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Abstract. The first-order closure of a class F of formulas
is the smallest superclass of F that is closed under first-
order quantification. We consider (properties definable in)
the first-order closure of different levels of the monadic
second-order quantifier alternation hierarchy over grids or
graphs.

We show that in this hierarchy, the first-order closure of the
boolean closure of X is less expressive than the first-order
closure of the boolean closure of Y41, more expressive than
the boolean closure of Y, but not more expressive than
Ak+2.

To show this, we consider sets of rectangular grids where the
width is a function of the height. If such a set is definable in
the first-order closure of the boolean closure of X, then the
corresponding function is at most (k 4 1)-fold exponential
(this generalizes a result of [AFS97] from k& = 1 to arbitrary
k). Moreover, we prove that this bound is asymptotically
optimal (this solves, for the case k = 1, an open question of

[AFS97]).

1 Introduction

The subject of this paper is monadic second-order logic over finite
graphs. The monadic second-order quantifier alternation hierarchy
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over graphs classifies formulas (and hence graph properties) wrt. the
alternation depth of set quantifiers.

Y (respectively II;) contains all formulas in prenex normal form
that have a prefix of £ alternating blocks of set quantifiers starting
with an existential (respectively universal) block, followed by a first-
order kernel. For every class F of formulas, F denotes the set of all
properties definable by an F-sentence. Let Ay = Y N 11

With a certain amount of arbitrariness we choose X to be re-
ferred to as “level k of the monadic hierarchy”. The choice of IIy,
Ay, or the boolean closure of X)), would have been as canonical.

The first-order closure of a class F of formulas contains all for-
mulas that result from a F-formula by prefixing it with first-order
quantifications. In other words, the first-order (respectively first-
order/boolean) closure of F is the smallest superclass of F that is
closed under first-order quantifications. The first-order closure of the
boolean closure of F is called “first-order/boolean” closure of F.

In [MST98] it is shown that the monadic second-order quantifier
alternation hierarchy over graphs is strict in the sense that every
level is more expressive than the boolean closure of the previous
level, more precisely: the boolean closure of X is strictly included
1n Ak’+1'

In this paper we show firstly that, for every k, there is a Agio-
property not expressible by a sentence in the first-order/boolean clo-
sure of Xy, secondly that for each k there is a property which is ex-
pressible both in the first-order closure of Y and in the first-order
closure of II;, but not in the boolean closure of Y., and thirdly that
the first-order closures both of Y4, and Il;y, are more expressive
than the first-order/boolean closure of Y. The latter result may in-
formally be rephrased as: The monadic hierarchy remains strict when
each level is closed under first-order quantifications. The proofs re-
fine automata theoretic techniques of [MT97] and techniques from

[Sch97].

In contrast to these results, which show that in some sense the
first-order closure is weak compared to monadic quantifier alterna-
tion, it is shown in [MST98] that there are properties definable in
the first-order closures both of Y| and of II; and yet arbitrarily
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high in the monadic hierarchy. This indicates that the alternation of
first-order quantifications does mean an essential (wrt. the monadic
quantifier alternation hierarchy) increase of expressive power in case
the first-order quantifier block preceeds some second-order quantifi-
cations.

As in [MT97,Sch97,MST98] our proofs use a class of structures
different from graphs, namely the class of (rectangular) grids, i.e. fi-
nite structures with two distinct binary relations that can be consid-
ered the vertical and horizontal successor relations when the universe
of the structure is displayed as a matrix. As in the above papers, we
associate to every function f from natural numbers to natural num-
bers the set Ly of all grids that are of size mx f(m) for some m.
In [MT97] it has been shown that if Ly is definable in the boolean
closure of Y., then f is at most k-fold exponential. In this paper we
show that if L is definable in the first-order/boolean closure of X,
then f is at most (k + 1)-fold exponential.

On the other hand, it has been shown in [Sch97,MST98] that
for every k, there is a k-fold exponential function f such that the
grid property Ly is in Ag. In this paper we will use Schweikardt’s
techniques to show that there is a (k4 1)-fold exponential function f
such that the grid property L is expressible in the first-order closure
both of ¥ and of Ij. This solves an open question of [AFS97].

The separation results can be transferred from the class of grids
to the class of (directed or undirected) finite graphs by the encoding
technique of [MT97,MST98].

1.1 Historical Remarks

In [Fag75] it was shown that the first level X} of the monadic hi-
erarchy over graphs is not closed under complement. The question
whether the monadic hierarchy is strict was raised in [Fag95].

After that question had been answered affirmatively in [MT97],
the authors of [AFS97,AFS98] noted the drawback that the levels
of the monadic hierarchy are not closed under first-order quantifica-
tions, whereas the levels of the polynomial hierarchy (or, by [Imm8§]
equivalently, of the full second-order quantifier alternation hierarchy)
are. They raised the question whether also the “closed” hierarchy is
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strict. A formula on the k-th level of this closed hierarchy is obtained
from a formula of the k-th level of the ordinary monadic hierarchy
by interspersing the second-order quantifiers with (universal or ex-
istential) first-order quantifiers. It is observed in [AFS97] that the
properties of [MT97] witnessing the infiniteness of the monadic hi-
erarchy are also definable in the first level of the closed hierarchy,
thus this level is not captured within any fixed level of the monadic
hierarchy.

The same paper [AFS97] introduces the first-order/boolean clo-
sure of the levels of the monadic hierarchy. The authors show (us-
ing Ehrenfeucht-Fraissé-like games) that the first level of the closed
hierarchy contains a graph property not in the first-order/boolean
closure of Y. Besides, they show that if f is a function on the
natural numbers and L (as defined above) is definable in the first-
order/boolean closure of ¥ over grids, then f is at most doubly
exponential, leaving open whether it can be more than singly expo-
nential.

Acknowledgments. I thank Nicole Schweikardt and Thomas Wilke
for pointing out some serious problems in a prior version of this pa-
per, and Wolfgang Thomas for helpful advice concerning the presen-
tation. I thank Thomasz Schoen for his ad-hoc tutorial in number
theory and his proof for the first claim of Proposition 41.

2 Definitions and Results

Let N = {1,2,3,...} be the set of positive integers. For positive
integers 7, 7 with i < j we define [i,j] = {¢,i+1,...,j} and [j] =
[L, j]-

2.1 Expansions

Let 7 be a relational signature, A be some 7-structure, and z,... , z,
constant symbols. Let uy,...,u, € domA be elements in the domain
of A. Then (A, uq,...,u,) denotes the (U {xy,...,z,.})-expansion
of A with uq,...,u,.
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2.2 Graphs and Grids

The signature of graphs Tqrapn = {E} contains a binary relation
symbol E. A (finite, directed) graph is a finite 7¢,apn-structure, i.e.
a pair (domG, E“) with E C domG x domG. If E“ is irreflexive
and symmetric, we call G undirected.

The signature 7gq = {S1, 52} containing the binary “successor”
relation symbols S; and S5 is the signature for grids. The universe
of a grid is of the form [m] x [n]. The grid of height m and width n
is the 7q,iq-structure

[m] X [n] := ([m] x [n], 5", 5,""),

where 57" and S)"" are the “vertical” and the “horizontal” suc-
cessor relations on [m] X [n], containing all pairs ((7,7), (i + 1,j)),
(respectively all pairs ((4,7), (7,7 + 1))) from [m] x [n].

The expressions row, column, top, bottom etc. are interpreted as
in the terminology of matrices; e.g. the leftmost column contains
exactly the positions (7,1) for 1 < ¢ < m, and the top row consists
of all positions (1,7) for 1 < j < n.

Let t,r > 0. By 7¢,,.Gua we denote the signature 7quqa U {X7,
oo X Py, oo ), where XL L0 X are unary relation symbols
and x1, ..., 2, are constant symbols. An 7 ,_qiq-expansion of a grid
is called a (t,r)-grid for short.

2.3 Formulas

Let 7 be a relational signature. We use x,y, z, ... as first-order vari-
ables (i.e., ranging over elements of the universe) and C, D, XY, ...
as monadic second-order variables (i.e., ranging over subsets of the
universe). Monadic second-order formulas over T are built up as
usual from atomic formulas * = y, X(y), and r(zq,...,2;) (for an
[-ary relation symbol r of 7) by means of propositional connectives
and first- and second-order quantifications. First-order formulas over
7 are monadic second-order formulas in which no second-order quan-
tifier occurs.

If a formula ¢ has free variables among Xq,... , Xy, 2q,..., 2.,
we sometimes write (X, ..., Xy, x1,...,2,).
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If C is a class of 7-structures and ¢ is a sentence, i.e., has no
free variables, then we write Modc(p) for the set {M € C | M E
¢} of models of . In the context of grids, a formula ¢ with free
variables among Xq,..., Xy, x1,..., 2, is considered a sentence over
the signature 7; ,_qyia. For such a formula we write Mod; ,.(y) for the
set of (t,r)-grids that are models of .

A class F of formulas is closed under first-order quantifications
(respectively boolean combinations, respectively existential monadic
second-order quantifications) iff whenever ¢, v are in F, then so are
Jdzp and Vg (respectively ¢ V ¢ and g, respectively 3X ¢).

