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Zusammenfassung

Eine Gruppe G ist untergruppenkonjugationsseparabel (subgroup conjugacy separa-
ble, SCS), falls fiir je zwei endlich erzeugte, nicht konjugierte Untergruppen H; und Hs
von G ein endlicher Quotient E von G existiert, s.d. die Bilder von H; und Hs in E nicht
konjugiert sind. Wir werden in dieser Arbeit einen Beweis dafiir liefern, dass endlich
erzeugte virtuell freie Gruppen SCS sind. Dieser benutzt in erster Linie Uberlagerungs-
theorie von Graphen von Gruppen, welche in dieser Arbeit auch ausfiihrlich eingefiihrt
und ausgeabreitet wird. Als eine direkte Konsequenz der so gewonnenen Formel fiir den
Index einer von einer Uberlagerung von Graphen von Gruppen reprasentierten Unter-
gruppe erhielten wir eine Formel fiir den Rang einer freien Unterguppe von endlichem In-
dex in einer endlich erzeugten virtuell freien Gruppe. Dafiir nutzten wir die Tatsache aus,
dass jede endlich erzeugte virtuell freie Gruppe als Fundamentalgruppe eines endlichen
Graphen von endlichen Gruppen aufgefasst werden kann. Des Weiteren werden wir im
Sinne der erarbeiteten Uberlagerungstheorie von Graphen von Gruppen eine sinnvolle
Definition der Decktransformationsgruppe einer Uberlagerung eines Graphen von Grup-
pen geben und einen Zusammenhang zwischen dieser Gruppe und dem Normalisator der
reprasentierten Untergruppe herstellen. Anschliefend weisen wir mit Hilfe der besagten
Uberlagerungstheorie von Graphen von Gruppen nach, dass Fundamentalgruppen einiger
spezieller " Tower” iiber einer endlich erzeugten virtuell freien Gruppe untegruppensep-
arabel sind (subgroup separable). Dabei heifit eine Gruppe untegruppenseparabel, falls
fiir jede Untegruppe U von G und jedes Element g € G\U eine Untergruppe H von
endlichem Index in G existiert, welche U als Untergruppe hat und das Element g nicht
enthalt. In den letzten Kapiteln werden wir dann einen Beweis dafiir liefern, dass Fuchss-
che Gruppen SCS sind. Dieser benutzt vorranging Uberlagerungstheorie 2-dimensionaler
Orbifolds. Ferner werden wir mit Hilfe dieses Beweises nachweisen, dass die Fundamen-
talgruppe einer total-orientierten Seifert-Mannigfaltigkeit SCS ist.



Abstract

A group G is called subgroup conjugacy separable (SCS) if for any two f.g. non-
conjugate subgroups H; and H, of GG, there exists a finite quotient E of G such that the
images of H; and Hs remain non-conjugate in F. In this thesis we will prove that, that any
finitely generated virtually free group is SCS. This proof uses essentially covering theory of
graphs of groups. Note that the introduction and the elaboration of this covering theory
will be done as well in this thesis. As a direct consequence of the established formula
for counting the index of a finite index subgroup of the fundamental group of a graph of
groups, we receive a formula for counting the rank of a free finite index subgroup of a
virtually free group in terms of the index of the corresponding subgroup and the finite
orders of the vertex groups of the original finite graph of finite groups. For doing this
we make use of the well-known fact that any f.g. virtually free group splits as a finite
graph of finite groups. Furthermore in the context of covering theory of graphs of groups,
we will give a reasonable definition for the group of Decktransformations associated to
a cover of a graph of groups and we will establish a connection between this group and
the normalizer of the represented subgroup. Later on the covering theory of graphs of
groups enables us to prove the subgroup separability for some special kinds of towers over
a finitely generated virtually-free group. Note that a group G is called subgroup separable
if for any subgroup U of G and any element g € G\U there exists a finite index subgroup
H of G containing U satisfying g ¢ H. Afterwards we are going to show that Fuchsian
Groups are SCS. This proof uses essentially covering theory of 2-dimensional orbifolds.
Last but not least we will use this statement to show that the fundamental group of any
totally orientable Seifert fibered space is SCS.
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1 Introduction

In this chapter we review the results in this thesis, which mainly involve the following
three separability properties of groups. The first one is the well-known subgroup separa-
bility:

Definition 2.18. A group G is said to be subgroup separable or LERF (locally
extended residually finite) if for every finitely generated subgroup H < G and g € G\ H
there exists a subgroup of finite indexr K, < G such that H < K, and g ¢ K,.

While the second one is the so called conjugacy separability:

Definition 2.16. A group G is conjugacy separable if whenever x and y are non-
conjugate elements of G, there exists some finite quotient E of G in which the images of
x and y are non-conjugate.

The last one is the relatively new subgroup conjugacy separability, which was introduced
2010 in [2]:

Definition 2.20. A group G is called subgroup conjugacy separable if for any two
finitely generated non-conjugate subgroups Hy, Hy < G there exists a homomorphism ¢
from G to a finite group E such that ¢(Hy) is not conjugate to ¢(Hsy) in E.

In [2] the authors, namely O.Bogopolski and F. Grunewald, gave a review for which
groups the subgroup separability was established:

e polycyclic groups (A.I. Mal’cev [24])

e free groups (M. Hall [17])

e surface groups (P. Scott [36])

e limit groups (H. Wilton [45])

e free products of LERF groups (R.G. Burns [7] and N.S. Romanovskii [35])

e free products of two free groups amalgamated along a cyclic group (A.M. Brunner,
R.G. Burns and D. Solitar [6]; see also a generalization of M. Tretkoff [42])

e free products of a LERF group G and a free group F' amalgamated along a maximal
cyclic subgroup in F' (R. Gitik [14]) (Note, that the free product of two LERF
groups amalgamated along a cyclic subgroup is not necessarily a LERF group (see
[34] and [15])

If G splits as a finite graph of free groups with cyclic edge groups, then G is LERF if and
only if G does not contain a non-trivial element a, such that a™ is conjugate to a™ for
some n ¢ {+m,—m} (D. Wise [46]). In [27], V. Metaftsis and E. Raptis proved that a
right-angled Artin group G with associated graph I' is subgroup separable if and only if I'
does not contain a subgraph homeomorphic to either a square or a path of length three.
P. Scott in [36] showed, that LERF is inherited by subgroups and finite extensions, in par-
ticular it is invariant under commensurability. In contrast, the conjugacy separability is



not invariant under commensurability: in [26], A. Martino and A. Minasyan constructed a
finitely presented CS-group, which has an index 2 subgroup without the CS property. An
example of a finitely generated (but not finitely presented) non-CS-group G, containing
a CS-subgroup of index 2, was constructed by A. Gorjaga in [16].

The subgroup conjugacy separability was established for:

e Polycyclic groups (D. Segal [38])

Surface groups (O.Bogopolski and K.U. Bux [3])

Finitely generated virtually free groups (S.C. Chagas and P.A. Zalesskii [9])

Limit groups (S.C. Chagas and P.A. Zalesskii [8])

Any torsion-free hyperbolic and hereditarily-cs group which admits local retractions
(O.Bogopolski and K.U. Bux [4])

Definition 5.2. A group G is called subgroup into conjugacy separable if for any two
f-g. subgroups Hy and Hs satisfying that Hy is not conjugate into Hy there exists a finite
quotient of G such that the image of Hy is not conjugate into the image of H;.

In [12] the author showed that the free product of G = A* B of two groups A and B is
subgroup into conjugacy separable, if both, A and B are subgroup separable and subgroup
into conjugacy separable. It follows that such G is SCS, if G does not admit expanding
inner automorphism, i.e. there exists no automorphism « € Inn(G) such that H < H® is
a strict inclusion for some f.g. subgroup H < G. This is true since by Corollary 5.15 this
property implies the fact that if two f.g. subgroups of Hy, H, < GG are not conjugate in
G either H; is not conjugate into Hs or Hj is not conjugate into H;.

Definition 3.1. A graph of groups A is a tuple
(A, {A,Jlv e VA} {Acle € EA} {acle € EA}, {w.le € EA})

consisting of a connected graph A and groups A, for any x € VAUFEA. These groups are
called vertex groups and edge groups, respectively. In addition, the maps o : Ao — Aqe)
and we : Ae = Aue) = Aa-1(e) are ment to be monomorphisms with w, = ag-1. These
maps are called boundary monomorphisms.

To any graph of groups A and some chosen base point vy5 € VA one can associate
the fundamental group (A, vg) and the universal covering tree (A, vg). The simplicial

tree (A, vp) is a so called 7 (A, vg)-tree, i.e. w1 (A, vp) acts in a natural way on (A, vg) by
automorphisms and without inversion (see chapter 3.1).

Definition 3.27. A morphisms between a G-tree T and a H-tree Y is a pair (p, f),
s.t. v : G — H is a homomorphism of groups and f : T — Y is a graph morphism with
the property that o(g)f(z) = f(gx) f.a. g € G and x € ETUVT.



The analogon of this defintion in the language of graphs of groups can be expressed
as follows:

Definition 3.28. A morphism between two graphs of groups
A= (A {A)v e VA} {Acle € EA} {acle € EA}, {w.|e € EA})

and

B := (B,{Buw|w € VB},{B|l € EB},{«|l € EB},,{w|l € EB})

18 a tuple

f=(Ahlve VAL {fe e EA} {gle € EA} {gcle € EA})
satisfying the following properties:
1. f: A— B is a graph morphism.
2. fe: Ae — By(ey is a homomorphism of groups f.a. e € EA.
3. fo i1 Ay = By s a homomorphism of groups f.a. v € EA.

4. 92 € Bi(a(ey) and g2 € Byu(e)), with g¢ = (g21)7", s.t.

fa(e) o ae(c) = gg ' (af(e) o fe(c)) ' (93)_1
foralle € EA and c € A..

Any morphism of graphs of groups f : A — B induces an homomorphism of groups

@5« m(A,v9) = m (B, f(vo)) and a morphism of trees f; : (A, vg) — (B, f(vg)). We call
f folded if the homomorphism f, is injective for any v € V' A and if the map on tree-level
fi is locally injective. Furthermore we call § a cover of graphs of groups if § is folded
and f; is an isomorphism of trees. In chapter 3.4 we will define an equivalence relation on
the set of morphisms between two graphs of groups A and B, i.e. we will call two mor-
phisms f,§f : A — B equivalent if they differ by an auxiliary modification (see 3.45). This
will lead us to an appropriate definition of the group of Decktransformation of a cover
f: A — B of graphs of groups, if we denote the equivalence class of some morphisms

f: A — B by [fl=:
Definition 3.51. Let f: A — B be a cover. Then we call the elements
Deck(f) = {[b]=z|b is a graph of group automorphism of A s.t. [fo b= = [fl=}

Decktransformations of §.

10



Suppose that in this context K is the kernel of the action of G = (B, f(up))

on (B, f(vy)), Ng(U) is the normalizer and Zg(U) is the centralizer of the subgroup
U = ps(m1 (A, v9) in G := (B, f(up)) represented by the cover § : A — B. Then we will
show the following:

Theorem 3.59. There exists an epimorphism x : Ng(U) — Deck(f) satisfying
ker(x\) =2 -U if Z:=Z¢(U)NK.

Moreover we will discuss covering theory of graphs of groups detailed in 3.5 to an-
alyze the structure of a covering of graphs of groups, i.e. we will characterize a cover
by local properties. So we will turn from global, i.e. the fact that the map f; on tree
level is an isomorphism, to local properties involving double coset decompositions of ver-
tex groups. As a direct consequence we will give a short proof for the following statement:

Theorem 3.89. Let B be a finite graph of finite groups. Then for any n € N there
exists a free group F of finite index in G = m (B, ug) such that |G : F| = n-lem(By)uevs-

which obviously shows the one direction of the well-known fact:

Theorem 3.90. A fg. group G is virtually free if and only if G splits as a finite
graph of finite groups.

Later on we will make use of the fact that any f.g. virtually free group is subgroup
separable to prove the following:

Corollary 3.94. Any f.g. subgroup of a finite graph of finite groups is almost geo-
metric.

Which means that any finite graph of groups A representing some f.g. subgroup of the
fundamental group of a finite graph of groups B is realizable as a subgraph of groups in
some finite-sheeted covering graph of groups C of the graph of groups B (for details see
3.75 and seq.). Moreover we will generalize Henry Wiltons result that Limit groups are
subgroup separable (see [45]) to towers over f.g. virtually free group:

Definition 4.1. Let B be a graph of groups and k,C' € N. We call B (k, C)-acylindrical,
if the action of G = m(B,ug) on (B,u) is (k,C)-acylindrical, i.e. if for any two ver-

tices v,w € V(B,ug) satisfying that the distance of v,w € V(B,ug) is greater than k, we

e~

write d(v,w) > k, the stabalizer of the segment [v,w| in (B, ug) is of order at most C' in G.

Definition 4.11. Let G be a group and I an index set. We call a family (A;)ier of
subgroups of G almost conjugacy separated if |A; N AJ| = oo for some g € G impliesi = j.

Definition 4.12. We call a finite tree of groups a star of groups if there exists some
"midpoint” uw € VB such that d(u,u’) <1 for any v € VB.

11



Definition 4.20. We call a finite sequence of graphs of groups, BY,...,B", n € N, a
tame tower over the f.q. virtually free group G if the following holds:

1. B is a finite graph of finite groups satisfying 7 (B°, ug) = Go = G for some ugy €
VB,

2. B, 0 < i < mn, is a finite star of groups with midpoint m* € V B® satisfying the
following conditions:

(a) B!, =m (B, u) for some uy € VB!

(b) Letl € EB' originating at m'. Then ay(B}) is either a finite group or oy(Bj) =
Stabe(Axis(y)) for some hyperbolic loop v € B! ; = m (B, ug), ugp € VB
Moreover ij(l) s subgroup separable and contains only finitely many conjugacy
classes of finite groups such that the embedded subgroup B := w;(B]) is normal
mn Bi(l) satisfying that any two subgroups in B are already conjugate in B
whenever they are conjugate in BZJ(I).

(c) Let EB"" :={l € EB'|a(l) = m'A|oy(B})| = oo}. Then the family (cy(B}))icppi+
is almost conjugacy separated for any i < n.

For any uy € VB™ we call the group H = m(B™, ug) a tame tower extension of the virtu-
ally free group G.

Note that the proofs leading to the following result handle the case of dihedral ac-

—_~—

tions, i.e. the case where the virtually cyclic stabalizer of some Axis in (B, up) may acts
dihedral on this Axis.

Theorem 4.22. Let n € N and B',... ,B" be a tame tower over the virtually free
group G. Then B"™ has property L. In particular any tame tower extension H of a f.qg.
virtually free group G is subgroup separable.

Note that since the proof of this statement is by induction and the subgroup separa-
bility is not strong enough to serve as an inductive hypothesis, we defined the so called
property £ which supplements the subgroup separability by some conditions, which were
needed for the induction, for details see 4.17.

Definition 4.23. Let G be a group and A < G. We say A has property C, if A is
maximal virtually abelian and A contains a maximal cyclic subgroup of G of finite indez.

In the context of Limit groups extensions of centralizers play an important role. We
will generalize this definition as follows:

12



Definition 4.24.[Virtual extension of a centralizer| Let G be a group. Suppose that
for some x € G the centralizer C := Cg(z) is abelian and let D < G such that D is
maximal virtually abelian and D is virtually C. Moreover let A be a group such that there
exists an injective homomorphism ¢ : D — A and A = (D) x A" with A’ =2 Z", n € N.
We call the amalgamated product

G(l’, A) =G *Dzw(D) A

a virtual extension of the centralizer of x by A with respect to 1. We call a virtual exten-
sion of centralizer special, if the group D has property C.

Definition 4.25. [(special) iterated virtual extension of a centralizer| Let G be a group.
A (special) iterated virtual extension of centralizers over G is a group H for
which there exists a finite series

G=Go <G £...<Gx=H

such that fori=0,...,k—1, each G;y1 is a (special) virtual extension of a centralizer of
G;. We call H a IVCE-group of level k or a SIVCE-group of level k, accordingly.

By applying 4.22 we receive the following statement:

Theorem 4.29. Any SIVCE-group H over some f.g. wvirtually free group G is sub-
group separable.

We conjecture that any I'-Limit group is embeddable in some SIVCE-group if I is f.g.
virtually free. Consequently this would imply that any such I'-Limit group is subgroup
separable since subgroup separability is inherited by subgroups (see [36]).

In [2] the authors introduced the subgroup conjugacy separability (SCS). They proved
that free groups and certain virtually free groups are SCS by using covering theory of
graph of spaces. The first aim in my research was to prove that any f.g. virtually free
group is subgroups conjugacy separable by using covering theory of graphs of groups.
While T was working on this topic in [9] the authors proved that any f.g. virtually free
group is SCS by using profinite group theory. However we will give an independent proof
for this result in chapter 5 based on covering theory of graphs of groups. So we will prove:

Theorem 5.31. Let G be a f.g. wirtually free group. Then G is subgroup conjugacy
separable.

Moreover we will verify that ”Fuchsian groups” are SCS:

Definition 6.1. We call a group G a Fuchsian group if G is a discrete subgroup of
Isom™(X) for X € {H? R? $%}.

13



The associated quotient space @ = X/G is an orientable 2-dimensional orbifold such
that m(0) = G. If G is f.g., we will see that O can be assumed to be compact and such a
compact orientable 2-orbifold can be easily described in the form O = (EZ(E); Ply- -y Pm)
where ¥ is a surface of genus ¢g(X) with n boundary components and p; € Nxo are the
rotation orders of the so called cone points.

One aim of the last three chapters in this work is to give a proof for the following
statement:

Theorem 6.2. Finitely generated Fuchsian groups are SCS.

Suppose we are given a f.g. group G, which is either virtually free or a Fuchsian
group. In order to prove Theorem 5.31 and Theorem 6.2 we have to verify that any two
f.g. non-conjugate subgroups H; and H, of G’ remain non-conjugate in a finite quotient
of G. Note that it makes sense to treat the case where H; and H, are finite separately.
Thus this case will be discussed in section 5.4. The case where H; and H, are infinite
and G is virtually free will be done in 5.5. For the proof we will basically use covering
theory of graphs of groups. Afterwards we deal with the case where H; and H, are in-
finite subgroups of the Fuchsian group G. We remark that this case is as well a direct
consequence of [8] Theorem 2.6, which was published while I was working on this thesis.
However we will give an independent proof, which is based on the ideas of [3], where the
authors showed that the fundamental group of a compact closed orientable surface is SCS.
For doing this we will observe that subgroups of Fuchsian groups are ”almost geometric”
as well as subgroups of surface groups are almost geometric (see [36]), which gives rise
for using covering theory of 2-dimensional orbifolds in the same style as the authors used
covering theory of surfaces in [3].

Afterwards we will use Theorem 6.2 to prove in chapter 9 that fundamental groups
of totally orientable compact Seifert 3-manifolds are SCS as well. We define a totally
orientable Seifert 3-mainfold as follows:

Definition 6.4. Let M be a Seifert fibered space. M is called totally orientable if there
exists a short exact sequence

1-C—-m(M)— H—1,

such that H = m1(QO) for some orientable 2-orbifold O.
So we will show:

Theorem 6.5. Let M be a totally orientable Seifert fibered space such that there ex-
1sts a short exact sequence

1-C—-m(M)—H—1

with H = 71(O) finitely generated for some orientable 2-orbifold O. Then m (M) is
SCS.
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2 Preliminaries

2.1 Profinite topology

In this chapter we introduce the so called profinite topology and we repeat the definitions
of some residual properties. Note that detailed proofs for the mentioned statements in
the upcoming discussion about profinite groups can be found in [32]. We will start with
the following well known statements.

Definition 2.1. A neighbourhood basis for a point x of a topological space X is a set of
neighbourhoods N of x such that every open subset U of X containing x contains an N

from N

Lemma 2.2. Let G be a top. group and N a neighborhood basis of 1. Then
1. for all Ny, Ny € N there exists an N' € N such that 1 € N' C N; N Ny;
2. for all N € N there exists an N' € N such that N'N' C N;
3. for all N € N there exists an N' € N such that N' C N71;
4. for all N € N and g € G there exists an N' € N such that N' C gNg~!;
5. for all g € G, the set N := {gN|N € N} is a neighborhood basis for g.

Conversly, if G is a group and N is a nonempty set of subsets of G satisfying (1),(2),(3)
and (4), then there is a (unique) topology T on G for which (5) holds. In addition U C G
is in T iff for all g € U there exists an gN € N, such that gN C U. O

Lemma and Definition 2.3. Let G be a group and N = {N QG||G : N| < oo} be
the set of normal subgroups of finite index in G. Then N satisfies (1),(2),(3) and (4) of
Lemma 2.2 and generates a topology on G. With this topology, the so called profinite
topology, G becomes a topological group. 0

Note that any family of subgroups of finite index in G, which is closed under taking
intersections equips G in the above way with a ”profinite” topology. However, if we talk
about the profinite topology we mean the before mentioned one.

Suppose we have a group equiped with the profinite topology. Then the following
hold:

The leftcosets of all subgroups of finite index in G form a basis of open subsets.

The rightcosets of all subgroups of finite index in GG form a basis of open subsets.

The cosets of all normal subgroups of finite index in G form a basis of open subsets.

If G is f.g. (finitely generated), the cosets of all characteristic subgroups of finite
index in GG form a basis of open subsets.

Obviously any group G can be equipped with the profinite topology. If G is finite, the
profinite topology and the discrete topology are the same, since {1} € N.
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2.2

Profinite groups

A profinite group is an inverse limit of an inverse system of finite groups, while the inverse
limit (also called the projective limit or limit) is a construction that allows one to ”glue
together” several related objects, the precise manner of the gluing process being specified
by morphisms between the objects. Note that inverse limits can be defined in any category.
We start with the following definition:

Definition 2.4.

1.

Let (1,<) denote a directed partially ordered set or directed poset, that is, I is a set
with binary relation < satisfying the following conditions:
o i < foriel;
e 1< jandj <k implyi <k, fori,j,kel;
o i <jandj<uvimplyi=j, fori,j €1I; and
o ifi,7 €1, there exists some k € I such that i,j < k.
Let (Gy)ier be a family of groups and suppose we have a family of homomorphisms
fij 1 Gj = G; for all i < j, called bonding maps, with the following properties:
(a) fii is the identity on G;,
(b) fix = fijo fir for alli < j <k.

Then the pair ((Gi)icr, (fij)i<;) is called an inverse system of groups and morphisms
over I, and the morphisms f;; are called the transition morphisms of the system.

Let [1,c; Gi be the direct product of the groups (G;)ier- Then we define the inverse
limit of the inverse system ((Gi)ier, (fij)i<j) to be the following set

= fii(9;) fa. z<j€I}CHG

el el

lim G: = { (90

Moreover it is easily verified that L G; is a subgroup of [[.c; Gi

A group G is called a profinite group if it is the inverse limit of an inverse system
((Gh)ier, (fij)i<jer), where G; is a finite group for all i € I.

Remark 2.5. Let (G;)ier a family of finite groups.

1.
2.

Equipped with the discrete topology G; becomes a topological group for all i € I.

Under these conditions | [,.; Gi equipped with the product topology becomes a topo-
logical group.

For any i € I the discrete topological space G; is obviously totally disconnected, haus-
dorff and compact. Thus it follows that [[,c; Gi is a totally disconnected, hausdorff
and compact topological group.

So we are able to prove the following:

Lemma 2.6. Any profinite group is totally disconnected (and hence hausdorff) and com-

pact.
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Proof: We have that

:m {gzze f”g])fa1<]€[}<HG

el iel iel

Thus G is a subspace of [],.; G; and hence totally disconnected and hausdorff.

Since closed subspaces of compact spaces are compact it is left to show that G is closed
in [[,c; Gi- Fori < j eI and g; € G; we define the set

{(Ik)kez e [ Gula; = 95,2 # fij(gj)}‘

kel

This is an open subset of [, .; Gk, since any subset of G} is open for any k € I.
Therefore

U {(xk)k-el € HGk T =g, T F fij(gj>} = {(ﬁﬂk)kel € HGk‘% # fij(l’j)}

9;€G; kel kel

is open in [[,.; Gx. Thus G is exactly the complement of the open set

U U {(l’k)kel € HGk

iel jeli<j

in [[,c; Gi- Hence G is closed. O

T; 7 fij(l'j)}-

And for any given topological group G we conclude the following:

Lemma 2.7. Let G be a topological group. G is a profinite group if G is totally discon-
nected (and hence hausdorff) and compact.

Proof: Let U = {U < G|U open}. Since G is compact one can verify that U € U if
and only if U is closed and of finite index in G. So V; =N gec 9U g~ ! is a normal subgroup
of finite index in G for any U € U. Let V = {Vy|U € U}. There is a canonical way to
define an inverse system out of the quotients G/V with V' € V| since the intersection of
finitely many of these normal subgroups is also normal in G. Now it is easy to check that
the induced map

U:G—lmG JV

vey

is an homeomorphism of topological groups, which proves the claim. 0

In "nature” profinite groups arise as Galois groups of infinite Galois extensions of
fields. The following result is well-known from Galois-theory.

Theorem 2.8. If L/K is a finite Galois extension and G = Gal(L/K) we know that
there is a nice one-to-one correspondence

{Subgroups of G} <+ {Intermediate extensions of L/K}.

To get a similar result for infinite Galois extensions, one can define the following
topology on some Galois group G corresponding to some Galois extension L/K. Detailed
proofs for the upcoming statements can be found in [20].
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Lemma and Definition 2.9. Let G = Gal(L/K) for some (infinite) Galois extension
L/K. And let 0 € G. Then the set of all leftcosets of the form o - Gal(L/F') for some
finite intermediate Galois extension F/K form a neighborhood basis of o.

We call the induced topology on G the Krull topology. FEquipped with this topology G
becomes a topological group. 0

Theorem 2.10. If L/K is an infinite Galois extension we get a one-to-one correspon-
dence between the closed subgroups of G and intermediate extensions of L/K, given by
the maps

Hw— F(H) and F — Gal(L/F) < Gal(L/K)
Furthermore, an intermediate extension F' is Galois if and only if the corresponding sub-
group H is a normal subgroup of G. Moreover |L : F| is finite if and only if |G : H| is
finite. And this is the case if and only H is open. 0

It is easy to see how the Krull topology induces an inverse system of finite groups in
a natural way, since

I ={F : E/K finite intermediate Galois extension of L/K}

is a partially ordered set by inclusion. It is a well known fact, that for any F, E € I with
F' C FE there exists a surjective homomorphism

fer:Gal(E/K) — Gal(F/K); 0w o|p

with ker fg r = Gal(E/F). Thus (Gal(E/K)ger, (fe.r)rce) is an inverse system of finite
groups and one can show that the naturally given homomorphism from Gal(L/K) to the
inverse limit of this inverse system is an isomorphism. So we have argued that:

Theorem 2.11. Any Galois group is a profinite group. U
By a result of W.C. Waterhaus (see [43]) it turns out that the converse is also true:
Theorem 2.12. Any profinite group is a Galois group of some Galois field extension. [

More precisely he showed that every profinite group is isomorphic to one arising from
the Galois theory of some field K, but one cannot (yet) control which field K will be
in this case. In fact, for many fields K one does not know in general precisely which
finite groups occur as Galois groups over K. This problem is called "the inverse Galois
problem” for a given field K.

We conclude that for any (infinite) Galois extension the group G = Gal(L/K) equals
its profinite completion (, which is defined as follows:

Definition 2.13. Let N = {N < G||G : N| < oo} and consider the family of finite
quotients (G/N)nen of G. Then for any N;, N; € N satisfying N; < N; it follows that
there exists an epimorphism of finite groups fi; + G/N; — G/N; , gN; — gN; and it is
obvious that the pair ((G/N)nen, (fij)n,<n,) s an inverse system of finite groups, since
the intersection of two normal subgroups of finite index in G is a normal subgroup of finite
index in G. We call the the inverse limit

im G/N = {(QNN)NeN e [[ a/n ‘ gn; N; € gnNi fa. Nj < N; GN} <[] e/~
NeN NeN NeN

profinite completion of G and we denote it by G.
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Note that the naturally given homomorphism G — G is injective precisely when G
has the property that for any non-trivial g € GG, there is some N < G of finite index such
that g ¢ N. Following the next section we call a group satisfying this property residually
finite.

2.3 Classical residual properties

There are a few well-known residually properties for groups. Here we give the definitions
of these properties. Moreover we will translate any of these properties into the language
of the profinite topology of the corresponding group.

Throughout this chapter let N' = {N < G||G : N| < oo} and N, = {gN|N € N} for
any g € G.

Definition 2.14. A group G is called separable or residually finite, if for any g €
G\{1g} there exists a finite group E and a homomorphism ¢ : G — E such that p(g) #
1g.

An equivalent definition is that for all x # y € G there exists a finite group E and a
homomorphism ¢ : G — E such that ¢(x) # ¢(y) in E.

Lemma 2.15. G is separable, if and only if the profinite topology of G is hausdorff.

Proof: 7 = 7 If G is separable there exists an N € N such that G/N = E and
xN # yN are open sets. Since zN,yN are cosets, we have N NyN = ().
7« 7 If G is Hausdorff for any g € G there exists disjoint open subsets U, U’ with
lg € U and g € U'. Since N is a neighborhood basis of 1¢ and N, = {gN|N € N} is a
neighborhood basis of g by Lemma 2.3, there exists N € N and gN' € N, with N € U
and gN’ € U'. Since N” = N N N’ is normal and of finite index and g ¢ N O N” we
have a homomorphism ¢ from G to the finite group G/N" with ¢(g) # 1g/n». Hence G
is separable. [l

Definition 2.16. A group G is conjugacy separable if whenever x and y are non-conjugate
elements of G, there exists some finite quotient E of G in which the images of v and y
are non-conjugate.

Lemma 2.17. G is conjugacy separable if and only if for any x € G the set 2¢ =
{gzg~ g € G} is closed in the profinite topology.

Proof: ” = 7 Since G is conjugacy separable for any y ¢ 2% there exists N, € N/
such that yN, N 2% = (. Thus Uygg;G yN, is an open set since yN, € N, is open. It
follows that 2% = G'\ U,¢zc yNy. Thus z% is closed.

7 <7 Let 2% be a closed subset of G and let y ¢ 2“. Then there exists yN € N, such
that 2% N yN = () since G \ 2 is open and N, is a neighborhood basis. Therefore the
images of z and y are non-conjugate in the finite quotient F := G/N. U

Definition 2.18. A group G is said to be subgroup separable if for every finitely generated
subgroup H < G and g € G\ H there exists a subgroup of finite index K, < G such that
H <K, and g ¢ K,.

Note that this property is also known as ”locally extendable residual finiteness”
(LERF). We get the following translation into the language of profinite topology.
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Lemma 2.19. G is subgroup separable if and only if every f.g. subgroup H of G is closed
i the profinite topology of G.

Proof: 7 = 7 Let H be a f.g. subgroup of G. For any g € G\ H there exists a finite
index subgroup K, < G satisfying H < K, and g ¢ K,. Then (., xK,2z~" is normal
and of finite index. Hence K, is the union of open subsets and consequently open. Since
it is additionally of finite index it is closed. Therefore H = ) e ISg 18 closed since it is
the intersection of closed subsets.
7 <=7 Let H < G be closed and g € G\ H. Since N, is a neighborhood basis and G \ H
is an open set which contains g, there exists an gN € N, such that g € gN C G\ H.
Since N < G we get HN < G. Since H NgN = () it follows that gN N HN = ). Thus
g¢ K,:=HN. O

In this work we are mainly interested in the so called subgroup conjugacy separability:

Definition 2.20. A group G is called subgroup conjugacy separable (SCS) if for any
two finitely generated non-conjugate subgroups Hq, Hy < G there exists a homomorphism
¢ from G to a finite group E such that ¢(Hy) is not conjugate to ¢(Hs) in E.

Lemma 2.21. Let G be a f.g. group. Then the following statements are equivalent:
(1) G is SCS.

(2) For any two f.g. subgroups Hy, Hy € G satsfying that the images p(Hy) and p(Hs)
are conjugate in @(G) for any homomorphism ¢ from G to a finite group E it follows
that Hy and Hy are already conjugate in G.

(3) For any two finitely generated subgroups Hy, Hy € G the conjugacy of its closures in
the profinite completion implies the conjugacy of Hy and Hs in G.

Proof: Obviously (1) is equivalent to (2). So it’s left to show that (2) is equivalent
to (3). Thus it suffices to show that for any two f.g. subgroups Hy, Hy € G the images
H; and Hj are conjugate in any finite quotient of G if and only if their closures H, and
H, are conjugate in the profinite completion G of G. Note that

= lim H/NNH

N<G

for any subgroup H < . Thus it is immediate that H,’ = H, for some g e G implies
that the images of H; and H, are conjugate in any finite quotient of G. Conversely assume
that H,; and H, are conjugate in any finite quotient of G and let NV, := {N < G||G :
N| < n} and N, := (\yen, N- Then N, is a normal subgroup of finite index, since it
is a finite intersection of finite index normal subgroups as G is finitely generated. Let
M = {N,|n € N} and consider the infinite subfamily (g5 N)yeam of (gnN)nen- Note
that (gnvN)yenm is infinite and for any N € N/ O M we find only finitely many elements
gN in the finite quotient G/N such that (H,N/N)% = H,N/N. Thus it follows that
there exists ny € N and an infinite subset M,,, C M such that, after replacing gN,, Ny, by
some suitable element of G//N,,, if necessary, for any N € M, holds gy Ny, = gn, Np, -
Consider the corresponding subfamily (gnN)nea,, - Let ny € N satisfying ng > |G : N, |.
Then it follows by definition of the subgroups Nn, n € N, that N, contains NV,, as a
normal subgroup of finite index. Thus there are only finitely many elements ¢’ N,,, such
that

(Hanz/Nn2)g/Nn2 - H2NTL2/NTL2 and g/Nm =GNy, an'
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Now for any N,, € M, with n > |G : N,,| it follows that NN, is a subgroup of finite index
in N,, and therefore it follows for such N, that gy, Ny, = ¢'Ny, € G/N,, satisfying

(HyNyy /N, )? N2 = HoNy, /Ny, and ¢' Ny, = g, No,

since the homomorphism ¢ : G/N,, — G/N,, factors through G/N,, and N,, € M,,,. Thus
we find an infinite subset M,,, C M., \./\/'|G: Ny | such that, after replacing g Ny Vi by some
suitable element of G /N,,, if necessary, for any N € M,, it follows that gy Ny, = gn,, Nn,
and gy Ny, = gn,, Ny, for any N € M,,,. Again consider the subsequece (gvN)nem,,
of (gnvN)ne M, - Proceeding in this manner we are able to construct infinitely many
subfamilies (g V) nem,, , i € N, of the original sequence (gy)nen such that (gyN)nem,,
is a subfamily of (9yN)nem,, , for any i € N. Consider now the ”diagonal” sequence:
(9w, )ien. Clearly (gn, Np,)iex is a subfamily of (gn N)nen satisfying g, N; C gn,. N; =
gn,,,Nj for any i > j with N; € N; and it is obvious how to supplement (9w, )ien to an

element of G:
By definition of the normal subgroups N,,, ¢+ € N, it is possible to choose for any
N € M\ {N,,|i € N} some smallest i € N such that N,, < N implying that

9N, Ny € 9N, N € 9N, Niy = 9N, No,

for any j < i satisfying N < N,,,. So it is reasonable to set gy = gy, . Moreover let
gn,. = gn,, for any i € N. Then it is obvious that the sequence (g )vem is an element

of G < [Iyen G/N, say g, and it is easily verified that HY = H,. O
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3 Graphs of groups

In the following chapter we will introduce the theory of graphs of groups. The notion of
a graph of groups generalizes the notion of amalgamated products and HNN-extension.
We will give the needed definitions and discuss some important properties. In particular
we will be interested in the fundamental group of a graph of groups. We will discuss two
different ways, to define this group for a given graph of groups. Both ways lead to the
same group up to isomorphism. Moreover we will see that this group always acts on a
tree, the so called Bass-Serre tree, which can be associated to the given graph of groups.

3.1 Graphs of groups and their fundamental groups
We start with the definition of a graph of groups:

Definition 3.1. A graph of groups A is a tuple
(A, {A,Jlv e VA} {Acle € EA} {acle € EA}, {w.le € EA})

consisting of a connected graph A and groups A, for any x € VAUFEA. These groups are
called vertex groups and edge groups, respectively. In addition, the maps a1 Ae — Ange)
and we : Ae — Aue) = Aa-1(e) are ment to be monomorphisms with w, = a.-1. These
maps are called boundary monomorphisms.

As mentioned before, we can associate to any graph of groups A the fundamental
group m(A). The first way defining this group, immediately implies that amalgamated
products and HNN-extensions are special cases of graphs of groups. For completeness, we
repeat the definition of a group presentation.

Definition 3.2. Let X be a set and let F(X) be the free group over the set X. Let
R C F(X). We say that (X|R) is a presentation of the group G, if G = F(X)/{(R)).
We call X the set of generators and R the set of defining relations.

We often write G = (X|R) instead of G = F(X)/{(R)), that means we will not distinguish
between the presentation and the presented group.

We give now a first alternative of a definition of the fundamental group of a graph of
groups.

Definition 3.3. Let A, = (X,|R,) f.a. v € VA and A = (X,) fa. e€ A.. Let T a
mazimal subtree of A, that means a subgraph of A, which is a tree containing all vertices
of A. We define m (A, T) as follows:

m(A,T) = (| ) Xo. {scle€ EA}| | ) R, )

veVA veVA
with
N = {scle € ET} U{sc5.-1]e € EA} U {s.we(7)s. = ac(x)|le € EA,z € X,}.
Remark 3.4. The following properties of the fundamental group are obvious:
1. F.a. e € ET we have s, =1 in m (A, T),

2. For any pair of edges {e,e™'} C EA\ ET we have $¢8,-1 = 1,
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3. For {e,e™'} € FA holds:

Se-1we1 ()8 = a1 () © 5. e (2) s = we(2) & sew(x)s, ! = ae(w).

