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CHRISTIAN-ALBRECHTS UNIVERSITÄT ZU KIEL

Abstract
Technische Fakultät

Doktor der Ingenieurwissenschaften (Dr.-Ing.)

On Algorithms for Multidimensional Packing Problems and on the Complexity
of higher dimensional Knapsack

by Kilian GRAGE

This thesis consists of two parts. In the first half we consider a range of so called
online problems. In an online setting we are not given all informations of our input
instance immediately. Instead we receive informations over time and algorithms
have to handle not only the given instance at a specific time, but also the lack of
information and an unknown future.

We consider a slightly relaxed setting where the solution we generate is not fixed
but can be altered. We do not allow arbitrary repacking. We measure objects by
some size criteria and allow repacking based on the total size of arrived or departed
objects.

For this setting we introduce and analyse a framework that is based on the very
simple idea of combining known offline results with flexible and simple online al-
gorithms. The resulting algorithm of our framework is then easily described: As
we receive more information of our input data, we apply an online algorithm, that
is suited to handle the new influx of data and is capable of maintaining a certain
solution quality despite not knowing what happens in the future.

At specific points in time, when solution quality starts to deteriorate, we then
repack the solution. For this repacking we use offline algorithms with good approx-
imation ratios to calculate an efficient solution that we continue working with. For
the next changes of the instance we then continue again with the online algorithm
and keep alternating between both online and offline algorithm. Surprisingly this
achieves a solution quality close to quality of the offline algorithm.

The second half of this thesis concerns itself with the multidimensional Knap-
sack problem and its connection to the (max,+)-convolution problem. We show
that a conditional lower bound from the one-dimensional case can be generalized to
higher dimensions. This implies that if and only if (max,+)-convolution in higher
dimension can not be solved in sub-quadratic time, that even knapsack can not be
solved in time that is sub-quadratic in the number of knapsack capacities.

We complement these results with algorithms that also abuse the connection be-
tween Knapsack and Convolution. We give a new algorithm that solves higher di-
mensional knapsack using one-dimensional convolution and carry over these results
in order solve general Integer Linear Programs as well. Finally we also give an al-
gorithm to solve Malleable Job Scheduling. This last algorithm is also based on the
idea of using Knapsack as a sub-problem and uses Convolution in order to solve the
Knapsack-instance.

HTTPS://WWW.UNI-KIEL.DE
https://www.tf.uni-kiel.de/de/technische-fakultaet-kiel




Zusammenfassung
On Algorithms for Multidimensional Packing Problems and on the Complexity

of higher dimensional Knapsack

by Kilian GRAGE

Diese Thesis besteht aus zwei Teilen. In der ersten Hälfte betrachten wir eine Auswahl
von sogenannten Online Problemen. In der Online Version eines Problems sind uns
nicht alle Informationen der Eingabe von Anfang an gegeben, sondern wir erhal-
ten Informationen im Laufe der Zeit. Daher müssen Algorithmen nicht nur eine zu
einem Zeitpunkt gegebene Instanz lösen, sondern müssen auch mit dem Mangel an
Information und einer unbekannten Zukunft zurecht kommen.

Wir schauen uns eine Variante an, in der unsere berechnete Lösung nicht in Stein
gemeißelt ist und wir diese auch zu einem späteren Zeitpunkt verändern können.
Wir beschränken uns allerdings und erlauben nicht beliebige Änderungen. Statt
dessen messen wir die Veränderungen der Instanz anhand eines Kriteriums (zum
Beispiel die Größe eines Objektes) und beschränken Veränderungen basierend auf
der gesamten Größe von neuen oder entfernten Objekten.

Für dieses Setting stellen wir ein neues Framework vor und analysieren dieses.
Das Framework basiert auf der einfachen Idee zwei Algoritmen, einen bereits vorhan-
den Algorithmus aus der Offline-Welt und einen einfachen und flexiblen Online-
Algorithmus zu kombinieren. Das daraus entstehende Framework lässt sich leicht
erklären: Im Verlaufe der Zeit werden neue Informationen und Objekte durch den
Online-Algorithmus verarbeitet. Dieser ist prinzipiell gut dafür geeignet, die neuen
Objekte zu verwalten und kann damit eine akzeptable Lösungsqualität garantieren.

Zu gewissen Zeitpunkten, wenn die Lösungsqualität sich langsam verschlechtert,
wollen wir dann eine neue Lösung berechnen. Dafür benutzen wir dann einen guten
Offline-Algorithmus mit einer guten Approximationsgüte um eine effiziente Lösung
zu berechnen, mit der wir dann weiterarbeiten können. Für die darauffolgenden
Änderungen, benutzen wir dann wieder den Online-Algorithmen und alternieren
weiter auf diese Art und Weise zwischen den beiden Algorithmen. Überraschen-
derweise ist die Qualität der Lösung nur geringfügig schlechter, als die des Offline-
Algorithmus.

Die zweite Hälfte dieser Dissertation geht um das mehrdimensionale Rucksack-
Problem und seiner Verbindung zum (max,+)-convolution Problem. Wir zeigen,
dass eine bedingte untere Schranke vom eindimensionalen Rucksack Problem sich
erweitern lässt in höhere Dimension. Die Konsequenz ist dann: Sofern (max,+)-
convolution in höheren Dimension nicht in einer sub-quadratischen Laufzeit gelöst
werden kann, so kann auch das Rucksackproblem in höheren Dimension nicht mit
einer sub-quadratischen Laufzeit gelöst werden.

Wir komplementieren diese unteren Schranken mit Algorithmen, die auch die
Verbindung zwischen Rucksack und Convolution nutzen. Wir stellen einen Ruck-
sack Algorithmus vor, welcher als Teilproblem ein-dimensionale Convolution lösen
muss. Diese Techniken nutzen wir weiter um auch allgemeine Integer Linear Pro-
grams auch zu lösen. Final stellen wir auch einen Algorithmus für das Malleable
Job Scheduling Problem vor. Dieser Algorithmus basiert auch auf der Idee eine
Rucksack-Instanz zu lösen und nutzt dafür das Convolution-Problem.
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Chapter 1

Introduction

Packing problems are a range of very interesting problems that stem from simple
real world examples. Imagine we want to fly into holidays and we need to pack our
luggage for the flight. We probably have a lot of items that we would like to bring,
but realistically we are going to be limited by multiple factors.

First of all we are probably limited by the number of travel suitcases available to
us. These can be further limited if the flight does only allow up to a specific number
of suitcases. Furthermore each suitcase might be further restricted. Maybe there is a
weight limit for each individual suitcase or maybe certain items are only allowed up
to a certain quantity. All these factors make for quite a difficult problem - in theory.

In reality people apply individual strategies not thinking too much about the
efficiency of their packing. Some people may pack similar things together, to be able
to find them easier together later. Some people may actually prefer to prepare the
things outside of the suitcase and then pack things and see how they fit well together
to save space. Finally there is also a group of people that just throw their stuff in and
pray that at the end everything fits. While these strategies work for each individual
and are sufficient for a lax context such as holidays, one can still ask at the end of the
day: "Could I have done better?". And the answer to that question is most definitely
yes.

In Computer Science we aim to solve problems and usually we aim to solve them
optimally. However some problems have proven to be quite difficult to solve in a
reasonable time. For these NP-hard problems up to this date there have been no
optimal polynomial time algorithms. Therefore there are two approaches that one
can follow:

Either we relax the problem and try to find an approximate solution. We still
want to guarantee that our solution - in regards to some measurable optimisation
criteria - is close to the optimum, but the main goal is to forgo an optimal solution to
achieve a polynomial time algorithm.

The other approach is to make further restrictions to the problems and make
additional assumptions about relevant parameters of the problem. For example in
the setting of our holiday luggage it might be a reasonable assumption that our items
are not too big. We will probably not have any items that will fill out a whole suitcase
by itself and even if we actually do, we might just put it into a separate suitcase and
focus on the rest of the luggage. Assumptions like that - in this case about the size
parameter being small - can enable efficient algorithmic strategies that help us solve
problems in a more reasonable time.

The packing problems we consider in this thesis are all NP-hard and therefore
we will need to make due with either of these alternative strategies to achieve poly-
nomial time. Generally we will consider two different kind of problems based on
whether we aim to maximize or minimize their optimisation criteria.
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In a minimization problem our problem is usually linked to some kind of cost or
something similar we want to keep small. In our holiday luggage setting it could be
the number of suitcases we bring. It seems very likely that if we bring more suitcases
to the flight, we will also be charged more at the end. Consider a very simplistic
model of this problem: Every item is simply defined by some size value and that we
are given an arbitrary number of suitcases that all have the same capacity, which is
also given by a size value. This problem in its core is known as Bin Packing where
we aim to minimize the number of suit cases or Bins necessary to pack all our given
items.

For the maximization setting contrary to the minimization problem we aim to
maximize some value. Bin Packing is not an ideal model for our holiday luggage,
cause our goal might not be to bring all of our items. Instead we are more likely to
have limited space and try to fill it with as much value as we can. This in its core is
known as Knapsack Problem, where we are given a set of items and each item has
a size and a profit value. Our knapsack - or suitcase - also has a size capacity. The
goal for this problem is then to fill the knapsack with items, that do not exceed the
size limit, but have a high profit value.

Bin Packing and Knapsack are probably the most simple variants of packing
problems, but can be generalized to even harder problems. The first natural gen-
eralization is adding more size parameters. Instead of a singular size value we iden-
tify sizes with vectors then - both for items and knapsacks/bins. This is the higher
dimensional variant of each respective problem.

One could also add a geometric layer to this problem. In none of the aforemen-
tioned models we actually bothered finding a solution for how to actually pack
the suitcase. We could therefore model items as 2-dimensional rectangles or 3-
dimensional cuboids that need to be fitted into a knapsack/bin that is also repre-
sented by the same structure. This immediately adds another completely different
and difficult layer to the problem: Not only does the choice of items for each con-
tainer remain relevant, but also how these are packed.

These packing problems among others will be considered in the following. We
will also look at some problems that do not immediately qualify as packing prob-
lems, but where the choice of items is the main question. Some graph problems such
as Vertex Cover or Maximum Independent Set will fall under this category.

1.1 Structure of the Thesis

In the first two chapters we will look at a wide range of problems in the online
setting. In an online setting we are not given the full instance from the beginning.
Instead items arrive over time and we need to pack them as they come and - poten-
tially even - go. We allow for repacking the solution but limit ourselves to not allow
arbitrary repacking based on amortized migration. This in particular means that we
measure the size of arriving and departed items and only allow repacking based on
the total size.

For this setting we introduce a framework that uses online algorithm to handle
changes on the instance, but an offline algorithm for the repackings. In chapter 2
we discuss how the framework can be applied to minimization problems and in
chapter 3 we extend the results to maximization problems. Both of these chapters
are based on the publications [14, 16].
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In the second half we specialise in particular on the Knapsack Problem in higher
dimension. We generalize in chapter 4 a conditional lower bound and a connec-
tion to the (max,+)-convolution problem that was proven by Cygan et al. [36] for
the one dimensional case. As an interesting sub-result we achieve an algorithm
for multi-dimensional knapsack using techniques that Bringmann used in the one-
dimensional scenario.

We also give a parameterized algorithm, generalized from Axiotis and Tzamos
[2] solving d-dimensional Knapsack using convolution as a sub-problem. Note that
we not only generalize the result from Axiotizs and Tzamos but we also show that
we can skip one step of their algorithm. We also carry these results over to the ILP
world by applying a reduction to handle negative values. Compared to the long
standing result of Eisenbrand and Weismantel our algorithm achieves a slightly bet-
ter dependency on the dimension/number of constraints while being slightly worse
for larger absolute entries in the constraint matrix. The contents of chapter 4 are
based on [51].

Finally in chapter 5 we give an algorithm that solves a scheduling problem with
malleable monotone jobs. The algorithm at its core solves a Knapsack problem,
which in turn is solved via techniques based on convolution. The knapsack prob-
lem uses ideas from Mounié et al. [76] as well as the concept of compression from
Jansen and Land [59]. The topics discussed in this chapter were published in [52].
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Chapter 2

Robust Online Algorithms for
Minimization Problems

Online algorithms that allow a small amount of migration or recourse have been in-
tensively studied in the last years. They are essential in the design of competitive
algorithms for dynamic problems, where objects can also depart from the instance.
In this part, we give a general framework to obtain so called robust online algorithms
for a variety of dynamic problems: these online algorithms achieve an asymptotic
competitive ratio of γ + ϵ with migration O(1/ϵ), where γ is the best known offline
asymptotic approximation ratio. For our framework, we require only two ingredi-
ents: (i) the existence of an online algorithm for the static case (without departures)
that provides a provably good solution compared to the total volume of the instance
and (ii) that the optimal solution always exceeds this total volume. If these criteria
are met, we can complement the online algorithm with any offline algorithm.

While these criteria are naturally fulfilled by many dynamic problems, they are
especially suited for packing problems. In order to show the usefulness of our ap-
proach in this area, we improve upon the best known robust algorithms for the dy-
namic versions of generalizations of Strip Packing and Bin Packing, including the
first robust algorithms for general d-dimensional Bin Packing and Vector Packing.

2.1 Introduction

Online algorithms are a very natural way to deal with uncertain inputs and the need
for a sequence of good solutions throughout the evolution of an instance. For a sur-
prisingly large number of problems, one can obtain online algorithms that produce
solutions within a constant ratio of the optimal solutions. The worst-case ratio be-
tween an optimal solution and a solution produced by the online algorithm is called
the competitiveness of the algorithm. For most algorithms with constant competitive-
ness, the algorithms rely heavily on the fact that the instances evolve in a monotone
way: every object that becomes part of the instance will stay part of the instance
forever. This monotonicity property is often not present in real-world applications,
where the objects might be removed from the instance later on. These objects might
be used at a different place, they might expire, or they are no longer relevant. Hence,
in order to still give a performance guarantee, the online algorithms need to be able
to modify parts of an existing solutions. Clearly, such a modification might be costly
and should thus be minimized. If no such boundary on the modification is given,
one could easily use an offline approximation algorithm. A natural way to mea-
sure the amount of modification needed is the migration factor: it compares the total
size of modified objects with the size of the newly inserted or removed object. An
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algorithm with a bounded migration factor roughly translates to the fact that the in-
sertion or departure of a small object can only lead to small changes in the structure
of the current solution. On the other hand, if a large (and thus impactful) object is
inserted or removed, we are allowed to modify a larger part of the solution.

It is easy to see that online algorithms can in general not achieve the same solu-
tion quality as offline algorithms. The question how much these two values differ
is one of the central questions in the field of online and approximation algorithms.
Clearly, an online algorithm that is allowed a certain amount of migration is able to
gap between these extremes. If the amount of migration needed directly corresponds
to the improvement of the solution guarantee, we call such an algorithm robust. As
an example, consider the well-studied Bin Packing problem. No online algorithm
(without migration) can achieve a competitiveness smaller than 3/2 [84], while an
offline algorithm with asymptotic approximation ratio of 1 + ϵ can be obtained in
polynomial time [68]. A robust online algorithm would then have competitiveness
1 + ϵ and migration factor f (1/ϵ) for some function. In other words, we only need
to increase the migration if we want to obtain a better solution. Such robust online
algorithms thus have a continuous behavior between the performance of the best
offline algorithm (ϵ → 0) and the performance of the best online algorithm (ϵ → ∞).

In this section, we describe a general framework to construct robust online al-
gorithms for dynamic online problems. The only ingredients needed for our frame-
work are (i) a good offline approximation algorithm and a (ii) suitably designed
online algorithm for the static case. Our framework is applicable to many problems,
especially in the field of geometric packing problems. To show the versatility of our
approach, we use it to improve upon existing robust algorithms and to construct
new robust algorithms.

2.1.1 Related Works

The migration factor model was introduced by Sanders, Sivadasan and Skutella [78].
They studied the classical problem of minimizing the makespan on parallel identical
machines and made use of sensitivity results of integer programming to obtain a
robust 1 + ϵ-competitive algorithm. This work spanned a lot of follow up works for
a wide range of different problems:

• Skutella and Verschae [79] also studied the same problem and were able to ob-
tain a robust 1+ ϵ-competitive algorithm for the dynamic case, where jobs may
depart. They also studied the dual version of makespan minimization prob-
lem, where the minimum load should be maximized. This problem (called
Machine Covering or Santa Claus) also admits a robust 1 + ϵ-competitive al-
gorithm even in the dynamic case. Skutella and Verschae also proved that for
all ϵ > 0 there is no online algorithm for the Machine Covering problem that
achieves competitive ratio 20/19− ϵ with worst-case migration f (1/ϵ) for any
function f . Gálvez et al. [48] gave two simple competitive robust algorithms
(one that is 1.7+ ϵ-competitive and one that is 4/3+ ϵ-competitive) with poly-
nomial migration factor for the static version of the problem of makespan min-
imization.

• For the Bin Packing problem, Epstein and Levin [42] gave the first robust 1+ ϵ-
competitive algorithm for Bin Packing based on the same sensitivity results for
integer programming. Jansen and Klein [62] designed new techniques in or-
der to obtain a migration factor polynomial in 1/ϵ. These techniques were
improved by Berndt et al. [12] to also handle the dynamic version of the Bin
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Packing problem where items can also depart. In all of these works, the mi-
gration factor is worst-case and can thus not be saved up for later use. In con-
trast, Feldkord et al. [47] presented a simple robust 1+ ϵ-competitive algorithm
with amortized migration factor that also works for the dynamic case. Berndt
et al. also showed that a worst-case migration factor of Ω(1/ϵ) is needed [12].
This lower bound was shown to also hold for amortized migration by Feldkord
et al. [47]. Feldkord et al. also studied a problem variant, where the migration
needed for an item does not correspond to its size.

• For the makespan problem, where jobs can be scheduled preemptively (i. e. they
can be split, but parts are not allowed to run simultaneously), Epstein and
Levin [43] designed an optimal online algorithm with migration factor 1 −
1/m, where m is the number of machines. Again, the migration factor used
here is worst-case. They also showed that exact algorithms for the makespan
minimization problem on uniform machines and for identical machines in the
restricted assignment have worst-case migration factor at least Ω(m).

• Berndt et al. [13] studied the dual problem of Bin Packing called Bin Covering.
They analyzed this problem both for worst-case migration and amortized mi-
gration and for the static and the dynamic case to obtain lower bounds and
matching algorithmic results (up to an additional additive term of ϵ).

The offline variants of the geometric packing problems have also been studied
intensively. See e. g. the survey of Christensen et al. [32] and the references therein.

2.1.2 Our Results

We present a very general framework that allows to construct robust online algo-
rithms that have optimal amortized migration factor of O(1/ϵ) and achieve the same
competitive ratio as the best known offline approximation algorithm (up to an addi-
tive error of ϵ). This framework is suitable for many different optimization problems,
especially geometric packing problems. The algorithms created by our framework
can all deal with the dynamic versions of these problems, where items can also de-
part from the instance. To present a general framework, we introduce the notion
of flexible online algorithms and show that such algorithms can be combined with
offline approximation algorithms under certain circumstances. We then show the
versatility of our approach by looking at several well-studied problems including
generalizations of Strip Packing and Bin Packing. We give robust algorithms for the
multi-dimensional variants of these problems, where we can also handle both the
departure and the rotation of items. This improves and generalizes several known
results and gives the first robust algorithms for all of the other problems. Addition-
ally, our compact and clean framework gives much easier algorithms compared with
the previously known algorithms.

2.2 Online Algorithms for Dynamic Problems: A Framework

2.2.1 Preliminaries

In this section we will discuss minimization problems. We remark that these tech-
niques also work for maximization problems but we will discuss these in the next
section.
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Definition 2.2.1. Let ITEMS ⊆ {0, 1}∗ be a prefix-free set describing some items. A
minimization problem Π = (I , SOL, COSTS) consist of a set of instances I ⊆ ITEMS,
a mapping SOL that maps an instance I ∈ I to a non-empty set of feasible solution
SOL(I), and a mapping COSTS that maps a solution S ∈ SOL(I) to its costs COSTS(S) ∈
Q≥0. A solution S∗ ∈ SOL(I) is called optimal, if COSTS(S∗) ≤ COSTS(S) for all
S ∈ SOL(I). We denote the cost of any optimal solution S∗ by OPT(I) := COSTS(S∗).

For the sake of simplicity, we also sometimes treat Π and I interchangeably and
also write I ∈ Π to denote that I is an instance.

We make the following two natural assumptions that hold for all problems con-
sidered in this section:

Assumption 1.
1. For every instance I, every instance I′ ⊆ I, and every solution S ∈ SOL(I), the so-

lution S ↾I′ induced by the items in I′ is also feasible, i. e. S ↾I′∈ SOL(I′). Hence,
removing some items from a feasible solution results in a feasible solution of the re-
maining items.

2. For every instance I, and every instance I ′ ⊆ I, we have OPT(I′) ≤ OPT(I). Hence,
removing items from an instance can only decrease the optimum.

In the classical offline version of Π = (I , SOL, COSTS), we are given the complete
instance I ∈ I all in once. An α-approximation for Π is a polynomial-time algorithm
A such that for all instances I ∈ I , we have A(I) ≤ α OPT(I) + c for some constant c
not depending on the instance. Here, A(I) is the value of the solution produced by
A.

In the online version of a minimization problem Π = (I , SOL, COSTS), an online
instance I is a sequence of instances I1, I2, . . . , I|I| ∈ I such that |It△It+1| = 1 for all
t = 1, . . . , |I| − 1, where △ is the symmetric difference of two sets. This means that
we insert a new item i∗ (if It+1 \ It = {i∗}) or an item i∗ departs (if It \ It+1 = {i∗}).
The set of online instances of Π is denoted as Ion. An online algorithm A maintains a
sequence of solutions S1, . . . , St, where St ∈ SOL(It) and furthermore, St+1(i) = St(i)
for all i ∈ It+1 ∩ It. In the static online version, we only have insertions and thus
It ⊊ It+1. A non-static problem is called dynamic. We say that an online algorithm A
producing such a sequence of solutions S1, S2, . . . is β-competitive, if

COSTS(St) ≤ β · OPT(It) + c

for all t = 1, . . . , |I| and some constant c not depending on the instance. This notion
of competitiveness is sometimes also called asymptotic competitiveness in contrast to
the notion of absolute competitiveness, where no additional additive term c is allowed.
Whenever we talk about competitiveness, this is with regard to the notion of asymp-
totic competitiveness.

Migration Achieving bounded competitiveness is usually impossible for dynamic
problems, even for very simple problems such as Bin Packing where every item has
the same size. This is simply due to the fact that an online algorithm is not allowed
to change the placement of already placed items. This very strict restriction thus
comes with a high cost with regard to the competitiveness. As many real-world
applications are not only static, but allow the departure of items, one must thus me
more flexible. We will thus allow a small amount of repacking to be able to handle
dynamic problems. The model of repacking we use is called the amortized migration
factor model. In this setting, every item i ∈ ITEMS comes with a size vi ∈ Q≥0. Usually
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this size will be the space needed for an item, like it’s total area or volume or some
identical criteria like the side length of a hypercube. For a set of items I ⊆ ITEMS,
we denote by VOL(I) = ∑i∈I vi the complete volume of I. If I ∈ Ion is an online
instance and S⃗ = (S1, . . . , S|I|) is a sequence of solutions with Sj ∈ SOL(Ij), the
migrated items Mt(S⃗) at time t are defined as Mt(S⃗) = {i ∈ It−1 ∩ It | St−1(i) ̸= St(i)}.
The total migration µ(S⃗, t) used until time t is defined as µ(S⃗, t) := ∑t

j=1 ∑i∈Mj(S⃗)
vi,

i. e. as the sum of the sizes of the migrated items. Inserting an item i builds up a
migration potential of vi and migrating i has cost vi. More formally, for t = 1, . . . , |I|,
let At =

⋃
j∈{0,1,...,t−1}(Ij+1 \ Ij) be the set of items that were inserted until time t and

Dt =
⋃

j∈{0,1,...,t−1}(Ij \ Ij+1) be the set of items that departed until time t. Let A be an
online algorithm that is allowed to migrate items. We say that A has migration factor
β, if

µ(S⃗, t) ≤ β[VOL(At) + VOL(Dt)].

for all t = 1, . . . , |I| and all I ∈ Ion. Here S⃗ is the sequence of solutions produced by
A. Note that our definition of migration is amortized, i. e. we can build a potential
to use later on. This will essentially allows us to repack the complete instance from
time to time. In contrast, in the notion of worst-case migration, the total size of all
repacked items is at most β · vt at each time t, i. e. one cannot save up migration for
later use.

If A is (γ + ϵ)-competitive for some constant γ and all ϵ > 0, and additionally
has migration factor bounded by f (1/ϵ) for some function f , we say that A is robust.
This is due to the fact that the migration needed only depends on the desired quality
of the solution.

2.2.2 The General Framework

Before we start looking at the specific problems, we will introduce our very general
framework. The simple algorithm presented by Feldkord et al. [47] can be seen as a
special case of our framework. By using the concept of amortized migration, we can
save up repacking potential, to be used at a later time. Now the design of an algo-
rithm boils down to three basic questions. How do we pack arriving items? How
do we repack arriving items? And at what time do we repack items? The main idea
behind our framework for packing problems is to use general algorithms for the first
two problems: an online algorithm to pack arriving items and an offline algorithm
for the repacking. The third problem is then solved by a generic combination of
the two algorithms. In order for this approach to work, we need different criteria
for both algorithms and the packing problem that we are trying to solve. A sim-
pler version of this framework was also used Feldkord et al. [47] for the Bin Packing
problem.

Definition 2.2.2. Let Π be an minimization problem with sizes vi. We call Π space
related, if OPT(I) ≥ VOL(I) instances I ∈ Π. Here VOL(I) := ∑i∈I vi is the total size
of I.

Intuitively, this definition captures the fact that Π is a packing problem that needs
to pack items of a certain volume in some non-overlapping way. All problems dis-
cussed here will be space related. To make use of this relation, we also need online
algorithms such that competitiveness not only holds for the optimum OPT(I), but
also for the volume VOL(I). We therefore also formally introduce this necessity.
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Definition 2.2.3. Let Π be an online minimization problem with sizes vi and A be an
online algorithm for Π. We say that A is space related with ratio β, if

COSTS(St) ≤ β · VOL(It) + c

for all online instances I ∈ Ion and all time points t = 1, 2, . . . , |I|. Here, St denotes
the solution produced by A at time t.

Trivially, a space related algorithm with ratio β for a space related problem im-
plies β-competitiveness, like Next-Fit for the Bin Packing problem. As indicated
above, we will combine such an online algorithm with another offline algorithm. To
be able to efficiently combine these two algorithms the online algorithms need to be
able to build flexibly on top of the solution of the offline algorithm.

More formally, we require that our online algorithm takes another optional argu-
ment S ∈ SOL(It) describing an existing solution to the previous instance It to build
upon.

Definition 2.2.4. Let Π be an online minimization problem with sizes vi and A be a
space related online algorithm for Π with ratio β. Furthermore let I ∈ Ion be a static
online instance (i. e. it contains no departures), t < t′ ≤ |I| two time points, and S be
a solution of It. We say that A is flexible, if it also accepts S as another parameter and
produces upon input It′ and S a solution S′ with S′(i) = S(i) for all i ∈ It ∩ It′ .

Note that we define flexibility only with regard to static online instances where
no items depart. One advantage of our framework is that we only need to de-
sign such online algorithms, but our combined algorithm will also be able to deal
with departures. Remember that our online algorithm A is given some solution S
to the previous items It. In order to be able to ignore the departure of items in
the combined approach, we need to guarantee that A only introduces an error of
β[VOL(It′)− VOL(It)] when it packs instance It′ .

Definition 2.2.5. We say that A is flexible with ratio β, if A is flexible and

A(It′ , S) ≤ COSTS(S) + β[VOL(It′)− VOL(It)] + c

for some constant c for all instances I ∈ Ion, all t ∈ {1, . . . , |I|}, and all t′ ∈ {t +
1, . . . , |I|}.

For the problems we will address later, Bin Packing and Strip Packing, we can
simply solve the instance containing the newly arriving jobs separately and pack the
new partial solution on top of the old one. Therefore this will be a property easily
fulfilled by all online algorithms that we consider later. Note that a flexible algorithm
with ratio β is also space related with ratio β, as we can simply choose t = 1 and a
trivial solution S for this instance with a single item.

Combining the Algorithms

In order to obtain a robust PTAS or a robust online algorithm that is γ+ ϵ-competitive,
we will need a flexible online algorithm with a constant ratio. For the offline algo-
rithm we will need an offline γ + ϵ-approximation (in the case of γ = 1, this is
simply a PTAS). Basically, our final algorithm will have the same ratios as the offline
algorithm and migration factor O(1/ϵ). In order to achieve a bounded competitive-
ness, we need to migrate items at some special time points. These time points will be
determined by the total volume of items that arrived or departed since the last such
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LISTING 2.1: Framework ALG(Aon,Aoff)

l e t Vtotal := 0 ;
l e t Vchanged := 0 ;
l e t S be an empty s o l u t i o n ;
f o r each time t and a r r i v i n g or depart ing item i

i f item i a r r i v e s do
pack i according to onl ine algorithm Aon and s o l u t i o n S ;

endi f
i f item i departs do

leave i in i t s p o s i t i o n in the current s o l u t i o n S ;
endi f
Vchanged = Vchanged + vi ;
i f Vchanged > ϵVtotal do

Compute o f f l i n e s o l u t i o n S f o r It with Aoff ;
Continue with new s o l u t i o n ;
Set Vtotal = VOL(It) ;
Se t Vchanged = 0 ;

endi f

time point. At these special time points, we will use the offline algorithm to rebuild
the solution completely. In between these points, we will only apply the online al-
gorithm for the static case. We will therefore define phases such that during a phase
we only apply the online algorithm.

Definition 2.2.6. Let Π be an online minimization packing problem with sizes vi and
I ∈ Ion be an online instance.

We partition I1, I2, . . . into phases as follows: The start time of the first phase is 1.
If τ is the start time of the current phase, and t ≥ τ is some time point, we define
the following values: (i) the complete volume of the instance at time τ is denoted
by Vτ = VOL(Iτ), (ii) the items inserted since τ are defined as Inst =

⋃t−1
i=τ(Ii+1 \ Ii)

and its volume is At = VOL(Inst), and (iii) the items departed since τ are defined as
Dept =

⋃t−1
i=τ(Ii \ Ii+1) and its total volume is Rt = VOL(Dept). The current phase

ends at the earliest point of time τ′ > τ such that Aτ′ + Rτ′ > ϵVτ. The next phase
then starts at time τ′.

