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Abstract

Let k be an algebraically closed field, and let (0) denote O-dimensional vector space
over k. Recall that n-Kronecker quiver K (n) is just the quiver with two vertices 1, 2, and n
arrows 1, Yn : 1 = 2. We use repi (K (n)) to denote finite-dimensional representations
of K(n). If we use mod K, to denote finite-dimensional modules of /C,,, where K,, =
kK(n), then there is an equivalence between categories repi(K(n)) and mod IC,. We
will frequently identify these two categories.

Let (T'(n),2) be the universal covering of K(n), that is, T'(n) is an n-regular tree
with a bipartite orientation €. In general, we can take k-modules of the quiver T'(n) as
graded Kronecker modules. We use mod(7'(n),2) to denote finite-dimensional graded
Kronecker modules (or simply modules). In the end, we introduce two reflection functors
o,0”: mod(T(n),Q) > mod(7T(n),cQ)) concerning all sink points or all source points of
T(n)o, respectively, where 0§ is the orientation under action of o. If (M) # (0) for any
t € Z, we call that M is regular, where M € mod(T(n),2) is an indecomposable module.

Category mod(T'(n),2) admits AR-sequences and its regular components are type of
ZAs. Let M € mod(T(n),Q) be an indecomposable module. We call M a sink (source,
or flow) module if there exists a path of maximal length in M connecting two sink points
(or source points, or one sink and one source points). Hence we can define center C' (M),
radius (M) of M. Moreover, a module Y € mod(7'(n),(2) is said to be a sink (flow or
source) module if Y = ®;c;Y"?, and all Y have the same center and are indecomposable
sink (flow or source) modules. Let D be a regular component of mod(7'(n),2), and
let 0D be the corresponding component under the action of reflection functor o. Let
(0) > X > Y - Z - (0) be an AR-sequence in D, and let b(Z) be the number of flow
modules in the o-orbit of Z, then

(a) Y is asink (source or flow) module if and only if 0 Z is a sink (source or flow) module.
Moreover, their radii and centers satisfy r(Y) =r(cZ) +1 and C(Y) = C(cZ).

(b) | W(D) -W(aD) |< 1,W(D) 2 "B where W(D) is the width of D and b(D) =
b(Z).

We define full subcategories Inj, o, Surj, o and CR, o on mod(7'(n),2). There exists a
push-down functor 7y : mod(7(n),Q) - mod K,, and it is exact. Let M € mod(T'(n),?)
be an indecomposable module. Let N =7)(M), and let N be not isomorphic to a simple
module. We say that M is of type Aj o if there exists a path in M consisting of all the direct
summands M(%J),M(vf,) for some two indexes 7,4, where N(v;) = @W(%)sz(%),m €
{i,i"}. J. Carlson, E. Friedlander and J. Pevtsova once introduced the subclass of modules
of constant rank in 2008. We say that M is of constant rank, provided 7y (M) is of constant
rank. We show that M € Inj, o USurj, o when M is of type A; 2 and is of constant rank.
If there exists W(oD) =1 for a regular component D of mod(7'(n),2). Then we have

CRy,0nD = (Inj,, o uSurj, o) ND.

Let M be a finite-dimensional module of K,,, we consider its dimension vector dimM =
(dimg M7, dimg Ms). Let F = {(x,y) %x <y <x}. Suppose that (z,y) € F. We construct
a module X (z,y) of K,, and we prove it being elementary. Suppose that dimM = (x,y).
We show that:

(a) The module M is an elementary module, then x < 2n.
(b)) When x +y = n + 1, the module M is elementary if and only if M is of the form
X (x,y).






Zusammenfassung

Sei k ein algebraisch abgeschlossener Korper und (0) der 0-dimensionale k-Vektorraum. Der
n-Kronecker-Kocher K (n) ist der Kocher mit zwei Ecken 1, 2 und n Pfeilen ~, -, 7, : 1 - 2.
Wir bezeichnen mit repg(K(n)) die Kategorie der endlich-dimensionalen Darstellungen des
Kéchers K(n). Diese ist dquivalent zur Kategorie mod IC,, endlich-dimensionaler Moduln der
Wege-Algebra I, := kK (n). Wir werden diese Aquivalenz durchgéingig nutzen.

Sei (T'(n),Q) die universelle Uberdeckung von K (n), d.h. T(n) ist ein n-regulirer Baum
mit einer bipartiten Orientierung 2. Im Allgemeinen werden wir k-Moduln des Kochers T'(n)
als graduierte Kronecker-Moduln ansehen. Wir bezeichnen mit mod(7'(n),2) die Kategorie
endlich-dimensionaler, graduierter Kronecker-Moduln (kiirzer: Moduln). Wir werden zwei
Spiegelungs-Funktoren 0,0~ : mod(T(n),2) - mod(T(n),of), relativ allen Senken- bzw.
allen Quellen-Punkten von 7T'(n)o, definieren.

Die Kategorie mod(T'(n), 2) erlaubt das Studium von AR-Folgen, seine reguliren Kom-
ponenten sind vom Typ ZA.. Sei M € mod(T'(n), ) ein unzerlegbarer Modul. Wir nennen
M einen Senken- (Quellen- oder Fluss) Modul, falls ein Weg maximaler Lange in M existiert,
welcher zwei Senken-Punkte (zwei Quell-Punkte, oder einen Senken-Punkt und einen Quell-
Punkt) verbindet. Dies ermdglicht es uns, das Zentrum C' (M) und den Radius (M) von M
zu definieren. Wir sagen ferner, dass ein Modul Y € mod(7T'(n),2) ein Senken- (Fluss- oder
Quell-) Modul ist, falls Y = @, Y%, wobei alle Y? unzerlegbare Senken- (Fluss- oder Quell-)
Moduln mit gleichem Zentrum sind. Sei D eine reguldre Komponente von mod(7'(n),{2), und
sei 0D die Komponente, welche nach Anwendung des Spiegelungs-Funktors o entsteht. Sei
(0) > X - Y - Z - (0) eine AR-Folge in D, und sei b(Z) die Anzahl von Fluss-Moduln in der
o-Bahn von Z, dann gelten

(a) Y ist ein Senken- (Quell- oder Fluss-) Modul genau dann, wenn ¢Z ein Senken- (Quell-
oder Fluss-) Modul ist. Des Weiteren geniigen ihre Radien und Zentren den Gleichungen
r(Y)=r(cZ)+1und C(Y)=C(cZ).

(b) |IW(D)-W(oD) |<1,W(D) > b(D2)+l, wobei W(D) die Breite von D ist und b(D) = b(Z).

Wir definieren die vollen Unterkategorien Inj, o, Surj, o und CR, o von mod(T'(n),Q2). Es
existiert ein push-down Funktor 7y : mod(7(n),?) - mod K,, welcher exakt ist. Sei M e
mod(7'(n), ) ein unzerleghbarer Modul. Sei N = m)(M), so dass N nicht einfach ist. Wir sagen,
dass M vom Typ A, ist, falls ein Weg in M existiert, der aus allen direkten Summanden
von M (~]), M(v)) fiir zwei Indizes i,i’ existiert, wobei N(7,) = (—Bﬂ(%):%M(%),x e {i,i'}.
J. Carlson, E. Friedlander und J. Pevtsova fiithrten 2008 die Unterklasse aller Moduln von
konstantem Rang ein. Wir sagen, dass ein Modul M von konstantem Rang ist, falls 7, (M) von
konstantem Rang ist. Wir zeigen, dass M € Inj,, o USurj, ¢ gilt, falls M vom Typ A; 5 und vom
konstanten Rang ist. Falls W(oD) = 1 fiir eine regulire Komponente D von mod(7'(n),$2),
dann gilt

CR,ND = (Inj, ouSurj, o) nD.

Sei M ein endlich-dimensionaler /C,,-Modul mit Dimensionsvektor dimM = (dimy M7, dimy Ms).
Unter der Annahme, dass (z,y) € F := {(z,y) | 2z <y < z} gilt, konstruieren wir einen K,-
Modul X (z,y) und zeigen, dass dieser elementar ist. Gilt dimM = (x,y), so zeigen wir ferner:

(a) Wenn M ein elementarer Modul ist, dann gilt = < 2n.
(b) Falls x +y=n+1, M ist elementar, wenn und nur wenn M in der Form von X (z,y) ist.
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1 Introduction

Let k be an algebraically closed field. Let T'(n) be the covering of generalized Kronecker quiver
K(n). We call a finite-dimensional representation of 7'(n) a graded module of K(n), n > 3.

Let @ be a quiver. We use repi(Q) to denote the finite-dimensional representations of Q.
There is a reflection (or called shift) functor o : repg(Q) — rep(Q). Working with push-down
functor my : mod(7'(n),Q2) -» mod K, [7, 7.1], we get my o o(M) = o om\(M) for all M e
mod(7T(n),2). Let M € mod(7T(n),Q) be an indecomposable module. We call M regular if
ot(M) # (0) for any t € Z. Functors 0,0~ induces a quasi-inverse equivalence between k-linear
full subcategories of mod(7'(n),2) and mod(7(n),c€2) consisting of regular modules (section
3).

In section [4] we focus on a regular indecomposable module M of mod(7T'(n),Q). We use
T (M) to denote its support. Recall that any path in T'(M) of maximal length will be called
a diameter path [5, section 1]. All diameter paths of M have the same length d(M) and the
same center C'(M) |5, section 2]. Then we can get three different modules; sink module, source
module, and flow module. More generally, we call a module N = &;.; N a sink (flow, or source)
module, provided all its indecomposable direct summands N? are indecomposable sink (flow,
or source) modules with same center and d(N) = max{d(N?) |i € I}, N* € mod(T(n),Q). Tt
is also well-known that regular components (sometimes called AR-components) of generalized
Kronecker quivers K (n) are components of type ZAq (cf.[8]). It is the same for the covering
T(n). Suppose that D is a regular component of mod(7'(n),2). Then for an AR-sequence
(0) > X -Y - Z - (0) in D, module Y is a sink (source, or flow) module if and only if 07 is
a sink (source, or flow) module.

There exist two full subcategories EIP,,, EKP, and a width W(C) of regular component
C in mod K, |11, Section 2]. Correspondingly, we have Inj, o, Surj, o and W(D) of regular
component D in mod(T(n),§2). Let oD denote the corresponding component of D under
the action of reflection functor o. Claus Michael Ringel defines an invariant b(D) for such
component D in 2018 (cf.[5]). In the section[5] we combine those things and get the inequalities:

Theorem A. Let D be a reqular component of mod(T(n),2). Then we have
|W(D) -W(oD) |< 1 and X2 < W (D).

In section [0 we talk about modules of constant rank. Let M € mod(T'(n),2) be indecom-
posable, and let N = my(M). Let v =¥, N(v;). In section , we write down the matrix ~,
and find tk v > tk 7' N(7;) > - > tk N(7;). We say that the M is of constant rank, provided
N is of constant rank. We say that the M is of type A;2, provided there exists a path in
T(M) consisting of M(v]), M(~]) for some two i, j, where N (7;) := @r(yr)=y, M (77), N(7;) =
D)=y M (7). Then we get the following result:

Theorem B. Let M € mod(T(n),2) be an indecomposable module, and be of constant rank.
Suppose that the module M is of type Ay o for some two indexes i,5. Then there exists M €
Inj,, o USurj, q-

Let D be a regular component of mod(7'(n),2). Then we have

Theorem C. Let D be a reqular component of mod(T(n),Q2). Suppose that W(D) = 1. Then
there exists

CRy 00 N0oD = (Inj,, ,quSurj, ,q) NoD
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for the regular component oD.

Now suppose that M € repi(K(n)) is a regular indecomposable module, and let (z,y) be
its dimension vector, we denote by dim M = (dimg My, dim; M) = (x,y). Associating to K (n),
there is a quadratic form defined by ¢(x,y) = 2% + y2 — nxy. We say that the dimension vector
(z,y) is regular, provided ¢(x,y) < 0. For n-Kronecker quiver K(n), n >4,

Y1
3
lo : 02
\’y_){

Y

it is barely known about its elementary modules. Let R be the set of regular dimension
vectors. By abusing notations, we introduce two maps o,0 on the set R, where o(z,y) =
(nz-y,x),0(z,y) = (y,2),(z,y) e R. Let F={(z,y) | 22 <y <z}. We have seen that set F is
a fundamental domain for the action of the group generated by ¢ and o on the set R (cf.[17]).
Hence we only need to focus on the set F. We construct a module X (x,y) for the dimension
vector (z,y), where x +y =n+ 1. We prove

Theorem D. Let (x,y) € F with x +y =n+1. Then a module M € modC,, with dimension
vector (x,y) is elementary if and only if M is of the form X (z,y).



2 Preliminaries

In this section, we present a few concepts and some basic results. For convenience, we will
give some definitions in a short way. A thorough introduction to this part can be found in
[1, II-VII], [5] or [7]. Throughout, k& will denote an algebraically closed field.

2.1 Almost split sequence

Definition. Given a finite-dimensional algebra A over k, we let mod A denote the category of
finite-dimensional right A-modules. Then for L, M, N € mod A, the short exact sequence

(0) v L L s M2 N > (0)

is called an almost split sequence or Auslander-Reiten sequence (or simply AR-sequence) if the
following conditions (a), (b), (c¢) (or (¢’)) are satisfied:
(a) L and N are indecomposable.
(b) The map g does not split.
(c) Given any A-module N’ and map h: N’ - N which is not a split epimorphism, then h
factors through ¢ as in the following diagram:

(0) > L y M —2 5 N > (0).

(¢) Given any A-module L’ and map ¢ : L - L’ which is not a split monomorphism, then ¢
factors through f as in the following diagram:

s L5 M
k7
L/

Let mod A° denote A-dual category of mod A. We introduce A-dual functor
(=)t = Homy(—, A) : mod A - mod A.

(0) s N —— (0).

Let M € mod A. Let P, 2 Py 2% M - (0) be a minimal projective representation of M.
Using functor (-)?, we get an exact sequence of left A-modules

t
¢ P1

O—>Mtﬂ>P0—>Pf—>Cokerptl—>(()).

We define Tr M := Coker p! and call it the transpose of M. When M is indecomposable, and is
not projective, we have Tr(Tr M) = M |1, IV.2.1]. Let D = Homg (-, k). The Auslanter-Reiten
translation in mod A is defined by the compositions of Tr and D, that is, 7 = DoTr and 77! =
TroD.

Definition. Let NV € mod A be an indecomposable module, then
(1) N is called preinjective, provided there exists some ¢ € Ny such that 7=/ = (0).
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(2) N is called preprojective, provided there exists some t € Ny such that 7N = (0).
(3) N is called regular, provided N is not preinjective or preprojective.

It is well-known that there is no nonzero morphism from preinjecitve modules to preprojective
or regular modules [7, Proposition 2.13]. When N is decomposable, we sometimes say that N is
still regular, provided there does not exist indecomposable direct summand which is preinjective
or preprojective in N.

Let X,Y € mod A. We say that homomorphism f : X - Y is irreducible, provided f is
neither a split monomorphism nor a split epimorphism, and if f = f; o f5, then either f; is a
split epimorphism or f5 is a split monomorphism. Let rad4 be the radical of mod A. We can
define the set

Irr(X,Y) = rad 4 (X, Y)/rad% (X,Y)
and call it the space of irreducible morphisms |1, IV.1.6].

Definition. The Auslander-Reiten quiver T'(A) of A is defined as follows:

(a) The points I'(A)( correspond to the isomorphism classes [X] of indecomposable modules
X in mod A.
(b) Let [X],[Y] be two points in I'(A)o. Then there are dimy Irr(X,Y") arrows from [X] to

Let X,Y € mod A be indecomposable modules. We say that X is a predecessor of Y, provided
there exists a directed path from [X] to [Y] in I'(A), i.e. a chain of irreducible maps from X
to Y. We say that X is a sucessor of Y, provided there exists a directed path from [Y] to [X]
in I'(A), i.e. a chain of irreducible maps from Y to X.