The last property implies that the relation of the last type in the definition is needed only
for one edge of any edge pair.

We will now discuss the two special cases of an amalgamated product and an HNN-
extension:

Example 3.5. Let A be a graph groups, s.t. the underlying graph A consists of two
vertices v, w and the pair of edges {e,e '} with a(e) = w(e ™) = v and a(e™) = w(e) = w.
Let A, = (X,|R,), Ay = (Xu|Ry) and A, = (X.) with boundary morphisms o, and we.
If T is a mazximal subtree of A, we have T' = A and hence

Wl(A7T) = <XU7XUI|RU> Rw? {&B(x) = we(l’)‘.’ﬂ € X€}> = AU *(aE,AE,we) Aw'

Therefore any amalgamated product can be regarded as a graph of groups. By using Tietze
transformationen and the relation s, = s.—1 = 1, it is possible to omit the generators s.
and s.-1 in the corresponding group presentation.

We now consider the case of an HNN-extension:

Example 3.6. Let A a graph of groups, s.t. the underlying graph A consists of one
verter v and the pair of edges {e,e '} with ale) = w(e) = v. Again let A, = (X,|R,),
A, = (X.). If T is a mazimal subtree of A, we have T'= v and hence

T (A, T) = (X, 5| Ry, {8c0te(7)s. ! = we(z)|z € Xo}) =2 A, * (e, Ae ) -

Clearly this is an HNN-extension. Using Tietze transformationen another time and the
relation s.s.-1 = 1, it is possible to omit the generator s.-1 in the corresponding group
presentation.

Now we go back to the general case. For the second definition of the fundamental
group of a graph of groups A we need to define the so called A-paths:

Definition 3.7 (The notion of A-paths). Let A be a graph of groups.

1. An A-path is a sequence of the form
p = ap, €1,0a1, ..., €, g,

for a natural number k > 0, s.t. eq,...,e, is a path in the underlying graph A
connecting some vertex v € VA with some vertex v' € VA. In addition we have
ag € Ay, a € Ay and a; € Aye,) = Aafersy) for 0 < i < k. The number k is
called the length of p and we write k = |p|. In the case k = 0 we have v = v' and
p=ag € A,.

2. Consider some A-path p = ag, ey, ay, ..., ex,ar. Then we call an A-path of the form
P = a;,€it1,Qis1,..r€5,a; with 0 <i < j <k an A-subpath of p. Let from now on
S(A) be the set of all A-paths and X (A) be the set of all A-paths originating at v
and terminating at v'.
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3. C’oﬂnsider two A-paths p = ag, e1,a1, ..., e, ar € X (A) and q = aj, €}, a}, ..., €}, by €
XY (A). Then we define the concatenation p - q of p and q as follows:

,_ / roor / / v’
D q =g, €1,0a1, ..., ek (ag - ay), €1, al, ..., €, ap € Xo (A)

The resulting A-path p - q connecting v with v" has the length |p| + |q| and we get
an operation:

SV (A) x SH(R) - T (A),
for v, v, 0" € VA. Most of the time we’ll write pq instead of p - q.

Clearly we have XV (A) C %(A). To define the second version of a definition of the
fundamental group of a graph of groups A, we need to define a useful equivalence relation
on the set X(A):

Definition 3.8. Let A be a graph of groups. Two elements p,p’ € 3(A) are called
elementary equivalent, if p' can be emerged from p by one of the following two operations:

1. Replacing an A-subpath of the form a,e,w.(c), et a by aa(c)a for e € EA c € A,
and a,a € Aye). We call this an elementary equivalence of the first type.

2. Replacing an A-subpath a,e,a by aa.(c),e,w(c)~ta, fore € EA,c € A, and a,a €
Aney. We call this an elementary equivalence of the second type.

We call an elementary equivalence of the first type an elementary reduction since the
length of the corresponding A-path decreases. It follows that, if two elements p, p’ € 3(A)
are elementary equivalent, there exists v,v’ € VA such that p,p’ € ¥ (A). Therefore,
two elementary equivalent A-paths originate and terminate in the same vertices. We get
the following equivalence relation on the set X(A).

Definition 3.9. Let A be a graph of groups. Two A-paths p,p’ € X(A) are equivalent if
there exists a finite sequence of A-paths p = po,p1,...,pr = p’, such that p,_; and p; are
elementary equivalente A-paths for 1 < i < k. We write p ~ p' and denote by [p] the
~-equivalence class of p.

By the above observation for two elementary equivalent A-paths, it follows for p, p’ €
Y(A) with p ~ p/, that p,p’ € SV (A) for two vertices v,v’ € VA. Hence we are able to
restrict the equivalence relation ~ on $(A) to the sets XU (A) for v,v' € VA. Furthermore
it follows that the multiplication defined in Definition 3.7 is compatible with ~, this means
that

(YA ) X (SR ~) = (S (B) ~); (o] ) [ dl
is a well-defined operation. We will often write [p] - a,s instead of [p] - [ay] = [p - ay] for
some A-path p originating at v, terminating at v’ and some a, € A,.
Let now vy € VA. Then it is easy to see that (X}°(A)/ ~,-) is a group with iden-
tity element [14, ] € (82(A)/ ~). Clearly the inverse element of an element [p] €
(B9 (A)/ ~) with p = ag, e, a1, ..., e, ai is given by [p~'] € (X2 (A)/ ~) where p~! :=
a,;l,elzl,...,al_ ,el_l,aal.

This gives rise to the following definition:

Definition 3.10. Let A be a graph of groups and vg € VA. We define the fundamental

group of A to be
T (A, v) = (X (A)/ ~, ).
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By definition the elements of 71 (A, vg) are the equivalence classes of ”closed” A-paths
originating at vy and terminating at vy. Hence the product of two of these paths gives
again an element of X1°(A)/ ~.

By the following statement the two definitions of the fundamental group of a graph of
groups yield the same groups up to isomorphism:

Theorem 3.11. Let A be a graph of groups. Then the map
n:m (A vg) = (A, T); [ag, €1,1, ..., €k, Q] > Q0Se, A1 - ...+ Se, A
is an isomorphism of groups.

Proof: By the definition of the equivalence relation ~ and the given concatenation
rule it is follows immediately, that 7 is a well-defined homomorphism. To prove that
n is bijective, it suffices to find a map 6 : m(A,T) — m (A, v), s.t. nof = id and
0 on =id. For any vertex v € VA let p, = €7, ..., e, the unique path connecting vy with
v in the chosen maximal subtree T" of A. In addition let p, = 1,e7,1...;1,¢e;, ,1 be the
associated A-path, s.t. only identity elements of the corresponding vertex groups occur in
the sequence. We define the operation of § on the generating set | J, .y 4 Xv, {sc|e € EA}

of m (A, T) as follows:

1. For g € X, for some v € VA let
0(g) == [P, 9,0, = [L,e}, 1., Len,  1-g-1, (e, )7 1,0, 1, (e]) 7 1.
2. For s, with e € EA we define
0(sc) = [Pa(e)s Ses Pute)] =

1,65 1.,1,e20 1 e, 1, (e29) 71 1,01, (68711,

Extending the map in the natural way to m; (A, T') induces a homomorphism 6 : 7 (A, T) —
m1 (A, vg), which is obviously inverse to 7. This proves the bijectivity of n and hence the
claim. 0

The following consequence follows now immediately:

Corollary 3.12. Let A be a graph of groups, T a maximal subtree of A and vy € A.
Then the map
0 : 7T1(A,T) — 7T1(A,U0)

s an isomorphism of groups. U

Suppose that an A-path p has a subsequence of the form a,e,w.(c),e a. We can
then perform an elementary reduction to obtain a new A-path ¢. Note that |¢| = |p| — 2
and that p ~ ¢. If no elementary reductions are applicable to p, we say that p is A-reduced
(or just reduced).

Any A-path is equivalent to a reduced A-path, and such a reduced A-path can be
obtained by applying elementary reductions as long as possible. The following proposition
implies that the reduced A-path obtained in this way is almost unique.
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Proposition 3.13 (Reduced form theorem). Let A be a graph of groups and let p =
ag, €1,0A1, - - ., €, Qg and p = ag, €1, a1, - . ., €5, ai be reduced A-paths.

Then [p| = [p] iff k = k, & = e; for 1 < i < k and there exist elements g; € A., for
1 <@ < k such that the following hold.

1. CL():C_Lo'Oé61<g1).
2. a; = we,(g;71) - a; - Qeyyy (gig1) for 1 <i <k —1.
3. ap — wek(gk*l) . C_Lk.

Note that this is clearly the same as saying that p can be obtained from p by a
sequence of elementary equivalences of the second type. Before we proceed with a proof
of Proposition 3.13 we record a few immediate consequences.

Corollary 3.14. Let A be a graph of groups, vo € VA and p € E°(A) reduced with
p = ag, €1, a1, ..., €, ag. Then it follows [p] =1 € m (A, vy) if and only if |p| =k =0 and
ag = 1Av0 . ]

Corollary 3.15. Let A be a graph of groups and py,, € X (A) for v,vy € VA. For any
subgroup Al < A, the map

¢ Al — ﬂ-l(A UO) g [pvov g- pUO v]
is a monomorphism, s.t. Im(¢) = [pugv + AL * Dugw) ' O
In a similar way we get:

Lemma 3.16. Let A a graph of groups and py,, € Xp (A) with v,vy € VA. Then the
map

© :mi(A, vo) = m(A,0); [Pl = [P P Dol

is an isomorphismus of groups.
Proof: Let [p], [p'] € m (A, vp).
1. We show that ® is a homomorphism. It holds:
®([p] - P']) = ([ 0]) = [Py 2+ 1+ Proo]
= [Prw P Puow Pag P+ Do) = 2([p]) - 2([p'])-

2. We have that

o([p]) = @ ([p)

S Do P Poow) = Pogw * P+ Pooy)
S [Puow] * Pago P Puow] * sl = Proww] * Pogw P+ Puoo] * Do)
< [p] = [p].

Hence @ is injective.
3. Let now [¢] € m(A,v). Then
[4] = [Pug] * [Poow * @ Puga] * [Prow] = @([Pug + T+ Poyu)-

Therefore ® is surjective and hence an isomorphism. 0
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We give a proof of Proposition 3.13 using ”"van der Waerden’s trick”.

Proof of Proposition 3.13: We construct normal forms for elements of 7 (A, vy),
in fact we construct normal forms for all equivalence classes of A-paths and not only of
those that start and end at vy.

We say that two A-paths p and p are strongly equivalent if they are related as in
the conclusion of Proposition 3.13. Thus we want to show that reduced A-paths are
equivalent if and only if they are strongly equivalent. It is clear that strong equivalence
is an equivalence relation.

For any e € A we choose a set of right coset representatives R, of we(Ae) in A, ),
thus Ay = Te% we(Ae)r. We choose these sets such that 1 € R, for all e € EA. We say

that an A-path p = ag,eq,a4,..., ek, a; is a normal form if a; € R, for 1 <11 < k. We
will show that every equivalence class of A-paths contains precisely one normal form.

Note first that for any reduced A-path p we find a reduced A-path n(p) that is a
normal form such that p and n(p) are strongly equivalent; as any equivalence class of
A-paths contains a reduced A-path this implies that every equivalence class of A-paths
contains at least one normal form.

Before we show the uniqueness of the normal form we observe that it implies the
assertion of the proposition. Indeed, suppose that p and p are equivalent reduced A-path.
As before choose normal froms n(p) and n(p) that are strongly equivalent to p and p,
respectively. The uniqueness of the normal form implies that n(p) = n(p). Now p and
n(p) and p and n(p) = n(p) are strongly equivalent which implies that p and p are strongly
equivalence by transitivity, thus the conclusion of Proposition 3.13 follows.

It remains to show that the normal form is unique, i.e. that any equivalence class of
A-paths contains at most one normal form. For any vertices vy,ve € VA let A(vy,vy) be
set of A-paths from v; to ve and N(vy,vs) be the set of A-paths in normal form from v;
to ve. For vy, v9,v3 € VA we show that there exists a map

0 = Qvl,vwg : A(Ul,vg) X N(’UQ, 'U3> — N('Ul, 'U3>
such that the following hold:

1. If p1 ~ po then 0(p1,p) = 0(p2, p).

2. If p1 € A(v1,v2) is a normal form and 1 € N(vy,v9) then 0(py, 1) = py.

The existence of such maps clearly implies the uniqueness of normal forms as the
existence of two distinct but equivalent normal forms p; and py from v; to vy would imply
that both 6(py,1) = 0(p2, 1) (because of 1) and 0(p1, 1) = p1 # pa = O(p2, 1) (because of
2).

As any A-path can be written in a unique way as the concatination of A-paths py-...-p;
where each p; of type a with a € A, for some v € VA or of type 1,e,1 for some e € FA
it suffices to describe 6(p;, p) for the case that p; is of one of the above types and then
extend 6 in the obvious way by putting

01 pi,p) = 0(p1,0(p2- ... pi,p))-
Ifa € A,, and p = ag, €1, a1, ...,6ex, ar € N(vy,v3) then we define
O(a,p) := (aap), €1, a1, ..., ek, ax
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which is clearly again a normal form. If e € EA with w(e) = vy and p as before then
choose ag € R, and ¢ € w.(A.) such that cag = ag. We then put
(ae(c)ay), ea,as, ... ex,ar  if et =e; and ag =1
l,e1 = .
0((1,e,1),p) { ae(c), e, ap, e1,a1,...,€e ar otherwise.

It follows immediately from the definition that the map 6 satisfies condition (2), i.e.
that 0(p;,1) = pp if p; is a normal form. To see that condition (1) holds, i.e. that
0(p1,p) = 6(p2, p) for equivalent p; and po it suffices to verify the situations that p; and

p2 only differ by one elementary equivalence. In this situation it is a simple exercise whre
a few cases need to be considered. We leave details to the reader. U

We will attempt to stick to the following convention: Whenever a graph of groups
is denoted by the letter A or its derivatives like A or A; we will refer to its underlying
graph by A, A and A;. We further refer to vertex and edge groups by A, and A, as in
the definition above. If the graph of groups is however denoted by the letter B or its
derivatives then we assume the underlying graph to be the appropriate derivative of B
and denote the vertex and edge groups by B, and B.,.

So both definitions of the fundamental group yield to isomorphic groups. In particular
the fundamental group doesn’t depend on the choice of the base vertex.
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3.2 Bass-Serre theory

In the second part of this chapter we will introduce the Bass-Serre-theory, which estab-
lishes the relationship of graph of group theory and group action on simplicial trees. In
particular it is possible to find a (nontrivial) graph of group splitting for any group acting
(nontrivial) on some simplicial tree. It turns out, that the converse is also true: To any
graph of groups it is possible to define a simplicial tree and an action of the fundamental
group on this so called Bass-Serre tree. In addition we’ll see that both constructions
interact in a very useful way.

Definition 3.17. Let p,p’ € ¥y (A) = U,epa X0, (A). We call p and p' ~-equivalent and
write p & p', if the following properties are satisfied:

1. p,p € XY (A) for somev € VA
2. p~pa for somea € A,.

Since p,p’ € XY (A) with p ~ p" implies p = p', we denote the ~-equivalence class of [p] by
[p|Ay. If now p € 35 (A), s.t. p = ag,e1,a1,..., e, ax it follows that [p|A, = [pla,t A, =
[p-a;']A,. Therefore there always exists an A-path p' in the equivalence class [p|A, of p,
s.t. the last element of the sequence p' is 14, .

We define the following graph:

—_—

Definition 3.18. Let (A, vy) be the graph defined in the following fashion:

—_— —_—

1. V(A,v) = {[p|AsJlv e VAAp € 5} (A)}. That means that the vertices of (A, vy)
are exactly the ~-equivalence classes of A-paths starting at vy.

2. E(M) = {([p|Av,e,[p - a,e,14]Ay)|a(e) = v Aw(e) = v ANa € A}, Hence
two vertices x,x' € V(A,vy) are adjacent, if and only if there exists two vertices
v,v' € VA, some edge e € EA and some a € A, s.t. a(e) =v, w(e) =0, x = [p|A,
and z' = [p'|A, with [p'] =[p-a,e, 14,].

3. Furthermore we define (z,e,2')" " := (2/,e7!
—_ — —_—

of (A, vg) for any (z,e,z") € E(A,vp).

,x) to be the involution on the edgeset

The following statement provides that this graph is a tree:

—_——

Theorem 3.19. The graph (A, vy) is a tree. We call it the Bass-Serre tree of (A, vy).

—_——

Proof: 1t suffices to show that any non-trivial closed path ¢ = fi,..., fr in (A, vg) is
not cyclically reduced, i.e. either fiy; = f;' for some 1 <4 < k—1 or that f; = f, L
Put y;_1 = «a(f;) for 1 <i < k and represent y; by a reduced A-path p; for 0 <7 <k — 1.
Choose i such that the length of p; is maximal. After a cyclic permutation of the path ¢
we may assume that i # 0.

As y; is represented by the reduced path p; = ag,eq,aq,...,ax_1, €k, ar and the length
of p; is maximal it follows from the above remark that both y;_; and y;,, are represented
by the path ag, ey, aq,... a5 2,€r_1,a,_1, i.e. that y;,_1 = y;r1. It further follows that
y;—1 is joined to y; by the edge fi = (yi_1,ex,y;) and y;41 it joined to y; by the edge
fjrll = (Yix1, €k, Yi) = (Yi_1, €k, y;) = fi which proves the assertion. O

7
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e~

Remark 3.20. By Definition 3.17 and Proposition 3.13 for any vertex x € V (A, vy) there
exist a reduced A-path p = ag,e1,a1,...,e5, 14, with k € N and v € VA, s.t. x = [p|A,.
Hence there is a 1-1-correspondence between the edges of the form (x,e,x’) and the left
cosets of the subgroup a.(Ae) in A, for any e € EA with a(e) = v. In particular if T
is a system of leftcosetrepresentatives of a.(Ae) in A,, there exists for any edge (x,e,x’)
ezactly onet € T' s.t. 2’ = [p'|Ay satisfying p' =p-t,e 1y,

Now we are going to show that the fundamental group 7 (A, vg) of A acts on (A, wvy)
in a natural way.

Lemma 3.21. Let A be a graph of groups. Then the following two operations

—~—

mi(A,vo) X V(A,v0); lq] - [p]Ay = [qp] Au,

(A, v0) x E(A, v0); [q] - (Il Au. e, [9]Aw) = ([qp) Av, e, [qp) AL Ay

—~——

induce an action of w1 (A, vy) on (A, vy) without inversion.

Proof: If g = [q] € G (where ¢ is an A-path from vy to vy) and u = pA, (where p is
an A-path from vy to v € V' A), then we define

g-u=1[q] - pA, = qpA,.

This gives a well-defined action of GG on the set of vertices of T'. It follows immediately
from the definition that this action preserves the adjacency relation, i.e. extends to an
action on 7" by tree automorphisms by putting

[a)(v, e,0") = ([glv, e, [g]0")

for any edge (v,e,v") of T. Thus G has a natural action on T by automorphisms. This
action is without inversion, i.e. for any edge e of T" and g € G we have ge # e~ L. O

We get the following information about the stabilizers of the vertices and edges:

—_——

Lemma 3.22. Let A be a graph of groups. Let G = m (A, vy) act on (A, vg) as defined
above.

—_—~—

1. For any vertex [p|A, € V(A,vy) we have

Stabg ([plAu) = [plAu[p] -

2. For any edge ¢ = ([p|A,, e, [p)Ay) € E(M) s.t. p = p,a,e,1 for some a € A,,
we get
Stabg (&) = [p](aae(Ac)a™)[p) ™ = [plwe(Ac) ]

3. Stabg(€)) = Stabg(a(€)) N Stabg(w(€)) for any edge é € ET.
4. G- [plAup) = G - [g]Aug if and only if w(p) = w(q).

5. G- ([p1] A e, (1] Awig)) = G+ ([P2] Auipa) s €25 [q2] Awgn)) if and only if e, = 5.
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Proof: By Proposition 3.13 it is possible to assume that p is reduced.

1. Now it follows by definition that[p|A,[p] ™! < Stabg([p]4.). Solet [q] € Stabg([p]A,).
Using again Proposition 3.13 we can assume that ¢ € X1°(A) is a reduced A-path.
Since [q] € Stabg([p]A,), we have that [¢][p]A, = [¢p]A, = [p]A, and it follows
gp ~ p. Now by Definition 3.17 there exists some a € A, with gp ~ pa. Hence

q ~ pap~t and we get [g] = [pap™*] = [pla[p] " € [p]Au[p] "
2. By definition of the boundary monomorphisms it is easy to see that

[place(Ae)a) )™ = Wlwe(Ao)p] "

The claim follows now by:
Staba(¢) — Staba([p]A,) N Staba([p]Au)
= [plAufp ™ N 1A ]
= [p](AU N [CL, €, 1]Av’[17 6_17 a_l])[p]_l
= [pl(ace(Ac)a™)[p] .

Note that the last equality follows by the definition of the elementary equivalence

of type one, since for any ¢ € A, the subpath a,e,w.(c),e™',a™! is elementary

equivalent to the subpath ac,(c)a™".

3. This is a direct consequence of the 3.21 since g - (z,e,2’) = (gz,e,g2') fa. g € G
and (z,e,2’) € ET.

4. Let [u] € G with [u][p|Aup) = [up]Awup) = [@]Aug)- Then it follows w(p) = w(up) =
w(q). Thus let w(p) = w(q). Hence we deduce that pg~! is an A-path connecting vy
with vy since ¢! is an A-path connecting w(q) = w(p) with vy. Therefore [pg~!] € G
and it follows

P Aup) = [Pa ' alAuig) = [Pa '[a]Aug) € G - [a]Auie)-
5. Let [u] € G with

[u]-([P1] Aw@pn)s €15 (1] Auigr) = ([up1] Auiar), €1, [uq1] Auig)) = ([P2] Awn), €2, [q2] Augn))-

Then [up1]Aup,) = [P2]Awps) and [ugi]Auq,) = (2] Au(g,) implies

afer) = w(upr) = w(pz) = ales)
and

wler) = w(uq) = w(gz) = w(ez).
Thus e; = ey. For the other implication assume e; = ey and let v = a(e;) =
a(ez). By definition of ([p;|Aup): €, [¢i]Aw(g,)) there exists a; € A,, such that
[4:] Aw(gr) = [Pi(ais €5, 1)] Auiqy) for @ € {1,2}. Thus we deduce that [p1(aray V)py '] =
[p1(a1)(p2(az))~'] € G since py(a;)(p2(az)) ™" is an A-path connecting vy with vy and
therefore

[p1(ara3 )Py ' 1([p2] Awpn)s €2, [42) Aus(an))
= ([p1 (a1a2_1)p2_1p2]14w(p2)7 €2, [pl(alaz_l)pQ_IPQ(a% €2, 1)]Aw(q2))

e1=e2 Def.~

- ([pl(alagl)]Aw(m)? €1, [pl(ah €1, 1)]AW(Q1)) - ([pl]Aw(m)? €1, [QI]Aw(m))
and we conclude ([p1]Aupy)s €1, [q1]Awg)) € G - ([P2]Awps)s €2, [@2) Au(gs))- O
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We have seen, that any graph of groups induces an action of the fundamental group
on the corresponding Bass-Serre tree. On the other hand to any group action of a group
G on a simplicial tree, one can find a graph of groups splitting for G and we get the
following structure theorem.

Definition 3.23. Let G and H be groups.

1. If G acts on the tree T', we call T a G-tree.

2. We say that the G-tree T and the H-tree Y are isomorphic, if there exist an isomor-
phism of groups ¢ : G — H and an isomorphism of graphs f : T — Y, satisfying

flgz) = ¢(g)f(x)
for any g € G and x € ET UVT and we call the pair (¢, f) an isomorphism.

Theorem 3.24 (Structure theorem). Let G be a group, T a tree, s.t. G acts on T without
wnwversion. Then there exist a graph of groups A, a vertex vy € A and an isomorphism

(¢, f) between the m (A, vy)-tree (A, vy) and the G-tree T.

Proof: For any v € A let p, = €1, ..., €um, be the unique reduced path in some
chosen maximal subtree Y C A joining vy and v and p, = 1,€,1,1,...,1,eyn,,1 the
associated A-path. Recall that 7 (A, vy) is generated by the [p,A,p; ] for v € V A together
with the elements h. := [Da(e), €, 13;(16)] for e € EA — EY. We define a homomorphism

o :m(Av) = G

by [p;ta.p,] — a, for all a, € A, and h, — g. for e € EA — EY. Tt is now a simple
exercise to verify that this does indeed extend to a homomorphism. We further define

—~—

fi(Ajv) =T

by putting f(p,A,) = i(v) for all v € VY and extending this map equivariantly to the set
of all vertices by putting

f(g : ﬁvAv) = Qo(g)f(vav)

for all ¢ € m1(A,v9) and v € VA. This map is clearly well-defined and extends to the
set of edges as adjacent vertices get mapped to adjacent vertices. Note further that it is
immediate that ¢ is bijective on edge and vertex stabilizers and that it does not identify
71 (A, vg)-inequivalent vertices or edges.

The p-equivariance is a trivial consequence of the definition of ¢ and f. To conclude
the proof it therefore suffices to show that f and ¢ are bijective.

In the follows we denote the image of ¢ by H, recall that

H := <ueL\J/YAU U{ge|e € EA—EY, a(i(e)) # i(a(e))}).

We first show that f is surjective, it clearly suffices to verify that H - (VYY) = VT as

—_——

H-i(VY) = f(V(A,v)). Suppose that H -i(VY) # VT. It follows that there exists an
edge f € ET such that a(f) € H-i(VY) and w(f) ¢ H-i(VY'). After left multiplication
with an element of H we may assume that a(f) € i(VY). Choose e € EA such that
G -i(e) = G- f. It follows from the choice of the elements g. that either a(f) = a(i(e))
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or that g. - a(f) = a(i(e)) for some e € FA. Thus either g - f = i(e) or gge - i(e)
for some g € Staba(i(e)) < H. Thus f € H -i(EA) and therefore w(f) € H - (VY), a
contradiction.

We will now show that ¢ is surjective, i.e. that G = H. Recall that H contains
A, = Stab i(v) for all v € VY. Let g € G and w € i(VY). As H-i(VY) = VT it
follows that there exists h € H such that hgw € i(VY). As any two distinct vertices of
i(VY) are G-inequivalent and therefore H-inequivalent it follows that hgw = w. Thus
g=h"'-hge H as hg e A, < H, it follows that G = H.

To see that f is injective it suffices to verify that f is locally injective. If f is not
locally injective then f identifies two edges e; and ey with v := a(e;) = a(es), in particular
ge1 = ey for some g € m (A, vy). Note p(g) € Stab f(e1) = Stab f(e2) contradicting the
fact that ¢ is bijective on edge stabilizers. Thus f is a bijection.

It remains to verify that ¢ is injective. Let g € m(A,vg) — 1. If g acts with a fixed
point then ¢(g) # 1 as ¢ is bijective on stabilizers. If g acts without fixed point then
gv # v for some vertex v and therefore ¢(g)f(v) = f(gv) # f(v) as f is injective. Thus
©(g) acts non-trivially on 7" which implies that ¢(g) # 1. O

A natural notion of equivalence of graphs of groups is that of isomorphism where we
say two graphs of groups A and B are isomorphic and write A ~ B if there exists a graph
isomorphism f A — B, isomorphisms f, : A. — By for all e € EA, isomorphisms
fo i Ay — Bf for all v € VA and elements g¢ € Bjfae)) and g¢ € Bjy(e)) with

w

g% = (g.)" such that

Jate) 0 elg) = g% - (o) © felg)) - (92) 7"

for any e € FA and g € A.. We then call the tuple

f= (fv {fv‘v S VA}? {fe‘e S EA}? {g?|€ < EA}? {g;)|€ < EA})

an isomorphism of graphs of groups.

By Theorem 3.24 one can associate to any G-tree T" a graph of groups A with 71 (A, vg)

e~

isomorphic to G and (A, wvg) isomorphic to T, s.t. the action of G on T behaves as the

action of 71 (A,vy) on (A, vg). Clearly one expect that two isomorphic group actions on
trees yield to isomorphic graph of group splittings. To establish this fact, we need an
explicit definition for an isomorphism between graphs of groups:
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Definition 3.25. Let
A= (A {A)v e VAHA.|le € EA{acle € EA}{w.|e € EA})

and
B := (B, {By|w € VB}{B|l € EB}{«|l € EB}{w|l € EB})

two graphs of groups.
We call A and B isomorphic, if there exists a tuple

f=(fAfolve VAL {fele e EA} {glle € EA} {g|e € EA})
satisfying the following properties.

1. f: A— B is an isomorphism of graphs.
2. fe: Ac = By(e) is an isomorphism of groups for any e € EA.
3. fo 1 Ay = By is an isomorphism of groups for any v € EA.
4. 92 € By(a(e)) and g¢ € Byu(e)), for g2 = (g1)7", s.t.
fate) 0 ae(e) = g+ (ape) o fe(e)) - (g¢)
for any e € EA and ¢ € A..
We call § an isomorphism of graphs of groups.

We get the following relationship between isomorphic group actions on trees and iso-
morphic graphs of groups splittings.

Theorem 3.26. Let A' and A? be graphs of groups. We define G; := m (A%, v;) and
T, := (A;,v;) fori € {1,2}. Then the follwing two statements are equivalent:

1. The graphs of groups A' and A? are isomorphic.

2. The G-tree T} is isomorphic to the Ga-tree Ts.

Proof:
(1) = (2) Suppose that A' and A? are isomorphic via the isomorphism § =
(f, {folv € VA} {fle € EA'}, {g%le € EA'}, {g%le € FA'}). To any Al-path p =

ag, €1, a1, €, . .., ek, a; We can associate the A2-path

p(p) = [bo, f(e1), by, fle2), - -, flex), bl

where by = fa(e)(@0) 95, bk = G2, - furer) (ar) and b; = g;"i-fw(ei)(ai)-g?i+1 forl <i:<k-—1.1t
follows immediately from the definition of a graph of group isomorphism that p preserves
~- and =~-equivalence classes.

Thus the maps ¢ : m(Al,v0) — m(A2, f(vo)), [p] = [u(p)] and f : V(AT ug) —

V(A2 f(vw)), pA, = u(p)A},, are well defined. It is easily checked that f extends

—_

to a graph morphism f : (Al,v9) — (A2, f(v)), that ¢ is a homomorphism and that
flgx) = p(g9)f(z) for all x € ET} UVT;. The surjectivity of f and ¢ are obvious, the
injectivity follows as reduced Al-paths get mapped to reduced A%-paths.

(2) = (1) We may assume that G = G; = Gy and T' =T = Ty. Clearly the graphs
Al and A% underlying A! and A? are isomorphic, we may assume that A = A! = A2
Moreover there exists a maps ji, : VA — VT and ji, : AE — TFE for i = 1,2 and elements
ge € G for e € FA and g, € G for v € V A such that the following hold:
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1. A" = Stab ji,(v) forve VAand i = 1,2 and j&(v) = g, - ji-(v) for v € V A.
2. AL = Stab ji(e) for e € EA and i = 1,2 and ji(e) = g. - jp(e) for e € FA.
Moreover there exists element g for e € EA and i = 1,2 such that
ge - a(ji(e)) = jir(ale)) and af : AL = Aj ) is given by a — ga(gl) ™!

for e € FA and ¢ = 1,2. It is now a straight forward computation to check that § =
(ida, {folv € VAY} {f.|le € EA'}, {g%le € EA'}, {g¥]e € EA'}) defines an isomorphism
Al — A% if

1. f,: AL — A% is given by a — g,ag; ! for v € VA.
2. fo: Al — A% is given by a + g.ag, ' for e € FA.

3.9 =(920)"" =92 ge- (g2) ' gyt € AL forall e € EA. 0

e
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3.3 Folded morphisms and covers of graphs of groups

In the last chapter, we have seen, that a G-tree T is isomorphic to a H-tree Y if and
only if the corresponding graph of groups decompositions of G and H are isomorphic. A
similar statement is also true for so called graph of group morphisms.

3.3.1 Morphisms of graphs of groups

Definition 3.27. A morphisms between a G-tree T and a H-tree Y is a pair (p, f), s.t.
¢ : G — H is a homomorphism of groups and f :'T" — Y 1is a graph morphism with the
property that p(g)f(x) = f(g9z) f.a. g € G and x € ETUVT.

The analogon of this defintion in the language of graphs of groups can be expressed
as follows:

Definition 3.28. A morphism between two graphs of groups
A = (A {A)Jv e VA} {Acle € EA}, {aele € EA}, {we|le € EA})

and

B := (B, {Buy|w € VB}, {B/|l € EB},{wy|l € EB},{w|l € EB})

18 a tuple

f=(f{folve VA} {fele € EA}, {glle € EA}, {gle € EA})
satisfying the following properties:
1. f: A— B is a graph morphism.
2. fe: Ae — By(ey is a homomorphism of groups f.a. e € EA.

3. fu: Ay = By) is a homomorphism of groups f.a. v € FA.

w

4. g¢ € Bf(a(e)) and gl € Bf(w(e)); with g = (ge,l)fl, S.1.
foz(e) o Oée(C) = g? ' (af(e) o fE(C» ' (gg)—l
foralle € EA and c € A..

If now f: A — B is a morphism of graphs of groups, it is possible to associate to any
A-path p € X(A) a B-path u(p) € X(B) if we set

p(p) = [bo, f(e1), br, f(e2), ., flex), bi]

with bO = foz(el)<a0) '9?1; bk = g:k ' fw(ek)(ak) and bl = g: : fw(ei)(ai) 'g;+1 for 1 <i<k-1.
Therefore we get a well-defined map

peB(A) = X(B); pu(p)

The target is now, to create a homomorphism of the corresponding fundamental groups
and a graph morphism on the tree level.

Lemma 3.29. Let p,p’ € X(A) with [p| = [p']. Then [u(p)] = [u(p')] € X(B)/ ~. Hence
the images of two equivalent A-paths are two equivalent B-paths.
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Proof: [44], Lemma 6.1.5. O
Hence we get the well-defined map

o5 : T (A, vo) — mi(B, f(vo)), [p] = [(p)].

It is easily verified that this map is a homomorphism of groups.
Similarly it follows that the map

—_

V(A,v) = V(B, f(v)); [plAs = [1(p)] By

is well-defined and ¢s-equivariant. Clearly we can extend this map to a ¢j-equivariant
graph morphism

—_ N

fi: (A, v0) = (B, f(wo))-
This proves the first part of the following Theorem:

Theorem 3.30. Let A, B be graphs of groups.

1. Let f : A — B be a morphism. The pair (yj, f;) defines a morphism between the

—~— —~——

(A, v)-tree (A, vg) and the m1(B, f(vo))-tree (B, f(vo)), with fi(5o) = f(vo)-

—_—

2. Moreover for any morphism (i, f) from the m, (A, vo)-tree (A, vy) to the mi (B, f(vp))-

—_—

tree (B, f(vy)) there exists §: A — B such that (¢, f) = (o1, f5)-

Proof: 1t remains to show the second assertion.

—_—

Suppose that (¢, f) is a morphism from the 7 (A, vg)-tree (A, vg) to the m (B, ug)-tree

(B, ug) such that f(#0) = @iy, we need to construct f such that (¢, f) = (¢, f5). It is
trivial that f induces a morphism f: A — B as m(A, vg)-orbits of vertices and edges are
mapped to 7 (B, ug)-orbits of vertices and edge.

Choose a maximal tree Y C A and for each v € VA let p, = ey1,...,€um, be the
reduced path in Y from vy to v and p, = 1,e,1,1,...,1,€ym,, 1 be the corresponding
A-path. Let further v := p,A,. Recall that

V.={0|veVY}

—_——

contains a unique representative of each (A, vp)-orbit in V(A vp). Thus it suffices to
construct f such that ¢; = ¢ and that f;(0) = f(0) for all v € V.

For each v € VA choose a B-path g, = bf, f(ewn),by,...,0%, _1, f(€sm,), 1 in normal
form such that f(0) = G, - By(,). As ¢ maps Stab(?) = p, - A, - p,' homomorphically to

Stabf(9) = Gu - By - G, "

we can choose f, : A, — By, such that

oDy -a-p,") =Gy fola) -Gt

For any e € F'A that occurs as some e,; we put g¢ = ¢, = bj_; and g5 = g&, = 1.
This is well defined as the g, are in normal form which implies that for e,; = e,/; we have
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Vo= b;’l_l (and in fact i = j). Note that the data defined so far implies that f;(7) = f(9)
for all & € V and that ¢;(p, - a - p, ') = ©(p, - a - p, ') for all a € A,.

We still need to define the elements g2 and ¢¢ in the case that e is an edge of EA—EY.

Thus let {e,e7'} be an edge pair in EA— EY. We need to define the g* and g¢ such that

#1([Paters € D)) = P([Pate)s € D)

As [ﬁa(e), e,ﬁ;(le)] -ﬁw(e)Aw(e) = Pa(e) " € Aw(e) it follows that

¢([7a(e) € ﬁ_(le)]) f(ﬁw(e)Aw(e)) = f(pa(e) 'evAw(e))

and therefore
P([Pate), € Do) * Gute) Briwte)) = Tate) * b+ f(€), Briw(e)

for some b € By (f(e))- Thus ¢([Pae), e,ﬁ;(le)]) = Ga(e) b, f(e), b q;(le) for some b € By(f(e))-
Thus we need to put ¢¢ = b and ¢ = b'.

It remains to check that the data given is part of morphism, in particular we need
to define the f. : A, —> B f(e) appropriately. By the definition of a morphism we need
to define f.(c) = f(e (g2 OV fage) 0 aelc) - g2) for all ¢ € A.. Tt is a straight forward
calculation to check that thls defines a morphism. O

3.3.2 Folded morphisms of graphs of groups

If we are given a graph of groups B, we are mainly interested in the morphisms § : A — B,
for which ¢; is an injective map. Since in this case, we have that 71 (A, vg) = Im(yp5) <
71 (B, f(vo)). The target is know, to verify, in which cases we have that s is an injective
map.

