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Abstract
We study the (weak) equilibrium problem arising from the problem of optimally
stopping a one-dimensional diffusion subject to an expectation constraint on the time
until stopping. The weak equilibrium problem is realized with a set of randomized but
purely state dependent stopping times as admissible strategies.We derive a verification
theorem and necessary conditions for equilibria, which together basically characterize
all equilibria. Furthermore, additional structural properties of equilibria are obtained
to feed a possible guess-and-verify approach, which is then illustrated by an example.
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1 Introduction

In this paper we consider the stopping problem of maximizing the reward functional
Ex [e−rτ g(Xτ )] subject toEx [τ ] ≤ T , where X = (Xt )t∈[0,∞) is a regular Itô diffusion
on an interval I ⊂ R, x is the starting value of X , g is a payoff function, r ≥ 0 is a
discount factor and T > 0 is a time constraint.
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This problem generalizes optimal stopping with fixed time horizon to include
situations where, e.g. due to uncertainty in planning, such a time constraint seems
unreasonable although a tractable notion of a time limitation should be imposed. Par-
ticularly if such problems occur repeatedly and independently it appears to be a natural
choice to bound the average time spend. Optimal stopping problems with expectation
constraints were first studied by Kennedy [24] in 1982 and later on were analyzed in
e.g. [1–4, 26].

Most recently, the question of time-(in)consistency of optimal stopping and more
general stochastic control problems has increasingly become the focus of mathemat-
ical discussion, cf. [7]. The main idea is that in practical optimal stopping an agent
observes a single path t �→ Xt (ω) of the state process and makes a stopping decision
at each point in time based on her past observations. This gives the agent the ability
to reconsider her initial strategy (consisting of a stopping time) for maximizing her
utility, if her preferences change in the future. This idea traces back to the concept of
consistent planning pioneered by Strotz [35].

In the following, we elaborate the (rather far-reaching) implications of this com-
paratively simple observation for the problem with expectation constraint, but first we
take a closer look at how the expectation constraint turns the classical, time-consistent
problem of maximizing Ex [e−rτ g(Xτ )] (without the constraint and infinite time hori-
zon) into a time-inconsistent one.

An agent facing this problem by observing the state process and acting upon it
would, during her time of observing, i.e. for all t up to the time she stops, try to solve
the problem of maximizing e−r t

EXt (ω)[e−rτt g(Xτt )] over all stopping times τt ≥ 0.
By the Markovian nature of the state process X , these problems are all structurally
the same. This leads to the well known fact that for the unconstrained problem it is
optimal to make the stopping decision solely based on the current state of the process,
i.e. the optimal stopping time is a first exit time.

The situation changes if we introduce the expectation constraint. Even though the
optimization target at time t is still given by e−r t

EXt (ω)[e−rτt g(Xτt )] we can now
only choose stopping times τt such that the expectation constraint is met. Thus, to
implement an optimal stopping strategy in practice, an agent who makes her stopping
decision at each point in time based on her single observation of the state process and
the stopping strategy up to that point faces the problem that she must still satisfy her
initial constraint of Ex [τ ] ≤ T even though some time has passed.

It is common to assume that the agent displays exactly this type of precommitment
behavior in the mathematical literature (see discussion below), while in practice this
seems to be the exception rather than the rule. In fact this problem setting seems
particularly prone to such irrationalities. In terms of the constraint, actions on the
realized path that the agent observes can be compensated by the intended actions on
paths that correspond to other scenarios the agent could have encountered. This allows
to stop early in some instances, in order to save up time to wait for a maximal gain on
other occasions and still meet the expectation constraint.

Moreover, the stopping decision must not even be solely based on the state process
but could also rely on some external randomization device. Even if such a strategy is
deemed optimal at first, in practice it seems very likely that at the time such a strategy
calls for stopping an agent will fail to commit to it. In the agent’s mind, it now seems
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preferable to keep the process alive for some potential future benefit and sacrifice
another future run rather than satisfy the constraint.

Due to the Markovian nature of the state process, especially when the time horizon
T is rather large compared to the elapsed time, it seems even more likely that from
the agent’s point of view the problems at time 0 and at time t are largely the same,
up to the current state of X , and should be treated as such. This means at time t the
constraint is perceived as

EXt (ω)[τt ] ≤ T

and not as Ex [1{τ>t}(τt + t)] ≤ T −Ex [1{τ≤t}τ ]. Embedding that into the space time
frame and accounting for all possible states of Xt we end up with the constraint

Ey[τt ] ≤ T

for all y ∈ I and all t ∈ [0,∞). To address the issues of partially rational behavior,
such as procrastination the problem is now treated as a game-theoretic (weak) equi-
librium problem. We realize the (weak) equilibrium problem with a set of purely state
dependent stopping times, see Sect. 2. This allows us to reformulate the problem as
the (weak) equilibrium problem corresponding to themaximization ofEx [e−rτ g(Xτ )]
subject to Ey[τ ] ≤ T for all y ∈ I .

1.1 Structure of the Paper

The exact problem setting as well as the concept of a (weak) equilibrium is formally
introduced in Sect. 2. In Sect. 3 we first derive necessary conditions for equilibria.
Thenwe show a verification theorem, see Theorem 3.5, which completes the necessary
conditions to basically characterize all equilibria. In Sect. 4 we propose a scheme to
construct equilibria with an example provided in Sect. 5.

1.2 Literature

Different formulations of equilibrium problems to various problems in optimal stop-
ping/control have been treated by now. In [7] the authors discuss some general types of
reward functionals and payoff functions that induce time inconsistent stopping/control
problems. Some of the special cases that received the most attention are so called non-
exponential discounting, treated in [6, 9, 17–22, 36], Mean–Variance problems, see
e.g. [5, 13] or reward functionals based on payoff functions with explicit dependence
on the initial state, see [11]. [14] considers optimal dividend problems where, similar
to the problem we consider in the present work, the time-inconsistency stems from a
moment constraint.

Especially for continuous time problems with non-discrete state space X ⊂ R
n ,

there are multiple equilibrium concepts to model the previously mentioned aspect of
consistent planing in optimal stopping. A notable aspect of such equilibrium problems
is the choice of the set of admissible stopping times. Usually, to achieve compatibility
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with the common equilibrium concepts, some Markovian structure must be imposed
for stopping times to be admissible strategies. For Itô diffusions the monograph [7]
introduces a version of the most common notion of an equilibrium in continuous time
optimal stopping that is, like the one we consider, based on a first order condition,
but with first exit times of the space-time process as admissible stopping times. Other
works that feature closely related equilibrium concepts based on a first order condition
are [9, 12, 17, 36]. The first two even allow for mixed/randomizedMarkovian stopping
strategies. Mixed stopping strategies in discrete time frameworks are treated in [5,
13]. [6] introduces and compares the concepts of mild, weak, strong and optimal mild
equilibria in a diffusion setting with only pure first entry times being admissible, while
the weak equilibrium corresponds to the concept in [7].

The introduction of randomized stopping times follows the well-known principle
from game theory: In general, there are no equilibria in pure strategies. This is also the
case for our problem class, see Example 5.2. This changes if the players are allowed
to randomize. Since the randomization here must be of Markov type by the problem
formulation (see (2.3) below), this leads to the class formally introduced in Definition
2.1 below. For a detailed discussion and motivation we refer to [9, 12].

For the formulation of the equilibrium problem with expectation constraint we
drew inspiration from corresponding (precommitment) optimal stopping problems.
Such optimal stopping problems were first examined by Kennedy [24] for discrete
time processes. Using Lagrangian techniques he reduces the constrained problem to
a classical unconstrained one and obtains optimal stopping times in the constrained
problem.TheLagrangian approach has often been successfully employed to fully solve
optimal stopping problems even in continuous time with expectation constraints, e.g.
in [25, 28, 30].

In [26] and [2] the optimal stopping problem with expectation constraint is turned
into an unconstrained optimal control problemwith extended state space. The first arti-
cle [26] exploits the optimal stopping problem with expectation constraint for solving
a time-inconsistent, but unconstrained stopping problem. The article [2] formulates a
dynamic programming principle (DPP), characterizes the value function in terms of
a Hamilton–Jacobi–Bellman equation and proves a verification theorem. Bayraktar
and Yao [4] provide a proof of the DPP in a general non-Markovian framework with
a series of inequality-type and equality-type expectation constraints. Moreover, [3]
extends [4] to the case where in the constrained optimal stopping problem also the
diffusion is controlled.

In [10] a DPP for an optimal control problem with intermediate expectation con-
straints at each point in time in a general non-Markovian framework is derived.

For optimal stopping problems of one-dimensional processes with stopping times
satisfying an expectation constraint [1] shows that the set of stopping times can be
restricted to those stopping times such that the law of the process at the stopping time
is a weighted sum of three Dirac measures.
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2 Model and Problem Formulation

In this paper we consider a 1-dimensional Itô diffusion X = (Xt )t∈[0,∞) taking values
in an interval (α, β) with −∞ ≤ α < β ≤ ∞ and defined on a filtered probability
space (�,F , F, P) with filtration F := (Ft )t∈[0,∞) satisfying the usual hypotheses.
Generallywe assume that X is the strong solution to the stochastic differential equation

dXt = μ(Xt )dt + σ(Xt )dWt , X0 = x

with an F-adapted, real valued, standard Brownian motionW = (Wt )t∈[0,∞) and Lip-
schitz continuous coefficientsμ : (α, β) → R, σ : (α, β) → (0,∞). The infinitesimal

generatorAof X is givenbyA f (x) = μ(x) ∂ f
∂x (x)+ σ 2(x)

2
∂2 f
∂x2

(x)with f : (α, β) → R

twice continuously differentiable.
Other general notations used in the following are D for the closure of a set D ⊂

(α, β), D◦ for its interior, ∂D for its boundary and Dc for its complement (α, β) \ D.
Given D1 ⊂ D2 ⊂ (α, β) and a function f : D2 → R we denote the restriction of f
to D1 by f |D1 . For x ∈ (α, β) and f : (α, β) → R we set f (x−) := limy↗x f (y)
and f (x+) := limy↘x f (y) whenever the corresponding limit exists.