Erample 1. Consider the signature 7¢g.q of grids. The atomic for-
mula S| xy asserts for two positions z, y in a grid that y is the verti-
cal successor of x. The first-order formula topleft(z) = —=3y(S1yx) A
—Jy(Sayx) asserts for a posistion x in a grid that x = (1,1). The
first-order formula ¢ (z) = =3y (S, 2y) ¢ —Jy(S22y) asserts for a po-
sition x of a grid that it is at the right border iff it is at the bottom
border. The monadic second-order sentence

e =3X (‘v’xVyVZ<525L‘y ASiyz = (Xo  X2))
A (Vao(Xa = () Ade(Xa A topleft(x)))

is valid in a grid iff it is a square, i.e., Mody o(p) = {[m] x [m] |
m > 1},

Definition 2 (The (Closed) Monadic Hierarchy). Let 7 be a
fized signature.

Let Xy and closed(Xy) be the set of all first-order formulas.

For every k > 0, we denote by Y11 the smallest set of formulas
that contains all negations of formulas in Xy and is closed under
existential monadic second-order quantification. Let II), denote the
set of all negations of formulas in Xy,.

For every k > 0, we denote by closed(Xy41) the smallest set
of formulas that contains all negations of formulas in closed(X})
and is closed under first-order quantification and existential monadic
second-order quantification.
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Definition 3. Let C be a set of T-structures. Two formulas ¢,
are equivalent over C iff ¢ <> o 1s true in all structures of C under
all assignments. For a set F of formulas we write FC for the set
of all formulas that are equivalent (over C) to a formula in F, and
F(C) :={Modc(¢) | ¢ is a sentence in F}.

Let A = 2.5 N I1C for every k and AR(C) = A_/fc(C)

In any of the above notations, we omit C when this causes no confu-
sion. If nothing else is stated, C is the class of grids. Consequently, we
do not distinguish between a class of formulas and its closure under
logical equivalence over grids—every formula that is equivalent over
grids to a, say, Y-formula will be called “Y-formula” itself.

B(F) (respectively FO(F), respectively FOB(F)) denotes, for
every class F of formulas, the smallest superset of F that is closed
under boolean combinations (respectively under first-order quantifi-
cations, respectively under both of these operations). These classes
are called the boolean (respectively first-order, respectively first-
order/boolean) closure of F.

Ezample 4. Let Grid be the class of grids. The sentence ¢ of Ex-
ample 1 is in ¥, and it is also in 7, 6*d (and hence in AlG“d)
because it is equivalent over grids to

o' =VX (‘v’x VyVz(Saxy A S1yz — (X < Xz))
A (Va(Xz = ¢(x))) = Tz (Xa A topleft(x))).

Remark 5. Let C be a class of structures. Then A€ C ».C C

B(Ek)c and these classes are equal iff Ekc is closed under negation.
Furthermore, FOB(F)¢ = FO(B(F)) and FO(A;)¢ C FO(X,) N
FO(Hk)C for every class F of formulas.

Remark 6. The definition of the class FO(A)(C) of C-structures re-
quired some extra work because we had to introduce the notion of
equivalence over C in order to define the class A, of formulas af-
terwards, which is in turn needed to define the class FO(Ak)C of
formulas. This was necessary because I want to formulate the sep-

aration results for the class of grids in the strongest possible way
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and thus consider this class FO(Ak)C, which might be less expres-

sive than FO(Ek)C N FO(Hk)C. All the separation results mentioned
in the introduction could have been formulated without the notion
of “equivalence over C”.

2.4 Results

Our main result is the following:

Theorem 7. IfC is the class of grids, graphs, or undirected graphs,
and k > 1, then

1. Appo(C) € FOB(Z4)(C).
2. closed(5,)(C) € FOB(Z,)(C),

3. FO(T(0) NFOUT(C) £ B(ZW)(0),

4. FOB(Z)(C) € FO(Z41)(C) NFO(IT141)(C).

If C is the class of grids, then

5. FO(A)(C) € B(Z)(C).
6. FOB(Z3)(C) S FO(A411)(C).

This reproves and strengthens [AFS97, Theorem 1.2], which says
that there is an undirected graph property definable in closed(X)
but not in FOB(Y;), and [AFS97, Theorem 1.1], which says that
there is a graph property definable in FO(X;) but not in B(X).

On the other hand, the following is shown in [MST98§].

Theorem 8. If C is the class of graphs or undirected graphs and
E>1,

FO(X1)(€) € Zk(C).

Intuitively, this means that the first-order closure is so powerful that
it lifts even the lowest level arbitrarily high in the monadic hierarchy
over graphs. (I conjecture that this in not the case for grids.)

For the proof of Theorem 7 we will, as in [MT97,Sch97], consider
the growth rate of functions definable in certain formula classes,
where definability of functions is defined as follows.
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Definition 9. For a relation r C N?> we denote by L, the set of
grids [m] x [n] with (m,n) € r. We say that a sentence ¢ over TGid
defines the relation r C N? iff Mody o(p) = L,.. A relation r is F-
definable (for a class of formulas F over tGyid ), if there is a sentence
i F that defines the set L, of grids.

If a relation f s a function, we use the usual notations, for ex-
ample f(m) for the element n with (m,n) € f.

Erample 10. Example 4 shows that the function m — m is A;-
definable.

Definition 11 (k-fold Exponential Functions and Formula

Classes). Let k > 1. A function f : N — N is called at most k-fold

exponential (respectively at least k-fold exponential, or k-fold expo-

nential ) if f(m) is s.(O(m)) (respectively si.(£2(m)), or sp(@(m))),

where so(m) =m and spy1(m) = 25" for every m > 1, k > 0.
Let F be a class of formulas over tquia. We say that

— F 1s at most k-fold exponential iff every F-definable function is
at most k-fold exponential;
— F 1s at least k-fold exponential iff some F-definable function is

at least k-fold exponential;
— F s k-fold exponential iff F is both at least and and most k-fold
exponential.

Erample 12. Example 4 shows that A; is at least 0-fold exponential.
In [Gia94], the author shows that ¥ is 1-fold exponential. This
means that every X -definable function is at most singly exponential,
and there is one singly exponential ¥';-definable function (namely
m— 2™).

Note that, of course, there are other X -definable functions which
are not at least singly exponential. For example, every constant func-

tion is Yy-definable and hence Y -definable.

All of the separation results of Theorem 7 are applications of the
following simple lemma.

Lemma 13 (Growth Argument). Let F, F' be classes of formu-
las. If F is at least (k + 1)-fold exponential and F' is at most k-fold
exponential, then F ¢ F'.
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The following is shown in [MST98].

Theorem 14. For every k > 1, the classes Ay, Xy, I}, and B(X},)
are k-fold exponential.
closed(Xy) is at least k-fold exponential for every k.

The first claim says that Ay is at least k-fold exponential (see
[Sch97]) and that B(Y}) is at most k-fold exponential (see [MT97]).
It implies (see [MT97,MST98]):

Corollary 15. IfC is the class of grids or the class of graphs, then
B(X%)(C) g Ap41(C) for every k > 1.

The essential contribution of this paper is:

Theorem 16. FO(A,), FO(Xy), FO(Il;), and FOB(Xy) are
(k 4 1)-fold exponential.

Similarly as in the case of Theorem 14, it suffices to show the follow-
ing two facts:

Theorem 17. FOB(X}) is at most (k + 1)-fold exponential.
Theorem 18. FO(Ay) is at least (k + 1)-fold exponential.

The proof of Theorem 17 will be done in Section 3, the proof of
Theorem 18 in Section 4.

For the case & = 1, Theorem 17 reproves another result of
[AFS97], namely that FOB(X,) is at most 2-fold exponential, i.e.,
every FOB(X)-definable function is at most 2-fold exponential
(Theorem 12.4), and Theorem 18 answers an open question of that
paper, whether FOB(Y;)-definable functions can be more than
singly exponential.

For the class of grids, the six claims of Theorem 7 are immedi-
ate from Lemma 13 and Theorems 14 and 16. (Claims 3 and 4 are
immediate from claims 5 and 6, respectively.) The first four claims
for the class of graphs or undirected graphs follow by an encoding
technique [MST98, Corollary 34, Proposition 35]: the class of grids
is “strongly first-order reducible” to the class of graphs, which is a
sufficient criterion to transfer non-inclusion results like the first four
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claims of Theorem 7. The same technique has been used implicitly
in [MT97] and mentioned in [AFS97].

The last two claims of Theorem 13 (cf. Remark 6) can also be
transferred to the class of graphs, but this requires some extra work
not presented here, especially for the case k = 1. The reason for these
complications is the dependency on the definition of FO(Ak)C of the
underlying class C: when one passes, for instance, from the class C of
erids to the larger class C’ of all 7¢q-structures, the induced logical
equivalence on the class of formulas gets finer and thus FO(Al)C

need not be a subset of FO(Al)C/.

3 Adapting the Periodicity Argument to
First-Order Closures

The proof of the upper bound of B( X}, )-definable functions in [MT97]
was, roughly speaking, as follows: To a set L of grids and a fixed
height m > 1 we associate the set of words a™ over a singleton
alphabet {a} with (m,n) is the size of a grid in L. We showed in
[MT97] that if L is definable in ¥, then L[m] if recognizable by a
unary NFA whose state set size is at most k-fold exponential in m.
Finally, one exploits periodicity properties of NFAs.

