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Preface

This thesis is concerned with the application of systems of partial differential equations

(PDEs) to investigate various real-world problems encountered in the fields of geophysics,

fish biomass sustainability, and suspension-sedimentation processes. The common factor

to these disparate fields are the components of the mathematical models used to describe

them: they each employ a specific composite of numerical approximation by finite elements,

fluid dynamics, and the convection of some kind of material to describe the progress of a

physical process through time.

• In geodynamics one is interested in the flow and interaction between the molten

magma and solid rock in the Earth’s subsurface layers. Of interest to us was im-

proving on recent advances in models of the long-term behaviour of the lithosphere

coupled to the two-phase melt/matrix interaction.

• The viability of ever increasing fish harvesting relies heavily on population model-

ing that attempts to predict future availability based on common assumptions and

simplifications. In this project we developed a fisheries optimization model that for

the first time investigated a spatially distributed domain with real parameters and a

competing species interaction.

• In the sedimentation mechanism one has to deal with a highly sensitive nonlinear

coupling between systems of PDEs that depict how particles in a suspension are

convected in a vector field, and settle due to gravity. Our contribution to this field
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was the first application of a recent stabilization technique to investigate sediment

accumulation in convective dominant flows.

In this context, we consider the two fundamental principles available in computational

fluid dynamics for the simulation of a physical quantity’s movement: convection under

directional forces, such as gravity or ocean currents, and diffusion. Additionally, in the

sustainability model the concept of population growth through the application of the Lo-

gistic model is examined in conjunction with biomass movement.

The traditional tools available for the simulation of a directional flow involve solving the

general Navier-Stokes equations, a complete system of PDEs that characterize the mo-

tion of viscous fluids which must be solved simultaneously for both the fluid velocity and

pressure. In certain flow regimes, such as slow moving fluids, or highly viscous flows, the

Stokes equations are more applicable since they disregard the negligible inertial forces that

describe the fluid’s acceleration. This specialized simplification is valid when the physical

characteristics of the problem exclude the possibility of high velocities and turbulent flow.

This is the physical environment under which all the problems considered in this thesis are

solved. The second form of movement commonly encountered in natural systems is that

of diffusive motion, generally described by a single scalar PDE via the second-order Lapla-

cian operator. Combined together with the flow equations, one arrives at a system that

describes how a quantity of particles disperses locally as it is carried in a fluid’s stream.

Such models can rarely, if ever, be solved analytically and to that end we employ the finite-

element method for efficient numerical approximations together with multiple stabilization

techniques to arrive at robust and reproducible results.
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Einleitung

Diese Arbeit befasst sich mit der Anwendung von Systemen partieller Differentialgleichun-

gen (PDEs), um verschiedene reale Probleme zu untersuchen, die in den Bereichen Geo-

physik, Nachhaltigkeit der Fischbiomasse und Suspensionssedimentationsprozesse auftreten.

Der gemeinsame Faktor dieser unterschiedlichen Bereiche sind die Komponenten der math-

ematischen Modelle, die zu ihrer Beschreibung verwendet werden: Sie verwenden jeweils

eine spezifische Kombination aus numerischer Annäherung durch finite Elemente, Fluid-

dynamik und Konvektion einer Art von Material, um den Verlauf eines physikalischen

Prozesses über die Zeit zu beschreiben.

• In der Geodynamik interessiert man sich für den Fluss und die Wechselwirkung zwis-

chen geschmolzenem Magma und festem Gestein in den unterirdischen Schichten der

Erde. Unser Ziel war es, aktuelle Fortschritte in Modellen des langfristigen Verhaltens

der Lithosphäre, gekoppelt an die Zwei-Phasen-Schmelze/Matrix-Wechselwirkung, zu

verbessern.

• Die Durchführbarkeit einer stetig wachsenden Fischernte hängt stark von der Popu-

lationsmodellierung ab, die versucht, die zukünftige Verfügbarkeit auf der Grundlage

gängiger Annahmen und Vereinfachungen vorherzusagen. In diesem Projekt haben

wir ein Fischereioptimierungsmodell entwickelt, das erstmals einen räumlich verteil-

ten Bereich mit realen Parametern und einer Interaktion konkurrierender Arten un-

tersucht.

• Im Sedimentationsmechanismus hat man es mit einer hochsensiblen, nichtlinearen
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Kopplung zwischen Systemen von partiellen Differentialgleichungen zu tun, die beschreiben,

wie Partikel in einer Suspension in einem Vektorfeld konvektiert werden und aufgrund

der Schwerkraft sedimentieren. Unser Beitrag zu diesem Feld war die erstmalige An-

wendung einer neuen Stabilisierungstechnik zur Untersuchung der Sedimentansamm-

lung in konvektionsdominierten Strömungen.

In diesem Zusammenhang betrachten wir die beiden grundlegenden Prinzipien, die in der

numerischen Strömungsmechanik für die Simulation der Bewegung einer physikalischen

Größe zur Verfügung stehen: Konvektion unter gerichteten Kräften, wie Schwerkraft oder

Meeresströmungen, und Diffusion. Zusätzlich wird im Nachhaltigkeitsmodell das Konzept

des Populationswachstums durch die Anwendung des logistischen Modells in Verbindung

mit der Biomassebewegung untersucht.

Die traditionellen Werkzeuge zur Simulation einer gerichteten Strömung umfassen die

Lösung der allgemeinen Navier-Stokes-Gleichungen, eines vollständigen Systems von par-

tiellen Differentialgleichungen, das die Bewegung viskoser Flüssigkeiten charakterisiert und

gleichzeitig für sowohl die Flüssigkeitsgeschwindigkeit als auch den Druck gelöst werden

muss.

In bestimmten Strömungsregimen, wie langsam fließenden Flüssigkeiten oder hochviskosen

Strömungen, sind die Stokes-Gleichungen anwendbarer, da sie die vernachlässigbaren Trägheit-

skräfte, die die Beschleunigung der Flüssigkeit beschreiben, außer Acht lassen. Diese

spezielle Vereinfachung ist gültig, wenn die physikalischen Eigenschaften des Problems

die Möglichkeit hoher Geschwindigkeiten und turbulenter Strömungen ausschließen.

Dies ist das physikalische Umfeld, in dem alle in dieser Arbeit betrachteten Probleme gelöst

werden. Die zweite Form der Bewegung, die in natürlichen Systemen häufig vorkommt,

ist die Diffusionsbewegung, die im Allgemeinen durch eine einzelne skalare PDE über den

Laplacian-Operator zweiter Ordnung beschrieben wird. Kombiniert mit den Strömungs-

gleichungen erhält man ein System, das beschreibt, wie sich eine Menge von Teilchen lokal

ausbreitet, während sie in einer Flüssigkeitsströmung mitgeführt wird. Solche Modelle

können, wenn überhaupt, nur selten analytisch gelöst werden. Zu diesem Zweck verwen-

den wir die Finite-Elemente-Methode für effiziente numerische Näherungen zusammen mit

mehreren Stabilisierungstechniken, um robuste und reproduzierbare Ergebnisse zu erzielen.
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1Introduction

The objective of these accumulated works consist of the design, solution and analysis of

models based on various forms of incompressible flow problems, variously combined with

other transport problems. The two fundamental principles which are used throughout the

works presented here are: the fluid flow equations of the Stokes system, and the transport

of material due the combined effects of convection and diffusion.

Stokes flow

The motion of an incompressible Newtonian fluid is described by the continuous time-

dependent incompressible Stokes equations. Consider a bounded domain Ω ⊂ Rd, d ∈
{2, 3} and a final time T > 0. In their simplest form and with constant density the

incompressible Stokes equations read,

∂tu− ν∆u+∇p = f in Ω× (0, T ], (1.1)

divu = 0 in Ω× (0, T ], (1.2)

where u and p denote the fluid velocity and pressure, respectively. The body forces are

denoted by f and ν is a kinematic viscosity. For a unique solution the equations (1.1)-(1.2)

have to be equipped with appropriate boundary conditions and an initial condition for

the velocity. In incompressible flow problems the pressure field is not obtained from an

equation of state, but it establishes itself instantaneously and acts as a Lagrange multi-

plier. Therefore the pressure must be integrated in time implicitly (Löhner, 2008). While

approximating the solution to equations (1.1)-(1.2) with a finite difference or finite element

discretization one has to cope with the saddle point nature of the equation system, which

1



2 CHAPTER 1. INTRODUCTION

arises from the velocity-pressure coupling. When implicit time integration is considered,

the spatial discretization of the problem at a certain time gives rise to a saddle point system

of size (Nu+Np)× (Nu+Np), where Nu and Np are the degrees of freedom for the discrete

velocities and pressure, respectively. For an overview of direct and iterative methods for

solving a saddle point system we refer to (Benzi et al., 2005) and the references therein.

Darcy Flow

An interesting derivative of low Reynolds number (viscous) flow equations deals with time

changing phase transitions of the flowing medium. One such application is the two-phase

flow that models a liquid flowing through a porous medium. Darcy flow defines this

flow regime where the velocity u(t) of the fluid moving through the porous medium is

proportional to the pressure gradient, and inversely proportional to the viscosity of the

fluid. The time-dependent governing equations by (McKenzie, 1984) which are used to

model magma dynamics by the flow of melted mantle fluid through a porous solid matrix

are,

∂ρfϕ

∂t
+∇ · (ρfϕuf ) = Γ (1.3)

∂ρs(1− ϕ)
∂t

+∇ · [ρs(1− ϕ)us] = −Γ (1.4)

ϕ(uf − us) = −
K

µ
(∇p− ρfg) (1.5)

∇p = ∇ ·
[
η(∇us +∇uT

s )
]
+∇

[(
ζ − 2

3
η

)
∇ · us

]
+ ρ̄g (1.6)

where ϕ is the matrix porosity, ρf and ρs are the fluid and solid densities, p is the fluid

pressure, uf and us are the fluid and solid velocity fields, Γ is the melting rate, i.e. the

rate of mass transfer from solid to fluid, K is the permeability, µ is the melt viscosity, and

g is the acceleration due to gravity. In this formulation mass is conserved for the fluid and

solid across equations (1.3) and (1.4) which allows for mass transfer between the phases

via Γ. An extended version of Darcy’s law governing the separation of melt from solid is

described by equation (1.5). Momentum conservation of the solid phase which is modeled

as a compressible, inertia-free viscous fluid, is shown by (1.6), where η and ζ are the shear

and bulk viscosities of the solid and ρ̄ = ρfϕ + ρs(1 − ϕ) is the two-phase mean density

of the system. These equations taken together consistently couple the viscous mantle

deformation via Stokes flow, with Darcy’s law for the fluid. Since the solid stresses and
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fluid pressure are coupled, the fluid pressure reacts to solid deformation and gravitational

forces which drives fluid flow and varies the porosity. These variations can then feed back

through the connections of the permeability and viscosity, which can lead to phenomena

such as localized flow and the emergence of nonlinear magma waves.

Convection-diffusion-reaction

The convection-diffusion equation describes the movement of particles or energy u(t) via

the processes of convection due to an applied velocity field, such as a Stokes velocity b(t),

and diffusion, the general stochastic movement of any particles by a gradient in Gibbs free

energy. The time-dependent version is,

∂tu− ε∆u+ (b · ∇)u+ σu = f in Ω (1.7)

where u is the convected and diffused quantity and σ is a reaction field. Here, ε is a

positive diffusion coefficient which can also be non-constant in some applications, such as

those presented in chapters 3 and 5. Furthermore, to obtain a well-posed problem (1.7) has

to be equipped with appropriate boundary conditions on the boundary ∂Ω of Ω. The right

hand side f is known as a source or sink term. Similar to the Stokes system, instabilities

can arise when the diffusion constant is much smaller than the spatial mesh width, i.e.

ε ≪ h, the Galerkin discretization of (1.7) suffers from spurious oscillations (Johnson et

al., 1984; Hughes and Brooks, 1979). In chapter 2, we introduce a theoretical framework

for stabilised Galerkin methods.

Boundary conditions

To complete the definitions of any of the above models one needs to explicitly state the ap-

plicable boundary conditions ∂Ω of Ω that are relevant to the problem under consideration.

The three types that describe what most physical properties that may be encountered on

the perimeter of a simulated domain are,

• The Dirichlet condition: a fixed type where the value of the sought quantity is set to

a constant or function value on a part of the boundary ∂ΩD ⊂ Ω,

u = g1 on ∂ΩD

In the case of a flow problem with a no-slip condition, one commonly sets g1 = 0 on

3



4 CHAPTER 1. INTRODUCTION

∂ΩD.

• Neumann condition: a flux type of condition where one does not want to explicitly

set an exact value on the boundary, but rather the rate at which the quantity may

pass through. The flux is prescribed to a function value g2 at the desired section of

the boundary ∂ΩN ⊂ Ω by,
∂u

∂n
= g2 on ∂ΩN

where n is the outward facing unit normal vector. In the case of a convection-diffusion

problem with a no-flux condition, one does not want the material u to escape the

domain but knowing the solution along the boundary is desired. One therefore sets

the Neumann condition to zero via g2 = 0 on ∂ΩN and leaves the Dirichlet condition

unprescribed.

• Robin condition: a weighted combination of the Dirichlet and Neumann types

au+ b
∂u

∂n
= g3 on ∂ΩR

with non-zero weights a and b which may also be non-constant functions. Common

applications are in heat transfer problems as convective boundary conditions, and

electromagnetic problems, as impedance boundary conditions.

4



2Discretization of flow and

transport problems

In this section we present spatio-temporal discretizations for flow and transport problems

which form a starting point for the techniques utilized in Chapters 3, 4 and 5. The contin-

uous flow and convection equations just introduced are in general not solvable analytically

since the solutions are sought in infinite dimensional spaces. By applying the Galerkin

method one can approximate the continuous function spaces by finite dimensional sub-

spaces, of which one such choice is given by the finite element method (FEM), a method

well suited to discretizing PDEs (Ern and Guermond, 2013). These subspaces are realized

by decomposing the bounded domain Ω into a finite set of cells K of size hK . Similarly, the

complete time interval I under consideration is also split into a finite number of (usually

equal sized) subintervals, further explained in section 2.1.2. Then the continuous solution

can be approximated by piecewise polynomial trial functions defined on each partition.

