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Abstract. This paper introduces the concept of o-localization, which is a generalization of
localization in the general theory of stochastic processes. The o-localized class derived from the set
of martingales is the class of o-martingales, which plays an important role in mathematical finance.
These processes and the corresponding o-martingale measures are considered in detail. By extending
the stochastic integral with respect to compensated random measures, a canonical representation of
o-martingales as for local martingales is derived.
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1. Introduction. o-martingales have been introduced by Chou [3] and were in-
vestigated further by Emery [6]. They play a key role in the general statement of the
fundamental theorems of asset pricing in [5], [12], and [2]. o-martingales can be inter-
preted quite naturally as semimartingales with vanishing drift. Similar to local martin-
gales, the set of o-martingales may be obtained from the class of martingales by a local-
ization procedure, but here localization has to be understood in a broader sense than usual
(cf. [11, section 1.1d]). This concept of o-localization is introduced in section 2. The subse-
quent section treats the set of o-martingales and their properties. By extending the stochastic
integral relative to compensated random measures, the canonical local martingale represen-
tation X = Xo + X°+ z * (u — v) is generalized to o-martingales in section 4. Finally,
o-martingale measures are characterized in terms of semimartingale characteristics.

Throughout the paper, we use the notation of [11], [9], [10]. In particular, we work with
a filtered probability space (2, F, (Ft)ter, , P). The transposition of a vector = or matrix is
denoted by =" and its components by superscripts. Increasing processes are identified with
their corresponding Lebesgue—Stieltjes measures.

2. o-localization. For any semimartingale X and any predictable set D C Q x R,
we write XP := X1p(0) + 1p - X, where 1p(0)(w) := 1p((w,0)) for w € Q. In particular,
we have XI®T1 = X7 for any stopping time T (cf. [11, Relations 1.4.37]).

DEFINITION 2.1. For any class C of semimartingales we define the o-localized class C,
as follows: A process X belongs to C, if and only if there exists an increasing sequence
(Dn)nen of predictable sets such that D, T Q x Ry up to an evanescent set and XP» € C
for any n € N.

DEFINITION 2.2. A class C of semimartingales is called stable under o-stopping if
XP e for any X € C and any predictable set D.

LEMMA 2.1. If C is stable under stopping, then (Cioc)s = Co .

Proof. We mimic the proof of a similar statement in [11, Lemma 1.1.35]. Let X € (Cioc)o
and (Dn)nen be a localizing sequence of predictable sets such that X" € Cp for any
n € N. Since Cioc is stable under stopping, we may assume that D, = D, N [0,n]. For
any n € N there exists a localizing sequence of stopping times (T'(n,p))pen and p, € N
such that (XP»)T(P) ¢ C for any p € N and P(T(n,pn) < n) < 27". Let D, := D, N
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(,,5,[0,T(m, pm)]). Observe that (Dy)nen is an increasing sequence of predictable sets.
]iet k € N and (w,t) € 2 x [0, k] with (w,t) € (|J D)\ (U ,enDn) = limsup,, . (Dn \

neN"—"M
Dy,). Obviously, this holds (up to evanescence) also for (w, k) instead of (w,t). Since

P({w €eQ: (wk) € Dn\ﬁn}) < Z P(T(m,pm) < n) < Z P(T(m,pm) < m)

m2n m2n

<> =gy,

m2n

the Borel-Cantelli lemma yields P{w € Q: (w,k) € limsup,, . (Dn \ 5n)}) = 0 and
hence Q x [0,k] C |J,cpnDn up to an evanescent set. Since C is stable under stopping

and XP» = ((XD")T(”’p"))A"@"“T(m’pm), it follows that X € C for any n € N. Hence
X € Cy. Lemma 2.1 is proved.

The following result serves primarily as a preparation to Corollary 2.1 because most
classes of interest (in particular M) are not stable under o-stopping.

PROPOSITION 2.1. If C is stable under o-stopping, then (Cs)o = Cq.

Proof. The proof is similar to the proof of Lemma 2.1. Let X € (Cs)s and (Dy)nen
be a localizing sequence of predictable sets such that XP» € C, for any n € N. Let the
characteristics of X be given in the form (3.1) below. Without loss of generality we may
modify A so that Ag— = 0, AAg = Ap — Ap— > 0, and A = 1, which implies that
P ® A is a probability measure on (2 x R4, P). For any n € N there exists a localizing
sequence of predictable sets (D(n,p))pen and p, € N such that (XD’")D(""’) € C for any
p €N and (P® A)(D(n,p,)°) < 27" Let D, =D, N (N D(m,pm)). Observe that

(Dn)nen is an increasing sequence of predictable sets and hence (| nENDn) V(U neNﬁn) =

limsup, . (Da\Dy). Since (P@A)(D\Dn) £ X, 2 (POA)(D(m,pm)”) €3, 0, 27" =
27("=1 the Borel-Cantelli lemma yields (P ® A)(limsup,, . (Dy \ ].~)n)) = 0. Therefore,

D= (2 xRi)\ (U,cnDn) is a (P ® A)-null set. By [14, Lemma 2.5], this implies that
Xolp(0) + 1p - X = 0 and hence XPnD — xDn up to indistinguishability. Since C is
stable under o-stopping and XP“P = XPn — ((XD")D("’p"))mmznﬂD(m’pm), it follows

that XP»YP ¢ C for any n € N. Hence X € C,. Proposition 2.1 is proved.

