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In this thesis the thermal stability of magnetic solitons, beyond skyrmions, in ultrathin tran-
sition metal films and 2D van der Waals magnets is investigated by means of transition state
theory. The basis for this investigation is an extended Heisenberg model, which is parame-
terised from density functional theory and consists of exchange interaction, Dzyaloshinskii-
Moriya interaction and magnetocrystalline anisotropy energy as well as Zeeman energy in
an external magnetic field. Based on this spin model annihilation and nucleation rates for
magnetic solitons are computed, which are then used to investigate the thermal stability of
these topological spin configurations.

Beyond the calculation of soliton lifetimes, the rates for the annihilation and nucleation
of skyrmions in the ultrathin film system Pd/Fe/Ir(111) are used to set up the master equa-
tion, from which the equilibrium distribution between the skyrmion and the field polarised
state is computed. By modeling the magnetoelectric effect in linear response to the magnetic
interactions, the dependency of this distribution on the bias voltage, that is applied in an
scanning tunneling microscopy experiment, is investigated. The distributions obtained from
the simulation reproduce experimental observations. By embedding the equilibrium distri-
bution into a thermodynamic context, it is explained that the electric-field induced changes
to the skyrmion probability can be related to changes in the free energy of the skyrmion with
respect to the field-polarised state, giving insights into the electric field assisted nucleation
of skyrmions.

In the ultrathin film system Rh/Co/Ir(111) the thermal stability of coexisting skyrmions
and antiskyrmions has been investigated. Since antiskyrmions exhibit an additional symme-
try compared to skyrmions, a method for its treatment has been developed here in order to
calculate their lifetime. Beyond that, the effect of the Dzyaloshinskii-Moriya interaction on
the coexistence of skyrmions and antiskyrmions has been studied by means of their equilib-
rium distribution. It is found that skyrmions, in contrast to antiskyrmions, undergo entropic
destabilisation in materials with broken inversion symmetry. This gives rise to the ther-
mally activated nucleation of antiskyrmions over skyrmions by local heating. Further, it is
demonstrated that the methods developed for the treatment of antiskyrmions enable also
the treatment of magnetic solitons with arbitrary topological charges.

The stability of bimerons and antibimerons in the all-magnetic van der Waals heterostruc-
ture Fe3GeTe2/Cr2Ge2Te6 is investigated by means of their energy barrier against a collapse
into the field polarised state. In particular, differences between both solitons that arise from
the competition between easy-plane anisotropy and a magnetic field applied perpendicular
to the surface are examined. It is found that below a certain magnetic field strength, solitons
exhibit a much larger spatial extent than it is known for solitons in magnets with easy-axis
anisotropy, which makes them more pronounced to finite-size effects.

Towards the investigation of stabilisation mechanisms for solitons in 2D materials, which
often lack broken inversion symmetry, the theoretical basis for the implementation of higher-
order exchange interactions into the framework of transition state theory has been developed.
This involves a general scheme for the computation of their derivatives with respect to
deflections of the magnetic soliton as well as the Fourier analysis of these interactions.
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In dieser Dissertation wird die thermische Stabilität magnetischer Solitonen in ultradün-
nen Übergangsmetallfilmen und magnetischen van-der-Waals-Materialien im Rahmen der
Theorie der Übergangszustände untersucht. Die Untersuchungen basieren auf einem er-
weiterten Heisenbergmodell, das durch Dichtefunktionaltheorie parameterisiert ist und die
Austauschwechselwirkung, die Dzyaloshinkii-Moriya-Wechselwirkung, die magnetokristalline
An-isotropie und die durch ein externes magnetisches Feld hervorgerufene Zeemann-Energie
berücksichtigt. Auf Grundlage dieses Spinmodells werden die Erzeugungs- und Vernichtungs-
raten magnetischer Solitonen berechnet, die dann Aufschluss über die thermische Stabilität
dieser topologischen Spinzustände geben.

Über die bloße Berechnung der Lebenszeiten hinausgehend, wird aus den Erzeugungs- und
Vernichtungsraten für Skyrmionen im ultradünnen Filmsystem Pd/Fe/Ir(111) die Master-
gleichung aufgestellt. Aus deren Lösung wird die Gleichgewichtsverteilung von Skyrmionen
und ferromagnetischem Grundzustand bestimmt. Die Abhängigkeit dieser Verteilung von der
in einem Rastertunnelmikroskopie-Experiment angelegten Spannung wird simuliert, indem
die Stärke des elektrischen Feldes über den magnetoelektrischen Effekt auf die magnetis-
chen Wechselwirkungen Einfluss nimmt. Die so erhaltenen Gleichgewichtsverteilungen sind
in guter Übereinstimmung mit den experimentellen Beobachtungen. Darüber hinaus wird
der Zusammenhang zu thermodynamischen Größen hergestellt und es wird gezeigt, dass die
durch das elektrische Feld hervorgerufenen Änderungen der Skyrmionwahrscheinlichkeit auf
Änderungen in der Freien Energie des Skyrmions zurückzuführen sind.

Im ultradünnen Filmsystem Rh/Co/Ir(111) wird die thermische Stabilität von koex-
istierenden Skyrmionen und Antiskyrmionen untersucht. Hierfür wird zunächst eine Me-
thode für die Berücksichtigung einer zusätzlichen Symmetrie des Antiskyrmions entwickelt.
Weiterhin wird der Einfluss der Dzyaloshinskii-Moriya-Wechselwirkung auf die Gleichge-
wichtsverteilung koexistierender Skyrmionen und Antiskyrmionen untersucht. Es wird dabei
gefunden, dass Skyrmionen im Gegensatz zu Antiskyrmionen in Systemen mit gebrochener
Inversionssymmetry durch entropische Effekte destabilisiert werden. Dieser Effekt unter-
streicht die Möglichkeit der thermisch unterstützten Erzeugung von Antiskyrmionen durch
räumlich begrenztes Aufheizen eines Materials. Des Weiteren wird gezeigt, dass mit den hier
entwickelten Methoden die thermische Stabilität von Solitonen mit beliebiger topologischer
Ladung berechnet werden kann.

In der magnetischen van-der-Waals-Heterostruktur Fe3GeTe2/Cr2Ge2Te6 wird die Sta-
bilität von Bimeronen und Antibimeronen im Hinblick auf deren Zerfallsenergiebarrieren
untersucht. Inbesondere werden die Unterschiede zwischen beiden Solitonen analysiert, die
durch die Konkurrenz von Anisotropie und dazu senkrechtem magnetischen Feld
hervorgehen. Es stellt sich dabei heraus, dass Solitonen unterhalb einer gewissen Magnet-
feldstärke eine größere räumliche Ausbreitung aufweisen, als es von Solitonen aus Systemen
mit einer leichten Magnetisierungsachse bisher bekannt ist.

In Hinblick auf die Untersuchung der Stabilisierung magnetischer Solitonen in 2D-Materi-
alien, die häufig keine gebrochene Inversionssymmetrie aufweisen, wurden die theoretischen
Grundlagen für die Implementierung von Austauschwechselwirkungen höherer Ordnung in
die Theorie der Übergangszustände entwickelt. Dies beinhaltet zum einen die Berechnung
von Ableitungen der Wechselwirkungen im Raum der Auslenkungen von Solitonen und zum
anderen deren Behandlung im Rahmen der Fourier-Analyse.
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Chapter

1 Introduction

The field of spintronics spans both, fundamental research and engineering, which focus on
the utilisation of the electron spin for the development of novel information technologies.
To the present day spintronic applications are mostly restricted to magnetoresistive effects,
which are e.g. used for data storage in magnetic hard disk drives. While hard disk drives
have been around for a long time, their improvement got accelerated by the discovery of
the (GMR) [1, 2]. This effect allowed for a significant increase
in the density of magnetically stored bits and subsequently to A. Fert and P. Grünberg
being awarded with the Nobel Prize in Physics in 2007 [3]. Since then new magnetoresitive
technologies emerged, e.g. the
(STT-MRAM) [4], which is an example for the usage of magnetic tunnel junctions in general.

