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Abstract. We fully characterise the solutions of the generalised Lyndon-
Schiitzenberger word equations uj - - - ug = V1 - - UpW1 - - - Wy, Where u; €
{u,0(uw)} for all 1 < i < £, v; € {v,0(w)} for all 1 < 5 < m, wy €
{w,0(w)} for all 1 < k < n, and 0 is an antimorphic involution. More
precisely, we show for which ¢, m, and n such an equation has only
f-periodic solutions, i.e., u, v, and w are in {t,0(¢)}* for some word ¢,
closing an open problem by Czeizler et al. (2011).

1 Introduction

A word is a power (or repetition) if it can be written as a repeated concatenation
of one of its prefixes. A word w is a pseudo-power if it can be written as a repeated
concatenation of one of its prefixes ¢ and its image f(¢) under some morphic or
antimorphic function f, thus w € t{t, f(¢)}T, also called f-power. Introduced in
[1], the latter notion seems to be a natural generalisation of the former: when
f is the identity morphism, pseudo-powers are, indeed, classical powers. More
interestingly, when f is the reversal (identity antimorphism), pseudo-powers are
repeated concatenations of a word and its mirror image, so, in a sense, generalised
palindromic structures. To this end, the study of combinatorial properties of
pseudo-powers supports the development of a generalised periodicity theory.

The initial motivation of studying pseudo-repetitions (according to [1]) came
from two important biological concepts: tandem repeat, i.e., the consecutive
repetition of the same sequence of nucleotides in a DNA strand, and the inverted
repeat, i.e., a sequence of nucleotides whose reversed Watson-Crick complement
occurred before in the strand, both occurrences encoding, essentially, the same
genetic information. Noting that the Watson-Crick complement can be abstracted
as an antimorphic involution on the DNA-alphabet, pseudo-powers formalise gen-
eralised tandem repeats, in which one sequence is followed by several consecutive
occurrences of either its copy or of its reversed complement. However, repetitions
of a fragment in its original form, or slightly modified appear in other domains
as well. In music or visual arts such repetitions are used to highlight important
elements of that musical or artistic piece, as well as to provide unity to it.

The study of combinatorial properties of pseudo-powers was mostly concerned
with the case when f is an involution; this case seems the most motivated,
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modelling both the original repetitions and palindromic structures, the Watson-
Crick complement, and other practical situations. In this context, generalisations
of the Fine and Wilf theorem as well as avoidability results were derived ([1],
[2], respectively). The combinatorial results were complemented by algorithmic
results: efficient methods of testing whether a word is a pseudo-power or finding
which pseudo-powers it contains were recently developed (see [3,4]).

Naturally, the study of pseudo-powers was focused on understanding the way
classical periodicity results can be translated into this new and more general
setting. Accordingly, Czeizler et al. [5] investigated a generalisation of Lyndon
and Schiitzenberger’s equations. Lyndon and Schiitzenberger [6] showed that in
all solutions of an equation u‘ = v™w™, with I,m,n > 2, in a free group, u, v,
and w are necessarily powers of a common element. Their result also holds, if
u,v and w are elements of a free semigroup [7]. The generalised form of these
equations is uj « -+ ug = 1+ Vw1 -+ - Wy, where u; € {u, O(u)} for all 1 < i < ¥,
v; € {v,0(v)} for all 1 < j <m, wy € {w,0(w)} for all 1 <k <n, and # is an
antimorphic involution. Following the classical case, it was studied under which
conditions u, v, w € {t,0(¢)}* for some word t. In other words, one is interested
in the case when the solutions u, v, w of the equation are pseudo-powers, or more
precisely, -powers of the same word; we call such solutions @-periodic.

The results obtained on these generalised equations in [5, 8, 9] are summarised
in Table 1. One can note from this table that the more problematic equations
are those with ¢ = 3. More precisely, equations which allow non-6-periodic
solutions and equations having only #-periodic solutions were identified; however,
no precise characterisation was obtained. Hence, this case seems to be especially
intricate and interesting, as the separating border between the cases when the
equation has only 6-periodic solutions and the cases when it may also have
non-6-periodic solutions is drawn here. Our work closes the gap providing a full
characterisation of the generalised Lyndon-Schiitzenberger equations having only
#-periodic solutions. This seems to us a relevant step towards the aforementioned
development of a generalised periodicity theory.

Table 1. Results on the equation w1 -+ -ug = v1 -+ Vw1 -+ Wy

¢ m n u, v, w € {t,@i(t)}Jr?
Known This paper
>4 >3 >3 Yes
3 >12 > 12 Yes
3 5 < min{m,n}, m or n odd Yes
3 5 < min{m,n} < 12, m and n even Open (1) Yes
3 4 > 5 and odd Open (2) Yes
3 4 > 4 and even No
3 3 >3 No
one of {¢,m,n} equals 2 No

Our Results. As mentioned above, we are interested in solutions of the equation

UrU2U3 = V1 * " U W1+ Wn, (1)
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where 5 < min{m,n} < 12 and m and n are even, or m =4 and n > 5 is odd,
U1, ug,u3 € {u,0(uw)}, v; € {v,0(v)} for all 1 <j <m and wy € {w,f(w)} for
all 1 <k <n, and 6 an antimorphic involution.

In [9] it is already shown that if m,n > 5 and not all of uy, us and ug are the
same or m|v| > 2|u| then Equation (1) has only #-periodic solutions. Thus, the
part of case (1) left open, and answered positively here, regards the f-periodicity
of the solutions of Equation (1) for u1 = us = uz and m|v| < 2|u|. Due to space
restrictions, we do not present in this extended abstract the complete proofs for
this case; they are given in the Appendix. However, note that, in the light of
the results from [9], the positive answer we give in this case is not surprising;
essentially, a very careful exploration of the alignments occurring between the v or
0(v) and w or O(w) factors leads to this result. The following theorem is obtained.

Theorem 1. If ¢ = 3, 5 < min{m,n} < 12, and both m and n even, then
Equation (1) implies that u,v,w € {¢t,0(t)}* for some word t.

In the case of question (2), when £ =3,m =4, n > 5 and odd, we give here
the main proofs. This case seems very interesting to us for two reasons. Firstly,
the fact that Equation (1) has only #-periodic solutions under these restrictions
seems surprising to us, as it shows a different behaviour from the case when
the same bounds apply to £, m, and n, but n is even; this shows exactly where
the equations having only #-periodic solutions are separated from the ones that
may also have other solutions. Secondly, due to the small number of factors v
or 0(v), it seems that a different (at least partly) approach is needed in this
case. Indeed, the common approach in the proofs of the results of [5,8,9] or
in those supporting Theorem 1, in the Appendix, was to find a long enough
factor of ujusus that reflects an alignment between some of the factors vy, ..., v,
and some of the factors wy,...,w,, and then to apply periodicity results like
Theorems 4 or 5 to get that u, v, and w are all -powers of the same word. Making
such an approach work seems more difficult when we only have few occurrences
of v or §(v) (or, alternatively, of w or §(w)). Our proofs show how this can be
done. While the basic techniques we rely on are the usual ones of combinatorics
on words, including detailed case analyses, we also make use of novel arguments
regarding #-periodic structures and exhibit more general ways of applying known
f-periodicity arguments. We show the following.

Theorem 2. If{ =3, m =4 and n > 5 odd, then Equation (1) implies that
u,v,w € {t,0(t)}* for some word t.
Theorems 1 and 2 and Table 1 fully characterise the solutions of Equation (1).

Theorem 3. Equation (1) implies that u,v,w € {t,0(t)}* for some word t if and
only if (1) £>4 and myn >3, or (2) £ >3 and m,n > 5, or (3) { =3,m =4,
and n is an odd number at least 5.

2 Preliminaries

For more detailed definitions we refer to [7]. For a finite alphabet X', we denote
by X* and X% the set of all words and the set of all non-empty words over X,
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respectively. The empty word is denoted by € and the length of a word w is
denoted by |w]|. For a word w = uvz we say that u is a prefix of w, v is a factor
of w, and z is a suffiz of w. We denote that by u <, w, v <f w, and v <, w,
respectively. If vz # € we call u a proper prefiz, and we denote that by u <, w,
and symmetrically for suffixes. Similarly, v is called a proper factor of w, denoted
by v <jw, if u # ¢,z #e. A word w is called primitive, if w = u* implies k = 1
and u = w; otherwise, w is called power or repetition. For a word w, we define
the word w* as the infinite word whose prefix of length n|w| is w™, for all n € N.
Primitive words are characterised as follows:

Proposition 1. If w is primitive and ww = xwy, then either x =€ ory =e.

Let 6 be an antimorphic involution. A word w is called 8-primitive if w =
uy -+ - ug with u; € {u,0(u)} for all 1 < ¢ < k implies k = 1 and u = w; otherwise,
w is a O-power. A O-primitive word is primitive, but the converse does not hold.
For instance, the word w = abba is primitive but w = abf(ab), for § being the
mirror image. Any nonempty word w admits a unique 0-primitive word ¢ such
that w € t{t,0(t)}*, and the t is called the 8-primitive root of w. A word w is a
0-palindrome if w = 6(w).

Kari et al. [8] characterised 8-primitive words similarly to Proposition 1:

Lemma 1. For a 0-primitive word x € X+, neither x0(x) nor 0(z)x can be a
proper factor of a word in {z,0(z)}3.

Furthermore, Czeizler et al. [1] showed the following:

Lemma 2. Let x € X be a 0-primitive word, and z1, 2,73, 24 € {z,0(x)}. If
T2y = zx3xy for some words y,z € X with |y|, |z| < |z, then xo # x3.

The results of Proposition 2 and Theorem 4 are well known (see, e.g., [7]):
The words z,y from Proposition 2 are called conjugates, denoted by z ~ y.

Proposition 2. If xz = zy for some words x,y,z € X*, then there exist p,q €
X, such that x = pq,y = qp, and z = (pq)*p for some i > 0.

Theorem 4. If a € u{u,v}* and 8 € v{u,v}* have a common prefiz of length
at least |u| + |v] — ged(|ul, [v]), then u,v € {¢}T for a word t.

Czeizler et al. [1] proved the following generalisation of Theorem 4:

Theorem 5. Let u,v € X with |u| > |v|. If o € {u,0(u)}T and 8 € {v,0(v)}T
have a common prefix of length at least min{2|u| + |v| — ged(|ul, |v]), lem(|ul, |v])},
then u,v € t{t,0(t)}* for some O-primitive word t € X+.

Lentin [10] investigated equations similar to the ones by Lyndon and Schiitzenberger
with the following result, which we use in our proofs:

Theorem 6. If u* = v™w"zP for some words u,v,w,x € X* and £,m,n,p > 3,
then u,v,w,x € {t}* for some word t € X*.

We will also make frequent use of the following results from [5]:
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Proposition 3 (Prop. 20 and 21 in [5]). Let u,v € X so that v is 6-
primitive, uy,ug,us € {u,0(w)} and vi,...,v, € {v,0(v)} for some m > 3.
Assume that v -+ Uy, <p wrtuous and 2|ul < mlv| < 2|u| + |v|. Then:
— If m is odd, then us # uy and v1 = ... = v, = 20(z)p, where p = 6(p).
— If m is even, then one of the following holds:
1. up #ug and vy = ... = vy, = x20(z), where x = 6(x), or
2.u1 =ug, v1=...=vm and vm g = e = U = 0(v1).

A symmetrical result (i.e., vy ... v, <s ujusus in the hypothesis and u; and usy
replaced by us and ug, respectively, in the conclusions) can be easily derived.

3 Proof of Theorem 2

The case (2) from Table 1, left open in [8,9], was that of the equations
UL UgU3 = V1VRV3V4W] - - - Wy, (2)

where u; € {u,0(u)} for all 1 < i < 3, v; € {v,6(v)} for all 1 < j < 4 and
wg € {w,0(w)} for all 1 <k <nandn >5isodd. Note that there are instances
of Equation (2) with n = 3 that also have non-#-periodic solutions, by symmetry
to the case £ = 3, m = 3,n = 4 (see Example 50 in [8]).

