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Abstract

Theoretical evaluation of thermochemistry is one of the most extensively required applica-
tions of theoretical chemistry in numerous cutting-edge scientific fields and technologies.
The present thesis aims at developing advanced theoretical methods for enhanced evaluation
of thermochemistry and verifying their performance through challenging case studies. To
that end, we employ a wide range of tools and methods including static ab-initio calculations,
classic and path integral molecular dynamics simulations, thermodynamic modeling and
versatile machine learning approaches.
Considering that the liquid phase is the most challenging state of matter from the computa-
tional thermochemistry point of view, a special focus of the present thesis is on developing
methods that allow a more rigorous study of this state. We achieve this goal partly by di-
rectly calculating liquid phase thermochemistry via ab-initio computations and path integral
molecular dynamics simulations. Additionally, we also develop methods that address the
liquid phase indirectly, through commonly employed thermodynamic cycles that require less
challenging computations for the gas phase and phase change processes. For that purpose, we
provide efficient models for a reliable and accurate evaluation of phase change thermodynam-
ics via vaporization enthalpy and solvation free energy, based on statistical thermodynamics
modeling as well as machine learning. Considering the importance of appropriately treating
solvent effects in studying liquid phase thermochemistry, improvements of the two common
approaches available for this purpose, namely the explicit and implicit solvent methods, are
the other main focuses of the present thesis. For the explicit solvent method, we propose
a cost-effective approach for multi-configuration ab-initio computation and partial normal
mode analysis and employing a Boltzmann-weighted averaging for a rigorous integration
of the results. For the implicit solvent approach, we propose thermodynamically effective
molecular surfaces as well as machine learning models for achieving significantly better
performance.
We demonstrate the efficiency of the developed methods for a diverse range of applications,
including high-precision theoretical evaluation of combustion enthalpy, equilibrium constants
of isotope exchange reactions, flash points of pure hydrocarbons, solvation free energy, va-
porization enthalpy, potential energy surfaces, and inhibition of a cytochrome P450 enzyme
in the human body by drug candidates.





Kurzzusammenfassung

Die theoretische Auswertung von Thermochemie ist eine der am weitesten verbreiteten Anwen-
dungen von theoretischer Chemie in vielen hochaktuellen Wissenschaftsgebieten und Technolo-
gien. Die vorliegende Arbeit hat sich zum Ziel gesetzt, fortgeschrittene theoretische Methoden
zur verbesserten Auswertung von Thermochemie zu entwickeln und deren Fähigkeiten durch
anspruchsvolle Fallstudien zu verifizieren. Dazu wurde im Rahmen dieser Arbeit eine breite
Auswahl von Werkzeugen und Methoden genutzt, darunter ab-initio Rechnungen, klassische
und Pfadintegral Moleküldynamiksimulationen, thermodynamische Modellierungen und viele
Ansätze aus dem Bereich des maschinellen Lernens. Eingedenk der Tatsache, dass die flüssige
Phase vom Standpunkt der Computer Thermochemie betrachtet den anspruchsvollsten Aggre-
gatszustand der Materie darstellt, liegt der Schwerpunkt dieser Arbeit auf der Entwicklung von
Methoden, die eine präzisere Beschreibung von Flüssigkeiten ermöglichen. Dieses Ziel wird zum
einen durch die direkte Berechnung von thermochemischen Parametern der flüssigen Phase auf
Basis von ab-initio-Rechnungen und Pfadintegral- Moleküldynamiksimulationen erreicht. Zum
anderen wurden Methoden entwickelt, welche die flüssige Phase indirekt adressieren, namentlich
durch routinemäßig angewandte thermodynamische Zyklen, die mit weniger aufwändigeren
Berechnungen der Gasphase und von Phasenübergangsprozessen auskommen. Zu diesem Zweck
werden in dieser Arbeit effiziente Modelle zur akkuraten und zuverlässigen Beschreibung der
Phasenübergangsthermodynamik basierend auf Verdampfungsenthalpien und Freien Lösungsen-
ergien präsentiert, die auf Methoden der statistischen Thermodynamik und maschinellen Lernens
aufbauen. Angesichts der zentralen Rolle, die der Beschreibung von Lösungsmitteleffekten im
Studium der Flüssigphasenthermochemie zukommt, stellen Verbesserungen von zwei Ansätzen
zur Beschreibung dieser Effekte, der expliziten und der impliziten Löungsmittelmethode, die
weiteren Schwerpunkte der vorliegenden Arbeit dar. Für die explizite Lösungsmittelmethode wird
ein kostengünstiger Ansatz für die Multikonfigurations-ab-initio Berechnung und partielle Nor-
malmodenanalyse vorgeschlagen, deren Resultate durch eine Boltzmann-gewichtete Mittelung
zu einer präzisen Integration der Ergebnisse eingesetzt werden. Für die implizite Lösungsmit-
telmethode wird die Nutzung von thermodynamisch effektiven molekularen Oberflächen und
maschinellen Lernmethoden für eine deutlich bessere Performanz vorgeschlagen. Die Effek-
tivität der entwickelten Methoden wird anhand einer Reihe von Anwendungen demonstriert:
hochpräzise theoretische Auswertungen von Verbrennungsenthalpien, der Berechnung von Gle-
ichgewichtskonstanten von Isotopenaustauschreaktionen, Siedepunkten von reinen Kohlenwasser-
stoffen, freien Lösungsenthalpien, Verdampfungsenthalpien und potentiellen Energieflächen
sowie der Simulation der Inihibition des Cytochrome P450 Enzyms im menschlichen Körper
durch verschiedene Wirkstoffe.
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Chapter 1

Introduction

1.1 Theoretical evaluation of thermochemistry: importance
and applications

Theoretical evaluation of thermochemistry is one of the most widely required applications of
theoretical and computational chemistry in many cutting-edge scientific and technological
advancements. As can be implied by its definition, thermochemistry mainly deals with
employing fundamental thermodynamic quantities, specifically enthalpy, free energy, and
entropy, to determine major aspects of chemical reactions, such as the possibility of reactions
occurring, their equilibrium constants, and rates [1,2]. In life science, studying thermochem-
istry plays a key role in evaluating the tendency of a drug to attach to the active site of an
enzyme via computing the free energy or entropy of docking and has contributed to develop-
ing smarter and more effective medicines [3-7]. Similarly, theoretical thermochemistry has
allowed unraveling the pathways and mechanisms of many diseases [8-12], protein functions
[13-16], or viral activities [17-20]. As the most tangible example of the latter application for
those who read this dissertation in 2021 and probably several years after that, we can refer to
theoretical attempts to unravel the activity mechanisms of coronaviruses and exploit them to
suppress the COVID-19 pandemic [21-24]. As examples of employing thermochemistry in
cutting-edge technological applications, we can refer to its role in designing advanced and
more efficient batteries [25-28], nanomaterials [29-32], and many other applications.

The theoretical study of thermochemistry can be generally regarded as one of the two
major and indispensable components of computational and theoretical chemistry. While
quantum chemistry, as one of the main cornerstones, mainly deals with theoretical chemistry
at zero kelvin, thermochemistry complements it by extending the domain of application to
higher temperatures where the majority of real-life chemistry occurs.



4 Introduction

The modern theoretical thermochemistry in precursory form, to the author’s opinion,
began with the pioneering works of James Clerk Maxwell and Ludwig Boltzmann in for-
mulating the Maxwell-Boltzmann statistics. Their ground-breaking finding resulted in a
breakthrough not only in theoretical thermochemistry but also in modern science, due to
establishing the building blocks of statistical thermodynamics as the keystone of theoretical
thermochemistry as well as justifying the reality of atoms and molecules [33].

Following the early works of Maxwell and Boltzmann, the majority of significant scien-
tific achievements in theoretical thermochemistry for several decades afterward have been
mainly limited either to low-density gases or solid states, for similar reasons: For low density-
gases, we can treat the atoms or molecules as individual particles in vacuo and therefore
ignore their interactions with other particles. For the solid-state, we deal with organized
structures where atoms can only vibrate around specific sites, which makes their theoretical
study tractable.

For the liquid phase, however, the chaotic motion of atoms and molecules, which results
in a quite diverse range of configurations, inter-atomic interactions, and thermodynamic
quantities, substantially adds to the scientific challenges and causes most of the theoretical
approaches applicable for the gas or solid states to break down for the liquid phase. For this
reason, theoretical studies of thermochemistry for the liquid phase are commonly carried
out via computer simulation techniques [34]. And for the same reason, the majority of
advancements in studying the thermochemistry of liquids have become possible mainly in
the past few decades and by the development of computer simulation algorithms as well as
rapid growth of computational facilities.

With this motivation, the present study aims to develop advanced methods contributing
to improve theoretical evaluation of thermochemistry with a specific focus on the liquid
phase. To that end, we will employ conventional computer algorithms and techniques as well
as analytical and machine learning models for a rigorous and straightforward evaluation of
thermodynamic quantities in solution. Our other main focus will be to study thermochemistry
associated with phase change through the thermodynamic cycle depicted in figure 1.1 as
a commonly employed approach for relieving the computational challenges in studying
solution thermodynamics [35-39]. The main reason behind this is that similar to experimental
measurements, theoretical evaluation of the changes in thermodynamic quantities for a
process is far more convenient and less error-prone compared to evaluating absolute values
for a single state. Consequently, quantities like vaporization enthalpy or solvation free energy,
which are the changes in enthalpy and free energy for phase change from liquid to the gas
phase and from gas to the liquid phase, respectively, are much more frequently encountered in
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A B 

A B 

ΔG (aq) 

ΔG (vacuum) 

-ΔGsolv  ΔGsolv  

Fig. 1.1 Schematic demonstration of evaluating the free energy of reaction in solution via
thermodynamic cycles. Through the illustrated thermodynamic cycle, the thermodynamic
quantities for the lower leg of this cycle are indirectly obtained using less challenging
evaluation of the in vacuo and phase change free energies.

thermochemistry studies than the absolute values of enthalpy or free energy of a single-phase
[40].

In addition to offering a much lower computational challenge, once the thermodynamic
quantities associated with phase change are found, they can then be used for a convenient eval-
uation of absolute values of those thermodynamic quantities for the liquid phase. That only
requires subtracting the more conveniently obtainable absolute values of the thermodynamic
quantities in the gas phase from those obtained for the phase change process.

Among potential thermodynamic quantities associated with phase change, our focus
will mainly be on solvation free energy, which will be studied in chapters 8 and 9, and
vaporization enthalpy, which will be the topic of study in chapters 5 and 7. One of the main
reasons behind choosing these two quantities to evaluate phase change thermodynamics stems
from the existence of well-established and extensive datasets of experimentally determined
data for them, which are more readily available compared to entropy or the internal energy of
the phase change. Additionally, by determining the vaporization enthalpy and solvation free
energy, we can evaluate all other thermodynamic quantities of the solution using fundamental
thermodynamic relationships.



6 Introduction

In the carried out researches presented throughout this thesis, the studied problems and
employed theoretical methods and tools span a diverse range of scientific disciplines, in-
cluding but not limited to theoretical chemistry, classical and statistical thermodynamics,
quantum physics, artificial intelligence and computer science, biophysics, and geochemistry,
as summarized in table 1.1.
Having the experience of academic education in multiple and diverse disciplines namely

chemistry, chemical engineering, nanotechnology, geobiochemistry, and theoretical chem-
istry, allowed me to be able to work in the interphase of those disciplines and develop
methods that can connect many of them together and fill the gaps in between. However,
considering that many readers of the present dissertation probably will not have such diverse
backgrounds, I provide a brief introduction to the theory and methods employed throughout
this dissertation in chapter 2. One of my main attempts in that chapter is to avoid giving too
specialized details and intricate mathematical formulations as they can be found in numerous
available textbooks, some of which suggested for further readings in each section, as well as
the provided details on specific methods in the methods section of each chapter. Accordingly,
the main focus of chapter 2 is to present a quick and brief introduction to the theories and
methods employed in this thesis, in a simple and understandable way for readers without a
background in those subjects, as well as discussing the general idea behind their applications
in this thesis.

1.2 Thesis organization

After introducing the employed methods and tools in chapter 2, we start our journey by
studying the thermochemistry of combustion reactions in chapter 3, as one of the earliest and
classic examples of employing theoretical thermochemistry for a practical application. This
provides us with the possibility to benchmark the major conventional and classic methods in
theoretical thermochemistry for the less challenging case of reactions in the gas phase.

Among the potential gas-phase reactions which can be used for this purpose, we consider
the combustion reactions due to the availability of highly accurate benchmark sets for these
reactions as well as their extensive scientific and technological applications. The other
main motivation of studying combustion reactions stems from several reports of observing a
remarkable inconsistency between theoretically predicted and experimentally measured data
for them, in the literature [41-43].

In chapter 4, we employ methods and knowledge acquired through studying the gas-
phase reactions in chapter 3 for studying the more challenging case of isotope exchange
reactions in the solution phase. To that end, we evaluate the equilibrium constant of the



1.2 Thesis organization 7

Table 1.1 Multidisciplinary aspects of the carried out researches

Scientific discipline Studied methods and applications

Theoretical chemistry

Quantum mechanical evaluation of interatomic interactions
and normal modes in chapters 3 and 4, computation of
implicitly perturbed Hamiltonian via continuum solvation
models in chapters 8 and 9

Statistical thermodynamics
Calculation of heat and equilibrium constant of reactions
via partition functions in chapters 3 and 4, deriving a model
for prediction of vaporization enthalpy in chapter 5

Classical thermodynamics

Evaluation of phase change thermodynamics impacts on
combustion enthalpy in chapter 3, developing the physical
model for predicting vaporization enthalpy and free energy
of solvation in chapter 5

Quantum physics
Path integral molecular dynamics for evaluation of isotope
effect in chapter 4

Artificial intelligence
and computer science

The machine learning models and provided software codes
in chapters 6-9

Geochemistry
Evaluation of isotope fractionation for important geochem-
ical reactions in chapter 4
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boron isotope exchange reaction between boric acid and borate for both pure and saline
water, as one of the reactions with high geochemical importance [44,45]. In that chapter,
we study and compare the two main approaches for considering solvent effects in solution
phase thermochemistry, namely the implicit and explicit solvent approaches. The former
approach and knowledge acquired through its application in chapter 4 is the cornerstone of
proposing the thermodynamically effective molecular surfaces in chapter 5 and the more
advanced continuum solvation methods introduced in chapters 8 and 9.

In chapters 3 and 4, one of the main employed theoretical approaches is the evaluation
of the partition functions through Normal Mode Analysis (NMA) based on the rigid rotor
harmonic oscillator approximation. This approach is not only one of the earliest but also one
of the main tools to evaluate thermodynamic quantities from first principles and is the default
method in almost all of the quantum chemistry software packages. Despite its widespread
applications and convenience of usage, this approach suffers from several limitations such as
neglecting the anharmonicity effects as well as configurational entropy and from difficulty
in treating solvents explicitly. A robust and rapidly growing approach that can address all
these limitations is the Path Integral Molecular Dynamics (PIMD) simulation [46]. With
that motivation, in chapter 4, we also investigate the estimation of the equilibrium constant
for the studied isotope exchange reaction via PIMD and develop methods that can improve
numerical calculation of thermodynamic quantities in this approach.

In chapter 5, we study the predictability of vaporization enthalpy as another important and
complementary thermodynamic quantity for fully characterizing thermochemistry in solution.
To that end, by employing statistical thermodynamics of vaporization, we theoretically derive
a physical model which allows us to accurately evaluate the vaporization enthalpy of various
compounds from diverse chemical families and for a wide temperature range. Through
this research, we also theoretically quantify the impact of molecular surfaces on solution
thermodynamics, which can be of fundamental importance. In the context of this research,
we propose the thermodynamically effective surfaces, as a more suitable alternative for
conventionally accepted molecular surfaces like solvent excluded or van-der-Waals surfaces
for studying thermochemistry. Further study of the vaporization enthalpy and the physical
model proposed in this chapter will be the subject of chapter 7.

In all the research projects introduced so far, the main focus has been to study and develop
theoretical methods which rely on exact physical rules governing the thermodynamics of
solutions. Alongside these classical approaches, artificial intelligence and machine learning
(ML) have recently emerged as a highly versatile and promising alternative for studying the
most complicated challenges not only in theoretical chemistry but also in many other scientific
fields. With that motivation, the second part of this thesis which includes the research works
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presented in chapters 6 to 9, aims at exploiting machine learning for an enhanced study of
thermochemistry in solution. For that purpose, the main ML tool employed in the present
study will be Artificial Neural Networks (ANN), as one of the extremely powerful and
most extensively applied tools for machine-learning function approximation. Accordingly,
ANN is exploited to map the complicated dependency between potentially relevant quantum
mechanically computed variables and the thermodynamic quantities of interest in solution.

Although a large number of available user-friendly software tools have made developing
ANN models a convenient and straightforward task, still there are a number of intricacies
that are commonly overlooked and can significantly affect the accuracy and reliability of
ANN models. In chapter 6 we first benchmark such intricacies by studying the predictability
of flash point based on the ANN and group contribution method for a large dataset. It allows
us to select appropriate settings for the most important aspects of neural network models.
The guidelines provided in that chapter will be exploited in the advanced machine learning
models introduced for evaluation of vaporization enthalpy in chapter 7 and solvation free
energy in chapters 8 and 9.

As the first example of employing ML for studying thermochemistry, in chapter 7 we
introduce ML and algebraic models to extend the main achievements in the evaluation of
vaporization enthalpy introduced in chapter 5.

As it was discussed earlier, one of the two main methods to study solvent effects in
theoretical and computational chemistry is the implicit solvent approach. Due to its extensive
applications in a very broad range of scientific fields, in chapter 8 we exploit machine learning
to improve the accuracy of the widely applied implicit solvent models. To that end, ANN is
applied for a more versatile integration of implicitly perturbed Hamiltonian energy attributes
in conventional continuum solvation models. A further extension of this idea results in
proposing the Implicitly Perturbed Hamiltonian (ImPerHam) in chapter 9, as a new class of
general-purpose and highly efficient molecular representations for studying various scientific
problems in molecular sciences.

We benchmark the efficiency of the ImPerHam representations in machine learning study
of three challenging problems in molecular sciences which are inhibition of a cytochrome
P450 enzyme in the human body by drug candidates, prediction of solvation free energy, and
evaluation of molecular energies.

In this chapter, I briefly introduced the main objectives and goals of the present study.
The connectivity of carried out research studies discussed above is schematically depicted
in figure 1.2. Further details on individual projects are provided at the beginning of each
chapter as well as in chapter 10 where we discuss the summary and outlook of this research
project in more detail.
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Fig. 1.2 Logic and connectivity between the subprojects of this thesis.
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Chapter 2

Theory and background

This chapter provides an overview of the important theoretical concepts and methods em-
ployed throughout this thesis. It includes a brief introduction to statistical thermodynamics
(section 2.1), evaluation of partition functions based on the rigid rotor harmonic oscillator
approximation (section 2.2), normal mode analysis (section 2.3), classic and path integral
molecular dynamics (sections 2.4 and 2.5), implicit solvent approach (section 2.6), and
machine learning (section 2.7). The provided topics in the first four sections of this chapter
are mainly the author’s own approach in the presentation of the phenomenological topics. For
the other sections, the provided subjects are mostly gathered from the sources cited within
the text.

2.1 Statistical thermodynamics: a brief overview

The development of statistical thermodynamics as a scientific field was motivated by the
inability of classical thermodynamics in providing a physical interpretation for fundamen-
tal thermodynamic quantities such as entropy and free energy and their connection with
atomic-scale specifications of systems. In classical thermodynamics, entropy is defined as a
hypothetic parameter to relate heat that is exchanged in a process to temperature [1], and free
energy is also a Legendre transformation of internal energy to allow obtaining relationships
as a function of experimentally measurable variables [2]. Consequently, classical thermo-
dynamics has to rely on experimental measurements or empirical models to estimate those
required fundamental quantities.

To address this limitation, in the late 18th century Ludwig Boltzmann proposed a statistical
interpretation for entropy, which later on became the foundation of statistical thermodynamics.
Unlike the initially defined concepts, the statistical interpretation of fundamental quantities
allows their direct evaluation via basic rules of physics and statistics. The groundbreaking
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work of Boltzmann is undoubtedly one of the most eminent scientific achievements in the
history of science and resulted in a breakthrough in many scientific fields.

Statistical thermodynamics follows very simple basics. It presumes that a system of
particles1 can be observed in numerous energy states. These energy states can result from
different geometrical configurations. For example, different distances between the hydrogen
atoms in a H2 molecule result in different energies. Similarly, different speeds of particles
can also result in different kinetic energies and therefore different energy states. Accordingly,
for a system of N particles, the total energy of the system is a function of 3N coordinates and
3N conjugate momenta and all possible combinations of these 6N variables yield all possible
energy states, as employed later in Eq. (2.8). Each possible energy state is called a microstate
to specify its attribution to micro-scale details of the system.

The cornerstone of Boltzmann’s work is based on the premise that each one of the
possible energy states of a system is equally possible. It is very similar to tossing a dice
that has numerous faces. For each tossing, the possibility of turning up each specific face is
equally likely, but the possibility of observing specific numbers written on that face depends
on how frequent that number is among all faces. For molecular systems, each configuration
is similar to each face of a dice and the energy of that configuration is similar to the numbers
written on the faces of the dice. Finding the probability of observing those energy states
(the fraction of dice faces on which a specific value of energy is written) is the main goal in
statistical thermodynamics. For that purpose, two different approaches, namely discrete and
continuous formulations of statistical thermodynamics, are developed based on two different
methodologies.

The discrete formulation, which is the earliest approach originally proposed by Boltz-
mann, is derived through considering the total number of ways N particles can be distributed
over i groups (each group is in fact one energy state) which based on combinatorics is equal
to [3]:

W =
N!

∏
i gi

Ni∏
i Ni!

. (2.1)

Here, gi is the total number of distinguished states which have the same energy εi and is
called the degeneracy of the state, and Ni is the total number of particles occupying the
state with energy εi . Clearly, the most probable distribution of particles over energy states

1 Here and throughout this thesis, by particle we actually mean Boltzmann particles, e.g. neutral atoms and
closed shell molecules. Describing the statistical thermodynamics for the other types of particles i.e. bosons
and fermions, is provided by Bose-Einstein and Fermi-Dirac statistics, respectively, and won’t be considered in
this thesis.
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Fig. 2.1 Schematic illustration of Boltzmann statistics. For an imaginary water molecule
with only 12 energy states depicted on the faces of this dice, the observed energy is obtained
by a hypothetic experiment of tossing this dice numerous times every moment. For the real
case, this dice is replaced by another one with many further faces. The fraction of faces with
a specific value of energy is determined by the Boltzmann factor.
(For this demonstration, the energies are computed by B3LYP/6-311+G level of theory, the
bond lengths in Angstrom and degrees are specified for each calculation)

is a distribution which maximizes W subjected to two constraints: The sum of particles
distributed over all energy states based on the obtained distribution should be equal to the
total number of particles in the system (

∑
i Ni = N), and the resulting total energy should also

be equal to the energy of the isolated system (
∑

i Niεi = E). As a classical method for solving
optimization problems under constraint, the Lagrange method of undetermined multipliers
can be employed to find the most probable distribution of particles, resulting in the so-called
Maxwell-Boltzmann statistics stated as [3]:

Ni

N
=

gie
−

εi
kBT∑

i gie
−

εi
kBT

, (2.2)
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where kB is the Boltzmann constant and Ni
N is the most probable fraction of particles that

occupy a microstate with energy εi. Equivalently, Ni
N is also equal to the probability of

observing a microstate with energy εi in a particle. The reason is that if the probability of
observing each energy state of a particle is denoted by Pi, for a very large number of particles
at every moment, a fraction equal to Pi of them are observed at that energy state based on
the ergodicity concept. Consequently, the ensemble average or expectation value of the
total energy which is the statistical average of all energy states weighted by their respective
probabilities is found as:

⟨E⟩ =
∑

i εi gie
−

εi
kBT∑

i gie
−

εi
kBT

. (2.3)

The denominator of Eq. (2.3) is called partition function and is commonly denoted by Q. As
demonstrated in the following, partition functions play a central role in statistical thermody-
namics, and not only the energy but also other fundamental quantities in thermodynamics are
fully determined through them. For example, the obtained relationship for energy in Eq. (2.3)
can be rewritten as:

⟨E⟩ =
∂ln

(∑
i gie

−
εi

kBT

)
∂
(

1
kBT

) = −
∂lnQ(

1
kBT

)2
∂ (kBT )

= −
kBT 2∂lnQ

∂T
,

(2.4)

where in the second line we inserted d
(

1
kBT

)
= −

(
1

kBT

)2
d(kBT ) by the chain rule.

By substituting the found relationship for ⟨E⟩ introduced in Eq. (2.4) in the Gibbs-
Helmholtz relationship defined as [1]:

d
(
⟨A⟩
T

)
dT

= −
⟨E⟩
T 2 , (2.5)

we obtain the following relationship to define the Helmholtz free energy through partition
functions:

⟨A⟩ = kBT lnQ . (2.6)
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Similarly, the other thermodynamic quantities such as entropy, enthalpy, and Gibbs free
energy, which are related to internal and Helmholtz free energies via the fundamental
variables (T, V, and P), can also be simply determined through the partition functions.
For example, by substituting Eqs. (2.4) and (2.6) into the thermodynamic interpretation of
Helmholtz free energy ⟨A⟩ = ⟨E⟩−TS , entropy is found as:

S =
−⟨A⟩

T
+
⟨E⟩
T
= −kBlnQ+ kBT

∂lnQ
∂T

. (2.7)

In addition to the discrete formulation of statistical thermodynamics introduced above,
an alternative formulation which is known as the continuous formulation is also widely
employed, especially in studying an ensemble of particles. According to the continuous
formulation of statistical thermodynamics, for the microcanonical ensemble2 with a total
energy of E, via the Sturm–Liouville theory we find the total number of microstates as [4]:

Ω (N,V,E) =
1

h3N N!

∫ ∫
VN
δ
[
H(q, p)−E

]
dqdp , (2.8)

where h is the Planck constant, H is the Hamiltonian of the system, and q and p are the 3N
positions and 3N momenta as discussed earlier, respectively. Via this evaluated number of
microstates, the partition function for the canonical ensemble3 can be obtained as [4]:

Q (N,V,T ) =
∫ ∞

0
e−

E
kBTΩ (N,V,E) dE . (2.9)

Unlike the relationships obtained via discrete formulation of partition function where the
energy states in the exponential term were the energy levels of individual particles, here E is
the total energy for the system of particles. Consequently, the discrete formulation is mostly
encountered in quantum-chemistry texts and software tools that treat energy states of single
particles, while the continuous formulation is the method of choice for studying a collection
of particles, e.g. in molecular dynamics or Monte-Carlo simulation.

For its more common employment in theoretical chemistry and more frequent applications
throughout this thesis, in the following we introduce the evaluation of partition functions
based on the discrete formulation. The continuous formulation of statistical thermodynamics
will be further discussed in section 2.4.

2 A system with constant number of particles, volume, and energy
3 A system with constant number of particles, volume, and temperature
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2.2 Evaluation of partition functions

As implied from the physical interpretation of the partition function written as Q =
∑

i gie−
εi
kT ,

its determination requires to find all possible energy states εi observable for a particle and
their degeneracy and computing the summation. Additionally, we can also include the
degeneracy in the summand to write the partition function as:

Q =
∑

i

e−
εi

kBT , (2.10)

which is more common in statistical thermodynamics textbooks. Here, members of a
degenerate state get different values of the index i. Nevertheless, the final results are the
same, the only difference is in the indexing of the energy states.

To be able to obtain analytical relationships for the evaluation of partition functions, we
can decompose each energy state into a combination of different contributions, from kinetic
energy, which includes translational and rotational motions, and potential energy, which
includes vibrational and electronic energies. This can be written as:

Q =
∑

i

e−
εtrans.,i+εrot.,i+εvib.,i+εelect.,i

kBT

=
∑

i

e−
εtrans.,i

kBT
∑

i

e−
εrot.,i
kBT

∑
i

e−
εvib.,i
kBT

∑
i

e−
εelect.,i

kBT

= Qtrans.Qrot.Qvib.Qelect .

(2.11)

To evaluate each one of the partition function components for a given molecule, an
extensively employed and successful approach is to consider the molecules as rigid rotors in
which the vibrations follow the harmonic oscillator model. This is known as the Rigid Rotor
Harmonic Oscillator (RRHO) approximation. It allows us to employ quantum-mechanically
defined relationships describing various energy components for RRHO and to approximate
the sum by integration.

For the translational energy, possible energy states in one-dimensional motion of a particle
with mass M in a box with l side length, are defined in quantum mechanics as [5]:

εtrans.,i =
i2h2

8Ml2
, (2.12)
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where i = 1,2, . . . is the quantum number of discrete bound states. By substituting this

relationship in
∑

i e−
εtrans.,i

kBT and approximating the sum by integration, for three dimensions
we obtain [3]:

Qtrans. =

(
2πMkBT

h2

)3/2

V , (2.13)

where V is the volume of the system.
Similarly, from the quantized rotational energy states of rigid rotors, which by quantum

mechanics are defined as [5]:

εrot.,i =
i(i+1)h̄2

2I
, (2.14)

where I is the principal moment of inertia and i = 0,1,2, . . . is a quantum number specifying
various rotational energy levels, we can obtain [3]:

Qrot. =

√
π

s

(
8π2IAkBT

h2

)1/2(8π2IBkBT
h2

)1/2(8π2ICkBT
h2

)1/2

, (2.15)

for non-linear molecules and

Qrot. =
8π2IkBT

sh2 , (2.16)

for linear molecules. Here, the pre-factor s is the symmetry number and can play a very
important role, especially in isotope-exchange reactions for which isotope exchange results
in changing the symmetry of the molecule. For example, for the isotope exchange reaction
H2O+D2O↔ 2HDO with experimentally determined equilibrium constant of 3.75 [6], the
isotope exchange results in a dramatic reduction in the product of symmetry numbers from
4 in reactants to 1 in products. For this reaction, by theoretical evaluation of partition
functions at DSDPBEP86 (D3)/Def2QZVP level of theory and appropriate treatment of the
symmetry number, I could obtain an equilibrium constant equal to 3.8526 which was in
excellent agreement with the experimentally determined data. Nevertheless, for the same
computations, overlooking the symmetry number results in an equilibrium constant of 0.963,
which is far below the actual value and shows the importance of the symmetry number.
Noteworthy, although the symmetry number was considered initially in an empirical way and
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based on spectroscopy measurement conventions, there are rigorous theoretical justifications
for it, based on both quantum mechanics [5] and classical mechanics [7].

For the vibrational partition function, using the quantized energy states of a harmonic
oscillator, which in quantum mechanics is described by:

εvib.,i =
∑

j

h̄ω j(ni+
1
2

) , (2.17)

where ω j is the angular frequency for the jth mode of vibration, the vibrational partition
function is obtained as:

Qvib. =
∏

i

e−
hcνi

2kBT

1− e−
hcνi
kBT

, (2.18)

in which the angular frequencies are converted to normal mode vibrational frequencies νi, as
they are more commonly encountered in spectroscopy. Theoretical evaluation of the normal
mode vibrational frequency is known as normal mode analysis and will be discussed in more
detail in section 2.3.

For the electronic partition function, the energy gap between the ground and excited states
typically is so large that, except for very high temperatures, the Boltzmann factor associated
with the excited states can be neglected, compared to that of the ground state. Consequently,
in standard thermochemistry computations, only the ground state of the electronic energy is
considered, resulting in the electronic partition function written as:

Qelect = ge−
εelect.,ground

kBT . (2.19)

In the above relationship, the pre-factor g, which is the degeneracy of the ground-state energy,
is equal to unity for closed-shell particles. However, for other cases, it will be greater than
unity and should be taken into account [5].

In the above, I provided a brief introduction to general concepts in statistical thermody-
namics and evaluation of partition functions commonly encountered in theoretical chemistry.
We employ these obtained partition functions to estimate the enthalpy of combustion reac-
tions in chapter 3 and the equilibrium constant of an isotope exchange reaction in chapter 4.
For approximation of partition functions based on the continuous formulation of statistical
thermodynamics which is typically achieved via molecular dynamics or Monte-Carlo simula-
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tion, different methods such as thermodynamic integration, alchemical perturbation, WHAM,
and several other methods are commonly employed. As an excellent introductory textbook
for those methods, the interested readers can refer to an excellent introductory textbook
written by Chipot and Pohorille [8].

2.3 An introduction to normal-mode analysis

As we saw in section 2.2, evaluation of normal-mode vibrational frequencies is the central
step in the calculation of the vibrational partition function. For that purpose, normal-mode
analysis based on the harmonic oscillator approximation is commonly the method of choice
in computational chemistry, which will be briefly introduced in the following.

If the potential energy for one-dimensional oscillation in the x direction is denoted by
U (x), by its Taylor expansion around any arbitrary point x0 up to second order, we obtain:

U (x) ≈ U (x0)+
dU
dx

(x− x0)+
1
2!

d2U (x)

dx2 (x− x0)2 . (2.20)

Since the potential energy is expanded only up to the second-order, it is called the
harmonic potential due to its harmonic shape around the minimum of the potential energy, as
depicted in figure 2.2.
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Fig. 2.2 Comparison of harmonic potential (red) and the actual potential (dashed line) in
a diatomic molecule. As can be seen, for the distances close to the equilibrium which is
located as the minima in the two graphes, the harmonic potential is a good approximation of
the real potential.



2.3 An introduction to normal-mode analysis 25

By taking the point x0 to be the equilibrium distance, defined as the point at which the
potential energy of vibration is minimal (dU

dx = 0), and selecting a reference point of potential
energy for which U

(
xeq

)
= 0, Eq. (2.20) can be rewritten as:

U (x) =
1
2

K(x− xeq)2 , (2.21)

in which d2U(x)
dx2 is denoted by K and is called the force or spring constant.

This simply found relationship is the cornerstone of normal mode analysis, as demon-
strated in the following. Before going into details, I would like to draw the readers’ attention
to why the first step in frequency calculation based on the normal mode analysis is always
geometry optimization. The reason is that for the optimized geometry, we find a molecular
structure for which the first derivative of the potential energy with respect to atomic coordi-
nates is zero, which is indeed the requirement to arrive at Eq. (2.21) from the initially derived
Taylor expansion. Additionally, the introduced derivation implies that when we are dealing
with a collection of molecules and are interested in evaluating the normal modes for only
one of them, we do not necessarily need to optimize the geometry for all molecules and can
limit the geometry optimization to the individual molecule of interest only. This was the
premise of developing the partial normal mode analysis presented in chapter 4, which was
employed as an effective strategy to significantly reduce the computational cost of normal
mode analysis.

To evaluate the motion of atoms by the harmonic potential described by Eq. (2.21), we

can employ Newton’s second law of motion written as F = md2(x−xeq)
dt2

, and the connection

between F and U (x) defined in classical mechanics as F = −dU(x)
dx = − K

(
x− xeq

)
, which

results:

−K
(
x− xeq

)
= m

d2(x− xeq)

dt2
. (2.22)

To make the mathematical formulation more abbreviate, we can define new variables,
namely mass-weighted coordinates written as q =

√
m (x− xeq) and a mass-weighted force

constant defined as K
′

= K
m , and substitute them in Eq. (2.22) to obtain:

−K
′

q =
d2q

dt2
. (2.23)
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This obtained differential equation has an analytical solution of the form:

q = a cos
( √

K′ t
)
, (2.24)

where a is a constant. This equation clearly shows a periodic oscillation for the particle

as a function of time with a period of
√

K′

2π , which can be regarded as the frequency with
dimension 1

time . We can generalize this methodology to multi-atomic molecules. For that
purpose, instead of a force constant for a single coordinate, we need a matrix of force
constants for which the i j elements are ∂2U

∂qi∂q j
and i and j span all 3N coordinates in a

molecule containing N atoms, which is the so-called Hessian matrix. The Hessian matrix
elements can be analytically or numerically determined by quantum mechanical computations.
After that, by diagonalizing the Hessian matrix in the mass-weighted coordinates, we obtain a
set of eigenvalues, the square roots of which are the normal-mode frequencies as implied from
Eq. (2.24), and eigenvectors for the corresponding modes of vibration. The diagonalization
employed here, in fact implements a coordinate transformation so that the off-diagonal
elements of the Hessian matrix become zero. By this transformation, we can remarkably
reduce the computational complexity without losing accuracy.