Definition 3.31. Let § : A — B be a morphism of graphs of groups.
1. | is called injective/surjective/bijective on wvertices, if f, © A, — By is injec-

tive/surjective/bijective f.a. v € V.A. This is equivalent to the property that ¢i|stabe (2)

—~—

is injective/surjective/bijective f.a. x € V(A,vy).

2. We say that § and the pair (p;, f5), respectively is m-injective/surjective/bijective, if
@5 injective/surjective/bijective.

3. § and (gy, f;), respectively is called locally injective, if f; is locally injective.

4. We say | and (py, f;), respectively is folded, if § is injective on vertices and locally
mjective.

5. We call § an isomorphism of graphs of groups if the map f is an isomorphism of
graphs and the homomorphism f, is an isomorphism for any x € VAU EA.

6. We call § an automorphism if § is an isomorphism of graphs of groups and A = B.
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Theorem 3.32. Let f: A — B be a folded morphism of graphs of groups. Then the maps
@5 and f; are injective.

Proof: [44], Lemma 6.5. O

The following Lemma provides now a criterion, when a morphism is folded.

Lemma 3.33. Let f : A — B be a morphism of graphs of groups. Then | is folded if and
only if non of the following properties is satisfied:

1. § us not injective on vertices.

2. There exists ey, e5 € EA with e; # es and aer) = afez) =: v, s.t. f(e1) = f(eq) =:1
and

ge, - cu(Br) = fo(a) - gg, - cu(By)

for some a € A,.

3. There exists e € EA and a € Aye) \ ae(Ae), 5.t
fao)(a) - 9¢ - ape)(Bye) = 9¢ - aye)(By(e))

Proof: [44], Lemma 6.6. O
Definition 3.34. Let B be a graph of groups.

1. An action of a group G on a tree T is called minimal, if there exists no proper
G-invariant subtree of T

2. A graph of groups B is said to be minimal, if the induced action of G = m (B, uy)

for some (and hence for all) ug € VB on the Bass-Serre tree (B,ug) is minimal.

Clearly for any graph of groups B, there exists a minimal graph of groups B’ such that
m (B, ug) = m (B, uf). Hence from now on we will assume that B is a minimal graph of
groups.
By the following result any subgroup of the fundamental group of a graph of groups can
be represented by a folded morphism of graphs of groups.

Theorem 3.35. Let B be a graph of groups, G := m(B,ug) for some uy € VB and

U < G. Then there exists a graph of groups A and a folded graphs of groups morphism
f:A—=B, st U= pi(m(A,uv)).

Remark 3.36. Note that Theorem 3.35 is a generalization of Kurosh’s Theorem, which
says that any subgroup of a free product A x B can be realized as a free product of a free
group and some cunjugates of the groups A and B.
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Proof of Theorem 3.35: Since U < (B, ug) acts on the Bass-Serre tree (B, uy),
by Theorem 3.24 there exists a graph of groups A and some vertex vy € V A, s.t. there

exists an isomorphism between the m (A, vg)-tree (A, vg) and the U-tree (B, ug). This

—~—

induces a morphism (i, f) from the m (A, vg)-tree (A, vg) to the m (B, ug)-tree (B, ug),
s.t.
o (A, v9) — m (B, ug)

is a monomorphism with Im(¢) = U and

P

fi (A v) — (B, ug)

is a graph isomorphism. Therefore by Theorem 3.30 there exists a morphism between
the corresponding graphs of groups, that means there exists f : A — B, s.t. ¢; = ¢ and
fi = f Assume that f, : A, — By, is not injective for some v € VA. Then there exists
a € Ay, s.t. fula) = 1a,). So let py, ., € 3y (A, vg). Since 1 # a € X7(A) by Corollary
3.15 it follows that [py,. - a - py',] # La(aw). Furthermore

Spf([pvo,v - a 'pzjol,v]) = [:u(pvo,v - a 'pvo,v)] = [:u(pvo,v)] ’ fv(a) ’ [M(pvo,v)]_l

= [1(Poo)] - Lag) * [1(Pog.0)] ™ = L) € U.

This contradicts the fact that ¢; = ¢ is injective. Hence we have that f is injective on
vertices. Since f; = f is a isomorphisms of graphs, it follows that f; is locally injective.
We conclude that f: A — B is a folded graph of group morphism. O

Since the morphism f : A — B constructed in Theorem 3.35 is folded and and the
induced map f; : (A,v9) = (B,ug) is an isomorphism of graphs, any subgroup can be
represented by a ”cover” of graphs of groups in the sense of the following definition.

3.3.3 Covers of graphs of groups

In 1993 Hyman Bass introduced in his work ”Covering theory for graphs of groups”, see
[1], coverings of graphs of groups. Although he uses a different notation, his definition is
equivalent to the one we will give in this section (see chapter 2 of [1]). Moreover he turns
from "local” properties to "global” properties, i.e. his definition of a covering of graphs
of groups § : A — B depends on local properties and he concludes some equivalent global
properties of the maps ¢; and f;. Our (equivalent) definition is the following:

Definition 3.37 (Coverings of graphs of groups). Let f : A — B be a morphism of two
graphs of groups A und B. We call f a covering (or cover), if | is folded and the induced

map fi: (A, vo) = (B, f(vo)) is an isomorphism of graphs.

Thus our definition includes the "local” property that §f : A — B is folded and
the global property that f; is an isomorphism. Note that in section 3.5 we will give
an equivalent definition of a covering of graphs of groups, which only depends on local
properties. Moreover this definition will only vary by the way of notation from the one
given in Deefinion 2.6 [1].
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Not for any subgroup U < G = m(B, u), we have that the corresponding graph of
groups A, constructed in Theorem 3.35, is minimal (see Definition 3.34.2). The following
Lemma shows, that A is minimal if B is minimal and the represented subgroup U has
finite index in G.

Recall the following:
Remark 3.38. Let G be a group acting on a tree T

1. If g, h € G are hyperbolic with disjoint axes Axis(g) and Axis(h), then the element gh
is hyperbolic and its axis contains the unique shortest arc from Axis(g) to Axis(h).

2. If G contains hyperbolic elements, then the union of the axes of such elements is the
unique minimal G-invariant subtree of T.

Proof: Observe that it suffices to show the first assertion, since the second assertion
is a direct consequence of the first. For the first assertion let e be an edge in the arc
joining Axis(g) to Axis(h) and let X and Y be the components of T\ {e} containing
Axis(g) and Axis(h) respectively, then ¢g*'(Y U {e}) C X while h*'(X U {e}) C Y. Tt
follows that e lies in the geodesic from (gh)~"(e) to (gh)™(e) for all n,m > 0. O

Using the above observation we are able to deduce the following obvious consequence.

Lemma 3.39. Let B be a minimal finite graph of groups and let U < m(B,ug) be a

subgroup of finite index and Ty < (B,wy) a minimal U-invariant subtree of the associated

—_~—

Bass-Serre tree (B,ug). Then it follows that Ty = (B, uy).

Proof: Let B be a minimal graph of groups and let Ty be the unique U-invariant

subtree of T = (B, ug) for some finite index subgroup U of G = m(B,uy). If G acts
elliptic the statement is trivial. So we may assume that G = m;(B, ug) contains some
hyperbolic element, say h. As |G : U| = n € N it follows that h™ € U. Moreover h™
is hyperbolic and Axis(h) = Axis(h™). Thus Axis(h) C Ty for any hyperbolic element
h € G. Now that claim is a direct consequcence of Remark 3.38.2, since B was supposed
to be a minimal graph of groups. O

We get the following corollary:

Corollary 3.40. Let B be a minimal graph of groups and § : A — B be a morphism
representing the finite index subgroup U := @;(m1 (A, vo)) of m(B,ug). Then it follows

that T := f;((A,v0)) = (B,ug), since U acts on T by Theorem 3.30. In particular any
folded morphism representing a subgroup of finite index is already a cover. 0

3.3.4 Graphs of groups covers and finite index subgroups

We have already seen that for any subgroup U of (B, ug), there exists a covering rep-
resenting U. The next step is, to explain how to read off the index of a subgroup by the
covering representing it.

The following Theorem will show how it is possible to find a right transversal of the
subgroup represented by a covering of graphs of groups.
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Theorem 3.41. Let § : A — B be a covering of graphs of groups and let vy € V A.
Furthermore let ug := f(vg), W := fV(ug) C VA and Y C A a mazimal subtree of A.
For any w € W let

® Y= f1"s 0, i), kw € N, be the unique reduced path from vy to w in'Y,

® py = la,, [’ f1, 1a, be the A-path corresponding to v, with the trivial ele-
ments in the corresponding vertex groups,

e R, be a right transversal of fu,(Ay) in Byw)y = Bu,,
o Qu = {ulpw) - r|r € Ry} C Iy (B).

Furthermore let Q" := ey Qu- Then the set Q := {[q]|q € Q'} forms a right transversal
from o5(m1 (A, vg)) in m (B, ug).

Proof: We show at first 71 (B, ug) = ¢j(mi (A, vp)) - Q-

7 D71 trivial, since j(m1 (A, 1)), @ € w1 (B, up).
7 C 7 Let [q] € m(B,up). Since (A, vy) = (B, up) there exists an A-path [p] from vy to
w e W, s.t.

fi([plAw) = [1(p)] Buy = [4] Bu

in (B, up). Hence there exists b € B,, with [u(p) - b] = [¢]. Therefore we find r € R,, and
a € A, with b= f,(a) - r, since R,, is a right transversal of f,,(A,) in By,,. It follows:

l[q] = [u(p) - 0] = [w(p) - fu(a) - 7] = [(p) - fu(a) - (PRt - Pw) - 7]
= [u(p-a-py') - p(pw) - 7]
= [u(p-a-p,")] - [1(pw) - 7] € (M (A, v0)) - Q

To complete the proof, it’s left to show that for [q], [¢'] € Q we have:

oi(m1 (A, v0)) - [q] N op(mi(A, vo) - [¢] # 0 < [q] = [¢]. (1)

W

<7 trivial
=72 So let o3([p]), ¢5([p]) € y(m (A, vo) and

[q] := [(pw) - 7], [d] = [u(pw) - 7] € Q
s.t.

e([p]) - [1(Pw) - 7] = @5([P']) - [1(pur) - 7]

We obtain:

[1(p - pw) - 7] = (D" - pur) - 7] (2)
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P

And again it follows in (B, ug) = (A, vo):

[1(p - pw) - 7| Buy = [(p - puw)] - 7+ By,
= [1(p - Pw)]Buy = (D" - pu)| Buy

= [ - puw)] 7" Buy = [0 - Pur) - '] Bug-
Thus
P+ pulAw =[P Pu]Aur (3)

And therefore w = w'.
So assume r # 1’. Then by (3) there exists a € A,, = Ay, s.t.

[p'pw ) a] = [p/ 'pw’]
and by (2) it follows
[1(p - pw) - 7] = [1(p - pur) - 7] = (D - pw - @) - 7] = [1(p - pw) - fula) - 7).

and therefore f,(a)-r = r’. This is a contradiction, since r,r’ € R,, = R, and R,, was
supposed to be a right transversal of f,,(A,) in B,,.

Hence r = " and therefore [u(py) - 7] = [(pw) - '] € @ which implies (1). We con-
clude that ) contains exactly one element of any right coset, proving the claim. 0

Now we are able to count the index of any subgroup U < (BB, 1) by means of some
cover representing U:

Theorem 3.42. Let §: A — B be a covering of graphs of groups and vy € V A.
1. Let ug := f(vo) and W := f"V(ug) C VA. Then it follows that

[T (B, f(v0)) : py(mi(A o)) = Y |Bug : fulAw)l.

wew
2. For any v € VA, we have
(B, f(v0)) = 5(mi (A, o)) = [ (B, f(v) : y(mi (A, 0))].
3. For any u € VB we have

D |But fu(Au)l = > [Bu: f(AL)].

weWw zef~1(u)

Proof: Let R, Q,, Q and @ defined as in Theorem 3.41.
1.: So let @ be a right transversal of o;(m1 (A, vg)) in (1B, up). Hence

43



Q| = [m1(B, f(vo)) : SOf(Wl(/AaUO))’-

To count the number of different equivalence-classes of B-paths in (), we will show at first
|Q| = |@Q'|. That means that pairwise different elements of )’ represent pairwise different
equivalence-classes of B-paths in (). This is equivalent to that fact, that two elements
q,q € @' lie in the same equivalence-class if and only if ¢ = ¢'.

So let ¢,¢' € Q'. Clearly if ¢ = ¢, we have [q] = [¢'].

So let [q] = [¢/]. Then there exists w,w’ € W,r € R,, 7" € Ry, s.t.
q = p(pw) -7 and ¢ = p(p.) - r'. Hence we obtain

[1(pw) - 7] = [p] = [P'] = [(pw) - 7'].

It follows in the Bass-Serre tree (BB, ug)

[1(Pw)] Bug = [1(Pw) - 7] Bug = [1t(pur) - '] Bug = [11(D},)] Buo-

e~ —

As (A,UO) = (Bauo)a we get

[ w]Aw = {pw/]Aw’

and therefore w = w'.

Since obviously [u(pw) - 7] # [1W(pw) - '] for r # ', we deduce r = 1.

This means, that two pairwise different B-paths in @), for some w € W represent two
pairwise different equivalence-classes.

So we conclude that ¢ = ¢'.

And therefore it follows that @’ is the disjoint union of the sets Q,,, for w € W, and we
have |Qy| = |Rul.

This implicates

|Q| = |Q/| = Z |Qw| = Z |Rw| = Z |Bf(uo) : fw(Aw)l

weWw weW weW

2.: Let u € VB and v € V A satisfying f(v) = u. Consider some equivalence class of
A-paths [p,, ] such that p,, , connects vy with v. By Lemma 3.16 it follows that the
following two maps are isomorphisms:

O :my(A,ve) = (A, 0); [p] = [p] - [P] - [Peols

@, : (B, ug) = m(B,uw); [q] = [1(py,)] - [d] - [1(Poo0)]-

Since @ is a right transversal of ¢5(m1 (A, vg)) in 71 (B, up) we deduce that:

T (B, u) = [1(pyg)] - m1(B, o) - [14(Pug.0)]

= o)) (i(m (A, 20)) - Q) - [u(pus)]
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= [y, )] - @5(m1 (A, v0)) - [1(Pve) | [ (Pra)] - @+ [11(Puo.0)]
= 5P )71 (A, 00) Pug]) < [0+ @ - ()
PE (1 (AL 0)) - [0t ) QL(Deg.0)]-

As @, is an isomorphism, it follows that Q" := [u(p;',)]Q[1(Pu,)] is a right transversal
of i(m1(A,v)) in (B, u) s.t. |Q"] = |Q|. Hence it follows 2..
3.: 1. implies for v instead of vy:

Q"] = |m (B, u) : gs(m(A,0)| = > [Bu: fo(A)].
zef~1(u)
And we conclude
D Byt fu(A)| = QI =1Q" = > [Byu : fo(A)]-
weW zef~1(u)

O

Clearly the index of a subgroup represented by a cover § : A — B does not have to be

finite, since we can associate to any subgroup U < 7 (B, ug) a cover. But if B is a graph

of groups, s.t. the underlying graph B of B is finite, the following corollary provides a

criterion for deciding, whether the represented subgroup U < m1(B, ug) is of finite index
or not.

Corollary and Definition 3.43. Let B be graph of groups and U < 7 (B,uy) =: G.
Furthermore let B be a finite graph. Then U is of finite index in G if and only if there
exists a finite-sheeted cover of graphs of groups § : A — B representing U, i.e.

1. pi(m1(A,vg)) = U for some vy € VA;

2. The underlying graph A of A 1is finite;

8. | By : fo(Ay)] <00 fa. ve VA
Proof:

W

< 7: Let f : A — B satisfying the mentioned properties. Since A is finite, it follows
that | f~!(ug)| < |[VA| < oo and hence by 3. and Theorem 3.42 the claim follows.

7 =" Let |m (B, ug) : Ul < oo. Then by Theorem 3.35 there exists a covering f : A — B
representing U satisfying the first condition.

Assume that A is an infinite graph or that there exists v € VA s.t. |f,(Ay) : Byw)| = o0.
In the first case there exists u € VB with |f~!(u)| = oo and in the second there exists
u € VB with f(v) = u. In both cases we conclude

00 > |m (B, uo)  pi(m(A,w))] "= D" By fuld)] = .
vef~1(u)

This contradicts the assumption. Thus we are done. 0
We close this chapter with the following remark.
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Remark 3.44. Let f : A — B be a cover of graphs of groups, s.t. the underlying graph
B of B is finite. Clearly we can apply Corollary 3.43 to U := @;(m1(A,v)). That means,
for any cover § we can easily verify, whether the represented subgroup p;(mi(A,vg)) <
m1 (B, uo) is of finite index or not. And if this index is finite, Theorem 3.42 allows us to
compute this natural number.

3.4 Auxiliary modifications and Decktransformations of graph
of group morphisms

Recall that a morphism f : I' — T of ordinary graphs I' and T is called a cover, if f is
surjective and locally injective. Furthermore for any cover of graphs f : I' — I" the group
of Decktrasformations of f, which is defined as

Deck (f) = {a| o automorphism of I with f o a = f}

is isomorphic to the group Ng(U)/U if G = m(T,up) and U = @ (m(T, 1)) for some
uy € VT and 1y € VT with f(uy) = uo. Following [44] Theorem 2.28 the isomorphism is
given by

X : Deck(f) = Ne(U)/U, a = [f(7)]U

if f(7,) is the image of a path 4, connecting @y with a(ay).

In this chapter we give a reasonable definition of the group of Decktransformations for
a cover of graphs of groups f : A — B representing some subgroup U < G := m1(B, uy),
up € VB, and we will prove a similar correspondence between the normalizer Ng(U) of
U in G and the group of Decktransformations. In particular we will prove that the group
of Decktransforamtions of f is isomorphic to the group Ng(U)/ZU if Z is the intersection

of the centralizer Zg(U) of U in G and the kernel K of the action of G on (B, uy).

3.4.1 Auxiliary Modifications of morphisms of graphs of groups

Let f : A — B be a morphism. Clearly the maps ¢; and f; depend on the choice of a
base point vy € VA. In contrast to the previous chapters, where it was most of the time
negligible which base point was chosen, it is now necessary to determine for which base
point we consider the maps ¢ and f;. Therefore we define for some chosen vy € VA go;’o
and ff“O to be the maps on group and tree level corresponding to the chosen base point
vp. Note that in the last chapters we often omit the subscript f in y; and write p instead
of p; for the associated map on A-path level. In this chapter we will often make use of
this notation to point out which map on A-path level is used in the context and we will
still omit this subscript if it is obvious which map on A-path level is used.

In the following we will often modify a graph of group morphism in an inessential way:

Lemma and Definition 3.45. Let f : A — B be a graph of group morphism and
vg € VA. Then the following hold:

1. Let §f obtained from § by replacing g& by g2ase)(b), 62 by wpe(b™1)g? and f. by
10 fe : Ae = By, a v b7t fo(a) - b for some e € EA and b € By(). Then
o =y and f; = fy. We call this an auziliary modification of the first type.
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2. If § is obtained from § by replacing g& by g - g for some g € Aue) then § and §
differ by precomposition by a graph of group automorphism.

8. Replace f, by cy o f, + Ay — By, a — b+ fy(a) - b1 and g& by b- g% for some
b € Byw) and all e with a(e) = v. We call this an auxiliary modification of
the second type. If v is not the base vertex it follows that ¢y = @y and f; = fy,
otherwise they differ by postcomposition with a graph of group automorphism, in
fact by conjugation.

Proof: The first assertion is immediate, the same is true for the third claim if v
is distinct from the base vertex. If v is the base vertex then it is easily verified that

fir(@) =[b] - fi(z) for all z € (A,v) and ¢y (g) = [b] - ¢;(g) - [b]* for all g € (A, v) which
proves the claim.

The second assertion holds as f = fo hh where h : A — A is the graph of group
automorphism

b= (h,{ho|v € VA}, {he|e € EA} {glle € EA}, {g.|e € EA})

where I =ida, h, = ida, for all v € VA, he =ida, for all e € FA, gf =1 for f # e and
9o =9 O

Lemma 3.46. Let f : A — B and §/ : A — B be morphisms and vy € VA. Then
pi° =@y’ and f° = [i° if and only if f can be obtained from § by auxiliary modifications
of the first type and auxiliary modifications of the second type in v € VA\ {vo}.

Proof: As shown before, auxiliary modifications of the first type and of the second
type in v € VA\ {v} doesn’t change the maps o;° and fi°. So let p;° = ¢;° and
f; = fy. Clearly the assumptions imply f = f’. Let A’ be a maximal subgraph of A with
vg € VA, such that for the induced subgraph of groups A’ the two restrictions f|a, and
f|as only differ by auxiliary modifications. Clearly A’ # () since obviously f,, = f;, and
if A" = A there is nothing to prove. So assume A’ # A. Let e € EA\ EA’ such that
afe) =v e VA and w(e) =v'. Let p =14, ,€1,...,€n, L4, be an A'-path connecting vy
with v with trivial elements in the corresponding vertex groups. Since f|a and §/|a, only
differ by auxiliary modifications we can assume that f, = f; and g& = (92.), 9¢ = (9¢)’
for any ¢ € {1,...,m}. If now p := 5 and ' := py it follows that pu(p) = p/(p) as f = f’
and ff = ff/ 1mply

[(p)] - g2, f(e), g1 - B = [ (p)] - [(g2)'s £ (€), (9¢)'] - Bur-
Thus
1(p) - 9¢5 fle), ge ~ 1 (p) - (92), f'(e), (g2) - b
for some b € By. If f(e) = f'(e) := [ it follows that

p(p)-ge 1 g2 ~ ' (p) - (9¢) 1, (g2)" - b
implying that g2, 1, g2 ~ (92)',1, (¢¢)" - b. Hence there exists ¢ € By such that

g - agle), Lw(c™) - g2 = (g2), 1, (g2) - b.
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After performing an auxiliary modification of the first type, we can assume that

g?, l7g:1 = (g?),v L (gew)/ -b

implying g¢ = (9¢)" and g¢ = (g9¢)’ - b. Now since ¢; = @y it follows for ¢ = p-14,,¢,14,,
that

(@) fula) w'(q™) ~ pla) - furla) - ulg™") = p'(q) b~ fur(a) 07 p'(g™h).
As p(p) = 1/ (p) and g = (¢<)" we deduce that

(g2) - fola)((g)) ™ = g furla)(g2) ™t = (g2) - b fu(a)- D71 ((g2))

for any a € A, implying that b- f/(a)-b~' = f/,(a) for any a € A,,. We distinguish
two cases:
Case 1: Let v' ¢ A’. Then replacing f,» by ¢,0 fuy : Ay = By, a— b fy(a)-b~" and
g% by b- g% for any ¢ € EA with a(e’) = v/ makes sure that ¢g*, = (¢¥)~" is replaced by
bogia=b- ()" = (g 07") 7" = ((¢¢))~". Note that now f, = f,,.

Case 2: Assume that v' € A’. After performing some suitable auxiliary modification
we may assume that f,, = f/,. Thus

be CBf(U/)(fv’(Av/)) = {C € Bf(v’)|ca =acfa. a€ fv’(Av’)}'

Thus ¢, o fy = fl, = f». Thus we only replace g, = (¢) ' by b-g>, =b- (¢¥)" =
(g2 - b=~ = ((g2)) "

In both cases we have that

g - aulfe(e)) - (92) 7 = fulaele)) = filae()) = (92) - au(fe()) - ((92))

with f(e) =1 = f'(e) for any ¢ € A, implying that o;(f.(c)) = ay(fl(c)) for any ¢ € A,
since ¢¢ = (¢¢)". Thus f. = f. and we conclude that the subgraph of groups A” induced
by defining VA" := VA'U{v'} and EA” := EA'U{e} # EA’ satisfies that f|a» and §|a~
differ only by auxiliary modifications. A contradiction to the maximality of A’. Hence we
are done. O
The following statement is now immediate.

Lemma and Definition 3.47. Let f : A — B and f : A — B be morphisms and

V C VA We call §f and § V-congruent and write § L f if ¥ can be obtained from § by
auziliary modifications of the first type and auxiliary modifications of the second type in
v € VA\V. We denote the equivalence class of § by [flv. Clearly ¢i° = ¢ and f{° = f;°

ifvg € V. Then L defines a equivalence relation on the set of morphisms §: A — B. If

V =0 then we simply write f = f'. Moreover if V.= {v} for some v € VA we write =

instead of {%}. U
The following Remarks are easy to check:

Remark 3.48. Let f: A — B and f : A — B be morphisms. And let V! CV C VB.

Then § L ' implies § Z . Thus L is an refinement of the equivalence relation Z In

particular L isan refinement of = and it follows f 2L ' if and only if § ={1'. U
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Remark 3.49. Let§;: A — B and b; : B — C, i € {1,2} morphisms and V C V A such

Vv . . (V)
that f1 = fo. Note that this implies f1(v) = fao(v) fia. v € VA. Assume that b1 " =" bhs.

Clearly h; o §; : A — © are morphisms and it follows by o f; z B2 o fo implying that the
given equivalence relation is compatible with the multiplication of morphisms of graphs of
groups. [

We close this section with the following important observation.

Lemma 3.50. Let f,§ : A — B be a morphisms with f =§. Then for any v € VA there
exists some b, € By, such that the following properties are satisfied.

1. by, p1(p)by,'] = [y (p)] for any p € X2

For any chosen base point vy € V A:

2. [buo ) ([PDbe] = = @32 ([p]) for any [p] € m1 (A, vo).

3. ([Pl Au) = 0o S (Pl Aun) Jor any p € S50

Proof: First observe that it suffices to show the first assertion since the second
and the third statement are immediate consequences of the first. Since f = § it follows
f(x) = f'(x) for any x € VAU EA and there exists for any v € VA some b, € By(,) and
for any e € FA some ¢ € By such that for any e € FA with a(e) = v; and w(e) = vy it
follows that

L (g¢)" = bugeage(c),
2. (92) = wy(e)(€)geby, s
3. bvifvi(a)b;il = fll)l for 7 - {172}

If now p = ag, e1, ..., ek, a; is an A-path for some k € N it follows by definition of y;
and p that

()] = [bo, f(ex), ba, fle), - -, flex), bi]

where by = fa(er)(a0) - 95 bk = &, fuo(er) (ar) and b; = g2 - fue(@i) - g2, for 1 <i <k—1.
and

[luf' (p)] = [b67 f,<€1)a bll? f/(62)7 R f,(ek)a b;{:]
where b = f10(a0) - () b = (62) - Flgoyy(ax) and b = (92 - () - (g2, ) for
1< <k—-1.
Thus it follows [by, 14(p)b, '] = [1y (p)]- O

3.4.2 The group of Decktransformations associated to a cover of graphs of
groups

We have now the setup to define the group of Decktransformation associated to some
cover f : A — B in terms of =-equivalence classes. For convenience, we will drop the
subscript in the =-equivalence class [f|= associated to some morphism f: A — B and just
write [f] instead of [f]=.
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Definition 3.51. Let f: A — B be a cover. Then we call the elements
Deck(f) = {[b]|b is a graph of group automorphism of A s.t. [fob] = [f]}
Decktransformations of §.

The following statement combined with Remark 3.49 implies now that Deck(f) admits
a group structure, if we define [h1] o [hs] := [h1 o ho| for any [h1], [h2] € Deck(f) since the
equivalence relation = is compatible with the multiplication of graph of group morphisms.

Lemma 3.52. Let f : A — A? be an isomorphism of graphs of groups. Then there exists
a unique graphs of groups isomorphism b : A* — A such that fo b = hof=id, where

id := {id, {f, = idjv € VA'},{f. = idle € EA'} {g> = 1|le € EA"},{¢¥ = 1|e € EA"}
for any 1 € {1,2}.

Proof: Let | = {f,{f,]v € VA}, {fcle € EA},{g¢%le € EA},{g¥|e € EA}}. Since
f is an isomorphism there exists an isomorphism of graphs f=! : A2 — Al and group

isomorphisms f; ! : Apy) — A, for any © € VA' U EAY. Define b = {h, {hsu)|v €
VA% {hgele € EAl},{(g})‘(e))’|e € EAl},{(gjj(e))’|e € EA'} such that the following
holds:

1. h:= f1
2. hyy = f; ! for any 2 € VAT U EA.
3. ((950)-1)) " = (050) = fae((98) 1) = (fae(ge) ™"

It is easily verified that b : A2 — A! is the desired graph of group isomorphism. O

Note that it is straight forward computation to verify that the following is true:

Corollary 3.53. Let f : A — B be a cover. Then (Deck(f),0) is a group. As usual we
will identify the group (Deck(f), o) with the set Deck(). O

To establish a group theoretical relation between Deck(f) and the normalizer of the
represented subgroup of § we need the following statements. Applying Lemma 3.50 to
some element of Deck(f) we receive the following immediate consequences:

Corollary and Definition 3.54. Let b € [h] € Deck(f) for some cover f : A — B. Let
' :=fob. Then for any v € VA there exists some b such that the following properties
are satisfied.

(1) oy 115(0) B 0y) ™1 = [ ()] = [115(125 ()] for any p € 232

For any chosen base point vy € V A:
(2) [0 o J0r (D))~ = 67 ([)) for any [p] € m1(A, vo).
(3) 17" (P Aui) = Wi (P Au) for any p € 57,

(4) For any b € B,, define f* : A — B to be the cover obtained from § by performing the
auziliary modification of the second type corresponding to b in vy. Then by (2) and

(3) it follows fo b = be@o). O
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Since our aim is to a create an epimorphism y : Ng(U) — Deck(f) for some subgroup
U represented by some cover §: A — B we need to observe the following crucial fact.

Lemma 3.55. Let [h'], [h?] € Deck(f) such that v; := h*(vg) and v1 o = h' o h*(vg). Then

1 2
Fobloh? £ st

Proof: Let p € EZ; Then it follows

ooz (P) = (g (12 (p)) = O, g (p)) (B )™ = B0, bl (o) (Bly) (0l )™

for v} , = (g (p)) and vy = (e (p)):

h'oh? X
Vo Vg = hQ(’U()) ’ULQ = hl [0} hQ(U())
b’ h*
_— _—
p f152(p) 1b,00, (P)
v = w(p) vh Vo

Figure 1: The paths p, pp2(p) and pipr0p2(p).

Now the claim follows by applying Corollary 3.54. 0J

Assume that f: A — B is a cover such that the represented subgroups corresponding
to two base points vy, vy € f'(ug) for some ug € VB are conjugated by some element
b of B,, in m (B, up). Then the following two statements ensure that we find a unique

[h] € Deck(f) such that foh ) :

Lemma 3.56. Let ' : A' — B and §° : A2 — B be covers of graphs of groups representing
the same subgroup U of m1(B, ug), i.e. gO:iO (m (A% 0})) = U for some v € VA, i € {1,2}.
'Ul
Then there exists a graph of group isomorphism b : A' — A? such that > o h = f'.
Proof: Clearly go;)f) are isomorphims of groups and f;;é are go;)f)—equivariant isomor-

phisms for i € {1,2}. Thus the pair (gp?f’, f;,%) is an isomorphism from the (A, v})-

—~——

tree (A%, v)) to the U-tree (B,ug) for i € {1,2}. Now it is easy to check that the pair
((90;)28)71 080;)167 (fgg)fl Of;i(l’) is a well defined isomorphism from the 7; (A, v})-tree (A, v})
to the (A2 vd)-tree (A2, v2). Applying Theorem 3.30 there exists h : Al — A? with

1 1 2 1 2 1 'Ul 'U1
(2", fy°) = ((gp;’;)—l o @:107 (f2) 1o f;io) and therefore §2 o h = f! by definition of =. [

51



So we deduce the following:

Corollary 3.57. Let f: A — B be a cover and let U = ¢;°(m1(A,vp)) < G = m (B, up).
Assume that there exists b € B, such that U = gpf%(m (A, v}))° for some vy € f~(up).
Then the following holds:

1. There exists a graphs of groups automorphism b : A — A satisfying fo b = i and
h(vg) = v}.

2. For any two automorphisms b',h2 : A — A satisfying fo b’ = f* and hi(ve) = v}, for
i€ {1,2}, it follows h* = p2.

Proof:

1. Assume that U* ' = @?6 (71 (A, vg)) for some v) € f~1(ug). Note that {f* = f and it
follows that ¢ () = bpj®(x)b~" for any x € m1 (A, vo) implying that P (m1(A,vg)) =
o (1 (A, v))V = U = gpq;é(m (A,v})). Applying Lemma 3.56 there exists some
graph of group automorphism b : A — A such that fobh = 2.

2. Let 1,2 : A — A be automorphisms satisfying f o b’ = > and hi(vy) = v for
i€ {1,2}. Thus g 09} = ¢ = ¢* o i and f{% 0 fi? = f3* = ;o fi implying
that gog? = gogg and f;‘f = f;g. Applying Lemma 3.46 it follows that h' = h2 proving
the claim. O

The last statement which is needed to prove the main result of this chapter is the
following.

Proposition 3.58. Let §: A — B be a cover and let U = ¢° (w1 (A, v) < G = m1(B, uo).
Moreover let p be an A-path connecting vy with vy € f~*(ug) and b € B,,. Then the
following holds:

Vo

1. There erists a graphs of groups automorphism b : A — A satisfying fo b = §* and

h(vo) = vy if and only if g = [u(p)b] € Ng(U).

2. If [u(p)b] € Ng(U) for some b € By, then [u(p)t'] € Ng(U) if and only if b €
b(Ng(U) N By,)-

—_——

3. Consider the action of G on (B,uy) and let K < G be the kernel of this action.
Then

(a) K < B,, and
(b) f* 2§ if and only if b € Za(U) N K.
Proof: So let p be an A-path connecting vy with v, € f~!(u) and let b € B,,.

1. Assume that [u(p)b] = g € Ng(U). Then U9 = U implies that

1

U = [u(p) Uu)] = o (0~ m (A, vo)[p]) = @i (m1 (A, o).

As before let f* : A — B be the cover obtained from f by performing the auxiliary
modification of the second type corresponding to b in vy.
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Then by Corollary 3.57 there exists some graph of group automorphism f: A — A
such that fo h = . Note that this implies fo h = f.

Let conversely fo b = > and h(vy) = v} for some graph of group automorphism
h:A — A. Then it follows that

[1(p) U ()] = &7 ([p )i (A, wo)[p]) = o™ (m1(A, h(vp)))

= ¢ o o 0 (g2) (M (A, h(v0))) = 5™ 0 g 0 ) (1 (A, h(wp)))

—1 —1

= @i (m (A, 00)) = (¢ (T (A, 00)))" = U°
implying that g = [u(p) - b] € Ng(U).
. So assume again that [u(p)b] € Ng(U). Clearly [u(p)b'] € Ng(U) if &' = b-b" for
some 0" € Ng(U) N By,. So assume that [u(p)b'] € Ng(U). Then
U = [=1ob~" u(p) U [u(p)ob™'0] = [V B]U b~
implying that b= € Ng(U) N B,, and therefore b’ € b(Ng(U) N B,,)-

. Obviously K can be regarded as a subgroup of B,,, since K fixes any point in 7'
Moreover by Lemma 3.46 f° = f if and only if

by (P~ = ¢ ([p]) = " ([p))
for any p € 37° and
b- ffvo([p]Av) = fllio([p]Av> = f;)0<[p]Av>

for any p € X}, v € VA, which is equivalent to b € Zg(U) N K, since f{* is an

v ?
isomorphism of trees. 0

Now we are able to prove the following group theoretical relation between the normal-
izer of some subgroup U < m(B, ug) represented by some cover f : A — B and the group
of Deecktransformations of §.

As discussed in the proof of Theorem 3.41 for any [q] € m (1B, ug) there exists a vertex

w € f~1(up), an A-path p connecting vy with w and some b € B, such that [¢] = [u(p)b].

Theorem 3.59. Let f : A — B be a cover and U = ¢;°(mi(A,v9)) < G = mi(B, uo).
For any g = [u(p) - ] € Ng(U) choose some equivalence class [h}] € Deck(f) satisfying

foh 2 b with w(p) = h(vy). Moreover let K be the kernel of the action of G on (B, ug)
and Z :=7a(U) N K. Then the map

X : Na(U) = Deck(), g+ [h]

is an epimorphism of groups and ker(y) = Z - U.
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Proof: Let g = [u(p1) - b1] = [p(p2) - ba] € Ng(U) for some A-path p; and some
b; € By, i € {1,2}. Clearly v := w(p1) = w(p2) and it follows that there exists a € A,
such that by = f,(a)b;. Let b := % for i € {1,2}. Hence fo b’ 2 % for i € {1,2} and it
follows

Fo(h') = (Foph)H S e = Zjop?

Hence (h1)® 2 b2 by the second assertion of Corollary 3.57. Thus h! = §2 implying
that y is well defined.

To show that y is a homomorphism let g1,92 € Ng(U) satisfying ¢g; = [u(p;)b;] for
some A-path p; and some b; € B, i € {1,2}. Then it follows for b := hfji, i €{1,2},
that py - puyi (p2) is an A-path connecting vy with k' o h?(vy).

b1

Vo Ps Py hl (’Uo)
D2 11 (P2)
h?(vo) h' o h?(uy)

Figure 2: The path p; - puyi (p2) connects vy with h' o h?(vp).

