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Zusammenfassung

Diese Dissertation stellt Approximationsalgorithmen fiir geometrische Packungs- und
Schedulingprobleme vor. Zuerst werden das Bin Packing-Problem und seine Verallge-
meinerung, das Variable-sized Bin Packing-Problem, betrachtet. Bei Bin Packing muss
eine Menge an Gegenstanden (Items) in eine minimale Anzahl an Bins einer Grofie
gepackt werden, ohne die Kapazitit (Grofle) der einzelnen Bins zu tiberschreiten. Bei
Variable-sized Bin Packing sind mehrere Bingrofien gegeben, wobei eine beliebige An-
zahl an Bins jeder Grofse gewdhlt werden darf. Ziel ist es, die Gegenstdnde in die Bins
zu packen und gleichzeitig das Gesamtvolumen der benutzten Bins zu minimieren.
Wir stellen fiir beide Probleme Algorithmen vor, die eine Losung mit Wert hochstens
(1+¢)OPT(I) + O(logz(%)) fiir jedes € > 0 und jede Probleminstanz I finden. Dabei
bezeichnet OPT(I) den optimalen Wert fiir die Instanz 1.

Unsere Algorithmen miissen die unbeschriankte (unbounded) Variante des Knap-
sack-Problems (Rucksackproblems) und des Knapsack-Problems mit invers propor-
tionalen Profiten (Knapsack Problem with Inversely Proportional Profits, KPIP) als
Unterprobleme l6sen. Beim Knapsack-Problem ist eine Knapsack-Grofie zusammen
mit einer Menge an Items gegeben, wobei jedes Item einen Profit und eine Grofe hat.
Ziel ist es, eine Menge an Items mit maximalem Profit zu wéhlen, die immer noch in
den Knapsack passt. In der normalen 0-1 Variante des Knapsack-Problems kann jedes
Item nur einmal gewahlt werden. Bei der beschridnkten Variante kann von jedem Item
eine bestimmte Anzahl an Kopien genommen werden. Die unbeschrédnkte Variante
erlaubt die unbeschrankte Anzahl Kopien jedes Items.

KPIP ist eine Verallgemeinerung des Knapsack-Problems, in der wir nicht nur eine,
sondern mehrere Knapsack-Grofsen haben. Eine Knapsack-Grofse muss zusammen mit
einer entsprechenden Auswahl an Items gewéahlt werden, die in den Knapsack passt.
Allerdings ist der Profit eines Items invers proportional zur Grofie des Knapsacks, in
den das Item gepackt wird. Das macht es schwierig, die richtige Knapsack-Grofie zu
wdhlen, die den Profit tiber alle Knapsack-Grofien maximiert. Wie beim Knapsack-
Problem gibt es bei KPIP ebenfalls die Varianten 0-1, beschréankt und unbeschrénkt.

Wir stellen zuerst Algorithmen fiir alle drei Varianten von KPIP vor. Sie finden Lo-
sungen mit einem Mindestprofit von (1 — ¢)OPT(I) fiir jedes ¢ > 0 und jede Pro-
bleminstanz I, zudem sind die Algorithmen schneller als der natiirliche Ansatz, fiir
jede Knapsack-Grofie das entsprechende Knapsack-Problem einzeln zu 16sen. Danach



stellen wir einen Algorithmus fiir die unbeschrankte Variante des Knapsack-Problems
vor, ebenfalls mit einem Mindestprofit von (1 — ¢)OPT(I) fiir jedes ¢ > 0 und jede
Instanz I. Er ist schneller und benotigt weniger Speicherplatz als zuvor bekannte Algo-
rithmen. SchliefSlich kombinieren wir den Ansatz fiir KPIP und fiir das unbeschrankte
Knapsack-Problem, um einen Algorithmus fiir die unbeschrankte Variante von KPIP
zu finden, der wiederum eine kleinere Zeit- und Speicherkomplexitit hat und dessen
Losung fiir Instanz [ und ¢ > 0 einen Mindestprofit von (1 — ¢)OPT(I) besitzt. All
diese Resultate verbessern die Laufzeit fiir den Bin Packing- und Variable-sized Bin
Packing-Algorithmus.

Als Korollar wird die Laufzeit fiir einen Strip Packing-Algorithmus der Giite
(1+¢)OPT(I) + O(%1ogl) verbessert. Bei Strip Packing ist das Ziel, eine Menge
an Rechtecken in einen Streifen mit unbeschrankter Hohe zu packen, sodass sich die
Rechtecke nicht tiberlappen und gleichzeitig die Hohe der Packung minimiert wird.

Schliefdlich wird das Scheduling-Problem auf unabhidngigen Maschinen (Scheduling
on Unrelated Machines) betrachtet, bei dem eine Menge an Maschinen und Jobs
gegeben ist. Jeder Job hat auf einer Maschine eine Ausfiihrungszeit, wobei diese auf
jeder Maschine unterschiedlich sein kann. Ziel ist es, die Jobs auf die Maschinen so
zu verteilen, dass die Laufzeit der am langsten laufenden Maschine minimiert wird.
Wir betrachten den Spezialfall, in dem die Anzahl der Maschinentypen K konstant
ist: Ein Job hat auf jeder Maschine desselben Typs die gleiche Ausfithrungszeit. Wir
stellen fiir den Spezialfall einen Algorithmus vor, der eine Losung mit Wert hochstens
(1+¢)OPT(I) fiir jedes € > 0 und jede Instanz I findet. Der Algorithmus ist schneller
als das zuvor bekannte Verfahren fiir allgemeines (aber konstantes) K.
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Abstract

This thesis presents approximation algorithms for geometric packing and scheduling
problems. First, the Bin Packing Problem and its generalization, the Variable-sized
Bin Packing Problem, are considered. In Bin Packing, a set of items has to be packed
into a minimum number of bins of one size, without exceeding the size of any bin.
In Variable-sized Bin Packing, several bin sizes are given, and an arbitrary number
of bins of every size can be chosen. The objective is to pack the items into bins while
minimizing the total volume of the bins used. We present algorithms for both problems
that find a solution of value at most (1 4 ¢)OPT(I) + O(logz(%)) for every ¢ > 0 and
every problem instance I. In this thesis, OPT(I) denotes the optimum value for the
instance I.

Our algorithms have to solve the unbounded variant of the Knapsack Problem and
of the Knapsack Problem with Inversely Proportional Profits (KPIP) as subproblems.
In the Knapsack Problem, a knapsack size is given together with a set of items, each
with a profit and a size. The objective is to choose a subset of items with a maximum
total profit that still fits into the knapsack. In the normal 0-1 variant of the Knapsack
Problem, an item can be chosen only once. In the bounded variant, an individual
bounded number of copies can be taken of every item. The unbounded variant allows
for an infinite number of copies of every item.

KPIP is a generalization of the Knapsack Problem in which we have not only one,
but several knapsack sizes. One knapsack size has to be chosen together with a
corresponding subset of items that fits into the knapsack. However, the profit of an
item is inversely proportional to the size of the knapsack into which it has been packed.
This makes it non-trivial to choose the right knapsack size that maximizes the profit
over all knapsack sizes. There are the 0-1, the bounded, and the unbounded variant of
KPIP similar to the Knapsack Problem.

We first present algorithms for every of the three variants of KPIP. They find solutions
of value at least (1 — ¢)OPT(I) for every ¢ > 0 and problem instance I, and they are
moreover faster than the natural approach to separately solve for every knapsack
size the corresponding Knapsack Problem. Second, we present an algorithm for the
Unbounded Knapsack Problem with a solution of value atleast (1 — ¢)OPT(I) for every
€ > 0 and instance I. It is faster and needs less storage space than previously known
algorithms. Finally, we combine the approaches of the KPIP and of the Unbounded
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Knapsack algorithms to get an algorithm for the Unbounded KPIP that has again a
better time and space complexity and whose solution to I has for ¢ > 0 a value of at
least (1 — ¢)OPT(I). All these results improve the running time for our Bin Packing
and Variable-sized Bin Packing algorithms.

As a corollary, we also improve the running time for a Strip Packing algorithm of
solution quality (1 + €)OPT(I) + O(1log1). The goal of Strip Packing is to pack a set
of rectangles into a strip of infinite height so that the rectangles do not overlap and the
height of the packing is minimized.

Finally, Scheduling on Unrelated Machines is considered where we are given a set
of machines and a set of jobs. Each job has a processing time on a machine, where the
processing time of a job may be different on each machine. The goal is to distribute the
jobs to the machines so that the total processing time of the longest-running machine
is minimized. We consider the case with a constant number K of machine types: one
job has the same processing time on every machine of the same type. We present an
algorithm for this special case that finds a solution of value at most (1 + ¢)OPT(I)
for every ¢ > 0 and instance I. The algorithm has a better running time than the
previously known algorithm for general (but constant) K.
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1 Introduction

Optimization theory has a broad range of applications: from the cost-efficient cutting
of timber into pieces of desired length over the creation of rosters for airline crews up
to the correct and cost-efficient routing of goods or the distribution of data in cloud
computing. From a theoretical point of view, an optimization problem IT = (Z, F, w)
consists of three elements as stated in [48]:

¢ aset 7 of problem instances of the optimization problem I1,
e aset of feasible solutions F(I) to every problem instance I € Z, and
e avalue w(S) € R for every solution S € F(I).

There are two types of optimization problems: for a given instance I, the goal is either
to maximize w(S) (which are maximization problems), or to minimize w(S) (so-called
minimization problems).

The study of optimization problems is also driven by the fact that many of them
are NP-hard or NP-complete. Since the common assumption is P # NP, optimal
algorithms with an efficient running time seem highly unlikely. The running time
is called efficient if it is polynomial in the input instance length |I|. The natural
question is: if we cannot efficiently solve a problem to optimality, how good can we
approximate the optimal value in polynomial time? Are there theoretical bounds, or is
it possible to find a solution as close to the optimum as we wish to? Finally, can we
improve upon the running time or approximation quality of known approximation

algorithms?

1.1 Approximation Algorithms

We first introduce a formal definition of approximation. Let I'l be an optimization
problem. The optimal value for an instance I € 7 of ITis denoted by OPT(I). Let A
be an algorithm for the optimization problem I'l. We denote the value of its solution
to I by A(I). The algorithm has an absolute approximation ratio p € R~ if we have

AW
ey OPT(I)

< p in the case of minimization problems
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and A
inf >
1z opT(D) = F
An algorithm of absolute approximation ratio p is also called a p-approximation algo-

rithm. Note that 1 < sup; ., OA%I()I) if I'T is a minimization problem and infjc7 %I()I) <

in the case of maximization problems.

1if it is a maximization problem.

Especially interesting for NP-hard problems are Polynomial Time Approximation
Schemes (PTAS). A PTAS is a family of approximation algorithms (A )¢~o where A, has
an absolute approximation ratio of 1 + & for minimization and 1 — € for maximization
problems. The running time is in |I|/ (%), ie. polynomial for constant €. The function f
is however not bounded in general and may e.g. be double exponential in % Efficient
Polynomial Time Approximation Schemes (EPTAS) are PTAS where the running time is in
(1) - 11190 such that the degree of the polynomial is independent of . Finally, Fully
Polynomial Time Approximation Schemes (FPTAS) are polynomial in |I| as well as 1. It
should be noted that not all optimization problems allow for an FPTAS or even for a
PTAS.

The asymptotic approximation ratio is often considered e.g. if a PTAS is not possible.
An algorithm has an asymptotic approximation ratio p if the following holds:

A(I)

lim sup sup < p for minimization problems
koo 1e7:0P1(1)—k OPT(I)
and
o ) A(I) T
lim inf inf ———— >p for maximization problems.

k—co 1T :0PT(I)=k OPT(I)
Roughly speaking, the asymptotic approximation ratio can be seen as the approxima-
tion ratio achieved for large problem instances. Similarly to above, there are Asymptotic
Polynomial Time Approximation Schemes (APTAS) (Ag)e~0 that have an asymptotic ap-
proximation ratio of 1 + € (for minimization problems) or 1 — ¢ (for maximization
problems). The running time is again in |I|/(:). Finally, Asymptotic Fully Polynomial
Time Approximation Schemes (AFPTAS) are APTAS with a time complexity polynomial
in |I| and L.

1.2 Basic Concepts of Optimization

We introduce some basic concepts that are commonly used in optimization theory.

1.2.1 Linear Programming

An extremely useful tool to model and solve optimization problems is linear program-
ming. A linear program (LP) consists of an (m x 1) matrix A with entries a;; € Z for
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allie {1,...,m}andj € {1,...,n}. Moreover, we have vectors ¢ € Z" and b € Z".

Let aiT (i € {1,...,m}) be the rows of A. Furthermore, let NJUN, = {1,...,n} bea

partition of the columns of A and M;UM, = {1,...,m} a partition of the rows.
Linear programs have the following form:

A minimization LP A maximization LP

minclx maxclx

aiTx:bi i€ M a?x:bi i€ M

al-Tbei i€ M, aiTxgb,' i€ M
xj >0 j€e N xj >0 j €Ny
xi € R jEN; xi€R jeEN;

This is the general form of a (minimization or maximization) LP. In the special case
of Mj = N, = @, an LP is in standard form, and in the case of M, = N, = @, itisin
canonical form. These three forms are equivalent, as can be easily proved. Moreover,
a maximization LP can be transformed into an equivalent minimization LP, and vice
versa. Note that the standard form can also be written as

minc'x, Ax >b, x>0 and accordingly = max cx, Ax<b, x>0 .

Ax > b (or Ax < b) means that every entry of Ax = ((Ax);)ic(1,. m} satisfies (Ax); >
b; (and accordingly (Ax); < b;) for all i, similarly x > 0 means Xj > 0 for all j. The
canonical form becomes

minc'x, Ax=b, x >0 and accordingly max cx, Ax=b, x>0 .

Note that the conditions a4;;, b;, ¢; € Z are often relaxed to 4;;, b;, ¢; € R.

Consider a minimization LP in the canonical form. The common assumptions are
m < n, that the matrix A is full rank, i.e. of rank m, and that the set of feasible solutions
F = {x € R" | Ax = b,x > 0} is not empty. Moreover, it is assumed that the set of
solution values {cTx | x € F} is bounded from below. It is obvious that the LP has a
finite optimum under these assumptions.

Let B = {Aj,...Aj,} be mlinearly independent columns of A. We can view B as
an (m x m) matrix B = (Aj |- -|A;,), which is a regular matrix. Define

= (%,..., %) =B
and the corresponding basic solution

X ifA]':A]'kEB

x=(x1,...,%Xn) with x; := 0 0 _
otherwise
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A basic solution has at most m entries x; > 0. Moreover, a linear program has always
an optimal basic solution if the assumptions above are true. These two properties are
fundamental in linear programming.

For every LD, its dual LP can be defined. The original LP is called the primal LP. We
state the general definition for minimization LPs:

The primal LP The dual LP
minclx max 771 b

aiTx:bi i€ M m €R i€ M
alx>b; i€ M, >0 i€ M,
x>0 jeN A <c¢ jEN
x;€R jEN; nTAi=c¢; jEN;

If the primal has a finite optimum of value z € R, then the dual has also a finite
optimum of the same value z. Note that the columns A; of the primal correspond to
the inequalities nTAj <cjor nTAj =¢j of the dual.

Until now, all variables x; have continuous values. If we restrict all variables to
integer values such that x; € IN or x; € Z holds for all j € {1,...,n}, we have an
integer linear program (ILP). Solving ILPs is in general NP-hard.

There are several algorithms to solve linear programs, e.g. the famous simplex
algorithm as well as the ellipsoid algorithm. ILPs can be solved by methods like
branch-and-bound or cutting planes. As linear programming and integer linear
programming are fundamental concepts in operations research and optimization
theory, a vast amount of literature exists. We recommend the books by Papadimitriou
and Steiglitz as well as by Jansen and Margraf [48], which also prove the statements
in this subsection. The information here have been taken from the second book.

1.2.2 Column Generation

You may have remarked that a linear program can have a large number of columns

n compared to the m constraints a;-rx > b; or aiTx = b;. Optimization algorithms
that solve LPs therefore often rely on column generation where columns are generated
during the execution of the algorithm. The actual LP that has to be solved is called
the Master Problem (MP) and the LP with the currently known columns (and the
corresponding variables) the Restricted Master Problem (RMP). Based on the current
solution of the RMP, a pricing (sub)problem is solved to decide whether all relevant
columns of the MP are considered by the RMP. If not, the pricing subproblem returns a
new column that is added to the RMP, and the procedure is repeated until all relevant

columns have been found. One possibility for column generation is the consideration
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of the dual of the LP and to (approximately or exactly) solve a separation problem as
the pricing problem: it finds violated inequalities of the dual and therefore missing
columns of the primal LP.

As column generation is also an important topic in the theory of optimization, there
is a large amount of literature dedicated to it. We refer to as an introduction.

1.2.3 Max-Min Resource Sharing

This thesis will solve linear programs by transforming them into max-min resource
sharing problems.

Let fi : B— R, i € {1,...,N}, be non-negative concave functions over a non-
empty, convex and compact set B C RL. The goal is to solve

h(v) 1
maxA st f(v):= : >Al:|,veB, (1.1)

kaU) 1

i.e. to find the largest value A* and the corresponding vector v* € B such that all
functions f;(v) are together as large as possible.

Such problems can be approximately solved with an algorithm by Grigoriadis
et al. [B3]. It relies on a solver of a subproblem, the so-called block problem A(p) :=
max{p'f(v) |v € B}. Here, p € RY, is a vector in the standard simplex with }_; p; = 1
and p; > 0 fori € {1,...,N}. For further information on max-min resource sharing,

we refer to Section[A.1|and to [33] 41]].

1.3 Problem Definitions

We present the optimization problems considered in this thesis. An informal introduc-
tion to the problem is followed by the formal definition.

1.3.1 Bin Packing and Variable-sized Bin Packing

The Bin Packing Problem (BP) is one of the classical NP-complete optimization prob-
lems. In it, we are given a set of items I and a bin size. The goal is to pack the items into
as few bins as possible without exceeding the size of each bin. In the Variable-sized
Bin Packing Problem (VSBPP or[VBP), there are not only one, but several bin sizes C
at our disposal such that we may take an arbitrary number of bins of every size. The
goal is to minimize the total volume of the bins used in the packing. It is clear that
Variable-sized Bin Packing is a generalization of the normal Bin Packing Problem. The
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study of BP and VBP has been motivated from the beginning by the efficient use of
raw materials:

Very many materials used in industry and construction come in the form
of whole units (sheets of glass, tin-plate, plywood, paper, roofing and
sheet iron, logs, boards, beams, reinforcing rod, forms, etc.). In using them
directly or for making semi-finished products, it is necessary to divide
these units into parts of the required dimensions. In doing this, scrap is
usually formed and the materials actually utilized constitute only a certain
per cent of the whole quantity—the rest going into scrap. ... Therefore, the
minimization of scrap appears to be a very important real problem, since
it would permit reduction in the norms of expenditure of critical materials.

53]

Variants of BP and VBP where the input is given in a more compact form (see below)
are in fact called the Cutting Stock Problem (CSP) and the Multiple-Length Cutting

Stock Problem (MLCSP).

Formal Definition An instance (I,C) of the Variable-sized Bin Packing Problem
(VBD) is a pair consisting of a list I = {ay,...,a,} of items and alist C = {cy,...,cm}
of different bin sizes with n, M € IN. Every item a € [ has a size s(a) € (0, 1]. The bin
sizes ¢; € C satisfy ¢; € (0,1], and there is one unit-sized bin ¢j; = 1. A set of items
S C I can be packed in a bin of size ¢, | € {1, ..., M}, as long as the total volume of
the items does not exceed the capacity (i.e. size) of a bin, i.e. }_,c5s(a) < c;.

The Variable-sized Bin Packing Problem. Pack the items I of an instance (I, C) into
bins of size in C so that the total size of the bins used is minimized. The optimal value
is denoted by OPT(I, C).

The Bin Packing Problem (BP) is a special case of the Variable-sized Bin Packing
Problem with C = {1}. Thus, a BP instance may be abbreviated as (I, C) = I, and the
optimal value as OPT(I,C) = OPT(I).

Closely related to BP and VBP is the Multiple-Length Cutting Stock Problem
(MLCSP), where the input is provided in a more compact form: it consists of a vector
(d,M,a,,c,p)of ditem sizes a = (ay,...,a;), the vector #i = (ny,...,ny) where n; is
the number of items of size 4;, the M stock-lengths ¢ = (cy, ..., cp) and stock-length
prices p = (p1,...,pm). Itis asked to partition the items into sets so that every set fits
into a stock and the total price of stocks used is minimized. (One stock length can
of course be used several times.) In our case, the price of a stock would be equal to
its length. Similar to BP, the normal Cutting Stock Problem (CSP) has only one stock
length such that we have without loss of generality ¢ = (1) and p = (1).
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1.3.2 Strip Packing

In this problem, a set of rectangles has to be packed into a strip of infinite height such
that the rectangles do not overlap. In the variant we consider, the rectangles must not
be rotated. As a possible application, Pradel suggests cutting out rectangles from
sheets of raw material like wood. Rotations are not allowed e.g. because of the grain
of the wood. Like Bin Packing, Strip Packing (SP) is NP-complete.

Formal Definition Let I be a set of n rectangles I = {aj, ..., a,}. Each rectangle has
awidth w(a;) € (0,1] and a height h(a;) € (0,1] forj € {1,...,n}. Pack the rectangles
into a strip of unit width such that the total height of the packing is minimized. The
rectangles must not overlap and must not be rotated.

1.3.3 Knapsack Problems

In the normal Knapsack Problem (KP), a set of items is given, each with a size and
a profit, together with a knapsack size. The goal is to choose a subset of items such
that they fit into the knapsack and at the same time maximize the total profit. In the
0-1 variant of KP (called 0-1 KP), an item may be taken only once. In the Bounded
Knapsack Problem (BKP), an individual number of copies of every item is allowed,
and the Unbounded Knapsack Problem (UKP) admits an unlimited number of item
copies. A famous “application” is a burglar that breaks into a museum. Since his
knapsack has only a limited capacity, his goal is to choose some of the exhibits such
that the loot still fits into the knapsack and that has at the same time a value as large
as possible.

The Knapsack Problem with Inversely Proportional Profits (KPIP) is a generalization
of KP with several knapsack sizes of which only one can be used. It may therefore
seem natural to choose the largest knapsack size. If an item is packed into a knapsack
of size cj, the profit of an item is however scaled by c% A knapsack of smaller size
may therefore allow for a larger profit. The 0-1, bounded and unbounded variant of
are defined similar to the normal Knapsack Problem. A motivation for KPIP was
suggested by Felix Land: the scaling of the item profits takes into account that it is
harder to fill a smaller knapsack as good as possible.

Formal Definition An instance I of the Knapsack Problem (KP) consists of a list
of items ay,...,a,, n € IN. Every item has a profit p(a;) = p; and a size s(a;) = s;.
Moreover, a knapsack size c is given. In the literature, the profits p; and sizes s; as well
as ¢ are normally natural numbers such that p;, s;,c € IN. For column generation, we
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will study the Knapsack Problem with p; € (0,1], sj € (0,1], and ¢ = 1. In both cases,
the problem definition is the same:

The 0-1 Knapsack Problem. Choose a subset V. C {ay,...,a,} such that the total
profit of V is maximized and the total size of the items in V' is at most c.

Mathematically, the problem can be defined by
n n
max{zp]-x]-’ s]-x]-gc;xje{o,l}Vj} )
j=1 j=1
In the bounded variant (BKP), up to d; € IN copies of each item a; may be taken (i.e.
xj € {0,..., dj}), and in the unbounded variant (UKP), an arbitrary number of copies
of every item is allowed (i.e. x; € IN).

The 0-1 Knapsack Problem with Inversely Proportional Profits (0-1KPIP) is a gener-
alization of 0-1 KP where the items have sizes s; € (0, 1] and basic profits p; € (0,1].
Moreover, M knapsack sizes 0 < ¢; < ... < cy = 1 are given. If an item 4, is packed

into the knapsack of size ¢; for I € {1,..., M}, its profit counts as f—f.
The 0-1 Knapsack Problem with Inversely Proportional Profits. Find the knapsack

size ¢; and the corresponding item set V such that the total profit is maximized.

Mathematically, the problem is defined by

n n
pj ) ;
max max E —=X; sixi <¢; x;i € {0,1}V
le{1, ..M} {j—l a’ll 4 7 J ]

The Bounded Knapsack Problem with Inversely Proportional Profits (BKPIP) and
the Unbounded Knapsack Problem with Inversely Proportional Profits (UKPIP) are
defined similar to BKP and UKP.

Note that the goal of the Knapsack Problem is to maximize the profit by choosing the
right subset of items, whereas the goal of (Variable-sized) Bin Packing is to minimize
the number of bins or the volume of the bins used when all items are packed.

1.3.4 Scheduling on Unrelated Machines of Few Different Types

Scheduling is a classical optimization problem. Jobs—e.g. computing tasks—have
to be distributed to machines such that one objective is minimized, normally the
maximum completion time of the jobs. One example is a cluster of processors that
has to perform a large amount of computation tasks. In general, the machines may
be heterogeneous: a processor may have been designed to perform a certain type of
calculations very fast, but may not be suited for other ones. However, the number of
different machine types may indeed be limited, as can be the case for e.g. a cluster of
CPUs and GPUs.
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Formal Definition An instance I consists of a set 7 = J(I) of n jobs and a set
M = M(I) of m machines. Every job j has a processing time on machine i of p;; > 0
fori € {1,...,m}andj € {1,...,n}. A non-preemptive schedule is a distribution
of the jobs to the machines such that every job is processed by exactly one machine.
Formally, it is a mapping o : J — M of each job j to a machine i. The objective is to
find a schedule ¢ that minimizes the makespan max;e a1 Yj.(j)—i Pij, 1-€. the maximum
completion time of all jobs. Thus, even the longest-running machine shall finish
the processing as soon as possible. This classical problem is called Scheduling on
Unrelated Machines and is denoted by [R || Ciax/in the 3-field notation [32].

As suggested above, we look at a variant where the machines are only of K different
types, where K is seen as constant: for two different machines i and i’ (with i # i’)
of the same type, we have p;; = py; for all jobs j € {1,...,n}. The machines of
type k are denoted by M such that the sets M, ..., Mk are a disjoint partition of
M. The number of machines of one type is my := | M| for k € {1,...,K}. Hence,
my + - -+ 4+ mg = m holds. The problem is denoted by |(Pmy, ..., Pmk)| | Cmax and
called Scheduling on Unrelated Machines of Few Different Types .

(Pmy,...,Pmk)| | Cmax- Find a schedule ¢ : J — M that minimizes the makespan.

1.4 General Assumptions

We assume that basic arithmetic operations as well as the computation of the logarithm
can be done in O(1). Moreover, we assume that all arithmetic operations can be done
exactly, e.g. because the non-integral values are in Q. It is clear that it may not be
possible to express the logarithm of a number a > 0 exactly, but only approximately.
However, we normally use the logarithm for mathematical expressions whose final
values are rounded. We may e.g. only need |log, 2| and not log, a. Hence, we assume
that we can determine the logarithm with a tolerance tight enough to obtain the
same rounded value as if we were able to exactly compute the logarithm and exactly
perform arithmetic operations with it.

1.5 QOutline of the Thesis

The results of this thesis are presented in five chapters. Note that all results were
obtained in collaboration with my supervisor Prof. Dr. Klaus Jansen.

Chapter 2| first presents a short introduction to the known results for the Bin
Packing Problem (BP) and the Variable-sized Bin Packing Problem (VBD). It is fol-
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lowed by the presentation of improved for both problems with A,(I,C) <
(1+4¢)OPT(I,C) + O(log? 1). The results were first presented at the conference MFCS
2012 [@#2]. They have been accepted to be published in a special journal issue of the
conference CSR 2013 [44].

Chapter [3] first states the known results for the Knapsack Problem (KP) and then
presents for all three variants of the Knapsack Problem with Inversely Propor-
tional Profits (KPIP). They are faster than the natural approach to separately solve the
Knapsack Problem for each knapsack size c;. The Unbounded Knapsack Problem with
Inversely Proportional Profits (UKPIP) is in fact the column generation subproblem
for our algorithm of Chapter 2t hence, its running time is directly improved by the
faster FPTAS for [UKPIPl The Knapsack Problem with Inversely Proportional Profits
was formally introduced at the conference CSR 2013 where the algorithms were
also presented for the first time. These results will be published together with the
results in Chapter 2in the special journal issue of the conference [44].

Chapter[d presents a faster[FPTAS|for the Unbounded Knapsack Problem (UKD) that
has also an improved space complexity. Note that the column generation subroutine
of the[AFPTAS]for the Bin Packing Problem only has to solve instances (and not
instances). The faster for therefore improves the time complexity
of our algorithm for BPl The result was presented at INOCA 2015 and is also
available on arXiv [45]. The chapter moreover shows at the end how the new algorithm
for decreases the running time of an[AFPTAS|for Strip Packing (SP).

Chapter [5 combines the results in Chapter [3jand 4, We get an for the Un-
bounded Knapsack Problem with Inversely Proportional Profits that is faster and that
has also a better space complexity. Thus, the running time of the for[VBDlis
further improved. The paper on which this chapter is based has not been published

[46]].

Chapter [6] concludes the thesis with an improved for Scheduling on Unrelated
Machines of Few Different Types ((Pmy, . .., Pmg)| | Cmax)). The result was obtained in

collaboration with the students Jan Clemens Gehrke and Jakob Schikowski as well as
my supervisor Klaus Jansen. It was accepted at SOFSEM 2016 [27]] and is also available
as a technical report [26].

10



2 Bin Packing and Variable-sized Bin Packing

2.1 Introduction

2.1.1 Known Results

As already mentioned, the Bin Packing Problem (BP) is a classic NP-complete problem
[25]. The first to consider it in the form of the (Multiple-Length) Cutting Stock Problem
(but naming it differently) were Kantorovich and Eisemann [[I7]]. Several approxi-
mation algorithms with a polynomial running time are known for Bin Packing (e.g.
First-Fit (FF), Next-Fit (NF), Best-Fit, First-Fit Decreasing (FFD) or Next-Fit Decreasing
(NFD)). As BP is a minimization problem, we always have 1 < sup, OP(T()) for the
absolute approximation ratio of any algorithm A. However, no polynom1a1 -time
algorithm can achieve an absolute approximation ratio sup; OP% () <2 unless P =NP
[25].. (In fact, First-Fit Decreasing attains this absolute ratio [82].)

Note that the bound 3 for the absolute approximation ratio is due to the fact that a
polynomial algorithm could otherwise distinguish between the optimum of 2 or 3 for
BP instances and therefore solve the NP-complete Partition Problem in polynomial
time [25]. Since only such small instances prevent an absolute ratio better than 3, larger
1nstances may allow for a better approximation ratio. It is therefore a good idea to
consider the asymptotic approximation ratio, which can be seen as the approximation
ratio for large instances (see Section[1.1). And in fact, every packing FFD(I) found
by FFD satisfies FFD(I) < Y OPT(I) + § so that FFD has an asymptotic
approximation ratio of ¥, which is obviously smaller than 3.

In 1981, Fernandez de la Vega and Lueker presented the first APTAS for
BP: the running time is polynomial in the input size |I| > n, but exponential in
1. One year later, Karmarkar and Karp found the first AFPTAS satisfying
Ac(I) < (14¢€)OPT(I) + O(%). In 1991, Plotkin et al. presented an improved
algorithm satisfying Ae(I) < (1+¢)OPT(I) + O(Llog(1)) and with a better running
time in O(5 L log® L)+ log( ). Shachnai and Yehezkely reduced the running
time further to (’)(S1 log® (L. mln{sz, Ta log” 62(%)N} + log(1)n), where N is the
longest binary representation of any 1nput element. For general BP instances, the
algorithm therefore needs time in (9( log® (1) +log(1)n). The algorithm is an appli-

11
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cation of Shachnai’s and Yehezkely’s AFPTAS for Bin Packing with Size Preserving
Fragmentation (BP-SPF).

Karmarkar and Karp also presented a polynomial algorithm with the approxi-
mation guarantee A(I) < OPT(I) + O(log® OPT(I)), i.e. with an additive approxima-
tion factor. This result was only recently improved after 20 years: Rothvof3 first
presented an algorithm with A(I) < OPT(I) + O(log(OPT(I))loglog(OPT(I))) and
then Hoberg and Rothvof3 an algorithm with A(I) < OPT(I) + O(log OPT(I)). In
both cases, the algorithms are randomized and have an expected polynomial running
time in the input length. It should be noted that Cutting Stock with d different item
sizes has an exact polynomial-time algorithm if d is considered to be constant [B]].

The Variable-sized Bin Packing Problem (VBP) was studied by Friesen and Langston
who analysed three algorithms with the asymptotic approximation ratios 2, 3 and
3. Murgolo presented an AFPTAS with A(I) < (1+ ¢)OPT(I,C)|+ O(). This
was improved to (1 +¢)OPT(I,C) + O(4 log(1)) by Shachnai and Yehezkely ,
again by an application of their BP-SPF algorithm. The improved running time of
the algorithm is (’)(}8 log“o’(%) . min{gl2 log(2), SO%N} + (M +n)log()), where N is
(again) the longest binary representation of any input element. For general instances,
the running time is therefore bounded by O(4; log*(1) +log(1)(M + n)).

2.1.2 Our Result

This chapter presents an AFPTAS for BP and VBP with the smaller additive term
O(logz(%)) and a further improved running time.

Theorem 2.1. There is an AFPTAS (Ag)e>o for Variable-sized Bin Packing that finds for
e € (0, 3] a packing of an instance (I,C) in A:(I) < (1+e)OPT(I,C) + O(log?(1)) bins.

Its running time is in
1. 51 1
(’)(élog E+M+log <€> n)

Theorem 2.2. There is an AFPTAS (A¢)eo for Bin Packing that finds for ¢ € (0,%] a
packing of I in A¢(I) < (1+¢)OPT(I) + O(logz(%)) bins. Its running time is in

1. 41 1
(’)<£510g E+log <£> n)

For column generation, the VBP algorithm relies on [FPTAS| for the Unbounded Knap-
sack Problem with Inversely Proportional Profits whereas the BP algorithm
uses algorithms for the Unbounded Knapsack Problem (UKP). Hence, the theorems
above state the running times of the AFPTAS for the case where the best FPTAS for
UKP and UKPIP of this thesis are used.

12
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Therefore, we present the actual time complexity of the AFPTAS if the running
time of the algorithms for UKP and UKPIP is left open (with the exception of a lower
bound). To do so, we introduce (in a slight abuse of notation) the functions UKPIP
and UKP.

Definition 2.3. Take an instance of the Unbounded Knapsack Problem with Inversely Pro-
portional Profits (UKPIP) with dy items and M knapsacks, and where cuin is the smallest
knapsack size. Then, UKPIP(d1, M1, Cmin, g) denotes the running time of an FPTAS for
UKPIP that solves such an instance with the approximation ratio (1 — £) € ©(1 — €). Simi-
larly, let UKP(dy, £) be the running time of an FPTAS for UKP with the same approximation
ratio and dy items.

Theorem 2.4. Let (I,C) be a VBP instance with n items, M bin sizes and optimal value
OPT(I,C). There is an AFPTAS (Ag)eso such that A, finds for ¢ € (0, 1] a solution of
the instance with an objective value of A¢(I,C) < (1 +¢) OPT(I,C) + O(log” ()). The
running time of A is bounded by

g 1 1 1
o <u1<P1P (dl,Ml,cmm, 6) L log L+ M 1og <8> n>
if we assume that UKPIP(dy, M1, Cmin, %) € Q(S%)for d € O(%log %), M € (9(% log%)
and Cpin > €.

Theorem 2.5. Let I be a BP instance with the optimal value OPT(I). There is an AFPTAS
(Ae)eso such that A, finds for e € (0,3] a packing of I in A(I) < (1+€)OPT(I) +
O(logz(%)) bins. The running time is bounded by

g\ 1 1 1
(’)(UKP (dl, 6) . glogg +log (€> n)

if we assume that UKP(dy, £) € Q(%) fordy € O(Llog?).

2.2 Overview

First, Section [2.3|explains the integer linear program (ILP) for VBP, which is a well-
known approach (see B5][69]). The basic idea is the following: let (I, C) be a VBP
instance with d different item sizes by > ... > b; and where every item has a size
s(a) > 6 for a constant 6 > 0. The corresponding ILP is

minclo with Av > b, ve Z7andv >0 . (2.1)

The basis of the ILP are configurations that correspond to the columns of A: one
configuration K(!) is a subset of items that fits into one bin ¢;. AFPTAS usually consider

13



2 Bin Packing and Variable-sized Bin Packing

the relaxed version of with v € R9, v > 0. The relaxed optimal value is denoted
by LIN(I, C). The main difficulty is to solve the relaxed ILP efficiently and to round
the solution to an integer solution close to the optimum. Our algorithm also uses this
principle.

Section 2.4]introduces a partial ordering on VBP instances, which is useful for the
analysis of the algorithm. Moreover, the total size Area(I) of the items in instance I is
formally defined.

Then, Section presents our basic algorithm for rounding in the Subsections
2.5.1{and it is explained for a VBP instance (I, C(1)) with d; different item
sizes and M bin sizes. (The instance is denoted differently for convenience as will
be seen in a moment.) First, it is shown how to solve the relaxed ILP for (I @ c (1))
approximately by applying to VBP the algorithm by Grigoriadis et al. [33], which
yields the first solution (1), Then, Shmonin’s rounding technique is adapted: the
entries of v(!) are rounded down to the next integer which already packs a subset
Ii(it) c IV, The remaining items IreS =10 \I are splitinto J; and Jj. The set J| is
packed using Next-Fit, while J; is rounded, which yields the new instance (I (2), C(l))
that is processed in the same way. The procedure is then iterated such that we get
instances (I (k) C(l)) (of decreasing size and with dj different item sizes) until all items
of (I M, c (1)) have been packed. In contrast to Shmonin’s proof, the relaxed ILPs
are only solved approximately and not optimally. The analysis of the basic algorithm
in Subsection therefore proves that the number of item sizes and the total size
Area(I®)) of the items halves in every iteration k, which makes it possible to bound
the final objective value by (1 +4¢)OPT(I),CM)) + O(log (1) log(d1)).

When the basic algorithm solves the relaxed ILP, the needed columns of the matrix
A are generated dynamically by solving instances of UKPIP. As mentioned in Section
it is necessary because there may be an exponential number of columns, i.e.
qe 20(:108°(2) . Column generation for BP and VBP is for instance also used in |
B0l 61 [69 72 [78].

In general, the additive factor O(log(})log(d;)) of our basic algorithm is not equal
to O(log?(1 :)). Section [2.6/shows how to preprocess a general VBP instance (I, C)
such that this is the case. First, we divide the items I into large and small items
Large and Isyman, where the items in the first set have sizes s(a) > 8 =¢. A special
subset Ihyge C liarge is determined that (roughly speaking) contains the largest items
Of ljarge- The remaining items in [apge \ Ihyge are rounded up to get [ (1), As the set Inuge
contains the largest items of I, the item set I!) still satisfies OPT(I("), C) < OPT(I, C).
The rounding is done to have only d; € O(1log1) different item sizes, which also
decreases the overall running time. To further improve the running time, only a
subset C() C C of bin sizes is used, which does not increase the approximation ratio

14
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too much. The instance (I (1), C(l)) is then packed with the basic algorithm. Now,
O(log()log(dy)) = O(logZ(%)) holds. The remaining items in Ige and Ispmay are
greedily packed, which (again) only slightly increases the approximation ratio.

The scheme of our algorithm is similar to the one of other AFPTAS for BP
and VBP [78]. Our main contribution is the combination and extension of
the algorithm by Grigoriadis et al. and the theoretical result by Shmonin
Chapter 6] to solve the relaxed ILP and to round the fractional to an integer solution
close to the optimum. Note that Shmonin’s method is a modification of the Bin Packing
algorithm by Karmarkar and Karp [56].

2.3 Integer Linear Programs and Linear Programs for VBP

In this subsection, the ILP for VBP is introduced. Let (I,C) be a VBP instance. Let
d be the number of different item sizes, and let by > ... > b, be the subsequence
consisting of the different item sizesin s; > ... > s,. Moreover, every item has a size
of at least s(a) > ¢ for a constant 6 > 0. We introduce configurations: a configuration
KO for the bin size ¢; is a subset | C [ such that the items in ] fit into a bin of size ¢,
ie Yo s(a) < ¢;. Let Kgl), e, Kél()l,l) be all configurations of a bin size ¢;. The number
q(1,1) of the configurations may be exponential in the number of item sizes d.
A configuration K](l) can be described by a multiset

{Q(K]m,bl) . bl, e ,Q(K]m,bd) . bd}
where a(K](l),bi) denotes the number of items of size b; in configuration K](l) (see
Figure 2.1). Furthermore, let 1; be the total number of items of size b; in I. (Obviously,
n1+ - - - +ny = nholds.) It is possible to describe the VBP instance as an integer linear

program (ILP) BO]:

M q(L])
rninz Z €1 Y;
I=1 j=1
M q(L1) ILP-VBP
Y ¥ a(K](l),bl-) : U](.l) =n; forie{l,...,d} ( )
=1 j=1
U](l e Nu{o0} forle{1,...,M} andje{1,...,9(1)}

The optimal value of this ILP is equal to OPT(I,C) because ), }; clv](l) sums the
volume up of the bins used. The constraints make sure that all n; items of size d;

are packed: a(K](l), b;) - U](l) is the number of items of size b; packed in the solution by
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by

b3 g4

by bi

by ba

=3 , by
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by by by
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Figure 2.1:|(a) shows the item sizes by, ..., bs. Bin|(b) is packed according to config-
uration {2 : b1,3 : by, 1: b3,0 : by} and bin |(c)|according to configuration
{3 H bl,O : bz,o . b3,5 N b4}

configuration K](l). Thus, summing over all configurations and bin sizes yields the
total number of packed items of size b;. We now consider the LP relaxation with the
optimum LIN(I, C) where the conditions e NU {0} are replaced by v](l) > 0 and

]
the conditions ... = n; by ... > n;. In the ILP as well as the relaxed LP, a variable v](l)

can be interpreted as a vertical slice of a bin, packed according to configuration K](l).
The slice has the width v](l) (see Figure[2.2).

2.4 Useful Definitions

We introduce a partial order on VBP instances that will be useful later. It is a natural
extension of the order by Fernandez de la Vega and Lueker [20].

Definition 2.6. Let (J1,C) and (]2, C) be two VBP instances with the same set of bin sizes
C. We write (Jo,C) < (J1,C) if there is an injective function f : J, — Ji such that
s(a) < s(f(a)) holds for every a € J,. We write J, < ], for item sets if the same condition
holds.

The following lemmas will be used later.

Lemma 2.7. Let Area(I) := Y ,c;s(a) be the total size of the items in 1. Then we have
Area(I) < LIN(I,C) < OPT(I,C).

Proof. Let us consider the first inequality. All items are packed (fractionally) into bins.
Since the volume of the items is at most the volume of the bins they are packed into,
we have Area(I) < LIN(I,C). The second inequality is obvious: integer solutions to
ILPs are at the same time solutions to the relaxed LPs. O
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Figure 2.2: A fractional packing of a VBP instance. The variable v;’ can be interpreted

as a slice of a bin ¢; packed according to configuration K}m with a width of

(1)
v

Lemma 2.8. Let |, and [, be two item sets with [, < Ji, and let (J,C) < (J1,C) be
the corresponding VBP instances that share the same set of bin sizes C. Then we have
Area(]2) < Area(];), LIN(J»,C) < LIN(J;,C) and OPT(J,C) < OPT(]y, C).

Proof. Area(],) < Area(]1) is obvious. A (fractional or integral) packing of the items
in J; can be transformed into a packing of the items in ], by replacing every item
b € ], by the corresponding item a € J, with f(a) = b; we remove the items b € J; for
which there are not any a € ], with f(a) = b. As some bins may now be empty, this
packing of ], has at most the objective value of the packing for J;. The optimal packing
of J, may have an even smaller objective value, therefore LIN(J,,C) < LIN(J;,C) or
OPT(J2,C) < OPT(J1,C) holds. Note that we have implicitly used the fact that (J;, C)
and (], C) share the same set of bin sizes: if we had an instance (J;,C) with C C C,
the constructed packing could use bin sizes not available for packing (], C), and the
packing could be infeasible. (This proof was adapted from [20].) O

2.5 The Basic Algorithm

In this subsection, we consider a VBP instance (I @ c (1)) with d; item sizes, M7 bin
sizes and (still) with s(a) > ¢ for all items a € I(1). The basic scheme (Alg;)e> is
presented in Algorithm as mentioned above, it is an adaptation and a practical
application of the methods presented by Karmarkar and Karp and Shmonin
Chapter 6], combined with a method based on the max-min resource sharing algorithm
by Grigoriadis et al. [B3].
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2 Bin Packing and Variable-sized Bin Packing

Algorithm 2.1: The basic VBP algorithm Alg,

2.2

2.3

2.4
2.5

Input: £ > 0, instance (I, (V)
Setk:=1;
while true do

Solve the relaxed linear program corresponding to (I%), C()) approximately

with the accuracy (1 + ¢) (see Subsection[2.5.1) ;
Take the integral part [0 | = ( ij(l’k) |) of the approximate solution
o) = (v](l’k)). Pack the items according to [v(¥) | in the respective bins: these

items are the instance (Ii(r]ft) ,C (1)). The remaining, non-packed items are the
residual instance (Ir(eks) ,Cy;
if I¥) = @ then
‘ break;
else
L Transform (Ir(écs),C(l)) into two instances (J;,C™")) and (J;, C1)), where the
items in [ have been rounded up (see Subsection ;

Pack | ]’( into unit-sized bins with Next-Fit; open a new bin if necessary;
if J; = @ then
‘ break;
else
Set (1+D),cM) .= (1, cM);
L k:=k+1;

3 Replace the rounded-up sizes of the items by their original sizes in I(V);

18



2.5 The Basic Algorithm

"1 70804 2 . e a7
(a) (b)

Figure 2.3:|(a)|shows the packing v of the VBP instance (I, C). The values of the v](l) are
()

written under the bins. Bins corresponding to integral variables v ; have
light-gray items, fractional bins have dark-grey items. The fractional part
v — |v] corresponds to a packing, which is shown in|(b)} These fractionally

packed items are the item set Iyes.

Remark 2.9. The algorithm Alg, finishes if either all items in an instance I*) are
packed by [v0)], i.e. Ii(rlft) = I, or all items that have not been packed by |0 |
are contained in J; and packed by Next-Fit. If neither of these conditions is met,
the remaining unpacked items Jx become the new instance (I (k+1) ¢ (1)), which is
processed again in the same way. Since items are packed integrally either by Lv](l’k)J or
by Next-Fit, we obtain an integral and feasible packing. (Figure 2.3|illustrates how Ir(gs)
is obtained from I%).) Note that Ir(é(g always contains only complete (and not fractional)

items although v — |0¥) | packs them fractionally.

2.5.1 Solving the LPs Approximately

In Step the algorithm has to approximately solve the relaxation of the integer
programs for the instances (1), C(1)), where we have dj different item sizes
and M; bin sizes. There is a well-known method for LPs of packing problems (see
e.g. for Strip Packing) based on the max-min resource sharing algorithm by
Grigoriadis et al. [B3]. The method can be adapted to VBP. We introduce it for general
VBP instances (I,C).
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2 Bin Packing and Variable-sized Bin Packing

Let r be a guessed value for LIN(I, C). By introducing an additional variable A and
)

).
dividing every constraint ) Z]- a(K](l ,bi) v](l) > n; by n;, we can rewrite the relaxed

(ILP-VBP) as

maxA
M a1 (K" b, (2.2)
Y ) uv(l) >A forie{l,...,d}
4 n: ]
I=1 j=1 !
M q(ll)
v = (v](l)> €B:= {v‘ Yool v](l) =7 o) > 0}
=1 j=1

Remark 2.10. » > LIN(I,C) holds for (2.2) if and only if A > 1. Moreover, the
conditions ¥, ¥;a(K\”, b;) v} > n; hold if and only if A > 1.

Let A be the matrix

() .
a(K; ,bl'
o (K, bi) for 1€ (Ll
1 ( le{l,...,.M},je{1,...,q9(L1)}
i.8(Lj)

Here, g(1,) is a suitable enumeration of the variables v}l), which correspond to the

columns of A. We can now write Problem (2.2) as

f(v) 1
maxA s.t. Av=f(v)= : >A|:]|, veB, (2.3)

fa(v) 1

where (1,...,1)7 is the d-dimensional 1-vector and f;(v) is the i.th row of the vector
Av. The Inequality therefore means that every entry of the vector Av € R? is
larger than or equal to A.

The Problem (2.2) is obviously a max-min resource sharing problem (see Subsection

1.2.3). Let Ag be the optimal value of (2.2). The algorithm by Grigoriadis et al.
(see also Section|A.1) finds for a given & € ©(¢) a solution o € B of Problem with

M , bi) g
Y Y L i > (1—g)A0 forie{l,...,d} .

