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Abstract

The problem of Euler concerning the 36 officers, (Euler, in Leonardi Euleri Opera
Ser 17:291-392, 1782), was first solved by Tarry (Comptes rendus Ass Franc Sci Nat
1 (1900) 2:170-203, 1901). Short proofs for the non-existence were given in Betten
(Unterricht 36:449-453, 1983), Beth et al. (Design Theory, Bibl. Inst. Mannheim,
Wien, Ziirich, 1985), Stinson (J Comb Theory A 36:373-376, 1984). This problem
is equivalent to the existence of a MOL(6), i. e., a pair of mutually orthogonal latin
squares of order 6. Therefore in Betten (Mitt Math Ges Hamburg 39:59-76, 2019; Res
Math 76:9, 2021; Algebra Geom 62:815-821, 2021) the structure of a (hypothetical)
MOL(6) was studied. Now we combine the old proofs and the new studies and filter
out a simple way for the proof of non-existence. The aim is not only to give still
other short proofs, but to analyse the problem and reveal the geometric reason for the
non-existence of a MOL(6)- and the non-solvability of Euler’s problem.

Keywords Orthogonal arrays - Latin squares - Room squares - Orthogonal designs -
Configurations

Mathematics Subject Classification O5 - S1
1 Introduction

We recall Euler’s 36 officers Problem: Can 36 officers, drawn from 6 different ranks
and also from 6 different regiments, be ranged in a square so that in each line (both
horizontal and vertical) there are 6 officers of different rank and different regiments?
This was a famous problem at Euler’s time, and Euler wrote a paper concerning it,
(Euler 1782). The first proof of the non-existence was by Tarry (1901), so we may
call this problem now the Euler/Tarry problem. The problem can be formulated in
mathematical terms by the existence of a MOL(6) (a pair of mutually orthogonal latin
squares LQ(6) of order 6), (Colbourne and Dinitz 1996; Denes and Keedwell 1974).
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A latin square LQ(6) is an (6 x 6)-array of numbers 1, 2, ..., 6, such that in each row
and in each column of the array there are 6 different numbers. We call these numbers
the digits. A transversal of the latin square LQ(6) is a 6-tuple of elements which
meets each row and each column exactly once and has 6 different digits. If there are
six pairwise disjoint transversals, we denote them by r = 1, =2, ..., = 6 (in some
order), and the 6 x 6-array with these transversals is a second latin square of order
6, called orthogonal to the first one. Both latin squares are mutually orthogonal and
define a so called MOL(6).

The MOL(6) has 6 rows, 6 columns, 6 digits and 6 transversals, and defines a linear
space on 24 variables, which we call LSP(24). It has 4 6-blocks and 36 4-blocks
and each pair of variables is in exactly one block. So, a MOL(6) and a LSP(24) are
structurally the same, only in different presentation.

In Sect. 2 we derive a tactical decomposition TDOII for the linear space LSP(24). This
quotient structure for LSP(24) is also described for the MOL(6) and is the main notion
in this paper. In Sect. 3 we study the decomposition TDOIL It has an outstanding
and unique substructure Q, (Theorem 4), which can be seen dually as a quadruple of
parallel classes on a set of 6 elements. In Theorem 3 an invariant 14 is defined and it
is shown w4 = 6. This maximal number 6 is exactly reached by the 6 elements of Q.
In Sect. 4 we prove that the quotient structure TDO II cannot be extended to a MOL(6).
For this we choose various subsets of TDO II containing Q and derive in each case a
contradiction. We also study the four latin squares contained in a MOL(6) and show
that one of them does not exist. So we get several proofs for the non-existence of a
MOL(6), but we applied computer methods.

To avoid this we start in Sect. 7 with two partial substructures of a MOL(6) and derive
TDO 1II and prove pus = 6 without computer. Thus we get computer free proofs for
the non-solvability of Euler’s problem.

In Sect. 8 we prove that the automorphism group of a MOL(6) is the symmetric group
S4. This leads again to a non-existence proof for a MOL(6).

2 A quotient structure for a MOL(6)

We give an example of a MOL(6):

25465264 11 33
16 54 61 3523 42
516345263214
62 1536 53 44 21
43 31 24 12 56 65
3422 13 41

In each cell of the (6 x 6)-array, there is a pair of numbers. We call the first
number the digit (corresponding to the rank) and the second number the transversal
(corresponding to the regiment). In the last row we had to let two gaps since the
problem is not solvable.
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The (6 x 6)-array of digits defines a latin square LQ(6) of order 6 and the (6 x 6)-array
of transversals is a second latin square. A solution of Euler’s problem means that each
of the 36 combinations digit/transversal occurs exactly once, we say the two latin
squares are mutually orthogonal.

