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Zusammenfassung

Diese Arbeit untersucht relativ quasikonvexe Untergruppen von relativ
hyperbolischen Gruppen. Ihre beiden Forschungsgebiete sind die Erken-
nung und Kombination von relativ quasikonvexen Untergruppen.

Der erste Hauptsatz dieser Arbeit gibt unter gewissen Voraussetzun-
gen an die periphére Struktur einer relativ hyperbolischen Gruppe (G, P)
einen Semialgorithmus, der relativ quasikonvexe Untergruppen H von G
erkennt. Das bedeutet, es existiert ein Algorithmus, der, gegeben ein

Erzeugendensystem von H, entweder

e anhalt und eine Quasikonvexitatskonstante sowie eine induzierte
periphére Struktur von (G, P) auf H ausgibt, falls H relativ quasi-

konvex ist, oder
e nicht halt, falls H nicht relativ quasikonvex ist.

Der zweite Hauptsatz dieser Arbeit ist ein Kombinationssatz fiir rel-
ativ quasikonvexe Untergruppen einer torsionsfreien relativ hyperbolis-
chen Gruppe (G,P). Um diesen Satz formulieren zu konnen, wird der
Begriff eines (G, P)-Tragergraphen von Gruppen definiert. Ein solcher
Tragergraph von Gruppen ist im Wesentlichen ein beschrifteter Graph
von Gruppen mit einer kanonischen Einbettung in G. Der Kombina-
tionssatz gibt Bedingungen an einen Trégergraphen von Gruppen, die
garantieren, dass seine kanonische Einbettung quasiisometrisch ist.

Auflerdem wird eine mogliche Anwendung des Kombinationssatzes im
Beweis von Endlichkeitsresultaten fiir Isomorphieklassen von quasikon-
vexen Untergruppen skizziert. Zusatzlich wird erklart, warum der Kom-
binationssatz in der derzeitigen Form nur fiir torsionsfreie Gruppen an-
wendbar ist, und eine mogliche Verallgemeinerung auf Gruppen mit Tor-

sion umrissen.



Abstract

This thesis examines relatively quasiconvex subgroups of relatively hyper-
bolic groups. Its two areas of research are the detection and combination
of relatively quasiconvex subgroups.

The first main theorem of this thesis provides, under certain condi-
tions on the peripheral structure of a relatively hyperbolic group (G, P),
the existence of a semi-algorithm which detects relatively quasiconvex
subgroups H of GG. More precisely, there is an algorithm which, given a

generating set of H, either

e halts and outputs a quasiconvexity constant and an induced pe-
ripheral structure of (G,P) on H, if H is relatively quasiconvex,

or
e does not halt, if H is not relatively quasiconvex.

The second main theorem of this thesis is a combination theorem for
relatively quasiconvex subgroups of a torsion-free relatively hyperbolic
group (G, P). To this end, the concept of a (G, P)-carrier graph of groups
is introduced. Such a carrier graph of groups is essentially a labeled graph
of groups with a canonical embedding into G. The combination theorem
then gives conditions on a carrier graph of groups which guarantee that
its canonical embedding is quasiisometric.

Additionally, a possible application of the combination theorem in
proving finiteness results for the isomorphy classes of quasiconvex sub-
groups is outlined. Moreover, it is explained why the combination the-
orem as stated only applies to torsion-free groups and how it might be

possible to prove a similar result for groups with torsion.
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1 Introduction

In this chapter the topics and goals of this thesis are outlined. The un-
derlying problems and previous work are briefly reviewed and an outline

of the thesis is given.

1.1 Detecting Relatively Quasiconvex Subgroups

It is well-known that many algorithmic problems are solvable for hy-
perbolic groups. Examples are the computability of the hyperbolicity
constant for a given finite generating set of the group [23], the word
problem and the conjugacy problem.

Let GG be a hyperbolic group with finite generating set X and H some
subgroup of G. H is called a quasiconvex subgroup of G, if there is some
v > 0 such that any geodesic v between two elements of H in the Cayley
graph I'(G, X)) lies within a dx-distance of at most v from H. v is then
called a quasiconvexity constant for H.

Quasiconvex subgroups are of interest, because they inherit the ge-
ometric structure from the ambient hyperbolic group. They are, for
example, hyperbolic groups themselves.

Kapovich [16] provided a semi-algorithm, which given a finite presen-
tation of a hyperbolic group G and a finite generating set of the subgroup
H stops if and only if H is a quasiconvex subgroup of GG and if it stops

it returns the quasiconvexity constant of H.

A common generalization of a hyperbolic group is a group that is
hyperbolic relative to some finite collection of subgroups. Such a finite
collection of subgroups is often referred to as a peripheral structure of
the group. (For definitions see Chapter ) It turns out that many
problems which are solvable for hyperbolic groups have a solution for
relatively hyperbolic groups as well, provided the parabolic subgroups
are reasonably well-behaved (cf. [9], [12], [7]).

It is also possible to generalize the concept of quasiconvex subgroups

to relatively hyperbolic groups, leading to relatively quasiconvex sub-



groups (cf. [I5]). As described in Definition this definition again
hinges on the existence of some constant v, which bounds how far rel-
ative geodesics between elements of the subgroup can stray from it. A
relatively quasiconvex subgroup is again itself hyperbolic relative to some

peripheral structure, which is induced by the peripheral structure of the
surrounding group and is called an induced structure. (Thm. & Def.

Kharlampovich et al. [I8] gave an algorithm which detects relatively
quasiconvex subgroups of toral relatively hyperbolic groups with periph-
erally finite index. Toral relatively hyperbolic groups are torsion-free
relatively hyperbolic groups with abelian parabolic subgroups and a rel-
atively quasiconvex subgroup has peripherally finite index, if its induced
structure consists of conjugates of finite index subgroups of parabolic
groups.

To this end, they show in a more general case that it is possible
to find a language L on a relatively hyperbolic group such that L-
quasiconvex subgroups are relatively quasiconvex and such that relatively
quasiconvex subgroups with peripherally finite index are L-quasiconvex
(cf. [I8], Thm. 7.5). Using Stallings-graphs they are able to then show
that there is an algorithm detecting L-quasiconvex subgroups.

Generalizing this result, Kim [19] proved that there is an algorithm
detecting any finitely generated relatively quasiconvex subgroup of a toral
relatively hyperbolic group. The basis of this generalization is a result
by Manning and Martinez-Pedrosa [20], which implies that a subgroup
H of a toral relatively hyperbolic group is relatively quasiconvex, if and
only if there is a relatively quasiconvex subgroup with peripherally finite

index, which is an amalgamated product of H and its induced structure.

The first main theorem of this paper provides a more general result

using independent and more geometric methods of proof.

Theorem 1.1 Let G be a relatively hyperbolic group with peripheral struc-
ture P ={Py,...,P,}. Let X be a symmetric finite generating set of G.
Suppose a finite relative presentation of (G,P) and finite presentations

for every P; are given. Let H be a subgroup of G with finite generating



setY C X*.
Suppose further that the following are given:

1. a solution to the membership problem of (P;,O) for every finitely
generated subgroup O < P;, and

2. an algorithm, which decides whether a given finitely generated sub-

group of some P; is finite.

Then there is a semi-algorithm which stops, if and only if H is a

relatively quasiconvexr subgroup of G, and if it stops, it returns
e generating sets of an induced structure QO on H, and

e A >1,¢c >0, such that the inclusion (H,dy o) — (G,dxup) is a

(A, ¢)-quasiisometric embedding.

It is an easy generalization of a theorem by Osin [22], that the relative
quasiconvexity constant v for H in GG can be calculated from the outputs
of this semi-algorithm. (Theorem [2.16])

1.2 Combining Relatively Quasiconvex Subgroups

Another nice property of hyperbolic groups is that there are several com-
bination theorems for them, i.e. theorems guaranteeing that a group
constructed from hyperbolic groups is itself hyperbolic. The most com-
prehensive of these combination theorems is a result by Bestvina and
Feighn [4].

Gitik [14] proved another combination theorem by using the Ping-
Pong-Lemma (cf. [I4], p.1). Their theorem states, that the group gener-
ated by two quasiconvex subgroups H and K of a hyperbolic group G is
itself quasiconvex and isomorphic to the amalgamated product of H and
K along their intersection, as long as all short elements of H and K lie
in this intersection.

Further, there are three results which are of particular interest for
this thesis.



Kapovich and Weidmann showed a combination theorem for almost
torsion-free hyperbolic groups ([I7], Thm. 2.4). A group is called al-
most torsion-free, if all of its non-trivial elements of finite order have
finite centralizer. They then used this combination theorem to proof
that every almost torsion-free hyperbolic group, whose subgroups gener-
ated by at most [ € N elements are quasiconvex, has only a finite number
of conjugacy classes of freely indecomposable non-elementary subgroups
generated by at most [ + 1 elements ([17], Cor. 1.4).

Martinez-Pedrosa ([21], Thms. 1.1 & 1.2) showed results similar to
the one by Gitik but for relatively quasiconvex subgroups of relatively
hyperbolic groups. Using a version of Lemma[2.19] they show that, under
the right conditions, the natural homomorphism into the ambient group
of an amalgamated product of two relatively quasiconvex subgroups along
their intersection is an injective quasiisometric embedding.

For any group G and a graph I" whose edges are labeled by elements
of G there is a natural homomorphism of its fundamental group m (I")

into G. Arzhantseva [2] showed the following:

Theorem 1.2 Let G be a hyperbolic group and U a finite graph labeled
by elements of G. There is some constant M which only depends on G

and the rank of I', such that at least one of the following is true:

e The natural homomorphism of m(I') into G is an injective quasi-

isometric embedding. (Hence, its image is free and quasiconvex.)

e [' can be transformed into a new labeled graph by deleting and
adding segments, such that the new graph represents the same sub-

group of G and contains a loop of length at most M in T.

Since an amalgamated product is a special case of a fundamental
group of a graph of groups, the results by Martinez-Pedrosa and Arzhant-
seva raise the question, whether an analogue result can be found for more
general graphs of groups. To give a common framework encompassing
both the situations examined by Martinez-Pedrosa and Arzhantseva, the
concept of a G-carrier graph of groups (Def. is introduced in this
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thesis, which can be thought of as a labeled graph of groups. A carrier
graph of groups has a canonical homomorphism of its fundamental group
into G.

This thesis provides a combination theorem for torsion-free relatively
hyperbolic groups in its second main theorem (Thm. , using carrier
graphs of groups. Since the statement of the main theorem is rather
technical and requires many of the definitions introduced in Chapter [4]
it is deferred to that chapter.

It is easy to see that the main theorem implies the result by Arzhant-
seva and it is proved in Section that it also implies the results of
Martinez-Pedrosa. It is therefore a generalization of both in the torsion-
free case.

Moreover, Section [4.4] gives a short discussion on how this new combi-
nation theorem might be used to show similar finiteness results to the one
by Kapovich and Weidmann, but for relatively quasiconvex subgroups of

torsion-free relatively hyperbolic groups.

1.3 Structure

Chapter [2] introduces preliminaries necessary for the proof of the two
main theorems. Section [2.1]defines the different notions of length that are
used. Section[2.2introduces some known algorithmic results for relatively
hyperbolic groups. Section [2.3] gives some estimates on the length of
infinite-order elements of relatively hyperbolic groups. Section [2.4] gives
for a subgroup of a relatively hyperbolic group a connection between
it being relatively quasiconvex and its inclusion being a quasiisometric
embedding. Section [2.5| contains one of the main tools in the proof of
the combination theorem, a lemma stating that a path which has some
long parabolic edges, is quasigeodesic between these edges and which has
restricted backtracking is itself quasigeodesic. Section defines trivial
segments of a graph of groups.

Chapter [3| is dedicated to the proof of the first main theorem. Sec-

tion[3.1]gives a short overview of distortion functions, which play a crucial



role in the construction of the semi-algorithm in the main theorem. Sec-
tion |3.2 contains the proof of the main theorem as well as some auxiliary
results that are used in the proof. Section [3.3| gives a short discussion
of the first main theorem, in particular how its assumptions might be
relaxed and a sketch of a more constructive algorithm which might turn
out to be more efficient for an actual implementation.

Chapter [4]is dedicated to the proof of the combination theorem Theo-
rem [4.20] Section [4.1] introduces the concept of carrier graphs of groups,
first for general groups and then for torsion-free relatively hyperbolic
groups. Section consists of the proof of the combination theorem.
Section shows that the combination theorem implies the previous re-
sults by Martinez-Pedrosa [21] and Arzhantseva [2]. Lastly, Section
discusses the combination theorem, in particular one of its possible ap-
plications as well as how it might be extended to relatively hyperbolic

groups with torsion.



2 Preliminaries

This section gives definitions for some fundamental concepts such as rel-
atively hyperbolic groups and relatively quasiconvex subgroups, as well
as important results that provide basic tools for the investigation of these
groups.

The first important definition is that of a relatively hyperbolic group.
The following definition is due to Osin ([22], Definition 2.35).

Definition 2.1 Let G be a group. A finite set P = {P;,..., P,} of
subgroups of G is called a peripheral structure of G.

Let (X, Pi,...,P, | R) be a finite relative presentation of (G,P).
For each i € {1,...,n} let P; be an isomorphic copy of P;, such that
Pi,...,P,, X are mutually disjoint. Let P := [J(P; \ {1}).

G is hyperbolic relative to P, if the relative Dehn function of this
presentation is linear, i.e. if there exists C' > 0, such that any word
w € (X UP)* of length at most [ representing the trivial element in G
can be written as the product of at most C' - [ conjugates of elements of
R in the free product F(X) * (*ie{1,...,n}pz‘)-

A natural class of subgroups of a relatively hyperbolic group (G, P)

are the relatively quasiconvex subgroups.

Definition 2.2 (Osin [22], Def. 4.9) Let (G,P) be a relatively hyper-
bolic group and X a finite generating system of G. Let v > 0. H < G is
called a v-relatively quasiconvez subgroup of (G,P) with respect to X, if
every vertex of a geodesic p in ['(G, X U P) with endpoints in H has at
most a dx-distance of v from H.

If X and P are clear from context, H is simply called a v-relatively
quasiconvex subgroup of G. Moreover, H is called a relatively quasicon-

vex subgroup of G, if it is a v-relatively quasiconvex subgroup for some
v > 0.

Osin ([22], Prop. 4.10) shows that the definition of a relatively quasi-

convex subgroup does not depend upon the choice of X. If Y is another
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finite generating set of G and H is a v-relatively quasiconvex subgroup
of G with respect to X, then it is a /-relatively quasiconvex subgroup
of G with respect to Y for some v/ > 0.

Relatively quasiconvex subgroups inherit the geometric structure of
G and are themselves hyperbolic relative to a peripheral structure that

is induced by P.

Theorem & Definition 2.3 (Hruska [15], Thm. 9.1) Let (G,PP) be
relatively hyperbolic and H a relatively quasiconvexr subgroup of G.

Then the subgroups in
O={HNP'|geG PeP |HNPI|=oc0}

lie in finitely many conjugacy classes in H. For a set of representatives O
of these conjugacy classes, (H, Q) is relatively hyperbolic. The peripheral
structure Q is called an induced structure of (G,P) on H.

Moreover, the inclusion (H,dy o) — (G,dxup) s a quasiisometric

embedding for any finite relative generating set'Y of (H,Q).

2.1 Notions of Length

The following definition gives two different notions of length for paths in

the relative Cayley graph of a relatively hyperbolic group.

Definition 2.4 Let (G,P) be a relatively hyperbolic group with finite
generating set X. For any path s = (eg,...,e;) in Cay(G,X U P),
len(s) := k is called the length of s.

The X-length of s is defined as

k

leny(s) := Z dx(a(e;),w(e;)).

i=1

If s is a piecewise geodesic, i.e. there is a tuple s = (s1,...,s) of

geodesics in Cay(G, X UP) with s = s1...s, the piecewise X -length of



s is defined as

I
len’ (s) := ZdX<<S’L')*7 (8i)+)-
i=1
If 5 is clear from the context, write len’ (s) for len% (s).