We wish to adapt this technique to the first-order closure of a
level of the monadic hierarchy over grids. Suppose we have a FO(X}, )-
formula 3z, Vaop(2q, x2), where ¢ is in Y. Then we may associate to
@(x1, x2) the set of “2-pebbled grids” (i.e., grids with two differently
marked positions) that are models of ¢ under the assignment given
by the pebbles. If m is, again, a fixed height, we may pass to a word
language L[m] as before. But this time, L[m] will not contain words
over a stngleton alphabet, but words in which all but two positions
(corresponding to the columns of the two pebbles) carry the same
letter. Again, L[m] is recognizable by an NFA whose state set size is
at most k-fold exponential in m. Since in input words for this NFA all
but two positions carry the same letter, there are similar periodicity
properties as for unary NFA. We will exhibit what happens to these
periodicity properties when taking the first-order quantifications of
r1 and xo Into account.
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3.1 Preliminaries

Consider the following two functions:

Definition 19. For every m > 1, let
F(m) = max{lem{xy,... ,x1} | k> 1, le =m},
H(m) = 2Vmieem,

The function F appears in Chrobak’s construction ([Chr86]) for
a normal form of non-deterministic finite automata. We will redo
this construction in the next subsection.

Recall that so(m) = m and sgy1(m) = 256(m) for every m > 1,
k > 0. What we need to know about F is:

Proposition 20. F(m) and H(m) are s (m®W).

Proof. F(m) is ©(H(m)). (Much more precise approximations are
given in [Lan09] and in [Sza80], see also [Chr86]). Besides, H(m) is
2(s1(m)) and < sy(m?). Thus H(m) and F(m) are sl(m@(l)).

3.2 Automata and Periodicity wrt. a Certain Letter

Let alphabet X be an alphabet and a € X be some letter. The set
of all words over X is denoted XL*.

Let n,p > 1. A language L C X* is periodic (with threshold n,
period p, wrt. a) iff for every u,v € ¥*: ua™v € L <= ua"tPv € L.
By (p,n)-periodic we mean “periodic with threshold n and period
p”. The explicit mentioning of a will be dropped if it is clear from
the context.

A set N C N will be called (p,n)-periodic iff {a™ | n € N} is
(p, n)-periodic, i.e., if n” € N < n' +p € N for every n’ > n.

Remark 21. Every (p, n)-periodic language is (p’, n’)-periodic for ev-
ery multiple p’ of p and every n’ > n. Every boolean combination of
(p, n)-periodic languages is (p, n)-periodic.

If N C Nis (p,n)-periodic, and n’ > n, then {k | k+n’ € N} is
(p, 0)-periodic.
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Definition 22 ([Chr86]). Let A be a unary NFA, i.c. with single-
ton input alphabet. By the words “path”, “cycle”, “strongly connected
component” etc. we refer to the graph structure of UA. Let p be the
number of states of cycles and n be the number of states not on

cycles. Then S(A) = (p,n).

Remark 23. A language L C {a}* is (p, n)-periodic iff there is a DFA
A with S(A) = (p,n) that recognizes L.

The following theorem has been used in [MT97]. We mention it
here though we will have to prove a stronger version of it.

Theorem 24. ([Chr86, Lemma 4.3, Theorem 4.4]) Every unary
NFA with n-states is equivalent to an NFA A with S(A) < (n, O(n?))
such that no state on a cycle has more than one successor.

Every unary NFA with n-states is equivalent to a DFA with
O(F(n)) states.

As explained in the introduction of this section, we have to inves-
tigate periodicity properties for NFAs whose input consists of words
most of whose letters are identical. Our aim is to show that when
such an NFA reads an input, then in the “gaps” between the des-
ignated positions it behaves very much like a unary NFA. This is
stated in Lemma 26, which is prepared by the following definition.

Definition 25. Let a € Y. Let A = (Q, Y, q0, A, F) and A" =
(@', {a},qy, A", 0) be NFAs. Then A simulates A wrt. a iff there
is a family (Fy ¢ )q.qeq of subsets of Q' such that

k k
VE>0: A:iq——q = A :q)— F, .

Lemma 26. Let A be an NFA with n states and a be a letter from
its input alphabet. Then there is p < n and a unary NFA A with
S = (p,(n+ 1)) such that A" simulates A wrt. a and no state
of A" on a cycle has more than one successor.

This a slight modification of the first statement of Theorem 24.
The proof is almost the same as for [Chr86, Lemma 4.3]. The essential
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observation is that the transition structure of the NFA constructed
there does not depend on the initial and final state, so it can be
carried out uniformly for all pairs of initial /final state. The original
proof, too, gives these accurate bounds on the numbers of states
(rather than the asymptotic ones stated in [Chr86, Lemma 4.3]).
The proof of Lemma 26 depends on the following number the-
oretic fact, which is stated in [Chr86] and follows from results of

[Bra42,Liu64].

Lemma 27. Let ay,....,ar € {1,...,n}. Let X = {Zle a;x; |
x1,..., x5 >0}

Then X N{x | x > n?} is an arithmetic progression with period
ged{ay, ... ar}. In particular, X is (ged{ay, ..., ay}, n*)-periodic.

Proof (of Lemma 26, cf. [Chr86]). Since the transitions with la-

bels different from a are of no concern, we may assume that A =

(Qa {a}a qo, Aa F)

Let T3,....,T% be the SCCs of . For every ¢« < k let y; be
the greatest common divisor of the length of all cycles of T;. Let
m = n? + n.

Choose A’ = (Q',{a},0, A", D), where

- Q' =1{0,... ,m—l}UUiSk({i}x {0,...,y; — 1}),

- A =A{ll,a,i+1)|0<i<m—1}
U{((4,7),a, (i, (j+1) mody;)) |i <kAj<yi}
U{(m-1,a,(i,0)) | i <k}

Then on has

— for every x < m, Ql’:Oa—x>qiﬁq:x,and
— for every x >m, A :0 - (i,s)iff s = ((x —m) mod y;).

The number of states on cyclesisp :=> .y, <> . |T3| = |U,; T3] < n,
and the number of states that are not on cyclesis m = n? +n <
(n+1)2.

We wish to show that 2" simulates 2 wrt. a.

Let ¢,q¢' € Q. Choose F, o = {z <m | A:q— ¢}U{(i,r) €

a®tm
QlA:q — q'}.
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For ¢,q' € Q, a (q,¢’)-superpath is a sequence of the form
a = P1D1P2D2 .. -PtDtPt+1

where
— Dy, ..., Dy are SCCs of 2,
— Py,..., P41 are paths in 2 whose inner points do not belong to
SCCs,

— the first vertex of Pj is ¢, the last vertex of P11 is ¢/,
— for every ¢, the last vertex of P; belongs to D;,
— for every ¢, the first vertex of P; belongs to D,;_;.

For every superpath a, let L, = {x | « is the length of a path in

at.
For every SCC D of Alet I, (D) be the set of (g, ¢’)-superpaths
a such that D is the last SCC of a.

Let o € I, ,(T;) and let ay, ... ,a; be the length of cycles (in the
SCCs) of a. Then L, = {3, a;a; | ; > 0} is (ged{aq, ..., a;},n?)-
periodic and hence (because ged{ai,...,a;} | y;) also (y;,n?)-

periodic. Thus {x > 0 | v +m € L.} is (y;,0)-periodic for every
1 < k,a € Hq’q/(Ti).

For every x € {0,... ,m — 1} obviously A" : 0 N F, o iff A
¢

If x > m, then for every i < k, a € Il ,(1;) one has x € L, iff
r—m € {2’ > 0| 2'"+m € L,} iff (because that set is (y;, 0)-periodic)
((x =m) mod y;) € L,

Thus for every > m, one has A : ¢ — ¢ if Ji < k : a2 €
UaEHM/(Ti) L,ift 3 <k:((x—m) mody;) € L, iff A :0 SN
Fyq-

This completes the proof.

An automaton whose transition structure is like in the above proof
is often called “in Chrobak Normal Form”.

Corollary 28. Let A be an NFA with n states. Then there is p <
F(n) such that for all states q,q" of A,

a(ntn? antDi+p
A:q — ¢ = A:q — (.
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Proof. Let A = (Q, X, qo, A, F) be an NFA that recognizes the lan-
guage L, where |@Q| = n. By Lemma 26 there is an NFA ' =
(Q',{a},qp, A, 0) and p' < n with S(&') = (p', (n+1)?) such that no
state on a cycle of 2/ has more than one successor and ' simulates
A wrt. a. Choose a family (F, o/ )q.q¢eq of subsets of )" according to
Definition 25, i.e.,

k k
VE>0: A:qhqd = A ¢S Fy.

Let p be the least common multiple of the length of cycles in .
Since the cycles in A’ have pairwise disjoint state sets, p < F(p') <
F(n). Every path through 2’ of length greater (n+1)? passes a state
on a cycle. This implies the claim.

Theorem 29. Let a € Y. For every language L C X* that is recog-
nized by an NFA with n states, there is a p < F(n) such that L is
(p, (n 4+ 1)?)-periodic wrt. a.

