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Abstract

The goal of this thesis is to establish LP-estimates for maximal functions associated
with nonisotropic dilations of hypersurfaces in R®. More precisely, let S be a smooth
hypersurface in R® with a surface measure dy and n € C5°(R?) be a smooth non-
negative function with compact support. Suppose that §;(x) = (" xq, 1%, t%23) is a

family of dilations with a; > 0. Then the associated maximal operator is given by

Mf(z):=sup| [ flz—&(y)n(y)duly)], fe<SR?).

t>0 Jg

The problem of characterizing the range of all p for which M is bounded on LP(R3)
has been extensively considered. The best understood class are maximal functions
associated with isotropic standard dilations d;(x) = tx, see the articles by Greenleaf,
losevich-Sawyer, Tkromov-Kempe-Miiller and Zimmermann. Some results for maxi-
mal functions associated with nonisotropic dilations have already been obtained by
Greenleaf, Tosevich-Sawyer and Zimmermann, but for some situations such as the hy-
persurface parameterized as the graph of a smooth function ®(x1, z5) = z¢(1+ O(z5))
near the origin, where d > 2, m > 1, and associated dilations d§;(z) = (t%zy, txs, t%x3)
for an arbitrary real number a > 0, the question was open until recently. In fact,
such problems do arise already in lower dimensions. For instance, we consider the
curve y(x) = (z,2%(1 + ¢(z))), where ¢(z) = O(z™) and m > 1, and associated di-
lations (wq,x3) — (tzy,t%w3). If ¢ = 0, then the corresponding maximal function is
the maximal function along parabolas in the plane, which plays an important role in
the study of singular Randon transforms, and which is very well understood due to
the work by Nagel-Riviere-Wainger and others. If ¢ # 0, the problem was open until
recently, however, the corresponding maximal function shows features related to the
Bourgain circular maximal function, which required deep ideas and L*-techniques. An
alternative approach was later given by Mockenhaupt, Seeger and Sogge, who estab-
lished local smoothing estimates for Fourier integral operators satisfying the so-called

”cinematic curvature” condition. However, we observe that in the study of M related

il



to the mentioned curve v(z) and associated dilations, in our situation, we will consider
a family of corresponding Fourier integral operators which fail to satisfy the ”cinematic
curvature condition” uniformly, which means that classical local smoothing estimates
could not be directly applied to our problem.

In this thesis, we develop new ideas in order to overcome the above difficulty and finally
establish sharp LP-estimates for the maximal function related to the curve ~(z) with
associated dilations in the plane. Later, we generalize the result to curves of finite
type d (d > 2) and associated dilations (xy,z5) — (tz,t%,). Furthermore, we also
obtain LP-estimates for the maximal function related to the mentioned hypersurface
®(xy,17) in R® with associated dilations. Moreover, by an alternative approach, we
also get LP-estimates for some classes of maximal functions in R?® established earlier

by Greenleaf, losevich-Sawyer, Ikromov-Kempe-Miiller and Zimmermann.
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Zusammenfassung

Das Ziel dieser Arbeit ist es, LP-Abschatzungen fiir Maximalfunktionen zu nichti-
sotropen Dilatation von Hyperflichen im R? zu untersuchen. Genauer gesagt, sei S eine
glatte Hyperflache im R? mit Oberflichenmaf} di und sei n € C5°(R?) eine glatte nicht-
negative Funktion mit kompaktem Trager. Angenommen, 0,(z) = (t*x1,1%2xy, 1" x3)
ist eine Familie von Dilatation. Dann ist der zugehorige Maximaloperator gegeben
durch

M () :=sup| Sf(:v —a(w)ny)duly)l, f e S(R?).
Die Frage nach dem Bereich aller p, fiir die M auf LP(R3) beschrinkt ist, wurde intensiv
studiert. Die am besten verstandene Klasse sind Maximalfunktionen zu den isotropen
Standard-Dilatation &;(z) = tx, siche die Artikel von Greenleaf, losevich-Sawyer,
Ikromov-Kempe-Miiller und Zimmermann. Fir Maximalfunktionen zu nichtisotropen
Dilatation gibt es einige Resultate von Greenleaf, losevich, Sawyer und Zimmermann,
aber fiir einige Situationen, wie zum Beispiel die Hyperfliche ®(z;, 75) = 24(1+0(x)),
wobei d > 2, m > 1, und zugehérigen Dilatation §;(z) = (%21, tzo, tz3) fiir eine be-
liebige reelle Zahl a > 0, war die Frage bislang offen. In der Tat treten analoge
Probleme schon in niedriger Dimension auf. Betrachten wir zum Beispiel die Kurve
y(x) = (x,22(1 4 ¢(x))), wobei ¢(z) = O(z™) und m > 1, und die damit verbundenen
Dilatation (z1,z3) — (tz1,t?1;). Fiir ¢ = 0 ist die entsprechende Maximalfunktion
gerade die Maximalfunktion entlang Parabeln in der Ebene, die im Studium von sin-
gularen Randon-Transformationen eine wichtige Rolle spielt, und die aufgrund von
Arbeiten von Stein, Nagel-Riviere-Wainger und anderen sehr gut verstanden sind. Fiir
¢ # 0 zeigt die entsprechende Maximalfunktion Charakteristiken des Bourgainschen
Maximaloperators fiir Kreise, diese Behandlung tiefliegende Ideen und L*-Techniken
erforderten. Ein alternativer Ansatz von Mockenhaupt, Seeger und Sogge beruht auf so-
genannten ”local smoothing”-Abschatzungen fiir Fourier-Integraloperatoren, die gewis-
sen ”"kinematischen” Krimmungsbedingungen gentiigen. Wir werden sehen, dass beim

Studium des Maximaloperators zu der erwdhnten Kurve «(x) und zugehorige Dilata-



tion die Familie der entsprechenden Fourier-Integraloperatoren nicht geleichméaflig der
"kinematischen” Krimmungbedingung geniigt, was bedeutet, dass die klassische so-
genannte ”local smoothing”-Abschatzung nicht direkt auf unser Problem angewendet

werden kann.

In dieser Arbeit entwickeln wir neue Ideen, um die obigen Schwierigkeiten zu tiberwinden
und schlieBllich die scharfe LP-Abschitzung fiir die Maximalfunktion zur Kurve ~(z)
und die verbundenen Dilatationen in der Ebene zu beweisen. Spater verallgemeinern
wir das Resultat fiir Kurven vom endlichen Typ d (d > 2) und zugehdérige Dilatation
(w1, 79) — (txy,t%ry). Wir erhalten die LP-Abschitzung auch fiir die Maximalfunktion
der genannten Hyperfliche I'(z1, zo) im R3 mit die verbundenen Dilatation. Dariiber
hinaus geben wir einen alternativen Beweis fiir LP-Abschatzungen einiger Klassen von
Maximalfunktionen im R?, die von Greenleaf, Iosevich-Sawyer, Ikromov-Kempe-Miiller

und Zimmermann bereits mit anderen Methoden gezeigt wurden.
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2 Chapter 1. Introduction

1.1 Background on maximal functions

If f:R™ — Cis a locally integrable function, the classical Hardy-Littlewood maximal
function M f : R® — C is defined by

r>0

1
Aff($)-——Sup]3§zgj;311/;@mﬁIf(y)%iy, (L1)

where B(z,r) is the ball of radius r centered at x, and |E| denotes the measure of
a measurable set E. It arises very naturally in analysis, for proving theorems about
the existence almost everywhere of limits, for controlling pointwise important objects
such as the Poisson integrals or for controlling, not pointwise but at least in average,
other basic operators such as singular integral operators. For example, by a standard
density argument, the weak (1,1) boundedness of M implies in particular that Lebesgue

differentiation theorem, according to which

im [ fdy = f(o)

r—0 ‘B(I, T)’ B(z,r)

for all f € L*(R") and almost every x € R™.

In the past 40 years, the interest in taking averages over low dimensional sets has been
increasing. E.g. in (1.1) one replaces the balls of radius r by a suitable family of lower-
dimensional set. The study of such averages is of interest not only for its own sake, but
because it has connection with other problems, such as the behavior of the classical
Radon transform (see Nagel, Riviere and Wainger [27], Marstrand [22], Falconer [7],
Strichartz [45], and Oberlin and Stein [29]), and the behavior of solutions of the wave
equation, and more generally other hyperbolic equations (see Stein [39], Greenleaf [10],
Ruiz [31], and Sogge [34]).

The starting point for intensive studies associated with averages over low dimensional
sets is based on an earlier bound of Stein [39] from 1976 on the spherical maximal

function

M f(x) := sup [M,f ()],

t>0

where M, are the spherical averaging operators
M, f(x) = ’ [z —ty)do(y),
yl=1

and do is normalized surface measure on the sphere S®~!. Then Stein’s fundamental
result shows that for n > 3, the corresponding spherical maximal operator is bounded

on LP(R™) for every p > n/(n — 1). One can use this bound to show the pointwise
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covergence limy_,o M, f(z) = f(x) a.e.. The analogous result in dimension two was later
proved by J. Bougain [2].

Then one turned to deal with generalizations of M, defined as before, i.e. the sphere is
replaced by a more general smooth hypersurface S € R™. Let p € C5°(S) be a smooth
non-negative function with compact support. Then the associated maximal operator
is defined as

Mf(z) = Sup /Sf(fv—ty)p(y)du(y) , v €R”, (1.2)

where dp denotes the surface measure on S. Greenleaf [10] proved that M is bounded
on LP(R") if n > 3 and p > (k + 1)/k, provided S has at least k¥ > 2 non-vanishing

principal curvatures and S is starshaped with respect to the origin.

A fundamental open problem is to characterize the LP boundedness properties of the
maximal operator associated to hypersurface where the Gaussian curvature at some
points is allowed to vanish, with the exception of the 2 dimensional case, i.e. the case

of finite type curves in R? studied by A. Iosevich in [12].

Many authors put a lot of effort on the development of this subject and obtained
partial results in high dimension. Sogge and Stein [37] showed that if the Gaussian
curvature of S does not vanish of infinite order at any point of S, then there exists a
Po(S) < oo so that the maximal function is bounded on L?; p > po(S). However, the
exponent po(S) given in that paper is in general far from being optimal. In order to
find the smallest value of py(S), one will put more restriction on the surfaces. It is
worth mentioning that in 1992, Sogge [36] employed the local smoothing estimate to
get the LP-boundedness p > 2 for M, where the surface has at least one non-vanishing
principal curvature everywhere in R™ (n > 2). The perhaps best understood class
in higher dimension is the class of convex hypersurface of finite line type, and the
related work in this settings included Cowling and Mauceri [4] [5], Nagel, Seeger and
Wainger[28], losevich and Sawyer [13] [14], and losevich, Sawyer and Seeger [15]. In
particular, Tosevich and Sawyer proved in [14] sharp LP-estimates for maximal functions
related to the surface which are given by smooth convex functions of finite line type for
p > 2. In 2010, Tkoromov, Kempe and Miiller [11] discovered a connection between the
LP-boundedness (p > maz{h(5),2}) of M and the height h(S) of a smooth, compact
hypersurface S of finite type in R? satisfying the transversality assumption (i.e. for
every x € S, the affine tangent plane x + T,.S to S through = does not pass through
the origin in R?) on S. Recently, Zimmermann in his thesis [47] proved that maximal
averages over analytic hypersurfaces passing through the origin in general behave more
regularly than the maximal averages over hypersurfaces satisfying the transversality

condition.
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Maximal operators defined by averages over curves or surfaces with non-isotropic di-
lations have also been extensively considered, i.e. the dilation ¢ty appearing in (1.2) is
replaced by 0,(y) = (t"y1,t%ys, -+ ,t*y,), where a; >0, j =1,2,--- ,n. In 1970, in
the study of a problem related to Poisson integrals for symmetric spaces, Stein raised

the question as to when the operator M., defined by

o= [t

h>0

where v(t) = (Ayt™, Agt®,--- | A,t®) and Ay, Ay, - -+, A, are real; a; > 0, is bounded
on LP(R™). Nagel, Riviere and Wainger [27] showed that the LP-boundedness of M
holds for p > 1 for the special case v(t) = (£,¢?) in R* and Stein [40] for homogeneous
curves in R"™. More general maximal operators involving two-parameter dilations re-
lated to homogeneous curves have studied by Marletta and Ricci [21]. For maximal
functions M associated with nonisotropic dilations in higher dimensions, one can see
the work by Greenleaf [10], Sogge and Stein [37], losevich and Sawyer [14], Ikoromov,
Kempe and Miiller [11], Zimmermann [47].

1.2 Local smoothing estimates

Let S C R? be a smooth curve whose curvature does not vanish anywhere, and let do

be the induced Lebesgue measure. The averaging operators are defined by

= /Sf(:v—ty)dg(y)a f € C(R?),

the associated maximal operator is given by

Mf(z) = sup|Af(@), = e€R"
>0
Then || Mflrrm2)y < || fllzem2), for 2 < p < oo. This is a theorem of Bourgain [2].

An alternative approach to the result for circular maximal operators has been devised
by Mockenhaupt, Seeger and Sogge [26]. Since the averaging operators A; can be
expressed as Fourier integral operators, the authors of [25] develop a more sophisticated
theory of local smoothing estimates of Fourier integral operators satisfying the so-called
cinematic curvature condition so that they can improve many estimates for maximal
operators. In particular, they are able to prove the variable coefficient version of the
circular maximal theorem, which includes estimates for averages over geodesic circles.

These general local smoothing estimates for Fourier integral operators have also other
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applications, one of which is to deal with a special class which contains the solution

operators for the Cauchy problem associated to variable coefficient wave equations.

The phrase "local smoothing” was first used for certain types of estimates for dispersive
equations which go back to Kato [16], Sjolin [33], and Vega [46]. Here we only show
one of the deep results obtained by Mockenhaupt, Seeger and Sogge in order to eas-
ily understand the phrase "local smoothing” from estimates for the following Cauchy

problem for the wave equation
((0/0t)* — Ayu =0,

u|t:0 = f7 (a/at>u|t:0 =9, f?g € C(())O(Rz)v

where the space variable z is in R? and A is the Laplace operator. Let a(p) = 1/p, if
4 <p<oo,and a(p) =1/2—1/p, if 2 < p < 4. Assume 2 < p < 00, then for any

compact time interval I,

1/p
([ [, teopaste) "< COlslue +lallz ). 07> 1/2= o - ati/2 (13

where C' only depends on I, p, and L denotes the usual Sobolev space of order 7.

For fixed ¢ # 0 the analogue of (1.3) holds if and only if v > 1/2 — 1/p (see Miyachi
[24], Peral [30] and Seeger [32]). Thus this result says that there is "local smoothing”
of order a(p)/2.

Furthermore, we show some main ideas of the proof of the LP-boundedness of the
circular maximal operator in [26]. However, in R? one cannot use the argument from
[10], since the square functions that control the maximal operator are not bounded on
any L space. To avoid this phenomenon, Mockenhaupt, Seeger and Sogge in [26] make
use of the Little-Paley theory and the Sobolev embedding theorem in order to show that
it is sufficient to prove certain estimates involving LP-averages of derivatives of A; with
respect to the ¢ variable. It is not difficult to see that there can never be LP — LP local
smoothing when p < 2 or p = co. From the above arguments, local smoothing estimates
for the corresponding Fourier integral operator gives L*-estimates with an extra bit of
regularity, together with the easy endpoint estimates on L? and L, finally the M. Riesz
interpolation theorem implies the LP-boundedness (p > 2) of corresponding maximal
operators. Now the challenge is how to get the extra bit of regularity in the L*-estimate
for the corresponding Fourier integral operator. Their proof relies greatly on the fact
that a natural cone attached to the Fourier integral operator associated to the wave
equation is the light cone {(&,|£])}, whose level curves |£| = const have non-vanishing

curvature. Note that this is equivalent to saying that the cinematic curvature of the
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Fourier integral operator ( i.e. the curvature of the curve {{ : [| = 1} ) is equal
to 1. Mockenhaupt, Seeger and Sogge employ dyadic decompositions and angular
decompositions to give orthogonality arguments and reduce the problem to Kakeya

type maximal functions.

A very natural question is to ask how the L*-estimate for a Fourier integral operator
depends on the cinematic curvature. In this thesis, we show that a class of Fourier
integral operators which do not satisfy the cinematic curvature condition uniformly,
still satisfy a local smoothing estimate. Just when we finished our work and searched
for background materials on ”cinematic curvature” online, it came to our attention that
in 2000, Kung already obtained some results for a related problem in his thesis [17]
which has not been published until now and only show the results in [18] which we had
not been aware of. We are thankful to Kung who provided us with his thesis soon after
we wrote an Email to him. Through reading his thisis we know that the basic structure
of both Kung’s and our approach might appear similar, since both strategies rely on
papers [26] and [25] by Mockenhaupt, Seeger and Sogge. Nevertheless, our approach
differs from [17], since we made use of a different angular decomposition. In this way,
we obtain stronger L* estimates for a class of Fourier integral operators than in [17],
which can be applied on establishing the LP-boundedness of the maximal operator
associated with dilations (z1,79) — (tx1,t%,) of the curve z — (z,2%(1 + ¢(x))),
where ¢(z) = O(2™), m > 1 and d > 2. In a model case, the associated cone
for the corresponding Fourier integral operator F3 which is localized to frequencies
€] &~ A is of the form {(&,dq(§))}, where § > 0 is very small and ¢(§) is homogeneous
of degree one, smooth on the support of the symbol of F?. Comparing the light
cone, we observe that the level curves of the cone {(&,dq(£))} become flatter and the
cinematic curvature of F? is only greater than or equal to 6. In [18], Kung got that
| F i pe < AYE+9571/2 However, in this thesis we obtain the better estimate that
| FS || piype < AVBFTa§—(/8+e—a) (gee Chapter 3 of this thesis ).

Moreover, in [18], Kung extends his estimate for the operator F} to more general
Fourier integral operators which correspond the cones {(&, ¢(z,t,£))}, where for all z,
t, the curvature of the curve {§ : q(z,t,£) = 1} is greater than or equal to 6. In view
of an application to our problems, we extend our estimate for the operator F} to a
class of Fourier integral operators which correspond the cones {(,0q(t,€,0))}, where
q(t,&,9) is homogeneous of degree one in £, smooth on the support of the symbol of
the corresponding Fourier integral operator ( see Chapter 4 of this thesis ). However,

it is still open which exponent of ¢ is optimal.
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1.3 Organization of the thesis

In our settings, the averaging operator is always written as a Fourier integral operator,
then we turn to prove LP-boundedness for the Fourier integral operator. In Chapter
2, first, we give an overview of the theory of Fourier integral operators and a concrete
description of the so-called cinematic curvature condition. Furthermore, we establish
LP-boundedness of the maximal operator related to the curve z — (z,22%(1 + ¢(x))),
where ¢(z) = O(z™) and m > 1, with associated dilations (xy,x3) — (tzy,t?zs). After
a scaling argument, application of the method of stationary phase and Littlewood-
Paley theory, we observe that the phase function of the corresponding Fourier integral
operator will not satisfy the cinematic curvature condition uniformly, which causes
major difficulties to apply the local smoothing estimate directly to our Fourier integral
operator. We separate the problem into two parts, depending on a dyadic decomposi-
tion for the frequency variables of the corresponding Fourier integral operator, i.e. low
frequency and high frequency. For low frequency, we mainly use the better endpoint
regularity estimates, the M. Riesz interpolation theorem to get the desired result. For
high frequency, we develop a new method based on the main idea of the local smoothing
estimate from [25] to get the key L*-boundedness of the corresponding Fourier integral
operator ]:"/‘\5 Later, we generalize the result to curves of finite type d (d > 2) and as-
sociated dilations (x1,22) — (tz1,t%wy). These results answer the question which was
unsolved until recently as to how to characterize the range of all p for which maximal
functions associated with non-isotropic dilations of non-homogeneous curves of finite

type in the plane is bounded.
Chapter 3 gives a detailed proof of the L*-estimate of the model operator, which is

translation-invariant and can approximate the Fourier integral operator .7:"/‘\5

The proof of the L*-estimate of the Fourier integral operator .7:"/‘\; will be given in Chapter
4.

