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Abstract

A transcendental entire function is a holomorphic function on the whole complex plane
which is not a polynomial. The Julia set of an entire function f denotes the set of all points
in C where the iterates f* of f do not form a normal family in the sense of Montel. Many
mathematicians investigated the iteration of these functions. Even the simplest example
of a transcendental entire function, namely the exponential map Ae* with A € C\ {0}, is
of rich structure. Devaney and Krych showed in 1984 that for the exponential family A\e?®,
where 0 < A < 1/e, the Julia set consists of uncountably many pairwise disjoint simple
curves tending to oo, which they called hairs.

The existence of hairs is not restricted to the situation considered by Devaney and
Krych. For the exponential family it was proved by Devaney, Goldberg and Hubbard in
1986 that these hairs even appear for all A € C\ {0}. This result was generalized to a
larger class of functions by different authors, for example by Devaney and Tangerman in
1986, by Barariski in 2007 and by Riickert, Rottenfufer, Rempe and Schleicher in 2011.

Recently, the iteration of a natural higher-dimensional analogue of holomorphic maps,
the so-called quasiregular maps, became of great interest. A special family of quasiregular
functions, the so-called Zorich maps, was introduced by Zorich in 1969 and can be consi-
dered as a higher-dimensional counterpart of the exponential family. Bergweiler showed in
2010 that for several Zorich maps hairs also exist.

In this thesis we want to focus on the differentiability of hairs for transcendental entire
functions and Zorich maps. A first result was given by Viana in 1988, who proved that
the hairs of the exponential family are smooth. In the first part of this thesis, we show
that his result generalizes to the Zorich maps considered by Bergweiler under some mild
additional regularity assumptions.

At first glance it seems that the regularity of the function transfers to the regularity
of the hairs. In the second part of this thesis we construct in contrast to the first result a
transcendental entire function of the so-called Eremenko-Lyubich class, where every hair

is nowhere differentiable.



II




Zusammenfassung

Eine ganz transzendente Funktion ist eine auf der gesamten komplexen Zahlenebene holo-
morphe Funktion, welche nicht polynomiell ist. Die Juliamenge einer ganzen Funktion f
bezeichnet die Menge aller Punkte in C, in welchen die Iterierten f* von f keine normale
Familie im Montelschen Sinne bilden. Viele Mathematiker befassten sich mit der Iteration
solcher Funktionen. Selbst der einfachste Fall einer ganz transzendenten Funktion, ndmlich
der Exponentialfunktion Ae* mit A € C\ {0}, ist von reicher Struktur. Devaney und Krych
haben 1984 gezeigt, dass fiir die Exponentialfamilie Ae* mit 0 < A < 1/e die Juliamenge
aus liberabzédhlbar vielen paarweise disjunkten einfachen Kurven nach oo besteht, welche
von ihnen Haare genannt werden.

Die Existenz von Haaren ist nicht auf den von Devaney und Krych betrachteten Fall
beschrankt. Fiir die Exponentialfamilie wurde von Devaney, Goldberg und Hubbard 1986
gezeigt, dass diese Haare fiir alle A € C\ {0} auftreten. Dieses Resultat wurde auf eine
grokere Funktionenklasse verallgemeinert, zum Beispiel von Devaney und Tangerman im
Jahr 1986, von Baranski im Jahr 2007 und von Riickert, Rottenfufser, Rempe und Schleicher
im Jahr 2011.

In letzter Zeit gab es ein wachsendes Interesse an der Iteration eines natiirlichen hoherdi-
mensionalen Analogons holomorpher Funktionen, den sogenannten quasireguldren Funk-
tionen. Eine spezielle Familie quasireguldarer Funktionen, den von Zorich 1969 eingefiihrten
und heute nach ihm benannten Zorichfunktionen, kann als héherdimensionales Analogon
der Exponentialfamilie angesehen werden. Bergweiler hat 2010 gezeigt, dass fiir gewisse
Zorichfunktionen Haare existieren.

In dieser Arbeit legen wir unser Augenmerk auf die Differenzierbarkeit von Haaren von
Zorich- und ganz transzendenten Funktionen. Ein erstes Resultat wurde von Viana im Jahr
1988 gegeben, in welchem er zeigt, dass die Haare der Exponentialfamilie glatt sind. In
dem ersten Teil dieser Arbeit zeigen wir, dass sein Resultat fiir die Zorichfunktionen, welche
Bergweiler betrachtet hat, unter schwachen Zusatzvoraussetzungen an die Regularitiat der
Funktion verallgemeinert werden kann.

Auf den ersten Blick kénnte man vermuten, dass sich die Regularitdt der Funktion auf
die Regularitdt der Haare iibertragt. Im Gegensatz zum ersten Resultat zeigen wir im
zweiten Teil dieser Arbeit, dass es eine ganz transzendente Funktion aus der sogenannten

Eremenko-Lyubich-Klasse gibt, bei der jedes Haar nirgendwo differenzierbar ist.
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Chapter 1
Introduction

The iteration of holomorphic maps plays an important role in mathematics. The founda-
tions of the theory were laid by the memoirs of Pierre Fatou [Fat19], [Fat20] and Gaston
Julia [Jul§] in the beginning of the 20th century. Each of them considered the iteration of
rational functions from a different point of view: Fatou chose a way which is nowadays the
standard approach by investigating where the sequence of the iterates forms a normal fam-
ily in the sense of Montel. Here we say that a family F of entire or meromorphic functions
is normal in U C C, if every sequence in F has a locally uniformly convergent subsequence
with respect to the chordal metric. In contrast to Fatou’s work, Julia investigated the
closure of the set of repelling periodic points for rational maps. He showed that this set is
the complement of the set considered by Fatou, and independently of Julia it was shown by
Fatou that his set is the complement of the closure of the repelling periodic points. These
two sets form a natural partition of the complex plane C respectively the Riemann sphere
C := C U {oo}, which is named after Fatou and Julia. In 1968 Baker [Bak68] has shown
that these sets coincide in the situation of entire functions. The systematic study of the
iteration of entire and rational functions is nowadays called complex dynamics.

Denote for a given entire or rational map f by F(f) the Fatou set, which is the set
of all points where the sequence (f™),en is normal, and by J(f) the Julia set, which is
its complement. Here f” denotes the n-th iterate of the function f. By Arzela-Ascoli’s
theorem, normality in a set U C C can be seen as a locally stable behaviour of the iterates
in U.

The theory of complex dynamics became of great interest in the last 40 years, and
many people investigated the behaviour of special functions. In the early 1980s Sullivan
[Su83| [Su85] and Douady and Hubbard [DH84, [DH85| introduced new techniques which
provided new perspectives in complex dynamics. Besides the Fatou and Julia set, there is
a third set of much relevance, the escaping set Z(f) := {z € C: f"(2) = o0 as n — oo},
which was introduced by Eremenko [Ex89] in 1989. He has shown that this set is non-empty
for transcendental entire functions and that 0Z(f) = J(f), which justifies the relevance

of this definition. There is a strong connection between the Julia set and the escaping set
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for a large class of transcendental entire functions, the so-called Eremenko-Lyubich class
B [EL92|. This class consists of those functions where the set of singular values sing(f™1),
i.e. the set of critical and asymptotic values of f, is bounded. Because of this condition
functions in class B are said to be of bounded type. For these functions it was shown by
Eremenko and Lyubich [EL92] that Z(f) = J(f). Many standard functions like e* and
sin(z) belong to the class B.

ke ale al

Figure 1.1. The Julia set for f(z) = 0.8sinz (shown on the left side) and the Julia set for
f(z) = e* — 1. Both of them are bhOWH in black.

Although the components of the Fatou set are well understood, the Julia set is of rich
structure, and the topology depends sensitively on the parameter for several parameter
families. Even for the parameter family of quadratic polynomials f.(z) = 2? + ¢, where
c € C, the Julia set J(f) has a fractal behaviour for most ¢ # 0, while the Julia set of
fo(2) = 22 is the unit circle, and for f_5(z) = 22 —2 it is the interval [—-2, 2]. First results on
the structure of the Julia set for non-polynomial entire maps, the so-called transcendental
entire maps, were given by Devaney and Krych in 1984 [DK84]. They have shown that
for the exponential family \e®, where 0 < A\ < 1/e, the Julia set consists of uncountably
many pairwise disjoint simple curves tending to oo, which they called hairs. On these
hairs, except for their endpoints, the iterates tend to oo locally uniformly. The existence
of hairs is not a special feature of the case considered by Devaney and Krych. For the
exponential family it was proved by Devaney, Goldberg and Hubbard in 1986 [DGHS6|
that these hairs even appear for all A € C\ {0}. This result was generalized to a larger
class of functions by different authors. In 1986 Devaney and Tangerman |[DT86| considered
certain transcendental entire maps, where sing(f~!) is finite. Examples for this class of
functions are e?, sin(z) and cos(z), see Figure In 2007 Baranski [Bar07| considered
so-called hyperbolic maps, i.e. maps, where the closure of the union of all f"(sing(f™!))
with n € Ny is a compact subset of F(f). In 2011 Riickert, Rottenfuker, Rempe and



Schleicher generalized this result to finite compositions of functions in class B of finite
order. In the same paper it was shown that the assumption on the order of f cannot be
dropped. In fact they constructed a function of bounded type of infinite order such that

every path-connected component of 7 (f) is bounded, and thus this function has no hairs.

Recently, the question about a generalization of such a theory to higher real dimensions
arose. To get an idea which class of functions is an appropriate higher-dimensional coun-
terpart, one should understand the geometrical mapping behaviour of holomorphic maps.
Holomorphic maps are C! functions in a real sense which satisfy the Cauchy-Riemann
differential equations. From a geometrical point of view, this means that holomorphic
functions map infinitesimally small circles to infinitesimally small circles. Thus a first
candidate for a higher dimensional analogue in dimension d > 3 would be a C! function
f: R? — R? which maps infinitesimally small spheres to infinitesimally small spheres. By
a theorem of Liouville [Li50] from 1850, it is known that the only functions satisfying these
conditions in higher dimensions are Mobius transformations, i.e. finite compositions of re-
flections on spheres and hyperplanes. More precisely, Liouville has shown this result only
for C® functions, but later Hartman [Ha47, [Ha58| generalized this theorem in 1958 to the
case of C'! functions. In order to obtain a larger class of maps, our first candidate should
satisfy a relaxed version of these conditions. It turns out that for an interesting class of
functions, we should allow that D f(z) maps spheres to ellipsoids of bounded eccentricity
and consider the existence of weak first derivatives. We call a continuous map satisfying

the relaxed conditions quasiregular; see Section for the precise definition.

Two-dimensional quasiregular maps were introduced by Grotsch [Gr28] in 1928, and
higher-dimensional maps were first mentioned by Lavrentiev [La38| in 1938. A systematic
study of these functions began in 1966 by ReSetnjak [ReS66]. For further information on
the theory of quasiregular maps we refer to Rickman’s book [Ri93| and for the history to
a survey by Viiséla [Vag0].

Now we want to consider a higher-dimensional analogue of the exponential family, the
so-called Zorich maps. These maps were introduced by Zorich [Zo67| in 1967. To get a
feeling for the construction of these maps, we first consider the holomorphic case. The
standard exponential map exp(z + iy) decomposes into a product of the scaling function
exp(z) and the angular function exp(iy). If we restrict this function to the horizontal strip
{z € C: |Imz| < 7/2}, we know that any vertical line segment of length 7 is mapped to a
half circle to the right and any horizontal line segment is mapped again to a line segment in
the right half plane. By Schwarz’s reflection principle we can extend this map to the whole
complex plane using the mapping behaviour on this initial strip. We want to define a Zorich
map in R? as follows: First we consider the hypercube Q = [—1, 1] and map this cube to
the upper hemisphere S, C R? by a bi-Lipschitz map h: Q — S, as shown in Figure .
Thus h is a substitute for the angular function as in the exponential case. Now we keep
the scaling function and consider the map F': Q@ x R — R%, F(z) = e*@h(zy,...,14-1). As
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for the exponential map, we obtain a map on R? by reflections on the faces of the square
beam @ x R and call this extension a Zorich map (see Figure [1.3)).

Figure 1.2. Bi-Lipschitz map h: Q — Sy of the Zorich map.

x F(z) = e*h(zy,...,xq4 1)

Py
L

Figure 1.3. Construction of the function F' via reflections.

Consider now f,(x) := F(z) — (0,...,0,a), where a > 0 is large. Bergweiler [Berl(]
has shown that f behaves similarly to Ae* for small A and has hairs which lie in a suitable
upper halfspace. Besides the Zorich maps there is a higher-dimensional analogue of the
sine family. For further information see [BELI], or for several other results on a Fatou-Julia
theory for quasiregular maps we refer to [Berl3, BN14].

In this thesis we want to focus on the differentiability of hairs for entire functions
and Zorich maps. In 1988 Viana [Vi88| investigated the differentiability of hairs for the
exponential family Ae* with A € C\{0}. He has shown that the hairs of Ae* are C*°-smooth
independently of the paramater A. Later Kisaka and Shishikura |[KS11] generalized this

result to the family P(z)e?®), where P and @ are non-zero polynomials.



