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Abstract

Satellite missions have provided the Earth’s gravity and magnetic field at resolutions sufficient for
large-scale geophysical applications. While satellite data do not possess the same resolution as
ground data, their homogeneous coverage and low error make them ideal for studying large-scale
lithospheric structure and processes. In this thesis, the sensitivity of satellite potential field
data to structures in the lithosphere is investigated. Furthermore, a crustal model is derived
based on a data base of active seismic experiments. The calculation of the crustal model is
data-driven, unlike previous crustal models, which typically rely on expert knowledge. Finally,
a simple probabilistic joint inversion of gravity gradients and topography is developed, that is
capable of estimating a two-layer density model of the lithosphere and its uncertainty.

Since satellite measurements are highly accurate, even at long wavelengths, the gravity data
processing techniques, in particular the topographic correction, also have to be sufficiently
accurate. One possible source of long-wavelength error are far-field topographic effects. However,
most topography is in isostatic balance. Thus, far-field topographic and isostatic effects tend to
balance out. Exploiting this balance, several methods to minimize far-field effects are discussed.

Satellite magnetic data are an ideal addition to satellite gravity data, because they share
the same global coverage and homogeneous data quality. Since minerals lose their magnetic
properties above their Curie temperature, the thickness of the magnetized layer is influenced by
the temperature distribution in the lithosphere. Thus, satellite magnetic data potentially reflect
the temperature distribution inside the lithosphere. However, sensitivity tests using susceptibility
inversion show that the magnetic field can be explained equally well using thickness variations or
lateral susceptibility variations. Thus, satellite magnetic data alone cannot be used to constrain
the temperature distribution.

To optimally use satellite data, available "ground truth" should be included. For the lithosphere,
this ground truth mainly comes in the form of crustal structure acquired using active source
seismology. However, due to the heterogeneous distribution of seismic profiles, expert knowledge
is typically used to extrapolate the seismic results. In contrast, the crustal model developed
here is generated by applying geostatistical interpolation to a data base of seismic studies. This
approach permits assessing the reliability of the obtained results.

In the last part of the thesis, satellite gravity gradient data, topography data and the new crustal
model are combined in a joint probabilistic inversion. The goal of the inversion is to estimate
a two-layer density model (crust and lithospheric mantle) that is consistent with gravity and
topography data, as well as the prior constraints from the crustal model. As a first test, the
new algorithm is applied to the north mid-Atlantic region. In this region, a clear signature in
the mantle lithospheric density is expected due to ocean floor spreading and the influence of
the Azores hotspot. Indeed these signatures are resolved by the inversion, but severe trade-offs
between the different layers occur and there is limited resolution of crustal structure. The
algorithm could be improved in the future by including additional data (e.g. higher resolution
gravity data or passive seismology) and a more detailed sub-surface parametrization (e.g. in
terms of temperature and composition).

iii



Zusammenfassung

Die global verfügbaren Messungen des Schwere- und Magnetfeldes mithilfe von Satelliten liegen
heute in einer Auflösung vor, die großräumige geophysikalische Anwendungen ermöglichen.
Zwar ist es mit Satelliten nicht möglich, die Auflösung von Bodenmessungen zu erreichen. Um
aber großkalige lithosphärische Strukturen zu untersuchen, sind Satellitendaten ideal, da die
Datenqualität sehr homogen ist und sie einen geringen Messfehler aufweisen. In dieser Dissertation
wird untersucht, wie groß die Sensitivität von Satellitendaten tatsächlich ist. Darüber hinaus
wird ein globales Krustenmodell basierend auf einer Datenbank aktiver seismischer Profile
erstellt, das – anders als vorherige Krustenmodelle – weitgehend ohne manuelle Eingabe von
Expertenwissen auskommt. Zuletzt werden die Ergebnisse der verschiedenen Kapitel in einer
gemeinsamen, probabilistischen Inversion von Schweregradienten und Topografie kombiniert, mit
der ein einfaches Zwei-Schicht Dichtemodell der Lithosphäre und dessen Unsicherheit bestimmt
werden kann.

Da Satellitenmessungen des Schwerefeldes auch die langen Wellenlängen sehr genau auflösen,
müssen die Konventionen der Schweredatenverarbeitung an diese Anforderungen angepasst
werden. Insbesondere die topografische Korrektur kann eine Quelle von langwelligen Fehlern sein,
da der Schwereeffekt von Topografie außerhalb des Untersuchungsgebiets die langen Wellenlängen
systematisch verzerren kann. Allerdings sind die meisten großskaligen topografischen Massen
aufgrund des isostatischen Ausgleichs kompensiert. Infolgedessen besteht eine Tendenz der
gegenseitigen Aufhebung von topografischen und isostatischen Effekten, vor allem in großer
Entfernung. Dies lässt sich ausnutzen um den Fernfeldeffekt infolge weit entfernter Topografie
innerhalb eines Untersuchungsgebiet effektiv zu minimieren. Verschiedene Ansätze dies zu
erreichen, werden vorgestellt.

Im Prinzip sind Satellitenmessungen des Magnetfeldes eine ideale Ergänzung für Schweremessun-
gen, da sie ebenfalls in hoher Qualität global verfügbar sind. Da jedes magnetische Mineral über
eine spezifische Curie-Temperatur verfügt, oberhalb der es seine magnetischen Eigenschaften
verliert, besteht ein Zusammenhang zwischen der Mächtigkeit der magnetisierten Schicht und
der Temperaturverteilung in der Lithosphäre. Folglich spiegelt auch das magnetische Feld der
Lithosphäre die Temperaturverteilung wider. Allerdings zeigen Sensitivitätstest, die auf einer
Inversion der Suszeptibilitätsverteilung innerhalb der Lithosphäre beruhen, dass zwischen einer
Variation der Mächtigkeit der magnetisierten Schicht und einer lateralen Variation der Suszep-
tibilität nicht zuverlässig unterschieden werden kann. Somit ist das Magnetfeld alleine nicht
geeignet, um die Temperaturverteilung zu bestimmen.

Für eine optimale Verwendung von Schweredaten sollten diese mit zusätzlichen Informationen
kombiniert werden. Für die Lithosphäre stellen Krustenmodelle basierend auf aktiven seismischen
Messungen eine wichtige Quelle solcher Information dar. Da allerdings die Verteilung aktiver
seismischer Profile global äußerst ungleichmäßig ist, wird bei der Extrapolation zur Erstellung
flächenhafter Krustenmodelle typischerweise auf Expertenwissen zurückgegriffen. Im Gegensatz
dazu wird in dieser Arbeit ein Krustenmodell entwickelt, das auf geostatistischer Interpolation
einer Datenbank aktiver seismischer Untersuchungen beruht. Der Vorteil dieses Vorgehens ist,
dass die Genauigkeit des erhaltenen Krustenmodells abgeschätzt werden kann.

Im letzten Teil dieser Arbeit werden Schweregradienten, Topografie und das neue Krustenmodell
gemeinsam in einer probabilistischen Inversion verwendet. Das Ziel dieser Inversion ist es, ein
Zwei-Schicht Modell (Kruste und lithosphärischer Mantel) der Dichteverteilung zu erstellen,
das mit den Schweredaten, der Topografie und dem a priori Krustenmodell kompatibel ist. Als
Testregion für das Inversionsverfahren wird der zentrale Nord-Atlantik gewählt. In dieser Region
ist eine systematische Signatur in der Dichte des lithosphärischen Mantels zu erwarten. Zum einen
aufgrund der Ozeanbodenspreizung, zum anderen aufgrund des Einfluss des Azoren-Hotspots. In
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der Tat gelingt es dem Inversionsverfahren den erwarteten Dichteverlauf im lithosphärischen
Mantel zu bestimmen. Allerdings gibt es erhebliche Äquivalenzen zwischen den verschiedenen
Schichten und die Auflösung innerhalb der Kruste ist sehr begrenzt. Verbessern lassen sich
die Ergebnisse dieses Algorithmus indem zusätzliche Daten berücksichtigt werden (z.B. höher
aufgelöste Schweredaten oder passive Seismologie) oder indem der Untergrund detaillierter
parametrisiert wird (z.B. als Temperatur und Komposition).
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1 Introduction

It was known at least since the end of the 19th century that major topographic features do not
disturb gravity measurements as much as theoretically expected (Pratt, 1855; for a historical
overview see Watts, 2001, ch. 1). Today this is confirmed by satellite-derived gravity models:
The free-air anomaly at satellite height (225 km) is less than ± 100 mGal (Pail et al., 2010),
whereas the expected gravity effect of topography is ± 500 mGal (see chapter 2). Thus, the
topographic mass surplus needs to be compensated by a mass deficit at depth.

The principle of isostasy provides an explanation for this mass deficit. Analogous to an iceberg
floating in water, the lighter crust ‘floats’ on the dense mantle. In this model, the crust-mantle
system is in isostatic balance if there is a compensation depth at which pressure is constant.
Airy (1855) and Pratt (1864) proposed two competing models of isostasy. In Airy’s model the
crust beneath high topography is thickened, whereas in Pratt’s model the crust beneath high
topography is less dense than regular crust. However, there is no need to strictly separate the
two models in practice, because both thickness and density variations can contribute to isostatic
compensation simultaneously.

Apart from explaining the small free-air anomaly, the principle of isostasy is also justified from
a dynamical point of view. In simple rheological terms, the upper earth consists of an elastic
lithosphere that overlays a viscous mantle. In an idealized case, the elastic lithosphere reacts
to topographic loading by deforming, which causes internal stresses in the lithosphere that
balance the external loading (Turcotte and Schubert, 2002, ch. 3). Importantly, a perfect elastic
medium can maintain such stresses indefinitely without moving (Jordan, 1978). In contrast, the
viscous mantle reacts to external loading by flowing. As a result, the lithosphere will sink or rise
according to the flow in the sub-lithospheric mantle. The flow only stops once isostatic balance
is attained in the sub-lithospheric mantle. The ongoing uplift observed in Fennoscandia, Siberia
and Canada (Cathles, 1975) is caused by Glacial Isostatic Adjustement (GIA) and illustrates
how quickly the lithosphere-asthenosphere system tends towards isostatic balance.

However, crustal isostasy is not the only manner in which topography can be maintained. Firstly,
there can be an isostatic contribution from the mantle lithosphere, secondly topography can be
maintained by the elastic strength of the lithosphere and thirdly topography can be maintained
by convective forces acting on the base of the lithosphere leading to dynamic topography.

Equating lithosphere and crust is often a viable approximation – at least for the continents –
because the density difference between crust and mantle is much larger than between lithospheric
and sub-lithospheric mantle. However, density variations in the upper mantle caused by cooling
are crucial for explaining ocean floor topography (Turcotte and Schubert, 2002, ch. 4.16). In the
continental mantle lithosphere, density variations are not only caused by temperature variations,
but also compositional differences. Jordan (1978) proposed that the continental lithosphere is
neutrally buoyant, because it is depleted of iron-rich (dense) minerals. Other studies found that
the continental mantle lithosphere does contribute up to 1 km of topography in some regions
(Zoback and Mooney, 2003; Kaban et al., 2003). Thus, a more complete model of isostasy should
include the mantle lithosphere.

Elastic support of topography is typically limited to wavelengths < 100-200 km. At larger
wavelengths, the lithosphere hardly resists the topographic loading, so that large scale topography
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1 Introduction

is mainly maintained isostatically (Turcotte and Schubert, 2002, ch. 3; Watts, 2001). However,
some regions seem to possess anomalously strong lithosphere (e.g. Watts and Burov, 2003),
where topographic loads with a wavelength of a several hundred kilometers can be maintained
by elastic stresses (e.g. Royden, 1993). Note that the spectral methods used to estimate the
lithospheric strength are somewhat controversial (e.g. McKenzie, 2016).

Convective motions in the viscous part of the mantle can deform the surface of the Earth and
lead to dynamic topography. Mantle flow is driven by lateral density variations in the mantle,
which are in turn caused by thermal or compositional variations. The speed of seismic shear
waves is typically used as proxy for temperature and hence density (Karato, 1993). Global
seismic tomography of the mantle systematically indicates that the mantle is heterogeneous
(i.e. French and Romanowicz, 2015; Schaeffer and Lebedev, 2015). Thus, there plausibly is a
contribution from mantle convection to surface topography.

Since the theoretical foundations of isostatic and dynamic topography are well developed, their
respective contributions to topography can be quantified using different techniques. Note that
the two types of topography are inherently complementary, i.e. any topography not explained by
isostatic topography should be due to dynamic topography and vice versa. However, there is
considerable variability caused by different modeling techniques and incomplete knowledge of
sub-surface properties such as crustal thickness.

Isostatic topography can be calculated from seismological determinations of crustal structure and
density. Typically, this is done using active source seismology, since it provides the best constraint
on crustal structure and velocity (Prodehl and Mooney, 2012). Furthermore, P-wave velocity
estimates can be converted to density estimates (Christensen and Mooney, 1995). However,
passive seismic methods, particularly receiver functions (Kind et al., 2012) and ambient noise
tomography (Shapiro and Campillo, 2004), can also be used. Based on the seismic density and
structure estimates, one can calculate how much topography would be needed to achieve isostatic
balance. This crustal isostatic topography can be subtracted from the observed topography to
give residual topography. Thus, residual topography is the part of topography not explained by
crustal isostatic equilibrium (Kaban et al., 1999).

Note that in many regions, seismological findings are indeed compatible with Airy-type isostasy:
Many major mountain chains are underlain by thick crustal roots that compensate the high
terrain above (e.g. Andes, Alps, Tibetan Plateau, Himalaya). However, there are also areas
of considerable disagreement, like cratonic regions with thick crust but hardly any surface
topography.

Flament et al. (2013) compared four different estimates of residual topography and conclude
that the long-wavelength (>10,000 km) features are stable. At the same time, the predicted
amplitudes (peak-to-peak) vary between 2.8 km and 4.2 km, depending on the crustal models
and assumptions used. In contrast, a recent study focused on the oceanic domain (Hoggard
et al., 2016) concluded that residual topography at wavelengths of 10,000 km or more is less
than 1 km. Thus, there is considerable disagreement, particularly regarding the magnitude of
residual topography.

Dynamic topography was first calculated by Richards and Hager (1984) using tomography-derived
density variations to predict the instantaneous flow pattern in the mantle and the corresponding
dynamic topography. Many authors have built on the original approach of Richards and Hager
(Flament et al., 2013). Estimates of dynamic topography depend on the input seismic tomography
model, how seismic velocity is converted to density, the assumed viscosity structure in the mantle,
the parameterization of the lithosphere and the numerical approach used to calculate mantle
flow. Flament et al. (2013) also compared five different dynamic topography calculations and
found agreement in the long-wavelength structure, but significant disagreement in terms of
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1 Introduction

peak-to-peak amplitude (from 2.2 km up to 5.8 km).

Even though isostatic and dynamic topography should be complementary, agreement between
estimates of residual and dynamic topography is generally poor and limited to the longest
wavelengths (Steinberger, 2007). To some extent this is caused by conflicting definitions of
dynamic and residual topography, but even if complementary definitions are used, large differences
remain (Molnar et al., 2015). In addition, the amplitude of dynamic topography results tend to
be systematically higher than residual topography (Molnar et al., 2015). Recently, the agreement
between residual and dynamic topography was improved by using a velocity-density conversion
that reflects the chemically depleted continental lithosphere (Steinberger, 2016). In the model of
Steinberger (2016), dynamic topography is only 30 % larger than residual topography, compared
to factor 2 or 3 in previous calculations, but still large differences remain.

While the disagreements between dynamic and residual topography are large, there is also
considerable uncertainty affecting these estimates. On a global scale, limited availability of
data is a major source of uncertainty. For example, active seismic determinations of crustal
structure are distributed very heterogeneously (Mooney, 2015), potentially leading to large
uncertainties of isostatic topography in poorly surveyed areas. Uncertainties persist in well
surveyed regions as well, such as the uncertainty of the velocity to density conversion (Herceg
et al., 2015). Calculations of dynamic topography are likewise affected by several potential
sources of uncertainties, including the viscosity distribution in the mantle, the conversion of
seismic velocities to densities and limited resolution of seismic tomography (Flament et al., 2013).
Thus, it is not surprising that even in regions with excellent data coverage the same topographic
features are seen by different authors as either mainly isostatic or mainly dynamic (cf. Afonso
et al., 2016b).

The gravity field might be able to shed some light on this discrepancy, since both forms of
topography ultimately depend on the density structure. Recently, Molnar et al. (2015) challenged
results of 1 km or more of dynamic topography derived from mantle flow calculations. They use
analytical models of flow to derive a rule of thumb that 1 km of dynamic topography creates a
free-air anomaly of about 50 mGal (30 mGal in the oceans). According to this rule of thumb,
the maximum long wavelength free-air anomaly (c. 50 mGal) limits dynamic topography to less
than 1 km.

However, the “50 mGal” rule of thumb only holds if viscosity is constant in the entire mantle
and there is no deformation on the core-mantle boundary (Colli et al., 2016). There is evidence
that the lower mantle is much more viscous than the upper mantle (e.g. King, 2016). In that
case, numerical flow simulations predict that positive dynamic topography is associated with
no or even negative free-air anomaly depending on the depth and wavelength of the causative
density anomaly (Colli et al., 2016). Thus, the relation between small free-air anomalies and
small values of dynamic topography does not hold in all situations (Yang and Gurnis, 2016). To
fully exploit the possibilities of the gravity field, a more comprehensive approach than the rule
of thumb is needed.

The goal of density modeling is to determine a density distribution in the sub-surface (typically
the crust and upper mantle) that explains the measured gravity field and is consistent with
constraining geophysical and geological knowledge. Such a density distribution can be found
manually through forward modeling (e.g. Götze and Lahmeyer, 1988; Prezzi et al., 2009) or
using automated inversion (e.g. Uieda and Barbosa, 2016). In a wider sense, density modeling
can be included into joint inversion of several data sets (cf. Moorkamp et al., 2016). Such a
joint approach can reduce ambiguities, but requires a relation between physical parameters in
the sub-surface.

In the last years, new opportunities for large scale density modeling have arisen thanks to
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satellite gravity data. The satellite gravity missions GRACE (Tapley et al., 2004; Tapley et al.,
2005) and GOCE (Floberghagen et al., 2011) have provided the gravity field at resolutions of c.
70 km nearly globally with high accuracy (Pail et al., 2010; Mayer-Guerr, 2015). Thus, satellite
gravity data are now sufficient for geophysical modeling of major structures (Holzrichter and
Ebbing, 2016; Köther et al., 2012). A crucial factor for the improved accuracy and resolution
was the Global Ocean Circulation Explorer (GOCE) mission, carried out by the European Space
Agency (ESA). GOCE was the first mission to measure not only the vector of gravitational
acceleration, but also its spatial gradient, represented as the gradient tensor.

The specific sensitivities of the different representations of the gravity field to the density
structure have long been exploited in different ways. These representations are all ultimately
derivatives of the potential and are inherently sensitive to different depths (Bouman et al., 2016).
The geodynamics community mostly relied on the geoid as representation of the gravity field
because it is sensitive to density anomalies in the mantle down to the core-mantle boundary
(Ricard et al., 1988; Richards and Hager, 1984). For the crust and upper mantle, the vertical
gravity component has typically been used instead, since it can be measured using portable
gravimeters or aircraft (Nabighian et al., 2005). While the gravity gradient tensor was already
measured in the 1890s by Eötvös (Shaw and Jones, 1923), interest in gravity gradients has
recently renewed. Gravity gradients were found sensitive to crustal density structure (e.g. Ebbing
et al., 2014). In addition, using the complete gradient tensor is helpful for lithospheric forward
modeling (Holzrichter and Ebbing, 2016). In exploration applications, gravity gradients have
been shown to reduce interpretation ambiguity (Paoletti et al., 2016). For lithospheric modeling,
jointly considering gravity, geoid and gradients is also considered beneficial (Fullea et al., 2009;
Afonso et al., 2013b).

Like the gravity field, the magnetic field is available globally from recent satellite missions (e.g.
Olsen et al., 2017). The magnetic field can be composed into the core field and the lithospheric
field. At wavelengths of less than ~2500 km, magnetized rocks in the lithosphere are the main
source of the magnetic field (Thébault et al., 2010). Since magnetized minerals become practically
non-magnetic above their Curie temperature, the lithospheric field strongly depends on the
temperature distribution in the lithosphere (Reynolds et al., 1990). Thus, the magnetic field
could provide information about temperature in the lithosphere, which can be used to constrain
lithospheric density.

In this thesis, I investigate if and how satellite gravity and magnetic data can be used to better
constrain large-scale lithospheric structure. As discussed above, it is important to consider as
much geophysical information as possible, since all methods are affected by inherent ambiguities.
Thus, the uncertainties of the individual results are also important to allow a reasonable
combination of different methods. The following chapters contain one published paper, two
submitted manuscripts and one unpublished chapter that address different topics relating to
lithospheric structure.

Paper I investigates how to incorporate far-field topographic effects in regional gravity modeling.
The main tool of density modeling is the Bouguer anomaly (Nabighian et al., 2005), which is
calculated by subtracting the gravity effect of topography from the free-air anomaly (Blakely,
2009). Due to the linearity of the gravity field, the Bouguer anomaly should only reflect density
variations in the sub-surface, provided the gravity effect of topography has been estimated
accurately.

However, the procedures for calculating the gravity effect of topography have been derived in
the context of surface measurements, exploration purposes (i.e. Hammer, 1939) and limited
computational resources (i.e. Hayford and Bowie, 1912). Often only topography within a radius
of 1.5 degrees (~167 km) around the measurement point is considered. Mikuska et al. (2006)
showed that Distant Terrain Effects of several hundred mGal can be caused by terrain outside of
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the 1.5 degree radius. The Distant Terrain Effects mainly influence the long wavelengths (>1000
km) of the gravity field, so they can be safely ignored for smaller study areas. However, these
long wavelengths are related to deep (sub-lithospheric) sources. Thus, accurately accounting for
far-field effects might be important large-scale investigations with satellite data.

The radius of 1.5 degrees has been used for decades in density modeling (i.e. Prezzi et al., 2009)
– apparently without causing any problems. The most likely savior is isostasy. After all, not only
the gravity effect of topography is neglected in the far-field, but also its compensating mass at
depth.

In paper I the importance of far-field topographic-isostatic is systematically investigated. A
global model of isostatic compensation is calculated. In the continents, an isostatic Moho depth
is calculated from topography directly, under the assumption of crustal Airy-type isostasy. Since
the subsidence of ocean floor with age results from cooling of the entire lithosphere, and crustal
thickness is nearly constant in ‘normal’ oceans (McKenzie and Bickle, 1988), isostatic equilibrium
in the oceans is attained by adjusting the density of the lithospheric mantle, down to a depth of
120 km.

Forward calculation of the gravity effect of this model show that far-field topographic and
isostatic effects indeed tend to balance out. The combined Topographic-isostatic far-field effects
are an order of magnitude smaller than topographic far-field effects alone.

Paper II is not directly connected to the topography or density structure, but uses the magnetic
field.

Typically, either spectral techniques (Spector and Grant, 1970) or equivalent dipoles (Purucker
et al., 1998) are used to directly estimate the lower boundary of magnetization from magnetic
data. The lower boundary of magnetization can be interpreted as the Curie isotherm (Wasilewski
and Mayhew, 1992). This is especially appealing in remote areas such as Antarctica where
measurements of surface heat flow are extremely challenging (Maule et al., 2005), so that the
magnetic field might provide important information on the thermal state.

However, directly determining the lower boundary of magnetization from the magnetic field
has two kinds of limitations: On the one hand, the lower boundary of magnetization does
not necessarily correspond to the Curie isotherm, because the lower boundary might reflect
differences in composition or oxidation conditions (Pilchin and Eppelbaum, 1997). On the other
hand, the magnetic field is not only affected by variations of the lower boundary of magnetization,
but also reflects lateral variation in magnetic susceptibility. Rock susceptibility in the crust
is related to its composition (Reynolds et al., 1990; Hunt et al., 1995). In addition, magnetic
susceptibility affects only one geophysical observable, namely the static magnetic field. Thus,
the only other way to constrain susceptibility is prior information, i.e. rock samples. Direct
methods are hence affected by strong ambiguities.

To investigate the sensitivity of magnetic data to thermal structure, satellite magnetic data
from the model MF7 (Maus, 2010) are inverted for a laterally varying susceptibility distribution.
During the inversion three different geometries of the magnetized layer are used: The entire
crust, only the crust colder than 580 °C (Curie temperature of magnetite), both crust and
mantle colder than 580 °C are magnetic. The temperature distribution in the lithosphere is
calculated independently of the magnetic field using a simple thermal model based on heat flow
measurements and a seismological model of lithosphere-asthenosphere boundary (LAB) depth.