We begin with a series of general remarks. Firstly, it is not hard to see that
we can assume v to be f-primitive. Otherwise, replacing v with its #-primitive
root, we end up with an equation with a greater number of v or 6(v) factors,
and these have only f-periodic solutions, by Theorem 1. Secondly, if we show
that two of the words u, v, and w are #-powers of an word ¢, then so is the third.
Finally, as # is an involution, it is safe to assume v; = v and w; = w; other cases
can be reduced to this one by replacing v by 6(v’) or w by 6(w’).

To solve Equation (2), we analyse all possible values of u1, us, and ug, and for
all these we look at the different relations between |v; - - - v4| and |u| separately.
The following two lemmas are straightforward applications of Theorem 5:
Lemma 3. If 4|v| > 2|u| + |v| and Equation (1) holds, then u,v,w € {t,0(t)}*

for some word t.

Lemma 4. If 4jv| < |u| — |w| (so, n|w| > 2|u| + |w|) and Equation (1) holds,
then u,v,w € {t,0(t)}* for some word t.

B The case ujugus = uf(u)u. This is covered by the following general result.

Theorem 7. For any n,m > 3, if ub(u)u = vy« vpwy -+ - Wy, then u,v,w €
{t,0(t)} for some word t.

Proof. Applying 0 to the equation gives (u)uf(u) = 0(wy,) - - - (w1)0(vy,) - - - 0(v1),
and we catenate this to the original equation to yield:
(ud(u))® = vy - vpwy - wRB(wy) -+ O(w1)0(vyy) - - 0(v1).
Cyclic shift converts this into
23 = 0(vy) - 0(v1)v1 - - vy - wRB(wy,) - - - O(wr),
where z is a conjugate of uf(u). The known results displayed in Table 1 and
Theorem 1 cover the case of such equations, showing that v,w € {¢,0(t)}*. O
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B The case uyusus = uuu. The analysis of this case is split in three subcases
depending on whether 4|v| < |ul, |u| < 4|v| < 2|u|, or 4|v| > 2|u| holds.

Lemma 5. If uqugus = uuu, 4|v| < |u|, and Equation (2) holds, then u,v,w €
{t,0(t)}" for some t.

Proof. According to Proposition 3, w cannot be #-primitive in this case. Therefore,
w € {w',6(w' )}t for some #-primitive word w’, and we analyse the equation
uuw = vy - vgwh - wh,, where w; € {w',0(w')} for all 1 < ¢ < n' and some
even n’ > 10 instead of Equation (2).

Furthermore, we get that w’ = rpr for some words r and p, with r = 6(r) and

rp = 0(p)r. Also w) = -+ = w’%, and w’%,_s_1 = =wy = 0(w)). If v =0(v),

’
. g 1 - n’ . .
then we have the equation u® = v*w, ? (w}) =, and Theorem 6 verifies our claim.

Therefore we also assume v # 6(v) in the following.

n

Thus, u = prw’s ~! = prw's ~2rpr = prw’= ~20(p)rr. Further, |v; ---vy| =

|u| — 2|r| and so vy -+ vy = prw’%729(p) = (prr) = ~2pré(p).
Let @' = prr. We will show that @w'* and vy - - - v4 have a common prefix long
enough to apply Theorem 5:

If |w'| > |vu|, then ‘1?}’”7'/_2;07"‘ > [@"Bpr| > 2lw'| + |v|. If || > |w'| and

|v| > |pré(p)], then v3 <, 12)’”7/’21)7’ and 3|v| > 2|v| 4 |w’|. On the other hand if
o] > [w'| and |v] < [pro(p)|, then [p[+2|r| = |w'| < |o| < 2[p[+|r|;so0 |r| < |p|. As
rp = 0(p)r, we have that r <, 6(p), and thus v - - - v4 = @' ~10(p)”, where 0(p)”
is a suffix of §(p). Since |0(p)”'| < |p| < |w’'| < |v|, we have that \1[)’”7/_1\ > 3|vl, so
again vy - - - v4 and @' have a common prefix of length at least 3|v| > 2|v| 4 |w/|
and we can apply Theorem 5.

In all cases, we get that v,w’ € {t,0(¢)}* for some word t. However, as v is
assumed to be #-primitive, we must have @’ € {v,0(v)}*.

Now, if |r| < |p|, as rp = 0(p)r, we can write 6(p) = rs for some word s. Then,
since prr € {v,0(v)}T and vy ---vy = (prr)%,_szH(p), also prrs = pré(p) €
{v,0(v)}™ holds. From these last two results, we see that s € {v,0(v)}T and thus
also 0(s) € {v,0(v)}T. However, as prr = 0(s)rrr € {v,0(v)}T, by Theorem 5,
also r € {v,0(v)}*. Hence, 0(p) = rs € {v,0(v)}*, and the same holds for p.
Thus, w’ = rpr € {v,0(v)} ", and we are done.

If |r| > |p|, we write » = 0(p)s’. As prr = prf(p)s’ and pré(p) are both
in {v,0(v)}*, so is s’. Furthermore, as pré(p) = pf(p)s'6(p) € {v,0(v)}+, if
pO(p) € {v,0(v)}T, then by Theorem 5, also p € {v,0(v)}T, and so r = 0(p)s’ €
{v,0(v)}*. This is a contradiction, since w’ = rpr is @-primitive. Therefore,
pO(p) ¢ {v,0(v)} T, which means that s’ € {v,0(v)}" is a proper factor of some
word in {v,60(v)}T. By Lemma 1, we must have that s’ € {v}* or s’ € {0(v)} T, as
v is f-primitive. However, 8(p)0(p)s’ = 0(p)r = rp = 0(p)s'p, so 8(p)s’ = s'p, and
we saw before that this means that s’ is a #-palindrome. In conclusion, v = 6(v)
in both cases, and we get a contradiction. a

Lemma 6. If uyuguz = uuu, |u| < 4|v| < 2|u|, and Equation (2) holds, then
u,v,w € {t,0(t)}" for some word t.
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Proof. The two possible situations in this case are depicted in Figure 1 (with
v; = vy for j € {3,4} and wy = wiwy).

v V2 V3 v V2 v3 Vg
" — —— u i | —
U3 V4 oW s Wy vy L owi .- wy,
u | f f —+— ul f f —
| l | | l |
| @ @ O @ '
[ 1 1 : 1 1 | | i 1 1 |
U= 1 1 1 1 1 U 1 1 1
Wy Wet1 wp e W wy, wp Wn,
H
w w w

Fig. 1. The two possible cases for uuu = v1 -+ - vaws - - - W,

We either have uy = v§vsws ---wj, for some k (left half of Figure 1) or
uy = vjwy - - wj, for some k (right half of Figure 1). We show that the factor D
in Figure 1 is a #-palindrome. To streamline the presentation we assume v to
be f-primitive. Otherwise v € {v/,0(v)}T for some #-primitive word v’, and we
apply the reasoning below to v’, reaching the same conclusion.

In the case v§vy <, ug, we apply Lemma 2 to zvv, = vzvsy, with z and
y chosen accordingly, to get that vy = 0(v). If v3 = (v2), then @ is clearly
a f-palindrome. If vo = v3 = v, then v is a prefix of v, so it also is a suffix
of vy = f(v). But 6(v}) is also a suffix of v4, so v§ = 6(v}), and thus (D) =
0(vivy) = vvf = @D. A similar reasoning applies if vy = v3 = 0(v). Furthermore,
the factor () is a #-palindrome by the same arguments.

In the case v] <, ug, we first show that @ is a 6-palindrome using the
methods as above. Now, if v4 = 6(v), then (D is obviously a #-palindrome as
well. If vy = v we get that v = vy, where D) = v/ and v4 = vjv]. As @ is a
f-palindrome, it holds that y = 6(v}). Thus v} 0(v)) = vjv}, and the solutions of
this equation are given by v} = (af)!, 8(v}) = (Ba)’,v{ = (aB)a for some i > 1,
j > 0 and #-palindromes a and (. Consequently, vj = (D is a #-palindrome.

As the factors @) and ) are f-palindromes, so is w; - - - w, = @QD2. Now,
as n is odd, we get that wap = H(wnTﬂ) and therefore w = 6(w).

Thus we have the equation u® = vy - - - vaw™, with n > 5.

If |lw™| > |u| + |w|, then Theorem 4 implies u,w € {t} for some ¢ and we
are done. Hence, we assume |w"| < |u| + |w|, that is, |u| > (n — 1)|w|. Then
I@| = 2Ju| — n|w| > |u] — |w| > 2=2|u| > |u|. Hence, it suffices to consider only
the case when u = vyvv} (Figure 1, left). Then Lemma 2 implies vy = 6(v).
Furthermore, if v2 = v, we can apply Theorem 4 to v? and &%, where 0 is a
conjugate of w, to get that v is not primitive, a contradiction. So we also assume
vy = 6(v). Now if vz = v, then the given equation turns into a classical Lyndon-
Schiitzenberger equation u?® = (vf(v))?w®, which is solved as u,v(v),w € {t}*
for some t and we are done. Otherwise, since v1v9v3v4 = D@ D is a f-palindrome,
we get v = O(v), and the equation once again turns into a classical Lyndon-
Schiitzenberger equation u? = viw® and we are done. a

The next lemma follows easily by Proposition 3; it is proved in the Appendix.
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Lemma 7. If uyugus = uuu, 4|v| > 2|u|, and Equation (2) holds, then u,v,w €
{t,0(t)} for some word t.

B The case ujusus = uud(u). Like before, we split our analysis in two subcases:
4lv| < |u| or |u| < 4|v| < 2|u]. We remind the reader the remaining subcase,
when 2|u| < 4|v|, was already solved in [8], by the following general lemma.

Lemma 8 (Proposition 51 in [8]). For any m,n > 3, if ujusug = wud(u),
Equation (1) holds, and mv| > 2|u|, then u,v,w € {t,0(t)}" for some word t.

Lemma 9. If wjugus = wub(u), 4|v| < |u|, and Equation (2) holds, then
u,v,w € {t,0(t)}* for some t.

Proof. Let us first assume that w is not #-primitive. Then w € {w’,6(w')}"
for some @-primitive word w’ and r > 2, and we would consider the equation
wub(u) = viveuzvgwy - - - wl, where n’ = rn. In this new equation, n’ > 10 holds,
but n’ is not necessarily odd; we can still assume 4|v| + |w'| > |u|. As ug # us,
Proposition 3 implies that w}j = ... = w), = w’. Now, as ug <s; (w')", we have
g <p O(w')™ and vy -+ vy < ug. I o] > ||, then |vq -+ vg| > 2J0| + [w'|, and
so by Theorem 5, we get v, w’ € {t,0(t)}T for some word ¢. In fact, this reasoning
still applies if 3|v| > 2[w’|, that is if 2|v| > |w’|. As a consequence, the case
remaining to be investigated is when |w’| > 3|v[. Since 4|v| + |w’| > |u| and
|w’| > 3|v|, we get that n’ < 8; this means that n < 4, a contradiction.

Accordingly, we only need to analyse Equation (2) for w 6-primitive. By
Proposition 3 we get that w = pf(z)z where p is a §-palindrome, and, as above,
it also follows that we only have to analyse the cases when n < 8, son € {5,7}.

If n =7, then w? <, uz = 6(u) and so O(w)? <, uy = u. Since |w| > 3|v| and
4|v] + |w| > |u| > 3|v], it follows that 3|v| < |w| < 2|v|. Thus, in u; = u, we have
the situation depicted in Figure 2.

v1 V2 U3 (o wi
Fig. 2. The situation inside u; = u.

As vyvy is a prefix of 8(w)f(w), it appears again as a proper factor inside
vov3v4. In the same manner vzv, appears as a proper factor inside vivvs (see
the dotted lines in Figure 2). Therefore, if v1 # vy or vs # v4, then v is not
f-primitive by Lemma 1, a contradiction.