Let v; := h'(v) for i € {1,2} and v1» = h' o h*(vg). Then by Proposition 3.58.1

combined with Corollary 3.54 it follows that f* = foht = fbgz. Thus Proposition 3.58.3
implies z; := (b")~'b; € Z for i € {1,2}. Hence by 3.54.1 we deduce

91+ g2 = [p5(p1)b1][15(p2)b2] = [5(p1)b111(p2)02]

PE (g (p )b (6) " (b by ) g, (p2) ) bl 2]
~—

=21 €2

As now g1gs € Ng(U) it follows g = [by ' pus(ug, (p2))0" b 2] € Ng(U). Thus 29 =

V1,2 V2

g 1219 € Z as obviously Z < Ng(U). Hence we deduce

91+ 92 = [(p1)b1]z19 = [pi(p1)bi]gz! = [1;(p1 'Mhl(Pz))bZinZj(Zzzm-
By definition it follows for [h%] = x(g192) and z := 202{ € Z that
foh? ) fbgll,Zb:’LQzZ £ fb’i}ll,ngQQ
since z € Z and we conclude by Corollary 3.57.2 combined with 3.55 that
[h°] =[h" o b’ =[n'] o [6%] = x(g1) © x(g2)

proving that x is a homomorphism.
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For surjectivity let [h] € Deck(f). Hence fo b = f implying that there exists b € B,,
satisfying fo b = . Choose an arbitrary A-path p originating at vy and terminating
at h(vg). Then it follows g := [u(p)b] € Ng(U) and x(g) = [h]. Thus the map x is an
epimorphism.

To determine ker(x) let [u(p)b] = g € Ng(U) such that b := b’ = id. Thus w(p) = vo
and therefore [u(p)] € U. Moreover there exists a € A,, such that h* = id implying that

F=foid = fob = (fob)lo® = ol
Hence f,,(a)b € Z by the third assertion of Proposition 3.58 and therefore
g= [ﬂ(p)b] = [:u(p)fvo(a_l)][fvo(a)b] ceU-2=2-U.
Thus ker(x) C ZU.
Let conversly g € UZ. Then there exists a closed A-path p originating at vy and some
b € Z such that g = [u(p)b] and it follows for b := b} that
foh=f =f=foid

Thus b 2 id by Corollary 3.57 implying that h = id and we conclude that ker(y) = ZU
proving the claim. U

3.5 Structure of a covering of graphs of groups
3.5.1 Double Cosets

As mentioned in section 3.3 it is possible to characterize a covering of graphs of groups
by local properties. In this context double cosets play an important role. Hence we will
repeat the following statements:

Definition 3.60. Let G be a group.
1. We set A9 := g1 Ag for any A < G and g € G.

2. For A,B <G and g € G we call A-g- B the double coset of G related to A and B.
We define A\G/B := {AgB|g € G} to be the set of double cosets of G with respect
A and B.

Lemma 3.61. Let G be a group, A, B < G and gy, g2 € G. Then the following holds:

1. AgBNAgB =0 or Agy:B = AgyB. In particular g, ~ go if and only if Ag1B =
Ago B is a equivalence relation on the set G.

If G is a finite group it follows:
2. For any g € G we have

[Al-1B] _ _[A[-]B]
|[AsNB]  |JAN By

|AgB| =

3. The number of right cosets of A in G, which are contained in AgB, g € G, equals
the index of the subgroup A9 N B in B. Similarly the number of left cosets of B in
G, contained in AgB, is equal to the index of AN B! in A.
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Proof:

1. Let g1 € AgoB. Then there exists a € A and b € B with g; = ag:b. Hence Ag1 B =
AagsbB = AgoB. If g € AgtB N AgoB # () it follows that Ag1B = AgB = AgB.
Obviously it follows that ~ is an equivalence relation.

2. Let A and B be finite groups. Then G acts on the set of right cosets of A in G
0 :={Aglg € G} by right multiplication:

QX G — Q;(Ag,x) — Ag -z = Ag.

Let Ag € Q and = € Stabg(Ag) := {z € G|Ag - x = Ag}. Then there exists a € A
s.t. gr = ag. Hence x € A9. Clearly we have that A% C Stabg(Ag) and therefore
Stabg(Ag) = A9. Consider the induced action of the subgroup B on Q. We deduce
that Stabg(Ag) = Stabg(Ag) N B = AN B. So let (Ag).B :={A¢'|3be€ B: Ag =
Ag-b} be the orbit of Ag € Q with respect to the action of B on €. Since B is finite,
it follows that |B| = |Stabg(Ag)| - |(Ag).B|. Furthermore |AgB| = |(Ag).B| - |A]
and therefore |[AgB| = |(Ag).B| - |A| = % -|A]. Since (A9 N B)Y = ANBY"
we obtain the second equality.

3. By 2. it follows that |(Ag).B| Am B‘ The second statement now follows similarly
by analyzing the action of GG an& A on the left cosets of B in G. U

Remark 3.62. Let G be a group and A, B < G. Since ~ 1is an equivalence relation, we
obtain that G is the disjoint union of the double cosets A\G/B. That means there exists

a subset X C G, s.t. G = U AgB.

geX

Lemma 3.63. Let G be a group and let A, B < G.

1. Then the relation g, =~ g if and only if there exists b € B with A% N B = (A% N B)®
s an equivalence relation on the set G.

2. ~ 1is an refinement of =, that means g1 ~ g, implies g1 = gs.
3. If g1 € G we find for any b € B some g, € Ag1 B, s.t. (A% N B)® = (A% N B).

Proof: Obviously ~ is an equivalence relation. To show the second property let
g1, 92 € G with g; ~ go. Then it follows Ag; B = AgyB. Therefore there exists a € A and
b € B with g; = ag,b and we obtain

AN B = AN B = A”"NB"=(A”nNB)".
Hence g1 = go. For the proof of 3. set go = ¢1b € Agy B. Then we conclude that
(A2 N B) = (A2’ N B") = (A9 N B)".

O
Moreover we observe the following:

Remark 3.64. Let A, B < G and let X C G such that G = U AgB. Lety € G and set
geX

Y =y 'X. Then it follows that G = y~'G = U AYy~lgB = U AYgB. Moreover we
geX gey

have that A9 N B = AYW™'9 N B, O
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Lemma 3.65. Let G be a finite group and A, B < G. Then G acts on Q, := {Ag|g € G}
and Qo := {Bglg € G} by right multiplication. This induces an action of G on § =
Ql X QQ. So let

QX G = Q;[(Agr, Bga), x| — (Agy - x, Bgs - ).
and let G /S the set of G-orbits related to this action. Then the map
¢:G/Q— A\G/B; (Agi, Bg2)® = Agrgy ' B
is a bijection between the set of G-orbits in 2 and the set of double cosets A\G/B.
Proof:

1. ¢ is well defined: Let (Ahy, Bhy) € (Agy, Bgs)€. Then it follows for g := g1g, * and
b= byt that (Ag, B), (Ah, B) € (Agy, Bao) st. 6((Ag. B)E) = o(Agy. Bgo)C
and ¢((Ah, B)Y) = ¢(Ahy, Bhy)Y. Since (Ag, B), (Ah, B) € (Agy, Bg»)® there ex-
ists € G with (Ag, B)* = (Agz, Bx) = (Ah, B). It follows that + € B. Hence
h € Ah C AgB and therefore AhB = AgB. We conclude that ¢ is well-defined.

2. Injectivity: Let ¢((Agy, Bg2)®) = ¢((Ahy, Bhy)¥). Then it follows again for g :=
g195 " and h := hihy' that (Ag), Bg:)¢ = (Ag, B)® and (Ahy, Bhy)¢ = (Ah, B)C.
Now since AgB = AhB there exists a € A and b € B s.t. h = agb. Hence we deduce
that (Ag, B)® = (Ah, B) and therefore (Ag, B)¢ = (Ah, B)C.

3. Surjectivity: For any g € G it follows that (Ag, B)¢ € G/ with ¢((Ag, B)%)
AgB.

oo

3.5.2 Characterising a covering by local properties

By Theorem 3.35 we know that any f.g. subgroup of the fundamental group of a graph
of groups B can be represented by a folded graph of group morphism §: A — B such
that the underyling graph of A is finite. In addition, we have seen that for any finite
index subgroup there exists a finite covering representing it. To enable us to construct
coverings of graphs of groups, we will now discuss the local structure of coverings of
graphs of groups. We start with the following proposition about folded graphs of groups
morphisms.

Proposition 3.66. A morphism §f: A — B is folded if and only if
1. | is injective on vertices and therefore on edges.

2. F.a. e; # eg € EA with a(e1) = a(ez) = v and f(e1) = f(ez) =1 we have:
Jo(Ao) - g, - oa(Bi) N fulAy) - g, - eu(By) = 0.
3. Let e € EA with v:=a(e), | := f(e) and u := f(v). Then it follows

folae(Ae)) = fulAy) N g - au(By) - (g2) "
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Proof: At first we will show that the third property is not satisified if and only if the
third condition of Lemma 3.33 holds. Since § is a morphism, it follows that

Jolae(A)) = g2 - au(fe(Ae)) - (99) " < fulAw) Ngd - au(By) - (g2)71 (%)

Solet e € FA, a(e) =wv, f(e) =1 and f(v) = u. Suppose that there exists a € A, \ ae(A.)
s.t.

fola) - g¢ - au(Br) = gg - cu(By)

If we set X := g% oy(By) - (¢9%)~', the previous equation is equivalent to
fola) - X -gd =X - g¢
and this equation is satisfied if and only if
ful@) X=X

But this is the same as f,(a) € g - a;(B;) - (¢%)~", which is equivalent to f,(a) € f,(4,)N
g% -ay(By)-(g%)~!. Since a ¢ a.(A.) and hence f,(a) ¢ f.(a.(A.)) the previous statement
holds if and only if

Jolae(Ae)) < fu(Ay) Nge - au(By) - (93)71-

To complete the proof, we show that the second condition of Lemma 3.33 holds if and
only if the second property is not satisfied. So let e; # e5 € FA with a(e;) = a(ey) = v
and

folar) - g, - cu(br) = fu(az) - gg, - cu(bs)

s.t. ay,as € A, and bl,bg € B,.
If we set a := a]' - ay this is true if and only if g¢ and f(a) - g2, represent the same left
cosets of o;(B;) in By, which is equivalent to

ge, - au(By) = fo(a) - g2, - cu(By).
[l

Remark 3.67. Any subgroup U of the fundamental group m1 (B, ug) acts on the associated

Bass-Serre tree (B,ug). Clearly, the vertex and edge stabilizers corresponding to this

—_——

action of U on (B,ugy) are subgroups of the vertex and edge stabilizers corresponding to

the action of m(B,ug) on (B,ug). Furthermore, we know that the intersection of the
stabilizers of two adjacent vertices is the stabilizer of the corresponding edge (see 3.22).
If now U = p5(m1 (A, vg)) this fact is ensured by the third condition of Proposition 3.66.

Since any covering of graphs of groups is also a folded morphism with the additional
condition that the injective map on tree level is already bijective, we obtain the following
statement.

Theorem 3.68. A morphism §f: A — B between two finite graphs of groups A and B is
a covering if and only if the following (local) conditions are satisfied:

1. § s injective on vertices and therefore on edges.
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2. Letve VA u:= f(v) and | € EB with a(l) = u. Then it follows
[ =A{ee [T (1) s ale) =v} #0

and we have

- U AA)-g-aB).

eef~1(1)y
3. Let e € EA with v:= af(e), | := f(e) and u:= f(v). Then it holds
fv(ae<Ae)) = fv(Av) mgs ’ al(Bl) ) (93)_1'

Proof: Note that these conditions are nearly the same as in the proposition before
except that in the second part we have that the vertex group B, is the (disjoint) union of
the sets f,(A4,) - g¢ - a(By) for | € EB with a(l) = u, s.t. the elements g% correspond to
the preimages of some edge [ with origin in v € VA. So we only have to show that this
additional property is equivalent to the fact, that the induced map f; is is surjective.

Assume that second condition holds and that f; is not surjective. Thus we find some
edge (z,1,2") € E(B,uop) \ Im(f;) for some | € EB with u := a(l) and v’ := w(l), such

that © = [u(p)] B, € Im(f;) for some A-path p. Since (z,l,2") € E(B,ug) there exists
some b € B, such that ' = [u(p)][b, 1,15, ]By. Let w(p) = v. By the second condition
there exists e € f7(1), with v' := w(e) satisfying b € f,(A,) - 9% - ay(B;). Hence we find
some a € A, and V' € B; with b = f,(a) - ¢ - oq(V') and it follows

Fi(lp] - o e, 1a, ] Av = [u(p)][fo(a) - g2 (V) L, cn (b)) "' By = 2 € Im(fy)

and therefore (z,l,2') € f;. A contradiction. We conclude that f; is surjective and there-
fore bijective.

Conversly assume that f; is a bijective map and hence surjective. Let [ € EB s.t. o(l) = u.
Suppose there exists some v € f~(u) with

beB\ | AA)- g7 a(B).

eef_l(l)'u
W.l.o.g. let v = vy. Since f; is bijective, we deduce that the vertex 2’ = [b,],1p ,] By

for u' := w(l) lies in the image of f;. Thus there exists e € f~!(l), and a € A, s.t.
= [fu(a) - ge,l, 1p,|Bw and f(w(e)) = v'. We conclude that there exists ' € B s.t.
b = fu(a) - g% - a(t') € fo(Ay) - g2 - au(By), a contradiction. O

If f: A — B is a covering, it follows that for any vertex v € VA and any edge
| € EB with a(l) = f(v) the set {g%|e € f~'(I),} is a double coset system (a system of
representatives of the double cosets) for the double cosets of the form f,(A,) - = - aq(B))
with € By,). Hence Theorem 3.68 implicates a 1-1 correspondence between the set
of preimages of some edge | € EB originating at some vertex v € VA, f~(1), and the
set of double cosets of the form f,(A,) - x - a;(B;) with z € By(,. In the light of the
discussion about double coset decompositions of a group it is know easy to see that the
morphism ' : A — B obtained from §: A — B by replacing the element g% by any other
representative of the double coset f,(A,) - g% - ay(B;) for some edge e € f~1(1),, v € VA,
is as well cover of graphs of groups.

29



Remark 3.69. Let f: A — B be a covering and | € EB with a(l) = u.

1. If oq(By)) < By, it follows that f,(Ay) - ay(By) < B, and therefore the set {g% : e €
YD)y} forms a right transversal of f,(A,) - a(B) in By fa. v € f~(u).

2. 1f f,(A,) < B, for some v € f~1(u), we have that f,(A,) - ay(B;) < B, and the set
{92 e € f7Y(),} forms a left transversal of f,(A,) - au(By) in B, f.a. v € f~1(u).

8. If g% - ay(By) - (92)7' < f,(A,) fa.e € fF7X(1),, it follows that {g¢ : e € f~1(1),}
is a right transversal of f,(A,) in By,. This is for example true if f,(A,) < B, and

al(Bl) S fv(Av)
Remark 3.70. Let f: A — B be a covering, | € EB with a(l) = u and w(l) = u'. Then
for any e € f71(1) with a(e) =v € f~1(u) and ale) =" € f~1(u') it follows that

o (fo(A) Mgl au(Br) - (92)71) = w ' (fo (Aw) N (g2) " wn(B) - g2).

Since we are interested in the subgroups of finite index of the fundamental group B, we
can assume w.l.o.g. that f.a. y € f~*(z) we have A, < B, for some x € EBUV B. Then
the previous equality implies:

1 ae(Ae) = g¢ - ou(Ae) - (92) 7 = AN g - au(Br) - (92) 7' < Ao,

2. we(Ae) = (92) " - wi(Ae) - g¢ = Aw N (g2) - wi(By) - g2 < Av,

3. Ae= ot (AyNge - au(By) - (92)7") = oy H((92) ™" - Av - g2 Nau(Br)),
4o Ae=w  (Aw 0 (g)7 - wi(Br) - g2) = w (g2 - Aw - (g2) 7 Ne(B)).
The following statement is easy to check.

Lemma 3.71. Let B be a graph of groups, ug € VB and U be a subgroup of G =
m1 (B, ug). Let U be represented by the folded morphism §: A — B. Then for any subgroup
H < G with U < H there exists a graph of groups C and folded morphisms  : A — C,
g: C — B, s.t. there exists vy € VA and wy € VC with ¢4 0 oy(m1(A,v)) = U and
0g(m1(C,wy)) = H. If in addition |G : H| < oo, it follows that g is a finite-sheeted cover
of graphs of groups. O

Recall that any vertex group B, for some vertex u € VB can be embedded in the
fundamental group m (B, ug), ug € VB, of some graph of groups B:

Remark 3.72. Let B be a graph of groups. Let ug,u € VB and q be a B-path connecting
ug withw. Then by 3.15 the map ¢ : B, — w1 (B, uo); g [q-9-¢'] is a monomorphism.

If now U = ¢(B)) for some subgroup B! < B, then Lemma 5.71 implies that there
exists a finite-sheeted cover g : C — B, s.t. (after some suitable auziliary modification if
necessary, see 3.45.3) there exists a vertex w € VC with Bl, < f,(Cy) < By,.

Definition 3.73. Let C be graph of groups. We call a graph of groups A a subgraph of
groups of © if the following holds:

1. VACVC and EA C EC,
2. A, < Cy for anyx € VAU FEA.
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3. ol =aPla, and wh = wE|a, for any e € EA if o2, wh and of ,wE are the related

boundary monomorphisms corresponding to A and C for any e € EA.

Moreover we will call A the subgraph of groups induced by the subgraph A of C' if A, = C,,
for any x € VAU EA. Note that most of the time we will omit the superscript in the

maps o>, wh and oF, wT if it is obvious which map is used in the context.

Definition 3.74. Let f : A — B be a folded morphism of graphs of groups representing
some subgroup U = @5(m1(A,v0)) of G = m(B,ug). A connected subgraph of groups A
is called a core with respect to vy if A contains vy, fla represents U and A contains no
proper subgraph of groups satisfying this conditions. We denote this subgraph of groups
by core(A, vy).

Definition 3.75. Let B be a graph of groups with finite underlying graph B.

1. Let f : A — B be a folded graphs of groups morphism representing the subgroup
U < G :=m(B,ug), s.t. the underlying graph A of A is finite. Then we call §
weakly almost geometric, if there exists a finite-sheeted covering of graphs of
groups g : C — B and some subgraph of groups A’ of C isomorphic to A s.t.
glar o = § for some suitable isomorphism of graphs of groups b : A — A’. We say
f is weakly almost geometric realized by g.

2. Ifin addition A, = C, for anyxz € VAUEA" we callf: A — B almost geometric.

3. We call a f.g. subgroup U of the fundamental group of B (weakly) almost geo-
metric, if there exists a(n) (weakly) almost geometric morphism § representing
U.

4. We say that a subgroup B., < B,, u € VB, of a vertex group is (weakly) al-
most geometric if the associated (canonical) graph of group morphism §: A — B
with VA = {v}, A, = Bl, EA =10, f(v) = u and f, = id is (weakly) almost
geometric.

Note that this is the case if and only if the subgroup U = [q- Bl -q~ '] < m1(B, ug) is
(weakly) almost geometric for some (and therefore for any) B-path q connecting
uy with u.

5. We say that B has property L if for any folded morphism §: A — B of finite graphs
of groups and any b € B\ [o(Ay) for some v € VA, § is weakly almost geometric
realized by some g : C — B such that b & g,(C,) (here we can regard v as vertex of
VC since VACVC, if A is almost geometric realized by C).

Theorem 3.76. Let B be a finite graph of groups. Then the following properties are
equivalent:

1. For any folded morphism § : A — B of finite graphs of groups representing some
subgroup U and any finite set X C G\U of elliptic elements, § is weakly almost
geometric realized by some g : C — B representing some subgroup H containing U
such that X N H = (.

2. B has property L.

3. G :=m(B,up) is subgroup separable.
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Before proving Theorem 3.76 we may observe the following:

Remark 3.77. Let B be a graph of groups. For anyl € EB with a(l) = w(l) we modify
B as follows. We add a new vertex u to V B, which cuts | into two pieces l; and ly. Now
define B, := By =: By, fori € {1,2} and let oy, = oy, wy, = oy, = id and wy, = w;. Clearly
the fundamental group of the resulting graph of groups is isomorphic to m (B, ug). If the
underlying graph B of B is finite, we obtain after finitely many such steps a graph of
groups B’ out of B such that for any two edges l1,ls € EB" a(ly) # a(ly) or w(ly) # w(ly)
and B' has no loops, i.e. a(l) # w(l) fa. l € EB'.

Proof of Theorem 3.76: (1) = (2): trivial. For (2) = (3) consider some cover
f A > B representing some f.g. subgroup U. If U is of finite index there is nothing
to show. So assume that U is of infinite index in G. Since U is f.g. there exists some
finite subgraph of groups A of A such that Imy; = Imy; = U for some chosen base point

vo € A and the induced folded morphism f := §|a (for example core(A, vy)). Let z € G\U.
Then there exists a reduced :A—path p starting at vy and terminating at some v € f~!(ug)
such that [uz(p) - 0] = [u(p)] - [b] = [¢] = x. Clearly one can extend the subgraph of
groups A such that p lies completely in A without changing the represented subgroup of
f. If v # vy the claim follows directly, since A is assumed to be weakly almost geometric.
So let v = vy. Thus b ¢ A,, and since B has property L, f is weakly almost geometric
realized by some finite-sheeted covering g : C — B, such that b ¢ g,,(C,,). So assume
that there exists a C-path p’ starting at vy such that ¢4([p']) = [e(p")] = = = [1g(p)] - []
implying [b] = [ug(p~1)] - [g(P')] € a(m1 (T, vp)). Thus b € gy, (Cyy). A contradiction.

(3) = (1): Solet f: A — B be a folded morphism of finite graphs of groups representing
some subgroup U = ¢j(m1 (A, 1)) and let X C G\U be a finite subset of elliptic elements.
After modifying B by subdividing some edges in E'B in the way as described in Remark
3.77 if necessary, we can assume that B has no loops and that for any pair of edges
e1,e2 € EA, we have a(er) # a(es) or w(ey) # w(ez). Let Y be a maximal subtree of A.
For any v € VA let v, 1= ef,...,e} k, € N be the unique path from vy to v in ¥ and
py = 1la,,,€7,...,€; ,1a, be the A-path corresponding to v, with the trivial elements in
the corresponding vertex groups. For any pair v,v" € VA with v # ¢ and f(v) = f(v')
it follows 1g # guw = [15(p) - pi(p,,")] € G. Since G is subgroup separable there exists
a finite index subgroup H,, containing U such that g, , ¢ H,.,. Furthermore for any
x € X there exists a finite index subgroup H, containing U such that = ¢ H,. Since A is
a finite graph and X a finite set the subgroup

H:=(\Hyw N )| Ha

zeX

is of finite index in G and contains U. Let g : C — B be a the covering representing H.
Thus H = @g(m(C, wp)) for some wy € VC. Since U < H there exists a folded morphism
b : A — C representing the preimage of U in 71 (C, wy), i.e. such that oyl (r (a,00)) 00y =
@5 So assume that there exists some v,v" in VA with h(v) = h(v'). Thus [uy(p,)] -
[t (por)] € 1 (T, wp) implying g,.,» € H. A contradiction. The claim follows now since
by assumption the map on graph level A : A — C must identify two different vertices of
VAif h:A— C identifies two different edges of EA and U < H C G\ X. O
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Suppose we are given a graph of group morphism of finite graphs of groups, such
that the images of the vertex groups of the graph of groups A are of finite index in the
corresponding vertex groups of B. Then the following statement shows that f: A — B is
almost geometric if and only if the vertex groups of A are almost geometric.

Theorem 3.78. Let B be a (finite) graph of groups having no loops and ug € VB. Let
f: A — B be a folded morphism of graphs of groups, s.t.

1. The underlying graph A of A is finite and
2. |By) : [o(Ay)| < 00 for any v e VA

Then § is almost geometric if and only if for any v € VA the subgroup f,(Ay) < By is
almost geometric.

For the proof of Theorem 3.78, we need the following rules for the construction of
graph of group coverings:

Definition 3.79. Let I be an index set and let §* : A* — B be a folded morphism and
vy € VA for any i € I.

1. Two edges ey € A" and e; € A7 are called ,~-equivalent and we write ey ,~es, if
o filer) = fllex) = 1,
. fé(el)(Aa(el)) = fi(€2)<Aa(eg)) = A S Ba(l)a
o A-gg - au(B) =A-gg, - ou(By).

2. Two edges e; € A' and es € A’ are called ~,-equivalent and we write e; ~, ey if

-1 —1
61 OéN€2 .

3. We call two edges e; € A and ey € Al ~-equivalent and we write e; ~ ey if
o fi(er) = fi(ey) :=1 and
o fi(Ae) = fL(Acs,) for someb € By.
4. An edge e € EAY, i € {1,2} is called free, if
e ¢ ¢ Core(A’,v}) and
o vali(ae)) =1 orvaly(w(e)) = 1.

Remark 3.80. By Lemma 3.61 and Lemma 3.63.1, it is an immediate consequence, that
o™~ ~w and & are equivalence relations on the set |J,c; EA'. In addition Lemma 3.65.2
implies that if ey ,~es or €1 ~, €s fore;, es € Uiel EA" we already have that e; ~ ey. [J

Let f : A — B be a folded morphism with finite underlying graph A of A such that
f is no covering. Then we can add free edges to A without changing the represented
subgroup:
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Definition 3.81. Let B be a graph of groups, ug € VB and U < w1 (B, ug). Furthermore
let f : A — B be folded morphism s.t. A is finite and @;(m(A,v)) = U. Obviously
there exists a covering g : C — B, s.t. A is a subgraph of groups of C, g|lp = f and
U = ¢4(C,vg). Let A the subgraph of groups induced by the following subset of edges
of C: X := EAU{e € EClafe) € VAV w(e) € VA} C EC. Hence EA = X and
VA ={veVC|F3e € EC : ale) = vVwle) =v}. We call the edges lying in the set
EA\ EA free. For anyv € VA and any edge | € EB with a(l) = f(v) there exists a 1-1
correspondence between, the set of edges {e|le € EA\ EAAa(e) = v} (the set of edge pairs
starting at v and lying in EA\ EA) and the double cosets of the form f,(Ay) -z - au(By),
x € Bf which are not already covered by §.

Letf = g]A Clearly zfA A it follows that § is a covering and we deduce that | = f =g
In this case the set EA — EA is empty.

Definition 3.82. Letf: A — B be a folded morphism of graphs of groups, s.t. VA = {v},
EA =1 and A, < By for some w € VB and f, =1id. Then core(A,v) = A and it follows
that A _has the shape of a star, zfA is defined as in Definition 3.81. Moreover for any
e € EA with a(e) = v holds w.(A.) = Awey. We call such a “star” the covering piece
corresponding to the elliptic subgroup A, < B,,.

We will now describe two types of extensions of graphs of groups. A construction step
of type A describes a way of gluing two different graphs of groups which correspond to
folded graph of group morphisms. A construction step of type B will we be the extension
of a given graph of groups corresponding to a folded graphs of groups morphism by an
HNN-extension.

Construction 3.83 (Extension of graphs of groups). Let I be an index set and let §* :
A — B by a folded morphism for any i € I. If there are free edges e; € EA' and ey €
FEAY i,j €1, withe; = ey and afey) # w(es), there exists b € By and 1 := f'(e1) = f(es),
st fl(Ae)? = f1(Ae,). Since

€2

SaenAaten) - 95 - al(Br) = fieny(Aaten) - 92, - au(b) - cu(By).

and

f;(efl)(Aa(el_l)) : ggfl : Oél(Bl) = fi(el_l)(Aa(el—l)) : ggfl : al—l(b) : CYl—l(Bl).

the elements g¢ and g¢, oy(b) cover the same double coset in By as well as the ele-
ments g&, and g:‘_lal_l(b) in By = Bag-1).-

Theréfore it s })ossible to perform an auziliary modification of the first type (see Lemma
and definition 3.45.1) by replacing g2 by g% cu(b), g= by wi(b)'¢2, and fe, by cp-1 0 fe, :
A, = Bia b7t fo(a) - b. Then it follows that f (A.,) is replaced by fi (A.,)" and
that (g ,1) is replaced by (g% )a-1(b).

As ezplamed the new g& 3 covers the same double coset as the one before performing
this modifiaction, as well as the new g2, will cover the same double coset as the old one.

Furthermore notice that § is still folded and the represented subgroup of f* does not change.
We will now modify A and § : A* — B as follows:
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Replace A% by Al

€’
replace fél by fg‘g,

i \—1 o £j
61> © e’

replace ol by ol o (
replace fi by fi o (fl) "o fl,,

replace Afu(el) by Al and we, by id.

Note that after this process §* is still a well-defined graph of group morphism representing
the same subgroup as before since ey is free. Now we can glue the two graphs of groups
together by identifying the edges ey and es. This is possible since they now have the same
edge group. By doing this, clearly we also identify their inverse edges e;' and e;*. We
obtain the following graph of groups C:

1.
2.

VC =VA"\ {a(e)) UV A2\ {w(es)},
EC = (EA"\ {e5'}) U (BEA%\ {e5'}) U {e} with ale) = ale;) and w(e) = w(ey).

There are embeddings of graphs of groups g : A* — C and ¢’ : AV < C, s.t. on
underlying graph level, the following holds:

o g'(e) £ ¢/ (€)) fa. e € EA"\{e1} and ¢ € EAI \ {ey},
o ¢ =g'(e1) = g'(e2)

There are subgraphs of groups of C associated to A*\{e;} and A\ {es}, respectively
and these subgraphs of groups can be identified with the corresponding subgraphs
of groups in A" and AJ, respectively, that means f.a. ©* € VAU EA" we have
Ay = Cyiyy as well as for any x € VA U EA’ we have Ay = Cyi(py.In particular

Com Al = AT

Define now g : C — B as follows

glaney == and glasnjepy = T,
g(e) = f'(er) = f(e2),

ge = fe, = 12,

g¢ = gg and g7 == gz,

Qe 1= Qey AN We 1= We, .

Clearly we have that g is folded, since f+ and > are folded.

1.

Ifi # j, then it follows that the number of free edge pairs in A* and A’ decreases by
1. Furthermore g represents now a subgroup, which contains either the represented
subgroup of § or the subgroup represented by /. Clearly this only depends on the
choice of the base vertex and we have that both subgroups are at least conjugate into
the subgroup represented by g. We call this approach a construction step of type A.
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2. If i = j the previous process produces nothing else than a new HNN-extension and
the obtained graph of groups C has exactly two free edge pairs less than A? = AJ.
Clearly the base vertex can be chosen such that the subgroup represented by §f* = §/
18 contain in the subgroup represented by g. We call this approach a construction
step of type B.

Proof of the Theorem: Note that the implication ” = 7 is trivial. For 7 <=7 let
f: A — B be folded, s.t. Ais finite and |By(,) : fu(Ay)| < oo fa. v € VA. Since B has no
loops, we have that a(e) # w(e) f.a. e € EB. We will prove the assumption by induction
over the finite number of vertices in A.
So let [VA| =1 and VA = {v}. Since B has no loops we have that ¢;(mi(A,vg)) =
[fuo (Au)] < m1(B, up). Thus the claim is trivial.
So assume that the assumption is true for any folded morphism of graphs of groups
f: A — Bwith [VA| < k. Let [VA| =k > 1. If f is already a covering there is nothing
to show. So assume the contrary and choose £ C FA with e ¢ E if ¢ € E, s.t. after
removing any edge pair {e,e"!} for e € E the underlying graph A of A decomposes into
two connected components A' and A2. W.l.o.g. we assume that for any e € E we have
that a(e) € A and w(e) € A%

Figure 3: The two subgraphs of groups A and A? of A and the set of edges {ey,...,e,} =
E, ne N.

The folded morphism f induces two folded morphisms f* : A® — B by setting f* := §|a:
for i € {1,2}. Clearly we have now VA’ < k for « € {1,2}. Therefore by induction
hypothesis f* is almost geometric realized by some covering of graphs of groups b : C* — B
for any i € {1,2}. We proceed now as follows:

1. F.a. e € E we remove the pair of edges t,t~! € EC! with

o at) = ale),

ot re.
2. F.a. e € E we remove the pair of edges 5,571 € EC? with

o w(s) =wle),

® 5~ €.

3. After doing this for any e € E, we observe that in general the underlying graphs
C! and C? are not connected anymore. So let C%, ..., C’ﬁm be the set of connected
components of C* for i € {1,2}.
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Clearly there are folded morphisms b’ : C; — B for all i € {1 2} and j € {1,...,m;}.
For any i€ {1,2} and any j € {1,...,m;} define (D’ and bl (Dz — B as in 3.81.
Let C' be the (in general not connected) graph with Ve = = Ujeq.
EC = U, mi} EC’ for i € {1,2}. Similarly let C* be the union of the graphs
Cs for i € {1,2}. Then it follows that C* is a subgraph of i,

4. Then for any removed edge t (associated to some e € F) we have edges t!,t* € EC!
with
a(t) = a(t) = ale) and w(t!) € Vel \ vV,
o ! ~t, ~e,
a(t?) € VCT\ VC! and w(t?) = w(t),
o 2~ t.

And for any removed edge s (associated to some e € E) we find edges s',s? € EC?
satisfying

o a(s') = a(s) and w(s') € VC2\ V2,

o sl ~s,

a(s?) e V&v'f \ VC? and w(s?) = w(s) = w(e),
o 5~y 5~y e,
s.t. by identifying ¢! and t*> we would create an edge t s.t.
o t~,tandt ~t,
e at) = at) and w(t) = w(t).
And by identifying the edges s* and s? we would create an edge s s.t.
® 5~,sund s ~s,
e a(s) = a(s) und w(s) = w(s).
But since obviously (see Remark 3.80) we have that t' ~ s? and s' &~ t* we are

allowed to perform another identification: We obtain by identifying ¢! ~ s? an edge
¢ satisfying

® ¢~ eande, ~e,

e a(e) = afe) and w(e) = w(e).

In the same way we create a new edge by identifying s' ~ t? and after finitely many iden-
tifications of this type, we receive a finite set of finite graphs of groups D := {DD¢, ..., D™},
m € N and associated finite-sheeted coverings of graphs of groups g; : D! — B, i €
{1,...,m} with the property that the underlying graphs D!, ..., D™ were obtained by
identifying the pairs t! ~ s? and s! ~ ¢? in the previously described way for any e € E.
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In particular there exists a graph of groups € € D with underlying graph C' and
associated finite-sheeted covering g : € — B, s.t. ¢ € EC fa. (associated) e € E.
Furthermore it follows that C' must contain the subgraph A’ defined by VA’ := VAUV A?
and EA' := (EA' U EA?) U {¢|e € E}.

Figure 4: The resulting graph of groups C containing A’.

Clearly it follows by construction that the associated subgraph of groups A’ is isomor-
phic to A and as e ~, e and ¢ ~e f.a. e € E we have that § and g|a/ are representing
the same subgroup. We conclude that A is almost geometric and that ¢;(m1(A, vg)) is a
subgroup of ¢, (m (C,vg)) < m1(B, g(vg)) s.t. |m(B, g(vo)) : g(m1(C,v9))| < 00. O

3.5.3 Covers of finite graph of finite groups
In [21] the authors proved the following;:

Theorem 3.84. Let G be a f.g. virtually free group. Then G splits as a finite graph of
finite groups. O

Although it is a well-known fact that the converse is also true, i.e. that fundamental
groups of finite graphs of finite groups are virtually free, we will give an easy proof for
this statement using covering theory of graphs of groups. Moreover we will give a rank
formula for free subgroups of finite index of fundamental groups of finite graphs of finite
groups as a function of their indices and the orders of the vertex groups and edge groups
of the given graph of groups.

Note that the following statement is obvious:
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Remark 3.85. Let f : A — B be a cover of finite graphs of finite groups representing
some subgroup F. Then F' is a free subgroup if and only if A, = {14,} for any v € VA.

O
Using this observation the following Lemma is an immediate consequence of Theorem
3.42:

Lemma 3.86. Let B be a finite graph of finite groups and § : A — B be a cover rep-
resenting some free group F of finite index in G = m(B,uy). Then for any l € EB
holds:

LG Fl =3 e 110y 1Brw) : folAv)] = Xoep1iauy [Brwl = [fHaD)] - [Bawl-

2. 1 Ya(l)] = b QN S ORI/

[Bo(y:Bil Baqy

9.1G: Fl = I8 By | = f7(1) - |BIl.

Proof: The first assertion follows directly by Theorem 3.42. For the second statement
we can apply Theorem 3.68. Then it follows for any v € f~!(a(l)):

U fv v) 9o - u(By) = U 9 - ou(By).
ecf—1

e€f~1(l)y

Hence | f'(v)| = |Baq : Bi| for any v € f~'(a(l)). Since the third assertion follows by
the first in combination with the second we are done. U
The following is an immediate consequence:

Corollary 3.87. Let B be a finite graph of finite groups and §f : A — B be a cover
representing some free group I of finite index in G = (B, ug). Then there ezxists n € N
such that |G : F| =n - lem(By)uevs- O

Note that by Theorem 3.84 any f.g. virtually free group splits as a finite graph of finite
groups. Therefore the following statement provides us a rank formula for free subgroups
of finite index in f.g. virtually free groups:

Corollary 3.88. Let B be a finite graph of finite groups and let F' < G = m(B,ug) be a
free subgroup of finite index in G. Then

1 : F  F
rank(F):—-Z‘GB—‘—Z‘G |+1.