Basically we end a phase when the total size of items that were added or re-
moved exceeds an ϵ factor of the total item size at the beginning of the phase. So
our final algorithm basically packs inserted items using the online algorithm until a
phase ends. Departed items stay at the same position. Whenever a phase ends, we
compute an offline solution for the current instance and repack our solution com-
pletely. After that the next phase starts, where we again only pack with the online
algorithm. Now we will prove that this combination of algorithms will be a robust
γ + ϵ algorithm for γ ∈ O(1) and fixed ϵ > 0, when we combine two algorithms
with the right properties.

Theorem 2.2.1. Let Π be a minimization problem fulfilling Assumption 1. Furthermore
let Aoff be a (γ + ϵ)-approximation algorithm for the offline version of Π for some constant
γ ∈ O(1), let 1/2 ≥ ϵ > 0, and let Aon be a flexible algorithm with ratio β. Then the
combination of these two algorithms, denoted with ALG(Aon,Aoff), is an (γ + O(1)βϵ)-
competitive robust algorithm for Π with amortized migration factor O( 1

ϵ ).
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The running time of ALG at time point t is at most Toff(t) + Ton(t), where Toff(t)
(resp. Ton(t)) is the worst-case running time of Aoff (resp. Aon) on an instance of t items.

Proof. Migration factor: Let Iτ be the instance at the start of a phase with volume
Vτ = VOL(Iτ) and let τ′ be the ending time of this phase. As the phase ends at time
τ′, we have Aτ′ + Rτ′ > ϵVτ (where Aτ′ and Rτ′ are defined as in Definition 2.2.6).
As we only ever migrate items at the end of a phase, we only need to consider the
amortized migration factor at these time points. We assign the volume of all items
inserted and departed during the phase that ends at time τ′ to this phase. Hence, a
total migration potential of Aτ′ + Rτ′ was build up in this phase. The total volume
of the instance at this point is at most Vτ + Aτ′ and our amortized migration factor
is thus

Vτ + Aτ′

Aτ′ + Rτ′
≤ Vτ

Aτ′ + Rτ′
+ 1 <

Vτ

ϵVτ
+ 1 = O(1/ϵ).

As the phases are disjoint, the total amortized migration factor is thus also bounded
by O(1/ϵ).

Competitiveness: To show the competitiveness of ALG, assume that

Aoff(It) ≤ (γ + ϵ) · OPT(It) + coff (∗off)

for some constant coff and furthermore

Aon(It′ , S) ≤ COSTS(S) + β[VOL(It′)− VOL(It)] + con (∗on)

for some constant con.
Let I ∈ Ion be some online instance and t ∈ {1, . . . , |I|}. We distinguish whether

t is the end of a phase or in the middle of a phase. If t = τ is the end of a phase, we
use the offline algorithm Aoff and thus have

ALG(It) = Aoff(It) ≤ (γ + ϵ) · OPT(It) + coff,

where the inequality follows from eq. (∗off). Now consider any point of time t during
the phase starting at τ. Like above, let At, Rt denote the total volumes of arrived and
removed items in this phase up time t. Note that this time At + Rt ≤ ϵVτ, since
otherwise we would repack.

Claim 1. We have OPT(Iτ) ≤ OPT(It) + βϵVτ + con.

Proof. By Assumption 1, the value OPT(It) is minimal if only departures happened.
We can thus assume w. l. o. g. that up till time t some items were removed and no
new items arrived. Consider an optimal solution St for the instance It, where items
departed and let Dt = Iτ \ It be the set of departed items. Let d1, . . . , dk be some total
ordering of Dt. We now construct a new online instance I′ that somehow reverses
the removal of Dt. The instance I′ is of length t + k with I′i = Ii for i ≤ t. For i > t,
we define I′i = Ii−1 ∪ {di}. We now use the online algorithm Aon on this instance I′

with solution St for instance It. At the end of instance I′, eq. (∗on) implies that Aon
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gives a feasible solution to I′t+k = It ∪ Dt = Iτ with

Aon(I′t+k, St) ≤ COSTS(St) + β[VOL(It+k)− VOL(It)] + con =

OPT(It) + β[VOL(Iτ)− VOL(It)] + con =

OPT(It) + β VOL(Dt) + con ≤
OPT(It) + βϵVτ + con.

The last inequality follows from the fact that Rt = VOL(Dt) by definition and Rt ≤
ϵVτ by assumption. As Aon produces a feasible solution for I′t+k = Iτ, we clearly
have OPT(Iτ) ≤ Aon(I′t+k, St) thus proving the claim.

Since the problem Π is space related, we can conclude that

OPT(It) ≥ VOL(It) = Vτ + At − Rt ≥ Vτ − Rt ≥ Vτ − ϵVτ ≥ Vτ

2
. (*)

Hence Vτ ≤ 2 OPT(It).
Let Sτ be the solution produced by Aoff at time τ that the online algorithm Aon

is building upon. Note that we do only remove the departed item at a time point
where the offline algorithm is used. Hence, at time t, the online algorithm does
not produce a solution for the instance It, where the departed items are already
removed. The algorithm rather works on the instance that still contains all items
that have departed since time τ. This instance is denoted by I′t . We thus have

ALG(It) = Aon(I′t , Sτ) ≤ // eq. (∗on)

COSTS(Sτ) + β[VOL(I′t)− VOL(Iτ)] + con = // Sτ produced by Aoff

Aoff(Iτ) + β[VOL(I′t)− VOL(Iτ)] + con ≤ // eq. (∗off)

(γ + ϵ) · OPT(Iτ) + coff + β[VOL(I′t)− VOL(Iτ)] + con ≤ // Claim 1

(γ + ϵ) · [OPT(It) + βϵVτ + con] + coff + β[VOL(I′t)− VOL(Iτ)] + con =

(γ + ϵ) · [OPT(It) + βϵVτ + con] + coff + βAt + con ≤ // At + Rt ≤ ϵVτ

(γ + ϵ) · [OPT(It) + βϵVτ + con] + coff + βϵVτ + con =

(γ + ϵ) OPT(It) + (γ + ϵ + 1)βϵVτ + (γ + ϵ + 1)con + coff ≤ // eq. (*)

(γ + ϵ) OPT(It) + 2(γ + ϵ + 1)βϵ OPT(It) + (γ + ϵ + 1)con + coff =

(γ + ϵ + 2(γ + ϵ + 1)βϵ) OPT(It) + (γ + ϵ + 1)con + coff.

As γ, con, and coff are constants, the last term can be written as

(γ + ϵ + 2(γ + ϵ + 1)βϵ) OPT(It) + (γ + ϵ + 1)con + coff ≤
(γ + O(1) · βϵ)) OPT(It) + O(1).

The running time bound follows easily from the fact that we essentially only use
Aon or Aoff at any given time.

2.3 2-Dimensional Strip Packing

In the online Strip Packing problem, we are given a two-dimensional strip of width
1 and infinite height. At time t, either a rectangle rt with width w(rt) ≤ 1 and
height h(rt) ≤ 1 is inserted and needs to be packed into this strip or a rectangle rt is
removed from the strip. A packing is valid if no two rectangles intersect. The size
v(r) of a rectangle r is defined as v(r) = h(r) · w(r). We first focus on the case that
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rectangles are not allowed to be rotated. A simple adaption of our algorithm also
handles the case, where rotations by 90 degree are allowed. In both cases, the goal
is to minimize the height of the produced packing. This problem has been studied
intensively in the online setting (see for example the works cited in [32]). Jansen et
al. [65] studied the static case in the migration scenario, where rectangles can only
arrive.

To use our framework, we need the following ingredients:

i) We need to show that the Strip Packing problem is space related;

ii) we need to construct a flexible online algorithm with ratio β;

iii) We need to construct an offline approximation algorithm.

Concerning the first point, it is well-known that OPT(It) ≥ VOL(It), as the rectangles
are not allowed to intersect and the width of the strip is exactly 1.

Remark 1. The Strip Packing problem is space related.

We will now present a flexible online algorithm with ratio β = 4. This algo-
rithm is a simple adaption of the shelf algorithms presented by Baker and Schwarz [4].
In the notion of Csirik and Woeginger [35], this algorithm would be denoted as
SHELF(FirstFit, 1/2). For the sake of completeness, we give a self-contained de-
scription and analysis. We first define several types of containers. A container c of
type γ0 has width 1 and height h(c) = 1. For i ∈ N≥1, a container of type γi has
width 1 and height h(c) = 2−i+1. For each i ∈ Z≥0, we will have at most one active
container of type γi. For all other containers of this type – which we call closed – we
will guarantee that at least 1/4 of their volume is used by items.

We perform the following operation whenever a new rectangle rt arrives:
• If w(rt) ≥ 1/2, check whether a container of type γ0 exists. If not, open a new

active container of type γ0 and place rt into it. If such a container c already
exists and h(rt) + ∑r∈c h(r) > 1, declare c as closed and open a new active
container of type γ0. Otherwise (h(rt) + ∑r∈c h(r) ≤ 1), put rt on top of the top
item in c.

• If w(rt) ≤ 1/2 and h(rt) ∈ (2−i, 2−i+1], check whether a container of type γi
exist. If not, open a new active container of type γi and place rt into it. If such
a container c already exists and w(rt) + ∑r∈c w(r) > 1, declare c as closed and
open a new active container of type γi. Otherwise (w(rt) + ∑r∈c w(r) ≤ 1), put
rt right to the right-most item in c.

We have at most one active container of type γi for each i ∈ Z≥0: we only open
a new active container if we simultaneously declare another container of the same
type as closed.

We also have the following simple lemma showing that the volume of closed
containers can be bounded.

Lemma 2.3.1. Let t be any time point, i ∈ Z≥0, and c1, . . . , ck be the containers of type γi
at time t. We have

k

∑
j=1

∑
r∈cj

v(r) ≥ 1/4
( k

∑
j=1

h(cj)
)
− 2−i+1.

Proof. If k = 1, only one container of type γi exists. As h(cj) ≤ 2−i+1, the inequality
holds. The left hand side is strictly larger than 0 and the right hand side is strictly
smaller than 0.
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If k > 1, we can argue about the contained volume. If i = 0, we have opened
container j > 1, as

[
∑r∈cj−1

h(r)
]
+

[
∑r∈cj

h(r)
]
> 1. As all of these rectangles were

placed in a container of type γ0, they have width at least 1/2. Summing up, as
h(cj) = 1, this gives

k

∑
j=1

∑
r∈cj

v(r) ≥
⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

v(r)
]
+

[
∑

r∈c2j+2

v(r)
]
=

⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

h(r) · w(r)︸︷︷︸
≥1/2

]
+

[
∑

r∈c2j+2

h(r) · w(r)︸︷︷︸
≥1/2

]
≥

(1/2)
⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

h(r)
][

∑
r∈c2j+2

h(r)
]

︸ ︷︷ ︸
>1

> (1/2)[⌊k/2⌋] ≥ (1/2)(k/2 − 1) =

(1/4)k − (1/2) = (1/4)
k

∑
j=1

h(cj)− (1/2) > (1/4)
k

∑
j=1

h(cj)− 2︸︷︷︸
=2−0+1

.

If i > 0, we have opened container cj for j > 1, as
[
∑r∈cj−1

w(r)
]
+

[
∑r∈cj

w(r)
]
> 1.

As all of these rectangles were placed in a container of type γi, they have height at
least 2−i. Summing up, as h(cj) = 2−i+1, this gives

k

∑
j=1

∑
r∈cj

v(r) ≥
⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

v(r)
][

∑
r∈c2j+2

v(r)
]
=

⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

h(r)︸︷︷︸
>2−i

·w(r)
]
+

[
∑

r∈c2j+2

h(r)︸︷︷︸
>2−i

·w(r)
]
≥

2−i
⌊k/2⌋−1

∑
j=0

[
∑

r∈c2j+1

w(r)
]
+

[
∑

r∈c2j+2

w(r)
]

︸ ︷︷ ︸
>1

>

2−i⌊k/2⌋ ≥ 2−i(k/2 − 1) = (1/4)2−i+1 · k − 2−i =

(1/4)
k

∑
j=1

h(cj)− 2−i ≥ (1/4)
k

∑
j=1

h(cj)− 2−i+1.

If we are given a previous packing S, we simply build the containers on top
of it. Clearly, this gives a solution of height h(S) + ∑k

j=1 h(cj), if c1, . . . , ck are the
containers constructed by the algorithm. We will now use Theorem 2.3.1 to show
that this algorithm is indeed a flexible online algorithm with ratio 4.

Theorem 2.3.2. The presented algorithm ASP is a flexible online algorithm for Strip Packing
with ratio 4.

Proof. The flexibility of ASP follows directly due to the fact that we only build upon
the existing packing. We will now show that ASP has ratio 4. Let t be any time
point, S be the previous packing we built upon, and c1, . . . , ck be the containers con-
structed at time t. The set of rectangles contained in the containers is denoted as
J. As note above, the current packing has height h(S) + ∑k

j=1 h(cj). For i ∈ Z≥0,
let Ci ⊆ {c1, . . . , ck} be the set of containers of type γi. We then have ∑k

j=1 h(cj) =
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∑i≥0 ∑c∈Ci
h(c). Using Theorem 2.3.1 gives

∑
i≥0

∑
c∈Ci

h(c) ≤ ∑
i≥0

[
∑

c∈Ci

h(c)
]
− 2−i+3 + 2−i+3 =

(
∑
i≥0

[
∑

c∈Ci

h(c)
]
− 2−i+3)+ ∑

i≥0
2−i+3 ≤(

∑
i≥0

[
∑

c∈Ci

h(c)
]
− 2−i+3)+ 16 = 4

(
∑
i≥0

[
∑

c∈Ci

(1/4)h(c)
]
− 2−i+1)+ 16 ≤︸︷︷︸

Theorem 2.3.1

4
(
∑
i≥0

∑
c∈Ci

∑
r∈C

v(r)
)
+ 16 = 4 VOL(J) + 16.

We have now shown the first two ingredients for our framework: the problem
is space related and we gave a suitable online algorithm. The final piece – an of-
fline approximation algorithm – is given by the asymptotic fully polynomial time
approximation scheme (AFPTAS) of Kenyon and Rémila [70], which is an 1 + ϵ-
approximation. We can thus use Theorem 2.2.1 with γ = 1 and β = 4 to conclude
the following theorem.

Theorem 2.3.3. There is a robust online algorithm for the dynamic Strip Packing problem
that is 1 + ϵ-competitive and has amortized migration factor O(1/ϵ).

Rotations

If rotations by 90 degree are allowed, the resulting problem is called Strip Packing
With Rotations. For an instance I, we denote the height of a corresponding optimal
packing by OPTR(I). As the volume of a rotated rectangle does not change, we have
OPTR(I) ≥ VOL(I). Similarly, the volume bound of Theorem 2.3.1 also remains true.
We can thus conclude the following adaption of Theorem 2.3.2.

Theorem 2.3.4. The presented algorithm ASP is a flexible online algorithm for Strip Packing
With Rotations with ratio 4.

Instead of using the classical AFPTAS by Kenyon and Rémila [70], we use the
AFPTAS of Jansen and van Stee [64] for the case that rotations are allowed. Using
Theorem 2.2.1 with γ = 1 and β = 4 gives the following theorem.

Theorem 2.3.5. There is a robust online algorithm for the dynamic Strip Packing With
Rotations problem that is 1 + ϵ-competitive and has amortized migration factor O(1/ϵ).

The best known online algorithm with migration known is due to Jansen et
al. [65]. It also is 1+ ϵ-competitive, but an amortized migration factor of O(1/ϵ9 log2(1/ϵ)),
only works for the static case (no rectangles are removed), and cannot handle rota-
tions.

2.4 Bin Packing

2.4.1 2-Dimensional Bin Packing

In 2-D Bin Packing, each item i is given by its height hi ≤ 1 and its width wi ≤ 1. The
goal is to pack these items non-overlapping into as few unit-sized squares (called
bins) as possible. As above, we will show the following:

i) We need to show that the 2-D Bin Packing problem is space related;

ii) We need to construct a flexible online algorithm with ratio β;
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iii) We need to construct an offline approximation algorithm.

As the rectangles are not allowed to overlap and each bin has a total volume of 1,
2-D Bin Packing is space related.

Remark 2. The 2-D Bin Packing problem is space related.

We will now present a flexible online algorithm. This algorithm is a simple ex-
tension of the classical algorithm presented by Coppersmith and Raghavan [34]. For
the sake of completeness, we give a self-contained description and analysis. We cat-
egorize items as follows: We call an item vertical if wi ≤ hi and horizontal if wi > hi.
Note that squares with hi = wi will be considered as vertical. Without loss of gener-
ality we will explain in the following how to pack vertical items. Horizontal items
can and will be placed into separate bins with the same strategy, just altered for
horizontal items. Note that we later also need to account for these horizontal bins.

We further assign each item i a size class. Item i is in size class j ∈ N≥1 if 1/2j−1 ≥
hi > 1/2j. Further we say an item i is square-like, if i is in size class j and furthermore
wi > 1/2j. The general idea is that for every arriving item in size class j, we will
assign a square slot of size 1/2j−1 in some bin. A square slot of this size is called a slot
of class j. Note that an item of size class j always fits into a slot of class j, as we only
handle vertical items with wi ≤ hi here. Our goal is to fill all opened slots with items
until 1/4 of the total area of the slot is covered. Square-like items will immediately
fill such a slot to this extent. For the other items, we will reserve such slots for a size
class j and stack items from left to right until the total width of all items in that slot
exceeds 1/2j. Since the height of items assigned to this slot exceed 1/2j as well, 1/4 of
the total slot will be covered at that point. A slot can have three states: it is either (i)
empty and thus contains no item, (ii) reserved for class j and thus only contains items
of class j or (iii) closed if at least 1/4 of its total volume is filled with items.

In order to assign items to these slots, we will keep up to two open bins. The
first open bin will hold items of size class 1 and we use the complete bin as a single
reserved slot. The second open bin will receive items of size class ≥ 2. Initially, this
bin is split into four empty slots of class 2. We now define our online algorithm A2-D:

1. If a square-like item of size class 1 arrives, we open a new bin, place the item
in there and close it immediately. By definition of size class 1, at least 1/4 of the
volume of this bin will be filled.

2. If a non-square-like item i of size class 1 arrives, we place it to the right of the
non-square-like items in the first open bin or on the left end, if no such items
exist. As wi ≤ 1/2, we can always place this item in the bin. If the sum of the
widths of the items in the first bin now is at least 1/2, close this bin and open a
new first bin. As every item placed in the bin has height hi ≥ 1/2, at least 1/4 of
the volume of this bin will be filled.

3. If an item i of class j ≥ 2 arrives, find a non-closed slot of class j′ ≤ j with
maximal j′ in the second open bin.

(a) If j′ = j, we choose a slot reserved for j′ or – if no such slot exists – the
top-most left-most of the slots of class j′. We declare this slot as reserved
for j′ and place the item right of the items placed in this slot or on the left
end, if no such items exist. As wi ≤ hi ≤ 1/2j−1, we can always place i in
this slot. If the sum of the widths of the items placed in this slot is at least
1/2j, we close this slot.
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(b) If j′ < j, note that we can split such a slot into four equal-sized slots of
class j′ + 1. Splitting one slot will leave us with four slots: three of the
slots will remain empty and the last slot will either be split even more (if
its class j′ + 1 is smaller than j) or we reserve this slot for class j and put
the new item into it. We repeat this splitting until we have created a slot
of class j and put i on the left end. If the sum of the widths of the items
placed in this slot is at least 1/2j (i. e. if i is square-like), we close this slot.

(c) If no slot of size j′ ≤ j exists, we close the second bin and open a new
second bin containing four empty slots of class 2. We place i into this bin
as above.

We will now show that every bin created by the algorithm contains a most three
empty slots of a certain class.

Lemma 2.4.1. For each j ≥ 1, every bin created by A2-D contains at most three empty slots
of class j.

Proof. For j = 1, every bin contains at most a single slot of class 1.
For j ≥ 2, assume that this is not the case and our algorithm may generate a

slot assignment with four or more slots of the same class j∗. Consider some arriving
item i of class j such that before the arrival of i there are at most three empty slots
of class j∗ and afterwards, there are four or more of these slots. Since the number of
empty slots of class j∗ increased, our algorithm must have split a slot of class j′ < j∗.
Note that this will only happen if j∗ ≤ j. Splitting this slot of class j′ over and over
will create three slots of class j′ + 1, j′ + 2, . . . , j∗ − 1. Finally, four slots of class j∗ are
created. One of this slots will either be directly used for i (if j∗ = j) or will be split into
smaller slots. Hence, only three new slots of class j∗ are created. By assumption, the
insertion of i leads to at least four slots of class j∗. Hence, there must have been a slot
of class j∗ before. But, by definition of the algorithm, we would rather have chosen
this slot instead of the slot of class j′, as j′ < j∗. Hence, this is a contradiction.

To make the algorithm A2-D flexible, we simply ignore all previous used bins and
only work on the newly generated bins.

Theorem 2.4.2. The proposed algorithm A2-D for 2-D Bin Packing is a flexible online algo-
rithm with ratio 48

5 .

Proof. The flexibility of A2-D follows directly from the fact that we only work on
newly created bins.

To analyze the ratio of the algorithm we look at how much total area is covered
when a complete bin has been closed. First we can observe that every closed slot
inside a closed bin has at least an overall area of 1

4 covered: we only close a slot if
half of its width is covered and we only put items into a slot that cover at least half
of the height.

Another easy observation is the fact that the algorithm may have at most one
reserved slot for each class, since the algorithm only opens a new reserved slot for
a class whenever the current reserved one is closed. We may open a second slot
for a square-like item, but will also close it immediately. By neglecting the items in
reserved slots, the unused space due to reserved slots in every bin therefore can be
bounded by

∞

∑
j=1

1/4j =
1

1 − 1/4
− 1 =

1
3

. (*)
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By Theorem 2.4.1, we know that every bin contains at most three empty slots of each
size class. Note that a closed bin cannot contain an empty slot of class 2, as such a
bin will only receive items of this size class or higher. With this we can now conclude
that the unused space due to empty slots in a closed bin is at most

3
∞

∑
i=2

1/4i = 3[
1

1 − 1/4
− 1 − 1/4] = 3 · 1/12 = 1/4. (**)

By combining eq. (*) and eq. (**), at least a total area of 1 − 1/4 − 1/3 = 5/12 of
every closed bin is occupied by closed slots. As discussed earlier, every such closed
slot has at least 1/4 of its total area covered so we finally can conclude that at least a
total area of 5/48 of every closed bin must be covered.

The algorithm keeps at most four open bins, one for items of size class 1, one
for items of other size classes, and we need two respective bins for horizontal items
containing the same classes as well. Finally we get that our algorithm for an instance
I with total volume VOL(I) will use at most 48/5 VOL(I) + 4 bins in total.

Finally, we can use the approximation algorithm of Bansal and Khan [7] that is
an 1.405-approximation for 2-D Bin Packing. We can thus use Theorem 2.2.1 with
γ = 1.405 and β = 48/5 to conclude the following theorem.

Theorem 2.4.3. There is a robust online algorithm for the dynamic 2-D Bin Packing problem
that is 1.405 + ϵ-competitive and has amortized migration factor O(1/ϵ).

To the best of our knowledge, this is the first robust online algorithm for dynamic
2-D Bin Packing. Note that the best known lower bound for the competitiveness of
any online algorithm for online 2-D Bin Packing without migration is 1.856 due to
Van Vliet [81].

Rotations

As for Strip Packing, allowing rotations of the rectangles by 90 degrees gives rise to a
problem called 2-D Bin Packing With Rotations. The corresponding optimal number
of bins needed to pack instance I is denoted by OPTR(I). Rotations are invariant with
regard to the volume of a rectangle and thus OPTR(I) ≥ VOL(I). We can thus again
use our online algorithm A2-D to obtain the following adaption of Theorem 2.4.2.

Theorem 2.4.4. The proposed algorithm A2-D for 2-D Bin Packing With Rotations is a
flexible online algorithm with ratio 48

5 .

The approximation algorithm of Bansal and Khan [7] used above can also handle
the case of rotation and thus is an 1.405-approximation for 2-D Bin Packing With
Rotations. We can thus use Theorem 2.2.1 with γ = 1.405 and β = 48/5 to conclude
the following theorem.

Theorem 2.4.5. There is a robust online algorithm for the dynamic 2-D Bin Packing With
Rotations problem that is 1.405+ ϵ-competitive and has amortized migration factor O(1/ϵ).

To the best of our knowledge, this is the first robust online algorithm for dynamic
2-D Bin Packing With Rotations. Note that the best known lower bound for the
competitiveness of any online algorithm for 2-D Bin Packing With Rotations without
migration is at least 1.7515 due to Balogh et al. [5] improving the bound of 1.6707 due
to Blitz et al. [18].
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2.4.2 d-Dimensional Bin Packing

We will now look at the problem of packing d-dimensional hyperrectangles into as
few unit-sized hypercubes as possible for higher dimensions d > 2. This problem is
called d-Dimensional Hyperrectangle Packing.

To obtain an suitable flexible online algorithm for this problem, we will general-
ize the 2-dimensional Bin Packing algorithm A2-D from Section 2.4.1 The side length
of dimension i ∈ {1, . . . , d} of a d-dimensional hyperrectangle r is denoted as ri and
its volume is v(r) = ∏d

i=1 ri. Items will be classified almost the same as before in a
straight-forward generalization. For a permutation π : {1, . . . , d} → {1, . . . , d}, we
associate a set of rectangles r with rπ(1) ≤ rπ(2) ≤ . . . rπ(d) with it. We treat each
of these permutations separately and pack the corresponding rectangles in separate
bins. This will only give an additive error of d! in our approximation guarantee. In
the following, we thus fix a permutation π. A rectangle associated with π is in size
class j ∈ N≥1, if 1/2j−1 ≥ rπ(d) > 1/2j, hence the class of a rectangle depends on its
largest side length. Rectangles of class j are packed into slots that are hypercubes
with side length 1/2j−1. Such a slot is called a slot of class j. Note that an item of size
class j always fits into a slot of class j, as we fixed the permutation π. We now pro-
ceed as in Section 2.4.1. If an item of class j arrives, we put it into an open slot of this
class. If no such slot exists, we split a slot of class j′ ≤ j into 2d slots of class j′ + 1
recursively until an empty slot of class j is created. We denote this straight-forward
generalization of A2-D as Ad-D. It is easy to see that the d-dimensional analogue of
Lemma 2.4.1 also holds.

Lemma 2.4.6. For each π and each j ≥ 1, every bin created by Ad-D contains at most 2d − 1
empty slots of class j associated with π.

Every closed slot inside a closed bin has at least an overall area of 2−d covered,
as in the proof of Theorem 2.4.2. We thus obtain the following generalization of
Theorem 2.4.2 by not using any bins created by the previous solution S.

Theorem 2.4.7. The proposed algorithm Ad-D for d-Dimensional Hyperrectangle Packing
is a flexible online algorithm with ratio 22d−3·2d+1

22d(2d−1) .

Proof Sketch. By neglecting the items in reserved slots, the unused space due to re-
served slots in every bin can be bounded by

∞

∑
j=1

1/(2d)j =
1

1 − 1/2d
− 1 =

1
2d − 1

. (*)

By Theorem 2.4.6, we know that every bin contains at most 2d − 1 empty slots of
each size class for each π. With this we can now conclude that the unused space due
to empty slots in a closed bin is at most

(2d − 1)
∞

∑
i=2

1/(2d)i = (2d − 1)[
1

1 − 1/2d
− 1 − 1/2d] = (2d − 1) · 1/(2d−1)·2d = 1/2d. (**)

By combining eq. (*) and eq. (**), at least a total area of 1− 1/2d − 1/2d−1 = 22d−3·2d+1
2d(2d−1) of

every closed bin is occupied by closed slots. As discussed earlier, every such closed
slot has at least 1/2d of its total area covered so we finally can conclude that at least a
total area of 22d−3·2d+1

22d(2d−1) of every closed bin must be covered.



2.4. Bin Packing 21

The best known offline algorithm for the d-dimensional Hyperrectangle Packing
problem has ratio 1.69103d−1 and is due to Caprara [24] (see also [32]). We can thus
use Theorem 2.2.1 with γ = 1.69103d−1 and β = 22d−3·2d+1

22d(2d−1) to conclude the following
theorem.

Theorem 2.4.8. There is a robust online algorithm for the dynamic d-dimensional Hyper-
rectangle Packing problem that is 1.69103d−1 + ϵ-competitive and has amortized migration
factor O(1/ϵ).

Hypercube Packing

If every hyperrectangle is in fact a hypercube, we obtain a substantially easier prob-
lem, called d-Dimensional Hypercube Packing. The resulting algorithm is also much
easier to describe. Here, a slot of class j is a hypercube of side length 1/2j−1. Putting
an item of class j into a slot of class j covers at least a fraction of 1/2d of the total
volume of the slot. Hence, slots are either empty or closed and do not need to be
reserved. Every d-dimensional hypercube with side length s can be divided into
2d equal sized hypercubes with side length s/2. The slot assignment happens like
above: We start with single empty active bin containing 2d empty slots of class 2.
An item of class 1 is simply put into its own bin. Whenever an item i of class j ≥ 2
arrives, we first try to find an empty slot of class j. If any such slot exists, put i into
it and close the slot. If no slot of class j′ ≤ j exists, we close the bin and open a new
bin to insert i into. If a slot of class j′ < j exists, we split the smallest such slot that is
still larger than the required slot size until an empty slot of size j is created.

We call this algorithm Ad-hyper and again make it flexible by simply opening new
bins. Similar to the two-dimensional case, we can show that there can’t be too many
empty slots of the same class. The proof is just an adaption of the proof of Theo-
rem 2.4.1.

Lemma 2.4.9. For each j ≥ 1, every bin created by Ad-hyper contains at most 2d − 1 empty
slots of class j.

Proof. For j = 1, every bin contains at most a single slot of class 1.
For j ≥ 2, assume that this is not the case and our algorithm may generate a slot

assignment with 2d or more slots of the same class j∗. Consider some arriving item i
of class j such that before the arrival of i there are at most 2d − 1 empty slots of class j∗

and afterwards, there are 2d or more of these slots. Since the number of empty slots
of class j∗ increased, our algorithm must have split a slot of class j′ < j∗. Note that
this will only happen if j∗ ≤ j. Splitting this slot of class j′ over and over will create
2d − 1 slots of class j′ + 1, j′ + 2, . . . , j∗ − 1. Finally, 2d slots of class j∗ are created.
One of this slots will either be directly used for i (if j∗ = j) or will be split into
smaller slots. Hence, only 2d − 1 new slots of class j∗ are created. By assumption, the
insertion of i leads to at least 2d slots of class j∗. Hence, there must have been a slot
of class j∗ before. But, by definition of the algorithm, we would rather have chosen
this slot instead of the slot of class j′, as j′ < j∗. Hence, this is a contradiction.