COROLLARY 2.1. If C is stable under stopping and Cioc is stable under o-stopping,
then Co is stable under o-stopping and (Co)o = Co.

Proof. Tt is easy to see that (Cioc)s is stable under o-stopping, which implies that Co
is stable under o-stopping (cf. Lemma 2.1). By Lemma 2.1 and Proposition 2.1, we have
(Ca)e = ((Coc)e)s = (Croc)r = Cor

The following result shows that the general stochastic integral in [10] can easily be
interpreted in terms of o-localization.

LEMMA 2.2. Let X be an R%-valued semimartingale and let H be an R%-valued pre-
dictable process. Then H € L(X) if and only if there exist a semimartingale Z and an
increasing sequence (Dyp)nen of predictable sets such that Dy, 1 Q x Ry up to an evanescent
set, H1p, is bounded, and ZP" = (H1p,)" - X for anyn € N. In this case Z =H' - X.

Proof. =: Let D, := {|H| £ n} for any n € N. The statement follows from [7,
Proposition A.1].

<: On any D,, we have AZ = AZP» = (H1p,) " AX = H'AX, which implies that
D :={|AX| > 1}U{|HTAX]| > 1} is a discrete set in the sense of [10]. Let M be the local
martingale part of the R%valued special semimartingale X := X — X — Ztg AX 1p(t)

m2n

and A := X — M, which has components in V. Choose an R%*?_valued process ¢ and C € V
such that [MZLMJ} =cY.C for i,j = 1,...,d. Moreover, choose an R%-valued optional
process a and A € V with A* =a'- A fori=1,...,d. Finally, let N be the local martingale
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part of the special semimartingale Z := Z — Zté- AZ1p(t) and B:= Z — N € V. Since 7z

has bounded jumps, we have N € Hp . (cf. [11, Lemma 1.4.24]). Fix n € N. Since Hlp,
is locally bounded and (Hlp,)" - X = (Hlp,)" - X = >, (H:1p,(t))AX,1p(t) =
AL AZP1p(t) = 7D", Proposition 2 in [10] yields that (H1p, )" - M = NP and
hence (H1p, )" -A = BP». Therefore 1p,, -[N,N] = [NP» NP»] = [(H1p,)"-M,(Hlp,)"-
M) = (H"cH1p,) - C, which implies that (H 'cH)-C = [N, N] € A} _ by monotone con-
vergence. In particular, H € LY (M) C Li,.(M). Moreover, 1p,, - Var (B) = Var (BP") =
|Z?:1(Hilpnai)| - A, where Var (B) denotes the variation process of B € V. Again by
monotone convergence, this implies | ZL(H"CL"M -A= Var (B) € V and hence H € Ls(A).
Altogether, we have H € L(X). The equality Z = H T . X follows from the first part of the
proof. Lemma 2.2 is proved.

3. o-martingales. Of course, we have C C Cioc C C, for any class C of semimartin-
gales. As a particular case, we obtain the set M, of o-martingales. Denote by D the
set of semimartingales such that the stopped process X' is of class (D) for any ¢t € R4
(cf. [11, Definition 1.1.46]). Below we will consider the corresponding localized classes Dioc
and D,.

The name o-martingale was used in [5] to refer to the set of semimartingales of the
class (3,) introduced by Chou [3] and Emery [6], who also consider D, as semimartingales
of the class (X). To be more precise, X € M, (respectively, X € D,) holds if and only
if X — X, is a semimartingale of the class (3,,) (respectively, semimartingale of the class (X)).
Some researchers prefer the older name martingale transform, which was originally applied
in discrete-time settings. Equivalent definitions can be found in [6, Proposition 2].

The o-martingale property can easily be read from the characteristics of a semimartin-
gale as it was observed by Kabanov [12, Lemma 3]. To this end, fix a real-valued semimartin-
gale X with X, = 0. Let its characteristics (B, C,v) relative to some truncation function
h: R — R be given in the form

(3.1) B=b-A, C=c-A v=AQF,
where A € Afgc and b are predictable processes, c is a predictable R -valued process, and F'
is a transition kernel from (€ x Ry, P) into (R, B) (cf. [11, Proposition I11.2.9]).

LEMMA 3.1.

1. X is a o-martingale if and only if f{\x\>1} |z| F(dx) < 0o and

(3.2) b+ / (z = h(z)) F(dx) =0

hold (P ® A)-almost everywhere on Q x R4.
2. X is a local martingale if and only if f{lw

holds (P ® A)-almost everywhere on 0 x R4.