Moreover, there are also natural notions of lengths for words and
group elements. For some set X and some word w € X* over X, |w| will
denote the number of letters in w.

For some group G with generating set X and some element g € G,
lglx denotes the word length of g with respect to X, i.e. the length of
some shortest word in X™ representing g.

In a common abuse of notation, a word w € X* will often be identified
with the element which it represents. So, while |w| denotes the length
of w, |w|x denotes the word length with respect to X of the element

represented by w.

2.2 Algorithms for Relatively Hyperbolic Groups

The following algorithmic result by Dahmani [9] gives conditions for when
it is possible to compute an upper bound for the relative Dehn function

as well as a hyperbolicity constant for the Cayley graph I'(G, X U P).

Theorem 2.5 (Dahmani [9]) Let G be a group with some peripheral
structure P = {Py,..., P,} consisting of finitely presented subgroups.
Suppose each P; has solvable word problem. Let (X, Pi,..., P, | R) be a
finite relative presentation of G.

Then there is an semi-algorithm that stops if and only if the relative
presentation of G satisfies a linear isoperimetric inequality. If it stops,

it provides:
1. K >0 such that Area(w) < K|w| for all relators w.

2. § >0 such that I'(G, X UP) is 6-hyperbolic.

An important restriction of this theorem is that all peripheral sub-

groups must have a solvable word problem. Moreover, Dahmani gives a
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concrete algorithm as in the theorem under the condition that solutions
to the word problems of all P; are given.

The following terminology was introduced by Osin [22]:

Definition 2.6 A subpath of a path p in the Cayley graph I'(G, X UP)
is called a P;-component of p, if it is a maximal non-trivial subpath,
which is labeled by letters in P.

Every vertex of p which is not an inner vertex of some P;-component,
i.e. not a vertex of a P;-component other than its endpoints, is called a
phase vertex of p.

A path is locally minimal if every P,-component has length 1.

Two P;-components are said to be connected if there is an edge labeled
by an element of P; connecting them. A P,-component of a path p is
1solated, if it is not connected to some other P;-component of p.

A path p is without backtracking if all its components are isolated.

Note that Osin introduces different but analogue terminology for
words in (XUP)*. It can be interpreted as the result of identifying a word
w € (X UP)* with the path in the relative Cayley graph I'(G, X U P)
starting at 1 and labeled by w.

For the sake of simplicity this distinction will be ignored, with the
understanding that the given terminology applies through this identifi-
cation in the obvious way.

In addition, by this identification a word w € (X U P)* is said to be
quasigeodesic, if the corresponding path in I'(G, X UP) is quasigeodesic.

Osin proved that relatively hyperbolic groups fulfill the BCP-property
introduced by Farb [12].

Lemma 2.7 (Osin [22], Theorem 3.23) Let (G,P) be a relatively hy-
perbolic group and X a finite generating set of G. Let A > 1, C' > 0.
Then there exists a constant ¢ = (G, P, X, X\, C) (or simply e(\,C) if G,
P and X are clear from the context) such that the following hold for any
two (A, C)-quasigeodesics p and q in Cay(G, X UP) with the same initial

and terminal vertex:

10



1. The sets of phase vertices of p and q are contained in the closed

e-neighborhoods (with respect to dx ) of each other.

2. Suppose that s is a Pi—component of p such that dx(s_,s.) > e.

Then there exists a P;—component t of ¢ which is connected to s.

3. Suppose that s and t are connected P;—components of p and q, re-

spectively. Then

max{dx(s_,t_),dx(sq,t+)} <e.

While Osin does not give an explicit algorithm to compute ¢, it is easy
to see that his arguments can be rewritten to derive such an algorithm.
Osin uses in his proof a linear upper bound on the relative Dehn function.
To construct this algorithm it is therefore necessary to calculate such an
upper bound. By Theorem it suffices to assume that every P; is
finitely presented and has solvable word problem to be able to compute
a linear upper bound for the relative Dehn function. This yields the

following theorem.

Theorem 2.8 Let G be a group with symmetric finite generating set X.
Let G be hyperbolic relative to some peripheral structure P = {Py,..., P,}
of finitely presented subgroups. Let G be finitely presented relative P.
Suppose the word problem in each P; is solvable. Let A > 1, C' > 0.

Then there is an algorithm which calculates ¢ = (AN, C) > 0 such
that for any locally minimal (X, C)-quasi-geodesics p,q with the same
endpoints and without backtracking in I'(G, X UP) the following is true:

i) Every vertex of p has a dx-distance of at most £ from a vertex of

q.

it) Fach P;-component s of p with dx(s_, sy) > € is connected to some

P;-component t of q.
i11) For connected P;-components s of p and t of q the following holds:
dx(s—,t-),dx(ss,ty) <e

11



2.3 Elements of Infinite Order in Relatively Hyper-
bolic Groups

This section contains several results on the lengths of powers of elements
of infinite order in a relatively hyperbolic group.

An important quantity in these results is the translation length as
defined by Osin.

Definition 2.9 (cf. Osin [22], Def. 4.23) Let (G,P) be a relatively
hyperbolic group and X a symmetric finite generating set of G. Let
g € G. The translation length 7(g) of g is defined by:

T(g) :== li7]1fr_1>i£f anl%
Remark 2.10 The limit inferior in the above definition is in fact a limit.
The argument is the same as for the non-relative case which was proven
by Gersten and Short ([13], Lemma 6.3).
Note further that T(hgh™') = 7(g) for all g,h € G.

The following lemma follows from basic methods of hyperbolic ge-
ometry as well as the fact, that there is a lower bound on the trans-
lation lengths of hyperbolic elements in a relatively hyperbolic group
([22], Thm. 4.25). Recall that the axis of an element acting hyperboli-
cally on a hyperbolic space is the union of all geodesics between its two

fixed points in the ideal boundary at infinity.

Lemma 2.11 Let (G,P) be a relatively hyperbolic group, X a symmetric
finite generating set of G. Then there ezists Dy = D1(G, P, X) such that
the following holds:

Let h € G be hyperbolic of infinite order with azis Y in Cay(G, XUP).
Then for every z € Z \ {0}:

|Z|T(h) + 2dXU'P(]-7 Y) — D1 S |hZ|XU7D S |Z|T(h) + QdXUp(l, Y) + D1

12



Proof Since the axis of a power of a hyperbolic element is the same as
its axis and 7(h*) = |z|7(h) for all z € Z, it suffices to show the claim
for z = 1.

Let 6 > 0 such that Cay(G, X UP) is o-hyperbolic. Let h € G be
hyperbolic of infinite order with axis Y in Cay(G, X UP). Let g € VY
be of minimal X U P-length.

Since g € VY, dxup(g,hg) < 7(h) 4+ C for some constant C' inde-
pendent of g and h. Hence, it has to be shown that the lengths of the
(piecewise) geodesic paths [1,h] and [1, g] U [g, hg] U [hg, h] are equal up
to some additive constant independent of h.

If 7(h) is at least 1006, the claim follows from the minimality of ¢
and the 20-thinness of the quadrilateral [1, g] U [g, hg] U [hg, h] U [h, 1].

Thus, it can be assumed that 7(h) < 1005. Let =z € [1,g] with
dxup(z,9) = dxup(Y,[1,h]). Then dxup(x,hx) < n for some constant
n = n(d).

Applying the fact that detours in a hyperbolic space are exponentially
long to the path

[9, 7] U [z, ha] U [ha, K22 U .. U [WN e, WV 2] U [N 2, AN g

for an appropriate N € N yields that dx p(Y,[1, h]) must be bounded
in terms of § and 7(h), where the bound is monotonically decreasing in
7(h).

By Osin ([22], Thm. 4.25), there is some d = d(G,P, X) > 0 such that
7(h) > d. Hence, there is an upper bound on dxup (Y, [1, h]) independent
of h.

Since 7(h) was assumed to be at most 1000, this implies the desired

approximation. 0

Lemma 2.12 Let (G,P) be a relatively hyperbolic group, X a symmetric
finite generating set of G. Then there ezists Dy = Do(G, P, X) such that
the following holds:

13



Let h € gP;g™"! be a parabolic element of infinite order. Then:

2dxup(1,9P;) — Dy < |h|xup < 2dxup(1,9P;) + 1

Proof Let 6 > 0 such that the Cayley graph Cay(G,X U P) is 6-
hyperbolic. Let ¢ = £(2,12§) be the constant from Lemma Let

h = gpg™!
Suppose first that |p|x > e. Let w € (X UP)* be a geodesic word

, where p € P; and ¢ is of minimal X U P-length in gF;.

representing g, t be a path in Cay(G, X UP) labeled by wpw™" and e be
the edge of t with label p.

Show that any subpath s of ¢ which is (2, 124)-quasigeodesic is in fact
geodesic.

Since g is of minimal XUP-length in g F;, e is an isolated P;-component
of t. s is without backtracking, since w is geodesic, s is a (2,120)-
quasigeodesic, and |p|x > . If s does not contain e, it is a subpath
of a geodesic and therefore itself geodesic. Hence, assume s contains e.
Let s' be a geodesic from s_ to s;. Since s is a (2, 12§)-quasigeodesic and
since |p|x > ¢, s’ must have a P;-component connected to e. It follows
from the minimality of g, that s itself must be a geodesic.

It now follows that every subpath of ¢ of length at most 120 is geodesic.
Hence, t is a 126-local geodesic, which in turn implies that it is a (2, 20)-
quasigeodesic ([6], CH. III. H 1.13). Therefore, t must itself be a geodesic.
Thus

lgpg ™~ |xup = 2|glxup + 1 = 2dxup(1, gP;) + 1.
Now suppose |p|x < e. Since X is finite, there are only finitely
many such p. The statement now follows analogously to the proof of
Lemma by considering a quadrilateral with vertices 1, g, gp, gpg~!

in Cay(G, X UP) and noting that dxup(gF;, [1, gpg~']) is bounded from
above by some constant only depending on G, P and X. U

The following lemma shows, that the length of the product of an ele-

ment which is essentially orthogonal to a relatively quasiconvex subgroup
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with an element of this subgroup is the sum of the lengths of the two

elements, up to an additive constant.

Lemma 2.13 Let (G,P) be a relatively hyperbolic group, X a finite gen-
erating set of G. Let § > 0 such that Cay(G, X UP) is §-hyperbolic and
H a v-relatively quasiconvexr subgroup of G. Let g € G such that g has
mainimal X U P-length in gH and let h € H. Then:

lgh|xur > |glxup + |hlxup — 86 — 2v

The non-relative version of Lemma [2.13] was proven by Arzhantseva
([, Lemma 9). The proof uses only the hyperbolicity of the Cayley graph
and the fact that a quasiconvex subgroup of a hyperbolic group is a qua-
siconvex subset of the Cayley graph. Hence, it immediately generalizes
to the relatively hyperbolic case. Note that they use a slightly different
but equivalent definition of hyperbolicity, which is why the constants also
differ slightly.

Combining all the previous lemmas of this section yields the following.

Lemma 2.14 Let (G,P) be a relatively hyperbolic group, X a finite gen-
erating set of G and H a v-relatively quasiconver subgroup of G. Then
there exists a D = D(G,P, X,v) such that the following holds:
Let h € H be of infinite order and g € G of minimal X U P-length in
gH. Then
lghg ™| xup > |hlxup + 2|glxup — D

Proof Let D, = Di(G,P, X) and Dy = Do(G, P, X) be the constants
from Lemma and Lemma [2.12] Let 6 > 0 such that Cay(G, X U P)
is 0-hyperbolic. Let h € H be of infinite order and g of minimal X U P-
length in gH.

Suppose h is hyperbolic, let Y be the axis of h in Cay(G, X UP) and
x € VY such that |gz|xup = dxup(l, gz) = dxup(1,gY). Since quadri-
laterals in Cay(G, X UP) are 20-thin, and H is v-relatively quasiconvex,
it follows that there is some k € H with dxup(k,x) < 20 + v.
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Lemma [2.13] implies:

dxup (1, 9Y) = [gz|xup
> |gk|xup — 20 — v
> |g|xup + |k xup — 106 — 3v
> |glxup + |z|xup — 126 — 4v
> |glxup +dxup(1,Y) — 126 — 4v

Since gY is the axis of ghg™?, it follows by Lemma

lghg™ | xup = T(ghg™") + 2dxup(1,9Y) — Dy
Z T(h) + 2|g|XUp + 2qu73(17 Y) — 246 — 8v — Dl
> ’h’XuP + 2|9|XUP — 240 — 8v — 2D,

Now suppose that h is parabolic, let h = xpx~! where p € P, and
lgz|xup = dxup(l,gxzP;). Let w € X* be a word representing = and
for n € N let s, be a path in Cay(G, X U P) starting in 1 and labeled
by wp™w1.
Lemma that the P;-component of s, labeled by p™ is connected to a
P;-component of any geodesic from 1 to h™ for large n € N. Hence, there
must be some k € H with dx p(k,z) <v -+ 1.

Lemma [2.13] implies:

Since h € H NaPxz~! is of infinite order, it follows from

dxup(l, gz F;) = |gz|xup
> |gk|xup —v —1
> |glxup + |k|xup — 85 —3v — 1
> |glxup + || xup — 80 —4v — 2
> |glxup + dxup(l, 2P;) — 85 — 4 — 2

It follows by Lemma [2.11

lghg™ " xup = [(92)p(9z) " xup
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> 2dxup(l, gz ;) — Do
> 2|g|xup + 2dxup(1,2P) — 165 — 8v — 4 — Dy
> |h|xup + 2|g|xup — 166 — 8v — 5 — D,

Hence D := max{240 + 8v + 2D, 165 4+ 8v + 5+ D5} is as required.[]

2.4 Inclusion of Relatively Quasiconvex Subgroups

Now let (G,P) be a relatively hyperbolic group with symmetric finite
generating set X, let Y C X* be a generating set of some subgroup
H < G and let O = {Oy,...,0,,} where each O, is a subgroup of
HnN Pij with 1 <¢; <n and g; € X*. Then there is a canonical way of
mapping each word in (Y U O)* to some word in (X U P)* representing

the same group element.

Definition 2.15 The canonical map ¢: (Y UO)* — (X UP)* is defined
as the canonical extension of the map Y UO — (X UP)* that maps each
element of Y C (X U P)* to itself and that maps every o € O, to the
unique word gj_lpgj € (X UP)* representing o with p € P;,.

A finitely generated subgroup of a hyperbolic group is quasiconvex, if
and only if the inclusion of the subgroup is a quasiisometric embedding.
Theorem & Definition generalizes the forward implication by stating
that for a relatively quasiconvex subgroup H of G with induced structure
O the inclusion (H,dyuo) — (G, dxup) is a quasiisometric embedding,.

The following theorem and its proof are straightforward generaliza-
tions of a theorem by Osin ([22], Thm. 4.13) and can be viewed as gen-

eralizations of the converse implication in the above statement.

Theorem 2.16 Let G be a group with symmetric finite generating set
X and hyperbolic relative to a collection P = {Py, ..., P,} of subgroups
of G. Let H < G with finite generating set Y C X*.

Let O = {Oy,...,0,} such that for each 1 < j < m there is some
1<i; <nandg; € X* withOjQHﬂRij.
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Suppose the inclusion (H,dy o) — (G,dxup) is a (A, ¢)-quasiiso-
metric embedding.

Then H 1is relatively quasiconvex in G and it is possible to compute a
constant v as in Definition [2.2,

Proof Let
po=max({ly| |y € YIU{2[g;[ +1|1<j<m}).

Let he Hand V = 2;...2 € (Y UO)* be a minimal word representing
hie | = |hlyoo.
Define U := (V), and let Uy be a subword of U, i.e.

Up = Au(z)...t(zr45)B

with |Al],|B| < p.

Since every subword of V' is geodesic, the following holds:

[Uo| < 2u+ pu(s+1)
=20+ pi|zr - Zryslyoo
<2+ p(Nzp - - Zrps| xup + A€)
< 2p+ p(A(|Uo]xup + 21) + Ac)

Therefore, the path p in T'(G, X UP) from 1 to h, which is labeled
by U, is a (u, 21 + 2u* X\ + pAc)-quasigeodesic.