Definition. A connected component D of I'(A) is called preprojective, preinjective, or reqular,
provided modules contained in it are all preprojective, preinjective, or regular.

We use (= Y) to denote the subset of I'(.A)q consisting of Y and all its predecessors, and
(Y =) to denote the subset of I'(.A), consisting of Y and all its sucessors, respectively.

Let X be a non-projective indecomposable module (or let Y be a non-injective indecompos-
able module). Then there exists a uniquely determined AR-sequence,

(0) Y Lo, M 5 X - (0),

where Y (or X) is indecomposable, modules M; are pairwise non-isomorphic and indecompos-

1 Jiy
able. Suppose that f=]:],9 = [91,---,gt], where f; = |

ft fzm
maps fi, fiy, - fin, 2 Y = M; and giy, -+, gi,,, * M; — X correspond to bases of the Irr (Y, M;)
and Irr(M;, X), respectively. We write Y = 7X (or X = 77Y) and we denote this in I'(4) by
[Y] <- [X]. Note that we sometimes don’t distinguish X (or Y') and its isomorphism class [ X ]
(or [Y]) in T'(A).

1 9i = [gn,---,gmi]. Then the



2.2 Graph

Definition. A graph is a pair G = (Go,G1) : Gy (whose elements called the vertices) and G4
(whose elements called the edges). If {a,b} is an edge, then a,b are also called neighbours.

For a graph G, there is a map (, called orientation : G - Go x Gy, such that Q({a,a’}) is
either (a,a’) or (a’,a). We call (G,Q) an oriented graph. We write a - o’ if Q({a,a’}) = (a,a’)
and call a the start and o’ the target. Meanwhile we call a a sink (or a source) if it is not a start
(or the target, respectively) of any arrow. If any vertex is a sink or a source, then the orientation
Q will be called bipartite. A subgraph of a graph G = (Gy,G1) is a graph G’ = (G}, G) such
that Gf, ¢ Gy, G} € G.

A path of length ¢ > 0 in graph G is a finite sequence (ag,ay, -+, a;) of vertices satisfying
a;-1,a; are neighbours for 1 <7 <t, and a;_y # a1 for 1 <j <t. If ¢ = 2r, then a, is called its
center and r its radius [5, 2.1]. If ¢t = 2r + 1, then {a,,a,,1} is called its center and r its radius.
Suppose that for any pair a,b of vertices in GG, there always exists a path connecting a and b,
then we say that G is connected. We call a path of length ¢ > 0 being a cycle whenever its
source and target coincide. A cycle of length 1 is said to be a loop. Graph G is called acyclic
if it contains on cycles, and it is called finite if Gy and G are finite set.

Graph G is called a tree if it is connected and paths connecting a vertex with itself are
always length 0. Let G be a tree, we define

d(a,b) := the length of path connecting a and b.

This is well-defined since there is only one path from a to b in the tree G. If G’ is a subset of
tree G and z € G', we define

d(z,G") =min{d(z,a) | a € G'}.

For every finite tree GG, the paths of maximal possible length d(G) are called the diameter
of G. Let r(G) denote the radius of G. It can be shown that for a finite tree G, all diameter
paths of G have the same center C'(G) [5, 2.1]. Suppose that (ag,aq,--, a;) is a diameter path
of G. We define,

a, t=2r,
{ar,a,41} t=2r+1.

C(G)={

2.3 Quivers

A quiver is just an oriented graph (loops and multiple arrows are allowed), normally denoted
by @ = (Qo, @1, 5,t), where s,t: Q1 = Q. For z € Qq, let

xt:={yeQo|JaeQ:t(a) =y, where s{a) = x}
7 :={yeQo|JaeQ:s(a)=y,where t(a) =x}.

The neighbourhood N (x) of x is z+ ux~. We say that z is a leaf, provided x has at most one
neighbour. We say that quiver Q" = (Qf, @}, s',t') is a subquiver of quiver @ = (Qo, @1, $,1),
provided Q) € Qo, Q] € @1 and the restrictions s |/, g, of s,t to Qf satisfy s |g=s',t | =1
Subquiver Q' is called full if Q] = {a € Q1 | s() € Qp,t(a) € QF}. We get quiver @ its
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underlying graph @ by forgetting the orientation of the arrows. We say that @ is connected
if  is a connected graph. Without loss of generality, we always assume that it is acyclic and
connected when we talk about a quiver Q).
A finite-dimensional representation M = ((M,)zeqy, (M (0))aco,) Over @ consists of vector
spaces M, and k-linear maps M («) : Moy > Myoy such that dimp M = ¥ o dimg M, is finite.
A morphism f: M — N between representations is a collection of k-linear maps (f.):eq,»
such that for each arrow « :x — y there is a commutative diagram

M)

M, — M,
e Lty
N(a)

N, — N,.

We sometimes use S(i), P(i),1(i) to denote the correspondingly simple, projective and
injective representations at the point i,7 € Q9. We thus define a category Repi(Q) of all k-
linear representations of ). We denote by repi(Q) the subcategory of Repy(Q) consisting of
finite-dimensional representations.

Definition. Let @ = (Qo, @1, s,t) be a finite, connected, and acyclic quiver [1, VIL5]. For
every point a € (g, we define a new quiver

JaQ = (Q67 /1>S,at/)a

as follows: all the arrows of ) having a as source or as target are reversed, all other arrows
remain unchanged. More precisely, Qj = Qo and there exists a bijection ¢ = @)} such that if
o’ € ] denotes the arrow corresponding to a € (); under this bijection, then:

(1) if s(a) # a and t(«) # a, then s'(a’) = s(a) and t'(a’) = t(«); whereas

(2) if s(a) = a or t(«) = a, then s'(a’) = t(a) and t'(a’) = s(«).

Definition. Let ) be a finite quiver, a a sink in (), and let Q) = 0,Q). We define a reflection
functor

Sa + rep(Q) — repr(Q)

between the categories repy(Q) and repy(Q’) as follows [1, VIL5.5].
Let M = (M;,¢a)ieqo,aecq, De an object in repy(Q). We define S M = (M], ¢, )ieq) aeq; in
repi(Q’) as follows:
(a) When i # a, we define M/ = M;. However, space M/ is the kernel of k-linear map
(Soa)a : @azs(a)—mMs(a) - Ma;
(b) when j # a, we define ¢/, = ¢, for all arrows av:i — j in Q;. When « :i — a is an arrow
in ()1, then ¢}, : M7 — M; is the composition of the inclusion of M/ into ®q:s(a)—aMs(a)
with the projection onto the direct summand M;.
Similarly, if ()’ is a finite connected quiver, a a source in Q)’, and ) = 0,()’. There exists a
reflection functor

S; 1 1epr(Q’) — repr(Q)

between the categories rep,(Q’) and repi(Q) as follows. Let M’ = (M’, ¢}, )icq).acq, De an
object in repg(Q’). We define the object S; M’ = (M;, ¥n )icqo.aecq, i1 repi(Q’) as follows:



(a’) When i # a, we define M/ = M,;. However, space M, is the cokernel of the k-linear map
(ph)a: Mj—~ %:aet(a)Mt(ay

(V') when i # a, we define ¢, = ¢/, for all arrows a: i — j in ]. When o :a — j is an arrow
in @1, then ¢, : M; = M} - M, is the natural embedding of M into @a:a_,t(a)]\/[t( ) with

the projection of this direct summand onto M,.

Corollary 2.3.1. [1, VIIL. Corollary 5.7] Let Q be a finite, connected, and acyclic quiver with
at least two points; a sink in Q; and Q' = 0,Q. The reflection functors SF :rep,(Q) — rep,(Q’)
and 8] :rep,(Q') = rep,(Q) satisfy the following properties:

(a) The functor S; is left adjoint to S;.

(b) If M is indecomposable in rep,(Q), then the following two conditions are equivalent;

(1) SfM #0,

(11) M 2 S(a).

Moreover, if this is the case, then S;STM = M and S; induces an algebra isomorphism

End M = End(S; M).

(c) If M’ is indecomposable in rep,(Q’), then the following two conditions are equivalent;

(i) S; M’ #0,

(11) M'#S(a).

Moreover, if this is the case, then S}S;M' = M' and S, induces an algebra isomorphism

End M’ 2 End(S, M").

(d) The functors 8 and S, induce quasi-inverse equivalences between the k-linear full sub-
category of rep,(Q) of the representations having no direct summand isomorphic to the
simple projective representation S(a) and the k-linear full subcategory of rep,(Q') of the
representations having no direct summand isomorphic to the simple injective representa-
tion S(a).

2.4 Covering Theory
We now focus on the generalized Kronecker quiver K(n), n > 3,

Y1
—
lo : o2.
\’7){

Let K, = kK(n). Clearly, algebra IC,, is Artin |11, Section 2.1]. Let ¢; correspond to the
trivial path point 4, i € {1,2}. In the following, we give a brief construction of the covering T'(n)
of Kronecker quiver K (n) [7, 7.1]. Let @ = (Qo, @1, s,t) be a quiver. We define formal inverse

(Q1)7! on Qq, where

(a) (@) ={a"|ae};
(0) s(at) :=t(a) and t(a™") := s(a) for any ot € (Q1)~;
(c) we say that w is a walk of @)1, provided there exists w = a5"---a5', where a; € Q1, € € {1,-1}
and s(a;t') =t(as") for all i < n;
(d) s(w)=s(ai") and t(w) = t(am").
Let W := {walks of K(n)}. We introduce an equivalence relation ~ on W, which is generated
by ;1 ~ €1 and 7y, ~ 2. We define an involution ()~ on W, where

(=) W > W;(ar-a" )t ma]™an™.



Let (K (n)) be the fundamental group of K(n) in the point 1, i.e. 7(K(n)) = {[a] | s(a) =
t(a) = 1}, where [a] is the equivalence classe of unoriented path «. The multiplication is the
concatenation of paths. We define [w]':=[w™!] and the identity element is [e;]. Then quiver
T'(n) is given by the following data:

(a) (T(n))o is the set of equivalence classes of walks starting in 1.

(b) When w' ~ v,w for some i € {1,---,r}, we say that there exists an arrow from [w] to [w'].

Let 7 : T'(n) - K(n);[w] » t(w), ([w] = [yw]) = . Action of group G = (K (n)) on

T'(n) is the concatenation of paths:

g-[v] = [vw™] and g.([u] = [riu]) = ([uw™] = [vuw™]),

where g = [w] € 7(K(n)) and [v],[u] € T'(n)o with arrow [u] - [yu] = [v]. Finally, we
define T} := 7= 1({1}), T,y = 771({2}). Let Q be the bipartite on T'(n). Then for any M e
repg(7'(n),2), group G acts on M via:

M9 := (((Mg)w)weT(n)ov (Mg(a))aeT(n)1)7
where (M9), := My, and M9(«) := M(g.a).

Definition. Let @+ 5 < T (n)y be a set of vertices.

(a) The unique minimal tree in 7'(n) containing S is denoted by T'(.5).
(b) A vertex x € T(S)y is called a leaf of T'(S), provided | N'(z) nT(S)o |< 1.

Definition. Let 2 € T(n)y and M € mod(T'(n),2) be a module.
(a) The set supp(M) = {y e T(n)o| M, # 0} is called the support of M.
(b) The vertex z is said to be a leaf M, provided x is a leaf of T'(M) := T'(supp(M)).

Definition. Let M € mod(7'(n),2). We call M a thin module, provided dimy M, < 1 for every
aeT(n).

Let M € mod(T'(n),) be a thin module. According to |9, Proposition 1], we know that M is
indecomposable if supp(M) is connected. Now we look at an example.

Example. Let M € repi(7'(3),52), and let supp(M) be the following:

P X o ~ o
- N
- /Y ~
o _ 07T T~
y\ - N ° N
y / \
/ \
/
— - - \/\ o
, — [71/] (\j\ _r \\
I / / \
I [ / N \\ \\ |
| | !
| I | [e1] = [4e] | |
\ \ \ | I
\ \ \ A / / !
N I



where dim; M, =1 for all a € T(M)o, M(7;) = \i, \i € k~{0}. Let g = [y3'11] € G. Then M is
indecomposable and supp(M?9) is the following:

! s A

// . // — o \\/ N [n}é]
/ ! I AN [GD] \
I ! / /\ \ \ \
! ! / . ¥ \ \

|

{ : ‘ o — [l | |
|

where [€1] = [77'%], [ = [271t 2] [94] = [13711 2] There exist dimMJ = 1 for all a €
T(M9)o and M9(7y;) = A;.

Let ' be a quiver. Then I' is said to be locally finite, provided every point = € I'y has only
finitely many neigbours.

Definition. Let I" be a locally finite quiver containing no loops. Let 7 be a bijection between
two subsets of I'g. Then (I',7) (or simply, I') is called to be a translation quiver, provided for
any x € [y such that 7x exists, any every y € 2=, the number of arrows from y to x is equal to
the number of arrows from 7z to y. Morevoer, we say that (I, 7) is a full translation subquiver
of (I',7), provided I is a full subquiver of I' and 7’z = 72, whenever x is a vertex of I/ such
that 72 belongs to I".

We define a push-down functor 7 : repy(7'(n), Q) = repi (K (n)); M = (ma(M);, ma(M) (7))
factoring through 7'(n)/G, that is, my(M9) = ma(M), Vg € G, where

= P M,
m(y)=j
(M) ()= @ M(B): (M) > ma(M)z,je{l,2},1<i<n.
m(B)=vi

The functor 7y is exact [3, 3.2]. Since the category repy(K(n)) is equivalent to the category
mod /C,, of finite-dimensional modules for path algebra IC, of generalized Kronecker quiver
K(n), we sometimes say that a representation M € rep,(K(n)) is a module of IC,.

For any two sinks x,y € T'(n)o, we can see that 0,0, = 0,0, using the definition. If we fix a
bipartite orientation 2 of T'(n), then we can define a reflection functor

o :repp(T(n),Q) - repp(T(n),o0)

at all sinks of quiver (T'(n), (), where of2 is the orientation of 7'(n) under the action of functor
0. Then o is well-defined and independent of the order. We sometimes call such functor ¢ the
shift functor. Similarly, we can get another functor o~ at all source points of T'(n)y. Note that



the repg(7'(n),2) also admits AR-sequences (cf.[3, 2.2]). By [, 2.6], the composition o2 is the
translation 7.

We call modules in repg(7'(n),2) the graded Kronecker modules (or graded modules, or
simply modules). We often use mod(7'(n),2) to denote those modules. Without specific
emphasis, we always mean quiver (T'(n),2) when we talk about covering T'(n).

Definition. Let M € mod(7'(n),2) be an indecomposable module. We say that M is regular,
provided my (M) is regular.

We will show that functors o and o~ send regular indecomposable modules to regular indecom-
posable modules in section [3]

Theorem 2.4.1. |7, Theorem 7.1] The following statements hold.

(a) my sends indecomposable representations in rep,(T(n),Q2) to indecomposable representa-
tions in rep,(K(n)).

(b) If M erep,(T(n),Q) is indecomposable, then w\(M) = m\(N) if and only if M9 = N for
some g€ Q.

(c) my sends AR-sequences to AR-sequences and wy commutes with the Auslander-Reiten
translations.

(d) If M € rep,(T(n),Q) is indecomposable in a component D with (M) in a component
C, then my induces a covering D — C of translation quivers.

Corollary 2.4.2. [7, Corollary 7.2] Let D be reqular component, then the covering D — mx(D) is
an isomorphism of translation quivers. In particular, D is of type Z. Ao . Moreover, a component
C is reqular if and only if C is of type ZA.

2.5 Graded Kronecker modules

Let M € mod(T(n),2) be indecomposable. Then T (M) = supp(M) is a finite tree, we can
define

d(M)=d(T(M)), C(M)=C(T(M)) and r(M) =r(T(M)).