2.4 Partition function for ensemble of particles: an intro-
duction to molecular dynamics simulation

As it was discussed in section 2.1, the thermodynamic quantities are in fact statistical
averages of those quantities in all possible microstates, weighted by the Boltzmann factor.
For single molecules in vacuo, we have shown how the rigid rotor harmonic oscillator
(RRHO) approximation can be employed to approximate the ensemble average of microstates
attributed to different components of energy. Nevertheless, calculations based on the RRHO
approximation are typically limited to small molecules that can be approximately treated
as rigid bodies. For large molecules, rotations around backbone dihedrals can yield diverse
configurations with quite different principal moments of inertia, thus clearly violating the
rigid rotor approximation. Additionally, the original implementations of static computations
based on the RRHO approximation are commonly limited to in-vacuo states of single particles.
Although taking into account solvent effects became possible in the past few decades via the
continuum solvation approach introduced in section 2.6, nevertheless, this approach also is
just a model with considerable simplifications and parameterizations, as discussed in detail
in chapter 8.
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Obviously, for any system of interest, the exact partition function can be calculated by
generating all possible configurations, calculating the resulting energy states, converting
them to the corresponding probabilities based on the Maxwell-Boltzmann statistics, and
using those obtained probabilities to compute the statistical average of any observable. For
a collection of particles, this can be mathematically formulated as the integral introduced
in Eq. (2.8). By this integration, we in fact try all possible combinations of momentum and
spatial coordinates for all particles in the system and calculate the resulting energy, which
spans all possible energy states of the system, as reflected in the total Hamiltonian of the
system. The calculated Hamiltonian can then be used to approximate the probability of each
microstate.

Although with studying all possible energy states we can exactly evaluate the partition
function and its attributed thermodynamic quantities, nevertheless, this exact solution is only
feasible for small systems consisting of very few particles. For larger systems, the total
number of possible microstates soon approaches astronomically large numbers, which makes
exact evaluation of all microstates in practice impossible.

To overcome this limitation, a concept can be exploited that is known as importance
sampling in statistical thermodynamics. To clarify the concept of importance sampling,
we can consider a simple example of studying one H2 molecule in a large box. For this
example, a large portion of possible configurations is those for which the hydrogen atoms
are so far away from each other that there is no bond between them. However, for all
but very high temperatures, we know that such configurations almost never occur. This
is also consistent with our theoretical formulation because the Boltzmann factor for such
configurations approaches zero, which causes those configurations to have no contribution in
the ensemble average of required quantities.

The general idea behind importance sampling is that instead of studying all possible
configurations, which in most cases have very negligible probabilities to occur, we only
generate and study configurations that are likely to be visited in practice. For that purpose, a
number of efficient computer simulations have been developed and can be used to generate
and study those important configurations. In this section, we briefly introduce one of the
most widely used computer simulation algorithms of this kind, which is molecular dynamics
simulation. A quantum-mechanical variant of molecular dynamics simulation, namely the
path integral molecular dynamics simulation, will be introduced in the next section. Yet
another extensively used computer simulation algorithm for importance sampling is the
Monte-Carlo simulation which will not be discussed here, as in will not be employed it this
thesis. Readers who are interested to know more about this method are referred to the book
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Understanding Molecular Simulation: From Algorithms to Applications [9], as one of the
excellent introductory texts to the Monte-Carlo simulation technique.

As was mentioned above, molecular dynamics simulation is one of the most widely
employed importance sampling algorithms. The general idea behind molecular dynamics
simulation is to set up a simulation box as a small (or periodic) representation of the system
of interest. Then, based on the position of the particles in each step, the net force exerted on
each particle, which depends on the interatomic distances between them, can be evaluated,
either via quantum-mechanical computations or algebraic relationships that are referred to as
force fields. The calculated forces in addition to the given speed and position of all particles
in each step are then used to estimate the speeds and positions of the particles in the next time
step, based on Newtonian mechanics. These computations are repeated for several steps to
generate a trajectory for the temporal evolution of the system. This trajectory, which consists
of samples that have important contributions in the ensemble average of quantities, is used to
compute the partition function and various quantities attributed to it.

To prevent this section from becoming too lengthy, we avoid providing details on the
algorithms of molecular dynamics simulations and refer the interested readers to several
available textbooks, such as Understanding Molecular Simulation written by Frenkel and
Smit [9] and Computer simulation of liquids written by Allen and Tildesley [10].

2.5 PIMD Simulation: an introduction

In the previous section, we briefly introduced the general idea behind molecular dynamics
simulations. Although very robust in studying many aspects of classical-mechanical systems,
molecular dynamics simulation suffers from the drawback that it relies on Newtonian me-
chanics and hence ignores quantum effects by construction. This can be problematic when
studying systems for which quantum effects are significant, such as those dealing with low
temperatures or light particles like hydrogen transfer reactions as well as isotope exchange
reactions. For such cases, taking into account quantum effects in the framework of molecular
dynamics simulations has become possible through a method which is called path integral
molecular dynamics. In the following, I present a quick and straightforward introduction
to the basics of path integral molecular dynamics simulation as one of the tools employed
in studying isotope effects in chapter 4. For further details on this method, the interested
readers can refer to excellent books written by Feynman [11] and Tuckerman [4].

Deriving the path integral molecular dynamics starts from the time-dependent Schrödinger
equation written as:
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ih̄
∂

∂t
|Ψ(t)⟩ = Ĥ |Ψ(t)⟩ , (2.25)

where Ĥ is the Hamiltonian operator and Ψ(t) is the time-dependent wave function of the
system, and its formal solution given by:

|Ψ(t)⟩ = e−iĤ (t−t0)/h̄ |ψ(t0)⟩ . (2.26)

In position representation with coordinate q, the solution of the time-dependent Schrödinger
equation can be stated as:

Ψ(q, t) = ⟨q|ψ(t)⟩ = ⟨q|e−iĤ(t−t0)/h̄|ψ(t0)⟩

=

∫
dq0 ⟨q|e−iĤ(t−t0)/h̄|q0⟩ ⟨q0|ψ(t0)⟩

=

∫
dq0 ⟨q|e−iĤ(t−t0)/h̄|q0⟩ ψ(q0, t0)

=

∫
dq0 K (q,q0, t)ψ(q0, t0) ,

(2.27)

where the resolution of the identity operator
∫

dq0 |q0⟩ ⟨q0| = 1 was used in lines 2 and 3
of the above derivation. The term K (q,q0, t) = ⟨q|e−iĤ(t−t0)/h̄|q0⟩ is a kernel which plays the
central role in the path integral formalism. For a free particle in one dimension with the
Hamiltonian written as Ĥ = P̂2

2m , where P̂ = −ih̄ ∂
∂q is the quantum-mechanical momentum

operator, for t0 = 0 as an arbitrary choice and using the inner product of momentum and

position operators defined as ⟨q|p⟩ = e
ipq
h̄
√

h
, this kernel can be written as:

Kfree (q,q0, t) = ⟨q|e
−it
h̄

P̂2
2m |q0⟩

=

∫ ∞

−∞

dp ⟨q|e
−it
h̄

P̂2
2m |p⟩ ⟨p|q0⟩

=

∫ ∞

−∞

dp ⟨q|p⟩ e
−it
h̄

p2
2m ⟨p|q0⟩

=
1
h

∫ ∞

−∞

dpe
ipq
h̄ e

−it
h̄

p2
2m e

−ipq0
h̄

=
1
h

∫ ∞

−∞

dpe
−i
h̄ p(q0−q) e

−it
h̄

p2
2m ,

(2.28)
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which via completing the square and using the Fresnel integral equation can be analytically
solved to yield:

Kfree (q,q0, t) =
e

im
2h̄ t (q0−q)2

√
ith/m

. (2.29)

The obtained kernel allows finding the solution of a more general case, which is a particle
under a time-independent potential V(q), for which the kernel of interest is defined as:

K (q,q0, t) = ⟨q|e
−it
h̄

(
P̂2
2m+V(q̂)

)
|q0⟩ . (2.30)

To that end, using the Trotter product formula which states:

eÂ+B̂ = lim
P→∞

(
eÂ/PeB̂/P

)P
, (2.31)

we can write:

K (q,q0, t) = lim
P→∞

⟨q|
(
e
−it
Ph̄

P̂2
2m e

−it
Ph̄ V(q̂)

)P
|q0⟩ , (2.32)

which by inserting P−1 resolution of the identity operators
∫

dqi |qi⟩ ⟨qi| = 1 can be rewritten
as:

K (q,q0, t) = lim
P→∞

∫
dq1, . . . ,dqP−1

P−1∏
i=0

⟨qi+1| e
−it
Ph̄

p̂2
2m e

−it
Ph̄ V(q̂i)|qi⟩

= lim
P→∞

∫
dq1, . . . ,dqP−1

P−1∏
i=0

⟨qi+1| e
−it
Ph̄

p̂2
2m |qi⟩e

−it
Ph̄ V(qi) .

(2.33)

Here, the term ⟨qi+1|e
−it
Ph̄

p̂2
2m |qi⟩ is equivalent to Kfree (q,q0, t) defined in Eq. (2.28) and by

inserting its analytical solution given by Eq. (2.29) we finally obtain:

K (q,q0, t) = lim
P→∞
δt→0

( m
hiδt

)P/2 ∫
dq1, . . .,dqP−1 e

i
h̄

[∑P−1
i=0

mδt
2

( qi−qi+1
δt

)2
−V(qi)δt

]
, (2.34)
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where t
P is replaced by δt. By inserting this found kernel in Eq. (2.27) we get:

Ψ (q, t) =
∫

dq0 lim
P→∞
δt→0

( m
hiδt

)P/2 ∫
dq1, . . .,dqP−1 e

i
h̄

[∑P−1
i=0

mδt
2

( qi−qi+1
δt

)2
−V(qi)δt

]
Ψ

(
q0, t0

)
,

(2.35)

which can be interpreted as the summation of all possible paths a particle located in q0 at
time t0 can follow to get to the point qt at time t, schematically illustrated in figure 2.3.
Furthermore, as can be implied from the found relationship, the probabilities of following
each one of the possible paths are taken into account via the weights given by the exponential
term. Due to the summation of all possible paths, this formalism is called path integral.

 

𝛿t 2𝛿t 3𝛿t 4𝛿t … P𝛿t 

Fig. 2.3 Illustration of the different possible paths followed by a particle to move between
two points.

We can use the path integral formalism to evaluate the quantum-mechanical partition
function, which in analogy to its classical counterpart introduced in section 2.1 is defined as
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Q =
∑

i ⟨ψi|e−βH |ψi⟩ , where β = 1
kBT which in position representation results in the configura-

tion partition function (Z) written as:

Z =
∫

dq ⟨q|e−βH |q⟩ . (2.36)

Employing the Trotter factorization similar to the way it was applied to derive the path
integral formalism results:

Z = lim
P→∞

∫
dq1, . . .,dqP−1

P∏
i=1

⟨qi+1|e−βP
p̂2
2m e−βP V(q̂i)|qi⟩ , (2.37)

where βP =
β
P . Using the same manipulations employed to obtain Eq. (2.29), we can show

that:

⟨qi+1|e−βP
p̂2
2m e−βP V(q̂i)|qi⟩ =

1
2πh̄

√
2πm
βP

e
−βP

[
m

2h̄2βP2 (qi+1−qi)2+ V(qi)
]
, (2.38)

which by defining ωp =
1
βPh̄ and substituting in Eq. (2.37) finally results in:

Z = lim
P→∞

(
1

2πh̄
)
P
(
2πm
βP

)
P/2 ∫

dq1, . . .,dqP−1e
−βP

∑P
i=1

[
mωp2

2 (qi+1−qi)2+ V(qi)
]
. (2.39)

The found configurational partition function described by Eq. (2.39) plays the central
role in path integral molecular dynamics simulation. It can be interpreted as a ring-polymer
of classical particles where the time evolution of each particle follows classical molecular
dynamics. Nevertheless, the ring-polymer Hamiltonian that appears in the exponential term
results in the sampled phase space including quantum effects, as we saw in the derivation of
the path integral formalism.

In analogy to classical mechanics and the harmonic oscillation introduced in section 2.3,
each one of the P replicas can be considered as some beads that construct the path integral
ring-polymer and are connected by a harmonic spring with force constant mωp

2. Accordingly,
ωp can also be interpreted as the ring-polymer frequency. A schematic representation of the
path integral ring-polymer for a water molecule with 3 beads is depicted in figure 2.4.



2.6 Studying solvent effects by implicit solvent approaches 33

 Fig. 2.4 Three-bead ring-polymer illustration of a water molecule. This selected number of
beads is chosen only for the clarity of the image and is not related to the number of atoms in
the water molecule.

As implied from this force constant, for very light masses or low temperatures at which
ωp =

1
βPh̄ is a very small number, the spring constant becomes a small number and results

in expansion of the ring polymer, intuitively analogous to an increased Heisenberg position
uncertainty. On the other hand, for heavy particles or high temperatures, this spring constant
becomes a large number, and the stronger spring results in a collapse of all the beads to a
single point, analogous to a single classical-mechanical particle. This shows that quantum
effects are included mainly via the stiffness of the spring connecting the ring-polymer beads,
as can be inferred from the figure 2.4.

In the present thesis, we employ path integral molecular dynamics simulations to study
isotope effects for equilibrium between boric acid and borate in pure water and seawater,
presented in chapter 4.

2.6 Studying solvent effects by implicit solvent approaches

Taking into account the solvent effect is one of the vibrant areas in theoretical and compu-
tational chemistry and is widely required, due to a large number of the important physical-
chemistry phenomena happening in solution. For that purpose, two main approaches, namely
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implicit and explicit solvent approaches, can be employed. The features and pros and cons of
these two approaches are discussed in chapter 8. In the current section, I briefly introduce
some important theoretical backgrounds to the implicit solvent approach which are mainly
taken from the textbooks Essentials of Computational Chemistry [12] and Introduction to
Computational Chemistry [13]. For a more complete overview of the topic, the interested
readers can refer to those textbooks.

Based on the implicit solvation approach, instead of direct evaluation of the charge
distribution of solutes with that of the solvent, a continuous reaction field is defined that
represents the statistical average of electric fields due to various configurations of the solvent.
The solvent effects then are taken into account via studying the interactions between the
charge distribution in the solute and the reaction field of the solvent.

If a molecule is subjected to an electric field definable as the gradient of the electrostatic
potential (ϕ), from basic electrostatic physics the total energy resulting from the interaction
of the charge distribution in that molecule ρ(r) and the electric field is obtained as:

W = −
1
2

∫
ρ(r) ϕ (r)dr , (2.40)

which is equivalent to the work required for bringing that molecule from vacuum with no
electric field to the point in which the electric field is present. Based on this definition, the
polarization energy in the implicit solvation is also defined as the difference of this computed
energy between the gas and solution states. From this viewpoint, various implicit solvation
models are in fact different in how to define the charge distribution, the electric field, and
their interactions.

One of the classical models for studying the charge distribution and the reaction field is
the Poisson equation, which is defined as:

∇.(ε (r) .∇ϕ (r)) = −4πρ(r) , (2.41)

in which ε (r) is the dielectric constant of the solvent. The Poisson equation holds for solutions
with negligible ionic strengths. For a more general case applicable also to electrolytes, an
extension of the Poisson equation, which is known as the Poisson-Boltzmann equation, can
be employed, which is defined as:
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∇(ε (r) .∇ϕ (r))−ε (r)λ (r)κ2 kBT
q

sinh
[
qϕ (r)
kBT

]
= −4πρ(r) , (2.42)

where λ (r) is a parameter equal to one, except for the regions inaccessible by the solute, in
which it has a value of zero, q represents the ionic charges in the electrolyte, and κ2 is the
Debye– Hückel parameter, which is defined as:

κ2 =
8πq2

εkBT
. (2.43)

To further simplify the Poisson-Boltzmann equation, for low ionic strength solutions we
can approximate the hyperbolic sine with a truncated power expansion to obtain:

∇ (ε (r) .∇ϕ (r))−ε (r)λ (r)κ2 ϕ (r) = −4πρ(r) , (2.44)

which is called the linearized Poisson-Boltzmann equation. The other classical model,
applicable for evaluation of the polarization energy in monoatomic ions, is the Born model,
which is based on considering the uniform charge density on the atomic surface, written as:

ρ =
q

4πa2 , (2.45)

where q is the ionic charge and a is the atomic radius. Based on the Gauss law of electric
fields, the electrostatic potential at the distance r from this atom is obtained via:

ϕ (r) = −
q
εr
, (2.46)

which by substitution in Eq. (2.40) results in:

W = −
1
2

∫
q

4πa2

(
−

q
εa

)
ds =

q2

2εa
, (2.47)

and the polarization energy equal to:
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Gp = −
1
2

(1−
1
ε

)
q2

a
, (2.48)

known as the Born model of polarization.
If we do the same calculations for a perfectly dipolar charge distribution with dipole

moment µ instead of the employed uniform charge distribution, we obtain:

Gp = −
1
2

(
2(ε−1)
2ε+1

)
µ2

a3 , (2.49)

which is called the Kirkwood-Onsager polarization energy. To estimate the Kirkwood-
Onsager polarization energy by quantum mechanical computations, Eq. (2.49) can be inserted
into the Fock equation, resulting in:

{
Fi− (

2(ε−1)
2ε+1

)
⟨ψ|µ|ψ⟩2

a3

}
ψi = eiψi , (2.50)

in which Fi is the Fock operator for molecular orbital i in the gas phase. This resulting
non-linear Fock equation can be solved iteratively, which is known as self-consistent reaction
field calculations. Further details on self-consistent reaction field calculations are discussed
in chapter 8.

2.7 Machine learning

The methods introduced in the previous sections mainly are mathematical approaches that
can be employed for the theoretical study of the physics behind a problem. However, by
looking into nature, we immediately notice that many living entities are able to learn and
solve problems that in most cases are far more complicated than the ones which are the aim
of the present study, interestingly without any explicit employment of mathematics. For
example, a human child in the earliest years of its life, even before gaining the ability to
speak, can learn to distinguish many fruits from each other. If we want to write a computer
algorithm for that purpose, it would probably require several thousand lines of code with a
lot of mathematics to define and calculate the geometry of different fruits, parameters like
ratios of cross-section to length, colors, and so on. The process in which living entities learn
to distinguish between features is learning via examples. For the fruit example, a human
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baby acquires this ability by being provided several examples of different fruits along with
their names. This learning analogy stimulated designing algorithms for similar learning by
computers, i.e. learning by providing examples, and is referred to as machine learning.

Through several decades of advancements, machine learning has now become a highly
powerful and reliable tool to study the most complicated problems in many scientific fields.
Examples of applications of machine learning in chemistry and life science are provided in
chapter 9. In this section, I briefly introduce some basics of machine learning required to
study a wide range of problems of interest in chemistry.

To develop a machine-learning model, as the first step we are required to translate the
structure of molecules to a set of numerical data which are called molecular representations
or descriptors. One of the earliest examples of employing such descriptors is the group
contribution method, or equivalently the structure-property relationship method, which was
proposed in the middle of the 20th century [14]. According to the group contribution method,
a molecule is quantitatively described by a set of numbers that specify the number of each pre-
viously defined functional group. For example, in chapter 6, we define 42 functional groups
and each molecule is characterized by a vector with 42 elements. Each element records the
number of presences of a specific functional group with the same ID in the studied molecule.
Nevertheless, for more challenging problems, more versatile molecular representations are
commonly required. Some of the most widely applied molecular representations are briefly
introduced in the following.

2.7.1 Atom-centered symmetry functions

Atom-centered symmetry functions were proposed by Behler and Parrinello in 2007 for
numerical characterization of chemical environments and as inputs to machine-learning
models they developed for evaluating the potential energy [15]. Atom-centered symmetry
functions can be defined either as radial functions given as:

Gatom, radial
i =

Natoms∑
j=1

e−η(ri j−rs)2
fc
(
ri j

)
, (2.51)

or angular functions:

Gatom, angular
i = 21−ζ

all∑
j,k,i

(1+λcosθi jk )ζ e−η(ri j
2+rik

2+r jk
2) fc

(
ri j

)
fc (rik) fc

(
r jk

)
, (2.52)
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where fc
(
ri j

)
is a cutoff function defined as:

fc(ri, j) =

 0.5
[
cos

(πri, j
rc

)
+1

]
, for ri, j ≤ rc

0.0, elsewhere
(2.53)

and ri j is the distance between atoms i and j. For the radial functions, the parameter rc is
the cutoff distance, and the parameters rs and η shift the Gaussian position and adjust the
Gaussian width, respectively. For the angular function, the parameter ζ controls the angular
resolution and the parameter λ specifies the location of extrema of the cosine function.

2.7.2 Bispectrum of the neighbor density

Bispectrum of the neighbor density representations were proposed in 2010 by Bartók et al.
and represent the chemical space by a series of spherical harmonics [16]. For that purpose,
the chemical space is first characterized via neighbor densities ρi(r) for each atom i:

ρi (r) = δ (r)+
∑

ri j<rc

fc
(
ri j

)
w j δ

(
r− ri j

)
, (2.54)

where δ is the Kronecker delta function, fc
(
ri j

)
is the same cutoff function introduced in the

previous section, and w j is an element-specific parameter to allow distinguishing between
different elements. The calculated neighboring densities are then projected onto a sphere
resulting in the projected density written as:

ρ(θ,ϕ) =
∞∑

l=0

l∑
m=−l

clmYlm(θ,ϕ) . (2.55)

This projected density is then extended to another four-dimensional density function including
an additional angle θ0 that can be expanded by hyper-spherical harmonics U j

m,m′ to result in:

ρ =

∞∑
j=0

j∑
m,m′=− j

c j
m,m′U

j
m,m′ . (2.56)

The coefficients cm,m′
j are finally employed to construct the bispectrum matrix with B j1, j2, j

elements given by:
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B j1, j2, j =

j1∑
m1,m′1=− j1

j2∑
m2,m′2=− j2

j∑
m,m′=− j

c j
m,m′ c

jm
m1 j1m2 j2

c jm′

m′1 j1m′2 j2
c j1

m1m′i
c j2

m2m′2
, (2.57)

where c jm
m1 j1m2 j2

and c jm′

m′1 j1m′2 j2
are Clebsch-Gordan coefficients.

2.7.3 Smooth overlap of atomic orbitals

The Smooth overlap of atomic orbitals is essentially an extension of the Bispectrum of the
neighbor density proposed by the same authors, where the delta function is replaced by
Gaussian functions centered on each atom, which allowed redefining the neighbor densities
as [17]:

ρ (r) =
N∑

i=1

e(−α|r−ri|
2) . (2.58)

The Smooth overlap of atomic orbitals kernel, which is the overlap of two neighbor
densities, is defined as:

k
(
ρ,ρ′

)
=

∫
dR

[∫
ρ(r)ρ′(rR)dR

]n

. (2.59)

where the exponent n is commonly chosen as 2.

2.7.4 Coulomb matrix

The Coulomb matrix representation was proposed in 2012 by Rupp et al. and is defined as
the eigenvalues of a matrix with elements given by [18]:

αi, j =

 0.5 (Zi)2.4 , for i = j
Zi Z j

ri j
, for i , j

, (2.60)

where Zi is the nuclear charge of atom i and ri j is the inter-atomic distance between atoms
i and j. As can be implied from this formulation, the number of columns and rows of the
Coulomb matrix is equal to the number of atoms in the system. Therefore, for different
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reference molecules, different Coulomb matrices with different sizes are computed, which
results in difficulties in their employment by the machine-learning process. To overcome
this limitation, the developers of this representation suggested considering a constant-size
Coulomb matrix with rows and columns appropriate for the largest system under study. For
the smaller systems, the extra lines and columns are then filled with zeroes.

2.7.5 Machine-learning algorithms

Once the required representations are computed for the molecules of interest, the machine-
learning algorithms are required to learn the dependency between those representations and
the target quantities. The learning process in machine learning can be divided into two
general categories, namely unsupervised and supervised learning. Unsupervised learning
is mainly employed for clustering applications, in which given samples are divided into
arbitrary categories that are not known a priori, based on the similarities and dissimilarities
between them.

On the other hand, supervised learning, which is encountered in applications such
as classification and function approximation as the most widely-used features of machine
learning in molecular sciences, requires providing several examples of the problem of interest.
Those known reference data are used to fine-tune the model specifications in a way to be able
to correctly learn and reproduce the features of interest.

A large number of different machine-learning algorithms are currently developed and can
be used for different applications such as artificial neural networks, support vector machines,
kernel methods, and so on. In the present thesis, we will mainly employ artificial neural net-
works as one of the most powerful machine-learning algorithms for function approximation.
Further details on artificial neural networks and practical guidelines for developing rigorous
neural network models are provided in chapter 6.
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Chapter 3

High precision evaluation of the
combustion enthalpy

Project overview and motivation:

Evaluation of enthalpy of combustion reactions is of high scientific and industrial impor-
tance. In this chapter, we study the evaluation of combustion enthalpies via the ab-initio
computations and normal mode analysis. In addition to the important applications of the
considered case study, one of the main motivations to study those reactions is to benchmark
intricacies of the employed methods which are classical tools in the theoretical evaluation
of thermochemistry. The other motivation is curiosity due to several reports on significant
inaccuracies of ab-initio computations of combustion enthalpies in the literature. In this
project, we study different aspects of theoretical computations of enthalpy of reactions and
discuss good-practice strategies for more rigorous employment of ab-initio computations for
that purpose.

Novelty aspects:

• The provided methodologies for correcting the non-ideality impacts

• The employed level of theory for calculation of thermal components of the partition
function which was the highest compared to other studies reported in the literature on
the same topic

• Most accurate reported results for theoretical computation of combustion enthalpy
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Connection to other chapters:

The knowledge acquired by studying the methods and levels of theory was transferred to the
more challenging case of theoretical evaluation of isotope fractionation in solution in chapter
4.
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Abstract

Accurate evaluation of combustion enthalpy is of high scientific and industrial importance. Al-
though ab-initio computation of heat of reactions is one of the promising and well-established
approaches in computational chemistry, reliable and precise computation of heat of combus-
tion reactions by ab-initio methods is surprisingly scarce in the literature. A handful of works
carried out for this purpose report significant inconsistencies between the ab-initio evaluated
and experimentally determined combustion enthalpies and suggest empirical corrections to
improve the accuracy of predicted data. With this background, the main aim of the present
study is to investigate the reasons behind those reported inconsistencies and propose guide-
lines for a high-accuracy estimation of heat of reactions via ab-initio computations. Through
the provided guidelines, the most accurate results ever reported, with average absolute devia-
tion, mean unsigned error, and correlation coefficient of 1.556 kJ/mole, 0.072% and 0.99999,
respectively, is achieved for theoretically computed combustion enthalpies of 40 studied
hydrocarbons.
Keywords: Combustion enthalpy, Heat of reaction, ab initio, quantum mechanics

3.1 Introduction

Combustion is the key process in many important applications such as power production,
transportation, heating, synthesis, and processing of materials [1]. Despite being an active re-
search area for over a century, fully understanding many aspects of the combustion processes
is still a scientific challenge [2]. Unraveling these challenges sometimes requires research
under special operational conditions. A well-known example is combustion experiments
under microgravity conditions, which is one of the ongoing research activities in the inter-
national space station [3]. Alongside the experimental researches, theoretical studies have
also substantially contributed to unraveling many of the complexities in combustion science.
High-level quantum-mechanical computations have been found to be a promising tool in
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studying the kinetics of combustion reactions [4-6], elucidating the pathways of combustion
reactions [7,8], or studying combustion thermochemistry [9,10].

Nevertheless, examples of successful atomic-scale computations leading to high-accuracy
prediction of combustion enthalpy as one of the most widely required features of combus-
tion reactions are surprisingly scarce in the literature. In few studies carried out so far for
this purpose, substantial inconsistencies have always been reported between the theoreti-
cally predicted and experimentally determined combustion enthalpies, as discussed in the
following.

Whyman et al. [11] employed MP2 ab-initio computations to evaluate the combustion
enthalpies and heats of formation for 31 compounds. Although they have not reported the
accuracy of their theoretically calculated combustion enthalpies in comparison with the exper-
imental data, their theoretically reported values demonstrate significant deviations compared
to the experiment, as we show in table 3.3 below. Audran and co-workers [12] employed
ab-initio computations to calculate combustion enthalpies using four different levels of theory.
They reported significant deviations between the predicted and experimentally determined
data and proposed linear relationships to empirically improve the theoretically predicted
combustion enthalpies. Mazzuca et al. [13] studied seven ab-initio methods for evaluating the
combustion enthalpies of 31 compounds. To reduce the deviations they observed between the
theoretically predicted and experimentally determined combustion enthalpies, they suggested
empirically scaling the theoretically predicted combustion enthalpies with scaling factors
ranging from 0.9846 to 1.1866, depending on the employed level of theory. Even with this
empirical scaling, they could not achieve any mean unsigned errors better than 3%.

Considering that evaluation of enthalpies of chemical reactions by quantum mechanical
computations is one of the most widely benchmarked and well-established applications of
quantum chemistry, the present study investigates the reasons behind the reported deviations
between the theoretically computed and experimentally determined enthalpies of combustion
reactions. We provide insights into the appropriate treatment of the error sources and
introduce guidelines for high accuracy determination of combustion enthalpies by theoretical
computations.

3.2 Theoretical evaluation of combustion enthalpies

Precise evaluation of enthalpies of gas-phase reactions, as a trivial task in computational
chemistry, is commonly achieved via ab-initio computation of enthalpies for individual
molecules contributing to the reaction. Nevertheless, when it comes to combustion reactions,
considering that the reactants and products might not always be in the gaseous state, phase
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change thermodynamics can also play an important role and should be taken into account,
which significantly adds to the computational challenges. In our literature survey, however,
we noticed that the phase change enthalpies are commonly overlooked, which is one of
the main contributors to the reported inconsistency between the theoretically evaluated and
experimentally determined combustion enthalpies, as demonstrated in the results section.

For appropriate treatment of phase change thermodynamics in combustion reactions,
careful attention should be paid to differences in defining the state of reactants and products
and to different conventions in reporting combustion enthalpies. The experimentally deter-
mined combustion enthalpy data, commonly measured by oxygen bomb calorimetry, are
typically reported either as gross or net heat of combustion. Gross heat of combustion refers
to the total amount of heat released in the calorimetry experiment, where both the reactants
and products are nearly at room temperature and in their standard states [14]. On contrast,
for the net heat of combustion, while the reactants are considered in their standard states,
the combustion products are assumed to be in the gas phase [14]. Clearly, the most obvious
deviation between the reported gross and net heats of combustion is due to the heat released
by the condensation of water molecules produced in the combustion reaction. It occurs as a
result of cooling down the combustion products by the heat bath in which the combustion
chamber is placed during the calorimetry experiment.

In addition to phase change thermodynamics, inaccuracies in theoretical computations, as
well as experimentation can both significantly influence the accuracy of the obtained results.
One of the most influencing parameters is the accuracy of the employed level of theory.
Additionally, inappropriate energy minimization as the mandatory step before carrying out
ab-initio calculation of thermal energy can remarkably reduce the accuracy of obtained
results. The main aim of the present study is to investigate and benchmark the impact of
such intricacies and demonstrate appropriate employment of ab-initio computations for high
accuracy prediction of combustion enthalpy.

3.3 Computational details

The experimentally determined gross heats of combustion for 40 hydrocarbons reported
by Walters [15] were used as reference combustion enthalpies. The full list of the studied
hydrocarbons is reported in table 3.1. The selected hydrocarbons only contain C, H, and O
atoms, to avoid complications e.g. due to solvation of nitric or sulfuric acid in water, produced
by combustion of molecules containing nitrogen or sulfur and leading to contributions to the
measured combustion enthalpy [14].
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Computation of in vacuo enthalpies of compounds was carried out by normal mode
analysis based on the rigid rotor harmonic oscillator approximation, as a standard approach
for estimation of thermodynamic quantities in theoretical chemistry [16]. To that end, for
each compound, we first optimized the three-dimensional geometries of the molecules in
vacuo. These optimized structures were then used to calculate the ground-state electronic
energies and normal mode vibrational frequencies required for calculating thermal effects.

Considering that the molecular configurations found at this stage by geometry optimiza-
tion can yield a wide range of energies, appropriate geometry optimization plays a significant
role in the ab-inito-evaluated molecular enthalpies and hence the resulting combustion en-
thalpy, as discussed in the results section and demonstrated in figure 3.2. Accordingly, trying
to search for geometries yielding the global minimum on the potential energy surface should
be attempted during geometry optimization. To that end, we considered multi-start geometry
optimization using 20 different initial structures generated via the genetic algorithm module
of the open babel toolbox [17]. The configuration which yielded the lowest energy after
optimization was then used for the calculation of the combustion enthalpy.

Quantum-mechanical (QM) computations were carried out at the DSD-PBEP86-D3/
Def2QZVP level of theory, which is one of the most accurate methods for thermochemistry
evaluation [18]. To study the influence of the employed level of theory on the accuracy of the
obtained results, we also computed the molecular enthalpies at the B3LYP/6-311+G(2d,p)
level of theory.

Considering that the theoretically computed enthalpies are obtained for molecules in
vacuo, for non-gaseous reactants, the QM evaluated enthalpy of the reactants in their standard
state was estimated by subtracting their heat of phase change from the standard state to the
gas phase from the initially computed in vacuo enthalpies. To that end, the phase change
enthalpies were taken from the NIST database. Similarly, considering that the reference data
used in the present study are gross heats of combustion, the vaporization enthalpy of water
with the value of 43.898 kJ/mol [19] was also subtracted from the QM evaluated enthalpy of
water in vacuo to yield the QM enthalpy of water in the liquid state.