This leaves us with two cases only: vy - vy = v, or vy - vy = vvO(v)0(v).
In the first case v? is a prefix of §(w)? and 4|v| > 2Jv| + |v] > |w| + |v|. Thus we
can apply Theorem 4, to get v, 0(w) € {¢t}T for some word ¢, and we are done. In
the other case, when vy - - - v4 = vv8(v)8(v), then vy - - - v4 is a f-palindrome and
O(w) is a prefix of it. This means that w is a suffix of vy ---v4 and so f(w"+1)
is a prefix of 6(uf(u)f(u)) of length (n + 1)|w| > 2|u| + |w|. Therefore we can
apply Theorem 5 to get that u,w € {t,0(t)}* for some word ¢ in this case.
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If n =5, we know that u; = u = 6(w)0(w)0(z) = 6(2)zpb(2)2zph(z). Thus u
has a prefix o = 0(z)2zp0(z)z, which is a f-palindrome.

We observe that |u| = 5|z| + 2|p| and also 4|v| = |u| — |p|. It follows that
4lv| = 5[z + |p| > 4|z| + [p| = |af > 22|z| + 3|p| = 3[v]. So @ = vivevszv) =
0(v}y)0(v3)0(v2)0(v1) where v} is a proper prefix of v4. Using Lemma 1 we get
v1 = vy = v3. Without loss of generality, we assume v, = v.

If |w| < 2|v|, then vivavs = v3 is a prefix of #(w)? of length at least |w| + |v].
Thus, by Theorem 4 we get v, 0(w) € {t}T for some word ¢, and we are done.

If 2|v| < |w| < 3|v|, we have the situation in u; as depicted in Figure 3.

Fig. 3. The situation when 2[v| < |w| < 3|v].

Since v as a prefix of f(w) appears as a proper factor inside vv, and it is
assumed to be primitive, v4 = 0(v) must hold. Thus (v) appears as a factor
inside the prefix vv of (w) after a prefix of length 3|v| — |w|. However, 6(v) also

appears inside vv after the prefix of length |vj| = |a| — 3|v|. As v is primitive,
these occurrences must coincide, so 3|v| — |w| = |a| — 3|v| must hold. Using the
known values |a| = |0(2)zpf(2)z| = 4|z| + |p| and |v] = 3|z| 4 1|p|, this equation

is equivalent to 3|z| = |p|. Furthermore, 6(z) <, p and as p <, 6(w), we get that
p = 6(z)3. This however means that §(w) = 0(2)zp = 0(2)20(z)3, contradicting
the §-primitivity of w.

If 3|v| < |w| < 4|v|, then as in the previous case 6(z) <, p and p <, 6(w).
Therefore and since p is a -palindrome, p = 2*2’ for some k > 1 and 2’ <, 2.
Now, as v3 is a prefix of O(w) = 0(2)zp = 0(z)zz*2" and |v| > |z| (recall that
|v| = 2|z| + %|p|), we can apply Theorem 5 here to get v,z € {¢t,0(t)}* and since
|v| > |z|, this contradicts the §-primitivity of v. O

The following result follows by combining arguments used in the corresponding
subcase for ujususz = uuu and in the proof of the previous Lemma. It is shown
in the Appendix.

Lemma 10. If ujusus = wub(u), |u| < 4|v| < 2|u|, and Equation (2) holds,
then u,v,w € {t,0(t)}* for some t.

B The case ujusus = uf(u)f(u). The subcase when 4|v| < |u| is simple. We just
have to apply 6 to both sides of the equations and then use Lemma 8.

Lemma 11. If uyugug = uf(u)0(u), 4|v| < |u|, and Equation (2) holds, then
u,v,w € {t,0(t)}* for some t.
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Lemma 12. If ujusus = uf(u)0(u), |u| < 4|v| < 2Ju|, and Equation (2) holds,
then u,v,w € {t,0(t)}* for some t.

Proof. We consider two separate cases: The first is when v§vs <, ug2, where v§
is a suffix of v3 = v5v4. As v is assumed to be #-primitive, |v5| # |v5|. In this
case |[v| > $|u| and so 4|v| > §|ul. It follows that n|w| < 3|u| and since n > 5,
we get that [w| < $|u| < |v|. Furthermore we can assume that |u| < 2[v| + |w],
otherwise we get the claimed result by a simple application of Theorem 5. This
means that |w| > |v}].

We will now prove that v;1 = v3 = v4 = v holds, as follows. Suppose, towards
a contradiction, that vy = 6(v). Since 8(w,) <, v, this assumption implies that
vy ends with wy,. Then wyws ... wj, <s 0(u), where wy, = wjw}, for some k, and,
thus, wywy ... w; <5 wq ---wy. By Lemma 1, we get that w,, = w; = ... = wi_1
and wy,_1 = wy,. So, by Proposition 1, w,, # w, must hold, a contradiction. Thus,
v4 = v. On the #-palindrome uf(u), 6(v4)6(vs) lies inside vovzvy in such a way
that Lemma 1 implies vz = vy (recall that |v5| # |v5|). Hence, v1 = v3 = v4 = v.

We split the discussion further, according to the relation between |v4| and |v4]:

If |vg| > |v§|, then we have also |w| > |v4], as we already established |w| > |v5].
Now, |v| = |v}]| + |v4] and |u| = 3|v}| + 2|v%|. From this we get that n|w| =
3lu| — 4|v| = 5|vh| + 2|vy|. However, |w| > |v5] and |w| > |[v§], so n must be 5.

Assume 3|w| < 2|v|, that is 6|w| < 4]v]. Now, as |[vj| > |vf]|, we have that
Sv] < |ul, and therefore 4|v| < 2[u|. Since 6lw| < 4Jv|, we get 6|w| < Z|ul,
hence 5w| < %|u|. It follows that 4|v| + 5lw| < £|u| + §|u| = Bu| < 3|ul, a
contradiction. Thus 3|w| > 2|v| must hold, and as 6(ws)8(w4)8(ws) <, vvgv, we
can apply Proposition 3 to get vy = 6(v) and w3 = wy = ws. The fact that wiw)
is a suffix of wywsws leads to w; = w and ws = wy = ws = §(w). Now we have
that ws <, v1, so w <, v and we have two occurrences of w inside us = 6(u):
One (the prefix of v4) is after the prefix of length 3|v| — |u| and the other one
(wy) is after the prefix of length 4|v| — |u|. Both these occurrences fall inside
wawaws = O(w)? inside uz = O(u). In order for w to be primitive (as assumed),
the length of the factor between those two occurrences must be a multiple of
|w]. This factor is of length |v| though, and since |v| > |w|, but 2|w| > |v| (as
|w| > |vg] and |w| > |v§]), this is impossible.

We reached the case when |vj] < |v4]; by Lemma 1 we get that vy = vz = vy.

We first establish that v; = vy holds as well. Assume towards a contradiction,
that v; = 6(vs). Then, as 8(w,,) <, v1, we have w,, <s v4 = va = 6(v1). Now, if wq
is a factor of ug, the word wyw - - - wj, for some k > 2 is a suffix of 6(u). However,
also O(u) = wy - - - w,. By Lemma 1, we get that w,, = w1 = ... = wi_1 = w,
and also that w,,_1 = w,. But then w;_; = w,, appears as a proper factor inside
Wp_1W, = W,pWy, contradicting the primitivity of w. If wy is not a factor of
ug, that is, w] <g ug, where w; = wjwy, then w,w] is a suffix of w,_1w,, so
TWpW1 = Wp_1wWyYy where y = wY and z is the prefix of length |wY| of w,_;. By
Lemma 2 we get that w,, # w,, a contradiction. Thus, v1 = ... =vq4 = v.

If the prefix of length |v| + |w| of @(wy - - - wy,) is a prefix of a word in {w}™
or {#(w)}*, then we can apply Theorem 4 to get the claimed result. Thus we
assume that wl(w) or O(w)w appears as a factor inside vv after a prefix that is
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strictly shorter than |v|. Without loss of generality we assume that it is wf(w)
that occurs there, and we focus on the first occurrence of this factor inside vv.
We first rule out the possibility that wf(w) is a prefix of vv: We observe
that |u| > 2w| 4 |v]. To see this, assume that |u| < 2|w| + |v|. This means that
3lul < 6|lw| + 3|v| < 5|lw| + 4|v|, which is a contradiction. Therefore, if wf(w)
is a prefix of vv, it has another appearance inside u after a prefix of length |v].
However, as |v| is not divisible by |w]| (otherwise v € {w, 8(w)}T and |v| > |w],
so v would not be f-primitive), this other occurrence of wé(w) is a proper factor
of some word w;w;4+1w;+2 inside ug = O(u). By Lemma 1 this is impossible if w
is -primitive. Hence, we assume that zwf(w) is a prefix of vv, where z € {w}T.
As |w| > |vf|, we have an occurrence of wf(w) in uz = 6(u) after a prefix of
length |z| — |v4]. So in u, we have an occurrence of wf(w) after the prefix of
length |z|, and after the prefix of length |u| — (|| — |v}]) — 2|w]|. As z € {w}T,
we must have |u| — (|z] — [v5]) — 2|w| > |z|. Now as w is prefix of O(w; - - - wy,),
in order to avoid a contradiction with Lemma 1, the difference between the
lengths of those two prefixes must be divisible by |w|. However, this difference is

[ul — (Jz] = [vi]) = 2|w| — |z| = |u| — 2|z| + [v§| — 2|w| and as z € {w}T, the term
|u| + |v4| must be divisible by |w|. Now |u| = 2|v| + |v}], thus 2|u] = 4|v| + 2|vf],
and as |wy -+ - wy| = 3Ju| — 4|v|, we have |wy - - - wy,| = |u| + 2]vs|. If now |u|+ |v}]

is divisible by |w|, then also |v}] must be divisible by |w|. This however is a
contradiction, as we assumed that |v}] < |w.

The other case to be considered is when w} <, us. In this case, we can
apply Theorem 5 to (w; ---w,) and viveuz if |v| > |w| to get the claimed
result. Thus we assume |v| < |w| in the remainder of this proof. Theorem 5 still
applies if 2|w| + |v| < |u|, so we assume 2|w| + |v| > |u| as well. This means that
6|w| 4+ 3|v| > 3|u| and hence, n must be 5. Then we can easily observe that the
border between ug and wug lies inside ws. So, let wy = wiwy such that wywow} is
a suffix of uy and us = wiwws. As also wywewh <, O(u), by Lemma 1, we get
that w; = wy = w while wy = w5 = O(w).

Now, 8(v1v2) <s waws = O(w)B(w), from which we get that vive <, wws =
ww. Hence v)v1ve <, 0(u) and thus 0(ve)8(v1)0(vy) <, u. We get v1 = vg = v.

If 3Jv| > 2|w], since we have vivovs <, O(ws)0(w4)0(ws), can apply Propo-
sition 3 to get a contradiction with the fact that wy = ws. Thus we assume
3|v] < 2lw| (if 3]v| = 2|w| we can apply Theorem 5 to get v,w € {t,0(t)}"
directly). Then since ww <, v and v; = ve = v, we must have v3 = 6(v). Now
there is an occurrence of vv in 6(u) after the prefix of length 4|v| — |u|, and an
occurrence of v after the prefix of length |u| — 3|v|. To avoid this v to appear as
a proper factor inside the factor vv, we must have either |u| — 3|v| < 4|v| — |u| or
|u| — 3|v] > 5|v| — |u|. We show that both of these possibilities lead to a contra-
diction: If |u| — 3|v| < 4|v| — |u|, we have 2|u| < 7|v| = 4|v| + 3|v| < 4|v| + 2|w|.
This however means that 3|w| < |u| must hold, which leads to a contradiction
as we have seen before. On the other hand, if |u| — 3|v| > 5|v| — |u|, we have
2|u| > 8Jv|, which is a contradiction straightaway, as 4|v| > |ul. O

Lemma 13. If ujugus = uf(u)0(u), 2|u| < 4|v| < 2|u| + |v|, and Equation (2)
holds, then u,v,w € {t,0(t)}" for some t.
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Proof. By Proposition 3, we have v; = ... = vy = v and v = 2260(z2), for some
words z and z, with z = 6(z). Furthermore, u = vaz = x260(z)xz. Therefore, the
situation in usz = 6(u) looks as illustrated in Figure 4. We see that z = 0(z) in

this case. Now 6(u) = zxzzx = zzwy - - - Wy, and so 222 = zwq - - - W,

Fig. 4. The word 0(u).

