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ABSTRACT

Many organisms contain extrachromosomal genetic elements, additional
components of the genome outside of the main chromosomal component.
Mathematical modelling has already made an extensive contribution to the
theoretical population genetics of normal, chromosomal genes, but extra-
chromosomal genetic elements are less well studied. In this thesis, I de-
velop mathematical models of the contribution of two extrachromosomal
genetic elements, plasmids in bacteria and eccDNA in yeast, to the evolu-
tionary rescue of their hosts. In both cases, the unique extrachromosomal
properties of the genetic system facilitate their contribution to the rapid
adaptation of the host to an environmental change.

First, however, I set out, in the first two chapters, an overview of plasmid
biology suitable for an audience of modellers, and introduce both the ex-
isting body of empirical knowledge of plasmids and the existing modelling
work and open questions. This introduction will hopefully help to expand
the existing body of plasmid theory by easing the process of starting out
for new plasmid modellers. I also address a confusion that has arisen in the
plasmid literature between the distribution of plasmid lengths and the dis-
tribution of log-lengths. This clarification will avoid misleading inferences.

In the third chapter, I develop a model of evolutionary rescue of a bac-
terial population in a scenario of heterozygote advantage. Multicopy plas-
mids can provide heterozygosity and allow a population to be rescued in
a heterozygote advantage context. Heterozygosity of plasmids is subject to
constant loss, however, due to random segregation of plasmid copies on cell
division. I determine establishment and rescue probabilities, and derive an-
alytical expressions for the threshold fitness of heterozygotes required to
overcome loss to segregation, among other results.

In the final chapter, I develop and analyze a model of evolutionary res-
cue of a yeast population by gene amplification on eccDNA. In particular,
the model shows the role of biased eccDNA segregation in enabling rescue.
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ZUSAMMENFASSUNG

Viele Organismen beinhalten extrachromosomale genetische Elemente, zu-
sätzliche Komponenten des Genoms, die außerhalb der chromosomalen
Hauptkomponente liegen. Mathematische Modelle leisten schon einen um-
fangreichen Beitrag zur theoretischen Populationsgenetik der normalen,
chromosomalen Gene; extrachromosomale genetische Elemente aber sind
nicht so gründlich erforscht. In dieser Arbeit stelle ich mathematische Mo-
delle des Beitrags zweier extrachromosomale genetische Elemente, die Plas-
miden in den Bakterien und die eccDNA in den Hefen, zur evolutionären
Rettung ihrer Wirte vor. In den beiden Fällen erleichtern die einzigartigen
extrachromosomalen Eigenschaften dieser genetischen Systeme ihren Bei-
trag zur schnellen Adaptation des Wirtes an einem Umgebungswandel.

Zuerst aber nehme ich vor einen zu einem Publikum der Modellierer
angemessen Überblick der Biologie der Plasmide zu geben und sowohl das
bestehende Korpus des empirischen Wissens der Plasmide als auch die be-
stehenden Modelle und offenen Fragen. Hoffentlich wird diese Einführung
das bestehende Korpus der Plasmidentheorie vergrößern durch die Erleich-
terung des Einsteigsprozesses. Ich gehe auch eine Verwechslung an, die
in der Plasmidenliteratur aufgetreten ist: die Verwechslung zwischen der
Verteilung der Längen der Plasmiden und der Verteilung der Logarithmen
der Längen. Diese Verdeutlichung wird missverständliche Folgerungen ver-
meiden.

Im dritten Kapitel, entwickle ich ein Modell der evolutionäre Rettung
einer Bakterienpopulation in einem Szenario des heterozygoten Vorteil.
Multikopie-Plasmiden können Heterozygotie erzeugen und eine Popula-
tion in einem Heterozygoten-Vorteil-Szenario gerettet werden lassen. Die
Heterozygotie der Plasmide unterliegt aber stetigen Verlusten wegen der
zufälligen Segregation der Plasmidkopien während der Zellteilung. Ich be-
stimme Etablierungs- und Rettungswahrscheinlichkeiten, und leite analy-
tische Ausdrücke für die Heterozygote-Fitnessschwelle, die erforderlich ist,
um Segregationsverlust zu überwinden, her.

Im letzten Kapitel, entwickle und analysiere ich ein Modell der evolu-
tionäre Rettung einer Hefenpopulation durch Amplifikation der Gene auf
eccDNA. Insbesondere, das Model zeigt die Rolle der verzerrten eccDNA-
Segregation bei der Ermöglichung der Rettung.
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chapter 1

INTRODUCTION

The genomes of all organisms are mostly composed of one or more chromo-
somes, which contain the vast majority of their genetic information. There
are also, however, a variety of extrachromosomal genetic elements found in
different organisms which exist independently from the chromosomal com-
ponent of the genome. Well-known examples include the plasmids found
in prokaryotes (and some fungi) and the organelle (mitochondrial and plas-
tid) genomes of eukaryotes (Rush and Misra 1985); other types include ex-
trachromosomal circular DNA, found in a wide variety of eukaryotes, and
accessory or supernumerary chromosomes found in many organisms (Ca-
macho et al. 2000).

There are few properties that are common to all the various types of ex-
trachromosomal element. They are often nonessential, or accessory, genetic
elements which are not found in all individuals of a species, and therefore
must not carry any essential genes (indeed, in the case of plasmids, this
is often taken as a defining characteristic). However, the genomes of mito-
chondria and chloroplasts provide a counterexample, as they are absolutely
vital to their host cells. They often exist in more copies, often many more
copies, than the chromosomal DNA; but some plasmids exist in only one
copy per cell. Occasionally they are horizontally transferable, but this is by
no means universal. The one universal constant is that they are somehow
separated from the chromosome or chromosomes, which exempts them
from the strict control of chromosomal replication or segregation. Some
extrachromosomal elements replace this with their own regulation, while
others are simply less strictly regulated; in either case, the result is that
some component of the life cycle of the extrachromosomal element occurs
independently of the chromosome. The inheritance of traits carried on ex-
trachromosomal elements is therefore distinct from chromosomal inheri-
tance.

The first extrachromosomal genetic elements were discovered on the ba-
sis of the non-Mendelian inheritance of the traits they carried. Variegation
of leaves in plants played an important role here: the first work on genetics
of extrachromosomal genetic elements was the discovery that the plastids
of plants had heritable genetic information, which was responsible for var-
iegation in some plant species (Baur 1908; Correns 1908; Hagemann 2000).
Later, McClintock (1932) found the first examples of extrachromosomal cir-
cles in variegated corn leaves. Bacterial plasmids entered the scene a few
decades later, with the discovery of horizontally transmissible drug resis-
tance factors in bacteria leading to an explosion of interest (Lederberg 1952;
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1. Introduction

Falkow 1975; Helinski 2022).
Around the same time that the first extrachromosomal elements were

being discovered, the foundations of population genetics were being laid
by the work of Fisher (1923) and Haldane (1927). Over the subsequent cen-
tury, the theoretical population genetics of chromosomal genes has devel-
oped extensively, but perhaps unsurprisingly, extrachromosomal genetic
elements have been less deeply explored. The extrachromosomal nature of
these elements provides unique considerations for their inheritance, which
need to be taken into account in the development of models of their popu-
lation genetics. The wide diversity of different types of extrachromosomal
element mean that these considerations will be very different for different
types of element, and models will generally be quite specific to a particular
genetic system and corresponding set of mechanisms.

* * *
Evolutionary rescue occurs when a population which would have gone ex-
tinct due to maladaptation is instead rescued by an evolutionary change
that leaves the population better adapted to its environment and able to
grow and thrive (Carlson et al. 2014). Rescue therefore lies at the interface
between ecology and evolution: the central process of interest is an evolu-
tionary change, but in a context where the demography of the population
cannot be ignored. Once an environmental change to which a population
is sufficiently maladapted to have absolute fitness below one occurs, a race
between the demographic decline of the population and the processes of
adaptive evolution begins. The demography of the initial population as
it goes extinct plays an important role, as the declining population makes
adaptive evolution less likely as it provides less and less mutational in-
put and loses standing genetic variation. But the demography of the new,
adapted population also has an important role to play: this population will
initially consist of a small number of individuals (if the allele that rescue
the population arises as a novel mutation, the population will initial consist
of a single individual), and in the early stages of rescue it will be in danger
of loss to demographic stochasticity despite its higher absolute fitness.

The name evolutionary rescue was introduced, and some of the first
models of evolutionary rescue were developed, by Gomulkiewicz and Holt
(1995). The most common modelling approach today, where a branching
process is used to model the establishment of the allele that rescues the
population, was introduced by Orr and Unckless (2008). Today, there is a
panoply of different models of evolutionary rescue looking at a variety of
different ecological contexts and underlying genetic bases for rescue (e.g.
Uecker and Hermisson 2011; Orr and Unckless 2014; Tazzyman and Bon-
hoeffer 2014; Santer and Uecker 2020; Geoffroy and Uecker 2023; Madg-
wick et al. 2024). The study of evolutionary rescue has been largely driven
by theorists, and models make up and important part of its literature. This
may be because it is difficult to show definitively that any particular pro-
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posed natural example of rescue really is evolutionary rescue, since it re-
quires matched genetic and demographic data from the population (Carl-
son et al. 2014). Nonetheless, there are some fairly well-confirmed exam-
ples, and an empirical literature on rescue in experimental evolution (Mar-
tin et al. 2013). To see the importance of evolutionary rescue, however,
one need only think of the example of antibiotic resistant bacteria. The de-
velopment of antibiotic resistance is a very serious problem in the clinical
context, which threatens our ability to treat bacterial infections (Bennett
2008; Carattoli 2013). The emergence of resistance in a population sub-
jected to antibiotic treatment is also a classic evolutionary rescue scenario
(provided of course that the mechanism of resistance has a genetic basis,
but this is usually the case).

* * *
In this thesis, I bring evolutionary rescue and extrachromosomal genetic
elements together. I develop and present models of evolutionary rescue
scenarios in which the underlying genetic basis for rescue is a gene carried
on an extrachromosomal element. These models will involve two different
types of extrachromosomal element, plasmids in bacteria and extrachromo-
somal circular DNA (eccDNA) in yeast. As mentioned above, the specific
biology of the type of extrachromosomal element is of central importance
to the population genetics of genes on that element. I will not go into more
detail here about the biology of plasmids, however, because Chapter 2 pro-
vides an extensive overview of all aspects of plasmids. Aimed at an audi-
ence of modellers—who are likely to have basic biological knowledge, but
not to be familiar with plasmids specifically—the chapter covers a wide
variety of topics, including the abundance and diversity of plasmids, the
genes they carry, their regulation of their own replication, horizontal gene
transfer, and their interactions with other plasmids, their hosts, and other
genetic elements. The goal of the project that lead to this chapter was to
provide an introduction that would let modellers interested in plasmids get
up to speed quickly on the background they need; to that end, the chapter
also includes discussion of common methods and open problems in plas-
mid modelling.

In the process of writing Chapter 2, I wished to make a figure show-
ing the distribution of the lengths of plasmids observed in bacteria (what
is now Figure 2.1). In the process, I noticed that the shape of the distribu-
tion in my figure was qualitatively different than the shape in comparable
figures I had seen in other papers. After a bit of puzzlement, I realized
that it was customary to use a logarithmic scale for the plasmid length axis,
as opposed to my linear scale, and this meant that most of the figures in
the literature were actually showing the distribution of the log-length of
plasmids, which has a notably different shape. Although that fact that the
shape of the distribution of a quantity and its logarithm differ may seem a
technical mathematical point, the difference in shape can affect biological
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1. Introduction

inferences we draw from the distributions: for example, the distribution
of log-lengths of plasmids is obviously bimodal, while the distribution of
lengths is not. Chapter 3 is a letter written to point out this consideration
to plasmid biologists, and to argue for being careful to make biologically
motivated choices for the transformations used in presenting data.

In Chapter 4, I finally get down to the business of evolutionary rescue.
In this chapter, I develop and analyze a model of evolutionary rescue by
plasmid-mediated heterozygosity. In this scenario, not only is the gene re-
sponsible for rescuing the population located on a multicopy plasmid and
not on the chromosome, but also there is not a single allele that can rescue
the population: instead, two distinct alleles must be maintained together
in a cell to provide the phenotype needed for rescue. In this heterozygote-
advantage context, the survival of the population requires the growth of
heterozygote cells to exceed the constant loss of heterozygosity caused by
the random segregation of plasmid copies at host cell division. I determine
the establishment probabilities of new rescue mutations and rescue prob-
abilities of the population. These are both zero (that is, establishment and
rescue become impossible) when a condition on the heterozygote fitness
and plasmid copy number is not satisfied. I derive an exact analytic ex-
pression for this threshold condition. I present some smaller results on the
rescue process, and also explore the effect of plasmid fusion on establish-
ment.

In Chapter 5, I turn away from plasmids to examine extrachromoso-
mal circular DNA (eccDNA), small circular DNA molecules found in the
nuclei of a wide variety of eukaryotes. I again develop an evolutionary res-
cue model, this time with yeast hosts carrying eccDNA. Like the plasmid
model, there is an additional aspect to the evolutionary rescue scenario be-
yond just the presence of the rescue allele on an extrachromosomal genetic
element. Since an eccDNA copy does not carry its “own” genes, but is a copy
of a region of the chromosome, the evolutionary change leading to rescue in
this case will not be the arrival and establishment of a novel mutation, but a
change in copy number of an existing gene, which will be amplified on the
eccDNA. I present analytic and simulation results showing the distribution
of eccDNA copy numbers and the probability of rescue of the population.
In particular, I examine the effect of our assumptions about eccDNA repli-
cation and the degree of bias in the segregation of eccDNA copies on rescue.
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chapter 2

A MATHEMATICIAN’S GUIDE TO PLASMIDS: AN
INTRODUCTION TO PLASMID BIOLOGY FOR

MODELLERS

Abstract. Plasmids, extrachromosomal DNA molecules commonly found in bacterial
and archaeal cells, play an important role in bacterial genetics and evolution. Our un-
derstanding of plasmid biology has been greatly furthered by the development of math-
ematical models, and there are many questions about plasmids which models would be
useful in answering. In this review, we present an introductory, yet comprehensive,
overview of the biology of plasmids suitable for modellers unfamiliar with plasmids who
want to get up to speed and to begin working on plasmid-related models. In addition
to reviewing the diversity of plasmids and the genes they carry, their key physiological
functions, and interactions between plasmid and host, we also highlight selected plas-
mid topics which may be of particular interest to modellers and areas where there is a
particular need for theoretical development. The world of plasmids holds a great variety
of subjects that will interest mathematical biologists, and introducing new modellers to
the subject will help to expand the existing body of plasmid theory.

2.1 Introduction

Plasmids are extrachromosomal DNA molecules common in many bacteria
(Summers 1996). They replicate independently from the chromosome (and
from other DNA molecules in the cell), and often exist in the cell in mul-
tiple copies. They can be transmitted vertically to daughter cells on host
cell division and in some cases horizontally to other bacteria. The simplest
plasmids are effectively parasites of their hosts: they colonize the host and
use its cellular machinery to reproduce themselves. But they also form part
of the bacterial genome, and genes located on plasmids have effects on the
metabolic processes of their hosts, on the host phenotype, and therefore on
host fitness. The most studied of these plasmid-borne genes are antibiotic
resistance genes, which are a serious threat to the continuing effectiveness
of antibiotics in clinical use (Falkow 1975; Carattoli 2013).

The term “plasmid” was coined by Lederberg (1952) to refer to any ge-
netic determinant outside the chromosome, including chloroplast and mi-
tochondrial genomes and certain viruses, but is now restricted to the simple
extrachromosomal DNA molecules found in bacteria, archaea, and some

This chapter has been published as: Ian Dewan and Hildegard Uecker (2023). “A math-
ematician’s guide to plasmids: an introduction to plasmid biology for modellers”. In:
Microbiology 169.7, doi: 10.1099/mic.0.001362
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2. A Mathematician’s guide to plasmids

eukaryotes. Historically, plasmids were of interest for two primary rea-
sons: horizontal transfer between cells and antibiotic resistance. The ear-
liest plasmids discovered were capable of transferring themselves between
bacterial cells (Falkow 1975, p. 9), and this novel method of horizontal gene
transfer was of great interest to bacterial geneticists. Antibiotic resistance
plasmids were also discovered early on: this greatly increased interest in
plasmids as a clinically important contributor to the spread of antibiotic
resistance (Helinski 2022). Today, a much greater variety of plasmids are
known and studied by biologists. As components of the bacterial genome,
plasmids play an important role in the evolution of bacterial populations;
therefore, a clear understanding of all aspects of plasmid biology is nec-
essary to a full understanding of bacterial genetics. Plasmids are also of
interest in their own right, as evolving biological entities.

Mathematical modelling can make, and has already made, an impor-
tant contribution to understanding the biology of plasmids and their role
in the ecology and evolution of bacteria. Existing literature (reviewed in
Hernández-Beltrán et al. 2021) includes models focusing both on funda-
mental plasmid biology and on particular contributions of plasmids to bac-
terial populations, especially to antibiotic resistance. Mathematical ap-
proaches are diverse and depend on the question at hand: we briefly re-
view them in Box 2.1. While a large number of plasmid models exist, this
number is still small in the light of their biological interest. For those in-
terested in learning about plasmids, there are a large variety of existing re-
views covering plasmids and their evolution generally (Rodríguez-Beltrán
et al. 2021a; Hall et al. 2021b; Helinski 2022), the diversity of plasmids
(Fernandez-Lopez et al. 2017; Garcillán-Barcia et al. 2011; Hülter et al.
2017), antibiotic resistance plasmids (Bennett 2008; Carattoli 2013; Gama
et al. 2018; Zwanzig 2021), the physiological functions of plasmids (Bahl
et al. 2009; Bingle and Thomas 2001; Solar and Espinosa 2002; Solar et al.
1998; Novick 1987; Zielenkiewicz and Cegłowski 2001), and interactions
between plasmids and between hosts and plasmids (Dionisio et al. 2019;
Gama et al. 2018; Garcillán-Barcia and Cruz 2008; Getino and Cruz 2018;
San Millan and MacLean 2019; Vial and Hommais 2019). Why therefore
another review article? The diversity and complexity of plasmids can eas-
ily be overwhelming for those without prior knowledge, which includes
many theoretical biologists who originally have a background in a subject
other than biology such as mathematics, physics, or computer science. In
particular, as soon as a novice sets up a model, many questions about mean-
ingful biological assumptions appear. To lower the hurdle to start working
on plasmids, we here present an overview of plasmid biology explicitly
targeted at modellers new to the field. An introduction to plasmids for
modellers could certainly have various levels of biological detail and com-
plexity: here, we want to go beyond a basic and largely conceptual level.
From our own experience, we mostly see the need for a review that, while
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2.1. Introduction

introductory, does not oversimplify the biology. While no prior knowledge
about plasmids is required to read the article, some background about bac-
teria and microbiology is assumed. In the interest of accessibility to mod-
ellers with differing knowledge of microbiology, we provide a glossary of
terms used: terms in the glossary are marked with an asterisk on first use.

Box 2.1: Modelling approaches used in plasmid models.

A variety of methods have been applied to modelling plasmids and
their hosts. The oldest and most widely used are deterministic dif-
ferential equation models that divide the host population into groups
based on plasmid content, in the simplest case just plasmid-carrying
and plasmid-free bacteria. These models track the population sizes of
the groups, coupling the population dynamics with the dynamics of
the plasmid. This technique has been applied to exploring the effects
of conjugation on plasmid dynamics (Levin et al. 1979; Lundquist and
Levin 1986) and to the “plasmid paradox” (Stewart and Levin 1977;
Levin and Stewart 1980; Bergstrom et al. 2000; Lili et al. 2007) (dis-
cussed further in Boxes 2.4 and 2.5 respectively), as well as many other
questions (Condit and Levin 1990; Mongold 1992; Rankin et al. 2012;
Lehtinen et al. 2021). Some models use difference equations in a simi-
lar fashion (Hoeven 1985; Ponciano et al. 2007). Stochastic simulations
of such models, usually with stochastic rates paralleling the transi-
tion rates of the deterministic models, are also common (Ponciano et
al. 2007; Tepekule et al. 2019). Other models have used analytical
stochastic approaches (Novick and Hoppensteadt 1978); branching
process models are particularly useful when modelling the invasion
of a plasmid or the early spread of a novel plasmid variant (Tazzy-
man and Bonhoeffer 2013; Tazzyman and Bonhoeffer 2014; Santer
and Uecker 2020). While most plasmid models include population
dynamics, some models, in the tradition of population genetics, fix
the population size. Based on extensions of the classical Moran model
(Moran 1958), these models consider only changes in the relative fre-
quencies of cell types: these can be deterministic (Rankin et al. 2011;
Santer et al. 2022) or stochastic (Novozhilov et al. 2005; Santer et al.
2022). The final common approach is the use of individual-based
simulations (Summers et al. 1993; Krone et al. 2007; Werisch et al.
2017; Domingues et al. 2021), which allow a realistic incorporation
of many biological processes at the cost of little analytical tractability.
Although most models are of a host population, there are some mod-
els of plasmids within a single cell, both deterministic (Lee and Bailey
1984; Brendel and Perelson 1993) and stochastic (Seneta and Tavaré
1983). Of course, many studies combine multiple modelling methods:
particularly common are the combination of an analytically tractable
model of some sort with a simulation (Ponciano et al. 2007; Santer and
Uecker 2020; Domingues et al. 2021).
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The biology, the specific question, and the goal of the model de-
termine which processes and features are taken into account. Models
of a host population usually incorporate a few common biological pro-
cesses. The most basic of these is the host population dynamics, which
includes a growth model (often either exponential or Monod growth),
competition between cells (often via a Lotka-Volterra model or explicit
inclusion of a common resource), washout of cells (for chemostat mod-
els), and fitness costs or benefits to carrying particular plasmids. Hor-
izontal transfer is frequently included: see Box 2.4 for a discussion
of modelling horizontal transfer. Finally, loss of the plasmid during
segregation is also a common model component: this can be modelled
explicitly as a component of a stochastic model, but in ODE models
it is usually modelled as a flux of cells from a plasmid-carrying to a
plasmid-free compartment at a constant per capita rate. Other model
features include physiological changes in the cells or age structure in
the population (Lundquist and Levin 1986; Summers et al. 1993), mi-
gration (Rankin et al. 2011), explicit modelling of the segregation of
plasmids on host cell division (Hoeven 1985; Santer and Uecker 2020)
and plasmid replication during the cell cycle (Münch et al. 2019), and
many others.

The parameters associated with these models usually need to be as-
signed values, although for some models it may be possible to obtain
analytical results (e.g. Bergstrom et al. 2000). Many studies incorpo-
rate experimental and modelling work into the same study (Levin et
al. 1979; Krone et al. 2007; Garoña et al. 2023), and then the param-
eters can be estimated from the accompanying experiments. In the
absence of codesigned experiments, parameter values or plausible pa-
rameter ranges usually need to be obtained from the literature, either
directly or by additional parameter estimation from published data.
For models with one or few parameters, it may be possible to explicitly
explore the plausible parameter space. Otherwise, depending on the
goals and scope of the study, a parameter sensitivity analysis might be
required. Parameter estimates are usually obtained from in vitro ex-
perimental studies. Parameter estimation is often non-trivial (see also
Box 4 for the estimation of transfer rates). The parameterization of
in vivo models is notoriously difficult. An example of thoughtful and
sophisticated parameter estimation for an in vivo model is the method
developed by Tepekule et al. (2019), who make use of various kinds
of data and observations from multiple different sources, including
microbiome time series data, to parameterize their model.

In the next three sections, we focus on plasmids themselves, discussing
the variety of plasmids, their gene content, and the important physiologi-
cal functions they carry out; in the fifth section, we explicitly turn to the
relationship between plasmids and their hosts, considering plasmid-host
interactions, as well as interactions between plasmids. In four boxes, we
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highlight selected key topics related to plasmids and their hosts that are
especially captivating for modellers, and provide a few references to rel-
evant modelling work as a starting point for further reading. At the end
of the article, we discuss several areas where we see particular scope (and
need) for more modelling. Hopefully, the review will enable readers to be-
gin working on models that will expand our understanding of plasmids
and their hosts.

2.2 The natural history of plasmids

Plasmids are extremely widespread in the wild: bacteria and archaea from
almost all taxonomic groups have been found to contain them (Rodríguez-
Beltrán et al. 2021a). They also exist in eukaryotes, particularly fungi (see
e.g. Kiyosawa et al. 1993; Qin et al. 1993), and even in mitochondria within
eukaryotic cells (Silliker and Cummings 1990); but we shall focus our at-
tention on bacterial (and archaeal) plasmids. Precise quantification of the
frequency of plasmids in different taxa is complicated by variable search
effort: plasmids from bacteria of clinical importance or from model species
are overrepresented among sequenced plasmids, particularly those from
the Gammaproteobacteria, where antibiotic resistance plasmids have been
the subject of extensive study (Shintani et al. 2015).

Plasmids themselves may be naturally classified on the basis of biolog-
ically relevant properties. Perhaps the most important of these is the ca-
pacity for horizontal transmission* between bacteria by conjugation (the
details of conjugation are discussed below in section 2.4.3). Conjugative
plasmids carry all of the genes necessary for conjugation, and are therefore
self-transmissible; mobilizable plasmids do not carry the full transfer ma-
chinery, but have a sufficient subset to be able to undergo conjugation in
the presence of a conjugative plasmid which supplies the rest; the remain-
ing plasmids are nontransmissible. It has been estimated that about half of
all plasmids are nontransmissible, with the remaining half approximately
equally divided between conjugative and mobilizable (Smillie et al. 2010;
Coluzzi et al. 2022); however, recent results suggest that a large fraction
of plasmids that are traditionally classified as nontransmissible might in
fact be mobilizable, and mobilizable plasmids might make up the majority
of all plasmids (Ares-Arroyo et al. 2022). The capacity for conjugation is
connected to two other biologically relevant properties: plasmid size and
the number of copies of the plasmid maintained in a host cell. In general,
conjugative plasmids are large and have a low copy number (typically one
or a few copies per cell), while small plasmids, which tend to have a high
copy number, are more often mobilizable or nontransmissible (Rodríguez-
Beltrán et al. 2021a): see Figure 2.1. Nontransmissible plasmids exhibit a
much larger range of sizes then transmissible plasmids, and there are some
nontransmissible plasmids larger even than typical conjugative plasmids,
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which may be in the process of becoming accessory chromosomes* (Smil-
lie et al. 2010; Hall et al. 2021a). Plasmids may also be classified as broad
or narrow host range plasmids, depending on whether they are capable of
becoming established in a large variety of hosts, or are reliant on a partic-
ular group of bacteria (Bahl et al. 2009). Plasmids are also classified based
on topology, which has effects particularly on the biology of replication:
the majority of plasmids are circular, but some linear plasmids have been
found (Ravin 2011; Chen et al. 1993; Casjens et al. 2000; Ventura et al.
2007).