Proof. Let A be an NFA with n states that recognizes L. Choose p <
F(n) according to Corollary 28. Then ua'"*1 v € L iff 3¢, ¢ € Q

” a(n—|—1)2 v . U
dgs € F:rqg—-q — ¢ —g¢giftdy,ee@dg € F:qg —
a(”‘|‘1)2‘|‘p v . 2
a2 gy iff ud TV Py e L

The following corollary strengthens the second claim of Theo-
rem 24.

Corollary 30. Let A be a unary NFA with n-states. Then there s
ap < F(n) and a DFA A" with S(A') = (p, (n + 1)?) that simulates
2.

Proof. The claim follows from Theorem 29 and Remark 23 .

The following definition mimics the effect of first-order quantifi-
cations on the level of formal languages.

Definition 31. Let X, X be alphabets, ag,ay C ¥ x X', where
ag 18 a total, injective function. The relation R, a,) associated to
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(o, 1) is given by {((ay,...,a,), (a}, ..., al)) | Fi((a;,a}) € ag A
Vj #i((aj,a}) € ag))}. Let R = Riag.a,)-

(RVL :={we X*|quw' € X" : (w,w') € RAW € L},
[RIL :={we X*|Vu' € ¥ : (w,w') € R = w € L}.

Lemma 32. Let X, X' be alphabets, cg,cry C X x X and oy total,
functional and injective, (a,a’) € . Let R = R 0,)-

Let L C X'" be (p,n)-periodic wrt. a'.

Then (RYL and [R]L are (p,2n + p)-periodic wrt. a.

Proof. Since X* \ ([R]L) = (R)(X'" \ L) and a language is (p,n)-
periodic iff its complement is, it suffices to show that (R)L is (p,
2n 4 p)-periodic.

We have to show that ua?"tPv € (R)YL <= wua*"T?*Pv € (R)L
for every u,v € X*.

So let ua?"*Pv € (R)L. Then there are v/, 2’,v" € X'" such that
lu| = [, |v| = |v'|, and |2'| = 2n + p such that ua®"TPv R u'a'v' €
L.

If 2/ = a”"*? then ua®"*2Py R v'a’*"t?"y' € L because L is
(p, n)-periodic.

If 2/ = a’"aya’’ for some a; with (a,a;) € ay and i+j+1 = 2n+p,
then either ¢ > n or j > n. Assume that i > n (the other case is
analogous). Then ua?"*+2Py R v'a’ T aja’’v' € L.

So in every case ua®"*t?Pv € (R)L.

Conversely, let ua®"*?Pv € (R)L. There are u’,v', 2" € X’ with
lu| = ||, |v] = |v'|, and |2/| = 2n + 2p and wa®" TPy R u'2'v" € L.

If 2/ = a’2é+2p,.then ua?™*tPy R o/a’*" Py’ € L as before.

If ' = a’'aya”’ for some a; with (a,a;) € a; and i +j+1 =
2n + 2p, then either ¢ > n+p or j > n+ p. Assume that ¢ > n4p
(the other case is analogous). Then ua®"*tPv R v'a’ " Paja’”’v' € L.

So in every case ua?"*tPv € (R)L. This completes the proof of
Lemma 32.

A technicality of the above proof is similar to an idea that is
implicit in the proof of [AFS97, Lemma 12.6].
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3.3 From Words to Grids
The following definition is, again, similar to [MT97, MST98] and per-

forms a link to automata theory. The idea is to associate a word to
every (t,r)-grid such that each letter of the word corresponds to
a column of the (¢,r)-grid and encodes this column’s “colour” and

“pebbles”.

Definition 33. Let R be a (t,r)-grid of size (m,n). Then the col-
umn word of R is a word of length n over alphabet ({0,1}'+7)™
defined as

11 t1n
colR = : )
aml amn
where, for (i,j) € [m] x [n], the word a;; = a}j .. .aﬁjafjl .. .af}"r

over {0,1} is such that

—aj; =1 iff (1,7) € X for all s < t,
—aj;=1 iff (i,7) =2, forallt+1<s<t+r.

For a class of (t,r)-grids L and m > 1, the height-m fragment of L
is given by Llm] = {colR | R is of height m and R € L}.

In [MT97] the following is shown:

Theorem 34. Letk > 1,t >0, and o(X1,...,Xs) be a Xy -formula
over Tard. Lhere exists ¢ > 1 such that for every m > 1 there
is an NFA with s;_1(c™) states that recognizes the word language

Mody o(¢)[m] over ({0,1}")™

In order to adapt this result to first-order/boolean closures, we
observe that, informally, we may replace free first-order variables by
second-order variables, so that we get the following:

Corollary 35. Letk > 1,r >0, and o(xq, ... ,x,) be a Xy -formula
over Taria. Lhere is a ¢ > 1 such that for every m > 1 there

is an NFA with si_1(c™) states that recognizes the word language
Modo -(¢)[m] over ({0,1}")™
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The proof of this corollary is immediate when we have the fol-
lowing lemma:

Lemma 36. For ecvery Xj-formula o(xy,...,x,.) there is Xy -
formula ©'(X1,...,X,) with

MOdr,O(QQ/) = {(R7 {Ul}a .. a{ur}) | (Ra Ugy... 7“?“) € MOdO,T(@)}v

In particular, Mod,.o(¢")[m] = Mody -(¢)[m] for every m.

Proof. Consider the first-order formula sing(X) = FaVy(X(y) <
xr = y) that says that the set X is a singleton. Using this formula,
we can construct a formula ¢'(Xy,...,X,), namely ¢ results from
¢ by building the conjunction of the formula A’_, sing(X;) with a
formula that results from ¢ by replacing atomic formulas according
to the following rules:

— Y(xg) is replaced with Va (X (x) — Y(x)) for every monadic
second-order variable Y;

— x9 = y is replaced with Vo (X (z) <> x = y) for every s < r and
every first-order variable y not among {xq,...,x.}.

— x, = vy is replaced with Vo (X (z) < X (2)) for every s, 5" < r;

— Si(xs, x5 ) is replaced with VaVy(X(x) A Xo(y) = Si(x,y)) for
every s,s' <r and i € {1,2}.

The next lemma states that, informally, the operators (R) and
[R] of Definition 31 relate to the height-m fragment the same way
that existential and universal first-order quantifications relate to the
set of models.

Lemma 37. Let ¥ = ({0,1}")™ and X’ = ({0,1}"t1)™ and

2

o ay
g = 4 . , : a; € {O, 1}7“
am am
\
( N -
aq a1b1
ap = 4 ; , : a; € {0,1}", by...b,, € 07107
L\ \@m b,
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Let R = Ry .0y, ¢(T1....,2,) be a first-order formula and m > 1.
Then

Mody (3 r410)[m] = (R)(Mody -+1()[m])
Mody (Va,+10)[m] = [R)(Mody -+1()[m])

Proof. Let

all Uln
w = . .

Um1 Umn

(where a;j € {0,1}") be in Mody_,.(3x,11p)[m].

Then there exists (0, r)-grid A = ([m] x [n],x1,...,2,) such that
A = 32,41¢. Thus there is 2,4 = (i,7) € [m] x [n] with A, (1, ) |=
¢. Choose

7 {a_ijo if (¢,7) € [m];< [\ 9) 3

YT \agtit () = (.
Then
arr an ahy al,,
A1 Trn al ., ar,

thus w € (R)(Mody ,+1(¢)[m]). The converse direction is shown sim-
ilarly, and the second claim is valid by duality. This completes the
proof.

Now we can combine Corollary 35, Corollary 28, and the preced-
ing lemma to get the following.

Lemma 38. Let m > 1. For every r > 0 and every QQ1,...,Q, €
{3V}, if p(ar,...,2,) is a formula such that Mody .(¢)[m] is
(p, n)-periodic, then Mody o(Qrx1 ... Qrxr0)[m] is (p,2"(n+p)—p)-
periodic.
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Proof. Induction on r. The case r = 0 is trivial because 2°(n + p) —
p = n. So assume the claimed implication is true for some r. Let
Q1,...,Qr41 € {3V} and ¢(x1,...,2,41) be a formula such that
Mody ,+1(¢)[m] is (p, n)-periodic.

Assume that Q.41 = 3. (The other case is dual.) Let R be
as in the preceding lemma. By induction Mody (Jx,419)[m]) is
(p.2"(n + p) — p)-periodic. By Lemma 32 , Mody ,4+1(p)[m] =
(RY(Mody (3x,419)[m]) is (p,2 - (2"(n + p) — p) + p)-periodic, i.e.
(p, 2"t (n + p) — p)-periodic. This completes the induction.

Lemma 39. Let k,r > 0 and @(xq,...,x,) be a B(X})-formula,
and Q1,...,Q, € {3,V}. Then there is some d > 0 and some p <
F(si(dm)) such that for every m > 1,

Mody o(Qrx1 ... Q) [m]
is (p, Sk+1(dm))-periodic.

Proof. Assume that ¢(x1,...,x,) is a boolean combination of the
Yp-formulas ¢1,...,¢;. By Corollary 35, for every ¢ < j there is
some constant ¢; such that for every m > 1 there is a sj(c}")-state
NFA that recognizes language Mody ,.(¢:)[m].

Choose ¢ := max{cy,...,c;} and d such that 27((sy(em))% +
F(si(em))) < sg41(dm) for every m.