As a non-volatile memory the MRAM technology marks a huge steps towards overcom-
ing the von Neumann bottleneck, which is also referred to as the [5, 6]. This
bottleneck arises due to the separation of memory and processing units in conventional com-
puting systems. The communication between both units usually reduces the computational
efficiency significantly due to a limited bandwidth for the transfer of information and the
requirement of additional resources. This underlines the necessity for new, unconventional
computing approaches beyond von Neumann architectures [5], especially nowadays facing the
persistently growing demand on processing large amounts of data. As illustrated in Fig. 1.1
there are several candidates for future computation architectures, but all of them raise high
challenges on a suitable platform for their realisation.

An early discussed approach was the [7, 8], pioneered by S.
Parkin. The basic idea behind this concept is, that information is encoded in a sequence of
magnetic domains along a track, which are collectively moved by an applied spin-polarised
electric current. However this approach requires a high quality of the magnetic material
in order to avoid pinning effects [9, 10] and has thus not been competitive to state-of-the-
art hard disk drive or silicon-based devices. To overcome this issue it was suggested to use
topological protected solitons instead of domain walls [11], which are much more resilient
against pinning at defects [12, 13]. This pushed the interest in .

Magnetic skyrmions belong to the group of topological solitons, which resemble topolog-
ically non-trivial configurations of the magnetisation of a material. Solitons themselves have
first been introduced in 1895 as solutions to the [14, 15] in order
to explain why water waves in a flat canal come out of a collision by keeping their shape
and velocity. The concept of topological solitons arose 1961 when T. Skyrme showed, that
a topological charge - throughout this thesis referred to by Q - can be assigned to soliton
solutions of the non-linear σ-model from quantum field theory [16, 17].

The connection to magnetism was drawn after topological phases of matter gained in-
creasing attention through theoretical works, because of which D. Thouless, F. Haldane and
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J. Kosterlitz later were awarded the Nobel Prize in Physics in 2016 [18]. In particular, it
was shown by A. Belavin and A. Polyakov in 1975, that topologically distinct solutions can
be obtained in the micromagnetic model of a two-dimensional ferromagnet [19]. These so-
lutions are metastable and bound in energy depending on their topological charge. In this
sense A. Bogdanov later found that vortex-like configurations can be stabilised in two-
dimensional (2D) magnets [20–22]. If described by a magnetisation m : R2 Ñ S2, where
magnetic moments are constraint to the unit sphere S2, an integer topological charge of the
well known form

Q �
1

4π

»

R2
m �

�

Bm
Bx

�
Bm
By




d2r

can be assigned to such configurations, which is why they are referred to as magnetic skyr-
mions. These configurations were found to be stabilised by an antisymmetric exchange inter-
action, the Dzyaloshinskii-Moriya interaction (DMI) [23, 24]. Since this interaction, which is
mediated by heavy elements with large spin-orbit coupling, arises in materials with broken
inversion symmetry it was predicted, that skyrmions could be found in this class of materials.

Matching this prediction, the first experimental observation of magnetic skyrmions has
been reported in the non-centrosymmetric B20 crystal MnSi [25] in 2009, where they exist
within a narrow range of temperatures and applied magnetic fields. The first observation
of skyrmions in an ultrathin film was reported for an monoatomic layer of Fe, which was
pseudomorphically grown on an Ir(111) surface [26], where the skyrmions appeared in form
of a periodic nanoskyrmion lattice. Isolated skyrmions, on the other hand, have been found
to exist in a similar system consisting of a Pd/Fe layer on the Ir(111) surface [27].
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Interestingly it was shown by density functional theory (DFT) calculations [26], that the
non-collinear skyrmion configuration in Fe/Ir(111) was stabilised by a 4-spin-4-site exchange
interaction, a higher-order exchange interaction [28], in interplay with DMI and frustrated
exchange. The stabilisation of magnetic solitons by higher-order exchange interactions is
especially interesting for another class of materials: 2D van der Waals magnets. These mate-
rials often lack broken inversion symmetry and can therefore not rely on soliton stabilisation
by DMI. Despite the Mermin-Wagner theorem, which states the absence of magnetism in
2D, ferromagnetic order has been found in a monolayer of CrI3 [29] and in a monolayer of
Cr2Ge2Te6 [30] in 2017. Since these materials can in general be manufactured in a higher
quality than ultrathin films and, in addition to that, also the existence of skyrmions in 2D
materials has been reported [31–33], they are promising candidates for future spintronic
devices.

Closing therefore the loop, we see that from a material perspective there are plenty of pos-
sible platforms for skyrmion based spintronic devices. Moreover, due to them being solitons,
their particle-like behaviour can theoretically be exploited in applications beyond racetrack
memories, e.g. in skyrmion transistors [34, 35], skyrmion diodes [36, 37] or logic gates [38–43].
A skyrmion based computing scheme is especially desirable because of its reversibility [44],
which can undercut the fundamental lower bound for the energy consumption of present
irreversible binary logic devices, as stated by [45].

Regarding the pathways shown in Fig. 1.1 skyrmion-based approaches for reservoir com-
puting [46], stochastic computing [47, 48] and neuromorphic computing [49–51] have been
suggested and partially realised in experiments. It was even demonstrated that

can be built by exploiting the Brownian motion of skyrmions [52],
which arises due to their particle-like behaviour. Another theoretically proposed application
for skyrmions, which can built upon the stochastic approaches mentioned above [5] is their
utilisation as qubits for quantum computing [53–55]. In this approach an internal degree of
freedom, which is referred to as the helicity of a skyrmion [56, 57], serves as the observable
for encoding the information. Since this helicity determines the emergent electric dipole of
a skyrmion [58], such qubits can be probed by electric fields.

All these novel approaches to skyrmion-based computing have in common, that they rely
on stochastic properties of an ensemble of topological solitons rather than on the stability of
single solitons. Addressing this demand for future technologies, not only the thermal stability
of magnetic solitons, in form of their average lifetime τ [59, 60], is analysed in this PhD thesis,
but also stochastic aspects such as probability dynamics and equilibrium distributions. The
lifetime

τ�1 �
‚

�

Γ Ñ

of a state A is computed from transition rates Γ Ñ to all adjacent states X, which in
this thesis are determined in the framework of transition state theory [61, 62]. Further the
collection of these states, together with the transitions between them, allow the construction
of a model [63]. Building upon this model the soliton probabilities can be
computed as the solutions of the emergent equation of motion, which is the .
These solutions thereby allow the stochastic analysis of ensembles of distinct magnetic states
as it is employed in this thesis.

In this regard the thermal stability and probability of topological solitons beyond skyrmi-
ons is investigated. In particular, close attention is paid to coexisting complementary pairs
of particles and antiparticles, which possess opposite topological charges. The approach in
this PhD thesis relies on an atomistic spin model, which is parameterised from DFT in order
to simulate different material systems, including ultrathin films and van der Waals magnets.
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All of these materials have in common, that they can host metastable topological solitons in
two dimensions with sizes on the sub-10 nm scale.

The minimum energy path for transitions between states is computed using the
(GNEB) [64] and based on this path the transition rates are

calculated [62]. From these rates subsequently the stability and the probabilities of topo-
logical solitons can be determined. Based on the results it is proposed how the composition
of different particles can be influenced by external stimuli including temperature as well as
magnetic and electric fields. Therefore this thesis is structured as follows.

The atomistic spin model, including all relevant magnetic interactions, is introduced in
chapter 2. It forms the basis for all further simulations. Here close attention is paid to the
Fourier representation of the model, since it is important for understanding non-collinear
magnetic order on a fundamental level. Regarding the stabilisation of magnetic solitons
away from DMI this framework is expanded to higher-order exchange interactions.

In chapter 3 topological concepts in magnetism are introduced. This includes the intro-
duction of skyrmions, the analysis of their geometry as well as the concept of topological
charge and topological protection. In particular their interplay with the magnetic interac-
tions contained in the spin model are discussed.

