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Abstract

Multi-drug treatments are promising strategies in the �ght against the rapid
evolution of drug resistance in bacteria. Laboratory experiments and a few
clinical examples show that administering multiple drugs in combination or
alternation can impede bacterial adaptation and e � ectively clear an infection.
Yet, we still miss a deep understanding of how these treatments a � ect the
underlying evolutionary processes. Gaining these insights will substantially
contribute to the development and improvement of multi-drug strategies for
clinical use. In this thesis, I use mathematical models to systematically ex-
plore how di � erent multi-drug strategies a � ect the evolution of drug resis-
tance.

In the �rst chapter, I analyse how fast antibiotics should be cycled to ef-
fectively clear a bacterial infection with a sequential regimen. I further study
di � erences in the treatment dynamics between a laboratory and a patient en-
vironment. Using a pharmacokinetic-pharmacodynamic model, I found that
the most rapid cycling is always ideal in the laboratory environment. In the
patient, it is sometimes advantageous to cycle drugs more slowly.

In the second chapter, I focus on drug combinations and investigate how
antibiotics should be combined to optimally limit resistance evolution. I use
a stochastic modelling approach to explore the e� ect of multiple factors, such
as the number of drugs in combination, on the success probability of the treat-
ment. The observations from the mathematical model can serve as guiding
principles for treatment design.

The antibiotic crisis concerns everyone, and it is important to communi-
cate the problem of antibiotic resistance evolution and the strategies under-
taken against it to the general public. In the last chapter, I therefore share
my experience with developing an outreach activity for school students. This
chapter o� ers insights that can support other research in implementing an
outreach activity.
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Zusammenfassung

Die Verwendung mehrerer Antibiotika während der Behandlung eines Pa-
tienten ist eine vielversprechende Strategie im Kampf gegen die rapide Evo-
lution von Antibiotikaresistenzen in Bakterien. Laborexperimente und wenige
Beispiele aus der Klinik zeigen, dass die Administration mehrerer Medika-
mente in Kombination oder im Wechsel die Anpassung der Bakterien verhin-
dert und eine bakterielle Infektion e � ektiv beseitigt. Wir besitzen allerd-
ings noch kein tiefes Verständnis darüber, wie die Behandlungen die zu-
grundeliegenden evolutionären Prozesse beein�ussen. Dieses Wissen kann
maßgeblich zur Entwicklung und Verbesserung der Behandlungsstrategien
mit mehreren Medikamenten in der Klinik beitragen. In dieser Dissertation
nutze ich mathematische Modelle um systematisch zu erforschen wie ver-
schiedene Behandlungsstrategien, in denen mehrere Antibioka genutzt wer-
den, die Evolution von Antibiotikaresistenzen beein�usst.

Im ersten Kapitel, analysiere ich wie schnell Antibiotika während der
sequentiellen Behandlung gewechselt werden sollten, um e� ektiv eine bak-
terielle Infektion zu beseitigen. Zusätzlich untersuche ich Unterschiede in
den Behandlungsverläufen zwischen einer Behandlung unter Laborbedin-
gungen und einer im Patienten. Mit Hilfe eines Pharmakokinetisch - Phar-
makodynamischen Modells habe ich herausgefunden, dass ein schneller Wech-
sel der Medikamente im Labor optimal ist. Im Patienten kann es allerdings
manchmal von Vorteil sein, die Antibiotika langsam zu wechseln.

Im zweiten Kapitel schaue ich mir Antibiotikakombinationen an und un-
tersuche wie Antibiotika am besten Kombiniert werden sollten, um opti-
mal die Evolution von Resistenzen einzuschränken. Dabei nutze ich einen
stochastischen Modellierungsansatz um den E� ekt verschiedener Faktoren,
wie zum Beispiel die Anzahl der Medikamente in Kombination, auf die Erfol-
gswahrscheinlichkeit der Behandlung zu untersuchen. Die Beobachtungen
aus dem mathematischen Modell können als Leitlinien für die Gestaltung
von Behandlungen dienen.

Die Antibiotikakrise betri � t jeden. Es ist daher wichtig das Problem der
Antibiotikaresistenz und das, was gegen diese unternommen wird, mit der
allgemeine Bevölkerung zu kommunizieren. In dem letzten Kapitel teile ich
daher meine Erfahrung mit der Entwicklung einer „Outreach“ Aktivität für
Schüler und Schülerinnen. Diese Kapitel teilt wichtige Erkenntnisse, die
anderen Wissenschaftlern und Wissenschaftlerinnen in der Planung einer
„Outreach“ Aktivität unterstützen können.

2



Introduction

Bacteria are present everywhere and that in fascinatingly large numbers. A
single teaspoon of soil contains more microbes than people on earth (Gans et
al., 2005; Hoorman, 2010), and the human body hosts roughly as many bac-
teria as human cells (Sender et al., 2016). Like every organism on earth, these
bacteria constantly adapt to changes in their environment. Just by chance, a
bacterium might acquire a bene�cial genetic mutation, equipping it to over-
come harsh environmental conditions and rescuing its population from ex-
tinction. The large sizes of bacterial populations increase the likelihood that
a bacterium in the population acquires a suitable mutation.

The rapid evolution of bacteria poses a major threat to healthcare world-
wide as many pathogenic bacteria have evolved resistance against antibiotics
(O'Neill, 2016). Even before the �rst antibiotics were commonly used in the
clinic, resistance against these drugs was already observed (Rammelkamp
& Maxon, 1942; Silberstein, 1924). The use and misuse of antibiotics over
the last decades further drove and accelerated the spread of resistant bacte-
ria, resulting in a loss of treatment options (O'Neill, 2016; Unemo & Shafer,
2014). Unfortunately, the discovery and the development of new drugs are
slow (Ribeiro da Cunha et al., 2019) and therefore not a sustainable solution
for the problem (O'Neill, 2016). In order to develop more sustainable alterna-
tives, we need to �nd treatment schedules based on available antibiotics that
slow down the evolution of resistance and manage existing resistance. In par-
ticular, we need to understand how a speci�c treatment a � ects the underlying
evolutionary processes. A promising treatment strategy is the administration
of multiple drugs throughout the treatment of one patient as suggested by
many researcher (Andersson et al., 2020; Merker et al., 2020; Roemhild &
Schulenburg, 2019).

Multi-drug strategies, such as combination therapy, in which two or more
drugs are administered at the same time, or sequential therapy, in which
multiple drugs are applied in alternation, can impede evolution of drug re-
sistance. This can be explained as follows: administering multiple drugs
throughout the treatment of a patient increases the genetic barrier to resis-
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INTRODUCTION

tance. To become fully resistant to the treatment, the bacteria need to acquire
multiple mutations compared to just one in mono-therapy, provided that a
mutation does not confer resistance to multiple drugs (i.e. cross-resistance).
Antibiotic combinations have been the standard treatment for speci�c bacte-
ria, such asMycobacterium tuberculosis, due to their ability to limit resistance
evolution (Fox et al., 1999; Medical Research Council, 1950). However, for
most infection, drug combination are still not the standard. While sequential
therapy is not yet applied in the clinic, laboratory experiments showed that
the sequential application of antibiotics minimises the rate of adaption and
hence successfully constrains the evolution of drug resistance (Batra et al.,
2021; Kim et al., 2014; Roemhild et al., 2015; Yoshida et al., 2017).

The e� ciency of a treatment in reducing the growth rate of cells and its
ability to limit resistance evolution can depend on the characteristics of the
drugs, such as their mode of action or dose-response relationship, and spe-
ci�c treatment settings, for example, the number of drugs applied or their
doses. The use of multiple drugs throughout the treatment further opens the
possibility for the presence of additional factors, such as drug-drug interac-
tions or evolutionary trade-o � s, which could potentially a � ect the evolution
of resistance. Drug-drug interactions are commonly found between two or
more drugs (Katzir et al., 2019), and many drug pairs show, in addition to
the interactions, collateral e � ects (Barbosa et al., 2018). Hence, the dynamics
of a multi-drug strategy are a � ected by many factors. We, therefore, need
a thorough understanding of how each of these factors a� ects the growth of
a bacterial population and the evolution of drug resistance to optimise the
treatments for the clinic. Mathematical models allow us to describe di � er-
ent processes that are taking place during the treatment and help us to thor-
oughly explore how we need to apply a speci�c strategy to e � ectively limit
resistance evolution and clear a bacterial infection.

Already decades ago, mathematical models have been used to describe bi-
ological systems and answer questions on medical problems (Amigó & Small,
2017; Brauer, 2017). Brauer (2017), for example, reviewed the history of epi-
demiological models, with the �rst models dating back to 1760 and 1766
developed by Daniel Bernoulli to study the e � ciency of inoculation against
smallpox. Another example is the work by Kermack and McKendrick from
1927 on compartmental models for disease transmission, better known as
susceptible-infected (SI) models (Kermack & McKendrick, 1927). Looking
back on more recent times, mathematical modelling has been applied to many
di � erent areas of medicine (see, for example, the review by Amigó and Small
(2017)). Models are used to predict and monitor the spread of various dis-
eases (Siettos & Russo, 2013) and to guide policymakers, such as during the
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recent COVID-19 pandemic (Nicola et al., 2020). Cancer therapy also bene�ts
from the application of mathematical models, as insights from these models
help to optimise drug dosings or treatment durations in the clinic (Michor &
Beal, 2015) and o� er us a better understanding of the underlying processes,
such as the development of tumours (tumorigenesis) or formation of metasta-
sis (Altrock et al., 2015). For treatments of bacterial infections, models are ap-
plied to translate between experimental systems, for example, by predicting
the outcome of treatments with time-varying concentration pro�les, which
can occur in the patient, based on experiments with static antibiotic concen-
trations (Friberg, 2021). Overall, these model-based translations can support
the development process of new drugs and optimise treatment strategies,
such as the combinations of antibiotics (Friberg, 2021). The work presented
in this thesis uses mathematical models to deepen our understanding of how
antibiotic resistance evolution is a � ected by multi-drug treatments and to use
this knowledge for the optimisation of the strategies for potential clinical use.

To model the dynamics during treatment of bacterial infections, we need
to combine di � erent model components, each describing a speci�c aspect
of the underlying system. We �rst need a component that can describe the
growth of a bacterial population in the absence of treatment. To include the
e� ect of the drug, we have to combine this with a so-called pharmacodynamic
(PD) model, which describes how certain antibiotic concentrations a � ect the
growth rate of the bacteria. The dynamics of the drugs in the body of a pa-
tient can be integrated with a so-called pharmacokinetic (PK) model. In the
following we describe the di � erent model components in more detail (see
also Minichmayr et al. (2022) for a comprehensive review of PKPD models).

Bacterial growth models

Bacterial growth is most simply described with a single rate g0, the intrinsic
growth rate, which results deterministically in an unbounded exponential
growth of the population. In reality, population growth is most likely limited
due to the availability of resources or space. To account for limited growth,
the growth rate can be scaled depending on current population size ( N ) in re-
lation to the carrying capacity of the environment (K), i.e. g0 �(1� N

K ), which is
known as logistic growth model (introduced by Verhulst in 1838 (Charlebois
& Balázsi, 2019)). Another commonly used model for the growth limitation is
the Monod model, which links the growth rate to the concentration of avail-
able nutrients (Monod, 1949). The growth process can further be divided into
the events of replication at rate r0 and death at rate � 0; the growth rate is de-
scribed by g0 = r0 � � 0. The growth limitation could, in this case, either a � ect
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INTRODUCTION

the replication or the death rate (see, for example Czuppon et al. (2021), in
which both variants are motivated and described). The growth models used
in this thesis do not go beyond these descriptions. There are, more complex
models, such as the Baranyi model (Baranyi & Roberts, 1994) which also ac-
counts for the lag phase of bacterial growth; for a comprehensive review on
bacterial growth models, see Charlebois and Balázsi (2019)).

Pharmacodynamic models

Pharmacodynamics describe the relationship between the antibiotic concen-
tration and its e � ect on the bacteria, especially on their net growth rate. The
�rst pharmacodynamic models assumed a linear or log-linear relationship
between the concentration of a drug and its e � ect (in the latter, the e � ect de-
pends linearly on the logarithm of the concentrations) (Meibohm & Deren-
dorf, 1997). The dose-response relationship is today most commonly de-
scribed by a sigmoidal Hill function (Minichmayr et al., 2022). The use of the
Hill function to describe the drug e � ect was �rst proposed by Wagner in 1968
(Wagner, 1968), who derived the equation based on the receptor occupancy
theory, which relates the drug e � ect to the binding of the drug molecules
with their target receptors in the bacterial cell (for a derivation see for ex-
ample Mager et al. (2003)). The drug e� ect E(c) at a concentration c is given
by

E(c) =
Emax � c�

EC�
50 + c� ; (1)

in which Emax is the maximal possible e� ect of the drug, EC50 the concentra-
tion to reach half of the maximum e � ect and � the so-called Hill coe � cient,
which regulates the steepness of the curve. Due to the parameter Emax, this
model is mainly known as Emax-model. In this thesis, we use the so-called
pharmacodynamic function as introduced by Regoes et al. (2004), to model
the e� ect of the drug on the net growth rate (  (c)) of the bacteria

 (c) =  max �
( max �  min ) �

�
c

zMIC

� �

�
c

zMIC

� �
�  min

 max
|                         {z                         }

E(c)

; (2)

in which E(c) is derived from equation (1) (Regoes et al., 2004).  max is the
maximum growth rate of the bacteria in the absence of the drug,  min the
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minimum growth rate at very high concentrations and zMIC the concentra-
tion at which the net growth rate is zero. The function is displayed in �g-
ure 1A-D. Each panel shows how the change of a speci�c parameter a� ects
the shape of the curve. Resistant strains, which can arise by mutation of sus-
ceptible cells during replication, have di � erent pharmacodynamic functions
than the susceptible strain. Mutants have a higher value of zMIC than sus-
ceptible cells (panel D), and resistance is often costly, resulting in a lower
maximum growth rate (panel A). To account for di � erent drug characteris-
tics, I vary in this thesis the parameters  min and � (panels B and C).