Our first result on the differentiability of hairs for the Zorich maps considered by Berg-

weiler is the following:

Theorem 1. Let f, be as above and assume that h|int(Q) is C! and Dh is Holder continuous.
Then the hairs of f, are C'-smooth.

Recall that for f > 0 a function ¢g: Q — R? is S-Holder continuous, if there exists a
constant C' > 0 such that ||g(x) — g(y)|, < C ||z — yllg for all z,y € Q.

The proof of Theorem [I| will show that the conclusion of the theorem still holds if the
assumptions on h and Dh are satisfied on a suitable subset of int(Q) (see Section [3.6)). In
the proof we use a suitable sequence of C! curves which is given as follows: Bergweiler
[Berl(] obtained the hairs as a locally uniform limit of a sequence of certain curves. We
show - under the hypotheses made - that these sequence converges locally uniformly in
C'-sense and thus we obtain the C''-smoothness of the hairs. Using this method we can
show that the claim holds for every hair.

In the second part of the thesis, we investigate the differentiability of hairs of entire
maps. Beginning with Weierstral in 1895 [We95|, it is well-known that there exist con-
tinuous functions f: R — R which are nowhere differentiable. Fatou [Fat06] has already
shown that for f(z) = 2% + ¢, the Julia set J(f) is a Jordan curve for sufficiently small
lc| € R, but it is nowhere differentiable. In contrast to the first result of this thesis we

show the following;:

Theorem 2. There exists a function in class B of finite order, where the Julia set consists

of hairs which are nowhere differentiable.

By saying that a hair H C C is nowhere differentiable, we mean that no parametrization
7:[0,00) — H has a non-zero derivative at any point of [0, co).

To obtain this result we use the so-called Cauchy integral method to construct a trans-
cendental entire map of finite order which grows in a prescribed tract to co. The existence
of hairs for such a function is guaranteed by a result of Riickert, Rottenfufter, Rempe and
Schleicher [RRRS11]. By choosing the geometry of the tract in a suitable way, one can

obtain that the hairs cannot be differentiable at any point.
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Chapter 2

Preliminaries

This thesis splits up into two parts which deal with quasiregular maps respectively entire
functions. In this chapter on preliminaries we recall results which are needed for the main
chapters 3 and 4. For the understanding of both subsequent chapters, the reader should
read the first two sections and the beginning of Section 2.7. The sections 2.3 and 2.4 are
required to understand the results on quasiregular maps. A solid background to understand

the results in Chapter 4 is given in the sections 2.5 to 2.7.

2.1 Notation

In this section we want to fix the necessary notation for this thesis. As usual denote
N:={1,2,...} and Ny := NU {0}. Let C := C U {co} denote the Riemann sphere. For
z € Cand r > 0 we write D(z,r) := {w € C: |z —w| < r} for the open Euclidean
disc around z with radius r. With dist(x,y) we denote the Euclidean distance and with
diam(A) the diameter of a set A C R i.e.

diam(A) := sup ||z —yl|,.
z,y€A

Moreover, for ¢ € R we define Hs, := {z € R? : x4y > ¢} , analogously H.., Hc,
and H... Only for d = 2 we use this notation for the right half plane, i.e. we have
H.p:={z € C:Rez > 0}.

For a set A C R? we use int(A) for the interior of A in R%.

2.2 General definitions and results from analysis

In this part we collect definitions and facts from analysis.

Hausdorff dimension

For a reference on Hausdorff dimensions see [Fal86].

7
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Definition 2.2.1 (Hausdorff measure/dimension). Let A C R%. For 5,8 > 0 we define

H5(A) ;= inf {Z (diam A;)* : A C U A;, diam A; < 5} )
j=0 Jj=0

where A; C R% Then we call
H(A) :=lim H3(A)
6—0
the s-dimensional Hausdorff measure of A and
dim A :=inf{s > 0: H*(A) =0}
the Hausdorff dimension of A.
Remark 2.2.2.
1. The s-dimensional Hausdorff measure is an outer measure, for which Borel sets are
measurable.

2. The upper limit exists since the function § — H3(A) is non-increasing.

3. For s € N the s-dimensional Hausdorff measure and the s-dimensional Lebesgue

measure on R* only differ by a constant depending on s.

Infinite products

Now we want to collect a basic result on infinite products which will play an important

role for some details in our proofs. For a reference see [FL80].

Definition 2.2.3 (Infinite products). Let (a,)nen be a sequence in C. We say that

o0
Lo
n=1
converges if there exists an N € N such that the limit
k
i 1] o

exists and is nonzero. In this case we put

00 N-1 k
H%f<H%)ggH%-
n=1 n=1 n=N
Lemma 2.2.4 (Convergence criterion for infinite products). Let (b,)nen be a sequence in
R. Then the infinite product

(e o]

[T+ 1.

n=1

> bl
n=1

converges if and only if the series

CONVETGES.
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2.3 Sobolev spaces and the space ACL?

In the definition of quasiregular maps we need a weaker regularity version as the C! con-
dition which was discussed in the introduction. This version can be phrased in terms of
Sobolev spaces which allows us to differentiate in a non-classical way. This elegant the-
ory was given by Sergei Sobolev [So39| using L? functions and giving them an additional
structure which coincides with our structure for smooth functions. Here we refere to the
standard book of Evans [Ev98].

For U C R? open and f: U — R, denote by

supp(f) :=={z € U: f(z) # 0}

the support of f.
Definition 2.3.1 (Space of test functions). Let U C R? be open. Then denote by
Ce(U) :=={f € C(U): supp(f) is a compact subset of U}

the space of smooth functions with compact support in U. Moreover, we call each function
f e Cse(U) a test function and C§°(U) the space of test functions on U.

Definition 2.3.2 (Weak derivative). Let U C R be open and let f € L} (U). If there
exists a function g € Lj, .(U) such that for all ¢ € COO(U ) the equality

/gg( /f 6% z,

holds, then we call g; the first j-th weak derivative of f and write % f=g9;.
J

Remark 2.3.3.

1. For continuously differentiable functions the notion of weak derivatives coincides with
the classical derivatives, because in this case the formula in the definition is the same
as the rule of partial integration since the boundary terms vanish for test functions
in /.

2. Weak partial derivatives are unique up to a set of measure zero.

Using the definitions from above we are ready to define Sobolev spaces.

Definition 2.3.4 (Sobolev space). Let U C R be open. For k € Ny and p € [1,00) we say
that a function f: U — R lies in the Sobolev space W*?(U) if for all o € N¢ with |o| < k,

the a-th weak derivative of f exists and || f{[r. () < 00, where

e = | [ |t

|a|<k

3=
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Moreover, denote by VV;ZCP(U ) the space of all functions, such that for all x € U there exists
an open subset V C U containing x such that f|y, € W*P(V).

Remark 2.3.5.
1. The Sobolev space W*? equipped with the norm |||, is a Banach space.

2. It is standard to define Sobolev spaces in the above way. In our situation we will deal
with vector-valued functions since d > 3. In this case we say that each coordinate

function should satisfy the conditions from above.

Another way to look at this problem is to talk about functions which are absolutely
continuous on lines almost everywhere. Therefore we give the following definitions which
one can find in [IMO1], page 105] and |[Ri93| page 5].

Definition 2.3.6 (Absolute continuity). Let I C R be an interval. We say that f: I — R s
absolutely continuous if for all € > 0 there exists § > 0 such that foralll e N, k € {1,... 1}

and all non-overlapping intervals (ay, by) with [ay, bx] C I such that

Z(bk — ak) <0

!
k=1
we obtain
I

ST 1F0) — fla)] <e.

k=1

Definition 2.3.7 (Absolute continuity on lines). Let n € N and @ be an n-interval,
ie. Q:={r€R":a; <z; <bjforall j€{l,...,n}}. We say that f: Q@ — R? is ACL
(absolute continuous on lines), if f is continuous and if f is absolutely continuous on almost
every line segment in () parallel to the coordinate axes.

For U C R" we say that f: U — R% is ACL, if f|g is ACL for every closed n-interval
(@ C U. If, in addition, the partial derivatives of f are in L} (U) for some p > 1, then we
say that f is ACLP(U).

Now we can state the lemma connecting the Sobolev spaces with the space ACL? (see
[Ri93, Proposition 1.1.2]).

Lemma 2.3.8. A function f: U — R is ACLP(U) if and only if it is continuous and
belongs to W’lif(U ). In this case the weak and the ordinary partial derivatives coincide

almost everywhere.
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2.4 Quasiregular maps

An essential tool for this thesis is given by the theory of quasiregular maps. In this section
we a give a short introduction to this theory by collecting some results. Most of the time
we will follow the book of Rickman |Ri93].

We want to motivate the definition of quasiregular maps by focusing on the geometrical
mapping behaviour of holomorphic maps. Here we identify C with R2.

For an open set U C R? the Cauchy-Riemann equations say that f: U — R? is holo-

morphic if
1. fis C* in the real sense,
2. [IDF@I = Jy(a),
where D f(x) denotes the derivative of f in x, by J(x) we denote its Jacobian, and

IDf(@)[| := sup [[Df(x)h]],
Iall2=1
denotes the operator norm of Df in x. From a geometrical point of view this means that
D f(x) maps circles to circles. Thus a first candidate for a higher-dimensional analogue of

a holomorphic map would be a function f: U — R? on an open set U C R? such that

1. fis C' in the real sense,

2. |Df(@)]" = Js(a).

This means that D f(x) maps spheres to spheres. From the following theorem of Liouville

ILi50] we obtain that this choice yields a very small class of functions.

Theorem 2.4.1. A C! function f: R — R? which maps spheres to spheres is either
constant or a Mdbius transformation, i.e. a finite composition of reflections on spheres and

hyperplanes.

Remark 2.4.2. The theorem from above was shown by Liouville in 1850 for C® functions,
but later Hartman proved the C? case in 1947 [Had7| and finally generalized his result to
the C! case in 1958 [Hab§].

It seems that we need to consider weaker conditions for an interesting class of functions.
This leads to the following definition.

Definition 2.4.3 (Quasiregular). Let G C R? be a domain and let f € W,5%(G) be
continuous. We say that f is quasiregular if there exists a constant Ko := Ko(f) > 1 such
that

IDf(x)||* < KoJs(z) ae. (2.4.1)
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This is equivalent to the condition
Ji(z) < K[A(Df(x)*  ae. (2.4.2)
for some K;:= K;(f) > 1, where

(Df(x)) = int | [Df(@)h],.

The smallest constants Ko and K such that (2.4.1)) and (2.4.2)) hold are called the outer
and inner dilatation of f and K := max{Ky, Ko} is called the (maximal) dilatation of f.

Remark 2.4.4. The condition in (2.4.1) says that Df(z) maps spheres to ellipsoids of
bounded eccentricity, i.e. the quotient of the largest semiaxis and the smallest semiaxis is
bounded.

The following result shows parallels to the holomorphic case and the proof can be found
in |[Ri93, Theorem 1.4.1].

Theorem 2.4.5. Non-constant quasiregular maps are open and discrete.

Quasiregularity can be also defined for maps on a domain G € R? := R*U {oc}. As in
the case of holomorphic functions we want to give the following definitions for quasiregular
maps (see [Vu88, Definition 10.6]).

Definition 2.4.6. Let G C R? be a domain. A continous map f: G — R? is quasireqular
if either f(G) = {oo}, or f7'(o0) is discrete and f|e(f-1(s0)ufoo}) 1S quasiregular.

Definition 2.4.7 (Polynomial/transcendental type). We say that a quasiregular map
f:RY — Re is of polynomial type if f(z) — oo as © — oco. If f has an essential sin-

gularity at oo, the map f is said to be of transcendental type.
Remark 2.4.8. A non-constant quasiregular map is either of polynomial type or of trans-
cendental type.

There are some analogues for quasiregular maps to the theory of holomorphic maps.
For example Picard’s theorem and Montel’s theorem have higher-dimensional counterparts,
see e.g. [Ri80, Theorem 1.1] and [Min82, Theorem 4].

Remark 2.4.9. By putting f(co) = oo one can extend a quasiregular map f: R? — R of

polynomial type to a quasiregular selfmap of R

For our purpose it is interesting to investigate an analogue of the escaping set for

quasiregular maps. It can be defined as follows.

Definition 2.4.10. Let f: R? — RY be quasiregular. We call the set
Z(f) == {z € R*: f"(x) = o0 as n — oo}

the escaping set of f.
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Bergweiler, Fletcher, Langley and Meyer [BFLMO09, page 643| proved the following

Lemma which justifies the definition of the escaping set.
Lemma 2.4.11. Let f: RY — R? be quasiregular of transcendental type. Then Z(f) # 0.

Further results on the dynamics of quasiregular maps can be found in [Berl3, [BN14].

2.5 Complex analysis

In this section we summarize definitions and results from complex analysis which will be

used in the following sections. We do not recall basic facts and focus on selected results.
Lemma 2.5.1. Let G C C be a convex domain and f: G — C holomorphic. If

Re f'(z) > 0 for all z € G,
then f 1s univalent.