A5 > (1—8)Ao(1,..., )T . (2.4)
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2.5 The Basic Algorithm

(We will see below how to scale 7 to get a solution @ with Ad > Ao(1, ..., 1)T.) Let
I'={p € RY|Y; pi = 1} be the M-dimensional standard simplex. The block problem
is -

A(p) = maxp” f(v) = max pTAv for peT . (2.5)

veEB
As stated in Subsection the max-min resource sharing algorithm has to approxi-
mately solve in each of its iterations the block problem for a given p € I'. It does so by
calling a blocksolver ABS(p, £) that finds an approximate solution v € B to A(p) with

P = (1) Al

For (2.2), the Block Problem (2.5) corresponds to

TAi., _ , 0]
rzlgleal;(P Av %‘ﬁé‘;plg = n v
M q(Ll) d
_ 0] pi 0 4.
—5?513(; ) cIv; Z nicla<Kj ,b;) (2.6)

This problem is a linear program, where an optimum basic solution v has only one
0
j

entry v

> 0 (see Subsection [1.2.1). In fact, it is sufficient to find the index pair I;

and j; such that the sum ¥%_, n%la(K](fl), b;) is maximal and to set v](.lll) = i and the
other U](»l) = 0. Choosing the right bin size c¢; and the configuration K](l) therefore
corresponds to solving the problem
max max {i Pi Z; 3 bizi < ¢,z € NU {0}} . (2.7)
1e{1,...,. M} = 1ic =

This is indeed an instance of the Unbounded Knapsack Problem with Inversely Pro-
portional Profits (UKPIP) (see Subsection[1.3.3) for which an FPTAS is presented in
the Chapters[3|and [5| We get the following result:

Remark 2.11. During the execution of the max-min resource sharing solver, the block-
solver directly generates the columns needed for an approximate solution to the
max-min resource sharing problem (2.2). It does so by finding in each iteration an
(1 — £) approximate solution to the UKPIP instance (2.7).

As mentioned above, we have to “guess” the right value r = LIN(I,C). It is even
sufficient that r = ryp < LIN(I, C) as long as the max-min resource sharing algorithm
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2 Bin Packing and Variable-sized Bin Packing

finds a solutl ondv = (5]( )) with A > (1—g)(1,...,1)". Then, the covering constraints
Yiya ( ,bi) ]( can be satisfied by scaling: set 7 := (1 + 4£)7 to get

As > (1 +48)1—-8)(1,..., 0T >(@1,..., DT (2.8)
and

—

L)

q
65" = (1+48)ry < (1+¢) LIN(L,C) (2.9)

M=

1

I
—_
Il
—

]
fore < 1 and & = £. Therefore, 0 = (5](-1)) is indeed a (1 + &) approximate solution to
the LP relaxation of (ILP-VBP).

Such an ry can be found by exploiting an interesting property of the max-min re-
source sharing algorithm. It was already stated in an unpublished paper by Aizatulin,
Diedrich and Jansen [[1]] for the max-min resource sharing formulation of the Strip
Packing Problem, which is closely related to the Bin Packing Problem (see also
p- 112]).

Lemma 2.12. Let r = 1, and let v* be the corresponding solution to the max-min resource

sharing problem (2.2)) found by the algorzthm of Grigoriadis et al. [.] Let v° be the solution

obtained with r = r, € R~. Then 0 = =7y vl

Proof. The proof can be found in Appendix[A.2] O
Thus, the solutions 9; for r = 1 and oy, for r = r, := LIN(I, C) satisfy

rp (A@1), o fa(B))' 1-28)A, (1,...,1)"

p - AGy = AG,,
2 (2.10)

( (,...,)

Here, /\,p denotes the optimal value of Problem for r = rp; note that we have
Ar, 2 laccording toRemark 2.10, We deduce that mln{f]('(]]) --~fd( ) <r, =LIN(I,C)

SO that it is sufficient to set rp := T Ull ) £ A < LIN(I,C). A short calculation

together with the Inequa11t1es 8) and (2.9) yields that

v
= I\/

0 = (1 + 45)5 = (1 + 45)1’0 . 51

is a solution to (2.2). Note that A5 > (1 —¢) (1,...,1)T holds by the definition of ro.
We get the main result of this subsection.

Theorem 2.13. Let ¢ > 0, & := , and let (I(k),C(l)) be a VBP instance with M, bin
sizes, dy item sizes and smallest bin size cymin. Moreover, let UKPIP(dy, M1, Cmin, g) be
the running time of an algorithm for UKPIP with the approximation ratio (1 — £) that
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2.5 The Basic Algorithm

solves an instance with dy item sizes, My knapsack sizes and smallest knapsack size Cmin.
There is an algorithm that finds a solution v = (v](.l)) to the relaxed (ILP-VBP) satisfying
YicY v](l) < (14 e)LIN(I®, CW)Y and with only dy + 1 variables v](l) > 0. The running
time is in

O max {UKPIP (dy, My, mn, £ ), O (s loglog (4 ) ) | e (tog(eh) + 3 )
1
+ d>® <log di + 52> ) :

Proof. The correctness of the algorithm has already been presented in this subsection.
Explanations for the other properties of the solution and the analysis of the running

time can be found in Section[A.2] O
. (k)
2.5.2 Transforming I

The transformation of Ir(g into Ji and J; in Step [2.3|of Alg; is the geometric rounding

technique by Shmonin Section 6.4]. It is the core element of his proof OPT(I) <
LIN(I) + O(log?(d)) for[CSP. The rounding is a slight modification of the geometric
grouping by Karmarkar and Karp [56].

Roughly speaking, Ji contains rounded-up items so that it has less item sizes than
Ir(g, and J; contains the largest and smallest items of Ir(gs) so that J; < Ir((lfs) holds even
with the rounded-up items in Jj.

More formally, let hy := ]Ir(fs) |. As will be seen in the proof of [Theorem 2.21) the

items are either already sorted or can be sorted in O (dy log(dy) + %k) so that we have

k I . . . N " . N .
Ir(es) ={a,dp,... a4, } withs(d) =8 >s(d) =8 >...>s(dy) =5,

We split this sequence into different groups: Let G%k) be the first /; items such that

251;11 5; < 2, but 2?:1 §; > 2. Next, we collect I, items in group Gék) such that

251: +llli*11 §; <2,but Zfljlllil §; > 2. We proceed until having grouped all items, i.e.

Ky
e =a"
1=1

(the last group Gl(fk) may have a total size smaller than 2, i.e. } oY s(a) <2).
Now, let kl(k) = |Gl(k)\ forl € {1,...,Ki}. Since we added the items 4; in non-

increasing order to the sets Gl(k), we have kgk) < kgk) <...< k%()_l. (The last group

Gl(i) may contain less items than Gg?_l, ie. k%kk) < kg(k)_l may hold.) Moreover, kl(k) < %
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2 Bin Packing and Variable-sized Bin Packing

holds because 5; > ¢, and we have Kj < LArL“*S)J + 1 because Area(Gl(k)) > 2 for
l e {1,..., k—l}.

Forl € {2,..., K — 1}, let Gl/(k) contain the largest kl(li)l items of Gl(k). Let Hl(k) be
the set of items obtained by rounding up the sizes of all items in G;(k) to the largest

item size in G;(k). We have Gl/(k) < Hl(k) < Gl(f)l forl € {2,...,Kx — 1}. We define

Ke—1 Ki—1

U H® and J:=G U ( ) 2.11)

Lemma 2.14. Let dy be the number of different item sizes that instance ') has in the execu-
tion of Alge(IV),CM)), and let ko be the number of times the main loopof Alg, is executed.
The following properties hold:

o (o CV) < (IX, 0y < (oUTLCO) fork € {1, ko}.

(k)
o Fork € {1,...,kg — 1}, the set I**V) = Ji has djy1 < K —1 < LM%(I@U -1
different item sizes.

* The latest moment Alg, terminates is when Area( 1H) ) < 4.

Proof. Tt is not difficult to see that (], C(M)) < (Ir(fs) ,CY) < (JyuJi, M) holds. More-

over, every H, ® for1 e {2,..., Ky — 1} contains only items of one (rounded-up) size,

and K < LArL(“*S)J 4+ 1 holds. As [, = UK" ! Hl , the number of different item sizes
dy,1 follows.

Note that a sufficient condition for the termination of Alg; is Area(Ir(es) ) < 4: by
(k)

definition of J}, all items in Ires will then be contained in J so that J; = r(fs) and J; =

hold. This is exactly a stopping criterion for Alg. as explained in O

2.5.3 Analysis and Running Time of the Basic Algorithm

In this section, we prove that Alg.(IV),C)) finds a packing for a given instance
(I, M) that is not much larger than the optimum OPT(I(1), C(1).

Theorem 2.15. Let (I),C()) be a VBP instance with dy different item sizes and s(a) >
6> 0forac 1M, Algorithm Alg.(IV),CY) finds a packing v = (v; ( )) such that

ch;vl (14 4¢) OPT(11, ())+O(log<5>log(d1)>

=1

For the proof, we need some lemmas.
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2.5 The Basic Algorithm

Lemma 2.16. Let dy be the number of different item sizes in 1% and ko the number of
iterations of the main loop {2|of Alge. Then we have

1. Area(I)) < di+1fork € {1,...,ko},

(k) 1 (k-1) A 1
2. Area(Ires) < dp +1 < 5Area(lres ') < 52 45 fork € {2,...,ko},
3. di < 2f—llfork €{1,...,ko}, and

(1)
4. Avea(18)) < 22U for e {1, ko} and Area(10)) < A2U) gy,

k e {2,...,]{0}.

Proof. Let v(¥) = (v](-l’k)) be the approximate solution to the relaxed ILP (ILP-VBP)

corresponding to IX). As stated in [Theorem 2.13} there are at most dj + 1 variables

U](l’k) > 0. Thus, there are at most d; + 1 variables k) _ Lv](l’k)J > 0, which form

]
a fractional packing of Ir(fs) and correspond to at most dy + 1 bins because we have

v](l’k) — Lv](-l’k)j < 1. Since every bin is at most of size 1, we get the first inequality. The
second inequality follows from the first one and [Lemma 2.14, The two remaining

inequalities are proved by induction and the fact that I*) = J,_; < Ir(écs_l) < 11

(see|Lemma 2.14). O

Lemma 2.17. As above, let ko be the number of iterations of the main loop[2|in Alg.. Then
ko < Llogz(dl + 1)J holds.

Proof. already states that the algorithm terminates when Area(lr(g )) <4
A direct corollary of (obtained by combining the first and last inequality) is
the inequality Area(lres) < 2,(%1(511 +1)forke{1,...,ko}. If we want Area(Ir(é()) <4,
it is therefore sufficient that Zk%l(dl +1) < 4holds, i.e. d; +1 < 28! and therefore
log,(di +1) < k+ 1. The smallest k € IN satisfying this inequality is |log,(d; + 1),
therefore kg < |log,(d; + 1) | holds. O

Lemma 2.18. Let the set ] be defined as in Subsection Next-Fit packs J; in at most
O(log(3)) unit-sized bins.

Proof. By the grouping of 1Y) into ng), ceey GI(Q as presented in Subsection 2.5.2, we

know that Area(ng) U Gg}) < 6. Leti € {2,...,Kx —1}. The first kgk) — 1 items of
(k)

i

, and the last item may
(k)

i

GZ-(k) have a total volume of at most 2 by the definition of G

be even smaller than the other items. The average item size in G, is therefore at most

25



2 Bin Packing and Variable-sized Bin Packing

PORE Since AGZ.(k) = Gz(k) \ Gl{(k) contains the smallest kfk) — kl@l items of Gi(k), we

i

K0 _

)
have Area(AG( )) <2l ~5—=*. We conclude that
K9 -1

K1 Ki—1 k(k) a0
Area(J;) <6+ ) Area AG( )) <6+4+2) %
=2 i=2 k -1

Ki— 1k<
<6+22

i=

) K1
1 + Y <eramed? )
) , ]
] kz 1
2
< 2In | =
<6+2In ( 5)
where we have used that kl(k) < % holds for I € {1,...,K; — 1} because we have
s(a) > 6. Therefore, we need at most 2Area(J;) + 1 < 13 +4In(3) = O(log(})) bins
to pack J; with Next-Fit.
(This proof is a slight modification of the proof of Theorem 6.7 in [80], which is

derived from the geometric grouping presented in [56]. The only difference is the fact
that we have s(a) > J in contrast to s(a) > dik.) O

Lemma 2.19. The following inequalities hold:
o LIN(I®,cW) — LIN(IY), ¢y < LIN(IH), ¢V,

int”/
o LIN(I*+1,cM) < LIN(IY), c™), and
o LIN(I®,c) — LIN(IY), c) < LIN(I®, c(V) — LIN(1(,+D), (1)),

Proof. An optimal (fractional or integral) packing of (I 1(nt) ,C)) together with an op-
timal packing of (1, 1{8),CcM) is a feasible packing of (I%),C(1), therefore we have
LIN(I®,c) < LIN(Ii(m), cy + LIN(Ir(es), C(), which proves the first inequality.
Since (I*+1),cM) = (J,cM) < (IEQ, C™M) holds according to the sec-
ond inequality follows from The last inequality follows directly from the

second one. O

We are now able to prove Theorem 2.15| i.e. the bound on the solution quality of Alg,.

Proof of[Theorem 2.15] Let Bins(L) denote the volume of the bins into which the algo-
rithm has packed the instance (L, C(V)). Obviously, the solution found by Alg, has the
total objective value Z;I:O:l (Bins( (k )) + Bins(J;)) because items are either packed by

int
an integral part Ii(rlft)

or by J; (see[Remark 2.9).
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2.5 The Basic Algorithm

First, we derive a bound on Bins([ig? ). For an instance (I*),C(1)) with the ap-
proximate packing v(¥) = (v](.l’k)) found by Alg, in Step we have the following

inequality:

M%) Mg M%)
5 =B E o B )
=1 j=1 =1 =1 =1 = (2.12)
< (1+¢)LIN(I®, M)y
Since (v](l’k) LU](I 1) is a fractional packing of (I i1, cM)y with LIN(IY, ¢y <
e Y(v ](l ) Lv](l’k)J ), we get

1) M q(I®)])
? (1+¢) LIN(I®,cV) - Y ¢ (U k) LUU’HD

IN

(1+4¢) LIN(I®, c(M)) — LIN(Izae, C™M)

Lem.[2.19]
< (1 +e) LIN(IW, Wy — LIN(1%+D, ¢y (2.13)

We deduce with LIN(], r(es),C(l)) >0and (I®,cM) < (1®,cM) < (1MW, M) that

ko—

ZBms( ) Z [1+s JLIN(I®), c(1)) —LIN(I(”U,C(U)}
=1
+(14¢) LIN(I* )c()) LIN(L{, c)

= LIN(I®,c) + ¢ ZLIN(I("),C( )y — LIN(I{&), c)y

ko
<LIN(IW,cW) +3eLIN(IW, W)+ Yy LIN(IW,cV) . (2.14)
k=4

LIN(I®,Cc™) < (2Area(I®)) 4 1) holds because First-Fit could always provide a
packing for 1) of this value. Moreover, we have 2Area(I%)) < 2,%ZArea(I M)y =

#Area(l (1)) according to [Lemma 2.16, Hence, the Sum (2.14) can be bounded as

follows:
ko
ZBms( ) < LIN(IY, €M) +3e LIN(IY, C) 4 ¢ ) | e Area(1V) +1
k=4
< LIN(IM, ¢y 43 LIN(IDW, CW) 4 e LIN(IM, cM) 4 ¢ (kg — 3)
< (1+4¢) LIN(IW, W) +elog, (dy +1) . (2.15)
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2 Bin Packing and Variable-sized Bin Packing

For the last two inequalities, we have used Area(Il (1)) < LIN(I 1), C(l)) and ky <

log,(d1 + 1) (see[Lemma 2.17).

Finally, Ziozl Bins(J;) € O(log(})log(d1)) holds because we have Bins(J}) €

O(log(})) (see ) and kg < log,(d; +1). By combining this with the
Bound (2.15) and LIN(I®V, () < OPT(IM,CM)), we obtain the desired result. [

Remark 2.20. The relaxed ILPs of the instances (1), C(1)) are only approximately
solved in contrast to Shmonin’s proof where optimal solutions are used. This
results in the additional additive terms eLIN(I*), C(V)) and & Y, LIN (1), C(D)) in
and (2.14). Thus, it is necessary to prove that the sum is bounded by Y, 2,%Area(l (),
which yields the final estimate (2.15).

After the proof of the approximation ratio of the algorithm, we only need to bound
the running time.

Theorem 2.21. Let € > 0, and let (I(l), C(l)) be a VBP instance with d, item sizes, My bin
sizes and s(a) > & fora € 1Y), Then Alg, has a running time in

0 ( max {UKPIP (dl, M1, Cori 2) ,0 (d1 log log (dli) ) }

. . p (2.16)

-dy <log(d1) + £2> + d3:°%%6 <log(d1) + £2> + ?1 + n> :
Proof. We show how to bound the running time over all iterations of the main loop
In every loop iteration, the relaxed ILP is solved in Step The complexity

of the solver in one iteration is given in [Theorem 2.13| (see also Section in the
Appendix). We assume that the running time UKPIP(d, M, ¢min, g) of the knapsack

solver is monotonic increasing in d. We know that dj < Zf—}] as seen in
Thus, the running time of Step 2.1/in the k.th iteration is at most half as long as the
running time in the previous iteration because every summand of the running time
either contains dj or is dominated by other summands. Hence, the overall sum and
therefore the overall running time of Step [2.1]is still bounded by the term stated in

The next Step [2.2| consists of packing the items according to ( Lv(l’k)

]
di + 1 variables ) (see|Theorem 2.13) so that dj + 1 times a configuration vector

]
K](l’k) with dj entries has to be read and the items packed accordingly. The running

|). There are only

time for reading the configuration vectors is bounded by Z’,ﬁ":l O(d?) = O(d?) over
all iterations of Step |2l Since there are at most n items that can be packed over all
iterations, we get a total running time in O(d? + n).
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2.6 The General Algorithm

Constructing Ji and J; in Step 2.3|can be performed in the following way: we only

have to sort the d different item sizes of Ir(écs) and then group the items in Ir(écs) according

to the item sizes (i.e. we use BucketSort). As Area(Ir(é{S)) <di+1 (see and
s(a) > 6, the set 1% has O(%) items so that sorting 11 and partitioning it into J; and
Ji. can be performed in O(dj log(dy) + %). (By using the right data structure, we can
even assume that sorting is only necessary for k = 1 because the items stay in the right
order afterwards.) Since Next-Fit has a linear running time, packing the items in J;
can be bounded by O(#n) over all iterations. The running time of Steps 2.3 and [2.4]is
therefore bounded by O(d; log(dq) + %] +n).

Replacing the rounded-up sizes by their original ones in Step |3/ can be performed in
time O(n). By omitting dominated summands, we get the general running time of
Alge. O

2.6 The General Algorithm

For a general VBP instance (I, C), we may not have O(log(})log(d;)) = O(log” 1)
for the additive term, e.g. if the smallest item size s(a) does not satisfy s(a) > € and if
we have too many different item sizes d;. Therefore, we preprocess the items and the
bin sizes of a general instance (I, C) to apply Alg,.

2.6.1 Rounding the Items

We first show how to bound the number of different item sizes by O( log 1).
Let § := ¢? and

I:IlargeUIsmall = {a€I| S(”) >5}U{EIEI‘ S(a) Sé} :

We now use the geometric grouping introduced by Karmarkar and Karp with the
eArea(I)
1Og2(%)+1
First, the items in Ij,ree are grouped into intervals

I := {a | s(a) € (2_(”1),2_’]} for r € {0,1,..., {log2 <(1S>J} :

Each set I, is then further grouped into sets I, 1, L2, ..., I (") such that the first group

i
I, 1 contains the first k - 2" largest items, I, > the next k - 2" largest items until all items

scaling factor k = | ] to group and round I, (see also p- 298)).

have been grouped. Note that I, ;(;) may contain less than k - 2" items. Now, we
set Inyge := U, Ir,1- On the other hand, let j € {2,...,4(r)} and round every item
in I, ; up to the largest item in the group. Call the resulting group I;,]-. We then set

1=y, U 1

29



2 Bin Packing and Variable-sized Bin Packing

As shown in Proof of Lemma 5], the items in I, can be packed in at most
k- [log3] < e Area(I) + O(log(})) unit-sized bins with Next-Fit if the items of Ihuge
in (2=(*+1,277] for r = 0 are packed first, then the items for r = 1,2,..., [log,(})]
(this can be seen as a less strict variant of Next-Fit Decreasing).

Since Ipuge contains the largest items of every I;, we still have I 1) < Large- Due to
the rounding and the choice of k, the item set I (1) has only

2 1 1 1
<= + = Zlog = 17
dy kArea(I) {log2 J € O(gloge) (2.17)

different item sizes [56] Lemma 5]. This will help us to bound the running time needed
to solve the LP relaxation of (ILP-VBP).

2.6.2 Reducing the Bin Sizes

As the running time of Alg, also depends on the number of bin sizes (see (2.16)), we
only use a subset of the M bin sizesin C. Set C:={c € C|c>¢e}. M < [2Inl|+1,
set C(1) := C. If on the other hand M > |[2In 1| + 1, partition C into

[

S - x —(141) I
lL:JO ¢ with G {c\ce((l—ks) tH (1+¢) }} ,

and let CV) consist of the largest ¢ in every G, ie.

[inz]
c.— U max{c|ceq}
1=0

(This construction of C(!) is mentioned in .) We first show that the reduced bin set
C() does not increase the value of an optimal or approximate solution too much.

Lemma 2.22. C™) has only M; < L% In %J + 1 bin sizes and satisfies
OPT(IW,CW) < OPT(Ijarge, CV) < (1 + €)OPT (Ijarge, C)
< (1+4¢)OPT(I,C)+2 .

Proof. The bound In(1+2z) >z — z2 holds for z > —%. The number of knapsack sizes
in C() is therefore in

1 1 | s 20 e |
O81+e e ti= Inl+¢ tls e —¢2 +
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2.6 The General Algorithm

By definition, we have (I(l),C(l)) < (Ilarge, C(l)). If C) = C, the second inequal-
ity is also obvious. If c® C C, choose an optimal solution to (Ilarge,C) and let
OPT(Ilarge, C) = ¥, c;z;, where z; denotes the number of bins ¢; the chosen optimal so-
lution uses. Every ¢; is contained in one C;, = {c|c € ((1+ )=t (14 ¢)~7}, and
C() contains the largest bin size ¢j, of every C;,. Replace every ¢; by the corresponding
¢j,- Then ¢; < &, < (1 + ¢)c; so that we obtain a feasible solution to (Ijarge, C 1) with
the objective value Y &,z; < Y;(1+¢€)cizp < (1 + €)OPT(Ljarge, C). As an optimal

solution to (Ilarge, C(l)) may have an even smaller objective value, we have
OPT(Ilarge/ C(l)) < (1 + 8) OPT(Ilarger C) . (2.18)

For the last inequality, let (Ilarge, C) be a VBP instance with items Large and all bin
(1)
j N IRl
packed in the bins ¢; > ¢, i.e. in bins in C, and let (I;, C) be the corresponding instance.

sizes C, and let v = (v;’) be an optimal integral packing of it. Let I; be the items
Let (fz, Cz) be the instance with the items packed in the remaining smaller bin sizes
Gy =C\C.

Note that we have

OPT(Ilarge/ C) = OPT(E, C) + OPT(Tz, CZ) . (2.19)

In fact, an optimal packing of (I;, C) combined with an optimal packing of (I, C;) is
obviously a feasible packing of (Ljarge, C), i.e. we have OPT (Ijarge, C) < OPT(L, C) +
OPT(I, ;). On the other hand, the packing of OPT (Ijyrge, C) restricted to the bins C
(or &) is by definition a feasible packing of (I;, C) (or (L, Cy)). Let Pack(I;, C) and
Pack(I, C;) be the objective values of these packings where obviously Pack(I;, C) +
Pack(l, Cy) = OPT(Large, C) holds. Then, we have OPT(I;,C) + OPT(, &) <
Pack(I1, C) + Pack(I, C;) = OPT(ljzrge, C) so that follows.

Now, the items in I, are re-packed into new unit-sized bins using First-Fit: an
additional new bin is opened if all new unit-sized bins are full. Let k + 1 be the
number of these new bins. Note that s(a) < ¢ fora € I, because these items were
packed in bins of size ¢; < e. Since a new bin is only opened if no new item fits into
the old ones, the first k bins must be filled at least up to 1 — ¢, i.e. Area(lr) > k(1 —¢).
We get

1

- 8Area(1~2) +1 < (1+2¢)Area(l;) +1 < (1+2¢)OPT(L, G) +1

k+1<
s

where we have used and ﬁ < 1+2fore < % Now note that this
new packing of I into k + 1 unit-sized bins together with the original packing of L
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2 Bin Packing and Variable-sized Bin Packing

is a packing of Ij,rge not using the bin sizes ¢; < ¢, i.e. it is a packing of the instance
(Ilarge/ C) with

OPT(liarge, ) < OPT(L,C) +k+1

< OPT(L;,C) + (1+2¢)OPT(Ip, ;) + 1

< (1+2¢) (OPT(L, C) + OPT(L, ) +1
(1+ 2€)OPT (Jjppge, C) +1

< (1+2¢)OPT(I,C)+1 . (2.20)

As we assume that ¢ < %, we get

2.18)

OPT(IW,CM) < OPT(Ijarge, CV) ? (1+ &) OPT(Ijzrge, C)

<
(14¢€) [(1+2¢)OPT(I,C) +1] < (1 +4¢) OPT(L,C) +2 .

(The second part of the proof is only a slight modification of the corresponding proof
by Murgolo [69] Proof of Thm. 1, case 1].) O

The general algorithm A, including the preprocessing is presented in Algorithm

Algorithm 2.2: The general algorithm A, for VBP
Input: Accuracy € > 0, instance (I,C)
1 Preprocess instance (I, C) to obtain (Ihuge,C(l)), (1M, cM), and (Igman, CV);
2 Pack instance (I(1), C(1)) with the algorithm Alg. (1), C(V) (see Sectionand

Alg. ;

3 Replace the rounded-up and packed items of (I(1), C()) by their original

counterparts to obtain a packing of Ijrge \ Ihuges
4 Pack the items of I,ge into unit-sized bins using Next-Fit where the items in
(2=(+1),27"] for r = 0 are packed first, then the items for r = 1,2..., [log,(3)];
5 Add the small items I,y greedily to the existing bins using Next-Fit: open a new
unit-sized bin if an item cannot be added to the existing bins;

2.6.3 Analysis of the Approximation Ratio
We sum the results up to obtain the final asymptotic approximation ratio of A,.

Lemma 2.23. Before adding the small items Igyny in Step |5, algorithm Ag has found an
integral packing v = (v(l)) for (harge, C) with Y ¢} vj) < (14 17¢)OPT(I,C) +

j
O(log?(}))-
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2.6 The General Algorithm

Proof. & = ¢ and log(d) € O(log(tlogl)) C O(log(1)) hold. Moreover, we have
LIN(IW,cW) < OPT(IW, C) < OPT(Ljarge, CV) < OPT(I,C1)) as can be seen in

Combining these properties with [Theorem 2.15, we deduce that (1), (1)

and therefore (ljarge \ Thuge, C (1) is packed in at most

(1+4e)OPT(IM,cM)y + 0 (log (;) 10g(d1)> <(144e)OPT(IM, CcM)

1
+ O <log2 <€>>
bins. Using|Lemma 2.22, we see that this is at most

(14 4¢) [(1 4 4e)OPT(I,C) +2]+ O <log2 <1 >> <(1+ 16¢)OPT(I,C)

e

because of € < 5. As Ijyg fits into at most eArea(ljyee) + O(log(3)) < ¢OPT(I,C) +
O(logZ(%)) unit-sized bins (see Subsection , we obtain the desired approximation
ratio. O

Theorem 2.24. Let (I, C) be a VBP instance with n items. For given ¢ € (0, %], the algorithm
A¢ finds a solution with A.(I,C) < (1+ 17¢)OPT(I,C) + O(logz(%)).

Proof. Because of the theorem is obviously true if Step [ does not create
any new bins. Hence, let us assume that at least one new (unit-sized) bin has to
be opened. Note that the solution constructed by the algorithm only uses bins in
C) ¢ C, i.e. bins with ¢; > . The items in Iy, satisfy s(a) < 6 = 2. As at least
one unit-sized bin is opened, all bins (with the possible exception of the last opened
unit-sized bin) are filled at least up toc; — 9 = ¢; — €2 at the end of Step 5, Let z; be
the number of bins ¢; € C(V) the solution has after adding the last (small) item, and let
C:=CW\ {cm} = CW\ {1}. Then we have with ;- <1+ 2efore < 1 that

Area(I) > Y (a—&)zj+ (1—€) (zm — 1)

CIEC

CIZZS Y oa(l—e)z+(1—¢) (zm—1)

1
—¢€

@]

= Yz +cpzm < 1 Area(I) +1 < (1+2¢)OPT(I,C) +1 .

C[EC

Since ). cc €121 + cmzm = Zc,e(:(l) c;z; is the objective value of our solution, this shows
the theorem. (The proof is only a slight modification of the corresponding proof by
Murgolo Proof of Thm. 1, case 2].) O
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2 Bin Packing and Variable-sized Bin Packing

2.6.4 Analysis of the Running Time

Deriving the running time is a rather straightforward calculation.

In Step (1| of the algorithm, Isynan and Large can be constructed in time O(n). Fur-
thermore, it is mentioned in p- 298] that I 1) and Ihyge can be obtained in time
O(log(dy)n) = O(log(1)n) even when [1arge is not sorted. For the reduction of the bin
sizes, i.e. the construction of C(1), we have the following lemma.

Lemma 2.25. The bins C\V) can be constructed and sorted in time O(M + Llog” 1).

Proof. The set C can be found in time O(M). If M < |2In 1| + 1, we have C = C(V
and can sort the items in O(Mlog M) = O (% log? %) IfM>|2Inl]+1, Lawler
has presented a technique to construct C(1): create a bucket for every interval C; and
place every bin size ¢ € C in its corresponding bucket. The largest bin size in every C;
can then be found by a single scan of the corresponding bucket. Here, the right bucket
for one ¢, i.e. the right exponent /, can be determined in O(1) because we assume that
the logarithm can be calculated in O(1). Thus, adding all ¢ € C to the right buckets
can be done in O(M). The creation of the buckets themselves needs time in O (% log %)
and finding the largest ¢ in every C; in total O(M). Note that the buckets can of course
be created in increasing order of I € {0,1,...} such that C() is sorted in the end. [

The running time of Step [2|is already known (see [Theorem 2.21| and (2.16)). It
is not difficult to see that Steps 3| and |5/ need time O(n). Finally, Step {4f consists
of grouping the items in I,g and then packing them with Next-Fit, which can be
done in O(log(3)n) = O(log(1)n). (In fact, the items have normally already been
grouped during the construction of Ige.) As C () contains My = min{M, |2In 1] +1}
different bin sizes, we get the overall running time:

(’)(max {UKPIP (dlerrcmin/ 2) e, (11055 (1) log log (1)) }
1. (1 1\ 1 1 e 1\ 1
1 1 1
+£—310g <£> + M +log (£> n).

Assume that UKPIP(dy, My, Cmin, g) € Q(Slz), which is motivated by the running

time of known UKPIP algorithms (as will be seen in this thesis). By simplifying the

expression above, we see that the AFPTAS needs time in

g 1 1 1
o <UKPIP <d1/M1szinz 6) '3 log ST M log (€> n)
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2.6 The General Algorithm

This shows the Theorems [2.4{and The time complexity for BP is obtained from
(2.21) with an FPTAS for UKP instead of one for UKPIP and with M = 1.

The last missing part of the algorithm is an FPTAS for UKPIP and UKP. One possi-
bility mentioned in the introduction is to employ Lawler’s FPTAS for UKP [63]. For
VBP, we get an FPTAS for UKPIP in the following way: we separately solve for every
¢; € CY the UKP instance with profits ’z—lj and return the maximum profit over all ¢;.
The correctness of this FPTAS for UKPIP follows from the lemmas in Section [3.4]

Since Lawler’s FPTAS has a running time in O(d; + 81—3) for one knapsack size, this
method would yield a running time UKPIP(dy, M1, Cmin, g) € O(M; - (d1 + g%)) =
(9(%4 log 1) and therefore (9(}7 logz(%) + M +log(1)n) for the entire AFPTAS. Note

that g = i as stated in[Theorem 2.13|and that ¢, > € because cpin € C M c C.

Theorem 2.26. A.(I,C) has for VBP a running time in (9(}7 logz(%) + M +1log(1)n).

This is indeed the running time our VBP algorithm originally had in [42]. Similarly, the
FPTAS for UKP by Lawler yields the following time complexity for Bin Packing:

Theorem 2.27. A.(I,C) is for C = {1} an AFPTAS for BP with a running time in
O(% 1og(2) +log(1)n).

Remark 2.28. Note that we can even set 6 = O(¢) for BP as done e.g. by Karmarkar
and Karp [56]. Moreover, the approximation ratio of (1 -+ ¢) for BP and VBP is achieved
by replacing ¢ by {5, which does not change the asymptotic running time.

The running times of our AFPTAS for VBP and BP depend on the running time of the
FPTAS for UKPIP or UKP. The next chapters will show how we can improve them and
therefore the time complexity of the AFPTAS.
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3 The Knapsack Problem with Inversely
Proportional Profits

3.1 Introduction

This chapter presents algorithms for variants of the Knapsack Problem with Inversely
Proportional Profits (KPIP), namely for the 0-1 variant (0-1 [KPIP), the unbounded
variant (UKPIP), and the bounded variant (BKPIP). They are formally defined in
Subsection [1.3.3]

3.1.1 Known Results

The 0-1 Knapsack Problem and the other variants of [KP|like the Unbounded Knapsack
Problem (UKP) and the Bounded Knapsack Problem (BKP) are well-known NP-hard
problems [25]. They can be optimally solved in pseudo-polynomial time by dynamic
programming [B} [pI]. As KP is a maximization problem, the absolute ratio of any algo-
rithm A for KP is defined by inf; OA%I()I), and it is bounded from above by 1. While Bin
Packing has a bound of 3 on the absolute approximation ratio for polynomial-time al-
gorithms (see Subsection[2.1.1), there is no upper bound on the absolute approximation
ratio of KP: there are several known[PTAS and [FPTAS]

The first FPTAS for 0-1 KP was presented by Ibarra and Kim [B9]] with a running time
in O(nlogn+ % -min{} log(1),n}) and a space complexity in O(n + % ). Lawler
improved the running time to O (% +log($)n). In 1981, Magazine and Oguz Iﬁl
presented a method to decrease the space complexity of the dynamic program so
that their FPTAS runs in time O (n? log(n)glz) and needs space in O(%). (The paper
focuses on the improved space complexity without a partitioning and reduction of
the items as done e.g. by Lawler. Without it, Lawler’s basic algorithm has in fact a
time and space complexity in O(”?z).) The currently fastest known algorithm is due to
Kellerer and Pferschy [@ pp. 166-183] with a space bound in O(n 4 %) and a
running time in O(n min{logn,log 1} + 8% log(1) -min{n, llog(1)}). Assuming that
n € Q(Llogl), thisisin O(nlog(i) + % log?(1)).

For [UKP, Ibarra and Kim presented the first FPTAS by extending their 0-1 KP
algorithm. This UKP algorithm has a running time in O(n + % log 1) and a space
complexity in O(n + %). Kellerer et al. pp- 232-234] have moreover described an
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3 The Knapsack Problem with Inversely Proportional Profits

FPTAS with a time complexity in O(nlog(n) + % (n +log 1)) and a space bound in
O(n+ %). In 1979, Lawler presented his FPTAS with a running time in O(n + %)
and a space complexity in O(n + }2) For n € Q(2), this is still the best known FPTAS.

For BKD) a basic FPTAS was presented by Kellerer et al. in their book [[6I} pp. 207-
209] and a more sophisticated by Plotkin et al. pp- 295-297], where the latter is
derived from Lawler’s 0-1 KP algorithm and runs in O(min{nglz, nlog(l) + 8lﬁ,})

For further information on the Knapsack Problem, we refer to the books by Martello
and Toth as well as by Kellerer, Pferschy, and Pisinger .

3.1.2 Our Results

As mentioned in Chapter [2, the AFPTAS for VBP has to solve [UKPIP| instances as
a subroutine (see e.g. Subsection 2.5.1). This motivated us to formally define the
Knapsack Problem with Inversely Proportional Profits (KPIP) as a new problem and
to study it.

Subsection has already presented a simple way to solve an instance of 0-1
[KPIP| or with 7 items and M knapsack sizes: take an FPTAS for the
corresponding variant of the knapsack problem. For each knapsack c;, solve the KP
instance with item profits f—j. Return the solution and knapsack size of highest profit.
Lawler’s algorithm for UKP yields a running time in O(M - (n + %)) and a space
bound in O(M + n + Slz) for UKPIP. (The correctness of this approach is formally
shown in Section [3.4])

We change and improve the techniques of the KPIP approximation algorithm above
such that several knapsack sizes can be processed at once. Thus, we avoid redundancy
and get the following theorem.

Theorem 3.1. Let € > 0. Let cin be the smallest knapsack size of a UKPIP instance with M
knapsacks and n item types. There is an FPTAS that solves this problem in time

O(nlogM—i—min{ {loglJ +1,M}n+min{{log 1. J +1'M}€13+]g\§)

Cmin Cmin

and space O(M +n + ).

The running time of the column generation subroutine for our VBP AFPTAS improves
so that the overall time complexity decreases by a factor of ® (1):

Theorem 3.2. The AFPTAS for VBP only needs time in (’)(Sl6 logz(%) + M +log(1)n) (see
.

The FPTAS for KPIP together with the improved running time of our AFPTAS for VBP
were presented at the conference CSR 2013 [43].
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3.2 Overview

3.2 Overview

We start with some basic definitions and remarks in Section Important are the
definition of (best solution for the KPIP instance with the knapsack size ¢;
and scaled profits f—j) and (optimum solution for the normal KP instance with
the knapsack size c; and non-scaled basic profits p;). This notation is used throughout
this chapter where values without bar (like OPT,, (I)) are obtained with scaled profits
%" and values with bar (like OPT,, (I)) with the basic profits p;.

Section |3.4{shows an important property: for a solution of KPIP, it is sufficient to
solve the normal KP problem with basic profits p; for every knapsack size ¢;. By
scaling every solution by the corresponding c;, we get the solutions P;,. The maximum
max,, P, is the solution for the KPIP instance. This is also true for approximate
solutions. The property allows us to work with the basic profits p;: we could apply
e.g. the UKP algorithm by Lawler to every knapsack size ¢; and basic profits p;
and scale the obtained profits afterwards. However, this results in using dynamic
programming M times, which is time-consuming.

In Section [3.5] the basic FPTAS for 0-1 KPIP is introduced. Since it is an extension of
Lawler’s FPTAS , our presentation follows the one by Lawler. First, we introduce
the well-known Dynamic Programming by Profits in Subsection where Fi(i)
stands for the smallest total size to get profit i if only the items a3, . . ., a; are considered.

Subsection 3.5.2 presents the extended greedy approach to find first approximations
P., > JOPT,,(I) for every knapsack c;. Because of the scaling property of Section

.....

we get the approximations P, = IZ—CI’ > %OPTCZ(I ) and Py = max;¢ ..y P, =
7OPT(I). The special item sets S; are introduced, which are the items with a size
c;_1 < s(a) < ¢, and the derived sets §; = Uf,zl Sy, which are the items that fit into ¢;,
ie.s(a) <c.

Subsection 3.5.3|explains the basic FPTAS that avoids redundancy for large values of
M by determining the values F;(i) for several knapsack sizes at once. At the beginning,
a threshold T based on the values P, is defined, and the items are partitioned into
large ones of profit p; > T and small ones of profit p; < T. Let n; be the number of
large items. We assume without loss of generality that the first ny items a5, ..., a,, are
the large ones. Their profits are scaled to values q; = q(a;) with a scaling constant
K based on T. Dynamic Programming by Profits is applied to the scaled profits and
yields candidates (i, F,, (i)) where every candidate represents a set of large items of
scaled total profit i and total size Fy, (). Then, we determine an approximate solution
for every c; by Pl(l) = maxg, (<o K i+ ¢1(c; — Fy, (i)). The value K - i is the (almost)
unscaled profit of the corresponding set of large items, and ¢;(c; — Fy, (i)) is the profit
obtained by greedily adding the small items to the remaining knapsack capacity
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3 The Knapsack Problem with Inversely Proportional Profits

¢; — Fu, (i). The definition of S; is useful for these calculations. We set P, W = 5y ¢ and

(1)

obtain with P; = max; P, an approximation to the optimum of our instance by the

observation in Section

Unfortunately, the overall running time depends on 4, i.e. the ratio of the largest
knapsack cpr = Cmax to the smallest knapsack c; = Cmln It is improved by first
partitioning the knapsacks into intervals C, = {c; € C | ¢; € (c l(ﬁ;l)w chw 1} for b €
{0,..., 1] +1} and a suitable w < 1 and then by separately executing the algorithm
above for every C,. Hence, a threshold Ty and a scaling constant K}, are introduced
for every G, Now the ratio cinax/c), of the largest to the smallest knapsack in Cy, is
bounded by - a

time of one dynamic programming computation times the number of computations, is

Thus, w is chosen in such a way that O(=— - 2), i.e. the running

minimized.

Subsection shows how the running time and storage space of the algorithm
can be further reduced. In fact, only a limited number of large items with profits in
Lkb) = (2K Ty, 2k+1 Tp] can be part of a solution for knapsacks in C, (otherwise, the
upper bound Wa; (I) < 2P,, would be exceeded). Hence, we take a reduced number
np,; of items for every scaled profit g;, which is sufficient for an approximate solution.
Therefore, the total number of large items 1, < ny is bounded. (17, now denotes the
global upper bound on all 1;,.) Furthermore, we redefine F;(i) to be the smallest total
size to obtain the (scaled) total profit i if only the items w1th the first j scaled profits
q1,---,9; are considered. By adapting the dynamic program accordingly, the total
storage needed for the algorithms decreases, too.

The variants and [BKPIP are addressed in Section 3.6l Of special interest is
the adaptation of our algorithm to UKPIP because it is the subproblem we have to
solve for our VBP AFPTAS. For UKPIP, the instance is transformed (in parts) into a 0-1
KPIP instance. First, the item 7; of smallest size is determined for every scaled profit g;:
these items are obviously sufficient to get an approximate solution for UKPIP. Second,

5(7)

of large items in a feasible solution of UKPIP. Only one of these items has to be kept

items ;7 of profit 2"p(a;) and size 2"s(@;) are created, which can represent any choice
for every scaled profit q;, which (again) improves the running time. The space needed
for the algorithm can be further decreased by adapting the dynamic program. Even
the greedy algorithm to determine the values of ¢;(-) is faster because we only have
to take copies of the most efficient small item aélfg for ¢;. Such improvements are not
possible for BKPIP, but the basic idea to create items as above is also used.
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3.3 Notation and Remarks

3.3 Notation and Remarks

We introduce some useful notation. The basic profit of an item a is denoted by p(a)
and its size by s(a). If a = a;, we also write p(a;) = p; and s(a;) = s;. A multi-set
V ={x,:a|a € I} of items is a subset of items in [ with the item multiplicities. We
assume that x, € D,: note that D, = {0,1} for 0-1 KPIP, D, = {0, ...,d,} for BKPIP
(with d, € N), and D, = IN for UKPIP (see Subsection[1.3.3). We naturally define the
total basic profit p(V) := Y, - p(a)x, and the total size s(V) := }_, - 5(a)x,.

OPT,(I) = max{ @xa Zs(a)xa <¢j; x, € D, fora € I}
refers to the optimal solution for the current variant of KPIP when only knapsack size
¢; is considered. OPT(I) = max;cys,. a1y OPT, (I) denotes the global optimum.

We will also consider the case where the items only have their unscaled basic profit
p;, independent of the knapsack in which they are packed. Let v < cp; = 1 be a part of
any knapsack. The corresponding optimal basic profit for the volume v is denoted by

OPT (I,v) = max {Zp(a)xﬂ Y s(a)xs < v; xq € Dy fora € I}
acl acl

For v = ¢;, we also write the optimum for knapsack size c; as OPT,, (I) = OPT(I, ¢;).
Let OPT(I) = maxcqy, my OPT,(I) be the global optimum. (Note that OPT(I) =
OPT,,,(I).) This notation will also be used in Chapters @ and |5, As there is only one
knapsack size in the case of UKP, Chapter 4 will use expressions without bar (e.g.
OPT(I) instead of OPT(I)) for ease of notation.

Remark 3.3. For I = {ay,...,a,}, we can of course write the optimum as OPT,,(I) =
max{}j, %x]- | Xji18ixj < c;xj € Dj} ete. (a notation that will indeed be employed).
The UKP algorithm in Chapter 4|and the UKPIP algorithm in Chapter 5 will however
often use the optimum for different item sets in the analysis of the respective algo-
rithms. Hence, we have chosen the more general notation of summing over all items
in the instance )¢ instead of the summation } ;.

As mentioned in Section [1.4, we assume that basic arithmetic operations as well as
computing the logarithm can be done in O(1).

3.4 Observations

Two simple observations help us to handle that the profits depend on the knapsack
size. In fact, they allow us to work only with the basic profits p;.
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3 The Knapsack Problem with Inversely Proportional Profits

Lemma 3.4. For every variant of KPIP, it is sufficient to calculate for every knapsack c; a
(1 — €) approximate solution P, > (1 — €)OPT,, (I) with profits f—{ and take as final solution
the maximum over all knapsack sizes max; P,.

Proof. Let I = {ay,...,a,}. Determine for every knapsack c; a (1 — ¢) approximate

solution (xgl),. .., x,(f)) such that

1

P =) Bl > (1 - e)oPT, (1) (3.1)

Letc, € {c1,...,cm} be the knapsack size and (xir), e, xff)) be the (1 — ¢) solution
with the maximum profit over all knapsack sizes. Therefore, we have

ﬁx(r): max Zp] O (3.2)

On the other hand, let ¢; € {cy,...,cm} be the knapsack size with OPT(I) =
OPT,,(I). Then obviously

. L 2 (1—-¢)OPT(I) ,
e/ ]; Cq
and (xgr), ceey xflr)) is a (1 — ¢) approximate solution. O

Lemma 3.5. Let ¢; be a knapsack size. A (1 — €) approximate solution for one variant of KP
with the knapsack size c; and the basic profits p; is also a (1 — €) solution for the corresponding
variant of KPIP with profits % and (only) the knapsack size c;, and vice versa.

Moreover, we have
OPT,,(I)

OPTy (1) = =

(3.3)

Proof. Let (again) I = {ay,...,a,}. First, every solution to the problem with basic
profits p; is a feasible solution to the problem with profits % because only the item
profits, but not the item sizes, change.

Let (x1,...,x,) be a (1 — ¢) approximate solution and (%, ..., %,) be an optimal
solution for knapsack size ¢; and basic profits p;. By definition, we have

n
Z pjxj > (1—¢e)OPT,(I) = (1—¢) Y pi%; . (3.4)
i=1
On the other hand, we show that
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The inequality Z]” 1% < OPT,(I) is obvious. To show the inequality };' %jf]' >
OPT,,(I), let (%y,..., xn) be an optimal solution for ¢; with profits f—;. Then

and

> pi% < OPT(I) = ) pj¥ (3.6)

because (%1, ..., Xy,) is also a feasible solution for the considered variant of KP with
the knapsack size ¢;. Dividing by ¢; > 0 on both sides of shows that OPT,,(I) =
i1 x] <Y, ’x] and therefore (3

We get

34 n
Zp]x] > (1—¢)c Z% 1—£)CIOPTCI = Z—x] (1—¢)OPT,(I) .
= ]_

The proof that an approximate solution for the profits %j is also an approximate

solution for the basic profits p; is almost the same.
OPT,, (I)
c :

Note that we have also shown that OPT,, (I) = O

We get the following result:

Algorithm 3.1: MaxSolution
Input: Item set I, knapsack sizesc; < ... <cy =1
Output: Solution of value P > (1 —¢)OPT(I)
1 forallc,l € {1,...,M} do
2 t Find a solution (xgl), cee x,(ll)) with )77 4 pjx](l) > (1—¢)OPT(L, ¢;);
3 forallc, 1 €{1,...,M} do
t Compute P, := Cllz;.’:l pjx}l);

5 return max;cqq,. ay P/

Theorem 3.6. The algorithm MaxSolution presented in Algorithm[3.1|finds a (1 — ¢) ap-
proximate solution for all considered KPIP variants.

Proof. shows that P;, > (1 — ¢)OPT,,(I). Taking the maximum over all
then yields a solution with an objective value of at least (1 — ¢)OPT(I) according to

emma 3.4 O
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3 The Knapsack Problem with Inversely Proportional Profits

3.5 Extending Lawler’s Algorithm

We have seen that MaxSolution calculates the desired approximate solution. In this
section, we will see how to extend Lawler’s algorithm for 0-1 KP to 0-1 KPIP
such that we obtain the approximate solutions in Step [2|of the algorithm, and how we
optimize the overall running time when calculating them. BKPIP and UKPIP will then
be considered in Section 3.6, Our presentation follows the one by Lawler.

First, we will introduce basic techniques for the Knapsack Problem, which are
designed for integral profits pj, sizes s;, and knapsack sizes c;. Hence, we first assume
that pj,s;,¢; € N for all j and I. Then, we will see that the techniques and the FPTAS
also work for pj,sj,c; € (0,1].