In the calculation of the enthalpy of O2 molecules, we considered the triplet state as the
ground electronic state, as conventionally employed in theoretical computation of combustion
enthalpy [11]. At the DSD-PBEP86-D3/ Def2QZVP level of theory, our QM estimation
of the ground state energies with zero-point energy included resulted in -150.129205 and
-150.179060 Hartree per molecule energies for the singlet and triplet multiplicity states of
O2, respectively, which indeed implies the triplet state as the ground state of this molecule.
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Since measurement of combustion enthalpies is commonly carried out under 30 bar
pressure [14], we also investigated the pressure impacts on the enthalpy of the studied
compounds. To that end, we exploited the following thermodynamic relationship:

(
∂H
∂P

)
T
= V +T

(
∂S
∂P

)
T
= V −T

(
∂V
∂T

)
P
. (3.1)

Considering that the changes in thermal expansion of solids and liquids for increasing the
pressure from 1 to 30 bar is negligible, we only calculated the pressure impacts on the
enthalpies of gaseous compounds. To that end, the molar volume of gaseous compounds and
their derivative with respect to temperature as required by Eq. (3.1) were calculated via the
Redlich–Kwong equation of state defined as [20]:

P =
RT

V −b
−

a
√

T V (V +b)
,

a = 0.42748
R2Tc

2.5

Pc
,

b = 0.08664
RT c

Pc
,

(3.2)

where R is the universal gas constant, V is the molar volume, and Tc and Pc are the critical
temperature and pressure, respectively. Accordingly, for pressures from 1 to 30 bar with 1 bar
intervals, the molar volumes were calculated for temperatures from 280K to 320K with 1K
intervals via solving Eq. (3.2) by the bisection method. Using the calculated V −T values for
each pressure, a third-order polynomial was fitted and used to calculate the partial derivative
∂V
∂T as required by Eq. (3.1). Using the calculated molar volumes and ∂V

∂T for all pressures,
the pressure-induced enthalpy changes were calculated by numerically approximating the
following integral:

∆H =
∫ 30

1

(
V −T

(
∂V
∂T

)
P

)
dp . (3.3)

The accuracies of the predicted combustion enthalpies are reported as Average Absolute
Deviation (AAD) and percentage Average Absolute Relative Error (MUE), defined as:
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AAD =
1
N

∑(∣∣∣∣yexp
i − ypred
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All the computations were carried out in Gaussian 16 software [21] on the High-
Performance Computing center clusters of the Christian-Albrechts-University of Kiel.

3.4 Results and discussions

The details of the computed molecular enthalpies at the DSD-PBEP86-D3/ Def2QZVP level
of theory based on the previously discussed recipes are reported in table 3.1, together with
a direct comparison to the experiment. Also, for the same level of theory the calculated
enthalpies for H2O, CO2, and O2, as molecules involved in all combustion reactions are
reported in table 3.2.

Using the QM-evaluated enthalpies corrected for phase change enthalpies of water and
reactants, the predicted combustion enthalpies yielded AAD, AARE% and correlation coeffi-
cient of 17.68 kJ/mole, 0.623% and 0.99999, respectively. These results, which are directly
calculated by ab-initio computation without any further correction, show a remarkable im-
provement compared to results reported elsewhere. For example, the theoretically calculated
combustion enthalpies reported by Mazzuca et al. [13] yielded a AARE of roughly 3%,
even after being empirically scaled. According to these results, the pressure and non-ideality
impacts can alter the predictability of combustion enthalpy only slightly.

To further improve the accuracy of the theoretically computed combustion enthalpies,
using the experimentally determined heats of combustion and QM predicted enthalpies of the
reactants, we computed the optimum values of enthalpies for H2O, CO2, and O2 molecules
which yielded the minimum AAD. Comparing these values with the theoretically computed
enthalpies reported in table 3.2 shows excellent agreements, with negligible percentage
deviations.

Using the optimized enthalpies of H2O, CO2, and O2 and QM evaluated values for
the reactants, we could theoretically reproduce the experimentally determined combustion
enthalpies with AAD, AARE% and correlation coefficient of 1.556 kJ/mole, 0.072% and
0.99999, respectively, which are the most accurate results ever reported for evaluation
of combustion enthalpy, to the best of our knowledge. A graphical comparison of the
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Table 3.1 Details of the theoretically calculated and experimental data.

Compound Std.  ΔHstd-gas HQM, reactant   ΔHcomb.,QM ΔHcomb.,QM,opt,P ΔHcomb.,QM,opt ΔHexp 

Oxyrane g 0 -403132.59 -1312.7 -1305.6 -1305.54 -1305.53 

Cyclopentane l 28.8 -514947.83 -3307.8 -3288.88 -3288.78 -3288.85 

Ethylbenzene l 41 -814646.57 -4599.2 -4561.19 -4561.57 -4561.44 

2-Butanone l 34 -609289.96 -2457.59 -2442.73 -2442.82 -2442.95 

Methanol l 37.6 -303387.53 -727.72 -726.78 -726.76 -726.47 

Cyclobutane g 0 -411847.57 -2756.94 -2742.04 -2741.72 -2742.09 

Acetone l 31.27 -506296.27 -1800.15 -1789.07 -1789.19 -1789.6 

Dimethyl ether g 0 -406302.62 -1463.75 -1459.25 -1458.99 -1459.71 

2-Propanol l 45 -509403.24 -2014.26 -2005.76 -2005.69 -2004.92 

Ethane g 0 -209058.72 -1564.61 -1557.61 -1559.4 -1558.59 

Acetaldehyde g 0 -403245.3 -1199.99 -1192.91 -1192.83 -1191.93 

Cyclopropane g 0 -308851.28 -2102.1 -2090.96 -2090.69 -2089.79 

Formic acid l 46.3 -497680.78 -256.43 -253.19 -253.52 -254.46 

Ethanol l 42.3 -406394.38 -1371.99 -1367.28 -1367.23 -1366.23 

Butane g 0 -415038.88 -2886.7 -2874.42 -2873.89 -2874.96 

Ethyl acetate l 35 -806639.85 -2250.74 -2236.14 -2236.42 -2237.68 

Isopropyl benzene l 44 -917644.63 -5252.27 -5210.48 -5210.83 -5212.17 

Diethyl ether l 27.1 -612335.26 -2733.37 -2721.09 -2721 -2722.42 

Benzene l 33.9 -608647.31 -3296.2 -3265.76 -3266.18 -3264.75 

1,4-Dioxane l 38 -806515.02 -2375.57 -2360.98 -2361.25 -2362.73 

1,2-Ethanediol l 65 -603714.14 -1195.28 -1190.83 -1190.97 -1189.44 

Phenol s 69.7 -806003.58 -3082.98 -3052.81 -3053.41 -3051.84 

vinyl acetate l 37.2 -803470.61 -2098.9 -2081.72 -2082.18 -2080.62 

Propanol l 47 -509388.49 -2029.01 -2020.52 -2020.45 -2018.73 

Heptane l 36 -724039.74 -4839.22 -4815.32 -4814.99 -4813.15 

Cyclohexane l 33.1 -617968.58 -3938.18 -3915.48 -3915.35 -3917.19 

1-pentanol l 57 -715372.87 -3346.88 -3330.82 -3330.71 -3328.86 

Glycerol l 91.7 -904045.28 -1658.31 -1650.35 -1650.64 -1652.52 

Propane g 0 -312048.73 -2225.73 -2217.21 -2216.71 -2218.62 

Acetic acid l 50.3 -600705.65 -882.69 -875.67 -875.98 -874.05 

Pentane l 26.5 -518055.34 -3521.37 -3505.03 -3504.74 -3506.75 

Isopropyl ether l 32.26 -818344.07 -4026.81 -4006.96 -4006.83 -4008.9 

Furan l 27.71 -603001.12 -2104.27 -2084.24 -2084.7 -2082.44 

Toluene l 37 -711652.04 -3942.6 -3908.38 -3908.77 -3906.28 

Hexane l 31 -621049.89 -4177.95 -4157.83 -4157.52 -4160.07 

1-Methylnaphthalene l 59 -1114374 -5861.91 -5804.81 -5805.67 -5808.23 

Benzaldehyde l 48 -905857.39 -3559.21 -3522.68 -3523.44 -3526.08 

Cyclohexene l 33.57 -614808.73 -3776.95 -3751.67 -3751.73 -3748.59 

1-Butene g 0 -411869.34 -2735.16 -2720.3 -2719.94 -2715.74 

m-Cresol l 60 -908995.93 -3741.76 -3707.8 -3708.38 -3702.26 

All enthalpies are in kJ/mole 

The columns from left to right represent: 

Std.: standard state (gas=g, liquid=l, solid=s) 

ΔHstd-gas: The enthalpy of phase change from the standard state to the gas phase 

HQM,reactant: The QM enthalpies of individual reactants in the gas phase 

ΔHcomb.,QM: Combustion enthalpy directly obtained via QM enthalpy of reaction  

ΔHcomb.,QM,opt,P: Combustion enthalpy corrected for pressure impacts using optimized enthalpies  

for H2O, CO2, and O2 and QM enthalpy of reactants 

ΔHcomb.,QM,opt: Combustion enthalpy without pressure correction using optimized enthalpies for H2O, CO2, and O2  

ΔHexp: The experimentally determined data 
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Table 3.2 QM calculated and optimum enthalpies of H2O, CO2, and O2.

  H2O (l) CO2(g)  O2(g) 

QM  -200464.123 -494616.132 -394286.085 

Optimized  -200466.979 -494610.356 -394286.663 

     
 

theoretically evaluated and experimentally determined combustion enthalpies is depicted in
figure 3.1.

As can be inferred from the above-mentioned results, even the very slight deviations
in the QM calculated enthalpies of H2O, CO2, and O2 from the optimum values lead to
an increase of 16.124 kJ/mol in the obtained AAD. This implies that the accuracy of the
employed computational method plays a key role in the high-precision evaluation of the
combustion enthalpies and should be carefully considered.

This can also be inferred from table 3.3, which provides a comparison of theoretically
predicted combustion enthalpies for some combustion reactions in the gas phase reported in
the literature with our results. These results clearly show large deviations between the results
obtained via different levels of theory. While the computations at the MP2 level of theory
typically yield more satisfactory results, other levels of theory clearly yield inappropriate
estimations of molecular enthalpies.

To further demonstrate the importance of the applied level of theory, we also computed
the combustion enthalpies at the B3LYP/6-311+G(2d,p) level of theory for the same dataset
and computational details.

According to these results, for computations at B3LYP /6-311+G(2d,p) level of theory
and after re-optimizing the enthalpies of H2O, CO2, and O2, we obtained AAD and AARE%
of 16.239 kJ/mol and 0.825%, respectively. Without optimizing the enthalpies of H2O, CO2,
and O2, the original QM computations yielded AAD and AARE% of 130.030 kJ/mol and
5.24%. Therefore, the results obtained via the B3LYP /6-311+G(2d,p) level of theory are
roughly one order of magnitude less accurate than those obtained via DSD-PBEP86-D3/
Def2QZVP level of theory.

By analyzing the details of computed energies we noticed that molecular thermal ener-
gies, i.e. the kinetic energy due to rotation and translation energy and vibrational energies,
contribute on average only 0.625 % and 0.541% to the computed combustion enthalpies,
while the changes in ground state electronic energies of reactants and products are the main
contributions to the heat released by combustion. Accordingly, the accuracy of the employed
level of theory in reproducing the ground state electronic energy and not the thermal effects
play a key role in the accuracy of the obtained results. By comparing the thermal and
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Fig. 3.1 comparison of theoretically predicted and experimentally determined combustion
enthalpies.

electronic energies evaluated via DSD-PBEP86-D3/ Def2QZVP and B3LYP /6-311+G(2d,p)
levels of theory, we observed an AAD of 148.425 kJ/mol between the computed ground
state electronic energies, while for thermal energies the AAD was only 0.781 kJ/mol. This
is because the theoretical methods are usually parameterized using the quantities which are
related to the thermal energies, such as vibrational frequencies or thermodynamic quantities,
while the absolute values of ground-state energies are not experimentally measurable. These
results also reveal why the accuracy of theoretical methods for combustion reactions is so
different from the benchmark results obtained for other case studies. The reason is that the
large amount of energy released by combustion reactions is mainly due to electronic energies,
which implies substantial deviations between electronic energies of reactants and products.

The DSD-PBEP86-D3/Def2QZVP level of theory used in the present study supersedes
most of the conventionally accepted functionals in studying thermochemistry and for repro-
ducing the thermal effects [22]. However, in terms of accuracy for reproducing ground state
electronic energy, this method still has slight inaccuracies compared to the high level and
computationally demanding methods such as CCSD(T), which is commonly considered as
the gold standard in theoretical chemistry [23].

Based on all these observations, for the most reliable evaluation of combustion enthalpies
in which a substantial difference between the ground state energies of reactants and products
exists, employing methods which are specifically parameterized for reproducing ground state
electronic energies like CCSD or DLPNO-CCSD(T), which is a cost-effective method for
accurate reproduction of CCSD(T) energies [24] for estimating ground state energies, and
using other common methods for evaluating the thermal effects is recommended.

After the accuracy of the employed level of theory, the second most important source
of inaccuracy in theoretically evaluated combustion enthalpies arises from inappropriately
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Table 3.3 Comparison of QM evaluated enthalpies for different levels of theory.

Compound method source ΔHcomb,QM,opt,gas (kJ/mole) * ΔHexp(kJ/mole)** 

Ethane PBEP86-D3/Def2QZVP Present study -1427.915  -1426.895 

 MP2 [11] -1422.7  

 B3LYP/6-311G(d,p) [12] -1284.36  

 TPSS-TPSS/6-311G+ +(df,pd) [12] -1275.44  

Propane PBEP86-D3/Def2QZVP Present study -2041.343 -2043.304 

 MP2 [11] -2036.6  

 B3LYP/6-311G(d,p) [12] -1853.63  

 TPSS-TPSS/6-311G+ +(df,pd) [12] -1839.42  

n-Butane PBEP86-D3/Def2QZVP Present study -2654.639 -2655.470 

 MP2 [11] -2650.2  

 B3LYP/6-311G(d,p) [12] -2423.40  

 TPSS-TPSS/6-311G+ +(df,pd) [12] -2403.74  

Cyclopropane PBEP86-D3/Def2QZVP Present study -1959.477 -1958.092 

 MP2 [11] -1957.2  

Cyclobutane PBEP86-D3/Def2QZVP Present study -2566.201 -2566.498 

 MP2 [11] -2566.0  

Cyclohexane PBEP86-D3/Def2QZVP Present study -3685.178 -3686.904 

 MP2 [11] -3685.0  

n-hexane PBEP86-D3/Def2QZVP Present study -3881.517 -3883.785 

 HF/6-311+ +G(3df,3pd) [12] -3389.77  

 B3LYP/6-311G(d,p) [12] -3563.42  

 B3LYP/6-311+ +G(3df,3pd) [12] -3765.90  

 B3LYP/6-311+ +G(3df,3pd) [12] -3737.44  

 PBEPBE/6-311+ +G(3df,3pd) [12] -3654.47  

 TPSS-TPSS/6-311G+ +(df,pd) [12] -3532.84  

1-pentanol PBEP86-D3/Def2QZVP Present study -3124.418 -3122.477 

 HF [13] -2688.45  

 MP2 [13] -3189.30  

 B3LYP [13] -2963.65  

 M06 [13] -3286.41  

 ωB97X-D [13] -2939.76  

* Considering that the reported values in the literature are all computed for the gas phase reactions, the values we report here 

also are computed considering all the reactants and products in the gas phase and are not corrected for phase change enthalpies. 

 

** Since the theoretically determined data here are computed for the gas phase, ΔHexp data are also corrected to be the heat of 

combustion for the gas phase via subtracting the contributions of phase change enthalpies of reactant and products from the 

gross heats of combustion reported in table 1. It should however be noted that in references 12 and 13, the theoretically 

predicted values are directly compared with the gross heats of combustion which resulted in greater inconsistencies.  
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optimized structures with high energies. As for almost all polyatomic molecules, several
local minima exist on the potential energy surface, geometry optimizations started from
different initial structures can result in quite diverse geometries and molecular energies
and consequently different predicted combustion enthalpies. As an example, theoretical
computations on the two structures of acetic acid depicted in figure 3.2, which were obtained
by geometry optimizations started from different initial structures, yield quite different
combustion enthalpies. While QM computations for the low-energy structure (without
optimizing the enthalpies of H2O, CO2, and O2 yields a combustion enthalpy with 8.64
kJ/mole absolute error, the same computation for the high-energy structure results in 29.76
kJ/mole absolute error.

Inaccuracies from inappropriately optimized structures can be avoided by employing
efficient general global optimization algorithms [25-27] or rotamer searches [28] or, for small
molecules as those considered here, using multi-start optimization. In the present study, we
selected the latter approach as discussed in the previous section.

                                             

Fig. 3.2 Two locally optimized structures of the acetic acid yield gas phase QM calculated
enthalpies of -600634.230 kJ/mole (left) and -600655.349 kJ/mole (right).

Yet another reason for deviation between the QM predicted and optimum enthalpies can
be overlooking non-ideality effects. As discussed earlier, increasing the ambient pressure
can directly influence the phase change and gas-phase enthalpies, while QM enthalpies are
computed for molecules in vacuo. We studied this direct impact of pressure on gas-phase
enthalpies via Eq. (3.3). However, this correction could only slightly improve the accuracy of
predicted combustion enthalpies, as can be seen in table 3.1. The more significant impact of
the ambient pressure on gas-phase enthalpies can be attributed to the formation of molecular
clusters in the gas phase at high pressures. For example, for the accurate evaluation of the
phase change enthalpy as well as the saturation vapor pressure of water, it has been shown
that clustering of two or further molecules in the gas phase should be taken into account
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[29]. Such gas phase clustering reduces the gas phase enthalpy compared to the in vacuo
state, which is in line with the observed difference between the QM evaluated and optimized
enthalpy of water, reported in table 3.2.

In addition to the inaccuracies resulting from theoretical computations, systematic or
operational errors in experimental data can also contribute to inconsistency between the
theoretically evaluated and reference data. For example, we observed 1.59 kJ/mol average
absolute deviation in phase change enthalpies of our studied reactants between the NIST and
DIPPR databases which results in the same deviation between the theoretically predicted
gross combustion enthalpies calculated using each one of these two databases. Similar
to the vaporization enthalpy, the experimentally determined combustion enthalpies also
show some variations from different sources. For example, slight inaccuracy in measuring
the combustion enthalpy of benzoic acid, which is used to calibrate the calorimeter [14],
can result in a linearly distributed deviation among measured combustion enthalpies of all
other compounds. That can be a potential reason for the suitability of a linear curve fitting
to empirically correct the predicted combustion enthalpies, proposed in several studies as
discussed earlier.

3.5 Summary and conclusion

In summary, in the present study, we have discussed computational details which can result
in a high-accuracy evaluation of combustion enthalpy. To that end, the main considerations in
theoretical computations should be directed towards selecting an appropriate level of theory
and searching for structures with energies close to the global minimum energy, e.g. by multi-
start optimization. In reproducing the net heat of combustion, the phase change enthalpy of
the reactants should be subtracted from the QM-evaluated gas-phase enthalpies. For the gross
heat of combustion, the vaporization enthalpy of water should also be subtracted from the
QM-evaluated gas-phase enthalpy of water. Accordingly, the inaccuracies in the mentioned
phase change enthalpies, as well as the experimental measurement of combustion enthalpy,
can also contribute to inconsistencies between the theoretically predicted and experimentally
determined combustion enthalpies, as demonstrated in the present study.
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Chapter 4

Theoretical evaluation of equilibrium
constant for isotope exchange reactions

Project overview and motivation:

The equilibrium constant of boron isotope fraction between boric acid and borate in pure
and saline water is of high geochemical importance. This parameter is extensively required
to reconstruct the ancient seawater pH and atmospheric pCO2 via analysis of isotopic
composition in fossils of marine shells. Theoretical calculation of this parameter has been
aimed in several studies which resulted in reporting a wide range of inconsistent estimations
and therefore, is still a controversial topic in geochemistry. It motivated us to consider
this case study both for method development applicable to the theoretical evaluation of
thermochemistry in solution and to provide a reliable estimation of the required equilibrium
constant of boron isotope fractionation. We developed novel theoretical methods which can
be used for achieving high accuracy results for a reduced computational cost, not only for
isotope exchange reactions but also for other applications as well.

Novelty aspects:

• The proposed partial normal mode analysis and Boltzmann weighted averaging which
allow cost-effective studying chemical reactions in the liquid phase by ab initio normal
mode analysis and explicit solvent

• The employed level of theory which is the highest studied level compared to other
works carried out for the same purpose, to date
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• The number of studied configurations and cluster sizes are the largest, compared to
other previously published reports

• Employing implicit solvent approaches and path integral molecular dynamics simulation
to study isotope exchange reactions in saline water has not been studied elsewhere, to
date.

Connection to other chapters:

Evaluation of the equilibrium constant by normal mode analysis is based on the knowledge
acquired through studying combustion enthalpies with the same method in chapter 3. The
methods which are developed based on employing the implicit solvent approach are corner-
stones of the more advanced implicit solvent models proposed in chapters 8 and 9 as well as
the thermodynamically effective molecular surfaces introduced in chapter 5. Furthermore,
the cavity surfaces based on implicit solvation models are major inputs of machine learning
models proposed in chapter 7 for estimation of vaporization enthalpy and its temperature
dependence.

Contributions:

Conception and developing the partial normal mode analysis, revised Bigeleisen and Mayer
approach, and Boltzmann weighted averaging methods and major contributor to the other
methods developed in the context of this project, carrying out all the computations, major
contribution in writing the manuscript.

Publication status:

This work is in the submission process and its preprint is available online (DOI:10.33774/
chemrxiv-2021-lpdnx).
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Abstract

Accurate estimation of the equilibrium constant of boron isotope fractionation between boric
acid and borate (k3−4) in water is of high geochemical importance, due to its contribution in
reconstruction of ancient seawater pH and atmospheric CO2. As a result, precise evaluation
of k3−4 has been the subject of numerous studies, yielding diverse and controversial results.
In the present study, we provide our estimation of k3−4, theoretically evaluated via three
different rigorous and high-precision approaches. Based on our results, we propose the most
probable estimation of k3−4 within 1.028 to 1.030 for both pure and saline water.

4.1 Introduction

Studying equilibrium between boron species dissolved in seawater is of high geochemical
importance, due to its contribution to the alkalinity and buffering capacity of seawater and
thus its ability to mitigate pH changes, which is of vital importance for marine ecosystems
[1,2].
Additionally, the equilibrium of boron species in seawater also plays a key role in studying
and reconstruction of ancient seawater pH and atmospheric pCO2 via analysis of boron
isotopic ratios in marine shell fossils [3-7]. To that end, an accurately determined equilibrium
constant of the following isotope exchange reaction between aqueous boric acid and borate
(k3−4):

10B(OH)3+
11B(OH)4

−⇆ 11B(OH)3+
10B(OH)4

−

is of central importance and has been the subject of numerous studies. As the other more
recent applications of studying the equilibrium between boron isotopes in water, we can refer
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to the identification of nitrate pollution sources [8] and elucidation of shale weathering in the
critical zone [9].

The earliest estimation of k3−4 was theoretically calculated by Kakihana et al. [10] who
reported a value of 1.0194 for this equilibrium constant. They obtained this value through
the partition functions they had computed based on an empirical valence force field. This
initially reported value, however, has been widely criticized in several more recent studies
which suggest larger values for k3−4 ranging from 1.025 to 1.035 [11-15,16]. It can especially
be important because even the slight deviation between the initially reported estimation of
k3−4 and the more recent values can have significant geochemical importance, as it results in
a value for the estimated pH of the ocean that is almost one unit larger [16].

Among the recent evaluations of k3−4, only one work reports experimentally determined
values of 1.0308 ± 0.0023 and 1.0272 ± 0.0003 obtained for pure and seawater, respectively
[15]. Considering that experimental measurement of isotope fractionation in isotope ex-
change reactions is typically highly sensitive to experimentation, theoretical methods are
more commonly employed for this purpose and are required not only to evaluate isotope
fractionation but also to support experimentally determined results.

Despite the importance of precise determination of k3−4, our careful review of the
theoretical works previously carried out for this purpose reveals a number of significant
limitations in those works which might affect the accuracy of those reported results.

First and foremost, the employed theoretical approach for evaluation of k3−4 in all of the
previously reported results are mainly limited to Normal Mode vibrational frequency Analysis
(NMA) based on the harmonic oscillator approximation and thus neglect anharmonicity
effects. The anharmonicity can play a significant role in isotope exchange reactions especially
in light elements like boron [17].

The other limiting factor is the expected inaccuracy inherent in the employed theoretical
levels in the previously reported results. The highest levels of theory employed in the previous
studies are mainly limited to HF/6-31G(d) and B3LYP/6-31G(d) [13], HF/6-31G* followed
by empirical scaling of frequencies [14] and PBE96 [18], which are not among those accepted
as high accuracy methods for thermochemistry studies via vibrational frequency analysis
[19,20]. Rustad and co-workers reported a calculation of k3−4 at the MP2/aug-cc-pVTZ
level of theory [16] which was the highest employed level of theory for this purpose so far.
However, these computations were carried out for clusters with only 11 water molecules,
yielding k3−4 equal to 1.033. To empirically correct the inefficiency due to the small size of
their studied clusters, they reported extrapolated values according to the pattern they observed
for lower-level computations, which resulted in an estimation of k3−4 between 1.026 to 1.028.
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Note that both the applied level of theory and the cluster size can significantly impact the
theoretically evaluated k3−4, as shown by Rustad et al. [16]. It implies that the small size of
the studied clusters is another shortcoming in the previously reported estimations of k3−4.
The largest cluster size studied so far includes 34 water molecules [14], which is obviously
below an optimal size to properly include long-range interactions.

Another limitation of the studies carried out previously is the limited number of config-
urations considered for calculating k3−4. As for larger molecules containing many atoms,
typically several local minima exist, geometry optimizations required for the NMA can
yield quite diverse geometries with the possibility of very different energies, properties, and
solute-solvent interactions for each one. This necessitates employing multiple molecular
configurations for the studied clusters. The work of Rustad and co-workers [16] used 10
different solute-solvent configurations, but the results reported in other studies are based on
only one configuration.

Finally, the currently reported theoretical studies of k3−4 are only limited to calculated
equilibrium constants in pure water, while the practical applications of equilibrium of boron
isotopes mainly require estimations of k3−4 for saline water.

The main aim of the present study is to address the abovementioned limitations and
provide a reliable and highly precise theoretical estimation of k3−4 for both pure and saline
water. To that end, we employ vibrational frequency NMA for 60 configurations of large
clusters of boric acid and borate dissolved in pure water employing a high level of theory.
Nevertheless, NMA with the explicit solvent approach cannot be conveniently employed
for studying multi-component solvents since achieving appropriate sampling of a canonical
ensemble in this way is challenging. Consequently, theoretical evaluation of k3−4 in saline
water is achieved via NMA with the implicit solvent approach [21] as well as path integral
molecular dynamics. The latter method also allows taking into account the anharmonicity
impacts on the calculated partition functions [17].

4.2 Theory

4.2.1 Evaluation of equilibrium constants via NMA

The equilibrium constants of chemical reactions can be theoretically calculated via:

Keq = exp
(
−
∆A
kBT

)
, (4.1)
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Table 4.1 The partition functions obtained based on rigid rotor harmonic oscillator
approximation.

Qtrans. =
(

2πMkBT
h2

) 3
2 V

Qrot. =
√
π

s

(
8π2IAkBT

h2

) 1
2
(

8π2IBkBT
h2

) 1
2
(

8π2ICkBT
h2

) 1
2

(nonlinear molecule)

Qrot. =
8π2IkBT

sh2 (linear molecule)

Qvib. =
exp

(
−

hcνi
2kBT

)
1−exp

(
−
−hcνi
kBT

)
M is the mass of the molecule, V is the volume of the system, h is the Planck constant, s is the symmetry
number, I is the principial moment of inertia, c is the light speed (cm s−1) and νi is the i’th normal mode
harmonic vibrational frequency (cm−1).

in which ∆A is the free energy change of the reaction, kB is the Boltzmann constant and T is
the temperature. Using the statistical thermodynamics definition of free energy which relates
it to the partition function (Q) via A = −kBT ln(Q), we can rewrite Eq. 4.1 as:

Keq =

∏
i Qproduct,i∏
i Qreactant,i

. (4.2)

The total energy for each one of the reactants and products is traditionally split into
contributions from translation, rotation, vibration and electronic energy, resulting in [22]:

Q =
∑

exp
(
−
εtrans.+εrot.+εvib.+εelect.

kBT

)
= Qtrans.Qrot.Qvib.Qelect.. (4.3)

For isotope exchange reactions, the electronic partition functions of isotopomers cancel
out as they are electronically the same and differ only by their nuclear masses. As a result,
one only needs to compute the translational, rotational, and vibrational partition functions
which are conventionally obtained based on the Rigid Rotor Harmonic Oscillator (RRHO)
approximation reported in table 4.1 [22], and for nonlinear molecules results in:

Q = αM
3
2

(IAIBIC)
1
2

s

∏
i

exp
(
−

hcνi
2kBT

)
1− exp

(
−
−hcνi
kBT

) . (4.4)

Here α is a constant which depends only on the volume and temperature of the system and
cancels out for reactions under constant volume and temperature.

For an isotope exchange reaction *A+B⇆A+*B (the heavier isotopomer is specified
with *), Eq. (4.4) can be further simplified using the Teller-Redlich product rule, which for
two isotopomers 1 and 2 implies:
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∏
i

νi,2

νi,1
=

(
M2

M1

) 3
2
(

IA,2IB,2IC,2

IA,1IB,1IC,1

) 1
2 ∏

j

(
m1, j

m2, j

) 3
2

(4.5)

where mi, j is the mass of jth atom in the isotopomer i. In what follows, for an isotope
exchange reaction, combining Eqs. (4.4) and (4.5) yields:

KA−B =
RPFRB

RPFRA
, (4.6)

where RPFR is known as the reduced partition function ratio of the solute and is calculated
via:

RPFR =
∏

i

νi,∗

νi

exp
(
−

hcνi,∗
2kBT

)
exp

(
−

hcνi
2kBT

) 
 1− exp

(
−

hcνi
kBT

)
1− exp

(
−

hcνi,∗
kBT

)
 . (4.7)

Calculation of equilibrium constants of isotope exchange reactions via RPFR was first
proposed by Bigeleisen and Mayer [23] and has been widely used to study isotope exchange
reactions [24-31]. The main advantage of the Bigeleisen and Mayer approach is that it
allows calculating the isotope exchange equilibrium constants solely via normal mode
vibrational frequencies. Considering that those vibrational frequencies can be obtained also
experimentally and therefore without requiring calculations of principal moments of inertia
for the molecules, the Bigeleisen and Mayer approach provides a practical way to estimate
the required equilibrium constants.
In the present study, in addition to the original Bigeleisen and Mayer approach, we also
introduce and investigate a revision in the original implementation of the Bigeleisen and
Mayer method in section 4.2.3 which allows achieving a more rigorous integration of the
results obtained for the multiple molecular configurations.

4.2.2 Cost effective NMA with explicit solvent via partial normal mode
analysis

Normal mode vibrational frequencies required by NMA are conventionally computed based
on the RRHO approximation. To that end, the first derivative of the system Hamiltonian
with respect to molecular geometry, i.e. the net force on each atom, must be zero, which
necessitates geometry optimization as the first step.
For NMA in solution, taking into account the solvent effects is commonly achieved via two
ways, namely implicit and explicit solvent approaches [21]. While in the explicit solvent
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approach, the solute is placed in the cluster of a number of solvent molecules, in the implicit
solvent approach the solute is placed in the cavity of an implicitly defined solvent, instead.

For NMA with explicit solvent, the required geometry optimization is commonly applied
for the whole solute-solvent cluster. This, however, makes the computations far more
challenging and for high theoretical levels or large cluster sizes sometimes too expensive to
be affordable. This is the reason for commonly limiting those computations to a very small
number of solute-solvent configurations, small cluster sizes, or low computational levels, as
discussed earlier. More importantly, geometry optimization of the whole cluster can result in
optimized geometries with an unpredictable density, sometimes inconsistent with that of the
real studied system.

To overcome all these limitations, we introduce here the partial normal mode analysis.
According to this approach, for multiple molecular configurations of solute and solvent
clusters with a constant density, we carry out geometry optimization and NMA only for
the solute while the solvent molecules are kept frozen during the optimization and NMA.
Employing partial normal mode analysis followed by the thermodynamically rigorous inte-
gration, introduced in section 4.2.3, allows us to not only reduce the computational costs and
challenges by several orders of magnitude but also to achieve accurate results due to studying
clusters with a correct density and being able to study contributions from a higher number
of configurations and for larger cluster sizes. Partial normal mode analysis for multiple
molecular configurations also allows capturing anharmonic effects in the obtained results
due to carrying out the NMA for diverse computed frequencies and configurations.

4.2.3 Integrating multiple configuration results

As discussed earlier, appropriate evaluation of thermochemistry in solution with explicit
solvents requires considering contributions from multiple solute-solvent configurations.
The results obtained for each configuration then should be integrated to yield the required
quantities. To that end, the most convenient integration approach is obviously averaging
the results obtained for all configurations. It has been the method of choice to integrate the
results of 10 configurations by Rustad and co-workers [16]. For extremely large numbers
of appropriately sampled configurations, this averaging yields the exact estimation of the
thermodynamic properties. Nevertheless, integrating smaller numbers of configurations
requires going beyond the simple arithmetic mean and employing a more rigorous integration.
For this purpose, here we propose a revision of the Bigeleisen and Mayer approach which
allows exploiting Boltzmann-weighted averaging, as introduced in the following.
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Considering the probability of the existence of any observable in the canonical ensemble,
which is proportional to e−

H
kBT based on the Boltzmann statistics where H is the Hamiltonian

of the molecule [32], we suggest a more rigorous Boltzmann weighted averaging defined as:

Keq =

∏
i

〈
Qproduct,i

〉∏
i
〈
Qreactant,i

〉 , (4.8)

where ⟨Q⟩ is an ensemble-averaged partition function and is computed via:

⟨Q⟩ =

∑
i Qi exp

(
−

εi
kBT

)
∑

i exp
(
−

εi
kBT

) . (4.9)

Here, Qi and εi are the calculated partition function and energy of the solute for configuration
i.

To implement the Boltzmann-weighted averaging in an approach similar to the Bigeleisen
and Mayer method, we propose fractionizing the Teller-Redlich product rule defined in Eq.
(4.5) for isotopomer a as follows:

∏
i

νi,a = α
′(Ma)

3
2 (IA,aIB,aIC,a)

1
2
∏

j

(
1

ma, j

) 3
2

, (4.10)

where α′ is a coefficient which is constant for isotopomers of a molecule. If we substitute
Eq. (4.10) in Eq. (4.4), we obtain:

Q =
α

α′s

∏
j

(ma, j)
3
2
∏

i

νi
exp

(
−

hcνi
2kBT

)
1− exp

(
−

hcνi
kBT

) . (4.11)

Knowing that in calculating equilibrium constants for isotope exchange reactions, the factor
α
α′

∏
j(ma, j)

3
2 will be cancelled out, we can now define the Reduced Partition Function (RPF)

as:

RPF =
α′Q

α
∏

j(ma, j)
3
2

=
1
2

∏
i

νi
exp

(
−

hcνi
2kBT

)
1− exp

(
−

hcνi
kBT

) . (4.12)

Using RPF, the equilibrium constant is then calculated via:

Keq =

∏
i

〈
RPFproduct,i

〉∏
i
〈
RPFreactant,i

〉 . (4.13)

Here, ⟨RPF⟩ is the ensemble average of the reduced partition function and is calculated via
RPFi and εi which are the RPF and energy of the solute in configuration i as follows:
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⟨RPF⟩ =

∑
i RPFi exp

(
−

εi
kBT

)
∑

i exp
(
−

εi
kBT

) . (4.14)

The energy of solute molecules required by Eq. (4.14) can be obtained most straight-
forwardly using the implicit solvent approaches. To that end, we employed the IEF-PCM
continuum solvation model for the same level of theory to evaluate the in-solution energy of
various conformers of the solute obtained by geometry optimization in each cluster.

Considering that the εi values are total ground state electronic energies and thus large
negative numbers, to avoid numerical blow-up we employed subtracting the minimum of
obtained εi values from all of them. This is equivalent to multiply both the denominator

and numerator of Eq. (4.14) by e−
min(εi)

kBT and therefore allows numerical calculation of the
reduced partition functions without losing accuracy.