While these three geometries do lead to different susceptibility values, the differences are small
compared to the prior uncertainties of susceptibility. Thus, magnetic data cannot distinguish
between the different geometries, because the magnetic field could be equally well explained by
lateral variation of susceptibility.
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In paper III the accuracy of global crustal models is investigated. Errors in global crustal models
directly propagate to the calculated isostatic topography, making uncertainty estimations of
crustal models essential to assess the role of dynamic and isostatic topography. This uncertainty
is mainly caused by interpolation of data acquired along profiles and reduced accuracy of older
data. The popular crustal model Crust1.0 (Laske et al., 2013), which is a higher resolution
update of Crust5.1 (Mooney et al., 1998), is based on an extensive catalogue of active seismic
surveys (mostly refraction). The design philosophy of Crust1.0 is based on pre-defined tectonic
domains (i.e. Orogen, extended crust, rift) to ensure geologically plausible results. However, by
including expert knowledge in this way, a quantitative assessment of model accuracy becomes
difficult.

To allow a quantitative estimation of uncertainty, a geostatistical interpolation technique is
developed. The interpolation is a form of kriging, that allows for non-stationarity and works in
spherical coordinates. As input I use a catalogue of active seismological surveys to derive a global
map of crustal thickness and average crustal P-wave velocity. Furthermore, the uncertainties
of the interpolated quantities are derived. Propagating the uncertainties to crustal residual
topography, I find that the uncertainty is negligible in well-studied areas (North America, Europe,
parts of East Asia), but crippling in many frontier areas.

In chapter 5, the crustal model derived in Paper III is employed in a probabilistic joint inversion.
The inversion combines satellite gravity gradients (Bouman et al., 2016) and topography (Amante
and Eakins, 2009) to invert for a density model of the lithosphere, consisting of the crust and
mantle lithosphere. The mid-Atlantic region is chosen as test area for the inversion, since the
lithospheric cooling should produce a clearly resolvable trend.

The important role of the lithospheric mantle for isostatic compensation was shown previously
by probabilistic inversion for lithospheric models that include the effect of chemical composition
of the lithospheric mantle on mineral phases and physical properties (Fullea et al., 2009; Afonso
et al., 2013a; Afonso et al., 2016a). Such models have many degrees of freedom and thus require
as much complementary data as possible, i.e. elevation, gravity, geoid, surface heat flow, surface
wave dispersion curves, receiver functions (i.e. Tork Qashqai et al., 2016). While elevation and
gravity data are available nearly globally in good quality, other data are much more limited.
Thus, in many regions of the world, only simpler models (than the thermo-chemical models)
can be estimated and these models might prove insightful, despite their simplicity (Fullea et al.,
2007).

The inversion results confirm that satellite gravity gradients and topography are sufficient to
estimate a first-order lithospheric model. However, the sensitivity to crustal structure is limited.

Contributions

Paper I My contribution to the paper are all calculations, all figures and the compilation of the
initial manuscript.

Paper II I re-implemented the inversion routine, based on previous work by Baykiev (2017). All
figures were created by myself and I compiled the initial version of the manuscript.

Paper III I implemented the non-stationary kriging routine and adapted it to spherical coordi-
nates. I created all figures and the initial version of the manuscript.
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2.1 Introduction

Nowadays global gravity models open up new possibilities for studying deep processes like
dynamic topography and overall mantle dynamics (Panet et al., 2014). Recent gravity satellite
missions like GOCE and GRACE provide a nearly global gravity field with a resolution of up to
80 km and uncertainties of less than 1 mGal (Floberghagen et al., 2011).

To isolate the sub-lithospheric part from the long-wavelength gravity field, careful processing is
required. Conventionally, it is assumed that the Spherical Harmonic degrees < 12 reflect the
sub-lithospheric field. However, Root et al. (2015) demonstrated that the long-wavelength gravity
field not only reflects dynamic processes in the sub-lithospheric mantle but is also influenced by
the internal lithospheric and more specifically crustal architecture, as well as glacial isostatic
adjustment. Thus, simple wave-length filtering is not sufficient to isolate the sub-lithospheric
field. Rather the Bouguer gravity anomaly must be stripped of the lithospheric field (Kaban
et al., 1999).

Conventionally, the Bouguer anomaly is used for interpretation and modeling (Nabighian et al.,
2005). This implies that topography is removed from measured gravity data to reveal sub-surface
density inhomogeneities. The Bouguer correction is two-fold and the complete Bouguer correction
accounts for the masses of a (spherical) Bouguer plate and the terrain correction. In the era of
satellite gravity and airborne gradiometry such a definition is somewhat outdated and instead
often a topographic mass reduction is applied taking into account the actual distribution of
topographic masses (Hirt et al., 2012).

An open question is how masses outside the study area have to be considered or even whether a
global correction is necessary. The terrain correction is commonly limited to a radius of 1.5°
(~167 km) around a gravity station; a convention probably going back to Hayford and Bowie
(1912). Topography beyond this radius was considered to be too distant to have any considerable
gravity effect.

Mikuska et al. (2006) demonstrated that topographic masses beyond 1.5° can have an important
contribution for ground surveys. They found that it is necessary to account for global topography
to prevent introducing long wavelength errors into the Bouguer anomaly. But if a global correction
for the topographic masses outside a study area is needed, how do we treat the other masses
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within the Earth outside our study area? One concept is to use a global topographic-isostatic
model for correction (Grombein et al., 2014; Kaban et al., 1999).

In this contribution we will quantify the errors caused by neglecting distant effects both for
topography and internal masses. This analysis will be performed for ground and satellite gravity
as well as satellite gravity gradients.

We first outline how our isostatic model was constructed and how gravity was calculated. Next,
the results of these calculations are given and their practical implications discussed.

2.2 Data and methods

All gravity fields in the following are calculated on a global 1°x1° grid of stations at the surface
and a height of 225 km, which is similar to the flight height of the GOCE satellite during its
latest mission phase. In this study we will use the spherical approximation, with a constant
Earth radius of 6371 km. Thus, a height of h km will be converted to a radius of 6371 km +
h. While GOCE-based gravity models provide information at higher resolutions, our chosen
resolution of 1° is sufficient, because distant effects have much longer wavelengths than 1°.

The station height at ground level was extracted from the ETOPO1 grid nodes to achieve
consistency between the station and topographic data and was at the ellipsoid for the offshore
stations.

2.2.1 Topographic Effect

The topographic model is based on ETOPO1 (Amante and Eakins, 2009), which we sampled
down to a resolution of 5 arc minutes (Figure 2.1). Topography of higher resolution has a
significant effect on the topographic gravity effect (TE), but only at small wavelengths, which
cannot be detected using a 1°x1° grid of stations.

Figure 2.1: Map of global topography (ETOPO1) at a resolution of 5 arc minutes.

For both heights, we calculated the vertical gravity field component. At satellite height we
additionally computed the full gravity gradient tensor as measured by the GOCE mission.
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We assumed a constant topographic density of 2670 kg m-3 and a density of 1040 kg m-3 for
seawater. To be consistent with our isostatic calculations (see next section), we used a reference
crustal density of 2800 kg m-3. This gives a correction density for the oceans of 1760 kg m-3.
Different densities due to ice masses, sediments or crustal inhomogeneities are not considered.

For ground station, a radius of 1.5° is an established standard for topographic correction. The
gravity effect of masses beyond 1.5° will be called the distant part of that effect. Thus, the
topographic effect is split into an Inner Topographic Correction (ITE) and a Distant Topographic
Correction (DTE), with TE = ITE+DTE. Thus DTE represents the error that is made when
using a correction radius of 1.5°. For satellite gravity we will use the radius of 5° instead. The
choice of 5° is justified in section 4.

We will also make use of a more general expression for arbitrary correction radius where ITE(r)
refers to the topographic effect calculated using a correction radius of r. Remaining quantities
are used analogously: DTE(r) = TE – ITE(r).

2.2.2 Isostatic Effect

In the second set of calculations, we tried to estimate the internal mass distribution by assuming
an isostatic model similar to Grombein et al. (2014). We use an Airy-type crustal isostatic
model onshore which is a good approximation over continents for long wavelengths. This was
verified using regression analysis between Bouguer anomaly and topography (Braitenberg, 2015;
Braitenberg et al., 2013). In oceanic areas, crustal thickness is nearly constant and thus cannot
compensate topography (McKenzie and Bickle, 1988). Instead, ocean floor topography is caused
by secular cooling of the lithosphere. Therefore, lateral variations of density exist in oceanic
lithosphere, which we approximate by using Pratt-type isostasy. Furthermore, Airy-isostasy can
result in Moho depth above the ocean sea floor if the water is very deep (Figure 2.2).

Figure 2.2: Moho depth calculated using Airy isostasy. If water depth is more than 5.5 km
(which is 8 % of the oceans), the predicted Moho depth lies above the sea floor.
Furthermore, if water depth is greater than 6.8 km, the predicted Moho lies above
the sea surface. Thus, Airy isostasy is not useful for very deep water, at least with
the chosen density contrast.

Our reference model (see Figure 2.3) has no topography and a crustal thickness of c = 30 km.
The reference crustal density is 2800 kg m-3, consistent with the average density of the crust
(Christensen and Mooney, 1995). The reference mantle density is 3200 kg m-3, (Lachenbruch
and Morgan, 1990) thus the contrast between crust and mantle is 400 kg m-3.

Onshore, the additional thickness of the crust r required for isostatic compensation, can be
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Figure 2.3: Sketch of our isostatic model. Left column: Reference column with zero topography.
Middle column: Onshore, topography is compensated by a crustal root of thickness
r. Right column: Offshore, bathymetry is compensated by variation of mantle
lithosphere density.

computed directly from the topographic height, by balancing the mass in a column with the
mass in the reference column (see Figure 2.3). This gives:

r = ρt

ρc−ρm
t (2.1)

Where ρt = 2670 kg m−3 is topographic density, ρc = 2800 kg m−3 is the reference crustal
density and ρm = 3200 kg m−3 is the reference mantle density. The resulting Moho depth
distribution is shown in Figure 2.4 (a).

The thickness of oceanic crust is controlled mostly by mantle potential temperature underneath
the spreading ridge, where the crust was formed (McKenzie et al., 2005). In oceanic areas, we
emulate secular cooling without explicitly modeling the thermal structure. To this end, we
split the oceanic plate into the crust and the mantle lithosphere. The density of the crust is
constant and its thickness is derived from Crust1.0 (Laske et al., 2013), which is based on a
compilation of active seismic experiments. The density of the mantle lithosphere is adjusted to
provide isostatic equilibrium. By balancing the mass in each oceanic column with the mass in
the reference column, the density of the oceanic mantle lithosphere is calculated (see Figure 2.3):

ρm= ρcc+ρmm−ρww−ρcc
m (2.2)

Here, c and m are crustal thickness and mantle lithosphere thickness; while ρc, ρm and ρw are
the densities of crust, mantle lithosphere and water; w is the thickness of the water layer. The
parameters of the reference model are given by the quantities marked with overbars.

We set the compensation depth to 120 km, which corresponds roughly to the deepest lithosphere-
asthenosphere boundary in the oceans (Priestly and McKenzie, 2006). The resulting density
distribution is shown in Figure 2.4 (b).

Some regions covered by water are in fact continental (i.e. the continental shelf) and have thick
crust (compared to oceanic crust). Therefore, we have only applied equation (2.2) where the
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Figure 2.4: (a) Depth to Moho. This is computed using Airy isostasy onshore (see equation
(2.1)), whereas the Moho depth from Crust1.0 is used offshore. To have the same
resolution as the topography data, the resolution of Crust1.0 was increased to 5
arc minutes. (b) Density contrast between in-situ mantle lithosphere and reference
crust. This density contrast is set to a constant value of 400 kg mˆ-3 in the onshore
regions. Offshore it is computed using equation (2.2). Note that the youngest oceanic
lithosphere is associated with lowest density and the density increases with the age
of the plate. This is consistent with the thermal development of oceanic plates
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water depth is greater than 350 m. In regions with shallower water we applied a modified version
of equation (2.2), which accounts for the presence of water:

r = ρm−ρw

ρm−ρc
(2.3)

The isostatic effect (IE) is calculated relative to the reference model. Therefore, onshore the IE
is caused by the crustal roots with a negative density contrast of 400 kg m-3. In oceanic areas
with a normal, thin crust, there are two opposing density contrasts: The first contrast is due
to the shallow Moho in offshore areas and always positive. The second contrast is between the
reference mantle and the actual mantle densities and is always negative. The sum of TE and IE
will be called the topographic-isostatic effect (TIE).

Unlike the topographic effect, the gravity effect of internal masses, in our case the isostatic effect,
is normally not calculated with a limited correction radius. For instance, Hinze et al. (2005)
compute the topographic effect using a correction radius of 1.5°, while the isostatic effect is
computed globally. Another possibility is to compute the effect of the subsurface from the entire
study area. Here, we will use the same radius-based approach for IE as we use for TE, to study
the magnitude of far-field effects on IE.

Like TE, we will split IE into an Inner and a Distant Isostatic Effect, IE = IIE + DIE.

The combination of both effects is TIE and also split into an Inner Topographic-Isostatic Effect
and a Distant Topographic-Isostatic Effect TIE = ITIE + DTIE.

2.2.3 Gravity Calculation

Gravity was calculated using tesseroids. ‘Tesseroids result from a subdivision of the [. . . ]
spherical reference surface into elements bounded by geographical grid lines and have a constant
[. . . ] height.’ (Heck and Seitz, 2007). Tesseroids thus arise naturally when using equi-angular
grids in geographical coordinates. In low latitudes tesseroids resemble prisms with a curved
surface. Close to the pole their shape becomes trapezoidal.

No closed-form expression for the gravity effect of a tesseroid can exist (Heck and Seitz, 2007).
However, there are different approaches for approximating a tesseroid’s gravity effect (Grombein
et al., 2013; Uieda et al., 2011; Wild-Pfeiffer, 2008). We choose to approximate the gravity
effect of a tesseroid using numerical integration of Newton’s integral. We will use the vertical
component for ground and satellite stations. Additionally, we compute the vertical and north-east
gravity gradient component for satellite stations.

Our coordinate system is East-North-Up. We use this coordinate system, because it follows
naturally from spherical coordinates, where the radius base vector is pointing outward. Since we
are calculating gravity gradients in spherical coordinates, the East-North-Up coordinate system
allows us to relate the components of the Marussi tensor directly with derivatives in spherical
coordinates (Grombein et al., 2013). Note, that a positive mass has a negative gravity effect in
the East-North-Up system, since it is creating a downward acceleration (in direction of negative
radius).

For each station we stored TE and IE as a function of great circle distance between station and
source in steps of 0.1° of distance. This way we can easily determine the contribution of far-field
effects for individual stations without unnecessarily repeating calculations.

From this we computed statistics of the distant effect as function of correction radius. E.g., let
DTE (r)i be the distant topographic effect computed using radius r at the i-th station. The shift
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affecting all stations is then:

Mean (DTE(r)) =1
n
∑

i
DTE (r)i (2.4)

The standard deviation is

STD (DTE (r)) =
√

1
n

∑
i

(DTE (r)i −Mean (DTE (r)))2 (2.5)

The root-mean square (rms) can then be computed as

RMS (DTE (r)) =
√
STD (DTE (r))2 +Mean (DTE (r))2 (2.6)

These statistics describe the average magnitude of distant effects as a function of correction radius.
Isolating the shift is important because a constant global shift can normally be disregarded in
regional density modeling. The rms is useful, because it is a measure of the expected magnitude
of distant effects that incorporates both the spatially constant and varying contributions.

2.2.4 Regional test cases

In addition to the radius based calculations, we chose a test region in North America. It extends
from -135°E to -60°E and from 25°N to 50°N. There has been considerable debate on what role
dynamic topography plays for example in the Colorado plateau (Liu and Gurnis, 2010). Since
the long-wavelength gravity field contains important constraints on dynamic topography (Molnar
et al., 2015), it is interesting to investigate how different treatments of topographic and isostatic
correction affect the long-wavelength gravity field.

For the regional test area, we calculated topographic and isostatic effects on grids that were found
by extending the study area by 2.5°, 5°, 7.5° and 10° respectively (see Figure 2.5). We also used
a different approach, where topographic and isostatic corrections are calculated using different
areas. This occurs when the entire study area is used for isostatic correction, while topographic
correction is limited to some radius around each station (e.g. Prezzi et al., 2009). Note that
Prezzi et al. (2009) did not explicitly carry out an isostatic correction, but forward calculated
the gravity effect of a regional density model. However, this is comparable to calculating the
isostatic effect, because the Moho is the strongest density contrast in any lithospheric density
model.

2.3 Results

2.3.1 Ground-based gravity

Both TE and IE (Figure 2.6 (a) and (b)) are closely correlated to topography, but there are
three differences. First, the signs are opposite because the sign of the source masses is different.
Second, the amplitude of the IE is lower (-600 to +450 mGal) than that of TE (-500 to +700
mGal). Third, IE is smoother than TE. The two latter differences are due to the greater source
depth of IE.
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Figure 2.5: Difference between local and regional modeling. Each dot represents a gravity station.
In local modeling (left figure), only a circle around each station is considered for
gravity calculation. When using regional modeling (right figure) each station uses
the same model for gravity calculation. The extent of this model is found here by
extending the area covered by station (dashed line) by a certain distance e. Note that
the distant effect in the case of regional modeling is always less than local modeling
with a correction radius of e.

This difference in source depths prevents TE and IE from canceling perfectly (Figure 2.6 (c)).
Maximum values of combined topographic-isostatic effect (TIE) are +/- 200 mGal, although
these extreme values are very rare. At 90 % of the stations the values are between -50 and +40
mGal, and about 60 % of the stations show a TIE of less than +/- 10 mGal.

The strongest negative values of up to -200 mGal are located over the large orogens like the
Himalaya or the Andes. However, the impact of these orogens extends beyond the areas of
high terrain. Around the edges of these mountain belts a positive TIE of several tens of mGal
is observed. This ‘halo’ around massive mountains indicates a far-field effect of the isostatic
compensation masses.

TIE is closely related to bathymetry in the oceans. At the mid-oceanic ridges, TIE is slightly
negative (< -20 mGal). As the water depth increases, TIE increases as well, reaching maximum
values of +200 mGal at the deep ocean trenches. Note that the sign of the correction changes
from negative to positive as the water depth increases.

When the topographic-isostatic effect is limited to a radius of 1.5° two changes occur (Figure 2.7
(a)). Firstly, there is a systematic increase of the amplitude compared to a global computation.
This means that correcting with a radius 1.5° has a tendency to over-compensate. Secondly, the
‘halos’ observed at the edges of massive mountains like the Tibetan Plateau disappear.

The impact of a limited correction radius can be quantified by inspecting the distant topographic-
isostatic effect (DTIE). In general, (Figure 2.7 (b)), DTIE is small where TIE is small as well.
Thus, the majority of stations have DTIE between +/- 10 mGal. However, extreme values of
-60 to +100 mGal occur. Distinct patches of positive anomalies cover the major orogenies but
extend well beyond the area of high terrain. Similar patches exist around the deep ocean basins,
especially in the Pacific Ocean and at the mid-oceanic ridges. The standard deviation of DTIE
is 22 mGal.

When the correction radius is increased, far-field effects on TIE decrease significantly (Figure 2.8).
The rms of DTIE(r) drops from around 45 mGal at a radius of 1° to 6.5 mGal at 5°. Between
radii of 1° and 30° the relation between correction radius r and DTIE(r) is approximately a
power-law with an exponent of ~ -1.1. Therefore, DTIE(r) reduces by a factor of ~2.2 if the
correction radius is doubled. For any radius, the DTIE(r) is not merely a constant global shift,
because the mean over all stations is for the most part five times smaller than the rms.

Note, that TIE is less affected by far-field effects than TE alone (Figure 2.7 (c)). DTE lies between
60 and 200 mGal, with a standard deviation of 28 mGal. Also, DTE introduces a long-wavelength
trend in essentially all regions of the world. Furthermore, the rms of DTE decreases slower than
DTIE when the correction radius is increased (Figure 2.8). Thus, topography and its isostatic
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Figure 2.6: (a) Topographic effect (TE) for stations at ground level calculated using global
topography. TE correlates strongly with topography. Maximum positive (negative)
values are attained over the Pacific Ocean (Tibetan Plateau) respectively. Note that
highest positive amplitude is 200 mGal larger than the highest negative amplitude,
implying a dominance of the bathymetric effect over the topographic effect. (b)
Isostatic effect (IE) for stations at ground level calculated using global isostatic
model. Like the RE the IE correlates strongly with relief, but with opposite sign.
Thus, IE and RE are anti-correlated; however, this correlation is not perfect. IE
shows slightly smaller amplitudes than TE (-600 to +450 mGal, vs. -500 to +700
mGal). Furthermore, IE is smoother than TE due to the greater source depth of
TE. (c) . Combined Topographic-Isostatic Effect (TIE) for stations at ground level
calculated using global data. This is obtained by adding topographic and isostatic
Effect. Thus TIE is also correlated with relief. However, IE has deeper sources
than TE, so that often TE is greater than IE. Another noteworthy feature are the
positive ‘halos’ around the massive orogens. These imply a net positive effect from
the isostatic masses underneath the orogens. Therefore, they would necessitate an
increased correction radius at the edges of these orogens.
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2 Importance of far-field topographic and isostatic corrections

Figure 2.7: (a) Inner Topographic-Isostatic Effect (ITIE) for ground stations computed with a
correction radius of 1.5°. Compared to Topographic-Isostatic Effect (TIE, Figure
2.6 (c)) the amplitudes increase, thus when using a limited correction radius there
is a tendency to over-estimate TIE. Note the ‘halos’ around the massive orogens
have essentially disappeared. (b) Distant topographic-isostatic Effect (DTIE) for
ground stations. Compared to TIE, the features are associated with continental-scale
relief features, such as orogens and extensive ocean basins. The amplitude of DTIE
is smaller than TIE, but can still account for up to 50 % of the amplitude. This
map can be interpreted as a map of the error incurred by limiting corrections to a
radius of 1.5°. Note, the sign of DTIE and ITIE is opposite. This is due to the fact
that ITIE always tends to overestimate the magnitude of TIE. Hence, DTIE needs
to have the opposite sign of ITIE, so that the sum of DTIE and ITIE has a lower
value.(c) Distant Topographic Effect (DTE) for stations at ground level.
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compensation should always be considered together, to avoid introducing long-wavelength bias.

Figure 2.8: Remaining distant TE (red) and TIE (blue) as function of correction radius for
ground stations. RMS (solid line), standard deviation (circles) and mean (triangles)
are given. (a) gives the complete range of correction radii, while (b) is a zoom on
radii between 0 and 30 °. For TE there is a significant amount of shift so that the
standard deviation is mostly several times lower than the mean. In contrast, TIE
has a lower mean than the standard deviation, as long as the correction radius is
less than 30°. For radii of less than 30°, the standard deviation of TIE decays much
faster than the standard deviation of TE. This highlights that it is important to
consider isostatic and topographic effects together. The local minimum at a distance
of around 23° distance is due to the fact that the mean changes its sign.

2.3.2 Satellite-based gravity

TE and IE for satellite stations are essentially low-pass filtered versions of the respective fields
at ground level. We therefore do not discuss them further here.

Far-field effects have a much stronger effect on satellite stations than on stations at ground
level (compare Figure 2.9 (a) and Figure 2.10 (a)). For radii less than 3°, the distant effect
first decreases and then increases with radius (Figure 2.10 (a)), so clearly the correction radius
should be larger than 3°. For radii above 3°, the rms remaining effect decreases, approximately
obeying a power-law with an exponent of -2, similar to ground stations. To reduce the rms
remaining distant effect to 10 % of the rms global effect, a correction radius of 15° would be
necessary. For correction radii above 30°, DTIE(r) starts to be dominated by shift, which tends
to be several times larger than the standard deviation for radii above 30 ° (Figure 2.10 (a)).

A correction radius of 5° gives DTIE(r) for satellite stations that are very similar to DTIE (1.5°)
obtained for ground stations. The radius of 5° gives the maximum correlation coefficient between
the DTIE(r) for satellite stations and DTIE (1.5°) for ground stations. This motivates our choice
of anything beyond 5° as ‘distant’ for satellite stations.