Beyond this division of plasmids based on broad properties, it is natu-
ral to develop a systematic biological classification of plasmid types. The
classical approach is to divide plasmids into incompatibility groups. We say
that two plasmids are in the same incompatibility group if they are incom-
patible; that is, if they cannot be stably maintained together in the same
cell line (Novick et al. 1976). This concept is perhaps a bit counterintu-
itive—plasmids are in the same group if they are incompatible with each
other—but it produces natural kinds because the cause of incompatibil-
ity is usually interference between common regulatory systems on the in-
compatible plasmids (Novick 1987): this mechanism of incompatibility is
shown in Figure 2.2A, and discussed further in Section 2.4.1. Because in-
compatible plasmids share fundamental genes, incompatibility groups may
be looked on as “species” of plasmids, and the production of new incom-
patibility groups as plasmid speciation (Chabbert and Roussel 1977; Sýkora
1992). It has been suggested that in the modern world of abundant plasmid
sequences, the concept of incompatibility groups could be replaced alto-
gether in favour of directly comparing sequences of fundamental plasmid
genes; this has been argued to address perceived conceptual limitations
such as the ability of single point mutations to create new incompatibility
groups (Petersen 2011; Garcillán-Barcia et al. 2009). These methods have
used the sequences of the replication proteins (REP classification), the con-
jugative transfer proteins (MOB classification), or the entire plasmid to re-
construct phylogenetic relationships between plasmids (Francia et al. 2004;
Fernandez-Lopez et al. 2017; Redondo-Salvo et al. 2020; Redondo-Salvo et
al. 2021; Garcillán-Barcia et al. 2023). We shall see below that plasmids can
fuse with each other and separate again, and they gain or lose segments by
the movement of mobile genetic elements or by recombination: therefore
the concepts of a plasmid type and the identity of a plasmid over time can
be quite fluid in practice, with plasmids that belong to multiple incompat-
ibility groups, or that significantly change their structure or gene content
while remaining in the same incompatibility group. For the purposes of
modelling, whether different plasmids count as being of the same type will
generally simply have to be imposed by the modeller.
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Figure 2.1: Distribution of plasmid lengths among mobility classes of plasmids.
Plasmid length data is taken from PLSDB (Schmartz et al. 2021, retrieved 1March
2023), and the distribution derived by kernel density estimation in R (R Core Team
2020) with the ggplot2 library (Wickham 2016). The top panel shows all plasmids
in the database; the bottom four panels show plasmids from the four bacterial fam-
ilies with the most sequences in the database. The graph was cut off at 300000 bp
for reasons of scale: 1844 plasmids in the database (5.34 % of the total) are longer
than the limit; the longest plasmid in the database is 4605385 bp. The plasmid
sequences in PLSDB have been annotated with MOB-typer (Robertson and Nash
2018), to identify putative relaxases* or conjugative genes (see the explanation
of these terms in section 2.4.3). Those plasmids with neither are nontransmis-
sible, those with both conjugative, and those with only the relaxase mobilizable;
note that this means that those mobilizable plasmids with an oriT but no relax-
ase are not recognized as mobilizable. The “weird” class includes those plasmids
which had conjugative genes but no relaxase: these would be nontransmissible,
but nonetheless have all the genes for a secretion system and mating pair forma-
tion. It is possible that these are misidentified conjugative plasmids, which have
an unknown relaxase, or misidentified mobilizable or nontransmissible plasmids,
which do not actually have conjugative genes.
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(A) Unstable inheritance (B) Entry/surface
exclusion

(C)Destruction of
incoming
plasmid

Figure 2.2: Mechanisms limiting coinfection of bacteria by multiple plasmids.
(A) Unstable inheritance. Because the two plasmid types share a common copy
number, random segregation at host cell division eventually ensures that they are
separated into distinct hosts carrying only one plasmid type. (B) Surface and entry
exclusion. The plasmids encode proteins which prevent the host cell from being
a recipient in conjugation. (C) Destruction of the incoming plasmid. Novel plas-
mids are degraded by plasmid-encoded immune systems, such as CRISPR-Cas* or
restriction enzymes* once in the host cell.

2.3 The anatomy of plasmids

The understanding of plasmids must of course start with the plasmid itself,
as a molecule, a sequence of nucleotides, and a collection of genes.

2.3.1 Genes carried on plasmids

The genes carried on a plasmid may be broadly divided into two groups
based on their function: those with plasmid-specific functions and those
which primarily affect the host phenotype. The genes responsible for plas-
mids’ own housekeeping functions make up the plasmid backbone, while
the other genes carried by a plasmid are called payload or accessory genes
(Bahl et al. 2009).

The housekeeping genes of the plasmid typically fall into a few classes:
there are the genes responsible for the replication of the plasmid, a stability
system that ensures the plasmid is stably inherited across host generations,
and, if the plasmid is transmissible, the genes responsible for conjugation
or mobilization and overcoming host defences to establish the plasmid in
the recipient cell (Garcillán-Barcia et al. 2011). The most important of these
are the genes controlling replication. They will include the oriV (origin of
vegetative replication, the sequence at which plasmid replication begins) as
well as the genes for any proteins necessary for replication and for the com-
ponents of a system to control replication of the plasmid (Garcillán-Barcia
et al. 2011). Typically, the origin of replication and a few genes involved in
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replication form the minimum subsequence of the plasmid that is capable
of replication in a host, called the “basic replicon*”, which constitutes an
absolutely minimal plasmid (Kollek et al. 1978).

The simplest plasmids—often called cryptic plasmids—may have no
payload genes (Burian et al. 1997; Zaleski et al. 2006; Moran and Hall
2019); they therefore do nothing but hang around in the cell. But many
plasmids, and for obvious reasons the plasmids of greatest interest, carry
genes which contribute to the phenotype of the host cell. The most studied
plasmid payload genes are antibiotic resistance genes. These are found ex-
tremely frequently, in a wide variety of hosts, and encoding resistance to a
wide variety of antibiotics (Carattoli 2013; Falkow 1975; Wang et al. 2021);
some aspects of plasmid-borne antibiotic resistance and models thereof are
discussed in Box 2.2. Plasmids may also encode resistance to other environ-
mental dangers, such as heavy metals or other toxins (Silver 1992; Kothari
et al. 2019; Mukhtar et al. 2019). A second large class of payload genes
provide some new metabolic process (Palomino et al. 2022; Yu et al. 1996);
this might include, for example, the ability to metabolize a new substrate
for growth (Chakrabarty 1974; Meer 1994; Pandeeti et al. 2012). Virulence
factors are also often found on plasmids (Portnoy and Martinez 1985). Plas-
mids also carry genes responsible for social interactions between bacteria,
discussed in Section 2.5.2. Particularly interesting examples of plasmid-
borne traits include the gall-forming properties of the plant pathogen Agro-
bacterium tumefaciens, which are caused by the horizontal transfer of a por-
tion of a plasmid to the host plant (Beijersbergen et al. 1994), and the sym-
biosis between nitrogen-fixing rhizobial bacteria and leguminous plants,
in which both the genes responsible for nitrogen fixation and for interac-
tions with the plant host are found on plasmids (Wardell et al. 2021). An
extensive list of functions observed on plasmids may be found in Summers
1996, 4–5. Sometimes, even essential genes are found on plasmids (Anda et
al. 2015; Wein et al. 2021), although extrachromosomal replicons with the
unique copy of an essential gene are sometimes categorized as secondary
chromosomes* or chromids* instead of plasmids.

Box 2.2: Plasmids and antibiotic resistance.

Antibiotic resistance genes are frequently located on plasmids (Dou-
mith et al. 2011; Ramirez et al. 2019), and the serious threat of anti-
biotic resistance means that understanding the contribution of plas-
mids to the evolution of antibiotic resistance is one of the most impor-
tant applications of plasmid biology. The reasons antibiotic resistance
genes are so often found on plasmids may include that plasmids allow
bacteria to temporarily acquire resistance genes that are not needed in
nonselective environments (Wang et al. 2021), or that the presence of
plasmids in multiple copies increases either the dosage of resistance
genes (San Millan et al. 2015; Sandegren and Andersson 2009), or the
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rate of emergence of new resistance alleles (Rodriguez-Beltran et al.
2018; San Millan et al. 2016), or both. Horizontal transmission of plas-
mids enables antibiotic resistance to spread very quickly in bacterial
communities (Bennett 2008; Carattoli 2013; Lopatkin et al. 2017).

The human gut is a site of substantial plasmid transfer. Resistance
plasmids within the gut continue to evolve (DelaFuente et al. 2022),
and are transferred between members of the microbiota within indi-
viduals and spread across individuals, as shown by León-Sampedro et
al. (2021) for the plasmid pOXA-48 in the gut of hospital patients.
During antibiotic treatment, not only the pathogen population but
also the patient’s normal microbiome is exposed to antibiotic pressure,
inadvertently selecting for resistance (so-called bystander selection).
However, resistance plasmids are also found in human populations
without strong exposure to antibiotics (Conteville and Vicente 2022).
Resistance in commensal bacteria can be problematic for two reasons.
Some commensal species such as Escherichia coli, Klebsiella pneumo-
niae, or Staphylococcus aureus can turn pathogenic and cause infections
of the urinary tract, the lung, or wounds and are a major cause of
nosocomial infections. Second, resistance plasmids may spread from
commensal bacteria to obligate pathogens (Schwalbe et al. 1990; Ar-
chambaud et al. 1991; Carattoli 2003; Boekhoud et al. 2020).

Despite plasmids’ immense clinical relevance, modelling studies
are biased towards chromosomal resistance. Nonetheless, a body of
theoretical literature on plasmid-mediated resistance has accumulated
(Leclerc et al. 2019; Zwanzig 2021), and plasmids are increasingly at-
tracting the attention of modellers. For example, Svara and Rankin
(2011) developed an ODE model to determine under which treatment
conditions—antibiotic dose and intervals between administrations—
resistance on a conjugative plasmid would be favored over resistance
on the chromosome. Their model also includes an incompatible plas-
mid without the resistance gene, leading to six different cell types that
compete with each other. Other models have, for example, addressed
how patterns of drug use determine the prevalence of resistance plas-
mids within the microbiota at the level of the individual (Tepekule et
al. 2019) and the level of the population (Austin et al. 1997) and exam-
ined the interaction of plasmid-borne resistance with specific modes
of drug action (Willms et al. 2006). Models furthermore often comple-
ment in vitro experiments to help explain and interpret the observed
dynamics of plasmid-mediated antibiotic resistance (e.g. De Gelder et
al. 2004; Rodriguez-Beltran et al. 2018).

Why particular genes are found on plasmids rather than on chromo-
somes is a longstanding question. Numerous hypotheses and models have
been developed to explain the distribution of genes (see e.g. Eberhard 1989;
Eberhard 1990; Rankin et al. 2011; Lehtinen et al. 2021; Wardell et al.
2021). Possible explanations include the advantages of mobility for local
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adaptation when there is patchy or temporally varying selection (Eberhard
1990; Wardell et al. 2021). In different conditions the same genes may be
located on different replicons: it has been hypothesized that the majority (if
not all) bacterial genes have spent time on plasmids and on chromosomes
over evolutionary time (Eberhard 1990).

2.3.2 Genetic structure

The genes on plasmids are not arbitrarily distributed, but tend to have an
organized structure. This structure is often modular, with genes with re-
lated functions located together on the plasmid; there are then segments of
the plasmid for replication, conjugation, different payload genes, and so on
(Garcillán-Barcia et al. 2011): see for example the plasmids depicted in Fig-
ure 2.3. In addition, the genes carried on plasmids are often located within
other, nested mobile genetic elements*: a plasmid-borne gene may be in a
gene cassette*, which is integrated into an integron*, which is carried by a
transposon*, which is located on the plasmid (Bahl et al. 2009). The mod-
ular structure suggests that plasmids may frequently evolve by the gain
or loss of entire modules, whether by recombination* with chromosomes
or other plasmids or by the movement of mobile genetic elements. This
also means that plasmids are frequently genetic mosaics, which may com-
bine components of several mobile genetic elements together with pieces of
multiple original plasmids and chunks of chromosomes (Boyd et al. 1996;
Osborn et al. 2000; Froehlich et al. 2005; Fecskeová et al. 2012; Spaková
et al. 2013; Maida et al. 2014). Large plasmids may contain multiple basic
replicons (e.g. F, see Gibbs et al. 1993); this means that they can replicate
starting from any one of their several oriV sequences using the replication
mechanism encoded by that basic replicon. Usually, only one will be active
at a time, since otherwise there would be conflicts between the replication
processes; often different replicons will be active in different hosts, extend-
ing the plasmid host range (Hülter et al. 2017).

2.3.3 Plasmid multimers

In addition to the formation of mosaics by accumulation of portions of
plasmids and other replicons, several plasmid copies may fuse into one
molecule, forming a plasmid multimer; plasmids frequently exist in hosts
as a mixture of monomers and multimers of various sizes (Bedbrook and
Ausubel 1976; Projan et al. 1987; Wein et al. 2020; Abe et al. 2021). Multi-
merization occurs not only between plasmids of the same type, but also of
distinct types, forming plasmid cointegrates which exhibit the properties
of both their components (Milliken and Clowes 1973; Nugent and Hedges
1979; Froehlich et al. 2005; Hülter et al. 2020; Taylor et al. 1981): this is
depicted in Figure 2.3A. The formation of plasmid multimers and cointe-
grates is driven by homologous recombination* or recombination of trans-
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Figure 2.3: Illustration of important processes in plasmid biology with exam-
ples of three different plasmids. (A) The low copy number (approx. 1 copy per
cell) plasmids p42a (conjugative) and p42d (nontransmissible) of Rhizobium etli
CFN42 (González et al. 2006; González et al. 2003, GenBank accession numbers
CP000134.1 and U80928.5) fuse into a cointegrate and then are transferred by con-
jugation from a host to a new recipient. The two cells have been pulled together by
a pilus, which has then been retracted. A single strand of a plasmid copy is trans-
ferred, while the other strand remains within the cell in circular form. Afterwards,
a second strand will be synthesized in both cells to generate double-stranded DNA.
p42d is also referred to as pSym, since it contains most of the genes responsible for
rhizobial symbiosis in this strain; it is normally horizontally transferred by coin-
tegration with p42a (Brom et al. 2004; Tun-Garrido et al. 2003). (B) The copies of
the small high copy number (approx. 14 copies per cell) resistance plasmid pB1000
(San Millan et al. 2009, GenBank accession number GU080070.1) have been segre-
gated between daughter cells at host division; cell division is almost complete.
Inside each bacterial cell, the plasmids and chromosome are depicted. The dia-
grams of the plasmids show the open reading frame* of each gene on the plasmid
as an arrow coloured by the function of the encoded protein. The region of pB1000
marked in the replication colour contains the plasmid origin of replication and the
coding sequences for the RNAs involved in regulation of replication. The origins
of replication of p42a and p42d are located inside the RepA gene; the origin of
transfer of p42a is marked with a dot in the mobilization colour.
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posable elements located on one or the other plasmid (Ohtsubo et al. 1981;
Machida et al. 1982; Liu et al. 2021), and sometimes by more exotic pro-
cesses (reviewed in Dionisio et al. 2019); to counteract multimerization,
plasmids frequently encode multimer resolution systems.

2.4 The physiology of plasmids

The backbone genes of plasmids have functions related to the “life” of
the plasmid itself, and are responsible for its maintenance in the host, its
propagation (vertically or horizontally), and similar housekeeping. These
functions constitute the physiology of the plasmid, and their presence is
what distinguishes a plasmid from a simple fragment of DNA that might
be picked up by transformation*.

2.4.1 Replication, plasmid copy number, and their control

It is a defining attribute of plasmids that they replicate in their host cells au-
tonomously from the chromosome. Although most plasmids rely partially
on host proteins for replication, they also carry genes essential to their rep-
lication and responsible for its regulation. The regulation of replication
ensures that the plasmid is present in the host population at a fixed num-
ber of copies per cell. Control of copy number is necessary to ensure the
stable maintenance of the plasmid: if the copy number falls too low, there
is a greater risk of producing plasmid free segregants, while if the copy
number is allowed to grow without limit, the plasmid will impose a heavy
fitness cost on its hosts; Box 2.3 discusses the multilevel selection acting on
traits like plasmid copy number. We have already seen that there are low
and high copy number plasmids; but there is much copy number variation
among high copy number plasmids, from around ten copies to hundreds
(e.g. Projan et al. 1987; Santos-Lopez et al. 2016). The copy number is not
exactly identical from cell to cell, but is subject to some noise, which can be
reduced by a partitioning system (Ng et al. 2010). The plasmid copy num-
ber may of course be subject to evolution, even over short time scales when
the plasmid carries an important host function (San Millan et al. 2016; Mei
et al. 2019; Hernandez-Beltran et al. 2022).

The replication control system ensures that the replication rate per plas-
mid copy per host generation is greater than one when the copy number is
below the target and below one when the copy number exceeds the target
(Summers 1996, p. 31), so that the copy number is increased by replica-
tion or reduced as host cell divisions dilute the plasmids faster than they
replicate to reach the target. The rate of replication is regulated by neg-
ative feedback: one common mechanism is by control of the production
of a plasmid-encoded Rep protein which is responsible for initiating the
replication of the plasmid by binding to the oriV and recruiting the neces-
sary enzymes for replication. Expression of Rep is repressed by some trans-
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acting* product encoded by the plasmid: a separate, specialized repres-
sor*, Rep itself, or another protein cotranscribed with Rep. As the plasmid
copy number increases, more of this repressor is produced, and it prevents
the production of Rep protein, creating a negative feedback loop (Bingle
and Thomas 2001; Solar and Espinosa 2002; Burian et al. 1999; Nordström
2006; Rivera-Urbalejo et al. 2015; Summers 1996, 36–40).

This mechanism explains the origin of plasmid incompatibility due to a
common basic replicon. Since the repressors are trans-acting, two distinct
plasmids with the same basic replicon will contribute to repressing each
other’s replication, and therefore will share a common copy number. In
the absence of selection for both plasmid types, this means that after a few
generations, random segregation* at host cell division will have separated
the plasmid types into distinct host cells, and thus the two plasmids cannot
be stably maintained together (Novick 1987); see Figure 2.2A.

When replication is permitted by the control system, the selection of
the plasmid copies to be replicated seems to be at random in at least some
cases (Reyes-Lamothe et al. 2013; Nordström and Gerdes 2003), although it
is difficult to definitively confirm this experimentally, and it may not be the
case for all plasmids (Garoña et al. 2023). The mechanisms of replication
are reviewed in Solar et al. 1998.

Box 2.3: Plasmids and multilevel evolutionary dynamics.

Multilevel selection. Because plasmids depend on a bacterial host
to survive and propagate, they offer an excellent example of multilevel
selection: the fitness of plasmids depends both on their own proper-
ties (of replication, maintenance, etc.) and indirectly on the fitness of
their hosts (Eberhard 1990). As we have seen, plasmid-borne genes
frequently affect host fitness as well as the fitness of the plasmid itself:
this includes both direct effects on host phenotype and the indirect
fitness effects discussed in section 2.5.1. Interactions between these
two levels have important implications for the evolution of plasmids
and for their contribution to the evolution of their hosts. For exam-
ple, there is a trade-off between rates of vertical and horizontal trans-
mission of plasmids (Bethke et al. 2022; Zwanzig 2021; Guynet et al.
2011): the costs to the host of conjugation mean that increased hori-
zontal transmission reduces vertical transmission. A similar trade-off
also leads to conflicting selection pressures on the plasmid copy num-
ber: a plasmid variant with a higher copy number outcompetes a vari-
ant with a lower copy number at the intracellular level, but if the copy
number increases too much, the burden on the host cell may become
too high (Paulsson 2002; Watve et al. 2010).
Allele dynamics on multicopy plasmids. An effect of multicopy
plasmids on bacterial evolution is the possibility for loci on multi-
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copy plasmids to be heterozygous (reviewed by Rodríguez-Beltrán et
al. 2021a). The dynamics of alleles on multicopy plasmids depend
on processes at two levels—intracellular plasmid replication and seg-
regation and population dynamics at the cellular level. If the alleles
have fitness effects, the host fitness depends on the plasmid composi-
tion within the cell, and various forms of dominance or heterozygote
advantage are possible. As illustrated below, random segregation of
plasmid copies at host cell division changes the plasmid composition
from mother to daughter cells, which is termed segregational drift (Il-
han et al. 2018). In the long term, this leads to the loss of heterozy-
gosity on plasmids unless there is selection for maintaining the two
plasmid types together. Segregational drift does not alter the allele
frequency in the bacterial population per se, but since it leads to the
generation of wild-type homozygous cells, it reduces the number of
cells carrying the mutant allele, which increases the strength of ge-
netic drift. This means novel mutations on plasmids have a higher
chance of being lost than those on a monoploid chromosome, at least
in the absence of gene dosage effects (Santer and Uecker 2020; Garoña
et al. 2021; Garoña et al. 2023). Replication of plasmids may also be
a source of drift: selection of plasmids to replicate, if at least partially
random, creates a “rich-get-richer” effect which leads to more extreme
biases in plasmid content in offspring (Santer et al. 2022). The evolu-
tionary dynamics on multicopy plasmids have recently received sub-
stantial attention from both experimentalists (San Millan et al. 2016;
Garoña et al. 2021), theoreticians (Santer and Uecker 2020; Santer et
al. 2022) and from both together (Ilhan et al. 2018; Rodriguez-Beltran
et al. 2018; Rodríguez-Beltrán et al. 2020; Garoña et al. 2023). Early
models have studied the dynamics of incompatible multicopy plas-
mids, which is a closely related problem (Ishii et al. 1978; Novick and
Hoppensteadt 1978; Cullum and Broda 1979).

wild-type plasmid
mutant plasmid

Schema of the effect of segregational drift on a novel allele located on a
plasmid (figure adapted from San Millan et al. 2016; Rodriguez-Beltran et
al. 2018). A novel allele originally arises on one copy of the plasmid,
and by random segregation wild-type and mutant plasmids eventu-
ally end up in different, homozygous cells. We here describe one way
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of modelling the process mathematically (Santer and Uecker 2020). In
the simplest case, cell dynamics are modelled by a birth-death process
with per capita birth and death rates bi and di , which may depend on
the number of mutant plasmids i in a given cell. Prior to cell division,
plasmids are replicated such that the cell contains twice the original
number. Two possible models for plasmid replication are ‘regular rep-
lication’, where each copy is replicated exactly once, and ‘random rep-
lication’, where copies are randomly picked for replication one by one
(cf. Novick and Hoppensteadt 1978). Each daughter cell then receives
half of those plasmids with segregation being random with respect to
mutant and wild-type variants. With n total plasmid copies and x mu-
tant copies after plasmid replication, the probability that one daughter
cell receives j and the other one x − j mutant copies is then given by(︂
2− δj,x/2

)︂(︁x
j

)︁(︁2n−x
n−j

)︁
/
(︁2n
n

)︁
, where δi,j denotes Kronecker’s delta.

2.4.2 Segregation of plasmids at host cell division

When a host cell divides, the plasmid copies present end up in one or the
other daughter cell (see Figure 2.3B). In the absence of any intervention by
the plasmid, this will happen essentially at random: the plasmids in one
portion of the cell when it divides go to one daughter, and the plasmids
elsewhere go to the other. For plasmids with a high copy number, this may
be sufficient to stably vertically transmit the plasmid: with n copies, the
probability of producing a plasmid-free daughter by random segregation is
21−n, which may be sufficiently small to be negligible. Indeed, some high
copy number plasmids do not seem to have any other partitioning mech-
anism (Reyes-Lamothe et al. 2013). In practice, this is quite successful in
reducing plasmid loss to a very low level (Lau et al. 2013).

For low copy number plasmids a further active partitioning system that
ensures both daughter cells receive a copy of the plasmid is necessary. This
can be done by localizing plasmids in separate regions of the cell before cell
division (e.g. Guynet et al. 2011; Yao et al. 2007). A common class of such
systems functions by encoding a protein complex and a cis-acting* site on
the plasmid. The protein complex binds a pair of plasmids together at their
respective copies of cis-acting site, then physically separates the pair at cell
division, possibly by binding to a point on the cell membrane or another
host structure (Zielenkiewicz and Cegłowski 2001).

Even high copy number plasmids need to ensure that they are not made
unstable by multimerization. The replication control systems we have dis-
cussed above control the number of copies of the basic replicon in the cell;
this means that if multimers of the plasmid form, the number of physical
molecules containing the plasmid falls without a derepression of replica-
tion (as the number of copies of the basic replicon remains the same). Since
the number of physical molecules is what determines the probability of
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producing a plasmid-free daughter cell, multimerization reduces the sta-
bility of the plasmid. Moreover, larger plasmid multimers are replicated
more often, since more copies of the basic replicon means more oriVs at
which to initiate replication. A cell with multimers is thus likely to get
more multimers, and reduce the plasmid’s stability further, in the so-called
“dimer catastrophe” (Summers et al. 1993). To counteract this effect, plas-
mids generally encode a multimer resolution system, which converts multi-
mers back to monomers by site-specific recombination* (Crozat et al. 2014;
Summers and Sherratt 1984; Zielenkiewicz and Cegłowski 2001).

Another group of plasmid functions, variously called postsegregational
killing, host killing, toxin-antitoxin systems, or plasmid addiction, are of-
ten included with stability systems, but we shall consider them separately
in Section 2.4.4 below.

2.4.3 Horizontal transfer by conjugation

Perhaps the most famous physiological function of plasmids is the ability
to transfer themselves from one host to another. Transfer by conjugation
requires physical contact between the donor and recipient cell, which is
usually, at least in gram-negative* bacteria, achieved using a proteinaceous
structure called a pilus: see Figure 2.3A. Usually, a single strand of the
plasmid is transferred into the recipient cell, and the second strand is then
resynthesized in both cells, meaning that conjugation also involves dupli-
cation of the plasmid; however in some plasmids of Streptomyces, the entire
double-stranded plasmid is translocated from the donor to recipient (Pos-
soz et al. 2008; Thoma and Muth 2012). In some cases, there is the possibil-
ity of retrotransfer, the transfer of genetic material from the recipient back
to the host, during conjugation (Szpirer et al. 1999). Some plasmids can
undergo horizontal transfer through more exotic mechanisms (Erdmann et
al. 2017), sometimes involving cooperation between donor and recipient
(Blesa et al. 2017), but here we focus on common conjugation.

In addition to the pili, which bring the donor and recipient into contact
so that conjugation can occur, the typical conjugation machinery consists
of four parts. The first is the oriT, or origin of transfer, the sequence on the
plasmid at which transfer begins. One strand of the plasmid is nicked* here
by the second component, a relaxase*, which binds to the free end of the
strand. The relaxase interacts with a type IV coupling protein (T4CP, the
third component), and is transferred, together with the attached plasmid
strand, by a type IV secretion system (T4SS, the fourth component) into the
recipient cell. Once the entire strand has passed into the recipient cell, the
relaxase catalyses the ligation* of the transferred strand back into a circu-
lar form (Smillie et al. 2010). This mechanism explains the distinction be-
tween conjugative and mobilizable plasmids discussed above: conjugative
plasmids carry all of these components, while mobilizable plasmids encode
only the oriT and corresponding relaxase, but not the expensive T4SS (and
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may or may not carry the T4CP), and therefore need a conjugative plasmid
to provide the missing components. Some mobilizable plasmids have only
the oriT, and rely on another plasmid even for a matching relaxase; these
generally have a reduced rate of transfer (Ramsay et al. 2016; Dionisio et al.
2019; Ares-Arroyo et al. 2022).

The T4SS, T4CP, and pili are each large protein complexes, which are
costly to express, and the process of conjugation itself is energetically costly
(San Millan and MacLean 2019). Moreover, some bacteriophages* bind
to the proteins of the pilus (so-called “male-specific phages”), so bacterial
cells expressing pili are at greater risk of infection. Therefore the conjug-
ative phenotype is tightly regulated, to avoid imposing a large fitness cost
on the host cell, and is almost always unexpressed (Koraimann and Wagner
2014; Getino and Cruz 2018). Signals that lead to expression of conjugation
may include the detection of suitable recipients or specific environmental
conditions (Koraimann and Wagner 2014; Bingle and Thomas 2001); also, a
temporary period of expression typically occurs immediately after a novel
plasmid is first transferred to a recipient, before the repression becomes ef-
fective (Lundquist and Levin 1986). The modelling of conjugation in gen-
eral, and conjugation rates in particular, is discussed in Box 2.4.

Box 2.4: Conjugative plasmid spread.