Proof. Let z,w € G such that f(z) = f(w). Assume that z # w. Then

— z / 1
o f@=Jw) 7O 4 :/ Flltz+ (1 = Hw)dt.
z—w w Z—W 0
Since G is convex we know that tz + (1 —t)w € G for all t € [0, 1]. By our assumption this
yields
B 1
0=Re (M) —/ Re (f'(tz + (1 — t)w) dt > 0,
Z—w 0

a contradiction. ]

Definition 2.5.2 (Symmetric domain). Let G C C be a domain. Then we call
G ={2e€C:ZeG}
the complex conjugate domain of GG. Moreover, we say that G is symmetric if G = G*.

Lemma 2.5.3 (Schwarz’s reflection principle). Let G C C be a symmetric domain and let
f: GNHsy — C be continuous and holomorphic on G NHso. If f(GNR) C R, then the
reflected map

f(z) ,if z€ GNHso,

G C, fz)=4_"
f ” f< ) {f(z) ,ifZ¢GﬂH20,

18 holomorphic.

Definition 2.5.4 (Singular value). Let f be a transcendental entire map. We call a point
w € C critical value of f if there exists z € C such that f'(z) =0 and f(2) = w. Moreover
we say that a € C is an asymptotic value of f if there exists a curve v: (0,00) — C such
that v(t) — oo and f(v(t)) = a as t — oco. A singular value of f is either a critical value
or an asymptotic value of f. We denote the set of singular values of f by sing(f™!).



14 CHAPTER 2: PRELIMINARIES

Remark 2.5.5.

1. Equivalently, the set sing(f~1) is the smallest set S such that f: C\ f~*(S) — C\ S

is a covering map.

2. For a transcendental entire map f, a point z € C is a singular value of f if and only
if there exists a branch of f~! which cannot be continued into z. More precisely,
if a branch of f~! is defined on an open set U C C and + is a curve connecting U

and z, then this branch of f~! can be continued along every piece of v except for its

endpoint z.
Standard examples are given by f(z) := z? and g(z) := exp(z). Here 0 is a critical
value of f and an asymptotic value of g since for v: (0,00) — C, v(t) = —t we obtain
lim g((2)) = lim exp(—t) = 0.

In fact, no branch of the complex logarithm can be continued into 0.

Definition 2.5.6 (Order of a function). We say that an entire function f is of finite order
if there exist p, R > 0 such that

[f(2)] <exp(lz") for || > R.

The infimum over all g such that this holds for some R > 0 is called the order of f and is
denoted by p(f), where we use the convention inf () = oo, if such an R does not exist for

any p > 0. Then we say that f is of infinite order.
Remark 2.5.7. 1t is not difficult to show that for an entire function f, we have

log log M
o(f) = lim sup 28198 (r f)
r—00 log r

Y

where M (r, f) := THI%X |f(2)| is the mazimum modulus of f.

The following result [GO08| gives a connection between the number of asymptotic values

and the order of an entire function.

Lemma 2.5.8 (Denjoy-Carleman-Ahlfors theorem). Let f be entire and R > 0. If N

denotes the number of components of
Ap={z€C:|f(2)] > R},
then N < max{1,2p(f)}.
As a corollary [GO0§|, we obtain the following result.

Corollary (Denjoy-Carleman-Ahlfors). Let f be entire. Then the number of asymptotic
values of [ is at most max{1,2p(f)}.
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Now we focus on the distortion of bounded sets under holomorphic maps which can be
found in [P092]. Many results of Pommerenke are stated for univalent functions f: D — C,
but these results can be easily generalized to the case f: D(zp,r) — C by considering the

function

f(zo+712) — f(20)

g:D—C, g(z) = (0]

instead of f since g(0) = 0 and ¢/'(0) = 1.
Lemma 2.5.9. Let f: D — C be univalent. Then f(D(0,r)) is a convex set forr < v/2—1.

Remark 2.5.10. The largest r such that f(D(0,r)) is convex is called the radius of convezity.
Hengartner and Schober [HS73| and Goodman and Saff [GS79| have shown that f(D(0,r))
is for 7 > /2 — 1 in general not convex. Goodman and Saff conjectured that ro := v/2 — 1
is the best possible constant to preserve convexity. In 1989 Ruscheweyh and Salinas [RS89)
proved that this constant is optimal.

Definition 2.5.11 (Distortion). Let U C C be open and f: U — C univalent. If D C U
is bounded, then we define by

_sup{|f'(z)| : 2 € D}
£lp) = inf{|f'(z)| : z € D}

the distortion of f on D.

Lemma 2.5.12 (Koebe’s distortion theorem). Let r > 0, zy € C and let f: D(z,7) — C

be univalent. Then we have for all z € D(zy,r) and s := |z — 2|
r—s , , r+s ,
JE— < < X
(’f’ 8>3 |f (ZO)| = |f (Z)| = (T — 8)3 |f (ZO)|

Lemma 2.5.13. Under the assumptions of Koebe’s distortion theorem we have

£(f|D(z0,s)) S <r+8> .

r—s

In the following denote by A(zi, 22,23) C C the triangle with vertices 21, 2z, and z3,

where these points are pairwise distinct. Moreover, we denote by d;, = |z; — 2| for
J, k€ {1,2,3} with j # k.

Definition 2.5.14 (Degenerate/d-degenerate). We say that for § € (0,1) the triangle
A(z1, 29, 23) 1s d-close to degenerate, if there exists pairwise different j, &k, € {1, 2,3} such
that

d;s
—2r > 1 . 2.5.1
d;; + dyy ( )

If the quotient equals 1, we say that A(zq, 29, 23) is degenerate.
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Remark 2.5.15. By the triangle inequality we know that the quotient in (2.5.1)) is always
less than or equal to 1. Thus equality means that the points z;, zo and 23 lie on a line. In

other words, if we have

d.
D (A(z1, 29, 23)) := maux{#’g : g,k 1 € {1,2,3} pairwise different} <1-4,
de 4—(1kl

then the considered triangle is non-degenerate.
Z3
<3

A

21 )

21 22

Figure 2.1. Examples of a non-degenerate triangle (left) and the d-close to degeneracy case.

Lemma 2.5.16 (Distortion). Let U C C be an open, bounded and convez set.
Let A(z1,29,23) CU and let f: U — C be univalent. Suppose that f(U) is convezx. Then

D (A(f(21), f(22), f(23))) < L(flv) - D (A(21, 22, 23)) -

Proof. We have for all j, k € {1,2,3} with j # k that

() — F(a)] = / " (2 dz

< djr-sup{|f'(2)] : z € [z, 2]}
< dj-sup{|f'(2)| : z € U}.

Since f is univalent in U, we have

f(z5) ,
/ (5 (=) dz
fzk)

djk =
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and hence
f(25) = f(z)] = djpe - inf {|f/(F71(2))]| - 2 € [f(25), F(20)]}
> d;p-inf{|f'(z)|: z € U}.
Thus we obtain for all pairwise different j, k,l € {1,2,3}
£ (z5) — f(z)] < G sw{|f'(z)[:z2€ U}
[f(z5) = f()l + [f () = f(20)] © dju+ diey inf{[f(2)] : 2 € U}
This yields

D (A(f(21), f(z2), f(23))) < L(flv) - D (A(21, 22, 23)) -
O

Lemma 2.5.17. Let A(z1, 22, 23) C C be non-degenerate in the sense of Definition |2.5.1)
for some 6 > 0. Then every angle in A(z1, 22, 23) s bounded away from 0 and w, with

bounds depending only on .

Proof. We show the contraposition of the result. Without loss of generality we assume
that d; o is the longest edge of A(zy, 29, 23). If o; denotes the angle at the vertex z;, the

law of sines yields that the angle ag is the largest one. We consider two cases:

1. Both angles a; and as are small.
Suppose that ¢’ > 0 is small and that aj,ay < ¢’. Put 6 := 1 —cosd’ € (0,1). Then §

is close to 0. By elementary geometry we know that
d172 = d173 cos oy + d273 COS (Yo Z <d173 + d273) COS 5,

and thus
dy 2
diz+dag

Thus A(z1, 29, 23) is d-close to degenerate if a3 is close to 7.

>cosd =1—0.

2. Only one of the angles o or a, is small.
Suppose now that ¢ > 0 is small and assume without loss of generality that a; < ¢'.
Thus we know that ds 3 is small compared to the length of the other edges. Using similar

arguments as in the first case, we obtain the result. [

Lemma 2.5.18. Let v: [a,b] — C be continuous and injective, and differentiable at to €
la,b] with v'(to) # 0. Then for all 6 € (0,1) there exists € > 0 such that the triangle
A(z1,7(ty), z2) is 6-close to degenerate for all zy,z9 € D(y(to),e) Ny([a,b]).

Proof. Since 7 is injective, we know that for all § > 0 there exists € > 0 such that for all
t € [a,b] with |y(t) — v(to)| < € we have |t — to] < d. For all t € [a,b] \ {to} we have

(1) = (o)

0 () + ()
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for a suitable x(t). Let 7 > 0 be small. Then we can choose ¢ small enough such that for
all t € [a, b] such that |t — to] < 0 we have |k(t)| < |7/ (to)|sinn.
Let 21,20 € (D(v(to),e) Ny([a,b])) \ {7(to)}, say 21 = v(t1) and zo = 7(t2). Then
|t; — to| < & and we obtain
/ / : |7/(t0)|5in77 .
larg (7'(to) + #(1;)) — arg (7'(to))| < arcsin { ———Z—<— | =17
7' (o)
for j € {1,2}. Thus the equation

Y(t;) = (to) = (7' (to) + K(t;)) (t; — to)
yields
arg (v(;) —v(to)) = arg”'(to) + 1,
where |r;| <7 for t; > tg and |r; — 7| < nfor t; <ty for a suitable choice of the argument.

Hence
larg (y(t2) = 7(to)) — arg (v(t) = v(to))| < 21
larg (7(t2) = v(to)) — arg (v(ta) = ¥(to)) — 7| < 2.
Noticing that arg (y(t2) — v(to)) — arg (y(t1) — v(to)) is the angle of the triangle at (o),

the conclusion follows. O]

Figure 2.2. Connection between differentiability of curves and d-close to degeneracy for triangles.

2.6 Complex dynamics

In this section we want to deal with a short introduction to the theory of complex dynamics,
which goes back to the beginning of the 20th century. In the sequel we collect some results
of more recent work. Details can be found in [Bea91, IMil06), [St93].
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Definition 2.6.1 (Normal family). Let U € C be open and F be a family of functions
from U to C. We say that F is normal if for every sequence in F there is a subsequence
which converges locally uniformly with respect to the chordal metric. Moreover, we call F
normal in z € U if there exists a neighborhood V' of z such that the family {f|y : f € F}

is normal.
The following criterion for normality is due to Montel.

Lemma 2.6.2. Let U C C be open, ay, as and az € C distinct points and let F be a family
of meromorphic functions in U. If f(z) # a; for all f € F, z € U, and j € {1,2,3}, then

F is normal.

Now we turn to the iteration of holomorphic maps. In this context normality of the
family {f™ : n € N} in z € C means that the iterates of f behave stable in a suitable
neighborhood of z. The complex plane splits up into two disjoint parts, a stable and a

chaotic one, which are named after Pierre Fatou and Gaston Julia.
Definition 2.6.3 (Fatou/Julia set). Let f be entire. We call
F(f) ={2€C:{f":neN}isnormal in z}

the Fatou set of f and
J(f) = C\F(f)
the Julia set of f.

In our context the next set plays a major role, which was introduced by Eremenko
[Exr89].

Definition 2.6.4 (Escaping set). Let f be entire. Then we call
Z(f):={2€C: f*(z) - o0 as n — oo}
the escaping set of f.

For polynomials it is well known that the escaping set is always a non-empty set con-
taining co. The following result of Eremenko [Ex89, Theorem 1] justifies the definition of

the escaping set for transcendental entire maps.
Lemma 2.6.5. Let f be transcendental entire. Then Z(f) # 0.

The next result is also due to Eremenko [Er89] and gives a connection between the

escaping set and the Julia set in the following way:.
Lemma 2.6.6. Let f be entire. Then OZ(f) =J(f).

Now we want to define a class of functions which is used in subsequent sections.
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Definition 2.6.7 (Eremenko-Lyubich class). We call
B:={f: f is transcendental entire and sing(f~') is bounded}

the Eremenko-Lyubich class. Moreover, we say that a function f € B is of bounded type.

Remark 2.6.8. This class of functions contains many standard functions, e.g. the functions
fi(z) == Aexp(z) for A € C\ {0}, fa(z) :=sin(z) and f3(z) := sin(z)/z since

sing(f; ) = {0}, sing(f,') ={-1,1} and sing(f;') C D.
Notice that card (sing(f;')) = oo. An example of a function which is not of bounded type
is f(z) := zsin(2).
The following result due to Eremenko and Lyubich [EL92] is a key element in many
proofs dealing with functions of bounded type.

Lemma 2.6.9. Let f € B. Then Z(f) C J(f).

Remark 2.6.10. Together with Lemma we obtain Z(f) = J(f) for functions f of
bounded type.

For general transcendental entire functions this is not always the case. Consider for

example the so-called Fatou function [Fat26]
fiC—C, f(z)=z+1+e€".