Since both 222z and z are §-palindromes and |z| < |wy - - - w,|, the equation im-
plies z <s wy - - - wy,. Hence, there exists an integer k such that z = w}wyy1 - - - wy,
where wy, = wjw}, for some wj,, wj . If wy is empty, that is, z = wg41 - - - wy,, then
x2’x = x20(x2) = Wgy1 -+ - Wpwy - - - wy,. Theorem 5 applied to this then implies
zz € {w,f(w)}T because w is H-primitive. Combining this with z = w11 -+ wy,
gives z € {w,f(w)}T. Then v = 2% € {w,f(w)} T, but this contradicts the
f-primitivity of v, as |v| > 3|w|. If, on the other hand, wj} is not empty,
then zz%z = WEWh1 -+ - WpW1 -+ - Wy, implies w1 = ... = w,, = w. Now we
have zz2z = zw™ and concatenating z? to the left on both sides results in
(2%22)? = z3w". This is a conventional Lyndon-Schiitzenberger equation, and
it implies 222,z € {w}*. Substituting this into the equation, however, implies
22r € {w}*, and |2%x| > 3|w|. Hence, 2%z is not primitive and neither is its
conjugate v, a contradiction. O

B Conclusion. By the results of Lemmas 3-12 we get that Theorem 2 holds.
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Appendix: Disclaimer

This Appendix is split into two parts.

The first presents the proofs of two lemmas needed to show Theorem 2. These
two lemmas, whose proofs are not very complicated and, in fact, are derived in a
way similar to other results, complete the main technical section of our paper.

The second part of the Appendix contains the complete proof of Theorem 1.
It was left out from the main 12 pages (an extended abstract of our results) due
to the space limitations. Also, our decision to present the technicalities related to
this theorem in the Appendix was influenced by the fact that Theorem 1 comes
as a completion to the results from [9], while Theorem 2 solves an unrelated case,
on which some of the arguments used in the other cases do not work.

Appendix: Proofs of Lemma 7, Lemma 10

Proof of Lemma 7.

Proof. By Proposition 3, we have v1 = vy = v and v3 = vqs = 6(v), and
furthermore v = rpr for some words 7, p. From the overlap between v and 6(v)
inside uy we see that pr = rf(p) and r = 6(r). Furthermore, 6(v) = prr and
we have that u = rprrp = rrf(p)rp, where the prefix rr is a suffix of v4 = 6(v).
Therefore wy - - - w,, = 6(p)rp, which is a #-palindrome, and since n is odd, we get
that w = 8(w). Thus u = rprrp and u = rrw", therefore rprrp = rrw™. Adding
7 to left on both sides of this equation gives us (rrp)? = r®w", which implies
rrp,r,w € {t}* for some word ¢ by Lyndon and Schiitzenberger’s original result.
It follows that rpr = v is not primitive, a contradiction. a

Proof of Lemma 10:

Proof. As in the proof of the previous Lemma, we assume that w is #-primitive.
Recall that if it was not, i.e., w € {w’,0(w’)}* for a f-primitive word w’, then
we would consider the equation wuf(u) = vivevzvawy - - - w,, where n’ > n. So,
in general we can not assume n to be odd anymore, but for n < 10 we still can.

There are now two cases to be considered. The first is when v§vy <, uo,
where v is a suffix of v = vivy.

In that case we see that [v| > I|u| and thus 4[v| > %|u|. It follows that
njw| < 3|u| and since n > 5, we get |w| < L|u| < |v[. Thus, if |[v§] > |w],
we can apply Theorem 5, since u is a prefix of 8(w; -+ w,) and of vvyvs, and
|u] = 2Jv| + |v§] > 2|v| + |w]| then.

Therefore we assume |v5| < |w| in the following. An application of Lemma 2
tells us that vy = 6(v) must hold. Using the same methods that were used in the
proof of Lemma 6 to show that the factor D) there is a #-palindrome, we deduce
that the prefix v§v, here is a f-palindrome too.

Now, wy - - - wy, is a suffix of uf(u) and uf(u) is a f-palindrome. Hence, the
word 6(wy,) - --0(wy) is a prefix of uf(u). Thus v§vy = O(w,) - - 6(wj)) for some
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k and wy = wjwy)"”, and since it is a #-palindrome, also v5vy = wy - - - wy,. It fol-
lows that uf(u) = wy - wpwy - - wy, = O(wy,) - - - O(w1)8(wy,) - - - O(wy,). Repeated
application of Lemma 1 allows us to conclude that w; = ... = w, = w.

Now if vy = v, we can apply Theorem 4 to vv and the power of §(w) that
is a prefix of u to get that u,0(v) € {t}* for some word ¢, which leads to
u,v € {t,0(t)}*. Therefore vy = #(v) must hold.

Now as §(w) <, v, we get that w <, vivy and w <, vs. However, vjvs <,
v1v2 <, v§vaw, and thus w appears as a factor inside ww, contradicting its
primitivity.

We move on to the other case, namely when vy <, ug, where v} is a suffix of
vg = vjvy. In this case v1v2v3 <p w and u <p, O(wy,) - - - O(wq). If |w| < |v|, we can
thus apply Theorem 5 to get that v, w € {t,0(t)} T for some word t. Therefore
we can assume |w| > |[v|. If 2|w| + |v| < |u| held, we could also apply Theorem 4
to get that same result. So 2|w| 4 |v| > |u| can be assumed as well. This means
that 6|w| + 3|v| > 3|u|. As a consequence, n = 5 must hold.

Now |v| < %|u| and thus |w| > %|u| must hold, and as a result, |v] < |w|.
Moreover, |u| < 4|v| implies |w| < Z|u|, and hence, [w| < 2[v].

Since usug = ub(u) = vjw; - - ws is a f-palindrome and 0 < |vf| < |w|, we
get wy = wg = wg = wy = w by Lemma 1. If ws = #(w), then v, = v is a prefix
of w. Then we find as a prefix of us that vjv <, vve, but this contradicts the
f-primitivity of v by Lemma 2. Therefore, ws = w, that is, the given equation is

uuf(u) = vvavzvaw®.
Now uf(u) = v{w® implies w = 20(z)p for some words p, z, with p = 6(p). Hence
u = (pz0(2))?pz and v} = p. If |u| > 2|w|+ |v|, that is, |[pz| > |v|, then Theorem 5
is applied to u = vvavzv) = (p20(2))%pz to obtain that v,0(w) € {t,0(¢)}+ for
some word ¢, but as |w| > |v|, this contradicts the #-primitivity of w. Thus,
|u| < 2|w|+|v|, which is equivalent to |v}| > |z|. With |u| = 3|v|+]|v}| = 3|p|+5]z],
this gives 3lv| < 3|p| + 4|z|. Thus, vvevs <, (pz0(2))*p <, vvavszvs and as
(pz0(z))?p is a f-palindrome, 0(vvavs) <, (pz0(2))*p <, vugvszvy. As a result,
v = v = v3 by Lemma 1. Now we have v* <, §(w)?, to which Theorem 4 is
applicable (recall [w| < 2|v|, and hence 3|v| > |[v]|+|w|) which gives v, 8(w) € {t}*
for some word ¢, and since |w| > |v], this contradicts the primitivity of w. O

Appendix: The proof of Theorem 1

In this appendix, we thoroughly close the other case, that is, we prove Theorem 1,
which states that if £ = 3, 5 < min{m,n} < 12, and both m and n are even, then
Eq. (1) implies u, v, w € {t,0(t)}* for some word ¢t. As mentioned in the main
text, for this purpose it suffices to examine the equation under the condition that
up = ug = uz = u and |u| < m|v| < 2|u| (i.e., the border between v,, and w; is

on UQ).
At the very beginning, it must be noted that if u is not f-primitive, that is,
u=uq - up for some ¢ > 2 and uq,...,up € {u,0(u)}, then the known results

immediately solve Eq. (1) as we intend. That is, substituting this representation
into Eq. (1) yields wy - - - wprtig -+ - wprtdy =+ - Upr = U1+ - VW1 + * * Wy
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Fig. 5. Visualization of Eq. (3).

Proposition 4. If u is not 0-primitive, then Eq. (1) implies u,v,w € {t,0(t)}
for some word t.

Thanks to this, throughout this appendix, we assume that u is #-primitive and
show that under this assumption, Eq. (1) does NOT hold. In proofs below, when
we reach v,w € {t,0(t)}* for some word ¢, which can be actually assumed to be -
primitive, Eq. (1) implies ujuguz € {t,0(¢)}=™*™, that is, uy € {t,0(t)}=m+m)/3,
This is a clear contradiction, because m + n is at least 10.

Symmetric roles of vy - - - v, and wy - - - w, in this equation enable us to assume
|v1 -+ V| > |wy -+ - wy,|. Without loss of generality, we can assume v; = v and
wy = w. In summary, we only have to examine the equations of the form:

ud = vvy -V wwy - Wy, (3)

where vy, ..., vy € {0,0(0)}, wa,...,w, € {w,0(w)}, and both m and n are
even numbers such that 6 < min{m,n} < 12 and 3|u| < m|v| < 2Jul.

A-1 Notation and basic observations

Let us fix notation used throughout the proofs below, and also make basic
observations of use.

Eq. (3) is illustrated in Fig. 5. We denote the suffix of v - - - vy, that is a prefix
of ug by @ and the rest of uy by @), that is, us = u = O®). The assumption
[v1 -+ V| > |wy - - - wy| is now rephrased as [D| > |@)]. Due to |u| < m|v| < 2|ul,
there exist indices 1 < j < m, 1 < k < n, and words v}, v}/, wj, wj such that
vj = v;v;’, WE = WRWy, U =0y - - vj_lv;, Uy = v}’vﬂ_l S VWY - We— W), and
U3 = WY Wkt -+ - Wy. Since u is assumed to be O-primitive, none of v7, v, wy, wy!
is empty. Let p be the index such that the border between (O and @ lies on
wy. The border splits w,, into the prefix w;, and the suffix w;. Observe that
the border between w, /5, and w,, /241 is exactly at the center of (). This means
p=mn—k+1. As n is even, this means that the parity of p differs from that of k.
That is, p — k is odd. Moreover it must be at least 3 because of |D| > |@)| and
n > 6.

Let 7 be the index such that the border between () and (@) lies on v;. Since
|@| > @], m > 6, and v} is nonempty, i > 3 must hold. The border splits
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v; into the prefix v/ and the suffix v/ and now we have O = vivg -+ v;_1v] =
v;’vﬂ_l -+ Vp,. Lemma 2 implies that v =ve =+ =v;_1 =vand vj4q =--- =
Vm = 0(v). Thus, @D is a f-palindrome. It can be represented as

D = (zy)" e (4)

for some words x,y such that v = zy and v] = z, and this representation implies
x = 0(x) and y = 0(y). The analogous analysis works also for wy,...,w, and
@ as long as |@| > |w|. Even if it is shorter, if w, = 6(w;), then @ is a
f-palindrome. If w,, = wi, then we can let w; = @y and w, = 0(y)@); the
prefix of w, is the #-image of the suffix of w; because they are a prefix and
suffix of the f-palindrome (D, respectively. Hence, we have @y = 0(y)®2), and
this word equation is solved as @ = (Ba)'8 and y = a3 for some i > 0 and
#-palindromes «, 3. As such, @ is also a f-palindrome. Now we can obtain useful
relations v; = 0(v;), wp = 0(wy), and w, = B(w1) = §(w) from the f-palindromes
=0y Uy, and QD2 = wy - - - wy,. It is clear from them that both (D)
and (2) are of even length. With Eq. (4), this further implies that if i is odd, then
the f-palindrome z is of even length so that we can let x = 2’0(2’) for some word
a’; otherwise, the #-palindrome y is of even length and we can let y = y'6(y) for
some word ¥’
We make use of the following lemmas proved in [9].

