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2D Mathematical Model of Damping in Cellular Materials

Alexander Kovalev,* Alexander E. Filippov, and Stanislav N. Gorb

Many biological materials may be considered as cellular materials, for
example, soft tissues, but also bones, wood, or foam-like medulla in a bird
feather. The cells may be filled with a fluid or just with air, have different size,
shape, and wall thickness. Less is known about how the mechanical and
morphological parameters of the cellular materials influence their biologically
relevant functions. A simple descriptive 2D numerical model of a cellular
material based on Voronoi diagrams is presented here which aims prompt
investigation how structural parameters influence its physical properties. The
preliminary numerical simulations demonstrate that with an increasing wall
thickness the energy dissipation increases and with an increasing cell density
also an average stress increases. Other interesting results are that an
increased dissipation constant of cellular material reduces the stress, and that
in hierarchical foams the dissipation takes place mostly in the thick walls. The
presented approach allows screening the influence of further material features
and structural parameters, such as for example, different kinds of gradients or
different properties of biological or biologically inspired cellular materials at
different loading conditions. Direct comparison of different real biological
structures could be also performed, especially when real experimental
measurements are impossible.

1. Cellular Solid in Biology

Cellular materials in engineering are made of polymers, ceram-
ics, glasses, metals, and their composites. However, many bio-
logical materials, such as wood (Figure 1), cork, sponge, bone,
feather medullar are all examples of three-dimensional (3D) cel-
lular solids in nature.[1,2] There are also two-dimensional (2D)
cellular “solids,” such as dragonfly wings.[3] Knowledge related to
cellular solids plays an important role inmany aspects of modern
life. Its application in medicine helps in understanding and cur-
ing increased fracture risk due to trabecular bone loss in patients
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with osteoporosis, and designing porous
scaffolds for tissue engineering that mimic
the extracellular matrix. The development
of lightweight metal foams in the car in-
dustry to minimize impact during crashes
and novel metal-foam based orthopedic im-
plants are implication directions of nature-
inspired ideas in the field of cellular
materials.[1,2]

Natural cellularmaterials are typically sit-
uated inside an enveloping structure and
prevent the structure from collapse, protect
at impact, decelerate crack propagation. Ad-
vantages of the cellular materials besides
their light weight are the efficient stress dis-
tribution and energy dissipation at periodic
or impulse high stain deformations. The
natural cellular materials are also destroy-
ing slower by both biogenic and abiogenic
factors compared to solid materials. Finally,
their low weight makes them floatable.
Material modelling lets to perform vir-

tual experiments, examine the multidi-
mensional space of structural parameters
in cellular materials. Moreover the mod-
elling is of great importance specifically for

biological systems, which are unique and rather irregular. Some
models for the mechanical behavior of cellular solids have been
previously proposed showing the unique properties of foams
exploited in applications, such as lightweight structural pan-
els, energy absorption devices, and thermal insulation.[2] Usu-
ally these models are based on rather simple geometry, such
as honeycomb-like one or using elaborate finite element mod-
eling approach.[4] Biological foams, with their complex cell ge-
ometry and complex material properties, are more difficult to an-
alyze. Early modeling studies used a repeating unit cell and an-
alyzed it using structural mechanics.[5] Another approach uses
dimensional arguments, which assume that different foams
are geometrically similar, to analyze the mechanisms of defor-
mation and failure in the foam cells.[2] Local effects are usu-
ally studied using numerical techniques, such as finite element
analysis.[3,6]

In this paper, we established a fast and reliable 2D ap-
proach of modeling cellular solids of any geometrical com-
plexity and variable elasticity modulus. This approach may
open new avenues for simple numerical testing of vast num-
ber of complex-shaped biological cellular solids at various load-
ing regimes. In the current study, we focused on the anal-
ysis of the damping properties of a cellular structure. De-
pendence of cell size/density, cell walls thickness, and hier-
archical cells’ organization on the damping properties were
analyzed.
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Figure 1. Cellular structure on the SEM image of a) a cross section through the pith in a twig of an elder (Sambucus nigra), b) through the middle region
of a primary feather shaft in a pigeon (Columba livia), and c) on the front left wing of a scarlet dragonfly (Crocothemis erythraea) with their representation
(d), (e), and (f) correspondingly, which could be directly used in numerical simulation using our model. Subplot (b) was adopted under the terms of the
Creative Commons Attribution 4.0 International licencse.[7] Copyright 2022, The Authors, published by Springer.