In chapter 4 the framework of transition state theory for magnetic degrees of freedom is
introduced, as well as the connection to Markov chains and the master equation. Besides a
general review on the theory the treatment of special symmetries, which relate to additional
zero modes of skyrmions, is emphasised. In addition to that the theoretical basis for dealing
with higher-order exchange interactions in this framework is presented.

Based on previously calculated transition rates for skyrmions in Pd/Fe/Ir(111), in chap-
ter 5 electric field dependent equilibrium distributions of skyrmions are computed and com-
pared to experimental results. In addition to that the connection of this distribution to the
free energy of skyrmions is established in order to give a more general understanding on
electric field assisted nucleation and annihilation processes.

The investigation is then extended to skyrmions and antiskyrmions with topological
charges of Q � �1 in chapter 6. In the highly exchange frustrated ultrathin film system
Rh/Co/Ir(111) the lifetimes of both solitons are presented. This involves the previously
mentioned treatment of additional zero modes. Further a systematical study of their re-
sponse to DMI is conducted and the effect on their equilibrium distribution is determined
in order to reveal access to its manipulation.

In chapter 7 the existence of topological solitons in the all-magnetic van der Waals het-
erostructure Fe3GeTe2/Cr2Ge2Te6 is discussed. In particular the stability of bimerons and
antibimerons in the magnetic layer Cr2Ge2Te6 with an easy-plane anisotropy is investigated.
Based on a magnetic field induced transformation between bimerons (antibimerons) and
skyrmions (antiskyrmions) major differences between solitons in in-plane and out-of-plane
ferromagnetic backgrounds are emphasised.

This thesis is concluded in chapter 8 with a summary and an outlook.

4



Chapter

2 The atomistic spin model

�h�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �K���;�M�2�i�B�+ �Q�`�/�2�` �B�b ���M �2�t�i�2�M�b�B�p�2�H�v �B�M�p�2�b�i�B�;���i�2�/ �T�?�2�M�Q�K�2�M�Q�M �B�M �b�Q�H�B�/ �b�i���i�2
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Ņ

p� 1

|cz
p|2

�

�U�k�X�j�y�V

�r�?�2�`�2 �� �7���+�i�Q�` �Q�7 �k �?���b �#�2�2�M ���/�/�2�/ �i�Q �i�?�2 �+�Q�H�H�B�M�2���` �+�Q�M�i�`�B�#�m�i�B�Q�M�b �#�2�+���m�b�2 �i�?�2 �b�T�2�+�i�`�m�K �?���b
�b�i�B�H�H �i�Q �Q�#�2�v �#�Q�i�?c ���M�/c� �B�M �Q�`�/�2�` �i�Q �`�2�T�`�Q�/�m�+�2 �� �`�2���H �p���H�m�2�/ �K���;�M�2�i�B�b���i�B�Q�M �U�+�7�X �1�[�X �U�k�X�j�k�V�V�X
�A�M �i�?�2 �+�Q�H�H�B�M�2���` �+���b�2�b�- �r�?�B�+�? ���`�2 �i�?�2�6�J ���M�/���6�J �- �i�?�2�J���1 ���K�Q�m�M�i�b �i�QE �J���1 � � KN
�r�?�B�H�2 �7�Q�` �+�v�+�H�Q�B�/���H �b�T�B�M�b�T�B�`���H�b�- �r�?�2�`�2|cz

p| � | R p|2 � 1{4�- �i�?�2�J���1 �r�B�H�H �i���F�2 �� �`�2�/�m�+�2�/ �p���H�m�2
�Q�7E �J���1 � � KN {2�X �h�?�B�b �B�M �7���+�i �B�b ���M �B�K�T�Q�`�i���M�i �7�2���i�m�`�2 �Q�7 �i�?�2�J���1 �b�B�M�+�2 �B�i �B�M�/�m�+�2�/ ���M
�2�M�2�`�;�v �;���T �#�2�i�r�2�2�M �+�Q�H�H�B�M�2���` ���M�/ �M�Q�M�@�+�Q�H�H�B�M�2���` �K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�M�b�X

�k�X�j Spin spirals
�h�?�2 �2�z�2�+�i �Q�7 �i�?�2 �K���;�M�2�i�B�+ �B�M�i�2�`���+�i�B�Q�M�b �r�B�i�?�B�M �i�?�2 �2�t�i�2�M�/�2�/ �>�2�B�b�2�M�#�2�`�; �K�Q�/�2�H �Q�M �K���;�M�2�i�B�+
�+�Q�M�}�;�m�`���i�B�Q�M�b �+���M �#�2 �b�v�b�i�2�K���i�B�+���H�H�v �m�M�/�2�`�b�i�Q�Q�/ �r�?�2�M �+�Q�M�b�B�/�2�`�B�M�; �T�2�`�B�Q�/�B�+ �K�Q�/�m�H���i�B�Q�M�b �Q�7
�i�?�2 �K���;�M�2�i�B�b���i�B�Q�M �r�B�i�? �/�B�b�i�B�M�+�i �6�Q�m�`�B�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�- ���b �b�?�Q�r�M �B�M �i�?�2 �H���b�i �b�2�+�i�B�Q�M�X �A�M
�T���`�i�B�+�m�H���`�- �b�B�M�+�2 ���H�H �b�T�B�M�b ���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �`�2���H �p���H�m�2�/ �p�2�+�i�Q�`�b�- �b�T�B�M �b�T�B�`���H�b ���b �b�v�K�K�2�i�`�B�+
�b�m�T�2�`�T�Q�b�B�i�B�Q�M�b �Q�7 �`�2�+�B�T�`�Q�+���H �p�2�+�i�Q�`�b ���`�Q�b�2 �7�`�Q�K �i�?�B�b �/�2�b�+�`�B�T�i�B�Q�M�X

�R�e



�k�X�j�X �a�T�B�M �b�T�B�`���H�b

�.�2�}�M�B�i�B�Q�M �k�X�j�X�R�, �U�a�T�B�M �b�T�B� �̀��H�V

�G�2�iq P R2 �#�2 �� �p�2�+�i�Q�` �`�2�T�`�2�b�2�M�i�B�M�; �� �`�2�+�B�T�`�Q�+���H �T�Q�b�B�i�B�Q�M �r�B�i�?�B�M �i�?�2 �}�`�b�i �"�`�B�H�H�Q�m�B�M
�x�Q�M�2�-c � R � iI �� �p�2�+�i�Q�` �Q�7 �6�Q�m�`�B�2�` �+�Q�2�{�+�B�2�M�i�b �r�B�i�?|R | � | I | � 1{2 ���M�/R K I �X ��
�K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�MM q �+�Q�M�b�i�`�m�+�i�2�/ ���b �� �b�v�K�K�2�i�`�B�+ �b�m�T�2�`�T�Q�b�B�i�B�Q�M

mprq � ceiq �r � c� e� iq �r � 2pR cospq � rq � I sinpq � rqq

�B�b �+���H�H�2�/ ���b�T�B�M �b�T�B� �̀��H���M�/ �`�2�T�`�2�b�2�M�i�b �� �+�Q�M�i�B�M�m�Q�m�b�H�v �`�Q�i���i�B�M�; �K���;�M�2�i�B�b���i�B�Q�M �r�B�i�?�B�M �i�?�2
�T�H���M�2 �b�T���M�M�2�/ �#�vR ���M�/I �X �a�m�+�? �� �+�Q�M�}�;�m�`���i�B�Q�M �Q�#�2�v�b �i�?�2 �2�M�2�`�;�vEpqq � EpM qq{N
���i �2�p�2�`�v �H���i�i�B�+�2 �b�B�i�2�- �r�?�B�+�? �B�b �;�B�p�2�M �#�v