Then we obtain {z + (2k + 1)mi : < Oand k € Z} C Z(f) N J(f), but we also have
{z€C:Rez>0} CZ(f)NF(f).

Definition 2.6.11 (Hyperbolic/disjoint type). Let f be transcendental entire. We say
that f is hyperbolic if the postsingular set

P(f) = £ (sing(F 1))
Jj=>0
is a compact subset of F(f). The function f is called of disjoint type if f is hyperbolic and

furthermore F(f) is connected.

The following result (see [Bar07, Lemma 3.1] or [MBI12, Proposition 2.8|) provides an

alternative definition of disjoint-type entire functions which we will use in the sequel.

Lemma 2.6.12 (Characterization of disjoint-type functions). A transcendental entire
function f is of disjoint type if and only if there exists a bounded Jordan domain D C C
such that sing(f~') C D and f (D) C D.

Remark 2.6.13. Since the set sing(f~!) is bounded for every function f € B, one can obtain

a function of disjoint type by considering the function fy := Af for small A € R.
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Logarithmic change of variable

In this part we introduce a key tool given by [EL92|, the so-called logarithmic change of

variable, to study functions in class B. We have the following result.

Theorem 2.6.14. Let f € B and let R > |f(0)| be such that sing(f~') € D(0, R). Let
Wi=exp ' (f7'({z €C:|z| > R}))
and
H :={z € C:Rez > log R}.
Then every component of W is simply connected and there exists a holomorphic function
F: W — H such that
exp F'(z) = f(exp 2)
for all z € W. Moreover, for every component U of W the restriction F|y is a conformal

map from U to H.

{Re z = log R}

exp eXp

p€

Figure 2.3. The logarithmic change of variable.

The function F obtained by the logarithmic change of variable of f is called a logarithmic

transform of f. Moreover, we call every component of W a tract.
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Functions of bounded type satisfy the following growth condition [EL92].

Lemma 2.6.15. Let F': U — H be a logarithmic transform of the function f € B. Then
there exists R > 0 such that
[F'(2)] = 2

for all z € U with Rez > R.

Remark 2.6.16. If in addition f is of disjoint type, then there exists a constant K > 1 such
that |F'(z)] > K for all z € U.

Following [BJR12, Section 3|, we can define disjoint type logarithmic transforms as

follows.

Definition 2.6.17 (Disjoint type for F'). Let F: W — H be a logarithmic transform of
the function f € B. Then we say that F is of disjoint type, if W C H.

We only state the part of [BJR12, Lemma 3.1| which is relevant for us.

Lemma 2.6.18 (Connection between disjoint type functions). Let F: W — H be a lo-
garithmic transform of the function f € B. Then f s of disjoint type if and only if F s
of disjoint type.

2.7 Hairs of entire and quasiregular maps

Devaney and Krych [DK84| showed that for f(z) = Ae*, where 0 < A < 1/e, there exists
an attracting fixed point £ € R such that J(f) = C\ A() and gave a detailed description
of the structure of J(f). Here denote by

A()={z€C: fM(z) > asn — oo}

the basin of attraction of the fixed point £&. We now want to put the desription of J(f) in

a precise form.

Definition 2.7.1 (Hairs). We say that a subset H of C (or RY) is a hair if there exists a
homeomorphism v: [0,00) — H such that limy;_, y(t) = co. We call v(0) the endpoint of
the hair.

We only state the part of the result due to Devaney and Krych which is relevant for us.

Theorem 2.7.2. For 0 < A\ < 1/e the set J(Ae*) is an uncountable union of pairwise

disjoint hairs.

McMullen [McMS87| investigated the Hausdorff dimension of the Julia set of the expo-

nential family.
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Theorem 2.7.3. Let A € C\ {0}. Then dim [J(\e*) = 2.

McMullen’s result implies that in the situation of Theorem the union of the hairs
has Hausdorff dimension 2. The following result of Karpiriska [Ka99| is also known as

Karpinska’s paradox, see e.g. [SZ03].

Theorem 2.7.4. Let 0 < A < 1/e and let C be the set of endpoints of the hairs that form
J(Ae?). Then dimC = 2 and dim(J (Ae*) \ C) = 1.

Remark 2.7.5. The existence of hairs is not restricted to the situation considered by De-
vaney and Krych. Hairs appear for \e* for all A € C\ {0} as shown in [DGHS6| [SZ03],
see Figure . The function which is shown is conjugated to e*~2 by L(z) = z — 2. Many
authors investigated a generalization for more general classes of functions. In 1986 Devaney
and Tangerman [DT86)] considered certain transcendental entire maps where sing(f~!) is
finite. Examples for this class of functions are Ae* and Asin(z) + p, where A € C\ {0}.
In 2007 Baranski [Bar(7] proved that for functions of disjoint type and finite order the
Julia set is an uncountable union of pairwise disjoint hairs. In 2011 Riickert, Rottenfufer,
Rempe and Schleicher generalized this result to finite compositions of functions in class B

of finite order.

Figure 2.4. Some hairs for the function f(z) = e* — 2, see [Re03|, page 22].

We want to state a part of this result on hairs for functions of bounded type of finite
order given by Riickert, Rottenfufer, Rempe and Schleicher [RRRS11], Theorem 1.2], which

is relevant for us.

Theorem 2.7.6. Let f € B be of finite order. Then every z € Z(f) can be connected to

oo by a curve v such that f"|, — oo uniformly as n — ooc.
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Remark 2.7.7.

1. In the same paper it was shown that the assumption on the order of f cannot be
dropped. In fact, they constructed a function of bounded type of infinite order such
that every path-connected component of J(f) is bounded and thus this function has
no hairs. This answered a question of Eremenko to the negative whether for every
z € Z(f) there exists an unbounded and connected set A C C with z € A such that
f™a — oo uniformly.

2. It was shown in [BJR12, Proposition 4.2, Corollary 4.4| that the Julia set J(F) of
a logarithmic transform F': W — H of a disjoint type function f also consists of

uncountable union of hairs which are pairwise disjoint, where
J(F):={z€W:F/(z) €W for all j € Ny}.
Note that this continuous extension of F|y exists by Carathéodory’s Theorem (see

e.g. [CG93 Theorem 2.1|).

Moreover, we have exp(J(F)) = J(f). This yields that, given a parametrization =y
of a hair H C J(F), the function exp oy is a parametrization of the hair exp(H) in
J(f). Thus H is nowhere differentiable if and only if exp(H ) is nowhere differentiable.

McMullen [McM8T7, Theorem 1.1] investigated the two dimensional Lebesgue measure

of the Julia set of the sine family and proved the following result.
Theorem 2.7.8. The Julia set of Asin(z) + p with A € C\ {0} has positive area.

Remark 2.7.9. McMullen proved that Z(f) has positive area. Since the sine family belongs
to the class B we have Z(f) C J(f), which yields Theorem [2.7.§|

For a subset of this family of functions, namely those functions where A and p are chosen
such that the critical values are strictly preperiodic, it is well-known that the Julia set is
the whole complex plane. Schleicher [Sch07] used these functions to prove a representation

of C as a union of hairs, which can be seen as a strong version of Karpinska’s paradox.

Theorem 2.7.10. There is a representation of C as a union of hairs with the following

properties:
1. The intersection of two hairs is either empty or consists of the common endpoint,
2. The union of the hairs without the endpoints has Hausdorff dimension 1.

For further information on dynamics of exponential functions we refer to papers by
Rempe [Re06] and Schleicher [Sch03].
Viana [Vi8§| investigated the differentiability of hairs for exponential maps.
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Theorem 2.7.11. For all A € C\ {0} the hairs of A\e* are C*°-smooth.

In 2011 Kisaka and Shishikura [KSTI] generalized this result to the family P(2)e@®),
where P and () are non-zero polynomials.

Now we turn to quasiregular maps. Motivated by Devaney and Krych’s result, Berg-
weiler [Berl(] has shown that hairs exist for several Zorich maps, which can be seen as
a higher-dimensional counterpart of the exponential family (see Section for more de-
tails). Subsequently Bergweiler and Eremenko [BE11] have shown in 2011 that there is a
quasiregular counterpart of Schleicher’s representation result by introducing a quasiregular

sine function.

Theorem 2.7.12. There is a representation of R? as a union of hairs with the following

properties:
1. The intersection of two hairs is either empty or consists of the common endpoint,
2. The union of the hairs without the endpoints has Hausdorff dimension 1.

A counterpart to McMullen’s result concerning the area of the Julia set of the sine

family was given by Vogel in 2015 [Vol5|. Here Sin(z) denotes a quasiregular sine map.

Theorem 2.7.13. The measure of the escaping set of A Sin(z) is positive for every A > 0.
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Chapter 3

Smooth hairs for Zorich maps

In the previous section we mentioned that hairs exist for several Zorich maps considered
by Bergweiler [Berl(]. We want to put this in a precise form. In the first part of this
section we are recalling mainly results from [Ber10], formulating them for functions in R?
with d > 3 instead of R?, however. Subsequent to this part we discuss suitable conditions

for Zorich maps to obtain hairs which are C*.

3.1 Construction of Zorich maps

Zorich introduced in the article |[Zo67] a quasiregular self-map of R¢, which can be consi-
dered as a higher dimensional counterpart of the exponential map. To put this in a precise
form, we follow an idea which is given in [IMOI, page 119]. While Iwaniec and Martin
considered the 3-dimensional case, we replace the dimension 3 by d > 3.

Therefore define for d € N with d > 3 the hypercube

Q={r e R ||zf| <1} = [-1, 1"
and the upper hemisphere
S; :=={z € R%: ||z, =1 and x4 > 0}.
For a bi-Lipschitz map h: ) — S, we define
F: QxR — Hs, F(x) =e€"h(xy,...,24-1).

We want to extend F' to the space R?. The square beam @ x R has 2(d — 1) faces. For
je{l,...,d—1} and o € {—1,1} denote by

. d —
Rjo: Q xR =R y Hj,g(.]fl,...,xj,1,$j7$j+1,...,xd) = (.Tl,...,l'j,QO' —ZL'j,.fL'j+1,...,xd)

27
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the reflection on the hyperplane {y € R? : y; = 0}. We define F for the adjacent square
beams of () x R as follows: If x € @ x R and 2’ = &, ,(x), then

F(x') = (Fi(x),...,Fyq(x), —Fy(x)),

i.e. F(2') is the point F(z) reflected on the hyperplane {y € R?: y; = 0}. By continuing

this procedure, we get a function F': R? — R? which we call a Zorich map.

Remark 3.1.1.

1. One can show that F'is a quasiregular map since h is bi-Lipschitz. The dilatation

can be written in terms of the Lipschitz constant of h.
2. Due to the construction F' is 4-periodic in each component except the last one.

If h is differentiable at (xq,...,24-1), then DF(xy,...,24-1,0) exists and we have
DF(xy,...,2q.1,24) = €** DF(x1,...,24-1,0) (3.1.1)
and thus there exist a,m, M € R, a € (0,1), m < M, M > 1 such that

|IDF(x)|| <a ae. forzg <m (3.1.2)

(DF(z)) > = ac. for 2y > M. (3.1.3)
(0%

3.2 Zorich maps with an attracting fixed point

Consider now for a € R such that
a>eM—m (3.2.1)

the map
fo: RT R fo(x) = F(z) — (0,...,0,a).

In our context we call f, a Zorich map, too. The following theorem is due to Bergweiler
[Ber10].

Theorem 3.2.1. Let f, be as above with a as in (3.2.1)). Then there exists a unique fixed
point & = (&1, ..., &) satisfying £; < m, the set

Ji={x € R": fi(z) » &}

consists of uncountably many pairwise disjoint hairs, and the set C' of endpoints of these

hairs has Hausdorff dimension d, while J \ C has Hausdorff dimension 1.

Remark 3.2.2. Theorem generalizes the theorem on the endpoints of Karpiriska [2.7.4]

For our purpose we are just interested in the existence of the hairs for the Zorich case.
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The main result of this chapter is the following.

Theorem 3.2.3. Let f, be as above with a as in (3.2.1)) and assume that hlinq) is ok

and Dh is Holder continuous. Then the hairs of f, are C*-smooth.

Remark 3.2.4. This theorem corresponds to Theorem 2.7.11] concerning the differentiability
of hairs. As in Viana’s result, we do not obtain differentiability of the hairs in the endpoints
since they can spiral around a point. Rempe [Re03, 3.4.2 Theorem, page 31| gave a
condition under which we obtain smoothness up to the endpoints for exponential maps.
This result will be discussed in Section [3.7. The proof of Theorem will show that
the conclusion of the theorem still holds if the assumptions on h and Dh are satisfied on a
suitable subset of int(Q) (see Section [3.6)).

In the following we write for simplicity f = (fi,..., fs) instead of f,. For r € Z4-1
denote by

P(r) = P(ry,...,rq-1) = {r e R" V5 € {1,....d—1}: |v; — 2r;] < 1}
= IIlt<Q) + (27"1, ceey 27“d_1)

the shifted and open hypercube ) with centre 2r. We put

d—1
S = {T W/ er € QZ}.

j=1
Then
H>0, ifresS
F maps P(r) x R bijectively onto
and thus
H._,, ifres,
f maps P(r) x R bijectively onto (3.2.2)
H. ,, ifré¢s.