2. Numerical Model

Study of elastic behavior of mechanical chains and networks sys-
tems goes back to the well-known problem of Fermi-Pasta-Ulam
who tried to get ergodic behavior of nonlinear chain of the elas-
tically connected atoms.[8] It was found that the behavior of such
a system is much more complicated than it was naively expected
and its study continues all the next years. One of the directions
of the research was using of the “strange” attractors of Nosé-
Hoover type,[9] which generate quasi-randombehavior with given
“temperature” instead of the sources of Langevin.[10] It was ex-
pected to transform the problem from a thermodynamic into
purely dynamic one.[11] However, it was found that, even when
Maxwell-Boltzmann velocity distribution of the particles in the
nodes appears, the long-living correlations and nonlinear excita-
tions (waves) travel inside the system. Partially it can be related
to the fact that Nosé-Hoover attractors do not fill the phase space
densely enough and whole chain forms an attractor with large
number of degrees of freedom.[12] Attractor of such type could be
often found in various physical systems as well, for example see
ref. [13].

2.1. Equations of Motion

Often to keep elastically fixed distance between the particles in
the nodes of a chain,[12] or 2D mesh (see for example the works
[14,15]) 4-th order potential with 2 minima U = (xj − xj±1)

2[a −
(xj − xj±1)

2∕2]∕2 is used. An analogous result can be achieved if
to use quadratic 2-valley potential U = (xj − xj±1 ∓ a)2∕2, which
however is treated as amathematical procedure where every node
is attracted according to Hook’s law to local minimum formed by
its neighbors in the distances (xj − xj±1) = ∓a to each of them.
Below to minimize a number of additional assumptions we

will use Hook’s law for the nearest and the next nearest neigh-
bors, regular external forces and Langevin temperature reservoirs
(if it is necessary). Let us take initial (equilibrium) lattice con-
stant a = 1. For each node with the indices j, k the displacement
from the equilibrium for the nearest neighbors j ± 1, k along a
x-direction equals to dx1,jk = xjk − xj±1k − a, for the next mini-
mize neighbors, respectively dx2,jk = xjk − xj±1k±1 − a. It causes
the forces with the components proportional to the deviations
and equal respectively: f1,jk = k1dx1,jk and f2,jk = k2dx2,jk, where for
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the Poisson’s ratio equals to 0.3 the condition k2 = k1∕2 has to
be satisfied. Summation over the neighbors gives the complete
force in the form:

fjk =
N1∑
n=1

f n1,jk +
N2∑
n=1

f n2,jk, (1)

where for the cubic lattice the numbers of the first and second
type neighbors are equal to N1 = 6, N2 = 12 and for the square
lattice N1 = 4, N2 = 4, respectively. The dynamic Equation (1) of
the system with the forces Equation (1) can be formally written
as follows:

mjk

𝜕2xjk
𝜕t2

= f xjk ;mjk

𝜕2yjk
𝜕t2

= f yjk ;mjk

𝜕2zjk
𝜕t2

= f zjk (2)

Equation (2) has to be completed by restrictions on the bound-
ary, which at the absence of the external forces, have a trivial form:

f xjk |boundary = 0; f yjk |boundary = 0; f zjk |boundary = 0 (3)

Here brief notation f x,y,zjk |boundry means a component of the force
acting on the boundary node, which is formally calculated from
a side of the node which is located outside the system, and actu-
ally equals to zero. The external forces should be added to Equa-
tion (3) f xjk |boundary = Fx

extjk, f
y
jk |boundary = Fy

extjk, f
z
jk |boundary = Fz

extjk and
in every particular case must be described additionally.
When the system is composed of two or more components the

masses of the nodesmjj′ , as well as elastic constants k1,jj′ and k2,jj′
for different regions of the system can be different.
Besides, when one or more boundaries of the system as well

as its internal nods interact with the thermostats the equations
of motion and boundary conditions must be supplied with corre-
sponding energy sources and dissipation. Namely, it should be 𝛿-
correlated source 𝜉(t, x, z), which is defined by the relations:

⟨𝜉(t, x, y, z)⟩ = 0,
⟨
𝜉(t, x, y, z)𝜉(t′, x′, y′, z′)

⟩
= D𝛿(t − t′)𝛿(x − x′)𝛿(y − y′)𝛿(z − z′) (4)

And the same holds for the boundary with formal change:
𝜉(t, x, z) → 𝜁 (t, x, z). Besides the temperature, the noise can be in-
cluded into the model in such a reduced manner. As result, one
has following complete set of equations:

mjk

𝜕2xjk
𝜕t2

= f xjk + Fx
int jk − 𝛾

𝜕xjk
𝜕t

+ 𝜉(t, xjk)

mjk

𝜕2yjk
𝜕t2

= f yjk + Fy
int jk − 𝛾

𝜕yjk
𝜕t

+ 𝜉(t, yjk)

mjk

𝜕2zjk
𝜕t2

= f zjk + Fz
int jk − 𝛾

𝜕zjk
𝜕t

+ 𝜉(t, zjk) (5)

with the boundary conditions: f xjk |boundary = Fx
extjk + 𝜁 (t, xjk),

f yjk |boundary = Fy
extjk + 𝜁 (t, yjk), f zjk |boundary = Fz

extjk + 𝜁 (t, zjk). Further
we will study the problems for which only few top and bottom
layers are associated with the thermostats (and respectively have
nonzero random impacts from the boundary, 𝜉 ≠ 0). In majority

of the cases in this particular study, the intensity of the random
noise will be much smaller than characteristic energies from
other energy sources.

2.2. On the Visualization of the Deformations and Energy
Dissipation

Despite the relative simplicity of the Hook’s interaction the visu-
alization of the deformations and energy propagation become an
independent task because the typical node displacement from the
equilibrium position is small in comparison with the size of the
system and even with the lattice constant of the numerical grid.
It is convenient to apply continuous maps of the energy density.
In the kinetics, effective local temperature is associated with the
kinetic energy of each node:

Ekin
j = mj[(v

x
j )
2 + (vyj )

2 + (vzj )
2]∕2 (6)

and in 2D case, respectively: Ekin
j = mj[(v

x
j )
2 + (vyj )

2]∕2. Starting
from here for compact notation the index j runs over all the posi-
tions of the nodes j = [1 : N] in lattice with the total number of the
nodes: N = NxNyNz. For the future applications it is also useful
to define the potential energy density which actually determines
the equations of motion in Equations (1)–(3):

Uj =
N1∑
n=1

k1,jn(dr⃗
n
1,j)

2∕2 +
N2∑
n=1

k2,jn(dr⃗
n
2,j)

2∕2 (7)

Generally speaking it is nonlocal construction including all the
neighbors with corresponding projections of the “bonds” con-
necting every nodejof the lattice with its nearest and next near-
est neighbors dr⃗n1,j = {dxn1,j, dy

n
1,j , dz

n
1,j}. However, it is convenient

to plot it together with the kinetic energy to characterize mutual
exchange between them. It is especially useful for the modeling
of linear elasticity, where their time averages are equal one to
another, so the difference Ekin

j −Uj fluctuates around zero and
makes the deviations and correlations between them well pro-
nounced.
Additionally one can plot maps of the different projections

of complete local forces averaged over a certain time window
from the equations of motion instantly acting on every node,
for example, Fx

jk = f xjk + Fx
int jk − 𝛾

𝜕xjk
𝜕t

+ 𝜉(t, yjk) and their absolute
values:

Fjk =
√
(Fx

jk)
2 + (Fy

jk)
2 + (Fz

jk)
2 (8)

The maps are extremely informative for direct visualization of
the stresses dynamically developing inside the system. Second
term 𝛾

𝜕xjk
𝜕t

in the Fx
jk definition describes energy dissipation,

which in balance with the noise 𝜉(t, yjk) determines effective
temperature of the system (in correspondence to fluctuation-
dissipation theorem).
One has to note, that to some extent, the energy flow here

reminds convection, yet without material transport. However,
the mutual currents of the localized energy excitations and
waves result in an equilibrium between effective “temperature”
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distribution and dissipation in average, when the system attracts
to a stationary process. It is important to note that many results,
which one can obtain in less time consuming 2D (sometimes
even 1D) simulations, can be exploited to understand (to visual-
ize) the results of more complicated 3D case. As a rule one can
treat planar pictures either as a result of the averaging along one
of the directions or as a cross section of the distribution by any
of the planes in space.