4.2.4 NMA with implicit solvent

Although the NMA with explicit solvent possesses a number of obvious advantages, e.g.
taking into account intricate solute-solvent interactions such as hydrogen bonding, at the
same time it suffers from some limitations. In addition to the challenges discussed in the
previous section, the computational costs even for the partial normal mode analysis can still
be quite demanding, especially for large clusters and high levels of theory. The other main
limitation of NMA with explicit solvent is the appropriate treatment of multi-component
solvents like saline water and the challenges of correctly positioning the ions.
To overcome such limitations, for evaluation of k3−4 in saline water, we exploited NMA with
implicitly defined solvent as another widely applied method to take into account solvent
effects in computational chemistry [21]. A schematic illustration of implicitly defined
solvents for boric acid and borate is demonstrated in figure 4.1.

Computation of k3−4 in pure water has already been reported by Liu and Tossel [14].
However, the IEF-PCM and CPCM continuum solvation models they employed at the HF/6-
31G* level of theory for this purpose are commonly found to be less accurate compared to
more recent solvation models like the SMx family of methods and higher levels of theory, as
we have shown in a recent study [21]. Therefore, in addition to IEF-PCM and CPCM, we
also study the SMD solvation model for a high level of theory for pure and saline water.
We also employ the implicit solvent approach for verifying the suitability of our selected
cluster sizes for appropriately taking into account the long-range interactions for the NMA
with explicit solvent. To that end, in addition to 60 clusters studied in vacuo, we also studied



4.2 Theory 69

 

Fig. 4.1 Illustration of implicitly defined solvents in boric acid and borate.

20 clusters placed inside a cavity of implicitly defined solvents as implemented in several
works [33-37].

4.2.5 Theoretical evaluation of equilibrium constant via path integral
molecular dynamics

In addition to NMA which is the classic theoretical approach for evaluation of equilibrium
constant of isotope exchange reactions, another rigorous approach that has recently been
widely used for this purpose is the thermodynamic integration of kinetic energies associated
with isotope effects via Path Integral Molecular Dynamics (PIMD) [17,38-40]. Based on this
approach, the equilibrium constant of an isotope exchange reaction is calculated as:

Keq = −
3
2

ln
(
m2

m1

)
+

1
kBT

∫ m2

m1

⟨KE(m)⟩
m

dm, (4.15)

where mi is the mass of isotope i and KE is the kinetic energy. To calculate the equilibrium
constant via Eq. (4.15), the ensemble average of kinetic energies for a number of masses
alchemically transformed between m1and m2 should be computed via PIMD to allow cal-
culating the area under the ⟨KE(m)⟩

m versus m curve, as required by Eq. (4.15). Although
alchemically transforming the isotope masses can be done arbitrarily, doing this via the
following switching function:

m(λ) =
m1m2(

λ
√

m1+ (1−λ)
√

m2
)2 , (4.16)
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where λ changes from 0 to 1 to yield transformed masses between m1and m2, has found to
be more advantageous [41] and will be employed in the present study as well. One common
way to evaluate the kinetic energies required by Eq. (4.15) via PIMD is based on the primitive
kinetic energy estimator defined as:

⟨KE(m)⟩(primitive) =
3PkBT

2
−

〈 P∑
i=1

1
2

mω2
p(ri− ri−1)2

〉
, (4.17)

in which P is the number of beads, ωp =
√

PkBT/h̄ is the ring polymer frequency and ri is
the position of the ith bead of the studied isotope. However, due to the well-known drawback
of the primitive estimator of kinetic energy which is its increasing variance for increasing the
number of beads [42], the virial estimator of kinetic energy defined as:

⟨KE(m)⟩(virial) =
3kBT

2
+

〈
1

2P

P∑
i=1

(ri− rc)
∂U
∂ri

〉
, (4.18)

is more commonly used for this purpose. Here, rc is the position of the centroid of the beads,
and ∂U

∂ri
is the net force on the ith bead due to the interaction of the atoms in the same replica

and without the inter-bead interactions included.
In the present study, in the evaluation of kinetic energy, we exploit the features of both

abovementioned estimators to improve numerical approximation of the integral in Eq. (4.15).
Accordingly, considering that the primitive estimator implies a linear dependency between
the kinetic energies and switched masses, we fit a linear curve of the form ⟨KE(m)⟩ = a+bm,
where a and b are constants and the kinetic energies are calculated based on the virial
estimator. It allows us to reduce the numerical noises of each mass using all kinetic energy
data for all other masses and also be able to solve the integral in Eq. (4.15) analytically.

Compared to NMA, thermodynamic integration through PIMD offers a number of ad-
vantages such as taking into account the anharmonicity effects as well as an appropriate
sampling of canonical ensemble and the possibility of studying multi-component solvents.
As a result, we employed this method for estimating k3−4 for the boron isotope fractionation
in both pure and saline water.

4.3 Computational details

4.3.1 Evaluation of k3−4 via NMA

To calculate k3−4 based on NMA with explicit solvent, 60 randomly selected clusters of 64
water molecules with one boric acid or borate ion in the center of the cluster were extracted
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from a trajectory of configurations produced by Molecular Dynamics (MD) simulations.
These MD simulations were carried out for a simulation box containing 1200 water and one
boric acid or borate molecule under NVT conditions. The box size was fine-tuned to yield a
density equal to 0.995 g/mol which was close to the density of water at standard conditions.
The inter-atomic interactions in the MD simulations were evaluated using the GFN2-xTB
method [43] and the temperature was controlled using a Nose-Hoover Chain thermostat with
three chains and 50 fs relaxation time. We ran the MD simulations in CP2K [50] for 10 ns
after 1ns equilibration with 0.5 fs time step and took snapshots every 100ps to generate the
required configurations via screening the solute and 64 water molecules closest to it.

For the generated configurations, the normal modes were computed based on the partial
normal mode analysis explained in section 4.2.2. To that end, the geometries of the solutes
were relaxed while the solvent geometries were frozen. Considering that the employed level
of theory plays a significant role in the accuracy of evaluated k3−4 as discussed earlier, we
employed the DSD-PBEP86/QZVPP level of theory for optimization and calculations of
normal modes of the solute as a rigorous and accurate method for evaluating thermodynamics
quantities [19,20] and scaled the vibrational frequencies by the recommended scaling factor
of 0.9971 for improving the accuracy of this method [44]. However, for the solvent molecules,
for which the normal mode calculations are not required and thus employing a high level
of theory loses its importance, we used the B3LYP/6-311++G(2d,p) level of theory and
computed the total energy of the cluster via the ONIOM approach.

Although clusters with 64 water molecules seem to be large enough to appropriately
solvate the studied solutes, as a further verification for 20 of the studied configurations we
also computed the normal modes of those clusters placed in the cavity of a continuously
defined solvent based on the IEF-PCM continuum solvation model.

For the computation of k3−4 solely with the implicit solvent approach, we calculated
the normal modes using the DSD-PBEP86/QZVPP level of theory and the SMD, CPCM,
and IEF-PCM continuum solvation models for both pure and saline water. For the CPCM
solvation model, in addition to the original implementation of this model in Gaussian 16, we
also studied scaling the dielectric constant of the solvent via:

ε̃(ε, x) =
ε+ x
x+1

(4.19)

for x = 0.5, as this was found to be more efficient in improving the accuracy of the CPCM
method [21,45].

For calculation of k3−4 in saline water, the dielectric constant of the saline water required
by the continuum solvation models with the value of 70.35 recommended by Lang et al. [46]
was employed. All the computations were carried out using the Gaussian 16 software [47].
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4.3.2 Evaluation of k3−4 via PIMD

To study the anharmonic effects as well as the contributions from the configurational entropies,
we employed PIMD based on the guidelines provided in section 4.2.5. To that end, we studied
PIMD with 4, 8, 16, 32, and 64 beads. Using switching constants λ linearly distributed
between zero and one, 9 isotopic masses of boron varying between 10.01294 to 11.009305
were assigned via the switching function defined in Eq. (4.16). The kinetic energies evaluated
based on the virial estimator for the studied masses were then used to calculate k3−4 as
described in section 4.2.5.

The PIMD simulations were carried out in CP2K within the staging approach [48] for a
duration of 500 ps, 0.5 fs time step, temperature controlled via Nose-Hoover Chain thermostat
with three chains, periodic boundary condition, and the interactions evaluated via GFN2-xTB
method [43].

For both pure and saline water, the PIMD simulations were carried out in canonical
ensemble and the box size was set to yield 0.995 gr/mol density for the system. For the pure
water, the simulation box contained 64 water molecules and one boric acid or borate. However,
for the saline water, to set a reasonable molar ratio for water and NaCl as recommended by
Zeron et al. [49], we constructed a simulation box containing one boric acid or borate, 5
NaCl, and 572 water molecules.

4.4 Results and discussion

The RPFs of boric acid and borate isotopomers calculated for 60 configurations based on the
NMA with explicit solvent and the energy of the solute in each one evaluated by the IEF-
PCM solvation model are reported in table 4.2. The calculated k3−4 values using different
integrations of these data are reported in table 4.3. The results obtained via NMA with
explicit solvent approach and Boltzmann weighted integration show the best agreement with
the upper limit of the extrapolated results reported by Rustad et al. (k3−4=1.028) for the same
approach and the highest level of theory they employed [16]. Nevertheless, all these results
are slightly lower than the experimental value of 1.0308±0.0023 reported by Klochko et al.
[15].

Note that although we report integrated results for 60 configurations, the arithmetic
averaging and the Boltzmann-weighted averaging result in k3−4 values of 1.0263 and 1.0279,
respectively. These two numbers still show a deviation similar to the one between the upper
and lower limits of the extrapolated results reported by Rustad et al. [16]. However, the
results obtained via the Boltzmann weighted averaging are in much better agreement with
those we obtained via NMA and the implicit solvent approach as well as PIMD reported
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in the following, and are almost within the uncertainty of the experimentally determined
values of 1.0308±0.0023 reported by Klochko et al. [15]. This confirms the robustness of the
Boltzmann weighted averaging.

As discussed earlier, for 20 of the studied configurations, we also repeated the optimiza-
tion and NMA for the same clusters placed in the cavity of an implicitly defined solvent.
However, our results showed almost exactly the same values up to 3 significant figures
between the two approaches which verifies that the explicit cluster size is large enough to
appropriately solvate the studied solutes.

The evaluated RPFs and k3−4 calculated via NMA with implicit solvent are reported
in table 4.4. These results show an excellent agreement with those obtained via PIMD.
These results also imply the possibility of obtaining accurate results for the evaluation of
isotope fractionation via the implicit solvent approach despite its much lower computational
challenge and cost. However, it should be noted that all this has become possible via
carefully parameterizing the employed continuum solvation models to reproduce solvation
free energies of numerous solutes in water and thus empirically taking into account and
correcting limitations due to anharmonicity or inefficient canonical sampling [21]. The
advantage of NMA with explicit solvent is that it yields results that are obtained entirely
from the first principles and therefore can be more reliably employed for new solvents or
solutes.

According to the results of NMA with implicit solvent, the estimated k3−4 for pure and
saline water are almost the same, similar to the results we obtained via PIMD discussed in the
following. These results are also in contrast to the experimentally determined values reported
by Klochko et al. [15] which suggested more diverse values for k3−4 in pure and saline water
equal to 1.0308±0.0023 and 1.0272±0.0003, respectively. However, considering that the
uncertainty in the experimentally measured data reported by Klochko et al. for k3−4 in pure
water is much higher than those observed for saline water, implying some overlapping values
in between, we can conclude that k3−4 is almost the same in pure and saline water.
The evaluated k3−4 obtained via PIMD for pure and saline water for the different path integral
bead numbers are reported in table 4.5. These results show that ring polymers with 32 beads
yield converged results for estimated k3−4. These results also show a good agreement with
the theoretically predicted results obtained via NMA as well as the experimentally measured
values. Similar to the results obtained via NMA with implicit solvent, here also the results
imply that the k3−4 for both pure and saline water are not significantly different.
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Table 4.2 The RPFs and conformer energies (εi, Hartree/molecule) for boric acid and borate.

 RPF-B(OH)3 𝜀𝑖-B(OH)3 RPF-B(OH)4
- 𝜀𝑖- B(OH)4

-  RPF-B(OH)3 𝜀𝑖-B(OH)3 RPF-B(OH)4
- 𝜀𝑖-B(OH)4

- 

1 1.232289 -252.260 1.201585 -328.159 31 1.233663 -252.263 1.200363 -328.162 

2 1.233101 -252.260 1.200963 -328.161 32 1.231332 -252.260 1.200272 -328.160 

3 1.233308 -252.262 1.202624 -328.159 33 1.231903 -252.261 1.199513 -328.160 

4 1.229193 -252.258 1.200637 -328.160 34 1.233421 -252.258 1.199002 -328.161 

5 1.232274 -252.263 1.201156 -328.157 35 1.231168 -252.257 1.200133 -328.159 

6 1.229627 -252.257 1.201668 -328.160 36 1.232375 -252.257 1.197710 -328.160 

7 1.234888 -252.263 1.198716 -328.161 37 1.231969 -252.264 1.201591 -328.159 

8 1.232739 -252.261 1.203835 -328.157 38 1.231112 -252.261 1.202307 -328.160 

9 1.233192 -252.260 1.200803 -328.161 39 1.233183 -252.261 1.198171 -328.159 

10 1.231513 -252.261 1.200002 -328.161 40 1.233118 -252.262 1.198609 -328.161 

11 1.230923 -252.258 1.197027 -328.159 41 1.233520 -252.263 1.201498 -328.158 

12 1.228097 -252.257 1.196828 -328.158 42 1.231855 -252.261 1.197847 -328.161 

13 1.232589 -252.261 1.195636 -328.160 43 1.231172 -252.261 1.204232 -328.160 

14 1.230915 -252.259 1.198634 -328.160 44 1.229711 -252.259 1.198582 -328.159 

15 1.231508 -252.259 1.200120 -328.158 45 1.232624 -252.261 1.198204 -328.162 

16 1.228483 -252.261 1.201247 -328.161 46 1.233064 -252.263 1.201458 -328.160 

17 1.234450 -252.262 1.203933 -328.159 47 1.230490 -252.259 1.202082 -328.159 

18 1.229549 -252.256 1.201923 -328.160 48 1.231707 -252.262 1.203092 -328.160 

19 1.230690 -252.256 1.198874 -328.158 49 1.232594 -252.262 1.199778 -328.161 

20 1.229597 -252.257 1.196579 -328.160 50 1.230889 -252.260 1.201935 -328.160 

21 1.231391 -252.260 1.196280 -328.160 51 1.230689 -252.257 1.202002 -328.158 

22 1.232017 -252.261 1.198901 -328.161 52 1.234509 -252.261 1.196724 -328.159 

23 1.234101 -252.263 1.200880 -328.161 53 1.230561 -252.258 1.202011 -328.160 

24 1.229961 -252.258 1.204097 -328.160 54 1.232139 -252.260 1.200349 -328.159 

25 1.231632 -252.258 1.204082 -328.159 55 1.233125 -252.263 1.201442 -328.157 

26 1.234181 -252.261 1.198961 -328.158 56 1.231232 -252.257 1.203445 -328.159 

27 1.231185 -252.259 1.200437 -328.159 57 1.229698 -252.254 1.202555 -328.160 

28 1.230308 -252.260 1.199040 -328.162 58 1.233923 -252.261 1.201612 -328.162 

29 1.231356 -252.259 1.195705 -328.160 59 1.230443 -252.258 1.197761 -328.160 

30 1.231660 -252.260 1.200217 -328.161 60 1.229274 -252.255 1.195276 -328.159 
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Table 4.3 Integrated results of RPFs and the evaluated k3−4.

 B(OH)3 B(OH)4
- k3-4 

Arithmetic averaging 1.2317 1.2002 1.0263 

Boltzmann weighted averaging 1.2330 1.1997 1.0278 

 

Table 4.4 Calculated RPFs and the evaluated k3−4 via different continuum solvation models
for pure and saline water.

 Pure water  Saline water 

 B(OH)3 B(OH)4
- k3-4  B(OH)3 B(OH)4

- k3-4 

SMD 1.2206 1.1820 1.0327  1.2207 1.1820 1.0327 

IEF-PCM 1.2267 1.1902 1.0306  1.2267 1.1902 1.0306 

CPCM 1.2266 1.1901 1.0307  1.2266 1.1901 1.0306 

CPCM(x=0.5) 1.2267 1.1902 1.0307  1.2267 1.1902 1.0307 

 

Table 4.5 Evaluated k3−4 via PIMD for pure and saline water.

Nr. beads Pure water Saline water 

4 1.013377 1.013113 

8 1.023831 1.02616 

16 1.031404 1.030177 

32 1.033596 1.030278 

64 1.030522 1.030118 

 

4.5 Conclusion

In the present study, theoretical evaluation of k3−4 using high-level NMA with the explicit
solvent approach, three different implicit solvent approaches, and PIMD was studied. By
comparing various high-precision theoretical methods employed in the present study with
those reported by Klochko et al. [15] via experimental techniques and theoretically reported
results of Rustad et al. [16], we can propose the most probable estimation of k3−4 within
1.028 to 1.030 for both pure and saline water.
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Chapter 5

Thermodynamically effective molecular
surfaces

Project overview and motivation:

Molecular surfaces are among the parameters which have the highest impact on the ther-
modynamics of solution and are required in a large number of cutting-edge scientific and
technological applications. The scientific works which are proposed in the last century to de-
scribe the connection between molecular surfaces and condensed phase thermodynamics are
mainly derived empirically and therefore, suffer from accuracy and domain of applications.
Furthermore, the evaluation of molecular surfaces in conventional methods mainly involves
empirical corrections and single-point measurements and therefore, totally overlooks the ther-
modynamic efficiency of those surfaces. It motivated us to study the theoretical dependency
between molecular surfaces and condensed phase thermodynamics and use it to define alter-
native molecular surfaces which are only slightly different than the conventionally accepted
ones but are significantly more efficient in studying the thermodynamics of condensed phase.

Novelty aspects:

• Proposing thermodynamically effective molecular surfaces and demonstrating their
significant efficiency in evaluating thermodynamic quantities in solution compared to
conventionally defined molecular surfaces

• The theoretically proposed relationship for describing temperature dependence of
vaporization enthalpy which is currently the only theoretically derived correlation
yielding accurate results for the wide temperature ranges
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• The proposed theoretically obtained connection between solution thermodynamics and
molecular surfaces which invalidates the two other empirically proposed models with a
history of almost a century

Connection to other chapters:

The thermodynamically effective molecular surfaces are in close connection to the cavity
surfaces based on the implicit solvent approaches studied in chapters 4, 8, and 9. The
machine learning models and correlations which are proposed in chapter 7 for a more
practical evaluation of vaporization enthalpy at various temperatures is entirely based on the
findings and achievements presented in this project.

Contributions:

Conceiving the idea of thermodynamically effective molecular surfaces, major contribution
in method development, carrying out all the computations, major contribution in writing the
manuscript.

Publication status:

This work is in the submission process and its preprint is available online (DOI:10.21203/rs.
3.rs-816803/v1).

 DOI:10.21203/rs.3.rs-816803/v1 
 DOI:10.21203/rs.3.rs-816803/v1 


5.1 Introduction 83

Thermodynamically effective molecular surfaces for more
efficient study of condensed-phase thermodynamics

Amin Alibakhshi1,∗, Bernd Hartke1

Theoretical Chemistry, Institute for Physical Chemistry, Christian-Albrechts-University, Olshausenstr.
40, 24118 Kiel, Germany

Corresponding author: alibakhshi@pctc.uni-kiel.de

Abstract

Evaluation of molecular surfaces is of key importance in a wide range of cutting-edge
scientific fields and technologies. Due to its extensive applications, numerous methods such
as van-der-Waals and solvent-accessible surface areas, have been proposed to provide an
estimation of molecular surfaces. Each one of these methods and various parameterizations
proposed for them, typically yield quite diverse estimations of molecular surfaces which
necessitates employing ad-hoc modifications in their respective applications to accommodate
inappropriately defined molecular surfaces. The other main shortcoming of the currently
defined molecular surfaces stems from their parameterization based on single-point physical
quantities, though their main application is typically the evaluation of thermodynamic
quantities in the condensed phase.
To address all these limitations, in the present study we propose thermodynamically effective
molecular surfaces which, unlike the previously proposed surfaces, can be defined only
uniquely, can be measured experimentally for each molecule directly and straightforwardly,
and is defined based on a well-characterized theoretically described dependency between
molecular surfaces and solution thermodynamics. Although the thermodynamically effective
surfaces are defined through a novel thermodynamics approach, we show that they are very
close to van-der-Waals surfaces. Nevertheless, by extensively benchmarking we demon-
strate the superior efficiency of the newly defined surfaces in substantially improving the
predictability of multiple thermodynamics quantities in solution without requiring any ad-hoc
modification, compared to the conventionally accepted ones.

5.1 Introduction

The surface area of molecules is one of the key parameters influencing the thermodynamics
of the condensed phase. Evaluation of molecular surfaces plays a key role in a large number
of cutting-edge scientific fields and technologies such as drug discovery [1,2], catalysis
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[3], molecular biology [4-6], molecular genetics [7], and nanotechnology [8,9]. One of
the main applications of molecular surface estimation is theoretical evaluation of solution
thermodynamics via continuum solvation models [10] which is an extensively applied method
in very diverse scientific fields, ranging from catalysis [11,12], advanced nanomaterials [13],
surface science [14], or mechanisms of chemical reactions in the condensed phase [15,16] to
unraveling the activity mechanism of coronavirus [17].

Employing molecular surfaces for unraveling scientific challenges in the condensed phase
has been an active scientific area with a history of more than a century. One of the earliest
attempts in this regard dates back to 1886 and was proposed by Eötvös. He suggested a
proportionality between the free energy per unit of interfacial surface, i.e. the surface tension,
and the surface area of liquid-phase molecules [18]. This work was indeed one of the earliest
examples of experimental evaluation of molecular surfaces, which was achieved by assuming
solution-phase molecules as perfect spheres, allowing to evaluate molecular surface area via
liquid molar volume. Although the assumption of perfect spheres is the simplest approach
to get a rough estimation of molecular surfaces, it satisfactorily holds for mono-atomic
molecules. Accordingly, the earliest successful applications of molecular surfaces to study
solution thermodynamics both exploit surfaces determined via perfect sphere assumption
and are mainly limited to noble gases [19-22].

In 1964, the van-der-Waals (vdW) surface area concept was proposed in the pioneering
work of Bondi [23], which became the cornerstone of more advanced molecular surfaces
such as Solvent Excluded Surfaces (SES) and Solvent Accessible Surface Area (SASA).
Since then, a large number of methods and algorithms such as multiple variants of solvent
excluded or solvent accessible surface areas have been proposed to provide evaluations of
molecular surfaces in solution. This wide variety of methods typically yields quite diverse
estimations of molecular surfaces, as can be seen in a comparison of vdW and SAS molecular
surfaces of ethylene depicted in figure 5.1. For a broader comparison, we provide computed
molecular surfaces for 215 molecules via different parameterizations of the vdW method as
supplementary material. These data imply that selecting the most appropriate method is not
a trivial task.

Surprisingly, despite the diversity of methods and molecular surface approximations
they yield, there are numerous examples of reporting successful applications for each one
of these methods. This is mainly because the majority of these research works are based on
empirically defined relationships between solution thermodynamics and molecular surfaces
[24,25]. Inaccuracies due to deviations of the employed molecular surfaces from the actual
values are then corrected via ad-hoc modifications and parametrizations, mainly applied to
atomic radii. For example, while the Gaussian 03 software package used SES surfaces and
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Fig. 5.1 Comparison of vdW (left) and SAS (right) surfaces in ethylene.

UA0 atomic radii as default for computing solvent effects based on the polarizable continuum
solvation models, for the latest release of the same software, vdW surfaces and UFF atomic
radii are considered as default [26]. Similarly, the most widely applied continuum solvation
models exploit their specifically defined molecular surfaces and parameterizations of atomic
radii [10].

One main reason behind this diversity in defining and parameterizing molecular surfaces
and requiring such ad-hoc modification is that although the main application of molecular
surfaces is commonly for studying solution-phase thermodynamics, they are typically param-
eterized for reproducing other target quantities. For example, the Bondi parameterization of
atomic radii has been done using physical quantities like X-ray diffraction data, gas-phase
kinetic collision cross-section, and liquid density as target quantities [23] while the UFF or
UA0 atomic radii are parametrized against bond distances [27].
It indeed stems from the unavailability of a rigorous theoretical method that allows precise
and analytical characterization of the relationship between molecular surfaces and solution
thermodynamics without ad-hoc modifications or parameterization.

Obviously, such a theoretical method offers a number of advantages. First and foremost,
it allows defining molecular surfaces with physical significance, without requiring ad-hoc
modifications, and thus uniquely definable. Furthermore, it provides the possibility of
evaluating the performance of various methods and parametrizations in reproducing those
reference molecular surfaces. Last but not least, it allows for better understanding and treating
some of the main challenges in theoretical studies of solvation, such as the appropriate
treatment of solvent effects in continuum solvation models.

To achieve this goal, in the present study we exploit a theoretically derived relationship
describing temperature dependence of vaporization enthalpy to the molecular surfaces in
solution which is an extension of a recent study [28] leading to a remarkable improvement of
the formerly reported results. Among all potential thermodynamics quantities of solution
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which can be analytically related to molecular surfaces for this purpose, the vaporization
enthalpy, which is employed in the present study possesses a number of obvious advantages.
The main one is that vaporization enthalpy can be directly determined experimentally, while
free energy or entropy can only be determined indirectly and via measuring the temperature
dependence of vaporization enthalpy or equilibrium vapor pressures at multiple temperatures,
which implies the accumulation of errors inherent in both experimental measurements and
the subsequent computations. The more convenient experimental procedure for enthalpy
measurement has also made accurate benchmark datasets more readily available, which is
another advantage of using vaporization enthalpy. Finally, evaluation of molecular surfaces
via vaporization enthalpy is not only both more accurate and less challenging but also once
it is found, it can be conveniently used to obtain other thermodynamic quantities, via the
fundamental thermodynamics relationships, as shown in section 5.4.3.

5.2 Theory

By considering vaporization as a dynamic process at which evaporation and condensation
have the same rates and equating the rates of evaporation and condensation described by
transition state theory and some manipulations, the ratio of partition functions of the gas and
liquid phases is obtained as [28]:

Qg

Qs =
Na Psat

P

(
kB T
2πm

)1/2 h
kB T [ns]

exp
(
∆εsg

kB T

)
, (5.1)

where Na is Avogadro’s constant, Psat is the saturation vapor pressure of the liquid, ∆εsg is
the energy for moving one molecule from the liquid surface to the gas phase, and kB and
h are Boltzmann and Planck constants, respectively. Using the statistical thermodynamics
relationship between the energy and partition function stated as:

⟨ε⟩ = kB T 2 ∂ ln(Q)
∂T

, (5.2)

and with some algebraic manipulations, it can be shown that the temperature dependence of
the vaporization enthalpy follows [28]:

∆hvap = ∆εbs−
kB

2
T ln (T ) −T

∫
∆εbs

T 2 dT + CT , (5.3)
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where C is a constant and ∆εbs is the energy required for moving one molecule from the bulk
of the liquid to the surface. Evaluation of ∆εbs via experimentally measurable quantities
can be achieved using the fundamental thermodynamics relationships between energy (ε),
Helmholtz free energy ( f ) and entropy (s), which implies [28]:

∆εbs = ∆ fbs−T
d(∆ f bs)

dT
, (5.4)

where ∆ fbs is the free energy change for moving one molecule from the bulk of liquid to
the surface. Another straightforward way to obtain Eq. (5.4) is using the Gibbs-Helmholtz
equation:

d( f
T )

dT
= −

ε

T 2 , (5.5)

which implies

1
T

d f
dT
−

f
T 2 = −

ε

T 2 . (5.6)

This then clearly yields Eq. (5.4) by subtracting the resulting equations for the bulk and
surface states.

Exploiting the thermodynamics relationship among ∆ fbs, surface tension (γ) and the
molecular surface area (as) which is defined as [28]:

∆ fbs =
as

2
γ . (5.7)

Eq. (5.4) can be rewritten as:

∆εbs =
as

2
(γ−T

dγ
dT

) . (5.8)

Halving the molecular surfaces as in Eq. (5.7) is considered here because in fact only
one-half of the molecular surfaces contribute to forming the gas-liquid interface and the other
half remains in the bulk of the liquid [28].
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By substituting Eq. (5.8) in Eq. (5.3) and using d( γT )
dT =

T dγ
dT −γ

T 2 and multiplying both sides
by Avogadro’s number, the correlation between the surface tension and molar vaporization
enthalpy (∆Hvap) is obtained as :

∆Hvap =
as

2
NA

(
2 γ−T

dγ
dT

)
−

R
2

T ln (T ) + βT , (5.9)

in which β is a constant. Knowing that at the critical temperature both vaporization enthalpy
and surface tension approach zero, and due to continuity of the surface tension, the dγ

dT term
also approaches zero, the constant β is found as:

β =
R
2

ln(Tc) , (5.10)

which by substitution into Eq. (5.9) finally results in:

∆Hvap =
as

2

(
2 γ−T

dγ
dT

)
−

R
2

T ln
(

T
Tc

)
. (5.11)

As discussed earlier, the main advantage of the theoretically derived relationship among
vaporization enthalpy, surface tension, and molecular surfaces described by Eq. (5.11) is the
possibility of experimental determination of molecular surfaces through this relationship as
well as evaluation of the currently defined molecular surfaces. For the latter goal, we have
compared the accuracy of evaluated vaporization enthalpies obtained via Eq. (5.11) using
252 differently computed molecular surfaces based on various parameterizations of vdW and
SAS methods.

5.3 Experimental

5.3.1 Dataset

The theoretically derived methods were benchmarked using thermophysical data of the
DIPPR801 database [29]. Screening the initial dataset and selecting only the compounds
with a maximum uncertainty of 5% for vaporization enthalpy and surface tension resulted in
215 compounds from diverse chemical families, provided as supplementary materials.

For each compound, the experimentally determined data of vaporization enthalpies for 25
temperatures linearly distributed between the melting point and the critical temperature were
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taken using the provided relationships in the DIPPR database. Due to the scarcity of accurate
surface tension data for all of the required data points at which vaporization enthalpy data
were available, we employed the Guggenheim–Katayama relationship stated as [30]:

γ = γ◦
(
1−

T
Tc

)11/9

, (5.12)

as a rigorous model for evaluating temperature dependence of surface tension and its temper-
ature derivatives required by Eq. (5.11). One main advantage of employing the Guggenheim–
Katayama relationship is that it perfectly satisfies the boundary conditions, i.e. yielding
exactly zero for surface tension and its higher-order derivatives with respect to temperature
at the critical point, which is commonly violated by other relationships like those proposed
in the DIPPR dataset. This is indeed a key requirement, as it was one of the premises of
obtaining the constant β in Eq. (5.11). Additionally, compared to various surface tension
predictive models such as those used by the DIPPR database and the Eötvös relationship
[18], we found that the Guggenheim–Katayama relationship provides the most accurate
evaluation of not only temperature dependence of surface tension but also its derivate for the
whole temperature range and hence, the most accurate prediction of vaporization enthalpy
via Eq. (5.11).

To obtain surface tension data at the required temperatures via the Guggenheim–Katayama
relationship, for each compound the pre-factor γ◦ was calculated by optimization using the
available experimental data points of surface tension. The calculated values of γ◦ for each
compound are reported in the supplementary materials.

The accuracy of the predicted vaporization enthalpy is reported as Average Absolute
Deviation (AAD), defined as:

AAD =
1
N

∑(∣∣∣∣yexp
i − ypred

i

∣∣∣∣) . (5.13)

Considering that at the critical point, vaporization enthalpy approaches zero and slight
deviations in predicted enthalpies results in very large relative errors, AAD provides a more
reliable evaluation of the model performances, compared to relative errors.

5.3.2 Computational details

To calculate well-established molecular surfaces, the geometry of each molecule was first
optimized at the B3LYP/6-311+G (2d,p) level of theory. Using the optimized structures, the
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vdW molecular surfaces and Solvent Accessible Surface Areas (SASA) for each molecule
were calculated using the GEPOL algorithm implemented in the Gaussian 16 software [31].

For both vdW and SASA, we have calculated molecular surfaces using UA0, Pauling,
Bondi, and UFF parameterizations of atomic radii, as available in the Gaussian 16 software
[31]. For each one of the mentioned parameterizations, we have also studied the atomic radii
scaled by factors 0.85, 0.9, 0.95, 1.0, 1.05, 1.1, 1.15, 1.2, and 1.25.

For SASA, we computed solvent radii required for calculation of solvent accessible
surfaces using radii of perfect spheres with volumes equal to the vdW volume and also molar
volumes of the solvents at their melting points. For each one of the employed solvent radii,
in addition to the original values, radii scaled by factors of 0.7 and 0.85 were also studied.
The reason of such scaling is that we noticed for most of the studied molecules, the radii
computed via vdW or melting point volumes deviate from the respective solvent radii used
in Gaussian 16 in the calculation of continuum solvation models by a factor varying between
these two values.

With all this diversity in details, in total 252 differently computed molecular surfaces,
in addition to molecular surfaces approximated based on the perfect sphere assumption and
molar volumes at melting point and normal boiling point, were studied for each molecule,
and their performance in reproducing experimentally determined vaporization enthalpy via
Eq. (5.11) was tested.

5.4 Results and discussion

5.4.1 Verifying the validity of the theoretically derived relationship

By studying various relationships proposed in the past century to analytically relate solution
thermodynamics, surface tension, and molecular surfaces, we noticed an obvious inconsis-
tency not only between previously proposed models themselves but also with the theoretically
derived relationship proposed in the present study as well. Accordingly, while a large number
of studies [19-22,25,32,33] support:

∆Gsolvation = A γ+ B , (5.14)

where ∆Gsolvation is the free energy of solvation, A is the solvent excluded surface of
molecules and B is a constant [34], many other works employ the very similar relationship to
relate vaporization enthalpy, surface tension, and molecular surfaces. A well-known example
of the latter category is Kabo’s method which proposes:
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∆Hvap = A

(
V

2
3 γ

)
+ B , (5.15)

and has been extensively applied especially in studying the phase equilibrium in ionic liquids
[35]. Noteworthy, the right-hand side of Kabo’s relationship closely matches the right-hand
side of Eq. (5.14) with the only difference that in Kabo’s relationship, the pre-factor of the
surface tension is in fact molecular surfaces evaluated based on the perfect sphere assumption
discussed earlier, while in Eq. (5.14) this factor is solvent excluded surface of molecules [34].

Alongside the mentioned paradoxical deviations between the two models, both of them
also show obvious inconsistencies compared to our theoretically derived relationship pro-
posed in Eq. (5.11) which implies the necessity of a careful and rigorous verification of our
model.

To that end, we first studied the overall accuracy of vaporization enthalpies predicted
via the newly developed relationship. Accordingly, for each compound, we optimized the
value of the as parameter required by Eq. (5.11) which yielded the lowest error in predicting
vaporization enthalpies over the whole temperature range. Via the optimized as parameters,
which are in fact our proposed thermodynamically effective molecular surfaces, an AAD of
0.188 kcal/mol was obtained for the predicted vaporization enthalpies of the whole dataset.
This resulting AAD is within both the chemical accuracy and the reported accuracy of the
experimentally determined data.

