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Abstract

In this paper we solve the variance-optimal hedging problem in stochastic volatility
models based on time-changed Lévy processes, i.e. in the setup of Carr et al. (2003).
The solution is derived using results for general affine models in the companion paper
Kallsen & Pauwels (2008).
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1 Introduction

Stochastic volatility (SV) models with and without jumps as e.g. in [13} [2, 4] have been
introduced to account for stylized facts of stock return data such as heavy tails, volatility
clustering, and negative correlation between returns and changes in volatility. These models
typically lead to incomplete markets where perfect hedges do not exist for most contingent
claims. In case of jumps they typically remain incomplete even if finitely many derivative
assets are added. In this paper we compute the variance-optimal hedge for European-style
options in time-changed Lévy models where the discounted stock follows a martingale. The
hedging strategy and the hedging error are expressed in terms of integral representations that
allow for straightforward numerical evaluation. Their derivation relies heavily on results for
general affine stochastic volatility models in the companion paper [19].

Concrete numerical results for variance-optimal hedging have also been derived in [[12}
7, 1141150 (15, 118} [1]. The first reference uses PDE methods for specific continuous stochastic
volatility models. [7] considers a SV model involving jumps. A partial integro-differential
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equation is solved using finite differences in order to obtain the value process of the op-
tion and the optimal hedge. The hedging error is computed by Monte-Carlo simulation.
This approach is applied to exotic contingent claims and it allows for options as hedging
instruments. References [14, 5, [1] consider only processes with stationary, independent
increments without stochastic volatility but their integral transform approach provides the
basis of the current study. Our goal here is to produce simple formulas for the optimal hedg-
ing strategy and the hedging error which can be evaluated without implementing involved
numerical schemes or computer-intensive Monte-Carlo simulations. The approach does not
apply to more difficult problems as in [[7], at least at this stage. But it is fast and accurate
in the standard hedging problems where it can be applied. Moreover, we provide rigorous
proofs under assumptions that can be directly verified in terms of model parameters. For a
partial extension of our methodology to the non-martingale case we refer the reader to [20]].
However, the latter is more restrictive concerning the dependence between changes in stock
price and volatility. Moreover, it argues on an informal mathematical level. For a discussion
of discrete variance-optimal hedging in stochastic volatility models cf. also [18].

As a by-product we obtain option pricing formulas in the models under consideration.
These are mostly known from the literature, cf. [13, 22, 4, 23], at least for call and put
options. However, verifyable conditions on the parameters warranting that the pricing for-
mulas do indeed hold are typically not stated. They are provided here together with rigorous
proofs.

The paper is organized as follows. The subsequent short section introduces the general
setup. In Section[3|we consider stochastic volatility models involving Lévy-driven Ornstein-
Uhlenbeck processes. Activity processes of square-root or Cox-Ingersoll-Ross type are dis-
cussed in Section 4] The results are illustrated numerically and compared in Section [5| The
final section contains proofs.

Unexplained notation is used as in [16] and [19]. In particular, we use the dot notation
for stochastic integrals, i.e. ¥ « S; 1= fot WsdS.

2 Variance-optimal hedging of European claims

We consider a European-style contingent claim with discounted payoff H = f(S7) at time
T € R,. By S we denote the discounted price process of the underlying which is specified
further in the following two sections. In order to derive concrete results, we suppose that the
payoff function f : (0,00) — R can be written in integral form

f(s) = / s“TI(dC) 2.1)

with some finite complex measure II on a strip Sy := {( € C : R’ < Re(¢) < R}, where

R', R € R. The measure II is supposed to be symmetric in the sense that I[I(A) = II(A)
for A € (C)and A := {Zz € C: z € A}. For most concrete payoffs this rather abstract




formulation reduces to Ry
f)= [ ol
R—ic0

i.e. the measure I1 is concentrated on a line R+ iR and has a Lebesgue density ¢ — —io(().
E.g. we have

1 K'Y
2w (1)
for R > 1 in the case of a European call f(s) = (s — K)™. The same function p yields the
payoff of a put f(s) = (K — s)* if we choose instead R < 0. The kernels ¢ or integral
representations (2.1]) for many more payoffs can be found in [[14].

The goal of variance-optimal hedging is to minimize the expected squared hedging error

2(¢)

E[(v—H?-ST—H)Q 2.2)
over all initial endowments v € R and all admissible trading strategies 1, i.e. all

¥ € © := {¥ predictable process : E[|J

2. <S, S>T] < OO}

The hedging error
Jo = E[(v* L e Sp— H)Q]

of the variance-optimal initial capital v* and strategy 9* is called mimimal hedging error.
The aim of this paper is to determine these objects in Lévy-based stochastic volatility mod-
els.

From general theory it is known that v* = E[H], i.e. the variance-optimal initial capital
coincides with the value of the claim if the underlying probability measure is the market’s
pricing measure, cf. e.g. [11, 26]. Therefore option pricing formulas are recovered as a
by-product. If the initial endowment v is fixed rather than part of the optimization, the
optimizer v* of stays the same in the present martingale case. The expected squared

hedging error, however, increases by (v — v*)2.

3 Ornstein-Uhlenbeck-type activity process

In this section we solve the hedging problem in the integrated Ornstein-Uhlenbeck (OU)
time change model proposed in [4]]. In order to allow for a more flexible dependence struc-
ture between changes in asset prices and volatility we consider the slightly extended version
introduced in [17]. The discounted asset price process in the integrated OU time change
model is given by S = Sy exp(Z), where the return process Z is specified as

Z, = Xy, +X., —dt,
d}/;f = ?/t—dt,
dyy = k(n—y)dt + dz.



Here k > 0, n > 0, and ¢ are constant parameters. X, X , 2 denote three independent Lévy
processes. In order to obtain a positive activity process Y we suppose that yo > 0 and 2
is increasing. More specifically, we assume that z equals the sum of its positive jumps.
Integration by parts yields that

yp=e"yo+ (L —e ")+ /t e =9z,
0
Since X is a Lévy process, we have
Ble*] = exp(¥¥(Q)t), t20
for ¢ € iR C C and some continuous function )% : iR — C with ¢*X(0) = 0. This Lévy
exponent is of the form

WQ) =¥+ 5 [ (= 1= Ghia)) P¥(dn),

where (b%, ¢, FX) denotes the Lévy-Khintchine triplet of X relative to some truncation
function h : R — R as e.g. h(x) = xly;<1}. Analogously, we define Lévy exponents
¥ 1% and Lévy-Khintchine triplets (b%, X, FX), (b%, c*, F?).