Definition 3.2.5 (Tract). For r € S we call the set
T(r) = P(r) x (M,c0)
the tract above P(r).

Now we want to understand the behaviour of our function f and collect some important
facts about it. Since f(P(r) x R) =H._, for r € S and

fal@y, ..., mq) = € hg(zy, ..., 24.1) —a<e™ —eMtm<m< M (3.2.3)

for x4 < M and hence f(P(r) x (—oo, M]) C Hcp, we have f(T(r)) D Hsp. Thus

there exists a branch A™: Hsp — T'(r) of the inverse function of f. Using the notation

Arvesra=) () = A(x) + (2, ..., 2rq_1,0) (3.2.4)
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for all x € Hxpr and r € S.
In our proofs of the main results we will use the derivative of A". Together with (3.2.4) we

obtain
DA"(z) = DA(x)

for all x € Hj, for which the derivative exists. Because DF' = D f, we deduce from (3.1.3)
that
|IDA(2)] < o ae. (3.2.5)

for x € H>p,. This implies for z,y € Hsjs that

A=) = AW)ll, < |z =yl esssup [ DA(2)]| < a[lz = yll, - (3.2.6)

z€[z,y]

Since (3.2.3) and thus f(H<,/) C H<,,, we obtain using (3.1.2))

1 () = F@ly < llz = yllyesssup |DF(2)]| < ellz =y,

z€[z,y]

So Banach’s fixed point theorem gives us the existence of a unique fixed point § € Hx,,
such that lim f"(z) = ¢ for all « € H,,. Together with (3.2.2]) this yields
n—oo -

J C U T(r).

In this part our goal is to find additional estimates for DA. The equation (3.1.1]) implies
that there exist ¢y, ¢, > 0 such that

c1e” < U(Df(z)) < ||IDf(z)]| < coe™ ae.

Thus there are constants cs > 0 and ¢4 > 1 such that for z € Hs .

I(DA(x)) > a.e
e
IDA)|| < ——  ae. (3.2.7)
]|
Moreover, there exist ¢5 > 0 and ¢g > 1 such that
B <) < ae
]| [Ed]Es

Let us fix z,y € H> ). Then we can connect x and y by a path v in

Ho 1 {z €RY: 2], > mingll, . )}

with length(y) < 7 ||z — yl|,. Together with (3.2.7)) this yields

[l = yll,
[A(z) = Ay)lly < 7 [l = ylly esssup [ DA(2)]] < cam— : (3.2.8)
2 g ming||z(l,, [[yll,}
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Since h is bijective, there exists a unique point (vy,...,v4-1) €  which is mapped under

h to the north pole of the sphere, i.e.
h(vy,...,v4-1) = (0,...,0,1). (3.2.9)
This implies F(vy,...,v4-1,24) = (0,...,0,e%) and for r € S and t > M this yields
AT(0,...,0,8) = (v1 + 271, ..., vao1 + 2rq_1,log(t + a)).

Moreover, the equation
1E ()], = ™

yields
| f(A(x))+(0,...,0,a)|, = ehal@

and thus
Ag(z) =log (|lz+ (0,...,0,a)|l,). (3.2.10)

3.3 Existence of hairs for these Zorich maps

To discuss the existence of hairs, it is useful, following Schleicher and Zimmer [SZ03], to

define a reference function
E:[0,00) = [0,00), E(t) = ¢' — 1.
This function has the following properties:

1. We have E(0) =0 and lim E*(t) = oo for t > 0.

k—o0

2. For b > 1 we have
EF(t) < log (E*"'(t) +b) < E*(t) + log(b). (3.3.1)
3. If 0 <t <t < o0, then

= 0. (3.3.2)

lim (E*(t") — E*(t')) =00 and lim BH (")
ko0 koo k(1)

We need an analogous definition as in the case of exponential maps:
Definition 3.3.1 (External address/Symbolic space). For each x € J we call the sequence
8(x) := 505159+ = (Sp)pz0 € SO

such that f*(x) € T(sy) for all k > 0 the external address of x. Moreover, we call ¥ := SN

the symbolic space.
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Definition 3.3.2 (Admissibility /exponentially boundedness). We say that s € ¥ is ad-

missible (or exponentially bounded), if there exists a ¢t > 0 such that

lim sup Il < 00.

Moreover, denote by ¥’ C ¥ the set of all admissible points.

With these definitions we obtain the following lemmas, see [Ber10, Propositions 3.1 and
3.2].

Lemma 3.3.3. Let x € J. Then s(z) is admissible.
Lemma 3.3.4. Let s € 3. Then {x € J : s(x) = s} is a hair.

From Lemma [3.3.3] and Lemma [3.3.4] it follows that J is the union of hairs as stated in

Theorem [3.2.11
Fixing s € ¥/, denote

. . [Is&lly }
to:=inf <t >0: limsup —= < 00 ;.
: { bre (1)
Choosing tj, € [0,00) such that 2 ||s;|, = E*(¢;) and putting 7 := sup¢;, we obtain
Jjzk
t, = limsupty = lim 7.
B k—o0 k—o0
Using the abbreviation
Ly = A% = A8k 1508k,d-1)
we define for k € N
gi: [0,00) = Hxar, gr(t) = (Lo o Lyo--- 0 Lp)(0,...,0, B (t) + M). (3.3.3)

The three main lemmas in the proof of Lemma are the following [Ber10), Lemmas 3.1,
3.2 and 3.6|.

Lemma 3.3.5. The sequence (gx)r>0 converges locally uniformly on (ts, 00).

Lemma 3.3.6. The sequence (gi)r>0 has a subsequence which converges uniformly on

[ts,00) and thus g extends to a continuous map g: [ts,00) — Hsyy.

Lemma 3.3.7. Let x € J. Then there exists t > tyy) with gss)(t) = .
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3.4 ("' estimates for the hairs

To have a chance for a C! condition for our hairs, we need enough regularity of the bi-
Lipschitz mapping h. In this section we want to specify this condition and want to give
precise C! estimates for the hairs.

Therefore we will introduce some new notations. For n,m € N with m < n and functions
fisoooy fo: RT — RY denote

6 fj ::fmo"'ofnv
j=m

where we use the convention

O f=id.

j=m+1

Then gy, defined by (3.3.3)) takes the form
k
ge(t) = (Q Lj) (0,...,0, E*(t) + M)
=0

for all k € Ny and ¢ € [0,00). If & is locally C', the derivative g}, then reads as
d
gi(t) = pr ((Loo-+-oLg)(0,...,0, E*'(t) + M))
k+1 ) .
=11 (DA ((Q Lj) (0,...,0, BF (1) + M))) (0,...,0,(E*Y (1)) (3.4.1)
=1 J=t
for k£ € N.
To prove Theorem it is enough to show the following result.

Theorem 3. Let f be as before and assume that h|int(Q) is ' and Dh is Holder continuous.
Then for all s € ¥/ the sequence (gy.)r>0 consists of C'-curves which converge (in C'-sense)

locally uniformly on (¢, c0).

For the proof of the theorem we will compare ¢, and g, _, in a suitable way. Therefore

we define as a preparation for all k € Ny the auxilary function
O [0,00) = Hsas, or(t) = Li(0, ..., 0, ¥ (t) 4+ M). (3.4.2)
Then we obtain for all ¢t > 0
or(t) = (vi 4 281, . -+, Va1 + 28p.a-1, log(E* () + M + a)).

Thus
610) = (0.0, e B A0 (90 (3.43)

and

¢l (t) = DA(0,...,0, E¥'(t) + M) - <0, 0, (BF) (t))T. (3.4.4)
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Noticing that

a>eM—m>14+M-m>1 (3.4.5)
by (3.2.1)), we obtain
EFL(t) + 1 i i
AGIIS (V) (t) < (E")(t). 4.
6Ol = Frem s - (20 < (B() (3.46)

Lemma 3.4.1. For allk € N>y andl € {1,...,k — 1} and for all t > 0 we have

Proof. We prove this Lemma by induction on [. From (3.2.10), (3.3.1) and (3.4.5) we
deduce that

(O1,) @

> (G1) (= B0 (3.47)

2

[ Lk-1(0r())lly = [Li—1,a(0x(1))]
= [Aa(d% (1))
= log([lgx(t) + (0,...,0,a)]l,)
> log (¢r,a(t) + a)
= log (log (E*™(t) + M + a) + a)
> log(E*(t) + a)
> EFLH1).

This shows that the conclusion holds for [ = & — 1. Take now [ < k — 1 such that (3.4.7)
is true with [ replaced by [ 4+ 1. Then we obtain

(S 1) ], - a8 1) wor]
fue((52) w0)
g <' (jk(il Lj) (66() + (0,....,0,0) 2)
> log ((jk@; Lj)d (o (t)) + a)
> log(E"™™ () + a)
> EY(t)
which proves the result. O

Remark 3.4.2. The argument shows that the conclusion of Lemma also holds if ¢y (t)
is replaced by (0,...,0, E¥(t) + M).
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Lemma 3.4.3. For all k € N and t € (0,00) we have

_BY®)
e 10

J=1

)

Moreover, for alle > 0 and t € [e,00) the product

oo

Hl (1 + EJ'l(t)>

1=

converges uniformly on [g,00).

Proof. Since

=[[(E @) + 1),

Jj=1

the first part follows immediately.
If t € [e,00), then by Lemma it suffices to show that

=1
T
7j=1

converges. Since lim E’(t) = oo for all ¢+ > 0 and E(t) > 2t for large t we obtain by
Jj—oo

induction E¥(t) > 2%t for all k € N and large t. The conclusion follows. O

Since the operatornorm of DF(x) is comparable to the maximum of all entries of this

matrix, there exists a constant C' > 0 such that

IDE ()] < € max [DFj(z)] (3.4.8)

1<k<d

In the following let S € (0,1] and let Dh be S-Holder continuous, i.e. there is a constant
Hpg > 0 such that

|Dh(z) — Dh(y)|| < Hs ||z — yl|3

for all x,y € (). Moreover, denote by L, the Lipschitz constant of h.

We want to use this to prove the following Lemma:

Lemma 3.4.4. Let h be as in Theorem[3. Then there is a constant ¢; > 0 such that for
all v,y € H>

IDF(AG)) = DE(A@)I| < ermin{ lally™ Iyl } - max {Jlz =yl 1z ~ I}



36 CHAPTER 3: SMOOTH HAIRS FOR ZORICH MAPS

Proof. First of all we have for z € Hs )y, = (2, 24)

0 ~ 0 - -

0—$1h1(l‘) e axd_l hl(JZ) hl(ZL‘)

DF(zy,...,xq) =e% .| 0 - 0 - N
Ers i-1(7) " Oz ha-1(%) ha-1(7)

0 _ 0 N -

5};hd<x) 6xd_1hdtx) ha(Z)

We obtain for z,y € H> ), using (3.4.8)

IDF(z) = DF(y)l| < C max [DEFji(z) — DEjr(y)l
1<k<d

< C max |e"DF;,(Z,0) — e DF;(y,0)] .
1<j<d
1<k<d

Because |DFji(x) — DFjx(y)| is symmetric in = and y, we assume without loss of generality
that y; < x4. Then we obtain that

le"* DF;(Z,0) — e"*DFj(7,0)]
< e |DFy(2,0) — DFj(9,0)| + (e" — %) - max{| DFj(Z,0)[ , [DFj (5, 0)[}-
Since h is as in Theorem and for all z € R? and j,k € {1,...,d}

ihj(,z), if k<d-1,
DFy,(2,0) = { Oxk

hi(3), ifk=d,
we have with C' = max{L, Hz} > 1, noting that )%hj(,%)’ < Ly,
IDF(@) = DF(y)| < € (Cet - max {17 = glly, 1 = glI7 | + Ln - (e — )
< CC (e max{|le = ylly, o = yll§ } + (e — )
Using the fact that min{||z||,, |ly|l,} > M > 1 and (3.2.8) we obtain

W = max {[A@) = A, 1A@) - Aw)5 )

B Y
< max { c4mT— = = yll, , chm? — i 5y”2 B
min{ ||z, , [|yll,} min{||z|5 , [|v5}

maxc {2 =yl = = yll5 }
< CyT0

min {|J2]5, 1y }




3.4 C!' ESTIMATES FOR THE HAIRS 37

This yields together with (3.2.8)), (3.2.10)), ||z + (0,...,0,a)|, < ||z||, + a and replacing =
and y by A(x) and A(y)

IDF(A()) = DF(A)]
:oé(mpmmgmumAawn-MwwwmAA@%—wMAdwﬂ)
< o€ ((minllall. ol,} + @) - M + 1z = o, )

cmin{[zlly, [ylls} +a

min { ) 17}

min {||z|,, lyll,} + a
win {21 115}

<CcC

+1 -maX{H:U —Ylly ||z — y“?}

S CéC4W

+1 -maX{Hx —ylly, |z — yHS} '