Epqq � �
¸

�

J�

¸

r PY p� q

cospq � rq� 2I � R
¸

�

D �

¸

r PY p� q

pr � ẑqsinpq � rq �
K
2

�r�?�2�`�2J� ; D � ���`�2 �b�?�2�H�H �`�2�b�Q�H�p�2�/ �2�t�+�?���M�;�2 ���M�/�.�J�A�+�Q�M�b�i���M�i�b�-K �i�?�2�J���1 �+�Q�M�b�i���M�i ���M�/
Yp� q �B�b �i�?�2 �b�2�i �Q�7 �H���i�i�B�+�2 �b�B�i�2�b �#�2�H�Q�M�;�B�M�; �i�Q �i�?�2 �b�?�2�H�H �Q�7 �B�M�/�2�t� �X �L�Q�i�2 �i�?���i �i�?�2�J���1 �B�M
�i�?�2 �2�M�2�`�;�v ���+�+�Q�m�M�i�b �i�Q �b�T�B�M �b�T�B�`���H�b �r�B�i�?q � � ; �J�- �r�?�B�+�? ���`�2 �+�Q�H�H�B�M�2���` �+�Q�M�}�;�m�`���i�B�Q�M�b
���M�/ �i�?�2�`�2�7�Q�`�2 �;���B�M ���M ���/�/�B�i�B�Q�M���H� K {2 �B�M�J���1 �X

�h�r�Q �2�t���K�T�H�2�b �Q�7 �b�T�B�M �b�T�B�`���H �+�Q�M�}�;�m�`���i�B�Q�M�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�k�X�8�X �"�Q�i�? �b�T�B�`���H�b �H�B�p�2 �Q�M
�i�?�2 �?�2�t���;�Q�M���H �H���i�i�B�+�2 �#�m�i �T�`�Q�T���;���i�2 �B�M�i�Q �/�B�z�2�`�2�M�i �H���i�i�B�+�2 �/�B�`�2�+�i�B�Q�M�b�X �h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �i�r�Q
�/�B�b�i�B�M�+�i �T�2���F�b �B�M �i�?�2 �b�T�B�M �b�i�`�m�+�i�m�`�2 �7���+�i�Q�` �U�+�7�X �1�[�X �U�k�X�3�V�V ���`�2 �H���#�2�H�2�/ �r�B�i�?q ���M�/� q �B�M �Q�`�/�2�`
�i�Q �B�M�/�B�+���i�2 �i�?�2 �b�v�K�K�2�i�`�v �Q�7 �i�?�2 �b�T�2�+�i�`�m�K�X �L�Q�i�2 �i�?���i �B�M �i�?�B�b �r���v �H�2�7�i ���M�/ �`�B�;�?�i �`�Q�i���i�B�M�;
�b�T�B�M �b�T�B�`���H�b �+���M �M�Q�i �#�2 �i�Q�H�/ ���T���`�i �7�`�Q�K �2���+�? �Q�i�?�2�` �7�`�Q�K �i�?�2 �b�T�B�M �b�i�`�m�+�i�m�`�2 �7���+�i�Q�`�X �"�m�i �b�B�M�+�2
cp� qq � c� q �H�2�7�i ���M�/ �`�B�;�?�i �`�Q�i���i�B�M�; �b�T�B�M �b�T�B�`���H�b �/�B�z�2�` �B�M �i�?�2�B�` �B�K���;�B�M���`�v �T���`�i�X

�"�2�v�Q�M�/ �i�?�B�b ���M �B�M�i�2�`�2�b�i�B�M�; �7�2���i�m�`�2 �Q�7 �b�T�B�M �b�T�B�`���H�b ���`�B�b�2�b �/�m�2 �i�Q �i�?�2 �7���+�i�- �i�?���i �i�?�2�v �Q�M�H�v
�Q�#�2�v �i�r�Q �`�2�+�B�T�`�Q�+���H �+�Q�M�i�`�B�#�m�i�B�Q�M�bq ���M�/� q�- �#�2�+���m�b�2 �i�?�B�b �K���F�2�b �i�?�2�K �� �Q�`�i�?�Q�M�Q�`�K���H �b�v�b�i�2�K�X
�h�?�B�b �+���M �#�2 �b�2�2�M �r�?�2�M �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7 �� �T�m�`�2 �b�T�B�M �b�T�B�`���H �+�Q�M�}�;�m�`���i�B�Q�M
M q �+�Q�M�b�i�`�m�+�i�2�/ ���b �b�i���i�2�/ �B�M �i�?�2 �/�2�}�M�B�i�B�Q�M ���#�Q�p�2

F M q � Cq � p 0; :::; 0; cx ; cy; cz; 0; :::; 0; c�
x ; c�

y ; c�
z ; 0; ::::qT �U�k�X�j�R�V

�r�B�i�? �2�M�i�`�B�2�b ���i �i�?�2 �T�Q�b�B�i�B�Q�M�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qq ���M�/� q�X �h�?�B�b �B�K�T�H�B�2�b �i�?�2 �Q�`�i�?�Q�;�Q�M���H�B�i�v

CqC �
q1 � 2|cpqq|2� q;� q1 � � q;� q1 �U�k�X�j�k�V

�r�?�2�M �r�2 �m�b�2|c|2 � R 2 � I 2 � 1
2 ���+�+�Q�`�/�B�M�; �i�Q �.�2�7�X �U�k�X�j�X�R�V�X �h�?�B�b �K�2���M�b �i�?���i �i�?�2 �b�2�i �Q�7 ���H�HCq

�7�Q�`�K�b �� �#���b�B�b �7�Q�` �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K�2�/ �+�Q�M�}�;�m�`���i�B�Q�M�b�X �6�m�`�i�?�2�`�- �/�m�2 �i�Q �i�?�2 �H�B�M�2���`�B�i�v �Q�7F �- �i�?�B�b
�B�K�T�H�B�2�b �i�?���i ���M�v �K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�MM �+���M �i�?�m�b �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7
�`�2���H �b�T���+�2 �b�T�B�M �b�T�B�`���H�b

M � F � 1
Ņ
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�i�?���i �`�2�T�`�Q�/�m�+�2�b �i�?�2 �2�M�2�`�;�v �Q�7 �b�T�B�M �b�T�B�`���H�b �i�Q �b�Q�K�2 �2�t�i�2�M�/�X �h�?�B�b �B�/�2�� �B�b �i�?�2�`�2�#�v �b�m�T�T�Q�`�i�2�/
�#�v �i�?�2 �7���+�i�- �i�?���i �b�T�B�M �b�T�B�`���H�b �b�2�`�p�2 ���b �� �#���b�B�b �7�Q�` ���`�#�B�i�`���`�v �K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�M�b�- ���b �b�?�Q�r�M
�B�M �1�[�X �U�k�X�j�j�V�- ���b �H�Q�M�; ���b �M�Q �?�B�;�?�2�` �Q�`�/�2�` �2�t�+�?���M�;�2 �B�M�i�2�`���+�i�B�Q�M�b ���`�2 �T�`�2�b�2�M�i�X �A�7 �T�`�2�b�2�M�i �i�?�2
�+�Q�m�T�H�B�M�; �2�M�2�`�;�v �U�+�7�X ���b�b�2�`�i�B�Q�M�k�X�9�X�k�V �H�2���/�b �i�Q �i�?�2 �H�B�7�i�2�/ �/�2�;�2�M�2�`���+�v �#�2�i�r�2�2�M �b�T�B�M�b�T�B�`���H�b ���M�/
�i�?�2�`�2 �b�m�T�2�`�T�Q�b�B�i�B�Q�M�b�X �A�M �7���+�i �i�?�B�b �2�z�2�+�i �+���M �#�2 �m�b�2�/ �7�Q�` �i�?�2 �T���`���K�2�i�2�`�B�b���i�B�Q�M �Q�7 �i�?�2 �?�B�;�?�2�`
�Q�`�/�2�` �2�t�+�?���M�;�2 �B�M�i�2�`���+�i�B�Q�M�b�X �6�Q�` �� �?�2�t���;�Q�M���H �H���i�i�B�+�2 �B�i �?���b �2�X�;�X �#�2�2�M �b�?�Q�r�M �B�M �_�2�7�X �(�k�3�) �i�?���i
�i�?�2 �T���`���K�2�i�2�`�b �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ ���b �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �� �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�- �i�?���i ���`�B�b�2�b �7�`�Q�K
�i�?�2 �+�Q�m�T�H�B�M�; �2�M�2�`�;�v �#�2�i�r�2�2�M �+�2�`�i���B�M �b�T�B�M �b�T�B�`���H�b ���M�/ �i�?�2�B�` �b�m�T�2�`�T�Q�b�B�i�B�Q�M�b�X �h�?�B�b �`�2�[�m�B�`�2�b �M�Q�i
�Q�M�H�v �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �b�T�B�M �b�T�B�`���H�b �B�M�.�6�h �#�m�i ���/�/�B�i�B�Q�M���H�H�v �i�?�2�B�` �b�m�T�2�`�T�Q�b�B�i�B�Q�M�b�X