Remark 3.1 If one chooses X; = W; + ut as standard Brownian motion with drift p,
moreover X; = ot and = 0, then the bivariate process (Z,y) coincides in law with the
solution to

dZ; = (py— — ) dt + Jyr—dW, + odz,
dy; = —kKyp-dt +dz,
cf. [17, Section 4.3]. This is the so-called BNS model suggested in [2].

In order to solve the hedging problem in this setup we need some moment conditions.
We use the notation from the previous section.

Assumption 3.2 We suppose that
1. for some ¢ > 0
(a) ¥, 1/155 : iR — C have analytic extensions to the strip
{CeC:(2R'N0)—e < Re(() < (2RV2) + ¢},
which we denote again by ™, w;} , respectively,
(b) ¥ : {R — C has an analytic extension, again denoted by ¢/, to the strip
{C e C:Re(() < 2M; + My + ¢},

where
_ —kT
b

€ X

M, = max {1/})?(2}%’ AO), 5 (2R V 2)} ,

1 - eleT X /
M; = max{ — ¢~ (2R'A0)
K

4



2. 6 =y (1)) and ¥ (1) = 0,
3.0 # L7 (X(2)) or X (2) £ 0.

The second assumption means that the discounted price process .S is a martingale. The
third one is made to exclude the degenerate case that S is constant. The conditions in the
first part warrant that all expressions in Theorems [3.3] [3.4] are defined and that they really
correspond to the optimal hedge. We can now state the main results of this section.

Theorem 3.3 (Optimal hedge) Suppose that Assumption holds. The variance-optimal
initial capital v* and the variance-optimal hedging strategy V* are given by

v = [viou), G.1)
x V(Ot— Ho(ta C) + /‘fl(C)yt—
Vi o= / St 0o + 01y Hde), G2
where
1—e "
Uy (tug,up) = e "y + - V¥ (uy), (3.3)
Q(tau17u2) = \Ij1<t7u17u2) +¢X(U2)> (34)
_ =kt
Wo(t,ur,ug) = (1l —e ™ )ur + 0™ (uz) (t ! ,: > — Otuy
t
+/ V¥ (q(s,u1,uz))ds, (3.5)
0

V(Qr = Sfexp(Wo(T = ,0,0) + ¥1(T — ,0,O)y),
kot ) = v (Wil =1,0,0) + ¥ (C+1)) v (Wa(T = 1,0,0) + ¥ (Q))
— (05 (),
m(Q) = N+ =¥ (0,
do = V() - 207w (1)),
6 = P¥(2).

A similar representation yields the hedging eror.

Theorem 3.4 (Hedging error) Under Assumption the minimal hedging error is given
by

ST I G G)ATI(AC)TI(dG), i 8o # 0, 61 # 0,
Jo = fffoTJZ(taClaCQ)dtH(dQ)H(ng), if 6o = 0,
[ LE st G, G)dT(dC)TI(dG), i 6y = 0.

The integrals relative to 11 have to be understood in the sense of the Cauchy principal value
(cf. the following remark). The integrands Ji : [0,T] x 8> — C, k = 1,2,3 in these
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expressions are defined as

Jl(t7C17<2)
= 6505'51+C2 (eXp(‘Ifg(t, 1,0+ C)+ V(66,0 + Cz)y()) (Z_T(D2‘I]0(t’ &,0 + ()

Mo — 77250) X 007 — Moo + 1203 67%&

+ eiﬂty()) + 5% 5113 X
" /1 (ﬁ +§18) o215+ (t,g(l)1og(s)+sls,cl+cg)+x1:1(t,§é1og(s)+sls,<1+<2)yods>7
o \Jo
J2<t7C17€2)
§0 <1+CQ
% exp (‘I’o(t, §1,C+ Co) + Vit 61, G+ Cz)?/o) X
X (771 + (DaWo(t, &1, G+ Go) + B_Ktyo)m),
JS(t7C17<2)
SC1+C2
= P exp ((€0(0,G0) + #o(0, G)IT — 1) +o(0,G + i),
where
Yo(ur, ug) = knuy — duy + (Ul + ?/)X(Uz)> : (3.6)
Yr(ug,ug) == —kKuy + ¢X(U2), (3.7
aj - O‘/j(ta gla CQ)
= (&t ¢, C2), G+ G) — U (U (T —1,0,(1), 1)
- w](\Ijl(T - t7 07 C2)7 C2)7
no = nolt, ¢, ) = doao(t, (1, C2) — Ko(t, C1)ro(t, C2),
m = 771(@ C17C2>
= oo (t, (1, ) + dra(t, Ci, C2) — K1(Cr)ko(t, G2)
- HI(QQ)RO(IS?CI)a
ne = 1ma(t, G, G) = 0raa(t, G, G) — k1(Gr)Ra(C2),
gj = €j<t7617§2) = qjj(T_tv()?Cl)+\Ijj(T_t707€2)7 j:()717
DoWo(t,uy,uy) = / (V) (q(s,ur,up)) e "ds +n (1 —e™). (3.8)
0

For ease of notation we dropped the arguments of some functions in the formulae above.
The mapplngs Mo, 11, N2, G, O, 507 é-l are deﬁned on [07 T] X sz

Remark 3.5 The integrals in the previous theorem are to be understood in the sense that

cloo

T
Jo = lim / / / Ju(t, Co, G) AT, )TI(dCy)
7 /S50
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where

S;:={¢e€C: R <Re(() <R, [Im(()| < c}.

The integrals in and the triple integrals in cannot be avoided and must
be evaluated numerically. This is done in Section [5] for a concrete model. However, the
integrals in (3.5) and (3.8) can be expressed analytically for the subordinators z that are
considered in the literature.