Furthermore, let F
X := (F X

t )t∈[0,∞) be the canonical filtration of X , i.e. F X
t =

σ(Xs : s ≤ t). We also set F X∞ := σ(
⋃

t≥0 F X
t ). For every Borel measurable D ⊂

(α, β) and h > 0 we define F
X -stopping times

τ D := inf{t ≥ 0 : Xt /∈ D} and

τh := inf{t ≥ 0 : |Xt − X0| ≥ h}.

Moreover, we assume that there is an F-adapted Poisson process N = (Nt )t∈[0,∞)

on (�,F , F, P) with intensity 1, that is independent of X and W . The process N acts
as an external source of randomness in the model that is going to be introduced in the
following.

For fixed D ⊂ (α, β) the set of càdlàg functions ψ : (α, β) → [0,∞) with finitely
many discontinuities that vanish on (α, β) \ D shall be denoted byVD . For ψ ∈ VD

we set


 = (
t )t∈[0,∞), 
t :=
∫ t

0
ψ(Xs)ds (2.1)

and denote the set of such processes 
 by WD . For each D ⊂ (α, β) and 
 ∈
WD let F

X ,N
 := (F X ,N

t )t∈[0,∞) given by F X ,N


t := σ((Xs, N
s ) : s ≤ t) for
all t ∈ [0,∞) denote the canonical filtration of the 2-dimensional Markov process
((Xt , N
t ))t∈[0,∞). Moreover, let F X ,N
∞ := σ(

⋃
t≥0 F

X ,N

t ). With this we define

τ
 as the first jump time of the process N
 , i.e.

τ
 := inf{t ≥ 0 : N
t ≥ 1}.
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Moreover, we set

τ D,
 := τ D ∧ τ
 (2.2)

where ∧ denotes the minimum.
As usual we denote the conditional distribution of P given (X0, N
0) = (x, n) by

Px,n and the expectation with respect to Px,n by Ex,n . For short we write Px and Ex

instead of Px,0 and Ex,0, respectively.

Definition 2.1 (Randomized Markovian time) If D is open, we call stopping times
of type (2.2) randomized Markovian time. The set of randomized Markovian times is
denoted by

S :=
{
τ D,
 : D ⊂ (α, β) open, 
 ∈ WD

}

and define the set of randomized Markovian times with expectation up to T ∈ [0,∞)

as

S(T ) := {τ ∈ S : Ex [τ ] ≤ T ∀ x ∈ (α, β)}.

Remark 2.2 (i) The requirement of right continuity and existence of real left limits in
the definition ofVD could also be replaced by left continuity and the existence of
real right limitswith all the following statements and proofs remaining analogous.
As 
 defined by (2.1), and thus also any randomized Markovian time τ D,
 ,
depends onψ only up to null sets, the setS remains unchanged by this assumption
anyway.

(ii) The fact that the definition of S only involves open D ⊂ (α, β) instead of
general Borel measurable D ⊂ (α, β) is not a loss of generality, since for every
Borel measurable D ⊂ (α, β) and 
 ∈ WD the randomized Markovian time
τ D◦,
 ∈ S has the same distribution as τ D,
 . To show this note first thatWD ⊂
WD◦ . The Lipschitz continuity of μ and σ and the assumption σ > 0 ensure
Px
(
τ D = inf{t ≥ 0 : Xt ∈ Dc} = τ D◦) = 1 for each x ∈ (α, β), cf. [32,Chapter

V, Lemma (46.1)]. This yields Px
(
τ D,
 = τ D ∧ τ
 = τ D◦ ∧ τ
 = τ D◦,
) =

1 for each x ∈ (α, β).
(iii) The functionψ can be regarded as the rate of randomized stopping of the stopping

times τ
 and τ D,
 respectively.
(iv) For each randomized Markovian time τ D,
 there is an associated partition of

(α, β) into

• the stopping region Dc,
• the continuation region D ∩ {x ∈ (α, β) : ψ(x) = 0} as well as
• the set of randomized stopping or randomization region D \ {x ∈ (α, β) :

ψ(x) = 0}.
(v) If we define U := inf{t ≥ 0 : Nt ≥ 1} as the first jump time of N , we have

τ
 = inf{t ≥ 0 : 
t ≥ U }. Moreover, U ∼ Exp(1) is independent of X .
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(vi) Keep in mind that all τ ∈ S share the same external source of randomization N
that also defines U .

(vii) The structure of the stopping times τ
 enables a simple calculation of the
corresponding expectation functionals: Let x ∈ (α, β). Given any random
variable Y on (�,F , Px ) with values in a measure space (E, E) we denote
the image measure of Y on (E, E) by P

Y
x . Let πt : (α, β)[0,∞) → (α, β),

x �→ x(t) denote the projection on the t-coordinate. We regard X as a ran-
dom variable with values in ((α, β)[0,∞), B((α, β)[0,∞))), where B((α, β)[0,∞))

is the Borel sigma algebra generated by the product topology on (α, β)[0,∞).
Let A := {π−1

t1 (�1) ∩ . . . ∩ π−1
tn (�n)}, t, t1, . . . , tn ∈ [0,∞), n ∈ N and

�1, . . . , �n ⊂ (α, β) be Borel measurable. By the independence of X ,U using
U ∼ Exp(1)

Ex [1{X∈A}1{τ
≤t}] = Ex [1{X∈A}1{∫ t0 ψ(Xs )ds≥U }]

=
∫

(α,β)[0,∞)

1{y∈A}
∫

[0,∞)

1{∫ t0 ψ(πs (y))ds≥u}P
U (du)PX

x (dy)

=
∫

(α,β)[0,∞)

1{y∈A}
(
1 − e− ∫ t0 ψ(πs (y))ds

)
P
X
x (dy)

= Ex

[
1{X∈A}

(
1 − e− ∫ t0 ψ(πs (X))ds

)]
= Ex

[∫ t

0
1{X∈A}ψ(Xs)e

− ∫ s0 ψ(Xr )dr ds

]

.

Since
(
B((α, β)[0,∞))

)⊗ B([0,∞)) = σ
({π−1

t1 (�1) ∩ . . . ∩ π−1
tn (�n) ∩ [0, t] :

t, t1, . . . , tn ∈ [0,∞), n ∈ N, �1, . . . , �n ∈ B((α, β))}) with ⊗ denoting the
product sigma algebra, this extends to

Ex [ f (X , τ
)] = Ex

[∫

[0,∞)

f (X , s)ψ(Xs)e
− ∫ s0 ψ(Xr )dr ds

]

for all integrable f : (α, β)[0,∞) × [0,∞) → R. In particular

Ex [ f (X , τ
)|F X∞] =
∫

[0,∞)

f (X , s)ψ(Xs)e
− ∫ s0 ψ(Xr )dr ds.

(viii) τ D,
 is the first entry time of the right continuous process (Xt , N
t )t∈[0,∞) into
the closed set (Dc × [0,∞)) ∪ ((α, β) × [1,∞)) and thus an F

X ,N
 -stopping
time.

From Remark 2.2 (v) we infer that inf{t ≥ 0 : 
t ≥ Ũ } with Ũ ∼ Exp(1) inde-
pendent of X has the same distribution as τ
 . This raises the question why we use an
entire process N as the external source of randomness for the randomized Markovian
times instead of a single random variable Ũ . The reason is that in the subsequent
analysis we need the randomized Markovian times τ to have a Markov property of the
form

1{τ≥σ }τ = 1{τ≥σ }(θσ ◦ τ + σ) (2.3)
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in distribution for all F
X -stopping times σ and some shift operator θ . Choosing θ as a

natural shift operator of a strong Markov process has the advantage of circumventing
to debate well-definedness.

The problem is that it is not clear how to reasonably regard inf{t ≥ 0 : 
t ≥ Ũ } as
a stopping time with respect to a strong Markov process. Technically it would work
to add information about Ũ to F

X at all times but this busts the interpretation of the
problem as it provides the agent with the information on which path randomization
leads to earlier or later stopping. Thus instead of a canonical shift of a Markov process
we would need to artificially extend the shift of X to non-FX -measurable functions
like inf{t ≥ 0 : 
t ≥ Ũ }.

For fixed open D ⊂ (α, β) and ψ ∈ VD defining 
 ∈ WD via (2.1) the strong
Markov process (X , N
) induces a natural shift operator that can either be defined on
the space H = HD,
 of F X ,N
∞ -measurable functions, cf. [27, p. 115] or directly on
the underlying probability space, cf. [8, Chapter I, Sects. 3, 7]. In any case θσ ◦ τ is
well-defined as σ is an F

X ,N
 -stopping time. Going with the shift from [27, p. 115]
the stopping time τ regarded as an element ofH is not in the dense subset ofH where
the shift is initially defined, so technically there is the need to calculate how θσ extends
to τ
 . With the procedure outlined in [27, p. 115] we then obtain

θσ ◦ Xt = Xt+σ ,

θσ ◦ τ D = inf{t ≥ 0 : θσ ◦ Xt /∈ D} = inf{t ≥ 0 : Xt+σ /∈ D},
θσ ◦ τ
 = inf{t ≥ 0 : N
σ+t ≥ 1},

θσ ◦ τ D,
 = θσ ◦ τ D ∧ θσ ◦ τ
.

This yields the desired property (2.3).
Next we introduce a certain way of concatenating randomized Markovian times

that will be crucial for the definition of the (weak) equilibrium that is going to follow.

Definition 2.3 (Local perturbation operator) For h ≥ 0 and randomized Markovian
times τ (1), τ (2) ∈ S we define the local perturbation operator � of τ (1) with τ (2) on a
radius of h by

τ (1) � τ (2)(h) := 1{τ (2)≤τh}τ
(2) + 1{τ (2)>τh}

(
θτh ◦ τ (1) + τh

)
.

We set S� := {τ (1) � τ (2)(h) : τ (1), τ (2) ∈ S, h ≥ 0}.
The name local perturbation operator comes from the fact that τ (1) � τ (2)(h) equals

τ (2) up to time τh where Xt exits [X0 − h, X0 + h] for the first time and then instead
goes by the rule of τ (1).

Remark 2.4 Let D, D̃ ⊂ (α, β) be open, 
 ∈ WD , 
̃ ∈ WD̃ and h ≥ 0.