For ease of notation, this section assumes that [ = {ay,...,a,}.

3.5.1 Dynamic Programming

Dynamic Programming by Profits is a well-known technique to optimally solve
a 0-1 KP instance in pseudo-polynomial time. Let Fj(i) € R>q be the minimum size
necessary to obtain the profit i € IN with the items ay, ..., a;. For instance, F;(0) = 0
and Fi(p1) = s1 hold. If a profit i cannot be obtained with the first j items, Fj(i) = cois
set, i.e. F(i) = ocofori # 0, p1 and F;(i) = oo for i < 0 and all j. The F;(i) are computed
by the Bellman recursion

Fi(i) = min{F;_1(7), F—1(i — pj) +s;} -

Let c; < ... < cum be several knapsack sizes. We obviously have the identity
OPT,,(I) = max {i | F,(i) < ¢} (see also ), and the corresponding items can be
found by backtracking in the table of the F;(7). Note that it is possible that i < i’, but
F,(i) > F,(i"): alarger profit i’ is achieved with a smaller size F,(i’). Then, we say like
in that F, (i) is dominated by F,(i"). It is not difficult to remove dominated table
entries F,(i).

Lemma 3.7. Dominated table entries F, (i) can be discarded in O (P

B), where PB is an upper
bound on the maximum profit max;cq,. py OPTe (I) = OPT,, ().

Proof. Let F,(1),...,F,(PB) be the table entries: they are already sorted in increasing
order of their profit i. Moreover, the profits i are already different so that F, (i) can
only dominate F, (i) if i < i/, but F,(i) > F,(i"). We define a partial ordering on the
pairs (i, F,(i)) where (i, F,(i)) < (', F,(i")) if i < i’ and F,(i) < F,(i’), i.e. (i, F,(i))
has a smaller profit than (i, F,(i")) and F, (i) is not dominated by F,(i'). We call a
sequence of pairs (i1, F,(i1)),..., (ir, Fx(iy)) sorted if (i1, F,(i1)) < ... < (ir, Fu(iy)).
Hence, no F, (i) is dominated in a sorted sequence.
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3.5 Extending Lawler’s Algorithm

Obviously, the last sequence element (PB, F,(PB)) cannot be dominated. We it-
eratively construct a subsequence of non-dominated pairs in the following way:
let (i, F4(i)),..., (PB,F,(PB)) be the current sequence such that (i, F,(i)) < ... <
(PB, F,(PB)). Compare (i —1,F,(i — 1)) and (i, F,(i)). If (i — 1, F,(i — 1)) < (i, F,(i)),
add (i — 1, F,(i — 1)) to the sequence as the new first element, otherwise discard it
because F, (i — 1) > F,(i) holds. Continue until all items of the original sequence have
been processed, i.e. until (1, F,(1)) has been considered.

It is clear that the resulting sequence is sorted and therefore consists only of pairs
that correspond to non-dominated F,(i). On the other hand, we have only removed
pairs from the original sequence that are dominated. Therefore, the new sequence has
to be the original sequence with the dominated entries removed. The running time of
O(PB) is obvious. Note that we have implicitly removed entries F, (i) = oco: there is
no item set with the total profit i if this is the case. O

Thus, all OPT,, (I) can be found by a single scan of the F, (i) in time O(PB + M).

Theorem 3.8. The F;(i) can be determined in time and space O(PB - n). Afterwards, the
optimal values OPT,,(I) for I € {1,..., M} can be found in time O(PB + M) and space
O(M). Dynamic programming also works for non-integral item sizes s; € R~q and knapsack
sizes ¢; € Rx.

Proof. The F;(i) form a table with 1 - PB entries. As one entry F;(i) can be determined
in O(1), the overall running time to determine the F;(i) is therefore in O(n - PB).
Since OPT,,(I) = max{i | F,(i) < ¢;} holds as mentioned above, it is sufficient to
calculate all entries F, (i) once and discard the dominated F,(i). Thus, all OPT,, (I) for
I €{1,...,M} can be determined in additional time O(PB + M) by one scan of the
Fu(i).

The overall space requirement can be bounded by O (1 - PB) to calculate and save
the Fj(i) and O(M) to save the OPT, (I).

Finally, dynamic programming does not use the fact that the item sizes s; and
knapsack sizes ¢; are integral: the algorithm only assumes that the profits p; are
integral whereas it is sufficient that the sizes s;, ¢; are positive.

A trivial bound on PB (not used in this thesis) is 71 - pmax, Where pmay is the largest
item profit. O

3.5.2 Bounds for the Optimum: a Simple % Algorithm

We present a simple algorithm for a bound on OPT,, (I). Let

S1:={a;|s(a;) <c1} and S;:={a;|c1 <s(a;) <¢} forl € {2,...,M} .
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3 The Knapsack Problem with Inversely Proportional Profits

Note that we still have ¢; < ¢ < ... < cp.

Moreover, let 5; := Ul _, Sy = {a| s(a) < ¢;}, which is the set of the items that have
to be considered for a solution of knapsack size ;.

The basic idea of the approximation for any ¢; is simple: sort the items in S; according
to their efficiency % ; if ties occur, we can e.g. consider the item of smaller index to
have a smaller efficiency. Start with the item of largest efficiency and add items in S;
to the knapsack in non-increasing order of the efficiency until no more items can be

(0

added. Return Pcl, the maximum of this value and of the most precious item amax with
profit pr(rll)ax := max {p;j | s; < ¢;}. We will see below how this can be done without
sorting the items. This greedy approximation algorithm is also called Ext-Greedy [61].

For 0-1 KPIP, let

P
P, = 7’7 ) (3.7)

-----

Theorem 3.9. For 0-1 KPIP, we have P, > %OPTCZ (I) and P, > %OPTCI (I). Furthermore,
Py is a § approximation to the global optimum OPT(I).

Proof. For ease of notation, let us assume without loss of generality that we have
Sy ={ay,...,a,} and f—ll > f—zz > .2 Z—:, i.e. the items are already sorted according
to their efficiency % in non-increasing order.

Determine now j, such thats; +--- +s; < ¢, buts; +---+s; +sj, 41 > ¢;. Then
we have

pr+-- 4 pi, SOPT(I) < pi+--+pj, +pj+1 - (3.8)
Since pﬁ,’ﬁax :=max {p; | s; < ¢;} < OPT,(I), the inequality
OPT,(I) < p1+---+pj, +pj,+1 Spr1+-+pj +pr(rll)ax
< 2max {Pl +---+ chlzpl(alnllx}
< 20PT,,(I)
holds, i.e.
1@ (I) <P, :max{ totp,pih < OPT
SOPT, (1) < P, P iy Phuax } < OPT (D) . (3.9)

Thus, P, isal—e = 1 —} = 1 approximation to OPT,,(I) so that P, is a suitable
lower bound on OPT,,(I) and 2P, an upper bound.

‘

P, = IZ— is a 1 approximate solution for ¢; with profits f—; according to|Lemma 3.5
shows that Py = maxjcqq,. my Py, is also a % approximation to OPT(I) with
JOPT(I) < Py < OPT(I).

(The main part of this proof is taken from [[63].) O
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3.5 Extending Lawler’s Algorithm

Corollary 3.10. For 0-1 KPIP, we can discard knapsacks c¢; with P, = Py o %Pg.

1

Proof. To avoid confusion, let Pcll/ 2 := P, be the ; approximate value for knapsack
size c; found by the greedy approach of this subsection. Moreover, let P¢, bea (1 —¢)
approximation to OPT,, (I). We show that there is at least one knapsack size ¢; € C
such that le/ 2> 1Pyand Pt > (1 —¢)OPT(I). In fact, let ¢, be the optimum knapsack
size so that OPT(I) = OPT,, (I). We get

Thm. B3] | 1 Thm. B3] 1
P S SOPT,, (I) = SOPT(I) > P -

Cq
Moreover, P{ > (1—¢)OPT,, (I) = (1 — &)OPT(I) holds, which finishes the proof. [

We show how to actually construct the S; and to find the P, and Py. First, the P,
can be constructed without having to sort the items according to their efficiency by a
median-based divide-and-conquer strategy (similar to [63]).

(1)

Lemma 3.11. Suppose the item sets S; have been created and the items amax are known. Then,
all P, and therefore Py can be found in time O (M - n) and space O (M + n) without sorting
the items according to their efficiency. The procedure also works for non-integral profits and
sizes pj,sj, ¢ € 1R>0.E|

Proof. For one c;, the median-based binary search presented in of Section|B|

is applied to the set 5; to determine the greedy solution in time and space O(|5;]). The

item with p(a) = pl(lll)ax is already known. Hence, one PC, can be determined in time and

During the proofreading of the thesis, I have discovered that the running time can probably be
improved to an expression in o(M - n). In Chapter B} it is explained how the remaining capacity
¢; — Fy, (i) of a knapsack can be filled with a median-based divide-and-conquer strategy. These are
the values ¢;(c; — Fy, (i)) of Subsection Assume that in iteration s — 1 these values are known
for profits iy < ... <i3 < ... < ip_1 < ip41 and therefore for capacities ¢; — Fy, (i1) > ¢; — Fy, (i3) >
... > ¢; — Fy(igp—1) > ¢; — Ey, (izr11). In the next iteration s, the values are determined for values
i0,12, -« ., o, Iopgp With iy < i] < ip < ... < ip_q1 < ip < Ippyq < Ipr42 and therefore with sizes
¢ = Fuy(io) = ¢y — Fu, (1) = ¢ — Fu,(i2) = ... = ¢ — Fy, (i) = ¢ — Fy, (i2r41) = ¢ — Fu, (i2r42)
where the median-based algorithm uses the information of the last iteration s — 1. This procedure
is iterated until the values are known for all pairs (i, Fy, (i)). Similarly, it is probably possible to use
the same approach to iteratively find the greedy solutions for the knapsack sizes: when the values
for the knapsack sizes ¢;, < ¢, < ... < ¢, | < ¢y, ,, are known in iteration s — 1, the values for
Clor Cly 1€l s 1y With ¢y <cpp <, <y <o <oy, , <y, <cy,,, <cp,,, can be determined
like above in iteration s. Each iteration only needs time in O(n). Instead of using the median-based
approach for every ¢; again (which needs O(n) for every ¢;), this iterative approach may find all
P, in O(log(M)n) because only O(log M) iterations are necessary until all ¢; have been considered.
However, this does not change the asymptotic running time of the final algorithm (see[Theorem 3.23),
which still contains an expression that dominates O(M - n). We leave it as an open question of this
thesis whether the sketched idea is correct, and if yes, to develop the actual algorithm.
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3 The Knapsack Problem with Inversely Proportional Profits

space O(|S;|) € O(n) and therefore all P, in time O(M - n). As the storage needed
to find one P, can be emptied after P, has been found, we only need space in O(n)
to find all P, and additionally space in O(M) to save the P,. As the median-based
approach also works for non-integral profits and sizes, the lemma follows. O

Lemma 3.12. Suppose the c; are already sorted such that ¢ < ... < cy. Algorithm

constructs the sets Sy and finds the items ar(flllx of profit pr(f\)ax as well as the values I?Cl and Py

in time O(M - n) and space O(M + n). Moreover, knapsack sizes ¢; with P, = By o 1P

(9]
are discarded. The algorithm also works for non-integral profits and sizes pj.sj.c1 € Rso.

Proof. The algorithm is based on an idea by Lawler [63]: create M stacks, one for each
S;. Every item a € I is then added to the right stack by binary search. Note that amax
is always the item of highest profit for S, = U!,_,Sy so that ar(fl)ax is correctly defined.
The re-combination of sets S; and S; 1 when ¢; is discarded can be done in O(1) if the
right data structure is used (e.g. linked lists). The running time and the space needed

follow. It is obvious that the procedure also works for non-integral p;,sjand ¢;. [

Remark 3.13. Algorithm 3.2|only creates O(n) sets S;. This is sufficient: it can easily
be deduced that S; = @ if one set Sy for I’ < [ is followed by S;» with I > I such that
we do not have to save the sets 5; = @.

3.5.3 Scaling and Dividing: the Basic FPTAS

We introduce the basic algorithm, an extension of Lawler’s algorithm [63]. The basic
idea of Lawler’s FPTAS for the normal 0-1 KP with knapsack size c is as follows:

First, a threshold T, which will be defined later, is introduced: items a; with p(a ]-) >
T are large, the other items small. For ease of notation, let a4, ..., a,, be the large items.
They are scaled as follows: if p(a;) = p; € (2KT,2""1T] for k € N, the item has the
scaled profit

9(aj) = g :=2* {ZZJKJ ,
where K will be defined later. We assume that g(a;) can be computed in time O(1)
because k can be found in O(1) by computing the logarithm. Then, dynamic pro-
gramming is applied to the large items with profits g;, but unchanged sizes s;, and
dominated F,, (i) are discarded.
Moreover, let ¢(c — Fy, (i)) be the profit obtained by greedily filling up the remaining
capacity ¢ — Fy, (i) with small items: as in Subsection items are added in non-

increasing order of their efficiency Z—]f (and starting with the item of largest efficiency)
until adding the next item would result in a packing of size more than ¢ — F,, (i).
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Algorithm 3.2: This algorithm constructs the sets S; and finds the items with

profit pr(rll)ax as well as the values PC, and Py. Knapsack sizes ¢; with P, < %Po are

discarded.

fori=1,...,Mdo
tar(rll)ax ::®;
foralla € I do

Determine by binary search the value I such that ¢, < s(a) <c¢j;
if S; not defined then
t Create §5; = ©;
| Si=S5U{a};
Amax := O;
forl=1,...,Mdo
fora € S; do
if Amax = D or p(a) > p(amax) then
t Amax = 4,
| ar(rll)ax ‘= fAmaxs
Determine all P, (see[Lemma 3.11));
Py :=0;

fori=1,...,Mdo
if PC—CZI > P then
P,
| Py=
forl=1,..., M—1do
if 1 < 1P, then
C:=C\{a};
Siv1:=5US41;
Discard S;;

f-M < %Po then

M
C:=C\{a};
Discard Sy;;

=y
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Fn:(f) ——

( I') Fo (i) ———

11
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Figure 3.1: Principle of Lawler’s algorithm: the values F,, (i) are determined with the
scaled profits of the large-profit items. Each F,, (i) stands for a set of large-
profit items (coloured medium gray). The remaining knapsack capacity
c — Fy, (i) is greedily filled with small-profit items (coloured dark-grey).
The best combination of large and small items is returned.

Lawler’s algorithm for 0-1 KP then returns maxg, (<. K-i+ ¢(c — Fy, (i), the best
combination of large and small items. The principle is shown in Figure

We now want to use the same principle for KPIP and combine it with the idea from
Subsection first, the FnL(i) are determined for the scaled large items and the
dominated values discarded. For every c;, we take

PV = max K-i+@(ci—Fu (i), (3.10)

FnL (i)SCI

where ¢; only uses small items in S; = {4; | s(a;) < ¢;} to fill the remaining capacity
c; — Fy, (i). Therefore, the Fy, (i) are calculated only once and used to determine the

Pl(l) for all ¢; similar to Subsection Figure3.2|illustrates the idea.

Lemma 3.14. Let V,, be the items chosen by the algorithm for knapsack c;, and let APP,, :=
Yaev, p(a) be their profit. Let cmin = c1 be the smallest knapsack size. By setting T :=
%spcmm and K = }ISZPC we have APP., > Pl(l) > (1 —¢)OPT,,(I) for all c;. Moreover,
the algorithm (including the dynamic program) also works for non-integral profits and sizes
pj,s8j, €1 € R-o.

min”/

Proof. We want to choose K and T such that 131(1) > (1 —¢) OPT,,(I) holds for all ¢;.
Let us fix one knapsack size c;. First of all, the algorithm obviously determines a set
of items that fits into ¢;, i.e. a feasible solution.
Now, let V =V, = VL UVs C {ay,...,a,} be the optimal choice of items for
knapsack c;, where V| = Vj . are the large and Vs = Vs the small items. Let
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C1

(I) Fa, (i) C:z I | I— e -

ov | I
[ [T_1 [T ]

Figure 3.2: The table of the F;(i) is computed in such a way that the Fy, (i) can be used

to determine the best combination of large- and small-profit items for all
knapsack sizes c;.

OPT} = OPT, be the profit of the large and OPTs = OPTs, be the profit of the
small items, i.e.

OPT,(I) =OPT.+OPTs = Y_ p(a)+ Y p(a) . (3.11)

aevy a€Vs

The large items in V7, have the total scaled profit

ip:=)_ q(a) . (3.12)

acVy
Since the dynamic program determines all optimal, non-dominated solutions for the

scaled profits g;, there is a pair (i1, pom, Fr, (i1,pom)) that is equal to or that dominates
(ir,s(Vr)) such that

irpom > ir and ¢ >s(VL) > Fy, (iLDom) - (3.13)

On the other hand, let V = V; U Vs be the item set of the solution found by the
algorithm. The total profit of the unscaled items is APP,, := p(V) = ¥,y p(a). Let
APP| be the (unscaled) total profit of the large items and APPs be the (unscaled) total
profit of the small items so that

APP; = APP, + APPg =Y p(a)+ )_ p(a) . (3.14)
IZGVL uGVS
We denote by
ip:=Y_ q(a) (3.15)
IIEVL
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the profit of the scaled large items in V. Since V is chosen by the dynamic program
with the scaled profits, we have s(V;) = F,, (i.), and the profit of the small items in
Vs satisfies

p(Vs) = ¢y(c; — Fu, (i) - (3.16)
Finally, let k(a) be the exponent for a large item a such that p(a) € (2K T, 2K@)+1T],
Thus, we have the following:

APP,, ®2 APP, + APPs = Y p(a)+ ¥ p(a)

lZEV]_ IZEVS
> LK [ug) 2 R v
\—,_/

LIEVS

=q(a)
Z a) + ¢y (c1 — Fy, (i)
v

3.15) -
K ZL+¢[ (Cl FnL(ZL))

max K-i+ (e — Fy, (i) = PV (3.17)

F"L( )<Cl

K-
> K-ip + (PI(CI — FVIL (iL,Dom))
3.12 a ]
612 K- { P( J ok(a) + ¢y (¢ — FnL(lL,Dom))

> ) K (253((5)1( a 1) 25 4 ¢y (¢ — Fuy (i,pom))
_ Zv (p() K - 2K )+4>l (c1 — Fu (i,pom)) =1 (%) .

The Identity (3.17) holds because V is exactly the solution set found by the algorithm.
Since p(a) € (2K@T, 2K H1T], je. B > 2k@) holds, we get

¥ (plo) = K- 22 ) 41 e~ B Goom)

aeVy

eLl ( > OPTL + ¢1 (¢ — Eu, (iL,pom))

v

(*)

613 K\
> <1 — T> OPTL + ¢ (Cl - S(VL)) .

There are two possibilities: either ¢, manages to greedily fill the entire capacity ¢; —
s(Vy) with small items. Then obviously ¢;(¢c; —s(V.)) = OPTg. Otherwise, we have
similar to Inequality that ¢;(c; —s(VL)) + p(anext) > OPTg, where aney is the
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3.5 Extending Lawler’s Algorithm

item that would be greedily added if there were enough knapsack capacity left. Since
Anext 1s @ small item, we have p(anext) < T and therefore

I K\ — K\ —
APPCZ > <1 - T> OPTL + ¢ (Cl - S(VL)) > <1 - T) OPTy +OPTs—T
K\ — — - K\ —
> (1 _ T> (OPT, + OPTs) — T (1 _ T) OPT, ()~ T .
As we want that APP., > (1 —¢)OPT,,(I) for all ¢;, we have to ensure that

K ___ _
7OPT (I) < A€OPT, (I) & = < Ae and T < (1—A)€OPT, (1), VI € {1,..., M}

=R

where A € (0,1). Let
Cmin :=min{¢; [ I € {1,...,. M}} =1 .
Since OPT,,, (I) < OPT,,(I) forl € {1,..., M}, we see that we must have
T < (1—-A)eOPT,,. (I) and K < AeT =¢?A(1—A)OPT,,, (I) . (3.18)
Note that a scaling factor K as large as possible yields smaller scaled profits q; and

therefore a faster running time as stated by Lawler . Choosing A = 1 maximizes K
and therefore minimizes the running time. Together with P, , < OPT,_, (I), we have

proved the correctness if we set

and K = 15215

Cmin *

T:lgP

2 Cmin

(3.19)

o~

Moreover, APP,, =Y.y p(a) > Pl(l) > (1 —¢)OPT,, holds because of (3.17).
Finally, it is obvious that the algorithm also works for non-integral pj, s;, ¢; € R~

because the large-item profits are scaled to integral values, and the dynamic program

also works for non-integral s; and ¢; (see[Theorem 3.8). Moreover, the greedy algorithm
presented in this proof does not use the fact that the profits are integral. (This proof is

adapted from Lawler’s proof [[63]].) O

After having found the Pl(l) , Algorithm MaxSolution yields a (1 — €) solution for 0-1
KPIP.

Let us now determine the running time. We will see how to optimize it by a change
to the calculation of the F,, (7).
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3 The Knapsack Problem with Inversely Proportional Profits

Running Time for the Large-ltem Computation

We have already seen in|[Theorem 3.§|the general running time of O ([, - imax) for the
dynamic program, where imayx is the largest total profit i of scaled items we have to
consider. Moreover, O(imax + M) is an upper bound on the time needed to discard
dominated F,, (i) and determine for all ¢; the profits i such that F,, (i) < ¢;. Therefore,
we have to bound ipax.

Let Vi, be a choice of large items of a solution for knapsack c;, and let i, :=
ZﬂEVL,c, g(a) be the corresponding total scaled profit. Obviously, we have i, < imax.
As in the proof of [Lemma 3.14} let k(a) be the exponent for a large item a such that
p(a) € (2K T, 2K@+1T),

There is a general bound for every i., and therefore for imax: we have

, P@) | k@ p(a) _ OPT(I)

i, = g(a) = { J 280 < <

“ ae% ue% 2k K aezviq K K
_ OPT,,.(I) _ OPT(1)

, 3.20
< = B (320)

.....

Thm.[3.9]
OPT(I) = OPT.,. (1) "2 cpax - OPT.. () < 2emaxPes. < 2cmaxPo ,  (3:21)

Cmax —

we see that _ —
OPT,,. (I) OPT(I) < 2maxP

icl < imax < K K ~ K

so that the large-item computation is done in O (imax - 1) = O(

(3.22)

Zmexdb 7, ) as seen in

Theorem 3.8

BI9 2 ~ (3.7) .2 . . .
We have K =" P, . & & CminPe,,, - Since we assume without loss of generality

that P, > % (see|Corollary 3.10), we get

< OPT,,. (I) _ OPT(I) < 2emaxPo  2cmaxPo

= = )
K K K 2 Conin Py, (323)

8Cmaxp 0 E Cmax

Szcmm % €2 Cmin

so that the overall running time for the large-item computation is bounded by

O 2CmaxPO ) = O Ecmaan
K €2 Cmin

The running time therefore depends on the ratio {®>, which may be quite large.

Fortunately, there is a method to control it.
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3.5 Extending Lawler’s Algorithm

For w > 0, partition [Cimin, Cmax] into intervals

= feeclee (it ]} ama = {eecce fmment?)])

The value for w will be chosen later.

For every C,, we apply our algorithm only to the bin sizes ¢; € C,,. Therefore, we
(b)

have an adapted threshold T}, := %djf.(nbi)n and scaling factor Kj, := %ezpcgi)n, where c_ ;|
is the smallest knapsack size in C,. The disadvantage is obviously that we have to
partition the items into large and small ones as well as scale the items again if we
consider another C;,. The advantage is a decreased running time: if cﬁﬁgx is the largest

knapsack size in C;, we have

(b) w-b
Cmax Cmi 1
< - — . 3.24
Cr(rlii)n - z)ngH_l) Czﬁn ( )

Should M < | 1] +1hold, weinstead set C,, = C; := {c;} for € {1,..., M}: we have

ch/c?) = 1 and less Cj, than in the case where we partition into (cﬁigﬂ), cvbl.
Therefore, we get the following theorem. We assume for convenience that the first

np items ay, . .., a,, are the large items for Cy.

Theorem 3.15. Let the Fy, (i) be non-dominated. Let ny, be the number of large items for
knapsack interval Cy, and let ny, be an upper bound on all ny. The overall time and space bound
for the large-item computation in one knapsack interval Cy is in O(elzcgix/ " ny), which is in
O(S%ﬁm)for M> |1 +1andin O(g%nL) otherwise.

Note that the running time for re-partitioning and re-scaling is not considered yet, as
well as the optimal choice of w.

Adding the Small Items Efficiently

Let C, be a knapsack interval and F,, (i) the values F;(i) that consider all 1, large
items. For every ¢; and F,, (i) < ¢;, we have to determine ¢;(c; — F,, (i)). As already
stated in Subsection [3.5.2) we can avoid sorting the items according to their efficiency:
we use median finding in a divide-and-conquer strategy on the small items in S,
similar to the idea by Lawler [63]]. Details can again be found in Appendix B The
algorithm also returns item sets J!) from which the item choice for every ¢; — Fy, (i)
can be reconstructed.

Theorem 3.16. For one ¢; € Cyp, let the small items S)gman in S; be given. The values
1(c; — Fo (i) can then be determined in time O(Lchn/c?) + 1 - log(Lehin/c? )) and in
b e min g e min
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3 The Knapsack Problem with Inversely Proportional Profits

space O(Slzcr(ﬁix/cfﬁfn + n). The method employed also returns item sets JU') such that the
item set JU) for profit ¢;(c; — Fa, (i) can be constructed by J{) = Uf,:icl J@). There are
O (imax) O(S%ngx/cfﬁ;) sets JU), which are stored in space O(alzcggx/cfﬁfn +n). The

method also works for non-integral profits and sizes pj, sj, ¢; € Rxo.
Putting the Basic FPTAS Together

Algorithmpresents the basic algorithm for 0-1 KPIP. The principle of the algorithm
is illustrated in Figure

Algorithm 3.3: The basic algorithm for 0-1 KPIP
Input: Item set I, sorted knapsacks C = {cy,...,cm}

Output: Profit P, solution set V and knapsack size ¢4
1 Determine the sets S, the approximations P, and Py and adapt C accordingly

(Algorithm 3.2);

Partition C into the sets C, and determine at the same time ¢

) (b)
3SetP:=0,c5:=@,and V := Q;
4
5

min

and cl(ﬁgx for all Cy;

forall C, # @ do

Define Ty and Kj;

6 Partition the items in every S; for ¢; < cggx into large and small items and scale
the large ones;

7 | Calculate the Fi(i). Discard dominated F;;, (i);

8 forallc; € C, do

9 Find Pl(l) = maxg, (j<q Ky i+ ¢1(c; — Fu, (7)) where the values of ¢, are
determined as stated in [Theorem 3.16;
10 if Cllpl(l) > P; then
p(l)
11 Set P := é—l ;
12 Determine the item set V; for solution Pl(l) and set V := V; as well as
Csol = Cy;

13 return P, V and cg,);

As the algorithm is an implementation of Algorithm MaxSolution, its correctness

follows from [Lemma 3.4} [Lemma 3.5|and [Lemma 3.14] Note that we keep the structure

of the S; to (heuristically) faster get the small items in S, for the calculations in Step[9}
We can now state the running time and the space bound.

56



3.5 Extending Lawler’s Algorithm

CCm T4
o Go gl i o |
§ Cm

— |

Fn, Cp | [ T

Foy — Gy | I
[ [T_1 |

Figure 3.3: The principle of the 0-1 KPIP algorithm: the tables F,, of the entries F;(i)
are determined for every Cy,. Then, the F,, (i) are only used for the knapsack

sizes ¢; € Cp to find the best combination of large items (coloured medium
gray) and small items (coloured dark-grey).

Lemma 3.17. Fix one C, # @. The inner for- loop of Algorithm [3.3|(Steps [SHI2) needs for all
c; € Cp time in O(|Cp| - ( e/ 411 - log (1 choa/c)))) and space in (’)( Cmax/cmn +n).

Proof. Fix one ¢; € C,. We calculate K}, - i + ¢;(¢c; — F,, (i) fori € {1,...,i,} where
Fy, (i) < ¢ fori < i.. Here, i, < imax is the largest profit i we have to consider, i.e.
i € (9( Cmax/ ¢ ) holds (see Bound (3.23)). We do not have to consider values i > i,
because Fy, (i) > ¢; holds for these i: dominated F,, (i) have been removed. The set of
small items S; gman for ¢; can be constructed and stored in O(n) from the small items
in the Sl/ I <1 (see Step@ Thus, all ¢;(¢; — Fy,(i)) for ¢; € Cp can be found in time

o(% Lcion/c®) 471 - log(1 o/ )) according toTheorem 3.16/ Therefore, finding Pl(l)

needs time in O(|Cp| - ( Cinax W +n-log(L e/ ))) over all ¢; € C.

The check of the if-condition only needs time and space O(1). For one ¢; € C;, the
body of the if-condition needs O(n,) C O(n) for backtracking of the large items in the

solution and O(n + Leli/c® Y to find the small items from the J() (see Theorem 3.16).

Hence, the 1f—cond1t10n with its body needs time in O(|Cy| (1 + Lt/ ) for all
c; € Cp. As this is dominated by the time to find Pl( ) , the time complex1ty bound

min

follows.

We now consider the space complexity. Only the values ¢;(F,, (i) — ¢;) as well as the
sets J(') and V; are newly determined in the inner for-loop. The calculation of P(l) for
one ¢; therefore needs space in O (% choax/cY) 4 1) and the body of the if-condition space
in O( i/ " +n) (see ) This also includes the space for backtracking
to find the large items, which is bounded by O(n). The newly calculated values
(except of P;, V and c4) can be discarded after one iteration of the inner for-loop,
i.e. after having processed one c;, and the values P;, V and ¢y, are overwritten if
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3 The Knapsack Problem with Inversely Proportional Profits

a new optimum is found. The overall space bound over all ¢; € C, is therefore in
O (/) +n). O

Lemma 3.18. The outer for-loop of Algorithm [3.3|(Steps needs time in

() () ()
1 CmaX 1 Cmax 1 Cmax
O(ez T T 1Cel ( 2 (@) 0108 (EC(b9)>>>

for one C, # @. The space needed is in (’)( Cmax/c np +n). Here, ny < n is an upper

b
bound on the number of the large items for all Cy,, and et/ c%) := maxc, /) |

Proof. Fix Cp # @. Defining T;, and K}, can be done in time and space O(1).

The partition of the S; into large and small can be done in time O(n) and in space
O(n): we only have O(n) sets S; as seen in[Remark 3.13|

We need time and space in (9( cloax/ e ¢ np ) for the dynam1c program, i.e. to calculate
and save the F;(i) according to Theorem 3.15| Discarding the dominated F,, (i) can be

€3 (9( chax/c?) ) as seen in Lemma 3 7

states that we need time in O(|Cy| - (% cmar/c®) + 1 - log (L char/c) ))) and

space in (’)( cho/c?) 4 1) for the inner for-loop.

done in time O (imax)

The stated time and space complexity follow. O
Theorem 3.19. The basic FPTAS (Algorithm determines a solution of 0-1 KPIP in time

(bo) (bo) (bo)
. 1 Cmax 1 1 Cmax 1cmax
O(mm{({wJ +1> c(bO) M} 2 —np+ M- <£ 2 () —i—n-loggc(bp)))

min min min

and in space O(% et/ n; + M+ n). Note that end/c0) < ifor M> [L]+1and

e/ ") = 1 otherwise. The FPTAS also works for non-integral profits and sizes pi,Sj,c1 €
R and therefore for the formal definition of 0-1 KPIP in Subsection|[1.3.3]

Proof. Algorithm needs time in O(M - n) and space in O(n + M) as seen in

emma 3.12)

The partitioning of the knapsacks into C, can be done in time and space O(M)
because the knapsack sizes are already sorted and the logarithm—necessary to find
for one ¢; the right b such that ¢; € C,—needs time in O(1). Moreover, we only save
the sets C;, # @. During the partitioning, all values cr(ﬁi)n and Cr(ﬁ;)ix can also be found,
which additionally needs time and space in O( ). Details can be found in Subsection
Note that C, = {c € C| ¢ € (2=(+1),27]} holds in Subsection 5.5.1, which does
not change the reasoning here.

The creation of P, ¢so; and V is in O(1).
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3.5 Extending Lawler’s Algorithm
For the outer for-loop, remember that C, contains the knapsacks ¢; € (crzfl'igjﬂ), cvb]
for M > [1]+1and C, = C; = {¢;} for M < | 1] + 1. There are therefore at most
min{ L%J +1,M } sets Cp, so that the outer for-loop is executed min { L%J +1,M }
times. Hence, its time complexity is in

(bo) (bo) (bo)
N l CmaX l 1 Cmax l Cmax
O (mm { <{wJ + 1> —C(bo) ,M} g—an + M- (SZC(bO) +n-log Eic(bo) ))

min min min

as seen in [Lemma 3.18, We have used that cn%/ ) < 1 holds for M > [1]+1

according to Inequality (3.24) and that et/ % =1for M < |1]+1. The space
needed is bounded by

1 ciook
O ?C(bp)nL+M+n P
again because the newly calculated values except of P;, V and ¢y, can be discarded
after one iteration of the for-loop.
It is easy to see that the FPTAS also works for non-integral profits p;, sizes s;, and

knapsacks c;. Note that this has already been stated for the more complicated steps

like Algorithm (seeLemma 3.12), the dynamic program to determine the F;(i) with
the scaled profits g;, and the calculation of the ¢;(c; — Fy, (7)) (seeLemma 3.14/and
Theorem 3.16). O

Assumption 3.1. For the remaining thesis, we assume that the profits p(a), sizes
s(a), and knapsacks c,c; for KP and KPIP are not necessarily integral (or better
p(a),s(a),c; € (0,1]). This is the case for the column generation of our AFPTAS
for Bin Packing and Variable-sized Bin Packing (see in Subsection 2.5.1)).
In fact, this assumption is in line with the formal definition of KPIP in Subsection m

3.5.4 Improved FPTAS: Reducing Running Time and Storage Space

Lawler presented two techniques to decrease the running time and the storage
space of the basic FPTAS algorithm. We adapt the notation in this section to explain
them: let g4, ..., qm, from now on be all different scaled profits that occur for a fixed
knapsack interval C,. We assume that they are sorted in non-increasing order, i.e.

G > > qm P

21t should be noted that p(a;) < p(az) does not always imply g(a;) < q(ay). Let p(ay) = 2571 T}, and
p(ay) = (2K +25415)T;, for 6 > 0 small enough such that g(a;) = [ $]2F > g(ap) = L@jzk“ =
L%JZk"'l, ie. [%j > ZL%J Values ¢ > 0 for which the latter condition holds can be easily found.
However, the scaling monotonicity can be guaranteed by assuming without loss of generality that
&= Zix for x € IN. Even if this is not assumed, the possible non-monotonicity does not change the
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3 The Knapsack Problem with Inversely Proportional Profits

First, it is quite obvious that an optimal solution cannot contain too many items
of large profit. Let a be a large-profit item with p(a) € L*b) := (28T, 281T;] and
therefore with the scaled profit

- 2 4
‘ (kb) ._ Zlak | %] ok

We can show that only a subset of items for every scaled profit q; € L% has to be
kept. Moreover, an optimal solution using r items of profit 4; obviously uses the r
items of smallest size. This allows us to efficiently choose the large-profit items we
have to consider.

Lemma 3.20. For one Cy, there are at most m, € O(2 -log(1 Cmax/cmm)) different scaled
profits q;. We need at most nb <n L € (’)( choan/c?) ) items of large profit, which can be found
in time and space O (n + = log(g /e ).

Proof. Let Cy, be a fixed interval of knapsack sizes. Note that an item of profit p(a) €
L®?) has a scaled profit q; = L Fr jZk € LWb) = (| 2|2k, | 4] 24 so that each interval
L*b) provides only O(2) dlfferent scaled proflts qj-
On the other hand, at most O(log (% o/ c®) ))) intervals L") are needed to cover the
interval of the large items [T}, OPTcmax (I)] C [Ty, 2c§n§XP0] obviously, an item a with

s(a) < c\) cannot have a profit p(a) larger than

— Thm, 3.9 37
OPT (I) < 2Py D2clhPw <20hPy . (3.25)

Cmax max

Thus, there are at most m, € O(2 - log(%cnﬂx/ c.)) different scaled values gq;, which
proves the first part of the lemma.
An upper bound on the total profit that can be obtained with the scaled items is

K, - K, N ( ) P b - EZP() (b) ?CI('EEn

4 Cmin C Cmin

WC@{X (I) § 2C1(1?1;)1XP0 _ 2CI(IQXPQ Coroll.[3.10 16P0 Ct('fu)ax ) ( 1 C1(1l1ja)ax> (3 26)

(see also Inequality (3.23)).
Fix one scaled profit ;. Let & € I be an item with p(4) € L) such that q(7) = q; =

| gk(lu; |2%. Thus, we have g; = q(a) > (é’k(? 1)2F > %‘Z) - %i) and therefore

Kyqj = Kyq () > (1 - I;f) p@ = (1-5)p@ > Jp@ 22", @)

results and proofs in this subsection because the monotonicity is not used. This subsection then uses

another order (see e.g.[Lemma 3.21) where 4, ..., g are the scaled profits in decreasing order for

the largest interval (25T}, 257 1T;], the items qji+1,- - -,gj» are the scaled profits in decreasing order for
(2517, 25Ty ] etc.
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3.5 Extending Lawler’s Algorithm

where we use the trivial bound ¢ < 1.
Hence, there cannot be more than

b b b
" < Fﬁnixpo/KbJ FcEﬁ&xPoJ _2chPo 2 clun Po

qj = | 2k-1T, | T 2k-lT,  2k2 (b_) eP
b _ b
< gk cha €0 2+ chnn (3.28)
= e () e b '
Cmin Cmin

items of scaled profit g; € L*b) in a solution. We have again used that P, > 3P

(see . Since an optimal solution that uses n’ < n; ; of these items will
obviously use the ' items of smallest size, only the smallest 1 ; items have to be kept.

Remember that every interval L*?) has only O (2) different values g j and that there
are only O(log(} choax/c?) )) intervals L), which is also the number of intervals L),
Thus, we get the following bound on the number of the large items:

2 2kl 1 el
ms), Y, mps Zo<s's v | <Oz

L®&b) qj eLkb) (k) Crmin min

Lawler has presented a technique to obtain these items: create a bucket for every
scaled profit q; and place every large item in the bucket with the corresponding scaled
profit. The right bucket for one item g, i.e. the value g(a) = g;, can be determined in
O(1): the exponent k(a) can be computed in time O(1) because we assume that the
logarithm can be determined in O(1). All other operations to compute g(a) then also
need time in O(1). The np ; items of smallest size in one bucket can be found in linear
time of the bucket size with a median-finding routine similar to the one of Appendix
In total, we need time and space in O (n + % log(%cgﬁx/ ¢ )) for the entire procedure.

(This proof is a slight modification of the proof by Lawler [63].) O

Let dy, ..., d, be items that have the same scaled profit q] and a non-scaled profit in
Lkb) " As seen above, we may assume r < 1y j € (’)(—Cmax/ " ) because of Bound
(3.28), and these r items are the smallest items with the scaled profit g;. Assume
without loss of generality that the items are sorted according to their size such that
s(i) < ... <s(a).

Let us change the large-item computation: F;(i) stands for the smallest size to get
the profit i with items of profit in g3, ..., g;. The recursion becomes

Fi(i) = min{Fj_1 (i), Fi_1(i — qj) +s(d1),- - .,
Fiq(i—1"-q;)+s(@)+-- +s(ﬁr/),...,
Fia(i—r-qj) +s(@m)+---+s@)},
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3 The Knapsack Problem with Inversely Proportional Profits

which only needs space in O(1) and not more time than before. For backtracking, it
must be stored how many items of profit g; are added to obtain F;(i). The correctness
is obvious: if ' < r items are used, the solution will use the smallest r’ items.

This new recursion allows us to improve the space bound for the large-item compu-
tation.

Lemma 3.21. Redefine the F;(i) as above. By using this definition of the large-item computa-
tion over the scaled profits, we need space in (’)(g%cgfgx/ c.) to find and store the F;(i) of one
Cyp. The running time is in (’)(Elzcg;x/cgi)nnm C (9(54 (Cgrb\gx/cfﬁi)n)z). Note that the items have to
be sorted according to their size s(a) to determine the F;(i) and that we have j € {1,...,my},

where my, is the number of different scaled profits (see|Lemma 3.20).

Proof. Let k be such that OPT,,(I) € L*), i.e. k is the largest k' that occurs for the
item intervals L'0) = (Zk, T, 2K +1 Tp]. Since OPT,, (I) < ZngXPO holds (see the Bound

(3.25)), we have
(b)
keO <log (fc‘gj;)) . (3.29)
cmir\

Inequality (3.26) shows that the maximum profit for the scaled items that has to
be considered is OPT () (I)/Ky < %C(mng/ ¢” . On the other hand, the items a with

p(a) € LY, ie. the items of largest profits, have scaled profits q(a) = L%JZI‘ €
{r-2¢|r e N}.

Start the calculation of the F;(i) with these items. Because of g(a) € {r-2|r € N},
only scaled profitsi = s - 2k s € N, may have F]-(i) < 00, all other entries must have
F;(i) = oo. It is therefore sufficient to calculate and save the F;(i) for i = s - 2¥. There
are at most

OPT ) (I)/K, (b) 329
O —Cmax "~ cCoO E@l C O E . € =0 g
of 2 () oF e '8 e

min
values i = s -2k in {0,1,.. -,OPTCw) (I)/Kp}, and only (’)(%) different profits q; €
L) as seen in the proof of Lemma 3.20| Thus, we only have to save O(2) - O (%) =
O(%) table entries F;(i) for all g; € Lk,

We continue the large-item computation for items in L from the largest to the
smallest k' € {k—1,k—2,...,0}. The number of scaled profits gj remains O(2)
(see the proof of |Lemma 3.20), whereas the number of profits i to be considered
doubles from k’ + 1 to k' because the items now have profits 7 - 25 and the table entries
F;(i) < oo therefore have scaled profits i = s -2, i.e. O(2) -//(’)(%2""‘/) = O(;%Zk_k/)
entries have to be saved. (Note that the scaled profits i = s - 2% for k" > k' are a subset

(K'.b)

of the entries i = s - 2.
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3.5 Extending Lawler’s Algorithm

Hence, we only need space in

(b) (b)
20< 2k k’)_o( 2k>-0 4 8Cmax -0 lcmﬁ
2.0 &0

min min

to compute and save all F;(i) < oo if we determine the F;(i) from the largest to the
smallestk’ € {k,k—1,...,0}.

To sum up, all profits i € {0,...,imax}, i-e. all values F]-(i), have to be considered
only for k' = 0. Since there are only O(2) values g; for k' = 0, we get O(%imax) =
O(%i—?cg’ﬁx/ )= O(E%Céﬁx/ M), Fork' € {1,2,...}, the number of the scaled profits
qy stays the same, but only half as many profits i as for the preceding k' have to be
considered, which yields the bound above.

The asymptotic running time for determining the table of the F;(i) does not change.

Similar toTheorem 3.15, it is still dominated for one C;, by
(b) () \?
1 Cmax o 1 Cmax
(1) -o[3(2)).
min min

where we have used n, < n € (9( o/ " ) as seen in|Lemma 3.20l The time to sort

all ny, large items according to their size (which is needed for the modified computation)
is dominated by the dynamic program because only n, < n, € O(; L/ ) large
items have to be sorted. O

[Lemma 3.20|and [3.21|can now be applied to the basic FPTAS for 0-1 KPIP. Algorithm
B.4| presents the new method.

Lemma 3.22. The improved FPTAS needs time in

(bo) (bo) (bo)
. 1 CmaX 1 1 CmaX 1 CmaX
oo () o) e (2

and space in O(l3 /e Lol + M +n).

Proof. [Lemma 3.17] mstill holds: for one Cb # @, the inner for-loop (Steps 12) needs
time in O(|Cy| - ( et/ 411 - log(1 char/c) ))) and space in O( /e + ). The
main difference is that the backtracking for the large items needs O(m; + n,) C
O(my +np) C O(glchﬁgi/ ")), which however does not change the time and space
complexity.
Let us now consider the outer for-loop (Steps[#H12). We will derive the running time
for the Steps|6|and 7| over an iteration of one C; # @.
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3 The Knapsack Problem with Inversely Proportional Profits

Algorithm 3.4: The improved algorithm for 0-1 KPIP

10

11

12

13

Input: Item set I, sorted knapsacks C = {c1,...,cm}

Output: Profit P, solution set V and knapsack size ¢4

Determine the sets S, the approximations P, and Py and adapt C accordingly

(Algorithm 3.2);

Partition C into the sets C, and determine at the same time ¢

(0)

min

and cr(ﬁ;x for all Cy;

SetP:=0,ceq :=D,and V := ©;
forall C, # @ do

Define T, and Kj;
(b)

Partition the items in every S; for ¢; < cmax into large and small items. Reduce
the number of the large items as seen in|[Lemma 3.20|to have only 7;, of them.
Scale the large items and sort them according to their size;

Calculate the F;(i) with the new method of [Lemma 3.21} Discard dominated
Fu, (1);
forallc; € C, do

Find pl(l) = maxg, (<o Kp-i+ ¢1(c; — Fu, (i)) where the values of ¢; are

determined as stated in [Theorem 3.16;
if Cllpl(l) > P; then
p(l)
Set P := L

Cl’

Determine the item set V; for solution Pl(l) and set V := V; as well as

Csol -= €15

return P, V and cy,);
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3.5 Extending Lawler’s Algorithm

Step [6] still needs time in O(n) and space in O(n) to group the items into large and
small. Additionally, it determines the 1 ; items for every scaled item profit g; in time
On+ % log %Cﬁigi/ ")) as seen in Moreover, the large items are sorted
according to their size for the space-saving calculation of the table entries F;(i) pre-
sented in This increases the running time by (’)( Sy ") 1o g( ot/ o)y,
The space complex1ty of Step @ is now bounded by O(n; + n + 2log(ic bo /) =
O(n+< log( %/ )}, which also includes the space to sort the O(n 1) large items.

The running time of Step E] (together with discarding dominated F,, (i)) decreases

to O((cndt/ ) )2%) and only needs space in O(% endt/c0)) as seen in[Lemma 3.21

Thus, the running time of the Steps Ia andnow isin O(n + (Cilligi /) )28%) for one

iteration of the outer for-loop, and the space needed is in O(n + g%cggi/ ). The
overall time complexity in

(bo) (bo) (bo)
Cmax 1 1 Cmax 1 Cmax
O (C(bO)> €4+|Cb|- (ézzc(lm)‘i’n-loggc(bo))

min min min

and space complexity in (9( et/ ) + 1) follow for one iteration of the outer for-loop

similar to the proof ofm

The new running time and space bound can now be derived like in the proof of
Theorem 3.19 0

w has still to be chosen so that the running time is minimized. Note that end/c0) <

+— and that cmin < ¢%;, < 1sothatw < 1,ie |[2]| +1 < 2. For simplicity,

min

[

we minimize the expression (|1 | + 1)( 0/ mm) by minimizing the dominating

expression 5] <z~ A short calculation shows that the minimum is attained at w =
min
2Incy,,
—m. Sincec2? | 1 =e T =l € O (1), we get the following result:

2Incpin

Theorem 3.23. 0-1 KPIP can be solved in time

. 1 1 1 1
O(min{M {ZlogmmJ +1} €—4+M- <€2+nlog8>>
and in space O(% + M+ n).

Remark 3.24. By setting w = the knapsack 1ntervals Cp are contained in

Zlncmn

(e_%(bﬂ), e_%b]. We can of course also sete.g. w = 5 instead. Then we have

~ logy(c (
Cy C (27(+1D),270) which is easier to implement and yields the same asymptotic

running time and space bound.
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3 The Knapsack Problem with Inversely Proportional Profits

3.6 Variants of KPIP

3.6.1 The Unbounded KPIP

Here, it is allowed to take an arbitrary number of copies of each item a € I. The
unboundedness allows to improve the running time and space complexity of the
algorithm. The ideas below to adapt our FPTAS for 0-1 KPIP to UKPIP are again taken
from [63], and the modified FPTAS is presented in Algorithm Note that some
ideas are re-used in Chapter 5so that they are formally presented there.

First of all, the greedy procedures are easier to do. For the first approximations
P.,, we only need the most efficient item “r(i)e E H p- 232],
the greedy procedure can fill at least half of ¢; with ar(n)eff, i.e. the item of largest profit
does not need to be considered. A proof similar to shows that we have
1OPT, < P, = L 5 j p(a 0 ). This will be formally proved in |Theorem 5.4

meff
mg ff ( )

Similarly, we only need the most efficient small item a ; for c; when we determine the

¢i(c1 — Fy, (i) in maxg, (i)<c Ky i+ ¢r(cr — Fu, (7).
Fix C, # @. As we are in the unbounded case, it is obviously sufficient to keep only

¢ 1in S;. As remarked in [6

the smallest item 4; for each scaled profit q;. Then, we copy these large items for the
dynamic program. One possibility is to take 1 ; copies of each item ;. However, it is

not the most efficient way: instead of 1 ; items, we create items ﬁ](r) of profit 2 p(ﬁj)
and size 2's(d;) for r € {0,..., [log, ()|} as done in . Note that the item ﬁ]@
has also the scaled profit 2"q;. Obviously, these copies are sufficient to represent any

choice of large items in a feasible solution of UKPIP. However, there may be items
5(r) ~(r2)

a; ", a, with the same scaled profit g;. For every scaled profit 4;, we again have only

to keep the item copy of smallest size because of the following lemma:

Lemma 3.25. Let g; be a fixed scaled profit. In UKPIP, it is sufficient to have only one item
7(7) o i Y — .
a; " of smallest size with q(a; ") = q;.