2 I€EB B uweEB | Bul

Proof: Let f: A — B be a cover representing F'. Clearly rank(F') = %EA —VA+1.
By Lemma 3.86. 3 it follows that f~1(I) = LGF gy any l E EB. Thus we deduce that

(Bl
FA= ZZGEB ‘B| Now the claim follows since f~!(u) = |B || for any v € V B by Lemma
3.86.1 and therefore VA =3, 155 O

Suppose we are given a f.g. virtually free group G = 71(IB, ug) for some finite graph
of finite groups B and uy € V B. Then the following statement shows for which given
natural number k£ € N there exists some finite index subgroup F' < G of index k.
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Theorem 3.89. Let B be a finite graph of finite groups. Then for any n € N there exists
a free group F of finite index in G = 7 (B, ug) such that |G : F| =n-lem(B,)uevs-

Proof: Let u € VB. Then any covering piece corresponding to the trivial subgroup
{1p,} (see Definition 3.82) has exactly l\%;ll free edges for any [ € E B satisfying a(l) = u,
and all of these edges are equivalent (see Construction 3.83). Moreover for any [ € EB it
follows that any edge starting at some covering piece corresponding to {1p_ (l)} is equivalent
to any edge terminating at some covering piece corresponding to {1 me}. So let n € N.

lem(Bu)uevE
B

For any v’ € V B take exactly n - copies of the covering piece corresponding to

the subgroup {1p ,}. Then for any [ € EB it follows that any covering piece corresponding

l?gi?' free preimages of the edge [. Thus for any | € EB we get

to {1p,,}, has exactly
exactly

_ lem(By)uevs _ | Ba| . lem(By)uev s
| Bay| | By By

free preimages of the edge [ starting at some covering piece corresponding to {1 Ba(z)} <

By Since the same holds for [=! we deduce that the number of free preimages of [ ter-

minating at some covering piece corresponding to {1p_, } < Bu) is as well %

Clearly one can identify any free edge originating at some covering piece corresponding to
{1 Ba(l)} with some free edge terminating at some covering piece corresponding to {15, " }.
And since for any [ € E B the number of preimages of [ originating at some covering piece
corresponding to {1 Bam} coincides with the number of edges terminating at some cover-
ing piece corresponding to {1 Bwu)} after finitely many construction steps as described in
Construction 3.83, we receive a finite-sheeted cover f : A — B representing some finite
index subgroup of U of G and by by Remark 3.85 U is free. Moreover since for any
u € UB we used exactly n - lcm(ngw copies of the covering piece corresponding to the
subgroup {1p,} to create this cover, the represented subgroup has the desired index by
Theorem 3.42. [l

Combining this with Theorem 3.84 leads to:

Theorem 3.90. A f.g. group G is virtually free if and only if G splits as a finite graph
of finite groups. 0

Moreover we deduce the following immediate consequence of Theorem 3.89:

Corollary 3.91. Let B be a finite graph of finite groups. Let FF < G = m(B,ug) be a
free subgroup of minimal index in G. Then the following holds:

1. |G . F| = lcm(Bu)ueVB.

lem(Buy)y lem(By )y,
2. rank(F) = % . ZZGEB % _ ZuGEB (lBi‘EVB 41 0

We close this chapter with showing that any f.g. subgroup of the fundamental group
of a finite graph of finite groups is almost geometric (see Definition 3.75).

Theorem 3.92. Let B be a finite graph of finite groups. Then the fundamental group
G =m(B,u), ug € VB, of B is subgroup separable if and only if any finitely generated
subgroup of G is almost geometric.
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Proof: Applying Theorem 3.76 it follows that (B, ug) is subgroup separable if any
f.g. subgroup of m (B, up) is almost geometric. Conversely Let B!, < B,, for some u € V B.
We may assume that ug = u. Let X := B,, \ B.,. Since B,, is a finite group, we have
that X is a finite set. Since G is assumed to be subgroup separable we find for any z € X
a normal finite index subgroup N, < G and a homomorphism from ¢, : G — G/N,,
such that p.(x) ¢ ¢.(B). Clearly for any z € X we have that D, = B, - N, is a
finite index subgroup of G containing B, such that = ¢ D,. Consider the subgroup

D := [\ D, of G. Clearly D is of finite index in G since X is a finite set and it follows
zeX
that x ¢ D < D, for any = € X. Furthermore there exists a covering §f : A — B repre-

senting D, i.e. D = @;(m1(A, vg)) for some vy € VA. Thus, since u equals the base vertex
and z ¢ D = pj(m (A, 1)), we deduce that B), = f,,(A,,) implying that B;, is almost
geometric. Thus we proved that any elliptic subgroup is almost geometric. Therefore the
claim follows by Theorem 3.78. OJ

In [17] M. Hall showed that free groups are subgroup separable. Furthermore in [36] it
is proven by P. Scott that the subgroup separability is inherited by subgroups and finite
extensions. Thus we deduce that the following is true:

Theorem 3.93. Let G be a virtually free group. Then G is subgroup separable. U

By applying Theorem 3.90 combined with 3.92 we conclude:
Corollary 3.94. Any f.g. subgroup of a finite graph of finite groups is almost geometric.
OJ
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4 Towers of (k, C)-acylindrical stars of groups and the
Subgroup Separability

4.1 (k,C)-acylindrical graphs of groups

In [45] Henry Wilton proved that Limit Groups are subgroup separable. For doing this he
used that the subgroup separability is inherited by subgroups and that any Limit Group
embeds into a so called ICE-tower over a free group. In this chapter we will adopt some
ideas of this work in order to prove that some special kind of "tower extensions” of f.g.
virtually free groups are subgroup separable. To warm up, we start with the following
well-known facts about group actions on trees.

Definition 4.1. Let B be a graph of groups and k,C' € N. We call B (k, C)-acylindrical,
if the action of G = m (B, ug) on (B,uy) is (k, C)-acylindrical, i.e. if for any two vertices
v,w e V(B,ug) satisfying that the distance of v,w € V (B, ug) is greater than k, we write

—_—

d(v,w) > k, the stabalizer of the segment [v,w] in (B, ug) is of order at most C' in G.

Lemma 4.2. Let k,C € N, B be a finite (k, C)-acylindrical graph of groups and let v € G
be a hyperbolic element. Then the following holds:

1. The setwise stabilizer of Axis(7),

Stabg(Axis(y)) :=={g € G:g-v € Axis(vy) f.a. v € Axis(y)}

18 virtually cyclic.

2. Let v/ € A = Stabg(Axis(vy)) be an infinite order element. Then ' acts hyperboli-
cally on Axis(y) and (') is of finite index in A.

Proof:

1. Assume that the action of G = (B, ug) on (B, ) is (k, C)-acylindrical. Clearly
A := Stabg(Axis(y)) acts on Axis(y) and therefore there exists a homomorphism
® : Stabg(Axis(y)) — Ds as Aut(Axis(vy)) = Ds. Since the action is (k,C)-
acylindrical, ker(®) must be a finite subgroup of A. Thus A is finite, finite-by-infinite
cyclic or finite-by-infinite dihedral and therefore virtually cyclic.

2. Let 7/ € A be an infinite order element. Since ker(®) is finite we deduce that ®((v'))
is infinite cyclic and therefore of finite index in D, = Zsy X Z. Clearly this implies
that 7/ acts hyperbolically and that |A : (v/)| < occ. O

Lemma 4.3. Let B be a finite (k,C)-acylindrical graph of groups for some k,C &€
N. Moreover let 7,7 be two hyperbolic elements and A = Stabg(Axis(y)) and A" =
Stabg(Axis(y')). Then the following conditions are equivalent:

(1) Axis(y) N Axis(y') is an infinite ray in T
(2) |ANA'| = co.

(3) Axis(y) = Axis(y').

(4) A=A
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Proof:

(1) = (2): Assume that the lines Axis(y) and Axis(y’) intersect in an infinite ray, say
R. Hence there are z,w € 7 such that (v*(7")") -v = v for any v € R and
it follows by Lemma 4.2 that v*(v)* € ker(®), as R is an infinite ray. Thus
(v)* € A and therefore |[A N A'| = oo.

(2) = (3): Assume that X = AN A’ is an infinite subgroup of G. Then X N (y) N (/)
is of finite index in X. Hence X N (y) N (7') is as well an infinite subgroup

of G. Thus there exists some m € N such that ™ € (/) implying that
Axis(y) = Axis(y™) = Axis(v').

(3) = (4): Clearly if Axis(y) = Axis(v'), we have that A’ = A by definition of A and A’.

(4) = (1): If A= A’it follows that there exists m € N satisfying 1™ € (') since ()N {7
is of finite index in A = A’ and we conclude Axis(y) = Axis(y™) = Axis(v/).

O

Corollary 4.4. Let B be a finite graph of groups such that the action of G = w1 (B, ug)

on (B,ug) is (k,C)-acylindrical for some k,C € N. Let v € G be hyperbolic and let
|AN A9 = oo for A = Stabg(Axis(y)) and some g € G. Then g € A and therefore
A = A9. Moreover there exists some m € N and some € € {+1, —1} with (y™)9 = ™.

Proof: Clearly A9 = Stabg(Axis(79)) = Stabg (g 'Axis(vy)). By Lemma 4.3 applied
to v and 7/ = 19 it follows that Axis(y) = g 'Axis(y) and therefore g € A. In particular
A = AY9. Note that the translation length of v equals the translation length of 49 on
g 'Axis(y) = Axis(y). Thus it follows that for any n € N either (79)"y™" - v = v or
(79)"y™ - v = v for any vertex v € V Axis(vy). Hence there exists € € {+1, —1} such that
g 1ygy™ € ker(®) for any n € N if ® : Stabg(Axis(y)) — Dy is the naturally given
homomorphism. We distinguish two cases:

1. Assume that g='y"gy™" € ker(®) for any n € N. Since ker(®) is finite by (k,C)-
acylindricity it follows that there exists n,l € N, [ < n, such that g7'4"gy ™ =z =
g 14lgy7! for some z € ker(®). Thus g~'v"gy "¢ 1y !g = 1 implying that for

m =n — [ we have [y, g] =y ™™g y"g = 1.

2. Assume that g71y"gy" € ker(®) for any n € N. Recall that 9 € A9 = A and that
() is of finite index in A. Thus it follows for m = |A : (7)]! that (79)™ = (y™)? €
(7). By comparing translation lengths it follows that (7™)9 =~y O

Corollary 4.5. Let B be a finite graph of groups such that the action of G = w1 (B, ug)

on (B, ug) is (k,C)-acylindrical for some k,C € N. Let A be a virtually cyclic subgroup
of G. Moreover assume that A is mazimal virtually abelian and that A contains some
hyperbolic element v € G. Then A = Stabg(Axis(y)).

Proof: Since A is virtually cyclic, A contains some normal cyclic subgroup of finite
index, say (7). Hence the subgroup X = (v) N (y) is cyclic and of finite index in ().
Moreover X is of finite index in (') and therefore of finite index in A. Thus there exists
d € N such that (%) is normal in A. Hence for any g € A it follows g 'Axis(y?) =
Axis(v?) = Axis(y) and therefore g € Stabg(Axis(7y)) implying that A < Stabg(Axis(7y)).
Since the action is (k, C)-acylindrical it follows that Stabg(Axis(y)) is virtually cyclic.
Thus A = Stabg(Axis(y)) as A is maximal virtually abelian. O
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Definition 4.6. Let f : A — B be a cover representing some f.g. subgroup U =
oi(m1 (A, v)) of G = m (B, ug). Lety € G be hyperbolic and let q be a reduced B-path such

that [q) = . Note that f; : (A, vo) — (B, ug) is an isomorphism of trees, since f is a cover.
Let b : (A,vy) — A be the universal graphs of groups cover. Then we define Axisy () to
be the image of Axis(vy) under the given morphism of graphs h o ff_l D (B, ug) — A.

Remark and Definition 4.7. Let §: A — B be a cover representing some f.g. subgroup
U = pi(m1(A,v9)) of G = m1(B,ug). Lety € G be hyperbolic and let q be a reduced B-path
such that [q] = . Let k be the translation length of v with respect to the action of vy on

(B, u). Then there exist reduced B-paths v and g, such that g, is of length k and [q] =
[u] - [qy] - [u]~". Then for any z € Z there exists a reduced A-path p? = af, ei, ... e, a7

with a;, = 1Aw<p§) such that [pu(p2)] - [b] = [u] - [q,)* for some b € Buug,). We call pZ

a reduced preimage of u - ¢ starting at vo. Then it follows for any »z € Z \ {0} that
w(p3) € V Axis(y). O

Definition 4.8. Let B be a finite graph of groups. We call a hyperbolic element v € G =
m (B, ug) proper if for any cover § : A — B, representing some f.g. subgroup U of G,
AxisR () is a finite subgraph of A if and only if (y%) € U for some d € N.

Lemma 4.9. Let B be a finite graph of finite groups. Then any hyperbolic element
v € G =m(B,up) is proper.

Proof: Let f : A — B be a cover. If U is a finite index subgroup of G the claim is
obvious, since in this case A is a finite graph and U N (v) is of finite index in (7). Thus
assume that U := ¢j(m (A, v9)) has infinite index in G and let ¢ be a reduced B-path with
[q] =~ € G. If Axis)(7y) is finite we find some v € V A and infinitely many integers z € Z
such that there exists some reduced preimage p? of u-qZ with w(p?) = v € V.A. Since By,
is a finite group there exists some z,w € Z with z # w such that [u(p?)] - [b] = [u] - [¢,]7
and [p(py)] - [0] = [u] - [¢,]". Therefore

=g = [l (g - ([l - [g,)) 7 = @) I [k@2) ™' = ey () 1) € U.

For the other implication assume that (y¢) € U. Hence there exists a reduced closed
A-path p at vy such that [u(p)] = [u] - [¢,]4[u]™" € U. Thus the endpoints of the reduced
preimages corresponding to the B-paths u - ¢ and u - ¢ for z,w € Z coincide whenever
w € z + dZ. It follows that there are only finitely v € VA with the property that there
exists some z € Z and some preimage p? of u - ¢7 with w(p?) = v. Therefore Axisy(7)
must be a finite subgraph of A. O

Note that the following observation is more or less the generalization of Lemma 2.15
[45] to our situation.

Lemma 4.10. Let B be a finite graph of groups and let ¢y, co € G = w1 (B, ug) be elements

acting hyperbolic on I' = (B,ug). Consider some g € G, some f.g. subgroup U < G
and let Ty be some minimal U-invariant subtree U'y of T, s.t. Axis(cy) N gAxis(co) and
Iy N Axis(¢;), @ € {1,2}, are compact arcs. Then there are only finitely many pairs
(n,m) € Z* such that c{gcy € U.

Proof: 1If clgcy ¢ U for any pair (n,m) € Z* then there is nothing to show. So
assume the contrary.
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After replacing g by cjgcy* € U for some suitable (n,m) € Z?* if necessary, we can
assume that g € U. Let a be the path connecting Axis(¢;) and gAxis(ca) = Axis(cgfl) and
choose some base point g in a. If « is the empty path, choose vy in Axis(c;) N gAxis(cs).
Clearly for large enough k € N it follows that for any =z € Axis(¢;) U a U gAxis(cs)
satisfying d(ug,z) > k holds = ¢ T'y;. Let ¢; be the translation length of ¢; for i € {1,2}.
Furthermore let g = [¢] for some reduced B-path ¢q. Let |g| be the B-path length of g.
Now choose n,m € Z such |c}| > k + |q| and |¢5'| > k + |g|. Let s be the nearest point
in I'y to c}gch*(up) and let r be the nearest point in I'y to gch*(ug). Then the geodesic
arc [c}gcl (ug), gy (up)] intersects 'y precisely in the arc [s,r]. Thus c}gch(ug) ¢ Ty
implying that c}gch* ¢ U.

c"gAxis(co)

g (uo)

gAxis(cz)

)

(f )™ (w)

9 \m m\g~ m
(5 )mg(uo) = ()0 gluo) = g¢5'(uo)

Figure 5: The case where « is not empty and ¢ doesn’t cause a backtracking on Axis(c;)
or gAxis(cs). O
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4.2 Stars of groups with certain vertex groups

Definition 4.11. Let G be a group and I an index set. We call a family (A;)icr of
subgroups of G almost conjugacy separated if | A; ﬂAg| = oo for some g € G impliesi = j.

Definition 4.12. We call a finite tree of groups a star of groups if there exists some
"midpoint” uw € VB such that d(u,u’) <1 for any v € VB.

Note that the following statement is more or less the generalization of Lemma 2.16
[45] to our situation. Since the proof of this statement in [45] is less detailed, we give
some detailed proof of our related statement. To do this we will make use of Lemma 4.10
in a similar way as the proof of Lemma 2.16 in [45] makes use of Lemma 2.15 in [45].

Lemma 4.13. Let B be a star of groups with midpoint u and EBT = {l € EB|a(l) =
u N |ay(By)| = oo}. Assume that the following holds:

1. By, = m (B uy) for some (k,C)-acylindrical graph of groups B’.

2. Letl € EB with a(l) = u. Then either ay(By) is finite or oy(B;) = Stabp, (Axis(c))

—_—

for some ¢ € B, acting properly hyperbolically on I'" = (B', uy). In particular o;(B;)
18 virtually infinite cyclic by Corollary 4.5.

3. The family (c(By))icgp+ of subgroups of B, is almost conjugacy separated in B,,.
Then B is (k,C)-acylindric and any hyperbolic element v € (B, ug) is proper.

Proof: Note that the (k, C)-acylindricity of B is a direct consequence of 4.3 combined
with 4.4 since the family («;(B;))epp+ is almost conjugacy separated in the fundamental
group B, of the (k, C)-acylindrical graph of groups B’ and oy (B;) = Stabp, (Axis(c)) for

some ¢ € B, acting properly hyperbolically on I'" = (I3, u}) for any | € EB™.

It’s left to show that any hyperbolic element is proper. Let f : A — B be a cover
representing U := ¢(m1(A, v9)), vo € VA. Similar as in the proof of Lemma 4.9 it follows
that U N (y) # {lg} implies that Axis}?(7) is a finite subgraph of A. So we are left to
show the converse. Assume that Axisy () is finite and let v = [¢] = [u][g,][u]™' with
¢, =bo,l],by...,1),b, and pi, 2 € Z as in Remark 4.7. If U is a finite index subgroup of

'
G the claim is obvious, since in this case U N () is of finite index in (). Thus assume

that U = ¢5(m1(A, v9)) has infinite index in G. Since 7 acts hyperbolically on (B, ug) it

follows that Axis(vy) is an infinite line in (B, up) and as Axisy’(y) is assumed to be finite

—_——

it follows that the image under the natural map h o ff_l : (Byug) — A of Axis(y) (see
Definition 4.6) crosses some path ey, ey in A with w(e;) = a(es) = v € VA infinitely
many times. W.l.o.g. we can assume that f(v) = u. Let [; := f(e;) and Iy := f(es). By
applying some auxiliary modification (see 3.45.3) we can assume that g = 1p,. Thus
w.lo.g. there are infinitely many z € N such that for reduced preimages p? and pifl holds
P =pi - (ag e, ek, af €gs - - o €5, an) With ef = ep and e}, = es s.t. af € A, and

’ o 'n

folai) = g2 'aibpas = (25)% (¢~ "br)}

for some k < n, 2} € Xy = w;,(By,) and 25 € Xy = ay,(By,). We distinguish three
cases:
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1. Assume that | X5 : f,(A,) N X3| < oo. For any z € 7Z choose some reduced preimage

z _ z—1 z z z z .z z z
p'y_p'y '(a'(belv'"7ek?a’k76k+17""en?a’n>

of [u][¢Z] and consider the subpath p. := pi_l - (ag,e3, ..., e7,a}). By assumption
there are infinitely many z € 7Z such that ef = e; and ef,; = ey in the above
decomposition of some fixed preimage of [u][gZ]. Then it follows that for these
z € Z there exists some x5 € X, satisfying

[(p-) - @3] = [ulla;™ - (bo, 17, b1 - 1, b))

Since | Xy : fu(A4,) N Xs| < oo, we find some z,w € N with z > w and reduced
preimages

z . z—1 z z z .z .z z z

Py =0T - (ag, €1, 5 € Ay Chyts - €0y O,
w __ o w—l1 wow wow W wow
py =py - (ag, el e, ay  epyy, e ay)

satisfying ej = e}/ = ey, ef,; = €}/,; = ey such that

[:u(pz) ) :L‘Z] = [u] [(ﬁ_l][(bO» l?, br... ) lzv bk)]

and
[1(pw) - ] = [u][gy ] [(Do, 1T, 1 1], b))

for some ., x,, € By, satisfying f,(A,)z. = fu(Ay)2w. Therefore there exists some
a € A, such that z, = f,(a)x,, and it follows

g7 = ullz (0, by 1,0 - (g (b, by B b)) =

[1(p-) - @) - ([p(pw) - )™ = [plp2) (fola)zw) ey - ()] = [(ps - a - ppt)] € U.
Hence Z = (¢*~*) < U.
2. If X7 : £,(A,)NXT1| < oo it follows by Remark 3.70 that f,r(A,)Ng® oy, (By,) (g )"

is of finite index in g2 oy, (B, )(g2 )" for v/ = a(e;) and therefore we can proceed
as before for v’ instead of v.

3. So we are left with the case

X5 0 fo(A)) N Xo| = 00 = [ X701 £ (A) N XT

Choose ¢; € X7 and ¢o € Xy generating maximal cyclic subgroups and let R be a
right transversal of (c;) in X; and L be a left transversal of (¢3) in X;. Note that
by assumption L and R are finite sets of elements. Moreover set y = g¢: . Note that

the assumption implies that ¢/, co act properly hyperbolically on IV = (B/, u) and

fo(Aw) (e} = {1B,,} = fu(Au) N {c2).
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Let F/fv( 4,) be some minimal f, (A,)-invariant subtree of I”. Since ¢, ¢ are proper,
it follows that I, , | Ny~ tAxis(c;) and Iy (a,)NAXis(c2) are compact arcs in Iy, .
Consider some [ € L and some r € R. If y~tAxis(c;) N (y~byr) Axis(cy) is an infinite
ray in I' it follows that Axis(c;)NibgrAxis(cy) is as well an infinite ray in I, Thus by
applying Lemma 4.3 we deduce that |w;, (B;,) N ay,(By,) ™)' | = 0o and therefore
l1 = ly since the family (o;(B;))icgp+ is almost conjugacy separated. Moreover
by Corollary 4.4 it follows b, € X; = X5 contradicting that ¢ is reduced. Hence
Axis(c?) N (y~tbgr)Axis(cz) is compact and therefore we can apply Lemma 4.10 to
g =y br, f,(A,) and the proper hyperbolic elements ¢/, ¢y € B,,. It follows that
for any [ € L and any r € R there are only finitely many pairs (n, m) € Z? satisfying

(1) (y~ o) (rey") = (1) (y~ Iber)ey’ € fo(Ay)
implying that there are only finitely many pairs (z7,23) € X; x X, satisfying
(1) ((g2) " bw) 25 € fu(Ay) (+)

since L and R are finite sets of elements.

Similar to the first case choose for any z € Z some reduced preimage

z z—1 z Lz z 2 L2 z oz
pL =05 - (ag, €1, €5, Ay Chys - - €y Oy)
of [u][¢?] and consider again the subpath p, := pz~" - (a§, ef, ..., €, a;). As before

there are infinitely many z € Z such that ef = e; and ef,;, = ey in the above
decomposition of some fixed preimage of [u][¢Z]. Hence it follows that for these
z € 7 there exists some x5 € X satisfying

[(p-) - @3] = [ulla; ™+ (bo, &7, b1 - 1 b))

Now it is easily verified by (x) that there exists some z,w € N with z > w and
reduced preimages

z . z—1 z _z z z _z z z
L =0 (g, €5, ooy €y ks Chyrs - -5 Crry ),
w _ w—1 w o w w w oW w w

py =py " (ags el ers ag ey, e ay)

satisfying ej = e}/ = e, €f; = ¢}/, | = e and

[:U’(pz) ' I;] - [u] [quy_l][(b& lY: bl ) lz; bk)]
and

[(pw) @] = [ullgy ™" [(bo, 1], by - . T, k)]

with x5 = x%. Now the claim follows as in the first case for a = 14, completing the
proof. O

Definition 4.14. Let B be a finite graph of groups and let § : A — B be a cover repre-
senting some f.g. subgroup U = @;(m1(A,v9)) < G = m(B,ug). Consider a set of proper
hyperbolic elements {v;} such that (~;) N U = 1¢g for any i. Then we call the set {~;}
disparate in A, if the following conditions are satisfied:
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1. AxisP (y)\A’ consists of one or two unbounded components for any finite connected
subgraph A" of A containing the underlying graph of core(A,vy) and any v € {7;}.

2. Axisy (v;) N Axisy () is finite for any i, with i # i’

3. Let v € {7} and assume that Axis})(y) \ A" consists of only one unbounded com-
ponent for any finite connected subgraph A" of A containing the underlying graph of
core(A,vg). Then there exists some g € Staby (Axis(7)) such that (y~%)9 =~

4. There exists some m € N such that for any v € {v;} the following holds:

Let v = [u,][g)][us] ™" with u, and q, chosen as in Remark 4.7. Clearly there exists
a verter w € VB such that for any z € Z the B-path u.,q; terminates at u. Then
for any z € mZ\ {0} and any reduced preimage pZ of [u,][q,|* holds

(furpz) (Awz))’” = fur) (Augpm) < Bu

for some b € B,. In particular for any z € mZ the two subgroups fw(pi)(Aw(pg)) and
fw(pgz)(Aw(p;n)) of the vertex group B, are conjugate in B,.

Lemma 4.15. Let B be a finite (k, C)-acylindrical graph of groups, such that any vertex
group B,, uw € VB, contains only finitely many conjugacy classes of finite subgroups and
let § : A — B representing some f.g. subgroup U = @j(mi(A,v)) < G = m (B, up).
Let (Ai)icq1,.n3, n € N, be a finite family of almost conjugacy separated subgroups of
G = m(B,ug) such that A; = Stabg(Axis(¢;)) for some ¢; acting properly hyperbolically
on (B,ug), i € {1,...,n}. Let {cfj} be a finite set of conjugates of these generators such
that the following holds:

1. Ug;lAij #* Ugj’,lAij, for any j,j" with i; = ij.
2. () nU = {1g}.

Then {cfj} is disparate in A.
Proof:

1. This follows directly from the fact that any v € {clgj} is proper hyperbolic.

2. Assume that Axis?(v;) N Axis%(72) is infinite with 73 = ¢ and 4, = ¢”’ for some
J J

J,7'. Choose some minimal U-invariant subtree 'y of I' = (B,uy). By (k,C)-
acylindricity, after enlarging I'yy if necessary, it can be assumed that every edge
stabilizer in I'\ 'y is finite. As a consequence U permutes the components of I'\ 'y
with finite stabilizers. Since Axisy(y1) N Axis))(7y2) is infinite it is easily verified
that there exists some u™! € U, such that u~'Axis(y;) N Axis(y2) contains infinitely
many edges. Thus u™! gj_lAXis(cz-j) N gj_,leis(ci],,) is an infinite ray in I'. Applying
Lemma 4.2.2 we deduce ]Afju N Af7,'| = oo implying that i; = i;. Moreover by
J

Lemma 4.2.3 it follows gjugj_,1 € A;; and therefore U gj_1 A, =U gj_,lAij,.

3. Lety = cfj for some j and assume that Axisy () \ A’ consists of only one unbounded
component for any finite connected subgraph A’ of A containing the underlying

graph of core(A, vg). Since 7 is proper and (y)NU = {1} it follows that Axis(y)\I'y
consists of two unbounded components, say [y, [5.
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Similarly as in the second part of this proof, it follows that there exists some u=! € U
mapping infinitely many edges of [; to some edge of [;. Thus u is a reflection element
which clearly acts elliptic on Axis(y). Hence by Corollary 4.4 case 2 we deduce that
u € Staby (Axis(y)) and (y™)* = ~y~™ for some m € N proving 3.

4. Let v = cfj for some j and let 'y as above. After enlarging I'y; further if necessary,
we can assume that for any v,v" € Axis(y) \ I'y the finite subgroups Staby (v) and
Staby (v') are isomorphic. Clearly the group () acts on the set of conjugacy classes
of finite subgroups in B, if u is the terminal vertex of the paths u.q?, 2 € Z. By
assumption, there are only finitely many conjugacy classes of finite subgroups in
B,. Thus there exists m € N such that (™) is the kernel of this action. Hence
for any z € m - Z and for any finite subgroup F of the embedded vertex group
0(B,) < m(B,ug), we have v *E~y* = E® for some b € §(B,). By replacing m by
some multiple of m, we can assume that the vertex [u][g,|™ - B, lies in Axis(y) \ I'y
and fopm)(Awm)) = fops)(Aupz)) for any z € m - Z\ {0}. Now the the claim is
easily verified if §~!(E) is assumed to be fun) (Awn)) and by replacing m again by
some multiple of m, since {c’} is a finite set of elements. O

Recall that the following is true:

Remark 4.16. Let A be a virtually cyclic group. Then for any infinite order element
c € A, there exists some n € N such that (¢") is normal in A. O

Theorem 4.17. Let B be a finite (k, C)-acylindrical graph of groups with subgroup sepa-
rable fundamental group G = w1 (B, wg), such that any vertex group B, u € V B, contains
only finitely many conjugacy classes of finite subgroups and let § : A — B be a folded
morphism representing some f.g. subgroup U = ps(m1(A,v9)) < G with A finite. Con-
sider a finite family of finite subgroups (E,)req,. ry, R € N, and let (A;)icqr,...ry, I € N,
be a finite family of almost conjugacy separated subgroups of G = m(B,uyg), such that

A; = Stabg(Axis(c;)) for some ¢; acting properly hyperbolically on (B,wug) for any i. Let
C;i == (c;). Then for any two finite sets of conjugates {EZ*} and {A‘Z’} satisfying

2. U'gs_l B, # U'gs_'l - By for any s, s withrg =rg.

and any g € G\ U there exists some n € N such that for any (positive) multiple d of
n there exists some finite index subgroup Hy of G containing U such that the following
holds:

1 If|AT (A7 NU)| < oo for some j then AY N Hy = A7 NU.

93 . 95 — ; 93 — 95 9i\d
2. [f|Aij ; (Aij NU)| = oo for some j then Al N Hg = (Aij NU) - {(c;)))-
3. Hy-g;'-A;, # Hy- gj_,1 - Ay, for any j,j" with i; = iy .

4. Hq-g;' B, # Hy-g," - E,, for any s,s" withr, =ry.

We say that B has property L.

Qn
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Proof: So let B be a finite graph of groups that has property £ and let { : A — B be
a folded morphism of finite graphs of groups representing U = ¢;(m1(A, vp)). Moreover

----------

be a finite family of almost conjugacy separated subgroups of G = m1(IB, ug), such that
A; = Stabg(Axis(¢;)) for some ¢; acting properly hyperbolically on (B, wug) for any i.
Assume that ]Algf NU| < oo for some j. Thus C’igj NU ={lg}. Solet C := {cfj|C'f? NnU =
{1¢}}. W.lo.g. we can regard A as a subgraph of groups of some graph of groups A
corresponding to a covering f : A — B representing U such that A contains core(A, V0)-
Note that Ug;'E,, # U g;lETs, for s # s with r, = ry is equivalent to the fact that
gs_,lacgS ¢ U for any = € E,,. By extending A if necessary we can assume that for any
s # ' with rs = ry and any x € E,_ we have that a reduced preimage in A of the B-path
q satistying [¢] = gs_,latgs is already an A-path as well as we can assume that a reduced
preimage in A of the B-path p’ satisfying [p] = g is already an A-path. By extending A
further if necessary, we can assume that for any larger finite connected subgraph A’ of A
containing the underlying graph of core(A, Vo) the number of connected components of
Axis?(c)\A’ coincides with the number of connected components of AxisY(c)\A for any
c;. For t € {1,2} let now C* C C such that for any v € C* we have that Axis?(7)\A
consists of t connected components. By Lemma 4.15 the set C'is disparate. For any v € C'
consider a decomposition v = [u,][¢,][u,] ™! as in Remark 4.7 and choose for any z € Z a
reduced preimage p? of u,q. Consider some vy € C'. Since Axis? (7)\A consists of only
one unbounded component, following Lemma 4.15.3 there exists some vertex ¢ in Axis(7y)
and some reflection element g, € Staby(?) such that (y)% = ~~™ for any m € N. Let

v be the image of v under the natural projection b : (B,up) — A. Clearly we have that
veVACVA, since g, € U. Thus there exists an A-path p representing g, € U, i.e.
there exists 2 € Z and B-paths ¢, ¢, satisfying ¢, - g2 = ¢, such that

9y = (1)) = [,a501 - a - g7 ' 977 ul]

for some a € A,. Thus by disparity it is easily verified that there exists some n € N such
that for any positive multiple d of n the following conditions are satisfied:

1. For any v € C' it follows w(p?), w(p;?) ¢ A.

2. For any v € C it follows

(fw(Pg,)(Aw(pg,)))b = fw(p;d) (Aw(p;d)> S BU
for some b € B, if u is the terminal vertex of the B-path u.q,.
3. For any v € C? we have w(p?) # w(p;?).

4. For any v € C' there exists some element g, € Staby (Axis(7)) such that (y%)9 =
—d
e,

5. (c?) is normal in A; for any i.

Choose some fixed multiple d of 2n and set d’ = d/2. Now let A' be the smallest
(connected) subgraph of groups of A containing A and the endpoints of the preimages P

of u,qz, for any z € {—d,d} and any v € C? and the endpoints of the preimages pi‘f’ of
u7q$/ for any v € C*.
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W.lo.g. we can assume that for any v € C? the last edges of the preimages j20

for z € {—d,d} and for any v € C' the last edges of the preimage pil are free edges
(see Construction 3.83). For any v € C? proceed now as follows. Let b, € B, with
[pZ - b.] = [u,] - [¢,)*. By applying some auxiliary modification of type two to the terminal
vertices of the A-paths pZ for z € {—d,d}, we can assume that b_4; = 1 = b;. Note that
this process does not alter the fact that

(fw(p?,)(Aw(pi)»b_ = fw(p;d)(Aw(p;d)) < Bu

for some b € B, if u € VB is the terminal vertex of the B-paths u,g¢Z for any z € Z. Let
e;! be the last edge in the A-path u,¢? and let v, = a(e.) for z € {—d, d}.

preimage of some path ¢ representing g.

pfr for some v € Cy

S

/ pi for some v € C4
p;d for some v € Cs /

core(A, vg)

~_ 1 ]

\/

preimages of B-paths representing the elements q;lxqs,

x€E,,,s#s withrs =rg.

Figure 6: The graph of groups A'.

By Remark 3.64 and since f is a cover it follows that there exists some edge e € EA

such that a(e) = vq, | = f(e) = f(e_4) and

fvd(Avd)ggdal(Bl) 7é fvd(AUd)ggal(Bl> = fvd(AUd)gg_dal(Bl)

«

by the choice of the B-paths u, and ¢,. W.l.o.g. we can assume that g = g¢ . Then we
have that )
fvd(Avd)b %N al<Bl) = fvfd(Avfdy]e*d n CY[(B[).

Applying an auxiliary modification of type two again, we can switch f,,(4,,) to
Foa(Au)P, g2 to bg® and g2, to bg? . Thus
fvd(Avd)gg N al(Bl) = fU—d(AU—d)gg_d N al(Bl)'

implying that f.(A.) = fe_,(Ac_,). Thus by Lemma 3.63 it follows that e, e_4 are free
edges satisfying e ~ e_4 (see Definition 3.79). So after defining e; := e and ey := e_; we
can exactly proceed as in Construction 3.83.
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Note that since the edge groups are already equal this process creates a new edge ¢
satisfying a(e) = a(e) = a(eq) and w(e) = a(e_q) with g¢ = ¢& and g’ = g2 . Proceed in
this manner for any v € C? and call the resulting graph of groups A?. Let {2 : A? — B be
the associated folded graphs of groups morphism. Again we can regard A? as a subgraph
of groups of a graph of groups A? corresponding to some cover f2 A2 5 B representing
the same subgroup as A2. Moreover it follows for any v € C?

Puy] ™ = [uy - llqS - u3 '] = @bl - w03 ™)) € pp(mi(A%, v))

[us][gy]™ [uy]

if 1 is the now the associated map on A2-path level corresponding to §2.

preimage of some path ¢ representing g.

core(A, vg) > . < core(A’, v})

\/

preimages of B-paths representing the elements q;lqu,

x € FE, ,s#s withrs =rg.

Figure 7: The graph of groups A%,

Now take a copy A’ of the covering graph of groups A and let v, be the copy of vy in
A. Let A® be the smallest (connected) subgraph of groups of A’ containing core(A’, v))
and the endpoints of the preimages p_, & of (0 4 starting at v}y for any v € C'. Now for
any v € C! proceed as follows. Again by applying some auxiliary modification of type
two to the terminal vertices of the A2-paths p‘fyl and the A3-paths p;d/, we can assume
that p2 =" for z € {=d',d'}. As before this process does not alter the fact that

-1

(fw(péf) (Aw(pi)»b

for some b € B, if u € VB is the terminal vertex of the B-paths u,¢> for any z € Z.

- fw(pid)(Aw(p’

~

d)) < Bu

Now proceed exactly as in the case v € C? with d’ instead of d, i.e. define e_y € A? and
find e € EA as before and glue the graphs of groups A2 and A® together by identifying
the edges e and e_g. Proceed in this manner for any v € C! and call the resulting graph
of groups A%?. Let §2¢ : A% — B be the associated folded graphs of groups morphism.
Remind that g, € U with (y%)9 =y~
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Thus it follows that there exists some closed A2-path p starting at vy and some closed
A3-path starting at vj such that p(p) = p(p’) = g, and we conclude that

[wllg, P[] ™ =T @) T+ (3 )"0y - [l(0F) 7 - p7h)] € pp(mi (A, ).
AQ—\\;;h ) Ai;ath . AZ-path

for any v € C'. Let Usq := @p(m1 (A%, vy). Then it easily verified that Afj N Uy =
(A7 NU) - {(c))*) for any ¢! € C by construction of A*. Clearly (A7 NU) - ((c]7)*)
is of finite index in Afj for any j. Thus we can enlarge A2? such that for any j and any
leftcoset representative [g] of A‘;’j N Uy in Afj'_’, there exists a reduced preimage of [g] in
A% Since B has property £, there exists a cover g : € — B satisfying the following
properties:

1. 24 is almost geometric realized by g.

2. If the chosen reduced preimage p satisfying [1(p)b] = [q] = g.'xgs for some b € B,
is closed at vy for some x € E,, = E, ,, s # s, then b ¢ C,,.

3. If the chosen reduced preimage p satisfying [u(p)b] = g for some b € B, is closed
at vy then b ¢ C,, implying that g ¢ Haq := p4(m1(C, vp)).

