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Zusammenfassung

Diese Arbeit untersucht relativ quasikonvexe Untergruppen von relativ

hyperbolischen Gruppen. Ihre beiden Forschungsgebiete sind die Erken-

nung und Kombination von relativ quasikonvexen Untergruppen.

Der erste Hauptsatz dieser Arbeit gibt unter gewissen Voraussetzun-

gen an die periphäre Struktur einer relativ hyperbolischen Gruppe (G,P)
einen Semialgorithmus, der relativ quasikonvexe Untergruppen H von G

erkennt. Das bedeutet, es existiert ein Algorithmus, der, gegeben ein

Erzeugendensystem von H, entweder

� anhält und eine Quasikonvexitätskonstante sowie eine induzierte

periphäre Struktur von (G,P) auf H ausgibt, falls H relativ quasi-

konvex ist, oder

� nicht hält, falls H nicht relativ quasikonvex ist.

Der zweite Hauptsatz dieser Arbeit ist ein Kombinationssatz für rel-

ativ quasikonvexe Untergruppen einer torsionsfreien relativ hyperbolis-

chen Gruppe (G,P). Um diesen Satz formulieren zu können, wird der

Begriff eines (G,P)-Trägergraphen von Gruppen definiert. Ein solcher

Trägergraph von Gruppen ist im Wesentlichen ein beschrifteter Graph

von Gruppen mit einer kanonischen Einbettung in G. Der Kombina-

tionssatz gibt Bedingungen an einen Trägergraphen von Gruppen, die

garantieren, dass seine kanonische Einbettung quasiisometrisch ist.

Außerdem wird eine mögliche Anwendung des Kombinationssatzes im

Beweis von Endlichkeitsresultaten für Isomorphieklassen von quasikon-

vexen Untergruppen skizziert. Zusätzlich wird erklärt, warum der Kom-

binationssatz in der derzeitigen Form nur für torsionsfreie Gruppen an-

wendbar ist, und eine mögliche Verallgemeinerung auf Gruppen mit Tor-

sion umrissen.
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Abstract

This thesis examines relatively quasiconvex subgroups of relatively hyper-

bolic groups. Its two areas of research are the detection and combination

of relatively quasiconvex subgroups.

The first main theorem of this thesis provides, under certain condi-

tions on the peripheral structure of a relatively hyperbolic group (G,P),
the existence of a semi-algorithm which detects relatively quasiconvex

subgroups H of G. More precisely, there is an algorithm which, given a

generating set of H, either

� halts and outputs a quasiconvexity constant and an induced pe-

ripheral structure of (G,P) on H, if H is relatively quasiconvex,

or

� does not halt, if H is not relatively quasiconvex.

The second main theorem of this thesis is a combination theorem for

relatively quasiconvex subgroups of a torsion-free relatively hyperbolic

group (G,P). To this end, the concept of a (G,P)-carrier graph of groups

is introduced. Such a carrier graph of groups is essentially a labeled graph

of groups with a canonical embedding into G. The combination theorem

then gives conditions on a carrier graph of groups which guarantee that

its canonical embedding is quasiisometric.

Additionally, a possible application of the combination theorem in

proving finiteness results for the isomorphy classes of quasiconvex sub-

groups is outlined. Moreover, it is explained why the combination the-

orem as stated only applies to torsion-free groups and how it might be

possible to prove a similar result for groups with torsion.
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1 Introduction

In this chapter the topics and goals of this thesis are outlined. The un-

derlying problems and previous work are briefly reviewed and an outline

of the thesis is given.

1.1 Detecting Relatively Quasiconvex Subgroups

It is well-known that many algorithmic problems are solvable for hy-

perbolic groups. Examples are the computability of the hyperbolicity

constant for a given finite generating set of the group [23], the word

problem and the conjugacy problem.

Let G be a hyperbolic group with finite generating set X and H some

subgroup of G. H is called a quasiconvex subgroup of G, if there is some

ν ≥ 0 such that any geodesic v between two elements of H in the Cayley

graph Γ(G,X) lies within a dX-distance of at most ν from H. ν is then

called a quasiconvexity constant for H.

Quasiconvex subgroups are of interest, because they inherit the ge-

ometric structure from the ambient hyperbolic group. They are, for

example, hyperbolic groups themselves.

Kapovich [16] provided a semi-algorithm, which given a finite presen-

tation of a hyperbolic group G and a finite generating set of the subgroup

H stops if and only if H is a quasiconvex subgroup of G and if it stops

it returns the quasiconvexity constant of H.

A common generalization of a hyperbolic group is a group that is

hyperbolic relative to some finite collection of subgroups. Such a finite

collection of subgroups is often referred to as a peripheral structure of

the group. (For definitions see Chapter 2.) It turns out that many

problems which are solvable for hyperbolic groups have a solution for

relatively hyperbolic groups as well, provided the parabolic subgroups

are reasonably well-behaved (cf. [9], [12], [7]).

It is also possible to generalize the concept of quasiconvex subgroups

to relatively hyperbolic groups, leading to relatively quasiconvex sub-
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groups (cf. [15]). As described in Definition 2.2, this definition again

hinges on the existence of some constant ν, which bounds how far rel-

ative geodesics between elements of the subgroup can stray from it. A

relatively quasiconvex subgroup is again itself hyperbolic relative to some

peripheral structure, which is induced by the peripheral structure of the

surrounding group and is called an induced structure. (Thm. & Def. 2.3)

Kharlampovich et al. [18] gave an algorithm which detects relatively

quasiconvex subgroups of toral relatively hyperbolic groups with periph-

erally finite index. Toral relatively hyperbolic groups are torsion-free

relatively hyperbolic groups with abelian parabolic subgroups and a rel-

atively quasiconvex subgroup has peripherally finite index, if its induced

structure consists of conjugates of finite index subgroups of parabolic

groups.

To this end, they show in a more general case that it is possible

to find a language L on a relatively hyperbolic group such that L-

quasiconvex subgroups are relatively quasiconvex and such that relatively

quasiconvex subgroups with peripherally finite index are L-quasiconvex

(cf. [18], Thm. 7.5). Using Stallings-graphs they are able to then show

that there is an algorithm detecting L-quasiconvex subgroups.

Generalizing this result, Kim [19] proved that there is an algorithm

detecting any finitely generated relatively quasiconvex subgroup of a toral

relatively hyperbolic group. The basis of this generalization is a result

by Manning and Mart́ınez-Pedrosa [20], which implies that a subgroup

H of a toral relatively hyperbolic group is relatively quasiconvex, if and

only if there is a relatively quasiconvex subgroup with peripherally finite

index, which is an amalgamated product of H and its induced structure.

The first main theorem of this paper provides a more general result

using independent and more geometric methods of proof.

Theorem 1.1 Let G be a relatively hyperbolic group with peripheral struc-

ture P = {P1, . . . , Pn}. Let X be a symmetric finite generating set of G.

Suppose a finite relative presentation of (G,P) and finite presentations

for every Pi are given. Let H be a subgroup of G with finite generating
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set Y ⊆ X∗.

Suppose further that the following are given:

1. a solution to the membership problem of (Pi, O) for every finitely

generated subgroup O ≤ Pi, and

2. an algorithm, which decides whether a given finitely generated sub-

group of some Pi is finite.

Then there is a semi-algorithm which stops, if and only if H is a

relatively quasiconvex subgroup of G, and if it stops, it returns

� generating sets of an induced structure O on H, and

� λ ≥ 1, c ≥ 0, such that the inclusion (H, dY ∪O) → (G, dX∪P) is a

(λ, c)-quasiisometric embedding.

It is an easy generalization of a theorem by Osin [22], that the relative

quasiconvexity constant ν for H in G can be calculated from the outputs

of this semi-algorithm. (Theorem 2.16)

1.2 Combining Relatively Quasiconvex Subgroups

Another nice property of hyperbolic groups is that there are several com-

bination theorems for them, i.e. theorems guaranteeing that a group

constructed from hyperbolic groups is itself hyperbolic. The most com-

prehensive of these combination theorems is a result by Bestvina and

Feighn [4].

Gitik [14] proved another combination theorem by using the Ping-

Pong-Lemma (cf. [14], p. 1). Their theorem states, that the group gener-

ated by two quasiconvex subgroups H and K of a hyperbolic group G is

itself quasiconvex and isomorphic to the amalgamated product of H and

K along their intersection, as long as all short elements of H and K lie

in this intersection.

Further, there are three results which are of particular interest for

this thesis.
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Kapovich and Weidmann showed a combination theorem for almost

torsion-free hyperbolic groups ([17], Thm. 2.4). A group is called al-

most torsion-free, if all of its non-trivial elements of finite order have

finite centralizer. They then used this combination theorem to proof

that every almost torsion-free hyperbolic group, whose subgroups gener-

ated by at most l ∈ N elements are quasiconvex, has only a finite number

of conjugacy classes of freely indecomposable non-elementary subgroups

generated by at most l + 1 elements ([17], Cor. 1.4).

Mart́ınez-Pedrosa ([21], Thms. 1.1 & 1.2) showed results similar to

the one by Gitik but for relatively quasiconvex subgroups of relatively

hyperbolic groups. Using a version of Lemma 2.19, they show that, under

the right conditions, the natural homomorphism into the ambient group

of an amalgamated product of two relatively quasiconvex subgroups along

their intersection is an injective quasiisometric embedding.

For any group G and a graph Γ whose edges are labeled by elements

of G there is a natural homomorphism of its fundamental group π1(Γ)

into G. Arzhantseva [2] showed the following:

Theorem 1.2 Let G be a hyperbolic group and Γ a finite graph labeled

by elements of G. There is some constant M which only depends on G

and the rank of Γ, such that at least one of the following is true:

� The natural homomorphism of π1(Γ) into G is an injective quasi-

isometric embedding. (Hence, its image is free and quasiconvex.)

� Γ can be transformed into a new labeled graph by deleting and

adding segments, such that the new graph represents the same sub-

group of G and contains a loop of length at most M in Γ.

Since an amalgamated product is a special case of a fundamental

group of a graph of groups, the results by Mart́ınez-Pedrosa and Arzhant-

seva raise the question, whether an analogue result can be found for more

general graphs of groups. To give a common framework encompassing

both the situations examined by Mart́ınez-Pedrosa and Arzhantseva, the

concept of a G-carrier graph of groups (Def. 4.1) is introduced in this
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thesis, which can be thought of as a labeled graph of groups. A carrier

graph of groups has a canonical homomorphism of its fundamental group

into G.

This thesis provides a combination theorem for torsion-free relatively

hyperbolic groups in its second main theorem (Thm. 4.20), using carrier

graphs of groups. Since the statement of the main theorem is rather

technical and requires many of the definitions introduced in Chapter 4,

it is deferred to that chapter.

It is easy to see that the main theorem implies the result by Arzhant-

seva and it is proved in Section 4.3 that it also implies the results of

Mart́ınez-Pedrosa. It is therefore a generalization of both in the torsion-

free case.

Moreover, Section 4.4 gives a short discussion on how this new combi-

nation theorem might be used to show similar finiteness results to the one

by Kapovich and Weidmann, but for relatively quasiconvex subgroups of

torsion-free relatively hyperbolic groups.

1.3 Structure

Chapter 2 introduces preliminaries necessary for the proof of the two

main theorems. Section 2.1 defines the different notions of length that are

used. Section 2.2 introduces some known algorithmic results for relatively

hyperbolic groups. Section 2.3 gives some estimates on the length of

infinite-order elements of relatively hyperbolic groups. Section 2.4 gives

for a subgroup of a relatively hyperbolic group a connection between

it being relatively quasiconvex and its inclusion being a quasiisometric

embedding. Section 2.5 contains one of the main tools in the proof of

the combination theorem, a lemma stating that a path which has some

long parabolic edges, is quasigeodesic between these edges and which has

restricted backtracking is itself quasigeodesic. Section 2.6 defines trivial

segments of a graph of groups.

Chapter 3 is dedicated to the proof of the first main theorem. Sec-

tion 3.1 gives a short overview of distortion functions, which play a crucial
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role in the construction of the semi-algorithm in the main theorem. Sec-

tion 3.2 contains the proof of the main theorem as well as some auxiliary

results that are used in the proof. Section 3.3 gives a short discussion

of the first main theorem, in particular how its assumptions might be

relaxed and a sketch of a more constructive algorithm which might turn

out to be more efficient for an actual implementation.

Chapter 4 is dedicated to the proof of the combination theorem Theo-

rem 4.20. Section 4.1 introduces the concept of carrier graphs of groups,

first for general groups and then for torsion-free relatively hyperbolic

groups. Section 4.2 consists of the proof of the combination theorem.

Section 4.3 shows that the combination theorem implies the previous re-

sults by Mart́ınez-Pedrosa [21] and Arzhantseva [2]. Lastly, Section 4.4

discusses the combination theorem, in particular one of its possible ap-

plications as well as how it might be extended to relatively hyperbolic

groups with torsion.
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2 Preliminaries

This section gives definitions for some fundamental concepts such as rel-

atively hyperbolic groups and relatively quasiconvex subgroups, as well

as important results that provide basic tools for the investigation of these

groups.

The first important definition is that of a relatively hyperbolic group.

The following definition is due to Osin ([22], Definition 2.35).

Definition 2.1 Let G be a group. A finite set P = {P1, . . . , Pn} of

subgroups of G is called a peripheral structure of G.

Let ⟨X,P1, . . . , Pn | R⟩ be a finite relative presentation of (G,P).
For each i ∈ {1, . . . , n} let P̃i be an isomorphic copy of Pi, such that

P̃1, . . . , P̃n, X are mutually disjoint. Let P :=
⋃
(P̃i \ {1}).

G is hyperbolic relative to P, if the relative Dehn function of this

presentation is linear, i.e. if there exists C > 0, such that any word

w ∈ (X ∪ P)∗ of length at most l representing the trivial element in G

can be written as the product of at most C · l conjugates of elements of

R in the free product F (X) ∗ (∗i∈{1,...,n}P̃i).

A natural class of subgroups of a relatively hyperbolic group (G,P)
are the relatively quasiconvex subgroups.

Definition 2.2 (Osin [22], Def. 4.9) Let (G,P) be a relatively hyper-

bolic group and X a finite generating system of G. Let ν ≥ 0. H ≤ G is

called a ν-relatively quasiconvex subgroup of (G,P) with respect to X, if

every vertex of a geodesic p in Γ(G,X ∪ P) with endpoints in H has at

most a dX-distance of ν from H.

If X and P are clear from context, H is simply called a ν-relatively

quasiconvex subgroup of G. Moreover, H is called a relatively quasicon-

vex subgroup of G, if it is a ν-relatively quasiconvex subgroup for some

ν ≥ 0.

Osin ([22], Prop. 4.10) shows that the definition of a relatively quasi-

convex subgroup does not depend upon the choice of X. If Y is another

7



finite generating set of G and H is a ν-relatively quasiconvex subgroup

of G with respect to X, then it is a ν ′-relatively quasiconvex subgroup

of G with respect to Y for some ν ′ ≥ 0.

Relatively quasiconvex subgroups inherit the geometric structure of

G and are themselves hyperbolic relative to a peripheral structure that

is induced by P.

Theorem & Definition 2.3 (Hruska [15], Thm. 9.1) Let (G,P) be

relatively hyperbolic and H a relatively quasiconvex subgroup of G.

Then the subgroups in

Ō = {H ∩ P g | g ∈ G,P ∈ P, |H ∩ P g| = ∞}

lie in finitely many conjugacy classes in H. For a set of representatives O
of these conjugacy classes, (H,O) is relatively hyperbolic. The peripheral

structure O is called an induced structure of (G,P) on H.

Moreover, the inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric

embedding for any finite relative generating set Y of (H,O).

2.1 Notions of Length

The following definition gives two different notions of length for paths in

the relative Cayley graph of a relatively hyperbolic group.

Definition 2.4 Let (G,P) be a relatively hyperbolic group with finite

generating set X. For any path s = (e1, . . . , ek) in Cay(G,X ∪ P),

len(s) := k is called the length of s.

The X-length of s is defined as

lenX(s) :=
k∑

i=1

dX(α(ei), ω(ei)).

If s is a piecewise geodesic, i.e. there is a tuple s = (s1, . . . , sl) of

geodesics in Cay(G,X ∪ P) with s = s1 . . . sl, the piecewise X-length of
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s is defined as

lenp
X(s) :=

l∑
i=1

dX((si)−, (si)+).

If s is clear from the context, write lenp
X(s) for len

p
X(s).

Moreover, there are also natural notions of lengths for words and

group elements. For some set X and some word w ∈ X∗ over X, |w| will
denote the number of letters in w.

For some group G with generating set X and some element g ∈ G,

|g|X denotes the word length of g with respect to X, i.e. the length of

some shortest word in X∗ representing g.

In a common abuse of notation, a word w ∈ X∗ will often be identified

with the element which it represents. So, while |w| denotes the length

of w, |w|X denotes the word length with respect to X of the element

represented by w.

2.2 Algorithms for Relatively Hyperbolic Groups

The following algorithmic result by Dahmani [9] gives conditions for when

it is possible to compute an upper bound for the relative Dehn function

as well as a hyperbolicity constant for the Cayley graph Γ(G,X ∪ P).

Theorem 2.5 (Dahmani [9]) Let G be a group with some peripheral

structure P = {P1, . . . , Pn} consisting of finitely presented subgroups.

Suppose each Pi has solvable word problem. Let ⟨X,P1, . . . , Pn | R⟩ be a

finite relative presentation of G.

Then there is an semi-algorithm that stops if and only if the relative

presentation of G satisfies a linear isoperimetric inequality. If it stops,

it provides:

1. K > 0 such that Area(w) < K|w| for all relators w.

2. δ ≥ 0 such that Γ(G,X ∪ P) is δ-hyperbolic.

An important restriction of this theorem is that all peripheral sub-

groups must have a solvable word problem. Moreover, Dahmani gives a

9



concrete algorithm as in the theorem under the condition that solutions

to the word problems of all Pi are given.

The following terminology was introduced by Osin [22]:

Definition 2.6 A subpath of a path p in the Cayley graph Γ(G,X ∪P)

is called a Pi-component of p, if it is a maximal non-trivial subpath,

which is labeled by letters in P̃i.

Every vertex of p which is not an inner vertex of some Pi-component,

i.e. not a vertex of a Pi-component other than its endpoints, is called a

phase vertex of p.