(i) For τ D,
 , 
 ∈ WD and all h ≥ 0 by (2.3) we infer

τ D,
 = τ D,
 � τ D,
(h).
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Thus in particular S ⊂ S�.
(ii) Generally τ D,
 �τ D̃,
̃ (h) is neither an F

X ,N
 - nor an F
X ,N


̃ -stopping time, since
it draws information from N
 and N
̃ . Due to the path dependence induced by

the indicators 1{τ D̃,
̃≤τh}, 1{τ D̃,
̃>τh} the local perturbation τ D,
 � τ D̃,
̃ (h) is not

in S and thus S � S�.

Definition 2.5 (Reward functional) For all almost surely finite τ ∈ S� we define the
reward functional

Jτ (x) := Ex
[
e−rτ g(Xτ )

]
, x ∈ (α, β)

with some fixed discount factor r ≥ 0 and a measurable payoff function g : (α, β) →
[0,∞).

Definition 2.6 (Equilibrium) Let T ∈ [0,∞) be a fixed constant. We call a stopping
time τ ∗ ∈ S(T ) equilibrium randomized Markovian time for the optimal stopping
problem associated to the functional J with expectation constraint T , or just equilib-
rium for brevity, if we have

lim inf
h↘0

Jτ∗(x) − Jτ∗�τ(h)(x)

Ex [τh] ≥ 0 (2.4)

for all x ∈ (α, β) and any τ ∈ S such that there exists some h > 0 and a neighborhood
U of x with Ey[τ ∗ � τ(h′)] ≤ T for all h′ ∈ [0, h) and all y ∈ U .

Note that the additional condition on the expectation(s) of τ ∗�τ(h′) excludes deviating
strategies from consideration that locally violate the constraint.

In order to investigate the fulfillment of the constraint for a given randomized
Markovian time and shorten the notation the following definition will be useful.

Definition 2.7 (Expected time function) Let τ D,
 ∈ S be a randomized Markovian
time. We call the function

eD,
(x) := Ex [τ D,
 ]

expected time function.

3 Equilibrium RandomizedMarkovian Times

The aimof this section is to derive some necessary conditions for equilibrium strategies
in the sense ofDefinition2.6.Moreover, these conditionswill help us to identifynatural
parts of the Verification Theorem 3.5 in Sect. 3.2.

3.1 Properties of Equilibria

We now provide necessary conditions for an equilibrium.
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Proposition 3.1 Let τ D,
 ∈ S(T ) be a randomized Markovian time and ψ ∈ VD the
function defining
 via (2.1). Assume that g is right continuous and has real left limits.
Moreover, let Jτ D,
 |D be continuous and let τ D,
 be an equilibrium in the sense of
Definition 2.6. We have

(i) (A − r)g(x) ≤ 0 for all x ∈ (Dc)◦ whenever g|(Dc)◦ ∈ C2((Dc)◦),
(ii) g(x) ≤ Jτ D,
 (x) for all x ∈ (α, β),

(iii) if x ∈ ∂D such that there exists some h > 0 with Jτ D,
 |(x−h,x] ∈ C2((x − h, x])
as well as Jτ D,
 |[x,x+h) ∈ C2([x, x + h)), then ∂x Jτ D,
 (x+) ≤ ∂x Jτ D,
 (x−),

(iv) (spt(ψ))◦ ⊂ {x ∈ (α, β) : g(x) = Jτ D,
 (x) or eD,
(x) = T }, where spt(ψ)

denotes the support of ψ .

Remark 3.2 The parts (i) and (ii) in Proposition 3.1 are standard conditions for optimal
stopping times. (i) means that the drift of the stopped process needs to be non-positive
in the stopping region and (ii) says that any equilibrium payoff needs to be at least as
high as the payoff for stopping immediately.

(iii) can be regarded as a generalized smooth fit condition as in [6, Formula (24)] and
[9, Condition (IV) in Theorem 8]. Observe that in [9] the smooth fit condition holds at
the boundary between continuation and randomization region,whereas our generalized
smooth fit condition has to be satisfied at the boundary between continuation and
stopping region.

(iv) is the most interesting part of this proposition. In other words it reads in an
equilibrium randomization can only be used if we are indifferent between stopping
and continuing or to fully exploit the expected time constraint before stopping.

In Lemma A.3 in the appendix we derive a simple sufficient condition for the
required continuity of Jτ D,
 |D .
Proof of Proposition 3.1 We start with (i). Let x ∈ (Dc)◦ and τ ∈ S such that the
requirements from Definition 2.6 are met. The definition of the perturbation operator
yields

τ D,
 � τ(h) = 1{τ≤τh}τ + 1{τ>τh}
(
θτh ◦ τ D,
 + τh

)

= 1{τ≤τh}τ + 1{τ>τh}τh = τ ∧ τh, (3.1)

Px -a.s. for all h ≥ 0 such that [x − h, x + h] ⊂ Dc. Here we took into account that
Px (θτh ◦ τ D,
 = 0) = 1 for such h. With (3.1) we get

0 ≤ lim inf
h↘0

Jτ D,
 (x) − Jτ D,
�τ(h)(x)

Ex [τh] = lim inf
h↘0

Jτ D,
 (x) − Jτ∧τh (x)

Ex [τh]
= lim inf

h↘0

1

Ex [τh]
(
g(x) − Ex

[
e−rτ∧τh g(Xτ∧τh )

])

= lim inf
h↘0

Ex [τ ∧ τh]
Ex [τh]

1

Ex [τ ∧ τh]
(

− Ex

[ ∫ τ∧τh

0
(A − r)e−rsg(Xs)ds

])

=(r − A)g(x), (3.2)

where we use that limh→0
Ex [τ∧τh ]

Ex [τh ] = 1, cf. [9, Lemma 26] in the last line.
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The proof of (ii) is rather obvious. If (ii) would not hold at some point x ∈ (α, β),
choosing τ :≡ 0, which corresponds to τ∅,0 in our notion of randomized Markovian
times, we would end up with a contradiction as follows:

0 ≤ lim inf
h↘0

Jτ D,
 (x) − Jτ D,
�τ(h)(x)

Ex [τh] = lim inf
h↘0

Jτ D,
 (x) − g(x)

Ex [τh] = −∞.

In order to prove (iv) we show that if

x ∈ (α, β) \ {x ∈ (α, β) : g(x) = Jτ D,
 (x) or eD,
(x) = T
}
,

then x ∈ (α, β) \ (spt(ψ))◦. First observe that g = Jτ D,
 on Dc, hence x ∈ D. τ D,


being an equilibrium implies eD,
 ≤ T which yields eD,
(x) < T . Moreover, from
(ii) we read off g(x) < Jτ D,
 (x). For R > 0 such that D̃ = (x − R, x + R) ⊂ (α, β)

and 
̃ :≡ 0 set τ R := τ D̃,
̃ . By Definition 2.3, the Markov property and Lemma A.1
it holds that

Ey

[
τ D,
 � τ R(h)

]
= Ey

[
1{τ R≤τh }τ

R
]

+ Ey
[
1{τ R>τh }eD,
(Xτh )

]+ Ey
[
1{τ R>τh }τh

]

≤ Ey[τh] + Ey
[
1{τ R>τh }eD,
(Xτh )

]

h↘0→ 1D̃(y)eD,
(y)
y→x→ eD,
(x) < T .

Thus for R, h sufficiently small we obtain Ey[τ D,
 � τ R(h)] ≤ T for all y ∈ (α, β).
Hence by Definition 2.6 we have

lim inf
h↘0

Jτ D,
 (x) − Jτ D,
�τ R(h)(x)

Ex [τh] ≥ 0.

For h < R it holds that

τ D,
 � τ R(h) = 1{τ R≤τh }τ
R + 1{τ R>τh }

(
θτh ◦ τ D,
 + τh

)
= θτh ◦ τ D,
 + τh , Px -a.s.

As x ∈ D we can apply this together with Lemma A.2 and Remark 2.4 (i), which
leads to

0 ≤ lim inf
h↘0

Jτ D,
 (x) − Jτ D,
�τ R(h)(x)

Ex [τh] = lim inf
h↘0

Jτ D,
�τ D,
 (h)(x) − Jθτh ◦τ D,
+τh
(x)

Ex [τh]
= 1

2
ψ(x−)(g(x−) − Jτ D,
 (x)) + 1

2
ψ(x)(g(x) − Jτ D,
 (x))

≤ 1

2
ψ(x)(g(x) − Jτ D,
 (x)),

so ψ(x) = 0 needs to hold because g(x) − Jτ D,
 (x) < 0. This means x /∈ (spt(ψ))◦,
which was the claim of (iv).

We finish by showing (iii) in a very similar way. Consider x ∈ ∂D and once again
R > h > 0. First observe that eD,
(x) = 0, so just as before Ey[τ D,
 � τ R(h)] ≤ T
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for all y ∈ (α, β) and sufficiently small h and R. By (A.2) and the local-space-time
formula, cf. [29], with Lx denoting the local time of X at x , we obtain

Jτ D,
 (x) − Jτ D,
�τ R(h)(x)

Ex [τh] = Jτ D,
 (x) − Ex [e−rτh Jτ D,
 (Xτh )]
Ex [τh]

= −Ex
[∫ τh

0 e−rs(A − r)Jτ D,
 (Xs)ds + 1
2

∫ τh
0 ∂x Jτ D,
 (x+) − ∂x Jτ D,
 (x−)dLx

s

]

Ex [τh]
= −Ex

[∫ τh
0 1{Xs �=x}e−rs(A − r)Jτ D,
 (Xs)ds

]

Ex [τh]
− 1

2
(∂x Jτ D,
 (x+) − ∂x Jτ D,
 (x−))

Ex [Lx
τh

]
Ex [τh] .

Due to the C2 assumption on Jτ D,
 the first summand is bounded for h ↘ 0. Note

that by [12, Proposition 3.3] we have
Ex [Lx

τh
]

Ex [τh ] → ∞ for h ↘ 0. Thus, if we assume
∂x Jτ D,
 (x+) − ∂x Jτ D,
 (x−) > 0 we get

lim inf
h↘0

Jτ D,
 (x) − Jτ D,
�τ R(h)(x)

Ex [τh] = −∞.