In Chapter 5, employing some arguments used and some results obtained in the plane,
we also establish LP-estimates for the maximal function related to the hypersurface
(21, 9) = (21, 79, 23(1 + O(x"))) with associated dilations d;(x) = (t%1, trs, t4xs) for
an arbitrary real number a > 0. These results could not be covered by the theorems
about maximal functions associated with nonisotropic dilations of hypersurfaces in R3
from Greenleaf [10], Iosevich-Sawyer [14], Tkromov-Kempe-Miiller [11] and Zimmer-
mann [47]. Moreover, by an alternative approach, we also get LP-estimates for some

classes of maximal functions in R?® proved in [10], [14], [11] and [47].

Conventions: Throughout this thesis, we shall use the well known notation A < B,
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which means if there is a sufficiently large constant GG, which does not depend on the
relevant parameters arising in the context in which the quantities A and B appear,
such that GA < B. We write A = B, and mean that A and B are comparable. We
write AS Bif A< Bor A~ B. AN B means if A < B, then ANB=A;if A> B,
then AN B =B.
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10 of curves in the plane

2.1 Statement of the main results

In this chapter, we will show some LP-estimates for maximal functions associated with

nonisotropic dilations of curves in the plane.

The maximal operator along curves in R? is defined by
M f(x) = sup|f * ()],
>0
where p is a arc length measure supported on the curve and p; is the same measure

dilated by ¢ > 0 and appropriately normalized.

Two different situations will arise. (1) A maximal operator of the first type: the curve
1y = y(r1) is homogeneous under the given dilations (such as y(z1) = 2¢,d > 0,d # 1).
Basically one obtains the same operator by restricting the supremum to ¢t = 2/. Under
appropriate assumptions on the curve, one can prove that M is bounded on L? for
p > 1. The exact results and proofs can be found in page 472-492 of [41]. (2) A
maximal operator of the second type: the curve x5 = 7y(z) is not homogeneous under
the given dilations. Then the various u; are supported on different curves and the

problem becomes much more complicated. We have the following subcases:

(2a) if the dilations are isotropic and the Gaussian curvature of the curve does not
vanish, then M is bounded on L? for p > 2, see [2] and [25]. The range of p must
be further restricted if the curvature allows to vanish at some point [12] unless one
introduces a damping factor [19];

(2b) if the dilations are non-isotropic and the curve with non-vanishing Gaussian curva-
ture away from the origin is homogeneous, Marletta and Ricci [20] combine Bourgain’s
theorem with a Littlewood-Paley decomposition to show that M is bounded on LP if
and only if p > 2;

A natural question to ask is whether there exists some positive constant pg > 1 such
that M is bounded on L? for p > p, in the setting (2c) if the dilations are non-
isotropic and the curve xs = 7y(z1) is non-homogeneous and of finite type (such as
(1) = 2¢4(1 + 27 + O(z7*)),d > 2 and m > 1)? This chapter will give the answers.
Now we list our main results.

Let ¢ € C°°(1,R), where I is a bounded interval containing the origin, and

d(0) #0; ¢V (0) =0, j=1,2,--- ,m —1; ¢"™(0) # 0 (m > 1). (2.1)

Theorem 2.1.1. Define the maximal operator

M f(y) = sup

t>0

/Rf(yl —ta,yy — 22 p(x))n(x)dz |, (2.2)
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where n(z) is supported in a sufficiently small neighborhood of the origin. If ¢ satisfies
(2.1), then for p > 2, there exists a constant C,, such that the following inequality holds
true:

IMSllze < Collfllze,  f € CE°(R?). (2:3)

Remark 2.1.1. If m — oo, then we obtain the maximal operator of the first type
described above which is bounded on L” for all p > 1.

In fact, the above theorem is sharp if 1 < m < oo, which follow from the following

proposition.

Proposition 2.1.2. If 1 < m < oo, then p > 2 is a necessary condition for the

mazximal inequality (2.3).

Proof. Let f(x) = X123 @ g doar that feLlP(R?)ifp <2

|| og 3
Now we take € < 1—(1)0 such that [¢/2,4€¢] C supp 7, then fix it. We may assume that
#(0) >0, U (0) =0, j = 1,2,--- ,m — 1, and ¢(™(0) > 0. Let y; € [1/8,1/4] and
yid(e) < yo < yio(2¢). By the inverse function theorem, we can set a := a(y) =
¢ 1 (y2/y?), then € < a < 2¢ (otherwise, if we assume ¢(0) > 0 and ¢™(0) < 0, since
¢(x) = %xm_l + O(a™), then ¢(z) is strictly decreasing in the interval [e/2, 4e].
In this case, we take y?¢(2¢) < yo < yid(€)). We choose €; > 0 such that €; < €, then

{z:]r —a] < e} Csupp n. Now we have
Mf(y) = sup / flyr = ta,yo — 22 ¢(x))n(v)dz

X[-1/2.1/22(y1 — tx, yo — 2 ¢(x))
= sup 3 5 1 n(r)dx
[(y1 — to, y2 — t222¢(x))|log [(y1—tz,52—2226(@))]

/ X[=1/2,1/22 (Y1 — tox, Yo — 52 P(z))
{z:|z—al<e1} |

t>0

>

dx,

(yl - t0$, Y2 — t3$2¢($))’ log |(y1—t01‘,y21—t8x2¢(z))|

where ty = y;/a. We also observe that %66 <ty < i.
If [ — a| < €1, then = can be written as v = a + 2 = % + z, |2| < €, which gives
Y1 — tox] = tolz — 41| = tolz| < & < 1/4, and |y, — t52°¢(x))| is equal to
2
Y
[y2 = =5 (a +2)*(d(a) + ¢ (a)z + O(=?))]

_ Yi o yi 2 Ui oy 2
=l — Ba2o(a) — 20z + 2)o(a+ 2) — Ba(6'(a)z + O(=2)
= |55 (2az + 2%)é(a+ 2) +yi(¢'(a)z + O(2%))]

— tol2]|y1 (2 + Z)(b(a +2) + ayi (¢ (a) + O(2))]
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1 €1 €
<Lz 2 - .
< Sk 2+ Dotte) + £(ola) + O(e)lble] < 1/4
Set g(2) = y1(2+ 2)o(a + 2) + ayi(¢'(a) + O(z)) which is bounded from above by, say
C. From the above argument, we have (y; — tox, y» — t32°¢(x)) € [~1/2,1/2]. Then

making a change of variables, we have

dx
Mf(y) = /
{z:|z—a|<e1} |(?/1 —to, Y2 — t(2)$2¢(x))| 10g |(y1—tor,y21—t(2)m2¢>(m))|

/61 dz
> T
o toz[(1,9(2))10g s

Let C = V14 C2. It is a fact that ——— decrease monotonically in the neighborhood
of the origin. Together with the above estlmates we will have

1 1

> .
toz|(L, 9(2))|10g oy Cloz10g gz

Finally, for the fixed € and ¢; < €, we have

€1 dz de Ce1/(16€) dz
Mf()> | — 2% S =€ —
y) = Ctozlogﬁoz - C’/O zlog < >

]

Next we will generalize Theorem 2.1.1 to the curve of finite type d (> 2) associated
with the function ¢ defined by (2.1).

Theorem 2.1.3. Define the maximal operator

M [(y) := sup

t>0

/}yrﬁxw—ﬁdm>><>x, (2.4)

where n(x) is supported in a sufficiently small neighborhood of the origin. If ¢ satisfies
(2.1) and d > 2, then for p > 2, there exists a constant C, such that

IMFlle < Collfllee,  f € CE(R?). (2.5)

Remark 2.1.2. If m — oo, then M coincides with the maximal operator of the second

type described above.
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2.2 Background on Fourier integral operators and

auxiliary results

2.2.1 Local smoothing of Fourier integral operators

In our settings, the averaging operator is always expressed as a Fourier integral oper-
ator, then we turn to prove the L? boundedness for these operators. So here we will

make a brief introduction to local smoothing of Fourier integral operators in [25].

We consider a class of Fourier integral operators I (R™™! R"; A), which is determined
by the properties of its canonical relation A, which is a conic Lagrangian in 7*Y'\0
to T*Z\0 with respect to the symplectic form d{ A dz — dn A dy, and closed in
T*Z\0 x T*Y'\0. In fact, these assumptions imply that A C T*Z\0 x T*Y'\0 is a
conic (immersed) submanifold of dimension 2n + 1.

To guarantee local regularity properties of operators F € I(R"™ R™; A), we shall
impose conditions on A which are based on the properties of the following three pro-

jections

A
T*Y\0 7 T5Z\0

We assume that Iy is the projection of A onto X, X=T7 Z\0, Z, or T*Y'\0. The

condition has two parts:

(1) non-degeneracy condition:
rank dllp-y = 2n, (2.6)

rank dll; =n+ 1; (2.7)

analogue of the Carleson-Sj6lin condition for nonhomogeneous phase (for every 2y € Z,

I'.; := Ilzx z(A) has n non-vanishing principal curvature);

(2) cone condition: for every zy € Z, I';, is a smooth conic n-dimensional hypersurface,
n — 1 principal curvatures do not vanish. A Fourier integral operator which satisfies

(2.6), (2.7) and the cone condition is said to satisfy the ”cinematic curvature” condition.

The exact description of this condition can be found in [35]. Here we like to see how

the condition can be reformulated if we use local coordinates. The non-degeneracy
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condition implies that near a given point (2, o, %0,70) € A, local coordinates can be
chosen so that A 5 (z,(,y,n) — (z,71) has bijective differential and there must be a
phase function ¢(z,7) so that A takes the form

{(z,¢.(2,m), ¢, (2,m),m) : n€R™0in a conic neighborhood of n}. (2.8)

In this case, the condition (2.6) becomes
rank ., = n, (2.9)
which means if we fix 2y, then,
I ={¢.(20,m): 7 €R™0 in a conic neighborhood of 7y} C T Z\0

must be a smooth conic submanifold of dimension n. Then if I',; 3 { = ¢, (20,7n) and
6 € S™ is normal to I',, at (, it follows that £6 are the unique directions for which
Vn{¢.(20,m),0) = 0. The cone condition (2) is just that

82

—— ¢ (20,m),0) =n — 1 ifn, 6 are obtained from the above. (2.10)
On; Oy

rank(

Suppose F € I*=V4(Z,Y; A), where A satisfies (2.6), (2.7) and (2.8), F f can be written
as a finite sum of the form

[ eevate T, f e crE, @.11)

where the phase function ¢ satisfyies (2.9) and (2.10) and the symbol a of order u has
small conic support in R"™! x R”, which means that a vanishes for all z outside a small

compact set and for all n = (ny,7’) outside a narrow cone {n : || < em}.

In this thesis, we always consider the case n = 2 and z = (z,t) € R* x R. We fix
p € C°(R) supported in [1/2,2] and set ay(z,t,n) = X B(|n|/N)a(x,t,n) for fixed
A > 1. Then ay is a symbol of order zero and satisfies the usual symbol estimates
uniformly in A\. Mockenhaupt, Seeger and Sogge show that the dyadic estimate of the

Fourier integral operator F is as following.

Theorem 2.2.1. [26]

(/1.

where €(p) = %p, if4<p<oo;elp) =3(3— 11—)), if2<p<A4.

P 1/p
dxdt) < Cp)\l/2—1/p—6(p),

R
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2.2.2 Auxiliary results

We will often use the following method of stationary phase.

Lemma 2.2.2. (Theorem 1.2.1 in [35]) Let S be a smooth hypersurface in R™ with

non-vanishing Gaussian curvature and du be the Lebesgue measure on S. Then,
[dp@©)] < CL+1eh~= (2.12)

Moreover, suppose that T' C R™\0 is the cone consisting of all & which are normal to
S at some point x € S belonging to a fized relatively compact neighborhood N of supp
du. Then

(5) @0 =00+ foraitnen. if ¢
du(€) =Y e 9a,(e) if EeT, (2.13)
where the finite sum is taken over all x; € N having & as the normal and
o\ no1
(%) 0] < cua+ g, (2.14)

We also use the following well-known estimate.

Lemma 2.2.3. (Theorem 2.4.2 in [35]) Suppose that F is C'(R). Then if p > 1 and
Ip+1/p =1,

sup [FOVP < PO+ ([ IFOOP) v ([irora) "

Next, we will introduce the definition of the nonisotropic Littlewood-Paley operator
associated with a parameter and show a related lemma.

Let 5 € C5°(R) be non-negative and supp 8 C [1/,/co,\/Co), Where ¢ > 1 is a real
number. For a fixed integer j > 0, real numbers a;,a, > 0 and ¢ € Z, we define the

non-isotropic Littlewood-Paley operator with parameter j as

—_

AJF(€) = B27[62€]) F (), (2.15)
where 52£§ = (2&”51, 2&1252).
Lemma 2.2.4. Let

. 1/2
o) = (S 1airr)
LEL
then the following holds true:

19; (Dl Lo @2y < Coll fll o) (2.16)

if p € (1,00), and C, only depends on p.
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Proof. The idea of proof is very similar to the classic one in [38]. For completeness, we
give the proof here. For a = (a1, a2) and a = (ay, ay), we define (a, @) = ajaq + asas,
£ = EE57. Let |-|s be a homogeneous norm, i.e. |§,£|s = r|¢|s for r > 0. Hérmander’s

theorem in nonisotropic case is usually stated in the following way.

Lemma 2.2.5. [6] Let m(z) € L>®(R?), and assume m(x) is N times continuously

differentiable where N > |a|/2; moreover, assume that

8 [0
- (2
/R/2S|§|5S2R 73 )

where C' is independent of R, say C > 1. Then there exists a constant A, such that

2
<O (O] <C ae,

1T fllr = IF " m)llr < Apllf e, 1 <p<oo, feCT(R?), (2.17)

where A, depends only on a and p. In particular, if m satisfies that
2 mig)| < il 219
3 - 0 ’

for all £ # 0, then T, is bounded on LP(R?).

Set
roe, 1f L €Z, >0
R, =
712041, Zf le Z7 14 < 07

where {ry}ren is the Rademacher function system on [0, 1]. Then

4, (F) @) ~ / S AL ) Re() Pt (2.19)

LeZ

Since | - |5 & | - | for |£] ~ 1, then it is easy to see that ) ,., 3(277]02£]) < C. So we

can define

Ty if = (Z Rz(MZ) g (220

LeZ

then T, ; is a Fourier multiplier operator with multiplier

m;i(€) ==Y Re(t)B(277|62e€)).

LeZ
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However, |Ry(t)] < 1 for all £ € Z and ||T,, 4llzr—re = |Tmosllr—rr- In fact, if
7 f(x) = 2%/P f(27x), then

Tt f = Tozstor o f
= F L 2¥/P1_mg, f)
= 29 F (7 j(mo f(24)))
= 229 %/ Fl(mg . f(271))
= 7, F " (mo 2 9/P2% f(20.))
= 7 F N moum; f) = T Tmg o (75 1),

and ||7; T, , 75|l Lr—zr = | T, || —z» implies the desired estimate.
It thus suffices to show that my, satisfies (2.18). Since for some ¢ € Z, 5(]|0:&|) # 0 =
|5 ~ 27, then

2\ —(a,a
EjQ%)ﬁmﬁnsaﬂmx’%
LET

for arbitrary £ # 0, which implies that my, satisfies (2.18). Then there exists a constant
A, such that

Ty fll1r < Ay fllze, forall f e LP(R).

Furthermore, (2.19) and Fubini’s theorem gives

1
H%ﬂﬁwwA;(A|ﬂijﬁ)m:

1
Z/H%MMM
0

1
gA%W%ﬁI%W%.

2.3 The proof for curves with non-vanishing Gaus-

sian curvature

In this section, we will give the proof of Theorem 2.1.1.
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2.3.1 The case when m =1

In this section, ¢ € C*°(R) satisfies the following condition
6(0) £0. F(0) #0. (2.21)

We choose B > 0 very small and p € C§°(R) such that supp p C {z : B/2 < |z| < 2B}
and Y, p(2%z) =1 for z € R.