Theorem 2.4.10. The proposed algorithm Ad-hyper for d-Dimensional Hypercube Packing is
a flexible online algorithm with ratio 22d

2d−1 .

Proof. The flexibility follows from the fact that we do not touch the already used
bins.
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Just like in the two dimensional case we analyze the free space in a closed bin.
As observed above, every closed slot has at least an overall area of 1/2d of its size
covered. We now take a look at the empty slots in a closed bin.

In bins that were closed due to the insertion of an item of size class 1, at least a
fraction of 1/2d of the bins area is covered. Hence, consider a bin that received items
with side length less or equal than 1/2. As observed above, every assigned slot in
this bin is either closed or empty. Theorem 2.4.9 guarantees that we have at most
2d − 1 empty slots of any given class. Since there can not be any reserved slots, we
can already calculate how much space we lose in total, by looking at empty slots.
Note again that all slots of class 2 will be used by some items before the overall bin
gets closed. Therefore the total volume assigned to empty slots can be at most

(2d − 1)
∞

∑
i=2

1(
2d
)i = (2d − 1)[

1
1 − 2−d − 1 − 1

2d ] = (2d − 1)[
2d

2d − 1
− 1 − 1

2d ] =

2d − 2d + 1 − 1 +
1
2d =

1
2d .

We get that at least 1 − 1/2d = 2d−1/2d of the total area of a closed bins is used by
closed slots. As each of these slots covers at least an area of 1/2d of its size, at least
a total volume of 2d−1/2d · 1/2d = 2d−1/22d of a closed bin is covered. We also have to
account that our algorithm may keep one open bin, to place items. Together we can
conclude that our algorithm uses at most 22d/2d−1 VOL(I) + 1 bins in total.

Finally, we can use the offline APTAS from Bansal et al. [8]. Using Theorem 2.2.1
with γ = 1 and β = 22d/2d−1 allows the conclusion of the following theorem.

Theorem 2.4.11. For every d ≥ 2, there is a robust online algorithm for the dynamic
d-Dimensional Hypercube Packing problem that is 1 + ϵ-competitive and has amortized mi-
gration factor O(1/ϵ).

In contrast, the best known online algorithm with migration for the d-Dimensional
Hypercube Packing is due to Epstein and Levin [44]. It is also 1+ ϵ-competitive, but
can only handle the static case and has migration factor (1/ϵ)Ω(d). Note however
that they use worst-case migration, i. e. they are not allowed to repack the complete
instance every once in a while but need to make slight adaptions carefully through-
out the run of the algorithm.

2.5 d-Dimensional Strip Packing

In the d-dimensional version of online strip packing, called the d-Dimensional Strip
Packing problem, we are given a d-dimensional cuboid that has size 1 in d − 1 di-
mensions and infinite size in the last dimension. Even in the general case with more
dimensions we will consider this last dimension as height. At each point of time a
d-dimensional hyperrectangle r arrives. The size of its ith dimension is denoted by
ri ∈ (0, 1) and its volume is v(r) = ∏d

i=1 ri. The task is again to pack these cuboid
with no intersection such that the height is minimized. Like above we denote with It
the set of rectangles present at time t,with VOL(It) the total volume and with OPT(It)
the optimal height. This version of Strip Packing is also space related, since the base
of the packing space has side lengths of 1.

Remark 3. The d-dimensional Strip Packing problem is space related.
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It leaves to show that there are respective online and offline algorithms for our
framework. For a flexible online algorithm we will generalize our above approach
for the d-dimensional case in a straight-forward way. A container c of type γi is a
d-dimensional hyperrectangle with c1 = c2 = . . . = cd−1 = 1 and cd = 2−i. For
each i ∈ Z≥0, we will have at most one active container of type γi. For all other con-
tainers of this type – which we call closed – we will guarantee that at least a constant
fraction of their volume is used by items. We assign a hyperrectangle r of height
rd ∈ (2−i−1, 2−i] to a container of type γi. We then treat these hyperrectangles as
d− 1-dimensional hyperrectangles by projecting to its first d− 1 coordinates and also
treat the container as a d− 1-dimensional hypercube. We then pack the projected hy-
perrectangles into the projected hypercube with the algorithm A(d−1)-D described in

Section 2.4.2. Theorem 2.4.7 then guarantees that a fraction of 22(d−1)(2d−1−1)
22(d−1)−3·2d−1+1

of each
projected container is filled. As the original, non-projected containers have height
2−i and every non-projected hyperrectangle has height at least 2−i−1, we lose a factor
of 2 here. The resulting algorithm, called Ad−SP, is thus a flexible online algorithm
and we obtain the following generalization of Theorem 2.3.2.

Theorem 2.5.1. The presented algorithm Ad−SP is a flexible online algorithm for d-dimensional
Strip Packing with ratio O( 22d−3·2d+1

22d(2d−1) ).

To the best of our knowledge, there is no work that explicitly deals with the con-
struction of approximation algorithms for the d-dimensional Strip Packing problem.
As shown above, any such result can be used in the context of our framework to
obtain a robust online algorithm with corresponding competitive ratio.

2.5.1 Hypercube Strip Packing

In the following we will restrict this problem to the case where each item is a hyper-
cube, so we have that each entry ri is the same. In this version, that is also known as
online Hypercube Strip Packing, we will denote this value with s(r) and call it the side
length of the hypercube r. The size of this hypercube is given by its volume, which
is v(r) = s(r)d. Note that in this variant allowing rotations by 90 degree makes no
difference.

In fact the approach becomes a little easier due to our restriction to hypercubes.
Again we define containers: For i ∈ N≥1, a container c of type γi has size 1 in every
dimension except the height and height of h(c) = 2−i+1. The idea is the same as
before: Keep at most one open container of each size, while we make sure at least 2−d

of the total area of each closed bin is covered.
The assignment of items to containers works the same as well: Whenever a hy-

percube ct with side length s(ct) ∈ (2−i, 2−i+1] arrives , we will try to pack it into an
open container of type γi. If there is no open container of this type or it does not fit,
we open a new one and close the old one. In order to place these hypercubes inside
of the container we subdivide every container into equal sized cubic slots. Given
a container of type γi, we further divide it into hypercubes with side length 2−i+1,
which we call slots. Now when a hypercube ct with s(ct) > 2−i gets assigned to a
container, we pack it into one of the free slots, such that it does not intersect any
other slots.

Overall this yields a space related online algorithm. The flexibility follows like
in the 2-D case from the fact, that we can simply extend any existing packing.

Theorem 2.5.2. The presented algorithm ASP-hyper is a flexible online algorithm for d-
dimensional Hypercube Strip Packing restricted to hypercubes with ratio 2d.
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Proof. The flexibility follows again from the properties of the Strip Packing problem,
given a packing of some items S, we can simply ignore that packing and put newly
arriving items on top of the existing packing.

First off we show that each closed container has at least 2−d of its total volume
covered. Let c be a closed container of type γi with volume v(c) = h(c), since the
size in every dimension except height is exactly 1. Note that we subdivided c into
multiple cubic slots with total volume h(c)d = 2d(−i+1). Since c is closed each slot got
assigned an item r with volume v(r) = s(r)d > 2−i·d = 2−d · 2−d·i+d = 2−d · h(c)d.
Since the slots divide the container completely and every slot has 2−d of its total
volume covered, we can conclude that ∑r∈c v(r) ≥ (2−d)h(c).

Now we will look at the height of a flexibly created solution. Let t be a point
of time, S be the previous packing we extended and let c1, .., ck be the containers
created up to time t. Let O be the set of open containers and L the set of closed
containers. Let St be the result of our algorithm at time t. Let l be the type of the
smallest open container in our current solution. We then can observe for the height
of open containers that: ∑c∈L h(c) ≤ ∑l

i=1 2−i+1 = ∑l
i=0 2−i ≤ 2.

Finally we have for the total height of our solution that

h(St) = h(S) + ∑
c∈L

h(c) + ∑
c∈O

h(c) ≤ h(S) + ∑
c∈L

2d ∑
r∈c

v(r) + ∑
c∈O

h(c) ≤

h(S) + 2d ∑
c∈L

∑
r∈c

v(r) + 2 ≤ h(S) + 2d VOL(It) + 2

With this we know our problem is space-related and has an appropriate space
related online algorithm. As for the offline algorithm, we will use a result from
Harren, who gave an APTAS for the Hypercube Strip Packing problem [56]. By
using Theorem 2.2.1 with γ = 1 and β = 2d we get the following theorem.

Theorem 2.5.3. There is a robust online algorithm for the dynamic d-dimensional Hyper-
cube Strip Packing problem that is 1 + ϵ-competitive and has amortized migration factor
O(1/ϵ).

2.6 Vector Packing

In the online d-dimensional Vector Packing problem, at time t either a vector wt ∈
(Q ∩ [0, 1])d is inserted and needs to be packed or is removed. The size v(wt) of
such a vector wt = (w[1], . . . , w[d]) is defined as the average sum of its components,
i. e. v(wt) = ∑d

j=1 w[j]/d. The goal is to pack these vectors into as few as possible
bins as possible. Here, a bin B is a subset of vector such that ∑w∈B w[j] ≤ 1 for
j = 1, . . . , d.

To use our framework, we need the following ingredients:

i) We need to show that the problem is space related;

ii) we need to construct a flexible online algorithm with ratio β;

iii) We need to construct an offline approximation algorithm.

As each bin can contain items of volume at most 1, it is easy to see that the d-
dimensional Vector Packing problem is space related.

Remark 4. The d-dimensional Vector Packing problem is space related.
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We will now present a flexible online algorithm with ratio β = 2d that is a simple
adaption of the well-known next fit online algorithm for bin packing. Every bin will
have an index to guarantee a linear ordering. Whenever a vector w arrives, we first
check whether w can be packed into an existing bin. If this is possible, we add w to
such a bin with minimal index. If no such bin exists, we open a new bin containing
w. If we are given a previous packing S, we simply ignore the previous bins and do
not put any vector in them.

Theorem 2.6.1. For every d ≥ 1, the presented algorithm AVP is a flexible online algorithm
for d-dimensional Vector Packing with ratio 2d.

Proof. The flexibility of AVP follows directly due to the fact that we only build upon
the existing packing. We will now show that AVP has ratio 2d. Let t be any time
point, S be the previous packing we built upon, and B1, . . . , Bk be the bins opened
by AVP. Let J be the set of vectors packed into B1, . . . , Bk. The current packing then
uses |S|+ k bins, where |S| denotes the number of bins used by the previous packing
S. Consider two adjacent bins Bi and Bi+1 for i ∈ {1, . . . , k − 1}. We have opened
bin Bi+1, because there is some vector w′ ∈ Bi+1 and some index j ∈ {1, . . . , d}
such that

[
∑w∈Bi

w[j]
]
+ w′[j] > 1. Denoting this index with j = j(i), we have

∑w∈Bi∪Bi+1
w[j(i)] > 1 and thus d · VOL(Bi ∪ Bi+1) > 1. Hence, we can conclude

k < 1 +
k−1

∑
i=1

d · VOL(Bi ∪ Bi+1) = 1 + d ·
k−1

∑
i=1

(VOL(Bi) + VOL(Bi+1)) =

1 + d ·
[
(

k−1

∑
i=1

VOL(Bi)) + (
k

∑
i=2

VOL(Bi))
]
< 1 + 2d(

k

∑
i=1

VOL(Bi)) = 1 + 2d VOL(J).

We have now shown the first two ingredients for our framework: the problem is
space related and we gave a suitable online algorithm. The final piece – an offline
approximation algorithm – is given by the algorithm of Bansal et. al. [6] which is
a ln(d + 1) + 0.807 + ϵ-approximation. We can thus use Theorem 2.2.1 with γ =
ln(d + 1) + 0.807 + ϵ and β = 2d to conclude the following theorem.

Theorem 2.6.2. For every d ≥ 1, there is a robust online algorithm for the dynamic d-
dimensional Vector Packing problem that is ln(d + 1) + 0.807 + ϵ-competitive and has
amortized migration factor O(1/ϵ).
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Chapter 3

Robust Online Algorithms for
Maximization Problems

Semi-online algorithms that are allowed to perform a bounded amount of repacking
achieve guaranteed good worst-case behaviour in a more realistic setting. Most of
the previous works focused on minimization problems that aim to minimize some
costs. In this chapter, we study maximization problems that aim to maximize their
profit.

We mostly focus on a class of problems that we call choosing problems, where a
maximum profit subset of a set objects has to be maintained. Many known problems,
such as KNAPSACK, MAXIMUMINDEPENDENTSET and variations of these, are part of
this class. We present a framework for choosing problems that allows us to transfer
offline α-approximation algorithms into (α − ϵ)-competitive semi-online algorithms
with amortized migration O(1/ϵ). Moreover we complement these positive results
with lower bounds that show that our results are tight in the sense that no amortized
migration of o(1/ϵ) is possible.

3.1 Introduction

Optimization problems and how fast we can solve them optimally or approxima-
tively have been a central topic in theoretical computer science. These kind of prob-
lems usually have their origins in the real world and solving them in most cases
is not only relevant from a theoretical perspective but also has many applications.
These optimization problems do not account for one major problem that is unique
to applications: an unknown future. Usually, we are not given all the information in
advance, as unforeseeable things like customers cancelling or new urgent customer
requests can happen at any moment. This context gave rise to the study of online
problems in different variants to model this uncertainty. The classical model starts
with an empty instance and in subsequent time steps, new parts of the instance are
added. In order to solve a problem, an online algorithm must generate a solution for
every time step without knowing any information about future events.

In the strictest setting, the algorithm is not allowed to alter the solution gener-
ated in a previous step at all, so every mistake will carry weight into the future. As
this is a very heavy restriction for online algorithms, there are also variants where
the algorithm is allowed to change solutions to some degree. We cannot allow for
an arbitrary number of changes as this only leads to the offline setting. We therefore
consider the migration model, where every change in the instance, e. g. an added node
to a graph or a new item, comes with a migration potential. Intuitively, this migration
potential is linked to some size or weight which means objects that have a larger im-
pact on the optimization criteria will yield larger migration potential allowing more
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change. Similarly, small objects will only allow for small changes of the solution.
The ratio between the sum of changed objects in the solution and the total migration
potential at a time is the so called migration factor.

We consider this migration setting in an amortized way by allowing the migra-
tion to accumulate over time. This way we allow our algorithm to generally handle
newly arriving objects without changing the solution (apart from extending the so-
lution with regards to the new objects) and at some later point of time we will repack
the solution and use the sum of all migration potential of items that arrived up to
that time. On the matter of (amortized) migration there are two criteria to consider.
For one, as usual in optimization theory, we want to achieve good competitive ra-
tios, meaning a solution close to an optimal offline solution. On the other hand, we
would like that the migration also remains small. In general this is quite an intri-
cate question as both these factors counteract each other. The better the solution we
generate, the more we need to repack and vice versa. Despite this duality, we will
present in this section a very simple framework that achieves results close to the best
offline results for a large range of problems. In fact, we manage to keep solutions
on par with the best offline algorithms except an additive ϵ-term. Surprisingly, we
only need an amortized migration factor of O(1/ϵ) despite maintaining such a high
quality solution. For many problems this framework even works when consider-
ing the problem variants where objects not only appear but are also removed from
the instance. In addition to these positive results, we also show that a migration of
only Ω(1/ϵ) is needed even for relatively simple problems such as the SUBSETSUM

problem.

3.2 Preliminaries

We are given some optimization problem Πoff consisting of a set of objects and con-
sider the online version Πon, where these objects arrive one by one over time (the
static case). If arrived items can also be removed from the instance, we call this the
dynamic case. For an instance I ∈ Πon and some time t we denote the instance at time
t containing the first t objects by It. As discussed above, we allow a certain amount
of repacking and thus, every object has an associated migration potential, which typ-
ically corresponds to its size or its weight.

The item arriving or departing at time t has migration potential ∆(It). Generally
in the following, we will write ∆(It → It′) to denote the migration potential that
we received starting at time t until t′ for t ≤ t′. If the given instance is clear from
the context, we will simplify this notation and write ∆t:t′ := ∆(It → It′). The total
migration potential up to some time t is thus given by ∆0:t.

We further assume that for every two feasible solutions St and S′
t′ at times t, t′,

we also have a necessary migration cost that we denote by ϕ(St → S′
t′), respectively.

This resembles the costs to migrate from solution St to solution S′
t. We assume that

these costs can be computed easily by comparing the respective solutions. Note that
the initial assignment of an item does not cost any migration. Hence, we often write
ϕ(St → St+1) to denote the migration cost of changing solution St to solution St+1
and assume that the newly arrived item is now also present in St+1.

We say that an online algorithm has amortized migration factor γ if, for all time
steps t, the sum of the migration costs is at most γ ·∑t

i=1 ∆(It) = γ ·∆0:t, i. e. ∑t
i=1 ϕ(Si−1 →

Si) ≤ γ · ∆0:t, where Si are the solutions produced by the algorithm with S0 being
the empty solution. We will sometimes make use of the amortized migration factor
inside a time interval t → · · · → t′, which we will denote by γt:t′ . The notions of
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migration or migration factor are interchangeably used by us and always describe the
amortized migration factor.

In this section, we only consider maximization problems. Hence, every solution
St of an instance It has some profit PROFIT(St) and OPT(It) denotes the optimal profit
of any solution to It. An algorithm that achieves competitive ratio 1 − ϵ and has
migration f (1/ϵ) for some function f is called robust [78].

3.2.1 KNAPSACK-type problems

The KNAPSACK problem is one of the classical maximization problems. In its most
basic form, it considers a capacity C ∈ N and a finite set I of items, each of which
is assigned a weight wi ∈ N and a profit pi ∈ N. The objective is to find a sub-
set S ⊆ I, interpreted as a packing of the figurative knapsack, with maximum profit
PROFIT(S) = ∑i∈S pi while the total weight WEIGHT(S) = ∑i∈S wi does not exceed C.
The special case in which all weights are equal to their respective profits is the SUB-
SETSUM problem. In this case, because weight and profit coincide, we will simply
call both the size of an item. A natural generalization of KNAPSACK is to generalize
capacity and weight vector to be d-dimensional vectors, i.e. C, wi ∈ Nd for some
d ∈ N. The problem of finding a maximum profit packing fulfilling all d constraints
is then known as the d-dimensional KNAPSACK problem.

In the MULTIPLEKNAPSACK problem, one is given an instance I consisting of
items with assigned weights and profits, just like in the KNAPSACK problem. How-
ever, in contrast, we are given not one but m different knapsacks with respective
capacities C(1), ..., C(m). The goal is to find m disjoint subsets S(1), ..., S(m) of I, such
that the total profit ∑m

j=1 PROFIT(S(j)) is maximized w.r.t. the capacity conditions

WEIGHT(S(j)) ≤ C(j), ∀j = 1, ..., m.

Note that the KNAPSACK problem is a special case of the MULTIPLEKNAPSACK prob-
lem with m = 1.

Another generalization of the standard KNAPSACK problem is 2DGEOKNAP-
SACK. This problem takes as input the width W ∈ N and height H ∈ N of the
knapsack and a set I of axis-aligned rectangles r ∈ I with widths wr ∈ N, heights
hr ∈ N, and profits pr ∈ N. An optimal solution to this instance consists of a subset
S ⊆ I of the rectangles together with a non-overlapping axis-aligned packing of S
inside the rectangular knapsack of size W × H such that PROFIT(S) is maximized.

3.2.2 Independent Set

Another classical optimization problem is the MAXIMUMINDEPENDENTSET prob-
lem. While it can be considered for different types of graphs, the most basic variant
is defined on a graph G = (V, E) with a set of nodes V and a set of corresponding
edges E. A subset S ⊆ V is called independent if for all u, v ∈ S it holds that (u, v) /∈ E,
i.e. u and v are not neighbours. A maximal independent set is then an independent
set that is no strict subset of another independent set. MAXIMUMINDEPENDENTSET

is the problem of finding a maximum independent set for a given graph G. In the
literature, MAXIMUMINDEPENDENTSET is, among others, studied in planar, perfect,
or claw-free graphs. For the online variant, we usually assume that a node is added
(or removed) to the instance in every time step along with its adjacent edges.

Closely related to the well-studied MAXIMUMINDEPENDENTSET problem is the
MAXIMUMDISJOINTSET problem. For a given instance I that consists of items with
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a geometrical shape, the goal is to find a largest disjoint set which is a set of non-
overlapping items. As we can convert an MDS instance to an MIS instance, we
sometimes use MIS to also denote this problem. MDS is often considered limited
to certain types of objects. These can be (unit-sized) disks, rectangles, polygons or
other objects, and any d-dimensional generalization of them. We will also consider
pseudo-disks, which are objects that pairwise intersect at most twice in an instance.

The standard MIS and MDS problems are both special cases of the generalized
MAXWEIGHTINDEPENDENTSET or MAXWEIGHTDISJOINTSET, respectively, where
each node i is assigned a profit value wi. The goal for these problems is to find a
maximum profit independent subset.

3.2.3 Our Results

Our main result is a framework that is strongly inspired by the approach of Berndt et
al. [15]. For minimization problems, they proposed a framework using two known
algorithms, one online and one offline algorithm, in order to solve a given problem.
This approach behaves a bit differently for maximization problems in terms of the
competitive ratio. While a respective α-approximation offline algorithm paired with
a fitting β-competitive online algorithm yields an α +O(1)βϵ competitive-algorithm
for minimization problems, we show that for maximization problems such fitting
algorithms will result in a α · β-competitive algorithm. Since we do not focus on this
result more and do not give an explicit application for this version the analysis on
this framework can be found in section 3.6.

We discuss a class of problems that is characterized by the common task of choos-
ing a subset of objects with maximum profit fulfilling some secondary constraints.
Many important problems like the above presented variants of KNAPSACK or MAX-
IMUMINDEPENDENTSET are covered by this class of problems. We show that for
these kind of problems, which we will call choosing problems in the following, the
framework can be simplified by completely removing the online algorithm.

Using a simplified framework, we achieve (1 − ϵ)-competitive algorithms for
KNAPSACK even when generalized to arbitrary but fixed dimension d. In the 2DGEOK-
NAPSACK where we additionally interpret items as rectangles that need to be packed
into a rectangular knapsack, we achieve a ( 9

17 − ϵ)-competitive ratio. We also con-
sider problem variants outside of the class of choosing problems and show that the
static cases of MAXIMUMINDEPENDENTSET for planar graphs with arriving edges
and MULTIPLEKNAPSACK also admit robust approximation schemes. We comple-
ment these positive results by also proving lower bounds for the necessary migra-
tion showing that some of our results are indeed tight. We also give lower bounds
for different variants, including starting with an adversarially chosen solution and
different migration models.

PROBLEM Competitive Ratio MF lower bound MF
KNAPSACK/SUBSETSUM (fixed d) (1 − ϵ) O(1/ϵ) Ω(1/ϵ)

2DGEOKNAPSACK (9/17 − ϵ) O(1/ϵ) open 1

MIS (unweighted planar) (1 − ϵ) O(1/ϵ) open
MIS (unweighted unit-disk) (1 − ϵ) O(1/ϵ) open

MIS (weighted disk-like objects2) (1 − ϵ) O(1/ϵ) Ω(1/ϵ)
MIS on pseudo-disks (1 − ϵ) O(1/ϵ) open
MULTIPLEKNAPSACK (1 − ϵ) O(1/ϵ) Ω(1/ϵ)

MIS (unw. planar, edge arrival) (1 − ϵ) O(1/ϵ) open
1 We prove a lower bound of Ω(1/ϵ) for comp. ratio (1 − ϵ).
2 Result applies to all objects that the PTAS from Erlebach et al. [46] can be used on, even in

higher dimensions.



3.2. Preliminaries 31

3.2.4 Related Work

Upper Bounds: The general idea of bounded migration was introduced by Sanders,
Sivadasan, and Skutella [78]. They developed an (1+ ϵ)-competitive algorithm with
non-amortized migration factor f (1/ϵ) for the MAKESPANSCHEDULING problem.
Gálvez et al. [48] showed two (c + ϵ)-competitive algorithms with migration factor
(1/ϵ)O(1) for some constants c for the same problem. Skutella and Verschae [79]
were able to transfer the (1 + ϵ)-competitive algorithm also to the setting, where
items depart. They also considered the MACHINECOVERING problem and obtained
an (1 + ϵ)-competitive algorithm with amortized migration factor f (1/ϵ). For BIN-
PACKING, Epstein and Levin [42] presented a (1 + ϵ)-competitive algorithm with
non-amortized migration factor f (1/ϵ). Jansen and Klein [62] were able to obtain a
non-amortized migration factor of (1/ϵ)O(1) for this problem, and Berndt et al. [12]
showed that such a non-amortized migration factor is also possible for the scenario,
where items can depart. Considering amortized migration, Feldkord et al. [47] pre-
sented a (1+ ϵ)-competitive algorithm with migration factor O(1/ϵ) that also works
for departing items. Epstein and Levin [44] investigated a multidimensional exten-
sion of BINPACKING problem, called HYPERCUBEPACKING where hypercubes are
packed geometrically. They obtained an (1 + ϵ)-competitive algorithm with worst-
case migration factor f (1/ϵ). For the preemptive variant of MAKESPANSCHEDUL-
ING, Epstein and Levin [43] obtained an exact online algorithm with non-amortized
migration factor 1 + 1/m. Berndt et al. [13] studied the BINCOVERING problem
with amortized migration factor and non-amortized migration factor and obtained
(1 + ϵ)-competitive algorithms and matching lower bounds, even if items can de-
part. Jansen et al. [65] developed a (1 + ϵ)-competitive algorithm with amortized
migration factor f (1/ϵ) for the STRIPPACKING problem. Finally, Berndt et al. [15]
developed a framework similar to this work, but only for minimization problems, and
showed that for a certain class of packing problems, any c-approximate algorithm
can be combined with a suitable online algorithm to obtain a (c + ϵ)-competitive
algorithm with amortized migration factor O(1/ϵ).

Lower Bounds: Skutella and Verschae [79] showed that a non-amortized migra-
tion factor of f (1/ϵ) is not possible for any function f for MACHINECOVERING.
Berndt et al. showed that a non-amortized migration factor of Ω(1/ϵ) is needed [12]
for BINPACKING, and Feldkord et al. [47] showed that this also holds for the amor-
tized migration factor. Epstein and Levin [43] showed that exact algorithms for the
makespan minimization problem on uniform machines and for identical machines
in the restricted assignment setting have worst-case migration factor at least Ω(m).

Dynamic Algorithms: In the semi-online setting, there are several metrics that one
tries to optimize. First of all, there is the competitive ratio measuring the quality of
the solution. Second, in order to prevent that the online problem simply degrades
to the offline problem, one needs to bound some resource. In the setting that we
consider, we bound the amount of repacking possible, as such a repacking often
comes with a high cost in practical applications. In an alternate approach, often
called dynamic algorithms, we restrict the running time needed to update a solution,
ideally to a sub-linear function (see e. g. the surveys [19, 57]). Note that the amount
of repacking used here can be arbitrarily high (using a suitable representation of
the current solution). This setting has been also studied recently for KNAPSACK

variants [40] and MAXIMUMINDEPENDENTSET variants [58]. There are also works
aiming to combine both of the before mentioned approaches [73, 55].
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3.3 Upper Bounds for Choosing Problems

3.3.1 Framework for Choosing Problems

In this section, we will consider the aforementioned class of choosing problems. In
general, a choosing problem is defined by a set of objects with some properties,
and the objective is to select a subset of these objects with maximum profit, while
potentially respecting some secondary constraints.

Definition 3.3.1. Consider a problem Π where every instance I ∈ Π is given by a
set of objects, where each object i ∈ I is assigned a fixed profit value pi, and a set of
feasible solutions SOL(I). We call Π a choosing problem if SOL(I) ⊆ P(I), and the
objective of some instance I ∈ Π is to find a subset S ∈ SOL(I) while maximizing the
total profit PROFIT(S) = ∑i∈S pi. We further make the following two requirements
for choosing problems that we will discuss in this part:

(i) For any feasible solution S ∈ SOL(I), we have that any subset S′ ⊆ S is also a
feasible solution, i. e. S′ ∈ SOL(I).

(ii) For any solution S ∈ SOL(It) for an instance It with respective follow-up in-
stance It+1 = It△{it+1}, the solution S′ := S\{it+1} stays feasible for It+1,
i. e. S′ ∈ SOL(It+1).

For choosing problems, the profits of objects are their migration potential and
costs; ∆(It) = pi, where i is the object added or removed at time t. Given two
solutions S1, S2 ⊆ I, we further have that ϕ(S1 → S2) = PROFIT(S1△S2).

While we restrict the range of problems with these properties, it is necessary
to do so since an adversary can enforce an unreasonably high migration factor for
problems we excluded this way. In particular the first property guarantees that there
is no low profit item with low migration potential added by the adversary which
would allow for a completely new solution with high profit that we would need to
switch to. The second property serves a similar purpose, as it prevents the adversary
from adding any arbitrary items making our current solution infeasible.

We could approach choosing problems like Berndt et al. [15] and use a greedy
online algorithm in conjunction with the best known offline algorithm. While this
would also create good results, we want to show that an online algorithm is not
even necessary. We propose instead the algorithm that computes an offline solution
S with profit V and then waits until the total profit of items being added or removed
from the instance exceeds ϵV. At this point we simply replace S with a new offline
solution for the current instance. This algorithm already achieves a competitive rate
close to the approximation ratio of the offline algorithm.

Theorem 3.3.1. Let Aoff be an offline algorithm with an approximation ratio of α. Then the
resulting framework using Aoff is a (1 − ϵ) · α-competitive algorithm requiring a migration
factor of O(1/(ϵ · α)).

Proof of Theorem 3.3.1. In the following, we refer to time steps where the offline al-
gorithm is applied as repacking times. Note that for the start of any online instance
and the first arriving items, we will just add the first eligible item with the offline
algorithm when it arrives. This results in the first repacking time. Consider now
any repacking time t with generated solution St, and let t′ be the first point of time
where ∆t:t′ > ϵ PROFIT(St). First we will show that the migration factor of the ap-
plied framework is small. We do so by proving that the migration potential between
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two repacking times accommodates for the repacking at the later repacking time.
Denote with At:t′ the total profit of items that arrived up till time t′.

We now have that

ϕ(St → St′)

∆t:t′
≤ OPT(It) + OPT(It′)

∆t:t′
≤ OPT(It) + OPT(It) + At:t′

∆t:t′
≤

OPT(It) + OPT(It) + ∆t:t′

∆t:t′
≤ 2 · OPT(It)

∆t:t′
+ 1 ≤ 2 · PROFIT(St)

α∆t:t′
+ 1 <

2 · PROFIT(St)

αϵ PROFIT(St)
+ 1 ∈ O(1/(ϵ · α)).