Lemma 14 ([9]). In the above setting, assume that v is O-primitive and |v|
does not divide |u|. Then vy = -+ = v;_1 = v and Vm—ip1 = ... = Uy = O(v).
Moreover, if ilv| — |u| > \%I) then v; = v.

Lemma 15 ([9]). In the above setting, assume that |u| < mlv| < 2u|, w is
O-primitive, |v| > |w|, and there exists a word © ~ v, such that ¥ occurs in vv
after the prefiz of length i = |u| mod |w| (see Fig. 5), and v € {w,8(w)}*. Then
v=7.

Let us conclude the preliminaries by presenting two conditions under which
Eq. (3) can be instantly solved as u, v, w € {t,0(t)}* for some word t: i.e.,

1. v or w is a f-palindrome;
2. |v| = |w|.

In the proofs below, we will see the #-primitivity of u cause a contradiction. This
does not mean that Eq. (3) could not hold under each assumption above, but
just means that #-primitivity of u is not consistent with any of them on Eq. (3).

Lemma 16. Ifv orw is a O-palindrome, then Eq. (3) implies u,v,w € {¢,0(t)}
for some word t.

Proof. The case of w = 0(w) was already proved in [9]. As for the other case
v = O(v), let s be the primitive root of v, that is, v = s* for some s. Then
s = 0(s). Now we have the equation (D = v~ 'z and it implies that z is a power
of s, and so is D). From @D = v™, this derives that v = M@ would be a
power of the shorter word s, a contradiction. a
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Lemma 17. If |v| = |w|, then Eq. (3) implies u,v,w € {t,0(t)}* for some word
t.

Proof. Then Eq. (3) implies 3|u| = m|v| + n|w| = (m + n)|v|. Since |u| < m|v| <
2|u| is assumed, |u| must not be a multiple of |v| because it is assumed to be
f-primitive. Thus, m+n does not divide 3, that is, |v| does divide. Let v = x1z9x3
for some x1, 9, x3 of the equal length d.

Recall v1 = vy = v. If |u| mod |v| = d, then v, = 6(v) and wi41 occurs
inside vivy = v? as v? = 110(v)w223 = T1T2WEs173. This gives v1 = O(vy),
vz = 0(v2), and wg1 = v3v1v2, and hence, w41 is a f-palindrome. Lemma 16 is
now applicable to reach the conclusion. Otherwise, that is, if the mod is rather
2d, we get v? = x1220(v)x3 = T1wk11T2x3 instead, but is to be concluded in the
same manner. O

Note 1. As done in these proofs, we will always assume the #-primitivity of u in
all the proofs below and see Eq. (3) lead us to a contradiction. This just means
that in order for Eq. (3) to hold, u is required not to be @-primitive.

A-2 Proofs for the case when m,n > 10

Eq. (3) admits only é-periodic solutions when m,n > 12 (see Table 1). In this
subsection, we aim at lowering the value from 12 to 10, that is, we prove the
following theorem.

Theorem 8. For m,n > 10, Eq. (3) implies u,v,w € {t,0(t)}* for some word t.

The proof of this theorem is composed of the three lemmas below. Note that
reductions analogous to the one introduced at the very beginning allows us to
assume that both v and w are #-primitive in this case.

Lemma 18. If either m = 10,n > 20 or m > 20,n = 10, then Eq. (3) implies
u,v,w € {t,0(t)}* for some word t.

Proof. In any case, m > 10 and we can use this to obtain 3|v| < |D)], that is,
v? <, @.

First, we consider the case when m = 10 and n > 20. Due to |vy - - vy >
|wy - - - wy|, we have 10]v| > n|w| > 20[w|. Thus, |v| > 2|w|, and hence, W) wr+1 <p
v. This means that D is long enough (|| — |w}| > 2|v| + |w|) for Theorem 5 to
give ¥ € {w,8(w)} T, where ¥ is defined as stated in Lemma 15, and the lemma
gives v = ¥. However, this contradicts the §-primitivity of v since |v| > 2|w].

Let us proceed to the other case: m > 20 and n = 10. In this case, m|v| < 2|u|
implies |v| < |w|. Recall that p — k is odd and at least 3. If p — k > 5, then
W41 Wk 2Wk 4 3Wk+4 18 a factor of ) so that Theorem 5 gives w € 9{v,0(0)}T,
but this contradicts the #-primitivity of w. Thus, p — k must be 3. Then |D] =
2lw| + 2|wy|, while |@)] = (10Jw| — |D)])/2. Substituting these into |D| > |@)]
gives |wj/| > 2|w|. We also have v; - - - v <, D due to m > 20. Thus, |v| < 3|w}|.
In summary, we have |D| — |w}| = 2|w|+|w}| > 2|w|+ |v|, and hence, Theorem 5
is applicable and leads us to the same contradiction. a
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Fig. 6. Eq. (3) with m = n = 10.

Lemma 19. For m = 10 and n > 10, Eq. (3) implies u,v,w € {t,0(t)}" for
some word t.

Proof. First of all, the assumption |vy « - vy, | > |wy - - - wy| gives 10[v| > njw| =
10|w|, so |v| > |w| and Lemma 17 allows us to proceed with |v| > |w|. Due to
Lemma 16, we assume w # 6(w).

Lemma 18 makes it sufficient to examine the cases of n € {10,12,14, 16,18}
under the assumption that both v and w are -primitive. As explained previously,
vy =---=v;_1 =v and ¢ > 4 due to m = 10.

If i > 5, then due to |v] > |w|, (w]) tvy - vy = (w])"1v? is of length at
least 3|v| > 2|v| + |w]|, so Theorem 5 and Lemma 15 are applicable to it to give
v € {w,f(w)}=2 due to |v| > |wl|, but this contradicts the #-primitivity of v.
Even for ¢ = 4, if v4 = v, then the contradiction arises in the same manner. Note
that if [vj| > %|v], then vs = v due to Lemma 14. One more condition under
which the contradiction thus arises is p — k > 7, when ng)kJrl <, viz so that
(wy!) 7@ is long enough for the purpose.

As such, i = 4, vy = 0(v) (i.e., 3[v] < |D| < Z|v|), and p — k is either 3
or 5. Combining |®| < Ijv| with Q@D = vy -+ vyo gives (@] > 3[v|. Then
@ = v*v}, = (zy)?r and y = y'0(y’) (for the H-palindromes x and y, recall the
notation in Sect. A-1). First we consider the case of n > 12. With p — k being
3, @ < 4|w| while |@] > 25*|w| > 4|w|, a contradiction. Thus p — k = 5.
Then @D = (ay)3z = wZ/Q_zwn/z_lwn/gwn/2+1w,L/2+2w;l/2+3. Then the first
half of (D is written as zy'0(y')zy’ = W, 13— 9Wn/2—1Wy 2. We claim |zy'0(y")z| >
|w), j2—2Wn/2—1|- Indeed, if not, the previous equation implies Lyl =1y'| > |wl,
but it would lead us to a contradictory inequality 2|w| + 2|x| < |y| + 2]z| =
vl + [z] < |w) 5 o] + [w] < 2Jw]. Now we have w) ,_owy/2—1 < vz, that is,
|(wn2—2) '@ > 2|v| + |w], but we already saw this lead us to the contradiction
v € {w,0(w)}2.

Lastly we examine the case of n = 10. See Fig. 6. Recall |D| < Z|v| and
@] > 3|v]. They 1mp1y |@| < Z|@), and hence, p — k = 3 in this case. Then we
have D = v3v) = wjwswew} and @) = vfvsvevs = WHO(w)3. We show w; = O(w).
The presentation of (1) means that the border between ws and wg is on ve. Due
to |v| > |w|, the borders between the succeeding words wg, wr, ws, Wy, wyg are on
v3, V4, Vs, Vg, Tespectively. If vy = v, then vzvivsvs = (v0(v))? is a f-palindrome,
and can be written as zw70(w)?z’ for some z <; wg and 2’ <, wio. Being a
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f-palindrome, it implies zw70(w)%2" = 0(2")w?0(w7)0(z). Under the assumption
w # O(w), this implies w; = O(w) due to Lemma 2. If v5 = 6(v), we can
rather use vyusvavs as a f-palindrome based on which we reach w; = 6(w).
Now wrwgwy = wgwowig = O(w)?, and the former has a factor §(v)vs while the
latter has a factor vs0(vs). Moreover, their overlap is of length at least |v|. The
assumption v # 6(v) prevents them from overlapping in a trivial way, but on the
other hand Lemma 2 prohibits any nontrivial overlap, a contradiction. a

Lemma 20. For m > 10 and n = 10, Eq. (3) implies u,v,w € {t,0(t)}* for
some word t.

Proof. Tt suffices to consider the cases of m € {12,14, 16,18}. Then the assump-
tion |vy - V| > |wy - - - wy| implies 4 > 5. Due to Lemma 17, we assume |v| # |w].
Recall that both v and w are assumed to be #-primitive.

We have |D| = (i — D)|v| + |z| = (p — k — 1)|w| + 2|w}|. This implies
\2@ _ p—k-1

5— |w| + |wy| and L?' = 3((@ = D[v| + |#|). Summing them gives
D] — |wy| = p7§71|w\ + St |v| + $|a|, which is at least 2|w| + 2Jv| if p— k > 5.
This makes Theorem 5 applicable to w; ' to obtain ¥ € {w,f(w)}*. Thus,
[v] > |w| (n.b. |v] # |w| was assumed). Then Lemma 15 converts this into
v € {w,H(w)}=2, but this contradicts the §-primitivity of v.

Now that we have proved p—k = 3. Since n = 10, this means p = 7 and k£ = 4.
We have |D] = (i — 1)|v| + |z| = 2|w| + 2|w}| and |@)]| = 4|w| — |w}|. Then the
inequality || > |@)| yields |w| < 3|w/|. One more to claim is [v] < |w|. Indeed,
in order for p — k to be as small as 3, |D| < £|u|, or equivalently, |@| > £|u|,
must hold. Then, m|v| = |u| + |D| < |u| and 10|w| = |u| + |@)] > L2|u|, which
give |v| < |w]| (recall that in the current investigation, m is at least 12).

If i > 6, then 5|v] < |D] = 2|w| + 2|wf| < 5lwf], that is, |v] < Jw}| = |w}].
Thus, the suffix wswew}, of @ is of length at least 2|w| + |v|, that is, long enough
for the sake of Theorem 5 and Lemma 15. We have actually completed the proof
for m > 16 as 7 > 6 holds then.

Below, we will prove that even with ¢ > 5, a contradiction is inevitable.
We claim that if v5 = v, then Theorem 5 and Lemma 15 are applicable to
(wf)~ vy - --v5 and would bring a contradiction as above. Indeed, if |w}| > |v],
then the word is of length at least 2|w|+ |v| because |(w}) vy -+ - vs| > [wswewh|.
Otherwise, |(w}) vy -« vs| — (2lw| + [v]) = 4(Jv] — [w]]) > 0 using |w| < 3|w}|.
The condition vs = v certainly holds when m = 14. Actually, then |D| = 4|v|+|z|
and |@)| = 6|v| — 2|z|, and substituting these into [D] > @) results in |z| > Z|v|.
This gives vs = v in light of Lemma 14.

The only remaining case is when m = 12, i = 5, and vz = (v). Let us shift
our focus to suffixes of u. With wy = 6(w), Theorem 5 and Lemma 15 are applied
to wy - -+ wio(v§) ™! to reach the contradiction. Thus, wy = w. If vg = O(v), then
v3v4v506 = v20(v)? is a f-palindrome and also contains wewrwg = wewd(w)
as its factor. No matter how they overlap, we cannot avoid a contradiction
either with Lemma 1 or with the assumption w = 6(w), as seen in the proof
of Lemma 19. If v¢ = v, then v; = 6(v) since @ is a #-palindrome. Hence,
v405v6 = vO(v)v and contains wrws = wh(w) as its factor. Moreover, its f-image
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vsvgv7 = B(v)vh(v) is a proper factor of wy - - -wig. Thus, even in this case, we
have reached a contradiction either with Lemma 1 or with w # (w). O

Now that Theorem 8 has been proved, and we conclude this subsection.

