDJrA(p) AE - /O 304 (AD, +A@) Agicl

s1

< cst.E {/T ‘(ACID, +AQ,) (btAé — 305;A(ptc;”v‘i’> ‘dt}
0

T
+cst.E \//0 )(ACID,-i—A(pt)%lAQAE‘dI

T T
< ocst. (E/ Y lg:ldt| +E Z/ |gt|dt]>33.
0 gcY9 gcY 0
<::,st.

Together, we obtain

HAewpﬁ— | 30 ((807)° ~2802 —a0i80) PPat| =0(5Y). @11

Sl
Since imply that @97 and @' increase only on {AE =W¥§3} and {AE = —¥§7},

respectively, we deduce

AE+@f = /O w,83de® + /0 W,83dg% = 53 /O w, lde?|.
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Combining this with (4.11]), we conclude

: : Ag)? =202 — AD,A
6/\11, o} —/ 3, [ (L) 22807 ARAG N 0ol o5y @)
0 0 62
sl
In conjunction with Lemma(4.3.4] setting

AP

K :=ap’c??, L:=aBc??, AY = =
the assertion follows. ]

Remark 4.2.4. 1. In view of the proof of Theorem 4.2.3] the asymptotic formula in
is still valid for convergence in S I_norm, cf. and Lemmam

2. In the setting of Chapter 2] dealing with the issue of portfolio optimization under
small proportional transaction costs € for exponential utility, the leading-order optimal
strategy ¢ 1o, e follows the dynamics of at scale 8 := ¢'/3, for midpoint
¢ representing the frictionless target, AP := 0 and the half-width of the no-trade region
given by

3 c9® 1/3
ApF =4+BS =+
¢ B <2p 637558) :

up to a stopping time 7€ which converges to T in the sense of (cf. Theorem [2.2.4)).
Using the same argument as in Lemma [2.5.4] it can be shown that for ¥ = 1 or ¥ = §,
Assumption and the additional condition ||S*!|| s7(Q) < o for all n € N ensure the
counterparts of Assumptions @.2.1] #.2.2]in the setting of Chapter 2l Theorem [4.2.3|
applied to ¥ := 1 then yields the asymptotic formuleﬂ for the trading volume of strategy

¢°:

Ct

e ' Cia P\ (T o ~1/3
el = [ eso () (Bos | dlsSitou (e @)

and the incurred transaction costs obtained by applying Theorem for ¥ := § amount

to
2/3
®,0
' e _g23 [((PNP [ 2/3
/Oss,|d<p,| e /0(12) i d[S,S], +oup (€23).  (4.14)

In conjunction with Remark 4.2.4}1, and by the same argument as in (2.80), it can
be shown that (4.13)) and (4.14) are still valid when replacing ¢¢ with the leading-order
optimal strategy ¢ 1o,z In particular, all concrete models verified in Section [2.3|fulfill
Assumptions [4.2.1] 1.2.2and hence can be considered as examples of Theorem#.2.3]in
this chapter.

"Here and in the sequel, the expression H(*) = o, , ({) refers to ’#l —0for ¢ | 0.
u.p.
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3. Parallel to Remark .2.4}2, let us now pass to the setting of Chapter 3] concerning
the general structure of utility maximization under small proportional transaction costs €.
Theorem states that the leading-order optimal investment strategy (pgl[[o’fsﬂ behaves

like the process (p5 following 1, at scale & := ¢!/3, for midpoint @ referring
to the frictionless optimizer with offset

AD =" (¢~ @) *S— (k" —K)*1)

and the spread of the no-trade region determined by
3 00 \1/3
+ _ o

up to a stopping time 7¢ converging to 7T in the sense of (3.49). For ¥ =1 or ¥ = §,

by the argument in Lemma it can be shown that Assumptions 4.2.1] with
respect to the setting of Chapter [3|follow from Assumption [3.2.5]in conjunction with the

regularity condition ||ST!|| sn(Q) < o for all n € N. Then from Theorem for¥ =1,
the asymptotic trading volume of strategy ¢¢ reads as