Assume p has connected P;-components. Then there is some subword
prwpy of U for some w € (X UP)* and py, ps € P;, which represents an
element p3 € P;. Replace the subpath of p labeled by p;wps with the
single edge connecting its endpoints and labeled by p3. This new path is
still a (pA, 2 + 22X + pAc)-quasigeodesic and its vertex set is a subset
of the vertex set of p.

Repeating this process eventually yields a (uX,2u + 2u*\ + pAc)-
quasigeodesic p without backtracking, whose vertex set is a subset of the

vertex set of p.
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For any geodesic ¢ in I'(G, X UP) from 1 to h and any vertex v of ¢ it
follows with & = (), 2u + 212X + pAce) as in the conclusion of Theorem
2.8 that there exists a vertex u of p such that:

dx(u,v) < e.

Since dx (u, H) < u for any vertex u of p and therefore in particular
for any vertex of p, it follows that dx (v, H) < e+pu. Hence, H is relatively
quasiconvex as in Definition 2.2 with v := ¢ + p. O

Remark 2.17 The inclusion (H,dy o) — (G, dxup) is a quasiisometric
embedding by Theorem € Definition if O is some induced structure
on the relatively quasiconvezr subgroup H of G.

It is however not the case that any structure O as in Theorem[2.16 for
which this inclusion is a quasiisometric embedding has to be an induced
structure. In fact, let G be a group with finite generating set X and
hyperbolic relative to P = {Py,..., P}, and O := {O4,...,0,}, where
each O; 1s a finite index subgroup of P; and at least one O; is a proper
subgroup of P;. Then G 1is not hyperbolic relative O, since QO is not an
almost malnormal collection (cf. Osin [22], Prop. 2.36), but the inclusion

(G,dxuo) — (G,dxup) is a quasiisometric embedding.

Utilizing the canonical map allows to show the following consequence
of Theorem & Definition 2.3

Lemma & Definition 2.18 Let G be be a group which is hyperbolic
relative P = {Py, ..., P} and X a symmetric finite generating set of G.
Let M > 0.

Then there exists v such that for every relatively quasiconvex subgroup
H of G, which is generated by elements of X-length at most M, the
following hold:

1. H 1s v-relatively quasiconver.

2. There existl € N, and g; € G andn; € {1,...,k} forie {1,...,1}
such that:
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(a) |gilx <wv forallie{l,... 1}, and

(b) {HNE:
H.

ie{l,...,1}} is an induced structure of (G,P) on

(¢) Let s be a geodesic in Cay(G, X U P) with lab(s) € H. Let e
be a P,-edge of s with lenx(e) > v and s = s1ess.
Then there exists some i € {1,...,l} with n =n;, and a path

s’ = s)5s,, from s_ to s, with the following properties:
i. sy and sy are geodesics with lab(s)),lab(s)) € H, and

. 5§ = rie'ry, where ry and ry are geodesics with lab(ry) ™! =

lab(ry) = g, and €' is a P,-edge connected to e with
dx(a(e),ale)),dx(w(e),w(e)) < v.
In particular, lab(s) = g; ' lab(¢')g; € H N P¥:.
Let v(G,P, X, M) be defined as the smallest such v.

Proof Since there are only finitely many elements of G of X-length at
most M, it suffices to show that for every relatively quasiconvex subgroup
H < G, which is generated by elements of X-length at most M, there is
some vy fulfilling (a)-(c).

Let vy > 0 such that H is vg-relatively quasiconvex and such that
there is some induced structure O := {HN PJ [i € {1,...,l}} of (G,P)
on H with |g;|x < vy forall i € {1,...,(}. Let p:= max(M, 20y + 1).

Let Y be a finite generating set of H such that every element of Y
has X-length at most M. By Theorem & Definition [2.3] the inclusion
(H,dyuo) — (G,dxup) is a (A, ¢)-quasiisometric embedding for some
A>1and ¢ > 0.

Now let s be a geodesic in Cay(G, X UP) with lab(s) € H. Let e be
a P,-edge of s with leny(e) > € := e(u\, 2u+ 2u* A+ pAc) and s = sjes,.

Let w = wy ... wy, € (YUO)* be a shortest word representing lab(s).
Let ¢ be the path in Cay(G, X U P) starting in s_ and labeled by ¢(w).
Since every element of Y U O is mapped by ¢ to a word of length at
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most u, it follows analogously to the proof of Theorem that t is
a (uA, 20 + 2u*\ + pAc)-quasigeodesic. Hence, by Lemma t has a
P,-edge ¢’ which is connected to e and whose endpoints have X-distance
at most ¢ from the endpoints of e.

Since t is labeled by ¢(w), there must be a subpath s = r1€'ry of t as
required. Moreover, for geodesics s} and sj from s_ to 5_ and from 5,
to s, respectively, lab(s}),lab(s,) € H.

The claim now follows for vy := max(vy, ¢). O

2.5 Paths with Long Parabolic Edges

The lemma proven in this section is one of the main tools for the proof of
Theorem A similar result has been given by Martinez-Pedrosa ([21],
Prop. 3.1). It states, that a path sori$;...Sg_17%sk in Cay(G, X UP),
where the r; are long mutually not connected parabolic components and
where the s; are geodesics, is a quasigeodesic.

The main differences between their result and the following lemma
is the fact that the long parabolic components r; are replaced by long
parabolic edges p; and that the s; are only required to be quasigeodesics.
On the other hand, these relaxations necessitate a stronger restriction on

the backtracking which can occur.

Lemma 2.19 Let (G,P) be a relatively hyperbolic group with symmetric
finite generating set X. For any C, K > 1,e1 > 0 lete :=¢(G,P, X, 1, K)
be the constant from Lemma and let ey = 25(Ke + ¢,). Then the
following holds:

Let s = sop151 - - - Sk_1prSk be a path of length at most K in the Cayley
graph Cay(G, X UP), such that the following conditions are satisfied:

1. The p; are P-edges of s with lenx(p;) > €2,
2. every s; is a (C, C)-quasigeodesic, and
3. if ps'p’ is a subpath of s with

(a) p and p' are P;-paths,
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(b) lenx(p),lenx(p’) > &1, and

(c) lenx(s') < &g

then lab(s’) ¢ P;.
Then s is a (C* 4 3C, C? + 3C')-quasigeodesic.

Proof Let s = sopisi...sp_1ppse be a path of length at most K in
Cay(G, X U P) fulfilling 1.-3. Since 1.-3. are inherited by subpaths, it

suffices to show that

len(s)

lab(s)|xup >

It can further be assumed w.l.0.g. that the p; are precisely the P-edges
of s with lenx (p;) > es.

Show the following auxiliary lemma:

Lemma 2.20 There is some N € Ny with N <len(s) —1 < K —1 and
paths s' = sipish ... st pist from s_ to s, fori€ {0,..., N} such that
len(s’) < len(s) —i fori € {0,...,N}, s" is without backtracking, and
for each s* the following hold:

1. Every pz- is a P-edge connected to p; with
leny (p}) > (25 — 2 + 1)(Ke + &1),

2. every sj- is a (C,C)-quasigeodesic, and
3. if ps'p’ is a subpath of s* with

(a) p and p' are P-paths,
(b) lenx(p),lenx(p') > 2/(Ke + &) — Ke, and
(c) lenx(s") < (2K — 211 1+ 2)(Ke + &)

then lab(s’) ¢ B.

22



Proof First let s° := s. It is clear, that s" fulfills 1.-3. Now suppose
that s°,...,s" are given and satisfy 1.-3. If s’ is without backtracking
then the claim follows with N = 7.

Thus, assume that s° has backtracking. Show that there is a path
s satisfying 1.-3. with len(s"™!) <len(s) — (i + 1).

Let us'u’ be a subpath of s?, such that u and «’ are connected P-edges
and s’ is without backtracking and has no P-edges connected to u (and
therefore also none connected to ).

Let st be the path obtained from s’ by replacing us'u’ with a single

Pr-edge u; connecting its endpoints. Clearly,
len(s"t) <len(s") — 1 < len(s) — (i + 1).

As §' has length less than K it is a (1, K)-quasigeodesic. As s’ is
moreover without backtracking and none of its P-edges are connected to
u or o/, it follows from Lemma that every P-edge of s’ has X-length

at most €. This implies that s’ contains no pé- and that
leny(s') <len(s)e < Ke < (258 — 277! 1 2)(Ke +¢y).
Since s* satisfies 3., this implies that
leny (u) < 2(Ke +¢,) — Ke

or
leny (v') < 2/(Ke +¢e;) — Ke.

Hence, there is at most one j € {1,...,k}, such that u = p! or v/ = p’.
If neither is the case, then s clearly satisfies 1. and 2. with p§+1 = p;-
for all j.

Hence, assume w.l.o.g u = p; and therefore

lenX(u') < ZZ(K?S + 51) — Ke.
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Thus, pé» is connected to u; and

leny (u;) > lenx(u) — leny(s") — leny (u')
> (28 =20 1 1)(Ke +¢1) — Ke — (2/(Ke + 1) — Ke)
= (2K — 2" 1 1)(Ke + &1).

It follows that s't! satisfies 1. and 2. with ¢i™' := u; and ¢ = g} for

j j
every j' # j.
Now let ps”p’ be a subpath of s fulfilling 3.(a)-(c). If u; is not an
edge of ps”p, it follows from s’ satisfying 3. that lab(s”) ¢ P,.

Suppose u; is an edge of s”, i.e. s = vyu;v,. Recall that
leny (v') < 2/(Ke +¢;) — Ke.
Thus:

+ lenx (u') + lenx (v2)
<lenx(vy) + leny (u;) + 2leny(s") + 2lenx (u') + lenx (vs)
= lenx (s") + 2(leny (s') + lenx (u'))

(2% — 2772 £ 2)(Ke + &) + 2(Ke + 2'(Ke + 1) — Ke)
= (28 =272 L ) (Ke +¢) + 27 (Ke + &)

(2K — 271 4 9)(Ke + 1)

leny (vius'u've) = lenx (v1) + leny (u) + lenx (s’

)
(
<

Since s satisfies 3. it follows that lab(s”) = lab(v,us'u'vy) ¢ P,.
Finally suppose that p = u; or p’ = u;. W.l.o.g. assume p = u; and
therefore leny (u;) > 277 (Ke +¢;) — Ke. It follows that

leny (u) + lenx (u') > lenx (u;) — lenx (s)
> 2 (Ke+¢e) — Ke — Ke
=2(2(Ke +¢,) — Ke).

Hence, leny (u) > 2/(Ke + &) — Ke or leny (u') > 2/(Ke + &) — Ke.

If lenx (u') > 2/(Ke + &) — Ke, let s := ", otherwise let s” := s'u's".
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In either case, s” is of length at most (25 — 271 4 2)(Ke + ;). Since

s' satisfies 3., lab(s") ¢ B, i.e. p = u; and p’ are not connected. Hence,
lab(s"”) ¢ P,. O

Now let 7 be a geodesic from s_ to s,. Since s is a (1, K )-quasigeo-

desic without backtracking and
lenX(p;V) > (28 =2V 4 1)(Ke+e)) > ¢

it follows from Lemma [2.7, that every pY and therefore every p; must
be connected to a P; -edge g; of r. Since every pj-v is an isolated P-edge
of sV, the ¢; must be pairwise distinct. It is an easy consequence of
Lemma that g1, ..., q. appear in order in r, i.e. that r is of the form
T =7roqi71 ... Q. This implies that for each j € {0,...,k}

dxup(alr), als;), dxop(w(r;), w(s;) < 1.

If k > 2250 — (C? + 30), then

|
lab(s)|xup = len(r) > & > )

= m — (C2+3O)

If on the other hand k < Cle;;;)c (C? +3C), it follows that

llab(s)|xup = len(r Zlen )

k
> > lab(s;)|xup — k
=0



:élen(s)— (C+k(0+1+%>)

> élen(s) — (O + (CISHT@C —(C? + 30)) (C + 2))

1 1
- (5 — m(c + 2)) len(s) — (C' — (C*+3C)(C +2))
len(s
=z W(?))C — (02 +30),
which proves the claim. U

2.6 Trivial Segments of Graphs of Groups

Graphs of groups were introduced by Bass [3]. The following definition

provides the terminology used in this thesis.

Definition 2.21 A graph of groups A is a graph A together with
1. groups A, for x € VAU FA such that A.-1 = A, for e € EA, and
2. boundary monomorphisms ae: Ae — Aye) for e € EA.

Define we := ae-1: Ac — Au(e).-

An A-path tfromt_ € VAtot, € VAisatuple (agp,e1,a1,...,ex ax),
where (e1,...,e;) is a path in A from ¢_ to t, ag € A,, and a; € A,
forl € {1,...,k}.

For any : < j € {0,...,k} and a; € {1,q,} for [ € {7, j}, the A-path
s = (@i, €11, Qig1, - - -, Aj_1,€5,a;) is called an A-subpath of t.

Two A-paths are called equivalent, if one can be transformed into the

other by a series of the following operations or their inverses:
1. Replace an A-subpath of the form (a, e, w.(a’), e, a”) by (aae(a’)a”).
2. Replace an A-subpath of the form (ace(a’), e, a”) by (a, e, w.(a")a”).

For A-paths t = (ag, €1, a1, - .., ek, ax) and t’ = (a}, €x41, Ay - - -, €1, Q1)
with ¢, =t the A-path

! /
tt' == (ag, €1, ..., €k QxQy, Cki1,- -, €1, A1)

26



is called the concatenation of t and t'.

For vy € VA the set m(A,vg) of the equivalence classes of closed
A-paths in vy together with the operation induced by concatenation is a
group called the fundamental group of A at the base point vy.

The fundamental groups of A at different base points are isomorphic.

In the statement of the combination theorem (Thm. {4.20) the notion

of a trivial segment of an A-path plays a crucial role.

Definition 2.22 Let A be a graph of groups. A non-degenerate, simple

path s = (e1,...,ex) in A is called a trivial segment of A, if
1. val(w(e;)) =2forall l € {1,...,k— 1}, and
2. Ayey=1forallle{l,...,k—1}.

1

Note that s is a (maximal) trivial segment, if and only if s~ is a (max-

imal) trivial segment. Denote the number of pairs {s,s™'} of maximal
trivial segments by N(A).
Let t = (ag, €1, .., ek, ax) be an A-path and let

S = (1,€i,CLi ceey @1, €4, 1)

be an A-subpath of t. Then s is called a trivial segment of t, if (e;, ..., €;)
is a trivial segment of A. Note that a; =1 forl € {i,...,j — 1}.

A simple argument shows that there is the following upper bound on

N(A).

Lemma 2.23 Let A be a minimal graph of groups. Let Aq,... A, be
the components of A which arise from deleting all its edges and vertices

with trivial edge or vertex group. Then
N(A) < 3b1(A) + 2n,

where by (A) denotes the first Betti number of A.
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Proof Let A be the graph obtained from A by replacing every maximal
trivial segment of A with a single edge and every A; with a single vertex.

A simple induction shows, that for any graph I' the number of its
edges (counting both orientations) is bounded from above by 66, (I") +4k,
where k is the number of its vertices of valence at most 2.

If A consists of a single loop edge then N(A) < 1 and b(A) = 1,
hence the claim is true. Otherwise, every vertex of A of valence 1 or 2
corresponds to some A; and since N(A) is at most half the number of
edges of A, it follows:

N(A) <

1, - _ _
< §|EA| < 3b1(A) +2[{v € VA | val(v) < 2} < 3b1(A) + 2n

O
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3 Detecting Relatively Quasiconvex Sub-
groups

This chapter begins with a brief overview of distortion of subgroups and
how it relates to the solvability of the membership problem. Afterwards
the first main theorem is proven. This chapter concludes with a short

discussion of its results.