A path is locally minimal if every Pi-component has length 1.

Two Pi-components are said to be connected if there is an edge labeled

by an element of Pi connecting them. A Pi-component of a path p is

isolated, if it is not connected to some other Pi-component of p.

A path p is without backtracking if all its components are isolated.

Note that Osin introduces different but analogue terminology for

words in (X∪P)∗. It can be interpreted as the result of identifying a word

w ∈ (X ∪ P)∗ with the path in the relative Cayley graph Γ(G,X ∪ P)

starting at 1 and labeled by w.

For the sake of simplicity this distinction will be ignored, with the

understanding that the given terminology applies through this identifi-

cation in the obvious way.

In addition, by this identification a word w ∈ (X ∪ P)∗ is said to be

quasigeodesic, if the corresponding path in Γ(G,X ∪P) is quasigeodesic.

Osin proved that relatively hyperbolic groups fulfill the BCP-property

introduced by Farb [12].

Lemma 2.7 (Osin [22], Theorem 3.23) Let (G,P) be a relatively hy-

perbolic group and X a finite generating set of G. Let λ ≥ 1, C ≥ 0.

Then there exists a constant ε = ε(G,P, X, λ, C) (or simply ε(λ,C) if G,

P and X are clear from the context) such that the following hold for any

two (λ,C)-quasigeodesics p and q in Cay(G,X ∪P) with the same initial

and terminal vertex:
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1. The sets of phase vertices of p and q are contained in the closed

ε-neighborhoods (with respect to dX) of each other.

2. Suppose that s is a Pi–component of p such that dX(s−, s+) > ε.

Then there exists a Pi–component t of q which is connected to s.

3. Suppose that s and t are connected Pi–components of p and q, re-

spectively. Then

max{dX(s−, t−), dX(s+, t+)} ≤ ε.

While Osin does not give an explicit algorithm to compute ε, it is easy

to see that his arguments can be rewritten to derive such an algorithm.

Osin uses in his proof a linear upper bound on the relative Dehn function.

To construct this algorithm it is therefore necessary to calculate such an

upper bound. By Theorem 2.5, it suffices to assume that every Pi is

finitely presented and has solvable word problem to be able to compute

a linear upper bound for the relative Dehn function. This yields the

following theorem.

Theorem 2.8 Let G be a group with symmetric finite generating set X.

Let G be hyperbolic relative to some peripheral structure P = {P1, . . . , Pn}
of finitely presented subgroups. Let G be finitely presented relative P.
Suppose the word problem in each Pi is solvable. Let λ ≥ 1, C ≥ 0.

Then there is an algorithm which calculates ε = ε(λ,C) > 0 such

that for any locally minimal (λ,C)-quasi-geodesics p, q with the same

endpoints and without backtracking in Γ(G,X ∪P) the following is true:

i) Every vertex of p has a dX-distance of at most ε from a vertex of

q.

ii) Each Pi-component s of p with dX(s−, s+) > ε is connected to some

Pi-component t of q.

iii) For connected Pi-components s of p and t of q the following holds:

dX(s−, t−), dX(s+, t+) < ε

11



2.3 Elements of Infinite Order in Relatively Hyper-

bolic Groups

This section contains several results on the lengths of powers of elements

of infinite order in a relatively hyperbolic group.

An important quantity in these results is the translation length as

defined by Osin.

Definition 2.9 (cf. Osin [22], Def. 4.23) Let (G,P) be a relatively

hyperbolic group and X a symmetric finite generating set of G. Let

g ∈ G. The translation length τ(g) of g is defined by:

τ(g) := lim inf
n→∞

|gn|X∪P

n
.

Remark 2.10 The limit inferior in the above definition is in fact a limit.

The argument is the same as for the non-relative case which was proven

by Gersten and Short ([13], Lemma 6.3).

Note further that τ(hgh−1) = τ(g) for all g, h ∈ G.

The following lemma follows from basic methods of hyperbolic ge-

ometry as well as the fact, that there is a lower bound on the trans-

lation lengths of hyperbolic elements in a relatively hyperbolic group

([22], Thm. 4.25). Recall that the axis of an element acting hyperboli-

cally on a hyperbolic space is the union of all geodesics between its two

fixed points in the ideal boundary at infinity.

Lemma 2.11 Let (G,P) be a relatively hyperbolic group, X a symmetric

finite generating set of G. Then there exists D1 = D1(G,P, X) such that

the following holds:

Let h ∈ G be hyperbolic of infinite order with axis Y in Cay(G,X∪P).

Then for every z ∈ Z \ {0}:

|z|τ(h) + 2dX∪P(1, Y )−D1 ≤ |hz|X∪P ≤ |z|τ(h) + 2dX∪P(1, Y ) +D1
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Proof Since the axis of a power of a hyperbolic element is the same as

its axis and τ(hz) = |z|τ(h) for all z ∈ Z, it suffices to show the claim

for z = 1.

Let δ ≥ 0 such that Cay(G,X ∪ P) is δ-hyperbolic. Let h ∈ G be

hyperbolic of infinite order with axis Y in Cay(G,X ∪ P). Let g ∈ V Y

be of minimal X ∪ P-length.

Since g ∈ V Y , dX∪P(g, hg) ≤ τ(h) + C for some constant C inde-

pendent of g and h. Hence, it has to be shown that the lengths of the

(piecewise) geodesic paths [1, h] and [1, g] ∪ [g, hg] ∪ [hg, h] are equal up

to some additive constant independent of h.

If τ(h) is at least 100δ, the claim follows from the minimality of g

and the 2δ-thinness of the quadrilateral [1, g] ∪ [g, hg] ∪ [hg, h] ∪ [h, 1].

Thus, it can be assumed that τ(h) ≤ 100δ. Let x ∈ [1, g] with

dX∪P(x, g) = dX∪P(Y, [1, h]). Then dX∪P(x, hx) ≤ η for some constant

η = η(δ).

Applying the fact that detours in a hyperbolic space are exponentially

long to the path

[g, x] ∪ [x, hx] ∪ [hx, h2x] ∪ . . . ∪ [hN−1x, hNx] ∪ [hNx, hNg]

for an appropriate N ∈ N yields that dX∪P(Y, [1, h]) must be bounded

in terms of δ and τ(h), where the bound is monotonically decreasing in

τ(h).

By Osin ([22], Thm. 4.25), there is some d = d(G,P, X) > 0 such that

τ(h) ≥ d. Hence, there is an upper bound on dX∪P(Y, [1, h]) independent

of h.

Since τ(h) was assumed to be at most 100δ, this implies the desired

approximation. □

Lemma 2.12 Let (G,P) be a relatively hyperbolic group, X a symmetric

finite generating set of G. Then there exists D2 = D2(G,P, X) such that

the following holds:
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Let h ∈ gPig
−1 be a parabolic element of infinite order. Then:

2dX∪P(1, gPi)−D2 ≤ |h|X∪P ≤ 2dX∪P(1, gPi) + 1

Proof Let δ ≥ 0 such that the Cayley graph Cay(G,X ∪ P) is δ-

hyperbolic. Let ε = ε(2, 12δ) be the constant from Lemma 2.7. Let

h = gpg−1, where p ∈ Pi and g is of minimal X ∪ P-length in gPi.

Suppose first that |p|X ≥ ε. Let w ∈ (X ∪ P)∗ be a geodesic word

representing g, t be a path in Cay(G,X ∪P) labeled by wpw−1 and e be

the edge of t with label p.

Show that any subpath s of t which is (2, 12δ)-quasigeodesic is in fact

geodesic.

Since g is of minimalX∪P-length in gPi, e is an isolated Pi-component

of t. s is without backtracking, since w is geodesic, s is a (2, 12δ)-

quasigeodesic, and |p|X ≥ ε. If s does not contain e, it is a subpath

of a geodesic and therefore itself geodesic. Hence, assume s contains e.

Let s′ be a geodesic from s− to s+. Since s is a (2, 12δ)-quasigeodesic and

since |p|X ≥ ε, s′ must have a Pi-component connected to e. It follows

from the minimality of g, that s itself must be a geodesic.

It now follows that every subpath of t of length at most 12δ is geodesic.

Hence, t is a 12δ-local geodesic, which in turn implies that it is a (2, 2δ)-

quasigeodesic ([6], CH. III. H 1.13). Therefore, tmust itself be a geodesic.

Thus

|gpg−1|X∪P = 2|g|X∪P + 1 = 2dX∪P(1, gPi) + 1.

Now suppose |p|X < ε. Since X is finite, there are only finitely

many such p. The statement now follows analogously to the proof of

Lemma 2.11 by considering a quadrilateral with vertices 1, g, gp, gpg−1

in Cay(G,X ∪P) and noting that dX∪P(gPi, [1, gpg
−1]) is bounded from

above by some constant only depending on G, P and X. □

The following lemma shows, that the length of the product of an ele-

ment which is essentially orthogonal to a relatively quasiconvex subgroup
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with an element of this subgroup is the sum of the lengths of the two

elements, up to an additive constant.

Lemma 2.13 Let (G,P) be a relatively hyperbolic group, X a finite gen-

erating set of G. Let δ ≥ 0 such that Cay(G,X ∪ P) is δ-hyperbolic and

H a ν-relatively quasiconvex subgroup of G. Let g ∈ G such that g has

minimal X ∪ P-length in gH and let h ∈ H. Then:

|gh|X∪P ≥ |g|X∪P + |h|X∪P − 8δ − 2ν

The non-relative version of Lemma 2.13 was proven by Arzhantseva

([1], Lemma 9). The proof uses only the hyperbolicity of the Cayley graph

and the fact that a quasiconvex subgroup of a hyperbolic group is a qua-

siconvex subset of the Cayley graph. Hence, it immediately generalizes

to the relatively hyperbolic case. Note that they use a slightly different

but equivalent definition of hyperbolicity, which is why the constants also

differ slightly.

Combining all the previous lemmas of this section yields the following.

Lemma 2.14 Let (G,P) be a relatively hyperbolic group, X a finite gen-

erating set of G and H a ν-relatively quasiconvex subgroup of G. Then

there exists a D = D(G,P, X, ν) such that the following holds:

Let h ∈ H be of infinite order and g ∈ G of minimal X ∪P-length in

gH. Then

|ghg−1|X∪P ≥ |h|X∪P + 2|g|X∪P −D

Proof Let D1 = D1(G,P, X) and D2 = D2(G,P, X) be the constants

from Lemma 2.11 and Lemma 2.12. Let δ ≥ 0 such that Cay(G,X ∪ P)

is δ-hyperbolic. Let h ∈ H be of infinite order and g of minimal X ∪ P-

length in gH.

Suppose h is hyperbolic, let Y be the axis of h in Cay(G,X ∪P) and

x ∈ V Y such that |gx|X∪P = dX∪P(1, gx) = dX∪P(1, gY ). Since quadri-

laterals in Cay(G,X ∪P) are 2δ-thin, and H is ν-relatively quasiconvex,

it follows that there is some k ∈ H with dX∪P(k, x) ≤ 2δ + ν.
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Lemma 2.13 implies:

dX∪P(1, gY ) = |gx|X∪P

≥ |gk|X∪P − 2δ − ν

≥ |g|X∪P + |k|X∪P − 10δ − 3ν

≥ |g|X∪P + |x|X∪P − 12δ − 4ν

≥ |g|X∪P + dX∪P(1, Y )− 12δ − 4ν

Since gY is the axis of ghg−1, it follows by Lemma 2.11:

|ghg−1|X∪P ≥ τ(ghg−1) + 2dX∪P(1, gY )−D1

≥ τ(h) + 2|g|X∪P + 2dX∪P(1, Y )− 24δ − 8ν −D1

≥ |h|X∪P + 2|g|X∪P − 24δ − 8ν − 2D1

Now suppose that h is parabolic, let h = xpx−1 where p ∈ Pi and

|gx|X∪P = dX∪P(1, gxPi). Let w ∈ X∗ be a word representing x and

for n ∈ N let sn be a path in Cay(G,X ∪ P) starting in 1 and labeled

by wpnw−1. Since h ∈ H ∩ xPix
−1 is of infinite order, it follows from

Lemma 2.7 that the Pi-component of sn labeled by pn is connected to a

Pi-component of any geodesic from 1 to hn for large n ∈ N. Hence, there
must be some k ∈ H with dX∪P(k, x) ≤ ν + 1.

Lemma 2.13 implies:

dX∪P(1, gxPi) = |gx|X∪P

≥ |gk|X∪P − ν − 1

≥ |g|X∪P + |k|X∪P − 8δ − 3ν − 1

≥ |g|X∪P + |x|X∪P − 8δ − 4ν − 2

≥ |g|X∪P + dX∪P(1, xPi)− 8δ − 4ν − 2

It follows by Lemma 2.11:

|ghg−1|X∪P = |(gx)p(gx)−1|X∪P
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≥ 2dX∪P(1, gxPi)−D2

≥ 2|g|X∪P + 2dX∪P(1, xPi)− 16δ − 8ν − 4−D2

≥ |h|X∪P + 2|g|X∪P − 16δ − 8ν − 5−D2

Hence D := max{24δ+8ν+2D1, 16δ+8ν+5+D2} is as required.□

2.4 Inclusion of Relatively Quasiconvex Subgroups

Now let (G,P) be a relatively hyperbolic group with symmetric finite

generating set X, let Y ⊆ X∗ be a generating set of some subgroup

H ≤ G and let O = {O1, . . . , Om} where each Oj is a subgroup of

H ∩ P
gj
ij

with 1 ≤ ij ≤ n and gj ∈ X∗. Then there is a canonical way of

mapping each word in (Y ∪ O)∗ to some word in (X ∪ P)∗ representing

the same group element.

Definition 2.15 The canonical map ι : (Y ∪O)∗ → (X ∪P)∗ is defined

as the canonical extension of the map Y ∪O → (X ∪P)∗ that maps each

element of Y ⊆ (X ∪ P)∗ to itself and that maps every o ∈ Oj to the

unique word g−1
j pgj ∈ (X ∪ P)∗ representing o with p ∈ Pij .

A finitely generated subgroup of a hyperbolic group is quasiconvex, if

and only if the inclusion of the subgroup is a quasiisometric embedding.

Theorem & Definition 2.3 generalizes the forward implication by stating

that for a relatively quasiconvex subgroup H of G with induced structure

O the inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric embedding.

The following theorem and its proof are straightforward generaliza-

tions of a theorem by Osin ([22], Thm. 4.13) and can be viewed as gen-

eralizations of the converse implication in the above statement.

Theorem 2.16 Let G be a group with symmetric finite generating set

X and hyperbolic relative to a collection P = {P1, . . . , Pn} of subgroups

of G. Let H ≤ G with finite generating set Y ⊆ X∗.

Let O = {O1, . . . , Om} such that for each 1 ≤ j ≤ m there is some

1 ≤ ij ≤ n and gj ∈ X∗ with Oj ⊆ H ∩ P
gj
ij
.
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Suppose the inclusion (H, dY ∪O) → (G, dX∪P) is a (λ, c)-quasiiso-

metric embedding.

Then H is relatively quasiconvex in G and it is possible to compute a

constant ν as in Definition 2.2.

Proof Let

µ := max({|y| | y ∈ Y } ∪ {2|gj|+ 1 | 1 ≤ j ≤ m}).

Let h ∈ H and V = z1 . . . zl ∈ (Y ∪ O)∗ be a minimal word representing

h, i.e. l = |h|Y ∪O.

Define U := ι(V ), and let U0 be a subword of U , i.e.

U0 = Aι(zr) . . . ι(zr+s)B

with |A|, |B| ≤ µ.

Since every subword of V is geodesic, the following holds:

|U0| ≤ 2µ+ µ(s+ 1)

= 2µ+ µ|zr . . . zr+s|Y ∪O

≤ 2µ+ µ(λ|zr . . . zr+s|X∪P + λc)

≤ 2µ+ µ(λ(|U0|X∪P + 2µ) + λc)

Therefore, the path p in Γ(G,X ∪ P) from 1 to h, which is labeled

by U , is a (µλ, 2µ+ 2µ2λ+ µλc)-quasigeodesic.

Assume p has connected Pi-components. Then there is some subword

p1wp2 of U for some w ∈ (X ∪ P)∗ and p1, p2 ∈ Pi, which represents an

element p3 ∈ Pi. Replace the subpath of p labeled by p1wp2 with the

single edge connecting its endpoints and labeled by p3. This new path is

still a (µλ, 2µ+ 2µ2λ+ µλc)-quasigeodesic and its vertex set is a subset

of the vertex set of p.

Repeating this process eventually yields a (µλ, 2µ + 2µ2λ + µλc)-

quasigeodesic p̄ without backtracking, whose vertex set is a subset of the

vertex set of p.
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For any geodesic q in Γ(G,X∪P) from 1 to h and any vertex v of q it

follows with ε = ε(µλ, 2µ+2µ2λ+ µλc) as in the conclusion of Theorem

2.8, that there exists a vertex u of p̄ such that:

dX(u, v) ≤ ε.

Since dX(u,H) ≤ µ for any vertex u of p and therefore in particular

for any vertex of p̄, it follows that dX(v,H) ≤ ε+µ. Hence, H is relatively

quasiconvex as in Definition 2.2 with ν := ε+ µ. □

Remark 2.17 The inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric

embedding by Theorem & Definition 2.3, if O is some induced structure

on the relatively quasiconvex subgroup H of G.

It is however not the case that any structure O as in Theorem 2.16 for

which this inclusion is a quasiisometric embedding has to be an induced

structure. In fact, let G be a group with finite generating set X and

hyperbolic relative to P = {P1, . . . , Pn}, and O := {O1, . . . , On}, where
each Oi is a finite index subgroup of Pi and at least one Oi is a proper

subgroup of Pi. Then G is not hyperbolic relative O, since O is not an

almost malnormal collection (cf. Osin [22], Prop. 2.36), but the inclusion

(G, dX∪O) → (G, dX∪P) is a quasiisometric embedding.

Utilizing the canonical map allows to show the following consequence

of Theorem & Definition 2.3.

Lemma & Definition 2.18 Let G be be a group which is hyperbolic

relative P = {P1, . . . , Pk} and X a symmetric finite generating set of G.

Let M ≥ 0.