3. X is a martingale if and only if X € D and equation (3.2) holds (P ® A)-almost
everywhere on ) X R4.

Proof.

2. This follows immediately from [11, Proposition 11.2.29, Relations 11.2.13, 1.3.10].

1. This follows from statement 2 because M, = (Mioc)o by Lemma 2.1 (cf. also [14,
Lemma 2.5]).

3. = Since martingales are local martingales that belong to D (cf. [11, Propositi-
on 1.1.47]), this inclusion follows from statement 2.

<: By [9, Exercise 2.1], we have that Di. coincides with the set of special semimartin-
gales, which in turn satisfy

151} |x| F(dz) € L(A) and equation (3.2)

/ |z| F(dz) € L(A)
{l=|>1}
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(cf. [11, Proposition 11.2.29]). Using statement 2 we see that X is a local martingale of
class (D) on [0,t] for any ¢ € R4 and hence a martingale (cf. [11, Proposition 1.1.47]).
Lemma 3.1 is proved.

Consequently, martingales, local martingales, and o-martingales can all be interpreted
as processes with vanishing drift (3.2) that differ only in the extent of uniform integrability.
If we drop equation (3.2) and keep the integrability conditions in Lemma 3.1, then we end
up with the sets D, Dioc, Dy as the following lemma shows.

LEMMA 3.2.

1. X € Ds if and only if f{|w|>1} |z| F(dz) < oo (P ® A)-almost everywhere on Q x Ry.

2. X € Dioc if and only if X is a special semimartingale if and only if

/ |z| F(dx) € L(A).
{lz|>1}

Proof.

2. The first equivalence is [9, Exercise 2.1]. The second equivalence follows from [11,
Proposition I1.2.29, Relations 11.2.13, 1.3.10].

1. Since Dy = (Dioc)s by Lemma 2.1, this follows from statement 2.

We summarize some relationships between o-martingales and other classes of processes.

COROLLARY 3.1.

1. X is a local martingale if and only if it is both a o-martingale and a special semi-
martingale.

2. X is a martingale if and only if it is both a o-martingale and in D.

3. X is a uniformly integrable martingale if and only if it is a o-martingale of class (D).

Proof. This follows immediately from Lemmas 3.1, 3.2 and [11, Proposition 1.1.47].

COROLLARY 3.2.

1. Any locally bounded o-martingale is a local martingale.

2. Any bounded o-martingale is a uniformly integrable martingale.

Proof. Corollary 3.1, [11, section 1.4.23].

Note that any discrete-time o-martingale starting in 0, i.e., of the form

X =" AX; Inyo) (8),

t< -

is a local martingale because the integrability conditions in statements 1 and 2 of Lemma 3.2
are equivalent for A = Ztg . Invgoy (0).

The following result generalizes a parallel statement for local supermartingales (cf. [9,
(5.17)]). It is needed, e.g., in [8].

PROPOSITION 3.1. Let X be a nonnegative o-supermartingale with E(Xo) < co. Then X
is a supermartingale.

Proof. Let the characteristics of X be of the form (3.1). Since any supermartingale
is locally of class (D) (cf. [9, Exercise 2] or the proof of [9, (2.18)]), there exists a se-
quence (Dy,)nen of predictable sets with Dy, T Q x R4 such that 1p,, - X is a supermartingale
of class (D) for any n.

Fix n € N. By [11, Proposition I1X.5.3] and [14, Lemma 2.5], the characteristics
of 1p,, - X are of the form (3.1) as well, but with ¥ := 1p,b, ¢’ := 1p,c, F' := 1p,F
instead of b, ¢, F. Since 1p,, - X is a supermartingale, it is a special semimartingale and its
unique predictable part of bounded variation is given by (b' + [(z — h(xz)) F'(dx)) - A =
((b+ [(z— h(z)) F(dz))1p,) - A (cf. [11, Proposition 11.2.29]). This process is actually de-
creasing because 1p, - X is a supermartingale of class (D) (cf. [11, Theorem 1.3.38]). This
implies that b+f(x7h(x)) F(dz) < 0 (P®A)-almost everywhere on D,, and hence on QxR
because n was arbitrarily chosen.
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The nonnegativity of X implies that f{\z\>1}(_m\/0) F(dr) < X_ f{‘z|>1} F(dz). By [11,
Proposition I1.2.13] this implies

/ (—z v 0) F(dz) € L(A).
{lz|>1}

Since b+ [(x — h(z)) F(dx) < 0, it follows that f{\z|>1} |z| F(dz) € L(A). By Lemma 3.2
and [11, Relation I1.2.29], this means that X is a special semimartingale whose predictable
part of bounded variation (b+ [(z — h(z)) F(dx)) - A is decreasing. Hence, X is in fact a
nonnegative local supermartingale. In view of [9, (5.17)], we are done.