We call them diameter, center, and radius of M, respectively [5, 2.4]. We say that
(a) M is said to be a sink module, provided diameter paths of T(M) start and end in sinks;
(b) M is said to be a source module, provided diameter paths of T'(M) start and end in
sources;
(¢) M is said to be a flow module, provided length of diameter path of T (M) is odd.

Theorem 2.5.1. [5, Theorem 1] Let M be a reqular indecomposable module of mod(T'(n), ).
Then the shift orbit of M contains a unique sink module My with smallest possible radius, saying
with radius ro = ro(M). Let M; = oMy for all i € Z. Then there is an integer 0 < b(M) < ro(M)
and a path (ag, -+, ap) in T(n) with the following properties.
(a) Fori>0, the module M_; is a sink module with radius ro +1 and center ag.
(b) For1<i<b(M), the module M; is a flow module with radius ro — 1 and center {a;_1,a;}.
(c) Fori>0, the module My,1.; is a source module with radius ro + i and center ay.
The integer ro( M) is positive. If ro(M) is even, then ag is a sink, otherwise a source.
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2.6 Index and Balls

Let M be a regular indecomposable module of mod(7'(n),€2). Theorem tells us that there
exists some i > 0 such that o™*'M is a flow or source module. Let i be the minimal with this
property, we define

My :=07"M and M; = o' My, for each i € Z.
Then all the module M; with ¢ < 0 are sink modules.

Definition. Given an indecomposable regular module M € mod(7T'(n),2), we define its index
t(M):=t when M =o' My,t € Z.

For any x,c¢,c1,c0 € T(n)o and r e N [5 2.3], let

B.(c) :={xeT(n)o|d(x,c) <r},
B.(c1,¢c2) :=={xeT(n)o | d{z,c;) <r},ie{l,2}.

We call such sets B,(c) and B,(c1,c2) the balls with radius r and with center ¢ or {c,co},
respectively. Let M € mod(7T'(n),2) be an indecomposable module. Suppose that ¢, or {c1, s},
and r are the center and radius of M, respectively. We define

B(M) := B,(c), or B(M) := B,(c1,¢c2).

Clearly, T'(M) and B(M) have the same radius and same center.

2.7 Regular component

o
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Figure 1: Regular component ZA..

It is well-known that the regular components of I'(K,,) are the type of ZAs (cf.[8]). A
module M is called quasi-simple if it is located in the bottom row of a ZA. component. Let
M be a module in a regular ZA.-component C, then there exists a quasi-simple module X € C
(or Y €C) such that we can find a chain of irreducible monomorphisms X = X; - -+ - X, —»
X, =M (or irreducible epimorphisms M =Y, - Y, 1 - - > Y] =Y). We call s the quasi-length
of M and the module X (or Y') quasi-socle (or quasi-top ) of M. We call the factors X;/X;_4
or Y;/Y;_1 the quasi-composition factors of M. It can be shown that M is uniquely determined
by its quasi-length and quasi-socle (or quasi-top), whence we can define
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ql(M) := s = quasi-length of M.
Moreover, if we let X, = (0), we have sequences
g
; (v -p)
(0) = Xi/Xjoy — Xi/ X @ Xia [ Xjoy — Xin/X; — (0)

being AR-sequences for all 1 < j<i<s-1, where p is projection, and ¢ is embedding [8, 3.2].
Note that for a quiver (), we usually use C,D,---, to denote the regular components of
repi(Q), and oC, 0D, -, its corresponding components under the action of o in rep,(Q).

Definition. For any a € k* \ (0) and any M € mod IC,,, we define
T 1= Q1YL+ 0+ QY.
We denote by
MM~ M
the linear operator associated to z,.

Definition. Let M € mod K,, be indecomposable. Module M is said to have the equal kernels
property, provided ker x is independent of « for all o € k” \ (0). Further, M is said to have
the equal images property, provided im zM is independent of «.

Let M € mod K,, be indecomposable and non-simple. General theory tells us that
iy ker(227) = My and YL, im(xd!) = M,

where ¢; is the i-th canonical coordinate. In particular, the module M has the equal kernels
property if and only if My = ker(zM) for all « € k» \ {0}, and the equal images property if and
only if My =im(zM) for all nonzero « [7, Lemma 2.20]. Hence for an indecomposable module
M, we can define two sets

EKP,, := {M € mod K, does not have direct summands of type S(1)| Va € k"~ (0) : ker(z2) = M},

EIP,, := {M € mod K, does not have direct summands of type S(2) | Vo € k"~ (0) : im(z) = My }.

Definition. Let M e mod K,,. We say that the module M is of constant rank if the rank of
M is independent of « € k™ \ (0).

Hence we get the set
CR,, := {M e mod K, | there is rp; € Ny such that rk 2 =r), for all « € k"~ (0)}.

There exists EKP,, n EIP,, = (0) [11], 2.4]. Clearly, there is EIP,, u EKP,, ¢ CR,, |11, Theorem
2.5).

It is shown that there are uniquely determined quasi-simple modules My and W¢ in C such
that the cone (M —) of all successors of M satisfies (M¢ —) = EKP,, n C and the cone (- W¢)
of all predecessors of W satisfies (= W) = EIP,, n C |11, Theorem 3.3]. Let

12



Inj, o == {M € mod(T'(n),Q) | Vé e (T (n)),: M(J) is injective },
Surj, o :={M € mod(T'(n),Q) | Vo € (T'(n)), : M () is surjective }.
CRy0:={M emod (T(n),Q2) | mx(M) is of constant rank}.

Let M € mod(T(n),2) be regular indecomposable. According to [7, Theorem 8.1], we know
that M e Inj, o if and only if M € EKP,,.

Definition. Let C be a regular component of mod /,,. Define W(C) an integer satisfying
TWOHNMe = We. We call W(C) the width of C.

Definition. Let D be a regular component of mod(7'(n),2). We define an integer W(D)
satisfying TW™*1 Mp = Wp. We call W(D) the width of D.

In fact, we want to talk about the invariants in the regular component D of mod(7'(n), ) in
the following sections. Ringel shows that b(M) = b(M’) for any regular indecomposable modules
M, M’ € D |5, section 7]. We combine D with ¢D using reflection functor . By discussing
their widths W(D),W(oD) and radii (D), r(cD), we get these two components D, oD being
almost the same things. That is why we hardly get difference when we use push-down functor
my to act on them.

2.8 Duality

Recall that the duality D : mod K,, - mod KC,,; (M;, M (~y;)) = (M}, M*(~;)), where M} is the
k-dual of M;_;, and M*(~;) is the k-dual of M (v;), where £ : {1,2} - {1,2} is the involution
with €(1)=2,i=1,2,j € {1, n}.

We now introduce an involution o : T'(n)g = T'(n)o; [w] = [Wy1], where €] := €5, 65 := €1 and
ag--aft = apmaf"'. Then we can get a quiver anti-morphism (¢ : T'(n) - T'(n); for every
arrow [w] — [vw] in T'(n), there is a unique arrow (([w] = [v;w]) with start (o([vw]) =
[v;'w] and target (o([w]) = [@wy1]. Then we can define duality

Drny : mod(T'(n), Q) = mod(7T(n),2); (Ns, N(7;)) = (NS, N*(;))-

We have 7y o Dpe,y (M) = D omy(M) for all M € mod(T'(n)) [7, Section 7.2]. We also have
D(EKP,,) = EIP,, |11, Section 2.2]. Then we have Drp(,)(Inj, o) = Surj, o by [7, Theorem 8.1].
Using the definition of Dp(,), we can see that functor D%(n) is equivalent to the identity functor
on category mod(7'(n),2).
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3 Reflection functor of convering quiver

3.1 Indecomposable module and reflection functor

We want to show that reflection functor sends regular indecomposable module to regular inde-
composable module. We abuse notations, and let o = 83,0~ = Sy for K,,.

Lemma 3.1.1. Let M € mod(T'(n), ) be an indecomposable module. Then wyx(o M) = o(my\(M))
and (o= M) = o= (m\(M)).

Proof. We only prove 7y (o M) = o(myx(M)), and it is similar for the other one. If oM = (0),
then m)\(M) = S(1), there is nothing to prove. Suppose that oM # (0). We need to show that

the following diagram commutes.

mod(7T'(n), Q) —>— mod K,

I -

mod(T(n),oQ) —2—= mod K,

We have

WA(M)J'Z @ M,

(y)=j
(M) (vi) = (g% 'M(ﬁ) (M) > mA (M),

for je{1,2} and 1 <i<n.
Let N = omy\(M), where

NQZT('/\(M)l: @ My,

m(y)=1

and

Ny = (oma(M)):
= ker (@W}\(M)S(W) — 7T)\(M)2)

= ker (@ @ Mgy - @ M.).

Vi w(B)=7; m(2)=2

By the definition of o, each N(v;) is the composition of the inclusion of N; into @, 7A(M)s(,)
with the projection onto the direct summand 7y (M ),y

On the other hand, let N’ = o (M) and N” = m\(N’). Note that,

Ny= @ N,= @ M,=N,,

m(y')=2 m(y)=1

and
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N{/ = @ NZ;’
m(y")=1
= @ U(M)y’

m(y')=1

@D ker ( D My ~ M)

w(z)=2 B:s(B)—=z

=ker (B D Myp > D M)

Y m(B)=7; m(z)=2
= ker (@T()\(M)s('yj) d 7T)\(M)2)
Vi

= N1~

By the definition of o, each N”(v;) is the composition of inclusion of N/ = N; into
®,, T™a(M)s(,) with the projection onto the direct summand my\(M)y(,,) - Then we know
that

Then N = N”.
O

Lemma 3.1.2. Functors o and o~ send reqular indecomposable modules to reqular indecom-
posable modules.

Proof. Let M € mod(T(n),2) be regular indecomposable. Using Corollary [2.3.1)(d) and Corol-
lary we can see that o(my\(M)) is regular indecomposable. However, Lemma tells
us that my(ocM) = o(m\(M)), whence oM is indecomposable. For functor ¢, the proof is
similar. ]

3.2 Balls and reflection functor
Let M € mod(T(n),2) be a regular indecomposable module. We define
By (M) :={xe(T(n),Q)o|d(x,B(M)) <1}

Then B,1(M) is the ball having the same center with B(M), and its radius 7,1 = r + 1, where
r is the radius of B(M) (see [2.6). In particular, these balls B(M), B.i(M) can be taken as
subquivers of (T'(n), ) naturally, whence we sometimes call them subquivers B(M), B,1(M).
Such subquivers are finite. From now on, we always assume that M is regular indecomposable
when we talk about a module M € mod(T(n),2) in this section. Let 1,---;ny be the all
sink points in B,;(M), and let 1’,---,n}, be the all source points in B, (M), respectively,
nar, 'y, € N.

Lemma 3.2.1. Let M e mod(T(n),2) be a regular indecomposable module. Then
o(M) =8-S+ (M).

nym

Proof. Let x € T(n)o ~ By1(M) be a sink point. Then there exists d(z, B(M)) > 2, whence we
have y ¢ supp(M) for any arrow « :y - x. Then N (z) nT (M), = @, whence S (M) =M. On
the other hand, reflection functors o, and o,, commute for any two sink points z,z’ € T'(n)o.
Hence we have o(M) = §F---S; (M). O

ny

15



Lemma tells us that we can take regular indecomposable module M as a representation
of subquiver B,;(M). By duality, we have o~ (DpunyM) = S;---S,, (Dr@myM). Similarly, we
have the following result:

Corollary 3.2.2. Let M € mod(T(n),2) be a regular indecomposable module. Then
o (M) = Sl‘,---S;,M(M).
Proof. This is a dual version of Lemma [3.2.1] O
Lemma 3.2.3. Let M e mod(T(n),2) be a regular indecomposable module. Then
oo(M)=S8;

ny

STSF St (M) = M.

nm

Proof. Let x € (T(n),Q)o~ By (M) be a sink point, that is, = is a source point for oQ. Let
y € N(x). Then y is a sink point for o€, that is, y is a source point for Q. Moreover, point y
either satisfies {y} N B,1(M) = @& or y is a leaf of B,1(M) by the choice of . Then we have
{y} nsupp(M) =@. Hence (¢ M), = M, = (0). It indicates that y ¢ supp(cM). We have

N(z) nsupp(cM) = @.

Since oM is indecomposable by Lemma , we have x ¢ supp(ocM). It is obvious that = ¢
supp(c M) when x is source point for 2. Then we have supp(cM) € B,1(M) as sets of points,
and S; (o M) = oM for any x € (T'(n),Q)o ~ By1(M) being a sink point. Finally, we can see
that o~ is the composition of those source points that contained in B,;(M) for €2, and they
are exactly the points 1,---,ny;. By Corollary (b), we get our claim.

O

Note that we can also get B(c M) € B, (M) as unoriented graphs from supp(oc M) € B,y (M)
in the proof of Lemma |3.2.3| Similarly, we can get the following result:

Corollary 3.2.4. Let M € mod(T(n),2) be a regular indecomposable module. Then

00~ (M) = S}, 81858, (M) 2 M.

Proof. This is a dual version of Lemma/[3.2.3] That is, we can change 0 M into o~ M in the proof
of Lemma and consider x € T'(n)g \ By1(M) being a source point for €, then x is a sink
point for o§2. Comparing supp(c~M) with B,1(M), we can finally get N'(x) n supp(c~M) =@
and x ¢ supp(c~M). Then supp(c~M) € By1(M) and S}(0c~M) = c-M. Hence o is the
composition of those sink points that contained in By, (M) for €2, and they are exactly the

points 1’,---,n},. By Corollary [2.3.1)(c), we get this.
]

Let M € mod(T'(n),) be a regular indecomposable module. We also have B(o~M) ¢
B,1(M) from the proof of Corollary [3.2.4 By Lemma and Corollary [3.2.4) we can take

M,oM,0c-M,o-c(M) and oo~ (M)
as representations of subquivers (B,1(M),Q2) and (B,1(M), o), respectively.

Lemma 3.2.5. Functor o~ o o is equivalent to identity functor on regqular modules.
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Proof. Let 1p(,) denote the identity functor on full subcategory of mod(7'(n),(2) consisting of
regular modules. By Lemma|3.1.2] we only need to talk about regular indecomposable modules
of mod(7T'(n),$2).

Let M € mod(7T'(n),2) be a regular indecomposable module. We now consider M as a
representation of subquiver B,;(M). According to Lemma , there exists an isomorphism
ny 2 M — o-o(M). Let N € mod(7'(n),2) be regular indecomposable, and let f : M —
N be a morphism. Let B,;(M,N) be the minimal ball containing B,;(M) and B.1(N).
Then B,1(M,N) € T'(n)o is finite. It allows us to take M, N as representations of subquiver
B (M,N). Let F =0 o0, and let 1,--,npy v be the sink points of subquiver B,i(M, N).
Consider the following diagram:

M -2 F(M)
lf ro
N " F(N)
Note that B (M), B;1(N) € B.1(M,N). By the proof of Lemma and Corollary it

is not hard to see that

IR

F(X)28; 888 (X)=2X,

NN NM,N

where X € {M, N}. Moreover, we have
Homy (M, N) 2 Homg(F (M), F(N))

by Corollary [2.3.1[(d). Then there exists such F(f) € Homy(F (M), F(N)) so that the above
diagram commutes. Hence there exists a natural isomorphism 7 : 17,y — F. Then functor
o~ o0 is equivalent to 1p¢,). O

Corollary 3.2.6. Functor o oo~ is equivalent to identity functor on regular modules.

Proof. By Lemma/3.1.2 we only need to talk about regular indecomposable modules of category
mod(7'(n),2). Using Corollary and Corollary [2.3.1(¢), (d), we can finally get a dual proof
with that of Lemma [3.2.5

]

Lemma 3.2.7. The functors o and o~ induce quasi-inverse equivalences on k-linear full sub-
categories of mod(T'(n),) and mod(T'(n),cQ2) consisting of reqular modules.