We will start by introducing stable space discretizations for the time-dependent Stokes

equations. Following that, we will turn our attention to the time-dependent convection-

diffusion-reaction equation in order to discuss the instabilities caused by convection domi-

nance, and the remedies that may be applied.

2.1 Preliminaries

If there exists a positive constant C which is independent of viscosity, diffusivity constant

and mesh size such that α ≤ Cβ, then we will write α ≲ β.

Remark 2.1 (Notation). We assume that Ω ∈ Rd, d = 2, 3, is a polygonal or polyhedral

domain with boundary Γ. For a subdomain ω of Ω, we consider the usual Sobolev spaces

5



6 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

Wm,p(ω) with norm ∥ · ∥m,p and semi-norm | · |m,p. In the case p = 2, we set Hm(ω) =

Wm,2(ω). The L2 inner product on ω is denoted by (·, ·)ω. For ω = Ω we omit the index ω.

We further define

H1
0 (Ω) := {v ∈ L2(Ω) : v|Γ = 0},
L2
0(Ω) := {q ∈ L2(Ω) : (q, 1) = 0}

and consider the function spaces

V := [H1
0 (Ω)]

d, Q := L2
0(Ω) and S := H1(Ω).

Remark 2.2. The ansatz spaces V and Q satisfy the following inf-sup condition:

∃β > 0 : inf
q∈Q\{0}

sup
v∈V\{0}

(q, divv)

∥q∥0|v|1
≥ β. (2.1)

The compatibility condition (2.1) between the velocity space V and the pressure space Q is

an important tool for the well-posedness of the solutions to the Stokes and Navier-Stokes

equations. For details refer to (John, 2016).

2.1.1 Finite element spaces

Let Th(Ω) be a shape-regular, admissible decomposition of Ω into d-simplices or quadrilat-

erals/hexahedra.

Simplices: Let K̂ be the unit d−simplex and TK : K̂ → K be the affine mapping from

reference d−simplex onto an arbitrary cell K ∈ Th(Ω). The space of all polynomials of

degree k on K̂ is denoted with Pk(K̂). The finite element space on simplices is defined as

Pk,h := {ϕ ∈ C(Ω̄) : ϕ|K ◦ TK ∈ Pk(K̂), K ∈ Th(Ω)}.

Quadrilaterals and hexahedra: Let K̂ be the unit hypercube and TK : K̂ → K be

the multilinear mapping from reference hypercube onto an arbitrary cell K ∈ Th(Ω). The
space of polynomials on K̂ of maximal degree k in each coordinate direction is denoted

6



2.1. PRELIMINARIES 7

with Qk(K̂). The finite element space on quadrilaterals/hexahedra is defined as

Qk,h := {ϕ ∈ C(Ω̄) : ϕ|K ◦ TK ∈ Qk(K̂), K ∈ Th(Ω)}.

For the well-posedness of the discrete system, it is required that the discrete counterpart

of the compatibility condition (2.1) be valid, i.e.

∃βh > 0 : inf
q∈Qh\{0}

sup
v∈Vh\{0}

(q, divv)

∥q∥0|v|1
≥ βh. (2.2)

The equal-order pairs Qd
k×Qk used in this work do not fulfill the discrete inf-sup condition

(2.2). An example of one possible choice of finite element space fulfilling (2.2) is the so

called Taylor-Hood pair:

Vh ×Qh :=([Pk+1,h]
d ∩V)× (Pk,h ∩Q),

or Vh ×Qh :=([Qk+1,h]
d ∩V)× (Qk,h ∩Q)

with k ∈ N.

2.1.2 Implicit and explicit temporal discretization

In this section we present the two time stepping methods applied for discretizing our initial

value problems in the time domain. We denote the time at the nth time-step by tn and the

computed solution at the nth step by un := u(tn). For ease of implementation we always

use a constant step size k := tn − tn−1 > 0. The two schemes of interest to us are:

(a) The first-order backwards Euler (BE) method which reads,

un+1 = un + kf(un+1, tn+1)

Note that the right hand side term f(un+1, tn+1) is not known and the method is

implicit in un+1. In the case that f is nonlinear, one has to solve this by finding the

roots of the implicit equation using, for example, the Newton method to minimize

the residual at every iteration n. This is computationally expensive in relation to

the simpler forward Euler scheme but the scheme offers unconditional stability, also

known as A-stability.

7



8 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

(b) Heun’s second-order explicit method, which is a special case from the class of two-

stage, or predictor-corrector, Runge-Kutta methods. The scheme is as follows,

ũn+1 = un + kf(un, tn)

un+1 = un +
k

2
[f(un, tn) + f(ũn+1, tn+1)]

This is a so-called predictor-corrector method as the first step makes a prediction

ũn+1 of the solution at the next time point using an explicit scheme and, with this

information, the second stage corrects and updates the computation giving the up-

dated solution at un+1. This is a conditionally stable method due to the explicit

calculation at each stage, i.e. the right hand sides contain previously calculated and

known quantities.

Remark 2.3. For stability reasons explicit time-marching methods are subject to the nec-

essary Courant–Friedrichs–Lewy (CFL) condition when solving PDEs numerically. The

consequence of this is that timestep k has a fixed upper bound dependent on the spatial

discretization h of the form k ≤ h.

A generalized form of implicit methods such as the BE method above is the θ-scheme,

which allows one to change a parameter θ ∈ (0, 1] to select the type of discretization

scheme according to,

1

θk
un + a(un) = f(tn) +

1− θ
θ

f(tn−1) +
1

θk
un−1 −

1− θ
θ

a(un−1)

where k is the time step size as before and a(un) is the bilinear left hand side. Selecting

θ = 1/2 configures the time discretizer as the (not strongly A-stable) Crank–Nicolson

method, and choosing θ = 1 gives the BE-scheme above.

8



2.2. THE TIME-DEPENDENT STOKES EQUATIONS 9

2.2 The time-dependent Stokes equations

The time-dependent Stokes equations read: find the velocity u : Ω→ Rd and the pressure

p : Ω→ R such that:

∂tu− ν∆u+∇p = f in ΩT := Ω× (0, T ], (2.3)

divu = 0 in ΩT , (2.4)

u = 0 on Γ× (0, T ], (2.5)

u(0) = u0 in Ω, (2.6)

where f : Ω → Rd is a forcing term, u0 is an initial velocity field and ν > 0 is a positive

constant viscosity. For simplicity we consider homogeneous Dirichlet conditions on Γ. We

denote the outer normal on the boundary Γ by n.

The θ-scheme discretization of the equations (2.3)-(2.6) in time reads with θ = 1: given un

solve for u = un+1 and p = pn+1

u− un

k
− ν∆u+∇p = fn+1 in Ω, u|Γ = 0, (2.7)

divu = 0 in Ω. (2.8)

As above, the velocities un and pressure pn are calculated implicitly at each time-step for

a given source term fn+1 := f(tn+1) and old velocities un. One important characteristic

property of the semi-discrete formulation (2.7)-(2.8) is the coupling between velocity and

pressure is preserved. Therefore, at each time-step, problems of a saddle-point type have

to be solved. The corresponding weak formulation for the time-discrete problem, and

multiplying by k for readability, reads: find (u, p) ∈ V ×Q such that

(u− un,v) + k A(u, p; q,v) = k(fn+1,v) ∀v ∈ V, (2.9)

(divu, q) = 0 ∀q ∈ Q. (2.10)

where A(u, p) = ν(∇u,∇v)− (p, divv) is now the bilinear form of the left hand side.

A straightforward spatial discretization of (2.9)-(2.10) provides the fully discrete formula-

9



10 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

tion. Find (uh, ph) ∈ Vh ×Qh such that

(uh − uh
n,v) + k A(uh, ph; q,v) = k(fhn+1,v) ∀v ∈ Vh, (2.11)

(divuh, q) = 0 ∀q ∈ Qh (2.12)

with space discretized bilinear form A(uh, ph) = ν(∇uh,∇v)− (ph, divv).

Remark 2.4. On very fine meshes or coarser three-dimensional meshes, solving instanta-

neously for (uh, ph) gives rise to very large matrix systems. Hence, it becomes a challenging

task to find solutions in a reasonable computational time.

Remark 2.5. It is possible to perform an explicit time integration for the Stokes system

(2.11) and (2.12). It is well known that their stability is conditional on time step restrictions

(McDonough, 2007). In several applications, such as climate research, very small time

steps are physically relevant (Wan et al., 2015). In such situations the equations for the

velocities are solved explicitly, so that the numerically most expensive step is an elliptic

pressure problem.

2.3 Darcy Flow

Discretizing the mass and momentum conservation system (1.3) - (1.6) for Darcy flow

requires the melt-fraction to be simplified somewhat. Utilizing the identity,

1

ρ
∇ρ = ∇(ln ρ) ≈ ∂ρ

∂p
g

the gradients arising from the application of Darcy’s law can be closely related to the

gravitational forces. After further manipulation described in detail in chapter 3 and setting

the appropriate function spaces Xh := Vh ×Qh, we arrive at the weak formulation

A(uh
n, p

h
n;v, q) = F [ρ̄n](v, q) ∀(v, q) ∈ Xh (2.13)

with bilinear form A(uh
n, p

h
n;v, q) and right hand side F [ρ̄n](v, q). As a time discretiza-

tion, the explicit Heun method from section 2.1.2 was selected due to its second order

convergence rate. First, for clarity, define the term

Rm(ϕ,u;ψ) := (ρ−1
s Γm, ψ)− ((1− ϕ)u,∇ψ) +

∫

δΩ

(ϕ− 1)u · nψ ds

10



2.4. THE CONVECTION-DIFFUSION-REACTION EQUATION 11

The explicit predictor step can then be calculated by,

(ϕ̃h
n, ψ) = (ϕh

n−1, ψ) + kRn−1(ϕ
h
n−1,u

h
n−1;ψ) ∀ψ ∈ Qh

providing the predictor mean density ˜̄ρ = ρ̄(ϕ̃h
n), predictor pressure p̃hn, and predictor

velocity ũh
n by calculating,

A(ũh
n, p̃

h
n;v, q) = F [ ˜̄ρn](v, q) ∀(v, q) ∈ Xh

With the predictor step values fed in to the corrector,

(ϕh
n, ψ) =

1

2

(
ϕh
n−1 + ϕ̃h

n, ψ
)
+
k

2
Rn(ϕ̃

h
n, ũ

h
n;ψ)

giving the new melt fraction, one obtains the mean density, velocity and pressure at the

next timestep by solving (2.13).

2.4 The convection-diffusion-reaction equation

We now turn our attention to the scalar convection-diffusion-reaction problem which de-

scribes the behavior of scalar quantities like temperature and concentrations, amongst

other things. While the scalar field of interest is being transported in a flow field with

velocity b (convection), the molecular transport (diffusion) takes place with a rate ε, and

reactions with rate σ. The convection-diffusion problem with homogeneous Dirichlet values

reads,

∂tu− ε∆u+ (b · ∇)u+ σu = f in Ω, u|Γ = 0 (2.14)

where f ∈ L∞(Ω) is a given source term and ε > 0. In addition to the regularity as-

sumptions σ ∈ L∞(Ω) and b ∈ W 1,∞(Ω)d we further require that σ(x) − 1
2
divb(x) ≥

σ0 > 0 ∀x ∈ Ω. The ratio of the convective transport rate to the diffusive transport rate

is described by the Pèclet number Pe := ε−1∥b∥∞L, where L denotes the characteristic

length scale. When convection dominates this leads to high Pèclet numbers which in turn

can lead to numerical approximations that oscillate or are unstable. To mitigate this, the

numerical solver can increase the number of subdivisions of Ω, i.e. refine the mesh, as a

way to reduce L to the point where the local Pèclet number is small enough.

11



12 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

Using the function space V := H1
0 (Ω) a variational formulation of (2.14) reads: find u ∈ V

such that

A(u, v) := ε(∇u,∇v) + ((b · ∇)u, v) + (σu, v) = (f, v) ∀v ∈ V. (2.15)

2.4.1 Galerkin discretization

The continuous Galerkin method consists of replacing the test and solution spaces in (2.15)

with a finite dimensional subspace Vh ⊂ V : find uh ∈ Vh such that

A(uh, vh) = F (vh) ∀vh ∈ Vh. (2.16)

The following Lemma shows the coercivity of the bilinear form A with respect to the energy

norm |||v|||1,ε := ε|v|21 + σ0∥v∥2.

Lemma 2.6. It holds

A(v, v) ≥ |||v|||21,ε ∀v ∈ V. (2.17)

Proof. Integration by parts and considering σ(x) − 1
2
divb(x) ≥ σ0 ∀x ∈ Ω proves the

claim.

If ε ≲ h∥b∥∞, then diffusion is dominated by convection and the Galerkin method leads to

unstable solutions. The existence of these instabilities in the continuous Galerkin method

is a known issue and can be remedied by stabilization, and in some cases higher mesh

refinement. For an extensive treatment of the subject we refer to (Lube, 1994). In the dif-

fusive limit (ε→ 0) the norm |||v|||1,ε loosens the control over gradients, since the diffusivity
constant ε scales the |v|21 part of the norm |||v|||1,ε.

Theorem 2.7. Assume that u and uh are the solutions of (2.15) and (2.16), respectively.

It holds

|||u− uh|||1,ε ≤ c inf
vh∈Vh

∥u− vh∥1,2. (2.18)

where c = ε
1
2 + σ

− 1
2

0

(
∥b∥∞ + ∥σ − divb∥∞

)
.

12



2.4. THE CONVECTION-DIFFUSION-REACTION EQUATION 13

Proof. We observe that

|A(u, v)| ≤ |ε(∇u,∇v) + ((b · ∇)u, v) + (σu, v)|
≤ ε|u|1|v|1 + | − ((divb)u, v)− (u, (b · ∇)v + (σu, v))|
≤ ε|u|1|v|1 + ∥σ − divb∥∞∥u∥0∥v∥0 + ∥b∥∞∥u∥0|v|1
≤ c|||u|||1,ε∥v∥1,2

with c = ε
1
2 +σ

− 1
2

0

(
∥b∥∞+ ∥σ− divb∥∞

)
. Hence, together with the coercivity result (2.6)

the Galerkin orthogonality leads to

|||u− uh|||21,ε ≤ A(u− uh, u− uh) = A(u− uh, u− vh) ≤ c|||u− uh|||1,ε∥u− vh∥1,2

which concludes the proof.