As opposed to local martingales and special semimartingales, the corresponding o-
localized classes are stable relative to stochastic integration.

LEMMA 3.3. Let X be an R%-valued semimartingale and H € L(X). Then the following
statements hold:

1.IfX'eM, fori=1,...,d, then H' - X € M,;

2. If X' €Dy fori=1,...,d, then H' - X € D,.

Proof. This follows from Lemmas 3.1, 3.2, and [14, Lemma 2.5].

So far, we have concentrated on real-valued processes. As for local martingales, it
makes sense to define R%valued o-martingales as semimartingales whose components are
o-martingales. Following [5] one may also call an R%-valued process X o-martingale if
there exist an R%valued martingale M and a predictable, nonnegative process ¢ such that
@€ LMY and X' = Xi+¢-M'fori=1,...,d. By [2, Theorem 5.6] and [6, Proposition 2],
the two definitions are consistent.

The existence of Doob—Meyer decompositions is a delicate issue. Whereas any X € D
(respectively, X € Dioc) can be written as a sum X = M + A of a martingale (respectively,
local martingale) M and a predictable process A € V, a process X € D, does not necessarily
allow a decomposition X = M + A with M € M, and a predictable process A € V. Such
processes are called almost special semimartingales by Emery [6].

4. Canonical representation of o-martingales. Local martingales can be uniquely
written as a sum of continuous and purely discontinuous local martingales. More precisely,
we have the canonical representation X = Xo + X+ x % (u — v). The goal of this section is
to derive an analogous statement for o-martingales. To this end, we generalize the definition
of stochastic integrals relative to compensated random measures (cf. Definition 4.3 below).

Let p be an integer-valued random measure on (R4 x E, By ® £) with compensator v.
Moreover, let A € AI)C be a predictable process and F a transition kernel from (Q x R4, P)
into (F, &) with v = A® F (cf. [11, Theorem 11.1.8]). Recall that we use the notation of [11],
in particular Chapter II.

DEFINITION 4.1. We denote by Lo(v) the set of all P-measurable functions W on Q
such that [ |W(t,z)| Fy(dx) < co (P ® A)-a.e. and ([ W(t,z) Fi(dz))ter, € L(A). For
W € L,(v) we define W x v := fo [ W (t,z) F(dz) dA:.

Alternatively, one could define this stochastic integral by o-localization.

LEMMA 4.1. Let W be a P-measurable function on Q. Then W € Lo (v) if and only if
there exist a semimartingale X and an increasing sequence (Dyn)nen of predictable sets such
that Dy, 1T Q x Ry up to an evanescent set, |[Wilp,|+xv €V, and XP» = Wip, x v for any
n € N. In this case X = W % v.

Proof. =: Let Dy := {(w,t) € @ x Ry: ([|W(t,2)| Fi(dx))(w) < n} for any n € N
and X (=W xv.

<: By [9, (2.74)], X is indistinguishable from a predictable process and hence it is a
special semimartingale (e.g., by [11, Proposition 1.4.23 and Lemma 1.3.10]). If we denote
its local martingale part by M, we have MP» = 0 for any n € N and hence M =0 up to
indistinguishability (again by [9, (2.74)]). Therefore, X € V. For its variation process, we
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have

1p, - Var (X) = Var (X”") = Var (Wlp, *xv) = Var </ 1p,, (t) / W (t,z) Fi(dx) dAt)

:/0‘ Lo, (1) 0

for any n € N, which implies that fo | [ W(t,z) Fi(dx)| dA; = Var (X) € ¥ by monotone
convergence. In particular, [ W (t,z) Fi(dz) € L(A). The equality X = W x v follows from
the first part of the proof.

Lemma 4.1 is proved.

DEFINITION 4.2. A o-martingale M 1is called purely discontinuous if My = 0 and
MN € M, for any continuous o-martingale N.

ProPOSITION 4.1.

1. A local martingale is purely discontinuous in the sense of Definition 4.2 if and only
if it is purely discontinuous in the sense of [11, Definition 1.4.11].

2. M € M, is purely discontinuous if and only if Mo = 0 and [M,N] € M, for any
continuous N € M,.

3. M is a purely discontinuous o-martingale if and only if it belongs o-locally to the
class of purely discontinuous local martingales.

4. Suppose that M € V can be written as M = Ztg AM;1p(t) for some pre-

dictable thin set D. If E(|AMr||Fr—) < oo and E(AMr|Fr_) =0 P-almost everywhere
on {T < oo} for any predictable stopping time T, then M is a purely discontinuous o-
martingale.

Proof.

1. =: We have to show that M N € Mo if N is continuous, M € Mioc, Mo =0,
MN € M,. Inview of Corollary 3.1, it suffices to prove that M N is a special semimartingale.
Define stopping times T}, := inf{t € R4 : |N¢| > n} for any n € N. Since sup,< . |(MN)I"| <

nsup,< . | M| € A _, it follows that (M N)™ is special (cf. [11, Proposition 1.4.23]). Since
locally special semimartingales are special (cf. [11, Proposition 1.4.25]), we are done.