Proof. Combining Lemma |[3.2.5|and Corollary functors c oo~ and o~ o0 are equivalent to
the identity functor on regular modules of mod(7'(n), (), that is, o=, o are the inverse functors

of o, 07, respectively. Hence we have the claim.
m

Lemma 3.2.8. Let M € mod(7T(n),Q2) be a regular indecomposable module. Then Dy o
o(M) =207t o Dpy(M) and Dpy oo™ (M) 20 o Dpiy(M).

Proof. Using Lemma [3.2.7, we have these isomorphisms. m

17



4 Middle terms of AR-sequences of covering quiver

In this part, we discuss middle terms of AR-sequences in regular components of mod(7'(n),2).
Now let M € mod(T'(n),f2) be a regular indecomposable module. By Theorem , and
sticking to the abuse, we define

(a) (M) :=(ag,,ap) the center path of M,

(b) p(M) :=ag, (M) := ay.
Note that p(M) is the center of all sink modules of the o-orbit of M and ¢(M) is the center
of its all source modules, respectively. Moreover, the number b(M) is just the number of flow
modules in the o-orbit of M and b(M) = d(p(M),q(M)). Recall that ¢ = «(M). According to
Theorem [2.5.1] we can get the following corollary.

Corollary 4.1. Let M € mod(T'(n), ) be a regular indecomposable module. Then
(a) M is a sink module if and only if i <0,
(b) M is a flow module if and only if 0 <i < b(M),
(¢) M is a source module if and only if i >b(M).

Let D be a regular component of mod(7'(n),(2), and let M, M’ € D be two regular indecom-
posable modules. Suppose that o-orbit of M (or M') contains b (or &) flow modules. According
to 5} section 7], we have p(M) = p(M’), g(M) = q(M') and b =10'. This is saying that for the
o-orbits of M and M’, the centres of all the sink modules or source modules are the same. We
also have ro(M) = ql(M) = ro(M') — gl(M"), where ro(M) =r(My). Then we define

p(D) = p(M),
(D) = ¢(M),
b(D) = d(p(M),q(M)),
r(D) =ro(M) = gl{(M).

There exist p(M) = p(ctM) = p(M’) = p(c*' M’) and q(M) = q(atM) = ¢(M’) = q(c¥' M) for
any t,t' € Z. That is, 0(c*M) = 0(c"' M’) and b(M) = b(ct M) = b(M’) = b(c"' M’) = b.

We say that a module Y € mod(7T(n),Q?) is a sink (source, or flow) module, provided
all its indecomposable direct summands are sink (source, or flow) modules with same center.
Suppose that Y = @,Y;, where Y; are indecomposable sink (source, or flow) modules for all
i, and C(Y;) = C(Y;),i,j € I. Then we define 7(Y') = max{r(¥;) | i € [},C(Y) = C(Y3).
Let (0) > X - Y - Z - (0) be an AR-sequence in regular component D. Suppose that
Y =Y @Y, where Y,Ys € mod(7'(n),2) are indecomposable and ¢l(Y;) < ¢l(Y2). Then we
have b(Y7) = b(Y2) and ¢(Y7) = ¢(Y2) |5, Theorem 3]. In addition, C'(Y;) = C(Y3) and Y7,Y;
are of the same type modules [5, Theorem 4]. Hence we get C(Y') = C(Y3), r(Y) =r(Y2). We
define

(V) 1= 1(¥) and b(Y) = b(¥3) = b(Y2).

In the following of this section, we focus on such middle term Y and let Y = Y, when Y is
indecomposable.

Lemma 4.2. Let X,Y,Z € mod(T(n),Q) be reqular modules. Assume that (0) > X - Y —
Z — (0) is an AR-sequence. Then (YY) = «(0Z). Moreover, Y is a sink (flow, or source)
module if and only if 0Z is a sink (flow, or source) module.
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Proof. We already know that ¢(Y7) = ¢(Y3) by [5, Theorem 4]. We just need to prove ¢(Y2) =
t(cZ). By [5, Theorem 3], we get t(Z) = 1(Y2) —1. Then t(0Z) = ¢(Y3). This also tells us that
Y has the same type with ¢Z [Corollary [4.1].

[

Let M € mod(T'(n),2) be a regular indecomposable module. We define:
(M) := WM(ZM@ W(M)),

where I is the set of all quasi-composition factors of M. We call (M) the average index of M.
We have «(M) =7(M) |5, Proposition 4]. Moreover, we have the following:

Lemma 4.3. |5, Lemma 3] Let X € mod(T(n),Q2) be a reqular indecomposable module with
1(X)<0. Then X is a sink module and B(X) = B(X"), X’ is the quasi-top of X.

Lemma 4.4. [5, Lemma 3*] Let X € mod(7T'(n),Q) be a regular indecomposable module with
(X)) 2b(X)+1. Then X is a source module and B(X) = B(X"), X" is the quasi-socle of X.

Now we get our result:

Theorem 4.5. Let D be a regular component of mod(T'(n),2). Suppose that (0) > X - Y —
Z - (0) is an AR-sequence in D. Then there exist C(Y)=C(cZ) and r(Y) =r(cZ) + 1.

Proof. We firstly assume that ¢Z is a sink module, then ¥ and Z would be sink modules using
Lemma and [5, 3.1(a)]. Then C(Y) =p(Y) =p(Z) = C(Z) = C(cZ). Module 627 = X
would be a source module whenever modules Y and ¢Z are both sources [5, 3.3], whence we
still have C'(Y) = ¢(Y) = q(Z) = C(02Z) = C(0Z) is this case.

By [5, Proposition 1.(b)], the radii of all its flow modules are all the same in the o-orbit
of a regular indecomposable module. Moreover, centres of those flow modules just follow the
path from p(M) to q(M), that is, (M) [5, 3.2.(a)]. However, there exist (Y) =0(Z) =0(c2)
and b(Y) = b(Z) = b(cZ). Hence we must have C(Y) = C(¢Z) when both of them are flow
modules.

For the second assertion, we use the induction on the quasi-length of Z. Suppose that
ql(Z) = 1. Tt indicates that Z is quasi-simple and Y = Y5. In addition, Z is the quasi-top
of Y. We can see that Y is a sink module, provided ¢Z is a sink module [Lemma . By
Lemma [4.3] we get B(Y) = B(Z), whence Z is a sink and r(Z) = r(cZ) +1 [5 3.1.(a)].
Then r(Y) = r(Z) = r(cZ) + 1. Suppose that ¢Z is a source module. Then Y is a source
module and X = 027 is the quasi-socle of Y. Then B(Y) = B(0?Z) [Lemma [4.4]. On the
other hand, there exists r(027) = r(cZ) + 1, whence r(Y) = r(cZ) + 1 in this case [5, 3.3].
Suppose that ¢Z is a flow module. We get Y being a flow module [Lemma . But we have
seen that all low modules have the same radius in the g-orbit of a regular indecomposable
module. Moreover, there exist r(cZ) = r(Zy) -1 and r(Y) = r(Yy) - 1. Note that there
exist 79(Y) = ql(Y) = ro(Z) - ql(Z), ql(Yo) = ¢/(Y) and ¢l(Z) = ql(Z,) [Lemma [3.2.7]. Since
gl(Y) =ql(Z)+1, then ro(Y) =7r(Yy) =ro(Z)+1 =r(Zp) + 1. Finally, we have r(Y) =r(cZ)+1.

Suppose that gl(Z) = 2. There exists a module Z” € D such that
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We have ¢l(Y1) = ql(Z") =1 and ¢l(Z) = 2. The sequences (0) - Y, - Z - Z” - (0) and
(0) > oY1 > 0Z - 0Z" - (0) are AR-sequences [Lemma [3.2.7]. There exist

r(Z)=r(cZ")+1,and r(cZ) =r(c2Z") + 1.
Hence there has
r(Y)=r(Ys)=r(Y1)+2=r(c22")+2=r(cZ) +1
by [5, Theorem 4]. When ¢l(Z) > 2, there exist modules Z’, W € D such that

\/\/\/\/

\/\/ \Z’/\/

In this case, there always exists (Y1) =r(cZ’) + 1 by induction. However, there exists r(Ys) =
r(Y1) +2 [5, Theorem 4]. Hence r(Y) =r(cZ')+3 =r(cZ) + 1 since r(Z) =r(cZ') + 2. O

Corollary 4.6. Let D be a regular component of mod(T(n),2). Then there exists r(D) =
r(oD).

Proof. Let M € D be a regular indecomposable module. By the definition, we have r(D)
ro(M) —ql(M). However, ro(M) = r(My) and ¢gl(M) = gl(c M) [Lemma |3.2.7]. Hence r(cD)
ro(oM) - ql(o M) = r(Mo) - gl(c M) = r(D).

[
Lemma 4.7. Let XY, Z e mod(T(n),2) be reqular modules. Suppose that
(0)>X->Y >Z7-(0)
is an AR-sequence with T(X)onT(Z)o = @, then Y is a flow module.

Proof. This means that 0Z must be a flow module [Theorem [4.5].

(a) Suppose that 07 is a sink module with C(0Z) = g, where x¢ € T(0Z)y. According to
[5, 3.1(a)], Z is a sink module and C(Z) = xy. For 02Z = X, we have C(X) =C(cZ) =z
when X is a source module [5}, 3.1.(c)], and C(X)nC(Z) = zo when X is a flow module
[5, 3.1.(b)]. Hence we always have C(Z)nC(X) = C(cZ)nC(02Z) + & in this case. This
contradicts our assumption T'(X)onT(Z)o = @.
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(b) Suppose that ¢Z is a source module with C(0Z) = yo, yo € T(0Z)o. Then 027 = X is
a source module and C(X) = C(¢Z) [5, 3.3]. Module Z has 3 possibilites: sink, flow or
source. Using [5, 3.1, 3.2, 3.3, we know that C(Z) = C(cZ) = yo when Z is a sink or
source module. When Z is a flow module, there exists C(Z)nC(cZ) = yo, where C(Z) =

{vd, o}, yh € T(n)o . Since T(X)onT(Z)o =2, but C(X)nC(Z)=C(cZ)nC(Z) + 2,
this case also cannot happen.

Together with (a) and (b), we can see that 07 is a flow module. O

Example. Let Z € mod(7(3),(2), and let supp(Z) be the following:

_ -0 T~ -

- ‘Z >
/
) (075 R \c\,\
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\\ /}O\\*/// //
S
N
N .
N .

where dimyZ, = 1,a € T(Z) and Z(v;) = X\i; \i € k~ {0},7 € {1,3}. Then Z is regular indecom-
posable |7, Theorem 2.18]. Suppose that (0) > X - Y - Z - (0) is an AR-sequence. Then
support of X =027 would look like the following form:

o7 Z >
7
/6 \
) \\9//ﬁ\\\ .
/ / N A\
/ / . \
I / ,\ \ / \
| !
| | ° > o |
\ \ / |
\ \ \/ / \ I
\ NN 7 o
\ . 7
= [’72] - ,
[
\\ A .
-
\‘[,%/ 47///

where [v{] = [73'2],[74] = [13'72]. Then Z is a sink module, and X is a source module.
Moreover, there exists T(X)nT(Z) = @. Let (aog,a1,as) be the diameter path of T'(Z). Using
direct computation, we get module 0 : k = k being a flow module. Then C(0Z) = {ao,a’}

and r(cZ) = 0,a’ € T(cZ)y. According to Lemma .7, we get Y being a flow module. By
Theorem [1.5, 7(Y) =r(cZ) +1=1,C(Y) = C(0Z) = {ap,a'}.
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5 Widths of regular components

In this section, we want to talk about graded modules and width in a regular component D
of mod(7T'(n),2). Let M € mod(T(n),2) be a regular indecomposable module. We define
NM(b) = N(b) N T(M)O, Vbe T(M)Q

Lemma 5.1. Let M € Inj,  be a reqular indecomposable module. Then
(a) M is a sink module and d(M) > 4.
(b) Any leaf of T(c M) is a sink. In particular, oM is a sink module.

Proof. According to [7, Theorem 8.1(b)], we know that M must be a sink module. Note that
oM is also indecomposable [Lemma . We now suppose that there has a source vertex
by being a leaf in T(cM). Let o : by - by be the arrow in T (6 M)y. Then k-linear map
o= (oM)(a): (o M)y, > (0 M)y, is non-trivial, by € T (6 M)q. Since o~ (cM) 2 M, then there
exists a map ¢’ = M (') : My, = (6 M), = M,, = coker ¢ that is not injective in M by the
definition of o, this is a contradiction. Hence all leaves of T'(c M), are sinks and oM is a sink
module.

Actually, d(M) > 4 since M is a sink and regular module. Otherwise, assume that d(M) = 2
since d(M) is even. We will get d(o M) =0, that is, | T(cM)g |= 1, so that oM is not regular,
a contradiction.

[

Corollary 5.2. Let N € Surj,, o be a reqular indecomposable module. Then

(a) N is a source module and d(N) > 4.
(b) Any leaf of T(0~N) is a source. In particular, =N is a source module.

Proof. Since N € Surj,q, then we have Dp(,)(N) € Inj,o. By Lemma , we know that N
is a source module and d(N) > 4. According to Lemma [3.2.8, we can see that o o Dy, (N)
Drny o0~ (N) is a sink module. Then (b) is clear.

O

Example. Let N = k <~ k 2 k € mod(7'(3),9), where 71,7 € k~ {0}. Then N is regular
indecomposable. Suppose that N € D for some regular component D of. Let M = 072N, then
T(M) would be the following:

7 ’\ ° BN
/c{/ //0*/‘1\\ i
SN
So kT T s Vo k
! / s k\ \
1/ ’/ / )\ \\ \/ \\ \v
| | f b — }2 \ \
I
1\\ \\\ \ . \/ ) )/ ’\ //’ ,/
\k(\\k%%g\f/// /I)X/Nk{
\ /
\\ \/ \\\ /\ /// k ///
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-
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Using the definition of o~, there exists M € Inj, o nD. Note that N ¢ Inj,onD and N
is quasi-simple [10, Proposition 3.4]. Then M = 072N is quasi-simple and M = Mp [Lemma
3.2.7]. One can check that =M is a sink module.

Lemma 5.3. Let M € Inj, oD be a regular indecomposable module. Then o~ M € Inj,, ,oNoD.

Proof. Let M'=o~M. We want to prove that M’ € Inj, ,o N oD. That is to say, every map is
injective in M’ |7, Theorem 8.1].

We consider M € Inj, o and want to reflect at a source point x € T(M)y. In fact, all
neighbours of = belong to T'(M)o. We have injective maps f; : M, - M, for 1 <i<n,y; €

fi ('m)

that the map g; : M; = M,, - M];m; = (0,--,0,m;,0,---0) +im f is injective, where g; maps
m; to the i-th position in M!. Let m; € ker g;. Then (0,---,0,m;,0,---,0) € im f. Hence there is
m € M, such that m; = f;(m), and f;(m) =0 for all j # 4. Since each f; is injective (actually,
N;jzi ker f; = (0) suffices), we conclude that m = 0, that is, m; = 0. Consequently, g; is injective.
0

Ny(x). Put M. := @ M, [imf, where f(m) =

,m € M,. For each i, we have to show

Lemma 5.4. Let N € Surjn@ ND be a regular indecomposable module. Then o N € SurjnyaQ noD.
Proof. Since Dr(,)(N) € Inj, o, then we get 0= o Dp,)(N) =2 Dy 0 0(N) € Inj, oo using
Lemma [5.3] that is, 0N € Surj, .o noD.