This contradicts the equilibrium condition lim infh↘0
J
τD,
 (x)−J

τD,
�τ R (h)
(x)

Ex [τh ] ≥ 0. ��

3.2 Verification Theorem

In this subsection we derive a Verification Theorem that provides sufficient conditions
for a candidate randomized Markovian time τ D,
 ∈ S to be an equilibrium. We start
by introducing a notion of regularity for the continuation region D of the candidate
τ D,
 and the payoff function g.

Definition 3.3 An open D ⊂ (α, β) is called regular if for every x ∈ ∂D one of the
following conditions holds true:

• x is an isolated point in Dc.
• There exists ε > 0 such that either (x−ε, x) ⊂ D, [x, x+ε) ⊂ Dc or (x−ε, x] ⊂

Dc, (x, x + ε) ⊂ D.

Moreover, we call the payoff function g : (α, β) → [0,∞) regular with respect to D
if g is C2 on (Dc)◦ and g(x+), g(x−) exist in R for all x ∈ D.

This notion of regularity of the stopping region can also be found in [6] and excludes
the case from consideration where D consists of infinitely many disjoint intervals that
cluster towards some points as this would pose technical difficulties.

Lemma 3.4 Let τ D,
 ∈ S be a randomized Markovian time with regular D, ψ ∈ VD

the function defining 
 via (2.1) and x ∈ D. Assume that ψ is continuous in x,
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g(x+), g(x−) ∈ R exist and that there exists ε > 0 such that Jτ D,
 |(x−ε,x+ε) ∈
C2((x − ε, x + ε)). Then we have

(A − r)Jτ D,
 (x) = ψ(x)

(

Jτ D,
 (x) − 1

2
(g(x−) + g(x+))

)

.

Proof By Lemma A.2 together with τ D,
 = τ D,
 � τ D,
(t), cf. Remark 2.4 (i), for
all t ≥ 0 as well as the continuity of ψ in x we get

lim
h↘0

Jθτh ◦τ D,
+τh
(x) − Jτ D,
 (x)

Ex [τh] = ψ(x)

(

Jτ D,
 (x) − 1

2
(g(x−) + g(x+))

)

.

(3.3)

Consider h ∈ (0, ε) such that (x − h, x + h) ⊂ D. Using (A.1) followed by Dynkin’s
formula, cf. [15, p. 133] one obtains

Jθτh ◦τ D,
+τh
(x) = Jτ D,
 (x) + Ex

[∫ τh

0
e−rs (A − r) Jτ D,
 (Xs)ds

]

.

With this we are able to make the next estimate using e−z − 1 ≥ −z.

∣
∣
∣
∣
∣

Jθτh ◦τ D,
+τh
(x) − Jτ D,
 (x)

Ex [τh] − (A − r)Jτ D,
 (x)

∣
∣
∣
∣
∣

≤ Ex
[∫ τh

0

∣
∣e−rs (A − r) Jτ D,
 (Xs) − e−rs(A − r)Jτ D,
 (x)

∣
∣ ds
]

Ex [τh]
+ Ex

[∫ τh
0

∣
∣e−rs(A − r)Jτ D,
 (x) − (A − r)Jτ D,
 (x)

∣
∣ ds
]

Ex [τh]
≤ Ex

[∫ τh
0 supy∈[x−h,x+h]

∣
∣(A − r) Jτ D,
 (y) − (A − r)Jτ D,
 (x)

∣
∣ ds
]

Ex [τh]
+ Ex

[∫ τh
0 rs

∣
∣(A − r)Jτ D,
 (x)

∣
∣ ds
]

Ex [τh]
≤ sup

y∈[x−h,x+h]
∣
∣(A − r) Jτ D,
 (y) − (A − r)Jτ D,
 (x)

∣
∣

+ r
∣
∣(A − r)Jτ D,
 (x)

∣
∣ Ex [τ 2h ]

Ex [τh] → 0

for h ↘ 0 by the C2 assumption on Jτ D,
 together with
Ex [τ 2h ]
Ex [τh ] → 0 for h ↘ 0 by [9,

Lemma 25]. This means

lim
h↘0

Jθτh ◦τ D,
+τh
(x) − Jτ D,
 (x)

Ex [τh] = (A − r)Jτ D,
 (x).

Recalling (3.3) this proves the claim. ��
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Theorem 3.5 Let τ D,
 ∈ S be a randomized Markovian time with regular D and
ψ ∈ VD the function defining 
 via (2.1). Suppose that the function g is regular with
respect to D. We also assume that Jτ D,
 |D is continuous. If τ D,
 fulfills the following
conditions it is an equilibrium randomized Markovian time:

(i) (A − r)g(x) ≤ 0 for all x ∈ (Dc)◦.
(ii) eD,
(x) = T for all x ∈ (spt(ψ))◦.
(iii) For each x ∈ ∂D there exists some h > 0 such that Jτ D,
 |(x−h,x] ∈ C2((x−h, x])

as well as Jτ D,
 |[x,x+h) ∈ C2([x, x + h)). Also ∂x Jτ D,
 (x+) ≤ ∂x Jτ D,
 (x−)

holds.
(iv) g(x) ≤ Jτ D,
 (x) and eD,
(x) ≤ T for all x ∈ D.

Remark 3.6
• The Verification Theorem 3.5 provides sufficient conditions under which some

τ D,
 ∈ S is an equilibrium. Together with the necessary conditions from Propo-
sition 3.1 this allows to pinpoint a considerable amount of all possible equilibria.

• g ≤ Jτ D,ψ and eD,
 ≤ T actually hold globally on (α, β), because g(x) ≤
Jτ D,
 (x) is trivially fulfilled for x ∈ Dc and eD,
 |Dc ≡ 0.

• A sufficient condition for the continuity of Jτ D,
 |D is derived in Lemma A.3.

Proof of the Verification Theorem 3.5 We have to show (2.4) for all x ∈ (α, β). Let
x ∈ (α, β), τ ∈ S, V ⊂ (α, β) a neighborhood of x and r > 0 such that
Ez[τ D,
 � τ(r ′)] ≤ T for all z ∈ V and all r ′ ∈ [0, r).

Case 1: For x ∈ (Dc)◦ we can proceed in almost exactly the same way as
in the proof of Proposition 3.1 part (i). Instead of starting the calculation (3.2)

with the premise 0 ≤ lim infh↘0
J
τD,
 (x)−J

τD,
�τ (h)
(x)

Ex [τh ] we have the assumption
(r − A)g(x) ≥ 0 to finish the calculation with and thus infer the claim.

Case 2: Consider x ∈ D. Assume τ = τ D̃,
̃ for some open D̃ ⊂ (α, β)

and 
̃ ∈ WD̃ defined via (2.1) with a function ψ̃ ∈ VD̃ . If x /∈ D̃, we have
J
τ D,
�τ D̃,
̃ (h)

(x) = g(x), Px -a.s. Thus we can conclude (2.4) from (ii). Now we

are left with the case x ∈ D̃. First we show

ψ̃(x) ≥ ψ(x) (3.4)

for all x ∈ D. If ψ(x) = 0 this is clear because ψ̃ is non-negative by assumption. If
ψ(x) > 0 we argue by contradiction, so assume ψ̃(x) < ψ(x). By right continuity
and the fact that ψ, ψ̃ have finitely many jumps there is some y ∈ (spt(ψ))◦ ∩ D̃ ∩ V
and h ∈ (0, r) such that ψ, ψ̃ are continuous on [y − h, y + h] ⊂ (spt(ψ))◦ ∩ D̃ and
ψ̃ < ψ on [y − h, y + h]. For U defined as in Remark 2.2 (v) this implies

Py(τ
D̃,
̃ ≤ τh < τ D,
) = Py

(∫ τh

0
ψ(Xs)ds < U ≤

∫ τh

0
ψ̃(Xs)ds

)

= 0. (3.5)

Similarly, additionally using τh ≤ τ D ∧ τ D̃, Py-a.s., we derive

τ D,
 ∧ τh = inf

{

t ≥ 0 :
∫ t∧τh

0
ψ(Xs)ds ≥ U

}

∧ τh
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≤ inf

{

t ≥ 0 :
∫ t∧τh

0
ψ̃(Xs)ds ≥ U

}

∧ τh = τ D̃,
̃ ∧ τh, Py-a.s.

(3.6)

Next we prove Ey[τ D,
 � τ D̃,
̃ (h)] > Ey[τ D,
 ] = T which contradicts the assump-

tion on τ D̃,
̃ = τ we made in the beginning of this proof. Applying (3.5) in the
penultimate and (3.6) in the last step we obtain

Ey

[
τ D,
 � τ D̃,
̃ (h)

]
= Ey

[
1{τ D̃,
̃≤τh}τ

D̃,
̃ + 1{τ D̃,
̃>τh}
(
θτh ◦ τ D,
 + τh

)]

= Ey[τ D,
 ] + Ey

[
1{τ D,
≤τh}1{τ D̃,
̃≤τh}(τ

D̃,
̃ − τ D,
)
]

+ Ey

[
1{τ D,
≤τh}1{τ D̃,
̃>τh}(θτh ◦ τ D,
 + τh − τ D,
)

]

+ Ey

[
1{τ D,
>τh}1{τ D̃,
̃≤τh}(τ

D̃,
̃ − τ D,
)
]

≥ T + Ey

[
1{τ D,
≤τh}1{τ D̃,
̃≤τh}(τ

D̃,
̃ − τ D,
)
]

+ Ey

[
1{τ D,
≤τh}1{τ D̃,
̃>τh}(τh − τ D,
)

]

> T .

This shows (3.4). Now we verify the equilibrium condition (2.4). If x ∈ D̃ we apply
Lemma A.2 and Remark 2.4 (i) followed by (3.4) together with condition (iv) from
this theorem and obtain

lim inf
h↘0

Jτ D,
 (x) − J
τ D,
�τ D̃,
̃ (h)

(x)

Ex [τh]
= lim inf

h↘0

Jτ D,
 (x) − Jθτh ◦τ D,
+τh
(x)

Ex [τh] +
Jθτh ◦τ D,
+τh

(x) − J
τ D,
�τ D̃,
̃ (h)

(x)

Ex [τh]
= 1

2

(
(ψ̃(x−) − ψ(x−)

) (
Jτ D,
 (x−) − g(x−)

)

+
(
ψ̃(x) − ψ(x)

) (
Jτ D,
 (x+) − g(x+))

)

≥ 0.