. , sl 1\ 2/3 ”
— t - .
/0|d(Pz8|:/0 (eS:) (m) <C;g_5> d[S,S], +oup. (e713);  (4.15)

and Theorem [4.2.3|for ¥ = S yields the incurred transaction costs:

. s (] 1/3 [ 0.0 2/3 /
i — 2/3 1t " 2/3 . 41
/o eSildor] =¢ /o (12&) <c,575 S’) 4188l +oup (77) (10

Taking Remark 4.2.4} 1, (3.49) into account and by the same argument as in (3.76)), the
results in M and also hold for the approximately optimal strategy @1 . In
particular, Theorem proves the asymptotic formulas proposed in [19, (3.5), (3.6)]
and all examples provided in Section [3.3|are valid in the context of this chapter. Note that
in case of power utility and Black-Scholes model, (4.15) confirms the asymptotic rates of
the share- and wealth-turnover in [[9, Theorem 2.2 (vi)].

4.3 Further asymptotics

In this section we apply some ergodic property of reflected Brownian motion in order
to simplify the expression for the asymptotic total variation of the aisle-type strategy
q)5 following , so that formula does not depend on the reflecting
process A@ and the offset of the corridor A®. Moreover, the results of this section (cf.
Lemma[.3.4) can be used in Chapters [2] and [3| for approximating the minimum utility
loss due to small proportional transaction costs, cf. Corollary [2.5.11] Lemma[3.5.11]
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Throughout this section, let K, L, AY be Itd processes, where K, L do not depend on &
and AY starts in 0. Suppose that

E{/OT]KAdt}JrE{/OT

First, let us focus on a constant corridor [—1, 1] and set

4 2
b,AY’ + <ctAY’AY> dt] +|IL||gs < cst. 4.17)

_ Ag
q:= Aot
Then ¢ is a semimartingale reflected to stay between 1. Aiming to apply the ergodic
property of standard Brownian motion reflected to remain within [—1, 1], we shall carry

out changes of time and measure. To prepare for this, we modify the process ¢ in the
following manner. Using Itd’s formula, the dynamics of ¢ can be characterized by

dg; = bldt +dM? + dA] — dA?,

where M7 is a continuous local martingale starting in 0, AT and A* are increasing processes
which grow only on {g = —1} and {¢ = 1}, respectively, and

brA(p CtA(Pﬁ _ CItbtﬁ %Cﬁﬁ

bl = — + , (4.18)

"OBS B B B?

"B [ B?

Define stopping times
8,1 ._ . 9.9 th“p Ct(p7(p
c%' = 1nf{t € [0,T]: |- Bl5? > 2&253/2}, (4.20)
q
c%? = inf{t €[0.7]: | 44| > 1}, 4.21)
Gt

68 = 66’1 A 68’2 AT.

Since ¢?? > 0 by assumption, we have
do, = bldt ++\/cfaw,

for a standard Brownian motion W on (Q, T (F)icpo.r] ,P) . Set

b= (b1, = (49)O (4.22)
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and define
M= My oo+ (Mis * /(,5 v Cfder—aﬁ) Loy

Then MY is a continuous local martingale for which the local quadratic variation equals
c?4. From [37, Theorem 3.3], there exists a unique solution g to the Skorohod SDE:

dg, = bldi +dMJ +dAl —dAy, g = qo,
where A' and A" are increasing and increase only on {g = —1} and {g = 1}, respectively.

In particular, ¢ = g on [[0, %]

4.3.1 Time change
Fix t € [0,T). Consider the time change (#(1}))gcr, defined by

((0) = inf{s € [1.T]: [7.3)s — (3.3l > S} AT.
Set .
3= [g.qr 3.3 = /t Hds

and

g =qyp) for B eR,.