Remark 2.8. For ε ≳ h, the error estimate in Theorem 2.7 is optimal. In the case ε ≲ h,

one possible way of obtaining error estimates for the gradients is to employ the inverse

estimate

∥∇(u− uh)∥0 ≤ ∥∇(u− vh)∥0 + ∥∇(vh − uh)∥0
≤ ∥∇(u− vh)∥0 +

µinv

h
∥vh − uh∥0

≤ ∥∇(u− vh)∥0 +
µinv

h
∥u− vh∥0 +

µinv

σ
1
2
0 h
|||u− uh|||1,ε.

Hence, together with Theorem 2.7 one arrives at the error estimate:

∥∇(u− uh)∥0 ≲ 1

h
inf

vh∈Vh

∥u− vh∥1,2 ∀v ∈ V

which is worse by one order with respect to the mesh size h compared to the optimal order.

Stabilized FEMs serve as a remedy for this phenomena. In Section 2.4.3 we present an

overview of some of the most common stabilization techniques. We restrict ourselves to lim-

ited instances of linear stabilization. We refer to (Donea and Huerta, 2003; Morton, 2019;

Roos et al., 2008) for early Petrov-Galerkin Methods and other stabilization techniques.

13



14 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

2.4.2 Fully discretized convection-diffusion-reaction

The time discretization following the θ-scheme in the implicit Euler configuration now

becomes, given uhn solve for uh = un+1,

(uh − uhn, v) + k A(uh, v) = k(fh
n+1, v) ∀v ∈ Vh. (2.19)

2.4.3 Summary of stabilization methods

The idea of stabilized methods is to equip the solution space V with a norm

||| · |||S :=
(
|||v|||21,ε +

∑

K∈Th
|||v|||2K

) 1
2
,

which is clearly a stronger norm than the energy norm |||v|||1,ε. This is achieved by intro-

ducing additional terms for each cell K ∈ Th in the variational formulation. In each cell,

the increased stability of the solution is due to the semi-norm |||v|||K . Let As : V × V → R
be a continuous bilinear form and Fs : V → R be a continuous linear form over V . A

common characteristic property of the stabilized methods is to find uh ∈ Vh such that,

As(uh, vh) = Fs(vh) ∀vh ∈ Vh (2.20)

instead of (2.16). We will present several assumptions, which suffice for the solution of

(2.20) to exhibit a quasi-optimal convergence order. Afterwards, we will list some stabilized

methods, which satisfy those assumptions and fit in the error analysis presented below.

Well-posedness and a priori error estimates

We start with an assumption which is necessary and sufficient for the well-posedness of

(2.20).

Assumption 2.9. It holds

(i) ∃ β > 0, inf
u∈Vh\{0}

sup
v∈Vh\{0}

As(u, v)

|||u|||S|||v|||S
≥ β, (2.21)

(ii) for each v ∈ Vh, (As(uh, v) = 0 ∀uh ∈ Vh) =⇒ v = 0. (2.22)

14



2.4. THE CONVECTION-DIFFUSION-REACTION EQUATION 15

Theorem 2.10. If Assumption 2.9 is satisfied, then (2.20) has a unique solution.

Proof. We refer to (Ern and Guermond, 2013).

Assumption 2.11. There exist a semi-norm ||| · |||cont over Vh and C1 > 0 such that

As(u, vh) ≤ C1|||u|||cont|||vh|||S ∀u ∈ V, vh ∈ Vh.

As an upper bound for the interpolation error of u ∈ Hk+1(Ω) we define

E2
K(u) := (ε+ hK)h

2k
K |u|2k+1,K ∀K ∈ Th and u ∈ Hk+1(Ω).

Assumption 2.12. For every u ∈ Hk+1(Ω) there exist ihu ∈ Vh and C2 > 0 such that

|||u− ihu|||S + |||u− ihu|||cont ≤ C2

( ∑

K∈Th
E2

K(u)
) 1

2
.

Moreover, it is necessary for the strong solution of (2.14) to solve the stabilized variational

formulation (2.20) at least up to an accuracy, so that the consistency error is compensated

by the interpolation error.

Assumption 2.13. For the solution u ∈ Hk+1(Ω) of (2.14), there exists C3 > 0 :

sup
v∈Vh\{0}

|Fs(u, v)− As(u, v)|
|||v|||S

≤ C3

( ∑

K∈Th
E2

K(u)
) 1

2
.

Theorem 2.14. Assume that the Assumptions 2.9-2.13 are fulfilled. Then it holds

|||u− uh|||S ≲
(
C2 +

C1C2 + C3

β

)( ∑

K∈Th
(ε+ hK)h

2k
K |u|2k+1,K

) 1
2
. (2.23)

Proof. From the approximated Galerkin orthogonality

As(u− uh, vh) = As(u, vh)− Fs(u, vh)

15



16 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

we observe

As(eh, vh) = −As(η, vh)− As(u, vh) + Fs(u, vh)

with η := u − ihu and eh := ihu − uh. Therefore, together with the triangle inequality,

(2.21) provides

|||u− uh|||S ≤ |||η|||S + |||eh|||S

≤ |||η|||S +
1

β
sup

v∈Vh\{0}

As(eh, v)

|||v|||S

≤ |||η|||S +
1

β
sup

v∈Vh\{0}

|As(η, v)|
|||v|||S

+
1

β
sup

v∈Vh\{0}

∣∣∣As(u, v)− Fs(v)
∣∣∣

|||v|||S
. (2.24)

The claim follows from Assumptions 2.11- 2.13.

Remark 2.15. The a priori error estimate in Theorem 2.14 is quasi-optimal in the H1(Ω)

norm. However, it is not optimal in the L2(Ω) norm, since a h
1
2 factor is missing.

2.4.4 Examples of stabilized methods

Many stabilization techniques fulfil the assumptions above and fit into the a priori error

estimates in Theorem 2.14. They perturb the bilinear form A and the linear form F as

As(u, v) := A(u, v) +
∑

K∈TH(Ω)

SK(u, v) (2.25)

Fs(v) := F (v) +
∑

K∈TH(Ω)

FK(v) (2.26)

where SK(u, v) : V (K) × V (K) → R and FK(v) : V (K) → R. In Table 2.1 we list

several stabilized methods together with their stabilization terms SK(u, v), right-hand side

contributions FK(v) and the local semi-norms |||u|||K in each cellK. Some of their properties

are:

• The Streamline-Upwinding-Petrov-Galerkin (SUPG) method (Brooks and Hughes,

1982) is a residual based method and is one of the most popular stabilization tech-

niques. It introduces artificial diffusion in the streamline direction in a consistent

way.

• The Galerkin-Least-Squares (GLS) technique (Hughes, Franca, et al., 1989) is an-

16
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SK(u, v) FK(v) |||u|||K
SUPG δK(Lu,b · ∇v)K δK(f,b · ∇v)K δK∥b · ∇u∥2K
GLS δK(Lu,Lv)K δK(f,Lv)K δK

(
∥b · ∇u∥2K + ∥σu− ε∆v∥2K

)

SV
δK(∇(u− πu),∇(v − πv))K -

SK(u, u) +HK∥b · ∇u∥2K
δK(b · ∇(u− πu),b · ∇(v − πv))K -

LPS δK(κ(∇u), κ(∇v))K - SK(u, u)

CIP γK([|∇u|], [|∇v|])∂K - SK(u, u) +HK∥b · ∇u∥2K

Table 2.1: Stabilization terms (left), right-hand side contributions (middle) and the
additional control in the stabilization norm (right) for each cell K.

other example of residual based stabilization methods. It differs from SUPG depend-

ing on the choice of differential operator acting on the test functions.

• The subgrid viscosity (SV) (Guermond, 1999; Guermond, 2001) method introduces

artificial diffusion only in the fluctuation space. The main ingredient of the scheme

is the L2 stable projection π : Vh → VH where VH ⊂ Vh is a coarse space, such that

∃ cβ > 0, c0 ≥ 0 sup
v∈Vh\{0}

(b · ∇u, v)
∥v∥0

≥ cβ∥b · ∇u∥0 − c0∥u∥0 ∀u ∈ VH . (2.27)

The artificial diffusion acts only on the fluctuation space Vh−VH , thus the gradients
of the fluctuations are stabilized.

• The local projection stabilization (LPS) method (R. Becker and Braack, 2004) sta-

bilizes the fluctuations of the gradients. A fluctuation operator κ : L2(Ω) → L2(Ω)

and a discontinuous discrete space Dh ⊂ L2(Ω) constitute the main mechanism. To

this end, a macro-partition Mh(Ω) of Ω (e.g. Mh(Ω) = T2h(Ω)) and local pro-

jections πM : L2(M) → Dh(M) ∀M ∈ Mh(Ω) are introduced. Through local

projections a global projection π : L2(Ω) → Dh is defined by (πv)|M = πM(v|M)

∀M ∈ Mh(Ω), ∀v ∈ L2(Ω). The fluctuation operator is then defined as κ := id − π
and assumed to fulfil

∥κq∥M ≲ hlM |q|l,M ∀q ∈ H l(M), ∀M ∈Mh(Ω), 0 ≤ l ≤ k.

17



18 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

Moreover, it is required that

∃ cβ > 0,∀M ∈Mh(Ω) inf
qh∈Dh(M)

sup
vh∈Yh(M)

(vh, qh)

∥vh∥M∥qh∥M
≥ cβ (2.28)

where Yh ⊂ V is a continuous finite element space and Yh(M) := {w|M : w ∈
Yh, w = 0 on Ω\M}. Another requirement is the existence of an interpolation

operator ih : H1(Ω)→ Yh ∩H1
0 (Ω) such that

∥v− ihv∥K +hK |v− ihv|K ≲ hlK∥v∥l,ω̃(K) ∀v ∈ H l(ω̃(K)), ∀K ∈ Th(Ω), 0 ≤ l ≤ k+1

where ω̃(K) = ∪K′∩K ̸=∅K
′. Different choices of the solution and projection spaces

are given in (Matthies et al., 2007; Knobloch, 2010). We note that, the LPS method

is weakly consistent. A variant of the LPS method which is stable in the SUPG norm

is introduced in (Knobloch, 2009).

• The continuous interior penalty (CIP) method (Burman and Hansbo, 2004) controls

the jumps of gradients over element faces. For v ∈ Vh, the jump over a face E in a

fixed direction nE is defined by

[|v|]E(x) :=




limt→0+(v(x− tnE)− v(x+ tnE)) if E ̸⊂ ∂Ω,

0 if E ⊂ ∂Ω.

.

Remark 2.16. In the convection dominated regime ( K ∈ Th(Ω) : ε ≲ hK∥b∥∞,K),

the user chosen parameters are suggested as δK ∼ hK , γK ∼ h2K. We refer to (Ern and

Guermond, 2013) and (Roos et al., 2008) for justifications of the Assumptions 2.9-2.13

regarding the stabilization techniques listed in the Table 2.1.

2.5 Nonlinear Optimization

We now provide an brief overview of the optimal control theory and optimality conditions

as applied to the problem of chapter 4. The minimization of an objective, or cost under the

constraint of partial differential equation (PDE) models is an important goal in physical

and economic processes. This allows, for example a macroeconomic PDE model (Achdou

et al., 2014) of income and wealth distribution to be steered to some desirable outcome.

18



2.5. NONLINEAR OPTIMIZATION 19

For further real-world examples see the textbooks by (Kirk, 1971) and (Jahn, 2014).

We start by denoting the variables conventionally used in this field. The control variable

embedded in the PDE that we wish to vary is denoted by q, the state variable by u and

the adjoint state by z. Define the bounded time interval of the problem as I := (0, T ) with

0 < T < ∞. Now let V and H be Hilbert spaces and let the dual space of V be denoted

by V ∗. For the generalized definition of the state equation we define the spatial differential

operator L : R× V → V ∗. We also define specific inner products for the state equation on

the time interval with the subscript I,

(v, w)I :=

∫

I

(v(t), w(t)) dt and A(q, u)(φ) :=

∫

I

ā(q(t), u(t))(φ(t)) dt

where ā : R×V ×V → R is the semi-linear form of operator L. Let R be a spatial Hilbert

space for the control q(t). Next, we define the Hilbert space for the weak formulation of

the state as X := W (I), where

W (I) =
{
v | v ∈ L2(I, V ) and ∂tv ∈ L2(I, V ∗)

}

For the controls we choose the Hilbert space as a subspace of L2(I, R) which we define as

Q ⊆ L2(I, R).

The primal equation

We consider the state equations as a general parabolic PDE initial value problem on time

interval I,

∂tu(t) + L(q(t), u(t)) = f(t) ∀t ∈ I (2.29)

u(0) = u0(q(0)) (2.30)

with q(t) ∈ R and u(t) in V the solution of state equation. The right hand side is given

by f(t) ∈ L2(I, V ∗) and the initial condition is u0 : R → H. The state equation can then

be expressed compactly in the weak form: Find for a given control q ∈ Q a state u ∈ X,

such that

(∂tu, φ)I + A(q, u)(φ) + (u(0), q(0)) = (f, φ)I + (u0(q), φ(0)) ∀φ ∈ X (2.31)

where the initial condition is coupled to the state equation by φ(0).

19



20 CHAPTER 2. DISCRETIZATION OF FLOW AND TRANSPORT PROBLEMS

The cost functional

A general objective functional J can be defined with three components, each individually

dependent on u, u(T ) and q respectively. With the mappings J1 : V → R and J2 : H → R
as J : Q×X → R the objective is defined as,

J(q, u) :=

∫

I

J1(u(t)) dt+ J2(u(T )) +
α

2
||q||2Q (2.32)

where the α
2
||q||2Q term is an explicit regularization factor to ensure uniqueness of the

optimal solution. The optimization problem can now be stated as follows,

minimize J(q, u) subject to

PDE constraints (2.31)

(q, u) ∈ Q×X





(2.33)

For the necessary or sufficient optimality conditions that are required for a well-posed

optimization problem, one needs to take the first and second order derivatives of J(q, u) to

determine its minimum and curvature. The traditional sensitivity approach is too costly if

the all gradients are required. An adjoint approach has been developed by (R. Becker and

Vexler, 2007) that relies on an implicit reduced cost functional. For its definition we now

assume the existence of a solution operator S : Q → X which maps the control q to the

unique solution u = S(q) of the weak state (2.31). This assumption permits the definition

of the reduced cost functional j : Q → R as j(q) := J(q, S(q)) and hence the (implicit in

u) optimization problem can be stated,

minimize j(q)

q ∈ Q

}
(2.34)

On the question of existence, (Dacorogna, 1989) proved that if j is weakly lower semi-

continuous and coercive over Q, then the minimization problem (2.34) has at least one

solution q ∈ Q.
The question of uniqueness can be answered using a convexity argument: If the reduced

functional j fulfils the existence criteria of Dacorogna and is in addition strongly convex

on Q, with λ ∈ (0, 1) and q1, q2 ∈ Q and q1 ̸= q2 such that,

j(λq1 + (1− λ)q2) < λj(q1) + (1− λ)j(q2)

20



2.5. NONLINEAR OPTIMIZATION 21

then minimization problem (2.34) has a unique solution. For the proof by contradiction,

see (Meidner, 2008).

