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Abstract

Evolutionary dynamics in well-mixed populations have been studied quite
extensively. While the respective studies provide a good starting point for a
mathematical analysis, populations in the wild are rarely well-mixed. Nat-
ural populations often come with spatial structures, resulting in dynamics
different from the well-mixed case. Therefore, it is crucial to understand
evolution on spatial structures. To this end, we use the framework of evolu-
tionary graph theory, where nodes represent asexually reproducing entities,
and links define the neighborhood of nodes.

First, we develop a model to study population structures adapting to a
single-peaked fitness landscape. The mutation rates are considered very low,
making the mutation-selection dynamics sequential. Surprisingly, a structure
with a poor ability to fix beneficial mutants outcompetes the well-mixed
population in the long run by achieving higher fitness. This result is explained
by the structure’s ability to reject disadvantageous mutants more efficiently.
Subsequently, we discovered that this phenomenon occurs in the majority
of randomly generated spatial structures. Consequently, it is not only the
beneficial mutant regime that is relevant for adaptive evolution, but the
deleterious mutant regime is equally important.

Birth-death models are frequently employed to understand the interplay
of natural selection and genetic drift in evolving populations. While it is
known that the so-called Birth-death and death-Birth updating leads to dif-
ferent evolutionary outcomes on spatial structures, the choice of individual
moving to vacant sites also considerably affect the dynamics. We observed
that allowing parent individuals to replace dead individuals yields substan-
tially different results as compared to the default choice of offspring replacing
the dead individuals. This observation led to the identification of a new class
of graphs, namely amplifiers of fixation, where a structure exhibits a higher
probability of fixation than the complete graph, regardless of the mutant’s
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fitness. Notably, one of the example graphs has a non-zero probability of
fixation for deleterious mutants, even when the population size tends to in-
finity. This finding contradicts the intuition from the previous studies on
structured and well-mixed populations, where the probability of fixation for
deleterious mutants diminishes for large population sizes.

Furthermore, another category of graphs, known as amplifiers of selection,
generally exhibits a longer fixation time than the complete graph, making
them more restrictive to the weak mutation approximation. Upon examining
high mutation rate dynamics, we observed that the self-looped amplifiers
of selection, which achieve higher fitness in the low mutation rate regime,
actually attain lower fitness than the well-mixed population and suppressors
of selection. This suggests that amplifiers of selection may not be a reliable
choice for structures adapting better than the well-mixed population.

Finally, to experimentally validate our results obtained from the one-
node-one-individual framework, a theoretical extension to structured metapop-
ulations is required. We provide a mapping between the network of individ-
uals and the network of demes that can be utilised to transfer the one-node-
one-individual results to the metapopulation level.
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Kurzfassung

Evolutionäre Dynamiken in gut durchmischten Populationen wurden inten-
siv erforscht. Während die entsprechenden Studien ein guter Ausgangspunkt
sind, sind reale Populationen selten gut durchmischt. Natürliche Populatio-
nen sind oft räumlich strukturiert, was zu einer Dynamik führt, die sich von
dem gut durchmischten Fall unterscheidet. Daher ist es entscheidend, die
Evolution in räumlichen Strukturen zu verstehen. Zu diesem Zweck ver-
wenden wir Modelle der evolutionären Graphentheorie, wobei Knoten asex-
uell reproduzierende Einheiten darstellen und Kanten die Nachbarschaft der
Knoten definieren.

Zunächst entwickeln wir ein Modell, um Populationen zu studieren, die
sich an eine Fitnesslandschaft mit einem eindeutigen Maximum anpassen.
Die Mutationsraten werden als sehr niedrig angenommen, wodurch die Mutations-
Selektions-Dynamik sequenziell wird. Überraschenderweise übertrifft eine
Struktur mit geringer Fähigkeit, vorteilhafte Mutanten zu fördern, langfristig
die gut durchmischte Population durch erreichen einer höheren Fitness. Dieses
Ergebnis wird durch die Fähigkeit der Struktur erklärt, nachteilige Mutanten
effizienter auszusortieren. Später entdeckten wir, dass dieses Phänomen in
der Mehrheit der zufällig generierten räumlichen Strukturen auftritt. Da-
her ist nicht nur das Regime der vorteilhaften Mutanten für die adaptive
Evolution relevant, sondern das Regime der schädlichen Mutanten ist ebenso
wichtig.

Modelle von Geburts-und Todesprozessen werden häufig verwendet, um
das Zusammenspiel von natürlicher Selektion und genetischem Drift in sich
entwickelnden Populationen zu verstehen. Während bekannt ist, dass eine
unterschiedliche Reihenfolge von Geburts- und Todesereignissen zu verschiede-
nen evolutionären Ergebnissen in räumlichen Strukturen führt, beeinflusst
die Wahl des Individuums, welches an freie Standorte zieht, die Dynamik
ebenfalls erheblich. Wir haben festgestellt, dass es deutlich unterschiedliche
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Ergebnisse liefert, wenn Elternindividuen tote Individuen ersetzen, im Ver-
gleich zu dem Fall, in dem Nachkommen die toten Individuen ersetzen. Diese
Beobachtung führte zur Identifizierung einer neuen Klasse von Graphen,
nämlich Verstärkern der Fixierung. Ein solcher Graph weist eine höhere
Wahrscheinlichkeit der Fixierung auf als der vollständige Graph, unabhängig
von der Fitness des Mutanten. Bemerkenswerterweise hat einer der Beispiel-
graphen eine strikt positive Wahrscheinlichkeit der Fixierung für schädliche
Mutanten, selbst wenn die Populationsgröße gegen unendlich geht. Diese
Erkenntnis widerspricht der Annahme, die typischerweise in gut durchmis-
chten Studien gemacht wird, wo die Wahrscheinlichkeit der Fixierung für
schädliche Mutanten für große Populationsgrößen abnimmt.

Des Weiteren weist eine andere Kategorie von Graphen, bekannt als
Verstärker der Selektion, im Allgemeinen eine längere Fixierungszeit als der
vollständige Graph auf. Für diese Graphen ist die Annahme schwacher Mu-
tationen noch restriktiver. Bei der Untersuchung der Dynamik bei hohen
Mutationsraten stellten wir fest, dass die Verstärker der Selektion mit Schlin-
gen, die im Regime mit niedriger Mutationsrate einen höheren Fitnessgrad
erreichen, tatsächlich einen niedrigeren Fitnessgrad als die gut durchmischte
Population und Unterdrücker der Selektion erreichen. Dies legt nahe, dass
Verstärker der Selektion möglicherweise keine zuverlässige Wahl für bessere
Anpassung sind.

Abschließend ist zur experimentellen Validierung unserer aus dem Ein-
Individuum-Ein-Knoten-Modell gewonnenen Ergebnisse eine theoretische Er-
weiterung auf strukturierte Metapopulationen erforderlich. Wir stellen eine
Zuordnung zwischen Netzwerken von Individuen und Netzwerken von Popu-
lationen her, die dazu genutzt werden kann, die Ergebnisse des Ein-Individuum-
Ein-Knoten-Modells auf die Metapopulationsebene zu übertragen.
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Chapter 1

Introduction

Biological systems often exhibit spatial structures. Spatial structures are
ubiquitous; ranging from cancer cells [1, 2, 3] to biofilms in bacteria [4, 5],
colonic crypts in the intestine [6, 7] to seed dispersal in forest ecosystems
[8], gene networks in a cell [9] to social networks and epidemics [10]. The
presence of spatial structure can substantially influence the outcomes of eco-
evolutionary dynamics. Therefore, it is crucial to have a toolbox for analysing
spatial systems.

In this thesis, we explore the role of spatial structures in evolutionary
dynamics. Early population genetics work typically assumes a well-mixed
population [11]. However, some past studies have explored the role of spatial
structures [12, 13, 14, 15, 16, 17]. These early investigations mainly focused
on symmetric structures, which, compared to a well-mixed population, did
not considerably impact the steady-state results. This is where evolutionary
graph theory (EGT) comes into play, enabling the study of evolution on
arbitrary spatial structures that need not be symmetric [18, 19]. EGT offers
a versatile approach where a spatially structured population is represented
by a graph, with nodes (vertices) representing asexually reproducing entities.

In EGT, nodes interact with their neighbors, and the neighborhood of a
node is determined by the links (edges) connecting it to other nodes. These
links can be directed and weighted, meaning that the weight of the link
directed from node i to node j can differ from the link directed from node j to
node i (wij 6= wji). In the language of graph theory, a well-mixed population
is represented by the complete graph, where each node is connected to every
other node with links of equal propensity, see Fig. 1.1. The precise form of
the interactions between a node and its neighbors is determined by an update
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rule. As an example, we consider the Moran Birth-death (Bd) update rule
[19, 20]. Under the Moran Bd updating, an individual at node i is selected to
reproduce with a probability proportional to its fitness fi. The population is
assumed to be constant throughout the dynamics. Consequently, to maintain
constant population size an individual dies. A random node j neighboring
node i is chosen to die with a probability proportional to the weight of the
link directed from node i to j. The offspring of the parent individual at
node i then replaces the individual at node j, see Fig. 1.2 for illustration.
The first letter of the shorthand Bd represents a birth event, whereas the
second letter denotes a death event. The uppercase B signifies that natural
selection operates in the birth event, while the lowercase d represents the
neutral nature of the death event. In this way, a variety of Moran update
rules exist based on the orderings of birth and death events and the events
where selection operates [21, 22]− Bd, bd, bD, Db, db, dB, BD and DB.

Other frameworks also used to investigate spatial structures include reaction-
diffusion systems [23], patch models [24, 25], and interacting particle systems
[26]. Notably, different frameworks can yield qualitatively different results
within a given parameter range. While the theories of reaction-diffusion sys-
tems and interacting particle systems primarily deal with regular structures,
EGT takes a step forward by not only accounting for the discrete nature of
individuals but also addressing non-regular structures.

The original formulation of EGT aims to study the interplay of natu-
ral selection and genetic drift in spatially structured populations. This is
achieved by investigating the fixation probability of a mutant on graphs. In
general, the fixation probability of a mutant depends on the node where it
initially appears [27]. A mutant initialisation scheme, which is a probability
distribution spanning all nodes of the graph, determines which nodes are
more likely to receive an initial mutant. A common example is the uniform
mutant initialisation (U) where every node is equally likely to be initialised
with the mutant. Temperature initialisation (T ) in another example where
the initial mutant appear on a node i with probability proportional to node’s
temperature,

∑
j wji [28].

When a mutant emerges in a population, assuming the mutation rate to
be very low, there are two possible outcomes for the mutant: either it takes
over the entire population−mutant fixation−, or it goes extinct−mutant ex-
tinction [29], refer to Fig. 1.3 for illustration. The discrete nature of indi-
viduals makes the fixation dynamics a stochastic process. To elucidate the
stochastic nature of fixation dynamics, we briefly sketch the derivation of
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Figure 1.1: Popular graphs in evolutionary graph theory. A. The
complete graph, AKA the well-mixed population, B. The cycle graph, C.
The star graph, D. The directed line, and E. The superstar graph.

fixation probability for the complete graph. For a detailed description, refer
to [19, 30]. The fixation probabilities for a population satisfy,

Φi = T−i Φi−1 + (1− T−i − T+
i )Φi + T+

i Φi+1, for 1 ≤ i ≤ N,

Φ0 = 0 and, ΦN = 1.
(1.1)

Here Φi is the probability that the mutant-type fix in the population when
initialised with i copies. T+

i is the probability of making a forward transition
from the state with i mutants to the state with i + 1 mutants, whereas T−i
is the probability of making a backward transition from the state with i
mutants to the state with i − 1 mutants. Solving Eq. 1.1 for the fixation
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Figure 1.2: Moran Birth-death updating. An illustration of the Moran
Birth-death (Bd) process is depicted here, showcasing a population composed
of two types of individuals: yellow and blue, each with potentially distinct
fitness values. The first step involves selecting an individual with the proba-
bility proportional to its fitness for reproduction. In the given illustration, it
is a yellow individual encircled within a thick grey line. This is followed by
the death of a randomly chosen neighbor, indicated by the blue individual
encircled with a dashed line. The update process concludes when the yellow
offspring replaces the blue individual chosen for replacement.

probability when started with a single mutant, Φ1, gives

Φ1 =
1

1 +
N−1∑
k=1

k∏
j=1

γj

, (1.2)

with γi =
T−i
T+
i

.

For the well-mixed population, the fixation probability of a mutant given
by Eq. 1.2 is exact. For the Moran Bd process on the complete graph, we
have

T+
i =

f ′i

f ′i+ f(N − i) ·
N − i
N − 1

and, T−i =
f(N − i)

f ′i+ f(N − i) ·
i

N − 1
, (1.3)

with f ′ denoting the mutant’s fitness and f denoting the wild-type fitness.
The ratio of transition probabilities γi simplifies to,

γi =
f

f ′
for 1 ≤ i ≤ N − 1. (1.4)
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Plugging this back into Eq. 1.2 gives us the fixation probability for the com-
plete graph under Bd updating,

ΦC(f ′, f) =

1− f

f ′

1−
(
f

f ′

)N . (1.5)

Note that for the complete graph the fixation probability does not depend
on the mutant initialisation scheme because of the symmetry of the graph.
Using the definition of selection coefficient, s = f ′−f

f
, the formula in Eq. 1.5
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Figure 1.3: Mutant initialisation and fixation. In the process of fixa-
tion, first a mutant (shown in yellow) appears in homogenous population.
Depending on the mutant initialisation I, the initial mutant is more likely
to appear on some nodes. After that, the mutant either fixes or gets ex-
tinct. Overall, the probability of fixation depends on the underlying spatial
structure (the graph), the population size, the node where the initial mutant
appears, the update rule, and the relative fitness of the mutant.

can be approximated by the fixation probability formula derived by Kimura
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using diffusion approximation [31, 32],

ΦC(f ′, f) =
1− 1

1 + s

1−
(

1

1 + s

)N ,

≈
s�1

1− (1− s)
1− ((1− s))N

,

≈ 1− e−s
1− e−sN .

(1.6)

In the first decade of EGT, the Moran Bd and dB updating with uni-
form mutant initialisation scheme was the most commonly investigated cases.
Based on the fixation probability of mutants, three main categories of graphs
emerged: amplifiers of selection, suppressors of selection and isothermal
graphs.

• An amplifier of selection is a graph that has a higher probability of
fixing advantageous mutants and a lower probability of fixing delete-
rious mutations than the complete graph. Mathematically, a graph G
is an amplifier of selection if ΦIG(f ′, f) < ΦC(f ′, f) for f ′ < f and
ΦIG(f ′, f) > ΦC(f ′, f) for f ′ > f .

• Conversely, a suppressor of selection is a graph with a lower probability
of fixing advantageous mutants and a higher probability of fixing dele-
terious mutations compared to the complete graph. That is, a graph
G is a suppressor of selection if ΦIG(f ′, f) > ΦC(f ′, f) for f ′ < f and
ΦIG(f ′, f) < ΦC(f ′, f) for f ′ > f .

• An isothermal graph is a graph where all the nodes have equal in-
temperature (sum of all the weights flowing into a node). Under Bd
updating, an isothermal graph has the same fixation probability as the
complete graph, that is, ΦIG(f ′, f) = ΦC(f ′, f) for all f ′. An example
of an isothermal graph is the cycle graph.

The star graph is a well-known example of an amplifier of selection under
Bd updating with uniform initialisation. The fixation probability for the star
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graph is [18],

ΦUF(f ′, f) ≈
1−

(
f

f ′

)2

1−
(
f

f ′

)2N
. (1.7)

For the star graph, the amplification factor is two. That is, the fixation
probability of a mutant with relative fitness r on the star graph is the same
as that of a mutant with relative fitness r2 in a well-mixed population. An
amplifier of selection can also amplify selection strongly. A strong amplifier of
selection ensures the fixation of a beneficial mutant with certainty, regardless
of the relative fitness advantage. In other words, strong amplifiers have an
amplification factor that tends to infinity. The superstar is a popular example
of a strong amplifier [18, 33, 34, 35, 36], see Fig. 1.1. Conversely, a directed
line is a suppressor of selection under Bd updating, with fixation probability
equal to 1/N regardless of the mutant’s fitness.

But how common are the amplifiers and suppressors of selection? Hinder-
sin and Traulsen [37] found that most small graphs are amplifiers of selection
under Moran Bd updating and suppressors of selection under Moran dB
updating with uniform initialisation. However, amplifiers of selection have
gained more attention than other graph categories due to their ability to ac-
celerate the pace of evolution. This phenomenon primarily holds true under
very low mutation rates [38]. As mutation rates increase, the time to fixation
also becomes an important factor. For higher mutation rates, both fixation
probability and fixation time contribute in determining the rate of evolution
[39]. Moreover, graphs amplifying selection tend to have higher fixation times
[22] decreasing the effective rate of evolution[40]. Consequently, research ef-
forts are devoted to identifying structures with a higher probability of fixing
advantageous mutants, while maintaining marginally close fixation times to
complete graphs [41].

While this thesis primarily focuses on constant selection, it is important
to highlight the huge field of frequency-dependent selection on graphs [42, 43].
In frequency-dependent selection, an individual’s fitness depends on the state
of the population, and thus constantly changes with the population’s compo-
sition. For games played on graphs, an individual’s fitness is determined by
its neighborhood. A quantity of interest for games of graphs is the evolution
of cooperation [44, 45, 46]. The usual idea is to look for scenarios− combi-
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nation of graphs, update rules, initialisation and games− where cooperation
can be boosted. Additionally, a substantial body of research has explored
the concept of mutation-selection balance on graphs focusing on conditions
that lead to cooperation prevailing in equilibrium. Refer to the review by
Nowak et al. [47] for more details and references.

Recently, Yagoobi et al. [48] explored mutation-selection balance on spa-
tial graphs with mutations considered among two types of individuals. In this
thesis, we investigate evolutionary dynamics on spatial structures adapting
on a continuous fitness landscape. For this we primarily focus on the star-like
graphs. There are two reasons for this choice. First, the exact analytical ex-
pressions for the fixation probability on the star graph are known [49, 50, 51].
Second, the star graph exhibits a high degree of variation in node degrees
[52]. Therefore, if an evolutionary dynamics on the star graph do not consid-
erably differ from the one on the complete graph, a random spatial structure
is less likely to exhibit substantial differences. After studying evolution on
the star graph, we extend our analysis to random graphs using numerical
methods.

The star graph has a history with various combinations of update rules
and mutant initialisations studied on it. The Moran Bd process with uni-
form initialisation was the first one to be investigated on the star graph [18].
Since then, the star graph is recognised as an example of an amplifier of
selection [49, 51, 50]. However, the star graph fails to amplify selection if
the initial mutant appears based on the temperature initialisation scheme,
where the central node is more likely to receive the initial mutant [28]. Under
temperature-initialised Bd updating, the star acts a suppressor of fixation,
meaning it has a lower probability of fixing mutants regardless of their fitness
value [53]. Similarly for uniform initialised dB updating, the star graph is a
suppressor of selection [54]. In chapter three, we will see that the star graph
is an amplifier of fixation− a graph with a higher probability of fixing mu-
tants regardless of their fitness− under temperature initialised dB updating.
Fig. 1.4 shows the fixation probability profiles corresponding to four main
categories of graphs−amplifier of selection, suppressor of selection, amplifier
of fixation and suppressor of fixation.

In the second chapter, we introduce a model for studying long-term evo-
lutionary dynamics on spatial structures. Focusing on the low mutation rate
regime, we observe that amplifiers of selection achieve higher fitness than
well-mixed populations, while suppressors of selection achieve lower fitness,
as expected. Surprisingly, suppressors of fixation− structures with a lower
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Figure 1.4: Categories of graphs. With the complete graph as a reference,
based on the fixation probability of mutants four main categories of graphs
are prominent in evolutionary graph theory. The widely recognised categories
include amplifiers of selection (panel A) and suppressors of selection (panel
B). Less discussed is the category of suppressors of fixation (panel A). In
addition to these, a new category of graphs, detailed in chapter three, is the
amplifier of fixation (panel B). The beneficial mutants have fitness greater
than one whereas the deleterious mutants have fitness lower than one with
wild-type’s fitness equal to one.

probability of fixing mutations, regardless of their fitness− can attain higher
fitness than the well-mixed population. In the third chapter, we discover
a new category of graphs− amplifiers of fixation. This is achieved simply
by allowing the parent individuals to replace the dead individuals, instead
of the conventional choice of offspring replacing the dead individuals. We
also find that the majority of random graphs are amplifiers of fixation un-
der temperature-initialised dB updating, and suppressors of fixation under
temperature-initialised Bd updating. To investigate the long-term evolution,
we study the steady-states of Moran origin-fixation dynamics on various ran-
dom graphs. To our surprise, we find that amplifiers of fixation, which are
better at fixing beneficial mutations, attain lower fitness while suppressors
of fixation, worse at fixing beneficial mutations, attain higher steady-state
fitness than the complete graph.

In the fourth chapter, we find that for higher mutation rates (self-looped)
amplifiers of selection attain lower fitness than the complete graph. On the
other hand, suppressors of fixation outcompetes the complete graph, both
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within and beyond the low mutation rate approximation. In chapter five, we
move to network-structured metapopulations where each node is occupied
by a deme. We categorise various update rules for metapopulations based
on whether the migration occurs during a birth event. The outline for the
thesis is present in Fig. 1.5.
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Figure 1.5: Thesis layout. Placing our work in the space of existing litera-
ture of EGT. While most of the literature focusses on fixation time scales, in
this thesis we study the role of spatial structure in long-term dynamics with
non-zero mutation rates.
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Chapter 2

Suppressors of fixation can
increase fitness beyond
amplifiers of selection

The motivation behind this chapter is to move beyond the conventional fix-
ation time scale analysis in EGT by allowing mutations to appear continu-
ously. For that, we develop a model where long-term evolution is studied on
spatially structured populations.

This chapter went through peer-review and is published in Proceedings
of the National Academy of Sciences of the United States of America as:
Sharma and Traulsen 2022, [53]−Suppressors of fixation can increase aver-
age fitness beyond amplifiers of selection. This manuscript version is made
available under the CC-BY-NC-ND 4.0 license https://creativecommons.

org/licenses/by-nc-nd/4.0/ . The authors contributions are detailed at
the end of the thesis.
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Evolutionary dynamics on graphs has remarkable features: For example, it has
been shown that amplifiers of selection exist that—compared to an unstructured
population—increase the fixation probability of advantageous mutations, while they
decrease the fixation probability of disadvantageous mutations. So far, the theoretical
literature has focused on the case of a single mutant entering a graph-structured
population, asking how the graph affects the probability that a mutant takes over a
population and the time until this typically happens. For continuously evolving systems,
the more relevant case is that mutants constantly arise in an evolving population.
Typically, such mutations occur with a small probability during reproduction events.
We thus focus on the low mutation rate limit. The probability distribution for the
fitness in this process converges to a steady state at long times. Intuitively, amplifiers
of selection are expected to increase the population’s mean fitness in the steady state.
Similarly, suppressors of selection are expected to decrease the population’s mean fitness
in the steady state. However, we show that another set of graphs, called suppressors of
fixation, can attain the highest population mean fitness. The key reason behind this is
their ability to efficiently reject deleterious mutants. This illustrates the importance of
the deleterious mutant regime for the long-term evolutionary dynamics, something that
seems to have been overlooked in the literature so far.

evolutionary graph theory | mutation-selection balance | low mutation rates | deleterious mutant regime

Understanding how spatial structures can affect evolutionary dynamics has been of interest
to evolutionary biologists for a long time. More than a decade ago, a framework known as
evolutionary graph theory was introduced (1). The primary quantity of interest has been
the fixation probability of a mutant on graphs, which is the probability that a mutant with
given fitness takes over the rest of the wild-type population (2–6).

Fixation probability is a central concept in evolutionary biology, as it determines the rate
of evolution in the low mutation rate regime (7, 8). Spatial structure tweaks the strength of
selection and genetic drift (9, 10). As a consequence, some graphs have higher probability
of fixation than others for a mutant with a given fitness value. Of particular interest are
those graphs that increase the fixation probabilities for advantageous mutants and decrease
the fixation probabilities for disadvantageous mutants—so-called amplifiers of selection.
While initially, amplifiers seemed to be special structures (1), it turned out that under
Birth–death (Bd) updating, most random networks are amplifiers of selection (11).

However, fixation describes evolutionary dynamics only on a relatively short time scale.
In the long run, additional mutants will arise, and the population will eventually reach
a steady state in terms of fitness (12). A model that investigates such long evolutionary
trajectories in graph-structured populations has been missing so far. This problem has been
studied via a process where two types of individuals with fixed fitness values compete with
each other, leading to a mutation–selection balance in the steady state (13), but not for
the case of continuously arising mutations with a potentially infinite number of types. The
neutrality counterpart of this problem has been investigated in ref. 14, where equilibrium
properties are shown to be independent of the population structure.

In evolutionary graph theory, every node of a graph is an individual. If an individual
produces an offspring, the offspring is placed in a neighboring node. We focus on
undirected and unweighted graphs, where all neighboring nodes are chosen with the same
probability. Graphs can be classified based on their fixation probability, as compared to
that of the complete graph. The fixation probability of a mutant with fitness f ′ appearing
in a population with fitness f on a complete network C (corresponding to a well-mixed
population) is given by

φI
C (f ′, f ) = φC (f ′, f ) =

1 − f
f ′

1 −
(

f
f ′

)N
. [1]

Significance

Spatial structure can substantially
affect evolutionary dynamics.
These dynamics are usually
studied through the fixation
process of a single mutation. This
allows one to classify structures,
e.g., as amplifiers, which enhance
the effect of selection. Here, we
provide a model integrating the
fixation process of single
mutations into the long-term
evolutionary dynamics,
characterized by a balance
between mutation and selection.
Certain structures that do not
perform well for single fixation
events can perform very well at
longer time scales due to their
ability to reject deleterious
mutants. This means that a
structure can be improved by only
increasing its ability to reject
deleterious mutants—the
increase of its ability to fix
advantageous mutations is less
central than previously thought.
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In this case, all nodes are equivalent, and it does not matter
where the mutation occurs. In the general case, the fixation
probability depends crucially upon the node where the mutant
first arises (15). In Eq. 1, I denotes this initialization scheme,
according to which a mutant arises on the network. To be specific,
I is the probability distribution represented by a row vector of size
N where element i is the probability with which a mutant arises at
node i in a homogenous background. In the simplest case, this is
a uniform probability—this case is typically referred to as uniform
initialization.

Based on fixation probabilities and the initialization scheme,
graphs typically fall into three categories (11):

• An amplifier of selection is a graph G that increases the fix-
ation probability of an advantageous mutant and decreases
the fixation probability of a disadvantageous mutant compared
to a complete graph, φI

G(f ′, f ) > φI
C (f ′, f ) for f ′ > f and

φI
G(f ′, f ) < φI

C (f ′, f ) for f ′ < f .
• A suppressor of selection is a graph G that decreases the

fixation probability of an advantageous mutant and increases
the fixation probability of a disadvantageous mutant compared
to a complete graph, φI

G(f ′, f ) < φI
C (f ′, f ) for f ′ > f and

φI
G(f ′, f ) > φI

C (f ′, f ) for f ′ < f .
• An isothermal graph is a graph G that has the same fixation

probability as the complete graph, φI
G(f ′, f ) = φI

C (f ′, f ) for
all f ′ and f . In particular, any graph where the number of links
for each node is the same is an isothermal graph for uniform
initialization [in the more general case of weighted graphs,
where mutants are placed on neighboring nodes with different
probabilities (16). For a structure to be an isothermal graph,
every node should have equal temperature. The temperature of
a node i is equal to the sum of the incoming link weights wji ,∑N

j=1 wji ].

For later purposes, we introduce a fourth type (11, 17), sup-
pressors of fixation:

• A suppressor of fixation is a graph G that reduces the fixation
probability for both advantageous and disadvantageous mu-
tants, φI

G(f ′, f ) < φI
C (f ′, f ) for all f ′ �= f . These graphs are

also called reducers of fixation (18).

The definition for isothermal networks has originally been
defined for a uniform initialization scheme. In general, such
a definition would depend on the details of the update rule
(19). The classifications for amplifiers and suppressors above have
also been developed for uniform mutant initialization. For other
initialization schemes—for example, temperature initialization—
the classifications become less straightforward, especially near
neutrality (20).

Model

In order to generate any evolutionary dynamics, we must choose
an update mechanism. We focus on the Bd update rule, where,
first, an individual is selected at random, but proportional to
fitness. This individual produces an offspring, which is placed in
one of the neighboring nodes. We assume that the offspring is
mutated with a small probability μ and identical to its parent with
probability 1 − μ. The state of a population is represented by a fit-
ness vector f = (f1, f2, · · · , fN−1, fN )T, where fi is the fitness of
an individual at node i . When an offspring is mutated, we choose

A

B

Fig. 1. Moran Birth-death (Bd) with continuous mutation on a graph. (A) The
Moran Bd update mechanism with continuous mutation is shown for a small
graph. An individual is selected to reproduce with probability proportional
to its fitness. The offspring mutates with probability μ, and its fitness f ′ is
sampled from a distribution ρ(f ′, f), where f is the parent’s fitness. A neigh-
boring individual is then chosen for death at random among the neighboring
nodes, and the offspring is placed in the empty node. We work in the low
mutation rate approximation where μ is very small, such that only a single
type is typically present in the population. (B) Evolutionary dynamics in fitness
space. For low mutation rates, the evolutionary dynamics effectively becomes
a biased random walk on the fitness space. The transition rates depend on
the mutation rate μ, the fitness distribution of the mutant offspring ρ(f ′, f)
(shown in gray), and the fixation probabilities φTG (f ′, f).

its fitness f ′ from a continuous bounded distribution ρ(f ′, f ),
where f is the parent’s fitness and fmin ≤ f ′ ≤ fmax (Fig. 1A).

Instead of looking into the full evolutionary trajectory of the
system, we focus only on the fitness distribution in the steady state.
As this is difficult for arbitrary mutation rates, we concentrate
on the low mutation rate regime here. In this regime, the entire
population effectively moves as a point (most of the time) in the
fitness space. Typically, every individual in a population has the
same fitness. Thus, the state of the population can be labeled by
a single fitness value, f . This is a good approximation if the time
between two successive mutations is sufficiently high that a new
mutant either gets extinct or takes over the entire population be-
fore the next mutation arises. Thus, our model describes sequential
fixation (21) (Fig. 1B). We are mainly interested in the dynamics
of probability density PG(f , t). One important observation is
that mutations do not arise in all nodes with uniform probability,
but mostly in those nodes that have more incoming links. This is
captured by the idea of “temperature initialization” (20), where
the probability that a mutation arises is proportional to the
temperature of a node i ,

∑N
j=1 wji . In the case of unweighted

networks, wji = 1 if a link between j and i exists; otherwise,
wji = 0. With this, we can write down the master equation of
the corresponding jump process (22, 23),

∂PG(f , t)

∂t
=

∫
df ′ φT

G(f , f ′)ρ(f , f ′)μ︸ ︷︷ ︸
Tf ←f ′

PG(f ′, t)

−
∫

df ′ φT
G(f ′, f )ρ(f ′, f )μ︸ ︷︷ ︸

Tf ′←f

PG(f , t), [2]

2 of 11 https://doi.org/10.1073/pnas.2205424119 pnas.org
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where Tf ′←f is the probability to change the population’s fitness
from f to f ′. Tf ′←f is given by the product of the probabil-
ity of mutation, μ, the probability that a mutant with fitness
f ′ arises, ρ(f ′, f ), and the probability that such a mutation,
arising preferentially in nodes that are replaced often, reaches
fixation, φT

G(f ′, f ) (where T denotes temperature initialization).
The probability Tf ←f ′ is given by an equivalent argument.

The reason behind using fixation probability under tempera-
ture initialization is that the probability for a mutant to arise on
a certain node during reproduction in a homogenous population
is proportional to the temperature of that node (20). This follows
from our assumption that during a birth event, it is always the
offspring individual that replaces a neighboring individual. For the
opposite case, where the parent individual replaces a neighboring
individual and the offspring (potentially a mutant) individual
stays at the focal node, the fixation probability for uniform
initialization has to be used in Eq. 2 instead. The corresponding
evolutionary dynamics on the fitness space is a biased random walk
with transition rates Tf ′←f and Tf ←f ′ . To derive the steady state,
P∗

G(f ), we start from the assumption of detailed balance (23),
∫

df ′ Tf ←f ′P∗
G(f ′) =

∫
df ′ Tf ′←f P

∗
G(f ). [3]

This condition is fulfilled if we have Tf ←f ′P∗
G(f ′)=

Tf ′←f P
∗
G(f ) for all f , f ′. From this, we obtain the steady state

(23),

P∗
G(f ) =

1∫
df ′ Tf ′←f

Tf ←f ′

=
1∫

df ′ φT
G(f ′, f )

φT
G(f , f ′)

· ρ(f ′, f )

ρ(f , f ′)

. [4]

If the mutant’s fitness distribution ρ(f ′, f ) only depends on
the fitness distance between parent and offspring, ρ(f ′, f ) =
ρ(|f ′ − f |), the population’s steady-state statistics depends only
on the fixation probabilities—in this case, the second factor
cancels out. Furthermore, the steady-state probability density for
the population’s fitness is the same for all isothermal graphs,
irrespective of the offspring mutational fitness distribution—the
first factor is the same for all isothermal graphs, including the
complete graph.

As an example, the steady-state distribution for the complete
graph when mutant’s fitness is sampled from the uniform distri-
bution is

P∗
C (f ) =

N

f N
max − f N

min
f N−1. [5]

See App. A for details. This steady-state statistics is exactly the
same as derived in ref. 24. However, in ref. 24, the evolutionary
dynamics was studied by using a nearest-neighbor jump process
on a discretized state space. In our derivation of Eq. 5, at a given
point in the dynamics, the population could jump to any arbitrary
point of the fitness space. Yet, interestingly, we obtain the same
steady-state distribution for the complete graph as derived in ref.
24, but for a different scenario.

To study mutation–selection balance on graphs, we choose the
complete graph, the star graph, and the (weighted) star graph with
self-loops, i.e., a star where every individual can also be replaced
by its own offspring. Under temperature initialization, a complete
graph is an isothermal graph. For finite N , the star is a suppressor
of fixation (for N → ∞, it becomes a suppressor of selection),
and the star graph with self-loops is a piece-wise amplifier of
selection (20) (only for N → ∞, it becomes an amplifier in a
strict sense) (Fig. 2 B and D). Adding self-loops and making edges

weighted can make the star graph an amplifier of selection for
temperature initialization. According to ref. 25, for a structure to
be an amplifier of selection, it should have a sufficient number
of cold nodes (low-temperature nodes), where a mutant is less
likely to get replaced by wild-type individuals and, thus, increasing
the likelihood for a mutant to fix. The star graph (unweighted,
without self-loops) indeed has many cold nodes, making it an
amplifier of selection under uniform initialization (1) (Fig. 2 A
and C ). However, under the temperature initialization process, the
initial mutant appears on the central node with high probability,
as the central node has the highest temperature. Thus, the mutant
is more likely to get extinct during the course of the dynamics,
explaining its suppressing nature. By adding self-loops to the
star graph with a larger weight, one decreases the temperature
of the central node and increases the temperature of the leaves,
thus increasing the likelihood for the leaf nodes to receive an
initial mutant. This transformation facilitated via self-loops and
weighted edges is the reason behind the amplifying nature of the
self-looped star graph.

We use these graphs because exact expressions for the corre-
sponding fixation probabilities are known (App. C ). The fixation
probabilities for these three graphs under uniform and tempera-
ture initialization are plotted as a function of the mutant’s fitness
in Fig. 2.

The microscopic Moran-Bd update is costly to simulate for low
mutation rates, especially for large graphs. Thus, we use a coarse-
grained description, where we focus on the changes arising from
mutations. We use the following Monte Carlo-type algorithm
(26, 27), which measures time steps in terms of mutational
events:

• An initial fitness value f between fmin and fmax is assigned to
each individual in a population on a graph G .

• At every time step, a mutant f ′ is drawn from a distribution
ρ(f ′, f ).

• The fitness of the entire population is then updated to f ′

with probability φT
G(f ′, f ). With probability 1 − φT

G(f ′, f ),
it remains the same. Note that this step takes into account
that mutants tend to arise in different places with different
probabilities.

• The last two steps are repeated for a sufficiently long number of
time steps until a mutation–selection balance is attained.

We use this algorithm to infer how mutation–selection balance
is attained in our three spatial structures. In Fig. 3 A and B, the
independent fitness trajectories, as well as the ensemble average
fitness trajectory of the population, are plotted as a function of
the number of mutations occurred.