Let m > 1. For every ¢, let A; = (Qi, X, qo.i, A, Fi) be an NFA
with si(c™) states that recognizes Mody -(¢;)[m]. Build the usual
“cross-product automaton” A = (Q1 X...xQ;, ¥, (qo1,---,q0j), A, 0)
with state set of size (sp(c™))? =: n. Choose p < F(n) according to
Corollary 28, i.e. such that for every ¢,¢ € Q:

anth? (1% +p
A:¢q — ¢ <= A:q — ¢

/

Then Mody .(¢)[m] is (p, (n + 1)?)-periodic. By Lemma 38, the set
Mody o(Q1 21 ... Qrxr0)[m] is (p, (2"((n + 1) + p)))-periodic. The

claim follows by choice of d.

Now we can prove Theorem 17.
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Proof (of Theorem 17). Let f : N — N be definable by a FOB(X},)-
sentence . By Remark 5, we may assume that i/ is of the form
Q121 ...Qx.p, where r > 0 and ¢ is a B(X})-formula.

For every m > 1, we have {a" | f(m) = n} = Ly[m] =
Mody o()[m], where a is the element of ({0}")™

Choose p,d as in the above lemma, i.e., such that for all m the
set {f(m)}is (p, sg+1(dm)))-periodic. Then this implies that f(m) <
Sk+1(dm) for all m.

Thus we have shown that FOB(X}) is si41(O(m)). This com-
pletes the proof of Theorem 17.

4 Definability of Fast Growing Functions

In this section we will prove Theorem 18, i.e., we will construct a
FO(Aj)-formula that defines a (k + 1)-fold exponential function.

Unfortunately, we have to redo much of Schweikardt’s proof
([Sch97]) of the fact that Ay is at least k-fold exponential, but with
with very slight modifications. In order to keep this as readable as
possible, we keep closely to Schweikardt’s notation.!

Some definitions and ideas of Schweikardt’s proof can themselves
be found similarly in [MT97]. However, we do need Schweikardt’s
tricks that allow to verify the tight bounds on the number of monadic
quantifier alternations.

4.1 The Fast Growing Functions

We will be concerned with the following functions.

Definition 40. For every m > 1, let G(m) = lem{m,m + 1,...,
2m — 1}.

Let fi(m) == 2", fip1(m) =
gr(m) = G(fr(m)) for every k,m >

Recall that so(m) = m and sgy1(m) = 256(m) for every m > 1,
E > 0.

fe(m)29 ) for m k > 1. Let
1.

' T even copied some of Schweikardt’s BTEX source code.
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Proposition 41. 1. G(m) is s1(£2(m)).
2. G(m) is sl(m@(l)).
4. i 18 sp1(£2(m)).

Proof. For the first claim, let m > 1. Let py,...,pr be the distinct
prime numbers < m, and p = [[; p;, and I; = max{l | p} < m} for ev-
ery i < k. Then lem{1,... . m—1} = Hlpi’ = %Hipiﬁ'l > mTk. On
the other hand, lem{1,... ,m —1} > [[,p; = p. Thus (lem{1,...,
m—l})ZEp-mTk:mk.

kis £2 (m/logm), thus G(m) = lem{m, ... ,2m—1} > lem{1,...,
m — 1} > mF/? is m#2(m/legm) — 92(m)

Concerning the second claim, we have that G(m) = lem{1, ...,
2m — 1} < F(Z?fl_l i) is (by Proposition 20) F(O(m?)) < s (m®PW),
which, together with the first claim, implies the second.

The third claim is immediate from the definitions of f; and s;.

By the first claim, gi(m) = G(fr(m)) is G(sk(£2(m)) = sp+1(£2(m)),

i.e. the last claim.

In [Sch97], Schweikardt shows that f; is Ag-definable. We will show
that gy is FO(Ay)-definable.

4.2 Some Preparation for the Formulas

Let m,n > 1. A rectangle section of [m] x [n] is a set of the form
[m] x [i, 7] for some 1 < i < j < n. The width of that rectangle
section is 7 — v + 1.

We may consider the restriction of the (¢,7)-grid with domain
[m] x [n] to a rectangle section Z C [m] x [n], which is defined as
usual and is again a grid?.

? Strictly speaking, we run into troubles here because we required the
domain of a grid to be of the form [m] x [n] for some n, in particular
(1,1) is in the domain of any grid. However, this requirement was only
made for notational convenience. The restriction of a grid to a rectangle
section is at least isomorphic to a grid.
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Fig.1. A Twin Block with Offset ¢

Let X C [1]x[n]. A position (1, ") € [1]x[n]is the X -successor of
a position (1, ) € [1]x[n]iff j < j"and ({1} x[j+ 1,7/ = 1])NX = ()
and (1,7),(1,5") € X.

A triple (Zy, Z1, Z5) of subsets of {1} x [n] is a shuffle triple (in
[m] x [n]) iff (1,1) € Zy and whenever 2’ is the (Zy U Z; U Z5)-
successor of © we have x € Z; <= 2’ € Z;41, (index modulo 3).
Note that e.g. Zy = Z; = Z5 is not forbidden.

A shuffle triple (Zy, Z1, Z5) is complete iff the right-most element
of Z() U Zl U Z2 1S 1n ZQ.

In the following, let (Zy, Z1, Z2) be a shuffle triple.

A twin (of (Zy,Z1,75)) is a pair (xg,x1), where g € Zy, x1 €
Zy, and xp is the (Zy U Zj)-successor of xg. The offset of a pair
((1,4),(1,7)) is the difference j — 1.

A shuffle triple is equidistant if every twin has the same offset.

If v =(1,i) € Z; (wherel € {0,1,2}) and j € [i + 1, n] is maximal
with [i +1,j] N Zj42 = 0 (index modulo 3), then [m] x [i, j] is the
rectangle section spanned by x (wrt. (Zo, Z1, Z2)).

A first block (respectively second block) of (Zy, Z1,7Z5) is a rect-
angle section that is spanned by some element of Z; (respectively of
Zl).

Figure 1 shows a rectangle section of some grid and illustrates
these definitions: If (Zy, Z1, Z,) is a shuffle triple and x,z{ € Zy,
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vy € Zy, and x9 € Zs, then (xg,x1) is a twin with offset 7. The
rectangle section Wy (respectively W7) is a first (respectively second)

block.

How to Read Formulas. All formulas will be in the fixed signature
Tarid = {51, 52} B

Let X1, Xo,... be monadic second-order variables. We write X
for the variable tuple (X1, ..., X}). We allow ourselves to mix syntax
and semantics when we talk about variables and their values, as we
already did in Example 1. For example, we may say “the formula
¢(x,y) asserts for a position x in the first column that y is in the
second column” and mean that for every m,n > 1 and every u,v €
[m] x [n] with u € [m] x {1} we have [m] x [n] E ¢[u,v] iff v €
[m] x {2}

When ¢(X;,7,.) is some formula we often need the formula
rel-o(X¢,7,, Z) that results from ¢ by relativization of first-order
quantifications to the (fresh) variable Z, i.e., by replacing every
existential first-order quantification Jy(...) with Jy(Zx A ...) and
every universal first-order quantification Vy(...) with Vy(Zz — ...).
When R is some (t,r)-grid and Z is some rectangle section of domR,
then rel-p(X;,T,, Z) asserts for the restriction of the R to Z the

same as (X, T,) asserts for R.

4.3 Counting in Grids

The key idea for the definition of fast growing function is to establish
some counting mechanism is grids. This idea has first been presented
in [MT97], then improved in [Sch97], and will now be developed
further. We start with some definitions that clarify this mechanism.

The following definitions are from [Sch97,MST98].

Definition 42 (f-Marking and f-Numbering). Let m,n > 1.
Let Y C [m] x [n] and let the characteristic mxn-matriz (¢;;) of Y
be defined as follows.

(1) eY -
cij—{o zf(l,i)gY for every (i,j) € [m] x [n].



26 4 DEFINABILITY OF FAST GROWING FUNCTIONS

We call Y a column numbering iff the string ci; ... cn,j s the binary
representation of 7 — 1 for every j < m. A column numbering Y 1is
complete iff 2™ | n, otherwise incomplete.

If 3,1 <nwith j+1—-1<mn, and x = (1,5) € [m] x [n], then
let us write Y (x,1) for ¢ij...c1 j41-1, i.e. the sequence of length |
starting in x in the characteristic matriz of Y.

We call Y a f-numbering iff n is a multiple of f(m)27(m™
and Y C {1} x [n] and Y((1,if(m) + 1), f(m)) (= c1iftm)+1---

Cl,(i+1)f(m)) 15 the binary representation of v for every i < —f(?n)'

An f-numbering Y is complete iff n is a multiple of f(m)2/(m).
We callY an f-marking iff n is a multiple of f(m), Y C {1} x[n],
and Y ((1,if(m) + 1), f(m)) € 10* for every i < nf(m).

In contrast to [Sch97,MST98] we need notions of f-marking and
f-numbering that are relativized to some rectangle section, so we
proceed with the following definition.

Definition 43 (Relativized f-Marking and f-Numbering).
Let m,n > 1. Let Y C [m] x [n] and let Z = [m] X [i, j] be a rectan-
gle section. We call Y a complete column numbering (a complete
f-numbering, or an f-marking, respectively) on Z iff Y is a com-
plete column numbering (a complete f-numbering, or an f-marking,
respectively) for the restriction of [m] x [n] to Z.