Pharmacokinetic models

Pharmacokinetics describe the change in drug concentration over time c(t ) in
the body of the patient resulting from the processes of drug absorption, dis-
tribution and elimination (Levison & Levison, 2009). The change in drug con-
centrations can be modelled via compartmental models. A one-compartment
model describes the process of elimination in which the drug is directly avail-
able at the site of infection and eliminated from the body at rate kel (Meibohm
& Derendorf, 1997) (see �gure 1E). The addition of a second compartment
can account for the distribution of the drug in the body (Mager et al., 2003).
The drug is administered to the �rst compartment and transferred at rate
kdis to the second compartment, which represents the site of infection, and
back (see panel F). The approach of physiologically based pharmacokinetic
models divides the whole body of the patient, given the di � erent organs and
tissues, into separate compartments to predict the drug concentration at a
speci�c site of infection (Gerlowski & Jain, 1983). In this thesis, we use a one-
compartmental model to account for the pharmacokinetics of drugs. To link
the pharmacokinetic model with the pharmacodynamic model, we replace
the constant concentration c in equation (2) with the function c(t ).

Modelling multi-drug treatments

In models which describe the dynamics during multi-drug treatments, we
need to account for multiple cell types since resistance can evolve to any sub-
set of drugs. For a treatment with two drugs, for example, we have to describe
the e� ect of the treatment on at least four di � erent cell types: a susceptible
type, a type resistant to either one of the drugs and a fully resistant type.
When modelling the drug e � ect, we need to consider that the types have dif-
ferent levels of susceptibility towards di � erent drugs. Which can further vary
due to collateral e� ects. As we will discuss in more detail in chapter 2, choos-
ing an appropriate model that predicts the joint drug e � ect of multiple drugs
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INTRODUCTION

Figure 1: Examples of the pharmacodynamic and pharmacokinetic of drugs. Panels A-D
display the pharmacodynamic function as given by equation (2). The blue line has the same
parameter values in each panel ( max = 0:7h� 1;  min = � 3h� 1; � = 2;zMIC = 1 ). In each panel,
the green line displays a function in which one parameter is di � erent than the the blue line
(see panel header and legend). Panels E and F display the change in drug concentration over
time and the transition diagram for a pharmacokinetic model with one or two compartments.
The compartment marked in pink is the compartment at the site of infection. The drug
is administered at dose D and has a half-life of 2 hours in both models ( Kel was chosen
according to the half life, Kdis = 0:6h� 1).

is not easy. The most commonly used null models for drug additivity are
Bliss independence (Bliss, 1939) and Loewe additivity (Loewe & Muischnek,
1926). Both models describe the drug e� ect on the population level. For
mathematical models, especially stochastic models in which we consider the
replication and death events of individual cells, we still miss a good trans-
lation of these concepts to birth and death rates. The models presented in
this thesis either calculate the joint drug e � ect by adding the e� ects of the
individual drugs, a formulation of Bliss independence on rates (Baeder et al.,
2016) or implement both models. Drug-drug interactions are de�ned as de-
viation of the joint drug e � ect from what is expected in the absence of any
interactions. Hence, whether or not a combination shows interactions also
depends on the choice of the null model. There are models, such as the gen-
eralised pharmacodynamic interaction term (Wicha et al., 2017), which can
be used with either null model. In the variant of this term that we included
in our model, the interaction term is multiplied to zMIC in equation (2) and
therefore shifts the pharmacodynamics curve of a drug to the left (in case
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the interaction is bene�cial) or to the right (in case it disadvantageous) as
displayed in �gure 1D.

To address the aim of this thesis, I developed mathematical models for
sequential and combination therapy based on these model components. The
following provides an overview of the implemented models and the speci�c
questions we were interested in. Chapter 1 focuses on the optimal cycling fre-
quency for sequential therapy. I implemented two models for comparison: a
pharmacodynamic lab model, describing the treatment dynamics under con-
stant drug concentrations and a pharmacokinetic-pharmacodynamic patient
model, which incorporates varying drug concentrations, as present during
patient treatment. The aim of this study is to compare sequential therapy
in the lab and the patient. I further investigate how the optimal cycling fre-
quency is a� ected by the pharmacodynamic properties of the drugs, namely
their Hill coe � cients, drug-drug interactions and collateral sensitivity. I es-
pecially �nd that the Hill coe � cient and drug-drug interaction can a � ect the
optimal cycling frequency in the patient. This models-based translation be-
tween in vitro experiments and the clinic highlights that drug-drug interac-
tions, which were not accounted for in vitro , are an important criterion for
the selection of drugs for sequential treatments in patients.

In chapter 2, I present work in collaboration with Sebastian Bonhoe � er
from the ETH in Zurich, in which I investigate how antibiotics should be
combined to optimally reduce the growth of a bacterial population and limit
the evolution of resistance. I used a stochastic pharmacodynamic model to
calculate the success probability of a given treatment in eradicating a bacte-
rial population. In my analysis, I take into account di � erent drug character-
istics, the drug's mode of action and the shape of their dose-response curve,
and treatment settings, namely the dosing and number of drugs. In addition,
I compared the success probabilities of combination treatments with that of
mono-therapies. Combination therapy is almost always better than mono-
therapy; I only observe exceptions for drugs with large Hill coe � cients. I
further �nd that the mode of action of drugs strongly in�uences the evolu-
tion of resistance, and that the combination of a bacteriostatic drugs with
bactericidal drugs, killing independent of cell replication, is especially bene-
�cial.

The research presented in this thesis systematically explores multiple fac-
tors that can a� ect the e� ciency of multi-drug treatments in successfully
eradicating a bacterial infection. This work can serve as a basis for fur-
ther studies, which can build on my �ndings by validating the observation
through in vitro or in vivo studies and by extending my analysis for addi-
tional factors. I hope this thesis further demonstrates the important role that
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INTRODUCTION

mathematical modelling can play in the �ght against the ongoing antibiotic
crisis.

As the antibiotic crisis concerns not only us scientists but everyone, it is
further important to communicate its origin and the strategies to �ght it to
the general public. In the last chapter, I present work resulting from my par-
ticipation in scienti�c outreach. Among other programs, I participated in the
initiative 'Rent-A-Scientist', for which I designed an interactive talk for school
students with the goal of raising awareness about antibiotic resistance and
motivating students to pursue a career in the MINT �eld. In this chapter, I
am reporting my experience implementing an outreach activity. Overall, par-
ticipating in outreach activities was a valuable part of my doctoral timeline,
and I hope this chapter o � ers some helpful tips for researchers interested in
outreach.
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1 | Sequential antibiotic therapy
in the lab and in the patient

Abstract Laboratory experiments suggest that rapid cycling of antibiotics
during the course of treatment could successfully counter resistance evolu-
tion. Drugs involving collateral sensitivity could be particularly suitable for
such therapies. However, the environmental conditions in-vivo di � er from
those in-vitro . One key di� erence is that drugs can be switched abruptly in
the lab, while in the patient, pharmacokinetic processes lead to changing an-
tibiotic concentrations including periods of dose overlaps from consecutive
administrations. During such overlap phases, drug-drug interactions may
a� ect the evolutionary dynamics. To address the gap between the lab and
potential clinical applications, we set up two models for comparison - a `lab
model' and a pharmacokinetic-pharmacodynamic `patient model'. The anal-
ysis shows that in the lab, the most rapid cycling suppresses the bacterial
population always at least as well as other regimens. For patient treatment,
however, a little slower cycling can sometimes be preferable if the pharmaco-
dynamic curve is steep or if drugs interact antagonistically. When resistance
is absent prior to treatment, collateral sensitivity brings no substantial bene�t
unless the cell division rate is low and drug cycling slow. By contrast, drug-
drug interactions strongly in�uence the treatment e � ciency of rapid regi-
mens, demonstrating their importance for the optimal choice of drug pairs.

This chapter has been published as: Nyhoegen C, Uecker H. (2023), Sequential antibiotic
therapy in the laboratory and in the patient. J. R. Soc. Interface20: 20220793.
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CHAPTER 1. SEQUENTIAL THERAPY

1.1 Introduction

Resistance of bacteria to antibiotic treatment is a tremendous problem for
health care worldwide, caused by the fact that bacteria, as all organisms,
evolve and adapt to their environments. Such an evolution-caused problem
calls for a solution based on evolutionary principles. Evolution-informed
medicine aims to develop sustainable treatment strategies that prevent the
selection of resistance during treatment (Andersson et al., 2020; Merker et
al., 2020; Roemhild & Schulenburg, 2019). One such strategy is sequential
therapy, a multi-drug regimen in which two or more drugs are alternated fre-
quently during the treatment of a patient. The idea is that a rapidly changing
environment impedes the adaptation of the bacteria to the antibiotics and
consequently reduces the fraction of treatment failures due to resistance evo-
lution (Roemhild & Schulenburg, 2019).

The idea of alternating drugs was �rst studied as a strategy to prevent the
spread of resistance across patients within a hospital (see Uecker and Bonho-
e� er (2021) for a review of modelling studies). As such, it is implemented on
a population level: the default drug used for empirical therapy – i.e., before
identifying the speci�c disease-causing bacterium – in a hospital is cycled
in time, but any single patient (ideally) receives just one drug throughout
their treatment. While this hospital-wide cycling of drugs aims to reduce the
spread of resistance between patients, sequential therapy during treatment
of individual patients aims to minimise the probability of within-host resis-
tance evolution. Usually, bacteria would be exposed to much more rapidly
changing environments during sequential therapy than during hospital-wide
drug rotations.

Laboratory experiments have demonstrated the superiority of fast sequen-
tial therapy over mono-therapy (Batra et al., 2021; Kim et al., 2014; Roemhild
et al., 2015; Yoshida et al., 2017). These studies showed that the treatment
minimises the rate of adaptation and constrains the evolution of multi-drug
resistance. It was further found that fast sequential therapy can lead to the
clearance of bacterial populations under antibiotic concentrations for which
the simultaneous administration of two drugs would fail (Fuentes-Hernandez
et al., 2015),and that for certain drug pairs, a high switching rate correlates
with a high extinction rate (Batra et al., 2021; Roemhild et al., 2018).

Recent studies suggest that the e� ciency of sequential therapy could po-
tentially be further increased through the exploitation of evolutionary trade-
o� s such as collateral sensitivity (Imamovic & Sommer, 2013; Maltas & Wood,
2019). With collateral sensitivity, resistance to one drug increases the sus-
ceptibility to another one, which was �rst described by Szybalski and Bryson

12



1.1. INTRODUCTION

(1952). This trade-o� has been observed in di� erent bacterial species, for in-
stance in E. coli (Imamovic & Sommer, 2013; Lázár et al., 2013; Munck et al.,
2014; Podnecky et al., 2018; Szybalski & Bryson, 1952),P. aeruginosa(Bar-
bosa et al., 2017; Yen & Papin, 2017),S. faecalis(Maltas & Wood, 2019) and
S. aureus(Kim et al., 2014; Rodriguez de Evgrafov et al., 2015) . Identi�cation
of collateral sensitivity pro�les for di � erent drugs has indeed been success-
fully used to inform optimal treatment strategies, which outperform other
sequential regimens and mono-therapy, in the lab (Maltas & Wood, 2019).

In a laboratory setting, it is possible to switch abruptly from one drug to
another. In a patient, in contrast, the antibiotic concentration decreases grad-
ually due to pharmacokinetic processes such as metabolization or secretion
of the drug. Doses of di � erent drugs might then overlap such that drug-drug
interactions can in�uence the dynamics. To be able to transfer results from
the lab to the clinic, it is important to understand how pharmacokinetic pro-
cesses in�uence the outcome of sequential therapy and the optimal treatment
settings.

Mathematical models that take the pharmacokinetic and pharmacody-
namic properties of drugs into account can simulate a patient-like environ-
ment and can help to close the gap between laboratory experiments and clin-
ical applications. Such models have recently been applied to assess the ben-
e�ts of collateral sensitivity for cycling strategies, showing that the bene�ts
depend on the pharmacodynamic properties of the drugs and the drug dos-
ing (Aulin et al., 2021; Udekwu & Weiss, 2018). However, these studies only
compare a few cycling regimens and drug doses and, more importantly, do
not include drug-drug interactions, which are one of the greatest di � erences
between the lab and the patient. Moreover, they do not provide an explicit
comparison to a `lab model' with alternating constant drug concentrations.

In this article, we set up a lab model and a patient model. Our goal is
two-fold – compare sequential therapy in the lab and in the patient and iden-
tify the optimal settings for patient treatment, depending on drug dosing,
the pharmacodynamic drug characteristics, drug-drug interactions, and col-
lateral sensitivity. This requires choosing a measure for the assessment of
treatment strategies. We focus on dosing regimens in which the evolution of
resistance slows down the decline of the bacterial population but ultimately
does not prevent its extinction. We, therefore, choose the time until the sub-
population sizes of all types have dropped below a given threshold as our
primary measure. The analysis shows that the optimal frequency may in-
deed di� er between sequential therapy in the lab and in the patient and that
drug-drug interactions can have a strong e � ect on the treatment e� ciency
and should thus be taken into account when choosing drug pairs for therapy.
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CHAPTER 1. SEQUENTIAL THERAPY

1.2 Methods

1.2.1 General Model

We consider a bacterial population of initial size N0 that undergoes antibiotic
treatment following a certain regimen, which includes at most two drugs –
drug A and drug B. The parameter T de�nes the time between two adminis-
trations. At each administration, either drug A or drug B is given at a dose DA
or DB, and the drug sequence de�nes the treatment regimen (Figure 1.1A).

We consider four di � erent types of cells: wild-type cells that are suscep-
tible to both drugs, single mutants resistant to drug A or drug B, and double
mutants that are resistant to both drugs. With probabilities uA or uB, a bac-
terium acquires a resistance mutation to the respective drug during replica-
tion.