Now it is left to show that up till time t′− 1 we have maintained (1− ϵ)α competitive
rate. Denote with At:t′−1 and Rt:t′−1 the total profit of items that arrived or departed
up till time t′ − 1, and note that by choice of t′, we have that At:t′−1 + Rt:t′−1 ≤
ϵ PROFIT(St). We now have

PROFIT(St′−1) ≥ PROFIT(St)− Rt:t′−1 =

PROFIT(St) + At:t′−1 − At:t′−1 − Rt:t′−1 ≥ PROFIT(St) + At:t′−1 − ϵ PROFIT(St) =

(1 − ϵ) PROFIT(St) + At:t′−1 ≥ (1 − ϵ)α OPT(St) + At:t′−1 ≥
(1 − ϵ)α(OPT(St) + At:t′−1) ≥ (1 − ϵ)α(OPT(St′−1)).

3.3.2 Resulting upper bounds and necessary migration

The framework introduced can be applied to any choosing problem with some ex-
isting offline algorithm. We observe that by using Theorem 3.3.1 for problems that
admit a PTAS, we get a respective robust PTAS, and for other problems, we achieve
the ratio of any offline algorithm with small additional error. We note without proof
that all problems mentioned in the following theorem are choosing problems as solu-
tions are made up of sets of items or nodes and they stay feasible under the required
circumstances. While we give a general proof here, in the following section we will
further discuss why each problem is a choosing problem.

Theorem 3.3.2. For the following problems there exists an online algorithm with competi-
tive ratio 1 − ϵ and migration factor O(1/ϵ).

• SUBSETSUM and KNAPSACK using the FPTAS by Jin [67]

• d-dimensional KNAPSACK using the PTAS from Caprara et al. [25]

• MAXIMUMINDEPENDENTSET on unweighted planar graphs by using the PTAS by
Baker [3]

• MAXIMUMINDEPENDENTSET on (weighted) d-dimensional disk-like objects with
fixed d using the PTAS by Erlebach et al. [46]

• MAXIMUMINDEPENDENTSET on pseudo-disks using a PTAS by Chan and Har-
Peled [27]

Additionally, for the 2DGEOKNAPSACK problem, there exists an online algorithm with
a competitive ratio 9/17− ϵ and migration factor O(1/ϵ) by using the 9/17 approximation
algorithm from Gálvez et al. [49]
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Proof of Theorem 3.3.2. We prove that a (1 − ϵ) approximation yields the desired re-
sult. The statement for 2DGEOKNAPSACK follows similarly. Note that using a
(1 − ϵ) approximation with Theorem 3.3.1, we achieve an online algorithm with
a competitive ratio of (1 − ϵ)2 = 1 − 2ϵ + ϵ2. By applying the framework with
ϵ′ = 1/2ϵ, we achieve the desired PTAS quality. The required migration of our
framework is bounded by O( 1

ϵ(1−ϵ)
) = O(1/ϵ).

We also show how to apply our framework in a setting outside of choosing prob-
lems. We consider two problems still similar to the given context of KNAPSACK and
MAXIMUMINDEPENDENTSET.

Theorem 3.3.3. The static cases of MULTIPLEKNAPSACK and MAXIMUMINDEPEN-
DENTSET on weighted planar graphs when adding edges both admit a robust PTAS with
competitive ratio 1 − ϵ and migration factor O(1/ϵ).

Finally, one might ask how much migration is actually needed to achieve such re-
sults. One can come up with quite simple lower bounds on the necessary migration
for these kind of problems by forcing the algorithm to switch between two differ-
ent solutions. If the adversary accomplishes this using little migration but with at
least one solution being reasonably expensive to replace, then this yields an inter-
esting lower bound for SUBSETSUM and MAXIMUMINDEPENDENTSET showing that
our framework is indeed tight in migration for all KNAPSACK variants and some
MAXIMUMINDEPENDENTSET variants.

Theorem 3.3.4. For the online SUBSETSUM problem and (weighted) MAXIMUMINDE-
PENDENTSET problem, there is an instance such that the migration needed for a solution
with value (1 − ϵ) OPT is Ω(1/ϵ).

3.3.3 Knapsack Problems

We will now discuss the problems in further detail. Note that KNAPSACK and the op-
timization variant of SUBSETSUM trivially are part of the class of choosing problems.
The goal of these problems is to find a feasible subset, that is feasible in regards to
the capacity constraint of the given Knapsack. Observe that both additional require-
ments for choosing problems are also fulfilled: Removing any item from a feasible
solution will not make it infeasible as the new solution will have less total weight
and in the same way adding some item i will not make any prior infeasible subset
of items feasible as it will only increase the total weight. Since KNAPSACK is a well
studied problem we have access to a wide range of algorithms. Since we are looking
to achieve a robust PTAS result, we will apply the FPTAS of Jin [67] and obtain the
following result with our framework.

Theorem 3.3.5. For the KNAPSACK and accordingly SUBSETSUM problem, there exists
an online algorithm with competitive ratio 1 − ϵ and migration factor O(1/ϵ).

Proof. By applying the given FPTAS with Theorem 3.3.1 we achieve an online al-
gorithm with a competitive rate of (1 − ϵ)2 = 1 − 2ϵ + ϵ2. We can therefore apply
the framework with ϵ′ = 1/2ϵ yielding the desired solution quality. The required
migration of our framework is bounded by O( 1

ϵ(1−ϵ)
) = O(1/ϵ).

The d-dimensional KNAPSACK trivially falls in the class of choosing problems
similar to its special case for d = 1. For this problem, we use the PTAS from Caprara
et al. [25]. As with the previous result we gain a similar result.
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Theorem 3.3.6. For any fixed d ∈ N, for the d-dimensional KNAPSACK problem there
exists an online algorithm with competitive ratio 1 − ϵ and migration factor O(1/ϵ).

The geometric variants of, for example 2DGEOKNAPSACK, add another layer
to the problem by packing geometric objects into some actual knapsack. In our
framework however, this task is simply delegated to the respective offline algorithm.
Therefore we can use the 9

17 − ϵ approximative algorithm from Gálvez et al. [49] for
the two-dimensional version of this problem that we denoted as 2DGEOKNAPSACK.

Theorem 3.3.7. For the 2DGEOKNAPSACK problem there exists an online algorithm with
a competitive ratio 9/17 − ϵ and migration factor O(1/ϵ).

3.3.4 Maximum independent set problems with incoming nodes

As for MAXIMUMINDEPENDENTSET being also regarded as a choosing problem, we
can firstly confirm that the properties from Section 3.3.1 hold. That is, if we con-
sider a problem instance I and an independent set S ⊆ I, then every subset S′ ⊆ S
is still a set of non-adjacent nodes and therefore remains an independent set. Fur-
thermore, a solution S to the instance It stays feasible for the next instance It+1 since
no new edges connecting already present nodes are added. In the following, we
describe how our framework can be applied to some variants of MAXIMUMINDE-
PENDENTSET.

Generally, when speaking about the unweighted variants, we assume the profit
of every node (or item) in the instance to be 1.

Maximum independent set for planar graphs While the maximum independent
set is difficult to approximate [1], we limit ourselves to certain graph classes. This
gives us the opportunity again to apply our framework on some efficient offline
algorithms. One graph class that is studied well in this context is the class of pla-
nar graphs, that contains graphs that can be drawn on the plane without edge-
intersections. For MAXIMUMINDEPENDENTSET in planar graphs, we will use the
PTAS by Baker [3] to achieve a robust PTAS similar to KNAPSACK.

Theorem 3.3.8. For the MAXIMUMINDEPENDENTSET, there exists an online algorithm
with competitive ratio 1 − ϵ and migration factor O(1/ϵ).

Maximum disjoint set for unit disks An instance for the MAXIMUMDISJOINTSET

problem can be easily transferred into a MAXIMUMINDEPENDENTSET instance by
replacing every disk by a node and join two nodes by an edge if the correspond-
ing disks are overlapping. Also MAXIMUMDISJOINTSET fulfils the aforementioned
properties. That is, if we consider a disjoint set S ⊆ I, then every subset S′ ⊆ S is still
a set of non-overlapping items and therefore a disjoint set. Furthermore a solution S
to an instance It stays feasible for the next instance It+1 since the position of items in
S is not changing and therefore remains a disjoint set.

For the offline algorithm solving MAXIMUMDISJOINTSET, we follow the approach
of Erlebach, Jansen and Seidel [46] which gives us an PTAS for the offline (weighted)
MAXIMUMINDEPENDENTSET in disk graphs.

Theorem 3.3.9. For the MAXIMUMINDEPENDENTSET problem on (weighted) unit-disk
graphs there exists a robust PTAS.
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LISTING 3.1: Online algorithm AMK
on for MULTIPLEKNAPSACK

compute a packing S1 for the first instance I1 using Aoff;

set ∆ := 0 and P := profit(S1);

for each time step t − 1 → t with t > 1 and new item i:
set St := St−1;

increment ∆ by the profit pi of i;
if (†) ∆ > ϵP:

do a repacking with Aoff to obtain the new solution St;

set ∆ := 0 and P := profit(St);

endif;

MaximumDisjointSet for pseudo-disks For the MAXIMUMDISJOINTSET problem
limited to pseudo-disks, we have another PTAS result in the offline world intro-
duced by Chan and Har-Peled [27]. Using their PTAS, we get yet another robust
PTAS in the dynamic online world.

Theorem 3.3.10. For the MAXIMUMDISJOINTSET problem on pseudo-disks there exists a
robust PTAS.

3.4 Upper bounds for non-choosing problems

There are many maximization problems that do not fit neatly under the umbrella
of choosing problems. However, it turns out that there is a wider class of problems
that allow a similar treatment. In this section, we examine two problems that are not
choosing problems (at least as defined here): MULTIPLEKNAPSACK and MAXIMU-
MINDEPENDENTSET in weighted planar graphs with new edges added in each time
step. The first problem is not a choosing problem essentially because it requires the
selection of multiple subsets of a given instance, not just one. The second problem is
not a choosing problem because each time steps adds a new edge to the graph instead
of a vertex.

3.4.1 MULTIPLEKNAPSACK

It is known that the MULTIPLEKNAPSACK problem has an offline PTAS [61, 60, 29,
69], which we will denote by Aoff in this subsection. On the basis of this PTAS, given
ϵ, we define the polynomial-time online algorithm AMK

on above.

Theorem 3.4.1. The algorithm AMK
on computes (1 − ϵ)-approximate solutions.

Proof. Whenever a repacking took place, the resulting solutions are (1− ϵ)-approximate.
If t′ is any time point at which no repacking took place, let t be the latest time point
before t′ at which a repacking did take place. In this case, we see that

AMK
on (It′) = PROFIT(It) ≥ (1 − ϵ) OPT(It) ≥ (1 − ϵ)(OPT(It′)− ∆t:t′) ≥

(1 − ϵ)(OPT(It′)− ϵ · PROFIT(It′)) ≥ (1 − ϵ)(OPT(It′)− ϵ · OPT(It′)) ≥
(1 − ϵ)2 OPT(It′) ≥ (1 − 2ϵ) OPT(It′).

Thus, we see that, after a linear reparametrization of ϵ, the algorithm AMK
on computes

(1 − ϵ)-approximate solutions.

Theorem 3.4.2. The migration factor of AMK
on is bounded by O(1/ϵ).
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LISTING 3.2: Online algorithm AIS
on for MAXIMUMINDEPENDENTSET

in planar graphs

compute an IS S1 for the first graph G1 using Aoff;

set ∆ := 0 and W := weight(S1);

for each time step t − 1 → t with t > 1 and new edge e:
if e has at most one adjacent vertex in St−1:

set St := St−1;

else:

remove the smaller of the two adjacent vertices of e
from St−1 to obtain St;

endif;

increment ∆ by the minimum of the weights of the two

adjacent vertices of e;
if (†) ∆ > ϵW:

use Aoff to obtain the new solution St;

set ∆ := 0 and W := weight(St);

endif;

Proof. It suffices to show the bound for individual phases in order to show the bound
for all time intervals. Let t → · · · → t′ be a phase. This implies that no repackings
took place except at t − 1 → t and t′ − 1 → t′. Then

γt:t′ ≤
OPT(It′)

∆t:t′
≤ OPT(It) + ∆t:t′

∆t:t′
=

OPT(It)

∆t:t′
+ 1 ≤

OPT(It)

ϵ PROFIT(It′)
+ 1 ≤ OPT(It)

ϵ(1 − ϵ) OPT(It)
+ 1 = O(1/ϵ),

which proves the upper bound.

3.4.2 Maximum independent set in weighted planar graphs with edge ar-
rivals

We are given a weighted planar graph G = (V, E) and a sequence of subgraphs
(Gt)T

t=1 with Gt = (V, Et), for Et ⊆ E. Moreover, we assume that |Et \ Et−1| = 1 for
all t = 2, ..., T, i.e. every time step adds exactly one edge to the graph. We interpret
this sequence as an online instance of the static case of MAXIMUMINDEPENDENTSET.
Given ϵ ∈ (0, 1

2 ), we aim to find a polynomial-time online algorithm that computes
(1 − ϵ)-approximate solutions with a migration factor O(1/ϵ), where the migration
potential of an edge is given by the minimum of the weights of the two adjacent
vertices. Note that every graph Gt in this sequence is planar, hence we know that
there is an offline PTAS Aoff that can find (1 − ϵ)-approximate independent sets (IS)
in polynomial time [3]. Using this, we define the online algorithm AIS

on above.

Theorem 3.4.3. The algorithm AIS
on computes (1 − ϵ)-approximate solutions.

Proof. Clearly, the approximation ratio is satisfied whenever a repacking took place.
Thus, we let t′ be a time at which no repacking took place and t the latest time before
t′ where a repacking did take place. We see that

AIS
on(Gt′) = WEIGHT(St′) ≥ WEIGHT(St)− ∆t:t′ ≥(†) (1 − ϵ) WEIGHT(St) ≥

(1 − ϵ)2 OPT(Gt) ≥ (1 − ϵ)2 OPT(Gt′) ≥ (1 − 2ϵ) OPT(Gt′).
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Thus, we have proven that, after a linear reparametrization of ϵ, the algorithm AIS
on

computes (1 − ϵ)-approximate solutions.

Theorem 3.4.4. The migration factor of AIS
on is bounded by O(1/ϵ).

Proof. To show the upper bound on the total migration factor, it suffices to show the
upper bound for individual phases. To that end, let t → · · · → t′ be a phase. In this
case, we have

γt:t′ ≤
2 · OPT(It)

∆t:t′
≤ 2 · WEIGHT(St)

(1 − ϵ) · ϵ · WEIGHT(St)
= O(1/ϵ).

This already implies the upper bound on the total migration factor.

3.5 Lower bounds and inapproximability results

We will now complement our positive results by showing how much migration is
necessary for some of these problems.

3.5.1 General lower bounds for choosing problems

We will begin for now with the dynamic version of these problems, where objects
are added but may also be removed. In this setting, the adversary is quite powerful
because removing objects only leaves the option to repack our solution while the
range of possibilities has become smaller. This scenario is especially difficult when
our current solution becomes inefficient and we might have to change the whole
leftover solution. An adversary can make sure that we might need to switch between
two or more different solutions making a certain amount of migration necessary. In
order to prove our lower bounds of necessary migration, we want to create such
a scenario. In order to enforce switching between two solutions, we will use two
independent instances, which we will define as alternating instances:

Definition 3.5.1. Consider some dynamic online choosing problem Πon, two in-
stances I1 and I2, and some desired competitive ratio β < 1. We call the instances
I1 and I2 alternating instances when there exists I′1 ⊂ I1, such that the following
properties hold:

• The solutions S1 = I1 and S2 = I2 are feasible and henceforth also S′
1 = I′1 is

feasible, but any solution S with S ∩ I1 ̸= ∅ and S ∩ I2 ̸= ∅ is infeasible.

• We have that PROFIT(I′1) < β PROFIT(I2) < β2 PROFIT(I1).

The idea behind these alternating instances is, that any algorithm that hopes to be
β-competitive can be forced to alternate between solutions of both instances, when
the adversary simply adds all objects from I1 and I2 and then continues to remove
and add again all items from I1\I′1. We can further see that if the necessary migration
for the solutions of I′1 and I2 is large but the migration potential from I1\I′1 is small,
that this increases the ratio between necessary migration and migration potential.

Lemma 3.5.1. Let Πon be a dynamic online choosing problem and consider two alternating
instances I1, I2 for a desired competitive rate β < 1 with I ′1 ⊆ I2 fulfilling the requirements
of definition 3.5.1. When we additionally have that β PROFIT(I2) ∈ Ω(γ) for some desired
migration factor γ and PROFIT(I1)− PROFIT(I′1) ≤ c for some c, then any β-competitive
algorithm requires a migration factor of Ω( γ

2(c+1) ).
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Proof. Consider some β-competitive algorithm A and the following order of events:
First add all items from I1 and A will generate some approximate solution S1 for I1.
Now, add also all items from I2 and note that nothing changes. Since by definition
PROFIT(I2) < β PROFIT(I1), the algorithm does not need to do anything and will
ignore the new items. Remember also that adding any of the new items from I2
would make the solution infeasible.

We now proceed to remove and add again all items of I1\I′1 and repeat this
N times for some large N ∈ N. By removing all these items the previous solu-
tion S1 would consequently be reduced to a solution S′

1 ⊆ I′1, and as PROFIT(I′1) <
β PROFIT(I2), our algorithm needs to change to a solution S2 ⊆ I2. When the items
are added again, the algorithm also needs to switch from S2 to a solution of I1.

Let us now look at the necessary migration and the migration potential. The
total migration potential we received is given through the arrival of all items and
the repeated removal and re-adding of items and altogether we have migration po-
tential of PROFIT(I1) + PROFIT(I2) + N(PROFIT(I1) − PROFIT(I′1)) = PROFIT(I1) +
PROFIT(I2) + 2Nc. The necessary migration results from the repacking of the solu-
tions of I′1 and I2. We have to note however, that the necessary migration for the solu-
tions of I′1 might be small or even 0, when the approximate solution S1 for I1 does not
use any items of I′1. We know however that for I2 we at least exchange a full approxi-
mate solution which yields a total necessary migration of at least Nβ PROFIT(I2). For
the total migration factor, we now have that:

Nβ PROFIT(I2)

PROFIT(I1) + PROFIT(I2) + 2Nc
≥ β PROFIT(I2)

2(c + 1)

when N is chosen large enough.

We can conclude that one very natural way of proving lower bounds merely re-
quires two instances, call them I1, I2, with certain properties. For one the adversary
needs to have the possibility of being able to switch between instances I1 and I2
with low migration potential. If now for these two instances an algorithm create
respective solutions S1, S2 in a way that switching between S1 and S2 becomes nec-
essary, when the adversary switches between I1, I2, and changing solutions requires
high migration then the mentioned algorithm will inevitably have a high migration
factor.

In the following, we want to show how much repacking is necessary when we
want to achieve a robust PTAS or rather a (1 − ϵ)-competitive algorithm for some
iconic choosing problems. We will start with the SUBSETSUM problem and show that
our achieved migration of O(1/ϵ) is indeed optimal by proving a matching lower
bound.

3.5.2 Lower bounds on the migration factor for SUBSETSUM

This section examines lower bounds and inapproximability results in various cases
of the SUBSETSUM problem to allow a fine-grained view on the hardness of this
online problem. To this end, we split the analysis into four parts, depending on the
static vs. the dynamic case and whether the instances are lax. Being lax means that
the first instance can be non-empty, i. e. that we can present a non-empty instance
fully at t = 1 without contributing any migration potential. The original setting
where we start with an empty instance is the strict case.
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We will show the following lower bounds on the migration factor of an online
algorithm for the SUBSETSUM problem with ratio 1 − ϵ with ϵ ∈ (0, 1

2 ):

SUBSETSUM strict lax
static Ω(log 1/ϵ) Ω(1/ϵ)
dynamic Ω(1/ϵ) Ω(1/ϵ)

Notice that the SUBSETSUM problem is a special case of the vanilla KNAPSACK prob-
lem, MULTIPLEKNAPSACK and 2DGEOKNAPSACK. This implies that the lower bounds
also hold for these problems. In the preceding sections, we have seen that these prob-
lems can be solved using a total migration factor in O(1/ϵ), such that these bounds
are tight except for the strict static case.

Theorem 3.5.2 (Strict static case). Any online algorithm for the strict static case of SUB-
SETSUM with ratio 1 − ϵ needs at least a migration factor in Ω(log 1/ϵ).

Proof. We construct an online instance of the strict static case of SUBSETSUM that
generates a migration factor in Ω(log 1/ϵ). To this end, let T > 0 be the number
of time points in the instance and define the capacity C := 2T. The first instance I1
contains exactly one item i1 of size s1 = 2T−1. For later time steps t − 1 → t with
t > 1, we respectively add items it of size st = 3 · 2T−t.

Consider the following sequence of alternating solutions: Whenever t is odd, the
solution consists of those items added in odd time steps, i.,e. we have St = {i1, i3, i5, ..., it}.
When t is even, the solution consists instead of those items added in even time steps,
i.e. St = {i2, i4, i6, ..., it}. They are visualized in the following diagram:

t = 1:

t = 2:

t = 3:

t = 4:

t = 5:

and so on. In both cases, we see that

PROFIT(St) = 2T − 2T−t.

This is the largest number less than C = 2T that is divisible by 2T−t and hence the
best possible profit using items with sizes that are divisible by 2T−t. Note that the
total capacity 2T can never be reached, as all items except i1 are divisible by three but
2T is not. This implies that the sequence of alternating solutions described above is
optimal and is in fact the only optimal sequence of solutions.

When examining approximate solutions, we observe that every algorithm with
ratio α ∈ (0, 1) is forced to choose this sequence of solutions as long as the inequality
OPT(It−1) < α · OPT(It) holds. Equivalently:

OPT(It−1) < α · OPT(It) ⇐⇒ 2T − 2T−t+1 < α · (2T − 2T−t)

⇐⇒ 1 − 2−t+1 < α − α · 2−t

⇐⇒ 2−t(α − 2) < α − 1

⇐⇒ t < log2

(
2 − α

1 − α

)
.
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Hence, with T = ⌊log2((2 − α)/(1 − α)) − 1⌋, any algorithm with approximation
ratio α will choose this solution. Its migration factor has the following lower bound:

γ ≥ ∑T−1
t=1 OPT(It)

2T−1 + ∑T
t=2 3 · 2T−t

=
∑T−1

t=1 (2
T − 2T−t)

2T−1 + ∑T
t=2 3 · 2T−t

=
∑T−1

t=1 (1 − 2−t)

2−1 + 3 · ∑T
t=2 2−t

=
T − 1 − ∑T−1

t=1 2−t

2−1 + 3 · ∑T
t=2 2−t

= Ω(T) = Ω(log 2−α
1−α ).

In particular, with α = 1 − ϵ, we get γ = Ω(log 1/ϵ).

Theorem 3.5.3 (Lax static case). Any online algorithm for the lax static case of SUBSET-
SUM with ratio 1 − ϵ needs at least a migration factor in Ω(1/ϵ).

Proof. Let the capacity C be given by ⌊1/ϵ − 1⌋. Then

C − 1
C

< 1 − ϵ.

Because we are in the lax case, we are free to present a full instance at t = 1 without
contributing migration potential. To exploit this, we let the first instance consist of
an item i of size C − 2 and an item j of size C − 1. Because

C − 2
C − 1

<
C − 1

C
< 1 − ϵ,

any algorithm with ratio 1 − ϵ will choose the solution consisting of j only. For the
next instance, let us insert an item k of size 2. After the insertion, the optimal solution
will be {i, k} with profit C. The algorithm will follow this sequence of solutions, since

C − 1
C

< 1 − ϵ.

This generates the migration factor

γ =
C − 2 + C − 1

2
= Ω(1/ϵ).

We now move on to the strict dynamic case. In the strict case, we are not allowed
to present a full instance at t = 1 without contributing migration potential. Instead,
we have to start with an empty instance and add one item at a time. This destroys
the argument from the lax static case. However, we can still salvage the basic parts
to construct an instance for the strict dynamic case that generates a migration factor
in Ω(1/ϵ):

Theorem 3.5.4 (Strict dynamic case). Any online algorithm for the strict dynamic case of
SUBSETSUM with ratio 1 − ϵ needs at least a migration factor in Ω(1/ϵ).

Proof. Let the capacity C be given by ⌊1/ϵ − 1⌋. Then, again,

C − 1
C

< 1 − ϵ.
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Add an item i of size C − 2. Clearly, the optimal solution contains exactly this item.
Now, we add an item j of size C − 1. Because

C − 2
C − 1

<
C − 1

C
< 1 − ϵ,

any algorithm with ratio 1− ϵ will choose {j} as the solution. Let us now repeatedly
insert and remove an item k of size 2. After each insertion, the optimal solution will
be {i, k} with profit C. After each deletion, it will be {j} with profit C − 1. The
algorithm will follow this sequence of solutions, since

C − 1
C

< 1 − ϵ.

Hence, after N repetitions, we moved a load of NC + N(C − 1) while only a volume
of C − 2 + C − 1 + 4N = 2C − 3 + 4N was inserted or removed. This generates the
migration factor

γ =
NC + N(C − 1)

2C − 3 + 4N
.

For N → ∞, this gives γ ≥ (C − 1)/4 = Ω(1/ϵ).

Corollary. The same theorem holds for the lax dynamic case of SUBSETSUM.

3.5.3 Inapproximability of KNAPSACK with weight migration

In the preceding sections, we have assumed that migration is measured by total
profit and the migration potential is similarly given by the profit of new items. In
this section, we give inapproximability results for the case in which migration is
measured by total weight and the migration potential is given by the weight of new
items. Intuitively, we exploit that the KNAPSACK problem is only concerned with
maximizing profit, which is a priori uncorrelated with the weight of a solution. It
is thus possible to trick an algorithm into migrating a lot of weight for an item with
large profit but small weight, i.e. small migration potential.

Theorem 3.5.5 (Lax static case). There cannot exist an online algorithm with bounded
migration factor for the lax static case of KNAPSACK with approximation ratio α > 1/2
when migration is measured by weight.

Proof. We construct an online instance of the lax static case that is unsolvable under
the hypothesis of a bounded migration factor.

Suppose that there is an online algorithm Aon that solves KNAPSACK with an ap-
proximation ratio of α > 1/2 and assume that the migration factor of Aon is bounded
by some constant B. Let C > B be the capacity of the knapsack. The instance I1 at
t = 1 contains the item i with weight C and profit 1. Our algorithm Aon will choose
the solution S1 = {i}. The instance I2 at t = 2 is constructed by adding the item j to
I1 with weight 1 and profit 2. Due to α > 1/2, this forces the algorithm to choose the
solution S2 = {j} and the migration factor

γ = C > B,

is generated. This is in contradiction with the assumption that B be an upper bound
on the migration factor.

Corollary. The same theorem holds for the following generalizations of the lax static case of
KNAPSACK:
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• The lax dynamic case of KNAPSACK.

• The lax static and dynamic cases of MULTIPLEKNAPSACK.

• The lax static and dynamic cases of 2DGEOKNAPSACK.

Under the hypothesis that the first instance be empty, the construction in the
proof of the previous theorem fails. However, we can reuse the basic ideas for a
counterexample in the strict dynamic case and obtain:

Theorem 3.5.6 (Strict dynamic case). There cannot exist an online algorithm with bounded
migration factor for the strict dynamic case of KNAPSACK with approximation ratio α >
1/2 when migration is measured by weight.

Proof. Let i and j be the same items as in the proof of theorem 3.5.5. We construct
an online instance as follows: The first instance is empty as assumed. The second
instance I2 is given by {i}. In the following time steps, we successively add and
remove j to and from the instance for a total of N times. The algorithm has to follow
the sequence of optimal solutions by the argument in the proof of theorem 3.5.5. This
generates the migration factor

γ =
NC

C + N
,

which is unbounded.

Corollary. The same theorem holds for the following generalizations of the strict dynamic
case of KNAPSACK:

• The lax dynamic case of KNAPSACK.

• The lax and strict dynamic cases of MULTIPLEKNAPSACK.

• The lax and strict dynamic cases of 2DGEOKNAPSACK.

3.5.4 Lower bounds for maximum independet set

We now take a look at MAXIMUMINDEPENDENTSET again. If we consider MAXIMU-
MINDEPENDENTSET on arbitrary graphs we can actually prove the same bound for
necessary migration, when aiming for a robust PTAS. Since we can choose any selec-
tion of edges among nodes in the graph we can simply emulate the same instances
that we constructed for the SUBSETSUM Problem.

Theorem 3.5.7. There is an instance of the online MAXIMUMINDEPENDENTSET problem
such that the migration needed for a solution with value (1 − ϵ) OPT is Ω(1/ϵ).

Proof. Set C := 2⌈1/(3ϵ)⌉ and consider two sets of nodes V1, V2 with edges E :=
{v1, v2|v1 ∈ V1, v2 ∈ V2}, then both V1 and V2 are feasible solutions while mixing
them would destroy independence. Set V ′

1 := V1\{v, w} for two nodes v, w ∈ V1
and by adding all nodes and then repeatedly removing v and w and re-adding them
we created the same situation as for SUBSETSUM leading to a necessary migration
factor of Ω(1/ϵ).

While this construction works on arbitrary graphs the same construction can be
difficult or rather impossible if we limit ourselves to certain graph classes. If for
example we consider MAXIMUMINDEPENDENTSET on planar graphs the same in-
stance cannot be built. Since we have more than three nodes in each of the two sets
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V1, V2 the graph would have to contain a K3,3 as a subgraph and would therefore
not be a planar graph. A similar argument is true for unit-disk graphs. When given
one node v which we can consider without loss of generality to be in set V1, then
we can see that the number of nodes we can add connected to v but independent to
each other is bound by the number of unit-disks we can place non intersecting such
that all their center points lie on a disk with radius 2 around the center of v. This
number is bound and since we can choose ϵ small enough such that |V2| exceeds
that bound, constructing an instance like above is not possible. This leaves an open
problem whether the migration that our algorithm achieved for the cases of MAXI-
MUMINDEPENDENTSET on planar or unit disk graphs can be improved or whether
there exists instances that enforce a migration of O(1/ϵ).

In the world of weighted MAXIMUMINDEPENDENTSET however it is again pos-
sible to prove the lower bound even for graph classes such as unit-disks or planar
graphs. We can in this setting once again emulate the same instance that we had for
the unweighed case, but can drastically reduce the number of necessary nodes by
introducing nodes with high weight, leading to the following result.

Theorem 3.5.8. There is an instance of the online weighted MAXIMUMINDEPENDENTSET

problem, containing only three nodes on one path, such that the migration needed for a
solution with value (1 − ϵ) OPT is Ω(1/ϵ).