2.3. 2D System and Generation of the Elasticity and Damping
Maps

Independently of the relative mathematical simplicity, 2D mod-
elling is also practical from experimental point of view. Many
data for biological materials are presented in a form of different
cross-sections images or scans (2D, not 3D) supplied with experi-
mentally determinedmaterial properties such as elasticity modu-
lus, viscosity, etc. So, one can easily incorporate this information
into the 2D material model as a specific layer(s). This approach,
among others, we will use later.
However, its disadvantage is that the data about biological ob-

jects often exist for unique or very few realizations. It does not al-
low properly validate the model, calibrate the calculated stress or
energy dissipation maps, test different hypotheses about the role
of the particular material combination or shape design. To per-
form a regular study it is important to have universal approach
as how to generate plenty of the artificial systems for statistical es-
timations and extraction of any other necessary information on
demand. Natural “spotted” patterns may be generated in major-
ity of the cases using the frozen kinetic process.[14] So, if one will
mimic such a process systematically with some small number of
the varied parameters, it will give simple, fast, and quite regular
method to generate the patterns of cells separated by the walls
and test them sequentially.
Generally speaking, themechanisms of such pattern assembly

at different physical scales are different and inmany cases remain
not clearly understood, but some models already exist, in partic-
ular for the self-assembly processes in the ommatidia gratings
of insect eyes, for snake skin nanodimples, and for the arach-
nid cerotegument.[16] Below, we briefly reproduce basic ideas of
a numerical model that allows us to study the effect of different
interactions between different substances on the morphology of
the final structure. Mathematically, this problemwas related with
searches for the optimal packing of a given number of pores or
particles with maximization of the minimum distance between
them.[17] The aimwas to alter themodel parameters in such away
that structures similar to those observed experimentally could be
numerically reproduced based on the principle of frozen kinetics.
Different sizes of the cells disturb the optimal hexagonal distri-
bution and generate other locally optimal distributions described
in the framework of random packing frozen on a way to a mini-
mum of energy.[18]

In all these cases, the process involves the interaction of many
spatially distributed densities, and its direct simulation can cause
extremely time-consuming calculations. Fortunately, other solu-
tion has been already found by us before,[19] which produced very
realistic patterns and for the goal of the present study we actually
do not need to reproduce complete procedure.

The final structure appeared in the simulation process using
continuous densities from distributed nucleation centers resem-
bles the so-called Voronoi diagram with thick cell boundaries.
Even formal mathematical definition of the Voronoi diagram re-
produces “kinetic origination” of such a structure.[20] Voronoi
construction is actively used to model mechanical properties of
different cellular materials.[21] Therefore for the goal of present
work we need only generate the discrete nucleation center distri-
bution similar to.[21,22] To produce a homogeneous distribution
of the cells we used the following procedure.
This part of the model describes a system of Nmovable parti-

cles represented by the vector radius ri, the momentum pi, and
the interaction potential U(|ri − rj|)corresponding to the follow-
ing Hamiltonian:

H(ri, pi) =
N∑
i=1

p2i ∕2mi +
N∑

i,j=1
U(|ri−rj|)∕2 (10)

It is opportune to represent the interaction potential by a pair
of the Gaussians:

U(|ri − rj|) = Cij exp{−[(ri − rj)∕cij]
2} − Dij exp{−[(ri − rj)∕dij]

2}

(11)

where Cij and Dij define the magnitude, while cij and dij the radii
of repulsion and attraction interactions, respectively. The mini-
mization condition corresponding to a formal equilibrium reads
as follows: Cij >> Dij, cij < dij.
The particles are initially placed randomly on a rectangle with