Proposition 3.6 (Gamma-OU process) Suppose that Assumption[3.2f1a) holds. Moreover,

letn =0 and
L Kag
for some a,b > 0 such that
2M; + My < b

i.e. y is a Gamma-OU process in the sense of [2) 25|]. Then Assumption|[3.21b) holds for
sufficiently small € > 0. The integral in (3.5)) is of the form

TRty (Ploge(t, ur, ug) + Kkko(u2)t)  ifb # ka(uz),

B L, ds — 39
/O @b (Q(S U1 UQ)) S —a m (ent o 1) +f<&t> ifb: kg(u2)’ ( )
where
X
o) =y — L)
X -
ko(uz) = @ﬂ%ﬁx(iﬁz)-

The mapping t — logp(t, uy, us) denotes the distinguished logarithm of

b—q(t,u,u
t— p(t,ur,ug) == b—q((() ull u22>)

in the sense of [24, Lemma 7.6], i.e. logyp is the unique continuous function [0, T — C with
logp(0, uy, us) = 0 and exp(logp(t, ur, us)) = @(t,uy,us). The derivative DyV needed
in Thereom[3.4| can be written as

ab (1 —e™")

DyWo(t, ur, up) = (b oy — ¢)?(u2)> (b — Wy (t, ug, ug) — WZ(UQ)) |

(3.10)

PROOF. Since ¢* can be extended to an analytic function on {v € C : Re(v) < b}, we
obtain Assumption [3.2](1b) for sufficiently small ¢. (3.9) is shown by differentiation of its
right-hand side. (3.10) follows by differentiation from (3.9). a

A similar result holds for another family of subordinators.



Proposition 3.7 (IG-OU process) Suppose that n = 0 and

Lo kaC
Q) =
for some a,b > 0 such that
1
2My + M, < 5b2 (3.11)

i.e. y is an inverse Gaussian OU process in the sense of [2,125]. Then the integral in is
of the form

. Ci(t,ur,ug) i 0% # 2ko(ug) and ky(uy,ug) # 0,
/ V¥ (q(s,ur,uz))ds = € Cot,ur,uz)  if b* = 2ka(uz), (3.12)
’ Cs(t,uy,up)  if b # 2ky(ug) and ki(uy,uz) = 0,

where ki, ks are defined as in Proposition[3.6]

at,u,uy) = \/b2—2q(t,u1,u2),

6(112) = b2 - 2]€2(U2),

t — logp(t, uy, uq) denotes the distinguished logarithm of
Bluz)(B(uz) — a(0,u1, uz)) — ki(uy, us) %
k%(ulv u2)
x [5(u2)(a(t,u1, ug) + [(u2)) — €_Ht/€1(ul,u2)} ;

o(t,ug,ug) =

and
Ciltunu) = a (’Z((x; (logp(t, w1, us) + ) + alt, w1, uz) — a0, uy, u2)> ,
Colt, ur,uz) = W (ks (1= 73) 4 hofun) (&2 — 1)),
Colt,un,us) = %

The derivative DoV, needed in Thereom 3.4 can be written as

w”(q(o,ul,uz)()—wz(q(t’“l’”)) if ki (ur, uz) # 0,

DQ\IIO (t, Uy, UQ) = a(bQ—kQ(uzl;;(iltizzlt)

5 (uz) lf]{fl (U17 UQ> =0.

PROOF. 1% can be analytically extended to {¢ € C : Re(() < %bz}. This yields Assump-
tion [3.2(1b) for sufficiently small e. Condition warrants that b* — 2q(t, uy, up) # 0
for Re(u;) < 2M;, which implies that the square roots are well defined. Differentia-
tion of the right-hand side yields (3.12). In the proof of Theorem [3.3] it is shown that
(ug,us) — Wo(t, up, us) is analytic. Differentiation yields the expression for k; (uy, us) # 0.
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The formula for k;(uy,us) = 0 is obtained by considering the limit of the first expression
for ]{31 (Ul, UQ> — 0. ]

In addition to the subordinator z, the Lévy processes X, X must be specified in order
apply the results in practice. We discuss here the two examples.

Example 3.8 (NIG-Gamma-OU model) We consider the general model of this section
with the subordinator z from Proposition 6 = 0, X = 0 and a normal inverse Gaussian
Lévy process X, i.e. with

V() = ¢+ Va2 — 52— a2 — (B+()? (3.13)

for some parameters « > 0,5 € (—«, «),n € R. Suppose that R = R’ in Section In
order for all conditions in Assumption [3.2]to be satisfied, we require

—a—[0 < 2R,
2RV2 < a-p,
X X bk
7 (2) VYT (2R) 5= ey’ (3.14)

w o= ya2—(f+1)72—a?-p2 (3.15)

Example 3.9 (BNS model) If we choose Brownian motion instead of the NIG Lévy process
for X, we end up with the model from Remark [3.1} More specifically, let § = 0,

¢

2 Y
X =0and z as in Proposition Again we suppose that R = R’ in Section In order for
all conditions in Assumption [3.2]to be satisfied, we require (3.14).

v (¢)

4 Square-root type activity process

In the so-called Heston [[13]] model the activity process is chosen as a square-root process,
which is also known as Cox-Ingersoll-Ross process in interest rate theory. Together with
a time-changed Lévy process as in the previous section, we end up with another class of
stochastic volatility models from [4]. In this setup the discounted stock price S = Sy exp(Z)
is of the form

Zy = Xy, + Myt — wo) — t, 4.1
dYy = ydt,
dy, = k(0 —y)dt + o\/ydW,.
Here x,n,0 > 0, A € R are constants and W a standard Wiener process. X denotes a Lévy

process which is independent of W. As in the previous section we write 1)X for the Lévy
exponent of X.



Remark 4.1 If we choose X; = B; 4+ ut as Brownian motion with drift, we recover the
dynamics of the Heston model up to a rescaling of the activity process y. More specifically,
(Z,y) coincides in law with the solution to

dZ, = (Aen— 0+ (1 — &)y)dt + /ged(Ws + Ao W), (4.2)
dy, = r(n—y)dt + o\/ydW,

where W, W denote independent standard Wiener processes, cf. e.g. [[17, Section 4.2].