O]

Lemma 5.5. Let D be a reqular component of mod(T(n),$2). Then
L(MO'D) € {L(MD) - 1, L(MD) + 1}

Proof. Now let M = Mp. Since D is regular and ¢l(M) = 1, then for any N € Inj, o nD with
gl(N) =1, it is well-known that N = 7'M = 072 M and «(N) = «(M) - 2t for some t € Ny.
Hence M is the one with the biggest index ¢(M) in its o-orbit located in Inj, o N D. Then
0~M € Inj, oo N oD by Lemma [5.3] Moreover, ql(c™'M) = ql(M,p) = ql(M) [Lemma [3.2.7],
and ((0c~M) < 1(M,p). Note that M,p is located in the o-orbit of M with odd index. We
have «(M,p) 2 «(Mp) — 1 and «(M,p) # t(Mp). Suppose that ((M,p) < (M) —3. Then
t(o=M) = o(M)-1>1(M,p), a contradiction. Similarly, suppose that ((M,p) > ¢(M) + 3.
Then (0™ Myp) = t(Myp) —1 > (M) and o~ M,p € Inj, o N D by Lemma , a contradiction.
Hence «(Myp) € {e(M) - 1,0(M) +1}. O

Example. Continuing the example after Corollary , we now let M =0~ N. Then supp(M)
would be the following:
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We can see that M ¢ Inj; ,q, and M is indecomposable. Moreover, M is a quasi-simple module
[10, Proposition 3.4]. Since N = oM ¢ Inj3 o and oN is a flow module, then M = M,p. In
fact, we already get Mp = 072N. Hence «(M,p) = t(Mp) + 1. Note that m\(Mp) € m\(D) and
x(Myp) € ma(0D). It says that functor 7y does not give us much information concerning such
component D.

Lemma 5.6. Let D be a regular component of mod(T(n),2). Then

t(Weyp) € {t(Wp) - 1,0(Wp) + 1}.
Proof. Let U € Surj, onD with ¢l(U) = 1, then it is already known that U = 75Wp = 0%Wp
and ¢(U) = «(Wp) + 2s for some s € Ny. That is, ¢«(U) > ¢«(Wp). On the other hand, we
have oW,p € Surj, o NnD by Lemma . Suppose that ((W,p) < t(Wp) —3. Then t(cWyp) =
t(Wyp) +1 < 1(Wp), a contradiction. Similarly, suppose that «(W,p) > «(Wp) + 3. Then

(cWp) =1(Wp)+1 < (W,p) and cWp € Surj, .o N oD by Lemma , a contradiction. Hence
t(Wyp) < t(Wp) + 3. Finally, there exists «(W,p) = t(Wp) + 2s" + 1 for some s € Z. O

Theorem 5.7. Let D be a regqular component of mod(T'(n),2). Then we have
|W(D) -W(oD) < 1 and "B < W (D).

Proof. Since there exists 7 = 02 in our case, then there is (62)VP)*D) My, = Wp. It says that
module Wp is located in the o-orbit of module Mp. Consequently, there is 2(W(D) + 1) +
t(Mp) = (Wp). Then W(D) = w —-1. According to Lemma and Lemma , there
exist inequalities
tWp) -1-((Mp) +1)
2

~1=W(D)-1

<W(op) = (o)~ {Mer)

(Wp) +1-(«(Mp) -1)
2

-1 (1)

-1=W(D) + 1.

L
<

Hence
| W(D) -W(oD) |< 1. (2)
There are only sink modules and source modules contained in Inj, o U Surj,o. Now let
N be a regular indecomposable module located in the o-orbit of module Mp. Then there is
N = g9Myp for some q € N. Suppose that N is a low module so that ¢ > 2. Using Lemma |5.1
and Corollary [5.2] it is shown that o Mp is a sink and o~Wp is a source. Then
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t(oMp) =1(Mp) +1<t(N) =q+i(Mp) <i(c-Wp) =1(Wp) - 1.
Then 1< ¢ < t(Wp)-1-1(Mp) =2W(D) +1. It indicates that the maximal length of the range
of gis 2W(D) +1-1-1=2W(D) - 1, whence the number of flow modules b(N) < 2W(D) - 1.
Moreover, there exists b(D) = d(p(N),q(N)) = b(N). Hence % <W(D).
[

Corollary 5.8. Let D be a reqular component of mod(T(n),2). Suppose that W(D) =W(oD) =
1, then b(D) = 0.

Proof. Suppose that there exists such a component D so that b(D) = b(¢D) > 1. Hence there at
least exists a regular indecomposable and flow module N € D or N € 0D with gl(N) = 1. Suppose
that Ve D. By Lemma , we know that 0~ N ¢ Inj, ,onoD and o N ¢ Surj, onoD [Lemma
b.1] Corollary [5.2]. Then «(Myp) < t(77'0"N) =1(0~N) -2 and o«(Wyp) 2 t(toN) = t(oN) +2.
Hence

W(O‘D) - L(WGD);L(MGD) 1> L(UN)+2—(2L(07N)—2) —1= L(UN)—QL(UfN) ~1+2=2,

a contradiction. When N € oD, we can similarly prove that W(D) > 2, and this is also a
contradiction. O

Example. Let M € mod(7'(3),£2) be the following

A A A A
() =k B 25 k4 (0),

k
T I T A T
0) kyk k (0

VNN
k

k

where \; € k~ {0},7¢€ {1,2,---,9}. Then M is indecomposable and M € Injs g is a sink module.
In fact, M is a quasi-simple module [10, Proposition 3.4]. Moreover, we can show that M is
regular |7, Theorem 2.18].

In fact, we have b(M) = 0. In particular, M = Mp for some regular component D of
mod(7'(3),Q2) as oM ¢ Injs ,o. By direct computation, we know that ¢2M and o3M are source
modules. However, 03M,04M are also source modules and all maps are surjective in them.
Since 02M ¢ Surjsq, then o*M = 72M = Wp and W(D) = 1. Moreover, there exists oM ¢
Inj3 .o U Surjz .. Hence W(oD) =1 by Lemma
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Figure 2: Regular component W(D) = 1.

26



6 Graded modules of constant rank

6.1 Matrices of graded module of constant rank
Let M € mod(T(n),Q?) and N =m,(M). We have

N1=7T/\(M)1: EB MyaNQZﬂ-)\(M)QZ @ MZJ’

m(y)=1 m(y)=2
N(’yl) = @ M(’Yg):’ﬂ')\(M)lﬁﬂ')\(M)g,
(v} )=vi

for some y € T'(n)o, j € N and i € {1,2,--,n}. For convenience, we let v/ = M(v]), and let

v; = N () in this section, where M(77) : M,y = M,y 7(7]) = 7,1 < i <n. By abusing

notations, we still use ’yf and ; to denote their corresponding arrows in M and N, respectively.

Let M € mod(T'(n),<2) be an indecomposable module. Since simple modules are trivial cases
in our discussions, we assume that (M) is not isomorphic to a simple module in general. We
want to discuss the rank of matrix v =Y N(7;) = Xirq 7. We use induction on the diameter
I =d(M) of M. Clearly, we have [ > 1. Suppose that [ = 1. Then T'(M) would look like
a:a—>babeT(M)y,aeT(M),. Hence

[i=y=%L7=M(a)=9 =,

for some j € {1,-:-,;n}. Suppose that [ = 2. Then M is either a sink or a source module.
Moreover, there only exists a source or a sink in T'(M)o, that is, Ny = M1y or Ny = My,1y for
i J

some 4,7 € {1,---,n}. We can get

Yoy
n /.ya n
FQ:’V:Z’W: :12 , or I's :’7:2%: [71111 761&12 7;1n1]7 (3)
i=1 ) i=1
Varn,

for some subset Iy = {ai1,a12, -, a1n, } € {1,2,---,n}. Since matrices I'y, I} represent different
trees, we sometimes call them tree I'; or I';,. Note that all leaves of I'; are sinks, all leaves of
Iy are sources. Let Ea = {74,,,Vay5> " Yarn, I+

Suppose that [ = 3. Then M is a flow module. It indicates that there exsit ny arrows 72
connecting tree I'y or I'} for some ng € {1,---,;n — 1}, where I3 = {as, -, a2n, } € {1,---,n}. Let
Es = {2 |1 e I3}. Suppose that all arrows 72 connect tree I's. Since [ = 3, there exists some
a1 € I such that

t(Var) = t(Va,)

for all arrows 77, € E5. We reorder 7, such that t(77,,) = (7, ). Then

’y(}:ll O O
Iy = Z;% = 731. 1 0 0 |= [[2 E(3)]=Ts+ 2ZE Vs (4)
= ™ Ya iE 3
Varw, Vam 7 Vo ’
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where E(3) = .2 cp, 7a,,- Similarly, we can get a matrix I'y when all arrows of E3 connect
(l2,L 7
tree I'y, that is, there exsits some ay; € Iy such that s(72,,) = s(7,,,) for all 77 € Es.

Suppose that [ = 4. Then M is either a sink or a source module. Suppose that M is a
sink module. Then there exist ns arrows 73 connecting tree I's in M, 1<i<ng<n-1. Let
Iy = {az, ", az,,, }, and let By = {7} |i € I}. Tt indicates that there exsit some 72, € Ej such
that

s(72,,) = s(73;), for some ~3; € .

For convenience, we let i = 7 when ay; = as;, and we reorder ay; by starting from ag; such that
as1 = az;. Then we get

L0 0 - 0

PYénl 7321 7322 o 7327@

0 7231 0 0

A

0 A3, 0 = 0 r
F = " 3 = 3 :F + 3., 5
A E EV i, o

3
Tagmn,

0 0 0 - 93

| ng
where E(4) = 27335 1, Va,,- Suppose that M is a source module, that is, all arrows ;= connect
tree I';, we can get a tree I}, We can continue doing this, and we will finally get matrices
I'y = ¥t 7 when M is a sink or flow module, or I'} = ¥i'; v; when M is a source module,
and set FE;, where [ € N,4. Note that Ej is the set consisting of those 717 such that t(%j ) (or
s(77)) are leaves, and are located at the endings of diameter paths of T(M); if t(7/) = a; (or
s(v) = @) is a leaf for some a; € T'(M )o, then there exists a diameter path (ao, -, ;) in T(M).
Let E(l) = Z’YgGEz ’yg.

Lemma 6.1.1. Let M € mod(T(n),2) be an indecomposable module. Then there exsits an
equation

FZV : (6)

I
el JA=2r,reN,
E(l)

when M is a sink or flow module, and there exists an equation
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E(l)],l: 2r,r € N,

when M is a source module, where E(l) = Y e, %J

Proof. There is nothing to prove when m)(M) is isomorphic to simple module. Suppose that
7mx(M) is not isomorphic to a simple module. We only prove the first equation, that is, M is a
sink or flow module, and the second one is similar.
We use induction on the length of diameter [. Suppose that it is true when [ = 2r -1, or 2r.
When [ = 2r+1, that is, M is a flow module, we COHSlder the set Fs.,1. By our constructlon all
s(v]) € E; are source leaves and there exsit some %' € E;_y such that (7)) = t(} ) Moreover,
I

there exists I';_; = lE(l -

)l by induction. Hence we have

' 0
Ij2r+1 = [E(l _ 1) E(l)l = [Fl—l E(l)]

When [ = 2r + 2, we consider set Fs,.,o. By our constructlon module M is a sink mgdule. Then
any t(v/) € Ey is a sink leave and there exist some 7, € E;_; such that s(v/) = s(+} ). Then we
have

_ 1—‘27‘+1
F27’+2 - lE(l) .
Combining these two matrices I'y,,1, 242, We get our first equation. O

Lemma 6.1.2. Let (ag,ay,as,+, ;) be a diameter path of a finite tree @), where | € Nyy. Then
the set N"(ar) = N'(ay) N {as} consists of all leaves.

Proof. Suppose that there exists a vertex a’ € N'(a;) being not a leaf. Tt means that there at
least exists a vertex a; # a” € N'(a’) such that the length of path (a”,d’,ay,as,-, a,,) is greater
than that of diameter path (aog,ay,as, -+, ;) in @, this is a contradiction. O

In fact, we have inequalities as follow:

Lemma 6.1.3. Let M € mod(T'(n),2) be an indecomposable module with diameterl > 2. Then
there exists an inequality

| E < (n-1)"1=2r, or2r+1,reN.

Proof. We use induction on the length . When [ = 2 or 3, there is nothing to prove. Suppose
that | By |[€ (n-1)" when [ = 2r or 2r+1, r > 2. Suppose that M is a sink module when [ = 2r. By
our construction, each s( f) is a leaf for every 7, € Ey.1 [Lemma “ Let (ag, a1, -, agrs1)
be a diameter path of T'(M) when [ = 2r + 1, and let as,.41 be a source. Then ag.4; = 3(727)
for some ’yf € Fy.41 and point ag,.,; has at most n — 1 neighbours being leaves when [ = 2r + 2.
Moreover, all fyf € Fs,.1 have such property. Hence

| Eagrany €] (n = 1) By |< (n = 1)0+D).
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When [ = 2(r + 1) + 1, we assume that (ao, -, as(r+1), @2(r+1)+1) is a diameter path of T'(M). It
indicates that as(..1y has at most (n — 1) neighbours being leaves and as(,.41) = t(vf ) for some
%7 € Fy.15. Then
| Exgrenysn [< (= 1) | Eagrany [< (0= 1)),

Note that it is not every arrow of Fy(,.1y connects an arrow of Eyi1y4 for [ =2(r+1) + 1.
Otherwise, suppose that a,,; is the center of T(M) when [ = 2(r+1). By our construction, it is
not hard to see that d(a,1,b) = d(a,1,0") = r +2 for any two source leaves b = s(77), b’ = s(’yf,’)
when [ =2(r +1) + 1, where 727 , 75,' € E(r+1)+1- Then there exists an indecomposable module M

(for example, a thin module) such that its leaves b,b" satisfy (aq,- -, @y+1,brs2, bre3, -+, bogre1)e1 =
b') and (ao, -, Gre1, Gre2, Ares, -, Ao(re1)+1 = b) are paths of T(M) and

{aili=r+2,r+3,~2(r+1)+1}n{b|i=r+2,7r+3,--2(r+1)+1} =@.

That is, leaves b and b’ are connected by a path in T'(M) passing the point a,,;. Then there
exists a path w of T(M) such that

w = (bQ(r+1)+17 b2(r+1)7 0y Opy2y Qa1 Qry2, Gry3, oy a2(r+1)+1)>

and length of w is 2(r + 2) being even, this is a contradiction. Moreover, one can check that
there are at most n — 1 neighbours of a,,; located on the diameter paths of T'(M) when every
arrow of Ey(,,1y connects an arrow of Ey(,,1)41 according to our discussion, and there only exists
one neighbour of a,,; consisting of the diameter path of T(M) when [ = 2(r + 1) + 1. Hence

n— r+2
| Earenye1 [ ( nl_)l < (n-1)0+D,

Similarly, one can show that the above inequality holds when M is a source module for [ = 2r.
O

We recall an old result:
Lemma 6.1.4. |12, Theorem 19, (8.1),(8.2),(8.7)] Ranks of Partitioned Matrices. For matri-

ces over an arbitrary field:

rk [A B]>rk A, rk [A

Bl > rk A,

X 0
rkls YlZTkX+ kY.

Let M € mod(7'(n),(2) be an indecomposable module, and let N = 7y\(M). We define sets
Si={M(]) | 7(M(7])) = N(v)}, and Sy € S; is a subset, 1 <i <n. We define

N (7)) =i = @M(WZI)E&IM(%")'
Lemma 6.1.5. Let M € mod(T(n),Q2) be a module. There exsit inequalities

rk Ty =1k (S5 vi) 2 vk (S0 ) 2 vk (B0 i) 2+ 2 1k .

Proof. Without loss of generality, we assume that M is indecomposable, and 7,(M) is not
isomorphic to a simple module. Let T, = Yy V- Then matrix I, is gotten from matrix I
by letting those 727, where %7 € S; N Sy. By Lemma and Lemma , we get the first
inequality rk I'; >rk T,. For the rest inequalities, proofs are similar. O
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Definition. Let o € k7~ (0), the map a: P(2) - P(1),m ~ (a1 + Qa7+ + Y, )m induces
an embedding of K,,-modules. We set X, := coker a.