Results

The star with self-loops, an amplifier of selection, reaches the high-
est steady-state fitness in its mutation–selection balance (Fig. 3B).
This is expected because, compared to the other graphs, the self-
looped star graph is best at fixing beneficial mutants for temper-
ature initialization. What is surprising is that the star graph, a
suppressor of fixation with lower fixation probability for all fitness
values of a mutant, attains not just higher steady-state fitness than
the complete graph (and, thus, all isothermal graphs), but almost
the same balance as the star with loops, an amplifier of selection.
We also observe that, just like isothermal networks, the star graph
with loops takes fewer mutations to reach the balance than the
star graphs, which takes many more mutations to reach the steady

PNAS 2022 Vol. 119 No. 37 e2205424119 https://doi.org/10.1073/pnas.2205424119 3 of 11
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Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

A B

C D

Fig. 2. Fixation probabilities for uniform and temperature initialization. (A) The fixation probabilities φUG (f ′, f) as functions of mutant’s fitness f ′ with
background fitness f = 1 for uniform initialization U for three graphs with N = 10: the complete graph, the star, and a weighted star with self-loops. For
this initialization scheme, both the star and the star with loops are amplifiers of selection, and all fixation probabilities intersect at f ′ = f and φUG (f , f) = N−1.
(B) Fixation probabilities as in A, but for temperature initialization. Now, the star with self-loops is only a piecewise amplifier of selection, as it reduces the fixation
probability for very large f ′. The star is a suppressor of fixation and reduces the fixation probability for all mutant fitness values. Note that even under neutrality,f ′ = 1, the fixation probabilities are different. (C) Fixation probabilities as in A, but with N = 100. For large N, probabilities to fix deleterious mutants decrease,
while they increase for the beneficial mutants. (D) For temperature initialization, a larger self-looped star graph amplifies selection for the entire fitness domain
considered in the figure. On the other hand, even at N = 100, the star graph continues to be a suppressor of fixation; see D, Inset (Parameters: with n leaves,
the weight of all the leaves’ self-loops is 1 − n−1, and the weight for the center’s self-loop is 1 − n−2. All the links directed from the center to leaves and vice
versa have weights n−3 and n−1, respectively.

state. In the subsequent sections, we will discuss these observations
and give an explanation for them.

Amplifiers Attain Higher Steady-State Fitness in Mutation–Selection Equilibrium. Amplifiers of selection are better at
fixing beneficial mutants and avoiding the fixation of deleterious
mutants than isothermal graphs. They are expected to attain a
higher steady-state fitness in the mutation–selection balance than
isothermal graphs. We verify this expectation in Fig. 3 C and D,
which shows the average steady-state fitness of the population for
different population sizes. We consider two types of mutational
fitness jump distribution, a uniform and a (truncated) Gaussian,
centered around the parent’s fitness. We observe that, regardless
of the mutational fitness distribution, the star graph with loops
attains a higher steady-state fitness than the complete graph for
all considered population sizes. In App. B, we provide a formal
proof that, for any mutational fitness distributions, amplifiers
of selection have higher steady-state fitness than well-mixed
populations and suppressors of selection. As a reference, by using
Eq. 5, we derive the steady-state average fitness for the complete
graph with uniform mutational fitness distribution,

〈f 〉∗
C =

N

N + 1

f N+1
max − f N+1

min

f N
max − f N

min
. [6]

Thus, in the limit of large N , 〈f 〉∗
C → fmax. The steady-state

fitness approaches the maximal possible value, 〈f 〉∗ → fmax for
N → ∞, for both the complete and the self-looped star graph.
This is true for a general mutational fitness distribution, where
there is always a finite probability to fix a beneficial mutation,
and where the probability to fix a deleterious mutant goes to
zero in the limit of N → ∞. In fact, fmax becomes an absorbing
state for the evolutionary trajectories on the amplifiers of selection
and the well-mixed population. Therefore, the fluctuations around

the steady state for these graphs also go to zero. This can be
illustrated by studying the large-N limit dynamics of the self-
looped star graph and the complete graph. In the limit of N → ∞,
the fixation probability for the self-looped star under temperature
initialization becomes 1 − f 2/f ′2 for any f ′ > f and 0 otherwise
(App. C ), whereas from Eq. 1, it follows that for the complete
graph, the fixation probability becomes, 1 − f /f ′ for f ′ > f
and 0 otherwise. Hence, in the limit of N → ∞, both of these
graphs can only fix beneficial mutants, and, thus, the long-term
mutation–selection dynamics gets absorbed at fmax. This also leads
to the conclusion that the self-looped star needs fewer mutations
than the complete graph to reach fmax. The large-N analysis for
the star graph (unweighted and without self-loops), however, is
a bit subtle, as in the limit of N → ∞, the fixation probability
becomes zero for all possible pairs of mutant and background
fitness values. For very large, but finite, App. D, we show that
the steady-state average fitness for the star graph also converges
to fmax.

Do Amplifiers Maximize Average Fitness? The star graph with
no self-loops, a suppressor of fixation, not only attains higher
steady-state fitness in the mutation–selection balance than the
complete graph, but almost the same steady-state fitness as the
star with self-loops, an amplifier of selection, as shown in Fig. 3
C and D. In App. D, we show that even for very large N , the
star graph continues to attain higher steady-state average fitness
than the well-mixed population. There are two main factors that
drive the steady-state fitness: 1) fixing beneficial mutants with high
probability and 2) avoiding the fixation of deleterious mutants.
As an amplifier of selection, the star with self-loops is superior
in fixing beneficial mutants. But the star without self-loops is
much better at avoiding the fixation of deleterious mutants (Fig.
2 B, Inset, and D, Inset). In this way, the star without self-loops

4 of 11 https://doi.org/10.1073/pnas.2205424119 pnas.org
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Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

A B

C D

Fig. 3. Fitness trajectories and steady-state average fitness for different graphs. (A) The average fitness trajectories (in dark colors) for the complete graph, the
star graph, and the self-looped star graph with a uniform mutational fitness distribution, starting from a population where every individual has fitness f = 1.
For each graph, the average fitness trajectory is computed by performing an ensemble average over an ensemble of 2,000 independent realizations. In the
background of A, five such independent realizations are shown (in light colors) for each graph. After reaching high fitness value, the fitness of the complete
graphed population fluctuates more than the other two graphs. This is because after reaching higher fitness values, deleterious mutations become more likely
to appear. The complete graph is worse at rejecting such deleterious mutants compared to other two graphs (Fig. 2 B, Inset, and D, Inset); it experiences more
fluctuations. (B) Although the star is a suppressor of fixation, it attains the same steady-state fitness in the mutation–selection balance as the self-looped star
graph. This is due to its better response to deleterious mutants (Fig. 2 B, Inset, and D, Inset). In C and D, steady-state fitnesses in the mutation–selection balance
attained for the self-looped star graph (green) and complete graph (blue) as a function of population size are shown in with uniform (C) and truncated (D)
Gaussian mutational fitness distribution. The SD for the Gaussian distribution is chosen to be σ = 1. Solid lines are the numerical solutions of Eq. 4, and circles
represent simulation points obtained using the Monte Carlo algorithm, while triangles correspond to microscopic Moran Bd simulations, which are feasible only
for very small N. Regardless of the mutational fitness distribution, the self-looped star (an amplifier) always attains higher steady-state fitness in the mutation–
selection balance than isothermal graphs for all (finite) N. Red circles correspond to the steady-state fitness attained by the star graph, a suppressor of fixation.
From C and D, we find that even for large N, the star graph reaches almost the same steady-state fitness as that of the self-looped star graph. ParametersN = 10, fmin = 0.1, and fmax = 10.

compensates for its lower fixation probabilities of beneficial mu-
tants. Therefore, the fixation probability profile for deleterious
mutants can contribute considerably to the long-term mutation–
selection evolutionary dynamics. We expect this to be quite gen-
eral, and not just restricted to the graphs that we have considered.
We argue this in the following way: Let us take two amplifiers,
A1 and A2, and, without any loss of generality, assume that
A1 is a better amplifier than A2. That is, A1 is better in fixing
advantageous mutants and avoiding the fixation of deleterious
mutants than A2. In that case, by the proof given in App. B,
it follows that the average steady-state fitness of A1 is greater
than the average steady-state fitness of A2—i.e., 〈f 〉∗

A1
> 〈f 〉∗

A2
.

However, if A2 can be modified, along the lines of ref. 28, such
that its fixation probability for deleterious mutants becomes much
lower than A1, the average steady-state fitness 〈f 〉∗

A2
can exceed

〈f 〉∗
A1

. But this compensation for lower fixation probabilities of
beneficial mutants by decreasing the acceptance rate of deleterious
mutants comes at a cost in terms of the time it takes to reach the
steady state.

Time to Reach the Steady State. So far, we have studied the
steady-state average fitness values for different graphs. Now, we
discuss the time they take to reach their respective steady states.
To estimate these times, we use the concept of mixing times (29).
In a generic stochastic process, the probability distribution PG(f )

defined on a space Ω changes with time before reaching its steady
state. The mixing time can then be defined as the time when the
distance of this evolving distribution to its steady state P∗

G(f ) goes
to zero. Formally, the mixing time tmix is defined as the minimal
time when the distance d(t) to the steady-state distribution is
smaller than a threshold ε,

tmix(ε) = min{t : d(t) ≤ ε}, [7]

where

d(t) =
1

2

∑

f ∈Ω

|PG(f , t) − P∗
G(f )|. [8]

In Fig. 4A, we find that the star graph, a suppressor of fixation,
attains the same balance as the self-looped star, but takes many
more mutations to reach the steady state than all other considered
graphs. The mixing times for the complete and the self-looped star
do not vary much with the population size. In fact, it decreases
for the self-looped star with increasing N . This is because the
self-looped star becomes a better amplifier for larger N (Fig.
2 B and D). Adaptation for the complete graph and the self-
looped star graph is mostly governed by the fixation of beneficial
mutants, which improves with large N . On the other hand, the
adaptation for the star graph depends crucially on preventing
the fixation of deleterious mutants, as it becomes less likely to

PNAS 2022 Vol. 119 No. 37 e2205424119 https://doi.org/10.1073/pnas.2205424119 5 of 11
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A B

Fig. 4. Approach to the steady state. (A) Mixing time for various graphs as a function of population size N measured in number of mutations. Parameters
are same as in Fig. 3C. Mixing times have been obtained by using the Monte Carlo algorithm. The star graph takes the longest to reach a steady state. This is
because the star graph, especially for large N, has very small fixation probabilities, even for beneficial mutants, and, thus, more attempts to increase fitness
are needed to reach the steady state (for the mixing time, we assume ε = 1

4 in Eq. 7). (B) Increase of average fitness on the directed line with self-loops. We
compare Eq. 42 and the corresponding microscopic Moran Bd simulations. Parameters are the same as in Fig. 3, with a mutation probability μ = 10−4. We see
a good agreement between simulations (orange symbols) and the analytical result (gray line). From App. E, we know that the relaxation time for single rooted
graphs goes as N

μTr . Substituting values for the parameters and the root temperature for the directed line with self-loops, Tr = 1
2 , we get the mixing time to be

approximately 2 × 105. Here, the time is measured in terms of the number of Moran Bd steps. Although the simulation here is performed for the self-looped
directed line, the same result is expected for any other single rooted (self-looped) graph, as long as μ is sufficiently low. For more details, see App. E.

fix beneficial mutants with the increase in N (Fig. 2 B and D).
Therefore, most mutations arising in this graph do not reach
fixation. Another interesting observation is that for large N , the
self-looped star graph has the smallest mixing time. This contrasts
with the typical fixation probability and time relation, where
larger fixation probability tends to correlate with higher fixation
times (30–33). The mixing time is difficult to calculate for the
general case. But for single rooted graphs with φI

G ∼ 1
N , it can

be computed efficiently. In fact, for single rooted graphs, the full
temporal statistics can be computed (App. E). In Fig. 4B, we see a
good agreement between the microscopic Moran Bd simulations
performed for the self-looped directed line and the analytical
expression for the average fitness trajectory (Eq. 42). We also
verify that the self-looped directed line, a suppressor of selection,
attains lower steady-state average fitness in the mutation–selection
balance than the complete graph and the self-looped star graph.
This is in accordance with App. B, where suppressors of selection
are proved to attain lower steady-state fitness than the complete
graph and amplifiers of selection.

Gaussian Phenotype-Fitness Map. Until now, the dynamics were
considered in fitness space. However, in many cases, mutations
occur on the level of an individual’s phenotype. In that case,
the state of a population is represented by a phenotype vector
p = (p1, p2, · · · , pN−1, pN )T, where pi is the phenotypic trait
value of the individual at node i . The Moran Bd update still
only takes the fitness of individuals into account. Therefore, a
phenotype-fitness map f (p) is used to assign a fitness value to
a phenotype. The fitness profile of the population can then be
denoted by f(p) = (f (p1), f (p2), · · · , f (pN ))T. Similar to the
previous case, when an offspring is mutated, we choose its pheno-
type p′ from a continuous bounded distribution ρ(p′, p), where p
is the parent’s phenotypic value and pmin ≤ p′ ≤ pmax. In this way,
the work presented so far is identical to what would be obtained
by considering a linear phenotype-fitness map, f (p) = p. In this
section, we study the dynamics of a nonmonotonic Gaussian
phenotype-fitness map. In Fig. 5A, we show that the order of
the steady-state fitness in mutation–selection balance for different
graphs remains the same as that of the linear phenotype-fitness

A B C

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Complete
Star

Star with self-loops

Fig. 5. Gaussian phenotype-fitness map: Fitness and phenotypic trajectories for different graphs. Here, we consider a Gaussian phenotype-fitness map, f(p) =

fopt exp(− (p−popt)
2

2σ2p ), where popt is the optimal phenotype, where the fitness is maximal and f(popt) = fopt. (A) As in the case of a linear phenotype-fitness map,

the star and the self-looped star have a higher state fitness than isothermal graphs. (B) All graphs converge to an average phenotype corresponding to the
fitness maximum, but they have different fitness in steady state (A). The reason for this is differences in the fluctuations in steady state. (C) The SD of the
phenotypes shows that the complete graph is more prone to fluctuations than the other two graphs. Parameters fopt = 10, popt = 5.05, and σp = 1, all other
parameters are as in the previous figures, with σ = 0.5 for the Gaussian mutational jump phenotype distribution.
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map. It is interesting to note that the average steady-state pheno-
type for all the graphs is the same (Fig. 5B). Nevertheless, we see
different steady-state average fitness values. Even though all graphs
have the same steady-state phenotypic value, isothermal graphs are
more prone to fluctuations and have a lower steady-state average
fitness value (Fig. 5C ). This happens again because the other two
graphs are better in preventing the fixation of deleterious mutants.
At long times, after reaching higher fitness values, populations are
more likely to receive deleterious mutations than beneficial ones.
Therefore, in the steady state, what determines fitness fluctuations
of a population is its ability to reject deleterious mutants. In a
nutshell, the steady-state fitnesses of graphs need not be same
even when they have same phenotypes because the average of a
function in general is not equal to the function of average, i.e.,
〈f (p)〉 �= f (〈p〉).

Discussion

In evolutionary graph theory, evolutionary dynamics on graph
structures has been studied in great detail. While the field has been
mostly driven from the mathematical and computational commu-
nity (1, 2, 19, 25, 32), partly driven by biological applications (17,
34, 35), now, there is increasing interest in applying these ideas to
experimental systems in microbiology (36, 37).

The prospects of engineering a population structure that can
optimize the chances to evolve certain mutations or to observe
evolved population structures that minimize the evolution of
mutations seem exciting, but these applications call for an exten-
sion of the field of evolutionary graph theory: Most applications
implicitly assume that each node is a small population, and not
all results carry over from graphs of individuals to graphs of
subpopulations (38–41). In addition, the field has focused so far
on fixation probability and fixation time (42–49).

This approach assumes that we can focus on the fate of a single
mutant, but it can break down when mutations continuously
arise, especially in graphs where the time to fixation or extinction
is very high. Moreover, in the case where mutations continuously
arise, one has to take into account where they arise. Thus, one
needs to work with temperature initialization, where the defini-
tions of amplifiers and suppressors of selection are less clear-cut.

We developed a model that takes such a continuous supply
of mutations into account. We worked in the low mutation rate
regime, where the fixation time of a mutant is much smaller than
the average time between the two successive mutants. We found
that the prevention of deleterious mutants from fixing can be more
important than increasing the chances of advantageous mutants
in order to obtain a higher steady-state fitness in the mutation–
selection balance. In our case, the star, a suppressor of fixation
for temperature initialization, beats isothermal graphs and attains
almost the same balance as a self-looped star, an amplifier. The
cause for this is the ability of the star graph to prevent deleterious
mutants much better from fixing than isothermal graphs. The
deleterious mutants regime is usually overlooked in the literature
while studying fixation probabilities by using large-N arguments.
However, here, we have shown that the deleterious mutants regime
is equally important, if not more, even for large N , as the beneficial
mutants regime when studying long-term evolutionary dynamics.

Typically, amplifiers of selection also have a higher fixation time
(25, 32, 33). Thus, one has to be careful that the assumption
of small mutation rate is still fulfilled. When the fixation time
becomes comparable to the average time between two successive
mutations, one expects deviation from the low mutation rate
approximation. On going beyond the weak mutation approx-
imation, we found that the star continues to maintain higher

steady-state average fitness in the mutation–selection balance than
the complete graph, while the self-looped star attains a lower
steady-state average fitness than the complete graph outside the
low mutation rate (App. F ). Therefore, an amplifier of selection
need not maximize fitness both inside and outside the low muta-
tion rate regime. However, within the weak mutation rate regime,
structures that allow more mutations to reach fixation will have
a smaller mixing time—therefore, amplifiers of selection tend to
have a lower mixing time until their steady-state fitness is reached.

Due to their ability to reach a high steady-state fitness, pop-
ulation structures that suppress selection could be much more
interesting in applications than previously thought—suppressing
selection may be as relevant as amplifying it. We have shown that
in a situation where a dynamic, graph-structured population con-
tinuously evolves, the amplification of selection via the promotion
of advantageous mutations does not necessarily imply a higher
steady-state fitness. Instead, in such a process, one has to carefully
consider also the fate of deleterious mutations, an issue that has so
far not been in the focus of evolutionary graph theory.

Appendix

A. Steady State for the Complete Graph. Here, we derive the
mutation-selection balance steady-state statistics for the complete
graph. To do so, we assume that the mutant’s fitness is drawn
from a uniform distribution defined over the domain [fmin, fmax].
Therefore, the general form of the steady-state fitness distribution,
Eq. 4, reduces to

P∗
G(f ) =

1∫
df ′ φT

G(f ′, f )

φT
G(f , f ′)

· 1

. [9]

By inserting the fixation probabilities for the complete graph
in the above equation using Eq. 1, we obtain

P∗
C (f ) =

1
∫

df ′
(

f ′

f

)N−1
=

f N−1

∫
df ′ f ′N−1

=
Nf N−1

f N
max − f N

min
.

[10]

Using the above distribution, the steady-state average fitness in
the mutation–selection balance for the complete graph takes the
form,

〈f 〉∗
C =

∫
df fP∗

C (f ) =
N

N + 1

f N+1
max − f N+1

min

f N
max − f N

min
. [11]

B. Amplifiers of Selection Attain Higher Steady-State Fitness inMutation–Selection Balance than Suppressors of Selection.
Here, we prove that amplifiers of selection attain higher steady-
state fitness in their mutation–selection balance than suppressors
of selection. We denote an arbitrary amplifier by A and an
arbitrary suppressor by S . From the definitions of amplifiers
and suppressors mentioned in the introduction, we have for every
f ′ < f (and arbitrary initialization scheme I)

φI
A(f , f ′) > φI

S (f , f ′), [12]

as well as

φI
A(f ′, f ) < φI

S (f ′, f ), [13]

Combining these two inequalities, we get,

φI
A(f ′, f )

φI
A(f , f ′)

<
φI
S (f ′, f )

φI
S (f , f ′)

. [14]
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Multiplying the above equation with ρ(f ′, f )/ρ(f , f ′), fol-
lowed by integrating over f ′ from fmin to f , we obtain,

f∫

fmin

df ′ φI
A(f ′, f )

φI
A(f , f ′)

· ρ(f ′, f )

ρ(f , f ′)
<

f∫

fmin

df ′ φI
S (f ′, f )

φI
S (f , f ′)

· ρ(f ′, f )

ρ(f , f ′)
.

[15]

Similarly, we find,
fmax∫

f

df ′ φI
A(f ′, f )

φI
A(f , f ′)

· ρ(f ′, f )

ρ(f , f ′)
>

fmax∫

f

df ′ φI
S (f ′, f )

φI
S (f , f ′)

· ρ(f ′, f )

ρ(f , f ′)
.

[16]

By making use of the steady-state solution Eqs. 4 and 15,
we find an inequality for probability density functions at the
boundary fmax of the fitness domain,

P∗
A(fmax) > P∗

S (fmax). [17]

While Eq. 4 contains temperature-initialized fixation proba-
bilities, the same expression follows for the steady-state statistics
for any arbitrary initialization. As an example, instead of the
mutations taking place during reproduction, they could appear
spontaneously at any of the nodes. Eq. 4 would then contain
uniform initialized fixation probabilities.

Similarly, at the fitness boundary fmin, using Eqs. 4 and 16, we
have,

P∗
A(fmin) < P∗

S (fmin). [18]

The very same inequalities, [17] and [18], hold if A (amplifier)
or S (suppressor) is replaced by C (complete).

Let us now first prove that amplifiers of selection attain higher
steady-state fitness in mutation–selection balance than the com-
plete graph. We take the case of an amplifier and the complete
graph of the same size. The inequalities [17] and [18] imply that
there exists a fitness, f̂ , such that,

P∗
A(f̂ ) = P∗

C (f̂ ). [19]

For simplicity, here, we assumed that there is only one intersec-
tion point for the curves P∗

A(f ) and P∗
C (f ). The proof, however,

is not restricted to this assumption and can be extended to the
general case where more than one intersection points are there.
The main idea behind the proof is sketched in Fig. 6.

Let us define the P∗
A(f ) as:

P∗
A(f ) =

{
P∗

C (f ) + ε<
A(f ), if f ≤ f̂

P∗
C (f ) + ε>

A(f ), otherwise.
[20]

From the normalization condition of P∗
A(f ) and P∗

C (f ), it
follows that ∣∣∣∣∣∣∣

f̂∫

fmin

df ε<
A(f )

∣∣∣∣∣∣∣
=

fmax∫

f̂

df ε>
A(f ). [21]

We are interested in the difference of mean fitness in the steady
state,

〈f 〉∗
A − 〈f 〉∗

C =

f̂∫

fmin

df f ε<
A(f )

︸ ︷︷ ︸
Γ1

+

fmax∫

f̂

df f ε>
A(f )

︸ ︷︷ ︸
Γ2

. [22]

fmin f̂ fmax

P ∗
A(fmin)

P ∗
C(fmin)

P ∗
A/C(f̂)

P ∗
C(fmax)

P ∗
A(fmax)

︸ ︷︷ ︸︷ ︸︸ ︷ε<
A(f)

ε>
A(f)

f

P
∗ A
/
C

(f
)

Fig. 6. Sketch for the proof. Here, we sketch the main idea behind the
proof that the average fitness of an amplifier of selection exceeds that of a
suppressor of selection or the complete graph in the steady state. Without
any loss of generality, we take the case of an amplifier A and the complete
graph C. The proof starts by first computing the order of P∗A/C(f) at the
fitness boundaries fmin and fmax. It turns out that P∗A (fmin) < P∗C (fmin) and
P∗A (fmax) > P∗C (fmax). This implies that there exists a fitness point f̂ , where
these probability densities intersect. P∗A is then decomposed as the sum of
P∗C and the functions ε

</>A (Eq. 20). By using the normalization conditions for
P∗C and the properties of functions ε

</>A (Eq. 21), we prove that amplifiers
of selection attain higher steady-state fitness than the well-mixed population
and, by extension, the suppressors of selection.

The first term in the above equation is negative, Γ1 < 0, while
the second term is positive, Γ2 > 0. In the following, we show that
the magnitude of the term Γ1 is less than the term Γ2. Taking Γ1,
we find that

|Γ1| < f̂

∣∣∣∣∣∣∣

f̂∫

fmin

df ε<
A(f )

∣∣∣∣∣∣∣
. [23]

Similarly,

f̂

fmax∫

f̂

df ε>
A(f ) < Γ2. [24]

Now, because

f̂

∣∣∣∣∣∣∣

f̂∫

fmin

df ε<
A(f )

∣∣∣∣∣∣∣
= f̂

fmax∫

f̂

df ε>
A(f ), [25]

using inequalities [23] and [24], we find |Γ1| < Γ2. Therefore, at
last, we have

〈f 〉∗
A > 〈f 〉∗

C . [26]

Following the same procedure, one can show that 〈f 〉∗
C >

〈f 〉∗
S . This implies that 〈f 〉∗

A > 〈f 〉∗
S for all amplifiers of selection

A and suppressors of selection S .

C. Fixation Probability for the Weighted Self-Looped Star Graphunder Temperature Initialization. In this section, we introduce
the weighted self-looped star graph that has been used throughout
the main text. It is defined by the weighted adjacency matrix

w =

⎛
⎜⎜⎜⎜⎝

1 − δ δ
n

δ
n · · · δ

n
λ 1 − λ 0 · · · 0
...

...
. . . . . .

...
λ 0 · · · 1 − λ 0
λ 0 · · · 0 1 − λ

⎞
⎟⎟⎟⎟⎠

, [27]
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with 0 < λ ≤ 1 and 0 < δ ≤ 1. Here, wij is the weight of the link
directed from the node i to node j , with the center being the
node 0. The fixation probability under temperature initialization
for this graph has been derived by using the techniques of martin-
gales (3, 20) and is given by

φT
Gn+1(λ,δ)(f

′, f ) =
1 −

(
f ′

f

)2

nλ f ′

f + δ

1

n + 1

×
n3(1−λ)λ2+n2λδ

(
f ′

f +λ
)
+nλδ

(
f ′

f +δ
)
+(1−δ)δ2

(
nλ f ′

f + δ
) (

δ f ′
f +nλ

δ f ′
f +nλ

(
f ′
f

)2

)n

− f ′

f

(
δ f ′

f + nλ
) ,

[28]

where Gn+1(λ, δ) denotes the weighted self-looped star graph
with n leaves. In the limit of n → ∞, when λ and δ are inde-
pendent of n , Eq. 28 becomes,

lim
n→∞

φT
Gn+1(λ,δ)(f

′, f ) =

⎧
⎨
⎩

(
1 −

(
f
f ′

)2
)

(1 − λ), if f ′ > f ,

0 otherwise.
[29]

We use two versions of this weighted graph by first setting
λ = δ = 1 in the above equation that results in the unweighted
star graph, which, however, is a suppressor in the limit
n → ∞ under temperature initialization. This is reflected by
limn→∞ φT

Gn+1(λ=1,δ=1)(f
′, f ) = 0 for all f ′ and f . Setting

instead λ = 1
n and δ = 1

n2 followed by taking the infinite
population size limit of Eq. 28 yields a structure that is an
amplifier for n → ∞. That is,

lim
n→∞

φT
Gn+1(λ,δ)(f

′, f ) =

{
1 −

(
f
f ′

)2

, if f ′ > f ,

0 otherwise.
[30]

D. Large-N Steady-State Fitness Statistics of the Simple StarGraph. Here, we derive the steady-state statistics for the star
graph (without self-loops, unweighted) for large, but finite, n
(= N − 1) under temperature initialization. To do so, we work
with the uniform mutational offspring fitness distribution. In that
case, from Eq. 4, we know that the steady-state fitness distribution
of a graph depends only on the fixation probabilities. Therefore,
to derive the steady-state distribution for the star graph in the
limit of large n , we first approximate the temperature-initialized
fixation probability, φT

Gn+1(λ=1,δ=1)(f
′, f ). Unless specified, we

use the shorthand Gn+1 to denote a star graph (without self-
loops, unweighted) with n leaves. To approximate the fixation
probability, we first set λ = 1 and δ = 1 and then perform a Taylor
expansion of Eq. 28 around 1/n = 0, leading to

φT
Gn+1

(f ′, f ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
f ′
f −1

)(
1+ f ′

f

)2

n
(

f ′
f

)2 + O
(

1
n2

)
, if f ′ > f ,

(
1− f ′

f

)(
1+ f ′

f

)2

n
(

f ′
f

)2

(
f ′

f

(
n f ′

f +1
)

(
f ′
f +n

)
)n

+O
(

1
n2

)
, f ′ ≤ f .

[31]

Thus, for large N , φT
Gn+1

(f ′, f ) ∼ 1/n , which makes the star
graph a suppressor of selection under temperature initialization

for infinite n . This is in accordance with the infinite n limit of
φT
Gn+1(λ=1,δ=1)(f

′, f ) that we saw in the previous section.
To make use of the approximated fixation probability shown

in Eq. 31, we write the denominator appearing in the steady-state
distribution (Eq. 4) as

fmax∫

fmin

df ′ φT
Gn+1

(f ′, f )

φT
Gn+1

(f , f ′)
=

f∫

fmin

df ′ φT
Gn+1

(f ′, f )

φT
Gn+1

(f , f ′)
︸ ︷︷ ︸

Γ3

+

fmax∫

f

df ′ φT
Gn+1

(f ′, f )

φT
Gn+1

(f , f ′)
︸ ︷︷ ︸

Γ4

. [32]

Notice that the 1/n scaling of the fixation probabilities re-
sponsible for the suppression of selection for a large-sized star
graph drops out in both the integrands. Putting it differently, the
steady-state fitness decreasing contribution coming from the poor
beneficial mutant fixation profile has been compensated by the
deleterious mutant fixation profile. As a side remark, the steady-
state statistics for a general graph G is invariant under the scaling
of the fixation profile φI

G by any n-dependent bounded function
g(n), i.e., P∗

G [gφI
G ] = P∗

G [φI
G ].

Now, for the integrand Γ3, f ′ ≤ f , whereas for Γ4, f ′ > f . The
integrand Γ3 can be simplified as,

Γ3 =

(
1− f ′

f

)(
1+ f ′

f

)2

n
(

f ′
f

)2

(
f ′

f

(
n f ′

f +1
)

(
f ′
f +n

)
)n

(
1− f ′

f

)(
1+ f ′

f

)2

n f ′
f

=

(
f ′

f

)n−1
(

n f ′

f + 1
f ′

f + n

)n

=

(
f ′

f

)2n−1
(

1 + f
nf ′

1 + f ′

nf

)n

≈
(

f ′

f

)2n−1

exp
(

f

f ′ − f ′

f

)
,

[33]

where in the last line, we have used the limit definition of the
exponential function by assuming large n , exp(x ) ≈ (1 + x

n )n

for large n . Furthermore, if we assume f , f ′ 
 n , the dominant
contribution to the integrand Γ3 then comes from the n depen-
dent term, and, thus, Γ3 simplifies to

Γ3 ≈
(

f ′

f

)2n−1

. [34]

Similarly, Γ4 takes the form,

Γ4 ≈
(

f ′

f

)2n−1

. [35]

Since the integrands Γ3 and Γ4 are identical, Eq. 32 reduces to

fmax∫

fmin

df ′ φT
Gn+1

(f ′, f )

φT
Gn+1

(f , f ′)
=

fmax∫

fmin

df ′
(

f ′

f

)2n−1

=
f 2n
max − f 2n

min

2n

1

f 2n−1
.

[36]
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This gives us the steady-state fitness distribution for the star
graph in the large-n limit,

P∗
Gn+1

(f ) =
2n

f 2n
max − f 2n

min
f 2n−1. [37]

With this, we can now compute the average steady-state fitness
for the star graph in the large-n limit,

〈f 〉∗
Gn+1

=

∫
df fP∗

Gn+1
(f )

=
2n

f 2n
max − f 2n

min

fmax∫

fmin

df f · f 2n−1

=
2n

2n + 1

f 2n+1
max − f 2n+1

min
f 2n
max − f 2n

min

≈ fmax,

[38]

where in the last line, we have again made use of the large-n
approximation. Therefore, the steady-state average fitness for the
star graph asymptotes to fmax for large population size. In Fig. 3C,
we have seen that for small n , the star graph attains higher steady-
state average fitness in the mutation–selection balance than the
complete graph. To see if this holds for large n as well, we study
the quantity 〈f 〉∗

Gn+1
− 〈f 〉∗

C .

〈f 〉∗
Gn+1

− 〈f 〉∗
C =

2n

2n + 1

f 2n+1
max − f 2n+1

min

f 2n
max − f 2n

min

− n + 1

n + 2

f n+2
max − f n+2

min

f n+1
max − f n+1

min

=
fmax

2n
+ O

(
1

n2

)
.

[39]

Because fmax
2n > 0, in the large-n limit, the star graph—a sup-

pressor of fixation—attains higher steady-state average fitness in
the mutation–selection balance than the complete graph.

E. Mixing Time for Single Rooted Graphs. For any one-rooted
network with self-loops, we can use Eq. 2 to find an exact expres-
sion for the full temporal statistics, PG(f , t), when mutational
fitness jump distribution is uniform. To do so, we first note that
the fixation probabilities become independent of fitness values,
φT
G(f , f ′) = φT

G(f ′, f ) = Tr

N , where Tr is the temperature of the
root node. Substituting the fixation probabilities in Eq. 2, and
using the normalization condition for PG(f ′, t), we obtain a first-
order ordinary differential equation for PG(f , t) in time,

∂PG(f , t)

∂t
=

μTr

N

(
1

fmax − fmin
− PG(f , t)

)
. [40]

Solving this equation, we obtain

PG(f , t) =
1

fmax − fmin
−

(
1

fmax − fmin
− PG(f , 0)

)
e− μTr t

N .

[41]

From this expression, we find that in the limit t → ∞,
the dynamics for a single rooted graph becomes completely
random. That is, at long times, a population spends equal
time in all the fitness states. On comparing with Eq. 7, we
find that the mixing time—i.e., the number of mutations
required to reach the steady-state—for these graphs scales as N

Trμ .

Complete
Star

Star with self-loops

Fig. 7. Deviation from the low mutation rate approximation. Using the
Moran Bd simulations, the average steady-state fitness attained in the
mutation–selection balance is plotted as a function of mutation rate, which is
identical to the mutation probability with a single Moran Bd update step as the
unit of time. Parameters are the same as those of Fig. 3. We observe that the
self-looped star is much more restrictive to low mutation approximation than
the other two graphs. The reason for this is its much higher fixation time. On
the other hand, for the star graph, the low mutation approximation is valid in a
similar regime as for the complete graph. Again, this is due to its fixation time
being the same order as the complete graph under temperature initialization.
Outside the weak mutation regime, the star continues to maintain higher
steady-state average fitness, while the steady-state fitness for the self-looped
star graph, an amplifier of selection, falls rapidly.

As a result, the mixing time for a single rooted graph can be mod-
ulated by changing the temperature of the root node. Moreover,
the average fitness for the case of a single-rooted graph (root with
self-loops) with temperature Tr can be found using Eq. 41,

〈f (t)〉G =
fmax + fmin

2
−

(
fmax + fmin

2
− 〈f (0)〉G

)
e− μTr t

N .

[42]

In the limit t → ∞, the average fitness converges to the average
of the fitness domain. We also note that the steady state for single
rooted graphs (with self-loops) is independent of the choice of
phenotype-fitness map—simply because the fixation probability
for these graphs does not depend on fitness.

F. Deviation from the Low Mutation Rate Approximation. The
weak mutation approximation works well if the time between two
successive mutation events is much longer than the average time it
takes for the fixation or extinction of a mutant. Thus, there exists
an upper bound for the mutation rate, above which the dynamics
starts showing deviation from the weak mutation approximation.
For the case of an evolutionary game in a well-mixed population,
this upper bound for the mutation rate is derived in ref. 50. The
validity of the low mutation rate approximation depends not only
on the mutation rates, but also the fixation time. Previous studies
have indicated that, compared to the complete graph, the graphs
with higher fixation times call for lower mutation rates for this
approximation to hold (25, 31, 33). Here, we verify these predic-
tions. In Fig. 7, we find that, compared to the complete graph,
the self-looped star graph is very restrictive to the low-mutation-
rate approximation. On the other hand, in the star graph, a
suppressor of fixation, the threshold mutation rate value for the
deviation from the low mutation rate approximation is similar
to the complete graph. This may be unexpected, as for uniform
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initialization, the fixation time for the star graph is an order of
magnitude higher than for the complete graph. However, here,
we are dealing with temperature-initialized sequential dynamics,
where the fixation time for the star graph becomes almost the same
as that of the complete graph, at least for small population sizes,
while the fixation times for self-looped star remains much higher.
Also, the star not only attains a higher steady-state average fitness
than the complete graph under the weak mutation approximation,
but also outside the weak mutation regime. In contrast, the self-
looped star graph, an amplifier of selection, performs poorly out-
side the weak mutation rate regime by attaining lower steady-state

average fitness than the complete graph. Therefore, in general, an
amplifier of selection does not maximize fitness.

Data, Materials, and Software Availability. Code to reproduce figures and
underlying data (Mathematica files/Jupyter notebooks) has been deposited
in GitLab (https://gitlab.gwdg.de/mpievolbio-scicomp/DynamicsOnGraphs Low
MutationRate.git) (51).
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30. C. Hadjichrysanthou, M. Broom, J. Rychtář, Evolutionary games on star graphs under various updating
rules. Dyn. Games Appl. 1, 386–407 (2011).

31. M. Frean, P. B. Rainey, A. Traulsen, The effect of population structure on the rate of evolution. Proc. Biol.
Sci. 280, 20130211 (2013).
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Chapter 3

On the role of deleterious
mutant regime in steering
long-term evolution

In Chapter 2, we found an example where the graph, despite being a suppres-
sor of fixation could achieve higher fitness than the well-mixed population.
This serves as the first instance where the deleterious mutant regime can
significantly influence the long-term evolution. In this chapter, we aim to
determine whether the results from the previous chapter were a special case.
If not, it would imply that the role of the deleterious mutant regime is much
more general than what the studies on well-mixed populations tend to ignore.