We define a quotient structure of a MOL/(6) by splitting the six numbers {1, 2, 3, 4, 5, 6}
into two parts: the low numbers {1, 2, 3} and the high numbers {4, 5, 6}: So we define
low digits d € {1, 2, 3} and high digits H € {4, 5, 6} and low transversals ¢ € {1, 2, 3}
and high transversals 7 € {4, 5, 6}. Instead of 36 entries there are only 4 types of
entries : A =dt, B=dT,C = Ht, D = HT, each occuring 9 times. For the given
example this leads to the following quotient structure:

BDCDAA
BDCBAC
CCDBAB
CBBCDA
CABADD
BAACDD

For a LSP(24) the tactical decompositions can be seen as quotient structures.

Theorem 1 Each MOL(6) and the corresponding LSP(24) admit the following quotient
structures:

DAABCD
ADADBC
AADICDB
BBB|CCC
DDDIAAA
CCC|BBB

1111(6/333333(3333
1000{2{111000{1000
0100{2{100110/0100
0010{21010101(0010
0001{2/001011[0001
1000/0j000300(0003
1000/0j000030/0030

0

0

0

0

TDOII =

{

1000{0j000003[0300
0100/0[011001j1011
0010/0/101010(1101
0001{0j110100(1110

12
W W = =W www
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Proof In Betten (2019) we showed that each LSP(24) admits one of the following
tactical decompositions:

—-111163333333333
3100021111000000
31010021000111000
31001020100100110
TDOI1:3000120010010101
310000000011 1111
31010000111000111
31001001011011001
3000101101101010

—-111163333333333
3100021111000000
3010021000111000
3001020100100110
3000120010010101
TDOII: 11100000000300003
11100000000030030
11100000000003300
3010000111000111
3001001011011001
3000101101101010

This are the computer outputs and the entries are the number of flags in the respective
subrectangles. Using the notations A = dt, B =dT,C = Ht, D = HT we get the
(6 x 6)-arrays

DAA[BCD DAA[BCD
ADA|DBC ADA|DBC
_|lAAD|cDB _|AAD|lcDB

DO I=rmpceagcl PO =ggEcCC
CDB|CAB DDD|AAA
BCD|BC A CCC|BBB

In Betten (2019) we took the partitions 3 + 3 for rows, columns, digits and transver-
sals and started with the point tactical decomposition scheme A (figure PTD A). We
applied a computer program, (Betten and Betten 2001, 2010; Betten and Braun 1992)
which refines this point tactical decomposition scheme to a (or several) block tactical
schemes. From each of them it goes on to point tactical schemes and so on. Either the
process stops somewhere ore one gets one or more tactical decomposition schemes.

@ Springer



Beitr Algebra Geom (2022) 63:661-681 665

The starting PTD A leads to TDO I and TDO 1I.

—[111136 —[111136
"3[1000 6 "1[1000 6
310100 6 511000 6
310010 6 310100 6

PTDA: 3/00016 PTDB: 300106
3110006 310001 6
310100 6 310100 6
310010 6 310010 6
310001 6 310001 6

Improving this procedure we now begin with a finer starting decomposition B (figure
PTD B), where the 6 rows are split into 1 4 5. Then the refining process leads very
quickly to only one tactical decomposition, the decomposition TDOII. After some
permutation of blocks we get the decomposition of the theorem, noted in point tactical
form. ]

The proof showed that among TDO I and TDO II only TDO II is possible, therefore

Theorem 2 A MOL(6) does not admit the tactical decomposition TDO 1. O

3 The structure of TDOII
3.1 Theinvariant 14

The standard description of a MOL(6) is the following: Start with a (6 x 6)-array of
six rows and 6 columns {(r, ¢); r,c € {1, 2, 3,4, 5, 6}}. In each cell (r, ¢) is inserted
a pair of numbers (d,t),d,t € {1,2,3,4,5,6}, a digit d and a transversal t such
that the conditions for a MOL(6) are fulfilled. Therefore one can view a MOL(6) as
a 4-dimensional cube {(r, c,d, t);r,c,d,t € {1,2,3,4,5, 6}} Ws with edge length
6 where 36 elements M (the elements of the MOL(6)) (r, c, d, t) are suitably distin-
guished.