We assume that the drugs are strictly bactericidal, i.e. they increase the
death rate of bacteria but do not a � ect replication. Replication of wild-type
cells occurs with the density-dependent rate r0

�
1 � N (t)

K

�
, where r0 is the in-

trinsic replication rate, N (t ) the total population size at time t and K the car-
rying capacity. Resistance entails a cost, reducing the maximum replication
rates by factors (1 � 
 A), (1 � 
 B), and (1 � 
 AB) for bacteria that are resistant
to drug A, drug B, or to both drugs, respectively. The death rates are given
by the sums of the intrinsic death rate � 0 and the antibiotic-induced kill rates
� X (X 2 fW ;A;B;ABg), which are type-speci�c and concentration-dependent
and explained in detail in the next sections. The antibiotic concentrations of
the two drugs, cA(t ) and cB(t ), change with time according to the treatment
schedule and – for the patient – the pharmacokinetics of the drugs. We dis-
cuss the time course ofcA(t ) and cB(t ) further below.

In serial transfer experiments, the bacterial population size undergoes a
bottleneck before every drug administration. In the main text, we do not
incorporate this dilution step into the lab model. The comparison between
the patient and the lab thus reduces to a comparison between models with
and without pharmacokinetics. Results for a more realistic lab model with
bottlenecks are discussed in the appendix (see appendix A3).

Putting everything together, the following ODE system describes the dy-
namics for each type, where W denotes the number of wild-type cells and
MA, MB, and MAB the numbers of cells that are resistant to drug A, drug B,
or to both drugs:
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dW
dt

=

"

(1 � uA)(1 � uB)r0

 

1 �
N (t )

K

!

� � 0 � � W (cA(t );cB(t ))

#

� W(t ); (1.1a)

dMA

dt
= uA(1 � uB)r0

 

1 �
N (t )

K

!

� W(t )

+

"

(1 � uB)r0(1 � 
 A)

 

1 �
N (t )

K

!

� � 0 � � A(cA(t );cB(t ))

#

� MA(t );

(1.1b)

dMB

dt
= uB(1 � uA)r0

 

1 �
N (t )

K

!

� W(t )

+

"

(1 � uA)r0(1 � 
 B)

 

1 �
N (t )

K

!

� � 0 � � B(cA(t );cB(t ))

#

� MB(t );
(1.1c)

dMAB

dt
= uAuBr0

 

1 �
N (t )

K

!

� W(t )

+ uBr0(1 � 
 A)

 

1 �
N (t )

K

!

� MA(t )

+ uAr0(1 � 
 B)

 

1 �
N (t )

K

!

� MB(t )

+

"

r0(1 � 
 AB)

 

1 �
N (t )

K

!

� � 0 � � AB(cA(t );cB(t ))

#

� MAB(t ):

(1.1d)

For most of our analysis, we assume that the population initially consists
only of wild-type bacteria and consider the de novoevolution of resistance
during treatment. We later test how the pre-existence of resistance a � ects
our results.

1.2.2 The pharmacodynamics of the drugs

We next describe how we model antibiotic-induced killing. For notational
simplicity, we drop the subscripts indicating the cell type and the drug for
the moment. We start by describing the e � ect of a single drug that is present
at concentration c. We denote by  max the growth rates of the respective type
in the absence of antibiotics at low bacterial densities (e.g.  W

max = r0 � � 0 for
the wild type and  A

max = (1 � 
 A)r0 � � 0 for the type resistant to drug A).
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Figure 1.1: Illustration of the components of the PKPD model. Panel A : Example treatment
schedule, in which the drug is switched after three administrations. Panels B and C: Drug
concentration and growth rate of wild-type bacteria over time in the lab (Panel B) and in
the patient (Panel C). Panel D : Dynamics of the bacterial strains for the treatment schedule
displayed in Panel A. The y-axis starts at one cell. Panels E-H: Pharmacodynamic curves,
illustrating several features. Panel E compares the curves for two di � erent Hill coe � cients
� ; Panel F compares the curves for the wild-type and the single resistant strain at di � erent
cell densities; Panels G and H show the in�uence of collateral sensitivity and drug-drug
interactions, respectively. (Parameter values di � ering from those in Table 1.1:  W

max = 0:88,
� res = 2, 
 A = 
 B = 
 AB = 0:4)
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Following Regoes et al. (2004), we describe the antibiotic-induced killing
by the term

� (c) =
( max �  min ) �

�
c

zMIC

� �

�
c

zMIC

� �
�  min

 max

: (1.2)

Antibiotic killing is thus independent of the bacterial density and the actual
density-dependent replication rate of cells. The meaning of the parameters
 min , zMIC , and � is best seen by considering the growth rate of bacteria in
the absence of other cells

 (c;N = 0) =  max � � (c); (1.3)

which is shown in Figure 1.1E: the parameter  min is the growth rate in the
limit of very high antibiotic concentrations c (lim c!1  (c) =  min ). The pa-
rameter zMIC is the minimal inhibitory concentration (  (zMIC) = 0 ). The so-
called Hill coe � cient � regulates the steepness of the sigmoidal curve (com-
pare the two curves in Figure 1.1E). Figure 1.1F shows the bacterial growth
rate at non-zero population densities, where the parameters zMIC and  min
loose this simple interpretation.

The pharmacodynamic parameters  min , zMIC , and � generally di � er be-
tween the two drugs. Since we measure drug concentrations in multiples
of the minimal inhibitory concentration of the wild type, the absolute min-
imal inhibitory concentrations with respect to the drugs do not matter, and
we can choose the same for both without loss of generality; hence we set

zMIC (A)
W = zMIC (B)

W = zMIC W . For simplicity, we also assume that  min is the
same for both drugs.

We assume that – besides max – only the minimal inhibitory concentra-
tion zMIC di � ers between the four cell types, while  min and � are the same
for all of them. This assumption conforms with experimental measurements
of mutant dose-response curves (Chevereau et al., 2015; Das et al., 2020),
which, however, does not mean that it is universally true. Bacteria that are
resistant to a given drug can tolerate higher concentrations than the drug-
sensitive wild type, i.e., their minimal inhibitory concentration with respect
to that drug is higher. We model resistance by multiplying the wild-type pa-

rameter zMIC (� )
W (where the � denotes the drug) by a factor � res > 1 for the

respective single mutant and the double mutant (Figure 1.1F). For example,
the minimal inhibitory concentration of the mutant resistant to drug A with

respect to drug A is � reszMIC (A)
W . We also allow for collateral sensitivity. A

single mutant displaying collateral sensitivity has a lower minimal inhibitory
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CHAPTER 1. SEQUENTIAL THERAPY

concentration than the wild type in the presence of the antibiotic to which
it is susceptible. Similar as for resistance, we model this by a factor � coll < 1
(Figure 1.1G). For example, the minimal inhibitory concentration of the mu-

tant resistant to drug A with respect to drug B is � colzMIC (B)
W . We assume that

the double mutant is not a � ected by collateral sensitivity.

1.2.3 Combined e � ect of two drugs and drug-drug-interactions

If drugs are cycled rapidly, both drugs may be simultaneously present in the
body. Interactions between the drugs can alter the individual e � ects of each
drug. To account for this, we multiply the minimal inhibitory concentration
of a drug with an interaction term I that depends on the concentration of the
other drug Wicha et al., 2017; see appendix A1.1. E.g., the wild-type MIC

of drug A in the presence of drug B is I (cB) � zMIC (A)
W . Following Wicha et al.

(2017), we model the interaction term by

I (c) =

 

1 +
Imax � cH

I H
50 + cH

!

: (1.4)

The variable Imax describes the maximal e� ect (lim c!1 I (c) = 1+ Imax). The
sign of Imax determines whether the interaction is enhancing or inhibiting the
e� ect of the focal drug. At concentration c = I50, we have I = 0:5Imax. The
steepness of the sigmoidal curve is given by the parameter H . For simplicity,
we assume that e� ects are reciprocal (this holds for some interactions, but
others are directional; for a review see Roemhild et al., 2022a).

Finally, to obtain the combined e � ects of both drugs, we sum their indi-
vidual kill rates. In the absence of drug-drug interactions, this corresponds
to Bliss independence (Baeder et al., 2016; Bliss, 1939). For clarity, we explic-
itly give the full expression for the antibiotic-induced death rate of the wild
type:

� W (cA(t );cB(t )) =
( W

max �  min ) �
�

cA(t )
I (cB(t ))zMICW

� � A

�
cA(t )

I (cB(t ))zMICW

� � A
�  min

 W
max

+
( W

max �  min ) �
�

cB(t )
I (cA(t ))zMICW

� � B

�
cB(t )

I (cA(t ))zMICW

� � B
�  min

 W
max

:

(1.5)

The growth rate is given by

 W (cA(t );cB(t );N (t )) = r0 �

 

1 �
N (t )

K

!

� � 0 � � W (cA(t );cB(t )) (1.6)
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and illustrated in the presence and absence of drug-drug interactions in Fig-
ure 1.1H. The death and growth rates of the other types are obtained ac-
cordingly, using the respective maximal growth rates and minimal inhibitory
concentrations.

With this choice of modelling drug-drug interactions, antagonistic inter-
actions are hyper-antagonistic – also termed `suppressive' – in some concen-
tration range. I.e. wild-type bacteria grow better if the second drug is added
than they would if the second drug were absent ( � W (cA;cB) < � W (cA;0) for cer-
tain concentrations cA, cB; see Figure A1.1A,E in appendix A1.2). However,
they always grow worse than the mutant types (Figure A1.1B-D,G-H).

1.2.4 The pharmacokinetics of the drugs

We assume that in the lab, the antibiotic concentration stays constant at the
applied dose DA or DB between administrations. This means that cA(t ) is
equal to DA whenever the schedule indicates a cycle of drug A, but is zero for
the cycles of drug B (Figure 1.1B).

In the patient, in contrast, the drug concentration at the site of infection
changes over time due to the pharmacokinetic processes of drug absorption,
distribution, elimination, and metabolization (Levison & Levison, 2009). To
derive the functions cA(t ) and cB(t ), models in which the body is divided into
di � erent compartments can be used (Shargel et al., 2007). We here simply
consider a one-compartment model. In the one-compartment model, the en-
tire dose DA (or DB) is fully available after administration and eliminated
from the body at rates KA

el (or KB
el). The rates KA

el and KB
el can be estimated

from the drug's half lives tA
1=2 and tB

1=2. Let us denote by c1
A(t ) the exponential

decline in the concentration of drug A after one administration at time t = 0
(equivalent for drug B):

c1
A(t ) = DA � exp

�
� KA

el � t
�

(1.7)

During the time course of the treatment, both drugs are administered
multiple times. cA(t ) and cB(t ) are then given by the sum of time-shifted
functions c1

A(t ) and c1
B(t ) based on the de�ned treatment regimen and the

pharmacokinetic parameters for each drug (Figure 1.1C, upper graph). To-
gether with the pharmacodynamics described in the previous section, this
leads to time-dependent growth rates (Figure 1.1C, lower graph). For all nu-
merical results, we assume that the administered doses and the decay rates
of the drugs are the same for both drugs (DA = DB = D, KA

el = KB
el).
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1.2.5 Implementation

We solved the deterministic ODE system Eq. (1.1) numerically in MATLAB
(version 2020a/2020b) using ode45(Shampine & Reichelt, 1997). Table 1.1
provides a list of all parameter values. Example dynamics are shown in Fig-
ure 1.1D.

Stochastic e� ects can become important when the population size gets
small. Therefore, we additionally set up a hybrid model that accounts for
stochasticity when the sub-population size for a type drops below a certain
threshold (see appendix A1.3). Below this threshold (here set to 1000), we
simulate the cell division and death by the respective rates, applying the
thinning algorithm introduced by Lewis and Shedler (1979). This algorithm
is based on the Gillespie algorithm (Gillespie, 1976, 1977) but accounts for
time-dependent rates. When a type exceeds the threshold, the cell numbers
are calculated with the deterministic model described above; the only excep-
tion are mutations, which are always simulated as stochastic events. Simu-
lations with this hybrid approach (described in Kiehl et al. (2004)) are faster
than fully stochastic simulations. However, they are not fast enough to con-
duct the same analysis we are able to do with the deterministic model. In
appendix A1.4, we compare results of the two model implementations for
a small set of treatments. Overall, the results align well. However, with
increasing concentrations, the agreement gets less good. We therefore sup-
port all results from the deterministic model with semi-stochastic simula-
tions throughout the main text. The hybrid model moreover allows assess-
ing how robust the performance of a treatment regimen is with respect to
stochastic e� ects, which is discussed in appendix A1.5.