<: Note that N — Ny € Mioc for any continuous o-martingale N (cf. Corollary 3.2).
Moreover, M Ny € M, for any M € M, since Ny is o-locally bounded.

2. This follows immediately from MN = MoNo + M_ - N + N_ - M + [M, N] and
Lemma 3.3.

3. Since [M,N]° = 1p-[M, N] = [1p - M, N] = [MP, N] for any predictable set D, this
follows easily from statement 2.

4. Let (Tn)nen be a sequence of predictable stopping times with D = UnGN[[Tn]]
up to an evanescent set (cf. [11, Lemma 1.2.23]). For any n € N define a predictable set
D, :=D°U(|J [T(m,n)]), where

dAt7

/ W (t,z) Fi(dz)

Tm(w) it E(|AMr,||F7,-)(w) = n,

00 otherwise.

T(m,n)(w) := {
(D, is predictable by [11, Proposition 1.2.10].) Since

MPr — Z A]MTm1[[T(m,’n)7‘>c[[7

mZn

we have that MP" is a purely discontinuous local martingale by [9, (1.45)] and [11, Lem-
ma 1.4.14]. In view of statement 3, we are done.

DEFINITION 4.3. Let W be a P-measurable function on Q. We say that W € Go(u) if
there ezists a purely discontinuous o-martingale M such that AM and W are indistinguish-
able. In this case, we set W x (u —v) := M.
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LEMMA 4.2. Let W € G5 (). Then

(1) the stochastic integral in the previous definition is well defined;

(2) W € Gioc(p) if and only if W * (u — v) € Migec.

Proof. (1) Let M be a purely discontinuous o-martingale with the same jumps as M.
Then M — M is a continuous o-martingale and hence a local martingale which is both
continuous and purely discontinuous (cf. Corollary 3.2). By [11, Lemma 1.4.13], it follows
that M = M up to indistinguishability.

(2) = This is obvious.

<: By [11, Theorem 1.4.52 and Corollary 1.4.55] we have that

D W2 = [ AW # (n—v))2 £ VW (u—v), W (n—v)] € AL,

which yields the claim.

Lemma 4.2 is proved.

The following result corresponds to Lemmas 2.2 and 4.1.

LEMMA 4.3. Let W be a P-measurable function on Q. Then W € G, (w) if and only if
there exist a semimartingale X and an increasing sequence (Dy)nen of predictable sets such
that D, T Q x Ry up to an evanescent set, Wlp, € Gioe(p), and XPr = Wip, * (u — v)
for any n € N. In this case X =W x (p — v).

Proof. =-: Let (Dn)nen be a o-localizing sequence of W % (u — v) in the sense of
Proposition 4.1, statement 3. Then (W % (u—v))P" is a purely discontinuous local martingale
with jumps Wan = (W1p,)~, which implies that W1p, € Gioc(p) and (W * (u—v))Pn =
Wilp,, * (u—v) (cf. Lemma 4.2).

<: Obviously, X has jumps AX = (W1lp,)~ = Wan =W on any D,,, which implies
that AX = W up to indistinguishability. By statement 3 of Proposition 4.1, X is a purely
discontinuous o-martingale.

Lemma 4.3 is proved.

Definition 4.3 and Lemma 4.3 do not provide an explicit condition for the integrability
of a predictable function W. Such a condition should ideally be expressed only in terms of
the compensator v of p. It is provided by the following lemma.

LEMMA 4.4. Let W be a P-measurable function on €. Let

. - ~ =
W= (W N W) 1{|W—W|§1} T Wl{\wwgl}’
"o _A =R
W= (W W) 1{|W—W|>1}’
"o " N
w'"=w —(1—a)W1{‘W‘>1}.

Then we have equivalence between
1. W e Gs(p);
2. (a) W s finite outside some evanescent set;
b) C(W') € V; where C(W') := (W' —ﬁ/\')2 x4y (1- az)(iV\t')z;

(
(C) 1{W”(z)7£0} x UV € V
(D) Xe (@) 00y € V5
() W € La(v).

In this case

W (p—v) :W,*(M—V)—i—W”*,u—Z(l—u({t} X E))/VIZI{W?/HM} - W" xv.
t< -

Proof. 1=2: Let X := W % (uu—v). By [11, Theorem 11.2.34], the canonical semimartin-
gale representation of X is

4.1 X=X4h*x(pS —v)+hxp~ +B,
I I
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where pX, 0% denote the measure of jumps of X and its compensator, B € V is some
predictable process, and h(z) := xl{ <13, M(x) := = — h(z) for x € R.