Dating back to Stewart and Levin (1977), the majority of modelling
studies consider a well-mixed population (such as a liquid culture)
and assume that conjugative plasmid transfer follows the principles
of mass-action kinetics (Leclerc et al. 2019). Transfer is thus propor-
tional to the densities of plasmid-free and plasmid-carrying cells and
a conjugation coefficient γ . The framework is similar to classical epi-
demiological models with infected and uninfected patients. Based on
the model shown below, Levin et al. (1979) showed that mass-action
kinetics with a constant γ captures the plasmid dynamics well in pop-
ulations with constantly dividing cells (but not during lag phase or
close to stationary phase). Models based on this approach have been
used to address a large range of questions on plasmid dynamics such
as the plasmid paradox described in Box 2.5 (Bergstrom et al. 2000),
the question of which genes are carried on plasmids (Tazzyman and
Bonhoeffer 2015; Lehtinen et al. 2021), the dynamics of cooperative
genes and cheating (Mc Ginty et al. 2010), the evolution of antibio-
tic resistance (Svara and Rankin 2011; Tepekule et al. 2019, see also
Box 2.2), and the role of conjugation in the rate of adaptation (Tazzy-
man and Bonhoeffer 2013; Geoffroy and Uecker 2023). A simplifying
assumption in most of these models is that the transfer coefficient γ
is constant in time and independent of, for example, resource avail-
ability (Leclerc et al. 2019). Dependency of γ on a resource C can be
modeled by a Monod function, i.e. γ(c) = γmax

C
Q+C (see e.g. Simonsen
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et al. 1990). Spatial models of plasmid transfer are the minority. One
of the first examples of a spatial model is the individual-based lattice
model by Krone et al. (2007), in which zero, one, or two cells may
reside on the sites of a lattice. Plasmid-free cells receive plasmids at
stochastic rates that depend on the number of donors and transcon-
jugants* in a local neighbourhood and the amount of nutrients in a
‘nutrient neighbourhood’. The model is combined with experiments
on agar surfaces, capturing the experimental observations well.

(a)

n n∗
γ(n+ +n∗)n

growth growth

conjugation

(b) dn
dt = ψn−γ(n+ +n∗)n,
dn+
dt = ψn+,
dn∗
dt = ψn∗ +γ(n+ +n∗)n.

Flow diagram (A) and system of ODES (B) for the model of Levin et al.
(1979). Three types of cells are distinguished: plasmid-free (with den-
sity n), an original plasmid-carrying population (with density n+, not
shown in the flow diagram), and transconjugants (with density n∗).
Conjugation is modelled through a mass-action kinetics term with
conjugation coefficient γ , and the bacterial populations grow expo-
nentially at rate ψ.

How much do plasmids conjugate? The donor and recipient species,
the plasmid, environmental factors, and coinfecting plasmids influ-
ence the rate of plasmid transfer (Sheppard et al. 2020). There is, sur-
prisingly, no standard method for estimating conjugation rates (Kos-
terlitz et al. 2022; Huisman et al. 2022; Kosterlitz and Huisman 2023).
Many studies do not estimate the conjugation coefficient γ but report
quantities such as the number of transconjugants per donor or per re-
cipient. Methods to estimate the conjugation coefficient γ are mostly
derived from models that describe plasmid spread by ordinary differ-
ential equations (Levin et al. 1979; Simonsen et al. 1990; Huisman et
al. 2022). For example, Levin et al. (1979) solved their ODEs to obtain
the expression

γ =
ψ

N (b)−N (a)
ln
R+ ρ(b)
R+ ρ(a)

,

where N (b) and N (a) are the total population sizes at time points a
and b, ρ(t) = n∗(t)

n(t) , and R = n+(t)
n(t) (which is a constant in the model). All

quantities on the right-hand side can be estimated from experimen-
tal data to obtain an estimate for γ . Recently, Kosterlitz et al. (2022)
proposed a fluctuation test similar to the fluctuation assays for mu-
tation rate estimation, which go back to Luria and Delbrück (1943).
Estimates for γ range over several orders of magnitude, ranging from
around 10−20 mLcell−1 h−1 to 5 × 10−7 mLcell−1 h−1 (Sheppard et al.
2020). It seems that conjugation rates can be higher in vivo than in
vitro (Gottig et al. 2015; Fischer et al. 2019; Ding et al. 2022).
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Like most—if not all—traits, the conjugation rate is itself subject
to evolution (Sheppard et al. 2021; Dimitriu 2022). As the conjugation
rate can be controlled by the host, the recipient cell, or the plasmid,
evolution of both bacteria and plasmids can change how much trans-
fer occurs. Selection pressures on bacteria and plasmids might thereby
diverge (recently formalized in a model by Sheppard et al. (2021)). As
explained in the main text, conjugation is costly. Unless the plasmid
carries genes that are beneficial to its host and outweigh the costs, se-
lection drives the conjugation rate down. The plasmid, on the other
hand, needs to strike a balance between horizontal transfer and verti-
cal transmission (Sheppard et al. 2021; Dimitriu 2022). Higher con-
jugation rates are beneficial but only to an extent that the host is not
harmed too much, similar to the transmission-virulence trade-off in
pathogen evolution.

Transmissible plasmids often also encode genes which assist the plas-
mid in establishing in newly infected cells, particularly if the cells are ge-
netically distinct from the previous host. The region containing these genes
is usually close to the oriT and is transferred first during conjugation, so
that genes which suppress restriction enzymes* or the SOS response* in the
newly infected cell can be expressed early on (Garcillán-Barcia et al. 2011;
Samuel and Burstein 2023). These genes are responsible for overcoming
the various components of the bacterial immune system (Fecskeová et al.
2012; Samuel and Burstein 2023), which we will discuss in Section 2.5.1.

Conjugative and some mobilizable plasmids prevent closely related plas-
mids from transferring into their hosts by conjugation (see Figure 2.2B).
There are two mechanisms for this: surface exclusion, which prevents mat-
ing pair formation, and entry exclusion, which is more common and pre-
vents plasmid DNA from entering the host during conjugation (reviewed
in Garcillán-Barcia and Cruz 2008; Getino and Cruz 2018).

2.4.4 Postsegregational killing

Many plasmids exhibit a spiteful behaviour: they kill plasmid-free daugh-
ter cells of their hosts. This phenomenon is variously called postsegrega-
tional killing, host killing, or plasmid addiction. It was briefly mentioned
above together with stability mechanisms, because this is the classical ex-
planation of postsegregational killing: it ensures the stable inheritance of
the plasmid (see e.g. Gerdes et al. 1986; Zielenkiewicz and Cegłowski 2001;
Tsilibaris et al. 2007; Summers 1996, 88–91).

The postsegregational killing system involves two components (gener-
ally proteins or RNAs), one which kills (or at least supresses growth in)
the host, and a second which supresses the first: for this reason these sys-
tems are also called toxin-antitoxin systems. Both are expressed constitu-
tively* in the presence of the plasmid, and the antitoxin prevents the death
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of the host. But the antitoxin has a much smaller half-life, so in plasmid-
free daughters it degrades faster than the toxin, and the toxin kills the cell.
(Gerdes et al. 1986; Jensen and Gerdes 1995; Zielenkiewicz and Cegłowski
2001). A slight variant is found in restriction-modification systems, in
which there is no need for a difference in half-life: the antitoxin (methy-
lase) needs to be present in a higher concentration to suppress killing than
the toxin (restriction enzyme) needs to kill, and as the concentrations fall
in the absence of the plasmid the antitoxin becomes ineffective first (Naito
et al. 1995; Kusano et al. 1995).

A plasmid-free daughter cell is plasmid-free whether it is alive or dead;
postsegregational killing can maintain relative stability of a plasmid by en-
suring that the proportion of hosts carrying a plasmid does not decrease,
but that does not affect the absolute number of hosts carrying the plasmid,
which continues to decrease. This is confirmed both empirically (Cooper
and Heinemann 2000) and by modelling (Mongold 1992). In the exponen-
tial phase of bacterial growth therefore, postsegregational killing would
have no stabilizing effect. In the stationary phase, however, where compe-
tition between hosts and plasmid-free cells for resources becomes more im-
portant, or when there is significant spatial structure (Rankin et al. 2012),
postsegregational killing may have a more important role in plasmid sta-
bility. Postsegregational killing may also serve other functions besides sta-
bility, including interplasmid competition (Cooper and Heinemann 2000;
Cooper et al. 2010). Toxin-antitoxin systems are also frequently found on
bacterial chromosomes, where their function is somewhat obscure (Jensen
and Gerdes 1995; Tsilibaris et al. 2007; Magnuson 2007; Song and Wood
2018).

2.5 The ecology of plasmids

Thus far, we have focused on the biology of the plasmid itself, largely in
isolation; however, plasmids exist in a larger ecological context which in-
cludes their hosts, the larger population of hosts (or potential hosts) and the
community it is part of, and other plasmids and nonplasmid mobile gene-
tic elements in their host or the host population. (Pilosof (2023) provides a
brief review of relevant concerns in modelling such complex communities.)
In this section, we explicitly consider the influence of interactions with all
of these entities on the biology of the plasmid and host.

2.5.1 Interactions with the individual host

The plasmid only exists inside the host, and depends on the host to carry
out all of its physiological processes, in particular replication. As we have
already seen in Box 2.3, this aspect of the plasmid lifestyle means that mul-
tilevel selection is of great importance to plasmids. Plasmid fitness can be
divided into two components corresponding to the two ways a plasmid can
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propagate to new hosts: vertical, from vertical transmission to daughter
cells of their current host, and horizontal, from infection of new hosts by
conjugation. Vertical fitness of plasmids is directly dependent on the host
fitness, while horizontal fitness is more independent (although plasmid
spread by horizontal transmission still requires persistence of the host).
In general there may be strong trade-offs between vertical and horizontal
transmission (Paulsson 2002; Bethke et al. 2022), for example due to the
fitness costs of conjugation to the host. Since both contribute to the to-
tal plasmid fitness, there will often different possible sucessful life-history
strategies having a different emphasis on horizontal versus vertical trans-
mission (Zwanzig 2021) (the extreme case being nontransmissible plasmids
that rely entirely on vertical transmission).

The importance of the plasmid–host relationship is not unilateral. Al-
though hosts are not dependent on plasmids (with some exceptions where
essential genes are found on plasmids), plasmids form a part of the host
genome, and are therefore intrinsically linked to the host phenotype and
fitness. We have already discussed the wide range of payload genes found
on many plasmids which provide important host phenotypes, including an-
tibiotic resistance, virulence, metabolism of novel substrates, and rhizobial
symbiosis. Payload genes on plasmids may be particularly important for
phenotypes that are involved in local adaptation (Eberhard 1989; Wardell
et al. 2021). They often have context-dependent fitness effects, providing
fitness benefits in some environments and conditions and causing fitness
costs in others (Platt et al. 2014; Hall et al. 2015). In addition to carry-
ing important genes, plasmids also frequently influence the regulation and
expression of chromosomal genes, which similarly affects the host pheno-
type (reviewed in Billane et al. 2021). In some cases this can take the form
of interference between plasmid and host gene regulation, producing a re-
duction in host fitness (Hall et al. 2021c; Ricci and Hernández 2000), par-
ticularly for plasmids that are new to the host and not well adapted. How-
ever, changes in the expression of chromosomal genes can also be adaptive,
affecting traits like motility, biofilm formation, antibiotic resistance, vir-
ulence, or aspects of the bacterial metabolism (Vial and Hommais 2019;
Billane et al. 2021).

Nevertheless, in the absence of genes with important host fitness effects,
plasmids are often costly to the bacteria which carry them, and this cost in-
creases with copy number (San Millan et al. 2016; Valle et al. 2021); the
fitness costs of plasmids lead to a so-called “plasmid paradox” discussed in
Box 2.5. In addition to interference between gene regulation or physiologi-
cal processes of plasmid and chromosome (San Millan and MacLean 2019;
Gama et al. 2018; Ricci and Hernández 2000; Harr and Schlötterer 2006;
Yano et al. 2016; Hall et al. 2021c; Zhang et al. 2022a; Rajer and Sande-
gren 2022), causes of this fitness cost include bacterial stress responses to
foreign DNA (San Millan and MacLean 2019; Gama et al. 2018), the cost of
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plasmid replication and gene expression (San Millan and MacLean 2019;
Gama et al. 2018; Lamberte et al. 2017; Rodríguez-Beltrán et al. 2021b),
and the possibility of disruption of host genes by the plasmid recombin-
ing with the chromosome (San Millan and MacLean 2019). These costs
can be reduced or eliminated by compensatory evolution of the plasmid
(Heuer et al. 2007; Porse et al. 2016; Yano et al. 2016; Dorado-Morales et
al. 2021), the host chromosome (Bouma and Lenski 1988; San Millan et al.
2014; Loftie-Eaton et al. 2015; Harrison et al. 2015; Hall et al. 2020; Zhang
et al. 2022b), or both (Dahlberg and Chao 2003; Dionisio et al. 2005; Sota
et al. 2010; Zwanzig et al. 2019; Zhang et al. 2022a), and evolution ex-
periments have shown this occurs regularly, especially if selection for the
plasmid ensures it is maintained before compensation is complete (Bouma
and Lenski 1988; Dahlberg and Chao 2003; Dionisio et al. 2005; Heuer et
al. 2007; Sota et al. 2010; San Millan et al. 2014; Harrison et al. 2015; Porse
et al. 2016; Hall et al. 2020; Dorado-Morales et al. 2021; Carrilero et al.
2021; Zhang et al. 2022a; Given et al. 2022); there is also some observa-
tional evidence of compensatory evolution in plasmids in the wild (Malaka
De Silva et al. 2022; Takeda et al. 2011). The coevolved plasmid and chro-
mosome produced by compensatory evolution are specifically adapted to
each other, and to existence as components of a single genome (Vial and
Hommais 2019) (although some compensatory changes on the plasmid are
general enough to also reduce the fitness cost in other hosts Dionisio et al.
2005), even to the extent that coevolved cells cured of the plasmid have
lower fitness than wild-type cells (Bouma and Lenski 1988; Harrison and
Brockhurst 2012; Brockhurst and Harrison 2022). Gama et al. (2018) argue
that this coevolution—or rather its loss—makes estimated fitness costs of
plasmids in laboratory conditions overestimates of those that are common
in nature: the reported in vitro fitness cost of a plasmid seems to increase
with time since plasmid isolation, suggesting that fitness costs seen in ex-
periments may be at least partially due to maladaptive plasmid evolution
under laboratory conditions, leading to the loss of evolved cost mitigation
(see also Valle et al. 2021). As already pointed out above, the fitness cost of
the plasmid may also strongly depend on the environmental context (Hall
et al. 2015), further reducing the generalizability of experimental measure-
ments.

Box 2.5: The plasmid paradox.

One of the great questions of plasmid biology is the “plasmid para-
dox”: why are there plasmids at all? A simple cryptic plasmid, which
does nothing but replicate itself inside the host, imposes a fitness cost.
Therefore, over the long term, bacteria carrying plasmids should be
outcompeted by plasmid-free bacteria and go extinct, taking their plas-
mids with them (Brockhurst and Harrison 2022; Harrison and Brock-
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hurst 2012). In some cases, plasmids may transfer horizontally fast
enough to be maintained despite fitness costs, analogously to how
parasites survive (Brockhurst and Harrison 2022), although reliable
estimates for transfer rates in nature are needed to determine whether
conjugation rates are in fact high enough. It is difficult to see, however,
how horizontal transfer could maintain mobilizable plasmids, and of
course it is impossible that horizontal transmission explains the main-
tenance of nontransmissible plasmids.

Plasmids could also be maintained by carrying advantageous genes
that would make the net fitness effect of the plasmid positive: but
these genes could move by recombination from the plasmid to an-
other replicon such as the chromosome, allowing the bacterium to lose
the plasmid and have its cake and eat it too. Bergstrom et al. (2000)
analyzed an ODE model of plasmid persistance, starting from the as-
sumption that the rate of horizontal transfer is not high enough to
maintain the plasmids as parasites: this assumption is formally given
by the relation

ψα + τ > γN+,

where ψ is the per capita growth rate of plasmid-free bacteria, α is the
proportional fitness cost of carrying the plasmid, τ is the per capita
rate of segregative loss, γ is the horizontal transfer rate, and N+ is the
maximum total bacterial population size obtainable. They show this
implies the eventual extinction of plasmid-carrying cells, even if there
is a beneficial gene on the plasmid (or fluctuating selection), provided
that the beneficial gene can also be located on the chromosome.

Bergstrom et al. (2000) do show, however, that plasmids can per-
sist in two circumstances. The first is if the plasmids have a net fit-
ness benefit and the population is subject to regular strong selective
sweeps of adaptive variants immigrating into the population: in this
case, bacteria that have incorporated the beneficial gene onto the chro-
mosome are eliminated by the selective sweep, while the plasmid can
transfer to the new strain. The second is if there are multiple species
or ecotypes of bacteria present and the beneficial gene is occasionally
lost in each ecotype (due to drift, demographic stochasticity, selective
sweeps, etc.): the plasmid is maintained by the ability to transfer be-
tween ecotypes.

There has been extensive modelling of other possible resolutions
of the plasmid paradox (see e.g. Stewart and Levin 1977; Levin and
Stewart 1980; Simonsen 1991; Bergstrom et al. 2000; Lili et al. 2007;
MacLean and San Millan 2015; Carroll and Wong 2018). Possible an-
swers include selective pressures encouraging maintenance of some
genes on disposable or transmissible replicons (Slater et al. 2008; War-
dell et al. 2021; Rankin et al. 2011; Eberhard 1989; Eberhard 1990),
nonconstant or variable rates of horizontal transfer (Lundquist and
Levin 1986; Dionisio et al. 2002), the maintenance of nonconjugative
plasmids by constant replenishment by conjugative plasmids that lose
transfer genes (Coluzzi et al. 2022), fitness effects of plasmid-plasmid
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interactions (Werisch et al. 2017), and, particularly in the case of large
nontransmissible plasmids close to being accessory chromosomes, to
evolutionary constraints of genome organization (diCenzo and Finan
2017; Hülter et al. 2017)—after all no one calls the presence of more
than one chromosome in an organism the “chromosome paradox.” Fu-
ture modelling work will hopefully help to tie the theories to the cir-
cumstances of specific plasmids and bacteria and determine which
mechanisms are responsible for maintenance in particular systems.

Despite the wonders of plasmid biology, some bacteria are just not inter-
ested in hosting a plasmid. They instead prevent the establishment of plas-
mids in general or of particular plasmids using defence systems that de-
stroy plasmids (and other mobile genetic elements) upon arrival in the cell
(e.g. Price et al. 2016; Pursey et al. 2021; Jaskólska et al. 2022; Miyakoshi
et al. 2012). The best known bacterial immune systems are CRISPR-Cas*,
which targets specific mobile genetic elements based on recorded DNA
sequences, and restriction enzymes*, which target foreign DNA in general
(Price et al. 2016; Pursey et al. 2021).

2.5.2 Interactions with the host community

The individual host of a plasmid will be part of a larger population of host
or potential host bacteria, which in turn makes up part of a larger eco-
logical community. Since plasmids are associated with their hosts, they
are inherently influenced by all community interactions. Through their
effects on host phenotypes they in turn alter these interactions, and may
thus be subject to eco-evolutionary feedbacks. Morever, social traits are
frequently encoded by payload genes on plasmids: for example, plasmids
have a higher density of genes for secreted proteins than chromosomes
(Nogueira et al. 2009), which includes proteins involved in both cooper-
ative and antagonistic interactions between bacteria (Rankin et al. 2011).
Cooperative interactions between plasmid hosts and other bacteria include
antibiotic resistance, if the mechanism of resistance is the degradation of
the antibiotic (Kelsic et al. 2015), while antagonistic interactions include
production of bacteriocins, excreted toxins which kill other bacteria and
are often found on plasmids (indeed, one of the earliest discovered fami-
lies of plasmids codes for colicins, bacteriocins produced by and targeting
Escherichia coli Falkow 1975, 40–42). The plasmid codes for both the bacte-
riocin, which is excreted (in some cases killing the host in the process), and
an immunity gene, which protects against the bacteriocin (Riley and Wertz
2002); thus bacteriocins behave like an extracellular version of a postsegre-
gational killing system, killing those cells which do not carry the plasmid.
Plasmid-borne genes can also play a role in interactions with other cells
without actively affecting them: for example, some plasmids of Pseudomo-
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nas spp. sensitize their hosts to growth-inhibiting compounds excreted by
other bacteria (Smith et al. 2021).

Bacterial interactions strongly depend on whether the bacteria are free-
living or in a biofilm*. Planktonic* bacteria in liquid culture can poten-
tially encounter many different cells, but are usually not in close proxim-
ity to each other. In biofilms, bacteria are nonmotile and in close contact
with their direct neighbours. Biofilms are moreover highly spatially het-
erogeneous, with different conditions on the surface and the interior of the
biofilm, affecting the physiology and growth of bacteria. Conjugative plas-
mids can increase the propensity of their hosts to form biofilms (this may
in part be due to the pilus serving to attach planktonic cells to the growing
biofilm) (Ghigo 2001; Madsen et al. 2012; Cook and Dunny 2014; Abe et al.
2020; Gama et al. 2020). How the aggregation of bacteria in biofilms in turn
affects conjugative plasmid spread is complicated. Conjugation rates are of-
ten higher in biofilms than in planktonic bacteria due to stable cell-to-cell
contact and stable mating pair formation (Abe et al. 2020), yet the spread
of plasmids through biofilms is nonetheless often limited, as discussed by
Stalder and Top (2016). While plasmids may not spread through the en-
tire biofilm, the biofilm lifestyle may aid the maintenance of conjugative
plasmids and prevent the loss of transfer genes (Metzger et al. 2022).

Plasmids do not only influence ecological interactions, but also cause
genetic interactions between individuals of the host population by horizon-
tally transferring chromosomal genes: conjugative plasmids that integrate
into the host chromosome or that pick up pieces of the chromosome by
homologous recombination can then transfer chromosomal DNA to a re-
cipient on conjugation (Lee et al. 2011), such as in the classic Hfr strains
of Escherichia coli (Falkow 1975, 10–14). There is also the possibility of
retrotransfer of chromsomal genes (Szpirer et al. 1999).

Since horizontal transfer of plasmids between distinct bacterial species
is common, multispecies communities enable new plasmid dynamics, in-
cluding the maintenance of plasmids in less-than-ideal hosts by transfer
from a species to which they are better adapted (Hall et al. 2016), and
improved compensatory amelioration of fitness costs through transfer be-
tween multiple species (Heuer et al. 2007; Li et al. 2020). Microbial com-
munities also include species that are not bacteria, and plasmids can also
contribute to or be affected by interactions of their hosts with these organ-
isms. For example, Cairns et al. (2018) showed that exposure to a virus that
targets conjugation machinery to infect a cell selected for reduced conjug-
ative ability in a plasmid, but predation by a ciliate increased conjugation
rate.

2.5.3 Interactions with other plasmids and mobile genetic elements

Multiple plasmids often coexist in the same population, and even a single
bacterium often carries multiple plasmids of distinct types (see e.g. Burian
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et al. 1997; Casjens et al. 2000; San Millan et al. 2009; Smith et al. 1998;
Ventura et al. 2007). There is thus much opportunity for interactions be-
tween plasmids. The simplest such interaction is preventing coinfection of
the same cell by excluding other plasmids. We have already seen mech-
anisms which can prevent coinfection: plasmid incompatibility and entry
and surface exclusion (Hoeven 1985). Postsegregational killing can also
lead to loss of a coinfecting plasmid over time (Cooper and Heinemann
2000). Some plasmids also actively destroy other potentially coinfecting
plasmids with plasmid-borne CRISPR-Cas (Pinilla-Redondo et al. 2019;
Kamruzzaman and Iredell 2020; Pinilla-Redondo et al. 2021) or restriction-
modification systems (Naito et al. 1995; Kusano et al. 1995; Igler et al.
2021a) (see Figure 2.2C), which work analogously to their chromosomal
counterparts.

If multiple plasmids successfully establish in a common host, they may
impose a high fitness cost. However, compensatory evolution that elimi-
nates the fitness costs of one plasmid can sometimes allow for the acqui-
sition of other related plasmids at no additional cost (Santos-Lopez et al.
2017). Similarly, some plasmids exhibit positive fitness epistasis*, mean-
ing the total fitness cost of carrying multiple plasmids is less than the sum
of the fitness costs of each individually (San Millan et al. 2013; Platt et al.
2014; Lopez et al. 2021). Environmental conditions can affect the mainte-
nance of coinfection: if coinfecting plasmids carry similar beneficial pay-
load genes, the less advantageous might be lost in the presence of selection,
even if coexistence is possible in the absence of selection (Carrilero et al.
2021). Coinfection will have important effects on compensatory evolution
to reduce plasmid fitness costs, as in coinfected hosts there will have to
be evolution not only to reduce plasmid-chromosome conflicts, but also
plasmid-plasmid conflicts.

The effects of plasmid interactions on horizontal transfer can be varied
(Horne et al. 2023). We have already seen that mobilizable plasmids rely on
a coinfecting conjugative plasmid to be transferred; cooperative horizontal
transfer can also occur through a process called conduction, in which a
plasmid forms a cointegrate with a conjugative plasmid and is transferred
by conjugation (Clark and Adelberg 1962; Xiao et al. 1994; Brom et al.
2004); this is shown in Figure 2.3A. Between conjugative plasmids, coin-
fection can produce both an increase in conjugation rate (called facilitation
Dionisio et al. 2019), and a decrease (Gama et al. 2017a). Similar interac-
tions between plasmids can alter their ability to promote biofilm formation
(Gama et al. 2020).

So far we have implicitly talked about plasmid-plasmid interactions
from the perspective of pairs of plasmids. When there are more than two
types of plasmids present in a host cell, there will be higher-order interac-
tions between plasmids that will need to be taken into account (Gama et al.
2017b; Given et al. 2022).
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Plasmids also coexist in their hosts with other mobile genetic elements.
Some of these exist in the host in the form of a plasmid, and therefore may
exhibit interactions with plasmids similar to plasmid-plasmid interactions:
for example, some bacteriophages (Ravin 2011; Falkow 1975, 50–51), and
integrative conjugative elements* (ICEs) (Burrus et al. 2002). Many phages
target plasmid-encoded structures to infect their hosts (particularly struc-
tures related to conjugation) (Ojala et al. 2013; Ojala et al. 2016); other
plasmid-phage interactions include the horizontal transmission of plas-
mids by transduction* in phages (Dionisio et al. 2019), and the ability of
some plasmids to inhibit the infection of their hosts by phages (Igler et al.
2021b).

2.6 Final remarks

In this review, we provided an overview of the biology of plasmids, aiming
to make the topic accessible to modellers unfamiliar with plasmids. Math-
ematical modelling provides a powerful tool to understand the biology of
plasmids and to make predictions about their contributions to bacterial
evolution (which is especially important with respect to the evolution of
clinically important traits like antibiotic resistance). The great diversity of
plasmids means modelling is needed both to seek out general unifying pat-
terns and to determine properties specific to particular plasmid systems.
We conclude by putting forward a few areas of plasmid biology that have
so far scarcely been addressed by modellers.

The majority of plasmid models consider plasmids of only one type and
distinguish only between plasmid-carrying and plasmid-free cells. Mod-
els that account for the plasmid copy number, despite appearing early on
(Novick and Hoppensteadt 1978; Ishii et al. 1978; Cullum and Broda 1979;
Seneta and Tavaré 1983; Nordström and Aagaard-Hansen 1984; Paulsson
2002), have remained overall rare. Recently the topic started to receive
growing attention, mostly (but not exclusively) in the context of allele dy-
namics on multicopy plasmids (see Box 2.3, Hernandez-Beltran et al. 2022).
Several of the early models of multicopy plasmids consider segregation of
two incompatible plasmids and thus include coinfection of cells by mul-
tiple plasmid types. Generally, however, there are still few models that
consider the coexistence of plasmids of different types in the same cell (for
two examples, see Condit and Levin 1990; Verweij and Griswold 2023).
For a guide to designing such models, see the recent article by Igler et al.
(2021b). Studies allowing for multiple plasmid types in the population
(but not within the same cell) are more common, but also rare compared
to those with a single plasmid type; they mostly focus on competition be-
tween different plasmids for host cells (Svara and Rankin 2011; Tazzyman
and Bonhoeffer 2014; Werisch et al. 2017; Lehtinen et al. 2021; Geoffroy
and Uecker 2023). Coinfection and interactions between different plas-
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mids such as cotransfer of nonconjugative with conjugative plasmids are
common and likely have a great influence on the evolution and ecology of
bacteria. To understand the evolutionary dynamics of plasmids and hosts,
it is thus crucial to develop more theory that takes multiple plasmid types
and coinfection into account.