Then there exists ν such that for every relatively quasiconvex subgroup

H of G, which is generated by elements of X-length at most M , the

following hold:

1. H is ν-relatively quasiconvex.

2. There exist l ∈ N, and gi ∈ G and ni ∈ {1, . . . , k} for i ∈ {1, . . . , l}
such that:
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(a) |gi|X ≤ ν for all i ∈ {1, . . . , l}, and

(b) {H ∩ P gi
ni

| i ∈ {1, . . . , l}} is an induced structure of (G,P) on
H.

(c) Let s be a geodesic in Cay(G,X ∪ P) with lab(s) ∈ H. Let e

be a Pn-edge of s with lenX(e) ≥ ν and s = s1es2.

Then there exists some i ∈ {1, . . . , l} with n = ni, and a path

s′ = s′1s̄s
′
2 from s− to s+ with the following properties:

i. s′1 and s′2 are geodesics with lab(s′1), lab(s
′
2) ∈ H, and

ii. s̄ = r1e
′r2, where r1 and r2 are geodesics with lab(r1)

−1 =

lab(r2) = gi, and e′ is a Pn-edge connected to e with

dX(α(e), α(e
′)), dX(ω(e), ω(e

′)) ≤ ν.

In particular, lab(s̄) = g−1
i lab(e′)gi ∈ H ∩ P gi

ni
.

Let ν(G,P, X,M) be defined as the smallest such ν.

Proof Since there are only finitely many elements of G of X-length at

mostM , it suffices to show that for every relatively quasiconvex subgroup

H ≤ G, which is generated by elements of X-length at most M , there is

some νH fulfilling (a)-(c).

Let ν̄H ≥ 0 such that H is ν̄H-relatively quasiconvex and such that

there is some induced structure O := {H ∩ P gi
ni

| i ∈ {1, . . . , l}} of (G,P)
on H with |gi|X ≤ ν̄H for all i ∈ {1, . . . , l}. Let µ := max(M, 2ν̄H + 1).

Let Y be a finite generating set of H such that every element of Y

has X-length at most M . By Theorem & Definition 2.3, the inclusion

(H, dY ∪O) → (G, dX∪P) is a (λ, c)-quasiisometric embedding for some

λ ≥ 1 and c ≥ 0.

Now let s be a geodesic in Cay(G,X ∪ P) with lab(s) ∈ H. Let e be

a Pn-edge of s with lenX(e) ≥ ε := ε(µλ, 2µ+2µ2λ+µλc) and s = s1es2.

Let w = w1 . . . wm ∈ (Y ∪O)∗ be a shortest word representing lab(s).

Let t be the path in Cay(G,X ∪ P) starting in s− and labeled by ι(w).

Since every element of Y ∪ O is mapped by ι to a word of length at
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most µ, it follows analogously to the proof of Theorem 2.16 that t is

a (µλ, 2µ + 2µ2λ + µλc)-quasigeodesic. Hence, by Lemma 2.7, t has a

Pn-edge e
′ which is connected to e and whose endpoints have X-distance

at most ε from the endpoints of e.

Since t is labeled by ι(w), there must be a subpath s̄ = r1e
′r2 of t as

required. Moreover, for geodesics s′1 and s′2 from s− to s̄− and from s̄+

to s+, respectively, lab(s
′
1), lab(s

′
2) ∈ H.

The claim now follows for νH := max(ν̄H , ε). □

2.5 Paths with Long Parabolic Edges

The lemma proven in this section is one of the main tools for the proof of

Theorem 4.20. A similar result has been given by Mart́ınez-Pedrosa ([21],

Prop. 3.1). It states, that a path s0r1s1 . . . sk−1rksk in Cay(G,X ∪ P),

where the rj are long mutually not connected parabolic components and

where the sj are geodesics, is a quasigeodesic.

The main differences between their result and the following lemma

is the fact that the long parabolic components rj are replaced by long

parabolic edges pj and that the sj are only required to be quasigeodesics.

On the other hand, these relaxations necessitate a stronger restriction on

the backtracking which can occur.

Lemma 2.19 Let (G,P) be a relatively hyperbolic group with symmetric

finite generating set X. For any C,K ≥ 1, ε1 ≥ 0 let ε := ε(G,P, X, 1, K)

be the constant from Lemma 2.7 and let ε2 := 2K(Kε + ε1). Then the

following holds:

Let s = s0p1s1 . . . sk−1pksk be a path of length at most K in the Cayley

graph Cay(G,X ∪ P), such that the following conditions are satisfied:

1. The pj are P-edges of s with lenX(pj) > ε2,

2. every sj is a (C,C)-quasigeodesic, and

3. if ps′p′ is a subpath of s with

(a) p and p′ are Pi-paths,
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(b) lenX(p), lenX(p
′) ≥ ε1, and

(c) lenX(s
′) ≤ ε2

then lab(s′) /∈ Pi.

Then s is a (C2 + 3C,C2 + 3C)-quasigeodesic.

Proof Let s = s0p1s1 . . . sk−1pksk be a path of length at most K in

Cay(G,X ∪ P) fulfilling 1.-3. Since 1.-3. are inherited by subpaths, it

suffices to show that

|lab(s)|X∪P ≥ len(s)

C2 + 3C
− (C2 + 3C).

It can further be assumed w.l.o.g. that the pj are precisely the P-edges
of s with lenX(pj) > ε2.

Show the following auxiliary lemma:

Lemma 2.20 There is some N ∈ N0 with N ≤ len(s)− 1 ≤ K − 1 and

paths si = si1p
i
1s

i
2 . . . s

i
k−1p

i
ks

i
k from s− to s+ for i ∈ {0, . . . , N} such that

len(si) ≤ len(s) − i for i ∈ {0, . . . , N}, sN is without backtracking, and

for each si the following hold:

1. Every pij is a P-edge connected to pj with

lenX(p
i
j) > (2K − 2i + 1)(Kε+ ε1),

2. every sij is a (C,C)-quasigeodesic, and

3. if ps′p′ is a subpath of si with

(a) p and p′ are Pl-paths,

(b) lenX(p), lenX(p
′) ≥ 2i(Kε+ ε1)−Kε, and

(c) lenX(s
′) ≤ (2K − 2i+1 + 2)(Kε+ ε1)

then lab(s′) /∈ Pl.
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Proof First let s0 := s. It is clear, that s0 fulfills 1.-3. Now suppose

that s0, . . . , si are given and satisfy 1.-3. If si is without backtracking

then the claim follows with N = i.

Thus, assume that si has backtracking. Show that there is a path

si+1 satisfying 1.-3. with len(si+1) ≤ len(s)− (i+ 1).

Let us′u′ be a subpath of si, such that u and u′ are connected Pl-edges

and s′ is without backtracking and has no Pl-edges connected to u (and

therefore also none connected to u′).

Let si+1 be the path obtained from si by replacing us′u′ with a single

Pl-edge ui connecting its endpoints. Clearly,

len(si+1) ≤ len(si)− 1 ≤ len(s)− (i+ 1).

As s′ has length less than K it is a (1, K)-quasigeodesic. As s′ is

moreover without backtracking and none of its Pl-edges are connected to

u or u′, it follows from Lemma 2.7 that every P-edge of s′ has X-length

at most ε. This implies that s′ contains no pij and that

lenX(s
′) ≤ len(s′)ε ≤ Kε ≤ (2K − 2i+1 + 2)(Kε+ ε1).

Since si satisfies 3., this implies that

lenX(u) ≤ 2i(Kε+ ε1)−Kε

or

lenX(u
′) ≤ 2i(Kε+ ε1)−Kε.

Hence, there is at most one j ∈ {1, . . . , k}, such that u = pij or u′ = pij.

If neither is the case, then si+1 clearly satisfies 1. and 2. with pi+1
j := pij

for all j.

Hence, assume w.l.o.g u = pij and therefore

lenX(u
′) ≤ 2i(Kε+ ε1)−Kε.
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Thus, pij is connected to ui and

lenX(ui) ≥ lenX(u)− lenX(s
′)− lenX(u

′)

> (2K − 2i + 1)(Kε+ ε1)−Kε− (2i(Kε+ ε1)−Kε)

= (2K − 2i+1 + 1)(Kε+ ε1).

It follows that si+1 satisfies 1. and 2. with qi+1
j := ui and qi+1

j′ := qij′ for

every j′ ̸= j.

Now let ps′′p′ be a subpath of si+1 fulfilling 3.(a)-(c). If ui is not an

edge of ps′′p′, it follows from si satisfying 3. that lab(s′′) /∈ Pl.

Suppose ui is an edge of s′′, i.e. s′′ = v1uiv2. Recall that

lenX(u
′) ≤ 2i(Kε+ ε1)−Kε.

Thus:

lenX(v1us
′u′v2) = lenX(v1) + lenX(u) + lenX(s

′) + lenX(u
′) + lenX(v2)

≤ lenX(v1) + lenX(ui) + 2 lenX(s
′) + 2 lenX(u

′) + lenX(v2)

= lenX(s
′′) + 2(lenX(s

′) + lenX(u
′))

≤ (2K − 2i+2 + 2)(Kε+ ε1) + 2(Kε+ 2i(Kε+ ε1)−Kε)

= (2K − 2i+2 + 2)(Kε+ ε1) + 2i+1(Kε+ ε1)

= (2K − 2i+1 + 2)(Kε+ ε1)

Since si satisfies 3. it follows that lab(s′′) = lab(v1us
′u′v2) /∈ Pl.

Finally suppose that p = ui or p
′ = ui. W.l.o.g. assume p = ui and

therefore lenX(ui) ≥ 2i+1(Kε+ ε1)−Kε. It follows that

lenX(u) + lenX(u
′) ≥ lenX(ui)− lenX(s

′)

≥ 2i+1(Kε+ ε1)−Kε−Kε

= 2(2i(Kε+ ε1)−Kε).

Hence, lenX(u) ≥ 2i(Kε+ ε1)−Kε or lenX(u
′) ≥ 2i(Kε+ ε1)−Kε.

If lenX(u
′) ≥ 2i(Kε + ε1)−Kε, let s′′′ := s′′, otherwise let s′′′ := s′u′s′′.
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In either case, s′′′ is of length at most (2K − 2i+1 + 2)(Kε + ε1). Since

si satisfies 3., lab(s′′′) /∈ Pl, i.e. p = ui and p′ are not connected. Hence,

lab(s′′) /∈ Pl. □

Now let r be a geodesic from s− to s+. Since s
N is a (1, K)-quasigeo-

desic without backtracking and

lenX(p
N
j ) > (2K − 2N + 1)(Kε+ ε1) ≥ ε,

it follows from Lemma 2.7, that every pNj and therefore every pj must

be connected to a Pij -edge qj of r. Since every pNj is an isolated P-edge
of sN , the qj must be pairwise distinct. It is an easy consequence of

Lemma 2.7 that q1, . . . , qk appear in order in r, i.e. that r is of the form

r = r0q1r1 . . . qkrk. This implies that for each j ∈ {0, . . . , k}

dX∪P(α(rj), α(sj)), dX∪P(ω(rj), ω(sj)) ≤ 1.

If k ≥ len(s)
C2+3C

− (C2 + 3C), then

|lab(s)|X∪P = len(r) ≥ k ≥ len(s)

C2 + 3C
− (C2 + 3C).

If on the other hand k ≤ len(s)
C2+3C

− (C2 + 3C), it follows that

|lab(s)|X∪P = len(r) =
k∑

j=0

len(rl) + k

≥
k∑

j=0

|lab(sj)|X∪P − k

≥
k∑

j=0

(
1

C
len(sj)− C

)
− k

=
1

C

(
k +

k∑
j=0

len(sj)

)
− k

C
− (k + 1)C − k

=
1

C
len(s)− k

C
− (k + 1)C − k
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=
1

C
len(s)−

(
C + k

(
C + 1 +

1

C

))
≥ 1

C
len(s)−

(
C +

(
len(s)

C2 + 3C
− (C2 + 3C)

)
(C + 2)

)
=

(
1

C
− 1

C2 + 3C
(C + 2)

)
len(s)−

(
C − (C2 + 3C)(C + 2)

)
≥ len(s)

C2 + 3C
− (C2 + 3C),

which proves the claim. □

2.6 Trivial Segments of Graphs of Groups

Graphs of groups were introduced by Bass [3]. The following definition

provides the terminology used in this thesis.

Definition 2.21 A graph of groups A is a graph A together with

1. groups Ax for x ∈ V A ∪ EA such that Ae−1 = Ae for e ∈ EA, and

2. boundary monomorphisms αe : Ae → Aα(e) for e ∈ EA.

Define ωe := αe−1 : Ae → Aω(e).

An A-path t from t− ∈ V A to t+ ∈ V A is a tuple (a0, e1, a1, . . . , ek, ak),

where (e1, . . . , ek) is a path in A from t− to t+, a0 ∈ Av, and al ∈ Aω(el)

for l ∈ {1, . . . , k}.
For any i ≤ j ∈ {0, . . . , k} and āl ∈ {1, al} for l ∈ {i, j}, the A-path

s = (āi, ei+1, ai+1, . . . , aj−1, ej, āj) is called an A-subpath of t.

Two A-paths are called equivalent, if one can be transformed into the

other by a series of the following operations or their inverses:

1. Replace an A-subpath of the form (a, e, ωe(a
′), e−1, a′′) by (aαe(a

′)a′′).

2. Replace an A-subpath of the form (aαe(a
′), e, a′′) by (a, e, ωe(a

′)a′′).

For A-paths t = (a0, e1, a1, . . . , ek, ak) and t′ = (a′k, ek+1, ak+1 . . . , el, al)

with t+ = t′− the A-path

tt′ := (a0, e1, . . . , ek, aka
′
k, ek+1, . . . , el, al)
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is called the concatenation of t and t′.

For v0 ∈ V A the set π1(A, v0) of the equivalence classes of closed

A-paths in v0 together with the operation induced by concatenation is a

group called the fundamental group of A at the base point v0.

The fundamental groups of A at different base points are isomorphic.

In the statement of the combination theorem (Thm. 4.20) the notion

of a trivial segment of an A-path plays a crucial role.

Definition 2.22 Let A be a graph of groups. A non-degenerate, simple

path s = (e1, . . . , ek) in A is called a trivial segment of A, if

1. val(ω(el)) = 2 for all l ∈ {1, . . . , k − 1}, and

2. Aω(el) = 1 for all l ∈ {1, . . . , k − 1}.

Note that s is a (maximal) trivial segment, if and only if s−1 is a (max-

imal) trivial segment. Denote the number of pairs {s, s−1} of maximal

trivial segments by N(A).
Let t = (a0, e1, . . . , ek, ak) be an A-path and let

s = (1, ei, ai . . . , aj−1, ej, 1)

be an A-subpath of t. Then s is called a trivial segment of t, if (ei, . . . , ej)

is a trivial segment of A. Note that al = 1 for l ∈ {i, . . . , j − 1}.

A simple argument shows that there is the following upper bound on

N(A).

Lemma 2.23 Let A be a minimal graph of groups. Let A1, . . . ,An be

the components of A which arise from deleting all its edges and vertices

with trivial edge or vertex group. Then

N(A) ≤ 3b1(A) + 2n,

where b1(A) denotes the first Betti number of A.
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Proof Let Ā be the graph obtained from A by replacing every maximal

trivial segment of A with a single edge and every Ai with a single vertex.

A simple induction shows, that for any graph Γ the number of its

edges (counting both orientations) is bounded from above by 6b1(Γ)+4k,

where k is the number of its vertices of valence at most 2.

If A consists of a single loop edge then N(A) ≤ 1 and b1(A) = 1,

hence the claim is true. Otherwise, every vertex of Ā of valence 1 or 2

corresponds to some Ai and since N(A) is at most half the number of

edges of Ā, it follows:

N(A) ≤ 1

2
|EĀ| ≤ 3b1(Ā) + 2|{v ∈ V Ā | val(v) ≤ 2}| ≤ 3b1(A) + 2n

□
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3 Detecting Relatively Quasiconvex Sub-

groups

This chapter begins with a brief overview of distortion of subgroups and

how it relates to the solvability of the membership problem. Afterwards

the first main theorem is proven. This chapter concludes with a short

discussion of its results.

3.1 Distortion of Subgroups

Distortion functions are an important tool in proving the first main the-

orem. This section contains their definition and basic results which are

used in Section 3.2.

Definition 3.1 Let G be a group and H ≤ G a subgroup. Let X be a

finite generating set of G and Y a finite subset of G such that H ≤ ⟨Y ⟩.
Then

Dist
(H,Y )
(G,X) : N → N, n 7→ max{|h|Y | h ∈ H, |h|X ≤ n}

is the distortion function of H in G with respect to Y and X.

This definition somewhat generalizes the usual definition of distortion

functions. It does not require the set Y to be a generating set of the

subgroup H. Instead it allows for Y to be a generating set of some

subgroup of G containing H. In this sense it measures the distortion

between two induced word metrics on H.

The following two lemmas are straightforward consequences of the

definition:

Lemma 3.2 Let G be a group and H ≤ G. Let X be a finite generating

set of G and Y a finite subset of G such that H ≤ ⟨Y ⟩. Then the following

holds:

1. Let Y ′ be a finite subset of G such that H ≤ ⟨Y ′⟩ ≤ ⟨Y ⟩. Then:

Dist
(H,Y )
(G,X) ≤ max{|y′|Y | y′ ∈ Y ′} ·Dist(H,Y ′)

(G,X)
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2. Let g ∈ X∗. Then for all n ∈ N:

Dist
(Hg ,Y g)
(G,X) (n) ≤ Dist

(H,Y )
(G,X)(n+ 2|g|)

Lemma 3.3 Let G be a group and H2 ≤ H1 ≤ G subgroups. Let

X, Y1, Y2 be finite generating sets of G, H1 and H2 respectively. Then:

Dist
(H2,Y2)
(G,X) ≤ Dist

(H2,Y2)
(H1,Y1)

◦Dist(H1,Y1)
(G,X)

Proof Let n ∈ N and h ∈ H2 with |h|X ≤ n. Since distortion functions

are monotonous, the following holds:

|h|Y2 ≤ Dist
(H2,Y2)
(H1,Y1)

(|h|Y1)

≤ Dist
(H2,Y2)
(H1,Y1)

(
Dist

(H1,Y1)
(G,X) (|h|X)

)
≤ Dist

(H2,Y2)
(H1,Y1)

◦Dist(H1,Y1)
(G,X) (n)

□

It is well-known (cf. [10]) that maximal parabolic subgroups of a

finitely generated relatively hyperbolic group are undistorted, i.e. have

a linear distortion function. In fact, a result by Osin ([22], Lemma 5.4)

states that, up to some computable constants, the distortion function of

a peripheral subgroup is bounded in terms of the relative Dehn function.