For the necessary and sufficient optimality conditions we reproduce the theorems from

(Meidner, 2008) as definitions without proofs and refer the reader to (Tröltzsch, 2005) for

an explanation of the technicalities. The fundamental conditions required for a well-posed

optimization problem are the first and second necessary optimality conditions, as well as

a second order sufficient condition:

Definition 2.17 (First order necessary optimality condition). Let the reduced functional

j be Gateaux differentiable on an open subset Q0 ⊆ Q. If q ∈ Q0 is a local optimal solution

of the optimization problem (2.34), then there holds the first order necessary optimality

condition

j′(q)(δq) = 0 ∀δq ∈ Q

Definition 2.18 (Second order necessary optimality condition). Let the reduced functional

j be two times continuously Fréchet differentiable on an open subset Q0 ⊆ Q. If q ∈ Q0

is a local optimal solution of the optimization problem (2.34), then there holds the second

order necessary optimality condition

j
′′
(q)(δq, δq) ≥ 0 ∀δq ∈ Q

Definition 2.19 (Second order sufficient optimality condition). Let the reduced functional

j be two times continuously Fréchet differentiable on a neighborhood Q0 ⊆ Q of q, Moreover,

let the control q fulfill the first order necessary optimality condition

j′(q)(δq) = 0

and assume the existence of γ > 0 such that the second order sufficient optimality condition

j
′′
(q)(δq, δq) ≥ γ∥δq∥2Q ∀δq ∈ Q

is valid, Then a constant ρ > 0 exists such that the quadratic growth condition

j(q + δq) ≥ j(q) +
γ

4
∥δq∥2Q

holds for all δq ∈ Q with ∥δq∥Q ≤ ρ. As a consequence q is a local solution of the

optimization problem (2.34).

21
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These definitions depend on the concepts of differentiability in normed vector spaces with

Gateaux and Fréchet derivatives. For an complete explanation of these concepts refer to

(Jahn, 2014). For the computational application, (Roland Becker et al., 2007) explains the

theory and implementation of methods for evaluating the required derivatives numerically

by finite element methods.

The dual equation

When numerically solving a standalone PDE, the system is naturally discretized for an

approximation to be computed, as demonstrated by the spatio-temporal examples above.

In optimization one has the choice to first establish the necessary optimality conditions on

the continuous level of the primal, dual and optimality equations, and then discretize them

suitably for a numerical solver, as in the optimize-then-discretize approach (Collis et al.,

2002). An alternative approach, discretize-then-optimize, is to derive the optimality system

from an already discretized primal system. It is known that in the presence of some kinds

of stabilization terms, as described in section 2.4.4, the two approaches do not commute.

For an in-depth explanation of how the control is affected by the choice of stabilization,

and the justification for using LPS, particularly for flow problems, we refer to (Braack,

2009).

For an optimize-then-discretize approach we can define the Lagrangian L : V × Q → R
based on the explicit objective (2.32) to formulate the adjoint equation as,

L(q, u, Z) := J(q, u) + A(q, u)

Here the space of Lagrange multipliers is Z := H1(T, 0;V ). For clarity we have not

discretized the system and have dropped the h superscript. For the derivative of A(q, u)

with respect to u at point (q, u) we use the notation DA(q, u), similarly DJ1(U) is the

derivative of J1 w.r.t. U at point U and DJ2, that of J2 w.r.t. U(T ). The adjoint equation

now reads,

−∂Z
∂t

+DA(q, u) = DJ1(u) (2.35)

Z|t=T = DJ2

The third and final requirement for a well posed optimality system is the variational in-
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equality,

∫

I

∂qJ(q, u)(p− q) ≥ 0 ∀p ∈ Q (2.36)

where p is the quantity that varies in relation to q. The complete optimality system is then

fully defined by the primal PDE state equations (2.31), the dual equation (2.35) and the

variational inequality (2.36).

2.6 Overview of publications

In the following we give an overview of the contents corresponding to each publication.

Paper 1

The first paper deals with a problem in geophysics and the dynamics of mantle convection

and melt migration. In this application the melt migration is modeled by coupling Stokes

flow containing a non-constant viscosity with the Darcy flow described in chapter 1. In this

arrangement the Stokes component captures the slow long-term movements of the earths

mantle and lithosphere, whilst the Darcy flow models the two-phase regime. The work is an

extension of a previous model that required the use of the compaction pressure making the

underlying operator non-coercive. This would require the use of either mixed inf-sup stable

elements, or applicable stabilization were the system to be solved with the finite element

method. The original contribution in this work was the application of a coercive non-

symmetric linear operator, allowing the use of simple equal-order elements. The existence

and uniqueness of the solutions was proven, as well as the coercivity of the bilinear form.

As a numerical validation, a stationary example with a known solution was presented to

prove the expected convergence rate for Q2 elements, as well as a super-convergence in the

case of Q1. For a further example, a time-dependent system was discretized according to

the Heun scheme from section 2.1.2 and second order convergence was observed.

Paper 2

The second paper proposes an optimal marine biomass harvesting model. A modified

non-convex cost functional that incorporates a penalty term for vessels removing biomass

from marine protected areas is minimized by the optimal control principles presented in

23
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section 2.5 by application of the Stokes and convection-diffusion equations described above.

The setting is the south-western quadrant of the Baltic Sea where LPS stabilized Stokes

flow as documented in 2.4.4 is used to simulate ocean currents. A convective term is also

stabilized with the SUPG method. As a coupling term in a predator-prey model we utilized

the relatively recent predator-dependent sigmoidal functional response f(u, v) of Crowley

and Martin (Crowley and Martin, 1989),

f(u, v) =
ωu

(1 + ωau)(1 + bv)

A predator-prey dynamical system, with the functional response f(u, v) constitute the

state, or constraints, of the minimization problem. These state equations were implemented

as close as possible to physical reality by selecting biological parameters from research

published in peer-reviewed journals. A penalty was shown to exist that balances the

harvesting and predation pressure such that the harvested species biomass is not driven

below unsustainable levels.

Paper 3

The third paper is devoted to the problem of stabilizing a sediment transport system

in three dimensions. A composition of Stokes flow and the convection-diffusion-reaction

equation from section 2.4, with a special flux term to describe the movement and settling of

a suspension in a flow field. What sets this class of problem apart is the coupling method:

the flow equations have a variable and nonlinear viscosity dependent on the concentration,

and the convection equation has a nonlinear variable diffusion coefficient. This gives rise

to a highly nonlinear and sensitive problem to solve. Most recent work in this area has

involved finding numerical solutions with the finite difference method with some form of

streamline diffusion stabilization, i.e. SUPG/GLS as described in section 2.4.4, or various

other penalty methods. In this work, the problem was stabilized using the LPS method

and numerically solved for the non-stationary case in three dimensions.
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Abstract
Mantle convection and melt migration are important processes for understanding
Earth’s dynamics and how they relate to observations at the surface. Recently it has
been established that melt migration can be modelled by coupling variable-viscosity
Stokes flow and Darcy flow, where Stokes flow generally captures the long-term
behaviour of themantle and lithosphere, andDarcy flowmodels the two-phase regime.
It is known that approximating the solution by finite element methods requires the use
of mixed inf-sup stable elements or additional stabilization terms. Here, we propose
a formulation with a coercive non-symmetric linear operator which allows the use of
simple equal-order elements.

Keywords Elliptic differential equations · Porous media · Finite elements · Error
estimates

Mathematics Subject Classifications 35J25 · 76Sxx · 65N30

1 Introduction

The need to solve systems of coupled Navier-Stokes and Darcy flow arises is various
fields, such as modelling the interaction of surface water and groundwater aquifers [1,
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2], bloodflowproblems [3,4], and fuel cell dynamics [5,6].Approximating the solution
of coupled Stokes-Darcy systems inmost methods requires solving Stokes or Darcy on
adjacent sub-domains coupled with appropriate interface boundary conditions [7–10],
and [11]. In melt migration modelling the partially molten rock cannot be handled
using the approach above because we cannot identify the boundary between the solid
and fluid phases. Themodel derived byMcMcKenzie [12] for melt migration assumes
a dual continuum mixture of solid matrix and fluid melt. The mixing parameter is the
porosity ϕ, i.e. the volume fraction of fluid melt, which is assumed to be much smaller
than 1 and may be zero in parts of the domain where there is no fluid melt. The
motion of the solid is governed by Stokes flow, and the melt is transported according
to Darcy’s law. In addition, he included a compacting relation that relates the solid
and fluid pressures.

Most of the previous studies of geodynamics do not consider that melt migration
can be modelled by coupling variable-viscosity Stokes flow and Darcy flow, where
Stokes flow generally captures the long-term behaviour of the mantle and lithosphere,
and Darcy flow models the two-phase regime. Their studies either do not consider
melting or treat it in a simplified way [13–16]. Others have simplified the model by
approximating the two-phase flow and the effects of compaction [17–19], and [20].
The correct setting was later proposed by [21]. However, the required computational
effort was limited to 2D problems, and although these models take into account the
compaction of the solid matrix to allowmelt to be expelled or to flow in, they treat both
individual phases as incompressible and often assume their densities to be constant.

The discretization of a similar (but not identical) complex melting problem is suit-
able described by Schimenz et al. [33] by using a mixed discontinuous Galerkin
method in vertical direction and a Fourier method in vertical direction for the elliptic-
hyperbolic system of equations.

In [23], the authors derive such a model for 2D and 3D simulations. However, the
model they used require the so-called compaction pressure as an additional unknown
in the system which not only increases the dimension of the system, but also makes
the underlying operator non-coercive (see, [21–23]). Thus, approximating the solution
using the finite element method requires the use of mixed inf-sup stable elements or
additional stabilization terms. Here, we propose a formulation with a coercive non-
symmetric linear operator which allow the use of simple equal-order elements.

2 Governing equations

Let Ω ⊂ Rd , d ∈ {2, 3}, be a Lipschitz-domain. The model we consider here is
a two-phase flow consisting of melt and a deformable matrix. The melt fraction ϕ

defines averaged quantities X̄ out of solid (matrix) Xs and fluid X f quantities (the
subscripts f and s stand for fluid and solid, respectively):

X̄ = (1 − ϕ)Xs + ϕX f . (1)

The governing equations for a two-phase flow were given by McKenzie in [12]. They
include the equations for conservation of mass, momentum, and energy. The mass
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Table 1 Physical quantities and associated symbols

Variable Symbol Unit

Solid velocity us m/year

Fluid velocity u f m/year

Fluid pressure p f Pa

Compaction pressure pc Pa

Shear viscosity of the solid η Pa · year
Bulk viscosity of the solid ξ Pa · year
Darcy coefficient KD Pa

Gravitational force g m2/year

Fluid density � f kg · m−3

Solid density �s kg · m−3

Mean density �̄ kg · m−3

Mean compressibility α kg · m−3Pa−1

Mass force f Pa · kg · m2/year

Melt production rate Γ kg/(m3year)

conservation for fluid and solid are described by the two equations

∂(� f ϕ)

∂t
+ ∇ · (� f ϕu f ) = Γ , (2)

∂(�s (1 − ϕ))

∂t
+ ∇ · (�s (1 − ϕ)us) = −Γ . (3)

Where, � f and �s are the fluid- and solid densities, u f and us the fluid- and solid
velocities, respectively, t the time, and Γ the melt production rate following a volume
element of matrix. The conservation of momentum of the melt is given by

ϕ(u f − us) = −KD (∇ p f − � f g), (4)

with the constant KD = kϕ/η f , where kϕ is the permeability and η f is the melt
viscosity, p f the pressure within the melt, g the gravity acceleration vector. For the
case of vanishing solid velocity, us = 0, Eq. (4) reduces to the well known Darcy’s
law. Further quantities and associated symbols used in this paper are given in Table 1.

The conservation of momentum of the matrix is given by

− ∇ · Tus + ∇ p f = �̄g, (5)

where T is the strain tensor given by

Tu := η(∇u + ∇uT ) + (ξ − 2
3η)(∇ · u)I , (6)
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with the shear viscosity of the solid η, the bulk viscosity of the solid ξ , and the identity
matrix I .

2.1 Simplified equations at steady densities

In the case that the densities do not vary with time i.e. ∂� f ,s/∂t = 0, Eqs. (2) and (3)
reduce to:

∂ϕ

∂t
+ ∇ · (ϕu f ) = Γ

� f
− ϕ

� f
u f · ∇� f (7)

−∂ϕ

∂t
+ ∇ · ((1 − ϕ)us) = − Γ

�s
− 1 − ϕ

�s
us · ∇�s . (8)

Adding Eqs. (7) and (8) we obtain

∇ · [
ϕu f + (1 − ϕ)us

] = Γ

(
1

� f
− 1

�s

)
− ϕ

� f
u f · ∇� f − 1 − ϕ

�s
us · ∇�s .

Now, we can eliminate the fluid velocity u f , using Darcy’s law (4):

∇ · us − ∇ · (KD ∇ p f ) + KDg·∇� f

= Γ

(
1

� f
− 1

�s

)
+

(
− ϕ

� f
us + KD

(
1

� f
∇ p f − g

))
· ∇� f ,

−1 − ϕ

�s
us · ∇�s − � f ∇ · (KDg). (9)

Several terms in Eq. (9) contain gradients of the solid and fluid density, respectively. As
proposed in [23], the logaritmic derivatives ∇(ln � f ,s) = �−1

f ,s∇� f ,s can be assumed
to be closely related to the gravitational forces:

1

�s
∇�s = ∇(ln �s) ≈ ∂�s

∂ ps
g and

1

� f
∇� f = ∇(ln � f ) ≈ ∂� f

∂ p f
g.