The work in this chapter was carried out in collaboration with Suman G.
Das (University of Bern), Joachim Krug (University of Cologne), and Arne
Traulsen. We are currently awaiting final confirmation from all co-authors
regarding the manuscript draft. The submission to a scientific journal is
planned accordingly. Detailed information about the authors’ contributions
can be found at the end of the thesis.
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Abstract

Birth-death models have long been employed to understand the interplay
of genetic drift and natural selection in evolving populations. While well-
mixed populations are insensitive to the choice of the individual type for
replacement−parent or offspring−this choice strongly influences the evolu-
tionary outcomes for spatially structured populations. Moving parent indi-
viduals to vacant sites gives rise to new update rules, leading to new fixation
categories for spatial graphs. We discover a new category of graphs, ampli-
fiers of selection, where a structure has a higher probability of fixation for
mutants than the well-mixed population, regardless of its fitness value. Under
death-Birth updating with parents moving to vacant sites, the star graph is
an amplifier of fixation. For very large population sizes, the fixation probabil-
ity to fix deleterious mutants on the star graph converges to a non-zero value,
contradicting the result from well-mixed populations where the probability
goes to zero. Additionally, most random graphs are amplifiers of fixation
for death-Birth updating, with parent individuals replacing dead individu-
als. Conversely, most random graphs are suppressors of fixation− graphs
with lower fixation probability for mutants than the well-mixed population
regardless of their fitnesses− for Birth-death updating with offspring replac-
ing dead individuals. When subjected to long-term evolution, amplifiers of
fixation, despite being more efficient at fixing beneficial mutants, attain lower
fitness than the well-mixed population, whereas suppressors attain higher fit-
ness despite their inferior ability to fix beneficial mutants. These surprising
findings can be explained by their deleterious mutant regime. Therefore, the
deleterious mutant regime is equally crucial as the beneficial mutant regime
for adaptive evolution.

3.1 Introduction

Spatial structures can substantially impact the evolution of a population
[1, 26, 2, 55]. Understanding the role of spatial structures in evolutionary
biology is crucial and demands moving beyond the commonly assumed well-
mixed populations [11]. Evolutionary graph theory provides a platform where
spatially structured populations are modelled as graphs [18], with each node
representing asexually reproducing individuals and the links defining the in-
teraction neighbourhood of nodes. In this framework, a complete graph rep-
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resents a well-mixed population where each node interacts with every other
node with equal propensity. Fixation probability and fixation time are two
intensively studied observables in evolutionary graph theory. Fixation prob-
ability of a mutant denotes the probability of the mutant taking over the
population of wild-types [31, 19, 56, 57], while fixation time represents the
duration it takes for this process to occur [58, 59, 30, 60]. Unlike fixation
probability, fixation time of a mutant is a random variable with a specific
distribution, and the quantity of interest generally is the average fixation
time [61].

Fixation probability is an important quantity in evolutionary biology, as
it determines the rate of evolution [38, 62, 39]. During a fixation dynamics,
two key evolutionary forces are at play− natural selection and genetic drift.
Spatial structures possess the ability to modulate the strength of these forces.
With the well-mixed population serving as the reference, structures that
amplify the strength of selection are termed amplifiers of selection (AoS ),
while those that suppress it are referred to as suppressors of selection (SoS )
[18, 19]. An AoS is a graph that has a higher probability of fixing beneficial
mutants and a lower probability of fixing deleterious mutants compared to
the complete graph. On the other hand, a SoS is a graph that has a lower
probability of fixing beneficial mutants and a higher probability of fixing
deleterious mutants.

In general, graphs can be weighted and directed [63, 36, 41]. This means
that an individual may not interact with its neighbor as strongly as the neigh-
bor interacts with the focal individual. In this work, we focus on unweighted
and undirected graphs. The precise form of the interactions among individu-
als is determined by an update rule. The commonly studied update rules in
evolutionary graph theory are the Moran Birth-death (Bd) and the Moran
death-Birth (dB) [20, 21]. The shorthand Bd indicates that the birth event
precedes the death event. The uppercase B suggests that selection operates
during the birth event, while the lowercase d represents the neutral nature
of the death event. This offers various choices for the birth-death updates
[64]. The fixation probability of a mutant on a graph depends crucially on
the update rule [65]. In Ref. [37], it was found that for Bd updating, most of
the small random graphs are AoS, whereas under dB updating, most of the
random graphs are SoS.

Not only the update rules, but also the node where the mutant initially
appears substantially affects the fixation probability. Mutant initialisation
schemes determine the likelihood for a node to be initialised with the mutant.
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Two well-known schemes are uniform mutant initialisation and temperature
mutant initialisation [28]. Under uniform mutant initialisation, every node
is equally likely to be initialised with the mutant. For temperature initiali-
sation, the initial mutant appears on nodes with higher turnover rates. The
star graph is an AoS under Moran Bd updating with uniform mutant initiali-
sation. However, for temperature initialisation, the star graph is a suppressor
of fixation (SoF)−a graph with lower probability of fixing a mutant than the
well-mixed population, regardless of the mutant’s fitness.

Recently, a few studies went beyond the fixation time scales and explored
mutation-selection balance on graphs [48, 66]. When the uniform initialised
star graph (an AoS) was subjected to long-term mutation-selection dynam-
ics, it achieved a higher average steady-state fitness compared to the complete
graph [53]. This outcome was anticipated because an AoS is more efficient at
fixing beneficial mutants and preventing the fixation of deleterious mutants.
Surprisingly, the temperature initialised star graph, despite being a SoF , not
only attained a higher fitness than the complete graph but also the same as
the uniform initialised star graph. This surprising result can be explained
by the temperature initialised star graph’s efficient ability to reject delete-
rious mutants, compensating for its inability to fix beneficial mutants. To
our knowledge, this is the only known example so far where the deleterious
mutant regime has the potential to influence long-term evolution. But how
common are SoF s for temperature initialised Bd updating? Do all of SoF s
attain higher fitness than the complete graph despite having lower probabil-
ities of fixing advantageous mutants? What about dB updating? Does the
deleterious mutant regime play any significant role for dB long-term dynam-
ics? We explore all of these questions here.

The structure of this paper is outlined as follows. We begin by estab-
lishing a connection between update rules and mutant initialisation schemes.
These schemes naturally arise from the choice of individuals moving to va-
cant nodes− either the parent-type offspring or the mutant offspring. Sub-
sequently we study the star graph and Erdős-Rényi random graphs at short-
term fixation time scales, considering various update rules. Notably, we
observe that the star graph acts as an amplifier of fixation (AoF ) under tem-
perature initialised dB updating with a higher probability of fixing mutants
compared to the complete graph, regardless of the fitness value. Similarly,
we find that most of the small random graphs are AoF s under temperature
initialised dB updating and SoF s under temperature initialised Bd updating.
Additionally, we study the star graph and random graphs under long-term
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mutation-selection dynamics. Surprisingly, despite being SoF s, most of the
random graphs achieve higher fitness than the complete graph for tempera-
ture initialised Bd updating whereas, most of the random graphs attain lower
fitness for temperature initialised dB updating despite being AoF s.

3.2 Update mechanisms in graph structured

populations

When working with spatial structures, the choice of update rule substan-
tially affects the dynamics. An evolutionary update rule is not just about
the order of the birth and death events and the choice of event(s) where se-
lection operates, but also the process by which new mutations appear in the
population.

The mutant initialisation scheme I denotes the probability distribution
with which an initial mutant appears on a node, p = (p0, p1, · · · pN−1). For ex-
ample, in the the uniform mutant initialisation scheme U , we have pi = 1/N
for all nodes i, i.e., a mutant appears in every node with the same probability.
Similarly, for the temperature initialisation scheme T , the probability for a
node to receive an initial mutant is proportional to the temperature (sum of
incoming/outgoing weight) of the node.

As an example for temperature initialisation, let us focus on the Moran
Birth-death (Bd) update rule with the offspring moving to another site [28]:
First an individual is selected with probability proportional to its fitness to
give birth to an offspring. The offspring either resembles its parent with
probability 1−µ or is a mutant with probability µ. Then the offspring takes
over the node of a random neighboring individual chosen to die. Therefore,
in a population where every individual has the same fitness, the first mutant
is more likely to appear on nodes with higher in-degree. To be specific,
the probability that a mutant appears in a node is the in-temperature, T in.
More formally, the probability that the initial mutant appears on a node i of
a homogenous population is equal to,

pi =
1

N

∑

j∈Ni

aji∑
k∈Nj

ajk
,

=
1

N
T in
i .

(3.1)
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Here, alm is an element of the adjacency matrix A with value equal to 1 if
there is link directed from node l to m, 0 otherwise. A is a symmetric matrix
for undirected graphs. Ni is a set containing neighbors of node i. For further
examples for this update mechanism, see also Refs. [67, 68].

So far, we assumed that the offspring moves to a neighboring node while
the parent remains at its position, see Fig. 3.1 A. To denote this, we use
the shorthand Bdo where the superscript represent the offspring moving to
a vacant site. With the same assumption, for death-Birth updating dBo,
the mutant initialisation is uniform: The probability that an initial mutant
appears in node i under dBo updating is equal to 1/N .

However, a priori there is no reason why the offspring individual moves
and not the parent. To explore other possibilities, we consider the case
where the parent moves to the neighboring node and the offspring stays at
the original node, see Fig. 3.1 B. These update rules will be denoted by the
superscript p. The probability that the initial mutant under dBp arises in
node i is

pi =
1

N

∑

j∈Ni

aij∑
k∈Nj

akj
,

=
1

N
T out
i .

(3.2)

This means that the mutant initialisation for dBp updating with parent-
type offspring moving to a vacant node is out-temperature initialised. For
unweighted and undirected graphs T in = T out. For weighted graphs, in
the definitions of T in and T out, all elements of the adjacency matrix must
be replaced with the elements of the weight matrix, W. Note that for the
complete graph the choice of individual moving to vacant node is irrelevant
due to the symmetry of the graph.

In the literature, it has been suggested that for dB updating temperature
initialisation does not exist [54]. This is true when the offspring individuals
moves to a neighbouring node. But when we instead assume that the parent
moves, we obtain the temperature initialised dB update. Moreover, for Bdp

updating with the parent moving to the vacant node recovers the uniform
mutant initialisation.

Tab. 3.1 C lists the combination of update rules and the choice of individ-
ual moving to vacant site leading to different mutant initialisation schemes.
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dBp

Figure 3.1: Type of individuals moving to vacant sites and mutant
initialisation schemes. Mutant initialisation scheme, the likelihood that
the initial mutant appears on a given node in a homogenous fitness back-
ground, comes out automatically from the evolutionary update rule. The
choice of individual, wild-type (green) or mutant (red), moving to vacant
node additional contributes in deciding the mutant initialisation. This is
shown via panels A and B. Additionally, an individual chosen for birth is
encircled by solid line while the one chosen for death is encircled by dashed
line. The birth event results to two offspring. During mutation, one offspring
is a wild-type (parent) and the other one is a mutant. In panel A, the mu-
tant offspring moves to the death site. For the Bd updating, the resulting
initialisation scheme is temperature initialised− equivalent to Bdo, and for
dB updating, it is uniform initialised− equivalent to dBo. Similarly, in panel
B the parent-type offspring moves to the vacant node while the mutant off-
spring resides at the birth site. Parent-type offspring moving to vacant site
leads to uniform initialised Bd, equivalent to Bdp and temperature initialised
dB update rule, equivalent to dBp. Tab. C lists the combinations of update
rule and the choice of individual moving to vacant site.
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3.3 Short time scales: Fixation dynamics

In evolutionary graph theory, the typical focus is on the fixation probability
of a mutant. The fixation probability of a mutant on a given graph depends
crucially on the node where it first appears. To make this explicit, we denote
φG,i(f

′, f) as the fixation probability of a mutant with fitness f ′ in a wild-
type population of fitness f on a graph G starting from node i. Again, the
mutant does not arise in every node i with the same probability pi. The
average fixation probability of a mutant on graph G is

ΦIG(f ′, f) =
N−1∑

i=0

pi · φG,i(f ′, f). (3.3)

Here I is the mutant initialisation scheme, which arises from the update rule,
as discussed above.

Next, we study fixation probabilities on the star graph and random graphs
for different update rules.

3.3.1 The star graph

The star graph has been intensively studied in evolutionary graph theory,
as it is highly inhomogeneous but still analytical tractable [52]. The Moran
Bd process was intensively studied on the star graph in [18]. Since then the
star graph is popularly known as the prime example of an AoS for uniform
mutant initialisation which can even be solved exactly [49, 51] for various
update rules including the ones that have not been discussed here like bD,
Db [50]. However, the star graph fails to amplify selection if the initial
mutant appears as per temperature initialisation scheme where leaves are
more likely to receive the initial mutant [28]. Under temperature initialised
Bd updating, the star is instead a SoF [53], see Fig 3.2 A and a SoS for
uniform initialised dB updating [54], see Fig 3.2 B.

So far the star graph was not studied for the temperature initialised dB
updating, because this require the assumption that the parent moves instead
of the offspring.

For the dB update rule, the fixation probability for a mutant with fitness
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f ′ in the background fitness f in a complete graph is

ΦIC(f ′, f) = ΦC(f ′, f) =
N − 1

N

1− f
f ′

1−
(
f
f ′

)N−1
. (3.4)

It the limit of large N this becomes equal to the Bd fixation probability [19].
Also, because of the symmetry of the complete graph, the fixation probability
is independent of the mutant initialisation scheme, I. This is true for other
regular graphs as well. Now using the approach of recursive relations [50], in
App. 3.5.1 we derive the fixation probability of a mutant under dB updating
on the star graph. When the mutant initially placed on the center node, its
fixation probability is

φ•dB,F(f ′, f) =
N − 1

N

(
1 + N−2

1+(N−1) f ′
f

) . (3.5)

Here star symbol denotes the star graph. The filled circle in the superscript
of φ•F indicates that the initial mutant is at the center node. Similarly, the
fixation probability for a mutant initially placed on a leaf node is,

φ◦dB,F(f ′, f) =

f ′

f(
N − 2 + 2f

′

f

)(
1 + N−2

1+(N−1) f ′
f

) . (3.6)

From Eq. 3.5 and 3.6, we can compute the temperature initialised fixation
probability of a mutant on the star graph under dB updating (equivalent to
dBp),

ΦTdB,F(f ′, f) =
(N − 1)φ•dB,F(f ′, f) + φ◦dB,F(f ′, f)

N
. (3.7)

From Eq. 3.7, we find that the star graph amplifies selection under tem-
perature initialised dB updating, see Fig. 3.2 B. But it does so in a peculiar
way. The probability to fix advantageous mutants on the star graph is higher
than the well-mixed population. But the fixation probability for deleterious
mutants is also higher than the fixation probability on the complete graph,
contrary to the original definition of AoS where the probability to fix delete-
rious mutant is lower [18]. Therefore, it represents a new category of graphs
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which we call amplifier of fixation, where the probability to fix a mutant
is higher than that of the complete graph, regardless of the mutant fitness
value. The star graph under temperature initialised dB updating dBp, i.e.
when the parent individual moves to the neighboring node, is a piecewise
AoF for finite N and only in the limit N → ∞, it is a universal AoF , see
Fig. 3.2 B. Intuitively, in a very large population, under dBp updating the
initial mutant will most likely appear at the central node. Assuming the
mutant does appear at the central node, in the next step an individual is
selected with uniform probability to die. Most likely it is a leaf node. With
this the case, the mutant at the central node replaces the dead individual.
This way, the initial mutant can survive in the population with higher prob-
ability, regardless of its fitness. Taking the infinite N limit of the fixation
probability profile, we find,

lim
N→∞

ΦTdB,F(f ′, f) = lim
N→∞

φ•dB,F(f ′, f) =
f ′

f + f ′
, for f ′ > 0. (3.8)

In this fixation probability profile, the probability to fix deleterious mutant
(f ′ < f) is non-zero even in the limit of N → ∞. – which contradicts the
intuition that the fixation probability for deleterious mutants should be zero
for large populations.
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N = 100

Figure 3.2: Star graph and update rules. A) Under temperature ini-
tialised Bd updating (Bdo), star graph is a suppressor of fixation whereas
under uniform initialised Bd updating (Bdp) star is an amplifier of selection.
B) The uniform initialised star graph under dB updating (dBo) is a suppres-
sor of selection. A new category of graphs namely, amplifiers of fixation, is
also introduced here. An amplifier of fixation has higher fixation probability
for a mutant regardless its fitness than the complete graph. Under tempera-
ture initialised dB updating (dBp) the star graph is an amplifier of fixation.
C) A brief summary of how the choice of update rule affects the fixation dy-
namics for one of the most studied spatial structure, the star graph, is shown
in the table. An update rule specifies the order of birth and death event,
event(s) where selection operates and the choice of individual type moving
to vacant sites.

Based on the assumption of a vanishing fixation probability of deleterious
mutant for large populations, a concept called “implied scale of fitness” has
been introduced in ref. [28, 40]. The implied scale of fitness of a graph, hIG,
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is defined as

lim
N→∞

ΦIG(f ′, f) = 1− 1

hIG(f ′, f)
. (3.9)

For the complete graph, hC(f ′, f) = f ′

f
. A graph G is called an AoS , if

hIG(f ′, f) > hC(f ′, f). Otherwise, it is a SoS . A caveat in the definition of
the implied scale of fitness is that it is implicitly assumed that the probability
to fix deleterious mutants goes to zero in the limit of large N , and ignores the
deleterious mutant regime while categorising graph. The concept of implied
scale of fitness thus fails to distinguish between graphs like AoS and AoF : In
the limit of N →∞ an AoS has zero probability to fix deleterious mutants,
whereas an AoF can have a finite non-zero probability and therefore, it can
be wrongly classified as an AoS . For example, the star graph under dBp

updating can be wrongly classified as an an AoS . Therefore, the definition
of implied scale of fitness should also include the deleterious mutant regime
to avoid errors.

3.3.2 Random graphs

In the previous section we have analysed the star graph under 4 different up-
dating scheme, Bdp, Bdo, dBp and dBo. Here we will study the fixation proba-
bility profiles for random graphs of size 8 for these different updating schemes
to see to what extent the observations made for the star graph in Sec. 3.5.1
extend to random graphs. To check that, we first randomly generate many
Erdős Rényi graphs [69] for different probabilities of link connection, p. Set-
ting p = 0 generates fully disconnected graphs whereas, p = 1 generates the
complete graph. As fixation probability is defined only for connected graphs,
we focus on these graphs [70, 10]. Assuming the wild-type fitness to be 1,
for every generated connected graph, we numerically compute the fixation
probability for mutant with fitness values 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.25
and 2.5, see App. 3.5.2 for more details. We classify a given connected graph
G as

• AoS, if ΦIG(f ′, f) < ΦC(f ′, f) for f ′ = 0.5, 0.75 and ΦIG(f ′, f) >
ΦC(f ′, f) for f ′ ≥ 1.25.

• SoS, if ΦIG(f ′, f) > ΦC(f ′, f) for f ′ = 0.5, 0.75 and ΦIG(f ′, f) < ΦC(f ′, f)
for f ′ ≥ 1.25.
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• SoF, if ΦIG(f ′, f) < ΦC(f ′, f) for all f ′.

• AoF, if ΦIG(f ′, f) > ΦC(f ′, f) for all f ′.

• Piecewise AoF, if ΦIG(f ′, f) > ΦC(f ′, f) for f ′ ≤ f ∗ and ΦIG(f ′, f) <
ΦC(f ′, f) for f ′ > f ∗, where f ∗ ≥ 1.

• Isothermal graph if every node has the same degree. In that case,
the graph has the same fixation probability as the complete graph.
However, this definition specifically applies to the Bd updating.

Note that these definitions assume that at neutrality all the graphs have the
fixation probability 1/N , as the complete graph which is chosen as the basis
for comparison. However, this true only under uniform mutant initialisation.
Under temperature mutant initialisation, the fixation probabilities for graphs
at neutrality need not be 1/N [71].

From Fig. 3.3 A, we find that just as the star graph most random graphs
are SoF under the temperature initialised Bd process (equivalent to Bdo).

Similarly, most of the random graphs under temperature initialised dB
(equivalent to dBp) are (piecewise) AoF , see Fig. 3.3 B. Therefore, AoF s and
SoF s are ubiquitous.

Under uniform initialised Bd process (equivalent to Bdp) and dB process
(equivalent to dBo) most of the random graphs are AoS and SoS respectively,
see Figs. 3.3 C,D. The ubiquity of these categories has been shown earlier in
ref. [37].
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D dBo: Uniform initialised dB

Figure 3.3: Suppressors and amplifiers of fixation are ubiquitous.
We generate Erdős Rényi graphs graphs of size N = 8 for several value of
probability of link connection, p. Fixation probability profiles for connected
graphs are numerically obtained for temperature/uniform initialised Bd and
dB updating. A) Most of the graphs are suppressor of fixation under tem-
perature initialised Bd updating, i.e., most of the graphs have lower fixation
probability for a mutant regardless of its fitness than the complete graph,
whereas, B) most of the connected random graphs are amplifier of fixation
under temperature initialised dB updating. To be precise, most graph are
piecewise amplifier of fixation i.e. the graphs have higher fixation probability
for a mutant with fitness below a certain value, f ∗, and lower fixation prob-
ability beyond f ∗ ≥ 1. Here f ∗ = 1. Similarly, C) most of the connected
graphs are amplifier of selection under uniform initialised Bd updating [37],
whereas, D) most of the connected random graphs are suppressor of fixation
under uniform initialised dB updating [37].
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3.4 Long time scales: Mutation-selection bal-

ance

After studying spatial structures for short-term fixation dynamics, we now
move our focus to long-term mutation-selection dynamics. We assume that
the state space is a one dimensional fitness line where the fitness f is bounded
by fmin and fmax from below and above respectively. During a birth event,
with probability 1− µ the offspring resembles its parent and have the same
fitness, otherwise it mutates to a new fitness sampled from a mutational
fitness distribution ρ(f ′, f) [72]. ρ(f ′, f) is the probability that the mutant
offspring has fitness f ′ given that its parent’s fitness is f and is also known
by the name of neighbour fitness distribution [73].

We work in the regime of low mutation rates, µ� 1 where the population
is monomorphic and all the individuals have the same fitness value. Specifi-
cally, the average time between two successive mutations is large enough so
that the initial mutant reaches fixation or goes extinct before the next muta-
tion appears. Any change in the state of the population requires the fixation
of a new mutation. Thus, in the low mutation rate regime, the fixation prob-
ability and the mutant initialisation (depending on the details of the update
rule) φIG drive the long-term mutation-selection dynamics. These dynamics
are known by multiple names, e.g., sequential dynamics, or origin-fixation
dynamics [74]. The Moran origin-fixation dynamics on a population struc-
ture G are random walks in the fitness state space and satisfies the master
equation,

∂PG(f, t)

∂t
=

∫
df ′ ΦIG(f, f ′)ρ(f, f ′)µ︸ ︷︷ ︸

Tf←f ′

PG(f ′, t)

−
∫

df ′ ΦIG(f ′, f)ρ(f ′, f)µ︸ ︷︷ ︸
Tf ′←f

PG(f, t),

(3.10)

where PG(f, t) is the probability density function for the structure G to be
in between fitness state f and f + df at time t.

At long times a steady-state for the fitness distribution is attained. At
stationarity we have,

∫
df ′ Tf←f ′P

∗
G(f ′) =

∫
df Tf ′←fP

∗
G(f). (3.11)
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The steady-state solution to the master equation is obtained by assuming
detailed balance AKA reversibility [75, 76],

Tf←f ′P
∗
G(f ′) = Tf ′←fP

∗
G(f), for all f ′, f. (3.12)

Normalising P ∗G(f ′), the steady-state solution then takes the form,

P ∗G(f) =
1∫

df ′
Tf ′←f
Tf←f ′

=
1∫

df ′
ΦIG(f ′, f)

ΦIG(f, f ′)
· ρ(f ′, f)

ρ(f, f ′)

=
1∫

df ′ΨIG(f ′, f) · ρ(f ′, f)

ρ(f, f ′)

.

(3.13)

The assumption for the dynamics being reversible (hence, satisfying detailed
balance) is justified subsequently for various graphs. Here, we have intro-
duced the ratio of fixation probabilities ΨIG(f ′, f).

For the complete graph, under dB updating ΨIG(f ′, f) takes the form

ΨIC(f ′, f) = ΨC(f ′, f) =
ΦC(f ′, f)

ΦC(f, f ′)
=

(
f ′

f

)N−2

. (3.14)

In Ref. [77], it has been shown that the Moran origin-fixation dynamics is
reversible if and only if ΨIG(f ′, f) is a power-law, i.e.,

ΨIG(f ′, f) =

(
f ′

f

)ν
, (3.15)

where ν is constant, see App. 3.5.4 for more details. Thus, the Moran dB
origin-fixation dynamics is fully reversible for the complete graph with ν =
N − 2. We can therefore use the steady-state probability fitness density
function of the complete graph obtained by assuming detailed balance,

P ∗C(f) =
N − 1

fN−1
max − fN−1

min

fN−2 =
N − 1

fN−1
max − fN−1

min

exp [(N − 2) log f ]. (3.16)

Here, we assume that the mutant’s fitness is sampled from a uniform distri-
bution, i.e., ρ(f ′, f) = 1

fmax−fmin
. This adaptation scheme on a fitness line

is similar to the House of Cards model [78]. From now onwards we use the
notation PG for P ∗G.

Similarly, for the Moran Bd origin-fixation dynamics, in Refs. [77, 79]
reversibility is shown to hold for the complete graph with ν = N − 1. The
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steady-state fitness density function in Eq. 3.16 takes the form of exponen-
tial Boltzmann-like distribution. This form of the density function drawing
an analogy between statistical mechanics models and evolutionary theory
models has been obtained in numerous former studies [80, 81, 79, 82, 83].
Under this analogy, a physical system’s thermal energy is equivalent to the
logarithm of fitness, and the inverse physical temperature is equivalent to
the effective population size. Just like high physical temperatures results
in strong thermal fluctuations, low effective population sizes leads to highly
stochastic population dynamics. The effective population size of a graph is
equal to ν. This particular definition for the effective population size holds if
the long-term Moran origin fixation dynamics is reversible. There are several
different definitions of effective population sizes [11, 84, 85]. Here, we use
the definition arising from Moran origin-fixation dynamics. The higher the
effective population size, the weaker the strength of genetic drift. For the
complete graph, the effective population size is N − 2 for dB updating and
N − 1 for Bd updating. Later we will extend this analogy to spatial graphs
where different graphs have different effective population sizes leading to
fluctuations of varied strengths in the evolutionary dynamics.

The steady-state average fitness for the Moran dB origin-fixation dynam-
ics on the complete graph is

〈f〉C =

∫
df fPC(f) =

N − 1

N

fNmax − fNmin

fN−1
max − fN−1

min

. (3.17)

In the limit N →∞,

lim
N→∞

ΦC(f ′, f) =

{
1− f

f ′
, if f ′ > f,

0 otherwise.
(3.18)

Thus, under the Moran dB origin-fixation dynamics, an infinitely sized well-
mixed population can only move forward on the fitness space with long-term
fitness converging to fmax. This can also be seen by performing the N →∞
on the average steady-state fitness in Eq. 3.17. The same result holds for the
Moran origin-fixation Bd dynamics.

We also study the long-term dB mutation-selection dynamics for other
regular graphs: Cycle graph, a SoF under dB updating [37, 86], has a lower
probability of fixing mutants regardless of the fitness of the mutant compared
to the well-mixed population. The cycle graph is worse at fixing beneficial
mutations but is better at preventing the fixation of deleterious mutants.
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The ratio of the fixation probabilities Ψ◦ is exactly the same as that for the
complete graph, i.e.,

Ψ◦(f
′, f) = ΨC(f ′, f) =

(
f ′

f

)N−2

. (3.19)

That is in the long run, the lower probability of fixing beneficial mutants for
the cycle graph get compensated by higher probability of rejecting delete-
rious mutants. As a result, under Moran dB origin-fixation dynamics, the
steady-state statistics for the cycle graph is the same as the complete graph.
Similarly, the two-dimensional grid with periodic boundary conditions, al-
though having a different fixation probability profile [65], attains the same
steady-state statistics for the long-term mutation-selection dynamics as the
complete graph, see App. 3.5.3 for more details. For Moran Bd updating, the
complete graph, the cycle graph and the two-dimensional lattice (with peri-
odic boundary conditions) have the same fixation probabilities [18], therefore
they all have the same steady-state statistics for the Moran Bd origin-fixation
dynamics.

3.4.1 The star graph

We now study long-term mutation-selection dynamics on the star graph un-
der Moran Bdp, Bdo, dBp and dBo. In the long-term Moran dBo origin-
fixation dynamics, the complete graph leads to a higher average fitness than
the star graph, see Fig. 3.4 B. This is expected, as the star graph under dBo

updating is a SoS .
For the Moran dBp origin-fixation dynamics, the star has a higher prob-

ability to fix mutants than the complete graph. However, in the long-term
dynamics the complete graph leads to a higher average fitness than the star
graph. Moreover, the star graph with dBo updating attains higher fitness bal-
ance than the star graph subjected to dBp updating. This happens because
the star graph under dBp updating has a higher probability to fix deleterious
mutants. As the population gets closer to the fitness peak (here fmax), the
probability for the mutations to have deleterious fitness effects also increases.
Consequently, the fate of deleterious mutants has a strong influence on the
steady-state fitness of the population.
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Figure 3.4: Moran origin-fixation dynamics on star: average fitness
and fluctuations. A) For Moran Bdo origin-fixation dynamics, the star
graph despite being a suppressor of fixation, attain not only higher average
fitness than the complete graph but identical fitness as the star graph under
Bdp dynamics where it is an amplifier of selection. This happens because
Bdo star compensates for its inability to fix beneficial mutants by rejecting
deleterious mutants efficiently. B) For Moran dBp origin-fixation dynamics,
the star graph being an amplifier of fixation not only attains lower steady-
state average fitness than the well-mixed population but also the star graph
subjected to dBo where it is a suppressor of selection. This happens because
dBp star is worse in rejecting deleterious mutations than the dBo star. There-
fore, being good at fixing beneficial mutants is not sufficient to attain higher
fitness in the long-term evolution. C) The star graph under Bd long-term
dynamics not only attain higher average fitness but also lower fluctuations in
the steady-state than the well-mixed population. This can again be under-
stood by the higher effective population size of star graph. D) Compared to
the order of the average fitnesses under dB dynamics in panel B, the order
for the standard deviation in fitness for the 3 graphs is reversed: temp-star,
uni-star and the complete graph. Moreover, the standard deviation for the
star graphs under dB long-term dynamics saturates to finite value for large
N as their effective population sizes are independent of N .
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To understand this further, we study the large N behaviour of the steady-
state for the various Moran origin-fixation dynamics on the star graph. In
the limit of large N for Moran dBp updating,

ΨdBp,F(f ′, f) ≈ f ′

f
, (3.20)

and thus the steady-state fitness density function in the large N limit is

PdBp,F(f) =
2f

f 2
max − f 2

min

=
2

f 2
max − f 2

min

exp(log f). (3.21)

From the above equation, we find that the effective population size in the
large N limit for the star graph under long-term dBp updating is 1. Conse-
quently, the steady-state average fitness is,

〈f〉dBp,F =

∫
df fPdBp,F(f) =

2

3

f 3
max − f 3

min

f 2
max − f 2

min

,

≈ 2

3
fmax, for fmax � fmin.

(3.22)

Similarly, the large N limit for the star graph under dBo updating gives,

ΨdBo,F(f ′, f) ≈
(
f ′

f

)2

,

PdBo,F(f) =
3f 2

f 3
max − f 3

min

=
3

f 3
max − f 3

min

exp(2 log f).

(3.23)

In the limit of large N , the effective population of the star graph subjected
to long-term dBo dynamics is twice when subjected to the long-term dBp

dynamics. Therefore, the star graph under long-term dBo obtains higher
average fitness in the steady-state with,

〈f〉dBo,F =

∫
df fPdBo,F(f) =

3

4

f 4
max − f 4

min

f 3
max − f 3

min

,

≈ 3

4
fmax for fmax � fmin.

(3.24)

From Eqs. 3.22 and 3.24, we find that although limN→∞ΦdBo,F(f ′, f) = 0
and limN→∞ΦdBp,F(f ′, f) 6= 0, we have 〈f〉dBo,F > 〈f〉dBp,F. The star graph
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under long-term dBo dynamics experiences stronger force of selection than
the star graph subjected to long-term dBp dynamics.

Performing a similar analysis for the Birth-death updating, we find that
the star graph under Bdp and Bdo satisfies,

ΨBdp,F(f ′, f) ≈
(
f ′

f

)2N−2

≈ ΨBdo,F(f ′, f). (3.25)

The first approximation follows from Ref. [49] and the second approximation
follows from Ref. [53]. What this means is that although under Moran Bdp

and Bdo updating the star have quite different fixation probability profiles,
see Fig. 3.2 A, in the long term to a good approximation they have identical
steady-state statistics because in both of the cases the star graph has the
same effective population size of 2N . This also means that the star graph
under long-term Moran Bd dynamics attains higher average fitness in the
steady-state than the well-mixed population.

The corresponding steady-state fitness density function is

PBdp,F(f) = PBdo,F(f) =
2N − 1

f 2N−1
max − f 2N−1

min

f 2N−2

=
2N − 1

f 2N−1
max − f 2N−1

min

exp[(2N − 2) log f ].

(3.26)

The average steady-state fitness is,

〈f〉Bdp,F = 〈f〉Bdo,F =
2N − 1

2N

f 2N
max − f 2N

min

f 2N−1
max − f 2N−1

min

(3.27)

with

〈f〉Bd,F − 〈f〉C ≈
fmax

2N
. (3.28)

That is the star graph under Bdp updating, an AoS (Fig. 3.2 A), ex-
pectedly attains higher fitness than the well-mixed population because it is
better in fixing beneficial mutations and preventing the fixation of deleteri-
ous mutations. However, the star graph under Bdo updating, a SoF , also
attains an even higher steady-state average fitness because it is much better
at rejecting deleterious mutants which compensates for its lower probability
to fix beneficial mutations [53].
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The effective population size also tells us about the fluctuations in the
steady-state. Because the effective population size of the star graph under
dB updating is independent of N , the standard deviation in fitness does not
change at large N . AoF star experiences higher fluctuations than the SoF
star because of its lower effective population size, see Fig. 3.4 D. Under Bd
updating, the effective population size of the star graph is twice the effective
population size of the complete graph. Therefore, the star experiences lower
fluctuations than the complete graph and the standard deviation decreases
with increasing N , see Fig. 3.4 C. For more details, see App. 3.5.5.

3.4.2 Random graphs

For long-term evolution on the star graph, the deleterious mutant regime
can substantially affect the fate of the dynamics. Does this effect extend
to other graphs? Can we expect SoF that we found in Fig. 3.3 A to have
higher long-term fitness than the well-mixed population? The answer in not
obvious. Similarly, what can we say about the long-term fitness fate of the
AoF found in Fig. 3.3 B? Do all of them attain lower steady-state average
fitness in the steady-state than the complete graph just like the star graph
under dBp updating?

We explore these questions next. We move forward by discretising the
fitness space and study the Moran Bdp, Bdo, dBp and dBo origin-fixation
dynamics on it for several random graphs. Steady-state statistics of these
graphs is obtained by solving the respective Markov chains numerically, see
App. 3.5.6 for details.

Computing the steady-state average fitness for all connected random
graphs, we find that for long-term Bdo dynamics, almost all SoF attain higher
steady-state average fitness than the complete graph, whereas for long-term
dBp dynamics, all the piecewise AoF attain lower steady-state average fitness
than the complete graph.Interestingly, for the case of Bdp dynamics where
most of the connected graphs are AoS, the graphs attain exactly the same
average fitness as they do when subjected to the Bdo dynamics. In Fig. 3.4
A, we have seen that the star graph attains same fitness for the two kinds of
Bd long-term dynamics. Now we confirm this for all other graphs. Expect-
edly, for the long-term dBo dynamics where most of the random connected
graphs are SoS, the majority of random graphs attain lower average fitness.
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Figure 3.5: Suppressors of fixation attain higher fitness whereas am-
plifiers of fixation attain lower fitness. Numerical solutions of the
Markov chain on the fitness space for several random graphs of size 8 are
shown here via grey symbols. The magenta horizontal lines represent the
steady-state fitness obtained by the star graph relative to the complete graph
under different dynamics. A) Most of the random graphs are suppressors of
fixation under dBo updating, yet they attain higher fitness than the well-
mixed population. B) Similarly, most of the random graphs are (piecewise)
amplifiers of fixation under dBp updating, yet they attain lower steady-state
average fitness. C), D) Expectedly, amplifiers of selection attain higher fit-
ness for Bdo dynamics and suppressors of selection attain lower fitness for dBp

dynamics. Thus, the deleterious mutant regime is important for a generic
spatial structure when subjected to long-term dynamics.

In App. 3.5.7, we derive a sufficient condition for a graph to have higher
average fitness in the steady-state of a long term evolution.
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3.5 Discussion

Most of the initial research in evolutionary graph theory has focused on
the Moran Birth-death (Bd) update with uniform initialisation [18, 49, 39].
The uniform initialisation is typically justified by considering spontaneous
mutations during an individual’s lifetime [87], thus obviating the need for
reproduction for variation. However, when mutations occur during repro-
duction instead [28], justifying the use of uniform initialised Bd updating
becomes more challenging. In that scenario, temperature initialisation is a
more natural choice. Our findings demonstrate that the uniform initialisa-
tion in the Bd update naturally arises when parent-type offspring move to
vacant nodes (Bdp) rather than offspring individuals (Bdo). Furthermore, by
necessitating parent-type individuals to move instead of offspring individu-
als, we have uncovered the existence of temperature-initialised dB updating
(dBp), an update scheme previously considered non-existent. In conclusion,
we emphasise that a mutant initialisation scheme is an outcome of an up-
date rule and need not be specified on top of it. An update rule should be
sufficient to generate the fixation dynamics on a graph.