This implies:

Theorem 3.4 Let G be a group which is finitely presented relative to

some peripheral structure P = {P1, . . . , Pn}. Let X and Xi be finite

generating sets for G and each Pi respectively.

Suppose the relative Dehn function of (G,P) is computable.

Then Dist
(Pi,Xi)
(G,X) is computable.

The final theorem in this section gives a connection between the com-

putation of a distortion function and the solution to the corresponding

membership problem. (cf. Farb [11], Proposition 2.1)

30



Theorem 3.5 Let G be a group and H ≤ G. Let X be a finite generating

set of G and Y ⊆ X∗ finite, such that H ≤ ⟨Y ⟩. Suppose a solution to

the word problem of G is given. Then

1. given a solution to the membership problem of (G,H) it is possible

to compute Dist
(H,Y )
(G,X), and

2. given an algorithm that computes Dist
(H,Y )
(G,X) it is possible to construct

a solution to the membership problem of (G,H).

Proof Suppose a solution to the membership problem of (G,H) is given.

Let n ∈ N.
Using the solution of the membership problem of (G,H), it is possible

to compute the set

W := {w ∈ X∗ | |w| ≤ n, w ∈ H},

which contains representatives of all elements h ∈ H with |h|X ≤ n.

With the solution to the word problem in G it is now possible to

determine the Y -lengths of all elements which are represented by a word

in W .

The maximum of all these lengths is precisely Dist
(H,Y )
(G,X)(n).

Suppose now an algorithm computing Dist
(H,Y )
(G,X) is given. Let w ∈ X∗.

By definition of Dist
(H,Y )
(G,X), the element represented by w lies in H,

if and only if there is a word w′ ∈ Y ∗ representing this element with

|w′| ≤ Dist
(H,Y )
(G,X)(|w|).

Since a solution to the word problem in G is given, it is possible

to decide for all w′ ∈ Y ∗ with |w′| ≤ Dist
(H,Y )
(G,X)(|w|), whether ι(w′)w−1

represents the trivial element in G. □

3.2 Detection Algorithm

In this section the following is always assumed:

G is a group with symmetric finite generating setX andG is relatively

hyperbolic with respect to a collection of subgroups P = {P1, . . . , Pn}.
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There is a finite relative presentation ⟨X,P1, . . . , Pn | R⟩ of (G,P). Each
Pi has a finite presentation ⟨Xi | Ri⟩, where Xi is given as a subset of

X∗. H is a subgroup of G with finite generating set Y ⊆ X∗.

The goal of this section is to prove Theorem 1.1 by giving an explicit

algorithm. The core idea of this algorithm will be to successively check for

all possible peripheral structures O of H as in Theorem 2.16, whether the

inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric embedding. If such

a structure O exists, then by Theorem 2.16, H is relatively quasiconvex

in G.

However, as mentioned in Remark 2.17, this structure O does not

always need to be an induced structure. It turns out that to verify both

that the above inclusion is a quasiisometric embedding as well as that O
is an induced structure it is helpful to check for the existence of elements

as described in the following lemma. Their existence is an obstruction to

O being an induced structure.

Lemma 3.6 Let O = {O1, . . . , Om} be a peripheral structure of H con-

sisting of subgroups Oj ⊆ H ∩ P
gj
ij

for some 1 ≤ ij ≤ n and gj ∈ X∗.

Suppose for j, k ∈ {1, . . . ,m} with i := ij = ik there is h ∈ H ∩
g−1
j Pigk with h /∈ Oj if j = k.

Then

� Oj or Ok is not maximal parabolic, or

� j ̸= k and Oj and Ok are conjugated in H.

Proof If j = k, this is obvious. In this case, h /∈ Oj and therefore Oj

is a proper subgroup of the parabolic group ⟨Oj, h⟩ ⊆ H ∩ P
gj
i , i.e. Oj is

not maximal parabolic.

If on the other hand j ̸= k and h = g−1
j pgk for some p ∈ Pi, then:

Oh
j ⊆ (H ∩ P

gj
i )h = Hh ∩ P pgk

i = H ∩ P gk
i

This implies that ⟨Oh
j , Ok⟩ is a subgroup of H ∩ P gk

i . So either Oj or

Ok are not maximal parabolic or Oh
j = Ok. □
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To verify that the inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric

embedding it is sufficient to verify that all geodesic words w ∈ (Y ∪O)∗

are mapped to (λ, c)-quasigeodesic words ι(w) ∈ (X ∪ P)∗ under the

canonical map ι, where λ and c are independent of w. Since (Y ∪ O)∗

contains words of arbitrary length over an infinite alphabet, it is not

immediately clear how to verify this property algorithmically.

The reduction to words of bounded length is easy due to the well-

known property of hyperbolic spaces that for appropriate constants, local

quasigeodesics are quasigeodesics. Hence, it suffices to show for appro-

priate constants L, λ and c that geodesic words of length at most L are

mapped to (λ, c)-quasigeodesic words.

The problem of the infinite alphabet can be handled by an application

of Theorem 2.8. It implies, that for any two quasigeodesic words in

(X ∪P)∗ representing the same element and without backtracking every

long Pi-component of one of the quasigeodesics has to be connected to a

Pi-component of the other one. This means that every sufficiently long

Pi-component of the image ι(w) of some word w ∈ (Y ∪O)∗ is connected

to a Pi-component of any geodesic word in (X ∪ P)∗ representing the

same element, provided that ι(w) is without backtracking. It is therefore

enough to verify that all geodesic words in (Y ∪ O)∗ with short Oj-

components are mapped to uniformly quasigeodesic words.

This is made more precise and proved in Lemma 3.8, but the proof

requires a way to ensure that the canonical map ι maps geodesic words

to words without backtracking. It turns out that this backtracking can

only occur, if there are short words as described in Lemma 3.6.

Lemma 3.7 Let O = {O1, . . . , Om} be a peripheral structure of H con-

sisting of subgroups Oj ⊆ H ∩ P
gj
ij

for some 1 ≤ ij ≤ n and gj ∈ X∗.

Let L, λ ≥ 1, c ≥ 0 and

µ := max({|y| | y ∈ Y } ∪ {2|gj|+ 1 | 1 ≤ j ≤ m}).
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Let ε = ε(λ, c+ µ) be as in the conclusion of Theorem 2.8 and

D = max
1≤j≤m

(
Dist

(Oj ,Y )

(G,X) (ε+ 2|gj|)
)
.

Suppose that

1. for any geodesic word w ∈ (Y ∪ O)∗ with |w| ≤ L, for which ι(w)

is without backtracking, ι(w) ∈ (X ∪ P)∗ is a (λ, c)-quasigeodesic

word, and

2. there is some geodesic word w ∈ (Y ∪ O)∗ with |w| ≤ L such that

ι(w) has backtracking.

Then there is h ∈ H ∩ g−1
j Pigk with i = ij = ik, h /∈ Oj if j = k, and

|h|Y ≤ Dλ(µ+ c)

Proof Let w ∈ (Y ∪O)∗ be a geodesic word with |w| ≤ L. Suppose the

path v in Γ(G,X∪P) starting at 1 and labeled by ι(w) has backtracking.

Then there is a subword o1ho2 of w with h ∈ (Y ∪O)∗, o1 ∈ Oj, o2 ∈ Ok

and i := ij = ik such that the Pi-components p1 and p2 of the subword

ι(o1ho2) = g−1
j p1gj ι(h) g

−1
k p2gk

of ι(w) are connected and that ι(h) is without backtracking and has no

Pi-component connected to p1 and p2. If j = k, then h /∈ Oj since w is

geodesic and therefore without backtracking.

Since p1 and p2 are connected, gjhg
−1
k represents some element p ∈ Pi.

As a subword of w, h is geodesic with |h| ≤ L and since ι(h) is without

backtracking, it is (λ, c)-quasigeodesic by assumption 1. Hence:

|h|Y ∪O ≤ |ι(h)| ≤ λ|h|X∪P + λc = λ|g−1
j pgk|X∪P + λc ≤ λ(µ+ c)

Now p−1gjι(h)g
−1
k is a (λ, c+µ)-quasigeodesic without backtracking and

representing the trivial element. The choice of ε implies that all of its

P-components must have a dX-length of at most ε. Since every Oj-

component o of h is mapped under ι to g−1
j pgj for some Pij -component
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p of ι(h), it follows that |o|X ≤ ε + 2|gj|. The choice of D then implies

|o|Y ≤ D, which in turn implies

|h|Y ≤ Dλ(µ+ c). □

It is now possible to prove the following lemma, which states that

under the right conditions it suffices to check whether short geodesic

words with short O-components in (Y ∪O)∗ are mapped to quasigeodesic

words in (X∪P)∗ to verify that the same is true for short geodesic words

with arbitrarily large O-components.

Lemma 3.8 Let O = {O1, . . . , Om} be a peripheral structure of H con-

sisting of subgroups Oj ⊆ H ∩ P
gj
ij

for some 1 ≤ ij ≤ n and gj ∈ X∗.

Let µ := max({|y| | y ∈ Y } ∪ {2|gj|+1 | 1 ≤ j ≤ m}), N ≥ 2(µ+1)2

and L ≥ 1. Let ε = ε(N,N + µ) be as in the conclusion of Theorem 2.8,

C :=
√

N
2
− µ and

D = max
1≤j≤m

(
Dist

(Oj ,Y )

(G,X) (ε+ 2|gj|)
)
.

Suppose that

1. for every geodesic word w ∈ (Y ∪ O)∗ with |w| ≤ L and |o|Y ≤ D

for every letter o ∈ O of w the word ι(w) is a (C,C)-quasigeodesic

word in (X ∪ P)∗, and

2. there is no h ∈ H ∩ g−1
j Pigk with i = ij = ik, h /∈ Oj if j = k, and

|h|Y ≤ DN(µ+N).

Then for every geodesic w ∈ (Y ∪ O)∗ with |w| ≤ L the word ι(w) is a

(N,N)-quasigeodesic word in (X ∪ P)∗.

Proof By Lemma 3.7 and assumption 2., it suffices to show the claim for

w ∈ (Y ∪O)∗ geodesic with |w| ≤ L such that the path v′ in Γ(G,X ∪P)

starting at 1 and labeled by ι(w) is without backtracking.

If |o|Y ≤ D for every letter o ∈ O of w, then ι(w) is a (C,C)-

quasigeodesic by assumption 1. and the claim follows as C ≤ N .
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Thus, assume there is some letter o ∈ Oj of w with |o|Y ≥ D. Hence,

o = g−1
j pgj for some p ∈ Pij . It follows that

Dist
(Oj ,Y )

(G,X) (|o|X) ≥ |o|Y ≥ D ≥ Dist
(Oj ,Y )

(G,X) (ε+ 2|gj|).

The monotony of the distortion function implies that

|p|X ≥ |o|X − 2|gj| ≥ ε.

Since ι(w) is without backtracking, it follows from Theorem 2.8 that

a geodesic v in Γ(G,X ∪ P) from 1 to w must have a Pij -component

connected to the Pij -component p of ι(w).

If w has at least |ι(w)|
N

− (N − 2µ) of such long O-components, i.e.

O-components of dX-length at least ε + 2|gj|, then v must have at least

the same number of P-components and therefore:

|w|X∪P = |v| ≥ |ι(w)|
N

− (N − 2µ)

Suppose now that w has k ≤ |ι(w)|
N

− (N − 2µ) long O-components.

Then w can be written as w1o1w2o2 . . . okwk+1, where the ol are the long

O-components of w and w1, . . . , wk+1 ∈ (Y ∪O)∗ are the (possibly empty)

subwords of w between them. Each ol is mapped under ι to some word

g−1
jl
plgjl , where pl ∈ Pijl

is a P-component of ι(w). The geodesic v must

then have P-components q1, . . . , qk, where each ql is connected to the P-
component pl of ι(w). Using Theorem 2.8 and the choice of ε, it is easy

to show that q1, . . . , qk appear in v in order, i.e. that v is of the form

v1q1v2q2 . . . qkvk+1. This implies that for each l ∈ {1, . . . , k + 1}

|vl|X∪P ≥ |wl|X∪P − 2(max{|gj| | 1 ≤ j ≤ m}+ 1).

Since the wl are shorter than w and contain no long O-components,

their images ι(wl) are (C,C)-quasigeodesic by assumption 1. It follows

that:
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|w|X∪P = |v| =
k+1∑
l=1

|vl|X∪P + k

≥
k+1∑
l=1

|wl|X∪P − 2k(max{|gj| | 1 ≤ j ≤ m}+ 1) + k

≥
k+1∑
l=1

(
1

C
|ι(wl)| − C

)
− kµ

=
1

C

(
kµ+

k+1∑
l=1

|ι(wl)|

)
− kµ

C
− (k + 1)C − kµ

≥ 1

C
|ι(w)| − kµ

C
− (k + 1)C − kµ

=
1

C
|ι(w)| −

(
C + k

(
C +

(
1 +

1

C

)
µ

))
≥ 1

C
|ι(w)| −

(
C +

(
|ι(w)|
N

− (N − 2µ)

)
(C + 2µ)

)
=

(
1

C
− 1

N
(C + 2µ)

)
|ι(w)| − (C − (N − 2µ)(C + 2µ))

Since C ≤ N − 2µ and 2C(C + µ) ≤ N , it follows again that:

|w|X∪P ≥ |ι(w)|
N

− (N − 2µ)

Now let w′ be a non-trivial subword of ι(w). Let s be minimal, such

that w′ is a subword of ι(wr . . . wr+s) for some r ∈ {1, . . . , k + 1}. It

follows that:

|w′|X∪P ≥ |ι(wr . . . wr+s)|X∪P − 2µ ≥ |ι(wr . . . wr+s)|
N

−N ≥ |w′|
N

−N

Hence, ι(w) is (N,N)-quasigeodesic. □

The rest of this section is dedicated to the proof of the main theorem:

Theorem 1.1 Suppose that for all i ∈ {1, . . . , n} the following are given:

1. a solution to the membership problem of (Pi, O) for every finitely
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generated subgroup O ≤ Pi and

2. an algorithm, which decides whether a given finitely generated sub-

group of some Pi is finite.

Then there is a semi-algorithm which stops, if and only if H is a

relatively quasiconvex subgroup of G, and if it stops, it returns

� generating sets of an induced structure O on H, and

� λ ≥ 1, c ≥ 0, such that the inclusion (H, dY ∪O) → (G, dX∪P) is a

(λ, c)-quasiisometric embedding.

We will first prove an auxiliary lemma:

Lemma 3.9 In the situation of Theorem 1.1, the following operations

can be executed in finite time:

(O1) For g ∈ G, finitely generated O ≤ H ∩ P g
i and n ∈ N compute

Dist
(O,Y )
(G,X)(n).

(O2) For w ∈ X∗ and finitely generated O ≤ H ∩ P g
i decide, whether w

represents an element in O.

(O3) For C ≥ 1 and w ∈ (X ∪ P)∗ decide, whether w is a (C,C)-

quasigeodesic word.

Proof By assumption 1., a solution to the word problem in each Pi is

given. By Zhang ([24], Thm. 4.1.12) it is therefore possible to construct

a solution to the word problem in G.

(O1) Let g ∈ G, O ≤ H ∩ P g
i with finite generating set S ⊆ Y ∗ and

k ∈ N.

By Theorem 2.5, an upper bound for the relative Dehn function of

(G,P) can be computed. It follows from Theorem 3.4, that it is

possible to compute Dist
(Pi,Xi)
(G,X) . Since a solution to the membership
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problem of (Pi, O
g−1

) is given, Theorem 3.5 implies that it is pos-

sible to construct an algorithm that computes Dist
(Og−1

,Sg−1
)

(Pi,Xi)
. Let

L := max{|s|Y | s ∈ S}. By Lemma 3.2 and Lemma 3.3:

Dist
(O,Y )
(G,X)(k) ≤ L ·Dist(O,S)

(G,X)(k)

≤ L ·Dist(O
g−1

,Sg−1
)

(G,X) (k + 2|g|)

≤ L ·
(
Dist

(Og−1
,Sg−1

)
(Pi,Xi)

◦Dist(Pi,Xi)
(G,X)

)
(k + 2|g|)

Therefore, an upper bound for Dist
(O,Y )
(G,X)(k) can be computed. With

this upper bound it is further possible to compute Dist
(O,Y )
(G,X)(k)

itself.

(O2) As explained above, it is possible to construct a solution to the word

problem in G. Since Dist
(O,Y )
(G,X) is computable, it is by Theorem 3.5

possible to construct a solution to the membership problem for

(G,O).

(O3) It suffices to show that it is possible for any w ∈ (X ∪ P)∗ to

compute |w|X∪P .

Since Dist
(Pi,Xi)
(G,X) can be computed for all i ∈ {1, . . . , n}, the mem-

bership problem of (G,Pi) is solvable by Theorem 3.5. Hence, it is

possible to construct a word w′ ∈ (X ∪ P)∗ representing the same

element as w which is without backtracking.

Let ε(|w′|, |w′|) be as in the conclusion of Theorem 2.8 and let

v ∈ (X ∪P)∗ be a geodesic word representing the same element as

w. Since v and w′ are obviously (|w′|, |w′|)-quasigeodesic, it follows
from Theorem 2.8 that the |·|X-length of the P-components of v is

bounded by:

max{|p|X | p is a P-component of w′}+ 2ε

Since solutions to the membership problem for (G,Pi) and the word
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problem for Pi are given, it is possible to find a shortest word in

(X ∪ P)∗ with P-components of bounded length as above, which

represents the same element as w. The length of this word is then

|w|X∪P . □

Proof (of Theorem 1.1) The algorithm is as follows:

Use the algorithm of Theorem 2.5 to compute a hyperbolicity constant

δ for the Cayley graph Γ(G,X ∪ P).

Begin enumerating all m ∈ N as well as gj ∈ G, ij ∈ {1, . . . , n} and

finite sets Yj ⊆ H ∩ P
gj
ij

for all j ∈ {1, . . . ,m}. This is possible, since

(O2) provides a solution to the membership problem of (G,Pi) for all

i ∈ {1, . . . , n}, and hence the set of all triples (h, g, i) ∈ H×G×{1, . . . , n}
with ghg−1 ∈ Pi can be computed.