The definition of i4:

Take atriple 1 < r; <rp <r3 < 6ofrows,atriple] <c; < ¢ <3 < 6of
columns, atriple | <dj <dy <d3 <6ofdigitsand atriple ] <t; < <t3 <6of
transversals. This defines a subcube W3 of Wy with edge length 3. Let |W3 N M| the
number of elements of M contained in W3, then we set

g = max{|W3 N M|}

4
where W varies over all (§)" subcubes with edge length 3.

Theorem 3 Each MOL(6) has the invariant 4 = 6. The subcube W3 where the
maximal number 6 is attained is unique. It has the quotient structure Q which extends
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uniquely to the geometry Q:

XX . .
XX . .
XX
X . X
— |6 ’

) AlA 3|2 23|32 XXXX
0=|Al |[Al= 32| 0=]33 11|= XX
AlA 3|2 21(12 : ' :
32 X . . X

X . . X .
X 00X

X . X

Proof The maximal number of elements in a subcube W3 is given by the 4-blocks in
the upper half of TDO II. This number is 6, and therefore 14 = 6. ]

3.2 The parallel classes

We consider 2-blocks on a set {1, 2, 3,4, 5, 6} of 6 elements and we call 3 disjoint
2-blocks a parallel class. A parallel class is for instance {1, 2}, {3, 4}, {5, 6}:

XX L
XX

The geometry Q in Theorem 3 consists of four disjoint parallel classes. We will
show in the following that such a quadruple of parallel classes on a 6-element set is
unique.

We recall the following theorem from (Betten 2019):

Theorem 4 There are up to isomorphism exactly two triples of parallel classes, namely
G :{1,2},{3,4}, {5, 6}, {2, 3}, {4, 5}, {6, 1}, {1, 4}, {2, 5}, {3, 6} and
N {1,2},{3,4}, {5, 6} ; {2, 3}, {4, 5}, {6, 1}, {1, 5}, {2, 4}, {3, 6}.
There is exactly one quadruple of parallel classes:
0 :{1,2},{3,4},{5,6} ; {2, 3}, {4, 5}, {6, 1}, {1, 5}, {2, 4}, {3, 6},
{1, 3}, {2, 5}, {4, 6}.
The triple G cannot be extended to the quadruple Q.

Proof There is obviously (up to isomorphism) only one pair of parallel classes, say

{1,2},{3,4}, {5, 6} and {2, 3}, {4, 5}, {6, 1}.
A third class can consist of the three diagonal pairs

G :{1,4},{2,5}, {3, 6}.
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If in the third class one pair is not diagonal then the other two pairs are unique and
we get the type N. Now we construct a fourth class: For G the remaining six 2-blocks
form two triangles and from these one cannot choose three disjoint 2-blocks. For N the
remaining 6six 2-blocks form a 6-cycle which defines two disjoined parallel classes.
So we get two quadruples of parallel classes which are obviously isomorphic. ]

In the following pictures we give the graphs of the two triples G and N and of the
quadruple Q of parallel classes. We also give a description as parts of a latin square
or part of an orthogonal pair.

The graphs:
G: N: Q:
1 1 1
6/\ 3 64 3 64 i &3

The partial squares:

12 12 11(22 23|32

G:|1| 3] N: |2| [3] O: |23 31|=133 11

2|13 1(3 12(33 21(12
We call a triple of digits in G or in N tactical, if the three elements are in three

different rows, three different columns and have three different values. The following

is obvious:

Proposition 1 The six elements of G can be splitted into two tactical triples. For N
this is not possible.

3.3 Some geometries on nine and on 12 points

Definition 1 An incidence geometry is called a TD3-geometry if it admits the tactical
decomposition

TD3 =

Theorem 5 There are, up to isomorphism, three TD3-geometries:

They have cycle distribution (3)(3)(3), (3)(6) resp. (9), if one draws the horizontal
and vertical connections between flags.