Let (Dn)nen be a o- localizing sequence for X as in Lemma 4.3. Fix n € N. From
W1lp, € Gioc(p) it follows that W is finite on D,,.

Since AX = W and by definition of W in [11, Definitions I1.1.27], we have

hlp, * pu* Zh AX)1p, (t Zh W) 1p, (¢

:H(W—W)an*M+Z(1—p({t}xE))E( Wi) 1p,, (t)

t< -

(4.2) =W"lp, *p— Z (1-n({ty x E)) ml{\v?q\x}l[’"(t)'

t< -

From XP» = (XC)D" + hlp,, * (pX — l/X) + Elpn * ,uX + BP» € My, it follows that
hlp, * ™ + BP" € Mioe N Ao, and hence hlp, * u* € Al by [11, Proposition 1.4.23 and
Lemma 1.3.10]. By [11, Theorem II.1. 8] this implies — BP" = hlp, v~ . This process in turn
equals W"”1p, v — EK. —a) Wil =(W"—(1-a) W1{|W|>1})1D“*V:
W' 1p,, *v by equation (4.2) and [9, (3 67)]. It follows that W' € L,(v) and B = —W"" v
by Lemma 4.1.

Similarly to equation (4.2), it follows that l{ﬁ(x);éo} s = Liwrr(@)0y * 1+ Zt§ (1

\Wt|>1}1D” (t)

w({t} x E)) 1“‘;[\/ 1y This process counts the “big” jumps of X. Since X has only finitely
t

many big jumps on any finite interval, it follows that the process 1{E(z)¢0} % 11X and hence
both terms on the right-hand side are in Ajoc. By [9, (3.67)], this implies 1y (z)20y ¥V € V

and Zé (1 —ay) 1{‘v?/t‘>1} ev.

Similarly to equation (4.2), it follows that

(4.3) hip s = h(W=W)lpspu+ Y (1—pu({t} x E)) h(~W2) 1p(t)

t< -

for any predictable set D with |h|1p * u™ € V. le t € Ry. Since [ |h|v™({t} x dz) £ 1,
we have that |h1p|+ 1™ € Af_ and hence |hlp|*p* € AL for D := Q x {t}. In view of [9,

loc loc

(3.67)], calculating the compensator at time ¢ of both sides of equation (4.3) yields
he = /h(x) VX ({t} x dz) = /h(W(t,x) — W) v({t} x dz) + (1 — ar) h(—Wr)
- / (h(W(t,2) — W) — h(-W)) w({t} x da) + h( — %) = W + h( — TW3).

Similarly to equation (4.2), it follows that

(h—h)2 % p +Z (1= ({t} xR)) 17 = (M(AXy) — B

t< -

= (h(W = W)= 1) p+ > (1= u({t} x B)) (h(-W) — he)®

t< -

(4.4) = (W —W') *“*Z (1—p({t} x B))(-W))>.

Since h * (1 — v*) has bounded jumps, it is in H120c By [11 Theorem II1.1.33], this
implies that (h — h)% x v~ + Do (1= v¥({t} x R)) hi € AF y [9, (3.67)], this process

loc*

is the compensator of the left-hand side of equation (4.4). Also by [9, (3.67)], we obtain
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(W' — ﬁ/'\’)2 vty o (1- at)(ﬁ/\t’)z € A for the compensator of the right-hand side of

loc

equation (4.4).
2=1: By [11, Theorem I1.1.33] and [9, (3.67)],

X =W (p=v)+ W s p— W xv =3 (1= p({t} x B) Wil

t< -

{IWe|>1}

is a well-defined semimartingale. Let (D, )nen be a o-localizing sequence for W' € L, (v)
in the sense of Lemma 4.1. Fix n € N. By [11, Proposition 11.1.28], we have that W"'1p,, €
Giroc(p) and W"'1p, s u— W"1p, xv=W"1p, * (u — v). Observe that

XPm — (W' +W")1p, * (u—v)
=y <(1 - at)/W(t, o) u({t} x dz) — (1 — p({t} x E)) ﬁ/}) Ly oy 104 (0):

If we denote this process by M, then we have E(AMr|Fr-) = ((1 — ar) Wr — (1 -
ar) Wr) 1{\V/‘\/TI>1}1D" (T) = 0 on {T < oo} for any predictable stopping time T  (cf. [11,

Relation I11.1.26]). From Proposition 4.1 it follows that M and hence X" is a purely
discontinuous o-martingale. By Propositions 4.1 and 2.1 applied to the class of purely dis-
continuous local martingales, this is also true for X. For the jumps we have

AXe= (W + W)+ (1 - at)/W(tvI) () x da) Ly oy

— (1= u({t} x B)) ﬁ/\tl{\v/i\/tbl}

_ ’ 11\~ _ W, ~ W, ~
=W +WH +(1—ar) Wil (s T LWl 50y
o ’ " _ - W1 ~ b =W,
= (W + W+ (1 a’) Wl{‘wpl} + W1{|W|>1}>t Wi

on D,, and hence outside some evanescent set. It follows that W € G, (u) and X = Wx(u—v).