Definition. We call that M € mod(7'(n),(?) is of constant rank provided 7y (M) is of constant
rank.

Theorem 6.1.6. [15, Theorem 3.7] Let M € mod(T'(n),§2) be of constant rank. Then any
direct summand of M is also of constant rank.

Lemma 6.1.7. [11, Lemma 3.5] Let M € mod IC,, be reqular and not isomorphic to an X,. Let
0—>7M - FE - M — 0 be the AR-sequence ending in M. If two out of the three modules are
of constant rank, then so is the third.

Let M € mod(T(n),2) be an indecomposable module. Recall that Ny,(a) = N(a) nT(M)g
for any a € T(M)o. Let N =7m,(M). In the following proofs, we always assume that module N
is the push-down of the module M. We now consider matrix I';. Let

By = {s(3]) | 7(3}) = 1}, and C; = {(+0) | m(+?) =y} 1< i <.

If there exsits s(vy) € B; for some vy € S,y # i, it indicates that matrix v, locates in the same
columns with some matrix 47 in I';, that is, s(vy) = 5(v]), where 4/ € B;. Similarly, 7% locates
in the same rows with ~/ in I'; if ¢(vy) = t(7]) € C;.
Let M € mod(T'(n),2) be an 1ndecomposable module, and let N = 7, (M) be not isomorphic
to a simple module. Suppose that M is of constant rank. Then [ = d(M) > 2, and we have the
following conclusions:

Lemma 6.1.8. Letie {1,2,---,n}. Then for each arrow~} : M,

set Sj,i# j, there exist some 7' € Sj, or v{* € S such that
s(vf") =s(7) € B, or t(7?) =t(+]) € Ci.

Proof. Let N = my(M). It is clear that rk z) > 1, € k" ~ (0). Assume that there exists a

non-trivial map ;' : My(yuy = My(yvy in Sj for some j # i such that s(v}) ¢ Bi and t(v}) ¢ Ci.

W
0
According to Lemma

(") = My, v € S;, and every

Hence we have ~7 +7j = u =77 @~} for all v eS;. Now let A= N(v)+N(vj) =7+
J
| there exist inequalities

rk A =rk(y; +7;) 2 tk(v; +7}) =1k lgl 70“] > 1k ;. (8)

J
It is a contradiction since module N =7, (M) is of constant rank and rk A = rk ~;. O

Lemma 6.1.9. Let (ag,ay,-, a,) be a path of T(M),m > 2. Suppose that ag is a leaf. Then
we have | Ny(ar) |=n

Proof. Since M is of constant rank, we have rk ~; = rk 75 = -+ = tk 7, in N. Suppose that
| Mas(ar) |< n. We first assume that ag is a sink. It indicates that there exists some ~; such that
there does not exist non-trivial direct summand ~? : M,, - M, in T'(M) for all 47 € S;, that is,
a; ¢ B;, where a’ € Nys(ay). As aq is a leaf, it also says that there does not exist direct summand
v{ € S; such that t(v]) = ag, that is, ag ¢ C;. On the other hand, there at least exists one map
vy € Ej: My, » M,, that is non-trivial for some +§ € Sj,j # i. Then we have s(v}’) = a; ¢ B
and t(fy;.”) =ag ¢ C;. According to Lemma we know that this cannot happen. When a is
a source, we can consider non-trivial map 75 : Mo, - M,, for some fy;.‘ﬁ' € Sjr, 7" # 1. Finally, we
have | Ny (aq) |= n. O
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When n > 3, we have the following:

Lemma 6.1.10. Let (ag, a1, ) be a path of T(M), m > 2. Suppose that b; € Nys(ar) ~ {as}
are leaves for 1 <i<n—1. Then
(a) When ay is a sink, kernels of the maps v} : My, — M, satisfy

ker 4 == ker 4 |

and they are all surjective;
(b) when ag is a source, maps v} : My, — Mg, satisfy im i = - = im ~._, and they are all
mjective.
Moreover, there always exists vk v} > rk ~}, where v} is the map between M, and M,, .

Proof. Now we consider the module N = my(M). Suppose that ag is a sink. By Lemma m,
we have

(1 0]
n ’771L—1 0
Li=Yv%=lw B [
i=1 0
: A
| 0 |
B ; .
where lAl = Z?ﬂ(@qgesﬂi)’ S!=8i~{v}}. We have rk 4} > rk ! from I';. Otherwise, suppose
there that exists some j such that rk v} < rk 'y},j €e{l,-~,n—1}. Then
7 0 7 0
tk (Yo +v) =7 Bl 1tk |0 B> ko,
0 A 0 A
B i i
where il= D esy, Vo + Briesr V-
For the map ~; : M,, - M,,,1 <i<n -1, there exists an equation
"
rk 4 =-=1k~l ,=rk]| :
1
V-1

Otherwise, suppose that there exists rk 7 > rk +; for some 1 <i# j <n-1,n>3. Then by
Lemma and Lemma there exist inequalities

(v} 0] (0 0 ]
fyjl 0 ’le 0
B ,y% B/ B/ 0 B// B 1 B// B
tk (747 +7m) =1k | Zﬁﬁ+ﬁlykﬁko =k k) )=k,
A, AII
0 ] | 0 )
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!/ 1
where A= yresVy + ®yvest V] + Byes, T A= ®oves! ] - It is not hard to see that rk ~; =

o4 o

rk | ¢ [,1<i<n-1. Intheend, ker 7f - 2kery! ; 2 ker [ ¢ [. Moreover, each 7} is

1 1

Tn-1 Tn-1
surjective since M is indecomposable and ¢(v}) is a leaf, 1 < < n - 1. Suppose that ag is a
source vertex. For maps /! : M, - M,,, there is

MY Teer T 0 0

Fl:;%: 0 0 -~ 0 B A |

where [B A] = Z?:l(@ﬂ/jes,’y{), S!=S;~{~}}. Similarly, we can get
tk v} = =1kl =1k [4f - 7yl ] and rk 4k > tkyl 1<i<n -1

Then we have im 7{ = - 2 im~} | ~im [fyll %}0—1] by the theory of matrix. Moreover, each
v} is injective since M is indecomposable and s(v}') is a leaf, 1 <i<n—1.
O

Corollary 6.1.11. If M s a thin module, then we have M € Inj, o USurj, o and M is quasi-
simple.

Proof. Let (ag, -, a,) be path of T(M) such that ag is a leaf, m > 2. When qq is a sink, we
consider matrix I';:

(v 0]
. 1
n %%L—l O ’y:l 0
Iy = Z%’ = ’leL B = fyl. 0 )
i 0 o
;A T l
| 0 )

where v} : M,, - My, a’ € Ny(ar),1 <i<n, and Fl(l) = lBl = Z?zl(@vjesxyf),S{ =S~ {7}
Since M is a thin module, then we have
ker 1 = -+ ker v} = (0).

If we delete set Nys(ar) N {as} in T'(M)g, we will get a new module M) and a matrix Fl(l). It
is not hard to see that M) is still a thin module and indecomposable. Moreover, we can see
that M) is also of constant rank and rk Tl(l) =1k [';-1. Hence we can repeat our process, and
delete such sets Ny (b) N {az} in T(M ). Note that points of Ny (b) \ {as} are leaves. Finally,
we get a new module M(®) and point as is a sink leaf of M (). Using Lemma[6.1.9] we replace
M by module M®) at the beginning, and discuss M (P) again.

After finite steps, we will get a module M, and 7,(M) = P(1), that is to say, every leaf of
T(M) is a sink, that is, M € Inj, . Similarly, we can consider matrix I'; when ay is a source,
and get M € Surj, 5. We get M being quasi-simple by |7, Corollary 10.16].

O
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Let n =2, and let M € mod(7(2),2) be an indecomposable module. Suppose that m\(M)
is not isomorphic to a simple module. Let [ = d(M). Then [ > 1. We want to look at matrix I';
when n = 2. We choose an order for 77 and 74, and we define

% oop 0 e 0
2 2

0 %3 4% -~ 0
Arg=T1=m+7yp=|: =+ + - :

000 0 Ay

0 0 0 0 Ayt

where [ > u. In fact, matrix A;» represents a path in M starting from s(v5) and ending at
t(74*1). Hence we sometimes call it path A; 5. We have s(v;) and ¢(74*!) being leaves.

Let n > 3. Let M € mod(T(n),Q) be an indecomposable module, and let N = 7,(M) be
not isomorphic to a simple module. If there exists a path in T'(M) consisting of all direct
summands 77 ,’y;] for some two arrows «;,7; in N, then module M is said to be of type A .
Note that it may be decomposable when we restrict M to these direct summands 7, fy;.].

Let M € mod(T(n),2) be an indecomposable module, n > 3. Suppose that M is of constant
rank, and (M) is not isomorphic to a simple module. We have the following:

Lemma 6.1.12. Suppose that M s of type A o for some two arrows ~y;,v;. Then for any direct
summand v, , either s(7]) is a leaf and ~) is injective, or t(7]) is a leaf and =y, is surjective,
where v € S;, 1 #1,].

Proof. By Lemma [6.1.10, we only need to show that s(v;) or t(7;) is a leaf. Now we consider
matrix Ajo; = +v; +7 = A1+ in N, where [ # ¢,j. By Lemma [6.1.8, we know that
s(7]) € By, or t()) € C; for any v, € S;. Hence matrix A; 5; would be the following:

0 0 by 0 e 0]

0 7 = 0 0 77 92 ~ 0

0 0 w0 0 - 7;; Ay A Avs
Aigg=7+v+7=[10 0 000 0 0 - A= :

0 0 00 7 0 -« 0 A

0 0 O 0 0 %2' 0

S T T )

0 0 - 0 0 0 0 - ~]

7

where A; = ¥ 7, Ar = ZZ"=17f,a and () = t(7)),s(7]) = s(77),p € {1,-,u}, and set
Si={3 W =1, u}, usl S|

Suppose that s(7;) is not a leaf for some ~/ € S;. It indicates that there exists some direct
summand 77 € Sy such that s(v}?) = s(7/) ¢ By, and t(77) ¢ C;, I # 4,7, since arrow v}/ is not
located on the path A; . By Lemmal6.1.8] this is a contradiction. Using similar discussion, we
can get all t('yﬁ’) being leaves. Moreover, s(7;) and t(7}*!) are leaves because these two points

are located at the two endings of path A; .
H

Let Uy, Us be two finite-dimensional vector spaces over field &, and let £ ¢ Homy (U1, Us)
be a subspace. We say that .Z is a r-subspace provided for any 0 # f € £, there exists rk f =1r.
Let U] c U; be a subspace, let f |U{ denote map f restricted to Uj.
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Lemma 6.1.13. 13, Lemma 3.1] Let f,g € £ be two nonzero elements. Then there exists
f(ker g) c im g.

Let M € mod(T(n),2) be an indecomposable module, n > 3, and let M be of constant rank.
Suppose that N = m\(M) is not isomorphic to a simple module. Then we can get:

Lemma 6.1.14. Suppose that M is of type Ay o for some two arrows ;,7;. Then there exists
M € Inj,, g uSurj, q.

Proof. We consider matrix Ay o; =7, +7v; +v = A12+7 in N, where [ #4,j. By the proof of
Lemma [6.1.12] matrix A; o; would be the following,

(v 0 0 7 % 0
2 2 2
0 0 0 v % O
0 0 0 0
0 0 70 g/
Algi =7+ +7= 0 0 é 0 j ,ijl J
0 0 0 0 " « 0
P 0 : i =~ 0
[0 0 0 0 0 - ]

where 77,97 € S, u=| S|, and t(37) =t(77), s(1') = s(),p € {1, u}.
Since M is of constant rank, we have rk A; ;; = rk v; = vk v; = vk ;. Then we have

rk %p+rk %pl=rk %Pa for all p e {1,---,u}. )

Otherwise, suppose that there exists some ¢ € {1,---,u} such that rk 7+ rk ,qu’ > rk 77, Then

q .4 .
Dy 0 ], where Dy = l% 7"'] and Dy = @7755(%?751’ =5\ {%q}'

WehavevlqéBvlq’+%:D:[O D, 0
I

Hence

tk D=1k Dy + X, vk~ >tk Y07 =1k

q .a
using rk lﬁg Pyé:l >tk 7/ +1k 7 >rk 7] by Lemma [6.1.4] Finally
T

rk (7 +7) 2tk (@A +7:) > tk

by Lemma , this is a contradiction. Similarly, suppose that there exists rk 7/ +rk %q, <tk 7.
We also have

’}/q ’}/q !
rklol f]lerk [V ] 2tk 4l > thyf+ tkAf
T

woi
0 7
By Lemma [6.1.13, we have ~y(ker ;) € im ;. Since ker ~; = D jes, ker 73, there exists

Using Lemma [6.1.5, tk (v, + ;) > rk [ l + X peqnres; Tk 77 > 1k v, this is a contradiction.

fylpl(ker 7?) €im ~. However, im ,Ylp’ nim 4? = (0). Then fyf’(ker 7?) = (0). Hence there exists

ker 7¥ ¢ ker ’yf’,p € {1, u}.
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On the other hand, there is also ~;(ker ;) € im ;. Similarly, we have ¥ (ker 77 ) ¢ im o
Suppose that ~; (ker 7 ) ¢ im 7. Since ker 77 ¢ ker 77 ", then VY |y is injective, where UP' is
the complement of ker +) "= U” in vector space U = M(,»y. Then
Y(U) =AU @U") A |y &V [yng UP @ im 47,
under isomorphisms of vector spaces. However, there exists
dim, U?' + rk 47 =tk ’ylp’ +rk 97 >tk 77,

this is a contradiction with equation @ Hence there exist isomorphisms

7 (ker 47') 2 im 47, (10)

for all pe {1,---,u}. Actually, we can also get

rk %(p_l)’ + kv = rk 'yf. (11)
through changing 7 into j. Then 77 (ker 'yl(p_l)’) im ), pe {2, u}.
Hence we can see that there exists decomposition of +7 and fyf . That is,

D _ P p
Vi =W e 2 &% |-

p_ A4 p
Vi =7 |ker Ml ®7; |1y

where ker 'yf’ QU 2 My.py=M

7
s(v)’

ker ’)’l(p_l)' e U1 ~ Ms(vf) = Ms(v?”l)' Hence we get

Vil" 0 O
P)/]?" fijlI O
W0 o 0 A A 00 . -0
0 ~2 « 0 0 ~2 ~2 0 \ '
Agi=yryen=|y 0T 0 el 0 g [saear
: : ) .u ) ’L.L, ' (u+l)"
0 0 « 4 0 - S 0’ S
f}/ll 0
[0 - 'Viu, ]

pII _ p pll _ p
-0 = |U10’7’Yj = ’Yj |U(p—1)’7 and

7/ /
D _ P D _ P
where Vi =7 |ker %p’a /Yj = '7]' | {

ker ~

,)/Z;lll O O

7‘72// 712” O

o 0 e 0 g 00 .~ 0

— 0 oo 0 0 7 i 0 — ” "
A=l L AT 0 LR
7 7 u+1)”

Y 0
| 0 f}/lu’ |
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Note that we only need [ # 7,7 and n > 3. On the other hand, M is indecomposable. Then
either A’ =0, or A” =0. Suppose that A’ =0, then

rk vf" =tk 47 =1k %p’ =rk VJ(.pH)” =1k 7;p+1), 1<g<u.

Hence ker ﬁ” = (0), that is, every %p’ is injective, 1 < p < w. Finally, we can see that yf” =
%?”7(.’”1)" = 7](.’”1) are all injective in M, 1 < p < u. Hence M € Inj, o. Similarly, we get M €
Surj, o when A” = 0.

[]

6.2 Reflection functor and graded modules of constant rank

In this section, we want to see what would happen when we use reflection functor o to act on
Inj, o USurj, o in mod(7'(n),§2), n > 3.