Note that setting

0= (90, Bi=p
(@20, A22) yield
_ =0, =0,0 =0,¢ =0,¢ =0,0
e+ [— 5 ]51/2g [%3_07] (4.23)
B’s2 | 2B°52 25’52 28752 2552

Since ¢?? > 0, B > 0 by assumption, we have ¢7 > 0. Therefore, the mapping ¥ > ¢(%)

is continuously differentiable on the interval (0,1) with derivative (c?(’g))_l.

Lemma 4.3.1. Suppose that Assumption holds. Set
(t+8)AT _ _
90 = / clds.
t

Then we have

1 [T 1 o° o
—/t qusds—m/O qpdvK;

- B8O in probability (4.24)
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and

1 [+8)AT 1 o 510
—/ qsAYsLgds — 19—/ qsdVOAY,L;| — 0 in probability. (4.25)
t 0

o )

Moreover, for any @ € €, there exist some & (®), K(®),K(®) > 0 such that

K(0)57' <9°(0) <K(0)5™" (4.26)
holds for all § < 8y(w).
Proof. Step 1. From {#.20), Markov’s inequality, (.19 {f.1) and Condition ({#.4), we have

.9 _ c>?

Cs 752
P(65’1<T> < P| sup Tﬁsé > 1

SG[O,T] W

AP A

c&°8 +2 C%’q) +2 cﬁv(ro +2 cﬁ7Aq) +Cﬁ7ﬁ
< 282 (4.27)

sl

Note that on {6571 > s}, it holds that

0,0 ?,0
c 3¢
e [ > > ] :

22622252
Then by (.21} {.18] 4.27)), Markov’s inequality and Condition (4.4), we get
| <68’2 < T)

< P <65’2 <odl < T) +P <66’1 <092 < T)

2b{B268?
< P| sup % > 1 —|—P<65’1<T>
sefo,7]|  Cs’
B (\b"’!+|bA‘I’|+(bﬁD +‘c¢ﬁ +‘CA¢’ﬁ’+cﬁ’/3
< & e +0(8'?). (4.28)
Sl
<?3gt.

Together, we obtain

limP <68 < T) < limP (c&‘ < T> 4 limP (0572 < T) —0.
6.0 610 6.0
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Therefore, for any { > 0, we have

) 1 [+OAT B
me (|5 [ @@k

>¢)<limP(c®<T)=0 4.29
C)_slfg (G ) , (4.29)

1 r@+8AT ) )
limP [ |= > _P)AY,Ld
lim (’5/[ (4; — ;) AY;Lgds

> C) <limP (o < T) —0. (430

Step 2. By continuity of the process K and using the mean value theorem, we deduce

|1 faS)AT
lim g/z 7> (Ky—K;)ds

(w)=0 forall ®e€Q. (4.31)
8]0

Further, (A.2} [A.7), the Cauchy-Schwarz inequality, Condition (4.17)), continuity of L and
dominated convergence yield

| [eOAT
ISiE)IE HE/ q; (AYsLy — AY,L;)ds
t

< limE| sup |(AY;Ls—AY,L,)|
010 | s€ft,1+8]

< limE| sup [(AYs—AY;)Ls|| +lLmE | sup |AY;(Ls—L)|
80 | sefra+9] 610 | sefri+6]
< cst.lim / L i5)(s) b5 \// 1,5 (s)cs  ds L] 52
610 ——
L2(P) <cst.
+lmE | sup |Ly—L/|*| ||AY |5
5¢0 s€[tt+5] ~——
 <cst.
< cstlim /1 / bAY |24
< sgw\/ e \/[ 687 P ds
<CSt
T T 2
+cst.1'm“/ 1 d 4E/ (AY’AY> d
510\/ 0 [t,t+6](s) S\/ 0 Cs §
;6 <cst
which implies
1 [U+OAT . o
g/ q; (AYsLs — AY;L;)ds| —> 0 in probability as 6 | 0. (4.32)
t
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Step 3. Fix o € Q. Applying the mean value theorem to the mapping ¢ — (1), we
get

5= (t(ﬁﬁ) —t(O)) (o)

(( 1) 1195) (@) for some & € [0, 8 (). (4.33)