DTIE (5°) for satellite stations is shown in Figure 2.9 (b). DTIE is between -9 and +10 mGal.
Overall the distribution is skewed towards negative value since 90 % of the values lie between -8
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Figure 2.9: (a) Topographic-isostatic effect (TIE) for stations at a height of 225 km. This is
the field continuation of TIE at ground level (Figure 6 (c)). The large-scale features
observed are similar. (b) Distant (Distance > 5°) TIE for stations at a height of 225
km.
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2 Importance of far-field topographic and isostatic corrections

Figure 2.10: Remaining distant TE and TIE for all stations at satellite height. The subfigures
refer to gr (a), grr (b) and gne (c) respectively. In each case the red line gives
the distant effects for TE alone, while the blue line gives distant effects for TIE.
Different statistics are represented by solid lines (RMS), circles (standard deviation)
and triangles (mean). Note TE alone is normally one or two orders of magnitude
larger than TIE. (a) Remaining distant effect (gravity) as a function of correction
radius for satellite stations. For small correction radii the remaining distant TIE
increases with increasing correction radius. Decay of the remaining distant effect
begins at a radius of 2.5°, which is similar to the height of the stations (225 km).
At a radius of around 30°, standard deviation and mean of DTIE are roughly equal.
For larger radius the mean is about five times larger than the standard deviation,
so there is a significant amount of shift. (b) Vertical gravity gradient component.
The local minima in the mean of are caused by a change of sign. (c) North-east
gradient component. Note, the mean is completely negligible.
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and +5 mGal and the mean value is -2 mGal.

2.3.3 Satellite-based gravity gradients

The vertical gravity gradient component (grr) is very closely related to vertical gravity. Thus,
TIE for the grr is a high-pass filtered version of the gr-correction (Figure 2.9 (a)). Compared to
vertical gravity, distant sources are not as important for grr (see Figure 2.10 (b)). To reduce the
remaining rms distant effect to 10% of the global rms, a radius of 10° is sufficient. The spatial
distribution of distant effects for a correction radius of 5° is very similar to the distribution for
vertical gravity (Figure 2.11 (b)).

Figure 2.11: (a) Topographic-isostatic effect for stations at 225 km height, vertical gradient
component. This component is essentially a high-pass filtered version of the vertical
gravity component (Figure 9). (b) Distant topographic-isostatic effect (DTIE),
distance > 5°, for stations at 225 km height, vertical gradient component.

TIE for the east-north gradient correlates with the edges of major mountain belts that are
oriented at 45°, 135°, 225° or 315° N , i.e the Andes, Himalayan Belt. Additionally, the mid-
oceanic ridges can cause a response of up to 0.2 E. Consequently, 90 % of the stations have
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values of less than 0.1 E and 50 % of the stations less than 0.03 E. Locally, however, the effect
can be up to 0.8 E (Figure 2.12 (b)).

Figure 2.12: (a) Topographic-isostatic effect for stations at 225 km height, north-east gradient
component. (b) Distant topographic isostatic effect for stations at 225 km height,
north-east gradient component.

As the correction radius increases, the remaining distant effect reduces rapidly for the east-north
gradient component (Figure 2.10 (c)). To reduce the remaining rms distant effect to 10% of the
global rms, a radius of 8.5° is sufficient. The spatial distribution of the distant effect beyond
5° shows almost the same pattern as the global correction, except for a slight broadening of
the features. This implies that a correction radius of 5° will slightly – but systematically –
underestimate the global correction.

2.3.4 Regional test cases

Using the TIE obtained from a global calculation as reference, we compared different ways of
calculating the TIE. For this, the mean of each grid was subtracted from each grid, to make the
different results more easily comparable.

We compare the TIE obtained using different approaches for ground (Figure 2.13) and satellite
(Figure 2.14) stations. A global topographic-isostatic correction (a) is used as reference to
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compare the other approaches.

The approach where different areas are used for topographic and isostatic correction (Figure
2.13 (c)), gives errors with respect to a global calculation between +/- 20 mGal. Using a
correction radius of 1.5° for both topographic and isostatic (e) causes larger errors of +/- 40
mGal. However, by increasing the radius to 5°, the errors are reduced to less than 15 mGal. The
purely grid-based approach (g) comes closest to the global calculation. The errors associated
with this approach are less than 5 mGal, and this error is concentrated near the edges.

Satellite stations are affected more strongly by an inadequate calculation of topographic-isostatic
effects. The ‘mixed area’ approach (Figure 2.14 (c)) causes the largest errors, of -25 to +60
mGal. This error is so substantial that in fact the actual TIE signal is overwhelmed, especially
near the edges. The purely grid-based and purely radius-based approaches both approximate the
results of a global calculation quite well. The highest magnitude of the error is 1 and 4 mGal
respectively, with standard deviations of less than 1 mGal.

2.4 Discussion

The results of the previous section clearly show that a significant part of the long-wavelength
gravity field is caused by distant sources associated with topography and its isostatic compensa-
tion. We thus confirm the finding of Root et al. (2015), that wavelength-filtering is insufficient
to separate the lithospheric and sub-lithospheric field. However, far-field effects are weaker than
calculated previously by Mikuska et al. (2006), because topographic and isostatic effects balance
each other out to a certain degree.

This balancing only occurs however, if topographic and internal masses are considered over the
same area. In our regional test case we found that using different areas for topographic and
isostatic correction causes errors because of the uncompensated (or missing) distant topography.
These errors are in the order of 25 % to 50 % of the actual topographic-isostatic effect for ground
stations (Figure 2.13) and up to 100 % for satellite stations (Figure 2.14).

Radius-based approaches are quite effective if the same radius is used for topographic correction
and modeling/isostatic correction. However, they fit poorly into existing modeling frameworks,
which are based on using grids to represent the studied area.

We therefore propose to change the topography correction instead, i.e. calculate the topographic
effect using a grid that coincides with the study area (plus an extension of a few degrees). This
reduces far-field effects coming from outside the study area reasonably well. The topographic
correction can thus not be considered independently from the area of study.

Calculating corrections globally in principle eliminates far-field effects completely. However,
meaningful gravity modeling can only be done where good constraints from other methods,
i.e. seismology, are available. Global reference models, like Crust1.0, are only well constrained in
some areas of the world (Laske et al., 2013). By including such data in the modeling processes
additional uncertainties are introduced. Also, these models were never intended for use with
gravity. Most importantly, these models are not in isostatic balance.

For these reasons we propose ‘nested’ modeling instead of global reference models. First, a global
topographic correction is applied to the free-air gravity data, giving a global Bouguer anomaly.
Then, the study area is cut out from a global isostatic model. This is done by setting the crustal
structure in the study area to the reference model. The gravity effect of this modified model
represents all isostatic effects from outside the study area. This isostatic effect is subtracted from
the Bouguer anomaly. This corrected anomaly can then be used for modeling inside the study
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Figure 2.13: Results from the regional test case for ground stations. The left column gives
the Topographic-Isostatic effect calculated using different approaches. (a) gives
the result using global calculation and is considered as the reference, to which all
other results are compared. (c) gives the result when a local topographic correction
(correction radius 1.5°) is combined with an isostatic correction calculated from
a grid corresponding to the study area extended by 5°. (e) is the result using a
correction radius of 1.5° for both topographic and isostatic correction. Finally, (g)
gives the result obtained using a grid corresponding to the study area extended by
5° for both topographic and isostatic correction. In (b) the topography in the test
area is shown, while the remaining images in the right column give the difference of
the respective approaches compared to the global topographic-isostatic correction,
shown in (a). The range of values is reduced to +/- 100 mGal. Note the calculated
fields show strong short wavelength features associated with topography. These
are caused by the fact that the topographic grid has a resolution of only 5 arc
minutes, which is normally insufficient for calculation of topographic effects at
ground level. Also, the resolution of the station grid is 1°, so there is some aliasing
as well. However, the errors displayed in the right column are much smoother,
because they are caused by distant masses. Hence, the chosen resolution is adequate
for judging the magnitude of distant effects.
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Figure 2.14: Results from the regional test case for satellite stations. The left column gives
the Topographic-Isostatic effect calculated using different approaches. (a) gives
the result using global calculation and is considered as the reference, to which all
other results are compared. (c) gives the result when a local topographic correction
(correction radius 15°) is combined with an isostatic correction calculated from
a grid corresponding to the study area extended by 5°. (e) is the result using a
correction radius of 15° for both topographic and isostatic correction. Finally, (g)
gives the result obtained using a grid corresponding to the study area extended by
5° for both topographic and isostatic correction. In (b) the topography in the test
area is shown, while the remaining images in the right column give the difference of
the respective approaches compared to the global topographic-isostatic correction,
shown in (a). These results clearly demonstrate that approaches where topographic
and isostatic effects are not considered over the same regions are inferior to any
approach where both effects are calculated from the same region. In (c) and (d) the
negative topographic-isostatic effects associated with the high topography in the
west are exaggerated by up to 20 mGal. Also, there are edge effects of more than 20
mGal. (g), (h),(i) and(j) are very similar to the result from global calculation (a).
For the radius-based approach (g) and (h), errors are less than 1mGal, while the
extension-based approach gives errors of less than 5 mGal, which are also limited
to the edges of the study region.
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area, like a normal Bouguer anomaly. In this way, global isostatic compensation is accounted
for to first order. Of course this is an approximation, but it rests on the physical principle of
isostasy.

To illustrate the impact of far-field effects, we will use uncertainties introduced by Moho error.
This can be estimated using the expression for the gravity effect of a thin sheet:

δg = 4πG
2l + 1 (l + 1)

(
R+c
R + h

)l+2

∆ρδm (2.7)

Where G is the gravitational constant, l is the spherical harmonic degree, corresponding to a
wavelength of λ = 40000 km

l , ∆ρ is the Moho density contrast, δm is the Moho uncertainty and
h is the measurement height (Braitenberg et al., 2010).

At a wavelength of 1000 km (typical for distant effects) and a density contrast between lower
crust and mantle of 200 kg m-3 we find that each kilometer of Moho uncertainty corresponds to an
error of about 6 mGal at Earth’s surface. In the height of GOCE, each kilometer of uncertainty
results in 1.2 mGal of gravity error, and 0.01 E of vertical gravity gradient error. Even in
well-studied areas like North-America or Europe, the Moho depth is not known everywhere with
better accuracy than 5 km (Tesauro et al., 2014). This gives expected long-wavelength modeling
uncertainties of 30 mGal for ground stations and 6 mGal (0.05 E) for satellite measurements.
For simplicity’s sake we have assumed that the Moho error is limited to a single wavelength.
However, for the wavelengths in question the scaling factor between Moho error and gravity
error does not depend strongly on the wavelength.

For ground stations a correction radius of 2.5 ° is sufficient to reduce the rms of distant effects
of the topographic-isostatic effect to less than 16 mGal, which is 10 % of total rms effect (Figure
2.8). Using a correction radius of 12 °, this can be reduced to 1.5 mGal, corresponding to a
relative accuracy of 1 %. Thus, a global correction is clearly not needed for ground stations, but
correction radii above 1.5° are. Also, this is well below the errors associated with typical Moho
uncertainties.

Satellite stations require larger correction radii, because of the different measurement geometry.
To reach a rms relative accuracy of 10 % (0.7 mGal), a correction radius of 15° is required for
gravity (Figure 2.10 (a)). An rms error threshold of 1 % (0.07 mGal) requires a correction radius
of more than 130°. However, if shift is neglected, a radius of 40° is sufficient for 1 % relative
accuracy,

For gradients, a radius of about 10 ° is sufficient for vertical and north-east gravity gradient to
reach a rms relative accuracy of 10 %. A stricter error threshold of 1 % would lead to radii of
about 35° for vertical and 30° for the north-east gravity gradient (Figures 2.8 (a) and (b)). This
shows that gradients are less affected by distant effects, making them well-suited for regional
modeling.

The required correction radii given above represent global averages. Depending on the location of
the study area, larger or smaller correction radii might be required. Furthermore, some regions
might show high values of the distant effects, but these might essentially be constant within that
region. Thus, the values given above should be taken as guidelines that need to be evaluated on
a case-by-case basis. For North America we find that for satellite stations a radius of 15° gives
an RMS of 0.33 mGal, which is one third of the global average.

Our results rely on the assumption that all topography is compensated isostatically. This view
has been challenged recently by a number of authors (see Flament et al., 2013). They claim
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that up to 2 km of Earth’s topography is compensated dynamically. If this is true, we could no
longer assume that distant topographic effects are compensated by distant isostatic effects.

However, it is a matter of discussion whether dynamic topography of this magnitude exists. One
kilometer of dynamic topography should be associated with a free-air anomaly of 50 to 100 mGal,
depending on the depth of the density anomaly driving the flow. The observed free-air anomaly
thus limits dynamic topography to a few hundreds of meter (Molnar et al., 2015). This means
isostatic compensation should be treated as the null hypothesis of topographic compensation.
Consequently, global isostatic effects have to be addressed before conclusions about non-isostatic
contributions to topography can be made.

Balmino et al. (2012) have computed a global topographic-isostatic correction assuming Airy-
type isostasy both onshore and offshore. Onshore, we assumed Airy-type isostasy as well. Hence,
it is no surprise that the isostatic effects differ only by up to +/- 30 mGal onshore. This
difference can be explained by the different parameters (densities) used in our calculations. Over
the ice sheets large differences of up to 100 mGal occur, because our isostatic model neglects the
effect of ice, whereas Balmino et al. (2012) have included it.

In the oceans, there is a difference of several tens of mGal that is due to the different isostatic
models we used. In fact, the sign of the combined topographic-isostatic correction is different
between our results and those of Balmino et al. (2012). Their assumptions imply that large-scale
bathymetry is caused by variations of crustal thickness in the oceans. However, bathymetry
is caused by secular cooling of the lithosphere, whereas the crustal thickness is (apart from
anomalous regions) nearly constant at 7-10 km (McKenzie and Bickle, 1988).

Our model tries to mimic this by changing the density of the mantle lithosphere to achieve
isostatic equilibrium. This is a strong approximation, because the density variation is of
thermal origin. Therefore, density anomalies should be concentrated near the top of the mantle
lithosphere. The deeper parts of the lithosphere have not been affected by cooling from the top,
because thermal conduction is slow. The half-space cooling model predicts that it takes around
80 million years until the thickness of the lithosphere has reached 120 km. This means that our
model is better suited for old oceans.

Both our and the model by Balmino et al. (2012) are valid isostatic models in the sense that
they are in isostatic equilibrium. However, they are opposing end members with respect to the
depth of the compensation masses: Balmino et al. (2012) place the compensating masses as
close to the surface as possible, whereas our model distributes the compensating masses over the
entire depth of the lithosphere.

2.5 Conclusion

We computed global topographic corrections and inferred how much of topographic gravity effect
is due to far-field effects. We demonstrate that the classic scheme of using a Bouguer plate and
then accounting for deviations between actual topography and the plate is not needed anymore.
Instead, both simple Bouguer correction and the terrain correction can be applied in one step.

We applied the same analysis to the gravity effect of isostatic compensation. This gravity
effect was derived from a global isostatic model, based on Airy-isostasy on the continents, and
Pratt-isostasy offshore.

Both the topographic and isostatic gravity effect are strongly influenced by distant sources,
i.e. sources more far away than 1.5° (ground stations) and 5° (satellite stations). However, when
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topographic and isostatic effects are considered together, far-field effects become much weaker,
because topographic and isostatic effects cancel each other out.

However, it is critical that topographic and isostatic corrections are calculated using the same
area. We propose three different ways to achieve this:

1. Use the same correction radius for topographic correction and modeling (isostatic correc-
tion).

2. Use same grid area as the study area (extended by a few degrees) for topographic correction.

3. Use a global topography correction, and account for isostatic effect from masses outside of
the study area.

Gravity gradients provide an additional way of reducing far field effects. Being a measured
quantity, they are well-suited for regional modeling without requiring any supporting assumptions.
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3.1 Introduction

The magnetic field associated with the lithosphere depends on the temperature structure. Thus,
a number of studies have used global or large-scale regional magnetic field data to estimate
temperature distribution in the lithosphere. (Maule et al., 2005; Tanaka, 2017; Martos et al.,
2017). Temperature affects the lithospheric magnetic field because ferromagnetic minerals
become effectively non-magnetic above their Curie temperature. Pure Magnetite, which is the
dominant magnetic mineral in crustal rocks, has a Curie temperature of c. 580 °C (Hunt et al.,
1995).

The Curie isotherm is associated with the deepest magnetic sources, which in turn have a
strong effect on the long wavelengths of the magnetic field. The deepest magnetic sources were
previously estimated directly from the magnetic field using dipole-based (e.g. Maule et al., 2005)
or spectral methods (e.g. Spector and Grant, 1970; Vervelidou and Thébault, 2015; Tanaka,
2017). Both satellite and aeromagnetic data can be used for this estimation.

The lower limit for magnetic sources is often associated with the Moho boundary (e.g. Wasilewski
and Mayhew, 1992). This is based on the low susceptibility of mantle xenoliths samples. However,
Ferré et al. (2014) reported on mantle xenolith samples with susceptibilities between 0.001 and
0.01 SI, which offers the possibility for a significant contribution of magnetization in the upper
mantle. In addition, many of these samples show strong remanent magnetization. The remanent
component might plausibly be oriented parallel to the modern magnetic field, due to viscous
re-orientation of the remanent magnetization above the blocking temperature (Shive, 1989). This
gives a much higher “effective” susceptibility because the induced and remanent magnetization
are parallel. In fact, viscous remanent magnetization can be stronger than induced magnetization
(Worm, 1989). Therefore, magnetized minerals in the upper mantle might contribute more to
the lithospheric magnetic field than previously assumed.

The lithospheric magnetic field not only depends on the thickness of the magnetized lithosphere,
but also on susceptibility. Separating susceptibility and thickness variations is challenging
(Thébault et al., 2010). To circumvent this issue, many workers have used vertically integrated
susceptibility (VIS), which is defined as the product of thickness and susceptibility (Purucker
et al., 1998). Each crustal column is then replaced by an equivalent dipole with a dipole strength
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chosen according to the VIS of the crustal column. While this approach simplifies the calculations
and eliminates trade-offs between thickness and susceptibility, it also does not possess any ability
to resolve the source depth with magnetic data only. Adopting volumetric sources (Baykiev
et al., 2016) instead of equivalent dipoles might provide some depth sensitivity, although the
inherent resolution limitations of satellite magnetic data must be considered.

In this paper we investigate how sensitive the lithospheric magnetic field is to the temperature
structure of the lithosphere. We estimate the temperature distribution using a simple thermal
model based on heat flow and seismological data and derive at which depth the Curie temperature
of magnetite is reached. We then invert satellite magnetic data for the laterally variable
susceptibility distribution inside the crust/lithosphere for three different geometries of the
magnetized layer: A complete magnetic crust, a magnetic crust that is thinned due to thermal
effects and a two-layer model consisting of a magnetic crust and magnetic mantle, where the
temperature is below the Curie temperature of magnetite. We then compare the inversion results
for the different geometries and discuss if sufficient sensitivity to the thermal structure exists.

3.2 Methods and data

3.2.1 Magnetic field observations

The Earth’s magnetic field has been investigated using satellites during the last decades. Since
the MAGSAT mission in 1980 and the later missions Orsted and CHAMP (Langel and Hinze,
1998; Reigber et al., 2005) the accuracy and coverage have continuously improved. ESA’s
Swarm mission consists of a constellation of three satellites measuring the vector magnetic field
(Friis-Christensen et al., 2008; Olsen et al., 2016). By exploiting the orbit geometry of the
constellation, vector gradients of some magnetic field components can be estimated, which allows
more accurate modeling of the magnetic field (Olsen et al., 2016).

Observations from the CHAMP satellite have been used to derive satellite-only models of the
lithospheric magnetic field (Maus et al., 2008). We use the latest available version of the data set
MF 7 (Maus, 2010) at an altitude of 400 km (Figure 3.1). MF 7 contains only the wavelengths
of spherical harmonic degree 16 and higher because the core field dominates the long wavelength
magnetic field. The maximum formal degree of MF7 is 133, corresponding to 300 km wavelength.
Recently, Olsen et al. (2017) have derived a higher resolution models of the lithospheric magnetic
field based on satellite gradient data increasing the available wavelength to 250 km. In the
future this model will be preferred over MF7. However, for the purpose of this work we use MF
7 (Figure 3.1), also to be compatible with the results of Hemant and Maus (2005).

For our analysis, we prefer to use satellite data and not aeromagnetic surveys or a combined model
because the latter are less capable of resolving the longest wavelengths and do not provide global
coverage, despite massive improvements in the last decade (Lesur et al., 2016). Furthermore,
the upper crust is characterized by small-scale variations of remanent magnetization, which have
a stronger effect on aeromagnetic than satellite data (e.g. Hamoudi et al., 1998).

3.2.2 Magnetic calculations

We parametrize the crust as tesseroids (spherical blocks) with a size of 2° x 2°. The nominal
maximum resolution of MF 7 is 300 km, so at this model resolution we are capable of resolving
all features in MF 7. Each tesseroid represents a vertical crustal column. Within each column,
the susceptibility is constant, because the vertical variation of susceptibility is likely beyond
the resolving power of magnetic satellite data. To magnetize the tesseroids we use effective
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Figure 3.1: Vector components of the lithospheric magnetic field from MF 7 model at an altitude
of 400 km.
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susceptibility. Magnetization is then given by ~M = ~Bcχ, where ~Bc is the core field and χ is
the effective susceptibility. Effective susceptibility accounts for both induced and permanent
magnetization parallel to the inducing field. The core field is calculated from DGRF (Thébault
et al., 2015) at the date 2014/01/01 and contains up to spherical harmonic degree and order
13. A single direction and strength of the inducing field is used by evaluating the DGRF at
the geometric center of each tesseroid. The magnetic field response of each tesseroid is then
calculated using the software of Baykiev et al. (2016), which relies on adaptive numerical
integration.

We use three different scenarios of the magnetized layer’s geometries. The first scenario assumes
the entire crystalline crust is magnetic. Crustal thickness is taken from the Litho1.0 model
(Pasyanos et al., 2014). Scenario 2 relies on a simple thermal model based on surface heat flow,
seismological lithosphere-asthenosphere (LAB) depth map and ocean floor age (see Appendix
B). In the continents, we assume steady state heat conduction (e.g. Artemieva and Mooney,
2001) and adjust the total amount of heat production in each crustal column to make the heat
flow data and the seismological LAB estimate compatible. In the oceans we use the half-space
cooling model (Turcotte and Schubert, 2002). From the temperature distribution we obtain the
Curie depth and use it as the lower boundary of magnetization in the crust (Figure 3.2a).

Scenario 3 is a two-layer model, consisting of a crustal and mantle layer. The lower boundary
of magnetization is the Curie depth and we use two separate susceptibilities for the crust and
mantle layer. In most continental areas the Moho boundary is deeper than the Curie isotherm
(Figure 3.2b and c), whereas the Curie isotherm lies in the mantle in most oceanic regions.

Scenario # Crustal magnetization Mantle magnetization

1 Complete crystalline crust. Non-magnetic
2 Crystalline crust colder than 580 °C Non-magnetic
3 Crystalline crust colder than 580 °C Mantle colder than 580 °C

In all scenarios the sedimentary part of the crust as given by the Litho1.0 model (Pasyanos
et al., 2014) is assumed to be entirely nonmagnetic.

As a first step, we calculated the model response for constant susceptibility in the crust and
mantle, respectively. This gives some limits on the possible values of magnetization and the
quality of the data fit. Next, we inverted the magnetic field for the susceptibility distribution
inside the crust/mantle.

3.2.3 Inversion strategy

To invert for the susceptibility distribution, we use a standard linear approach. The magnetic
effect of tesseroid j on observable i (which iterates over all grid points and the three vector
components) is assembled in a matrix Aij and the unknown susceptibilities in a vector χ, so that
the crustal magnetic field at all observation locations B caused by a susceptibility distribution χ
is found as matrix product B = Aχ.

The software of Baykiev et al. (2016) operates in space domain and produces the complete,
unfiltered magnetic field. However, the long wavelengths of the crustal field are masked by the
core field. We thus apply a high-pass filter described by a matrix F to the design matrix A,
such that only degrees 16 and higher are contained in the forward calculated magnetic field. The
final forward equation is then:

31



3 Sensitivity of satellite magnetic field to temperature structure

Figure 3.2: Geometries used for calculating the magnetic field. a: Curie depth estimate from
thermal modeling. b: Moho depth from Litho1.0 model. c: Difference between Curie
depth and Moho depth. Positive values mean the Curie isotherm lies in the mantle,
possibly allowing for magnetization in the mantle. Where the difference is negative
the Curie isotherm lies in the crust, so that part of the crust is non-magnetic.
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Bobs = FAχ = Âχ

The filtering matrix is derived by first defining spherical harmonic synthesis as a matrix product:

B = SC

Where B contains all vector magnetic components at all observation locations and C contains
both the cosine and sine Gauss coefficients. Thus, spherical harmonic analsysis can be carried
out by multiplying B with the pseudo-inverse of S. Now define T as a diagonal matrix, where
the diagonal is one if the corresponding spherical harmonic coefficient is of degree 16 or higher,
and zero if it is degree 15 or less. The filtering matrix can then be found thus:

F = STS†

Where S† is the pseudo-inverse of S.