In order to solve the hedging problem from Section [2]in this setup, we need some regu-
larity conditions.

Assumption 4.2 Let
l(ug,up) = oup + \ouy — k,
Q) = VK2 —2029X((), (4.3)
1 1
00 = s (10wt (32(07) 4 1) = a6

. 7 (ug) — P(ur, ug)
Uyt ur,ug) = 2 (l(u1,u2) A (u) coth(%v(uz)t)) + uy. 4.4

We assume that
1. for some ¢ > 0 we have that
(a) ¥* : iR — C has an analytic extension to the strip
{fueC:(2R'AN0) —e <Re(u) < (2RV 2) +¢},

which we denote again by ™,

(b) My < k?/(20?) and M, < Ms for

M, = max{¥(T,0,2R' Vv 0),¥(T,0,2RA2)},
M, = max {¢ (2R A0),9*(2RV2)},
M; = min{g(2R'A0,0,T),9(2RV 2,0,T)},

T <

1 [(0,2RV 2) +~v(2RV 2)
) g(

NCYAYE)) if 1(0,2RV 2) — y(2RV 2) > 0
Y2RV?2) " l(0,2Rv2)—7(2Rv2))1 (0 ) = ) >0,

3. 6 = Aepand ¥ (1) = X (k — $A0?),

4. X (2) # 2k — 2\%02,
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Assumption 3 means that the discounted price process S is a martingale. The last one
excludes the degenerate case that S is constant. The remaining conditions warrant that all
expressions in Theorems are defined and that they really correspond to the optimal
hedge. We can now state the main results of this section.

Theorem 4.3 Suppose that Assumption holds. The variance-optimal initial capital v*
and the variance-optimal hedging strategy 9* are given by

o= [V, (4.5)
. V()i k1(t,C)
o = [ n), .6
where 5
o(t, ur,up) = (1) (4.7)

Ly, ug) (1 — e7w2)t) 4+ y(ug) (1 + e(u2)t)’
logp denotes the distinguished logarithm of t — ¢(t,uy, us), i.e.
" Dygp(s, us, up)

logp(t, uy, u = ———=ds
olt,ur, o) o (s ur,uz)

[ aw) (ul,uz) () €12t
B /0 Huy, ug) (1 — ev(2)t) 4+ ~(uy) (1 + ev(w)t)ds’ (4.8)
Uo(t,ug,ug) = (210gg0(t uy, ug) + (Y(ug) — U(ug, uz)) t) + knuat, (4.9)
V(e = %wM%U>LQO + Uy (T — 1,0, )we),
ki(t,¢) = o2 (U1 (T —1,0,¢) + ) + (<+1>_wX(C)_1/1X(1), (4.10)
o = PN(2) = 207 (1) + Mo,

A similar representation yields the hedging eror.

Theorem 4.4 Using the assumption and notation above the minimal hedging error is given
by

T
Jo = J(t, 1, Co)dtTI(d¢))TI(d 411
o= [ ] [ e @umaanic) @1
with
a’(t7 Clv C2) = 02 (\I/1<T - t7 07 Cl) + )‘Cl) (\Ill(T - tv Oa §2) + )‘C2)
+ 0 (G + G) — U () — v (&),

b="0(tC,¢) = da(t, G, ) — kit C)ri(t, C2),
ngfy(tyCl»@) = \IIJ(T_t707C1)+\P](T_t70ag2)v j:O717
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2kn sinh (37(us)t)
DyWy(t = 1
ottt ) = ) conh (3(w)t) — U, uz) s (S (ua)0)

Dqul(t7 Uy, u?) - 72(,&2) )
(7(u2) cosh(37(us)t) — l(ur, us) Sinh(%”y(uQ)t))2
J(t,C1,G) = %egoséﬁ@ exp(Wo(t, &1, G+ G) + Ui (8,6, G+ &)yo) X
X (DaWo(t, &1, ¢+ Co) + DaWi(t, 1, G+ C2)o) - (4.12)

For ease of notation we have dropped the arguments of b, &1, & in formula . Asin
Theorem[3.4|the integrals relative to 11 are to be understood in the sense of Cauchy principal
values (cf. Remark [3.5)).

Similarly to the previous section we obtain explicit results up to single integrals in (4.5]
M.6) and triple integrals in (4.IT). A numerical example is provided in Section [5] The
integral in[4.8]is just an alternative representation of the distinguished logarithm of ¢, which
coincides with the main branch up to a multiple of 2.

In the following examples we consider particular Lévy processes X .

Example 4.5 (NIG-CIR model) Let X above denote a normal inverse Gaussian Lévy pro-
cess with Lévy exponent

Y0 = p¢ + Va2 = B2 — /a2 — (B +()?

for some parameters « > 0, 5 € (—«, a), u € R. Moreover, let A = 0 and § = 0. Suppose
that R = R’ in Section 2] In order for all conditions in Assumption [4.2]to be satisfied, we
require

—a—[0 < 2R,

2RV2 < a-—p,

KZ2

VQVUICR) < o
R o R VN

Example 4.6 (Heston model) We obtain the dynamics of the Heston model in Remark
if X is Brownian motion with drift or, more precisely,

VX0 = 5 (C— (1420 — X20%)0)

Again we suppose that R = R’ in Section 2] Assumption 4.2(1a,3,4) hold automatically.
Conditions 1b and 2 depend on the choice of parameters. M; < M3 and Assumption[d.2(2)
hold generally if A = 0.