While enumerating these sets, run the following partial algorithm for

each new set in parallel:

� Step 1:

Let µ := max({|y| | y ∈ Y } ∪ {2|gj| + 1 | 1 ≤ j ≤ m}) and

N := ⌈2(µ+ 1)2⌉. Continue with step 2.

� Step 2:

There are computable constants L > 0 and λ ≥ 1, c ≥ 0 only de-

pending on δ and N , such that every (L,N,N)-local-quasigeodesic

in Γ(G,X ∪P) is a (λ/µ, c)-quasigeodesic. (cf. Coornaert et al. [8],

Ch. 3, Thm. 1.4)

Let C :=
√

N
2
− µ and ε = max{ε(λ/µ, c + µ), ε(N,N + µ)} as in

the conclusion of Theorem 2.8. Using (O1), find an upper bound

D ≥ max
1≤j≤m

(
Dist

(Oj ,Y )

(G,X) (ε+ 2|gj|)
)

Continue with step 3.

� Step 3:
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Utilizing (O2), check for all j, k ∈ {1, . . . ,m} with i := ij = ik

and for all h ∈ Y ∗ with |h| ≤ max {DN(µ+N), D(λ/µ)(µ+ c)},
whether gjhg

−1
k ∈ Pi and h /∈ Oj if j = k.

If no such h is found, continue with step 4, else terminate this

instance of the partial algorithm.

� Step 4:

Check with (O3) for every geodesic word w ∈ (Y ∪O)∗ with |w| ≤ L

and |o|Y ≤ D for every letter o ∈ O of w, whether ι(w) is a (C,C)-

quasigeodesic word in (X ∪ P)∗.

If there is a word w such that ι(w) is not (C,C)-quasigeodesic,

increase N by one and repeat from step 2, else continue with step 5.

� Step 5:

Using the algorithm from assumption 2., check whether Oj is finite

for every j ∈ {1, . . . ,m}. Eliminate all finite peripheral subgroups

from O.

Terminate the whole algorithm and return the constructed periph-

eral structure O of H as well as λ and c.

First, assume this algorithm terminates. The elimination of all fi-

nite peripheral subgroups in step 5 does not change that, as determined

in step 4, all geodesic words w ∈ (Y ∪ O)∗ with |w| ≤ L and short

O-components are mapped to (C,C)-quasigeodesics under ι. So every

geodesic word w ∈ (Y ∪ O)∗ with |w| ≤ L is according to Lemma 3.8

mapped to a (N,N)-quasigeodesic word in (X ∪ P)∗.

Therefore, every geodesic word w ∈ (Y ∪ O)∗ is mapped under ι

to a (L,N,N)-locally-quasigeodesic word. Because of the choice of L

and N , the inclusion (H, dY ∪O) → (G, dX∪P) is a (λ, c)-quasiisometric

embedding. In particular, H is relatively quasiconvex in (G,P) by The-

orem 2.16.
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It remains to show that O is an induced structure. Let i ∈ {1, . . . , n}
and g ∈ X∗ such that H ∩ P g

i is infinite. If h ∈ H ∩ P g
i , then:

|h|Y ∪O ≤ λ|h|X∪P + λc ≤ λ(2|g|+ 1) + λc

Since H ∩ P g
i is infinite but also contained in a ball of finite radius in

Γ(H,Y ∪O), there has to be some geodesic word w = w1ow2 ∈ (Y ∪O)∗,

representing an element g−1pg ∈ H ∩ P g
i , which contains an Oj-com-

ponent o = g−1
j p′gj of |·|Y -length at least D. The Pij -component p′ of

ι(w) = ι(w1)g
−1
j p′gjι(w2) therefore has |·|X-length at least ε.

By Theorem 2.8, i = ij and the Pi-components p of g−1pg ∈ (X ∪P)∗

and p′ of ι(w) are connected. This means that p′′ := gjw
−1
1 g−1 ∈ Pi and

therefore:

O
w−1

1
j ⊆ (H ∩ P

gj
i )w

−1
1 = Hw−1

1 ∩ P p′′g
i = H ∩ P g

i

It now suffices to show that Oj = H ∩ P
gj
i for all 1 ≤ j ≤ m.

Since geodesic words of arbitrary length are mapped to (λ/µ, c)-

quasigeodesic words under ι and since there is no h ∈ H ∩ P
gj
i \Oj with

|h|Y ≤ D λ
µ
(µ+ c), ι must map all geodesic words to words without back-

tracking by Lemma 3.7. This implies that there can be no h ∈ H∩P gj
i \Oj

at all. Therefore H ∩ P
gj
i = Oj.

Conversely it is easy to see, that the algorithm will terminate if H is

relatively quasiconvex in G:

Since (G,P) is relatively hyperbolic, the algorithm of Dahmani from

Theorem 2.5 will terminate. Since all subgroups in the induced struc-

ture of a finitely generated relatively quasiconvex subgroup are finitely

generated (Osin [22], Proposition 2.29), it is also clear that enumerating

the sets on which to run the partial algorithm will eventually produce an

induced structure, if H is relatively quasiconvex. For an induced struc-

ture the inclusion (H, dY ∪O) → (G, dX∪P) is a quasiisometric embedding

(cf. Hruska [15], Thm. 10.1), hence the partial algorithm will terminate

for such a structure. □
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3.3 Discussion

This section first discusses the necessity of the main theorem’s assump-

tions and to what extend it might be possible to relax or even omit them.

Secondly, a more constructive approach to the algorithm is sketched and

evaluated.

The given algorithm relies strongly on the solutions to the member-

ship problems provided by assumption 1. In particular step 3 of the par-

tial algorithm depends on these solutions, since it searches for parabolic

elements of H, which are not accounted for by the peripheral structure.

A meaningful relaxation of these conditions, if at all possible, would

therefore at least require a fundamental change of the algorithm.

In contrast, it is possible to prove a version of the main theorem, which

does not require the decidability of the finiteness of finitely generated

parabolic subgroups. In this version of the algorithm the elimination of

the finite peripheral subgroups in step 5 is dropped. The consequence of

this modification is that the returned peripheral structure will consist of

an induced structure together with a collection of finite groups.

It is also easy to see that assumption 2. is a necessary condition to

eliminate the finite subgroups from the induced structure:

Let G be a group with solvable word problem and H a finitely generated

subgroup of G. H is relatively quasiconvex in (G, {G}) and the induced

structure of (G, {G}) on H is {H} if H is infinite and ∅ if H is finite.

Therefore any algorithm determining the induced structure of H also

determines whether H is finite.

The given algorithm relies on the ability to verify, whether a given

peripheral structure of H is an induced structure and then systematically

checks every possible peripheral structure until it finds an induced one.

It is also possible to take a more constructive approach to finding an

induced structure. Instead of terminating the partial algorithm in step 3

if an h fulfilling the conditions is found, it would be possible to modify

the peripheral structure according to Lemma 3.6, i.e. adding h to Yj if

j = k and replacing Yj and Yk by Y h
j ∪ Yk if j ̸= k, and then repeat from
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step 2.

Through this process the peripheral subgroups will be replaced by

pairwise non-conjugate maximal parabolic subgroups eventually. How-

ever, this new peripheral structure does not have to include an induced

structure, since it is not clear at the beginning of this process, that for

every infinite maximal parabolic subgroup of H there is a peripheral sub-

group in O which can in H be conjugated into this maximal parabolic

subgroup.

A more constructive approach would therefore require the addition

of new groups to the peripheral structure, as well as the modification

of peripheral groups as described above. Without the ability to verify

that a given peripheral structure is not an induced structure this still

requires running parallel partial algorithms. Hence it is in general not

clear which approach is the more efficient for a concrete implementation

of the algorithm.

The algorithm given in the proof above was chosen because it requires

less careful bookkeeping than the constructive approach and is therefore

more comprehensible.
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4 Combining Relatively Quasiconvex Sub-

groups

4.1 Carrier Graphs

This section introduces the concept of a carrier graph of groups and

applies it to the setting of a torsion-free relatively hyperbolic group.

For a hyperbolic manifold M , a carrier graph of M is a graph X

together with a π1-surjective map X → M . Carrier graphs can be used

to study the fundamental groups of hyperbolic manifolds. For example,

Biringer and Souto [5] used them to study the ranks of the fundamental

groups of mapping tori of closed orientable surfaces.

The following definition of a carrier graph of groups is an algebraic

version of the concept of a carrier graph.

Definition 4.1 Let G be a group. A G-carrier graph of groups is a

triple

A = (A, (ge)e∈EA, E0)

such that the following hold:

1. A is a graph of groups such that Ax ≤ G for all x ∈ EA ∪ V A.

2. ge ∈ G for any e ∈ EA such that ge−1 = g−1
e for all e ∈ EA.

3. E0 is an orientation of A, i.e. EA = E0 ⊔ E−1
0 .

4. For any e ∈ E0 the following hold:

(a) Ae is a subgroup of Aα(e) and αe : Ae → Aα(e) is the inclusion

map.

(b) The map ωe : Ae → Aω(e) is given by ωe(a) = g−1
e age for all

a ∈ Ae.

The additional information introduced by the ge yields a canonical

homomorphism of the fundamental group of A into G.
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Lemma & Definition 4.2 Let G be a group and A = (A, (ge)e∈EA, E0)

be a G-carrier graph of groups. For any A-path t = (a0, e1, a1, . . . , ek, ak)

let

νA(t) := a0ge1a1 · . . . · gekak.

This induces a well-defined group homomorphism

νA : π1(A, v0) → G, [t] 7→ νA([t]) := νA(t).

A is then called a G-carrier graph of groups of H := Im νA.

If G is clear from the context then A will simply be called a carrier

graph of groups or even just a carrier of H.

When working with a carrier graph A it is sometimes helpful to con-

sider a subdivision of A.

Definition 4.3 Let G be a group and A = (A, (ge)e∈EA, E0) a G-carrier

graph of groups.

Let e ∈ E0. A subdivision of A along e is a G-carrier graph of groups

A′ = (A′, (ge)e∈EA′ , E ′
0) with the following properties:

1. V A′ = V A ⊔ {v},

2. EA′ = EA ⊔ {e′±1, e′′±1} \ {e±1}, E ′
0 = E0 ⊔ {e′, e′′} \ {e},

3. α(e′) = α(e), ω(e′) = α(e′′) = v, ω(e′′) = ω(e),

4. ge′ , ge′′ ∈ G with ge = ge′ge′′ and |ge|X∪P = |ge′|X∪P + |ge′′ |X∪P ,

5. A′
e′ = Ae, Av = Ae′′ = g−1

e′ Aege′ , and

6. αe′(a
′) = αe(a

′), ωe′(a
′) = g−1

e′ a
′ge′ , αe′′(a

′′) = a′′, ωe′′(a
′′) = g−1

e′′ a
′′ge′′

for all a′ ∈ A′
e′ , a

′′ ∈ A′
e′′ .

It is obvious that such a subdivision exists for any decomposition of

ge as described in 4. Moreover, for any v0 ∈ V A there exists a canonical

isomorphism ϕ : π1(A, v0) → π1(A′, v0) such that νA = νA′ ◦ ϕ.
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A tree Y of diameter at most 2 is called a star. A vertex v ∈ V Y

of a star Y is called central if any vertex of Y has a distance of at most

one from v. Note that the central vertex of a star is unique, unless Y

consists of a single edge.

In the case of subgroups of torsion-free relatively hyperbolic groups

we are interested in a restricted class of carrier graphs of groups.

Definition 4.4 Let G be a torsion-free group that is hyperbolic relative

to a peripheral structure P = {P1, . . . , Pn}. A (G,P)-carrier graph of

groups is a pair

(A, ((Ci, ci))1≤i≤k)

such that the following is satisfied:

1. A = (A, (ge)e∈EA, E0) is a G-carrier graph of groups.

2. For each i ∈ {1, . . . , k} there exists mi ∈ {1, . . . , n} such that Ci
is a Pmi

-carrier star of groups with central vertex ci. Moreover all

boundary monomorphisms of Ci are isomorphisms.

3. (Ci)1≤i≤k is a disjoint family of G-sub-carrier graphs of groups of

A, such that every edge of A incident to ci is in ECi. We call the

vertices and edges of the Ci peripheral.

4. If Ae ̸= 1 then e is peripheral or e is incident to a unique peripheral

vertex.

5. α(e) is peripheral for any e ∈ E0 with Ae ̸= 1. If e ∈ E0 ∩ ECi,

then α(e) = ci.

Non-peripheral edges of A with non-trivial edge group, and non-peripheral

vertices of A with non-trivial vertex group are called essential.

The following two definitions give some more useful terminology in

the context of (G,P)-carrier graphs of groups.
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Definition 4.5 Let (A, ((Ci, ci))1≤i≤k) be a (G,P)-carrier graph of groups.

Let p = (e1, . . . , ek) be a path in A and let v0 := α(e1), vm := ω(em) for

all m ∈ {1, . . . , k}.
p is called

1. almost-simple, if ei ̸= e±1
j for all i ̸= j ∈ {1, . . . , k}, and if vi = vj

for i ̸= j ∈ {1, . . . , k} implies that vi is a central peripheral vertex,

and

2. an almost-circuit, if it is a closed almost-simple path.

Let t be an A-path. t is called almost-simple or an A-almost-circuit,

if its underlying path is almost-simple or an almost-circuit, respectively.

For any A-path t, an A-subpath s of t is called a full A-subpath of t,

if any maximal peripheral A-subpath of t is either contained in s or has

trivial overlap with s.

Definition 4.6 Let (G,P) be a torsion-free relatively hyperbolic group.

1. Let A,B be (G,P)-carrier graphs without trivial edge groups. Then
A is equivalent to B, if there is a graph isomorphism f : A → B

such that

(a) Bf(x) = Ax for all non-peripheral x ∈ V A ∪ EA, and

(b) gf(e) = ge for all non-peripheral e ∈ EA.

2. Let A,B be (G,P)-carrier graphs and let A1, . . . ,Ak and B1, . . . ,Bl

be the components of A and B respectively, which arise from delet-

ing all edges and vertices with trivial edge or vertex group.

Then A and B are equivalent, if

(a) k = l,

(b) there is a bijection f : {1, . . . , k} → {1, . . . , k} such that Ai is

equivalent to Bf(i) for all i ∈ {1, . . . , k}, and

(c) b1(A) = b1(B).
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Remark 4.7 If A is minimal, Lemma 2.23 gives an upper bound for the

number N(A) of maximal trivial segments of A, which only depends on

the equivalence class of A.

The canonical homomorphism νA from Lemma & Definition 4.2 maps

every A-path t in a (G,P)-carrier graph of groups A to some element

νA(t) ∈ G. It is however possible to retain more information on t by

considering associated paths in Cay(G,X ∪ P).

Definition 4.8 Let (G,P) be a torsion-free relatively hyperbolic group

with symmetric finite generating set X and (A, ((Ci, ci))1≤i≤k) a (G,P)-
carrier graph of groups.

Let t = (a0, e1, a1, . . . , ek, ak) be an A-path, v0 := α(e1), and fur-

ther vm := ω(em) for m ∈ {1, . . . , k}. Let s = s0 . . . s2k be a path in

Cay(G,X ∪ P) such that the following hold:

1. s2j is a geodesic whose label represents aj for 0 ≤ j ≤ k.

2. s2j−1 is a geodesic whose label represents gej for 1 ≤ j ≤ k.

Obtain a new path s̄ from s as follows: For every maximal Ci-subpath

of t replace the corresponding subpath s′ of s by the edge connecting its

endpoints and labeled by the element of Pmi
that is represented by the

label of s′.

s̄ is called a realization of t in Cay(G,X ∪ P) or just a realization of

t.

Suppose there is some M ≥ 0 such that every essential vertex group

is generated by elements of X-length at most M . Let ν := ν(G,P, X,M)

as in Lemma & Definition 2.18.

An edge e of s̄ which is labeled by some parabolic element is called a

peripheral edge of s̄, if it was added in the above way, or if it is an edge

of some s2i with lenX(e) ≥ ν.

Since, by this construction, any subpath s of a realization of some

A-path has a canonical decomposition into geodesics, the piecewise X-

length lenp
X(s) will always be taken with regard to this canonical decom-

position.
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It is immediate that the lengths len(s) and lenp
X(s) of a realization s

of some A-path t only depend on t. This observation gives rise to two

metrics on π1(A, v0):

Lemma & Definition 4.9 Let (G,P) be a torsion-free relatively hyper-

bolic group with symmetric finite generating set X and (A, ((Ci, ci))1≤i≤k)

a (G,P)-carrier graph of groups.

1. For each A-path t and some (any) realization s of t define the X∪P-

length of t as |t|AX∪P := len(s). Further define for each equivalency

class g of A-paths

|g|AX∪P := min
{
|t|AX∪P | [t] = g

}
.

Then

dAX∪P : π1(A, v0)2 → N, (g, h) 7→ |g−1h|AX∪P

defines a metric and is called the induced metric of X ∪ P on

π1(A, v0).

2. For each A-path t and some (any) realization s of t define the X-

length of t as |t|AX := lenp
X(s). Further define for each equivalency

class g of A-paths

|g|AX := min
{
|t|AX | [t] = g

}
.

Then

dAX : π1(A, v0)2 → N, (g, h) 7→ |g−1h|AX

defines a metric and is called the induced metric of X on π1(A, v0).

An A-path t is called of minimal X ∪ P-length, if |t|AX∪P = |[t]|AX∪P .

Any element g ∈ π1(A, v0) contains a reduced A-path of minimal X ∪P-

length.

If t is an A-path and s a full A-subpath of t, then |s|AX∪P ≤ |t|AX∪P

and |s|AX ≤ |t|AX .
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Remark 4.10 For the last claim of Lemma & Definition 4.9 it is essen-

tial, that s is a full A-subpath of t. The claim follows form the fact that

any full A-subpath of t has a realization which is a subpath of a realization

of t.

The same is not true for an A-subpath s of t which is not full. In

fact, it is in general not possible to give any upper bound on |s|AX in terms

of |t|AX if s is not required to be a full A-subpath of t.

The next two definitions introduce an important subclass of (G,P)-
carrier graphs of groups.

Definition 4.11 Let (G,P) be a torsion-free relatively hyperbolic group

with symmetric finite generating set X and let (A, ((Ci, ci))1≤i≤k) be a

(G,P)-carrier graph of groups. Let M ≥ 0 such that every essential

vertex group is generated by elements of X-length at most M , and let

ν := ν(G,P, X,M).