Proof In order to generate the related geometries, we may choose by isomorphisms in
five of the 3 x 3 squares the identity matrix, and only in the last (say right down) we
have one of the six permutation matrices. If the three flags are on the main diagonal,
then we get the distribution (3)(3)(3). If one element is on the diagonal, this leads to
(3)(6) and if all three elements are disjoint to the diagonal, this is type (9). U

@ Springer



668 Beitr Algebra Geom (2022) 63:661-681

3)B3)B): B)©): O
Jrod Jro g Jrodo
B Y O Y A B Y O Y A B 0 O TR
NI i ]

Definition 2 An incidence geometry is called a TD4-geometry if it admits the tactical
decomposition

TD4= 3101
31011
31111

The TD3-geometries with cycle distribution (3)(3)(3) or (9) can be extended to a
TD4-geometry, but we show:

Theorem 6 The TD3-geometry with cycle distribution (3)(6) cannot be extended to a
TD4-geometry.

Proof We take an isomorphism such that we get the triple {a, b, ¢} left and the six
cycle {1, 2, 3,4, 5, 6} right:

a12[b34]c56] [abc|l2[34]56
N 11
1] 11
1o 11
1 1 1
1 1|7 11
1 1 1 1
T 1 |
1 | T 1
1 1 1

In order to extend according the last line of TD4 we need three disjoint lines of
length 3 which have one element in {a, b, c} and two elements in {1, 2, 3, 4, 5, 6}. This
means that we need a parallel class (three disjoint 2-blocks) on the set {1, 2, 3, 4, 5, 6}.
This is a six cycle {1, 3, 6, 2, 4, 5} which can be seen as two disjoint parallel classes.
Furthermore the pairs {1, 2, }, {3, 4} and {5, 6} are not allowed, which we can interpret
as a third parallel class. These three parallel classes have the type G and do not admit
a fourth parallel class by Theorem 4. So we get a contradiction. (|
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Remark: The derivation of TDO II and the proof of ;4 = 6 without computer can be
found in Sect. 7.

4 The non-existence of a MOL(6)
4.1 The distribution of the types A, B, Cand D

The 36 4-blocks of the MOL(6) split into 4 subsets: The sets A ,B, C, D of elements
of type A, B ,C and D, respectively (we take the same names). Let |A|, |B|, |C|, | D|
be the numbers of elements of type A, B, C, D in a row (or in a column), then

Proposition2 |A| = |D| and |B| = |C]|

Proof In each row and each column there are three low and three high digits and also
three low and three high transversals. |

Examples for these four subsets are:

1122 14
23 31 25
12 33 36
9. 9.
AT B 15 26 34
13 21 32
351624
32 44 56
63 55 |64
41 66| 45
9. 9.
c 53 61 42 b=
65 46 54
42 53 61

There is the following task: take for each of the four sets an isomorphism type
which covers the same positions, and then try to put these four pieces together in order
to get a MOL(6). We will not try this in general, but we will take suitable substructures
of TDO II and show that they cannot be extended to a MOL(6).
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4.2 Avery short and simple non-existence proof

Theorem 7 The following substructure of TDO II cannot be extended to a MOL(6):

AABC
A Al BC
AA |C B

AAA

Proof a) The partial structure extends to

1122137 H3
23 31 IT H2
1233  |H1 2T

A A A

]

Proof The six elements A in row 1 to 3, column 1 to 3 form the quadruple Q of parallel
classes, which is unique up to isomorphism. So we can insert these six elements. Then
in each of the three rows there is a low digit and a low transversal missing. Since the
positions of B and C are given, we can insert these six elements uniquely.

(b) Inrow 5 there have to be inserted the three elements 13, 21, 32 in some permutation.
This is not possible: the element 21 only fits into column 5, and also the element 32
fits only into column 5. This is a contradiction and the extension is not possible. [

4.3 The geometric background of the proof

Though this is a very short proof for the non-existence of a MOL(6), it does not reveal
the reason for the contradiction. For this we will now show the geometric background:
We take a substructure of TDO II, shown in the following figure by the encircled
elements.
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—[1111]6 3|3 3 3[333|333
row1—=3:[[3[1000[® 1| ® 1[0 0 0[0 00
col1—3:13/0100/2 1{0 0 01 1 1{0 00
dig 1=3:{[3]0010({®@ 0| 0 0[100|{D 10
trsv1—3:/3/0001|@® 0[0 ® 0|01 0/DO 1
row4:][1]1000[0 0]/0 0 0[300[003
row5:[[1]1000[0 0/0 0 0[030[030
row6:][1]1000[0 0/0 0 0[003[300
col4—6://3[0100/0 0[O @D 1|00 0[D 11
dig4—6:[3]0010/0 1|0 1 1[0 1 1[0 01
trsv4—6:[3/10001/0 1/1 0 1/]101[010
| ] |A D|B C D|BC D[A B(]

This substructure has the following tactical decomposition:

TDS =

wjw wwl]

oo~ O = =W
A~ O —lw
D == = O W

P ESIESE SN

This tactical decomposition contains the tactical decomposition TD3 (square upper
right), and we show

Proposition 3 The TD3 contained in TD5 has cycle type (3)(6).