Since min{ |, lgll,} > min {|l2]5 , ]} > 1 and

win {fll Jyly} +o @i {lel. fylb) +a+ min {113 19115}
min { |2/, 115 } min { [l2], 115 }

: 1- 1-
<(2+a)- mln{lleg %yl B}?

there exists ¢; > 0 such that we have for all z,y € H>

IDF(A(z)) = DF(A(y))]]

(3.4.9)
. - 1—
< comin {[Jol} ™yl } - max {fla = ylly. o = 9113}

which proves the Lemma. [

Lemma 3.4.5. For all k € N and t € (0,00) we have

|Gt 0000 = Gt 0. B0+ 20| < (a0 + 1ea(0) - (B0
with
Jmaszﬁﬁgzgw (3.4.10)
and
Ipg(t) == cs - % (3.4.11)

where cg == cier(d+ log(M + a) + M).
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Proof. By the triangle inequality we have

|G >—%<Lk (0,20, BX(0) + 1)
= [ DAy () - (1) ~ a0 BH(0)+ M) - 0.0, (B ()],
= [| DAk (1)) - (452@‘ 0,...,0, (E’“) ®)") (3.4.12)
+ (DA@G(1) - PN M) - (0.0, (B (1))
< IDAGO)] - [4(6) - 0, O ||2

+ || DA(gk(t)) — DA(O 0, E’“ M)|| - ]|(o,

B

We estimate the first part on the right hand side. Since, by (3.4.3)

Jo4(t) — (0... Dl = (000 (s —1) - (B0

Ek+1()+1 k\/
- (1_ Ek+1(t)+M+a> (E(®)

M+a—1 k\/
IO S TR

< e (E90)

2

and, by (3:2.7) and (3:31)
I DA (1)]] <

1Dx(E)]]

<G
~ Gralt)
Cy

~ log (B*1(t) + M +a)
Cq

=B

we have

M+ a)ey
HQ — Ek(Jrl(;)_- gk@f) ’ (Ek) (t)

IDA(Gr ()| - || #7.() 0, (B (t (3.4.13)

Now we estimate the second part on the right hand side. Since the estimates in (3.4.9) are
symmetric in = and y, we may assume without loss of generality that ||z, < [yl
Using the fact that for all A, B € GL(d,R)

A'-B =B (B-—A) A"

and for all z € Hx
DA(z) - DF(A(z)) =1,
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we obtain from Lemma for all z,y € Hxs ) with ||z]l, <yl

|DAG) — DAG)I|
— [DF(A @) = DE(A)
= IDF(A@) ™ - (DF(A(y) = DF(A@))) - DF(A@)
< [IDF(A@) |- IDF(A ) = DFA@)] - | DF(A@) |
< comin {[lall3™ Iy} - IDA@) - IDA@)I] - masx {1z =yl ke = w11}

= el DA - DA - max {1z =yl 1z — ol }
With inequality (3.2.7) this yields for all z,y € Hs with ||z]], < |yl
_ _ P
max { = =yl = — g3 }
1l - 11yl

max {2 =yl , = = yll3 }

115 - 1yl

IDA(z) = DA(y)| < er ||zl -

(3.4.14)

Notice that we obtain with M > 1 and (3.3.1))

6Bz > |ora(t)] = log (E*(t) + M + a) > E*(t)

for all £ € N and thus
1 1

ler(B)ll5 - (E*(t) + M) = BRp)

Recall that again by (3.3.1)) we have log(E**(t) + M + a) < E*(t) + log(M + a) for all
k € N. With

cg := cicr(d 4 log(M + a) + M)

and by putting z := ¢p(t) = (v1 + 281, .., V41 + 28k.4-1,log(EF(t) + M + a)) and

y:=(0,...,0, E¥(t) + M) we obtain

|DA(¢(t)) — DA(O, ..., 0, E*(t) + M)

max {H(U + 25y, log(M + a) + M) ||, , || (v + 2si, log(M + a) + M)||§}
Ek(t)1+58

max {d +2|skll, + log(M + a) + M, (d + 2 |sill, + log(M + a) + M)ﬁ}

Ek(t)HB

< cjer-

2
< c¢cr -

o A+ 2]iselly +log(M +a) + M
= 4t Ek(t)1+8
2 skl +1

> G EF(t)1+6
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for all £ € N. This yields

| DAG($) — DA, ..., 0, B¥(t) + M) | -
2llsilly+ 1

(0,...,0, (B*Y(#))],

<o S (B ) (3.4.15)
— Lylt) - (B (1)
Finally we obtain the conclusion from (3.4.12)), (3.4.13)) and (3.4.15). O
From (3.4.1) we know that
gi(t) =[] A ((I;Qll Lj) (0.0, B (t) + M)) (o 0.(BY 1)
~T[oa ((§ Lj) (0,...,0, B*(t) + M)) - %(L,H(o, 0, ER(t) + M)
for all £ € N. Moreover, we obtain with and
aL(t) = E (DA ((é Lj) (0,...,0, B¥1(1) + M))) (0.0, (B4 (t))T
= 1:[ (DA (<§ Lj) (¢k(t)))) - DA (L, (0,...,0, E¥'(t) + M))
DA (0,...,0, ¥ (¢) + M) - (o,...,o, (Ek“)’(t))T
~T1oa ((G8) @) - pa o) - sie
-T2 (0 1) o)) - Stacs o u)(
Putting
k-1 1
Ap(t) =[] DA | O L ) (¢x(1))
=TI (G 1) )
Byi(t) = E DA ((ljll LJ) (0,...,0, E*(t) + M))
for all K € N and ¢ € [0,00), we obtain
9k(t) = g1 (t)
d d (3.4.16)

Now we need suitable estimates for Ag(t) and By(t).
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Lemma 3.4.6. For all k € N>y and t € [0,00) we have
[Ak(t) — Br(t)]l
Uy (3.4.17)
< ( [ Xt =1 (O] - | X1 () = Yoo ( H 1Y 1H>
r=1 =1 s=r+1

where forl € {0,..., k—1}

k-1
14x(8) = Be@®)l = {[T ] Xena(t Hsz 1
=1
k-1
= HXlk 1 (HXlk 1 ) Yi1,k-1()
=1
(HXM : ) Yiosa(t) = [ Vi
< HHXlk 1O - 1 X k=1 k=1 () = Yae1,6—1(2)]|

Hsz 1

MY pa O]

Assume now that we have j < k — 1 such that

r=j+1

s=r+1

[Ak(E) = Br(1)]] < Z (HHXM 1O X k-1 () = Yega( H Yo ra( H)

J

T Xusatt Hm |
=1

+

H [Veko1(t)

s=j+1
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Then
Hm | H Yk (
s=j+1
<H\|sz 1 jk—1(t) = Y1 (0|
-1 k-1
_HYl,k—l(t) - t)||)' || RLA=0]
=1 s=j+1
Z (HHXlk L [[ X k-1 (t) = Yo H Vs p-1( >
r=j s=r+1
j—1 j-1
+ Hsz—1(t)—HY2k 1 HHYsk 1
=1 =1
and thus

[Ax(t) |<Z<H||sz 1O [ X1 () = Yo H 1Y o1 ( II)

s=r+1
7j—1
— H Y k-1(t)
=1

s,k—l(t>

This proves the Lemma. O

3.5 Proof of Theorem 3|

Proof of Theorem[3. Let ¢ > 0. We will show that there is a constant C; > 0 such that

Hgfc(t) - 92 1 ( H2 < Clo‘

for t € [ts + ¢,00) and large k € N, where « is the constant given in (3.1.2)). This implies
that (g},)r converges locally uniformly on (¢, 00) and thus the hairs of f are C'-smooth,
which yields Theorem [3]
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First of all we deduce from (3.4.16)) that

9% () — gr 1 (@),

:’Ak(t) jt(Lk 10 ¢)(t) — Bk(t)-%(Lk_l(o,...,O,Ek(t)+M)) 2
Ag(t) - jt(Lk 10 @) (t) — Ak(t)-%(Lk_l(o,...,O,Ek(t)JrM))

+ (Ap(t) — Bi(t) - %(LH(O, ...,0, EF(t) + M))

2

< 40 H_ (Lo o )—%(Lk 10,0, B4(0) + M) |
+ [|Ag(2) H— (Li-1(0,...,0, E*(t) + M))
2
With inequality - we obtain
| ST 00,840 4 00| = a0, < (B (0

Thus using Lemma [3.4.5] we obtain that

[9() = gi (D[l < WA (T () + Le(1)) - (BF)'(8) + | Ar(t) = Be(®)ll - (B*1) (1)

For simplicity we split the last step up into three parts which we will estimate separately.

Therefore we define

Jiw(t) = Al - Tue(t) - (B (2)
Jou(t) = [ Ax(®)] - To(t) - (B")'(2)
Jau(t) = [ A(t) = Be(t)l| - (B*1)'(2).
Then the last inequality reads as
19:(t) = gka (D], < Ji(t) + Joe(t) + Tsu(t).

1. Estimate of J; 4().
By the submultiplicity of the operator norm we have, using inequality ((3.2.5)),
k-1

HDA (G0) wan) ((Gn) @) <

Hence we obtain with ((3.4.10)
Ji, (E®Y(1).

k—1

gH DA

=1

| Ax(t)

Since t € [ts +¢,00) C (0,00) this implies

@O TG + 1)

booo BRFL(E) koo ERFL(R)
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uniformly in ¢ for t € [t; 4+ ¢, 00) and thus

. (E*Y®)
O R - BRE

uniformly in ¢ for ¢ € [t; + ¢, 00). So there exists ¢y > 0 such that
JL]C(ZS) S CgOék_l.

2. Estimate of Jy(?).
We obtain again by the submultiplicity of the operator norm, equation (3.4.7) and

inequality (3.2.7))

1AL < ’:lj DA( (j@j Lj) (d)k(ﬂ)) H

k—1
<dt (H

=1

)

(O1;) @i

Thus we obtain with ((3.4.11])

Jo(t) < c{;—l ) M - Lo (t)

B~

k
_ 2 ||Sk|| + 1 1
1 2
ZW9kllg T - 1
I N Ok E B

ATt ER) +1 1
= C8Ek<t)5/2 ' E’k‘(ljf)ﬁ/Q . H (1 * El<t)> .

At this point we need to show that

o 2skll, +1
ARy Y

for t > t; and 0 > 0. We already know by equation (3.3.2)) that for 0 <t <" < o0

i Ek(t//) B
koo BR(E)

1
Thus for all C' > 2 + 5 there exists kg € N such that for all £ > kg

E*(t") > C - E*{)
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and thus
Ek+1(t//) > E(C . Ek(t/))

> %exp(C’ o)
= S esp(BH()°

> %Ek+l(t/)c
> Ek+1(t/>071
> O Ek+l<t/)c_2
> C - EML(H)Y,
for all large k. Therefore
’ E&(t) - 1
koo (BF(E7)S ~ CF

for all t, <t < t”. Since C' was arbitrary, we obtain

)

’ E*(ty,
koo (EF(1))7
for t > ¢, and the conclusion follows.

With Lemma B.4.3] we have that

ﬁ(uE}@) < o0

=1

for t > t,. Moreover,

k—1
C
4 < Oékfl

E*(¢)8/2
for large k € N. Since ¢ € [t;+¢,00) there is a constant ¢;p > 0 such that we have for large
keN
J27k(t) < Cloak_l.
3. Estimate of J3(?).

We want to estimate the right hand side of (3.4.17)) step by step. From (3.2.7) and
(3.4.7) we obtain for all r € {1,...,k — 1}
-1 r—1 -1
) <t (H El(t)) -
2 1=1

r—1 r—1

T 1)l < & - (H

=1 =1
k—1 k—1 -1
I WOl < 7" ( 11 E’(t)) .

Similarly Remark [3.4.2] yields
l=r+1 l=r+1

(O 1) @i
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This implies that

-1

r—1 k—1 k—1
[TIXua O T W@l < 72 | TT E' @)
=1

l=r+1 =1
l#r

Recall that for
k—1 k—1 i
o= (o Lj) o)t y=(OL) (0.0550) + 1)
the inequalities (3.4.7) and ({ m ensure that

max {2 =yl , = = yll5 }

2
IDA(z) = DA(y)|| < cier Er ()

Notice that there is a constant ¢;; > 1 such that for large £k € N
| Zi—1(u(t)) = Li—1 (0,...,0, E*(t) + M)||, < cur.