If x /∈ D̃ we conclude that

lim inf
h↘0

Jτ D,
 (x) − J
τ D,
�τ D̃,
̃ (h)

(x)

Ex [τh] = lim inf
h↘0

Jτ D,
 (x) − g(x)

Ex [τh] ≥ 0

due to condition (iv).
Case 3: Consider x ∈ ∂D. Once again let τ = τ D̃,
̃ for some open D̃ ⊂ (α, β)

and 
̃ ∈ WD . Clearly eD,
(x) = Ex [τ D,
 ] = 0. Thus by (ii) and the continuity
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of eD,
 (recall Lemma A.1) the support of ψ has no interior points near x . By right
continuity of ψ there is some δ > 0 such that ψ |(x−δ,x+δ) ≡ 0.

Using (A.2) in the first step, condition (iv) in the second one followed by a variation
of Itô’s formula (cf. [29]) in the third as well as condition (iii) and Lemma 3.4 (this
can be applied for h so small that Jτ D,
 |[x,x+h), Jτ D,
 |(x−h,x] ∈ C2) in the fourth we
obtain

lim inf
h↘0

Jτ D,
 (x) − J
τ D,
�τ D̃,
̃ (h)

(x)

Ex [τh]

= lim inf
h↘0

g(x) − Ex
[
1{τ D̃,
̃≤τh }e

−rτ D̃,
̃
g(X

τ D̃,
̃ ) + 1{τ D̃,
̃>τh }e
−rτh Jτ D,
 (Xτh )

]

Ex [τh]

≥ lim inf
h↘0

g(x) − Ex [e−rτ D̃,
̃∧τh Jτ D,
 (X
τ D̃,
̃∧τh

)]
Ex [τh]

= lim inf
h↘0

g(x) − Ex

[

Jτ D,
 (x) + ∫ τ D̃,
̃∧τh
0 (A − r)e−rs Jτ D,
 (Xs)ds

]

Ex [τh]

−
1
2Ex

[
∫ τ D̃,
̃∧τh
0 ∂x Jτ D,
 (x+) − ∂x Jτ D,
 (x−)dLx

s

]

Ex [τh]

≥ lim inf
h↘0

Ex

[
∫ τ D̃,
̃∧τh
0 1{Xs∈(Dc)◦}e−rs(r − A)g(Xs)ds

]

Ex [τh]

+ lim inf
h↘0

Ex

[
∫ τ D̃,
̃∧τh
0 −1{Xs∈D}e−rsψ(Xs)(Jτ D,
 (Xs) − 1

2 (g(Xs−) + g(Xs+)))ds

]

Ex [τh] .

The first summand in the last line is non-negative by (i). Recall that there exists δ > 0
such that ψ |(x−δ,x+δ) ≡ 0. This makes the integrand of the second summand in the
last line vanish for h close to 0. Together this gives the claim. ��

Remark 3.7 From the first part of Case 3 in the proof of the Verification Theorem
3.5 we read off that any randomized Markovian time in S(T ) that satisfies condition
(ii) of Theorem 3.5 has zero rate of randomized stopping in a neighborhood of the
stopping region because there is still enough time to continue until we actually reach
the stopping region.

4 Finding Equilibria

Wederive further properties of (equilibrium) randomizedMarkovian times andprovide
a guess-and-verify approach for finding equilibria.

Proposition 4.1 Let τ D,
 ∈ S(T ) be a randomized Markovian time and ψ ∈ VD the
function defining 
 via (2.1).
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(i) For all open U ⊂ D such that ψ |U ≡ 0 we have eD,
 |U ∈ C2(U ) and

AeD,
(x) = −1, x ∈ U .

(ii) Suppose condition (ii) from the Verification Theorem 3.5 holds for τ D,
 , i.e.
eD,
(x) = T for all x ∈ (spt(ψ))◦.

(a) For all x ∈ (α, β) we have

ψ(x) ∈
{

0,
1

T

}

.

(b) Let U1,U2, . . . ⊂ (α, β) be the pairwise disjoint open, connected components
of D, i.e. D = ⋃· n∈N

Un (note that Un = ∅ is allowed). For each n ∈ N we
either have Un ∩ {ψ = 1

T } = ∅ or
1. Un ∩ {ψ = 1

T } = (α, β) if inf Un = α, supUn = β,
2. Un ∩ {ψ = 1

T } = (α, bn) for some bn ∈ (α, β) if inf Un = α, supUn ∈
(α, β),

3. Un ∩ {ψ = 1
T } = [an, β) for some an ∈ (α, β) if inf Un ∈ (α, β),

supUn = β,
4. Un ∩ {ψ = 1

T } = [an, bn) for some an < bn ∈ (α, β) if inf Un, supUn ∈
(α, β).

(c) e′
D,
(an−) = 0, e′

D,
(bn+) = 0 in the cases 2, 3 and 4 from (b).

Proof By [16, Theorem 13.16] the function

fϕ(x) := Ex

[∫ τU

0
e− ∫ t0 ψ(Xs )dsdt

]

+ Ex

[

e− ∫ τU

0 ψ(Xs )dsϕ(XτU )

]

is the unique C2-solution toA f −ψ f = −1 onU that satisfies the boundary condition
limy→z f (y) = ϕ(z) for all z ∈ ∂U ⊂ (α, β) whenever ψ |U is Hölder-continuous.
Moreover, by [16, Theorem 13.11] and [16, Theorem 13.12], if ψ |U is merely con-
tinuous, the function fϕ is a continuous solution to A f − ψ f = −1 on U , with A
denoting the characteristic operator in the sense of [15, Chapter 5, §3].

By the Markov property, Remark 2.2 (vii) and the fact that Ex,n[τ D,
 ] = 0 for all
n ∈ N we get

eD,
(x) = Ex

[
τ D,


]
= Ex

[
τU ∧ τ D,


]
+ Ex

[
θτU∧τ D,
 ◦ τ D,


]

= Ex

[

Ex

[∫ τU

0
1{t<τ
 }dt

∣
∣
∣
∣F X∞

]]

+ Ex

[
Ex,0

[
θτU∧τ D,
 ◦ τ D,
 |FτU∧τ D,


]]

= Ex

[∫ τU

0
Ex

[
1{t<τ
 }

∣
∣F X∞

]
dt

]

+ Ex

[
EX

τU∧τD,
 ,N

τU∧τD,


[τ D,
 ]
]
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= Ex

[∫ τU

0
e−
t dt

]

+ Ex

[
1{τU<τ
 }EX

τU
[τ D,
 ]

]

= Ex

[∫ τU

0
e−
∫ t
0 ψ(Xs )dsdt

]

+ Ex

[

e−
∫ τU

0 ψ(Xs )dseD,
(XτU )

]

= feD,
 (x).

Together with the fact that eD,
 is continuous by Lemma A.1 (i) this already implies
(i). Assume that there is an open neighborhood U ⊂ (spt(ψ))◦ of x such that ψ |U is
continuous. Since feD,


|U = eD,
 |U ≡ T on U we have

0 = A feD,

= ψ feD,


− 1 = ψT − 1 on U . (4.1)

Now let x ∈ (spt(ψ))◦ be arbitrary. Since ψ ∈ VD has only finitely may disconti-
nuities there is some open U ⊂ (spt(ψ))◦ such that x = inf U and ψ is continuous
on U . Now ψ |U ≡ 1

T by (4.1). Right continuity of ψ yields ψ(x) = 1
T . Lastly the

boundary points of spt(ψ) are either 0 or 1
T by right continuity of ψ , which shows (a).

For the proof of (b) first note that Un ∩ {ψ = 1
T } is connected. Indeed, if not, by

(a) and the right continuity of ψ there is a non-empty interval [x, y) and some δ > 0
such that (x − δ, y + δ) ⊂ Un , ψ |[x,y) ≡ 0 and ψ |(x−δ,x) ≡ 1

T or ψ |[y,y+δ) ≡ 1
T . The

assumption of condition (ii) from the Verification Theorem and continuity of eD,


(cf. Lemma A.1) imply eD,
(x) = T = eD,
(y). With that we reach a contradiction
to τ D,
 ∈ S(T ) via

eD,


(
x + y

2

)

= E x+y
2

[
τ (x,y)

]
+ EX

τ (x,y)

[
τ D,


]
= E x+y

2

[
τ (x,y)

]
+ T > T .

Hence, Un ∩ {ψ = 1
T } is connected. If α < inf Un < supUn < β this suffices to

show (b) by right continuity of ψ . On the other hand if inf Un = α and ψ |(α,α+δ) ≡ 0
or supUn = β and ψ |(β−δ,β) ≡ 0 for some δ > 0, respectively, then just as before
we get eD,
(α + δ

2 ) > T or eD,
(β − δ
2 ) > T respectively to reach a contradiction,

which proves (b).
Without loss of generality we show (c) only for an . We will argue by contradiction,

so set L := inf Un , a := an and suppose e′
D,
(a−) �= 0. We have already shown

eD,
(a) = T . If e′
D,
(a−) < 0, then eD,
 > T on the left of a which contradicts the

assumption τ D,
 ∈ S(T ). Thus we are left to treat the case e′
D,
(a−) > 0. Let δ > 0

such that a + δ ∈ (spt(ψ))◦ and let f ∈ C2([L, a + δ]) with A f ≡ 1. Moreover, we
denote the scale function of X by s. With that, using Dynkin’s formula for y ∈ [L, a]
we obtain

eD,
(y) = Ey[τ (L,a)] + Py(Xτ (L,a) = a)T = Ey[ f (Xτ (L,a) )] − f (y) + s(y) − s(L)

s(a) − s(L)
T

= s(a) − s(y)

s(a) − s(L)
f (L) + s(y) − s(L)

s(a) − s(L)
f (a) − f (y) + s(y) − s(L)

s(a) − s(L)
T .
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Note that the right-hand side of this equation is well defined and differentiable for
y ∈ [L, a + δ] since f and s are. For (z, y) ∈ [L, a + δ]2 we define

h(z, y) := ∂

∂ y

(
s(z) − s(y)

s(z) − s(L)
f (L) + s(y) − s(L)

s(z) − s(L)
f (z) − f (y) + s(y) − s(L)

s(z) − s(L)
T

)

= − s′(y) f (L)

s(z) − s(L)
+ s′(y) f (z)

s(z) − s(L)
− f ′(y) + s′(y)T

s(z) − s(L)
.