Assuming that the isothermal compressibilities, κs := �−1
s

∂�s
∂ ps

and κ f := �−1
f

∂� f
∂ p f

,
are constant and

rearranging terms leads to the following reformulation (approximation) of (9):

∇ · us − ∇ · (KD ∇ p f ) − KDκ f � f g · ∇ p f + (
ϕ� f κ f + (1 − ϕ)�sκs

)
(us · g) = f ,

with given forcing

f := Γ

(
1

� f
− 1

�s

)
− 2KDκ f �

2
f |g|2 − � f ∇ · (KDg).
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Thus, the two-phase PDE system reduces to the original two-phase PDE system given
by McKenzie [12]:

−∇ · Tus + ∇ p f = �̄g (10)

∇ · us − ∇ · (KD ∇ p f ) + βg · ∇ p f + αus · g = f (11)

with α, the weighted average of the flux of compressibility of solid and fluid densities
with respect to the corresponding pressures, and transport-scaling parameter β given
by

α := �κ = ϕ� f κ f + (1 − ϕ)�sκs, (12)

β := −KDκ f � f . (13)

2.2 Time dependent melt fraction

Although we previously assumed that the flow field is in temporal equilibrium, this is
not necessarily the case for the melt fraction ϕ. The corresponding equation is given
by

�s
∂ϕ

∂t
+ ∇ · (�s(ϕ − 1)us) = Γ . (14)

Assuming �s > 0 a.e. in Ω , this equation can also be written in the form

∂ϕ

∂t
+ ∇ · ((ϕ − 1)us) + (ϕ − 1)κs�

2
sus · g = Γ

�s
. (15)

2.3 Boundary conditions

The system of Eqs. (10), (11) and (15) has to be supplemented with suitable boundary
conditions. We impose Dirichlet conditions for us and the lithostatic pressure gradient
for p f :

us = u0 on ∂Ω, (16)

∇ p f · n = �sg · n on ∂Ω. (17)

The boundary condition for ϕ are of Dirichlet type

ϕ = ϕ0 on ∂Ω−,

on the inflow part of the boundary ∂Ω− := {x ∈ ∂Ω : us · n < 0}.
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2.4 Compaction pressure

In order to solve the PDE system (10), (11) numerically several authors treat it as a sys-
tem of three-field saddle point problems [21,23], and [22] by introducing a secondary
pressure pc, called compaction pressure, defined as

pc = −ξ∇ · us . (18)

Then, Eq. (10) reduces to the form

− ∇ · (T̃us) + ∇(p f + pc) = �̄g. (19)

Where, the reduced strain tensor T̃us is given by

T̃us := η(∇us + ∇uTs ) − 2

3
η(∇ · us)I. (20)

The resulting system (11), (18) and (19) now has three unknowns us , p f , and pc. The
corresponding system is of saddle point structure, so that its finite element discretiza-
tion is not possible without considering inf-sup stable elements or special stabilization
techniques, for instance the pressure stabilized Petrov-Galerkin method (PSPG) or the
local projection pressure stabilization (LPS). We refer to [24,26,29], and [25] for
details. In this work we will follow a simpler approach by dealing with the original
equations. So, the compaction pressure pc will not be a primary variable. In case this
quantity is needed for special purposes, it can be recovered from us by solving the
discrete system corresponding to (18), as we shall explain below.

3 Weak formulation and discretization for constant melt fraction

Let us first consider the case that themelt fraction ϕ is given and constant in time. Then
the density � becomes a given constant and we only have two unknown variables p f

and us , determined by a linear stationary system of equations, i.e. without any time
dependency. Moreover, let us assume for ease of presentation that we have homoge-
neous Dirichlet data for the velocities, u0 = 0. The extension to non-homogeneous
Dirichlet data is straight forward.

3.1 Weak formulation

The associated function spaces are

X := V × Q, V := H1
0 (Ω)d , Q := H1(Ω) ∩ L2

0(Ω).

As bilinear form A : X × X → R we introduce

A(u, p; v, q) := (Tu,∇v) − (p,∇ · v)
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+(∇ · u, q) + (KD∇ p,∇q) + (βg · ∇ p, q) + (αu · g, q).

The right hand side is given by

F[�̄](v, q) := (�̄g, v) + ( f , q) +
∫

∂Ω

KD�sg · nq ds. (21)

In order to have this bilinear form A and the right hand side F[�̄] to be well-defined, it
is sufficient to make certain regularity assumptions on the involved coefficients. This
will be discussed below.

We seek us ∈ V and p f ∈ Q s.t.

A(us, p f ; v, q) = F[�̄](v, q) ∀(v, q) ∈ X. (22)

Assumption 1 We assume the following regularities for the coefficients

�s, KD, g ∈ C(Ω̄),

� f ∈ W 1,3(Ω) ∩ L∞(Ω),

κ f , κs, ∈ L∞(Ω),

ϕ ∈ L3/2(Ω),

Γ ∈ H−1(Ω),

and the partial densities are bounded from below as

�s, � f ≥ ε > 0 a.e. in Ω.

The regularity assumptions for �s, � f , κs and κ f are sufficient to ensure that α

determined by (12) has the regularity α ∈ L3/2(Ω). This can be used to show the
well-posedness of the term (αu · g, q) in the bilinear form A:

|(αu · g, q)| = ||g||L∞||αuq||L1(Ω)

≤ ||g||L∞(Ω)||u||L6(Ω)d ||α||L3/2(Ω)d ||g||L6(Ω)d

≤ ||g||L∞(Ω)||u||H1(Ω)d ||α||L3/2(Ω)d ||q||H1(Ω). (23)

Here we used the Sobolev embedding H1(Ω) ↪→ L6(Ω), for d = 2, 3.

Lemma 1 Under the regularity assumption (Assumption 1) the linear form F[�̄] is a
dual form of X, i.e. F[�̄] ∈ X′.

Proof Let us now check the individual term of F[�̄] in view of appropriate definition.
The boundary integral is well-defined due to the assumed continuity of KD, g, ρs and
the trace inequality:

∣∣∣∣

∫

∂Ω

KD�sg · nq ds
∣∣∣∣ ≤ C ||q||H1(Ω),
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with a constant C = C(Ω, KD, �s, g). The term (�̄g, v) is bounded as

|(�̄g, v)| ≤ ||g||L∞(Ω)||�̄||H−1(Ω)||v||H1(Ω).

The regularity �̄ ∈ H−1(Ω) is obtained by Eq. (1) and ϕ ∈ L3/2 ⊂ H−1(Ω) and
�s, � f ∈ L∞(Ω). It remains to show an upper bound for the dual pairing of forcing
f ∈ H−1(Ω) and q ∈ H1(Ω):

〈 f , q〉 ≤ (
c2||Γ ||H−1(Ω) + c3

) ||q||H1(Ω) + c4|� f q|H1(Ω) + c5||q||L2(∂Ω),

with c2 = c2(ε), c3 = c3(KD, κ f , g, � f ), c4 = c4(KD, g) and c5 = c5(KD, g, � f ).
By the trace inequality we can bound ||q||L2(∂Ω) by the H1-norm of q. The Hölder
inequality and Sobolev embedding H1(Ω) ↪→ L6(Ω) yields

|� f q|H1(Ω) ≤ ||∇� f q||L2(Ω) + ||� f ∇q||L2(Ω)

≤ ||∇� f ||L3(Ω)||q||L6(Ω) + ||� f ||L∞(Ω)||∇q||L2(Ω)

≤ c6||q||H1(Ω)

with c6 = c6(� f ) due to the assumption � f ∈ W 1,3(Ω). In summary we obtain
|| f ||H−1(Ω) ≤ C , and hence F[�̄] ∈ X′. ��
Remark 1 Even a stronger assumption ϕ ∈ L∞(Ω) is not a severe restriction, because,
from the physical point of view, 0 ≤ ϕ ≤ 1 is reasonable. The lower bound for � f

and �s are necessary for ensuring that the right hand side f is properly defined.

3.2 Existence and uniqueness of solutions

Throughout this section we presuppose that Assumption 1 is valid. In order to prove
the continuity and the coercivity of the bilinear form A(u, p; v, q), and the continuity
of the right hand side linear form, we equip the product space X with the norm:

|||(u, p)||| :=
(
||η1/2∇u||2 + ||(2(ξ + 1

3η))1/2∇ · u||2 + ||K 1/2
D ∇ p||2

)1/2
. (24)

Here and in what follows we use the notation || · || for the L2-norm over Ω .

Lemma 2 [Continuity] The bilinear form A(u, p; v, q) is continuous with respect to
the triple norm ||| · |||.
Proof The assumed regularity of �s, � f and ϕ ensures α ∈ L3/2(Ω). Hence, we can
use (23) to bound the reaction term. Further, we have β ∈ L∞(Ω) so that a term-by-
term estimate, use of the Poincaré inequality leads to

A(u, p; v, q) ≤ C1|||(u, p)||||||(v, q)|||

with the constant C1 = C1(Ω, KD, β, η, g, �s, � f , ϕ, κ f , κs). ��
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In order to show the coercivity of this bilinear form,we first show the non-negativity
of the strain tensor when it is tested diagonally:

Lemma 3 For constant η it holds

(Tu,∇u) = ||η1/2∇u||2 + ||(ξ + 1
3η)1/2∇ · u||2 ∀u ∈ V.

Proof Because of I : ∇u = ∇ · u we obtain

(Tu,∇u) = ||η1/2∇u||2 + (η∇uT ,∇u) + ((ξ − 2
3η)(∇ · u)I ,∇u)

= ||η1/2∇u||2 +
∑

i, j

(η∂ jui , ∂iu j ) + ||(ξ − 2
3η)1/2∇ · u||2.

where ∂ jui = ∂ui
∂x j

for i, j = 1, . . . , d.

a. Let us first assume, that u ∈ (H1
0 (Ω) ∩ C2(Ω))d . Due to this regularity of u the

terms in the sum above can be integrated by parts:

∑

i, j

(∂ jui , ∂iu j ) = −
∑

i, j

(∂i∂ jui ,u j ) = −
∑

i, j

(∂ j∂iui ,u j )

=
∑

i, j

(∂iui , ∂ ju j ) =
⎛

⎝
∑

i

∂iui ,
∑

j

∂ ju j

⎞

⎠

= ||∇ · u||2.

Using this in the equation derived above, yields the assertion.
b. For less regular u, the same equation is obtained by a density argument: We take

the limit of a smooth limiting sequence (un)n∈N ⊂ (H1
0 (Ω) ∩ C2(Ω))d , un → u

in V0:

∑

i, j

(∂ jui , ∂iu j ) = lim
n→∞

∑

i, j

(∂ j (un)i , ∂i (un) j )

= lim
n→∞ ||∇ · un||2 = ||∇ · u||2.

��
Lemma 4 (Coercivity) We assume that

||g||L∞(Ω)d ||�κ||L3/2(Ω) ≤ c (25)

with a certain constant c = c(η, KD). Then the bilinear form A is continuous and
X-coercive; in particular

A(u, p;u, p) ≥ 1

2
|||(u, p)||| ∀(u, p) ∈ X.
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Proof The assertion follows by diagonal testing, use of the previous Lemma, and the
fact that the convective term vanishes when tested diagonally i.e. (g ·∇ p, p) = 0. The
only critical (not necessarily positive) term is the zero order reaction term (αu · g, p).
However, due to the assumption on α, this term can be bounded by (23) and Young’s
inequality as follows

|(αu · g, p)| ≤ ||α||L3/2(Ω)||g||L∞(Ω)||u||H1(Ω)||p||H1(Ω)

≤ 1

2
C(η, KD)||α||L3/2(Ω)||g||L∞(Ω)

(
||η1/2u||2H1(Ω)d

+ ||K 1/2
D p||2H1(Ω)

)

≤ 1

2
(||η1/2∇u||2 + ||K 1/2

D ∇ p||2).

This leads to the desired lower bound for A(u, p;u, p). ��
Remark 2 The constant c in (25) depends on η and KD . In the special case of constant
η and KD this constant is just c = √

ηKD/cΩ , where cΩ is the Poincaré constant.

Theorem 1 With the same assumptions as in the previous Lemma, Eq. (22) has an
unique solution (us, p f ) ∈ X and

||η1/2∇us ||2 + ||(ξ + 1
3η)1/2∇ · us || + ||K 1/2

D ∇ p f ||2
≤ ||�̄g||2H−1(Ω)d

+ || f ||2H−1(Ω)
+ ||KD�sg · n||2L2(∂Ω)

.

Proof Taking into account that the quantities �̄ and f are functions of ϕ and Γ ,
respectively,we see that the H−1-normsof �̄ and f arewell-defined.Now, the assertion
is an immediate consequence of the previous Lemma and the theoremof Lax-Milgram.

��

3.3 Equal-order finite elements

The coercivity of the problemallows us to use several standard equal order elements for
the discrete velocity uh and the discrete pressure ph . Let Th be a shape regular partition
of Ω into d-dimensional simplices, quadrilaterals or hexahedra [30]. The diameter of
a cell K ∈ Th will be denoted by hK and the mesh parameter h = max{hK |K ∈ Th}
represents the maximum diameter of all cells. Let Sh ⊂ H1(Ω) be a finite element
space of continuous, piecewise polynomial functions defined over Th , with degree of
interpolation order r ≥ 1. We consider triangulations Th of shape regular elements,
so that an interpolation operator ih : H1(Ω) → Sh exists (Scott-Zhang interpolation
[31]) with the following properties for all 1 ≤ l ≤ r + 1, all K ∈ Th , and all
u ∈ Hl(ωK ):

‖u − ihu‖K � hlK |u|Hl (ωK ) , (26)

‖∇(u − ihu)‖K � hl−1
K |u|Hl (ωK ) . (27)

Here, ωK denotes a union of cells in the neighbourhood of K , and the expression
a � b means a ≤ cb with the constant c independent of the mesh parameter h.
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Possible choices on shape regular meshes are Pr or Qr elements, or finite element
spaces containing these spaces, e.g. locally enriched spaces. Here, we consider equal-
order finite element spaces for velocity and pressure:

Vh := (Sh)d ∩ V, Qh := Sh ∩ Q, and Xh := Vh × Qh .