Proof. Let a; (-rl) and fz'(m) be two item copies with the same scaled profit q;. Assume
without loss of generahty that s(a ](rl)) < s(“](rZ)) and that both items are used in a

A" 1\"). These two copies of ﬁ}lﬁ) with the
(Tl+ )

solution. Replace @;* by a second copy of a;

profit g; + q; = 2q; can again be replaced by a; with the profit 2g;. By iterating,
we get a new solution of the same profit as the old one and which may have an even
smaller total size, but only one item of every scaled profit 4;. Thus, it is sufficient to

consider one item of smallest size for every scaled profit. O

Note that we therefore have (at most) one item for every scaled profit in the end, i.e.
n, < my holds.
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3.6 Variants of KPIP

Finally, we can take advantage of the unboundedness for the space complexity [63]:
the table entries we save are of the form (F;(i), j), where j’ is the index of the scaled
profit g; who was used to form the entry F;(i), i.e. the index where F;(i) changed
for the last time so that F;(i) = Fy(i) = Fy_1(i — qy) + s(a;) holds. When the entries
(Fi(i),j') have been determined, the old entries (F;_1(i),j") can be discarded so that
we only have the entries (F,, (i), j) at the end. These are sufficient for backtracking: if
F,, (i) has been obtained by adding the item with the scaled profit q;, this item is part
of the solution, and we continue the backtracking with the entry (F,, (i —g;),j"). It
is of course possible that one item 4; is used several times in the resulting solution,
which is not a problem because of the unboundedness.

Algorithm 3.5/ presents the entire FPTAS for UKPIP. We will derive the time and
space complexity.

Lemma 3.26. Fix one C, # O and assume that the most efficient small item aé? is already

known for each ¢; € Cp. The inner for-loop of Algorithm (Steps needs for all
¢ € Cy time in O(|Cy| - - L/ ) and space in O(1).

Proof. As already explained ¢i1(c; — Fn,(i)) can be determined in O(1) simply by

c;—Fy, (
computing p(a e(gf%) I ls(u fi)

O(|Cp| - imax) = O(|Cp| 2 Lelan/c2) ) for the P, (see the Bound (3.26)). In each iteration of
the inner for-loop, we only have to store the new values of Py, c5o], NewBestValueFound

j As the a( f% are already known, we only need time in

as well as the saved tuple (F,,(i),j'), and we can discard the old values. Hence, the
space is bounded by O(1) over all ¢; € Cp. O

Lemma 3.27. The outer for-loop of Algorithm . ( Steps needs time in (’)( e/ 0)
min{[ 1] + 1,M}€%ngi/c$&) +min{| L] +1, M}n) and space in O(% /e 4 M —|— n)
over all Cy, # @.

Proof. Fix one C;, # @. Obviously, Steps[f|and [ need time and space in O(1).
In Step [7] the S; can be partitioned into large and small items in time and space

O(n). We use[Remark 3.13|so that we only have at most # sets S;. The most efficient
0

small item agf} for every ¢; € Cp, can be found by a single scan of the small items: a; is

(I-1)

either a_; ' or a small item in S;. We therefore additionally need time and space in
O(n + |Cp]). Saving the aélfz needs space in O(|Cy|). Algorithmshows a possible
implementation, where time and space complexity are proved in[Theorem 5.11}

Step [8| preprocesses the large items. The item 4; of smallest size for every scaled
profit g; can be found by creating a bucket for every scaled profit, adding every
item to its corresponding bucket and taking the item g smallest size from every

bucket. Together with the creation of the item copies 4;

e this can be done in time
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3 The Knapsack Problem with Inversely Proportional Profits

Algorithm 3.5: The algorithm for UKPIP

SN U1 e W

10

11

12

13

14

15

16

17

Input: Item set I, sorted knapsacks C = {c1,...,cm}

Output: Profit P, solution set V and knapsack size cy

Determine a

(0

meff”

the sets S, the approximations P, and Py and adapt C

accordingly (Algorithm 5.1));

Partition C into the sets C, and determine the c

()

min

()

and cmax similar to Algorithm

.

Let P, : =0,V :=Qand ¢y, := O;
forall C, # @ do

Set NewBestValueFound := false;

Compute T, and Kp;
(b)

Partition the items in every S; for ¢; < cngax into large and small items and save

the most efficient small item aglf% for every ¢; € Cp (see Algorithm 5.3);

Take for every scaled profit g; a large item 4; with q(&;) = g; and of smallest
(r)

weight. Create the item copies 4; * and reduce the items again to have only

one item for every scaled profit. Scale these large items;
Calculate the (F;(i), ). Discard dominated (Fy,(7),]’);
for every c; € C, do
Find pl(l) = maanb(i)Scl Ky-i+ (PZ(CZ — F”lb (l)),
if 17" > P then
Save the tuple (Fy, (i), ') for Pl(l);

Set P, := C%Pl(l), Csol := ¢; and NewBestValueFound := true;

if NewBestValueFound = true then

Determine the item set V for solution Pl(l) by backtracking (for the large

items) and by taking LCS"FZH)}’ (i)J copies of ﬂélf%;

eff

return Py, V and cy;
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3.6 Variants of KPIP

and space O(n + 2 log?(Lemn/c) ), and we have O(2 log?(Letma/ ¢ )) item copies in
total. For these bounds, we use that m, € O(2 - log( %Cr(ﬁgx/ chn)) (Lemma 3.20) and
the generous bound np; < (’)(%cr(ﬁ;x/c(b) ) (see Bound (3.28)) so that each ; yields

O(IOg(%Cfﬁgi/ ) item copies d](-r). Moreover, we assume that the scaled profit of an

item can be determined in O(1) (see the proof of Lemma 3.20). After having created

the item copies, they are reduced again to have only one item for every scaled profit.

This can be done in time and space O (2 10g2(%cff{;x/ ")) by the bucket procedure.

Thus, Step |8 has a running time in O(2 1Og2(%c,<f\’;x/ ¢ )+ n) and needs space in
o1 10g2<%c§ﬁgx/ c.) +n). We only have one item for every scaled profit q; with n, <
my € O(Llog(Lemn/cl))).

The dynamic program is executed in Step 9} The space for Step 9} i.e. the space to
store the pairs (F;(i),j') and finally (Fy,(i),]'), is always in O(imax) = O(S%Cfﬁgx/cﬁﬁfn)
(see Bound (3.23)) because the dynamic program only saves the consecutive entries
(Fi—1(i),j') and (F;(i),j') fori € {0,...,imax}. As we only have one item a; for every
scaled profit g/, the running time is equal to the space bound of ie.in
O(Sema/cll)).

The time and space complexity of the inner for-loop are stated in[Lemma 3.26|

Finally, the time needed for the new backtracking in Step [16|can be bounded by
O(imax) = O(S%Cfrb\z)xx/ "), while the number of item copies of a ef% to be taken can be

re-computed in O(1) if necessary. The space required is obviously in O(E%C(nlfgx/ ).

To sum up, the outer for-loop needs over all C, # @ time in O(SMZCr(ﬁgZ/CEEg,? +
min{[ 1] +1, M}S%Cfﬁgx)/cfﬁ?n) +min{[ 1] 4+ 1, M}n). Since new values (except of Py, cs|

and V) can be discarded after one execution of the for-loop, we have a space complexity
in (9(8%65582/ " + M + n) over all iterations of the algorithm. O

We get the overall running time and space bound.
Lemma 3.28. UKPIP can be solved in time

(bo)
) 1 M Cnax
O(nlOgM—len{\‘wJ‘i_l,M}n“_SZC(bO)

(bo)
e ([5] 1) S} )
w (bo) €3
Cmin
and space O(écggi/cfﬁgf + M +n).

Proof. Step (1| is similar to the corresponding Step |1/ in Algorithm [3.4, The main

difference to Algorithm [3.2|is that we find the most efficient item a_’ .. for each ¢,

()

instead of amax. Then, each P, can be determined in O(1) as explained above. A

meff

69



3 The Knapsack Problem with Inversely Proportional Profits

proper implementation of the modified Step [1| is shown in Algorithm and we
need time in O(M + nlog M) and space in O(M + n) (see the proof of Lemma 3.12 or
Theorem 5.7). We can assume that we have only O(n) sets S; (see Remark 3.13|and

Remark 5.8)).
Step [2 has not changed either and can be done in time and space O(M) (see the

proof of Theorem 3.19 as well as Algorithmwith Theorem 5.10).

The lemma now follows with O
Similar to{Theorem 3.23, we get w = — - Clmi_n and [Theorem 3.1, Note that we can also
setw = — m like in [Remark 3.24

3.6.2 The Bounded KPIP

Contrary to UKPIP, only a bounded number d; € IN of copies of every item 4;, j €
{1,...,n}, can be taken. Plotkin, Shmoys, and Tardos pp- 295-297] explain how
the 0-1 FPTAS by Lawler can be transformed into one for the Bounded Knapsack
Problem. We adapt their reasoning and therefore slightly modify our 0-1 KPIP FPTAS
for the Bounded KPIP (BKPIP).

The median-based divide-and-conquer strategy can easily be adapted to still run in
time linear in the number of item sizes that are considered. It is used to get the values
of P, and P in Step [1| of the 0-1 FPTAS (Algorithm [3.4), the subset of large items in
Step [6|as well as the small-item values ¢;(c; — Fy, (i) in Step[9] together with the small
items in V; in Step (12, As proposed in p- 296], item copies of the large items can
be taken similar to UKPIP. However, the additional modifications for UKPIP are not
possible, i.e. the running time and space bound are identical to the improved 0-1 KPIP
algorithm.

Details can be found in Appendix

Theorem 3.29. BKPIP can be solved in time

(bo) \ 2 (bo) (bo)
. 1 Cmax 1 1 cmakx 1 cmax

min min min

") + M + n). By choosing w = —

b .
and space O(%angi/ o) , we obtain the same bounds

as in|Theorem 3.23|(see also|[Remark 3.24).

1
21In cmin
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4 The Unbounded Knapsack Problem

In this chapter, we focus on the unbounded variant of the Knapsack Problem (UKD)
where an arbitrary number of copies of every item is allowed, i.e. we want to deter-
mine max{Z}Ll pix; | Yisixj < cxj €N Vj}. Note that the chapter can be read
independently of the other knapsack results so that some parts of its content overlap
with the other chapters.

4.1 Our Result

We have derived an improved for UKP that is faster and needs less space than
previously known algorithms.

Theorem 4.1. There is an FPTAS for UKP with a running time in O(n + % log®(1)) and a
space complexity in O(n + 1 logz(%)).

Not only the improved running time, but also the improved space complexity is
interesting because “for higher values of ! the space requirement is usually considered
to be a more serious bottleneck for practical applications than the running time” [[61}
p. 168].

Moreover, the new FPTAS can be used as the column generation subroutine of our
Bin Packing Its running time is in O(UKP(dy, §) - log 1 +1log(1)n) for

di € O(Llogl) and & € O(e) according to Theorem 2.5, which yields with the new
FPTAS the following result:

There is an AFPTAS (A¢)eso for Bin Packing that finds for ¢ € (0,3] a
packing of I in A¢(I) < (1 +¢€)OPT(I) + O(log* (1)) bins. Its running time is in

1. 41 1
O<8510g - +log <s> n)

Furthermore, Section [4.9|shows how the running time of an[AFPTAS]for Strip Packing
is improved by the FPTAS.
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4 The Unbounded Knapsack Problem
4.2 Overview

Section [4.3| presents the notation used in this chapter. The value OPT(I, v) is especially
important and stands for the optimum profit that can be achieved with the items I in
the knapsack volume v < c.

Section 4.4 shows how the greedy 1 approximation algorithm of Subsection
can be simplified in the unbounded case to get the approximation Py > $OPT(I). The
threshold T and constant K are defined based on P,.

In Section the items are first partitioned into the set of large(-profit) items I},
with p; > T and the set of small(-profit) items Is with p; < T. The basic idea of
the FPTAS is (again) to find the best combination of large and small items: we have
OPT(I) = maxo<y<c OPT (I, v) + OPT(Is,c — v). The solution values OPT(I;,v) for
the large items are approximated by dynamic programming and the small items are
added greedily to the volume ¢ — v. In fact, only the most efficient small item a.g
needs to be used for this, i.e. a small item that maximizes p’ . It is also shown that only
a subset Iy 4 Of the large items is necessary for an approx1mat1on which reduces the
overall running time and space complexity. The set I} ,.q is found by first partitioning
the interval of large item profits [T,2Py] into L) = [2¥T,2k1T) for k € {0,...,x + 1}
and each L) into sub-intervals Lgk) of length 2*K. For I Lred, ONly the smallest item

a(yk) is kept for every Lgk)

. Finally, it is also remarked that one item in I} ,.q of profit
2P, already attains the largest possible value such that the final algorithm does not

need to continue if it finds such an item. Hence, it can be assumed that k < «.

Most algorithms for UKP take copies of the items in a reduced item set
like I} yeq to transform the UKP instance into a 0-1 KP instance. However, we further
preprocess the large items in Section [4.6| by taking advantage of the unboundedness:
the items in I} ;oq with profits in L) are denoted by I®) for k € {0, ...,x}. Starting
with [0 = [ the items in I®) are iteratively combined (“glued”) together to larger
items 1) The next set I¥+1) is then obtained by keeping from [*+1) U [+1) only

the smallest item ﬁ%kH) of each profit sub-interval Lng

). The sets I®) form the new set
I, which has approximate structured solutions for k = x: except of a special case that
can be easily checked, at most one large item in 1%) is used for every k € {0,...,x}.
The value OPT<(I,v) denotes the optimal profit of these structured solutions for the
knapsack volume v < c. (For the analysis, ngo (+,v) is introduced for structured
solutions for k = kg that use at most one item in [*?) for every k € {0,...,ko}, where
ko < x.) Then, a large item a.¢_. that consists of several copies of the most efficient
small item a.¢ is constructed. There are now approximate structured solutions to the
large items [ U {acg_.} with a lower bound (on the profit). They consist of at most

one item of every set [ O (OF {acgt_.} and additionally use at least one item of
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4.3 Notation and Remarks

profit at least . The value OPTg;(I U {4}, v) denotes the optimal profit with
this structure for the knapsack volume v < c. (In fact, the approximate structured
solutions with a lower bound are approximations to the OPT(Ir,v).)

How can a solution with such a structure for the large items be found for the
relevant v < ¢? This question is answered in Section 4.7 where approximate dynamic
programming is explained. It generates tuples, where a tuple (p, s, k) stands for a set
of items with the profit p and size s. Only items in U5 _, I¥) U {aeg_.} are considered,
and the structure above is respected. The dynamic program iteratively generates tuples
for k = «,...,0. The number of tuples is bounded by dividing the interval of the
possible profits p into sub-intervals iéK_z) and by keeping at most one tuple of smallest
size for each sub-interval. As at least one item of profit }IPO is used, the profit interval
is [ Po, 2P]. Moreover, the number of large items can be bounded by O(log 1) in each
structured solution. Hence, it is sufficient for the overall approximation ratio that the
profit interval is divided into sub-intervals I:(Efﬁz) of length 2¥2K. This considerably
reduces the time and space complexity of the dynamic program, and is the reason for
the introduction of the structured solutions with a lower bound.

Section 4.8 puts the entire algorithm together. It is shown that the best combination
of large items (packed by the dynamic program) and the small item a.¢ (added
greedily), i,.e. max(, ) p + OPT ({acf}, c — 5), has a profit of at least (1 — e)OPT(I).

4.3 Notation and Remarks

We use the notation presented in (or close to the one in) Section 3.3} The profit of an
item a is denoted by p(a) and its size by s(a). If a = a;, we also write p(a;) = p; and
s(aj) =sj. Let V= {x,:a|a € I,x, € N} be a multiset of items, i.e. a subset of items
in I with their multiplicities. We naturally define the total profit p(V) := ¥, o p(a)x,
and the total size s(V) := Y, ~q5(a)x,.

Let v < ¢ = 1. The corresponding optimum profit for the volume v is denoted
by OPT (I,v) = max{Y_,c;p(a)xs| Yuers(a)x, < v;x, € N}. Obviously, OPT(I) =
OPT (I, c) holds.

Recall that we assume throughout the thesis that basic arithmetic operations as well
as computing the logarithm can be performed in O(1).

Finally, we have a remark about the use of “item” and “item copy” when we consider
a solution to a UKP instance.

Remark 4.2. Let I, I be two sets of knapsack items with I C I. In the 0-1 Knapsack
Problem, a sentence like “the solution to I uses at most one item in I” is obvious: if the
solution uses one item in I, all other items of the solution are in I \ I.
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4 The Unbounded Knapsack Problem

Consider now UKP. When we talk about solutions, we would formally have to
distinguish between an item 4’ € I in the instance and the item copies of 4’ that
asolution V = {x;, : a|a € I,x, € IN} uses. In this thesis, we however use the
expressions “item” and “item copy” interchangeably when talking about solutions.
As an example, let us consider the sentence “the solution to I uses at most one item
in I.” Tt means that the solution contains item copies of items in I, but at most one
item copy whose corresponding item is in I. To be more precise, the multiset V uses
only one item a € [ with a multiplicity x, > 0. We have x, < 1, but x,» = 0 for all
othera” € I,i.e. ¥, .1 xy < 1. Similarly, “the solution V uses at most n’ € N items in
I” means that there are only 7’ item copies whose corresponding item(s) are in I: we
have Y, .;xy < 1.

The interchangeable use of “item” and “item copy” allows for shorter sentences.
Moreover, it is based upon 0-1 KP where “item” and “item copy” are in fact identical.

4.4 A First Approximation

The simple greedy approximation algorithm of Subsection [3.5.2] for OPT(I) now
becomes even easier. Take the most efficient item ap,ef := argmaxgey (( )) Fill the

knapsack with as many copies of a,cs as possible, i.e. take L j = L J copies

(1 ff am ff

of apefr. Then the following holds:

Theorem 4.3. We have Py := p(ameft) - L
in time O (n) and space O(1).

J > LOPT(I). The value Py can be found

ﬂm f)

Proof. Suppose first that a,,e¢ can greedily fill the knapsack completely. Then p(apmes) -
Lﬁj = OPT(I). Otherwise, one additional item a.¢ exceeds the capacity c.

Then p(ameff) : L 5(@m ff)J + p(ameff) > OPT(I)' If p(ameff) < %OPT(I)/ then p(”meff) )
Lmj > OPT(I) — p(amesr) > 3OPT(I), and the theorem follows. Otherwise
p(amest) - Lmj > p(amesr) > OPT(I), which also proves the theorem.

To determine Py, we only have to check all items (which can be done in O(#n)) and
to save the most efficient item (which only needs time in O(1)).

(The proof is taken from [[61} p. 232,[63]) O

Assumption 4.1. From now on, we assume without loss of generality that e < land
€ = 2K T for x € IN. Otherwise, we replace ¢ by the corresponding 2K 5= such that

2,},1 <e< 2“2- Note that log, ( 8) = x holds.

Similar to Lawler and to Subsection 3.5.3} we introduce the threshold T and a

constant K:

T:= Egpo = 527{_1

P (4.1)
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4.5 Reducing the Items

and

Tlog, ) +1 4 T=3 Py . 42
T dlog, (D) +1  dxti2 8K+1<2K—1) ) (4.2)

We will see later that these values are indeed a good choice for the algorithm. Note
that Chapter 5| will additionally derive the corresponding values T, and K}, similar to
Chapter 3, which will justify the choice of T and K in this chapter.

4.5 Reducing the ltems

We first partition the items into large(-profit) and small(-profit) items, and only keep
the most efficient small item:

I:={acl|pla)>T}, Is:=1\1;, and aeg := argmax{i((z)) ‘ pla) < T} .

Theorem 4.4. The sets I, Is and the item aeg can be found in time O(n) and space O(n).
This is also the space needed to save I}

Proof. Obvious. O

Similar to Lawler, we now reduce the item set I;. Note that we have OPT(I) < 2P,
according to so that one item cannot have a profit larger than OPT(I) <
2Py. Hence, the large item profits are in the interval [T, 2P;]. We partition this interval
into

LW .= 2FT,21T) fork € {0,...,x +1} . (4.3)

Note that

11 11
L0 = [2"7’, 2’<+1T) - [2" y, 2512 P0> = [Py, 2Py) .

2 2x—1 2 2x—1

For convenience, we directly set L**1) := {2P,}.
We further split the L) into disjoint sub-intervals, each of length 2¥K:

LY o= [T+ 92, 2T+ (4 1)2K) for € {0,..., 2 (x+1) 1} . (44)
Note that indeed L(* U7 % holds because

2T+ (v + 12K —prri(rny 1 = 2T+ 2" (i +1)2'K

k K+1 (11 1
= kT 42 1)2

2 k)2 T e
= kT 4 ok = 2FHIT |
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4 The Unbounded Knapsack Problem

Similar to above, we set L((JKH) = {2P}.

The idea is to keep only the smallest item a for every profit interval LE,k). We will see

that these items are sufficient to determine an approximate solution. Indeed, this is

the reasoning used by Lawler [63]], which we also employed for our [UKPIP|FPTAS

(see Subsection [3.6.1). The difference is that the profit of an item in L(Wk) was scaled to

g(a) =2 %j (see Subsection 3.5.3) while the original profit p(a) is kept here. Note
(k)

that the items in one L’ would indeed have the same scaled profit.

Definition 4.5. For an item a with p(a) > T, let k(a) € IN be the interval such that

p(a) € L&) and (a) € N be the sub-interval such that p(a) € LEY]Z(;))). Let af(yk) be the
(k)

smallest item for the profit interval L., i.e.

ag,k) := arg min {s(a) |a € Ipand p(a) € L(Wk)} forall k and -y .
: : : (k)
Algonthm shows the algorithm to determine the a,’. They form the reduced set of

large items
Irea = JU{a!} -
kv

Asin , we now prove that I} ,.q4 is sufficient for an approximation.

Algorithm 4.1: The algorithm to determine the a(yk).

fork=0,...,xdo
L fory=0,...,2¢"(kx+1) —1do

L agk) =0

ll(()K+1) — ®/
fora € I} do
Determine (k(a),y(a));

(

a

if s(agi(uﬂ)))) > s(a) or
L dK@) . _
ya)

Output: IL,red = Uk U’y{a’()’k)}

Lemma4.6. Let 0 < v <c¢=1. Then
OPT ({aeg},c —v) > OPT (Is,c —v) — T

and

OPT (IL,red/ Z)) > (1 - E

1
— . _|OPT(I,0) .
4log2(§)+1) (IL,)
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4.5 Reducing the Items

Proof. For the first inequality, there are two possibilities: either copies of a.¢ can be
taken such that the entire capacity ¢ — v is used. Then obviously OPT ({aeg},c —v) =
OPT (Is, ¢ — v) holds. Otherwise, we have similar to the proof of that
OPT ({aes}, ¢ — v) + paer) = LSE;E;)J - p(aeg) + plaeg) > OPT (Is,c —v). Thus,

OPT ({aefs}, ¢ —v) > OPT(Is,c — v) — p(aeg) > OPT(Is, c — v) — T. The first inequal-
ity follows.

For the second inequality, take an optimal solution (x,),cj such that OPT (I, v) =

Yacl, p(a)x,. Replace now every item 4 by its counterpart agk((;))) in Iy req. Obviously,

the solution stays feasible, i.e. the volume v will not be exceeded, because an item may
(k(a)))
Xg.

only be replaced by a smaller one. This solution has the total profit } ., P(% (@)

Moreover, we have

p(a)>2K@T 1 1 1
> pla)— Ixrio 1 pa)=pa)-(1- ixri T (4.5)

by the definition of the L(Wk). We get

p(a) = 20K & gy 1 11 orap

=
—~
[
=
2
\\/_/
\%

(k) , & 1.1 113,
OPT (Ipred, v) > ), P(ﬂlw(ﬂ) e =) <1_4K—|—12K_1 p(a)x,

aclp acly

11 1
—(1--——_—~_\oprT(
< 4K+12K1>O (I, 0)

_ (o1
4log,(3) +1

(The reasoning is partially taken directly from or close to the one by Lawler in [63].)
Note that we have used the expressions “items” and “item copies” interchangeably

in this proof as described in O

Theorem 4.7. I oq has O(2 log? 1) items. Algorithm |4.1{needs time in O(n + %log2 )
and space in O(1 log? L) for the construction and for saving I req.

) OPT (I, v) .

Proof. The number of items agk), including the item a(()KH), is bounded by O((x +1) -

(2" (k+1) —1+1)) = O(log?t - (L1ogl)) = (’)(%log2 1). The space needed is
asymptotically bounded by the space required to save the agk). Finally, the running
time is obviously bounded by O(n + 1 log® 1): the values k() and 7y (a) can be found
in O(1) because we assume that the logarithm can be determined in O(1). ]

Remark 4.8. If there is one item a with the profit p(a) = 2P, i.e. whose profit attains
the upper bound, one optimum solution obviously consists of this single item. During

77



4 The Unbounded Knapsack Problem

the partition of I into I} and I, it can easily be checked whether such an item is
contained in I. Since the algorithm can directly stop if this is the case, we will from
now on assume without loss of generality that such an item does not exist and that

a(()KH) =Q.

4.6 A Simplified Solution Structure

In this section, we will transform I} .4 into a new instance I whose optimum OPT(I, v)
is only slightly smaller than OPT(I} ;q, v) and where the corresponding solution has
a special structure. This new transformation will allow us later to faster construct the
approximate solution. First, we define

1® .= {a € Iirea | P(a) € L<’<>} — {a € Iirea | P(a) € [2’<T,2’<+1T)} .

Note that the items are already partitioned into the sets I (k) because of the way If red
has been constructed.

Definition 4.9. Let a1, a, be two knapsack items with s(ay) + s(az) < c. The gluing op-
eration & combines them into a new item ay @ ap with p(a; ® ap) = p(a1) + p(az) and
s(a; @ az) = s(ay) + s(az).

Thus, the gluing operation is only defined on pairs of items whose combined size does
not exceed c.

The basic idea for the new instance I is as follows: we first set [(0) := [(0). Then, we
construct a; @ a; for all ay,a, € 1© (including the case a; = a3), which yields the item
set [1) := {m@ay|a,a € T(O)}. Note that p(a; @ ap) € [2T,4T) = LM, For every
profit interval Lgl), we keep only the item of smallest size in I(V) U I, which yields
the item set [(V). This procedure is iterated for k = 1,...,x — 1: the set 1®) contains
the items with a profit in [2€T, 2¢41T) = L) (see Fig. . Gluing like above yields
the item set [**1) with profits in [2K1T,2k+2T) = L*+1) (see Fig. . By taking
again the smallest item in [Ue1) | p(e+1) for every Lgkﬂ), the set Ik*1) is derived (see
Fig. . The item in [¥) with a profit in L(Wk) is denoted by ﬁgk) for every k and 7.

We finish when I*) has been constructed from I*~1). We are in the case where
) = @, ie. a(()KH) = @, and it is explained at the beginning of Section 4.7| that
it is not necessary to construct 1%+ from the items in T(). Hence, we also have
ﬁ(()K+1) —Q.

Note that we may glue items together that already consist of glued items. For
backtracking, we save for every ﬁgk) which two items in [*~1) have formed it or
whether dgk) has already been an item in I¥). Algorithm |4.2| presents one way to
construct the sets [(¥).
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4.6 A Simplitied Solution Structure

Remark 4.10. One item ﬁgk) is in fact the combination of several items in I} ;oq. The
profit and size of ﬁgk) is equal to the total profit and size of these items. The ﬁgk)
represent feasible item combinations because an arbitrary number of item copies can

be taken in UKP.

Algorithm 4.2: The construction of the item sets [(%).

fork=0,...,xdo
fory=0,...,2"(x+1) —1do

ﬁ(k) = a(vk);
L Backtrack(ﬁgk)) = agk) ;
10 .= 1(0),
fork=0,...,x—1do
fory=0,...,2"(x+1) —1do
fory =1,..., 2" (x+1) —1do
if s(ﬁgk)) + s(ﬁgf)) < ¢ then

a=ay eal);

if s(d) < s(ﬁik(ﬁ)l)) or agk(;)l) = @ then
aktl = g
(@) !
Backtrack(ﬁg{(;f)l)) = (ﬁ%k), ﬁg/) );

Fk+1) . [ z(k+1) ~(k+1) .
1) .— {ao ,...,EIZKH(KJA)A},

The item set .
Ii=|J I
k=0

has for every 0 < v < ¢ a solution near the original optimum OPT (I} 4, 7) as shown

below in Theorem 4.12} It is additionally proved that at most one item of every I¥) for

k € {0,...,k —1} is needed. First, we introduce a definition for the proof.

Definition 4.11. Let I’ be a set of knapsack items with p(a) > T for every a € I'. For a
knapsack volume v < cand kg € {0, ..., «x}, asolution is structured for k = ky if it fits into v
and uses for every k € {0,...,ko} at most one item copy with a profit in L) = [2KT, 2K+1T),
We denote by OPT <y, (I',v) the corresponding optimum profit.

For instance, the solution for

OPTy, (T(O) U...uk)yflhotl) g pket2) y Y I(K),v)
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4 The Unbounded Knapsack Problem

,"(k)I :

(]

2k T 2k Tk+ 2k+1 T
v 25K
I(k+1) I
| : : : : : |
ok+1T 2kHLT 4 ok+2T
- 2k+1K

(a) The items in IX) and I**1) . The height of every item a corresponds to its size s(a) while
its position on the axis corresponds to its profit p(a). The axis is partitioned into the profit
sub-intervals L) = [2KT 4 y2KK, 28T + (7 + 1)2FK).

ao
.ga a (@B
)
| |
T

| T
2k+1 T 2k+1 T + 2k+2 T
- 2k+l K

(b) The set Ic+1) together with the newly constructed items in [k+1)

I 1 1
I T T

k1 kT 4 k+2
okHLT POy ok+2T
(c) The new set I*+1) after keeping only the smallest item with a profit in L(7k+1). For instance,

44 @ dy is kept because it is the smallest item in its profit sub-interval L,(Ykﬂ).

Figure 4.1: Principle of deriving I**1) from ) and 1(¢+1)
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4.6 A Simplitied Solution Structure

fits into the volume v, and it uses only one item from every I® fork e {0,...,ko}. Tt
may however use an arbitrary number of item copies e.g. in [0+1) or [(ko+2),

Theorem 4.12. Forv < cand ky € {0,...,x — 1}, we have

k0+1

ko+1
3 x 1
OPTy, ( Uiu U 1<’<>,v) > (1— £(2)+1> OPT (I req, ) -
k=0 €

k=ko+2 4log,

Proof. The proof idea is quite simple: we iteratively replace the items in I%0*1) by
their counterpart in [5%0*1) and also replace every pair of item copies in I%0) by the
counterpart in [%0+1), This directly follows the way to construct the item sets [(X)
presented in Algorithm

Formally, the statement is proved by induction over k. Let kg = 0. Take an optimum
solutionto IO U I U.. . UTW = 1O YW Y., U1K = I} req- For ease of notation,
we directly write each item as often as it appears in the solution, i.e. we directly
consider the item copies. We have three sub-sequences:

e Letd,...,a, (1 € N)be the item copies from [(¥) = I%) in the optimal solution
for OPT (I 1eq,v). We assume that 7 is odd (the case where 7 is even is easier
and handled below.)

e Letay 1,...,d3,4¢ (¢ € N) be the item copies from IV in the optimal solution
for OPT(IL,red/ 7)).

e Letd),...,d} (A € IN)be the remaining item copies from IDU...UI® in the
optimal solution for OPT(I} eq, v). This set is denoted by A. As defined above,
the total profit of these items is written as p(A).

Figure illustrates the packing. (Figure[4.2]shows the case for general k.) We have

Ui n+¢
OPT <I<°> u I U...UI(K),0> — Y p@)+ Y p@)+pA) . (46)
i=1 j=n+1

In the first step, every pair of items a1 and dy; from I fori € {1,..., 121}
is replaced by a1 @ dy € I (see Fig. m) In the second step, every item
fni_1 @ @y is again replaced by th ding item 2" —: ') in I (f

2i-1 @ @ is again replaced by the corresponding item @, ..\ =: 4, in IV (for
i € {1,...,[%]}). Only the item 4, remains unchanged. Moreover, a; from I M) is

replaced by the corresponding ﬁ(vl()d_) =: ﬁél(;) forje {n+1,...,1+ ¢} (see Fig. 4.2|(c) .
]

Note that this new solution is indeed feasible because the replacing items ﬁ%l) are at

(1) 5(1)

> () A0 By

must exist by the construction of I (1), Thus, we have a (feasible) solution that consists

most as large as the original ones. Moreover, the corresponding items
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4 The Unbounded Knapsack Problem

of the item a,, € 1) the items [1'21(3) and ﬁ;l(;) in IW, and the remaining items @}, ...,
in I® ..., I®): this solution respects the structure of OPT <, (-, v) for kg = 0. (If 7 is
even, no item in T 0) is used.)

Let now 7 be an item ;1 & dy; or ;. It can be proved like for Inequality that

(1) IO S g
P, ) = (1 410g2(€)+1> p(a) . (4.7)
Thus, we have
o 30 1+e )
OPT< (1<0> uIWyI® u...u1<'<>,v) > p(ay) + Y p@ )+ Y p(af)(;)) +p(A)
i=1 j=n+1

The statement for ko = 1, ...,k — 1 now follows by induction. The proof is almost
identical to the case kg = 0 above, the only difference is that there are additionally the

ko=1) that remain unchanged like the items in I (ko+2) (), Only

items in T(O), e, I
items in [k} and 1(%0) are replaced.

Note that we have again used the expressions “items” and “item copies” inter-

changeably in this proof as described in [Remark 4.2 ]

Lemma 4.13. OPT(TU {aeff}) < OPT(IL,red U Is) < OPT(IL U Is) = OPT(I) < 2P()
holds.

Proof. I consists of items in I} ,oq or of items that can be obtained by gluing several
items in I q together. Every combination of items in I can therefore be represented by

items in I yeq (see alsoRemark 4.10). Moreover, we have a.¢ € Is. The first inequality
follows. Since I} yoq C I, the second inequality is obvious. The last inequality follows

from O
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J042) ) o J052) RS
I(k+1) I(k+1)
Jlk+1)
ET) ao
a3 as
I:(k+1)
7(k) as EN EN
D @
as as as
EN J(K)< | aa J(K< | aa
JO, . jk=1 L JO, k=13
(a) The current solution (b) The items (c) The items in [+ y
to IO uU...uT® Uy in 1) are 1+1) are replaced
(R UEPPR U (08 pairwise by their counterparts
The structure of glued in 11 Now, at
OPT<;_1(+,0) is together most one item in I%)
respected, ie. at with  the is part of the solu-
most one item from possible tion, and the struc-
every 1o, .., 11 exception ture for OPT<(-,v)
is used. of one is respected.
item.

Figure 4.2: The principle of the proof for Theorem 4.12
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4 The Unbounded Knapsack Problem

Up to now, we have (only) reduced the original item set I to I U {aeg}

Lemma 4.14. Assume as mentioned in|Remark 4.8|that a(()KH) = @. Consider the optimum
structured solutions to U {aeg} for ko = x — 1 (see @p. This means that at most
one item is used from every 1) for k € {0,...,x — 1}. (The item aeg has a profit p(aeg) < T
such that it does not have to satisfy any structural conditions.) Then there are two possible

cases:

e One solution uses (at least) two items in 1\%). This is the case if and only if the optimum
for T U {aeg} is 2Py, and the solution consists of two item copies of the item ﬁ(()K) with

P(ﬁ(()K)) = P

e Every solution uses at most one item in I*). Then, OPT<,_1(I,v') = OPT<,(I,?")
holds for all values 0 < v’ < ¢, and there is a value 0 < v < c such that

OPT<, (I,v) + OPT ({aess} ,c — v) = OPT<,_1 (I,0) + OPT ({ae} ,c — 0)

K+1
I3 1
>1]1—--—— OPT(I)—-T .
_< 410g2(2)+1> (D

€

Moreover, OPT<,(I,v) uses at least one item in I*=2) U [*=1) U [) and/or we have
OPT ({ﬂeff} ,C — U) 2 %P().

Proof. Note that I ;oq does not contain any item with the profit 2P (see[Remark 4.8).
By construction, this is still the case for I. Suppose that one solution to [ U {a.s} uses
more than one item in [¥). Since items in I*) have profits in [Py, 2Py), only two copies
of the item ﬁéK) can be used, and we have p(ﬁ(()x)) = Py. In fact, 2P) is the maximum
possible profit because OPT(I U {act}) < OPT(I) < 2P, holds as we have seen in
Thus, the “only if” direction has been proved. The “if” direction is
obvious.

Suppose now that every structured solution to I U {aeg} for kg = x — 1 uses at most
one item in [®), Thus, OPT<,_1(I,v") = OPT<.(I,v') holds for all 0 < v’ < c.

Let v < c now be the volume the large items I} occupy in an optimum solution to I.
Then obviously OPT(I) = OPT (I;,v) + OPT (Is, ¢ — v) holds. We have the following

inequality:

OPT< (I,v) + OPT ({aef} ,c —v) = OPT<,_1 (I,v) + OPT ({aess} , ¢ — v)

Thm.[4.12] 1 .
m. e

> 1————— ] OPT (I} eq,0) + OPT ({apgs},c — 0
= ( 11 2(2) 1) (L,red ) ({ eff} )

€

L 1 o
em.[4.6 €

> 1-—-— OPT (I;,v) +OPT (Ig,c —v)—T
- ( 410g2(§)+1) (IL,) (Is )
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4.6 A Simplitied Solution Structure

x+1
3 1
> (1-f 2 OPT (I1,v) + OPT (Is,c — v)) — T
> ( 410g2(§)+1) (OPT (I, ) + OPT (Is,¢ - v))
x+1
(1=t 1) opry-T (4.8)
a 4log,(2) +1 . '

For the final property, suppose that no item in I*~2) U [*~1) U [*) is used in a solution
for OPT<,(I,v). Then we have

Kk—3
1
OPT<, (I,0) max aeI®) < ¥ gk 1 &) 2p 0
2
k=0

On the other hand, Inequality together with (1 — )% > (1 —k- ) for § < 1 yields

OPT< (I,v) + OPT ({4}, ¢ — v)
> (1 SK“) OPT(I) — T

4log,(2) +1
¢ _1
M (1 4) OPT(I) - 5¢Py

1 e<i/s 3 3
(1 - 7) OPT(I) — 5¢OPT(I) > JOPT(I) > [Py .

Hence, OPT({aes} ,c —v) > 1Py holds. The final property of the second case follows.[]

Definition 4.15. Take | I()U/e 4)} items aeg. If their total size is at most c, they are glued together
to Aeff—c-

Obviously, g consists of the smallest number of items a.¢ whose total profit is at
least %. Moreover, aqf_ is a large item.

Definition 4.16. Take a knapsack volume v < c. Consider the following solutions to I U
{Aefi_c} of size at most v:

* They are structured for k = «, i.e. they use for every k € {0, ...,x} at most one item in
.

* They additionally use the item aeg;_ at most once and at least one item & € I=2) U
[ U It U {aeff c}

Hence, these solutions have a profit of at least p(&) > 2°~2T = 1P,. These special solutions
are called structured solutions with a lower bound (on the profit).

The value OPTs (I U {acss_},v) denotes the optimal profit for such solutions of total size at
most v. If v is too small so that such a solution does not exist, we set OPTsy (I U {aeg_},v) =
0.
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4 The Unbounded Knapsack Problem

Theorem 4.17. In the second case of|\Lemma 4.14) there is a value 0 < v < c such that

K+1

- € 1
OPTg ([ U{aeg_c},v) + OPT ({aeg},c—0) > |1 ————7F—— OPT(I)—-T .
st (TU {aceft—c},0) ({aes} ) ( 410g2(§)+1> (I)

Proof. Like in the proof of Lemma 4.14} let v’ be the volume the large items I occupy
in an optimum solution to I so that OPT(Ir,v") + OPT(Is, ¢ — v') = OPT(I). Consider

an optimum structured solution for OPT<,(I,v') and suppose that it does not use
any items in [(<=2) y [(<=1) y [, states that OPT({ac},c — ¢') has a
profit of at least %Pg. Thus, a subset of the item copies of a.¢ can be replaced by af_,
and ¢ — 0" > s(ae_c). We set v := v’ + 5(aeg_c). Note that OPTsy(I U {aeg_.},v) >
OPT<,(I,v") + p(aeg_c). Moreover, OPT<,(I,v") = OPT<,_1(I,v") holds because we
are in the second case of[Lemma 4.14, We get the following inequalities:

OPTs; (IU {aef—c},v) + OPT ({acg}, c — 0)
> OPT<y (I,0) 4 p(acsi—c) + OPT ({acf}, ¢ — v — s(acf o))
=  OPT<, 1 (I,v') + OPT ({aess} ,c — ')

Thm. 12 ( e

K
1—-—F—— | OPT (I14eq,?') + OPT ({aeg},c— o'
410g2(§)+1> (L,red ) ({ eff} )

—_

L ) 1 Kk+1

em.

> (1 -~ 82>+1> OPT (I, v') + OPT (Is,c —v') = T
€

K+1
) (OPT (I, ') +OPT (Is,c —v')) = T

1 x+1
= 1—--———— OPT(I) - T .
( 410%2@)‘1‘1) 0

Note that OPT({ e}, ¢ — v) is well-defined—and therefore the entire chain of inequal-
ities feasible—because c — v = ¢ — v/ — s(degr_c) > 0.

Suppose now that the optimal solution uses at least one item in [*~2) U [(*=1) y J(),
We can then directly set v := v/, and the proof is similar to the first case above.

Roughly speaking, a solution in the first case of this proof satisfies the lower bound
of the theorem on the profit and uses at most one item in every I¥), but no item in
[0<=2) [(<=1) or [(), This implies that enough items a.g are part of the solution such
that a subset of them can be replaced by aegf_.. O

So far, we have not constructed an actual solution. We have only shown in

that there is a solution to [ U {aeg_.} U {acg} that is close to OPT(I) and that
is a structured solution with a lower bound.
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4.7 Finding an Approximate Structured Solution by Dynamic Programming

Theorem 4.18. The cardinality of I®) is in O(Llog 1), i.e. I has O(1log? 1) items. Algo-
rithm 4.2 constructs I in time O(% log® 1) and space O(1log® 1), which also includes the
space to store [ and the backtracking information. The item e can be constructed in time

o).

Proof. The statement for aeg_. is trivial: the number of items a.¢_. to glue together
can be determined by division.
The number of items in [*) and T can be derived like the number of items in I Lred

in The running time of Algorithm |4.2|is obviously dominated by the
second for-loop. It is in

o(x- (21 (c + 1))2> ~0 <1og (1) : (1 log1>2> - (’)(Elzlog?’ (1))

The space complexity is dominated by the space to save the d(vk) and the backtracking

information, which is again asymptotically equal to the number of items in I. O

4.7 Finding an Approximate Structured Solution by Dynamic
Programming

The previous section has presented three cases:

1. The instance I has one item of profit 2Py: return this item for an optimum

solution, and OPT(I) = 2P, (see[Remark 4.8).

2. If this is not the case, and I has one item of profit Py and size at most 5, two copies

of this item are an optimum solution to [ U {a.g} (see Lemma 4.14). Undoing

the gluing returns an optimum solution to [ with OPT(I) = 2D.

3. Otherwise, there is an approximate solution to I U {aeg .} U {4} where the
large items are a structured solution with a lower bound (see [Theorem 4.17).

The first two cases can be easily checked, which is the reason why it has not been
necessary to construct the set [**1). We will from now on assume that we are in the
third case: regarding the large items, a solution uses at most one item from every [(X)
fork € {0,...,«x} as well as a.¢_. at most once. At the same time, at least one item
ae [x=2 U1 U0 U {au_.} is chosen. (See Definition 4.16.)

We use dynamic programming to find for all 0 < v < c the corresponding set of
large items V C T U {ae_.} with s(V) < v. For convenience, let [**1) := {a.¢_.}. We
introduce tuples (p, s, k) similar to Lawler [[63]. For profit p with 0 < p < 2P and size
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4 The Unbounded Knapsack Problem

0 <s <, the tuple (p, s, k) states that there is an item set of size s whose total profit
is p. Moreover, the set has only items in I®) U - - - U [*+1) and respects the structure
above.

The dynamic program is quite simple: start with the dummy tuple set F(*+2) :=
{(0,0,k+2)}. Fork=x+1,...,x — 2, the tuples in F k) are recursively constructed

by
F®) .= {(p,s,k) | (p,s,k+1) € F(k“)}
U {(p+p(a),s +5(a),k) | (p,s,k+1) € E&D, 5 ¢ [0 s+ 5(a) < c} .

Note that (0,0,k+ 1) € F (k+1) which guarantees that F (k) also contains the tuples
(p(a),s(a), k) fora € 1M ifk e {x+1,...,xk —2}. Fork = ¥« —3,...,0, this tuple
(0,0,k+1) is no longer considered to form the new tuples, which guarantees that
tuples of the form (p + p(@),s + s(d@),k) for @ € I®) have p,s # 0. The recursion
becomes

PO ={(p,5,k) | (p,s,k+1) € 4D
U {<p+ p(a),s +s(d),k) | (p,s,k+1) € F¥D\ {(0,0,k+1)},
aeI®,s+s(a) < c} .

The actual item set corresponding to (p, s, k) can be reconstructed by saving backtrack-
ing information.

Definition 4.19. A tuple (pz, s2, k) is dominated by (p1,s1,k) if po < p1and sy > s1.

As in and similar to Subsection dominated tuples (p,s, k + 1) are now
removed from F**1) before F(¥) is constructed. This does not affect the outcome:
dominated tuples only stand for sets of items with a profit not larger and a size
not smaller than non-dominated tuples. A non-dominated tuple (p, s, k) is therefore

optimal, i.e. the profit p can only be obtained with items of size at least s if items in
1% .., I*+1) are considered.

Lemma 4.20. A tuple (p,s, k) € F®) stands for a structured solution with a lower bound

(see|Definition 4.16). Therefore, we have p > 2*=2T if p > 0. For every v < c, there is a tuple

(p,s,0) € FO with p = OPTsy(I U {aeg_},v) and s < v.

Proof. This lemma directly follows from the dynamic program: tuples use at most
one item from every I¥). For k € {x —2,...,x + 1}, a tuple with p > 0 represents
an item set that uses at least one item in %), ..., [(**1) and such an item has a profit
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4.7 Finding an Approximate Structured Solution by Dynamic Programming

of at least 22T Tuples for k < x — 3 with p > 0 are only derived from tuples that
use at least one item in [*=2) .. [(*+1) 1f Jominated tuples are not removed, the
dynamic program obviously constructs tuples for all possible structured solutions
with a lower bound, especially the optimum combinations for every 0 < v < c.
Removing dominated tuples does not affect the tuples that stand for the optimum
item combinations so that the second property still holds. O

While the dynamic program above constructs the desired tuples, their number may
increase dramatically until F(*) is obtained. We therefore use approximate dynamic
programming for the tuples with profits in [ Py, 2Py]. This method is inspired by the
dynamic programming used in (see also [61] pp. 97-112]).

IDefinition 4.16| and [Lemma 4.20| state that a tuple (p,s, k) with p > 0 satisfies

p > 2°72T. Apart from (0,0,k), all tuples have therefore profits in the interval

2x-27,2p] &2 (1R, 2P = [252T,25*1T]. We partition this interval into sub-

intervals of length 252K. We get

&
[2°72T,2P)) = | J [2° 2T +¢&- 22K, 2 *T + (¢ + 1)2° *K) U {2P}
=0

%o
—. 7(k=2) | 7(x=2)
= gU Ly ~ ULz
)

for & := 7(x +1)2**1 — 1. (A short calculation shows that 2°2T + (&, + 1)2¢ 2K =
2Py.) The approximate dynamic program keeps for every ¢ € {0,...,{o + 1} only
the tuple (p, s, k) with p € iéK_z) that has the smallest size s. The dominated tuples
are removed when all tuples for k have been constructed. The modified dynamic
program is presented in Algorithm 4.3|and shown in Figure The sets of these
non-dominated tuples are denoted by D). For convenience, (p(&),s(&),k) € D%

(k=2)

denotes the smallest tuple with a profit in L ¢ - We again save the backtracking

information during the execution of the algorithm.