Lemma 6.2.1. Let M € Inj, o be a reqular indecomposable module. Suppose that oM is of
constant rank. Then oM € Inj, ,q.

Proof. Since M € Inj, o, M is a sink module and its diameter [ is even. Let Iy = (ag, a1, -+, @)
be a diameter path of T'(M). By [7, Theorem 8.1], all maps 7} : M, - M,, are injective,
c; € Nyr(as),1<i<n. Let M’ =oM. By Lemma , all leaves of M’ are sinks and m > 4.
By [5, Proposition 1.(a)], path I; = (a1, am-1) is a diameter path of T'(M’). Actually, all
diameter paths of T(M’) are gotten by this process. By Lemma [6.1.10[(a), kernels of maps
vt M}, — M/ are isomorphic, where points ¢; € Nyy(az) \ {as} are leaves and 1 <7 <n—-1
[Lemma[6.1.9]. Note that M, =ker i, where p = (71, 71) : ®Me, > My,, ¢; € Nyy(az). On the
other hand, we know that /' : M/ — M} = M. ;m = (my,---,my) = m;,1 <i<n—1. Moreover

ker /" = {m’ = (ma, -+, mi—1,0, M1, ,mn ) | Tos v (my) = 03
We pick an element e; = (my, -+, m;_1,0,mM;s1, -, m,) € ker /1. Consider ker 7]{1, 1<j+i<n—1.
By Lemma [6.1.10(a), there exists ker ;' = ker 7/'. Then the element e; € ker /! = ker /!
indicates that m; =0 in e; for all 1 <j #¢ <n-1. Finally, we get

e; = (0,0,-+,0,m,,) € ker y/1.

Hence ker 7' = {m' = (0,0,---,0,m,) | v:(m,) = 0} = (0) because v} is injective in M, that is,
v/t is injective, 1 < ¢ < n —1. Note that rk 7! < dim, M/, = rk ~/', where 4/} : M7, — M.
However, there exists rk /! > rk /! by Lemma [6.1.10L Hence rk /! = rk /!, and /! is also

injective. Let N' =m\(M') and v/ = N’(v;),1 <7 <n. According to section , we get

(1 0]
n . 77,11—1 0
Ly = Z(®W(7§j)=7ﬂ?) = B
iz 0
: A
| 0 ]

for M’. Since all 4/! are injective for 1 <i<n, we get a module M?, and matirx
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B
F(l2) = [Al )

satisfying rk T'¢,) = rk I';,— 1k 4!, where module M? is gotten from M’ by deleteing set
{as} Ny (az) N {as} in supp(M’), Iy is a path of M2. We can see that M? is still of constant
rank. Module M? may be decomposable, however, T'(M?) is connected. Note that the maps
in M? are the same with that of M’.

If d(M’) = 2, then we are done. Suppose that d(M') > 4. In fact, we already see that all
leaves of M’ are sinks [Lemma [5.1)(b)]. If a3 is not a leaf of supp(M?), then we can continue to
delete the set {ba} UN(b2) \ {as} in supp(M’) when (by,bs,as, -, by,_1) is another diameter
path of M’. After finite steps, we will get a module MP such that az is a sink leaf of MP.
Although MP may be decomposable, supp(MP) is still a tree by our construction, and each
direct summand of MP is of constant rank [Theorem [6.1.6]. Suppose that MP = @;e; MP*, where
every MP* is indecomposable and is of constant rank. Since M’ is indecomposable, there exists

az € supp(M*P*) n supp(M*»7)
for any i # 7. Otherwise, suppose that there exists a direct summand MP+* of MP such that
ag ¢ supp(M#»).

It indicates that MP is also a direct summand of M’ by our construction, this is a contradiction.
Let I, = (ai0 = as,ai1, -, a;p;) be a path of direct summand MP# i e [. Then path [,; satisfies
condition of Lemma[6.1.10[(a). Hence MP? satisfies condition of Lemma [6.1.10)(a).

We now change M’ into MP at the beginning, and discuss one of its paths [, = (as, -, ar).
Then we can similarly get map v} : Mg, = M;, — M = M being injective for every b; €
Nuyr(ag). Then we delete set {as} U Ny (aq) N {as} and get a module M?. We repeat this
process, and we can finally see that every M’(%j) is injective in M, whence M’ = oM € Inj, ,q.

[]

Lemma 6.2.2. Let M € Surj,, o be a regular indecomposable module. Suppose that o= M s of
constant rank, then o~ M € Surj, ,q.

Proof. According to Lemma and [15, Proposition 5.2], we know that Dy,) o (07 M) is of
constant rank and

DT(n) o (O'_M) 0o (DT(n)(M)).
Since M € Surj, g, then Dpe,y (M) € Inj, o. By Lemma we know that
O—(DT(H) (M)) € Injn,aQ'

Hence o~ M € Surj,, ,q-
O

Theorem 6.2.3. Let D be a regular component of mod(T(n),2). Suppose that W(D) = 1.
Then there exists

CRn,aQ noD = (Injn,oﬂ U Surjn,oﬂ) noD

for the regular component oD.
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Proof. By Theorem , we get that W(oD) =1, or 2. Now let M € D, and let M ¢ Inj, qu
Surj,.q. Then there have 0=2M € Inj, q,02M € Surj, o since W(D) = 1.

Suppose that W(eD) = 2. We have 0~ M, oM ¢ Inj, ,qU Surj, ,q for component oD. Oth-
erwise, suppose that oM € Surj, ,q. Since W(oD) = 2, there exist o= M,073M ¢ Inj, ,o. Then
072M =71"M ¢ Inj, o by Lemma . This cannot happen since W(D) = 1. Similarly, we can
show that =M ¢ Inj, ,q.

By Lemma [3.2.4] Lemma [3.2.7, Lemma and Lemma we have

ocM=zo(072M) ¢ CR,,onoD, oM 2o (02M) ¢ CR,, ,onoD.

Since W(oD) = 2, there is
CRy 00 noD = (Inj,, ,quSurj, o) NnoD. (12)

Suppose that W(eD) = 1. We can see that oM = W,p € Surj, ,q, or =M = M,p € Inj, ,q.
Hence there exists M = o~W,p, or M 2 0 M,p by Lemma[3.2.7] Since M ¢ Inj, qu Surj, o and
W(D) = W(oD) =1, then M is not of constant rank [Lemma [6.2.1] Lemma [6.2.2]. Moreover,
CR,onD = (Inj,quSurj,q) nD. Suppose that M = o"W,p. Then o~ M ¢ Inj, .o since
W(oD) = 1. However, 0-2M € Inj, o since W(D) = 1. Then o-M = o(c2M) is not of constant
rank by Lemma . Suppose that M 2 ocM,p. Then oM ¢ Surj,,q since W(oD) = 1.
However, there is 02M € Surj, o since W(D) = 1. Then oM = o=(¢2M) is not of constant rank
according to Lemma [6.2.2] Hence equation (12)) is also true when W(oD) = 1.

0
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7 Elementary modules of C,

7.1 Dimension vectors of elementary modules
Let IC,, = kK (n),n > 3. There exists a function called dimension vector on mod K,
dim: mod K, > Z2, M ~ (dimy M, dimy M>).

if (0) > L > M - N — (0) is an exact sequence in mod K,, then dim L+dim N = dim M.
There exists a bilinear form

<= = > 22 x 12 = L, ((w1,72), (Y1, 42)) = (2191 + Taya) — nT1Ys.

This bilinear form is exactly same with the Euler-Ringel form on the Grothendieck group
Ko(K,) 2 Z2. Then we get a quadratic form

q: 7% > ZL,x »<x,0>
Definition. A dimension vector (z,y) is said to be regular, provided ¢(z,y) < 0.

Let 0,0~ be the Bernstein-Gelfand-Ponomarev reflections (or BGP-functors) of Ky(K,,) = Z2
given by o(z,y) = (nz - y,z),07(z,y) = (y,ny — ). By abusing notations, we take 0,0~ as
the BGP functors of mod IC,, (we take the opposite of the n-Kronecker quiver to be again the
n-Kronecker quiver).

Let M € mod I, be an indecomposable module different from S(2), then there exists

dim oM =0 dim M.
Similarly, if M is indecomposable and different from S(1), then dim 0=M = o~ dim M.

Definition. Let M € mod K,, be regular. We say that M is elementary, provided there is no
short exact sequence (0) - L - M - N — (0) with L, N € mod K, being nonzero regular
modules.

If M is elementary, then all module o*M are elementary, ¢ € Z |1, VII. Corollary 5.7(d)].

Definition. The dimension vector (x,y) is said to be elementary, preprojective, or preinjective,
provided there exists an elementary, preprojective, or preinjective module M with dimM =

(z,9).

Let R be the set of the regular dimension vectors. We have seen that ¢ maps R onto R. In
fact, there is another transformation 6 on K¢ (K,,) defined by d(x,y) = (y,z). Moreover, it sends
R onto R. Let M € mod IC,,, then § dim M = dim M*, where M* is the dual representation of
M, which is, M* = (M, My, (M*(7;))1<i<n), M7 is the k—dual of My and My is the k-dual of
M, the map M*(~;) is the k—dual of M (~;).

We give the set

F={(z,y)| 2z <y<a}.

Lemma 7.1.1. 17, Section 2. Lemmal| The set F is a fundamental domain for the action of
the group generated by 6 and o on the set R.
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Lemma 7.1.2. [17, Lemma 3.1] Assume that M € modIC,, is a regular module with a proper
nonzero submodule U such that both dimension vectors dimU and dim M /U are regular. Then
M is not elementary.

Proposition 7.1.3. |17, Appendix 1. Proposition| Let M € mod IC,, be nonzero regular module.
Then M 1is elementary if and only if for any submodule U of M , the submodule U is preprojective
or the factor module M [U is preinjective.

By duality and Lemma [7.1.2] a module M € mod IC,, is elementary if and only if its dual
M~ is elementary. That is to say, if dim M = (z,y), then (x,y) is elementary if and only if
(y,x) is elementary. Hence we only need to study one of these two dimension vectors.

Lemma 7.1.4. |7, Lemma 14.11] Let M € mod K,, be an elementary module with dim M = (z,y)
andy<x<y+n-—2. Then x <n.

Let V? denote the i-dimensional vector space over field k,7 € N. Let L(V7,V?) be the linear
space of all k-linear transformations from V7 to V. Let [(r, j,1) = dimy L', where L’ € L(V7,V?)
is the largest linear subspace such that rk v =7 for all 0 # v e L.

Theorem 7.1.5. |14, Theorem| Let 2 <1 < j <i be integers. Then
i—r+1<l(r,ji)<i+j—-2r+1.

We define a quadratic function f(w) = w?-nw+1=(w-%)?- %2 +1,w € k,n e N. Since w?
has positive coefficient, we have ma%)f(w) =max{f(a), f(b)} for all a<beR.

Let (z,y) e F,y # n—1. Then

gr-1,y-(n-1))=

Wheret—m Then g(z -1,y - (n—1)) <0 if and only if f(¢) <0
Let A, be the arrow space of I,,. It is an n-dimensional vector space with basis {7; |1 <i <

n}. Let M € mod K,. We use v;.m to denote arrow ; acting on m,m € M.

Lemma 7.1.6. Suppose that (z,y) € F andy >2(n—1). Then (x—1,y—(n—1)) is a regular
dimension vector.

Proof. Since y < x and n > 3, we have y — (n 1) <z —1. On the other hand the inequalities
y>2(n-1) and y > 2z imply y— (n-1) > e 1) —=L(z-1). This is because 2 > s 1) - and these

two lines y; = 22 and y, = TL(T?_—_l)_l(x— 1) + (n - 1) intersect at the pomt (n(n-1),2(n-1)).
That is, 25— (x-1) <y-(n-1) <z -1 and =15 e [1, "] Let + = 2L Since
f(1) < f(%), we obtain

41



f)=t*+1-nt< max f(t) = f(

:(n(n—l)—1)2+1_nn(n— )-1
n-1 n-
1
=(n-——)2+1-n%+— (14)
n-1 n-1
=n?-2- 2 ! +1-n?+1+
n-1 (n-1) n-
2-n
= <0.
(n-1)2
Hence (z -1,y - (n—1)) is a regular dimension vector. O

Lemma 7.1.7. Let M € mod IC,, be a module with dim M = (x,y) such that n-1<y<x+n-2.
Then M has a submodule U with dimension vector (1,n—1).

Proof. Actually, we can obtain a proof by following the arguments of Ringel mutatis mutandis
(cf.[17, Lemma 3.2]).
O

Lemma 7.1.8. Suppose that (x,y) € F is an elementary dimension vector. Then y<2(n—1).

Proof. By Lemma [7.1.4), we only need to consider the case: x -y > n - 1. Suppose that
there exists some elementary module M with dim M = (y,z) such that y > 2(n - 1) and
r-y>2n-1,(z,y) € F. Then we have

y22(n-1),
-y>n-1, (15)
2 ia:
That is
y =2 2(” - ]-)a
y+n-1<z< 3y, (16)

r2y+n-123(n-1).

Then there exist inequalities y =y +(n-1) - (n-1) <z -(n-1) < 3y - (n-1). Moreover,
we have

. n-2)y%2—(n- (n-1) n n 2
Smcef(%)z—%<Oandf(2’y—)=f(§—2y 2)=(33 T 2)2-2+1 <0,y > 2(n-1),
(y—1,x - (n-1)) is regular. Now we consider (y -2,z —2'),n+1 < 2’ < 2n - 1. Note that

y+n-1l-a'<x-2'<fy-a and 2’ - (n-1) <n. Then

yr(n=D-@n-1) _ yon o yin-l-o’ o z-z e
y=2 Ty-2 = y-2 y=2 y=2 = y-2

n_ _1
2 2"
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WehaveZ—Z—l——>1 ﬁzgvandf(%):52n<0n>3 As§—z—nsg—%,then

2
(i) < f(3) < 0. On the other hand, f(% - LQ) = (ﬁ)2 - T +1<0,y>2(n-1). Hence
(y — 2,z —a') is regular.

Let U ¢ M be a submodule generated by an arbitrary element 0 # m € M;. Then dimension
vector of U is (1,n). Otherwise, suppose that dim U = (1,zy) and xy < n—1. Since M is
indecomposable, we have zyy > 1 as xy = 0 will indicate that M has a direct summand S(1)
and M is decomposable. We now let U” = U & U’, where U’ a is semi-simple module with
dimension vector (0,n—1-xy). We can see that U” ¢ M is a submodule with dimension vector
(1,n—1). Since (y— 1,2 = (n-1)) is regular and dim U” is regular, M is not elementary, this
is a contradiction by Lemma and Lemma [7.1.6]

We claim that it generates a submodule E ¢ M with dim E = (2,zg) and xg > n+ 1 for any
two nonzero and linearly independent elements mq, mo € M;. Otherwise, suppose that there
exist some two non-linear elements mq, ms € M; such that submodule E generated by these
two elements has dimension vector (2,z) and xz < n. We already know that any submodule
U ¢ M with dimU; # 0 has the property dimUs; > n. This implies x5 = n. Lemma [7.1.7]
provides a submodule E' ¢ E ¢ M of dimension vector (1,n - 1), a contradiction. Hence we
have g > n. We have seen that (y — 2,z — 2’) is regular for all n+ 1 < 2’ < 2n. Then zp = 2n.
Note that my,my are random elements. Now let set {e1,---,e,} be a basis of M;. Let U be
the submodule generated by single element e;,i = 1,---,y, where y > 2(n - 1) > 4. Comparing to
submodule E, we have U'nUJ = (0) for any i # j € {1,---,y}. Then we can get x > ny > §y,
this is a contradiction with . Finally, we can see that there does not exist such elementary
dimension (y,z) with y >2(n—-1). Then y < 2(n-1).

[

Lemma 7.1.9. Suppose that (x,y) € F is an elementary dimension vector. Then x < 2n.