Now, the linear system to be solved reads as follows: Find (uh, ph) ∈ Xh such that

A(uh, ph; v, q) = F[�̄](v, q), ∀(v, q) ∈ Xh . (28)

Themain advantage of the equal-order discretization of the problem is that the degrees
of freedom of all variables can be assigned to the same geometrical identities, e.g. to
vertices. Therefore, the discrete systems can be designed in a block-wise manner, so
that an efficient block preconditioner or block smoother for multigrid solvers can be
utilized.

3.4 A priori error estimate

Theorem 2 We make the same assumptions as in Theorem 1. The discrete solution of
Eq. (28) (uh, ph) ∈ Xh is unique. If (us, p f ) ∈ Hl(Ω)d+1with 1 ≤ l ≤ r + 1 we
have the following discretization error estimate

|||(us − uh, p f − ph)||| ≤ Chl−1
(
|us |Hl (Ω) + ∣∣p f

∣∣
Hl (Ω)

)
.

Proof Due to coercivity (Lemma 4) we can apply Cea’s lemma, see e.g. [30]:

|||(us − uh, p f − ph)||| ≤ C |||(us − ihu, p f − ih p f )|||,

with arbitrary interpolation ih : Hl(Ω)d → Vh and ih : Hl(Ω) → Qh . For l = 1 we
choose the Scott-Zhang interpolant, and for l ≥ 2 we take the nodal interpolant. This
leads e.g. to

||K 1/2
D ∇(p − ih p)|| ≤ chl−1||p||Hl (Ω)

with a constant c depending only on KD and Ω . The other parts in the norm ||| · ||| are
obtained analogously. ��

3.5 Post-processing of the compaction pressure

Working with equal-order elements on simplices, i.e. with Pr elements, the divergence
of the discrete velocity,∇·uh , is piece-wise polynomial of order r−1 but discontinuous
across element faces/edges. Hence, for constant (or cell-wise constant) bulk viscosity,
the discrete compaction pressure phc := −ξ∇ · uh is of the same type. Therefore, the
evaluation of this quantity inside the cells is straight forward. The situation is different
for its evaluation on vertices or edges/faces due to the discontinuity. If the discrete
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compaction pressure is required on the vertices, denoted by phc , a common strategy is
to define it by the L2-projection onto Qh ,

phc ∈ Qh : (phc , q) = (−ξ∇ · uh, q) ∀q ∈ Qh . (29)

Lemma 5 Under the same assumptions as in Theorem 1, (us, p f ) ∈ Hl(Ω)d+1 and
pc ∈ Hl−1(Ω) with 1 ≤ l ≤ r + 1 we have

||pc − phc || ≤ Chl−1 (|us |Hl (Ω) + |p f |Hl (Ω) + |pc|Hl−1(Ω)

)
.

Proof Let p̃hc ∈ Qh be the solution of the problem

( p̃hc , q) = (−ξ∇ · us, q) ∀q ∈ Qh .

Then we have by Cea’s Lemma and standard interpolation results

||pc − p̃hc || ≤ C inf
qh∈Qh

||pc − qh || ≤ Chl−1|pc|Hl−1(Ω).

By stability of the discrete equations and Theorem 2, we have

||phc − p̃hc || ≤ ||ξ∇ · (us − uh)|| ≤ Chl−1(|us |Hl (Ω) + |p f |Hl (Ω)),

with a constant C depending on ξ and η. With the triangle inequality we arrive at the
desired estimate. ��

For more regular compaction pressure, pc ∈ Hl(Ω), we see that the obtained
accuracy for the compaction pressure is of one order less (with respect to the mesh
size h) than the optimal interpolation error. However, there are well known methods
to increase the accuracy by special gradient recovery techniques as an alternative to
solving Eq. (29). We refer to the classical work of Zienciewicz and Zhu [32].

4 Variational formulation and discretization for variable melt
fraction rate

In this section we propose a second order explicit Runge-Kutta scheme to solve the
hyperbolic PDE for the melt fraction ϕ. However, we start with the first order forward
Euler method, because it will be an intermediate step in the higher-order time stepping
scheme.

4.1 First-order forward Euler method

We first discretize the hyperbolic Eq. (15) for ϕ in time by using a forward Euler with
time step k := tn − tn−1 > 0. The semi-discrete equation for ϕn ≈ ϕ(tn) reads

ϕn = ϕn−1 + k
(
�−1
s Γn−1 + ∇ · ((1 − ϕn−1)un−1)

)
.

123

40



Equal-order finite elements for mantle-melt transport 285

Taking this equation in variational form and applying Qr elements results in the
discrete system for ϕh

n ∈ Qh :

(ϕh
n , ψ) = (ϕh

n−1, ψ) + kRn−1(ϕ
h
n−1,u

h
n−1;ψ) ∀ψ ∈ Qh, (30)

with

Rm(ϕ,u;ψ) := (�−1
s Γm, ψ) − ((1 − ϕ)u,∇ψ) +

∫

∂Ω

(ϕ − 1)u · nψ ds.

Solving Eq. (30) requires basically inversion of the mass matrix. Afterwards, the mean
density can be updated:

�̄n := �̄(ϕh
n ) = (1 − ϕh

n )�s + ϕh
n� f . (31)

Finally, the equation for (uhn, p
h
n ) ∈ Xh is solved:

A(uhn , p
h
n ; v, q) = F[�̄n](v, q), ∀(v, q) ∈ Xh, (32)

with the right hand side Fn[�̄n] as given in Eq. (21). The entire algorithm for variable
melt fraction rate looks now as follows:

Algorithm (forward Euler)

1. Initialize uh0, p
h
0 and ϕh

0 , set n := 0 and tn := 0.
2. Increase n → n + 1 and set tn := tn−1 + k.
3. Make one forward Euler step (30) to determine ϕh

n .
4. Update mean density �̄n by (31).
5. Solve the linear problem (32) to determine phn and uhn .
6. If tn ≤ T goto 2.

Note that we have a time step restriction (CFL condition) of the form k ≤ h for
stability issues. An alternative without such a time step restriction would be the usage
of an implicit time stepping scheme for ϕh

n . However, in this case, the corresponding
equation includes uhn . On the other hand, the quantities α(tn) in (12) and �̄(tn) include
ϕh
n , so that the equations forϕ

h
n and (28) becomemutually coupled. Solving this system

ismuchmore numerically expensive than the semi-explicit algorithm presented above.

4.2 Second-order forward Heunmethod

In order to obtain a second order method, me apply a second-order explicit Runge-
Kutta method for ϕ, for instance the Heunmethod. This time stepping scheme consists
of the forward Euler as a predictor step:

(ϕh∗,n, ψ) = (ϕh
n−1, ψ) + kRn−1(ϕ

h
n−1,u

h
n−1;ψ) ∀ψ ∈ Qh, (33)
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leading to a predictor mean density �̄∗,n = �̄(ϕh∗,n), and a predictor velocity and
pressure, uh∗,n and ph∗,n respectively, given as solution of

A(uh∗,n, p
h∗,n; v, q) = F[�̄∗,n](v, q), ∀(v, q) ∈ Xh . (34)

Afterwards, the new melt fraction is obtained by solving

(ϕh
n , ψ) = 1

2

(
ϕh
n−1 + ϕh∗,n, ψ

)
+ k

2
Rn(ϕ

h∗,n,u
h∗,n;ψ), (35)

followed by the new mean density �̄n = �̄(ϕh
n ), and new velocity and pressure by

solving (32).
The numerical cost of the Heun method is just a factor of two compared to the

forwardEuler, but leads to a substantial increase in accuracy. Thiswill be demonstrated
in the numerical examples below. The corresponding algorithm looks as follows:

Algorithm (Heun method)

1. Initialize uh0, p
h
0 and ϕh

0 , set n := 0 and tn := 0.
2. Increase n → n + 1 and set tn := tn−1 + k.
3. Make one forward Euler step (33) to determine ϕh∗,n .
4. Update mean density �̄∗,n (similar to (31)).
5. Solve the linear problem (34) to determine ph∗,n and uh∗,n .
6. Update melt fraction ϕh

n by inversion of mass matrix, (35).
7, Get new mean density �̄n according to (31).
8. Update solid velocity and fluid pressure by solving (32).
9. If tn ≤ T goto 2.

5 Numerical example

In this section we test the methodology for two 2D examples, a stationary problem
and a time-dependent problem. Both cases are designed in such a way that the exact
solution is known.

5.1 Stationary example

To validate the analysis and the error estimates of the proposed scheme, we choose as
an example the two-dimensional problem given in [23] with a known exact solution:

us(z) =
(

1

10
ez,− 3

40
ez

)T

and p f (z) = p0 − z − 27

200
ez .
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The problem is solved on the unit square Ω := (0, 1)2 in the xz− plane. The Darcy
coefficient KD and the melt fraction ϕ depend only on the variable z :

KD(z) = 149

45
+ 1

30
ez, ϕ(z) = 1 − 0.3ez .

The shear and bulk viscosities η and ξ , respectively, are given by

η(x) = 1

2
e2x ,

ξ(x, z) = e−z + 2

3
e2x + 1.

The resulting compaction pressure according to (18) is

pc(x, z) = 3

40

(
1 + 2

3
e2x+z + ez

)
.

We further set� f (z) := e−z, �s(z) := 1.2� f (z), gravitationg(z) := (0,−ez)T , and
Γ (z) := 27

1000e
z . For the isothermal compressibilities we choose constant values κ f =

1 and κs = 5/6. Hence, α(z) = e−z andβ(z) = −KDκ f � f = − 149
45 e

−z − 1
30 . The

boundary data is given by the exact solutions, i.e. for the velocity u0 = us |∂Ω , and
for the pressure f2 = −∂ne−z |∂Ω . Now we can obtain the forcing term by basic
calculations

f = Γ

(
1

� f
− 1

�s

)
− 2KDκ f �

2
f |g|2 − � f ∇ · (KDg) = 9

2000
e2z − 149

45
,

�̄g =
(
0,−4

5
− 3

50
ez

)T

.

In Fig. 1 we display the discretization errors obtained for Q1 (left figure) and Q2
(right figure) approximations. In the Q1 result the L2 errors of p and u are of order
O(h2). The error in the gradient (i.e. in the H1-semi norm of p and u is of order O(h).
For the Q2 approximation the convergence is enhanced, where the L2 errors in p and
u are O(h3). The errors |u − uh |H1(Ω) and |p − ph |H1(Ω) have order O(h2). This
corresponds exactly to the a priori estimate in Theorem 2.

Moreover, we are interested in the error behavior of the post-processed compaction
pressure pc. In Fig. 2 we plot the corresponding discretization errors for Q1 and Q2
elements. We obtain for Q1-elements an error ||pc − phc || = O(h3/2), and for Q2-
elements an error ||pc− phc || = O(h2). In comparison with the theoretical expectation,
these results corresponds exactlywith the theory for Q2, and showa super-convergence
behaviour for Q1.

In order to get an idea about the error distribution, in Fig. 3 we depict the dis-
cretization errors on a sequence of meshes for Q1-elements. The errors are reduced
uniformly under mesh refinement.

123

43



288 M. Braack et al.

Fig. 1 Discretization error obtained with Q1 (left) and Q2 approximation (right)

Fig. 2 Discretization error of the
compaction pressure, ||pc − phc ||
obtained with Q1 and Q2
approximation

Fig. 3 Discretization errors in example 5.1: |u − uh | with Q1 approximation (top left), with Q2 approxi-
mation (top right), p − ph (lower left) and pc − phc (lower right) with Q1 on a sequence of meshes. The
colors and elevations are scaled individually for each picture
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5.2 Time-dependent example

We extend the example in the previous section to the time-dependent case. The exact
solution now reads:

us(z, t) = ez+t
(

1

10
,− 3

40

)T

,

p f (z, t) = p0 − z − 27

200
ez + (1 − et )(−0.2z + 0.135ez),

ϕ(z, t) = et (1 − 0.3ez).

The coefficients η, ξ and KD remain independent of time and, hence, identical to
their values in the stationary case (previous subsection). The quantities Γ , f and f2
are adapted in such a way that the solution given above solves the set of equations.
Obviously, the solution is designed in such a way that we recover for t = 0 the same
solution as in the stationary example: us(z, t) = us(z, 0)et , p f (z, t) = p f (z, 0) +
q(z, t)withq(z, t) = (1−et )(−0.2z+0.135ez) andϕ(z, t) = ϕ(z, 0)et . The averaged
density becomes

�̄(z, t) = ϕ(z, t)� f (z) + (1 − ϕ(z, t))�s(z)

= et �̄(z, 0) + (1 − et )�s(z).

It is straightforward to verify that (10) and (11) are satisfied. The compaction pressure
then becomes

pc(x, z, t) = −ξ(x, z)∇ · u(z, t) = 3

40
et

(
1 + 2

3
e2x+z + ez

)
,

and finally the pressure forcing term results to

f (z, t) = et
(
149

225
+ 9

2000
e2z

)
− 298

75
.

The initial forcing at t = 0, i.e. f (z, 0), is identical to f (z) of the stationary example.

5.2.1 Forward Euler

In order to validate the temporal error we first have a look at the error in melt fraction
in different norms, see Fig. 4. In the L2- and the L∞-norm we observe first order
convergence with respect to the time step, ||ϕ − ϕh

k ||L2(Ω) ∼ ||ϕ − ϕh
k ||L∞(Ω) ∼ k.

The H1-seminorm also begins to reduce with first order, but stagnates for smaller
time steps. This is not unexpected, since Eq. (15) does not enforce H1-regularity nor
H1-stability.

For the pressure and velocity variables the spatial error is much larger than the
temporal error. The reason for this is probably that the time step does not enter directly
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Fig. 4 Discretization error of melt fraction (left) and pressure and velocity (right) obtained with forward
Euler (Sect. 5.2.1)

into Eq. (22), but the temporal discretization enters only implicitly by themean density
�̄ which itself depends on the time dependent melt fraction ϕ. However, in order to
visualize the temporal impact we plot the temporal error only by considering the
quantities ph − phn and u

h −uhn at t = 0.1, where ph and uh are pressure and velocity,
respectively, discretized in space but with the correct mean density �̄(tn), i.e.