To obtain an estimate of χ we use a standard least-squares approach (Tarantola, 2005). We
assume covariance matrices for the susceptibilities Σχ and the measured magnetic field ΣB that
reflect the scale of variation and uncertainty respectively. The a priori susceptibility distribution
χ0 is used to ensure that most of the susceptibility values are positive (Purucker et al., 1998).
The least-squares estimate of χ can then be found by solving this system of linear equations:

(ÂTΣ−1
B Â + Σ−1

χ )χ = ÂTΣ−1
B B + Σ−1

χ χ0

The covariance matrices regularize the inversion. Here, we use diagonal covariance matrices,
which correspond to variance of the quantity in question. The standard deviation of the
susceptibility is set to 0.01 SI and the standard deviation of the magnetic field components is
set to 0.5 nT, which is less than the data residual of the MF models of about 1 nT (Maus et al.,
2008). However, we chose a more optimistic standard deviation for the purpose of this sensitivity
study.

The starting susceptibility distribution ~χ0 is set to 0.025 SI in continental areas and to 0.04
SI in oceanic areas (Purucker et al., 1998). While this is not strictly a positivity constraint,
this value is sufficient to ensure that most areas have positive susceptibility. For the mantle
magnetization scenario (scenario 3), we set the mean susceptibility in the mantle to 0.0 and the
standard deviation to 0.01 SI. In addition, we test the impact of the starting susceptibility using
the susceptibility map of Hemant and Maus (2005).

3.3 Results

3.3.1 Constant susceptibility magnetic forward calculation

Before using inversion to get a laterally varying susceptibility, we first investigate the attainable
fit with constant susceptibility. We include the effect of variation of Curie isotherm depth and
allow for a magnetic mantle in cold areas and calculate the magnetic field produced for constant
susceptibility in crust and mantle. We used a spectral and spatial measure of fit. The degree
variance of the magnetic field at the surface is given by (Maus, 2008):

Rl = (l + 1)
l∑

m=0
(gml )2 + (hml )2
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Here gml and hml are the Gauss coefficients derived by spherical harmonical analysis.

We define the following spectral measure of misfit:

spectral misfit =

√√√√lmax∑
l=16

(Rl(χc, χm)−Rl)2 (3.1)

Where Rl(χc, χm) is the degree variance for a given crustal and mantle susceptibility and Rl is
the degree variance of the input data (MF 7).

In addition, we define the spatial misfit as the RMS of the residual field divided by the RMS of
the observed field.

We find a broad range of small values of the spectral misfit that almost forms an elliptic arc
around the origin (Figure 3.3a). The lowest misfit is found with an average crustal susceptibility
of around 0.03 SI. Addition of mantle susceptibility leads to a slight decrease of spectral misfit if
it is less than 0.03 SI. Thus, the mantle could plausibly contribute to the signal content.

However, susceptibility models with laterally constant susceptibility are utterly incapable of
reproducing the measured field (Figure 3.3b). The relative spatial RMS is almost always larger
than 1, which corresponds to a relative error of 100 %. Clearly, crustal thickness variations alone
are incapable of fitting the magnetic field and laterally variable susceptibility is required.

Figure 3.3: Impact of different constant susceptibility for crust and mantle using the second
results of Curie depth calculation. a: Spectral misfit (eq. 3.1) b: Relative misfit in
spatial domain for the vertical component.

3.3.2 Magnetic inversion

We applied the inversion strategy described above to the MF 7 data (Maus et al., 2008), as
laterally constant susceptibility is not capable of explaining the measured field. All three inversion
scenarios achieve a similar level of data fit. The root mean square of the residual is in all cases
0.20 nT, 0.20 nT and 0.27 nT for the North, East and Up component respectively.
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The residuals display similar patterns in all scenarios. Thus, the predicted and measured fields
are shown only for scenario 1 (wholly magnetized crust) (Figure 3.4) The residuals are much
smaller inside the continents than over the Atlantic ocean. The patterns follow the ocean floor
age trend, especially in the By (east) component. Thus, the residuals are probably related to
remanence in the oceans, since we only use magnetization parallel to the inducing field.

Figure 3.4: Calculated, observed and residual magnetic fields after inversion for the wholly mag-
netic crust scenario. The first column gives the calculated field from the susceptibility
distribution in Figure 3.5. The second column gives the observed values from MF 7
and the last column gives the difference between observed and calculated fields. The
rows respectively give the results for the north, east and up components.

The inverted susceptibility distribution shows a distinct separation with highly susceptible
oceans and much less susceptible continents (Figure 3.5). This separation results from the
apriori distribution of susceptibility imposed during the inversion of susceptibility, because the
lithospheric magnetic field is not sensitive to continental-scale variation of susceptibility (Maus
and Haak, 2003).

About 1.2 % of the grid points in the continents and 0.08 % of the oceans have negative
susceptibility. The highest χ in the continent is found in the area of the Bangui anomaly in
Central Africa, where values of about 0.1 SI are attained. The Kursk anomaly in Eastern Europe
is spatially smaller but reaches similar values.

The susceptibility variations visible in the oceans is probably mostly related to remanent
magnetization that the inversion attempts to fit using variable effective susceptibility. In the
Atlantic Ocean, the cretaceous quiet zone (83-120 million years (Cande and Kent, 1995)) is
characterized by increased susceptibility values.

A North-South striping pattern is visible in the inverted susceptibility in the South-Eastern
Pacific Ocean. This striping pattern can also be seen very clearly in the Bx (North) component
over the Pacific. Spectrally, it corresponds to degree 16, order 0, which is the first spherical
harmonic component of MF 7 (Maus et al., 2008). Possibly this is a contribution from the core
field, which becomes visible in the Pacific because the crustal field is too weak. Indeed, this
region also possess a very shallow Curie depth due to the fast spreading velocity. Alternatively,
it could also be long wavelength a artifact of the data.

The inversion results might depend on the starting susceptibilities χ0. Hemant and Maus
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Figure 3.5: Inverted susceptibility distribution in scenario 1 (complete crystalline crust is mag-
netic). The black lines give the position of three profiles, which are shown in Figure
3.7 :

(2005) have derived global maps of susceptibilities based on geological provinces and typical
susceptibility values for specific rock types. For the purpose of this comparison, we focus on
the continental areas, because unlike our inversion approach, Hemant and Maus have explicitly
considered remanence in the oceans.

Our inversion results for scenario 1 (Figure 3.6a) and the susceptibility distribution from Hemant
and Maus (Figure 3.6b) agree qualitatively in the sense that many local extrema occur in both
maps at the same location. For instance, the Tibetan plateau is visible as a clear local minimum
in both cases. However, the shape of the features is often different, which can be partially
explained by the inherent wavelength limitations of the satellite data used in the inversion.
Furthermore, the amplitudes can differ substantially. In the inversion results, the continents
have a systematically higher susceptibility, due to the starting susceptibility value of 0.025 SI.
The mean difference between the results is 0.008 SI, and the RMS is 0.016 SI

Next, we used the Hemant and Maus map as starting susceptibility in the inversion. All other
inversion parameters remain the same. The inversion residuals are slightly better than with
constant starting susceptibilities. They are 0.17 nT, 0.17 nT and 0.23 nT respectively for the
three vector components, which is a reduction by about 0.03 nT. The inversion outcome combines
features of the previous inversion and Hemant and Maus’s susceptibility map. For instance,
the overall susceptibility resembles the value from Hemant and Maus, but the local patches
of increased susceptibility from the previous inversion result are retained. Thus, the starting
model clearly has an impact on the inversion results, but mainly in the longest wavelengths.
However, this also depends on the weighting of data with compared to the starting susceptibility
as controlled by the standard deviations chosen for the inversion.

The calculated Curie depth affects the inversion results relatively little, compared to a wholly
magnetic crust. Both scenarios differ on average by 0.005 SI (RMS). Maximum differences of
0.03 SI occur, but they are limited to very small regions, because 90 % of the grid point have
differences of less than 0.01 SI. There is no systematic shift between the two inversions (mean of
differences is 0.0004 SI).

To highlight the differences, we focus on three profiles (Figure 3.7): An east-west profile at 40 °N,
a north-south profile in the Pacific at 120 °W and a great circle profile connecting the Bangui
and Kursk anomaly..

In the Northern Pacific and Atlantic, the inverted susceptibility is practically identical for both
scenarios (Figure 3.7a). This is not surprising, since the models have the same lower boundary
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Figure 3.6: Effect of starting model on inversion results. a: Previous inversion results from
scenario 1 (Figure 3.5), b: Susceptibility distribution from Hemant and Maus (2005),
c: Inversion result with distribution in b as starting susceptibility.
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Figure 3.7: The location of the profiles is shown in Figure 3.5. a: East-west profile across the
Atlantic Ocean at 40°N. b: North-south profile over the Pacific Ocean. Note the
strong periodic variation of susceptibility starting at latitude 40°S which are not
consistent with any feature seen in the topography, Moho depth or Curie isotherms.
They are clearly visible in the magnetic field however. c: Great circle profile displayed
from south to north connecting the Bangui anomaly (to the left), with the Kursk
anomaly (last maximum to the right).
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except near the spreading ridges, where the Curie depth is extremely shallow.

In continental areas, the Curie isotherm has a stronger effect on the magnetic field, because it
mostly lies in the crust, which can lead to a much smaller magnetized layer. On this profile,
differences are up to 0.02 SI between the two inversion scenarios. However, the overall position
of relative extrema mostly agrees and the differences are often less than 0.01 SI. Furthermore,
there is no one-to-one correlation between shallow Curie depth and differences in the inverted
susceptibilities.

The north-south profile in the Southern Pacific (Figure 3.7b) shows that the striping pattern
does not correlate with any feature in the bathymetry or crustal structure. In addition, the
magnetized layer is extremely small south of 60 °S, because the crust is thin and the Curie
isotherm lies at only a few kilometers depth.

The third profile (Figure 3.7c) shows the two most distinct anomalies in the continental crust,
the Bangui and the Kursk anomaly. Both anomalies are clearly visible as localized susceptibility
maxima. Thermal effects change the inverted susceptibility required to explain the Bangui
anomaly in Central Africa considerably. Without thermal effects, it has a susceptibility of 0.08
SI, while the inclusion of thermal effects increases its susceptibilities to 0.1 SI. In contrast, the
Kursk anomaly is not affected by thermal anomalies, because the Curie isotherm lies about 20
km below the Moho depth.

3.3.3 Mantle magnetization

Including mantle magnetization has a profound effect on the inverted susceptibility distribution,
especially in the oceans (Figure 3.8). When mantle magnetization is included, the inverted
susceptibility of oceanic crust is much more uniform and close to the starting value of 0.04 SI.
Furthermore, the susceptibility is systematically lower than the starting value. In contrast, the
mantle susceptibility is highly variable, reflecting the same patterns as seen in the crust-only
inversions. The susceptibility of the oceanic mantle varies between -0.02 and 0.04 SI, but 90 %
of the values are between +/- 0.01 SI.

In most continental regions, the Curie isotherm lies in the crust. Thus, only the coldest
regions (Figure 3.2) permit magnetization in the mantle. One distinct feature is the increased
susceptibility of 0.02 SI in the mantle underneath the Kursk anomaly.

However, the resulting mantle susceptibility depends strongly on the regularization parameters.
Depending on the ratios of standard deviation of crustal and mantle susceptibility, more
susceptibility variations can be placed in the mantle/crust. In the shown case, the standard
deviation was set to 0.01 SI for both layers.

3.4 Discussion

3.4.1 Resolvability of thickness and susceptibility

We found that all three geometry scenarios differ in terms of the inverted susceptibility but
are equally capable of explaining the observed magnetic field. However, the different inversion
results might be exchangeable in the sense that they produce the same vertically integrated
susceptibility (VIS). The vertically integrated susceptibility for scenarios 1 and 2 differ in terms
of their long-wavelength structure only (Figure 3.10). As a result, their magnetic response is
almost identical in the resolvable wavelength range above spherical harmonic degree 15.
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Figure 3.8: Inversion results with mantle magnetization. The upper figure gives crustal suscepti-
bility, the lower figure gives susceptibility in the mantle. The dotted contour gives
the ocean floor age of 20 million years, which is roughly the age, above which the
oceanic plate has cooled significantly to allow mantle magnetization. Note that the
susceptibility is set to zero in regions where the mantle is hotter than the Curie
temperature. In some areas close to spreading ridges, the crust is extremely thin. As
a result, there is magnetization in the mantle, despite a very shallow Curie depth.
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Figure 3.9: Comparison of the vertically integrated susceptibility obtained with a fully magnetic
crust and temperature effects (scenarios 1 and 2). a: VIS from inversion scenario
1. b: VIS from inversion scenario 2. c: Difference between the two distributions of
vertically integrated susceptibility. Note that the differences have a longer wavelength
than the dominant features seen in the individual distributions. Furthermore the
VIS for the model with magnetic crust (a) is systematically higher than with the
inclusion of the Curie isotherm (b).
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To determine to what extent variations of susceptibility can be separated from variations of
thickness, we created a model consisting of a 1 km thick shell with variable susceptibility. We
ran the same inversion as before, choosing the prior values for the shell’s susceptibility to be the
same as in scenario 1. The inversion result (Figure 3.10) agrees well with the results of Purucker
et al. (1998).

Figure 3.10: Inverted susceptibility for a homogeneous shell of 1 km thickness. The susceptibility
values in SI can thus be read as vertically integrated susceptibility in SI ∗ km.

To test how good the shell approximation is, we divided the VIS values by the thickness of the
crystalline crust to get a susceptibility distribution corresponding to the real crust. If vertically
integrated susceptibility is a valid approximation, the forward calculation results using the thin
shell and the crystalline crust should agree.

The differences between a constant and variable thickness shell are on the order of +/- 1 nT,
which corresponds to about 10 % of the signal (Figure 3.11c). The RMS of the differences is
0.23 nT, 0.21 nT and 0.31 nT for the three vector components, respectively. Note that the
differences are of the same magnitude as the residuals of our inversion results. A somewhat
simplified interpretation of this result is that VIS explains 90 % of the modeled magnetic field
and that the remaining 10 % of the signal require sources at adequate depths.

When comparing the different inversion results, the geometries are much more similar compared
to the 1 km thick shell. When transferring the VIS values from scenario 2 to the geometry of
scenario 1, we find that the RMS of the differences (for SH degree > 15) are 0.04 nT, 0.04 nT
and 0.08 nT for the three vector components. Thus, from a VIS perspective the two models are
interchangeable compared to the accuracy of the lithospheric field (1 nT) and the residuals of
the inversion (0.2-0.3 nT)

Including mantle magnetization does not change the quality of the data fit. Thus, there is
no necessity to invoke mantle magnetization to explain the measured field. The amount of
susceptibility placed in the mantle by the inversion only depends on the specified standard
deviation for the susceptibility in the crust and mantle. We set the standard deviation of mantle
susceptibility to 0.01 SI which is the same as for the crust. Thus, we have equally allowed for
crustal and mantle magnetization. However, if the standard deviation was reduced sufficiently,
mantle magnetization would become insignificant, without affecting the data fit.

However, one might still prefer one model over the other if the susceptibility values of one model
are more plausible. The inverted susceptibilities of all scenarios differ by less than 0.01 SI for 90
% of the grid points and all lie within the range of susceptibility between 0 and 0.1 SI expected
for large scale average crustal magnetization (Hemant and Maus, 2005). As a result, there is no
way to decide on a preferred model based on the susceptibility values, unless the susceptibility is
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Figure 3.11: Total magnetic field anomaly calculated using the crustal geometry and an equivalent
shell of 1 km thickness. a: Complete crust is magnetic. b: Equivalent shell, c:
Difference between the two geometries.
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known a priori within +/- 0.01 SI. Susceptibilities can easily vary by this amount even within a
certain rock type (Hunt et al., 1995).

3.4.2 Impact of core field masking

Even if we concede that vertical resolution of the different sources is extremely difficult with
satellite data, there remains the question of horizontal resolution. Satellite data are necessarily
more capable of resolving the long wavelengths, because upward continuation acts as a low-pass
filter. However, in the case of the magnetic field the core field masks the longest wavelengths of
the lithospheric magnetic field so that only spherical harmonic degree 16 and higher are known.
This wavelength filtering adversely affects the inversion.

In appendix A, we derive a numerical estimate of null space dimensionality by analyzing the
singular value decomposition applied to the forward calculation matrix A with and without
wavelength filtering at spherical harmonic degree 16. Filtering significantly increases the
dimensionality of the null space. Each element from the null space is a susceptibility distribution
that acts as a magnetic annihilator and produces no or only a very weak magnetic field. Magnetic
annihilators can always be added to an inversion result without affecting the data fit (Gubbins
et al., 2011), and can hence not be resolved by the inversion.

Next, we applied spherical harmonic analysis to elements from the null space. Spherical harmonic
degrees of 10 or less (wavelength of more than 4000 km) in the susceptibility distribution are
essentially not recoverable due to the masking effect of the core. Conversely, degrees 14 and
higher are not strongly affected by the masking effect of the core. Degrees 11-13 are produce
some magnetic response, but with suppressed amplitude. Thus, there exists some sensitivity to
longer wavelengths of the susceptibility than those available for the magnetic field.

3.4.3 Composition effects on Curie temperature

Apart from temperature, rock composition is the main factor controlling rock magnetization.
For example, pure Magnetite, which is regarded to be the dominant magnetic mineral in crustal
rocks, has a Curie temperature of c. 580 °C (Hunt et al., 1995). However, titanium content
has a systematic effect on the Magnetite-Ulvöspinel solid solution series. With increasing Ti
content the Curie temperature decreases from 580° C to -153 °C for pure Ulvöspinel (Reynolds
et al., 1990). Other compositional factors are the iron content and oxygen fugacity (Pilchin
and Eppelbaum, 1997). Oceanic basalts displays a systematic change of natural remanent
magnetization as a function of ocean floor age (Bleil and Petersen, 1983), probably related to
low-temperature oxidation of titanomagnetites to titanomaghemites (Matzka et al., 2003).

Thus, even if it is possible to reliably estimate the lower boundary of magnetization, it does
not necessarily represent an isotherm. In regional studies it is possible to verify the magnetic
results by correlating them with additional information from other sources (e.g. Blakely, 1988).
However, in frontier areas, such correlation is difficult.

3.4.4 Limitations of thermal modeling

Our thermal modeling approach outlined in Appendix A is extremely simplistic. Laterally
variable heat production acts as a buffer that absorbs short wavelength variations in the heat
flow data that is incompatible with the long wavelength structure as given by the seismological
LAB. A more sophisticated combination of the two data sets would require information on the
uncertainties of both datasets.
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Artemieva et al. (2001) have argued that due to the sparse coverage of heat flow measurements
meaningful derivation of thermal structure is only possible in certain well studied areas. Although
additional data have been acquired since then, most of the continents are still poorly known
(Davies, 2013) and a global map can only be derived by interpolating over large areas.

However, the thermal model is suitable for the purpose of this study, since it gives a reasonable
range of variation of Curie depth. Even a much more refined thermal modeling approach is not
expected to alter the Curie depth dramatically. As demonstrated above, even a 1 km thick shell
agrees to 90 % with the more geological relevant scenarios in terms of the produced magnetic
field.

3.5 Conclusions and outlook

We invert the global magnetic field model MF 7 (Maus et al., 2008) based on data from the
CHAMP satellite for the susceptibility distribution inside the crust and upper mantle. We
included the effect of temperature on magnetization by estimating the Curie isotherm depth
using a simple thermal model.

We identify two main issues limiting the usefulness of satellite magnetic anomalies for the
estimation of temperature structure. First, susceptibility and thickness variations are extremely
difficult to disentangle, because 90 % of the signal at satellite height is explainable using vertically
integrated susceptibility only. Second, the longest wavelengths of the susceptibility distribution
are not resolvable, even if the thickness is known, due to the masking effect of the core field.

Both issues might be improved by including data from a lower altitude. However, accurate
recovery of the long wavelengths from aeromagnetic surveys alone is challenging and a combination
of aeromagnetic and satellite data is theoretically ideal. Alternatively, ever-improving global
models of the magnetic field such as LCS-1 (Olsen et al., 2017) might permit synthesizing the
data at lower altitudes.

One option to combine satellite and aeromagnetic data is to use our inversion results as starting
model for a regional inversion of aeromagnetic data. This ensures that the global magnetic field
is fit to an acceptable degree and also prevents far-field effects from negatively affecting the long
wavelengths inside the regional study area.

Some recent mathematical developments promise to better separate the core field than wavelength
filtering. Baratchart et al. (2017) have demonstrated that if the susceptibility is known in a
finite area, the core and lithospheric field can be separated uniquely. Another option is to use
use correlation-based modeling to separate different parts of the magnetic field (Holschneider
et al., 2016). Another option is to exploit time-varying magnetic field, but this requires time
series of the magnetic field of 50 years or more (Baykiev et al., 2016).

A completely different approach is to link the magnetic field with different geophysical data
sets by exploiting relations between the rock properties that create the observations. Rock
temperature exerts first-order control on many material properties, including density, seismic
velocity and electrical conductivity, especially in the upper mantle (Afonso et al., 2008). This
can be used to construct a thermodynamically consistent relation between different parameters
by relying on mineral physics and petrology (Connolly, 2009).
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A: Null space estimation

We can give a numerical estimate of the dimensionality of the null space by analyzing the forward
calculation design matrix. Applying singular value decomposition to the design matrix A gives

UΣV T = A

Where the columns of U contain the left singular vectors of A, Σ is a diagonal matrix containing
the singular values σk of A (ordered from large to small) and the columns of V contain the right
singular vectors.

Taking only the k largest singular values gives a truncated low-rank approximation of A, called
Ak. The approximate null space of the design matrix A can be found by finding a suitable k
such that (A−Ak)χ ≈ 0. If the `2-norm is used and ε is an error tolerance for individual field
observations and there are 3N observations in total, one finds a condition for the singular values:

σk+1 ≤ (3N)1/2ε
||χ||`2

The approximate null space is spanned by all right singular vectors where the corresponding
singular values is below the cut-off value σk+1. The complement of the null space is spanned by
the right singular vectors larger than the cut-off value σk+1.

We use the scenario of the complete magnetic crust, but results for other scenarios did not deviate
significantly. Due to memory requirement the singular value decomposition was calculated at a
reduced tesseroid resolution of c. 4°, which leads to N = 3200. Assuming a tolerance of ε = 0.01
nT, the threshold for σk+1 is about 0.25nT

SI . Note that the chosen tolerance is an extremely
optimistic scenario, because the accuracy of the lithospheric field is on the order of 1 nT. Thus,
any field with an RMS of less than 0.01 nT can be considered as effectively zero.

We applied the SVD analysis both to the unfiltered design matrix and to the filtered design
matrix, where all magnetic field components below degree 16 are removed. In both cases the
singular values drop off continuously in the beginning. However, roughly at k = 1500, the
singular values of the filtered matrix start to decay more rapidly than the singular values of the
unfiltered matrix. The cutoff is reached at k = 1900 in the filtered case and k = 2900 in the
unfiltered case. (Figure 3.12a). Thus, the dimensionality of the null-space is 3200 - 1900 = 1300
in the filtered, and 3200 - 2900 = 300 in the unfiltered case. Therefore, filtering significantly
enlarges the null space.

Each column of V corresponds to a susceptibility distribution (grid). Applying spherical
harmonic analysis to all susceptibility distributions Vi contained in V gives the spherical
harmonic coefficients (Ci)lm, belonging to this distribution. From this the degree variances
(Ri)l of each susceptibility distribution is derived. The spectral content of the null space and
its complement can be estimated by separately averaging the degree variances (Ri)l above and
below the cutoff-singular value. Next, we divided the degree variances by 2l + 1, because the
spectrum would otherwise artificially slope up, because there are 2l + 1 spherical harmonics for
a given degree l.

Directly interpreting the spectra is difficult, because the singular vectors are orthonormalized
in the linear algebra sense, and not in the sense of the Hilbert space like spherical harmonics
(Figure 3.12b). However, by comparing the filtered and unfiltered results, it is possible to see
how filtering affects the spectral characteristics of the null space. In the unfiltered case, the
null space complement has an almost flat spectrum, except for the first few spherical harmonic
degrees. Thus all except the very long wavelength susceptibility structures produce a magnetic
field above the threshold of 0.01 nT.
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Figure 3.12: a: Singular values of the design matrix in the filtered and unfiltered case. The
underlying geometry is a completely magnetic crust (scenario 1). The black line
denotes the cut-off value for a tolerance of 0.01 nT per observation. b: Spherical
harmonic spectrum of the null space for the filtered and unfiltered forward design
matrix. Note that the units of the spectrum are arbitrary because the singular
vectors are always orthonormalized.