Interestingly, we noticed that the molecular surfaces approximated via molar volumes
at the melting point based on the perfect sphere assumption divided by the factor of two to
include only the part of the molecular surfaces which contribute to the interface as discussed
earlier, closely match the thermodynamically effective molecular surfaces with an average
ratio of 1.0372, standard deviation of 0.117 and correlation coefficient of 0.95. These results
clearly verify the robustness of the theoretically derived relationship and its underlying
presumptions like defining the as parameters as molecular surfaces at the interface and
considering the factor of ½ for it.

Noteworthy, using the molecular surfaces evaluated from molar volumes at the melting
point and without any adjustable parameters, Eq. (5.11) yielded an AAD of 0.561 kcal/mol
for the whole dataset and the whole temperature range. On the other hand, using molecular
surfaces obtained via molar volumes at normal boiling points resulted in AAD of 1.248
kcal/mol. These results clearly show that the perfect sphere assumption is not generally a
rigorous approach for evaluating molecular surfaces. In addition to lower accuracy in describ-
ing temperature dependence of vaporization enthalpy compared to the thermodynamically
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effective molecular surfaces, it totally overlooks temperature dependence of molar volume
and its impact on the evaluated molecular surfaces.

To investigate the significance of the T dγ
dT and −R

2 T ln
(

T
Tc

)
terms, which are the most

obvious differences between our proposed relationship and the conventionally accepted
models, we re-optimized as parameters for the two following relationships:

∆Hvap = asγ−
R
2

T ln
(

T
Tc

)
, (5.16)

and

∆Hvap =
as

2

(
2 γ−T

dγ
dT

)
, (5.17)

which are two variants of Eq. (5.11) obtained by removing the term being studied. Using the
re-optimized as parameters, the two abovementioned variants yielded AADs of 2.071 and
0.197 kcal/mol, respectively. These results clearly show that both terms dγ

dT and −R
2 T ln

(
T
Tc

)
play a significant role in describing the relationship between solution thermodynamics and
molecular surfaces. Among them, the T dγ

dT term has the more significant impact and
its overlooking reduces the accuracy of predicted vaporization enthalpies by one order of
magnitude.

5.4.2 Evaluation of molecular surfaces estimated via computer algo-
rithms

After verifying the validity and robustness of the theoretically derived relationship in the
previous section, this section focuses on studying the predictability of vaporization enthalpies
obtained via various parameterizations of the vdW and solvent accessible surfaces. To that
end, we have studied a total number of 252 differently computed molecular surfaces discussed
in section 5.3.2.

According to the results, while via the solvent accessible surfaces we could not achieve
any AAD better than 7.889 kcal/mol, for the vdW surfaces the best results with AAD of 0.568
kcal/mol was obtained for UA0 atomic radii scaled by 0.9. For the vdW surfaces, the results
obtained for original parameterizations of atomic radii without any scaling yielded AADs of
0.613, 1.078, 1.256, and 0.867 kcal/mol for Bondi, UFF, UA0, and Pauling parameterizations,
respectively.
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These results show that which method is selected for approximating molecular surfaces
clearly has a remarkable impact on the thermodynamic quantities evaluated with those
surfaces. For a better illustration, the AADs of predicted vaporization enthalpies obtained
via Eq. (5.11) for different scalings and parameterizations of atomic radii are compared in
figure 5.2. As can be seen in figure 5.2, even slight differences in approximated molecular
surfaces can have a significant impact on the evaluated vaporization enthalpies in solution.

Noteworthy, the vdW surfaces with UA0 atomic radii scaled by 0.9, which yielded
better results compared to other parameterizations for vaporization enthalpy prediction, after
scaling by the ½ factor as discussed earlier, show an excellent agreement with the calculated
thermodynamically effective surfaces, with a correlation coefficient of 0.96, the average ratio
of 1.019 and standard deviation of 0.172.

This immediately suggests employing thermodynamically effective surfaces for a more
rigorous parameterization of atomic radii in the currently defined molecular surfaces.
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Fig. 5.2 Comparison of AAD of predicted vaporization enthalpies for various parametriza-
tions of atomic radii scaled by alpha constant in vdW model.

In figure 5.4, the temperature dependence of vaporization enthalpy of some of the most
widely used solvents predicted via Eq. (5.11) using various molecular surfaces are compared.
These results clearly show the significant importance of evaluated molecular surfaces on the
accuracy of obtained results on the one hand and the robustness and reliability of the newly
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derived relationship, and the thermodynamically effective molecular surfaces on the other
hand.

As discussed in section 5.4.1, there are paradoxical inconsistencies between our proposed
relationship for describing the dependency of solution thermodynamics to molecular surfaces
with those proposed in the literature. To compare our proposed relationship with convention-
ally accepted models, we evaluated the accuracy of vaporization enthalpies predicted via
Kabo’s relationship, for which the two constants were determined by optimization using the
whole vaporization enthalpy data for each compound. According to the results, while the
newly derived relationship with optimum molecular surfaces yielded AAD of 0.188 kcal/mol,
Kabo’s method with two empirical parameters optimized for each compound could not yield
an AAD better than 0.402 kcal/mol which is comparable to the results obtained via molecular
surfaces at the melting point without needing any adjustable parameters, as reported earlier.
The same comparison of our proposed relationship and Eq. (5.14) as the other conventionally
accepted model for relating solution thermodynamics to molecular surfaces is provided in
section 5.4.3.

5.4.3 Estimation of other thermodynamics quantities via thermody-
namically effective surfaces

As it was discussed earlier, one of the main advantages of characterizing dependency of solu-
tion thermodynamics on molecular surfaces through temperature dependence of vaporization
enthalpy is its straightforward transferability to other thermodynamics quantities.

As one of the most important thermodynamics quantities, evaluation of the solvation free
energy, which is the primary goal in continuum solvation models [10], can be achieved via
the Gibbs-Helmholtz relationship as follows:

∆Gsolvation = −T
∫
∆Hvap

T 2 dT . (5.18)

Via the analytical relationship describing temperature dependence of vaporization en-
thalpy, one can solve Eq. (5.18) analytically or numerically. The constant of integration then
needs to be determined using a reference data point. To that end, the most convenient choice
is to use the free energy of solvation at the normal boiling point, where the saturation vapor
pressure of the liquid becomes equal to the atmospheric pressure. It then allows to determine
the solvation Gibbs free energy at the normal boiling point through atmospheric pressure
(Patm), liquid molar volume at the normal boiling point (Vm,nbp), and normal boiling point
temperature (Tnbp) via [36]:



5.4 Results and discussion 95

 

0

2

4

6

8

10

12

250 350 450 550 650

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(water)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

2

4

6

8

10

12

14

16

300 400 500 600 700

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(phenol)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

1

2

3

4

5

6

7

8

9

10

270 370 470 570

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(benzene)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

1

2

3

4

5

6

7

8

9

10

180 280 380 480

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(methyl acetate)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 



96 Thermodynamically effective molecular surfaces

 

0

2

4

6

8

10

177 277 377 477

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(hexane)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

2

4

6

8

10

280 380 480 580

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(1,4-dioxane)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

1

2

3

4

5

6

7

8

9

10

270 370 470

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(methanol)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

 

0

2

4

6

8

10

270 370 470

V
ap

. 
en

th
al

p
y
 (

k
ca

l/
m

o
l)

T (K)

(ethanol)

Exp.

Eq(11)-TE

Eq(11)-melt

Eq(11)-vdW

 

Exp. 

TE 

Melt 

vdW 

Fig. 5.4 Comparison of the impact of various molecular surfaces on the accuracy of predicted
vaporization enthalpies. The results show a remarkably enhanced description of vaporization
enthalpy at various temperatures using our newly proposed thermodynamically effective (TE)
surfaces compared to the surfaces evaluated from melting point volumes (melt) and vdW
surfaces obtained via UA0 parameterization and scaled by 0.9.



5.4 Results and discussion 97

Patm =
R Tnbp

Vm,nbp
exp

(
∆Gsolvation,nbp

RTnbp

)
. (5.19)

The abovementioned dependency between vaporization enthalpy and solvation free
energy also allows a quantitative comparison of our theoretically derived relationship with
the other conventionally accepted model, which in contrast to our model suggests linear
dependency between solvation thermodynamics and the product of molecular surfaces and
surface tension via Eq. (5.14). To that end, we studied the predictability of the solvation
free energies obtained by numerically integrating the Gibbs-Helmholtz equation for the
experimentally determined vaporization enthalpies as a function of temperature and used
the obtained free energies to find the parameter B in Eq. (5.14) by optimization. For the
solvation free energies predicted this way, the results showed an AAD of 1.166 kcal/mol
which is again much higher than the AAD of computed vaporization enthalpies. Noteworthy,
employing the newly proposed relationship for numerically integrating the Gibbs-Helmholtz
equation could reproduce the reference solvation free energies with AAD of only 0.057
kcal/mol. The much higher accuracy obtained via thermodynamically effective surfaces
for predicted solvation free energies is because the solvation free energies are proportional
to the area under the curve of vaporization enthalpy versus temperature and therefore are
less affected by outliers. These results also suggest that considering linear proportionality
between vaporization enthalpy and surface tension, which has already been empirically
suggested in numerous studies like Kabo’s relationship and is supported in the present study,
is more valid than the other conventionally employed relationships which consider the same
proportionality between solvation free energy and surface tension.

We also studied the predictability of experimentally determined standard state solvation
free energies reported in the Minnesota Solvation database [37] via thermodynamically
effective surfaces for the solutions common between the DIPPR and Minnesota Solvation
databases. The results, which are reported in table 5.1, show an excellent agreement between
predicted solvation free energies obtained via the thermodynamically effective surfaces and
the experimentally determined values reported in the Minnesota Solvation database. The
obtained accuracy of these results shows an AAD of only 0.1215 kcal/mol which is by almost
a factor of 2 more accurate than best results obtained via advanced continuum solvation
models [10].

In addition to the solvation free energy, the saturation vapor pressure (Psat) as another ex-
tensively required thermodynamic quantity in many industrial and scientific applications can
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Table 5.1 Comparison of standard state solvation free energies theoretically predicted using
thermodynamically effective surfaces and experimentally determined data.

Compound  Exp. (kcal/mol) Predicted (kcal/mol) 

Acetonitrile -4.85 -4.9191 

2-methylpyridine -5.71 -5.8055 

Acetophenone -7.59 -7.7809 

Aniline -7.61 -7.5768 

Anisole -6.33 -6.4320 

Benzene -4.55 -4.5595 

Benzonitrile -7.28 -7.4975 

Bromoethane -3.67 -3.7014 

Bromoform -6.21 -6.3047 

1-butanol -6.03 -6.1576 

Chlorobenzene -5.66 -5.7420 

Chloroform -4.13 -4.1932 

Cyclohexane -4.43 -4.4176 

Cyclohexanone -6.25 -6.3928 

1-decanol -9.58 -9.3872 

N,N-dimethylacetamide -6.77 -6.8710 

2,6-dimethylpyridine -6.04 -6.0984 

Ethanol -5.04 -5.0844 

Ethylbenzene -5.67 -5.7657 

Fluorobenzene -4.60 -4.6416 

1-heptanol -7.84 -7.7992 

1-hexanol -7.05 -7.2207 

2-Methyl-1-Propanol -5.79 -5.8164 

2-Propanol -4.82 -5.0727 

Isopropylbenzene -6.04 -6.1356 

m-cresol -8.40 -8.3327 

Mesitylene -6.40 -6.5034 

dichloromethane -3.80 -3.8348 

Nitrobenzene -7.94 -8.0294 

Nitroethane -5.53 -5.6490 

Nitromethane -5.38 -5.4908 

1-nonanol -9.05 -8.9186 

1-pentanol -7.92 -6.6836 

1-propanol -5.29 -5.5662 

Pyridine -5.47 -5.5464 

2-Butanol -5.48 -5.5590 

tert-Butylbenzene -6.43 -6.4638 

Tetrahydrofuran -4.25 -4.2791 

Toluene -5.12 -5.1760 

Triethylamine -4.44 -4.4499 

1,2,4-Trimethyl Benzene -6.47 -6.6175 

Water -6.31 -6.4197 

AAD            0.1215 kcal/mol 
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also be accurately computed via the thermodynamically effective surfaces via the Clausius–
Clapeyron relation, which for ideal gases can be written as:

ln
(

Psat

Patm

)
=

∫ T

Tnbp

∆Hvap

R T 2 dT . (5.20)

The saturation vapor pressure of non-ideal gases can also be determined the same way
via evaluating the temperature dependence of gas-phase molar volumes using an appropriate
equation of states. Nevertheless, in the present study and only for a proof of concept, we
study the predictability of saturation vapor pressures of ideal gases (pressures up to 2.5 atm)
via Eq. (5.20). A comparison of predicted and experimentally determined saturation vapor
pressures for a number of most widely used solvents is depicted in figure 5.5. The excellent
agreement between the theoretically evaluated and experimental data depicted in figure 5.5
implies the robustness of our proposed thermodynamically effective surfaces.

5.5 Conclusion

In summary, in the context of the present study, we could theoretically derive a relationship
that describes dependency between vaporization enthalpy, molecular surfaces, and surface
tension. We could demonstrate that the proposed dependency between solution thermody-
namics and molecular surfaces is remarkably more reliable and rigorous compared to the
other models empirically proposed for the same purpose within the last century.
Through our newly derived theoretical approach, we proposed thermodynamically effective
surfaces. We demonstrated that the thermodynamically effective surfaces are only slightly
different than empirically proposed vdW surfaces. However, this slight deviation yields a
substantial improvement in the predictability of multiple thermodynamic quantities. As a
result, we propose the thermodynamically effective surfaces as a reliable alternative for the
currently defined molecular surfaces, especially for studying the condensed phase thermody-
namics.
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Fig. 5.5 Comparison of theoretically predicted saturation vapor pressures obtained via
thermodynamically effective surfaces (denoted by TE) with experimentally determined data.
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Chapter 6

Publication: Strategies to develop
rigorous ANN models

6.1 Scope of the Project

6.1.1 Project overview and motivation:

Artificial neural networks are one of the most powerful and most widely applied machine-
learning approaches in theoretical chemistry. The availability of numerous user-friendly
software tools has made employing artificial neural networks a convenient task, even without
requiring profound knowledge on its theoretical background. Nevertheless, a downside of
this ease of application without studying the theoretical background is overlooking some
important intricacies which can soon result in the unreliability of the models developed this
way. In this work, I introduced the most important intricacies which can be considered as the
minimal knowledge every scientist who is interested in developing neural network models
should be aware of and carefully consider. These intricacies include the appropriate selection
of the training algorithms, transfer functions, and more importantly the number of neurons. I
provided validation strategies that can significantly enhance the reliability of the developed
neural network models. I benchmarked the provided guidelines by studying the predictability
of flash-point for a large data set of hydrocarbons based on the group contribution and neural
networks.

6.1.2 Novelty aspects:

• The provided rule of thumb for evaluating the upper limit of hidden later neurons
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• The validation strategy which is beyond the conventional cross-validation and employs
rigorous statistical inferring

• Prediction of the flash-points for the studied compounds via the developed machine
learning models yielded the most accurate reported results until then

6.1.3 Connection to other chapters:

The provided guidelines and strategies are the cornerstones of the presented machine learning
models in chapters 7 to 9.

6.2 Publication Data and Reprint

    

Reference:  Alibakshi, A., Strategies to develop robust neural network 

models: Prediction of flash point as a case study. Analytica 

chimica acta 2018, 1026, 69-76.  

 

    

Submitted:  7 August 2017  

Accepted:  3 May 2018  

Contribution:  Carrying out all the computations, method development, 

and writing the manuscript 

 

Copyright:  Reproduced with permission from the journal of 

“Analytica Chimica Acta”. Copyright 2018 Elsevier B.V. 

 

 



Strategies to develop robust neural network models: Prediction of
flash point as a case study

Amin Alibakshi
Department of Marine Geosystems, Geomar Helmholtz Center for Ocean Research Kiel, Wischhofstrasse 1-3, 24148, Kiel, Germany

h i g h l i g h t s g r a p h i c a l a b s t r a c t

� The present study introduces the
important practical aspects of devel-
oping a reliable artificial neural
network (ANN) model including
appropriate assignment of the num-
ber of neurons, number of hidden
layers, transfer functions, training
algorithms, dataset division and
initialization of the network.

� A rule of thumb is suggested for
evaluating the appropriate number of
neurons and layers (the ratio of the
training samples to the ANN con-
stants should be equal or greater
than 10).

� A strategy for evaluating of the
authentic performance of an ANN
model as well the appropriateness of
training is proposed.

� Using the introduced considerations,
a model is developed for predicting
the flash point of pure compounds
which produces the lowest error
compared to other models.

a r t i c l e i n f o

Article history:
Received 7 August 2017
Received in revised form
2 May 2018
Accepted 3 May 2018
Available online 9 May 2018

Keywords:
Artificial neural networks
Supervised learning
Overfitting
Appropriate training
Group contribution method
QSPR

a b s t r a c t

Artificial neural network (ANN) is one of the most widely used methods to develop accurate predictive
models based on artificial intelligence and machine learning. In the present study, the important prac-
tical aspects of developing a reliable ANN model e.g. appropriate assignment of the number of neurons,
number of hidden layers, transfer function, training algorithm, dataset division and initialization of the
network are discussed. As a case study, predictability of the flash point for a dataset of 740 organic
compounds using ANNs was investigated via a total number of 484220ANNs to allow covering a wide
range of parameters affecting the performance of an ANN. Among all studied parameters, the number of
neurons or layers was found to be the most important parameters to develop a reliable ANN with low
overfitting risk. To evaluate appropriate number of neurons and layers, a value of equal or greater than 10
for the ratio of the training samples to the ANN constants was suggested as a rule of thumb. More ever, a
strategy for evaluation of the authentic performance of ANNs and deciding about the reliability of an
ANN model was proposed which is applicable to other models developed by supervised learning.
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Based on the introduced considerations, an ANN model was proposed for predicting the flash point of
pure organic compounds. According to the results, the new model was found to produce the lowest error
compared to other available models.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Artificial neural network (ANN) is one of the most efficient tools
that work based on artificial intelligence and machine learning.
ANNs are capable of doing several tasks such as function approxi-
mation [1], pattern recognition [2], data clustering [3], prediction of
time series [4], and so on. To provide the best performance, various
types of neural networks are developed and characterized
depending on the application. However, despite their slight dif-
ferences, all of them follow the same basics taken from the learning
mechanisms of the biological neural networks [5].

Model development which is a function approximation prob-
lem, is probably the most widely used application of the ANNs in
chemistry and chemical engineering [6e11]. The most appropriate
ANN for model development is the multilayer network shown in
Fig. 1, known as the feedforward neural network. For model
development using a multilayer feedforward neural network, the
input variables are introduced to the network as a vector and are
processed by the neurons of the first layer. Each neuron in the first
layer is connected to all of the input variables and for each
connection, a weight constant is assigned. The summation of all
input variables multiplied by their respective weights and a bias
constant yields the input of each neuron. A transfer function
modifies the inputs to result the output of each neuron which is
then transmitted to the neurons of the next layer to be processed
further in the same way.

To develop an ANN model, the weights, biases and transfer
functions are determined in a way that each set of inputs result in a
final output equivalent to the required property. To do so, using a
dataset with known input and output data (training dataset), the
optimum values for the constants are determined through a pro-
cedure which is called the training of the network. Various training
algorithms are developed and can be used for this purpose. With
appropriate number of neurons, transfer functions and training
algorithm, a multilayer feedforward ANN is capable of modeling
any linear or non-linear correlation between the input and output
variables [12].

Two widely used methods which apply ANNs to model prop-
erties of chemical compounds are group contribution method
(GCM) and quantitative structure property relationship (QSPR).

According to the GCM, properties of a compound are predicted
based on the number and types of its constituting functional
groups. The simplest form of the GCM is written as:

4 ¼ cþ
X

ni4i (1)

where 4 is the required property, ni and 4i are the number of
presence and amount of contribution of functional group i,
respectively, and c is a constant.

Prediction of properties via equation (1) is known as the Joback
method. The Joback method typically produces poor results for
large datasets. However, these results become considerably more
accurate when the correlation between functional groups and the
required property are mapped via ANNs. For example, using a
feedforward neural network with one hidden layer containing 7
neurons, Albahri could predict the flash points of 375 trans-
portation fuels based on the GCMwith an average absolute relative
error (AARE) of 1.1%, while the Joback method resulted an AARE of
4.3% for the same dataset and functional groups [13].

The group contribution based models which use ANNs have
been widely used to predict various properties such as liquid vis-
cosity [14,15], thermal conductivity [16], infinite dilution activity
[17], and density of ionic liquids [18], normal boiling point (NBP)
[19], flash point (FP) [13] and melting point [20].

Contrary to the classic GCMwhich only considers the functional
groups as contributors to a property, the QSPR applies a more
extensive set of structure based quantities, known as molecular
descriptors, to model a property. To develop a QSPR model, the
most effective molecular descriptors are screened from a pool of
numerous calculated descriptors and are used as the inputs of the
model. ANN based QSPR models have also been extensively used to
predict various properties e.g. NBP [21], FP [22e24], surface tension
[25], ideal gas entropy [26], aqueous solubility [27], Hildebrand
solubility parameter [28] and so on.

Using several available software tools e.g. Matlab, R, and
Neurosolutions, developing an ANN model has become consid-
erably straightforward, without requiring any knowledge of its
extensive theoretical details. While simplified in practice, ANN
models soon become unreliable without full consideration of
important details e.g. appropriate assignment of the number of
neurons, number of layers, and training of the network. The pre-
sent study discusses such details and introduces the practical
aspects of developing a robust ANN model which can be used for
other models developed based on supervised learning. As a case
study, predicting the flash point (FP) for an extensive dataset via a
two layer feedforward neural network is investigated. The FP is
one of the most important flammability properties of chemical
compounds in assessment of fire hazards [29], and its predict-
ability via ANNs has been widely studied in many works
[13,30e32].

2. Practical aspects of developing ANN models

2.1. Dataset division

Similar to any model developed based on supervised learning,
the first step in developing an ANN model is to divide the dataset
into three subsets, namely training, validation and test datasets.
The training dataset is used to train the model, where an errorFig. 1. The configuration of a feedforward neural network.
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function which is usually the average absolute relative error or
mean squared error is minimized with respect to the model con-
stants in successive iterations. The number of compounds needed
for training, as discussed later, is the first important factor affecting
the reliability of an ANN model and determines the number of
neurons and layers.

As the training goes on, the performance of the model is
continuously improved for the training dataset, which simulta-
neously increases the risk of overfitting as well. Overfitting
causes a model to yield accurate results for the dataset used for
developing that model but poor results for the compounds out of
this dataset. To prevent overfitting, the performance of the
studied ANN is simultaneously monitored and validated for an
independent dataset which is called the validation dataset. An
increase in the error function of the validation dataset in several
successive iterations is an indicator of overfitting and is used as a
condition to stop the training. Once a model is trained, i.e. the
optimum values of all constants are determined, the performance
of the model is examined using another independent dataset,
known as the test dataset. Usually, 60e80% of the dataset is
assigned for training, 10e20% for validation and 10e20% to test
the model.

2.2. Assigning the number of neurons and hidden layers

After specifying the training, validation and test datasets,
selecting the number of layers, number of neurons in each layer,
type of transfer functions and training algorithm and assigning the
initial values for the weights and biases are the subsequent steps to
develop an ANN model.

The number of layers and neurons in each layer is one of the
most crucial parameters affecting the performance and reliability of
an ANNmodel. With a higher number of layers or neurons, an ANN
typically yields more accurate results and can model more
complicated relationships. However, it can also highly increase the
risk of overfitting, simultaneously.

There are some recommendations to evaluate the appropriate
number of hidden layer neurons, e.g. setting a number of hidden
layer neurons equal to 2/3 of the number of input layer neurons
[33], between the number of neurons in the input and output
layers [34], or lower than twice the number of neurons in the
input layer [35]. However, such recommendations don't seem to
be very robust as they totally neglect the number of training
samples and details of the ANN configuration as the most
important factors.

Considering an ANN model as a regression problem, the ratio of
the training samples to the total number of ANN constants as
suggested by Jackson for regression models [36], can be used as an
index for determining the appropriate number of neurons and
layers. For a multilayer feedforward neural network, if the number
of input variables is Vn, the number of neurons in the hidden layer i
is Ni, and the number of layers is nL, the total number of weight and
bias constants (S) can be calculated via:

S ¼ VnN1 þ
XnL�1

i¼1

NiNiþ1 þ
XnL

i¼1

Ni: (2)

Obviously, the higher the ratio of the training samples to S, the
higher the reliability of the results obtained by the model. It will be
further discussed in section 4.2.

2.3. Assigning training algorithm and transfer function

The applied transfer functions and training algorithm are also
other ANN parameters which can have impacts on the performance
of an ANN [37,38]. Some commonly used transfer functions in ANN
models which are also considered in our study are hyperbolic
tangent sigmoid (tansig), log-sigmoid (logsig), Hard-limit (hardlim),
Positive linear (poslin), and Radial basis (radbas) transfer functions
for the hidden layers, and linear transfer function (purelin) for the
output layer. The most widely used training algorithms are re-
ported in Table 1.

2.4. Initialization of the network

Assignment of the initial values for the weight and bias con-
stants (initialization) is the last step before we can start training of
the network. Initialization is a necessary task as the efficient
training algorithms, all require some initial values for the weights
and biases to optimize them in successive iterations via minimizing
the error function. The error function which should be minimized
with respect to the weight and bias constants, typically has several
local minima. As a result, starting from different initialization states
determined by the initial values of the weights and biases, we may
get to a quite different local minimum and obtain considerably
different results. Some theoretical approaches on appropriate
initialization of an ANN is reviewed by Yam and Chow [40]. An easy
and yet very efficient approach to overcome the problems origi-
nated by initialization is to repeat the training of the network for
various initialization states [41], which will be taken in this work to
show the effect and importance of initialization and also to over-
come the discussed problems.

2.5. Evaluating the reliable performance of an ANN model

As discussed before and will be seen in the results, the perfor-
mance of an ANN highly depends on the ANN specifications
(applied dataset division, transfer function, training algorithm,
initialization state and so on). Now the crucially important ques-
tions that arise are which ANN provides the most reliable model
and among all different results obtained for each ANN configura-
tion using different initialization or dataset division states, which
one represent the authentic performance of that configuration?
One may argue that the ANN which provides the most accurate
results for the overall or test dataset is the one to choose, however,
such data won't be reliable. An excellent performance for the

Table 1
Appropriate training algorithms in model development [39].

Training algorithm Abbreviation

Levenberg-Marquardt backpropagation trainlm
Gradient descent backpropagation traingd
Resilient backpropagation trainrp
Scaled conjugate gradient backpropagation trainscg
BFGS quasi-Newton backpropagation trainbfg
Conjugate gradient backpropagation with Fletcher-Reeves updates traincgf
Gradient descent with momentum backpropagation traingdm
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overall dataset may be affected by overfitting and for the test
dataset it can be just the result of a lucky dataset division. Another
option is to use the average of results obtained for all studied
initialization and dataset division states for an ANN. However,
average of all results is not always informative because as discussed
before, due to the high number of constants in many ANN models,
error function typically has several local minima and therefore,
initialization plays an important role. As a result, it is quite plausible
that only a few initialization states may result in an accurate and
reliable model (see e.g. the results obtained for developed FP pre-
dictive ANNs with 4 neurons, reported in the supplementary ma-
terial) and therefore, the average of all results won't represent the
authentic performance of an ANN in most cases. In other words, a
good initialization state may get lost among several other inap-
propriate initialization states by averaging.

To overcome this issue, in the present study instead of averaging
the results of all initialization and dataset division states, for each
individual initialization state we retrain the model for several
different dataset division states and use their average as the
authentic performance of that configuration and parameters. To
find the most reliable model, the ANN for which in most of the
repeats the observed errors of the training and test sets are not
significantly different confirmed by suitable statistical tests, can be
considered as the appropriately trained and reliable models (low
risk of overfitting).

3. Material and method

3.1. Dataset

To develop a robust model, reliability of the dataset used for
model development plays an important role. In the present study,
the DIPPR 801 [42] database was used to evaluate the predict-
ability of the FP for an extensive dataset of pure organic com-
pounds. DIPPR 801 provides evaluated data for several properties
is one of the most widely used databases to develop FP predictive
models.

To implement a GCM based model, number of presence of the
functional groups listed in Table 2 and the experimentally deter-
mined data of the NBP were used as the inputs of the model.

Normal boiling point and enthalpy of vaporization have been
used is many FP predictive models [43e46], as both of them
represent the volatility and hence, flammability of a fuel [47]. In
previous studies, it was shown that considering a contribution
for the NBP in addition to the same functional groups listed in
Table 2, can significantly improve the predictability of the FP
[43,48]. Among the organic compounds available in the DIPPR
database, 740 compounds were available for which the reported
data for both FP and NBP were experimentally determined. For
other compounds, as a predicted data were reported for at least
one of those properties, they were not considered in model
development and evaluation. The full list of studied compounds
can be found as supplementary material. The NBP was assigned
to the first neuron in the input layer and the number of presence
of the functional groups 1 to 42 were processed by the neurons
2e43, respectively.

3.2. Initial implementation of the ANNs

To study the various parameters affecting the performance of an
ANN, the predictability of the FP for the dataset of 740 pure organic
compounds from diverse families was initially investigated using
feedforward neural networks with 1e10 neurons in the hidden
layer. 75% of the dataset was assigned for training, 13% for valida-
tion, and 12% to test the ANN models.

To study the impacts of dataset division on the performance of
ANNs, randomly division of the dataset was repeated 20 times. To
investigate the impacts of various training algorithms, transfer
functions and initialization states, for each dataset division the
trainlm, traingd, trainrp, trainscg, trainbfg, traincgf, and traingdm
training algorithms and tansig, logsig, hardlim, poslin, and radbas
transfer functions were examined for 20 different initialization
states. An increase in the mean squared error of the validation
dataset in 6 successive iterations was considered as the condition to
stop the training.

Therefore, considering 20 different dataset division states and
for each one, assigning 1 to 10 neurons for the hidden layer, 5
different transfer functions, 7 different training algorithms, and 20
different initialization states, a total number of 140000 neural
networks were initially implemented and their performance for FP
prediction were evaluated using a Matlab code. The interested
readers can get the Matlab code by contacting the corresponding
author. The performance of the ANNs were reported as percentage
average absolute relative errors (AARE%) and correlation co-
efficients (R) defined as:

AAD ¼ 1
N

X����yrefi � ypredi

����; (3)

Table 2
The constituting functional groups used in group
contribution method.

Functional Group

1 eCH3
2 eCH2e

3 >CHe
4 >C<
5 ═CH2
6 ═CHe
7 ═C<
8 ═C═
9 ≡CH
10 ≡Ce
11 eOH
12 eOe
13 >C═O
14 eCHO (aldehyde)
15 eCOOH (acid)
16 eCOOe (ester)
17 HCOOe (formate)
18 eNH2
19 eNHe
20 >Ne
21 ═Ne
22 eC≡N
23 eNO2
24 eF
25 eCl
26 eBr
27 eI
28 eSH
29 eSe
30 eCH2e (ring)
31 eHC< (ring)
32 ═CHe (ring)
33 >C< (ring)
34 ═C< (ring)
35 eOe (ring)
36 eOH (ring)
37 >C═O (ring)
38 eNHe (ring)
39 >Ne (ring)
40 ═Ne (ring)
41 eSe (ring)
42 -CO-O-CO- (anidride)
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AARE% ¼ 1
N

X �����y
exp
i � ypredi

yexpi

�����
!

� 100; (4)

R ¼ N
P

yexpi ypredi �P yexpi

P
yprediffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N
P�

yexpi

�2 � �P yexpi

�2r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N
P�

ypredi

�2 � �P ypredi

�2r ;

(5)

where yexpi and ypredi are the experimentally determined and pre-
dicted values of FP, respectively.

For the ANNs which resulted an overall AARE% of lower than
1.5%, the initially assigned constants of the network were recorded
to be used for evaluation of their authentic performances as
explained in section 2.5 in the next step.

3.3. Evaluation of the authentic performance of ANNs

After initially developing 140000 ANN models in the previous
step, the models which resulted an AARE% of less than 1.5% were
selected for retraining and evaluating their authentic performance,
based on the approach discussed in section 2.5. To do so, the
initially assigned weight and bias constants recorded in the previ-
ous step were used to retrain the selected models for 20 different
random dataset division states. The average of the results for 20
repeats were considered as the reliable performance for each
configuration and initialization state. The two sample t-testmethod
was used to compare the results obtained for the training and test
datasets. The models for which the relative errors of the training
and test datasets were not significantly different with 95% of sig-
nificance level in at least 19 repeats, were considered as reliable and
efficiently trained models.

4. Results and discussion

4.1. Implementation of ANNs

The effect of various parameters on the performance of an ANN
can be observed in the results of 140000 initially developed ANN
models reported in the supplementary material. A quick overview
of the initially obtained results shows that for each dataset division
state changing one of the studied parameters i.e. the initialization
state, number of hidden layer neurons, training algorithm or
transfer function while the other parameters remain unchanged
can yield considerably different results.

Among all initially studied ANNs, 17211 models yielded an
overall AARE% of lower than 1.5% and retrained for 20 different

dataset division states to evaluate their authentic performance, as
discussed before. For each model, the average of 20 repeat results
were calculated and are used in the next sections to evaluate the
effect of each parameters. The details of the repeated results for
each configuration are reported in the supplementary material.

4.2. The effect of assigned number of hidden layer neurons

As the first important factor, we consider the effect of the
number of hidden layer neurons. To do so, we exploited the per-
centage of the initially selected ANNs with overall AARE% of lower
than 1.5% which after retraining for 20 different dataset division
states and averaging, resulted an overall AARE% of lower than 1.5%
again. Based on the results reported in Table 3, a remarkable dif-
ference between the ANNswith one neuron in the hidden layer and
other ANNs with higher number of neurons can be clearly
observed. According to the results, 99.91% of the ANNs with 1
neuron in the hidden layer which yielded an AARE% of lower than
1.5% in the first step, after retraining and averaging yielded an AARE
% of lower than 1.5% again, while for other ANNs with higher
number of neurons this value was lower than 42%. The same
remarkable difference can also be observed for the average of
standard deviations of AARE% calculated for the 20 repeats of each
configuration, reported in Table 3.

Using the average results of 20 repeats and applying the t-test
method, for each number of hidden layer neurons the percentage of
reliable models (the models for which in at least 19 repeats the
errors of the training and test sets were with 95% of significance
level the same) were calculated and are depicted in Fig. 2.

According to the results depicted in Fig. 2, 27.66% of ANNswith 1
neuron in the hidden layer were efficiently trained, while this value
for other ANNs with higher number of neurons is lower than 4.3%.

Based on the abovementioned observations, we can conclude
that for our case study the optimum number of hidden layer neu-
rons is one. Considering the number of weight and bias constants
for our case study, for ANNs with one neuron in the hidden layer
the ratio of the number of training samples to the ANN constants
calculated using equation (2) is 12.07. This value for ANNs with 2
neurons in hidden layer is 6.1 and for higher number of neurons
reduces further.

The observed ratio of the training samples to the number of
constants for ANNswith one hidden layer neuron is consistent with
the value recommended by Kline who suggested a value of atleast
10 for this ratio to avoid overfitting in regression models [49].

Therefore for developing reliable ANN models, considering the
number of training samples and ANN constants, existence of at
least 10 samples in the training set for each constant can be used as
a rule of thumb. It means, considering the number of training

Table 3
The percentage of initially implemented ANNs which after retraining yielded AARE% of lower than 1.5% again and the average of standards deviations obtained for 20 repeat of
each configuration.