Proof The first column of TD5 is a triple of parallel classes on a set of 6 elements.
Since this is contained in a quadruple of parallel classes (see TDO 1), it has the type
N by Theorem 4. Up to isomorphism we can take

as part of a latin square. Here the notation “.3” means that the digit is unknown and
the transversal is 3, similarly “.1” and “.2”.

We give a presentation as a geometry on 9 variables, and 6 3-blocks and add the
missing 2-blocks. These nine 2-blocks define the TD3-geometry, and checking the
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cycles, we find the cycle distribution (3)(6):

) B AR 1 SR R
1. .1 1
1. .1 1
1 L 1
... 1.1 1
I.1. .. .1 1
1 .. .. 11
..1.]. 1 1
.. 1. 1 1

Theorem 8 No MOL(6) exists.

Proof We prove that TD5 cannot be extended to a geometry: Starting with the first
column and using Proposition 3, it follows that the TD3-geometry has type (3)(6). By
Theorem 6 this geometry cannot be extended to the TD4-geometry, a contradiction.[]

Remark: The main geometric reason for the non-solvability of the Euler problem is
Theorem 4: a triple of parallel classes of type G cannot be extended to a quadruple of
parallel classes. We used this fact even twice: First in Proposition 3 to show that the
TD3-geometry has cycle type (3)(6), and then in Theorem 6 to prove that an extension
to the TD4-geometry is not possible. ]

5 The first three rows

When one arranges the 36 officers, one would like to do this row by row. So we will
describe in the following the first three rows. We take the TDO II in the form:

TDO Il =

DAA
ADA
AAD

DBC
CDB
BCD

D DD
B BB
ccc

AAA|
ccc
B BB

Proposition 4 The first three rows of a MOL(6) are

@ Springer
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Proof Up to isomorphism we can take the first three columns as given in the proposi-
tion. Now we add the three elements D at the right hand side:

44 11 22|56 44 11 22|65
235531 o4 or [235531] 46 |
12 33 66 45 12 33 66 54

Using the positions of the three elements B and C, we can fill in the first case
uniquely. In the second case we get the element 14 on position 26, a contradiction to
the element 54 on position 36. ]

Proposition 5 The row triple of Proposition 4 cannot be contained in a MOL(6).

Proof In row 2 and 3, columns 1,4,6 there are the elements

2342 16
12 24 45

Here the digits form a three-cycle and need six different transversals (Proposition 7b).
But there are two equal transversals .2, a contradiction. O

Though this is already a non-existence proof for a MOL(6), we are interested in the
possible extensions of the triple of rows.

Proposition 6 The first three rows extend uniquely to the (6 x 6)-array

44 11 22|56 35 63
23 5531|4264 16
12 33 66|24 51 45
65 46 54|33 12 21
36 24 15|61 43 52
5162 43|15 26 34

Proof Columns 1 to 3:

We put the three elements D into row 4 and the three columns follow uniquely (using
the types A,B,C,D) of the TDO II).

Columns 4 to 6:

The high digits in row 5 and the high transversals in row 6 follow from their column.
In order to determine their low partners (transversal resp. digit), we check the actual
column and the elements in rows 1 to 3. This determines the 6 elements in row 5 and
6 uniquely. Take for example .4 on position 66. Then in column 6 there is a low digit
1, and 1 cannot be taken. Furthermore there is a 24 on row 3, therefore the digit 2 is
forbidden. It remains the low digit 3 and we get the element .4 = 34. In this way we
can fill row 5 and 6, and the three elements A=td on row 4 follow by their column. []

Theorem 9 This (6 x 6)-array is not a MOL(6), and therefore a MOL(6) does not
exist.
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Proof The pairs (digit/transversal) 12, 15,24, 33, 43, 51 occur twice, and the pairs
13, 14, 25, 32, 41, 53 are missing. This is a contradiction since in a MOL(6) each of
the 36 pairs occurs exactly once. (]