A related question is why we see such great diversity of plasmids. The
huge number of bacterial species and environments they inhabit implies
a huge number of niches for plasmids. Yet it remains puzzling why some
plasmids have a high and others a low copy number, why some plasmids are
very large and others tiny, why some plasmids are conjugative and others
not even transmissible, etc. Moreover, plasmids of different types coexist-
ing in a bacterial population share the same niche, at least to a first approx-
imation. Modeling has shown that two types of plasmids can coexist if they
follow different strategies regarding their transfer rate and costs (Hoeven
1984; Hoeven 1986; Werisch et al. 2017). Similarly, the evolution of plas-
mid host range (Loftie-Eaton et al. 2015; Sota et al. 2010; Yano et al. 2013)
and rapid speciation of plasmids (Santos-Lopez et al. 2016) may contribute
to development and spread of new plasmid types in the wild. Future mod-
els could combine ecological considerations at the level of plasmids (such
as differential strategies or interactions between coinfecting plasmids) with
evolutionary dynamics (such as the evolution of conjugation rates or plas-
mid speciation) to provide further insights into the processes that shape
plasmid diversity.

As pointed out in Box 2.2, plasmid-mediated antibiotic resistance is less
studied in models than chromosomal resistance. Many models of antibio-
tic resistance evolution consider the effects of treatments such as combina-
tion therapies or drug dosing regimes on the evolution of resistance within
hosts and strategies to manage existing resistance at the population level
(for a few examples of models including plasmids, see (D’Agata et al. 2008;
Bergstrom et al. 2004; Webb et al. 2005; Willms et al. 2006)). Given the clin-
ical relevance of plasmid-mediated resistance, it seems of great importance
to develop further models to test how treatment regimes and population-
wide protocols affect resistance on plasmids. Many infections are polymi-
crobial, in which case plasmids might spread from one species to others
during treatment (Orazi and O’Toole 2019), influencing the treatment out-
come. The effects of treatment protocols on bacterial communities har-
boring plasmids are an important future direction of modelling. Resis-
tance plasmids in commensal bacteria are also important since they may
be transferred to pathogenic bacteria or the commensals themselves may
become opportunistic pathogens. During treatment, commensal bacteria
are often inevitably exposed to antibiotic pressure, selecting for resistance
(so-called bystander selection). Moreover, plasmids carried by commensal
bacteria may evolve both during treatment and in the absence of antibiotics
and become less costly, for example. Transmission of commensal bacteria
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between individuals can spread resistance plasmids in a host population.
Plasmids in commensals have already received some attention from mod-
ellers but there is much more to explore and understand (see Box 2.2 and
also Volkova et al. 2012; Volkova et al. 2013). Topics of concern where we
see need for further modelling include the evolution of plasmids within
commensals, their maintenance in the absence of treatment, their potential
transfer to pathogens, and their maintenance and spread at the population
level. Of special interest are how these processes interact and how they are
influenced by treatment protocols and frequencies.

Lastly more models of bacterial biofilms are needed, both in the context
of general plasmid biology as well as in a clinical context, taking into ac-
count a three-dimensional spatial structure with varying nutrient and an-
tibiotic concentrations and potentially the attachment and detachment of
planktonic bacteria (for an example of a biofilm model, see Fox et al. 2008).

Plasmids are very widespread, diverse, and of great relevance for bacte-
rial ecology and evolution (and as a consequence for human health). While
a large body of theory on the evolution of plasmids and their hosts exists,
there remain many puzzles and unsolved questions. We hope that our re-
view provides interested mathematical biologists with the necessary back-
ground to start to develop novel theory on plasmid dynamics.

Glossary

accessory chromosome See secondary chromosome.

bacteriophage Virus which infects bacteria.

biofilm An aggregation of bacteria which adhere to each other and a sur-
face, and excrete a extracellular polymer which surrounds them.

bp (base pairs) The unit of length of a DNA molecule; a base pair consists
of a pair of nucleotides from each strand of the molecule.

chromid See secondary chromosome.

cis-acting Of a gene or regulatory sequence: only affecting the same repli-
con on which it is located; the opposite of trans-acting.

constitutively expressed Of a gene: constantly transcribed and expressed
(as opposed to being regulated so it is only transcribed in specific
circumstances where it is needed).

CRISPR-Cas A bacterial adaptive immune system: it consists of specific
sequences from mobile genetic elements copied into the bacterial chro-
mosome (CRISPR) and a Cas enzyme which recognizes and cuts DNA
molecules with those sequences.
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epistasis The interaction of different genes contributing to the same phe-
notype: when the collective effect of two (or more) genes on the phe-
notype is not just the sum of the effects to the two genes alone, there
is epistasis between the two loci.

gene cassette A small mobile genetic element consisting of a gene and a
site where recombination into a replicon can occurr; see integron.

gram positive/negative A major classification of bacteria, based on whe-
ther they are stained by the dye in a Gram stain procedure (named
after the Danish bacteriologist Hans Christian Gram); gram negative
bacteria have a second outer membrane surrounding their cell wall.

horizontal transmission/horizontal (gene) transfer The transfer of gene-
tic material between two cells, as opposed to vertical inheritance of
genes from mother to daughter cell.

integrative conjugative element A type of mobile genetic element: they
normally exist integrated into the host chromosome, but can excise
from the chromosome, take on a temporary plasmid-like form, and
transfer to another cell by conjugation.

integron The place where gene cassettes are integrated into a replicon:
consists of a gene coding for a site-specific recombinase and a recom-
bination site where that recombinase can integrate gene cassettes.

ligation The process of joining the backbone of a strand of DNA together,
sealing a break which perviously existed between nucleotides; the op-
posite of nicking.

mobile genetic element Any genetic material that can be transferred be-
tween locations in the genome of an organism or between organisms.

nicking The process of disconnecting the backbone of a strand of DNA
by breaking the bonds between adjacent nucleotides; the opposite of
ligation.

open reading frame The sequence of DNA coding for a protein.

phage See bacteriophage.

planktonic Floating freely in the water column, as opposed to being asso-
ciated with a surface or able to swim against the current.

recombination The process of “crossing over” between two DNA mole-
cules: the molecules are broken at the target site, and the new ends
are exchanged between molecules and resealed; when it occurs be-
tween two circular DNA molecules, it fuses them into one circle, and

35



2. A Mathematician’s guide to plasmids

when it occurs between two parts of the same circular DNA mole-
cule it separates it into two circular molecules; has site-specific and
homologous forms.

recombination, homologous Recombination between two double-stranded
DNA molecules occurring at any location where the two molecules
have a homology (that is, where their sequence is the same); most
bacteria have recombinases which catalyze this process.

recombination, site-specific Recombination between two DNA molecules
catalyzed by an enzyme that recognizes a specific sequence on the
molecules to be recombined.

relaxase An enzyme that catalyzes nicking.

replicon An independently replicating DNA molecule; strictly speaking,
everything that replicates from a particular origin of replication.

repressor A protein that prevents the transcription (and therefore expres-
sion) of a gene.

restriction enzyme An enzyme which catalyzes the breaking of a DNA
molecule at a specific sequence.

secondary chromosome A large replicon in some bacteria that contains es-
sential genes, but is smaller than the main chromosome; something
between an ordinary chromosome and an ordinary plasmid.

segregation The division of copies of a replicon between daughter cells on
cell division.

SOS response A bacterial stress response.

trans-acting Of a gene or regulatory sequence: affecting both the replicon
it is located on and any homologous genes or regions on other repli-
cons; the opposite of cis-acting.

transconjugant A cell that has received a plasmid through conjugation
from another cell

transduction A mechanism of horizontal gene transfer in which nonviral
genetic material is accidentally packaged into a bacteriophage, and
transferred by the phage to other bacteria.

transformation A mechanism of horizontal gene transfer in which free
DNA molecules in the environment are taken up by a bacterium.

transposon/transposable element A mobile genetic element that can move
itself from one location to another in the genome, either by copying
or by excision and reinsertion.
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chapter 3

IS THE DISTRIBUTION OF PLASMID LENGTHS BIMODAL?

Abstract. The length of a plasmid is a key property which is linked to many aspects of
plasmid biology. When distributions of plasmid lengths are shown in the literature, they
are usually plotted with length on a logarithmic scale. However, a quantity and its loga-
rithm have distinct distributions which may differ considerably in shape. Mistaking the
distribution of log-lengths for the distribution of lengths can therefore lead to distorted
conclusions about the distribution; in particular, the distribution of log-lengths may be
bimodal when the distribution of lengths is only unimodal. This particular confusion
has arisen in the literature where the length distribution is often claimed to be bimodal
based on examination of what is in fact the log-length distribution. While the length dis-
tribution is indeed bimodal within many bacterial families, it is not across the ensemble
of all plasmids. We suggest that authors should be careful to show the plasmid length
distribution, or to distinguish the two distributions, to avoid misleading inferences.

3.1 Introduction

Bacterial plasmids have a wide variety of sizes, from tiny cryptic plasmids
less than a kilobase long, to multiple-megabase megaplasmids that rival
the size of chromosomes (Ciok et al. 2016; Hall et al. 2021a). The length
is closely linked to other aspects of a plasmid’s biology, since smaller plas-
mids contain fewer genes and may therefore be limited in their functions
(plasmid-specific or related to the host phenotype), while very large plas-
mids may contain a wide variety of accessory genes.

It has generally been assumed in the literature that plasmids can be
broadly divided into two groups on the basis of length, and that this di-
vision corresponds to a biologically meaningful distinction between two
plasmid lifestyles. The shorter group, with a modal length less than 10 kbp
(Hall et al. 2021a), is said to comprise plasmids with high copy numbers
which are mostly mobilizable or nontransmissible, while the longer group,
with a modal length around 100 kbp, comprises low copy number plas-
mids which are more likely to be conjugative. Part of the evidence for
the existence of two length-based groups is the distribution of plasmid
lengths estimated using standard techniques (kernel density estimation or
histograms): the resulting density estimates clearly have a bimodal shape
(this is done for all plasmids together by Smillie et al. 2010; Garcillán-

This chapter has been published as: Ian Dewan and Hildegard Uecker (2024). “Is the
distribution of plasmid lengths bimodal?” In: Plasmid 129–130, doi: 10.1016/j.plasmid.
2024.102721
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Barcia et al. 2023 and for plasmids divided by host family by Hall et al.
2021a; Rodríguez-Beltrán et al. 2021a).

These graphs show densities with a logarithmic scale on the x-axis, a
natural choice given that the lengths of plasmids extend over four orders of
magnitude: however, when we plotted plasmid length data (pooled across
bacterial families) on a linear scale (in Chapter 2), the bimodal distribution
disappeared (see also diCenzo and Finan 2017 who also use a linear scale
and find a unimodal distribution). In this letter, we explain the reason for
this discrepancy, and what implications, if any, it has for our understanding
of plasmids.

3.2 Analysis and results

3.2.1 The distribution of log-lengths is not the distribution of lengths

Why are there two types of figure that make very different statements about
the plasmid length distribution in the literature? They are in fact showing
two different distributions: the actual distribution of lengths (shown in Fig-
ure 3.1A) and what, despite often being called the distribution of lengths, is
in fact the distribution of log-lengths (shown in Figure 3.1C). In other words,
the graphs with a log-scaled x-axis do not simply plot the same numerical
values from the distribution of plasmid length but on a log scale (which
would instead produce Figure 3.1B), but a distinct distribution. The distri-
butions of plasmid lengths and log-lengths may have quite different shapes;
in general, the shape of a distribution changes, possibly drastically, when
a transformation of the random variable is applied. Intuitively, the reason
for this change is that bins of equal sizes on the log scale correspond to bins
of different sizes on the linear scale: a bin at small plasmid log-lengths con-
tains a much narrower range of plasmid lengths than a bin at large plasmid
log-lengths, and the latter might contain more sequences than the former
for this reason alone. As we show in the next paragraph, to obtain the den-
sity of log-lengths, we need to multiply the distribution of lengths by an
exponentially increasing function. This can convert a heavy tail of the dis-
tribution on the linear scale into an additional mode on the log scale. This
is illustrated in Figure 3.2 by a hypothetical example of a distribution of a
random variable and the corresponding distribution of its logarithm. The
distribution of the variable on the linear scale is unimodal, but the distri-
bution of its logarithm is bimodal, precisely what happens with plasmid
lengths.

We can show the change in the shape of the distribution formally by
examining the effect of a log transformation on the density function of a
distribution. Suppose we have a (positive) random variable X with a prob-
ability density function f . The defining characteristic of the probability
density function is that it can be integrated over an interval to find the
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Figure 3.1: The distributions of plasmid lengths and log-lengths for all plasmids
together and for each mobility class individually. The data is taken from PLSDB
(Schmartz et al. 2021, retrieved 1March 2023), and the distribution estimate made
by kernel density estimation in R (R Core Team 2020). Panel A shows the estimated
distribution of plasmid lengths (with length on a linear scale). Only plasmids of
length less than 300000 bp are shown for reasons of scale: 1844 plasmids in the
database (5.34 % of the total) are longer than the limit. Based on Figure 2.1. Panel
B shows the plasmid length distribution, estimated as in panel A, but with a log-
scaled x-axis; i.e. kernel density estimation is performed on a linear scale, and the
logarithm is only applied for the plot itself. Panel C shows the estimated distri-
bution of plasmid log-lengths (“ban” are the units of the base-10 logarithm); i.e.
the logarithm is applied before performing the density kernel estimation. To clas-
sify the plasmids by mobility, the annotations in PLSDB from MOB-typer (Robert-
son and Nash 2018), indicating putative relaxases or conjugative genes, have been
used. Those plasmids with both are conjugative, those with only a relaxase are mo-
bilizable, and those with neither are putatively nontransmissible (although Ares-
Arroyo et al. 2022 have shown that many plasmids lacking a relaxase still have
an oriT, and are therefore in fact mobilizable). The “unclear” class includes those
plasmids which had conjugative genes but no relaxase. It is possible that these are
misidentified conjugative plasmids, which have an unknown relaxase, or misiden-
tified mobilizable or nontransmissible plasmids, which do not actually have con-
jugative genes.
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Figure 3.2: The probability density function of a distribution (left) and its (natural)
logarithm (right). The distribution of logX is an equal mixture of two normal
distributions, with means 0.1 and 2.9 and standard deviation 1; the distribution
of X is therefore a mixture of two log-normal distributions.

probability that X lies in that interval; that is for any numbers a ≤ b,

P (a ≤ X ≤ b) =
∫︂ b

a
f (s)ds.

If we know f , we can find the probability density function of logX:

P (a ≤ logX ≤ b) = P (ea ≤ X ≤ eb)

=
∫︂ eb

ea
f (s)ds

s=et=
∫︂ b

a
f (et)et⏞ˉ⏟⏟ˉ⏞

=:g(t)

dt,

so the probability density function of logX is g(t) = f (et)et. (Here we have
used the natural logarithm, but the same argument applies to the “com-
mon” or base-10 logarithm usually used in log scales.) When we apply the
change of variable s = et in the above integral to pass from integrating on a
linear scale to integrating on a log scale, we multiply f by a nonconstant—
indeed exponentially increasing—function et, changing the shape of the
function. If the probability density function f decreases too slowly (i.e. if
it has a heavy tail), this creates a second mode.

The difference in the number of modes between Figure 3.1A and C is
therefore simply a mathematical consequence of the log scale. Changes
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in the shape of the distribution of course also occur in subsets of plas-
mids as well, such as the distributions within mobility classes shown in
Figure 3.1. Note, for example, that looking at the log-length distributions
in Figure 3.1C would suggest that mobilizable plasmids have a bimodal
distribution and nontransmissible plasmids are roughly equally abundant
over a wide range of lengths; but the length distributions in Figure 3.1A
show that both groups have a unimodal distribution with a long right tail.

To verify that these changes in distribution shape are indeed caused by
the log transformation and are not instead artifacts of the mechanism of
density estimation, we have confirmed that the general shape of the length
and log-length distributions is consistent under different estimation meth-
ods: different bandwidth selections for kernel density estimation (results
shown in Figures A.1 and A.4), the empirical cumulative distribution func-
tion (shown in Figures A.2 and A.5), and equal-area histograms (shown in
Figure A.3). These do indeed all give similar results.

3.2.2 Within bacterial families, the plasmid length distribution is often
bimodal, but the modes and the valley are incorrectly predicted by the
log-length distribution

Above we considered the plasmid length distribution for all plasmids to-
gether, irrespective of their bacterial hosts. However, the size of plasmids
differs between groups of bacteria, for example because bacteria with larger
genome sizes in general have larger plasmids (Slater et al. 2008; Smillie et
al. 2010). If the length distribution is really bimodal within groups, but the
modes (and the antimode, or local minimum density, between them) have
different locations in different groups because of a general difference in size,
then in the pooled distribution for all plasmids the modes and antimodes of
different groups might obscure each other. Looking at the length distribu-
tion by family, as shown in Figure 3.3, shows that some bacterial families in-
deed show a pronounced bimodal distribution on the linear scale (plasmids
from Enterobacteriaceae, Enterococcaceae, or Staphylococcaceae), while for
others there is no clear second mode (plasmids from Bacillaceae or Morax-
cellaceae), or it is very weak (plasmids from Lactobacillaceae). A caveat to
the within family density estimates is that they are based on much fewer
sequences than the estimate for all plasmids. We would like to point out
that we have identified modes by eye, only counting what we visually iden-
tify as major modes and not taking any smaller secondary modes into ac-
count (which may or may not be due to sampling effects or artifacts of the
kernel density estimation). In particular, we do not perform any statisti-
cal analysis to determine which of the small modes are “real” (using, e.g.
Silverman 1981), which is not necessary to make the point of the article.

Nevertheless, even if both distributions have the same number of modes,
looking at the log-length distribution can be misleading, since taking log-
arithms can change not only the number but also the location of modes
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Figure 3.3: Distributions of plasmid length (left column, panels A – F) and log-
length (right column, panels G – L) for plasmids from the six bacterial families
with at least 1000 sequences in the database. Note that the length distributions
are cut off at 300000 bp for reasons of scale. The vertical lines show the location
of the antimode of each distribution to the nearest kilobase. “Ban” are the units of
the base-10 logarithm. The sample size for each family is given by n in the upper
right corner of each row. For the data source and details on the figure construction
see Figure 3.1.
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(and of antimodes). This shift in the mode can, for example, be seen for
conjugative plasmids in Figure 3.1. The modal log-length of a conjuga-
tive plasmid appears to be about 5 (corresponding to a length of 105 bp),
while the modal length is smaller (closer to 50000 bp). Similarly, within
bacterial families where both the length and log-length distributions are
bimodal, the antimode dividing small and large plasmids is not the same
for the length and the log-length distributions (Figure 3.3). Thus even if
there are distinct groups of “large” and “small” plasmids, trying to read
their typical sizes or the dividing line between them off of an estimate of
the distribution of log-lengths will be misleading. The accuracy of the lo-
cation of modes and antimodes is, of course, in either case affected by the
quality of the identification of plasmids in the database.

3.3 Discussion

We have shown that estimates of the distribution of plasmid lengths from
available plasmid sequence data are not bimodal, at the global level at
least, even though estimates of the distribution of log-lengths are, and that
this kind of discrepancy is an ordinary feature of probability distributions.
Within bacterial families, such a bimodal length distribution often exists,
but the modes and antimode of the length distribution are incorrectly pre-
dicted by the log-length distribution. It is important to note that this does
not mean that considering the distribution of log-lengths is wrong. There
may well be reasons to be interested in the distribution of log-lengths rather
than lengths. But the distribution of log-lengths is different from the distri-
bution of lengths, and information about the distribution of lengths cannot
be directly read off the graph of the distribution of log-lengths.

How did the confusion of the length and log-length distributions arise?
We suspect that it is due to combining density estimation and a log scale
automatically. It is common and reasonable, when plotting a graph with
plasmid length on one axis, to use a log scale, because of the large range of
plasmid lengths. However, “plotting a density on a log scale” could mean
one of two very different things depending on the order that the density
estimation and the log transformation are done. If the density estimation
is done first, on the raw lengths, and then this estimate is plotted with a
log-scaled axis, the result is like Figure 3.1B, which is a graph of the distri-
bution of lengths (the numerical values of the plotted functions are the den-
sities of plasmid lengths), although an unconventional one. But if the log
transformation is done first, and then the density estimated from the log-
transformed data, one gets an estimate of the distribution of log-lengths.
Since Figure 3.1B is almost never what is actually wanted (it is hard to in-
terpret and puts excessive emphasis on the lower tail of the distribution),
graphing software asked to estimate a density and use a log scale will al-
most always choose to do the log transformation first.
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Irrespective of the distribution of plasmid lengths, plasmid length and
the biology of plasmids are closely entangled. For example, it is fairly clear
from Figure 3.1 that there is a lower bound on the size of a conjugative
plasmid (presumably set by the size of the genes needed to code for the
complete conjugation machinery), and below this bound there are only
mobilizable and nontransmissible plasmids (see also Coluzzi et al. 2022),
while above it there are plasmids of all mobility classes. Another example
is the decrease in the rate of transformation with plasmid size (Hanahan
1983). Plasmid size also influences the routes to adaptation: small plas-
mids are more likely to escape from bacterial restriction-modification sys-
tems through mutations in the target sequence than large plasmids, which
due to their length contain more copies of the target sequence and need
to resort to other means to escape restriction-modification systems (Shaw
et al. 2023). Conversely, plasmid size may itself be the result of adapta-
tion. Humphrey et al. (2021) hypothesize that the two modes in the size
distribution of plasmids in Staphylococcus aureus (observed there on a linear
scale; see also our Figure 3.3F) have evolved because those sizes are optimal
for transduction by phages and Staphylococcus aureus pathogenicity islands
(SaPis). It has further been found that small and large plasmids in Kleb-
siella, Escherichia, and Salmonella, as distinguished by the antimode of the
log-length distribution, belong to different plasmid taxonomic units (Wang
and Dagan 2024). It is possible that there is a fundamental reason why
plasmids would cluster into plasmid taxonomic units by log-length, but it
it also possible that the antimodes of the length and the log-length distri-
butions are similar enough that the choice of distribution does not make a
meaningful difference, i.e., both lead to nearly identical sets of small and
large plasmids. Generally, since plasmid sizes and their distribution vary
across bacterial families, within-family distributions of plasmid length are
for many questions more informative than the distribution pooled across
all plasmids.

The division of plasmids into large and small is said to be associated
with a corresponding division into low and high copy number plasmids.
It would be interesting to see if the distribution of plasmid copy numbers
is bimodal, and to measure the extent to which it is associated with length.
Unfortunately, it would be difficult to perform a similar analysis of the copy
number distribution: plasmid copy number is not as frequently measured
and reported as length, and is not included in databases of plasmid sequ-
ences. Moreover, the copy number is inherently more plastic than length,
and may vary at different points of the host cell cycle or in different growth
conditions, so that it may become impossible to speak of “the” copy number
or to compare copy numbers of plasmids measured in different conditions.

To conclude, a clear understanding of the biology of plasmid length
would be best served by clearly distinguishing between the distribution of
plasmid lengths and that of log-lengths when discussing plasmid length,
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and presenting whichever is relevant to the question being asked. Since
the fact that the two distributions have different shapes is not immediately
apparent, confounding the two distributions can cause confusion or be mis-
leading.
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chapter 4

EVOLUTIONARY RESCUE OF BACTERIAL POPULATIONS
BY HETEROZYGOSITY ON MULTICOPY PLASMIDS

Abstract. Bacterial plasmids and other extrachromosomal DNA elements frequently
carry genes with important fitness effects for their hosts. Multicopy plasmids can addi-
tionally carry distinct alleles of host-fitness-relevant genes on different plasmid copies,
allowing for heterozygosity not possible for loci on haploid chromosomes. Plasmid-
mediated heterozygosity may increase the fitness of bacterial cells in circumstances where
there is an advantage to having multiple distinct alleles (heterozyogote advantage); how-
ever, plasmid-mediated heterozygosity is also subject to constant loss due to random
segregation of plasmid copies on cell division. We analyze a multitype branching pro-
cess model to study the evolution and maintenance of plasmid-mediated heterozygosity
under a heterozygote advantage. We focus on an evolutionary rescue scenario in which
a novel mutant allele on a plasmid must be maintained together with the wild-type al-
lele to allow population persistance (although our results apply more generally to the
maintenance of heterozygosity due to heterozygote advantage). We determine the prob-
ability of rescue and derive an analytical expression for the threshold on the fitness of
heterozygotes required to overcome segregation and make rescue possible; this threshold
decreases with increasing plasmids copy number. We further show that the formation of
cointegrates from the fusion of plasmid copies increases the probability of rescue. Over-
all, our results provide a rigorous quantitative assessment of the conditions under which
bacterial populations can adapt to multiple stressors through plasmid-mediated heter-
ozygosity. Many of the results are furthermore applicable to the related problem of the
maintenance of incompatible plasmids in the same cell under selection for both.

4.1 Introduction

Many bacteria carry, in addition to the bacterial chromosome, extrachromo-
somal genetic elements called plasmids, which replicate independently of
the chromosome and often exist in multiple copies. The simplest plasmids
have only the core backbone genes required to ensure their stable mainte-
nance in the bacterial host, but many plasmids also carry genes that have
important effects on the host phenotype (Garcillán-Barcia et al. 2011). Per-
haps the most famous of these are antibiotic resistance genes, which pose
a serious threat to the effectiveness of the clinical treatment of bacterial
infections (Carattoli 2013), but phenotypes contributed by plasmid-borne

This chapter has been accepted for publication as: Ian Dewan and Hildegard Uecker
(2025). “Evolutionary rescue of bacterial populations by heterozygosity on multicopy
plasmids”. In: Journal of Mathematical Biology. doi: 10.1007/s00285- 025- 02182- 4.
Forthcoming
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4. Evolutionary rescue of bacteria by heterozygosity on plasmids

genes also include heavy-metal resistance, virulence, metabolism of novel
carbon sources, and symbiotic interactions with other organisms, among
many others (see e.g. Portnoy and Martinez 1985; Silver 1992; Beijersber-
gen et al. 1994; Yu et al. 1996; Anda et al. 2015; Wardell et al. 2021). The
plasmids carried by a bacterium form an important part of the bacterial
genome, and the contribution of plasmids must be considered in explain-
ing and predicting bacterial evolution. In this context, much attention has
been given to the ability of many plasmids to transfer horizontally between
bacteria, infecting new hosts, in a process called conjugation (Falkow 1975;
Smillie et al. 2010); however, very many plasmids are transmitted only ver-
tically, or depend on other plasmids for horizontal transfer (Coluzzi et al.
2022), and purely vertically transmitted plasmids can play an important
role in bacterial adaptation.

The backbone genes of a plasmid are responsible for ensuring the stable
maintenance of the plasmid by vertical transmission. This requires ensur-
ing that both daughter cells receive copies of the plasmid at host cell divi-
sion and limiting the possible reduction in host growth imposed by fitness
costs of plasmid carriage. To this end, the number of copies of a plasmid
per host cell is regulated by the plasmid itself to remain approximately
constant; the plasmid copy number is therefore an intrinsic property of the
plasmid-host system which plays an important role in the biology of the
plasmid (Rodríguez-Beltrán et al. 2021a). Although for some plasmids the
copy number is kept quite low, at only one or a few copies (e.g. Gustafsson
and Nordström 1980; Casjens et al. 2000; Nordström 2006; Ismail et al.
2014; Brovedan et al. 2019; Smith et al. 2021), many plasmids are found
in their hosts in high numbers of copies, often in tens or sometimes even
hundreds (e.g. Kiyosawa et al. 1993; Burian et al. 1997; Projan et al. 1987;
Prangishvili et al. 1998; Anda et al. 2015; San Millan et al. 2016; Santos-
Lopez et al. 2016). Interest in the evolution of these multicopy plasmids
and their contribution to bacterial adaptation has recently increased, par-
ticularly due to their contribution to antibiotic resistance (San Millan et al.
2009; Gama et al. 2018).

Existence in multiple copies per cell has multiple effects on the contri-
bution of multicopy plasmids to bacterial evolution. The copy numbers
of genes carried on a multicopy plasmid are higher than those of genes
on the (for many species haploid) bacterial chromosome, so genes on plas-
mids have both higher mutational input and dosage (these effects have been
shown in experiments by, e.g., San Millan et al. 2016). The presence of the
plasmid in multiple copies also provides the possibility of heterozygosity
for loci on a multicopy plasmid which is not possible for loci on a haploid
chromosome.