Proof. Set C := 2⌈1/(3ϵ)⌉ and consider the set of nodes V = {v1, v2, v3} with
weights w1 := C − 2, w2 := C − 1, w3 := 2 and E := {{v1, v2}{v2, v3}}. Then the
online instance where we add all three nodes v1, v2, v3 and then repeatedly remove
and add v3 is the required instance.

We can further conclude that this construction works on any graph class that
admits a path of length three and therefore solving this problem with a competitive
rate of 1 − ϵ for ϵ < 1 requires a migration factor of Ω(1/ϵ).

3.5.5 Inapproximability of maximum independet set in unit disk graphs
with area migration

We consider the problem of finding maximum independet sets in unweighted unit
disk graphs and show that the corresponding online problem cannot be solved with
an approximation ratio α > 1/2 under the hypothesis of a bounded migration factor
if we assume that the migration potential in the time step t− 1 → t is given by the difference
in area between consecutive graphs:

∆(It) = AREA(It)− AREA(It−1).

Theorem 3.5.9 (Lax static case). The lax static case of MAXIMUMINDEPENDENTSET in
unit disk graphs cannot be solved by an algorithm with ratio α > 1/2 when the migration
potential is given by the area difference of consecutive graphs.

Proof. We construct an online instance that needs an unbounded migration factor in
order to be solved. The first graph consists of two unit disks D1 and D2 with D1
tangent to D2 on the left. Note that the disks overlap. Thus, they can never be part
of the same solution. Due to symmetry, we can assume without loss of generality
that any algorithm with a ratio α > 1/2 will choose the solution {D1}. Now, an
adversary could add the unit disk D3 slightly to the left of D1 in such a way that the
area difference (the migration potential) is exactly equal to δ > 0. The situation is
summarized in the following picture:



3.6. Framework with complementing Online Algorithm 45

Any approximation algorithm with a ratio α > 1/2 will have to choose the solution
{D1, D3}, which generates the migration factor γ = 2π/δ. This is unbounded for
δ → 0.

Theorem 3.5.10 (Strict dynamic case). The strict dynamic case of MAXIMUMINDEPEN-
DENTSET in unit disk graphs cannot be solved by an algorithm with ratio α > 1/2 when
the migration potential is given by the area difference of consecutive graphs.

Proof. In analogy to the lax static case, we construct an instance of the strict dynamic
case that generates an unbounded migration factor. The instance is constructed as
follows: Add a unit disk D1. Any approximation algorithm with ratio α > 1/2 will
choose {D1} as its solution. Then, we add D2 tangent to D1 on the right:

To minimize migration, an online algorithm will choose {D1}. Again, the adver-
sary could add a unit disk D3 slightly to the left of D1 in such a way that the area
difference is exactly equal to δ > 0. Now, any algorithm with a ratio α > 1/2 has
to choose {D2, D3} as the solution, such that both D1 and D2 have to migrate. The
adversary then removes D3 from the instance, generating a migration potential of δ
and the algorithm is again forced to choose either D1 or D2. To minimize migration,
the algorithm would have to choose D2. In this case, the adversary adds D4 slightly
to the right of D2 and we would have the same analysis as before. When we play
this game for a total of N times, this gives the migration factor

γ =
2πN

2π + 2δN
.

With δ = 1/N and N → ∞, this blows up!

3.6 Framework with complementing Online Algorithm

As we have seen so far, we can solve a range of classical and famous problems in
their online versions with small migration by only using an online algorithm. While
we have no meaningful result or applications for it, we now want to discuss how to
use two algorithms in an alternating fashion and how well the resulting combination
performs in terms of migration and competitive rate. The general idea resembles the
framework of Berndt et. al.. [15] and generalizes the framework we have used so
far. Instead of simply waiting between the applications of the offline algorithm in
our framework, we now want to bridge the time by applying some known online
algorithm. In this way we hope to achieve and use the best results of both worlds:
the flexibility of online algorithms and the high solution quality from the offline
world. To make this idea work however, we cannot consider any combination of
algorithms and we need to ensure that our online algorithm is able to work with the
solutions of the offline algorithm. We will call such algorithms flexible.
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Definition 3.6.1. Let I ∈ Πon be an instance of the online problem and an online
algorithm Aon for this problem. Let t < t′ ≤ |I| be two points of time and St be a so-
lution for It not necessarily generated by Aon. We say an online algorithm is flexible,
if it also accepts St as a parameter and extends the solution St to a solution St′ for It′

by reacting to the events happening in the time interval t → · · · → t′. We further say
Aon has a maintaining ratio of β from t to t′, when Aoff(It) = PROFIT(St) ≥ α OPT(It)
implies that Aon(It′ , St) = PROFIT(St′) ≥ αβ OPT(It′).

When we combine two algorithms, both delivering approximate solutions, it is
inevitable that the solution quality will deteriorate based on both algorithms. We
want to try and achieve a final ratio of α · β where α is the best known offline ap-
proximation ratio and β = 1 − O(ϵ) in order to achieve a similar competitive ratio
to the offline result, except a small error of O(ϵ). We acknowledge therefore that our
online algorithm may not uphold this ratio permanently but over some time frame.
In this time frame, up to the earliest point of time where the online algorithm would
break this desired ratio, we have to exchange our solution for a new better one. On
the other side, we also want to achieve a certain migration factor. Therefore, we
need to wait long enough until there is a time where the migration costs of exchang-
ing our solution and the migration potential of newly arrived objects or information
balances each other out. If such a point of time exists in the time frame where we
maintain our desired solution quality, we call this time point a repacking time.

Definition 3.6.2. Let β, γ ∈ Q>0 and let Aon be a flexible online algorithm for Πon.
Let t be any point of time, St some solution for It. Let t′ be the first point of time,
where Aon is not able to keep the maintaining ratio β. If we then have for some

t < t⋆ ≤ t′ that for some other β-competitive solution S′
t⋆ that ϕ(St⋆−1→S′

t⋆ )
∆t:t⋆

≤ γ, we
call t⋆ a (β, γ)-repacking time and say that Aon starting with solution St admits a
repacking time with maintaining ratio of β and migration γ for S′

t⋆ .

This definition is quite powerful, and we do not require these properties for any
arbitrary solutions. For our framework it is important that our chosen online and of-
fline algorithms can work cooperatively. We require that the online algorithm start-
ing with an offline solution maintains the desired competitive ratio until the offline
algorithm computes another solution that we can afford migrating to. In that sense,
we introduce the term of compatibility. If an online algorithm working on a solu-
tion of an offline algorithm always admits a (β, γ)-repacking time for some future
solution of the offline algorithm, we then call both algorithms compatible.

Definition 3.6.3. Let Aon and Aoff be an online and an offline algorithm for Π. We
say Aon and Aoff are compatible with maintaining ratio β and migration factor γ if
Aon starting with some solution S from Aoff admits a (β, γ)-repacking time for some
future solution S′ of Aoff.

We will often mention the time frame from one repacking time until the next and
we will regard such a time window as phase. During a phase, we will use the on-
line algorithm and handle the changes of the instance until a repacking time occurs.
When this happens, we basically want to switch to the solution of the offline algo-
rithm. It may happen that we need to exchange parts or maybe even the complete
old solution. The combination of two compatible algorithms achieves a competi-
tive rate dependent on both the approximation ratio of the offline algorithm and the
maintaining ratio.

Theorem 3.6.1. Let Aoff be an offline algorithm with an approximation ratio of α and Aon
be an online algorithm compatible with Aoff maintaining ratio β and migration factor γ.
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Then the combined algorithm F is an online algorithm with a competitive rate of α · β and
migration factor γ.

Proof. Note that at a (β, γ)-repacking time t⋆, we obviously have, due to the ap-
proximation ratio of Aoff, that F(It⋆) = Aoff(It⋆) ≥ α OPT(It⋆). Similarly, we have
for any non-repacking time t, whose last previous repacking time is t⋆, that F(It) =
Aon(It, St⋆) ≥ αβ OPT(It) due to the definition of Aon. For the migration factor, we
consider each phase from one repacking time t⋆1 to t⋆2 and w.l.o.g. consider t = 1 to
be the first repacking time as we can simply start with an offline solution. By def-
inition of compatibility with maintaining ratio and migration factor, we know that
ϕ(St⋆2−1→St⋆2

)

∆t⋆1 :t⋆2
≤ γ. For the final migration factor, consider any point of time t and say

that t lies after k repacking times. Denote with t⋆i those repacking times and with
St⋆i −1 the respective repacked solutions and with St⋆i the solutions after each repack-
ing for 1 ≤ i ≤ k, where S0 is the empty solution. We then have that our migration

factor is bounded by
∑k

i=2 ϕ(St⋆i −1→St⋆i
)

∆0:t
≤

∑k
i=2 ϕ(St⋆i −1→St⋆i

)

∑k
i=1 ∆t⋆i−1:t⋆i

≤ γ. Note that we start sum-

ming up migration costs at i = 2 since at the first repacking time we simply start
with an offline solution and hence have no migration costs.

Overall we end up with a very simple framework. All we need is two algorithms
that we apply in an alternating fashion as long as we are able to repack our solutions
and balance migration potential and migration costs.

3.7 Conclusion

In this section, we present a general framework to transfer approximation algo-
rithms for many maximization problems to the semi-online setting with bounded
migration. Furthermore, we show that the algorithms constructed this way achieve
optimal migration. We expect our framework to be also applicable to other problems
such as 2DGEOKNAPSACK variants with more complex objects [75, 53], 3DGEOK-
NAPSACK [37], DYNAMICMAPLABELING [17], THROUGHPUTSCHEDULING [33], or
MAXEDGEDISJOINTPATHS [45].

With this we have complemented the result of the first section, showing that our
framework is applicable for both maximization but also minimization problems.
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Chapter 4

Convolution and Knapsack in
Higher Dimensions

In the Knapsack problem, one is given the task of packing a knapsack of a given
size with items in order to gain a packing with a high profit value. As one of the
most classical problems in computer science, research for this problem has gone a
long way. One important connection to the (max,+)-convolution problem has been
established, where knapsack solutions can be combined by building the convolution
of two sequences. This observation has been used in recent years to give conditional
lower bounds but also parameterized algorithms.

In this section we want to carry these results into higher dimensions. We consider
Knapsack where items are characterized by multiple properties - given through a
vector - and a knapsack that has a capacity vector. The packing must now not ex-
ceed any of the given capacity constraints. In order to show a similar sub-quadratic
lower bound we introduce a multi-dimensional version of Convolution as well. We
will generalize this problem and combine higher dimensional matrices. We then
consider variants of this problem introduced by Cygan et al. and prove that they are
all equivalent in terms of algorithms that allow for a running time sub-quadratic in
the number of entries of the matrix.

We further develop a parameterized algorithm to solve higher dimensional Knap-
sack. The techniques we apply are inspired by an algorithm introduced by Axiotis
and Tzamos. In general, we manage not only to extend their result to higher dimen-
sions, but also simplify their algorithm by removing some step. We will show that
even for higher dimensional Knapsack, we can reduce the problem to convolution on
one-dimensional sequences, leading to an O(d(n + D · max{Πd

i=1ti, tmax log tmax}))
algorithm, where D is the number of different weight vectors, t the capacity vector
and d is the dimension of the problem. Finally we also modify this algorithm to han-
dle items with negative weights to cross the bridge from solving not only Knapsack
but also Integer Linear Programs (ILPs) in general.

4.1 Introduction

The Knapsack problem is one of the core problems in computer science. The task of
finding a collection of items that fits into a knapsack but also maximizes some profit
has proven to be quite difficult. In fact, this problem is NP-hard and as such the aim
is to find approximation algorithms and determine lower bounds for the running
time of exact algorithms. Despite being a very old problem, new results are being
made even to this day.

Cygan et al. [36] and Künnemann et al [71] among others have used the follow-
ing relationship between Knapsack and the (max,+)-convolution problem. Assume



50 Chapter 4. Convolution and Knapsack in Higher Dimensions

we are given two disjoint item sets A and B and a knapsack of size t. If we addition-
ally know the optimal profits for all knapsack sizes t′ ≤ t we then can calculate the
maximum profits for all sizes t′ for A∪ B by using convolution. This connection was
used in order to show that the existence of a sub-quadratic algorithm for Knapsack
(sub-quadratic in the number of possible knapsack capacities) is equivalent to the
existence of a sub-quadratic algorithm for (max,+)-convolution.

In this work, we consider these problems in higher dimensions. The Knapsack
problem is simply generalised by replacing the single value weight and capacity by
vectors. We then look for a collection of items whose summed up vectors do not
exceed the capacity vector in any position. The natural question arises whether a
similar quadratic time lower bound exists for this problem. We answer this ques-
tion positively by giving a generalisation of convolution in higher dimensions as
well. Using this generalisation and techniques introduced by Bringmann [21] such
as Color-Coding we are able to achieve similar subquadratic lower bounds as in the
one-dimensional case.

Additionally, we also give a new parameterized algorithm that solves multidi-
mensional Knapsack in linear time in the number of different item weights and the
number of all feasible knapsack capacities. This algorithm is mainly a generalisation
of an algorithm introduced by Axiotis and Tzamos [2]. We show how, in a similar
style to their algorithm, one can combine one-dimensional sequences to a solution
of the higher dimensional problem. This allows to build higher dimensional convo-
lutions for this special case in linear time.

Lastly we will also apply these results to knapsack with negative item weights
and later to integer linear programs as well. Using the concept of proximity with the
bound from Eisenbrand and Weismantel [41] we also give an algorithm for ILPs.

4.1.1 Problem Definitions and Notations

We denote with [k] := {i ∈ N | 1 ≤ i ≤ k}. In the following, we write for two vectors
v, u ∈ Rd that v ≤ u (resp. v < u) if for all i ∈ [d] we have that vi ≤ ui (resp. vi < ui).
Further we denote with vmax = maxi∈[d] vi for any vector v ∈ Rd. We define with
−→
k ∈ Rd the vector that has k ∈ R in every position. We therefore can write the zero

vector as
−→
0 .

Definition 4.1.1. Let L ∈ Nd be a d-dimensional vector and A = (Ai1i2···id) be an
L1 × L2 × · · · × Ld matrix. We call the vector L the size of A and denote the number
of entries in A with Π(L) := ∏d

i=1 Li.
We call a vector v ∈ Z with

−→
0 ≤ v ≤ L −−→

1 position of matrix A. For ease of
notation, we will denote for any matrix position v of A the respective matrix entry
Av1v2···vd with Av.

We note that in this definition, matrix positions lie in between
−→
0 and L − −→

1 .
This makes it easier to work with positions for convolution and also for formulating
time complexity bounds, as Π(L) will be the main parameter we consider.

The core problem we will work with is the maximum convolution problem. In
the one dimensional case of this problem, one is given two sequences a, b of length n
and has to calculate a third sequence c of the same length. The k-th entry of c is sup-
posed to be the maximum combination of two values from a and b whose indices add
up to k. Precisely ck := maxi∈[k] ai + bk−i. For the higher dimensional generalisation,
we consider a d-dimensional matrix as per Definition 4.1.1. We define maximum
convolution in the same spirit as the one-dimensional case for these matrices.
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Definition 4.1.2 (Maximum Convolution). Given two d-dimensional matrices A, B
with equal size L, the (max,+)-convolution of A and B denoted as A ⊕ B is defined
as a matrix C of size L with with Cv := maxu≤v Au + Bv−u for any v < L.

d-MAXCONV

Input: Two d-dimensional matrices A, B with equal size L.
Problem: Compute the matrix C := A ⊕ B of size L.

Note that in the following we will refer to this problem as "Convolution". We
specifically limit ourselves to the special case where both input matrices and the
output matrix have the same size. In a more general setting, we could allow matri-
ces of sizes L(1), L(2) as input and compute a matrix of size L(1) + L(2) −−→

1 (remark
that the subtraction is required due to the way we defined sizes).

One can however reduce this general case to the case of same sizes by simply
extending each matrix to the same size. The common size of every matrix in each
dimension i ∈ [d] is then max (L(1)

i , L(2)
i ). The new positions are simply filled with

a small enough value −∞. Any position in the resulting matrix that holds −∞ then
has no combination from the original input matrix entries.

To measure the running time of our algorithms, we mainly consider the size or
rather the number of entries from the resulting matrix - because we need to calculate
a value for every position. Therefore, in terms of theoretical performance, working
with different sizes or calculating a matrix of combined size will not make a differ-
ence. By only considering matrices of the same size, we avoid many unnecessary
cases and the dummy values of −∞.

We note that all of our reductions can be applied even for matrices with different
sizes. It will mostly be sufficient to use the reduction mentioned above. If further
steps are required, we will mention them when discussing the specific reduction.

We can conclude for d-MAXCONV that there is a quadratic time algorithm like
in the 1-dimensional case. This algorithm simply iterates through all positions that
need to be calculated and tries out all combinations in time O(Π(L)2) ⊆ O(L2d

max).
Further we define an upper bound test for the convolution problem. In this prob-

lem, we are given a third input matrix and need to decide whether its entries are
upper bounds for the entries of the convolution.

d-MAXCONV UPPERBOUND

Input: Three d-dimensional matrices A, B, C with equal size L.
Problem: Decide whether (A ⊕ B)v ≤ Cv for all v < L.

We further generalise the notion of superadditivity to these matrices.

Definition 4.1.3. Given one d-dimensional matrix A of size L, we call A superaddi-
tive when for all positions v < L we have that Av ≥ (A ⊕ A)v.

d-SUPERADDITIVITY TESTING

Input: One d-dimensional matrix A of size L.
Problem: Decide whether A is superadditive.

The next problem class we consider is the d-KNAPSACK problem. In the one
dimensional case, one is given a set of items with weights and profits and one knap-
sack with a certain weight capacity. The goal is now to pack the knapsack such that
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the profit is maximized and the total weight of packed items does not exceed the
weight capacity.

The natural higher dimensional generalisation arises when we have more con-
straints to fulfill. When going on a journey by plane, one for example has several fur-
ther requirements such as a maximum amount of allowed liquid or number of suit-
cases. By imposing more similar requirements, we can simply identify each item by
a vector and also define the knapsack by a capacity vector. This leads to the follow-
ing generalisation of Knapsack into higher dimensions. We further differentiate be-
tween two problems 0/1 d-KNAPSACK and UNBOUNDED d-KNAPSACK, depending
on whether we allow items to be only used one time or an arbitrary number of times.

0/1 d-KNAPSACK

Input: Set I of n items each defined by a profit pi ∈ R≥0 and weight vector
w(i) ∈ Nd, along with a knapsack of capacity t ∈ Nd.

Problem: Find subset S ⊆ I such that ∑i∈S w(i) ≤ t and ∑i∈S pi is maximal.

UNBOUNDED d-KNAPSACK

Input: Set I of n items each defined by a profit pi ∈ R≥0 and weight vector
w(i) ∈ Nd, along with a knapsack of capacity t ∈ Nd.

Problem: Find a multi-set S ⊆ I such that ∑i∈S w(i) ≤ t and ∑i∈S pi is maximal.

The running time for these problems is mainly dependent on the dimension d,
the number of items n of an instance and the number of feasible capacities Π(t+

−→
1 )

and we will further study the connection of these in regards to the convolution prob-
lems.

4.1.2 Related Work

Cygan et al. [36] as well as Künnemann [71] initiated the research and were the first
to introduce this class of problems and convolution hardness. In particular, Cygan
et. al. showed for the case of d = 1 that all these problems are equivalent in terms of
whether they allow for a subquadratic algorithm. This was mainly done to formu-
late a conditional lower bound for all these problems under the hypothesis that no
subquadratic algorithm for d-MAXCONV exists.

Conjecture 4.1.1 (MaxConv-hypothesis). There exists no O(Π(L)2−ϵ) time algorithm
for any ϵ > 0 for d-MAXCONV with d = 1.

The best known algorithm to solve convolution on sequences without any fur-

ther assumption takes time n2/2Ω(
√

log n). This result was achieved by Williams [82],
who gave an algorithm for APSP in conjunction with a reduction by Bremner et
al. [20]. However, the existence of a truly subquadratic algorithm is yet an open
question.

Research therefore has taken a focus on special cases of convolution where one
or both input sequences is required to have certain structural properties such as
monotonity, concavity or linearity. Chan and Lewenstein [28] gave a subquadratic
O(n1.864) algorithm for instances where both sequences are monotone increasing
and the values are bound by O(n). Chi et al. [31] improved this further with a ran-
domized Õ(n1.5) algorithm.
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Axiotis and Tzamos as part of their Knapsack algorithm showed that Convolu-
tion with only one concave sequence can be solved in linear time O(n) [2]. Grib-
anov et al. [54] studied multiple cases and gave subquadratic algorithms when one
sequence is convex, piece-wise linear or polynomial.

Furthermore, Convolution has proven to be a useful tool to solve other problems
as well, in particular the Knapsack problem. In fact one of the reductions of Cygan et
al. [36] was an adapted version of Bringmann’s algorithm for subset sum [21]. Bring-
mann’s algorithm works by constructing sub-instances, solving these and then com-
bining the solutions via Fast Fourier Transformation (FFT). The algorithm by Cygan
et al. to solve Knapsack works the same way, but uses Convolution instead of FFT.

Axiotis and Tzamos follow a similar approach but choose their sub-instances
more carefully, by grouping items with the same weight. That way, the solutions
make up concave profit sequences which can be combined in linear time [2]. This
yields in total an O(n + Dt) algorithm, where D is the number of different item
weights.

Polak et al. [77] gave an O(n + min{wmax, pmax}3) algorithm, where wmax, pmax
denote the maximum weight and profit respectively. They achieved this by com-
bining the techniques from Axiotis and Tzamos with proximity results from Eisen-
brand and Weismantel [41]. Further, Chen et al. [30] improved this to a time of
Õ(n + w2.4

max). Very recently, Ce Jin [66] gave an improved O(n + w2
max · log4 wmax)

algorithm. Independently to these results for 0 − 1-Knapsack, Bringmann gave an
Õ(n + w2

max) algorithm for Bounded Knapsack where items may be taken multiple
times, but not arbitrarily often.

For the multi-dimensional setting, we would like to note that Knapsack problems
are a special case of integer linear programs.

INTEGER LINEAR PROGRAM (ILP)

Input: A matrix A ∈ Zd×n, a target vector b ∈ Zd, a profit vector c ∈ Zn and
an upper bound vector u ∈ Nd.

Problem: Find x ∈ Zn with Ax = b, 0 ≤ x ≤ u and such that cTx is maximal.

If we limit A to be a matrix with only non-negative entries and u :=
−→
1 then solv-

ing the above defined ILP is equivalent to 0/1 d-KNAPSACK. If we omit the x ≤ u
constraint, the resulting problem is UNBOUNDED d-KNAPSACK.

A very important part in research of ILPs has been on the so-called proximity.
The proximity of an ILP is the distance between an optimal solution and an optimal
solution of its relaxation. The relaxation of an ILP is given by allowing the solution
vector x to be non-integral, that is x ∈ Rn.

Eisenbrand and Weismantel [41] have proven that for an optimal solution of the
LP-relaxation x∗ ∈ Rn there is an optimal integral solution z∗ ∈ Zn with ||x∗ −
z∗||1 ≤ d(2d∆ + 1)d with ∆ being the largest absolute entry in A. They used this
result to give an algorithm that solves ILPs without upper bounds in time O(n ·
O(d∆)dm · ∥b∥2

1) and ILPs as defined above in time O(n · O(d)(d+1)2 · O(∆)d(d+1) ·
log2 (d∆)). They additionally extended their result to Knapsack in particular and
optimized the running time to O(n2 · ∆2) for Knapsack where item i may be taken
up to ui times.

There have been further results on proximity such as Lee et al. [72], who gave a
proximity bound of 3d2 log (2

√
d · ∆1/m

m ) · ∆m where ∆m is the largest absolute value
of a minor of order m of matrix A. Celaya et al. [26] also gave further proximity
bounds for certain modular matrices.
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4.1.3 Our Results

We begin by expanding the results of Cygan et al. [36] into higher dimensions. The
natural question is whether similar relations shown in their work also exist in higher
dimensions and in fact they do. In the first part of this section we will show that
the same equivalence - in regards to existing subquadratic time algorithms - holds
among the higher dimensional problems, at least for fixed dimension d.

Theorem 4.1.1. For some fixed dimension d and any ϵ > 0, the following statements are
equivalent:

1. There exists an O(Π(L)2−ϵ)-time algorithm for d-MAXCONV.

2. There exists an O(Π(L)2−ϵ)-time algorithm for d-MAXCONV UPPERBOUND.

3. There exists an O(Π(L)2−ϵ)-time algorithm for d-SUPERADDITIVITY TESTING.

4. There exists an O(n + Π(t)2−ϵ)-time algorithm for UNBOUNDED d-KNAPSACK.

5. There exists an O(n + Π(t)2−ϵ)-time algorithm for 0/1 d-KNAPSACK.

Some of these reduction incur a multiplicative factor of O(2d). This is a natural
consequence due to the exponentially larger amount of entries that our matrices
hold and that we need to process. As an example, where it was sufficient in the
1-dimensional case to split a problem in two sub-problems, we may now need to
consider 2d sub-problems. For this reason we require d to be fixed so we can omit
these factors. We will prove this statement through a ring of reductions. We note that
one of the reductions uses an algorithm or a generalisation of it from Bringmann [21,
2] that is randomized. Part of this algorithm, involving so-called Color-Coding can
be derandomized, but a full derandomization is still an open problem.

We note that under the MaxConv-hypothesis, there does not exist an O(Π(L)2−ϵ)-
time algorithm for 1-MAXCONV. If there exists any d such that d-MAXCONV admits
a sub-quadratic algorithm, then it would also solve the problem in sub-quadratic
time for any d′ ≤ d, hence contradicting the MaxConv-hypothesis, because we can
extend any d′-dimensional matrix to a d-dimensional one.

We complement our conditional lower bound with a parameterized algorithm.
To achieve this, we generalize an algorithm by Axiotis and Tzamos [2]. Our al-
gorithm will also have a running time dependent on the number of different item
weights, that we denote with D and the largest item weight ∆ := maxi∈I ||w(i)||∞.
This algorithm will also group items by weight vector and solve the respective sub-
instances. The resulting partial solution are then combined via d-MAXCONV.

As per our first result however, solving d-MAXCONV needs quadratic time in the
number of entries. We can overcome this barrier however, by reducing our problem
to convolution on 1-dimensional sequences. To see how solutions from specifically
generated sequences can make up the complete solution for d-MAXCONV is more
intricate then in the 1-dimensional case. We consider therefore a slightly different
approach then Axiotis and Tzamos, by solving a knapsack variant where solutions
need to have exactly the demanded weight. This even allows us to simplify our al-
gorithm and omit a sliding window technique that Axiotis and Tzamos used in their
algorithm, making our algorithm a bit more light weight.

Theorem 4.1.2. There is an algorithm for 0/1 d-KNAPSACK with running time
O(d(n+D ·max{Π(t), tmax log tmax})) ⊆ O(d(n+(∆+ 1)d ·max{Π(t), tmax log tmax})).
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In the general case our algorithm will achieve a running time of O(d(n + D ·
Π(t)) as the tmax log tmax part only becomes relevant when the capacity t indicates
a slim knapsack structure, that is very large in one component, but comparatively
small in the other. We argue that the slim case, while potentially allowing for more
efficient algorithms, is more unlikely because with growing number of constraints d
we are more likely to have two large capacities. We note that our algorithm achieves
the lower bound proposed in Theorem 4.1.1 since D is also upper bounded by Π(t).

We further extend this algorithm to work on ILPs. Our algorithm achieves a sim-
ilar running time to Eisenbrand and Weismantel with a time of n + 2D · O(∆)(d+1)2 ·
O(d)d(d+2). That is slightly worse in ∆, slightly better in d. Most importantly how-
ever our algorithm is mostly independent on n but relies on the number of different
columns of the given ILP.

4.2 Reductions

For the Convolution problems, we will formulate the running time via T(Π(L), d),
where d is the dimension and L is the size of the result matrix - meaning the first
parameter resembles the number of entries in the matrix. For the Knapsack prob-
lems, we will add the number of items n as parameter and denote the running time
of an algorithm via T(n, Π(t +

−→
1 ), d), again using Π(t +

−→
1 ) to denote the number

of possible knapsack capacities.
Similar to Cygan et al. [36], we mainly look at functions satisfying T(Π(L), d) =

cO(d) · Π(L)α for some constants c, α > 0. Therefore, we remark that for all constant
c′ > 1 we can write T(Π(c′ · L), d) ∈ O(T(Π(L), d)) since d is fixed and we then
have Π(c′L)α = c′d·α · Π(L)α.

For all the mentioned problems we assume that all inputs, that is also any value
in any vector, consist of integers in the range of [−W, W] for some W ∈ Z. This
W is generally omitted as a running time parameter and polylog(W) are omitted or
hidden in T functions. We remark that - unavoidably - during the reductions we
may have to deal with larger values than W. We generally will multiply a factor of
polylog(λ) in cases where the values we have to handle increase up to λW. Note
that if λ is a constant, we again omit it.

We follow the same order as Cygan et al. [36], because that makes the reduction
increasingly more complex. For the first reduction from UNBOUNDED d-KNAPSACK

to 0/1 d-KNAPSACK, we use the same reduction as in the one-dimensional case. The
idea is to simply encode taking a multitude of items via binary encoding.

Theorem 4.2.1 (UNBOUNDED d-KNAPSACK → 0/1 d-KNAPSACK). A T(n, Π(t), d)
algorithm for 0/1 d-KNAPSACK implies an O(T(n log(tmax), Π(t), d)) algorithm for UN-
BOUNDED d-KNAPSACK, where t ∈ Nd is the capacity of the knapsack.

Proof. We denote the i-th item by the pair (w(i), pi) where w(i) ∈ Nd is the weight
vector and pi ∈ R≥0 is the profit. Consider an instance for the unbounded Knapsack
problem and construct a 0/1-Knapsack instance as follows. For each item (w(i), pi)
add items (2jw(i), 2j pi) for all j such that 2jw(i) ≤ t.

Without loss of generality, we may assume that all n weight vectors are pair-
wise different. If two weight vectors are the same, we would take the item with the
higher profit. For each of these items in the unbounded instance, we then have at
most ⌊log(tmax)⌋+ 1 items in the constructed bounded instance.

Assume now that in the unbounded instance some item i is taken k times in some
solution. This choice can be replicated by taking the copies from i that make up the



56 Chapter 4. Convolution and Knapsack in Higher Dimensions

binary representation of k. With this, we can convert any packing of either instance
to a packing of the other. Therefore, both instances are equivalent.

For the next reduction we reduce d-SUPERADDITIVITY TESTING to a special case
where each matrix entry is non-negative and values fulfill a monotony property.