3.1 Distortion of Subgroups

Distortion functions are an important tool in proving the first main the-
orem. This section contains their definition and basic results which are
used in Section [3.2]

Definition 3.1 Let G be a group and H < G a subgroup. Let X be a
finite generating set of G and Y a finite subset of G such that H < (V).
Then

Distgg:)g: N — N, n — max{|hly | h € H, |h|x < n}

is the distortion function of H in G with respect to' Y and X.

This definition somewhat generalizes the usual definition of distortion
functions. It does not require the set Y to be a generating set of the
subgroup H. Instead it allows for Y to be a generating set of some
subgroup of G containing H. In this sense it measures the distortion
between two induced word metrics on H.

The following two lemmas are straightforward consequences of the

definition:

Lemma 3.2 Let G be a group and H < G. Let X be a finite generating
set of G andY a finite subset of G such that H < (Y'). Then the following
holds:

1. Let Y’ be a finite subset of G such that H < (Y') < (Y). Then:
Distgggg <max{ly|y |y € Y'}- Distgg:)}gl))
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2. Let g € X*. Then for all n € N:

. (H9,Y9 . (HY
DlstEny) )(n) < DlStEG,Xg(” + 2|g])

Lemma 3.3 Let G be a group and Hy < Hy < G subgroups. Let
X, Y1,Ys be finite generating sets of G, Hy and Hy respectively. Then:

(Ha,Y2) Ya) o (H1Y3)
DlSt(G2X)2 < Di st ¥;) © Dlst(G}X)1

Proof Let n € N and h € Hy with |h|xy < n. Since distortion functions

are monotonous, the following holds:

. Hos,Y5
[lv, < Dist {53 (|hly,)
< Dist{j}?) <Dist ggﬂqu))
. (Ho, . (Hy,Y
< DlStE 2 ; o DlstEGjX)l)(n)

O

It is well-known (cf. [10]) that maximal parabolic subgroups of a
finitely generated relatively hyperbolic group are undistorted, i.e. have
a linear distortion function. In fact, a result by Osin ([22], Lemma 5.4)
states that, up to some computable constants, the distortion function of
a peripheral subgroup is bounded in terms of the relative Dehn function.

This implies:

Theorem 3.4 Let G be a group which is finitely presented relative to
some peripheral structure P = {Py,...,P,}. Let X and X; be finite
generating sets for G and each P; respectively.

Suppose the relative Dehn function of (G,P) is computable.

Then DlstEG“X)’) 18 computable.

The final theorem in this section gives a connection between the com-
putation of a distortion function and the solution to the corresponding

membership problem. (cf. Farb [I1], Proposition 2.1)
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Theorem 3.5 Let G be a group and H < G. Let X be a finite generating
set of G and' Y C X* finite, such that H < (Y'). Suppose a solution to
the word problem of G is given. Then

1. given a solution to the membership problem of (G, H) it is possible
to compute Distggjg, and

2. gwen an algorithm that computes Distgg’g 1t 15 possible to construct

a solution to the membership problem of (G, H).

Proof Suppose a solution to the membership problem of (G, H) is given.
Let n € N.
Using the solution of the membership problem of (G, H), it is possible

to compute the set
W:={weX"||wl <n,we H},

which contains representatives of all elements h € H with |h|x < n.
With the solution to the word problem in G it is now possible to
determine the Y-lengths of all elements which are represented by a word
in W.
The maximum of all these lengths is precisely Distgggg (n).

Suppose now an algorithm computing Distgg’g is given. Let w € X™.

By definition of Distgggg, the element represented by w lies in H,
if and only if there is a word w’ € Y™ representing this element with
. (HY
jw'| < Dist (g ) (|w]).
Since a solution to the word problem in G is given, it is possible
to decide for all w' € Y* with |w'| < Distgg’)}g(]w]), whether «(w')w™!
represents the trivial element in G. U

3.2 Detection Algorithm

In this section the following is always assumed:
G is a group with symmetric finite generating set X and G is relatively

hyperbolic with respect to a collection of subgroups P = {P;,..., P,}.
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There is a finite relative presentation (X, Py, ..., P, | R) of (G,P). Each
P, has a finite presentation (X; | R;), where X; is given as a subset of
X*. H is a subgroup of G with finite generating set ¥ C X*.

The goal of this section is to prove Theorem by giving an explicit
algorithm. The core idea of this algorithm will be to successively check for
all possible peripheral structures @ of H as in Theorem [2.16, whether the
inclusion (H,dy o) — (G, dxup) is a quasiisometric embedding. If such
a structure O exists, then by Theorem [2.16, H is relatively quasiconvex
in G.

However, as mentioned in Remark [2.17] this structure O does not
always need to be an induced structure. It turns out that to verify both
that the above inclusion is a quasiisometric embedding as well as that O
is an induced structure it is helpful to check for the existence of elements
as described in the following lemma. Their existence is an obstruction to

O being an induced structure.

Lemma 3.6 Let O = {O4,...,0,,} be a peripheral structure of H con-
sisting of subgroups O; € H N Pij for some 1 <i; <n and g; € X*.
Suppose for j.k € {1,....,m} with i := i; = iy there is h € H N
gj_lP,-gk with h ¢ O; if j = k.
Then

o O; or Oy 1s not mazimal parabolic, or
o j# k and O; and Oy, are conjugated in H.

Proof If j = k, this is obvious. In this case, h ¢ O, and therefore O;
is a proper subgroup of the parabolic group (O;,h) C HN P ie. O; is
not maximal parabolic.

If on the other hand j # k and h = gj_lpg,€ for some p € P;, then:
O C(HNPY)" = H" N P = H N P

This implies that (O”, Oy) is a subgroup of H N P So either O; or

Oy, are not maximal parabolic or O;l = O. U
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To verify that the inclusion (H, dyuo) — (G, dxyp) is a quasiisometric
embedding it is sufficient to verify that all geodesic words w € (Y U O)*
are mapped to (A, c)-quasigeodesic words «(w) € (X U P)* under the
canonical map ¢, where A and ¢ are independent of w. Since (Y U O)*
contains words of arbitrary length over an infinite alphabet, it is not
immediately clear how to verify this property algorithmically.

The reduction to words of bounded length is easy due to the well-
known property of hyperbolic spaces that for appropriate constants, local
quasigeodesics are quasigeodesics. Hence, it suffices to show for appro-
priate constants L, A and ¢ that geodesic words of length at most L are
mapped to (A, ¢)-quasigeodesic words.

The problem of the infinite alphabet can be handled by an application
of Theorem It implies, that for any two quasigeodesic words in
(X UP)* representing the same element and without backtracking every
long P;-component of one of the quasigeodesics has to be connected to a
P;-component of the other one. This means that every sufficiently long
P;-component of the image ¢(w) of some word w € (Y UQ)* is connected
to a P-component of any geodesic word in (X U P)* representing the
same element, provided that ¢(w) is without backtracking. It is therefore
enough to verify that all geodesic words in (Y U O)* with short O;-
components are mapped to uniformly quasigeodesic words.

This is made more precise and proved in Lemma but the proof
requires a way to ensure that the canonical map ¢ maps geodesic words
to words without backtracking. It turns out that this backtracking can

only occur, if there are short words as described in Lemma [3.6]

Lemma 3.7 Let O = {O4,...,0,,} be a peripheral structure of H con-
sisting of subgroups O; € H N P,zj for some 1 <1i; <n and g; € X*.
Let LLA>1,¢c>0 and

poo=max({ly[ |y € YU {2]g;| +1]1 <j <m}).

33



Let e = e(A\,c+ p) be as in the conclusion of Theorem and

. (0,
D = max (DlstEGfX)) (e + 2’9]")) :

1<j<m
Suppose that

1. for any geodesic word w € (Y U O)* with |w| < L, for which t(w)
is without backtracking, (w) € (X UP)* is a (A, ¢)-quasigeodesic

word, and

2. there is some geodesic word w € (Y U O)* with |w| < L such that
t(w) has backtracking.

Then there is h € H N gj_lPigk with i = i; = ix, h ¢ O; if j =k, and
Ihly < DA(u+0)

Proof Let w € (Y UO)* be a geodesic word with |w| < L. Suppose the
path v in I'(G, X UP) starting at 1 and labeled by ¢(w) has backtracking.
Then there is a subword o01hos of w with h € (Y UO)*, 01 € O;, 02 € Oy,

and 7 := i; = 4, such that the P;-components p; and py of the subword

v(01hos) = g5 'p1g; t(h) gi; ' Pagr

of «(w) are connected and that ¢(h) is without backtracking and has no
P;-component connected to p; and po. If j = k, then h ¢ O; since w is
geodesic and therefore without backtracking.

Since p; and py are connected, g;hg, ! represents some element p € P;.
As a subword of w, h is geodesic with |h| < L and since «(h) is without

backtracking, it is (), ¢)-quasigeodesic by assumption 1. Hence:
|hlyuo < [e(h)] < Ablxup + Xe = Mgy 'pgelxup + Ae < A(p + ¢)

Now p~lg;u(h)g; " is a (), ¢+ u)-quasigeodesic without backtracking and
representing the trivial element. The choice of € implies that all of its
P-components must have a dx-length of at most €. Since every O;-

component o of h is mapped under ¢ to g;lpgj for some P;;-component
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p of «(h), it follows that |o|x < e+ 2|g;|]. The choice of D then implies

loly < D, which in turn implies

[hly < DA(u+c). 0

It is now possible to prove the following lemma, which states that
under the right conditions it suffices to check whether short geodesic
words with short @-components in (Y UQ)* are mapped to quasigeodesic
words in (X UP)* to verify that the same is true for short geodesic words

with arbitrarily large @-components.

Lemma 3.8 Let O = {O4,...,0,,} be a peripheral structure of H con-
sisting of subgroups O; C H N Pf;j for some 1 <1i; <n and g; € X*.

Let pu:=max({ly| |y € Y}U{2[g;| +1[1<j <m}), N >2(u+1)°
and L > 1. Let e = &(N,N + ) be as in the conclusion of Theorem 2.8,
C:= % — 1 and

D = max (Distggf)’z/))(e—l—2|gj|)> .

1<j<m
Suppose that

1. for every geodesic word w € (Y U O)* with |w| < L and |oly < D
for every letter o € O of w the word v(w) is a (C,C)-quasigeodesic
word in (X UP)*, and

2. there is no h € H ﬂgj_lPZ-gk with i =1i; =iy, h ¢ O; if j =k, and

Then for every geodesic w € (Y U O)* with |w| < L the word t(w) is a
(N, N)-quasigeodesic word in (X UP)*.

Proof By Lemmal[3.7]and assumption 2., it suffices to show the claim for
w € (YUO)* geodesic with |w| < L such that the path v’ in I'(G, X UP)
starting at 1 and labeled by ¢(w) is without backtracking.

If lo]ly < D for every letter o € O of w, then «(w) is a (C,C)-

quasigeodesic by assumption 1. and the claim follows as C' < N.
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Thus, assume there is some letter o € O; of w with |o]y > D. Hence,

0= gj’lpgj for some p € F;,. Tt follows that

(0;,Y) Y)

. . (0;
Dist(/y, (|o]x) > [oly > D > Dist(c/y) (e + 2lgj).

The monotony of the distortion function implies that

Iplx > |o|lx —2|g;] > e.

Since ¢(w) is without backtracking, it follows from Theorem [2.8 that
a geodesic v in I'(G, X U P) from 1 to w must have a P;,-component
connected to the Pj;-component p of ¢(w).

If w has at least @ — (N — 2pu) of such long @-components, i.e.
O-components of dx-length at least € + 2|g;|, then v must have at least

the same number of P-components and therefore:
t(w
ulvur = fof = O (v g

Suppose now that w has k < % — (N — 2pu) long O-components.
Then w can be written as wy01w205 . .. 0pwi1, where the o; are the long
O-components of w and wy, . .., wrr1 € (YUQO)* are the (possibly empty)
subwords of w between them. Each o; is mapped under ¢ to some word
gj’llplgjl, where p; € P;; is a P-component of t(w). The geodesic v must
then have P-components ¢y, ..., qx, where each ¢; is connected to the IP-
component p; of ¢t(w). Using Theorem and the choice of ¢, it is easy
to show that ¢i,...,q, appear in v in order, i.e. that v is of the form

V1¢102G2 - - - QkVk+1- This implies that for each [ € {1,... k+ 1}
vl xup 2 Jwilxup — 2(max{|g;| [ 1 < j <m}+1).

Since the w; are shorter than w and contain no long O-components,
their images «(w;) are (C, C)-quasigeodesic by assumption 1. It follows
that:
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E+1
lw|xup = |v| = Z|Ul|Xu73 +k

k+1

> |wilxup — 2k(max{|g;| | 1 <j <m}+1)+k
=1

23 (Gl —C)
(MHZI (wy >———(k:+1)0 »

lL(w)| — % —(k+1)C —kpu

5| v(w)] — <O+k(0+ <1+%) u))
> ghtwl - (o (M- v -2} (€ + 20

(&= (€20 ) blw)] - (€ = (¥ = 20)(C + 20)

Since C' < N —2p and 2C(C + p) < N, it follows again that:
t(w
wlvor > v g

Now let w’ be a non-trivial subword of ¢(w). Let s be minimal, such
that w' is a subword of ¢(w, ... w,,) for some r € {1,...,k+ 1}. It
follows that:

|(wy .. wes)] NS |w'|

- N
N N

[w'[xup > [e(wr - wpps) | xup — 200 >
Hence, ¢(w) is (N, N)-quasigeodesic. O
The rest of this section is dedicated to the proof of the main theorem:

Theorem 1.1 Suppose that for alli € {1,...,n} the following are given:

1. a solution to the membership problem of (P;,O) for every finitely
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generated subgroup O < P; and

2. an algorithm, which decides whether a given finitely generated sub-

group of some P; is finite.

Then there is a semi-algorithm which stops, if and only if H is a

relatively quasiconvex subgroup of G, and if it stops, it returns
e generating sets of an induced structure © on H, and

e A\ >1,¢>0, such that the inclusion (H,dy o) — (G,dxup) is a

(A, ¢)-quasiisometric embedding.

We will first prove an auxiliary lemma:

Lemma 3.9 In the situation of Theorem the following operations

can be executed in finite time:

(O1) For g € G, finitely generated O < H N P? and n € N compute

. (0Y
DlStEG,X)) (n).

(02) For w € X* and finitely generated O < H N PY decide, whether w

represents an element in O.

(03) For C > 1 and w € (X UP)* decide, whether w is a (C,C)-

quasigeodesic word.

Proof By assumption 1., a solution to the word problem in each P; is
given. By Zhang ([24], Thm. 4.1.12) it is therefore possible to construct

a solution to the word problem in G.

(O1) Let ¢ € G, O < H N P! with finite generating set S C Y* and
ke N.

By Theorem [2.5 an upper bound for the relative Dehn function of
(G,P) can be computed. It follows from Theorem [3.4] that it is

possible to compute Distgg"’;(()"). Since a solution to the membership
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problem of (P, 0971) is given, Theorem H implies that 1t is pos-

—1

sible to construct an algorithm that computes DlStE P, X) ") Let

L :=max{|s|y | s € S}. By Lemma [3.2] and Lemma [3.3}

Dist (o) (k) < L - Dist{g) (k)
O
G, X

g —1

(
(
ql
< L Dist{g ™ (k +2|g])

-1 -1
<L- (DlStEIO_-, X’) 5 )oDistEgi’jf)")) (k+2|g|)

Therefore, an upper bound for Distgg:?) (k) can be computed. With
this upper bound it is further possible to compute Distgg:?)(k)
itself.

(02) As explained above, it is possible to construct a solution to the word
problem in G. Since Distgg:?) is computable, it is by Theorem
possible to construct a solution to the membership problem for

(G,0).

(03) It suffices to show that it is possible for any w € (X U P)* to

compute |w|xup-

Since Distgg’;’;f)") can be computed for all i € {1,...,n}, the mem-
bership problem of (G, P;) is solvable by Theorem . Hence, it is
possible to construct a word w' € (X U P)* representing the same

element as w which is without backtracking.