Once there are multiple variants of the plasmid in the cell, the pro-
cess of plasmid segregation at host cell division will have important effects
on the distribution of plasmid variants among cells in the population (San
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Figure 4.1: A model of the rescue of a bacterial population by plasmid-mediated
heterozygosity. (A) The loss of plasmid-mediated heterozygosity due to segrega-
tion. From an initial heterozygote cell, random segregation results in the two plas-
mid types ending up in different, homozygous cells. (B) The evolutionary rescue
scenario. An initial stable population carrying a plasmid with an adaptive gene
on it is exposed to a sudden environmental change, which leads the population to
decline. A mutation on the plasmid (orange plasmids) can rescue the population,
but only if it is maintained together with the wild-type (blue) plasmid. Based on
Figure 1 of Santer and Uecker (2020).

Millan et al. 2016; Ilhan et al. 2018; Santer and Uecker 2020; Rodríguez-
Beltrán et al. 2021a). At host cell division, the copies of a plasmid in the
host are distributed between the two daughter cells: for low copy number
plasmids this is often aided by an active partitioning system to ensure each
daughter gets at least one copy of the plasmid, while high copy number
plasmids may simply rely on random distribution of the plasmids between
daughter cells (Zielenkiewicz and Cegłowski 2001). Random assortment of
the plasmid copies at host cell division (i.e. segregation independent of the
allele at the heterozygous locus) tends to eliminate heterozygosity, since
every cell division has some nonzero probability of producing a homozy-
gote daughter cell by chance, and the homozygotes are absorbing states of
this process (see Figure 4.1A). An analogous situation appears when two
different (multicopy) plasmids that share the same replication system re-
side within the same cell—the plasmid variants are said to be incompatible,
since they will not be maintained together in the same cell line indefinitely,
and over time separate lines containing either one or the other will emerge
(Novick 1987). Such segregative loss of one or the other plasmid was al-
ready observed and quantified in early studies on plasmid incompatibility;
this loss can be counteracted by selection for maintenance of the plasmid
variants together (see e.g. Uhlin and Nordström 1975; Cullum and Broda
1979; Rodriguez-Beltran et al. 2018).

Driven by these empirical observations, early models were developed to
describe the kinetics of the loss of heterozygosity in multicopy plasmids (or
loss of incompatible plasmids) in the absence of selection under varying as-
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sumptions about the mechanisms of segregation and replication (Ishii et al.
1978; Novick and Hoppensteadt 1978; Cullum and Broda 1979). Recently,
interest in the evolution of multicopy plasmids and their hosts has gained
momentum (e.g. San Millan et al. 2016; Rodriguez-Beltran et al. 2018; San-
ter and Uecker 2020; Rodríguez-Beltrán et al. 2021a; Garoña et al. 2021;
Hernandez-Beltran et al. 2022; Santer et al. 2022; Garoña et al. 2023). This
includes experimental studies of multicopy plasmids with accompanying
models: some of these focus on the fixation process of novel beneficial al-
leles on plasmids (Ilhan et al. 2018; Garoña et al. 2023), while others focus
on the effect of selection for heterozygotes on maintaining plasmid variants
together despite segregation (Rodriguez-Beltran et al. 2018). Recent mod-
elling studies have also examined the effects of plasmid replication and seg-
regation on the fate of novel beneficial alleles that appear on a single copy
of a multicopy plasmid (Halleran et al. 2019; Santer and Uecker 2020).

We here focus on scenarios of heterozygote advantage, where the op-
timal bacterial fitness is obtained by having multiple variants of a single
plasmid carrying distinct alleles. This could be because, for example, the
two alleles confer resistance to distinct antibiotics present in the environ-
ment. The models we present are of an evolutionary rescue scenario, of
the kind introduced by Gomulkiewicz and Holt (1995) and shown in Fig-
ure 4.1B, extending previous models of rescue on plasmids (Tazzyman and
Bonhoeffer 2014; Santer and Uecker 2020). In such a scenario, an envi-
ronmental change exposes a population to new conditions to which it is
maladapted, and the population therefore enters a demographic decline
which would lead to extinction. However, if a novel mutation emerges
which adapts individuals to the new conditions, and this mutation survives
to spread in the population, the population can be rescued from extinc-
tion. Since this rescue depends on the mutation occurring and surviving
the initial period in which it is rare in the population, rescue is inherently
a stochastic process, and the key question is the probability that rescue will
occur in a given population. When maintenance of both plasmid variants is
required for rescue, rescue requires not only the establishment of the new
mutation against the force of genetic drift, but also the persistence of both
variants against the force of segregation at all times. It is intuitively clear
that such persistence is only possible if the fitness of heterozygote cells
is large enough to bear the production of unfit homozygous cells. Based
on a multitype branching process model, we determine the probability of
evolutionary rescue and derive analytical conditions on the plasmid copy
number and the fitness of heterozygous cells that need to be fulfilled for
maintenance of heterozygosity, and thus rescue, to be possible at all. While
we derive this condition in the context of evolutionary rescue, it holds more
broadly for the maintenance of heterozygosity or of incompatible plasmids
within the same cell.
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4.2 The model

Consider a demographically stable population of bacteria which carries a
plasmid present at a fixed copy number n in each bacterial cell. This pop-
ulation is then exposed to novel environmental conditions to which it is
maladapted, and the population begins a demographic decline which will
eventually lead to its extinction. Evolution, however, may rescue this pop-
ulation from extinction. A mutation might appear at a locus on the plasmid
which, if maintained together with the wild-type allele at that locus, will adapt
the population to the novel environmental conditions; that is, mutant het-
erozygotes can survive in the novel environmental conditions, but mutant
and wild-type homozygotes are both maladapted. We assume that the pop-
ulation is homozygous for this particular plasmid before the environmental
change; that is, that there is only one variant of the plasmid in the popula-
tion, at least with respect to the locus of interest.

These conditions constitute the evolutionary-rescue-due-to-heterozy-
gote-advantage scenario we wish to describe in the model. We expect that
heterozygote advantage of plasmid-borne loci could occur in many circum-
stances, but as a motivating example we consider a bacterial population
resistant to antibiotic A due to a resistance gene located on a plasmid. If
the population is exposed to antibiotics A and B simultaneously, then lack
of resistance to antibiotic B will cause the population to decline. But if a
mutation occurs on a plasmid that converts the A-resistance allele into a
B-resistance allele, its host is now resistant to antibiotic B, and (provided
that n > 1) the remaining wild-type plasmids continue to confer resistance
to antibiotic A: therefore the host can survive and grow in the novel condi-
tions. Its descendants are resistant to both antibiotics and the population
might be rescued from extinction, provided that both plasmid types, and
therefore both resistances, are maintained. Rodriguez-Beltran et al. (2018)
found very similar situation arose in an evolution experiment where a mu-
tation in a plasmid-borne TEM-1 β-lactamase shifted it from being mostly
effective against ampicillin to mostly effective against ceftazidime. More
generally, this scenario could be particularly likely with β-lactam antibi-
otics, as common small mutations can alter the affinity of β-lactamases for
different drugs (Farr et al. 2023). Such a combination of two closely-related
antibiotics would usually not be used in a clinical context to treat a patient
(although recent research has suggested that sequential treatment with dif-
ferent β-lactams—including both penicillins, to which the wild-type TEM
allele provide resistance, and cephalosporins, to which mutant extended-
spectrum TEM alleles provide resistance—may be more effective than pre-
viously thought: Batra et al. (2021)). However, our scenario might arise in
accidental environmental exposure of bacterial populations to antibiotics,
for example from agricultural sources, where nothing prevents two related
antibiotics from cooccurring.
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Figure 4.2: Examples of the two fitness functions considered, for n = 4: (A) the
dominant fitness function; (B) the peaked fitness function.

Our model extends that of Santer and Uecker (2020) to the case of heter-
ozygote advantage. Suppose that cells with i mutant plasmids (and there-
fore n − i wild-type plasmids) reproduce at a rate λi and die at a rate µi .
We assume throughout that the plasmid composition only affects the rep-
lication rate but not the death rate. Since the unit of time is arbitrary, we
may fix µi = 1. If we then set λi = 1 + s(n, i), the function s(n, i) gives the net
growth rate (or Malthusian fitness) of cells with i mutant plasmids out of n.
Since maintenance of both wild-type and mutant plasmids is necessary for
the population to persist, we have that s(n,0) < 0 and s(n,n) < 0; beyond
this, the choice of fitness function is free.

We will consider two different possible fitness functions. The simpler is

s(n, i) =

⎧⎪⎪⎨⎪⎪⎩smin i = 0 or i = n,
smax otherwise,

where smin < 0 and smax > 0. We shall call this the dominant fitness function
(shown in Figure 4.2A), since a single copy of either allele confers the full
fitness effect of that allele. It is also possible to imagine that dominance
is intermediate or that there is a gene dosage effect, in which additional
copies of a gene increase fitness. Combined with the necessity to maintain
both alleles, this might produce a fitness function like

s(n, i) = smax −
2(smax − smin)

n

⃓⃓⃓⃓
i − n

2

⃓⃓⃓⃓
,

with smin < 0 and smax > 0 as before; this function linearly interpolates be-
tween a maximum fitness at an exact half-and-half mixture of wild-type
and mutant plasmids, and a minimum fitness for the homozygotes (shown
in Figure 4.2B). We shall call this the peaked fitness function. If there are
gene dosage effects, smax would increase with n; we do not consider this
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in our numerical examples, but all results for a given n also apply to this
scenario.

We have assumed above that every cell has n copies of the plasmid of
interest. To maintain this number, we assume the cell replicates its plas-
mids to a copy number of 2n before reproduction, and then segregates
equal numbers into each daughter cell. At replication of wild-type plas-
mids, mutations happen with probability u, but we disregard this for the
moment. We denote by P (i → {j,k}) the probability that when a cell with i
mutant plasmids (out of n total plasmids) divides it produces daughters
with j and k mutant plasmids (again out of n total). We will consider two
models of replication, called regular and random replication, after the tax-
onomy of Novick and Hoppensteadt (1978).

In regular replication, every plasmid copy in the parent cell is repli-
cated once, and then the copies are segregated randomly, but maintaining
the copy number, into each daughter cell. The number of mutant plasmids
in the daughter cell then has a hypergeometric distribution, giving a segre-
gation probability function

P (i→ {j,k}) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
0 j + k ≠ 2i,
(2i
j )(

2(n−i)
n−j )

(2n
n )

j = k = i,

2
(2i
j )(

2(n−i)
n−j )

(2n
n )

otherwise.

(4.1)

In random replication, each new plasmid to be replicated is randomly
chosen from the pool of the initial plasmids together with the products
of previous replications. This proceeds until there are 2n total plasmids,
when the number of mutants will be distributed according to a Pólya urn
scheme. These 2n plasmids are then randomly segregated into the daughter
cells as before. The number of mutant plasmids in a daughter cell is then
distributed as

P (i→ {j,k}) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(j+kj )(2n−j−k

n−j )
(2n
n )

·
(2n−j−k−1
n−j−k+i )(j+k−1

j+k−i)
(2n−1

n )
j = k,

2
(j+kj )(2n−j−k

n−j )
(2n
n )

·
(2n−j−k−1
n−j−k+i )(j+k−1

j+k−i)
(2n−1

n )
otherwise.

(4.2)

The first fraction in the expression is the same hypergeometric distribution
for segregation as in the regular replication model, representing the prob-
ability that the j + k mutant plasmids produced by replication are divided
into j in one daughter cell and k in the other. The second fraction is the
probability of producing j + k mutant plasmids from i mutant plasmids
during replication under the Pólya urn process model: for the derivation
see appendix B.

For rescue to happen, a mutation must occur on the plasmid and be
maintained together with the wild-type plasmid in the same cell indefi-
nitely. To determine the probability of this occurring in a given population,
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we split the process into two parts. In the first, we look at the descendants
of a single novel mutant, and determine the probability that these descen-
dants will survive indefinitely rather than suffering stochastic loss. This
is called the establishment probability of the mutant. We ignore additional
mutations that might recurrently generate the mutant from the wild-type
plasmid, which is a rare event in a small cell line. In the second part, we
can then estimate the number of mutants which will occur in wild-type ho-
mozygous cells before the initial population goes extinct, and determine
the probability that at least one of them will establish; this is called the
rescue probability.

We have described our birth-death model thus far as a continuous-time
multitype branching process, in which cells divide and die independently
of each other, excluding in particular resource competition. Of course, a
population cannot grow indefinitely. However, we are here considering a
population that is, at least initially, declining due to maladaptation. Mutant
cells are rare in the early stages of establishment in which we are interested
and therefore independent from each other to a good approximation; this
approximation is commonly made even in more complicated models and
dates back to the very early calculations of establishment probabilities of
beneficial alleles (Haldane 1927). We further assume that we are far enough
away from carrying capacity that we can also neglect competition with the
declining wild-type population.

4.3 The establishment probability

4.3.1 Analysis

To determine the establishment probability for the descendants of a given
bacterial cell, we first determine the extinction probability, the probability
that the cell’s descendants will at some point go extinct. While our model
was described above in continuous time, we transition to a discrete-time
branching process for the analysis of the establishment probability. We can
do this because we are only interested in the final outcome of the process—
extinction or survival—and not in the timing of events.

A given cell will have either zero daughter cells (if it dies before re-
producing), with probability µi/(λi + µi), or two daughter cells (if it repro-
duces), with probability λi/(λi + µi). Since the survival of the cell depends
on its complement of plasmids, we will need to track the number of mutant
and wild-type plasmids in each daughter cell. The extinction probabili-
ties Q0,Q1, . . . ,Qn of the descendants of cells with, respectively, 0,1, . . . ,n
mutant and n,n − 1, . . . ,0 wild-type plasmids are given by the least fixed
point of the generating function of the distribution of daughter cells of
a single cell (Sewastjanow 1975, Folgerung V.1.1). This function is given
by f (z0, . . . , zn) = (f0(z0, . . . , zn), . . . , fn(z0, . . . , zn)), where each component fi is
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given by

fi(z0, . . . , zn) =
µi

λi +µi
+

λi
λi +µi

∑︂
{j,k}

P (i→ {j,k})zjzk , (4.3)

the sum being taken over all unordered pairs {j,k} of numbers of plasmids.
The first term of this expression corresponds to the probability of immedi-
ate cell death, while the sum gives the probabilities of each possible pair of
daughter cell types upon reproduction. The fixed point of the generating
function is then the solution to the system of n+1 equations in (4.3) in n+1
unknowns zi = Qi , which can be solved numerically. This is also intuitive:
the initial cell has either zero or two daughter cells. In the case that the
initial cell has zero daughter cells, its descendants go extinct immediately
(corresponding to the first term in the fixed point equation); in the case it
has two, its descendants go extinct if and only if the descendants of both
daughter cells go extinct (corresponding to the second term).

The fixed point gives us the probability that the descendants of a bac-
terial cell eventually go extinct, but what we really want is the probability
that the descendants of a novel mutant never go extinct: the establishment
probability. Under the regular replication model, this is very simple to de-
termine: a novel mutant allele appears at first on a single plasmid in a
single host cell, so the establishment of the mutant allele occurs only when
the descendants of that cell do not go extinct, and

Pest = 1−Q1. (4.4)

In the random replication model the situation is slightly more complex.
When a mutation occurs during plasmid replication, the novel mutant plas-
mid is available to be replicated during the same bacterial generation. If it
is replicated, there will be multiple mutant plasmids to segregate between
daughter cells, and each daughter cell might get one or more mutant plas-
mids. Thus the establishment process of the mutation gets a head start,
possibly starting from multiple mutant plasmids which may possibly be
in two separate cells. The establishment probability becomes a quadratic
form in the extinction probabilities of the individual types

Pest = 1−
∑︂

0≤j,k≤n

(2n+ (n− 1)(j + k))
n(j + k)(j + k + 1)

(︁ n
j+k

)︁(︁2n−1
j+k

)︁⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
replication

(︁j+k
j

)︁(︁2n−j−k
n−j

)︁(︁2n
n

)︁⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
segregation

QjQk , (4.5)

where the first factor inside the sum is the probability of going from no mu-
tant to j+k mutant plasmids during replication, conditional on exactly one
mutation occurring (for the derivation of this probability and its assump-
tions, see appendix B), and the second factor is the probability of the j + k
mutant plasmids being segregated into daughter cells with j and k mutant
plasmids.
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4. Evolutionary rescue of bacteria by heterozygosity on plasmids

4.3.2 Results

The establishment probabilities for the regular replication model with a
dominant fitness function are shown in Figure 4.3A. Perhaps unsurpris-
ingly, increasing the fitness of heterozygotes (smax) increases the establish-
ment probability. More interesting is the effect of the copy number of the
plasmid. At low copy number, the establishment probability increases with
copy number: this is due to the loss of heterozygosity to segregation, which
is most pronounced for small copy numbers. For larger copy numbers, the
establishment probability stabilizes—indeed, a close examination shows
that it begins to decrease for larger copy numbers, probably because at
high copy numbers it takes more generations to go from a single mutant
plasmid copy to an approximately equal number of wild-type and mutant
plasmids, where the probability of producing a homozygote daughter cell
is lowest (a similar effect was observed in the non-heterozygote-advantage
case by Santer and Uecker (2020)).

The establishment probabilities for the regular replication model with a
peaked fitness function are shown in Figure 4.3B. The establishment prob-
abilities are lower than with the dominant fitness function, and decline
more precipitously for high copy numbers, since the fitness of most cell
types, other than the perfectly balanced heterozygotes, has been reduced.
In fact, for large enough copy numbers, the fitness of cells with positive but
small numbers of one or the other plasmid type becomes negative.

The establishment probabilities for the random replication model are
shown in Figures 4.3C (with the dominant fitness function) and 4.3D (with
the peaked fitness function). The general trend is the same as under the reg-
ular replication model, but the establishment probabilities are all reduced.
This is because random replication increases the rate of loss of heterozy-
gosity to segregation relative to regular replication: the “rich-get-richer”
behaviour of the Pólya urn scheme means that the proportion of mutant
plasmids is likely to be more unbalanced after replication, and the proba-
bility of a homozygote daughter cell is increased.

For comparison, we performed stochastic computer simulations, which
are in excellent agreement with equations (4.4) and (4.5) (see Appendix C).

Note that although the establishment probabilities appear to level off
for the random replication model with dominant fitness function, in fact
the establishment probability goes to zero for arbitrarily large copy num-
ber under random replication. This is because the mutant allele appears
initially in a single copy: as the copy number increases, the probability of
that mutant plasmid being selected for replication decreases. In the limit,
the mutant plasmid is never replicated at all, and eventually the cell line
containing it is lost to demographic stochasticity, and the mutant goes ex-
tinct.
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Figure 4.3: Establishment probabilities of rescue mutations on a plasmid of a given
copy number in the heterozygote advantage scenario, under the regular (panels A
and B, from equation (4.4)) or random (panels C and D, from equation (4.5)) repli-
cation assumption. Colours of points indicate the fitness smax of all heterozygotes
(with the dominant fitness function, panels A and C) or the maximum fitness of
heterozygotes (with the peaked fitness function, panels B and D). For all cases,
smin = −0.1. The code for numerical calculation of establishment probabilities is
available as supplementary material.
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4. Evolutionary rescue of bacteria by heterozygosity on plasmids

4.4 The rescue probability

4.4.1 Analysis

Now let us consider the overall probability of rescue for the entire popula-
tion. We follow the typical approach for approximating rescue probabili-
ties from branching process models (used by, e.g, Orr and Unckless 2008;
Alexander and Bonhoeffer 2012; Martin et al. 2013; Tazzyman and Bonho-
effer 2014; Santer and Uecker 2020): we assume that the initial population
of homozygote wild-type cells is large, and that mutations are sufficiently
rare that their occurrence and establishment can be treated as being inde-
pendent. The first assumption allows us to treat the initial population of
homozygote wild-type cells deterministically; it has an initial size N0 and
growth rate λ0 −µ0 = s(n,0) < 0, so its size at time t is given by

N (t) =N0e
s(n,0)t.

If the per locus mutation rate is u, then at each cell division the proba-
bility that a mutation occurs and will successfully establish is unPest (we
assume that at most one mutation occurs per cell division). Thus the in-
stantaneous rate of occurrence at time t of mutations that will successfully
establish is unPestλ0N (t). Our second assumption, of independence of mu-
tations, means that successfully establishing mutations form an inhomo-
geneous Poisson process with intensity function unPestλ0N (t). The rescue
probability is just the probability that this process has at least one event
(i.e., at least one mutation occurs and successfully establishes), and is given
by

Prescue = 1− e−
∫︁∞
0 unPestλ0N (t)dt = 1− e−unN0

1+s(n,0)
|s(n,0)| Pest . (4.6)

The Poisson process approximation also allows us to find the distribution
of the time until the first successful rescue mutation occurs (conditional on
one occurring at all): the time of occurrence T is distributed as

P (T ≤ t) =
1− e−

∫︁ t
0 unPestλ0N (τ)dτ

Prescue
. (4.7)

Our choice to set µi = 1 means that the unit of time here is the mean time
to death of host cells. Note, however, that visible recovery of the popula-
tion will in general occur much later: even after a successful mutation has
occurred, the total population size still keeps decreasing initially, since the
majority of cells are still maladapted wild-type cells.

4.4.2 Results

The rescue probabilities are shown in Figure 4.4. The major difference to
the trends in the establishment probabilities in Figure 4.3 is that the rescue
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probability increases with copy number even when the establishment prob-
ability is stable or declining; this is because the increased mutational input
with a greater copy number results in more mutants arising before wild-
type population extinction, and thus a higher probability that at least one
establishes; this effect turns out to be stronger than that of the decrease in
the establishment probability. As for the establishment probability, we ad-
ditionally performed stochastic computer simulations, which confirm the
results (see supplementary material).

Exemplary trajectories of the population size over the course of the res-
cue process from stochastic simulations following the Gillespie algorithm
(Gillespie 1976) are shown in Figure 4.5. Given rescue occurs, population
recovery occurs earlier and is faster for higher copy numbers: population
growth turns from negative to positive at earlier times, the population size
at the minimum is larger, and subsequent growth is more rapid. We calcu-
late the (long-run) growth rate of the rescued population for the dominant
fitness function at the end of the next section.

4.5 Critical values of n and smax

Examining Figures 4.3 and 4.4 shows that not only does the effect of loss
of heterozygosity during segregation cause the establishment and rescue
probabilities to decline sharply at low copy numbers, but below a certain
threshold (which depends on smax) establishment and therefore rescue be-
comes impossible (Prescue = Pest = 0). We can, in fact, describe analytically
the relation between the heterozygote advantage smax and the copy num-
ber n which is required to hold in order for establishment to be possible
with the dominant fitness function, in both the regular and random repli-
cation models. We take the opportunity here to give names to the proba-
bilities that a single bacterial cell reproduces before it dies, which will be
important in deriving the analytical relations. With the dominant fitness
function, there are only two distinct values of this probability,

ρhom =
λ0

λ0 +µ0
=

λn
λn +µn

=
1 + smin

2 + smin
(4.8)

for homozygote cells and

ρhet =
λ1

λ1 +µ1
= · · · = λn−1

λn−1 +µn−1
=

1 + smax

2 + smax
(4.9)

for heterozygotes.

Theorem 1. In the model with regular replication and a dominant fitness func-
tion, the establishment probability (and therefore the rescue probability) is non-
zero if and only if n ≥ 2 and

smax >
2

2n− 3
.
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Figure 4.4: Probabilities (from equation (4.6)) of a bacterial population being res-
cued by a mutation on a plasmid of a given copy number in the heterozygote ad-
vantage scenario, under the regular (panels A and B) or random (panels C and
D) replication assumption. Colours of points indicate the fitness smax of all het-
erozygotes (with the dominant fitness function, panels A and C) or the maximum
fitness of heterozygotes (with the peaked fitness function, panels B and D). For
all cases, smin = −0.1 and uN0 = 0.1. The code for numerical calculation of rescue
probabilities is available as supplementary material.
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Figure 4.5: Simulated population size trajectories of a bacterial population being
rescued by a mutation on a plasmid in the heterozygote advantage scenario, under
the regular (panels A and B) or random (panels C and D) replication assumption
and dominant (panels A and C) or peaked (panels B and D) fitness function. Time
(on the x-axis) is measured in units of the mean lifespan of host cells 1/µi . Colours
of lines indicate the plasmid copy number: for each copy number, there are 20
simulated trajectories. The dashed curves show the mean of the simulations which
did not go extinct; the dotted vertical lines indicate the mean time of occurrence
of the first successful rescue mutation conditioned on rescue (from equation (4.7)).
For all cases, smax = 1.0, smin = −0.1, and uN0 = 0.1. For the peaked fitness function
and random replication (panel D), the establishment probability with n = 5 is very
small (although non-zero), and none of the 20 replicate populations survived. The
code for the stochastic simulations is available as supplementary material.
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4. Evolutionary rescue of bacteria by heterozygosity on plasmids

Proof. As in the derivation of the establishment probability, we consider
the branching process in discrete time. Let M be the matrix the i, j element
of which is the expected number of daughter cells with j mutant plasmids
from a cell with i mutant plasmids. In the model with regular replication
and a dominant fitness function, the elements of this matrix have the form

mij =
λi

λi +µi

n∑︂
k=0

2δjkP (i→ {j,k}) = 2
λi

λi +µi

(︁2i
j

)︁(︁2(n−i)
n−j

)︁(︁2n
n

)︁ ,

where we have substituted the definition of P (i → {j,k}) for regular rep-
lication given in equation (4.1). By a general result of branching process
theory, a discrete-time multitype branching process goes extinct with prob-
ability one if and only if it has no final classes and the largest eigenvalue
of M is less than or equal to one (Sewastjanow 1975, Satz V.2.5). The first
condition is a technical one, to exclude the degenerate case where there is
no stochasticity in the branching process and the population stays at a fixed
size: a final class is a subset of the types in the multitype branching process
such that an individual of one of those types will have, with probability
one, exactly one offspring and that offspring will be of one of the types in
the class. In our case, there can be no final classes because every individual
has a nonzero probability of having no offspring. Therefore, there is a non-
zero probability of establishment if and only ifM has an eigenvalue greater
than one.

To find the eigenvalues of M, we factor it as a product M = 2RP , where
P is the matrix with i, j element

(︁2i
j

)︁(︁2(n−i)
n−j

)︁
/
(︁2n
n

)︁
and R a diagonal matrix con-

taining the probabilities of reproduction, then find the eigenvalues of each
factor individually—it will turn out, luckily, that all the eigenvalues of M
are products of the eigenvalues of these factors. Finding the eigenvalues
of R is easy, since it is diagonal: in fact, it has only two distinct eigenvalues,
which are given by the two possible probabilities ρhom and ρhet of reproduc-
tion for a cell with the dominant fitness function given in equations (4.8)
and (4.9). The eigenvalue ρhom has an eigenspace consisting of all of the
“pure homozygote” vectors, that is those with nonzero entries only in the
first and last component, and the eigenvalue ρhet has an eigenspace con-
sisting of the “pure heterozygote” vectors (those with zero first and last
components).

The eigenvalues of P were calculated by Schensted (1958); we present
here an elaboration of her argument. The trick will be to find a basis of Rn+1

in which the matrix that represents the same linear transformation repre-
sented by P in the standard basis is upper triangular, which makes reading
off the eigenvalues trivial (in other words, we show that P is similar to cer-
tain upper triangular matrix; Strang (2009, § 6.6)). This new basis will
arise from considering the vector space R[X] of polynomials in an arbitrary
unknown X with real coefficients. The map T : R[X] → Rn+1 that takes a
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polynomial p(X) to the vector

T p =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
p(0)
p(1)
...

p(n)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
is clearly linear, and if we restrict the domain to polynomials of degree at
most n, it becomes an isomorphism (since any n+ 1 points define a polyno-
mial of degree at most n). For any integer β,

(︁X
β

)︁
= X(X − 1) · · · (X − β + 1)/β!

is a polynomial in X of degree β, and the sequence {
(︁X

0
)︁
,
(︁X

1
)︁
,
(︁X

2
)︁
, . . . } forms

a basis for R[X]; moreover, if we truncate the sequence at
(︁X
n

)︁
, we get a ba-

sis for the subspace of polynomials of degree at most n, which we can pass
through the isomorphism T to obtain a basis for Rn+1.