Lemma 4.4 is proved.

The following lemma extends [11, Proposition I1.1.30] and [7, Proposition A.1.5] to
general stochastic integration.

LEMMA 4.5. Let W = (W',..., W%, where W' € Go () for i = 1,...,d. Moreover
let H be an R%-valued predictable process. Then H'W € G, () if and only if H € L(W *
(u—v)). In this case (H W) (u—v) = H' - (W % (u — v)), where the stochastic integral
of W is to be understood componentwise.

Proof. =: Define X := (H'W)  (u — v) and let (Dp)nen, (D))nen be o-localizing
sequences as in Lemma 4.3 for H'W € Go(r) and W € G, (1), respectively. Without loss
of generality, H is bounded on D,, for any n € N. Then we have

Xm0 =1, - (H Wip,) * (1= v)) = (H Wip,rpy) = (p—v)
= (Hlp,)" - (Wipy) = (p=v)) = (H1p,)" - (1py, - (W * (n—1)))
= (Hlp,apy)" - (W (u—v))

by [7, Proposition A.1]. In view of Lemma 2.2, the claim follows.

<: Define X := H' - (W * (u — v)). Let (Dp)nen, (D))nen be o-localizing sequences
as in Lemma 2.2 for H € L(W * (u — v)) and as in Lemma 4.3 for W € G, (u), respectively.
Then we have

XPn0Pn =1y - ((H1p,)" - (W * (= v))) = (Hlp,ap;) " - (W * (=)

= (Hlp,) - (1p, - (W= (n—v))) = (Hlp,) - (Wlp,)* (u—7v))
= (H " Wlp,ap,)* (p—v)
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by [7, Proposition A.1]. In view of Lemma 4.3, the claim follows.
Lemma 4.5 is proved.
Finally, we state and prove the main result of this section.
THEOREM 4.1. Any R%-valued o-martingale X can be written as

X=Xo+X+zx(p—vr),

where p denotes the measure of jumps of X, and the stochastic integral of x = (:Bl, . xd)

is to be understood componentwise.

Proof. Without loss of generality d = 1. The canonical semimartingale representation
of Xis X = Xo+ X+ hx*(u—v)+ (z— h(z)) *x u+ B for some predictable process B € V
and some truncation function h: R% — R? (cf. [11, Theorem 11.2.34]). Let (Dy)nen denote
a o-localizing sequence of X. Fix n € N. Since X = X + (X°)P» 4 hip, * (u—v) +
(z — h(x)) 1p, * p+ BP is a local martingale, we have that (z — h(z)) 1p,, * it € Aloc, and
its compensator (z — h(z)) 1p, * v € Al coincides with —BP» (cf. [11, section 1.4.23]).
By [11, Proposition I1.1.28], (z — h(z))1p, € Gioc(i) and (z — h(z))1p, * pu + BP" =
(z — h(z)) 1p, * ( — v), which implies that (X — Xo — X)P" = z1p, * (u — v). In view
of Lemma 4.3, it follows that z € Go(u) and z % (u —v) = X — Xo — X°. Theorem 4.1 is
proved.

5. Equivalent o-martingale measures. Delbaen and Schachermayer [5] relate the
absence of free lunches to the existence of equivalent o-martingale measures. Below we show
how these measures can be characterized in terms of semimartingale characteristics. To this

end, let S = (S%,..., Sd) be an R%valued semimartingale which stands for the discounted
prices of securities 1,...,d. Moreover, let P* % Pbea probability measure with density

process Z. By N := L(Z) := (1/Z_) - Z we denote the stochastic logarithm of Z, i.e., the
unique semimartingale N with £(N) = Z (cf. [13] for details on the stochastic logarithm; note
that Z and Z_ are positive by P* % p and [11, Definition 1.2.27]). Suppose that the char-
acteristics (B, C,v) of the R4 !-valued semimartingale (S, N) relative to h: R4F! — R4F!
are given in the form

(5.1) B=b-A, C=c-A, v=AQF,

where A € .Altc is a predictable process, b is a predictable R !-valued process, c is a
predictable RHDX D) _yalyed process whose values are nonnegative, symmetric matrices,

and F is a transition kernel from (2 x Ry, P) into (R**!, B¥H1).

The Girsanov—Jacod—-Mémin theorem as stated in [11, Theorem III.3.24] indicates how
the characteristics change if P is replaced with P*. Here, we formulate this result in terms
of the joint characteristics of (S, N), which is convenient for applications.

LEMMA 5.1. The P*-characteristics of (S, N) are of the form (5.1), but with

dF*

_ d+1
iF (z)=1+4+=z

b =b+4 4 / h(z) z F(dz), ¢ =e¢,

instead of b, c, F.