Put
AW = [ Fon = b0~ P 6()n(a)ds
:}j/ﬂw—mm—&ﬁwmmwmmm=§jﬂﬂw

where

= [ ot = 2ot () s (2.22)

Since n is supported in a sufficiently small neighborhood of the origin, then we only
need to consider k > 0 sufficiently large.
Considering the isometric operator on LP(R?) defined by T}, f (w1, 25) = 23%/7 f (22, 2% 2,),

one can compute that

TP AT f(y) =27 /f y1 — Lz, Yo —t2$2¢( P)p(x)n(2 " ) d. (2.23)
Then it suffices to prove the following estimate
22 k sup\Ak < C,, for allp > 2, (2.24)
t>0 PP
where
AEf() = [ $lon — b~ P0G A(n(2 Fa)do. (225)

By means of the Fourier inversion formula, we have
:1/ amQ/e“&xﬂ%ﬂﬁﬂﬁ”ﬁ@ﬂn@—%wdxf@ﬁﬁ
R2 R
— /2 eig'yd,uk((stf)f(f)d&
R

where

3ﬁ@w=4€“m“ﬁ“#%umm*@w. (2.26)
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We choose a non-negative function f € C§°(R) such that supp f C [1/2,2] and
Zjezﬁ(Q_jr) =1 for r > 0. Define the dyadic operators

AL ) = [ )52 168D, (227

and denote by M? the corresponding maximal operator. Now we have that

sup | A} f(y)| < MFOF(y) + 3" MEF(y). for y € R2.

t>0

i>1
where -
MEOf(y) == sup | Y AL f(y)]. (2.28)
t>0 j<0

We observe that MFf(y) = supyu | f + Ks,_, (y)], where K, () = £ %K (2, %) and

~+

K= [ edm©n(eds (2.29)

where p € C3°(R) is supported in [0, 1]. Since ¢ satisfies (2.21), supp p C {z: B/2 <
|z| < 2B}, then Lemma 2.2.2 implies that for a multi-index «,

\(%)ama‘ < Cpa(l+ )2 (2.30)

By integration by parts, we obtain that
[K(y)] < Cn(1+1y)) 7", (2.31)

Then MFO fly) < CyMf(y), where M is the Hardy-Littlewood maximal operator
defined by

M f(y) = sup —

Sur —|B(y,t)| o f(z)dx, (2.32)

where B(y,t) = {z : |y — x|s < t} and |z|s = max{|x,|,|z|'/?}. For the exact
description, one can see page 8-13 in [41]. So it suffices to prove that

3 2 F ST IME| e < G (2.33)
k

Jj=1

—

Since Ay is localized to frequency [6;£| = 27, we will show that

||M?||Lp_>l’p S—’ ||M‘I;,loc||Lp—>LP7
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where M5, f(y) = sup,cp g \Zl;f( )|. In fact, for fixed j > 1 and all ¢ e Z,

let AJ be the non-isotropic Littlewood-Paley operator in R? defined by A] fl) =
B(2791650€|) f(£), here 3 € C3°(R) is nonnegative and satisfies 8(|6,£]) = (|5t§|)ﬁ~(| &),
for any ¢ € [1,2]. Then

M} f(y) = sup sup
LEZ te[1,2]

< (X
= te(1,2]
(T sw
‘ez, te(1,2]

-(X

LeZ

[ a5 DB o g

) 1/p

93t /}R2 6i£~52—49@(5t§)6(2_j|5t€|)gg\f(52—ff)df

p) 1/p

/2 eié'yd/,u\k(@étf)ﬁ(zfj|52€t§’)@(§)

p)l/P

M] loc(Agf © 522)(62*Zy)

Since p > 2, Lemma 2.2.4 implies that

N ) p
HMkaHp ]loc Aif © 520(5243/) dy
(€7
4 p
- Z23£ M] loc A%fodﬂ)
LEZ Lp
< ||MJ loc LpaLPZ/ |AJ |pdy
0€T.
1/2)1p
< ||M] loc Lp_>Lp (Z | AJ )
=) Lr(R?)

< ||M] loc” P—>LP||f||LP (R2)"
Based on the above argument, next we will only consider

ZQ N IME el < (2.34)

7>1

In order to get (2.34), first we will estimate

dpn(6,6) = / e o0 ()i (3, (2.35)
R
where 27% = § and
s:=s(&t) =— & for & # 0. (2.36)

%7
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If & =0, then

o A O]/V o Cf\,
()| = 110 (46)] < ety = T ey

and for multi-index «,

Ca,N

IDgdyun(0)| = |DE(3)5)"(t6)] < G 7w

Since t ~ 1, then we can deduce the case & = 0 into By, of the following (2.39).

Put
®(s,7,6) = —sx + 22¢(67), (2.37)

then we have

0, ®(s,,0) = —s + 2w¢(dx) + 225¢' (6)

and
O2®(s,x,6) = 2¢(6x) + 4xd¢ (0x) + 2°6%¢" (6x).

Since k is sufficiently large and ¢(0) # 0, then the implicit function theorem implies
that there exists a smooth solution x. = ¢(s,d) of the equation 9,®(s,z,d) = 0. For
the sake of simplicity, we may assume ¢(0) = 1/2.

Meanwhile, we observe when k tends to infinity, ¢(s,d) smoothly converges to the

solution ¢(s,0) = s of the equation 0,®P(s,z,0) = 0.
Let ®(s,0) := ®(s,{(s,6),6). From the above arguments and Taylor expansion of

smooth functions ¢(s,d) and ¢(z), the phase function
2¢ F . g% 5% / 2
—1°6P(5,0) = == +65¢'(0) + 6°R(t,&,0), (2.38)
26 t&

where R(t,&,6) is homogeneous of degree one in £&. —126,3(s,§) can be considered as

a small perturbation of % + 5%&(0)
2

By applying the method of stationary phase, we have

&, A
1€ (1+ [0€])'72

where xj is a smooth function supported in the interval [cy, ¢], for certain non-zero

dug(6:€) = 67”252@(3’6))%(

) + Bi(6:€), (2.39)

positive constants ¢; < ¢, ¢ < ¢o depending only on k. {Ax(6:£)} is contained in a

bounded subset of symbols of order zero. More precisely, for arbitrary ¢ € [1, 2],

| Dg Ar(0:6)] < Ca(1 +[€])7, (2.40)
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where C, do not depend on k and ¢t. Furthermore, By, is a remainder term and satisfies
for arbitrary t € [1, 2],

| D¢ Byu(6:€)| < Can(14 €))7, (2.41)
where C,, y are admissible constants and again do not depend on £ and t.
First, let us consider the remainder part of (2.34). Set

k,0 o
M; f(y) :== sup

te(1,2]

/R VB85 1) F€)d|. (2.42)

By (2.41) and integration by parts, it is easy to get |(Br3(277:))V(x)| < On277N(1 +
|z|)~". So we have that

1M oo = sup{|| M} fll oo = | Flle = 1}
= sup{|| sup [t7}(BrB(277))" (6-1) * flllee : [ fll1e = 1}

te(1,2]
< sup{Cn2N M fllzo - | flle = 1}
S CNQ_jN7

where M is the Hardy-Littlewood maximal operator defined by (2.32), and the LP-
boundedness (1 < p < o0) of M implies (2.24) for remainder part of (2.34).

Put

— ABE)
Ab fy) = [ etev-redea, Sy Ao 27916 i3 2.43
L) = [ e G Tt e fOde 43
Denote by M f’l the corresponding maximal operator over [1,2]. It remains to prove
that
> 2 MY Lomre < Con. (2.44)
k

Jj=1

Since ®(s, ) is homogeneous of degree zero in & and & ~ 1, then

Vele - (y— ) — £6D(5,0)]| > Cly — =

provided |y — x| > L, where L is very large and determined by ¢, ¢, and ||¢||s (1)-
By integration by parts, we will see that the kernel of the operator Ai‘i ; 1s dominated
by 277VO(ly — x|7V) if |y — x| > L. From now on, we will restrict our view on the

situation
ly — x| < L. (2.45)



Chapter 2.  Maximal functions associated with nonisotropic dilations
of curves in the plane 23

Let B;(L) be a ball with center i and radius L. Furthermore, we will show that
sup{|| M} fll» : || fllze = 1,5upp f C Bo(L)} < G270 wI2ke®) (2.46)

implies that

HMf’lHLMLp < 2 iaP)gkea®) (2.47)
where C), depends on p, ¢1, ¢ and ||¢||« (1), and & (p), é&(p) > 0. Then in order to
prove inequality (2.34), it suffices to prove inequality (2.46).

In fact, we can decompose f = >, ;> fi, where supp f; C B;(L). If we have proved
(2.46), then

kJ, k?
M5l < S ME il

i€LZ?
1/p
> (z MG +z~>>||fzp>
i€ L72
1/p
< Cp2” gé1(p) okéa (p) (Z (-4 0)|2 )
i€LZ2

< Cp2 a2 £y,

which implies (2.47).
Now we observe inequality (2.46), together with the assumption (2.45), we can choose
p1 € Cg°(R? x [1,4]) such that (2.46) will follow from that

||M;€’1||LP—>LP < Cp2—j€1(17)2k€2(17)’ (248)
where o
Mf’lf(y) = Sl[lpﬂ \pl(y, t)AfJf(?J” : (2.49)
te 17

Lemma 2.3.1. o
M flloe < C270W2 f]| 0, 2 < p < 0.

Proof. To prove the above lemma, we employ the M. Riesz interpolation theorem
between the L? and the L>-estimate. By Lemma 2.2.3, we have

Tk
125 fl1Z2

< 4 \m(y, t) Ay, f (y) P*dyt (o 2(m(y,t)z‘lff,jf(y))\Qdydt "
12 12 Jr2 Ot

0
ﬂwmw%mmmmmwwammw%m»

(L2,dy) (L2,dt).
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Moreover,

%(m(y,t)fl,’ijf(y)) = /R 2 eHEv LN, (y ¢ € 7) f(€)de, (2.50)
where

&y A(0€)

tul:6.9) = ( g0 + 15 (PR, 0D0.0) ) el s 82 1)
o) g O ) e )
+p1(y>t)xk(t%)a ( 1fk|5ft§| 7 )B (27716:€])
D) e S5 )

From (2.38) and (2.40), we get |2(~126(s,6))| = | — 0556/(0) + P ZR(1.E,6)| <

029, 1B 0D ~ 1, 15 (258 ) | S 27972 and [5(8(277]0,€]))] S 1. Therefore

i (y, ¢, €, )| S 20726 + 279/2 Then (2726 + 279/2) 7 2 (py(y, t) AF; f(y)) behaves like
2//2 A¥ . which is a symbol of order zero. So we only consider the L?-boundedness of
the operator 2//2pAf . for fixed ¢ € [1/2,4], however this is easily obtained by the
Plancherel theorem, i.e.

, e e Ay(6 » ;
127201 (5, )AL F ) 22,0y < e 2702, <§2>$f§§m<z 10D ©ll2 a0

< Ol e

From the above arguments, we obtain
1M f 122 < 27722026 + 279 2)[112772 1 (y, AL f () w2, | 22,0
0, . N
|20 4 29 02 )
< C2 I 2P5+27)| £ 2
< CE+27)|flIZ-,

X

(L2,dy) 11(L2,dt)

then
HM’“fHLz < OB+ 27) 2| £l . (2.51)

Next, let us turn to prove
1M fll e < CJLFll . (2.52)
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Inequality (2.52) follows from the fact that the kernels of Af’ ; are uniformly bounded in
L'(R?). The idea of the proof can be found in page 406-408 in [41]. For completeness,

in fact, this idea also will be used later, so we give a brief overview here.

First, we introduce the angular decomposition as in [41] of the £-space in the plane.
For each positive integer 7, we consider a roughly equally spaced set of points with
grid length 277/2 on the unit circle S*; that is, we fix a collection {€7}, of unit vectors,
that satisfy:

(a) & — €| = 2792 if v #£ 1/
(b) if £ € S', then there exists a £ so that [ — £/] < 271/,

Let I'} denote the corresponding cone in the {-space whose central direction is £, i.e.
Ly ={¢:1¢/1€] - &1 < 227972}

We can construct an associated partition of unity:

Lemma 2.3.2. [}1] X; s homogeneous of degree zero in & and supported in I, with

ng(f) =1 for all £#0 and all j, (2.53)
and
08 ()] < Aa22|g] 71, (2.54)

Hence, in order to establish (2.52), it is sufficient to prove

/ K} (y)|dy < C27972, (2.55)
R2

where C' does not depend on ¢, j, k and v, and
K{(y) = p(y, 1) / e/ EVTIRRN AL (€, 1)B(277 10, (€)dE, (2.56)
RZ
and (&) = el ) sl

Then we have
IME £l oo = || sup | Ky * £ e
t>0

< [ fllze sup > Y|

v<29/2

S 1 lleees
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and get inequality (2.52).
For fixed v, the inner integral (2.56) is supported in the truncated cone I'Y. Let T' be

the transpose operator, i.e. T'(z1,72) = (71, 22)". We can find a rotation p such that
T—'p4T(1,0) = &. Write T = T7'p4T and T; the i-th variable after the action of T,

this leads to prove the following estimate

J.

where § = —%. From the &-support of the inner integral of (2.57), we know that &

belongs to the following region, see Figure 1.

(1) / I Tev—C TG0 A (Te 1) 8(2796,TE)xY(T€)de |dy < C279/2, (2.57)
]R2

31
) 9
AG 7 "
A / —
(o —7-””"\;”/ \) 9i/2
2’ L
Figure 1
Put &)(y, ) = ~§ Yy — PTHeD(3,0). Clealy b is homogeneous of degree one in &, hence
D(y,&) =€ Ved(y,&). Let h(€) = (y, &) — - Ved(y,€), where € = (1,0). We claim
that
5\
— ) | < Ay 27V, 2.58
‘(a&) ©) < Ax (2.58)
a\" .
(_) h©)| < Ay - 279V, (2.59)
96

Since h(€) is also homogeneous of degree one, then h(§) = 0 and V¢h(€) = 0. As a

result N N
o 9 /0 .
(a—&) h(ﬁ):a—&(a—&) he) =0
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Thus ( > (9(|§|f§,‘+1) Since |&] < 27/2 and |€| ~ 27, we have that |§||5+|i1 <
, we get 1nequahty (2.58).

. N
Again, %h(f) — 0,50 2 h(¢) = O(%) ~ 2792, For N > 1, we have that (%) h(f)’ <

Ax €[N, by homogeneity, and 270~ < 27Ni/2 50 we finish the proof of inequality
(2.59).

We observe that x oT satisfies the same conditions (2.53) and (2.54) as X;- Meanwhile,
supp (x oT) C {¢: |% —(1,0)] € 2-279/2}. If we set e = 277/2 in (iii) of Lemma 14
in [23], then it follows that (2.54) has an improvement for x% o T, ie.

a\" " .
(3) oDy <onle ™~ (260
%6
We now rewrite
K2 ) = pilnt) [ eSS0 G (e 32T (0 0 T

Next, we introduce the operator £ defined by £ = I —2% 6‘?;2 — 27 38522

(2.60) and the fact that A is a symbol of order —1/2, we get that

Because of (2.54),

LN (MO A(TE, 0)B27TEN (K 0 THE)| < An272.
However,

9

LN Vb _ <1 +2%
5

~ -~ N . B
Oy, &) + 2j|ici>(y, §)|2) CiEVeRWE)
9

From Figure 1, we note that the support of the integrand has volume at most O(27
27/2) ~ 239/2 thus we obtain by integration by parts that

9

. . . z 0 = _
K (y)| < An2%97227972(1 4+ 25| = (y, )P + 27| o —D(y, )
06 3
In order to prove (2.55), we make the change of variables y — (%Ci)(y, £), %é(y, £)).
Since
82<I> ,€)
det ( 3 8yyz ) # O
and the Jacobian is bounded from below, then we have

dy
K (y)|dy < An2? < 027,
/R2I {Wldy < An /RQ (1 + |20y | + [29/2y5])2N —
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Now we split the set of j into two parts 7 > 2k and j < 2k. By Lemma 2.3.1, we get

S 2N M e < Gy (2.61)
k

J<2k

For j > 2k, we introduce some new notations. Let 7 = k + j', then ;' > k. Set
A=2">2F=§"1 then 2 = 2 . By Lemma 2.2.3,

fst
1M f 17

2 4
<5 (L)
A \Jr2 J1y2

4
2 i(Ey—12628(5,5)) ~1/2 é R
" (/ /1/2 o) [ e (60) V2 A&, DB(S 1)) F(€)de)

In order to simplify the notations, we choose x¥ € C§°([c1, ¢2]) so that )Z(g—;)x(t%) =
x(t%) for arbitrary ¢ € [1/2,4] and k sufficiently large. In a similar way we choose
po € C§°((—10,10)) such that po(|€])5(]0:£]) = B(]0:£]) for arbitrary ¢ € [1/2,4]. Fur-
thermore, since Ay satisfies (2.40), if a(§,t) = (/\/5)1/2Avk(§,t)/3@|5t§|) for k sufhi-

ciently large, then a(¢,t) is a symbol of order zero, i.e. for any t € [1/2,4], a € N?,

4 3/4
dydt)

4 1/4
dydt) .

(2.62)

) 20 & —~ 1) A
pula) [ | X6r RO 5)2 R (€, 051D F (e

(%) oten] <catrv e+, (263)

Assume that we have obtained the following theorem:

Theorem 2.3.3. For all A > 1/0,

4 1/4
(/ / |F§f(y,t)|4dydt) §C’)\l/8+615_(1/2+62)||f||L4(R2), some €1,€2 >0, (2.64)
R2 J1/2
where

Ff(y.t) = Pl(%t)/

RQ

. 2 i 4] A
TR m(FIEDTEFOE. (269

Remark 2.3.1. If we replace the localized frequency [£] ~ A of Theorem 3.3 in [1§]
by [£| &~ 3, then we obtain the factor A/8T2%/8+¢ which is larger than the factor
M\/8tergk/2+€: appeared in the above Theorem 2.3.3. This means that we get a bet-
ter L*-estimate for Fourier integral operators not satisfying the cinematic curvature

uniformly.
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By (2.62), we obtain

5
”Mk 1f||L4(R2 < C'( )1/4)\1/8+615 (1/24-€2) ||fHL4(R2)

o
— (27(=1/8+e1)gk(1/8—c1+e2) £l 2o e

Employing the M. Riesz interpolation theorem and Lemma 2.3.1, we have for 2 < p < 4,

M fllgoqaay < €A/ 5/ Gl A=) | £

and

22 Y HM’“HLHM < CZQ 1/ a+5/@n) ==/ ezen)) § Qi1 Bre)C=4/p) < ¢,

J>2k 7>2k

For 4 < p < oo, the M. Riesz interpolation theorem and Lemma 2.3.1 imply that

—~—

HM]’-C’lfHLP(]I@) < C'Qj(_l/2+4€1)/p24k(1/8_61+62)/pHf”LP(RQ%

and
22 k Z HMkluLP%LP < Cz2k 1/(2p)—1+4(e2—e€1)/p) Z 2] 1/(2p)+461/p) < C .
J>2k j>2k
We have finished the proof of Theorem 2.1.1.

It remains to prove Theorem 2.3.3. First we introduce a model operator which is

translation-invariant. We define it by

. ) -
Ffnt) = palont) [ B0 O om(SIEDTEHF O (266)
where e ¢
B =5 and €)=+ S6(0) (2.67)

Notice that compared to (2.38), we have replaced ¢ by 1/t. This is no problem since
t ~ 1. Then the model operator F' f approximates the operator ]:"g whose phase function
has of the form (2.38).

Theorem 2.3.4. For all A > 1/4, we have
IR (g, D)l pagesy < OAVEFAGOZE | oy, (2.68)

We give the proof of Theorem 2.3.4 in Chapter 3. In Chapter 4, the proof of Theorem
2.3.3 will be shown for the phase function —t26,®(s, d) in (2.38).



Chapter 2.  Maximal functions associated with nonisotropic dilations
30 of curves in the plane

2.3.2 The case when m > 1

Here we only show the differences with the case m = 1 and continue to follow the

notation used in the previous section. We will mainly estimate

At (0,6) = / e EE00) 5y (5
R

where § = 2%,

Set
s:=s(&,t) = TR for & #0, (2.69)

and
(2.70)

The implicit function theorem implies that for enough large k, there exists a smooth
solution (s, d) for the equation 0, ®(s, x,d) = 0. Meanwhile, if we choose k sufficiently
large and assume ¢(0) = 1/2, then (s, §) smoothly converges to the solution (s, 0) = s
of the equation 0,®(s,x,0) = 0.

Let ®(s,8) := (s, ¢(s,0),6). The phase function can be written as

(m) () mt2
m+1¢ ( >6m 1 — +R<t,§,5),

m! tmey

’ 265

where R(t,&,§) is homogeneous of degree one in ¢ and has at least m+1 power of 6.