Looking carefully at the binomial coefficient identity

n∑︂
α=0

(︁2i
α

)︁(︁2n−2i
n−α

)︁(︁2n
n

)︁⏞ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄⏞
Piα

(︄
α
β

)︄
⏞⏟⏟⏞
T (Xβ)α

=

(︁n
β

)︁(︁2n
β

)︁ (︄
2i
β

)︄
⏞⏟⏟⏞
T (2X

β )
i

(integers n > 0, 0 ≤ β ≤ n)

(proven in appendix B), we see that it is the i-th component of the equation

P T

(︄
X
β

)︄
=

(︁n
β

)︁(︁2n
β

)︁T (︄
2X
β

)︄

=

(︁n
β

)︁(︁2n
β

)︁ β∑︂
α=0

bβαT

(︄
X
α

)︄ (4.10)

where the second equality follows from the fact that
(︁2X
β

)︁
is a polynomial of

degree β, and so must itself be a linear combination of
(︁X
α

)︁
with α ≤ β.

From equation (4.10), we can see that {T
(︁X

0
)︁
,T

(︁X
1
)︁
, . . . ,T

(︁X
n

)︁
} is the basis

we are looking for: the linear transformation represented by P in the stan-
dard basis is represented in this basis by an upper triangular matrix with
diagonal elements bii

(︁n
i

)︁
/
(︁2n
i

)︁
. Since the eigenvalues are a property of the

linear transformation, not its matrix representation in a particular basis,
the eigenvalues χ0, . . . ,χn of P are exactly these diagonal elements. To cal-
culate bii , we note that the coefficient of Xi in the polynomial

(︁X
i

)︁
is 1/i!,

while in the polynomial
(︁2X
i

)︁
it is 2i/i!. None of the

(︁X
α

)︁
for α < i can con-

tribute an Xi term, so it must be the case that bii = 2i . Thus we have that

χi = 2i
(︁n
i

)︁(︁2n
i

)︁ .
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The ratio χi+1/χi is less than or equal to 1, showing the sequence of eigen-
values is nonincreasing. The first three values are χ0 = 1, χ1 = 1, and
χ2 = 2(n−1)

2n−1 .
Finally we get to the eigenvalues of M itself. In general, of course, it is

not the case that the eigenvalues of a product of matrices are the products of
the eigenvalues of the factors. However, if a pair of eigenvalues of the two
factors share a common eigenspace, then their product is an eigenvalue of
the product. This condition is not true for all the pairs of eigenvalues of R
and P , but it is true for ρhom (an eigenvalue of R) and 1 (an eigenvalue
of P ). Recall that the ρhom-eigenspace of R consists of the “pure homozy-
gote” vectors: these are also exactly the left eigenvectors of P corresponding
to the eigenvalue 1 (this can be seen from the fact that the first and last
rows of P have a one on the diagonal and zeros everywhere else). Therefore
2ρhom = 21+smin

2+smin
is an eigenvalue ofM = 2RP (with multiplicity 2). But since

smin < 0, this eigenvalue is always less than 1, and we can ignore it: either it
is not the dominant eigenvalue, in which case our conclusion does not de-
pend on it, or it is the dominant eigenvalue, in which case the next largest
eigenvalue will also be less than 1, and our conclusion will be the same as
if that were the largest eigenvalue.

We now turn to the remaining eigenvalues of M. Let χ ≠ 1 be another
eigenvalue of P and x a corresponding left eigenvector. We now show that
2ρhetχ is an eigenvalue of M. Unfortunately, it will not be so easy this
time: x does not have to lie in the ρhet-eigenspace of R. However, we can
split x into a pure homozygote component xhom, which is the component
of x in the ρhom-eigenspace of R, and a pure heterozygote component x −
xhom, which lies in the ρhet-eigenspace. Of these three vectors, x is a (left)
eigenvector of P (by definition), and x − xhom is an eigenvector of R (by
construction), but xhom is an eigenvector of both: this enables us to construct
a vector that will be a left eigenvector of RP corresponding to ρhetχ, namely
ρhet(1 −χ)xhom + (ρhom −χρhet)(x − xhom). To see it is an eigenvector of RP ,
note that

P TR (ρhet(1−χ)xhom + (ρhom −χρhet)(x − xhom))

= P T
(︂
ρhetρhom(1−χ)xhom + (ρhomρhet −χρ2

het)(x − xhom)
)︂

= P T
(︂
ρhetχ(ρhet − ρhom)xhom + (ρhomρhet −χρ2

het)x
)︂

= ρhetχ(ρhet − ρhom)xhom + (ρhomρhetχ −χ2ρ2
het)x

= ρhetχ ((ρhet − ρhom)xhom + (ρhom −χρhet)x)
= ρhetχ (ρhet(1−χ)xhom + (ρhom −χρhet)(x − xhom)) ,

where the first equality uses that xhom and x − xhom are eigenvectors of R
and the third uses that x and xhom are left eigenvectors of P . From the
eigenvalues χ2,χ3, . . . ,χn of P we obtain in this way the remaining n − 1
eigenvalues of M = 2RP , and have thus found all eigenvalues of M.
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Since χ2 = 2(n−1)
2n−1 is the largest of the remaining eigenvalues of P , to

check if there is at least one eigenvalue of M greater than 1 we need only
check if 2ρhetχ2 > 1. We have that

2ρhetχ2 = 2
(1 + smax)2(n− 1)
(2 + smax)(2n− 1)

,

which is greater than one if and only if smax >
2

2n−3 .

Theorem 2. In the model with random replication and a dominant fitness func-
tion, the establishment probability (and therefore the rescue probability) is non-
zero if and only if n ≥ 2 and

smax >
4n

2n2 − 3n− 1
.

In addition, in the long term limit, the heterozygote types are all equally abun-
dant.

Proof. Let M once again be the matrix the i, j element of which is the ex-
pected number of daughter cells with j mutant plasmids from a cell with i
mutant plasmids. In the model with random replication and a dominant
fitness function, the elements of this matrix have the form

mij =
λi

λi +µi

n∑︂
k=0

2δjkP (i→ {j,k})

= 2
λi

λi +µi

n∑︂
k=0

(︁j+k
j

)︁(︁2n−j−k
n−j

)︁(︁2n
n

)︁ (︁2n−j−k−1
n−j−k+i

)︁(︁j+k−1
j+k−i

)︁(︁2n−1
n

)︁ ,

where we have substituted the definition of P (i → {j,k}) for random repli-
cation from equation (4.2). As in the proof for the regular replication case,
we use general branching process theory (Sewastjanow 1975, Satz V.2.5) to
determine that there is a nonzero probability of establishment if and only
if M has an eigenvalue greater than one.

The elements of the first and last rows of M, the numbers m0j and mnj ,
must all be zero except the diagonal elements m00 = mnn = 2ρhom. This
can be seen either from biological considerations—a homozygote cell will
have only homozygote daughters—or by substitution into the definition
of mij—if i = 0, then

(︁j+k−1
j+k−i

)︁
will be zero unless j = k = 0, in which case it is(︁−1

0
)︁

= 1, and if i = n, then the same is true of
(︁2n−j−k−1
n−j−k+i

)︁
. This means M has

the structure ⎡⎢⎢⎢⎢⎢⎢⎣2ρhom 0 0
2ρhetA 2ρhetB 2ρhetC

0 0 2ρhom

⎤⎥⎥⎥⎥⎥⎥⎦ ,
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where B is an (n−1)×(n−1) matrix and A and C are n−1 component column
vectors. Then 2ρhom is an eigenvalue of M; this eigenvalue, however, is
always less than one, since smin < 0. Every other eigenvalue of M will be
2ρhet times an eigenvalue of B, and its corresponding left eigenvectors are
of the form [x0 v x1], where v is a left eigenvector of B.

We now show that (n−1)(2n+1)/(n+1)(2n−1) is such an eigenvalue of B
with a corresponding left eigenvector v with all components equal to 1 (the
identification of this eigenvalue is due to Novick and Hoppensteadt 1978).
The jth element of vB is

n−1∑︂
i=1

n∑︂
k=0

(︁j+k
j

)︁(︁2n−j−k
n−j

)︁(︁2n
n

)︁ (︁2n−j−k−1
n−j−k+i

)︁(︁j+k−1
j+k−i

)︁(︁2n−1
n

)︁ ,

which by equation (B.2) in appendix B is equal to (n−1)(2n+ 1)/(n+ 1)(2n−
1); so vB = (n − 1)(2n + 1)/(n + 1)(2n − 1)v. This must also be the largest
eigenvalue of B: B is a nonnegative irreducible matrix (since a cell with 1 ≤
i ≤ n− 1 mutant plasmids can produce a descendant cell with 1 ≤ k ≤ n− 1
mutant plasmids after at most |i − k| generations, Bn−1 is a positive matrix),
so by the Perron-Frobenius Theorem (Frobenius 1912; Sewastjanow 1975,
Satz IV.5.2) its only eigenvalue with a strictly positive eigenvector is the
largest eigenvalue.

Thus 2ρhet(n − 1)(2n + 1)/(n + 1)(2n − 1) is the largest eigenvalue of M
(other than possibly 2ρhom) and its corresponding left eigenvector has all
heterozygote types equally abundant. By simple rearrangement, we have
that

2ρhet
(n− 1)(2n+ 1)
(n+ 1)(2n− 1)

= 2
(1 + smax)(n− 1)(2n+ 1)
(2 + smax)(n+ 1)(2n− 1)

is greater than one if and only if smax >
4n

2n2−3n−1 .

Although we have given the conditions in the statements of the theo-
rems as thresholds on smax, they can be equivalently restated as thresholds
on n necessary for establishment: for regular replication, the threshold is

n > 1
smax

+ 3
2 , and for random replication it is n > 1

smax
+ 3

4 +
√︂

( 1
smax

+ 3
4 )2 + 1/2.

Note that as a direct consequence of these two theorems, if establishment is
impossible in the regular case for a given n and smax, then is also impossible
in the random case (the threshold smax is always larger in the regular case,
since n−3/2 > n−3/2

2 − 1
4n ). We have derived the threshold condition only for

the dominant fitness function: we relied on having one common reproduc-
tion probability ρhet for all heterozygote types, which made the interaction
between host reproduction and the combinatorics of plasmid replication
and segregation particularly simple.

With the insights obtained in this section, we can now also determine
the exponential growth rate of the population, once rescued. For this, we
switch back to the birth-death process in continuous time. At long enough
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times, growth is well described deterministically by a system of ODEs. This
system will be linear, with a matrix of coefficients given by Λ(2P − I) −D,
where P has the same meaning as in the proof of Theorem 1, the combina-
torial part of the expected progeny matrix, Λ is a diagonal matrix of birth
rates λi , I is the identity matrix, andD is the diagonal matrix of death rates,
which by assumption are the same for all cell types and given by µi = 1. By
the same argument as in the proof of Theorem 1, the eigenvalues of Λ(2P−I)
are products of an eigenvalue of Λ and an eigenvalue of 2P − I (the argu-
ments in the proof of Theorem 1 also apply to random replication). The
largest eigenvalue of Λ(2P − I) − D, which determines the growth rate of
the rescued population, is therefore (1 + smax)(2χ − 1) − 1, where χ is the
largest eigenvalue of P other than 1: this is 2(n−1)

2n−1 for regular replication

and (n−1)(2n+1)
(n+1)(2n−1) for random replication, where the latter result is obtained

with the same reasoning as applied to the matrix M in the proof of Theo-
rem 2.

4.6 The final distribution of cell types

If establishment occurs, we can ask what the relative abundances of cells
with different numbers of mutant plasmids will be. The distribution of
the number of mutant plasmids in a cell in the infinite time limit can be
found for the discrete-time branching process from the expected progeny
matrix M, with the expected number of daughters with j mutant plasmids
from a cell with i mutant plasmids as its i, j element. If establishment is
possible (Pest > 0) then M has a dominant eigenvalue, and a corresponding
left eigenvector to that eigenvalue gives the distribution of cell types in
the long run (Mode 1971, Theorem 4.1). This eigenvector can be found
numerically.

Examples of the final stable distribution of the number of mutant plas-
mids per cell under the four models considered (regular and random repli-
cation and dominant and peaked fitness functions) are shown in Figure 4.6.
Even after establishment, considerable numbers of homozygote cells are
present in the population, because of their constant replenishment by seg-
regation. Heterozygotes are more abundant under regular replication, be-
cause there is a lower rate of loss of heterozygosity to segregation than with
random replication. Note that in the model with random replication and
dominant fitness function, all heterozygote cell types are equally abundant
in the long-term limit (as shown by Theorem 2).

4.7 Cointegration

As we have seen, segregation plays an important role in limiting the possi-
bility of the population being rescued. One process which alters the rate of
segregation is the fusion of plasmids to form cointegrates. When plasmids
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Figure 4.6: The final distribution of the proportion of mutant plasmids in a cell
for plasmids of given copy numbers, under each of the four combinations of rep-
lication assumption and fitness function considered, and with smin = −0.1 and
smax = 1.0. The eigenvector corresponding to the leading eigenvalue of M was cal-
culated numerically (code available as supplementary material); note that for n = 4
with random replication and the peaked fitness function, the population goes ex-
tinct with probability one, and there is no well-defined final distribution.
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fuse, the resulting multimer has multiple copies of the plasmid backbone,
including multiple copies of the copy number control system, so we ex-
pect that an m-mer still “counts against” the copy number m times, even
though it is only one molecule (Chiang and Bremer 1991; Summers and
Sherratt 1984; Summers et al. 1993). Cointegration can eliminate the pos-
sibility of losing heterozygosity to segregation in the descendants of cells
in which it occurs (experimentally observed by Hülter et al. 2020; Garoña
et al. 2021): if plasmids with distinct alleles fuse, the resulting cointegrate
provides the heterozygote phenotype on its own and can no longer be sep-
arated by segregation (unless the cointegrate is resolved into independent
plasmids again). But conversely, if plasmids with identical alleles fuse, the
number of independently segregating units in the cell is reduced, and the
rate of loss will increase. We now present an extension of the model to
include cointegration. We have chosen to use a very simplified cointegra-
tion model, with no resolution of multimers, only regular replication and
the dominant fitness function, and novel mutations only appearing in cells
with all monomers, to provide a comparison to the model without cointe-
gration without a great deal of complexity.

4.7.1 The cointegration model

In a model which incorporates cointegration, there are a much larger num-
ber of possible cell types, since not only are there multiple loci that may
have one allele or the other, but also these loci may be distributed among
plasmids in a variety of ways. In the following, a cell type will be written
in the form (AA)(B)(AB), where each letter represents a locus carrying one
of the two alleles, A and B, that must be maintained for the population to
survive, loci within a pair of parentheses are on the same plasmid, and the
total number of loci is fixed at the copy number n. In the example, the cell
thus contains a cointegrate of two plasmids with allele A, a plasmid with
allele B, and a cointegrate of a plasmid with allele A and a plasmid with
allele B. Each cell type a then has a death rate µa, which will be fixed to 1 as
before, and a reproduction rate λa, which is determined by the number of
mutant and wild-type alleles in the cell (irrespective of their distribution
on different plasmids). Incorporating cointegration into our model requires
slight changes to the reproduction probabilities to account for the greater
number of cell types, and adds a new process of cointegration which needs
to be modelled.

Reproduction

The reproduction probabilities are determined by the regular replication
model used previously. The probability that a dividing cell of type a has
daughters of types b and c will be denoted P (a → {b,c}) All plasmids are
duplicated and then divided into two subsets having the same copy number
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of the copy number control system. This last part is important because now
plasmids contribute differently to the total copy number. This means that
some assortments of plasmids into daughter cells are no longer possible: for
example, an (AAA)(B) cell can only have daughters identical to itself, since
a (B)(B) cell has too few and an (AAA)(AAA) cell too many copies of the
copy number control system. The probabilities P (a→ {b,c}) are calculated
by enumeration of the possible pairs of daughter cells and the number of
ways to produce each one.

Cointegration

The cointegration rate is divided into two parts: the overall probability
of a cointegration event occurring in a given cell, which is the biological
part, and the probability, conditional on cointegration occurring, that two
particular plasmids fuse, which is purely combinatorial.

The probability, conditional on a fusion occurring, that it takes the cell
from type a to type a′ is denoted P (a ⇒ a′). This probability is the frac-
tion of all pairs of plasmids in the a-cell that are pairs of the two types
that need to fuse for this transition to occur. For example, P ((A)(A)(B)⇒
(A)(AB)) = 2

3 (there are 3 pairs of plasmids in the original cell, of which
two are {(A),(B)} pairs). We only allow for fusion of plasmids but not for
the resolution of cointegrates, therefore P ((AA)(A)(B)⇒ (A)(A)(AB)) = 0.

The probability of cointegration occurring in one generation in cells of
type a is denoted κa. In the model presented here, this will be simply a
constant κ, except in cells that have only a single large multimer, where
it is 0 because no further cointegration can take place. We assume that at
most one cointegration event occurs in each cell cycle.

4.7.2 Analysis and results

Combining the reproduction and resolution models, the extinction proba-
bility Qa of type a is given by

Qa =
µa

λa +µa
+

λa
λa +µa

∑︂
{b,c}(︃

κa
∑︂
a′

P (a⇒ a′)P (a′→ {b,c})QbQc + (1−κa)P (a→ {b,c})QbQc

)︃
,

where the sums are taken over all types or unordered pairs of types. Note
that this expression is equally compatible with selection happening before
or after the fusion of plasmid copies, since the values of λa and µa are deter-
mined only by the alleles present and not their distribution between plas-
mid copies. Since we are using the regular replication model and make the
assumption that the mutation first appears in a cell with only monomers
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present, the establishment probability is then given by

Pest = 1−Q
(A)

n−1
(B)
.

Establishment probabilities for the cointegrate model are shown in Fig-
ure 4.7. An important qualitative difference is that for non-zero κ, the es-
tablishment probability no longer exhibits a threshold effect: establishment
is theoretically possible for any value of smax.

4.8 Discussion

Multicopy plasmids are a frequent component of bacterial genomes, where
they may be cryptic passengers or play an important role in bacterial adap-
tation and evolution. One way in which they can play such a role is through
their inherently polyploid nature: loci on a multicopy plasmid can ex-
hibit heterozygosity which is not usually possible for loci on the (for many
species) haploid chromosome. Here we have examined one scenario in
which heterozygosity of plasmids may provide an adaptive advantage to
their hosts, by enabling rapid evolution in scenarios of heterozygote ad-
vantage.

It is apparent that a key factor in determining the fate of heterozygos-
ity on plasmids is plasmid segregation at host cell division. The effects of
segregation on the establishment of novel alleles located on multicopy plas-
mids have already been explored both in models (Santer and Uecker 2020;
Garoña et al. 2023) and experiments (Ilhan et al. 2018; Garoña et al. 2023),
showing that segregation reduces the establishment probability of adap-
tive alleles on multicopy plasmids. Here, we have shown that the effect
of segregation is even more drastic in scenarios of heterozygote advantage:
the constant loss of heterozygosity to segregation puts strong limits on the
probability of successful adaptation unless the fitness of heterozygotes is
sufficiently large. The condition that we derived for the required fitness
of heterozygotes more generally holds for the maintenance of heterozygos-
ity on multicopy plasmids, even outside a rescue scenario. While we have
phrased our model in terms of wild-type and mutant plasmids (i.e. vari-
ants of the same plasmid), the results carry over to the establishment and
the maintenance of two incompatible plasmids variants sharing the same
replication mechanism.

The importance of plasmid-mediated heterozygosity in allowing pop-
ulations to escape from fitness trade-offs was previously explored in both
experiments and models by Rodriguez-Beltran et al. (2018). In a system
where different plasmid alleles provide resistance to different antibiotics,
they find that fluctuating selection is capable of maintaining heterozygos-
ity, and intermediate antibiotic concentrations maintained heterozygosity
the longest (note that unlike in our model, there is always selection for
only one plasmid variant at a time). Their model is simpler than ours in
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Figure 4.7: Establishment probabilities of rescue mutations on possibly-
cointegrating plasmids of a given copy number, for varying values of the heter-
ozygote fitness smax and the cointegration probability κ (for all cases, smin = −0.1).
The κ = ∞ panel corresponds to a model in which the mutation is immediately
followed by the fusion of all plasmids into a single multimer, and thus is the theo-
retical maximum establishment probability. The code for numerical calculation of
establishment probabilities is available as supplementary material.
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one important respect: they bundle all heterozygotes into a single com-
partment of their ODE model, ignoring the precise number of mutant and
wild-type plasmids. To estimate the rate of segregation, Rodriguez-Beltran
et al. (2018) assume that all heterozygote cells have half-and-half mutant
and wild-type composition, so that the probability of having a homozygote
daughter cell is 21−n. This means that the expected number of heterozygote
daughters of a heterozygote cell is 2(1−21−n)(1+ smax)/(2+ smax), and there-
fore the branching process founded by a heterozygote cell is supercritical,
and the establishment probability of a mutant on a plasmid is positive, if
and only if

smax >
1

2n−2 − 1
,

which is a much weaker condition than our Theorem 1 (provided that n >
3): ignoring the unbalanced heterozygotes overestimates heterozygote sta-
bility. The extension of our model to fluctuating selection remains for fu-
ture work.

The important role of segregation on multicopy plasmids strongly con-
trasts with the state of affairs on a haploid bacterial chromosome, where
true heterozygosity is impossible, so that our two focal alleles would have
to either replace each other completely or be located at different loci and
not subject to segregation. Cells in rapidly dividing populations will con-
tain multiple copies of the chromosome and thus be effectively polyploid;
although this exposes them to the effects of dominance (Sun et al. 2018)
their segregation is not random and heterozygosity cannot be maintained
long-term. There is also a strong contrast to the role of segregation in
the system one normally thinks of when considering heterozygosity, sexu-
ally reproducing diploid organisms. Homologous chromosomes in diploids
segregate at meiosis, but heterozygosity is maintained by sexual reproduc-
tion; unlike with multicopy plasmids, no selection for heterozygotes is re-
quired to maintain heterozygosity at Hardy-Weinberg proportions in the
population indefinitely, provided homozygous individuals can thrive and
both homozygous types are equally fit. However, if homozygous individ-
uals have fitness less than one as in our rescue scenario and heterozygotes
are required for population persistence, there is also a threshold on the
heterozygote fitness below which the population cannot survive; unlike for
multicopy plasmids, this threshold depends on the fitness of homozygotes.
The closest analogue in diploids to the role of segregation in multicopy
plasmids is inbreeding, which also reduces heterozygosity in the popula-
tion without altering allele frequencies. Segregation is in a sense a stronger
force in reducing heterozygosity than any degree of partial selfing, since the
equilibrium heterozygosity is zero in the absence of selection for the heter-
ozygote (unlike partial selfing, which produces a nonzero equilibrium), but
less strong than complete selfing; this can be seen by comparing the n = 2
case (when segregation has the largest effect on multicopy plasmids, and
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also the case most directly comparable to diploids), where 2/3 of the daugh-
ter cells of heterozygotes are heterozygotes, to a selfing diploid, where only
1/2 of the offspring of heterozygotes are heterozygotes. Nevertheless, con-
straints on heterozygote fitness are stronger for plasmid-mediated rescue of
bacterial populations than for rescue of selfing populations: division of a
heterozygote cell into two homozygote cells leads to loss of a heterozygote
from the population, while offspring reproduction by a selfing heterozy-
gote leaves the heterozygote parent individual intact. This means that the
rate of reproduction 1 + smax only needs to be greater than two for the self-
ing individual (or for a random mating population in which homozygotes
are lethal or infertile) rather than three as in the bacterial population. The
nonplasmid systems that most closely resemble the genetics of multicopy
plasmids are the organelle (mitochondrial and plastid) genomes of eukary-
otes (Birky 1983) and the macronuclei of ciliate protists (Allen and Nanney
1958)—indeed, it was in the latter context that Schensted (1958) devel-
oped a model of chromosomal segregation which is equivalent our regular
replication model for plasmids and first determined the eigenvalues of the
matrix we refer to as P in the proof of Theorem 1.

We have also seen that the mechanism or mode of replication has a sub-
stantial effect on the fate of a novel mutation in heterozygote advantage
scenarios. In the regular replication model, there are no additional sto-
chastic effects in replication, while in the random replication model the
rich-get-richer property of the replication process is an additional mech-
anism reducing heterozygosity in the population. Our understanding of
the biological mechanisms of plasmid replication would seem to suggest
that random replication is a more realistic model of the replication process
of most plasmids; however, some empirical studies have found the regular
replication model to be a better fit to the data (Garoña et al. 2023). Here we
have followed Novick and Hoppensteadt (1978) in presenting both models
to permit a comparison.

We have kept properties of the plasmid such as copy number fixed over
the course of rescue. While this may be a realistic assumption over the short
timescale of the rescue process, over the longer term (for example in the
rescued population) these properties are also subject to evolution. Given
the important role of copy number in the fate of bacterial populations de-
pending on plasmid-mediated heterozygosity, the copy number might well
be under selection. Some experimental studies have shown rapid evolution
of plasmid copy number in response to selection on plasmid-borne traits in
other contexts (Dimitriu et al. 2021; San Millan et al. 2015; San Millan et al.
2016). A mutation in the plasmid replication control system that produces
a new plasmid type compatible with the existing plasmid—a plasmid spe-
ciation event—would also confer a selective advantage if it allowed the mu-
tant and wild-type alleles to exist on plasmids of distinct compatible types,
no longer sharing a common copy number between them, and no longer
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subject to loss of heterozygosity by segregation. Rapid plasmid speciation
has also been observed in experiments (Santos-Lopez et al. 2016).

Another change in the plasmid that would affect the maintenance of
plasmid-mediated heterozygosity, which we have modelled, is the forma-
tion of plasmid cointegrates (Hülter et al. 2020; Garoña et al. 2021). Our
results showed that stable multimerization of plasmids can increase the
probability of successful establishment of the novel allele. Our model of
cointegration is deliberately simple and limited, as it is intended as a short
demonstration of the importance of cointegration in the heterozygote ad-
vantage scenario and not a deep exploration of the cointegration process.
Many aspects of the cointegration process not explored here, particularly
the precise behaviour of multimers during replication and segregation and
the resolution of cointegrates into smaller multimers or monomers, are no
doubt important to the fate of alleles on cointegrates and merit further in-
vestigation. We especially have not included consequences of multimeriza-
tion on the stability of plasmid inheritance, which has been examined in a
model by Summers et al. (1993). The possibility of evolution of a multidrug
resistance plasmid from two incompatible single-resistance plasmids has
been previously demonstrated by Condit and Levin (1990) both experi-
mentally and in a model; it is left open in their model whether the plasmid
carrying both resistance genes has been formed through plasmid fusion or
exchange of DNA between plasmids, and they do not account for the plas-
mid copy number. A detailed model that combines elements of their and
our models and allows for dependence of recombination on the plasmid
copy number or the ratio of variant frequencies could be interesting to fur-
ther understand the evolution of multidrug resistance on plasmids.

Broadly speaking, whether rescue occurs or not depends on the avail-
ability of rescue mutations and their probability to escape stochastic loss
while rare, which is reflected in equation (4.6) by the product of the mu-
tational input and the establishment probability. In our model, all res-
cue mutations are assumed to appear after the population decline begins.
However, if the mutation were to occur before the environmental change
that causes the population decline, then there could already be heterozy-
gotes present in the population at the beginning of the evolutionary rescue
process. Their contribution relative to that of de novo mutations strongly
depends on the fitness effect of the mutation prior to the environmental
change and the rate of decay of the wild-type population (Orr and Unck-
less 2014). Rescue from the standing genetic variation has been explored in
many models of evolutionary rescue (e.g. Orr and Unckless 2008), includ-
ing rescue on plasmids (Santer and Uecker 2020). Plasmids also create av-
enues for the arrival of rescue mutations through horizontal gene transfer:
a mutant plasmid could be introduced into the host population by trans-
formation, or by conjugation (where heterozygosity can only be generated
if transfer of the mutant plasmid is not excluded by entry or surface exclu-
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sion from the wild-type plasmid variant). While horizontal transfer from a
source population to the target population increases the availability of the
rescue mutation, horizontal transfer within the target population affects its
establishment probability. There has been work on modelling rescue from
genes on plasmids arriving and spreading by horizontal transfer, splitting
the problem up into the rate of appearance and the establishment proba-
bility of the (single-copy) rescue plasmid analogous to our equation (4.6)
(Tazzyman and Bonhoeffer 2014; Geoffroy and Uecker 2023).