Nr. of hidden
layer
neurons

Ratio of the ANNs which
reproduce the initially obtained
results

Mean of average standard
deviations in 20 repeats
(overall)

Mean of average standard
deviations in 20 repeats
(training)

Mean of average standard
deviations in 20 repeats
(validation)

Mean of average standard
deviations in 20 repeats
(test)

1 99.91 0.015289 0.039167 0.13143 0.15645
2 41.35 1.1976 1.2049 1.286 1.3726
3 40.74 0.99861 1.0024 1.0813 1.1486
4 40.3 0.90107 0.90617 0.96768 1.0179
5 42.79 0.82164 0.82722 0.87261 0.91792
6 42.92 0.80169 0.80691 0.8547 0.90352
7 42.93 0.78356 0.79009 0.82401 0.86634
8 44.69 0.73719 0.74234 0.7822 0.82574
9 46.85 0.78592 0.79338 0.82743 0.85918
10 46.66 0.76154 0.76925 0.80203 0.83607
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samples, the number of layers and neurons should be selected in a
way that the number of constants calculated via equation (2) is one
tenth or smaller than the number of training samples. A literature
survey shows many models which considerably deviate from this
condition. Some of those models are reported in Table 4.

4.3. Impact of training algorithm and transfer function

The impact of the training algorithm and transfer function was
investigated via analyzing the performance of efficiently trained
models in FP prediction for each combination of training algorithm
and transfer function. The results are reported in Table 5 and show
that different combinations of training algorithms and transfer

functions can yield quite different results. More ever, for prediction
of FP applying the trainlm training algorithm and logsig transfer
function seems to be more efficient.

4.4. The selected ANN for FP prediction

Among the efficiently trained models, the best performancewas
observed for an ANN model with 1 neuron in the hidden layer,
trainlm training algorithm and logsig transfer function. For this
configuration the average of 20 repeats resulted an AARE% of 1.198,
1.194, 1.195 and 1.122 and correlation coefficients of 0.9933, 0.9933,
0.9933 and 0.9934, for the overall, training, validation and test
datasets, respectively. More ever, the relative errors of the training
and test datasets in none of the 20 repeats were significantly
different. For this ANN, the initial values of the weight and bias
constants are reported in supplementary material.

The obtained results are compared with those of the most ac-
curate ever proposed models in Table 6. As can be seen in Table 6,
only one model provides better results than the current model
which was proposed by Albahri [13]. However, the Albahri's model
is developed for a smaller set of chemicals which are transportation
fuels and the diversity of the chemical families is lower than the
dataset studied in the present work. Furthermore, as discussed
before for the Albahri's model the ratio of training samples to
constants is 1.22 which implies a high risk of overfitting in that
model.

To remind the importance of the approach used to evaluate the
authentic performance of ANNs, it should be noted that among the
initially developed models, an overall AARE% as low as 0.72% was
also observed for an ANN with 10 neurons in the hidden layer
which is surely resulted by overfitting.

Fig. 2. The percentage of reliable ANNs for each assigned number of hidden layer
neurons.

Table 4
Examples of lack of sufficient data in the training dataset in ANN based FP predictive models.

Number of weight and bias constants Number of compounds in the training dataset Ratio of the training samples to constants

Gharagheizi [50] 1481 821 0.55
Lazzús [51] 353 328 0.93
Lazzús [30] 369 350 0.95
Valderrama et al. [18], 421 399 0.95
Albahri [13] 274 335 1.22
Fathi et al. [52]. 316 550 1.53
Gharagheizi [53] 536 846 1.58

Table 5
Details of reliable ANNs for each combination of transfer function and training algorithm.

Training
algorithm

Transfer
function

Nr. reliable
models

AARE%
(overal)

AARE %
(training)

AARE %
(validation)

AARE %
(test)

Training
algorithm

Transfer
function

Nr. reliable
models

AARE %
(overal)

AARE %
(training)

AARE %
(validation)

AARE %
(test)

trainlm logsig 70 1.57 1.57 1.57 1.58 trainbfg logsig 51 2.08 2.06 2.12 2.12
trainlm tansig 56 1.88 1.87 1.89 1.89 trainbfg tansig 3 8.74 8.74 8.6 8.88
trainlm hardlim 0 trainbfg hardlim 0
trainlm poslin 73 1.61 1.61 1.62 1.61 trainbfg poslin 46 8.01 8 8.02 8.05
trainlm radbas 25 5.09 5.07 5.15 5.18 trainbfg radbas 1 5.61 5.61 5.61 5.61
traingd logsig 0 traincgf logsig 23 4.86 4.86 4.78 4.92
traingd tansig 0 traincgf tansig 16 4.18 4.18 4.16 4.24
traingd hardlim 0 traincgf hardlim 0
traingd poslin 0 traincgf poslin 80 4.84 4.84 4.81 4.88
traingd radbas 0 traincgf radbas 5 6.34 6.34 6.24 6.48
trainrp logsig 6 3.58 3.57 3.62 3.59 traingdm logsig 0
trainrp tansig 0 traingdm tansig 0
trainrp hardlim 0 traingdm hardlim 0
trainrp poslin 12 6.94 6.95 6.89 6.95 traingdm poslin 0
trainrp radbas 0 traingdm radbas 0
trainscg logsig 23 1.76 1.75 1.78 1.81
trainscg tansig 13 2.94 2.94 2.93 2.94
trainscg hardlim 0
trainscg poslin 44 3.08 3.07 3.11 3.12
trainscg radbas 1 1.47 1.47 1.47 1.47
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Among initially developed ANNs, we can also find a model with
9 neurons in the hidden layer for which the AARE% of the test and
training dataset were not significantly different and yielded an
overall AARE% as low as 0.84%. However after retraining this model
for same initial parameters and different dataset division states, we
find that this model wouldn't reproduce such excellent results
anymore, which implies that the initially obtained results is
affected by overfitting. This confirms the importance of the pro-
posed approach for evaluating the authentic performance of each
model.

5. Conclusion

In the present study we studied various parameters which can
affect the reliability and performance of ANN models. Among all
affecting parameters, appropriate selection of the number of neu-
rons and hidden layers seems to be the highest priority which
should be determined based on the number of training samples.
The results show that considering the ratio of the training samples
to ANN constants can be used as an index for evaluating the
appropriate number of neurons and layers. Our results suggest a
value of equal or greater than 10 for this ratio which has already
been suggested for regression models elsewhere too. The second
crucially important strategy in developing reliable ANN models is
to study various initialization states for the ANNs and for each one,
repeating the randomly division of the dataset and use the average
of those repeats as the authentic performance obtained for each
initialization state. Comparing the relative errors of the training
and test datasets in different repeats using appropriate statistical
tests can be used to find the efficiently trained models.

Considering various combinations of training algorithm and
transfer functions to find the best combination of those parameters
is also another efficient strategy to find more efficient ANNmodels.
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Chapter 7

Practical models for evaluation of
vapor-liquid phase change
thermodynamics

Project overview and motivation:

Accurate evaluation of vapor-liquid phase change thermodynamics is of key importance in
the majority of chemical industries. In chapter 5, we introduced a theoretical framework that
can be employed for understanding the dependency of vaporization enthalpy to temperature
and showed its efficiency in estimating other thermodynamic quantities associated with
phase-change. This current project was an extension of the method introduced in chapter
5. We developed methods that allowed practical estimation of thermodynamically effective
molecular surfaces using readily accessible thermophysical quantities and thus, allowing
straightforward prediction of vaporization enthalpy as a function of temperature via correla-
tions. Additionally, we also developed and provided machine learning models which can
more rigorously employ the same model inputs required by the proposed correlations to
achieve significantly higher accuracies.

Novelty aspects:

• A theoretically derived analytical expression proposed for accurate estimation of the
vaporization enthalpy from melting point to the critical temperature by normal boiling
point, critical temperature, and critical pressure as the only input variables. This
correlation is significantly more advantageous compared to the previously reported
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models which require either vaporization enthalpy at a reference temperature or acentric
factor which requires measurement of saturation pressure for multiple temperatures

• The results which are obtained via machine learning models are currently the most
accurate ever reported results for prediction of vaporization enthalpy at wide temperature
ranges

Connection to other chapters:

The general idea behind the newly proposed methods in this study is based on the methods
developed in chapter 5. The development of the machine-learning models is based on the
guidelines introduced in chapter 6. One of the main inputs which remarkably improved the
predictability of vaporization enthalpy in machine learning models was the cavity surfaces
computed within the implicit solvent approaches and were inspired based on the knowledge
acquired through studying those surfaces in chapter 4, 5, 8, and 9.

Contributions:

Major contribution in method development, carrying out all the computations, major contri-
bution in writing the manuscript.

Publication status:

This work is in the submission process and its preprint is available online (DOI:10.26434/
chemrxiv.13734007.v3).
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Abstract

Evaluation of thermodynamic quantities associated with vapor-liquid phase change is exten-
sively required in a very broad range of scientific fields. A commonly employed thermody-
namic quantity that can characterize the vapor-liquid phase change thermodynamics is the
vaporization enthalpy and its temperature dependence. In the present study, we introduced
highly accurate and practical models for reliable prediction of vaporization enthalpy of
compounds from diverse chemical families and a wide temperature range, from melting
point to critical temperature. We demonstrated the efficiency of the introduced models in
estimating vaporization enthalpy as well as solvation free energy, as the other important and
extensively required thermodynamic quantity associated with vapor-liquid phase change.
For describing temperature dependence of vaporization enthalpy, we developed theoretically
derived correlations that employed the approximations of the thermodynamically effective
molecular surfaces recently conceptualized by us. In addition to the correlations, we also
developed highly efficient machine-learning models which yielded the most accurate ever re-
ported results for evaluation of vaporization enthalpy and solvation free energy. We provided
a C++ code for a user-friendly and convenient application of the developed machine-learning
models.

7.1 Introduction

Evaluation of thermodynamic quantities in the liquid phase is extensively required in numer-
ous scientific and technological applications, ranging from drug discovery [1-3], elucidating
the pathway of diseases [4,5], battery design [6,7], nanotechnology [8,9], to the scientific
attempts aiming at suppressing the COVID-19 pandemic [10-13] as one of the main global
concerns in the present year. Due to the complexity of direct evaluation of thermodynamic
quantities in the solution phase, estimations of them through thermodynamic cycles is more
commonly encountered in theoretical studies [14-18]. To that end, the most commonly
considered thermodynamic quantities are solvation free energy and vaporization enthalpy,
due to their convenience of experimental measurement as well as a full characterization of the
thermodynamics of the phase change by them. As a complement to our recent study where
we investigated the evaluation of solvation free energy [19], in the present study, we aim at
precise evaluation of vaporization enthalpy and demonstrating its efficiency in estimating
other thermodynamic quantities.

Vaporization enthalpy is one of the key properties of chemicals with numerous widely-
required scientific and industrial applications, including but not limited to estimation of
saturation vapor pressure (highly required in major chemical processes such as distillation,
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evaporation, drying, humidification, and dehumidification [20-22]), calculation of the Hilde-
brand solubility parameter (required for evaluation of liquid-liquid equilibriums as well as
evaluation of the solubility of solids, gases and other liquids [23-25]), evaluation of fire
hazards [26], prediction of miscibility of polymer blends as a function of temperature and
calculations of liquid-liquid separation processes such as leaching [27,28].

Experimental measurement of vaporization enthalpy for a wide temperature range is not
always feasible, e.g., due to safety concerns or operational limitations. This has been the
motivation of numerous scientific works in the past decades, aiming at predicting vaporization
enthalpy at various temperatures.

Although various approaches such as computer simulation via molecular dynamics [29]
or Monte Carlo [30] algorithms or group contributions and QSPR based models [31] have
been employed in a number of studies for this purpose, predictive correlations have gained
the highest popularity due to offering the most straightforward methods for reliably predict-
ing vaporization enthalpy. The most successful correlations typically predict vaporization
enthalpy as a function of temperature and additional more readily available thermophysical
properties.

One of the earliest successful models for describing temperature dependence of vaporiza-
tion enthalpy was developed by Carruth and Kobayashi [32]. They proposed the following
relationship for predicting vaporization enthalpy via critical pressure (Tc) and acentric factor
(ω):

∆Hvap

R Tc
= 7.08 ×

(
1−

T
Tc

)0.354

+10.95×ω×
(
1−

T
Tc

)0.456

. (7.1)

Fish and Lielmezs [33] developed the following model which predicts vaporization
enthalpy via normal boiling and critical temperatures as well as the vaporization enthalpy at
the normal boiling point (∆Hnbp):

∆Hvap

∆Hnbp
=

T
Tnbp

×
X+Xq

1+Xp , (7.2)

where

X =
T

Tnbp
×

1− T
Tc

1− Tnbp
Tc

, (7.3)
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and q and p are global parameters, with values of 0.35298 and 0.13856, respectively (except
for liquid metals and quantum liquids).

In 1984, Sivaraman et al. [34] proposed their two-reference model written as:

∆Hvap

R Tc
=

(
∆Hvap

R Tc

)(R1)

+

(
ω−0.21

0.25

)
×

(∆Hvap

R Tc

)(R2)

−

(
∆Hvap

R Tc

)(R1) , (7.4)

where

(
∆Hvap

R Tc

)(R1)

= 6.537×
(
1−

T
Tc

) 1
3

−2.467×
(
1−

T
Tc

) 5
6

−77.251×
(
1−

T
Tc

)1.208

+59.634×
(
1−

T
Tc

)
+36.009×

(
1−

T
Tc

)2

−14.606 ×
(
1−

T
Tc

)3

,(
∆Hvap

R Tc

)(R2)

−

(
∆Hvap

R Tc

)(R1)

= −0.133×
(
1−

T
Tc

) 1
3

−28.215×
(
1−

T
Tc

) 5
6

−82.958×
(
1−

T
Tc

)1.208

+99.000×
(
1−

T
Tc

)
+19.105×

(
1−

T
Tc

)2

−2.796 ×
(
1−

T
Tc

)3

,

(7.5)
Morgan and Kobayashi [35] proposed the following correlation:

∆Hvap = ∆Hvap
(0)+ω∆Hvap

(1)+ω2∆Hvap
(2) , (7.6)

where ∆Hvap
( j) follows the following form proposed by Torquato and Stell [36]:

∆Hvap
( j)

R Tc
= b( j)

1

(
1−

T
Tc

)0.3333

+b( j)
2

(
1−

T
Tc

)0.8333

+b( j)
3

(
1−

T
Tc

)1.2083

+b( j)
4

(
1−

T
Tc

)
+b( j)

5

(
1−

T
Tc

)2

+b( j)
6

(
1−

T
Tc

)3

,

(7.7)

and the eighteen constants b( j)
i are global parameters and their values are reported in table

7.1.
Morgan [56] proposed the following correlation to provide an estimation of vaporization

enthalpy via acentric factor:
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Table 7.1 Parameters of Morgan and Kobayashi correlation.

 𝑏1
(𝑗)

 𝑏2
(𝑗)

 𝑏3
(𝑗)

 𝑏4
(𝑗)

 𝑏5
(𝑗)

 𝑏6
(𝑗)

 

𝑗 = 1 5.2804 12.865 1.171 -13.116 0.4858 -1.088 

𝑗 = 2 0.80022 273.23 465.08 -638.51 -145.12 74.049 

𝑗 = 3 7.2543 -346.45 -610.48 839.89 160.05 -50.711 

 

∆Hvap

R Tc
= d1 ×

(
1−

T
Tc

)d2+ d3×
T
Tc + d4× ( T

Tc )2

, (7.8)

in which

d1 = 7.8149 + 11.409 ω + 2.1674 ω2 − 0.65342 ω3 ,

d2 = 0.81892 − 0.67637 ω + 1.2798 ω2 − 0.47594 ω3 ,

d3 = −0.84408 + 1.8297 ω − 3.2435 ω2 + 1.1449 ω3 ,

d4 = 0.41923 − 1.0892 ω + 1.9138 ω2 − 0.65758 ω3 .

Our evaluation of the performance of the models mentioned above can be seen in table
7.3 in the results section below.

Despite several decades of research on this specific topic, almost all of the successful
correlations applicable for predicting vaporization enthalpy of diverse compounds at wide
temperature ranges have mainly been limited to empirically developed models. That moti-
vated us to develop and benchmark a correlation entirely on a theoretical basis in our recent
studies, which describes the temperature dependence of vaporization enthalpy as [38,39]:

∆Hvap =
asγ
◦

2

2 (
1−

T
Tc

)11/9

+
11
9

T
Tc

(
1−

T
Tc

)2/9− R
2

T.ln
(

T
Tc

)
. (7.9)

In Eq. (7.9), the parameter αs is our recently conceptualized thermodynamically effective
surface of molecules [38] and γ◦is the pre-factor of the Guggenheim–Katayama relation-
ship [40] employed for describing the temperature dependence of surface tension. As we
demonstrated in our recent study [38], with an appropriate estimation of αs, a reliable and
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highly accurate evaluation of not only vaporization enthalpy but also other thermodynamics
quantities is achievable.

In the present study, we investigate practical and straightforward approximations of
the thermodynamically effective surfaces and show advantages of predicting vaporization
enthalpy through the resulting relationships, compared to other empirically proposed correla-
tions.

Generally, approximations of thermodynamically effective surfaces, as required by
Eq. (7.9), can be achieved by three different methods. The first method is approximat-
ing those surfaces using experimental data of molar volume at a specific temperature and
assuming molecules as perfect spheres [38]. This method has been one of the earliest exam-
ples of approximating molecular surfaces via experimental data and was initially suggested
by Eötvös in 1886 [41]. The second method for approximating molecular surfaces is by
exploiting the well-established computer algorithms developed to calculate vdW or solvent
excluded surfaces of molecules [38]. Nevertheless, diversity in approximated molecular
surfaces obtained via different parameterizations of atomic radii in those methods can yield
quite different values for the predicted vaporization enthalpy and hence requires careful atten-
tion, as we demonstrated in our recent study [38]. Finally, the thermodynamically effective
molecular surfaces can be approximated using reference data of vaporization enthalpy at a
single or multiple arbitrary temperatures. Similarly, the pre-factor asγ

◦

2 in Eq. (7.9) can be
considered as an adjustable parameter and its determination can then be achieved via single
or multiple reference data of vaporization enthalpy.

In the present study, we employ approximations of molecular surfaces based on the third
method to develop practical and straightforward correlations, while the molecular surfaces
approximated via the first two methods will be employed for developing machine-learning
models. Accordingly, we employ machine learning for mapping the dependency between
vaporization enthalpy and a number of potentially relevant quantities, most specifically
appropriate approximations of thermodynamically effective surfaces obtained via efficient
computer algorithms or molar volume as discussed above. As we have shown in our recent
study, the thermodynamically effective surfaces are generally very similar to the van-der-
Waals (vdW) surfaces of molecules [38]. Nevertheless, even the slight deviation which
exists between the two surfaces can have significant impacts on the accuracy of evaluated
thermodynamic quantities. Therefore, the main role of machine learning here is mostly to
learn and modify the impacts of such inaccuracies on estimating molecular surfaces.

Noteworthy, employing machine learning to predict vaporization enthalpy via other more
readily available quantities has also been studied elsewhere. Nevertheless, the available
machine-learning models proposed in the literature are mainly limited to single-point vapor-
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ization enthalpy prediction for either room temperature [42,43] or the normal boiling point
[44,45]. In contrast, the machine-learning models proposed in the present study are capable
to evaluate vaporization enthalpy at any temperature of interest, from melting point to the
critical temperature.

7.2 Computational details

7.2.1 Dataset

The performance of the models studied in the current work was benchmarked using the
thermophysical data of the DIPPR801 database [46]. Screening the dataset and selecting only
the compounds with a maximum uncertainty of 5% results in 828 compounds from diverse
chemical families. The names of these compounds are provided as supplementary material.

For each compound, the experimentally determined data of vaporization enthalpies
for 25 points linearly distributed between the melting point and the critical temperature
approximated via the provided relationships in the DIPPR database were employed.

The performance of vaporization enthalpy predictive correlations is reported as Average
Absolute Deviation (AAD) defined as:

AAD =
1
N

∑(∣∣∣∣yexp
i − ypred

i

∣∣∣∣) , (7.10)

as a more appropriate parameter to evaluate the performance of the models compared to
relative error. This is because at temperatures close to the critical point, the vaporization
enthalpy approaches zero and as a result, small deviations in predicted data yield very large
relative errors, leading to inappropriate inferences about the performance of the studied
models.

7.2.2 Machine learning

In addition to the proposed theoretically derived correlations, we also studied the predictabil-
ity of the vaporization enthalpy via machine learning. To that end, we employed artificial
neural networks to map the dependency between the vaporization enthalpy and a number of
input variables. We studied 9 potentially relevant thermophysical properties, namely critical
temperature (Tc), critical pressure (Pc), normal boiling point (NBP), liquid molar volume (V),
acentric factor (ω), radius of gyration (Rg), van-der-Waals area (vdWA) and volume (vdWV )
and dielectric constant (ε). Among the considered quantities, the first five are commonly
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employed in vaporization enthalpy predictive models, as discussed in the introduction section.
Among the other quantities, vdW parameters and radius of gyration were selected due to
being directly related to molecular surfaces, and the dielectric constant was considered due
to having a direct impact on solution thermodynamics [47].

After trying various models, we noticed that the most successful neural network models
are achieved for non-dimensionalized target and input variables. Accordingly, we employed
reduced temperature ( T

Tc
) as an additional model input and ∆Hvap

RTc
as the target variable.

Considering that for many compounds not all of the model inputs might be readily
available, we only studied models which required 2 to 6 of the potentially related quantities
stated above. To that end, we exploited the Minimum Redundancy and Maximum Relevance
(MRMR) algorithm [48] as a highly efficient algorithm for selecting the most effective sets
of variables for developing robust machine-learning-based models [49]. This produced
23 different combinations of input variables, listed in table 7.2. The screened variables in
addition to computed molecular surfaces, discussed in the next section, were considered as
the inputs of the neural network models. The schematic representation of the studied neural
network is depicted in figure 7.1.

Developing neural network models was carried out based on the guidelines proposed in
our previous studies [47,50]. Accordingly, we used only 60% of the dataset for training the
neural network models and assigned 15% and 25% of the dataset for validation and test of the
models, respectively. We only studied neural networks with one hidden layer. For each model,
the upper limit for the numbers of neurons was set in a way to allow existence of roughly 10
training samples or more per model constant, as recommended in the previous study [50].
For each model, we considered Levenberg-Marquardt backpropagation and gradient descent
backpropagation training algorithms, and hidden layer transfer functions of the logarithm-
sigmoid and tangent-sigmoid types [51]. Although initial training of the models was carried
out by cross-validation mentioned above, for models which yielded the highest accuracy their
reliability was further validated by a rigorous 100-fold cross-validation. Accordingly, those
selected models were retrained for 100 different randomly divided training, validation, and
test sets employing the previously optimized weight and bias constants as the initial guesses.
The models which in at least 80% of the iterations yielded test and training set errors with
the same mean and standard deviation as evaluated by the t-test method were selected as
reliably trained models.

7.2.3 Computation of molecular surfaces

In addition to the thermophysical quantities discussed in the previous section, the molecular
surfaces evaluated via molar volumes as well as vdW surfaces were considered as additional



7.2 Computational details 125

Table 7.2 Various combinations of screened thermophysical quantities in selected
machine-learning models.

Model ID Model inputs: 

1 𝑇/𝑇𝑐 𝑇𝑐  𝜔  𝑣𝑑𝑊𝐴  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  

2 𝑇/𝑇𝑐 𝜔  𝑣𝑑𝑊𝐴  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
 

3 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝑉  𝜔  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  

4 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝜔  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
 

5 𝑇/𝑇𝑐 𝜔  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
  

6 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝜔  𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
  

7 𝑇/𝑇𝑐 𝑃𝑐  𝑁𝐵𝑃  ε 𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
 

8 𝑇/𝑇𝑐 𝜔  𝛥𝐻𝑛𝑏𝑝/𝑅𝑇𝑐  
   

9 𝑇/𝑇𝑐 𝑇𝑐  𝑁𝐵𝑃  𝜔  𝑣𝑑𝑊𝐴  ε 

10 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝑉  𝜔  𝑣𝑑𝑊𝑉  ε 

11 𝑇/𝑇𝑐 𝑇𝑐  𝑁𝐵𝑃  𝜔  ε 
 

12 𝑇/𝑇𝑐 𝜔  𝑣𝑑𝑊𝐴  ε 
  

13 𝑇/𝑇𝑐 Pc 𝑁𝐵𝑃  𝜔  ε 
 

14 𝑇/𝑇𝑐 𝑇𝑐  𝑃𝑐  𝜔  ε 
 

15 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝜔  ε 
  

16 𝑇/𝑇𝑐 Pc 𝜔  ε 
  

17 𝑇/𝑇𝑐 𝜔  ε 
   

18 𝑇/𝑇𝑐 Pc 𝜔  
   

19 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝑉  𝜔  
  

20 𝑇/𝑇𝑐 𝑇𝑐  𝑁𝐵𝑃  𝜔  
  

21 𝑇/𝑇𝑐 𝑁𝐵𝑃  𝜔  
   

22 𝑇/𝑇𝑐 𝜔  
    

23 𝑇/𝑇𝑐 𝑇𝑐  𝑃𝑐  𝑁𝐵𝑃  𝑣𝑑𝑊𝐴  ε 
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Input layer: takes cavity surfaces 
in addition to 2-6 potentially 
relevant variables  

Hidden layer: maximum number of 
neurons are determined based on the 
number of input variables  

𝛥𝐻𝑣𝑎𝑝

𝑅𝑇𝑐
 

Fig. 7.1 Schematic view of the studied neural network models.

input variables for the studied machine-learning models. For approximating the molecular
surfaces via the former method, the experimental data of molar volume at the melting and
normal boiling points were considered separately.

The vdW surfaces were computed in Gaussian 16 using the GEPOL algorithm [52]. To
that end, the geometry of each molecule was first optimized at the B3LYP/6-311+G(2d,p)
level of theory. The optimized geometries were then used for calculation of the vdW surfaces
within the SCRF module of Gaussian 16 based on the Bondi parameterization of atomic radii,
as an appropriate parameterization of these surfaces [38]. Examples of molecular surfaces
calculated based on the above recipe for water, benzene, and ammonia, are depicted in figure
7.2.
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Fig. 7.2 The vdW surfaces of water, ammonia and benzene based on the Bondi parameteriza-
tion.

7.3 Results and discussion

7.3.1 Evaluation of vaporization enthalpy

For a straightforward and practical evaluation of vaporization enthalpy via Eq. (7.9), we
employed approximations of asγ

◦

2 as an adjustable parameter using a single reference data
point of vaporization enthalpy. As discussed earlier, prediction of vaporization enthalpy using
Eq. (7.9) can also be achieved by approximating as via molar volumes and γ◦ via surface
tension data [38]. Nevertheless, approximating asγ

◦

2 using a single vaporization enthalpy
data point possesses the advantage of allowing its application for compounds for which the
surface tension data and the γ◦ constant are not available.

We studied approximations of the asγ
◦

2 parameter determined via a single reference data
point of vaporization enthalpy at the normal boiling point and also at the melting point.

For the asγ
◦

2 parameter approximated using experimentally determined vaporization
enthalpy at normal boiling point and melting point, we obtained AAD of 1185.5, and 1406.3
J/mol, respectively. A comparison of these results with those obtained through the most
successful empirically developed correlations, reported in table 7.3, shows a comparable
or better accuracy for our proposed approach. Nevertheless, it should be noted that due to
the uncertainty in the accuracy of reference data which for our studied dataset can be up
to 5 percent as reported by DIPPR, slight differences in obtained accuracies for different
models do not allow a certain judgment about their performances. Specifically, most of the
empirically developed models are parameterized to reproduce DIPPR data, which might
result in higher accuracies for those models. For example, the higher accuracy of the model
developed by Morgan [56] compared to other empirical models might be due to employing
an algebraic relationship in that model exactly similar to the one employed by the DIPPR
database to provide reference data at various temperatures.
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In addition to the experimentally determined data of vaporization enthalpy at normal
boiling and melting points, we also studied approximations of the asγ

◦

2 parameter using
estimations of vaporization enthalpy at normal boiling point via three reliable and well-
benchmarked models proposed for this purpose by Chen [53], Vetere [54] and Liu [55].
These models provide accurate predictions of ∆Hnbp using critical temperature and critical
pressure and normal boiling point. Using these approximations of the asγ

◦

2 parameter, we
obtained AADs of 1408, 1586.9, and 1497.4 J/mol, respectively, for predicted vaporization
enthalpies of all other temperatures.
The most eminent advantage of employing this latter approach for predicting vaporization
enthalpy is that it allows straightforward, highly practical, and yet accurate evaluation of
vaporization enthalpy only via critical temperature, critical pressure, and normal boiling,
which is not possible by any other model proposed elsewhere, to the best of our knowledge.

Note that, as discussed before and as it can be seen in table 7.3, the most accurate
empirically developed models typically require the acentric factor for predicting vaporization
enthalpy. Nevertheless, experimental measurement of the acentric factor itself requires
accurate measurement of vapor pressure at 0.7 Tc as well as accessing both critical pressure
and temperature which can be more challenging than measuring vaporization enthalpy itself.

In addition to the correlations, we also investigated the predictability of vaporization
enthalpy via employing approximated molecular surfaces through machine learning. The
results obtained via the studied machine-learning models are reported in table 7.4.

According to the results, based on the number and type of input variables, the developed
machine-learning models yield different AADs ranging from 487.717 to 1822.17 J/mol.
As implied from these results, our developed machine-learning models provide the highest
accuracy ever reported for the prediction of vaporization enthalpy as well as significant
flexibility in choosing diverse sets of input variables. Additionally, for the same input
variables, the results obtained via the machine-learning models still show much higher
accuracy compared to the most successful predictive correlations, which are the outcome
of several decades of efforts in developing such correlations. For example, for predicting
the vaporization enthalpy via critical temperature and acentric factor as the only model
inputs, the neural network model specified with ID 22 in table 7.4 can be used, which results
in an AAD of 992.158 J/mol without requiring any additional parameter. If we consider
molecular surfaces as an additional input variable, then we can further improve the accuracy
to 682.054 J/mol. This result shows a significantly higher accuracy compared to the predictive
correlations reported in table 7.3 which require the same model inputs. Among the developed
machine-learning models, one of the most interesting results is those obtained via a model
specified in table 7.3 with ID 23, which requires only experimental data at the critical point
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Table 7.3 Comparison of the results predicted via various models.

 Model inputs AAD (J/mol) 

Machine learning See table 7.4 for details 487.717-1822.17 

New relationship (eq. (7.9))  

(𝛼𝑠 determined via 𝛥𝐻𝑛𝑏𝑝,𝑒𝑥𝑝) 

𝛥𝐻𝑛𝑏𝑝, 𝑇𝑐  1185.5 

New relationship (eq. (7.9))  

(𝛼𝑠 determined via 𝛥𝐻𝑚𝑒𝑙𝑝,𝑒𝑥𝑝) 

𝛥𝐻𝑚𝑒𝑙𝑡 , 𝑇𝑐  1406.3 

New relationship (eq. (7.9))  

(𝛼𝑠 determined via Chen model [53]) 

𝑇𝑛𝑏𝑝, 𝑇𝑐 , 𝑃𝑐 1408.1 

New relationship (eq. (7.9)) 

(𝛼𝑠 determined via Vetere model [54]) 

𝑇𝑛𝑏𝑝, 𝑇𝑐 , 𝑃𝑐 1497.4 

 

New relationship (eq. (7.9))  

(𝛼𝑠 determined via Liu model [55]) 

𝑇𝑛𝑏𝑝, 𝑇𝑐 , 𝑃𝑐 1586.9 

Fish-Lielmezs [33] 𝑇𝑛𝑏𝑝, 𝑇𝑐, 𝛥𝐻𝑛𝑏𝑝 1365.4 

Morgan [56] 𝑇𝑐 , 𝜔 1108.9 

Morgan-Kobayashi [35] 𝑇𝑐 , 𝜔 1312.9 

Sivaraman et al. [34] 𝑇𝑐 , 𝜔 1314.7 

Carruth-Kobayashi [32] 𝑇𝑐 , 𝜔 1444.4 

Meyra et al. [37] 𝑇𝑛𝑏𝑝, 𝑇𝑐, 𝛥𝐻𝑛𝑏𝑝 2122.1 
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Table 7.4 AAD (J/mol) obtained through studied developed machine-learning models and
different estimations of molecular surfaces.

Model ID Thermo. Thermo.- S(vdW) Thermo.- S(melt) Thermo.- S(NBP)   

1 865.383 487.717 505.281 497.931   

2 867.641 508.667 513.841 515.912   

3 868.492 484.070     

4 869.496 485.354 520.522 501.634   

5 890.629 514.273 537.269 522.163   

6 897.208 489.808 520.547 501.845   

7 912.854 586.567 602.086 600.743   

8 913.738 520.436 554.833 538.750   

9 945.200 656.788 662.974 659.674   

10 946.728 658.542     

11 952.052 658.063 675.586 658.662   

12 952.575 666.334 687.141 685.864   

13 957.393 647.452 614.900 610.027   

14 958.143 602.940 637.400 604.333   

15 961.256 659.526 690.667 675.295   

16 961.524 655.665 687.521 670.938   

17 970.587 674.591 690.769 689.173   

18 977.585 678.750 698.751 695.268   

19 980.281 671.093     

20 981.209 658.938 688.263 687.942   

21 984.434 680.168 696.705 696.726   

22 992.158 682.054 696.690 696.605   

23 997.771 610.200 708.442 677.050   

       
Thermo.: the thermophysical quantities introduced in table 7.2 

Thermo.- S(vdW): thermophysical quantities and vdW surfaces are used as model input 

Thermo.- S(melt): thermophysical quantities and surfaces evaluated via molar volume at melting point are used as model input 

Thermo.- S(NBP): thermophysical quantities and surfaces evaluated via molar volumes at NBP are used as model input 
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and the dielectric constant and yields an AAD as low as 610.2 J/mol. In comparison to
all predictive correlations reported in table 7.3, this model shows an obvious advantage
because all those correlations in addition to experimentally determined data at the critical
point also require at least one additional reference data item of vaporization enthalpy either
at 0.7 Tc (required for calculating the acentric factor) or at normal boiling point, nevertheless
resulting in lower accuracy compared to the machine-learning model.
A schematic comparison of the performance of different vaporization enthalpy predictive
models for the 6 most widely employed solvents is provided in figure 7.3.