Using the similar argument as in the last section, it suffices to prove that

szkz | sup |AF;|l|r—rr < Cp, (2.71)
k tell,2]

j=1
where -
AESW) = [ TG OpEpEN e
R
A standard application of the method of stationary phase yields that

& Aun(66)
t&a” (14 |0:£])1/2

where Xy, is a smooth function supported in [¢k m, Crm), for certain non-zero constant

dﬂ’k,m (5t€) = e_it%?@(&&) Xk,m (

Ckm and ¢g,, dependent only on k and m. Ay, is a symbol of order zero in & and
{ Ak m(6:€) }r.m is contained in a bounded subset of symbol of order zero. More precisely,
for arbitrary ¢ € [1,2],

|Dg A (0:6)] < Call + €))7, (2.73)
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where C,, do not depend on k and m. Furthermore, By, ,, is a remaind term and satisfies
for arbitrary t € [1, 2],

| D¢ Brm(0:6)] < Cav(1+[€])77, (2.74)

where C,, y are admissible constants and again do not depend on k and m.

Put

._ i(Ey—t2628(s,5)) &y Apm(0:€) s 5
Ayf) = [ eterreteny, o) SO s lng fed. (275)

A similar discussion as before allows us to choose p;(y,t) € C5°(R? x [1/2,4]) and to

show that it is sufficient to prove that

D2 Y M e < G, (2.76)
k j>1
where o
M f(y) = sup |pa(y, t)AFf (y)],
te(1,2]
( compare (2.46), (2.47) ).
Moreover,
a (Eu—t2€oD(s N
S DAL F) = [ S O, @)
where |hym(y,t, €, 5)| < 27/26m+279/2 which follows from the similar argument with hy,
~ m m—+2
in (2.50), together with the facts that |2 (—t6®(s, 6))| = |(—1)m¢(72,(0)5mtm311£m+1 +
. ’ 2
G R(t.6 )] < om2.
So we still have the following regularity estimates.
Lemma 2.3.5.
”Mf’lfHLP(R% < Cp2_(j/\k)/p“fHLp(R2), 2<p<oo. (2.78)

The proof is similar to the one of Lemma 2.3.1. Hence, we have that

S F N M e S Cp Y 27F > 2
k k

0<j<9km km<j<9km

< Cp+8m Y k27 <
k

where 2 < p < o0.

Based on these results, let us now assume that j > 9km. We introduce some notations.

Let j = km + j' and & = 6™, then A = 2/ > ¢ ® and 2 = %. After the same

simplification as in the previous section, we will prove the following theorem:
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Theorem 2.3.6. For A > &%, the following inequality

4 ) 1/4
([ ] B swnrta) < cxmses g @
r2 J1/2
holds true for some €1, €5 > 0, where
. e T S
B Fnt) = palont) [ v 8ea(e, npn TIEDR(EF(€)de.
]RQ

In order to use the proof of Chapter 4 to get (2.79), we make the change of variable
t — ¢t~/ then it suffices to prove that

<// 18 ”m>|4dyd'f>l/4S O D| ey, (2.80)
where
EFy, 747) = oy, 1) /R et g fim) o(%ﬂ)i(%)ﬁ(@df,
and
~:—£1/m%, —mED(5,0) = §£2+t5’( )m“‘b(”;fo)- ;MTH%( £ ¢ 0).
(2.81)

Hence, we employ the similar idea of Chapter 4 to obtain (2.80), then Theorem 2.3.6

is proved.

Based on the above theorem, we get that

5/
1Ml < O

)1/4/\1/84-615/ (1/24€2) ||f|| 4
— 023 (—1/8+61)2k:m62||f||L4 (282)
— O2j(—1/8+61)2km(1/8+€2—€1)||f||L4'

Employing the M. Riesz interpolation theorem between (2.78) for p = 2 and (2.82), we

have for 2 < p < 4,

I f sy < QI8 Q=) gbmls =5/ o+ =4/ el | £ .
j <
If 3/4—5/(2p) + (2 —4/p)(e2 — €1) < 0, then (2.76) will follow directly for j > 9km.
If 3/4—5/(2p) + (2 —4/p)(e2 — €1) > 0, then km < j/9 yields that

A ey < 5= /8145 o2 sV 1

= C-/6+2/Op)+=4/p)Eate) O )1 (E2)
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Employing the M. Riesz interpolation theorem (2.78) for p = oo and (2.82), we have
for 4 < p < o0,

HM;C,lfHLp(Rs) < 024j(f1/8+61)/p24km(1/8+(62761))/pHfHLp(RQ)_

Since 1/8 + (e2 — €1) > 0, then km < j/9 implies that

—~—

HM;‘“I]CHLP(R?’ < (2% (=1/8+e1)/podj(1/8+(e2—e1))/(9p) ||fHLP(R2)

= ORIt O ] g,

which finishes the proof of (2.76), hence of Theorem 2.1.1 when m > 1.

2.4 The proof for curves of finite type

In this section, we will prove Theorem 2.1.3.

The proof of Theorem 2.1.1 inspires us to prove Theorem 2.1.3 directly. Because at the
beginning of the proof, we employ a dyadic decomposition to restrict on an interval far
away from the origin, and this means whether d = 2, the curve has still non-vanishing
Gaussian curvature in this constant interval and we can still apply the method of

stationary phase. We proceed as in the proof of Theorem 2.1.1.

We choose p € C§°(R) such that supp p C {z : B/2 < |z| < 2B} and >, p(2Fz) = 1.
Since the support of 7 is sufficiently small, then we can choose k sufficiently large.

Put
/f n =t = atol (s = 32 AL ),

where Akf = Jo fln —tx,yo — tdxdp(x))n(x)p(2Fz)dz.
Consider the isometric operator on LP(R?) defined by
Tf(fﬂl, .’172) = 2(d+1)k/pf<2k$1, Qdk.’lj'Q).
As the argument in the last section, it suffices to prove the following estimate

ZT"‘H sup |Af|||» < C,, for p > 2,
- >0

where A} f(y) := [o [y — te,yo — %20 (Z%)) p(x)n(2 " 2)dx.

By means of the Fourier inversion formula, we can write

k 1 €y 7 £
AT = oz [ e man GOF €



Chapter 2.  Maximal functions associated with nonisotropic dilations
34 of curves in the plane

where

7 —i(t€ x+tdEaxdP( L)) ~ _
dpte,a,m(0:§) 2/6 (I€12H5€220(50)) 5( ) (2% 2 d.
R

Choosing a non-negative function 5 € C§°(R) as before, set

AT = G [ S (8652 A€

(2m)?
and denote by M J’? the corresponding maximal operator.

Since Aﬁ ; 18 localized to frequencies |6;§ | ~ 27, we can still use Lemma 2.2.4 to prove
that

HMJICHLp‘)Lp 5 HM]l'floc|’Lp*>Lp7

where M]’flocf(y) = SUP¢e(1,2) |Afjf(y)|

Set
§:=27F si=s(t) = _tdg—iﬁz’ for & #0, (2.83)

and
®(s,x,0) = —sz + 2%p(0x). (2.84)

From the proof of Theorem 2.1.1, for fixed ¢ € [1,2], we would mainly estimate

51 Ak,d,m(été-)
tdilfg (1+’6t§’)1/2

where xpam s a smooth function supported in the conical region [c gm, Ck.am], for

B(27715,€]) f(€)de,

i(Ey—tiEad(s
ALy f) = [ ety (GHe)

certain non-zero constant ci g, and c/k:l; dependent only on k,m and d. Ajg.m is a
symbol of order zero in & and { Ay, 4.m(0:£) }x is contained in a bounded subset of symbol
of order zero. Let ¢(0) = 1/d and ®(s,0) := ®(s,G(s,),d), then the phase function

can be written as

d+m

1
)d—l

1 1 dgd
)

_ N RO (_ &
dﬁfl dﬁ &2

-1
(- =y) R0

£

where R(t,€,0,d) is homogeneous of degree one in ¢ and has at least m + 1 power of 4.

—196,8(s,0) = (

The similar argument with (2.46) allows us to choose p;(y,t) € C5°(R? x [1/2,4]) and

it is sufficient to prove that

S 2N M e < Gy (2.85)
k

Jj=1

where

—_~—

M]klf(y) = sup |P1(y»t)Af,jf(?J)|'

te(1,2]
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Moreover,

0 . Ao g .
a(pl(i% t)Al]ijf<y>> = /]R? 61(§~y—t §2¢(876))hk,m,d(y) tv g)])f(é.)dé.? (286)

where |hym(y,t, &, 7)| < 29/26™ + 279/2 which follows from the similar argument with
hy in (2.50), together with the facts that

d+m
o b = B 5m¢(m)(0) & a1 9 < smoi

So we still have the same regularity estimates as (2.3.5) and

22% Z ’lM]]'g71’|Lp4>Lp < Cp, for 2<p < oo.

0<j<9km

Based on these arguments, for j > 9km, let j = km + j" and § = §™, then j' > 8km

and A = 27" > &% We would be done if we could prove the following theorem.

Theorem 2.4.1.

1/4
</R2/2 ’F‘s l/m)“ldydt) < C}\1/8+6151_(1/2+62)Hf||L4(R2)7 (2.87)

where

F f(y, 7 = piy, T ”m)/ ei@-yz—d/mgé(éﬁ))a(&,f”m)po(%!é\)i(?)f(é)df,
2

R2

and ¢

5= _fla-v/méL

&
d/me &3 5 1 1 def | 75 o™ (0) &1 = REV 5.d
—dme, (3, 8) = - Oy gy - fi/m .
2(5.0) = (- ) EhEr-a D (<) R0

The proof is similar to the one in Chapter 4.






Chapter 3

A model operator

In this chapter, we will prove Theorem 2.3.4, which will be obtained in a similar way

as the proof of L*-boundedness of the following operator:
Rft) = palynt) [ 0 EOwae o IEhR(HFOE ()
R

where E(§) = 2, qs(&) = 0 - 62’ X € C([e1,¢2]) (€1, o are very small positive
constants), po € C5°((—10,10)) and a is a symbol of order zero. So we need to prove
that for all A > 1/6,

IR (g, D)l ey < OAVEFAg-O2E ]| gy, (3:2)

The following approach follows the proof of Proposition 3 in [25], but we need various

modifications.

We may assume that the &-support of the symbol a is in the first quadrant. We rewrite
Riwt) = [ "Rty pyir
R
i(y- T) 1 5 - 5 £
= [ [ SO (a6 ) (7 = (DT Fe)dear
R JR? A &2

We can reduce our proof to the situation |7 — ¢s(£)| < CoA for an appropriate constant
Cy which is small and satisfies gs(§) — 2CoA > 0. In fact, if |7 — ¢5(§)| > CoA, then

(i) if 7> gs(&) = A > 1, by [£] = A\/d, then
7= 4:(E)] = C1 = C(A+[(0¢, 7)]);
(i) if 7 < ¢s(§) = A > 1, by assumption, then

17— qs5(§)| = CoA = C (A + [(6¢, 7))
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Define the operator £L = I — A¢,, where A, = 8;2 + 52 + a < then the above
arguments of (i) and (ii), p; € C§°(R? x [1/2,4]), together with the fact that a is a
symbol of order zero, imply that for sufficiently large N’,

122 (p1(y, Ja( €N = as(€))] < Onr(A + (5, 7)) (3.3)

and

& (5O 1ol 0 - sl DR )|

< Cn(A+ (08 7))
< On AP+ ](06 7))V

Since £2(e!=2¢H)) = (1 + |(y — ,t)[*)?, by integration by parts in (£,7) and the
assumption |7 —gs(£)| > CoA, the kernel K (y,t;x) of the operator F? can be controlled
by

K(y, )| < O e [ e ) P

<1+|(y_$at 2

1 ,
< O A N25-2,
=TV |y — 1))

Since A > 1, then for sufficiently large N < N’,

1
1+ |y — =, )[*)*

|K(y,t;2)| < CyA™Y (3.4)

In the next steps, we will always assume that |7 — ¢5(§)| < CoA for a small appropriate

constant Cp, which shows that

Let ¢ € Cg°(R) satisfy supp ¢ C [-1,1] and Y, , ¢*(- —n) = 1. In order to give a

decomposition for 7, the dual to t, we define the operator P" on functions in R? by

(P"9)"(n,7) = (A~"/*7 — n)g(n, 7). (3.6)
Similarly, we define f,(€) = o((A~Y2g5(€) — n)/10) ().

Lemma 3.0.2. For N >0 and 1 < p < o0,

< CN)\_NHf“LP(IR?)- (3.7)
LP(R3)

S (PFEf — )

n
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Proof. For fixed n, we have
(PP = 1)t = [ [ e PO )y, Jale, ) = as(€)
< o SIEDRCEDL = (4 2a5(9) — 010 (e

From the support of ¢, we have A/?(n — 1) < 7 < AY2(n + 1), together with (3.5),
we get n ~ A\/2. We observe that ¢s(&) ¢ [\/%(n — 10), A\'%(n + 10)], then we get
17— qs(&)| = (A + (8¢, 7)[)/2. Finally, as in the estimate (3.4), the kernel of (P")2F}?
defined by

[ et O 00— ) (. ale )~ (DGR
X [1—o((A""?g5(&) — n)/10))dedr

can be dominated by OA"V (1 + |(y — ,t)[*)72) and

Lemma 3.0.3. For 2 < p < oo, we have

S (PEf - )

n

< Cn Z )\7N/HfHLP(R2) < C'N)\fNHfHLP(RQ)'

Lr(R3) naoAl/2

< O\1/4=1/(2p))
Lr(R3)

> (P Fn

naAl/2

1/2
\( 3 |P“f§fn|2>

naAl/2

LP(R?’)'

The idea can be found in [25].

So far we have used a radial decomposition of the Fourier integral operator F? with
respect to frequency variables. Now we make a further angular decomposition. As we
have introduced in Lemma 2.3.2, here we redefine the homogeneous partition of unity
of R?\ {0} that depends on the scale A\/§. Specially, for fixed j > 0, we choose functions

1/2

Xv,V = 0,1,2 -+ and the size of every angle is (6/A)"/*. Meanwhile y, satisfies the

following conditions:

D xu(€) =1 for all £#£0, (3.8)

108 x| < Aa(A/8)*[€]71%1 for all € # 0. (3.9)

Define @, by

A _ ~ o T—4q (77) N
(Qug)"(n,7) = Vo (n,7)g(n,7) = <ﬁ) X (n)g(n, 7),
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where 7' = ;I and ¢ € C§°(R) is supported in [—2,2] and equal to 1 in [—1,1]. In fact,
(Q,9)"(n, ) is supported in a thin sector intersected with a thin neighborhood of the
cone {(n,qs(n))}, see Figure 2.

Put

o, t) = pr(y,1) /R el rortna(g 1y <§ ) o<§|£\>xy<f>ﬂ£>d£.

Lemma 3.0.4. Given a fized € > 0 and n ~ A2, we define

Ré)\,uf = Pn(Fiuf) - PnQV(F;\s,Vf) (31())
For any N > 0, there is a uniform constant C'y so that

A

HRi,yanLp(Riﬂ) < Cn(=

5)_NHfHLP(]R2)- (3.11)

Proof.

RS, faly,t) /R2 ) [/RQ/ WD (L — W) (1, 7)p(A V2T — )
(o 0l6) 1 = 6.7 = as(©)dndr| (S IEDTENAO o€

In order to estimate |(n — &, 7 — ¢s(&))|, we split our consideration into different cases:

1. When ' € supp xu, but £ € supp x,, then |n —¢&| > C’(%)l/2 and the following
inequalities will hold true:

(1) if |n > [¢] =

A
In—¢€l = Cll = O(5 +|n, ).

(2). if Inl < Il ~ 3,
A A
n =&l = C(5)" = O+, )|)1/2

2. When 7 € supp x,, but ‘T| %6)‘ > 2 and & € supp x,, then the following inequali-
ties will hold true:

(1). if [n] > |¢| = 3,
A T
=& = Cll = C(5 + 10, 5D,

(2). if [n] S €] & 3, for u < €, we consider two subcases:
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a. when |n —¢&| > C|7/d|*, we have

n— §|>C( +1(n, )D”,
b. when |n —¢&| < C|7/0|*, since

7= 4O = I — as(n)] = las(§) — as(n)]

and
-
g5(&) — qs(n)| = 6|§ —n| < C5|g|”,

then we have \
T T T
— >2|<|° = —F (= e,
7 as(O)] 2 2051~ COlS I ~ 5 + 1, )

Combing all the cases, if we set L=1— A, ., for any 2 < M < uN’, we obtain,

n,7»

[ (G0 - &7~ as(©))] < x5 +1m S (312)

The estimate (3.9) implies that |x, (') < (A\/§)Y/2, in addition to (3.12), we get

A

L ((1 = Uy (0, 7)) (AP —n)pi(n — €, 7~ q&(f))) < Cun(s

M2, A T\ —uN’
5) /(5+|(77,3)|) :

By integration by parts for (n,7), we have

R, fu(y, 1)

/RQ /R / D (1 — B (n, 7)o =) (pr - al&, )N (n — &7 — gs(€))dndr
po(—lfl)i(—)xy(f)ﬁ(ﬁ)‘ ¢

EM( (1 = W (. 7)) (A" 1/2r—n><p1-a<s,->>A<n—g,T—q5<s>>)\dndT

R2 JRR2

<+|<y, BE Pl IEDTCE N (é)fn(f)‘di

—I— , K dnd
1+|?J7 R2 JR2 ’77 ) T

R EGIAGIEE

A\ N’ /2 &1 )\_1/2%(6) —n n
<cMN<5> /(H‘(% i )M/R oG (2= de 7o~
< Cuad " g e
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The last inequality follows from the volume of set {¢ : p0(§|§|)>2(§—;)x,,(§) # 0}.

Since we have supposed that f is supported in a fixed compact set, then there exists a

sufficiently large Chs n, so that the following inequality holds true,

A 1
R(S n ,t < C / s N p.
’ )\J/f (y )| = YM,N 717(5) (1 + ’(y,t)‘Q)M”fHL
We have finished the proof of Lemma 3.0.4. O]

Until now, since > (P™)? is the identity, applying Lemma 3.0.2, then we get

| FSfle = ‘

> (PR

n

L4

S (PYFUSf -~ fn)

n

ISPl + \

L4

S ‘

> (P F

n

O e

L

It is more convenient to consider a related square function than to estimate the sum
of the main term in the right-hand side directly, so by Lemma 3.0.3 and Lemma 3.0.4,

we obtain

> (P Ffn

n

< Cv)\l/S
L4 N

1/2
(Z |P”f§fn\2> 4
! ' 1/2
(Z Py Qu(fﬁ,yfn)l2>

< CAl/g

+ONATY [ f s
4

L

To estimate the main term in the last expression we notice that, for each fixed n ~ \1/2

and v, the Fourier transform of P"(),g is supported in the following region (see Figure
2),

U ={(n,7) €R*: (n,7) € supp ¥i(n,7),[\"*r —n| < 1}.