From (4.23) as well as the continuity of the mapping s — e ? (w), we deduce

ﬁs

lim

T AR
im | [ @ ()™ - (7))o

Change of variables yields

1 [+3)AT 1 05m
—/t qst—E A qgpdv

(w)=0, n=1,2.

lim

0)=0 =1,2. 4.34
im (@) =0, n=1, (4.34)

Therefore, (4.34) for n = 2 leads to

1 [+SAT 10
(S/t q?ds—m A q%d@)

the Cauchy-Schwarz inequality, (4.34) for n = 1, dominated convergence, A7) and
Condition (4.17) yield

lim

im K| (o) =0; (4.35)

1 e+8AT 1 o0
limE —/ g ds — — god® | AY;L
310 s/ qsas 3% Jo qs Lt
2
_ 1 (t+5)/\T_ 1 v _
< lim |E E/I g.ds— m/0 Godd| | 1A ||lg |Lllg.  (436)
<cst.
~

Finally, (4.29] .31} 4.35) and (4.30} [4.32] [4.36)) imply (4.24)) and (4.23)), respectively,
and (4.26) follows from (4.33] 4.23). O

4.3.2 Change of measure

We use the same notation as in Section 4.3.1l From the Dambis-Dubins-Schwarz theorem
(cf. [33] Theorems V.1.6, V.1.7]), there exists an enlargement (Q,.7, (Jg)lgd&,P) of

the filtered space (2,7, (F(9))ver. ,P) and a standard Brownian motion W on that

space such that Wy = Mq( 9) Mf( o) for & < .
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Since the process (Z@)ﬁeR . defined by

S

q
(

-~ )
by =~ L) (9)

q
(¥)

dP5 00
( bydWy — ~ / d )
0

defines a probability measure on Q, (/ﬂ)ﬂeR . ) whose Hellinger process h( P57f’)
is given by

2]
=

is bounded,

h(L, P8 Py, = [210° bRdg, B ER,
(cf. [15, Theorem 1V.1.33]) and such that

W5 = W+/() 1[[07195]](19')/5196119'

is a P9-standard Brownian motion. In view of (]4.18[, |4.19|, |4.26[), we have

. “ 2
161?(')1 0 1[[07,05]](19')b19d0 =0 as.
By [15, Theorem V.4.31 and Lemma V.4.3], this implies

lim sup [P%(A) —P(A)| =0. (4.37)

0 4e 7,

Lemma 4.3.2. On the probability space (Q,.% ,P), we have

1 1
— / Bdo—~| 220 in probability, (4.38)
99 Jo 3
10 510 . .
@/0 qsdV®| — 0 in probability. (4.39)

Proof. Let process Y starting at go be the unique solution to the Skorohod SDE
dYy = dWw}

with reflection at £1 (cf. e.g. [37, Theorem 3.3] for existence and uniqueness). Observe
that ¥ coincides with g on [0, #%]. Indeed, according to 13} 10.18], we have
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i.e., g solves the Skorohod SDE on [[0, 9], which yields ¥ = g on [0, #°] by uniqueness of
the solution to the stopped Skorohod SDE. Note that standard Brownian motion reflected
at £1 is a Markov process with uniform stationary distribution, cf. e.g. [4, Appendix 1.5].

Let & > 0 and f be an arbitrary bounded measurable function defined on [—1,1]. Due
to 23| Theorem] and in view of (.26)), there exist two constants C < e and ¢ < 1 such
that for all &y € (0,1),6 < 8,9 € [0, 1] we have

1
Po (Aﬁ) < Cg¥
with
25 =4 | e Z - 3 [ reoa ¢
In combination with (4.37) and interpreting A‘S naturally as a subset of €, we obtain

lim P (Aﬂ> —1limP <A5) =0.
410 510

Fubini’s theorem and dominated convergence yield

limE { / 1 Mw} = tim | 'P(a8)a = [ 1imP(43)ds = 0.
510 0 810

Again by dominated convergence, we obtain

] 1 1 [196J*1 _
%?(}E /0 (W lz(,) f(%+z)d19——/ f(x

AR

) 1 N 1 1
< limE /0 o] L ) / F(@)dx|d

and hence

891

1 1 L o
/ (—5 Z f(q9+i) )dﬁ——/ f(x)dx| — 0 in probability
o \[v°] &
for 6 | 0. Since