6 The four latin squares contained in TDO I

Each MOL(6) has six rows R, six columns C, six digits D and six transversals T.
It contains four latin squares of order 6, which are the restrictions to R U C U D,
RUCUT,RUDUT and CU D UT.If one deletes from the tactical decomposition
TDO 1II in Theorem 2 the six rows (lines 1 to 3 and lines 13, 14, 15), then one gets a
tactical decomposition for the latin squareon CU D U T':

Tactical decomposition of type A:

—-111163333333333
31100021111000000
31010021000111000
3001020100100110
311000000001 11111
3010000111000111
3001001011011001

Theorem 10 The tactical decomposition of type A does not generate a latin square
LQ(6) which is embedded in a MOL(6).

Proof Define

145 145
N=426| and G=|426|
653 563

The latin square generated by the tactical decomposition A has a 3 x 3 subsquare
(left above) with type G or N. Since the latin square is a subsquare of a MOL(6) the
type can only be N by Theorem 4. The tactical decomposition A shows that the three
3 x 3 subsquares right above, left down and right down have all three the type G by
Proposition 1. Now starting with the (3 x 3)-square left above and extending according
to the decomposition A, we get directly (without distinction of cases) the following
partial latin square:

412|365
253|614
136|542
365/4
624 5
541 6
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Now we have to fill in the missing two triples {1, 2, 3} into the box right down. This
is possible in a unique way, but only with type N. This contradicts the decomposition
A, where we need the type G. O

7 Two partial substructures

In Betten (1983) there were derived three different shapes (A), (B) and (C) for latin
squares of order 6. It was proved that squares of shape (A) and (B) have no or at most
four transversals, therefore they cannot have an orthogonal square. So only squares of
shape C have to be considered for the problem of Euler and Tarry. Let d € {1, 2, 3}
and H € {4,5, 6} then we give in the following figure the shape C) and a special
example:

dddHHH| |[231|564
dddHHH| |312(645
Type C: HHH|ddd||465[123
d HHHd d| |[156/432
HdH|dHd||524]351
HHd|d d H |[643]216

In the square left down (rows 4 to 6, column 1 to 3) there are three elements d on
the diagonal. We call them the distinguished elements. Similarly, we call the three
elements H in the square right down (rows 4 to 6, columns 4 to 6) the distinguished
elements in this square. There are the following conditions for the transversals in Case
C, see [Betten (1983), Lemma p. 425]:

Proposition 7 (a) The three elements with low digits in the (3 x 3)-subsquare left
down have three different transversals. The same transversals occur on the three
distinguished digits right down.

(b) In each of the two (2 x 3)-rectangles in the first two rows there are six different
transversals.

Theorem 11 (a) Each MOL(6) contains one of the following two partial structures:

) (I
D) 11 52/43 (10 11 52}43

63 22 51 63 22 51
41 33 62 33|21 62

(b) These two cases correspond to L4 = 6 and a4 = 5 respectively.
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(c) The two cases extend to the following substructures of a MOL(6):

AAADDD AABDDC
B BB|ICCC BABDCC
(I)DDDAAA (II)DDCAAB
ADC|CBB ADC|CBB
CADBCB CADBCB
DCA|BBC DD A|ABC

Proof (a) By Proposition 7(a) there is up to isomorphism the substructure

11 43
22 51
33 62

In each of the three rows, there is a low transversal missing. These three elements can
be on one side, say columns 1 to 3, or up to interchanging left and right, two elements
are left (column 1 to 3) and one element on the right side (columns 4 to 6).

(b) In case I, the 6 missing elements on the right side have low digits and high transver-
sals, therefore we get ;4 = 6. In case II there are five elements with low digits and
high transversals, and it follows pgq = 5.