Plasmids are pervasive in natural populations of bacteria, and play an
important role in adaptation and evolution of bacteria. Understanding bac-
terial evolution therefore involves a good understanding of the population
genetics of plasmids. The properties of plasmids as independently repli-
cating units within their hosts make them an intriguing genetic system,
with complexities not present for haploid or diploid chromosomes. We
have explored one aspect of plasmid genetics—heterozygosity on multi-
copy plasmids—in the context of evolutionary rescue. We have shown that,
as intuitively expected, the maintenance of heterozygosity and thus res-
cue is impossible below a threshold copy number for a given heterozygote
fitness. Going beyond this intuition, our concise criterion in terms of the
plasmid copy number and the fitness of heterozygous cells quantifies the
conditions for the persistence of plasmid-mediated heterozygosity through
heterozygote advantage, and thus contributes to a population genetic the-
ory of bacterial evolution.
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chapter 5

RAPID ADAPTATION THROUGH GENE AMPLIFICATION
ON ECCDNA IN YEAST

Abstract. Small circular DNA molecules found in the nuclei of eukaryotic cells, ex-
trachromosomal circular DNA, exist in multiple copies. Since they consist of copies
of chromosomal DNA, this means that eccDNA can amplify chromosomal genes. In
circumstances where gene amplification has important fitness benefits, this can affect
population persistence, and even rescue populations from extinction. We develop and
analyze stochastic process models of the amplification of genes on eccDNA in yeast, and
the contribution of eccDNA to rescuing yeast populations. We show that the abundance
of eccDNA is driven not only by intrinsic eccDNA processes like replication and produc-
tion of eccDNA copies, but also by the replication of hosts; in particular, the between-cell
variation in eccDNA copy number is affected by the degree of bias in the segregation of
eccDNA copies at host cell division. This in turn affects the probability of successful
rescue of a yeast population by gene amplification on eccDNA. Our results show the
unique role of extrachromosomal genetic elements in the population genetics of rapid
adaptation.

5.1 Introduction

The nuclei of many eukaryotes contain, in addition to the chromosomes,
extrachromosomal circular DNA (eccDNA), circular DNA molecules of var-
ious sizes that are distinct and independent from the chromosome, but
which consist of copies of regions of chromosomal DNA (Gaubatz 1990;
Hotta and Bassel 1965). Extrachromosomal circular DNA is often associ-
ated with cancers, where it has been extensively studied, and is particularly
common, perhaps because of the general fragmentation and polyploidy of
the genetic material common in cancer cells (Cox et al. 1965; Windle et
al. 1991; Curtis et al. 2024). But eccDNA is not (at least exclusively) a
pathological symptom of cancer: eccDNA is found in the nuclei of normal,
noncancerous cells from all eukaryotic kingdoms (Beverley et al. 1984; Ki-
noshita et al. 1985; Cohen et al. 2003; Møller et al. 2015; Shoura et al. 2017;
Møller et al. 2018), and therefore appears to be a normal component of
eukaryote genomes.

Since it is both extrachromosomal and circular, eccDNA superficially
resembles the better-known plasmids present in prokaryotes (and some
fungi): eccDNA differs, however, in that it contains only copies of regions
of the chromosomal DNA. The eccDNA copies therefore have no genes of
their own, and no capacity for independent control or regulation of their

This chapter is in preparation for publication.
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physiological processes by cis-acting genes. This means that the life cycle
of an eccDNA is entirely determined by the host biology. Following Ar-
rey et al. (2022), we consider the key processes of eccDNA biology to be
production from the chromosome, replication, elimination, and the effects
of host cell division. The production of new eccDNA from the chromo-
some occurs by mechanisms that have not been completely explained, and
may vary among host taxa; however, they generally seem to be produced
as byproducts of replication or transcription on the chromosome (Paulsen
et al. 2018; Hull et al. 2019), and the frequency of eccDNA production
is not uniform between different chromosomal loci, but varies, resulting
in certain eccDNA hotspots (Arrey et al. 2022). Existing eccDNA copies
can be replicated in the host: frequently, the eccDNA contains an origin of
replication from the chromosome, and then eccDNA copies can be repli-
cated by the same mechanism as chromosomes (Møller et al. 2015), making
their replication synchronized with the host cell cycle (Barker et al. 1980).
This is by far the most commonly observed mechanism of replication, but
in some cases, eccDNA copies have also been observed to replicate inde-
pendently of the host cell cycle by rolling circle replication (Cohen et al.
2005). Copies of the eccDNA may also be degraded and destroyed by the
host. Finally, when the host cell divides, eccDNA copies must be segre-
gated between the two resulting cells. Since eccDNA copies are generally
acentric (lacking a centromere), the host segregation machinery cannot di-
vide them evenly between daughter cells, and we therefore expect in gen-
eral that eccDNA segregation will be random (confirmed experimentally
by Lange et al. 2022). In yeast (Saccharomyces cerevisiae), however, there is
an additional complication to segregation: in the budding division of yeast,
there is a clear mother and daughter cell (Mortimer and Johnston 1959),
and the mother can selectively retain eccDNA (Murray and Szostak 1983;
Sinclair and Guarente 1997). Accumulation of eccDNA in older yeast cells
is therefore common, and it has been proposed both as a measure of, and a
possible cause of, ageing in yeast (Hull and Houseley 2020).

Because it exists in multiple copies, eccDNA can be a source of copy
number variation of genes; if these copy number changes have important
fitness consequences for the cell (for example because production of an im-
portant gene product is transcription-limited), amplification by eccDNA
can serve an adaptive function. Adaptive amplification of genes on eccDNA
has been observed in several distinct experimental systems. In cancer cells,
oncogenes are frequently found to be amplified on eccDNA (Turner et al.
2017; Curtis et al. 2024). In normal cells, eccDNA has been found to be
associated with gene amplifications responsible for rapid adaptation to en-
vironmental change (e.g. Libuda and Winston 2006; Gresham et al. 2010;
Møller et al. 2013; Demeke et al. 2015). Adaptation to environmental tox-
ins, such as antibiotics, cancer drugs, or heavy metals, is a particularly com-
mon form of adaptation facilitated by eccDNA (e.g Baskin et al. 1981; Bev-
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erley et al. 1984; Ubeda et al. 2014; Hull et al. 2019), perhaps because this is
circumstance in which increasing the production of a particular gene prod-
uct by increasing the rate of transcription can have important effects (Hull
and Houseley 2020). In addition to increasing copy number, the presence of
genes on eccDNA can also increase their expression by making them more
physically accessible for transcription (Wu et al. 2019; Hung et al. 2022).
Beyond amplification of particular genes, eccDNA can also alter the regu-
lation of genes on eccDNA or on the chromosome (Zhu et al. 2021; Hung et
al. 2022). The flexibility and transient nature of amplification on eccDNA
means that it can be a particularly important mechanism of bet-hedging in
fluctuating or unpredictable environments (Møller et al. 2013); when en-
vironmental change is not fluctuating, eccDNA can also reintegrate into
the chromosome, enabling the stabilization of amplification for long-term
adaptation (Holt et al. 2023).

There is a small modelling literature on eccDNA, mostly motivated by
eccDNA in cancers, and largely focused on predicting the copy numbers
of eccDNA. The use of various stochastic process models is a natural fit to
this system, as the less-regulated and inherently stochastic nature of many
eccDNA processes, especially segregation, means stochasticity plays an im-
portant role in eccDNA dynamics. Early models used branching processes
to predict copy number (Kimmel and Axelrod 1990; Kimmel et al. 1992);
more recently Lange et al. (2022) made similar predictions from simula-
tions of eccDNA segregation. Turner et al. (2017) used simulations of a
branching process model to show that amplified genes on eccDNA were
able to reach much higher copy numbers than amplification by repeats
on a chromosome, and that this also resulted in a much higher degree of
between-cell variability in the copy number of the amplified gene.

Here we present models of evolutionary rescue of a population of bud-
ding yeast by gene amplification on eccDNA. The concept of evolutionary
rescue was introduced by Gomulkiewicz and Holt (1995), and it has been
the subject of extensive modelling work (e.g Orr and Unckless 2008; Orr
and Unckless 2014; Tazzyman and Bonhoeffer 2014; Geoffroy and Uecker
2023; Madgwick et al. 2024). In an evolutionary rescue scenario, a pop-
ulation is exposed to a sudden environmental change to which it is mal-
adapted. In the new unfavourable environment, the population begins
a demographic decline which would lead to extinction. An evolutionary
change (classically, usually either a novel mutation or selection for an ex-
isting allele present in the standing genetic variation) which adapts indi-
viduals to the new conditions occurs; if it overcomes demographic stochas-
ticity to produce a new, better adapted subpopulation, the population can
be rescued from extinction. In our case, the evolutionary change will be
a change in copy number of a gene due to amplification on eccDNA: our
modelled population is subjected to environmental conditions under which
cells can only survive if they have a sufficient number of copies of a certain
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gene, more copies than are present on the chromosome. Accumulation of
eccDNA copies carrying the gene therefore provides a mechanism for pop-
ulation persistence. Our motivating example is the rescue of a S. cerevis-
iae population subjected to heavy-metal toxicity from a high environmen-
tal concentration of copper by amplification of the CUP1 copper-resistance
(metallothionein) gene, which has been observed in evolution experiments
by Hull et al. (2019), but the model is of course more widely applicable.
In the following, we organize the presentation of our models on the basis
of our assumptions about the replication of eccDNA copies. First, we con-
sider a model where eccDNA copies replicate continuously, without any
synchronization with the host cell cycle (as seen in, e.g., Cohen et al. 2005).
Second, we consider a model where eccDNA replication occurs by the same
mechanism as chromosomal replication, and is therefore synchronized to
the host cell cycle (as seen in, e.g., Barker et al. 1980). In both cases, we use
analytic methods and stochastic simulations to predict the copy number of
the eccDNA and the probability of eccDNA-facilitated rescue of the yeast
population.

5.2 Asynchronous reproduction

5.2.1 The model

We wish to describe a population of yeast cells hosting eccDNA copies
with a particular possibly-fitness-relevant gene on them (what we shall
call the focal eccDNA). In our first model, we assume that eccDNA repli-
cation is not synchronized with the host cell cycle (for example because
it occurs by rolling-circle replication independent of whether the eccDNA
copy has a chromosomal origin of replication): we shall call this assumption
asynchronous reproduction. We describe the population of eccDNA-carrying
yeast cells with a stochastic process, in which host cells are categorized into
(countably) infinitely many types Xn based on the number n of copies of
our particular focal eccDNA they carry. Within each host nucleus, copies
of the focal eccDNA are produced from the chromosome at a rate ν, they
replicate (asynchronously) at a per capita rate λ, and they are degraded and
lost at a per capita rate µ. The host cells reproduce at a per capita rate bn
and die at a per capita rate dn; both of these rates may in general depend
on the number of eccDNA copies. These processes collectively describe a
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stochastic process with the elementary reactions

Xn
ν−→ Xn+1

Xn
λn−−→ Xn+1

Xn
µn
−−→ Xn−1

Xn
bn(nm)((1−p)/2)m((1+p)/2)n−m

−−−−−−−−−−−−−−−−−−−−−−−−→ Xm +Xn−m

Xn
dn−−→ ∅.

The first three reactions describe the intranuclear dynamics of the eccDNA
copies, which constitute a birth-death-immigration process. The latter two
reactions describe the population dynamics of the host population, which
constitutes of a birth-death process with eccDNA-copy-number-dependent
birth and death rates. In the birth reaction, we also need to take into ac-
count segregation of eccDNA copies: we assume that segregation is random
and independent for each eccDNA copy, which results in the binomial dis-
tribution appearing in the rate for the birth reaction. To account for the
bias towards retaining eccDNA copies in the mother cell observed in bud-
ding yeast, however, the probability of an eccDNA copy ending up in the
daughter cell is not 1/2, but (1−p)/2 (meaning that the probability of being
retained in the mother cell is (1+p)/2), where the parameter p measures the
degree of bias in segregation: at p = 0, segregation is unbiased (the proba-
bilities are in fact both 1/2), and the degree of bias increases with p until at
p = 1 all eccDNA copies are retained by the mother cell.

This model is easy to describe, but solving it to find the distribution of
numbers of host cells of each type at a particular time is more difficult; it
seems quite analytically intractable. Below, we instead present stochastic
simulations of the process and analytical results for some special cases.

5.2.2 Analysis: neutral conditions

We start by looking at the dynamics under neutral conditions, where the
number of eccDNA copies has no fitness effect on host cells. In this case
bn = b and dn = d are constant. The host population dynamics then become
uninteresting, both because they are not affected by the eccDNA dynamics,
and because they are merely a simple time-homogeneous birth-death pro-
cess: the yeast population will go extinct with probability min{1,d/b}, and
otherwise increase without bound. We therefore look only at the distribu-
tion of eccDNA copy number within cells in the population, by following
a single, random cell lineage in the population. Between cell divisions,
the eccDNA copy number follows a birth-death-immigration process with
rates λ, µ, and ν; at cell division, the eccDNA copies are segregated be-
tween mother and daughter cells, and we pick which cell to follow in the
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next generation at random. Since the single lineage of cells we follow is
chosen randomly, the distribution of eccDNA copy number in our focal lin-
eage is the same as the distribution of eccDNA copy number in the entire
population. We derive master equations for the probability pn(t) that there
are n eccDNA copies in our cell lineage at time t: joining all the probabil-
ities together into a probability generating function f (x, t) =

∑︁∞
n=0pn(t)xn,

we obtain a partial differential equation

∂f

∂t
= (ν(x − 1)− b)f + (λx −µ)(x − 1)

∂f

∂x

+
b
2

(︄
f

(︄
(1− p)x+ (1 + p)

2
, t

)︄
+ f

(︄
(1 + p)x+ (1− p)

2
, t

)︄)︄
.

This is still difficult to solve, but we can extract from it a system of ordinary
differential equations for the moments of the number Nt of eccDNA copies
at time t:

d
dt

E[Nt] = ν + (λ−µ− b/2)E[Nt]

d
dt

E[Nt(Nt − 1)] = 2(ν +λ)E[Nt] + 2(λ−µ− b(3− p2)/8)E[Nt(Nt − 1)],

and so

d
dt

Var[Nt] = ν + (λ+µ+ b(1− p2)/4)E[Nt] + (b(1 + p2)/4)E[Nt]
2

+ 2(λ−µ− b(3− p2)/8)Var[Nt].

From these equations, we can immediately see the long-term behaviour
of the mean eccDNA copy number. When

λ−µ− b/2 ≥ 0,

the mean diverges to infinity, meaning that eccDNA copies will accumulate
to higher and higher copy numbers indefinitely. Otherwise, the mean con-
verges in the long term to ν/(µ −λ+ b/2). Similarly, the variance increases
without bound if

λ−µ−
3− p2

8
b ≥ 0,

and otherwise converges to a finite quantity. Since we have that λ − µ −
b(3 − p2)/8 > λ − µ − b/2, the parameter space divides into three regions: if
λ−µ−b(3−p2)/8 > λ−µ−b/2 ≥ 0, both mean and variance become increase
without bound, if 0 > λ−µ− b(3− p2)/8 > λ−µ− b/2, they both converge to
finite values, and if λ−µ− b(3−p2)/8 ≥ 0 > λ−µ− b/2 the long-run mean is
finite but the variance still becomes arbitrarily large.
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5.2.3 Results: copy number distribution

Our analytic results allow us to describe the behaviour of the moments of
the eccDNA copy number distribution under neutral conditions. To exam-
ine the full distribution, we performed stochastic simulations. The com-
plete stochastic process model described in subsection 5.2.1 was simulated
using the Gillespie algorithm (Gillespie 1976). The birth rate of host cells
was fixed at b = 1, allowing us to use the average length of a host generation
as a unit of time. To estimate the stable limiting distribution of eccDNA
copy number, simulations were run for 20 generations, by which point the
copy number distribution had stabilized. Example copy number distribu-
tions under neutral conditions are shown in Figure 5.1. They confirm what
we found from the analytic results in the previous section: the abundance
of eccDNA copies increases with increasing net growth rate of the eccDNA
copy population, and increasing the bias of segregation increases the vari-
ance in the copy number distribution.

To compare the copy number distribution under selective conditions,
we need to choose functional form for the fitness effect of the eccDNA. We
will assume that all of the fitness effect of the eccDNA is on the death rate
of host cells (a reasonable assumption if, for example, the fitness effect is in
reducing the effect of an environmental toxin): the birth rate will remain a
constant bn = b = 1. The death rate will be given by

dn = dmin +
dmax − dmin

1 + cn
; (5.1)

this decreases hyperbolically from a maximum death rate dmax > 1 at n = 0
towards a lower asymptote dmin < 1 (representing the background death
rate from causes not affected by the gene on the focal eccDNA) at a rate
determined by c. When n < (dmax − 1)/(1− dmin)/c, the death rate is greater
than the birth rate b = 1, and the host cell is more likely to die than to repro-
duce; when n is greater than this threshold, the death rate is lower than the
birth rate, and the host cell is viable. This choice of fitness function is moti-
vated the example of CUP1: producing more of the metallothionein enables
binding and sequestering more copper, but with diminishing returns as the
concentration of the enzyme becomes larger relative to the concentration of
its copper substrate.

Stable copy number distributions were determined by simulation, as in
the neutral case. Figure 5.1 shows the copy number distributions under
one possible fitness function. Compared to each other, the selective distri-
butions show the same general trends as under neutral conditions. Com-
pared to the corresponding distributions under neutral conditions, the typ-
ical copy number of the eccDNA increases, although only slightly.
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Figure 5.1: Stable distributions of the eccDNA copy number with asynchronous
replication under neutral and selective conditions, calculated from stochastic sim-
ulations. (A) Unbiased segregation of eccDNA copies (p = 0) and fast eccDNA
replication λ = 3b. (B) Unbiased segregation of eccDNA copies (p = 0) and slow
eccDNA replication λ = b/2. (C) Biased segregation of eccDNA copies (p = 0.9)
and fast eccDNA replication λ = 3b. (D) Biased segregation of eccDNA copies
(p = 0.9) and slow eccDNA replication λ = b/2. In all cases b = 1, ν = 24b, and
µ = 3b. In the neutral cases, dn = 0.25; in the selective conditions, dn is given by
equation (5.1), with dmax = 2, dmin = 0.25, and c = 1/6, which gives a threshold of
positive selection dn = bn at n = 8.
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5.2.4 Results: population persistence

We are interested not only in the eccDNA copy number, but also in whe-
ther it can rescue a yeast population from extinction. Our fitness function
in equation 5.1 is chosen to produce a rescue scenario: at low eccDNA copy
numbers, dn > bn, and the population is doomed to eventual extinction.
Only if there are a sufficient number of cells with high enough eccDNA
copy numbers to have positive net growth rates can the population persist.
To determine the probability of population persistence, we used further
stochastic simulations to find the single-cell establishment probability, the
probability that the lineage founded by an individual cell persists arbitrar-
ily far into the future (for the simulation results, a lineage was considered
to have established if it had not gone extinct after 20 generations). The
single-cell establishment probability can be extended to a larger founding
population: if Pest is the single-cell establishment probability, the proba-
bility a population of initial size N persists is 1 − (1 − Pest)N , assuming the
cells in the initial population can be treated independently (for example
because the population density is low). Establishment probabilities from
stochastic simulations are shown in Figure 5.2. Unsurprisingly, increasing
λmakes establishment more likely, because it increases the typical eccDNA
copy number. The bias of segregation also has an effect on establishment:
increased bias makes establishment less probable, because it increases the
variance in copy number, and means there are more cells with copy num-
bers below the persistence threshold.

5.3 Synchronous reproduction

5.3.1 The model

In this second model, we incorporate the same eccDNA processes as we did
in the first, except that we assume that the replication of eccDNA copies is
synchronized with chromosomal replication, so that each copy is replicated
at most once per cell cycle: “at most” because we assume that eccDNA rep-
lication is less successful than chromosomal replication, and the eccDNA
origins of replication may fail to recruit replication machinery. For this
synchronous reproduction model, we change to a discrete-time process and
model the yeast population generation by generations. Host cells still re-
produce at a rate bn and die at a rate dn, which may depend on the number
n of copies of the focal eccDNA present at cell birth: now these two rates
affect the process only together via the probability that a cell survives to
reproduce in its generation, bn/(bn + dn). Note that, since the eccDNA copy
number will still change over the course of the generation, we are mak-
ing an implicit approximation here. During each generation, the eccDNA
copies undergo the same processes. A number of eccDNA copies are pro-
duced from the chromosome and added to the eccDNA pool according to
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Figure 5.2: Establishment probabilities of a cell line founded by a single yeast cell
under selection for the eccDNA, together with 95 % confidence intervals, from
stochastic simulations. Each simulation started from a single cell with 26 eccDNA
copies (the mean number of copies for a cell with the parameters used for this
figure and λ = 2.6b). In all cases, b = 1, ν = 24b, µ = 3b, and dn is given by equa-
tion (5.1), with dmax = 2, dmin = 0.25, and c = 1/6, which gives a threshold of pos-
itive selection dn = bn at n = 8. Confidence intervals calculated by the likelihood-
ratio test.

some distribution. Each eccDNA copy in the cell can then be independently
degraded with probability m. We assume that all eccDNA production and
degradation occurs in the earliest portion of the cell cycle, the G1 phase.
Afterwards, each eccDNA copy present in the cell during the S phase of the
cell cycle is replicated with probability r < 1. After replication, the host cell
divides, and the eccDNA copies segregate in a random but possibly biased
fashion, with bias parameter p, as in the first model.

Suppose a host cell is born withNi copies of a focal eccDNA: what is the
distribution of the eccDNA copy number Ni+1 in a future daughter of this
cell? During the cell’s life time, Pi new eccDNA copies will be produced
from the chromosome: the Pi for different cells and generations will all be
independent and identically distributed and independent from Ni . After
some of the eccDNA copies are possibly degraded, there will be

Si ∼ Bin(Ni + Pi ,1−m)

surviving copies remaining. The eccDNA copies may then be indepen-
dently replicated, and the number of new copies produced during repli-
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cation is
Ri ∼ Bin(Si , r).

When the host cell divides, the Si +Ri eccDNA copies present are then seg-
regated between the mother and daughter cell; we randomly pick one or
the other to follow into the next generation, and our chosen cell will have

Ni+1 ∼
1
2

Bin(Si +Ri , (1 + p)/2) +
1
2

Bin(Si +Ri , (1− p)/2)

eccDNA copies.

5.3.2 Analysis: neutral conditions

If we again look at the neutral case, where there is no copy-number-de-
pendent selection, we can obtain recurrence relations for the mean copy
number of a cell in generation i,

E[Ni+1] =
1 + r

2
(1−m)(E[Ni] + E[Pi]),

and the variance of the copy number,

Var[Ni+1] = (1 + p2)
(︃1 + r

2

)︃2
(1−m)2(Var[Ni] + Var[Pi]) + p2E[Ni+1]2

+
r(1− r)(1 + p2) + (1− p2)(1 + r) + (1 + p2)(1 + r)2m

2(1 + r)
E[Ni+1].

The solution for the mean is then

E[Ni] =N0

(︄
(1 + r)(1−m)

2

)︄i
+

E[Pi]
(1− r)(1 +m)

⎛⎜⎜⎜⎜⎝1−
(︄

(1 + r)(1−m)
2

)︄i⎞⎟⎟⎟⎟⎠ ,
which, since (1 + r)(1−m)/2 < 1, converges to a finite quantity in the long-
term limit. Whether the variance converges to a finite quantity in the long-
term limit depends on the particular values of p, r, and m: in the absence
of biased segregation, the variance remains bounded, but if the bias is suf-
ficiently large, p ≥

√︁
(2/(1 + r)/(1−m))2 − 1, it increases without bound (this

further entails that if (1 + r)(1 −m) <
√

2, the variance is bounded for any
segregational bias).

5.3.3 Results: copy number distribution and population persistence

As with the asynchronous model, we have again performed stochastic sim-
ulations to obtain an estimate of the stable copy number distribution. The
complete stochastic process model described in subsection 5.3.1 was simu-
lated as a discrete-time branching process. Each cell survived to reproduce
with probability bn/(bn + dn), and if it did reproduce, its eccDNA content
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was updated for the events occurring during the cell life time and segre-
gated into the two progeny cells according to the model description. The
birth rate of host cells was fixed again at b = 1, and the death rate dn once
again followed equation (5.1). The distribution of Pi , the number of new
eccDNA copies produced in a generation, was chosen to be geometric, with
its mean as a parameter. To estimate the stable limiting distribution of
eccDNA copy number, simulations were run for 20 generations, by which
point the copy number distribution had stabilized. Example copy num-
ber distributions under neutral and selective conditions are shown in Fig-
ure 5.3. The general patterns are similar to those for the asynchronous
model, but the eccDNA is generally less abundant.

We also calculated single-cell establishment probabilities from the sto-
chastic simulations, shown in Figure 5.4. The general trends are similar to
the asynchronous replication model, although the effect of biased segrega-
tion is not so clearly monotonic.

5.4 Discussion

Extrachromosomal circular DNA is a common component of eukaryote
genomes. Although eccDNA copies only contain copies of chromosomal
DNA, they can still have important effects on the fitness of their hosts when
they amplify chromosomal genes. Here, we have shown that the amplifi-
cation of genes on eccDNA can contribute to rescuing populations of yeast
from environmental degradation, due, for example, to heavy metal toxicity,
by providing a nonzero probability of population persistence in an envi-
ronment that would drive a population without eccDNA to extinction. We
have also shown the role of the eccDNA and host life cycle in determining
the abundance of eccDNA copies: in particular, the intrinsic properties of
host and eccDNA seem to be much more influential on the copy number
of eccDNA than selection for eccDNA, at least for the parameter ranges we
considered. In yeast especially, the properties of yeast cell division play an
important role in the distribution of eccDNA copies between cells, and bi-
ased segregation of eccDNA copies at host division reduces the probability
of rescue due to amplification on eccDNA.

We considered two different models of the replication of eccDNA copies,
an asynchronous model in which eccDNA copies are continually able to
be replicated, and a synchronous model in which eccDNA replication oc-
curs together with chromosomal replication. Although there is evidence for
replication adhering to both models in different host systems (Cohen et al.
2005; Barker et al. 1980), the synchronous model seems to be more com-
mon in general. Our results, both analytic and from simulations, show that
the synchronous model is much more stringent, resulting generally in lower
abundance of eccDNA copies and lower probabilities of rescue at compara-
ble parameter values. In particular, synchronous replication excludes the
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Figure 5.3: Stable distributions of the eccDNA copy number with synchronous
replication under neutral and selective conditions, calculated from stochastic sim-
ulations. (A) Unbiased segregation of eccDNA copies (p = 0) and high probabil-
ity of eccDNA replication r = 0.75. (B) Unbiased segregation of eccDNA copies
(p = 0) and low probability of eccDNA replication r = 0.33. (C) Biased segregation
of eccDNA copies (p = 0.9) and high probability of eccDNA replication r = 0.75.
(D) Biased segregation of eccDNA copies (p = 0.9) and low probability of eccDNA
replication r = 0.33. In all cases b = 1, E[Pi] = 24, andm = 0.75. In the neutral cases,
dn = 0.5; in the selective conditions, dn is given by equation (5.1), with dmax = 2,
dmin = 0.25, and c = 1/6, which gives a threshold of positive selection dn = bn at
n = 8.
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Figure 5.4: Establishment probabilities of a cell line founded by a single yeast cell
under selection for the eccDNA, together with 95 % confidence intervals, from
stochastic simulations. Each simulation started from a single cell with 21 eccDNA
copies (the mean number of copies for a cell with the parameters used for this
figure and r = 0.1). In all cases, b = 1, E[Pi] = 24, m = 0.75, and dn is given
by equation (5.1), with dmax = 2, dmin = 0.25, and c = 1/6, which gives a thresh-
old of positive selection dn = bn at n = 8. Confidence intervals calculated by the
likelihood-ratio test.

possibility of the mean eccDNA copy number in a population increasing
indefinitely.