A slight extension of the above results allows to incorporate a popular class of stochastic
volatility models.
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Remark 4.7 (Bates model) The setup in this section can be modified to include the Bates
[3] model of the form

dZ; = (An+ ( — K)yo)dt + Jyd(W, + A\aWy) + dLs,
dyr = k(N —y)dt + o\/ydW,
where W, W denote independent standard Wiener processes, L a Lévy process independent
of W, W and K, n, o, A, ;4 constants as in Remark 4 - To this end, we just have to allow for
an arbitrary Lévy process L in (4.1)) instead of the —d¢-term, i.e. we consider
Zy = Xy, + Myt — yo) + Ly,
dY, = wydt,
dyy = k(n—y)dt + o\/ydW,;
with some Brownian motion with drift X as in Remark more specifically with charac-
teristic exponent X (¢) = u¢ + % We assume that 1(a) in Assumption holds for the
Lévy exponent ¢” of L as well. Moreover, § = Axn in Assumption 3) must be replaced
by
P (1) = =Xk,
Under these conditions Theorems hold with the following modifications:

e Equation (4.6)) must be replaced by (6.6)),

Equation (4.9) must be replaced by

Wo(t, up,ug) = g (2logp(t, uy, us) + (y(ug) — l(ug, us)) t) + Knuyt
+ (A + 9" (ua) )8,
ko(t, €) == ¥H(C + 1) — () + Ann,
do 1= PH(2) + 2Akn,

unless L is deterministic, Equation must be replaced by the more involved
expression in (6.8)) with
ag = (€, G) =G+ Q) — P (G) — (&),
ar = ot (1, ¢)
= o® (Wi(T = 1,0,G) +AQ) (U1(T = 1,0, G) + AG)
F NG+ G) =N (G) — v (G),
o = no(t, ¢, ¢2) = doao(Cr, C2) — kolt, Ci)rolt, C2),
mo= mt G, G)
= doau(t, 1, Go) + 6100(C1, G2) — K, Cu)ro(t, Co) — Ka(t, Co)kol(t, C1),
e = 1t G, C) = diai(t, G, G) — ki, G)ri(L, G).

The proofs remain practically unchanged.
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Figure 1: Variance-optimal initial capital

5 Numerical illustration

In this section we illustrate the results of the previous sections in a numerical study. In order
to make strategies and hedging errors comparable, we use the same data set for parameter
estimation in the different models, namely daily German stock index (DAX) data from June
14, 1988 to April 10, 2008. For simplicity we use a constant interest rate of 4% for dis-
counting. We compare the NIG-Gamma-OU model from Example[3.8] the NIG-CIR model
from Example {.5] a NIG-Lévy process model without stochastic volatility, and geometric
Brownian motion as a benchmark. The pure NIG-Lévy process model is obtained within the
setup of Section [3if we choose ¥~ as in B.15), 1»* = 0, and yo = 7. The estimated
parameters are kK = 2.54,a = 0.847,b = 0.204, « = 90.1, § = —16.0 for the NIG-Gamma-
OU model, kK = 2.54,n = 4.16,0 = 4.99,a = 90.1, 5 = —16.0 for the NIG-CIR model,
n = 2.53,a = 53.0,3 = —5.1 for the NIG-Lévy model, and a variance 02 = (.0484 for
the Black-Scholes model. They have been estimated by Johannes Muhle-Karbe using the
approach put forward in [21]].

In each case a European call with strike 100 and maturity 7" = 0.25 years is hedged by
trading in the underlying. The initial activity y, in the stochastic volatility models is chosen
to equal its expectation, i.e. ¥y = 4.16 in the stochastic volatility models. The numerical
results for the models with jumps are calculated from the formulas in the previous two
sections setting R = 1.1 in (2.I). The geometric Brownian motion case could be derived
from Theorems [3.3] [3.4] as well but of course it is easier to use the Black-Scholes formulas.
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The variance-optimal initial capital and hedge obviously equal the Black-Scholes price and
delta of the option, respectively. Moreover, market completeness implies that the minimal
hedging error is 0 for geometric Brownian motion.

The results are shown in Figures [[H3] The first one represents the variance-optimal
initial capital as a function of the stock price at time ¢ = 0. One observes that it hardly
differs among the four models. The same holds for the optimal hedging strategy at time
t = 0, which is shown as a function of the stock price in Figure 2] This suggests that
the variance-optimal hedge is quite robust against model misspecification as long as plain
vanilla options are considered. Of course, the situation changes dramatically for the hedging
error, which vanishes in the Black-Scholes case. Its variance .J; is represented in Figure 3]
for the NIG-Gamma-OU, the NIG-CIR and the NIG-Lévy model, respectively. The at-the-
money hedging error in the NIG-Gamma-OU case equals approximately the hedging error
in the Black-Scholes model with weekly rebalancing, cf. [[18].

6 Proofs

This section is devoted to the proofs of Theorems[3.3] [3.4 and[4.3] 4.4] They rely on results
for general affine stochastic volatility models in [19]], which we summarize here for the con-
venience of the reader. For details and unexplained notation we refer to [19]]. In particular,
h : R? — R? denotes a truncation function on R?, which is needed for the specification of
Lévy-Khintchine triplets and semimartingale characteristics. Its components are denoted by
hy, hs. A more detailed account of some proofs can be found in [23]].

Assumption 6.1 As before, the discounted price process of a univariate stock is denoted by
S = Spexp(Z). Moreover we consider a positive activity process y leading to randomly
changing volatility. We make the following assumptions.

1. The characteristics (BYZ, C¥%Z, 1¥Z) of the R, x R-valued semimartingale (y, Z) are
supposed to be of the form

By? = /Ot (Bioy + Bayys—) ds,
cy? = /0 t (7o) +Yyys—) ds,
20.0%6) = [ (0(G)+e(@u) ds
forall G € %% and t € [0, T], where (5(;), 7). ¢(j))> J = 0,1, are Lévy-Khintchine

triplets on R? which are admissible in the sense of [9} Definition 2.6] or [17, Definition
3.1]. More precisely, we require that

e () € R?, v is a symmetric, non-negative matrix in R?**2, and the measure
@) on R\ {0} satisfies [ (1 A |z]?) ¢ (dz) < oo,
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In view of results from [9] this implies that the conditional characteristic function of
(y, Z) is of exponentially affine form

E [ eU1¥t+stu2 Zitys

F| = exp (Wols, ur, ug) + Ui(s,ur, uo)yy + usZy) 6.1

for any s,t > O with s+t < T, any u € C_ x iR and some functions ¥, V; :
[0,7] x C_ x iR — C, where C_ := {¢ € C: Re(() < 0}. These functions ¥y, ¥,
are obtained as solutions to