We need an estimate of the number of overlaps of algebraic sums of the sets U, L[ﬁ,’,

for fixed n,n’ corresponding to indices v for which &, lie in the first quadrant.
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Figure 2: A thin neighborhood of the cone 7 = §|n| and U

( The figure of the cone 7 = ¢5(n) is similar to a sector of the cone 7 = d|n|. )

Lemma 3.0.5. For fized n, n' € Z, there is a constant C, independent of n, n’, A and
0, such that

A A
D Xuggaaar (1,7) < C(5)* logy(5)12 (3.14)

7

Proof. First, we split every U into (%)E pieces along the normal direction to the cone
T = qs(n) (vertical cross-section of U will be shown in Figure 3 (1)), then it suffices

to prove that

A
D Xegpsay (1:7) < Clogy(5)72 (3.15)

where ?;lﬁ is comparable to a rectangle tangential to the cone of dimension 1 X ’\15/2 X

(%)1/ 2 ( vertical cross-section of U and the comparable rectangle will be shown in
Figure 3 (2) and the left-hand one of Figure 4).
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\

Figure 3 (1): Vertical cross-section of U}

~ 1/
. < o

\

Figure 3 (2): Vertical cross-section of U7 and the comparable rectangle

Furthermore, here we use similar arguments as in [26] to prove a scaled version by 1/A
of inequality (3.15).

To this end we define I', = {£ € R*\0 : \/gy < |§—?| < \/g(y_F 1) for v = (T —
cg)\/§, s (5 cl)\/§ and here non-zero positive numbers ¢, ¢, with ¢; < ¢ depend
on the support of Y. Next, for n = 0,1,--- , A2 let A” be the set of all (,7) such

that dist((n, 7), (&, ¢s5(€))) < A™! for some & € T, with ¢5(§) € (5 — 1) > + T (5 —

c1) 2+ %] Thus A" is basically a A™! x ﬁ X \/% rectangle (see the right one of
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Figure 4) lying on {(&,¢5(£)) : ¢s(§) € [(5 — 1) 7%, (5 — ¢2)7?]}. Its shortest side points
in the normal direction to the cone.

|
M
(E)
|
|
|
/25 } Scaled by \~!
|
|
\
re 1
///
U A
Figure 4

The scaled version of the overlap lemma is that there is a constant C' independent of
n, n', A and 0 such that

A
ZXA3+AZ,’ (n,7) < Clogg(g)l/z' (3.16)
However, inequality (3.16) follows from
A
Y Xagean(m) SC0< LS log,(5)"/%. (3.17)
|v—v!|~2¢

To deduce inequality (3.17), we give a simple argument to show that for € € T, and € €
T/, the angle between the normals to the cone at (£, ¢5(€)) and (£, gs(€)) is =~ 2/($)"/?
if [v — /| = 2% It will follow from the claim that dist(P, A) ~ dist(P, D) ~ 1/§ (See
Figure 5 for ¢s(¢) = 1). Next, we will first prove this claim.

In Figure 5, AE and DE are the tangent line of the curve ¢s(¢) = 1 at point (&;,0),
(51, 0), where &, 51 ~ 1/§. PA and PD are perpendicular respectively AE and DE.
From the expression of the curve ¢s(§) = 1, it is easy to know that §—cy < tan ZAOB ~
tan /B, tan ZC =~ tan ZDOB < 7 — ¢1.

Since tan(£DOB — ZAOB) =~ 2°(£)'/2, then
1/2/71/2  F1/2 00 1/2
tan ZC —tan ZB ~ 6/°(&'" — ') = tan ZDOB — tan ZAOB = 2 (X) :

which implies tan(ZC — £ZB) ~ 2¢(2)1/2. As a result of ZAPD + ZAED = ZDEI +
ZAED = 180°, then ZAPD = /DEI = /C — /B =~ 2°($)"/2.
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0 8 C  (§,0) (€1,0) &

Figure 5: Curve ¢5(§) =1

Since ¢s(£) = 1, then 5’1/2% = ¢17% and the slope of the line PA (the line PD)
is equal to 3(51/251/2 (%(51/25/2). So £/ —&/* = 6~ 1/2(tan ZDOB — tan ZAOB) =~
§71/22¢(2)1/2 = 2¢/X1/2. Then the line PA can be written as

51 1 23/2 1/271/2
So=—FT—755 190 / + = (5 3
%(51/251/
and the line PD is
& 12432 1/281/2
fo=—7-—551+0 + 6 :
%51/251/

It’s easy to compute the point P ~ (—%, %) The claim was proved.
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Since AGLPG, DF1PF, PALAFE and PD1DF, then /GAE = ZAPG = 2£(§)1/2
and ZEDF = ZDPF =~ 2‘(%)/2.

VX
V' with [v—v/| & 2¢, A"+ A" is comparable to a rectangle of size 2/A~" x 5 1/(0AY?).

The projection on PG of the width of U" is equal to sin Z/GAE x —— ~ 2—/\2 > AL Forv,
1, 1
, o <
In other words, vol (A" + A%) ~ 2¢571/2)\72,

Next we define

1

Q = {(777 T) : Z XAL1+AZ// (7]77—> Z 5 I(Trl]%_})( Z XAZL‘H\:// (7777—)}

|v—v/|~2¢ |v—v/|~2¢
Since the sum is equally distributed on €2, one can check that

00312 2f ~1/2 -1 2%

~
d

e N
C )
\\ o T
\ 1/¥ ?) \ R ) /’/
~ ’

Figure 7 : Q
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Set C' = max, ) D et XAEJFAZ//(?], 7), then

Cvol(Q) = / Cdndr < 2 / > Xagar (0, 7)dndr
|2t
— Z vol(A™ + A™)
=/ |~2
1
52)0\3/27

A
< 25 - 1/22f673/2>\72 < 22@
together with the estimate of vol(Q), we know C' < C, i.e. D vimat Xapgan (1, 7) <
C. O

. By Plancherel’s
L4

1/2
Let us continue our estimate for ‘ (Zn \P">", Qy(fiyfn)P)

theorem and the above overlap lemma, we have

I(zirs e |
-/, (Z L9 Qu(}—g,yfn)|2>2dydt
- [T e 5>

- /RS;; > P QUFL fa) P Qu(FL )

4

2

dydt

Pn, Z Ql/’(f:\s,u’fn’)

2

dydt

n'
7

2
dndt

- /3 Z ZXUgJFU;L// (777 Pan’( fn)) (Pn/QV’<‘F/(\s,y’fn’))/\<an)

/Rs ZZXUnJrUn T Z‘ PQu(Fx, fn))" (Pleu/(}—iu/fn’))A(naT) 2d77d7'
< O3 logy (5 / 3 \P”Q 8 FOPY Qu(FL f)| dydt
\ 1/2 " V: 1/24
= 0(5) log, (= <Z|P Qu(F3,fn) ) y

Hence by Lemma 3.0.4, it suffices to estimate

1/2
(Zn,y ‘Pnf/(\s,yfnP)

L4
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Furthermore,
1/2/4
[(ZiPene)
n,v LA
1/2)4
(Z S R A € t>|2)
n,v LA

< Cy

4
Z 1/2/ |]:)\ufn(y7 >| 2 12
|A ds|
R (1+AV2[s)N
f& fn Y t— )|2 2
< )\1/2/ >\1/2/| Al ds| dydt
CN/W/{ 1+/\1/2|| 1+ a2y ] Y
1 F2 [y, t — )2
1/2 14
C”/R?/( )\// R d)ddt
5 2 2
Z)\l/z/ “/T_}\an y> )‘ ds
1"‘)\1/2’5 1.2

2
scﬁ'v( / L) N S Pt >|2||des)

< C//

1/214
<oy (eriufn@,t)\?) ,
n,v L4

where *; means that convolution acts only on the variable ¢.

At present we have

+ONATN| £l 24

.F6f 1< C)\1/8 i €/2 10g2 é 1/211/4
A )
4

5)

1/2
(Z B e, t>|2)

It remains to estimate For m = (my,mq) € Z?, we

1/2
(Zn,y F e, t>|2)
L4

define the operator P° acting on the functions in R? by

(PLIYNE) = o361 — mi)ilrze — m) €. (318)

then f =3 .. P)f.



50 Chapter 3. A model operator

A\1/2
A (3)
P :
1/2 -~ /‘ Y
A7 A A / .
9 & //' f \
< . / ¢
d \
AL/ A P
[ a / ////
/ _— 1
- ittt et
= j“i ‘\‘ /// o |
- OTlr
M7 — ‘
4 W
Ve Tt —
N 2o //
7 ;
o
////
=2
=
===
-

Figure 8 : Card {(n,v) :m € J,,} <5712

The definition of f,, and the support properties of x, imply

6 0
FA,ufn = ‘F)\,yfn,V7

where fn, =.,.c;, P9 f and the index set .J,, is contained in the set of all m € Z?

such that XV% is not identically zero. It follows from the above discussion that
card{J,,} < C. (3.19)
Meanwhile, we also get
card{(n,v):m € J,,} <6 V2 (3.20)

Let the kernel K¢

Avn

(y,t;z) of ]:fvl,fmy be

i((y—x)- 0 s 6 -
pl(y,t)/ e )5+E(5)+tq“(§”ﬂo(xISI)X(é)a(f,lﬁ)xu(ﬁ)w((A Y2g5(€) —n)/10)de.
RQ
(3.21)
We need the following estimates. Notice that (3.23) is an estimate of a Kakeya-type

maximal operator.

Lemma 3.0.6. For fired n, v and g € L?(R?), then

/ K3, (y, t; )| de < C; (3.22)
R2
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2 1/2 \L/2
([oswd [ [ 1St tiollatunldur} de) < 057420108, > Pl
R2 v,n R2 JR

(3.23)

Lemma 3.0.7. [26] For 2 < p < oo,

(X imswp) "

meZ?2

< Ol fl o w2y-

LP(R?)

Supposing that Lemma 3.0.6 holds true, together with (3.19), (3.20) and Lemma 3.0.7,

a duality argument and Hoélder’s inequality give

2

1/2
H (Z Ll t>|2)
n,v LA
= sup

[ [ S Rttt
gl 2=t |/R2 JR

= sup //
gl 2=1 R2

< swp / S attlde |1t ) ol ) e

. (K0 (0,1 2)) P[RS (9, 1 2)) 2 fr (@) | g (y, 1) dydt

”gHLQ 1
<C sup / / / K (0,15 2] fo () Pt gy, 1) el
||9HL2 1 R2
<C s Z ey / K8 ) g, )y
llgllp2=1", R2 2
¢" sup / 2 2 IPf@Psu | [ 18ttt g
HQHLQ 1 n,v men, n,v 2 JR
¢ [0S Z Paf@Psup [ ] 1S (00l dydeds
Hg”L2 1 meZ2 {(n,v)men,,} nv JR2 JR
1/2(2
SC//(S—I/Z sup (Z |P1§1f<$>|2)
lgllL2=111' \, =72 A

2 1/2
<([. sup{ / [t tslato. Oy o)
R2 v,n

< €57 (log, 2 )||f||L4
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Therefore,

_ A A AL/2 _
7R llze < COTENYR(S) 2 loga () %] logy == Fll s + O AT || fl s
< ONVHT O] £,

where €, and €, are very small.

A

A
S

Figure 9 : £, ,
We turn to prove Lemma 3.0.6. By (3.21), we put

Bun =165 ml DR D€ Dol as(6) = m)/10) 20 (320

and consider the size of E,,, (see Figure 9), first we can adopt some ideas from the

proof of inequality (2.55) to prove inequality (3.22), here we still use similar notations.
After a rotation by the transformation T, we put ¥(y, ) = T¢-y+ E(T¢)+tqs(T€) and

hE) = U(y, &) — Ve(y, €) - €, where € = (1,0). Since ¥ is homogeneous of degree one,
€] ~ 2 and |&] < C(2)Y2, then we can get some similar results with (2.58), (2.59),

(2.60), ) )
'(%) mO s () MOl S G (529

o) ] - o \" [ ANy
(8_51> O o TNE) S () (3—52) (o T)E)| S (5)7V2% N>1. (3.26)
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Furthermore, set £ := I — 6%5_52% - %g—é and Dy(z) := (t?z1,t23). Because of (2.63),

(3.25), (3.26) and LY (p((A1/2¢5(T€) — n)/10)) < C, then

£ (MOm(FIDRED e, D e ase) - /1)) < €.

Noting that the area of the region £, ,, is at most C 53%, so by integration by parts in

&, we obtain

cr o\ (53/2
K y0)] < - L —
L M (ely — 2, 2 + 31 (Tely — 2,8))a )
(3.27)
CnA/63/?

<

= — N 2N
(1+ D52 X2 Ty — 2,6))])

where

|(Te(y — 2,6))1| = |{y — v+ VE(&) +tVas(£), &)

and

(Te(y —2,8)2| = ly —x + VE(&) + tVags(&) — (y — 2+ VE(&) +1Vg5(8.), &) -

Inequality (3.27) implies inequality (3.22).

We introduce some notations. Given a direction &, = (cosf,,sinf,) € St, let 7y, C R3
be the ray defined by

Yo, = {(y,t) : y+ VE(cosb,,sinb,) + tVqs(cosb,,sinb,) = 0}. (3.28)

From inequality (3.27), we note that for fixed z, the kernels Kﬁjm(y, t; x) are essentially

)
X

This sheds some light on the proof of inequality (3.23).

supported in a rectangle of size 25 x ($)/? x 1 around 7y, + (z,0), see Figure 10.

We may assume g > 0 and choose non-negative functions o € C§°([7/2 — c2, /2 — ¢1])
and By € C5°([0,2]) which satisfies Bo(r) + > oo, B(27%) = 1, for r > 0. Let |- |p
be a homogeneous norm under Dy(z2) = (t%z1,t25), i.e. |Dy(2)|p = t|z|p. Let ho(§) =
o(l€l) € C(R2) and h(€) = B(IE|p) € C*(R2), then ho(€) + X352, A(Dy-i€) = 1. Tt
is clear that for £ > 1, £ # 0, h(Dy-€) # 0 = 271 < |€]p < 29 = |¢| = 2

Since the right side of inequality (3.27) does not depend on n, then the left side of
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inequality (3.23) can be controlled by
2 1/2
([oswd [ [ 1KS o tiollatolasar | a )
R2 v,n R2 JR
1 = _
< ([sw gy [, BaDeaN e Ot + )
R2x[1/2,4] 2

e
I _ A (53/2 T+ ,t
SupZ/ h(D2—£<D571/2)\1/2\I}§(y7é))) / g( z 4 )_
v = JR2x[1/2,4] (1—1— |D§—1/2)\1/2\Ij§(y7§>|>

SUp =75~

+ dydt

)

2N

1

D%/ /{(y,t)ewx[0,1}:IAW(y+VE<£u)+th5(§u))|D§2’f+161/2}

< C// ZZ N-3/2)¢

x g(x 4y, t)dydt

sgp 53

L2
1" - —2(N-3/2)¢ 1
<Ry 2 sup — [ gz +y,t)dydt|
PR e g

Ry ={(y,1) € R® x [1/2,4] : [\2(y + VE(&,) + t1V45(6)|p < 2716Y/2}.

From the above argument, in order to prove inequality (3.23), we need to prove
an L*(R%) — L?(R?*) maximal estimate involving averages over cuboids RY of di-
mensions ﬁ x (2)Y% x 1, which is basically tangential to the cone {(y,t) € 75 :
7o is defined as (3.28) and 6 € supp p} (see Figure 10), because in a similar way one

can obtain L*(R3) — L?(R?) maximal estimates involving averages over { R}, which

are x 2¢(2)1/2x 1 cuboids for £ = 1,2, - However we can split every RY along its

)\1/2
longer side of size (2)'/2 into 6-/2 pieces, i.e. {R 0y \?. where R) isa 525 X 113 x 1

tube around 7y, , + (,0) (see Figure 10). Then next we will prove a stronger maximal

estimate involving averages over tubes Ry defined by

, )
Ro = {(y,t) € R* x [0,1] : dist{(y,t),7} < W} (3.29)
That is because
6-1/2
sup / (z+y, t)dydt|| <52 sup / (x +y, t)dydt

|RY] L2 Z Rao 1%

571/2 1
< §1/? SUp oy 0(0)g(x + y,t)dydt

; |R9| Ry L?

Hence, we would be done if we can obtain the following Kakeya type estimate.
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Lemma 3.0.8.

1 B )\1/2
sup — [ 0(0)g(z —y, t)dydt|| < C5*(logy ——)*[lgll.2- (3.30)
o |Rol| Jr, 12 J
A i
o e | | % 2N (CVEE - Va().)
‘ (-VE@©).1)
(5)
~ 0
(-VE(©),0)
0 >
Y2

n

Figure 10 : cuboid R and tube R},

Remark 3.0.1. The constant /2 in inequality (3.30) is sharp if we take F(£) = [¢|
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and g5(€) = ol¢]. Let

1
| Ro| Jr,
In particular, we take g(z,t) = xp,(2,t), where Pj is a tubular neighborhood of width

§ around the t-axis with height 1. Assume that x € A; = {x € R?:1< |z <

149, ¢ <|x1/xs] < co}. Now taking 0 so that (cosf,sinf) = fa then we note that

M;spg(x) = SUp [ 0(0)g(x — y, t)dydt.

9% XRy (%) = [Ro N (P — (2,0))] = |Ry|,
which implies M g(x) 2 1 on As. Let Cs := || Ms || L2 2. Since |As| = 9, then

52 < || Msaglle < Cs0 = Cs 2 672,

2
In fact, if we take F(§) = % and ¢5(§) = 552,
the same conclusion, regarding complicated computations, we omit here.

in the similar way as above, we still get

Proof. We choose a suitable o € Cg°(R?) satisfying & > 0. Let § = /\{5/2 and 05(0,t,&) =
0(0)a(6€)x(0,11(t). Then We have

/ g(z —y, t)dydt
{(y,t)ER2 x[0,1]:dist{(y,t),79} <O}
y +tVgs(cos b, sinf) + VE(cos6,sinf
/ / ( ol ) ( ) g(x —y,t) X1 (t)dydt
]RQ

5
= (52/ / a(6)]Y(y + tVgs(cos 8, sin ) + VE(cos 6, sin ))g(z — y, t)
R2

X X[O,l]( )dydt
— 52 / / / ei£~[:c—y+th§(cos 0,sin 0)+V E(cos 0,sin 9)]0_5(9’ t, g)dgg(y’ t)dydt
R2 JR JR2
_ 52 / / eif-[m+th5(cos 0,sin 0)+V E(cos 9,sin9)]05(9’ t, £>g(g’ t)dé-dt
R2
=: 0% Agg(),

where g(é ,1) denotes the partial Fourier transform of g with respect to the -variables.