Proof. By Lemma we only need to show that (x,y) is not elementary when z -y >n-1,
that is, y < z—(n—-1), where z > 2n. According to Lemma , we know that 2z <y < 2(n-1).
Now we consider dimension vector (y,z). Suppose that there exists an elementary module M
with dimension vector (y, ), where 4= 2 x2n<y <z -(n-1),2>2n. We get

-(n-1), (17)

Then 2n <z <n(n-1) and

n+l<ez—(n-1)<(n-1)>2%

2r-1<y-1
n oo (18)
y<2(n_1)7
y<x—(n-1).
We have
z—(n-1) _ z=(n-1) _ nrz—(n-1)\ _ n n—2 n n—-2 -n n—2
Sy st = () =5 (l- ) <5 (- anmm) = 5 — e
n-2)y%-(n-2)y- n- n?
Note that f(;4) = -S04 <y <2(n-1), and f(3-£2) = (£2)? - +1<
1—§+1<0,n24. Hencef()<0te[y1,g 4716) Then (y -1,z - (n-1)) is regular.

Let n+1<a’<2n-1<z. Consider (y -2,z —2'). Then
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1 n—2 n-2 _ z—(2n-1) z—(2n-1) _ z-z' _ z—(n+l) _ x—(n+l)
n-1 - 2n—(n+1) <1- z—(n+l) = z—(n-1)-2 = y-2 < y-2 s y-2 s Jr-2 °
Moreover, 254 - n(zzlmt)y _m(q _ Ly ¢ L =2 L-2n <z <n(n-1).

) 2\ 2 <5(1- m) =2 7 2(m-2)y
On the other hand, f(-15) = (nz__—l”)g <0and f(5 - 2(n1_2)) = (2(711_2))2 - %2 +1<0,n>4. Hence
(y - 2,2 —x') is regular.

Let U € M be a submodule with dim U = (yy,zy). When yy = 1, we get xy = n since
(y—1,2—(n-1)) is regular. Otherwise, suppose that z;; <n-1. We can let U’ = U@ U", where
U"” is a semi-simple module with dim U” = (0,n-1-xy). Then dim U’ = (1,n-1) is regular and
dim M/U’ = (y-1,2 - (n-1)) is regular. Then M is not elementary [Lemma [7.1.2]. Suppose
that y = 2. We claim that it generates a submodule UM ¢ U with dim U™ = (2, 2;0)) and
oy 2 n+ 1 for any two nonzero and linearly independent elements my,my € U;. Otherwise,
suppose that there exist two elements mq, msy € U; such that submodule U generated by mq,mo
has dimension vector (2, z;) with 25 < n. We know that any submodule U ¢ M with dim,U; # 0
has the property dim;Us > n. Then x5 = n. Now Lemmaprovides asubmodule E' ¢ E ¢ M
of dimension vector (1,n-1), a contradiction. Since (y-2,x—zy) is regular when n+1 < xy < x,
and (2,zy) is regular when n + 1 < zy < 2n, we get xy = 2n. This indicates that it generates
a submodule U® ¢ M with dim U® = (2,2n) for any two nonzero and linearly independent
elements my,my € M. Let {e1,---,e,} be a basis of M;. Let U? be the submodule generated
by single element e;,i € {1,---,y}. Comparing to submodule U, we have U n U’ = (0). Hence
T 2 ny > 5y, this is a contradiction with . Hence such elementary module M does not exist,
that is, x < 2n.

Suppose that we can find an elementary module M with dim M = (y,z) when x < 2n, where
(z,y) € F. If we let U be a submodule of M generated by nonzero and linearly independent
elements mq, msy, then we have dim U = (2, z) according to the above discussion, where my, ms €
M.

]

Corollary 7.1.10. Let (z,y) € F, n <z <2n. Let M € modK,, be a module with dimension
vector (y,z). Then M is an elementary module if and only if elements of My satisfy the
following two conditions:
(a) any nonzero element my € My generates a submodule U" with dimension vector (1,n), i.e.
U'~P(1);
(b) any two nonzero and linearly independent elements my, ms € My generate a submodule U"
with dimension vector (2,x).

Proof. Suppose that M is an elementary module. According to the proof of Lemma [7.1.9 we
get (a), (b).

Suppose that M satisfies conditions (a), (b). We can first see that M is indecomposable.
Otherwise, suppose that M = M’ @& M". Since n < x < 2n, there exsits some submodule
X e {M’, M"} such that for any 0 # m € X}, it generates a submodule U with dimension vector
(1,zy) and zy < n. This is a contradiction with condition (a). Since (z,y) € F and dimension
vector of M is (y,x),y > %x > 2, M is regular. Finally, we can see that module M satisfies the
conditions of Proposition [7.1.3] Then M is elementary.

O

Lemma 7.1.11. Suppose that (x,y) € F is an elementary dimension vector, where n <z < 2n.
Then y? —y +2x < 4n + 2.
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Proof. Suppose that M is an elementary module with dim M = (y,z),2 = % xn<y<wx Let
I ={my,---,my} be a basis of M;, and let I’ = {m},---,m/} be a basis of My, respectively. Let
m;,mj € 1,1+ j. Assume that for each 7; € A,,, there exists

vimy = (agy, s ag,),

al ek, 1<i<n1<s<wz,je{l1,2}. Now consider the matrix

_ 5 - 11
V1.1 CLH alx
1 1
Ay = T | _ [ Ap1 " Opg
(7’7]) - m - 0/2 s CLQ :
11 11 1z
. 2 2
| Tn- 1105 ] [ Q1 Wz ]

It says that the rank of the matrix A; ;) is independent of the choices of m;, m; by Corollay
[7.1.10] Hence there exists rk A(; ;) = . On the other hand, the matrix A ;) can also be
treated as a linear transformation from vector space V' to vector space V2. Since the number
of set {(m;,m;) |i# j} is (32’) = %, the dimension of linear space W generated by all such
matrices {Ag ) | @ # 7} is @ Otherwise, suppose that dim;W < @ Then there exist
some b; ; € k~ {0} such that ¥, ; b; jA¢ ;) = 0. That is,

71.(2 bi,jmi)- 0

%,.(Z.bz‘,jmi)

23 0ij A Y1-(X biymy)

0

Y- (X 0i,5m;) |
Then we can find at least an element 0 # m = Y b; ;m; such that ~,.m =0 for all 1 <4 <n, this
is a contradiction with Corollary [7.1.10(a).

On the other hand, we have 2n -z + 1 < [{z,x,2n) < 2n+x -2x +1 = 2n —x + 1, which
means [(x,x,2n) = 2n+ 1 - z. By Theorem , we know that @ <2n+1-x. That is,
Y2 —y+2x<4n+ 2.

m

Lemma 7.1.12. Let M € mod K,, with dimension vector (x,y),x > 1. Suppose that any nonzero
element m € My generates a submodule U with dimension vector (1,y). Then M is indecom-
posable and y < n.

Proof. When x =1, we have done. Now let x > 1. Suppose that there exists a module M being
decomposable and M = M’ @& M”. Assume that dim M’ = (2’,y’). For any 0 # m’ € M], it
generates a submodule U’ with dimension vector (1,%). Then y’ = y. Hence z’ < z, and we have
dim M"” = (z—2',0). This cannot happen since random element m’ also generates a submodule
U” with dimension vector (1,y),0 % m/” € M{". Since dimiA,, = n, we get y < n.

O

Lemma 7.1.13. Let M € mod K, be a module with dim M = (z,y) € F and x < n-1. Let
0 £ m € My be an arbitrary element. Then M is elementary if and only if the submodule U
generated by m has dimension vector (1,y).
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Proof. Suppose that dim U = (1,y) for any 0 # m € M;. Then the module U is a regular module
[7, Lemma 3.5]. By Lemma and 1 <y <ax <n-1, M is regular indecomposable. Let U’
be a random proper submodule of M with dimension vector (z’,y’). Then x’ > 1. Note that
' = 0 will indicate that M is decomposable. Hence y’ = y and dim U’ is regular. Moreover,
dim M /U’ = (x - 2’,0) is preinjective. Hence M is elementary by Proposition .

Conversely, let M be an elementary module. Suppose that there exists some 0 #+ m € M,
generating a submodule U with dim U = (1,y’) and 1 <y’ < y. Note that y’ = 0 will indicate
that U is isomorphic to the simple module S(1) and M is decomposable. Then U is regular.
Now consider factor module M /U and its dimension vector (z -1,y —y’)

g(z-Ly-y)=(z-1+(y-y)-nlz-1)(y-v)
=(z-1D)[(z-1)-n(y-y)]+(y-y)*<0.

Sincez—1>y-y and n(y-vy')-(r-1)>y—y wheny<x<n-1, (r-1,y-vy') is a regular
dimension vector which contradicts Lemma [T.1.2] O

(19)

Let(x,y) € F, where < n. Suppose that M € mod K, is an elementary module with
dimension vector (z,y). Lemma [7.1.13[tells us that M can be seen as a representation of the
quiver

z points o o o

]

1y points o °

that is, each point of upper row has y arrows. For the elementary module M, we just put
1-dimensional vector space k on each point. We will give a precisely construction later.

Let M € mod K, be a module. We introduce an arrow 7,,; and define 7,,,;.m := 0 for each
m e M. Let Ay = A, ® kv,41, where k7v,,1 is the 1-dimensional vector space generated by
arrow ,;1. Hence we have an embedding ¢ : mod KC,, - mod K ,,;; in this way. Then module
M can be seen as a module of mod K, ;. In the following, we always mean ~,,;.M =0 when
we say M € mod/C,, € mod IC,41.

Let F be the fundamental domain of K,,, and let (z,y) € F with z <n. We have 2z <y < z.
Hence %x < %x <y <x. Then (z,y) is located in the fundamental domain of /C,.,1.

Corollary 7.1.14. Let (x,y) € F with x <n. Suppose that (x,y) is elementary for K,. Then
(z,y) is elementary for K.

Proof. Now let M € mod IC,, be an elementary module with dimension vector (x,y). We want
to prove that M is also elementary for K,,;. Let U be a submodule of M in mod K,,;. By
Lemma [7.1.13] it generates a submodule U’ with dimension vector (1,y) for any 0 # my € M;
for IC,,, whence this is also true for &,,;;. Then dim U = (xy,y) for K1, where xy > 1. Then
MU is preinjective with dim M /U = (z — zy,0). Hence we can see that M is also elementary

for KC,,p1 [Lemma [7.1.13].
]
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Let (z,y) € F with < n. Suppose that M € mod K, is an elementary module with
dimension vector (z,y). Let A be a matrix over k. We use A? to denote its transpose. Let

{my,---;m;} be a basis of M;. We define A; := [’yl.ml- fyn.mi]t .7 € A,. We focus on the
matrix A;. Lemma tells us rk A; = y. Each A; can be seen as a linear transformation
from the vector space V¥ to the vector space V. We define Vy; :=k < A; | 1 <i <z >, that is,
the linear space V), is spanned by all such A; over k. Then we have:

Lemma 7.1.15. Let (z,y) € F with x < n. Suppose that M € mod K,, is an elementary module
with dim M = (z,y). Then dimy Vi, = z.

Proof. Suppose that dim; V), < x. It indicates that there exist some b; € k ~ {0} such that

¥¥ , b;A; = 0. That is
- ( i= 1 b; mz
Y1 A = Ve (X5 1 b M)

’Yn( zlbml

Hence we can find an element 0 # m’ = ¥;_; bym; € M; such that v;m’ = 0 for all j € A,,.
According to Lemma [7.1.13] this cannot happen.
H

Lemma 7.1.16. Suppose that (x,y) € F is an elementary dimension vector with x <n. Then
there exists an inequality x +y <n+ 1.

Proof. Suppose that M € mod K, is an elementary module with dim M = (z,y). We now
consider the linear space V);. Note that the A; can be treated as a linear transformation from
the vector space V¥ to the vector space V™ and tk A; = y, A; € V3. On the other hand,
n-y+1<l(y,y,n)<n+y-2y+1=n-y+1by Theorem[7.1.5] Hence dim;Viyy =x<n-y+1,
that is, v+ y <n+1.

O

7.2 Construction of elementary modules

Let (x,y) € F with z +y = n+ 1. We construct a module X = X (z,y) = (X1, X2, X (Vi) 1<icn)
of K,: let {e1,-+,e,} be a standard basis of X, i.e. the i-position is 1 and others are all 0 for
each e;. Let {e], -, y} be a standard basis of Xy. We use [s;aq,a2,+,a,] to denote the arrow
Ve, Mapping es to e in X (x,y), and we call it arrow basis of e;, where 1 < s<z,1<i<y,1<
a; £, € A\,. For ey, we define its arrow basis being [1;1,2,---,y]. For the second ey, we
start from 2 to y + 1, that is, the arrow basis of ey is [2;2,3,-+-,y + 1]. For es, we repeat this
process by starting from 3 to y + 2. We keep doing it. Finally, we can get = arrow bases of
X(z,y): [1;1,2,,9],[2;2,3, -,y + 1], [s;8, s+ 1, y+s= 1], [x;2, 2+ 1, n],1 < s < x.
That is,

€1

Cx

X(z,y)= M
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Let e =0 when j ¢ {1--,y}. Then v;.e; =€ ;,,,7i € An,j € {1,~-,2}. Now we give an example.

Example. Let X(3,3) € mod 5. Then we can get its arrow bases: [1;1,2,3],[2;2,3,4],[3;3,4,5].
The structure of X(3,3) would be the following

01
Then X (3,3) = 1 0],
0 0
0
X(74) =0
0

Lemma 7.2.1. The module X(x,y) is elementary.

Proof. Let 0 #m = (a1, a,) € X;. Then we can get a matrix

[ a, 0 0 0
(05} aq 0 0
as (05} aq 0
’71m ay ay—l a2 al
Ap = e | =Tt TG @
: Ay Az-1 = Qgyt+2 Og—y+l
.m
n 0 Qg o OQg—y+3 Qp—y+2
0 0o - Qg Ao
| 0 0o - 0 a; |
Since A,, is an n x y matrix, we get tk A,, <y. Let j=min {i|a; #0,1<i<x}. Weget ayxy
a; 0 e 0
matrix A; = aj_” a.j . Then rk A; =y. Moreover, we have a partition
Ujry-1 Qjry-2 Oy
A
Am = lAél>
Ajry  Ajry-1 " Gjg1
where Aj = ajiy” aj:” aj:+2 . Then rk A,, >y [12, 8.2]. That is to say, we have
0 0 - ay
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rk A, =v.

By Lemma[7.1.13) X (x,y) is elementary.
O

Theorem 7.2.2. Let (z,y) € F with z+y=n+1. Then a module M € mod IC,, with dimension
vector (x,y) is elementary if and only if M is of the form X(x,y).

Proof. By Lemma [7.2.1, we already know that X (z,y) is elementary. Now let M € mod IC,
be an elementary module with dimension vector (x,y). By Lemma [7.1.15, we get dim; V), = x.
According to Theorem [7.1.5] there exist inequalities

n-y+1<l(y,y,n)<n+y-2y+1l=n+1-y.

That is, z =n+1-y <l(y,y,n) =n+1-y, which is z = (y,y,n). By Lemma[7.2.1] the module
X(z,y) can also provide a linear space Vy satisfying dim;Vy =z with rk v = y for all 0 # v € V.
Then we have Vi, 2 V. Suppose that {A;,-+, A, } and {By, -, B, } are the bases of the linear
spaces Vx and Vj;, respectively. Then there exists an invertible matrix 7" such that

(Bla"'an)t: (Ala"'an)Ta (20)

We now reconstruct a new module X'(z,y) such that (Af,---, A7)t = (A;,-+, A;)T. According
to Lemma [7.1.13] X’(x,y) is elementary. Then we can see that X'(x,y) 2 M.
[

Remark. Unfortunately, we couldn’t give a similar result for dimension vector (x,y) when
n <z < 2n, where (z,y) € F. Tt is still a question to describe their elementary modules.
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