Moran dBp updating introduces a new category of graphs known as AoF
(amplifiers of fixation), where the fixation probability is higher regardless of
the fitness values compared to the complete graph. The star graph under dBp

updating is an AoF with non-zero probability to fix deleterious mutants, even
in the limit of infinite population size. For all other previously known graphs,
such as AoS, SoS, SoF , the complete graph, the probability of fixing any
deleterious mutant goes to zero for large population sizes. Consequently, the
deleterious mutant regime has not been extensively explored in the fixation
dynamics literature. The discovery of AoF underscores the need to consider
the deleterious mutant regime in graph classification, and its importance in
the computation of fixation probabilities and time.

The results derived from the analysis of the star graph for different update
rules also extends to Erdős-Rényi random graphs. Specifically, we observe
that the majority of small random graphs are SoF under Bdo updating,
and piecewise AoF s under dBp updating. This finding closely resembles the
result of Ref. [37], where most random graphs were identified as AoS under
Bdp updating and SoS under dBo updating. Consequently, it is not only the
order of birth and death events, but also the choice of the individual moving
to vacant sites significantly impacts the results at the short-term fixation
time scale.
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The choice of moving individuals also affects the long-term Moran origin-
fixation dynamics. The star graph, a SoF under Bdo updating, despite
having lower probability to fix advantageous mutants attains higher fitness
in the long-term dynamics than the well-mixed population. Similarly under
dBp updating, the star graph despite being an AoF with higher probability
of fixing beneficial mutants attains lower fitness. In the former case, the star
graph is better in rejecting deleterious mutants compensating for its lower
probabilities to fix beneficial mutations. In the later scenario, the star graph
is not good is preventing the fixation of disadvantageous mutants despite
being better at fixing beneficial mutations.

More concretely, the effective population sizes of the star graph for differ-
ent updating explain the corresponding steady-states and the contribution
coming from the deleterious mutant regime. The SoF star graph has a higher
effective population size than the AoF star graph. Additionally, the results
obtained for the long-term evolution on the star graph also extends to ran-
dom graphs. Under Bdo updating, most of the random graphs despite being
SoF attain higher fitness than the isothermal graphs. Whereas, under dBp

updating, most of the random graphs despite being piecewise AoF attain
lower fitness than the isothermal graphs. To summarise, extra care should
be taken before making speculations about the fate of long-term evolution
on spatial structures based on the short-term fixation dynamics. For a popu-
lation adapting on a fitness landscape, the outcome depends on two factors.
First, how effective the population is in stepping forward. And, the second
how good it is in not falling backward. The effect of deleterious mutant
regime can also be seen in the transient phase of an evolutionary dynamics
[72]. The likelihood for the average fitness trajectory to non-monotonic in-
creases with the probability to accept deleterious mutations, see App. 3.5.8
for more details. Overall, the deleterious mutant regime is important when
it comes to long-term evolution on spatial structures, something that is often
ignored in adaptive evolution theories with well-mixed populations.

Experimental evolution has started to align closely with the research of
evolutionary graph theory [88]. It is only a matter of time before more of such
studies are conducted. Consequently, an extension of evolutionary graph the-
ory to the structured metapopulation level is necessary to meet the demands
of these experimental challenges [89, 64]. While our work focuses on the
theory of one-node-one-individual, it is expected that the results obtained
here should be transferable to metapopulation studies. The analysis in this
paper can be adapted for the study of metapopulations, and we have identi-
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fied the amplifiers and suppressors of fixation among the metastar structures
presented in Ref.[90]. Please refer to App.3.5.9 for more details. Examining
the role of the deleterious mutant regime for structured metapopulations is
clearly an important future direction.

Appendix

3.5.1 Exact formula for the fixation probability of a
mutant on the star graph under dB and Bd up-
dating

The state of the population can be described by (•/◦, i) where the first index
indicates if the central node is occupied by a mutant (•) or not (◦) and the
second index gives the number of mutants in the leaf nodes. Let us denote
φ•i as the fixation probability of the mutant type when started with i mutant
individuals in the leaf nodes and a mutant at the central node. Similarly,
φ◦i is the fixation probability of the mutant type when started with i mutant
individuals in the leaf nodes with the central node occupied by a wild-type
individual. With n number of leaves, φ•i and φ◦i satisfy the following recursion
relations [49],

φ•i = T ••i,i+1φ
•
i+1 + T •◦i,i φ

◦
i + (1− T ••i,i+1 − T •◦i,i )φ•i , 0 ≤ i ≤ n− 1,

φ◦i = T ◦◦i,i−1φ
◦
i−1 + T ◦•i,i φ

•
i + (1− T ◦◦i,i+1 − T ◦•i,i )φ◦i , 1 ≤ i ≤ n,

(3.29)

where

– T ••i,i+1 is the probability to transition from the state (•, i) to the state
(•, i+ 1).

– T •◦i,i is the probability to transition from the state (•, i) to the state
(◦, i).

– T ◦◦i,i−1 is the probability to transition from the state (◦, i) to the state
(◦, i− 1).

– T ◦•i,i is the probability to transition from the state (◦, i) to the state
(•, i).
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On rearranging the recursion relations we get,

φ•i = π••i,i+1φ
•
i+1 + π•◦i,iφ

◦
i , 0 ≤ i ≤ n,

φ◦i = π◦◦i,i−1φ
◦
i−1 + π◦•i,iφ

•
i , 1 ≤ i ≤ n,

(3.30)

where,

– π••i,i+1 is the conditional probability to transition from the state (•, i) to
the state (•, i+ 1) given that the number of mutant changes.

– π•◦i,i is the conditional probability to transition from the state (•, i) to
the state (◦, i) given that the number of mutant changes.

– π◦◦i,i−1 is the conditional probability to transition from the state (◦, i) to
the state (◦, i− 1) given that the number of mutant changes.

– π◦•i,i is the conditional probability to transition from the state (◦, i) to
the state (•, i) given that the number of mutant changes.

The conditional probabilities are given by,

π••i,i+1 =
T ••i,i+1

T ••i,i+1 + T •◦i,i
= 1− π•◦i,i ,

π◦◦i,i−1 =
T ◦◦i,i−1

T ◦◦i,i−1 + T ◦•i,i
= 1− π◦•i,i ,

(3.31)

For the Moran dB updating the transition probabilities are,

T ••i,i+1 =
n− i
n+ 1

and T •◦i,i =
1

n+ 1

n− i
ir + n− i . (3.32)

T ◦◦i,i−1 =
i

n+ 1
and T ◦•i,i =

1

n+ 1

ir

ir + n− i . (3.33)

Consequently the conditional probabilities are,

π••i,i+1 =
n− i+ ir

n− i+ ir + 1
and π◦◦i,i−1 =

ir + n− i
ir + n− i+ r

. (3.34)

From the ref. [50], we know that the probability of fixation of a mutant
appearing at the center node is

φ•dB,F(f ′, f) =
π••0,1

A(1, n)
(3.35)
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where,

A(l,m) = 1 +
m−1∑

j=l

π•◦j,j

j∏

k=l

π◦◦k,k−1

π••k,k+1

. (3.36)

After substituting for the conditional probabilities, we get

φ•dB,F(f ′, f) =
N − 1

N

1

1 + N−2

1+(N−1) f ′
f

. (3.37)

Similarly, we find

φ◦dB,F(f ′, f) =
π◦•1,1

A(1, n)
=

f ′

f(
N − 2 + 2f

′

f

)(
1 + N

1+(N−1) f ′
f

) . (3.38)

φ•dB,F and φ◦dB,F are used to compute uniform and temperature initialised dB
fixation probabilities for the star graph.

The uniform (when offspring move to vacant node) and temperature
(when parent move to vacant node) initialised fixation probability under
Moran dB updating are,

ΦUdB,F(f ′, f) = ΦdBo,F(f ′, f) =
φ•dB,F(f ′, f) + (N − 1)φ◦dB,F(f ′, f)

N
,

ΦTdB,F(f ′, f) = ΦdBp,F(f ′, f) =
(N − 1)φ•dB,F(f ′, f) + φ◦dB,F(f ′, f)

N
,

(3.39)

From Fig. 3.2B, the uniform initialised star graph is a suppressor of se-
lection [54, 86] whereas the temperature initialised star graph is an amplifier
of fixation.

Similarly, for Bd updating,

φ•Bd,F(f ′, f) =

((
f ′

f

)2

− 1

)(
N − 1 + f ′

f

)

f ′

f


f ′

f

(
N − 1 + f ′

f

)
−
(

(N − 1)f
′

f
+ 1
)(

N−1+ f ′
f

(N−1)
(

f ′
f

)2
+ f ′

f

)N−1


,

(3.40)
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and the fixation probability for a mutant initially placed on a leaf node
is,

φ◦Bd,F(f ′, f) =

(N − 1)

((
f ′

f

)2

− 1

)(
N − 1 + f ′

f

)

(
(N − 1)f

′

f
+ 1
)

f ′

f

(
N − 1 + f ′

f

)
+
(

(N − 1)f
′

f
+ 1
)(

N−1+ f ′
f

(N−1)
(

f ′
f

)2
+ f ′

f

)N−1


.

(3.41)

Eqs. 3.40, 3.41 are used to compute uniform and temperature initialised
fixation probabilities for the star graph under Bd updating.

3.5.2 Matrix approach to compute fixation probabil-
ity on a random graph

The matrix method solves the Markov chain for the fixation dynamics on a
graph. This method is generally used to compute the fixation probability
for an arbitrary connected graph [91]. The primary reference for this section
is [92]. With states being the configurations of mutant and wild-type, the
transition matrix Ms×s is defined as

Ms×s =

(
Qt×t Rt×a
0a×t Ia×a

)
, (3.42)

where s denotes the total number of states and is equal to t + a, with t
being the number of transient states and a being the number of absorbing
states. Q is the transition probability matrix corresponding to the transitions
among the transient states, while R represents transitions from the transient
to the absorbing states. Since by definition there is no jump possible from
an absorbing to the transient sector, the lower left matrix is a zero matrix.
By similar reasoning, the lower right matrix is an identity matrix.

We denote the fundamental matrix as F. It is equal to
∞∑
n=0

Qn = (I−Q)−1.

The fixation probability to the absorbing state j when started in a transient
state i is given by the relation,

φi,j = (F ·R)i,j. (3.43)
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Notice that the indices i, j etc., do not represent the number of mutants
but the configurations themselves. The second index of the subscript can
represent two absorbing states, every individual being the wild-type or the
mutant type. It represents the position of the node where the initial mutant
appears.

The fixation probability of a mutant to state j on a graph G with mutant
initialisation I is equal to,

ΦIj,G =
N−1∑

i=0

piφi,j. (3.44)

The index i in the equation above corresponds to the states where the initial
mutant appears at different positions on the graph.

Transition matrix for the Bd process

For a network of size N , we have the transition matrices of dimensions 2N ×
2N . One can decrease the size of these matrices by considering the symmetries
of the graph. This has been done in [93] where all the undirected connected
networks of size four were considered. After considering the symmetries, the
size of the transition matrices for the complete, diamond, and ring graph were
reduced from 16 (24) to 5, 9, and 5, respectively. It is not straightforward
to account for these symmetries for larger networks; thus, we work with
maximum-size transition matrices. We compute the transition matrix for
the Moran Bd dynamics with a focus on undirected graphs and unweighted
having symmetric adjacency matrices, A. We work only with connected
graphs as the fundamental matrix F becomes singular for the disconnected
graphs.

The matrix element Mij with i 6= j, the probability of going from state i
to state j with i 6= j is given as,

Mij =





1

rni +N − ni
∑
k

ãkm

[
rnikn

j
m + (1− nik)(1− njm)

]
, if

∑
s

|nis − njs| = 1

andnim 6= njm,

0, otherwise.

(3.45)
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where every node of the configuration i can either take a value 0 (for wild-
type) or 1 (for mutant). The number of mutants in state i is given by

ni =
N−1∑
k=0

nik. Here, we have also introduced ãkm =
akm∑
l

akl
. The diagonal

elements Mii are equal to 1−∑
j 6=i

Mij.

Transition matrix for dB process

Like the Bd process, here we write down the transition matrix for the dB
process. The matrix element Mij with i 6= j is given as :

Mij =





1

N

∑
k

akm

[
rnikn

j
m + (1− nik)(1− njm)

]

r
∑
l

almnil +
∑
l

alm(1− nil)
, if

∑
s

|nis − njs| = 1 andnim 6= njm,

0, otherwise.

(3.46)
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Figure 3.6: Fixation probability profiles of random graphs. The rel-
ative fitness values of the mutant are chosen to be, 0.5, 0.75, 1, 1.25, 1.5,
1.75, 2, 2.25 and 2.5 with wild-type fitness being 1. The fixation probabil-
ity profiles under different update rules for connected random graphs with
the probability of link connection, p = 0.5 are shown. The fixation profiles
for the complete graph (in blue) and the star graph (in magenta) in both
numerical (square markers) and analytical (solid lines) form are also shown.
A) Most of the random graphs are suppressors of fixation under temperature
initialised Bd updating. B) Most graphs are piecewise amplifiers of fixation
under dBp updating i.e. the graphs have higher fixation probability for a
mutant with fitness below a certain value, f ∗, and lower fixation probability
beyond f ∗. We observe that beyond f ′ ≈ 1.5, the fixation probabilities be-
come lower than the fixation probability on the well-mixed population. C)
Most of the graphs are amplifiers of selection under (Bdp) uniform initialised
Bd updating, and D) suppressors of selection under (dBo) uniform initialised
dB updating.
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3.5.3 Long-term evolution on regular graphs

Under the Moran dB updating, regular graphs have different fixation prob-
ability profiles compared to the complete graph [65]. It is in contrast to
the Moran Birth-death (Bd) rule, where according to the isothermal theo-
rem [18, 19] all the regular graphs have the same fixation probability profiles
as the well-mixed population. For example, under Moran dB updating, the
cycle graph has the fixation probability [37],

Φ◦(f
′, f) =

2
(

1− f
f ′

)

3− f
f ′

+
(

1− 3 f
f ′

)(
f
f ′

)N−2
. (3.47)

Under the Moran dB updating, the cycle graph is a suppressor of fixation
[37], because Φ◦(f

′, f) < ΦC(f ′, f) for all pairs of f ′ and f (ignoring the
neutral point f ′ = f , where Φ◦(f

′, f) = ΦC(f ′, f) = 1
N

), see Fig. 3.7 B.
The ratio of fixation probabilities entering the steady-state detailed balance
solution however is the same as complete graph,

Ψ◦(f
′, f) =

Φ◦(f
′, f)

Φ◦(f, f ′)
,

=
2
(

1− f
f ′

)

3− f
f ′

+
(

1− 3 f
f ′

)(
f
f ′

)N−2
·

3− f ′

f
+
(

1− 3f
′

f

)(
f ′

f

)N−2

2
(

1− f ′

f

) ,

=
f ′ − 3f + (3f ′ − f)

(
f ′

f

)N−2

3f ′ − f + (f ′ − 3f)
(
f
f ′

)N−2
,

=

(
f ′

f

)N−2

.

(3.48)

Because Ψ◦(f
′, f) is a power law, the Moran dB origin-fixation dynamics on

the cycle graph is reversible. Moreover,

P ∗◦ (f) = P ∗C(f). (3.49)

Consequently, 〈f〉∗◦ = 〈f〉∗C .
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What did we just learn? We learnt that the cycle graph despite being
a suppressor of fixation, attains the same average fitness in the mutation-
selection balance as the complete graph, see Fig. 3.7 D. In the limit of N →
∞,

lim
N→∞

Φ◦(f
′, f) =





2
(

f ′
f
−1

)
3 f ′

f
−1

, if f ′ > f,

0 otherwise.

(3.50)

Now,
2
(

f ′
f
−1

)
3 f ′

f
−1

< 1 − f
f ′

for all f ′ > f , therefore, in the limit of very large

population sizes, the cycle graph is less likely to fix beneficial mutants than
the complete graph, see Fig. 3.7 A. Yet the cycle and the complete graph at-
tain the same steady-state average fitness for all population sizes. It happens
because the cycle graph is better at rejecting deleterious mutants than the
complete graph. The ability of the cycle graph to prevent the fixation of dis-
advantageous mutants compensates for its lower probability to fix beneficial
mutants in a way that Ψ◦(f

′, f) becomes equal to ΨC(f ′, f).
We also explore the steady-state statistics of the long-term dB mutation-

selection dynamics on the two dimensional lattice with periodic boundary
conditions. With each node having k neighbors, the fixation probability of a
mutant to fix on the 2d lattice is [65],

Φ2d(f
′, f) ≈

k
(

1− f
f ′

)

k
(

1− f
f ′

)
+

(
1−

(
f
f ′

)N−2
)(

1 + (k − 1) f
f ′

) . (3.51)

We focus on the case of k = 4. The ratio of fixation probabilities takes
the form,

Ψ2d(f
′, f) =

Φ2d(f
′, f)

Φ2d(f, f ′)
≈
(
f ′

f

)N−2 5− f ′

f
−
(
f ′

f

)N−2 (
3f
′

f
+ 1
)

3 + f ′

f
+
(
f ′

f

)N−2 (
1− 5f

′

f

) . (3.52)

From Fig. 3.7 A and C, it is clear that the fixation probability profile of the
2d lattice is different from the well-mixed population, but the graph cate-
gory to which the 2d lattice belongs is not clear. This could be due to the
approximation made in Ref. [65] to compute Eq. 3.51. As a result, for small
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N , the 2d lattice attains different (lower) steady-state average fitness in the
mutation-selection balance than the complete and cycle graph. However,
with an increase in population size, the steady-state average fitness attained
by the 2d lattice asymptotes to the one attained by the well-mixed popu-
lation, see Fig. 3.7 D. This can be understood by performing the large N
expansion on Ψ2d(f

′, f) yielding,

Ψ2d(f
′, f) ≈





(
f ′

f

)N−2 3 f ′
f

+1

5 f ′
f
−1

+O
((

f ′

f

)N−3
)
, if f ′ > f,

(
f ′

f

)N−2 5− f ′
f

3+ f ′
f

+O
((

f ′

f

)N−3
)
, otherwise.

(3.53)

For large population sizes, Ψ2d ∼
(
f ′

f

)N−2

, P ∗2d(f) and therefore, 〈f〉∗2d take

the same limit as the complete graph. In the argument made, we have
assumed reversibility to hold. In the subsequent section, we justify the as-
sumption.

From the above two case studies, we have learnt that although the com-
plete graph, the cycle graph, and the 2d lattice behave differently at fixation
time scales under dB updating [65], their steady-state statistics for the long-
term Moran dB origin-fixation dynamics are identical.
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Figure 3.7: Regular graph: dB fixation probability and long-term
evolution. A) Fixation probability for regular graphs, the cycle graph, the
2d lattice with periodic boundaries and the complete graph, under dB up-
dating are shown. Thick lines correspond to population size N = 10. Thin
lines represents limN→∞ φG(f ′, f). At fixation time scales, regular graphs
behave differently. B) The cycle graph is a suppressor of fixation under dB
updating. C) For small N (N=10 here), the 2d lattice behaves like a suppres-
sor of selection. D) The cycle graph being a suppressor of fixation, attains
the same steady-state average fitness in the mutation selection balance as
the complete graph. For large N , 2d lattice attains the same fitness as the
other graphs. At longer time scales, regular graphs have identical steady-
state statistics contrary to their differences at shorter fixation time scales.
Parameters: mutant fitness distribution, ρ(f ′, f) = 1

fmax−fmin
with fmin = 0.1

and fmax = 10.

3.5.4 Reversibility

The primary reference for this section is [77]. Using the Kolmogorov criterion
[94], the neutral Moran origin-fixation dynamics turns out to be reversible.
With this, the origin-fixation dynamics under selection is reversible if ΨIG(r)
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is a power law,

ΨIG(r) = rν , (3.54)

where r is used as a shorthand for f ′

f
, and ν is given by the relation,

ν = 2

dφIG
dr

φIG(r)

∣∣∣∣∣
r=1

. (3.55)

In general, ΨIG(r) need not be a power law. Therefore, to check the scope
for reversibility a logarithmic expansion is performed on ΨIG(r),

log ΨIG(r) =
∞∑

j=0

c2j+1

(2j + 1)!
(log r)2j+1,

= c1 log r

[
1 +

1

c1

∞∑

j=1

c2j+1

(2j + 1)!
(log r)2j

]
,

= ν log r

[
1 +

1

ν

∞∑

j=1

c2j+1

(2j + 1)!
(log r)2j

]
,

(3.56)

where,

ci =
di log ΨIG
d(log r)i

∣∣∣∣∣
r=1

. (3.57)

The second term of the series gives us the conservative estimate of the range
of fitness values for which the origin-fixation dynamics is reversible, (r−1

0 , r0)
and r0 is found by setting a tolerance ε,

|c3|
6ν

(log r0)2 = ε. (3.58)

For the complete and the cycle graph, ΨG is a strict power-law with
c3 = 0, which is why r0 → ∞ for these structures. However, for the 2d
lattice, |c3|

6ν
saturates to a finite value at larger N , see Fig. 3.8, as both c3 and

ν scales as N at large population sizes.

c3 =
(N − 2)2(4N2 − 9N + 6)

16(N − 1)3
≈ N

4
+O

(
1

N2

)
,

ν = N − 5

2
+

1

2(N − 1)
.

(3.59)
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This makes r0 finite with a value approximately equal to 3 and the range of
fitness values where the Moran dB origin-fixation dynamics is reversible is
r ∈ (0.33, 3). Similarly, |c3|

6ν
∼ 1

N
for the temperature initialised star graph

under dB (dBp) dynamics. As a result r0 → ∞ in the limit N → ∞. The
same result holds for the star graph under dBo dynamics.
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Figure 3.8: Reversible Moran dB origin-fixation dynamics on the 2d
lattice. Coefficient |c3|

6ν
of the second term of Eq. 3.56 saturates to finite

value for large N , which results in the range of fitness values where the
origin-fixation dynamics is reversible to be r ∈ (0.33, 3).

3.5.5 Standard deviation in the steady-state fitness dis-
tribution

In this section, we derive the expressions for the standard deviation in fitness
in the steady-state. For the complete graph we know that,

PC(f) =
N − 1

fN−1
max − fN−1

min

fN−2 and 〈f〉C =
N − 1

N

fNmax − fNmin

fN−1
max − fN−1

min

, (3.60)

and

〈f 2〉C =
N − 1

N + 1

fN+1
max − fN+1

min

fN−1
max − fN−1

min

. (3.61)
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Therefore, the variance turns out to be

VarC = 〈f 2〉C − (〈f〉C)2 ,

= f 2
min


N − 1

N + 1

(
fmax

fmin

)N+1

− 1
(
fmax

fmin

)N−1

− 1
−
(
N − 1

N

)2




(
fmax

fmin

)N
− 1

(
fmax

fmin

)N−1

− 1




2
 ,

≈ f 2
max

(
N − 1

N + 1
−
(
N − 1

N

)2
)
,

=
f 2

max

N2
+O

(
1

N3

)
.

(3.62)

Therefore, the standard deviation in fitness for the complete scales as ∼ 1/N .
For the star graph under dBo dynamics, in the limit of large N

PdBo,F(f) =
3f 2

f 3
max − f 3

min

and 〈f〉dBo,F =
3

4

f 4
max − f 4

min

f 3
max − f 3

min

, (3.63)

and

〈f 2〉dBo,F =
3

5

f 5
max − f 5

min

f 3
max − f 3

min

. (3.64)

Therefore the variance,

VardBo,F = 〈f 2〉dBo,F − (〈f〉dBo,F)2 ,

≈ 3

80
f 2

max.
(3.65)

The standard deviation for the dBo star graph is independent of N and
asymptotes to a finite value. Similarly, for the dBp star graph, for N � 1 we
have

VardBp,F = 〈f 2〉dBp,F − (〈f〉dBp,F)2 ,

≈ 1

18
f 2

max,
(3.66)

which is again independent ofN . Note that for largeN , VardBp,F > VardBo,F >
VarC . The order of fluctuations can be understood from the large N limit
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effective population size of the three structures− N for the complete graph,
2 for the dBo star graph and 1 for the dBp star graph.

Under Bd updating, we have seen that ΨF is same for both the Bdo (Bd
temperature initialisation) and Bdp (Bd uniform initialisation) star graph.
Consequently, the Bdo and Bdp have the same steady-state statistics and
thus, variance in the steady-state,

VarBdo,F = VarBdp,F,

= 〈f 2〉Bdp,F − (〈f〉Bdp,F)2 ,

=

[
2N − 1

2N + 1

f 2N+1
max − f 2N+1

min

f 2N−1
max − f 2N−1

min

−
(

2N − 1

2N

f 2N
max − f 2N

min

f 2N−1
max − f 2N−1

min

)2
]
,

≈ f 2
max

[
2N − 1

2N + 1
−
(

2N − 1

2N

)2
]
,

=
f 2

max

4N2
+O

(
1

N3

)
.

(3.67)

Therefore, the standard deviation for the star graph under Moran origin-

fixation Bd updating scales as ∼ 1

2N
.

3.5.6 Long-term evolution on discrete fitness space

To study Bd and dB long-term dynamics on random graphs we define a
Markov chain. To proceed we first discretise the fitness space. The states
are labelled with integer values from 0, 1, · · · , z. For 1 ≤ i ≤ z−1, the fitness
of state i is equal to fi = fmin + i · δ. The boundaries fitness are f0 = fmin

and fz = fmax. The long-term dynamics on a graph G is a Markov chain
obeying the equation,

PG(t+ 1) = PG(t) ·TG, (3.68)

where PG(t) = (PG,0(t), PG,1(t), · · · , PG,z(t)) with PG,i(t) being the probabil-
ity for the population to be in fitness state fi at time step t. The transition
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matrix TG on the fitness space is given as,

TG,ij =





1
2
ΦIG(fj+1, fj), if i = j + 1 and 0 ≤ j < z,

1
2
ΦIG(fj−1, fj), if i = j − 1 and 0 < j ≤ z,

1−∑
k 6=i

TG,ki, if i = j.
(3.69)

Matrix TG is a positive and an irreducible matrix, therefore we can find the
steady-state distribution P∗G using the Perron-Frobenius theorem [95]. P∗G is
the left eigenvector of the matrix TG corresponding to eigenvalue 1,

P∗G ·TG = 1 ·P∗G. (3.70)

The steady-state average fitness is then,

〈f〉∗G = f ·P∗G, (3.71)

where f = (fmin, f1, f2, · · · , fmax) is the fitness vector.

3.5.7 Criterion for a graph to have higher steady-state
fitness than the complete graph

Just by looking at the ΦIG(f ′, f) it is not easy to predict if the graph G
will outcompete the complete graph in the mutation-selection balance of the
Moran origin-fixation dynamics. The useful quantity for that purpose is the
ratio of fixation probabilities, ΨIG(f ′, f) as defined in Eq. 3.13. A sufficient
condition for 〈f〉∗G > 〈f〉∗C is

ΨIG(f ′, fmax) < ΨC(f ′, fmax), for all f ′. (3.72)

Let us show this.
Let us consider two graphs, G1 and G2 and denote the respective steady-

state probability density functions for the Moran origin-fixation dynamics
on these structures by, P ∗G1

(f) and P ∗G2
(f). Without loss of generality, let us

assume that 〈f〉∗G1
> 〈f〉∗G2

. This means,

∫
df f · P ∗G1

(f) >

∫
df f · P ∗G2

(f) (3.73)
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Given that
∫

df P ∗G1/2
(f) is equal to 1, for the above inequality to hold, the

functions P ∗G1
(f) and P ∗G2

(f) must intersect at some point, say f̂ so that

P ∗G1
(fmax) > P ∗G2

(fmax). (3.74)

We assume that the intersection takes place at one fitness point, f̂ . With
this assumption, below we show that Eq. 3.73 follows from the Eq. 3.74. Now

P ∗G1
(f) =

{
P ∗G2

(f) + ε<(f), if f ≤ f̂ with ε<(f) < 0

P ∗G2
(f) + ε>(f), otherwise with ε>(f) > 0.

Because

∫
df P ∗G1

(f) =

∫
df P ∗G2

(f) +

f̂∫

fmin

df ε< +

fmax∫

f̂

df ε> = 1, (3.75)

therefore,
∣∣∣∣∣∣∣

f̂∫

fmin

df ε<

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

fmax∫

f̂

df ε>

∣∣∣∣∣∣∣
. (3.76)

〈f〉∗G1
= 〈f〉∗G2

+

f̂∫

fmin

df fε< +

fmax∫

f̂

df fε>. (3.77)

Now,
∣∣∣∣∣∣∣

fmax∫

f̂

df fε>

∣∣∣∣∣∣∣
> f̂

∣∣∣∣∣∣∣

fmax∫

f̂

df ε>

∣∣∣∣∣∣∣
= f̂

∣∣∣∣∣∣∣

f̂∫

fmin

df ε<

∣∣∣∣∣∣∣
>

∣∣∣∣∣∣∣

f̂∫

fmin

df fε<

∣∣∣∣∣∣∣
. (3.78)

This implies,

f̂∫

fmin

df fε< +

fmax∫

f̂

df fε> = −

∣∣∣∣∣∣∣

f̂∫

fmin

df fε<

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

fmax∫

f̂

df fε>

∣∣∣∣∣∣∣
> 0.

(3.79)
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Therefore, 〈f〉∗G1
> 〈f〉∗G2

. Now what does it mean for P ∗G1
(fmax) > P ∗G2

(fmax)?
One possibility for the inequality to hold is,

ΨIG1
(f ′, fmax) < ΨIG2

(f ′, fmax), for all f ′. (3.80)

The criterion ΨIG(f ′, fmax) < ΨC(f ′, fmax) for all f ′, is easily satisfied by
amplifiers of selection. It follows directly from the definition of amplifiers
of selection. Amplifiers of selection are better in preventing the fixation of
deleterious mutations and fixing advantageous mutants. Therefore, for an
amplifier of selection,

ΦIAoS(f ′, fmax)

ΦIAoS(fmax, f ′)︸ ︷︷ ︸
ΨIAoS(f ′,fmax)

<
ΦC(f ′, fmax)

ΦC(fmax, f ′)︸ ︷︷ ︸
ΨC(f ′,fmax)

for all f ′. (3.81)

Subscript AoS denotes an amplifier of selection. Similarly for a suppressor
of selection,

ΦISoS(f ′, fmax)

ΦISoS(fmax, f ′)︸ ︷︷ ︸
ΨISoS(f ′,fmax)

>
ΦC(f ′, fmax)

ΦC(fmax, f ′)︸ ︷︷ ︸
ΨC(f ′,fmax)

for all f ′. (3.82)

Subscript SoS denotes a suppressor of selection.
For suppressors of fixation, it is not obvious if they satisfy the criterion to

attain higher average steady-state fitness in the mutation-selection balance.
Suppressors of fixation have lower probability to fix beneficial mutations, as
a result, [ΦISoF (fmax, f

′)]−1 > [ΦC(fmax, f
′)]−1 (here SoF denotes a suppres-

sor of fixation). However, they are also good in preventing the fixation of
deleterious mutants, ΦISoF (f ′, fmax) < ΦC(f ′, fmax). This means that a sup-
pressor of fixation can satisfy the criterion 3.72 by compensating for its lower
probability of fixation of beneficial mutants by rejecting deleterious mutants
more efficiently. An example is presented in ref. [53]. Note that the criterion
3.72 holds for any update rule.

Let us apply derived the sufficient condition to the complete graph, dBo

and dBp star graph. From Fig. 3.9, we see that the steady-state probability
density functions for any two graphs intersect at only point, and thus we can
use our criteria here. From Eqs. 3.14, 3.20, 3.23, we have

ΨIC(f ′, fmax) < ΨdBo,F(f ′, fmax) < ΨdBp,F(f ′, fmax), (3.83)
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therefore, 〈f〉∗C > 〈f〉∗dBo,F > 〈f〉∗dBp,F.
As a side remark the steady-state density functions are monotonic w.r.t

fitness. Their monotonicity follows from the monotonicity in the correspond-
ing fixation profiles.
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Figure 3.9: A pair of probability density functions intersect at one
fitness point. The steady-state probability density functions (PDFs) for
the complete graph, the dBo and the dBp star graph are shown. Firstly,
the PDFs are monotonically increasing w.r.t fitness. Secondly, any pair of
PDFs intersects at one point. Thus the sufficient condition 3.72 gives the
ordering of average fitnesses. Parameters: N = 100, fmin = 0.1, fmax = 10,
ρ(f ′, f) = 1

fmax−fmin
.

To proceed, we recall that the steady-state fitness probability density
function for a graph G is

P ∗G(f) =
1∫

df ′
ΦIG(f ′, f)

ΦIG(f, f ′)
· ρ(f ′, f)

ρ(f, f ′)

. (3.84)

Assuming uniform mutational fitness distribution, we have

P ∗G(f) =
1∫

df ′
ΦIG(f ′, f)

ΦIG(f, f ′)

. (3.85)
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Taking derivative w.r.t f ,

dP ∗G(f)

df
=− 1

(∫
df ′

ΦIG(f ′, f)

ΦIG(f, f ′)

)2

[∫
df ′

(
1

ΦIG(f, f ′)

d

df
ΦIG(f ′, f)

− ΦIG(f ′, f)

ΦI2
G (f, f ′)

d

df
ΦIG(f, f ′)

)] (3.86)

If we assume monotonicity in the fixation probability profiles, that is,

d

df
ΦIG(f ′, f) < 0, and

d

df
ΦIG(f, f ′) > 0, (3.87)

We obtain,

dP ∗G(f)

df
> 0 forall f. (3.88)

Hence, the steady-state probability density functions are monotonic in fit-
ness.

3.5.8 Effects of deleterious mutants on the initial phase
of the long-term dynamics

So far we have studied the effect of preventing/fixing deleterious mutants
on the steady-state fitness statistics of graph. In this section, we explore
the role of deleterious mutant regime on the initial phase of the mutation-
selection dynamics, particularly the average selection coefficient of the first
substitution given that the initial fitness is f ,

∆Gf

f
=

∫
df ′

f ′ − f
f

ΦIG(f ′, f)ρ(f ′, f). (3.89)

This quantity is also equal to the instantaneous rate of evolution [39], [62].
From Fig. 3.10 A, we see that the mean selection coefficient decreases as
the population is started with initial population fitness closer to the average
steady-state fitness. The mean selection coefficient is anticipated to be posi-
tive if the initial fitness is below the average steady-state fitness and negative
if started with higher fitness values. However, in Ref. [72], for the complete
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graph it has been shown that the mean selection coefficient of the first substi-
tution is negative even if the population is initialised with fitness below the
average steady-state fitness. We observe this effect to be more pronounced
for the case of dBp star graph. We investigate further by working out the
large N case.

In the limit of N →∞, for the dBp star graph under Moran dBo updating
and uniform mutational fitness distribution, we have

∆dBp,Ff

f
=

1

fmax − fmin

∫
df ′

f ′ − f
f

f ′

f + f ′

=
fmax + fmin − 4f

2f
− 1

fmax − fmin

2f log

(
fmax + f

fmin + f

)
.

(3.90)

The value of f for which the mean selection coefficient (right hand side of
the above equation) goes to zero is obtained numerically. The difference of
the obtained fitness value and the average steady-state fitness for the dBp

graph, δf is shown in Fig. 3.10 B. For the parameters we use throughout
the manuscript, the δf for the dBp star graph is finite, even in the limit
of N → ∞. This means that if the long-term mutation-selection dynamics
is initiated with fitness value in between 〈f〉∗dBp,F − δf and 〈f〉∗dBp,F, the
first mutation to fix on average is deleterious. Therefore, the corresponding
average fitness trajectories does not have monotonically increasing fitnesses.
For the complete graph, in the limit of N →∞,

∆Cf

f
=

1

fmax − fmin

∫
df ′

f ′ − f
f

f ′ − f
f ′

=
1

fmax − fmin

(
−2fmax +

f 2
max

2f
+

3f

2
+ f log

fmax

f

)
.

(3.91)

The r.h.s in the above equation goes to 0 for f = fmax. Therefore, while δf
is non-zero for finite population sizes, in the limit of N →∞, δf = 0 for the
complete graph.
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Figure 3.10: Mean selection coefficient of the first substitution. The
black grid line in A) corresponds to the average steady-state fitness of the dBp

star graph. The mean selection coefficient is negative even if the population’s
initial fitness is below the steady-state average fitness, thus leading to non-
monotonic average fitness trajectories. B) Denoting δf as the region of fitness
values below the steady-state average fitness for which the mean selection
coefficient is negative, in the limit of large N δf asymptotes to 0.5 for the dBp

star graph, whereas the gap decays to 0 for the complete graph. Parameters:
N = 100, fmin = 0.1, fmax = 10, ρ(f ′, f) = 1

fmax−fmin
.