For r = k — 1 we obtain with (3.4.7)) and (3.4.14))

| Xk—15=1(t) = Yie1,6—1(2)]]
= || DA (Li—1(¢(t))) — DA (Ly—1 (0,...,0,E*(t) + M))||

CiC';CH
= Ek—l(t)l—l-ﬁ'
Thus
HHXlk 1O - N1 X k=151 (8) = Vi1 k1 ( HHYZzg 1( Ek 1) (t)
-1
_ !
S CiCl1l =3 Ek 1 <H El ) . (Ek 1) (t)
B (T
= C7 I Y I 7 .
ey LT E
Since
cfj k-1
<
Ek—l(t)ﬁ I

for large k£ € N and ¢ > t,, we obtain for r = k — 1 from Lemma [3.4.3]

H I Xeka O X 1(0) = Yiaga ()] - (1) (1) < S2ah (3.5.1)

for a constant c¢;5 > 0 and large k£ € N.
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For r # k — 1 notice that with (3.2.6) and (3.2.8]) we obtain

H( ) ) = (OL)( 0B + M)

< o 2| Lo (L1 (0k(t))) — Li—2(Li—1(0,...,0, E*(t) + M))
i | L1 (r(t)) = Lia (0., 0, E¥(t) + M),
4 min{HLk_l(qbk(t))HQ,HLk—l( s 0, BF(E) + M)}

S ak—r—2

C4C11T0

=By
Since E*~1(t) > E*~1(t)? for all t > 0 and large k € N, this implies

H||Xlk VO] X1 (8) = Yega( H [Yara ()] - (B4 (2)

s=r+1
-1
1 040117T ! k—1Y/
< cier - . . E(t (BN ()
Er(H)F  ERL( H (3.5.2)
l;ér

. C7C11T0 k+1 ]ﬁ 1

T E(t)? B 1 t)? 41 El(t

< %ak’l.

Therefore we get again the estimate from above for large & € N which finally yields with

(13.5.1)) and (3.5.2)
k-1

C1
Jsu(t) = [ Ax(t) — Be(t)l| - (E*) Z =0kt < eppat !

r=1

for large k € N. Altogether we obtain with ¢i3 := ¢ + ¢19 + ¢12
96 (t) = gra ()|, < J1a(t) + Jope(t) + J3(t) < casa® . (3.5.3)
Since for all £ € N .
9i(t) = go(t) + > _(9i(t) — 911 (1))
=1

we obtain from (3.5.3]) the uniform convergence of (g;,) on [t;+¢, 00). This yields for e — 0

the locally uniform convergence of (gj) on (ts,00) which proves Theorem [3| O

3.6 Domain containing the hairs

A key element of Karpinska’s proof of theorem is that points on a hair which are
not endpoints are mapped by the iterates into a comparatively small and paraboloid-like

domain. In this part we want to discuss this condition. Here denote for € > 0

Q.:={2z€C:Rez>1and |Imz| < (Rez)}.
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To proof that for f(z) = Ae* the Hausdorff dimension of the union of all hairs is 2 while the
Hausdorff dimension of the hairs without their endpoints is 1, Karpinska used the following

lemma.

Lemma 3.6.1. If f(z) = Ae® with 0 < XA < 1/e and z € J(f) \ C, then f*(z) € Q. for all
large k € N.

Now denote by # the first d — 1 components of z € R?, i.e. x = (¥, z4). A generalization

is also true for our Zorich map f using the set
Q. :={r e R 24> M and |7, < 25}
Bergweiler [Berl0] even proved a stronger result by using the function

P:[1,00) = [1,00), ¥(z) = exp (\/log(x)> :

If
Q:={reR 25> M and ||Z], < ¥(z4)},

we obtain the following result.
Lemma 3.6.2. Ifz € J\ C, then f*(x) € Q for large k € N.

We have

oY) _
xh_)lrgo P xh_)rglo exp (—510g($) + log(x)) = 0.

This implies that if f*(z) € Q for all large k € N, then, given ¢ > 0, also f*(x) € Q. for
all large k£ € N.

Using this information it is enough to require that h satisfies the conditions of Theorem
3.2.3] on a neighborhood of the point v from to obtain differentiability of the ‘tails’
of the hairs [SZ03| §3]. Moreover, it can be shown that if h is C'' on a suitable compact
subset of int(Q), we obtain the differentiability of the hairs except for the endpoints. This
shows that one can relax the condition on Dh in such a way that Dh needs to be only

locally Holder continuous.

3.7 Further remarks

Alternative ways of defining the bi-Lipschitz map h

Our bi-Lipschitz map h in Chapter 3 is a map from a hypercube to the upper or lower
hemisphere. In a more general setting, a Zorich map depends on a bi-Lipschitz map
which maps a hypercube to some body. A 3-dimensional example given by Iwaniec and
Martin [IMO1, page 121] uses a bi-Lipschitz map h which maps a square to the faces of
a tetrahedron. Recently, Nicks and Sixsmith [NS17| considered a bi-Lipschitz map which
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maps a square to the faces of a square based pyramid. They used these maps to obtain a
quasiregular map f: R?* — R? of transcendental type, which has a periodic domain where
all iterates of f tend locally uniformly to co. Thus in this thesis we restricted ourself to

the ‘standard‘ case.

Differentiable endpoints for the exponential family

As in Viana’s result, we do not obtain differentiability of the hairs in the endpoints since
they can spiral around a point. Rempe [Re03|, 3.4.2 Theorem, page 31| gave a condition
under which we obtain smoothness up to the endpoints for exponential maps. To state his
result in a precise form, we first give some essential definitions [Re03, page 23-24|. Similar

to the case of quasiregular maps denote by 3 := ZYo the space of all integer sequences.

Definition 3.7.1 (Shift map). Wecallo: ¥ — X, 0(s¢s152...) = $15283... the shift map.

Definition 3.7.2 (Model space). The Model space is defined as
E:=Y x[0,00) ={(s,t) : s € X,t > 0},

where ¥ is equipped with the order topology of the lexicographic order and [0, co) with its

natural topology. Moreover, we define by
T:=2—[0,00), T(s,t) =t
the projection to the second component. Furthermore, define
§:E—= X XR, §(s,t) = (0(s), E(t) — 27 [s1])
and the sets
X ={(s,t) eZ2:Yn>0:T(F"(s,t)) >0}

and
X :={(s,t) € X : T(F"(s,t)) — 00 as n — o0}.

Remark 3.7.3. The dynamics of § on X can be seen as a model of the set of escaping
points, while X should be thought of as a model of the Julia set in the presence of an

attracting fixed point.

The following theorem answers the question about the differentiability of hairs in the

endpoints.

Theorem 3.7.4. Let s be an exponentially bounded address such that (s,¢;) € X. Then

the curve g; ([ts, 00)) is continuously differentiable in g,(t;) if and only if the sum
i 27T5j+1
T(F7(s,ts)
7=0

converges.
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When we say that the curve is continuously differentiable in gs(ts) we mean that it
is continuously differentiable under a suitable parametrization, e.g. by arclength and not
that the function g, itself is continuously differentiable in ¢,. In fact, if the convergence of
the sum is absolute, then Rempe showed that g, itself is differentiable in ¢,.

It seems reasonable that this result generalizes to the case of Zorich maps using a similar
Model space.

= |

/

Figure 3.1. The pictures show the hair at address 0123... for the function f(z) = ¢* — 2 in
three different magnifications, see [Re03, page 34]. Due to Theorem 3.7.4 this hair has a non-

differentiable endpoint.



Chapter 4

Nowhere differentiable hairs of entire

functions

In the previous section we have shown that a Holder condition for DA implies that the
hairs of our Zorich map are C'. At first glance one might think that the regularity of the
map transfers to the smoothness of its hairs. In this section we want to show that this is
not the case for general functions in class B. So even for analytic functions the hairs need
not be smooth. More precisely we give an example of a function in class B with hairs which
are nowhere differentiable. For this we use so-called Cauchy integrals to obtain a function
in class B of finite order with prescribed tracts. We start with a suitable ‘bad‘ tract and
show that in this case no hair can be differentiable. More precisely, the main result of this

chapter is the following.

Theorem 4. There exists a function in class B of finite order, where the Julia set consists

of hairs, which are nowhere differentiable.

4.1 The Cauchy integral method
In this section we use for &« € R and [ > 0 the notation
Sap :={z € C:Re(z) >, |Im(2)| < S}

The original Cauchy integral method was established by Polya and Szego [PST2, p. 115,

ex. 158] using the function

Fo = o [ e
z) = —
2mi ), (=2 7
where v is a curve going through the boundary of Sy, = {z € C: Re(z) > 0, |Im(2)| < 7}

in clockwise direction and z € C\ Sy . This function is bounded in C\ Sy .. By considering

o1
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the integral over 0S5, . with a > 0 instead of v and letting @ — oo, one can extend the

function f to an entire function f in such a way that

f(2) ,if 2 € C\ Sor,
f(z)+e Lifz € Sor

4.2 Construction of these functions

In the following we consider a tract which looks like a sine-like halfstrip. To realize this

tract, we define the function
h: C— C, h(z)=>5nz+ 2misinz.
Then the function h[s_, _,, is univalent by Lemma since with z = x + iy we have

Reh/(z) = Re (57 + 2mi cos z)
= 57 + 2mwsinx - sinhy
> 57r—27r-sinhg
> 27
> 0.

Moreover, we have for |y| < 7/3
Reh(—1+iy) = —bm — 2w cos(—1) - sinhy
< —5m+ 27 sinhg
< 27
<0

and for z > —1
2

5
Imh(x—i— Ei) = i+27rsinx-coshz

3 3 3
5 2
> %—QWCOShg
> .

The same way one can show that
Im~h <x — Zz) < —T.
3
Since hls_, ., is univalent this implies

Som C h(S_1.7/3)-
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114075

i—1-0.75

Figure 4.1. Shape of the tract T'.

Remark 4.2.1. For our purpose it is useful to show that 7' := h™'(Sy ;) is a sine-like halfstrip
and contains no straight line which is unbounded to the right as illustrated in Figure [4.1]

Since

Im h(z + iy) = by + 27 sinz - coshy,

we first consider the equation Im h(z +iy) = 7 for the upper boundary of 7. Thus we have
for all k € Z and z, = 7/2 + 27k

omy + 2w coshy =7

and since coshy > 1, we obtain y < —1/5. For the lower boundary of 7" we consider the

equation Im h(z + iy) = —m and with x, = —7/2 4 27k we obtain
omy — 2mcoshy = —m

and hence y > 1/5.

If y = 0, then the equation Im h(x + iy) = 7 yields 2rsinz = 7 and thus we have
sinz = 1/2. Hence the solutions in [0, 27| are 7/3 and 27 /3. Similarly, we obtain for y = 0
in Im h(z 4 iy) = —n the solutions 47 /3 and 57/3.

The choice of x;, also shows that T is 27-periodic, i.e. if 2 € T, then z + 27 € T. In
addition, it is not difficult to show that |Im(z)| < 3/4 for all z € T..
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S—l,ﬂ'/3
h

exp exp

)
: (>
g

Figure 4.2. Construction of the function g using the logarithmic change of variable of the map h.

We define
m
g: {z €C:lz] > 1/e, |argz| < §} — C, g(z) = exp (h(Log 2)),

where Log denotes the principal branch of the complex logarithm. Then ¢ is holomorphic
and with W := exp(7") we obtain

W c{ze€C:|z| >1/e, |argz| < 7/3}.
Now we parametrize OW by its radius for large R > 1, i.e. we define

[t @, if |t > R,
ViR = OW, A(t) =

(), else,
where ¢ is an angular function and 7 is a suitable piecewise C! curve ‘gluing‘ the outer
parts together. Because Re h/(z) > 0 we have |arg h/(z)| < 7/2 and the upper respectively
the lower boundary of T has a parametrization ¢ — Log|t| + ip(t). This guarantees the
parametrization for OW from above.

We want to show the following lemma which is similar to [RRRS11), Prop. 7.1|. Here

Vi=C\W.
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Lemma 4.2.2. There exists an entire function f € B of finite order and a constant K > 0
such that

1. A:={z€C:|f(z)] > K} CW.
2. We have |f(z) — e/ = O(1) on A and | f(z)| = O(1) on V.
We split the proof up into several parts.

Claim 1. The map

oy L [epg(Q
f(z) = 270 (—=z

Y

d¢
defines a holomorphic function f: C \~v—C.