Therefore, we may further reduce to prove that

I'sup |[Agglllz2 < C2|log, 6 lgll 12 (3.31)

In order to prove the above inequality, we need to break up the operator Ay. Just as
before, we take 5 € C§°(R) and define the dyadic operators Aj by

T i& [z cos 0,sin cos 0,sin £
Aeg /2/ i€ [x+tVgs(cos 0,sin 0)+V E(cos 0,sin 0)] (0 t 5) (’ ‘) (5 t)dfdt
R
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so it suffices to prove that

| sup 1A% gl < Co~Y2log, 72 gl 2, T > 2. (3.32)

This is because Ag = 37, (100, 5+C AZ" + Ry, where C'is a fixed constant and the
kernel of Ry defined by

/ 6i§-[(w—y)+th5(cos 0,sin 0)+V E(cos 0,sin 9)]0_3(97 t, 5)60(|€|)d5
R2

is controlled by O((1 + |y — x|)~Y) for any N with bounds independent of 6.

Let 0; = arg&. We need to make one final reduction based on the following observation:

;<£ Vs(cos B, sin9))

_ <5, (= sin 6, cos ) ( Or1s(cos,sinb) - Orygs(cosf,sinb) >> (3.33)

O21qs(cos 0, sin )  Daaqs(cos b, sin b)

0 0
= 60le| - con 0<|§—|, (—sin0, cos ) = 63]¢| o g sin(0 —0) =06 0= 0.

For ¢ > 0, put
A;—,Zg(x) :/ / eig.[m—&-tv%(cos 0,sin 6)+V E(cos 9,sin9)}0_5<87 t, 5)6(@>/8£,7’<§) 0)9(5; t)dgdt,
R2 JR T

where 3,.(£,0) = 3 (2_671/2\(( sin 6, cos ), ) In fact, |((—sin6,cos 9),%

C, C is very small, which implies that ¢ < Cl og, T'/2. We define ATO = A} —
T4
ZO<€§C’log2 T1/2 AG :

Again we use Lemma 2.2.3, for ¢ > 0,

<C<//|A |d0dx> (//|—A” |d0dx>1/2.

Inequality (3.32) will be obtained if we can show that

1/2
(//\A )| d@daz) < oV gl 1o, (3.34)

1/2
( / / 12 Qdédx) < Co 122 A gl o (3.35)

From /3 (2 ~Lr1/2|((—sin 6, cos ), I£I>‘) # 0 and B() # 0, we know that on the support
of the symbol of the operator Aj*, |((—sin6, cos 0), 1 >| ~ 2772 and €] ~ 7.

)| <
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Since

25 - VE(cosf,sinf) = (£,2(—sin6, cos)) 011 E(cos Q,S?n 0) 012E(cos Q,S?n 0)
% Os1 E(cos0,sin @)  Oyp F(cos @), sin 6)

sin? 0 sin® 0

; _ cos20
= <£7 2(_ sin 97 Cos 9)> S_m(?ose c;g 99
0

2 . 1 —n
= — <§,(—sm€,cos€)><_M &2;())

sin

sin 6 sin? 6
£ :
~ €5 a7+ (~ sin . cosO)).
then 3
895 {thg(cosﬁ sinf) + VE(cos 0, sin 9)} ‘ < 24712,

It is easy to check that

25 (2871/2|(( sinf, cosf), 3 >]>‘ < 027412,

90 €)1

one can see that %Ag’e behaves like 2712 A7 then we only prove inequality (3.34).

Employing Plancherel’s theorem, We have that

| [ 143 gte)ava

= [ [ 45945 () avas
R2 JR

_ / / (/ / ei&-[z+th5(cos9,sin9)+VE(cos9,sin6)}0,5(6, t, 5)5(|§|)B&T<5, 9)9(5, t)dfdt)
R2 JR R2 JR

/ ~
% (/ / efigf.[ert’Vq(g(cos 0,sin 6)+V E(cos G,Sin9)]0_5(‘97 t/, fl)ﬁ<@)ﬁ£,f(§/7 e)g(éf/’ t/)dfldt/>
R2 JR T

x dfdx

/ // / / i[(tE—t'€") an(cos9,sin0)+(£f§’)-VE(cos0,sin9)}0_5(9 ¢ g)m
- 2 » by )

< B (€. 0B (€ e)de)(so(g - 08D 0a@ erdcaraeiar

// / ([ etemresucsssnoyoys, e,y ) ofG)s( Dot 0

X g(f,t’)d{dtdt,

where 0y denotes the two-dimensional Dirac delta function.
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Hence

//|A Qdex_/R2{/01 /01 HY (t,t)€) ‘5("57')0(55) 2

where

g€ 0g(C tf)dtdt'}ds,

HZ’T(Z&, t/7 5) _ / ei(t—t')(g,ng(COSQ,sin 0)>|Q<0)6Z,7'(§7 9)|2d9
R

First we claim that for ¢ > 0,

|H7 (8,8, 6)| < C2 V2 (1L + 62|t — )N, €| =T (3.36)

Since ((—sin#, cosb), ‘£|> = sin(fe — 0) and |0 — 0] ~ 27712 on supp By, we make
the change of variable = 0 + arcsin(2‘77Y/2w), then
HZ,T<t v é-) :/ei(t—t’)<§,Vq(;<cos(95+arcsin(2£7'1/2w)),sin(95+arcsin(QZT1/20.1)))
R

2@7_71/2

dw
V1 — 220712

X |o(0¢ + arcsin(QZT_l/zw))ﬁﬂwD]2

In a similar way as (3.33) we have that

aﬂ (&, Vgs (cos(fe + arcsin(2771/%w)), sin(fe + arcsin<257_—1/2w))>
w

6212 e cos(f¢ + arcsin(2772w))
B sin®(6¢ + arcsin(2¢7-1/2w))

X < <— sin(fe + arcsin(2771/%w)), cos(e + arcsin(QET_l/zw))> : £>

€]
A 0_—1/2
_ 627 0l¢| cos(be + arcsin(2'7 1/ w)) (sin(fe — (A + arcsin(2°7712w))))

V1 = 2207152 sin* (0 + arcsin(2¢7-1/2w))

—62267716|¢|w cos(fe + arcsin(2f7712w))

~ V1= 2% 1,2 sin? 0¢ + arcsin(271/2w))

Since the support of p and 3 gives that 0 + arcsin(27
addition to |¢| ~ 7 and ¢ < C'log, 7%/2, then

/\

/\A

A

“120) ~ 1 and |w| =~ 1, in

0

% (&, Vs (cos(be + arcsin(2/771/%w)), sin(fe + arcsin(QeT_l/Qw)» ~ 2%5.
w

The claim (3.36) will follow from integration by parts. Based on the above claim,
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Holder’s inequality and Plancherel’s theorem, we have

//yA y)[2dody

<cxpre [ ([ [ o @ ot Showe

< ovatr 2 [ L1 241 elatéoiae s oo

o€ Dzl

S CN2ZT71/2

[ Jis@ore s oz Jo36)

(L2,dt)
< Cn27 77257 g3,

and inequality (3.34) has been proved for ¢ > 0.

For ¢ = 0, the proof is simpler. We still make the change of variable 6 — 0¢ +

—-1/2

arcsin(772w), then the support of the symbol of the operator H*™ gives that 0 is the

non-degenerate critical point, since

2
(€, Vgs(cos(0 + arcsin(1~%w)), sin(fe + arcsin(r~/%w))))

dw? o
_4 COs 95
= —64[¢|T ~ 0.
sin 05
Finally, integration by parts implies that
|HO7(t,¢,€)] < O 21 + 8|t — ¢/]) /2. (3.37)

We still use Holder’s inequality and Plancherel’s theorem to get inequality (3.34) for
¢=0. O



Chapter 4

More general Fourier integral
operators not satisfying
the cinematic curvature condition

uniformly

The purpose of this chapter is to prove Theorem 2.3.3. The main idea follows from
the proof of Theorem 6.1 given in [26]. In fact, the proof has a similar structure with
Chapter 3. Instead of repeating the proof here, we give a brief overview, and only a
detailed argument partly. In this chapter, we still assume A > 1 and the &-support of
the symbol a is in the first quadrant.

Since t ~ 1, we can replace t by 1/t in (2.65). By (2.38), we write

—t726,®(s,G(5,0),6) == B(€) +qs(&,1), s=s(&t71),

where

2 3
E(€) = 2% B(E.1) = téd(@% L FR(1,6.6), (4.1)

by abuse of notation, we have written R(t,4,&) in place of R(t™1,4,€) in (4.1).
Then

~

Bf0) = Fif0 = [ ermomenng e ofor, 42

where ay(y,t,&) = p1(y, t)a(é, t)p0(§|§|))~((§—;), which is a symbol of order zero in &.

The support of x implies that we are working in a fixed, small conic region ¢; <

|€1/&| < co. Using the angular decomposition appeared in Chapter 3, we can write
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F\ =Y, FY, where the sum runs only over (5 — 02)\/§ SvsS(s- cl)\/g and

FY f(y, 1) 22/ e CVHEOTBEN G, (5,1, €)x (€) F(€)de. (4.3)

R2

By Minkowski’s inequality, we have

IEAfIZe = 1> FX S fre
Y
=1>° > ESE S

L |y—p|=2t

<oy | Y EfEf

4 |y_lu‘|z2[’yg/’l‘

)

L2

where 2° < (cp — cl)\/é.

Now we make a further decomposition so that the symbol becomes
&K:jl;(ya t7 g) = d)x(y7 ta S)XV<§)SO(2€A—1Q(§ (gv t) - ])7 (44)
where ¢ is defined as in Chapter 3 and gj(&,t) = 0,q5(&, t). Since || ~ 3, then we have

FY = Y o Y3, where

Fifyt) = / VRO EN G (.1, ) F(€)dE.

RQ

Since ¢1 < [61/2] < 2 and gj(€.1) = 5¢/(0) % + 0, R(1.6.€). then 2A(j— 1) < ] £
27f\(j +1). The support of x, implies that the ¢-support of the symbol is comparable

toa 273 x (%)1/2 rectangle. Meanwhile, by (3.9) and (4.1), we notice that

020,457y, 1, )| < Cap(1+ [€)) 712 (6)7172, (4.5)

Now we use two almost orthogonal lemmas. One of them is as follows

Lemma 4.0.9. Suppose that |j + k — j' — K'| > X°. Then for any N > 0,

/ 3 F::Zfﬁf,ffﬁiff’fﬁf,;z’“’fdydt‘ < Cen AV /1l (4.6)
R

Proof.

/R PR PR fdydt = / HEErl (.60 €) () F(€) F () (€' dndgdr dg.
(4.7)
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where
HYL i (n, &, €)= / et ot € € )dydt, - (4.8)
R

2 2 2 2
\I/(y,t,n,f,n’,ﬁ’) = Y- (77 +§_ 77/ - 5/) + %(Z_; + g_; - :]]_Z - %) + F(tvnvf’nlagl)v

F(t,n, &', ¢&) =as(n,t) +¢5(§,t) —qs(n', 1) — q5(¢', ) and

v, ,I/, / ~V,jJ ~ .k ~v 5 K
bj,ll;,j’,k!f (ya t> m, 67 77/, 5/) = a,\,]e@a t? 77)0};,5 (y7 t? g)a)\,éj (y7 ta U')aie (ya ta 5/) (49)

Let Lg = a%(ati\p)‘ By integration by parts, we have
[H i (65 €)] < / e et g €) | dyde. (4.10)
R

Since O,V = O,F, Lg = a@t(atLF), then the inner integral can be written as the sum of

expressions of the form

N:
1:2 \Ijz t;n +\Ilz t,f — \I}Z t’n’ . qu t,fl ot o
H : ( ( ) (étF))NJ’_Nl ( ) ( ))atﬂbj,;:,]/,lg (y7 t’ n, 57 n 75 )7 (411)

where 0 < Ny < N, 0 < Ny < Ny, 8 < N — N,, and V; are partial derivative of 0;F

with respect to t-variable. Note that W, are still homogeneous of degree one in &.

Now from the estimate (4.5) and the support of ¢, it is easy to see that
0F (., &0 ) = C2Nj +k — j' = K| = C(ON?|j + k = j = K.

Since |W;(t, )] < 07 qs(-, )| < 625 = 6 for all o > 0, then

N2

[LCwaltm) + Wit &) = Wilt, 1) = (1, €))| < CEN™T,

=0

in addition to the fact that
A A

D < XA S =28 < (5)'70 = (62, (4.12)

we have
(6)\)]\724»1(5)\)(]\77]\72)/2
(BNV2[j + & — 5 — kN0

HO i (y,n, €1',€)| < C < OXN(0N),

provided that |j + k — j' — k/| > A°. Since b;',‘j]”,/,éf/ is supported on a set of measure
27%(2)% and 67! < A, then the integral is bounded by C. yA™||f|1., in addition to
the compact support of f, we get the desired result. O
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The above lemma implies that
> EfELS

/ [v—p|m2¢

S/ Z ZF,\fFﬁL%

v—plm2t k<2t

2
_ V] ¢ 1ok
- X X RiRs
<20+ j+k=s |y—p|~2¢
o ~,/7j ~Mak ~V’,j’ ~,u’,k’

[ S X BRI
s<20H1 jtk=s |y—p|x2’
s/ <2t IR =" | ot

2
dydt

dydt

(4.13)
dydt

</
By the Cauchy-Schwarz inequality, we have that

| S S % RirkRT

5,8 |s—s'|<A® ]+k’ s |lv—p|r2t
K= |t
B Z Z Z Lk :U*’ k!
s<20+1 Jtk=s |v—p|~2¢
JIHR=8 |y |t
2
_ € Nij ~M7k
x> [IX X BisRl

s<2é+1 ]“rk:S |y—u|zQe

<oxan Y / S

s<2t+1 Y jk=s

A I L 2N S T T -N 4
E : E E , ENI S FF 7 FFY f'dydt~|—C’)\ N7
5,8, |s—s'|<A® jtk=s |p—p|~2f

ik =5 % M|N2é

dydt (4.14)

2
> EVIFESS| dydt

|v—p|m2f

DU BN P

gk lv—p|~2¢

1/2
< C}\:—:2€+1

2
Now we use another almost orthogonality lemma to bring the sum in p and v outside

of the square function.

Lemma 4.0.10. Suppose that |v — p| = 2¢, |V — p/| = 2%, and |v — V| + |p— /'] > Ne.
Then for any N > 0,

/ VLFEST PR PRV fdydt) < Con XN £l (4.15)
R3



Chapter 4. More general Fourier integral operators not satisfying
the cinematic curvature condition uniformly 65

Proof. First we will introduce Lemma 6.8 in [26] as follows.

Lemma 4.0.11. [26] Let U € C*(R?\0) be homogeneous of degree one. Let ¢ < /4,
ap < 1/4, Ag > 1. Let Sy be the intersection of a sector which subtends an angle of size
s with the annulus {n : (1—ag)\ < |n| < (14ag)A}. Let h € C*(R*\0) be homogeneous
of degree one such that by|n| < h(n) < bi|n|, |V,h(n)| < by for some positive constants
bo, b1, bs.

Suppose that ag* < 2", n < £, 2 < ¢AV2, and that n, &, 1/, € € Sy are chosen such
that for given integers v, u, V', i’

(1) |arg(n) — vA~2] < ATV2; farg(nf) — VATV < ATV,

(2) |arg(n) — vAV2 < NV Jarg(nf) — VATV < AT

(3) 27NV < max{] arg(n) — arg(€)|, | arg(n') — arg(&)[} < 2¢7IATV;

(4) |h(n) = h(n)] < 27"\,

(5) |h(§) = h(&)] <27"A.

Then one can choose s, ag sufficiently small, and Ao sufficiently large (only depending
on U, by, by, by ) such that for all v, p, V', i with A2 < |v — V| + |p — i/| < A2

W (n) +W(€) — V() — W)
<Cl2 W=+l =V P)+ Q= +n—= )+ In+€—1 =€l

(4.16)

Suppose now that U satisfies the additional assumption rank ‘if;;n = 1. Then if either

p<vandp <v orv<pand v <y oand if A2 < v — V| 4+ |p— 1] < A2 we

have also with suitable positive constants cq, Cy

(U () + W () — V() — V(&)
> o2y = V[ + v = V'[*) + @ = |+ | = )] = Coln + € —n' = €.

(4.17)
Now in order to apply the above lemma to evaluate (4.11), we rewrite (4.11) as —‘S;VNf;lD
times
T1% (Wit ) /0% + Wilt,€) /0 — Wilt, 1)/ = Wil €)/5) 5,
(0,F[8)N+M: OVt (st &, €).
(4.18)

The worst case to bound the numerator of (4.18) from above is that we apply inequality
(4.16) in the above lemma with ¥ = 5%83%(-, t), at the same time, we will replace ¢ by
o — c1, h(n) by 3:02¢5(n,t) and A by A/6 in the above lemma. In order to bound the
denominator of (4.18) from below, we apply inequality (4.17) in the above lemma with
U = %qg, in this case, we will replace ¢ by ¢y — ¢1, h(n) by %qg(n,t) and A by A/0 in
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§2(Not1)

the above lemma. Note that 9,¥(y,t,n,&§,7',¢') =n+E&—n' =, by (4.12), Sz X
(4.18) can be controlled by

CONHLEN) N N2 [5 (2 — V| + |v — V' [2) + (2 — | + | — (/2) + 19,0 )) ]
N+Ny
(6max{|ay\1fr, (2= /] + v — [2) + (2= o] + [ — p]?) — rayw})
(4.19)

If v —v'| 4 | — p'| > A%, together with the fact that (5 — 02)\/§ SvsS(5— cl)\/g,
then
1

6 ((2y — v+ v = V) + (2 p — |+ [ — i[?))

-1
<06t (2% + @AG)

< C(ON)~V2A e

N2+1(§))(N—-N3)/2

Since dA > 1, (4.19) can be controlled by O(((;)\)(N—l)/2)\s(N—1) = O(m) Now

if we choose N sufficiently large, the similar argument with Lemma 4.0.9 gives the
desired result. O

Let us continue the proof of our theorem. Based on Lemma 4.0.10 and the Cauchy-

Schwarz inequality, then we have that

1/2

e
(X1 5 mirmr)
3k |v—p|=2f
— VI £k e pvd g prlk
= ,\,ef /\,Ef ,\,ef pWi /
jvk ‘V*,LL‘%QZ
|1/’—;/|%2£

~V7-] ~/J'7k ~1//7j ~/’l’,’k
S/E, E, FA,ZfF)\,EfF)\,ZfFA,Zf
Bk e o = |2
[v—v! [+ = | <X

SHODS

j7k ‘V—M‘QQZ
o 1/2
(S mese)
j?lj
At present, we put all estimates together and get

o 1/2
(Z |F:;zf|2)
I,V

2

L2

dydt

dydt + CX N f|114

2
FYJFESEf| dydt + CAN| 114

4
< )\28

+CAY 7.
L4

2

+ONY f1Zs.
LA

IEAfIFe < CAF )y 2t
4
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Furthermore, we introduce a finer decomposition of the operators Fy”/, namely, we set

By, 1) = / RO NGy, 1, €) f(€)de, (4.20)
R
where
ayy" (y,1,€) = e(NV2g5(6,) — n)aki(y, 1, €). (4.21)
v,jin A2

For fixed y, ¢, supp £ — a,’" is comparable to a X (%)1/2 rectangle and F:g =

5
don F/'\’g , where the sum involves less than 27‘AY/2. Since on the support of the
symbols @5", A2(n — 1) < ¢§(¢,t) < AY2(n+ 1) and on the support of the symbols
a)\’%, 27N — 1) < g5(&,t) < 27°N(j + 1), for fixed j, then which implies that if n
satisfies [n — n(j)] < 27°AY2 with n(j) = [27“AY/24], then F:g” # 0, where [-] denotes

the nearest integer function.