Let g(Jw’'|,|w’|) be as in the conclusion of Theorem and let

€ (X UP)* be a geodesic word representing the same element as
w. Since v and w’ are obviously (|w'|, |w'|)-quasigeodesic, it follows
from Theorem that the |-|x-length of the P-components of v is
bounded by:

max{|p|x | p is a P-component of w'} + 2¢

Since solutions to the membership problem for (G, P;) and the word
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problem for P; are given, it is possible to find a shortest word in
(X U P)* with P-components of bounded length as above, which
represents the same element as w. The length of this word is then

[w|xup- 0

Proof (of Theorem The algorithm is as follows:

Use the algorithm of Theorem [2.5|to compute a hyperbolicity constant
0 for the Cayley graph I'(G, X U P).

Begin enumerating all m € N as well as g; € G, i; € {1,...,n} and
finite sets Y; C H N P{Zj for all j € {1,...,m}. This is possible, since
(O2) provides a solution to the membership problem of (G, F;) for all
i € {1,...,n}, and hence the set of all triples (h,g,i) € HxGx{1,...,n}
with ghg™! € P; can be computed.

While enumerating these sets, run the following partial algorithm for

each new set in parallel:

e Step 1:
Let p = max({ly| | y € Y}U{2]g[+1 [ 1 < j < m}) and
N := [2(u + 1)%]. Continue with step 2.

e Step 2:

There are computable constants L > 0 and A > 1,¢ > 0 only de-
pending on § and N, such that every (L, N, N)-local-quasigeodesic
in I'(G, X UP) is a (A, ¢)-quasigeodesic. (cf. Coornaert et al. [§],
Ch. 3, Thm. 1.4)

Let C := \/g — p and € = max{e(A/p,c+ u),e(N,N + 1)} as in
the conclusion of Theorem . Using (O1), find an upper bound

D > max (Dist(

Ojvy)
1<j<m (&,

(e +2lg0)

Continue with step 3.

e Step 3:
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Utilizing (O2), check for all 5,k € {1,...,m} with i := i; = i
and for all h € Y* with |h| < max{DN(u+ N), D(A\/p)(+ ¢)},
whether g;hg, ' € P, and h ¢ O; if j = k.

If no such h is found, continue with step 4, else terminate this
instance of the partial algorithm.
Step 4:

Check with (O3) for every geodesic word w € (YUQO)* with |w| < L
and |oly < D for every letter o € O of w, whether «(w) is a (C, C)-
quasigeodesic word in (X U P)*.

If there is a word w such that «(w) is not (C,C)-quasigeodesic,
increase N by one and repeat from step 2, else continue with step 5.
Step 5:

Using the algorithm from assumption 2., check whether O; is finite
for every j € {1,...,m}. Eliminate all finite peripheral subgroups
from O.

Terminate the whole algorithm and return the constructed periph-

eral structure Q of H as well as A and c.

First, assume this algorithm terminates. The elimination of all fi-

nite peripheral subgroups in step 5 does not change that, as determined
in step 4, all geodesic words w € (Y U O)* with |w| < L and short

O-components are mapped to (C,C)-quasigeodesics under ¢. So every
geodesic word w € (Y U O)* with |w| < L is according to Lemma
mapped to a (N, N)-quasigeodesic word in (X UP)*.

Therefore, every geodesic word w € (Y U O)* is mapped under ¢

to a (L, N, N)-locally-quasigeodesic word. Because of the choice of L

and N, the inclusion (H,dyuo) — (G,dxup) is a (A, ¢)-quasiisometric

embedding. In particular, H is relatively quasiconvex in (G,P) by The-
orem [2. 10|
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It remains to show that O is an induced structure. Let ¢ € {1,...,n}
and g € X* such that H N P/ is infinite. If h € H N P/, then:

Ihlyoo < Alh|lxup + Ac < A(2|gl + 1) + Ac

Since H N P! is infinite but also contained in a ball of finite radius in
['(H,Y UQ), there has to be some geodesic word w = wjowy € (Y UO)*,
representing an element g 'pg € H N P, which contains an O;-com-
ponent 0 = gj’lp’ g; of |-|y-length at least D. The P;-component p’ of
v(w) = v(wr)g; 'p'gje(ws) therefore has |-|x-length at least .

By Theorem , i = i; and the P-components p of g~'pg € (X UP)*
and p’ of t(w) are connected. This means that p” := gw;'g~! € P; and

therefore:
Of" C(HNPP)" = H" NP =HNF!

It now suffices to show that O; = HN P for all 1 < j < m.

Since geodesic words of arbitrary length are mapped to (A/u,c)-
quasigeodesic words under ¢ and since there is no h € H N P \ O; with
|hly < D%(,u +¢), ¢ must map all geodesic words to words without back-
tracking by Lemma . This implies that there can be no h € HNP” \O;
at all. Therefore H N P" = O;.

Conversely it is easy to see, that the algorithm will terminate if H is
relatively quasiconvex in G:

Since (G, P) is relatively hyperbolic, the algorithm of Dahmani from
Theorem [2.5] will terminate. Since all subgroups in the induced struc-
ture of a finitely generated relatively quasiconvex subgroup are finitely
generated (Osin [22], Proposition 2.29), it is also clear that enumerating
the sets on which to run the partial algorithm will eventually produce an
induced structure, if H is relatively quasiconvex. For an induced struc-
ture the inclusion (H,dy o) — (G, dxup) is a quasiisometric embedding
(cf. Hruska [I5], Thm. 10.1), hence the partial algorithm will terminate

for such a structure. O
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3.3 Discussion

This section first discusses the necessity of the main theorem’s assump-
tions and to what extend it might be possible to relax or even omit them.
Secondly, a more constructive approach to the algorithm is sketched and

evaluated.

The given algorithm relies strongly on the solutions to the member-
ship problems provided by assumption 1. In particular step 3 of the par-
tial algorithm depends on these solutions, since it searches for parabolic
elements of H, which are not accounted for by the peripheral structure.
A meaningful relaxation of these conditions, if at all possible, would
therefore at least require a fundamental change of the algorithm.

In contrast, it is possible to prove a version of the main theorem, which
does not require the decidability of the finiteness of finitely generated
parabolic subgroups. In this version of the algorithm the elimination of
the finite peripheral subgroups in step 5 is dropped. The consequence of
this modification is that the returned peripheral structure will consist of
an induced structure together with a collection of finite groups.

It is also easy to see that assumption 2. is a necessary condition to
eliminate the finite subgroups from the induced structure:

Let GG be a group with solvable word problem and H a finitely generated
subgroup of G. H is relatively quasiconvex in (G, {G}) and the induced
structure of (G,{G}) on H is {H} if H is infinite and () if H is finite.
Therefore any algorithm determining the induced structure of H also

determines whether H is finite.

The given algorithm relies on the ability to verify, whether a given
peripheral structure of H is an induced structure and then systematically
checks every possible peripheral structure until it finds an induced one.
It is also possible to take a more constructive approach to finding an
induced structure. Instead of terminating the partial algorithm in step 3
if an A fulfilling the conditions is found, it would be possible to modify
the peripheral structure according to Lemma [3.6] i.e. adding h to Yj if
j = k and replacing Y; and Y}, by Y}h UY} if j # k, and then repeat from
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step 2.

Through this process the peripheral subgroups will be replaced by
pairwise non-conjugate maximal parabolic subgroups eventually. How-
ever, this new peripheral structure does not have to include an induced
structure, since it is not clear at the beginning of this process, that for
every infinite maximal parabolic subgroup of H there is a peripheral sub-
group in @ which can in H be conjugated into this maximal parabolic
subgroup.

A more constructive approach would therefore require the addition
of new groups to the peripheral structure, as well as the modification
of peripheral groups as described above. Without the ability to verify
that a given peripheral structure is not an induced structure this still
requires running parallel partial algorithms. Hence it is in general not
clear which approach is the more efficient for a concrete implementation
of the algorithm.

The algorithm given in the proof above was chosen because it requires
less careful bookkeeping than the constructive approach and is therefore

more comprehensible.
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4 Combining Relatively Quasiconvex Sub-

groups

4.1 Carrier Graphs

This section introduces the concept of a carrier graph of groups and
applies it to the setting of a torsion-free relatively hyperbolic group.

For a hyperbolic manifold M, a carrier graph of M is a graph X
together with a 7-surjective map X — M. Carrier graphs can be used
to study the fundamental groups of hyperbolic manifolds. For example,
Biringer and Souto [5] used them to study the ranks of the fundamental
groups of mapping tori of closed orientable surfaces.

The following definition of a carrier graph of groups is an algebraic

version of the concept of a carrier graph.

Definition 4.1 Let G be a group. A G-carrier graph of groups is a
triple
A = (A> (ge)eeEA> EO)

such that the following hold:
1. A is a graph of groups such that A, < G for all z € FAUV A.
2. g. € G for any e € FA such that g.-1 = g;! for all e € FA.
3. Ep is an orientation of A, i.e. FA = Ey U E;".
4. For any e € E; the following hold:

(a) A is a subgroup of Ay and ae: Ac = Ay is the inclusion
map.

(b) The map we: Ac = Ay is given by we(a) = g;'ag. for all
a€ A,

The additional information introduced by the g. yields a canonical

homomorphism of the fundamental group of A into G.

45



Lemma & Definition 4.2 Let G be a group and A = (A, (ge)ecra, Eo)
be a G-carrier graph of groups. For any A-path t = (ag,e1,ay, ..., ek, ax)
let

vA(t) == agge, a1 - - .. * e, Q-

This induces a well-defined group homomorphism
va: m(A v) — G, [t] = va([t]) == valt).

A is then called a G-carrier graph of groups of H :== Imuv 4.
If G is clear from the context then A will simply be called a carrier

graph of groups or even just a carrier of H.

When working with a carrier graph A it is sometimes helpful to con-

sider a subdivision of A.

Definition 4.3 Let G be a group and A = (A, (ge)ecra, Eo) a G-carrier
graph of groups.

Let e € Ey. A subdivision of A along e is a G-carrier graph of groups
A" = (A, (ge)ecrar, Ejy) with the following properties:

1. VA =VAU{v},

2. EA'= EAU{e* ")\ {1}, B = EgU{e,e"}\ {e},

3. a(e) =ale), w(e) =ale") =v, w(e") =w(e),

4. ger, ger € G with ge = gerger and |ge| xup = |ger| xup + |ger| xUP,
5. A, = A, A, =Ap = ge_,lAege/, and

6. au(d) = a.(d), we(a) = gg,la’ge/, aer (") = a", wen(a”) = g;,,la”ge//

forall " € Al,,a" € A,

It is obvious that such a subdivision exists for any decomposition of
ge as described in 4. Moreover, for any vy € V' A there exists a canonical

isomorphism ¢: w1 (A, vg) — m (A’ vy) such that v4 = vy o ¢.
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A tree Y of diameter at most 2 is called a star. A vertex v € VY
of a star Y is called central if any vertex of Y has a distance of at most
one from v. Note that the central vertex of a star is unique, unless Y
consists of a single edge.

In the case of subgroups of torsion-free relatively hyperbolic groups

we are interested in a restricted class of carrier graphs of groups.

Definition 4.4 Let G be a torsion-free group that is hyperbolic relative
to a peripheral structure P = {Py,...,P,}. A (G,P)-carrier graph of
groups is a pair

(A, ((Ci, ci))1<i<k)

such that the following is satisfied:
1. A= (A, (ge)ecra, Fo) is a G-carrier graph of groups.

2. For each i € {1,...,k} there exists m; € {1,...,n} such that C,
is a P,,,-carrier star of groups with central vertex c;. Moreover all

boundary monomorphisms of C; are isomorphisms.

3. (Ci)i<i<k is a disjoint family of G-sub-carrier graphs of groups of
A, such that every edge of A incident to ¢; is in EC;. We call the

vertices and edges of the C; peripheral.

4. If A, # 1 then e is peripheral or e is incident to a unique peripheral

vertex.

5. a(e) is peripheral for any e € Ey with A, # 1. If e € Ey N EC;,

then a(e) = ¢;.

Non-peripheral edges of A with non-trivial edge group, and non-peripheral

vertices of A with non-trivial vertex group are called essential.

The following two definitions give some more useful terminology in

the context of (G, P)-carrier graphs of groups.
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Definition 4.5 Let (A, ((C;, ¢;))1<i<k) be a (G, P)-carrier graph of groups.
Let p = (eq,...,ex) be a path in A and let v := a(ey), vy, 1= w(ey,) for
allme {1,...,k}.

p is called

1. almost-simple, if e; # e;-tl for all i # j € {1,...,k}, and if v; = v,
for i £ 5 € {1,...,k} implies that v; is a central peripheral vertex,

and
2. an almost-circuit, if it is a closed almost-simple path.

Let t be an A-path. t is called almost-simple or an A-almost-circuit,
if its underlying path is almost-simple or an almost-circuit, respectively.
For any A-path ¢, an A-subpath s of t is called a full A-subpath of t,
if any maximal peripheral A-subpath of ¢ is either contained in s or has

trivial overlap with s.

Definition 4.6 Let (G,P) be a torsion-free relatively hyperbolic group.

1. Let A, B be (G, P)-carrier graphs without trivial edge groups. Then
A is equivalent to B, if there is a graph isomorphism f: A — B
such that

(a) By = A, for all non-peripheral x € VAU EA, and
(b) gf(e) = ge for all non-peripheral e € FA.
2. Let A, B be (G, P)-carrier graphs and let A;, ..., Ay and By, ..., 5,

be the components of A and B respectively, which arise from delet-

ing all edges and vertices with trivial edge or vertex group.
Then A and B are equivalent, if
(a) k=1,

(b) there is a bijection f: {1,...,k} — {1,...,k} such that A; is
equivalent to By for all i € {1,...,k}, and

(¢) bi(A) = bi(B).
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Remark 4.7 If A is minimal, Lemma|2.25 gives an upper bound for the
number N(A) of mazimal trivial segments of A, which only depends on

the equivalence class of A.

The canonical homomorphism v 4 from Lemma & Definition [4.2| maps
every A-path ¢ in a (G,P)-carrier graph of groups A to some element
va(t) € G. It is however possible to retain more information on ¢ by

considering associated paths in Cay(G, X U P).

Definition 4.8 Let (G,P) be a torsion-free relatively hyperbolic group
with symmetric finite generating set X and (A, ((C;, ¢;))1<i<k) a (G, P)-
carrier graph of groups.

Let t = (ao,e1,aq,...,ex, a;) be an A-path, vy := «a(e;), and fur-
ther v, := w(ey) for m € {1,... k}. Let s = sg...s9 be a path in
Cay(G, X UP) such that the following hold:

1. s9; is a geodesic whose label represents a; for 0 < j < k.

2. s9j-1 is a geodesic whose label represents g.; for1 <j <k

Obtain a new path s from s as follows: For every maximal C;-subpath
of t replace the corresponding subpath s’ of s by the edge connecting its
endpoints and labeled by the element of P, that is represented by the
label of s'.

5 is called a realization of t in Cay(G, X UP) or just a realization of

Suppose there is some M > 0 such that every essential vertex group
is generated by elements of X-length at most M. Let v := v(G,P, X, M)
as in Lemma & Definition 2.18

An edge e of 5 which is labeled by some parabolic element is called a
peripheral edge of s, if it was added in the above way, or if it is an edge

of some sy; with lenx(e) > v.

Since, by this construction, any subpath s of a realization of some
A-path has a canonical decomposition into geodesics, the piecewise X-
length len% (s) will always be taken with regard to this canonical decom-

position.
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It is immediate that the lengths len(s) and len% (s) of a realization s
of some A-path t only depend on ¢. This observation gives rise to two

metrics on (A, vp):

Lemma & Definition 4.9 Let (G,P) be a torsion-free relatively hyper-
bolic group with symmetric finite generating set X and (A, ((Ci, ¢;))1<i<k)
a (G,P)-carrier graph of groups.