Let t be an A-path. t is said to have peripheral P-components, if the

following is true for any realization s of t:

Let p be a P-component of s with lenX(p) ≥ 3ν. Then p = p1ep2

where e is a peripheral edge of s and

lenX(p1), lenX(p2) ≤ ν.

Definition 4.12 Let (G,P) be a torsion-free relatively hyperbolic group

with finite symmetric generating set X and A a (G,P)-carrier graph of

groups. For every non-peripheral vertex v ∈ V A let

Ev := {e ∈ EA | ω(e) = v,Ae ̸= 1}

and Ov := (ωe(Ae))e∈Ev . Let M ≥ 0 and ν := ν(G,P, X,M).

(A, ((Ci, ci))1≤i≤k) is called M-normal, if:

1. For any essential vertex v ∈ V A

(a) Av is generated by elements of X-length at most M ,
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(b) Av is relatively quasiconvex in (G,P) (and therefore ν-rela-

tively quasiconvex by Lemma & Definition 2.18), and

(c) the elements ge for essential edges e ∈ EA with ω(e) = v

constitute a tuple as in Lemma 2.18 2. and Ov is the corre-

sponding induced structure on Av.

2. Every A-path is equivalent to an A-path of minimal X ∪ P-length

which has peripheral P-components.

The last condition in the definition of an M -normal (G,P)-carrier
graph of groups A essentially guarantees that all (long) parabolic parts

of minimal A-paths are contained in the peripheral stars.

Lemma 4.13 Let (G,P) be a torsion-free relatively hyperbolic group with

symmetric finite generating set X and (A, ((Ci, ci))1≤i≤k) an M-normal

(G,P)-carrier graph of groups. Let ν := ν(G,P, X,M). Let v ∈ V A be

essential, a ∈ Av, and s a realization of the (degenerate) A-path (a), i.e.

a geodesic whose label represents a.

Suppose s = s1ps2 where p is a peripheral edge of s, i.e a Pm-edge

with len(p)X ≥ ν.

Then there are an essential edge e ∈ EA with α(e) = v and Ae ⊆ Pm,

an A-path t′ = (a′, e, 1), and a realization s′ of t′ starting in s−, such that

1. lab(s′) ∈ lab(s1)Pm, and

2. |lenp
X(s

′)− lenp
X(s1)| ≤ 3ν.

Proof Since A is M -normal, it follows from Lemma 2.18 that there is

some essential edge e ∈ EA with α(e) = v and a path s′′ = s′1r1p
′r2s

′
2

from s− to s+ with

1. s′1 and s′2 are geodesics with lab(s′1), lab(s
′
2) ∈ Av,

2. r1 and r2 are geodesics with lab(r1) = lab(r2)
−1 = ge, and

3. p′ is a Pm-edge connected to p with

dX(α(p), α(p
′)), dX(ω(p), ω(p

′)) ≤ ν.
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Let t′ := (lab(s′1), e, 1). Then it is clear, that s′ := s′1r1 is a realization

of t′ starting in s−. Since p and p′ are connected, it follows that

lab(s′) = lab(s′1r1) ∈ lab(s1)Pm,

and further:

|lenp
X(s

′)− lenp
X(s1)| = |dX((s′1)−, (s′1)+) + dX((r1)−, (r1)+)− dX((s1)−, (s1)+)|

≤ dX((s
′
1)+, (s1)+) + dX((r1)−, (r1)+)

≤ dX((r1)+, (s1)+) + 2dX((r1)−, (r1)+)

= dX(α(p
′), α(p)) + 2|ge|X

≤ 3ν.

□

The previous lemma gives some justification for the definition of a

peripheral edge in Definition 4.8. Indeed, let t be an A-path with some

essential vertex element a, s a realization of t and p a peripheral edge in

the geodesic subpath of s associated with a. Then it follows from the pre-

vious lemma, that t can be modified into an A-path t′ with νA(t
′) = νA(t)

by replacing the A-subpath (a) of t with some A-path (a1, e, a
′, e−1, a2)

for an essential edge e, such that for some realization s′ of t′ with the

same endpoints as s, p is connected to the peripheral edge p′ of s′ corre-

sponding to a′ and the X-distance of the endpoints of p and p′ is at most

3ν.

The second auxiliary lemma below states that any subdivision of a

realization of some A-path t yields a corresponding subdivision of t in

some subdivision of A.

Lemma 4.14 Let (G,P) be a torsion-free relatively hyperbolic group with

symmetric finite generating set X and (A, ((Ci, ci))1≤i≤k) an M-normal

(G,P)-carrier graph of groups. Let ν := ν(G,P, X,M).

Let t be an A-path and let s = s1s2 be a realization of t.

Then there is a subdivision A′ of A along at most one non-peripheral,
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non-essential edge and an A′-path t′ starting in t−, which has a realization

s′ with s′− = s− and dX(s
′
+, (s1)+) ≤ ν.

Proof If s1 is itself the realization of some A-subpath t′ of t, there is

nothing to show. Hence, one of the following cases occurs:

1. There is some subpath r1r2r3 of s such that s1 = r1r2 and r2r3 is a

geodesic representing some element a ∈ Av for an essential vertex

v of t. Then there must be some g ∈ G with dX(g, (s1)+) ≤ ν and

g−1(r2)− ∈ Av, since Av is ν-relatively quasiconvex. Let r′2 be a

geodesic from (r2)− to g and s′ := r1r
′
2. Since r1 is a realization

of some A-subpath of t starting in t− and ending in v, and r′2 is

a geodesic representing an element of Av, it is clear, that s′ is a

realization of some A-path t′ starting in t−.

2. There is some subpath r1r2r3 of s such that s1 = r1r2 and r2r3 is a

geodesic representing some element ge for a non-peripheral edge e

of t.

If e is non-essential, let A′ be the subdivision of A along e, such

that for the added edge e′ with α(e′) = α(e), ge′ = lab(r2). Then

s′ := s1 is a realization of some A′-path t′ starting in t− and ending

in ω(e′).

If on the other hand e is essential, let s′ := r1. s
′ is a realization of

some A-subpath of t and

dX(s
′
+, (s1)+) = dX((r2)−, (r2)+) ≤ |ge|X ≤ ν. □

The rest of this section shows that any word metric on an M -normal

(G,P)-carrier graph A, which arises from a finite generating set and the

set of peripheral vertex groups, is quasiisometric to the induced metric

on A.

Definition 4.15 Let (G,P) be a torsion-free relatively hyperbolic group

and (A, ((Ci, ci))1≤i≤k) a (G,P)-carrier graph of groups.
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For each i ∈ {1, . . . , k} with Aci ̸= {1} let Oi be a subgroup of

π1(A, v0) that corresponds to the vertex group Aci .

The set OA of these subgroups of π1(A, v0) is called a peripheral struc-

ture of A.

Remark 4.16 Since every vertex group of a graph of groups corresponds

to a uniquely determined conjugacy class of subgroups in its fundamental

group, the elements of OA are uniquely determined up to conjugacy in

π1(A, v0).

Lemma 4.17 Let (G,P) be a torsion-free relatively hyperbolic group with

symmetric finite generating set X. Let (A, ((Ci, ci))1≤i≤k) be an M-

normal (G,P)-carrier graph such that |t|AX∪P > 0 for all non-degenerate

A-almost-circuits t.

Let OA be a peripheral structure of A. Let Y be a finite generating

set of π1(A, v0) relative OA.

Then id : (π1(A, v0), dY ∪OA) → (π1(A, v0), dAX∪P) is a quasiisometry.

Proof It follows from standard arguments that the validity of the claim

does not depend on the particular choice of the finite generating set Y

and the peripheral structure OA. Hence, one may choose OA and Y as

follows:

Let T be a spanning tree of A and γv the unique reduced A-path with

trivial vertex elements from v0 to v in T . Let OA be the set of non-trivial

subgroups [γciAciγ
−1
ci

] of π1(A, v0) for i ∈ {1, . . . , k}.
Let E be the set of essential vertices of A. Since A is M -normal, Av

is a relatively quasiconvex subgroup of (G,P) with induced structure Ov

for every v ∈ E. Moreover, there is a finite generating set Xv of Av for

every v ∈ E. Finally, id : (Av, dXv∪Ov) → (Av, dX∪P) is a quasiisometry

for any v ∈ E.

Now let

ιv : Av → π1(A, v0), a 7→ [γvaγ
−1
v ]
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for any v ∈ E, let ye := [γα(e)(1, e, 1)γ
−1
ω(e)] for any e ∈ EA \ ET , and let

Y := {ye | e ∈ EA \ ET} ∪
⋃
v∈E

ιv(Xv).

Since Y is finite and |o|AX∪P ≤ 2|γci |AX∪P + 1 for any o ∈ Oi, there is

a C1 ≥ 1 such that |z|AX∪P ≤ C1 for all z ∈ Y ∪ OA.

It is easy to see that ιv is a quasiisometric embedding with respect

to dXv∪Ov and dY ∪OA for any v ∈ E. Now let C2 ≥ 1 such that ιv is a

(C2, C2)-quasiisometric embedding with respect to dX∪P and dY ∪OA for

any v ∈ E.

Also, since A is a finite graph and |t|AX∪P > 0 for all non-degenerate

A-almost-circuits t, there is some C3 ≥ 1 such that the number of non-

peripheral edges of any reduced A-path t is bounded by C3|t|AX∪P .

Now let g ∈ π1(A, v0). By the choice of C1, it is |g|AX∪P ≤ C1|g|Y ∪OA .

Let t := t0s1t1 . . . tl−1sltl be a reduced A-path of minimalX∪P-length

representing g, where the sj are the maximal peripheral A-subpaths of t.
Let tj := (aj0, e

j
1, a

j
1, . . . , a

j
lj−1, e

j
lj
, ajlj) for all j ∈ {0, . . . , l}.

Define the following:

1. For any j ∈ {0, . . . , l} and m ∈ {0, . . . , lj} let v ∈ V A such that

ajm ∈ Av. If ajm = 1, let wajm
be the empty word. Otherwise v is

an essential vertex and there is a word over Y ∪ OA representing

ιv(a
j
m) of length at most C2|ajm|X∪P +C2. Let wajm

be such a word.

2. Let j ∈ {0, . . . , l} and m ∈ {1, . . . , lj}. If ejm ∈ ET let wejm
be the

empty word, otherwise let wejm
:= yejm .

3. For any j ∈ {0, . . . , l} let

wtj := waj0
wej1

waj1
. . . wajlj−1

wejlj
wajlj

.

4. Let j ∈ {1, . . . , l}. Since T contains all peripheral stars, γα(sj)sjγ
−1
ω(sj)

represents some element oj ∈ OA. Let wsj := oj.

5. Let wt := wt0ws1wt1 . . . wtl−1
wslwtl .
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By definition, wt ∈ (Y ∪ OA)
∗ represents g. Moreover,

l∑
j=0

lj∑
m=0

|wajm
|+

l∑
j=1

|wsj | ≤ C2|t|AX∪P + C2.

Since the number of non-peripheral edges is bounded by C3|t|AX∪P , it

follows that

|g|X∪OA ≤ |wt| ≤ (C2 + C3)|t|AX∪P + C2 = (C2 + C3)|g|AX∪P + C2.

Hence, id : (π1(A, v0), dY ∪OA) → (π1(A, v0), dAX∪P) is a quasiisome-

try. □

Remark 4.18 It is clear, that there is no upper bound on the quasiisom-

etry constants in Lemma 4.17, which is independent of the choice of OA

and Y . But even for the OA and Y constructed in the proof it is impos-

sible to give such an upper bound without additional information about

A.

4.2 Combination Theorem

The goal of this section is to prove the second main theorem of this

thesis. The proof of this combination theorem is based on the following

Proposition. Its main purpose is to apply Lemma 2.19 in the context of

carrier graphs of groups.

Proposition 4.19 Let G be a group, which is torsion-free, hyperbolic

relative to P = {P1, . . . , Pn} and has a symmetric finite generating set

X. Let C ≥ 1 and M ≥ 0.

There are constants C ′ = C ′(G,P, X, C) and L′ = L′(G,P, X,M,C),

such that one of the following holds for every M-normal (G,P)-carrier
graph of groups (A, ((Ci, ci))1≤i≤k):

1. There is a reduced A-path t with |t|AX ≤ L′, t− ∈ V Ci, t+ ∈ V Cj

and mi = mj, which is not entirely contained in Ci and whose label

νA(t) represents an element of Pmi
.
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2. There is a subdivision A′ of A along at most two non-peripheral,

non-essential edges and a reduced A′-path t with |t|A′
X ≤ L′, such

that

|νA′(t)|X∪P <
|t|A′

X∪P
C

− C.

3. νA : (π1(A, v0), dAX∪P) → (G, dX∪P) is a (C ′, C ′)-quasiisometric em-

bedding. Moreover, for any peripheral structure OA of A, νA(OA)

is an induced structure of (G,P) on Im νA.

Proof Let ν := ν(G,P, X,M) be the constant from Lemma & Defini-

tion 2.18. Let C1 := C + 4ν, C2 := C2
1 + 3C1 and C ′, K ≥ 1 such

that any (K,C2, C2)-local-quasigeodesic in Cay(G,X ∪ P) is a (C ′, C ′)-

quasigeodesic. Let ε1 := 3ν, ε := ε(G,P, X, 1, K) as in Lemma 2.7, and

let ε2 := 2K(Kε+ ε1). Let L
′ := ε2K + 8ν.

Suppose that 1. and 2. are false and show that this implies 3.

Let g ∈ π1(A, v0), t some reduced A-path of minimal X ∪ P-length

with peripheral P-components representing g, and s a realization of t. It

suffices to show that s is a (K,C2, C2)-local-quasigeodesic, since

|g|AX∪P = |t|AX∪P = len(s)

and

|νA(g)|X∪P = dX∪P(s−, s+).

Write s = s0p1s1 . . . sl−1plsl, where the pm are the peripheral edges of

s with lenX(pm) > ε2. Let im be such that pm is a Pim-edge.

Any subpath of s of length at most K fulfills Lemma 2.19 1. by

definition and it remains to show that it also fulfills Lemma 2.19 2. and

3., where the constant C in the statement of Lemma 2.19 is C1.

It suffices to show that every sj is a (K,C1, C1)-local-quasigeodesic to

show that every subpath of s of length at most K fulfills Lemma 2.19 2.

Let s̄ be a subpath of sj with len(s̄) ≤ K. Since t has peripheral

P-components and the pm are all peripheral edges of s with X-length

greater than ε2, all P-edges of sj and therefore of s̄ have X-length at
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most ε2 ≥ 3ν. It follows that

lenp
X(s̄) ≤ lenX(s̄) ≤ ε2 len(s̄) ≤ ε2K.

If s̄ is a subpath of some geodesic subpath of s corresponding to some

essential vertex element of t or to some ge for an edge e of t, s̄ is itself

a geodesic and there is nothing to show. Assuming that this is not the

case, Lemma 4.14 can be applied twice to obtain a subdivision A′ of A
along at most two non-peripheral, non-essential edges and a path s′ with

dX(s
′
−, s̄−), dX(s

′
+, s̄+) ≤ ν, which is a realization of some A′-path t′.

It follows that

len(s̄) ≤ len(s′) + 2ν,

dX∪P(s
′
−, s

′
+) ≤ dX∪P(s̄−, s̄+) + 2ν,

and

|t′|A′

X = lenp
X(s

′) ≤ lenp
X(s̄) + 2ν ≤ ε2K + 2ν ≤ L′.

Note that

|νA′(t′)|X∪P ≥ |t′|A′
X∪P
C

− C

as 2. was assumed to be false. It follows that

len(s̄)

C1

− C1 ≤
len(s′) + 2ν

C1

− C1

≤ |t′|A′
X∪P
C

− C − 2ν

≤ |νA′(t′)|X∪P − 2ν

= dX∪P(s
′
−, s

′
+)− 2ν

≤ dX∪P(s̄−, s̄+).

Therefore, sj is a (K,C1, C1)-local-quasigeodesic and any subpath of

s of length at most K fulfills Lemma 2.19 2.

Suppose s does not fulfill Lemma 2.19 3. Thus, there exists a subpath

ps′p′ of s with

1. p and p′ are Pi-paths of s,
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2. lenX(p), lenX(p
′) ≥ ε1 = 3ν, and

3. lenX(s
′) ≤ ε2

where s′ is labeled by an element of Pi. In particular,

lenp
X(s

′) ≤ lenX(s
′) ≤ ε2.

t has peripheral P-components, since it is of minimal X ∪ P-length

and A is M -normal. Since lenX(p), lenX(p
′) ≥ 3ν, p and p′ must be of the

form q1qq2 and q′1q
′q′2, where q1, q2, q

′
1 and q′2 are Pi-paths of X-length at

most ν and q and q′ are peripheral Pi-edges with lenX(q), lenX(q
′) ≥ ν.

Moreover, p and p′ can not be part of the same Pi-component of s, hence

s′ is not a Pi-path.

By applying Lemma 4.13 to q2s
′q′1 at most twice, obtain a path s′′,

which is a realization of some reduced A-path t′ with t′− and t′+ peripheral,

which is labeled by an element of Pi, and which fulfills

lenp
X(s

′′) ≤ lenp
X(q2s

′q′1) + 6ν.

t′ is not entirely contained in some peripheral star, since s′ was not a

Pi-path, and further

|t′|X = lenp
X(s

′′) ≤ lenp
X(q2s

′q′1) + 6ν ≤ ε2 + 8ν ≤ L′.

Hence, t′ fulfills 1., a contradiction.

Therefore, νA : (π1(A, v0), dAX∪P) → (G, dX∪P) is a (C ′, C ′)-quasiiso-

metric embedding.

Let OA be a peripheral structure of A. |gn|AX∪P is unbounded for

any non-elliptical element g ∈ π1(A, v0). Since νA is a quasiisometric

embedding, this also implies that |νA(g)n|X∪P is unbounded. Thus, νA(g)

is not parabolic. It is now easy to see, that every element of π1(A, v0),
which is mapped to a parabolic element under νA must be a parabolic

element of some vertex group of A. Since A is M -normal, it must then

be conjugate into some element of OA.
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Now let O,O′ ∈ OA, o ∈ O, o′ ∈ O′ and g ∈ π1(A, v0) such that

νA(gog
−1o′) is parabolic. By the above, gog−1o′ must be a parabolic

element of some vertex group of A. Since A is M -normal, it follows that

O = O′. Thus νA(OA) is an induced structure of (G,P) on Im νA. □

It is now possible to prove the following combination theorem.