273 2004 2209 3245 4405 3240 642 1174 1840 840  

314 1135 1789 2667 3195 2796 217 968 1641 65  

355 330 1335 2139 2316 2305 27 677 1393 403  

396 354 884 1672 1688 1844 6 362 1144 473  

437 850 472 1276 1238 1473 90 122 955 173  

478 1076 140 960 906 1218 216 87 889 285  

518 928 72 728 646 1059 312 367 990 456  

559 255 123 570 432 891 293 938 1191 131  

600 1206 16 434 253 448 28 1401 1125 661  

641 4133 270 3 34 655 866 2765 1834 820  

T a b c d e f g h i  

    Water      

 

279 245 1096 775 862 440 717 458 333 207  

309 135 848 560 651 100 316 236 179 73  

340 36 652 364 423 179 67 81 69 45  

371 33 504 197 214 422 46 1 7 122  

402 49 400 70 54 642 41 22 65 131  

433 19 333 7 32 838 59 23 121 68  

464 223 291 23 28 984 225 25 170 23  

494 651 253 27 61 1013 400 22 153 70  

525 1490 166 136 192 793 451 296 119 206  

556 3331 175 195 147 144 208 315 247 116  

T a b c d e f g h i  

    Benzene     

 

178 1752 447 459 1780 103 643 325 589 472  

214 1173 460 214 834 222 187 78 419 131  

250 685 453 93 318 269 55 199 289 20  

286 308 425 69 114 310 130 157 195 21  

322 65 377 115 106 393 74 50 145 68  

358 12 311 200 190 536 81 84 158 172  

394 127 225 289 273 715 301 259 258 234  

430 566 120 338 283 829 533 474 433 279  

466 1481 6 279 177 636 656 502 455 242  

502 3403 160 68 50 315 74 884 450 127  

T a b c d e f g h i  

    Hexane      

 

178 2553 705 1627 3001 1284 314 140 701 783  

214 2065 764 1454 2104 1463 344 234 835 678  

250 1437 611 1173 1413 1342 557 241 744 535  

286 754 311 821 871 1050 435 141 499 365  

322 106 69 439 430 702 81 48 179 165  

358 399 455 71 59 389 401 240 117 63  

394 626 762 233 252 172 893 296 283 260  

430 385 888 416 474 50 1243 91 252 226  

466 637 694 410 516 86 1205 300 153 176  

502 3262 90 131 116 413 23 1751 600 1016  

T a b c d e f g h i  

    Acetone     

 

273 2396 546 2309 3219 1590 2152 1758 1677 1701  

298 1539 31 1770 2047 816 1559 1086 1201 1040  

323 753 618 1245 1095 91 865 408 715 389  

348 99 1167 765 344 549 132 196 285 224  

373 352 1626 360 220 1075 573 641 19 753  

398 519 1938 63 602 1474 1178 847 128 1108  

422 304 2040 90 798 1752 1597 765 7 1148  

447 416 1866 71 795 1948 1726 440 372 744  

472 1814 1342 132 562 2139 1418 100 822 18  

497 4166 391 460 32 2348 382 129 1304 611  

T a b c d e f g h i  

    Ethanol      

 

195 644 536 870 938 1046 208 593 528 245  

218 272 391 687 684 944 74 525 445 53  

241 23 273 559 539 864 6 442 385 129  

263 222 190 485 475 831 51 361 364 298  

286 302 152 462 467 861 81 320 402 448  

309 234 167 484 494 955 115 362 513 549  

332 20 242 542 538 1090 172 518 694 534  

354 512 378 616 581 1201 276 760 878 333  

377 1332 557 655 599 1137 459 933 860 170  

400 2660 644 443 455 514 790 1344 817 493  

T a b c d e f g h i  

    Ammonia     

 

Fig. 7.3 Schematic comparison of AAD obtained for different temperatures specified in
the first column via the predictive models: (a) Eq. (7.9) and molecular surfaces evaluated
via ∆Hnbp, (b) Carruth-Kobayashi, (c) Morgan, (d) Morgan- Kobayashi , (e) Sivaraman, (f)
Fish_Lielmezs, (g) ML-1 , (h) ML-22, (i) ML-23.

As can be seen in figure 7.3, the machine-learning models show in general the most
reliable evaluation of vaporization enthalpy for the whole temperature range.

7.3.2 Estimation of other thermodynamic quantities through the pro-
posed models

One of the main advantages of studying the temperature dependence of vaporization enthalpy
is the provided possibility to estimate all other thermodynamic quantities encountered
in vapor-liquid phase change through them. As the most important example, here we
demonstrate evaluation of solvation free energy, as one of the most extensively applied
thermodynamic quantities. Accurate evaluation of solvation free energy is highly required



132 Practical models for evaluation of V-L phase change thermodynamics

by a very broad range of scientific fields, including but not limited to life sciences [57-60],
nanotechnology [61,62], energy storage [63-65], and many other cutting-edge applications.
Estimation of solvation free energy through temperature dependence of vaporization enthalpy
can be achieved via the Gibbs-Helmholtz relationship defined as:

∆Gsolvation = −T
∫
∆Hvap

T 2 dT , (7.11)

where the constant of integration can be obtained via [38,66]:

Patm =
R Tnbp

Vm,nbp
exp(
∆Gsol,nbo

KTnbp
) . (7.12)

Here, ∆Gsol,nbo which is the solvation free energy at the normal boiling point, is calculated
via atmospheric pressure (Patm), liquid molar volume at the normal boiling point (Vm,nbp)
and normal boiling point temperature (Tnbp). Via the abovementioned calculations, we
studied the predictability of solvation free energies for the experimental data provided by
the Minnesota solvation database [67]. To that end, the vaporization enthalpies predicted via
machine-learning models with IDs 1, 22, and 23 were converted to fourth-order polynomials
by curve fitting and were used to analytically solve the integral in Eq. (7.11).

Via this recipe, we estimated the solvation free energies for 30 compounds which were
common between our studied database and the Minnesota solvation database. The obtained
results are compared with the experimental data in table 7.5. According to these results,
via the vaporization enthalpies predicted by the proposed machine-learning models with
IDs 1, 22, and 23, we could reproduce experimentally determined data of solvation free
energies with AADs of 0.087667, 0.10267, 0.095333 kcal/mol, respectively. According to
our recent review of the state-of-the-art theoretical and empirical approaches applicable to
the evaluation of solvation free energy [19], by at least a factor of two, the newly proposed
machine-learning models provide the most accurate evaluation of solvation free energy.

7.4 Conclusion

In the present study, we introduced practical approaches for an accurate evaluation of
thermodynamic quantities associated with vapor-liquid phase change. We demonstrated the
success of our introduced models in the high accuracy estimation of vaporization enthalpy and
solvation free energy. In addition to correlations that provided a straightforward evaluation of
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Table 7.5 Comparison of experimentally determined and evaluated solvation free energies
obtained through temperature dependence of vaporization enthalpy and proposed machine
learning models.

Compound Exp.  ML-1 ML-22 ML-23 

2-MethylPyridine -5.71  -5.79 -5.79 -5.81 

Acetonitrile -4.85  -4.91 -4.99 -4.92 

AcetoPhenone -7.59  -7.79 -7.77 -7.80 

Aniline -7.61  -7.58 -7.52 -7.60 

Anisole -6.33  -6.45 -6.43 -6.45 

Benzene -4.55  -4.57 -4.57 -4.57 

BromoEthane -3.67  -3.70 -3.71 -3.70 

Bromoform -6.21  -6.33 -6.30 -6.31 

ChloroBenzene -5.66  -5.77 -5.77 -5.79 

Chloroform -4.13  -4.19 -4.20 -4.19 

CycloHexane -4.43  -4.43 -4.44 -4.43 

CycloHexanone -6.25  -6.38 -6.39 -6.40 

2,6-DiMethylPyridine -6.04  -6.13 -6.08 -6.11 

Ethanol -5.04  -5.10 -5.11 -5.10 

EthylBenzene -5.67  -5.76 -5.77 -5.78 

FluoroBenzene -4.60  -4.66 -4.65 -4.66 

2-Propanol -4.82  -5.10 -5.02 -5.03 

IsoPropylBenzene -6.04  -6.11 -6.11 -6.12 

m-Cresol -8.40  -8.29 -8.09 -8.15 

Mesitylene -6.40  -6.53 -6.55 -6.56 

Dichloromethane -3.80  -3.84 -3.83 -3.83 

NitroEthane -5.53  -5.62 -5.71 -5.66 

NitroMethane -5.38  -5.47 -5.55 -5.48 

Pyridine -5.47  -5.55 -5.53 -5.56 

tert-ButylBenzene -6.43  -6.44 -6.39 -6.40 

TetraHydroFuran -4.25  -4.29 -4.29 -4.29 

Toluene -5.12  -5.19 -5.20 -5.21 

TriEthylAmine -4.44  -4.49 -4.49 -4.48 

1,2,4-TriMethylBenzene -6.47  -6.65 -6.67 -6.67 

Water -6.31  -6.44 -6.48 -6.42 
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thermodynamic quantities, we also developed machine-learning models which, unlike other
machine-learning models proposed elsewhere, are not limited to a single temperature and can
be used to predict vaporization enthalpy at various temperatures. We emphasize significant
advantages of machine-learning models: They possess higher flexibility in input variables,
which for some models are more readily available, and yield the highest ever reported
accuracy for prediction of vaporization enthalpy as a function of temperature and solvation
free energy. For the demonstrated advantage of machine-learning models compared to
empirical correlations in the evaluation of vaporization enthalpy, one limitation in employing
those models is the requirement of having technical knowledge for their application. With
that in mind, in the supplementary material, we provide a C++ code with detailed instructions
for a user-friendly and straightforward application of the developed machine-learning models.
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Chapter 8

Publication: Improved prediction of
solvation free energies by
machine-learning polarizable continuum
solvation model

8.1 Scope of the Project

8.1.1 Project overview and motivation:

Continuum solvation models as one of the two major methods to take into account the solvent
effects are extensively required in a wide range of scientific disciplines. The conventional
continuum solvation models available for this purpose typically consider the solvation
free energy as contributions from different energy attributes of the implicitly perturbed
Hamiltonian and ad-hoc integration of them. Additionally, the current continuum solvation
models employ conventional molecular surfaces which as we demonstrated in chapter 5, are
not so efficient in describing the thermodynamics of the condensed phase. As a result, the
conventional continuum solvation models commonly suffer from limited accuracy. With that
motivation, in the current study, we investigated a more rigorous integration of the same
energy attributes of the implicitly perturbed Hamiltonian via machine learning for achieving
higher accuracy and reliability.
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8.1.2 Novelty aspects:

• Introducing ML-PCM as a rigorous machine learning approach to integrate energy
attributes in conventional continuum solvation models

• Improving the accuracy of conventional continuum solvation models by one order of
magnitude

• Providing a highly accurate evaluation of solvation free energy with almost no additional
computational cost compared to conventional models

8.1.3 Connection to other chapters:

The provided machine learning models were developed based on the guidelines proposed
in chapter 6. The general ideal of this project was inspired by studying the implicit solvent
approach in chapter 4. The molecular surfaces employed as inputs of the machine-learning
model were in close connection to the conception of the thermodynamically effective surfaces
in chapter 5. The newly developed method was also the cornerstone of conceiving the
ImPerHam representations in chapter 9.
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Theoretical estimation of solvation free energy by continuum solvation models, as a standard

approach in computational chemistry, is extensively applied by a broad range of scientific

disciplines. Nevertheless, the current widely accepted solvation models are either inaccurate

in reproducing experimentally determined solvation free energies or require a number of

macroscopic observables which are not always readily available. In the present study, we

develop and introduce the Machine-Learning Polarizable Continuum solvation Model (ML-

PCM) for a substantial improvement of the predictability of solvation free energy. The per-

formance and reliability of the developed models are validated through a rigorous and

demanding validation procedure. The ML-PCM models developed in the present study

improve the accuracy of widely accepted continuum solvation models by almost one order of

magnitude with almost no additional computational costs. A freely available software is

developed and provided for a straightforward implementation of the new approach.
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Free energy of solvation is one of the key thermophysical
properties in studying thermochemistry in solution, where
the majority of real-life chemistry happens. In theoretical

studies of solution chemistry, estimation of free energies allows
evaluation of reaction rates and equilibrium constants of physical
or chemical reactions of interest. Nevertheless, direct evaluation
of free energies in solution can be quite challenging since it
sometimes requires appropriate sampling of phase space1–3 and
appropriate treatment of the non-covalent interactions between
the solvent and solute, which can have a remarkable impact on
electronic structures of both the solvent and solute and conse-
quently on the microscopic and macroscopic observables4,5.

Theoretical approaches for evaluating physical chemistry
behind solvation free energy can be generally divided into two
main categories, namely explicit solvent and implicit solvent
approaches. In explicit solvent approaches, solvent molecules are
treated explicitly, and the free energy is typically evaluated by
analyzing the trajectory of time evolution of phase space obtained
via molecular dynamics or Monte Carlo simulations. For that
end, a number of efficient free energy estimators have been
developed in the past decades such as thermodynamic integra-
tion, free-energy perturbation, and histogram analysis methods6.

Despite obvious advantages of applying the explicit solvent
methods such as retaining the physically proper picture of dis-
crete solvent molecules, they suffer by a number of limitations
when applied to free-energy estimation. For example, in case of
applying methods which evaluate the free energy through
alchemical transformations (e.g., thermodynamic integration or
free energy perturbation), defining intermediate states and
pathways between the endpoints appropriately can be quite
tricky7. Also, necessity of employing appropriate force fields,
which for many solute-solvent mixtures requires to develop or
reparametrize a force field, and running the simulations and
trajectory analyses can be laborious and time-taking tasks.

To overcome the mentioned limitations, the implicit solvent
approach has been developed and is widely applied as standard
method for studying solvent effects in computational chemistry.
In implicit solvent approaches, the solvent molecules are treated
implicitly as a continuous medium and the solute is placed in a
cavity of this implicitly defined solvent. The solute-solvent
interactions are then evaluated via considering the solvent
polarization due to the solute charge distribution and its resulting
potential field acting on the solute, known as the reaction field5.
For a moderate level of theory and medium-sized molecules,
implicit solvent approaches can yield a reasonable estimation of
the solvation free energy in few seconds to few minutes on a
normal desktop PC, while for explicit solvent approaches it might
take from hours to days.

The most widely applied implicit solvent approaches are those
based on the so-called polarizable continuum model (PCM)
proposed by Tomasi and co-workers8. In polarizable continuum
models, the solvation free energy is constructed by summing the
contributions of electrostatic interactions including electronic,
nuclear, and polarization interactions (ΔGENP), changes in free
energy by solvent cavity formation, dispersion energy and local
solvent structure changes (GCDS), and corrections for differences
in molar densities in the two phases compared with the standard
state (ΔG�

cons). The contributions of electrostatic interactions are
evaluated by iteratively solving the following relationship:

ΔGENP ¼ hΨ ð1ÞjH þ 1
2
VjΨ ð1Þi � hΨ ð0ÞjHjΨ ð0Þi ð1Þ

which is known as the self-consistent reaction-field (SCRF)
calculations5. Here, superscripts (0) and (1) refer to the gas and
solution phases, respectively, and V is the potential energy
operator resulting from the reaction field. Various constructions

of the potential energy operator as well as GCDS have resulted in
different continuum solvation models. The parallel existence of
several continuum solvation models is a good indicator that each
of them has its own strengths and weaknesses, and choosing a
single, optimal model is not trivial. It is totally impossible to
provide a detailed overview here; a 2005 review of implicit sol-
vation models9 covered 95 pages and cited 936 references. In the
present study, we only consider the most widely used PCM-based
models.

One of simplest and yet successful continuum solvation models
is CPCM which implements the conductor-like screening solva-
tion boundary condition within the PCM framework. In CPCM,
the following correction of the polarization charge densities by
the scaling factor x is employed10:

f ðεÞ ¼ ε� 1
εþ x

ð2Þ

where ε is the solvent dielectric constant. One main advantage of
CPCM is its much simpler defined boundary conditions. More
importantly, unlike more advanced PCM-based models which
require the normal component of the solute electric field as input,
CPCM only requires the solute electrostatic potential; for this
reason it is much less affected by outlying charge errors
(OCE)11,12. A more versatile model exploiting the conductor-like
screening solvation boundary condition is COSMO-RS, devel-
oped by Klamt and co-workers13,14, which although initially
proposed in 1995, still is one of the most accurate available
continuum solvation models. A more sophisticated treatment of
the boundary condition is implemented in the integral equation
formalism of PCM (IEF-PCM) taking into account apparent
surface charge isotropic15 or anisotropic16 dielectric continuum
solvation. Another extensively used continuum solvation model is
the SMx family of methods which specifically focuses on more
accurate estimation of the solvation free energy4,5.

We already discussed the main advantages of continuum sol-
vation models such as their efficiency in terms of computational
cost. Nevertheless, it should be noted that all this has become
possible for a considerable amount of assumptions and simplifi-
cations on the physics of the problem, such as overlooking the
conformational entropy of solvent and solute which can have a
significant contribution on the total free energy17, neglecting the
site-specific solute-solvent interactions and decoupling the polar
and nonpolar components of free energies and considering them
independent, linear and additive18,19. The inaccuracies resulting
from such simplifications are commonly compensated for via
incorporating additional macroscopic observables as well as
adjustable parameters in the solvation models. In the CPCM
model for example, this is achieved by implementing an ad hoc
modification of the atomic radii via defining a number of
adjustable parameters and empirical descriptors, such as the
number of bonded hydrogens and the number of bonded active
atoms10. In the COSMO-RS model, it is achieved by ad hoc
modification of the interaction energies and effective contact area
via some adjustable parameters14.

In contrast, in the SMx family of methods, to provide a more
accurate estimation of the solvation free energy, an ad hoc
modification of the GCDS term in (1) has been proposed. For that
end, employing additional macroscopic observables in the model
has been considered4, including the refractive index, Abraham’s
hydrogen bond acidity and basicity of the solute, macroscopic
surface tension of the solvent at the air/solvent interface at 298.15
K, the square of the fraction of solvent atoms that are aromatic
carbon atoms, and the square of the fraction of solvent atoms that
are F, Cl, or Br. Although these employed macroscopic obser-
vables indirectly introduce more physics into the model and
hence provide the chance to make predictions of solvation free
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energies more universal, except for the last two they are not
readily available for many new compounds and their experi-
mental or theoretical evaluation is not straightforward.

In a number of recent studies, Machine Learning (ML) has
been exploited to map the highly complicated relationship
between solvation free energy and potentially relevant macro-
scopic or microscopic observables.

Wang et al. employed a pool of 30 molecular representations
which all are either per atom reaction field energies or partial
charges, as the input of the learning-to rank (LTR) machine
learning algorithm, resulting in a root mean squared error
(RMSE) of 1.05 kcal/mol18. Borhani et al. developed a QSPR
model which requires 12 experimentally determined properties of
solvent and 9 QM derived representations of solute as model
input, yielding a Mean Unsigned Error (MUE) of 0.43 kcal/mol20.
Hutchinson and Kobayashi proposed a structure property rela-
tionship for prediction of hydration free energy which yields a
RMSE of 1.65 kcal/mol21.

Another recent example is the kernel-based machine learning
model of Rauer and Bereau which is developed to predict the free
energy of solvating small organic molecules containing C, H, O,
and N atoms in pure water via implicit-solvent molecular
dynamics simulations22. For a 39-parameter model they reported
a MUE of 1.06 kcal/mol.

The most recent example of employing machine learning for
prediction of solvation free energy is the model developed by
Vermeire and Green23. Their model is developed based on the
transfer of knowledge learned through one million data of QM
evaluated free energies and fine tuning it to accurately reproduce
the experimentally determined solvation free energies. They
reported a MUE of 0.21 kcal/mol for their model which is cur-
rently the most accurate ever reported result for prediction of
solvation free energy.

In the present study, we propose a machine-learning-based
PCM model, which, similar to other conventional continuum
solvation models, is based on considering the solvent as a con-
tinuous medium and calculating the solvation energy components
of a solute placed in the cavity of this medium by the SCRF
procedure. Nevertheless, unlike the conventional PCM models
which propose simple and ad hoc expressions to integrate and
modify those calculated energy components, we employ machine
learning for this purpose and show its efficiency in substantial
improvements of the predictability of solvation free energy.

Results and discussions
After setting up and training the neural networks and screening the
appropriately trained models via the post-validation strategy dis-
cussed in the previous section, the best results with MUE of 0.52526
and 0.40011 kcal/mol were observed for the computations at
B3LYP/6–31 G* and DSD-PBEP86-D3/def2TZVP levels of theory,
respectively. The two models employed SCRF energy components
and solvation free energy computed via CPCMx=0.5 solvation model
in both cases and 100 and 130 hidden layer neurons, respectively.
These two models are denoted by ML-PCM(B3LYP) and ML-PCM
(DSD-PBEP86) hereafter, respectively. Details of the selected input
variables and implementation instructions for all selected models
are provided in Supplementary Software 1. These results show a
substantial improvement compared to the original continuum sol-
vation model CPCMx=0.5, which for the same dataset yielded MUE
of 3.1611 and 2.9130 kcal/mol, respectively.

In comparison to the SMD model, which for the same dataset
and solvation free energy computations at B3LYP/6–31 G* and
DSD-PBEP86-D3/def2TZVP levels yields MUE of 0.78623 and
0.85396 kcal/mol, respectively, the obtained results still show a
higher accuracy, without requiring additional solvent parameters

needed in the SMD approach. In comparison to the MUE of
0.4214 kcal/mol reported by Klamt and Diedenhofen24 for
employing one of the recent versions of the COSMO-RS model for
the same dataset, the ML-PCM(DSD-PBEP86) provides a slightly
higher accuracy. Also, in terms of maximum unsigned error, the
two ML-PCM models which yield maximum unsigned error of
6.2252and 3.8799 kcal/mol, respectively, are more accurate than
that of COSMO-RS for which this value is 6.8701 kcal/mol. For
other continuum solvation models studied for the same dataset,
the maximum unsigned error of the SMD, PCM, CPCM and
CPCMx=0.5 were 11.311, 12.75, 12.2, 12.6 kcal/mol for B3LYP/
6–31 G* and 11.311, 12.83, 12.31, 12.68 kcal/mol for DSD-
PBEP86-D3/def2TZVP levels of theory, which are all substantially
higher than those achievable by the ML based models.

The higher accuracy of the predicted solvation free energies by
the COSMO-RS model compared to the other conventional sol-
vation models also motivated us to study neural networks which
take SCRF energy components computed via PCM or CPCM
models in addition to the solvation free energies predicted via
COSMO-RS as neural network feeds. For these updates, the best
results with MUEs of 0.26057 and 0.24387 kcal/mol and max-
imum unsigned errors of 7.1349 and 2.9154 kcal/mol were
obtained for energy components calculated via CPCMx=0.5 and
CPCM solvation models, 130 and 120 hidden layer neurons, and
computations at B3LYP/6–31 G* and DSD-PBEP86-D3/
def2TZVP levels of theory, respectively. These two models, which
are denoted by ML-PCM/COSMO-RS(B3LYP) and ML-PCM/
COSMO-RS(DSD-PBEP86) hereafter, respectively, show a
remarkable improvement in predicted solvation free energy
compared to those obtained via the original implementation of
COSMO-RS reported by Klamt and Diedenhofen24. This implies
considerable flexibility of the proposed approach in improving
accuracy of various solvation models. Nevertheless, it should be
noted that the solvation free energies evaluated by COSMO-RS
which were used as additional model inputs in the present study
were evaluated using the 2015 version of that method. Using free
energies evaluated by more recent versions of COSMO-RS and
also the energy terms computed with this method, will probably
result in more accurate predictions of the solvation free energy by
the presented ML-PCM.

As the most important parameter in developing ANN models,
we studied the impact of the selected number of hidden layer
neurons on the performance of the developed machine learning
models. As can be seen in Fig. 1, by increasing the number of
hidden layer neurons, the predictability of the solvation free
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Fig. 1 MUE of developed ML-PCM/COSMO-RS(B3LYP) models versus
the number of hidden layer neurons. The general trend shows the reducing
pattern in MUE with increasing the size of the neural network model.
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energy is generally improved. This is due to the larger number of
adjustable parameters of the resulting models and their conse-
quently higher flexibility to map complicated functionalities.
However, at the same time this may reduce the extrapolation
capability of the model, i.e., it may reduce performance when
applied to samples remarkably different from those already
examined in developing the models.

To investigate the impact of the number of hidden layer neu-
rons on extrapolation performance of the models developed in
the present study, we re-examined the trained models for out-of-
sample predictions, following the approach proposed by Ver-
meire and Green23. For that end, we compared the results of
models for which a group of samples with either a specific ele-
ment or a specific solvent were included in the training dataset
with the same models trained with a dataset excluding that spe-
cific group of samples. We studied out-of-sample prediction
performance for 20 solvents and 6 solute elements most fre-
quently encountered in our studied dataset. The obtained results
are reported in Tables 1 and 2. According to the results, the
developed models show an excellent extrapolation capability for
out of sample predictions of solvent splits, while for the element
splits, the extrapolation is slightly less accurate. Furthermore,
except for the element Br, the out-of-sample predictions tested for
ML-PCM/COSMO-RS(B3LYP) are within chemical accuracy.

A comparison of predicted and experimentally determined free
energies is depicted in Fig. 2. As can be seen, the linear correlation

between the predicted and reference data is more evident for the
newly derived models, compared to the conventionally accepted ones.

The overall results obtained via newly developed ML models
are compared with various other models proposed in the litera-
ture in Table 3. Although a more informative comparison would
be possible if different models were compared for the same
dataset and, if applicable, the same level of theory, the larger size
of the benchmark dataset used in the present study compared to
most of the other works confirms the superior accuracy of the
newly proposed method compared to the majority of the widely
accepted ones. In comparison to the model developed by Ver-
meire and Green23 which yields MUE of 0.21 kcal/mol, our
results are slightly less accurate, but it should be noted that our
results are obtained for a much lower number of neurons and
model parameters.

Furthermore, it should be noted that the inaccuracies inherent in
the reference data of solvation free energies (Aleatoric uncertainty)
can also impact both the training efficiency and inferences about
model performances, as pointed out by Vermeire and Green23.

To summarize, we have demonstrated substantial improve-
ments of continuum solvation models in evaluating solvation free
energy with the help of machine learning. For that end, we pro-
posed a more versatile machine learning assisted integration of the
continuum solvation energy components calculated in SCRF
computations which can be used to modify the predicted solvation
free energy by various solvation models. It allowed us to achieve

Table 1 Out-of-sample predictions for solvent splits.

ML-PCM/COSMO-RS(B3LYP) ML-PCM/COSMO-RS(DSD-PBEP86)

Solvent Nr. Samples MUE (solvent included) MUE (solvent excluded) MUE (solvent included) MUE (solvent excluded)

Water 261 0.13921 0.53856 0.12724 0.52107
n-Octanol 199 0.21116 0.40528 0.19416 0.34079
n-Hexadecane 184 0.47931 0.63312 0.42914 0.38652
Chloroform 102 0.2962 0.33126 0.27975 0.28894
CycloHexane 88 0.27941 0.30729 0.30521 0.35877
CarbonTetraChloride 73 0.37704 0.38958 0.30407 0.31146
Benzene 71 0.21953 0.24581 0.37323 0.52627
DiethylEther 66 0.23975 0.29187 0.22181 0.22156
Heptane 64 0.41215 0.4795 0.2033 0.19233
n-Hexane 57 0.19548 0.19648 0.28332 0.3775
Toluene 49 0.22219 0.20023 0.31435 0.33986
Xylene-mixture 46 0.25694 0.22309 0.27209 0.27789
DiChloroEthane 37 0.38469 0.49085 0.22075 0.28748
n-Decane 37 0.21171 0.25761 0.15559 0.17148
ChloroBenzene 36 0.2183 0.2374 0.20119 0.22425
n-Octane 35 0.13265 0.13455 0.17431 0.19447
2,2,4-TriMethylPentane 32 0.2097 0.20388 0.23426 0.23618
EthylBenzene 27 0.20878 0.23166 0.20471 0.24331
BromoBenzene 24 0.16054 0.22188 0.13648 0.18478
Decalin-mixture 24 0.39408 0.44484 0.31164 0.33004

Table 2 Out-of-sample predictions for element splits.

ML-PCM/COSMO-RS(B3LYP) ML-PCM/COSMO-RS(DSD-PBEP86)

Element Nr. Samples MUE (element included) MUE (element excluded) MUE (element included) MUE (element excluded)

N 611 0.25549 0.40139 0.25486 0.37139
F 81 0.29188 0.38812 0.32345 0.48087
P 62 0.12927 0.64773 0.20648 0.95936
S 91 0.26592 0.50868 0.29104 0.53079
Cl 174 0.25295 0.5194 0.17956 0.47383
Br 102 0.25005 1.4559 0.26268 0.91972

ARTICLE NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-021-23724-6

4 NATURE COMMUNICATIONS |         (2021) 12:3584 | https://doi.org/10.1038/s41467-021-23724-6 | www.nature.com/naturecommunications

144 Publication: ML-PCM



accurate predictions of solvation free energy with MUE as low as
0.2439 kcal/mol for a large dataset of 2493 binary mixtures of 435
neutral solutes and 91 solvents from diverse chemical families.

Methods
Dataset. To benchmark our results, we used the solvation free energy data of 2493
binary mixtures of 435 neutral solutes and 91 solvents from diverse chemical
families available in the Minnesota solvation database4. The full list of the studied
samples can be found as Supplementary Data 1.

Computational details. The performance of models is reported as mean unsigned
error (MUE) and root mean squared error (RMSE) defined as:

MUE ¼ 1
N
∑ yexpi � ypredi

���
���

� �
ð3Þ

RMSE ¼ 1
N
∑ yexpi � ypredi

� �2
� �� �1

2 ð4Þ

where yexpi and ypredi are experimentally determined and predicted solvation free
energies, respectively.

Prior to SCRF computations, all solute geometries were optimized in vacuo at
the B3LYP/6-31 G*level of theory. Using the optimized structures, the SCRF
principal energy components listed in Table 4 were computed for each compound
at the B3LYP/6-31 G* and DSD-PBEP86-D3/def2TZVP levels of theory. The latter
method as a double hybrid has been shown to yield more precise charge
distributions and energy estimations compared to lower-rung DFT or MP2
methods, for a cost comparable to that of the MP2 calculation25.

The SCRF energy components listed in Table 4 were computed for two widely
accepted polarizable continuum models, namely the IEF-PCM and CPCM, as
implemented in Gaussian 16 (ref. 26). For CPCM, the default value of zero is
considered as the scaling factor x in relationship (2). However, a value of 0.5 has
been shown to be a more reasonable choice for this scaling factor11,27. Therefore, in

addition to the default implementation of CPCM in Gaussian 16, we also employed
a CPCM model with a scaling factor of x=0.5 and denote it by CPCMx=0.5. For
that, we replaced the original dielectric constant of the solvent with an effective
dielectric constant eεðε; xÞ calculated via:

eεðε; xÞ ¼ εþ x
xþ 1

ð5Þ

as suggested by Klamt et al.11. For comparison purposes, we also calculated the
solvation free energy via the SMD approach.

We employed feed-forward neural networks to map the relationship between
the solvation free energy and the calculated SCRF energy components, which in
addition to the solvation free energy estimated by the applied continuum solvation
model and to the dielectric constant of the solvent, comprised our model inputs.

The obtained pool of model inputs was further screened using the Minimum
Redundancy and Maximum Relevance (MRMR) algorithm28 resulting in various
8–16 membered combinations of those variables. MRMR is a highly efficient
algorithms for selecting most effective sets of variables for developing robust
machine-learning-based models29. For each number of selected variables, 25
different settings of the MRMR algorithm were applied, distinguished by the
employed quantization level, level of dependency, forward or backward variable
selection and considering pseudo-samples based on Bayesian statistics or not28. In
many cases, this resulted in diversely selected set of variables, even for the same
applied level of theory and continuum solvation model.

In the next step, various configurations of neural network models were set up
and their reliability were examined with a demanding procedure based on the
guidelines presented in a previous study30. Accordingly, we assigned large parts of
the dataset for test (25%) and validation (15%), and only 60% of the dataset
compounds were used for training the models.

To improve the transferability of the developed models for out-of-sample
predictions, validation and test sets were selected in a way to include either solvent
or solute elements not available in the training set.

We employed Levenberg-Marquardt backpropagation and Gradient descent
backpropagation training algorithms, and hidden layer transfer functions of the
logarithm-sigmoid and tangent-sigmoid types31. We only employed neural
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Fig. 2 Comparison of experimentally determined and predicted solvation free energies for various solvation models. The results show a higher
correlation between the experimentally determined and predicted data for the proposed machine learning solvation models compared to the SMD or
COSMO-RS models.

NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-021-23724-6 ARTICLE

NATURE COMMUNICATIONS |         (2021) 12:3584 | https://doi.org/10.1038/s41467-021-23724-6 |www.nature.com/naturecommunications 5

8.2 Publication Data and Reprint 145



networks with one hidden layer and 1 to 140 neurons in the hidden layer, with
intervals of 10 neurons for ANNs with more than 50 neurons in the hidden layer.
For each neural network configuration, training was carried out for 60 randomly
selected training, validation and test sets, and for each one 40 different
initializations of weight and bias constants of the neural networks were made.
Above all, to avoid getting misleading data affected by favorable or unfavorable
division of dataset into training, validation and test sets, the post validation strategy
proposed in a previous study30 was carried out. Accordingly, during the initial
training of the neural networks, for the models which yielded mean absolute
percentage errors lower than 22%, the final optimized weights and bias constants of
the neural network models were recorded. These recorded constants were used as
the initial guess to train, validate and test the same neural network configurations
but under 100 different randomly selected training, validation and test sets. The
models for which in at least 80 out of 100 iterations their test and training sets

errors had the same means and variances as evaluated by the two sample t-test
method with 5% significance level were considered as reliably trained models. For
them, the average of the ANN-predicted results in all repeats were reported as the
performance of that model. Setting up and running the neural network models
were implemented in Matlab software. A freely available C++ code for practical
use of our proposed ML-PCM models, with detailed user instructions, is provided
in Supplementary Software 1.

All the computations were carried out on the High Performance Computing
center clusters of the Christian-Albrechts-University of Kiel.

Data availability
All data produced in this study are available and can be provided by contacting the
corresponding author.

Code availability
The source file of the C++ code developed for implementing the proposed method with
detailed used instructions are available in Supplementary Software 1 or can be provided
by contacting the corresponding author.
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Chapter 9

Implicitly perturbed Hamiltonian: a new
class of molecular representations for
machine learning

Project overview and motivation:

Molecular representations play the central role in the machine-learning study of molecular
sciences. The most extensively applied molecular representations currently available, suffer
from a number of limitations such as not being transferrable, limited accuracy and domain
of applications, and non-physical functional form. With that motivation and inspired by
the machine-learning model introduced in chapter 8, in this project we propsoed Implicitly
Perturbed Hamiltonian (ImPerHam) as a new class of molecular representations to address the
limitations of the conventional representations. We studied machine-learning models based
on ImPerHam for three challenging and diverse case studies namely predicting inhibition of
the CYP450 enzyme, high precision and transferrable evaluation of configurational energy
of molecular systems and accurately reproducing solvation free energies.

Novelty aspects:

• The newly defined molecular representations

• Providing a machine-learning model for reliably predicting inhibition of the CYP450
as an important consideration in drug design
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• Providing machine-learning models for accurately estimating solvation free energies
with significantly higher accuracies and lower computational cost compared to the
conventional methods

• Providing machine-learning models for improving the accuracy of GFN2-xTB method
in the evaluation of molecular energies by one order of magnitude

Connection to other chapters:

The provided machine-learning models were developed based on the guidelines proposed
in chapter 6. The general idea of ImPerHam representations was inspired by the method
introduced in chapter 8 and the knowledge acquired by studying implicit solvent models in
chapter 4.

Contributions:

Conceiving the idea of ImPerHam representations, major contribution in method development,
carrying out all the computations, major contribution in writing the manuscript.

Publication status:

This work is in the submission process and its preprint is available online (DOI:10.33774/
chemrxiv-2021-6kqbw).

 DOI:10.33774/chemrxiv-2021-6kqbw 
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Abstract

Unraveling challenging problems by machine learning has recently become a hot topic
in many scientific disciplines. For developing rigorous machine-learning models to study
problems of interest in molecular sciences, translating molecular structures to quantitative
representations as suitable machine-learning inputs play a central role. Many different molec-
ular representations and the state-of-the-art ones, although efficient in studying numerous
molecular features, still are suboptimal in many challenging cases, as discussed in the context
of the present research. The main aim of the present study is to introduce the Implicitly
Perturbed Hamiltonian (ImPerHam) as a class of versatile representations for more efficient
machine learning of challenging problems in molecular sciences. ImPerHam representations
are defined as energy attributes of the molecular Hamiltonian, implicitly perturbed by a
number of hypothetic or real arbitrary solvents based on continuum solvation models. We
demonstrate the outstanding performance of machine-learning models based on ImPerHam
representations for three diverse and challenging cases of predicting inhibition of the CYP450
enzyme, high precision, and transferrable evaluation of conformational energy of molecular
systems, and accurately reproducing solvation free energies for large benchmark sets.