%\Ill(t,ul,m) = 1 (U (t,ug, ug),uz),  Wi(0,up,us) =uy (6.2)
and .
Wo(t, ur, us) = /0 Yo(W1(s, ur, us), uz)ds (6.3)
with Lévy exponents ¢ : Uy — C ;1) : U; — C defined as
ws(w) =T+ pu gt [ (7 - 1=dTh@) wods) (64

for
U; = {u eC?: / exp(Re(u) "z)pg (dr) < oo} :
{lz|=1}

. For some € > 0, the mappings (uy, us) — Wo(t, uy, us), Uy (t, uy, uz) are assumed to
have an analytic extension on
S = {u € C*: (Re(u;),Re(us)) € V=(0)}
forallt € [0,77], where
My == sup {2Uy(¢,0,7) : 7 € [R' A0, RV 0],¢ € [0,T]} (6.5)

and
Ve(a) == (— o0, (Mo V0) + &) x ((2R'A0) — &, (2R V a) + &)

for a € R.. These extensions are again denoted W resp. V.

. The mappings t — W (¢, u1,uz), t — Wi(t,uy, uy) are continuous on [0, 7] for any
(Ul, Ug) € 8

. V=(2) C Uy N U;. This is satisfied if the mappings iR — C, u +— 1;(u) for j = 0,1
have analytic extensions to V(2), in which case representation (6.4) holds for this
extension.
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5. Finally, we assume
¢0(07 1) = 1/}1(07 1) = O
and

1(0,2) #0 or 1(0,2) #0.
Theorem 6.2 Under Assumption|6.1|the variance-optimal initial capital v* and the variance-
optimal hedging strategy V" are given by
o= [V,

- / V(C)t— K;O(t7 C) + "{l(t7 C)yt—
! St 0o + 019—
where the process V (C) is determined by
V(O = 8; exp(o(T = 1,0,0) + Uo(T = £,0,O)me}, (€ Sy
Here, 6y, 01 € R and functions ko, k1 : [0,T] x S — C are defined by
Kj(tC) = ¢](W1(T_t707C)7C+ 1) _¢j(qll(T_t707C)7C)7 (67)
5j = 1/Jj(072)7 J=0,1

The minimal hedging error is given by

T (G, Q)AL I(dG),  if 8o # 0, 61 # 0,
Jo = S [ [ LT ot G, G)dTI(dC)TI(G),  if 6o = O,
ST Js(t, G G)dT(dC)TI(dG),  if 61 = O.

The integrals over Sy have to be understood in the sense of the Cauchy principal value (cf.

Remark . The integrands Jy, : [0,T] x Sf2 — C, k = 1,2,3 in these expressions are
defined as

Jl<t7 Cl? CQ)

= G5teel (exp(‘lfo(t, &,0+G) + Uit &L G+ Qo) (77_? (DaWo(t, &, G+ G)

I1(d¢), (6.6)

J

01 — 120, 62 — 1000y + mad2 _tag,
+D2‘If1(t,€1,C1+C2)yo)+nl 15%772 o>+770 1 7715%) 1T 72 0,758 «

! 51 6—O£1s+‘1/0 (t Ll log(s)+&1s 41+C2) +¥; (t a log(s)+&1s C1+C2)y0
[ (2 ggs) el , wrewgs ) (68)
0 0

JQ(t7 Cl? CQ)
G1+¢2 &
505—16 exp <\Ifo(t, 1,0+ C) + V(86,0 + Cz)yo> %

< (m + (D2Wo(t, &1, + ) + DoV (61,6 + Cwo) ).

J3<t7 Cl? CQ)

S§1+C2,'70
= P e (60(0,G) (0, G))(T — 1) + o0, G + G,
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a; = o(t, ¢, ¢)
= (&t G G), G+ &) = ¥ (Wi (T = ¢,0,G), G) — (W (T = 1,0, (), G),
mo = no(t; ¢, C2) = doao(t, C1, G2) — kolt, G1)ko(t, C2),
mo= mtG,¢)
= 50041(75, G, Cz) + 51040(7f, (1, CQ) - Fﬁl(t, <1)50<t> C2) - /‘il(@ Cz)fio(t, Cl)»
e = 2l G, G) = dian(t, G, ) — ralt, G)kRa(E, G),
& = &t G,¢) =Y,(T—10,G)+¥;(T"—t0,(), j=01,

with K, k1 from ({6.7). For ease of notation we dropped the arguments of these functions in
the formulae above. The mappings 1y, 1,12, o, a1, &o, &1 are defined on [0, T] X Sf2.

PROOF. |19, Theorems 4.1, 4.2] O

We also need the following simple lemma, which is used repeatedly in this section.

Lemma 6.3 Suppose that 1) : iR — C denotes a Lévy exponent, i.e.
1
WO = B+ 3¢+ (€ = 1= Ghia)etda)

for some 3 € R, v > 0, some measure p on R\ {0} satisfying I(l A 2?)p(dx) < oo, and
some truncation function h on R. II Y has an analytic extension ) to S, p, := (a, b) —|—z‘1§ cC
for some a < 0 < b, we have Re(¢(()) < ¢¥(Re(()), ¢ € Sap and (a,b) — R, ¢ — () is

a convex function. Moreover, 1 has such an analytic extension if

/ e p(dr) < oo (6.9)
lz|>1

forany ¢ € (a,b).

PROOF. We have E[e¢*1] = ¢¥(©), ¢ € iR for some Lévy process L. If ¢ has an analytic
extension 1 to S, 4, the equality E[e¢*1] = ¢¥() holds for any ¢ € S,, cf. [0, Lemmas A.2
and A.4]. Hence

eRe(P(©) = | PO = | B(eSD)] < B(|eSh1]) = B(eReOL1) = I (Re(©)

which yields the first assertion. The second follows from the explicit representation of @Z,
which holds also on (a, b), cf. [24, Theorem 25.17].