1.2.6 Assessing the performance of a treatment regimen

To compare di� erent treatment regimens with each other, we need to de-
�ne a measure for the performance of a treatment. We focus on concentra-
tions at which, for a given treatment, the appearance of resistant strains does
not completely prevent suppression of the bacterial population but may slow
down its decline. Importantly, as we will see, this does not imply that we
apply concentrations above the MIC of the single resistant strains. As the
main model implementation is deterministic, eradication of the bacteria is
not possible. We therefore use the time until each sub-population size has
been reduced to a threshold Nc, which we set to one, as a measure of treat-
ment e� ciency. As a second proxy for treatment e� ciency we consider the
minimal concentration for which each sub-population drops below Nc within
the considered time frame of 80 drug administrations (40 days). We call this
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Parameter Description Value Reference

N0 initial bacterial population
size

1010 -

uA, uB mutation rate 10� 9 Rodríguez-Rojas (2014),
Imhof (2001)

K carrying capacity 1015 -

r0 intrinsic replication rate  max + � 0 Grant (2008)1

� 0 intrinsic death rate 0:01 h� 1 Grant (2008)1


 A, 
 B, 
 AB cost of mutation 
 A = 
 B = 0:1 Igler (2021), Spohn (2019),

1� 
 AB = (1� 
 A)(1� 
 B) Melnyk (2015)

 W
max wild-type growth rate in the

absence of antibiotics
0:088 h� 1 Grant (2008)1

(SI: 0:88 h� 1) -

 min growth rate at very high con-
centrations

� 6:5 h� 1 -

(SI: � 8:8 h� 1) -

zMIC W wild-type MIC 0:017 �g=ml Regoes (2004)2

� res bene�t of mutation in terms
of resistance

28 Igler (2021), Spohn (2019),
Melnyk (2015)

� coll zMIC W MIC of single mutants af-
fected by collateral sensitivity

weak = 0:012 �g=ml
strong = 0:007 �g=ml

Imamovic (2013), Bar-
bosa (2017)

� Hill coe � cient 1 or 2 Regoes (2004)2;3

Imax maximum e� ect of drug-drug
interactions

synergism = � 0:9 Wicha (2017)

antagonism = 5 Wicha (2017)

I50 concentration to reach 50% of
Imax

0:05 �g=ml Wicha (2017)

H sigmoidicity parameter of the
interaction term

1 Wicha (2017)

T time between administrations 12 h -

DA, DB drug concentrations at ad-
ministration

0 � 35:5 � zMIC -

tA
1=2, tB

1=2 half lives of the drugs in the
body

3:5 h Vance-Bryan (1990)2,
Naber (1999)2

KA
el, KB

el decay rates of the drugs in the
body

ln (2)=tA1=2, ln (2)=tB1=2 -

Table 1.1: Table of all parameters and their values used to generate the results. When mul-
tiple values are given, these were varied during the analysis to observe the e� ect of a certain
parameter on the treatment e� ciency. 1 Our value for the growth rate (  max) corresponds to
the mean of the rates estimated for the exponential growth of bacteria in two di � erent organs
in the early phase of the infection. The death (0.009 h� 1 and 0.017 h� 1) and replication rates
(0.097 h� 1 and 0.107 h� 1) that were separately estimated are similar to the values assumed
in our study. 2;3 Estimates for the drugs 2Cipro�oxacin and 3Streptomycin.
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concentration the �rst e � ective concentration. For the semi-stochastic simu-
lations, we only show results in a range of doses in which treatment is suc-
cessful in all replicate runs; the lowest concentration, for which results are
shown, is further limited by the run time of the semi-stochastic simulations
and can thus not be interpreted as the �rst e � ective concentration.

1.3 Results

To identify potential di � erences between the lab and the patient model and to
determine the optimal settings for sequential therapy, we will compare in this
section the e� ciency of di � erent treatments, varying in cycling frequency
and drug characteristics. We consider a broad range of drug concentrations
so that we are able to determine the e� ect of the treatment settings for low
and high drug concentrations.

In laboratory experiments, bacteria are usually provided with optimal
growth conditions and replicate quickly. In vivo, in some infections, repli-
cation is fast as well, while in others bacteria replicate very slowly (see Grant
et al., 2008 or Kaiser et al., 2013 for studies in mice). We therefore study treat-
ment of both slowly and rapidly replicating bacteria. It turns out that some
results are sensitive to the rate of cell division and that pharmacokinetic pro-
cesses alter conclusions for slowly replicating but not for rapidly replicating
bacteria. In the main text, we focus on results for slowly replicating bacteria
( W

max = 0:088 h� 1) and point out di � erences to rapidly replicating bacteria
( W

max = 0:88 h� 1) throughout. We additionally summarize all results in Ta-
ble 1.2 at the end of the results section. The full analysis for rapidly dividing
cells, including a detailed comparison of the dynamics, can be found in ap-
pendix A3.

In the �rst part of the analysis, we evaluate the e � ciency of the sequen-
tial regimens in comparison to mono-therapy. We then explore in the second
part the in�uence of the pharmacodynamics of the drugs. Our focus lies on
the Hill coe � cient � . We brie�y discuss the e � ect of the pharmacodynamic
parameter  min in appendix A2.1. In the third part, we analyse the e � ect of
collateral sensitivity and drug-drug interactions on the treatment e � ciency.
For the latter, we assume either synergism, in which both drugs potentiate
each other's e� ect, or antagonism, in which both drugs inhibit each other's
e� ect. In the last part, we brie�y discuss results for a heterogeneous initial
population, where resistance pre-exists prior to treatment. In all �gures, dis-
crete data points are connected by lines for easier readability.
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1.3.1 Sequential therapy performs better than mono-therapy

Figure 1.2 shows the �rst e � ective concentration for a large range of treat-
ments, highlighting the need for a higher concentration to achieve a treat-
ment success under mono-therapy than under sequential therapy (blue lines).
Importantly, sequential therapy is e � ective well below the MIC of the single
mutants (dashed grey line). The reason for the reduced �rst e � ective concen-
tration under sequential therapy could, in principle, either be a more e � cient
clearance of the wild type or a better suppression of resistant strains under
drug cycling. To disentangle the two, we also considered the �rst e � ective
concentration if resistance evolution were impossible, i.e. uA = uB = 0 (yel-
low lines). In that case, the �rst e � ective concentration is virtually the same
for mono-therapy and for all sequential regimens, showing that sequential
therapy is more e� cient than mono-therapy through more e � ectively con-
trolling the growth of the resistant types (but we will see further below that
the cycling frequency can also have an e� ect on the decline of the wild-type
population). To give an upper bound for the concentration needed for suc-
cessful treatment, we furthermore included the results for a population that
is entirely composed of double mutants (lilac lines). A comparison of Pan-
els A and B shows that successful treatment requires lower concentrations in
the lab than in the patient, which is expected given that the concentration
decreases over time in the patient but not in the lab.

Figure 1.2: First e� ective concentration for a large range of sequential regimens in compari-
son to mono-therapy for the lab and patient environment. The blue curves shows the results
for the model as described in the methods section; the yellow curve shows results for a fully
susceptible cell population in which resistance evolution is impossible ( uA = uB = 0); the lilac
curve shows results for treatment of a population of double resistant cells. The grey dashed
line marks the MIC of the single mutants.
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1.3.2 The optimal cycling frequency for patient treatment
depends on the Hill coe � cients of the drugs and the
antibiotic dose

In this section, we focus on the e� ect of the drugs' Hill coe � cients � A and
� B, which re�ect the steepness of the dose-response curves on the treatment.
For simplicity, we consider treatments with two drugs that have the same
Hill coe � cient (either � A = � B = 1 or � A = � B = 2). Example simulations for
drug pairs with di � erent Hill coe � cients (� A = 1 and � B = 2 or the other way
round) can be found in the appendix A2.2.

Figure 1.3 compares the di� erent treatment regimens for the two di � erent
drug pairs ( � A = � B = 1 and � A = � B = 2) in the lab and in the patient. Con-
sidering the semi-stochastic simulations, we see that di � erences between the
strategies are more pronounced in the lab than in the patient over most of the
parameter range. In most cases, the treatment e� ciency decreases with the
time between drug switches, with several rapid regimens performing equally
good. In particular, in the lab model, rapid cycling minimizes the time to
extinction across the entire concentration gradient for both drug pairs. In the
patient, the picture is more nuanced. For the drug pair with Hill coe � cients
� A = � B = 2, the optimal cycling frequency depends on the drug concentra-
tion. At low drug concentrations, a little bit slower cycling frequencies are
slightly better than very high cycling frequencies (see Figure 1.3G and H).
Why could this be the case? When a new dose is administered, there is still
some residual antibiotic present in the body from the previous administra-
tion. One of the di � erences between the various cycling regimens lies in the
number of overlaps between doses of di� erent drugs and doses of the same
drug. For the fastest cycling regimen, overlaps occur only between doses
from di � erent drugs. In appendix A2.3, we argue that for drug pairs with a
`large' Hill coe � cient and low antibiotic concentrations, dose overlaps from
the same drug lead to higher killing than dose overlaps from di � erent drugs
for all cell types except for the one that is resistant to this drug. This type
is then managed by administrations of the other drug, making intermediate
cycling frequencies overall optimal. For rapidly replicating cells, the concen-
tration for which same-drug overlaps provide an advantage are lower than
the �rst e � ective concentration. In this case, the most rapid cycling is always
optimal, even for drugs with 'large' Hill coe � cients (see Figure A3.2).

The deterministic ODE model correctly captures the behaviour in all sce-
narios but overestimates di � erences between strategies for low/intermediate
concentrations and underestimates them for high concentrations. In partic-
ular, in the deterministic model, all strategies (except for the 12 h treatment)
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are equally good from a certain concentration on (see appendix A1.4 for de-
tails).

1.3.3 Collateral sensitivity in�uences the e � ciency of slow
cycling regimens and drug-drug interactions in�uence
the e� ciency of fast cycling regimens

In this third part, we describe how collateral sensitivity and drug-drug in-
teractions in�uence the e � ciency of a given cycling regimen and the optimal
treatment choice. In all cases, we consider these characteristics to be recipro-
cal, e.g. collateral sensitivity in both single mutants and reciprocal drug-drug
interactions. Results for collateral resistance (i.e. � col > 1) are discussed in ap-
pendix A2.4.

As shown in Figure 1.4A and D, for slowly replicating bacteria, collat-
eral sensitivity does not increase the treatment e� ciency when the drugs are
switched rapidly. As the cycling frequency decreases (Panels B, C and E),
however, collateral sensitivity becomes important (see appendix A2.5 for re-
sults for the lab model). For drug-drug interactions, we observe the oppo-
site – the e� ciency of fast cycling is strongly in�uenced by the interactions,
whereas slow cycling is not (Figure 1.4F-J). Antagonism leads thereby to a
decrease and synergism to an increase in the treatment e� ciency. The strong
e� ect of drug-drug interactions on the performance of rapid but not slow cy-
cling regimens is intuitive since rapid cycling leads to more periods of drug
overlap during which the interaction becomes relevant. The results for the
e� ects of collateral sensitivity are maybe less intuitive. One may think that
collateral sensitivity should be more in�uential under fast than under slow
cycling as well, as the trade-o� can be exploited on more time points. The rea-
son that this is not observed lies in the sizes of the resistant sub-populations
during the treatments. The e � ect of collateral sensitivity becomes visible
only when the a� ected sub-populations (i.e. the single resistant types) are
su� ciently large. Rapid cycling is able to better suppress the resistant sub-
populations than slow cycling, even in the absence of collateral sensitivity.
Similarly, since the resistant sub-populations grow more slowly under high
drug concentrations, the e� ect of collateral sensitivity becomes less visible
with increasing concentration, as also observed by Aulin et al. (2021).

If cells divide rapidly, resistant sub-populations can become large even if
drugs are cycled fast. Collateral sensitivity therefore has an e � ect – albeit a
very weak one – for rapid regimens at low drug concentrations both in the
lab and the patient (Figures A3.8, A3.9A, and A3.10A). In contrast, collateral
sensitivity e � ects are negligible for slow regimens (unless the population is
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Figure 1.3: Treatment e� ciency of di � erent regimens, cycling drug pairs with either � A =
� B = 1 (upper four panels) or � A = � B = 2 (lower four panels) in the lab (left column) or
in the patient (right column). Each plot compares the time by which all sub-population
sizes reach the threshold Nc for di � erent treatments across a wide range of concentrations.
Panels A,C,E,G show results obtained from the deterministic ODE model Eq. (1.1); Panels
B,D,F,H show results from simulations based on the semi-stochastic hybrid model. The most
rapid cycling regimen is always optimal in the lab. In the patient, slightly slower cycling
performs better at low drug concentrations for the drug pair with � A = � B = 2 (see Panels G
and H).
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subject to repeated bottlenecks, where at least the deterministic ODE model
predicts a di � erence) because at the high concentrations required for treat-
ment success, growth rates with and without collateral sensitivity are similar.

Until now, we have studied treatment e � ciencies for drug pairs that ei-
ther display drug-drug interactions or collateral sensitivity of resistant types
but not both. Collateral sensitivity has been found for drug pairs with syner-
gistic and for drug pairs with antagonistic interactions (Barbosa et al., 2018),
and the presence of both, drug-drug-interaction and collateral sensitivity, can
strongly alter the speed of adaptation compared to cases in which only one
characteristic is present, as was observed in models for combination treat-
ment (see Figure 4 in (Gjini & Wood, 2021)). We show treatment e � ciencies
for such drug pairs in Figure 1.4K-O. Our analysis shows that if drugs are
cycled slowly, an antagonistic drug pair with collateral sensitivity is a better
option than a synergistic drug pair without collateral sensitivity (best visible
in Panel M and in the inset of Panel O).

The results in Figure 1.4 show that collateral sensitivity and drug-drug in-
teractions in�uence the performance of some regimens more than that of oth-
ers. Figure 1.5 compares the treatment e� ciencies across cycling regimens
for two selected scenarios in more detail (see appendix A2.6 for more scenar-
ios). In line with the previous observations, we see that the characteristics
of the drug pair can in�uence the relative performances of the cycling strate-
gies. This is most prominently seen for the antagonistic drug pair, where very
rapid cycling becomes a poor choice when treating slowly replicating bacte-
ria. For rapidly replicating bacteria, in contrast, rapid cycling remains the
optimal choice since in that case, the e� ect of drug-drug interactions is weak
compared to the e� ect of the cycling frequency itself (Figure A3.15).

1.3.4 The pre-existence of single mutants decreases the treat-
ment e� ciency and makes collateral sensitivity bene-
�cial even for rapid cycling

Up to now, we assumed that the initial population consists entirely of sus-
ceptible wild-type bacteria. However, resistant types may already be present
prior to treatment. Here, we �nally investigate the treatment e � ciency for
a heterogeneous population. To derive the number of pre-existing resistant
cells, we simulated growth of a bacterial population from a single wild-type
cell up to 1010 cells in the absence of antibiotics (i.e. we numerically solved
the ODE system Eq. (1.1), setting antibiotic-induced killing to zero). By the
time the population had reached 1010 cells, approximately 92 cells were resis-
tant to drug A and drug B respectively; the double resistant type was absent
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(< 1 cell). To also investigate the e� ect of higher initial levels of resistance,
we additionally consider a scenario with MA(0) = MB(0) = 1000 and MAB = 0.