4. Af 0 Hag = A7} 0 Uz for any j.

preimage of some path ¢ representing g.

core(A, vg)

< core(A’, v()

~_ | ]

\/

preimages of B-paths representing the elements qula:qs,

x€ B, ,s#s withrs=ry.

Figure 8: The graph of groups C representing the finite index subgroup Hyg.
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Note that we can make this assumptions since B has property £ and E, is finite for any
r. If now Hgd-gj’l Ay = H2d-gj71 -Aij, for some j # j’ then there exists h € H?? such that

(HgdﬂAfj)h = HQdﬂAfj' by Lemma 3.63.2 and it is easily verified that this contradicts the

fact that f is almost geometric realized by g. Moreover Hog- gy - E,, = Hog - g;l - E, , for
some s, s’ with 7, = ry would imply that [q] = g, 'zgs € Hyy for some z € E,., contracting
the fact that A contains a reduced preimage of the path ¢ and if this preimage is closed
at vg, we have b ¢ C,, for [u(p)b] = [g]. Thus g represents the desired subgroup Hsy, and
since d was a fixed multiple of 2n the claim follows for n after replacing n by 4n. 0J

Lemma 4.18. Let G be a subgroup separable group and let B be a normal virtually cyclic
subgroup of G, such that any two subgroups in B are already conjugate in B whenever
they are conjugate in G. Moreover let {c) be a mazimal cyclic subgroup of finite index
in B. Consider some subgroup U < G and some finite set of elements {g;} satisfying
ng_lU #+ ng_,lU for any j # j'. Moreover let g € G\ U. Then there exists some
m € N such that for any multiple d of m there exists some finite index subgroup Hy of G
containing U such that the following holds:

1. g ¢ Hq,
2. Bg;lHd:g;lBHd#g;llBHd:Bg;,lHd7
8. B NHy=BNH;=(BNU)- (¢,

J. BOHY —(BAH)Y = ((BNU)- ()% = (BOU)- (D) for some b € B.

Proof: 1f UN{c) = (") for some n € Nlet m =n. If UN{(c) = {15} choose m € N
such that (¢™) is normal in G and g ¢ U - {¢?) < G for any multiple d of m. Note that
such m exists, since we find some characteristic subgroup of finite index in B < GG, which
is contained in (c). Let d be a fixed multiple of m and choose a left transversal L of the
finite index subgroup U’ := U - (¢?) N B in B. Since G is subgroup separable there exists
some finite index subgroup H' < G containing U’ satisfying = ¢ H' for any « € L. Note
that gj/gj’l ¢ BU for any j # j' since B is normal in G and gj’1 -B-Hy; # g;,l -B-Hy.
Thus using the subgroup separability of G again, we find some finite index subgroup H
containing BU > U’ such that gj/gj_l ¢ H for any j # j'. Now it is easily verified that
H; := H' N H satisfies the required properties proving the claim. 0

Theorem 4.19. Let B be a star of groups with midpoint ug and let EBT = {l €
EBla(l) = ug A |oy(By)| = oo}. Assume that the following holds:

1. There exist k', C" € N such that B, = m (B, ug) for some (k', C")-acylindrical graph
of groups B’ having property L.

2. Let | € EB with a(l) = ug. Then oy(By) is either a finite group or ay(B;) =

Stabg, (Axis(c;)) for some ¢; € By, acting properly hyperbolically on I'" = (B, ug).
In particular oq(By) is virtually infinite cyclic by Corollary 4.5.

3. The family (c;(By))icep+ is almost conjugacy separated.
4. Letl € VB such that a(l) = u # ug. Then B, is subgroup separable and c;(B;) < B,.

Then B is (k,C)-acylindrical and has property L for some k,C € N. Moreover any
hyperbolic element v € 71(B, ug) is proper.
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Proof: First observe that it is an immediate consequence of Corollary 4.4 and Defi-
nition 4.11 that the assumptions imply the (k, C')-acylindricity of B for some k,C' € N.
Thus by Lemma 4.13 it follows that any hyperbolic element v € 71 (B, ug) is proper. So
it’s left to show that B has property £. For this let f : A — B be a folded morphism rep-
resenting some f.g. subgroup U < G = m(IB, ug) with A finite and let x € By \ fu(Aw)
for some fixed w € VA. Clearly we can regard A as a subgraph of groups of some graph
of groups A corresponding to some cover % A > B representing U'.

At first extend A such that for any free edge e € EA\ FA satisfying a(e) =v € VA it
follows f(v) = ug. Recall that |V A| < co. Now by applying Theorem 4.17 and Theorem
4.19 it follows that we find some d € N such that for any v € V A there exists some finite
index subgroup C, < By, containing f,(A,) such that the following holds:

1.z ¢ C,ifv=w.
2. Fa. ey # ey € EA with a(e;) = ales) =v € VA and f(ey) = f(ea) = [ we have:

Cogs au(By) # Cyogecu(By).

3. If |fo(Ay) ¢ fulAy) N g%au(Br)(g2)™| = oo for some e € FA with a(e) = v and
f(e) =1 it follows

Co N gZau(By)(92) ™" = (fu(Av) Nglau(B)(98) ™) - (92 (g2) ™)

4. I | fo(Ay) = fulAy) N g2au(B))(g2) ™Y < oo for some e € EA with a(e) = v and
f(e) =1 it follows

CoNgeau(B)(92) " = fulAy) Nglau(By)(g2) "

Note that for any v € VA with f(v) # uo we have f(e;) = f(e2) =1 € EB for any
e1, ey € EA with a(e;) = aley) = v. Moreover C, N g%q;(B;)(g¢) ™! = C, Nay(B;) for any
e € f,1(1). Define the graph of groups C as follows:

1. Let C = A.

2. For any v € VA = VC let C, < By, be the subgroup satisfying the above condi-
tions.

3. Ce:=(¢*)"'Chg® Nay(By) for any e € FA = AC.

It follows that we can regard A as a subgraph of groups of the graph of groups C and it
is easily verified that the tuple

b= (h=f{h =idlv e VC} {h. =idle € EC} {gle € EC},{g¢|e € EC})

with the same ¢&’s and ¢¥’s as in § is a folded morphism of graphs of groups.
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Since B is finite we have that |EB| = n < co. So let {l,...,l,} the subset of edges
of EB originating at uy. Clearly C embeds in some covering graph € and by assumption
we have that for any free edge e € EC'\ EC with a(e) = v € EC we have a(e) = up.
Thus for any free edge e holds f(e) = [; for some i € {1,...,n}.

Hence it follows that for any i € {1,...,n} there exists some finite set of finite index
subgroups A}, ..., A" of By, for some m; € N such that for any free edge ¢ € EC with
f(e) = I; we have that h.(C.)" = A} < By, for some b € B;, and j € {1,...m;}. We say
that e is of type A7. Since C is finite it follows that there exists k] € N such that there are
exactly ki free edges of type A}l. Now start with the finite index subgroup Ai of B;, and
apply Lemma 4.18 to wj, (A}) < B,,). By doing this, we receive a finite index subgroup
Al < B,y such that for any g € B,,,) it follows (AN Nwy, (By,) = wy, (Al) therefore the
covering piece ZA} corresponding to Al has the shape of a star (see Remark 3.82). So let
v be the midpoint of this covering piece. Thus A, = A} and it follows that any free edge

starting at v is of type A} and since A7 is of finite index in B,,,) it follows that there exists
r1 € N such that there are exactly r{ free edges starting at v and all of these are of type Al

By proceeding as in Construction 3.83, we can glue ki copies of Al to ri copies of C

to receive a graph of groups Ci which satisfies:
1. C is a subgraph of groups of C1.
2. C! is finite and contains only free edges of type Af with j # 1if ¢ = 1.

Proceeding in this manner for any Ag we receive after finitely many construction steps
the graph of groups C]'» satistying:

1. C)' is finite and there exists a covering h™"~ : C'» — B.
2. b is geometric realized by b
3.z ¢ (CI'")y.

Note the first three construction steps will be illustrated in figure 9 on the next page. We
conclude that B has property £ proving the claim. O
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Edges of type A2

Edges of type A2

Figure 9: The picture illustrates the first three construction steps on the way constructing
the covering graph of groups C]'.
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4.3 Towers of (k,C)-acylindrical stars of groups with certain
”midpoint”-vertex groups

We are now able to prove the main result of this chapter. The proof will be by induction,
while Theorem 4.17 provides the inductive step.

Definition 4.20. We call a finite sequence of graphs of groups, BY,...,B", n € N, a
tame tower over the f.g. virtually free group G if the following holds:

1. B is a finite graph of finite groups satisfying m (B° ug) = Go = G for some uy €
VB,

2. B, 0 < i < mn, is a finite star of groups with midpoint m* € V B* satisfying the
following conditions:

(a) Bfni = 1 (B, ug) for some ug € VBI~1L.

(b) Letl € EB® originating at m*. Then ay(B}) is either a finite group or oy(Bj) =
Stabe(Axis(y)) for some hyperbolic loop v € B! ; = m (B, ug), ugp € VB
Moreover BZ}(D is subgroup separable and contains only finitely many conjugacy
classes of finite groups such that the embedded subgroup B := w;(B]) is normal
mn Bfu(l) satisfying that any two subgroups in B are already conjugate in B
whenever they are conjugate in Bi(l).

(c) Let EB"" :={l € EB'|a(l) = m'A|ay(B})| = oo}. Then the family (cy(B}))icppi+
is almost conjugacy separated for any i < n.

For any uy € VB"™ we call the group H = 7 (B",up) a tame tower extension of the
virtually free group G.

Remark 4.21. Note that any finite subgroup E of the fundamental group G of a finite
graph of groups B acts elliptic on the corresponding Bass-Serre implying that E is conju-
gate to some subgroup of some vertex group of B. It follows that the group G has finitely
many conjugacy classes of finite groups if and only if any vertex group of B fulfills this
property. Since any f.q. virtually free group splits as finite graph of finite groups by Theo-
rem 3.93 it follows that any f.qg. virtually free group contains only finitely many conjugacy
classes of finite groups. O

Theorem 4.22. Letn € N and B!,...,B" be a tame tower over the virtually free group
G. Then B™ has property L. In particular any tame tower extension H of a virtually
free group G s subgroup separable.

Proof: As mentioned the proof follows by an easy induction. If n = 0 the statement
follows by Theorem 4.17 since any virtually free group is subgroup separable by Theorem
3.93 and any finite graph of finite groups satisfies the required assumptions for applying
Theorem 4.17. So let n > 1 and assume that B"~! has property £T. First of all note that
by Remark 4.21 we can assume by induction that the fundamental group of B! has only
finitely many conjugacy classes of finite groups for any ¢+ < n — 1 and therefore the fun-
damental group of B" fulfills this property as well. Moreover an easy inductive argument
shows that for any i < n any element v € 7 (B%, ug), ug € VB, acting hyperbolically

on (B, ) is proper by Lemma 4.9 combined with Lemma 4.13. So we are able to apply
Theorem 4.19 to B" implying that B™ has property £ which is equivalent to the fact that
the fundamental group of B is subgroup separable by Theorem 3.76. Applying Theorem
4.17 to B" provides now that B™ has property £ proving the claim. [l
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4.4 Towers of iterated virtual extensions of centralizers

Towers of iterated extensions of centralizers play an important role in the theory of limit
groups. We will generalize the definitions to "towers of iterated virtual extensions of
centralizers”, which may play an important role in theory of I'-limit groups if I' is an
arbitrary (hyperbolic) group. Note that we will restrict us to the case where the base
group I' is a f.g. virtually free group. In this situation Theorem 4.22 enables us to show
the subgroup separability for some kind of towers over I'.  We start with some basic
definitions.

Definition 4.23. Let G be a group and A < G. We say A has property C, if A is mazimal
virtually abelian and A contains a mazimal cyclic subgroup of G of finite index.

Definition 4.24. [Virtual extension of a centralizer] Let G be a group. Suppose that for
some x € G the centralizer C := Cg(x) is abelian and let D < G such that D is mazimal
virtually abelian and D is virtually C'. Moreover let A be a group such that there ezists
an injective homomorphism ¢ : D — A and A = (D) x A" with A’ = 7", n € N. We
call the amalgamated product

G(CL', A) =G *Dzw(D) A

a virtual extension of the centralizer of x by A with respect to 1. We call a virtual
extension of centralizer special, if the group D has property C.

Definition 4.25. [(Special) iterated virtual extension of a centralizer| Let G be a group.
A (special) iterated virtual extension of centralizers over G is a group H for
which there exists a finite series

G=2Gy <G <...<Gy=H

such that fori=0,...,k—1, each Giy1 is a (special) virtual extension of a centralizer of
G;. We call H a IVCE-group of level k or a SIVCE-group of level k, accordingly.

Our aim is to show that any SIVCE-group H over some f.g. virtually free group G
is subgroup separable by applying Theorem 4.22. The next two statements provide that
any such H is a tame tower extension over the corresponding virtually free group G.

Lemma 4.26. Let H be a SIVCE-group over some f.g. virtually free group G then there
exists n € N and a sequence graphs of groups B', i € {0,...,n}, such that the following
holds:

1. BY is a finite graph of finite groups satisfying m (B, uy) = Gy = G for some ug € VB.
2. H=G" =m(B", ug) for some uy € VB™.

3. B, 0 < i < n, is a finite star of groups with midpoint m* € V B* satisfying the
following conditions:
(a) B!, =m (B!, uy) for some uy € VB!

(b) Let | € EB' originating at m*. Then o (BY) is either finite or oy(Bi) =
Stabe(Axis(y)) for some hyperbolic loop v € B!, = m (B!, uy) and Bi(l) =
wi(BY) x Z" for some r € N.
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(c) Let EB"" :={l € EB'|a(l) = m'A|ay(B})| = oo}. Then the family (cy(B}))icppi+
is almost conjugacy separated for any i < n.

Proof: The proof is by induction on level. If £ =1 the claim is obvious. So assume
that k > 1 and let G, = Gy_1 *p,—y(p,) Ax- By induction hypothesis we can assume that
G satisfies the desired conditions. Thus there exists n € N such that Gy_; = 71 (B", uo)
for some star of groups B" and some base point uy € V B"™.

If D; = Stabg(Axis(y)) s.t. 7 acts hyperbolically on (B", ug) the claim is obvious
since any amalgamated product can be regarded as a graph of groups with two vertices

and one edge. So assume that D; acts elliptic on (B", ug). Since Dy has property C it
follows that Dy cannot be conjugate into B \ wi(B}) with a(l) = m' for some | € EB’,
1 < n. We distinguish two cases:

1. If Dy is infinite it is easily verified that we can find some ¢ < n, some h € Gj_

—_—

and some vy € D such that 7" acts hyperbolically on (Bi~!,ug) for some chosen
basepoint ug € VB~!. W.lo.g. assume that v* = v. Then it follows by Corollary
4.5 that Dy = Stabg(Axis(y)) since the inductive hypothesis implies that B! is
(k, C)-acylindrical by Theorem 4.19. Thus one of the following holds:

(a) There exists some | € EB' originating at m’ such that D} = o(B}) for some
g € m (B! up). Then it is easily verified that extending the rank of the free

abelian subgroup in ij(l) in the obvious way leads to a group isomorphic to
Gg.

(b) Assume that for any | € EB" with a(l) = m' and any g € m (B!, ug) holds
|DJ N ay(B;)| < co. Then we extend B’ by adding a new edge I’ to EB* such
that oy (B}) = Dy, wr(Bj) = ¥(Dy) and B,y = Ag. Again this proves the
claim since by doing this we receive a group isomorphic to Gy.

2. If Dy, is finite it is easily verified that there exists some h € Gj_; such that D’,;‘ is
a subgroup of the base group G, which is virtually free. Now the claim follows by
distinguishing the same two cases as before for B! and by proceeding as in these
cases. [l

Remind that in order to apply Theorem 4.22 we still need to show that any vertex
group of the graph of groups B;, ¢ < n, contains only finitely many conjugacy classes of
finite groups. By Remark 4.21 it suffices to prove the following to arrange this:

Lemma 4.27. Any f.g. virtually abelian group A has only finitely many conjugacy classes
of finite groups.

Proof: Let A be f.g. virtually abelian group. If A is finite, the result is trivial, so
we may assume that A is infinite. Thus A contains some free abelian normal subgroup
Z 27" r € N, of finite index, say n. Then for any finite subgroup F the subgroup
E - Z < A splits as a semidirect product of the groups E and Z implying that |E| < n.
Therefore we find some finite subset of finite subgroups Fi, ..., Fj such that for any £ < A
we have E = F; for some i € {1,...,k}. So it suffices to show that A contains only finitely
many conjugacy classes of finite isomorphic subgroups. So let Ey, Fs < A be two finite
isomorphic subgroups of order m and let ¢ : F;y — FE5 be an isomorphism. Then F;Z
and FyZ are two of only finitely many finite index subgroups containing Z, since A/Z is
finite. So w.l.o.g. we may assume A = E1Z = FyZ.
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Consider the injective endomorphism ¢ : Z — Z;z +— 2™ with m = |Ey| = |Es|.
Obviously Z' := ¢(Z) is a characteristic subgroup of index 7™ in Z and therefore Z’ is
a normal subgroup of finite index in A. Let X be a transversal of Z’ in Z. Then E; X,
i € {1,2}, is a transversal of Z’ in A. It is easily verified that there exists a bijective
map ¢ : £1X — E»X satisfying (e - 2)Z" = e-xZ' for any e € E; and x € X such
that ¥|g, = ¢. Now by assuming that 14 € X it follows i(e)Z’ = eZ’ for any e € Fj.
Furthermore since Z' < Z is abelian and ¢(e)~'e € Z’ we can define unambiguously the

element z := [] ¢(e)te € Z'. Again as Z’ < Z is abelian it follows for any f € Ej:
ecFy

V(T2 = [T ) e (f) = ] wleh)ef () =2 (F ()™

eck eck, ez ez’

Thus since ¢ is injective there exists some unique z € Z such that p(z) = 2™ = Z and

therefore the above equation implies

W) 2 ())™ = () 2(f) =2 (f ()™ = (=f ()™

Again by injectivity of ¢ it follows ¥ (f)"*2¢(f) = 2f~1(f) for all f € E; implying
that zf2~1 = ¢(f). We conclude that zF,2~! = ¢)(E,) = E, proving the claim. O

So we deduce the following:

Corollary 4.28. Let G be a f.g. wvirtually free group and let H be an iterated virtual
extension of centralizer over G. Then H contains only finitely many conjugacy classes of
finite groups. O

Consequently any SIVCE-group H over a f.g. virtually free group G is a tame tower
extension over GG. Thus we conclude by applying Theorem 4.22:

Theorem 4.29. Any SIVCE-group H over some f.g. virtually free group G is subgroup
separable. O

Although we are not disposed to give some explicit definition of a I'-Limit group in
this work, note that in [22] the authors proved that G is a I'-Limit group for some f.g. free
group I' if and only if G is a subgroup of a so called ICE-group over some f.g. free group.
Note that the definition of an ICE-group and the definition of an IVCE-group coincides,
if " is free. Following 1.12-1.14 in [45] one can assume that this IVCE-group is already
an SIVCE-group. So this leads to the conjecture that any I'-Limit Group H over a f.g.
virtually free group I' embeds into a SIVCE-group over a f.g. virtually free group and
therefore embeds into a tame tower extension over some f.g. virtually free group. Hence
Theorem 4.29 would imply that any I'-Limit Group of this type is subgroup separable, as
any subgroup of a subgroup separable group is subgroup separable. Anyway, we will not
discuss this problem any further in this thesis.
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5 Virtually free groups are SCS

5.1 Con-Separability

We recall now the con-serability property introduced in [3], which will be very useful to
give some proofs for the SCS-property for some classes of groups. In order to explain
how to use the con-separability for proving the SCS-property for some classes of groups
by the way we will introduce another separability property, the so called ”conjugacy
distinguishability”, which the authors of [8] and [9] used for establishing the SCS-property
for some classes of groups and we will point out the connection of this property and the
con-separability.

Definition 5.1. Let G be a group.

1. Let Hy and Hy be finitely generated subgroups of G. We say that Hy is con-separated
from Hy within G if there is a finite index subgroup D < G containing Hy such that
Hs is not conjugate into D. We call D a witness of separation.

2. We call Hy con-separated in G if Hy is con-separated from any finitely generated
subgroup Hy < G that is not already conjugate into H.

Note that being con-separated is not a symmetric relation. In [2] the authors used
the so called SICS-property to establish the SCS-property for some special virtually free
groups:

Definition 5.2. Let G be a group. G is called subgroup into conjugacy separable (SICS)
iof for any two f.g. subgroups Hy and Hs satisfying that Hy is not conjugate into Hy there
exists a finite quotient of G such that the image of Hy is not conjugate into the image of
Hi.

In the last few years there have been two different task groups working independently
from each other on establishing the SCS-property for different classes of groups. Namely
K. Bux and O. Bogopolski, see [2], [3] and [8] aswell as P. A. Zalesskii, S. C. Chagas
and L. Ribes, see [9], [33] and [12]. Latter used the following equivalent definition to the
con-separability.

Definition 5.3. Let G be a group and let H be a f.g. subgroup of G.

1. We call H into conjugacy distinguished in G if for any f.g. subgroup K not conjugate
into H there exists a finite quotient of G where the image of K is not conjugate into
the image of H.

2. We call G (infinite) into conjugacy distinguished if any f.g. (infinite) subgroup of
G is into conjugacy distinguished.

The following easy Lemma provides the equivalence of these two notions.

Lemma 5.4. Let Hi, Hy be f.g. subgroups of a group G. Then the following conditions
are equivalent:

(1) Hy is con-separated from Hsy within G,

(2) There exists a homomorphism from G onto a finite group G such that the image of
Hy is not conjugate into the image of Hy.
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Proof: (1) = (2): Let D be the witness of con-separation for Hy from H,. Then D
contains a finite index subgroup N, which is normal in G. Obviously, the image of Hs in
G/N is not conjugate into the image of H; in G/N.

(2) = (1): If p : G — G is the homomorphism from (2), then D := H; - keryp is the
witness of con-separation for H; from Hs. OJ

For completeness we observe the following statement.
Corollary 5.5. Let G be a group.

1. A f.g. subgroup H of G is con-separated in G if and only if H is conjugacy distin-
guished in G.

2. G 1s subgroup into conjugacy separable if and only if G is conjugacy distinguished.
OJ

The following Lemma, proven in [3], enables us to push the con-separability within a
finite index subgroup to the con-separability within the whole group.

Lemma 5.6. Let G’ be a finite index subgroup of the group G and let Hy and Hy be two
finitely generated subgroups of G'. Let gi1,...,q, be a set of representatives for the left
cosets G' in G. Assume that Hy is con-separated from H3' in G' for each i whenever
HY' is a subgroup of G'. Then Hy is con-separated from Ho in G. In particular, if Hy is
con-separated in G’ it is also con-separated in G.

Proof: 1t HY is contained in G, let D; < G’ be a witness of con-separation for
H, from HY within G’. Otherwise, put D; := G’. Note that in either case, Hj' is not
conjugate into D; by a conjugating element of G'. We claim that H; is con-separated
from H, within G with witness D := Dy N --- N Dy,. For contradiction, assume Hy < D
for some g € G. We write g = g;h for some h € G'. Then Hg"h < D < D; implying that
HY < DI, Thus HY is conjugate into D; by h™! € G'. This is a contradiction. O

5.2 Chain Condition

Definition 5.7. We say that an automorphism o € Aut(G) of the group G is ezpanding
if there is a finitely generated subgroup H < G such that H < H® is a strict inclusion.

Not every group admits expanding automorphisms. E.g., the following result [41] of
Takahasi implies that free groups of finite rank do not.

Theorem 5.8. Let
H1<H2<H2<"'§Fn

be a strictly ascending infinite chain of finitely generated subgroups of the finitely generated
free group F,,. The sequence of ranks of free groups H; is unbounded. O

In [3] it is shown, that we can promote Takahasi’s Theorem to surface groups. For
completeness we repeat the proof.

Proposition 5.9. Let S be a compact surface and let

H1<H2<H2<"'§7T1<S)

be a strictly ascending infinite chain of finitely generated subgroups. Then the groups
H; are free and the sequence of their ranks is unbounded.
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Proof: If S is not closed, i.e. a surface with boundary, then N = m(S) is a f.g. free
group, since S is compact. Thus the statement follows directly from Theorem 5.8. So
assume that S is closed. Note that the ascending union H := U;H; cannot be finitely
generated as the sequence is strictly ascending. In particular H has infinite index in 71 (S)
and is free of countable rank. Thus we can embed H as a subgroup of Fj to receive the
strictly ascending sequence

H1<H2<H3<"’§F2
and the claim follows again from Theorem 5.8. U

Lemma 5.10. Let G be a group and N a finite index subgroup of G, such that N does
not admit expanding automorphisms.

1. If N s characteristic in G, then G does not admit expanding automorphisms.
2. If N is normal in G, then G does not admit expanding inner automorphisms.

Proof: So let N be a subgroup of finite index in G, which does not admit expanding
inner automorphisms.

1. Assume that N is characteristic in G. If a € Aut(G) would be an expanding
automorphism on a subgroup H < G, we would have the ascending chain

H<H*<H" <...
Since N is of finite index in G the ascending chain
HAN<H*NN<HAN<.--<N
has a strictly ascending subchain
HNN<H"AN<H"NN<---<N

for some k; € N for all i € N. Since N is characterstic in GG, we conclude that
H"NN = (HNN )ak for any £ € N, contradicting that N does not admit expanding
automorphisms.

2. The proof of the second assertion is similar, except that we are in the situation
where N 94 G and « € Inn(G). O

Corollary 5.11. Let S be compact surface and let G virtually 7 (S). Then G does not
admit expanding inner automorphisms.

Proof: Let GG be such a group. Then there exists a subgroup N of finite index in G
with N = m1(5) for some compact surface S. W.l.o.g. we can assume that N is normal in
G. By Lemma 5.10 it suffices to prove that N does not admit expanding automorphisms.
If @ € Aut(N) would be an expanding automorphism on a subgroup H < N, we would
have the ascending chain

H<H*<H"<...<N

Since o € Aut(N) it follows that all groups in the chain are isomorphic implying that
their free ranks coincide, contradicting Proposition 5.9. U
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Since any f.g. free group can be regarded as the fundamental group of a compact
surface with boundary we observe the following:

Corollary 5.12. Let G be a f.g. virtually free group. Then G admits no expanding inner
automorphisms. O

The following statement implies that for any totally orientable Seifert fibered space
M, m (M) does not admit expanding inner automorphisms:

Lemma 5.13. Consider the short exact sequence of groups

15CH%GA H 1

such that C' does not admit expanding automorphisms and H does not admit expanding
inner automorphisms. Then G has no expanding inner automorphisms.

Proof: W.lo.g. we identify C with ¢(C). Let S < G and assume that there exists
g € G such that § < S9. By assumption H has no inner expanding automorphims. So
we deduce that ¢(S) = ¢(S5)?9) = p(89). Therefore S -C/C = S9-C/C. Moreover we
have that SNC < S9N C. Since C = kerp is normal in G, SNC < S9N C = (SNC)?
contradicts the assumption that C' has no expanding automorphisms. So assume that
SNC =57NC. Then we deduce S/SNC < S9/SNC = 59/59NC. Considering the
natural isomorphism 7 :.59/S9NC — S9 - C/C we conclude

p(S)=8C/C =7(5/SNC)=7(5/5NC) < 7(59/59NC)=85C/C = ¢(59).
A contradiction. Thus the statement is proven. O

We close this chapter with the following useful statements of [2]:

Lemma 5.14. Let H, and Hs be two finitely generated subgroups of a group G. Assume
that G does not admit expanding inner automorphisms. If Hy conjugates into Hy and Ho

conjugates into Hy, then Hy and Hy are conjugate. More precisely, for any two elements
g,h € G with H} < Hy and H} < Hy one already has equality: Hj = H, and H! = H,

Proof: We have H; < Hgfl < Hiqflhfl. Put f := g 'h~! and consider the associated
inner automorphism. Since it is not expanding, the inclusion H; < H { is not strict. Hence
H, = H{ that implies H" = H = H,. O

This statement produces the following crucial corollary, which will enable us to deduce
the SCS-property from the con-separability if the considered group G does not admit
expanding inner automorphisms.

Corollary 5.15. Suppose that a group G does not admit expanding inner automorphisms
and let Hy and Hs be two non-conjugate finitely generated subgroups of G. Then H;y is
not conjugate into Hy or Hs is not conjugate into H;. 0]
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5.3 Fully conjugacy separable groups

It seems reasonable, that the conjugacy separability is related to the conjugacy separabil-
ity. And it turns out, that the cs-property is an important tool for proving the subgroup
conjugacy separability. Remind that a group G is said to be conjugacy separable (CS) if
for any pair of non conjugate elements a,b € G, there exists a homomorphism ¢ from G
to a finite group E such that ¢(a) and ¢(b) are not conjugate within E. In the following
definition we extend this property to finite subsets of G:

Definition 5.16. A group G is called fully conjugacy separable (FCS) if for any two
finite subsets A, B C G with a not conjugted to b for any a € A and b € B, there exists a
homomorphism ¢ from G to a finite group E, such that p(a) is not conjugate to p(b) in
E for any pair of elements a € A, b € B.

It is easy to see that fully conjugacy separable implies conjugacy separable. The
following Lemma shows that the converse is also true:

Lemma 5.17. A group G is conjugacy separable if and only if it is fully conjugacy sepa-
rable.

Proof: We have to show that the conjugacy separability implies the fully conjugacy
separability, since the other implication is obvious. So let G be CS and A, B C G two
finite subsets, such that no element of A is conjugate to an element of B. Since G is CS, for
any pair a € A, b € B there exists a finite group E,; and a homomorphism ¢ : G — E,
such that the images of @ and b are not conjugate in E, ;. These homomorphisms induce
a homomorphism

Y = X Pap: G — X Ea,b'
acAbeB acAbeB
Clearly E := x E,; is finite as n = |A| - |B| is finite. Moreover we have that
acA,beB
(e1,...,€,) @) = (f1 ... f.)in E if and only if €7 = f;. Therefore ¢ : G — E is the
desired homomorphism. O

Lemma 5.18. Let G be a group, B a subgroup and A a subset of G. Then the following
statements are equivalent:

(1) There exists a finite index subgroup D of G containing B such that any a € A is not
conjugate into D.

(2) There ezists a homomorphism ¢ from G to a finite group E such that ¢(a) is not
conjugate into o(B) in E for any a € A.

Proof: (1) = (2): Consider the finite index normal subgroup N := (1 ., D? and the
associated homomorphism ¢ : G — G/N. Assume ¢(a)?9) € ¢(B) for some a € A and
g € G. Then a¢ € ¢ Y ¢(B)) = B-N < D. A contradiction. Hence ¢ is the desired
homomorphism.

(2) = (1): Clearly N := kery is a normal finite index subgroup of G. Assume
a9 € D := B-N for some a € A and g € G. Then ¢(a?) = ¢(a)?9 € p(B-N) =
B-N/N = ¢(B). A contradiction. Therefore D is the required subgroup of finite index
containing B. 0
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Corollary 5.19. Let G be a conjugacy separable group. Then any finite subgroup B of
G is con-separated from each element g not conjugate into B.

Proof: By Lemma 5.17 GG is FICS. Hence there exists a homomorphism ¢ from G to
a finite group F, such that to ¢(g) is not conjugate into ¢(B). Hence the claim follows
immediately from Lemma 5.18. U

In order to give a short proof that any finite subgroup of a group GG containing some
conjugacy separable subgroup of finite index is con-separated in GG, we need the well
known terminology of ”twisted conjugacy classes”:

Lemma and Definition 5.20. Let G be a group and ¢ an automorphism of G. We call
91,92 € G twisted-¢ conjugate in G and write g1 ~¢ g2 if there exists some g € G such
that ¢(g9)g19~" = ga. Then ~4 defines an equivalence relation on the set of elements of
G and we call this relation "twisted-¢ conjugacy” with “twisted-¢ conjugacy classes”. We
denote the twisted-¢ conjugacy class of an element g € G by [g],-

Lemma and Definition 5.21. Let G be a group and ¢ an automorphism of G. We call
¢ virtually inner if ™ is inner for some integer n. Given a virtually inner automorphism,
@, let Gx, denote the group

(Gt :t"=2,¢" = ¢(g), forall g € G)

where n is chosen to be the least integer such that " is inner and x € G is chosen so
that ¢"(g) = ¢g* for all g € G. This group has G as a normal subgroup of finite inde.

In [25], proposition 3.5, the author proved the following:

Lemma 5.22. Let G be a conjugacy separable group and ¢ be a virtually inner automor-
phism of G. If G4 is conjugacy separable then twisted-¢ conjugacy classes in G are closed
i the profinite topology of G.

Proof: Note that G is a finite index subgroup of G, so a subset of G is closed in the
profinite topology of G if and only if it is closed in the profinite topology of Gj.
Now consider the element tg, for g € G. Since (tg)! = gt = (tg)?  and ht = t¢(h) for any
h € G it is easily verified that every conjugate of tg is a conjugate of tg by some element
of GG. Moreover, if x € G then,

wtge™t = t(p(x))gz .

Hence the conjugacy class of tg in G is equal to

t([gle),
where the twisted-¢ conjugacy class is understood to be in G. Now, since group
multiplication is a homeomorphism, [g]s must be closed in G, and hence in G. d

This gives rise to the following crucial statement.

Lemma 5.23. Let G be a group containing some normal conjugacy separable subgroup
N of finite index. Then any finite subgroup Hy of G satisfying Hy NN = {1g} is con-
separated in G.
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Proof: By Lemma 5.6 we can assume that G = H; - N = H; x N. So let H, be a
finitely generated subgroup of G. Choose some finite set B C Hj such that Hy = (B).
Thus for any g € G it follows HY < H if and only if BY C Hy. So assume that BY ¢ H;
for any ¢ € G. Since G = H; - N = H; x N it follows that for any b € B there exists
unique a, € H; and n, € N such that b = ay - n,. Moreover the set {xy|b € Hy} is finite
as B is a finite generating set. Note that since H; is finite any element a € H; is of finite
order. Thus any a € H; induces a virtually inner automorphism ¢, : N — N, n + n®. As
by Lemma 5.22 the twisted conjugacy classes are closed in N it follows that for any b € B
and any a € M, there exists a finite index subgroup Ny in N such that [np) o, NN = 0.
Thus N := Mes Vi is a finite index subgroup of N. W.Lo. g. We can assume that N is

characteristic in N implying that N < G. Hence D := H, - N is a finite index subgroup
of G containing H;. Assume that B¢ C D for some g € G. Clearly there exists a € H;
and n € N such that g = an and it follows for any b € B:

b = (an)ayny(n'a™t) = aay(n®nyna"' € D.
Since a, a, € D we deduce that (ab_lbgfl)a =n%mn~t € D and therefore
n®nyn~t € DAN = (H, - N)NN = (H,NN)-N = N.

If now n%nyn~! # 1g it follows n®nyn=! € (8], M N contradicting (78], N N 0.
Thus b9 = ag’*l for any b € B implying that BY C A. A contradiction. O

Combining Lemma 5.23 with Corollary 5.15 and Lemma 5.6, we obtain the following
important statement:

Corollary 5.24. Let G be a group which does not admit expanding inner automorphisms.
Moreover assume that G contains a conjugacy separable group of finite index and that any
f.g. infinite subgroup H is con-separated from any f.g. infinite subgroup Hy of G, which
1s not already conjugate into Hy in G. Then G is subgroup conjugacy separable.

Proof: So let G be a group which does not admit expanding inner automorphisms.
Moreover assume that G' contains a conjugacy separable group of finite index and assume
that any f.g. infinite subgroup H is con-separated in G. Let H; and Hs be two f.g.
non-conjugate subgroups of G. We have to show that there exists a finite quotient of G
such that the image of H; is not conjugate to Hy. By Lemma 5.15 w.l.o.g. we can assume
that Hs is not conjugate into Hy. If Hy is finite it follows from Lemma 5.23 that H; is
con-separated from H, within G. So assume that H; is infinite. If H, is infinite then
H; is con-separated from Hy by assumption. If Hs is finite then H; cannot be conjugate
into H,, since H; is assumed to be infinite. Thus H, is con-separated from H; by Lemma
5.23. Anyway by Lemma 5.4 there exists a finite quotient such that the image of Hs is
not conjugate into H; or the image of H; is not conjugate into the image of Hy implying
that the image H; is not conjugate to image Hs. Thus G is SCS. 0J

So in order to prove that a group G, which contains some cs-group of finite index and
does not admit expanding inner automorphism, is SCS, we only have to show that any
f.g. infinite subgroup H < G is con-separated from any f.g. infinite subgroup H,, which
is not already conjugate into H; in G.
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5.4 A proof that virtually free groups are SCS

In this chapter we show that any f.g. virtually free group is subgroup conjugacy separable.
While I was working on this thesis in [33] the authors proved independently the same
result using techniques of profinite topology exclusively. However we will give a proof
using covering theory of graphs of groups. As well as the authors of [33] we will make use
of the following statement which is proven in [10] combined with [40].

Theorem 5.25. Any f.g. virtually free group is conjugacy separable. 0
From now on let B be a minimal finite graph of finite groups with no loops.

Lemma 5.26. Let A be finite subgroup of G = 71(B, ug) and let A® = {a%la € ANg € G}.
Define X = {[p] € G|3q € [p] : |¢| < M} for some M € N. Then there erxists a finite
index subgroup Dx of G containing A, s.t. the following two properties are satisfied:

1. Any xz € X \ AY is not conjugate into Dy.
2. x ¢ Dy for any x € X \ A.

Proof: Since B is a finite graph of finite groups, we deduce that X is a finite set.
Since G is a f.g. virtually free group it follows by Theorem 5.25 that G is CS and therefore
FCS. By applying Lemma 5.18 there exists a subgroup of finite index D} containing A
satisfying the first property and since G is subgroup separable by Theorem 3.93 it follows
that there exists a finite index subgroup D% containing A satisfying the second condition.
Now the claim follows for Dx := D% N D%. O

Definition 5.27. Let C be a graph of groups with underlying graph C. We call a non-
trivial pathy = ey ..., e, k € N, in C essential if ae, (Ce,) < Caeyy andwe, (Ce,) < Coer)-
Moreover we call the vertices aey) and w(ex) the associated essential vertices.