Lemma 4.21. Let D®) be the set D®) from Algorithm |4.3| before the dominated tuples are
removed. A tuple (p,s,k) € DY fork = x +1,...,0 stands for a structured solution with a
lower bound. Therefore, we have p > 22T if p > 0. This is also true for (p,s, k) € D),

Proof. The proof is almost identical to the one of Lemma In fact, the proof is not

. . . . e = (k—2)
influenced by keeping only the tuple of smallest size in every profit interval L;" ~.[]
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4 The Unbounded Knapsack Problem

Algorithm 4.3: The approximate dynamic program

D+2) .= {(0,0,x +2)};
Backtrack(0,0, x 4 2) := @;
fork=x+1,...,0do
DW .= @;
for (p(¢),s (é‘) k+1) € D* do
DW= DM U{(p(¢),s(2).k)};
Backtrack (p(€),s(¢), k) := Backtrack(p(&),s(), k+1);
ford c IV do
for (p,s,k+1) € D%\ {(0,0,k+ 1)} do
// Construction of new tuples
(p',s', k) = (p + p(@),s +5(a) k);
Determine ¢’ for (p’,s’, k) such that p’ € ig{:-z);
if ' <s(&") or (p(&'),s(d’), k) = then

DW= DW\{(p(¢"),s(&"), k) };

(P(&),5(8"), k) := (p',8", k);

Backtrack(p(¢'),s(5'), k) := ((p, s,k +1),4);
DW= DW U{(p(¢"),s(&), k) };

if k > x — 2 then
// Construction of (possible) tuples (p(d),s(
k>x—2

Determine ¢’ for p(d) such that p(d) € Lé, 2,

if s(a )<S(C’)07(P(C’) s(¢'), k) = @ then
DW .= D®N\ {(p(g"),s(g"),k)};
(p (5/)/ (C) k) := (p(a),s(a),k);
Backtrack( (é/) ( &, k) = (a);
DW :=D® U {(p(g),s(5"),k)};

Remove dominated tuples from D®) ;

// Only new tuples of smaller size are kept
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p
L]
L]
N (p(€+1),s(6+1),k+1)
5 L]
=
(p(&).s(£). k+1)
L]
(a) The tuples in D*+1)
’ o}
—
@,
(p(&) + p(4), s(§) + s(a)) [l
O
+pa) L
O +s5(3)

S

(b) The tuples in D**+1) are kept. Additionally,
new tuples are constructed with the items

in 1(F),

Figure 4.3: The principle of the approximate dynamic programming
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Prf---mmmm oo

< Mz—uC
N,
e

S < S1 S

(c) Only the tuple of smallest size is kept for every

I:g(fz), which yields D®),. ..

p O
(p.s) = (p(&).s(£). k)

P e {]

v 5

p2 ----------------------------------------

0

;<5I2 S
(d)...and removing the dominated tuples

yields D),

Figure 4.3: (Continued) The principle of the approximate dynamic programming
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4.7 Finding an Approximate Structured Solution by Dynamic Programming

Theorem 4.22. Let k € {0,...,x + 1}. For every (non-dominated) tuple (p,5,k) € k),
there is a tuple (p,s, k) € D®) such that

1 K—k+1

3

>(1-Z— - P <s.
p_(l 410g2(§)+1> p and s<3

Proof. This statement is trivial for (7,5, k) = (0,0, k) because (0,0,k) € D®) (this tuple
is never removed in the construction of F*) and D®)).

Suppose now that (p,5,k) # (0,0,k). The theorem is proved by induction for
k=x+1,...,0.

The statement is evident for k = x + 1. If a.¢_. exists (i.e. enough copies of a.
can be glued together without exceeding the capacity c), then F*t1) = D+l —
{(0,0,k+1), (p(aegt—c),5(aegi—c), € +1)}. If aggs_ does not exist, then we have F(*+1) =
D) = {(0,0,x +1)}.

Suppose that the statement is true for k +1,...,x + 1. As defined in[Lemma 4.21}
D) is the set D) before the dominated tuples are removed. Let (p,5,k) € F (k)

There are two cases. In the first case, we have (§,5,k +1) € F*+1). By the induction
hypothesis, there is a tuple (p1,s1,k+ 1) € D*+1) guch that the inequalities p; >
p-(1-— ilogzé) +1)K7(k+1)+1 and s; < 5 hold (see Fig. 4.4|(a) . Note that this implies
(p1,81,k+1) # (0,0,k + 1) and therefore p; > 22T by|Lemma 4.21} Let &; be the
index such that p; € ig_2)
yields the tuple (p1,s1,k), which may only be replaced in DY) by a tuple of smaller

size, but with a profit still in ig_Z). Thus, there must be a tuple (p2,s2,k) € D® with

sp < sjand py € ig{ 2) (see Fig. 4.4|(b) . Let now (p,s,k) € D®) be the tuple that

. During the execution of Algorithm 4.3, (p1,s1,k + 1)

1
dominates (p2, s2, k) (which can of course be (py, sz, k) itself), i.e. p > prand s < s
(see Fig.[4.4(c)). For the profit, we have

_ p17£0 2K=2K\ Lem.E21] oK—2f
Pz pzp-20KE Pl'(l_ et R =

—k+1
U U O U T
7 tlogy,(5)+1) 7 Zlog,(3) +1 '

The lower bound on the profit is therefore true for (p,s, k). We haves < s, <s; <35
for the bound on the size (see also Fig.[4.4(c)).

Consider now the second case where (p,5,k) € F®) but (p,5k+1) ¢ pk+1)
Therefore, (7,5, k) is a new (non-dominated) tuple with (7,5, k) = (p+ p(d),5+s(d), k)
for the right item 4 € I®) and tuple (f,3,k + 1) € F**1). By the induction hypothesis,
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5 (5.5 k+1) = (55,6
IV | P frmmmmm e O

= :

| 1
2

;T

T (P51, k+1) = (p1. 51, k).

g 2 B e ki : |
o '

S1 < S S

(a) Since (p,5,k+1) € Fkt1) there must be a
corresponding tuple (py,s1,k+1) € D*D
by the induction hypothesis whose profit can
be bounded from below.

p

(P, 5, k)

I I R @)
v g
=

|

)

e (p1. 51, k)

z
Rl

. &
L -’ :

S S1 < s s

IN

(b) By construction, there must be a tuple (py, sz, k) €
D® with a profit in the same interval L2 as

1
(p1,s1,k). This makes it possible to bound p; from
below.

Figure 4.4: The first case of the proof forTheorem 4.22: we have (3,5,k) € F® and
also (p,5,k+1) € F&D Weset Q := (1 — im).
2\ e
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p

o

o (. 5. k)
V2 B O
= e

' (p.s, k)

)
Sl e

s (p1, 51, k)

~QT (P2,52.k) -

s < % < S1 < 3 s

(c) There may be a tuple (p,s,k) € D® that
dominates (po,sz,k). Since p > po, the
bound still holds.

Figure 4.4: (Continued) The first case of the proof for Theorem 4.22; we have (7,5,k) €

F® and also (p,5,k + 1) € F&D, We set Q := (1 — %m).
2(%

there must be a tuple (p1, 51,k +1) € D%V such that p; > 7+ (1 — ilog (12)+1)K—(k+1)+1
and s; < § (see Fig.4.5(a)). Thus, the following inequality holds: o

. 1 x—(k+1)+1
i) > p(i 5ol1—-—
pr+p(@) 2 p@) +p ( 410g2(§)+1>

There are two possibilities: either k > x — 2, i.e. p(@) > 22T holds, and p; +
p(@) > 22T directly follows. Otherwise, we have k < x — 3. Then, the identity
(p,5,k) = (p+p(a),5+s(a),k) # (0,0,k) implies that (7,5, k+1) # (0,0,k+1)
holds because the tuple (0,0,k + 1) is not used to form any new tuple in D) and

therefore in D), Because of p; > - (1 — ilog (12)+ n )= (ED)+1 this again implies that
2(%

p1 # 0 and therefore p; + p(&@) > p1 > 22T as seen in[Lemma 4.21

Thus, there is an index ¢ such that p; + p(d) € ig—z)‘ Similar to above, the tuple
(p1 + p(@),s1 + s(a), k) is formed during the construction of D) (see Fig. 4.5(b)). It
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4 The Unbounded Knapsack Problem

may only be replaced by a tuple of smaller size. Hence, there must be (pa, s2,k) € D®)

with p, € igiz). Let (p,s,k) € D% be the tuple that dominates (py, 5o, k) (see Fig.

[4.5(c)). We get
@) #0 k2K
p > p2 > p1+p(a) — 27K - (p1+pa))- (1—>

]
pr+p(a)=2"-2T _ 252K\ @)@ ~ e 1
<p1+p<a>>-(1— ) (pr+p(@)- (1- 52
€

v

2K-2T

1 K—k+1

&

> p-{1— o .
B P < 41082(?)‘1“1)

We have similar to above s < s, < 51+ 5(d) < §+ s(4) = 5 for the bound on the size

(see also Fig.4.5(c)). O

Remark 4.23. As can be seen, the proof of is only possible because it
is guaranteed that p; or p; + p(@) is at least 2°"2T. In fact, this is achieved by the
construction of the glued item set I with its structured solutions (Definition 4.11|and
[Theorem 4.12). Hence, we can prove and with the introduction of aq_.,
we have structured solutions with a lower bound (Detfinition 4.16/and [Theorem 4.17).
This shows that p; > 22T or p; + p(d) > 22T (see also |Lemma 4.20| and |4.21).
Without the structure, a dynamic program like Algorithm would also have to
generate tuples (p, s, k) with p < 22T for k < x — 3. Hence, we would need for the

same approximation ratio profit sub-intervals like I:g(_z) with a smaller length than

252K, and we would have to save more tuples. Both would increase the asymptotic
running time and space complexity as can be seen in the proof of [Theorem 4.25

Corollary 4.24. For every v < c, there is a tuple (p,s,0) € D©) such that s < vand

x+1
3 1 -
>1--—— OPTg (U {aeg_.},v) .
p > ( 4log2(§)+1> st (U {aeft—c},0)
Proof. [Lemma 4.20|states that there is a (7,5,0) € F(*) with p = OPTs;(I U {deg_c},0)
and § < v. [Theorem 4.22/implies that there is a tuple (p,s,0) € D) with the desired
property. O

Theorem 4.25. Algorithm 4.3 constructs all tuple sets D% for k = x +1,...,0 in time
O(Elz log® 1). The space needed for the algorithm and to save the D) gs well as the backtrack-
ing information is in O(1log®1).
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p
(5.5.K) = (5 +p(3). 5+ 5(3). &) T
+p(3)
(B.5 k+1)
0 — EECR
: |
)
;r; (pl, S1, k + 1)
o | Prfeeeeee e : |
5'1 g é S

(a) Since (p,5,k+1) ¢ F(+1) there must be an
item @ s.t. (p,5,k) = (p+ p(a),s +s(d), k)
for a tuple (5,5,k+1) € FKD, By the
induction hypothesis, there must be a tu-
ple (p1,51,k+1) € DK corresponding

to (p,5,k + 1) whose profit can be bounded
from below.

(5.5.K) = (5+p(3). 5+ 5(3). k) T

(]
(P + p(3), 51+ 5(3). k) @

7(k—2)
Lfl

+p(3)
(pl,Sl,k-‘rl)
- )

s(&

S ts3)<5is(3)

(b) The tuple (p; + p(d),s1 + s(d), k) is con-
structed during the execution of the dynamic
program.

Figure 4.5: The second case of the proof for|[Theorem 4.22; we have (7,5,k) € F ®) but

(P& k+1) & FE. Weset Q:= (1 - y)-
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MIMECEOECEEGE @Y

5 i

A%

T

e ] .

El |eenn =k . i
Pl--mmmmmmmmeee- ' '

s < <51+ 5(8) <5+ s5(8) s

(c) As in the first case, there must be a tuple (p, s, k) €
D™ whose profit can be bounded as desired.
Here, (p2,s2,k) is not dominated, i.e. (p,s, k) =
(pz, So, k)

Figure 4.5: (Continued) The second case of the proof for [Theorem 4.22; we have

(p,5,k) € FO,but (5,5, k+1) ¢ F&, Weset Q := (1 — g@).

Proof. Let us first bound the space complexity. The profit interval 1Py, 2P] is par-

titioned into O(&p) intervals I:g{fz). The set D) saves at most one tuple with the

corresponding backtracking information for every iékiz) or the information that a
tuple does not exist. Thus, the space needed for all D) and the corresponding back-
tracking data is in O(x - &) = O(x - (k2¥)) = O(log(L) - (log(1)1)) = O(Llog? 1).
All other information of the algorithm is only temporarily saved and needs O(1).

The loops dominate the running time. Apart from removing the dominated tuples,
they need in total

O(K' (Co+§o 10+ |T(k)|>> Thmi0<log (1) Clog <1> ' %bg <1>>>
= O<€1210g3 1)

As seen inand stated in , non-dominated tuples (p, s, k) can be removed
in linear time in the number of tuples if the tuples are different and sorted by profit.
This is the case because every tuple in D) is stored in an array sorted according to
the corresponding ¢. The total time to remove the dominated tuples from all D)
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is therefore in O(x - &) = O(% log® 1), which is dominated by the overall running
time. O

4.8 The Complete Algorithm

We can now put together the entire approximation algorithm.

Algorithm 4.4: The complete algorithm
Input: Item set |
Output: Profit P, solution set |

Determine Py and define T, K;

Partition the items into I; and Is and find a.g;

if Item a with p(a) = 2P, found during the partitioning then
t return 2P, {a};

Reduce I, to Iy yeq with Algorithm
Construct [ with Algorithm 4.2/ and the item aqg_;
if p(ﬁ(()K)) = Dy and s(d(()x)) < § then
Recursively undo the gluing of ﬁ(()K) to get the item set J'. Let ] be the set
consisting of two copies of every item in J';

return 2P, | ;

Construct with Algorithm the tuple sets D*+1), ..., D),

Find (p,s,0) € D such that
P:=p+OPT ({acgt}, c — s) = max, g g)cpo P’ + OPT ({acgs}, c —s');

Backtrack the tuple (p,s,0) to find the large items J' C T U {aeg_} of the
corresponding structured solution with a lower bound;

Recursively undo the gluing of all @ € ] and add these items to the solution set J;

Add the items of OPT({aeg},c —s) to J;

return P, [ ;

Theorem 4.26. Algorithm 4.4finds a solution of value at least (1 — ¢)OPT(I).

Proof. The algorithm returns a feasible solution: (p, s, 0) represents an item set of size
s. Ifitems @ € I derived from gluing are part of the solution, their ungluing does not
change the total size nor the total profit (see [Remark 4.10).

We prove the solution quality. First, the algorithm considers the two special cases
listed at the beginning of Section Each of them returns a solution of profit 2P,
so that OPT(I) = 2P, (seeTheorem 4.3/and [Lemma 4.13). If the special cases do not
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yield a solution, we are in the third case. Let v be the volume from

Corollary 4.24/ guarantees the existence of one (p,s,0) € DO with s < v such that

x+1
€ 1 -
>l OPTg (I U ety .
p > < 4log2(§)+1> st (TU {aeg—c},v)

Moreover, we have OPT({ac},c —s) > OPT({aeg},c — v) because c —s > ¢ — v.
Thus, the following inequality holds for this (p,s,0):

p + OPT ({aesi}, c — )

vV
/N
|
AN
—
o
aQ
)
—
oINS -
~—
_|_
—_

OPTst Iy {Lleff c} ) + OPT ({[leff},c — Z)))

1 2x+2 1 k+1

€
1-— OPT(I 1—--— T
41082 2) +1) ( 41082(§)+1)

= (1-¢)OPT(I)
Taking the maximum over all (p,s,0) € D therefore yields the desired solution.
Note that we have used (1 —6)f > (1 —k-4) for < 1. O

Remark 4.27. The total bound on the approximation ratio is mainly due to the expo-

nent 2x + 2, i.e. that we make the multiplicative error of (1 — ilogz (1%)+ 1) only 2x + 2
times. Such an error occurs when [ is replaced by I req at the beginning (Lemma 4.6),
in each of the « iterations in which I is constructed (Theorem 4.12), and in x + 1 of
the x 4 2 iterations of the dynamic program (I'heorem 4.22|and (Corollary 4.24). The

error of the dynamic program can be bounded because the structured solutions with a

lower bound have at least one item of profit at least 22T (see the second property of
[Definition 4.16|and [Remark 4.23).

Theorem 4.28. The algorithm has a running time in O(n + glz log® 1) and needs space in
O(n+ Llog?l).
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Proof. Determining Py, constructing I} and Is as well as finding a.¢ can all be done in

time and space O(n) as stated in|{Theorem 4.3|and The definition of T and K in

time and space O(1) is obvious. It is also clear that an item p(a) = 2P can directly be
found during the construction of I;, such that the first if-condition does not influence
the asymptotic running time.

Algorithm 4.1| returns the set I} req in time O(n + 1log” 1) and space O(1log?!)
(see[Theorem 4.7).

Algorithmconstructs the I and I in time O(% log® 1) and space O(log” 1) as
explained in|Theorem 4.18, which clearly dominates the construction of g in O(1).

The second if-condition can be checked in O(1). The running time for undoing the
gluing will be determined at the end of the proof.

Algorithm 4.3/ constructs the sets D) in time O(% log® 1) and space O(1log® 1)

(see[Theorem 4.25). For one tuple (p’,s’,0), the corresponding OPT ({aeg}, ¢ —s’) can
be found in O(1) by computing | £==- | - p(aeg). Thus, finding the best tuple (p, s,0)

5 (aeff)

can be done in O(|DV)|) = O(&) = O(Llogl). Since only the currently best tuple
(p,s,0) has to be saved, the space needed is in O(1).

The backtracking for the tuple (p,s,0) needs time in O(x) = O(log {): the back-
tracking information Backtrack(p’,s’, k) fork = 0,...,x + 1 states whether the tuple
(p',s, k) was formed by adding an item 7 € I*) and with which tuple (p”,s”,k +1) to
continue. Hence, the item set ] also has at most O(log %) items in [ U {aeg_.}, which
bounds the storage space needed.

To conclude, the time and space for the ungluing still have to be bounded. Consider
one item & € [. The backtracking information Backtrack(@) returns two items (@1, a,)
(with a1,@ € Iy req U I) on which the backtracking can be recursively applied. The
recursive ungluing of the items can be represented as a binary tree where the root is
the original item @ and the (two) children of each node are the items (7', ") returned
by the backtracking information. The leaves of the tree are the original items in I} yeq.
This binary tree obviously has a height in O(x) because the children (7', 3"”) for one
a € I® are in =1 U I} 4. A binary tree of height O(x) = O(log!) has at most
O(1) nodes. The backtracking and ungluing of @ can therefore be done in time and
space in O(1), which also includes saving the items @ € I} ;eq of which 4 is composed.
Since J' has O(log %) items, the original items I} ,.q of the approximate solution can be
found in time and space (’)(% log %) This also dominates the time to undo the gluing

of Zz(()K) should the body of the second if-condition be executed.

Similar to above, the number of items . for OPT ({ae¢}, ¢ —s) can be found in
O(1). To sum up, Algorithm 4.4 has the stated running time and space complexity.[]
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4 The Unbounded Knapsack Problem

4.9 Column Generation for Strip Packing

We apply the new FPTAS for UKP to Strip Packing (SP).

Known Results Well-known approaches for Strip Packing are shelf-based algorithms
like Next Fit Decreasing Height (NFDH) and First Fit Decreasing Height (FFDH). The
overview by Coffman et al. (see also [A8]]) shows that NFDH finds a solution
with NFDH(I) < 2-OPT(I) + 1, and FFDH satisfies FFDH(I) < 1.7 - OPT(I) + 1.
Both algorithms have an absolute approximation ratio of 3 and 2.7, respectively [9
[12]. The algorithm by Sleator has an approximation guarantee of 2 - OPT(I) +
: max; h1(a;) and therefore an absolute ratio of 2.5 and an asymptotic ratio of 2. Later,
Schiermeyer and Steinberg [84] both independently found an algorithm with an
absolute approximation ratio of 2. Finally, the algorithm by Harren et al. has the
currently best absolute approximation ratio of 3 + ¢ for ¢ > 0. On the other hand,
the lower bound on the absolute approximation ratio is 3 for every polynomial-time
algorithm unless P = NP.

Jansen and Solis-Oba presented an[APTAS|with an approximation guarantee
of (1+¢)OPT(I) + 1 for ¢ > 0. The first[AFPTAS was found even earlier by Kenyon
and Rémila with the (larger) additive term f(1) € O(elz) Bougeret et al. @]
and Sviridenko independently improved the additive term with their AFPTAS
to f(1) € O(Llogl). The running time for the algorithm in [@] can be bounded by
(’)(E% log (1) + nlogn), which is the currently fastest known AFPTAS.

Our Result Similar to the Strip Packing algorithm in [9] (see also
) has in fact a running time in O(d(% + Ind) max{UKP(d, {),dIn In(2)} +nlogn)
where d € O(1logl) and & € O(¢). The new FPTAS for UKP yields the following
improved AFPTAS:

Corollary 4.29. There is an AFPTAS (Ag)e~0 for Strip Packing that finds a packing for I of
total height A¢(I) < (1+ ¢)OPT(I) + O(L1og(L)). Its running time is in

1. 41
O<8510g - +nlogn>
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5 A Faster FPTAS for the Unbounded Knapsack
Problem with Inversely Proportional Profits

As stated in the introduction, this chapter combines the results in Chapter 3| and
4] to derive a faster for the Unbounded Knapsack Problem with Inversely
Proportional Profits (UKPIP). This allows us to again improve the running time of the
for the Variable-sized Bin Packing Problem (VBD).

Note that the chapter is almost self-contained. Hence, many of the definitions,
proofs and results in this chapter overlap with the ones in the previous two chapters.
Similar to Chapter 3, we introduce the threshold T, > 0 and a modified constant
Ky > 0 for every set of knapsacks Cj, which will be determined at the end, and not be
fixed at the beginning like in Chapter [4 This will also explain how the corresponding
values for T and K in Chapter 4 were derived.

5.1 Our Result

We first state the improved FPTAS.

Theorem 5.1. Let € > 0. Let ciin be the smallest knapsack size of a UKPIP instance with M
knapsacks and n item types. There is an FPTAS that solves this problem in time

31
€

min

O(nlogM—i—M-ilogi—&—min{ {log

+min{ {logcll J +1,M} .n>

2
and space O(M +n + L1og 1).

1 1
J —|—1,M} S—Zlog

This new algorithm together with [Iheorem 2.4{proves

There is an AFPTAS (A¢)e~o for Variable-sized Bin Packing that finds for
e € (0, 3] a packing of an instance (I,C) in As(I) < (1+ €e)OPT(I,C) + O(log*(1)) bins.

Its running time is in
(@) l1051—|-M—|-10 1 n
&8 % &\
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5 A Faster FPTAS for UKPIP

For UKPIP, a preprocessing of the knapsack sizes allows to get a running time that
does not depend on cmin and is only linear in M.

Corollary 5.2. Let € > 0. There is an FPTAS for UKPIP with a running time in

1. ,1 1
(’)<€210g g—i—M—i—log (£> n)

o 2
and a space complexity in O(M +n + 11og” 1).

5.2 Overview

Like in Chapter |3} the optimum for knapsack size ¢; with the basic profits p; is denoted
by an additional bar over the corresponding expression. Hence, the value OPT(I,v)
stands for the optimum value obtained with the basic profits p; if a capacity v < 1is
considered. In a slight deviation to Chapter 3, we directly write OPT(I, ¢;) instead of
OPT,,(I).

As stated in Section 3.4} it is sufficient to find an implementation of MaxSolution,
i.e. to determine an approximation to every OPT(I, ¢;).

Section 5.4 presents how the greedy approach of Subsection [3.5.2]is implemented
for UKPIP. The greedy algorithm finds approximations P, > 3OPT (I, ¢;) for every
knapsack c;. Because of the scaling property of Section 3.4, we (again) get the approxi-
mations P, = IZ—CI’ > 1OPT,,(I) and Py = maxje(i,. m} Pe > 1OPT(I). Moreover, the
special item sets S; are again used, which are the items of size ¢;_; < s(a) < ¢;, and
the derived sets §; = |Jl,_; Sy, which are the items that fit into ¢;, i.e. s(a) < ¢;. Finally,
knapsack sizes with P, < %Po are discarded.

In Subsection [5.5.1} we divide C into subsets C, = {¢; € C | ¢; € (2~ +1),271]} of

(b) ()

similar size. The knapsacks ¢ ; and cmax are the smallest and largest knapsack in

Cy, respectively. We assume moreover without loss of generality that e = 2,}_1 < %.
The threshold T, and constant Kj, for C, are introduced, but not explicitly defined
yet. Subsection presents the division of the items into the set of large items
Ig’) (with p; > Ty and s; < cr(ﬁi)ix) and the set of small items Iél) for ¢; € Cp, (with

pi < Tp and s; < ¢;). It is sufficient to keep for every ¢; € Cp, only the most efficient
small item agf%. These items are collected in the set I g’e)ff. The basic idea of the FPTAS
is (again) to find for each c; the best combination of large and small items. In fact,
OPT(I, ¢;) = maxp<o<, W(Ig’),v) +OPT ({a | p(a) < Ty}, ¢; — v) holds. The solu-
tion values OPT(I éb), v) to the large items are approximated by dynamic programming
and the small items (in fact, copies of aélfz) are added greedily to the volume ¢; — v. As
in Chapter 3 redundancy is avoided by determining for all knapsacks ¢; € Cy, at once
the solutions of the dynamic program.
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5.2 Overview

Fix one C;. Subsection introduces i) and xfﬁgx, the exponents such that

min
= (b) (b) — (b) (b) .
P € [2%min Ty, 2%min 71T}, ) and Pw € [2kmaxT;,, 28max+1Ty). Tt is shown that a subset

I £hr) ed & 1 £h) is sufficient to find an approximate solution (similar to Section , which

reduces the overall time and space complexity. Like in Section the interval of

large item profits [Ty, 2P o) | is first partitioned into LKD) = kT, 2K1T,) for k €

{0, ... ,KI(IQX + 1} and each L%P) into o € N sub-intervals Lgk’

D) of length 2¥K,,. For
I g]r)ed, only the smallest item al) i kept of every L(Wk,b)_

Section [5.6| creates like in Section [4.6|a set of items with a special solution structure.
The items in [ S’r) q With profits in L&b) are denoted by I (kb) for k € {0,..., Klgrl:gx +1}.
Starting with I(%?) = [(0}) the items in I*?) are iteratively glued together to larger

items I*+19) The next set I**11) is then obtained by keeping from [(k+1)  J(k+10)

(k+1,b)

only the smallest item 4., of each profit sub-interval L%kﬂ’b). The sets [*?) form

(b)

the new set IV), which has approximate structured solutions for k = xmax + 1: at

+1(I~(b), v) denotes the
¢

optimum profit of these structured solutions for the knapsack volume v < cmgx. (For

most one large item of every (%) is used. The value OPT <

the analysis, OPT <y, (-, v) is introduced for structured solutions for k = kg that use at
most one item in [*?) for every k € {0,...,ko}, where ky < Kr(r@ix +1.) For each uglf%, a

large item aiﬂf . that consists of several copies of agf} is introduced. A subset Iébr)e dec

(1)

of the items a; _is kept. It is proved that there are approximate structured solutions

to IO UT ébr)e 4. with a lower bound (on the profit). They use at most one item of every
(b)

set [(00) . [Umatlb) T ébr)e 4_o- Additionally, these solutions have at least one item of

profit at least sz:fn*ZTb, The value OPTs(I?) U I ébr)e 4_c0) is the optimum profit for
(b)

the large items with this structure for the knapsack volume v < cmax.
Section5.7)introduces approximate dynamic programming to find the large items in

a solution with the structure above. It is slightly modified compared to Section

instead of dividing the interval of possible profits into sub-intervals of equal length,

the division into the sub-intervals L(f’b) of variable length 27‘Kb is re-used, and the

dynamic program keeps in each iteration k the tuple (p, s, k) of profit p € Lg’b) that has
the smallest size s. The fact that the tuples have profits of at least sz\fi)n—ZTb and that at
most one item of every set op ggxﬂ'b), Iéfjr)e 4. is used allows to reduce the time
and space complexity, similar to Chapter 4, Interestingly, the modified approximate
dynamic program does not need that p > zkr(fi)rsz for the approximation ratio (see

Remark 5.37).
Finally, Section 5.8/ puts the entire algorithm together. For each ¢; € Cp, it returns

max(,s o) P + OPT({aélf%_ },c1 —s), and Subsection 5.8.1/shows how Tj, and K} have
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5 A Faster FPTAS for UKPIP

to be set such that this is at least (1 — £)OPT (I, ¢;) for each ¢; € Cp. The algorithm is
therefore an implementation of MaxSolution. The overall time and space complexity
are bounded in Subsection

This chapter is concluded with Section It compares the constants T; and K,
to the constants T and K of Chapter 4, and the representation of the solution as a
multi-set is briefly discussed.

5.3 Notation and Remarks

The notation follows the one presented in Section The only slight deviation is
that OPT,, (I) is written as the (equivalent) OPT (I, ¢;). Remember that OPT (I,v) =
max{Y, p(a)x, | Yzs(a)x, <v;x, € Nfora € I}.

We (still) assume that basic arithmetic operations as well as computing the logarithm

can be performed in O(1).
Finally, we have a remark about the use of “item” and “item copy” when we consider
a solution to a UKPIP instance, similar to Chapter E}

Remark 5.3. Let I, I be two sets of knapsack items with I C I. In 0-1 KPIP, a sentence
like “the solution to I uses at most one item in I” is obvious: if the solution uses one
item in I, all other items of the solution are in I \ I.

Consider now UKPIP. When we talk about solutions, we would formally have to
distinguish between an item a’ € I in the instance and the item copies of a’ that a
solution V = {x, : a | a € I,x, € N} uses. Like in Chapter 4, we however use the
expressions “item” and “item copy” interchangeably when talking about solutions.
As an example, let us consider the sentence “the solution to I uses at most one item
in I.” Tt means that the solution contains item copies of items in I, but at most one
item copy whose corresponding item is in I. To be more precise, the multiset V uses
only one item a € [ with a multiplicity x, > 0. We have x, < 1, but x,» = 0 for all
othera” € I,i.e. ¥, .1 xy < 1. Similarly, “the solution V uses at most n’ € N items in
I” means that there are only n’ item copies whose corresponding item(s) are in I: we
have ), ;xy < n'.

The interchangeable use of “item” and “item copy” allows for shorter sentences.
Moreover, it is based upon 0-1 KPIP where “item” and “item copy” are in fact identical.

Basic Principle of the Algorithm It has already been shown in Section [3.4 that it
is sufficient to find an implementation of MaxSolution: we only have to determine
an approximate solution P/ > (1 —¢)OPT(I, ;) for every I € {1,..., M} and return
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5.4 A First Approximation

max %PC’,. The remaining chapter therefore demonstrates how the P/, can be found
efficiently.

5.4 A First Approximation
We present a first approximation for the OPT(I, ¢;). Like in Subsection let
Sy:={a;|s(a;) <c1} and S;:={a;|c1 <s(a;) < ¢} forl € {2,...,M} .

Moreover, let 5; := UL _, Sy = {a | s(a) < ¢;}, which is the set of the items that have
to be considered for a solution of knapsack size ;.
The greedy algorithm becomes easier because of the unboundedness (see Section

0

: take the most efficient item a_ . := arg maxﬂesl s (1f ties occur, we can e.g.
consider the item of smaller index to have a smaller eff1c1ency) Fill the knapsack ¢;

0

with as many copies of a,

« as possible, i.e. take | | copies of afi)eff. Let

meff

5 ! C
PCI = p(afn)eff) . \‘ (l) J
S(ameff)

be this value. Moreover, let P, := %’ and let Py := maxjcy,. P, be the global
maximum. Then the following holds:

Theorem 5.4. We have P, > 3OPT (I, ¢;) and P, > JOPT,(I). Finally, Py > 1OPT(I)
holds.

Proof. Suppose first that the copies of a( )
p(al(lll)eff) LS J = OPT (I, ¢;) holds. Otherwise, one additional item a(l) o €xceeds

(al50se)
())

meff

off can completely fill the knapsack ¢;. Then

(@Y ) > OPT (I, ¢)). I p(al) ) <

meff

the capacity ¢;. Then we have p(a

1OPT (I,¢;), then p(a) ) - | =1 > OPT(I o) —p(al ) > 1OPT (I,¢;), and the

meff ( meff) meff

theorem follows. Otherwise p(a 1('n)eff) L J > p(a & ) > 1OPT (I, ¢)).

rneff

meff

Thus, B, isal—e=1-1=1 approx1mat10n of OPT (I, ¢;) so that P, is a suitable
lower bound on OPT (I, ¢;) and 2P, an upper bound.
PCI
shows that Py = max;e (s, my Py isalsoa 5 appr0x1mat10n of OPT(I) with ;OPT(I) <

.....

Py < OPT(I). (As above, the proof is taken from [61] p. 232,[63])) O

P . . . P .
= isa 3 solution for ¢; with prof1ts o} + according to|Lemma 3.5 [Lemma 3.4

Corollary 5.5. We can discard knapsacks c; with P, = By < 1D,

1
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5 A Faster FPTAS for UKPIP

Proof. See[Corollary 3.10on page[47] O

Interestingly, the largest knapsack size will never be discarded.

Lemma 5.6. The largest knapsack size cpy = 1 will always satisfy P,, = Pc,, > %PO.

. P . .
Proof. Suppose first that Py = ' for a knapsack ¢; < 3. Since the items that have the
total profit P, fit into ¢;, we can fill c); with these items L%,J times. Thus, P,,, > L%J P,
Note that ¢; - Py = P,. We get

_ 1| = 1 _ P _ a<i/2 1
PCM 2 \\J PCI 2 (-1) PCI = i—Pcl :Po—Cl'Po = (1—C1)P0 ’Z fP() .
Cy Cy Cy 2
Suppose now that ¢; > 3. Then
_ _ 1
PCMZPC]:CI'POZEPO .
In both cases, the lemma follows. O

We present now one way to find the items and sets.

Theorem 5.7. Algorithm 5.1 constructs the sets S; and finds the al(i)eff, P, and Py in time
O(M + nlog M) and space O(n + M). Moreover, knapsack sizes ¢; with P, = IZ—CI’ < 1P
are discarded.

Proof. The running time and the space needed are almost obvious. The idea to con-
struct the S; is taken from Lawler [63]: create M stacks, one for each S;. Each item

a is then added to the right stack by binary search. Note that the item gy, is the
(1)

me
The re-combination of sets S; and S; 1 when ¢; is discarded can be done in O(1) if

the right data structure is used (e.g. linked lists). Note that is taken into
account because the knapsack size cy is never discarded. O

currently known most efficient item for S; = u;/zls i so thata_ . is correctly defined.

Remark 5.8. Like Algorithm Algorithm [5.1| only creates O(n) sets S;. This is
sufficient: it can easily be deduced that S; = @ if one set Sy for I’ < [ is followed by
S with I” > I such that we do not have to save the sets §; = @.

5.5 Partitioning the Knapsack Sizes and Reducing the ltems

Remark 5.9. For ease of notation, M denotes from now on the number of the remain-
ing knapsack sizes, i.e. the knapsacks that are not discarded because of
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5.5 Partitioning the Knapsack Sizes and Reducing the Items

Algorithm 5.1: This algorithm constructs the sets S; and finds the V) P, and P,.

meff’
Knapsack sizes ¢; with P, < %Po are discarded.

forl=1,...,Mdo
ta(l) =@

meff *
foralla € I do
Determine by binary search [ such that ¢; 1 < s(a) < ¢j;
if S; not defined then
t Create S; = @;
S =5 U{a};
Ameff = O;
fori=1,...,Mdo
fora € S; do
. _ (a) (@metf)
if apee = Dor % > ’: (gmefff) then
t Ameff = 4,

R
| “meff *— “meff/s

Py:=0;
fori=1,...,Mdo
= 1

Py = P<“§n)eff)‘ { o J;

s (ameff )

if pc—cll > P then
P,
| Py=
forl=1,..., M—1do
. P
if T,I < %Po then
C:=C\{a};
Sip1:=851USq;
Discard S;;
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5 A Faster FPTAS for UKPIP

5.5.1 The Knapsacks
As in Subsection and as explained in|[Remark 3.24), we partition the knapsacks

into intervals

1 1 1
Cp:= {Cl eC ‘ € € (2’7“’24} forb € {O,..., {log2 CmmJ} (5.1)

if there are more than |log, ﬁj +1 = |log, %J + 1 knapsack sizes in C, otherwise

we directly set C; = C, = {¢;} for !l € {1,..., M}. Furthermore, let cr(ﬁi)n be the smallest
and cggx be the largest knapsack size in Cp, and lgi)n and szigx their indices.

Theorem 5.10. Algorithm [5.2|constructs the item sets Cy in time and space O(M).

Proof. The correctness is obvious, For the running time, we use that we can compute
the right b such that ¢; € (Zb%, 2%,] in O(1) because the logarithm can be computed in
O(). O

Algorithm 5.2: The algorithm creates the knapsack intervals Cp.
: 1
if [C| > [log, ;-] + 1 then

forc; € Cdo

Determine b such that ¢; € (2,,%, i,,] ;

2
if Cy, has not been defined then

L Create the set C,, = @ and set cr(ﬁi)n = @Qand cr(ﬁgx =0
C,=CyU {Cl};
if cfﬁ])n =Qorc < cfﬁi)n then cffi])n =cy;

if cr(fgx =Qorc > cr(figx then cr(ﬁz)ix =y

else
forl € {1,...,M} do
L Create C; and set C; := {c};

Assumption 5.1. We assume without loss of generality that ¢ < % and ¢ = %%1 for

k € N (ie. k > 3). Otherwise, we replace ¢ by the corresponding 2,}—_1 for which

2,}—_1 <e< 2,},2. Note that logz(%) = x holds.

Similar to Lawler and the other knapsack algorithms in this thesis, we introduce
the threshold T;, > 0 and a constant K;, > 0 for every C,. Contrary to Chapter 4, we do
not explicitly define them yet, but we will determine the right values at the end. This
will also explain how the corresponding values for T and K in Chapter 4 were derived.
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5.5 Partitioning the Knapsack Sizes and Reducing the Items

5.5.2 Partitioning of the Iltems and the Basic Idea of the Algorithm

From now on, we focus on one knapsack interval C;. First, we partition the items into
large(-profit) and small(-profit) items and only keep the most efficient small item for
every ¢; € Cp:

b)

I£ = {a €l|p(a) > Tyand s(a) < cr(ﬁgx} (5.2)

)
oy p(a)
and aéf} := arg max {s(a) ‘ p(a) < Tyand s(a) < cl} .

The items ailf} are collected in one set

)
For convenience, we formally also introduce the set of small items
Iél) ={aecl|pla) <Tyands(a) <c¢} foreveryc, €Cy,, (5.4)

which will however not be explicitly constructed, but only used in the analysis of the
algorithm.

We can now present the basic concept of our approximation algorithm. Take one
¢; € Cp. It is not difficult to see that

OPT (I,¢;) = max OPT ({a | p(a) > Tp},v) + OPT ({a | p(a) < Tp},c; — )

0<v<¢;

= max OPT ({a | p(a) > T and s(a) < ¢;},v) + OPT (Iél),cl - ZJ)

0<v<¢;

The principle of many FPTAS for KP where only one knapsack size c is given (e.g.
Lawler’s algorithm or our algorithm in Chapter[4) is to approximate both sum-
mands above. Additionally, Chapter [3|used the observation

OPT ({a| p(a) > Tyand s(a) < ¢;},v) = OPT (Iéb),v) for0<v<¢< cr(ﬁgx

so that OPT(I S’), v) was approximated forall 0 < v < cff{B,X and these approximations
used for all ¢; € Cy, (see Subsection 3.5.3)). This led to an improved running time for
the KPIP algorithms in Chapter[3} The algorithm in this chapter also uses these ideas.

Theorem 5.11. Algorithm |5.3|finds I£b) and the items aégf) in time O(n + |Cy|) and space
O(n+|GCyl).
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5 A Faster FPTAS for UKPIP

Proof. 1t is clear that the set I £b) is constructed. Moreover, a5 is the currently most
(b)

mins it is saved as the most efficient
(b)
small item that fits into ¢;. The running time is obviously in O(|C,| + Z;‘ff ISi]) C

O(|Cp| 4 n), where we use Remark 5.8, The space complexity is clear. O

efficient small item with s(ae) < ¢;. If 1 > 1

Algorithm 5.3: Construction of I éb) and determining the aég

Iéb) =0
Aeft := O;
for ¢; € C; do Set aélf% = Q;
for S, £ @andl =1,...,1%) do
fora € 5; do
if p(a) > Ty, then
1Y =1 ufay;
else if . = @ or % > Z((Z:fff)) then
t Aeff := 4,

in

if aeg # Qand 1 > lfff) then aélf% = deff;

5.5.3 Reduction of the Iltems

We now reduce the set of large items I éb) to I £hr)e 4 as done in Section First, we
introduce a technical definition.

Definition 5.12. For ¢; € Cp, let x; € IN be the exponent such that P,, € [2¥7T,, 2571T;).
b) b) (b)

Let Kr(fl)n and Kr(nax be the values for cr(nin and cmax, respectively.

We obviously use the following assumption:

Assumption 5.2. We have T, < P, for all ¢; € G,
(b) (b)

The values «_; and kpyay are related.

Lemma 5.13. The inequalities b < xfﬁgx < Kr(ﬁi)n + 2 hold.

min —

Proof. The first inequality is obvious. For the second one, we use (see

also(Theorem 5.7)), the fact that cr(ﬁgx < Zngi)n because of (5.1), and the identity P, = IZ—CZ’:
_ Py CorE3 b _
2P w = ZCr(ﬁ;xPcw) < 2c{Po = 461(121x30 < 4Cr(gzlxpc(b} = 4?‘73)(1) v < 8P
max max min Cmin min min
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5.5 Partitioning the Knapsack Sizes and Reducing the Items

Hence, P < 4P ) holds from which the second inequality follows by the definition

of the Values K in |Def1n1t1on 5.12 O

Leta € I£b) so that s(a) < cr(ﬁgx. Obviously, p(a) < OPT(I, cl(ﬁgx) < ZPC(b) holds (see
(b) max

Theorem 5.4). Hence, all large items a € I

have a profit in the interval [Ty, 2P ) | C

[Ty, Dimax +2 Ty). We partition this interval into
Lkb) .— [2’<T 2’<+1Tb) fork € {0,...,1{1(121)(}
(b)
and L(matlb) . [2"max+1Tb 2P, ]

Note that the L*?) are similar to the intervals in Subsection
We further split the L) into disjoint sub-intervals, each of length 2XKj,:

L) = [2’<T +7- 2Ky, 2T+ (y+1)2°Ky) for y€{0,..., %0} ,  (56)
where 79 = (T, Kp) will be determined later. Obviously, the partitioning of
Ll 1) jg slightly different:

LEYKI(nQXH b) |:2Kmax+1 Ty + - 2Kr<ff;x+1Kb, ZKQQXHT +(y+ 1)2Kr<111,;x+11<b)
for y€{0,...,11 —1}
and L(Km1x+1 b) . |:2Kmax+1T - 2Kmax+1Kb,2P max]

for the right 1 < 0.
We make the following assumption:

Assumption 5.3. We have (y + 1)K, = T, for the right choice of 79 € N>; and
therefore % <1

Hence, we have

(b)

Kmax Kmax“’1
U ULkb uUL"maX“b U L®Y) = [T;,2P) ] .
k=0 y=0

The idea is (again) to keep only the smallest item a for every profit interval Lgk’b).

We will see that these items are sufficient to determine an approximate solution. As
mentioned in the preceding chapters, this is the reasoning used by Lawler [[63]], which
we also employed for our[UKPIP|FPTAS (see Subsectlon“ The dlfference is that
(kb) 7K, j (see Subsection [3.5.3) while
the original profit p(a) is kept here. Note that items in one Lgk ) would indeed have

the profit of an item in L, was scaled to q(a) = 2"L

the same scaled profit.
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5 A Faster FPTAS for UKPIP

Definition 5.14. For an item a with p(a) > Ty, let k(a) € IN be the interval such that
p(a) € L*@Y) gnd +(a) € N be the sub-interval such that p(a) € Lgk((a”))’b). Let agk’b) be the

(kb)

smallest item for the profit interval L., i.e.

a(vk’b) := arg min {s(a) |a e Iéb) and p(a) € Lgrk,b)} forallkand -y .

Algorithm |5 4 shows the algorithm to determine the a( 2 . They form the reduced set
g g ¥ y

of large items
1y UU{ } : (5.7)

Algorithm 5.4: The algorithm to determine the a(yk’b).

forkzO,...,Kr(ﬁ;X do
fory=0,...,7do

L a(vkh) =Q;

fory=0,...,71do

(®)
El,()/Kmax—i_Lb) =@

fora € I(b) do
Determine (k(a),y(a));

if s(a Er() ) >s(a)ora ()) ") = @ then
t k@b _ o
ya)

Output IL red -= Uk U,Y{a }

Similar to Lawler [63], we now prove that the overall solution quality does not
decrease too much.

Lemma 5.15. Let 0 < v < cr(ﬁgx. Then
OPT (Iggﬁf,cl - v) > OPT ({aé}}} ,Cl — v) > OPT (Iél),cl = v) — T,

and

OPT (1").0,0) = <1—I;:>OPT<I£b),v)

Proof. We prove the first chain of inequalities. The first inequality in it is clear because

(b)
ailﬂ)f € Ig’e)ff = Uijmx {”eff }. For the second inequality, there are two possibilities:

m1
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5.6 A Simplitied Solution Structure
either copies of agg can be taken such that the entire capacity ¢; — v is used. Then
obviously OPT({aélf%}, ¢ —v) = OPT(I él), c; — v) holds. Otherwise, we have similar

to the proof of Theorem 5.4 that OPT({agc%},cl —v) + p(ﬂlélf%) - Lsc(la?’g)J . p(ailf%) +

p(aly) > OPT(1Y,¢; — v). Thus, OPT({al}}},c; —v) > OPT(LY",c; — v) — p(a'y) >
OPT(1{",c; —0) — Ty
For the second inequality, take an optimal solution (xa)uE ;o) such that OPT(I £b), v) =

(k(@)b) 50 [S’r)e 4- Obviously,

L ® p(a)x,. Replace now every item a by its counterpart a

¥(a)
the solution stays feasible, i.e. the volume v will not be exceeded, because an item may
only be replaced by a smaller one. This solution has the total profit 3 _ ) p(a'(yk((a”))/b) )Xg.
Moreover, we have -
k(a)
(k(a),b) k(@) 27K,
a > a 22Ky, =mp(a)- (1
Oy = ) » = pla) ( ic )
p(a)>2K0)T, k@K, Ky
> ) _ — ) _ =t )
> ) <1 i | =r@- (1- 1) 58)

by the definition of the Lgk’b). We get

___ 0, K
orT (14 0) > ¥ p (V5% = & (1_T:) p(a)x,

ael£b)

- (1 — I;Z) OPT (Iéb),v)

(The reasoning is again taken in parts directly from or close to the one by Lawler in
[63].) Note that we have used the expressions “items” and “item copies” interchange-

ably in this proof as described in [Remark 5.3 ]

Theorem 5.16. [ gr)e g has O(yo - xf{i;x) items. Algorithmneeds time in O(n + 7o - Kr(r@ix)

()

and space in O(y - Kr(}i;x) for the construction and for saving I, 4

(b)
Proof. Together with the a(f"‘aﬁl’b), we have O((yo+1) - (KI(IQX +1)+(nn+1) =

O(vo- Kr(ﬁgx) items agk’b). The space needed is asymptotically bounded by the space

required to save these items a)

. Finally, the running time is obviously bounded by
On—+o- KI(IQX): the values k(a) and 7y (a) can be found in O(1) because we assume

that the logarithm can be determined in O(1). O

5.6 A Simplified Solution Structure
(b)

L,red

This section closely follows the corresponding Section We will transform I
into a new instance 1) whose optimum OPT(I%),v) is only slightly smaller than
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5 A Faster FPTAS for UKPIP

OPT(I £ r) -4 ?) and where the corresponding solution has a special structure. This new

transformation will allow us later to faster construct the approximate solution. First,
we define

={ae 1| p@) et ={ae 1), | pla) € 2T, 2'T,) |

fork € { KmaX}
and [(mat1b) . {a e IL | pa) € L(K‘(ﬁ;XJrl’b)}
- {a e " | pla) € [ZKQXHTMZP ci,?ix]} '

Note that the items are already partitioned into the sets I*?) because of the way the

set | £br)e 4 has been constructed. We (re-)define the gluing operation (see |Definition 4.9):

Definition 5.17. Let ay, ay be two knapsack items with s(ay) + s(az) < ). The Qluing

operation & combines them into a new item ay @ ay with p(a; ® ap) = p(a1) + p(az) and
s(a; @ ap) = s(aq) + s(az).

Thus, the gluing operation is only defined on pairs of items whose combined size does
not exceed cr(ﬁgx.

The basic idea for the new instance I(?) is as follows: we first set [(00) .= (0b) Then,
we construct a; @ ay for all aq, ap € [(0) (including the case a1 = a), which yields the
item set T(10) := {a1 @ ay | ay,ap € IOP}, Note that p(a; © ax) € [2Ty, 4T,) = L),
For every profit interval Lgl’b), we keep only the item of smallest size in 1) U [an),
which yields the item set (L) This procedure is iterated fork = 1,.. ., Kr(r@lx: the set
Ib) contains the items with profits in [25T;,, 2¢*1T;,) = L), Gluing like above yields
the item set [(t14) with profits in [2511T;,2k+2T,) = Lk+10), By taking again the
smallest item in [(k+10) U [(:+10) for every L(kJrl b) , the set [*+10) is derived. For every
k and v, the item in D) with a profit in Lg b4 is denoted by a%k b).