As expected, the treatment e� ciency is lower if resistance pre-exists, which
especially a� ects slow regimens and for antagonism also very rapid regi-
mens (Figure A2.9). Importantly, with increasing numbers of pre-existing
mutants, collateral sensitivity becomes e� ective at low (but not at high) con-
centrations, even for rapid cycling (Figure 1.6). This e � ect is, however, much
more pronounced for a drug pair with � A = � B = 1 than for a drug pair with
� A = � B = 2, where collateral sensitivity becomes e� ective only over an ex-
tremely narrow range of the concentrations that we consider.
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Figure 1.4: Treatment e� ciencies under di� erent drug characteristics for three di � erent cy-
cling regimens with � A = � B = 1. Panel A-E: E� ect of collateral sensitivity, comparing e � -
ciencies of drug pairs with weak and with strong collateral sensitivity of resistant mutants to
the e� ciency of a drug pair without collateral sensitivity. The in�uence of collateral sensitiv-
ity on the treatment e � ciency increases as the cycling frequency decreases.Panels F-J:E� ect
of synergistic and antagonistic drug-drug interactions. Drug-drug interactions are most rel-
evant in fast cycling regimens. Panels K-O: Combined in�uence of collateral sensitivity and
drug-drug interactions. For slow cycling, a drug pair with antagonistic drug-drug interac-
tions and collateral sensitivity is a better choice than a drug pair with synergistic drug-drug
interactions but without collateral sensitivity. Panels A-C, F-H, K-M show results from the
deterministic ODE model; Panels D, E, I, J, N, O show results from the semi-stochastic hybrid
model. Semi-stochastic simulations were too slow to simulate the regimen in which drugs
are switched every 8 days.

29



CHAPTER 1. SEQUENTIAL THERAPY

Figure 1.5: Comparison of treatment e � ciencies for drug pairs with di � erent drug charac-
teristics at selected concentrations for � A = � B = 1 in Panel A and � A = � B = 2 in Panel B. The
arrows indicate the cycling frequency that is optimal or at least as good as slower regimens
for the respective characteristic. The �gure shows results from the deterministic ODE model.

Figure 1.6: Comparison of treatment e � ciencies for drugs pairs with and without collateral
sensitivity for di � erent starting populations in the columns, varying in the pre-existence of
single resistant types. The graphs show the time until all sub-population sizes have been
suppressed below a threshold size Nc. Panel A-C show the treatment for drugs with � A =
� B = 1 and Panel D-F for drugs with � A = � B = 2. Panel A and D displays the comparison for
a starting population without the pre-existence of resistance. In Panel B and E or C and F the
starting population includes 92 or 1000 single resistant bacteria of each type respectively.
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Lab

Replication Results Figure

Optimal cycling
frequency

Slow The most rapid cycling is always the best strategy or at
least as good as slower cycling regimens.

1.3

Rapid The most rapid cycling is always the best strategy or at
least as good as slower cycling regimens

A3.2

Collateral sensi-
tivity (CS)

Slow CS has mainly an e� ect on the treatment e� ciency of
slow cycling regimens, the e� ect decreases with increas-
ing concentrations (no e� ect at very high concentra-
tions).

A2.6

Rapid In the absence of bottlenecks, CS has mainly an e� ect
on the e� ciency of fast cycling regimens at low concen-
trations but the e � ect is weak. In the presence of bottle-
necks, CS might also slightly increase the treatment ef-
�ciency of slow cycling regimens at low concentrations.

A3.8

Patient

Replication Results Figure

Optimal cycling
frequency

Slow The most rapid cycling is not always optimal, slower
cycling can be optimal if � A = � B = 2 or under antago-
nistic drug-drug-interactions.

1.3,
1.5

Rapid The most rapid cycling is always the best strategy or at
least as good as slower cycling regimens.

A3.2

Drug-drug inter-
actions

Slow Drug-drug-interactions have mainly an e � ect on the
treatment e� ciency of fast cycling regimens, the e� ect
slightly decreases with increasing concentration.

1.4

Rapid Drug-drug-interactions have mainly an e � ect on the
treatment e� ciency of fast cycling regimens, but the ef-
fect is less strong.

A3.13

Collateral sensi-
tivity (CS)

Slow CS has mainly an e� ect on the treatment e� ciency of
slow cycling regimens, the e� ect vanishes at very high
concentrations. CS has an e� ect on fast cycling regi-
mens when resistance is pre-exists.

1.4,
1.6

Rapid CS has mainly an e� ect on the treatment e� ciency of
fast cycling regimens at low concentrations, but the ef-
fect is weak. (Pre-existence of resistance was not con-
sidered.)

A3.8

Table 1.2: Summary of main results for the treatment of slowly replicating and rapidly repli-
cating bacteria in the lab and in the patient.
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1.4 Discussion

Which factors a� ect the e� ciency and the optimal cycling frequency of se-
quential therapy? And is the optimal cycling frequency the same in the lab
and in the patient? To answer these questions, we set up a pharmacokinetic-
pharmacodynamic patient model and a lab model for comparison and sim-
ulated treatments for a set of example drug pairs. To make sure that our
main conclusions are robust to stochasticity, we performed semi-stochastic
simulations in addition to solving a deterministic ODE system.

Comparison between the patient and the lab

One key di� erence between the lab and the patient are the pharmacokinetic
processes that occur in the patient, which is the focus of the present study.
Especially, unlike in the test tube, antibiotics from the previous administra-
tion may still persist in the body at the time of the next administration. For
slow cycling, mostly doses of the same antibiotic overlap; for rapid cycling,
most overlaps involve doses from di � erent drugs. We �nd that conclusions
from the lab model (with or without bottlenecks) mostly carry over to the
treatment of rapidly dividing bacteria but not necessarily to the treatment of
slowly dividing bacteria in the patient.

We �nd that in the lab model, the most rapid cycling performs either best
or equally good as slower regimens, independent of the drug concentration,
the replication rate of bacteria, and the presence or absence of bottlenecks.
This �nding is in line with the correlation between the cycling frequency
and the extinction rate of bacterial populations observed in evolution exper-
iments by Batra et al. (2021) and Roemhild et al. (2018). For the patient, it
holds true as well if the infecting bacteria have a high cell division rate. For
treatment of infections with slowly dividing bacteria, by contrast, slightly
slower cycling can sometimes lead to a higher treatment e� ciency. As we
will discuss in more detail below, very rapid cycling can in that case be an
inferior strategy when (1) the pharmacodynamics curve is steep and drug
concentrations low or if (2) the drugs interact antagonistically. We did not
observe that collateral sensitivity ever made rapid regimens perform worse
than slower regimes, but this could, in principle, happen in other parts of the
parameter space.
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The in�uence of the Hill coe � cients of the drugs on treatment e � ciency
and the optimal cycling frequency

How the steepness of the pharmacodynamic function in�uences treatment
success and antibiotic resistance evolution has recently started to attract at-
tention in modelling studies (Green�eld et al., 2018; Yu et al., 2018). A
steeper pharmacodynamic function increases the mutant selection concen-
tration, i.e. the concentration above which a resistant mutant has a selective
advantage over the susceptible wild type (Green�eld et al., 2018; Yu et al.,
2018). It entails lower selection for resistance at low concentrations and a
larger kill rate at high concentrations (Yu et al., 2018). In a PKPD model for
mono-therapy, considering treatment of rapidly replicating bacteria, Yu et al.
(2018) found that treatment with a drug having a large Hill coe � cient (in
their case 5) leads to a lower probability of resistance and less treatment fail-
ure than treatment with a drug having a low Hill coe � cient (in their case 1:5).
Similarly, Aulin et al. (2021) �nd that with slow drug cycling, drug pairs with
large Hill coe � cients (in their case 3) perform better than drug pairs with low
Hill coe � cients (in their case 0:5). For rapid cycling, in contrast, Udekwu and
Weiss (2018) and Aulin et al. (2021) �nd that drug pairs with lower Hill co-
e� cients (in their cases 1 and 0:5 respectively) can be superior to drug pairs
with larger Hill coe � cients (in their case 3) in terms of delaying the rise of
double resistance to large numbers (Udekwu & Weiss, 2018) or in reducing
the probability of resistance for rapid cycling (Aulin et al., 2021).

For treatment of slowly replicating bacteria, we �nd that, irrespective of
the cycling frequency, lower drug doses are su� cient for successful treatment
and suppression of the bacterial population is faster for � A = � B = 2 than for
� A = � B = 1, both in the lab and in the patient. For rapidly replicating bac-
teria, our results are more complex, and the �rst e � ective concentration is in
many cases lower for the drug pair with � A = � B = 1. Essentially, the out-
come is determined by the two opposite e� ects of the Hill coe � cient below
and above the MIC of bacteria: above their MIC, bacteria are killed more ef-
�ciently if the Hill coe � cient is high, but below their MIC, they grow less
if the Hill coe � cient is low. Besides di� erences in parameters such as the
population-wide mutation rate, one other reason why our results for treat-
ment of rapidly dividing bacteria are not straightforward to compare to other
studies is that we focus on the time to reduce all sub-population sizes to a
given threshold as a measure of treatment quality.

Overall, the results across studies con�rm that the Hill coe � cient is an
important parameter, the consequences of which are not always trivial. To
complement the picture provided by our study, we performed a supplemen-
tary analysis in which we considered the number of double mutants at the
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end of the treatment for low drug doses and rapid drug cycling for slowly
replicating bacteria (appendix A2.7). We �nd that resistance evolves over a
smaller range of doses for � A = � B = 2 than for � A = � B = 1; especially, in
line with the above observations for a single drug, the minimum dose above
which resistance evolution occurs is higher. For a small range of doses, how-
ever, the �nal size of the double resistant sub-population is higher for the
drug pair with the larger Hill coe � cient.

In terms of the optimal cycling frequency, we �nd that the most rapid
cycling regimen is always as least as good as slower regimens for� A = � B = 1
(unless drugs interact antagonistically), while slightly slower regimens can
sometimes be preferable if the Hill coe � cient is large (� A = � B = 2) and the
bacteria are replicating slowly. Unlike us, Aulin et al. (2021) �nd even for
rapidly replicating bacteria that the optimal cycling frequency depends on
the drugs' Hill coe � cient: In the absence of collateral sensitivity, the most
rapid cycling regimen (1-day cycling) minimises resistance evolution for a
low Hill coe � cient, while for a large Hill coe � cient, a single drug switch
proves to be optimal (3-day cycling, which is intermediate between the two,
performs worst).

The in�uence of collateral sensitivity

It has been speculated that rapid cycling regimens could pro�t from exploit-
ing collateral sensitivity e � ects (Batra et al., 2021). In contrast with this idea,
we found that if bacteria divide slowly and resistance evolves de novo, col-
lateral sensitivity increases the treatment e � ciency only for regimens with
slow switching rates. The reason is that under rapid cycling, resistant sub-
populations never become large enough for collateral sensitivity to have a
visible e� ect. If single mutants pre-exist at su � ciently high levels at the start
of treatment, however, collateral sensitivity can show an e � ect even for rapid
cycling. If the cell division rate is high, the e � ciency of rapid cycling regi-
mens (but not of slow ones) is indeed improved by collateral sensitivity at low
concentrations. However, the e� ect is very small. Throughout our study, we
focus on drug concentrations that are high enough to ultimately clear the in-
fection. Experimental protocols often use lower concentrations, in which case
the bene�cial e � ects of collateral sensitivity could be substantial for rapid cy-
cling regimens. Aulin et al. (2021) indeed conclude that collateral sensitivity
can be best exploited at rather low concentrations, which are lower than the
ones that we consider.

Aulin et al. (2021) �nd that collateral sensitivity reduces resistance evolu-
tion in the 1-day cycling regimen but has weak e � ects in the slower regimens,
turning 1-day cycling superior to a single drug switch for drug pairs with a
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large Hill coe � cient. Udekwu and Weiss (2018), on the other hand, �nd that
slower cycling has an advantage over rapid cycling for drugs exhibiting re-
ciprocal collateral sensitivity (they, unfortunately, do not compare to drugs
without collateral sensitivity).

The role of drug-drug interactions in treatment

Although drug-drug interactions are e � ective only in the overlap phases of
doses from di� erent drugs, our results show an in�uence of the type of in-
teraction on the treatment e � ciency and the relative performances of cycling
frequencies. The time to suppress the bacterial population is shorter with a
synergistic drug pair and longer with an antagonistic drug pair than in the
absence of interactions as long as the collateral sensitivity pro�le is the same
for both drug pairs. In that case, an antagonistic drug pair with collateral
sensitivity e � ects can, however, sometimes be more e� cient than a synergis-
tic drug pair without such e � ects.

The in�uence of drug-drug interactions on treatment e � ciency and resis-
tance evolution has attracted much attention in the context of combination
therapy, where both drugs are administered simultaneously. In line with our
observations, synergistic interactions were found to increase bacterial clear-
ance in in vitro combination treatment, whereas antagonism was associated
with a low probability of population extinction (Barbosa et al., 2018). On
the other hand, other studies reported accelerated resistance evolution under
synergism for certain antibiotic concentrations (Hegreness et al., 2008; Peña-
Miller et al., 2013). Similarly, modelling studies demonstrate that in the pres-
ence of resource competition, antagonistic drug pairs can have a bene�t over
synergistic ones in terms of reduced resistance evolution, which is due to the
strength of competitive release experienced by resistant types (Peña-Miller
et al., 2013; Torella et al., 2010). With hyper-antagonism (suppressive drug-
drug interactions), there might even be selection against resistant variants
(Baym et al., 2016; Bollenbach, 2015; Singh & Yeh, 2017; Yeh et al., 2009).
In a supplementary analysis (appendix A2.8), we found ranges of drug doses
in which synergism leads to larger sizes of the resistant sub-populations than
antagonism or Bliss independence. However, these doses were lower than the
�rst e � ective dose and thus lower than the doses considered in the main text.
Our observations for high doses accord with the �nding of Rodriguez de Ev-
grafov et al. (2015) who observed no in�uence of drug-drug interactions on
resistance evolution under high antibiotic concentrations in a combination
treatment in the lab.
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Limitations and extensions

In our comparison between the lab and the patient, we focused on the con-
sequences of dose overlaps, which are present in the patient but not in the
lab. However, this is, of course, not the only di � erence between the two
environments. In the patient, the bacteria encounter a spatially structured
environment, commensal bacteria, the human immune system etc..