Let k > 0. Let C, Xy,... , Xy, Y1,..., Yy C [m] x [n]. Then
(C, Xk, Yi—1) is a complete k-marking/numbering on Z iff

— C' 1s a complete column numbering on Z,

— X is an fi-marking on Z for every | < k,

— Y, 1s a complete fi-numbering on Z for every l < k —1, and
- XinZ=A{(1,4)}.

Let j > 0. Then (C,X;,Y ;) is an incomplete j-marking/numbe-
ring on Z iff

— C 1s a column-numbering, and C' is complete iff j > 1.
— X, is an fi-marking for alli € {1,... .7},

— Y, is a complete f;-numbering for alli € {1,...,j— 1},
— if j > 1, then Y; is an incomplete f;-numbering.
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Definition 44. Let (X, X, Z5) be a shuffie triple in a grid [m] x [n]
and (x,2") be a twin.

LetT = (C, X}, Y 1,C", X", Y ",_1, D, D') be a tuple of subsets
of [m] x [n]. T is a complete k-twin numbering iff

1. (Xk, X[, Z5) is a complete shuffle triple,

2. (C, X1, Y_1) is a complete k-marking/numbering on every first
block of (X, X, Zs),

8. (C', X', Y',_1) is a complete k-marking/numbering on every
second block of (X, X}, Z2),

4. D (respectively D') is the union of all first (respectively second)
blocks of (X, X}, Z2).

T 1s a twin numbering fragment iff X, contains only one element
(which is hence (1,1)), D is the rectangle spanned by (1,1), and
either

1. there is an ¥’ € X}, the rectangle section spanned by x' is in
D', and (C, Xy, Y1) is a complete k-marking/numbering on
D, and (C', X", Y'—1) is an incomplete k-marking/numbering
on D'; or o

2. X, =0 (and hence also Zy = 0), and (C, Xk, Y—1) is an in-

complete k-marking/numbering on D.

T is an incomplete k-twin numbering iff there is an n’ < n such
that T is a complete k-twin numbering on [m] X [n'] and T is a twin
numbering fragment on [m] x [n' + 1, n].

A (complete or incomplete) k-twin numbering T as above is called
equidistant with offset ¢ iff all twins of (Xi, X, Z2) have the same
offset 1.

The following proposition is important.

Proposition 45. An equidistant complete (respectively incomplete)
k-twin numbering with offset i exists iff fi.(m) + i | n (respectively
(fe—1(m) [ n) A (fr(m) {n)).

Here and in the following we extend the family (fx) of functions by
fo(m) :=1 for all m > 1.
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Proof (of Proposition 45). For the proof we note that for an equidis-
tant k-twin numbering with offset i, the distance between successive
Xj-positions is i + fi(m). Besides, there is a k-twin numbering with
offset ¢ for every grid [m] x [n] and every i < fi(m) (in fact it is
unique) and it is complete iff fi.(m) + 7| n.

This k-twin numbering for a grid [m] x [n] can be found like this:
Let t = [n/(i + fi(m))]. Let

X ={j(fulm)+i)+11]j <t}
’{j(fk(m)+i)+z'+1|j<t}

x =1 A (E =D (flm) +1) 4 film) < n,
§ {](fk(m)+l)+l+1|]<t}
y if (¢ = 1)(fu(m) + i) + fe(m) > n,

({j(fk(m)‘l'i)"‘fk( )+ 1]j <t}

if (= 1)(fe(m)+i)+ fe(m)+1<n,
{7 (fr(m) + 1) +fk( )+ 1] <t}
( if (t = 1)(fe(m) + 1) + fe(m) + 1> n.

Then (X}, X, Z5) is a shuffle triple. The remaining components of
the k-twin numbering are obvious: D (respectively D’) becomes the
union of all first (respectively second) blocks of that shuffle triple,
and (C, X1, Y_1) (respectively (C’, X', Y';_1)) becomes the com-
plete k-marking/numbering of all first (respectively second) blocks
of (Xy, X}, Z2), except maybe for the very last one, where the j-
marking/numbering is complete for the highest possible j < k.

The above proposition provides a way how to express with an
existential formula that the length of a grid is or is not a multiple
of fi.(m)+i. We are going to put that formal in Lemma 56. For the
start, we need some simple Y -formulas.

Lemma 46. There are X)-formulas compl-shuffie(Zy, Z1, Z2),
rect(D), rectangle(Z, x,y), twin(Zy, Z1,x0,x1), Block(X,x,y), first-
blocks(Zy, Z1, Z2, D), second-blocks(Zy, Zy, Za, D) such that:

— shuffle(Zy, Z1, Z2) asserts that (Zy, Z1, Z=2) is a shuffle triple.
— compl-shuffle(Zy, Z1, Z5) asserts that (Zy, Z1, Z2) is a complete
shuffle triple.



4.3 Counting in Grids 29

— rect(D) asserts that D is a rectangle section.

— rectangle(Z, x,y) asserts that there are i,j such that v = (1,1)
andy = (1,7) with ¢ < j and Z = [1,n] x [i,]], i.e., that Z is
the smallest rectangle section that contains both of the top row
positions x and y.

— twin(Zy, Z1, %0, x1) asserts for a shuffle triple (Zy, Z1,Z5) that
(x0,21) @5 a twin.

— Block(X, z,y) asserts for two positions x,y in the top row that
y € Block(X, ).

— first-blocks(Zy, Z1, Z2, D) asserts for a shuffie triple (Zy, Z1, Z2)
that D is the union of all first blocks of (Zy, Z1, Z2).

— second-blocks(Zy, Z1,Zo, D) asserts for a shuffle triple (Zy, Z,
Zs) that D is the union of all second blocks of (Zy, Z1,Z2).

For the proof we note that it is not difficult to write down such
formulas. However, I encourage the reader familiar with the notion
of “recognizability of picture languages” to deduce this from the
recognizability to certain picture (or even string-) languages.

For example, the existence of a X -formula compl-shuffle can be
deduced from the fact that L = (a*ba*ca*d)*a* U (a*e)*a* (with
a = (0,0,0)T, b = (1,0,0)7, ¢ = (0,1,0)T, d = (0,0,1)7, and
e =(1,1,1)T) is a recognizable string language. Therefore, the “pic-
ture language” containing all matrices whose top row is in L is recog-
nizable. Hence (by [GRST96]) the corresponding set of (3, 0)-grids,
which is exactly Mods o(compl-shuffie), is definable in .

Lemma 47. There is a Ay -formula equal-col-num(C, x,y) that as-
serts for two top row positions x, y that the C'-colouring in the two
columns of x and y are equal.

Proof. Let col-closed(X) = Va,2'(S1z2’ — (Xx & Xz')) be a
first-order formula that asserts that X is a union of columns. Let
row-closed(X') be a similar first-order formula that asserts that X is
a union of rows.

We write “XNtop = {x}” as a short-hand for a first-order formula
that asserts that x is the only element of X in the top row, and

“ZNX =CnNX” as a shorthand for the formula ‘v’x(Z:L‘ ANXr &
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Cx A Xx). Then the required ¥;- and I1;-formula can be defined as
follows.

equal-col-num'(C, x,y) =
3X,Y, Z(col-closed(X) A col-closed(Y) A row-closed(Z)
AN (X Ntop={xp) A (Y Nitop={y})
ANMZNX=CNX)A(ZNY =CNY))

equal-col-num” (C, x,y) =
VXY, Z((col-closed(X) A col-closed(Y ') A row-closed(Z)

A (X Ntop={a}) A (Y N top = {y}))
S ((ZNX =CNX)A(ZNY =CNY)))

4.4 Formulas Borrowed from Schweikardt

In the following, we sometimes write CXY}, (for k > 1) to abbreviate
the variable tuple (C, Xy, ..., X, Y1, ..., Ys—1). Remember that X
is an abbreviation for the tuple (Xi,..., Xy).

The following is shown implicitly in [Sch97,MST98]

Lemma 48. For every k > 1, there is a Il;,_1-formula
compl-mark-numy, (CXY},)

that asserts that (C, X, Y _1) is a complete k-marking/numbering.
For every k > 0, there is a Il}-formula

incompl-mark-numy, (C, Xy, Y1)

that asserts that (C, X, Y ;) is an incomplete k-marking/numbering.
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Proof. In Schweikardt’s notation ([Sch97,MST98]), these formulas
are:
compl-mark-numy, 1=
compl-col-num(C) A fi-marking(X,,C) A
/\i:ll (compl-f;-num(Y;, Xi. 72-_1) A marking(X;+1, X:, Y:))
A Singleton( X)),
mcompl-mark-numgy 1=
col-num(C) AV (left(x) — —~Ca A Jx(right(x) A ~Cz)),
mcompl-mark-numy, :=
compl-col-num(C') A fi-marking( Xy, C)A
/\i:ll (compl-fi-num(Yi,Yi,Vi_l) A marking(XHl,Xi,Yi)) A

Fr-num(Ye, X, Yi_1) A leftmin(Yy, Xi.) A =rightman(Yy, X;.).
Remark 49. Let k > 1. For the grid [m] x [n], the sentence
— ACXY. (compl-mark-num;,(CXY},)) asserts that fi.(m) | n,
— 3C, X1,... X;, Y1, ... . Y(incompl-mark-num;(C, X;,Y;)) as-
serts that f;_1(m) | n and f;(m) { n.
— 1CXY,, (\/];:0 incompl-mark-num;(C, Yj,?j)) asserts that fi {

n.