A(uh, ph; v, q) = F[�̄(tn)](v, q) ∀(v, q) ∈ Xh .

In Fig. 4 (right figure) we observe first oder convergence of the error in the L2-norms,
||ph − phn || ∼ k and ||uh −uhn || ∼ k for fixed spatial mesh size h. The compaction pres-
sure, obtained by post-processing, also convergeswith first order: ||(pc)h−(pc)hn || ∼ k.

5.2.2 Heunmethod

For the Heun method on a fixed spatial mesh we obtain second order convergence for
the melt fraction ||ϕh

k − ϕ||L2(Ω) ∼ k2 in L2-, H1- and L∞-norm (Fig. 5 left) until the
(fixed) spatial error dominates and leads to stagnation of the total error. The reason
that this stagnation is not observed with the forward Euler method is that with Heun,
the error is a factor 100 smaller than with Euler (with k = 4 · 10−3). This stagnation
appears earlier on in the H1-norm. For solid velocity, fluid pressure and compaction
pressure we obtain second order convergence as well (Fig. 5 right). Here, no stagnation
appears which is due to the fact that we (once more) only depict the temporal error,
e.g. ||uh − uhn ||L2(Ω), so that spatial effects are excluded.

5.3 Example in 3D

As third example we choose a configuration without known analytical solution in three
spatial dimensions. The computational domain isΩ := (−1, 1)×(−1, 1)×(0, 1). The
setting is stationary with the following choice of melt fraction and Darcy coefficient,
respectively:

γ (x, y, z) = e−20x2 y2z,
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Fig. 5 Discretization error of melt fraction (left) and of the pressure and velocity (right) for the time-
dependent case with the Heun method in the L2-norm (Sect. 5.2.2)

Fig. 6 Pressure p (left) and compaction pressure pc in the 3D-configuration (Sect. 5.3)

ϕ(x, y, z) = 1 − x2y2z,

KD(x, y, z) = (1.01 − x2y2z)−1.

Shear and bulk viscosities are simply η = ξ = 1. Gravitation has only a vertical
component, g = −10e3. The remaining coefficients are chosen as �s = 20, � f = 10,
κ f = 0.05, κs = κ f /6. The velocity data for the boundary conditions is given by
u0 = 0. The two pressures are shown in Fig. 6.

6 Summary

We propose a variational formulation for modeling mantle-melt transport with a coer-
cive bilinear form for solid velocity us and fluid pressure p f . The compaction pressure
pc is determined by a post-processing step if needed. We obtain existence and unique-
ness of solutions, and we derived an a priori error estimate for equal-order finite
elements. For the time-dependent case, we propose a splitting method which consists
of an hyperbolic equation for the melt fraction ϕ and an elliptic problem for solid
velocity and fluid pressure. The time-discretization for the melt fraction is carried out
by explicit schemes (forward Euler or Heun method), so that the equation for velocity
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and pressure decouples from the equation for the melt fraction, i.e. only information of
previous time steps of us and p f enters into the equation for ϕ. In numerical examples
with known exact solutions we demonstrate that the expected convergence rates with
respect to the spatial mesh size h and with respect to the time step k are obtained.
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ABSTRACT
Marine protected areas (MPAs) have become the de‐facto mechanism for marine species conservation and management and the

ecological benefits of no take zones (NTZs) are supported by an expanding scientific interest in their effectiveness. However, in

the south‐western Baltic region there is a paucity of studies on the validity of MPAs, possibly due to the lack of enforcement. In

this work we investigate the effects of nonconstant harvesting of a resource simultaneously under predation pressure. We use a

functional response of the predator dependent Crowley‐Martin type in age‐structured state equations of a fixed time‐horizon
optimal control problem, wherein a pre‐existing MPA may be encountered. Where available, only peer‐reviewed data and

biomass stock levels are used for biological parameters in the state equations. Our results for the prey component of the model

show that a moderate penalty exists that yields the same benefits as a fully closed reserve. However, taking into account the

whole system we observe that an NTZ benefits the predator species too.

1 | Introduction

Marine protected areas (MPAs) are increasingly recognized as
essential tools for sustaining renewable fish biomass. Following
the adoption of the EU Common Fisheries Policy in 1983, the
EU committed to environmental goals like Aichi Target 11—
aiming to protect 10% of biodiversity‐rich coastal and marine
regions (UN Convention on Biological Diversity 2012). While
MPA designations have grown, effective implementation
remains challenging. Issues such as permitting or ignoring
trawling within reserves (Dureuil et al. 2018) and severe un-
derreporting of total removals when relying solely on landings
data (Zeller et al. 2011) undermine conservation efforts. In the
Baltic Sea, for instance, a report by the Helsinki Commission
(HELCOM 2013) found that only 53 of 163 MPAs address
harvesting in their management plans, with just two fully
prohibiting fishing.

With this in mind we incorporate an MPA into an optimization
problem to investigate the spatial‐temporal harvesting of a

biomass based on the model proposed by Meng et al. (Meng
et al. 2014), by extending it to two dimensions. We selected this
model as a starting point for a number of reasons. It supports an
age stage structure so we can consider unharvested immature
and harvested mature components separately by the inclusion
of one control term. Its stability properties have already been
proven by (Meng et al. 2014; Hoang 2020). Finally, its response
function is of the Crowley & Martin (Crowley and Martin 1989)
type which accounts for predator interference, a desirable
property when considering a piscivorous predator, such as
Atlantic Cod that exhibits peer aggression (Cohen et al. 1990).
Feeding rates decline with increasing predator density regard-
less of prey abundance. This interference affects feeding rates
continuously, whether predators are handling or searching
for prey.

Our extension employs time‐dependent partial differential
equations (PDEs) to describe the dynamics of mature predators
and prey in the Baltic Sea. These equations incorporate spatial
biomass movement via diffusion and advection, driven by an
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external vector field. Additionally, a control term is introduced
into the prey biomass equation to represent the harvesting rate,
transforming the predator‐prey system into a dynamic optimal
control problem over a finite time horizon. Unlike many studies
where reserves dynamically emerge based on problem param-
eters, this project examines a pre‐existing reserve with fixed
geometry and location, enabling simulations to focus on the
duration and intensity of protection.

To provide meaningful gradients for the diffusive and advective
terms, we simulate the presence of a marine sanctuary where
biomass removal is discouraged within its boundaries through a
penalty regime (e.g., increased access costs). The optimization
problem is solved using real biological data where available, or
otherwise with biologically plausible parameter estimates. We
analyze the effects of varying the penalty for harvesting within
the MPA on the predator‐prey interplay. Our evaluation
includes the spatial distribution of fish populations and the
temporal dynamics of overall fish biomass, providing insights
into the ecosystem‐wide impact of MPA management strategies.

The paper is organized as follows: Section 2 introduces the
controlled state equations, which include a dependency on a
Stokes vector field, along with the objective function to be
minimized. Additionally, the finite‐element implementation
and the relevant stabilization terms are thoroughly explained.
Section 3 details the finite‐element mesh, initial conditions, a
justification for the chosen biological parameter values sup-
ported by peer‐reviewed sources, and summarizes them in
Table 2. In Section 4 we present numerical results for both non‐
penalized (open MPA) and penalized harvesting conditions,
exploring a wide range of penalty parameters. This approach
highlights qualitatively distinct outcomes under varying levels
of harvesting restriction.

2 | Definition of the Optimal Control Problem

The design of our optimization problem is underpinned by a
large body of existing work on the topics of population models

and harvesting. The approach we take is informed most notably
by the following studies.

2.1 | Literature Overview

Neubert (Neubert 2003) introduced a dimensionless length
parameter for a one‐dimensional logistic‐growth reaction‐
diffusion model with Dirichlet boundary conditions. Without
predefined reserves, he identified an optimal harvesting strategy
maximizing steady‐state biomass, revealing emergent no‐take
reserves. For small domains, reserves centered in the habitat
maximized biomass; for large domains, reserves formed a net-
work with maximum harvesting in between. Kurata & Shi
(Kurata and Shi 2008) extended this model by minimizing a
biological energy functional, assuming a given total global
fishing rate and determined its local distribution. They dem-
onstrated that a no‐effort subdomain always exists, constrained
by maximal and average efforts, and derived the minimal patch
size for species survival under habitat loss. Neubert & Herrera
(Neubert and Herrera 2008) analyzed the Gordon‐Schaefer
model to explore conditions where reserves enhance rent, stock,
and employment simultaneously, contrary to traditional open‐
access outcomes. Ding & Lenhart (Ding and Lenhart 2009)
generalized Neubert's work to stationary multi‐dimensional
systems, deriving an optimality system and exploring domain
scaling on fish density, harvesting, and costs via numerical
methods. Joshi et al. (Joshi et al. 2009) presented a dynamic
extension with diffusion and advection, studying how parame-
ters like initial stock, time horizon, and advection influence
reserve formation and placement. Kelly et al. (Kelly et al. 2016)
examined boundary condition choices in nonlinear parabolic
PDE models with a spatially distributed control. Braack et al.
(Braack et al. 2018) incorporated sustainability into fisheries
models, transforming the optimal control problem into a non‐
convex form, and proved solution existence and optimality
conditions. Upmann & Gromov (Upmann and Gromov 2023)
analyzed finite and infinite time horizon models, detailing sce-
narios where initial stock influences effort trajectories, with
implications for long‐term sustainability. Predator‐prey models
emphasize coupling populations through predation rates, with
classic Lotka‐Volterra equations introducing nonlinear dynamics.
Holling (Holling 1959) expanded on this model with dynamic
functional responses (types I, II, III), later enhanced to include
predator dependence by DeAngelis et al. (DeAngelis et al. 1975),
Beddington (Beddington 1975), and others. Empirical approaches
by Arditi & Ginzburg (Arditi and Ginzburg 1989) and Essington &
Hansson (Essington and Hansson 2004) refined these responses,
incorporating predator‐prey size interactions (e.g., Aljetlawi
et al. (Aljetlawi et al. 2004)). Crowley & Martin (Crowley and
Martin 1989) introduced a pre‐emption model integrating inter-
ference and prey handling, suited for species with peer aggression.
Skalski & Gilliam (Skalski and Gilliam 2001) validated interfer-
ence effects on consumption, rejecting Holling's type II model in
favor of Crowley‐Martin in most tests. This function has since
gained traction in multi‐species models, focusing on system
dynamics, equilibria, and stability (Ali and Jazar 2013; Sambath
et al. 2013; Meng et al. 2014; Chen et al. 2018). Among these,
Meng et al. (Meng et al. 2014) incorporated age structure, later
shown by Hoang (Hoang 2020) to have an asymptotically stable
positive equilibrium under certain conditions.

Summary

• Our modeling work shows that the degree of penaliza-
tion in MPAs may trigger different fishing strategies and
lead to very different final fish stocks for predator and
prey. When considering population models for fisheries
management, the inclusion of the spatial domain to the
model has been shown to be of crucial importance.

• Since most harvested marine ecosystems exist some-
where within a predator‐prey hierarchy, these results
lead us to recommend including a harvester‐predator
competition element in fisheries models whenever
possible.

• Both the temporal and spacial trajectories of fishing
should be subject to standardized monitoring for the fair
imposition of penalties for intra‐MPA harvesting.
Therefore the territories surrounding the MPAs should
pool reserve management resources to have an effective
overview to provide feedback from monitoring.

2 of 13 Natural Resource Modeling, 2025
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2.2 | State Equations

Let u u x t= ( , )i i denote the population biomass of juvenile prey
and u u x t v v x t= ( , ), = ( , ) the mature prey and predator bio-
masses respectively in the smooth bounded domain ⊂Ω 2 for
time ∈t T[0, ]. Further, let the subdomain ∈Ω ΩMPA designate
the marine reserve. The age‐structured trophic interaction
model is then described by the coupled initial value advection‐
diffusion problems,

∂


 


u γu

u

K
du= 1 − − .t i i

i
i (1)

∂ ⋅ ∇u u du f u v v d u u qub= ϵ Δ + − ( , ) − − − .t u i 1 (2)

∂ v v δf u v v d v= ϵ Δ + ( , ) − .t v 2 (3)

∇ ⋅ ∇ ⋅ ∂u v Tn n= = 0 on(0, ) × Ω. (4)

f u v
ωu

ωau bv
where ( , ) =

(1 + )(1 + )
. (5)

The right hand side of (1) shows the rate of change of the
juvenile population is determined by a standard logistic term
with carrying capacity K , and a negative term due to maturity
recruitment signified by rate d. The mature prey component (2)
is formulated as a PDE to account for movement due to diffu-
sion via the Laplacian operator Δ, and advection due to ocean
currents, signified by vector b. The prey has in addition the
combined negative effects of the predator feeding rate function
f u v( , ), a natural mortality rate d1, and the harvesting term qu

we wish to optimize via the spatial‐temporal control variable
∀ ∈q x t x( , ), ΩT and finite time ∈t T[0, ]. The predator den-

sity equation (3) is simplified in comparison to (1) and (2) based
on two assumptions: the influence of low velocity currents on
strong swimming predators produces a negligible advective
affect, and mortality due to bycatches is minimal due to highly
focused fishing practices with the aid of fish‐finding sonar
devices, and selective fishing equipment. The natural (no‐flux)
Neumann boundary conditions (4) mean that individuals can-
not escape the domain through ∂Ω, the coastline boundary. The
MPA does not explicitly feature in the equation system (1)–(5),
but it is incorporated into the cost function to be optimized, as
described below.

The advective term ⋅ ∇ub in Eq. (2) represents the influence of
ocean currents on the mature prey. In contrast, stochastic
movement is modeled by the diffusive term. The parameter ϵu
governs the balance between these two modes of movement.
The variable b, representing ocean currents, which introduces
advection into the state equations is a divergence free stationary
Stokes flow field given by

∇μ pb− Δ + = 0. (6)

∇ ⋅ b = 0. (7)

xb b= ( ) on Γ .in in (8)

∂

∂
μ
n

p
b

n 0− = on Γ .out (9)

∂ ⧹ ∪b 0= on Ω (Γ Γ ).in out (10)

At the inflow boundary Γin (8), a parabolic velocity function
xb ( )in is specified to prevent discontinuities with the adjacent

Dirichlet boundary elements in condition (10). The outflow Γout

(9) is then left as a “do‐nothing” artificial boundary in the
normal direction n. The choice of elementary Stokes flow, in
contrast to a full Navier‐Stokes treatment, is justified by a lack
of any macro‐scale or localized turbulence due to very slow flow
rates. Averaged flow velocities as monitored by hydrographic
agencies (BSH 2023; IOW 2023) show a generally mild variance
of low velocities between 0.1 and 0.3 m.s−1 ensuring low Rey-
nolds number laminar flows that are stable throughout the
entire Baltic. All parameters for the population and flow
equations are summarized in Table 1.