Now we introduce an auxiliary function H : [L, a + δ] → R by

y �→ Ey

[
τ (L,a+δ)

]
+ Py(Xτ (L,a+δ) = a + δ)T

= s(a + δ) − s(y)

s(a + δ) − s(L)
f (L) + s(y) − s(L)

s(a + δ) − s(L)
f (a + δ) − f (y)

+ s(y) − s(L)

s(a + δ) − s(L)
T .

By definition

eD,
(y) = Ey

[
τ (L,a+δ) ∧ τ


]
+ Ey

[
1{τ
>τ(L,a+δ)}1{X

τ (L,a+δ)=a+δ}
]

Ea+δ

[
τ D,


]

≤ Ey

[
τ (L,a+δ)

]
+ Py(Xτ (L,a+δ) = a + δ)T = H(y) (4.2)

for all y ∈ [L, a + δ]. H ′ is given by

H ′(y) = − s′(y) f (L)

s(a + δ) − s(L)
+ s′(y) f (a + δ)

s(a + δ) − s(L)
− f ′(y) + s′(y)T

s(a + δ) − s(L)

= h(a + δ, y).

Since s′ is continuous, h is continuous in (a, a) with h(a, a) = e′
D,
(a−) > 0. Thus

for sufficiently small δ > 0 we find that H ′|[a,a+δ] > 0. Using (4.2) this yields a
contradiction via T = H(a + δ) > H(a) ≥ eD,
(a) = T , which proves (c). ��
Remark 4.2 Proposition 4.1 gives us a method to construct an equilibrium τ D,
 with
connected D. By (b) a candidate for ψ �≡ 0 that satisfies (ii) from the Verification
Theorem has the form 1

T 1[a,b),
1
T 1(α,b),

1
T 1[a,β) or

1
T 1(α,β) for some α < a < b < β.

By (i), (b) and (c) we find that a and b depend on the boundaries of D via

AeD,
 = −1 on (inf D, a)

eD,
(inf D) = 0, eD,
(a) = T , e′
D,
(a) = 0 (4.3)

if inf D ∈ (α, β) and

AeD,
 = −1 on (b, sup D)

eD,
(sup D) = 0, eD,
(b) = T , e′
D,
(b) = 0 (4.4)
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if sup D ∈ (α, β) respectively, while a = α if inf D = α and b = β if sup D = β.
Given D basic ODE theory does not provide existence nor uniqueness of solutions to
the boundary value problems (4.3) and (4.4).Nevertheless,we have three equations and
one free variable, namely a or b, it seems reasonable to believe that the systems (4.3)
and (4.4) have exactly one solution. In that case, similar to classical optimal stopping
we rely on the smooth fit principle from Theorem 3.5 (iii) in order to determine the
boundary of D of the equilibrium randomized Markovian time.

Remark 4.3 The scheme described in Remark 4.2 can even be employed in situations
where D is not an interval by applying it to the connected components of D, see
Example 5.5.

5 Examples

The aim of this section is to give some examples for the scheme proposed in Remark
4.2. We start with the most simple case.

Remark 5.1 If g continuous with at most polynomial growth and (e−r t g(Xt ))t∈[0,∞)

is a submartingale, then τ ∗ = τ D,
 with D = (α, β) and ψ ≡ 1
T defining 
 via (2.1)

is an equilibrium in the sense of Definition 2.6.
Here in view of Remark 2.2 (v) condition (ii) from the Verification Theorem is easily
seen to hold via

Ex [τ ∗] = Ex [τ D,
 ] = Ex [τ
 ] = Ex

[

inf

{

t ≥ 0 : 1

T
t ≥ U

}]

= Ex [T ·U ] = T .

Since (α, β) = spt(ψ) it only remains to show g(x) ≤ Jτ∗(x) from condition (iv) in
Theorem3.5.As (e−r t g(Xt ))t∈[0,∞) is a submartingalewe apply the optional sampling
theorem to obtain

Jτ∗(x) = Ex [e−rτ∗
g(Xτ∗)] ≥ g(x).

Therefore the Verification Theorem 3.5 yields the claim.

The next example deals with a special case of Remark 5.1. It shows that consid-
ering randomized Markovian times instead of only first exit times of regular sets (cf.
Definition 3.3) leads to a truly more general concept of equilibrium.

Example 5.2 Let α := −∞, β := ∞, X = W = (Wt )t∈[0,∞) a standard Brownian
motion, g(x) := x2 and r = 0. In the corresponding equilibrium problem there are
no equilibria τ D = τ D,
 ∈ S(T ) with 
 ≡ 0 and regular D. Indeed, suppose τ D

were such an equilibrium. Here (A − r)g = 1 > 0, so by Proposition 3.1 (i) it holds
that (Dc)◦ = ∅, in particular D �= ∅. Now let x ∈ D. Since Ey[τ D] ≤ T for all
y ∈ R the sets Dc ∩ (−∞, x) and Dc ∩ (x,∞) are non empty. Based on that we
set xl := sup(Dc ∩ (−∞, x)) and xr := inf(Dc ∩ (x,∞)). As D is open we infer
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xl < x < xr . Now Jτ D (y) = x2r
y−xl
xr−xl

+ x2l
xr−y
xr−xl

for y ∈ [xl , xr ]. Using that Jτ D ≥ g
by Proposition 3.1 (ii) and Jτ D (xr ) = g(xr ) we infer

∂x Jτ D (xr−) = xl + xr < 2xr = ∂x g(xr+) = lim
h↘0

g(xr + h) − g(xr )

h

≤ lim
h↘0

Jτ D (xr + h) − Jτ D (xr )

h
= ∂x Jτ D (xr+),

which contradicts Proposition 3.1 (iii).

Example 5.3 Wenow consider a Brownianmotion (Wt )t∈[0,∞) and the payoff function
g(x) = |x |. Using the guess-and-verify approach from Remark 4.2 we derive an
equilibrium whose structure depends on the discount factor r and, if r > 0, also on
the size of rT .

First we focus on r = 0 . In this case the process g(Wt ) = |Wt |, t ∈ [0,∞),
is a strict submartingale under every Px . By Remark 5.1 an equilibrium is given by
τ ∗ = τ D,
 , where D = R and ψ ≡ 1

T defining 
 via (2.1). The corresponding Jτ∗
is given by

Jτ∗(x) = Ex [|Wτ∗ |] = |x | +
√
T

2
exp

(

−
√

2

T
|x |
)

.

For a positive discount factor r > 0 we first consider the unconstrained optimal
stopping problem

sup
τ∈T

Ex [e−rτ |Wτ |],

where T denotes the set of all almost surely finite stopping times. With the usual
methods (for more details we refer to [31]) one can show that the optimal stopping
time is given by τ D̃ , where D̃ = (−x̃, x̃) with x̃ = x̃(r) = z̃√

2r
and z̃ is the unique

positive solution of

z = cosh(z)

sinh(z)
. (5.1)

Note that z̃ ≈ 1.19967864. Moreover, we have

sup
τ∈T

Ex [e−rτ |Wτ |] =

⎧
⎪⎨

⎪⎩

x̃ cosh(
√
2r x)

cosh(
√
2r x̃)

, |x | < x̃,

|x |, |x | ≥ x̃ .

(5.2)
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In particular, it holds that

Ex
[
τ D̃] =

⎧
⎪⎨

⎪⎩

z̃2

2r
− x2, x ∈ D̃,

0, x /∈ D̃.

Hence, Ex
[
τ D̃
] ≤ T for all x ∈ R if and only if rT ≥ z̃2

2 ≈ 0.7196144195.
Now we come back to the optimal stopping problem with expectation constraint.

If rT ≥ z̃2

2
then the optimal stopping time τ D̃ of the unconstrained problem is

admissible, i.e. Ex

[
τ D̃
]

≤ T for all x ∈ R. Let

D∗ = D̃ = (−x̃, x̃), ψ ≡ 0

and τ ∗ = τ D∗
. The corresponding Jτ∗ is given by (5.2). Then all conditions of Theo-

rem 3.5 are satisfied and τ ∗ is an equilibrium strategy.

If rT <
z̃2

2
then the optimal strategy of the unconstrained optimal stopping prob-

lem does not fulfill the expectation constraint for all x ∈ R and, thus, is not admissible.
To find an equilibrium we follow Remark 4.2 and assume that the strategy τ stops

immediately under Px if |x | is greater or equal to b, continues if |x | is sufficiently large
but not greater than b and stops with rate ψ(x) = 1

T for small |x |. More precisely,

we consider τ Db,
a
with Db = (−b, b) and ψa = 1

T 1[−a,a) defining 
a via (2.1)
for 0 < a < b. Here a and b have to be chosen in such a way that the expectation
constraint Ex [τ Db,
a ] ≤ T holds true for all x ∈ R. Observe that (4.3) and (4.4)
imply that

1

2
e′′
Db,
a = −1 on (−b,−a) ∪ (a, b),

eDb,
a (−b) = eDb,
a (b) = 0,

eDb,
a (−a) = eDb,
a (a) = T ,

e′
Db,
a (−a) = e′

D,
a (a) = 0,

which yields a = b − √
T . In particular, b >

√
T . To simplify notation we set

τ b = τ Db,
b−√
T
and a = b − √

T .
Now we derive Jτ b . For |x | ≥ b we have Jτ b (x) = |x |. Moreover, the symmetry of

the Brownian motion W , of the payoff function g and of the randomized Markovian
time τ b yield Jτ b (x) = Jτ b (−x). By [15, Theorem 5.9] it holds that

• Jτ b |(−a,a) ∈ C2((−a, a)),
• Jτ b |(−b,−a) ∈ C2((−b,−a)),
• Jτ b |(a,b) ∈ C2((a, b)).
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Lemma 3.4 implies that Jτ b satisfies

1

2
J ′′
τ b

(x) −
(

r + 1

T

)

Jτ b (x) = − 1

T
|x |, x ∈ (−a, a),

1

2
J ′′
τ b

(x) − r Jτ b (x) = 0, x ∈ (−b,−a) ∪ (a, b).