A-3 Proofs for the case when m < n

Let us continue the study of Eq. (3) under the condition m < n in this subsection.
Having already solved the equation for m,n > 10, it is enough to examine the
equation first for m = 6 and n > 6, and then for m = 8 and n > 8.

Proofs for the subcase when m =6 and n > 6 If |v; - - vg| = |wy - - - wy|,
then u = vy ---v4 would not be 6-primitive. Hence we assume |vy - vg| >
|wy -+ wy|. Then 2|v| < |D] < 3|v], so we have v; = vy = v and D = v?z. From
2|@| + |@| = 6|v| and |D] + 2|@)| = n|w|, we get n|w| = 3|z| + 6]y|.

Let us handle the least repetitive case first.

Lemma 21. If m =n =6, Eq. (3) implies u,v,w € {t,0(t)} for some word t.

Proof. We have D = zyx'0(z')yz and it is a -palindrome. At its center is the
border between ws and wy. Then

0(x")yz'6(2" ) = wiwsf(w). (5)

With n = 6, the relation n|w| = 3|z| + 6|y| implies |w| = |2'| + |y|. This divides
Eq. (5) into wy = 0(z)y and wswg = 0(2')2'@)

Let us begin with the case of vz = v. Then @ = y? and wsws = W@ =
2'0(2")y?. If ws = w, then wswg = xyy becomes a f-palindrome, that is, ryy =
yyz. This is a well-known commutativity relation, imposing that z,y € s™ for
some word s. Then wswg € s=2, but this contradicts the f-primitivity of w. Thus
ws = O(w); then 2'0(z")yy = 6(w)?, which means §(w) = z'y. If wy = O(w),
then 2’ = 0(z’), which results in an original Lyndon-Schiitzenberger equation
2"%y? = 0(w)?, giving ',y € st for some s. Otherwise, w = 6(2')y, so we obtain
the commutativity 0(w) = yz' = z'y, that is, 2’,y' € sT. In any case, however,
w = yb(z’) would not be f-primitive, a contradiction.

Therefore, vz must be 6(v). Lemma 14 implies |z| < 3|v| (i.e., |z| < |y]). Let
@ = 20(z) for some z. Then vz = §(v) = xz, and hence, xz = yx. Moreover,

2'0(z")@ = 2'0(a")20(2) = w50 (w). (6)

We claim ws = w. Suppose otherwise. Then Eq. (6) implies that z260(z) =
20(2)x. Thus, z,z € {t,0(t)}" for some f-primitive word ¢, but then their
catenation 6(v) would not be #-primitive, a contradiction.

Thus, ws = O(w). Then we have 2'0(2")20(z) = 6(w)?, that is, O(w) = 2'6(2).
Substituting this back to the representation of 8(w)? yields 8(z')z = 6(z)z’. Due
to |x| < |y| = |z|, this equation lets z = ya’ for some #-palindrome . If wy = w,
then §(w) = yz’ = 2'6(z) (recall wy = 6(z')y). Substituting z = v’ into yx = x2
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Fig. 7. The equation ud =wv1 - vewy - - - wy for n > 8.

gives yx'0(z') = xyx’, which shows 2’ = 6(a’). Catenating 2’ from the right to
both sides of yxr = xz gives

Zra’?. (7)
This actually gives yz'® = 23y as its RHS is a 6-palindrome. Hence, z’,y €
{t,0(t)} T for some t. However, then v = 2'?y would not be #-primitive. Thus,
wy = 0(w). Then we have 2'0(z) = 0(z')y, that is, ' = 6(2’) and y = 0(2).
Since y is a §-palindrome, now we have z'2y? = (w)?, but we already saw this
contradict the #-primitivity of 8(w). O

yx/?, _ :E/

We shall strengthen this lemma by the next lemma.
Lemma 22. For m =6 and n > 8, Equation (3) implies u,v,w € {t,0(t)}*.

Proof. Lemmas 16 and 17 allow us to assume w # 6(w) and |v| # |w| and avoid
some cumbersome case analyses. The latter can be strengthened as |v] > |w|

because (D)D) = 6|v], |@QDQ)| > 6|w|, and |D| > |@)|. As before, i = 3, that
is

@ = vy = 2'0(a")yz'0(a")y2'(2") = wwpsr - “Wnp/2Wn /241 " 'wp—lw} (8)

(the underline will be made use of later).

Should wjwg+1 be shorter than x, Theorem 5 and Lemma 15 would work on
(w})~1@D and produce a contradiction v € {w, §(w)}=2. Thus, |wiwki1| > |z| =
2|z’

Next, we will show |w}/| # |2|. For the sake of contradiction, suppose other-
wise. Then Eq. (8) provides 2’ = wj and 0(2)yx’ = wpy1 - - - wy /2. Being a 6-
palindrome, the latter actually tells 0(z')yz’ = wyy1 - wpy2 = O(wy/2) - - O(wpy1)-
The assumption w # 0(w) makes § — (k + 1) + 1 even. Hence, wy41 <, 0(z")y.
Therefore, with v3 = v, we would get the same contradiction as above based on
Theorem 5 and Lemma 15. Thus, vg = 0(v). This means v = z <, yx = 6(v) and
|z| < |y| due to Lemma 14. See Fig. 7. Note that (z")@ = 0(w})w)wy11 - - wy, =
Wty -+ = - This iuplies [2'] + @] = [2'] +2ly] = (n— p)lw] =
k|w|. Substituting this into 3|z| + 4|y| = i|z| + (n — k)|w|, which derives from
u = (2y)?2@ = w]wii1 - wy, yields §|x| = (n — 3k)|w|, and this means
lw| = —2|w| when |2/| = |w}/|. Thus, the length of w is either 3|w}| or 3|w}/|.



22 Manea, Miiller, Nowotka, Seki

See Eq. (8) and focus on the prefix wjwiy1wi4+2 with x <, yx in mind. If
|w| = 3|w}|, then the prefix w]wi41 is equal to x'6(x’)z'8(z’), that is, wry1 =
6(2")2'6(z’), but this contradicts the 6-primitivity of v. Hence |w| = £|w}/|. Then
wy! = &’ must be of even length, that is, 2’ = sy, for some words sq, so of the
same length. Then wy11 = 0(s2)0(s1)s1 and wgyo = $20(s2)0(s1). Since wy4o is
certainly equal to either wgy1 or @(wg11), these equations would imply so = s1
or so = 0(s1), but in any case, wg41 would not be f-primitive, a contradiction.

Having proved |w}/| # |2'|, now we have either |w}/| < |2'| or |w}| < |2| <
|wywg11]. The first half of Eq. (8), that is, '60(z")yx" = w}wi41 - - - wy /2, occurs
again to the right as underlined. This implies wyy1 - - - wy, /2 overlaps with wy, - - - wy,
and does so in such a nontrivial way that Lemma 1 enforces wgi11 =+ = w2
and wy /941 = - = Wig1 = O(wy2).

Let us examine the two cases depending on the value of v3 one after another.
The first case is v3 = (v). Then v3 = zz for some word z such that @) = 26(z).
We claim w, = w,_;. Suppose otherwise for the sake of contradiction. Then
Wp—1Wp is & f-palindrome. We have

0204 D = vaf(z) = '6(uy)"/* 0. ©)

The #-palindrome vyv3 contains the #-palindrome w,_;w, as its factor because
of k—1 > 2 (see Fig. 7). That is, vovs = awp_qw,B for some words «, 3.
It reflects wp—10(wp—1) to the symmetric position as vvy = Qwp_1wpf =
0(8)0(wp—1wy)0(c). Note that wyiq---w, = w;(,nfk)/29(wp)("_k)/2wp9(w)k_l,
and wvyvs is its factor. Thus, the f-image 6(w,—1wp) = 8(wp)w, is also a factor
of the #-power of w. In order to avoid the contradiction with Lemma 1, the
image must match wsws1 for some index s such that k +1 < s < n. Due to the
assumption w # 6(w), the s must be chosen so that ws = 6(w,) and wsy1 = w,.
They mean s = p — 1, that is, the center of w,_jw, is exactly at the center of
vous, or in other words, |a| = |B|. This derives from Eq. (9) that

() top = 0(a")y = O(w,)"*F, (10)

and v = 2'0(2")20(2) = w,0(w)* 1. The latter is twice as long as the former,
and hence, the latter can be halved as

2'0(z")2(0(x") ™t = w,b(w)F/21 (11)
0(z)0(z) = O(w)*/? (12)
(n.b. 2'0(2") is a suffix of z since O(v) = yx = 2z and |z| < |y| = |2]). If w, = w,

then Eq. (10) and Eq. (12) imply y = 6(z) and this actually means y = z since
y = 0(y). However, then 6(v) = yz = zy, and hence, §(v) would not be #-primitive.
Thus, w, = 6(w). Then Eq. (10)-(12) give 2'6(z")z(6(2)) ™ = 6(a")0(z) = ya/,
that is, 2’ = 0(z') and 2'6(z) = ya’. Substituting these into 0(v) = zz = yx
results in 2/20(2) = 2/0(2)2’, that is, 2/,0(z) € s* for some s. Then v = 0(z)z'?
would not be §-primitive. The claim w, = wp_; has been thus proved.

Recall that 0(z')yz20(2) = wy 241 - wy and |z] < |wp—ywy|. With n/2 being
a multiple of 3, the center of the §-palindrome vov3 is at the border between w,_1
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and wy, but this contradicts with w # 6(w) because w, = wp_1. Thus, n/2 is
not a multiple of 3. The above equation implies 3|2’| 4 3|y| = §|w|, and now this
means that |w| is a multiple of 3. Let w, = 515253 for some words s, s2, s3 of the
equal length. If n/2 mod 3 = 1, then 6(2')y = (s15253)"/6)s; and the prefix ya’
of v3 = 0(v) has a prefix soszwpt1. Thus, 0(wpt1)0(s3)0(s2) <s (5185983) /01 s;.
This implies so = 6(s1) and s3 = 6(s3), and with wy, 41 = 6(w,), we would obtain
s3 = 0(s2), that is, w, = $16(s1)s1, a contradiction with the #-primitivity of
w. Even when n/2 mod 3 = 2, the same argument turns w,11 = 6(w,) into the
contradiction. Thus, w, = wp41, that is, wy, 941 = -+ = w, = O(w). We have

()" tugugvl = 0(z" )22 0 (" )y = O(w)™?, (13)

and it has a prefix 0(z')yviw;. Its another prefix 6(z')y?z’ is a f-palindrome
and also ends with w because 6(w) is its prefix. Moreover, w; = w is a factor of
wpwpi1 = O(w)? and being primitive, it admits at most one way to be factor
of §(w)?. This means that the difference of the lengths of these two prefixes,
which is [y| — |2/|, must be a multiple of |w| This also means that 6(z’)vju is
a O-power of w and of length 7|2'| + 5|y|. With 3|z’| 4+ 3|y| being a multiple of
|w], they imply that both |2’| and |y| are a multiple of |w|. Then Eq. (13) would
imply that 3 divides n/2, a contradiction.

Now that we have seen vz = v cause a contradiction, lastly we deny the other
possibility: v3 = v. We have

u® = v30(0)>w 10 (w,) 0 (wy—1 )" Fw T w0 (w)E 1 (14)

This case can be handled much simply.

When p — k > 5, we can easily reach the conclusion. If w, /, begins to the
left of the border between vy and vy, then wg1 occurs to the left of the border,
too. Hence, we can apply Theorem 5 to viv9v3 = v3 to obtain o € {w, §(w)}T,
from which Lemma 15 derives v € {w,8(w)}*. Note that w,,, is a suffix of v;2”,
and hence, it begins to the right of the border between vy and vy if and only if
lwn 2| < |2'| = §|v}|. Thus, w{wy1 is a prefix of v. Theorem 5 and Lemma 15
are applicable as above to reach the same conclusion.