the sides [0, Lx] and [0, Ly]. For the particular problem, it is nat-
ural to employ reflecting boundary conditions: Uup = C exp[(y −
Ly)∕c] and Udown = C exp[−y∕c] for the vertical axis, for the hori-
zontal axis y should be substituted by x in the previous expres-
sion. The larger C and c compared to Cij and cij, the more rigid
and sharp are the potential walls in relation to other forces and
lengths relevant to the system. The Hamiltonian given by Equa-
tion (10) can be easily applied not only to one- but also to two-
component systems, which are of interest in this paper. What
is required is just to specify the parameters C11, C22, C12 = C21,
etc. Moreover, it is even useful to distribute these parameters in
some reasonable intervals to get the desired distributions of the
frozen seed positions (in concern with the experimentally moti-
vated preferences).
Simplicity of the equations of motion,

mi𝜕vi∕𝜕t = −𝜕H(xi, pi)∕𝜕pi = fi (12)

is deceptive. Summation of interactions with all the neighbors
including very distant ones at every time step, is required. In ad-
dition, to stimulate a stronger seeds’mixingwe couple the system
to a thermal bath:

⟨
𝜉(t, xi, yi)𝜉(t

′, xj, yj)
⟩
= D𝛿(t − t′)𝛿ij ⟨𝜉(t, xi, yi)⟩ = 0 (13)

where D = 2𝛾kBTm∕dt, kB is the Boltzmann constant, 𝛾 is a dis-
sipation constant, T regulates an intensity of noise of any phys-
ical nature, and dt is the discrete time step. Besides, interacting
particles exchange momentum, and hence a dissipation channel

Adv. Theory Simul. 2023, 6, 2300272 2300272 (4 of 10) © 2023 The Authors. Advanced Theory and Simulations published by Wiley-VCH GmbH
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Figure 2. Typical realizations of the Voronoi diagrams depending on varied number of the cells are shown in the subplots (a)–(c). Analogous diagrams
obtained at varied widths of the walls are reproduced in the subplots (d)–(f), respectively.

acting to equilibrate the relative velocities of particles that hap-
pen to be within the distance cv close to the equilibrium has to be
introduced. This is done by including an additive force:

f vi ∼
N∑

j = 1

(
vi − vj

)
exp

[
−[
(
ri − rj

)
∕cv]

2
]

(14)

acting on the ith particle, with yet another dissipation constant
𝜂. As a result, the equation of motion, Equation (12), should be
replaced with more realistic one and has the following form:

mi

𝜕vi
𝜕t

= f ri − 𝜂f vi − 𝛾vi + 𝜉(t, ri) (15)

It can be integrated using Verlet’s method.
Despite of relative computational complexity, the system

quickly approaches a quasi-static configuration (or configuration
with given fraction of the defects with five- and sevenfold seeds if
the annealing is applied). Now, the last part of the procedure re-
mained is to plot a standard Voronoi diagram with desired width
of the cell boundaries and save it as a matrix with given number
of nodes (in Equation (5)) along x- and y-coordinates (Figure 1).
Now the simulations could be performed to solve the viscoelas-
tic problem described by Equation (5) and the image-like discrete
Voronoi diagram will play a role of the “masks” to define elastic
(dissipative, and other properties of the simulated system).
To summarize the main ideas of the approach, let us briefly

repeat general structure of the simulation process. The simula-
tion is organized as follows: we take a discrete set of the points
randomly distributed inside a box with given width and length.
Using dynamic equations in the form of Equation (15) we al-
low them to order themselves into intermediate equilibrium dur-
ing fixed (limited) time interval and “freeze” this state, which
is used further as a basic array of the centers of Voronoi’s dia-

Figure 3. Instant spatial distributions of the energy dissipation and abso-
lute force shown by the color maps. If it was possible, simulation param-
eters were taken equal to one (m, k1, lattice constant a); Nx = 500, Ny =
250; kT and amplitude of external force f was equal to 0.1; constants for
generation of cell nodes: C = 5, D = −0.02, c = 0.2, d = 0.5, see text for
more details. Red color corresponds to the high intensity, blue to the small
one, respectively.

gram of a particular sequence of the numerical experiment with
varied other parameters of the system under consideration. In
particular, randomness (standard deviation of the volumes of the

Adv. Theory Simul. 2023, 6, 2300272 2300272 (5 of 10) © 2023 The Authors. Advanced Theory and Simulations published by Wiley-VCH GmbH
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Figure 4. Fine structure of the instant distributions inside the box marked by the rectangle in the previous figure. The waves differently penetrating into
the system through the channels formed by the cell boundaries and inside the cells by themselves are well seen also in the movies in the supporting
information.