Proof. First, according to [11, Lemma IT1.3.31], there exists a predictable R%!-valued
process 3 such that 87cB € L(A) and ¢"¥T . A= (S5 N = (¢"B) - Afori=1,...,d. It
follows that (Z¢, S"¢) = Z_ - (N¢,8“%) = (Z_c"3) - A.

Second, we have Z; = Z;_ (1+AN;) = Z;_ (14+z%1) for 5N -almost all (¢,z) € Ry x
R, which implies that E(ZU % pso™) = B((1 + 2) Z_U % 5™ for any nonnegative
(P ® B**')-measurable function U. Put differently, we have YZ_ = M:;S,N)(ZHS) in the

sense of [11, section IT1.3¢] for Y (w, t, ) := 142, By [11, Theorem I11.3.24], we are done.

DEFINITION 5.1. We call P* an equivalent martingale measure (EMM) (respectively,
equivalent local martingale measure (ELMM), equivalent o-martingale measure (EcMM))
if S* is a martingale (respectively, local martingale, o-martingale) relative to P*, for i =
1,2,...,d.
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Remark. In the paper by Delbaen and Schachermayer [4] the term equivalent local mar-
tingale measure is used in the above sense. Kramkov and Schachermayer [15] and Becherer [1],
however, apply the same name to denote measures P* ~ P such that 1+ ¢ ' - S is a P*-local
martingale for any ¢ € L(S) with 14+ ¢ ' - S 2 0. In order to avoid confusion, we prefer to
call measures of such kind equivalent weak local martingale measures. One easily shows that
any o-martingale measure is a weak local martingale measure while the converse is not true.
Nevertheless, the existence of an equivalent weak local martingale measure suffices to ensure
condition NFLVR (cf. [1, Proposition 2.3]).

For the proof of Lemma 5.2 we need the following proposition, which extends [11, Propo-
sition I11.3.8] to the o-martingale case.

PROPOSITION 5.1. A real-valued semimartingale X is a P*-martingale (respectively, P*-
local martingale, P*-o-martingale) if and only if X Z is a P-martingale (respectively, P-local
martingale, P-c-martingale).

Proof. By [11, Proposition II1.3.8], it suffices to prove the assertion for o-martingales.
Let (Dn)nen be an increasing sequence of predictable sets. By partial integration we have

lp, - (XZ)=1p, - (X--Z)+1p, - (Z- - X)+1p, - [X, 7]
=01p,X-)-Z+(p,-X)Z—-(1p, - X)--Z.

=: Let (Dn)nen be a o-localizing sequence for the P*-o-martingale X. Then 1p,, - (X Z)
is a P-local martingale. Therefore, X7 € (/\/lllzc)g = MPF  ie. it is a P-o-martingale.

<: This follows similarly if (Dy,)nen now denotes a o-localizing sequence for the P-o-
martingale X Z.

We are now ready to characterize EMM’s, ELMM’s, and EecMM’s in terms of semi-
martingale characteristics.

LEMMA 5.2. 1. S is a P*-martingale if and only if SZ € D relative to P and

(5.2) b 4 Ot +/(mi(1+xd+1) —hi(m)) F(dz) =0 for i=1,....d

holds (P ® A)-almost everywhere on @ x Ry.

2. S is a P*-local martingale if and only if f{lfcil>1} |t(1 4+ 2@*)| F(dz) € L(A) for
1 =1,...,d and condition (5.2) holds (P ® A)-almost everywhere on Q x R4.

3. S is a P*-o-martingale if and only if f{\zf?\>1} |z%(1 + 24| F(dz) < oo for i =
1,...,d and condition (5.2) hold (P ® A)-almost everywhere on  x Ry.

Proof. Statements 2 and 3 follow from Lemmas 5.1 and 3.1.

1. = Condition (5.2) follows from statement 2. By Proposition 5.1, SZ is a P-
martingale and hence in D (cf. Lemma 3.1).

<: Fix i € {1,...,d}. Since S'Z and Z are special semimartingales, this is also true
for Y := (1/Z_)-(S°Z - S* - 2Z) = (1/Z_) - (Z- - 8" +[5§",Z]) = S* + [S*,N]. From
AY = AS*(14+AN) it follows that |z’ (1+z**)] Ly jai a1y >13*V = |2 Ljz>13%” € Aloc,
where ¥ denotes the compensator of the measure of jumps of Y. By [11, Relation I1.2.13], we
have that |z*(1+z%t1)] Tgjpijs13 *v = |zt (1424t Ljwi(14ad+ 1) >13 ¥V + Ljz>13 # 7 € Aloc.
Statement 2 yields that S is a P*-local martingale, which in turn implies that SZ is a P-local
martingale. By Corollary 3.1, we have that SZ is a P-martingale. Applying Proposition 5.1
once more yields the claim.

Acknowledgment. Parts of this paper were originally contained in the preprint version
of a joint paper with Thomas Goll, to whom I owe many fruitful discussions on the subject.
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