Definition 4.2.1. For a d-dimensional matrix A with size L ∈ Nd, we say that A is
monotone increasing if for any positions

−→
0 ≤ v, u < L we have that v ≤ u implies

that Av ≤ Au.

When we test for superadditivity, which is merely testing whether a matrix A is
an upperbound for the convolution of A ⊕ A, it is helpful if we can work with this
simpler structure.

Lemma 4.2.2. For every d-dimensional matrix A of size L ∈ Nd, there is a matrix A′ with
the same size that is non-negative and monotone increasing such that further A is super-
additive iff A′ is superadditive. The values in this new matrix may increase by a factor of
O(dLmax).

Proof. Initially, set the entry at the zero vector position as A′−→
0

:= max{0, A−→
0 }. Note

that if A−→
0 > 0 then A cannot be superadditive since already A−→

0 + A−→
0 > A−→

0 . Set
c := 2 maxv≤L |Av|+ 1 and with that define A′

v := Av + c · ||v||1 for all v < L.
We can immediately conclude that through the setting of c we have that Av +

c > 0, hence A′ has no negative values. The monotony follows from the fact that
|Av − Av+e(i) | < c for any unit vector e(i) and with that we have

A′
v − A′

v+e(i) = Av + ∥v∥1 c − (Av+e(i) +
∥∥∥v + e(i)

∥∥∥
1

c) = Av − Av+e(i) − c < c − c = 0.

We now show the equivalence of superadditivity between the two matrices for
any positions u, v ̸= −→

0 such that u+ v is a feasible position in the matrix A. Remem-
ber that the positions are non-negative, so ∥u + v∥1 = ∥u∥1 + ∥v∥1 and therefore:

A′
v + A′

u ≤ A′
v+u

⇔ Av + c · ||v||1 + Au + c · ||u||1 ≤ Av+u + c · ||v + u||1
⇔ Av + Au ≤ Av+u

Consider now the case that one vector is actually the null-vector. Without loss
of generality assume that u =

−→
0 and let v be arbitrary, but such that u + v is still

a feasible position. We then have that A′
u = 0 if and only if Au ≤ 0. The equality

follows then immediately:

A′
v + A′

u = A′
v+u = A′

v

⇔ Av + Au ≤ Av+u = Av

Let L be the size of A and remember that our input values through our initial
assumption are all in [−W, W]. Let A′

p with p = L −−→
1 be the largest entry in A′.

We note that the values of our new matrix may grow up to

A′
p = Ap + c · ∥p∥1 ≤ W + (2W + 1) ·

∥∥∥L −−→
1
∥∥∥

1
∈ O(||L||1W) ∈ O(dLmaxW).
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Both properties, monotony and non-negative values, play an important role in
the reduction to UNBOUNDED d-KNAPSACK, where we translate matrix positions to
knapsack items.

Theorem 4.2.3 (d-SUPERADDITIVITY TESTING → UNBOUNDED d-KNAPSACK). A
T(n, Π(t), d) algorithm for UNBOUNDED d-KNAPSACK implies an algorithm that tests
d-SUPERADDITIVITY TESTING for a matrix A with size L in time O(T(2Π(L), Π(2L), d)polylog (dLmax)).

Proof. Let A be an input matrix with size L and assume thanks to Theorem 4.2.2 that
A is non-negative and monotone increasing. This might cause larger entries in the
matrix that might incur additional overhead. We will account for this by adding a
factor polylog(dLmax) to the overall running time.

Let D := ||L||1 · maxv<L Av + 1. Set t := 2L as the new capacity for our knapsack
instance. For every position v < L in A, we define two items for our Knapsack in-
stance. The first item, the primal item of position v, will have weight vector w(v) = v
and profit pv = Av. The other item, the dual item of position v will have weight
vector w(v) = t − v and profit pv = D − Av.

We can see that the profit D is easily achievable for this Knapsack instance as any
combination of primal and dual item for some position will yield a feasible packing
that fills out the whole knapsack. We further argue that D is the maximum achiev-
able profit if and only if A is a superadditive matrix.

First consider the case where A is not superadditive, which means for some
u, v < L we have that Av + Au > Au+v. Combine now the primal items for po-
sitions u, v with the dual item for position u + v. By definition of the weights the
total weight of this packing is t. The profit of this packing then sums up to: D −
Av+u + Av + Au > D.

Consider now the case of A being superadditive. We first argue that any knap-
sack solution may hold at most one dual item. Consider therefore any 1 ≤ i ≤ d
and note that (t − v)i > 2Li − Li = Li for any position v. Therefore, adding two
dual items would break all capacity constraints. Further, any optimal solution has
to contain a dual item.

We may assume that no item has weight
−→
0 , because these items can be removed

and automatically added to the knapsack. This also means that there can be at most
||L||1 primal items in the knapsack and that the maximum profit of a packing con-
taining only primal items is limited to ||L||1 · maxv<L Av < D.

Let S now be an optimal solution containing the dual item for position v. Assume
further that S contains multiple primal items and take two of these primal items for
positions u and w. Due to the superadditivity of A, we have that Au + Aw ≤ Au+w,
so we can replace both of these primal items with the primal item of position u + w.
This will not change the weight of the knapsack and only increase its profit, so the
solution stays optimal. By doing this replacement over and over, we end up with an
optimal packing that contains one dual item for position v and only one primal item
for some position x.

Note that we must have that x ≤ v because otherwise the weight constraint
would be broken and since we never changed the weight of the knapsack, this would
have been true for the supposedly optimal solution S as well. Since A is monotone,
we have that Ax ≤ Av, so we can yet again replace the primal item for position x
with the primal item of position v and end up with A packing of profit D, which has
to be optimal.
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0

−10K A + K B + 4K C + 5K

0

L2

L1 2L1 3L1 4L1 − 1

FIGURE 4.1: Structure of the constructed matrix for d = 2. Note that
the annotation X + s for a matrix X and some value s, denotes the

matrix where (X + s)v = Xv + s for every position v.

The next reduction differs from Cygan et al. [36]. We also combine our input
matrices together, but in the context of matrices we need to handle a number of dif-
ferent combinations more than in the 1-dimensional case. We therefore add a block
of negative values in an initial dummy block. This way, any combination that is
not relevant to the actual upper bound test, will result positively when tested in the
upper bound test.

Theorem 4.2.4 (d-MAXCONV UPPERBOUND → d-SUPERADDITIVITY TESTING). A
T(Π(L), d) algorithm for d-SUPERADDITIVITY TESTING implies an O(T(4Π(L), d)) al-
gorithm for d-MAXCONV UPPERBOUND.

Proof. Let A, B, C be the input matrices with the same size L. Let L1 be the first entry
of L. We will construct a new matrix M of size L′ with L′

1 := L1 · 4 and L′
i = Li for

1 < i ≤ d, where we append each matrix in the first dimension. This means the
previous three matrices appear next to each other preceded by a default block with
negative values and 0 in the

−→
0 position. We formally define this matrix M block-

wise and address the four blocks of M via index sets. For 0 ≤ i ≤ 3, denote with
Pi := e(i) · iL1 the point where each matrix starts in the compound matrix (i.e. this
will refer to the

−→
0 position in the original matrix) and denote the index set of each

matrix as Ii := {v < L′|Pi ≤ v < Pi + L}.
Let K be large enough i.e. K = 1 + 2 maxv<L{|Av|, |Bv|, |Cv|}, then define for

v < L′: Mv =



0 if v ∈ I0 and v =
−→
0

−10K if v ∈ I0 and v ̸= −→
0

K + Au if v ∈ I1 and v = 1 · (L1 + 1) + u
4K + Bu if v ∈ I2 and v = 2 · (L1 + 1) + u
5K + Bu if v ∈ I3 and v = 3 · (L1 + 1) + u

We now argue that M being superadditive is equivalent to C being an upper
bound for the convolution of A and B. To see that, we make a case distinction over
all u, v < L′ such that u + v < L′ and compare the respective entries in M. Note that
we will skip symmetrical cases that appear by swapping the roles of v and u.

Case 1: v =
−→
0 . We now have that Mv + Mu = Mu = Mu+v, hence the superad-

ditivity property is always fulfilled.
Case 2: v, u ∈ I0\

−→
0 . In this case we get that Mv + Mu = −20K < −10K ≤ Mu+v

for all u.
Case 3: v ∈ I0\

−→
0 and u ∈ Ii for i ≥ 1. It follows now Mv + Mu < 0 < Mu+v

since u + v ∈ Ii for i ≥ 1.
Case 4: v, u ∈ I1. Since two entries from A added up will be smaller than K, we

have that Mv + Mu < 3K ≤ Mu+v since u + v ∈ Ii for i ≥ 2.
Case 5: v ∈ I1 and u ∈ I2. Note that u + v ∈ I3 and set v′, u′, w′ such that Mv =

K + Av′ , Mu = 4K + Bu′ and Mu+v = 5K + Cw′ . Through definition we additionally
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have that v′ + u′ = w′. We conclude now that Mv + Mu = K + Av′ + 4K + Bu′ =
5K + Av′ + Bu′ and with that we have Mv + Mu ≤ Mu+v ⇔ Av′ + Bu′ ≤ Cw′ and
hence in this case the superadditivity property is fulfilled iff C is an upper bound for
the convolution of A and B.

For this reduction, we briefly want to discuss how to handle differently sized
matrices, because the construction of M in this case is not clear. Consider matrices
A, B, C with sizes L(1), L(2), L(3). We assume that C is the largest matrix in any di-
mension, so for any 1 ≤ i ≤ d we have L(3)

i ≥ max (L(1)
i , L(2)

i ). If that is not the
case it actually opens up the question of what should happen in regards to the up-
per bound check. Should it fail, because the positions do not exist or should we just
reduce the test to the actual matrix that we have? We can solve both these problems,
just by filling the matrix C with either indefinitely small or large entries and enforce
either result.

When C is the largest matrix we can modify A and B to bring them all to equal
size. We simply expand A and B to a matrix of size L(3) and fill up every new position
with value 0. We then take these modified A and B with C and can apply our reduc-
tion since the sizes are now the same. Looking through the cases 1 − 5 of the proof,
one can see that they still hold up, even if these modified positions are considered.

For the next reduction from d-MAXCONV to d-MAXCONV UPPERBOUND, we
will prove that we can use an algorithm for d-MAXCONV UPPERBOUND to also
identify a position that violates the upper bound property.

Lemma 4.2.5. Consider a T(Π(L), d) algorithm for d-MAXCONV UPPERBOUND. Let
A, B, C be three d-dimensional matrices of size L. We can then in time O(T(Π(L), d) · d ·
log(Lmax)) find a position v < L such that Cv < (A ⊕ B)v or confirm that no such position
exists.

Proof. Without loss of generality, we will assume that a desired position v < L such
that Cv < (A ⊕ B)v exists. We can simply apply the algorithm for d-MAXCONV UP-
PERBOUND and if no such v exists, then the algorithm will immediately return true
and we are done.

We will argue that we can find v in the desired time via multiple binary searches.
Fix a dimension 1 ≤ i ≤ d and then do a binary search as follows in order to find an
index 0 ≤ ui < Li such that there is a position v that we desire with vi = ui.

We first apply our algorithm to instances that have only half the amount of en-
tries i.e. that is halved in dimension i. To be more precise, we take the sub-matrices
from A, B, C each of size L − e(i) · ⌊Li/2⌋. When the test returns false, then there is a
position in the first half of the matrix and we can continue the binary search in there.
Should the test return true, so for the tested part we indeed have an upper bound
property, then we need to look in the half we did not test for the contradicting po-
sition. Note however that we still need to include the previously tested part to not
skew the test result. See Figure 4.2 for an illustration.

To find an actual position that violates the upper bound property, we use this
binary search in the first dimension to find u1. We know that there is a conflicting
position v with v1 = u1. Before we apply the same approach in the second dimen-
sion however, we modify C by setting any Cp for p < L with p1 ̸= u1 to a sufficiently
large value, i.e. ∞.

With this modification, we will make sure that no position p < L with p1 ̸= u1
will cause the d-MAXCONV UPPERBOUND test to fail. This may remove potential
candidates for a conflicting position v but as we found u1, at least one position will
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First Test

0

L2

L1
Second Test (First test returned false)

0

L2

L1

Second Test (First test returned true)

0

L2

L1

FIGURE 4.2: Sketch of the binary search. The colored area is the sec-
tion from A, B, C we apply the oracle on. The hatched part shows the
part, that we do not specifically test for, because we know there is a

faulty position in the unhatched part.

remain. Now we can do the binary search for the second dimension and get u2 with
the conclusion that there is a conflicting position v with v1 = u1 and v2 = u2.

We repeat this process, the binary search and respective modification of C, for
each dimension. By induction we can conclude, that the resulting position u is in
fact a conflicting position. Each application of the algorithm takes time T(Π(L), d).
The algorithm is repeated O(log(Lmax)) times for each binary search and we use d
such binary searches leading to the overall running time.

Theorem 4.2.6 (d-MAXCONV → d-MAXCONV UPPERBOUND). . A T(Π(L), d) al-
gorithm for d-MAXCONV UPPERBOUND implies an O(2dΠ(L) · T(2d

√
Π(L), d) · d ·

log(Lmax)) algorithm for d-MAXCONV.

Proof. The proof consists of two parts. First, we will explain the general algorithm
to find the correct convolution. The idea behind this procedure is to calculate every
convolution entry via binary search. These binary searches are then processed in
parallel, that is we start a matrix where each position holds a guess for that position.
For the next iteration we test for each position whether its value is too low or too
high and calculate for the next iteration a new full matrix with new guesses. In the
second part, we will further specify how to achieve the desired running time.

The general idea is that we will do binary search for the value of (A ⊕ B)v. Note
that we may assume that every matrix only has non-negative entries, since we can
add a large enough value to all positions and subtract it later from the convolution.
Let Amax, Bmax be the maximal entries in A and B respectively, then K = Amax + Bmax
is an upper bound for the convolution value in any position and we do binary search
for Cv for all positions v < L in the area from 0 to K.

We start by constructing a matrix C(0) with C(0)
v = ⌊K/2⌋. We now want to iden-

tify for C(0) which entries are too small for the convolution. For that, we apply our
oracle from Theorem 4.2.5 and identify a position u that is contradicting the upper
bound property.

We know for this position u, that the current value is too small and we need to
look for a larger value between ⌊K/2⌋+ 1 and K in the next iteration. For the next
iteration of the binary search, we will generate a new matrix C(1) and we can set
C(1)

u to the next guess for the binary search. Before we continue however, we need
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to find all contradicting positions in C(0). To identify these, we update C(0)
u = K and

apply our oracle again. Since K is large enough, C(0)
u will not return as contradicting

position and so our oracle will return a new contradicting position if there is one.
By repeating this process, we can identify all values in our current matrix that are

too small for the convolution and set them accordingly in C(1). At some point, our
oracle will return that all entries fulfill the upper bound property. For all the entries
that were never returned by our oracle, we know their value in the maximum con-
volution lies between 0 and ⌊K/2⌋. We can therefore also set the appropriate next
binary search guess in C(1) for these positions. We then can apply this same proce-
dure for C(1) and inductively compute further matrices. After O(log K) repetitions,
we will have identified the convolution entries for all positions.

Just blindly applying our oracle to the whole matrix however is too slow, so we
will split our matrix in sub-matrics and apply our oracle in a specific way to be more
efficient. Assume for the following part that every Li is a square number. We then
split every matrix into m =

√
Π(L) sub-matrices with up to

√
Li entries in each di-

mension 1 ≤ i ≤ d. Enumerate these blocks or sub-matrices from 1 to m and let Ij
denote the set of positions in block 1 ≤ j ≤ m. We now use our oracle to test certain
combinations of these sub-matrices that we call chunks.

We can test for two chunks i, j whether for every v ∈ Ii, u ∈ Ij we have that
Av + Bu ≤ Cv+u or find positions that violate this constraint using the oracle. The
combination of v+ u however may be contained not in only one but 2d many chunks.
We therefore apply the algorithm to matrices of size 2

√
Li in each dimension. To be

precise, we define A′, B′ to be the matrices defined by the chunks Ii and Ij and ex-
pand these to the desired size by filling them up with small dummy entries −K. C′

is then the sub-matrix that contains all positions v + u for v ∈ Ii and u ∈ Ij.
Now we can apply our oracle in the sense of the binary search procedure that

we described above. Assume we already have one matrix C(i) and combine every
possible combination of chunks. One run of the oracle based on Theorem 4.2.5 takes
time O(T(2d

√
Π(L), d) · d · log(

√
Lmax)), since we expanded the size of each chunk

to gain equal sized matrices. We repeat this test for all possible combinations of
chunks, which are in total m2 = Π(L).

Further, if a chunk yields a contradicting position, we update the value in C(i+1)

and we repeat the test of the chunk again. However, by setting the faulty posi-
tion with a large value each position can only contradict the upper bound property
once and therefore the necessary number of repetitions for this is again bounded by
Π(L). In total, we can upper bound the running time by O(Π(L) · T(2d

√
Π(L), d) ·

d · log(
√

Lmax)). Remember that we omitted the factor of O(log K) for the overall
binary search on each position. Since by definition of K we have K ≤ 2W the desired
result follows.

Note that if Li is not a square number, we might end up with additional incom-
plete sub-matrices that we need to combine. This might incur another factor of 2d

for the number of matrices that have to be combined. As d is fixed, this will also not
alter the running time further.

The last reduction is based on Cygan et al. [36] and Bringmann [21]. To make
their approach work even in higher dimensional cases, we require a new more re-
fined distribution of items into so-called layers. With this new partition of items
many used techniques such as Color-Coding or merging partial solutions naturally
translate into higher dimensions. We give a full detailed analysis and the algorithms
in section 4.3.
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Theorem 4.2.7 (0/1 d-KNAPSACK → d-MAXCONV). If d-MAXCONV can be solved in
time T(Π(L), d) then 0/1 d-KNAPSACK can be solved with a probability of at least 1 − δ
in time O(T(Π(12t), d) log(d · tmax) log3 (log n/δ) · d · log n) for any δ ∈ (0, 1).

We remark that this also yields a respective algorithm for 0/1 d-KNAPSACK with
the trivial Π(L)2 algorithm for d-MAXCONV. Whether further lower order improve-
ments like the results Bremner [20] or Chan and Lewenstein [28] is still open.

4.3 Reduction from Knapsack to Convolution

In this section, we present a reduction from 0/1 d-KNAPSACK to d-MAXCONV. This
reduction will be given through an algorithm that solves 0/1 d-KNAPSACK by com-
puting multiple convolutions. In fact, we will solve the proposed Knapsack prob-
lems for all possible capacities t′ ≤ t.

The solution we give is then a matrix A, call it knapsack matrix in the following,
of size t +

−→
1 such that At′ denotes the maximum profit of a knapsack with capacity

t′ ≤ t. Our algorithm follows a basic idea: We randomly split the items from the
instance into different subsets, compute solution matrices for these subsets and then
combine them using convolution.

We note that these matrices have size t +
−→
1 and that combining matrices of this

size takes time T(Π(t +
−→
1 ), d) ∈ O(2dT(Π(t), d)). When d is fixed, the running

time would be O(T(Π(t), d)). For this reason, we will omit that the knapsack ma-
trix we compute is technically slightly larger than t and still write that computing
convolutions of this sizes takes time O(T(Π(t), d)).

The randomized algorithm we present for this reduction is a simple variation of
the one introduced by Cygan et al. [36] and Bringmann [21]. The trick is to choose
specific subsets of items, solve the Knapsack problem for these sizes and then com-
bine the solutions via convolution. As such, it is important to decide how to build
fitting sub-instances in the higher dimensional case.

In the following we will present these algorithms and prove their correctness.
We start off with a randomized algorithm that will find an optimal solution with a
bounded number of items via a technique called ColorCoding [21]. (see also List-
ing 4.1).

Lemma 4.3.1. For any Knapsack instance with item set I and capacity t, denote with Ω(I)v
the maximum profit of a subset I ′ ⊂ I with total weight smaller or equal to v ≤ t.

Let δ ∈ (0, 1) and k ∈ N. There exists an algorithm that for every Knapsack item set
I and capacity t computes a random matrix S in time O(T(Π(t), d)k2 log (1/δ)) such that
for any Y ⊆ I with |Y| ≤ k and every capacity v ≤ t we have Ω(Y)v ≤ Sv ≤ Ω(I)v with
probability ≥ 1 − δ.

Proof. We initialise k2 matrices Z(1), · · · , Z(k2) of size t +
−→
1 and randomly distribute

items from I into Z(1), · · · , Z(k2). The probability for an item to land in either matrix
is equally distributed. When an item with weight v and profit p is assigned to Z(i),
we set Z(i)

v := p. If two items of the same weight are assigned to one matrix, we keep
the highest profit. Ultimately we want that items from an optimal solution are split
among our matrices.

Take an optimal solution Y with at most k elements. The probability that all these
items are split in different Z(i) can be bounded by:

k2 − 1
k2 · k2 − 2

k2 · · · k2 − (|Y| − 1)
k2 ≥ (1 − k − 1

k2 )k ≥ (1 − 1
k
)k ≥ (

1
2
)2
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So with probability of at least 1/4, all elements of Y are split among the k2 matri-
ces, that is no two items in Y are in the same matrix. We build the convolution of all
Z(i)’s and get S as a result in running time O(T(Π(t, d)k2). By repeating this process
O(log (1/δ)) times, we can guarantee the desired probability, while achieving the
proposed total running time.

LISTING 4.1: ColorCoding

ColorCoding ( I, t, k, δ )
f o r j ∈ {1, · · · , ⌈log4/3(1/δ⌉}

randomly p a r t i t i o n I = Z(1) ∪ · · · ∪ Z(k2)

compute R(j) = Z(1) ⊕ · · · ⊕ Z(k2)

end f o r

f o r a l l v ≤ t s e t Sv := maxj P(j)
v

re turn S

We now split a given item set I with n = |I| into disjoint layers based on the
capacity of the knapsack t. Denote with Li

j the set of items with a weight vector w
such that wi ∈ (ti/2j, ti/2j−1] for i < d and j < ⌈log n⌉. Denote with Li

⌈log n⌉ the last

layer holding items whose weight vector has that wi ≤ ti/2⌈log n⌉−1.
Now every item appears in d different layers. Choose therefore for an item one

layer Li
j that contains it and such that j is minimal. If there are multiple possibilities,

choose arbitrarily among these and remove said item from any other layers. We note
that from a layer Li

j, we can choose at most 2j−1 items for a knapsack solution as oth-
erwise the i-th capacity constraint would be exceeded. By choice of layers, it is also
possible for any solution to contain that many items. As we have chosen j minimal,
there can be no other weight constraint invalidating our solution.

In the following lemma, we will now prove how to solve one of these layers. The
algorithm for that can be seen in Listing 4.2.

LISTING 4.2: Algorithm to solve one layer using ColorCoding

SolveLayer ( L, t, j, δ )
Set l = 2j, γ = 6 log(l/δ)
Let m = l/ log(l/δ) be rounded to the next power of 2 .
i f l < log(l/δ) then return ColorCoding ( L, t, l, δ )
randomly p a r t i t i o n L = A1 ∪ · · · ∪ Am
f o r k ∈ [m]

R(j) = ColorCoding ( Ak, (2γ/l)t, γ, δ/l )
f o r h ∈ [log m]]

f o r k ∈ m/(2h)
Pk = P2k−1 ⊕ P2k

end f o r
end f o r
re turn P1

Lemma 4.3.2. For all layers Li
j and δ ∈ (0, 1/4] there exists an algorithm that computes a

matrix W in time O(T(12Π(t), d) log(d · tmax) log3 (2j/δ)), where for each capacity v ≤ t
we have that Wv = Ω(Li

j)v with a probability of at least 1 − δ.
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Proof. Consider a layer Li
j and set the following parameters based on the algorithm

in Listing 4.2: l = 2j, m = l/ log (l/δ) rounded up to the next power of 2 and
γ = 6 log (l/δ).

Consider the case where l < log (l/δ), we then compute the desired result in
time O(T(Π(t), d)l2 log (1/δ)) ∈ O(T(Π(t), d) log3 (l/δ)). We do this by applying
Theorem 4.3.1 with probability parameter δ and bound on the number of items l.

In the general case where l ≥ log (l/δ), we split the item set into m disjoint
subsets A1, · · · , Am. We apply again Theorem 4.3.1. We use δ/l for the probability
parameter and allow γ items for each subset. We set the capacity to 2γ

l · t, which
is the maximum weight of any packing that uses at most γ items with size at most
2j−1, which is the maximum size in layer Li

j. To calculate a solution matrix of Ak via
algorithm Listing 4.1, we need time:

O(T(Π(2γ/l · t), d)γ2 log (l/δ)) ∈ O(T(Π(12 log (l/δ)/l · t), d) log3 (l/δ)).

We want to note two things for our estimation. First, for x > 0 we have that
T(x, d) ∈ Ω(x), so for y ≥ 1 we have that y · T(x, d) ≤ (T(y · x, d). For the same
reason, we have y · Π(v) ≤ Π(y · v) for some vector v with v ≥ −→

1 . Denote with
m′ = l/ log (l/δ) the value of m before rounding and conclude that 2m′ ≥ m.

Together to solve all Ak we therefore require in total:

O(m′T(Π(12 log (l/δ)/l · t), d) log3 (l/δ)) ∈ O(T(Π(m′ · 12 log (l/δ)/l · t), d) log3 (l/δ))

∈ O(T(Π(12 · t), d) log3 (l/δ))

We now need to combine all the Ak and we do so in a binary tree fashion. In
round h ∈ [log m], we have m/2h convolutions, each with a result matrix of size
2 · 2hγ/l · t. The convolutions take total time:

log m

∑
h=1

m
2h T(Π(2 · 2hγ/l · t), d) ≤

log m

∑
h=1

2 · m′

2h T(Π(2h · 12 log (l/δ)/l · t), d)

≤
log m

∑
h=1

2 · T(Π(
m′

2h · 2h · 12 log (l/δ)/l · t), d)

=
log m

∑
h=1

2 · T(Π(12 · t), d) ∈ O(T(Π(12t), d) log m)

We might require arithmetic overhead due to the large values of profits. A knap-
sack with size t may only hold ||t||1 items whose weight is not

−→
0 . Note that we

may remove items with weight
−→
0 without loss of generality and we can conclude

that the maximum profit is bounded by ||t||1 · W ∈ O(d · tmaxW). We add a factor of
log(d · tmax) to the runtime to compensate for the arithmetic overhead.

All that is left is to argue that our algorithm works correctly and with the pro-
posed probability. We note that the first case follows immediately from the Theo-
rem 4.3.1. For the general case fix an optimal item set Y and set Yk = Y ∩ Ak for
k ∈ [m]. Based on the distribution of items |Yk| is distributed as the sum of |Y| inde-
pendent Bernoulli random variables. Each variable has a success probability of 1/m
and the expected value is µ := E[|Yk|] = |Y|/m ≤ l/m ≤ log(l/δ). According to
a standard Chernoff bound, it holds that Pr[|Yk| ≥ λ] ≤ 2−λ for any λ ≥ 2e · µ. By
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using γ = 6µ ≥ 2e · µ, we get that Pr[|Yk| ≥ γ] ≤ 2−γ = 1
2γ ≤ 1

2log(l/δ) = δ
l and this

describes the probability that some partition Ak has too many elements from Y.
With a probability of each at least 1 − δ

l , we have that |Yk| ≤ γ and therefore our
algorithm for Theorem 4.3.1 is applicable to find the solution generated by Yk or one
of equal value for the same weight. The probability that this happens for all parti-
tions is at least (1− δ

l )
m ≥ 1−m δ

l using the Bernoulli inequality. The probability that
we find the solution generated by Yk based on Theorem 4.3.1 is also at least 1 − δ

l , so
the probability that this works also for all i ∈ [m] is ≥ 1−m δ

l . The probability of both
events, the proper split and finding the right solution is then at least (1 − m δ

l )
2 ≥

1 − 2 · m δ
l . We can further note that m ≤ l/2 and therefore 1 − 2 · m δ

l ≥ 1 − δ.

Now that we can solve each layer, all that remains is to combine the solutions for
each layer. To do so, we simply apply convolution again.

Proof of Theorem 4.2.7. As discussed earlier, we split the set of items into the respec-
tive layers and solve each layer via Theorem 4.3.2. We use as probability param-
eter δ′ := δ/⌈log(n)⌉. To solve a layer, we require time O(T(12Π(t), d) log(d ·
tmax) log3 (log n/δ)) and we do this for all d · ⌈log n⌉ layers. We then use the con-
volution algorithm to combine the resulting matrices from each layer in time O(T(Π(t), d) ·
d · log n). Putting all this together, we require a total time in O(T(12Π(t), d) log(d ·
tmax) log3 (log n/δ) · d · log n).

For the probability, consider some optimal solution Y and Yi
j := Li

j ∩ Y. Based
on Theorem 4.3.2, we find Yi

j or a solution of equal profit for the same weight with a
probability of ≥ 1 − δ′ = 1 − δ/⌈log(n)⌉. The chance that we find the proper solu-
tions over all layers is then at least (1 − δ/⌈log(n)⌉)⌈log n⌉ ≥ 1 − δ with the Bernoulli
inequality.

4.4 Parameterized Algorithm for Multi-Dimensional Knap-
sack

In this part, we will consider solving Knapsack with only completely filled packings.
This will make some of the following formulations simpler and easier to understand.

0/1 d-EQUALITYKNAPSACK

Input: Set I of n items each defined by a profit pi ∈ R≥0 and weight vector
w(i) ∈ Nd along with a knapsack of capacity t ∈ Nd.

Problem: Find subset S ⊆ I such that ∑i∈S w(i) = t and ∑i∈S pi is maximal.

We will also solve this problem not only for the given capacity t but for all capac-
ities. In detail, we will construct a solution matrix A with size t +

−→
1 such that for

any v ≤ t we have that Av is the maximum profit of an item set whose total weight
is exactly v. One can observe that we can construct a solution for 0/1 d-KNAPSACK

after solving 0/1 d-EQUALITYKNAPSACK by simply remembering the highest profit
achieved in any position.

The algorithm we will show is based on the algorithm of Axiotis and Tzamos
[2]. They solved 1-dimensional Knapsack by splitting all items into subsets with
equal weight. They proceed then to solve these resulting sub-instances. These sub-
instances can be easily solved by gathering the highest profit items that fit into the
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knapsack. Finally they combine these resulting partial solutions via Convolution.
The profits of one such partial solution build a concave sequence, which allows each
convolution to be calculated in linear time.

Definition 4.4.1 (Concave Sequences). Let a = (ai)i≤n be a sequence of numbers of
length n. We call a concave if for all i ≤ n − 2 we have ai − ai+1 ≥ ai+1 − ai+2.