Figure 5. Color maps of the same variables as in Figure 3 accumulated
during long run to the equilibrium distributions.

individual voids, generated by the numerical procedure) is deter-
mined by a time at which intermediate stage was frozen.
Depending on a particular goal, we either vary the width of

the wall between of the cells of the same Voronoi’s diagram or
change number of the cells (equals to number of points) with
fixed width of the walls between them. After its generation we
use obtained diagram as a “mask” and fill it by the elastic mesh
having lattice constantmuch smaller than the size of the diagram
cells, and simulate elastic properties of the constructed structure
using Equation (5).

Taking into account generality of the approach we do not as-
sociate the system with any particular substance, and take all the
physical parameters dimensionless having unit interaction con-
stants (as well as lengths, masses, etc.) and self-consistently com-
pare all the results only between themselves. It allows get further
presentation of the general approach as simple as possible and
maximally transparent.
All simulations were performed in MATLAB (MathWorks).

The parameters used in the numerical simulations are dimen-
sionless. The parameter values were combinatorial varied in a
wide range. It was found that the numerical procedure is very ro-
bust and qualitative results are stable. The particular values of pa-
rameters are reported in the figure legends, for example, Figure 3.

3. Cellular Material Simulation

3.1. Numerical Preparation of Cellular Matrix

Different realizations of 2D cellularmaterial were prepared using
Voronoi diagram following the description in Section 2.3 with
varying cell size (Figure 2a–c) and with varying cell walls width
(Figure 2d–f). Further, the simulationswere performed according
to Equations (1)–(7).
Mechanical stresses in living systems are often generated by

the periodic external forces and act on the system boundaries.
Here, the extension/compression cyclic force was applied to the
top area of the foam to simulate the twig bending. Figure 3
demonstrates the stress distribution (forcemap) and energy dissi-
pation at this process. Irregular surface waves appear at periodic
extension/compression of the top area.
The squares in Figure 3 indicate the area of the detailed view

of the energy dissipation and stress maps, Figure 4 (Video S1,
Supporting Information). Propagating waves are nicely seen in-
side the sample at the deformation process. The stress waves are
correlated with the dissipation waves.
Since the applied deformation is periodic, it is useful to

integrate the stress and energy dissipation maps. Figure 5

Adv. Theory Simul. 2023, 6, 2300272 2300272 (6 of 10) © 2023 The Authors. Advanced Theory and Simulations published by Wiley-VCH GmbH
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Figure 6. Typical time dependencies of the dissipation energy and stress integrated over wall- and cell-subsystems (blue and green curves, respectively)
plotted together with their total values for the complete system (red curve). The bold curves depict values averaged over a certain time window.

Figure 7. The dependencies on the number of cells of the dissipation and absolute force integrated over space and time for both wall- and cell-subsystems
plotted together their total values integrated over complete system. The colors of the curves are the same as in Figure 6.

Figure 8. Width’s dependencies of the dissipation and absolute force. The colors and the meaning of the curves are the same as in Figure 6.

Figure 9. Dependencies of the dissipation and absolute force on the dissipation constant of the substance inside the cells, varied from an extremely
small value up to its value coinciding with the dissipation inside the walls. The colors and the meaning of the curves are the same as in Figure 6.

Adv. Theory Simul. 2023, 6, 2300272 2300272 (7 of 10) © 2023 The Authors. Advanced Theory and Simulations published by Wiley-VCH GmbH
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Figure 10. Possible further modifications of the structures to study further: a,b) radial gradients of the wall widths; c) linear gradient of the wall widths; d)
combined structure with large cells having wide walls and internal “foam” formed by the smaller cells with narrow walls; e) gradient formed by different
number of the cells along some axis; f) the same structure as in subplot e) with the cells filled by another material.