(5.3)

The differential equations (5.3) together with Jτ b (x) = Jτ b (−x) result in

Jτ b (x) =
⎧
⎨

⎩

ξ cosh (γ |x |) + |x |
rT + 1

+ 1

γ (rT + 1)
e−γ |x |, |x | < a = b − √

T ,

λe
√
2r |x | + νe−√

2r |x |, |x | ∈ (a, b) = (b − √
T , b)

for some ξ = ξ(T , r , b), λ = λ(T , r , b), ν = ν(T , r , b) and with γ =
√
2
(
r + 1

T

)
.

Since the function Jτ b is continuous on [−b, b] by Lemma A.3 and even Jτ b |(−b,b) ∈
C1((−b, b)) by [33], we obtain the boundary conditions

Jτ b (b−) = Jτ b (b+) = b

Jτ b (a−) = Jτ b (a+)

∂x Jτ b (a−) = ∂x Jτ b (a+)

(5.4)

which constitute the linear system

⎛

⎜
⎝

0 e
√
2rb e−√

2rb

− cosh(γ a) e
√
2ra e−√

2ra

−γ sinh(γ a)
√
2re

√
2ra −√

2re−√
2ra

⎞

⎟
⎠

⎛

⎝
ξ

λ

ν

⎞

⎠ =
⎛

⎜
⎝

b
1

rT+1

(
a + 1

γ
e−γ a

)

1
rT+1

(
1 − e−γ a

)

⎞

⎟
⎠ .

It holds that

det

⎛

⎜
⎝

⎛

⎜
⎝

0 e
√
2rb e−√

2rb

− cosh(γ a) e
√
2ra e−√

2ra

−γ sinh(γ a)
√
2re

√
2ra −√

2re−√
2ra

⎞

⎟
⎠

⎞

⎟
⎠

= −2
(√

2r cosh(γ a) cosh(
√
2rT ) + γ sinh(γ a) sinh(

√
2rT )

)
< 0.

Hence, for fixed r , T and b there exists unique ξ, λ and ν, solving (5.4), which can be
computed explicitly. Here we omit the long formulas for ξ, λ and ν because later on
we choose a specific b which allows to simplify them.

We now derive b such that ∂x Jτ b (b−) = ∂x Jτ b (b+) = 1 which guarantees that the
second part of Condition (iii) in Theorem 3.5 is satisfied. Using the explicit formulas
for ξ, λ and ν, one obtains that

1 = ∂x Jτ b (b−) = √
2r
(
λe

√
2rb − νe−√

2rb
)
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holds if and only if b is a zero of the function � : [√T ,∞) → R with

�(b) = γ sinh(γ (b − √
T ))

[

b cosh(
√
2rT ) − 1√

2r
sinh(

√
2rT ) − b − √

T

rT + 1
− e−γ (b−√

T )

γ (rT + 1)

]

+ cosh(γ (b − √
T ))

[√
2rb sinh(

√
2rT ) − cosh(

√
2rT ) + 1 − e−γ (b−√

T )

rT + 1

]

.

One can show that � is strictly increasing with limb→∞ �(b) = ∞ and

�(
√
T ) = √

2rT sinh(
√
2rT ) − cosh(

√
2rT ) < 0,

where we use for the inequality that
√
2rT < z̃ and y sinh(y) − cosh(y) < 0 for all

y ∈ [0, z̃). Hence, there exists a unique b∗ = b∗(T , r) ∈ (
√
T ,∞) with �(b∗) = 0

which implies that ∂x Jτ b∗ (b
∗−) = 1.

In addition, we have

J
τb

∗ (x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ(T , r , b∗) cosh (γ |x |) + |x |
rT + 1

+ 1

γ (rT + 1)
e−γ |x |,

|x | ≤ b∗ − √
T ,

1

2

(

b∗ + 1√
2r

)

e−
√
2r (b∗−|x |) + 1

2

(

b∗ − 1√
2r

)

e
√
2r (b∗−|x |),

|x | ∈ (b∗ − √
T , b∗),

|x |, |x | ≥ b∗,

where

ξ(T , r , b∗) = 1

cosh(γ (b∗ − √
T ))

(

b∗ cosh(
√
2rT ) − 1√

2r
sinh(

√
2rT )

− 1

rT + 1

(

b∗ − √
T + 1

γ
e−γ (b∗−√

T )

))

.

Now one can check that τ b
∗
is indeed an equilibrium using Theorem 3.5.

See Fig. 1 for the function Jτ∗ for different T > 0 with r = 0 and Fig. 2 for Jτ b∗
for r = 0.01 and different T > 0.

Remark 5.4 The most common formulation of the constrained optimal stopping prob-
lem for the Brownian motion W and the payoff function g(x) = |x | is

maximize Ex [|Wτ |] subject to τ ∈ S̃(x, T ), (5.5)

for given x ∈ R, where S̃(x, T ) denotes the set of all stopping times with respect to the
augmented natural filtration of the Brownian motion satisfying Ex [τ ] ≤ T . A major
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Fig. 1 The function g(x) = |x |
in black and the function Jτ∗ for
different T > 0 and r = 0

Fig. 2 The function Jτ∗ for the payoff function g(x) = |x | (black), discount factor r = 0.01 and T ∈
{5, 10, 20, 35, 50} as well as T ≥ z̃2

2r ≈ 71.9615. Here we use b∗
T for b∗ = b∗(T , r)

difference to our equilibrium approach is that the constraint only applies for the fixed
starting value x but not uniformly on the entire state space.

An optimal stopping time in (5.5) for fixed x and T is given by τ D(x,T ) with
D(x, T ) = (−√

T + x2,
√
T + x2) and the value of (5.5) is

√
T + x2, see [2, Exam-

ple 4.5]. In particular, for any y with |y| < |x | the stopping time τ D(x,T ) does not
satisfy the expectation constraint Ey

[
τ D(x,T )

] ≤ T that would be required in the
equilibrium problem.

Observe that in (5.5) we do not allow for an external source of randomization.
The precommitment approach presented in [2, 26] does not cover the discounted

optimal stopping problem

maximize Ex [e−rτ |Wτ |] subject to τ ∈ S̃(x, T ) (5.6)

for r > 0, which we treat in our equilibrium framework. Although [3] comprises
Problem (5.6), to the best of our knowledge there are no solution methods at hand to
derive an optimal stopping time or the value of (5.6).

Finally, we present an example where in an equilibrium τ D,
 the set D is not an
open interval but an open set.
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Fig. 3 The payoff function in Example 5.5

Example 5.5 Consider the payoff function

g(x) =

⎧
⎪⎨

⎪⎩

|x − 2|, if x ∈ (1, 3),

|x + 2|, if x ∈ (−3,−1),

1, else,

see Fig. 3. Example 5.3 implies that for a positive discount factor r such that x̃ =
z̃√
2r

≤ 1 and T ≥ z̃2
2r , where z̃ is the unique positive solution of (5.1), an equilibrium

is given by τ D,
 with D = (−2 − x̃,−2 + x̃) ∪ (2 − x̃, 2 + x̃) and ψ ≡ 0.

A Appendix

Lemma A.1 (i) For every randomized Markovian time τ D,
 ∈ S(T ) the expected
time function eD,
 is continuous.

(ii) For every x ∈ (α, β) there is some neighborhood [x − η, x + η] with η > 0 such
that

Ey[τh] h↘0→ 0

uniformly in y ∈ [x − η, x + η].
Proof Since eD,
 = 0 outside D it is sufficient to consider x ∈ D. Let a < b ∈ D

such that x ∈ [a, b]. Let X τ
 = (X τ


t )t∈[0,∞) be given by

X τ


t :=
{
Xt , t < τ
,

∂, t ≥ τ


with a coffin state ∂ . Additionally we set my := inf{t ≥ 0 : X τ


t = y}, y ∈ (α, β)

and m∞ := inf{t ≥ 0 : X τ


t = ∂}. By [23, p. 119, p. 121] the functions x �→
Px (ma < mb) = Px (Xτ (a,b)∧τ
 = a), x �→ Px (ma > mb) = Px (Xτ (a,b)∧τ
 = b) and
x �→ Ex [ma ∧ mb ∧ m∞] = Ex [τ (a,b) ∧ τ
 ] are continuous. The Markov property
yields

eD,
(x) = Ex [τ (a,b) ∧ τ
 ] + eD,
(a)Px (Xτ (a,b)∧τ
 = a) + eD,
(b)Px (Xτ (a,b)∧τ
 = b),
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which proves the first claim.
For the second claim let f : (α, β) → R solve A f = 1. By Dynkin’s formula

Ey[τh] = Ey

[∫ τh

0
A f (Xs)ds

]

= Ey[ f (Xτh )] − f (y)

≤ sup
z1,z2∈[y−h,y+h]

| f (z1) − f (y2)|.

Uniform continuity of f on any [x − η, x + η] ⊂ (α, β) provides the claim. ��

Lemma A.2 Let τ D,
, τ D̃,
̃ ∈ S be randomized Markovian times and ψ ∈ VD,
ψ̃ ∈ VD̃ the functions defining 
 and 
̃ via (2.1), respectively. Suppose that g has
real left and right limits for all x ∈ D. For all x ∈ D∩ D̃ such that Jτ D,
 is continuous
in x we have

lim
h↘0

Jθτh ◦τ D,
+τh
(x) − J

τ D,
�τ D̃,
̃ (h)
(x)

Ex [τh] = 1

2
ψ̃(x−)(Jτ D,
 (x) − g(x−))

+ 1

2
ψ̃(x)(Jτ D,
 (x) − g(x+)).

Proof Note that by the Markov property

Jθτh ◦τ D,
+τh
(x) = Ex [e−rτh Jτ D,
 (Xτh )] (A.1)

and

J
τ D,
�τ D̃,
̃ (h)

(x) = Ex
[
1{τ D̃,
̃≤τh}e

−rτ D̃,
̃

g(X
τ D̃,
̃ ) + 1{τ D̃,
̃>τh}e

−rτh Jτ D,
 (Xτh )
]
.