Note that
ACXY.(Singleton(Xy) A compl-mark-num;, (CXY},))

is a Yp-formula that defines f;, which is Part 1 of the proof of the
“lower bound part” of Theorem 14, and

ACXY (
(compl-mark-numy (CXY},) A =Singleton( X}, ))
V \/];;é incompl-mark-num;(C, X ;,Y ;))

is a Y -formula whose negation defines f;, which is Part 2 of the
proof of “lower bound part” of Theorem 14. (See [Sch97,MST98]).
However, we need to redo parts of the proof and to reuse some of
Schweikardt’s auxiliary formulas, sometimes relativized to rectangle
sections, in order to prove Theorem 18. The crucial point is that in
the presence of a k-marking/numbering, there are IT;-formulas that
allow to compare sections of length fi(m).



32 4 DEFINABILITY OF FAST GROWING FUNCTIONS

4.5 More Formulas
Lemma 50. Let k > 1. There is a X -formula
rect-compl-mark-numy, (CXY}, D)

such that:
If D is a union of columns, then the formula rect-compl-
mark-numy, (CXY},, D) asserts that (C, X, Y r—1) is a k-marking/-

numbering on every maximal rectangle section D' C D.

Proof (of Lemma 50, first version). Consider the case k = 1 first,
Schweikardt’s formula compl-mark-num, (C'), which is named compl-
col-num(C') in [Sch97,MST98], says that every column that has no
predecessor column contains no elements in C', every column that has
no successor column contains no elements not in C', and every two
successive columns code successive binary numbers. (Since binary
counting is a local process, compl-col-num(C') is first-order.)

Let rect-compl-mark-num, (C, D) result from the first-order for-
mula compl-mark-num, (C') by relativizing first-order quantifications
to D. An investigation of Schweikardt’s proof for the correctness of
compl-mark-numg(C') shows that this will indeed suffice.

Now let k > 1. Let rel-compl-mark-num(CXY},, D) result from
compl-mark-num, (CXY}, D) by relativizing first-order quantifica-
tions to D. If Schweikardt had used our version of the formula
equal-col-num (see Lemmas 47 and 53), the formula rect-compl-
mark-numy, = rel-compl-mark-num, (CXY}, D) would indeed be a
I}, -formula (and thus a Y -formula) with the required property.

The above proof even gives IIj,_;-formulas, but it requires an in-
vestigation of Schweikardt’s proofs of [MST98, Lemmas 24,25]. We
avoid this here and give a different proof for Lemma 50 that yields
Y-formulas only.

Proof (of Lemma 50, second version). The case k = 1 is treated as in
the first version of the proof, which even gives a first-order formula.

So let & > 1.
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Let mazrect(D’, D) be a Y| -formula that asserts for a union of
columns D that D' C D is a maximal rectangle section, i.e.,

mazrect(D', D) =
rect(D") A (D' C D)
AV, 2/ (Sqxx’ — ((D'x AN —=D'x — Dx AN —Dx)
A (=D'x AN D'z - =Dz A Dx))).

Let, as before, the IIj,_;-formula rel-compl-mark-numy (CXY}, D) re-
sult from compl-mark-num;(CXY}) by relativizing first-order quan-
tifications to D. Then let

rect-compl-mark-numy =

VD' (mazxrect(D’, D) — rel-compl-mark-numy, (CXY}, D')).

Obviously, rect-compl-mark-num;, asserts the desired property and
1S In Hk—l g Ek

Lemma 51. There is a Aj-formulas smallery(x) that asserts that
v € {1} x [fi(m)]
Proof. Let

smallery (x) := ElCXY;ﬁlZ(
Ay (left(y) A rectangle(Z,y, x) A Singleton( X))
A \/];:0(rect-incompl-mark-numj (CXY;, 7)),
smallery,(x) :== =top(x) vV ICXY,3Z(
Ay(left(y) A rect(Z) N Zy N —~Zx)
A rect-compl-mark-numy, (CXY}., Z)).

Then smallery,(x) (respectively smaller’ (x)) is a Xj-formula that as-
serts that @ € {1} X [frx(m)] (respectively x € {1} X [fr(m)]).

The following is a slight modification of [MST98, Lemma 24].

Lemma 52 (How to Compare f;,-Numbers). For all k > 1
there are IIj.-formulas equal,(x,y,Y, CXY}) and incy(x,y,Y, CXY})
such that over grids the following holds:

If there are rectangle sections V,W of [m] x [n] such that
(C,Y, Xy, Y 1) is a k-marking/numbering on V as well as on
W, andif x € Xy NV and y € X;; "W, then
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1. equal (x,y,Y,CXY}) asserts that the blocks Block(Xy,z) and
Block(Xy,y) have the same Y -number, i.e., Y(z, fr(m)) =
Y(y, fr(m)), and

2. incp(x,y,Y, CXYy) asserts that the Y -number of Block(Xy,y)
is one larger than the Y -number of Block(Xy,x), ie., that

Y (y. fr(m)) = Y(a, fu(m)) +1 (mod 2/e0m)),

Proof. The proof is by induction on k. The induction step is the same
as in [Sch97,MST98]. The induction base, however, is a bit different.

Let k= 1. Let m,n > 1 and V, W rectangle sections of [m] x [n].
Let Xy C [m] x [n] such that X is an f;-marking on V and on W.
Furthermore let x € X;NV and y € X;NW: and let C' be a complete
column-numbering on V" and on W.

Then the IT;-formula®

equal, (x,y,Y,C, X;) :=
Yo, Yo (((Block(Xl, x,x9) A Block(X1,y,yo)

A equal-col-num(C, xg,y0)) = (Yo ¢ Yyo))

holds iff Y (z,2™) =Y (y,2™).

The formula inci(x,y,C, X1,Y) can be obtained from Schwei-
kardt’s version similarly. This completes the induction base and thus
the proof.

We will not use the formulas #nc; here any more. They are just
needed for the induction step carried out in [Sch97,MST98].

Now we state a lemma that says that in the presence of a k-
marking/numbering of two rectangle sections V' and W, we are able
to determine corresponding positions inside V and W by a Ilj_;-
formula.

This lemma is the only result that made it necessary to formulate
Definition 43 and Lemma 52.

Lemma 53. Let k > 2. There is a Il -formula equal-pos; (CXY,
x',y") such that the following holds:

3 Here we exploit that equal-col-num and Block are in ¥ .
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If o' = (1,7), vy = (1,7") are in the top row and there are rect-
angle sections V., W and x = (1,i) € V, y = (1,7) € W such that
(C, X1, Y1_1) is a complete k-marking/numbering on 'V and on W
and X NV = {a} and Xi "W = {y}, then t — i’ = j — j' iff
equal-pos;, (C, X1, Y 1_1, 2", y') holds.

Proof. We will use the following fact: Let 1 = mg,my,... ,m; € N

with m; | m;31 for every ¢ < k. Then LleJ = LleJ (mod my4q) for

every | < k iff i = j (modmy).
Let

equal-pos, (CXYy, 2’ y') :=
equal-col-num(C, ', y") A
Ni<i. V&, y(Block( Xy, v, 2") A Block(Xy, y,y")
— equal;(r,y,Y;, CXY)))

Exploiting that equal-col-num is a II;-formula, we observe that
equal-pos,, is a Il _1-formula.

Let m,n > 1, V,W C [m] x [n], and 2’,3',C, X,Y r_1 be chosen
such that all the assumptions hold.

Choose ', j',i,j < nsuch that (1,7") =2', (1,j') =¥/, (1,i) = a,
and (1,7) = v.

Since C' is a complete column-numbering on V' and on W and
x and y’ are the leftmost positions in the top row of V' and W,
the C-colourings of the columns ¢’ and j' are equal iff i — i = j —
J' (mod2™).

Furthermore, if 1 < [ < k, and z; = (1,4;) and y; = (1, ;)
are the nearest positions in X; left to 2/ and y’, respectively, then
x; and y; are (the only) positions for which Block(X;, x;, ") and
Block(X;, yi,y") become true, and equal)(x;, y;, Y;, CXY]) asserts that
Yi(xy, fi(m)) = Y (2, fi(m)), which is, because Y] is an f;-numbering,
in turn equivalent to LJ%?—;;)J = Ljﬁl?—g;)J (mod fr41(m)).

Summing up, we have that equal-pos; (C, Xy, Y —1,2',y’) asserts
that

{%J _ {%J (mod fiy 1 (m))
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foralll € {0,...,k—1}, which is equivalent to i—i' = j—j’ (mod f).
Since VN X, and W N X, are singletons and X is an fi-marking,
the length of V and W are fi(m) and thus i — ', j — j' < fr(m).
Thus equal-pos, (CXY}, 2, y") asserts that i — i’ = j — j'.