The condition p — k > 5 always hold for n > 12. Hence, we consider the case
when n is either 8 or 10. We have

@ =y = wiwy - -wy, (15)

and n > 8 implies k£ > 3. Recall that y is a #-palindrome. In this case, a common
prefix of length |y|+|w| is long enough for the extended FW theorem (Theorems 25
and 26 in [1]). As such, y € {w,0(w)}*, and hence, wj, is empty. However, this
means wgs = wy and uz = Wy - - - Wy, a contradiction with the #-primitivity of
u. O

Combining Lemmas 21 and 22 concludes the analysis for m = 6 as follows.

Theorem 9. If m =6 and n > 6, Eq. (3) implies u,v,w € {t,0(t)}T.
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Proofs for the subcase when m = 8 and n > 8 In this case, Eq. (3)
becomes

u3:1)1""l)8w1"'wn

with n > 8. As before, we assume that w is f-primitive, v # 6(v), and w # 6(w).
In contrast, we cannot assume the 6-primitivity of v because now m is not at
least 8 but exactly 8. As before, |D| > |@)| implies |v| > |w|, or more strongly,
|v| > |w| due to Lemma 17.

Lemma 23. If m = 8 and n > 8, then Eq. (3) implies u,v,w € {t,0(t)}* for
some word t.

Proof. There are two cases to be examined; either ¢ =4 or i = 3.

When i = 4, we have @D = v3z = (zy)?r for some #-palindromes z,v,
and @ = vf0(vy). With vy = v, (w}) vy -vs > 2Jv| + |w|, and hence, it
would be long enough for Theorem 5 and Lemma 15 to give a contradiction
v € {w,f(w)}+. Then u € {w,H(w)}Z™*+" but this contradicts the f-primitivity
of u. Thus, v4 = 0(v), and |z| < |y| is necessary due to Lemma 14. Then we can
let v4 = 0(v) = zz for some z. Note that

1 1
O = zyzyryr = wiwpgr - Wp—p—1/20(WEWey1 -+ Wp__1/2)-

This is a 6-palindrome, and its center matches that of the second y. If w} wi41
were a prefix of zyz, then Theorem 5 and Lemma 15 would be applicable as
above. This is the case when p — k > 5, and this condition in turn holds for
n > 10. Even for n = 8, if |D] > 2|®@)|, then p — k = 5.

Thus, what we have to examine is the case when n = 8 and p — k = 3. In this
case, p = 6. The condition p — k = 3 is equivalent to |z| < i|y| Then the second
half of w; - - - wg admits the representation

0y )zyvab(2) = 0y )xyx20(2) = wswed(w)?, (16)

where 20(z) = @. This equation gives 0(y')ryr = wswg and 20(z) = wi(w)? =

w?w}, and hence, w <, z. The following relation of use derives from this:

0(y") <p ws <, 0y )v <, 0(y')x0(v) <, wswe. (17)

In addition, w <, z implies that w is a factor of 8(v) = xz, or equivalently, 6(w)
is that of v = 6(z)x. Then the third and fourth inequalities in (17) and that w is
primitive result in ws # wg. In other words, wswg is a #-palindrome.

Eq. (16) gives 7|y'| + 2|z| = 4|w|. Hence, I|y'| + |z| = 2|w| = |wswg|. This
means that y’ is of even length so that we let 3y’ = y1y2 for some words y1, y2 of
the same length. In addition, y1 <, yx = 6(v) = v4. Based on these, it is clear
from Eq. (16) that

0(y")zyyr = 0(y2)0(y1)zy1920(y2)0(y1)y1 = wswe.

Being a #-palindrome, this gives y13 = 0(y1) = y2 and xy1y20(y2) is a f-palindrome.
They imply xy? = y$x. Thus, z,y1 € {t,0(t)}* for some #-primitive word ¢, and
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Fig. 9. ud =wvy - vswy - wn for n = 8.

hence, v = 2y} € {t,0(t)}*. Now wsws = y?zy} so that w € {t,0(¢)}=*, but this
contradicts the #-primitivity of w. Consequently, ¢ cannot be 4.

Now it suffices to deny 7 = 3. Suppose this condition and see it certainly lead
us to a contradiction. See Fig. 8, where the longest vertical dashed line splits u
into O and @. In order for |D| > |@)], |z| > 2|y| so that Lemma 14 determines
vs = v (hence, vs = 0(v)). We already know that Theorem 5 and Lemma 15
cause a contradiction with the #-primitivity of u if vy is also v or if vy = 6(v)
and p — k > 5. Since p — k > 5 holds as long as n > 12, below we will examine
the cases of n =10 and n = 8 with vy = 6(v) (that is, v5 = v) and p — k = 3.

Let us consider the case of n = 10 first (see Fig. 8). In this case, |D| = 3|z| +
2ly| and [@] = 2] +4ly| so that [uw] = & fwr - wio| = QDD = 15le] + ol
It makes |@)| — 2|w| positive. This means that the border between (D and @) is
to the left of the center of wg, and hence, wg = 6(w) due to Lemma 14. Note that
|v3vavsvg| = 3|a| +4ly|, lwr - -wio| = F x| +4ly|, [wswowio| = $5lz| +3yl, and
|vgvsvg| = 2|z] + 3|y|. They mean that wr;6(w) is a factor of the #-palindrome
v3vg, and their centers are out of alignment. Then the #-image of w70(w) with
respect to the symmetric axis of vsvy overlaps with wg - - - w19 nontrivially, and
hence, wy = wg must hold due to Lemma 1. Now w; = wg = wg = w19 and
w7w8w9w10(v(’3)_1 is long enough for Theorem 5 and we have that vs is a 6-
power of a strictly shorter word as |w| < |v|. This converts the given equation
into another equation of the form (3) with m,n > 10. Theorem 8 solves it as
u,v,w € {t,0(t)}T, but this contradicts the f-primitivity of w.

Now we proceed to the last case to be handled: n = 8. See Fig. 9. We have

wswed(w)? = 0(z" ) yxyyx'0(x)2'0(z")yy. (18)
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This gives |w| = Z|z| + 2|y|. Since m = n, |O| = |@| would contradict the
assumption |v| # |w|. Thus, |D] > |@), or equivalently, |z| > 2|y|. Recall also
that we are now working with vy = 6(w).

Suppose wg = O(w). Note that being primitive, w admits at most one way
to be a factor of #(w)?. Length arguments based on |w| = Z|z| + 2|y| give
(2 )y <p ws <p O(z")yvs <p wswe <, O(x’)yvsvs < wswewy. This means
that wg is a factor of vsvs as vzvy = awgf for some words «, 5. Then |a| =
[l —8(z')y] = 3]+ L]y], whereas | 8] = |6(z")yvsva| —2fw| = 3z] + 1[y. Hence,
|8] = 2|a < |z|. Since vzvy = vO(v) = §(B)0(we)8(cr), we have 8 <p, ()0 (wg) <
zw; = zw. This means that 6(wg) occurs inside weh(w) but strictly to the left
of w; = w. We should interpret this as that if wg is 6(w), then w would appear
on wef(w) = O(w)? in two different manners, which contradicts the primitivity
of w as stated above.

Therefore, wg = w. Then the factor ya’ (of even length) at the center of
RHS of Eq. (18) is included in the @-palindrome wgwz in such a way that their
centers match, and hence, we have ya’ = 0(ya’). With ws being w, the LHS of
Eq. (18) becomes a #-palindrome so that the equation also gives 0(x")yx'0(z")y =
yyx'0(z")x’. The relation yz’ = O(yz') transforms the second into yz'z'yz’ =
yO(x")yb(x')x’. Thus, ' = 6(z’), and this turns yz’ = 0(yz’) into z'y = ya'.
Therefore, 2,y € {t,0(t)}T for some t. Then wswswrws € {t, 6(t)}=12, but this
would imply a contradiction w € {t, 6(¢)}=3.

Now we know ws = 6(w). By letting §-palindrome yz’ as yz’ = 0(a")y = 26(z),
we get wswe = 0(x)yx'0(x")yz = 20(2)a’20(2)z. Being a #-palindrome, it gives
2z =0(z) and 2’z = 26(2’). Using these, we expand wrws = 8(w)? as

O(w)? = 0(2)0(x")2'0(x" )yy = 20(z' )2 22y = (20(2"))*2y.

From yz’ = 6(z')y and |y| < i|z| = |2/|, we derive y <, 2’. Theorem 4 is hence
applicable to the equation above, but 6(w) would turn out to be a power of the
strictly shorter word z6(z’), a contradiction. O

Consequently, we have successfully proved the next theorem in this subsection.

Theorem 10. For m,n with n > m > 6, Eq. (3) implies u,v,w € {t,0(t)}* for
some word t.

A-4 Proofs for the case when m > n

Having concluded our investigation on the cases of 6 < m < n and m,n > 10,
now we will proceed to the last case m > n > 6 with n being either 6 or 8.
Without loss of generality, v can be assumed to be #-primitive. In these two cases,
if w is not #-primitive, then Eq. (3) is reduced to another equation that is known
to bring the conclusion. Therefore, we assume that w is #-primitive. We also
assume v # 0(v) and w # 6(w).

As before, if u is not 6-primitive, Eq. (3) is immediately solved as u,v,w €
{t,0(t)}* for some word t. Thus, in the rest of this subsection, we assume the
f-primitivity and see that under this assumption, Eq. (3) does not hold.

Let us begin with the first case.



Generalised Lyndon-Schiitzenberger Equations 27

v ‘ Umy2 0(Umy2)
oo m e Lo x |
|
! ’
! w w2
! } ]
' [ T *
| | |
;o | z |
ws [ I
| } } } ] 1 ]
I o W t W t ) 1 |
wY 3 4 | Ws A(w)

Fig. 10. The equation u® = vy vmwi - - - wg for m > 8 with the border between us
and u3 being on ws.

Lemma 24. If m > 8 and n = 6, then Eq. (3) implies u,v,w € {t,0(t)}* for
some word t.

Proof. First of all, let us note that the border between us and ug is either on wy
or on wy (since |D| > |@)], it cannot be located to the further right).

The case when the border is on w; can be handled easily. The border being
there is equivalent to [@)| < 1|u|. Then [D] > 4|w|. If m > 10, then the length
is also at least 4|v|, and this actually means that (D) is a prefix of a power
of v of length at least 4|v|. From this, Theorem 5 and Lemma 15 can derive
v € {w,f(w)}+. This would give a contradiction u® € {w,d(w)}=™*". As for
m = 8, the border between vg and w; is on vy. Hence, || = 4|x| + 3|y| while
|@] = 2|y|. Then the condition |D| > |@)| means || > £|u| and |y| < & |ul, that
is, |z| > |y|. Due to Lemma 14, v4 = v and now the same contradiction would
arise.

The border must be on wy. See Fig. 10. The longest vertical dashed line
separates (D from ), and is located such that |@)| > 1|u|. Since @ is a prefix of
a power of v, if |wY| = |wi| > |v|, then Theorem 5 could be applied to wzw,w}
to imply that o is either w or f(w) (n.b. w is assumed to be @-primitive). This
however contradicts with |w| > |w4| > |v|. Thus, |v| > |wh]| = |w§].

Before proceeding further, let us partially determine the values of w1, ..., ws.
Let us denote the overlap between w; = w and wg = 6(w) by z and z = 6(2)
holds. Hence, let z = 2/6(2’). As explained before, ws = 0(wy).

Let us show that v,, /o cannot be a factor of w;. For the sake of contradiction,
suppose it were. See Fig. 10. Then |v| < |w| and v, /2Vp, /241, Which is always
a f-palindrome, is a factor of wywsy. There are three subcases to be examined
depending on the choices of ws and wy.

If we = O(w) (i.e., ws = w), then wywy = wh(w) contains the f-palindrome
U /2Um 241 (either vO(v) or O(v)v), as a factor, and so does wsws = wh(w).
This occurrence of the #-palindrome occurs to the left of the center of @) by
|z|. Lemma 1 enforces this to match vgvgs1 for some k precisely. With the fact
that v,, /2 ends at the center of @, we now know that |[v| < |z| = |w}], but this
contradicts with the assumption |v| > |w}].