Theorem 4.20 Let G be a group, which is torsion-free, hyperbolic rela-

tive to P = {P1, . . . , Pn} and has finite symmetric generating set X. Let

(A, ((Ci, ci))1≤i≤k) be an M-normal (G,P)-carrier graph.

There are C = C(G,P, X,M,N(A)) and L = L(G,P, X,M,N(A))
such that the following holds:

νA : (π1(A, v0), dAX∪P) → (G, dX∪P) is a (C,C)-quasiisometric embed-

ding and for any peripheral structure OA of A is νA(OA) an induced

structure of (G,P) on Im νA, unless one of the following holds:

(A1) (a) There is some A-path t with |t|AX ≤ L, t− ∈ V Ci, t+ ∈ V Cj,

mi = mj and νA(t) ∈ Pmi
, which passes through some trivial

segment of A exactly once.

(b) There is some A-path t with |t|AX ≤ L, t− ∈ V Ci, t+ essential,

and At+ ∩ νA(t)
−1Pmi

νA(t) ̸= 1, which passes through some

trivial segment of A exactly once.

(A2) There are essential vertices v, v′ ∈ V A and some non-degenerate,

almost-simple A-path t starting in v and ending in v′ with |t|AX ≤ L.

(A3) There is an A-almost-circuit t with |t|AX ≤ L which has a trivial

segment.

(A4) (a) There is some essential edge e with α(e) ∈ V Ci and some

p ∈ Aα(e) \ αe(Ae) with

|p|X ≤ L.

(b) There is some almost-simple A-path t = (a0, e1, a1, . . . , ek, ak)

with |t|AX ≤ L, t− ∈ V Ci, Ae1 = 1 and t+ essential, and some
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p ∈ At− \ {1} such that

|p|X ≤ L.

(A5) There is some almost-simple A-path t with |t|AX ≤ L, t− ∈ V Ci,

t+ ∈ V Cj and passing through some trivial segment of A, and ele-

ments p ∈ At− \ {1}, p′ ∈ At+ \ {1}, such that

|p|X , |p′|X ≤ L.

(A6) There is some subdivision A′ of A along at most two non-peri-

pheral, non-essential edges, an A′-path t with |t|A′
X ≤ L, some trivial

segment t′ of t and some a ∈ G with

(a) t passes only once through t′ or t′−1,

(b) a ∈ At+, if t+ is non-peripheral,

(c) a ∈ Pmj
, if t+ ∈ V Cj, and

(d) |νA′(t)a|X∪P < |t′|A′
X∪P .

It follows from Theorem 4.20 and Lemma 4.17 that for any M -normal

(G,P)-carrier graph A which does not satisfy any of the conditions (A1)-

(A6), νA : (π1(A, v0), dY ∪OA) → (G, dX∪P) is a quasiisometric embed-

ding for any peripheral structure OA of A and finite generating set Y of

π1(A, v0) relative OA.

Although Theorem 4.20 yields that νA : (π1(A, v0), dAX∪P) → (G, dX∪P)

is a (C,C)-quasiisometric embedding, it follows from Remark 4.18 that

without further assumptions on A, it is generally not possible to give a C̄

such that νA : (π1(A, v0), dY ∪OA) → (G, dX∪P) is a (C̄, C̄)-quasiisometric

embedding.

For the rest of this section, assume that A is as in Theorem 4.20, i.e.

anM -normal (G,P)-carrier graph. Let ν = ν(G,P, X,M). The following

lemmas are used in the proof of Theorem 4.20 below.

The first lemma shows that, under some additional conditions, A-
paths as in Proposition 4.19 2. fulfill (A6).
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Lemma 4.21 Let δ ∈ (0, 1],

C ≥ max

{
4,

√
4

δ
,
N(A) + 1

δ

}
,

A′ some subdivision of A along at most two non-peripheral, non-essential

edges, and t = s1t
′s2 a reduced A′-path such that

1. t′ is almost-simple and there is no edge pair which is crossed by t′

and by s1 or s2,

2. any vertex element of t′ from one of its essential vertices is trivial

and no edge of t′ is essential,

3. |t′|A′
X∪P ≥ δ|t|A′

X∪P , and

4. |νA′(t)|X∪P <
|t|A′

X∪P
C

− C.

Then t′ contains a trivial segment s of length greater than |νA′(t)|X∪P .

Thus, t travels s once and s−1 not at all.

Proof By assumptions 1. and 2., t′ is of the form

t′ = p0t1p1 . . . tNpN ,

where

1. every tl is a maximal trivial segment of t′,

2. every pl is either trivial or a peripheral A′-subpath of t with non-

trivial edge groups.

Since t′ is almost-simple and therefore reduced, tl is a maximal trivial

segment of A for l ∈ {2, . . . , N−1}. It further follows, that A′ has at least

N − 1 pairwise distinct maximal trivial segments. Since N(A′) = N(A),
this implies N ≤ N(A) + 1 ≤ δC.

Let

Lt :=
N∑
l=1

|tl|A
′

X∪P
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and let Lp be the number of the non-trivial pl. Thus, Lp ≤ N + 1.

It follows that

|t|A′

X∪P ≤ |s1|A
′

X∪P + |t′|A′

X∪P + |s2|A
′

X∪P

= Lt + Lp + |s1|A
′

X∪P + |s2|A
′

X∪P

≤ Lt + Lp + |t|A′

X∪P − |t′|A′

X∪P + 2

≤ Lt +N + (1− δ)|t|A′

X∪P + 3.

By assumption 4., |t|A′
X∪P ≥ C2 and hence

Lt +N ≥ δ|t|A′

X∪P − 3 ≥ δC2 − 3 ≥ δ

(
4

δ

)
− 3 = 1

Since N = 0 implies Lt = 0, this means that N ̸= 0. Now, as δC ≥ N

and C ≥ 4, it follows that

Lt

N
≥ δ|t|A′

X∪P
N

− 3

N
− 1 ≥ δ|t|A′

X∪P
δC

− 4 ≥ |t|A′
X∪P
C

− C > |νA′(t)|X∪P .

Since Lt/N is the average |·|A′
X∪P-length of the tl, there has to be some

l ∈ {1, . . . , N} such that |tl|A
′

X∪P > |νA′(t)|X∪P . □

The following are two more auxiliary lemmas for the proof of Theo-

rem 4.20.

Lemma 4.22 Let L ≥ 0 and suppose that none of (A2)-(A5) hold for

this L. Let A′ be some subdivision of A along at most two non-peripheral,

non-essential edges. Let t be a reduced A′-path with |t|A′
X ≤ L. Then one

of the following holds:

1. t is almost-simple and has at most one essential vertex, or

2. the path r underlying t is of the form r1r2(r2)
−1r3 with r2 non-

degenerate, such that the following hold:

(a) r1r2, r1r3 and (r2)
−1r3 are almost-simple, and

(b) all vertices of r other than (r2)+ are non-essential.
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Proof Let t = (a0, e1, . . . , ek, ak) be a reduced A′-path with |t|A′
X ≤ L,

v0 := α(e1), vi := ω(ei) for i ∈ {1, . . . , k}. Suppose that t is not not as

in 1. or 2. Show that this implies that one of (A2)-(A5) must hold.

It is easy to see by considering a shortest A-subpath with the same

property, that if t is not as in 1. or 2., then one of the following must be

true:

1. There are l1 < l2 ∈ {0, . . . , k} such that

t′ := (1, el1+1, al1+1, . . . , al2−1, el2 , 1)

is almost-simple, vl is non-essential for l ∈ {l1 + 1, . . . , l2 − 1}, and
for each i ∈ {1, 2} one of the following holds:

(a) vli is essential, or

(b) li /∈ {0, k} and eli = e−1
li+1.

2. There are l1 < l2 ∈ {0, . . . , k} with

(a) vl1 = vl2 ,

(b) el1 = e−1
l2+1 if vl1 = vl2 is a central peripheral vertex, and

(c) (el1+1, . . . , el2) is either an almost-circuit with at most one

essential vertex or as described in 2. above with r1 and r3

non-degenerate.

Show that in both cases one of (A2)-(A5) must hold.

1. Since t is reduced, eli = e−1
li+1 implies ali /∈ ωeli

(Aeli
) for i ∈ {1, 2}.

Thus vl1 , vl2 ∈ V A, and t′ can be assumed to be an A-path rather

than an A′-path. It follows, that el1 , el1+1, el2 and el2+1 are non-

peripheral. Hence, t′ and (ali) are full A′-subpaths of t and therefore

|t′|AX ≤ |t|A′
X ≤ L and |ali |X ≤ |t|A′

X ≤ L for i ∈ {1, 2}.

If vl1 and vl2 are both essential, t′ fulfills (A2).
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If neither vl1 nor vl2 is essential, then both must be peripheral since

al1 , al2 ̸= 1. Since el1+1 is non-peripheral and since vl1+1 is non-

essential, this implies that Ael1+1
= 1. Hence al1 , al2 and t′ fulfill

(A5) with p = al1 and p′ = al2 .

In the remaining case that exactly one of vl1 and vl2 is essential it

follows analogously that al1 and t′ or al2 and t′−1 fulfill (A4)a., if

l2 = l1 + 1 and Ael2
̸= 1, and (A4)b., otherwise.

2. If vl1 = vl2 is not a central peripheral vertex, there exists some full

A′-subpath t′ of t with underlying path (el1+1, . . . , el2).

If vl1 = vl2 is a central peripheral vertex there is no full A′-subpath

of t with underlying path (el1+1, . . . , el2). Instead, consider the

following A′-path

t′ := (1, el1+2, al1+2, . . . , el2 , al2g
−1
el1
al2+1al1−1gel1al1 , el1+1, al1+1),

which is equivalent to a cyclic permutation of the full A′-subpath

of t with underlying path (el1 , . . . , el2+1).

In both cases, t′ is an A′-almost-circuit with at most one essential

vertex or as described in 2. above. Moreover, it follows in both

cases that |t′|A′
X∪P ≤ |t|A′

X∪P .

Shorten t′ by the following procedure:

Let s = (b1, f1, . . . , fk′ , bk′) an A′-path and l ∈ {1, . . . , k′ − 1} with

fl = f−1
l+1. Let

s′ := (b1, f
′
1, . . . , fl−1, bl−1bl+1, fl+2, . . . , fk′ , bk′),

if fl is non-peripheral, and

s′ := (b1, f1, . . . , fl−1, bl−1gflblg
−1
fl
bl+1, fl+2, . . . , fk′ , bk′),

if fl is peripheral. It follows that |s′|A
′

X ≤ |s|A′
X .

Repeating this process eventually yields an A′-almost-circuit t′′
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with |t′′|A′
X ≤ |t|A′

X ≤ L and at most one essential vertex. Since

t′′ is an A′-almost-circuit, t′′ can be assumed as an A-path rather

than an A′-path after a cyclic permutation.

If t′′ has an essential vertex, then some cyclic permutation of t′′

fulfills (A2). Otherwise, t′′ must contain an edge with trivial edge

group and fulfill (A3). □

Lemma 4.23 Let L ≥ 0 and A′ be some subdivision of A along at most

two non-peripheral, non-essential edges. Let ti = (ai0, e1, a
i
1, . . . , a

i
l−1, el, 1)

be almost-simple A′-paths for i ∈ {1, 2}, v0 := α(e1), vm := ω(em) for

m ∈ {1, . . . , l} and a ∈ Avl \ ωel(Ael). If

1. |t1(a)t−1
2 |A′

X ≤ L, and

2. [t−1
2 t1] /∈ [ωel(Ael)] := {[(a)] | a ∈ ωel(Ael)},

then one of (A2), (A4) or (A5) must be true for the given L.

Proof Suppose there is some m ∈ {0, . . . , l−1} such that vm is essential.

The same argument as in case 1. in the proof of Lemma 4.22 yields that

(1, em+1, a
1
m+1, . . . , a

1
l−1, el, 1), am and a fulfill (A2) or (A4). Therefore

assume that vm is non-essential for all m ∈ {0, . . . , l − 1}.
Replace ti by an equivalent A′-path such that aim−1 = 1 for every

m ∈ {1, . . . , l} with em peripheral.

Since [t−1
2 t1] /∈ [ωel(Ael)], there is some m ∈ {0, . . . , l − 1} such that

p := (a2m)
−1a1m /∈ αem+1(Aem+1).

Choose m minimal with this property. By the previous replacement

of the ti, em+1 is non-peripheral. Hence, s1 := (a10, e1, . . . , em, a
1
m) and

s2 := (a20, e1, . . . , em, a
2
m) are full A′-subpaths of t1 and t2, respectively.

Thus, it follows that

|p|X = |(a2m)−1a1m|X
= |νA′(s2)

−1νA′(s1)|X
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≤ |s1|A
′

X + |s2|A
′

X

≤ |t1(a)t−1
2 |A′

X

≤ L.

Note that el is non-peripheral, since a ∈ Avl \ ωel(Ael). Therefore

s := (1, em+1, a
1
m+1, . . . , a

1
l−1, el, 1) is a full A′-subpath of t1. Since vm

and vl have non-trivial vertex groups, s can be assumed as an A-path
rather than an A′-path. Furthermore, (a) is a full A′-subpath of t1(a)t

−1
2

and it follows that

|a|X , |s|AX ≤ |t1(a)t−1
2 |A′

X ≤ L.

If vl is essential and l = m + 1, then s and p fulfill (A4)a. If vl is

essential and l > m+1 then s must have an edge with trivial edge group

and s and p fulfill (A4)b. Otherwise, vl is peripheral and Ael = 1, since

a ∈ Avl \ ωel(Ael). Hence s, p and p′ := a fulfill (A5). □

Proof (of Theorem 4.20) Choose C0 as in Lemma 4.21 for δ = 1.

Let D = D(G,P, X, ν) and D2 := D2(G,P, X) be the constants from

Lemma 2.14 and Lemma 2.12, respectively, and

C1 := 2C0 +max{D,D2 + 1}.

Choose C2 according to Lemma 4.21 with δ = (3C1 + 2)−1 and with

C2 ≥ 4ν, 3C1 + 2, C1 + 6.

Let C := C ′(G,P, X, C2) and L := L′(G,P, X,M,C2) be the constants

from Proposition 4.19.

Suppose now that assumption 1. of Proposition 4.19 is true, i.e. there

is some reduced A-path t = (a0, e1, . . . , ek, ak) with |t|AX ≤ L, t− ∈ V Ci,

t+ ∈ V Cj and mi = mj, which is not entirely contained in Ci and whose

label νA(t) represents an element of Pmi
. Assume t to be minimal in

the sense that no proper A-subpath of t has the same properties. In
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particular e1 /∈ ECi, ek /∈ ECj and a0 = ak = 1.

Let v0 := α(e1) and vm := ω(em) for m ∈ {1, . . . , k}. By Lemma 4.22,

it can be assumed that one of the following cases occurs:

Case 1: t is almost-simple and has at most one essential vertex.

Show that t has an edge with trivial edge group and hence fulfills

(A1)a.

By the structure of (G,P)-carrier graphs and since at most one vertex

of t is essential, it is easy to see that t must contain an edge with trivial

edge group or else be of length k = 2 with v1, e1 and e2 essential. If t is

of this form, it follows that

ωe1(Ae1) = g−1
e1
Ae1ge1 ⊆ g−1

e1
Pmi

ge1

and, since ge1a1ge2 = νA(t) ∈ Pm1 ,

a1αe2(Ae2)a
−1
1 = a1ge2Ae2g

−1
e2
a−1
1

⊆ a1ge2Pmi
g−1
e2
a−1
1

= a1ge2t
−1Pmi

tg−1
e2
a−1
1

= g−1
e1
Pmi

ge1

This is a contradiction to ωe1(Ae1) and αe2(Ae2) being part of the induced

structure Ov1 of G on Av1 , which is guaranteed by A being M -normal.

Case 2a: The underlying path of t is of the form rr−1 for an almost-

simple path r where all vertices of rr−1 other than r+ are non-essential.

This implies k = 2l for some l and em = e−1
k−m+1 for m ∈ {1, . . . , l}.

Let t1 := (a0, e1, . . . , al−1, el, 1) and t2 := (a−1
k , e1, . . . , a

−1
l+1, el, 1). Then

t = t1(al)t
−1
2 and t1 and t2 are almost-simple.

By Lemma 4.23, it can be assumed that a′ := νA(t
−1
2 t1) ∈ ωel(Ael).

Now ala
′ /∈ ωel(Ael) since al /∈ ωel(Ael) and moreover:

ala
′ = alνA(t

−1
2 t1) = νA(t

−1
1 t1(al)t

−1
2 t1) = νA(t

−1
1 tt1) ∈ νA(t1)

−1Pmi
νA(t1)

If vl is peripheral and therefore ala
′ parabolic, it follows from the
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malnormality of P, that ala
′, νA(t1) ∈ Pmi

. As in the first case, this

implies that t1 fulfills (A1)a. Hence, assume that vl is essential.

If t1 does not have an edge with trivial edge group, it is of length 1

and hence

ala
′ /∈ ωel(Ael) = g−1

el
Aelgel = νA(t1)

−1Pmi
νA(t1) ∩ Avl ,

a contradiction. Thus, t fulfills (A1)b.

Case 2b: The underlying path of t is of the form r1r2(r2)
−1r3 as

described in Lemma 4.22 2. with r1r3 non-degenerate.

This implies that r1 travels e1 or that r3 travels ek. W.l.o.g. assume

that e1 is part of r1. In particular, since r2 is non-degenerate, v1 cannot

be essential. Since e1 was assumed to be non-peripheral, this implies

Ae1 = 1 and thus t fulfills (A1)a.

Now assume Proposition 4.19 2. is true. Let A′ be a subdivi-

sion of A along at most two non-peripheral, non-essential edges and

t = (a0, e1, . . . , ek, ak) a reduced A′-path with |t|A′
X ≤ L, such that

|νA′(t)|X∪P <
|t|A′

X∪P
C2

− C2.

Let v0 := α(e1) and vl := ω(el) for all l ∈ {1, . . . , k}. By Lemma 4.22,

it can be assumed that one of the following cases occurs:

Case 1: t is almost-simple and has at most one essential vertex.

If t has no essential vertex, it follows from C2 ≥ C0 and Lemma 4.21

with t′ := t that t fulfills (A6).