In the filtered case, the spectrum of the null space complement is only flat above degree 13 and
decreases very rapidly between degrees 10 and 13. The spectrum of the null space itself likewise
increases strongly going from degree 13 to 10. This confirms that filtering of long wavelengths
enlarges the null space because the wavelengths of the susceptibility below spherical harmonic
degree 13 do not produce any measurable field after filtering.

Remarkably, the filtered null space does not start at degree 16, which is the filtering degree of
MF 7, but at a lower degree of 13. This would indicate some sensitivity to degrees ~ 13 to 16 of
the susceptibility distribution. A likely explanation for this is that the induced magnetization is
a product of susceptibility and the inducing core field. Thus, the magnetization can contain
spherical harmonic degrees not contained in the susceptibility.

B: Thermal modeling

We present a simple approach to model the temperature distribution inside the crust and upper
mantle based on surface heat flow, a seismological Lithosphere-Asthenosphere boundary (LAB)
estimate and the ocean floor age. We assume that the thermal field in the continental crust and
upper mantle is stationary, so the 1-d heat conduction equation can be used

k
∂2T

∂z2 = −h(z)

Where k is the heat conductivity and h(z) is the heat productivity as a function of depth. z is
positive downwards. Assuming a constant heat conductivity k = 2.5 W

m K , the heat equation can
be solved by simple integration. To this end, we define the first and second definite integral of h
as follows

H(z) =
∫ z

0
h(z′)dz′

and
H(z) =

∫ z

0
H(z′)dz′
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Often, a parametric representation of the heat production is used, for example exponentially
decaying heat production with depth (Turcotte and Schubert, 2002). However, we will not
assume any specific distribution with depth, because we show below that there is no way of
resolving the vertical distribution except in terms of total heat production in the entire crust
when only using heat flow and LAB depth.

The heat flow q (measured positive upwards) and the temperature at an arbitrary depth are
given by

q(z) = q0 −H(z)

and
T (z) = T0 + q0 z −H(z)

k

Where q0 is surface heat flow and T0 is surface temperature. We assume furthermore that there
is no heat production in the mantle. At the Moho boundary, heat flow and temperature must
be continuous if crust and mantle are in thermal equilibrium. Thus, the temperature structure
in the mantle is given by

T (z) = T (M) + q(M)
k

(z −M)

where M is the Moho boundary depth.

In principle, h(z) and q0 are enough to estimate the temperature structure inside the lithosphere
(Artemieva and Mooney, 2001).. However, these parameters are poorly known. Additional
information can be included if temperature is known at another depth. Here, we will assume
that the LAB depth L, corresponding to the temperature of TL = 1315 °C is known (from
seismology). This gives the following constraint:

TL = T (M) + q(M)
k

(L−M) = T0 + q0 L+MH(M)−H(M)
k

This equation is linear in terms of the heat production parameters and can be re-arranged to
constrain the total heat production in each column H(M) and second integral of heat production
H(M). However, H(M) and H(M) cannot be resolved independently, but only in relation to
each other.

H(M) should always be less than the total surface heat flow q0. Otherwise, heat would be
flowing from the crust into the mantle. The theoretically possible values of H(M) are bracketed
by H(M). The minimum value of H is zero (all heat produced at the bottom of the crust) and
the maximum value is H(M) = H(M)M (all heat is produced at the surface), If heat production
is vertically uniform, H(M) = 1

2H(M). Thus, we chose to parametrize H in terms of a ratio
η (between 0 and 1), such that H(M) = ηH(M)M . We constrain ourselves to the case η ≥ 1

2 ,
which means that heat production tends to be concentrated more near the surface.

Note that other common models of heat production can also be formulated in terms of η. For the
case of exponential decaying heat production h(z) = h0e

−z/D, one finds that η = 1
1−e−M/D − D

M ≈
1− D

M , where the approximation only holds if M � D.

For the oceans, we applied the half-space cooling model based on the ocean floor age (Turcotte
and Schubert, 2002). Temperature inside the lithosphere is given by:
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T (z, t) = (Ta − T0) erf( z

2
√
κt

) + T0

Where Ta is the mantle temperature, κ is the heat diffusivity, T0 is the temperature at the
surface and t is the ocean floor age. This equation can be easily re-arranged to give the depth
belonging to the a specified temperature Tc.

z = 2
√
κt erf−1

(
Tc − T0
Ta − T0

)

3.5.1 Data

We use the heat flow data by Davies (2013). We re-gridded to a resolution of 1° to make them
compatible with the seismological data used.

The Litho1.0 model (Pasyanos et al., 2014) is based on the Crust1.0 model (Laske et al., 2013)
and can be seen as an update of Crust1.0. The Lithosphere-Asthenosphere boundary (LAB) is
estimated using inversion of surface wave data. We interpret the seismological LAB given by the
Litho1.0 model as the isotherm of 1315° C. For the oceanic parts of the world we use the Ocean
floor age grid by Müller et al. (2008) to estimate the temperature structure. All input data are
shown in Figure 3.13.

Figure 3.13: Input data used to construct the thermal model. a: Depth to Moho boundary of
Litho1.0 model. b: Depth to LAB from Litho1.0 model. c: Ocean floor age map of
Müller et al. (2013) d: Heat flow from compilation of Davies (2013).

We apply the approach above to estimate the heat production required to reconcile heat flow
and Litho1.0 (Figure 3.14). At each point a maximum and minimum value of heat production is
derived, depending on whether the heat is concentrated near the top (η = 1) or spread evenly
throughout the crust (η = 0.5 ). There are some points where this approach fails and the heat
flow data and lithospheric thickness are irreconcilable. These are regions with a thin lithosphere,
but low surface heat flow. In these regions either the data are incorrect or the assumptions of
our thermal model are not applicable.

3.5.2 Effect of heat production on Curie depth

Next, we created two different thermal models to show how heat productivity affects the Curie
isotherm of magnetite (c. 580 °C). In the first, a constant heat productivity of h = 1.0·10−6W/m3
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Figure 3.14: Range of possible values of total heat production required to reconcile heat flow
data and the seismological LAB. The upper figure shows the minimum allowed of
heat production and the bottom shows the maximum. Note that there are some
points where no solution could be found, because a negative heat production would
be required.
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was assumed everywhere in the crust. In this case, the total heat production is proportional
to overall crustal thickness. The second model assumes vertically uniform heat production
with lateral variation derived using the method above. In the main text we have always used
the second model of heat production. Both models use the same parameters for the thermal
modeling in the oceans.

The two maps of Curie isotherm show similar patterns, but the absolute depths differ on average
by about 11 km (Figure 3.15a,b). Furthermore, if the heat production varies laterally, the Curie
depth becomes systematically more shallow in the continents and Curie depths of more than 75
or less than 20 km appear less often (Figure 3.15c). Additional variability of the Curie depth
could be introduced, by changing the value of η.

Figure 3.15: Distributions of Curie depth for different assumptions of heat production. Note
that the Curie depth in the oceans is derived from the half-space cooling model and
is the same in all three figures. a: Lateral and vertical uniform heat production. b:
Vertical uniform heat production with total heat production inverted from heat flow
and seismological LAB. c: Statistical distribution of Curie depths obtained using
different models. Only continental points are included, because the two models are
identical in the oceans.
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4.1 Introduction

Global models that describe the seismic velocity and density structure of the crust play a
crucial role for many geophysical applications. For instance, crustal models are needed to
determine crustal corrections for mantle seismic tomography (Schaeffer and Lebedev, 2015)
or for calculating residual mantle gravity and the crustal contribution to isostatic topography
(Kaban et al., 1999). Gravity inversions often use crustal models as additional constraints or as
a starting model (e.g. Reguzzoni et al., 2013).

The most common global crustal models are those based primarily on seismic information.
Specifically, active (controlled-source) seismic studies are carried out along regional-scale profiles
and use refracted or reflected seismic waves to determine thickness and velocity of the crustal
layers (Prodehl and Mooney, 2012). Although active source studies provide the most accurate
information, the use of so-called passive methods (based on seismic energy generated by earth-
quakes) has become routine in the past decade. Receiver functions (Kind et al., 2012) and the
ambient noise technique (Shapiro and Campillo, 2004) are two of the most popular techniques.

Creating a two-dimensional model of crustal properties from seismic information given along
profiles or at individual points requires some form of interpolation. Most authors use geological
a priori information during the interpolation process to ensure that a geologically plausible result
is obtained. For instance, the Crust5.1 model (Mooney et al., 1998) uses tectonic domains based
on broad age categories ranging from Archean to Proterozoic (Artemieva and Mooney, 2001)
and crustal domains (Oceans, Rifts, Orogen, etc.). Crustal thickness from active seismology is
then interpolated separately within each category. The P-wave velocity structure is described by
three layers, although not all layers need to exist at every point. Each category is assigned an
archetypical vertical velocity profile that is assigned to all points of this category. In this way
no explicit interpolation of velocity information from individual points is necessary. The more
recent models Crust2.0 (Bassin et al., 2000) and Crust1.0 (Laske et al., 2013) have essentially
used the same idea. Continental-scale models that use variations of this technique have also
been developed (e.g. Chulick et al., 2013; Stolk et al., 2013; Tesauro et al., 2014).
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A major drawback of including predefined domains is that the uncertainty of the resulting crustal
model is hard, if not impossible, to estimate. In fact, the plausible appearance of the model
might be misleading in areas with sparse data coverage. Furthermore, the boundaries of the
domains might be uncertain as well and contribute to total crustal model uncertainty.

In this work, we use a geostatistical interpolation approach to derive a crustal model and
quantitative estimates of its uncertainty from a database of seismic points (from the USGS GSC
database). The only additional data is the age of the ocean floor, which is needed to separate
continental and oceanic domains. Since we do not include other additional data sets (e.g. gravity
anomalies), we expect our results to be ambiguous in regions where data coverage is nil or sparse.
However, we do not consider this a drawback of the method but an illustration of the limitations
of the current database. The interpolation itself is a form of non-stationary kriging, which allows
lateral variation of covariance parameters expected on a global scale (Risser and Calder, 2017).

We apply this method to the latest version of the Global Seismic Catalogue (GSC) collected by
the USGS (Mooney, 2015). The GSC contains mainly active seismic measurements. However,
the method is completely general and can be applied to any compilation of seismic points. We
obtain global estimates of the depth to the Moho boundary and average crustal P-wave velocity
on a global grid with 1° spacing. Estimates of crustal model uncertainty can be helpful for any
geophysical application that relies on such models.

To demonstrate some of the advantages of having representative estimates of uncertainty, we
apply our results to the estimation of residual topography. Here, we consider residual topography
as that part of the surface topography which is not explained by crustal structure (Kaban et al.,
1999; Molnar et al., 2015). By propagating the uncertainties of the crustal model to residual
topography, we can derive a global map of residual topography uncertainty.

4.2 Data

4.2.1 Crustal database

Each data record in the USGS GSC (Global Seismic Catalogue) database provides information
about crustal structure at a geographical location based on seismic surveys. From this database
we select 6340 seismic observations that have detected the Moho boundary. The vertical structure
at each point is described as layers of different types (sediments, crust or mantle) and their
associated thickness and seismic velocities. Note that information about S-wave velocities is
very sparse and hence we limit ourselves to P-wave velocities. In addition, the type of survey
(mostly refraction) and the year when the results were published are given (Figure 4.1).

About 75 % of oceanic and 60 % of continental points are reversed refraction surveys (Figure 4.2),
which are generally considered to be the most reliable method (Mooney et al., 1998). About 7
% of the oceanic and 28 % of the continental points are from Unknown/Other methods. This
encompasses some passive seismological methods like earthquake models, earthquake tomography
and/or waveform models.

The data were acquired over a period from 1950 to 2005. The distribution for oceanic points
shows two distinct maxima in the 1970s and after 1995. There are relatively few data points
acquired between 1980 and 1995. The distribution is more uniform for continental points, but
also shows an increase in the 1970s and late 1990s (Figure 4.2).

Many crustal models give velocities and thicknesses separately for the upper, middle and lower
crust. Interpolating this layering from the seismic points is challenging, because the number
of layers is not consistent over all points. Thus, it is not clear how the layers at different
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points relate to each other. To circumvent this issue, we interpolate the average velocity of the
crystalline crust directly.

The average velocity of the crystalline crust is calculated as the weighted average:

v =
∑
i viti∑
i ti

where ti is the thickness of layer i, and vi is its velocity.

After calculating the average velocities, we find that the database contained some points with
very low average crustal velocities. At these points, low-velocity sediments are incorrectly
classified as part of the crystalline crust in the database. Following Chulick et al. (2013), all
points with average velocities of 5.8 km/s or less are excluded from the interpolation. In addition,
we remove all oceanic points with average velocities ≤ 6.4 km/s. The oceanic crust consists
mainly of gabbroic rocks with velocities ≥ 6.6 km/s, underlying a slower (~5 km/s) layer of
basalts and sheeted dikes (White et al., 1992). Therefore, points with anomalously low velocities
likely represent local features such as fracture zones that are not representative of large-scale
oceanic crust. After removing these anomalous sites, 5197 points are retained.

Figure 4.1: Moho depth points from the USGS GSC database: a: Seismic method used to
determine Moho depth and P-wave velocity, b: Year of publication of results. Un-
known/other contains points derived from earthquake models, waveform models,
tomography, sonobuoy measurements and the time term method.

4.2.2 Ocean floor age map

During the interpolation procedure, oceans and continents are treated separately. This is
necessary due to their different nature and evolution. The thickness and velocity structure
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Figure 4.2: Frequency of used seismic methods and year of acquisition. a and b show the
frequency of acquisition year and seismic method used for oceanic points, c and d
give the frequencies for continental points.

Figure 4.3: a: Ocean floor age (Müller et al., 2008) b: Tectonothermal/ Tectonic age categories
from Goutorbe et al. (2011). Note that the tectonic age map stops at 60° latitude.
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of unaltered oceanic crust mainly depends on the conditions at the mid-ocean ridge where it
was formed (cf. McKenzie and Bickle, 1988). By contrast, the properties of continental crust
are the result of a much longer evolution. Accordingly, continental and oceanic domains are
defined based on the ocean floor age (Müller et al., 2008) (Figure 4.3a). A point, where an ocean
floor age is defined is considered oceanic, whereas a point with no ocean floor age is considered
continental. In total there are 554 oceanic and 4643 continental points.

This binary ocean-continent classification results in a sharp transition between these domains at
the continental margin. For simplicity, we use the binary ocean-continent transition, but we
acknowledge that the real crustal structure is certainly more complicated in the transitional
region.

The ocean-continent classification employed here is a simplified version of the tectonic classifi-
cation used in other crustal models. For example, the thermo-tectonic age map from Mooney
et al. (1998) (as digitized by Goutorbe et al. (2011) ) introduces additional spatial structures
in the continental domains (Figure 4.3b). At the same time, the average crustal thickness for
the different continental ages is quite similar, ranging from ~36 to 41 km (Figure 4.4). By
comparison, the standard deviation within age categories is more than 6 km. Thus, giving up
tectonic regionalization leads only to an acceptable loss of information.

Figure 4.4: Crustal thickness of points from the GSC database falling in each of the thermo-
tectonic age categories. Note that we only use points that lie inside the thermo-
tectonic age map of Goutorbe et al. (2011).
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4.3 Geostatistical analysis and interpolation

We use a non-stationary kriging method based on Gaussian fields to interpolate the Moho
depth and average P-wave velocity. Let Z(x) be the spatial field of interest (either the Moho
depth or average crustal P-wave velocity), where x is the two-dimensional location in terms of
geographical coordinates. Z is separated into three parts (Cressie, 2015):

Z(x) = µ(x) + Y (x) + ε(x)

Here, µ is a deterministic component (trend), which describes the first order spatial structure,
Y is a Gaussian field and ε describes the spatially independent errors, which are also assumed to
be Gaussian.

The trend component µ depends only on the classification as oceanic or continental:

µ(x) =
{
µocean if x in ocean domain
µcontinent if x in continent domain

The Gaussian field Y has zero mean and is described by a covariance function C(x1, x2; ~θ), which
in turn depends on a set of parameters ~θ. Often, it is assumed that C is stationary, which
implies that C only depends on the distance between x1 and x2.

Cov(x1, x2) = C(x1, x2) = Cs(d),

where d = ||x1 − x2|| denotes the great-circle-distance between the points x1 and x2.

Equivalently, the covariance structure can be described by the semivariogram function γ(d),
which is given by:

γ(d) = C(0)− C(d),

where C(0) denotes the variance of the quantity in question.

The covariance structure is typically described by at least 3 parameters: the nugget τ2 , the sill
σ2 and the range ρ. The nugget is often due to unsampled small-scale variability or noise in the
data. In our case, the nugget effect is contained in ε. The sill describes the overall variance of
the quantity of interest and the range is a measure of correlation distance. Points that are more
distant than the range are assumed to be uncorrelated (or very nearly).

We chose to use a spherical covariance function, because it has a number of beneficial properties.
It is an admissible covariance function on the sphere using great-circle distances (Guinness
and Fuentes, 2016), it does not impose differentiability on the interpolated field and it is
computationally efficient, because it gives exactly zero covariance for points which are more
separated than the range, which allows us to use sparse covariance matrices. The covariance
function is given by (Cressie, 2015)

Cs(d; τ2, σ2, ρ) =

σ
2
(

1− 3d
2ρ + 1

2

(
d
ρ

)3
)

+ δd,0τ
2 if d < ρ

0 if d ≥ ρ
(4.1)

Here δd,0 is zero unless d = 0.
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4.3.1 Non-stationarity

Stationarity might be a poor approximation, because the parameters of the covariance function
represent a measure of roughness and scale of variability (Cressie, 2015). Thus, it is likely that
different geologic regions are characterized by different parameters of the covariance function
and their variation needs to be considered.

To test how much the semi-variogram properties vary spatially, we calculate semi-variograms
for different portions of North America. We use North America, because the database contains
enough points to permit calculating informative semi-variograms even for smaller subsets of data.
The North American continent is split into four quadrants, where each quadrant has a size of
60° x 30°. Inside each quadrant we estimate an empirical semi-variogram using only continental
points (Figure 4.5). We find pronounced differences between the quadrants, which motivates us
to use a non-stationary approach.

Figure 4.5: Empirical semi-variogram of Moho depth calculated of four quadrants of North
America. The bin size for estimating the semi-variogram is 1° great-circle distance.
The four quadrants show differences in terms of nugget, sill and range.

In the non-stationary case, the covariance function explicitly depends on the spatial locations x1
and x2. One way to derive a non-stationary covariance function from a stationary covariance
function is to allow τ2, σ2 and ρ to vary spatially (cf. Paciorek and Schervish M. J., 2004). They
are then given by 3 functions τ2(x), σ2(x) and ρ(x), which leads to a non-stationary covariance
function:

CNS(x1, x2; θ) = ρeff√
ρ(x1)ρ(x2)

Cs(||x1 − x2||; τ(x1)2,
√
σ(x1)σ(x2), ρeff) (4.2)

Where

ρeff =
√

2 ρ(x1)ρ(x2)√
ρ(x1)2+ρ(x2)2

is the effective range between the points x1 and x2.

To estimate the functions τ2, σ2 and ρ from data points, the functions need to be given a discrete
representation. We use the mixture approach of Risser and Calder (2017), in which K master
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locations bk with corresponding parameters τ2
k , σ2

k and ρk are defined. The parameter at an
arbitrary location is then found as a weighted sum of the mixture components

σ(x)2 =
K∑
k=1

wk(x)σ2
k,

where each weight function wk decreases exponentially with great-circle distance from the master
location:

wk(x) ∝ exp −||x− bk||
2

2λw

under the condition that
∑K
k=1wk(x) = 1.

The parameter λw controls the behavior of the interpolation. If λw is small, the interpolation
effectively becomes nearest neighbor interpolation, whereas large values of λw lead to a smooth
distribution of the parameter. Thus, the parameter needs to be adjusted to the scale of the
domain in question and the desired interpolation behavior.

We chose the discrete mixture approach, because it is directly applicable to a spherical geometry
and can effectively adapt to a very heterogeneous distribution of points. Furthermore, the
locations of the master locations can be determined using clustering techniques semi-automatically,
which means no additional information is needed.

4.3.1.1 Clustering analysis

Let the value of Z be known at N locations xi. We first construct the master locations using
agglomerative clustering of the points based on their great-circle distance (see Appendix A for
algorithm details). The clustering will then be used to estimate the nugget, sill and range from
the data. How the points are assigned to clusters is controlled by the choice of the number of
clusters to create. Here, we separately cluster oceanic and continental points.

We tested different numbers of clusters to optimize the spatial radius and the number of points
in each cluster. The radius of a cluster is defined here as half the maximum distance of any
two points that are a member of that cluster. We consider the following factors to choose
the number of clusters. First, the radii of the clusters should be large enough to detect the
long-range correlation between points. Second, there should be enough clusters to detect spatial
variations of the covariance parameters. Third, the radius of all clusters should be similar,
because otherwise the clusters might appear to possess very different ranges ρ, even though
this is just a result of the different cluster radius. Last, each cluster should contain enough
points to reliably estimate the covariance parameters. Fulfilling these conditions is not possible
everywhere and some compromise needs to be made.

After numerous tests, we decided to use 35 oceanic and 50 continental clusters. For the oceans
this is mainly motivated by preventing clusters containing only a single point (Figure 4.6). For
both oceanic and continental domains, we try to choose the number of clusters so that the mean
cluster radius is c. 10 ° (c. 1100 km). The interpolation parameter λw is set to (1100km)2,
which is the squared mean cluster radius.

The master locations bk are defined as the spherical average location of all members of each
cluster. This is calculated by converting the location of the points to a Earth Centered Earth
Fixed (ECEF) Cartesian coordinate system, taking the average location of all points in 3D
space and then projecting back to the surface of the Earth. This avoids issues that arise when
taking the average of points with positive and negative longitude or near the poles. The spatial
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Figure 4.6: Results of clustering. Radius of clusters (a,c) and number of points in each cluster
(b,d). The shaded area gives the range over all clusters, while the blue line gives the
mean. Oceanic areas (a,b) were treated separately from continents (c,d). For oceans
we selected 35 clusters, because this prevents single point clusters from appearing (b)
and gives a mean radius of about 1100 km (corresponding to 10°). For the continents
we used 50 clusters, because this gives the desired mean radius of 1100 km.
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Figure 4.7: Results of clustering for oceanic and continental points. Small dots mark the location
of points from the database. Colors indicate to which cluster each point belongs. The
centroid of each cluster is indicated as a larger square, where the size is proportional
to the number of points contained in each cluster. a: Oceanic clusters. b: Continental
clusters
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structure of the clusters (Figure 4.7) is reasonably adapted to the heterogeneous distribution of
the data points.

4.3.1.2 Inference of covariance parameters

The non-stationary covariance function depends on the covariance parameters at each master
location. These parameters have to be estimated from the points of the database. By assuming
that the Gaussian field Y is stationary in the neighborhood of each master location bk, the
parameters can be efficiently estimated by using the local maximum likelihood estimation
technique (Tibshirani and Hastie, 1987).

Let x̂i be the points belonging to an arbitrary cluster k and let Ẑi = Z(x̂i) be the values at each
location. Since Z is a Gaussian field, Ẑi are elements of a multivariate normal distribution with
covariance matrix Σ and mean µ. The entries of the covariance matrix are given by evaluating
the stationary covariance function Cs(d; τ2

k , σ
2
k, ρk), for all pairs of points inside the cluster (eq.

4.1).

The mean value inside each cluster is estimated using the sample mean of all cluster members.
Our method is therefore slightly biased, because the Zi are correlated.

The log-likelihood function is the probability density function of a multivariate Gaussian
distribution with constant mean µ and covariance matrix Σ:

logL(~θ) = −n2 log(2π)− 1
2 log det Σ(~θk)−

1
2(~Z − µ)TΣ−1(~θk)(~Z − µ),

where n is the number of points in ~Z.

We numerically maximize the value of the log-likelihood to obtain ~θ using the L-BFGS-B
algorithm (Zhu et al., 1997; Byrd et al., 1995) as implemented in the scipy package (Jones et al.,
2001).

When using the likelihood function directly, we find that the sill and nugget are systematically
underestimated in data-sparse regions. This would lead to overly optimistic uncertainty estimates
in regions with little data points. To somewhat alleviate this issue, we use a Bayesian approach
and put independent inverse-gamma priors on the σ2

k, τ2
k and ρk. The inverse gamma distribution

has a log probability density function given by

log f(x;α, β) ∝ −(α+ 1) log x− x

β
.