On the side of the biology of bacteria, important factors that we did not in-
clude are hypermutator strains and stress-induced mutagenesis, which could
lower the e� ciency of sequential therapy. We further assumed that all bac-
teria in the population replicate at the same rate. However, di � erent sub-
populations might replicate at di � erent rates and include persister types as,
for example, observed by Kaiser et al. (2014) in mice. We showed that the op-
timal strategy can vary with the replication rate of the bacteria, which could
be of importance for the treatment of heterogeneous populations.

In our study, we focused on a limited set of drug pairs to understand the
dynamics in some detail and to provide thorough explanations for the ob-
served outcomes. We especially did not vary the pharmacokinetics of the
drugs. In our example, the antibiotic has decayed to around 10% of the ad-
ministered dose, when the next dose is given. If the intervals between ad-
ministrations are short and/or the half lives of the drugs long, both drugs are
simultaneously present in the body at similar concentrations during rapid cy-
cling. This would resemble combination therapy with short intervals between
administrations; combination therapy with long intervals between adminis-
trations is di � erent in that drug levels might temporarily decrease to low
levels. Comparing the two strategies combination and sequential therapy,
both the modeling study by Aulin et al. (2021) and the experimental study
by Fuentes-Hernandez et al. (2015) �nd conditions under which sequential
therapy performs better than combination therapy and the other way round.
This indicates that the comparison is not straightforward, and a detailed un-
derstanding would require a thorough analysis. We further only considered
bactericidal antibiotics. For bacteriostatic drugs, the maximum kill rate is
given by the intrinsic death rate. Moreover, since replication and mutation
are coupled, a drug-induced decrease in the replication rate will also reduce
the per-capita rate at which mutations occur. Consequently, the treatment ef-
�ciency and the optimal cycling regimen might depend on the mode of action
of the drugs.

Previous work on sequential patient treatment is equally restricted to a
few speci�c parameter sets (Aulin et al., 2021; Udekwu & Weiss, 2018). While
this is a meaningful approach to gain �rst fundamental insights, future work
is needed that provides parameter (and maybe also structural) sensitivity
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analyses to unite and synthesise results from di � erent studies. A particu-
lar challenge in the comparison across di� erent studies, which has also been
highlighted in the context of drug cycling and other multi-drug therapies at
a community level (Uecker & Bonhoe � er, 2021), is the use of di� erent opti-
mality criteria, since di � erent criteria might identify di � erent strategies as
optimal.

Conclusion

Our results show that sequential therapy e � ciently controls the spread of
resistance and suppresses the bacterial population. Optimal treatment set-
tings depend on the replication rate of the bacteria. The optimal cycling fre-
quency usually lies within the range of rapid cycling regimens. Switching the
drug at every administration is, however, sometimes sub-optimal for patient
treatment. At least when resistance does not pre-exist prior to treatment and
antibiotic concentrations are well above the wild-type MIC, the bene�ts pro-
vided by collateral sensitivity are negligible for rapid cycling regimens. In
contrast, drug-drug interactions, which have received little attention in the
context of sequential therapy so far, substantially a � ect the treatment e� -
ciency if drugs are quickly alternated, especially if the cell division rate is
low. This suggests that drug-drug interactions could be an equally or even
more important criterion than collateral sensitivity for the selection of drug
pairs for clinical protocols of rapid cycling. On the other hand, when rapid
cycling is not possible for logistic reasons or tolerability and slower regimens
are applied, collateral sensitivity can be a better determinant of treatment
e� ciency than drug-drug interactions. Overall, we see that pharmacokinetic
processes that occur in the patient but are absent in classic laboratory exper-
iments cannot be ignored in the design of clinical treatment protocols.
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A1 Supporting information on the methods

A1.1 Including drug-drug interactions into the pharmacody-
namic function

To account for drug-drug interactions, we included the generalized pharma-
codynamic interaction term introduced by Wicha et al. (2017) into the PD-
model by Regoes et al. (2004), which we brie�y outline here.

Both studies have the Emax model as a starting point. In this model, the
e� ect of a drug is described by the term

E(c) =
Emax � c�

EC�
50 + c� ; (A1.1)

where Emax is the maximal possible e� ect and EC50 the drug concentration
that produces 50% of the maximum e � ect. � is the Hill coe � cient. (For our
study, the e� ect of the drug is the antibiotic-induced kill rate, i.e. E(c) = � (c).)

The drug interaction term I (c) introduced by Wicha et al. (2017) describes
how a second drug alters the e� ect of a �rst drug and is de�ned by

I (c0) =
INT � c0H

ECH
50;Int + c0H

; (A1.2)

where c0 is the concentration of the second drug, INT is the maximal e� ect
that it can have, EC50;Int is the concentration to reach 50% of INT , and H is
the steepness of the curve. Depending on the drugs, the interaction term can
either alter Emax or EC50. In our study, it alters EC50.

The e� ect of a drug A, in�uenced by the drug-drug-interaction caused by
a drug B, is calculated by substituting EC50 with the term EC50 � (1 + I (cB)):

E(cA) =
Emax;A � c� A

A

EC� A
50;A �

�
1 +

INT �cH
B

ECH
50;Int +cH

B

� � A
+ c� A

A

; (A1.3)
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where we gave a subscriptA to the parameters of the Emax model.
The parameter INT can range from -1 to in�nity. For a value smaller than

zero, drug B potentiates the e� ect of drug A; for a value larger than zero, drug
B inhibits drug A. If INT = 0 , drug B does not alter the e� ect of drug A.

The PD-model by Regoes et al. (2004) – Eq. (1.2) in our manuscript – is
derived from the general Emax model; the two models can be translated into
each other with two substitutions:

• Emax =  max �  min

• EC�
50 = �  min �zMIC �

 max

Multiplication of EC50 with the term (1 + I (c0)) thus leads to a multiplica-
tion of the parameter zMIC with (1 + I (c0)).

A1.2 The pharmacodynamic surface under antagonistic drug-
drug interactions

Much experimental work has been invested into quantifying, classifying, and
understanding drug-drug interactions across concentration gradients (e.g.
Ankomah & Levin, 2012; Baym et al., 2016; Bollenbach, 2015; Singh & Yeh,
2017; Yeh et al., 2009). On the theoretical side, several approaches have
been developed to describe the pharmacodynamics of drug-drug interactions
(Ankomah & Levin, 2012; Katzir et al., 2019; Wicha et al., 2017; Zimmer et
al., 2016). None of them accurately captures all observed �tness landscapes.
For our `proof-of-principle' study, it is su � cient to decide on one implemen-
tation of drug-drug interaction as an example. More detailed future models
could explore a larger range of implementations or be based on empirically
measured pharmacodynamic surfaces.

Figure A1.1 illustrates some features of our implementation of drug-drug
interactions (Eq. (1.5)). Panels A and E compare the antibiotic-induced kill
rate of the wild type in the presence and absence of drug B. We see that there
is a considerable range in which the antibiotic-induced kill rate is larger when
only drug A is present than in the presence of both drugs. The other panels
compare the e� ect of the combined drugs on the mutant types with the e � ect
on the susceptible wild type. These panels show that the wild type is always
more a� ected by the treatment than the mutants.
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Figure A1.1: Comparison of the pharmacodynamic surfaces for di � erent cell types under
antagonistic drug-drug interactions. Panels A ( � A = � B = 1) and E (� A = � B = 2) show for the
wild type the di � erence in the antibiotic-induced kill rate between the combination treat-
ment and mono-therapy with drug A. The comparison shows regions for which the mono-
therapy leads to higher kill rates than the combination (yellow and pink colors). Panels B-C
(� A = � B = 1) and F-H (� A = � B = 2) compare the antibiotic-induced kill rates of the mutant
types with that of the wild type. Each comparison shows a higher kill rate for the wild type
(yellow and pink colors). The parameter values were chosen according to Table 1.1.

A1.3 Description of the semi-stochastic hybrid model

In this section, we explain the implementation of our stochastic-deterministic
hybrid model in more detail. The algorithm is additionally displayed in
pseudo-code below (see page 43). The implementation is done in MATLAB
(version 2020a/2020b).

The stochastic part of our hybrid model is simulated with the Lewis' Thin-
ning algorithm (LTA) (Lewis & Shedler, 1979), which can be used as an exten-
sion of the Gillespie algorithm (Gillespie, 1976, 1977) when rates are time-
dependent. The algorithm simulates the population growth one event – i.e.
cell replication (with or without mutation) or death – at a time. The waiting
time � until the next event occurs is drawn from an exponential distribution,
where the parameter of the distribution depends on the cell numbers and an
upper bound for the time-dependent rates at which the events occur. We use
a new estimate for the upper bound at every time step. For the replication
rates (with or without mutation), we choose the intrinsic replication rate r0
as an upper bound. For the kill rates, we use the value at the current time
point. The only exception we need to make is when the current time point is
very close to an antibiotic administration. Whenever the current time point
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is within 0.9 hours before the next administration, we use the kill rates at
doseD as upper bound. By trial, the value of 0.9 hours was found to be large
enough that the jump in the kill rate at the administration is not missed and
small enough that we do not choose an unnecessarily high upper bound too
often. Based on the actual rates at the new time point (after step � ), denoted
by s in the pseudo-code below, it is decided whether an event occurs. In case
of acceptance, based on the respective rates, the type of event (replication
with or without mutation, death) is chosen with the respective probability.
The cell numbers and the time t are updated accordingly.

To increase the speed of the algorithm, we are following the hybrid ap-
proach described in Kiehl et al. (2004) and only simulate the replication
or death events for types with a population size below a certain threshold
(Ndet, here set to 1000) and mutations stochastically. Whenever the size of
a sub-population exceeds the threshold, we determine the cell numbers for
a given time point by solving the deterministic ODE system for that type.
A state vector (S) indicates for each type with a one (or a zero) whether the
respective sub-population size is above (or below) the threshold Ndet. For
each possible state vector, we de�ne a set of possible events for the stochas-
tic part and a system of ordinary di � erential equations (ODE-system) for the
deterministic part, which only includes the types with sub-population sizes
above the threshold. When all sub-populations drop below the threshold
(S = [0;0;0;0]), everything is stochastic. For the other cases, the update in
cell numbers goes as follows: �rst, the time step � is calculated based on
the subset of possible events (depending on the stateS). It is possible that
� is quite large, and the next stochastic event will only occur after a long
time. We still want to keep track of the deterministic populations in those
cases. Therefore, we de�ne a deterministic time-step ( � det = 1), which is used
to update the deterministic sub-populations, whenever � exceeds� det. The
sub-populations are updated by solving the ODE system for the given time
interval. The total cell number, the time t , and the system's state are updated
accordingly. If the time step � is smaller than the deterministic time step
� det, the deterministic sub-populations are updated �rst. Then, following the
LTA, it is decided if the time step gets accepted. When it gets accepted, the
cell numbers, the vector S and the time variable t will be updated (the time
variable s is always updated by � ). The algorithm terminates when a certain
criterion is met. Here, we terminate the algorithm when the maximum time
or a population size of zero is reached.
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Algorithm 1 Pseudocode for the implementation of the Hybrid-model.
Initialize parameter:
W = N0, MA = 0, MB = 0, MAB = 0, Nall = N0
t = 0, s= 0 . initialize two variables counting the time
S = [1;0;0;0] . set states according to the subpopulation sizes
� det = 1 . set size of discrete time steps
Ndet = 1000 . set threshold for stochastic simulations

When at least one subpopulation size exceedsNdet:
while s < tmax & Nall > 0 & S , [0;0;0;0] do

Calculate time step � according to LTA
if � > � det then

Sets= s+ � det
Update only the deterministic sub-populations:
Solve respective ODE-system for the interval [s� � det;s]
Update Nall and set t = t + � det
SetS = ([W ;MA;MB;MAB] > Ndet)
Save all cell numbers for the time point t

else
Sets= s+ �
Update �rst the deterministic sub-populations:
Solve respective ODE-system for the interval [s� �;s ]
Decide with LTA if an event occurs
if event occurs then

Decide with LTA which event occurs
Update respective type, Nall and set t = t + �
Save all cell numbers for the time point t

end if
SetS = ([W ;MA;MB;MAB] > Ndet)

end if
end while

When all subpopulation sizes are below Ndet:
while s < tmax & Nall > 0 & S = [0;0;0;0] do

Update cell numbers and time according to LTA
SetS = ([W ;MA;MB;MAB] > Ndet)
Save all cell numbers for the time point t

end while
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A1.4 Comparison of results obtained from the deterministic
model and the semi-stochastic hybrid model

We want to make sure that conclusions derived from the deterministic ODE
model are robust with respect to stochasticity in cell birth and death and
mutation events. To test the robustness of predictions from the ODE model,
we performed simulations using the semi-stochastic hybrid model for a small
set of treatments and compared the time until all bacterial sub-population
sizes have dropped to a threshold size Nc (our primary measure) with the
outcome of the deterministic model (Figure A1.2).

Overall, the results of the stochastic and the deterministic model align
well. However, with increasing concentrations, the agreement gets less good.
Especially, the deterministic model suggests an abrupt change in treatment
e� ciency at some concentration (best visible in panels H-J), whereas the treat-
ment e� ciency changes smoothly in the stochastic model.