1. For each A-path t and some (any) realization s of t define the X UP-
length of t as [t|4,p = len(s). Further define for each equivalency
class g of A-paths

lgl%up == min {[t|Zp | [t] = g}
Then

dﬁ'u’p: 71-1(‘1%7 U0)2 - N7 (g> h‘) = ’g71h|§U7’

defines a metric and is called the induced metric of X U P on
(A, vg).

2. For each A-path t and some (any) realization s of t define the X-
length of ¢ as [t|§ := lenk (s). Further define for each equivalency

class g of A-paths
|9l == min {[¢[ | [1] = g} .
Then
dg: m(Av)? = N, (g,h) — |g  h|%

defines a metric and is called the induced metric of X on 71 (A, vy).

An A-path t is called of minimal X U P-length, if |t|<,» = |[t]|{up-
Any element g € w1 (A, vg) contains a reduced A-path of minimal X UP-
length.

If t is an A-path and s a full A-subpath of t, then |s|{ p < [t|Xup
and |s|y < [t]$.
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Remark 4.10 For the last claim of Lemma & Definition[4.9 it is essen-
tial, that s is a full A-subpath of t. The claim follows form the fact that
any full A-subpath of t has a realization which is a subpath of a realization
of t.

The same is not true for an A-subpath s of t which is not full. In
fact, it is in general not possible to give any upper bound on |s|% in terms
of |t|% if s is not required to be a full A-subpath of t.

The next two definitions introduce an important subclass of (G, P)-

carrier graphs of groups.

Definition 4.11 Let (G, P) be a torsion-free relatively hyperbolic group
with symmetric finite generating set X and let (A, ((C;,¢;))1<i<k) be a
(G, P)-carrier graph of groups. Let M > 0 such that every essential
vertex group is generated by elements of X-length at most M, and let
v:=v(G,P, X M).

Let t be an A-path. t is said to have peripheral P-components, if the
following is true for any realization s of ¢:

Let p be a P-component of s with lenx(p) > 3v. Then p = piepy

where e is a peripheral edge of s and

lenx (p1), leny (ps) < v.

Definition 4.12 Let (G, P) be a torsion-free relatively hyperbolic group
with finite symmetric generating set X and A a (G, P)-carrier graph of

groups. For every non-peripheral vertex v € V' A let
E,={ec FA|w(e) =v,A. #1}

and O, := (we(Ae))ecr,. Let M >0 and v := v(G,P, X, M).
(A, ((C;, ¢i))1<i<k) is called M -normal, if:

1. For any essential vertex v € VA

(a) A, is generated by elements of X-length at most M,
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(b) A, is relatively quasiconvex in (G,P) (and therefore v-rela-

tively quasiconvex by Lemma & Definition [2.18]), and

(c) the elements g. for essential edges e € FA with w(e) = v
constitute a tuple as in Lemma 2. and O, is the corre-

sponding induced structure on A,,.

2. Every A-path is equivalent to an A-path of minimal X U P-length

which has peripheral P-components.

The last condition in the definition of an M-normal (G,P)-carrier
graph of groups A essentially guarantees that all (long) parabolic parts

of minimal A-paths are contained in the peripheral stars.

Lemma 4.13 Let (G,P) be a torsion-free relatively hyperbolic group with
symmetric finite generating set X and (A, ((C;, ¢;))1<i<k) an M-normal
(G,P)-carrier graph of groups. Let v := v(G,P, X, M). Letv € VA be
essential, a € A,, and s a realization of the (degenerate) A-path (a), i.e.
a geodesic whose label represents a.

Suppose s = sipsy where p is a peripheral edge of s, i.e a P,,-edge
with len(p)x > v.

Then there are an essential edge e € EA with a(e) = v and A, C P,

an A-patht' = (d',e, 1), and a realization s’ of t' starting in s_, such that
1. lab(s’) € lab(s1) P, and
2. |len% (s') — len% (s1)| < 3v.

Proof Since A is M-normal, it follows from Lemma that there is
some essential edge e € FA with a(e) = v and a path " = s\rip'rash

from s_ to s, with
1. 57 and s, are geodesics with lab(s)),lab(sy) € A,,
2. 71 and 7y are geodesics with lab(r;) = lab(ry) ™! = g., and

3. p'is a P,,-edge connected to p with

dx (a(p), a(p')), dx (w(p), w(p')) < v.
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Let t' := (lab(s}), e, 1). Then it is clear, that s’ := 57 is a realization

of ¢/ starting in s_. Since p and p’ are connected, it follows that
lab(s') = lab(s|ry) € lab(s;) Py,

and further:

llen (s”) — len’ (s1)| = |dx ((s1)—, (s1)+) + dx((r1) -, (r1)+) — dx((s1)—, (51)4)]
< dx((8)) 1, (s1)4) +dx((r1) -, (r1)4)
< dx((r1)+, (51)4) + 2dx((r1) -, (r1)+)
(

O

The previous lemma gives some justification for the definition of a
peripheral edge in Definition 4.8 Indeed, let ¢ be an A-path with some
essential vertex element a, s a realization of ¢ and p a peripheral edge in
the geodesic subpath of s associated with a. Then it follows from the pre-
vious lemma, that ¢ can be modified into an A-path ¢’ with v4(t') = v4(t)
by replacing the A-subpath (a) of ¢ with some A-path (ay,e,a’,e™t, ay)
for an essential edge e, such that for some realization s of ¢ with the
same endpoints as s, p is connected to the peripheral edge p’ of s’ corre-
sponding to a’ and the X-distance of the endpoints of p and p’ is at most
3.

The second auxiliary lemma below states that any subdivision of a
realization of some A-path ¢ yields a corresponding subdivision of ¢ in

some subdivision of A.

Lemma 4.14 Let (G,P) be a torsion-free relatively hyperbolic group with
symmetric finite generating set X and (A, ((C;, ¢;))1<i<k) an M-normal
(G,P)-carrier graph of groups. Let v :=v(G,P, X, M).

Let t be an A-path and let s = s1s5 be a realization of t.

Then there is a subdivision A" of A along at most one non-peripheral,
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non-essential edge and an A'-path t' starting in t_, which has a realization

s" with s = s_ and dx (s, (s1)4) < v.

Proof If s; is itself the realization of some A-subpath t’ of ¢, there is

nothing to show. Hence, one of the following cases occurs:

1. There is some subpath 713 of s such that s; = r17ry and 7913 is a
geodesic representing some element a € A, for an essential vertex
v of t. Then there must be some g € G with dx(g,(s1)+) < v and
g (ry)_ € A,, since A, is v-relatively quasiconvex. Let 5 be a
geodesic from (r9)_ to g and s’ := ry7). Since r; is a realization
of some A-subpath of ¢ starting in £_ and ending in v, and 7} is
a geodesic representing an element of A,, it is clear, that s’ is a

realization of some A-path ¢ starting in ¢_.

2. There is some subpath r1797r3 of s such that s; = riry and ror3 is a
geodesic representing some element g, for a non-peripheral edge e
of t.

If e is non-essential, let A" be the subdivision of A along e, such
that for the added edge ¢’ with a(e’) = a(e), g = lab(rs). Then
s’ := s1 is a realization of some A’-path t’ starting in ¢_ and ending
in w(e).

If on the other hand e is essential, let s’ := r;. s’ is a realization of

some A-subpath of ¢t and

dx (s, (s1)1) = dx((r2)—, (r2)+) < |ge|x < v O

The rest of this section shows that any word metric on an M-normal
(G, P)-carrier graph A, which arises from a finite generating set and the
set of peripheral vertex groups, is quasiisometric to the induced metric

on A.

Definition 4.15 Let (G, P) be a torsion-free relatively hyperbolic group
and (A, ((Ci,c:))1<i<k) a (G, P)-carrier graph of groups.
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For each i € {1,...,k} with A, # {1} let O; be a subgroup of
71 (A, vg) that corresponds to the vertex group A,.

The set O 4 of these subgroups of 71 (A, vy) is called a peripheral struc-
ture of A.

Remark 4.16 Since every vertex group of a graph of groups corresponds
to a uniquely determined conjugacy class of subgroups in its fundamental
group, the elements of Q4 are uniquely determined up to conjugacy in

7T1(A, 1)0).

Lemma 4.17 Let (G,P) be a torsion-free relatively hyperbolic group with
symmetric finite generating set X. Let (A, ((Ci,¢i))i<i<k) be an M-
normal (G,P)-carrier graph such that |t|$,p > 0 for all non-degenerate
A-almost-circuits t.

Let Q4 be a peripheral structure of A. Let Y be a finite generating
set of w1 (A, vg) relative O 4.

Then id: (m1(A, vo),dyuo,) = (mi(A,vo), d5p) is a quasiisometry.

Proof It follows from standard arguments that the validity of the claim
does not depend on the particular choice of the finite generating set Y
and the peripheral structure Q4. Hence, one may choose Q4 and Y as
follows:

Let T be a spanning tree of A and -, the unique reduced A-path with
trivial vertex elements from vy to v in T'. Let O 4 be the set of non-trivial
subgroups [y, Ac, v '] of m (A, vo) for i € {1,...,k}.

Let F be the set of essential vertices of A. Since A is M-normal, A,
is a relatively quasiconvex subgroup of (G, P) with induced structure Q,
for every v € E. Moreover, there is a finite generating set X, of A, for
every v € E. Finally, id: (A,,dx,u0,) = (As, dxup) is a quasiisometry
for any v € F.

Now let

Lyt Ay = T (A ), a— [yay, ]
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for any v € E, let y. := [ya(¢)(1, €, 1)7;(16)] for any e € FA\ ET, and let

Y i={y. |e€ EA\ET} U 1,(X,).

veEE

Since Y is finite and |o|4,p < 2|7.|[4up + 1 for any o € @y, there is
a (1 > 1 such that |z|§up <(Cjforall zeYUQyu.

It is easy to see that ¢, is a quasiisometric embedding with respect
to dx,uo, and dyyp, for any v € E. Now let Cy > 1 such that ¢, is a
(Cy, Cy)-quasiisometric embedding with respect to dxup and dyye, for
any v € E.

Also, since A is a finite graph and |¢t[4p» > 0 for all non-degenerate
A-almost-circuits ¢, there is some C3 > 1 such that the number of non-
peripheral edges of any reduced A-path ¢ is bounded by Cs|t|4 p-

Now let g € 71 (A, vp). By the choice of Cy, it is [g]4,p < Cilglvuo,-

Let t := tgsity ... t;_15;t; be areduced A-path of minimal X U7P-length
representing g, where the s; are the maximal peripheral A-subpaths of .

Let t; == (a}, ), ] ...,ai_l,e{j,a{;) for all j € {0,...,1}.

Define the following:
1. For any j € {0,...,l} and m € {0,...,1;} let v € VA such that
al € A, Ifal, =1, let w,; be the empty word. Otherwise v is

an essential vertex and there is a word over Y U O 4 representing

ty(aj,) of length at most Csla],|xup + Cy. Let w,; be such a word.

2. Let j €{0,..., 1} and m € {1,...,1;}. If ¢, € ET let w,; be the

empty word, otherwise let w,; =1y,; .

3. For any j € {0,...,1} let

Wy,

7 ::waéwe{wa{...wj w_ ; w j .

a € a
ljfl lj lj

4. Let j € {1,...,1}. Since T contains all peripheral stars, vo(s )sj”y;(lsj)

J

represents some element o; € O 4. Let Wy, 1= 0j.
5. Let wy := wi,wg, wy, . .. wy,_, Ws, Wy, -
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By definition, w; € (Y U O4)* represents g. Moreover,

T l
DN w4 ) lws| < Caftlfup + Co.
j=1

7=0 m=0

Since the number of non-peripheral edges is bounded by Cs|t|4 p, it
follows that

A _ A
L < < = :
19lx004 < wi| < (Co+ Cs)ltlxup + Co = (G2 + Cs)lglxup + Cs

Hence, id: (m1(A,v),dyuo,) — (mi(A, v),d% p) is a quasiisome-
try. 0

Remark 4.18 It is clear, that there is no upper bound on the quasiisom-
etry constants in Lemma[{.17, which is independent of the choice of Q4
and Y. But even for the Q4 and Y constructed in the proof it is impos-

sible to give such an upper bound without additional information about

A.

4.2 Combination Theorem

The goal of this section is to prove the second main theorem of this
thesis. The proof of this combination theorem is based on the following
Proposition. Its main purpose is to apply Lemma [2.19|in the context of

carrier graphs of groups.

Proposition 4.19 Let G be a group, which is torsion-free, hyperbolic
relative to P = {Py,...,P,} and has a symmetric finite generating set
X. Let C>1 and M > 0.

There are constants C' = C'(G,P, X,C) and L' = L'(G,P, X, M, C),
such that one of the following holds for every M-normal (G,P)-carrier
graph of groups (A, ((Ci, ¢;))1<i<):

1. There is a reduced A-path t with |t|4 < L', t_ € VC;, ty € VC
and m; = m;, which is not entirely contained in C; and whose label

vA(t) represents an element of P, .
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2. There is a subdivision A" of A along at most two non-peripheral,
non-essential edges and a reduced A'-path t with |t|{¥ < L', such
that )

[tIxup
[var(t)xup < —c C.

8. va: (m(A v), d4p) = (G, dxup) is a (C', C")-quasiisometric em-

bedding. Moreover, for any peripheral structure Q4 of A, v4(Q4)

is an induced structure of (G,P) on Imuv .

Proof Let v := v(G,P, X, M) be the constant from Lemma & Defini-
tion . Let C; == C +4v, Cy := C? +3C; and C',K > 1 such
that any (K, Cy, Cy)-local-quasigeodesic in Cay(G, X UP) is a (C',C")-
quasigeodesic. Let ¢; := 3v, ¢ := ¢(G,P, X, 1, K) as in Lemma , and
let ey := 2K(Ke +¢;). Let L' := e, K + 8v.

Suppose that 1. and 2. are false and show that this implies 3.

Let g € m1(A,vg), t some reduced A-path of minimal X U P-length
with peripheral P-components representing ¢, and s a realization of t. It

suffices to show that s is a (K, Cy, Cy)-local-quasigeodesic, since

‘g‘éuP = ‘t’;}UP = len(s)

and

[va(g)lxup = dxup(s—, s4).

Write s = sop151 ... s;_1p1S;, where the p,, are the peripheral edges of
s with lenx (p,,) > e2. Let i, be such that p,, is a P;, -edge.

Any subpath of s of length at most K fulfills Lemma 1. by
definition and it remains to show that it also fulfills Lemma 2.19 2. and
3., where the constant C' in the statement of Lemma is (.

It suffices to show that every s; is a (K, Cy, C4)-local-quasigeodesic to
show that every subpath of s of length at most K fulfills Lemma 2.
Let 5 be a subpath of s; with len(s) < K. Since ¢ has peripheral
P-components and the p,, are all peripheral edges of s with X-length
greater than ey, all P-edges of s; and therefore of 5 have X-length at
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most g9 > 3v. It follows that
len (5) <lenx(5) < eglen(s) < eoK.

If 5 is a subpath of some geodesic subpath of s corresponding to some
essential vertex element of ¢ or to some g, for an edge e of ¢, 5 is itself
a geodesic and there is nothing to show. Assuming that this is not the
case, Lemma can be applied twice to obtain a subdivision A" of A
along at most two non-peripheral, non-essential edges and a path s’ with
dx(s"_,5-),dx(s,,5+) < v, which is a realization of some A’-path t'.

It follows that

len(s) <len(s') + 2v,

dxup(s’,8,) < dxup(5-,54) + 2v,

and
1'% = len’ (s") < lenk (3) + 2v < oK + 20 < L.
Note that
ke
v ()| xup > % -C

as 2. was assumed to be false. It follows that

len(s) len(s’) + 2v
_ P S
c, ) < c. C
W
- C

< |va®)xup —2v
=dxup(s_,s,) —2v

< dxup(5-,51)-

Therefore, s; is a (K, Cy, Cy)-local-quasigeodesic and any subpath of
s of length at most K fulfills Lemma [2.19| 2.