We will achieve a similar result and calculate higher dimensional convolutions
in linear time. In fact we will reduce our problem to calculating convolution of 1-
dimensional concave sequences. This way we can calculate the convolution of our
sub-solutions in linear time in the number of entries in our matrix. For simplicity,
we will again assume d to be fixed. Removing this assumption, we might need to
incur another additional factor of d for the final running time.

Theorem 4.4.1 (Restatement of Theorem 4.1.2 for fixed dimension). Let d be a fixed
constant. For every 0/1 d-EQUALITYKNAPSACK instance with D different weight vectors
and capacity t, let V := Π(t +

−→
1 ) be the number of possible capacities v ≤ t. Then we can

solve the given instance in time O(n + D max{V, tmax log tmax}).

We remark, that in most cases V > tmax log tmax so generally this algorithm will
have a running time of O(n+ DV). However, in the special case of a slim matrix that
has size t with one large value tj and other values being very small ti << tj for i ̸= j
our algorithm might have a slightly worse running time of O(n + Dtmax log tmax).

4.4.1 Algorithm and Correctness

Let W = {w(1), w(2), · · · , w(D)} denote the set of all distinct item weight vectors
that are contained in the instance. The algorithm then works as follows: For every
w ∈ W, partition all items into subsets I(w) containing all items that have weight w.
Sort the items of each partition nonincreasing by their profit and compute a solution
matrix A(w), where A(w)

v is the maximum profit for a knapsack of capacity v = t
using only items in I(w).

These solutions can be easily computed, as A(w)
k·w for any k ∈ N is given through

the sum of k highest profits in I(w). We can set these positions accordingly. For any
position v ≤ t that is not a multiple of w, we simply set A(w)

v = −∞. Remark that
we also set A(w)

k·w = −∞ in case there are no k items in I(w) to fill the knapsack and

A(w)
0·w = A(w)

−→
0

:= 0, as an empty packing hits exactly capacity
−→
0 .

For simplicity, we denote A(w(i)) with A(i). After calculating all A(i), we then
want to combine all these solutions. For that, we set R(1) := A(1) and compute for all
1 < i ≤ D the convolution R(i) := R(i−1) ⊕ A(i). The solution of the overall problem
is then given by R(D)

t . The correctness of this algorithm follows from the next lemma.

Lemma 4.4.2. Let I1, I2 be two item-disjoint 0/1 d-EQUALITYKNAPSACK instances for
the same capacity t and R(1), R(2) be the solution matrices for the respective instances. Con-
sider the combined instances I = I1 ∪ I2 and a respective solution matrix R for I.

Let t′ be any capacity feasible for all three instances and solution matrices, then we have
that Rt′ = (R(1) ⊕ R(2))t′ .

Proof. Generally, we can conclude that each profit noted down in a solution matrix
consists of a respective item set. Let I′ ⊂ I be the set of items that make up the
maximum profit Rt′ for instance I.
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Let I′1 ∪ I′2 = I′ be the partition with I′i ⊆ Ii for i ∈ {1, 2} and denote with v(i) the
total weight of I′i . Note that each I′i also has to be optimal for capacity v(i) in instance
Ii as otherwise we could improve I′i and I′, respectively.

Assume that Rt′ < (R(1) ⊕ R(2))t′ , then this would imply that there are two better
solutions from I1 and I2 that make for a higher profit solution for I when combined,
however Rt′ is already maximal.

Assume that Rt′ > (R(1) ⊕ R(2))t′ . Note that v(1) + v(2) = t′ and hence v(1) =
t′ − v(2). We then have in total another contradiction with:

Rt′ = R(1)
v(1)

+ R(2)
v(2)

≤ R(1)
t′−v(2)

+ R(2)
v(2)

≤ (R(1) ⊕ R(2))t′

We remark that all the initial solutions A(i) are optimal, as the solution contain
the highest profit items. For that reason exchanging items from the initial solutions,
will not change the weight but can at best decrease the profit. Therefore, applying
this lemma inductively implies the optimality of the final solution. As we will see in
the following part, we do not need the actual matrix A(i) but the non-infinity values
of it will suffice to calculate the respective convolutions.

Lemma 4.4.3. Given an item set I, we can partition I into subsets Iw(i)
and calculate all

values A(i)
w(i) , A(i)

2w(i) , · · · , for all i ∈ [D] in time O(n + D · tmax log(tmax)).

Proof. The first part of partitioning the items into the respective subsets can be done
by iterating through all items and putting them in a respective subset I(w

i) based on
their weight vector. This can be simply done in O(n).

Set ni := |Iwi | and let ki be the number of items of Iw(i) that fit into the knapsack.
In order to calculate the values A(i)

w(i) , all we need to do is finding the ki highest profit

items in Iwi
. In linear time O(ni) we can find the ki-th highest profit p in and by

simply iterating over Iwi
we can omit all items with less profit and if necessary also

remove items with profit p until we only have ki items. We can then sort these items
in time O(ki log ki) ∈ O(tmax log tmax).

If we do this for all item groups, then we end up with a total running time of

O(
D

∑
i=1

(ni + tmax log tmax)) = O(n + D · tmax log tmax)

4.4.2 Computing the Convolution

To achieve the proposed running time, we need to calculate convolutions fast. In
order to do so, we will also use the concept of concave sequences.

We note that the solutions of our sub-instances make up concave profit sequences
given by A(i)

0·w(i) , A(i)
1·w(i) , A(i)

2·w(i) · · · . Further, we will show that we can now calculate
the d-dimensional convolution of R(i) = R(i−1) ⊕ A(i) by computing a multitude
of 1-dimensional convolutions on sequences. Before we begin, we want to make a
small arrangement about the notation.

Remark 5. Let A be a d-dimensional matrix of size L and v ∈ Zd be an invalid position
of A, that is either vi < 0 or vi ≥ L for some 1 ≤ i ≤ d. We then define Av := −∞.
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−→
0

t

0

p1

p1 + p2

· · ·

w(i)

w(i)

x0

x1

x2

−→
0

t
v

w(i)

w(i)

FIGURE 4.3: The left picture shows the general structure of a ma-
trix A(i) when the highest profits are p1 ≥ p2 ≥ · · · . The value
in the matrix starts with 0 and always changes at the positions
w(i), 2w(1), 3w(1), · · · . The right picture shows a matrix R(i−1) and the
entries/positions that match against values from A(i), when comput-

ing the convolution at position v.

We will work with multiple convolutions and we will use this notation to avoid
introducing confusing bound-check variables. With this, if some entry in the convo-
lution hits an undefined position it will default to −∞ and therefore not be regarded
in the convolution. By construction our A(i) matrix has not many different values.
In the next lemma, we argue that not many different values from the other matrix
are needed in order to calculate the d-dimensional convolution.

Lemma 4.4.4. Let i ≥ 2 and consider R(i), R(i−1), A(i) as per the algorithm and let k be the
number of unique non-zero entries in A(i) that are not −∞. Then for every capacity v ≤ t
we have R(i)

v = max0≤l≤k(R(i−1)
v−l·w(i) + A(i)

l·w(i)).

Proof. By construction, of A(i) many positions default to −∞ and these positions
will not matter for the actual convolution. Consider position v ≤ t, then we have by
definition that:

R(i)
v = (R(i−1) ⊕ A(i))v = max

0≤u≤v
(R(i−1)

u + A(i)
v−u) = max

0≤u≤v
(R(i−1)

v−u + A(i)
u )

We can reduce this formula to those positions where A(i) is not −∞. These are ex-
actly the values A(i)

j·w(i) for 0 ≤ l ≤ k. We then have:

max
0≤u≤v

(R(i−1)
v−u + A(i)

u ) = max
0≤l≤k

(R(i−1)
v−l·w(i) + A(i)

l·w(i))

We see that for one position v calculating R(i)
v only requires specific entries, which

are depicted in Figure 4.3. We show next that, we can calculate multiple entries from
the d-dimensional convolution matrix R(i) by constructing a sequence from R(i−1)

and building the 1-dimensional convolution of this sequence and the sequence of
unique values in A(i).

Lemma 4.4.5. Consider i ≥ 2 and R(i), R(i−1), A(i) as per the algorithm and let v ≤ t
be a position with vj < w(i)

j for some j ∈ [d]. Further, let m ∈ N be maximal such that

v + mw(i) ≤ t still holds. Construct now the sequences defined by x(v)j := R(i−1)
v+jw(i) and

yj := A(i)
jw(i) for 0 ≤ j ≤ m.



4.5. Generalisation to ILPs 69

We then have for any 0 ≤ l ≤ m that R(i)
v+lw(i) = (x(v) ⊕ y)l .

Proof. Fix v and write for simplicity x := x(v). By definition it follows that (x ⊕ y)l =

max0≤j≤l(xl−j + yj) = max0≤j≤l(R(i−1)
v+(l−j)w(i) + A(i)

jw(i)).
By Theorem 4.4.4 we know further that for a respective k
R(i)

v+lw(i) = max0≤j≤k(R(i−1)
(v+lw(i))−j·w(i) + A(i)

j·w(i)) = max0≤j≤k(R(i−1)
v+(l−j)w(i) + A(i)

j·w(i)).

Note that for j > l, we have R(i−1)
v+(l−j)w(i) = −∞ since vj < w(i)

j and therefore

v + (l − j)w(i) denotes an invalid position. Further if l > k then for any j > k we
have A(i)

j·w(i) = −∞ as there are no l items to fill the knapsack. Therefore the equality

(x ⊕ y)l = R(i)
v+lw(i) follows.

We note the sequence we generate from A(i) is concave and therefore we have the
same setting as in Axiotis and Tzamos [2]. Hence we can calculate this convolution
in linear time.

Lemma 4.4.6. Let i ≥ 2 and consider R(i−1), A(i) as per the algorithm. We can compute
R(i) in time O(d · Π(t)).

Proof. Let k be the number of items from I(w
(i)) that fit into a knapsack of capacity

t. Note that A(i) then holds k + 1 values. From Theorem 4.4.5, we know that it is
sufficient to compute convolutions of sequences x(v), y, both of length k + 1 for mul-
tiple positions v ≤ t. We do this for every position v where for some j ∈ [d] we have
vj < w(i)

j . We now want to prove there are at most d · Π(t)/k such positions.
Define with Pj := {v ≤ t|vj ≤ tj/k} the set of positions that are bounded in

the j-th dimension by tj/k. To prove the overall statement, we want to show that

w(i)
j ≤ tj/k for all j ∈ [d] and therefore the set of positions we calculate convolutions

for is contained in
⋃

j∈[d] Pj. We then can bound the number of convolutions we build
by ∑j∈[d] |Pj| ≤ ∑j∈[d] Π(t)/k = d · Π(t)/k and the statement follows.

The fact that w(i)
j ≤ tj/k holds can be quickly seen via an indirect proof. As-

sume for the sake of contradiction that we have w(i)
j > tj/k for some j. Remember

that k was the number of items with weight w(i) that the given knapsack can hold.
However, we now have k · w(i)

j > tj and therefore this is not possible anymore.
The running time now results by applying the result by Axiotis and Tzamos.

Every convolution itself can be computed in time O(k) and this is done for all the
necessary positions, which is at most d · Π(t)/k.

Ultimately, we need to calculate D − 1 such convolutions and that will prove
Theorem 4.4.1.

4.5 Generalisation to ILPs

4.5.1 Negative Weights and ILP

As we mentioned before, Knapsack is a special case of ILP. We now want to discuss
how to extend our results to ILPs.

Lemma 4.5.1. Solving 0/1 d-EQUALITYKNAPSACK is equivalent to solving the ILP prob-
lem defined in section 1 for a matrix A ∈ Zd×n, where every entry in A is non-negative and
u =

−→
1 .
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Proof. For every knapsack item, we add a column to the matrix A. For the i-th item
with weight vector w(i), we set the i-th column of A to a(i) := w(i) and set the respec-
tive cost vector to ci := pi to the profit of the item. The target vector we set to b := t
and the upper bound vector u :=

−→
1 .

Given a solution for the Knapsack problem, that is an item collection I′, we then
set xi = 1 for every i ∈ I′ and xi = 0 for every i ̸∈ I′. We note that this reduction
can be reversed and an ILP instance can be turned into a Knapsack instance respec-
tively. In the same way solutions can be transformed. The equivalence then follows
from the fact, that the profits of a solution is equal to the profit of the transformed
solution.

Note that we are also able to handle Knapsack instances with negative item prof-
its. In the equality version, this makes sense because we might be forced to take a
negative profit item to hit the capacity vector. Further if multiple items with equal
weight and profit exist, we can summarize them into one column and set ui to the
number of occurrences of item i and delete every copy to not count them more than
intended.

For the next part, we allow negative weight values, so we have for every item
that w(i) ∈ [−∆, ∆]d. We will use this ∆ again to parameterize the algorithm. We note
that this problem resembles the general problem of solving an ILP where each entry
in the constraint matrix is bounded by ∆. In order to apply our previous algorithm,
we will reduce the instance of this d-dimensional problem to a (d + 1)-dimensional
problem with no negative weights.

The reduction goes as follows: For every item i with weight vector w(i), we intro-
duce a new item with weight w′(i) where w′(i)

j = w(i)
j + ∆ for j ∈ [d] and w′(i)

d+1 = 1.
We do not change the profit of the items. As for the capacity, we will guess the num-
ber of items in the optimal solution. Let K be such a guess and t be the original
capacity. We define the respective instance for this guess through the capacity t(K)

with t(K)j := tj + K∆ for j ∈ [d] and t(K)d+1 := K.

Corollary. There is an algorithm that finds an optimal solution with exactly K ∈ N items to
0/1 d-EQUALITYKNAPSACK with weight entries bounded by ∆ in absolute value in time
O(n + D · K · Π(t +

−→
K∆)) ⊆ O(n + D · K · (tmax + K∆)d).

Proof. We apply Theorem 4.1.2 to the modified instance we mentioned above. We
note that the number of different items does not change at all, since all we do is add
a 1 in the (d + 1)-th component and all other components are modified in the same
way. Further, by construction, we get Π(t(K)) = K · Π(t +

−→
K∆). Using this in our

previous algorithm we get the desired result.
Lastly, we also want to prove the correctness of the reduction. Denote with I the

original item set, where items may have negative weight and with I′ the transformed
item set as per the reduction mentioned above. Let S′ ⊂ I′ be an optimal solution to
the modified instance and let S be the set of unmodified items that are in S′. Based
on the (d + 1)-th weight we added, we know that |S| = |S′| = K.

Since S′ is a solution for the modified version, we have ∑i∈S′ w′(i)
j = tj + (

−→
∆K)j

for all j ∈ [d]. By definition, w′(i)
j = w(i)

j + ∆ and since S′ and S hold K items, we in
total have:

∑
i∈S

w(i)
j = ∑

i∈S′
w′(i)

j − ∆K = tj.

Finally, we can also note that the profit between S and S′ does not change and
therefore S must also be optimal. If there was a higher profit packing for I, we could
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transform that into a better packing for I′ and that would contradict the choice of
I′.

We can already apply Theorem 4.5.1 to give an algorithm for 0/1 d-EQUALITYKNAPSACK

with negative weights, by either guessing the correct value of K or enumerating over
all possible K ∈ [n]. The problem is that K can grow very large, that is up to n. With
a reduction introduced by Eisenbrand and Weismantel [41], we will reduce the num-
ber of possible K. The trick to make this happen is proximity.

Eisenbrand and Weismantel calculate a non-integral optimal solution x∗ for the
LP-relaxation, which is possible in polynomial time. Eisenbrand and Weismantel
proved that there exists an integral optimal solution z∗, such that the distance in
1-norm is small i.e. ||z∗ − x∗||1 ≤ d · (2d∆ + 1)d. They then proceed to take ⌊x∗⌋
as an integral solution and construct an ILP to find a solution y ∈ Zd such that
Ay = A(x∗ − ⌊x∗⌋). Through proximity and rounding, they can limit feasible solu-
tions to y that fulfill ||y||1 ≤ d · (2d∆ + 1)d + d =: L. Applying this reduction gives
us a bound for K and yields the following result.

Lemma 4.5.2. There is an algorithm that solves the ILP problem in time O(n + 2D · L2 ·
Π(

−→
d∆ +

−→
L∆)) ⊆ O(n + 2D · L2 · (d∆ + L∆)d), when an optimal solution for the LP-

relaxation is given. Rewritten for fixed d this results in a time of n + 2D · O(∆)(d+1)2 ·
O(d)d(d+2).

Proof. Let A, x, b, c, u be given as per the problem and let x∗ be an optimal solution of
the relaxation. We construct the same ILP to solve the ILP constructed by Eisenbrand
and Weismantel.

We note that the number of unique columns does not change. However we
need to allow negatives of a column to be taken, which is not something that we
worked with so far. We however modify the instance by adding negative multi-
ples of columns that are necessary. By doing so, we may increase the number of
unique columns by a factor of 2. We further note that the new target vector fulfills
A(x∗ − ⌊x∗⌋) ≤

−→
d∆, as x∗ has at most d fractional components.

This modified ILP is then transformed to a 0/1 d-EQUALITYKNAPSACK instance.
To do so, we generate an item for each column of ILP and the target vector defines
the capacity of the knapsack. We then apply Theorem 4.5.1 on this instance. Since
we know that an optimal solution with ||y||1 ≤ L exists, we can apply Theorem 4.5.1
for all K ≤ L, which is sufficient.

4.6 Conclusion

In total, we have shown two things. First of all, we have proven that the relation-
ship between Knapsack and Convolution in the 1-dimensional case also prevails in
higher dimensional variants. A natural follow up question is how many more prob-
lems can we entangle into this problem class.

We further have shown that strong parameterized results can be achieved as well
and that knapsack in higher dimensions can be reduced to 1-dimensional convolu-
tion. It remains open whether newer improvements on algorithms on both knapsack
and convolution such as [22, 23, 31] can be also extended to these higher dimensional
problems.

We also wonder how far the connection between knapsack and ILPs can be taken
in this context. Due to the similarity of the problems, we think it is not unlikely
that maybe techniques such as Color-Coding or combining solutions via convolu-
tion could be extended to ILPs as well.
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Chapter 5

Scheduling Compressed Monotone
Moldable Jobs using Convolution

In the moldable job scheduling problem one has to assign a set of n jobs to m ma-
chines, in order to minimize the time it takes to process all jobs. Each job is mold-
able, so it can be assigned not only to one but any number of the equal machines.
We assume that the work of each job is monotone and that jobs can be placed non-
contiguously. In this work we present a ( 3

2 + ϵ)-approximation algorithm with a
worst-case runtime of O(n log2( 1

ϵ +
log(ϵm)

ϵ ) + n
ϵ log( 1

ϵ )log(ϵm)) when m ≤ 16n. This
is an improvement over the best known algorithm of the same quality by a factor of
1
ϵ and several logarithmic dependencies. We complement this result with an im-
proved FPTAS with running time O(n log2( 1

ϵ + log(ϵm)
ϵ )) for instances with many

machines m > 8 n
ϵ . This yields a 3

2 -approximation with runtime O(n log2(log m))
when m > 16n.

We achieve these results through one new core observation: In an approximation
setting one does not need to consider all m possible allotments for each job. We will
show that we can reduce the number of relevant allotments for each job from m
to O( 1

ϵ +
log(ϵm)

ϵ ). Using this observation immediately yields the improved FPTAS.
For the other result we use a reduction to the knapsack problem first introduced
by Mounié, Rapine and Trystram. We use the reduced number of machines to give
a new elaborate rounding scheme and define a modified version of this knapsack
instance. This in turn allows for the application of a convolution based algorithm
by Axiotis and Tzamos. We further back our theoretical results through a practical
implementation and compare our algorithm to the previously known best result.

5.1 Introduction

The machine scheduling problem, where one assigns jobs to machines in order to
finish all jobs in a preferably short amount of time, has been a core problem of com-
puter science. Its applications are not only limited to the usual context of executing
programs on a range of processor cores but it also has many applications in the real
world. For example one can view machines as workers and jobs as tasks or assign-
ments that need to be done. In reality multiple workers can work together on a
singular task to complete it quicker. This however gives rise to another layer of this
problem: Before assigning a starting time to a job, we first need to decide how many
machines will execute the job. The resulting problem is considered as Parallel Task
Scheduling with Moldable Jobs. Our goal is to minimize the time when the last job
finishes, which is called the makespan.
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In this problem the time necessary for a job to be processed is dependent on the
number of assigned machines. We further consider the setting where our jobs are not
only moldable but also have monotone work. The work of a job j with k machines is
defined as w(j, k) := t(j, k) · k, which intuitively is the area of the job. We assume that
this function for a fixed job j is non-decreasing in the number of machines. This as-
sumption is natural since distributing the task on multiple machines will not reduce
the actual amount of work. Instead invoking multiple machines will more likely
induce a bit of overhead due to necessary communication among the machines.

Since finding an optimal solution to this problem is NP-hard [63] our goal is to
present approximation algorithms. Such an algorithm has to guarantee for every
instance I with optimal makespan OPT(I) to find a solution with a makespan of at
most c · OPT(I) for some multiplicative approximation ratio c > 1. In this section
we introduce two algorithms that take an additional accuracy parameter ϵ > 0 as
input and guarantee solution quality based on this parameter.

The first guarantees an approximation ratio of c1 = 1 + ϵ in time O(n log2( 4
ϵ +

log(ϵm)
ϵ )) under the additional premise that m > 8 n

ϵ . Our second algorithm achieves
an approximation ratio of c2 = 3

2 + ϵ with running time O(n log2( 1
ϵ + log(ϵm)

ϵ ) +
n
ϵ log( 1

ϵ )log(ϵm)) when 16n ≥ m. If we apply the first algorithm for ϵ = 1
2 and

combine both algorithms we get an efficient ( 3
2 + ϵ)-approximation.

We achieve our results through a new core observation: Although a job can be
assigned to every possible number of machines, not all m different allotments may
be relevant when looking for an approximate solution. In fact we will show that
if m is large enough we can reduce the number of relevant machine allotments to
O( 1

ϵ +
log(ϵm)

ϵ ). This overall assessment is based on the concept of compression intro-
duced by Jansen and Land [59].

We use the reduced number of relevant allotments to schedule moldable jobs
via an instance of the knapsack problem. This approach was initially introduced
by Mounié, Rapine and Trystram [76]. We give a new rounding scheme to convert
moldable jobs into knapsack items to define a modified version of their knapsack
instance. The number of different item sizes and profits in our instance is small.
This allows for the application of a knapsack algorithm introduced by Axiotis and
Tzamos [2] using convolution. Their algorithm works well on such instances and
thanks to our rounding, we can even do the required pre-processing for their algo-
rithm efficiently in linear time.

5.1.1 Problem definitions and notations

Two problems will play an important role: The first being parallel task scheduling
with moldable jobs, which we will call moldable job scheduling in the following. In
this problem one is given a set J of n jobs and a set M of m equal machines. We write
[l] = {i ∈ N | 1 ≤ i ≤ l} for any l ∈ N. The processing time of a job in the moldable
setting is defined as a function t : J × [m] → R≥0 where t(j, k) denotes the processing
time of job j on k machines. We denote with γ(j, d) = min{i ∈ [m] | t(j, i) ≤ d} the
number of machines required for job j to achieve processing time smaller than d. If
d is not achievable with m machines, we say γ(j, d) is undefined.

For a solution of this problem we require two things: First an allotment α : J →
[m] and an assignment of starting times s : J → R≥0. For simplicity we denote αj :=
α(j) and sj := s(j) respectively. A feasible solution must now satisfy that at any time
at most m machines are in use. Denote with U(t) := {j ∈ J | t ∈ [sj, sj + t(j, αj)]} the
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jobs that are processed at time t. If at all times t ∈ R≥0 we have that ∑j∈U(t) αj ≤ m
then the schedule defined by α and s is feasible.

Finally we look to minimize the makespan of this schedule, which is the time,
when the last job finishes. Given an allotment α and starting times s the makespan is
defined by maxj∈J{sj + t(j, αj)}. As mentioned before the work of a job is defined as
w(j, k) = k · t(j, k). We will work under the assumption that this work function for
each job is non-decreasing. More precisely for all jobs j and k, k′ ∈ [m] with k ≤ k′

we have w(j, k) ≤ w(j, k′).
The second main problem we consider in this work is the knapsack problem 1, as

it will be part of our algorithm to solve a knapsack instance. In the knapsack problem
one is given a set of n items where each item i is identified with a profit value pi ∈
R>0 and a size or weight wi ∈ N. The task is to find a maximum profit subset of
these items such that the total weight does not exceed a given capacity t ∈ N.

5.1.2 Related work

The moldable job scheduling problem is known to be NP-hard [39] even with mono-
tone work functions [63]. Further there is no polynomial time approximation algo-
rithm with a guarantee less than 3

2 unless P=NP [38]. Belkhale and Banerjee gave a
2-approximation for the problem with monotony [10], which was later improved to
the non-monotone case by Turek et al. [80]. Ludwig and Tiwari improved the run-
ning time further [74] and achieved a running time polylogarithmic in m, which is
especially important for compact input encoding, where the length of the input is
dependent on log m and not m.

Mounié et al. gave a ( 3
2 + ϵ)-approximate algorithm with running time O(nm log 1

ϵ )
[76]. Jansen and Land later improved this result further by giving an FPTAS for in-
stances with many machines and complementing this with an algorithm that guar-
antees a ratio of ( 3

2 + ϵ) with polylogarithmic dependence on m. They picked up on
the idea of Mounié et al. to use a knapsack instance to find a schedule distributing
jobs in two shelfs and modified the knapsack problem to solve it more efficiently.
In a recent result Wu et al. [83] gave a new 3

2 - approximation that works in time
O(nm log(nm))

The Knapsack problem as a generalization from Subset Sum is another core prob-
lem of computer science that is NP-hard as well. For this problem pseudopolyno-
mial algorithms have been considered starting with Bellmans classical dynamic pro-
gramming approach in time O(nt) [11]. Many new results with pseudopolynomial
running times have recently been achieved in regards to various parameters such as
largest item size or number of different items [41, 77, 2, 9].

One interesting connection has come up between Knapsack and the (max,+)-
convolution problem. In this problem one is given two sequences (ai)0≤i<n, (bi)0≤i<n
of length n and has to find the convolution c = a ⊕ b which is defined through
ci = maxj≤i(aj + bi−j) for all i ∈ N<n. This problem can be solved in quadratic
time O(n2). Cygan et al. [36] conjecture that a subquadratic algorithm may not be
possible and used this conjecture as a basis for many fine-grained complexity results
for Knapsack and similar problems. Axiotis and Tzamos showed that with concave
sequences, convolutions can be computed in linear time O(n) and they used this to
give a O(Dt) for Knapsack where D is the number of different item sizes [2]. This
approach has also been used by Polak et al. [77] in conjunction with proximity argu-
ments from Eisenbrand Weismantel [41] to gain fast algorithms for knapsack with
small item sizes .

1We mainly consider 0 − 1 Knapsack here, though some items may appear multiple times.
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5.1.3 Our results

We present a new algorithm, in particular a ( 3
2 + ϵ)-approximation algorithm, for

any accuracy parameter ϵ > 0, with a runtime polynomial in n, 1
ϵ and in log m. Since

we are polynomial in log m, our algorithm will be able to handle certain compact
input encodings and will generally scale well into large m.

The main difficulty in moldable job scheduling is that for every job we need to
choose between m different allotments and then schedule jobs efficiently. We will
however show that not all m possible allotments have to be considered. Since we
look for an approximate solution and we have monotone jobs, it is sufficient to only
consider O( 1

ϵ +
log(ϵm)

ϵ )) different machine counts. This immediately leads to a fully
polynomial time approximation scheme (FPTAS) for instances with many machines.

Theorem 5.1.1. Let ϵ > 0. For moldable job scheduling with instances where m > 8 n
ϵ

exists a (1 + ϵ)-approximation that runs in time O(n log2( 1
ϵ +

log(ϵm)
ϵ )).

This result can be used for a 3
2 -approximation if we set ϵ = 1

2 .

Corollary. Consider moldable job scheduling on instances with m > 16n. There exists a
3
2 -approximation in time O(n log2(log m)).

We complement this result with an efficient ( 3
2 + ϵ)-approximation for the case

where m ≤ 16n. To achieve this we follow the same approach as [59, 76] and con-
struct a knapsack instance. We will introduce a new rounding scheme for machine
counts, processing times and job works and convert these modified jobs into knap-
sack items. The resulting knapsack instance will only have a small number of dif-
ferent item sizes. We then apply an algorithm introduced by Axiotis and Tzamos [2]
that works well on such instances. Thanks to our rounding we will be able to do the
pre-processing of their algorithm in linear time as well.

Theorem 5.1.2. For moldable job scheduling there exists an algorithm that for instances
with m ≤ 16n and for any ϵ > 0 yields a 3

2 + ϵ approximation in time:
O(n log2( 1

ϵ +
log(ϵm)

ϵ ) + n
ϵ log( 1

ϵ )log(ϵm))

These two results combined make up one ( 3
2 + ϵ)-approximation that improves

on the best known result by Jansen and Land [59] in multiple ways. For large m
we manage to reduce the dependency on m even further. When m is small we im-
prove on their running time by reducing the dependency on ϵ by a factor of 1

ϵ and
several polylogarithmic factors. We also argue that our algorithm is overall sim-
pler compared to theirs, as we do not require to solve knapsack with compressible
items in a complicated manner. Instead our algorithm merely constructs the modi-
fied knapsack instance and delegates to a simple and elegant algorithm from Axiotis
and Tzamos [2].

RESULT JANSEN & LAND [59] THIS WORK

1 + ϵ, (m > 8 n
ϵ ) O(n log(m)(log(m) + log( 1

ϵ ))) O(n log2( 1
ϵ +

log(ϵm)
ϵ ))

3
2 , (m > 16n) O(n log2(m)) O(n log2(log m))

3
2 + ϵ, (m ≤ 16n) O( n

ϵ2 log m(
log m

ϵ + log3(ϵm))) O(n log2( 1
ϵ +

log(ϵm)
ϵ ) + n

ϵ log( 1
ϵ )log(ϵm))
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5.2 General Techniques and FPTAS for many machines

The core technique we use is the concept of compression introduced by Jansen and
Land [59]. The general idea of compression is to reduce the number of machines a
job is assigned to by some fraction. Due to monotonicity the resulting increase of
processing time can then be bounded.

Lemma 5.2.1 ([59]). Let ρ ∈ (0, 1/4] be what we denote in the following as a compression
factor. Consider now a job j and a number of machines k ∈ N with 1

ρ ≤ k ≤ m, then we
have that t(j, ⌊(1 − ρ)k⌋) ≤ (1 + 4ρ)t(j, k).