The mean and standard deviation are respectively:

Mean = β
α−1 Std.Dev. = β

(α−1)
√
α−2

The hyperparameters α and β where chosen for each covariance parameter such that the prior
distribution agrees with a specified mean and standard deviation as given in Table 4.1. Note
that we set the standard deviation of all properties to be at least as large as the mean value, thus
the prior is relatively weak and only has an effect on clusters with very little data points. The
nugget parameter is chosen according to previous accuracy estimates of active seismic studies
(Christensen and Mooney, 1995; Mooney et al., 1998). The sill parameter choice is guided by
the standard deviation of Moho depth and P-wave velocity in the database. For the range, we
use an average value of 10° in agreement with the mean size of the clusters.

The modified posteriori likelihood becomes, after application of Bayes theorem (Tarantola, 2005):
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log L̃(θ) = logL(θ) +
∑

φ∈{τ2
k
,σ2

k
,ρk}

log f(φ;αφ, βφ)

L̃(θ) is optimized using the L-BFGS-B algorithm as above.

Table 4.1: Parameters of the prior we put on the covariance parameters. We assign different
parameters to continental and oceanic points for the Moho depth to account for the
overall much less variable nature of Moho depth in the oceans. The parameters of
the velocity prior are identical for ocean and continent.

Moho P-wave-velocity

Parameter
(cont.)

Mean Std. Dev. Mean Std.Dev.

Nugget τ2 (4.0 km)2 (4.0 km)2 (0.2 km s−1)2 (0.2 km s−1)2

Sill σ2 (80.0 km)2 (80.0 km)2 (0.2 km s−1)2 (0.2 km s−1)2

Range ρ 10° 10° 10° 10°
Parameter
(ocean)
Nugget τ2 (1.0 km)2 (3.0 km)2 (0.2 km s−1)2 (0.2 km s−1)2

Sill σ2 (40.0 km)2 (40.0 km)2 (0.2 km s−1)2 (0.2 km s−1)2

Range ρ 10° 10° 10° 10°

4.3.1.3 Interpolation and prediction

After the sill, nugget and range belonging to all clusters have been determined, the value of Z
can be predicted at an arbitrary set of locations x∗j . Let ~Z be the vector of known values, and
let ~Z∗ be the vector of unknown values at locations x∗j . The complete covariance between two
arbitrary points xi and xj is found by combining equations 4.1 and 4.2:

C(xi, xj ; ~θ) =

σ(xi)σ(xj) ρeff(xi,xj)√
ρ(xi)ρ(xj)

(
1− 3||xi−xj ||

2ρeff
+ 1

2

(
||xi−xj ||
ρeff

)3
)

+ δijτ(xi)2 if d < ρeff

0 if d ≥ ρeff

Evaluating the equation above for all pairs of points (both observation and prediction points)
gives the complete covariance matrix. The complete covariance matrix naturally separates
into three block matrices: ΣZZ is the covariance between the observed points, ΣZZ∗ is the
cross-covariance between the observed and prediction locations and ΣZ∗Z∗ is the covariance
between prediction locations.

The prediction of Z∗ is then given by (Risser and Calder, 2017)

~Z∗ = µ(x∗) + ΣZZ∗Σ−1
ZZ(~Z − ~µ),

where ~µ contains the mean value at each of the prediction locations, depending on its classification
as oceanic or continental.

The posteriori covariance matrix of the prediction error at all prediction locations is:

ΣZ∗|Z = ΣZ∗Z∗ − ΣZZ∗Σ−1
ZZΣT

ZZ∗ (4.3)
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The diagonal of ΣZ∗|Z contains the error variances, i.e. the square of the estimated uncertainty.
The off-diagonal entries of ΣZ∗|Z correspond to the error covariances at different locations.

4.3.1.4 Outlier removal and duplicate selection

We test all points for consistency with neighboring points using a hold-one-out cross validation
approach similar to Stolk et al. (2013). The quantity of interest is predicted at each observation
location, but without using that observation itself. If the difference between the measured and
predicted value is larger than twice the estimated interpolation error and the difference is larger
than 5 km (Moho depth) or 0.2 km/s (P-wave velocity), it is flagged as an outlier and not used
in prediction. In addition, there are some locations with duplicate values. Here, we predict the
value at the location of the duplicates, without using the duplicate values and choose the value
that is closest to the interpolated value at that location.

The estimation of parameters σ2
k, τ2

k and ρk is then repeated using only the chosen points. Next,
a second round of outlier detection follows, which only uses the points not flagged as outliers
and the chosen duplicate points. This gives the final set of points for the interpolation.

Apart from detecting outliers, the hold-out procedure also provides insights into the accuracy of
the data set and our method. The difference between an observation zj and the prediction ẑj if
that observation is held out is called the prediction error. The root mean squared prediction
error gives an estimate of the overall accuracy of the prediction procedure and the internal
consistency of the database:

RMSPE =

√√√√ 1
N

N∑
j=1

(zj − ẑj)2

Furthermore, we can also test the error estimation. Specifically, the prediction error should be
similar to the estimated error (from equation 4.3). To quantify this, we use the deviation ratio

DRj =
∣∣∣∣∣zj − ẑjσ̂j

∣∣∣∣∣ ,
where σ̂j is the estimated error corresponding to ẑj . Thus, the optimal value of the deviation
ratio should be one. If the deviation ratio is larger than one, the error has been underestimated,
whereas values below one indicate an overestimation of error.

Note that under the assumption of normality, the deviation ratio should follow a folded normal
distribution (Leone et al., 1961) with standard deviation one. If this assumption holds, the
median deviation ratio should be erf−1( 1

2 )√
2 ≈ 0.67. Around 68 % of the points should have a

deviation ratio of one or less (i.e. the error is over-estimated) and 95 % of the points should
have a deviation ratio of less than two.

4.4 Results

4.4.1 Outlier detection

Applying the hold-one-out cross-validation technique to the database, 310 points were flagged as
outliers for interpolating the Moho depth. Another 321 points were removed due to the selection
of outliers. This leaves 4566 points for the interpolation of Moho depth, corresponding to about
14 % removed points. Applying the same approach to P-wave velocity leads to a similar number
of removed points: 255 points as outliers and 316 due to the selection of duplicate points.
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4.4.2 Covariance parameters

The spatial distribution of the three covariance parameters nugget, sill and range has a strong
impact on the behavior of the interpolation, particularly the estimated uncertainties. The
nugget τ2 at a point determines the minimum uncertainty at that location and the maximum
uncertainty tends towards the sum of the nugget and the sill τ2 + σ2. The range ρ controls how
quickly the uncertainty increases with distance from the nearest prediction point. Moreover,
larger values of ρ lead to a smoother interpolated field (Chiles and Delfiner, 1999).

The estimated covariance parameters of the Moho depth points display a strong dichotomy
between oceans and continents (Figure 4.8). Nuggets and sills are higher in the continents than
in the oceans, whereas the range tends to be higher in the oceans. This is due to the relatively
uniform crustal thickness in the oceans, which does not change significantly, unless affected by
magmatism (e.g. White et al., 1992).

The nugget and sill in the oceans are relatively uniform with values of around 1 km2 and 9 km2,
respectively. The range in the oceans is more variable. It is more than 20° in the Western
Pacific and Northern Atlantic but can be less than 5° in the Southern Atlantic and Indian Ocean.
Overall the range tends to be higher in well-studied regions compared to more sparsely surveyed
areas. This suggests that the observed differences do not reflect differences in oceanic crustal
structure but differences in sampling density.

The continents are also characterized by relatively uniform nugget, sill and range. The most
notable anomaly is the high sill over the Andes, with values up to (12 km)2. Note that other
major orogens such as the Himalaya do not show this increased sill. In addition, the Andes have
a reduced range. The different covariance parameters in the Andes might be an artifact caused
by the large north-south extent of the Andes. Thus, in north-south directions the sill should be
less than in East-West directions and vice versa for the range. It might hence be possible that the
anomalous values in the Andes are the result of the inability of an isotropic covariance function
to describe an anisotropic structure. As a result of the high sill, the uncertainty estimates in
South America might be too high.

The covariance function parameters of the average P-wave velocity differ substantially from
those of the Moho depth (Figure 4.9). Over both continents and oceans, sill and nugget are
often of the same magnitude. This implies that small-scale variations or measurement errors are
of similar importance as large-scale structural features. As a result, direct interpolation of the
velocity might not be possible in all regions.

Over the continents nugget and sill are relatively uniform. Exceptions are Central Eurasia,
Northern Europe, parts of North America and Brazil, since these regions are characterized by
increased sill of up to (0.3 km/s)2, relatively low nugget and increased range. In these regions
large-scale velocity anomalies exist that should be well suited for interpolation.

By contrast, the oceans possess almost everywhere similar nugget and sill values of about
(0.1km/s)2 and typical range between 5° and 7.5°. Thus, interpolation of velocity in the oceans
will probably not be able to construct an extensive model, especially since the distribution of
survey points is in many regions extremely sparse.

4.4.3 Interpolated Moho depth and average P-wave velocity

The interpolated depth of the Moho discontinuity below the geoid (Figure 4.10a) shows well-
known large scale crustal features. The data are available in supporting information S1 and S2.
We will discuss the continental features in section 4.4.5, when comparing with Crust1.0.
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Figure 4.8: Estimated parameter distribution for Moho depth. The red and orange squares
give the centers of the clusters used for interpolation in the oceans and continents
respectively. Note we give the square root of nugget and sill.
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Figure 4.9: Distribution of covariance parameters for the average P-wave velocity of the crystalline
crust.
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The oceans are mostly flat with some single spots corresponding to individual data points. This
occurs in areas with few points and estimated low range ρ. Structure is best resolved in the
Western Pacific Ocean, where the trend of the pacific ridge is clearly visible. In the other oceans
hardly any structure could be interpolated.

Our interpolation method produces 1-sigma estimates of uncertainty due to the underlying
assumption of a Gaussian field. Furthermore, the uncertainties measure the internal consistency
of the database and cannot describe the external accuracy of the database. The estimated
uncertainties range from about 1 km to more than 12 km (Figure 4.10b). In agreement with
the estimated distribution of nugget and sill (section 4.4.2), uncertainties in the oceans are
systematically lower than in the continents. Unsurprisingly, uncertainty is negatively correlated
with point density. However, the highest uncertainties are estimated for South America, even
though Africa contains even less points. This is a result of the extremely high sill value for
South America, which might not be realistic. The lowest uncertainties are estimated for North
America, most of Eurasia and Australia.

Figure 4.10: Global map of Moho boundary depth below the geoid and its estimated uncertainty.

The interpolated P-wave velocity of the crystalline crust and its uncertainty is shown in Fig-
ure 4.11. In the oceans hardly any structure is visible in the interpolation results except for some
very localized velocity anomalies. The magnitude of these anomalies is typically less than 0.2
km/s, which is comparable to the typical estimated uncertainty. Hence, these localized features
are probably of much smaller scale than the resolution of the data points or are the results of
velocity inaccuracies.
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Figure 4.11: Interpolated distribution of P-wave velocity in the crystalline crust.
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4.4.4 Quality of error estimation

4.4.4.1 Hold-one-out cross validation

The hold-one-out cross validation allows testing the prediction accuracy and error estimate. In
the case of Moho depth, the RMS prediction errors for oceans and continents were 3.5 and 4.7
km respectively. The median absolute deviation ratio is 0.53 for oceans and 0.48 for continents,
which is less than the theoretically expected value of 0.67 . Deviation ratios above one occur
for 30 % of the oceanic points and 25 % of the continental points, which is comparable to the
theoretical expectation of 32 %. Thus, overall the error estimate is adequate, albeit slightly too
pessimistic.

The prediction error as a function of survey year reflects the increasing quality of instrumentation
and processing over time. For continents (Figure 4.12b), newer surveys are clearly characterized
by smaller prediction errors and deviation ratios than older surveys. The prediction error
decreases from a median value of 3 km for surveys from the 1950s, to less than 2 km for surveys
after the year 2000. For surveys acquired in oceanic domains, the prediction error stays more
or less constant at about 1 km (Figure 4.12a). The deviation ratio shows the same trend
(Figure 4.12b and d).

Thus, the interpolation results are more consistent with newer - more accurate - data than with
older data. Note that the survey year was not explicitly included in the interpolation process in
any way and this is a natural outcome of the geostatistical analysis and interpolation.

Repeating the same analysis for the survey type, shows a similar pattern (Figure 4.13): Reversed
refraction profiles have the lowest prediction errors, followed by split refraction and unreversed
refraction. Reflection profiles are on average least accurate, followed by the unknown/other
category, which is also highly variable. Thus, overall the most accurate type of survey is most
consistent with the interpolation results.

Analyzing the P-wave velocity in terms of survey year and type yields the same conclusions:
Newer surveys systematically have lower prediction errors and deviation ratios. Likewise, reversed
refraction profile is the type of survey with the lowest prediction errors and deviation ratios. The
root mean squared prediction error is about 0.18 km/s for oceans and continents. The median
absolute deviation ratios are 0.58 for oceans and 0.46 for continents. About 75 % of the points
stay within the estimated error bounds.

Overall, the prediction errors are within the range of reported error estimates for crustal scale
seismic profiles, which are about 10 % (Christensen and Mooney, 1995). Thus, our interpolation
method and the chosen parameters are adequate for reproducing the seismic measurements.

However, holding out only a single observation might lead to optimistic error estimates, due to
the very uneven distribution of points. For instance, many points are taken from continuous
profiles, so that it should be relatively easy to reconstruct that single point using the neighboring
points from the same profile. For this reason we also used a more challenging cross-validation
test of the data set.

4.4.4.2 Median split cross-validation

We split the data set into a validation and prediction set. The points from the prediction set
will be used to predict the points from the validation set. In this test, the older half of the data
is used to predict the Moho depth at the points of the newer half. The split between older and
newer half occurs at the median survey year 1989. Most parameters of the interpolation were
left unchanged, with the exception of the number of clusters, which had to be reduced to 35
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Figure 4.12: Prediction accuracy for points grouped according to decade in which the survey
was carried out. a) and b) give the absolute prediction error, while c) and d) give
the absolute deviation ratio. a) and c) refer to oceanic and points, while b) and d)
refer to continental points. In all figures, the colored boxes cover the 25 % to 75
% percentile, while the Median is marked by a vertical line inside each box. The
extent of the whiskers gives 1.75 of the interquartile range relative to the median.
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Figure 4.13: Prediction accuracy grouped according to survey type. a) and b) give the absolute
prediction error, while c) and d) give absolute deviation ratio. a) and c) refer to
oceanic points, while b) and d) correspond to continental points. For an explanation
of the figure see caption of Figure 4.12.
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continental and 30 oceanic clusters, in order to prevent single-point clusters and to maintain an
average cluster radius of 10°.

The root mean prediction errors is 5.6 km for oceans and 8.1 km for continents, which is roughly
twice as large as the prediction errors of the hold-one-out cross validation. While the oceanic
error estimates are on average adequate (median deviation ratio of 0.68), the estimated error for
continents is systematically too low (median deviation ratio of 0.83). In addition, the distribution
of continental deviation ratios becomes skewed towards high values, because about 15 % of
the continental points have deviation ratios of 2 or more, greatly surpassing the theoretical
expectation of 5 %.

In general, the error estimate can be seen as adequate for this test case, because most points
from the validation set stay within the error bounds. However the interpolation error estimate
does not and cannot account for the possible presence of unexpected or rapid changes that do not
conform to the underlying assumptions of the interpolation. For example, in sparsely surveyed
area, the Moho depth distribution might appear to be more smooth than it actually is. This
leads to an underestimation of sill and range and ultimately to an underestimation of uncertainty.
This should be considered when interpreting the uncertainties over large poorly-covered regions.

4.4.5 Comparison with Crust1.0

4.4.5.1 Global

On a global scale, our interpolated Moho depth distribution agrees well with the Moho map of
Crust1.0 (Laske et al., 2013), with a median absolute difference of 2.9 km. The spatial pattern of
the disagreement between our model and Crust1.0 (Figure 4.14) shows that the largest differences
occur in South America and Asia. While the overall patterns are similar, our results appear less
sharp than Crust1.0 due to the tectonic regularization applied in Crust1.0.

In the oceans, Crust1.0 shows significantly more structure, since a constant crustal thickness in
the unaltered oceans was assumed and the Moho depth was calculated from ocean floor depth.
We have directly interpolated Moho depth and are thus not using the topographic information,
leading to a flat Moho in most oceans. The continent-ocean transition is modeled explicitly
in Crust1.0 as a smooth transition over the continental margin, whereas we have used a sharp
jump from continental to oceanic crust. This leads to a systematic different between our results
and Crust1.0 on the edges of the continents.

Statistical analysis of the differences between our results and Crust1.0 (Figure 4.15a), shows
that the differences between the two models are typically 3 km on all continents except South
America, where typical differences are 4.5 km. Importantly, better surveyed continents are
not associated with less disagreement between our model and Crust1.0 (i.e. Africa and North
America are similarly different). However, our estimated uncertainties (Figure 4.15b) differ
substantially for the different continents and tend to be higher than the average differences
between our model and Crust1.0. This suggest that taking the difference between different
crustal models is an overly optimistic indicator of model uncertainty, especially if the models are
based on similar methods and/or database.

Our interpolation results for average P-wave velocity differ from Crust1.0 substantially. Overall,
the scale of velocity variations in Crust1.0 is much less, since velocities are average values for
complete domains. In most of the oceans the two models differ mostly by a shift, because our
average velocity in the oceans is 6.65 km/s, whereas Crust1.0 uses 6.75 km/s.

In the continents there is qualitative agreement between the two models in many areas. Examples
include the separation between slow Western Europe and faster Central Europe visible in both
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Figure 4.14: Depth to Moho according to Crust1.0 model and the differences with respect to
our model.
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Figure 4.15: (a): Statistical distribution of differences between our model and Crust1.0. (b):
Distribution of uncertainties in our model. The two models are more similar then
the uncertainties would suggest, because they rely on the same data source. Note
that the frequencies are calculated from the grid points and do not take into account
the different sizes of grid cells at higher latitudes. For an explanation of the figure
see caption of Figure 4.12.

76



4 Global crustal thickness and velocity structure from geostatistical analysis

models, or the reduced velocity in the Western United States. However, even in areas with
qualitative agreement, the results of the direct interpolation are less defined spatially, but are
characterized by larger velocity variations.

Disagreement between the models can be up to 0.5 km/s and the RMS difference between the
models is 0.03 km/s. Thus, on average the models again agree better than expected based on
the estimated interpolation uncertainty.

Figure 4.16: Average crustal P-wave velocity for Crust1.0 and the difference with respect to our
results.

4.4.5.2 South America

On the global map, South America stands out as the area with the highest uncertainty, reaching
values of 12 km or more (Figure 4.17). This is does not seem entirely reasonable, because South
America contains much more data points than for example Africa.

The uncertainty values of more than 10 km occur only in areas that are not covered by any
points. In regions with points, the uncertainty is decreased to realistic values of around 5 km.
However, even in the densely studied areas in the Andes, the uncertainty is ~8 km and the thick
crust underneath the Andes is not interpolated along the entire mountain chain. There are two
explanations for this:

Firstly, the Moho depth is extremely variable, even for relatively short distances. The Moho
boundary depth goes from up to 70 km in the Andean Cordillera, to less than 30 km in the
hinterland basins. This leads to high estimated sill values and low estimated range values.
Secondly, Moho depth variations are highly anisotropic, as variations along the orogen (roughly
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N-S) are much less than perpendicular to the mountain chain (E-W). Thus, an anisotropic
covariance function would be required to adequately model the spatial structure in this region.

The main difference with respect to previous models (Crust1.0 or the model of Chulick et al.
(2013)) is the very thin crust in the hinterlands of the Andean orogeny. There are only a few
points that show this thinning and this trend is interpolated along the entire north-south extent
of the mountain chain. However, this feature is also associated with the highest uncertainties of
12 km. We note that Van der Meijde et al. (2013) detected a similar area of thinned crust using
gravity inversion.

Figure 4.17: Interpolated Moho depth for South America and the estimated uncertainty from
interpolation. The dots give the location of interpolation points.

4.4.5.3 Africa

We chose Africa to illustrate the behavior of the interpolation algorithm in a data sparse
environment (Figure 4.18). Data points are concentrated in Southern Africa, the East-African
rift system and the Mediterranean coast. The values of the range ρ in most of Africa are very
low, so that the results are not interpolated very far away from the points. These few scattered
points provide little constraint on the overall crustal structure, which can therefore be regarded
as virtually unknown, as reflected in the high uncertainties of around 7 km.

Note that this pessimistic view only applies to our database, which does not contain important
new results derived from passive seismic methods (Fishwick and Bastow, 2011). However, the
crustal structure of Africa remains unclear, and non-seismic methods are still important to better
determine it (Globig et al., 2016).

Crust1.0 shows a tile-like pattern of Moho depth variation (Figure 4.14), that reflects the
pre-defined crustal types. Over South Africa, Crust1.0 disagrees with our results as well as the
points in the GSC database.

4.4.5.4 Europe

Europe is among the most well surveyed areas in the world. Thus, comparing our results with
Crust1.0 in this area highlights differences caused by different methodologies, because neither
method is adversely affected by sparse data.
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Figure 4.18: Interpolated Moho depth for Africa and the estimated uncertainty from interpola-
tion.

In this region, there is substantial agreement of the Moho depth between our results and Crust1.0
(Figure 4.19), apart from the general differences arising from the different treatment of the
continent-ocean boundary (see for example the Mediterranean coast of Africa). On the continent,
substantial large-scale differences mostly occur where no data are available in our database
(e.g. Baltic States, Figure 4.19d). There are some punctual large differences, for example in the
Alps. However, given the coarse parameterization of both models, neither model is capable of
resolving the crustal variations on the scale of the Alps satisfactorily. Overall, higher differences
between the models are also associated with higher estimated uncertainties (Figure 4.19c and d).

While the main patterns are resolved by both for the Moho depth, this does not hold for
average P-wave velocity. In continental Europe there tends to be agreement in areas covered
by seismic points. However, in some areas, for example Finland, there are differences of up to
0.2 km/s, despite a sufficient number of data points. In less well covered areas, there are larger
discrepancies.

The impact of the different methodologies is strikingly visible in the way the separation between
West and Central Europe is represented in the Crust1.0 and our results. In Crust1.0 the velocity
changes abruptly, due to the tectonic localization, whereas our results show a more diffuse
boundary (Figure 4.20).

The diffuse appearance does not reflect the nature of the boundary itself, but is a result of the
interpolation. The underlying assumption of a Gaussian field with slowly varying covariance
parameters is not well suited to represent abrupt parameter jumps. Furthermore, the precise
location of the boundary is not completely constrained from our data set, which contributes to a
diffuse boundary.

4.5 Application of global maps to residual topography

We will use the calculation of residual topography as an example of how the uncertainties can
be used in geophysical applications. Isostatic topography tiso is given by

tiso = M −Mref

ρt
(ρm − ρc)

Where M is Moho depth (positive downwards) and Mref is Moho depth in the reference model,
ρt = 2670 kg

m3 is the density of topography, ρc is the mean crustal density and ρm = 3200 kg
m3 is
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Figure 4.19: Moho depth interpolation results for Europe. (a), (b): Moho depth from our results
and Crust1.0. (c): Estimated uncertainty (d): Difference between our results and
Crust1.0
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Figure 4.20: P-wave velocity of the crystalline crust for Europe. (a), (b): Comparison of our
results and Crust1.0. The circles give the original points from the database (c):
Estimated uncertainty (d): Difference between our results and Crust1.0

the reference mantle density. For simplicity, we will neglect the contribution of sediments and
ice here.

Residual topography is defined as tequiv − tiso (Kaban et al., 1999), where equivalent topography
accounts for the reduced density of water:

tequiv =
{
t if t > 0
t1640

2670 if t < 0

Residual topography is possibly due to four causes: Errors in the crustal model, density variations
in the lithospheric mantle, elastic flexure of the lithosphere and viscous stresses resulting from
mantle convection that act on the base of the lithosphere (e.g. Molnar et al., 2015).

To find the mean crustal density ρc, a velocity-density relationship is required. Since the typical
vp− ρ relations are pressure and thus depth-dependent (Christensen and Mooney, 1995; Brocher,
2005), we cannot apply them immediately to the mean crustal velocity. Instead, we use linear
regression to the mean velocities and densities from Crust1.0 to derive an empirical relation
between average crustal vp and density. This leads to the following relations for oceans and
continents

ρ[ kg
m3 ] = 350 + 385 vp[

km
s ]

ρ[ kg
m3 ] = 590 + 346 vp[

km
s ] (4.4)
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We propagate the uncertainties of Moho and P-wave velocity to the isostatic topography
using Gaussian error propagation. Isostatic topography is a simple 1-D calculation, so spatial
covariances between errors at different locations can be ignored. The contribution of a Moho
uncertainty of δM is then

δtM =
∣∣∣∣ρm − ρcρt

∣∣∣∣δM.