Condition (6.9) implies that the mapping S, — C, ¢ — mp,(¢) = E[e¢*] is well
defined, cf. [24, Theorem 25.17]. From [9, Lemma A.2] it follows that my, is analytic.
Since S, is open and convex and my, (¢) # 0 for all ( € S,, there exists an analytic
function g : S, — C with my, () = €9© for all { € Sy, cf. [10, Satz V.1.4]. By
eI = my, (¢) = e© we have ¢(¢) — g(¢) € 2miZ for ¢ € iR. Since both 1) and g are
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continuous, 1) — ¢ is constant on ¢R. This yields the assertion. U
Theorems are now reduced to Theorem [6.2] above.

PROOF OF THEOREMS [3.3| AND [3.4] From [17, Section 4.7] it follows that the Lévy

exponents 1)y, 1, corresponding as in (6.4) to the affine process (y, Z) are given by (3.6}
3.7). By assumption, we have that ¢; can be analytically extended to

Uy :={ueC?: (2R N0) — & < Re(up) < (2RV 2) + &}
and v, to
Up:=U, N{u € C?:Re(uy) < 2M, +2}

for sufficiently small £ > 0. The functions Wy, ¥y : [0,7] x C_ x iR — C_ in (6.1) are

given by (3.3] because the latter solve the generalized Riccati equations 6.3).
Obviously (uy,us) +— Wy (t, uy,us) has an analytic extension, again denoted ¥, to U;.

Moreover, (¢, uy, us) — Wy (¢, up, us) is continuous on [0, 7] x U;. Convexity of /% implies
that My < M, for M, from (6.5). Together, we obtain Assumption [6.1(2, 4). Assumption
[6.15) follows from Assumption [3.2(2, 3).

The mapping (uq, us) — q(t, uy, us) from li is analytic on U;. Using Lemmawe
conclude that

q([0,T) x U,) Cc{C € C:Re(¢) < My + My +¢}

for
U, = {u € C*: Re(uy) < M; +&,(2R' A0) — & < Re(up) < (2R V 2) + €}
By [8, (9.3.2)] the mapping
(u1, uz) — g(t, ur, uz) == ¥ (q(t, u1, uz))
is analytic on U, for any fixed ¢ € [0, T]. Note that

(t,ur,ug) +—  g(t,ur,ug) :=*(q(t, ur, uz)),
(t7u17u2) = DQg(tvulaUQ) = (@Z)Z)/(Q(tvul)uQ))e_m?

() = Daglt, ) = (67 ot 0, u0) (£ 0 () + (07 )

are continuous on [0, 7] x U,. From [8, Problem 9.10.2] we conclude that

(11, uz) = / W (q(s, w1, un) )ds

is analytic on U, for any ¢ € [0,7]. Consequently, (uy,us) — Wo(t, uy, uz) from (3.5) is
analytic on U, for any ¢ € [0, T]. Standard arguments show that its derivative relative to u;
is given by . The continuity of /%, g, ¢, v implies that ¥y is continuous on [0, 7] x U,,.
This yields Assumption [6.1|(3).
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Theorems [3.3] [3.4] follow now from Theorem [6.2] O

We turn now to the proof of Theorems which is broken down into several steps.
We start with two purely analytical lemmas whose proofs can be found in [23].

Lemma 6.4 Let I C R be a compact interval and f : R x I — R a twice continuously
differentiable convex function. If x(t,u) denotes the solution to the initial value problem

5ot = f(a(tw),w), @(0,u) =0,

the function u — x(t,u) is convex for all t € [0,T.

PROOF. [23, Lemma 4.16] O

Lemma 6.5 Leta,b,c > 0with0 < ¢ < b < a. For

1 1
Ty o= 5(@ +b) and x_:= §(a —b)
and any t > 0 we have
csinh(ct) (cosh(zyt) — cos(x_t)) < (cosh(ct) — 1) (xy sinh(xt) + z_sin(z_t)).
PROOF. [23, Lemma 4.20] O

PROOF OF THEOREMS AND [4.4] Step 1: By Assumption 4.2[1a) the function ¢ —
k2 — 2029% () is analytic on

U, ={CeC: (2R N0) —e <Re(() < (2RV 2) +¢}.

Since ¢~ is convex on the interval (2R’ A0) —e, (2RV 2) +¢), Assumption[4.2|(1b) implies
that <% — 20?Re(¢* (¢)) > 0 for all ¢ € U,. Together, it follows that ~ as defined in (4.3)) is
well defined and analytic on U,.

Step 2: Let
ATQ) = 1(0,0) +1(Q),
A=) = 1(0,¢) —(0),
L if A(¢) <0,
T(¢) = ﬁlog (2;58) otherwise.

We show that ¥y (¢,0,() € Ris defined for all t < 7(2R) and all { € [2R' A 0,2R V 0] and
that it solves the Riccati equation

%‘Ifl(t, 0,¢) = %azqﬁ(t, 0,¢) + (Ao?¢ — )Ty (t,0,¢) — Ael + %A%—?cz +9%(¢). (6.10)
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In [6, Lemmas A.1 and A.2] it is shown that W, (¢,0, ¢) is well defined and solves
for t < 7(¢). It remains to prove that 7({) < 7(2R) for all ¢ € [2R' A 0,2R V 0]. By
convexity the function A(¢) := ¢ (¢)+3A202(?— kA( has exactly two zeros on the interval
((2R'AN0)—¢,(2RV2)+¢), namely ¢ = 0 and { = 1. Moreover, A~ (¢) = 0 happens only
if A(¢) = 0. Together we conclude that A~ has at most one rooton [ = [2R' A 0,2R V 2],
namely 1. More specifically,

1. if kK > Ao?, then A~ (¢) < Oforall ¢ €1,

2. if kK < Ao?, then A=(1) = 0, A=(¢{) < 0for ¢ € 2R' A0,1), and A=(¢) > 0 for
¢ e (1,2RV 2].

If A < 0, the equality 7(¢) = oo holds for all ¢ € I. In the following we suppose that A > 0
and \o? — k > 0. We know that
00 if2RFN0< (<1,

QY ;
7(( log(A (<)> ifl<(<2RV2.

7(¢) =

We show that 7 is decreasing on (1,2R V 2]. For ¢ € (1,2R V 2| we have

with
1 \/ x5 — 2
G(xy,29) = log ks xQ ey
Va3 — 20%x, T9 — /735 — 2021

B(¢() = Mo’ — k.