One can follow the proof of Lemma 4.0.9 and get an almost orthogonality lemma similar
to Lemma 4.0.9:

Lemma 4.0.12. Suppose that |[m +n —m' —n'| > X°. Then for any N > 0,

/ FﬂmfF;f”fF;g’ fﬁﬁ’f’”'fdydt < Con A ML (4.22)
R3

Using this lemma and the Cauchy-Schwarz inequality, we obtain

1/214
H(Z!Ff f\2>
Jv L
2
IZ/ZFf’jmfFf’f”f dydt
A

— 7.] m ,u‘7k7n ~V’j’m/ ~ll‘?k7n/

=2 | 2 2 BUTSRGCIELT IR f|dydt
Vi s<26N1/2 m— m’ =s

/<2 £>\1/2 n'—n=s’

~V?j?m ~/"‘?k’n ~Ij7j7m, ~ll”kﬂnl
< / E, E, FXp B TR TE | dydt
L s<26N1/2 m— m’ =s
§'<2™ £)1/2 n'—n=s’

|s—s'| <A

+ O A £l
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<X / > Ff’meFi‘z’“”fFf’]mfF;f’e’“’”/f’dydt

”“ $<2—E\L/2 m—m'=s
Jk n'—n=s

XY Y [ S BRI S RIS v

DB g<o—E)\1/2 m—m/=s n—n'=s

7 2) 1/2

oy (¥
2) 1/2dydt

”.vg s<2—E)\1/2
2\ 1/2\ 2
) > dydt

7,
2\ 1/2\ 2
> ) dydt

S RTEGT

m—m'=s

ik e papskn!
Z F,\,e fFA,Z f

n—nm'=s

X (
8§274>\1/2

(2 2

JV Ns<2—E)\1/2

< OA2 12 / (Z( D

v Ss<2-A1/2 n—n'=s

N2\
< ONE2 N2 / (Z (Z]Ffj’" f\4> ) dydt

Jv n

(Z Ia¢i f|2)1/2

7,V

Z F/\’J an)\,J n

n—n'=s

]anF;\/,]nf

4

S C«/\EQ—Z/\I/Q

L4

We would be done if we could prove that
o 1/2
|(Ziense)

7,V
Now comparing expressions of F ;g” f and .7-"/‘\5,1, fn which appeared in Chapter 3, we

< 0o~ \a | £ (4.23)

L4

see that they have a similar support in &, see Figure 8. Since all estimates after
(3.0.6) in Chapter 3 are valid under small smooth perturbations ¢j, then from now
on, we can combine the idea from Chapter 3 and the proof of Theorem 6.1 in [26],
the L' boundness on the kernel of the remaining operator, Carleson’s square function
estimate, and a Kakeya-type maximal estimate yield the factor §—(1/2+¢2) \e1. We thus

finish the proof for the more general phase function.
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5.1 Statement of the main results

The purpose of this chapter is to study the LP-boundedness of certain maximal func-
tions associated with nonisotropic dilations of surfaces in R3. We first recall some
results proved by Greenleaf in [10]. Let S be a smooth hypersurface in R” with a

smooth measure du compactly supported away from the boundary. Given an n-tuple

(a1, as,- - ,a,) of nonnegative real numbers, consider the maximal operator M defined
by
M) =sup | [ Flo = do)duty).
>0 |Jg
where ¢; denotes the nonisotropic dilation given by d;(x) = (t%xq,t%2zy -+ ,t%x,).

Supposing that at each point of supp du, S has everywhere non-vanishing Gaussian
curvature and in addition S is starshaped with respect to the origin, Greenleaf [10]
showed that M is bounded on LP(R") if n > 3 and p > n/(n — 1). Iosevich and
Sawyer [14] observed that M often behaves much better than the maximal function
with standard dilations due to a "rotational curvature” in the time parameter t. Let
‘H be a hyperplane and d(z,H) denote the distance from x on S to H. They showed
that in the case ay = a3 = -+ = a,_1 # a,, the condition d(z,H)™' € Llla/f(S)
over all horizontal hyperplanes H is sufficient for the LP-boundedness of M when the
surface S'is given as the graph of a mixed homogeneous function with finite-type level
sets. In 2010, Ikoromov, Kempe and Miiller [11] discovered a connection between
the LP-boundedness of M and the height of a smooth, compact hypersurface of finite
type in R3 satisfying a transversality assumption on S. Recently, Zimmermann [47]
proved that the maximal averages over analytic hypersurfaces located at the origin
in R? generally behave more regularly than the maximal averages over hypersurfaces
satisfying the transversality condition. It is worth to mention that in [47], he could
not handle the case when the Newton polyhedron of the analytic function is given by
{(t1,t2) 1 t1 > n,ty > 0} or {(t1,t2) : t1 > 0,t3 > m} and does not have any line with
slope which equals to minus one after any linear change of coordinates.

In this chapter, we establish LP-estimates for maximal functions related to hypersur-
faces (21, 22) — (1, T2, ¥4(1+0O(25"))) with associated dilations 6;(x) = (t%x1, tzs, t4z3)
for an arbitrary real number a > 0. These results are stated in Theorem 5.1.2 and The-
orem 5.1.4, and could not be covered by the theorems respectively developed in the
above references. Moreover, by an alternative approach, we also get LP-estimates for a
large class of maximal functions in R? proved in [10], [14], [11] and [47], see Theorem
5.1.1, Theorem 5.1.3 and Theorem 5.1.5.

Let  be an open neighborhood of the origin. Suppose I' is a hypersurface in R3
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which is parametrized as the graph of a smooth function ® : 2 — R at the origin, i.e.
= {(z,®(z)),r € QCR?*}.

In this chapter, our proofs always follow the following idea. First we ”freeze” the first
variable x; and apply the method of stationary phase in Lemma 2.2.2 to curves in
(22, 23)— plane, then by Lemma 2.2.3, we can reduce to apply LP-estimates for certain

Fourier integral operators which appeared in Theorem 2.2.1, Theorem 2.3.3, Theorem
2.3.6 and Theorem 2.4.1.

Let 0,(x) = (t" 21,129, t*x3), a; > 0 be a family of dilations.
First, we show LP estimates for maximal functions related to hypersurfaces with at

least one non-vanishing principal curvature.

Theorem 5.1.1. Assume that ®(z1,x2) € C*(R) satisfies
9,0(0,0) =0,  529(0,0) #0, (5.1)

and 2ay # az. Then there exists a sufficiently small neighborhood of the origin U C
Q such that for every positive smooth function n € C§°(U), the associated mazimal
function

M (y) := sup

t>0

[y = 0u(w1, 29, ®(21, 72)) ) () d

R2
initially defined on C$°(R3), is bounded on LP(R3) for p > 2.

, (5.2)

Theorem 5.1.2. Let ¢ € C(I), where I is a bounded interval containing the origin.

Define the maximal function by

fly = 6u(1, 2o, 250(2)) ) () d:

RQ

Mf(y) := sup

t>0

, (5.3)

where 1 is supported in a sufficiently small neighborhood U of the origin. Assume that
¢ satisfies (2.1), i.e.

$(0) #0; ¢9(0) =0, j=1,2,--+ ,m—1; ¢"™(0) # 0 (m > 1),

and 2ay = az. Then for p > 2, there ewists a constant C, such that the mazimal

operator satisfies the following estimate:

IMFllze < Coll fllee,  f € C5E(RY).

Then we extend the above theorems to hypersurfaces of finite type.
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Theorem 5.1.3. Assume that ®(z1,25) € C*(Q) satisfies P(0,0) # 0 and day # as,
d > 2. Then there exists a sufficiently small neighborhood of the origin U C §2 such

that for every positive smooth function n € C§°(U), the associated mazimal function

f(y - 5?5(:51’ L2, ngq)($1, :BQ)))n(x)dx ) (54)

RZ

M f(y) = sup

t>0

initially defined on C$°(R?), is bounded on LP(R®) for p > 2.

The case when das = a3 in Lemma 5.1.2 turns out to be much harder. For this case,
we have the following result.

Theorem 5.1.4. Let ¢ € C*(I), where I is a bounded interval containing the origin.

Define the mazimal function by

Mf(y) =sup| [ f(y— (21, 2, 240 (22)))n(x)dz|, (5.5)

t>0

R2
where 1 is supported in a sufficiently small neighborhood U of the origin. Assume that

¢ satisfies (2.1), d > 2 and day = az. Then for p > 2, there exists a constant C, such

that the maximal operator satisfies the following estimate:
IMSllee < Collflle. | € C(R).

Finally, we notice that the surfaces in Lemma 5.1.3 are required to go through the

origin. Now we consider the other case.

Theorem 5.1.5. Assume that ®(xy, x2) € C(Q) satisfies ©(0,0) # 0 and das # as,
d > 2. Then there exists a sufficiently small neighborhood of the origin U C  such

that for every positive smooth function n € C3°(U), the associated mazimal function

. fly = 8¢(21, 29, 1 + 230 (21, 29)) ) (2)dz| (5.6)

Mf(y) := sup

t>0

initially defined on C§°(R3), is bounded on LP(R3) for p > d.
5.2 Proofs for surfaces with one non-vanishing prin-
cipal curvature

5.2.1 Maximal theorem with 2a, # as

In this section we give the proof for Theorem 5.1.1.
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We can always choose non-negative functions ny, 7o € C5°(R) so that n(x) < ny(z1)n2(x2).

Since

.f(y - (515('771’ L2, (I)(mlv 5U2)))U(37)d37

RZ

< [ 11=bi(or.a, ar,aa)) (o m(aa)d

then we may assume 7(z) = ni(z1)n2(22) and f > 0, a; = 1. Set (yo,%3) = ¥ and
(&9,&3) = &' Denote 1+ as + as by @ and (t%2&,,t%3E3) by 6;€'.
Put

Af () = [ f(y = 01, 22, ®(w1, 22)))n (1) (2) der

RQ

By means of the Fourier inversion formula, we can write

Aif(y)

ey

zt§1m1 xl)dﬂm(é 5 )dxlf(f) dg,

R?’
where

C@(gl) :/e—i(§2z2+53¢’(9c1,x2))7]2(x2)dx2‘ (57)
R
Choose a non-negative function g € C§°(R) such that

supp B C[1/2,2] and ZB(Q_jr) =1 for r>0.

JEZ

Put
1 . . — . o
At )= gy [ [ e o), (€ o (2 € D e

and M; is the corresponding maximal operator.

A?f( —At ZAtjf

- & / [ o), (6 (1€ ) )

where p is supported in a neighborhood of the origin. Since

e*it&xlm(m)c@ (6;€")dx1p(]6,€'])dE

RS

1 .
~ @y /Rm @) /R,2 eV dpig, (6,€) p(|101E') A 0o (y1 — t1)dy
N <21> 1”1“?) / <"V dpun (516" p(|0,€'|) €’

1 o ———
= gt ) [ dn e
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then AVf(y) = t=9f x K(t Ly, t %2y, t7%ys) = f * Ks,_,(y), where
1 L
K(w) = () [ i, €€

Since ® satisfies (5.1) and y; € supp 7y, for N € N and multi-index a with |o| = N
then Theorem 2.2.2 implies that

D&y, (€] < Cie(1 + €)1, (5.8)

By integration by parts in &, we get

K@) < 0@+LD@+L|/W%G%N%WWW5

CNH +|yz

Now we choose N sufficiently large, then

sup [ A} f(y)] < CvM[f(y), (5.9)

t>0

where M is the non-isotropic Hardy-Littlewood maximal operator defined by

1
M f(y) := sup
>0 | B, )] Jpw.w

f(z)dz, (5.10)

where B(y,t) = {z: |y — z|s < t} and |z|; = max}_, |z;|"/%.

So it suffices to prove that

| M; flloe < Cp2_je(p)||f||Lp, j>1, 2<p<oo, some €(p)>0. (5.11)

Since A, is localized to frequencies |6;€| ~ 27, we can employ Lemma 2.2.4 in a similar

way as in Section 2.3 to prove that

HMJ HL”%L” S HMj,locHLPHLP,

where Mo f(y) := SUP¢e(1,2) |Av i f ()l

Indeed, for fixed 7 > 1 and all ¢ € Z, let AZ be Littlewood-Paley operator in R?
defined by g\%f(f) B(2- 10580 f F(€), where € C3°(R) is nonnegative and satisfies
B18¢'l) = BUSENBEN)- M;f(y) is equal to
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up sup /R e’ /R e~ (14 ) dptgy (8, )dr B(279 |8, ) (27|85, €')) f df‘
c 3
— 1/p
=( s /R / 21 ()i (B )i (2798 € LS (€) )
cz, 1€ 3

7-1Q / e / e (), (516 ), B2 |51€'))
R3 R

p) 1/p

Mj,loc(Azf (@) 52e ) ((5272y)

- (X
= te(1,2]

X AN f(8y-€)dE

:(Z

Lel

p) 1/p

Since p > 2, then Lemma 2.2.4 implies that

1M f (y

]loc A f052i)(62 ey)

LeZ

= ngQ

LeZ

< Mol Y2 [ 187 £GPy

ez R

N Myl 3 / | A )Py

LeZ

p/2
<||MJIOC||LP—>LP// (Z|AJ ) dy

Lel

(X122 rP) "

LETL

< CplMGoel 2o s oL f Il Lo sy

p

‘Mj,loc(AZf o 524)

Lr

p

- HMj,ZOCHI/;P—wP

LP(R?) LP(R)

For fixed t € [1, 2], let us estimate c@(é{f’).

Set
128y

=s(f.t) = TR

for & # 0, (5.12)

and
U(z1, 29, 8) := —sx9 + P21, 7). (5.13)

We observe that
0,¥(0,0,0) =0 and 92¥(0,0,0) # 0, (5.14)
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since ® satisfies the condition (5.1). The implicit function theorem implies that there

must be a smooth solution xs = (1, s) to the equation
82(19(151, ZL‘Q) =S, (515)

where x; and s are enough small. Here if ¢ € [%, 4], we can choose 7 and s sufficiently

small such that
T

t

X1

(—

0 ( t

,8)) = s. (5.16)

For above sufficiently small z1, a standard application of the method of stationary

phase in x5 yields that

1,8) Xy (ta2£2/ta3£3> A
(15 o2

A, (G11) = 7128 =(0€") + Br, (6:1),

where W (x1,s) := (21,9 (21, 5),s) and X, is a smooth function supported on the set
{z 1 |2| < €, }, where €,, can be controlled by a small positive constant independent
on x;. Moreover, t“3§3\f1(x1, s) is a smooth function which is homogeneous of degree

one in &¢'. Meanwhile, A,, is a symbol of order zero such that
Dg AL ()] < Call+ (€71, (5.17)

where « is a multi-index and C,, are admissible constants. B,, is a smooth function

and satisfies
|Dg By, (§)] < Can(1+ €))7, (5.18)

again with admissible constants C, y and N € N.
For fixed ¢ € [1, 2],

AT = G [ [ e B G s IsE D )0

= f_l{/RB 6i£~y (\/R €_it§1$1n1($1)3x1 (61/€§,)de)6(2_J|6£§/|)}*f(y)’

and

71 { /R eien ( /R e—itflxlm(xl)Bm(5{5’)d901> B~ |5££’|)}(y)

oz [ [ o) By Gt — )2

— (271T)2t_Q771(%) /}RZ eif’-6;_1leyl/t(g/)ﬂ(Q—j|€/|)d§/
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where K (y) = ﬁnl (1) fgo €Y By, (€)B(277|¢')d€’. By (5.18) and the support of f3,
it is easy to get

3
3 , 1
K@) <Cxn2 T ————.
Kl < o2 e
and
sup |A7;f(y)] < Cn277VM f(y), (5.19)

te(1,2]

where M denotes the Hardy-Littlewood maximal operator defined by (5.10).

Put
Al 3 zt&xl 7zt'13§3\11(x1,s)EI1 (625/)613316(2—]’525/‘)f=(6)d6
R
where (1726, J175¢ )
Xa, (£762/1% &3
:El (525 ) <]1- + |5/§,|)1/2 1’1 <5££/>7
and denote by M. the corresponding maximal operator. It remains to prove that

H/\/ljl-,locfHLp < Cp2_j6(p)HfHLp, j>1, 2<p<oo, some €(p)>0. (5.20)

./\/l o > = || su / T / €i(§,'yl_ta3£3\ij(x1’s))Exl 5!
H 7,0 f”L te[lg] (27T>2 Rnl( 1) R? ( tg)
X B(27716,€')) f (g1 — tan, g')dfldﬂﬂl
Lr(dy)
S O Sup \/fr/l(ﬂ>/ ei(gl'y/_tag’g?)‘il(l%’s))Exl/t((sgé',)
ter2Jr U7 Jre
x B27IGE) fyr — 1, €)dE day
Lr(dy)
=C Sup ‘A | - CHMJ lacfHLp7
te(1,2] LP(dy)
where
1 X (& — 193 2T (L g s ~
A%,jf(y) = /Rm(f) /R2 ey IR (5 ))Eml/t(5zlef/)5(2 J](S;f’\)f(yl - $1>§')df/dfb’17
(5.21)
and
M f(y) = sup |AL f(y)]. (5.22)

te(1,2]
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Set
Qun (v 1.6) = € of — 1982 )
Choose a bump function p € C§°(R) supported in [1/2,4] such that p(t) =1if 1 <t <
2. By Lemma 2.2.3, we have
1/p
fly ‘ dtdy)

sl <6 [, [ oA
x ( /R 3 /1/2 2 ﬁ(t)@f(y)) pdtdy>l/p.

Moreover, we can choose 7; € C§°(R) such that 7; = 1 on the support of 7;, then we

—~
_Cﬂ
\]
w

~—

ML,

(5.24)

have

0—~ , e ~

AL = [0 [ O n, o, €)= 0 BN,
where

bt 1,) = (020l (51) + Q00 Bup €528
a ! ! — 71 <! ¢! ! ! a — 7 <! !
115 5 By (31827158 ) + (S By 5185 8277 15,€'),

and

0 0
\awy',t,s» = G5 (t WS 0(5E9), )| < Cléal

since t ~ 1, z; and the support of y,, are sufficiently small. Note that A, satisfies

(5.17), then it is easy to see that %(ﬁ(t)Aij) @aves like 27 A} ;. Clearly we only need
to show the LP-boundedness of the operator Aj ;.