Note that we may glue items together that already consist of glued items. For

backtracking, we save for every ﬁ(yk’b) which two items in [(~1?)

whether d(vk’b) has already been an item in ()

have formed it or

. Algorithm |5.5| presents one way to
construct the sets 1<),

.. #(+0) . .
We finish when [(¥max+16) hag been constructed, i.e. the gluing for k = KI('[l':a)lx +1and
. () .
therefore the construction of I(ma*+2) is not done. [Corollary 5.21/below presents the
reason for it.

Remark 5.18. One item ﬁ,(yk’b) is in fact the combination of several items in [ éb) 4 The

profit and size of ﬁ(yk’b) is equal to the total profit and size of these items. The a(vk 2
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5.6 A Simplitied Solution Structure

Algorithm 5.5: The construction of the item sets (7).

fork:O,...,Kr(]fQix do
fory=0,...,7 do

ﬁ(vk'b) — a((yk,b)’_
Backtrack(ﬁg ’b)) = agk/b),.

N )
fory=0,...,71 do // Items with profit in L(fmaxt1b)

Ut Lb) (kL)
0 = Ay ’
(kLD 1
Backtrack(a(f‘“aX+ ' )) = a(WKmaer b,

10b) .— pob),

fork=0,.. .,Kﬁﬁgx do

forall a; € IkY) do

forall 3, € I*Y) do

if s(d1) + () < c\y then
a:=dy Py,

if s(a) < s(ﬁik(;f)l’b)) or Zigc(:lf)l’b) = @ then

~(k+1b) . .
L Y@ T

Backtrack(a kt1.b) ) i

’(Y(ﬁ) = (171,112)}

T(7c+1,b) = U, {dgk+l,b)};
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5 A Faster FPTAS for UKPIP

represent feasible item combinations because an arbitrary number of item copies can
be taken in UKPIP.

In Section items were only glued together for k = 0,...,x — 1. Indeed, the
gluing of the items in I*) was not necessary as explained at the beginning of Section
4.7

The item set

has for every 0 < v < cl(ﬁgx a solution near the original optimum OPT(I ébr)e oy v) as

shown below in[Theorem 5.20| It is additionally proved in|[Lemma 5.23|that at most
one item of every kb fork € {0,..., Kfﬁgx + 1} is needed. First, we introduce a (rather
technical) definition.

Definition 5.19. Let I’ be a set of knapsack items with p(a) > T, for every a € I'. Fora
knapsack volume v < cr(fgx and ko € {0, ..., Kﬁﬁgx + 1}, a solution is structured for k = k
if it fits into v and uses for every k € {0,...,ko} at most one item copy with a profit in L),
We denote by OPT <y, (I',v) the corresponding optimum profit.

For instance, the solution for

OPT, (T O0) .U Fkob)  Flkot1b) | [ko+20) (| [lmaxtLb) v)

fits into the volume v, and it uses only one item from every kD) for k € {0,..., ko}. It
may however use an arbitrary number of item copies in e.g. [k0*1%) or [(ko+2b),

Theorem 5.20. Forv < cﬁfigx and ko € {0,..., Kfﬁgx}, we have

ko+1 K +1 K\ Ko+l ,
OPT, U 0y | 1%, <1—T2’> OPT (1")4,0)
k=ko+2

Proof. The proof idea is quite simple: we iteratively replace the items in [(o+1?)

by their counterpart in [(ko+1?)

k0+1,b)

and also replace every pair of items in Io?) by the
counterpart in I¢ . This directly follows the way to construct the item sets %)
presented in Algorithm

Formally, the statement is proved by induction over ky. Let kg = 0. Take an optimum
solution to T04) U [(10) . U [0mact 1) — [08) | [(10) | 0smnct 1) = [0) For
ease of notation, we directly write each item as often as it appears in the solution, i.e.
we directly consider the item copies. We have three sub-sequences:
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5.6 A Simplitied Solution Structure

0,b)

* Let ay,...,a; (n € N) be the item copies from [0b) = [(Ob) jn the optimal

solution for OPT(I £ r) o4 V). We assume that 7 is odd (the case where 7 is even is

easier and handled below.)

e Letay, 1,...,d;4¢ (¢ € N) be the item copies from [ (1) in the optimal solution

for OPT(I £2ed’ )

7,...,a ining i i (20) (kfoax-+Lb)
e Letaj,...,a) (A € N)be the remaining item copies from I'*” U...UI
in the optlmal solution for OPT(I £ r) oq-0)- This set is denoted by A. As defined

above, the total profit of these items is written as p(A).

We have
/. ( i n+g
OPT (IW’)u1<1fb)u...u1<"max+1b v> Ep )+ Y p@)+pA) . (59
i= j=n+1

In the first step, every pair of items ;1 and ; from 100 fori € {1,..., 121}
is replaced by a1 @ ay; € [9) | In the second step, every item dy;_1 @ dy; is again
replaced by the corresponding item a(l(jz)l om) = ﬁ;l(;l)’) in I (fori e {1,...,[1]}).
Only the item @, remains unchanged. Moreover, 4; from [ (1) is replaced by the
corresponding ﬁil(’;)) =: Zif}l(;.l;) forje {n+1,...,7+}. Note that this new solution is
indeed feasible because the replacing items ﬁgl’b) are at most as large as the original
ones. Moreover, the corresponding items ﬁél(’il;) and ﬁél(}l;) must exist by the construction
of IWb) . Thus, we have a (feasible) solution that consists of the item ay € 1Ob) the

(L,b) (1,b)

. - - .o .. . _ 7 . (b)
items i and ;) in ) and the remaining items 4, .. ., aﬁ\ in 1Y) [(max+1b).

this solution respects the structure of OPT<(-,v). (If 7 is even, no item in (%) is
used.)

Let now 7 be an item ;1 & dy; or ;. It can be proved like for Inequality that
~(Lb) Ky
p (”y(a)) > (1 Tb> p(a) . (5.10)
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5 A Faster FPTAS for UKPIP

Thus, we have

OPTSO (T(O’b) U T(lrb) U I(sz) U...U I(Kr(ﬁgx+1,b), U)

17] 6) n+é N
> play) + ) plag)+ Y p@a)+pA)
i=1 j=n+1
6.10) K, 13) K,\
> plag) + (1- =) Y plaia @an) + (1- 22 ) ) p@@) +p(A)
L= T j=n+1
K, Ui ) n+g
> (1-8) (Lr@+ ¥ pa)+pn)
b i=1 j=n+1
& <1—Kb> PT (T(Of“ul(l'b)u...ul("ggﬁlfb) v)
T, ’
_ (1K EpT (1
- (1 Tb) PT (1").0,0)

The statement for kg = 1,..., Kﬁﬁgx now follows by induction. The proof is almost

identical to the case kg = 0 above, the only difference is that there are additionally the
items in [(00) . [(ko—1b) that remain unchanged like the items [ (ko+2b) T (KI(*QX“'}’).
Only items in [(k0?) and [*ko+10) are replaced.

Note that we have again used the expressions “items” and “item copies” inter-

changeably in this proof as described in O

~ ) =
Corollary 5.21. By setting ko = xﬁﬁ’gx, Theorem 5.20| shows that 1) = Ung“ 1) s
sufficient for an approximate solution and that it is not necessary to construct 1%ot) for
Ko > i +2

Lemma 5.22. For ¢; € Cp, we have

l
OPT | 1Vu (J {aff} .| <
r—1®

min

©)
—

PT (10U 1), i)

(b)
< OPT <1£b>e LU I, cﬁ&)
_ (b) —
< OPT <1§b> U Iglmax),cgi’;x> = OPT (I, el
<2hg,

Proof. The first inequality is obvious because |} ®) {agflf)} c Iélgff (see (5.3)) and

l/:lmi
c < cr(ﬁgx. For the second inequality, note that I*) consists of items in I S’r) oq OF of items

n

120



5.6 A Simplitied Solution Structure

that can be obtained by gluing several items in I ébr)e 4 together. Every combination

(b)

of items in [?) can therefore be represented by items in I Lred (€€ alsoRemark 5.18).

Moreover, we have [ é e)ff C I (1) (see and (5.4)). The second inequality follows.

Since I£ )d C I£ ),

the third inequality is obvious. The identity is also trivial because

I )y I (i) | is just the set I reduced to the items that fit into ), (see (52) and (54 -).

The last inequality directly follows from|Theorem 5.4

Up to now, we have (only) reduced the original item set I to [?) U Ié e)ff

Lemma 5.23. Let ¢; € C,. Consider the optimum structured solutions to I(") U Iébe} for

knapsack c¢; and ko = Kr(ﬁ;x (see|Definition 5.19). This means that at most one item is used

from every I&Y) for k € {0,...,kmax ). (The items aéﬁ} have profits p(aéﬁ}) < Ty such that

they do not have to satisfy any structural conditions.)

e Then, every solution uses at most one item in I (ks t10) | Hence, OPT o (I0,0") =
OPT<K(b) +1(T(b),v’) holds for all values 0 < v' < ¢|.

e Moreover, there is a value 0 < v < ¢; such that

OPT_ 0, (1",2) +OPT (1 c1 —0)
=OPT_o (IU )+OPT (Ig )i — v)
> OPT (IU )+OPT({ (ﬁZ},cl—v>
D +2 K, ) +2
> (1 - > OPT(Lc)) — (1 Tb) T, .

Proof. Suppose that one structured solution to yr ébe)ff for kg = Kﬁﬁgx uses more than
. 70 . . .=, (0) .. (b) -
one item in [(*mx+1b) Since items in [(*mx*1b) have profits in [2ma+1T,, 2P () |, two

items dy,d, € [ [(knn+10) have a total profit

(b) (b) _
p(a) + p(az) > 2-2meHIT, = 22Ty, > 2. P,

by the definition of Kmax (see |Definition 5. 12b. However, this is a contradiction to the
bound OPT(I®) U Ié )ff, c) < 2P _seen in[Lemma 5.22

Thus, OPT _ ¢, (I, 7) = OPT (1), v') holds for all 0 < v’ < c.
_Kmax 1

Let v < ¢; now be the volume the large items I éb) occupy in an optimum solution to
I and knapsack size c;. Then obviously OPT (I, ¢;) = OPT(I( ) v) + OPT(I é),cl —0)
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5 A Faster FPTAS for UKPIP

holds (see the basic idea of the algorithm in Subsection as well as (5.2) and (5.4)).
We get the following inequalities:

OPT_ i ,, (I",0) +OPT (18, e~ 0) =OPT_yy (I"),0) +OPT (1 c1 — )

OPT_y (I",0) +OPT ({ay}, e —v) G1D
" (1) orn (10) 471 ({af )0
(Y 1,0) o ()

" (1) forr (1) 08t () )

T (1K) oo (19,0) 0P (1) - )
) (1 = )K,aﬁ;ﬁzomllm i (1 K )Kgf;XH - 512

Note that the Inequality (5.11)) is the second one in the inequality chain we want to
prove. O

Let v be the volume defined as in the lemma. Assume that any solution with a value

- =~ (0)
OPT<(I""), ) does not use any items in [min=20) . U Tsmaxt1b) | Because of the
structure, we get

Klgrl:i)ni3 Er?i)ni‘?)
OPT_w ., (T(b),v) <y max{p(a) lae 1”<’<'b)} < Y 2.2,
G k=0 k=0
Kx(rel)n_l = 1 Knin 1 p 1 p
<2 T, = E2 T, < 2PCmm < EPCI (5.13)

by the value of Kl (see Definition 5.12). Note that |Assumption 5.2| only guarantees

min

(b) 7(x b _o b) ~(K<h, ~1,b) . . .. . .
that x_; > 0. Hence, I*min™>%) and [\*min ™"/ may indeed not exist a priori. Still, this
does not change the correctness of the bound above.

Let us now assume the following lower bound:

Assumption 5.4. The constants T}, and K, are chosen in such a way that we have for
all ¢; € Cp, the lower bound

(b) (b)
K Kmax+2 K Kmax+2 _
(1 - Tb> OPT(I,¢;) — (1 - b) T, > §PC, .
b

122



5.6 A Simplitied Solution Structure

We get the following lemma:

Lemma 5.24. Let ¢; € Cp, and let v be defined as in |Lemma 5.23| If |Assumption 5.4|
holds and a solution for OPT_ @ (I®),v) + OPT(I 1 v) does not use any items in

S,e ﬁ[’ C] —
Fken=20) .. U [eixt10) ghen

OPT <1§>,c,—v) > OPT ({ <ﬁ2},cl—v> > EPC,

Proof. |Assumption 5.4 gives a lower bound on the expressions in |[Lemma 5.23| On
the other hand, we consider the case where the upper bound (5.13) holds. Thus, the
lemma follows. O

Definition 5.25. For every c¢; € Cp, take [ 1 items aeﬂ If their total size is at most ¢y,
eff
they are glued together to aé&f -

We now strengthen |Assumption 5.2,

Assumption 5.5. We have T, < ;P forall¢; € Cy.

Lemma 5.26. We have 1 iPo > 2K$3n_2Tb and Kfﬁi)n > 2. The sets I (Kfﬁi)n_zb), o1 (kinax-+LD)

are therefore well-defined and contain large items. The items agf%fc have profits p(a&%fc) >

_ ®)
1D, > 2% ~2T, > T}, and are therefore also large.

Proof. We assume P > Tp. By [Definition 5.12, we have 2"mmJr T, > P > 2Kr(r[:i)n Ty,

mm

from which the statements follow. O

) (kb),

There may of course be several items a,; _ with profits in the same sub-interval L.,

It is not necessary to keep all of them.

Definition 5.27. Similar to the definition of 1 L r oq i1 (5.7), we keep for all k and -y only the

item agf%_ . with a profit in L(7 ?)

that has the smallest size. Hence, we set
(k,b)

a'y,efc

:= arg min {s(a) |a = ailfzfcfor c; € Cyand p(a) € Lg,k’b)}

for every k and <y, and we define
Sred = UU{ ’ye c} : (514)
kv

(kb)

ye—cs WE Can now further refine the structure

Having defined these auxiliary items a

introduced in [Definition 5.19l
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5 A Faster FPTAS for UKPIP
Definition 5.28. Take a knapsack volume v < cr(ﬁgx. Consider the following solutions to

oy Iébr)ed_c of size at most v:

® They are structured for k = KI(IQX + 1, i.e. they use for every k € {0, ..., Kr(r@ix + 1} at

most one item in 10,

* They addztzonally use at most one item in Ié )d . and at least one item i € [min=2)

max+1,b) ) 7(0)

U Tt 1) & redc:

Hence, these solutions have a profit of at least p(d) > ZKgi)n*ZTb. These special solutions are
called structured solutions with a lower bound (on the profit).

The value OPTs (10 U T ébr) 4o ©) denotes the optimal profit for such solutions of total size

at most v. We set OPTg, (1) U Ié r)ed «0) = 0if v is too small so that such a solution does
not exist.

Theorem 5.29. For every c; € Cy, there is a value 0 < v < ¢; such that
OPTs, (1" U 1%y ) +OPT ({a) } 1 o)

(b) (b)
K Kmax+2 K Kmax+2
<1 - Tb> OPT (I, ¢;) — (1 - b) T, .
b

Proof. Like in the proof of|[Lemma 5.23| let v’ be the volume the large items I éb) occupy
in an optimum solution to I, i.e. OPT(I,@, V') + OPT(IS), ¢ —v") =0PT (I, ¢).
Consider an optimum structured solution for OPT__ ¢ " (I),v') and suppose that

—max

~(.(b)
it does not use any items in [\¥ iy min—20) .., U [(max+10) By |Lemma 5.24, we have

}ch, < OPT({aeff},cl —-7') < OPT(Ié ),cl — ). If we fill ¢; — v’ with item copies of
()

a(lf%, we can therefore replace a part of them with one item a___ and this item again

(kb
'yec

k(a e(:lf%—c) = kand y(a E}f%fc) = v.) Note that ¢; — v/ > s(a(f% ) =>s(a ge)c) This implies

together with (5.14) that we have for any volume 0 < v” < ¢; — s(a ‘(327 )

by the corresponding a (see [Definition 5.27). (For ease of notation, we write

OPTs (I U 1%y 0" +s () )) = OPT_w ., (1%,0") +p (af)) . 515)

(k,b)
re—C

) > p(a(l) ) — 2KKy. Set v := v’ +s(a 0 ). Hence, we

By definition, we have p(a off—c Aoff_c

get

OPTg; ( e )Ulér)ed o ) +OPT ({aég},cl —v)
—  OPTg (1< JuIl, o +s (agg,c))
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))

0
eff—c

O (V) p (42 £ O ([ o2 (1)
Lem. 573 OPTSK@ (10,0) + p (a5 +OPT ({alid} e — ' =5 (ay_.))
Thm. 5201 K, Ko [® 0 k

> < —Tb> OPT (1%00,0') + 7 (ald ) — 2K,
+OPT ({agg} o —v —s (ﬂiﬁ_c»
b
Lem2 < B I;j)KEnQﬁZOPT <I£b),vl) tp (aéﬁfc) —Zka
+OPT ({agt} e — o' = s (alg_.))
P(ﬂilfszZ)ZZka <1 B K:>KI£2X+20PT <I£b)/vl) +p (Elgﬁ)c,c) <1 — ;i?:)
+OPT ({al)} o/ s (a),))
AssZ. ( B K:}’>K%X+20PT <1£b),v') + <1 I;Z) p (agf%_c)
+(1-52) 0Pt ({af} v/ s (ah)
C ()T o) (- o ()
(18 o) « (1- ) @ () 1)
K, K42 — () (I
> <1_Tb> (OPT (1", 0') +OPT (1, c1 — ') — )
B <1 B IE))KSKQXHOPT(I o (1 B IE’)K&QXH -
Note that m({aég}, ¢; — v) is well-defined—and therefore the entire chain of in-
equalities feasible—because ¢; —v = ¢; — v/ — S(az(elf%—c) > 0.

The case where one solution OPT

. .~ (0)
) 1 (I®), v uses at least one item in [min=20)

L U Tt L) g proven in a smular way, we directly set v := v’. (The entire proof is

similar to the proof of Lemma 5.23))

O]

So far, we have not constructed an actual solution. Instead, we have shown in

orem 5.29

that there is for every ¢; € Cp a solution to [

)y 1®

0 :
Sred—c U {aefffc} that is

close to OPT,,(I) and that is a structured solution with a lower bound.
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5 A Faster FPTAS for UKPIP

Theorem 5.30. The cardinality of I%?) is in O(7y), i.e. ) has O (7o - K ) items. The
e 181 O(min{|Cy], 70}) € O(y0).

;red—c
Algorithm constructs 1®) in time O(73 - Kffigx) and space O(y - Kfﬁgx), which also
includes the space to store 1) and the backtracking information. One item aglf}_ . can be

constructed in time O(1). By combining the construction of all aélfzf . with an algorithm

similar to Algorithm|5.4] the set Ié/br)e 4 can be found in time and space O(|Cp| + o).

cardinality of I é

Proof. The number of items in %) and ) can be derived like the number of items in

I £br) oq in[Theorem 5.16, The running time of Algorithm is obviously dominated by
(b)

the second for-loop. It is in O (kmax - 73). The storage complexity is dominated by the

space to save the ﬁ(yk’b) and the backtracking information, which is again asymptotically

equal to the number of items in I(%).
Note that the items 2"

¥,e—C

have profits of at least 2Kr(rl:i)n*2Tb by |[Lemma 5.26 and

Definition 5.27) i.e. they have profits in [ZKSrl:i)n*ZTb,ZPC@) ]. This interval is covered

by the profit intervals L&D for K(bi)n —2<k< Kr(ﬁgx +1, and each L*?) has O(70)

sub-intervals L(Wk’b). Since each L(Wk’b yields at most one item a(jj’l o, their number is in

O((klbhe +1— (), = 2) +1) - 70) = O((sibhe — x2) - 70) = O(70) by[Lemma 5.13

The cardinality of Ié?e 4_c can be bounded by O(min{|Cy|,70}) if only the items
kb
(%elc # @ are saved.

The time to construct one agfL . is obviously in O(1). The construction can easily be
(k.b)

y.e—c*

a

combined with an algorithm similar to Algorithm to save only the a As we

(k.b) (0)

only have to consider profit sub-intervals L, " for x, /. — 2 < k, the running time and

space bound are easy to see. O

5.7 Finding an Approximate Structured Solution by Dynamic
Programming

Fix one ¢; € Cp. In the last section, we have seen that there is an approximate solution
to IO UT ébr)e q_c Y {agf}} where the large items are a structured solution with a lower
bound (see [Theorem 5.29). Regarding the large items, at most one item from every
I*b) for k € {0, ..., %kmax + 1} is therefore used together with at most one item in
Ig’r)e 4_.- Furthermore, at least one item 4 € T (k=20 (. U T t1.0) Iéljr)e 4_. is part
of the solution. (See [Definition 5.28!) Note that the set of large items used in the

solution is for every c; a subset of the same set [(?) U Igr)e 4_c- The idea is to find for all

c; € Cp at once the necessary values OPTSt(T(b) U Iébr)ed_c, v).
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5.7 Finding an Approximate Structured Solution by Dynamic Programming

: : - - Fr+2b) . 1(b)
We do this by dynamic programming. For convenience, let ['fmax™=% = I, .
Similar to Lawler , we introduce tuples (p, s, k). For profit p with 0 < p < 2PC<;,>
and size 0 < s < cg{gx, the tuple (p, s, k) states that there is an item set of size s whose

- . . F =(+c(0)
total profit is p. Moreover, the set has only items in [¢?) U ... UT (Ko +2.0)

and respects
the structure above.

The dynamic program is almost identical to the one in Section start with the
dummy tuple set Flrmaxt3) .— {(0,0, Kr(ﬁgx +3)}. Fork = Kﬁﬁgx +2,.. kb 2, the

*7 “min
tuples in F(¥) are recursively constructed by

F® = {(p,s,k) | (p,s,k+1) € P<k+l>}

U{(p+p(@),s +5(@),k) | (ps,k+1) € FE,a € 69,5 4 5(a) < b} -

Note that (0,0,k+1) € F (k+1) "which guarantees that F (k) also contains the tuples
(p(a),s(a),k) fora € T6M ifk € (kKW +2,...,x%) —2}. Fork =« —3,...,0, this
tuple (0,0, k + 1) is no longer considered to form the new tuples, which guarantees
that tuples of the form (p + p(@),s + s(&), k) for & € I*?) have p,s # 0. The recursion

becomes

FO ={(ps, k) | (ps,k+1) € FE
U {(p + p(a),s+s(a),k) | (p,s,k+1) € F¥DN\ {(0,0,k+1)},

eIt s+ s(a) < cffi?ix} .

The actual item set corresponding to (p, s, k) can be reconstructed by saving backtrack-
ing information.

Definition 5.31. A tuple (py, sz, k) is dominated by (p1,s1,k) if p2 < p1and sy > s1.

As in Section and in , dominated tuples (p,s, k + 1) are now removed from
F+1) before F*) is constructed. This does not affect the outcome: dominated tuples
only stand for sets of items with a profit not larger and a size not smaller than non-
dominated tuples. A non-dominated tuple (p, s, k) is therefore optimal, i.e. profit p
can only be obtained with items of size at least s if items in ), .. T (ki +2) are
considered.

Lemma 5.32. A tuple (p,s,k) € F® stands for a structured solution with a lower bound
(see|Definition 5.28). Therefore, we have p > 2K$3n_2Tb if p > 0. For every v < cl(ﬁa)lx, there is
a tuple (p,s,0) € FO with p = OPTs(I") U 1" v)ands < v.

Sred—c’
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5 A Faster FPTAS for UKPIP

Proof. This lemma directly follows from the dynamic program: tuples use at most

one item from every [?). For k ¢ {K 2,k o+ 2}, a tuple with p > 0

min
represents an item set that uses at least one item in ), ... T (max +2.) Tuples for
k < K(b) 3 with p > 0 are only derived from tuples that use at least one item in
[kin =2 ), T (kmaxt2b) | 1f dominated sets are not removed, the dynamic program
obviously constructs tuples for all possible structured solutions with a lower bound,
especially the optimum combinations for every 0 < v < cﬁfigx. Removing dominated
tuples does not affect the tuples that stand for the optimum item combinations so that

the second property still holds. O

While the dynamic program above constructs the desired tuples, their number may
increase dramatically until F(*) is obtained. We therefore use approximate dynamic
programming for the tuples with profits in [ZKmm 2Ty, 2P ] Such a method is also
used in Chapter d and was inspired by the dynamic programmmg in [58] (see also
[61] pp. 97-112]). We change it slightly compared to Chapter 4]

IDefinition 5.28 and [Lemma 5.32| state that a tuple (p,s, k) with p > 0 satisfies

p > ZKifi)n*ZTb. Apart from (0,0, k), all tuples have therefore profits in ’Ehe interval
[ZKr(:i)n*2T, 2P 1) |. We have already partitioned it into sub-intervals Lgk’b) for k >

(v) -
K

-2 — 2 (see (5.6)). The approximate dynamic program keeps for every k and <y only
the tuple (p, s, k) with p € Lgk’b) that has the smallest size s. The dominated tuples are
removed when all tuples for k have been constructed. The modified dynamic program
is presented in Algorithm The sets of non-dominated tuples are denoted by D¥).

For convenience, (p(k,v),s(k,v),k) € D® denotes the smallest tuple with a profit
(kb)

in L,”’. We again save the backtracking information during the execution of the

algorithm.

Lemma 5.33. Let D) be the set D) from Algorithm E before the dominated tuples are
removed. A tuple (p,s, k) € D% for k = Kr(m)ix + 2 ., 0 stands for a structured solution

with a lower bound. Therefore, we have p > 2¥iin sz if p > 0. This is also true for
(p,s, k) e DK,

Proof. The proof is almost identical to the one of Lemma 5.32| In fact, the proof is not

influenced by keeping only the tuples of smallest size in every profit interval L(f’b).D

Theorem 5.34. Let k € {0, .. .,Kr(ﬁ;)ix + 2}. For every (non-dominated) tuple (p,5,k) € F (k)
there is a tuple (p,s, k) € D®) such that
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5.7 Finding an Approximate Structured Solution by Dynamic Programming

Algorithm 5.6: The approximate dynamic programming

D(Kr(rﬁ]zzx""S) = { (0, 0, KI(‘[?é)IX + 3) }’

Backtrack(0, 0, Kfﬁgx +3):=0;
fork = x$§x+2,...,0 do

DW= @;
for(p(k 7) s(k,v),k+1) € D& do
D®:=DW U {(p(k,7),5(k 1), k) };
7,

k,y
Backtrack( (k,v),s(k,v),k) := Backtrack(p(k, y),s(k, ),k +1);
fori € 1P do
for (p,s,k+1) € D&V {(0,0,k+1)} do
// Construction of new tuples
(¢, 8", k) := (p+ p(a),s +5(a), k);
Determine (k, ) for (p/,s, k) such that p’ € L(f’b);
if s’ < s(k,y)or (p(k,7v),s(k,v),k) = @ then
// Only new tuples of smaller size are kept
DM == DO {(p(k,7),s(k,7),k)};
(p(k, ) ( 7),k) = (p',s"K);
Backtrack(p(k,v),s(k,v), k) := ((p,s, k+1),d);
 DW=DWU{(p(k7),5(k7),k)};
if k > KI(Il:i)n — 2 then
// Construction of (possible) tuples (p(d),s(d) k) for
k> )

min

Determine (k, ) for p(@) such that p(d) € Lgk’b) ;
if s(a ) < s(k 'y) or (p(k,7v),s(k,v),k) = @ then
D® = DO\ {(p(k,7), 5k, 1), k)
<p<k eI e (a0
Backtrack(p(k,v),s(k,v), k ;

(
D® .= DW U {(p(k,v),s(k,7),k)};

~—

Il
—~ 0~
N
~—

~

Remove dominated tuples from D®).
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Proof. This statement is trivial for (p,5,k) = (0,0, k) because also (0,0,k) € D®) (this
tuple is never removed in the construction of F) and D)),

Suppose now that (7,5,k) # (0,0,k). The theorem is proved by induction for
k= +2,...,0.

The statement is evident for k = Kr(ngx + 2. Infact, | Flrimaxct2) — é

has at most one item for every Lg’ ) by [Definition 5.27, Hence, F

holds.
Suppose that the statement is true for k41, ..., KI(IQIX + 2. As defined in
D is the set D) before the dominated tuples have been removed. Let (p,5,k) € F®).
There are two cases. In the first case, we have (5,5,k +1) € F&*1, There has
to be a tuple (p1,s1,k+1) € Dk+1) by the induction hypothesis such that p; >
p-(1— %)“ggxﬂ*(k“) and s; < 5. Note that this implies (p1,s1,k+1) # (0,0,k+1)

b

and therefore p; > ZKEKi)n_ZTb by [Lemma 5.33 Let (k,y) be the index pair such that

p1 € Lgf ) During the execution of Algorithm |5 . (p1,51,k + 1) yields the tuple

(p1,51, k), which may only be replaced in D) by a tuple of smaller size, but with a

profit still in Lg’b)

p2 € Lg]_{’b). Let now (p,s, k) € D®) be the tuple that dominates (p2, s2, k) (Which can

of course be (pa, 52, k) itself), i.e. p > pr and s < s,. For the profit, we have

2 #0 2kK p1>25T,, kg
PZP22P1—2kap1: p1- (1_Plb> > p-|1-= b

) (D)

—C S,red—c
o t2) — pkih+2)

od because I
Elx

. Thus, there must be a tuple (pa, sz, k) € D® with s, < s1 and

The lower bound on the profit is therefore true for (p, s, k). As for the bound on the
size, we have s < s, <s; <3.

Consider now the second case where (7,5, k) € F ®) but (p,5,k+1)¢F (k+1) | Hence,
(p,5,k) is a new (non-dominated) tuple with (p,5,k) = (p + p(d),5 + s(a), k) for the
right item @ € I*?) and tuple (§,8,k + 1) € F**1). By the induction hypothesis, there
must be a tuple (py,s1,k +1) € DK so that we have p; > - (1 — %)Kﬁ’iﬁ%(kﬂ)
and s; < . Thus, the following inequality holds:

K\ fret 2= (k+1)
e p@) 2 p@)+p- (1- 1)

K, x) +2— (k+1)
—p(1-22 :
P ( Tb)

There are two possibilities: either k > k) 2, ie. p(a) > ngi)n*ZTb holds, and

min

p1+p@a) > 2K£:i)n_2Tb directly follows. Otherwise, we have k < Kr(ji)n — 3. Then,

(b)
B 5 K Kmax+2_(k+l)
z<mw+p»(r—;)
b
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5.7 Finding an Approximate Structured Solution by Dynamic Programming

(p,5,k) = (p+p(a),5+s(a),k) # (0,0,k) implies that (7,5, k+1) # (0,0,k+1)
because the tuple (0,0,k + 1) is not used to form any new tuple in D) and therefore

in D%, Because of p; > p- (1 — %)K@XH—(HU, this again implies that p; # 0 and

therefore p1 + p(d@) > p1 > sz:i)n—sz as seen in|Lemma 5.33

Hence, there is an index pair (k, ) such that p; + p(@) € L(f’b). Similar to above, the

tuple (p1 + p(d@),s1 + s(@), k) is formed during the construction of D). Tt may only
be replaced by a tuple of smaller size. Hence, there must be (p,s2, k) € DW) with

p2 € Lgk’b). Let (p,s, k) € D®) be the tuple that dominates (p2, 52, k). We get

7 i) #£0 2’_‘K
> @ — 2K, T (o4 p(a)) - (1 - b)

p1+ p(a)
p1+p(@)>2FT, ) kg
> (p1+p(a))- (1—b)

V

2kT,

AV
1
N
—_
|
&
~——
2
i=
B3
+
T
S

For the bound on the size, we have similar to above s < s, < s1+5(d) < §+s(d) = 5.0

Corollary 5.35. For every v < cr(ﬁgx, there is a tuple (p,s,0) € DO such that s < v and

K Kr(rl:;x‘Fz
b OPT.. (7)1
p> (1 = Tb) OPTs, (1" ULy o 0)
Proof. [Lemma 5.32| states that there is a tuple (5,5,0) € F withs < vand p =
OPTs (I U Ig’r)e 4_o0)- [Theorem 5.34/implies that there is a tuple (p,s,0) € D'¥ with

the desired property. O

Theorem 5.36. Algorithm constructs all tuple sets D) for k = Kfﬁix +2,...,0in

time (’)(Kr(ﬁgx - 3). The space needed for the algorithm and to save the D®) as well as the

backtracking information is in O (7o - KI(IQX), where DY) contains O (o) tuples.

Proof. Let us first bound the space complexity. The profit interval [2K$;)11—2Tb, ch“’) | is
partitioned into K +1— (K(b) -2)+1¢€ O(Kﬁﬁgx - Kr(ﬁi)n) = O(1) intervals L&) (see

min -
Lemma 5.13). Each L) has g (or 1 < 7 in the case of L(Kggxﬂ'b)) sub-intervals Lgk’b)

The set D*) saves at most one tuple with the corresponding backtracking information

for every L%k’b) or the information that a tuple does not exist. Hence, one DY) has a

cardinality in O((Kl(ﬁgx — Kr(gi)n) -70) = O(70). Thus, the space needed for all D) and
their backtracking data is bounded by O((Kggx +3)- (xﬁﬁgx — Kr(rl:i)n) “7v0) = O(70- xfffgx).
All other information of the algorithm are only temporarily saved and need O(1).
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5 A Faster FPTAS for UKPIP

The loops dominate the running time. Apart from removing the dominated tuples,
they need in total

O(Kfﬁ’ﬁx S0 - (K — Kfﬂn)) + O(Kfﬂx y0- 70 (k8 — Kﬁf@) =0 (73 : Kﬁﬁ’gx) ,

where we have used that |[*?)| € O(7¢) by the definition of [(?) in Section and

that ]f("r(rfi)n“'b” = |Igr)edfc| € O(70) by [Theorem 5.30

As stated in and non-dominated tuples (p, s, k) can be removed

in linear time in the number of tuples if the tuples are different and sorted by profit.

This is the case because every tuple in D) is stored in an array sorted according to
the corresponding p(k, 7). The total time for removing the dominated tuples from all
D® fork {0,..., xffigx + 2} is therefore in O (7 - xfﬁgx), which is dominated by the
overall running time. O

Remark 5.37. In Section the dynamic program is slightly different: the interval
[2~2T, 2P| that corresponds to [ZKr(fi)n_sz, 2P ;) | is not partitioned into sub-intervals

Lg’b). Instead, it is divided into sub-intervals iéf*z) of the same length 22K with

iék_z) = [2%72T + & - 282K, 22T + (& + 1) - 2872K). The dynamic program works

in the same way as presented in this chapter, i.e. only the smallest tuple with a
profit in iék_z) is kept. The number of intervals iéK_z) is still in (9(%) = 0(%),
which corresponds to O(1) in our algorithm. Hence, an improved partitioning of
[2~2T,2Py] as done in this chapter does not change the asymptotic time and space
complexity of the FPTAS in Chapter[d The values of T, and K;, we will derive later

will also asymptotically be the same as T and K in Chapter 4, and vice versa.

. (b) .
However, the fact that p; or p; + p(@) is at least 2%min 2T}, is no longer necessary for

the proof of[Theorem 5.34} i.e. the bound on the approximation ratio of the approximate
dynamic program. On the other hand, this was essential for the dynamic program

in Section as explained in[Remark 4.23] Still, the solution structure improves the
running time of Algorithm lﬁ} we only have tuples (p, s, k) with p > ZKr(:i)n_sz. If this

were not the case, the dynamic program would also have to generate tuples (p, s, k)

with p < 2FT, for k < Kr(ﬁi)n — 3, which would increase the running time and storage

space by an additional factor of O (Kfﬁgx): the time complexity would be O xfﬁgx 2, 'y
and the space complexity O((Kl(ﬁgx)z - Y0) as can be seen in the proof of Theorem 5.36
We leave it as an open question whether the approximate dynamic programming of

this section leads to an overall faster algorithm (e.g. because less pre-processing may
be necessary)

IThe observation that p; or p; + p(@) no longer needs to be at least ZKr(rIii)n*ZTb for the approximation
ratio was made during the final proofreading of this thesis. An improvement of the whole FPTAS
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5.8 The Algorithm

. ~ ) .
For completeness, we present a short overview how p; or p1 + p(@) > 2%mn 2Ty, is

achieved. First, the glued item set 1) with its structured solution (Definition 5.19|and

Theorem 5.20) is constructed. |Assumption 5.5\ with %PC@) > Ty allows us to prove

min

. ci1 ey . _ (b)
Lemma 5.24|and to introduce I éhr)e dec with its items ag’fflc > %PC, > 2%min"2T},. Hence,

we have structured solutions with a lower bound (Definition 5.28 and [Theorem 5.29).
_ b - b
This shows that p; > 2T}, > 2"r(ni)n_2Tl7 or p1 + p(@) > 28T, > 2Kr(ni)n_2Tb (see also

Lemma 5.32|and |5.33).

5.8 The Algorithm

We can now put together the approximation algorithm, which is shown in Algorithm

6.7

5.8.1 Solution Quality and Check of Assumptions

Lemma 5.38. Tuke one C, # @ and let ¢; € Cp. The value P’ = P'(c;) for ¢; in Step[13|of
Algorithm|5.7)is at least

i K 2k +4 K 2x) +4
Plle)>(1-22 OPT (I,¢)) — (1—- =2 T, .
Ty Ty

The corresponding set of items fits into c;.

Proof. (p,s,0) represents an item set ] of size s taken from (") U Iébr)edf o If items
i € 1) derived from gluing are part of the solution, their ungluing does not change
the total size nor the total profit (see[Remark 5.18). This is obviously also true for @ €
I é?e 4o Hence, the unglued items together with the items agg from OPT({aélf%}, c;—Ss)
yields the set | that fits into c;.

We prove the solution quality. Let v be the volume from|Theorem 5.29| |(Corollary 5.35|

guarantees the existence of one (p,s,0) € DI with s < v such that

K Kggx+2
b OPT... (7®) )70
p> (1 - Tb> OPTs, (I UL . 0)

may not be straightforward: the solution structure shows that we have to add only single items in
1) to the tuples in D&+ to get the new tuples D). Without the structure, we also may have to
add several items to each tuple, which would complicate the approximate dynamic program.
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5 A Faster FPTAS for UKPIP

Algorithm 5.7: The complete algorithm

Input: Item set I, sorted knapsacks C = {c1,...,cm}

Output: Profit P, solution set | and knapsack size cgy

Juy

10

11

12
13

14
15

16

17

18

19

20

Determine a

(0

meff’

the sets S, the approximations P, and Py and adapt C

accordingly (Algorithm 5.1));

Partition C into the sets C, with Algorithm
Set P:=0,c50:=D,5:=0,] :=@and ] :=Q;
forall C, # @ do

Set NewBestValueFound := false;
(t)

Find the set I éb) and the aélf} with Algorithm

Reduce I éb) to1 g’r)e 4 With Algorithm

Construct the [(¢?) and ") with Algorithm

Define the aélfL . and reduce them to I ébr) ed_c (seeTheorem 5.30);

Determine the tuples D(Kgﬁ)‘x +2), ., D with the approximate dynamic

program (see Algorithm 5.6);
forallc; € Cy do
Find (p,s,0) € D such that

5 o/ o/

P’_:: p+ OPT({aif%},cl —§) =maXx(, g g epo P+ OPT({aéf%},cl —s');
if £ > P then

L Set P := %/, Csol := craswellas (7,5,0) := (p,s,0);

NewBestValueFound := true;

()

Define T, and K;, and determine «_. . and Knax;

if NewBestValueFound = true then

Backtrack the tuple (p,3,0) to find the large items J' C T )y

S red—c of the

corresponding structured solution with a lower bound;
Undo the gluing for the items in ' to get J;

| Add the items of OPT({agf%}, Csol —5) tO J;

21 return P, | and cg);
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5.8 The Algorithm
Moreover, we have OPT({aélfz},cl —s) > OPT({aglf}},cl —v) because ¢; —s > ¢; — v.

Thus, the following inequality holds for this (p,s,0):

P+OPT({ éf%} Cl_s)
OPTSt T()Ulér)ed o )—}-OPT ({aél

-y oo
> (1) PR (19 e o) +or ({4} i)
Thm_( Kb>’<max+2 (( I;>Kmax+ZOPT(I’ Cl) B <1 B %)Kggx+2 Tb)

T,
®) )
Kb 2K max +4 Kb 2K max +4
= 1—— OPT (I, —(1—-== T, .
( Tb> (L.a) ( Tb> ’

Kmax +2

Since the maximum over all (p/,s’,0) € D is taken, the lemma follows. O

It is not too difficult to see that Algorithm 5.7]is an implementation of MaxSolution
(i.e. Algorithm . We only have to make sure that P'(¢c;) > (1 —¢)OPT(I,¢;) for
every c;. Thus, we have to choose T, and K for C, such that the assumptions on T,
and Kj we have used so far are all satisfied and

Kb 2Kmax+4 Kb 2Kmax+4 !

1- 2t OPT (L)) — (1— =2 T, > (1—¢)OPT(L,¢) . (5.16)
Ty Ty

We use |Assumption 5.3|to get similar to the proof of Theorem 4.26

(b) (b)
Kb 2Kmax+4 Kh 2Kmax+4
1—— OPT (I,¢;) —(1—— T
( Ty ) (L) Ty b

> (1- @, + 4% opT (1, KT L G ot
max Tb l) b = ( 8) ( /Cl) .

T,
(5.17)

Similar to Lawler and to Subsection 3.5.3| (see (3.18)), the following conditions
have therefore to be satisfied:

() K, Ky 2me —
(2xmax +4) < Ae and (1 - Tb) T, < (1—A)eOPT (L¢;) (5.18)

b
forone A € (0,1) and all ¢; € Cp.
Letusset T, = (1— A)EP . It implies the second condition so that the first

mm

condition is satisfied for
AeT, Al(l—A _
b ( ) 82 p ®

b) c

O 1 2 ra
Kmax+ Kmax+
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5 A Faster FPTAS for UKPIP

We set A = %, which maximizes T;, and K; and therefore minimizes the value of 7
and the number of L,(Yk’b) (again similar to Subsection and ). We therefore have

1 - 1
Tb - Eepc(b) and Kb ZT
min max + 2

T, . (5.19)

Theorem 5.39. Algorithmb.7)finds a solution of value at least (1 — ¢)OPT(I).

Proof. For every Cp,, we have P'(¢;) > (1 —¢)OPT (I, cl) for all ¢; € C, with B, > 1P,
(Algorlthm. does not determine solutions for PCZ <3 1 P because such knapsack sizes
are discarded, which is justified by [Corollary 5.5|) Hence, Algorithm [5.7)is a correct
implementation of MaxSolution, i.e. Algorithm[3.1} which finds a (1 — ) approximate

solution according to O

Theorem 5.40. We have k = K( ) because of lAssumptzon 5. ll Assumptions |5.2|to are
satisfied by the choice of T, and Kb. Finally, v9 € O(%1og1).

Proof. Note that |Assumption 5.1| only states that e = for k > 3 whereas the other

2;: k=1
assumptions ask for special properties of Tj, K, and 7.

and 2Kmm+1Tb > P > ZKS:i)nTb, the identity x = % follows

2K 1 rmn
mm

immediately. |Assumption 5.3|is obviously satisfied: as 4 = - Ky = Ty holds by

max

Since ¢ =

. 1 ' _ 1 1 _ 1
Definition (5.19), we get Tl = foﬁi# = 70 ie. yy = 2" (Kﬁngx +2)—-1¢
N> and 19 € O(2logl).
It is also obvious that
_ 1_ e<l/a  _ 1 _ _
chi)n Z ipcr(i)n > EP mm - ZK 1lacn}:ln - 2K 1Pmm 2 ZK Pmm > Tb !

i.e. the Assumptions[5.2land [5.5|are true. As for[Assumption 5.4} it is easy to see that it
is satisfied because of (5.17). O

We finish this subsection with a remark regarding the overall approximation ratio.

Remark 5.41. The multiplicative error of (1 — %)Mg;xﬂ in front of OPT(I,¢;) in

Lemma 5.38)is caused by the multiplicative error (1 — &) that we make 2x§ﬁ§x +4

(b)

times. Such an error occurs when I is replaced by I;
(b)

in each of the Ky + 1 iterations in which 1) is constructed dTheorem 5.20b, and

req at the beginning (Lemma 5.15),

in Kfﬁgx + 2 of the Kfﬁgx + 3 iterations of the dynamic program (Theorem 5.34/ and

Corollary 5.35).

136



5.8 The Algorithm

The additive error of (1 — & a4 Ty, is mainly due to the additive error of T, in
T y
Lemma 5.15! The multiplicative factor appears when the small items are combined

with the large ones. First, T}, is multiplied by (1 — %)Kffgﬁz in [Theorem 5.29, and

it is again multiplied by the same value in |Lemma 5.38 Interestingly, the error in

Theorem 5.29|has the same bound as the error in|Lemma 5.23| In[Theorem 5.29, the

reduced set ébr)e 4_ is used for the structured solutions with a lower bound. The error

of (1— %) caused by this is subsumed by the multiplicative error (1 — %)Kf(‘ﬁxﬂ.

5.8.2 Running Time and Space Complexity

Lemma 5.42. Fix one Cy. The inner for-loop of Algorithm [5.7 (Steps has for one
c; € Cypa running time in O(vy) and a space complexity in O(1). For all ¢; € Cy, the
running time is in O(|Cy|y0) = O(|Cy| % log L) and the space needed still in O(1).

Proof. The space complexity is easy to see: only P/, P, ¢y, and (, 5,0) are saved.
The if-condition needs time O(1) in every iteration of the for-loop (even if the body
is executed). One value p’ + OPT({agf%}, c; — s') can be determined in O(1). Thus, the

maximum can be found for one ¢; in O(|D)|) = O(+yy) (seeTheorem 5.36). For all
¢; € Cp, the running time is in O(|Cp| - 70) = O(|Cp| - Llog 1) (see[Theorem 5.40). O

Lemma 5.43. For one Cy, the outer for-loop of Algorithm |5.7|(Steps needs time in
o(% log® L +|Cy| - Llog L + n) and storage space in O(log® L + |Cy| + n).

(0)

min

(b)

Proof. The definition of T, Kj, and determining «_ : and xmax can be done in time and

space O(1).

Algorith needs time and space in O(n + |Cy|) as seen in[Theorem 5.11| Then,

Algorithm 5.4 reduces I £b) tol gfr)e 4 intime O(n + o - Kr(r@ix) and space O(7 - KI(I}QIX) as

explained in[Theorem 5.16
Algorithm constructs the sets ¥ and %) in time O('y% . ;cfﬁgx) and space

O(7o - Kfﬁgx). This is shown in [Theorem 5.30| which also states that the items aglfzf .

and therefore the set I ébr)e 4 can be found in time and space O(|Cp| + 0).
The approximate dynamic programmini (Ali orithm needs time in O(73 - Kr(,lfgx)

and space in O (7o - Kr(fi;x) as stated in
The inner for-loop needs time in O(|Cy| - 7o) and space in O(1) as seen above in
The backtracking is in (’)(KI(IQIX): every entry Backtrack(p’,s’, k) fork =0, ..., KI(IIZ;X
2 states whether the tuple was formed by adding an item & € () anc} x)/vith which

tuple (p”,s”,k + 1) to continue. Hence, the item set J' has at most O(Krﬁax) items in

T(b) U I:g?ed—c'
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5 A Faster FPTAS for UKPIP

The time and space for the ungluing have to be bounded. Consider one item
i € 1), The backtracking information Backtrack(7) returns two items (@y,a,) (with
a,ay € 110 U Il

recursive ungluing of the items can be represented as a binary tree where the root is

)) on which the backtracking can be recursively applied. The

the original item @ and the (two) children of each node are the items (7', 3"’) returned
by the backtracking information. The leaves of the tree are the original items in I £b2 ed

(b)

This binary tree obviously has a height in O (xmax) because the children (a’, ") for one
ac Ikh) are in [k-10) U T £br)e 4- A binary tree of height O (k%) has at most @(foﬁix)
nodes. The backtracking or ungluing of 4 can therefore be done in time and space

(b)

(9(2"1(1}172‘*) which also includes saving the items 7 € I}’

(b) ()

J' has O (kmax) items, the orlgmal items I;

(b)

in time and space O (kmax 2KmaX)

req Of which a is composed. Since

req Of the approx1mate solution can be found

Finally, the number of items OPT({a ff} Csol — §) can be found in O(1), which is
(k,b)

also the time needed to unglue a, ;"

should it be part of the solution.

Hence, we get an overall running time in O (3 Kﬁngx + Yo |Cp| + Kmax D¥inax +n)

and a space complexity in O(|Cy| + 70 - xfngx + Kr(m?x . 2"rnax + 1). The lemma follows

by using o<k 1o—xg2 (seeLemma 5.13 and |The0rem 5. 40[) the property

min

Y0 € O(Llog1) (see again|Theorem 5.40), and 2* = 2,ie.x = K e O(logl). O

min

We are now able to prove i.e. the overall time and space complexity.