Proof. We show that the integral

L apgde

2mi ),
converges absolutely for all z € C\ v. For |t| > R we have
h(Log(v(t))) = 5m(Log |t| +ip(t)) + 2misin(Log |t| 4 ip(1)).
Since
sin(Log |t| + ip(t)) = sin(Log [t]) - cosh ¢(t) 4 i cos(Log |t]) - sinh p(t),

we obtain

g(v(1))
= exp (h(Log(7(1))))
= exp (5w Log |t|) - exp (5mip(t)) - exp (2misin(Log [t| + ip()))

= |t|>" - exp(—27 cos(Log |t|) - sinh ¢(t)) - exp (i (5¢(t) + 2sin(Log [¢]) - cosh (1)) .
(4.2.1)

By our construction of h we know that for all |t| > R
h(Log~(t)) € RT +ix
and thus g(y(t)) € (—o0,0) for |t| > R. Therefore we obtain

1, ift>R,

5p(t) + 2sin(Log |t]) - cosh ¢(t) =
() + 2sin(Log 1] - cosh (1) {—1, e n

Differentiating both sides with respect to ¢t we obtain

cos(Log |t])

5¢'(t) + 2 -cosh p(t) + 2sin(Log|¢|) - sinh () - ¢'(t) = 0.
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From the construction of A it is clear that |p(t)| < 7/3 for all ¢. Since

5
5+ 2sin(Log |t|) - sinh p(t) > 5 — QSinhg > 5

this yields

(1) = 1 2 |cos.(Log|t])| -co§hg0(t) < 4 cosh % < 3
[t] |5+ 2sin(Log [t]) - sinh p(t)] 5 t] |¢]
With
7(t) = sgn(t) - eV - (1 +itg/(1))
we obtain
Y ()] =[1+ite'(t)] <3 (4.2.2)

for |t| > R. Since 7 is piecewise smooth, there is a constant C; > 0 such that

/_R exp(Reg(y(1))) - |7/ (¥)] dt < Cy. (4.2.3)

With Cy := exp (—27T sinh g—r) we have

expRe g(y(t)) = exp (— |t]>™ - exp (—2m cos(Log |t|) - sinh e(t)))
< exp <— |t| - exp (—27r sinh g)) (4.2.4)

=exp(—Cy-t|).
This yields with (4.2.2), (4.2.3) and (4.2.4)) for z € C'\ v
= [ewatoc
omi ), P9
1
< 5 [ e Req(O 1

— % /_Z expReg(v(t)) - |7/ ()] dt

) (4.2.5)
1 / > /
<5 (Gt [ emregton @l [ expiegto) o) dr )
—00 R
1 o
2 R
1 6
< % (Cl -+ 52) .
Thus f7 exp(g(¢))d¢ converges absolutely and the claim follows. ]

Claim 2. The function f is bounded.
Proof. We choose x > 0 small such that the following holds:

1. We have Uy () :={w € C: dist(y,w) <k} C {z € C:|z| > 1/e, |arg z| < 7/3}.
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2. For all z € U,(7y) we have
g(z) € {3+7re”: 0 € (3r/4,5m/4)} . (4.2.6)
Moreover, we define
Vi :={2€ C\ W :dist(z, W) > k}

and
W, :={z € W :dist(z,0W) > k}.

The first step is to show that f is bounded in V,, UW,. As long as z € V,, UW,, we use the

curve v from above.

Figure 4.3. Construction of the curve «, and its decomposition into smaller parts.

If z € Uy(7), we modify the curve as follows (see Figure |4.3)):

Since v is unbounded, there exist R; € R minimal and Ry € R maximal such that
dist(y(R;),2) = k for j € {1,2}. Moreover, there exist angles 11,1 € [0,27) such that
Y(Ry) = R1e?F1) = 2 4 ket and y(Ry) = Roe™f2) = » + ke™2. Thus we define

lf) = {w), if t € (—00, Ry) U (Ry, 00), 627

Z + Kexp (ngz(t)) ) ifte [Rla RQ]:

with a suitable function ¢, satisfying ¢.(R;) = ¢, for j € {1,2}.
The next step is to show that the integral

1 [ expg(Q)
2mi ), (—=z

d¢ (4.2.8)
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is bounded independently of z. Notice that by Cauchy’s integral theorem we have

1 expg({)dg___;k_ exp ()

f(z):%7 (—z - 2mi v (2

dc.
As illustrated in Figure 4.3 we split v, up into three parts. Therefore denote

V21 = '7z|(7oo,R1)7 Vz,2 = 72|[R1,R2] and V2,3 = 72|(R2,oo)-

Using this decomposition of 7,, we obtain with (4.2.5))

1 eng(C) lexp g(Q)|
/ V2,2 IEas 2 / —Yz,2 |C— | |d€|

271 ¢ —
o [ e Reg(O 1 (129)

1 6
<
T 27K (Cl i Cg)

Moreover, we have with (4.2.6) and v, C Uk(7)

IA

1 exp g(() lexp g(¢))|
— d¢| <length(v,2) - —_—
271 [YZ’Q (—z ¢| < length(3:,) gg%}i ¢ — 2|
27K (4.2.10)
<. R
<~ maxexp (Reg(())
< 2me’.

Thus the integral in (4.2.8) is bounded independently of z and hence there exists a constant
C3 > 0 such that ’f(z) < Csforall ze C\ .
O

Claim 3. The function

_ f(2), if z€V,
fz): {f(z) +exp(g(z)), if z €W,

extends to an entire function f: C — C of finite order.
Proof. Let Ry > 0 be large and define
n = (yN{z € C: |z > Ro}) U {Roe” : 0 € [p(—Ro), p(Ro)] }

and let V' be the component of C \ v, containing V.
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Figure 4.4. Construction of the curve ;.

Then the function

eV S C ) = o [ 2RI

21 Jy (— 2

defines a holomorphic function on V’. By the Cauchy integral theorem we obtain for z € V/

1 [expg(Q) 1 expg(C) ..
f(Z)—fl(Z)—% chjd _% ’YI?CZC—O.

Thus f; coincides with f on V. Moreover, we have for z € V' N W by the Cauchy integral
theorem that

fi(2) = f(2) = exp(g(2))-

Notice that f; = f|y. Since Ry was arbitrary, the function f is entire. It is left to show
that f is of finite order. With equality (4.2.1)) we obtain for z = re? € W

|g(re”)| = r°" - exp(—27 cos (Log r) - sinh 6)
< 77 . exp (27r sinh %) :

Since f(z) = exp(g(2)) + O(1) for z € W and f(z) = O(1) for z € C\ W, the function f
is of order at most 57 and thus the claim follows. O]

Proof of Lemma[[.2.3 It is left to show that f € B. Since f is holomorphic on C \ v, we

have | ©
Iy _ exXp g
P =5 | e
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Because the only difference between f and f’ is that 1/(¢ — z) was replaced by 1/(¢ — 2)2
in the integral, this yields with (4.2.5))

5 1 6
"(z)] <
2= 2mK2 (Cl C’2>

for z € V,UW,. For z € U.(7) and ~, as in (4.2.7)) we also have the same estimates in
and with the extra factor 1/k . This yields that we have in total | f’ (z)’ < Cs3/k
on C\ ».

Now we show that f € B, i.e. that sing(f~!) is bounded. Since

% .
o) = {]i/(z), | ?f z eV,
f(2) +9'(2) exp(g(z)), ifzeW,
we obtain |f'(z) — ¢'(z) exp(g(2))| < C3/k on W. Since f is bounded on V, it suffices to
show that the set of critical values of f corresponding to critical points in W is bounded.
That is, the set {f({) : ¢ € W, f'(¢) = 0} is bounded. Let £ € W be a critical point of f.
Thus

F(6) - g€ exp(g(€)] = 19'6)] - exp(Re(g(€))) < 2.

K

(4.2.11)
Moreover, we have
g (z)= g (5 4 2i cos (Log z)) - exp (5w Log z 4 2mi sin (Log 2))
= (57 + 2micos (Log 2)) - 2°™ 1 - exp (27i sin (Log 2)) .
In addition, we have

|57 + 2mi cos (Log(x + iy))| > Re (b7 + 2mi cos (Log(z + iy)))
= 51 4 27 sin (Log (x/xQ + y2>> - sinh (arctan <Q>>
x
> b5m — 27 sinhg

5%
>
- 2
and

lexp (27 sin (Log(z + 1y)))| = exp (—2m Im (sin (Log(x + iy))))

o (2o (L (5)) s s (2))

> exp (—3m).
Together this yields for large z € W
9] 2 e [ 2
With we obtain
F(©)] < Gy + exp(Reg(€)) < Cy 4 — ot < Oy 2

kg ()]~
Since f is of finite order, the number of asymptotic values is finite by the corollary of
Lemma [2.5.8] Thus sing(f~!) is bounded, i.e. f € B. O
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4.3 Proof of Theorem /4]

Proof of Theorem[]. From Lemma [£.2.2] we have obtained a suitable function f which is
close to €9 in the subset A of our desired tract. For our purpose it is an advantage to
restrict to functions of disjoint type.

First choose R > 0 large enough such that sing(f~1') € D (O, eR). Later in the proof we
will make the choice of R more precise. By Lemma[2.6.12|be obtain a disjoint type function
by considering fo := Af, where 0 < A < e~ is small enough such that fo (D (0,e%)) C D
and sing (fo_l) C . Moreover, we have D (0, eR) C F(fo) by Montel’s theorem.

By Remark we know that J(fy) consists of an uncountable union of pairwise
disjoint hairs. We now want to show that every hair of f; is nowhere differentiable including
all endpoints. For A := f;* (C\ D) denote T(0) := Log ([l) and for k& € 7Z denote
T(k):=T(0)+ 2mik. With

T:=JTk
keZ

the logarithmic transform of f; takes the form F': T — H.,. By Remark[2.7.7/(2) we know
that J(F') also consists of an uncountable union of pairwise disjoint hairs. As we did for
Zorich maps, we define an admissible address s = s¢s; - - - € ZN° in such a way that z has
address s if F*(z) € T(s,) for all k € Ny. From now on we fix an admissible address s and
consider the hair g which is the set {z € C : z has address s}. Then Re F"|g§((t§m))
locally uniformly as n — oo. It follows from the construction of the tract 7' O T(0)
and the fact that F"(gs) = gon(s) for all n € N that ¢ — Im(g,n(5)(t) — 2mis,) changes
its sign infinitely often. Remark yields that their exists for all n € Ny a sequence
(Zn)pen € (ggn@)N such that the following holds:

— 00

1. We have for all n € Ny
>1/5, if kis odd,

< —1/5, if k is even.

Im (2, — 2misy,) {

2. For all n € Ny and £ € N we have Re 2, y41 — Re 2, , = 7 and thus klim Re z, = oo.
— 00

Let wy € ¢5([ts,00)) and denote w,, := F™(wy) for all n € N. In this case we will take
Znk "= Tpk+1Ynk, Where z,, ; can be chosen to be 7/2+m ((Re Jorn(s)(ts)/T] + k) according
to Remark . Thus the imaginary part of z, ; — 27is,, is bounded uniformly away from
0.

Since F is the logarithmic transform of the function f; of disjoint type, we have T C Hs
and there exists by Lemma a constant K > 1 such that we have |F'(z)| > K for all
z € T. Thus every branch Fk_l: H.o — T(sx) of F~!is a uniform contraction on H,.

Now we proceed as follows. If Im(w,, —27is,) > 0, there exists a minimal k,, € 2N such
that

Rew, < z,i, and y,x, —27s, <0
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and consider the triangle A(wy, Znk, , Znk,+1) (see Figure [£.5). Since for all n € N

s
— < Tpk, — Rew, <2

4
and
<1 < 5
5 Yk =5
holds by Remark 4.2.1] we obtain for all n € N
1 Imw, — ynk 6
< < -
207 ‘Re Wy, — Ty, s
Using the fact that x, 4,41 — Tnk, = ™, We obtain
) _
e yn,kn yn,knJrl <2
5% Tnkn — Tnkp+1 2w

é{Rez: R}

R+ 2mis,,

Figure 4.5. The triangle A(wp, 2p k,; 2nk,+1) stays non-degenerate under the pullback
(O?:_& Fj_1> for all n € N.

Hence

Im wy, — Yn, i, Ynken = Ynkn+1

Tnky — Tnkp+1

1
20_7r < arctan (’

) + arctan (

<7r
2

Rew, — znk,



4.3 PROOF OF THEOREM 63

and thus the angle at z,y, is always greater than 7/2 and less than 197/20. This yields

that A(wy, Zn ks Znk,+1) 1 NON-degenerate, say
D (A(Wn, 2n s Znn+1)) < 1—10 (4.3.1)

for a suitable 6 > 0.
Analogously, if Im(w,, — 27is,) < 0, there exists k, € 2N + 1 with the same property.
Since 4 > /(37)% + (3/4)? and by our construction of the tract we know that the disc

D,, := D(wy,47) contains the triangle A(wy, znk, , Znk,+1) for all n € N. If we choose

R > 4w we can guarantee that Rew, — 47 > 0 for all n € Ny since Rew,, > R. Now we

(5
§=0

has a uniformly bounded distortion. If we put R, := dist(w,, 0Hs) for all n € Ny, we

want to show that

_ -1 -1
—FO O"’Fn71|Dn
Dy,

obtain R, = Rew, > R for all n € Ny. Since ;-:01 F j_l is conformal on D(w,, R,), we
obtain by Lemma [2.5.13

A A 1+47r 4
n-1 R, +4m R+4rm R
L F.l < | — < = <1446
((J‘OO ! )Dn) N (Rn_47r) N (R_47T) 1_4_7T =0T
R

for R large enough. To guarantee convexity of ( ;-L:_& Fj_l) (D,,), we need by Lemma
to take R large enough such that 27/R < /2 — 1. Together with Lemma [2.5.16|and (4.3.1)

this vields
(s (G (87 e (§57) )

< (140) - D (A(Wn, Zng,: Zniys1))
< (140)(1—9)
=1-06°

Since |F'(z)| > K for all z € T and (Fj_l)' (2) = (Fo_l)/(z) for all j € Ny, we obtain
by the chain rule

(55

Since the distortion of (Q}:& Fj’I) on the triangle A(wy,, 2y k,, 2nk,+1) is bounded for all

1 1 1

_ _ | 1
((Fry (Fo ")~ TTe [F/(F " (2)] — K™

n € Ny, these triangles converge to the single point wy for n — co. On the other hand,
these triangles are always non-degenerate. Thus g, is not differentiable in wy by Lemma

2.5.18, Since wy was arbitrary, the claim follows. [
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