Corollary 5.28. Let f : A — B be a folded morphism of finite graphs of finite groups,

s.t. VA ={w}, EA =0 and A,, < By, for some uy € VB and f,, = id. Moreover

let M be natural number s.t. M > 2-d+ 2 for d = m‘%)éd(uo,u). Then there exists
ue

a finite-sheeted covering g : © — B representing some subgroup D < G satisfying the
following properties:

(1) A,y = Cuy, which means that A is geometric in C.
(2) For any elliptic element x € D we have that x9 < A,, for some g € G.
(3) Let v =eyq,...,ex, k € N, be an essential path in C. Then k > @.

(4) Let v =ey,... e, k €N, form a non-trivial circle in C, i.e. 7 is reduced, k > 1 and
ale;) = w(eg). Then k> M — 2d.

(5) Let v = eq,...,ex, k € N, be a non-trivial reduced path in C such that a(e;) =
w(ex) = wo. Then k> M — 2d.

(6) Let v = eq,...,ex, k € N, be a non-trivial reduced path in C such that a(ey) = wy
and we, (Ce,) < Cu(eyy. Then k > @.

100



Proof: So let M be a natural number s.t. M > 2-d+ 2 for d := m‘z}%d(uo,u). Let
ue

X :={[p] € G|3q € [p| : |qg| < M}. Then Lemma 5.26 implies that there exists a finite
index subgroup Dy of G containing [A,,| satisfying

(a) Any z € X \ [A,,]¢ is not conjugate into Dx and
(b) x ¢ Dx for any z € X \ [A].

Let g : C — B be a finite-sheeted cover representing Dyx. W.l.o.g. we may assume that
for the base vertex wy € VC holds g,, = id implying that A,, < Cy, as [A,,] < Dx.
Clearly [b] € X \ [A,] for any b € By, \ Ay,- Thus (b) implies A,, = C,, proving (1).

For (2) let © € Dx < G = m(B,up) be an elliptic element. For any vertex u € VB
let ¢, be a B-path of length d(ug, u) connecting uy with u. Note that any elliptic element
of G is conjugate to some element of the form [g, - b - ¢, '] for some v € VB and some
b € B,. Thus there exists g € G such that 29 = [g, - b- ¢, '] for some u € VB and some
b € B, implying that 9 € X since |q, - b-q;'| = 2-d(ug,u) < M. Therefore we conclude
by (a) that 29 € [A,,]¢ proving (2).

For (8) and (/) assume that there exists a path v = ey,...,ex, k € N, such that ei-
ther v is essential and £ < @ or v forms a non-trivial circle in C' and k < M — 2d.
Since C is a covering we deduce that in both cases we find a hyperbolic element x € G
such that z = [pg(Pww - P - p;}w,)] for some C paths p,, v and p satisfying the following

conditions:
e a(p) =w(p) =w' = ale;) and [p| < M — 2d,
o a(Pyuw)=w and W(py) = w' for some w € g7 (ug) C VC with |py.| < d.

Thus x is conjugate into Dy and |py . - p - p;}w/| < M. Hence it follows by (a) that x is
conjugate into [A,,], contradicting that = acts hyperbolic. This proves (3) and (4). Note
that (4) implies (5). Moreover (6) is an immediate consequence of the fact that x ¢ Dy
for any = € X \ [A,,], completing the proof. O

This corollary will be the base in the proof by induction of the following statement:

Proposition 5.29. Let U < 7(B,ug) and M be natural number s.t. M > 2-d+ 2 for

d:= m‘%)éd(uo,u). Let §f : A — B representing U = w1 (A, vg) for some v € VA such
ue

that core(A,vg) = A. Then there exists a finite covering g : C — B representing some
subgroup D < G satisfying the following properties:

(1) A is geometric in C.
(2) For any elliptic element x € D we have that x9 < U for some g € G.

(3) Let v = eq,...,ex, k € N, be an essential path in C such that there exists w €
{afer),w(ex)} satisfying w ¢ VA. Then k > 222,

(4) Let a reduced path v = ey,...,ex, k € N, with e, ¢ EA for some r € {1,...,k}
form a non-trivial circle in C, i.e. v is reduced, k > 1 and a(e;) = w(eg). Then
k> M — 2d.
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(5) Let v =eq,...,ex, k € N, be a reduced path in C such that e, € EC'\ EA for some
re{l,...k} and a(er),w(ex) € VA. Then k> M — 2d.

(6) Let v =ey,... e, k € N, be a non-trivial reduced path in C' such that e; € EC'\ EA

forsomei € {1,...k} anda(e;) €e VACVC andwe, (Ce,) < Custe). Then k > M;Zd'

Proof: We will prove the assumption by induction over the finite number of vertices
in A. As mentioned before, Corollary 5.28 proves the case |[VA| = 1. So let |V A| = n.
Now we will proceed as in the proof of Theorem 3.78. So create two subgraph of groups
A' and A? as in the proof of Theorem 3.78 by removing some suitable edges of EA.
Then VA" < n for i € {1,2}. By induction hypothesis there exists a covering C* for A’
satisfying (1)-(6). Clearly we can proceed as in the proof of Theorem 3.78 to create a
covering C such that A is geometric in C. So it’s left to prove that this covering of graphs
of groups is the desired one. Since the properties (1) and (2) are obvious we are going to
show the properties (3)-(6).

Before we start with the proof, we observe the following:

Observation (x):

Let i € {1,2}. By induction hypothesis we can assume that property (5) holds for
. Thus it follows that for any two edges e;,eo € EC? satisfying a(e;), a(eq) € VA
that the distance of two vertices x and y with = € {a(e;),w(e1)} and y € {a(e1),w(er)}
is greater than M — 2d — 2. Note that there are two types of identified edges in the
constructed covering C. The set of edges E which lie in the copy of A in € and the set F'
of identified edges which do not lie in the copy of A in C. Let f, fo € EUF with f; # fs.
Then it is an immediate consequence of the previous argument that for any reduced path
v =e1,...,ex k € N, with ale;) = a(f1), wler) = a(fz) and e, ¢ EA* C EC" for any
re{l,...,k} that k > M — 2d — 2 since (5) holds for C".

Observation (*x):

Let f € F. Then a similar argument as above implies that the distance of any two
vertices z and v with = € {a(f),w(f)} and v € V A is greater than M — 2d — 1.

Keeping this in mind, we start with proving (5). So let v = ey,...,ex, k € N, be a
reduced path in C' such that e; € EC'\ EA and a(e;),w(e;) € VA. If v can be regarded
as a path in C* for some i € {1,2} before constructing C out of C* and C?, the claim
follows since we can assume that (5) holds for C° by inductive hypothesis. Otherwise v
must cross some f € F' and the claim is easily verified by ().

If w(er) ¢ VA an analogous argumentation as above shows (6) by applying (*) instead
of (xx). Moreover if w(ex) € VA then it follows that (6) is an immediate consequence of
(5). So we are left to show (3) and (4). For (3) let v =ey,...,ex, k € N, be an essential
path in C such that there exists w € {a(e1),w(er)} satisfying w ¢ V A.

Case 1: Assume that a(e;),w(ey) € VC" for some i € {1,2} before constructing C
out of C! and C2. By inductive hypothesis we can assume that v passes some f € F or
some e € E. Thus there exists r,s € {1,...,k} with r # s such that e,, e, € F U E since
aler),w(er) € VC'. Hence the claim follows by (k).
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Case 2: W.lo.g. assume that a(e;) € VC! and w(e,) € VC? Thus there exists some
r€{l,...,k} and subpaths vy = e1,...,e,_1 and 5 = €,11, ..., e of v such that e, € F
and ~; can be regarded as a path in C? for i € {1, 2} before constructing C out of C! and
C2. Thus |y;| > 2524 — 1 since (6) holds for €7, i € {1,2}, by induction. Clearly this

implies k& > @.

So it’s left to prove (4). So let a reduced path v = e1,...,e,, kK € N, with e, ¢ EA
for some r € {1,...,k} form a non-trivial circle in C, i.e. ~ is reduced, k£ > 1 and
aler) = wleg). If es ¢ FUE for any s € {1,...,k} the claim follows by inductive hy-
pothesis. So assume the contrary. Thus there exists r, s € {1,..., k} such that r # s and
eres € F'UE since v is closed and we conclude by (%) that & > M — 2d proving the
statement. 0]

Corollary 5.30. Let B be a finite graph of finite groups and let G = m (B, ug) for some
ug € VB. Then any f.g. infinite subgroup H;y is con-separated from any f.g. infinite
subgroup Hy of G, which is not already conjugate into Hy in G.

Proof: So let B be a finite graph of finite groups, G = (B, ug) for some vy € VB
and let Hy, Hy < G be two f.g. infinite subgroups of G such that Hs is not conjugate into
H; in G. Choose some representing folded morphism f; : A; — B for H;, i € {1,2}, such
that core(A;,v}) = Ay and core(Ay,v3) = A, for some suitable base vertices v} € A;,
i € {1,2}. Furthermore let d := gelxé})éd(uo’u) and dy := max d(vy,vy) and let M be

v1,v2€V Ao

natural number with M > max{4d + 2,4d, + 2}. Create the covering g : C — B as
in Proposition 5.29 for A; and M. Then the the morphism g represents a finite index
subgroup Dj; of G containing H;. Assume that H, is conjugate into D,;. Then there
exists a folded morphism from § : Ay — C representing some conjugate of Hy in Dy, i.e.
Paliy (1 (Az2)) © Po(m1(Ag,v5)) = HI for some g € G. Thus we deduce by condition (3)
and (/) that by the choice of M the represented subgroup of h must be either elliptic or
it is already a subgroup of H;. Since Hs is not conjugate into H; it follows that H, is
elliptic and therefore finite which provides the conclusive contradiction. 0

We conlude by Lemma 5.24:

Theorem 5.31. Let G be a f.g. wvirtually free group. Then G is subgroup conjugacy
separable.

Proof: By Theorem 3.90 one can assume that G = (B, ug) for some finite graph of
finite groups B and some uy € VB. By Theorem 5.25 G is conjugacy separable and by
Corollary 5.12 G admits no expanding inner automorphism. Thus Corollary 5.30 implies
that the claim is a direct consequence of Corollary 5.24. U
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6 Fuchsian groups are SCS

Planar groups act properly discontinuously by isometries on H? R? or $2 and are classified
by their orbifold, i.e. by the quotient space of the respective plane modulo the group action
where one needs to record rotation orders of images of fixed points and reflections. The
groups can then be recovered as the fundamental group of the orbifold. Details can be
found in the beautiful article of P. Scott [37]. In this work we restrict us to that kind of
group actions, where the corresponding orbifold is orientable. In particular in the case,
where the acting group G is a Fuchsian group:

Definition 6.1. We call a group G a Fuchsian group if G is a discrete subgroup of
Isom™(X) for X € {H? R?, %%}

As mentioned before, the associated quotient space @ = X/G is an orientable 2-
dimensional orbifold such that m;(O) = G. If G is f.g., we will see that O can be assumed
to be compact and such a compact orientable 2-orbifold can be easily described in the
form O = (EZ(E); P1,---,Pm) where X is a surface with n boundary components of genus
g(2) and p; € N>, are the rotation orders of the cone points.

The aim of the following four sections of this chapter is to give a proof for the following
statement.

Theorem 6.2. Finitely generated Fuchsian groups are SCS.

The ideas are based on the ideas of [3], where the authors showed that the fundamental
group of a compact closed orientable surface is SCS.

Afterwards we will use Theorem 6.2 to prove in chapter 9 that fundamental groups of
totally orientable compact Seifert 3-manifolds are SCS as well. For this we will use the
following result. A proof can be found in [37]:

Theorem 6.3. Let M be a Seifert fibered space. Then there exists a short exact sequence
1-C—-m(M)—H—1,

such that C' is a cyclic group and H is the fundamental group of a 2-dimensional orbifold

0.
Now we define a totally orientable Seifert 3-mainfold as follows:

Definition 6.4. Let M be a Seifert fibered space. M 1is called totally orientable if there
exists a short exact sequence

1-C—-m(M)— H—1,
such that H = m1(QO) for some orientable 2-orbifold O.

So we will show:

Theorem 6.5. Let M be a totally orientable Seifert fibered space such that there exists a
short exact sequence
1-C—-m(M)—H—1

with H = 7 (O) finitely generated for some orientable 2-orbifold ©O. Then m (M) is
SCS.

The cases where 71(O) acts on R? or §? will be dealt separately in the next section
(6.1), while the interesting case, i.e. where m1(O) acts on H?, will be discussed in the
sections 6.2-6.4.
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6.1 Virtually Polycyclic Groups

In this chapter we will show that any discrete subgroup of Isom™ (X) for X € {R?, %%}
and the fundamental group of the pillow orbifold are SCS. In addition we will show that
the corresponding fundamental group of a Seifert fibered space M with the property that
in the corresponding short exact sequence of Definition 6.4, we have H € Isom™ (X)) for
X € {R? %%} or H = m1(0O) for the pillow orbifold O is SCS. For this we will exploit that
any virtually polycyclic group is SCS.

Definition 6.6. A group G is called polycyclic if there exists a subnormal series
G:GOZGlEZGn—lZGn:{lG}
with cyclic factors. Such a series is called pc series of G.

Definition 6.7. A group G is called virtually polycyclic if G has a polycyclic subgroup of
finite indez.

In [38] on page 69 Theorem 7 it is proven:
Theorem 6.8. Virtually polycyclic groups are SCS. O
We will deal now with the case, where H is a group acting on R? or $%:

Theorem 6.9. Let H be a discrete subgroup of Isom™(R?). Then there exists a short

exact sequence
1-T—-H—FE—1,

such that E is a finite group and T € {{17},7,7. x 7.}. O

Hence in this case H is virtually abelian and therefore virtually polycyclic. Moreover
the same holds for an associated Seifert fibered space:

Corollary 6.10. Let G = m (M) for some Seifert fibered space M, where in the corre-
sponding short exact sequence

1-C—-mM) 5 H—1,
we have H € Isom™ (R?).

Proof: Clearly in this case, we have that C' = Z. By Theorem 6.3 there exists a
short exact sequence
1-T—-H—FE—1,

such that F is a finite group and T € {{1r},Z,7Z x 7Z}. Hence there exists a normal finite
index subgroup N = T in H. Let Gy := ¢ '(N). Then Gy is a normal subgroup of finite
index in G. If Go/C =T € {{1r},Z} the statement is trivial. So let T"= Z x Z. Then it
is easy to see that Gy = (Z x Z) x Z and therefore Gy is polycyclic. Hence the statement
follows by Theorem 6.8. 0J

As explained in [37], we have that:

Lemma 6.11. Let H be a discrete subgroup of Isom™ ($%). Then H is a finite. O
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So by 6.8 we conclude:

Corollary 6.12. Let H be a discrete subgroup of Isom™ (X) with X € {%% R?}. Then H
is SCS. O

Corollary 6.13. Let G = m (M) for some Seifert fibered space M, where in the corre-
sponding short exact sequence

1=C—-mM) 5 H =1,
we have H € Tsom™ (X)) with X € {$* R?}. Then G is SCS. O
In the paper [37] it is shown that:

Theorem 6.14. If G is a subgroup of Isom™ (H), then G contains a surface group of finite
index. 0

Moreover it is known that any surface group is CS (see [25]):

Theorem 6.15. Let G be a group having a surface group of finite index. Then G is
conjugacy separable. O

Combining this fact with Corollary 5.11 and Corollary 5.24 we obtain:

Corollary 6.16. Let G be a subgroup of Isom™ (H) and assume that any f.g. infinite
subgroup Hy 1s con-separated from any f.g. infinite subgroup Ho not already conjugate

mto Hy. Then G is SCS. U
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6.2 Subgroups of Fuchsian groups are almost geometric

In the light of the last corollaries we only need to show that any f.g. infinite subgroup H;
is con-separated from any f.g. infinite subgroup Hs not already conjugate into Hy, since
this would imply Theorem 6.2. To provide another reduction of Theorem 6.2 with the
help of Lemma 5.6, we will now show that 2-dimensional orbifolds are ”almost geometric”
in the sense of Scotts paper [36]. In this paper he showed that surface groups are ”almost
geometric”, which means rughly speaking that any f.g. subgroup of a surface group, is
realizable as the fundamental group of compact subsurface in a finite-sheeted covering of
the whole surface. This fact he uses to show the following:

Theorem 6.17. Let G the fundamental group of a compact surface. Then G is subgroup
separable. O

In addition he proved in [36] that the Subgroup Separability is closed under finite
extension of groups. Combining this with Theorem 6.14 leads to the following crucial
consequence:

Corollary 6.18. Fuchsian groups are subgroup separable. U

The upcoming statements are translations of statements 1.4-1.6 of [36] to the orbifold
case. Scott used them to prove the subgroup separability for surface groups. Since by
6.18 Fuchsian groups are subgroup separable, we will go the other way around and use
this fact to show, that subgroups of Fuchsian groups are ”almost geometric” as well as
subgroups of surface groups.

In order to make the connection between the subgroup separability and topology, we
make use of the following result (see [36], Lemma 1.2):

Lemma 6.19. Let X be a Hausdorff topological space with reqular covering X and Deck-
transformation group G. Then the set of elements {g € G|gC N C # 0} is finite for any
compact subset C of X. U

Definition 6.20. Let G be a group acting on a space X. We define a fundamental region
for G to be a closed subset P of X such that the following holds:

1. UgeGgP:X

2. Py NPy = 0 for all non-trivial elements g € G, where Py, denotes the interior
of P.

Lemma 6.21. Let O be a compact 2-dimensional orbifold. Let O be a reqular orbifold
covering of O with Decktransformation group G. Then G is subgroup separable if and
only if gwen a f.g. subgroup U < G and a compact subset C' of O/U there is a finite
covering O of O such that the projection (’)/U — O factors through O and C projects
homeomorphically into 0.

Proof: ”<": Suppose that the geometric condition holds and that U is a f.g. sub-
group of G and g is an element of G\U. Pick x € O such that gr # x and let C in (5/U be
the image of {z, gx}. The geometric condition provides us with a finite covering O of O
such tAhat the projection O /U — O factors through O and C projects homeomorphically
into O.
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Clearly O=0 / G for some finite index subgroup G of G Contammg U, such that ¢
does not lie in G as {z, gx} projects homeomorphically into O. Hence G is subgroup
separable.

7=": Now suppose that G is subgroup separable and that we are given a f.g. subgroup
U of G and a compact subset C' of O/U. Let p denote the projection map O — O/U,
and let Y denote p~1(C) in O. Since O is compact, there exist a fundamental domain
X in O for O, such that X is compact. Hence the restriction p|x : X — Y is a contin-
uous map and since Y is Hausdorff any preimage of a compact subset of Y is compact.
Therefore there exists a compact subset D C X C O, such that p(D) = C. Recall that
{9 € G:gDND # (0} is finite, by Lemma 6.19. As G is subgroup separable we can
find a subgroup G of finite index in G such that G contains U _and, in_addition, if g is
an element of G such that gD meets D then g lies in U. Then 0=0 / G is the required
finite covering of O. ]

Let O be a compact orientable 2-orbifold decomposed into sub-2orbifolds Cy,...,C,,
i.e., O is obtained from the sub-2-orbifolds by gluing them along boundary circles. In the
2-orbifold, these circles appear as cutting circles along which O is decomposed. We say
that C;, © € {1,...,n}, is an incompressible sub-2-orbifold if the embedding C; <— O in-
duces the embedding of fundamental groups: m1(C;) < m1(O). Geometrically this means
that the complement of C; in O does not have disc components or disc components con-
taining exactly one cone point.)

Now we want to translate Lemma 1.5. of [36], into the 2-orbifold case. Since our
proof of this translation makes use of the original statement, we shall repeat the original
statement first:

Lemma 6.22. Let S be a surface such that m(S) is finitely generated and let C' be a

compact subset of S. Then there is a compact, connected, incompressible subsurface S of
S which contains C' such that the natural map w1 (S) — m1(S) is an isomorphism. O

In the case of a 2-dimensional orbifold, we dedcue the following:

Corollary 6.23. Let O be a 2-dimensional orbifold such that w1 (Q) is finitely generated
and let C' be a compact subset of O. Then there is a compact, connected, incompressible
sub-2-orbifold O of O which contains C such that the natural map m,(O) — m(O) is an
1somorphism.

Proof: Let O be a 2-dimensional orbifold with underyling surface ¥ such that m;(O)
is finitely generated and let C' be a compact subset of O. Since 71 (Q) is finitely generated
O has only finitely many cone points, say P,...,FP,. Let now P denote the union
of these cone points. Clearly one can extend C' such that any cone point lies in C.
Let S denote O with the interiors of small cones centred on the cone points removed.
Thus 9(S) = 0¥ U Ry U ...U R,, where R; is the boundary of the removed cone point
neighborhood corresponding to the cone point P, for any i € {1,...,m}. Clearly m;(S) is
finitely generated, since 71(X) is. Now Lemma 6.22 provides us a compact incompressible
subsurface S of S such that the natural map 7T1(§> — m(S5) is an isomorphism. By
undoing the removing of the cone points we obtain | a compact 2-dimensional orbifold O

and it is easily verified that the natural map m;(O) — m(O) is an isomorphism (for
details see [37]). O
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Putting Lemma 6.21 and 6.22 together we obtain the following immediate consequence:

Corollary 6.24. Let O be a 2-dimensional orbifold. Then G := m1(O) is subgroup sepa-
rable if and only if gwen a f.g. subgroup U of G and g € G\ U, there is a finite covering

O of O such that 7r1((’)) contains U but not g and U is geometric in 0.

Proof: The proof is a direct consequence of 6.21 if O is supposed to be the uni-
versal covering of O. In the second direction we only have to assume that C' is a com-
pact incompressible sub-2-orbifold of O which fulfills the property that the natural map
m(C) — m(Op) is an isomorphism. Note that such C' exists by Corollary 6.23. O

By Theorem 6.18 combined with Lemma 6.24 we obtain:

Proposition 6.25. Let G = m1(O) be a Fuchsian group and Hy < G be a f.g. subgroup.
Then there exists a finite-sheeted covering O — O, such that Hy is geometric in O, that
is Hy is the fundamental group of a compact 2-dimensional sub-orbifold of O. U

Recall the following:

Definition 6.26. A subgroup H of a group G is malnormal if HY N H = {1g} for all
g€ G withg ¢ H.

Suppose we are given a orientable 2-dimensional orbifold O with finitely generated
fundamental group G = 7T1((’)). In order to prove that G is SCS by Corollary 6.23 we
can assume that O is compact. So assume that O has n > 1 boundary components and
consider a surface S of genus ¢(S) > 1 with n boundary components. Clearly we can
glue O and S along their boundary components together. The resulting space is a closed
2-dimensional orbifold O, with the property, that m;(Q) can be regarded as malnormal
subgroup in m1(Q). Thus the following statement provides a further reduction:

Lemma 6.27. Let G be a group and let U < G be a malnormal subgroup of G. Suppose
that the f.g. subgroup Hy, < U is con-separated from Hy < U within G. Then H; is
con-separated from Ho within U.

Proof: Let Hy and Hy # {1¢} be two f.g. subgroups of G such that Hy # H, for
any x € U. Assume that there exists x € G — U such that Hy = H;. Then H, <UNU*
and therefore Sy = {1g} or x € U. A contradiction. By assumption there exists a finite
index subgroup D in G, containing H; such that Hy £ D for any = € G. We conclude
that Dy := D N U is the desired witness of separation of H; and Hs in U. O

In order to prove that any fundamental group G := m;(Q) of some orientable 2-
dimensional orbifold O is SCS, by Lemma 6.27 it suffices to deal with the case, where
O is closed. After applying Corollary 6.12 we can assume that G < Isom™(H?) and
by Corollary 6.16 we only have to verify that any f.g. infinite subgroup H; of G is
con-separated in G. Moreover Lemma 5.6 combined with Corollary 6.24 implies that we
can assume that the subgroup H; is almost geometric in O. Hence we conclude that for
proving Theorem 6.2 it suffices to establish the following:

Theorem 6.28. Let O be a closed 2-dimensional hyperbolic orbifold with f.q. fundamen-
tal group G := m(O). Then any f.g. infinite subgroup Hy < G, which is realizable as a
2-dimensional-sub-orbifold, is con-separated within G from any f.g. infinite subgroup Hs
not conjugate into H.

As already remarked in the introduction 6.28 is as well a direct consequence of [8],
Theorem 2.6.
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6.3 Coverings of 2-dimensional orbifolds

Consider some 2-dimensional orbifold O and some subgroup H; of m;(O) satisfying the
requirements of Theorem 6.28. The fact that we can assume that H; is geometric in O
gives rise to a decomposition of O in 2-dimensional-sub-orbifolds. For showing Theorem
6.28, we have to find a witness of separation D for any f.g. Hy < G which is not conjugate
into H;. To achieve this, we will construct in the last section a finite-sheeted covering O of
O such that H; is geometric in O and Hs is not conjugate into the image of m;(QO) under
the natural embedding of fundamental groups m(O) — m(0). For this construction,
we will create suitable covering pieces of the 2-dimensional sub-orbifolds which are ob-
tained from the mentioned decomposition of O. For this we need the following statements.

Recall that if S is a compact surface of genus ¢(S) with n € N boundary components,
then x(S) =2 —2¢(S) —n if S is orientable and x(S) = 1 — ¢g(S) — n if not. Following
[5], page 113 pp., similarly one can define the Euler characteristic for compact orientable
orbifolds:

Definition 6.29. Let C = (X;p1,...,pm) be a compact orientable 2-orbifold with under-
lying surface & of genus g(X) with boundary components Ry, ..., R, and cone points P,
of of order p, € N f.a. r € {1,...,m}.

1. We set g(C) := g(X2).
2. The Euler characteristic of C is defined as

@) =x(®) =S (- Ly =2-29(C)—n -3 (1 - ).

Dr Dr

r=1 r=1

If G :=m(C) we set x(G) := x(C).

Note that x(O) < 0 if and only if O is hyperbolic, for details see [5] Proposition 2.6 on
page 114. Moreover the Euler characteristic is well-behaved when passing to subgroups of
finite index, namely if |G : U| = d then x(G) = d- x(U) (for details see again [5], page 113
pp.). Clearly any finite index subgroup corresponds to a finite-sheeted orbifold covering.
The following statements deal with some special finite-sheeted coverings of surfaces and
orbifolds, where it is completely determinable of which degrees the boundary components
are covered.

The following lemma was proved first by D. Husemoller in [19] und reproved in [11].
It is not valid for S if g(S) = 0. The corresponding problem is called Hurwitz realizability
problem for branched coverings of surfaces, see [18] It is not solved yet in general, see [28],
[29], [30] and[11].

Proposition 6.30. Let S be a compact orientable surface of genus g(S) > 1 with boundary
components Ry, ..., R,. Let S be a compact orientable surface with boundary components
R; j and associated natural numbers d; ; for everyi € {1,...,n}, j € {1,....k}. Then
there exists a covering S— S of degree d such that R;; covers R; with degree d; ; if and
only if the following conditions are satisfied.

1) Xx(8) = d-x(S5),
2) dzzgizl di; for everyi e {1,... n}. O
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Clearly there is a close relationship between surface coverings and orbifold coverings.
One can create an orbifold covering by treating the cone points as ordinary boundary
components with the following restriction: A cone point of rotation order p can be covered
of degree d if and only if d divides p. Therefore the following Corollary is an immediate
consequence of Proposition 6.30:

Corollary 6.31. Let C = (X;p1,...,pm) be a compact orientable 2-orbifold with under-
lying surface 3 of genus g(X) > 1 with boundary components Ry, ..., R, and cone points
P, of of order p. € N f.a. r € {1,...,m}. Let C= (i;pm, ey Ditys s Pras .- Drt,) De
a compact orientable 2-orbifold with underlying surface S with boundary components R; ;
with associated natural numbers d; ; for every i € {1,...,n}, 7 € {1,...,k} and cone
points Py, with associated natural numbers p, s for every r € {1,...,m}, s € {1,...,¢,}.
Then there exists a covering C—=C of degree d such that R;; covers R; with degree d; ;
and P, s covers P, with degree p, s if and only if the following conditions are satisfied.

1) x(€) = d-x(C),
2) d= 251:1 d;; for everyi e {1,... n}.

3) For any r € {1,...,m} we have p,s|p, for all s € {1,...,t,}.

4) d="" 2 for every r € {1,...,m}. O

s=1 prs

The following proposition was proved by A.L. Edmonds, R.S. Kulkarni and R.E. Stong
in [11].

Proposition 6.32. Let S be a compact orientable surface of genus g(S) = 0 with boundary
components Ry,..., R,, n > 3. Let S be a compact orientable surface with boundary com-
ponents R; j and associated natural numbers d; ; for everyi € {1,...,n}, 7 € {1,...k;}

such that k; = 1 and d;; = d for somei € {1,...,n}. Then there exists a coveringS — S
of degree d such that R, ; covers R; with degree d; ; if and only if the following conditions
are satisfied.

1) x(8) =d-Xx(S5),
2) d:Z?’:l d;; for everyi e {1,...,n}. O
We observe the following consequence for orbifold coverings:

Corollary 6.33. Let C = (3;p1,...,pm) be a compact orientable 2-orbifold with un-
derlying surface ¥ of genus g(3) = 0 with boundary components Ry, ..., R, and cone
points P, of of order p, € N fa. r € {1,...,m}. Assume that n +m > 3 and let
C= (i;pm, ey Ditys -y Prds -« -5 Drt,) be a compact orientable 2-orbifold with underlying
surface S with boundary components R; ; with associated natural numbers d;; for every

ie{l,...,n},j€{1,...,k} and cone points P, , with associated natural numbers p,. s for
everyr € {1,...,m}, se€ {1,...,t.} such that k; =1 and d;y, = d for somei € {1,...,n}
ort, =1 and p,; = d for some r € {1,...,m}. Then there exists a covering C — C

of degree d such that R;; covers R; with degree d;; and P, covers P, if and only if the
following conditions are satisfied.

1) x(€) =d-x(C),
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2) d= Zle d;; for everyi e {1,...,n}.
3) For anyr € {1,...,m} we have p,s|p, for all s € {1,...,t,}.
4) d=>"" 2 for everyr € {1,...,m}. O

s=1 Dr,s

As before the following proposition, again a proof can be found in [11], is translatable
into the 2-orbifold case:

Proposition 6.34. Let S be a compact orientable surface of genus g(S) = 0 with boundary
components Ry,...,R,, n > 3. Let S bea compact orientable surface with boundary com-
ponents R; ; and associated natural numbers d; ; for every i € {1,...,n}, j € {1,... k;}
such that k; = 2, diy = d —1 and d;2 = 1 for some i € {1,...,n}. Then there erists
a covering S-S of degree d such that R;; covers R; with degree d;; if the following
conditions are satisfied.

1) x(8) =d-x(S5),
2) d= Zle di; for everyi e {1,... n}.
3) n>4 ord#A4. O

Corollary 6.35. Let C = (X;p1,...,pm) be a compact orientable 2-orbifold with under-
lying surface 3 of genus g(3) = 0 with boundary components Ry, ..., R, and cone points
P, of of order p, € N f.a. r € {1,...,m}. Let C = (i;plﬁl, ey Ditys s Prds .- Drt,) be
a compact orientable 2-orbifold with underlying surface S with boundary components R; ;
with associated natural numbers d; ; for every i € {1,...,n}, 7 € {1,...,k;} and cone
points Py, with associated natural numbers p, s for every r € {1,...,m}, s € {1,...,¢.}
such that k; =2, diy =d—1 and dis =1 for somei € {1,...,n} ort, =2, p.1=d—1
and pr.o = 1 for some r € {1,...,m}. Then there exists a covering C—C of degree d
such that R, ; covers R; with degree d;; and P, covers P, of degree p,s if the following
conditions are satisfied.

1) x(€) = d - x(C),

2) d= Zf;l d;; for everyi e {1,... n}.

3) For anyr € {1,...,m} we have p,s|p, for all s € {1,...,t,}.
4) d= Zi;l p% for everyr € {1,...,m}.

5) n+m>4ord#A4. O
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We receive the following consequence:

Corollary 6.36. Let C = (X;p1,...,pm) be a compact orientable 2-orbifold with under-
lying surface ¥ of genus g(X) = 0 with only one boundary component Ry and cone points
P, of of order p, € N faa. r€{1,...,m}. If m =2 and py = ps = 2 we set d = 2. Else
let d :=2]]"", pr. Then the branching data

(Rl(d_ 17 1)7P1(p17 v )pl)) .. '7Pm(pm7 s 7pm))
—— —_——

d/p1 d/pnz

is realizable by a covering C — C and C can be regarded as a surface.

Proof: If m = d = 2, we can apply Corollary 6.33 and therefore the required covering
is realizable by a surface C' with g(C) = 0. If m > 2, we can use Corollary 6.35 and hence

the desired covering is realizable by a surface of genus g(X) =p-(m—-1->",L1)eN

r=1 p_r

for p =T, pr. O

Lemma 6.37. Let O = (0, s1,...,5;) be a closed orientable 2-orbifold with x(O) < 0.
Assume that O splits into two incompressible sub-2-orbifolds C and D. Then there exists
a finite-sheeted covering O — O such that C and D can be realized as sub-2-orbifolds
of O satisfying the condition that both have only one complementary region C and D,

o~ ~

respectively, in O such that g(C) > 1 < g(D).

Proof: Solet D = (A;qu, ..., q) with cone points @); of order ¢; € Nfa. j € {1,...,1}
and boundary components Sy, ..., S, and C = (X;p, ..., p,) With cone points P; of order
¢; € Nfa. je{l,...,l} and boundary components Ry,..., R, in O. Let ¢ = Hé‘=1 4
and p = [[", pr. We distinguish three cases:

1) n > 3: Note that in any case there exists some d € N such that the branching data

(Ru(d), Ro(1,.. ., 1), Ru(Le o 1), Pi(Ly ey 1), e, (1, 1))
— — T —

are realizable by a cover C — C. Either by applying Corollary 6.31 if g(C) > 1 or by
Corollary 6.33 in the case where g(C) = 0.

Similarly it follows that there exists a cover D — D with the branching data

(Su(d), Sa(1,. ., 1), ooy Su(ly o 1), Qu(L, 1), Qu(1, . 1)),
d d d d

Clearly one can glue a copy of C, D, C and D together to create a cover O — O which
has the desired properties:
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Figure 10: After gluing a copy of C, D, C and D together, we receive the 2-orbifold 0.

2) n = 1. Let H be the orbifold with only one boundary component,exactly two cone
points of order two and g(€) = 0. Note that an easy calculation shows that a compact
2-dimensional orbifold K with one boundary component is homeomorphic to H if and
only if x(K) = 0. Since x(O) < 0, O is not the pillow orbifold. Thus as C and D are
incompressible it follows that at least one of both, C or D is not homeomorphic to the
orbifold H, i.e. x(C) < 0 or x(D) < 0.

Case 1: Assume that both C and D, are not homeomorphic to H.

Figure 11: The two sub-2-orbifolds C and D.

Then by Corollary 6.36 there exists a cover C—C realizing the branching data

(Rl(Qp - 17 1)7P1<p17 s 7]91)7 B '7Pm<pm7 s 7pm))
——— S———

2p/p1 2p/pm
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Note that C can be regarded as a surface and that an easy Euler characteristic argument

shows that g(C) > 1, since x(C) < 0. Let R{ be the boundary of C which covers R; of
degree 1 and R? be the degree (2p — 1) cover of Ry in C.

Figure 12: The two covers C and D can be regarded as surfaces.

By Proposition 6.30 the branching data (Ri(2q¢ — 1,1), R?(2q — 1,1) is realized by
a cover C — C. By analyzing the induced cover C — C we see that C has exactly

four boundary components which are covers of Ry in C of degrees (2g — 1), (2p — 1),
(2p—1)-(2¢—1) and 1.

In the same way we create a similar covering D of D. Gluing CA, 73, a copy of D and a
copy of C together in the obvious way induces now the desired covering of O:

(2p—1)-
boundaries

genus

(2p—1)-(2¢—1)-
boundaries

1-boundaries <

o 0|C

~T> >

Figure 13: Gluing a copy of C, D, C and D together provides the desired cover O of O.
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Case 2: Let n =1 and assume that x(C) = 0.

C D

/
/
/
/
©
1
order 2 . R1
|
©
\
\

Figure 14: The two sub-2-orbifolds C and D where C is homeomorphic to £.

Then by Corollary 6.36, the branching data (Ri(1,1), P1(2), P»(2)) is realized by a
cover C — C satisfying g(@) = 0. Hence we can find a surface cover C of C which has
exactly two boundaries, which are both covers of R; of degree (2¢ — 1). On the other
hand, since D is not homeomorphic to H, we can create D as in the case before for
p = 1. Hence D has exactly four covers of the boundary S1; two of degree (2q —1) and
two degree 1 boundaries. Now we glue two copies of D along two copies of C together.

The resulting space & satisfies g(£) > 1 and has only four boundary components
corresponding to degree 1 covers of S;. We glue two copies of C and two copies of C
to £. The resulting space € has only two boundaries corresponding to degree 1 covers

of R;. To finish we glue two copies of D along these two degree 1 boundaries to £.

(2p—1)-
boundaries

:> 1-boundaries
N

V‘/

- C
\ ~ > > ~>
— /\\‘/\—/’
(2p—1)- >1 boundaries
boundaries
e =&
o+te — 5
1-boundaries < :> 1-boundaries
> oioie = () < >
© “9ID DY ©
~>— ~>—

Figure 15: The resulting space (5, which induces by construction the desired covering.
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3) Let n = 2.