(A.2)

Let h > 0 such that [x −h, x +h] ⊂ D̃. This leads to τ D̃,
̃ = τ 
̃ on {τ D̃,
̃ ≤ τh}.
Now using (A.1), (A.2) and Remark 2.2 (vii) we obtain

Jθτh ◦τ D,
+τh
(x) − J

τ D,
�τ D̃,
̃ (h)
(x)

= Ex
[
1{τ D̃,
̃≤τh}

(
e−rτh Jτ D,
 (Xτh ) − e−rτ D̃,
̃

g(X
τ D̃,
̃ )

)]

= Ex

[
Ex

[
1{τ 
̃≤τh}

(
e−rτh Jτ D,
 (Xτh ) − e−rτ 
̃

g(X
τ 
̃ )
)|F X∞

]]

= Ex

[ ∫ τh

0

(
e−rτh Jτ D,
 (Xτh ) − e−r t g(Xt )

)
ψ̃(Xt )e

− ∫ t0 ψ̃(Xs )dsdt

]

= Ex

[∫ τh

0
Jτ D,
 (Xτh )ψ̃(Xt )

(
e− ∫ t0 ψ̃(Xs )ds−rτh − 1

)
dt

]

+ Ex

[∫ τh

0
Jτ D,
 (Xτh )ψ̃(Xt )dt

]
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− Ex

[∫ τh

0
g(Xt )ψ̃(Xt )

(
e− ∫ t0 ψ̃(Xs )ds−r t − 1

)
dt

]

− Ex

[∫ τh

0
g(Xt )ψ̃(Xt )dt

]

.

(A.3)

We now divide (A.3) by Ex [τh] and evaluate the limits of all the summands on the
new right-hand side in order to prove the claim. The first and third summand can be
estimated as follows using e−z − 1 ≥ −z for all z ≥ 0.

∣
∣
∣
∣

Ex

[∫ τh
0 Jτ D,
 (Xτh )ψ̃(Xt )

(
e− ∫ t0 ψ̃(Xs )ds−rτh − 1

)
dt
]

Ex [τh]

−
Ex

[∫ τh
0 g(Xt )ψ̃(Xt )

(
e− ∫ t0 ψ̃(Xs )ds−r t − 1

)
dt
]

Ex [τh]
∣
∣
∣
∣

≤
Ex

[∫ τh
0 (g(Xt ) + Jτ D,
 (Xτh ))ψ̃(Xt )(

∫ τh
0 ψ̃(Xs)ds + rτh)dt

]

Ex [τh]
≤ sup

y1,y2,y3,y4∈[x−h,x+h]
(g(y1) + Jτ D,
 (y2))ψ̃(y3)(ψ̃(y4) + r)

Ex [τ 2h ]
Ex [τh]

h↘0→ 0.

For the proof of
Ex [τ 2h ]
Ex [τh ]

h↘0→ 0 we refer to [9, Lemma 25]. With Lemma A.4 from the
appendix we can determine the limit of the fourth summand of the right-hand side of
(A.3) divided by Ex [τh]:

Ex

[∫ τh
0 g(Xt )ψ̃(Xt )dt

]

Ex [τh]
h↘0→ 1

2
(ψ̃(x−)g(x−) + ψ̃(x+)g(x+)).

For the second summand of (A.3) over Ex [τh] we have
∣
∣
∣
∣
∣

Ex [
∫ τh
0 Jτ D,
 (Xτh )ψ̃(Xt )dt]

Ex [τh] − 1

2
Jτ D,
 (x)(ψ̃(x−) + ψ̃(x+))

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

Ex [
∫ τh
0 Jτ D,
 (Xτh )ψ̃(Xt )dt]

Ex [τh] − Ex [
∫ τh
0 Jτ D,
 (x)ψ̃(Xt )dt]

Ex [τh]

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣
Jτ D,
 (x)

Ex [
∫ τh
0 ψ̃(Xt )dt]
Ex [τh] − 1

2
Jτ D,
 (x)(ψ̃(x−) + ψ̃(x+))

∣
∣
∣
∣
∣

≤ sup
y∈[x−h,x+h]

|Jτ D,
 (y) − Jτ D,
 (x)|Ex [
∫ τh
0 ψ̃(Xt )dt]
Ex [τh]

+ |Jτ D,
 (x)|
∣
∣
∣
∣
∣

Ex [
∫ τh
0 ψ̃(Xt )dt]
Ex [τh] − 1

2
(ψ̃(x−) + ψ̃(x+))

∣
∣
∣
∣
∣
.
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By Lemma A.4 and the continuity of Jτ D,
 in x the right-hand side of this inequality
goes to 0 for h ↘ 0. Invoking the left-hand side of (A.3) as well as the right continuity
of ψ this finishes the proof. ��
Lemma A.3 Let τ D,
 ∈ S(T ) be a randomized Markovian time and ψ ∈ VD the
function defining
 via (2.1). If I ⊂ D is an open interval such that Jτ D,
 |I is bounded,
then Jτ D,
 |I is even continuous. In particular if D′ is some connected component of
D such that g|D′ is bounded, then Jτ D,
 |D′ is continuous.

Proof Let E ∼ Exp(r) be a random variable on (�,F , P) that is independent of X
and N and let X̂ = (X̂t )t∈[0,∞) denote the process X killed with E , i.e.

X̂t (ω) :=
{
Xt (ω) if t < E(ω),

∞ if t ≥ E(ω).

We extend the function g to ∞ by setting g(∞) := 0. Now for inf I ≤ a < x < b ≤
sup I the Markov property gives

Jτ D,
 (x) = Ex [g(X̂τ D,
 )]
= Px (X̂τ (a,b)∧τ
 = a)Ea[g(X̂τ D,
 )] + Ex [1{X̂

τ (a,b)∧τ
 �=a}g(X̂τ D,
 )]
x↘a→ Ea[g(X̂τ D,
 )] = Jτ D,
 (a)

since Px (X̂τ (a,b)∧τ
 = a) → 1 for x → a by [23, p. 119] as in the proof of Lemma
A.1 and thus also

∣
∣Ex [1{X̂

τ (a,b)∧τ
 �=a}g(X̂τ D,
 )]∣∣ ≤ (1 − Px (X̂τ (a,b)∧τ
 = a)) sup
y∈I

Jτ D,
 (y) → 0.

The case x ↗ b is analogous. ��
Lemma A.4 For every x ∈ (α, β) and each function f : (α, β) → R such that f (x+)

and f (x−) exist (in R), we have

lim
h↘0

Ex [
∫ τh
0 f (Xs)ds]
Ex [τh] = 1

2
( f (x−) + f (x+)). (A.4)

Proof Without loss of generality we may assume that μ, σ are bounded and σ is also
bounded away from 0 as well as α = −∞ and β = ∞, since (A.4) only depends on X
in a neighborhood of x . First we show that in order to prove (A.4) it suffices to verify

lim
h↘0

Ex [
∫ τh
0 1{Xs>x}ds]
Ex [τh] = lim

h↘0

Ex [
∫ τh
0 1{Xs<x}ds]
Ex [τh] = 1

2
, (A.5)

and

Ex

[∫ τh

0
1{Xs=x}ds

]

= 0 for all h > 0. (A.6)
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For this purpose observe

Ex

[∫ τh

0
f (Xs)ds

]

= Ex

[∫ τh

0
1{Xs>x} f (Xs)ds

]

+ Ex

[∫ τh

0
1{Xs<x} f (Xs)ds

]

+ Ex

[∫ τh

0
1{Xs=x} f (Xs)ds

]

.

For ε > 0 we choose h > 0 such that | f (y) − f (x−)| < ε for all y ∈ [x − h, x) and
| f (y) − f (x+)| < ε for all y ∈ (x, x + h]. With this we get

∣
∣
∣
∣
∣

Ex
[∫ τh

0 1{Xs>x} f (Xs)ds
]

Ex [τh] − 1

2
f (x+)

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

Ex
[∫ τh

0 1{Xs>x} f (Xs)ds
]

Ex [τh] − Ex
[∫ τh

0 1{Xs>x} f (x+)ds
]

Ex [τh]

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣

Ex
[∫ τh

0 1{Xs>x} f (x+)ds
]

Ex [τh] − 1

2
f (x+)

∣
∣
∣
∣
∣

= Ex
[∫ τh

0 1{Xs>x}| f (Xs) − f (x+)|ds]
Ex [τh] + | f (x+)| ·

∣
∣
∣
∣
∣

Ex
[∫ τh

0 1{Xs>x}ds
]

Ex [τh] − 1

2

∣
∣
∣
∣
∣

≤ ε + | f (x+)| ·
∣
∣
∣
∣
∣

Ex
[∫ τh

0 1{Xs>x}ds
]

Ex [τh] − 1

2

∣
∣
∣
∣
∣
.

An analogous estimate with 1{Xs>x} and f (x+) replaced by 1{Xs<x} and f (x−),
respectively, together with Ex

[∫ τh
0 1{Xs=x} f (Xs)ds

] = f (x)Ex
[∫ τh

0 1{Xs=x}ds
]

shows that (A.5) and (A.6) are in fact sufficient for (A.4).
The transition densities pt (x, y) := Px (Xt ∈ dy) can be estimated as follows:

pt (x, y) ≤ K1√
t
exp

(

−K2
(y − x)2

t

)

, (A.7)

cf. [34, Eq. (1.2)]. With this we immediately obtain (A.6) via

0 ≤ Ex

[∫ τh

0
1{Xs=x}ds

]

≤ Ex

[∫ ∞

0
1{Xs=x}ds

]

=
∫ ∞

0
Ex
[
1{Xs=x}

]
ds

≤
∫ ∞

0

∫

R

1{y=x}
K1√
s
exp

(

−K2
(y − x)2

s

)

dyds = 0.
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Concerning (A.5) we only show limh↘0
Ex [
∫ τh
0 1{Xs>x}ds]

Ex [τh ] = 1
2 as for the other term the

argument is exactly the same. By [15, Theorem 5.5] and Fubini’s theorem

lim
h↘0

Ex [
∫ τh
0 1{Xs>x}ds]
Ex [τh] = lim

t↘0

Ex [
∫ t
0 1{Xs>x}ds]

t
= lim

t↘0

∫ t
0 Px (Xs > x)ds

t
.

By [6, Lemma 5.5] lims↘0 Px (Xs > x) = 1
2 and thus

lim
t↘0

∫ t
0 Px (Xs > x)ds

t
= 1

2

which proves the claim. ��
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