3.5.9 Amplifier of fixation and suppressor of fixation
in a metapopulation model

The amplifiers and suppressors of fixation are not solely restricted to one
node one individual models, but can also be found in the network structured
metapopulations [90]. The model in ref. [90] assumes time scale separation.
The model has been analysed in the low migration rate regime where each
node/deme is mainly in a monomorphic state. That is, when an individual
migrates to a neighboring patch with a different type, either the migrating
individual fixes or goes extinct before the next migration event occurs. The
wild-type and the mutant type are assumed to have non-zero death rates, as
a consequence of which the population sizes of fully mutant and wild-type
demes are different. Here we assume that for both the individual types, the
death rate is incorporated with the birth rate to give an effective growth
rate. In this way, the population size for the mutant and wild-type deme
is the same. The number of leaf demes is denoted by d. The probability
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that an individual from a given leaf deme migrates to the center deme is mI ,
whereas the probability that an individual from the central deme migrates
to leaf deme is mO. The parameter α = mI/mO quantifies the migration
asymmetry. The probability that the mutant type with relative fitness r
takes over the entire star network-structured metapopulation given that the
population is initialised with central deme being the mutant deme and leaf
demes being the wild-type demes is given by,

Φ•F =
1− γ2

1 + αγ − γ(α + γ)
(
γ(1+αγ)
α+γ

)d , (3.92)

where

α =
mI

mO

and γ =
ΦCW

ΦC,M

(3.93)

with

ΦC,M =
1− 1

r

1− 1
rN

and ΦC,W =
1− r

1− rN . (3.94)
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Figure 3.11: Amplifier and suppressor of fixation in meta-star. The
probability that a mutant fixates in a star-structured metapopulation is
shown given that the population is initialised with the central deme being the
mutant deme. The probability that an individual from the central migrates
to a leaf deme is mO, and the probability of migration for an individual mi-
grating from a leaf node to the central node is mI . Parameter α = mI/mO

quantifies the migration asymmetry. According to the generalized circula-
tion theorem in ref. [90], for α = 1, the mega-star’s fixation probability is the
same as in the well-mixed population when started with N mutant individ-
uals. Changing α from 1 gives two different fixation probability profiles: the
amplifier of fixation (for lower α) and the suppressor of fixation (for higher
α). We have encountered these profiles is the main text for one node one
individual star under Bdo and dBp. Parameters: size of a each deme, N = 80
and the total number of demes D = d+ 1 = 5.
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Chapter 4

Self-loops: friends or foes?

Chapters 2 and 3 focus on the long-term dynamics with low mutation rates.
The mutation rates are sufficiently low so that the next mutation occurs
only when the previous mutation has either fixed or become extinct. Thus,
the low mutation long-term dynamics is essentially a fixation-like dynamics.
While it is expected that amplifiers of selection achieve higher fitness than
the well-mixed population for low mutation rates, it is not clear what hap-
pens for higher mutation rates. This is the aspect we explore in this chapter.

This chapter underwent peer-review and is published with open access
in PLoS Computational Biology as: Sharma, Yagoobi, and Traulsen 2023,
[96]−Self-loops in evolutionary graph theory: Friends or foes? The authors
contributions are detailed at the end of the thesis.
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Abstract

Evolutionary dynamics in spatially structured populations has been studied for a long time.

More recently, the focus has been to construct structures that amplify selection by fixing

beneficial mutations with higher probability than the well-mixed population and lower proba-

bility of fixation for deleterious mutations. It has been shown that for a structure to substan-

tially amplify selection, self-loops are necessary when mutants appear predominately in

nodes that change often. As a result, for low mutation rates, self-looped amplifiers attain

higher steady-state average fitness in the mutation-selection balance than well-mixed popu-

lations. But what happens when the mutation rate increases such that fixation probabilities

alone no longer describe the dynamics? We show that self-loops effects are detrimental out-

side the low mutation rate regime. In the intermediate and high mutation rate regime, amplifi-

ers of selection attain lower steady-state average fitness than the complete graph and

suppressors of selection. We also provide an estimate of the mutation rate beyond which

the mutation-selection dynamics on a graph deviates from the weak mutation rate approxi-

mation. It involves computing average fixation time scaling with respect to the population

sizes for several graphs.

Author summary

Evolutionary and ecological dynamics is strongly affected by the underlying population

structure. Evolutionary graph theory considers networks in which individuals are placed

on the nodes and replace each other via the links. Amplifiers and suppressors of selection

are particularly intriguing structures that can effectively change the selective advantage of

a mutant compared to unstructured populations. For very low mutation rates, strong

amplification requires that mutants can replace their parents via self-loops. We show that

this beneficial role of self-loops is reversed when the mutation rate is increased: In this

case, self looped-graphs have a lower average fitness in mutation-selection balance. More

generally, we show that suppressors of fixation—structures that reduce the fixation of

mutants regardless of their relative fitness—can increase the fitness in mutation selection

balance both for weak mutation and for strong mutation. This calls for a closer investiga-

tion of structures other than the amplifiers of selection.
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1 Introduction

Evolutionary graph theory (EGT) studies the role of spatial structure in evolutionary dynam-

ics [1]. In this framework, a spatially structured population is modelled as a graph with

nodes representing asexually reproducing individuals, while the links dictate the interactions

among these nodes. In general, the links of a graph can be weighted and directed. So far, the

main focus of the EGT has been to study quantities like fixation probability and fixation

times for different graphs. The fixation probability is the probability that a mutant individual

takes over the population of wild-types, and the time it takes to do so, is called the fixation

time. The fixation probability is a central object in evolutionary biology [2–6]. For low muta-

tion rates, it determines the rate of evolution [7, 8]. Based on the fixation probability, most

graphs can be categorised into two categories: Amplifiers of selection and suppressors of

selection [9]. An amplifier of selection is a structure that—compared to the complete graph

(the well-mixed population)—has higher probability to fix beneficial mutants, and lower

probability to fix deleterious mutants [10]. On the other hand, a suppressor of selection has

higher probability to fix deleterious mutants, and lower probability to fix beneficial mutants

than the complete graph.

In a complete graph, every node is alike; therefore, the fixation probability for a mutant

starting from any of the nodes is equal. However, this is not true in general. For an arbitrary

structure, the fixation probability depends crucially on the node where the initial mutant

appears [11, 12]. Hence, the mutant initialisation scheme needs to be specified while stating

the fixation probability for a graph. Two commonly used mutant initialisation schemes are

uniform mutant initialisation and temperature mutant initialisation. Under the uniform

mutant initialisation scheme, the initial mutant is equally likely to appear in every node.

Under the temperature mutant initialisation scheme, the initial mutant appears in a node with

probability proportional to its temperature, where the temperature of a node is the sum of the

weights of the links directed towards the focal node [10]. In general, a graph can have very dif-

ferent fixation probability profiles under different mutant initialisation schemes. For example,

the star graph is an amplifier of selection under the uniform mutant initialisation scheme,

whereas, it is a suppressor of selection (in the limit of infinite population size) under the tem-

perature mutant initialisation scheme [13].

Recently, evolutionary dynamics on graphs has been studied beyond the fixation time scales

by allowing mutations to appear continuously [14–16]. The main quantities of interest in

those long-term mutation-selection dynamics are the mutation-selection balance [17] and the

mixing time, the time it takes for the dynamics to reach the steady-state [18, 19]. For very low

mutation rates, amplifiers of selection attain higher average steady-state fitness in the muta-

tion-selection balance than the well-mixed population, and, suppressors of selection attain

lower average steady-state fitness in the mutation-selection balance than the well-mixed popu-

lation [16]. A suppressor of selection attains lower average steady-state fitness in the mutation-

selection balance because it is worse in fixing beneficials mutants and better in fixing deleteri-

ous mutants than the complete graph. An amplifier of selection attains higher average steady-

state fitness in the mutation-selection balance, because it is better in fixing beneficial mutants

and in preventing the fixation of deleterious mutants. In Ref. [20], it has been proven that self-

loops are necessary to generate substantial amplification. While we know that in the low muta-

tion rate regime, the self-looped star—an amplifier of selection—adapts better than the com-

plete graph, it is not clear what happens to these self-looped amplifiers when the mutation rate

is increased beyond the low mutation rate regime. This is what we investigate here. We find

that self-loops can have a detrimental effect on average fitness when the mutation rate

increases.
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2 Methods

2.1 Moran Birth-death dynamics with mutation

To study evolutionary dynamics on graphs, we use the Moran Birth-death (Bd) updating. The

letter B of the shorthand Bd stands for birth, whereas d stands for death. In Bd updating selec-

tion operates during the birth event, and it is represented by the capital letter B. Death occurs

randomly with uniform probability, and it is represented by the small letter d. The first letter

of a shorthand represents a global event where every individual of the population participates.

The second letter of the shorthand represents a local event where only individuals neighbour-

ing the selected individual from the first event participate. More details on the types of evolu-

tionary update rules in spatially structured populations can be found in [21].

To study mutation-selection dynamics on graphs, we use a modified version of Moran Bd

updating where mutations occur with probability μ when an offspring is produced, see Fig 1.

One Moran Bd with mutation update step can be described as follows:

1. Birth: First, an individual at node i is selected with probability proportional to its fitness,
fiP

j
fj

to reproduce.

2. Mutation: The offspring is identical to the parent individual with probability 1 − μ or a

mutant with probability μ. If the offspring is a mutant, its fitness f 0 is sampled from the

mutant fitness distribution z(f 0, fi) with fi being the parent’s fitness.

3. Death: A random neighbour of node i, say node k, is chosen for replacement with probabil-

ity
wikP

j
wij

. With probability,
wiiP

j
wij

, the same parent individual can be chosen for replacement

via a self-loop. The offspring finally replaces the chosen individual.

An individual’s fitness f belongs to a continuous interval bounded by fmin and fmax and

remains constant throughout the dynamics as long as it survives. The fitness of an individual is

also independent of the frequencies of other types of individuals. In this work, we primarily

consider uniform mutant fitness distribution, i.e., zðf 0; f Þ ¼ 1

fmax� fmin
. In Sec. 3.5, we investigate

evolutionary dynamics with Gaussian mutant fitness distribution.

Fig 1. Birth-death (Bd) updating with mutation. Here we show an example of the single time step of the Moran Bd

updating rule with mutation. First an individual is selected with probability proportional to its fitness to give birth to

an offspring. The offspring resembles the parent with probability 1 − μ, or mutates with probability μ. If the mutation

occurs, the offspring fitness f 0 is then sampled from the distribution z(f 0, f) with f being the parent’s fitness. In the

figure, we have shown the case when mutation takes place. The mutant offspring will then replaces one of the

individuals neighboring the parent individual, or the parent individual itself via the self-loop. The choice is made at

random with probability proportional to the outgoing weight from the parent node. Here, we have shown the case

when the parent individual is replaced by the offspring via the self-loop. The stronger the self-loop, more likely it is for

the parent to be replaced by its offspring.

https://doi.org/10.1371/journal.pcbi.1011387.g001
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At the level of graphs where each node is occupied by an individual, self-loops were intro-

duced as mathematical objects [13]. However, they make clear sense when each node of a

graph is occupied by a population. In that case, a graph is a population of populations [22]

where the dynamics in the regime of low migration rate can be interpreted as the dynamics on

a graph with strong self-looping [21, 23–27]. However, this work focuses on graphs with one

individual per node.

3 Results

3.1 Amplification in the low mutation rate regime

In this section we briefly summarise the results of Ref. [16] where the Moran Bd mutation-

selection dynamics was studied in the low mutation rate regime. In this regime, a newly

appeared mutant either reaches fixation or goes extinct before the next mutant appears in the

population [28, 29]. For low mutation rates, the population is effectively monomorphic

throughout the mutation-selection dynamics and thus, the dynamics can be modelled as a ran-

dom walk problem on a bounded fitness space where a steady-state is attained in the long run.

When a new mutation appears in the population, its fitness f 0 is sampled from the z(f 0, f) dis-

tribution with f being parent’s fitness. Only when the mutation also fixes (which happens with

probability �
T
G ðf

0; f Þ), the fitness of population G transitions from f to f 0. Thus, the combined

transition rate from point f to f 0 equal to �
T
G ðf

0; f Þ zðf 0; f Þm. The steady-state for a graph G sub-

jected to a low mutation rate can be computed by assuming detailed-balance [30] as

P∗Gðf Þ ¼
1

Z

df 0
�

T
G ðf

0; f Þ
�

T
G ðf ; f 0Þ

�
zðf 0; f Þ
zðf ; f 0Þ

:
ð1Þ

The fixation probabilities entering the steady-state expression 1 are temperature initialised

(T ), because when a new mutant appears in a homogeneous population, according to the

Moran Bd updating stated in Sec. 2.1, it is more likely to appear on the high temperature

nodes.

The fixation probability of a mutant with fitness f0 on the complete graph with background

fitness f is given by [10]

�
T
C ðf

0; f Þ ¼ �Cðf 0; f Þ ¼
1 �

f
f 0

1 �
�

f
f 0

�N : ð2Þ

Using the above expression for the fixation probability and the Eq 1, we obtain the average

steady-state fitness for the complete graph with uniform mutant fitness distribution,

h f i∗C ¼
Z

df fP∗Cðf Þ ¼
N

N þ 1

f Nþ1
max � f Nþ1

min

f Nmax � f Nmin

: ð3Þ

Amplifiers of selection attain a higher steady-state average fitness than the well-mixed pop-

ulation. On the other hand, suppressors of selection attain lower steady-state fitness than the

well-mixed population, see Ref. [16] for a formal proof. However, a suppressor of fixation, a

structure that has lower fixation probabilities than the complete graph regardless of the mutant

fitness values, can attain higher average fitness in the mutation-selection balance than the com-

plete graph. This happens because of its ability to reject mutants more efficiently than the com-

plete graph, compensating for its poor ability to fix beneficial mutants. These structures can

also attain higher fitness than amplifiers of selection in the steady-state. Therefore, amplifiers
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of selection are not the only structures that adapt better than well-mixed populations in the

long-term evolutionary dynamics.

3.2 Beyond the low mutation rate regime

It has been suggested that the thresholds for mutation rates, beyond which amplifiers of selec-

tion deviate from the low mutation approximation are lower compared to the threshold at

which the complete graph deviates from the same approximation [8, 31]. This happens because

amplification of selection in graphs comes at the cost of higher fixation times of mutants [32,

33]. Thus, amplifiers are more likely to violate the low mutation rate criterion where a mutant

appearing in the population should either reach fixation or go extinct before the next mutation

appears [8]. However with high fixation times, a new mutant can appear while the previous

mutation is still under way towards fixation or extinction, and thus leading to effects like clonal

interference [34, 35].

Inside the low mutation rate regime, the steady-state average fitness of the population is

independent of the mutation rate. However, the average steady-state fitnesses of various struc-

tures are expected to decrease as the mutation rate is increased beyond the low mutation rate

regime. Outside the weak mutation rate regime, it is not clear how amplifiers of selection, sup-

pressors of selection, suppressors of fixation, and the well-mixed population are ordered in

terms of their average steady-state fitness. To analyse this, we simulate the Moran Birth-death

update with mutation for the self-looped star graph (weighted), the complete graph, the cycle

graph, the star graph, and the directed line with self-loops. These graphs are shown in Fig 2A.

Notice that without self-loops, nodes of the directed graphs that have no incoming links are

frozen during the mutation-selection dynamics and their states remain the same throughout

the dynamics. To avoid this situation we focus instead on a structure where self-loops are

added to all the nodes of the directed line to facilitate their participation in the evolutionary

dynamics. The weight matrix of the self-looped star graph is given in Eq 23 with λ being the

weight of the links directed from leaves to the center and δ/(N − 1) is the weight of the link

directed from the center to leaves.

The self-looped star graph is a piecewise amplifier of selection (higher fixation probability

for mutations up to a finite fitness advantage) [13] for finite population size. Only in the limit

N!1, it is a true amplifier of selection. The complete graph, and the cycle graph are isother-

mal graphs [1]. Under temperature initialisation, for finite N, the star graph is suppressor of

fixation [13, 16]. The directed line with self-loops is a suppressor of selection [10]. From Fig

2B, we find that in the low mutation rate regime, the steady-state average fitness is highest for

the self-looped star graph and the star graph, slightly lower for the complete and the cycle

graph, and much lower for the self-looped directed line.

In Ref. [31], it has been shown that the temperature initialised star graph has a lower effec-

tive rate of evolution compared to the complete graph. However from Fig 2B, we see that the

star graph attains higher steady-state average fitness than the complete graph. Therefore, a

structure that speeds up evolution does not necessarily lead to higher fitness in the long-term

evolutionary dynamics. Similarly, a structure that slows down evolution does not necessarily

lead to lower fitness in the long-term evolutionary dynamics. Although at low mutation rates,

the self-looped star graph outperforms all other graphs by attaining the highest steady state fit-

ness, outside the low mutation rate regime, it performs poorly. On increasing the mutation

rates, the star with self-loops not only attains lower steady-state fitness than the complete

graph, but also lower than the directed line with self-loops, a suppressor of selection. The main

reason for this poor adaptation of the self-looped star graph outside the low mutation rate

regime are self-loops. We explore this in detail in the following section.
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We conclude this section by providing an estimate for the threshold mutation rate μth
beyond which the dynamics is considered to be outside the low mutation rate regime. It is

given by

1

mth
� max

r

�

tT
1
ðrÞ; ~tT

1
ðrÞ
�

; ð4Þ

where tT
1
ðrÞ is the average fixation time and ~tT

1
ðrÞ is the average extinction time of a mutant

with fitness r relative to the wild-type. Mutants appear according to the temperature

Fig 2. Mutation rate threshold, μth. (A) We mostly work with these five graphs throughout the manuscript. (B) The steady-state average fitnesses obtained using the

Moran Birth-death mutation-selection dynamics simulations for the self-looped (weighted) star graph, an amplifier of selection, the star graph, a suppressor of fixation,

the self-looped directed line, a suppressor of selection, the cycle graph, an isothermal graph, and the complete graph are shown via circles as a function of mutation rates.

Solid horizontal lines represent steady-state average fitnesses for different graphs obtained under the low mutation rate approximation, Eq 1. The arrows mark the

mutation rates beyond which the low mutation rate approximation is violated for respective graphs. The graphs with higher average fixation time is expected to deviate

earlier, see Eq 4. (C) The average fixation time scaling with N at neutrality is shown for different graphs. Solid lines are the analytical results whereas circles represent

Moran Bd simulations. For larger N, it gets computationally expensive to work with microscopic Moran Bd simulations, in such cases we use a Gillespie algorithm,

shown via triangles. For details on the Gillespie algorithm, refer to App. 5.3.3. (D) The scaling of the average fixation time with population size N for the different graphs.

(Parameters: (B) population size, N = 10, uniform mutant fitness distribution, i.e., zðf 0; f Þ ¼ 1

fmax � fmin
, (B,C) with 2000 total number of independent realisations used for

averaging, fmin = 0.1 and fmax = 10).

https://doi.org/10.1371/journal.pcbi.1011387.g002
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initialisation. Eq 4 follows from the criterion for the dynamics to be in the low mutation rate

regime. Recall that the criterion for an evolutionary dynamics to be in the low mutation rate

regime is that the time between any two successive mutations should be larger than the time to

fixation or extinction (whichever is higher for a given pair of mutant and wild-type fitness) of

a mutant. The fixation time and the extinction time of a mutant take random values from spe-

cific distributions [36–39]. To arrive at Eq 4, we make an approximation to the criterion by

working at the level of average fixation and extinction times. By studying the average fixation

and extinction time of the five graphs shown in Fig 2A, except the self-looped directed line, we

found the average fixation time of a mutant to be consistently higher than the average extinc-

tion time of the mutant, see App. 5.3 for more details. Moreover, it is the average fixation time

near neutrality that determines the mutation rate threshold for these graphs. For the complete

graph, the phenomenon where the average fixation time peaks near neutrality was discussed in

Ref. [40]. For the case of self-looped directed line, we found that the average fixation time

decreases as the mutant relative fitness is increased, whereas, the average extinction time

increases with increasing mutant fitness, see App. 5.3.5 for more details. However, for a given

fitness domain, it is the average fixation time corresponding to the lowest possible mutant’s

relative fitness that determines the μth for the self-looped directed line graph. The star with

self-loops has the lowest mutation threshold, since it has the longest average fixation time. At

neutrality, for large N the average fixation time for the self-looped star graph scales as N5,

whereas for the star graph it scales as N3. The average fixation time scaling for the complete

graph is N2, and the average fixation time scaling for the cycle graph is N3/6. For the self-

looped directed line graph, the average fixation time scaling which determines μth is,

N2(1 + 1/r). The scalings for μth for the above-mentioned structures are simply the inverse of

the average fixation time scalings mentioned in Tab. D of the Fig 2. The scaling relations are

derived in App. 5.3.

3.3 Self-loops and high mutation rate regime

Under the Moran Bd update scheme, an offspring always replaces one of the parent’s neigh-

bours—unless the parent node is self-looped. For an individual occupying a self-looped node,

the offspring can replace the individual with a finite probability. Thus, self-loops effectively

decrease the fitness of the parent individual, as the parent cannot spread its offspring freely

into the population. The extent of this effect on the parent’s fitness depends on the weight of

the self-loops. This suggests that the fitness of a highly advantageous strain can be decreased by

placing it on a self-looped node with negligible outward flowing weight to the neighbouring

nodes [20]. Under Bd updating, the fixation probability of a mutant on a structured population

with the weight matrix, w, decreases as the diagonal weights of the matrix are increased [41].

For update schemes like bD and dB, and a given structure with the weight matrix w, it is

necessary to have self-loops (wii> 0) for all i, in order for the fixation probability of mutants

on that structure to be equivalent to the fixation probability of mutants under a birth death

process (of any type) on the self-looped complete graph [41]. Self-loops also fix some issues for

the bD and dB dynamics that seem to make them unattractive from a modelling perspective

[42]: One problem with the bD updating is that a mutant with fitness tending to zero can have

a finite fixation probability. On the other hand, for the dB updating, an infinitely fit mutant

can have a fixation probability smaller than one. Self-loops fix these issues.

In order for a structure to be a strong amplifier (a spatial structure where the fixation of a

beneficial mutant is guaranteed), self-loops have been proven to be necessary [20], both under

the uniform and the temperature initialisation. Though the concept of strong amplifiers is

defined for infinite N, the self-loops also play a quintessential role in generating amplifiers of
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finite N [20]. Intuitively, for a structure to be an amplifier of selection, it should have a suffi-

cient number of cold temperature nodes so that the mutants are less likely to get replaced by

wild-type individuals [33] and thus, a mutant type can persist in the population for longer

time and spread its offspring into the population. This is where self-loops come into play, they

help in creating more of these cold nodes, thereby amplifying selection. Consequently, self-

loops contribute substantially in attaining higher fitness in the mutation-selection balance

[16].

However as seen in Fig 2B, the steady-state average fitness of the self-looped star, an ampli-

fier of selection, decreases fitness as the mutation rate is increased beyond the mutation thresh-

old. Outside the low mutation rate regime, clonal interference starts to play an important role

in the evolutionary dynamics. Therefore, to systematically investigate the effects of self-loops

on evolutionary dynamics, we need to analyze the dynamics on structured populations for

higher mutation rates. While this can be studied by simulations, it is challenging to obtain ana-

lytical insights for arbitrary mutation rates μ. Thus, in addition to simulations we study

another—biologically not relevant—extreme of the high mutation rate limit, i.e., μ! 1. While

this seems to be an irrelevant limit, its analysis reveals some crucial properties of evolutionary

dynamics that are already relevant for much lower mutation rates.

3.4 Sampling fitness from the uniform distribution

In the limit μ! 1, every time a parent reproduces, the offspring is a mutant. We start with a

uniform mutant fitness distribution, zðf 0; f Þ ¼ 1

fmax� fmin
for fmin� f, f 0 � fmax.

3.4.1 Reference graph- complete graph with self-loops. When studying evolutionary

dynamics on structured populations, the results are always compared with the dynamics on a

reference graph. The standard choice in Evolutionary graph theory for the reference graph is

the complete graph (without self-loops). For example, for the case of fixation probabilities and

for the mutation-selection dynamics under mutation rates, the complete graph serves as the

reference graph. However, for high mutation rates, instead of the complete graph, we choose

the self-looped complete graph as a reference. This is because every node of the self-looped

complete graph has an equal chance of being replaced by a mutant offspring during every

birth event. This also implies that after a sufficiently long time, the states of the nodes would be

completely uncorrelated in space and time. The coarse-grained evolutionary dynamics satisfies

a master equation where each offspring’s fitness f0 is chosen randomly from the mutational

jump distribution zðf 0; f Þ ¼
1

fmax � fmin
with f being the parent’s fitness. The probability density

function corresponding to population’s state, PSC( f, t) changes as

dPSCðf ; tÞ
dt

¼

Z

df 0
�
YN� 1

i¼0

zðfi; f
0

i Þ

�

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Tf f 0

PSCðf
0
; tÞ �

Z

df 0
�
YN� 1

i¼0

zðf 0i ; fiÞ
�

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Tf 0 f

PSCðf ; tÞ;
ð5Þ

where the subscript SC stands for the self-looped complete graph, and, f = (f0, f2 � � �, fN−1) is the

fitness state of the population of size N. By assuming detailed balance [30], i.e.

P∗SCðf
0
Þ ¼

Tf 0 f

Tf f 0
P∗SCðf Þ; ð6Þ

and the normalisation condition
R
df 0 P∗SCðf

0
Þ ¼ 1, we find the steady-state for the high
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mutation rate dynamics on the self-looped complete graph

P∗SCðf Þ ¼
1

YN� 1

i¼0

Z

df 0i
zð f 0i ; fiÞ
zð fi; f 0i Þ

¼ p∗ðf0Þ � p
∗ðf2Þ � � � p

∗ðfN� 1Þ:
ð7Þ

Here, p∗ðfiÞ ¼
R
df 0i

zðf 0i ;fiÞ
zðfi ;f 0i Þ

� �� 1

is the marginal probability density function for the node i to

have fitness fi. The marginal probability density function also satisfies the normalisation condi-

tion
R

df p*(f) = 1. The average steady-state fitness of the self-looped complete graph in terms

of the individual node’s average steady-state fitness satisfies h f i∗SC ¼ h f i
∗
, i.e. the average fit-

ness of the population is the same as the average fitness of a node. This follows from the sym-

metry of the graph. Using the explicit form of the uniform mutational jump density function

in Eq 7, we obtain p∗ðf Þ ¼
1

fmax � fmin
, which is independent of f. At very high mutation rates,

the self-looped complete graph is totally blind to the fitness advantage/disadvantage of a

mutant. Therefore, for the self-looped complete graph the average steady-state fitness with

μ = 1, and the uniform mutational distribution is h f i∗SC ¼
fmax þ fmin

2
which is independent of

the population size. Also, the standard deviation of the steady-state fitness is
fmax � fminffiffiffiffiffiffiffiffiffi

12N
p , see

Fig 3. For derivation, see App. 5.2. With this, we are now ready to discuss the evolutionary

dynamics on various self-looped graphs.

Fig 3. Reference graph: Complete graph with self-loops. Here, the mutation-selection dynamics is studied for the

self-looped complete graph with μ! 1. We find a very good agreement for the steady-state statistics between the

analytics and the simulations. The thick line represents the analytical average fitness, while the shaded grey area

represents the standard deviation around the average. Symbols and error bars show simulations. In the steady-state, on

average the self-looped complete graph attains the midpoint of the fitness domain, as the fitness dynamics for each

individual node of the population becomes uncorrelated in the fitness space and time. The steady-state average fitness

is also independent of the population size. The fluctuations in the steady-state however depends on the population size

and decreases with the increase in population size as 1=
ffiffiffiffi
N
p

(Parameters: fmin = 0.1, fmax = 10, number of independent

realisations is equal to 2000, mutant fitness distribution, z(f 0, f) = 1/(fmax − fmin)).

https://doi.org/10.1371/journal.pcbi.1011387.g003
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3.4.2 Self-looped directed line beats the self-looped star. In this section, we study the

high mutation rate dynamics, μ! 1, on the self-looped directed line and the weighted self-

looped star graph. To recall, the self-looped directed line is a suppressor of selection [10, 16],

whereas, the (weighted) self-looped star graph is an amplifier of selection. In the low mutation

rate dynamics, the self-looped weighted star attains higher steady-state fitness than the self-

looped directed line. However, it is unclear what happens in the high mutation rate regime,

which is far from a fixation-like dynamics. Simulating the Moran Bd dynamics with μ = 1 for

these two graphs, we find that the weighted self-looped star attains lower steady-state fitness

not only than the self-looped complete graph, but also in comparison with the self-looped

directed line, see Fig 4.

For the case of (weighted) self-looped star graph, from the Fig 4A, all the leaf nodes attain

the same steady-state fitness. This is expected due to symmetry reasons. The central node,

node 0, stands out, and has the highest fitness. This is because the fitness decreasing effect of

the self-loop is minimised by the vast number of outgoing (incoming) links from (to) the cen-

tral node.

A self-loop affects the node’s steady-state fitness depending on the node’s connections to

other nodes. As an example, the root node 0 of the directed line attains the lowest steady-state

fitness among all other nodes, Fig 4B. This is because the only incoming link to node 0 is the

self-loop. In a mutation-selection dynamics, a self-loop leads to the decrease in the long-term

fitness of a node. This can be understood by the following argument: If a given node is cur-

rently occupied by a highly fit individual, it is more likely that during the next Moran Bd

update this particular node is selected to reproduce. If this node is self-looped, assuming small

outgoing weight to other nodes for now, with high probability the mutated offspring replaces

Fig 4. Nodewise analysis of the star graph with self-loops and the directed line with self-loops. Here, the average fitness trajectories for each node of the self-looped

star graph (shown in panel A) and the self-looped directed line (shown in panel B) are shown. Thick lines represent average fitness trajectories at the population level,

whereas, thin lines represent average fitness trajectories for the nodes. The effect of self-loops on a node’s fitness depends on the incoming and outgoing weight flowing

out of that node. In panel A, self-loops have the least effect on the central node because of relatively higher incoming and outgoing weight. As a result, the central node

attains higher average steady-state fitness than the leaf nodes. In panel B, the root node of the directed line has the lowest steady-state average fitness because of the

absence of an incoming link to the root node. (Parameters: N = 10, μ = 1, fmin = 0.1, fmax = 10, number of independent realisations is equal to 2000, mutant fitness

distribution, zðf 0; f Þ ¼ 1

fmax � fmin
. For the directed line with self-loops, every outgoing link from a node (including the self-loop) has the same weight. For the self-looped

star graphs, the weights of the links follows Eq (23), such that λ = 1/(N − 1) and δ = 1/(N − 1)2).

https://doi.org/10.1371/journal.pcbi.1011387.g004
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its parent via the self-loop. If the mutated offspring is again very fit, this offspring will again be

more likely to be selected to reproduce, and thus, repeating the cycle. This process will repeat

until the node’s fitness decreases. Therefore, self-loops make it harder for highly fit individuals

to persist in the population.

On the other hand, incoming and outgoing links decrease the stated negative effect of self-

loops. When a highly fit individual occupying a self-looped node is selected to give birth, its

mutated offspring can be placed on a neighbouring node if the parent node has a substantial

outgoing weight to other nodes. This decreases the participation of the self-loops in the update

process and leads to diminished effects of the self-loops. The role of incoming links is more

subtle. Incoming links make a node’s fitness state more randomised in accordance with the

mutational jump distribution. In the long run, for the case of uniform distribution, the mean

of the fitness states attained by an individual node solely via the incoming links is the mid-

point of fitness domain. Thus, depending on the mutational fitness jump distribution, incom-

ing links can have beneficial or detrimental effects on a node’s fitness. For the case of uniform

distribution, compared to self-loops, incoming links have beneficial effect on the population’s

fitness as adding self-loops decreases the population’s fitness below the mid-point of the fitness

domain. These arguments explain, why the end node of the directed line has higher steady-

state fitness than the root node, but lower fitness than the bulk nodes (node 9 in Fig 4B). The

incoming link to the end node decreases the self-loops effect by making the node’s fitness

more randomised. However, the absence of an outgoing link from the end node makes the

negative impact of self-loop still substantial. The steady-state fitness for the node 1 is an inter-

esting case. As a bulk node, its steady-state fitness is lower than other bulk nodes fitnesses.

This is because the incoming link to node 1 does not reach its full potential in randomising the

fitness. This limitation occurs because the incoming link is activated solely when the root node

0 is selected for reproduction. However since the root node has the lowest fitness, it is less

likely to be selected during the update steps.

3.5 Sampling fitness from the Gaussian distribution

Until now, in the Moran Bd with mutation update scheme, the mutant’s fitness has been sam-

pled from a uniform distribution. However, a lack of correlation between offspring’s fitness

and parent’s fitness is an extreme assumption. Therefore, to examine the robustness of the neg-

ative effects of the self-loops observed previously, we study the evolutionary dynamics with the

fitness of a mutant offspring sampled from a truncated Gaussian distribution on the fitness

domain [fmin, fmax]. At a given point of the dynamics, the Gaussian distribution is centered

around the parent’s fitness with a standard deviation of σ.

From Fig 5A, we see that adding self-loops decreases the steady-state fitnesses for all the

graphs. The effect of adding self-loops is the smallest for the complete graph. This is what we

have also observed for the case of uniform mutation fitness distribution. To compare fitnesses,

in Fig 5 every self-looped graph has a non self-looped counterpart. For the self-looped directed

line, we have the molded directed line which is directed line with an additional link directed

from node 1 to the root node (node 0). On increasing the σ from 0.1 to 1, compared to other

graphs, the self-looped star undergoes a considerable decrease in the steady-state average fit-

ness, Fig 5B. For σ = 1, the self-looped star graph, an amplifier of selection, attains lower

steady-state fitness than the self-looped directed line, a suppressor of selection. For very large

σ, we recover the uniform distribution limit, as expected, see Fig 5C, where all the non-self

looped graphs attain the same mutation-selection balance. The average fitness in this case is

higher than that of the self-looped complete graph. All self-looped graphs have lower average
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fitness compared to the self-looped complete graph. Refer to App. 5.4 for more details on the

high mutation rate dynamics for the non self-looped graphs.

Overall, the average steady-state fitness for different graphs increases as σ is decreased. This

trend agrees with the intuition that low σ values provide directionality to the evolutionary

dynamics towards higher fitness values. However, not all the self-looped graphs are affected by

this directionality equally. The steady-state average fitness for the heterogeneous self-looped

graph like, the self-looped star, decreases substantially with increasing σ, compare Fig 5A and

5B. In contrast, regular self-looped structures like the self-looped complete graph and the self-

looped cycle graph, do not experience such a sharp fitness decrease, see again Fig 5A and 5B.

In nutshell, from Fig 5, we conclude that the negative effect of self-loops on the fitness is

not limited solely to the uniform mutant fitness distribution.

4 Discussion

Amplifiers of selection [1, 10] are fascinating spatial structures. For low mutation rates, these

structures can speed up evolution [8] by enhancing the fixation of beneficial mutants. A ran-

domly generated connected spatial structure, under Moran Bd updating with uniform initia-

lisation, is very likely to be an amplifier of selection [9]. Due to their ability to amplify

selection and ubiquity, amplifiers of selection have been in the focus of research recently [13,

20, 33, 43–47].

Not only at the fixation time scales but also for the long-term weak mutation rate mutation-

selection dynamics, amplifiers of selection perform better than the well-mixed population by

attaining higher average fitness [16]. Since mutations occur during reproduction, the fixation

probabilities entering the steady-state distribution (mutation-selection balance) for spatial

structures are temperature initialised. It has been shown that for structures to amplify selection

substantially under temperature initialisation, self-loops are important [20]. However, non

self-looped amplifiers of selection with temperature mutant initialisation do exist [48].

In the low mutation rate regime, self-loops help structures perform better but outside the

low mutation rate regime, self-looped graphs do not attain higher average fitness than the

well-mixed population. In fact, outside the weak mutation rate regime, amplifiers of selection

Fig 5. Sampling mutant’s fitness from the Gaussian. (A) When mutant fitness is sampled from the (truncated) Gaussian distribution with σ = 0.1, we find that adding

self-loops decreases the population fitness in all the graphs. (B) Increasing the σ from 0.1 to 1, the average fitness in the steady-state goes down for many graphs. The

effect of increasing the σ is largest in the heterogeneous star graphs and smallest in the more homogeneous structure like the complete graph. (C) We recover the

uniform mutant fitness distribution case for very large σ, here σ = 10. In this case, all the non-self looped graphs attain the same steady-state. All self-looped graphs have

lower average steady-state fitness than a non-self looped graph and the self-looped complete graph (Parameters: N = 10, μ = 1, fmin = 0.1, fmax = 10, 2000 independent

realisations).

https://doi.org/10.1371/journal.pcbi.1011387.g005
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can even perform worse than suppressors of selection in terms of maximizing fitness. An

example is shown in the Fig 2, where the self-looped star graph, an amplifier of selection,

attains lower fitness in the mutation-selection balance than the complete and self-looped

directed line, a suppressor of selection. To further investigate the effect of self-loops, we have

worked in the extreme mutation probability regime, μ! 1. The idea was to remove other

effects from the evolutionary dynamics, and focus solely on the effect of self-loops on the adap-

tation of a spatially structured population. The insights we obtain working in the high muta-

tion regime can be useful for the intermediate mutation rate regime as well. While we worked

with extremely high mutation rates, high mutation rate studies are not uncommon. One of the

celebrated theories dealing with high mutation rate mutation-selection dynamics is quasispe-

cies theory [49, 50]. Quasispecies theory is a deterministic theory used to study mutation-selec-

tion dynamics in infinite well-mixed population. Its variants have also been used to study

finite well-mixed populations [51, 52]. However, the effect of spatial structure remains to be

analysed in the quasispecies theory.

While studying mutation-selection dynamics with high mutation rates, the self-looped

complete graph naturally serves as the reference graph instead of the complete graph. The fit-

ness dynamics for the self-looped complete graph is random in fitness space and time, i.e., at a

given time, the fitness state of a node is independent of its fitness states in the past and the cur-

rent fitness state of its neighbours. We found that self-loops have a strong fitness-decreasing

effect on a node having lower outgoing and incoming weight. In the limit μ! 1, we found

that the non-self-looped graphs attain higher steady-state fitness than their self-looped coun-

terparts. Maybe more surprisingly, all the non-self-looped graphs attain the same average fit-

ness in the mutation-selection balance. All self-looped graphs attain lower steady-state fitness

than the complete graph. We also observed the fitness-decreasing effects of the self-loops for

the case where the mutant’s fitness is sampled from a Gaussian distribution. Thus, the fitness-

decreasing effects of the self-loops are not an artefact of a uniform mutant fitness distribution.