�"�2�b�B�/�2�b �i�?�2 �2�t�+�?���M�;�2 �B�M�i�2�`���+�i�B�Q�M�b �b�m�+�? �B�M�i�2�`���+�i�B�Q�M ���b�J���1 ���M�/�.�J�A �r�?�B�+�? ���`�B�b�2 �7�`�Q�K
�a�P�*�?���p�2 �i�Q �#�2 �/�2�i�2�`�K�B�M�2�/ ���b �r�2�H�H�X ���b �/�2�b�+�`�B�#�2�/ �B�M �_�2�7�X �(�3�8�-�N�N�) �B�M �i�?�2�6�G�1�l�_�+�Q�/�2 �i�?�2�a�P�*
�+���M �#�2 �i�`�2���i�2�/ �B�M �}�`�b�i ���M�/ �?�B�;�?�2�` �Q�`�/�2�` �T�2�`�i�m�`�#���i�B�Q�M �i�?�2�Q�`�v�X �h�?�2 �2�z�2�+�i �Q�7 �i�?�2�b�2 �T�2�`�i�m�`�#���i�B�Q�M�b
�Q�M �i�?�2 �2�M�2�`�;�v �Q�7 �b�T�B�M �b�T�B�`���H�b �+���M �i�?�2�M ���;���B�M �#�2 �[�m���M�i�B�}�2�/ ���M�/ �i�?�2 �B�M�i�2�`���+�i�B�Q�M �+�Q�M�b�i���M�i�b ���`�2
�Q�#�i���B�M�2�/ �#�v �}�i�i�B�M�;�- �b�B�K�B�H���` �i�Q �i�?�2 �2�t�+�?���M�;�2 �B�M�i�2�`���+�i�B�Q�M�b�X

�k�8





Chapter

3 Topological concepts in
magnetism

�h�?�2 �+�Q�M�+�2�T�i �Q�7 �i�Q�T�Q�H�Q�;�v ���`�B�b�2�b �B�M �K���;�M�2�i�B�b�K �#�2�+���m�b�2 �+�2�`�i���B�M �b�i���#�H�2 �+�Q�M�}�;�m�`���i�B�Q�M�b �Q�7 �i�?�2
�K���;�M�2�i�B�b���i�B�Q�M �+���M �#�2 ���b�b�Q�+�B���i�2�/ ���b �T���`�i�B�+�H�2�b �(�R�y�y�)�X �h�?�2�b�2 �T���`�i�B�+�H�2�b�- �`�2�7�2�`�`�2�/ �i�Q ���b�b�Q�H�B�i�Q�M�b�-
���`�2 �B�M �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �i�Q �� �M�Q�M �H�B�M�2���` �}�2�H�/ �2�[�m���i�B�Q�M �i�?���i �7�m�H�}�H�H�b �+�2�`�i���B�M �`�2�[�m�B�`�2�K�2�M�i�b �(�R�y�R�-
�R�y�k�)�X

�.�2�}�M�B�i�B�Q�M �j�X�y�X�R�, �U�a�Q�H�B�i�Q�M�V

�� �b�Q�H�m�i�B�Q�Mmpr ; tq �i�Q �� �M�Q�M �H�B�M�2���` �}�2�H�/ �2�[�m���i�B�Q�M �Q�7 �i�?�2 �7�Q�`�Kr 2m � B 2
t m � B t f pmq�7�Q�`

�b�Q�K�2 �7�m�M�+�i�B�Q�Mf �- �i�?���i �?���b �i�?�2 �2�M�2�`�;�v

Erms �
» 8

�8
pr mq2 � f pmq dr

���M�/ �m�M�/�2�` �p���`�B���i�B�Q�M �7�m�H�}�H�H�b�E rms � 0�-� 2Erms ¡ 0�- �B�b �+���H�H�2�/ �� �b�Q�H�B�i�Q�M �B�7 �B�i �K���i�+�?�2�b
�i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b�,

�R�X�A�i �?���b �� �T�2�`�K���M�2�M�i�- �i�B�K�2�@�B�M�/�2�T�2�M�/�2�M�i �b�?���T�2�X

�k�X�A�i �B�b �H�Q�+���H�B�b�2�/�- �b�Q �i�?���ilim r Ñ8 m � �+�Q�M�b�i �X

�j�X�A�i �+���M �B�M�i�2�`���+�i �r�B�i�? �Q�i�?�2�` �b�Q�H�B�i�Q�M�b �r�?�B�H�2 �F�2�2�T�B�M�; �B�i�b �b�?���T�2�X

�� �b�T�2�+�B���H �+���b�2 �Q�7 �b�Q�H�B�i�Q�M�b ���`�2 �i�Q�T�Q�H�Q�;�B�+���H �b�Q�H�B�i�Q�M�b�- �B�M�+�H�m�/�B�M�; �b�F�v�`�K�B�Q�M�b�- �r�?�B�+�? �?���p�2 �}�`�b�i
�#�2�2�M �/�2�b�+�`�B�#�2�/ �#�v �h�X �a�F�v�`�K�2 ���b �b�Q�H�m�i�B�Q�M�b �i�Q �� �M�Q�M�@�H�B�M�2���` �}�2�H�/ �2�[�m���i�B�Q�M �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7
�M�m�+�H�2���` �T�?�v�b�B�+�b �(�R�d�)�X �h�?�2�b�2 �b�F�v�`�K�B�Q�M�b �i�?�2�`�2�#�v �T�Q�b�b�2�b�b �� �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2�- �b�B�K�B�H���` �i�Q �i�?�2
�2�H�2�+�i�`�B�+ �+�?���`�;�2 �7�Q�` �2�H�2�K�2�M�i���`�v �T���`�i�B�+�H�2�b�- �r�?�B�+�? �T�`�Q�p�B�/�2�b �i�?�2�K �r�B�i�? ���/�/�B�i�B�Q�M���H �b�i���#�B�H�B�i�v �/�m�2 �i�Q
�i�Q�T�Q�H�Q�;�B�+���H �T�`�Q�i�2�+�i�B�Q�M �U�+�7�X �a�2�+�X�j�X�j�V�X �h�?�2�b�2 �}�2�H�/ �2�[�m���i�B�Q�M�b ���`�2 �i�?�2�`�2�#�v �b�B�K�B�H���` �i�Q �i�?�Q�b�2 ���`�B�b�B�M�;
�7�`�Q�K �i�?�2 �K�B�+�`�Q�K���;�M�2�i�B�+ �K�Q�/�2�H �7�Q�` �i�?�2 �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �K���;�M�2�i�B�+ �b�v�b�i�2�K�b �B�M �i�?�2 �+�Q�M�i�B�M�m�m�K �H�B�K�B�i
�U�+�7�X �.�2�7�X �U�j�X�k�X�k�V�V�X �*�Q�M�b�2�[�m�2�M�i�H�v �B�i �?���b �#�2�2�M �b�?�Q�r�M �(�k�R�-�R�y�y�) �i�?���i �b�F�v�`�K�B�Q�M �b�Q�H�m�i�B�Q�M�b ���H�b�Q �2�t�B�b�i�b
�B�M �K���;�M�2�i�B�+ �b�v�b�i�2�K�b�X �a�B�K�B�H���`�H�v ���b �B�M �i�?�2 �Q�`�B�;�B�M���H �K�Q�/�2�H �� �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �+���M �#�2 ���b�b�B�;�M�2�/
�i�Q �i�?�2�b�2 �b�F�v�`�K�B�Q�M�b�X �h�?�B�b �[�m���M�i�B�i�v�- �r�?�B�+�? �+���M ���H�b�Q �#�2 ���b�b�B�;�M�2�/ �i�Q �K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�M�b
�B�M �� �/�B�b�+�`�2�i�2 �H���i�i�B�+�2 �K�Q�/�2�H �U�+�7�X �a�2�+�X�j�X�R�X�R�V�- �B�b �B�K�T�Q�`�i���M�i �7�Q�` �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �Q�7 �K���;�M�2�i�B�+
�+�Q�M�}�;�m�`���i�B�Q�M�b �b�i�m�/�B�2�/ �B�M �i�?�B�b �r�Q�`�F�X