Suppose s does not fulfill Lemma, 3. Thus, there exists a subpath
ps'p’ of s with
1. p and p’ are P;-paths of s,
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2. lenx(p),lenx(p') > 1 = 3v, and
3. leny(s') < ey

where s’ is labeled by an element of P;. In particular,
len’ (s') <leny(s") < es.

t has peripheral P-components, since it is of minimal X U P-length
and A is M-normal. Since leny (p),lenx(p’) > 3v, p and p’ must be of the
form q1qq2 and ¢\¢'q,, where g1, q2, ¢ and ¢} are P-paths of X-length at
most v and ¢ and ¢ are peripheral P;-edges with leny(q),lenx(q") > v.
Moreover, p and p’ can not be part of the same P;-component of s, hence
s’ is not a P;-path.

By applying Lemma to ¢25'q; at most twice, obtain a path s”,
which is a realization of some reduced A-path ¢’ with ¢’ and ¢, peripheral,

which is labeled by an element of P;, and which fulfills
len’y (") < len’ (¢g28'qy) + 6v.

t' is not entirely contained in some peripheral star, since s’ was not a
P;-path, and further

[t'|x = len’ (") < len (gas'qy) + 6v < es+8v < L.

Hence, ¢’ fulfills 1., a contradiction.
Therefore, v4: (m1 (A, v0),d5p) — (G,dxup) is a (C7, C")-quasiiso-

metric embedding.

Let O4 be a peripheral structure of A. |g"|4 p is unbounded for
any non-elliptical element g € 7 (A, vg). Since v4 is a quasiisometric
embedding, this also implies that |v4(g)"|xup is unbounded. Thus, v4(g)
is not parabolic. It is now easy to see, that every element of (A, vp),
which is mapped to a parabolic element under v4 must be a parabolic
element of some vertex group of A. Since A is M-normal, it must then

be conjugate into some element of O 4.
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Now let O,0" € Oy, 0 € O, o € O" and g € 7 (A, vg) such that
va(gog=td') is parabolic. By the above, gog~'¢’ must be a parabolic
element of some vertex group of A. Since A is M-normal, it follows that
O = O'. Thus v4(0,4) is an induced structure of (G,P) on Imv 4. O

It is now possible to prove the following combination theorem.

Theorem 4.20 Let G be a group, which is torsion-free, hyperbolic rela-
tive to P ={Py,...,P,} and has finite symmetric generating set X. Let
(A, ((Ci, ¢i))1<i<k) be an M-normal (G,P)-carrier graph.

There are C = C(G,P,X,M,N(A)) and L = L(G,P, X, M, N(A))
such that the following holds:

va: (m(Av),d%up) — (G, dxup) is a (C, C)-quasiisometric embed-
ding and for any peripheral structure Q4 of A is v4(Q4) an induced
structure of (G,P) on Imwvy, unless one of the following holds:

(A1) (a) There is some A-path t with |t|4 < L, t_ € VC;, ty € VC;,
m; = m; and va(t) € P,,, which passes through some trivial

segment of A exactly once.

(b) There is some A-path t with |t|$ < L, t_ € VC;, t, essential,
and Ay, NvA(t) ' Pp,va(t) # 1, which passes through some

trivial segment of A exactly once.

(A2) There are essential vertices v,v" € VA and some non-degenerate,

almost-simple A-path t starting in v and ending in v with |t|$ < L.

(A3) There is an A-almost-circuit t with |t|§ < L which has a trivial

segment.

(A4) (a) There is some essential edge e with a(e) € VC; and some
pE Aa(e) \ oze(Ae) with

Ip|lx < L.

(b) There is some almost-simple A-path t = (ag, €1, a1, ..., e, ax)
with |t|$ < L, t_ € VC;, A, = 1 and t, essential, and some
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p€ A\ {1} such that

Ip|lx < L.

(A5) There is some almost-simple A-path t with |[t|4 < L, t_ € VC;,
ty € VC; and passing through some trivial segment of A, and ele-
ments p € A, \ {1},p" € A, \ {1}, such that

plx, [P|x < L.

(A6) There is some subdivision A" of A along at most two non-peri-
pheral, non-essential edges, an A'-path t with [t|% < L, some trivial

segment t' of t and some a € G with

(a) t passes only once through t' or t'=!,
b) a € A, if ty is non-peripheral

( + + pertp )

(c) ac Py, ifty € VC;, and

(@) lva(t)alxup < [t'|§up-

It follows from Theorem and Lemma [.17]that for any M-normal
(G, P)-carrier graph A which does not satisfy any of the conditions (A1)-
(A6), va: (mi (A, v),dyuo,) — (G,dxup) is a quasiisometric embed-
ding for any peripheral structure Q4 of A and finite generating set Y of
(A, vg) relative O 4.

Although Theorem [4.20)yields that v.4: (71 (A, vo), d4,p) = (G, dxup)
is a (C, C)-quasiisometric embedding, it follows from Remark that
without further assumptions on A, it is generally not possible to give a C'
such that v: (11 (A, ), dyuo,) = (G, dxup) is a (C, C)-quasiisometric
embedding.

For the rest of this section, assume that A is as in Theorem [£.20] i.e.
an M-normal (G, P)-carrier graph. Let v = v(G,P, X, M). The following
lemmas are used in the proof of Theorem below.

The first lemma shows that, under some additional conditions, A-
paths as in Proposition 2. fulfill (A6).
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Lemma 4.21 Let § € (0,1],

C’Zmax{él,\/%,N(ATHl},

A’ some subdivision of A along at most two non-peripheral, non-essential

edges, and t = sit'sy a reduced A'-path such that

1. t' is almost-simple and there is no edge pair which is crossed by t’

and by s1 or sg,

2. any vertex element of t' from one of its essential vertices is trivial

and no edge of t' is essential,
3. |t'|%up = Olt|KLp, and
Al
o va(t)|xop < e _ .

Then t' contains a trivial segment s of length greater than |v.4 (t)|xup.

1

Thus, t travels s once and s~ not at all.

Proof By assumptions 1. and 2., ¢’ is of the form

t' = potaps - . . tNDN,

where

1. every t; is a maximal trivial segment of ¢/,

2. every p; is either trivial or a peripheral A’-subpath of ¢ with non-

trivial edge groups.

Since t’ is almost-simple and therefore reduced, ¢; is a maximal trivial
segment of A for [ € {2,..., N—1}. It further follows, that A’ has at least
N — 1 pairwise distinct maximal trivial segments. Since N(A') = N(A),
this implies N < N(A) +1 < 6C.

Let

N
’
Ly = Z|tl|§u7>
1=1
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and let L, be the number of the non-trivial p;. Thus, L, < N + 1.
It follows that

t%up < lsil%up + [F1%up + |52l Xup
=L+ Ly + |s1lup + 5215 0p
< Ly + Ly + [t50p — [ [xXup + 2
<L+ N+ (1=0)t|{,p+3.

By assumption 4., |4, > C? and hence
P , 4

Since N = 0 implies L; = 0, this means that N # 0. Now, as 6C' > N
and C' > 4, it follows that

Lo Oty 3L o, 1

NN N ‘75 o O lallxor.

Since L;/N is the average |-|4 p-length of the #;, there has to be some
1 €{1,...,N} such that [t;|{,p > |va(t)|xup. O

The following are two more auxiliary lemmas for the proof of Theo-
rem 4. 201

Lemma 4.22 Let L > 0 and suppose that none of (A2)-(A5) hold for
this L. Let A" be some subdivision of A along at most two non-peripheral,
non-essential edges. Let t be a reduced A'-path with |t|4 < L. Then one
of the following holds:

1. t is almost-simple and has at most one essential vertex, or

2. the path v underlying t is of the form riry(re)'rs with vy non-

degenerate, such that the following hold:

(a) rira, Tir3 and (r2) " 'rs are almost-simple, and

(b) all vertices of r other than ()4 are non-essential.
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Proof Let t = (ag, ey, ..., e a;) be a reduced A’-path with [t|4 < L,
vo := aley), v; := w(e;) for i € {1,...,k}. Suppose that ¢ is not not as
in 1. or 2. Show that this implies that one of (A2)-(A5) must hold.

It is easy to see by considering a shortest A-subpath with the same
property, that if ¢ is not as in 1. or 2., then one of the following must be

true:

1. There are [; < ly € {0,...,k} such that

/.
t = (17 Cli+1, ALy 415+ -+ 5 Qly—1, €1y, 1)

is almost-simple, v; is non-essential for [ € {l; +1,...,ly — 1}, and
for each i € {1, 2} one of the following holds:
(a) vy, is essential, or

(b) ; ¢ {0,k} and e, = ¢, ;.
2. There are [; <y € {0,...,k} with

(a) Ui, = Uy,
(b) e, = el;frl if v;, = v, is a central peripheral vertex, and

(¢) (e 41,---,€1,) is either an almost-circuit with at most one
essential vertex or as described in 2. above with r; and r3

non-degenerate.
Show that in both cases one of (A2)-(A5) must hold.

1. Since t is reduced, e;, = el:}rl implies a;, ¢ we, (A, ) for i € {1,2}.
Thus vy, v, € VA, and ' can be assumed to be an A-path rather
than an A’-path. It follows, that e, e, 11, €, and e, are non-
peripheral. Hence, t" and (q;,) are full A’-subpaths of ¢ and therefore
[t)4 < |t|4 < L and |ay|x < |t[4 < L for i€ {1,2}.

If v;, and vy, are both essential, ¢’ fulfills (A2).
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If neither v;, nor vy, is essential, then both must be peripheral since
ap,a;, # 1. Since e, 41 is non-peripheral and since v;, 41 is non-

essential, this implies that A = 1. Hence a;,, a;, and ¢ fulfill

el1+1

(Ab) with p = a;, and p' = a,.

In the remaining case that exactly one of v, and v, is essential it
follows analogously that a;, and ' or a;, and ¢! fulfill (A4)a., if
lp =1+ 1and A, #1, and (A4)b., otherwise.

. If v, = vy, is not a central peripheral vertex, there exists some full
A’-subpath ¢’ of ¢ with underlying path (e;,11,...,e€,).

If v;, = vy, is a central peripheral vertex there is no full A’-subpath
of t with underlying path (e;11,...,€,). Instead, consider the
following A’-path

/. -1
= (17 €114+2, A1 425 - - -5 €y, alzgell alz—l—lall—lgellalla €l+1, ah—i—l)v

which is equivalent to a cyclic permutation of the full A’-subpath

of t with underlying path (e;,, ..., e41)-

In both cases, ¢’ is an A’-almost-circuit with at most one essential
vertex or as described in 2. above. Moreover, it follows in both

cases that [t'|4p < |t[40p-

Shorten t' by the following procedure:

Let s = (b1, f1,..., fxr, bpr) an A-path and [ € {1,... k' — 1} with
fi= fz:rlr Let

S/ = (b17 f{a S 7fl—17 bl—lbl—i-la fl+27 R fk’7 bk/)>
if f; is non-peripheral, and
8/ = (bb fl> EIII) flfla blflgflblg;lllerla fl+27 s >fk/7 bk’)a

if f; is peripheral. It follows that |s/|% < |s|4 .

Repeating this process eventually yields an A’-almost-circuit ¢”
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with [t”|{ < |t[4 < L and at most one essential vertex. Since
t” is an A’-almost-circuit, t” can be assumed as an A-path rather

than an A’-path after a cyclic permutation.

If ¢" has an essential vertex, then some cyclic permutation of ¢’
fulfills (A2). Otherwise, t” must contain an edge with trivial edge
group and fulfill (A3). O

Lemma 4.23 Let L > 0 and A" be some subdivision of A along at most
two non-peripheral, non-essential edges. Lett; = (ah, ey, al,... ai_;, e, 1)
be almost-simple A'-paths for i € {1,2}, vy := a(ey), vy = w(en) for
me{l,...,l} and a € A, \ we,(Ae,). If

1 |ti(a)t; ¢ < L, and

2. [ty't] & [we,(Ae)] = {[(@)] | @ € we,(Ae,)},
then one of (A2), (A4) or (A5) must be true for the given L.

Proof Suppose there is some m € {0,...,l—1} such that v,, is essential.
The same argument as in case 1. in the proof of Lemma [4.22] yields that
(1, ems1,Aryyy- o505 €, 1), ap and a fulfill (A2) or (A4). Therefore
assume that v, is non-essential for all m € {0,...,1 — 1}.

i

v.—1 = 1 for every

Replace t; by an equivalent A’-path such that a
m € {1,...,1} with e,, peripheral.
Since [t;'t] ¢ [we,(Ay,)], there is some m € {0,...,] — 1} such that

p = (agl)_la”r];l ¢ Oéem-&-l (Aenz+1)'

Choose m minimal with this property. By the previous replacement

of the t;, €,41 is non-peripheral. Hence, s; = (ag,e1,...,em,al) and
sy = (ad,e1,...,em,a?) are full A’-subpaths of ¢; and t,, respectively.

Thus, it follows that

Iplx = [(ay,) " ap|x

= v (s2) " va(s1)|x
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< [s1]¥ + |52l
< [ti(a)t3'[¥
< L.

Note that e; is non-peripheral, since a € A,, \ we,(A,,). Therefore
s = (1,emt1,app, - -+, a]_1, €, 1) is a full A’-subpath of ¢;. Since v,
and v; have non-trivial vertex groups, s can be assumed as an A-path
rather than an A’-path. Furthermore, (a) is a full A’-subpath of ¢, (a)t;"
and it follows that

lalx, Isl% < ()t 'Y < L.

If vy is essential and | = m + 1, then s and p fulfill (Ad)a. If v; is
essential and [ > m+ 1 then s must have an edge with trivial edge group
and s and p fulfill (A4)b. Otherwise, v; is peripheral and A., = 1, since
a€ A, \we(Ae,). Hence s, p and p’ := a fulfill (A5). O

Proof (of Theorem [4.20) Choose Cj as in Lemma for 0 = 1.
Let D = D(G,P, X,v) and Dy := Dy(G,P, X) be the constants from
Lemma and Lemma [2.12] respectively, and

Cl = 200 + maX{D, .D2 + 1}
Choose Cy according to Lemma with 6 = (3C; +2)~! and with
CQ Z 4V, 301 + 2, Cl + 6.

Let C := C'(G,P, X,(C,) and L := L'(G,P, X, M,C5) be the constants
from Proposition .19}

Suppose now that assumption 1. of Proposition |4.19|is true, i.e. there
is some reduced A-path t = (ag,eq, ..., ex, a) with [t|$ < L, t_ € VC;,
t+ € VC; and m; = m;, which is not entirely contained in C; and whose
label v4(t) represents an element of P, . Assume ¢ to be minimal in

the sense that no proper A-subpath of ¢ has the same properties. In
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particular e; ¢ EC;, e, ¢ EC; and ag = a; = 1.

Let vg := a(er) and v, := w(ey,) form € {1,...,k}. By Lemmal[d.22]
it can be assumed that one of the following cases occurs:

Case 1: t is almost-simple and has at most one essential vertex.

Show that ¢ has an edge with trivial edge group and hence fulfills
(Al)a.

By the structure of (G, P)-carrier graphs and since at most one vertex
of t is essential, it is easy to see that ¢ must contain an edge with trivial
edge group or else be of length k = 2 with v, e; and ey essential. If ¢ is
of this form, it follows that

Wey (Ael> = ge_llAelgel - ge_llpmigel

and, since ge,a19e, = Va(t) € Py,

—1 -1 _-1
a1Ce, <A€2)a1 = a’lg€2A€2962 a,

-1 _-1
g a/lgegpmigeg al

= alg@t_leitg;Zlal_l

= ge_llpmigel

This is a contradiction to we, (A, ) and ., (A.,) being part of the induced
structure Q,, of G on A,,, which is guaranteed by A being M-normal.
Case 2a: The underlying path of ¢ is of the form rr~! for an almost-
simple path r where all vertices of rr~! other than r, are non-essential.
This implies k& = 21 for some [ and e, = ¢, for m € {1,...,1}.
Let t, = (ag,e1,...,a1_1,€;,1) and ty := (a; ' ey, .. ,al;ll,el, 1). Then
t =t1(a;)t;" and t; and ¢, are almost-simple.
By Lemma m it can be assumed that a’ := v4(t;'t)) € we,(Ag,)-

Now a;a’ ¢ we,(A,) since a; ¢ we,(A,,) and moreover:
aia’ = aa(ty ) = va(ty e (a)ty ) = va(ty ) € va(ty) P, va(ty)

If v; is peripheral and therefore a;a’ parabolic, it follows from the
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malnormality of P, that a;a’,v4(t1) € P,,. As in the first case, this
implies that ¢, fulfills (Al)a. Hence, assume that v; is essential.
If t; does not have an edge with trivial edge group, it is of length 1

and hence

a’la/ ¢ We, (Ael) = geleelgel = VA(t1>71Pm¢VA(t1) N Avw

a contradiction. Thus, t fulfills (A1)b.