Thus, we = w, that is, ws = O(w). If wy = O(w), then O(w)? appears twice as
wyws and wsws. On wsws, the f-palindrome vy, 2v,, /241 Occurs in such a way
that its center is to the right of the center of wswg by %|z| Due to waws = wsws,
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Fig. 11. The equation ud = vy viowr - - W

the f-palindrome also occurs so as for its center to be at the center of wj. Lemma 1
implies that it must match vy vk for some &, which implies that |w| is a multiple
of |v| and vy, /2 = v as vy = v. The latter means that vf(z') <, w; = w. Since
w3 = w is a factor of a power of v, we get whws(0(z'))~1 € v*. This implies that
|w| + %|z| is a multiple of |v|, and hence, so is |z|. However, this contradicts
o] > || = 2.

Only one choice is left now: wy = wy = w. We will make use of v,, /20(2") <, w.
If v, 2 = v, then v0(z") <s wy. Due to the primitivity of v, this suggests that
whwswy(0(2')) "1 is a power of v. However, this contradicts the f-primitivity of v
since this word is actually the first half of u. Thus, v,, /2 = 6(v). Then 2'v <, w3
so that wiz' = 2'6(z")z’ is a power of v. Since v is assumed to be f-primitive,
this means that 2’ is a f-power of v, that is, |2’| > |v|, a contradiction.

We have proved that vy, , starts somewhere to the left of the position where
wy starts. Note that vy ---vp,| = 2|@O] + @] = 2(2|w| + 2|z]) + 2jw| — |z| =
6|wiwd(2') Y. Hence, if m > 12, then |wiwf(z")~!| < 2|v|. This implies that
either vy, /5 is a factor of @) or otherwise |wg| < |v|, but both of them were
already denied.

Having examined the case of m > 12, we will work on the case of m = 10
and the case of m = 8 one after another, under the assumption that the border
between uz and ug is on w and v, /3 is not included in ®. Let us begin with
the former case. Eq. (3) is

U3 = V1 UV10W71 " We- (19)

Due to the assumptions, v;vov3vy is a prefix of D so that D = (zy)*w.

We have |w| > L|u| while |[v] < Z5|ul so that |v| < |w|. We claim vs = 6(v);
otherwise Theorem 5 is applied to wywswswe and gives v, w € {t,6(t)}T for some
t. With |v| < |w]|, however, this is not consistent with the f-primitivity of w. Set
vs = 0(v), and see Fig. 11.

Firstly, we show wy = ws. Suppose not. Then wyws becomes a #-palindrome.
As shown in the figure, it can be represented in two ways as wqws = 0(2')0(v)*wl =
Oz yyvzwl = O(w)xzb(v)yz', where the last one is just the f-image of the second.
Since |wf| < |z| = |y| < |yz’| < |v]|, this equation suggests that 8(v) would be a
proper factor of its square, a contradiction.

We claim that wy = ws = w. Indeed, otherwise, that is, if wy = ws = 6(w),
then 0(w)? = 0(2')0(v)?w?. It has a suffix 0(v)0(z) because of wyws = wsw.
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Since |v| + |wf| > |z| > |wf|, this would imply that 6(v) were a proper factor
of its square, a contradiction. Therefore, w,; = ws = w must be the case. Then
wswg = wh(w) = vsh(v)d(z) for some suffix vy of vy = v. This turns into
vs0(v)0(z) = zvv,. Since this is of length at least 2|v|, this means that vf(v) is
equal to its conjugate, which has two conclusions; either v = 6(v) or v is not
f-primitive, but any of them is contradictory.

Lastly, we examine the case of m = 8 and n = 6. Let us claim vy = 6(v).
Suppose it were v; there are two possibilities. If |v] > |w], then wf <, v1. Then
w " 'vivavsvy is so long (at least of length 2[v| + |w|) that Theorem 5 and
Lemma 15 are applicable to get v € {w, 0(w)}T, and this actually means that v
is either w or f(w) since it is assumed to be f-primitive. Hence, u3 € {w, 6(w)}4,
but this contradicts the @-primitivity of w as 3 does not divide 14. If |v| < |w], on
the other hand, the border between vz and v, is located to the right of the border
between wy and ws because 0(y')vsvavi = wywswg. Thus, |w’2’_1v1v2v3v4| >
2|w| + |v|, which is long enough to apply Theorem 5 to get o, w € {t,0(t)}*
for some ¢, but this would lead us to the contradiction w € {t,0(t)}=? due to
o] = [o] < Jwl.

Therefore, v4 = 6(v), and this requires |z| < |y| due to Lemma 14. Then

0(v) =yr =z (20)

for some z such that @) = 26(z). Then wywswgs = O(y")zyr26(2), and this gives
2 7

== —lyl. 21

ol = 2Jel + L1yl (21)

We can easily see wy = wy = 0(w) contradict the primitivity of v. Observe
that v40(2) = 0(v)0(2) is a suffix of wswe = O(w)?. Hence, if wy = ws = O(w),
then wqws also has this as its suffix. However, then the 6(v) would be a factor of
the suffix 6(v)? of D. This is confirmed by letting ) = wwe = 26(z) and seeing
|wl| < |z| from it.

In order to deny the remaining three possibilities of the values of wy, ws, we
prove |v| < |w|. This is equivalent to |z| < |y|, and we prove this. For the sake
of contradiction, suppose |z| > 1|y|. Then Eq. (20) implies 3’ <, x, and with
this, it further implies ¢’ <, 6(z). Then the §-palindrome 6(y')vé(v)y’ occurs as
a prefix of wywswg. More strongly,

O(y" ) zyr <, waws <, O(y")vd(v)y' <, wiwsws (22)

holds due to Eq. (21). This means that (ws)0(w4) is a proper factor of wiwsweg,
and Lemma 1 derives wy = ws from this. In fact, we already know that this
means wy = ws = w. Using the above prefix relation (22), we will show that even
this is contradictory. For that, we will prove that ws is a proper factor of zyx
which is a factor of the #-palindromic prefix 0(y')vf(v)y’. The relation (22) lets
O(y")vl(v)y = wywsy for some v <, wg. Then 6(y )axyzzy’ = 0(7)0(ws)0(wy).
Eq. (21) gives |y| = |wawsws| — |0(y" )v0(v)y'| = |y|. Moreover, |xyx| — |w| =
#|z| — $|y| and it is nonnegative because of the assumption |z| > 3|y|. Thus,
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0(ws) <p zyx. Combining this with the first prefix relation in (22) would imply
that ws = w would be a proper factor of wsws = w?, a contradiction.

Having proved that |v| < |w| must hold, now we can prove that any of the three
remaining pairs of values that w4 and ws take is contradictory. Let us consider the
two pairs at the same time that make wyws a #-palindrome. Note that vg = 6(v)
is a factor of wyws as vswf <s waws. Hence, 8(wl)v <, waws <, 6(y")vzz. Since
|z| < 3|y|, we have [wf| > |6(y)|, and furthermore, the prefix is shorter than
0(y')vz. This means that v is a proper factor of v2, a contradiction. The only
remaining possibility is ws = ws = w. In this case, wswg becomes a #-palindrome
of length at least 2|v|, and it is a factor of vzvyvs = vf(v)v. We have already
seen this imply either v = 6(v) or v being not #-primitive, but both of them
contradict the assumptions. a

Having handled the case when m > 8 and n = 6, now we will solve the final
case: m > 10 and n = 8. Combining all we proved, solving Eq. (3) under the
condition amounts to the proof of our main theorem; when 5 < min{m,n} < 12,
Eq. (3) admits only 6-periodic solutions.

Lemma 25. If m > 10 and n = 8, then Eq. (3) implies u,v,w € {t,0(t)}* for
some word t.

Proof. As before, we can assume the @-primitivity of u,v,w, v # 6(v), and
w # B(v) (the negation of one of them immediately leads us to the conclusion).
The assumption [D| > |@)| is translated in this case as |@)| < 3|w|.

First of all, we prove |wiws| < |@)|. Suppose not. Then |D| > 4|w|. If |w| > |v],
then we can apply Theorem 5 and Lemma 15 to (D and obtain v € {w, 8(w)}, but
then u® € {w, §(w)}™*8, which contradicts the §-primitivity of u. If |w| < |v|, on
the other hand, vy -+ vy, /2-1 <p @, and the same strategy based on Theorem 5
and Lemma 15 would lead us to the contradiction. The inequality was thus
proved, or more strongly, wiws <, @. Using |@)| < 3|w|, this is strengthened
as ) = wywyw} for some proper nonempty prefix wj of ws. In order for this to
happen, m|v| < 3|u| and 8|w| > §|u| must hold, and for m > 10, this implies
|v] < |w]. Now if |wf| = |wg| > |v], then (w})~1D = (w§) lwswswf would be
long enough for Theorem 5 to give w € {7,6(9)}=2, but this contradicts the
f-primitivity of w. Thus, |w§| < |v].

Now we know that the f-palindrome wv,, /o0, 211 is a factor of ®. Note
that |@| = 2|w| + |wj] and @ = 4|w| — 2|w}|, and substituting these into
[v1 -+ vm| = 2| + |@)] gives m|v| = 10|w| — 3|wj|, and m being even implies
that 5w| — 3|w}| is a multiple of |v]. Based on this, we show that wgs must be
different from ws. Suppose ws = wg = O(w). Then wswewr = wewrws = O(w)3.
From the two facts that the f-palindrome vy, 2v,,/241 occurs inside wewrws
and that wswswr is a factor of vy - - vy, the occurrence of vy, /20y, /241 must
match vs_1v; for some index s < m/2 due to Lemma 1. Since the occurrence and
Upn/2Vm /241 are far apart by |wl, this means that |w| is a multiple of |v|. The fact
that 5w| — 3|w}| is a multiple of [v| now implies that [w| — 2|w}| = |w§| — §|w}]
is a multiple of |v|, but this would mean |w4| > |v|, a contradiction. An analogous
argument works for ws = wg = w. In this case, wywsows = wswgws holds, and
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from this we rather get that 2w| — |w}| is a multiple of |v|. Combining this
with 5|w| — 3|w}| being a multiple of |v| implies that |w}| is so, and hence,
|@| = 2|w| + |w}| is a multiple of |v|. Then Eq. (3) would imply @ € {v,0(v)}*
and (D is also in this set, but then v would not be #-primitive.

Therefore, ws # wg must hold, that is, wswg is a #-palindrome. Let us make
several useful observations. We can find an integer i such that @D = v~ !z,
where x is a prefix of v with v = zy and both = and y are #-palindromes. Then
(@] = ila] + (i — Dlyl and [@] = mfo| — 2I®] = (m — 20)|z| + (m + 2 — 20)|y].
The condition 2|w| < |@)] < 3|w| provides the i with lower and upper bounds
as: [m/3] +1 < i < 3m. Substituting these into 4|w| = 1|@| + |@)| yields

jw| = 2m=3t |z + g |y|. Then from |wg| = [@] — 2|w], these equations give
] = 2025 of 4 2850 and [uf] o] ~ fuf] = 2T o] - Zm=TE]y)

Using the respective lower and upperbound of i, from these we can obtain
|wg] > |y| and |wg| > |z|. These mean that v; is a proper factor of ws.

Now we can show that v; cannot be (v). If so, then v;_1v; = v8(v) is a factor
of the f-palindrome wswg, and moreover, its center is strictly to the right of the
center of wswg. Being a #-palindrome, wswg has another factor v0(v) to the left of
v;—10;. Since v1 = - -+ = v;_1 = v, Lemma 1 implies v = (v), but this contradicts
the assumption. Thus, v; = v. Since v; is a factor of we, (wf) " tvy ---v; is long
enough for Theorem 5 and Lemma 15 to give v € {w, (w)}, but we already know
that this causes a contradiction with the #-primitivity of u. a