1 1 1 [90]—1 B
Y 0 f(%&‘)dﬁ—/o <W ;) f(q19+i))dl9—>0 a.s.

as & | 0, (4.38) and (4.39) follow by setting f(x) := x* and f(x) := x, respectively. [
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Corollary 4.3.3. On the space (Q,.7 ,P), we have
59

— god v

59 0 qv

Proof. Using the Cauchy-Schwarz inequality, (4.39) and dominated convergence, (A.2
[A.7) and Condition (@.17)), we have

AY,L| 220 in probability. (4.40)

2

1 ° 1 [0 P
IimE —/ dsdd||AYL|| <lim |E —/ godd AY L.
510 33 Jo qv |AY; l‘] =510 ‘195 0 qv 1 HS4H ”54
<cst.
-0
The assertion follows. ]

4.3.3 Asymptotics

Now, we are able to draw the following conclusion which completes the proofs of the
asymptotic formulas in Theorem 4.2.3] Corollary 2.5.1T)and Lemma [3.5.11]in the related
contexts.

Lemma 4.3.4. Suppose that Assumption holds. Let AQ be the reflecting process

related to the “aisle-type” strategy (p5 satisfying . Let K, L, AY be Ito
processes satisfying Condition ({4.17), where K, L do not depend on 8 and AY starts in 0.

Then )
. A 1 .
/( q)’+> tht——/l(tdt —0 as 810, (4.41)
0 \Ag, 3 Jo .
A
/ —(’ﬁAY,L,dt —0 as 010. (4.42)
0 Ag; sl

Proof. Step 1. Let € > 0 be arbitrary. Fix 7 € [0,T) and define 99,7 as in Section
Let

s 1 r@+8AT ) s 1 r@+8AT
AX; :=g/t q;Kds, AY; :=g/t qsAYsLgds

o).

and set

1
AS .= {‘AX,S - 3Ki| > s}, B = {‘AY?

By (.24, [4.38) and (@.23] 4.40), we have

0 < limP (A?)
810

< limP (
610

=0

99

NG 1/66”“2(1191( 1/ 2do— |
BT T 83 Jo T 3

> f) + limP (
2 510

&
K| > 5)
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and

0 < limP (B?)

510
<1imP [ [ar® — /06~ doAvL| > &) +limP [ |— /ﬁsﬂdﬁ AY,L| > =
im -— = imP | |— =
=500 t 39 Jo qvs tLt ) 310 33 Jo qs tLt )
=0,
respectively.
Step 2. Fubini’s theorem, dominated convergence and Step 1 yield
T T T
limE U lAgdt} —lim /[ P (Af) di = / limP (Af) di =0, (4.43)
510 [Jo A 510.Jo 0 8.0
T T T
limE { / 1854 —lim [ P(B?)di = / limP (B? ) dr = 0. (4.44)
640 0 t 610.Jo 0 0l0
Observe that for any 7 € [0,7T],
1 [+8)AT
‘AXf < E/z K| ds =: AXS+.

Using Fubini’s theorem, we conclude
t t s
/ q?sts —/ AX7ds

0 0

T T
/ AXS*dr < / K| ds. (4.46)
0 0

) T
< / |43 Ks| ds < / 1j0.5/(5) |Ks|ds (4.45)
0 0

sup
t€[0,T]

and

So by Condition (4.17)), it holds that

T
/ sup ‘AX,‘S
0 §¢(0,1)

E dt

T
<E [/ |Ks|ds] < oo,
0

Then, (#.41) follows from (4.43] 4.45] #.46) and dominated convergence. Similarly,
Fubini’s

sup

i)
< / G AY,Ly|ds < 8 sup |gAV,Ly|,  (4.47)
t€[0,T] 0

t t
/ qsAY,Lgds — / AY2ds
0 0 s€[0,T]

sup E | sup |gAYLy|* | < cst.||AY ||gs ||L]|g¢ < oo. (4.48)
6€(0,1) s€[0,T]