demonstrates the integrated maps of the equilibrium stress
and dissipated energy distributions across the sample. The
transition to the equilibrium energy and stress distributions is
presented in Figure 6. As it is seen from the transition graphs,
the contribution of the intracellular (“dummy”) material to the
total energy dissipation and total stress is rather small.
Next, the systems with different number of cells were gener-

ated, and the dependence of the total dissipated energy and of
the total stress on the number of cells was studied. Since en-
ergy dissipation takes place in the cell walls the energy dissipa-
tion increases with increasing number of cells, Figure 7. How-
ever, with ten times increase of the number of cells the energy
dissipation increases just 1.46 times and its contribution for the
cell-subsystem decreased three times. The changes in the mean
stress and for the stress related to the cell-subsystem are 1.5 and
2.5 times, respectively, and they correlate with the energy dissi-
pation changes.
When there is no material inside the cells, the foam density

increases with decreasing cell size and increasing cell wall thick-
ness; at the same time the porosity of the foam decreases. Poros-
ity is the ratio of the void volume to the general foam volume.
The porosity equals to 0.541 for the system presented in Figure 5.
The effect of the stress increase with increase of the number of

cells, cell wall width or with just increase of the material density
was already experimentally observed.[23] Also hysteresis loss in-
creases with an increase of the polyurethane foam density was
reported.[24]

In a separate numerical experiment the cell wall thickness was
also varied, Figure 8. In the numerical experiment it changed
7 times. Although the energy dissipation increases just 1.29
times for the whole system and decreases two times for the cell-
subsystem at cell wall thickness increase. The mean stress in the
cell-subsystem decreases 4 times whereas it does not change in
the whole system.
The model allows also to investigate what happens if the cells

are filled with viscousmedia (as, e.g., in the plant cells).When the
dissipation constant in the cell-subsystem approaches the value
in the wall-subsystem, the contributions of the mean stress and
energy dissipation in cell- and wall-subsystem approaches each
other, but does not reach the same value, Figure 9. At the equal
dissipation constants, two times more energy is dissipated in the
wall-subsystem than in the cell-subsystem. The mean stress in
the wall-subsystem remains two times higher than in the cell-
subsystem as well. Interestingly, the mean stress and energy dis-
sipation of the whole system significantly decrease with increas-
ing dissipation constant of the cell-subsystem.

Adv. Theory Simul. 2023, 6, 2300272 2300272 (8 of 10) © 2023 The Authors. Advanced Theory and Simulations published by Wiley-VCH GmbH
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Figure 11. Color maps and time dependencies of the force and dissipation inside the structure which combines large cells having wide walls and internal
“foam” formed by the smaller cells with narrowwalls. Dashed green and blue lines show the dissipation inside (or outside) large cells calculated including
(or extracting) the impacts from the dissipation due to fine internal substructure of these cells, respectively.

Using the suggested approach it is also possible to generate ra-
dial and linear gradients of the cell walls thickness and gradient
of the cell size, Figure 10. It is possible to vary the properties of
the material inside the cells. Other possibility is to build hierar-
chical cellular structure. For example, big cells may be filled with
smaller cells having thinner cell walls, Figure 10d. Figure 11 rep-
resents the simulation results of a hierarchical organized foam.
As one can see, the behavior of a hierarchical system differs
from that of the system consisting only of the same small cells,
Figures 5 and 6. It is also obvious, that the energy dissipates
mainly in the thick walls.

4. Conclusion

The damping properties of a cellular material were analyzed us-
ing an intuitive clear and flexible model introduced here. The
model demonstrates that along with the average stress decrease
at an increased dissipation constant for the intracellular material,
an energy dissipation decrease was observed. By increasing cell
density, the average stress and the energy dissipation increased.
By increasing cell wall thickness just the energy dissipation in-
creased. The general average stress remained independent on the
wall thickness. However, the average stress in cell wall material
increased with an increasing wall thickness. It was demonstrated
that in a hierarchical structure the energy dissipation takes place
mainly in the thick walls.
The presented approach allows to digitalize (Figure 1), and to

generate (Figure 2), diverse 2D cellular materials, to implement
different types of gradients and structural hierarchy (Figure 10).

Foams with a filling material inside the cells could be mod-
elled as well. Direct comparison of different real biological struc-
tures could be also performed, especially in the cases when real
measurements are impossible. The presented approach allows
screening the influence of further material features and struc-
tural parameters on different properties of biologically inspired
cellular materials at different loading conditions. It performs dy-
namical simulations in a rather simple way and visualizes the
stress and dissipation energy waves in addition to representation
of the accumulated parameters. Taking into account the novelty
of the preliminary results it is reasonable to perform further sim-
ulations and to improve the presented approach further.
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