We also provide a heuristic measure of the low mutation rate thresholds, μth, the mutation

rate beyond which the evolutionary dynamics is outside the low mutation rate regime. The

mutation rate threshold μth for a graph depends on the average fixation times and the extinc-

tion times of mutants on that graph [8]. As expected, structures with higher fixation times

have lower mutation rate thresholds. Therefore, compared to the complete graph and suppres-

sors of selection, amplifiers of selection show deviation from the low mutation rate approxima-

tion at lower mutation rates. For a majority of the spatial structures, these thresholds are

estimated using the structures’ near-neutrality average fixation time scaling with population

size. For the directed line with self-loops, the average fixation time grows monotonically with

the decrease in mutant’s fitness and therefore, μth is computed from the average fixation time

of a mutant with least possible relative fitness for a fitness domain. In this work, we have

derived the large N average fixation time scalings for the star graph, the self-looped star graph

and the cycle graph, which in return give the μth scalings. Knowing these thresholds one can

avoid running heavy simulations deep in the low mutation regime. Since in the low mutation

rate regime, the steady-state statistics is independent of the mutation rate, it is sufficient to

access the steady-state via simulations by going slightly below the computed mutation rate

thresholds but not deep into the low mutation rate regime. Due to higher sojourn times (see

Appendix), it is expected for a self-looped graph to have a higher average fixation time for a

mutant than its non self-looped counterpart. This however needs a further detailed

investigation.

Amplifiers of selection have been in the focus of EGT. However, their promising aspects to

optimise fixation of fit mutants are somewhat limited to short-term time scales, where they

come with the caveat that they tend to have long fixation times [8, 43]. In the long-term
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mutation-selection dynamics, it has been shown in Ref. [16] that suppressors of fixation have

the potential to perform better than the amplifiers of selection. This is because of the ability of

the suppressor of fixation to reject deleterious mutations more efficiently compensating for its

poor probability of fixation for beneficial mutations. Moreover, outside the low mutation rate

regime, we see that the temperature initialised star graph, a suppressor of fixation, takes over

the self-looped star graph, an amplifier of selection, and maintains higher average fitness in the

steady-state throughout the mutation rate regime. However, the reason for the star graph to

take over the self-looped star outside the weak mutation rate regime is not clear and requires

further investigation. In conclusion, we suggest to broaden the scope of evolutionary graph

theory to other structures and to gently move its focus away from amplifiers of selection.

5 Appendix

5.1 Kolmogorov’s Criterion

In the section 3.4.1, we have used the detailed balance condition. Here, we justify the use of

detailed balance by proving that the stochastic process at hand is indeed reversible. To do so

we make use of Kolmogorov’s criterion [53]. According to this criterion, a Markov chain on a

fitness space spanned by f is reversible if and only if:

Tð f
1
; f nÞ � � �Tð f 3

; f
2
ÞTð f

2
; f

1
Þ ¼ Tð f

1
; f

2
ÞTð f

2
; f

3
Þ � � �Tð f n; f 1

Þ; ð8Þ

for any finite set of ordered fitness states f1, f2, � � � fn.

The basic idea behind the Kolmogorov’s criterion relies on the fact that a reversible Markov

chain has zero probability current in the steady-state. In our case,

Tð f ; f 0Þ ¼
YN� 1

i¼0

zð fi; f
0

i Þ: ð9Þ

Since, zð fi; f 0i Þ ¼
1

fmax� fmin
, the transition probabilities are independent of fitness. Thus, Kolmo-

gorov’s criterion in Eq 8 is satisfied and the Markov chain for the self-looped complete graph

presented in the Sec. 3.4.1 is reversible.

5.2 Complete graph with self-loops: Fluctuations in the fitness

The standard deviation in the steady-state population fitness for self-looped complete graph is

given by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð f Þ∗

p
where,

Varð f Þ∗ ¼ h f 2i
∗
SC � ðh f i

∗
SCÞ

2
: ð10Þ

Here we derive the expression of the second moment for the steady-state of the high mutation

rate dynamics of the self-looped complete graph.

hf 2i
∗
SC ¼

1

N2

*
XN� 1

i¼0

XN� 1

j¼0

fi fj

+∗

;

¼
1

N2

 
XN� 1

i¼0

XN� 1

j6¼i

hf i∗hf i∗ þ
XN� 1

i¼0

hf 2i
∗

!

;

¼
1

N2
NðN � 1Þ hf i∗2

þ N hf 2i
∗

� �
;

¼ 1 �
1

N

� �

hf i∗2
þ

1

N
hf 2i

∗
;

ð11Þ
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where h f i* is the average fitness, and hf 2i* is the second moment of fitness for a node in the

steady-state. In the second equality above, we have used that fitness states on a coarse-grained

time scale on different nodes of a self-looped complete graph are independently and identically

distributed. Therefore the variance in fitness for the population reduces to,

Varðf Þ∗ ¼
1

N
h f 2i

∗
� h f i∗2

� �

¼
1

N
varð f Þ∗;

ð12Þ

where var( f )* is the variance in fitness for a node. Using the probability density for fitness of a

node, p∗ð f Þ ¼ 1

fmax� fmin
, we get the standard deviation of the steady-state fitness to be

fmax � fminffiffiffiffiffiffiffiffiffi
12N
p .

5.3 Mutation rates threshold and fixation times

Here we derive the expressions for the average fixation times of a mutant, τ1 on various net-

work topologies like the self-looped star, star, complete, cycle and the self-looped directed line.

5.3.1 Star graphs. To compute the fixation time for the star graph and self-looped

weighted star graph, we use the method of solving recursions inspired from Ref. [54]. To pro-

ceed, we write down the recursion satisfied by t�i , the average fixation time starting with i
mutants in the leaves and a mutant in the center node. We denote this state by (•, i). Similarly,

t�i , is the average fixation time starting with the state (�, i), i.e., i mutants in the leaves and a

wild-type individual in the central node.

�
�

i t
�
i ¼ T��i;iþ1

�
�

iþ1
t�iþ1
þ T��i;i �

�

i t
�
i þ ð1 � T��i;iþ1

� T��i;i Þ�
�

i t
�
i þ �

�

i ; 0 � i � n � 1;

�
�

i t
�
i ¼ T��i;i �

�

i t
�
i þ T��i;i� 1

�
�

i� 1
t�i� 1
þ ð1 � T��i;i � T��i;i� 1

Þ�
�

i t
�
i þ �

�

i ; 1 � i � n;
ð13Þ

where,

(i). �
�

i is the fixation probability with the initial state being (•, i),

(ii). �
�

i is the fixation probability with the initial state (�, i).

(iii). T��i;i�1
is the transition probability from the state (•, i) to the state (•, i ± 1),

(iv). T��i;i�1
is the transition probability from the state (�, i) to the state (�, i ± 1),

(v). T��i;i is the transition probability from the state (•, i) to the state (�, i).

(vi). T��i;i is the transition probability from the state (�, i) to the state (•, i).

The recursions in Eq 13 satisfy the boundary conditions: �
�

0
¼ 0 and t�n ¼ 0. These recur-

sions can be simplified further by dividing the recursion one by T��i;iþ1
þ T��i;i , and recursion two

by T��i;i þ T��i;i� 1
,

�
�

i t
�
i ¼

T��i;iþ1

T��i;iþ1
þ T��i;i

�
�

iþ1
t�iþ1
þ

T��i;i
T��i;iþ1

þ T��i;i
�
�

i t
�

i þ
�
�

i

T��i;iþ1
þ T��i;i

; 0 � i � n � 1;

�
�

i t
�
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T��i;i
T��i;i þ T��i;i� 1

�
�

i t
�

i þ
T��i;i� 1

T��i;i þ T��i;i� 1

�
�

i� 1
t�i� 1
þ

�
�

i

T��i;i þ T��i;i� 1

; 1 � i � n:

ð14Þ
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Introducing

p��i;iþ1
¼ 1 � p��i;i ¼ 1 �

T��i;i
T��i;iþ1

þ T��i;i
; 0 � i � n � 1 ð15Þ

and

p��i;i ¼ 1 � p��i;i� 1
¼ 1 �

T��i;i� 1

T��i;i þ T��i;i� 1

; 1 � i � n; ð16Þ

we finally have,

�
�

i t
�
i ¼ p��i;iþ1

�
�

iþ1
t�iþ1
þ p��i;i�

�

i t
�
i þ

�
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T��i;iþ1
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�
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i t
�
i ¼ p��i;i�

�

i t
�
i þ p

��
i;i� 1

�
�

i� 1
t�i� 1
þ

�
�

i

T��i;i þ T��i;i� 1

; 1 � i � n:
ð17Þ

Here,

(i). p��i;iþ1
is the conditional transition probability from the state (•, i) to the state (•, i + 1),

with the condition that the number of mutants changes.

(ii). p��i;i is the conditional transition probability from the state (�, i) to the state (•, i), given

that the number of mutants changes.

(iii). p��i;i is the conditional transition probability from the state (�, i) to the state (•, i), with the

condition that the number of mutants changes.

(iv). p��i;i� 1
is the conditional transition probability from the state (�, i) to the state (�, i − 1),

given that the number of mutants changes.

Solving the recursions 17 using boundary conditions �
�

0
¼ 0 and t�n ¼ 0 we get

t�
0
¼ t�

1
þ 1 ¼

Xn

l¼2

Aðl; nÞCðlÞ þ 1; ð18Þ

where,

Aðl;mÞ ¼ 1þ
Xm� 1

j¼l

p��j;j

Yj

k¼l

p��k;k� 1

p��k;kþ1

ð19Þ

and

CðlÞ ¼
p��l� 1;l� 1

p��l� 1;l

Xl� 1

j¼1

�
�

j

T��j;j� 1
þ T��j;j

Yl� 1

k¼jþ1

p��k;k� 1

 !

þ
�
�

l� 1

T��l� 1;l
: ð20Þ

The expressions for �
�

i and �
�

i are derived in Ref. [54],

�
�

i ¼
Að1; iÞ
Að1; nÞ

;

�
�

i ¼
Xi

j¼1

p��j;j�
�

j

Yi

k¼jþ1

p��k;k� 1
:

ð21Þ
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Now,

t�
1
¼ t�

1
þ

1

T��
1;0
þ T��

1;1

;

¼
Xn

l¼2

Aðl; nÞCðlÞ þ
1

T��
1;0
þ T��

1;1

:

ð22Þ

The self-looped (weighted) star graph is defined by the weighted adjacency matrix

w ¼

1 � d d

n
d

n � � � d

n
l 1 � l 0 � � � 0

..

. ..
. . .

. . .
. ..

.

l 0 � � � 1 � l 0

l 0 � � � 0 1 � l

0

B
B
B
B
@

1

C
C
C
C
A

ð23Þ

with 0< λ� 1 and 0< δ� 1. Here, wij is the weight of the link directed from node i to node j
with the center being node number 0. With this, the transition probabilities for a weighted

self-looped star graph for the transitions from state (•, i) are

T��i;iþ1
¼

r
r þ ir þ n � i

�
d

n
ðn � iÞ; and T��i;i ¼

n � i
r þ ir þ n � i

� l: ð24Þ

The related conditional transition probabilities are

p��i;iþ1
¼

rd
nlþ rd

and p��i;i ¼
nl

nlþ rd
: ð25Þ

Similarly, the transition probabilities for the transitions from state (�, i) are

T��i;i ¼
ir

1þ ir þ n � i
� l and T��i;i� 1

¼
1

1þ ir þ n � i
�
d

n
i: ð26Þ

The corresponding conditional transition probabilities are

p��i;i ¼
nlr

nlr þ d
and p��i;i� 1

¼
d

nlr þ d
: ð27Þ

We can use these probabilities along with Eq 22 to obtain the temperature initialised fixa-

tion probability and the average fixation time for the self-looped star graph, tT . In the follow-

ing, we define the temperature for the center and leaf nodes. The central node temperature is

T 0 ¼
XN

i¼0

wi 0 ¼ 1 � dþ nl ð28Þ

and the leaf node temperature is

T j6¼0 ¼
XN

i¼0

wij ¼
d

n
þ 1 � l: ð29Þ

The temperature initialised fixation probability for the self-looped star graph is

�
T
ðd; lÞ ¼

1 � dþ nl
nþ 1

�
�

0
þ
n d

nþ 1 � l
� �

nþ 1
�
�

1
: ð30Þ
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The temperature initialised average fixation time for the self-looped star graph is

tT ðd; lÞ ¼
1 � dþ nl

nþ 1
t�

0
þ
n d

nþ 1 � l
� �

nþ 1
t�

1
: ð31Þ

Substituting l ¼ 1

n and d ¼ 1

n2 in the above equation, we get the temperature initialised average

fixation time for the self-looped weighted star graph. Setting λ = δ = 1 yields the temperature

initialised average fixation time for the standard star graph.

To compute the average extinction time, we use symmetry arguments in Eqs 18, 19, 20, 21

and, 22. With this, we replace

T��i;iþ1
by T��n� i;n� i� 1

;

T��i;i by T��n� i;n� i;

T��i;i� 1
by T��n� i;n� iþ1

;

T��i;i by T��n� i;n� i;

�
�

i by ~��n� i; and;

�
�

i by ~��n� i:

ð32Þ

Doing so, we obtain

~��n� i ¼
~Að1; iÞ
~Að1; nÞ

; ð33Þ

where

~Aðl;mÞ ¼ 1þ
Xm� 1

j¼l

p��n� j;n� j

Yj

k¼l

p��n� k;n� kþ1

p��n� k;n� k� 1

: ð34Þ

~��i is the extinction probability of mutants starting with the state (�, i) node, and is equal to

1 � �
�

i . Similarly, the average extinction time starting with the state (�, n − i) obeys

~t�n� i ¼
Xn

l¼2

~Aðl; nÞ~CðlÞ �
1

~��n� i

Xi

l¼2

~Aðl; iÞ~CðlÞ; ð35Þ

where

~CðlÞ ¼
~��n� lþ1

T��n� lþ1;n� l
þ
p��n� lþ1;n� lþ1

p��n� lþ1;n� l

Xl� 1
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~��n� j

T��n� j;n� jþ1
þ T��n� j;n� j

Yl� 1
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 !

; ð36Þ

with ~��i being the extinction probability of mutants starting in state (•, i). It is given by

~��n� i ¼
Xi

j¼1

p��n� j;n� j
~��n� j

Yi

k¼jþ1

p��n� k;n� kþ1
: ð37Þ

The average extinction time starting in state (•, n − i) is

~t�n� i ¼
1

~��n� i

Xi

j¼1

p��n� j;n� j
~��n� j~t

�

n� j þ
~��n� j

T��n� j;n� j

 !
Yi

k¼jþ1

p��n� k;n� kþ1
: ð38Þ

Finally, using Eqs 38 and 35, the temperature initialised average extinction time of a mutant
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on the looping star graph is

~tT ðd; lÞ ¼
1 � dþ nl

nþ 1
~t�

0
þ
n d

nþ 1 � l
� �

nþ 1
~t�

1
: ð39Þ

From Fig 6, we see that the average fixation time of a mutant is higher than the average

extinction time of the mutant regardless of its relative fitness. Moreover, the fixation time

peaks near neutrality. Therefore, according to the Eq 4, the μth for the stars graphs is the

inverse of the average fixation times at neutrality. In the next section, we derive the scaling of

tT
1

at neutrality with respect to the population size N for the star graphs.

5.3.2 Scaling of the average fixation time with population size for the star graphs at neu-

trality. While the approach used above to compute the fixation and the extinction time on

star graph has many merits like extension to the frequency dependent selection case, it is not

straightforward to use this approach to derive the exact formula even at neutrality. Therefore,

to compute the scaling relation for the fixation time on star graphs, we use a method inspired

from Ref. [55]. To start, we recast the recursion Eq 14 into the form

�
�

i t
�

i ¼ p! �
�

iþ1
t�iþ1
þ p# �

�

i t
�

i þ �
�

i t
�

i ; 0 � i � n � 1; ð40Þ

�
�

i t
�

i ¼ p" �
�

i t
�

i þ p �
�

i� 1
t�i� 1
þ �

�

i t
�

i ; 1 � i � n; ð41Þ

Fig 6. Average extinction and fixation time for the self-looped star graph and the standard star graph. Here, we plot the average extinction and fixation time of a

mutant for the self-looped (weighted) star graph (panel A) and the star graph (panel B) as a function of mutant’s relative fitness. Solid lines corresponds to the analytic

results, Eqs 31 and 39. The circles represent Moran Bd simulations. Firstly, we observe that for both the graphs, the average fixation time of a mutant is higher than its

extinction time, regardless of the mutant’s relative fitness. Secondly, the average fixation time peaks near neutrality for both of the graphs. Therefore, according to Eq 4,

μth for the star graphs scales as the inverse average fixation time at neutrality. Because the fixation of a mutant takes longer on the self-looped star graph, the weak

mutation rate approximation is more restrictive for the self-looped star graph than the star graph. (Parameters: N = 10, wild-type fitness, f = 1, and the number of

independent realisations conditioned on mutant’s fixation or extinction are 2000).

https://doi.org/10.1371/journal.pcbi.1011387.g006
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Here, we have replaced,

p��i;iþ1
by p! ;

p��i;i by p# ;

p��i;i by p" ;

p��i;i� 1
by p ;

ð42Þ

because the conditional transition probabilities are independent of the number of mutants, see

Eq 25. The horizontal arrows in the subscript of π represent change in the number of mutants

in the leaf nodes, right arrow for the increase, and left arrow for the decrease in the number of

mutants. The vertical arrows in the subscript of π represent change in individual type at the

central node, upward arrow for the change from the wild-type to mutant type, and downward

arrow for the change from the mutant type to the wild-type. We also use the shorthand nota-

tions

t�i ¼
1

T��i;iþ1
þ T��i;i

;

t�i ¼
1

T��i;i þ T��i;i� 1

:

ð43Þ

Here, t�i is the average time spent in the state (•, i) (the sojourn time of state (•, i)) and t�i is the

sojourn time of state (�, i). Shifting the index i to i − 1 in recursion Eq 40, and solving for �
�

i t
�
i

gives,

�
�

i t
�
i ¼

1

p!
�
�

i� 1
t�i� 1
�
p#

p!
�
�

i� 1
t�i� 1
�

1

p!
�
�

i� 1
t�i� 1
: ð44Þ

Now we substitute this relation for �
�

i t
�
i in the recursion Eq 41, and obtain,

�
�

i t
�
i ¼

p"

p!
�
�

i� 1
t�i� 1
þ p �

p"p#

p!

� �

�
�

i� 1
t�i� 1
þ �

�

i t
�

i �
p"

p!
�
�

i� 1
t�i� 1
: ð45Þ

Recursion Eqs 44 and 45, can be written in a matrix representation as,

�
�

i t
�
i

�
�

i t
�
i

2

4

3

5

|fflfflfflffl{zfflfflfflffl}
Vi

¼

1

p!
�

p#

p!

p"

p!
p �

p"p#

p!

2

4

3

5

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A

"
�
�

i� 1
t�i� 1

�
�

i� 1
t�i� 1

#

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Vi� 1

þ

� 1

p!
�
�

i� 1
t�i� 1

�
�

i t
�
i �

p"

p!
�
�

i� 1
t�i� 1

2

4

3

5

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ui� 1

:
ð46Þ

The matrix equation can be further simplified,

Vi ¼ AVi� 1 þ Ui� 1

¼ AiV0 þ
Xi� 1

j¼0

Ai� j� 1Uj:
ð47Þ

Remember that we want to compute the scaling for tT , and for that we need to solve the above

matrix equation for t�
0
, and t�

1
. The first thing that we need to calculate for Eq 47 is Ai. Using
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Eq 25 we substitute for the conditional probabilities in the definition of matrix A,

A ¼

nl
d
þ 1 � nl

d

nl
d

1 � nl
d

2

4

3

5 ¼
nl
d

1 � 1

1 � 1

� �

þ
1 0

0 1

� �

ð48Þ

In this way we find,

Ai ¼ i
nl
d

1 � 1

1 � 1

" #

þ
1 0

0 1

" #

ð49Þ

To evaluate t�
0
, we take the first row of the matrix Eq 47, and set i = n,

�
�

nt
�
n ¼

n2l

d
þ 1

� �

�
�

0
t�

0
þ
Xn� 1

j¼0

½An� j� 1Uj�0; ð50Þ

where
h
..
.i

0
is the 0th element of the column vector

h
..
.i

. Using the boundary condition, t�n ¼ 0

in Eq 50 we find

t�
0
¼ �

Xn� 1

j¼0

½An� j� 1Uj�0

ð n
2l

d
þ 1Þ�

�

0

:
ð51Þ

From Refs. [54, 56] we know that at neutrality

�
�

i ¼
dþ inl
dþ n2l

; and �
�

i ¼
inl

dþ n2l
: ð52Þ

These relations for the fixation probability also follow by substituting for the transition proba-

bilities in Eq 21. Using �
�

0
in Eq 51, we find

t�
0
¼ �

Xn� 1

j¼0

½An� j� 1Uj�0: ð53Þ

In order to simplify the r.h.s of the above equation, we need expressions for the waiting times

in the state i, namely, t�i , and t�i . We compute these expressions using Eqs 24, 26 and 43,

t�i ¼
nðnþ 1Þ

ðn � iÞðdþ nlÞ
and t�i ¼

nðnþ 1Þ

iðdþ nlÞ
: ð54Þ
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With all these expressions, we can now simplify the r.h.s of the Eq 53,

Xn� 1

j¼0

½An� j� 1Uj�0 ¼
Xn� 1

j¼0

"

ðn � j � 1Þ
nl
d
þ 1

� �

�
nlþ d
d

� �

�
�

j t
�

j

� �

ð55Þ

� ðn � j � 1Þ
nl
d

�
�

jþ1
t�jþ1
�
nl
d
�
�

j t
�

j

� �#

; ð56Þ

¼
nðnþ 1Þ

ðdþ nlÞðdþ n2lÞ

Xn� 1

j¼0

dþ n2l

j � n
� ðn � 1Þ

n2l
2

d

� �

; ð57Þ

¼ �
nðnþ 1Þ

ðdþ nlÞðdþ n2lÞ
ðdþ n2lÞHn þ ðn � 1Þ

n3l
2

d

� �

; ð58Þ

where Hn ¼
Pn

k¼1

1

k is the harmonic number. This gives us an expression for the conditional aver-

age fixation time at neutrality on the self-looped weighted star graph starting with the state (•,

0),

t�
0
¼

n4ðn2 � 1Þ

dðdþ nlÞðdþ n2lÞ
þ
nðnþ 1Þ

dþ nl
Hn: ð59Þ

Next, we show that t�
1

is related to t�
0
. To see this, let us take the second row of the matrix Eq

47, and set i = 1,

�
�

1
t�

1
¼
p"

p!
�
�

0
t�

0
þ p �

p"p#

p!

� �

�
�

0
t�

0|{z}
¼0

þ �
�

1
t�
1
�
p"

p!
�
�

0
t�
0

ð60Þ

Upon substituting for various quantities, we find,

t�
1
¼ t�

0
þ

n2 � 1

dþ nl
: ð61Þ

Using the temperature initialised definition of the average fixation time for the star graph, see

Eq 31, we can evaluate the expressions for the temperature initialised fixation time tT for the

self-looped star graph and the star graph without self-loops. For the self-looped star graph, set-

ting, λ = 1/n and δ = 1/n2, we have

tT

l ¼ 1=n;
d ¼ 1=n2

¼
ðn � 1Þððnðn4 þ n � 2Þ þ 2Þ n3 � nþ 1Þ þ ðn6 þ n3ÞHn

ððn � 1Þnþ 1Þðn2 þ 1Þ
ð62Þ

�
N�1 n5 � Oðn3Þ: ð63Þ
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For the star graph (without self-loops), setting, λ = δ = 1, we have

tT
l ¼ 1;
d ¼ 1

¼
ðn � 1Þðn5 þ n4 þ n2 þ 1Þ

ðnþ 1Þðn2 þ 1Þ
þ nHn; ð64Þ

�
N�1 n3 � Oðn2Þ: ð65Þ

5.3.3 Gillespie algorithm. In the Moran process, the fixation/extinction dynamics goes

through many inactive steps where the configuration of the population does not change. This

happens when one type is replaced by an offspring of its own type. This causes the individual-

based simulation to be time-consuming, especially for large population sizes [57]. To tackle

this problem, we use the Gillespie algorithm [58, 59] for the Moran fixation dynamics. We

apply the Gillespie algorithm to calculate the fixation time in the star with and without self-

loops for large population sizes. Simulation steps are as follows:

1. Calculate the transition probability for each possible transition which changes the configu-

ration of the population. The possible transitions and their corresponding transition proba-

bilities for the star graphs are discussed in the Sec. 5.3.1.

2. Calculate the total transition probability, which is the sum of all the transition probabilities.

For example if the current state is (•, i), then the total transition probability is T��i;iþ1
þ T��i;i .

3. Generate two random numbers, one to determine the time of the next event and another to

determine which event occurs. The first random number determining the time to the next

event is drawn from an exponential distribution with the mean equal to the total propen-

sity. The second random number is drawn from a uniform distribution.

4. Update the system state according to the event chosen in the previous step.

5. Repeat steps 1-4 until the system reaches fixation.

5.3.4 Complete and cycle graph. Compared to the star graph family, the fixation time for

the complete graph (i.e. the well-mixed population) can be computed easily. From the Refs.

[60–62], we know that the time to fixation for a single mutant in a population of size N is given

by

t1 ¼
XN� 1

k¼1

Xk

l¼1

�l

Tlþ

Yk

m¼lþ1

gm; ð66Þ

where gm ¼
Tm�
Tmþ

, and ϕi is the fixation probability for mutant type to fix when started with i
individuals and Ti± is the probability to transition from the state with i mutants to the state

with with i ± 1 mutants. The fixation probability ϕi is given by

�i ¼

1þ
Xi� 1

k¼1

Yk

l¼1

gl

1þ
XN� 1

k¼1

Yk

l¼1

gl

: ð67Þ
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The average fixation time on the complete when started with i individuals is,

ti ¼ � t1

�1

�i

XN� 1

k¼i

Yk

m¼1

gm þ
XN� 1

k¼i

Xk

l¼1

�l

�i

1

Tlþ

Yk

m¼lþ1

gm: ð68Þ

Using symmetry arguments, similar to the ones used for the case of star graph in the previous

subsection, the formula for the extinction time of i mutants has been computed in Ref. [62],

~t i ¼ � ~tN� 1

~�N� 1

~� i

XN� 1

k¼N� i

Yk

m¼1

1

gN� m
þ
XN� 1

k¼N� i

Xk

l¼1

~�N� l

~� i

1

TðN� lÞ�

Yk

m¼lþ1

1

gN� m
; ð69Þ

where the extinction probability of i mutants is ~�i ¼ 1 � �i and

~tN� 1 ¼
XN� 1

k¼1

Xk

l¼1

~�N� l

TðN� lÞ�

Yk

m¼lþ1

1

gN� m
: ð70Þ

For the complete graph, the transition probabilities are,

Ti� ¼
N � i

ir þ N � i
�

i
N � 1

and Tiþ ¼
ir

ir þ N � i
�
N � i
N � 1

: ð71Þ

These transition probabilities are plugged into Eqs 66 and 69 to obtain τ1 and ~t1, respectively.

From Fig 7A, we find that the fixation time of a mutant is higher than its extinction time

regardless of its relative fitness. Moreover, the fixation time of a mutant peaks near neutrality,

therefore according to Eq 4, it is the fixation time at neutrality that decides the mutation rate

threshold μth for the complete graph. We now compute how the fixation time scales with N for

Fig 7. Average extinction and fixation time for the isothermal graphs. The average fixation (via solid lines) and average extinction (via dashed lines) times for the two

isothermal graphs, namely, the complete graph and the cycle graph. To plot the analytical results, we have used Eqs 66 and 69. Open circles represent microscopic Moran

Bd simulations. Although, the probability for a mutant to fix on any of these structures is the same due to isothermal theorem, the times it takes to reach fixation are

different. Fixation on the cycle graph is slower than on the complete graph. As a result, the cycle graph is more restrictive to the weak mutation approximation. The

parameters are same as in Fig 6.

https://doi.org/10.1371/journal.pcbi.1011387.g007
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the complete graph. At neutrality, r = 1,

Ti� ¼
N � i
N
�

i
N � 1

; and Tiþ ¼
i
N
�
N � i
N � 1

: ð72Þ

Therefore, γi = 1, for all i. The fixation probability simplifies as to

�i ¼

1þ
Xi� 1

k¼1

Yk

l¼1

1

1þ
XN� 1

k¼1

Yk

l¼1

1

¼
i
N
; ð73Þ

which is expected as every neutral mutant is equally likely to fix as any other individual of the

population. Using the Eq 66, the average fixation time for a neutral mutant on the complete

graph is,

t1 ¼
XN� 1

k¼1

Xk

l¼1

N � 1

N � l
¼ ðN � 1Þ

2
; ð74Þ

which scales as N2 for N� 1 [60, 63].

We now move to the cycle graph. To compute τ1 and ~t1 for the cycle graph, the following

transition probabilities are used in the Eqs 66 and 69,

Ti� ¼
2

ir þ N � i
�
1

2
and Tiþ ¼

2r
ir þ N � i

�
1

2
: ð75Þ

Similar to the case of complete graph, from the Fig 7B, we find that the fixation time of a

mutant is higher than the extinction time regardless of its relative fitness. Also, the fixation

time of a mutant peaks near neutrality, the fixation time at neutrality decides the mutation rate

threshold μth for the cycle graph.

Since γm for the cycle graph is identical to the complete graph [10], we find the same fixa-

tion probabilities for any fitness value and initial state. In particular, at neutrality, we have

�i ¼
i
N for the cycle graph. For the cycle graph, the average fixation time for a neutral mutant

is,

t1 ¼
XN� 1

k¼1

Xk

l¼1

l ¼
NðN2 � 1Þ

6
; ð76Þ

which scales as N3/6 for large N.

5.3.5 Directed line with self-loops. Here we compute the average fixation and extinction

time for the self-looped directed line. Let us first study the case of fixation time. A mutant can

fix on the self-looped directed line if and only if it appears at the root node. Assuming this to

be the case, we have

T�i� ¼ 0 and T�iþ ¼
r

ir þ N � i
�
1

2
; ð77Þ

where T�i� is the probability to transition from the state with i mutants to the state with i + 1

mutants given that the initial mutant appears at the root node. Similarly, T�iþ is the probability

to transition from the state with i + 1 mutants to the state with i mutants given that the initial

mutant appears at the root node. If the first mutant appears at the root node, the number of

mutants at any time in the population can only increase. Taking this into account, we have the
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average fixation time for a mutant on the directed self-looped line,

t1 ¼
XN� 1

k¼1

1

T�kþ
; ð78Þ

where 1=T�iþ is average waiting time in the state with i mutants, assuming that the initial

mutant appeared on the root node. This expression for the τ1 can also be derived from the Eq

66. On substituting the transition probabilities T�iþ in the r.h.s of the Eq 78, we find

t1 ¼
XN� 1

k¼1

2

r
ðkr þ N � kÞ ¼ NðN � 1Þ 1þ

1

r

� �

; ð79Þ

which scales as N2(1 + 1/r) for large N. Unlike other graphs, the fixation time for the self-

looped directed line does not peak near neutrality, see Fig 8. Time to fixation of a mutant

increases as its relative fitness decreases. Moreover, for the directed line we have tT
1
¼ t1. In

fact for any mutant initialisation scheme, the fixation time is given by the formula 79. This

independency of the fixation time from the initialisation scheme holds for all the single rooted

graphs.

Now, we proceed to compute the extinction time of a mutant on the self-looped directed

line. However, computing the average extinction time is not as straightforward as the fixation

time. Extinction takes place when an initial mutant appears on any of the non-root node. Con-

trary to the case of fixation where the number of mutants can only increase, here the number

of mutants can increase as well as decrease. What makes things slightly complicated is that the

Fig 8. Average extinction and fixation time for the self-looped directed line. The average extinction time (dashed

line) and the average fixation time (solid line) are shown for the self-looped directed line. Circles represent the total

average time of the trajectories that lead to the fixation of mutants, whereas diamonds represent the average time

spanned by the trajectories where mutants get extinct. We see a good agreement between analytical results and the

corresponding simulations. The approximated formula for the average extinction time, Eq 82, works well in the regime

of high relative fitness, as the dashed line starts coinciding with the simulations. Note that the average extinction time

for a mutant can exceed the average fixation time. This is different from what we have observed in Figs 6 and 7. Also,

for a given fitness domain, the average extinction and fixation time peaks away from the neutrality. Therefore, to

decide the validity of the weak mutation rate approximation, fitness regions different from neutrality must be

considered.

https://doi.org/10.1371/journal.pcbi.1011387.g008
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number of mutants stops to increase once the terminal node is occupied with a mutant indi-

vidual. In that scenario, the transition probabilities are given as,

T�i� ¼
1

ir þ N � i
�
1

2
and T�iþ ¼ 0; ð80Þ

where T�i� is the transition probability from the state with i mutants to the state with i ± 1

mutants, given that the initial mutant appears at a non-root node and the terminal node (node

N − 1) of the directed line is occupied by a mutant type. We approximate the average extinc-

tion time by considering the trajectory where the number of mutants keep on increasing until

the terminal node get occupied by the mutant type, and then followed by the decrease in

mutants leading to extinction. An example case is shown in the Fig 9 (category third). This

approximation works well in the limit of f 0/f� 1. With this approximation, we have the

extinction time of a mutant when appeared on a non-root node α,

~ta ¼ N � 1 � aþ
XN� 1

k¼N� a

1

T�ðN� kÞ�
: ð81Þ

Here, 1=T�
ðN� iÞ� is the average waiting time in the state with N − i mutants, given that the initial

mutant appeared on a non-root node (node 0) and the terminal node is occupied by the

mutant type. The above equation can also be derived from the Eq 69. The temperature initia-

lised average extinction time of a mutant on the self-looped directed line is,

~tT
1
¼
XN� 1

a¼1

T a

XN� 1

b¼1

T b

~ta;
ð82Þ

Fig 9. Paths to extinction. Here, the possible mutant extinction routes are shown for the self-looped directed line

when the initial mutant appears on a non-root node. For purpose of illustrations, we have chosen N = 4. Broadly

speaking, there are three categories of extinction trajectories. (i) The case where the initial mutant goes extinct without

spreading in the population. This would be a one time step extinction process, shown by arrow leading from the boxed

initial state to the wild-type state, highlighted in grey. (ii) The second category corresponds to the case, where the

initial mutant spreads, but the mutant goes extinct before the terminal node is ever occupied by a mutant. This would

contain all the paths that go from the boxed state via two mutants to the grey highlighted state without going through

the states highlighted in red. (iii) The third category refers to the case, where the initial mutant spreads and reach the

state highlighted in red. After the terminal node is occupied by the mutant type, the number of mutants then starts to

decrease from the left (shown via the trajectory marked with blue arrows). This third category is especially relevant

when the mutant’s relative fitness is very high. We make use of this argument to approximate the extinction time for

the self-looped directed line by computing the time covered by the blue arrowed trajectory.

https://doi.org/10.1371/journal.pcbi.1011387.g009
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where T a is the temperature of node α. T a=
PN� 1

b¼1

T b is the probability that the initial mutant

appears at the node α, given that the mutant ultimately goes extinct, i.e., given that it appears

at a non-root node. From the Fig 8, we see that the average extinction time of a mutant

increases with relative fitness. However, for a given fitness domain, we find that the contribu-

tion to the mutation threshold μth comes from the average fixation time computed for the low-

est possible mutant’s relative fitness.

Fig 10. Universal steady-state fitness among non self-looped graphs. (A) In the steady-state, the complete graph, the cycle graph, and the star graph, attain the same

average fitness in the mutation-selection balance. The steady-state average fitness obtained by these graphs is higher than that of the self-looped complete graph,

indicating that the dynamics on these graphs—unlike the self-looped complete graph—is not entirely uncorrelated in the fitness space and time. One common thing in

these three graphs is that every node has at least one incoming link. (B) The molded directed line is constructed by adding a link directed from node 1 to node 0, the root

node, so that every node has non-zero incoming links. In the steady-state, not only the molded directed line attains the same average fitness as the complete graph (non

self-looped), but every single node becomes indistinguishable. (C) The same observation is made for the modified burst graph. (D) These observations remain valid for

different population sizes. The difference between the steady-state average fitness of the non self-looped and the self-looped complete graph decreases with increasing N,

indicating that the evolutionary dynamics becomes more random with increasing N (Parameters: same as Fig 3).

https://doi.org/10.1371/journal.pcbi.1011387.g010
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5.4 Non self-looped graphs and universality at equilibrium

Here, we study the evolutionary dynamics, considering both directed as well as undirected

graphs, but without self-loops.

In the absence of self-loops, the average steady-state fitness for all the graphs, whether

directed or not, is the same, see Fig 10A. We hypothesise that all the graphs where every node

has a finite temperature attain the same steady-steady fitness in the mutation-selection balance.