Hence, let there be some l ∈ {0, . . . , k} such that vl is essential. Let

s = sl(al)sl+1 where si = (1, ei, 1) if Aei ̸= 1, and else si = (1). It is

|s|A′

X∪P ≤ |al|X∪P + 2ν ≤ |νA′(s)|X∪P + 4ν.

Let t = t1st2. It follows:

|t|A′
X∪P
C2

− C2 > |νA′(t)|X∪P
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≥ |νA′(s)|X∪P − (|νA′(t1)|X∪P + |νA′(t2)|X∪P)

≥ |s|A′

X∪P − 4ν − (|t1|A
′

X∪P + |t2|A
′

X∪P)

= |s|A′

X∪P − 4ν − (|t|A′

X∪P − |s|A′

X∪P)

= 2|s|A′

X∪P − 4ν − |t|A′

X∪P

Since 4ν, 3 ≤ C2, this implies

|s|A′

X∪P ≤ 1

2

(
1 +

1

C2

)
|t|A′

X∪P − 1

2
(C2 − 4ν) ≤ 2

3
|t|A′

X∪P .

Thus, |ti|A
′

X∪P ≥ 1
6
|t|A′

X∪P for some i ∈ {1, 2}. With 1
6
≥ 1

3C1+2
and

t′ := ti, it follows from Lemma 4.21 that t fulfills (A6).

Case 2: The underlying path of t is of the form r1r2(r2)
−1r3 as

described in Lemma 4.22 2.

Let s be the maximal full A′-subpath of t such that the underlying

path of s is a subpath of r2(r2)
−1. Let s′ be the minimal full A′-subpath

of t such that r2(r2)
−1 is a subpath of the underlying path of s′. Since

(r2)− is non-essential, this implies that

|s|A′

X∪P ≤ |s′|A′

X∪P ≤ |s|A′

X∪P + 2.

Let s1 and s2 be the full A′-subpaths of t such that t = s1s
′s2.

It follows from Lemma 4.21, that t fulfills (A6), if

|s1|A
′

X∪P + |s2|A
′

X∪P ≥ 2

3C1 + 2
|t|A′

X∪P ,

as δ = (3C1 + 2)−1. If on the other hand

|s1|A
′

X∪P + |s2|A
′

X∪P ≤ 2

3C1 + 2
|t|A′

X∪P ,

then

|t|A′

X∪P = |s′|A′

X∪P + |s1|A
′

X∪P + |s2|A
′

X∪P ≤ |s′|A′

X∪P +
2

3C1 + 2
|t|A′

X∪P
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and therefore

|t|A′

X∪P ≤
(
1− 2

3C1 + 2

)−1

|s′|A′

X∪P ≤
(
1 +

2

3C1

)
(|s|A′

X∪P + 2).

It follows that

|νA′(s)|X∪P ≤ |νA′(s′)|X∪P + 2

≤ |νA′(t)|X∪P + |s1|A
′

X∪P + |s2|A
′

X∪P + 2

= |νA′(t)|X∪P + |t|A′

X∪P − |s′|A′

X∪P + 2

<

(
1 +

1

C2

)
|t|A′

X∪P − |s|A′

X∪P − C2 + 2

≤
(
1 +

1

C2

)(
1 +

2

3C1

)
(|s|A′

X∪P + 2)− |s|A′

X∪P − (C2 − 2)

≤
(
1 +

1

3C1 + 2

)(
1 +

2

3C1

)
(|s|A′

X∪P + 2)− |s|A′

X∪P − (C1 + 4)

=

(
1 +

1

C1

)
(|s|A′

X∪P + 2)− |s|A′

X∪P − (C1 + 4)

=
|s|A′

X∪P
C1

−
(
C1 + 4− 2

(
1 +

1

C1

))
≤ |s|A′

X∪P
C1

− C1.

Let l ∈ {0, . . . , k} with vl = (r2)+. Let t1 and t2 be A′-paths whose

underlying path is a subpath of r2 such that s = t1(al)t
−1
2 . By Lemma

4.23, assume that νA′(t−1
2 t1) ∈ Avl .

Case 2a: vl is essential.

Let g ∈ νA′(t1)Avl = νA′(t2)Avl of minimal X ∪ P-length in gAvl and

hi ∈ Avl such that g = νA′(ti)hi for i ∈ {1, 2}. Since Avl is ν-relatively

quasiconvex in (G,P), Lemma 2.14 implies:

|s|A′
X∪P
C1

− C1 > |νA′(s)|X∪P

= |νA′(t1)alνA′(t2)
−1|X∪P

= |gh−1
1 alh2g

−1|X∪P
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≥ |h−1
1 alh2|X∪P + 2|g|X∪P −D

Moreover:

|s|A′

X∪P = |t1|A
′

X∪P + |al|X∪P + |t2|A
′

X∪P

≤ |h−1
1 alh2|X∪P + |t1|A

′

X∪P + |h1|X∪P + |t2|A
′

X∪P + |h2|X∪P

= |h−1
1 alh2|X∪P + |t1(h1)|A

′

X∪P + |t2(h2)|A
′

X∪P

It follows:

2|g|X∪P <

(
1

C1

− 1

)
|h−1

1 alh2|X∪P +
|t1(h1)|A

′
X∪P + |t2(h2)|A

′
X∪P

C1

− C1 +D

≤ |t1(h1)|A
′

X∪P + |t2(h2)|A
′

X∪P
C0

− 2C0

Hence, for some i ∈ {1, 2}:

|νA′(ti(hi))|X∪P = |g|X∪P <
|ti(h1)|A

′
X∪P

C0

− C0

Thus, by Lemma 4.21, ti contains some trivial segment of length greater

than |νA′(ti)hi|X∪P , which ti only passes through once. Since ti is a full

A′-subpath of t, |ti|A
′

X ≤ |t|A′
X ≤ L and ti fulfills (A6).

Case 2b: vl ∈ V Cj is peripheral.

Let g ∈ νA′(t1)Pmj
= νA′(t2)Pmj

of minimal X ∪ P-length in gPmj

and hi ∈ Pmj
, such that g = νA′(ti)hi for i ∈ {1, 2}. Lemma 2.12 implies:

|s|A′
X∪P
C1

− C1 > |νA′(s)|X∪P

= |νA′(t1)alνA′(t2)
−1|X∪P

= |gh−1
1 alh2g

−1|X∪P

≥ 2|g|X∪P −D2
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Moreover, since el is non-peripheral:

|s|A′

X∪P = |t1|A
′

X∪P + |t2|A
′

X∪P + 1

≤ |t1(h1)|A
′

X∪P + |t2(h2)|A
′

X∪P + 1

It follows:

2|g|X∪P <
|t1(h1)|A

′
X∪P + |t2(h2)|A

′
X∪P + 1

C1

− C1 +D2

≤ |t1(h1)|A
′

X∪P + |t2(h2)|A
′

X∪P
C1

− C1 +D2 + 1

≤ |t1(h1)|A
′

X∪P + |t2(h2)|A
′

X∪P
C0

− 2C0

Hence, for some i ∈ {1, 2}:

|νA′(ti(hi))|X∪P = |g|X∪P <
|ti(h1)|A

′
X∪P

C0

− C0

Thus, by Lemma 4.21, ti contains some trivial segment of length greater

than |νA′(ti)hi|X∪P , which ti only passes through once. Since ti is a full

A′-subpath of t, |ti|A
′

X ≤ |t|A′
X ≤ L and ti fulfills (A6). □

4.3 Recovery of Previous Results

This section shows that the combination theorem is indeed a generaliza-

tion of previous results, at least in the torsion-free case. It is easy to see

that Theorem 4.20 implies the result by Arzhantseva [2] about finitely

generated subgroups of hyperbolic groups, since only (A3) and (A6) can

occur (cf. Thm.1.2).

The results by Mart́ınez-Pedrosa ([21], Thms. 1.1& 1.2) are recovered

from the combination theorem in the following two corollaries.

Corollary 4.24 Let (G,P) be a torsion-free relatively hyperbolic group

and X a symmetric finite generating set of G. Let H be a finitely gen-

erated relatively quasiconvex subgroup of (G,P). Then there is some

K1 = K1(G,P, X,H) such that the following holds:
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Let R ⊆ P for some P ∈ P such that O := H ∩ P ⊆ R and such that

|g|X ≥ K1 for every g ∈ R \O.

Then the canonical homomorphism H ∗O R → G is injective and

its image ⟨H ∪ R⟩ is relatively quasiconvex in (G,P). Moreover, every

parabolic subgroup of ⟨H ∪R⟩ is in ⟨H ∪R⟩ conjugate to some parabolic

subgroup of H or some subgroup of R.

Proof Let M ≥ 0 such that H is generated by elements of X-length

at most M . Let ν := ν(G,P, X,M), as well as L := L(G,P, X,M, 0),

C := C(G,P, X,M, 0) and K1 := max{L,C2 + C}. W.l.o.g. assume

R ̸= 1. Define a (G,P)-carrier graph (A, ((Ci, ci))1≤i≤k) as follows:

Let O be an induced structure of (G,P) on H with O ∈ O if O ̸= 1.

Let O1 := O, g1 := 1 and O \ {O} = {O2, . . . , Ol} with Oi = H ∩ P gi
i

and |gi|X ≤ ν for all i ∈ {2, . . . , l}.
Start constructing A with a segment of length 2 with edges e1 and

f1, and vertices v0 = ω(f1), v1 = α(f1) = ω(e1) and c1 = α(e1). Let

Av0 = H, Av1 = Ac1 = Ae1 = R, Af1 = O and ge1 = gf1 = 1. Let C1 be

the sub-carrier graph of groups with the single edge e1.

For each i ∈ {2, . . . , l} let Ci consist of a single edge ei with funda-

mental group O
g−1
i

i and gei = 1. Connect these Ci to v0 by a single edge

fi with edge group O
g−1
i

i and gfi = gi such that Ov0 = O.

It is clear that the (G,P)-carrier graph of groups (A, (Ci, ci)1≤i≤l)

which results from this construction is M -normal. It is further clear that

(A1) can not be fulfilled by A, since O is an induced structure. Since A

is a tree, there are no non-trivial A-almost circuits, i.e. A does not fulfill

(A3). Lastly, it follows from |g|X ≥ K1 ≥ L for all g ∈ R \O that A can

fulfill none of the other statements of Theorem 4.20.

Hence, νA is a (C,C)-quasiisometric embedding and thus ⟨H,R⟩ is rel-
atively quasiconvex in (G,P) by Theorem 2.16. Further, every parabolic

subgroup of Im(νA) = ⟨H ∪ R⟩ is conjugate in ⟨H ∪ R⟩ into R or Oi

for some i ∈ {2, . . . , l}. Since Av0 = H is mapped injectively and

K1 ≥ C2 + C, this implies that νA is injective. □
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Corollary 4.25 Let (G,P) be a torsion-free relatively hyperbolic group

and X a symmetric finite generating set of G. Let H1 and H2 be finitely

generated relatively quasiconvex subgroups of (G,P). Then there is some

K2 = K2(G,P, X,H1, H2) such that the following holds:

Let P ∈ P, R := H1∩P = H2∩P and let h ∈ G such that hRh−1 = R

and |g|X ≥ K2 for every g ∈ RhR.

Then the canonical homomorphism H1 ∗R hH2h
−1 → G is injective

and its image ⟨H1 ∪ hH2h
−1⟩ is relatively quasiconvex in (G,P). More-

over, every parabolic subgroup of ⟨H1 ∪ hH2h
−1⟩ is in ⟨H1 ∪ hH2h

−1⟩
conjugate to some parabolic subgroup of H1 or hH2h

−1.

Proof Let M ≥ 0 such that H1 and H2 are generated by elements of

X-length at most M . Let ν := ν(G,P, X,M), L := L(G,P, X,M, 0),

C := C(G,P, X,M, 0) and K2 := max{L,C2 + C}. Define a (G,P)-
carrier graph (A, ((Ci, ci))1≤i≤k) as follows:

Let Oj be an induced structure of (G,P) on Hj for j ∈ {1, 2} with

R ∈ Oj if R ̸= 1. Let Oj
1 := R, and Oj \ {R} = {Oj

2, . . . , O
j
lj
} with

Oj
i = H ∩ (P j

i )
gji and |gji |X ≤ ν for all j ∈ {1, 2} and i ∈ {2, . . . , lj}. Let

k := l1 + l2 − 1.

Start constructing A with a segment of length 4 with edges ej1 and

f j
1 for j ∈ {1, 2}, and vertices vj0 = ω(f j

1 ), vj1 = α(f j
1 ) = ω(ej1) and

c1 = α(ej1) for j ∈ {1, 2}. Let Avj0
= Hj, Avj1

= Ac1 = Aej1
= Afj

1
= R,

gej1
= gf1

1
= 1 and gf2

1
= h for j ∈ {1, 2}. Let C1 be the sub-carrier graph

of groups consisting of the edges e11 and e21.

As in the proof of Corollary 4.24, add stars Ci for i ∈ {2, . . . , k} to v10

and v20, such that Ovj0
= Oj for j ∈ {1, 2}.

Since hRh−1 = R, (A, (Ci, ci)1≤i≤k) is indeed a (G,P)-carrier graph of

groups. Moreover, it is clear that A is M -normal. It is further clear that

(A1) can not be fulfilled by A, since O1 and O2 are induced structures

and since |g|X ≥ K2 ≥ L for all g ∈ RhR. Since A is a tree, there

are further no non-trivial A-almost-circuits, i.e. A does not fulfill (A3).

Lastly, it follows from |g|X ≥ K2 ≥ L for all g ∈ RhR that A can fulfill

none of the other statements of Theorem 4.20.
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Hence, νA is a (C,C)-quasiisometric embedding and thus ⟨H1∪hH2h
−1⟩

is relatively quasiconvex in (G,P) by Theorem 2.16. Further, every

parabolic subgroup of ⟨H1 ∪ hH2h
−1⟩ is conjugate in ⟨H1 ∪ hH2h

−1⟩
into O1

i for some i ∈ {1, . . . , l1} or hO2
i h

−1 for some i ∈ {1, . . . , l2}. Since
Av10

= H1 is mapped injectively and K2 ≥ C2 + C, this implies that νA

is injective. □

4.4 Discussion

This section discusses one of the possible applications of the combina-

tion theorem as well as a possible generalization to relatively hyperbolic

groups with torsion.

As described in the introduction, Kapovich andWeidmann [17] proved

a combination theorem and derived from it a finiteness result about

the number of conjugacy classes of quasiconvex subgroups of an almost

torsion-free hyperbolic group.

It seems possible to derive a similar finiteness result from the combi-

nation theorem of this thesis, leading to the following conjecture:

Conjecture 4.26 Let (G,P) be a torsion-free relatively hyperbolic group,

such that every P ∈ P is noetherian and such that every finitely generated

subgroup of G is relatively quasiconvex. Let l ∈ N.
Then there is a finite number of equivalence classes of (G,P)-carrier

graphs of groups, such that for every H ≤ G which is generated by at most

l elements there is some carrier graph A of H in one of these equivalence

classes with νA an injective quasiisometric embedding.

The following is a possible approach to derive this conjecture from

Theorem 4.20.

For any subgroup H ≤ G generated by elements h1, . . . , hl there is

a (G,P)-carrier graph corresponding to the rose with l petals which are

labeled by h1, . . . , hl. This carrier graph can further be made M -normal

by designating appropriate peripheral stars. All these carrier graphs for

such subgroups H belong to the same equivalence class E0.
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Now define a number of foldings forM -normal carrier graphsA, which

in some sense repair the obstructions (A1)-(A6) to νA being a quasiiso-

metric embedding which are stated in Theorem 4.20. In particular, the

carrier graph resulting from a folding should be M ′-normal and represent

the same subgroup of G as the original one.

It then remains to show, by considering a complexity which is strictly

decreasing under every folding, that performing the foldings in the correct

order transforms every carrier graph in E0 into a carrier graph in one of a

finite number of equivalence classes. This makes use of the fact that every

P ∈ P is noetherian and that the constant L defined in Theorem 4.20

does only depend on the equivalence class of the carrier graph of groups.

The proof of Theorem 4.20 uses the assumption of G being torsion-

free only once. The proof considers a reduced A-path t of the form

t = r(a)r−1 where r is almost-simple, such that a realization s of t

is not a quasigeodesic. The proof then concludes, that r(a′) is not a

quasigeodesic for some particular constants and some a′ ∈ Ar+ .

The same is not necessarily true, if G is not torsion-free. Indeed, if

a is a finite-order element of G with infinite centralizer, there might be

arbitrarily long r such that νA(t) = a. A seventh condition would have

to be added to Theorem 4.20 to reflect this fact.

Moreover, to address this new obstruction in the folding process de-

scribed above would require a folding which takes a finite subgroup of

some vertex group and pushes it out along an edge path starting in that

vertex. Hence, a useful generalization of a (G,P)-carrier graph of groups

for groups with torsion would have to allow some finite edge groups. This

in turn would have to be taken into account in the proof of the analogue

of Theorem 4.20 for groups with torsion.

A question for further research is therefore to find a workable defi-

nition for these carrier graphs of groups in the case with torsion and to

prove the analogue of Theorem 4.20 for them.
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im Rahmen eines Prüfungsverfahrens vorgelegen. Ein Teil der Arbeit ist

bereits in dem folgenden Vorabdruck auf dem Dokumentenserver arXiv

erschienen:

Carstensen, Thomas. ”Detecting Relatively Quasiconvex Subgroups

and Their Induced Peripheral Structure.” arXiv preprint, arXiv:2203.02357

(2022). (https://doi.org/10.48550/arXiv.2203.02357)

Kiel, den

82


	Introduction
	Detecting Relatively Quasiconvex Subgroups
	Combining Relatively Quasiconvex Subgroups
	Structure

	Preliminaries
	Notions of Length
	Algorithms for Relatively Hyperbolic Groups
	Elements of Infinite Order in Relatively Hyperbolic Groups
	Inclusion of Relatively Quasiconvex Subgroups
	Paths with Long Parabolic Edges
	Trivial Segments of Graphs of Groups

	Detecting Relatively Quasiconvex Subgroups
	Distortion of Subgroups
	Detection Algorithm
	Discussion

	Combining Relatively Quasiconvex Subgroups
	Carrier Graphs
	Combination Theorem
	Recovery of Previous Results
	Discussion

	References