(c) In each of the (2 x 3)-rectangles in the first two rows, there are 3 low transversals
by Proposition 7(b). Therefore we get the extensions

321321 3213 2.15. 6. 41
2. 3. 1. 2.31 1.16. 4253
) (ID)
(€ 11 52}43 (1 11 52}43
63 22 51 63 22 51
41 33 62 33|21 62

In the last three rows we know all digits (low or high) since the latin squares made
of digits are of shape C. We also know that all missing transversals are high since the
low transversals are spent. Since in all rows and all columns there are three digits d,
three digits H, three transversals t and three transversals T, we get uniquely

32 13 21 |HT HT HT 32 13 2T|5T 6T 41
2T 3T 1T |Ht Ht Ht 2T 31 1T|6T 42 53
HT HT HT|dt dt dt | |HT HT 6t|dt dt dT
11 HT 52|43 dT dT 11 HT 52|43 dT dT
63 22 HT|dT 51 dT 63 22 4T|dT 51 dT
HT 41 33 |dT dT 62 HT HT 33|21 dT 62

Using the notations A, B, C and D we get the theorem. |

Theorem 12 (a) Case I does not exist and
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(b) Case I is isomorphic to TDO II.

Proof (a) We extract lines 3 and 6:

HT HT 6t|dt dt dT
HT HT 33|21 dT 62

Since the high digits 6 are already spent, we get in the first two columns the 2-squares

54 45
three values for high transversals, we get a contradiction.
(b) In Case (I) we interchange A <> B and C <> D and interchange columns 1-3 with
columns 4—6. Then after a suitable permutation of the rows we get TDO II. ]

<4 > ) or < >4 ) . These four elements have high transversals and since there are only

Remark: In this way we derived TDO II and proved ps = 6 without use of the
computer.

8 The automorphism group of a MOL(6)

Proposition 8 The following figure describes a parallelism on six points. This paral-
lelism has automorphism group Ss acting as symmetric group on the set of five parallel
classes.

X . .. XX . ..
X ... 0. . XX ..
X .. XX
X X . X
X X X
X X . X
X . X . . X
. X X L0 X
X XL L X
X X L X
XX L0 0 X
XXX
e X XX
XXXXX|.

We take as six-element set the six columns describing five-blocks. There are horizon-
tally five parallel classes 24+2+2. Since the two-blocks in all parallel classes exhaust the
15 pairs of the 6 columns we have a so called parallelism (also called a packing). For
each parallel class the two-lines are extended by a point “at infinity” or the direction,
so we get three lines of length three intersecting in this point. We define a new line
of length 5, incident with the five points at infinity called the line at infinity (or the
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improper line). Then we get a linear space with 11 points and the line length distri-
bution 5', 315, This linear space is unique and has the symmetric group Ss as group
of collineations, see also the list [Betten and Betten (1999), p. 23]. The collineation
group S5 acts as symmetric group on the line at infinity, but it acts also transitively
on the set of six 5-blocks. Recall that Sg has two types of subgroups Ss: One fixing
a point and acting on the rest as Ss, the other acting transitively on the six-set. This
second action cannot be seen well, but the parallelism is a nice model for it.

Proposition 9 The automorphism group of Q is the symmetric group Ss.

Proof The parallelism on six points has automorphism group Ss acting as symmetric
group on the set of five parallel classes. Fixing one class one gets the quadruple Q of
parallel classes with automorphism group Sjy. (]

We showed that a MOL(6) has the substructure Q and the max number 4 = 6.
Conversely, we now suppose that there is a substructure Q and we state:

Theorem 13 Each MOL(6) with a substructure Q has the following form:

MOL(6)withsubstructureQ :

XX . .0 I X . XX 0 e X
XX 0 X | X X e e e X

XX X LX) X e e e X

X . X||X . . X X X
X X X X X X
X . X X .o X X X

X . X X B I D¢ X X
X X X R D ¢ X X
X X X X X X

X X X ... X X X
X X X . X X X
X . X X X|X X
.... C C C . C . C C
.... C C C . C . C C
44444 C C C C C C
44444 C C C - C C C

Here the upper part (rows 1 to 12) is given explicitely. Each of the (3 x 3) cells in
the lower part (rows 13 to 24) is isomorphic to

111 1. 1..

,ooor =L 01, or =1

a -
12
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Proof We first construct the upper 12 lines. Since Q is—up to isomorphism —unique,
we can put in the six 4-blocks of Q. Dually Q consists of four parallel classes (2+2+2)
on six elements, the six 4-blocks. Each pair of parallel classes defines six vertical pairs
of flags, and we need three more vertical pairs since we construct a linear space on 12
points. Since there are six pairs of parallel classes we get six triples of vertical pairs,
which we add. Counting flags in their 12 lines, we see that in each line there is one
more flag, and this gives 12 blocks having one flag in the upper part.