All the nodes for these graphs become indistinguishable in their fitness in the steady-state. The

steady-state fitness attained by these graphs in the mutation-selection balance is higher than the

self-looped complete graph. For these graphs, the fitnesses of nodes in the steady-state are not

completely uncorrelated in time as opposed to nodes of the self-looped complete graph where

the fitness states of nodes are entirely uncorrelated in time. To test our hypothesis, we analysed a

few variants of the directed line and burst graph in Fig 10B and 10C, where each node has a

finite temperature. To achieve this, we add a link from node 1 to the root node of the directed

line yielding a molded directed line. Similarly, the modified burst is constructed by adding a link

from the leaf node to the center in a burst graph. In both the cases, we find that the steady-state

fitness attained by these two variant graphs in the mutation-selection balance is the same as that

of the complete graph and hence, the other non-self looped graphs considered in Fig 10A. We

further check the validity of our hypothesis by varying the population size. In Fig 10D, we see

that all the non self-looped graph attain the same steady-state fitness for all population sizes.

Another interesting observation is that the steady-state fitness balance of the non self-

looped graphs decreases with increasing N. This is interesting, because with increasing N one

typically expects that the associated increase in the selection strength leads to an increase in

the fitness. However, the opposite is seen here. A possible explanation for this is that in the

Moran Birth-death update scheme, high fitness nodes are more likely to be selected for repro-

duction, but since there are no self-loops, highly fit individuals can persist in the population

for longer times than the low fitness nodes which eventually leads to an the increase in popula-

tion fitness. However, with the increase in the population size, the high fitness nodes tend to

get replaced relatively more often as they get less selected for birth. On increasing N, the

steady-state average fitness of the non self-looped graphs get closer to that of the average

steady-state fitness of the self-looped complete graph. In Sec. 3.4.1, we saw that at long times

the fitness of nodes for the self-looped complete graph becomes uncorrelated in time and

hence the dynamics becomes completely random. With the increase in N, the strength of ran-

domness increases over selection of high fitness valued individuals.
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Chapter 5

Categorising update rules for
network structured
metapopulations

In our view, any new theory in evolutionary biology should either aim to
introduce novel conceptual insights or explain empirical observations. The
framework of evolutionary graph theory not only generates fresh insights on
paper but also holds potential for experimental testing in the lab. Conse-
quently, we hope to validate the role of spatial structures and the deleterious
mutant regime using experimental evolution techniques. To initiate experi-
ments, the transition from one-node-one-individual models, used in chapters
2, 3, and 4, to metapopulation models is required. However, it is known
that the results from the one-node-one-individual theory cannot be directly
applied to metapopulation theories [89]. This calls for parallel research in
network-structured metapopulations. While the list of possible update rules
for one-node-one individual setup is known [21, 22], the list for the metapop-
ulation case has not been discussed yet. To further facilitate the research
in metapopulation theories, in this chapter, we provide categories of update
rules for metapopulations.

This chapter underwent peer-review and is published with open access in
Journal of the Royal Society Interface as: Yagoobi, Sharma, and Traulsen
2023, [64]− Categorizing update mechanisms for graph-structured metapop-
ulations. The authors contributions are detailed at the end of the thesis.
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The structure of a population strongly influences its evolutionary dynamics.
In various settings ranging from biology to social systems, individuals tend
to interact more often with those present in their proximity and rarely with
those far away. A common approach to model the structure of a population
is evolutionary graph theory. In this framework, each graph node is occupied
by a reproducing individual. The links connect these individuals to their
neighbours. The offspring can be placed on neighbouring nodes, replacing
the neighbours—or the progeny of its neighbours can replace a node during
the course of ongoing evolutionary dynamics. Extending this theory by
replacing single individuals with subpopulations at nodes yields a graph-
structured metapopulation. The dynamics between the different local
subpopulations is set by an update mechanism. There are many such update
mechanisms. Here, we classify update mechanisms for structured metapopu-
lations, which allows to find commonalities between past work and illustrate
directions for further research and current gaps of investigation.

1. Introduction
The spatial structure of a population has a considerable impact on the evol-
utionary dynamics of a population. One of the most popular theories for
studying the effect of underlying structure on the evolution of a population
is evolutionary graph theory [1], where the nodes of a graph represent individ-
uals, and links indicate individual’s neighbours. A link determines where an
individual can place their offspring. An update mechanism describes which
individuals produce offspring and how this offspring is placed. Here, we
focus on fixed structures, but the framework can be extended to the case
where a spatial structure itself varies over time [2–4].

An extension of evolutionary graph theory is given by graph-structuredmeta-
populations in which the nodes indicate subpopulations, and the links indicate
the migration between subpopulations [5–8]. Evolutionary dynamics in subdi-
vided populations has been studied by researchers for a long time [9]. Models
investigating the evolution of frequencies of different individuals in a subdivided
population are also known as ‘island models’ [10]. A simplified version of these
models considers individuals migrating from every island (subpopulation) to
all the other islands with the assumption of a constant migration rate. In the
language of evolutionary graph theory this is equivalent to the migration
dynamics on a complete graph of subpopulations. To make this model more rea-
listic, the stepping stone model was introducedwhere themigration rate depends
on the distance between islands [11]. For a long time, the studies were mainly
focused on the fully connected metapopulation. Patwa & Wahl [12] gives a
good overview of the earlier work done on fixation probabilities for metapopula-
tions. More recently, structures other than the complete graph are also being
investigated. As an example, the star graph-structured metapopulation, where
nodes are connected to each other via a central node, is studied in Constable &
McKane [5], Yagoobi & Traulsen [6] and Marrec et al. [7]. Depending on the

© 2023 The Authors. Published by the Royal Society under the terms of the Creative Commons Attribution
License http://creativecommons.org/licenses/by/4.0/, which permits unrestricted use, provided the original
author and source are credited.
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system, different update mechanisms have been applied to
describe the dynamics. In general, evolutionary dynamics are
not robust to the choice of update mechanisms [13–16]. An
important factor that changes the system’s dynamics is how
selection acts.

Depending on the update mechanism, selection can be
global or local. This can affect the evolutionary dynamics dra-
matically. The two most important events that govern the
dynamics of the population are birth and death. The order
in which birth and death occur, which often determines if
selection is local or global, has a high impact on the fate of
the population [17]. We categorize different update mechan-
isms for the evolution of structured metapopulations to
facilitate future work. First, we recall the update mechanisms
on graphs of individuals, and then we generalize them to
graphs of subpopulations.

2. Update mechanisms for graphs of individuals
In graphs of individuals, three main events influence the
evolution of a population: birth, mutation and death. In the
long run, a mutation–selection balance is reached [8,18–21].
Typically, the focus is on the low mutation regime in which
the system reaches fixation or extinction of the mutant
before the next mutation occurs. In that case, the population
is typically homogeneous, and mutations reach fixation one
after another. In the low mutation regime, the two quantities
of most interest are the fixation probability and the average
time to fixation.

If the fixation probability for advantageous mutants on a
graph is higher than the fixation probability of the complete
graph (and vice versa for disadvantageous mutations), the
graph is called an amplifier of selection. On the other hand,
if the fixation probability for advantageous mutants on
a graph is less than the fixation probability on the complete
graph (and vice versa for disadvantageous mutations), this
graph is called a suppressor of selection. These notions
have been first introduced in [1].

The order of birth and death events and how selection acts
upon them can substantially influence the population’s fate.
We use the following scheme to differentiate between the
update mechanisms. For birth, we use b if birth is random,
i.e. a birth-giving individual is chosen uniformly at random,
and B if the birth-giving individual is chosen with probability
proportional to its selection parameter for birth. Similarly, we
represent the death event by d if the individual dies uniformly
at random and byD if the individual is selected for death with
a probability proportional to its selection parameter for death.

Accordingly, the eight possible update mechanisms are
BD, Bd, bD, bd, DB, Db, dB and db, where the order
shows which event is first (see table 1). In all these update
mechanisms, the first event is global, meaning that the indi-
vidual is selected from the whole population. By contrast,
the second event is local because the individual is selected
only from the neighbourhood of the first individual, which
is a subset of the population.

As an example, applying the update mechanism Bd in a
well-mixed population of size N consisting of two types of
individuals, N− n wild-types and n mutants, with mutants
having a relative selection parameter for birth r with respect
to wild-types. Let us consider that the number of mutants in
the population is increased by one: one mutant is selected for

reproduction (global event). Then, from the neighbours of the
mutant, one wild-type is selected for death (local event).
The offspring fills the empty spot of the dead individual.
The probability of increasing the number of mutants by one
is then

Tnþ
Bd ¼ rn

rnþN � n|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
birth of mutant

N � n
N � 1|fflffl{zfflffl}

death of wild-type

: ð2:1Þ

Similarly, the probability of decreasing the number of
mutants by one is

Tn�
Bd ¼ N � n

rnþN � n|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
birth of wild-type

n
N � 1|fflffl{zfflffl}

death of mutant

: ð2:2Þ

Note that Tn�
Bd =T

nþ
Bd ¼ 1=r. Using the recursive relation for the

fixation probability [24,48], the fixation probability starting
from n mutants is

fðnÞ ¼
1þPn�1

i¼1
Qi

j¼1
Tjþ

Tj�

1þPN�1
i¼1

Qi
j¼1

Tjþ

Tj�

¼
1� 1

rn

1� 1
rN

: ð2:3Þ

The update rule Bd has been vastly explored in both struc-
tured and well-mixed populations [1,22,25,42,45,49,50]. For
small populations, under the update mechanism Bd, most
undirected unweighted structures are amplifiers of selection,
and only a small fraction of random structures suppress selec-
tion [15]. In general, the fixation probabilities for mutants are
computed using numerical approaches [51,52]. Only for
highly symmetric graphs like the star graph or the complete
bipartite graph, can the fixation probability be computed ana-
lytically [25,53]. Under the Bd updating scheme, the star
graph is an amplifier of selection for all population sizes
[1]. In [54], a few small-sized undirected, unweighted
suppressors of selection have been studied. In larger

Table 1. Update mechanisms in graphs of individuals. In these update
mechanisms, birth and death change the state of the population. The first
event is global and the second event is local.

update
mechanism comment references

BD — [17,22,23]

Bd — [1,17,22,24–40]

bD — [17,22,27,28,36]

bd equivalent to a

completely neutral

model

[17,36,39–41]

DB — [17,22]

Db biased voter model [17,22,26–28,32,36,

42–44]

dB biased voter model [16,17,22,27–31,

36,45–47]

db equivalent to a

completely neutral

model

[17,41]

royalsocietypublishing.org/journal/rsif
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populations, in the weak selection regime, a lot of graphs
have been shown to suppress selection [55,56]. Furthermore,
under Bd updating, regular structures have the same fixation
probability as the complete graph regardless of the mutant’s
fitness. To be specific, a graph where the total incoming
weight to all the nodes are equal, then according to the ‘iso-
thermal theorem’ [1,24] the graph has the same fixation
probability as the complete graph.

Many studies are also dedicated to dB updating
[15–17,22,45–47,49,57,58]. Contrary to Bd, under dB updating
only a small fraction of undirected random graphs amplify
selection while the majority of graphs suppresses selection
[15]. The star graph is a suppressor of selection under the
dB update mechanism [13,15]. Another popular update
mechanism is Db which is equivalent to the voter model
in statistical physics [26,42,50,59], but which is also used in
biology [43]. In [22], it is shown that the evolutionary
dynamics on a lattice under update mechanisms Bd and
Db are equivalent when the selection parameter for death
in the update mechanism Db equals the inverse of selection
parameter for birth in the update mechanism Bd. However,
it is illustrated that the dynamics on this lattice under
update mechanisms dB and bD are fundamentally different.

Among the eight update mechanisms for graphs of indi-
viduals, bd and db are identical, describing a system where
natural selection has no role in the evolution of the popu-
lation [17,41]. For the update mechanisms DB and BD,
selection acts both on death and birth [17,22,23], but they
are not equivalent in general. Intuitively, one may expect
that the fixation probability of an advantageous mutant is
higher in the presence of update mechanisms DB and BD
than in the other update mechanisms—but this is not
always the case. The general transition probabilities for
these eight update mechanisms are given in appendix A. In
figure 1, the transition probabilities for a specific example
are given for the eight update mechanisms.

In addition to the above update mechanisms, there are
other update mechanisms in which, instead of two

individuals (one for birth, one for death), one edge is selected
[27,42,44]. Then an individual dies at one end, the other gives
birth, and the offspring fills the neighbouring empty spot. In
this update mechanism, selection can act on death and/or
birth events. Here, we will not consider this kind of update
mechanism.

For more information about the comparison of different
update mechanisms on various graphs with different fea-
tures, we refer to the following references: in [44], the
authors ask when the fixation probability in an evolutionary
graph equals the fixation probability in a Moran process. A
Moran process [60] is equivalent to the update mechanism
Bd in a complete graph. In [28], the authors investigate the
evolutionary game dynamics on the star graph in the pres-
ence of different update mechanisms. They show that the
evolutionary dynamics of heterogeneous graphs is not
robust under the choice of update mechanism. In [27], the
effect of the directionality of a graph on its evolutionary
dynamics for different update mechanisms is investigated.
It has been shown that regardless of the update mechanism,
the directionality always suppresses selection. In this manu-
script, we extend the above update mechanisms to graphs
of subpopulations where each node comprises a well-mixed
subpopulation. The links indicate the migration between
the patches (see figure 2).

3. Categorizing update mechanisms for graphs
of subpopulations

In most of the potential applications of evolutionary graph
theory, both in biology and in social dynamics, each node
represents a population rather than an individual: individ-
uals tend to interact locally in subpopulations, with some
rare interactions with other groups of individuals. This
is because the populations are segregated for various reasons,
and they are geographically distant. Individuals in the
same geographical area compete over resources or provide

Figure 1. Different update schemes for graph of individuals. We consider an arbitrary population structure of size eight with five wild-type individuals (blue) and
three mutant individuals (red). Neighbours are connected via links. Individual marked with solid black circle represents the birth giving parent, whereas, the indi-
vidual marked with black dashed circle is the one chosen for death. The population size remains constant throughout the dynamics with offspring replacing dead
individuals. Assuming that the selection parameter for birth of a mutant individual is r = 2 (1 for the wild-type) and that the selection parameter for death of the
mutant is t = 1/2 (1 for the wild-type), the probabilities that the transition shown in the figure takes place are different for the different update mechanisms shown
in table 1. For example, in the case of BD, the probability to choose this particular mutant individual for birth is 2

3�2þ5�1 ¼ 2
11. The probability to choose

this particular wild-type neighbour for death is 1
1�1=2þ2�1 ¼ 2

5, which leads to a probability 4
55 � 0:072 for the event shown. Similarly, we find:

Bd: 2
3�2þ5�1 � 13 � 0:061. bD: 1

8 � 1
1�1=2þ2�1 ¼ 0:05. bd: 1

8 � 13 � 0:042. DB: 1
3�1=2þ5�1 � 2

1�2þ2�1 � 0:077. Db: 1
3�1=2þ5�1 � 13 � 0:51. dB: 1

8 � 2
1�2þ2�1 � 0:062.

db: 18 � 13 � 0:042.
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common goods. However, there is an occasional migration to
and from other geographical areas. In [6], it has been shown
that for the Bd update mechanism, some results of evolution-
ary graph theory do not carry over into graphs of
subpopulations. For example, a star-structured metapopula-
tion does not always amplify selection—in some migration
regimes, it suppresses selection. It will be interesting to see
if this is the case for other update mechanisms.

In a model with fixed local population sizes, birth and
death either happen in the same subpopulation, or the first
event can be followed by an individual’s migration to or
from another subpopulation. Having this in mind, we can
categorize update mechanisms into two groups:

— a set of update rules where there is always the possibility
that the first event (birth or death) is accompanied by
migration (figure 3a,b); and

— a set of updates where birth and death events are always
in the same subpopulation and migration happens inde-
pendently from birth and death, (see figure 3a,c).

We refer to the former category as update mechanisms with
coupled migration and the latter as update mechanisms
with uncoupled migration. The order of events (birth and
death) in each of these classes and how selection acts upon
them might affect the dynamics considerably. In both cat-
egories of update mechanisms, selection for the first event
can act on both patch and individual levels, i.e. one first
selects a patch and then an individual from the chosen
patch. Selection on the second event can act both on the
patch and individual levels in the update mechanisms with
coupled migration. However, in the update mechanisms
with uncoupled migration, selection in the second event
always acts on the individual level since the second event
must happen in the same patch as the first event.

We code the update mechanisms as follows: the first
letter stands for migration to show if it is coupled (M) or
uncoupled (m). The order of letters, except for the letter
for migration, indicates the order of events. In addition, if
selection is associated with selection parameters, we assign
a capital letter and, otherwise, a lower-case letter. For
uncoupled migration we need only three letters (the patch
of the second event is fixed), for coupled migration we

need four letters (we can select the patch and the individual
for the first and for the second event).

3.1. Update mechanisms with coupled migration
In this class of update mechanisms, the first event is directly
coupled with migration. The first event can be birth or death.
If the birth occurs first, one of the patches is selected ran-
domly proportional to the size of the patch (b) or randomly
proportional to the sum of selection parameters of that
patch for birth (B). Next, an individual from the patch is
selected uniformly at random (b) or randomly proportional
to its selection parameter for birth (B) to produce an identical
offspring. The offspring can either stay and substitute one of
the individuals in its patch (figure 3a) or migrate to one of the
neighbouring patches and replace one of the individuals
there (figure 3b).

If the offspring stays in its ownpatch, one of the individuals
is chosen for death uniformly at random (d) or proportional to
its selection parameter for death (D) (a common choice is the
inverse of the selection parameter for birth). If the offspring
migrates to a neighbouring patch, an individual in an adjacent
patch is selected in two stages. First, among the neighbouring
patches, one patch is selected randomly proportional to the size
of the patch (d) or randomly proportional to the collective
selection parameter for death of the patch (D). Finally, one of
its individuals is selected for death uniformly at random
(d) or randomly proportional to its selection parameter for
death (D).

As an example, consider the update mechanism MbBDd.
In this update mechanism,

(i) First, a patch is selected uniformly at random.
(ii) Then, from the random patch, one individual is

selected with probability proportional to its selection
parameter for birth to produce an offspring.

(iii) Next, with a certain probability, the offspring will
migrate to one of the adjacent patches or remain in
its innate patch. In the former case, one of the neigh-
bouring patches is selected uniformly at random as a
function of its collective selection parameter for death.

(iv) Finally, in the selected patch, which can be either an
adjacent patch or the innate patch, one individual
dies uniformly at random, and the offspring fills its
empty spot.

In general, selection can be uniformly at random or pro-
portional to a selection parameter in each step.

Based on such procedures, there are 16 different update
mechanisms, with birth being the first event (see table 2).
Similarly, if the first event is death, there are 16 different
update mechanisms (see table 3). So far, only a few of these
mechanisms have been studied in detail. For example,
MBBdd is adopted in [5,6,61]. Not all of the observations
made in graphs of individuals with the Bd update rule
carry over to a graph of subpopulations when the update
rule is MBBdd [6,61]. In fact, in the graph of subpopulations,
the dynamics and, in particular, the fate of advantageous
mutants are highly dependent on the pattern of migration,
local population size and the graph structure itself. Also,
applying MddBB in the graph of subpopulations reduces
the chance of advantageous mutants compared with
the equivalent well-mixed population with the update

Figure 2. Graph of subpopulations. Each node in the graph includes a well-
mixed subpopulation and each link indicates migration between two
subpopulations.
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mechanism dB [61]. Furthermore, employing MddBB in the
star of islands in which many subpopulations are connected
only via a central subpopulation, it is shown that it is the rela-
tive size of the local population in the leaves and the centre
that determines whether the star of islands is an amplifier,
reducer or transient amplifier of selection [16]. In general, in
this class of update mechanisms, intuition suggests that the
more selection is associated with the selection parameters,
the more likely a beneficial mutant will spread through the
population. However, in appendix D.1, we see that this is
not true for the metastar in the low migration rate regime
when birth is the first event.

3.2. Equivalence to weighted graphs of individuals
In the mechanisms with coupled migration, some update
mechanisms reduce to simpler ones in a weighted graph of
individuals, where the weights of the links that connect indi-
viduals in the same subpopulation are different from the
weights of the links that connect individuals in different sub-
populations (see figure 4). For instance, for the update rule
MDDBB, first a patch is selected randomly proportional to
its collective selection parameter for death. Afterwards,
within the patch, an individual is chosen for death randomly
proportional to its selection parameter for death. This is
equivalent to selecting one individual from the whole popu-
lation with a probability proportional to its selection
parameter for death. Similarly, selection at birth both at the

patch and individual levels is equivalent to selecting an indi-
vidual for birth proportional to its selection parameter
for birth from the whole population (for more details see
appendix C).

Hence, MDDBB on a graph-structured metapopulation
can be treated as a DB on the equivalent graph of individuals
with weighted links between individuals such that the
weights of links that connect the individuals belonging to
one patch differ from the ones that connect individuals
from different patches. In fact, in the coupled update mechan-
isms, whenever selection on each of the birth and death
events both on the patch level and individual level is either
uniformly random or randomly proportional to selection par-
ameters (BB or bb and DD or dd), the update mechanism
reduces to an update mechanism in an equivalent graph of
individuals, as mentioned in tables 2 and 3.

3.3. Update mechanisms with uncoupled migration
Migration is said to be uncoupled if birth and death events
take place within a single patch (figure 3a), and individuals
migrate independently such that the population size in
each patch remains constant, independent of birth and
death (figure 3c). In this scenario, we can model migration
as follows: with a certain probability, two random indivi-
duals from two random connected patches exchange
their positions. In this way, the local population size will
remain constant.

(a)

(b)

(c)

Figure 3. Update mechanisms in a graph-structured metapopulation. The population consists of two types of individuals, wild-types (blue) and mutants (red). The
individual marked with the solid black circle gives birth and the individual marked with black dashed circle is selected for death. (a) Birth–death or death–birth in
one patch without migration: this includes birth–death or death–birth in a coupled update mechanism without migration as well as an uncoupled update mech-
anism in which both death and birth happen in the same subpopulation. (b) A coupled update mechanism with migration: if birth is coupled with migration after
each birth the newborn migrates to an adjacent patch and replaces one of its individual. If death is coupled to migration, a death in one patch is followed by birth of
an individual in one of the adjacent patches where newborn occupies the place of dead individual. (c) Migration in an uncoupled update mechanism: migration
happens independently from birth or death and it only exchanges the position of two individuals from different patches. This process is completely random.
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The first event can be birth or death. If birth happens first,
one of the patches is selected uniformly at random (b) or ran-
domly proportional to its selection parameter for birth (B).

From the chosen patch, one individual is selected for birth uni-
formly at random (b) or randomly proportional to its selection
parameter for birth (B) and produces an identical offspring.

Table 2. Birth–death processes with migration coupled to reproduction. In
all these update mechanisms in graph-structured metapopulations, the
individual producing offspring is identified first and the individual to be
removed afterwards. In both steps, we can select for the patch and for the
individual separately, leading to 16 such update mechanisms. As an
example, the evolutionary dynamics on the metastar under this category of
update mechanisms is investigated in appendix D.

update
mechanism comments references

MBBDD equivalent to BD in a

graph of individuals

—

MBBDd — —

MBBdD — —

MBBdd equivalent to Bd in a

graph of individuals

[5,6,61]

MBbDD — —

MBbDd — —

MBbdD — —

MBbdd — [5]

MbBDD — —

MbBDd — —

MbBdD — —

MbBdd — —

MbbDD equivalent to bD in a

graph of individuals

—

MbbDd — —

MbbdD — —

Mbbdd equivalent to a completely

neutral model

—

Table 3. Death–birth processes with migration coupled to death. In all
these update mechanisms in graph-structured metapopulations, the
individual being removed is identified first and the individual producing
offspring afterwards. Again, there are 16 such update mechanisms. As an
example, the evolutionary dynamics on the metastar under this category of
update mechanisms is investigated in appendix D.

update
mechanism comments references

MDDBB equivalent to DB in a

graph of individuals

—

MDDBb — —

MDDbB — —

MDDbb equivalent to Db in a

graph of individuals

—

MDdBB — —

MDdBb — —

MDdbB — —

MDdbb — —

MdDBB — —

MdDBb — —

MdDbB — —

MdDbb — —

MddBB equivalent to dB in a

graph of individuals

[16,61]

MddBb — —

MddbB — —

Mddbb equivalent to a completely

neutral model

—

Figure 4. Equivalence of an update mechanism in a graph of subpopulation to an update mechanism in a graph of individuals. In a coupled update mechanism
whenever selection on each of the birth and death events both on the patch and individual levels is either uniformly random or randomly proportional to selection
parameters, the update mechanism is equivalent to an update mechanism in an associated weighted graph of individuals. In this weighted graph, the weights of
the links that connect local individuals are different from the weights of the links that connect individuals in neighbouring subpopulations and depend on the
migration probability as well as local population sizes.
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Once an individual is selected for birth, one individual is
selected for death uniformly at random (d) or randomly pro-
portional to its selection parameter for death (D) from the
same patch. The new offspring replaces the empty spot of the
dead individual. Since there is no patch selection for the
second event, the second event is indicated by a single letter.

In this category, there are eightdifferent updatemechanisms.
As an example, let us consider mbBD. At each time step, with
the migration probability, λ, a migration happens, and with the
probability, 1− λ, the population gets updated through the
birth–death process. The birth–death process is as follows,

(i) First, a patch is selected uniformly at random (b).
(ii) From this patch, an individual is selected with prob-

ability proportional to its selection parameter for
birth to reproduce (B).

(iii) After that, one of the individuals from the same patch
is chosen randomly with probability proportional to
its selection parameter for death to die (D) and the
offspring will fill the empty spot.

Similarly, when death happens first, there are eight other
update mechanisms. In the update mechanisms mbbd
and mddb, where selection is not active in either of the
events, the update mechanism is identical to the neutral
model, i.e. bd.

In many popular models of the population genetics litera-
ture, migration is assumed to be independent from birth and
death [7,9,11,62–65]. However, most of these studies use the
Wright–Fisher model as the local update mechanism and
thus are not captured by our metapopulation framework of
evolutionary graph theory.

4. Discussion
Evolutionary graph theory is a mathematical framework that
has been used to think of the role of population structure in
evolutionary dynamics. More recently, empirical scientists
have become interested in this framework, but in most of
the systems in their focus, the nodes are subpopulations
and not individuals. Here, we have classified different classes
of update mechanisms on such graph-structured metapopu-
lations. We focus on update mechanisms that are natural
extensions of the update mechanisms typically used in
evolutionary graph theory for graphs of individuals.

Our classification is based on three factors:

(i) first, if migration is coupled to reproduction or not;
(ii) second, the order of birth and death events; and
(iii) third, how selection acts on the growth and survival of

the population.

Each of these update mechanisms can result in different
dynamics—using different update mechanisms can affect
not only the fixation probability and fixation time of newly
arising mutations but also other features of the dynamics.

The fixation probability in graphs of individuals under
Bd (where selection for birth is proportional to a selection
parameter) and Db (where selection for death is proportional
to the inverse of the selection parameter for birth) are equiv-
alent in undirected regular graphs [42] and they both follow
the isothermal theorem [1]. For more details, see appendix
A.2. In addition, in a fully connected graph of individuals,

where all individuals are equivalent, and every node in the
graph includes a self-loop, meaning that the individual
selected for birth can die or the individual selected for
death can give birth, Bd is equivalent to dB, bD is equivalent
to Db and BD is equivalent to DB. It is worth mentioning
that in an update mechanism where death is followed by
birth, having self-loops in the graphs makes only limited
sense if we think of the actual physical death of individuals.
However, it is sensible if we think of it in the social setting
where death and birth are interpreted as imitating one’s
idea or sticking to your own [15]. Furthermore, in a fully con-
nected graph including self-loops, if the selection parameter
for death equals the inverse of the selection parameter for
birth, then the fixation probabilities in the update mechan-
isms Bd, dB, bD and Db and are the same as the fixation
probability of the well-mixed population under the update
mechanism Bd [44]. However, in this condition, the fixation
probability of a beneficial mutant in an arbitrary graph
under BD and DB is higher than the respective fixation
probability in the corresponding well-mixed population
under Bd.

In a system where individuals with a higher selection par-
ameter for birth have a lower selection parameter for death,
the more the birth and death are associated with these selec-
tion parameters, the higher the probability for advantageous
individuals to take over the population. This implies that the
fixation probability of a beneficial mutant under BD is higher
than the corresponding fixation probability under Bd and
bD. Also the fixation probability of a beneficial mutant
under DB is higher than the corresponding fixation prob-
ability under Db and dB. In addition, the fixation
probability of a beneficial mutant in an arbitrary graph
under an update mechanism in which selection is global is
more than or equal to its fixation probability under an
update mechanism in which selection is local [17]. Equality
holds for a well-mixed population which includes self-loops
meaning that every individual can also replace itself.

In a graph of subpopulations with update mechanisms
where migration is coupled with death or birth, the fixation
probability of an advantageous mutant in an arbitrary
graph is higher under some update mechanisms compared
with others. In appendix B, we consider two update mechan-
isms that are exactly the same except that the individual
selection for birth or death in one is uniformly random and
in the other is random proportional to selection parameters.
The fixation probability of an advantageous mutant for
selection proportional to selection parameters is higher than
the fixation probability where selection is uniformly at
random. For example, the update mechanism MBBDD has
a higher fixation probability for advantageous mutants than
MBbDD. In addition, one intuitively expects that if selection
on the patch level is associated with a collective selection par-
ameter, the beneficial mutant has a higher chance of being
fixed. Nevertheless, it is not straightforward to prove this.
In appendix B, we show this in more detail.

Similarly, as it is shown in appendix B, for the update
mechanisms with uncoupled migration, if we have two
update mechanisms that are only different in individual
selection on birth or death, the fixation probability of an
advantageous mutant under the update mechanism in
which individual selection is uniformly random is smaller
than the corresponding fixation probability under the
update mechanism in which individual selection is associated
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with selection parameters. For instance, the fixation prob-
ability of an advantageous mutant under mBBD is higher
than the corresponding fixation probability under mBBd in
an arbitrary graph.

In addition, it is interesting to see under which of the
coupled or uncoupled update mechanisms the beneficial
mutant has a higher chance of taking over the whole popu-
lation. Intuitively, under the coupled update mechanism,
migration helps to spread beneficial mutants, whereas
under uncoupled migration, exchanges of the individual
between the patches occur uniformly at random and
independent of the selection parameters.

In appendix D, we investigate the fixation probability for the
star-structured metapopulation (metastar) under update mech-
anisms with coupled migration. The analysis is done in the
low migration rate regime where every node (subpopulation)
is in a homogeneous state at the time of migration. In the low
migration rate regime, selection on the individual level plays
an important role, whereas selection on the patch level changes
the fixation probability only slightly. This leads to grouping of
the update mechanisms into three classes based on the fixation
probability of an advantageous mutant: update mechanisms in
which both birth and death on the individual level are associ-
ated with the selection parameters, update mechanisms in
which either birth or death on the individual level is associated
with the selection parameter, and update mechanisms in which
neither birth and nor death on the individual level are associ-
ated with the selection parameters.

Various update mechanisms have been applied to study
biological, ecological and social systems. It has been argued
that death–birth processes can be applied to study the evol-
utionary dynamics of trees in a tropical forest: a new seed
grows into an adult tree when one of the trees in the forest
dies [66]. Here, death happens first. Similarly, birth–death
processes have been employed in cancer evolution [67,68].
Cancer cells grow excessively, and since they exhaust the
nutrients and resources, the healthy cells die due to the lack
of resources and leave empty spaces for the cancer cells to
grow further. The evolutionary dynamics of the cancer cells
arising in the crypts of the inner lining of the intestine can
be modelled by a birth–death process in a line structure
[69,70]. In this case, birth triggers death.

In a graph of subpopulations, coupled migration could
denote the natural tendency of the species to look for a
better place to live. Uncoupled migration can describe disper-
sal caused by humans or abiotic factors such as wind or water
streams. The selection pressure on the patch level makes
sense when patches share common and limited resources
but still are partly isolated.

We hope that this paper paves the way for future work on
the evolutionary dynamics of graph-structured metapopula-
tions. Here, we only classify possible update mechanisms on
metapopulations and only partly analyse some of them. How-
ever, the update mechanism is a crucial ingredient of
evolutionary graph theory, and a better understanding of how
it affects evolutionary dynamics in structured metapopulations
will be necessary to move the field forward.
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Appendix A. Evolutionary dynamics on graphs of
individuals
Assume a connected graph of individuals where wij is
the weight of the link connecting node i to j. The population
consists of two types, wild-type A and mutant B. The vari-
able si indicates the status of node i, si = 0 if it is occupied
by a wild-type, and si = 1 if it is occupied by a mutant. The
selection parameter for the birth of the mutant with respect
to the wild-type is r, and the selection parameter for the
death of the mutant with respect to the wild-type is t. In
the following section, we explain the transition probabilities
for both birth–death and death–birth processes on graphs
of individuals.

A.1. Transition probabilities
In an update mechanism where birth is global and death is
local, one individual is selected for birth, and then one of
its neighbours is chosen for death. The offspring will replace
the empty spot. Based on this model, there are two possible
transitions: increasing and decreasing the number of mutants
by one. The probability Tnþ

birth�death of increasing the number
of mutants, n ¼Pi si, by one is

Tnþ
birth�death ¼

X
i

rsi
r
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

P
j wijð1� sjÞ

t
P

l wilsl þ
P

l wilð1� slÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

:

ðA:1Þ
This equation is the summation over all the possibilities that
the number of mutants increases. The probability Tn�

birth�death
of decreasing the number of mutants n by one is

Tn�
birth�death ¼

X
i

1� si
r
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

t
P

j wijsj
t
P

l wilsl þ
P

l wilð1� slÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

:

ðA:2Þ

When death is global and birth is local, an individual
is selected for death, and then from its neighbour, one indi-
vidual is selected for birth. In this case the transition
probabilities are

Tnþ
death�birth ¼

X
i

1� si
t
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

r
P

j wijsj
r
P

l wilsl þ
P

l wilð1� slÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

ðA:3Þ
and

Tn�
death�birth ¼

X
i

tsi
t
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

P
j wijð1� sjÞ

r
P

l wilsl þ
P

l wilð1� slÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

:

ðA:4Þ

Based on the values of r and t, the update mechanisms
can be categorized as follows:
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(i) In the above equations if r≠ 1 and t≠ 1 there are selec-
tion pressures both on the birth and the death. This
corresponds to the update mechanism BD in which
birth is global and death is local, and the update
mechanism DB in which death is global and death
is local.

(ii) If r≠ 1 and t = 1 birth–death corresponds to update
mechanism Bd and death–birth corresponds to dB.

(iii) If r = 1 and t≠ 1, birth–death correspond to bD and
death–birth correspond to Db.

(iv) If r = 1 and t = 1 birth–death corresponds to bd and
death–birth corresponds to db.

A.2. Equivalence of Bd and Db in undirected regular
graphs

Generalizing the transition probabilities from appendix A.1,
to an arbitrary weighted graph with weights wij under the
update mechanisms Bd leads to

Tnþ
Bd ¼

X
i

rsi
r
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

P
j wijð1� sjÞP

l wil|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
death

ðA:5Þ

and

Tn�
Bd ¼

X
i

1� si
r
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
birth

P
j wijsjP
l wil|fflfflfflffl{zfflfflfflffl}

death

: ðA:6Þ

The transition probabilities of an arbitrary graph under the
update mechanisms Db are

Tnþ
Db ¼

X
i

1� si
t
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

P
j wijsjP
l wil|fflfflfflffl{zfflfflfflffl}

birth

ðA:7Þ

and

Tn�
Db ¼

X
i

tsi
t
P

k sk þ
P

kð1� skÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
death

P
j wijð1� sjÞP

l wil|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
birth

: ðA:8Þ

In a regular graph,
P

l wil is identical for all the nodes.
Thus we can set it as

P
l wil ¼ a. As a result, the transition

probabilities for update mechanism Bd are simplified to

Tnþ
Bd ¼ r

aðrnþN � nÞ
X
i,j

wijsið1� sjÞ ðA:9Þ

and

Tn�
Bd ¼ 1

aðrnþN � nÞ
X
i,j

wijð1� siÞsj: ðA:10Þ

Since in the regular graphswij =wji, therefore,
P

i,j wijð1� siÞsj ¼P
i,j wijð1� s jÞsi and consequently Tn�

Bd =T
nþ
Bd ¼ 1=r is inde-

pendent of the si. As a result the fixation probability is

fðnÞ ¼ 1� 1=rn

1� 1=rN
.

Similarly, the transition probabilities for the update
mechanism Db simplify to

Tnþ
Db ¼ 1

aðtnþN � nÞ
X
i,j

wijð1� siÞsj ðA:11Þ

and

Tn�
Db ¼ t

aðtnþN � nÞ
X
i,j

wijsið1� sjÞ: ðA:12Þ

Since Tn�
Db=T

nþ
Db ¼ t, the fixation probability is fðnÞ ¼ 1� tn

1� tN
;

cf. equation (2.3). If we set t = 1/r the fixation probability
is the same as the fixation probability of the equivalent
well-mixed population under the update mechanism Bd.

Appendix B. Evolutionary dynamics on graphs of
subpopulations
This appendix discusses why some update mechanisms fix ben-
eficial mutants with higher probability. Assume that we have
two types of individuals,mutants andwild-types. The transition
probabilities of increasing and decreasing the total number of
mutants n are given by Tn+ and Tn−, respectively. We use a
mean-field approximation and assume that the transition prob-
abilities are the summation of the transition probabilities for all
the possible configurations for a specific number of mutants n.
The other parameters are described in table 4.

If we start with a single randomly placed mutant in a
wild-type population, the fixation probability of the mutant
is given by [24]

fð1Þ ¼ 1

1þPN�1
i¼1

Qi
j¼1ðT j�=T jþÞ : ðB:1Þ

Therefore, in order to investigate how the fixation probabil-
ities in different update rules vary, it is sufficient to
compare the transition probabilities.