Lemma 54. Let k> 1. There is a Xy -formula equal-offset;, (CXY,
X'k) such that the following holds: If (X, X, Zs) is a shuffle triple,
(C, X, Y_1) is a k-marking/numbering on every first block of
(Xk, X}, Z2), then it asserts that x — 2’ = y—y' for all twins (x,2'),
(v,9')-

Proof. Let us consider the case k =1 first. Let

equal-offset (C, X1, X|) := 3X, Z(col-closed(X) A X N top = X
A row-closed(ZYNZNX =CNX).

equal-offset, is a Yy -formula.
Now let £ > 1.

equal-offset, (C, X1, Y1, X'}) i=
‘v’x,x’,y,y((twin(Xk,X]'f,x,x’) A twin(Xk,X,;,y,y’)>
— equal-pos;, (C, Yk,vk_l,x’,y’)).
Since equal-pos, is a Il,_i-formula and twin is a Yj-formula,
equal-offset;. is a II;_1-formula for every k > 1.
Summing up, equal-offset, it is a Yj-formula for every £.

Lemma 55. Let k > 1. There are M. -formulas

compl-twin-numby,(CXY},, CXYy, Zo, D, D'),

incompl-twin-numby,(CXYy,, CXYy, Z5, D, D')

that assert that (C, X, Y j_1, C',Y;,?;_l, Zo,D,D") is a complete
(respectively incomplete) k-twin numbering.
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Proof.

compl-twin-numby, (CXYy,, CXY}, Z, D, D) :=
compl-shuffle( Xy, X, Zs)
A first-blocks( Xy, X}, Z2, D)
A rect-compl-mark-numy, (C, X, Y ,_1, D)
A second-blocks( Xy, X, Z2, D)
A rect-compl-mark-numy, (C’, Y;f, 7;_1 , D).

compl-twin-numby, is a Y. -formula.

fragment-twin-numby, (CXY},, CXY}., Zo, D, D) :=
shuffle( Xy, X1, Z2) A Singleton( X)) A
(X}, # 0) A first-blocks( Xy, X}, Z5., D)
A rect-compl-mark-numy, (CXY, D)
A second-blocks( Xy, X, Zs, D)
A rect-incompl-mark-numy, (CXY}, D'))
V ((X}, = 0) A incompl-mark-numy, (CXYy, D))).

fragment-twin-numb;. is a X -formula.

Let rel-fragment-twin-numby, (CXY}, CXYY, Z5, D, D', Z) result
from fragment-twin-numb, (CXY}, CXY}, Z5, D, D’) by relativizing
first-order quantifications to Z. Let Z be a rectangle section of
[m] x [n], then rel-fragment-twin-numby, (CXY}, CXYY, Z2, D, D', 7))
asserts that (C, X, Y _1, C’,Y;,?;_l, Zs,D,D") is a k-twin num-
bering fragment on Z.

incompl-twin-numby, (CXYy,, CXYy, Z5, D, D' E. F) :=
rect(E) A dx(topleft(x) A\ Ex)
AVz(Ex < —F(x))
A rel-compl-twin-numby, (CXY},, CXY, Z5, D, D', E)
A rel-fragment-twin-numby, (CXY},, CXY}, Zo, D, D', F).

Note that rel-compl-twin-sequence(CXYy,, CXY3, Zy, D, D', E) A rel-
fragment-twin-numby (CXY},, XY}, Z5, D, D', F') implies rel-compl-
shuffle( Xy, X}, Z2, E) A shuffle(Xy, X}, Z2), which, if E is the com-
plement of F, implies that shuffle( X}, X, . Z5) holds.

ncompl-twin-numby is a X -formula as desired.
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Lemma 56. Let k > 1. There are X -formulas

equi-compl-twin-numby, (CXY),, CXY}, Z2, D, D’),
equi-incompl-twin-numby, (CXY),, (XY}, Zo, D, D")

that assert that (C, X1, Y p_1, C’,Y;,?;_l, Zo,D,D") is an equidis-

tant complete (respectively incomplete) k-twin numbering.

Proof. Let

equi-compl-twin-numby, (CXY, CXY7, Zo, D, D') :=
(compl-twin-numby, (CXY},, CXY}, Zo, D, D')
A equal-offset, (CXY), X}.)).

equi-compl-twin-numby, (CXY)., XY}, Zo, D, D’) is a Yj-formula. It
asserts that (C, X1, Y r_1, C',Y;,?;_l) is a complete k-twin num-
bering on each twin block of the complete shuffle triple (X, X/, Z5),
D (respectively D’) is the union of all first (respectively second)
blocks of each shuffle triple, and all twin blocks have the same off-
set. Note that if that offset is j, then the existence of those sets
C, Yk,vk_l,C’,Y;,V;_l,D,D’ is equivalent to f(m) + j | n.

The construction of the formula equi-incompl-twin-numby, is sim-
ilar:

equi-incompl-twin-numby, (CXY},, CXYy, Z5, D, D') :=
incompl-twin-numby, (CXY},, CXY}, Zo, D, D'
A equal-offset, (CXY), X}.).

equi-incompl-twin-numby(z) is a Yj-formula. This completes the
proof of Lemma 56.

Proof (of Theorem 18). Let rel-equi-compl-twin-numby, (respectively
rel-equi-incompl-twin-numby, result from equi-compl-twin-numby, (re-
spectively equi-incompl-twin-numby,) by relativizing first-order quan-
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tifications to the fresh variable Z. Let

pk(za y) =

ACXY,., XYV, Z>, D, D', Z(

Jx(left(x) A rectangle(Z, x,y) N X.2)

A rel-equi-compl-twin-numby, (CXY},, CXY}, Zo, D, D', 7)),
prlz,y) =

ACXY,., XY/, Z>,, D, D', Z(

Jx(topleft(x) A rectangle(Z, x,y) A X|.z)

A rel-equi-incompl-twin-numby, (CXY},, CXY}, Zo, D, D', Z)).

pr(z,y) (respectively pl.(z,y)) is a Y -formula that asserts, for z =
(1,7) with j < fr(m) and y = (1,4), that (j — 1) 4+ fr(m) | ¢ (respec-
tively that (j — 1) 4+ fr(m) 114).

Let

or(z,y) == (top(y) A smallery(z)) = pr(z,y),
ol (2, y) := (mtop(y) V —smalleri(2)) A pi. (2, y).

o 1s a Mp-formula that asserts that if y, z are positions in the top
row, say y = (1,7) and z = (1,j), and if j < fr(m), then (j — 1) +
frlm) | i.

o). is a Y -formula equivalent to —oy, thus oy is in fact a Ag-
formula.

Let

U(y) = top(y) AV (or(2,y)).

Then ¢ (y) is a FO(Ay)-formula that asserts that y is in the top
row, say y = (1,7), and that (gr(m) =) lem{ fr(m), fu(m)+1,...,
2fi(m) — 1} divides 1.

Let

p = Vy(top(y) — (right(y) < @b(y)))-

¢ isin FO(Ay) and asserts for a grid [m] x [n] that n is the only i < n
with gr(m) | ¢, which is equivalent to gi(m) = n. Thus the FO(Ay)-
formula ¢ defines gj, and gi(m) is sg4+1(©@(m)). This completes the
proof of Theorem 18.
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5 Conclusion

We have improved the periodicity argument of [MT97] in order to
show that in level £ + 2 of the monadic hierarchy over grids there
is a property that is not in the first-order/boolean closure of level
k., and that the monadic second-order hierarchy remains strict when
each level is closed under first-order quantifications.

As in [MT97,Sch97,MST98] we have considered sets of grids
where the length is a function of the height. Our separation results
are derived from sharp asymptotic growth rate bounds for these
functions. These separations can be transferred from the class of
grids to the class of graphs by encoding techniques presented in
[MT97,MST98].

The separation results for the class of grids we have proved in
this paper are displayed in Figure 2.

However, some separations are not (yet?) possible using (non-
coloured) grids. For example, it is still open whether ¥y = II; for
the class of grids (I conjecture this)—at least, these classes do not
differ with respect to the rate of growth of functions. In this situation,
coloured grids are useful and allow to separate the graph classes X
from I}, (and thus B(Y}) from Ay) for every k > 1.

In the context of first-order closure, we encounter again the phe-
nomenon that—with respect to the rate of growth of functions!-—Ay
is already as powerful as the boolean closure of B(X ), so the “growth
argument” cannot be used to separate FO(A4y) from FOB(Y}). I do
not know how to separate these classes for coloured grids.

The sets of functions f for which L is in FO(Ay), FOB(X}),
Agy1, or B(Xp41), respectively, do not differ wrt. their asymptotic
rate of growth. Except for the trivial inclusions FO(Ay) C FOB(X})
and Agy1 € B(Xr41), we do not know anything about the (non-)-
inclusions between these classes. We do not even know whether every
function definable in, say, FO(Ay) is already definable in B(Xj41).

It would be nice to have some inclusion results for the class of
grids rather than only separation results. For example, I conjecture
that FO(A,) = FOB(Y}) and A, = B(Y}) for the class of grids.
Furthermore, I conjecture that for the class of grids, FOB(Y}) C
Y40 for every k.
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’| } (k 4+ 2)-fold exponential

> (k + 1)-fold exponential

\
! } k-fold exponential

X = Y means X € Y. If X is displayed exactly above Y, then X D
Y is valid for trivial reasons. Classes encircled by dashed lines allow for
the same rate of growth of functions — nothing is claimed about mutual

inclusions!

Fig. 2. Separation Results for the Class of Grids
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