�j�X�R Topological charge
�A�M �K���;�M�2�i�B�b�K �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �B�b �� �[�m���M�i�B�i�v �i�?���i �+���M �#�2 ���b�b�B�;�M�2�/ �i�Q �b�Q�H�B�i�Q�M�b �#���b�2�/
�Q�M �i�?�2�B�` �;�2�Q�K�2�i�`�v�X �A�i �B�b �#���b�2�/ �Q�M �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �i�?���i �i�?�2 �b�T���+�2 �Q�7 ���H�H �T�Q�b�b�B�#�H�2 �+�Q�M�i�B�M�m�Q�m�b
�+�Q�M�}�;�m�`���i�B�Q�M�bmprq�+���M �#�2 �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�Q�T�Q�H�Q�;�B�+���H �b�2�+�i�Q�`�b �(�R�y�j���R�y�8�)�- �r�?�2�`�2 �2���+�? �+�Q�M�}�;�@

�k�d



�j�X �h�Q�T�Q�H�Q�;�B�+���H �+�Q�M�+�2�T�i�b �B�M �K���;�M�2�i�B�b�K

�6�B�;�m�`�2 �j�X�R�X�,�q�B�M�/�B�M�; �M�m�K�#�2�`�b�X�A�H�H�m�b�i�`���i�2�/ ���`�2 �i�?�2 �K���;�M�2�i�B�b���i�B�Q�M�bm : S1 Ñ S1 �r�B�i�?
mp' q � p cosp�' � 
 q; sinp�' � 
 qq�7�Q�`
 � 0�X �h�?�2 �b�B�;�M �Q�7 �i�?�2 �r�B�M�/�B�M�; �M�m�K�#�2�`� �/�2�+�B�/�2�b
�#�2�i�r�2�2�M �*�q �U� ¡ 0�V ���M�/ �*�*�q �`�Q�i���i�B�Q�M �U�   0�V �r�?�B�H�2 �i�?�2 �K���;�M�B�i�m�/�2|� | �+�Q�m�M�i�b �?�Q�r
�Q�7�i�2�M �i�?�2 �K���;�M�2�i�B�b���i�B�Q�M �r�`���T�b �i�?�2 �m�M�B�i �+�B�`�+�H�2�X

�m�`���i�B�Q�M �Q�#�2�v�b �i�?�2 �b���K�2 �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2�X �a�m�+�? �+�Q�M�}�;�m�`���i�B�Q�M�b ���`�2 �i�?�2�M �+���H�H�2�/ �?�Q�K�Q�i�Q�T�B�+���H�H�v
�2�[�m�B�p���H�2�M�i�X �A�M �/�2�i���B�H �i�r�Q �7�m�M�+�i�B�Q�M�bm1; m2 : X Ñ Y ���`�2 �+���H�H�2�/ �?�Q�K�Q�i�Q�T�B�+���H�H�v �2�[�m�B�p���H�2�M�i
�B�7 �i�?�2�`�2 �2�t�B�b�i �� �+�Q�M�i�B�M�m�Q�m�b �K���T �7�m�M�+�i�B�Q�Mf : X � r 0; 1s Ñ Y �r�?�B�+�? �7�m�H�}�H�H�bf px; 0q � m1pxq
���M�/f px; 1q � m2pxq �7�Q�` ���H�Hx P X �(�R�y�8�)�X �A�M �+�Q�M�i�`���b�i �i�Q �i�?���i �7�m�M�+�i�B�Q�M�b �#�2�H�Q�M�; �i�Q �/�B�z�2�`�2�M�i
�?�Q�K�Q�i�Q�T�B�+���H �;�`�Q�m�T�b �B�7 �i�?�2�`�2 �2�t�B�b�i �Q�M�H�v �K���T �7�m�M�+�i�B�Q�M�b �7�Q�` �r�?�B�+�? ���i �H�2���b�i �Q�M�2t �2�t�B�b�i�b �b�Q �i�?���i
f px; tq � m1 ���M�/m1 �B�b �M�Q�i �� �+�Q�M�i�B�M�m�Q�m�b �K���;�M�2�i�B�b���i�B�Q�M�X �h�?�2 �r���v �Q�7 �+�?�Q�B�+�2 �i�Q �/�2�+�B�/�2 �r�?�2�i�?�2�`
�i�r�Q �7�m�M�+�i�B�Q�M�b ���`�2 �?�Q�K�Q�i�Q�T�B�+���H�H�v �2�[�m�B�p���H�2�M�i �B�b �i�Q �+�Q�K�T�m�i�2 �i�?�2 �/�2�;�`�2�2 �Q�7 �� �7�m�M�+�i�B�Q�M �(�R�y�e�)
���M�/ �+�?�2�+�F �r�?�2�i�?�2�`degpm1q � degpm2q�- �r�?�B�+�? �B�M�/�B�+���i�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �+�Q�M�i�B�M�Q�m�b �K���T
�+�Q�M�M�2�+�i�B�M�; �#�Q�i�? �7�m�M�+�i�B�Q�M�X �h�?�2 �/�2�;�`�2�2 �B�b �i�?�2�`�2�#�v �/�2�}�M�2�/ ���b

degpmq �

³
X m � da
³

Y da
: �U�j�X�R�V

�>�2�`�2da PRn� 1 �B�b ���M ���`�#�B�i�`���`�v �/�B�z�2�`�2�M�i�B���H �7�Q�`�K �Q�MY € Rn �- �r�?�B�+�? �+�Q�p�2�`�b �i�?�2 �+�Q�K�T�H�2�i�2 �i���M�;�2�M�i
�b�T���+�2 �Q�7Y �#�v �B�M�}�M�B�i�2�b�B�K���H �2�H�2�K�2�M�i�b�X �q�?�B�H�2 �B�M �i�?�2 �b�T�2�+�B���H �+���b�2 �Q�7Y € R3 �i�?�2�b�2 �B�M�}�M�B�i�2�b�B�K���H
���`�2���b ���`�2 �m�b�m���H�H�v �+�Q�M�b�i�`�m�+�i�2�/ ���b �i�`���T�2�x�Q�B�/da � dx1 � dx2 �7�`�Q�K �i�?�2 �H�Q�+���H �i���M�;�2�M�i �#���b�B�bx1; x2

�r�2 �?�2�`�2 �+�?�Q�Q�b�2 �i�Q �/�2�M�Q�i�2 �i�?�2 �/�B�z�2�`�2�M�i�B���H �K�Q�`�2 �;�2�M�2�`���H�H�v �7�Q�` ���`�#�B�i�`���`�v �K���M�B�7�Q�H�/�bY € Rn �m�b�B�M�;
�i�?�2 �2�t�i�2�`�B�Q�` �T�`�Q�/�m�+�i �7�`�Q�K �:�`���b�b�K���M�M ���H�;�2�#�`�� �(�R�y�9�)

da � dx1 ^ :::: ^ dxn� 1 : �U�j�X�k�V

�h�?�2 �B�M�i�2�;�`���H �B�M �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �+���M �#�2 �b�2�2�M ���b �i�?�2 �b�m�`�7���+�2 ���`�2�� �Q�7Y�- �r�?�B�+�? �7�Q�` �b�T�?�2�`�B�+���H
�K���M�B�7�Q�H�/�bY � Sn� 1 € Rn �b�B�K�T�H�v �r�B�H�H �#�2 �;�B�p�2�M �#�v �i�?�2 �r�2�H�H �F�M�Q�r�M �7�Q�`�K�m�H��

³
Sn � 1 da �

2� n{2{ � pn
2 q�r�B�i�?� �#�2�B�M�; �i�?�2 �:���K�K���@�7�m�M�+�i�B�Q�M�X �6�m�`�i�?�2�`m � da �B�b �i�?�2 �b�Q �+���H�H�2�/ �T�m�H�H�#���+�F �i�Q �i�?�2

�+�Q�Q�`�/�B�M���i�2�b �Q�7X �/�2�}�M�2�/ �#�v

m � da �
n¸

i � 1

p� 1qi � 1mi dm1 ^ ::: ^ dmi � 1 ^ dmi � 1 ^ ::: ^ dmn : �U�j�X�j�V

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �K���;�M�2�i�B�b�K �i�?�2 �/�2�;�`�2�2 �+���M �i�?�2�`�2�7�Q�`�2 �#�2 �K�Q�b�i �B�M�i�m�B�i�B�p�2�H�v �m�M�/�2�`�b�i�Q�Q�/ �B�7 �r�2
�B�K���;�B�M�2 �� �+�B�`�+�H�2 �Q�7 �b�T�B�M�b �7�Q�` �r�?�B�+�? �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �B�b �`�2�b�i�`�B�+�i�2�/ �i�Q �i�?�2xy�@�T�H���M�2m � p cosp�' �

 q; sinp�' � 
 qq�- �r�?�2�`�2� PZ �2�M�b�m�`�2�b �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7m�X �A�M �i�?�B�b �r���v �i�?�2 �K���;�M�2�i�B�b���i�B�Q�Mm
�`�2�b�2�K�#�H�2�b �� �K���Tm : S1 Ñ S1 �b�Q �i�?���i �i�?�2 �/�2�;�`�2�2 ���+�+�Q�`�/�B�M�; �i�Q �1�[�X �U�j�X�R�V �#�2�+�Q�K�2�b

degpmq �
1

2�

»
pmy dmx � mx dmyq

�
�
2�

» 2�

0

�
sin2p�' � 
 q � cos2p�' � 
 q

�
d' � � :

�U�j�X�9�V

�k�3



�j�X�R�X �h�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2

�A�M �i�?�B�b �+���b�2 �i�?�2 �/�2�;�`�2�2 �`�2�i�m�`�M�b� �r�?�B�+�? �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2�b �i�?�2 �K���;�M�2�i�B�b���i�B�Q�Mm �r�B�M�/�b
���`�Q�m�M�/ �i�?�2 �+�B�`�+�H�2 ���M�/ �B�b �i�?�2�`�2�7�Q�`�2 �+���H�H�2�/ �r�B�M�/�B�M�; �M�m�K�#�2�`�X �1�t���K�T�H�2�b �7�Q�` �i�?�2�b�2 �K���T�b �r�B�i�?
�r�B�M�/�B�M�; �M�m�K�#�2�`�b� P r� 2; 2s ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�j�X�R�X

�h�?�B�b �`�2�b�m�H�i �Q�M �K���T�b �7�Q�`S1 Ñ S1 �K���i�+�?�2�b �#���b�B�+ �T�`�Q�T�2�`�i�B�2�b �Q�7 �?�Q�K�Q�i�Q�T�v �;�`�Q�m�T�b� i pSj q
�Q�7 �b�T�?�2�`�2�b �(�R�y�d�)�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/ �i�Q �K���T�T�B�M�;�bSi Ñ Sj �- �r�?�2�`�2 �B�M �i�?�2 �+���b�2 �Q�7i � j �i�?�2
�;�`�Q�m�T� i pSi q � Z �+���M ���H�r���v�b �#�2 �B�/�2�M�i�B�}�2�/ �r�B�i�? �i�?�2 �;�`�Q�m�T �Q�7 �B�M�i�2�;�2�`�b�- �B�M�/�2�T�2�M�/�2�M�i �Q�Mi �X �A�M
�i�?�B�b �`�2�;���`�/ �i�?�2 �K���T�T�B�M�; ���#�Q�p�2 �#�2�H�Q�M�;�b �i�Q �i�?�2 �;�`�Q�m�T� 1pS1q�X �� �K�Q�`�2 �B�M�i�2�`�2�b�i�B�M�; �7���K�B�H�v �Q�7
�?�Q�K�Q�i�Q�T�v �;�`�Q�m�T�b �7�Q�` �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �i�?�2�b�B�b �i�?�Q�m�;�? �B�b� 2pS2q � Z �b�B�M�+�2 �B�i �/�2�b�+�`�B�#�2�b �i�?�2
�K���T�T�B�M�; �Q�7 �i�?�2 �K���;�M�2�i�B�b���i�B�Q�Mm : R2 Ñ S2�X �A�M �i�?�B�b �+���b�2 �i�?�2 �#���b�B�b �b�T���+�2S2 �B�b �K�Q�`�T�?�Q�H�Q�;�B�+���H
�2�[�m�B�p���H�2�M�i �i�Q �i�?�2R2 �#�v �b�i�2�`�2�Q�;�`���}�+ �T�`�Q�D�2�+�i�B�Q�M ���M�/ �?�2�M�+�2 �/�2�b�+�`�B�#�2�b �i�?�2 �H���i�i�B�+�2 �Q�7 ���M �m�H�i�`���i�?�B�M
�}�H�K �Q�` �k�. �K���;�M�2�i�X �h�?�2 �i���`�;�2�i �b�T���+�2S2 �B�M �i�m�`�M �H�2�i�b �m�b �/�2�b�+�`�B�#�2 �+�H���b�b�B�+���H �b�T�B�M�bmprq �B�M �i�?�2
�m�b�m���H �b�T�?�2�`�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M

mprq � m r� prq; � prqs �

�

�
cos � sin �
sin � sin �

cos �

�


 : �U�j�X�8�V

�A�M �i�?�2 �+���b�2Y � S2 € R3 �i�?�2 �2�t�i�2�`�B�Q�` �T�`�Q�/�m�+�i �#�2�+�Q�K�2�b �i�?�2 �b�i���M�/���`�/ �+�`�Q�b�b �T�`�Q�/�m�+�i�X �6�Q�H�H�Q�r�B�M�;
�i�?�2 �b�i�2�T�b �7�`�Q�K �_�2�7�X �(�R�y�8�) �i�?�2 �/�2�;�`�2�2 �Q�7 �i�?�2 �K���;�M�2�i�B�b���i�B�Q�M �7�m�M�+�i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b

degpmq �
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» ¸
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dx1dx2 :

�U�j�X�e�V

�h�?�B�b �[�m���M�i�B�i�v �B�b �F�M�Q�r�M ���b �i�?�2�i�Q�T�Q�H�Q�;�B�+���H �+�?��� �̀;�2�Q��̀b�F�v�`�K�B�Q�M �M�m�K�#�2�`�X �A�i �B�b �2�[�m�B�p���H�2�M�i �i�Q
�i�?�2 �;�2�M�2�`���H �/�2�;�`�2�2 �Q�7 �K���T�T�B�M�; �B�M�i�`�Q�/�m�+�2�/ �B�M �1�[�X �U�j�X�R�V �#�m�i �2�t�T�H�B�+�B�i�H�v �r�`�B�i�i�2�M �7�Q�` �i�?�2 �+���b�2 �Q�7
�K���;�M�2�i�B�b���i�B�Q�M �7�m�M�+�i�B�Q�M�b �r�2 ���`�2 �/�2���H�B�M�; �r�B�i�? �i�?�`�Q�m�;�? �i�?�B�b �r�Q�`�F�X