B.1. Comparison of update mechanism with or without
individual-level selection

By comparing the transition probabilities, we can see that for
both coupled and uncoupled update mechanisms, if two
update mechanisms only differ in individual-level selection
for either birth or death, the fixation probability of the ben-
eficial mutant under the update mechanism in which
individual selection is associated with selection parameter is
higher than the one in which individual selection is uniformly
random. Here, we compare the transition probabilities of
update mechanisms MBBDD, MBbDD, MBBDd. The tran-
sition probabilities of increasing and decreasing the total

Table 4. Parameters for a graph of subpopulations.

parameter description

Ni population size in patch i

ni number of mutants in patch i

n total number of mutants,
P

i ni
N total population size,

P
i Ni

r selection parameter for birth of the mutant

t selection parameter for death of the mutant

λ migration probability

wij weight of the link from patch i to patch j
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number ofmutants, n ¼Pi ni updatemechanismMBBDD are

Tnþ
MBBDD ¼

X
i

rni þNi � ni
rnþN � n|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
birth patch

rni
rni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
birth of individual

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
choosing a patch to migrate to

Nj � nj
tnj þNj � nj|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
death of individual

þ ð1� lÞ Ni � ni
tni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

death of individual in parental patch

!
ðB:2Þ

and

Tn�
MBBDD ¼

X
i

rni þNi � ni
rnþN � n|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

selection patch birth

Ni � ni
rni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
birth of individual

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
choosing a patch to migrate to

tnj
tnj þNj � nj|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
death of individual

þ ð1� lÞ tni
tni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

death of individual in parental patch

!
: ðB:3Þ

The transition probabilities for the update mechanism
MBbDD are

Tnþ
MBbDD ¼

X
i

rni þNi � ni
rnþN � n

ni
Ni

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ
Nj � nj

tnj þNj � nj

þ ð1� lÞ Ni � ni
tni þNi � ni

!
ðB:4Þ

and

Tn�
MBbDD ¼

X
i

rni þNi � ni
rnþN � n

Ni � ni
Ni

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ
tnj

tnj þNj � nj

þ ð1� lÞ tni
tni þNi � ni

!
: ðB:5Þ

The transition probabilities for the updatemechanismMBBDd
are

Tnþ
MBBDd ¼

X
i

rni þNi � ni
rnþN � n

rni
rni þNi � ni

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ
Nj � nj

Nj
þ ð1� lÞNi � ni

Ni

!

ðB:6Þ
and

Tn�
MBBDd ¼

X
i

rni þNi � ni
rnþN � n

Ni � ni
rni þNi � ni

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ
nj
Nj

þ ð1� lÞ ni
Ni

!
:

ðB:7Þ

Comparing equations (B.2) and (B.4), all the terms are the same
except the second term which is the probability of choosing a
mutant in patch i for birth. Since

rni
rni þNi � ni

.
ni
Ni

, ðB:8Þ

for beneficial mutants, r > 1 (except for ni =Ni and ni = 0, where
the transition probabilities are zero) that implies

Tnþ
MBBDD . Tnþ

MBbDD: ðB:9Þ

Also if we compare equations (B.3) and (B.5) since

Ni � ni
rni þNi � ni

,
Ni � ni

Ni
, ðB:10Þ

for beneficial mutants, r > 1 (except for ni =Ni and ni = 0, where
the transition probabilities are zero). Thus, we find

Tn�
MBBDD , Tn�

MBbDD: ðB:11Þ

As a result,

Tn�
MBBDD

Tnþ
MBBDD

,
Tn�
MBbDD

Tnþ
MBbDD

for all 1 , n , N � 1: ðB:12Þ

The ratio Tn−/Tn+ appears in the denominator of equation
(B.1). This implies that the fixation probability of an advan-
tageous mutant under MBBDD is higher than the
corresponding fixation probability underMBbDD for an arbi-
trary graph, ϕMBBDD > ϕMBbDD. Similarly, we can show that the
fixation probability of a deleterious mutant under MBBDD is
lower than the corresponding fixation probability under
MBbDD for an arbitrary graph, ϕMBBDD < ϕMBbDD.

In addition, comparing equations (B.2) and (B.6), since

Nj � nj
tnj þNj � nj

.
Nj � nj

Nj
, ðB:13Þ

for beneficial mutants, t < 1, we have

Tnþ
MBBDD . Tnþ

MBBDd: ðB:14Þ

Also by comparing equations (B.3) and (B.7), we have

Tn�
MBBDD , Tn�

MBBDd ðB:15Þ

because

dnj
dnj þNj � nj

,
nj
Nj

, ðB:16Þ

for all 1 < nj <Nj− 1 and for nj =Nj both sides are equal. In con-
clusion, the fixation probability of an advantageous mutant in
an arbitrary graph under MBBDd is smaller than the corre-
sponding fixation probability under MBBDD. On the other
hand, for deleterious mutants, fMBBDd . fMBBDD.

We can show in a similar way as above that for beneficial
mutants that the fixation probability, ϕ of an arbitrary graph
under update mechanism MBBDD, MBbDD and MBbDd
have the following relationship with each other:

fMBBDD . fMBbDD . fMBbDd, ðB:17Þ
and similarly the relation between the fixation probability of
a beneficial mutant for an arbitrary graph under update
mechanisms MBBDD, MBBDd and MBbDd is

fMBBDD . fMBBDd . fMBbDd: ðB:18Þ
In the above expressions, one cannot simply state which of
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the ϕMBBDd and ϕMBbDD is higher. The relation between these
two values might be dependent on the graph structure.

On the other hand, the relation between the fixation prob-
abilities, ϕ, of a deleterious mutant in an arbitrary graph under
the update mechanisms, MBBDD, MBbDD and MBbDd is

fMBBDD , fMBbDD , fMBbDd, ðB:19Þ
and similarly, we can simply show that the fixation probabil-
ities of a deleterious mutant in an arbitrary graph under the
update mechanisms MBBDD, MBBDd and MBbDd has the
following relationship:

fMBBDD , fMBBDd , fMBbDd: ðB:20Þ
As we see from these equations, for an arbitrary graph, if an
update mechanism is more associated with selection par-
ameters, the fixation probability of advantageous mutants
increases and the fixation probability of deleterious mutants
decreases.

B.2. Comparison of update mechanism with or without
patch level selection

Comparing the transition probabilities of a beneficial mutant
under two update mechanisms that only differ in patch level
selection for either birth or death is not as straightforward. Intui-
tively we expect that the update mechanism in which patch level
selection is associated with the collective selection parameter of
the patch has a higher fixation probability. In the following, we
show why one cannot easily infer from the transition probabil-
ities which one is higher. Let us compare the transition
probabilities for increasing the mutant population size by one
under the update mechanisms MBBDD and MbBDD.

Tnþ
MbBDD ¼

X
i

Ni

N|{z}
birth patch

rni
rni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
birth of individual

�
 
l
X
j

wij
tnj þNj � njP

k wikðtnk þNk � nkÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
choosing a patch to migrate to

Nj � nj
tnj þNj � nj|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
death of individual

þ ð1� lÞ Ni � ni
tni þNi � ni|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

death of individual in parental patch

!
ðB:21Þ

Comparing the equations (B.2) and (B.21), the only difference is
the term for the birth patch. Tnþ

MBBDD . Tnþ
MbBDD if for all i values

rni þNi � ni
rnþN � n

� Ni

N
: ðB:22Þ

The above relation holds if and only if

ni
Ni

� n
N
: ðB:23Þ

However, the above relation does not always hold, and it
depends on the configuration of the population. Hence, it is
not easy to compare equations (B.2) and (B.21).

B.3. Comparison of update mechanism with uncoupled
migration

Similarly, by comparing the transition probabilities for
uncoupled update mechanisms, we can see that the fixation
probability of an advantageous mutant under update
mechanisms in which individual selection is associated

with selection parameters is higher than the corresponding
fixation probability under update mechanisms in which
individual selection is independent of selection parameters.
The transition probabilities of this update mechanism only
include the non-migrative terms because the migrative term
does not change the number of mutants in the whole
population. The transition probabilities for the update
mechanism mBBD are

Tnþ
mBBD ¼ ð1� lÞ

�
X
i

rni þNi � ni
rnþN � n

rni
rni þNi � ni

Ni � ni
tni þNi � ni

ðB:24Þ
and

Tn�
mBBD ¼ ð1� lÞ

�
X
i

rni þNi � ni
rnþN � n

Ni � ni
rni þNi � ni

tni
tni þNi � ni

,

ðB:25Þ
and the transition probabilities for the update mechanism
mBBd are

Tnþ
mBBd ¼ ð1� lÞ

�
X
i

rni þNi � ni
rnþN � n

rni
rni þNi � ni

Ni � ni
Ni

ðB:26Þ

and

Tn�
mBBd ¼ ð1� lÞ

X
i

rni þNi � ni
rnþN � n

Ni � ni
rni þNi � ni

ni
Ni

: ðB:27Þ

From equations (B .24) and (B. 26), we can see that for ben-
eficial mutants, t < 1,

Tnþ
mBBD . Tnþ

mBBd, ðB:28Þ
because for 1 < ni <Ni we have

Ni � ni
dni þNi � ni

.
Ni � ni

Ni
: ðB:29Þ

Analogously, for the beneficial mutants we have

Tn�
mBBD , Tn�

mBBd: ðB:30Þ
Thus, the fixation probability of an advantageous mutant
under mBBD is higher than the corresponding fixation prob-
ability under mBBd, fmBBD . fmBBd. Similarly we can see
that for a beneficial mutant

fmBbd , fmBbd , fmBBD: ðB:31Þ
On the other hand, for the deleterious mutants we have an
opposite relation between the fixation probabilities:

fmBbd . fmBbd . fmBBD: ðB:32Þ

Appendix C. Equivalence of evolutionary
dynamics on graphs of subpopulations and
graphs of individuals
In the mechanisms with coupled migration, some update
mechanisms reduce to simpler ones in a weighted graph of
individuals, where the weights of the links that connect
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individuals locally are different from the weights of the links
that connect individuals in adjacent subpopulations (see
figure 4).

In order for an update mechanism to reduce to a simpler
update mechanism, selection for birth and death should be
either associated with selection parameter or not for both
patch and individual levels. As an example MBBdd reduces
to Bd. This can be easily shown by transition probabilities; in
order to increase the number of mutants by one through
selecting one mutant from the patch i consists of two parts;
first selecting a mutant from patch i with probability

rni þNi � ni
rnþN � n

r
rni þNi � ni

: ðC:1Þ

This probability is simplified to r/(rn +N− n), which is
equivalent to the probability of selecting one mutant from
the whole population regardless of the collective selection
parameter of the patches. The second part is choosing one
of the wild-type neighbours of the selected mutant for
death. The neighbour could be either selected from the
parental patch with probability

ð1� lÞNi � ni
Ni

, ðC:2Þ

or from the neighbouring patches with probability

l
X
j

wij
Nj � njP
k wikNk

: ðC:3Þ

The above two equations for the death probability of a wild-
type imply that a graph of patches can be reduced to a graph
of individuals. In the equivalent graph of individuals the
weight of the link between each two individuals within
the patch i is (1− λ)/Ni if we take into account self-loops,
and the weight of the link from an individual from patch i
to an individual from patch j is lwij=

P
j wijNj. Therefore,

the update mechanismMBBdd on a graph of subpopulations
is equivalent to the update mechanism Bd on a graph of
individuals in which the weight of the links that connect
local individuals differ from the weight of links that connect
individuals in different patches. The weight of the
links depends on the migration probability as well as the
local population sizes.

Appendix D. Evolutionary dynamics on the
metastar
In this appendix, we calculate the fixation probability for the
metastar in the low migration rate regime. A metastar is a star
graph where every node is occupied by a subpopulation. The
internal structure of each subpopulation is well mixed. These
subpopulations are connected to each other through the cen-
tral node. We denote the total population size by N and
assume it is distributed evenly into M patches, so that the
size of each patch is N1 =N/M.

When the migration probability is sufficiently low, and
the population sizes of the patches are comparable, the indi-
vidual migrating to a neighbouring patch either reaches
fixation or goes extinct in that respective patch before the
next migration event occurs. Therefore, the subpopulations
are in a homogeneous configuration at the time of a migration
event. By homogeneous configuration, we mean that each

patch is either occupied by the mutant type or the wild-
type individuals. In the low migration rate regime, to calcu-
late the fixation probability, instead of considering the
transition probabilities between 2N states, the state space is
reduced to 2M. The transition probabilities between these
2M states are sufficient to compute fixation probabilities. As
a result, we can look at the problem as if we have a graph
of individuals. However, the probability of replacing a node
with the offspring of a neighbouring node needs to be modi-
fied. In a graph of individuals, the probability that the
offspring of a chosen node i replaces the individual of node
k is equal to the weight of the link directed from node i to
node k, wik. In a graph of subpopulations, assuming the
low migration rate regime, this probability is modified to
wikf

Nk
wm, where fNk

wm is the fixation probability of the
migrating offspring to take over the patch k of size Nk, and
wm stands for well-mixed. With the individual-selection
parameters r and t, we obtain from equation (B.1)

fNk
wm ¼ 1� ðt=rÞ

1� (t=r)Nk
: ðD:1Þ

Here, we focus on the update mechanisms with coupled
migration described in §3.1.

D.1. Update mechanisms with birth first
We start with writing the transition probabilities for all the 16
update mechanisms in table 2 in a compact way. To do so, in
addition to the selection parameters r and t introduced in
table 4, we introduce two more parameters r0 and t0. Par-
ameters r and t represent selection at the individual level
for birth and death, respectively, whereas, parameters r0 and
t0 represent selection at the patch level for birth and death,
respectively. If the selection for birth at the individual level
is uniformly at random, then r = 1, otherwise r≠ 1. Similarly,
if the selection for death at the individual level is uniformly at
random, then t = 1, otherwise t≠ 1. The same holds for the
parameters defined at the patch level. As an example, for
the update mechanism MbBDD, since the birth selection at
the patch level is uniformly random, r0 = 1. But the par-
ameters r, t and t0 are not equal to 1. The parameters r0 and
t0 describe the contribution of an individual to the collective
selection parameters of a patch. When a patch is occupied
by mutants, its collective selection parameters for the birth
and the death events equal r0N1 and t0N1, respectively.
When a patch is occupied by wild-types, its collective selec-
tion parameters for the birth and the death events equal N1.
With this in mind, we generalize the transition probabilities
for update mechanisms with coupled migration, with birth
being the first event.

A state of the metastar is denoted by ð†= � , jÞ, where the
first index represents the state of the central patch: † if the
central node is occupied by mutant individuals, � if it is
occupied by wild-type individuals. The second index
denotes the number of mutant occupied leaf patches. The
transition from the state ð†, jÞ to the state ð†, jþ 1Þ occurs
with probability

Tjþ
†!†¼

r0N1

ðjþ1Þr0N1þðM�1�jÞN1

ðM�1�jÞN1

ðM�1�jÞN1þjt0N1
lfN1

wmðr,tÞ:

ðD:2Þ

The transition from the state ð�, jÞ to the state ð†, jÞ occurs
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with probability

Tj
�!†¼

jr0N1

jr0N1þðM�jÞN1
lfN1

wmðr,tÞ: ðD:3Þ

The transition from the state ð�, jÞ to the state ð�;j�1Þ occurs
with probability

Tj�
�!�¼

N1

jr0N1þðM�jÞN1

jt0N1

ðM�1�jÞN1þjt0N1
lfN1

wm
1
r
,
1
t

� �
:

ðD:4Þ

The transition from the state ð†, jÞ to the state ð�, jÞ occurs
with probability

Tj
†!�¼

ðM�1�jÞN1

ðjþ1Þr0N1þðM�1�jÞN1
lfN1

wm
1
r
,
1
t

� �
: ðD:5Þ

The fixation probability of a mutant taking over the entire
metastar depends on the patch where the initial mutant
appears. It can be a leaf patch or the central patch. Let us
denote the fixation probability of a mutant starting from
the central patch by f0

†. Using [6,25], we find

f0
†¼

p0þ
†

1þð1�p0þ† ÞPM�2
j¼1

p
j�
�

p
jþ
†

� �j ðD:6Þ

Here, p
j�
� is the conditional probability of the transition

from the state ð�, jÞ to the state ð�; j�1Þ given that the

population starts from state (○, j ),

pj�
� ¼ Tj�

�!�
Tj
�!†þTj�

�!�

¼
t0

r0
fN1
wmð1=r;1=tÞ

t0

r0
fN1
wmð1=r; 1=tÞþðM�1�jþjt0ÞfN1

wmðr;tÞ
: ðD:7Þ

Similarly, pjþ
† is the conditional probability of the transition

from the state ð†,jÞ to the state ð†, jþ1Þ given that the
population starts from state ð†, jÞ,

pjþ
† ¼ Tjþ

†!†
Tjþ
†!†þTj

†!�

¼ r0fN1
wmðr;tÞ

r0fN1
wmðr;tÞþðM�1�jþjt0ÞfN1

wmð1=r; 1=tÞ
: ðD:8Þ

The fixation probability of a mutant starting from a leaf
patch, f1

�, can be obtained by using the relation

f1
�¼

1�p1�
�

p1þ†
f0
†: ðD:9Þ

Thus, the average fixation probability of a metastar
starting from a single fully occupied mutant patch is,

~f
w ¼ M� 1

M
f1
� þ

1
M

f0
†: ðD:10Þ

Consequently, the average fixation probability of a metastar
staring from an individual mutant is

fw ¼ ~f
w � fN1

wmðr, tÞ: ðD:11Þ
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Figure 5. The fixation probability of the metastar in the low migration rate regime under the coupled update mechanisms with birth being first, starting from a
single mutant. In terms of the value of fixation probability, one can put the update mechanisms into three classes: (H) a class of four update mechanisms with high
fixation probability in which selection on the individual level both in both birth and death is associated with the selection parameter (solid lines), (I) a class of eight
update mechanisms with medium fixation probability in which selection on the individual level is associated with the selection parameter either for birth or death
(dashed lines), and (L) a class of four update mechanisms with low fixation probability in which selection on the individual level is uniformly random for both birth
and death (dotted lines). Parameters: number of patches, M = 5, patch size, N1 = 5.
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Using equations (D.6), (D.9) and (D.11), we find

fw ¼ M�1
M

f1
� þ

1
M

f0
†

� �
fN1
wmðr, tÞ,

¼ M�1
M

1�p1�
�

p1þ†
þ 1
M

� �
p0þ
†

1þð1�p0þ† ÞPM�2
j¼1

p
j�
�

p
jþ
†

� �jfN1
wmðr; tÞ:

ðD:12Þ

To illustrate the fixation probability fw using equation
(D.12), we assume that all selection parameters are controlled
by the same variable, q. If any of the selection parameters for
birth is not equal to 1, then it is set to q. That is, if r≠ 1, then
r = q and if r0 ≠ 1, then r0 = q. Similarly, if t≠ 1, then t = 1/q
and if t0 ≠ 1, then t0 = 1/q. Figure 5 shows the fixation prob-
ability of the metastar under different update schemes
with migration coupled to the birth event. Based on the fix-
ation probabilities for q > 1, the birth first update
mechanisms with coupled migration can be broadly categor-
ized into three classes with high, intermediate and low
fixation probabilities:

(A) The class with high fixation probability consists of the
update rules where selection acts at the individual
level, both in the birth and the death event. That is in
the high fixation probability class, r≠ 1 and t≠ 1.

(B) The class with intermediate fixation probability consists
of the update mechanisms where selection acts at the
individual level but only in one event, either birth (r≠
1) or death (t≠ 1).

(C) The low fixation probability class consists of the update
mechanisms where selection does not operate at the indi-
vidual level. For this class, r = t = 1.

The ordering of the fixation probabilities corresponding to
the update mechanisms of these three classes is consistent
with the inequalities (B.17) and (B.18) obtained in appendix
B.1. For example in inequality (B.17), it is shown that

fMBBDD|fflfflfflffl{zfflfflfflffl}
high fixation

probability class

. fMBBDd|fflfflfflffl{zfflfflfflffl}
intermediate fixation
probability class

. fMBbDd|fflfflffl{zfflfflffl}
low fixation

probability class

ðD:13Þ

In the class with high fixation probability, for a given
value of q, the fixation probabilities for the update rules of
the class are nearly the same. Let us understand the reason
behind this small difference in the fixation probabilities.
Recall for the update rules of high fixation probability class
both r and t are not equal to 1, i.e. selection operates at the
individual level for the high fixation probability class
update rules. We have

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ r
t

� �N1�1
: ðD:14Þ

We first focus on the regime q > 1, with r = q, t ¼ 1
q
,

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ q2ðN1�1Þ � 1: ðD:15Þ

As a result, the fraction

p
j�
�

p
jþ
†

¼
1þ M� 1� jþ t0j

r0
fN1
wmð1=r; 1=tÞ
fN1
wmðr; tÞ

1þ r0

t0
ðM� 1� jþ t0jÞ fN1

wmðr; tÞ
fN1
wmð1=r; 1=tÞ

	 1, ðD:16Þ

and consequently, equation (D.2) reduces to

fw � M� 1
M

1� p1�
�

p1þ†
þ 1
M

� �
p0þ
† fN1

wmðr, tÞ: ðD:17Þ

In the above equation,
1� p1�

�
p1þ†

can be simplified when M is

sufficiently small such that ðM� 2þ t0Þ
fN1
wm

1
r
;
1
t

� �
fN1
wmðr; tÞ

	 1. In

this case,

1� p1�
�

p1þ†
� 1 ðD:18Þ

and

p0þ
† � 1: ðD:19Þ

Hence,

fw � fN1
wmðr, tÞ, ðD:20Þ

which is independent of the selection parameters r0 and t0.
This implies that the fixation probability of a mutant on the
metastar for an update rule of high class fixation probability
(update rule where r≠ 1 and t≠ 1) is the same regardless of
the nature of selection at the patch level. This in turn explains
why the fixation probability profiles in the high fixation
probability class are so similar.

We use similar arguments to study the differences
in the fixation probability profiles of the intermediate
fixation probability class where either r≠ 1 or t≠ 1. From
figure 5, we observe that for a given q value, the differences
among the fixation probability for different update rules of
the class is higher. For the update rules with r≠ 1 and t = 1,
we have

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ rN1�1: ðD:21Þ

Similarly, for the update rules with r = 1 and t≠ 1, we have

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ 1
t

� �N1�1

: ðD:22Þ

Substituting r = q and t ¼ 1
q
, we get,

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ qN1�1: ðD:23Þ

which for q > 1 is less than what we have in the class with
the high fixation probability (see equation (D.15)). As a
result, we expect that in the class with the intermediate fix-
ation probability, the patch level selection is more important.

In the class of low fixation probability with r = t = 1, since

fN1
wmðr, tÞ

fN1
wm(1=r, 1=t)

¼ 1, ðD:24Þ

the effect of patch selection on the fixation probability is more
notable compared with the two other classes. As a result, the

royalsocietypublishing.org/journal/rsif
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differences in the fixation probabilities for the update rules of
this class is larger than what we found in the previous two
classes. Also, the conditional transition probabilities in
equations (D.7) and (D.8) become identical to the transition
probabilities of star graph with one individual per node.
Therefore, for the case of low fixation probability class
update rules, the fixation probability on the metastar starting
from a single mutant patch is equivalent to the fixation prob-
ability on the star graph starting from a single mutant. The
fixation probability of the metastar starting from a single
mutant, is then the fixation probability of the mutant on the
star graph of size M times the probability fN1

wm.
Let us now focus on the case of q < 1. In the class with

high fixation probability, for q < 1 and N1�1,

fN1
wmðr, tÞ

fN1
wmð1=r, 1=tÞ

¼ q2ðN1�1Þ 	 1, ðD:25Þ

and hence,

p
j�
�

p
jþ
†

¼
1þ M� 1� jþ t0j

r0
fN1
wmð1=r; 1=tÞ
fN1
wmðr; tÞ

1þ r0

t0
ðM� 1� jþ t0jÞ fN1

wmðr; tÞ
fN1
wmð1=r; 1=tÞ

� 1: ðD:26Þ

As a consequence, from equation (D.12), we find

fw 	 1: ðD:27Þ
Therefore, the effect of patch level selection in the class with
high fixation probability is negligible. Similarly, we find that
for the class with intermediate fixation probability, fw 	 1.

Although the variation in fixation probabilities is very
small for the high fixation probability class, from figure 5,
we find seemingly unintuitive fixation probabilities ordering
for the different update mechanisms. Intuitively, an update

mechanism with higher selection associated events is
expected to yield higher fixation probabilities of beneficial
mutants. In our numerical investigation, we observe that
this holds only for a finite range of q. In fact, for a certain
value of q, we have

fw
MBBdD . fw

MBBDD . fw
MbBdD . fw

MbBDD, ðD:28Þ
which is counterintuitive. Similarly, based on the numerical
calculations, in the class with the intermediate fixation prob-
ability, for a range of q,

fw
MBbdD . fw

MBbDD . fw
MbbdD . fw

MbbDD, ðD:29Þ
which again is counterintuitive.

In the fixation probability for metastar fw, the selection at
the individual level always enters the formula via fN1

wmðr, tÞ.
Since fN1

wmðrtÞ ¼ fN1
wmðrtÞ, we have fN1

wmðr ¼ 1, t ¼ 1=qÞ ¼
fN1
wmðr ¼ q, t ¼ 1Þ. Therefore, in the intermediate fixation

probability class, two update mechanisms that are similar at
the patch level selection, but different at the individual
level selection, have the same fixation probabilities. For
example, MBBdd and MBbdD, have the same fixation prob-
abilities. This is the reason that instead of eight, we have four
distinct curves for the fixation probabilities of intermediate
fixation probability class (see inset of figure 5).

D.2. Update mechanisms with death first
A similar analysis using the metastar can be performed for
the case of 16 update mechanisms where migration is
coupled to death, introduced in table 3. We recover a similar
grouping of update mechanisms into three fixation prob-
ability classes as encountered for the birth first coupled
migration update mechanisms (see figure 6).
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Figure 6. The fixation probability of the metastar in the low migration rate regime under coupled update mechanisms with death being first, starting from a single
mutant. In terms of the value of fixation probability, one can again put the update mechanisms into three classes: (H) the class with high fixation probability in
which selection on the individual level both in both birth and death is associated with the selection parameter, (I) the class with medium fixation probability
in which selection on the individual level is associated with the selection parameter either for birth or death, and (L) the class with the low fixation probability
in which selection on the individual level is uniformly random for both birth and death. Parameters: number of patches, M = 5, patch size, N1 = 5.
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Chapter 6

Discussion

Studying evolutionary dynamics in well-mixed populations has provided in-
sights into the operation of natural selection alongside genetic drift. However,
the well-mixed population, also known as the complete graph, represents a
special case where each individual interacts with every other individual with
equal propensity. This way, the well-mixed populations are ideal populations.
In contrast, natural populations often exhibit spatial structures. Evolution-
ary graph theory (EGT) serves as a platform for comprehending how various
evolutionary forces interact within these spatial structures. EGT not only
aids in understanding the interplay of these forces but also provides a frame-
work for engineering populations, with a prospect to tune the strengths of
these forces.

Within the EGT community, it is widely recognised that the choice of
update rules, such as Birth-death (Bd) or death-Birth (dB), considerably
impacts evolutionary outcomes [65, 37]. In this thesis, we introduced an
additional factor into this decision-making process: the choice of individuals
moving to vacant sites, either the parent (p) or the (mutant) offspring (o).
This added choice gives rise to more complex update rules, denoted as Bdo,
Bdp, dBo, and dBp. With these complex update rules, the need for a specific
mutant initialisation scheme becomes unnecessary as it naturally follows from
the choice of the birth-death scheme and the moving individual. For example,
Bdo corresponds to the temperature-initialised Bd updating [28], while Bdp

is equivalent to the widely recognised uniform-initialised Bd updating. So
far, uniform-initialised Bd updating has been supported by the occurrence
of spontaneous mutations [87]. We have shown that it can also be recovered
with mutants appearing during reproduction, if parents move to vacant sites.
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Additionally, allowing parents to move within the dB scheme, equivalent to
dBp, also opens up possibilities for new update rules such as the temperature-
initialised dB updating.

Working with dBp updating, we have discovered a completely new cate-
gory of graphs: amplifiers of fixation (AoF )—structures with a higher proba-
bility of fixing mutants regardless of their fitness values. Notably, for dBp up-
dating, the star graph is an amplifier of fixation. Even in the limit N →∞,
the probability of fixing deleterious mutants for the star graph under dBp

updating remains non-zero. This is the first example where disadvantageous
mutants can achieve fixation, even within an infinitely large population size.
Consequently, the relevance of the deleterious mutant regime begins to man-
ifest, even at short-term fixation time scales. While we have found that ma-
jority of the small random graphs are piecewise amplifiers of fixation under
dBp updating, it remains to be seen what happens for large random graphs.

Research in EGT has primarily focused on studying the fixation probabil-
ity of mutants on graphs [18, 49, 39, 51, 97, 28, 98, 66, 99, 100, 101, 89, 90].
This thesis advances EGT research by investigating long-term evolution on
single-peaked fitness landscapes, where mutations continuously appear in
evolving populations. In chapters 2 and 3, we worked within the low mutation
rate regime, where the long-term mutation-selection dynamics is sequential.

Our findings revealed that suppressors of fixation (SoF ), which are spa-
tial structures with a lower probability of fixing mutants regardless of their
fitness values, achieve higher fitness, while AoF attain lower fitness than the
complete graph. These results suggest that the long-term fate of adaptive
evolution in spatially structured populations cannot be predicted solely by
considering the fixation of advantageous mutants. Rejecting deleterious mu-
tations is equally crucial. A structure better at rejecting deleterious mutants
can achieve higher fitness than the well-mixed population despite being less
effective at fixing beneficial mutants. Similarly, a structure better at fixing
advantageous mutants can attain lower fitness than the well-mixed popula-
tion if it is poor at rejecting disadvantageous mutants. Therefore, the fate
of deleterious mutants substantially influences the long-term evolution on
spatial structures. This thesis emphasises the importance of the deleterious
mutant regime, even for very large population sizes, something that has been
so far overlooked in the literature. Fig. 6.1 shows how the choice of moving
the parent individual to vacant sites and studying long-term evolutionary dy-
namics lead to our main finding about the role of deleterious mutant regime.
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The new category of graphs, AoF , holds the potential to advance the
current understanding in the following two areas: Crossing fitness valleys
and the evolution of cooperation.

Like well-mixed populations, a single-peaked fitness landscape can serve
as a good starting point for mathematical analysis. However, mutations typi-
cally interact with their fitness effects, leading to ruggedness in the landscape
[102, 103, 104], see Fig. 6.2. Investigating evolutionary dynamics on spatial
structures subjected to rugged fitness landscapes is therefore a natural future
direction. An important quantity in this context is the time taken by the
population to cross fitness valleys [105, 106, 107, 108]. Valley crossing can
occur via one of two processes: sequential fixation and simultaneous fixation
[109].

In sequential fixation, a deleterious valley-genotype mutant first appears
on the local-peak genotype background and then fixates. This is followed
by the appearance and fixation of a beneficial escape-genotype mutant on
the valley-genotype background. This way, the population moves from a
local fitness peak to higher peaks via a series of fixation steps through fit-
ness valleys. Sequential fixation is a common mode for valley crossing for
low mutation rates and small population sizes. With no back mutations,
AoF can substantially reduce the valley crossing times compared to the well-
mixed population. This is because AoF have a higher probability of fixing
both deleterious and beneficial mutants. Thus, for low mutation rates, AoF
have higher navigability through rugged fitness landscapes. For higher mu-
tation rates, simultaneous fixation becomes more frequent. In this process,
a quasi mutation-selection equilibrium is established between the local-peak
genotype and the valley genotypes. Subsequently, a valley genotype mu-
tates to an escape genotype, which eventually fixes in the population. This
mechanism allows the population to ascend to a higher fitness peak without
requiring fixation in the valley, which is why simultaneous fixation is also
known as stochastic tunneling. For the case of the complete graph, the val-
ley genotypes are found at a very low frequency in the mutation-selection
equilibrium [110, 111]. However, the mutation-selection balance for AoF at
higher mutation rates is not known and thus needs to be determined before
investigating simultaneous fixation. Overall, AoF can result in a consider-
ably larger span of genotype space covered during the course of evolution
and thus, making higher fitness peaks more accessible.

The fitness landscape can also vary over time as a population evolves.
One such scenario occurs when selection is frequency-dependent. The rele-
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Figure 6.2: Fitness Valley. Here, we illustrate how the fitness interaction
between loci, known as epistasis, can give rise to multiple fitness peaks. We
consider two biallelic loci where each locus can be in one of two states, 0 or 1.
In our example, starting from the local peak genotype 00, a mutation at any
locus has a deleterious fitness effect. Consequently, the genotypes 01 and 10
are termed valley genotypes. It is only when the second mutation arises on
a valley genotype the fitness effects are beneficials. The resulting genotype
11, known as the escape genotype, exhibits an even higher fitness than the
local peak genotype.

vant framework to study evolutionary dynamics in such cases is evolutionary
game theory. A commonly explored problem within this framework is the
evolution of cooperation, often studied by computing the fixation probability
of a cooperator (C) introduced into a population of defectors (D) [19].

In evolutionary game theory, individuals play games with their neighbors,
and the resulting payoffs gives the fitness of each individual. A common
choice to study evolution of cooperation is the game of prisoner’s dilemma
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[47] with payoff matrix given by

C D( )
C b− c −c
D b 0

. (6.1)

In this game, b > c > 0, where a cooperator incurs a cost, c, to benefit
others by b units. Conversely, a defector neither pays a cost nor provides any
benefit.

In well-mixed populations, regardless of the update rule the cooperation
fails to spread for large population sizes. However, spatial structures facil-
itate the evolution of cooperation by enabling the formation of cooperators
clusters, thereby increasing the fitness of cooperators [112]. Previous research
by Ohtsuki et al. demonstrated that under dB updating, natural selection fa-
vors cooperation on regular graphs if the benefit-to-cost ratio b/c > k, where
k is the average mean degree [42].

In the initial phase of the fixation dynamics, cooperators generally face
a fitness disadvantage and thus, fails to establish. Given our finding that
under constant selection, temperature-initialised dB updating (dBp) increases
the probability of fixation for deleterious mutants, it is expected that the
same holds true for cooperators under frequency dependent selection. That
is, under dBp, it is anticipated that cooperators have a higher probability
of fixation on a spatial structure than with other updating schemes. This
prediction, however, requires further verification. Additionally, long-term
evolution with non-local mutations and frequency-dependent selection on
graphs [113] presents an intriguing research question for future exploration.
To summarise, the ability to fix of deleterious mutants opens door for new
possibilities.

Amplifiers of selection (AoS), known for their potential to accelerate evo-
lution, have been in the limelight EGT. In Ref. [36], it was demonstrated
that nearly any structure can be transformed into an AoS by introducing
self-loops and manipulating link weights. Because of their ability to effi-
ciently fix beneficial mutants, AoS attain higher fitness than the well-mixed
population for the low mutation rate dynamics. However, in chapter 4 we
found that beyond the low mutation rates self-looped AoS can attain lower
fitness not just compared to the well-mixed population, but also the suppres-
sors of selection (SoS) . Therefore, structures that attain higher fitness for
sequential long-term dynamics need not perform better than the complete
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graph for higher mutation rates. Whereas, less famous SoF can maintain
higher fitness both within and outside the weak mutation rates. Overall, it
could be worthwhile to sometimes shift focus from the mainstream amplifiers
of selection.

The majority of research in EGT is driven by theorists. Only very re-
cently, experimental studies have started to emerge [88]. To facilitate EGT
research in experimental evolution, the proposal is to replace each node with
a well-mixed population, creating a network-structured metapopulation, see
Fig. 6.3. However, it is crucial to recognise that the findings from classi-
cal one-node-one-individual research cannot be directly extrapolated to the
metapopulation level. Therefore, it is imperative to pursue a parallel develop-
ment of the theoretical framework, focusing on network-structured metapop-
ulations. References such as [114, 89, 90, 115] represent some initial efforts in
this direction. Drawing from the experiences of the one-node-one-individual
theory, where the choice of update rules strongly influences the outcomes, it
remains to be seen to what extent the choice of update rules presented in
chapter 5 impact structured metapopulation dynamics.

While we have already mentioned quite a few future directions, other
important problems to explored are following:

• The first is to move beyond the assumption of a constant popula-
tion size. Studying spatially structured growing populations not only
holds its own biological relevance [55] but can also enhance the robust-
ness of the evolutionary outcomes regarding the choice of update rules.
The update rules for a growing population differs from the traditional
constant population size birth-death updates in the sense that birth
and death need not occur in equal proportions. Branching processes
[116, 117] provide a natural starting point for addressing growing pop-
ulations on spatial structures with empty sites [118].

• Secondly, mutation rates often do not adhere to the weak mutation rate
approximation for a population. Typically, multiple beneficial mutants
are competing with each other to fix in the population, leading to the
regime of clonal interference [119, 120]. Consequently, studying clonal
interference on graphs becomes an important area of research.

• Third is to examine long-term evolution in network-structured metapop-
ulations. This approach would enable the experimental validation of
the results obtained in this thesis.
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Another line of research could be the study of weighted Erdős-Rényi graph
structured metapopulations with demes of different sizes occupying nodes.
One motivation behind this study is to understand the modifications re-
quired to transform a random Erdős-Rényi graph into one of the following
structures: an AoS, a SoS, an AoF , or a SoF . These modifications would
then provide insights into designing spatial structures with desired fixation
probabilities for mutants in the laboratory settings. This would enhance our
ability to steer evolutionary dynamics on fitness landscapes.

Exciting times for EGT lie ahead!
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