Figure 16: The two sub-2-orbifolds C and D with two boundary components.

If either g(C) > 1 or g(D) > 1 the result is trivial, because we can glue two copies of
C and two copies of D together to obtain the required covering space O of O:

Figure 17: The trivial case: ¢(C) > 1 or g(D) > 1.

So suppose that g(C) = 0 = g(D). Since x(O) < 0 we can assume that O is unequal
to a torus. So at least one of the two sub-2-orbifolds has cone points.

Case 1: Let [ # 0 # m. Then we can apply Corollary 6.33 to C and D. Therefore the
branching data

(Rl(d)7 (RQ(d - 27 1a 1)7P1(p17 s 7p1)7 s 7Pm(pm7 s apm))
d/ d/
p1 Pm

and

(Rl(d - 27 17 1)7 (R2<d>7pl(pl7 e 7p1)7 <o 7Pm(pm7 e 7pm))
—— —_———

d/p1 d/pm

for d = 2pq are realizable by covers C and CA, respectively.
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Similar the branching data

(Sl(d)> (52(d - 27 17 1)7 Q1<Q17 s 7Q1)7 e >Ql(QZ> - ,QZ))
—— ——

d/q1 d/q

and

(Sl<d - 27 17 1)7 SQ(d)7Q1<q1a cee 7q1)7 ey QZ(QZa cee 7QZ))
T T
q1 q

for d = 2pq are realizable by covers D and 23, respectively. Hence we can create O as
shown in the following figure:

_ (d-2)-
1-boundaries boundaries 1-boundaries

!
(Ra.il) ﬁ

\

\

//
(R2u’1)

\

\

//
(Ri,1)

\

\

//
(Ru,1)

\

\

1-boundaries (d—2)- 1-boundaries
boundaries

Figure 18: The case where both of the two sub-2-orbifolds C and D have at least one cone
point.

Case 2: If only one sub-2-orbifold has cone points, say D, we set d := 2¢q. Clearly we
can create the covers D and D as before and since g(C) = 0 and C has no cone points,
it is a cylinder. Hence the fundamental group of C is isomorphic to Z. Let C be the
covering of C corrresponding to the cyclic subgroup of index d and C the cover of C
corresponding to the unique subgroup of index (d — 2) of m;(C). Then we can create
the cover O of O as shown in the following picture and we are done:
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(d—2)-

D C 1-boundaries b(f}d{r‘ies

(L2,]1)
1-boundaries
1)
D 1-boundaries (d—2)-
boundaries
Figure 19: The case where only D has at least one cone point. 0

Corollary and Definition 6.38. Let O = (0, s1, ..., sk) be a closed orientable 2-orbifold
with x(O) < 0. Let C be an incompressible sub-2-orbifold, such that O\C consists of n € N
disjoint connected components Dy, ..., D,. Then there exists a finite-sheeted covering
O — O such that C can be realized as 2-dimensional sub-orbifold of O of a good
shape, i.e. C has only one complementary region in O, say D, such that g(D) > 1.

Proof: For the proof we use induction over n € N. If n = 1 the statement is a direct
consequence of Lemma 6.37. So let n > 2 and C be an incompressible sub-2-orbifold,

such that O\C consists of n € N disjoint connected components Dy, ..., D,. Consider
the sub-2-orbifold C" of O consisting of the union of C and D,,. Then C’ has exactly n — 1
disjoint complementary regions in O, namely Dy,...,D,_.

/
\

L OO
N )V

D, ><} C >

| i\ \
\*J <§<>’KV‘(7‘(>\\J/

« =('

Figure 20: The case where n = 7: The sub-2-orbifold C’ consisting of C and D, has exactly
n — 1 = 6 complementary regions.

119



By induction hypothesis there exists a finite-sheeted cover @' — O such that C’ can

be realized as sub-2-orbifold of O with only one complementary region D’ satisfying
9(D') > L.

Figure 21: By induction there exists the desired cover for C’.

Now we are able to apply Lemma 6.37 to O'\D,, in O". This provides a cover OO ,

with the property that the copy of C in (5, has exactly two complementary regions, say
Dy and D, satisfying g(D;) > 1 < g(D»).

Figure 22: The cover O provided by applying Lemma 6.37.

We deduce by applying Corollary 6.31 to ﬁl _and l/)\g that there exists m € N, such
that we can create covers Dy and Dy of Dy and Dy, respectively, with the property that
any boundary component of D has exactly m covers of degree one in D; and no covers
of higher degree for i € {1,2}. One can glue a copy of Dl, D,y and m copies Cq,...,C,, of
C together to obtain the desired cover of O of O:
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o e e |

Figure 23: By gluing one copy of D, and D, and m copies of C together, we obtain the
desired cover O of O. U

Recall that in order to give a proof for Theorem 6.2, i.e. that any Fuchsian group G is
SCS, it suffices to prove Theorem 6.28. So assume that G := m;(O) for some 2-dimensional
orbifold, which fulfills the requirements of 6.28. In order to proof the con-separability of
some finitely generated infinite subgroup H; of G by Corollary 6.38 in combination with
Lemma 5.6 we can assume that H; is realized by a 2-dimensional sub-orbifold A of O of
good shape, which means that .4 has only one complementary region B with g(B) > 1.
But this is not the last reduction, we can arrange. For a further reduction we shall use
the following well-known facts. Note that the following Lemma is an easy exercise. A
proof can be found in [39] on page 65.

Lemma 6.39. Let G be a finitely generated group acting on a tree T without inversion
such that any g € G fizes a vertex in T'. Then there exists global fized point, i.e. there
exists a vertex v € VT such that gv = v for any g € G. 0

Suppose that if we are given a 2-dimensional orbifold O with boundary components
Ry,...,R,, n € N and fundamental group G = 7(O). Then G admits an action on H?
such that the generator g; corresponding to the boundary component R; in the presenta-
tion of the fundamental group G := m;(O) acts parabolic on H? and therefore generates
a parabolic subgroup of GG. Clearly the same holds for any conjugate of some g;, © € N.
Note that this is the case if H?/G has finite volume (for details see [23]). While proving
the next reduction of the main theorem 6.2 we may use the following statement, which
gives information about how a group only consisting of parabolic elements can act on HZ.
Note that this Lemma is a direct consequence of the proof of theorem 2.4.4 on page 39
combined with Theorem 2.3.5 on page 35 of [23]:

Lemma 6.40. Any finitely generated Fuchsian group containing only parabolic elements
18 already parabolic and therefore cyclic. 0
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Using this statement, we receive the following:

Theorem 6.41. Let O be a closed orientable 2-orbifold with x(O) < 0 and let Hy be an
infinite geometric subgroup of the fundamental group G = 7 (QO) of O which is realized by
some 2-dimensional-sub-orbifold A of a good shape. Then H, is con-separated from each
f.g. subgroup Hy < G not conjugate into Hy if Hy is con-separated from each element g
not conjugate into Hy.

Proof: Let Hy < (G be a finitely generated subgroup not conjugate into H;. Cleary
it suffices to show that if each © € H, is conjugate into H; we already have that Hj is
conjugate into H;. By assumption there exists a suborbifold A realizing H;.

Case 1: If Hy is non cyclic it follows that A, the closure of its complement B, and the
common boundary components of A and B induce a proper graph of groups decomposition
of O. The group G acts on the associated Bass-Serre tree T'. Every element of Hy has a
conjugate in H; = m1(.A) and hence acts elliptically. Thus it follows by 6.39 that H, has a
global fixed vertex in 1" since H, is finitely generated. If Hs fixes a vertex corresponding
to a conjugate of m(A), then Hs is conjugate to H; and we are done. So suppose that
H, fixes a vertex corresponding to a conjugate of B := m(B). After replacing Hs by
some conjugate of H, if necessary, we can assume that Hy < B. By assumption each
element z € H, fixes a vertex corresponding to a conjugate of m;(A) implying that any
element * € H, fix an edge e, incident at the vertex v € VT fixed by B. Clearly
Stab(e,) < m(B) is generated by some conjugate of some generator corresponding to
some boundary component in B. By the above discussion 7;(B) admits an action of H?
such that Stab(e,) acts parabolic for any x € Hy. By 6.40 it follows that Hs is parabolic
and therefore cyclic. Thus Hs is conjugate into H; since by assumption any element of
H, is conjugate into H;.

Case 2: 1f Hy is infinite cyclic it follows that H; is the fundamental group of a cylinder
and G decomposes as HNN-extension along H;, since H; has only one complementary
region, say B. Again let T be the associated Bass-Serre tree and let z € Hs. Since x is
conjugated into H; it follows that x fixes an edge and hence a vertex in T. Again 6.39
implies that Hs fixes a vertex in T" and therefore one can assume after substituting H,
by some suitable conjugate that Hy < B := m(B). Proceeding now as in the first case
completes the proof. O

So finally it is sufficient to show the following statement:

Theorem 6.42. Let O be a closed orientable 2-orbifold with x(O) < 0 and let Hy be
an infinite geometric subgroup of the fundamental group G = 7 (O) of O which
is realized by some 2-dimensional-sub-orbifold A of a good shape. Then H, is con-
separated from each element g not conjugate into H.
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6.4 Proof of Theorem 6.2

As discussed in the previous chapters, it suffices to prove Theorem 6.42 for showing that
any f.g. Fuchsian group is SCS (Theorem 6.2). Note that the following proof is based on
the ideas of [3], where the authors showed that surface groups are SCS and we will adapt
these ideas to the orbifold case. So fix a hyperbolic metric d on H2. Let G be a subgroup
of Isom™ (H?) such that m(O) = G for some closed orientable hyperbolic 2-dimensional
orbifold O and let H; be an infinite geometric subgroup of the fundamental group G
which is realized by some 2-dimensional sub-orbifold A of O of a good shape. We explain
here how to construct for a given g € m(O) with ¢° ¢ H, for any x € m,(O) a cover O
of O which represents a witness of seperation D < G for g and Hy. Let Ry,..., R, be
all boundary components of A = (X;py,...,pn) and let p := []", p,. If A has no cone
points, we set p := 1. Since G acts properly discontinuously on H? a hyperbolic metric d
on H/G = O is given by

d:-H?/G xH?/G = R,(G-z,G-y)— min{da',y)|2' € G-,y € G-y}

W.lo.g. one can assume that the image of the boundary component R; under the
natural map A — O is geodesic for any ¢ € {1,...,n} (for details see [13]). Let p : X — O
be the natural projection. We define the base point oy to be the image under ¢ of some
xr € X with the property that stabg(z) = {1g} and ¢(z) € A in O. Define C' to be the
distance of the points x and gz with respect to the given metric and let v be the image
under ¢ of the segment [z, gz| of length C'. We may assume that «y is the shortest curve
in its free homotopy class. A curve in a covering of O is called C-short, if its length does
not exceed C'; otherwise a curve is called C-long. Clearly g is conjugate into a subgroup
D if and only if v has a closed lift 7 in the 2-orbifold-cover O — O representing D.

For the construction of a cover O — O, such that O represents a finite index subgroup
D of G, with the property that g" ¢ D for any h € G, we need in addition the following
two statements. The first one is Lemma 5.1. and the second one is Lemma 10.6. of [3]:

Lemma 6.43. Let S be a compact orientable surface with x(S) < —1, with a fived
hyperbolic metric, and with n > 1 boundary components Ry, ..., R, which are geodesics
with respect to this metric. Let Cy be the maximum of lengths of boundary components
of §. For any constant C' > Cy, there exists an even number Ky satisfying the following
statement: for each multiple of K of Ky, there exists coverings: © : S — S and 0; : S; —
S,i€{l,...,n}, such that:

(A1) The branching data of © is

(Ri(K,...,K),Ry(K,...,K),...,Ra(K,...,K))
—— ——

C C c

for some c.

(A2) There are no nontrivial C-short loops in S.

(A3) Every C-short geodesic curve in S with endpoints on a boundary component of§
lves in this component.
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(B1) There exists d € N such that the branching data of each 6; can be obtained from the
n-tuple
(Ri(K,...,K),Ry(K,...,K),...,R,(K,...,K))
d d d
by replacing it’s i-th term by R;(1,..., 1, K/2, K,... K)
—— ——

K/2 d—1
(B2) Every C-short loop in g‘l 15 freely homotopic into a 1-boundary ofg‘i.

(B3) Every C-short geodesic curve in 3\1 with endpoints on a 1-boundary 0f§7; lies in this
1-boundary.

(B4) The distance between any two 1-boundary components of§i is larger than C. U

For the second statement we use the following definition:

Definition 6.44. The girth of a graph is defined to be the length of a shortest circuit
therein without backtracking. In a forest, such circuits do not exist and we say that
forests have infinite girth.

As mentioned the following statement is proven in [3] (Lemma 10.6). For completeness
we repeat the proof.

Lemma 6.45. Let I' be a finite connected graph and m be a natural number. Then there
exists a finite connected graph I which covers I' and has the girth larger than m. U

Proof: Let F be the fundamental group of I' with respect to some point. We choose
a maximal subtree T" of I'. Then F' has the (finite) basis X, which corresponds to the set
of edges of I' outside of T'. The length function on F' with respect to X will be called
X-length. Since X is finite there are only finitely many elements of X with X-length
smaller or equal to m. Note that F' is residually finite, since F' is free in X. Thus there
exists a finite index subgroup N, which does not contain elements of length up to m.
W.lo.g. we can assume that N is normal in F'. Clearly there exists a covering of graphs
f: 7T representing N. So suppose that there exists a simple closed curve in f, whose
edge-length is smaller than or equal to m. Then the edge-length of it’s projection in I' is
smaller than or equal to m. in particular, N contains a nontrivial element of X-length
smaller than or equal to m, a contradiction. O

Let B = (A;qi,...,q) be the complement of A in O and let ¢ := H;n:l p;. If B has no
cone points, we set ¢ := 1. Since A is of a good shape, we have g(B) > 1. Hence we can
apply Lemma 6.37 to O to receive a 2-dimensional orbifold /T, such that g(.Z) > 1 and
with the property that A has exactly one degree one cover of the boundary R; for any

ie{l,...,n}. Since g(ﬂ) > 1 and ng) > 1 we can apply Corollary 6.31 to A and to B
for d := 2pq to obtain covers A of A and B of B which satisfy the following important

conditions:
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1) A and B can be regarded as ordinary surfaces without any cone points,
2) For any i € {1,...,n} we have

a) A has exactly 2pq degree one covers of the boundary component R; and these are
the only covers of the boundary R;.

b) B has exactly 2pq degree one covers of the boundary component S; and these are
the only covers of the boundary S;.

This allows us to proceed as in [3] part 8 with the difference that we create special covers
of A and B instead of A and B. We will construct special coverings B, ..., By 2 of B and
special coverings A, 1 and A, o of A and then we will construct O by gluing several
copies of these coverings and several copies of A according to the schema described below.

Construction 6.46 (Special coverings of A and l§) Let A be a covering ofﬁ. A boundary
component of./T is called an (R;,d)-boundary if it covers the related boundary component
R; of A with degree d. We use the same definition for B instead of A. Sometimes we will
shorten this wording to d-boundary. Note that the surfaces A and B have already exactly
2pq boundaries of type (R;, 1) and (S;, 1) respectively for any i € {1,...,n}. Because
of this we can create by applying Lemma 6.43 coverings By, ..., B,io ofB and coverings
A1, Anio of A which satisfy the following two conditions:

1. Condition on boundaries: There are natural numbers M, N, N', N" such that M > 1
and the following holds:

i) For each i € {1,...,n} the surface B; contains exactly

M boundary components of type (R;, 1),

N boundary components of type (R;, M),

N’ boundary components of type (R;,2M),

N" boundary components of type (R;,2M) for each j € {1,...,n}\{i}.

ii) The surfaces An+1 and B, contain only boundary components of type (Rj, M)
for each j € {1,...,n}. Clearly, the number of such components for each j is the
same.

iii) The surfaces Ao and Byio contain only boundary components of type (R;,2M)
for each j € {1,...,n}. Clearly, the number of such components of type (R;,2M)

for each j € {1,...,n}. Clearly, the number of such components for each j is the
same.

2. Condition on short curves: For every K € {Ani1, Bni1, Anio, Buio} UA{B1,...,B,}
and every C-short geodesic curve 3 in K we have:

i) If B is a loop, then B lies in some 1-boundary of KC. In particular, A1, Bui1, Anio
and By, o don’t contain C-short geodesic loops.

ii) If K € {By,...,B,} and the endpoints of B lie in 1-boundaries of K, then [ lies
completely in one 1-boundary component of KC.

iii) If K € { A1, Bni1, Ani2, Buio} and the endpoints of B lie on a boundary com-
ponent of IC, then B lies completely in this boundary component.
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We are now able to construct the required covering space O of O representing some
subgroup D of G (O such that g" ¢ D for any h € G-

Construction 6.47 (Construction of 5) Let d be the minimum of distances between
different boundary components of each of the surfaces {Ani1, Bni1, Anto, Bnia}, and let
T be the minimal odd number such that T > C/d, where C is the length of v. The
construction up to Step 3 is illustrated by figure 24.

Step 1: Recall that, for every i € {1,...,n} the space A contains a single (R;,1)-

boundary and the space B; contains 2M copies of (R;, 1)-boundaries. We
glue 2M copies of A to By, ..., B, along the corresponding 1-boundaries so
that in the resulting space Oy each copy of A is completely surrounded by
Bi,...,B, and Oy has no (R;,1)-boundaries. Then Op contains only M -
boundaries and 2M -boundaries. These boundaries lie in the B;-subspaces.
Moreover, the number of (R;, M)-boundaries of Oy does not depend on i.
The same is true for the (R;, 2M)-boundaries of S;.

Step 2: To each boundary component of Oy glue a copy of A,i1 or A1 along the

corresponding boundary component. The resulting space Oy contains only
M -boundaries and 2M -boundaries, and these boundaries lie in the A,1-
subspaces and in the A, 2-subspaces, respectively.

Step 3: To each boundary component of Oy we glue a copy of B,y1 or Bhio along

Step 4 to T:

Step T+1:

the corresponding boundary component. The resulting space Os contains
only M-boundaries and 2M-boundaries, and these boundaries lie in the
B, 1-subspaces and in the B,  o-subspaces, respectively.

We continue the process by applying the procedure described in Steps 2
and 3 alternately to current spaces O; until we get the space Or, where
T s the constant defined above. The space O contains only M- and 2M -
boundaries, and since T is odd, these boundaries lie in B, 1-subspaces or
in By1o-subspaces. Moreover, the number of (R;, M)-boundaries of Or does
not depend on 1.

Recall that the number of (R;, M)-boundaries of A,+1 does not depend on 1,
and the number of (R;,2M)-boundaries of A, .2 does not depend on i. We
glue several copies of Or and several copies of A,11 and A, 2 so that

a) the underlying graph is connected and has girth at least T + 1 (use Lemma
6.45),
b) the resulting space is a closed 2-orbifold.

We denote this 2-orbifold by 0.

Clearly, O is a finite cover of O containing a copy of A. We shall show that v has no
closed lifts in O.

Definition 6.48. Let ¢ be a curve in O. A subcurve ¢ of ¢ is called a peak of c if ¢, lies
in a copy of K € {Ani1, Buy1, Anto, Buio} and has endpoints on a boundary component
of IC, and at least one point in the interior of K.
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Figure 24: Gluing along the corresponding boundaries gives an example of the 2-orbifold
O3 with parameters n = 2, N = 2, M = 3. For simplicity, we assume here that N’ =
N"=0.

Note that the proof of the following crucial statement is nearly same as that one of
Proposition 8.1. [3]:

Proposition 6.49. The element g € m1(O) is not conjugate into the subgroup D repre-
sented by O — O.

Proof: Note that by construction any cone point of O lies in some copy of A. There-
fore the case where g acts elliptically on X is trivial. Solet ¢ : X — O, = € ¢~ !(0p) and
let v be the path of length C' connecting the two points x and gz. As already said g* € D
if and only if there exists a closed lift of v in O. Suppose that 7 is such a lift. Then the
length of 7 is equal to the length of v which is C. Moreover, 7 is geodesic as 7 is. The
curve 7 cannot cross different copies of Oy, otherwise it crosses at least (27" — 1) copies of
the spaces { A, 11, Bni1, Ani2, Baio}, and the length of 5 would be at least (27— 1)d > C,
a contradiction. By analyzing the construction of 7, we conclude that either 7 lies com-
pletely in a copy of K € {A,i1,Bni1, Ante, Buia}, or 7 has a peak in a copy of IC, or
~ lies completely in a copy of O@;. The first is impossible by Condition 2.i), the second
by Condition 2.iii). Thus, we may assume that 7 lies in O;. Then 5 meets a copy of
A, otherwise it lies completely in a copy of B; for some i € {1,...,n} that contradicts
Condition 2.i). Suppose that 7 intersects the interior of B;. Then there is a subcurve
of 7 which intersects the interior of B; and has endpoints on 1-boundary components of
B;. This contradicts Condition 2.ii). Hence 7 lies completely in a copy of A. But this
contradicts the assumption that v cannot be freely homotoped into A. This shows that v
has no closed lifts in O. This proves Theorem 6.42 and therefore as previously discussed
it follows that any finitely generated Fuchsian group is SCS (Theorem 6.2). U
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7 Totally Orientable Seifert-Fibered-Space

Since we have already shown that any Fuchsian group is subgroup conjugacy separable, it
is natural to think about a proof for the SCS property for fundamental groups of totally
orientable Seifert fibered-spaces, since by Definition 6.4, for any totally orientable Seifert
fibered space M, there exists a short exact sequence of groups

1-C—-m(M)—m0)—1

where O is an orientable 2-dimensional orbifold and C' is a cyclic group. Note that
by Corollary 6.13 combined with Corollary 6.23 we can assume that O is compact and
hyperbolic. Assume that any finitely generated subgroup of (M) is con-separated in
7 (M). Then it follows by Corollary 5.5 that 7 (M) is SICS and since m;(M) does not
andmit expanding innner automorphisms by 5.11 combined with 5.13 it follows from 5.15
that w1 (M) is SCS proving 6.5.

We conclude that it suffices to verify the following statement in order to prove 6.5:

Theorem 7.1. Let M be a totally orientable Seifert fibered space, such that in the corre-
sponding short exact sequence

1-C—-m(M)— H—1,

we have that H = m(O) for some compact 2-dimensional hyperbolic orbifold O. Then
any finitely generated subgbroup Sy of m (M) is con-separated in m (M). In particular
m (M) is SICS.

While proving the con-separability of some finitely generated subgroup S; of (M)
we distinguish two cases:

(1) The image of Sy in m;(O) is a finite subgroup.
(2) The image of S in 7 (O) is an infinite subgroup.

if O is supposed to be a compact 2-dimensional orbifold such that there exists some short
exact sequence
1-C—-m(M)—m(0) =1

for some cyclic group C.

Note that by Lemma 5.6 it suffices to show the con-separability of S; in a suitable
finite index subgroup G’ of G. We will use this reduction in the case where the image
of Sy is infinite. The following Lemma states that in this situation there exists G’ which
satisfies the requirments for the proof later on.

First we will prove Theorem 7.1 for the case, where O is closed. Afterwards we
will conclude Theorem 7.1 for the case where O is a compact hyperbolic orientable 2-
dimensional orbifold with boundary components. So from now on let O be a closed
orientable 2-dimensional hyperbolic orbifold and M be a totally orientable Seifert fibered
space.
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Lemma 7.2. Consider the short exact sequence
P @
1-C—-G-5m0)—1,

where PY(C) < Z(G) and let Sy < G such that p(S1) is an infinte subgroup of m(O).
Then there exist a finite-sheeted obifold cover O — O and a short exact sequence of
groups

150565 n0) =1
such that |G : G| < oo, ¥(C") < Z(G') and Sy < G’ and ¢'(S1) is a geometric subgroup
of a good shape in m (O').

Proof: By Theorem 6.18 in combination with Lemma 6.24, we know that H; := ¢(S})
is almost geometric in H := 7;(QO). Hence by applying Corollary 6.38 there exists a finite
index subgroup H' of H containing H;, which is represented by a finite-sheeted cover
O — O such that H; is realizable by a sub-2-orbifold A of a good shape. Setting
G' = ¢} (H') and C" := ' (¢»(C) N G') the induced short exact sequence

1o ar s g
has the required properties, since obviously G’ is a subgroup of finite index in G contain-

ing Sl. O

So by Lemma 5.6, we know that a f.g. generated subgroup S; is con-separated in G
if it is con-separated in the corresponding finite index subgroup G’ of G. So w.l.o.g. we
can assume that in the case, where the image ¢(S7) of S; < G in m;(0O) is infinite, p(S;)
is a subgroup of a good shape, i.e. is realizable by sub-2-orbifold of a good shape.

As before we only have to show the con-separability for elements which are not con-
jugate into our subgroup S; since the following two statements imply that S; is con-
separated in GG provided S7 is con-separated from any element not conjugate into S; in

G.

Lemma 7.3. Consider the short exact sequence of groups

1-C5G6G5H -1
with C < Z(G) and let Sy, 52 < G such that
(1) For any s € Sy there exists g € G with s? € 5.
(2) There exists a subgroup U of G such that Sy QU and ¢(U) is malnormal in H.
(3) ©(S2) < ¢(S1) and therefore Sy < Sy - C < S - C.
Then Sy < S;.

Proof: W.lo.g. we identify C with ¢(C). Let Si,S; < G satisfying (1),(2) and
(3). Then for any s € S there exists g € G such that s9 € S;. If s € C, we have
s=2s9" €5 Solets ¢ C. By assumption there exists a subgroup U of G such that
S1 < U and ¢(U) is malnormal in H and since s € SY and s € Sy < 51 - C we deduce
s € S{CNSC = (5.0)7NS;C. In particular

0(s) € p(S1)?9 N p(S)) C p(U)?9) N p(U).
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Since s ¢ C = kerp we obtain ¢(g) € ¢(U) by the malnormality of ¢(U) in H. It
follows that ¢g=! = w - ¢ for some u € U and ¢ € C and since C < Z(G) we have that
s97 = s = g € §;. We conclude s € S}‘*l =57 as S7 < U which implies S, < S;. 0O

So we deduce the following:

Corollary 7.4. Consider the short exact sequence of groups
15 C5mM) 5 mo) >1
with Y(C) < Z(m(M)) and let S; < m (M) such that one of the following holds
(1) ©(S1) is a geometric subgroup in H := m(O) of a good shape.
(2) @(S1) is a finite subgroup of H.
Then Sy is con-separated in G if Sy is con-separated from every g not conjugate into Si.

Proof: Let Sy < G := m(M). As in the proof of Theorem 6.41 it suffices to show
that if any element of S; is conjugate into Si, it follows that Sy is conjugate into S;. So
assume that for any s € S5 there exists g € G such that s9 € S;. In particular for any
s € Sy there exists g € G with ¢(s5)¥9) € ¢(S;). Therefore by Lemma 6.41 there exists
g € G such that ¢(S3) = ¢(S52)?9 < ©(S)).

Case (1): If ¢(Sy) is an infinite geometric subgroup of 7 (O), ¢(S1) is either infinite
cyclic and hence it can be considered as the edge group of the single edge in a 2-acylindrical
HNN-extension or it corresponds to a vertex group of a 2-acylindric graph of groups (see
proof of Theorem 6.41), which underlying graph consists of exactly two vertices and a
finite set of edges connecting these two vertices. In both cases, it follows, that ¢(S;) is
malnormal in H.

Case (2): If p(Sy) is a finite subgroup of m;(O), there exists a maximal elliptic sub-
group H = 7, for some n € N containig ¢(S7), since O is assumed to be orientable. Since
H is abelian, we observe that ¢(S;) < H and hence S; < o' (H) =: U. Moreover since
m1(O) cannot contain any reflection elements, it follows that any maximal finite group of
m1(O) is malnormal in 7 (O). In particular U is a subgroup of m;(M) containing S; as a
normal subgroup such that ¢(U) = H is malnormal in 7 (O).

We conclude that in both cases we are able to apply Lemma 7.3 to conclude that

S§ < S, O

For the case where the image of S is finite in 71 (O) we will use the following statement
which was proven in [25].

Theorem 7.5. Consider a short exact sequence of groups,
1-E%G%85 1,

where E is a finite group and S is a surface group. Then G has a subgroup of finite index
which 1s a surface group. O

Corollary 7.6. Consider a short exact sequence of groups,

1-EBE4G5H 1,

where E is a finite group and H is virtually a surface group. Then G has a subgroup of
finite index which is a surface group. In particular G is fully conjugacy separable.
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Proof: So let S be a surface group of finite index in H. Note that G’ := ¢~1(.9) is of
finite index in GG and that there exists a short exact sequence

1B oy g,

if we set ' = ¢~} (¢(E) NG"). By applying 7.5 it follows that G’ is virtually a surface
group. Thus G is virtually a surface group and we deduce by 6.15 in combination with
5.17 that G is fully conjugacy separable. O

The following Lemma deals with the case, where the image of S is finite in m (O):

Lemma 7.7. Consider the short exact sequence
15 C 5 mM) 5 m0) =1,

where Y(C) < Z(m (M)) and let S; < G := m (M) such that ¢(Sy) is a finite subgroup
of H :=m(O). Then Sy is con-separated from any element g € G not conjugate into Si.

Proof: So let S; < G = m (M) such that ¢(S)) is a finite subgroup of H = m,(O)
and let g € G such that ¢* ¢ Sy for any # € G. Clearly we can assume that S} £ C.
Otherwise the claim is trivial. W.l.o.g. let ©» = id. Furthermore we can assume that
7. = (C since G is torsion free whenever G is an infinite group. It follows S;-C = Z. Thus
7= (C" =5, NC <G, We distinguish two cases:

L. If C" = C it follows p(g%) = (9)?™ € ¢(S;) for some x € G implicates g° €
S, -C = S;. In particular ¢g* ¢ S| for any € G implies that ©(g)¥® ¢ ©(S,) for
any x € GG. Therefore 5] is con-separated from any element g € G not conjugate
into Sy if p(S;) is con-separated from any element p(g) € H not conjugate into
©(S1). Hence the claim follows from Lemma 5.19 and we are done.

2. Assume that C' < C and let G’ := G/C’. Moreover let 6 : G — G’ be the induced
epimorphism. Clearly E := C'/C" is a non trivial finite cyclic group and there exists
a short exact sequence

1—>Eﬁ>G’3I>H—>1,

if we set ¢'(gC") := p(g) for any g € G. Thus we deduce by 7.6 that G’ is fully
conjugacy separable implying that any finite subgroup B of G’ is con-separated from
each element ¢ not conjugate into B by 5.19. Now 6(g%) = 0(g)’® € 6(S,) implies
g© €5, -C" =5 for any g,z € G. Similarly as before we deduce that ¢g° ¢ S for
any r € G implies that 6(¢)?@ ¢ 6(S;). Thus S, is con-separated from any element
g € G not conjugate into S; if 0(S) is con-separated from any element 6(g) € G’
not conjugate into the finite subgroup 6(S;) of G’ concluding the proof. OJ

So we are left with the case where the image of S is an infinite subgroup of m(O).
Like mentioned before, we can assume that this image is a geometric subgroup of a good
shape in 7 (O). For the proof we will use the following statement. A proof can be found

in [37]:
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Lemma 7.8. Consider the short exact sequence
1—->C i) 7T1(M> i) 7T1(S) — 1,

where Y(C) < Z(G) and S is a surface such that m(S) is free of rank n > 2. Then the
above sequence splits. In particular G = C x m(S). O

So we are now able to proof the following important statement:

Theorem 7.9. Consider the short exact sequence
15 C 5 mM) S m0) -1,

where Y(C) < Z(G) and let S1 < G such that ¢(S1) is an infinite geometric subgroup in
m(O) of a good shape. Then Sy is con-separated from each element g € G not conjugate
mto S;.

Proof: So let S; < G := m (M) such that H; := ¢(5;) is an infinite geometric
subgroup in H := m(O) of a good shape and let g € G such that g* ¢ S; for any = € G.
If p(g)?@ ¢ H, for any x € G the statement would follow from Theorem 6.42. Hence
we can assume that there exists z € G such that ¢(¢%) = (9)¥® € H; and therefore
g* € 51 - C for some x € G. Since H; is an infinite geometric subgroup in m(O) of a
good shape there exists Hy < m1(O) such that 71(O) can be realized as the fundamental
group of the following graph of groups:

/

Figure 25: Graph of groups splitting of 7 (O).

Since ¢ is a surjective group homomorphism we obtain the following graph of groups
decomposition for 7 (M):

Sy-C Sy ==~ (H)

Z-C

Figure 26: Graph of groups splitting of 71 (M).

Moreover H, is the fundamental group of a sub-2-orbifold B of O with boundary.
Furthermore ¢g(B) > 1, since ¢(S1) = H; is realized by a sub-2-orbifold of a good shape.
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Therefore we can apply Corollary 6.31 to B and conclude, that there exists a finite-sheeted
covering S of B such that for any boundary R of B we have exactly n (R, 1) boundaries
and these are the only covers of R. Clearly this finite-sheeted covering represents a finite
index subgroup H/ of Hs such that H) is a finitely generated free group of rank n > 2
since S is a surface with boundary with g(S) > 1. Hence we deduce that there exists a
finite index subgroup Dy of H which is represented by the following graph of groups:

Figure 27: Graph of groups splitting of the finite index subgroup Dy of H.

where the Hi, i € {1,...,n}, are copies of H;. By setting H{ := H; we can assume
that ¢(Sy) lies in Dy. Note that since H} is a free group of rank > 2, we can in addition
assume that S := p~'(H}) = H) x C as the induced short exact sequence

1-C—S,— Hy—1

splits by 7.8. So we conclude that the upcoming graph of groups represents the preimage
D¢ := ¢ 1(Dg) in G:

. 2 .
7 x C 5i-C

Figure 28: Graph of groups splitting of the finite index subgroup D¢ of G.
Note that D¢ is a finite index subgroup of GG containing H; and that ¢* € S;-C < Dg

for some x € G. So w.l.o.g. assume taht g € S;C < D. We distinguish the following cases:
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Case 1: Let g € C. Then we have that ¢g* ¢ S; for any z € G if and only if g ¢ S
since C' < Z(G). Thus there exists a finite index subgroup C’ of C' such that g ¢ C" and
S;NC <. Clearly there exists a graphs of groups morphism, such that the graph of
groups

St.c

. 2
7 x C' 5i-C

Figure 29: Graph of groups representing D.

represents a finite index subgroup D in Dg containing S;. Hence D is a finite index
subgroup of G, with the property that ¢ ¢ D. Again we have g ¢ D if and only if ¢* ¢ D
as g € C < Z(G) and since S; < D we conclude that D is the desired subgroup of finite
index of G.

Case 2a: Assume that g ¢ C and let SN C = 1. Then g € S;-C = S; x C since
C' < Z(G). Thus there exists unique s € S; and ¢ € C satisfying g = s - ¢. Clearly there
exists a subgroup €’ < C such that ¢ ¢ ¢’ Since g € S Let € G such that ¢* € S; - C.
Constructing D as in the first case for C’, we obtain a subgroup D of finite index con-
taining S such that ¢ ¢ D implying that g ¢ D. Assume that ¢ = s* - ¢* = s{-c€ D
for some = € G implying that g € S1C N (S;0)* . If 7' ¢ S,C we have g € C as
©(g) € ¢(S1)N(S1)## ) =1 by the malnormality of ¢(S;) in H. A contradiction. Thus
there exists ' € S; and ¢ € C such that z = - ¢ and therefore ¢° = s¥¢* = s¥¢c € D.
Hence ¢ € D since s* € S; < D. A contradiction.

Case 2b: Assume that g ¢ C and let S; N C = C’. Observe that C” is of finite index
in C' = Z. Define D again as in the first case. Hence D is a subgroup of finite index in G
containing S7 and there exists a graph of group morphism, such that D is represented by:
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7 xC'
Figure 30: Graph of groups representing D.

where S! is a copy of S; for any i € {1,...,n}. So assume that ¢ € D implying that
g € (S1-C)*ND=S87-CND =57 -C"= 57 since g € 51 -C. Clearly this provides the
conclusive contradiction, since g was assumed to be not conjugate into S;. U

We conclude that Theorem 6.5 is true for any fundamental group of a Seifert fibered
space, where in the corresponding short exact sequence the 2-dimensional orbifold is
closed. So we are left to show the following:

Corollary 7.10. Let O be a compact orientable 2-dimensional orbifold with boundary.
Consider the short exact sequence

1—>C£>CA¥—$>7T1((5)—>1,

where G = 7r1(]\/4\) for some Seifert fibered space M, P(C) < Z(é) and let Sy < G such
that v(S1) is a subgroup in w1 (O). Then Sy is con-separated from each element g € G not
conjugate into Si.

Proof: Clearly there exists a short exact sequence

150565 mn0) -1,
such that the following holds:

(1) There exists a surface S with boundary and g(S) > 0 such that G admits the following
graph of groups decomposition:

mi (M) m(S) x C

7 x C

Figure 31: Graph of groups splitting of G.

135



(2) 90|G =p

(3) O is a closed 2-dimensional orbifold with graph of groups decomposition

m(0) m(S)

Z
Figure 32: Graph of groups splitting of 7 (O).

~ ~

(4) H := ¢(G) = m,(0) is malnormal in H := m,(O).

So let S < G such that Hy := ¢(5;) = 3(S;) and let g € G such that ¢* ¢ S for
any x € G. Assume that there exists an element x € G\ G such that ¢* € S;. Then
0(g)P@ € H N H?® and therefore g € C or # € G- C = G as H is malnormal in H.
A contradiction since g ¢ S; and C' < Z(G). Hence ¢g* ¢ S; for any z € G. It follows
that by Theorem 7.9 there exists a finite index subgroup D of G, containing S; with the
property that ¢g* §§ D for any x € GG. We conclude that D:=aG N D is the desired finite
index subgroup of G containing S; with the property that ¢g* ¢ D for any r € G. O

Therefore we have proven Theorem 7.1 which implicates the aim of this chapter:
Theorem 6.5.
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