Proof of| As stated in Algorithm 5.1 has a time complexity
in O(M + nlog M) and a space complexity in O(M + n). This also bounds time and

space of Algorithm 5.2 (seeTheorem 5.10).
As stated by |Lemma 5.43, the overall running time of the outer for-loop is in

1. 41 1. 1
O(g(gzlog £+\Cb|-€log€+n>)

. 1 1 1 1. 1
= (’)(mm {log LminJ +1,M} . ?10g3 - +M- Elogg

! J+1,M}n> ,
Cmin

where we have used that the number of Cj, is bounded by mln{log{ -] +1,M} as

-+ min {log {

stated at the beginning of Subsection[5.5.1] The overall running time follows.

For the space complexity, we use the fact that only P, | and ¢, have to be stored
permanently while the other values and sets saved during one execution of the outer
for-loop can be discarded. Hence, the space complexity for the outer for-loop is
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5.8 The Algorithm

bounded by the space complexity of one of its runs, which is stated in[Lemma 5.43
We get the overall storage space bound. O

You may recall that we wanted the bound (1 — %)2"'(2*4“4]}, < (1 —A)eOPT(I,¢;)
to be satisfied (see (5.18)). We then set T, = (1 — A)eP () , which was sufficient for
the Bound on the approximation ratio. However, our choice of T, seems quite
generous at first sight: can even a larger value of T, be chosen? This would also imply
a larger K;, and a smaller value for /g and might therefore improve the overall running
time.

We now prove that this is not the case. The following proof was found in collabora-
tion with the student Dennis Papesch. The main idea is due to him.

Theorem 5.44. If the Bound (5.16) has to be satisfied (together with the Assumptions|5.155.5),
then Ty € O(e- OPT(I,¢;)) = O(eP;,) = O(eP ) ) holds for e — 0.

min

Proof. The identities O(e- OPT(I,¢;)) = O(eP,) = O(eP 1 ) follow from Theorem 5.4

min

and |Corollary 5.5/as well as We prove that T, € O(e - OPT(I,c;)).

Clearly, the Bound (5.16)) implies that

% 268, +4
(1—Tb> OPT (I,¢;) > (1—¢)OPT (I,¢;) +
b
2+
for w:z(l—Kb) T, >0 .
T,
We assume here that T, > 0 together with OPT (I,¢;) > 0. The bound can be rewritten
as
®)
K 2Kmax+4
(1—b> OPT (I,¢;) > 1—s-<1—"‘> .OPT (I, ;) .
T, e-OPT (I,¢)
=:A
Note that
K 20 +4
OPT (I,¢;) > (1 - T*’) OPT (I,¢;) > (1 — Ae) OPT (I, ¢))
b

so that A > 0 holds, where we use |Assumption 53, i.e. % < 1. By definition, we also
see that A < 1. To sum up, we have—similar to (5.18)—for every ¢ > 0

K 2Kn?ax+47 [
<1 _ Tb) OPT (I,¢;) > (1— Ae) OPT (I,c;)
b

K\ 2o+
and <1—T*’) T,=a=(1—A)e-OPT (I,¢;)
b
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5 A Faster FPTAS for UKPIP
for A = A(e) € [0,1]. This implies

K.\ 2Kt
<1 - b) > (1—Ae) . (5.20)
Ty

Let e < 1. For the sake of contradiction, assume that T, = T, () ¢ O(e- OPT(I,¢;)).
Hence, there is for every C > 0 and every ¢ > 0 a value ¢ = €(¢,C) < ¢ such that

Ty(¢') > C-€¢ -OPT (I,¢p) .

On the other hand, we have

— 2Kr(r[172)1x+4 / 2K$gx+4
(1—A)¢ -OPT(I,¢) = <1_Kb) Tb:<1_Kb(€)> T,

Ty Ty(¢')
> (1 - )\8,) Ty

> (1-A¢)C-¢-OPT(L¢) .

Note that A may depend on ¢/, which however does not influence the reasoning. Hence,
1—A>(1—-A¢)C =C— Ae'C holds. We get

1 21—A2C—AS/C2C—5’C2C—EC: ZC :
This obviously is not satisfied for C > %. We get a contradiction, therefore T;, €
O(e-OPT(I,¢;)). O

Finally, we can now prove The idea is quite simple: we just preprocess
and reduce the set of knapsacks C. This preprocessing is actually close to the one used

for VBP in [78], which we also use in Subsection The proof is therefore similar.

Proof of Since we want to reduce the set C, we introduce (with a slight
abuse of notation) the value OPT(I, C): it is the optimum for the UKPIP instance with
items I and knapsack sizes C, i.e. OPT(I,C) = max.cc OPT(I). Until now, we wrote
OPT(I) because the set of knapsacks C did not change.

First, we set ¢’ := §, and let C" C C be the knapsacks with sizes of at least c > ¢/, i.e.
C' = {c € C|c > €}. Then, we partition C’ into intervals ((1 + &)~ (*1, (1 4+ ¢)~]
forl € {0,..., [log;, (%)} Let C” C C' be the set that has only the largest knapsack

size in every interval, i.e.

"= {max {c |ce ((1 +¢)~0+ (1 +£’)_l} }} .

1

As shown in the proof of Lemma 2.22, we have O(41log 1) = O(11log!) knapsack

sizes.
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5.8 The Algorithm

The time to construct C’ and then C” is therefore in O(M + 1log 1) because we
suppose that the logarithm can be determined in O(1). This is also a bound on
the space complexity. (We can alternatively directly set C’ = C’ if C’ has less than
[log; . (%)] + 1 knapsack sizes.)

Let ¢y be the optimum knapsack size for OPT(I,C") with OPT.,(I) = OPT(I,C’).
If ¢p € C”, the identity OPT(I,C"”) = OPT(I, C’) holds. Otherwise, there is another
knapsack size ¢; € C’ in the same interval ((1+¢)~ 0+, (14 ¢')~] as ¢y and where
1 « 1 « 1+

c1 is in C” instead of ¢y. We have ¢; > ¢y > ﬁcl, ie. —

o < o < =, which allows us

to prove the following lower bound:

OPT (I,C") > OPT,, (I) “ =53 L . OPT (1,¢1) > Cl LOPT (I, co)

C1 1

1 1 — R
——  ~ .OPT(I,co) > (1—¢) = -OPT(I
> e OPT (I,co) > ( S)CO OPT (I, co)

= (1-¢) OPT,(I) = (1—¢)OPT (I,C') . (5.21)

We have used the inequality 141 - >1-¢.

Let ¢, be the optimum knapsack size for C such that OPT,,(I) = OPT(I,C). If
c» > €, then ¢; € C’, and the identity OPT(I,C) = OPT(I, C’) follows. Otherwise, we
have ¢, < €. The knapsack 1 = cy is part of C, C" and C". Take | 2! | = L%J copies of
the optimum solution of value OPT,, (I). The copies fit into the knapsack cy;, which
yields a solution of profit L%j -OPT(I, c2). (The items have in knapsack cys only their
basic profit pj such that one copy of the solution has only profit OPT(I, c3); see also

Lemma 3.5,) We get

1 Lem.BH / 1
OPT (I,C") > OPT,,,(I) > LJ -OPT (I,cp) > <C — 1) - cp - OPT,,(I)
2 2
</
= (1-¢)OPT,(I) > (1—¢)OPT,(I) = (1—¢) OPT(L,C) .

(5.22)

Thus, the new FPTAS works as follows: we first reduce C to C”, for which the running
time and space complexity have been stated above. We now call our FPTAS from
Theorem 5.1|with the knapsack set C"” and accuracy €. A solution is returned of value

(1-¢)OPT(I,C") > (1—¢)°OPT(L,C") >

(1-3¢) OPT(I,C) = (1 —¢) OPT(I,C) .

Ag(1,C") (1-¢)°OPT(I,C)

>
>

The original FPTAS of Theorem 5.1is called with |C"| € O(1log ) knapsack sizes

and a minimum knapsack size of at least ¢ € ©(¢), from which the time and space
complexity for the corollary follow. O]
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5 A Faster FPTAS for UKPIP

5.9 Final Observations

We conclude this chapter with three remarks. First, we again compare the algorithm
in this paper with the algorithm in Chapter

Remark 5.45. The normal [UKP|is the UKPIPlwith M = 1 and ¢; = ¢min = ¢ = 1. The
algorithm presented in this chapter has for UKP a running time in O( L log® (1) +n)

and a space complexity in O(%log?(1) + 1) as seen in 1} Moreover, we

have P = Py and only one knapsack set C, = Cp = {c} such that T =T}, = %SPO

ll'l

and K Kb 4 1&71_’_2
and T in this chapter are equal to the ones of the original UKP algorithm in Chapter [4]

(see and - ). The constant K in this chapter is asymptotically equal to
the constant K = 41 — eT defined in (4.2).

In general, the calculatlons in this chapter for Tj, and K}, can be also done for UKP
in Chapter 4] and indeed yield the values of T and K stated there (and therefore
the same asymptotic running time and space complexity). The difference between

K in Chapter 4 and Kj in this chapter is caused by the fact that we also have to
consider [(kmxt10) (see[Remark 5.18) while the corresponding set I (+1) is empty for

UKP: two special cases are checked instead (see the explanation at the beginning
of Section . Because of the additional set [ ("f(ﬂxﬂfb), we get in [Theorem 5.29 the
lower bound of (1 — %)KI(IQX“OPT(I, c)—(1- %)KI('Q*X*ZTb and then the lower bound

of (1— %)2K$2X+4OPT(I, a)—(1- %)”ﬁxHTb on the approximation (Lemma 5.38
from which K}, is derived. In Chapter 4, we instead get—because of [(**1) = @—the
lower bound of (1 — £)2+20PT(I) — (1 — £)2*2T on the approximate solution, and
therefore the slightly larger value for K.

To sum up, we have confirmed [Remark 5.37

eT. The bounds on the running time, the space complexity,

We also want discuss the encoding of the output.

Remark 5.46. For the input [ = {a3,...,4,}, a natural representation of a solution
is the multi-set {x1 : a1,...,x, : a,}. The ungluing of the large items returns the
individual item copies. They can be converted into a multi-set in O(1log ! + n)
because there are at most (’)(% log %) large items as seen in the proof of

The small items are added in O(1) to the multi-set by determining their number
Lcsol 5

eff

As a final remark, we bound the number of the large items in a solution.
Remark 5.47. Note that there are in fact (’)(1) large items. Let ¢; € Cy, be the knapsack
size chosen by the algorithm. We have P, P < OPT(I) < 2P, 2P0 < P )/ W

min
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and 1Py < P, /c; by Theorem 5.4/and 5.7/ as well as Corollary 5.5 Since large items

have a basic profit of at least T;, = %spc(b) ,i.e. a profit of at least ZT[: in knapsack ¢y € Gy,

we have

O(OPT(I)> —0 pcl/cl CI(QDQECb ) pcl/Cl _ O( Py )
To/ e, 1/2eP ) /c /2P /e 1/4ePy

3

1

large items.
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6 Scheduling on Unrelated Machines of Few
Different Types

6.1 Introduction

The result in this chapter was discovered by Jan Clemens Gehrke, Klaus Jansen,
Stefan Kraft, and Jakob Schikowski during the lecture “Effiziente Algorithmen” in
the summer term 2014. This chapter is based on the technical report created by
Stefan Kraft, which is an extension and a revision of the report written by Jan
Clemens Gehrke and Jakob Schikowski in German. Hence, parts of this chapter have
been (almost) directly translated from the German report.

6.1.1 Known Results

Even Scheduling on Identical Machines (where, as the name suggests, all

machines are of the same type) is NP-complete [25]. Thus, finding the optimum

objective value OPT(I) and a corresponding schedule efficiently seems unlikely for

the general case. We are therefore looking for efficient approximation algorithms. List
1

Scheduling is a well-known heuristic with the approximation ratio 2 — ;. for P | | Cimax-

Hochbaum and Shmoys presented the first Polynomial Time Approximation
Scheme (PTAS).

Unfortunately, Scheduling on Unrelated Machines does not allow for
a PTAS unless P = NP: a polynomial algorithm cannot in general have an approxi-
mation ratio ¢ < % as shown by Lenstra, Shmoys, and Tardos . Approximation
algorithms with a ratio of 2 were presented by Lenstra et al. [64]], by Shmoys and
Tardos , and by Gairing, Monien, and Woclaw . A2 — % approximation al-
gorithm was found by Shchepin and Vakhania [[79]. These algorithms are based on
solving a linear program (LP) and rounding the solution to an integer one, with the
exception of the purely combinatorial algorithm in [23]. Recently, Arad, Mordechai,
and Shachnai [2] have presented a new algorithm that decides that a schedule ¢ with

a makespan of at most T and an average machine load L = W does not
exist, or it finds one with a makespan of at most min{T + £,2T}, where h = h(T) is

the so-called feasibility factor.
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6 Scheduling on Unrelated Machines of Few Different Types

No algorithm is known for the general problem with a ratio better than 2. For a long
time, this was even true for the Restricted Assignment Problem, a special case where
pij € {pj,}. A breakthrough was the estimation algorithm by Svensson [§85]. The
algorithm does not return an actual solution, but it can estimate the optimal makespan
within % + e~ 1.9412 + ¢, i.e. with a ratio better than 2. Chakrabarty, Khanna, and
Li have presented for a constant 6* > 0 a (2 — 6*)-approximation algorithm (that
also returns a solution) for the (1, )-Restricted Assignment Problem. In this case of
Restricted Assignment, the finite processing times are additionally either p; = 1 or
pj = & for constant € > 0.

Bhaskara et al. [@] studied the matrix P = (pij)mxn of the processing times, more
precisely the influence of its rank on the non-approximability of R | | Cmax. Rank 1 is
the case of identical or uniform machines (where the processing times are of the form
pij = Z—j), which allows for PTAS (see above for identical and e.g. for uniform
machines). Unless P = NP, rank 4 is already APX-hard (i.e. a PTAS cannot exist), and
rank 7 cannot be better approximated than 3, as in the general case (see above). This
was improved by Chen, Ye, and Zhang who showed that already rank 4 does not
allow for a polynomial-time approximation algorithm better than 3 unless P = NP.

If the number m of machines is constant (i.e. is considered), the problem
has a PTAS and a Fully Polynomial Time Approximation Scheme (EPTAS) [38].
Faster FPTAS were successively found B0], and the fastest known FPTAS has a
running time in O(n) + ()9 < O(n) + (lo%m)o('”bgm) IEI It should be noted
that the algorithm by Lenstra, Shmoys, and Tardos [4], while “only” being a PTAS,
has a space complexity only polynomial in m, log %, and the input length.

Interestingly, the special case of Scheduling on a constant number of m identical
machines has a lower bound of 71 + (1)©(") on the running time
unless the Exponential Time Hypothesis fails . For ¢ small enough, e.g. ¢ < 1, the
running time of the algorithm in can be bounded by O(n) + (%)O(’”) and therefore
attains this lower bound.

Finally, Imreh considered the Scheduling Problem on K = 2 types. He pre-
sented heuristic algorithms with ratios 2 + “;-* and 4 — 2, where m is the number of
processors of the first and k the number of processors of the second type. Bleuse et al.
described an algorithm with the approximation ratio % + 317 + ¢ for scheduling on
m cores (CPUs) and k GPUs. If all jobs are accelerated when executed on a GPU, the
algorithm has the ratio % + e. Wiese, Bonifaci, and Baruah presented a PTAS for
Scheduling on Unrelated Machines of Few Different Types ((Pmy, ..., Pmg)|| Cmax)
(where K = O(1)). It has to solve mOK-((1/¢)/51))
fore a lower bound on the overall running time. It is double exponential in 1. (An

linear programs, which is there-

earlier paper [[§] with a more sophisticated rounding of the relaxed [LP|solution pre-
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sented an algorithm for A-dimensional jobs.) Baruah [B]] and Raravi and Nélis
presented for K = 2 PTAS that are single exponential in 1.

6.1.2 Our Result

We present a PTAS for the one-dimensional case that is only single exponential in 1
for general K = O(1).

Theorem 6.1. There is a PTAS for|(Pmy, ..., Pmg)| | Cmax| with a running time in

2
O(K - n) + mOW/2) . (logm) o) )

s

6.2 Overview

Since the processing times are identical on machines of the same type, they are denoted
by pyjfork € {1,...,K} and j € {1,...,n}. Sectionexplains the preprocessing
of the instance I to get a new instance I™"8¢ whose set of jobs J (I™¢'8¢) = Jmerse
has a bounded cardinality. The method used was presented in 9] and works as
follows: first, the smallest processing time d; over all machine types is determined
for every job j. The jobs are scaled such that 1 < OPT(I) < m holds, then divided
into fast and slow for every machine type k and rounded accordingly based on a
value ¢ € ®(e). We have a new instance [ with jobs J™". Every job with its
processing times pi‘]?u“d has a profile (I, ..., IIi ;). Jobs with the same profile are
then iteratively combined, i.e. merged, until we get the instance I™®"8¢. As its job set
J™e'8¢ has a bounded cardinality, this improves the running time of the next step.

Section shows how to find for § € O(e) a solution with a value of at most
(1+ 0)OPT(I™e'8¢) (and therefore an approximate solution to I). It uses the well-
known dual approximation approach a binary search with an oracle
Oracle: in each iteration, a value T is tested. If there is a schedule with a makespan
of at most T, the oracle returns for ' € ©(¢) a solution of value at most (1 + C§')T
(and T is decreased in the next iteration). If there is not a schedule, the oracle does not
return any solution (and T is increased because it was too small). This can be iterated
until a solution close enough to the optimum is found. The principle is explained in
Subsection

Subsection|6.5.2)gives an overview of Oracle and explains its preprocessing: I™e's®
(called I in Section a slight abuse of notation) is first scaled based on T to get I53¢,
Next, the oracle partitions the jobs into large and small jobs for every machine type k.
The processing times of the jobs are then rounded so that they have discrete values,
and we get the instance I" with job processing times pij. Every feasible schedule ¢
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for I" has a profile. As the job processing times are discrete, so are the profiles. One
profile states for every machine type k the total processing time asi(c) of the small
jobs assigned to k. Moreover, it states for machine type k that ab(c, ) machines have
the processing time 7y - (62, and it does so for all relevant y € IN.

The dynamic program DynProg of the oracle is presented in Subsection it
is the main contribution in this chapter. DynProg iteratively constructs all possible
profiles TS, ..., TS,,, where TS; contains all profiles for the first jobs {1,...,j}. Each
constructed profile ¢ is represented like above: it has the entries AS; = ASi(t) that
correspond to the asi(-) and the entries (ABy(t)),, that correspond to the aby(-,y). The
number of different profiles is denoted by «.

Subsectionfirst introduces the instance IP with its processing times pfj, which
is similar to I". Then, the function CreateSchedule is presented. It first checks a
simple condition for every constructed profile ' € TS, to see whether the small jobs
can be greedily assigned to the machines. If yes, it calls the function Backtracking
that constructs the schedules oy, for the large jobs and the set Jj of small jobs assigned
to machine type k. This is done by backtracking (as suggested by the function name).
Afterwards, CreateSchedule greedily assigns the jobs in J; to the machines, which
yields a solution with a makespan of at most (1 + ®(¢))T. If no profile has been
generated by the dynamic program or no profile allows for a distribution of the small
jobs, the value T is too small. The binary search adapts T according to the output of
the oracle until the optimum has been approximated.

Finally, Section[6.6 puts the preprocessing of Section [6.4/and the dual approach of
Section [6.5] together and shows that the overall algorithm is indeed a PTAS.

Note that the principle of our algorithm is similar to [74], but it was found
independently of [B} [74]]. We think that the algorithm presented in this chapter can be
considered to be less complicated and to have an easier analysis than the algorithm in
and possibly in [3]. Moreover, we use a different dynamic program.

6.3 General Remarks and Notation

Since we are in the case of K machine types, it is sufficient to state for a job j its
processing time on every machine type and not on every individual machine. The
processing time of job j on the machine type k € {1,..., K} is therefore denoted by py;.
The value k(i) is the type of a machine i € M.

We suppose that K is constant, that 0 < ¢ < J and (still) that computing the
logarithm needs time in O(1).

We can assume without loss of generality that m; < n forallk € {1,...,K} and

therefore m = my + --- + mg < n-K. In fact, a solution cannot use more than n
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machines of a type k because there are only 7 jobs. For one type, machines whose
number exceeds 1 can therefore be discarded.

6.4 Preprocessing of the Instance

The first step of the algorithm is a preprocessing to reduce the number of items. The
technique in this section is taken from @I] Let 0 < ¢ < } withe € O(e). The
actual value of ¢’ will be determined later.

First, let

d;:= min ;
T ket K} Pki

be the smallest processing time of a job j over all machine types, and let D := } ;c 7 d;.
We have 2 < OPT(I) because the jobs could ideally be scheduled uniformly on all
machines, where each job is executed on one machine of its fastest type. On the other
hand, we have OPT(I) < D: a feasible solution is obtained by scheduling each job to
one of its fastest machine. In the worst case, all jobs have the same fastest machine
type, and there is only one machine of this type.

Hence, we can divide all processing times py; by D such that we get the following:

Assumption 6.1. Without loss of generality, the jobs are scaled such that we have
1 <OPT(I) <mand D = Y ;e 7d; = m.

The jobs are now partitioned into fast and slow ones for each type k. A job is slow on
type k if py; > % d;, otherwise it is fast on type k. Should j be slow on type k, we set
pi‘]?‘md := oo (or to a sufficiently large value like 2m) such that a reasonable algorithm
will not schedule j on such a machine. If j is fast on type k, we round it down to

the nearest lower value pﬁ?ur‘d =dj (14¢ )h forh € N .

We therefore have d;(1+¢)" < py; < d;(1+¢)"" and h = [log, . %jj. The new
instance of scaled and rounded jobs J™'"? together with the (unchanged) machines
is called [™ound,

Remark 6.2. In this chapter, we will sometimes directly refer to “fast jobs” and “slow
jobs” although we mean e.g. “jobs scheduled on machines where they are fast”. We
may also call jobs “fast” or “slow” when we refer to their processing times, which
should therefore be “the processing times of one job on machines where the job is
fast” and “the processing times of one job on machines where it is slow.” Similarly,
we may also use expressions like “jobs on slow /fast machines” when we mean “jobs
scheduled on machines where they are slow/fast.”
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Finally, jobs will later on also be called “large” and “small” such that similar expres-
sions will be used.

Lemma 6.3 ([49, Lemma 2.1]). We have OPT(I""d) < (1 + ¢') OPT(I).

Proof. Let I' be the instance where the fast jobs are rounded, but the processing
times of slow jobs have not been set to co. On the one hand, we obviously have
OPT(I') < OPT(I) because the processing times may only have decreased. On
the other hand, we can take an optimum solution to I’ and replace every rounded
processing time pi‘]?u“d by its original processing time py;. Then the schedule increases
only by a factor of 1 + ¢'. We get OPT(I') < OPT(I) < (1 + ¢ )OPT(I').

Leto’ : 7 — M be an optimum schedule for I’, i.e. with a makespan of OPT(I’).
We transform it into a schedule ¢’ for I""4. If a job j is scheduled by ¢’ to a machine
on which it is slow, it is moved to an arbitrary machine where it is processed in time
d; (i.e. to one of the fastest machines for the job). Let S be the set of jobs that have
been scheduled by ¢’ on slow machines. In the worst case, the processing time for one
machine increases with the modified schedule ¢’ by

/

8/ € E/
Zdj < Z% “Pr(e'())j T Z ). i) < Z p- -OPT(I')
j€ES j€ES iEM jio'(j)=i ieM

8/

= —-m-OPT(I') = {OPT(I') < {OPT(I) .

The modified schedule is obviously a schedule for %", To sum up, we get
OPT(1°"") < OPT(I') + ¢'OPT(I') < OPT(I) + ¢ OPT(I)
= (1+¢)OPT(I) . O
The following lemma allows us to derive an approximation algorithm for I from an
algorithm for [round,

Lemma 6.4 ([49, Lemma 2.3]). If there is an approximation algorithm A, for 1" such
that A, (1) < aOPT(I) + B, then there is also an approximation algorithm A for I with

A(l) <a(1 +£’)ZOPT(I) +B(1+¢) < (a(1+€)*+B(1+¢)) OPT(I) .

Proof (Sketch). The proof is constructive: find a schedule for ™" and replace the
modified processing times by the unmodified ones. O

Now, jobs are grouped together in a special way to reduce their overall number. We
first introduce the notion of profiles for jobs in I™"d: a rounded job j € J(I*u"d)
has the profile (ITy,...,TI;;) where IT;; € IN is the exponent such that p%’ur‘d =

s = 0] d_
dj (1+¢€)". We set ITy ; = oo if pond = co.
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Lemma 6.5 ([21, Lemma 2]). Let [ be the number of profiles for the jobs in 1", We have
the bound | < (2 +1log,, . (%)X

Proof. If a job j is fast on the machine type k, its maximum processing time is 77d;.
Hence, we have for the largest exponent /imax that d]-(l + ¢ )hmaX < %dj such that
hmax = |log, +S/(§)J follows. The smallest exponent is /iyin = 0. If j is slow on type
k, then its exponent is co. Thus, there are 2 + |log,, (%) | possible exponents on K
positions, which yields (2 + log, ., (%))X possible profiles. O

We derive from """ a modified instance I™'8¢, Let v := [mqu The jobs in [7ound
are divided into the set of large jobs L := {j € J(I™"™) | d; > v} and the set of
small jobs S := {j € J(I"*) | d; < v}. Take an enumeration of the I profiles such
that we can denote a profile directly by its number ¢ € {1,...,1}. The set S is then
further partitioned into the sub-sets S. = {j € J(I™d) | j has the profile ¢} for
ced{l,..., 1}

Two jobs j, and j, with the same profile ¢ and for which d;,,d;, < 7 holds are now
grouped together to a new composed job jc with py;. 1= pyj, + pij, for every k. The
composing is repeated until there is at most one job j € S. with d; < 7 for every
profile ¢. The other jobs (including the jobs in L) now have all a processing time of at
least 5. The set of all jobs is called ™8, which yields together with the (unchanged)
machines the instance ™€,

Lemma 6.6. If two jobs j, and j, are grouped together to j., then j. has the same profile as j,
and jb-

Proof. We have Iy = II;; forall k € {1,...,K} because j, and j, have the same
profile. Let k" be a machine type where Iy ;, = Iy ; = 0, i.e. both jobs have their
fastest processing time d;, and d;, on the machine type k’. We have

PR = P P = dy, (1) d (1)

= (d;, +4d;,) (1+¢€)"™" forallk e {1,...,K} .

Thus, we have pi‘,’]?jnd =dj, +dj,,and d;. = d;, +d;,. The job j. has therefore the same
profile as j, and j. O

Lemma 6.7. After composing the items, we still have 1 < OPT(I™¢'8¢) < m.

Proof. Composed jobs have values d; that are the sum of several d; for j € J (I""9).
Hence, we get D = m = Zje gdj = Zje gmerge dj (see |Assumption 6.1[) because one
j € J(I™"4) can only be used in the composition of one job j. € J™Me8¢ = [J([merse).
The upper and lower bound now follow as before. O
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6 Scheduling on Unrelated Machines of Few Different Types

Theorem 6.8. There are min{n, 22 + 1} = min{n, (’)(’g—/z) + (lof,m)o(K)} jobs in J™merse
(i.e. in [™Meree),

Proof. The number of jobs does obviously not increase so that n is an upper bound.
The number of jobs in J™¢"8¢ that have a shortest processing time of d; > 7 is bounded
by % = 2D Moreover, there is at most one job left with d; < 5 for every profile ¢.
Therefore, we have at most | + % jobs. Note that 0 < ¢ < % such thatIn(1+¢') >

¢ — ()2 =¢(1—¢) > L holds. We get

2D
" + l
m m\\ K m? log m\ )
- 2m-b1 +<2+log1+£,<?)) eo<€/>+< f/ ) .
—_————

< 2m- (% 41) () \K
; 2m2+‘“‘£ = <2+ln(1j—8/))
c o(m) 5 Brim()

¢ c <logm)O(K)

S,
The proof is an extension of the proof in [21} 49]. O

Theorem 6.9 ([49, Lemma 2.4]). We have
OPT(Iround) S OPT(Imerge) S OPT(Iround) + 8/ .
We state the running time to construct I™¢"8°.

Theorem 6.10. [™¢"8¢ can be constructed from I in time O(n - K).

Proof. We have the following parts:

* Finding the values d; for all jobs j, the calculation of D as well as the scaling of
the instance can be done in O(n - K).

e We suppose that determining the logarithm can be done in O(1) such that the
exponent h for which d;(1+¢')" < py;j < d;(1+ ¢)"! holds can be found in
O(1). In fact, we have h = |log; %J. Hence, the jobs can be rounded and
their profiles determined in O(n - K). A rounded job is then directly added to
the stack that corresponds to its profile. Thus, there are at most O(n) profiles to
be considered.

* The partitioning of the jobs into L and S is done in O(n).
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¢ The composition of the jobs is described in Algorithm First, list(j) is created
for every j € S, a list that is used at the end of the algorithm to replace a com-
posed item by the the ones it consists of. The jobs in S are already grouped into
their respective profile sets S. (see above). Then, the jobs are further partitioned
into S! := {j € S | d; > %} and S := {j € S; | d; < §}. The jobs are iteratively
combined into larger ones in each 57 until at most one job is left in each S, i.e.
there is at most one job in S with d; < 7. The correctness of the algorithm
is obvious because each S‘Z* will always contain all small jobs of profile ¢ with

As for the running time, the division of the small jobs into the sets Sé and S?
needs time in O(n) over all profiles ¢. Fix one set Sg. The combination of two
jobs in SZ can be done in O(K). For combining list(j,) and list(j,), suppose
that linked lists are used for list(-). Since j, and j, are not used afterwards, we
just concatenate list(j,) and list(j,) and save the result as list(j.). With the right
implementation of linked lists, this needs only O(1). Finally, checking whether
Jo satisfies d;. > 7 (and adapting Sé and Sg) can be done in O(1). Hence, one
iteration of the while-loop needs time in O(K). The while-loop can only be
executed at most n times in total over all S; because all jobs will then be merged
into one. Hence, we get a running time in O(n - K) for the entire algorithm.

Algorithm 6.1: This procedure combines the items in S into larger ones until at
most one item with d]- < % is contained in every S..

forj € Sdo
list(j) := {j};// Information for undoing the composition of

every item

for every S do
Partition S into S} = {j € S; | d; > 5} and S2 = {j € S. | d; < §};
while There are (at least) two jobs j,, j, € Sz do
Group j, and j, together to j;
list(jc) := list(j,) U list(jp);
ifd;, > 7 then
| $2:=82\{j} and S} := SLU {jc};

(This proof is close to the explanations in [21} [49].) O
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6.5 The Main Algorithm

Let0<d<¢ < % with 6 € O(¢'). We present our algorithm for an instance [ with »n’
items and 1 < OPT(I) < m: it finds a solution of value at most (1 + §)OPT(I). Later
on, I will in fact be I"™¢"8¢ such that we make the following assumption:

2

Assumption 6.2. [ hasn’' € (9(";—/2) + (losg,m)O(K) =0(%) + (lo%m)o(m items.

6.5.1 Approximating the Optimum by Binary Search

We introduce another value 8’ € ©() with 0 < ¢ < 6 < ¢ < % Suppose that
we have an oracle Oracle (I, T) that returns for a given makespan T and a constant
C > 0 either a solution of value at most (1 + C¢')T or L (false). The answer L implies
that there is not a solution of value (at most) T, i.e. T < OPT(I). We employ the
well-known dual approximation approach [64], a binary search with such an
oracle, to approximate the optimum OPT(I) up to a given approximation ratio (see
Algorithm|[6.2). We start with the lower bound LB = 1 and the upper bound UB = m
and first check whether LB = 1 yields a solution. If not, we iteratively adapt LB and
UB until the difference UB — LB is small enough. At the same time, we ensure that
LB < OPT(I) always holds and that there is a solution for the value T = UB: the
solution for UB is returned at the end. Note that the oracle can construct a solution for
T = min O(n’ 4+ m) as described at the beginning of Section 6.4}

Algorithm 6.2: Binary search to approximate OPT(I) with the oracle
LB :=1;
UB := m;
if Oracle(],LB) # L then // Solution for T = LB exists
t return Oracle ([, LB);

while UB — LB > ¢’ do
T .— UB+LB.
= S
result := Oracle(l, T);

if result = 1 then // T is too small

| LB:=T;
else // T is large enough
t UB =T,
T := UB;

return Oracle([,T);
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Lemma 6.11. Suppose that the Oracle function has the properties above, i.e. it returns
for given T either a solution with a makespan of at most (1 + Co')T or L. In the second
case, we have T < OPT(I). Then, the dual approximation approach, i.e. the binary search,
finds a schedule with a makespan of at most (14 (C +1)¢' + C(¢')?) OPT(I) and needs
O(log(%r)) calls of the oracle.

Proof. 1t is clear that the algorithm finishes after O(log(%)) iterations of the binary
search.

The correctness of the binary search has already been shown in and
is easy to see: first, we have at the beginning 1 = LB < OPT(I) and that there is a
solution for UB = m. If the oracle does not return a solution for T = LB, we have
LB < OPT(I). The algorithm then makes sure by the adaptation of T that we always
have LB < OPT(I) and that the oracle returns for T = UB a solution (of value at most
(14 C¢')T). Suppose that the binary search terminates, i.e. UB — LB < ¢’ holds. The
oracle then returns a solution with a makespan of at most (1 + Cé’)UB. Since we have
UB < LB+¢" <OPT(I) + ¢, we get

(14+C&')UB < (1+C&') (OPT + ')

= (1+C¢") OPT(I) + (14 C&') &'

< (14 C¥") OPT(I) + (1+ C4") 'OPT(I)
= (1+Cd') (1+5/)OPT I

=

1+ (C+1)8 +C(8')*) OPT(I) . O

6.5.2 The Oracle

We now describe the principle of the oracle. As a first step, the processing times of
the jobs in I are divided by T. We get a new instance [5%!¢ with OPT(I5%?) < 1 (if
OPT(I) < T). Then, the jobs are rounded to get the instance I" with OPT(I") < (1+¢").
A dynamic program DynProg is used to iteratively construct the sets TSy, ..., TS, of
profiles, where each profile represents several (real) schedules. (A formal definition
is given below.) The profiles in TS; consider the first j jobs {1,...,j}. Attheend, a
function CreateSchedule tries to construct a discrete schedule ¢ for the instance IP
(which is similar to I") from each profile t € TS,,, where the profiles in TS, consider
all n’ jobs. If there is a solution to I with a makespan of at most T, one discrete schedule
o for I with a makespan of at most (1 + Cd’) T will be found by CreateSchedule. An
overview is shown in Algorithm We first have the following obvious lemma:

Lemma 6.12. The set [5%° can be constructed in O(n’ - K).
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Algorithm 6.3: An overview of the Oracle (I, T)

Construct 5@ from I;
Round 5@ to [T;
TS = (TSy,...,TS,) := DynProg(I");
forallt € TS, do
0 := CreateSchedule(t);
if o # | then
// A schedule of value at most (14 C¢’) has been found for IP
L return o;

return | ; // No schedule for [ with a makespan < T

In a slight abuse of notation, we still denote the scaled processing times by py;.

Definition 6.13. A (scaled) job j is large on a machine type k if py; > ¢'. Otherwise, it is
small.

Take one job j. If its processing time is large on a machine type k, it is rounded up to
the next 7y - (6’)? for v € IN. If the processing time is small, i.e. pyj < &', the processing

m

. 4 . . . .
% This new instance with processing

time is rounded down to the next multiple of =£

times pij is denoted by I".
Note that jobs are large (or small) on a machine type in I" if they are large (or small)
in I5<@l¢ and vice versa.

Lemma 6.14. If I has a schedule with a makespan of at most 1, then I has a schedule
with a makespan of at most 1+ ¢&'. I" can be constructed in O(n’ - K).

Proof. Let o be a schedule for I scale vith a makespan T < 1. By definition, there can
only be % large jobs on one machine. Replace all jobs by their rounded counterpart in
I". The processing times of small jobs may only decrease while each large job increases
by at most (6’)%. Hence, the increase of the total processing time on a machine is
bounded by (¢)? - § = &'. The new total processing time of machine i is therefore at
most T + ¢ < 1+ §'. Since this holds for all machines, the bound on the makespan
follows for I".

The running time to obtain I" is obvious. O

Take one schedule for I" with a makespan of at most 1 + 6. If only large jobs of I*
are scheduled on a machine i, its total processing time is a multiple of (§')2. In fact, it
must be one of the values

{0yu{y-(0)*|yeNandd' <vy-(8)?*<1+4'} .
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These processing times can be numbered with y = 0 (for the total processing time 0)

andy € {7v0:=[5],70+L....1—1Lm = %;%féj }. If j is large, the value 7y (k, f) is

the factor such that pj; = y(k, j) - (6")2.

Lemma 6.15. For I", there are O (-

( 5,)2) processing times of the form <y - (6')? of large jobs on

a machine.

Similarly, take all small jobs assigned to a machine type k. Their total processing time

is at most my - (1 + ¢') because we consider a schedule with a makespan of at most

mied' f th
7 ecause of the

1+ ¢'. Moreover, the total processing time is also a multiple of
rounding, i.e. it is one of the values in

Y
Zk = {T' "

nl

Y
TEINandOﬁT-mk 4

Smk-(1+5’)} .

Lemma 6.16. For one machine type k of I", there are O(g—// (1+9)) = O(’g—;) possible total
processing times of small jobs in Z.

Proof. The small jobs have a total processing time in the interval [0, (1 + ¢') - m]. Since
mk~z5’
n/ 4

the processing times are a multiple of the lemma follows. O

Based on the observations above, we introduce several useful definitions.

Definition 6.17. Let I’ be a sub-instance of I", i.e. an instance whose jobs J' are a subset of
the jobs in I", and which has the same machines as I". Let o : J' — M be a feasible schedule
with a makespan of at most 1+ &'. Let b; be the total processing time of the large jobs assigned
to machine i, i.e.

jo()=ip >0

We also introduce the remaining processing time (or remaining machine capacity) of every
machine type k for the makespan 1 + ¢’

re=nr(0):== ) (146 —b;)=m-(14+8)— ) b .
ic M, ie Mg

Moreover, the value aby (¢, «y) denotes the number of machines of type k where b; = v - (8')?:

abe(o,y) = |{i € My |bj =7 (8')*}]| forv € {0,70,..., 11} -

The vector aby () = (abx(0,Y))y=0,0,....1, Contains all entries aby (o, 7).
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Furthermore, asi(c) is the total processing time of all small jobs assigned to machine type k,
Le.

asy (o) = ) Pk -

jio(j)eMypl <8

As seen above, we have asy(c) € Xy. Since the small jobs have to fit into the remaining
processing time, asy(c) < ry(o) holds forall k € {1,...,K}.
The values aby (o, ) and asy (o) form the profile of o

([(abl (0,0),aby(c,70),...,abi (0, 'yl)),asl(a)} ,

[(abK(a,O),abK(a,'yo),...,abK(U,'yl)>,asK(0)}) .

6.5.3 Dynamic Programming

The dynamic program we introduce determines all possible profiles for I". It is together
with the definitions above the main contribution of this chapter. One profile f for a
sub-instance I’ is represented like above: it is a tuple of K tuples, one for each machine
type:

t = ((ABy,AS1),...,(ABy, ASk), ..., (ABk, ASk)) .

Foreachk € {1,...,K}, the entry AS; denotes the total processing time of all small
jobs that are assigned to the machines of type k.
One AB; is again a tuple

ABk = (90, 9yor -+ -1 Gyr- -1 Gm) -

Each entry g, denotes the number of machines of type k where the large jobs have the
total processing time 1y - (6')2. Obviously, go + Y7L, 4, = 1 holds.

For convenience, ASi(t) denotes the entry ASy of a profile ¢. Similarly, AB(f)
stands for the tuple ABy of profile t. Additionally, (ABy(t)), is the entry g, in the
tuple ABy(t).

Lemma 6.18. One profile t has O( ( ;f)z) entries.

Proof. There are K entries ASy(t) and K tuples ABy(t). Each ABy(t) has again O(71)

O(ﬁ) entries (see|Lemma 6.15)). The overall bound follows. O
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The idea of the dynamic program DynProg (as shown in Algorithm|[6.5) is quite simple.
We start with the profile set

q0 qo
~ =~ ~ =~
TSy = <((m1,0,...,0), 0 ),...,((mK,o,...,O), 0 )) 6.1)
—— ——
AB1 AS] AB[( ASK

that represents the empty schedule: for every machine type k, small jobs have not
been assigned (ASy = 0), and my machines (i.e. all machines of type k) have a total
processing time of large jobs equal to 0.

Suppose that the set TS; 1 has been determined: it contains all profiles that can be
obtained for the first j — 1jobs {1,...,j — 1}. The profiles for {1, ..., j} are constructed
by considering for each t € TS; 1 all possibilities to add j to t. Fix one t € TS; ;.
We go over all k. If j is small on type k, then ASi(t) is simply increased by pj; (Steps
6H12): we have a new profile ' where additionally j is assigned to the machine type
k. If j is large on type k, all g, = (ABx(t)), > 0 are taken into account (Steps
R0): there are g, machines of type k in t where each has the total processing time
v - (8")2. If we add j to one of these machines, there is obviously one machine less
with the processing time <y - (6')? and one machine more with the processing time
v (8")? + P =" (8")* +v(k,j) - (8')*. Hence, g, decreases and q.,.,(x ) increases
by one. The add operation is shown in Algorithm Thus, each g, > 0in AB(f)
generates a new profile t' € TS;.

Algorithm 6.4: add (ABy, v, j)
Input: ABy, 7,
Setv' :=v+v(k,j);
(ABk)'y’ = (ABk)ry/ + 1;
(ABk),y = (ABk)ry - 1,‘
return AB;;

When t' has been constructed, it is checked whether ¢ € TS; already holds (Steps
and [18), i.e. whether we have already obtained the tuple #' in another way (e.g. from
another t € TS; 7). If no, we save t’ together with the corresponding backtracking
information to later construct a schedule (Steps and [19H20). If yes, we only
keep the old backtracking information. Note that the add operation is only executed if
v (8)?+ P < (147, ie. v+ y(k,j) < 71 (see Step : we only want to find the
profiles representing schedules with makespans of at most 1 + ¢’. Similarly, the bound
ASi(t) + pj; < myc- (1+ ') for AS is checked in Step|7] It is therefore possible that
there is not any profile t € TS; 1 such that j can be assigned: the value T is too small.
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Then, DynProg returns the empty set (Step[22), and Oracle will therefore return L. We
show that a schedule for I* with a makespan of at most (1 + ¢") corresponds to at least
one profile.

Algorithm 6.5: The dynamic program DynProg

Input: Instance I*, ' > 0

1 Set TSy as seen in Equation ;

2 forj=1,...,n' do

3 TS;:=Q;

4 fort € TS; 1 do

5 fork=1,...,Kdo

6 if j is small on type k then

7 if ASi(t) + pj; < mi- (1+0') then
8 t =t

9 ASi(t') == ASK(t') + piji

10 ift ¢ TS; then

1 Backtrack(t') := (t,k);

12 L TS;:=TS;U{t'};

13 else // j is large on type k

14 fory=20,79,...,71 —1do

15 if g, = (ABk(t))y > 0and v+ y(k,j) < 71 then
16 t=t

17 add (ABy(t'),v,);

18 ift' ¢ TS; then

19 Backtrack(t') := (t,k,v);
20 L TS] = TS] U {t/};

21 if TS; = @ then

22 t return &;

23 return TS = (TS, TSy,...,TS,y);

Lemma 6.19. Let o be a schedule for I" with a makespan of at most 1 + &'. Then the dynamic
program DynProg generates a profile t for I where

* (ABk(t))y = aby(o, ) forall v € {0,70,...,11}and k € {1,...,K}, and

e ASi(t) = asi(o) forallk € {1,...,K}.
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6.5 The Main Algorithm

Proof. The statement is easy to see because the dynamic program does exactly what a
natural algorithm to construct all schedules would do: it takes all currently constructed
schedules for the first j — 1 jobs and tries for each of these schedules to assign job j to
every machine i. However, only the corresponding profiles are saved.

Since o has a makespan of at most 1+ ¢’, all conditions checked during the construc-
tion of t, will be satisfied. ]

Lemma 6.20. The number x of profiles in TS; is bounded by

O(K?)
K < mOE@?). (10(555/’”) :

Proof. Fix one machine type k. The number of possible vectors ABj is bounded by
(m 4+ 1)0M"?) = ;OC/@?) because ABy has O( (5,)2) entries (see [Lemma 6.15), and
each entry (ABy),isin {0,1,...,m} C {0,...,m}.

For every value of ABy, we will only save (’)(’g—
Lemma 6.16). Note that we have n’ € O(%- 2) 4 (e

because of [Assumption 6.2jand ¢’ € @(J). We get
/ 2 O(K)
o™\ o™ n log m .
o' ( 5/)2 o'
If we consider all machine types k, we have the upper bound on the number of profiles
of
01/(?) " 0/ P) m? log m’) 7 )
(me2-0(F)) = (e O(<y>z)+< )
o K
_ [ mowen . ovswr) , (logm) 7
) &
(e > )
O(K?

: logm )
O(K/ ()2 g
:m(x/m).( 5 ) .

p0551b1e values for ASy (see
)

)
BOW) = 0(%) + (FF)°0

We have used that @ )2 = 22log(1/(?") < 20(V) < O0/¥) g0 that % -mOWE?) =

mO0/@7), O

Lemma 6.21. The dynamic program (Algorithm needs time in O( ( ;f)z m-x-n') =
mO &/ @2) (8 O(K) 4o construct all profiles TSy, . .., TS,
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6 Scheduling on Unrelated Machines of Few Different Types

Proof. The for-loop for the items needs 1’ iterations. When an item is processed in
the for-loop, it is tried to assign it to each of the O(«) profiles in TS; ;. Fix one
profile t € TS; 1 and one machine type k. If the item is small on machine type k, we

need O(1) to check whether j can be added to type k. If the item is large, we need
Lem.[6.T5]

O(m) ™ o 4

added. Note that there are O(my) entries g, > 0 and therefore only O(my) cases

) to check the entries g, and the conditions whether j can be

where an item is added.

When an item is added, we need time in O(ﬁ) to create the new profile t' and
add the item to it (see note that the add operation of Algorithm[6.4 needs
time in O(1)). Additionally, it has to be checked whether t' is new in TS;. We can
suppose that this can be done in the size of the profile O(ﬁ): all profiles t" € TS,;
can be saved in one array where the position of ¢’ is given by its values (ABy(t")),
and ASi(t"). Finally, the backtracking information only has to save a pointer to the
old profile from which the new one was obtained as well as the values k and/or . In
total, the time needed to add an item is bounded by (’)((TK)Z).

Obviously, the case where j is large on type k dominates the running time for one
machine type. The dynamic program therefore needs time in

O(m’-x-é(é)z o é}/ >>:(’)<n’-x.m.(;/<)2>

~— number of g, > 0
checks of g, time to add an item

S K
K 2y (logm O(K) m? logm O
ol e () [(5)+ )

.mO(K/(JI)Z) ) <logm>O(K2) _ K.mO(K/(J/)z) ) 1 ) <10gm>O(K2)

(5/)2 o' (5/)2 o'
O(K?
_ mO(K/(y)Z) ) <logm> (K%)
5/
with |Assumption 6.2/ and |[Lemma 6.20, O

Remark 6.22. Profiles can of course be stored in a more compact form: we only have
to save the strictly positive aby(c, ) and (ABk(t)),. The number of entries in one
profile is then bounded by O(K + m). However, the number of profiles x does not

decrease: it is independent of the fact whether we save the g, = 0 or not. [Lemma 6.20
still holds so that the asymptotic running time also remains unchanged (see the proof
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6.5 The Main Algorithm

of Lemma 6.21). (Lemma 6.20/is obviously a rough estimate, but it is sufficient to prove

that the final algorithm is single exponential in 1.)

6.5.4 Construction of a Schedule

The goal of this section is the construction of a schedule with a makespan of at most
1+ 3¢’ from a suitable profile. We first state two definitions.

Definition 6.23. For a given profile t', the remaining total processing time for every machine
type k is defined by

Re=Re(t) :==my- (1+68") =Y (AB(t))., - v+ (8')* .
Y

The definition corresponds to the one of ry in|Definition 6.1

Definition 6.24. Tuake one job j in I. If its processing time is large on machine type k, it
is rounded up to the next vy - (6')? for v € IN. The small processing times of a job are not
changed. This is the new instance IP whose processing times are denoted by plkjj.

IP is therefore the instance I" without the rounding of the small jobs. We have pEj = pijif]
is small on type k, and we have pgj = Pij if j is large on type k.

After DynProg, Oracle (Algorithm calls for every ' € TS, CreateSchedule, a
function that is shown in Algorithm First, CreateSchedule(t') checks whether
enough processing time is left for the small jobs (Steps [1H4), by controlling whether
ASi(t') < Ri(t') holds for all k € {1,...,K}. If yes, this is sufficient to construct
a schedule for IP of value at most 1 + 346’ (Steps as will be shown below in
In Step 6, the function Backtracking uses the backtracking information
to find the set of small jobs Ji assigned to machine type k for all k € {1,...,K}.
Moreover, it constructs a schedule oy for the large jobs assigned to type k for all
k € {1,...,K}. The function Backtracking is explained in detail below (see also
Algorithm|[6.7). When Backtracking(t') has finished, ¢ is updated according to each
0k (Step[8). The small jobs assigned to k are greedily added to the machines M (Step
9): a machine in M gets assigned jobs in Jj until the total processing time of the
machine exceeds 1+ 2¢’. Then, the next machine in My is processed in the same
way. As mentioned above, it will be shown in[Lemma 6.25|that this procedure will be
successful.