�.�2�}�M�B�i�B�Q�M �j�X�R�X�R�, �U�h�Q�T�Q�H�Q�;�B�+���H �+�?��� �̀;�2�V

�6�Q�` �� �+�Q�M�i�B�M�m�Q�m�b �K���;�M�2�i�B�b���i�B�Q�M �7�m�M�+�i�B�Q�Mm : R2 Ñ S2 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2Qpmq
�`�2���/�b
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dx1dx2

�A�M �a�2�+�X�j�X�k�r�2 �B�H�H�m�b�i�`���i�2�- �i�?���i �r�2�H�H �H�Q�+���H�B�b�2�/ �i�Q�T�Q�H�Q�;�B�+���H �/�2�7�2�+�i�b�- �b�m�+�? ���b�b�F�v�`�K�B�Q�M�b�- �r�B�H�H
���H�r���v�b �`�2�i�m�`�M ���M �B�M�i�2�;�2�` �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2Q PZ�X �"�v �i�?�2 �/�2�}�M�B�i�B�Q�M �/�B�b�+�m�b�b�2�/ �B�M �i�?�B�b �+�?���T�i�2�`
�i�?�B�b �B�M�i�2�;�2�` �b�2�`�p�2�b ���b ���M �B�M�/�B�+���i�Q�` �7�Q�` �i�?�2 ���{�H�B���i�B�Q�M �i�Q �� �+�2�`�i���B�M �?�Q�K�Q�i�Q�T�B�+���H �;�`�Q�m�T�X

�j�X�R�X�RTopological charge in discrete lattice model
�L�Q�i�2 �i�?���i �b�Q �7���` �r�2 �/�2�}�M�2�/ �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �Q�M�H�v �7�Q�` �� �+�Q�M�i�B�M�m�Q�m�b �K���;�M�2�i�B�b���i�B�Q�M
mprq�X �A�M �Q�`�/�2�` �i�Q ���b�b�B�;�M �� �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �i�Q �� �K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�M �U�.�2�7�X�k�X�y�X�R�V �Q�M ��
�/�B�b�+�`�2�i�2 �H���i�i�B�+�2 �i�?�2 ���T�T�`�Q���+�? �?���b �i�Q �#�2 �K�Q�/�B�}�2�/�X �6�Q�` �i�?���i �T�m�`�T�Q�b�2 �B�i �B�b �?�2�H�T�7�m�H �i�Q �i�?�B�M�F �Q�7 �i�?�2
�i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 ���b �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2�b �i�?�2 �K���;�M�2�i�B�b���i�B�Q�Mmprq �r�`���T�b ���`�Q�m�M�/ �i�?�2 �i���`�;�2�i
�b�T���+�2S2�- ���b �B�M�i�2�M�/�2�/ �#�v �i�?�2 �#���b�B�+ �+�Q�M�b�i�`�m�+�i�B�Q�M �7�Q�`�K�m�H�� �1�[�X �U�j�X�R�V ���M�/ �b�?�Q�r�M �7�Q�` �i�?�2S1 �+���b�2
�B�M �6�B�;�X�j�X�R�X �6�`�Q�K �i�?�B�b �T�B�+�i�m�`�2 �B�i �?���b �#�2�2�M �b�?�Q�r�M �B�M �_�2�7�X �(�R�y�3�) �i�?���i �Q�M �� �/�B�b�+�`�2�i�2 �H���i�i�B�+�2 �i�?�2

�k�N



�j�X �h�Q�T�Q�H�Q�;�B�+���H �+�Q�M�+�2�T�i�b �B�M �K���;�M�2�i�B�b�K

�i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �Q�7 �� �b�T�B�M �H���i�i�B�+�2 �K�Q�/�2�H �+���M �#�2 �+�Q�K�T�m�i�2�/ ���b �i�?�2 �i�Q�i���H �b�T�?�2�`�B�+���H ���`�2�� �� �;�B�p�2�M
�K���;�M�2�i�B�+ �+�Q�M�}�;�m�`���i�B�Q�M �b�T���M�b

QpM q �
1

4�

Ņ

n� 1

A � pr �
nq : �U�j�X�d�V

�A�M �i�?�B�b �M�Q�i���i�B�Q�Mr �
n PL � �/�2�M�Q�i�2�b �i�?�2 �T�Q�b�B�i�B�Q�M�b �r�B�i�?�B�M �� �/�m���H �H���i�i�B�+�2L � �i�Q �i�?�2 �Q�`�B�;�B�M���H �H���i�i�B�+�2

L�X �A�M �i�?�2 �+���b�2 �Q�7 �� �k�. �?�2�t���;�Q�M���H �H���i�i�B�+�2 �i�?�2 �/�m���H �H���i�i�B�+�2 �B�b �+�Q�M�b�i�`�m�+�i�2�/ ���b �b�?�Q�r�M �B�M �6�B�;�X�j�X�k�U���V�X
�h�?�2 �7�m�M�+�i�B�Q�MA � pr �

nq �B�b �i�?�2 �b�B�;�M�2�/ �b�T�?�2�`�B�+���H ���`�2�� �b�T���M�M�2�/ �#�v �i�?�2 �7�Q�m�` �b�T�B�M�bm i ; m j ; m k ; m l

���i �T�Q�b�B�i�B�Q�M�br i ; r j ; r k ; r l ���`�Q�m�M�/ �� �;�B�p�2�M �/�m���H �H���i�i�B�+�2 �T�Q�B�M�i�X �6�Q�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �i�?�2 ���`�2�� �B�b
�/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �b�T�?�2�`�B�+���H �i�`�B���M�;�H�2�b

A � pr �
nq � �b�B�;�MpVijk qA ijk � �b�B�;�MpVjlk qA jlk ; Vijk � m i � pm j � m kq : �U�j�X�3�V

�h�?�2 �Q�`�B�;�B�M���H ���T�T�`�Q���+�? �7�`�Q�K �_�2�7�X �(�R�y�3�) �B�b �i�Q �+�Q�K�T�m�i�2 �i�?�2 �m�M�b�B�;�M�2�/ �b�T�?�2�`�B�+���H ���`�2�� �7�`�Q�K �b�T�?�2�`�@
�B�+���H ���M�;�H�2�bA ijk � � i � � j � � k � � �X �h�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �b�T�?�2�`�B�+���H ���M�;�H�2�b� i �?�Q�r�2�p�2�` �+���M
�#�2 �M�m�K�2�`�B�+���H�H�v �+�?���H�H�2�M�;�B�M�;�X �� �+�Q�K�T�m�i���i�B�Q�M���H �K�Q�`�2 �2�H�2�;���M�i �r���v �B�b �i�Q �i���F�2 �B�M�i�Q ���+�+�Q�m�M�i �i�?�2
�P�Q�b�i�2� �̀Q�K�@�a�i� �̀��+�F�2�2 �7�Q�`�K�m�H���(�R�y�N�)

A ijk � 2���`�+�i���M�kpVijk ; Cijk q ; Cijk � 1 � m i � m j � m j � m k � m k � m i �U�j�X�N�V

�r�?�2�`�2 �i�?�2 �m�b�m���H ���`�+�i���M�k �7�m�M�+�i�B�Q�M �B�b �m�b�2�/�X �h�Q�;�2�i�?�2�` �1�[�X �U�j�X�d�V�-�U�j�X�3�V ���M�/ �U�j�X�N�V �;�B�p�2 �`�B�b�2 �i�Q �i�?�2
�+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �+�?���`�;�2 �m�b�2�/ �i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �r�?�Q�H�2 �r�Q�`�F�X

�.�2�}�M�B�i�B�Q�M �j�X�R�X�k�, �U�h�Q�T�Q�H�Q�;�B�+���H �+�?��� �̀;�2 �Q�M �� �/�B�b�+� �̀2�i�2 �H���i�i�B�+�2 �K�Q�/�2�H�V
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