(#.42) then follows from (.44} [4.47] [4.48) and [14] Theorem 27.2]. ]




Appendix A

This appendix contains some fundamental tools which are used throughout the thesis.
Let us fix a probability measure P and denote for any Itd process X its local P-drift

and quadratic variation by 5*® and ¢XX, respectively, i.c.,

dX, = b Par +am**, XX .=

dt '’

where MXP is a continuous ﬁ—martingale starting in 0. From [32} Section V.2], we recall
the S7- and H9-norms, g € [1,00), for an It6 process X:

||X||Sq(f>) = || sup |Xi ) (A.1)
tE[O,T] Lq(ﬁ)
T = T
._ X.P X X
X ey = | [ 10 | al
Li(P)
To be more precise, [32] requires Xy = 0 in the definition of the H9-norm.
Remark A.1. 1. Due to [32, Theorem V.2],
[1X gy < eSt11X ] 7o p) (A.2)
holds if Xy = 0.
2. By convexity of the mapping x — |x|? and Jensen’s inequality, we have
N |4 Ny, 1 | N
’;Yn = N1 Z’lﬁ <N~ n;mw (A.3)

for any N € N and any random variables Y1,...,Yy. In particular, for any N € N
and It6 processes X(l), . ,X(N), it holds that

N 4 N
Z XM < cst. Z HX(”)
n=1 q n=1

q
, (A4)
q

99
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where || - Hq e{]l- ||Sq(f>)a |- HH‘I(f’)}'

3. For any g € L9([0,T]), Holder’s inequality yields

T q T
q q —1
(] 160ldr)” < el 1oy <7 [ leOlar - a9

with %I—k% = 1. Moreover,

q q
VP = 17y < 171 (A.6)
for any random variable Y € L4(P).
4. Gathering the above inequalities, we obtain
T M T N q
< > X,(m))dt+ / ( Y "
m=1 0 n=1 Lq(f))
q
A.3) T/ M a4 T / N
S| (Emyal (L)
oAl @) V0 A=t L9(P)
A9 7 T (N t
< cst. / ( Z X ) + / <Z Y,(n))dt
0 n=1 Lq(f;)
r 7 ]
< st | Ep / ,(") dt
0
(4.3) N
< Z E; [ / X" |‘1dt +1/ Y E; / v, \th} (A7)
n=1
foranyMNGNandprocessesX( L Mand YW n=1,... N.

The following lemma contains some basic observations.
Lemma A.2. Define
2 = {(Xt)te[O,T] Ep [ sup ]Xt|"] < oo forany n € N} :
t€[0,T]
Then

1. ForX,Y € Z',c e R, itholds that X +Y,XY,cX € 2.
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2. IfXe€ 2 and f: R — Rwith |f(x)| < 1+ |x| for any x € R,
then f(X) € 2.

3. IfX € X, then Ef,[fOT |X;|"dt] < oo for any n € N.

Proof. This is straightforward. [






Appendix B

As an auxiliary result, we determine the explicit solution to the frictionless optimization
problem related to the stochastic volatility model in Section[2.3.3] We proceed analogously
to [18, Theorem 3.1] dealing with power utility. Here, let us focus on the setup of Chapter[2]
considering the exponential utility function.