We now construct the 12 lines in the lower part: Since we construct a linear space on 24
points, each pair of vertical flags in the upper part defines uniquely two vertical flags in
the lower part. And also the 12 single flags in the upper part can uniquely be extended
to a 4-block by adding three suitable flags in the lower part. Note however that the
lower part is only block tactical, which gives the various types C of (3 x 3)-cells. [J

Theorem 14 Each MOL(6) with a subgeometry Q has the automorphism group I’ = Sy
where Sy is the symmetric group on the four parallel classes. The group T acts on the
decomposition scheme with eight orbits, given by the separating double lines in the
following figure:

pl p2 p3 p4 p5 p6||sl s2 s3 s4
Jjrrraye|3 3 3 3 3 33333
c1 3]13000{j1j1 1 1 0 O Of1 00O
2 3(0300{[1f/ 1 0 0 1 1 O[O 1 00O
¢33(0030{[1//0 1 0 1 0 10010
¢4 3[0003{[1)|0 0 1 0 1 1}00 01
d13||3000{j0jO0 0 O 1 1 1(0 111
d230300(|0/j0 1T 1 0 O 11 011
d33(0030(j0j/j1 0 1 0 1 Of1 1 01
d43/0003|j0j/j1 1 0 1 0 Of1 1 10

Proof (a) The geometry Q has automorphism group S4 and extends uniquely with
group to the first 12 lines of the MOL(6) and on the set of 12 blocks with one flag
in the upper part. Therefore we know the upper part (first 12 lines) of the geometry
explicitly—the geometry and the action of I" on it.

(b) We now study the lower part (rows 5 to 8) of the decomposition resp. Lines 13 to
24 of the geometry. We denote the first 4 rows of the decomposition by c1, ¢2, 3, c4,
the four parallel classes, and rows 5 to 8 by d1, d2, d3, d4. Since the 3-block of ci
combines with the 3-block of di to a 6-block of the geometry, i = 1,2,3.4, the action
on {cl, c2, c3, ¢4} is the same as the action on {d1, d2, d3, d4}. We denote further
the 6 triples of 2-blocks by p1, p2, p3, p4, p5, p6 and the 4 triples of 1-blocks by
sl, 52,53, s4.

The group I' acts transitively on the set of four parallel classes and also transitively
on the set of six pairs of parallel classes, and therefore it is transitive on the set of six
columns pl, p2, ..., p6 and also transitive on the four columns s1, 52, 53, s4. Now
take the involution in S4 which interchanges c1 and c2 and fixes ¢3 and c4. Then it
fixes also p1 and p6 and interchanges d1 and d2. It follows that the following vertical
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pairs of 3-cells are interchanged: (c1,p1) with (c2,p1), (d1,p6) with (d2,p6) and (d1,s4)
with (d2,s4). Therefore the transitivity of S4 on the four regions is proved. ]

Theorem 15 All (3 x 3)-cells in the lower part of Theorem 13 are tactical, i.,e. iso-
1..
morphicto P =|. 1 .|
.1

Proof The involution @ = (0 2)(3 5)(6 11)(7 10)(8 9) € T fixes each block in p6.
These three blocks extend to d1 and d2 and « interchanges d1 with d2. Therefore the
three flags in (d1,p2) and in (d2,p2) are tactical since two points are joined by only
one block.

By transitivity, all (occupied) (3 x 3)-cells in the lower part are tactical. The three
cells (c4,p5), (c45,p6), (c4,s4) are in the upper part and tactical. The two cells (c2,p5),
(c2,p6) are tactical, therefore also (c2,s4) is tactical. By transitivity all cells in the
lower part are tactical. ]

Remark: This means that the decomposition is isomorphic to TDO I, but TDO I does
not exist by Theorem 2. O

9 Disjoint 4-blocks

In Betten (2021) we proved the following theorem: The maximal number of pairwise
disjoint four-blocks in a MOL(6) is 3. We apply this theorem and show

Theorem 16 In TDO II, there are four pairwise disjoint four-blocks.

Proof
® A A|DBC
A®A|CDB
~|A A®BCD
TDOII:DDD®AA.
B B B|CCC
CCC|BBB

The four encircled elements in TDO II correspond to four pairwise disjoint 4-blocks in
the tactical decomposition: each pair has different rows, different columns, different
digits and different transversals. ]

Remark: If we already know TDO II and we use the theorem of disjoint blocks, we
get a direct contradiction to the existence of a MOL(6) without further work.
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