The intuitive interpretation of this lemma is that if a job uses k ≥ 1
ρ machines

then we can free up to ⌈ρk⌉ machines and the processing time increases by a fac-
tor of 4ρ. We are going to use this lemma in the following by introducing a set of
predetermined machine counts.

Definition 5.2.1. Let ρ be a compression factor and set b := 1
ρ . We define Sρ :=

[⌊b⌋]∪{⌊(1+ ρ)ib⌋ | i ∈ [ ⌈log1+ρ(
m
b )⌉ ]} = {1, 2, · · · , b, ⌊(1+ ρ)b⌋, ⌊(1+ ρ)2b⌋, · · · , m}

as the set of ρ-compressed sizes.

Note that reducing machine numbers to the next smaller size in Sρ corresponds
to a compression and processing time may only increase by a factor of at most 1+ 4ρ.
We assume without loss of generality that 1/ϵ is integral by modifying ϵ. With this
assumption 1/ρ is also integral.

Corollary. Let ϵ ∈ (0, 1) be an accuracy parameter then ρ = ϵ
4 is a compression factor and

|Sρ| ∈ O( 1
ϵ +

log(ϵm)
ϵ ). Further taking any number of machines m′ ≤ m and reducing m′

to the next smaller size in Sρ corresponds to a compression.

Proof. The first part follows from Theorem 5.2.1 with ϵ < 1 and Definition 5.2.1. We
show the second part by proving that for m′ := ⌊(1 + ρ)i+1b⌋ − 1 the next smaller
size mρ = ⌊(1 + ρ)ib⌋ fulfills that m′ − mρ ≤ ⌈ρm′⌉. We have that

m′ − mρ = ⌊(1 + ρ)i+1b⌋ − 1 − ⌊(1 + ρ)ib⌋
≤ (1 + ρ)i+1b − 1 − ((1 + ρ)ib − 1)

= (1 + ρ)i+1b − (1 + ρ)ib = ρ(1 + ρ)ib ≤ ρ(mρ + 1) ≤ ρm′

Generally our algorithms will work on the set Sρ for ρ = 4
ϵ and only assign ma-

chine counts in Sρ. Note that for m ≤ 4
ϵ we work with any machine number as we

have that Sρ = [m]. The algorithms we present will work in a dual approximation
framework.

A dual approximation framework is a classical approach for scheduling prob-
lems. The general idea is to use an approximation algorithm with constant ratio c on
a given instance in order to gain a solution with makespan T. While this is only an
approximation we can conclude that the makespan T∗ of an optimal solution must
be in the interval [ T

c , T] and we can search this space via binary search. We then
consider candidates d ∈ [ T

c , T] as guesses for the optimal makespan.
The approximation algorithm is then complemented with an estimation algo-

rithm, that receives an instance I and a guess for the makespan d as input. This es-
timation algorithm then must be able to find a schedule with a makespan of at most
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(1 + ϵ)d if such a schedule exists. If d was chosen too small, i.e. (1 + ϵ)d < OPT(I),
our algorithm can reject the value d and return false.

We continue to apply the estimation algorithm for candidates, until we find d
such that the algorithm is successful for d but not for d

1+ϵ . Note that if the algorithm
fails for d

1+ϵ we have that d = (1 + ϵ) d
1+ϵ < OPT(I). Therefore the solution gener-

ated for d has a makespan of at most (1+ ϵ)d < (1+ ϵ)OPT(I). Using binary search
we can find such a candidate d in O(log 1

ϵ ) iterations [59].

5.2.1 Constant factor approximation

Our constant factor approximation operates in two steps: First we compute an al-
lotment and assign each job to a number of machines. Secondly we will use list
scheduling in order to schedule our now fixed parallel jobs. For the first step we use
an algorithm introduced by Ludwig and Tiwari [74].

Lemma 5.2.2 ([74]). Let there be an instance I for moldable job scheduling with n jobs and
m machines. For an allotment α : J → [m] we denote with

ωα := min(
1
m ∑

j∈J
w(j, α(j)), max

j∈J
t(j, α(j)))

the trivial lower bound for any schedule that follows the allotment α. Furthermore for S ⊆
[m] we denote with ωS := min

α:J→S
ωα the trivial lower bound possible for any allotment, which

allots any job to a number of machines in S.
For any S ⊆ [m] we can compute an allotment α : J → S with ωα = ωS in time

O(n log2 |S|).

We apply this lemma but limit machine numbers to ρ-compressed sizes Sρ for
ρ = ϵ

4 . With that we gain an approximate value of ω[m].

Lemma 5.2.3. Given an instance I for moldable job scheduling with n jobs, m machines and
accuracy ϵ < 1. In time O(n log2( 4

ϵ +
log(ϵm)

ϵ )) we can compute an allotment α′ : J → [m]
such that ωα′ ≤ (1 + ϵ)ω[m].

Proof. Let ρ = ϵ
4 , b = 1

ρ and Sρ be the set of ρ-compressed sizes by definition 5.2.1.
We now use lemma 5.2.2 to compute an allotment α′ : [n] → Sρ such that ωα′ = ωSρ

and note that the proposed running time follows from corollary 5.2 and lemma 5.2.2.
It remains to show that ωα′ ≤ (1 + ϵ)ω[m].

Let α be an allotment with ωα = ω[m]. We now modify this allotment by rounding
its assigned number of machines down to the next value in Sρ. To be more precise
let α′′ : [n] → Sρ; j 7→ max{s ∈ Sρ|s ≤ α(j)}. Note that based on the definitions and
lemma 5.2.2 it follows immediately that ωα ≤ ωα′ ≤ ωα′′ . We will conclude the proof
by showing that ωα′′ ≤ (1 + ϵ)ωα.

We note that the rounding from α to α′′ is a compression. To see that consider
two consecutive item sizes ⌊b(1 + ρ)(i−1)⌋, ⌊b(1 + ρ)(i)⌋ for some i and note that:

⌊b(1 + ρ)(i)⌋ − ⌊b(1 + ρ)(i−1)⌋ ≤ b(1 + ρ)(i) − (b(1 + ρ)(i−1) − 1)

= b(1 + ρ)(i) − b(1 + ρ)(i−1) + 1

= ρb(1 + ρ)(i−1) + 1 ≤ ρb(1 + ρ)(i)
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Since we only round a job down when α(j) < ⌊b(1 + ρ)(i)⌋ we get that α(j) −
α′′(j) ≤ ρα(j). According to lemma 5.2.1 the processing time of the job may only
increase by a factor of at most 1 + 4ρ = 1 + ϵ. Therefore we have

max
j∈J

t(j, α′′(j)) ≤ max
j∈J

{(1 + ϵ)t(j, α(j))} = (1 + ϵ)max
j∈J

t(j, α(j)).

Since the work function is monotone ωα′′ ≤ (1 + ϵ)ωα follows directly.

With this allotment we apply list scheduling to achieve a constant factor approx-
imation [50]. We use this in our dual-approximation framework. In the next sections
we therefore assume that we are given a makespan guess d and give the required
estimation algorithms for the desired results.

Corollary. The proposed algorithm is an approximation algorithm with a multiplicative
ratio of 4 and requires time O(n log2( 4

ϵ +
log(ϵm)

ϵ )).

Proof. The running time results mainly from applying lemma 5.2.3 to gain an allot-
ment α with ωα ≤ (1 + ϵ)ω[m]. Applying list scheduling to our computed allotment
yields a schedule with makespan 2ωα ≤ 2(1 + ϵ)ω[m] ≤ 4OPT(I).

5.3 FPTAS for large machine counts

In the section we consider instances with many machines m > 8 n
ϵ . Jansen and

Land showed that an FPTAS can be achieved by simply scheduling all jobs j with
γ(j, (1 + ϵ)d) machines at time 0. They consider all possible number of machines
for each job. We argue that it is sufficient to consider assigning a number in S ϵ

4
to

achieve a similar result. We will however require another compression to make sure
our solution is feasible.

Lemma 5.3.1. Given an instance I with n jobs, m > 8 n
ϵ machines and a target makespan

d, we can in time O(n log( 4
ϵ +

log(ϵm)
ϵ )) find a schedule with makespan (1 + 3ϵ)d if d ≥

OPT(I) or confirm that d < OPT(I).

Proof. Let Sρ be the set of ρ-compressed sizes for ρ = ϵ
4 and b = 1

ρ . Let γ′(j, d) :=
max{s ∈ Sρ|s ≤ γ(j, d)} and denote a job as narrow when γ′(j, d) ≤ b or wide when
γ′(j, d) > b. The schedule we propose results from scheduling narrow jobs with
γ′(j, d) machines and wide jobs with a compressed number of machines, that is
⌊(1 − ρ)γ′(j, d)⌋. We schedule all jobs at time 0 next to each other. The running
time results from finding γ′(j, d) for all jobs via binary search. Note that if γ′(j, d) is
undefined for some job, then d was chosen too small.

Every job j scheduled with γ(j, d) machines has processing time of at most d.
Rounding down the number of machines to γ′(j, d) may increase the processing
time by a factor of 1 + 4ρ, as this process corresponds to a compression. We then
apply another compression to wide jobs, which may increase the processing time
again by the same factor. In total the new processing time of a job is bound by :
(1 + 4ρ)((1 + 4ρ)t(j, γ(j, d))) ≤ (1 + ϵ)2d ≤ (1 + 3ϵ)d.

It remains to show that our schedule uses at most m machines in total. Jansen
and Land showed that ∑j∈J γ(j, d) ≤ m + n. We assume that ∑j∈J γ(j, d) > m, since
otherwise our schedule would be feasible already. Denote with JW , JN the set of wide
and narrow jobs. We can see that that ∑j∈JN

γ(j, d) ≤ n · b = 4 n
ϵ < 1

2 m and therefore
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∑j∈JW
γ(j, d) > 1

2 m. We will show that our rounding and compression procedure
will free up enough machines.

Consider a wide job j and write γ(j, d) = γ′(j, d) + r for some r. Since j was
assigned to ⌊(1 − ρ)γ′(j, d)⌋ machines, the number of freed up machines is at least:

γ(j, d)− ⌊(1 − ρ)γ′(j, d)⌋ ≥ γ′(j, d) + r − (1 − ρ)γ′(j, d)
= ργ′(j, d) + r
≥ ρ(γ′(j, d) + r) = ρ(γ(j, d))

In total we free at least ∑j∈JW
(ργ(j, d)) > ρ 1

2 m > ϵ
4 4 n

ϵ = n machines. Our sched-
ule therefore uses at most ∑j∈J γ(j, d)− n ≤ m + n − n = m machines.

Note that we can apply this lemma for ϵ′ = ϵ
3 or an even more simplified al-

gorithm thats results by rounding down γ(j, (1 + ϵ)d), which also allows a simple
schedule with less than m machines [59]. If we use this algorithm in our dual ap-
proximation framework we achieve the desired FPTAS.

Proof of Theorem 5.1.1. We conclude for the runtime that we have to apply our dual
approximation framework, meaning we apply the constant factor approximation
and then for log( 1

ϵ ) makespan guesses we apply lemma 5.3.1. Combining these run-
ning times we get a time of O(n log2( 1

ϵ +
log(ϵm)

ϵ )).

5.4 (3
2 + ϵ)-Approximation

We will now consider the goal of achieving a 3
2 + ϵ multiplicative approximation

ratio. Our algorithm will operate again in the context of the dual approximation
framework. Therefore we assume a makespan guess d and give an estimation algo-
rithm. Our estimation algorithm will reduce the scheduling problem to a knapsack
instance in a similar way that was initially introduced by Mounié et al. [76]. This ap-
proach was also used by Jansen and Land [59] who gave a modified version of this
knapsack instance. We however propose a new simpler rounding scheme that uses
ρ-compressed sizes for ρ = 4

ϵ and further modify item profits. In that way we do not
need a complicated algorithm to solve the knapsack problem, but we can apply the
result from Axiotis and Tzamos [2].

At the start we split the set of jobs in small and big jobs J = JB(d) ∪ JS(d) with
JS(d) := {j ∈ J | t(j, 1) ≤ d

2} and JB(d) = J\JS(d). Since we can add small items
greedily at the end in linear time [59], we only need to schedule large jobs. We give
a short run-down on the most important results in regards to the knapsack instance
introduced by Mounié et al. .

Their main idea was to distribute all jobs into two shelfs with width m. The first
shelf S1 has height d and the second shelf S2 has height d

2 . If a job j was scheduled
in either shelf with height s ∈ {d, d

2} then j would be allotted to γ(j, s) machines. In
order to assign jobs to a shelf, they use the following knapsack instance:

Consider for each job j ∈ JB(d) an item with size sj(d) := γ(j, d) and profit
pj(d) := w(j, γ(j, d/2))−w(j, γ(j, d)) and set the knapsack size to t := m. Intuitively
this knapsack instance chooses a set of jobs J′ to be scheduled in S1. These jobs are
chosen such that their work increase in S2 would be large.

We will denote this problem as KP(JB(d), m, d) where the first two parameters
declare the items and knapsack size and the third parameter is the target makespan,
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which then determines the size and profits of the items. Given a solution J′ ⊆ JB(d)
we denote the total work of the resulting two-shelf schedule by W(J′, d) and note
that:

W(J′, d) = ∑
j∈J′

w(j, γ(j, d)) + ∑
j∈JB(d)\J′

w(j, γ(j,
d
2
))

= ∑
j∈JB(d)

w(j, γ(j,
d
2
)) + ∑

j∈J′
w(j, γ(j, d))− ∑

j∈J′
w(j, γ(j,

d
2
))

= ∑
j∈JB(d)

w(j, γ(j,
d
2
))− ∑

j∈J′
pj(d)

We can see that, as the knapsack profit is maximized, the total work W(J′, d) is
minimized. We require the two following lemmas from Mounié et al. in the follow-
ing. We refer to either [59, 76] for a detailed description of these results.

Lemma 5.4.1 ([76]). If there is a schedule for makespan d, then there is a solution J′ ⊆ JB(d)
to the knapsack instance with W(J′, d) ≤ md − W(JS(d), d).

Lemma 5.4.2 ([76]). If there is a solution J′ ⊆ JB(d) to the knapsack instance with W(J′, d) ≤
md − W(JS(d), d), then we can find a schedule for all jobs J with makespan 3

2 d in time
O(n log n).

Based on these lemmas we can easily reject a makespan guess d if W(J′, d) is
larger than md − W(JS(d), d). We note as well that lemma 5.4.2 can be applied if we
find a solution for a higher makespan.

Corollary ([59]). Let d′ ≥ d and J′ ⊆ JB(d) be a feasible solution of the knapsack problem
KP(JB(d), m, d′) with W(J′, d) ≤ md′ − W(JS(d), d). Then we can find a schedule with
makespan at most 3

2 d′ in time O(n log n).

The goal is now to construct a modified knapsack instance in order to apply this
corollary for d′ = (1 + 4ϵ)d. First of all we reduce machine counts to ρ-compressed
sizes for ρ = ϵ

4 . Consider Sρ and b := 1
ρ and let γ′(j, s) := max{k ∈ Sρ|k ≤ γ(j, s)}

for any job j and s ∈ { d
2 , d}.

If we were to construct the knapsack problem only with this modification, then
items would have profits p̃j(d) := γ′(j, d

2 )t(j, γ′(j, d
2 ))− γ′(j, d)t(j, γ′(j, d)). Call these

profit values intermediary profits. In the next step we further modify these profits ei-
ther by rounding these intermediary profits directly or by modifying the processing
time. This however depends on the specifics of the job.

Next we consider a job wide in a shelf if it uses more than b machines in the re-
spective shelf, that is if γ′(j, s) ≥ b for the respective s ∈ { d

2 , d}. If a job is not wide
we call it narrow instead, with respect to either shelf.

For jobs that are narrow in both shelfs we will directly modify the profits. Let j
be a job with γ′(j, s) < b for both s ∈ { d

2 , d}, then we round the intermediary profit
up to the next multiple of ϵd by setting p′j(d) := min{iϵd | iϵd ≥ p̃j(d) and i ∈ N∗

≤ 2
ϵ2
}.

This is well defined since the original profit in this case is bounded by w(j, d
2 ) <

b d
2 = 2

ϵ2 ϵd. For later arguments denote the modified work with w′(j, d
2 ) := w(j, d

2 )

and w′(j, d) := w′(j, d
2 )− p′j(d).

For jobs j that are wide in both shelfs, that is when γ′(j, d
2 ) ≥ γ′(j, d) ≥ b, we

will modify the processing time. In particular we set t′(j, s) := 1
1+4ρ s for s ∈ { d

2 , d},
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which results in modified work values w′(j, s) := t′(j, s)γ′(j, s). We then define the
new profit based on the modified works as: p′j(d) := w′(j, d

2 )− w′(j, d).
That leaves jobs that are narrow in one shelf and wide in the other. Consider

such a job j with γ′(j, d
2 ) ≥ b > γ′(j, d). For the wide version we round again the

processing time t′(j, d
2 ) := 1

1+4ρ
d
2 and obtain w′(j, d

2 ) := t′(j, d
2 )γ

′(j, d
2 ). As for the

narrow job we round down the work w(j, γ′(j, d)) to the next multiple of iϵd. To be
precise we set w′(j, d) := max{iϵd | iϵd ≤ w(j, γ′(j, d)) and i ∈ N≤ 4

ϵ2
}. Note that

the unmodified work is bounded by w(j, d
2 ) ≤ w(j, d) < bd = 4

ϵ d = 4
ϵ2 ϵd. We then

obtain the modified profit value p′j(d) = w′(j, d
2 )− w′(j, d).

With these modified profits and sizes s′j(d) = γ′(j, d) we then solve the resulting
problem KP′(JB(d), m, d, ρ) optimally to obtain an item set J′.

Lemma 5.4.3. Let J′ be a solution to KP′(JB(d), m, d, ρ) and d′ = (1 + 4ϵ)d, then with
unmodified processing times and machine numbers J′ is also a solution to KP(JB(d), m, d′).
Furthermore if there is a schedule with makespan d, we have that W(J′, d′) ≤ md′ −
W(JS(d), d).

Proof. For the first part we have to show that all jobs in J′ fit into the respective
knapsack when a processing time of d′ or d′

2 for each shelf is allowed. Consider
all jobs j ∈ J′ with γ(j, d) ≤ b and take note that these jobs have the same size in
both knapsack instances, since γ(j, d′) ≤ γ(j, d). For any of the wide jobs j ∈ J′ we
have that t(j, γ′(j, d)) ≤ (1 + 4ρ)d ≤ d′ and therefore γ(j, d′) ≤ γ′(j, d). We then
get ∑j∈J′ γ(j, d′) ≤ ∑j∈J′ γ′(j, d) ≤ m since J′ solves the modified knapsack instance
which has capacity m.

Before we consider the total work of J′ we want to make some observations from
our rounding: We reduced the number of machines for each job by rounding the
sizes. This will only reduce the work of each job due to monotonicity compared to
the original knapsack instance by Mounié et al. . We then proceed to reduce work
further for narrow jobs by at most ϵd and reduce the processing time of wide jobs by
a factor 1

1+4ρ .

Note that setting t′(j, s) = 1
1+4ρ s for a wide job j and shelf size s is actually re-

ducing processing time and this can be seen through an indirect proof. Assume
therefore t(j, γ′(j, s)) < 1

1+4ρ s and let sk+1 := γ′(j, d) and let sk be the next smaller
size in Sρ. Reducing the number of machines to sk is a compression and we then
have t(j, sk) ≤ (1 + 4ρ)t(j, sk+1) < s. With this γ′(j, s) was not chosen minimal.

In general we have that w′(j, s) ≤ w(j, s) and want to continue to give an upper
bound on w(j, s). Note that we may assume that processing times do not increase
with increasing numbers of machines. Otherwise we could simply omit numbers of
machines that increase processing times and always schedule on the smaller num-
ber. With this we get that w(j, s) ≤ (1 + ρ)γ′(j, s)t(j, γ′(j, s)).

Note that for jobs j in shelf 2 we only decrease the processing time if they are
wide and therefore we get:

w(j,
d
2
) ≤ (1 + ρ)γ′(j,

d
2
)(1 + 4ρ)t′(j, γ′(j,

d
2
)) = (1 + ρ)(1 + 4ρ)w′(j,

d
2
).

For wide jobs j in shelf 1 we do the same. However for narrow jobs of this shelf we
reduce the work further by ϵd. Doing the same estimation for w(j, d) that we did for
w(j, d

2 ) and adding this increase, we can conclude that:

w(j, d) ≤ (1 + ρ)(1 + 4ρ)w′(j, d) + ϵd
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For the second part of the statement we get from lemma 5.4.1 that there is an
optimal solution J∗ to KP(JB(d), m, d) with W(J∗, d) ≤ md − W(JS(d), d). Further J∗

is also a feasible solution for the modified knapsack problem, since our modifica-
tions only reduce item sizes. Our modified knapsack instance, similar to the original
one, will maximize knapsack profits, which in turn then minimizes total work of a
two-shelf schedule with modified work values. Since J′ is an optimal solution of
the modified instance, we have that the total modified work of J′ is smaller than the
modified work of J∗. To be precise we have:

∑
j∈J′

w′(j, d) + ∑
j∈JB(d)\J′

w′(j,
d
2
) ≤ ∑

j∈J∗
w′(j, d) + ∑

j∈JB(d)\J∗
w′(j,

d
2
).

We now can conclude that the total work of the two-shelf schedule implied by J′

is bounded:

W(J′, d) = ∑
j∈J′

w(j, d) + ∑
j∈JB(d)\J′

w(j,
d
2
)

≤ ∑
j∈J′

((1 + ρ)(1 + 4ρ)w′(j, d) + ϵd) + ∑
j∈JB(d)\J′

(1 + ρ)(1 + 4ρ)w′(j,
d
2
)

≤ |J′|ϵd + (1 + ρ)(1 + 4ρ)(∑
j∈J′

w′(j, d) + ∑
j∈JB(d)\J′

w′(j,
d
2
))

≤ |J′|ϵd + (1 + ρ)(1 + 4ρ)(∑
j∈J∗

w′(j, d) + ∑
j∈JB(d)\J∗

w′(j,
d
2
))

≤ |J′|ϵd + (1 + ρ)(1 + 4ρ)(∑
j∈J∗

w(j, d) + ∑
j∈JB(d)\J∗

w(j,
d
2
))

≤ mϵd + (1 + ρ)(1 + 4ρ)(md − W(JS(d), d))
≤ (1 + 4ϵ)md − W(JS(d), d) = md′ − W(JS(d), d)

Lastly due to monotonicity of work we have also that W(J′, d′) ≤ W(J′, d), which
concludes the proof.

5.4.1 Solving the knapsack problems

As we already mentioned we intend to use an algorithm from Axiotis and Tzamos
[2]. Their algorithm consists of two main steps. In the first step the items of the knap-
sack instance are partitioned into sets containing items of equal size. The knapsack
problem is then solved for each item set separately and for every item size s with
item set Is = {i ∈ I | si = s} a solution array Rs is generated where Rs[t′] denotes the
maximum profit achievable for a knapsack of size t′ ≤ t using only items with size
s. Note that by the nature of this problem Rs[t′] will always be given by the sum of
profits of the ⌊ t′

s ⌋ items with the highest profit in Is.
These solution arrays Rs have a special structure as Rs[k · s] = Rs[k · s + s′]

for all s′ < s and k ∈ N. Further considering the unique entries we have that
Rs[(k + 1) · s]− Rs[k · s] ≥ Rs[(k + 2) · s]− Rs[(k + 1) · s] for each k, since the profit
of the items added decreases. We call arrays with this properties s-step concave as the
unique entries build a concave sequence. In the second step of their algorithm they
combine the solution arrays in sequential order via convolution to generate a final
solution array R = R1 ⊕ R2 ⊕ · · · ⊕ R[smax ].
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A very important result from Axiotis and Tzamos is that if these convolutions
are done in sequential order, then one sequence will always be s-concave for some
respective s. They proved in their paper that convolution with one s-step-concave
sequence can be done in linear time, opposed to the best known quadratic time.

Lemma 5.4.4 ([2]). Given any sequence A and Rh for some h ∈ N, each with t entries, we
can compute the convolution A ⊕ Rh in time O(t).

In our setting the knapsack capacity is given by t = m. Thanks to our rounding
we only have |Sρ| different item sizes, which defines the number of convolutions we
have to calculate. We however must also compute the initial solutions that consist
of the highest profit items for each size. Thanks to rounding item profits we can also
sort these efficiently to generate the initial solutions arrays Rh.

Lemma 5.4.5. Given a modified knapsack instance KP′(JB(d), m, d, ρ), we can compute for
all t ≤ t the entry Rh[t′] in time O(n + m( 1

ϵ +
log(ϵm)

ϵ )).

Proof. Our goal is to sort items by profits and subsequently add up the highest prof-
its to fill the arrays Rh. We will sort items based on how they were rounded:

Consider jobs j with γ′(j, s) < b for both s ∈ { d
2 , d} and denote the number of

these jobs with n1. By scaling their profits with 1
ϵ

1
d we obtain profits of the form

p̃j(d) = i for some i ∈ N≤ 2
ϵ2

. We can sort profits using radix sort in time O(n1 +
1
ϵ )

where we encode them using O(1) digits ranging from 0 to 1
ϵ .

Consider now the n2 jobs j with γ′(j, d
2 ) ≥ γ′(j, d) ≥ b. If we scale the profit of

these items with 1+4ρ
d then we have that p̃j(d) = 1

2 γ′(j, d
2 )− γ′(j, d). These items can

be sorted by profit using bucket sort in O(n2 + m).
For the remaining n3 of the jobs j with γ′(j, d

2 ) ≥ b > γ′(j, d) we have to consider
the modified profits p′j(d) := d

2(1+4ρ)
γ′(j, d

2 ) − iϵd for some i ∈ N. We scale these

profits with 2(1+ϵ)
dϵ2 to obtain p̃j(d) = γ′(j, d

2 )
1
ϵ2 − 2id

ϵ ≤ m
ϵ2 . These items can be sorted

with radix sort in time O(n3 +
m
ϵ ) by encoding profits with two digits ranging from

0 to m
ϵ .

Putting these three steps together results in a total time of O(n1 + n2 + n3 +
1
ϵ +

m + m
ϵ ) = O(n + m

ϵ ). We can additionally merge the three sorted lists via merge sort
in O(n) and iterate through all items to fill the actual solution arrays. The number
of total entries we have to fill in is at most m( 4

ϵ +
log(ϵm)

ϵ ) since we have m entries in
each array, and one array for every item size.

Technically we only need the unique entries of these solution arrays to apply the
algorithm [77]. These could effectively be calculated in time O(n+ m

ϵ ) but combining
all arrays will dominate the running time regardless.

Corollary. We can compute R1 ⊕ R2 ⊕ · · · ⊕ R|Sρ| in time O(m(|Sρ|)).

With this knapsack solution we can construct a schedule using corollary 5.4. We
note that this final construction using the procedure from Mounié et al. [76] can be
implemented in time O(n) by using rounded processing times [59].

Proof of Theorem 5.1.2. We apply the dual approximation framework, which means
we compute an upper bound for d in time O(n log2( 1

ϵ +
log(ϵm)

ϵ )). We end up with
log( 1

ϵ ) candidates for d and construct knapsack instances for all of them.
To do so we need to identify their machine count among compressed sizes. This

can be done in O(n log( 1
ϵ +

log(ϵm)
ϵ )) via binary search. All further modifications to
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knapsack items can be done in O(n). In total for all candidates these steps take time
O(n log2( 1

ϵ +
log(ϵm)

ϵ )).
Solving the resulting knapsack problem for one candidate can be done in time

O(m( 1
ϵ + log(ϵm)

ϵ )) ⊆ O(m 1
ϵ log(ϵm)). By applying this to all candidates and since

m ≤ 16n we get a final running time of O(n log2( 1
ϵ +

log(ϵm)
ϵ ) + n

ϵ log( 1
ϵ )log(ϵm)).

5.5 Implementation

We implemented all algorithms introduced here, along with a version of the algo-
rithm introduced by Jansen and Land [59]. We note that we did not implement
the final version of their algorithm to solve Knapsack with compressible items, as
it was very intricate and complicated. Instead our implementation computes their
modified knapsack instance and solves it via their proposed dynamic programming
approach.

The implementations and experiments were conducted on a Raspberry Pi 4 Model
B and we limited the experiment to one CPU-core as we did not use any mean of par-
allelization. We uploaded a version of our implementation to GitHub
(https://github.com/Felioh/MoldableJobScheduling). In the following we mainly
tested for the part where m ≤ 16n as we deem this the more relevant comparison
between the two results.

5.5.1 Computational results

As for test instances we generated sets of randomized instances for moldable job
scheduling. Machine numbers mainly range from 30 to 100 and jobs from 10 to 120.
We tested on these instances for ϵ = 1

10 and the results can be seen in the following
figures. Figures 5.1 and 5.2 show the difference of average runtime between our al-
gorithm and the one by Jansen and Land. Note that the runtime of our algorithm
is subtracted from the runtime of their algorithm. Hence we can see that our algo-
rithm does slightly better for the analyzed number of jobs and machines and that
our algorithm seems to scale better with growing numbers of machines and jobs.

In figures 5.3 through 5.5 we compare the average makespans of both algorithms
to compare solution quality. In most cases that solution quality is generally quite
similar but in some cases slightly better for our algorithm. We believe that our al-
gorithm does better in regards to solution quality due to our rounding. For one our
rounding of machine numbers to values in Sρ is in its core a compression but does
not fully utilize the potential introduced in lemma 5.2.1. Since we do not reduce the
machine counts by the maximal possible amount, our effective error is smaller. In
a similar manner are the additional modifications of knapsack items mainly catered
to achieving a simple structure that also keeps the additional error small.



86Chapter 5. Scheduling Compressed Monotone Moldable Jobs using Convolution

5.5.2 Computational Results (Graphs and Diagrams)

FIGURE 5.1: Average runtime difference in relation to job numbers.

FIGURE 5.2: Average runtime difference in relation to machine num-
bers.
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FIGURE 5.3: Average makespan comparison limited to instances with
same machines.

FIGURE 5.4: Average makespan comparison limited to instances with
same machines.
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FIGURE 5.5: Average makespan comparison limited to instances with
same machines.

5.6 Conclusion

In this section we presented our new 3
2 + ϵ-approximation, that results from the com-

bination of different techniques from moldable scheduling, knapsack and convolu-
tion. Our algorithm gives a theoretical improvement in terms of the known upper
bound for this problem, but also proves to be faster in practice as shown by our ex-
periments. An interesting takeaway from our result is that it is sufficient to reduce
moldable scheduling to only a certain set of machine counts thanks to compression.
In fact it is not necessary to regard all possible allotments, when one wants to find
an approximate solution.
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