The partial derivatives of G are given by

k(x1,x2) 2
DG = d
1Gle1, 72) 56171323/0 (1—7“2) "

k(z1,22)
DQG(lL‘l,ZEQ) = :L’ - 3/
1 2 0

dr

with
2 _ 2 2
bz, m) = Y2~ 2011

X2

Note that 0 < k(z1,29) < 1if 0 < /23 — 2022, < 2o. By B({) > Ao? — k > 0 and
B2(C) - 20%A(C) = ~(C)? we have DyG(A(C), B(Q)) < 0 and DyG(A(Q), B(Q)) < 0
for ( € (1,2R Vv 2|. Convexity of A and A(0) = A(1) = 0 imply A'({) > 0 for all
¢ € (1,2R V 2|. Hence

7(C) = DiG(A(C), B(Q))A'(C) + D2G(A(C), B(())B'(¢) <0

forall ¢ € (1,2R V 2]. Consequently, 7(¢) > 7(2R V 2) holds for all ¢ € 1.
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Step 3: Differentiation yields
)2 (12(0,7) — v*(r
Dot 0] — RO )
202 (v(uz) cosh(37y(u2)t) — I(ur, up) sinh(3y(uz)t))

for (t,r) € [0,T] x [2R' A 0,2R V 0]. Since
sgn (D1W1(t,0,7)) = sgn (1%(0,r) — 9*(r))

does not depend on ¢, we have
qjl(t, 0,?") § \Ifl(O, 0,7’) V \I’1<T, 0,7") = \Ijl(T, 0, 7") V 0

for any (t,7) € [0,T] x 2R’ A 0,2R V 0]. Convexity of 1/, (6.10) and Lemma6.4] yield
that ¥ (7,0, ) is convex on [2R' A 0,2R V 0]. In view of (6.11) we have

6.11)

20, (t,0,r) < Uy(t,0,2r) < Uy (T,0,2R' A0) vV (T, 0,2R v 0)

forall (¢,7) € [0, 7] x [R' A0, RV 0], and hence
sup{2W¥,(¢,0,7) : r € [R" N0, RV 0],t € [0,T]}

Mg =
max{W¥,(T,0,2R A0), ¥ (T,0,2RV 0)} = M.

<

Step 4: Define S and V=(a) as in Assumption[6.1] for sufficiently small £ > 0. We show
that the denominator in (4.4) does not vanish on [0, 7] x S. This would happen only if

1 1 K
uy = —57y(uz) coth (—'y(uQ)t) + — — Aug.
o 2 o

Suppose that (¢, uy,us) € [0,7] x S with
1 1 K
Im(uy) = Im ;7(1@) coth 57(u2)t + =i Aug | .

Since M3 > M; > M, and ¢ can be chosen arbitrarily small, it suffices to show that
- 1 . 1 . K
g(r,s,t) = ;Re v(r + is) coth 57(7‘ +is)t | ) + po i Ar > Ms.

for (r,s,t) € (2R' AN0,2R V 2) x R x [0, 7. The identity
Q) _ Re(¢) sinh(Re(¢)) + Im(¢) sin(Im(())
Re (g coth (2)) = T 2(cosh(Re(0)) — cos(Im(C)))

implies
3. 5.1) xysinh(xyt) + x_sin(z_t) & )
r, s, t) = BANN
A 202 (cosh(xyt) — cos(x_t)) o2
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with

ry = Re(y(r+1is))

1
2

_ (% (|62 = 20%% (r + is)| £ (+* = 20°Re(y™ (r + is))))) :

r_ = Im(y(r+1is))
_ (% (5% = 20%% (r +is)| = (5* = 20"Re(y” (r + is)»)) |

For s = 0 this equals

- ~(r) sinh(~(r)t) K
908 = S o)) — 1) T o2

Lemma [6.5] yields g(r, s, t) > g(r,0,t) for all (r,s,t) € (2R’ A 0,2RV 2) x R x [0,T].
Since )
3 v (r)
402 sinh? (%v(r)t)
it follows that g(r, s,t) > g(r,0,T) = g(r) for all (r, s,t) € (2R’ AN0,2RV 2) x R x [0, T].
Note that

— .

D3g(r,0,t) = <0,

J'(r) = % (7”(7”) coth(v(r)T) + LT (1 4 coth(z(r)T)?) (2 47T coth(y(r)T))) .
Since
I (/o) (S IR (29U (S
[ T IARET

we have that ¢”(r) < 0, which means that g is concave on (2R’ A 0,2R V 2). Hence
g(r,s,t) > g(r) > g(2R' N0O) A g(2RV 2) =: M3

forall (r,s,t) € (2R’ A0,2RV 2) x R x [0, 7T as desired.

Consequently, W, (¢, u1, ug) is analytic on S for every t € [0, 7]. Moreover, ¥, is con-
tinuous on [0,7] x S. From [17, Section 4.4] it follows that the Lévy exponents vy, ¢,
corresponding as in to the affine process (y, Z) are given by

Yo(ur,us) = knuy + (Akn — 0)ug = Knuy,

Uy (ug,ug) = 3021@ + (A\o?uy — K)up — Akug + %/\QJZUS + ™ (ug).
1hy can obviously be analytically extended to all of C2. By assumption 1/, can be analytically
extended to {u € C? : (2R’ AN0) —e < Re(uy) < (2R V 2) + ¢} for sufficiently small & > 0.
The functions Wy, ¥y : [0,7] x C_ x iR — C_ in (6.1) are given by because the
latter solve (6.2} [6.3)), cf. also [6, Lemma A.1].

Step 5: Note that the denominator in vanishes only if the denominator in (#.4))
does, which does not happen on [0,7] x S. From [8, Problem 9.10.2] we conclude that
(ur,u2) — loge(t, uy, us) and hence also (u1,us) — Wo(t, uy, us) are analytic on S for
all t € [0,T]. Moreover, ¥, is continuous on [0, 7] x S. The assertion follows now from
Theorem|[6.2] Indeed, Assumption|[6.1[(1-4) are shown in Step 4. Assumption[6.1(5) follows
from Assumption[4.2]3, 4). 0
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