Theorem B.1. For the stochastic volatility model characterized by ([2.20) with bounded
b(Y)/o(Y), the frictionless optimizer @ satisfies

Y,
0.5, = P forallt €10,T). (B.1)

The MEMM Q has density process

E l%’%] = ;—;exp (—/Ot ﬁ(g;s))dWs—% Ot<§(g;s))>2ds>, t€1[0,7],

where the process Zis defined as in (m

Proof. Step I. Define filtration G = (%;),c[o,r] by

% :=o <ﬁs U o((?,)rem)> . t€[0,T] (B.2)
s>t
and let B
b(Y)

po(Y)2S
in line with (B.1). Further, define a G-martingale Z® by

zF =E[U'(x+¢*S7)|%], t€0,T]
and a probability measure Q by

Q. _ 7}
dP " E|[Z§]

103
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Note that the integrability of Z& follows from the boundedness of b(Y)/c(Y). Finally, set

Z, :=exp (— /Ot b(%) dW; L (b(%) )zds) , t€]0,T]. (B.3)

o)  2Jo \o(¥,)

By definition of G, the random variable Zr is %-measurable. Since Y is independent of
W, it follows from [1, Theorem 15.5] that W is a standard Brownian motion with respect
to G as well. Due to the boundedness of b(Y)/c (Y ), the local martingale Z satisfies
Novikov’s condition, whence it is a martingale relative to both F and G. Therefore, we
deduce that for any 7 € [0, T,

|

T b(Y,) T b(Y)\2
Pep <_px_/o c(?;)dw“/o <o<i>) ds)
= pe PZr Z,. (B.4)
———r

= E [peiprTzT ‘ %]
%y-measurable

7z¢ = E

Step 2. Let Q be the probability measure with density process Z. By Girsanov’s
theorem, B
b(Y:)

wQ =W+ 1) gt
0 o(Y;)

is a standard Brownian motion under measure Q relative to both F and G. Since
b(Y)/o(Y) is bounded, N

1 [ bY; o

pJo o(y)

is a Q-martingale with respect to G. Moreover, S is a Q-local martingale relative to both

F and G because dS; = S,G(?,)dW,Q, cf. [32, Theorem IV.33].

Let v be an admissible strategy in the sense of [34, Definition 1.2], i.e., ¥ is an
S-integrable process such that the related wealth process is uniformly bounded from
below. Note that y * § is a Q-local martingale which is bounded from below and hence a
Q-supermartingale. By the generalized Bayes’ formula and in view of , peSisa
Q-martingale and y * S is a Q-supermartingale, both with respect to filtration G. Hence,
by concavity of U, we have

EU(x+y*Sr)] < E[U(x+¢*ST)|+E[U'(x+¢*Sr)(y*Sr—¢*S7)]
= E[U(x+go-sr)]+]£[U’(x+<p-sr)}EQ[W-ST—¢-ST1.

-

<0

Step 3. We show that U (x + ¢ * St) lies in the L'-closure of the set
{U(x+ y*S7) : yis admissible}.
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Indeed, letting
T, :=inf{t € [0,T] : x+ @ *S; < —n},

we can approximate ¢ by the sequence ((P(n))neN defined as q)(") = @1 ], which
fulfills the admissibility requirement in [34, Definition 1.2]. Using the Cauchy-Schwarz
inequality, we obtain

E {sup

neN

Ulx+ o™ -sT)”

— E {supexp (—plx+ote ST))]

neN

< E

sup exp(—p(x+¢@* St))]
1€[0,T]

* b(Yy) 1 (" 12b(Y;)\2
cor T <_/o o(ﬁ)dm_i/o (om) d)]

b(F) 1 [ 2b(T)\2
or <_/o ot T i ( A ) ds) ] |

[\ J/

= e PE

IN

e P E

By boundedness of (25(Y;)/ G(z))te[oﬂ, the process (M;),co,7] is an L?-martingale,
which implies

supU (x+ @™ « S7) e L' (P)

neN

by Doob’s quadratic inequality. Dominated convergence yields
HU(x+ oM e SH) —U(x+¢+ ST)HLl(P) —0 as n—»oo.

Step 4. By Steps 2 and 3, the payoff x 4 ¢ * St is optimal in the sense of [34, Theorem
2.2 (ii1)], which implies that Q is the dual optimizer, cf. [34, Equation (42)]. Moreover,
we have shown in Step 2 that @ * S is a Q-martingale with respect to filtration G and
hence F as well, which yields that ¢ is the optimal strategy in the sense of [34, Theorem
2.2 (iv)]. [
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