Case 2b: The underlying path of ¢ is of the form ryry(ry)~'rz as
described in Lemma 2. with ryr3 non-degenerate.

This implies that r; travels e; or that rg travels e,. W.l.o.g. assume
that ey is part of r;. In particular, since ro is non-degenerate, v; cannot

be essential. Since e; was assumed to be non-peripheral, this implies
Ae, = 1 and thus ¢ fulfills (Al)a.

Now assume Proposition 2. is true. Let A’ be a subdivi-
sion of A along at most two non-peripheral, non-essential edges and
t = (ag,e1,...,ex a;) areduced A'-path with |¢t|4 < L, such that

’
|t’§UP _ 02‘

/(T <
|VA( )|Xu7> s

Let vy := a(er) and v, == w(e;) for all I € {1,..., k}. By Lemma[d.22]
it can be assumed that one of the following cases occurs:

Case 1: t is almost-simple and has at most one essential vertex.

If ¢t has no essential vertex, it follows from C5 > )y and Lemma
with ¢’ := ¢ that ¢ fulfills (A6).

Hence, let there be some [ € {0,...,k} such that v; is essential. Let
s = si(a;)si41 where s; = (1,¢;,1) if A, # 1, and else s; = (1). It is

|S|§/u7> <la|xup +2v < lva(s)|xup + 4v.
Let t = tyst5. It follows:

!
% up

o Cy > |var(t)|xur
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> \VA/(S)\XUP — (lvar(t1)|xup + |va(t2)| xup)
> |5|34}u7> (’t1|XUP + [t2 XUP)
= |5|§u7> —4dv — (MXUP - |S|XUP)

A A
= 2[s|xup — 4V — [tIxup
Since 4v, 3 < (5, this implies

1 1
s < 5 (14 ) i = (G- ) < e

Thus, |t]|$.p > [t[{,p for some i € {1,2}. With > and
t' :=1t;, it follows from Lemma [1.21] that ¢ fulfills (AG).

Case 2: The underlying path of ¢ is of the form ryry(ry)~'rs as
described in Lemma [£.22 2.

Let s be the maximal full A’-subpath of ¢ such that the underlying
path of s is a subpath of ro(ry)~!. Let s’ be the minimal full A’-subpath

1
— 301+2

of t such that ry(ry)~! is a subpath of the underlying path of s’. Since

(r9)_ is non-essential, this implies that

! ! /
|S’§UP < ’3/|§u73 < |S|§UP +2.

Let s; and sy be the full A’-subpaths of ¢ such that t = s;5'ss.
It follows from Lemma [4.21] that ¢ fulfills (A6), if

|51|Xu7> + |32|XU7> =30, +2| |XU7>7

as 0 = (3C} +2)~!. If on the other hand

2
‘31|XUP + |52|Xu7> =30, +2‘ ’XUP?

then

|t|XU7> = |3 |Xu7> + |31|Xu7> + |52|XU7> < |3 |XU7> + 30 i 2| |Xu7>
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and therefore

, 2 \7' 2 ,
o< (1= 55) WK < (14 35 ) (slip +2)

It follows that

lva(s)|xup < [var(s')|xup + 2
< lva®)|xor + |s1[%up + [s2l$up + 2

= |va(t)|xup + |t|§,u7> — |5/|34}/u7> +2
1 1 !
< (1 ; 5) R — [l — Co 42
2
(1 2 (1 Z) (slp +2) — [l — (Co—2)
- Oy 3C,

1 2 / /
< (14 503) (143 ) (lp +2) = by~ (€ 1)

1 !’ !
= (14 g ) (sbp +2) = By — (€ 1)

_ bl (oo L
Cl ! Cl

Let [ € {0,...,k} with v; = (r9)+. Let ¢; and ¢t be A’-paths whose
underlying path is a subpath of ry such that s = ¢;(aq;)t,'. By Lemma

4.23 assume that vy (t; ') € A,,.

Case 2a: v; is essential.

Let g € va(t1)A,, = va(ta)A,, of minimal X U P-length in gA,, and
h; € A,, such that g = v (t;)h; for ¢ € {1,2}. Since A,, is v-relatively
quasiconvex in (G, P), Lemma implies:

‘3|§u7>

Cy - C) > ’VA’($)|XUP

= |va(t)awa (t2) " xup

= |ghi " ahag ™ xup
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> |hitathe| xup + 2|g|xup — D
Moreover:

/ ! /
slgup = [t [%up + lalxur + 121 50p
< [hitaho|xop + [t %0p + [halxup + [t $up + |helxup

= |hi aho| xup + [t (h)[$up + [t2(h2)[¥up

It follows:
! ti(h1)[4up + [t2(h2) |4,
2|g’Xu7> <|=—-1 ‘hflalh2|xup+ | 1( 1) XuUp | 2( 2>|XUP 0 4D
Ch C,
) Rp + a(ho)lp ’

Co

Hence, for some i € {1,2}:

[ti(h)[$0p C

lvar(ti(hi) | xup = |9]xup < C
0

Thus, by Lemma [4.21] ¢; contains some trivial segment of length greater
than |v4(t;)hi| xup, which ¢; only passes through once. Since t; is a full
A’-subpath of t, |t;|4 < |[t|4 < L and t; fulfills (A6).

Case 2b: v; € V() is peripheral.

Let g € va(t1)Pn, = va(t2)Pn, of minimal X U P-length in gF,,
and h; € Py, such that g = v (t;)h; for i € {1,2}. Lemmaimplies:

|3|§,u7> _
o C) > |VA'(S)|XU7>
1
= |va(t)awa(ta) xup
= |ghi athag ™" | xup

> 2|g|xup — D2
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Moreover, since e; is non-peripheral:

! ! !
’S‘:’%UP = |t1’§u79 + ‘t2‘§u7> +1

< |ty () [5up + [t2(ho)[5up + 1

It follows:
2glxop < Jt1(h1) X up +(\jt2(h2)|3‘}/u7> +1 Oy + Dy
1
< ’tl(hl)fﬁbpg |ta(ha)[$0p O\ 4 Dyt 1
1
< |t1(h1)|3§b7>; |ta(ha)$0p 20,
0

Hence, for some i € {1, 2}:

[ti(h) %P &)

lvar(ti(h)) | xup = |g]xup < e
0

Thus, by Lemma {4.21] ¢; contains some trivial segment of length greater
than |v4 (t;)hi|xup, which t; only passes through once. Since t; is a full
A’-subpath of t, |t;|4 < |t|4 < L and t; fulfills (A6). O

4.3 Recovery of Previous Results

This section shows that the combination theorem is indeed a generaliza-
tion of previous results, at least in the torsion-free case. It is easy to see
that Theorem implies the result by Arzhantseva [2] about finitely
generated subgroups of hyperbolic groups, since only (A3) and (A6) can
occur (cf. Thm[L.2)).

The results by Martinez-Pedrosa ([21], Thms. 1.1 & 1.2) are recovered

from the combination theorem in the following two corollaries.

Corollary 4.24 Let (G,P) be a torsion-free relatively hyperbolic group
and X a symmetric finite generating set of G. Let H be a finitely gen-
erated relatively quasiconver subgroup of (G,P). Then there is some

K, = K1(G,P, X, H) such that the following holds:
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Let R C P for some P € P such that O := HN P C R and such that
lg|x > K for every g € R\ O.

Then the canonical homomorphism H xo R — G is injective and
its image (H U R) is relatively quasiconvez in (G,P). Moreover, every
parabolic subgroup of (H U R) is in (H U R) conjugate to some parabolic
subgroup of H or some subgroup of R.

Proof Let M > 0 such that H is generated by elements of X-length
at most M. Let v := v(G,P, X, M), as well as L := L(G,P, X, M,0),
C = C(G,P,X,M,0) and K; := max{L,C? + C}. W.lo.g. assume
R # 1. Define a (G, P)-carrier graph (A, ((C;, ¢;))1<i<k) as follows:

Let O be an induced structure of (G,P) on H with O € QO if O # 1.
Let O; := 0, gy ;== 1 and O\ {O} = {0y,...,0;} with O; = Hn P/
and |g;|x <wvforallie{2,... 1}

Start constructing A with a segment of length 2 with edges e; and
f1, and vertices vy = w(f1), v1 = a(fi1) = w(e1) and ¢; = a(e;y). Let
Ay =H, Ay, =A, =A,, =R, Ay, = O and g, = g, = 1. Let C; be
the sub-carrier graph of groups with the single edge e;.

For each i € {2,...,l} let C; consist of a single edge e; with funda-
mental group Offl and ¢g., = 1. Connect these C; to vy by a single edge
f; with edge group O o and gy, = ¢; such that O,, = O.

It is clear that the (G,P)-carrier graph of groups (A, (C;,¢)i<i<i)
which results from this construction is M-normal. It is further clear that
(A1) can not be fulfilled by A, since O is an induced structure. Since A
is a tree, there are no non-trivial A-almost circuits, i.e. A does not fulfill
(A3). Lastly, it follows from |g|x > K; > L for all g € R\ O that A can
fulfill none of the other statements of Theorem [£.20l

Hence, v, is a (C, C')-quasiisometric embedding and thus (H, R) is rel-
atively quasiconvex in (G,P) by Theorem [2.16] Further, every parabolic
subgroup of Im(v4) = (H U R) is conjugate in (H U R) into R or O;
for some i € {2,...,l}. Since A,, = H is mapped injectively and
K, > C? + C, this implies that v 4 is injective. 0J
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Corollary 4.25 Let (G,P) be a torsion-free relatively hyperbolic group
and X a symmetric finite generating set of G. Let Hy and Hy be finitely
generated relatively quasiconvex subgroups of (G,P). Then there is some
Ky, = K3(G,P, X, Hy, Hy) such that the following holds:

Let PeP, R:= HNP = HyNP and let h € G such that hRRh™' = R
and |g|x > Ky for every g € RhR.

Then the canonical homomorphism Hy xp hHyh™' — G is injective
and its image (Hy U hHyh™1) is relatively quasiconver in (G,P). More-
over, every parabolic subgroup of (Hy U hHyh™') is in (Hy; U hHyh™!)

conjugate to some parabolic subgroup of Hy, or hHyh™!.

Proof Let M > 0 such that H; and Hy are generated by elements of
X-length at most M. Let v := v(G,P, X, M), L := L(G,P, X, M,0),
C = CO(G,P,X,M,0) and K, := max{L,C? + C}. Define a (G,P)-
carrier graph (A, ((C;, ¢;))1<i<k) as follows:

Let @7 be an induced structure of (G,P) on H; for j € {1,2} with
R e O if R# 1. Let O] := R, and 07\ {R} = {0},...,0]} with
Ol =Hn (Rj)g{ and |g/|x <wvforall j € {1,2} andi € {2,...,1;}. Let
k=10 +1—1.

Start constructing A with a segment of length 4 with edges e{ and
f for j € {1,2}, and vertices v} = w(f]), v) = a(f]) = w(el) and
cp = a(e)) for j € {1,2}. Let Ay =Hj Ay =A,=A,=A,=R,
9 = 951 = 1 and g2 = h for j € {1,2}. Let C; be the sub-carrier graph

of groups consisting of the edges el and e?.

As in the proof of Corollary , add stars C; for i € {2,...,k} to v}
and v2, such that 0, = Q7 for j € {1,2}.

Since hRh™ = R, (A, (C;i, ¢;)1<i<k) is indeed a (G, P)-carrier graph of
groups. Moreover, it is clear that A is M-normal. It is further clear that
(A1) can not be fulfilled by A, since O' and O? are induced structures
and since |g|y > Ky > L for all ¢ € RhR. Since A is a tree, there
are further no non-trivial A-almost-circuits, i.e. A does not fulfill (A3).
Lastly, it follows from |g|x > K> > L for all ¢ € RhR that A can fulfill
none of the other statements of Theorem .20
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Hence, v4 is a (C, C')-quasiisometric embedding and thus (H;UhHyh™t)
is relatively quasiconvex in (G,P) by Theorem [2.16l Further, every
parabolic subgroup of (H; U hHyh™!') is conjugate in (H; U hHyh™t)
into O} for some i € {1,...,l;} or hO?L™! for some i € {1,...,ly}. Since
Ay = Hy is mapped injectively and Ky > C? + C, this implies that v

is injective. O

4.4 Discussion

This section discusses one of the possible applications of the combina-
tion theorem as well as a possible generalization to relatively hyperbolic
groups with torsion.

As described in the introduction, Kapovich and Weidmann [I7] proved
a combination theorem and derived from it a finiteness result about
the number of conjugacy classes of quasiconvex subgroups of an almost
torsion-free hyperbolic group.

It seems possible to derive a similar finiteness result from the combi-

nation theorem of this thesis, leading to the following conjecture:

Conjecture 4.26 Let (G,P) be a torsion-free relatively hyperbolic group,
such that every P € P is noetherian and such that every finitely generated
subgroup of G 1is relatively quasiconvex. Let | € N.

Then there is a finite number of equivalence classes of (G,P)-carrier
graphs of groups, such that for every H < G which is generated by at most
[ elements there is some carrier graph A of H in one of these equivalence

classes with v 4 an injective quasitsometric embedding.

The following is a possible approach to derive this conjecture from
Theorem [£.201

For any subgroup H < G generated by elements hy,...,h; there is
a (G,P)-carrier graph corresponding to the rose with [ petals which are
labeled by hq, ..., h;. This carrier graph can further be made M-normal
by designating appropriate peripheral stars. All these carrier graphs for

such subgroups H belong to the same equivalence class FEj.
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Now define a number of foldings for M-normal carrier graphs A, which
in some sense repair the obstructions (A1)-(A6) to v4 being a quasiiso-
metric embedding which are stated in Theorem In particular, the
carrier graph resulting from a folding should be M’-normal and represent
the same subgroup of GG as the original one.

It then remains to show, by considering a complexity which is strictly
decreasing under every folding, that performing the foldings in the correct
order transforms every carrier graph in Ej into a carrier graph in one of a
finite number of equivalence classes. This makes use of the fact that every
P € P is noetherian and that the constant L defined in Theorem

does only depend on the equivalence class of the carrier graph of groups.

The proof of Theorem uses the assumption of G being torsion-
free only once. The proof considers a reduced A-path t of the form
t = r(a)r~! where r is almost-simple, such that a realization s of ¢
is not a quasigeodesic. The proof then concludes, that r(a’) is not a
quasigeodesic for some particular constants and some a’ € A, .

The same is not necessarily true, if G is not torsion-free. Indeed, if
a is a finite-order element of G with infinite centralizer, there might be
arbitrarily long r such that v4(t) = a. A seventh condition would have
to be added to Theorem [£.20] to reflect this fact.

Moreover, to address this new obstruction in the folding process de-
scribed above would require a folding which takes a finite subgroup of
some vertex group and pushes it out along an edge path starting in that
vertex. Hence, a useful generalization of a (G, P)-carrier graph of groups
for groups with torsion would have to allow some finite edge groups. This
in turn would have to be taken into account in the proof of the analogue
of Theorem for groups with torsion.

A question for further research is therefore to find a workable defi-
nition for these carrier graphs of groups in the case with torsion and to
prove the analogue of Theorem for them.
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