A velocity uncertainty of δv contributes

δtv =
∣∣∣∣M −Mref

ρt

∣∣∣∣∂ρc∂vp
δv,

where the partial derivative of density with respect to density corresponds to the linear term in
the empirical velocity-density relation (eq. 4.4).

The total uncertainty is the sum of the uncertainty variances resulting from Moho depth and
P-wave velocity estimates, δt =

√
δt2M + δt2v, assuming velocity and Moho depth errors are

uncorrelated. Note that velocity and depth errors are in reality correlated because velocity is
used to convert measurements of travel time to depth. This would tend to reduce the overall
uncertainty, because depth and density have opposing effects on isostatic topography.

Figure 4.21: (a): Residual topography calculated from our crustal models. (b): Uncertainty of
residual topography resulting from uncertainty of Moho depth. (c): Uncertainty
caused by P-wave velocity uncertainty. (d): Total uncertainty assuming Moho
depth and P-wave velocity uncertainties are uncorrelated.

The calculated residual topography (Figure 4.21a) has values between -4 and 6 km. On a large
scale the patterns are as would be expected: Positive anomalies at mid-oceanic ridges, that
systematically decrease as the oceanic plate gets older. Continents are generally associated with
negative anomalies, that are probably related to thick, cold sub-lithospheric mantle, whose cold
thick lithosphere pulls down topography (Zoback and Mooney, 2003)

In general, the uncertainties coming from Moho depth interpolation are larger than the errors
coming from velocity in the continents (Figure 4.21b and c). Only in the regions with the
thickest crust, velocity contributes more than a few 100 m to the uncertainty. The oceans have
a very high velocity uncertainty, leading to systematic uncertainty of almost 1 km. Maximum
total uncertainty is 2 km, which only occurs in South America and Himalayas (Figure 4.21d).
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Note that, as discussed above, the uncertainties for South America are probably to pessimistic
in the Andean region.

On average the total uncertainty is 1.1 km. For around 65 % of the points, the magnitude of
estimated residual topography is larger than the estimated error and for around 40 % of the
points, the value of residual topography is twice as high as the estimated error. This demonstrates
mantle contributions to topography above the uncertainty threshold exist. However, the depth at
which the mantle contribution originates cannot be constrained with this method. The sources
might lie in the lithospheric or in the deeper mantle. Differentiating between lithospheric and
deeper sources requires additional information, for example from gravity modeling (e.g. Afonso
et al., 2016b).

4.6 Conclusions

We have constructed a global crustal model based on a USGS database of crustal seismic studies.
Unlike previous studies we have tried to include as little additional information as possible,
following a design philosophy that tries to respect the data as much as possible. We interpolated
Moho depth and average P-wave velocity of the crystalline crust using a non-stationary kriging
algorithm (Risser and Calder, 2017). A major advantage of our approach is that it is relatively
straightforward to derive uncertainties.

The uncertainties we derived should be seen as a worst-case estimate, since we have only included
a subset of seismic methods that sample the crust. For instance, short-period surface waves,
ambient noise tomography (Shapiro and Campillo, 2004) and receiver functions (Kind et al.,
2012) also provide information about crustal structure. However, we chose not to include them
in our analysis. Mainly because the combination of information from different sources requires
good knowledge of the uncertainties affecting either data source. Thus, the kind of analysis we
carried out here will certainly benefit a combined analysis of several types of data. Furthermore,
active seismic surveys, which make up the bulk of the GSC database, are generally seen as the
most reliable way of imaging the crust.

However, uncertainties remain even in areas where a large number of profiles have been acquired
with estimated Moho depth errors of around or less than 4 km over large areas. These uncertainties
stem both from errors of individual data points, which are reflected in the nugget effect and
the uncertainty introduced by interpolating. We find that the nugget effect of the Moho depth
is generally less than the estimated accuracy of 10 % (4 km) given by Mooney et al. (1998),
which is probably due to better accuracy of newer studies, as confirmed using hold-one-out cross
validation.

Interpolation of average crustal vp proved to be more challenging than interpolating the Moho
depth. To some extent this is a bit enigmatic, since depths are in all seismic methods calculated
from the velocities in some way. However, the relative accuracy of velocities is still better than
the relative accuracy of Moho depth, which partly explains this apparent contradiction.

Are domain-averaged velocity profiles and other methods of avoiding direct interpolation of vp
preferable over direct interpolation? On the one hand this depends on the importance given to
small-scale variations of velocity. Are they noise or incompletely imaged structure? In the latter
case, direct interpolation would at least partially reflect them instead of averaging them out. On
the other hand it depends on what a crustal model should represent: Is it one plausible model
or is it a mean of all plausible models? Our method aims for the latter. Thus, a sharp velocity
transition between velocity domains would be represented as a smooth transition, as long as the
precise location of that transition is unknown. Both variants of crustal models are valid, but it
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needs to be clear what type a specific crustal model is. Ultimately, it might be worthwhile to
find ways to incorporate the tectonic regularization into the interpolation to combine advantages
of both approaches.

Combining the results of Moho depth and velocity interpolation, we could derive a map of
residual topography, that shows the expected features. In addition, we could also estimate the
uncertainty of our residual topography map. These uncertainties can be up to 2 km and are
on average 1 km. Given the expected range of dynamic topography of a few hundred meters
(Molnar et al., 2015), this raises the question if global statements about dynamic topography
are even possible at this stage. Of course, crustal models incorporating additional information
reduce this uncertainty. But even in already well-studied areas, uncertainties can easily reach 1
km. A more comprehensive approach that includes gravity in addition to topography is probably
the most effective way to constrain residual topography, since gravity and topography are both
sensitive to the density structure.

Future research about interpolation of crustal structure could improve our results in different
ways. Constructing a layered model of crustal structure instead of a one-layer model might be
a logical next step. In addition, the ocean-continent classification could be derived not only
from additional data, but also using the crustal thickness data itself. The mathematical model
underlying our interpolation can be improved by including anisotropy.

Since new seismic data are continually acquired, any crustal model is already outdated at the
time of publication. In addition, global and regional catalogues of seismic determinations already
exist (Baranov and Morelli, 2013; Assumpção et al., 2013), that rely on different selections of
data. For this reason, the interpolation software is freely available here (supporting information
S3) to allow users to apply them to any database of seismic studies.
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A: Clustering algorithm

We use an agglomerative clustering algorithm (Hastie et al., 2009) as implemented in sci-kit
learn (Pedregosa et al., 2011).

Let D be the distance matrix, such that Dij is the great-circle distance between points i and
j. The algorithm begins with every point in its own singleton cluster. Larger clusters are then
created iteratively by repeatedly merging the two most similar clusters. The distance between
two clusters of points G and H is in our case defined as the maximum distance between any
points of pairs in G and H.

d(G,H) = min
i∈G ,j∈H

dij (4.5)

This procedure is repeated until the number of remaining groups is equal to the number specified
by the user. When using eq. 4.5, the algorithm is called complete linkage agglomerative
clustering. We prefer to use complete linkage over other methods, because it tends to create
compact clusters (Hastie et al., 2009).
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5 Probabilistic joint inversion of satellite
gravity gradients and topography - setup and
first tests

5.1 Introduction

This chapter explains the possibilities for using the data and models from the previous chapters
in a probabilistic joint inversion context. Probabilistic approaches are pivotal for integrated
petrological-geophysical modeling of the lithosphere and upper mantle (Afonso et al., 2013b;
Khan et al., 2013). Integrated modeling describes the sub-surface in terms of composition and
temperature instead of the “geophysical” description in terms of e.g. density and wave speed
(Afonso et al., 2016a). The geophysical parameters are instead derived from composition and
temperature using rock physics and petrology (Connolly, 2009). Traditional inversion methods,
which rely on linearization, are not well suited for this type of problem, because of the inherent
non-linearity and non-uniqueness of such problems (Afonso et al., 2013a).

Probabilistic inversion frameworks typically build on the Bayesian formalism and use Monte-
Carlo-Markov-Chain methods to draw samples from the Bayesian posterior distribution (Afonso
et al., 2013b). There are two main advantages to this approach: First, no derivatives need to be
calculated, which means abrupt property changes - for example due to mineral phase changes -
can be included. Second, MCMC gives an ensemble of possible solutions. This allows in-depth
exploration of the inversion result uncertainty, for example when there are strong trade-offs
between some of the parameters. The main drawback of MCMC is that is less computationally
efficient than linearized methods (e.g. Ambikasaran et al., 2013).

In this chapter, a probabilistic approach is used to invert satellite gravity gradients and topography
for the lithospheric density distribution. Note that this is not an integrated geophysical-
petrological model, but uses density directly. This problem could also be tackled in a linearized
way, but since ultimately the goal is to integrate the result into a more comprehensive approach,
a probabilistic approach was chosen instead. The Kriging result from chapter 4 are used as
starting values for the inversion and the information about uncertainty covariance is included in
the inversion. Satellite gravity gradient data mainly based on measurements from the GOCE
satellite are used, which are processed in agreement with the results from chapter 2. In lights of
the results from chapter 3, the magnetic field is not included. However if tighter constraints
on thermal structure or susceptibility are available the code could be extended to include the
magnetic field as well.

The middle of the North Atlantic - extending from 45° W to 15° W and from 25° N to 55° N -
was chosen as test region for the inversion algorithm for two reasons. Firstly, the secular cooling
of the oceanic lithosphere should produce a well-resolvable density structure in the lithospheric
mantle (Turcotte and Schubert, 2002). Secondly, the area is affected by hot spot volcanism
originating from the Azores and the New England hotspot (Steinberger, 2000; Gente et al., 2003).
The two hot spots give rise to elevated sea floor in the form of the Azores islands and the Great
Meteor seamounts. This gives the opportunity to test both for “normal” oceans and anomalous
oceanic structure in the same area.
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5 Probabilistic joint inversion of satellite gravity gradients and topography

5.2 Data

5.2.1 Topography data

The ETOPO1 model (Amante and Eakins, 2009) gives global topography and bathymetry at a
resolution of 1 arc-minute (Figure 5.1a). We reduced this resolution to 1 degree by calculating
the area-weighted average of all grid cells contained in a 1 degree cell. This ensures that the
total topographic mass is conserved (as long as the grid cell contains only positive or negative
topography), which is important for calculation of isostatic topography and the gravity effect.

To facilitate the calculation of isostatic topography, the measured topography was converted to
equivalent topography (Kaban and Mooney, 2001), by multiplying negative topography with a
scaling factor θ given by:

θ = ρc − ρw
ρt

Here, ρc = 2800 kg
m3 is the reference crustal density, ρw = 1030 kg

m3 is the water density and
ρt = 2670 kg

m3 is the assumed topographic density.

The isostatic effect of sediments of thickness L on topography is calculated using the following
expression and removed from the observed equivalent topography:

tsed = L · (ρc − ρmean(L))
ρt

Sediment thickness is taken from the compilation of NOAA (Whittaker et al., 2013), which was
downsampled to a resolution of 1 degree (Figure 5.1c).

A polynomial density function is used inside the sediments (Mooney and Kaban, 2010):

ρ(z) =
4∑
i=0

aiz
i

Here a0 = 2008.37, a1 = 373.4, a2 = −84.14, a3 = 7.94, a4 = −0.2602 and z is depth below the
sea floor (in km). The resulting density is in kg

m3 . The function is limited to a maximum density
of 2800 kg

m3 . Using this function, the average sedimentary density is calculated as a function of
total sedimentary thickness L, ρmean = 1

L

∫ L
0 ρ(z) dz.

Most surface features strongly correlate with ocean floor age (Figure 5.1d)

5.2.2 Gravity gradient data

Typically, satellite gravity data are transferred into spherical harmonics, from which the gravity
gradient components can be recovered (Pail et al., 2010; Mayer-Guerr, 2015). However, this
approach leads to smoothing due to the properties of global spherical harmonic functions. In
contrast, Bouman et al. (2016) have applied a combination of spectral and space domain
processing techniques to GOCE data in an effort to maximize the signal content at the two
mission altitudes of 225 and 255 km. We use the grid containing all 6 gravity gradient components
at 225 km altitude.

To avoid edge and far-field effects, the gravity data do not cover the complete study region,
but extend only from 40° W to 20° W and from 30° N to 50° N. This gives an extension of
5° in every direction. The topographic effect of the study area is calculated using tesseroids
and subtracted from the measured free-air gravity gradients. Since our model will be nearly
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5 Probabilistic joint inversion of satellite gravity gradients and topography

Figure 5.1: Surface data used in the inversion. All grids are sampled down to a resolution of one
degree. The dashed line gives the 10 Ma isochron. a: Topography of the region. Note
how the elevated ridge segments between 30 and 35 °N connects with the Azores
island chain. The Great Meteor seamount lies south of the Azores. b: Equivalent
topography after sediment correction. c: Sediment thickness. d: Ocean floor age
(Müller et al., 2008)
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5 Probabilistic joint inversion of satellite gravity gradients and topography

in isostatic equilibrium, this approach is sufficient to account for edge and far-field effects (see
chapter 2/ Szwillus et al., 2016). A topographic density of 2670 kg

m3 is used onshore, whereas
offshore a correction density of 2800 − 1030 = 1770 kg

m3 is used. Note that we calculate the
correction density relative to the crustal density used in our reference model.

The gravity effect of sediments also needs to be corrected. The gravity effect of sediments is then
calculated by representing each column as a single point mass and calculating its gravity effect
relative to the crustal reference density of 2800 kg

m3 . The final gradients are shown in Figure 5.2.

Figure 5.2: Gravity gradient components at 225 km height after topography and sediment
correction. Note that the color ranges were chosen in agreement with the theoretical
relation between the magnitudes of the gravity components for an isotropic potential
(see next section). The East-East component is significantly stronger than expected
due to the preferred orientation of geological features in the region.

5.2.3 Model parametrization

The sub-surface is separated into three layers: Crust, lithospheric mantle and sub-lithospheric
mantle. We keep the top of the crust fixed to the bottom of the sediment layer (Whittaker
et al., 2013) and the bottom of the model to 410 km. The unknowns are then the Moho depth
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5 Probabilistic joint inversion of satellite gravity gradients and topography

as well as the density within the crust and lithospheric mantle. We chose not to invert for the
sub-lithospheric density and also keep the LAB fixed at 120 km.

The starting values of Moho depth and average crustal density come from the interpolation
results (chapter 4). vp velocities were converted to density using the equations of Christensen
and Mooney (1995) to obtain starting values for the crustal density. The starting LAB depth
was chosen at a constant value of 120 km, while the starting density of the lithospheric mantle
is 3200 kg

m3 , which corresponds to the mantle density of the reference model.

5.2.4 Forward calculation

Each column of the model consists of a crustal and a lithospheric mantle body. The gravity
response of each body is calculated using point masses by dividing it into several sub-volumes in
such a way that all sub-volumes are smaller than 25 km in every direction. The gravity effect of
each sub-volume is then calculated by approximating it as a point mass at its center using the
equations of Grombein et al. (2010).

Isostatic topography is calculated in each column by integrating over the density difference with
respect to the reference model (Kaban et al., 1999):

tiso = 1
2670 kg

m3

zmax∫
0

ρref (z)− ρ(z) dz

Here zmax is the bottom of the model at 410 km. However, since in practice the LAB is fixed at
120 km, the topography is effectively only affected by density above 120 km depth.

5.2.5 Probabilistic inversion approach

We collect all unknowns describing the sub-surface in a vector m. The measured quantities
(gravity gradients and topography) are collected in two vectors t and g. Note that g and t are
not vectors in a physical sense, but are simply collections of numbers. Combining g and t gives
the total data vector d. The forward operator F assigns to any model m (given in terms of
lithospheric structure and density) the response in terms of the observables: dmod = F (m). The
misfit between observed and measured quantities is thus F (m)− d.

In addition, the models should be in agreement with a priori information. These two requirements
can in Bayesian statistics be expressed in terms of two probability distributions: The misfit
distribution θ(d|F (m)) and the prior π(m). These are combined using Bayes theorem (Gentle,
2009):

L(m) ∝ θ(d|F (m))π(m)

Here, the ∝-symbol signifies proportionality, because normalizing constants that do not affect
the relative likelihood of different models have been dropped from Bayes theorem.

The posteriori likelihood function L(m) can be interpreted in two ways: Either it is simply seen
as a measure of model quality or it is seen as an actual probability distribution. In the former
case the goal is optimization, i.e. finding a model with maximum L. For example, if θ and π are
Gaussian and the forward operator is linear or at least linearizable, this leads to the well-known
least-squares optimization problem (Tarantola and Valette, 1982; Tarantola, 2005). In the latter
case, the goal is sampling. i.e. finding sets of models m that are representative of the posterior
probability distribution. Monte Carlo Markov Chain (MCMC) are a powerful and universal
technique to generate such samples.
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5 Probabilistic joint inversion of satellite gravity gradients and topography

5.2.5.1 The misfit distribution

The misfit distribution θ encapsulates information about measurement uncertainties, potential
unmodeled effects and errors of the forward calculation. It can be seen as a conditional
distribution dependent on the model m, thus answering the question: How likely is it that the
data d would be measured, if the model m was in fact the true model?

Conceptually the observed data d can be seen as the outcome of a mixed deterministic-
probabilistic process:

d = F (m) + ε,

where ε is a random variable, describing all uncertainties. Often ε is assumed to be Gaussian if
there is no other information available (Afonso et al., 2013a). This leads to the following misfit
distribution θ:

θ(d|F (m)) = 1√
det(2πΣ)

e−
1
2 (d−F (m))T Σ−1(d−F (m))

A common simplification is that the uncertainties affecting d are uncorrelated, which means
that Σ is simply a diagonal matrix. However, in the case of gravity gradients and topography
uncertainty correlation is likely important. This correlation can occur between values of the
same observable in different locations and/or between values of different observables, for example
between different gravity gradient components. Under some mathematical assumptions, general
statements about these correlations can be made.

5.2.5.1.1 Gravity gradient misfit function

In the following derivation we will use a Cartesian coordinate system. The gravity potential
U at a location ~x can be represented in terms of its 2-D Fourier transform Û(~k, z) as follows
(Blakely, 2009):

U(~x) =
∫∫

Û(~k, z) exp(i~k · ~x) d~k

Where ~k = (kx, ky) is the horizontal wavenumber vector. Now, the Fourier transform Û can be
seen as a random number (Moritz, 1976). If the potential is isotropic and stationary, it follows
that the Fourier transform at different wavenumbers is uncorrelated and that the variance only
depends on the magnitude of ~k, i.e. the radial wavenumber kr = |~k|.

E[U(~k)U(~k′)] = δ(~k − ~k′)P (kr) (5.1)

Here, P (kr) is called the power spectrum .

The covariance of the potential at two different locations, is then simply:

cov(U(~x), U(~x′)) = E
[
U(~x) · U(~x′))

]
= E

[(∫∫
Û(~k) exp(i~k · ~x) d~k

)(∫∫
Û(~k′) exp(i~k′ · ~x′) d~k′

)]
After some rearranging, and exploiting eq. 5.1, it follows that:

cov(U(~x), U(~x′)) =
∫∫

P (kr) exp
(
i~k · (~x− ~x′)

)
dkx dky

Due to the isotropy and stationarity of the problem, a polar coordinate system is now introduced
for both the spectral and spatial variables:

kx = kr cosφ, ky = kr sinφ, x− x′ = r cos θ, y − y′ = r sin θ.
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This leads to:

cov(U(~x), U(~x′)) =
∫∫

P (kr) exp (ikrr cos(θ − φ)) krdkr dφ

The Jacobi-Anger expansion is given by (Cantrell, 2000, eq. 12.143):

exp(iz cos(α)) =
∞∑

n=−∞
inJn(z) exp(inα),

where Jn is the n-th Bessel function of the first kind. Inserting this leads to:

cov(U(~x), U(~x′)) =
∫ 2π

0

∫ ∞
0

P (kr)
∞∑

n=−∞
inJn(krr) exp(in(θ − φ))krdkrdφ

Exchanging summation and integration and carrying out the integration over φ, leads to:

cov(U(~x), U(~x′)) = 2π
∫ ∞

0
P (kr)J0(krr) krdkr

This shows that the power spectrum is the Hankel transform of the isotropic covariance function
(Debnath and Bhatta, 2015). Thus, the precise shape of the covariance function depends on the
power spectrum (see for example Heller and Jordan, 1979) However, some fundamental aspects
of the covariance behavior of the gravity gradients derived from the gravity potential can be
found without specifying a power spectrum/covariance function for the potential.

Taking a derivative in x is equivalent to multiplying the spectrum by ikx = kr cosφ. Similarly
the y-derivative corresponds to multiplication with iky = kr sinφ. The z-derivative of a potential
field is found by multiplying with kr. As an example, the covariance function between gxx and
gyy will be derived:

cov(gxx(~x), gyy(~x′)) =
∫ 2π

0
cos2 φ sin2 φ

∫ ∞
0

P (kr)
∞∑

n=−∞
inJn(krr) exp(in(θ − φ))k5

rdkrdφ

In general, the covariance functions between different pairs of gradient components contain
different prefactors of powers of cosφ and sinφ.

We turn now to the special case ~x = ~x′, or equivalently r = 0. Since only J0(0) = 1 is non-zero,
the expression simplifies considerably:

cov(gxx(~x), gyy(~x)) =
∫ 2π

0
cos2 φ sin2 φ

∫ ∞
0

P (kr)k5
rdkrdφ (5.2)

The integral over kr is identical for any pairs of gradient components and determines the overall
variance of the gradients, while the integral with φ determines the correlation between different
gradient components. The variances are given in table 5.1, where the variance of gzz is used as
reference and set to 1.

Covariance between different components at the same locations only occurs between components
on the main diagonal - as could be expected since the trace of the gradient tensor needs to
be zero. Specifically, the covariance between gxx and gyy (normalized by dividing by 2π) is 1

8 ,
which corresponds to a correlation coefficient of 1

3 . The covariance between either horizontal
component and gzz is −1

2 , corresponding to a correlation coefficient of −
√

2
3 .
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Table 5.1: Variance integrals for all gravity gradient components.
Component Variance integral Normalized Variance

gxx
∫ 2π
0 cos4 φ dφ = 3

4π
3
8

gxy
∫ 2π
0 sin2 cos2 φ dφ = 1

4π
1
8

gxz
∫ 2π
0 cos2 φ dφ = π 1

2
gyy

∫ 2π
0 cos4 φ dφ = 3

4π
3
8

gyz
∫ 2π
0 sin2 φ dφ = π 1

2
gzz

∫ 2π
0 dφ = 2π 1

These results define a misfit distribution that considers the interdependence between the compo-
nents and uses consistent scaling for the standard deviation of the gravity gradient components.
However, this misfit function does not consider the correlation of measurements at different
locations.

Alternatively, one can consider the correlation between measurements of the same gravity gradient
component at different locations. The crucial approximation here is that we only consider the
isotropic covariance and neglect the direction dependence. Returning to equation 5.2 one can
integrate over θ, effectively averaging out the direction dependence. In the example of the gxx
and gyy component this leads to:

1
2π

∫ 2π

0
cov(gxx(~x), gyy(~x′))dθ =

∫ 2π

0
cos2 φ sin2 φ

∫ ∞
0

P (kr)J0(krr)k5
rdkrdφ

Structurally this expression is identical to the expression for r = 0 and the only difference is the
zeroth-order Bessel function now appearing in the integral over r. Thus, the isotropic covariance
functions for all the gradient components are identical except for scaling factors, which are the
same as given above for the case r = 0.

The specific shape of the covariance function can be empirically obtained by applying semi-
variogram/covariance analysis to gravity gradient data from Bouman et al. (2016). Ten sets of
2000 randomly chosen points on the globe were used to calculate ten different semi-variograms.
From this set, the median semi-variance at each distance was derived (see Figure 5.3). The
variability of the semi-variograms is relatively small, as given by the 33 % and 66 % percentile.

The empirical semi-variograms confirm the theoretically predicted relative variances of the
different gravity components. In addition, all gravity gradients show the same isotropic correlation
distance, as predicted by the preceding analysis. The semi-variogram is characterized by two
regions. Up to a distance of about 500 km, the semi-variogram increases rapidly and for larger
distances it continues to increase until a distance of about 2000 km. Since the overall scale of the
Mid-Atlantic test region is only 2000 km, we focus on the shorter correlation distance of 500 km.