Furthermore, choose a function 7y € C§°(R), non-negative so that for arbitrary t €
[1/274]7 771(%) S 770(551), then

1/p
(L[ oL swpiaas)

[ mteo|ste / G0 B, ()62 )
X [y — 21,€)d€’

/Rno(iﬁ'l)

xf(yl—:cl,g’)

N

d[El

LP([1/2,4] <R3 dtdy’ dyn)

plt) [ e OB (5B IS )

S

d.fCl

Lp([1/2,4] xR, dtdy’)

Lr (Rvdyl)



Chapter 5.  Maximal functions associated with nonisotropic dilations of
some classes of hypersurfaces in R3 79

Now for the inner norm we would apply the local smoothing estimate from Theorem

2.2.1, so we should verify that Q,, (v/,t,¢’) satisfies the non-degeneracy condition (2.9)

and the cone condition (2.10). Apparently, the non-degeneracy condition will follow
from

0

rank 97, ¢ Qa, (Y, 1,€') = rank 1| =2

* O =

*

Since 95®(0,0) # 0, we can choose U sufficiently small such that

C1|053®(0,0)| > [05® (1, 12)| > Co|03®(0,0)]. (5.25)

Also since
x x
®(Tlaw(717 S)) =S, (526)

by applying % on both sides, then we have
(U8 (Fs) = 1

which implies that
1

O30 (% (7 8))
Next, we will use the fact that |&] < |&] ~ €] ~ 27 (j > 1).

O s) = (5.27)

By the above arguments, we get

/ / az— 152 a2£2 . az—a3—1€_2
010us (0 t0.6) = & aaty (T )+ 10 20T 9w - a1
Fashy (L V(L 8) + 10" D <t0 (L 9)

az2—asz— 152

X (CL2 — ag)to f "‘le <I17t07 )

§ [ 2ta2 152 ( )+(l t0a3 ICI)( 1/)(171 S))+J71R1($1,t078) .

53 tO to E7
Furthermore, we will prove that
|a§2(atQI1(y(l)7t07€/))‘ ~ 1. (528)

Note that 0;Q., (¥, to, &) is homogeneous of degree one in ¢, in addition to (5.28),
then we obtain that

0 / / .
rank (M) <8(y/7t)Qm1(y0,t0,§ ),0> =1, i,j=2,3, (5.29)
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where &6 are the unique directions for which Ve (0y 4 Qq, (40, t0,¢’),0) = 0. This

implies the cone condition (2.10).

Now, let us turn to prove (5.28). ((%) RY(z1, 9, 5)|,

a < 2 is a remainder term. So we only consider

‘82 ( 02 1€2¢(

+ asty™ 1
3 &3 3) + asto (

(L, s))) ‘z : (5.30)

to’ to” " o

i(a2t82_1£_2¢(x_ s) + asty™®” 1‘1’( w(ﬂ’s))>

852 f to to t
1
= G/QtSQ lgw(— S) — 2t@2 12282¢( )thQ_a35—3
— asty as= 182 («Tl w(— 5))82w(— S)t 9243 ! +Q?1R2<.§U1,t078)
to’ o’ &
— tg2 153 ((Ig@[]( ) (a3 )ta2 a3 ?8 d]( ) + $1R2([l§'1,t0, 8)) .

By the same reason as before, we only estimate

2
et (020290 4 0 - e 2003, >)
= —Clzaﬂﬁ(%, 5)t0a2a3é + (CL3 - a2)ta2 a3€—3322/1( ) - (0,3 - a2>t82a3§—§
< R s)tgz‘”é
_ toazfasl ((a3 _ 2a2)82¢(ﬂ, S) + <a2 —a )tag a3 52 821/1( )>
&s to &3

5.27) and (5.25) imply that dsy (3, s Z f # 0. Moreover, since 2as # a3 and
o C1E2(0,0)]

€] < €], then |(a3 — 2a2)020(3, 5)] = 1 and |(az — a3)tg>™ ™ 2050(F, 5)| < 1. We

finish the proof of (5.30) and (5.28).

Hence we can apply Theorem 2.2.1 for p = —1/2, and obtain

1/p
(L] oA swpiaay)

< Cpgfj(l/ere(p))

ﬁo(ﬂ?l)Hf(yl — T, Z/)||LP(R2,dy')d$1
R LP(R7dyl)

< G| £ oo
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and thus by (5.24), we get

||M] loc (y)HII?,P

p—1
§0p<2JWHE(M||fHLP||770||L1) (2 Fprely wummam)

= G2 "D £l ol

Now we have finished the proof of Theorem 5.1.1.

5.2.2 Maximal theorem with 2ay = a3

In this section, we will prove Theorem 5.1.2.

First we may assume n(z) = 1y (x1)n2(z2) with non-negative functions 7y, 72 € C5°(R),
and f >0, ay = 1, a3 = 2. Let (y2,y3) = ¢ and (&,&3) = &'. Denote a; + 3 by @
and (£, t2€3) by 6,6’. We choose B > 0 very small and p € C3°(R) such that supp
pC{reR:B/2<|z| <2B}and ), p(2*z) = 1.

Put

Afly) = - Flyr =11, 4y — g, ys — a3 () () de = Z levff(y),

k
where Akf fRz (y1 — @1, Yo — tag, ys — w30 (w2))m (21)10(02) p(2% 22 ) dv.
Define the isometric operator T on LP(R?) by
Tf(xy, 20, x3) = 2P (1, 252y, 2% 24).
One can easily compute that
TOATH ) =27 |l = 1", — ta, s — P0G m(en)m(gg ) ()

It suffices to prove the following estimate

Y27 sup | Al sre < Gy, 9> 2,
k t>0

where

22 o(zo)dz.  (5.31)

Af(y) = | flyn =t a1,y — oo, ys — a5 ok

- Qk))nl(xl)nz(
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By means of the Fourier inversion formula, we can write

Abf(y) = / S (1 € e (5, (€
R3

1
)

where
— i . 2¢a22h(%2)) ~ _
Aftem (0:£7) :/e et 2¢(2k))p($2)772(2 k$2)d5172-
R

Choose a non-negative function g € C§°(R) such that
supp [ C[1/2,2] and ZB(Z‘%) =1 for r>0.
jET
and set

1
(27)?

and denote by M f the corresponding maximal operator.

Af]f(?/) =

/RS SEVITL (1€ ) e m (581827715, F(€)dE, (5.32)

From the proof of inequality (5.9), it is easy to see that the supremum of the absolute
value of the difference between AF f(y) and Z;’il A} f(y) is dominated by the Hardy-
Littlewood maximal function M f(y) defined by (5.10). It remains to consider the
LP-boundedness (2 < p < 00) of the maximal operator M Jk for 7 > 1.

Since A,’; ; is localized to frequencies ]Stf’ | ~ 27, combining the method of Section 5.2.1

and Lemma 2.2.4, then we will have

||Mk||Lp—>Lp S./ H ]loc||Lp—>Lp7

where M] locf( ) = Supte[l 2] |Af]f( )|
For fixed t € [1,2], let us estimate d,ukm(étﬁ)
Set
. o—k o ! o 52
§:=27" s:=3s(¢,t) = i for & #0, (5.33)
3
®(s,22,0) 1= —5T9 + 1530(613). (5.34)

A similar argument as in Section 5.2.1 and Section 2.3.2 shows that we can reduce to
considering for j > 1, the LP-boundedness of the operator A ; given by

T E (&) — 1264 A m gt i T ey
Aﬁjf(y) = /}Rnl(ﬂ) /R2 ez(f y =t €3<I>(s,5))X (52 )A (2 ]|6t€ |)

tes7 (1 + |0,€))1/2
X f(yr — x1,€)de'day,
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where ®(s, ) := ®(s, (s, 6),0) and x5 = (s, ) is the solution of the equation
02 P(s,29,0) = 0 and smoothly converges to the solution §(s,0) = s of the equation

02®(s,x,0) = 0 if we assume ¢(0) = 1/2. The phase function can be written as

(m) (O) ;n+2
m! tmgm“

T 62 m m¢
— Pab(s,8) == 52 + (-1

which is homogeneous of degree one and can be considered as a small perturbation

€2 1 om @m0 g2
of 2523 -+ ( )m+ 5m pooy] tmf—mﬂ

[Cms Chm ], for certain non-zero constants ¢y, and ¢, dependent only on k and m.

+ R(t,£,0), (5.35)

Xk,m 18 @ smooth function supported in the interval

Ay is a symbol of order zero and {Akm((gté" )}k is contained in a bounded subset of

symbols of order zero. Denote by M¥, the corresponding maximal operator.

7,loc
Following the argument of (2.46), we can choose a bump function p; € C§°(R? x
[1/2,4]), by Lemma 2.2.3, we have

1/p’
M < G [ / /)45, )i
1/p
( / / —(m(y, t)A (y))l”dtdy> :
g Jij2 0

Moreover, we choose a non-negative function 7; € C§°(R) such that 7, = 1 on the

(5.36)

support of 7, then

0 o ~
5 (A1) = [0 [ 0%y 15,0 — 0. E)i
where
. 8 ’ T 8 2
hk,m@,t,y,f):(amy’t)m(t) PO = 0 () 5 (Pead(.0)
52 Ak,m(gt€/> —J15 ¢t
A m gt ! —G T !
ol () (o) O]y

ERE e (11 he )

+ (s O (2 )xzm(62 )5t (M) B(27716:')

t €3 1+ |6.:8|)1/2

fz)f‘lkm—(gtf')ﬁ (5(2—j|5t§’\)>-

+ (Y, t)Th( )ka(té"g (1+|gt€/|)1/28t

Since t ~ 1, z; and support of ., are sufficiently small, by (5.35), then [t2€;®(s, 0)| ~

276™. Moreover, {Akm(&f’ )} is contained in a bounded subset of symbols of order
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zero, so we obtain

Pk (y, 8,5, €1)] S 29267 4 27972, (5.37)

Now it is easy to see that (2j/25mi2_j/2)_1%(p1(y’, t):‘l\f;f) behaves like 2j/21/412“;f. It

is sufficient to estimate ||p1(¥/, t)Af,jf(y)||Lp(R3X[1/274]7dtdy).

Furthermore, choosing a function 7y € C§°(R), non-negative, such that for arbitrary
te[L,2], a1 >0, m(z) < no(ry), we get

!t s 6 A m 55, i< -
‘/ mhy [ e rameony, (82 AL 056 fyy — , E)dglde,

tes (1+ |3,&'])1/2
< / olin)

In order to apply the regularity estimate Lemma 2.3.5 for j < 9km and the local

/R2 ei(;;".y’—t?g?)(i)(s,é))x (22 & )Mﬁ(z—j|gt§’|)f(yl — T, E/)dg’ dz,.

B ™ (1+ [0,£ )2

smoothing estimate Theorem 2.3.6 for 5 > 9km of the Fourier integral operators not
satisfying the ”cinematic curvature condition” uniformly, we freeze x,, in fact, by
Minkowski’s and Young’s inequalities, we have

Ip1(y, t)Af,jf(y) ||LP(R3x[1/2,4},dtdy)

< C(/RB/(M(ZJIJ)/R%(%)
dxl)pdtdy>

el ol 126 & Amgt/ -
pl(y',t) /R2 ez(&y —t §3<I>(s,6))X (33)%5(2 ]‘5t€|>

el ool 426 & Amgt/ -
[ ey () P B )

R 1/p
X fly — $1>f')d5’

/Rﬁo(ml)

X flyr — 951,@)655’

<C

dl’l
LP(R2x[5,4],dtdy’)

Lr(R,dy1)

/ (&) — 122D (s A’mgl T
(o) / gev-eeien, Loy AnOE) o500,
]RQ

< 1
= Clml & (1+ )2

x f(yn, €)de

Lp(R2x[1 4], dtdy’) LP(R,dy1)

Finally, together with the arguments from Section 2.3.2, we finish the proof.
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5.3 Proofs for surfaces of finite type

5.3.1 Maximal function theorem with das # ag

Theorem 5.1.3 will be proved in this section.

First we assume n(z) = n1(x1)n2(22) with non-negative functions ny, 7, € C3°(R) and
f>0,a =1 Let (yo,y3) = ¢ and (&,&3) = £'. Denote (t%2&,,1%3¢3) by 0,¢'. We
choose B > 0 very small and p € C5°(R) such that supp p C {x € R: B/2 < |z| < 2B}
and Y, p(2Fz) = 1.

Put

Aty / Pl — 1, o — 120, ys — 19280 () () = S AFF(y)
k

where AFF(y) = fun F(un — L1, ys — %2, ys — %5280 () () 5(2 ) d

Define the isometric operator on LP(R3) by

T f(x1, 02, w3) = 2MTVP £y, 262y, 2% 23).
By the arguments in Section 5.2.1, it suffices to prove the following inequality
> 2 *|Isup |Af [l oo < G
k >0

where

, T k-
AP f(y) :/RQf(yl—tifhyz—ta2$2>y3—ta393§lq>($1a—,3))771(951)772(2 ") p(xs)dz. (5.38)

2

By means of the Fourier inversion formula, we can write

Aff(y) Ty $1)duk or,a(0:E )dl’lf(f)d§7

RB

where

_ —i(t® T a xd T 2
dpire,,a(0,) = / o 12t GRS (0 Yy (27 M) dvy.
R

Choose a non-negative function 5 € C§°(R) such that

supp § C [1/2,2] and ZB(Q‘%‘) =1 for r>0.

JEZ
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Define

1

Af,]f(y) = (271')3

/ eig.y/6—it§1x1771(xl)dmd((ségl)dxlﬁ@_j’(ng")f(f)dga
R3 R

and denote by M f the corresponding maximal operator.

From the arguments of Section 5.2.1, we see that sup,. ‘Z;o A} f(y)| can be dom-
inated by the Hardy-Littlewood maximal function M f(y) defined by (5.10), then it

suffices to prove that

||M]lf||Lp_>Lp <0270 i >1 2 < p< oo, some e(p) > 0. (5.39)

Since Ay ; is localized to frequencies [6;¢| & 27, we can still use Lemma 2.2.4 to prove
that

IMFll oo S 1M E el oo,
where M}, f(y) = supep o |47, f (y)]-
For fixed t € [1, 2], let us estimate dmd((;gfz)_

Set
—k / ta2€2
§:=27" s:=s(t)=— , for & #0, (5.40)
IS
and
U(zy,29,8,0) := —sx9 + P(x1, 22), (5.41)

where @ (21, 79) := 23® (21, 62).

Since x5 & 1 here, in addition to ®(0,0) # 0, then we can reduce our proof to the case

d = 2. So from now on we can proceed similarly as in Section 5.2.1.

This finishes the proof of Theorem 5.1.3.

5.3.2 Maximal theorem with das = a3

Combining the proofs of Section 5.2.2 and Section 2.4, it is easy to get Theorem 5.1.4.
We omit the details here.

5.4 Proofs for surfaces not passing through the ori-
gin

We will show the proof of Theorem 5.1.5, where day # as.
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Following the proof of Section 5.3.1, we only modify some places.
Define

1 , a A _—
AF fly) = —— [ @O Wwes—ta2®) [ ity (o gy (8167 dy
7 (27)3 R3 R

x B(27716,¢'|) f(€)dE.

(5.42)

Set AP0 f(y) == > 020 AFf(y) and M*0f(y) = sup;. |AFO £ (y)]. Tt is easy to see that

AP f(y) = f* K3, (), (5.43)

where o = (0,0, 2%) and K§_ (y) = 9K (t Ly, t72yy, t7%y3) and K is the trans-
late

K7(y) = K(y — o). (5.44)
Indeed, since

1 ; — —ité1 T
5 3/ &y y2,y3—t 32dk)>/e t&1 1771(xl)dumhd((%f/)dﬁlp(‘5££/|)d5
(2m)3 Jgs R

1 (g 5—t232d T el 1 ¢! /
~ @) / (1) / M T gy a(GE) (15 ) E S — 1)
R R2

L1

(€ (y2,y5—19320K)) 7
~ () [ o S G e

1 _ y igl.s ’_ dk —
= —(27T)2t in(?l) /R2 e (€ 01y (0,2 )>dﬂk,y71,d(§/)p(’§,\)dfl

= K§_ (y),

t

then
1

K0) = gmn) [ e o€ e

and by integration by parts,

[K(y)l < Cnv(1+y))™™, N eN. (5.45)

Now, we choose NN large enough and (5.44) and (5.45) show that
| M50 poo oo < C, (5.46)

with a constant C' which does not depend on . Moreover, scaling by the factor 27%¢

in the direction of the vector o, we see that

| MEO|| 1 100 < C2K (5.47)



Chapter 5.  Maximal functions associated with nonisotropic dilations of
88 some classes of hypersurfaces in R3

since we can compare with 2¥¥)/ | where M is the Hardy-Littlewood maximal operator

defined by (5.10).
Finally, by interpolation between (5.46) and (5.47), we obtain that

| M*O|| pon < O > 1. (5.48)

Then p > d implies that >, 27F||M*0|| oy < CY, ok(d/p=1) < 1.

Hence, it suffices to prove that
||M;~€||Lp_>Lp < C’p2_je(p)2kd/p, j>1, d<p<oo, some €(p)>0,

where M]"ff(y) 1= SUPy~q |Afjf(y)‘

Since Aﬁ ; is localized to frequencies |0;¢'| ~ 27, we still use Lemma 2.2.4 to prove that

||Mk||Lp—’Lp < H ]loc||Lp—>Lp7

where MJ e (W) = SUP¢e1,9] ‘Af]f(y)‘

Furthermore, a standard application of the method of stationary phase requires us to

N

show the LP-boundedness of the operator ML i 1oc 8lven by

MEL f(y) = sup |A% £(y)|

te(1,2]
X ; Y
= sup | [ (%) [ s OB (G, (549)
R R2

te(1,2] t

x B275E ) f(yr — 21, E)de day,

where
-
Qraray, t,&) = (€, (Y2, y3 — t2%)) — t“3§3‘1’(717875)7 (5.50)
@(%,5,5) - \Il(%,w(%,s,é),s,é), (5.51)
and
U(xy, 9, 8,0) 1= —5T + 24P (21, 029). (5.52)

By Lemma 2.2.3, we have

s k:l v 9 kil 1
MGt < ([0 rwr) ([ Igeoabmr)

0 / / az— d asq\J, T
a@k,zl,d(y NS ))‘ = ‘—a:ﬁ 1532kd+f3§(t ‘1’(71,8,5))‘ < C2F|g)

~ 9dk9Jj

Since
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then %(p(t>AZJ;12 behaves like 2F427 Ai ]1 Clearly we only consider the LP-estimate for

the operator AE ]1

The same estimates will follow from the proof of Section 5.3.1, by the assumption
p > d, finally we obtain

e~

S 2 E S ML s
k J

i ‘ (p=1)/p e 1/p
<G, Z 92— Z (23(1/p+e(p)) HTIOHLl) <2 9—i(=1+1/p+e(p)) ||770HL1)
k J

= C, Z 9—k(1—d/p) Z 2-97<0) | ol 11 < C,-
k J

We have finished the proof of Theorem 5.1.5.
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