Note that Oracle returns L if it cannot construct a schedule (because TS,, = @ or
no ' satisfies Ri(t') < ASy(t') for all k). It will be shown in[Theorem 6.27]that Oracle
indeed satisfies the properties of Lemma 6.11]
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6 Scheduling on Unrelated Machines of Few Different Types

Algorithm 6.6: CreateSchedule () from Oracle (Algorithm|[6.3)
Input: Profile ¢/
fork=1,...,Kdo
Determine Ry = Ri(t');
if ASi(t') > Ry then
L return | ;

=W N =

0:=@;// The empty schedule
(o1, "), .., (0k, Jk) := Backtracking (#');
fork=1,...,Kdo
Set 0 (j) := 0y(j) for the jobs j scheduled by oy;
L Assign the jobs in Jj greedily to the machines in M} and adapt ¢ accordingly;

O© 0 N & G

10 return o;

Let us now present the Backtracking function as shown in Algorithm The
backtracking information of DynProg allows us to go directly from t' = t/, € TS, to
t',_4 € TS,y_1 from which t], has been constructed. We continue and iteratively get
t, € TSn/,z,...,t} € TSj,...,t; € TSy, ty € TSy, where t; has been obtained from
t;;l. Next, we define the 0; and J; (Step .

Starting from #) (which is the profile of the empty schedule, see (6.1)), we have
two cases. Either t;- has been constructed from t;-_l by adding j to a machine type k
where it is large, and in M to one machine with the current processing time v - (§’)?
for one 7. The corresponding value v and the machine type k are exactly the values
stored in Backtrack(t}) (see Step [19|of Algorithm . The current schedule oy, is then
updated accordingly by assigning j to one machine in M with a current processing
time of 7 - (¢6')2 (Steps [8H11). Otherwise, j has been assigned to a type k where it is
small. The value of k is stored in Backtrack(t;) (see Step|11|of Algorithm . The job
j is then added to Ji (Steps[12H14). The assignment of large jobs to the machines is
rendered more comfortable by the function extime(-): it keeps track of the current
total processing time of large jobs on every machine.

Lemma 6.25. Let t € TS, be a profile for which ASk(t) < Ri(t) holds for all k. Then,
CreateSchedule and Backtracking (Algorithms [6.6|and [6.7) return a schedule o for IP
with a makespan of at most 1+ 36", It is also a schedule for I of value at most (1 + 36")T.

Proof. Aswe have ASi(t) < Ri(t), CreateSchedule(#) calls Backtracking(t), which

returns the schedules o and the job sets J for all k € {1,...,K}. For each k €
{1,...,K}, the algorithm takes the schedule o} for the machines M and greedily
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6.5 The Main Algorithm

Algorithm 6.7: Backtracking (#') from CreateSchedule (') (Algorithm|[6.6)

[e%)

U1

(=)}

10
11

12
13

14

15

Input: Profile ¥
Determine by backtracking the profiles
t'=t,eTSy,t,  €TSy_q,.. .,t;» € TSj,...,th € TSy, ty € TSy from which ¢/
has been constructed;
fork=1,...,Kdo
t 0 :=@and J; .= Q;
fori=1,...,mdo
t extime(i) := 0; // Total processing time of large jobs on machine i
forj=1,...,n" do
if Backtrack(t}) is of the form (t;;l, k,7y) then
// j is added to a machine type where it is large
Take k and vy from Backtrack(t}) ;
Use extime(+) to find one machine i in M with a total processing time of
large jobs equal to 7 - (6)%;
Addjtoi: oy (f) :==i;
extime(7) := extime(i) + pj;;

[¢)

Ise // j is added to a machine type where it is small
Take k from Backtrack(t]) ; // Backtrack(t;) = (t;_y,k)

=1
| Tkei= Tk Ui

return (01, J1), ..., (0x, Jk);
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6 Scheduling on Unrelated Machines of Few Different Types

assigns the small jobs in Jj as explained above. When this is done forall k € {1,...,K},
the schedule ¢ for IP has been constructed. Technically, the o} are schedules for jobs in
I", and the sets J are also taken from J (I"). However, they can be trivially adapted
to IP: the instances IP and I" have a one-to-one correspondence of the jobs and differ
only in the processing times pfj and py;.

We have to show that all small jobs in the sets J can indeed be greedily assigned
and that the resulting schedule has a makespan of at most 1 + 35’. We first state
several identities. For the total processing time of large jobs on a machine i € My,
bi(0) = bi(0) holds: we have p}; = pfj for jobs j that are large on a machine type k,
and oy is ¢ restricted to the large jobs assigned to machine type k. Hence, we also
have aby(c,v) = abi(oy, v) for each v and k. Moreover, aby (o, v) = (AB(t)), holds:
it is clear that the backtracking constructs oy in such a way that it has a profile for
the large jobs on k that corresponds to t. By induction, it can indeed be shown that
(ABi(tj))y = abi((0x)Y), ), where (o)) is the schedule o}, restricted to the large jobs
in {1,...,j}, and t; € TS; is the profile of which ¢ is constructed. To sum up, we have

aby(co,y) = abk(ox,v) = (ABk(t)), forall y € {0,70,..., 11}

From this, we can directly derive the following identity for the remaining machine
capacity on machines of type k:

n(o) =Y (146 —bi(0)) = (1+8) -m =) Y, v (8")?

ie My Y ibi(o)=-(0")?
= (1406 -me—Y abe(o,7) v ()
v

= (146) -me— Y _(ABi(t))y -7+ (6')* = Re(t) .
Y

Note first that p}fj < pi Tt mlﬁ',y holds for small jobs according to the definition
of I" and IP (see Subsection |6.5.2| and |Definition 6.24[). Thus, we have } ic 7, pfj <
Ve (Pij +m0/n') < (Ljeg, Pij) + mic- 0. As the identity ASk(t) = Ljcz, pj; holds
for the total processing time of small jobs assigned to type k, we get ) ;c 7, p}:j <

ASi(t) + my - &', Since we have ASi(t) < Ri(t) by assumption, we finally get
Yies pgj < Ri(t) + my - §': the small jobs in J with their processing times pfj only
slightly exceed the remaining capacity of the machines of type k.

Assume for the sake of contradiction that there is one type k for which all small jobs
in J; cannot be greedily scheduled. Thus, every machine i € Mj has a processing
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6.5 The Main Algorithm

time larger than 1 4 2¢’, and there are still small jobs left. Let §; > 0 be the processing
time by which all jobs assigned to machine i exceed 1 + 26’. We have

Zpgjz Y. (1426 +6—bi(0)) > Y, (1+25 —b;)

jEJk iEMk iEMk
= Z (1—}—5/—171') +mk-5' = I’k((T)—ka'(S/ = Rk(t)—ka-(S/
ie My
P
> ). Py -
JEM

This is a contradiction. All small jobs can therefore be greedily scheduled. Let ¢; still
be the amount by which the total processing time of machine i exceeds 1 + 2¢'. (It
is of course possible that some machines may have a makespan smaller than 1 + 24
even after the scheduling of the small jobs. Then, we set §; = 0.) As we have p% </
for small jobs on type k, the bound J; < ¢’ holds: at most one small job is assigned
to a machine i such that the processing time exceeds 1 + 25'. Hence, we have for the
makespan max; max;e aq, 1+ 20" +6; <1436

Note that the proof by contradiction above is in fact independent of whether some
small jobs are still left or all small jobs have been assigned, but all machines i € M;
have a processing time that exceeds 1+ 2¢". It is shown that there must be at least one
machine with a total processing time of at most 1 4 26’ because we get the contradiction
otherwise.

Finally, the schedule ¢ for IP is also one for [ with a makespan of at most
1+ 38'. In fact, small processing times are identical in IP and 5, and if we undo the
rounding of the large processing times, the makespan does not increase because the
large jobs were rounded up in IP. After undoing the scaling of I°°¢, the schedule ¢ is
a solution to I of value at most (1 + 34")T. O

We now state the overall running time for Backtracking and CreateSchedule.

Lemma 6.26. One call of Backtracking(t') (Algorithm 6.7) needs time in O(K+n' - m).
Therefore, the total running time for all calls of CreateSchedule (Algorithm [6.6), i.e. of the
for-loop in Oracle (Algorithm|6.3), is in O(x - ﬁ +n'-m) = mOW ). (lo(si,m)o(Kz).
Proof. Let us first consider Backtracking. Creating a list consisting of pointers to
the t; can be done in O(n’): we just follow the pointers given by the backtracking
information Backtrack(t;). The creation of the 0 and Jj is in O(K), and setting the
values extime(7) to 0 in O(m). This is followed by the n’ iterations of the for-loop. In
one iteration, the case where j is small can be done in O(1). The case where j is large
needs O(m): we have to check all i € M and their corresponding value extime(i). In
total, we need time O(K + n’ - m) for one call of Backtracking.

167



6 Scheduling on Unrelated Machines of Few Different Types

Let us now consider CreateSchedule. One call of CreateSchedule(t') first de-
termines all Ry. Note that Ry = Y, (ABi(t')) - v - (0')* so that determining all Ry
needs O(K - %) including the checks of the if-condition (see the bound on v < ¥,
in . Should one of the if-conditions fail, the call of CreateSchedule ()
is terminated such that the oracle checks the next t/ € TS,,. In the worst case,
CreateSchedule is therefore called x times without constructing a schedule, which
needs in total O(x - (TK)Z)

The schedule ¢ is constructed if we have ASi(t') < Ri(#') for all machine types
k. CreateSchedule is not called again afterwards because the oracle terminates if
o has been found. The construction of ¢ first calls Backtracking ('), which needs
O(K +n' - m), and then greedily assigns the small jobs to the machines. Let n;
be the number of large jobs assigned to Mj. The greedy procedure then needs
O(ny + my + | Jx|) for one k, i.e. O(n’ + m) for all K machine types. In total, we have
a time complexity first for all checks of the if-condition and then for the construction
of rin

O(K-((SI,()2+(K+n’-m)+(n’+m)> =O<K- (5I,<)2+n/-m)

2
K o (logmY &) m? log m\ O
2(5/)2-7}1 ( ()).( > +m-|lO 5 + 5

2
— OKI@R) <10gm>O(K ) ,

5/

where we have used |Assumption 6.2|and [Lemma 6.20! O

Theorem 6.27. Let I be an instance with 1 < OPT(I) < m. The dual approximation
approach (Algorithm with the Oracle function of Algorithm|6.3]is a PTAS: it finds for
given 6 > 0and &' := £ a solution of value at most (14 5)OPT(I). The running time is in

mO(K/(lgl)Z) ) (logm>0(K2) o m@(K/JZ) ) <10gm)O(K2)
o N ) '

Proof. states that the binary search returns a solution of value at most
(1+ (C+1)d" + C(8")*)OPT(I) if Oracle has the stated properties. These will now be
shown.

Suppose first that Oracle (Algorithm returns a solution ¢ for T and input I.
First, the instance is scaled by Oracle and becomes I scale yhich is rounded to get I".
The solution ¢ is then determined for IP. It is clear that a schedule is only returned
if there is a profile t € TS, for which ASi(t) < Ri(t) holds. If this is the case, the
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returned schedule o has a makespan of at most 1 + 36’ as seen in[Lemma 6.25 It is
easy to see that it is also a schedule for I with a makespan of at most (1 +36")T.

It remains to prove that there is not a solution to I of value (at most) T if Oracle (I, T)
returns 1. We show this by demonstrating that the oracle will always return a solution
if there is a solution of value (at most) T:

¢ The instance I satisfies OPT(I) < T, which implies that
¢ the instance I°¢ has an optimum OPT(I5%!¢) < 1, which again implies that

e the instance I" satisfies OPT(I") < 1+ ¢’ (see|Lemma 6.14). Let ¢ be an optimal
schedule for I*. Then,

® DynProg, CreateSchedule and Backtracking will find a schedule:
states that there is a profile t, for which we have abi(c,v) = (ABk(t,)), and
asg(0) = ASi(ty) for all k and -y. As in the proof of [Lemma 6.25| the identity
aby(o,v) = (ABk(ts)) implies rx(0) = Ry (fs). Since the small jobs assigned by
o to the machine type k have to fit into the remaining machine capacity (o),
we have ASi(ty) = asg(0) < r(0) = Ri(ty). By the function
CreateSchedule (t,) will therefore construct a schedule ¢’ for IP with a make-

span of at most 1 + 3¢’, which is also a solution to I with a makespan of at most
(1+30")T.

Hence, the oracle has the desired properties. We now want that the bound
(1+ (C+1)8" + C(8")?)OPT(I) < (14 6)OPT(I)

is satisfied. Note that we have C = 3. Set ¢’ := { such that (C +1)¢' + C(&')? =
48" +3(8")? < 6 holds because § < %

Let us bound the overall running time of the binary search, i.e. Algorithm The
binary search needs O(log(%)) = O(log(%)) iterations as seen in In
each iteration, Oracle (Algorithm [6.3) is called. When called, Oracle needs O(K - 1)

to obtain first I5¢€ and then I* as stated in|[Lemma 6.12 and |6.14! [Lemma 6.21/bounds
O(K/(e"?) (M)O(KZ)

the running time for the dynamic program by m . The for-loop of
Oracle also needs time in m© /(%) . (lo‘si,m)o(Kz) (see|Lemma 6.26). Overall, we have
a time complexity in

O(log (%)) . (O(K . Tl/) + MOE/?) . (105g/m>0(1<2)>
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6 Scheduling on Unrelated Machines of Few Different Types

We have used |Assumption 6.2| to see that O(K-n') = O(K - [’g—,z + (1o§m)o(1<)])
mO®/@)2) . (logm) oK),

N

6.6 The General PTAS

The PTAS is presented in Algorithm[6.8]

Algorithm 6.8: An overview of the PTAS
Input: Instance I, ¢ > 0

1 Sete' :=£andd:=¢;

2 Construct from [ the instance [™¢"8¢ as shown in Section

3 Call the binary search for [™M¢'8¢ (Algorithm with ' = ¢ = %;

4 Undo the combination of the items in [™¢"8¢ and then the rounding of I to get
a schedule o for I;

5 return o;

Lemma 6.28. For the values of ¢ = §,6 = €' and §' = 5z, the algorithm returns a solution
of value A¢(I) < (1+¢) OPT(I).

Proof. As seen in the binary search returns a solution to I™"8¢ whose
makespan is bounded by (1 + ¢) OPT(I™*'8¢). For convenience, we denote the make-
span by A,,(I™'8¢). By undoing the combination of the items, we get a solution to
[°und of the same makespan. Thus,

e transforming [ into [™erse,
* applying the binary search and then
* undoing the combination of items

is an algorithm A, for 1round vyith
Thm.[627
A, <1r0und> = A, (Imerge) mg (1 i 5) OPT (Imerge) — (1 + 8/) OPT (Imerge) )

Since OPT(I™'d) < OPT(I™e'8¢) < OPT(I™"d) + ¢’ (see [Theorem 6.9), we have an

algorithm with
Ar (Iround> S (1 + s/) OPT (Imerge) S (1 + S/) (OPT(Iround) + S/)

(1+¢) OPT (1) ¢/ (1+4¢)
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By this implies an algorithm for I with
AdD < ((1+€) +¢- (1+€)*) OPT(1) < (1+¢) OPT(I) .

This upper bound holds because

e\3 ¢ £\2
(+e)+e-(1+e)* = (1+5) +5-(1+5)
€ €2 e € e? €3
= (1 — - hd I
( +35+325+125>+5+225+125
SS<1/21—|—§z-:+is~|— £ +f+i+ £
- 5 50 4.-125 5 25 4-125
< 1+e¢.

(Main parts of the proof are taken from [49].) O

Lemma 6.29. The PTAS has a running time in

2
@(K.n)+mo(K/s2).<W>O(K) ,

s

Proof. The time to construct I™'8¢ is in O(n - K) as stated in The
running time for the binary search of mO* R (D) mO®/2) (E) 46 shown
in When [™€78¢ is constructed from [, it is saved for every item
j € I™er8¢ which items in [™°“"d have been combined into j. (This is the set list(j) in
Algorithm[6.1]) Reversing the combination of the items is therefore in O (). Undoing

the rounding can finally be done in O(K - n). O

These two lemmas show
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7 Concluding Remarks

Chapter 2| presented an[AFPTAS for the Bin Packing Problem (BP) and the Variable-
sized Bin Packing Problem (VBP) with the approximation guarantee (1 +¢)OPT(I,C) +
O(logz(%)), i.e. with a smaller additive term. This was achieved by a practical ap-
plication of Shmonin'’s theoretical result [80], which is based on the algorithm by
Karmarkar and Karp [56]. Contrary to Shmonin’s result, the linear programs are only
approximately solved with the max-min resource sharing algorithm by Grigoriadis et
al. applied to[VBPl To obtain the asymptotic approximation ratio of (1 + O(e)),
we therefore had to show that the number of item sizes and therefore Area(I1%)) halves
in every iteration. Note that the max-min resource sharing approach also improved
the running time. An interesting question is whether these techniques can be applied
to other problems to find better AFPTAS. Bin Covering might be such a problem, for
which Jansen and Solis-Oba || found an AFPTAS with an additive term in (’)(s%)
Other examples may be Class Constrained Bin Packing [19]], Bin Packing with Size
Preserving Fragmentation and Bin Packing with Size Increasing Fragmentation [[77) [78].
Improved approximation algorithms can also be expected e.g. for Bin Packing with
Cardinality Constraints, Scheduling Multiprocessor Tasks and Resource-constrained
Scheduling.

The crucial open question for VBP is the construction of an AFPTAS with an
additive term in o(log® 1). As already mentioned, Shmonin’s bound OPT(I) <
LIN(I) + O(log?d) for Cutting Stock we have used is based on an algorithm
for Bin Packing by Karmarkar and Karp with A(I) < OPT(I) + O(log? OPT(I)).
Hoberg and Rothvofd were recently able to show with a constructive proof
that we have OPT(I) < LIN(I) 4+ O(log(LIN(I))) for Bin Packing and OPT(I) <
LIN(I) + O(log(d)) for Cutting Stock. It may be the basis of an AFPTAS for BP or
VBP with a smaller additive constant in O(log(1)). One important step for this is
probably the derandomization of Hoberg’s and Rothvof3’s algorithm.

The Chapters 3| 4|and [5|decreased the running time of the AFPTAS for BP and VBP.
This was done by improving the column generation subroutines of both algorithms.
First, Chapter [3|introduced the Knapsack Problem with Inversely Proportional Profits
(KPIP) and presented faster FPTAS for its variants: the running time is improved for
large M = |C| by using the values F;(i) determined by dynamic programming for all
knapsack sizes in C, ¢ (2~(0+1),27?].
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7 Concluding Remarks

Chapter @] presented a faster FPTAS for the Unbounded Knapsack Problem (UKP)
to improve the column generation for BP. The most important steps in the FPTAS
are the creation of the item set I by gluing and the introduction of a.g_.. This guar-
antees the existence of an approximate structured solution with a lower bound (see

Definition 4.16). Therefore, the approximate dynamic program has to store less tuples

(p, s, k) than in the case without the structure.

An open question is an improvement of the running time and/or the space complex-
ity e.g. with the techniques by Magazine and Oguz [67] or by Kellerer and Pferschy
[59H61]l. Recently, Lokshtanov and Nederlof [65] showed that the 0-1 Knapsack Prob-
lem (0-1[KP) and the Subset Sum Problem have a pseudo-polynomial time and only
polynomial space algorithm. Subset Sum is a special case of the Knapsack Problem
where the profit of an item is equal to its size, i.e. p; = s;. Moreover, it was shown
that Unary Subset Sum is in Logspace [[18] 54]]. Gél et al. described an FPTAS for
Subset Sum whose space complexity is in O(%), i.e. which does not depend on the
actual input size, and whose running time is in O(1n(n + logn + log 1)). Can any of
these results be further extended to improve the space complexity of an UKP FPTAS?

It is also an open question whether the ideas for UKP can be extended to the normal
0-1 KP or other KP variants as well as used for column generation of other optimization
problems. The currently fastest known algorithm for 0-1 KP is due to Kellerer and
Pferschy [F9H61].

Chapter p|finally presented the combination of the techniques of Chapters 3|and
Ml The running time of the AFPTAS for VBP is now close to the AFPTAS for BP: they
only differ by a multiplicative factor of O(log 1) (and the additive term O(M)). It
is expected that the better running time of the FPTAS for UKP and UKPIP will also
improve the running time of AFPTAS for the problems we have mentioned above.
Finally, there is the open question of can the modified approximate
dynamic programming of Section [5.7| further improve the running time and space
complexity of FPTAS for UKP, UKPIP or other variants of KP and KPIP?

Chapter|[6|described a for Scheduling on Unrelated Machines of Few Different
Types ((Pmy, ..., Pmg)| | Cmax) that is single exponential in 1. A natural question is
of course the existence of an Another interesting task is the generalization
of this algorithm to jobs with A > 2 dimensions because Bonifaci and Wiese [_§]] first

considered this more general case. However, we run into trouble when it comes to the
preprocessing of jobs in Section|6.4, For one dimension A = 1, jobs can be partitioned
into fast and slow ones on every machine type. The partition is then explicitly used to
set pi‘]?und = oo for jobs that are slow on a machine type k. This allowed us to bound
the number of profiles in and therefore the number of jobs n’ in I™e'se,
Hence, we were able to bound the time complexity of the oracle: the bound on n’
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limited the overall running time of the dynamic program that generates all possible
profiles. In A > 2 dimensions, a partition into fast and slow jobs on a machine type
may not be possible in a way similar to ours because a job may be fast in one, but slow
in another dimension.

Optimizations for the running time of our algorithm are probably possible. For
instance, the jobs large on a machine type are rounded linearly and then the rounded
processing times are used to derive the profiles. An adapted rounding may lead to
a smaller number of profiles. Geometric rounding may be an option, but then the
processing times are not necessarily a discrete multiple of a value like (). One
possibility may therefore be not to round the processing times. Instead, the interval
[0,1 4 0] is partitioned geometrically. For each interval of the partition, the number of
machines is saved whose total processing time lies in this interval, which may lead to
an improved running time.

Finally, an open question is whether the FPTAS for Scheduling on m Unrelated
Machines (where m is constant) presented by Jansen and Mastrolilli
can also be adapted to (Pmy,...,Pmk)|| Cmax and yield an FPTAS for a constant
number of machine types K.
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A Solving the LPs Approximately: The Details

We first introduce the max-min resource sharing algorithm by Grigoriadis et al. [33].
Then, the missing proofs of Subsection are presented.

A.1 Max-Min Resource Sharing

Letf;: B— Rxsp,i € {1,...,N}, be non-negative concave functions over a non-empty,
convex and compact set B C RE. The goal is to find

A" :=max{A | min{fij(v),i € {1,...,N}} > A, v e B} ,

i.e. to solve
h(o) 1
maxA st f(v):= : >A|l:|,veB. (A.1)
fn(0) 1
Lete := (1,...,1)" be the all-1 vector in RN and I' := {p € RY; | pTe = 1} be the
standard simplex in RN. Then obviously A* = maxyep minyer p’ f(v), and by duality

maxmin p’ f(v) = minmaxp’f(v) = min A(p)

where A(p) := max{p'f(v) | v € B} is the block problem associated to the max-min
resource sharing problem.
Let € > 0. We are looking for an approximate solution to (A.1):

Find v € B such that f(v) > (1 —&) A"e . (A.2)

This can be done with an algorithm by Grigoriadis et al. (see also [41])). This
algorithm relies on a blocksolver ABS(p, t) that solves the block problem with the

accuracy t = &:
Find v € B for a given p € T,t = ©(&), such that p” f(v) > (1 —t) A(p).

First, the algorithm computes an initial solution

z

0.1

0).— =
U.Ni

o) where ') := ABS <ei, ;) . (A.3)

I
—_
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A Solving the LPs Approximately: The Details

The vector ¢; € RN is the unit vector with 1 in the i.th component and 0 otherwise,
therefore 0) satisfies e] (1)) = £;(6)) > (1 - 1)A(e;) = 1A(e;). The algorithm
then improves upon this initial solution v(?): it sets v := v(?) and computes the solution

0(f(v)) of
Z

Note that the solution 9( f(v)) is unique because the sum is strictly increasing in 6.
Then, a new vector p = p(f(v)) = (p1,...,pn)T € I is computed with

5= =1,0€ (0,min{fi(v),..., fn(v)}) . (A4)

Q!

N 0
fi(o) —6

b )
pi: Nﬁ(v)—G(f(v))fO 1,...,N . (A.5)

After this, 9 := ABS(p(f(v)), t) is calculated as well as the following stopping condi-

tion checked: TED) - pTf(0)
PO (A
”‘Tﬂm+ﬂﬂ> & (10
If not satisfied, v is set to v = (1 — T)v + 19, where
t0(f (0))v (v, 0)
NG @)+ P @) )

The algorithm then restarts with the calculation of 6(f(v)) and continues until the

T =1(f(0)) =

condition v(v, z?) < tis satisfied. Then itreturns v. A speed-up is possible by beginning
withgy =1 — N and setting & =

stopping condition is satisfied for an & < &. The algorithm is presented in Algorithm
(The pseudocode representation was adapted from [[14].)

Algorithm A.1: The max-min resource sharing algorithm (taken from [[14])

Compute v(). Setv := v(0),5:= 0,9 :=1— 3N’
repeat // scaling phase

si=s+1,8 =51, t:1=% v:=00;
while true do // coordlnatlon phase

Compute 0(f(v)) and p(f(v));

0 := ABS(p(f(v)),1);

Compute v(v,9);

if v(v,0) < t then v05) := v, break;

Compute step length T and set v := (1 — T)v + 79;

until &, < g
return 0(®) ;
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A.2 Missing Proofs

Remark A.1. It may not be possible to compute the root 6(f(v)) of exactly. It can
be shown that it is sufficient to approximately determine it up to a relative accuracy
of (’)(%) p- 307]. The loss of accuracy because of this can be neglected, and the
approximated root can e.g. be found with the Newton method in O(N loglog(¥)).
Note that the approximation to 8(f(v)) is then a number that can be expressed exactly.

Theorem A.2. Let € > Oand let f; : B — Rxo, i € {1,..., N}, be non-negative concave
functions over a non-empty, convex and compact set B C RE. Then Algorithm |A.1|finds an
approximate solution v € B to the max-min resource sharing problem (A.1)), where v satisfies
(A22). The algorithm needs O(N(log N + %)) iterations, where in each iteration a call to the
blocksolver is needed as well as an overhead of O(N loglog(N1)) incurs.

Proof. Correctness and running time were proved by Grigoriadis et al. (see also
[41])). 0

A.2 Missing Proofs

Proof of|[Lemma 2.12| Note that the configuration generated by the blocksolver (2.7)
does not depend on r, but only on the simplex vector p. For different values r, but the

same vector p, the blocksolver will choose the same bin size and the same configuration
(lo) ._
o = %

Using the notation of the Algorithm |[A.1} we have ABS,, (p,t) = r,- ABSi(p,t)
where AB Srp is the blocksolver for r = r, and ABS; the blocksolver for r = 1. More-
over, we have f;(v) = @] v, where d; is the i.th row of the matrix A of (2.3).

This allows us to show the theorem by induction. (To simplify notation, we will

and then set the corresponding variable v

denote all variables and constants for » = 1 and for r = r, by a corresponding index.)
For s = 0, we have 052) =71p- U;o) because of Definition (A.3): the initial solution 050)
is a linear combination of the different ABS, (e, t), where r € {1,7,}.

(s") (s") (s-1) _
P 1

p

rp- 05571) =1, - v1. We have 0,,(f(vr,)) = rp - 81(f(v1)) because the solution 6(f(v))
of (A4) is unique, and 7, - 61(f(v1)) is a solution to it for r = r, because of the
linearity of f;(v). Moreover, ér}, (f(vp)) :=rp - 01(f(v1)) is an approximate solution

Let us now assume that v, ' =1, -0 foralls’ < s—1, in particular Uy, =0

to 6y, (f(vr,)) with a relative error in (’)(%) if 01(f(v1)) is a O(%) approximation
to 61(f(v1)), and vice versa. Hence, we can assume that p,,(f(vr,)) = p1(f(v1))
according to Definition (A.5). Thus, we have 9,, = ABS,,(p,,t) = ABS;, (p1,t) =
rp- ABSi(p1,t) = rp - 01 as explained above. Moreover, Vr, (vrp,ﬁrp) = v1(v1,01) holds
according to Definition (A.6). Similarly, the new Oy, = o) = (1— Trp)vrp + T, 0r, and

Tp
(s) .

thenew v; = vy := (1 — 7y)v; + 710y satisfy vg) =71y vgs) because we have T, =T
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A Solving the LPs Approximately: The Details

according to Definition (A.7). Finally, the algorithm will finish forr = 1and r = r,
after the exact same number of iterations because v;, (vrp, ﬁrp) = v1(v1,01) holds. This
finishes our proof. O

We finish this section with the proof of [Theorem 2.13

Proof of [Theorem 2.13| For simplicity, we write dy = d and M; = M. First, we solve
(2.2) with r = 1 as explained above to obtain a solution ¢ with

Zl:CI 25](1) =

(A.8)
Y Yk, b)dl = > (1—e)m forie {1,...,d} .

Here, A; is the optimum of 2.2) for r = 1. Note that we have set £ = {.
The max-min resource sharing algorithm needs O(d(logd + %)) = O(d(logd + %))
iterations, where a call to the blocksolver UKPIP(d, M, cmin, %) is needed in each
iteration and an overhead of O(dloglog(d1)) = O(dloglog(d?)) i

incurs (see .
and |Theorem A.2). In total, we get a running time in

0 (d <log(d) 81 ) max {UKPIP (d, M, Caminy Z) ,0 <d log log <di>> })

Note that at most one new configuration is added in every iteration of the max-min
resource sharing algorithm. Therefore, there are at most O(d(logd + 2)) columns

in A, which is also an upper bound on the number of variables v( ) > O of the final
solution 9.

After having determined 3, we reduce the number of positive variables by finding
a basic solution 7 to (A.8) with only d + 1 variables v( ) > 0. Beling and Megiddo [4
have found an implementat1on of the standard techmque to do so with a running time
in O(d"**d(logd + 5 %)) = O(d**(logd + & )) and Ke, Zeng, Han, and Pan
have improved it to run in O(d" 5356d(logd +3)) = O(d***(logd + %)). Since

f(3) = Ad = Ad = f (7), the value rp = =, (vll) (57 remains unchanged by this.

Note that -, ¢; ) 5]. =Yial; ﬁ](l) = 1 still holds, too.

After this reduction, we multiply the d + 1 positive variables v( ) by 1o - (1 + 4€) to
obtain the solution to (2.2). This can obviously be done in time (’)(d +1). We get the

solution v within the running time stated in|Theorem 2.13 O
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B KPIP: Adding the Small Items Efficiently

The ideas in the following section are taken from Lawler’s paper [[63].

Remark B.1. The results in this section are also valid for non-integral profits and sizes
pj,sj € Rxo as well as knapsacks ¢; € R>o.

First, let ] := {ay,...,a,} be a set of knapsack items. Leto : {1,...,m} — {1,...,m}
be the permutation that sorts the items according to their efficiency % in non-

p(as1)) > > P(as(j)) > > P(ag(m))
s(aff(l)) - = S(aa(j)) - = S(ua(m))
item with the smaller index can be defined to have the smaller efficiency.) Moreover,

increasing order, i.e. . (In case of ties, the
let ¢ be a knapsack size. We now want to add the items greedily to knapsack & until
the knapsack is full without sorting the items according to their efficiency.

To do so, let I(l) the solution, i.e. the m’ items such that ](1) = {ag(l), .. .,ag(m/)}
and s(J(1)) = Yiis(ag) < ¢ < s(JW) + s(ag(ln/ﬂ)) = Z}”:{l s(ag(j)). We will now
iteratively construct pairwise disjoint item sets |, ..., [ and J; such that

R

k k
UriciWcUuk (B.1)
j=1 j=1

until having found one k such that U;_F:l Ji = JW or J = U;_F:l Ji U

We introduce the notion of the median set | of an item set | C J: if |J| = r, then the
median set | consists of the first | | 4+ 1 most efficient items of J. Thus, the median
set consists of the items sorted according to their efficiency up to and including the
median. For instance, we have for | = | that | = {8001y, 8502), - - Ag(|m]41) }. Since the
median of a set can be found in time and space O(|]]), this is also the running time
and space requirement for determining J. Note that

Plag(541))  Plag(s)42)

s(ag(z141))  S(ag(z)12)

may hold, i.e. the median set is not always equal to

2 op(a) o PGz )n)
{a el (@) = @) |
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B KPIP: Adding the Small Items Efficiently

Let us determine J(1). Set J; := @ and J; := J. Obviously, J; C J¥ C JJU ]y, i.e.
Property holds, and the item sets are pairwise disjoint. Now, let U;;l f] and Ji
be the current sets. Let | be the median set of Ji. If the items in U;le f] U J fit into ¢,
then the optimal set | (1) has to contain U?:l f] U J as a subset. We set Ji,q := | and
Jir1 :=Jx \ J and replace k by k + 1. Then Property still holds, and the item sets
are still pairwise disjoint.

On the other hand, if the items in U;-‘Zl f] U J do not fit into ¢, then U;-‘zl f] U J contains
too many items, i.e. J@ - U;‘:l f] U J. Thus, we set Ji := J. Property holds, and
the item sets are still pairwise disjoint.

The procedure continues until U;;l f] =] or U;;l f] U Ji = JW. As the size of the
set Ji halves in every iteration, we get a total running time in O(m + % + 4% 4 ---) =
O(m). Moreover, we only have to store the current union set U;;l fj as well as the
current sets J; and | together with their corresponding total sizes S(U;":1 Ji),s(Jx) and
s(Jk). Thus, we only need space in O(m).

Lemma B.2. Let | := {ay,...,a,} be a set of knapsack items together with a knapsack size
&. We can find the greedy solution [V for this knapsack size by a median-based divide-and-
conquer strategy in time and space O(|]|) = O(m).

Consider now a 0-1 knapsack instance with n items and the knapsack size ¢, which is
solved with Lawler’s FPTAS, i.e. the algorithms presented in Subsections and
B.5.4|for only one knapsack size C = {c}. We assume that the F,,, (i) are not dominated
(otherwise we discard dominated ones as seen in[Lemma 3.7), i.e. F,, (1) < ... <
Epy,(ic). Here, i. is the largest profit we have to consider, where we have F,, (ic) < c.
Take two profits i < i”. Assume that the set of the small items () and J(") that
are added to the remaining knapsack space ¢ — Fy, (i) and ¢ — Fy,, (i") in Step [9 of
Algorithm (see also (3.10)) are known. Then obviously ] O J(") holds because
¢ — Fy, (i) > ¢ — Fy, (i"). Furthermore, we have by definition ¢(c — Fy, (i) = p(J¥)
and ¢(c — Fy, (")) = p(JU")). Let us take now a profit i with i < i’ < i” and therefore
with Fy, (i) < Fu,(i') < Fu,(i"). We know that J) D J0) O J(") je. we have
](i/) = ](i//) U f(i/) for the appropriate item set f(i/) c ji .= 0 \](’W). Thus, f(i/) are
the items that can greedily be added to ¢ — F,, (') together with the items J(").
Therefore, it is sufficient to find the item set J(), and we can do so by applying

1

Lemma B.2[to the item set J(!) and knapsack size & = ¢ — Fy,, (i') —s(J")).

Lemma B.3. Let i < i’ < i" with F,,, (i) < Fy,(i") < Fy,(i"). We can determine the set
7 and therefore J&) = 10 U JW) in time and space O(|JO|) = O(|JD\ J0)]). We only
have to know the item set /) = JO\ J0") and the size s(J")) to find J() itself.

We can now determine all ¢(c — Fy, (i)) again by a divide-and-conquer strategy. Let |
be the set of all small items for ¢ with |J| =: m < n, let i. be the largest profit i we have
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to consider, and let s be the number of the current iteration of the divide-and-conquer
algorithm. We start with s = 0. We take the profit i := || + 1, i.e. the median of

1,...,i, and applyto it with & = ¢ — Fy,, (7). We find J@) = J@ in time

and space O(|]|) C O(n). We save 7O and s(J®). The missing sets () will now be
iteratively constructed.

Let s be the current iteration and » = r; € IN be a value such thati; < i3 < ... <
ipr—1 < igr4+1 are the profits for which the item sets J® have been determined and
saved so far. Moreover, we have also stored the corresponding sizes s(J(')). Note that
Jlzr+1) = Jlri1) and that [0 = J U ... U J(2r+1), We take the median iy, of every pair
ipp_1 and iy 11 as well as the median 7y of 1 and i; and the median ip,4 of iy and i..
This can be done in time and space O(r). Thus, we have

1<ipg<ii<ip<...<ipq <ipy <lpprg <lppsa <ic .

Note that iy, and i,,11 may be neighbours so that i, does not exist. If i1 = 2, we
setig =1, and if iy, 11 = i, — 1, we also set iz, 7 = i.

For every new iy, we have Fy, (iy—1) < Fp,(i2) < Fu,(iz+1). We can deter-
mine JU2) as the subset of [(2’-1) with in time and space O( |f(i2r’71) |) =
O(|Jlra) \ Jlria))),

We then save J(27) and the total size s(J(2")) = s(J(2)) + s(J(27+1)). Moreover, we
replace JICERY by f(i%’—l) \ J(21) so that we now have ](i%’—l) = 1) U Jl2r) | These
operations additionally need time and space in O(|J(2/-1) \ J(2r:1)]),

One special case is iy, where we have | D | () 5 1(1) 50 that we use the set | \ J()
for the algorithm of and all operations above need time and space in
O(|]\ J/)|). Another special case is i, where J(21) = J(ir1) D Jli42) holds so
that we apply the algorithm ofto the set J(2+1): we need time and space in
O(|] 1)),

It is of course possible that e.g. already J{2/-1) = J(27+1) holds so that we get
Jl21) = @ and a “running time” of O(|]2"-1)|) = 0. To take into account the running
time and space complexity of such cases—we still have e.g. to save the information
that (/) = @—we additionally add O(1) to the time and space needed for each iy,
which yields an additional cost of O(r) in time and space for iteration s.

To sum up, we need time and space in

o114 + £ 0 ) oo
=0O(|]]| +7) r:_O(m—Frs) CO(n+rs)

for iteration s because J(2+1), the J(2-1) \ Jr11) and | \ J@) are disjoint sets. Obvi-
ously, we only need O(logi.) iterations in total to find the values for all F, (i). It is
also easy to see that r; € O(2°).

) +O(r)
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B KPIP: Adding the Small Items Efficiently

Let us assume that we have c = ¢; for one ¢; € C;, of our 0-1 KPIP algorithm. For the
overall time bound, we have i; = i, < imax € (’)(elzcxix/cffjfn) (see (3.23))) and therefore

together with r; € O(2°) a total running time in

O(log(imax)) 1 C(b) O(log(imax))
O Y, (n4r) | =0|n-log 8—2% + )
s=0 s=0

min

(b) (b)
1 cmax 1 cmax

For the overall space requirement, note that we only save the J() and s(J(?)) after
iteration s is completed, which need space in O(r;s + 1) C O (imax + 1) in total. During
one operation s, we also need space in O(n + r5) C O(imax + 1). As the values and
sets of iteration s — 1 can be discarded when iteration s has been finished, the overall
space complexity is in

&2 (b)

min

(b)
O(imax + 7’1) - O( ! Cmax + Tl)

The actual values ¢;(c; — Fy, (i)) can be determined by using that

] (Cl _th(icz)) = Z p(a),

aef(iCl )

@1 (c1 = F, (ie, — 1)) = ¢y (c1 — F, (i) + Z, p(a) (B.2)

This needs time and space in O(imax + 1), which is dominated by the expressions
above.

We have proved Theorem 3.16, It is possible to heuristically improve the running

time: let ]’ be the first m’ most efficient small items so that 2?7/:1 s(ag(r,)) < ¢, but
;1/1’;11 s(ag(y1y) > c1. By a binary search as above, ]’ can be found in O(m) C O(n) and

then J’ instead of | used to determine all ¢;(-) and J).
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C The Bounded KPIP: The Details

Proof of Here, we normally use multi-sets, i.e. we do not save individual
item copies, but how many copies of one item type we use. We have for example
Ji) = {as(j) : 8js- -+, a0(jr) : 8}, Where gj» denotes the number of copies of item a, ;)
in the set J!). Note that the usual algorithm to find the median of a set can be adapted
to be still linear in the number of different item types in a set. For convenience, |J|
denotes the number of item types in set J.

First, the median-based search does not change much. It is used to get the P, and
Py in Step [1] of Algorithm 3.4 the small-item values ¢;(c; — Fy, (i)) in Step [9]and the
small items of V; in Step[12] .

Let Fy,, (i) and F, (i) be two values as seen in Appendixwith their sets J(), J()
and J("), J(") respectively. We may have e.g. Ji) = {a0() * &js---,a0() * &} and
Ja = {aa(j,) 2 8i e gy g”]w}, i.e. both contain item type 4,(;:), each with its
corresponding multiple. In iteration s of the algorithm of the sets
jlo), jG), ., Jlrs+2) may therefore no longer be “disjoint” by sharing copies of the
same item type. However, we have by definition of the sets 7O that Jlzs+2) contains
the most efficient items and that the efficiencies do not increase from one item set
to another: the items are added according to the order ¢ from the most to the least
efficient items. Thus, the number of overlapping item types in iteration s is bounded
by O(r). A similar reasoning shows that the time and space complexity in[Lemma B.2|
and do not change either. Hence, determining J(*) for i < i < i" can
still be done linear in the number of item types in J®. To sum up, the algorithm to
find all J() works as before and its asymptotic running time and space complexity
do not increase. In the same way, we can show that the computation of the values
¢1(c; — Fp, (i) as seen in does not need more time and space.

The same properties also hold for the operations in Step1|so that the overall running
time and space complexity of this step do not change either.

For the large-item computation in Step [/, we create item copies in Step[6| Fix one C.
Letdyj, ..., d; be the large item types that have the scaled profit g;, sorted according
to their size in non-decreasing order (i.e. s(d;;) < ... < s(d,)), and let Jl,j, .. .,d~t,j
be their corresponding maximal possible multiple. Since a solution can contain at
most 1 ; large items for every g; (see Bound (3.28)), it is sufficient for the large-item
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C The Bounded KPIP: The Details

computation to take copies of the items of smallest size until having n; ; of them.
Hence, it is sufficient to find #' < t such that

d~1’]‘+"'+d~t/71,]‘+(dtl _h)—nL]I h € {0 Jt//j_l} 4
\ﬁ,—/

and then take cftrr copies of awj, t" € {1,...,t' — 1}, and dt/ copies of ay ;. This
method already yields the bound n, < nj, € (’)( choan/ ). ) for the large items as seen
To improve the running time, Lawler’s idea for the unbounded case can be slightly

(r) are created with

modified as proposed by Plotkin et al. I p- 296]: item copies 4,

E/,) with p(a E,/)) =2"p(ap;),s(a g,/)) = 2's(d ;)
forr € {0,..., [log,(dy ;)| — 1}
and 4. with p(a ! )) (dp — pllogs ()] | )p(apm ),

t” t”

5<,7§H?]> (dr _pllegsdip] 4 qyg ()

forr = [log,(d ;)] .

g,r 3 of ay i where d}/,]- is replaced by d:t/,]- =

dy j — hj. These multiple copies are sufficient to represent all choices of item copies.

The only exception are the item copies @

Similar to the unbounded case, only 7 ; item copies of smallest size for one profit g;

have to be kept after having created the copies. It is however not possible to keep only
7(7)

t//]
Note that keeping the 7y ; smallest items for every profit g; can still be done in time

the item 4,,’. of smallest size because|Lemma 3.25|is not valid for BKPIP.

linear in the number of item types: the median finding algorithm used for it (see
still runs in linear time.

For the entire BKPIP algorithm, the running time and space bound can be deter-
mined like for the improved 0-1 KPIP algorithm in[Lemma 3.22] The additional time
to take the item copies in Step|6|and to keep only the smallest 1, ; item copies for every
qj is dominated by the large-item computation in Step (7| In Step 12} the (normal) set of
large items found by backtracking and the (multi-)set () of small items additionally
have to be combined into the multi-set V; of the solution. This can be done in time
O(Slzcgigi " + 1) and space O(n), which does not change the running time of the

inner for-loop (Steps|8H12} see alsoLemma 3.17, which is still valid for the improved
FPTAS as seen in the proof of Lemma 3.22). O
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Acronyms

PTAS
APTAS
EPTAS
FPTAS
AFPTAS
KP

UKP
BKP
KPIP
UKPIP
BKPIP
BP

VBP
MLCSP
(6]

sp

LP

ILP

P| | Crnax
Pr [ | Cnax

Q ’ ‘ Crnax

Polynomial Time Approximation Scheme

Asymptotic Polynomial Time Approximation Scheme

Efficient Polynomial Time Approximation Scheme

Fully Polynomial Time Approximation Scheme

Asymptotic Fully Polynomial Time Approximation Scheme
Knapsack Problem

Unbounded Knapsack Problem

Bounded Knapsack Problem

Knapsack Problem with Inversely Proportional Profits
Unbounded Knapsack Problem with Inversely Proportional Profits
Bounded Knapsack Problem with Inversely Proportional Profits
Bin Packing Problem

Variable-sized Bin Packing Problem

Multiple-Length Cutting Stock Problem

Cutting Stock Problem

Strip Packing

linear program

integer linear program

Scheduling on Identical Machines

Scheduling on m Identical Machines (m is constant)

Scheduling on Uniform Machines
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Acronyms

R| | Cmax

R | | Cimax

Scheduling on Unrelated Machines

Scheduling on m Unrelated Machines (m is constant)

(Pmy,...,Pmg)||Cmax Scheduling on Unrelated Machines of Few Different Types (K

OPT(I)

OPT(I,C)

OPT,,(I)

OPT,,(I)

OPT(I,v)

OPT(I,v)

OPT <, (I,v)

OPTs(1,0)

OPT <, (I, v)

OPTs(1, )

LIN(I)

Area(I)

188

is constant)
The optimal value for instance I

For[VBP: the optimal value for the instance (I, C) with items I and bin
sizes C

For [KPIP! the optimal value for instance I, knapsack size c;, and profits
P
1

For [KPIP} the optimal value for instance I, knapsack size c;, and basic
profits p;

For[UKP} the optimal value for instance I, knapsack volume v, and
profits pj-
For[KPIP} the optimal value for instance I, knapsack volume v, and
profits %j

For[KPIP} the optimal value for instance I, knapsack volume v, and
profits pj

For[UKP} the value of the optimal structured solution to instance I for
k = ko, knapsack volume v, and profits p; (see Definition 4.11)

For[UKP} the value of the optimal structured solution to instance I with

a lower bound for knapsack volume v and profits p; (see Definition 4.16)

For the value of the optimal structured solution to instance I for
k = ko, knapsack volume v, and basic profits pj (see |Definition 5.19[)

For[UKPIP: the value of an optimal structured solution to instance I
with a lower bound for knapsack volume v and profits p; (see
[Definition 5.28)

The optimal value for an[LP} which is sometimes the relaxation of an
ILPlin this thesis

For[VBP} The total size of the items in [
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of postcards received so far is featured here:

[http://postcards.miede.de/|

Since classicthesis is released under the|(GNU General Public License|(see|http |
[/ /www.gnu.org/copyleft/gpl.html), the look-and-feel of this thesis is also licensed
under the GNU General Public License. Please contact the author to receive a copy of
the XTEX code.
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Erklarung

Diese Abhandlung ist nach Inhalt und Form meine eigene Arbeit. Ausnahmen sind
die Beratung durch meinen Betreuer Prof. Dr. Klaus Jansen sowie teilweise Kapitel
6l Das Ergebnis dieses Kapitels wurde in der Vorlesung , Effiziente Algorithmen” im
Sommersemester 2014 an der Christian-Albrechts-Universitit zu Kiel von Jan Clemens
Gehrke, Klaus Jansen, Stefan Kraft und Jakob Schikowski entdeckt. Das Kapitel basiert
auf dem von Stefan Kraft erstellten technischen Bericht [26], der eine Erweiterung
und Uberarbeitung des deutschsprachigen Berichts von Jan Clemens Gehrke und
Jakob Schikowski ist. Deswegen sind Teile von Kapitel@auch eine direkte Ubersetzung
von [2§].

Diese Dissertation wurde weder ganz noch in Teilen an anderer Stelle im Rahmen
eines Priifungsverfahrens vorgelegt. Die Veroffentlichungen und Einreichungen zur
Veroffentlichung, auf denen die Dissertation basiert, sind in Abschnitt ab Seite E]
aufgefiihrt.

Diese Arbeit ist unter Einhaltung der Regeln guter wissenschaftlicher Praxis der
Deutschen Forschungsgemeinschaft entstanden.

Kiel, im Januar 2016

Stefan Kraft
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