For simplicity’s sake an exponential covariance function is used, which gives the covariance
between two measurements at a separation h:

Ci(h) = σ2
g,i exp(−h/ρ)

Where ρ = 500 km and σ2
g,i is the appropriately scaled variance of gravity gradient component i.

Note that the semi-variogram analysis was applied to free-air gradients, not the topography
corrected gradients. The topography introduces even more long wavelength contributions to the
gravity field, leading to correlation distances of 1000 km or more. However, we chose not to use
this longer correlation distance, since the long wavelength structure induced by the topography
is to a large degree compensated by the isostatic or nearly isostatic compensation of topography.
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Figure 5.3: Global semi-variogram analysis of free-air gravity gradients by Bouman et al. (2016).
The semi-variograms were calculated based on ten randomly generated sets of 2000
points on the globe each. The solid lines give the median over the set of ten
semi-variograms, while the shaded area is limited by the 33% and 66% percentile.
The observed variances for the different gravity gradient components agree with
theoretical expectation. In addition, the correlation distances of all components are
similar (c. 500 km).
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Thus, the actual goal of the inversion should be to fit the smaller features in the free-air anomaly
and not only the large scale features originating from topography.

5.2.5.1.2 Topography misfit function

Isostatic topography only depends on the sub-surface parameters inside a single vertical column.
Thus, observations of isostatic topography at different locations are not intrinsically correlated.
Therefore, an uncorrelated Gaussian is used for the misfit distribution of topography.

5.2.5.1.3 Data weighting using hierarchical approach

In all joint inversions, different data sets need to be weighted against each other. In the case
of a Bayesian approach, this is done by determining the variances of the misfit distribution.
These variances correspond to data uncertainties, which reflect both measurement and modeling
uncertainties. For instance, there might be contributions from the mantle, which should not be
fit by the crustal or lithospheric structure.

The Bayesian formulation can be extended to a hierarchical model that includes data uncertainties
as an unknown parameter (Bodin et al., 2012). Separate standard deviations are specified for
topography (σt) and the gravity gradients (σg). Thus, the misfit distribution θ is now conditional
on the variances σ in addition to the model m. The posterior likelihood then becomes:

L(m,σ) ∝ π(m) θ(d|m,σ) Π(σ)

Here Π(σ) is the hyper-prior given to the standard deviations. In the absence of any preferred
level of accuracy, both data uncertainties are given uniform priors in the range [0.1, 1.0] (in the
units Eotvoes and km respectively).

5.2.5.2 Prior distribution

Information about the crustal structure from the Kriging interpolation (chapter 4) is used
into the inversion algorithm. Specifically, Moho depth and average crustal density are given
multivariate Gaussian prior distributions, with the mean and covariance matrix derived from the
interpolation result. The average P-wave velocity is converted into density using the following
empirical velocity-density relation, which is derived by regressing the average crustal densities
and velocities from Crust1.0 (Laske et al., 2013):

ρ

[ kg
m3

]
= 340 vp

[km
s

]
+ 590

The resulting Moho depth and crustal density is given in Figure 5.4a and b.

The uncertainty distribution derived from Kriging is given in Figure 5.5. Note that the uncertainty
distribution of the crustal density is almost constant, due to strong short-distance variation
apparent in the P-wave velocity database (see chapter 4). The Moho depth uncertainty shows
more structure, clearly reflecting the location of individual data points as areas of reduced
uncertainty.

Kriging also gives the correlation of uncertainty at different locations. However, covariance
matrices are notoriously difficult to visualize. To give an impression of the spatial correlation,
isolines of the correlation coefficient for different points are used. Here, a correlation coefficient
of 0.7 is used to show correlated areas. The correlation distance of the Moho depth uncertainties
(Figure 5.5) is related to the uncertainty: Areas with high uncertainty are also characterized by
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Figure 5.4: Starting values for inversion. The dashed line is the 10 Ma isochron (Müller et al.,
2008) to highlight the location of the mid-oceanic ridge. a: Moho depth, b: Crustal
density, c: Lithospheric density.

Figure 5.5: Uncertainty and uncertainty correlation of Moho depth and average crustal density
from Kriging interpolation. The black lines correspond to a correlation coefficient
of 0.7 to a point in the middle of the respective circle. a: Moho depth, b: Crustal
density
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large correlation distances. Crustal density uncertainties are spatially nearly uncorrelated due
to the strong small-scale variations.

The average mantle lid density is given a uniform prior in the range [3100, 3300] kg
m3 , which

is a variation of ±100 kg
m3 relative to the reference density. Assuming a thermal expansivity

α = 3.3 · 10−5, this corresponds to temperature variations ∆T = ∆ρ
ρ0α
≈ ±1000K, which easily

allows for the required variations at a typical mid-oceanic ridge (Turcotte and Schubert, 2002).

5.2.5.3 MCMC algorithm

We mainly use a standard Metropolis-Hastings algorithm (Gentle, 2009), which is augmented by
sampling the hyperparameters. The algorithm can be outlined as follows (see also Bodin et al.,
2012):

• Step zero: Set the current model m and the current hyperparameters σ to its starting
values.

• Step one: With equal likelihood either randomly change one model parameter or one
hyper-parameter (i.e. one of the error standard deviations)
– Model change: Randomly choose a single sub-surface parameter (Moho depth, LAB,

crustal density, mantle lid density) at a single location and add a random perturbation
to it. Recalculate the gravity and topography predicted by the new model m′.

– Hyper parameter change: Randomly change either the gravity gradient or topography
standard deviation by adding a random perturbation to it. This gives σ′.

• Step two: Evaluate the posterior likelihood function with the new parameters, giving
L(m′, σ′).

• Step three: Calculate the ratio α of the old and new posterior likelihood α =
L(m′, σ′)/L(m,σ).

• Step four: Accept the new values m′ and σ′ with probability α. (Note that if α ≥ 1 the
new values are always accepted). Return to step one.

The algorithm terminates when a specified number of iterations has been reached.

The random perturbation to the variables are drawn from a normal distribution centered on zero.
Each parameter has an individual standard deviation, which should be tuned to give an optimal
acceptance ratio. The acceptance ratio is the fraction of accepted model changes. Roberts et al.
(1997) show that an acceptance ratio of 0.234 leads to optimal efficiency for multidimensional
sampling problems under quite general conditions. After numerous experiments, a proposal
standard deviation of 5 km was chosen for the Moho depth, whereas crustal and lithospheric
densities have proposal standard deviations of 150 kg

m3 and 20 kg
m3 .

Since only a single model parameters is changed per iteration and only about 1 in 4 changes are
accepted, we only save one in every 1000 models to reduce memory storage consumption

5.3 Synthetic test

The probabilistic inversion procedure described above contains many tunable parameters. A
synthetic test gives some insight into how these parameters affect the inversion result.
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5.3.1 Synthetic model generation

The synthetic model is generated by exploiting that the interpolated Moho depth and crustal
density are described as multivariate Gaussian distributions with known mean vector µ and
covariance matrix Σ. Samples can be drawn from a multivariate Gaussian by calculating the
singular value decomposition of Σ = USVT. If φ is a vector of n independent standard normal
distributed numbers, a sample x of the correlated distribution can be generated as:

x = µ+ VS
1
2φ

The density structure in the mantle lithosphere is found by enforcing isostatic balance with
respect to the real topography (Figure 5.6). The gravity gradient and topography (which is the
same as real topography) responses of the synthetic model are calculated and used for further
inversion. No artificial noise was added to the observables, since we found that the inherent
trade-offs with such a limited set of observables was already leading to an incomplete recovery
of the synthetic model.

Figure 5.6: Synthetic lithosphere generated by adding a random perturbation to the Kriging
starting Moho depth and crustal density. The size and spatial pattern of the
perturbation agrees is based on the uncertainty covariance matrix from the Kriging
interpolation. Density inside the lithospheric mantle is found by enforcing isostatic
balance with respect to real topography. a: Moho depth, b: Crustal density, c:
Density of the lithospheric mantle.

5.3.2 Inversion results

The inversion was run with and without a correlated misfit distribution for the gravity gradients,
while all other inversion parameters were the same. The importance of properly weighting the
gravity gradient components can be seen by the development of the hyperparameters (Figure 5.7).
When the gravity gradients are seen as uncorrelated observations (Figure 5.7a), the inversion
quickly attempts to fit the gradients well, but the topography is fit poorly (±500 m), even after
1,000,000 iterations. In contrast, when the correlation between gradient observations is explicitly
considered (Figure 5.7b), both standard deviations decrease, although the gradient misfit still
decreases more rapidly.
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Apart from the weighting between the two data sets, the correlated misfit distribution also
seems to affect the weighting between prior information and data. In the uncorrelated case, σg
quickly reaches the minimum value of 0.1 E, but in the correlated case it converges to a value of
c. 0.2 E. No artificial noise was added to the gradient data. Thus, the imperfect fit of the gravity
gradients also reflects the influence of the prior, which otherwise was completely overwhelmed
by the gradient data.

Figure 5.7: Evolution of the hyper parameters during inversion of synthetic data for different
misfit distributions of the gravity gradients. a: Gradients are seen as spatially
uncorrelated and all gradient components are fit up to the same accuracy. Note
that the standard deviation of the topography decreases much more slowly than
the gradients. b: Spatial correlation measurements of the same gravity gradient
component at different locations is taken into account. The standard deviation of
both topography and gradients decrease.

The two different misfit distribution also have a strong effect on the inverted model results.
The mean of the 100,000 last models is used to represent the inversion result. Overall, neither
inversion is capable of reproducing key features of the synthetic crustal structure (Figure 5.8a-f).
In fact, the inversion results do not come closer to the synthetic input model than the starting
model in terms of the RMS difference.

The lithospheric density structure is recovered more accurately with the correlated distribution
(Figure 5.8g,h,i). However, with both misfit distributions density variation in the lithospheric
mantle is subdued compared to the synthetic model, because the lithospheric anomalies are
partially placed in the crustal density or in crustal thickness.

The synthetic tests show that the crustal structure is difficult to determine, but that the
lithospheric density can be recovered reliably. Shorter wavelength gravity data might improve
the recovery. For the oceans such data are available from satellite altimetry at resolution of a
few arc minutes (Smith and Sandwell, 1997; Andersen et al., 2010)). Furthermore, the synthetic
density variations in the crust have a very short wavelength and only have a limited impact on
the observables due to the thin crust. Thus, recovering crustal density in this instance is always
challenging.

5.4 Application to real data

We applied the inversion algorithm to the real data for the northern mid-Atlantic region. Based
on the findings from the synthetic test, we use a spatially correlated misfit distribution. The
convergence behavior of the algorithm (Figure 5.9) is similar to the synthetic case. The standard
deviations converge to a minimum of about 0.2 E and km respectively after about 750,000
iterations. However, even after the hyper parameters have stabilized, the likelihood continues to
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5 Probabilistic joint inversion of satellite gravity gradients and topography

Figure 5.8: Comparison of the synthetic input model with the inversion results with and without
consideration of the spatial correlation of gravity gradient components. The inversion
result is the mean over the last 100,000 elements from the Markov chain. a,b,c: Moho
depth: Synthetic input, uncorrelated inversion result, correlated inversion result.
d,e,f: Crustal density. g,h,i: Density of the lithospheric mantle.
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increase. The acceptance rate for the different sub-surface parameters decreases as the algorithm
progresses, particularly for the mantle density, but stabilize at around 0.2 to 0.3.

Figure 5.9: Convergence behavior of the probabilistic inversion applied to real data.

The average of the last 500,000 (Figure 5.10) illustrates the inverted model structure. Crustal
thickness (Figure 5.10a) is on average around 10 km. Interestingly, thickened crust (12-15 km)
is observed around the region affected by the Azores hotspot, broadly agreeing with results
from receiver functions (Spieker et al., 2018). Many other variations in crustal thickness are
more erratic and highly dubious, particularly spots of very thin crust appearing away from the
spreading ridge. Possibly these reflect an incorrect sediment thickness or density. In addition,
they are near the edge of the region covered with gravity data (30 – 50 °N, 20 – 40 °W) and
thus may not be well resolved.

The recovered crustal density structure is relatively homogeneous (Figure 5.10b). This casts
doubt on the strong small-scale variability obtained from Kriging. Likely these small-scale
variations are largely due to P-wave velocity measurement errors. Furthermore, the velocity-
density conversion might be inaccurate, since the inverted densities are significantly higher than
the starting values (see also Brocher, 2005; Godfrey et al., 1997). Overall, the inversion provides
no convincing case for anything but a nearly constant crustal density.

Secular cooling of the oceanic lithosphere is clearly resolved by the inversion. The mid-Atlantic
ridge is characterized by a negative anomaly of about 50 kg

m3 (equivalent to a temperature
anomaly of ≈ +500K). As the age of the plate increases, the lithospheric density increases to a
maximum positive anomaly of around 50 kg

m3 .

The area of the Azores and the Great Meteor seamount chain display clear negative density
anomalies in the lithospheric mantle. In addition, the density anomaly in the segment of the
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mid-Atlantic ridge between ~35 – 40 °N has stronger negative density anomalies than the rest of
the mid-Atlantic ridge, which would be consistent with ridge-plume interaction (Gente et al.,
2003).

Figure 5.10: Inversion result (mean of the last 500,000 models). The dashed lines represent the
10 Ma isochron. a: Inverted Crustal thickness b: Average crustal density. c:
Density inside the lithospheric mantle.

5.5 Discussion

The hierarchical approach, where the data uncertainty is itself treated as unknown, proved to be
promising for joint inversion, as found previously (Bodin et al., 2012). Joint inversions with more
observables might benefit particularly from this technique. Especially, since the hierarchical
approach can also expose issues with individual observables, such as the importance of including
the spatial correlation of the gravity gradient components.

The benefit of using the complete gravity gradient tensor might be doubtful, as all entries of the
tensor are simply derivatives of the potential. However, when the derivatives are converted into
their representation in terms of a covariance function, only the entries of the main diagonal are
found to be intrinsically correlated at the same measurement location. This suggests that using
the full gravity gradient tensor might benefit the inversion.

The behavior of the inversion is strongly influenced by the spatial correlation due to the long
wavelength nature of satellite gravity gradients. This analysis could be extended by including
anisotropy and the lower order gravity functionals (gravity field and geoid) in order to find an
optimal way to combine different gravity data.

Using Kriging interpolation to derive a prior distribution in the crust might lead to a better
recovery of lithospheric structure. However, this depends on the accuracy of the starting model
and also the accuracy of the uncertainty estimates. In other words: What is the error of the
error? In chapter 4 cross-validation showed that uncertainty estimates are overall reliable, but
this does not preclude unrealistic error estimates in a particular area. Thus, the interpolation
results should not be trusted blindly, but they still represent an improvement compared to ad-hoc
error estimates. The interpolation could be extended to pointwise estimates of LAB depth from
receiver functions (e.g. Rychert et al., 2010). However, it is not always clear that LAB definitions
of different methods agree (see Eaton et al., 2009; Fischer et al., 2010; Steinberger, 2016).
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In principle, the reasonable recovery of the lithospheric density structure with a limited data
set is promising. However, it should be noted that the central role of the lithospheric mantle
has long been known. Famously the “square root of age law” was deduced from the half-space
cooling model based on heat flow measurements (Turcotte and Schubert, 2002). Indeed, the
topography alone would suggest a strong mantle contribution, since crustal structure is mainly
dependent on mantle potential temperature at the ridge axis (McKenzie and Bickle, 1988) and
hence cannot be invoked to explain the sea floor subsidence with age.

Furthermore, the mainly thermal origin of the density anomalies also shows a weakness of the
chosen sub-surface parametrization. At the ridge axis the entire lithospheric column might be
approximated as a negative density anomaly with respect to the reference density. However, as
the lithosphere cools, the top eventually becomes heavier than the reference, while the lower
parts are still lighter. Even if the LAB is allowed to vary during the inversion, this distribution
cannot be adequately described. A possible indication, that this is an issue, is that the inversion
results show some tendency towards crustal thinning with greater age (Figure 5.10a). Effectively
the thin crust acts as a positive density anomaly at shallow depth. Possibly the inversion
is thus trying to emulate the cooling by altering crustal structure. Note that in integrated
thermo-chemical modeling, the thermal field is assumed to be stationary (Zeyen and Fernàndez,
1994; Fullea et al., 2009), which is a valid assumption for stable continents (Artemieva and
Mooney, 2001) but certainly not for the oceans (McKenzie et al., 2005).

5.6 Conclusions and outlook

In this chapter a proof of concept for a probabilistic inversion algorithm for gravity gradients
and topography was developed. The main features of the inversion are (i) that a hierarchical
approach is used to co-estimate the data uncertainty, (ii) that the specific spatial characteristics
of gravity gradients are taken into account and (iii) that the prior distribution is based on
Kriging interpolation.

Application of the algorithm to the northern mid-Atlantic demonstrated that the crustal thickness
and density are difficult to resolve with this data set. The lithospheric density distribution
related to the cooling of the lithosphere was resolved more reliably.

From a more technical point of view, it was found that extending the classical Monte-Carlo-
Markov-Chain technique with variable data uncertainty and an estimate of data covariance
improved the behavior of the algorithm. These findings could be transferred to integrated thermo-
chemical inversion (i.e. Afonso et al., 2013b), particularly where many different observables are
used and weighing these observables is non-trivial.

A possibly promising extension of the hierarchical approach would allow representing deep-earth
contributions without explicitly modeling them. Deep-earth contributions have long wavelengths
and are characterized by a different ratio of gravity to topography than isostatic contributions
(see for example the kernels in Colli et al., 2016; Molnar et al., 2015). Hence, a probabilistic
term representing deep-earth contributions could be added to the data-generation process:

d = F (m) + ε+D,

where D represents unmodelled effects coming from below the model. The simplest way to
parametrize D is to use a correlation distance to describes the spatial structure. Two different
standard deviations are used for the magnitude of gravity and topography effects. The three
parameters describing D are then treated as hyper-parameters and altered during the runs of
the MCMC algorithm.
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The range of these hyper-parameters can be limited based on geostatistical and spectral analysis
of seismic tomography models (i.e. Becker and Boschi, 2002), because this describes the spatial
structure of the source. When combined with the Green’s functions of the topography and
gravity response to density anomalies in the mantle (Richards and Hager, 1984), reasonable
bounds on the deep-earth contribution to gravity and topography can be derived. Note that
the spectral representation in terms of spherical harmonics and the statistical representation in
terms of a covariance function are directly related (Jones, 1963). Thus, one is free to choose the
more practical representation for the specific task.

Ultimately, a true joint model consisting of the entire crust and mantle would be preferable.
However, the parametrized representation of the deep-earth contribution might still be useful as
an intermediate step towards an integrated model.
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In this thesis, I investigated the use of gravity, magnetic and seismic data to constrain lithospheric
structure. The three relatively divergent methods are linked through their common sensitivity
to lithospheric properties, particularly density.

The primary outcomes of each chapter are:

• Analysis of gravity forward calculation based on a topographic-isostatic model leads to the
recommendation that, in order to minimize far-field effects in regional density modeling,
topographic and isostatic masses should always be considered together. This can be easily
achieved in practice by extending the model area a few 100 km around the area covered
by gravity measurements. This approach works for ground and satellite data as well as for
gravity and gravity gradients without increasing the computational complexity. It does
mean however, that the topographic effect needs to be recalculated for each study region.
Thus, a specific Bouguer anomaly map is tailored to one study region and global Bouguer
anomaly maps (such as Balmino et al., 2012) should not be used directly for regional
density modeling, if accurate long wavelength results are desired.

• The comparison of susceptibility inversion results obtained using different model geometries
suggests that satellite magnetic data are not on their own capable of constraining the
thermal structure inside the lithosphere. This limited sensitivity is due to the strong
trade-offs between susceptibility and thickness variations and the relatively wide range of
possible susceptibility values in the crust. In addition, the longest wavelengths (>~2500
km) of the lithospheric magnetic field are hidden by the core field. As a result, the
susceptibility and thickness structure at that scale is likewise inaccessible using magnetic
data alone.

• The crustal model obtained using kriging interpolation demonstrates that a reasonable
global crustal model can be derived using minimal manual input. While the resulting
crustal model is not necessarily geologically plausible in all regions, it follows the existing
data base very closely. In addition, uncertainty and uncertainty covariance estimates
can be obtained using this technique. Statistical analysis of the uncertainty estimates
suggests that the estimated uncertainties are overall reliable, i.e. neither overly optimistic
nor pessimistic.

• Probabilistic joint inversion of satellite gravity gradients and topography (assuming isostatic
balance) shows that simple lithospheric models can be derived using this limited data
set. The Bayesian formulation that underlies the probabilistic inversion technique affords
sufficient flexibility to consider many types of additional information. This way, uncertainty
information about the crustal structure, fundamental mathematical relations between
gravity gradient measurements and variable uncertainties can be included.
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6.1 Isostatic and dynamic topography

There is no reason to assume that Earth’s topography is compensated purely isostatically or
dynamically. After all, isostasy requires a dynamic Earth, since otherwise there would be no
mechanism to explain how isostatic balance is attained. However, it remains contentious how
much the two mechanisms contribute to topography at different wavelengths.

The results of the joint inversion (chapter 5) would limit the dynamic contribution in the
mid-Atlantic region to about 200 m, which corresponds to about 5 % of total topographic
variability. However, the investigated region only has a size of 2000 km, which might not be
sufficient to detect the larger scale dynamic topography signals, which concentrate in the first 20
spherical harmonic degrees (Colli et al., 2016). In addition, the lithospheric mantle density was
effectively unconstrained, so most topography could be accommodated using the lithospheric
density. However, if these density variations were completely incorrect and most topography
was actually supported dynamically, simultaneously fitting the gravity field and topography
would not have been possible. Thus, the findings from chapter 5 agree with the “few hundreds
of meters” predicted by Molnar et al. (2015).

6.2 Possibilities for integrated lithospheric modeling with satellite
data

The benefit of integrated modeling of several data sets has been amply demonstrated (c.f. Afonso
et al., 2016a). How could the methodologies developed in this thesis be linked to existing and
future efforts of integrated lithospheric modeling? There are at least three possible aspects to
consider: (i) the parametrization (i.e. description) of the crust and mantle, (ii) the observables
used during the inversion and (iii) the spatial extent of the model volume.

When mainly using satellite data, it might be sufficient to only explicitly consider the temperature
structure (Fullea.2007; Afonso et al., subm.) instead of the full thermochemical structure.
Temperature exerts first order control on all rock properties and is strongly reflected in surface
heat flow (Jaupart and Mareschal, 1999). In addition, global data coverage might be insufficient
to reliably resolve chemical trends in the mantle. Instead, the impact of composition on properties
could be included into the prior range of the properties (e.g. seismic velocity, density). In this
way, the effect of composition is taken into account, without requiring explicit thermodynamic
modeling.

In principle, including satellite magnetic data into thermochemical inversion might improve
both the understanding of the lithospheric magnetic field and the temperature structure of the
lithosphere. The magnetic field inversion might benefit from a better separation of thickness
from susceptibility variations, because the temperature structure is better constrained. The
thermochemical inversion would gain an additional observable, that is not related to the typical
observables, such as the gravity field.

However, the specific sensitivities of the magnetic field might limit joint inversion with other
observables. Rock magnetism depends on the presence of trace amounts of magnetizable phases
like magnetite (Reynolds et al., 1990). These phases hardly affect the bulk properties of the rock,
since they only make up a few vol % of the rock. While the stability of these magnetic phases
does depend on temperature, pressure and iron content, it also depends on oxidation conditions
(Pilchin and Eppelbaum, 1997) and titanium content (Reynolds et al., 1990), which do not have
a major impact on the main phase assemblage. Thus, at least two new subsurface parameters
need to be introduced (e.g. oxygen fugacity and Ti-content), to predict one observable (e.g. the
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magnetic field). These added degrees of freedom might lead to stronger trade-offs in an already
non-unique system (Afonso et al., 2013a). Subsequently, the joint inversion might fragment
into several – effectively independent – single inversions, because the link between the different
observables is too weak.

In a wider sense, integrated modeling also concerns the vertical extent of the modeled volume,
because mantle convection and lithospheric structure are often treated separately. In mantle
convection studies, at least the upper 150 km of the Earth are typically ignored (e.g. Steinberger,
2007). In lithospheric studies the contributions from the deep earth are typically removed using
wavelength filtering (e.g. Afonso et al., 2013b). Often the work of Bowin (2000) is cited to justify
a specific cut-off wavelength in relation to a target source depth. However, as was often pointed
out (e.g. Root et al., 2015), sources from all depths overlap in spectral domain. Thus, a more
comprehensive approach would be to jointly model the complete crust-mantle system.
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