The reason for this sudden drop in the time until all sub-population sizes
are suppressed below a thresholdNc (our measure of treatment e� ciency) is
illustrated in Figure A1.3, which shows the cell dynamics slightly to the left
(Panel A) and slightly to the right (Panel B) of the drop. The wild-type cell
numbers are decreasing, while the cell numbers of the type that is resistant to
drug A are increasing. In Panel B, the wild-type population size falls below
the threshold Nc before the sub-population size of the single resistant mutant
is aboveNc. In Panel A, the antibiotic dose is slightly lower such that the wild-
type population size declines a bit slower, and the single mutants grow a bit
faster. As a consequence, the wild-type population size fails to fall below the
threshold before the single mutant grows above Nc, and single mutants grow
until the drug is switched to drug B. In Figure 1.3 in the main text, to the right
of the drop, two administrations of drug A are su � cient to suppress all sub-
population sizes below Nc (having a situation as in Panel A of Figure A1.3).
In that case, all cycling regimens except for the fastest one, in which drugs
are switched at every administration, are equivalent.

In the semi-stochastic simulation, no such drop in the time for all sub-
populations to reach Nc occurs since the occurrence of mutations (and their
early dynamics) are stochastic. They do not occur (and spread) with certainty
below a given concentration while being impossible above it. They rather
occur (and spread) by chance with a probability that changes gradually across
the dose gradient.
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Figure A1.2: Comparison of results from the deterministic ODE model and the semi-
stochastic hybrid model. Each plot displays the time until all bacterial sub-population sizes
have dropped to the threshold size Nc as a function of the drug dose D at administration
for a speci�c treatment regimen (indicated by the title). In the left column (A-E), the drugs
have Hill coe� cients � A = � B = 1; in the right column (F-J), the drugs have Hill coe � cients
� A = � B = 2. Note the di � erent scales of they-axis in the two columns. The grey line shows
the solution from the deterministic ODE model; the colored symbols show the mean of 100
replicate runs of the semi-stochastic hybrid model. Error bars indicate the standard devia-
tion (not the standard error) to demonstrate the variability between replicates.
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Figure A1.3: Cell dynamics for concentrations slightly to the left and to the right of the
sudden change in treatment e� ciency for � A = � B = 2. The time between the drug switches
is four days. Slightly to the left of the sudden change (Panel A), it is necessary to wait for
a switch to drug B to control the single resistant mutant. Slightly to the right (Panel B), the
bacterial population declines a little bit more quickly and suppression is achieved within
two drug administrations.
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A1.5 The variation across patients

With the semi-stochastic model, we can assess not only the mean e� ciency
of a treatment but also the variation across patients. For high doses, the stan-
dard deviation in the time for all sub-populations to reach Nc increases with
decreasing cycling frequency (the size of the error bars increases from top to
bottom in Figure A1.2). This implies that the fast cycling regimens are not
only better than slow cycling regimens on average but also more reliable as
they are less a� ected by stochasticity for high concentrations. For low doses,
the standard deviation is large for all treatments. Figure A1.4 shows that the
dependency on the antibiotic dose and the cycling frequency is complex.

Figure A1.4: Standard deviation for simulations of �ve di � erent cycling treatments across a
wide range of concentrations. The left column shows the standard deviation of simulations
in the lab environment and the right column in the patient environment. Panels A and B
used drugs with � A = � B = 1 and panels C and D with � A = � B = 2. For each concentration,
we ran 100 replicate simulations. Data points are connected by lines to guide the eye.
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A2 Supporting information on the results for the
treatment of slowly replicating bacteria

A2.1 E� ect of  min on treatment

Figure A2.1A displays the growth rate of the susceptible type for two drugs
with di � erent  min . The lines only start to deviate from each other for high
concentrations, which exceed the concentration range that we considered in
our analysis. As the two pharmacodynamic functions result in more or less
the same growth rate for the considered concentrations, it is not surprising
that there is no visible di � erence in the �rst e � ective concentration for two
drug pairs that only di � er in  min (Panel B). For larger di� erences between
the  min -values than considered in Figure A2.1, visible di � erences would
likely appear.

Udekwu and Weiss (2018) found an advantage of drugs with lower  min
in a sequential regimen with collateral sensitivity. This indicates that  min
might play a role in other parts of the parameter space.

Figure A2.1: The e� ect of the minimal growth rate  min on treatment. Panel A shows the
pharmacodynamic function for two di � erent values of  min for � = 1. The vertical grey line
indicates the maximum concentration that we consider for treatment. Panel B compares the
�rst e � ective concentrations of sequential therapy for the two values of  min in the lab and
in the patient as a function of the time between drug switches.
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A2.2 Treatment with drugs with di � erent pharmacodynamic
parameters

In the main text, we assumed for simplicity that drug A and drug B have the
same Hill coe� cient, i.e. � A = � B. Here, we consider treatment with a mixed
drug set with � A , � B and compare it to treatment with drug pairs with equal
Hill coe � cients. The mixed drug sets di� er by the order in which the drugs
are applied, i.e. by which drug is applied �rst. Figure A2.2 shows the time
until the threshold Nc is reached by all sub-populations for the various drug
pairs. The e� ciency of the treatments with mixed drug pairs lies between the
e� ciencies for drug pairs with the same Hill coe � cients. When the drugs are
switched at every administration (Panel A), the treatments perform for high
concentrations similar to the cycling of a drug pair with � A = � B = 2, irre-
spective of the starting drug. For intermediate and slow regimens (panels B
and C), the e� ciency at high concentrations is determined by the drug of the
�rst administration.

Figure A2.2: E� ciency of treatment with di � erent
drug pairs for three cycling regimens. Each Plot
shows the time until the threshold Nc is reached by
all sub-populations as a function of the drug dose
at administration. The Hill coe � cients of the drugs
can be the same for both drugs (blue and lilac) or
di � er between the drugs (orange and green). The
treatment e� ciency with mixed drug pairs is inter-
mediate between those of drug pairs with equal Hill
coe� cients. For high concentrations, it converges to
the e� ciency of one of the `pure' drug pairs. For
very rapid cycling (Panel A), the e � ciency in the
limit of high concentrations is determined by the
drug with the higher Hill coe � cient, irrespective
of the order of drugs in the mixed pair; for inter-
mediate or slow cycling (panels B and C), the Hill
coe� cient of the drug at the �rst administration is
critical.
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A2.3 Antibiotic-induced killing during periods of dose over-
lap

In the main text, we saw that for low concentrations, there is a slight advan-
tage of cycling the drugs less often in patient treatment when the drugs have
a `large' Hill coe � cient (concretely, � A = � B = 2 in our example), while for a
`low' Hill coe � cient (� A = � B = 1 in our example), the most rapid cycling is
the optimal strategy.

We here show that this is due to the e� ects of dose overlaps from the
same or from di � erent drugs. To understand how such dose overlaps may in-
�uence the e � ciency of the di � erent treatments, we consider the antibiotic-
induced kill rates in the presence of one drug or two drugs. For � A = � B = 1,
the kill rate of the susceptible wild type is higher if drug A and drug B are
present at a concentration cA = cB = c each than if drug A is present at con-
centration cA = 2c and cB = 0 or the other way round (Figure A2.3A). For
� A = � B = 2, however, there exists a threshold concentration below which
adding two doses of the same drug leads to a higher kill rate than giving two
di � erent drugs (Figure A2.3A). More generally, it can be shown mathemati-
cally that (1) for � A = � B = � � 1, giving both drugs at concentration c each
always leads to a higher kill rate giving a single drug at concentration 2c and
(2) for � A = � B = � > 1, there exists a concentration below which giving two
di � erent drugs at concentration c each leads to a lower kill rate than giv-
ing one drug at concentration 2c, while it is the other way round above this
threshold concentration.

For this, we compare the antibiotic induced kill rates � (2c) (giving one
drug at concentration 2c) and 2� (c) (giving both drugs at concentration c

each), where the kill rate is given by Eq. (1.2), and ask when the ratio � (2c)
2� (c)

is larger than 1:
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For � � 1, this inequality is never ful�lled since  min < 0, i.e. it always
holds that � (2c) � 2� (c). For � > 1, it can be solved to yield:

� (2c) > 2� (c) , c <

 � 1
2� � 1 � 1

�
�

 min

 max

! 1
�

� zMIC : (A2.2)

This indicates that a larger number of overlaps from same-drug doses
could bring a bene�t if � A = � B > 1 and drug concentrations are low. The
situation during treatment is, of course, more complicated since antibiotic
concentrations vary over time, and the cell population may contain resistant
types. Figure A2.3C-F therefore show for all four cell types when presence
of the two di � erent drugs at concentrations c1 and c2 leads to a lower kill
rate than presence of just one drug at concentration c1 + c2 (purple area in
the �gure), assuming � A = � B = 2. This again shows that for low antibiotic
concentrations, overlaps of doses from the same drug lead to higher kill rates
than overlaps of doses from di � erent drugs for all types – even the double re-
sistant type – except for the single resistant type that is resistant to that drug.
This type is then managed by the administrations of the other drug.
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Figure A2.3: Comparison of the antibiotic-induced kill rates for the overlap of doses from
the same drug and doses from di� erent drugs. Panels A and B show the pharmacodynamic
functions (Eq. (1.2)) of the susceptible wild type if either one drug is present at concentration
2c (and the other one absent) or if both drugs are present at concentration c each. Panel A
considers a drug pair with � A = � B = 1 and Panel B a drug pair with � A = � B = 2. Panels C-
F show for all cell types when combining two drugs at concentrations c1 and c2 leads to a
higher kill rate than having one drug at concentration c1 + c2 (grey area), considering a drug
pair with � A = � B = 2. For the regions marked in lilac, a high concentration of one antibiotic
leads to a higher kill rate than combining di � erent drugs at lower concentrations.
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A2.4 The e� ect of collateral resistance on treatment e � ciency

Resistance to one drug can lead to an increase in susceptibility to another
drug (collateral sensitivity) but also to an increase in resistance, which is
called collateral resistance. Barbosa et al. (2018) found that among experi-
mental replicates, some strains that evolved resistance to a given drug dis-
played collateral resistance and other strains collateral sensitivity to another
drug. In this section, we brie�y consider the e � ect of collateral resistance
on the treatment e� ciency of sequential regimens. Figure A2.4 shows that
unlike collateral sensitivity, collateral resistance has an e � ect even for rapid
cycling regimens.

Similar to collateral sensitivity, these observations can be explained by the
single resistant sub-population size in the treatments with di � erent cycling
frequencies. For slow regimens, the sub-population size is larger than for fast
regimens. Hence a slight increase in resistance can make a visible di� erence
in treatment e � ciency - the same hold for the drug concentrations. The sin-
gle resistant types can grow better at lower drug concentrations, resulting in
a larger subpopulation than at high drug concentrations. Unlike collateral
sensitivity, collateral resistance has a visible e� ect on fast cycling regimens,
as it increases the �rst e � ective concentrations. The comparison shows that,
even for fast cycling regimens, higher drug concentrations are needed for
treatment success when resistance to one drug confers resistance to the other.
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Figure A2.4: Time until the threshold Nc is reached by all sub-populations for three di � erent
treatments with and without collateral resistance for a drug pair with � A = � B = 1. Panels
A-C show results from the deterministic ODE model (1.1). Drugs get switched every 12
hours (Panel A), every four days (Panel B), or every eight days (C) . Panel D shows the
results of semi-stochastic simulations for the treatment in which the drugs are switched every
12 hours. With weak collateral resistance, resistance to one drug increases resistance to
the other drug (the respective zMIC value) by a factor of two, and with strong collateral
resistance by a factor of four.
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A2.5 Collateral sensitivity in the lab

Figure A2.5 shows the treatment e� ciency in the lab when single resistant
types display strong collateral sensitivity to the other drug. We see that the
most rapid cycling remains optimal. Figure A2.6 further displays the direct
comparison of the treatment e � ciencies between drugs for which single re-
sistant types display strong collateral sensitivity and drugs for which they do
not at three di � erent cycling frequencies.

Figure A2.5: Treatment e� ciency of di � erent cycling regimens with drugs displaying col-
lateral sensitivity in the lab. Panel A shows for � A = � B = 1 and Panel B for � A = � B = 2 the
time until the threshold Nc is reached by all sub-populations for di � erent treatments across
a wide range of concentration. In each treatment, strong collateral sensitivity is present.