The degree of bias in the segregation of eccDNA copies plays an impor-
tant role in the biology of eccDNA. It has no effect on the average abun-
dance of eccDNA copies (since both the mother and daughter cell, no mat-
ter how similar or different their eccDNA copy number, contribute equally
to the population mean), but is a key contributor to variance within the
population. This generally accords with empirical studies of eccDNA abun-
dance in yeast, which find that there is considerable variability in eccDNA
content between subpopulations (Prada-Luengo et al. 2020). Our analytical
results showed that there are regions of our parameter space where, while
the mean eccDNA copy number is bounded, the variance increases with-
out bound (this is true for both synchronous and asynchronous replication,
although with synchronous replication this region only exists if the degree
of segregational bias is sufficiently high): this may be because biased seg-
regation allows a subpopulation to accumulate eccDNA copies to a large
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number, while they are lost from the rest of the population quickly, keep-
ing the typical copy number low. There is some evidence of a phenomenon
like this in yeast with CUP1 eccDNA: although this eccDNA has a very low
replication rate (it has a chromosomal origin of replication, but seemingly
not a very effective one), some cells are still able to accumulate very large
quantities of the eccDNA, due to a high rate of production and a strong bias
in segregation (Hull et al. 2019; Hull and Houseley 2020).

Our model considered a single, unidirectional change in the environ-
ment which made the gene carried by our focal eccDNA essential to pop-
ulation persistence. This is a reasonably good model for scenarios like the
contamination of the environment of a population with heavy metals or
other toxins. Other selective pressures, however, may be intermittent or
fluctuating, so that the population is alternately exposed to harsh and per-
missive environments, or to different selective pressures in alternation. In
this scenario, the transient nature of gene amplification on eccDNA may be
particularly advantageous, allowing eccDNA copies to accumulate when
needed and dissipate when not. A natural extension of our model would
be to explore this scenario by allowing the fitness effect of eccDNA to vary
over time.

Extrachromosomal circular DNA seems particularly common — or at
least particularly well-studied — in yeast, and we have incorporated one
component of the asymmetrical budding division of yeast into the model
by allowing for biased segregation of eccDNA copies between mother and
daughter cells. Other than this, however, we treat the mother and daugh-
ter cells symmetrically in the model. A more biologically realistic model
could also incorporate the effects of aging: yeast mother and daughter cells
are not identical; in particular yeast cells can only produce a finite number
of buds during their lifespan (Mortimer and Johnston 1959; Sinclair and
Guarente 1997), so mothers are distinct from daughters in having a higher
reproductive age. An extended model could add an age structure to the
yeast population, at the cost of greatly increasing the analytic complexity
of the model.

We have focused on short-term, rapid adaptation to an environmental
change, but if the selective conditions persist over a longer period, there
may be further evolutionary changes in the yeast population. One of the
simplest of these is reincorporation of eccDNA copies into the chromosome,
which could serve to stabilize the amplified phenotype when the conditions
that require it persist indefinitely (this was modelled in the context of can-
cers by Kimmel et al. (1992)). The reverse phenomenon can also occur: in
some cases the formation of new eccDNA may involve the deletion of the
chromosomal copy of a gene (Møller et al. 2018; Paulsen et al. 2018). Over
the longer term, parameters that we have taken to be fixed on the time scale
of our model could also evolve. Cells could adapt to increase the produc-
tion rate of new eccDNA copies, increasing the abundance of the eccDNA
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when it might be needed. Ideally, this increase in production could be
limited to circumstances when the eccDNA is particularly needed; there is
some evidence that this has happened in some chromosomal regions, which
appear to be particularly prone to producing eccDNA when heavily tran-
scribed (Hull and Houseley 2020; Arrey et al. 2022). The degree of bias
in segregation has been found to vary in response to environmental condi-
tions (Baldi et al. 2017; Prada-Luengo et al. 2020), a plastic response, and
over longer time scales it could also evolve. Indeed, this is one of the major
questions our model suggests: why, if abundant eccDNA copies are benefi-
cial, would there be a bias to retain eccDNA copies in the mother cell, and
leave the daughter relatively unprotected? It is possible that the answer
to this question lies in a conflict of interest between mother and daugh-
ter; another possible explanation is that selective retention is optimized for
normal circumstances when eccDNA may be neutral or even harmful for
the cell, and not the exceptional circumstances when it is needed to rescue
the population. Since yeast are capable of preventing the transmission of
eccDNA to both progeny of a cell division, and do so during meiosis (King
et al. 2019), it is plausible that there is an adaptive advantage to biased
segregation over elimination. Hull and Houseley (2020) propose that there
is a trade-off between fast growth (impeded by eccDNA) and capacity for
adaptation (facilitated by eccDNA), and that biased segregation allows the
yeast to change from one side of this trade-off to the other over the course
of their life span.

This also points out another limitation of our model, which is that we
have not chosen to incorporate a cost to the host cell from carrying the
eccDNA copies. We have assumed that this cost is relatively negligible at
the copy numbers we treat in out model, but at sufficiently large numbers
we expect there would eventually be a cost effect. This places limits on the
plausible values of the parameters describing the eccDNA life cycle, since
indefinite accumulation (which we predicted when λ − µ − b/2 ≥ 0) would
eventually lead to death of the host cells.

There are many circumstances in which rapid adaptation of populations
is crucial to their persistence. The population genetics of rapid adaptation,
and especially of evolutionary rescue, are of great importance to under-
standing the history of biological populations. Here, we have examined the
role of one special genetic system, an extrachromosomal genetic element,
to rapid adaptation in yeast populations. We have shown that gene ampli-
fication on eccDNA copies can facilitate rescue of yeast populations, and
that the ability of eccDNA to do so is modulated by special properties of
the system particular to their extrachromosomal nature, especially the role
of biased segregation. These results should contribute to furthering the
population genetics of extrachromosomal elements in a novel system.

92



chapter 6

CONCLUSION

Extrachromosomal genetic elements make up a relatively small proportion
of the genome of the organisms in which they appear, but they can carry
genes that have important fitness effects on their hosts. The pattern of in-
heritance of these extrachromosomal elements is often very distinct from
that of the chromosomal DNA, which means that there are unique factors
to be taken into account in the population genetics of genes on extrachro-
mosomal elements. The theoretical population genetics of these elements
has also been less thoroughly explored than that of chromosomes. The di-
versity of extrachromosomal elements means that there is still a largely un-
tapped well of interesting problems in the genetics of extrachromosomal
elements for modellers to attack.

In this thesis, I have attacked two of those problems, modelling the pop-
ulation genetics of two particular extrachromosomal systems, plasmids in
bacteria and eccDNA in yeast, in the special context of evolutionary res-
cue. In the scenarios we chose to model, multicopy plasmids and eccDNA
are uniquely positioned to make an important contribution to the fitness
of their hosts: the multicopy plasmid in a heterozygote advantage scenario,
and eccDNA in a scenario where gene amplification contributes to rescue.
In both cases, we predicted rescue probabilities and relative abundances of
the extrachromosomal elements. In the plasmid case, it was possible to go
further and find analytic conditions on the possibility of rescue. Hopefully,
our results will contribute to the continued development of the theoretical
population genetics of extrachromosomal elements, as will our introduc-
tion to plasmid biology.

The multicopy plasmids and eccDNA we considered here are superfi-
cially similar—they are both circular and extrachromosomal—but in many
respects lie at opposite ends of a spectrum of possible extrachromosomal
elements. A plasmid contains many plasmid-specific genes, forming its
backbone, which regulate its physiology, and in particular control its copy
number and replication. The eccDNA, on the contrary, has no genes of its
own, and relies completely on its host, resulting in a copy number that is
essentially completely controlled by external factors. They are similar also
in one respect that we did not explore: they both exist in multiple copies,
which means that the advantages of the multicopy state that we considered
in our plasmid model—especially the possibility of heterozygosity and the
increased mutational input—should also apply to eccDNA. This was prob-
ably not relevant to the scenario that motivated our eccDNA model, but
future models of eccDNA could consider this: mutations have been ob-
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served to occur on eccDNA (Xu et al. 2018). Even more generally, multiple
types of eccDNA from different chromosomal origins coexist in a single cell
(Prada-Luengo et al. 2020), but we have focused only on a single focal type
at a time; since interactions between distinct types of eccDNA have been
observed (Hung et al. 2023), other eccDNA models could consider this as-
pect.

In the plasmid rescue model, the maintenance of multiple alleles to-
gether was required to rescue the bacterial population. We explored one
mechanism by which this could occur—one allele already being present in
the existing population and the other arriving by mutation during rescue—
but there are other possible routes. Some of these are shown in Figure 6.1
(adapted from my initial thesis proposal). What we have covered (the top
right corner of the diagram) is probably the most interesting portion of the
diagram, because it is where the loss of heterozygosity to segregation is
most important. Nonetheless, future work on the persistence of multiple
alleles on plasmids during a rescue scenario (motivated perhaps by the ex-
ample of resistance to multiple antibiotics) could consider the acquisition
of both alleles during the rescue process or the maintenance of the alleles
on compatible plasmids (or fusions thereof).

Developing more mechanistic models of plasmid replication and seg-
regation that describe the process in a more biologically realistic manner
would be a useful extension to our work. Our concession to realistic mod-
elling of the mechanisms of plasmid reproduction and segregation was lim-
ited to comparing regular and random models of replication, and although
we believe that the random model is more biologically realistic, the regu-
lar model has sometimes been found to be a better fit to experimental data
(Garoña et al. 2023). By looking into the literature on the mechanisms of
control of plasmid replication, it might be possible to develop a mecha-
nistic model of plasmid replication that could supersede both regular and
random replication.

Our model for segregation could also be made more realistic. We adop-
ted a fairly strict assumption that every daughter cell receives exactly the
same number of copies of the plasmid, meaning that every cell in the model
is born with exactly n total copies. For those low-copy-number plasmids
which rely on an active partitioning system to separate plasmids at host cell
division, this is a fairly reasonable assumption. But plasmids with higher
copy numbers which don’t rely on active partitioning cannot guarantee ex-
act partitioning of plasmid copies (Zielenkiewicz and Cegłowski 2001). For
these, a model with random segregation, in which the number of plasmids
received by a daughter cell is not fixed (it would be given by a binomial
distribution) and in the daughter cell plasmids are replicated from how-
ever many copies the cell starts with up to 2n for the next host generation,
might be more suitable. However, because of clustering and other non-
random spatial distribution of plasmids within the cell, the random model
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Figure 6.1: Stages in the acquisition of two plasmid-borne alleles. Cells in the left-
most column have neither allele, those in the middle column have only allele A
(indicated in orange), and those in the right column have both alleles A and B (in-
dicated in green). Cells in the upper half of the diagram have only one plasmid
type carrying both alleles, either on distinct plasmids of the common type (ho-
mologous plasmids), or on a cointegrate formed by fusion of plasmids. Cells in
the lower half have two plasmid types, and distinct alleles are located on plasmids
of distinct types (nonhomologous plasmids), or both on a cointegrate formed by
hybridization of the two plasmid types.
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might not reflect the full biological reality either. Indeed, clustering could
make the segregation process not neutral between mutant and wild-type
plasmids. The development of mechanistic models of segregation could
allow us to drop such unrealistic assumptions.

It would also be helpful to have a better model of replication and seg-
regation when modelling cointegration. Our cointegration model was de-
liberately simple, but the constraints of our strict assumptions are already
felt in such aspects as the fact that a cell with n = 3 which contains a dimer
can have only daughters identical with itself, since if two dimers segregated
to the same daughter, it would have four copies of the plasmid monomer.
This seems implausible: it is difficult to imagine a biological mechanism
that would achieve this effect given that for multicopy plasmids copy num-
ber control principally works by regulating plasmid replication, not seg-
regation (Summers 1996, chap. 4). A more realistic model for segregation
would hopefully give better guidance on how cointegrates should behave.
Generally, a more elaborate model of cointegration and resolution of plas-
mid multimers would be a desirable goal for future modelling work: right
now, both the empirical and theoretical literature on the subject are a lit-
tle thin, making it difficult to, for example, chose appropriate parameter
values.

In the discussion of Chapter 3, we mention that it would be interesting
to perform a similar analysis of the distribution of plasmid copy numbers,
to see if it is bimodal and to examine the relationship between copy num-
ber and length. At the time, we thought this was not a feasible proposal
because of a lack of available data on copy number and because it is ques-
tionable whether the copy number of a plasmid is even a well-defined con-
cept, given that copy number control is not exact and plasmid copy num-
bers may vary substantially between different hosts and in different growth
conditions (Bazaral and Helinski 1970; Gustafsson and Nordström 1980).
At least one of these limitations has been overcome by the power of bioin-
formatics, however, and recently two groups have reported data on the
distribution of plasmid copy numbers (Maddamsetti et al. 2024; Ramiro-
Martínez et al. 2024). Both report a power law relationship between length
and copy number. They also both report that the distribution of copy num-
bers is bimodal—but on a log scale! It would be interesting to compare the
distribution of copy numbers to that of log copy numbers; perhaps a sequel
to Chapter 3 is in order.
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A. Supplementary figures to chapter 3
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Figure A.1: The distribution of plasmid lengths for plasmids shorter than
300000 bp: in black, all plasmids; in colour, plasmids separated by mobility. The
data sources and figure preparation are described in the caption to Figure 3.1.
The kernel density estimates are made with a bandwidth of 1000 bp, considerably
smaller than the value of 6822.532 bp used for Figure 3.1A, to exclude the possi-
bility of oversmoothing (the value used in Figure 3.1A is the median of the values
chosen for each of the conjugative, mobilizable, and nontransmissible classes by
R’s default density estimation: this was done to ensure that all the densities in the
figure were estimated with a common bandwidth). This estimate is, as expected,
notably less smooth than the estimate in Chapter 3, but it retains the same gen-
eral features; in particular, it resembles the log-length distribution even less if
anything, and it does not show particular signs of being bimodal.
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Figure A.2: Empirical cumulative distribution function of the distribution of plas-
mid lengths: in black, all plasmids; in colour, plasmids separated by mobility. The
data sources are described in the caption to Figure 3.1. The cumulative distribu-
tion function has the advantage that there is no parameter choice involved in its
estimation (unlike the need to choose a bandwidth for kernel density estimation or
a bin width for a histogram), but is more difficult to interpret. A bimodal distribu-
tion should show two regions of steep slope separated by a region of shallow slope:
there is no notably bimodal signs in the overall distribution. Note that unlike the
kernel density estimates, each cumulative distribution function is normalized in-
dependently to a maximum of one.
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Figure A.3: Equal-area histograms (percentograms) of the lengths of plasmids
shorter than 300000 bp. The data sources and figure preparation are described
in the caption to Figure 3.1. Each bin of the histogram holds 2 % of the total
number of plasmids (i.e. the borders between bins are at the second, fourth,
sixth,. . . percentiles). Yet again, the distribution looks notably different from the
log-length distribution and the overall distribution is not particularly bimodal.
Note that unlike the kernel density estimates, each percentogram is individually
normalized to a total area of one.
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Figure A.4: The distributions of plasmid lengths for plasmids shorter than
300000 bp from the six bacterial families with at least 1000 plasmid sequences
in the database: in black, all plasmids; in colour, plasmids separated by mobility.
The data sources and figure preparation are described in the caption to Figure 3.1.
The kernel density estimates are made with a bandwidth of 1000 bp, consider-
ably smaller than the values used in Figure 3.3 (which range from 4018.741 bp to
13284.687 bp), to exclude the possibility of oversmoothing (the value used in each
panel of Figure 3.3 is the median of the values chosen for each of the conjugative,
mobilizable, and nontransmissible classes for that panel by R’s default density esti-
mation: this was done to ensure that all the densities in each panel were estimated
with a common bandwidth).
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Figure A.5: Empirical cumulative distribution functions of the distributions of
plasmid lengths for plasmids from the six bacterial families with at least 1000
plasmid sequences in the database: in black, all plasmids; in colour, plasmids sep-
arated by mobility. The data sources are described in the caption to Figure 3.1. A
bimodal distribution should show two regions of steep slope separated by a region
of shallow slope: many but not all families show a clear bimodal distribution. Note
that unlike the kernel density estimates, each cumulative distribution function is
normalized individually to a maximum of one.
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appendix b

MATHEMATICAL NOTES

In this appendix, we derive several combinatorial results needed in the
main text of the paper.

First, for completeness, we derive the distribution of outcomes of a Pólya
urn process (Eggenberger and Pólya 1923). Suppose we start with an urn of
n balls, i blue and n− i white. We pick a ball out of the urn, then replace it
together with another ball of the same colour. After repeating this process
m − n times, there are m balls in the urn: what is the probability that k of
them are blue?

Proposition 1. Denote the probability described above by P
(︂
n → m
i → k

)︂
. Then for

m ≥ n > 0 and k ≥ i ≥ 0,

P
(︂
n → m
i → k

)︂
=

(︁ m−k−1
(m−k)−(n−i)

)︁(︁k−1
k−i

)︁(︁m−1
m−n

)︁ .

Proof. First we prove the special case

P
(︂
n → n
i → k

)︂
=

(︁n−k−1
i−k

)︁(︁k−1
k−i

)︁(︁n−1
0

)︁ ;

since no balls are drawn in this case, the left-hand side is 1 if i = k and 0
otherwise. The lower indices of the binomial coefficients in the numerator
are negatives of each other, so the coefficients can only both be nonzero if
k − i = 0, and in that case all three coefficients are equal to 1, satisfying the
equality.

Next we prove another special case

P
(︂
n → m
i → i

)︂
=

(︁m−i−1
m−n

)︁(︁i−1
0
)︁(︁m−1

m−n
)︁ .

Suppose that this equality is established for P
(︂
n → m−1
i → i

)︂
. In order to reach

m balls in the urn without increasing the number of blue balls, we must
first reach m− 1 balls, then draw a white ball on the final draw. Therefore

P
(︂
n → m
i → i

)︂
= P

(︂
n → m−1
i → i

)︂m− i − 1
m− 1

=
(︁m−i−2
m−n−1

)︁(︁i−1
0
)︁
(m− i − 1)(︁ m−2

m−n−1
)︁
(m− 1)

=
(︁m−i−1
m−n

)︁(︁i−1
0
)︁
(m−n)(︁m−1

m−n
)︁
(m−n)

,
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and by induction on m (with our previous special case as the base case), the
equality is established.

Finally, we prove the general case. Suppose we know the equality holds
for P

(︂
n → m−1
i → k

)︂
and P

(︂
n → m−1
i → k−1

)︂
. In order for there to be k blue balls in the

urn when we get to the point of having m total balls, then either the last
ball drawn was white, and there were k blue out of m− 1 total balls before,
or the last ball drawn was blue, and there were k − 1 blue out of m− 1 total
balls before. Thus

P
(︂
n → m
i → k

)︂
= P

(︂
n → m−1
i → k

)︂m− k − 1
m− 1

+ P
(︂
n → m−1
i → k−1

)︂ k − 1
m− 1

=

(︁ m−k−2
(m−k−1)−(n−i)

)︁(︁k−1
k−i

)︁
(m− k − 1)(︁ m−2

m−n−1
)︁
(m− 1)

+

(︁ m−k−1
(m−k)−(n−i)

)︁(︁ k−2
k−i−1

)︁
(k − 1)(︁ m−2

m−n−1
)︁
(m− 1)

=

(︁ m−k−1
(m−k)−(n−i)

)︁(︁k−1
k−i

)︁(︁m−1
m−n

)︁ (︄
((m− k)− (n− i)) + (k − i)

m−n

)︄
,

and by induction on m and k, the equality is established.

Obviously if we replace blue and white balls in the urn with mutant
and wild-type plasmids in a cell, this process describes the replication of
plasmids under the random replication model. The probability that start-
ing with a cell with i mutant plasmids there are j+k mutant plasmids after
replication is then P

(︂
n → 2n
i → j+k

)︂
.

When a mutation occurs during plasmid replication in the random rep-
lication model, it is possible for the mutant plasmid to be replicated again
the same generation, and so the initial mutant cell can end up with multiple
mutant plasmids. Suppose that a mutation occurs during each replication
of a plasmid with probability u; then the probability that in a certain gener-
ation exactly one mutation occurs, it occurs during the (ℓ+1)-th replication,
and the cell ends up with i mutant plasmids after all of the replication has
occurred but before cell division is

Aℓi = (1−u)ℓuP
(︂
n+ℓ+1 → 2n

1 → i

)︂
(1−u)n−i−ℓ.

We assume that u is small, so that 1 − u ≈ 1; then the probability that a
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mutation occurs in a given generation is

n∑︂
i=1

n−1∑︂
ℓ=0

Aℓi ≈
n∑︂
i=1

n−1∑︂
ℓ=0

uP
(︂
n+ℓ+1 → 2n

1 → i

)︂
= u

n∑︂
i=1

n−1∑︂
ℓ=0

(︁2n−i−1
n−ℓ−i

)︁(︁i−1
i−1

)︁(︁ 2n−1
n−ℓ−1

)︁
= u

n−1∑︂
ℓ=0

1(︁ 2n−1
n−ℓ−1

)︁ n∑︂
i=1

(︄
2n− i − 1
n+ ℓ − 1

)︄

= u
n−1∑︂
ℓ=0

1(︁2n−1
n+ℓ

)︁ 2n−2∑︂
ι=0

(︄
ι

n+ ℓ − 1

)︄

= u
n−1∑︂
ℓ=0

(︁2n−1
n+ℓ

)︁(︁2n−1
n+ℓ

)︁
= un.

The probability of ending up with i mutant plasmids conditional on a mu-
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tation occurring is then

∑︁n−1
ℓ=0Aℓi∑︁n

i=1
∑︁n−1
ℓ=0Aℓi

≈
∑︁n−1
ℓ=0 uP

(︂
n+ℓ+1 → 2n

1 → i

)︂
un

=
1
n

n−1∑︂
ℓ=0

(︁2n−i−1
n−ℓ−i

)︁(︁i−1
i−1

)︁(︁ 2n−1
n−ℓ−1

)︁
=

1
n

n−1∑︂
ℓ=0

n+ ℓ
n− ℓ

(︁n−ℓ
i

)︁(︁2n−1
i

)︁
=

1

ni
(︁2n−1

i

)︁ n−1∑︂
ℓ=0

(n+ ℓ)
(︄
n− ℓ − 1
i − 1

)︄

=
1

ni
(︁2n−1

i

)︁ ⎛⎜⎜⎜⎜⎜⎝n−1∑︂
ℓ=0

2n
(︄
n− ℓ − 1
i − 1

)︄
−
n−1∑︂
ℓ=0

(n− ℓ)
(︄
n− ℓ − 1
i − 1

)︄⎞⎟⎟⎟⎟⎟⎠
=

1

ni
(︁2n−1

i

)︁ ⎛⎜⎜⎜⎜⎜⎝2n
n−1∑︂
ℓ=0

(︄
n− ℓ − 1
i − 1

)︄
− i

n−1∑︂
ℓ=0

(︄
n− ℓ
i

)︄⎞⎟⎟⎟⎟⎟⎠
=

1

ni
(︁2n−1

i

)︁ ⎛⎜⎜⎜⎜⎜⎝2n
n−1∑︂
ι=0

(︄
ι

i − 1

)︄
− i

n∑︂
ι=0

(︄
ι
i

)︄⎞⎟⎟⎟⎟⎟⎠
=

1

ni
(︁2n−1

i

)︁ (︄2n(︄ni
)︄
− i

(︄
n+ 1
i + 1

)︄)︄
=

1

ni
(︁2n−1

i

)︁ (︄2n− i(n+ 1)
i + 1

)︄(︄
n
i

)︄
=

(2n+ (n− 1)i)
ni(i + 1)

(︁n
i

)︁(︁2n−1
i

)︁ ;

by substituting i = j + k, we obtain the replication part of equation (4.5).

Lemma 1. For all integers n > 0, 0 ≤ β ≤ n, and γ > 0,

n∑︂
α=0

(︁2i
α

)︁(︁2n−2i
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β

)︁(︄2iβ
)︄

(B.1)

and
n−1∑︂
α=1

n+γ∑︂
δ=γ

(︁δ
γ
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δ−α
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n

)︁ =
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(n+ 1)(2n− 1)

. (B.2)
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Proof. For (B.1), we have that
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,

where the first and fourth equalities use trinomial revision and the second
uses Vandermonde convolution (with an implicit change of index to α −β).
For (B.2), we have that
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,

where the second equality uses Vandermonde convolution (with an implicit
change of index to δ−α) and the third uses equation (5.26) of Graham et al.
(1994).
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appendix c

SUPPLEMENTARY FIGURES TO CHAPTER 4

Stochastic simulations were performed to verify the results of the numeri-
cal analysis. The branching process was simulated in discrete time, with the
number and type of daughters of each cell in every generation being sam-
pled from the same progeny distribution as in the analytic model, except
that the assumptions on mutation were relaxed. Mutations were allowed to
occur at every plasmid replication in every cell division, as opposed to the
analytic model where we assumed that there is at most one mutation per
host generation, and never multiple mutation events in the same lineage.
The simulation programs are available as a further supplement.

Establishment probability was calculated from simulations of a popu-
lation starting from a pair of cells sampled from the distribution of pairs
of daughters of a homozygote wild-type cell conditional on a mutation oc-
curring; the population was considered to have gone extinct if the total
number of cells reached zero, and the mutation to have established if the
number of heterozygote cells reached 100000. The use of this threshold
was validated after the estimated establishment probability was calculated
by verifying that the probability that at least one of the simulations that
resulted in an establishment was a false positive (given the calculated es-
tablishment probability) was less than 0.1 %. The calculated establishment
probabilities are shown in Figure C.1; the 95 % confidence intervals for the
estimated probabilities are narrow enough that no error bars are shown in
the figure, as they would be obscured by the symbols. The difference be-
tween the simulations and the numerical approximations is shown in Fig-
ure C.2; in general, the numerical results are very close to the simulation
results, within the natural stochastic variation of the simulation results.

Rescue probability was calculated from simulations starting from a ho-
mozygote wild-type population of a given initial size N0 = 100000. The
population was considered to have gone extinct if the total number of cells
reached zero, and to have been rescued if the number of heterozygote cells
reached N0. The calculated rescue probabilities are shown in Figure C.3;
the 95 % confidence intervals for the estimated probabilities are narrow
enough that no error bars are shown in the figure, as they would be ob-
scured by the symbols. The difference between the simulations and the
numerical approximations is shown in Figure C.4; again, the differences
are within the stochastic variability of the simulations.
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C. Supplementary figures to chapter 4
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Figure C.1: Establishment probabilities of rescue mutations on a plasmid of a given
copy number in the heterozygote advantage scenario, under the regular (top row)
or random (bottom row) replication assumption, calculated from stochastic sim-
ulations. Colours of points indicate the fitness smax of all heterozygotes (with the
dominant fitness function, left column) or the maximum fitness of heterozygotes
(with the peaked fitness function, right column). For all cases, smin = −0.1 and
u = 10−6.
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Figure C.2: Difference between the stochastic simulation and numerically derived
establishment probabilities, with 95 % confidence intervals from the likelihood-
ratio test. Simulation parameters described in the caption to Figure C.1.

145



C. Supplementary figures to chapter 4

Plasmid copy number

D

0 5 10 15 20

R
and

om

C

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

smax = 0.10
smax = 0.25

smax = 0.50
smax = 1.00

smax = 2.00B

Peaked

R
egu

lar

A

Dominant

0.0

0.2

0.4

0.6

0.8

1.0

R
es

cu
e

p
ro

ba
bi

li
ty

Figure C.3: Probabilities of a bacterial population being rescued by a mutation on a
plasmid of a given copy number in the heterozygote advantage scenario, under the
regular (top row) or random (bottom row) replication assumption, calculated from
stochastic simulations. Colours of points indicate the fitness smax of all heterozy-
gotes (with the dominant fitness function, left column) or the maximum fitness
of heterozygotes (with the peaked fitness function, right column). For all cases,
smin = −0.1, u = 10−6, and N0 = 105.
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Figure C.4: Difference between the stochastic simulation and numerically derived
rescue probabilities, with 95 % confidence intervals from the likelihood-ratio test.
Simulation parameters described in the caption to Figure C.3.
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