9.1 Introduction

Employing machine learning for studying complicated scientific challenges has recently
become a widely accepted approach in science. As a continuously growing field, machine
learning has become a promising tool in studying many diverse areas in molecular sciences,
ranging from major topics in life science such as synthetic biology [1], genomics [2], drug
discovery [3], and cell biology [4], to major sub-fields of chemistry such as theoretical [5],
organic [6], quantum [7,8], polymer [9] and synthetic [10] chemistry.
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Despite this diversity in applications, at the heart of all machine-learning approaches
in molecular sciences is a reliance on translating molecular structures to quantities under-
standable by the machine-learning process. These quantities, which are commonly known as
molecular representations in computational chemistry and molecular descriptors in chem-
informatics, are uniquely defined and are considered as molecular fingerprints. With the
molecular representations defined, the main role of machine learning is then to learn the
relationship between those representations and the properties of interest.

The earliest example of employing molecular representations for estimating materials
properties, to our knowledge, is the group contribution method proposed in the middle of the
last century [11]. This method considers a linear or non-linear dependency between molecular
properties and the functional groups present in molecules. The success of this simply defined
representation in predicting many properties of chemicals for several decades [12-19] has
motivated its employment for approximating potential energies of molecular ensembles
[20-23], as one of the most extensively studied and, at the same time, most challenging
applications of machine learning in theoretical and quantum chemistry [24,25]. Nevertheless,
achieving high accuracy in challenging problems like predicting of conformational energy of
molecular systems typically requires more versatile molecular representations. To that end,
a number of efficient representations have been proposed and widely used in recent years,
such as atom-centered symmetry functions [26], the bispectrum of the neighbor density [27],
smooth overlap of atomic positions [28], and the Coulomb matrix [29]. The popularity of
these representations mainly stems from their remarkably fast and straightforward acquisition,
typically requiring only elementary calculations on the geometrical data of the molecules.

These more advanced representations, despite being more efficient compared to elemen-
tary representations like functional group numbers and types, still suffer from the limited
utility in studying many challenging and complicated problems of interest.
For machine-learning evaluation of conformational energies via those representations, de-
spite several decades of progress, achieving quantum-chemical accuracy still has typically
remained limited to simple molecular systems consisting of very few atom types [26,30-34].
As the other limitation, the application of machine-learning models based on employing
the commonly applied representations is usually restricted only to the specific systems for
which they were developed. This makes it necessary to re-train those machine-learning
models for new systems, which is a highly demanding task. Finally, the currently defined
representations mainly follow non-physical functional forms which result in very limited
extrapolation capabilities [35].
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For machine-learning evaluation of solvation free energy via conventional representations,
in addition to the abovementioned limitations, the results obtainable via most of the currently
developed models are still beyond chemical accuracy, as recently reviewed by us [36].

All these issues imply the necessity and importance of developing novel and more
efficient representations, capable of addressing the above-mentioned shortcomings. For
that purpose, appropriate representations have to satisfy a number of prerequisites such
as invariance with respect to translation or rotation of the origin of the coordinate system,
invariance to permutation of atoms of the same element, and yielding a unique or constant
number of quantities independent of number and type of atoms in the system [34]. Ideally,
representations should also allow transferability of machine-learning models to new systems,
generate a large number of quantities to enhance machine-learning efficiency for diverse
complicated properties of interest, and be physically interpretable.

With all these considerations, the main aim of the present study is to introduce the
Implicitly Perturbed Hamiltonian (ImPerHam) as a new class of molecular representations to
fulfill all the above-mentioned requirements.

The general idea behind ImPerHam originates from our recently developed machine-
learning model for the evaluation of solvation free energy [37]. In that work, we employed
machine learning for a more rigorous integration of the continuum solvation energy compo-
nents. To that end, in addition to cavity geometrical data, we also employed energy attributes
of Hamiltonian perturbed by the implicitly defined solvent as inputs of machine-learning
models.

The outstanding efficiency of implicitly perturbed Hamiltonian energy attributes in
characterizing the highly challenging case of solvation free energy reported in our recent
study [37] motivated us to employ similar quantities computed not only for a single solvent
of interest but also for a diverse set of other implicitly defined solvents and use them as
molecular representations for other purposes as well.

To clarify the general idea behind the ImPerHam representations, we discuss the eval-
uation of solvation free energy of methane in water as an example. For that purpose, the
conventional approaches require computing energy attributes of the methane Hamiltonian
implicitly perturbed in water and integrating them based on the conventional approaches
in continuum solvation models or via our recently proposed machine-learning model [37].
Based on the new approach, however, we still employ those energy attributes but computed
for methane dissolved a number of other arbitrary real or hypothetic solvents and use them
as molecular representations for methane.

An obvious advantage of ImPerHam representations stems from the provided possibility
of generating an unlimited number of representations via an unlimited choice of solvents.
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More importantly, the generated representations are actually thermodynamic quantities
attributed to energy and free energy. Considering that based on the foundations of thermody-
namics, the majority of system properties and thermodynamic quantities can be expressed
as functions of energy and free energy, the representations based on these energy functions
can be theoretically related to most properties of interest. For this reason, ImPerHam repre-
sentations can be expected to perform better than the traditional representations mentioned
above, which have less direct and less clear-cut relations to the properties of interest. As
another direct result, although an unlimited number of solvents can be defined and employed
to generate ImPerHam representations, as will be shown later in the present study, even very
few arbitrary but diversely defined solvents can yield efficient machine-learning models for
the diverse challenging problems considered in the present study.

The ImPerHam representations can be generated and studied using low-cost quantum me-
chanical computations or conventional polarizable force fields, which allows fast evaluation
of those representations. Nevertheless, the computational cost of generating the ImPerHam
representations can be somewhat higher than for other conventional representations discussed
earlier. Despite this higher computational cost of computing ImPerHam representations,
considering that the developed models based on them are highly transferable and do not
require demanding re-training for new systems, we can still consider them an economic and
reasonable choice.

In the present study, we demonstrate the efficiency of the machine-learning models
based on ImPerHam representations in studying three challenging and extensively required
problems in molecular sciences.
The first case study is the prediction of inhibition of a cytochrome P450 (CYP450) enzyme by
small molecules. Prediction of CYP450 inhibition by potential drug candidates is a mandatory
consideration in drug discovery, due to the crucially important role of these enzymes in
metabolizing the majority of the drugs currently found in the market [38]. Inhibition of
CYP450 by potential drugs can result in their accumulation in the body and increase the risk
of drug-drug interactions [39]. Mibefradil and Cerivastatin are two examples of commercial
drugs which have previously retracted from the market for this reason [40,41]. On the
other hand, targeted inhibition of specific cytochromes has been proposed as an effective
treatment strategy, as has been demonstrated for metastatic prostate tumors [42]. In the
present study, we develop machine-learning models to predict inhibition of CYP450 1A2
as one of the important CYP450 members present in the liver. The structure of human
microsomal CYP450 1A2 obtained by Sansen et al. [43] is depicted in figure 9.1.

In addition to inhibition of a CYP450 enzyme by machine-learning, we also investigate
the performance of ImPerHam representations in the machine-learning evaluation of solvation
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Fig. 9.1 Structure of human microsomal CYP450 1A2 enzyme.

free energy as well as conformational energy, benchmarked for large datasets. These case
studies are not only among the most challenging problems in computational chemistry but
also are extensively required in a wide range of scientific fields which makes them ideal for
benchmarking the new representations.

9.2 Computational details

9.2.1 Benchmark sets

To be able to make a reliable evaluation of the newly proposed representations, we employed
large benchmark sets commonly applied for each studied application.
Accordingly, for studying the inhibition of the CYP450 enzyme we exploited the benchmark
set provided by Novotarskyi and co-workers for comparing different machine-learning models
proposed for the same purpose [44]. We used the same compounds considered by them as
training and test datasets to train and validate our model, which included 3745 and 3740
samples, respectively. Note that this benchmark data re-use implies that we have not done
any molecule-protein docking calculations ourselves, but instead employed machine learning
based on our ImPerHam representations to reproduce the inhibitor/non-inhibitor classification
contained in this benchmark set (cf. subsections 9.2.2 and 9.2.3).

To benchmark our newly proposed representations in reproducing high-quality molecular
energies, we exploited CCSD(T) reference energies computed for multiple configurations
of 3525 dimers provided in the DES370K database [45]. To reduce the computational cost
of model development, we randomly selected roughly half of the available dimers a priori,
which yielded a dataset containing 1155 neutral, 390 positively charged, and 177 negatively
charged dimers. From the available conformers of each one of the selected dimers, five were
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selected for developing the machine-learning models, linearly distributed between the highest
and lowest energy conformers.

For studying the predictability of solvation free energies, the efficiency of the developed
machine-learning models was benchmarked using the Minnesota solvation database [46]
containing 2493 reference solvation free energy data for binary mixtures of 435 solutes and
91 solvents.

The accuracy of the developed models is reported as the mean unsigned error (MUE) in
kcal/mol, defined as:

MUE =
1
N

∑(∣∣∣∣yexp
i − ypred

i

∣∣∣∣) . (9.1)

9.2.2 Generating representations

We generated ImPerHam representations by perturbing the Hamiltonian via the analytical
linearized Poisson-Boltzmann (ALPB) solvation model [47], as implemented in Grimme’s
Semiempirical Extended Tight-Binding Program Package [48] (xTB). The quantum-mechanical
computations were carried out with the GFN2-xTB semiempirical method [49], for fast and
computationally inexpensive acquisition and reasonable estimation of the studied energy
attributes.

For each molecule in the vacuum state as well as in implicitly defined acetone, acetonitrile,
benzene, hexane, water, ether, ethyl acetate, 1-octanol, and phenol solvents, the Hamiltonian
energy attributes listed in table 9.1, were computed with original parameterizations as
provided in xTB [48]. This constituted the initial pool of representations.

These solvents were selected from a wider choice of available solvents parameterized in
xTB, with the intention to span a diverse range of dielectric constants. Nevertheless, any real
or hypothetic solvent with an arbitrary or actual dielectric constant can also be used for this
purpose, resulting in a wide range of relevant representations and higher flexibility of the
machine-learning models to evaluate different quantities. This limited number of solvents
was considered only to present the approach and efficiency of the proposed representations
and as proof of concept.

For the computed Hamiltonians, the energy attributes reported in table 9.1 were con-
sidered as potentially relevant representations. Nevertheless, many other relevant energy
attributes can also be defined and employed for this purpose.

For the machine-learning models developed to approximate conformational energies
via ImPerHam representations, among the 5 selected configurations of each individual
dimer, the conformation with the lowest energy was considered as the reference and its



9.2 Computational details 157

Table 9.1 List of energy components of the implicitly perturbed Hamiltonian employed as
molecular representations.

1 Total energy 

2 Total free energy without cavity and hydrogen bonding contributions  

3 HOMO-LUMO gap 

4 HOMO orbital eigenvalue 

5 LUMO orbital eigenvalue 

6 SCC energy 

7 Gibbs free energy (total) 

8 Gibbs free energy (electric) 

9 Gibbs free energy (cavitation) 

10 Gibbs free energy (hydrogen bond) 

11 Free energy shift for infinite dilution 

12 Gradient norm         

13 Isotropic electrostatic energy 

14 Anisotropic exchange correlation 

15 Isotropic exchange correlation 

16 Dispersion energy 

17 Repulsion energy  

18 Atomization energy 
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energy was set to zero. The energies of the other conformations of the same dimer were
also corrected accordingly. This merely is the standard practice in most computational
chemistry applications, to get away from total energies (that are irrelevant in most cases, and
also frequently method-dependent). Here it focuses the machine-learning approach on the
relevant relative energies between conformers.

By the above-mentioned treatment of the CCSD(T) conformational energies, the com-
puted representations also were corrected the same way, i.e. the deviations of computed
representations for each conformer with respect to the one with the lowest total energy were
considered as the inputs to the machine-learning models.

For evaluation of solvation free energies, considering that the reference data were defined
as the difference between the free energies of two liquid and gas states, we did not employ
the same modification of energy and representations. However, in addition to the computed
ImPerHam representations, we also considered the dielectric constant of solvents in each
solute-solvent mixture as additional model input, to characterize the specific solvent under
study, similar to conventional continuum solvation models and our recently developed
machine-learning model [36].

To compare the accuracy of solvation free energies obtained by machine learning with
those obtained via conventional solvation models, we also computed the solvation free
energies via the widely-accepted SMD [50], PCM [51], and CPCM [52] continuum solvation
models at the B3LYP/6-311+g(2d,p) level of theory in Gaussian 16 [53]. To that end, the
geometry of the solutes was first optimized and then used for the computation of solvation
free energy.

9.2.3 Developing machine-learning models

For more efficient and tractable training of machine-learning models, we employed variable
selection as a commonly used approach in developing machine-learning models. To that
end, the initial pool of computed representations was screened employing the MRMR
variable selection algorithm [54] to yield different sets of input variables containing 4 to 45
representations.

After computation and screening of the required representations based on the above
recipe, the machine-learning models taking those representations were set up to study the
applications of interest.

Considering that the inhibition of CYP450 enzyme by potential drug candidates is
a classification problem, i.e. the role of machine learning is only to classify the studied
molecules as inhibitor or non-inhibitor, we employed the Support-Vector-Machine (SVM)
classification [55] as a rigorous machine-learning method developed for this purpose. To that
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end and to be able to make a reliable comparison to the large number of machine-learning
models studied by Novotarskyi et al. [44] for the same purpose, we used the same training
and test samples employed in that work.

For evaluation of conformational energy and solvation free energy, we employed artificial
neural networks as a highly efficient machine-learning tool to map the dependency between
required quantities and the proposed representations. To that end, training of the ANN
models was carried out based on the guidelines provided in our recent study [56].

Accordingly, we assigned 60% of the dataset for training, 15% for validation, and 25%
for testing the machine-learning models. We only studied small neural networks with one
hidden layer and a very limited number of neurons. The upper limit of the selected number of
neurons was assigned to allow having roughly 10 training samples or more per ANN constant.
In many neural network models, much lower ratios of training samples to ANN constants are
commonly employed, which can result in much higher accuracies for the obtained results.
However, this may lead to reducing the extrapolation capability of the neural networks [56].
Therefore, we only considered a limited number of neurons with the upper limit discussed
above.

For the machine-learning models developed to evaluate conformational energies, training,
validation, and test sets were assigned based on the individual dimer types and not individual
conformers, to avoid unreliable high-accuracy results due to interpolation. In other words,
if a dimer was assigned to a training, validation, or test set, all its conformers were also
assigned to the same set.

9.3 Results and discussion

9.3.1 Evaluation of CYP450 inhibition

By training SVM models via 3745 training samples provided by Novotarskyi et al. [44],
the predictability of inhibitor activity of 3740 test set molecules was evaluated using the
developed machine-learning models. According to the results, the best prediction of inhibitor
activity for the training samples was observed for an SVM model that employed 16 rep-
resentations as model inputs. Via this model, the inhibitor activity of test set compounds
could be predicted with 79.6% accuracy which is very close to the results reported for the
same datasets by the most accurate models studied by Novotarskyi et al. [44]. However, the
models studied by Novotarskyi et al. employed a much greater number of representations,
ranging from several hundred to roughly five thousand representations.
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Considering that our employed representations are generated only for a few solvents, it is
expected that for further extensions of the number of solvents, a more accurate evaluation of
CYP450 inhibition can be achievable.

9.3.2 Machine-learning approximation of conformational energies via
ImPerHam representations

By employing the GFN2-xTB semiempirical method to approximate relative energies of
different conformers, we initially obtained an MUE of 22.164 kcal/mol compared to the
CCSD(T) reference energies.
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Fig. 9.2 Comparison of reference CCSD(T) energies for dimer conformers with energies
evaluated by machine learning based on ImPerHam representations and computed by GFN2-
xTB, respectively. Employing machine learning and ImPerHam representations improves the
MUE from 22.164 kcal/mol to 1.400 kcal/mol, as a single-number measure of the overall
deviation from the ideal line indicated in these two graphs.

Despite this large MUE of the originally evaluated energies by GFN2-xTB computa-
tions, a remarkable improvement in the accuracy of predicted energies was achieved via the
developed machine-learning models based on different combinations of ImPerHam repre-
sentations. According to the results, the studied machine-learning models could yield an
MUE of 1.400 kcal/mol via a neural network model taking 38 ImPerHam representations
as model inputs and 16 neurons in the hidden layer. These results show an improvement in
originally computed energies based on the GFN2-xTB method by one order of magnitude.
A comparison of the reference CCSD(T) configuration energies and the machine-learned
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and GFN2-xTB computed ones are depicted in figure 9.2. As a further illustration, for the
three dimers with the greatest energy variations between their conformers, the CCSD(T)
energies are compared with machine learning and GFN2-xTB evaluated energies in different
conformers in figure 9.4.

9.3.3 Machine-learning estimation of solvation free energies via ImPer-
Ham representations

Among the studied machine-learning models for estimation the solvation free energies, the
best result was obtained for a neural network with only 5 neurons in the hidden layer and 22
ImPerHam representations and solvent dielectric constants as model inputs. For this model,
we obtained an MUE of 0.545 kcal/mol. Compared to the accuracy of the original ALPB,
for which an MUE of 1.4 kcal/mol has been reported [47], our results show a substantial
improvement by almost a factor of three. Further comparison of the obtained results with
conventionally accepted continuum solvation models is reported in table 9.2. According to
these results, the machine-learning evaluation of the solvation free energy via ImPerHam
representations is significantly more accurate than SMD, PCM, and CPCM as the most
extensively applied continuum solvation models, though obtained for a computational cost
reduced by several orders of magnitude (a few seconds compared to several minutes to hours
on a normal desktop PC). The distribution of solvation free energies predicted via the newly
proposed machine-learning method and by the SMD solvation model, in comparison to
experimentally determined data, is depicted in figure 9.3.

Among the other solvation models reported in table 9.2, only for the commercially
available COSMO-RS solvation model higher accuracies have been reported. However, it
should be noted that the results reported here are presented only as proof of concept. By
trying more extensive sets of solvents, larger neural networks, and more demanding training
of neural network models to search for the global minimum in the evaluated MUE, more
accurate results by the machine-learning models are expected to be achievable.
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Fig. 9.3 Comparison of solvation free energies predicted via ML and SMD methods and
experimental data.

Table 9.2 Comparison of the results of the new method with other models for solvation free
energy prediction.

Method Source Nr. 

Samples 

Nr. 

Solvents 

Nr. 

Solutes 

Deviation 

measure 

Deviation 

(kcal/mol) 

Machine learning Present study 2493 91 435 MUE 

RMSE 

0.545 

0.739 
COSMO-RS Klamt-Diedenhofen [57] 2346 91 318 MUE 

RMSE 

0.42145 

0.69644 
SM12 Marenich et al. [58]  2403 91 352 MUE 0.5457-0.6717 

DCOSMO-RS Klamt-Diedenhofen [57] 2346 91 318 MUE 

RMSE 

0.6584 

0.99724 
Feature Functional Theory Wang et al. [59]   668 1 (water) 668 RMSE 1.05 

kernel-based ML Rauer-Bereau [60] 355 1 (water) 355 MUE 1.06 

atoms-in-molecules ANN Zubatyuk et al. [61] ― ― 414 MUE 1.1 

Structure-Property Relationship Hutchinson-Kobayashi 

[62] 
― 1 (water) ― RMSE 1.65 

SMD Present study 2493 91 435 MUE 

RMSE 

0.78623 

1.1633 
CPCM  Present study 2493 91 435 MUE 

RMSE 

2.6942 

3.1733 
PCM  Present study 2493 91 435 MUE 

RMSE 

2.9054 

3.3948 
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9.3.4 Analysis of the performance of studied solvents and representa-
tions

As discussed in section 9.2.2, we considered the gas medium as well as 9 solvents, which
provided a diverse range of dielectric constants and therefore different perturbations of
the molecular Hamiltonians. The resulting energy attributes were considered as inputs for
machine-learning models. The studied representations introduced in table 9.1 were also a
very limited subset of potential energy attributes that could be defined and used as molecular
representations. By analysis of those developed models that were among the top 10% of all
studied models in terms of accuracy, we investigated the performance of individual solvents
and representations.

The percentage of presence of each one of the studied mediums in the selected models
with the highest accuracies is depicted in figure 9.5.

As can be seen in figure 9.5, the most effective perturbing mediums are not the same
in different case studies. For example, while the energy attributes perturbed by benzene
are available in 96% and 92% of the most effective machine-learning models developed
for evaluating molecular energies and CYP450 inhibition, respectively, they are present
in only 30% of the models which are effective in the estimation of solvation free energy.
Additionally, the unperturbed Hamiltonian energy attributes as well as those obtained via
perturbed Hamiltonian by ethyl acetate, water, and octane, are the most efficient ones in all
considered case studies. The other interesting observation here is that all the studied solvents
are employed in at least one-third of the models.

The percentage of presence of considered energy attributes listed in table 9.1 in the
selected models is reported in table 9.3. Similar to the studied solvents, here also these
results show the significant diversity in the efficiency of various energy attributes depending
on the application. For example, while the representation with id equal to 2 is present in
87.5% of the accurate models developed for evaluation of molecular energies, it has not been
employed in any of the selected models for evaluation of solvation free energy or inhibition
of CYP450. Similarly, in all case studies, we can find solvents or representations which are
present in all of the selected models. Therefore, studying a wider range of potential solvents
or representations gives both high flexibility of ImPerHam representations in studying various
problems and allows for achieving higher accuracies.

As can be seen in figure 9.5, accurate prediction of solvation free energy by machine-
learning models can be achieved for a significantly lower number of solvents. The potential
reason for that can be attributed to the fact that solvation free energy mainly depends on
the dielectric constant of the solvent and the geometrical shape of the solute molecules
[63]. While the former is already present in all machine-learning models as model input, as



164 Implicitly perturbed Hamiltonian: a new class of molecular representations

 

 

0

25

50

75

100

125

150
En

er
gy

 (
kc

al
/m

o
l)

CCSD(T)

ML

xTB

 

 

0

25

50

75

100

125

En
er

gy
 (

kc
al

/m
o

l)

CCSD(T)

ML

xTB

 

 

0

25

50

75

100

En
er

gy
 (

kc
al

/m
o

l)

CCSD(T)

ML

xTB

Fig. 9.4 Comparison of CCSD(T) energies with machine learning (ML) and GFN2-xTB
evaluated energies for different conformers of three studied dimers with highest variation of
energy between conformers. In the illustrated configurations, atoms of C, O, H, P, and Mg
are presented with gray, red, white, orange, and green, respectively.
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Fig. 9.5 Percentage of the presence of studied mediums in selected models for different
considered applications.

discussed in the method section, the latter remains the same for different solvents. For the
same reason, all of the machine-learning models that yield the best results for evaluation of
solvation free energy employ total Gibbs free energy and cavitation Gibbs free energy as
model inputs, as can be seen in table 9.3.

On the other hand, for the prediction of conformational energy, the potential energy
attributes, such as isotropic electrostatic energy and the norm of the gradient vector, which
is a measure of the energy difference between the molecular structure under study and
the most stable conformation, are obviously the most relevant representations to the total
conformational energy. Consequently, these energy attributes are present in 100% of the
machine-learning models that yield the highest accuracies for the evaluation of conforma-
tional energies. Additionally, unlike the geometrical shapes required by the evaluation of
solvation free energy, such energy attributes vary more significantly in different solvents. As
a result, the highest employment of all studied solvents also is observed for this application.

For inhibition of the CYP450, as it is implied from the physics of the problem, the free
energy of solvation of drug candidates in different solvents can determine the free energy
of docking the drugs to the active site of the enzyme [64,65]. To that end, the most widely
considered solvents are octanol and water, commonly employed as octanol-water partition
coefficient [66-70]. Very interestingly, these two solvents are also present in all of the
developed machine-learning models with the highest efficiency in evaluating the CYP450
inhibition. For the same reason, the energy attributes which are most clearly related to the
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Table 9.3 Percentage of the presence of studied energy attributes in selected models in
different applications.

Representation ID  Conformational energy Solvation free energy CYP450 inhibition 

1  87.50 15.38 25.45 

2  87.50 0.00 0.00 

3  16.67 61.57 71.82 

4  79.17 84.62 71.82 

5  79.17 38.46 100 

6  75.00 46.15 0.00 

7  93.75 100 57.27 

8  37.50 15.38 100 

9  100 100 100 

10  45.83 92.31 100 

11  16.67 0.00 0.00 

12  100 84.62 44.55 

13  100 15.38 46.36 

14  79.17 69.23 71.82 

15  16.67 15.38 97.27 

16  37.50 92.31 44.55 

17  8.33 46.15 13.64 

18  79.17 100 0.00 

 

solvation free energy, such as electric, cavitation, and hydrogen bonding components of the
solvation free energy, are present in 100% of the most effective machine-learning models
developed for this specific application. From that perspective and considering that these
energy attributes construct the total solvation free energy, the representation encoding the
total solvation free energy becomes redundant and is not employed as extensively as its
constituting components.

9.4 Conclusion

In the present study, we introduced ImPerHam as highly versatile representations for describ-
ing molecular systems and developing advanced machine-learning models. The ImPerHam
representations are various energy attributes that are computed via molecular Hamiltoni-
ans in vacuum as well as in implicitly defined solvents. We demonstrated high efficiency
and accuracy of machine-learning models based on ImPerHam representations in three
diverse applications of predicting CYP450 inhibition by candidate molecules, evaluating
the conformational energies in multi-atomic systems, and solvation free energies of diverse
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solute-solvent mixtures. Our results have shown the capability of ImPerHam representations
in developing transferable machine-learning models applicable to diverse molecular systems.
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Chapter 10

Summary and Outlook

In this thesis, we studied theoretical evaluation of thermochemistry and developed advanced
methods which allow going beyond the state-of-the-art, in terms of accuracy or computational
efficiency.
In this chapter, I summarize the major achievements acquired in these studies as well as my
suggestions for potential improvements in future research.

10.1 Summary of the carried out projects

In chapter three, we employed static ab-initio calculations and normal mode analysis as
the classical approaches for evaluating the enthalpy of combustion reactions. In addition
to providing an accurate benchmark dataset for studying the intricacies of those classical
approaches, one motivation for considering this case study was a surprising observation
of remarkable inconsistency between theoretically predicted combustion enthalpies and
experimentally measured data, reported in several studies. For enhanced theoretical com-
putation of combustion enthalpy, we proposed and implemented corrections of non-ideality
and phase change thermodynamics which were not previously considered elsewhere. With
those considerations and a combination of thermodynamics and theoretical chemistry, we
could achieve the highest accuracy ever reported for theoretical estimation of combustion
enthalpy. We demonstrated that searching for the global minimum in the configurational
energy of molecules as well as the accuracy of the employed level of theory in the evaluation
of ground-state total electronic energies and not the thermal energies play the most important
role in the accuracy of predicted enthalpies for gas-phase reactions. Based on the latter
observation and as a suggestion for future research, we recommend investigating the perfor-
mance of hybrid computations in which the ground-state electronic energies are evaluated
via low-cost but accurate methods specifically developed for this purpose, for example, the
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DLPNO method, and computing the thermal energies by other conventional methods, as a
cost-effective approach.

In chapter four, we theoretically estimated the equilibrium constant of the boron isotope
exchange reaction between boric acid and borate in pure water and seawater, as one of the
quantities with significant geochemical importance. To that end, we employed three different
approaches, namely static ab-initio computations with the explicit solvent approach, the same
computations based on the implicit solvent approach, and thermodynamic perturbation of
kinetic energy, calculated via the virial estimator within path-integral molecular dynamics
simulations.
For the explicit solvent approach, we proposed partial normal mode analysis with frozen
solvents as a highly effective and reliable method for both significantly reducing the compu-
tational cost and enhancing the reliability of the obtained results.
All these three diverse methods yielded consistent results in excellent agreement with the
experimentally determined data, which confirmed the reliability of the newly developed
methods.
The estimated equilibrium constant for the studied boron isotope exchange reaction is highly
required by empirical models that reconstruct ancient seawater pH and atmospheric pCO2
by analyzing boron isotopic ratios in fossils of marine shells. As a suggestion for future
studies, I recommend employing the developed methods for a direct evaluation of the rate
and equilibrium constant of the incorporation of boron species and the fractionation of
boron isotopes in the carbonate shells, i.e. directly simulating the solid-liquid equilibrium by
theoretical studies instead of the indirect application of results estimated for the liquid-liquid
equilibrium.

In chapter five, we developed a physical model for describing the temperature depen-
dence of vaporization enthalpy and its connection to molecular surfaces, employing classical
and statistical thermodynamics. We proposed an analytical relationship which is currently
the only theoretically proposed model capable of high accuracy evaluating vaporization
enthalpies of compounds from diverse chemical families and for a wide temperature range
from melting points to the critical temperature. We extensively examined and demonstrated
the veracity and accuracy of our proposed approach not only in the prediction of vaporization
enthalpy but also for the evaluation of other thermodynamic quantities. The other major
and controversial outcome of the proposed method was theoretically invalidating the other
models, empirically proposed to relate solution thermodynamics and molecular surfaces,
with a history of almost one century. We demonstrated the substantially higher accuracy and
reliability of our theoretically proposed model compared to the previously employed ones.
As the other main achievement of that study, we theoretically defined and proposed the
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thermodynamically effective molecular surfaces. We demonstrated that the theoretically
defined thermodynamically effective surfaces were only slightly different from empirically
proposed van-der-Waals surfaces. However, this slight deviation resulted in a substantial
improvement in the predictability of multiple thermodynamic quantities. As a result, we
proposed the thermodynamically effective surfaces as a reliable and more efficient alternative
for the currently defined molecular surfaces, especially for studying condensed-phase ther-
modynamics.
In that work, we mainly focused on demonstrating the efficiency of those surfaces and
potential applications. For their practical usage, I suggest parametrizing the currently de-
fined computer algorithms for in-silico prediction of those surfaces as well as studying their
performance for other applications, most specifically in life-science studies.

In the first part of this thesis including the scientific works discussed above, the main
aim was method development employing the classic theoretical approaches and tools for
enhanced study of thermochemistry. For the second part of this thesis, which included the
methods introduced in the following, the main focus was to exploit the powerful capability
of machine learning tools and to demonstrate their efficiency in studying very challenging
problems in thermochemistry.

To that end, we first provided necessary guidelines for developing more reliable and
accurate artificial neural network models as the main machine-learning tool employed in
this thesis, in chapter six. We showed the importance of appropriately selecting the neural
network details such as the number of hidden-layer neurons, training algorithms, initialization,
transfer function, and validation strategies, which are commonly overlooked in many neural
network models.
We benchmarked the provided guidelines via in-silico prediction of the flash-point of pure
hydrocarbons based on the group contribution method, which yielded the most accurate
results for that specific application, compared to results reported elsewhere by that time.

In chapter seven, inspired by the remarkable improvement in predictability of vaporization
enthalpy obtained through the thermodynamically effective surfaces that we conceptualized
in chapter five, we developed machine learning and analytical models for practical and
high-accuracy prediction of vaporization enthalpy. We provided straightforward correlations
which employ approximation of thermodynamically effective surfaces and provide accuracies
comparable to the most accurate empirically developed correlations. Via the developed
machine learning models, we could achieve the most accurate prediction of vaporization
enthalpy ever reported for a large dataset of compounds and a large temperature range.

In chapter eight, we introduced the Machine learning Polarizable Continuum solvation
Model (ML-PCM) for evaluation of solvation free energy, as one of the most important
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thermophysical properties with extensive applications in a broad range of scientific disciplines,
and also one of the general objectives of this thesis. Applying our new ML-PCM approach
for a large dataset, we obtained one of the most accurate results ever reported for solvation
free energy estimation, superseding the accuracy of the other most widely accepted solvation
models, in some cases by almost one order of magnitude and for almost no additional
computational cost. Our main suggestions for future improvements of these results are those
already employed by the method presented in chapter nine of this thesis.

In chapter nine, we proposed ImPerHam representations as a novel class of highly
versatile representations. We employed ImPerHam representations for developing machine
learning models capable of cost-effective and accurate evaluation of inhibition of a CYP450
enzyme, solvation free energies, and configurational energy of molecules. For the inhibition
of the CYP450 enzyme, we achieved accuracies that are comparable to the most accurate
reported results for this purpose but employing a much smaller number of representations
compared to those works. For the prediction of solvation free energies by the developed
machine learning models, we obtained remarkably more accurate results for a significantly
smaller computational cost, compared to the conventional continuum solvation models. For
the configurational energy, using the new representations and machine learning, we could
improve the accuracy of the GFN2-xTB semiempirical method by one order of magnitude
and achieve reasonable accuracies compared to CCSD(T) reference data for a very large
dataset. These three diverse applications, which are among the most challenging problems in
the field, offer ImPerHam as a highly efficient method for generating versatile representations
for different applications in molecular sciences.

10.2 Communicating science

To make our findings and achievements publicly available, the scientific works presented in
chapters three to nine were considered for publication in peer-reviewed journals. Among
them, two works have already been published by the date of submitting this thesis, and the
other five are either currently under review in peer-reviewed journals or are in the process
of being submitted shortly. Additionally, considering that implementation of the machine
learning models usually requires profound technical knowledge on that specific topic, we
provided C++ codes with detailed user instructions to allow a straightforward and convenient
application by a broader range of readers for all of the presented machine learning models.
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10.3 Outlook

In summary, our results demonstrated that both the classical methods and machine learning
models can be employed as highly effective, reliable, and accurate approaches for most
challenging applications in thermochemistry. The advantage of the former approach is
that for a high enough accuracy of the employed level of theory and careful attention to
their important intricacies, a highly accurate evaluation of thermochemistry is in most cases
achievable. More importantly, the classical methods do not require several examples of the
problem of interest which is required to train the machine learning models. It makes this
approach the method of choice for tackling newly defined scientific challenges as well as
problems for which extensive reference data are not readily available. The central reason
for these advantages is that those methods deal with the exact physical rules governing the
problems of interest. Nevertheless, the computational costs and challenges of employing
classical tools are typically demanding and require profound knowledge in those fields,
which can make them inaccessible for a broad range of scientists in other fields. It has
indeed been the motivation of developing machine learning models to address these latter
limitations. From that perspective, machine learning can be regarded as a unique tool
possessing a number of advantages that are typically not achievable by classical approaches.
As the most significant one, although developing reliably trained machine learning models
can be a highly demanding and laborious procedure, once such models are developed,
they can provide the same or better accuracies compared to classical approaches but for a
computational cost that can be several orders of magnitude smaller. Additionally, unlike
versatile classical approaches, implementing the machine learning models is becoming more
and more convenient, even for non-expert users, with the help of a large number of currently
available or forthcoming user-friendly software tools.

Nevertheless, as it was extensively elaborated in chapters six and nine, careful attention
still should be taken to assure the reliability of the developed machine learning models.
Although cross-validation has been extensively used for this purpose, as it was demonstrated
in chapter six, this cannot always guarantee the reliability of the developed machine learning
models. Therefore, developing and employing more rigorous validation strategies as well
as efficient computer algorithms that can automate this procedure can be regarded as the
most ambitious scientific goals and direction of future progress in that field, to the author’s
opinion.
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