Figure A2.6: Treatment e� ciency of drugs with and without strong collateral sensitivity in
the lab for three di � erent cycling frequencies. The graphs display the time until the thresh-
old Nc is reached by all sub-populations for drugs with � A = � B = 1.
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A2.6 Treatment e � ciency with and without collateral sensi-
tivity and drug-drug interactions

Figure A2.7: Comparison of treatment e � ciencies for speci�c drug pairs with � A = � B = 1
with and without collateral sensitivity and drug-drug interactions. Each panel compares for
some doseD the time until all bacterial sub-population sizes have dropped below the thresh-
old Nc for di � erent cycling frequencies under either Bliss independence without collateral
sensitivity (none), under Bliss independence with collateral sensitivity (CS), under syner-
gistic drug-drug interactions (Syn) or under antagonistic drug-drug interactions (Ant). The
�gure shows the inferiority of very rapid cycling over slower cycling under antagonistic in-
teractions and an increase in the treatment e� ciency of rapid cycling regimens under syner-
gistic interactions. Collateral sensitivity improves the treatment e � ciency of slow regimens.
For low drug concentrations (Panels A and B), the dependency of the treatment e � ciency on
the cycling frequency looks erratic. This is a consequence of the deterministic nature of the
model, similar to the e � ects described in appendix A1.4.
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Figure A2.8: Comparison of treatment e � ciencies for speci�c drug pairs with � A = � B = 2
with and without collateral sensitivity and drug-drug interactions. Each panel compares for
some doseD the time until all bacterial sub-population sizes have dropped below the thresh-
old Nc for di � erent cycling frequencies under either Bliss independence without collateral
sensitivity (none), under Bliss independence with collateral sensitivity (CS), under syner-
gistic drug-drug interactions (Syn) or under antagonistic drug-drug interactions (Ant). The
�gure shows the inferiority of very rapid cycling over slower cycling under antagonistic in-
teractions and an increase in the treatment e� ciency of rapid cycling regimens under syner-
gistic interactions. Collateral sensitivity improves the treatment e � ciency of slow regimens.
For low drug concentrations (panels A and B), the dependency of the treatment e � ciency on
the cycling frequency looks erratic. This is a consequence of the deterministic nature of the
model, similar to the e � ects described in appendix A1.4.
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Figure A2.9: Comparison of treatment e � ciencies for speci�c drug pairs with � A = � B = 1
with and without collateral sensitivity and drug-drug interactions and di � erent initial popu-
lations. Each panel compares for doseD = 5:43�zMIC W the time until the all sub-population
sizes have dropped below the threshold Nc for di � erent cycling frequencies under either
Bliss independence without collateral sensitivity (none), under Bliss independence with col-
lateral sensitivity (CS), under synergistic drug-drug interactions (Syn) or under antagonistic
drug-drug interactions (Ant). Panel A assumed no pre-existence of single resistance in the
starting population at time t = 0, Panel B and C assume 90 and 1000 single resistant bacteria
of each type.
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A2.7 E� ect of the Hill coe � cient on selection of resistance
for sub-inhibitory concentrations

While reviewing the literature regarding the e � ect of the Hill coe � cient �
on the treatment e� ciency, we found two di � erent conclusions. On the one
hand, drugs with a large Hill coe � cient were found to reduce the probability
of resistance evolution and to lead to less treatment failure during mono-
therapy (Yu et al., 2018). On the other hand, drugs with low � were found to
delay the �xation time of double mutants in sequential therapy (Udekwu &
Weiss, 2018).

As described in the main text, we �nd that treatments using drugs with
high Hill coe � cients are more e� cient for the treatment of slowly replicat-
ing bacteria (note that the two studies cited above consider rapidly replicat-
ing bacteria, which we discuss further below in appendix A3). But we were
only looking at concentrations that, anyway, result in a treatment success.
Figure A2.10 compares the cell numbers of the double resistant type for a
drug pair with � A = � B = 1 and a drug pair with � A = � B = 2 throughout
the time course of a fast sequential treatment under concentrations not re-
sulting in the clearance of the infection. The cell numbers are measured at
the end of each administration period (one hour before the next dose is ad-
ministered). Panels A and B show the cell numbers of the double resistant
mutant for treatments with drug pairs with � A = � B = 1 and � A = � B = 2
respectively. The grey area shows regions in which the cell numbers remain
below Nc = 1. Comparing these two panels with each other shows that the
range of drug concentrations selecting for double resistance is much smaller
for the drug pair with � A = � B = 2. This aligns with the observation that
a Hill coe � cient decreases the mutation selection concentration (Green�eld
et al., 2018). Panel C shows the di� erence between the cell numbers of the
double resistant type for the two treatments and highlights regions in which
use of either drug pair leads to a higher cell number (green: the drug pair
with � A = � B = 2 leads to a higher number of double resistant cells, lilac: the
drug pair with � A = � B = 1 leads to a higher number of double resistant cells)
or regions in which the numbers are below Nc = 1 in both cases. The plot
shows that there is indeed a range of concentrations in which treatment with
the drug pair with � A = � B = 2 leads to higher cell numbers of the double re-
sistant type. The e� ect of � A = � B is thus concentration-dependent. We only
show the results for the fast regimen, but the observations hold true for the
other considered regimens as well.
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Figure A2.10: E� ect of the Hill coe � cients � A = � B on the growth of the double resistant
mutant for sub-inhibitory concentrations during a fast sequential regimen. The cell numbers
are measured at the end of each administration period one hour before the next dose is
given (x-axis) and for di � erent drug concentrations ( y-axis). Panels A and B show the cell
numbers of the double resistant type for treatment with drug pairs with � A = � B = 1 and
� A = � B = 2 respectively, divided in three categories: fewer than Nc = 1 cells (grey), cell
numbers aboveNc but below 0:9�10� 9 (green), and cell numbers above0:9�N0 (lilac). Panel C
shows the di� erence in the double mutant cell numbers between treatments with the two
drug pairs. The grey color indicates regions in which the cell numbers are below Nc = 1 for
both treatments, the lilac color indicates regions in which the cell numbers are larger for a
treatment with a drug pair with � A = � B = 1, and the green color indicates regions in which
the cell numbers are larger for a treatment with a drug pair with � A = � B = 2.
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A2.8 The e� ect of drug-drug interactions on selection of re-
sistance for sub-inhibitory concentrations

Results for the e� ect of drug-drug interactions on combination therapy showed
that synergism can lead to an increased clearance of the bacterial infection
(Barbosa et al., 2018), but can also accelerate the evolution of resistance (Hegreness
et al., 2008). Similar to the e� ect of the Hill coe � cient discussed in sec-
tion A2.7, we can observe both e� ects in our model. As shown in the main
text, synergism reduces the time to suppress all bacterial sub-populations be-
low the threshold Nc. But here again, we only consider concentrations that
are high enough to lead to a treatment success. In Figure A2.11, we explore
the e� ect of drug-drug interactions on the growth of double resistant bacte-
ria during a fast sequential regimen for sub-inhibitory concentrations. Each
plot displays the di � erence between the cell numbers for two types of inter-
action (Bliss independence, synergism and antagonism), to identify regions
in which either of the interactions leads to higher cell numbers of the resis-
tant type. The comparison of synergism with Bliss independence (Panel A)
shows that there is a concentration range in which synergism selects more
strongly for double resistance. This can also be observed for the compari-
son between synergism and antagonism (Panel C). Bliss independence selects
more strongly for double resistance than antagonism in some concentration
ranges (Panel B). Similar to what was discussed by Torella et al. (2010), we
can explain these �ndings by the competition between the strains. For very
low concentrations, which cannot even inhibit the growth of the susceptible
type, the susceptible type will out-compete the other types. For high enough
concentrations, the susceptible type is suppressed so quickly that it does not
generate much resistance (for antagonism, much higher concentrations are
needed for this). At intermediate concentrations, the resistant types pro�t
from competitive release, but the extent depends on the drug-drug interac-
tion and is greatest for synergism and lowest for antagonism.
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Figure A2.11: E� ect of drug-drug interactions on the growth of double resistant mutants
for sub-inhibitory concentrations during a fast sequential regimen. The cell numbers are
measured at the end of each administration period one hour before the next dose is given
(x-axis) and for di � erent drug concentrations ( y-axis). The panels display the di � erences in
double mutant cell numbers for the comparison between synergism and Bliss independence
(Panel A), antagonism and Bliss independence (Panel B), and synergism and antagonism
(Panel C). Grey areas indicate areas in which the cell numbers are below Nc = 1 for both
drug pairs, green color indicates regions in which Bliss independence leads to higher cell
numbers, lilac color indicates regions in which synergism leads to higher cell numbers, and
blue color indicates regions in which antagonisms leads to higher cell numbers.
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BACTERIA

A3 Results for the treatment of rapidly replicat-
ing bacteria

A3.1 Treatment e � ciency for rapidly replicating bacterial
populations

In the main text, we assume that cells are replicating slowly (doubling time
of ln (2)= W

max � 7:88 h) to account for the fact that the body of the patient
might not provide optimal growth conditions such as those supplied in lab-
oratory experiments. In this section, we will discuss results for the treat-
ment of rapidly replicating bacterial populations. We now assume a ten times
higher growth rate than in the main text (doubling time of ca. 47.3 minutes).

We further compare the results with a second lab model that includes a
population bottleneck after each growth period of one drug administration
to model the dilution step of serial transfer experiments. The population is
reduced to a hundredth of its size before the administration of the next drug.
The bottleneck occurs in each implementation at the time point at which the
drug is administered, hence the new reduced cell number is used once the
next drug is present. In the deterministic model, this can be achieved by
solving the ODE-system numerically for every administration separately and
using each time the reduced population as starting population (except for
the very �rst drug administration). For the semi-stochastic model, the bot-
tleneck is implemented as follows: as the time steps are not equidistant, the
time point of administration might not be reached exactly. To be able to re-
duce the population size correctly, we need to know how large the population
at the time point of drug administration would be, before the reduction. We
therefore check in every iteration whether by adding the new time step, the
time point of administration would be exceeded. If by adding the time step �
the time point of administration is crossed, we know that the stochastic sub-
populations will not change in cell number until the time of administrations
(i.e. the next event will only occur after the time point of drug administra-
tion). We therefore only need to update the deterministic sub-populations.
We then sample randomly from all sub-populations and set the new time
point and new cell numbers at the time point of administration.

A3.2 Di � erences in growth rates (pharmacodynamics) be-
tween rapidly and slowly replicating populations

Before going into the details of the treatment comparison for rapidly repli-
cating bacteria, we will give an overview on how the rate of the replication
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Figure A3.1: Pharmacodynamic functions for slowly and rapidly replicating bacteria.
Panel A compares the growth rates of slowly replicating and rapidly replicating wild-type
cells and Panel B the growth rates of single resistant bacteria. The parameter values used
here are according to Table 1.1.

in�uences the concentration-dependent bacterial growth rates (the pharma-
codynamics). In the absence of antibiotics, rapidly replicating bacteria have a
higher growth rate than slowly replicating bacteria. This holds for all concen-
trations below the zMIC W (see Figure A3.1). When the concentration exceeds
the zMIC W , the growth rate of rapidly replicating wild-type cells is lower
than that of slowly replicating wild-type cells (Panel A), i.e. rapidly replicat-
ing wild-type cells are more e � ciently killed at concentrations exceeding the
zMIC W than slowly replication wild-type cells. For resistant mutants, the
MIC is substantially higher (here 28 � zMIC W ), and the curves are shifted to
the right (Panel B). This means that at concentrations above the zMIC W but
below the MIC of the resistant types, rapidly replicating wild-type cells grow
worse than slowly replicating wild-type cells, but rapidly replicating resis-
tant types have a higher growth rate than slowly replicating resistant types.
Above the mutant MIC, rapidly replicating resistant types are again more
e� ciently killed than slowly replicating resistant types by the drug the mu-
tants are resistant to. These observations are important for the results in the
following sections.

Rapid cycling is always optimal for rapidly replicating populations

For rapidly replicating bacteria, as shown in Figure A3.2, the most rapid cy-
cling is e� ective at lower drug doses than any slower cycling regimen and
leads to the fastest treatment success (see Figures A3.3 and A3.4 for results
from semi-stochastic simulations). This can be observed in every model (pa-
tient, lab without and lab with bottleneck) and for both � A = � B = 1 and
� A = � B = 2.
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Although rapidly replicating wild-type bacteria are eradicated much more
e� ciently than slowly replicating ones (see example dynamics in Figure A3.5),
higher drug concentrations are needed to control the single-resistant sub-
populations and to prevent the occurrence of double resistance if the intrin-
sic replication is high than if it is low. Due to their rapid replication, the
single resistant sub-populations reach high population sizes, which also in-
creases the chance of double resistance (see Panel B). Once double resistance
arises, it takes over the population. Only if the antibiotic concentration is
high, the single resistant sub-populations can become eradicated before dou-
ble resistance appears (see Panel D). These dynamics become even more pro-
nounced for slower cycling regimens, as shown in Panel E-H, where treatment
of rapidly replicating bacteria requires concentrations above the MIC of the
single resistant types.

For slowly replicating bacteria, we �nd that at low antibiotic concentra-
tions, slightly slower cycling is advantageous for patient treatment if � A =
� B = 2 (see main text). We do not �nd this for rapidly replicating bacteria.
The concentration for which same-drug overlaps lead to higher kill rates for
the wild-type than overlaps of di � erent drugs (see Eq. A2.2) are lower than
the �rst e � ective concentration.

We further �nd for slowly replicating bacteria that the �rst e � ective con-
centration is lower for drug pairs with � A = � B = 2 than for those with � A =
� B = 1. For rapidly replicating bacteria, the analysis of the deterministic
ODE system predicts that this holds for the most rapid cycling and for very
slow cycling regimens; for intermediate cycling regimens, drug pairs with
� A = � B = 1 require lower concentrations for treatment success. Example dy-
namics for such an intermeditae regime (switch every 1.5 days) are shown
in Figure A3.6. Although the wild-type population gets eradicated faster for
drugs with � A = � B = 2 than for drugs with � A = � B = 1 (see also Figure 1.1E),
the single resistant sub-populations grow better for drugs with a larger Hill
coe� cient when treating below the MIC of resistant types (see Figure A3.7).
This leads to the occurrences of double resistance for rapidly replicating pop-
ulation treated with drugs having a large Hill coe � cient (see Figure A3.6 D).

Nevertheless, also for rapidly replicating bacteria, the time until all sub-
population sizes are suppressed below Nc is lower for drug pairs with � A =
� B = 2 than for � A = � B = 1 once the concentration is high enough to achieve
treatment success, which can be deduced from the lower concentration at
which the sudden drop occurs in the deterministic model (Figure A3.2) and
can also be directly seen in the results from the semi-stochastic simulations
(Figure A3.3).
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Figure A3.2: Treatment e� ciency of treatments of rapidly replicating bacteria for drugs with
� A = � B = 1 (Panel A-C) and � A = � B = 2 (Panel D-F). The �rst row (Panels A and D) show the
treatment e� ciency for the patient model and the second and third rows for the lab model
without (Panels B and E) and with population bottlenecks (Panels C and F).
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Figure A3.3: Results from semi-stochastic simulations for the patient model for treatments
of rapidly replicating bacteria.

Figure A3.4: Results from semi-stochastic simulations for the lab model with population
bottlenecks for treatments of rapidly replicating bacteria.
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