2.3 | Cost Function

The objective function J q u( , ) we seek to minimize for the state
u and control variable q in equation (2) is a modified version of
that introduced by Braack et al. (Braack et al. 2018),

≔   
 

J q u e q r u x t λ u T x

α
q x t

( , ) ( − )d d − ( )d

+
2

d d .

T
ρt

T
0

−

Ω Ω

0 Ω

2

(11)

TABLE 1 | Parameters and units for the state and Stokes flow

equations. The most suitable units applicable are: mass in kilotons,

length in kilometers, and time in years. All parameters are strictly

positive with the exception of a and b which have only a non‐negative
constraint.

Parameter Description Units

ϵ , ϵu v Biomass diffusivity km year2 −1

K Environment carrying
capacity

ktons

d Transition rate to
mature prey

year−1

γ Intrinsic growth of
immature prey*

year−1

d1 Natural mortality of
mature prey

year−1

d2 Maximum mortality of
mature predators**

year−1

δ Predator conversion
coefficient

Dimensionless

ω Predator attack rate year−1

a Handling time hours

b Interference amongst
predators

Dimensionless

μ Salt water viscosity N.s.m−2

*Bounded by γ d> to ensure asymptotic stability in the model Jacobian (Meng
et al. 2014).
**By maximum we mean the maximum of natural mortality M and fishing
mortality F as defined by ICES.
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We explain the arising terms as follows:

• The product qr represents the costs associated with har-
vesting a remote resource (see, e.g., [Sirén and
Parvinen 2015; Upmann and Behringer 2020]), where
r r x= ( ) is a location‐dependent cost factor. This factor
includes the travel costs from the home harbor at x0 to the
specific harvesting location x , calculated as the Euclidean
distance  x x− 0 2. Additionally, penalty terms for entering
the MPA are incorporated into r . Denoting the character-
istic function of the MPA region by χ , we incorporate a
penalization factor σ by multiplying it with χ . The penal-
ization factor σ is a specified value determined locally by
resource managers for fishing vessels entering ΩMPA. Con-
sequently, the cost factor r is defined as:

≔

∈

 

{
r r x x x σχ x

χ x
x

= ( ) − + ( ),

( ) =
1 Ω

0 otherwise
.

0 2

MPA
(12)

• The fishery revenue is represented by the term qu− , the
product of fishing activity and the present biomass of
mature prey. The negative sign reflects the goal of mini-
mizing J .

• The exponential term serves as a discount factor with non‐
negative discount rate ρ, determining the impact of future
rewards on J . All terms are integrated over location x and
time t .

• The integral over u T( ) represents the remaining non-
harvested biomass at terminal time T . The coefficient λ
accounts for a surplus for future harvesting and emphasizes
sustainable practices.

• Finally, the integral over the quadratic term q2 is a standard
regularization term in the cost functional, a so‐called L2‐
Tikhonov regularization (see e.g. Gerth [Gerth 2021]). The
factor α preceding the integral is a small positive parameter,
depending on the minimum mesh size h, typically given by
≈α h2.

The complete optimization problem is then: minimize objec-
tive functional (11) subject to the PDE constraints (1)–(4) and
the pointwise control constraint from the set of admissible
controls

≤ ≤≔ ∈ ∞Q q L q q{ (Ω ) : 0 }.ad T max (13)

In relation to state equation (2) the condition q = 0 signifies no
fishing allowed, and q q= max is the maximum permitted har-
vesting rate as determined by fishing regulations. The control q
is strictly non‐negative due to the assumption that there is no
artificial restocking of fish.

Our optimal control problem is to determine the best strategy
q of harvesting under the restriction that the biomass of
mature prey u solves a PDE system for the spatial‐temporal
control variable q:

∈
q J q u u* = arg min { ( , ) : is solution of (1)–(4)}.

q Qad

2.4 | Discretization and Stabilization

To minimize run times of the optimal control solver, the Stokes
velocity field b is generated independently as a stationary
LPS‐stabilized (Braack and Becker 2001) equal‐order finite
element solution. This constant vector is then re‐used in each
iteration of the optimal control solver.

Following an optimize‐then‐discretize approach, see for ex-
ample Heinkenschloss & Leykekhman (Heinkenschloss and
Leykekhman 2010), the state system (1)–(3) is discretized ac-
cording to a standard Galerkin recipe, given test functions
∈ϕ L T V(0, ; )2 , where ≔V H (Ω)1 is the usual notation

denoting the Sobolev space with first (weak) derivatives in the
L (Ω)2 space. Hence, u is a L2‐function in time and ∈u t V( ) for
all t T0 < < . The bilinear forms are then,

∇ ⋅ ∇

⋅ ∇

∇ ⋅ ∇

 
 

   
  

( )a u ϕ d u ϕ x γ u ϕ x

a u u v q ϕ u ϕ x d u ϕ x

f u v vϕ x d uϕ x u ϕ x quϕ x

a u v ϕ v ϕ x δ f u v vϕ x d vϕ x

b

( , ) = d − 1 − d

( , , , , ) = ϵ d − d

+ ( , ) d + d + ( ) d + d

( , , ) = ϵ d − ( , ) d + d .

i i i
u

K

i u i

v

1
Ω Ω

2 Ω Ω

Ω 1 Ω Ω Ω

3
Ω Ω

2
Ω

i

(14)

With the notation ≔U u u v( , , )i and ≔ ϕ ϕ ϕΦ ( , , )1 2 3 we define

≔A U q a u ϕ a u u v q ϕ a u v ϕ( , ; Φ) ( ; ) + ( , , , ; ) + ( , ; ).i i1 1 2 2 3 3

The control q is discretized as cell‐wise constants, that is, by P0

finite elements on the same mesh. Further, let ⊂V Vh be the
space of bilinear finite elements on quadrilateral meshes and
the discretized control space ⊂ ∩Q Q Ph ad 0. It is well‐known
that the convective term ⋅ ∇u ϕb( , ) in the semilinear form a2

gives rise to instabilities if this term becomes dominant in
comparison to the diffusive term. To be more specific, in-
stabilities begin to appear if ∕ h b > 1 ϵu, where h is the mesh
size. To prevent such instabilities, numerical dissipation should
be included. Among the best methods, with low numerical
dissipation, is the Streamline‐upwind‐Petrov‐Galerkin (SUPG)
method, see Johnson (Johnson 1985). This method adds the
following terms to the Galerkin formulation:

≔ ⋅ ∇

⋅ ∇

S U q ϕ δ u u du

f u v v d u qu ϕ

b

b

( , ; ) ( − ϵΔ −

+ ( , ) + + , )

.h

T

T i

T1

It is a sum over the elements T , and on each element T it
consists of the product of the residual of the equation, multi-
plied by the streamline derivative of the test function, ⋅ ∇ ⋅ ϕb ,
weighted by a stabilization parameter δ δ h=T T0 and a constant
δ > 00 . The stabilized semi‐linear form now reads

≔A U q A U q S U q ϕ( , ; Φ) ( , ; Φ) + ( , ; ).h h 2

The semi‐discrete state equation (continuous in time, discrete in
space) reads:

4 of 13 Natural Resource Modeling, 2025
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∈

∂

∂
∀ ∈

( )U H T V

U

t
A U q V

0, ; :

+ ( , ; Φ) = 0 Φ ,

h

h h

1 3

3
(15)

and initial condition U U(0) = 0. Note that this form of stabili-
zation is not consistent in the sense that the strong solution U
and control q do not satisfy the discrete equations. This is due to
the missing temporal derivative in Sh. The incorporation of the
temporal derivative would lead to a consistent method and with
a better a priori error estimate. However, the discretization er-
ror is in our case several magnitudes smaller than the modeling
error. Therefore, this inconsistency is irrelevant in terms of
accuracy. However, without the temporal derivative in Sh, the
scheme is much easier to solve. Our Lagrange functional

 →V Q V: × ×h h h
3 3 is defined as

 ≔U q Z J U q A U q Z( , , ) ( , ) + ( , ; ).h

To simplify differentiability of the first term of the Lagrangian
(as well as the numerical implementation), we reformulate the
objective functional (11) into a three‐component reduced cost
functional as described by Becker et al. (Becker et al. 2007):
J u u v q J u u v J u T J q( , , , ) = ( , , ) + ( ( )) + ( )i i1 2 3 . To eliminate the

 e qu x t− d d ,
T

ρt

0

−

Ω

term in (11) we multiply the state equations (1)–(3) with e ρt−

and integrate over ΩT using partial integration in t , giving

⋅ ∇ 

 

{ }
{ }

{ }

J u u v q J u u v J u T J q

e ρu d u du f u v u x t

e u T λu T u x

e qr q x t

b

( , , , ) = ( , , ) + ( ( )) + ( )

= + − + ( , ) + d d

+ ( ) − ( ) − d

+ + d d .

i i

T
ρt

i

ρT

T
ρt α

1 2 3

0 Ω

−
1

Ω

−
0

0 Ω

−
2

2

For the formulation of the adjoint equation, we introduce
DA U q( , )h that is the derivative of Ah w.r.t. U at point U q( , ).
With this notation, the adjoint equation reads

∈

∀ ∈

∂

∂



( )Z z z z H T V DA U q Z

e qϕ ϕ ϕ ϕ V

Z λ

= ( , , ) , 0; : − + ( , )(Φ, )

= − Φ = ( , , ) ,

= − ,

i u v h
Z

t h

ρt
h

t T

1 3

−
2 1 2 3

3

=

(16)

where the right hand side of (16) are the derivatives of J1 w.r.t.
U and J2 w.r.t. U T( ), respectively. The third optimality condi-
tion is then the variational inequality,

≥ ∀ ∈  e r u αq uz p q x t p Q( ( − ) + − ))( − )d d 0 .

T

ρt
u h

0 Ω

−

(17)

The complete optimality system is then fully defined by the
primal system (15), the dual equation (16), and the variational

inequality (17). For further details on the derivation of this
optimality system and reduced cost functional, see for example
Braack et al. (Braack et al. 2018) and Becker et al. (Becker
et al. 2007). The implicit Euler method is employed for time
discretization and the complete optimization system is solved
by a semi‐smooth Newton method and Trust Region iteration.

3 | The Domain, Model Parameters and Initial
Conditions

3.1 | Computational Domain

The southeastern quadrant of the Baltic serves as the domain and is
discretized as a shape regular mesh of 5 × 5 km Q1 elements. See
Figure 1 showing the domain boundary and other key features.

3.2 | Determining Model Parameters

As a species choice for an application of the model we select the
prey ui and u as Clupea harengus (herring). As one of the most
commercially important species within the northern hemi-
sphere, it is heavily fished. It is however robust, recovers rapidly
from population crashes and is currently listed as Least Con-
cern on the IUCN Red List (Herdson and Priede 2010).
Although Baltic herring are a distinct subspecies of Atlantic
herring, they are biologically similar enough to be considered
equally. For a predator, we select Gadus morhua (cod) as it is
considered an apex predator in its local environment and is also
of interest as another harvested species. Where possible we
draw mainly from ICES data from western Baltic subdivisions
20–24 (ICES 2019a, b) for the selection of biological parameters.

3.2.1 | Clupea harengus

As a highly shoaling and schooling fish, their rate of diffusion out
of the shoal can be very low. Due to a lack of peer reviewed data
or other applicable experiments, likely due to the difficulty of
tagging and monitoring such small fish (unlike the larger gadids),
we have to assume a biologically sensible diffusion coefficient.

The growth rate γ for immature herring was taken as the
average from samples in Fishbase (Froese and Pauly 2021)
which are in turn the growth parameter extracted from a fit to
the von Bertalanffy growth function.

The recruitment coefficient d is well documented in the ICES
herring recruitment data (ICES 2019b), as well as Fishbase.

3.2.2 | Gadus morhua

The observations of cod swimming speed on which a diffusion
constant could be based vary by some orders of magnitude.
Løkkeborg (Løkkeborg 1998) individually tagged cod with
acoustic transmitters and recorded their roaming activity in a
North Sea fjord. He measured an area they covered at
99–226 m hr2 −1. Taking the low point of that range gives a

5 of 13
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diffusion rate of ≈ϵ 0.9 km yearv
2 −1. However, he only mana-

ged to obtain reliable data from eight fish and the value also
varies considerably due to the time of day and other foraging
activity. The FAO Species Catalog (Cohen et al. 1990) also
contains a wide range of swimming data that could provide
bounds on a diffusion coefficient.

We chose the mortality rate d2 as the maximum of the natural
(M) as observed by studies such as (Froese and Pauly 2021)
(M= 0.26), (Sinclair 2001) (M= 0.4), and fishing effort (F) as
documented by ICES (ICES 2019a) to reflect the current
depressed state of the Gadid biomass in the Baltic today which
is currently listed on HELCOM's Red List as endangered due to
overfishing. In addition, serious environmental pressures, such
as eutrophication, contribute irregularly to their mortality.

The conversion coefficient δ , which represents the efficiency
with which the consumed biomass is converted into somatic
growth, is also well researched, albeit predominantly in con-
trolled aquaculture studies. These studies in which environ-
mental parameters are controlled and/or monitored, see for
example Andersen & Riis‐Vestergaard (Andersen and Riis‐
Vestergaard 2003), Bjornsson & Steinarsson (Bjornsson and
Steinarsson 2002) and Bethke et al. (Bethke et al. 2013), all
point out that the feed conversion ratio is sensitively tempera-
ture dependent. Field studies, such as those conducted by
Neuenfeldt (Neuenfeldt et al. 2019), using stomach content
data, found a reasonable fit for the net conversion efficiency κ.
Fishbase (Froese and Pauly 2021), and another database com-
piled by Brey et al. (Brey et al. 2010), provide further resources
for determining appropriate conversion values. For our appli-
cation we take the midpoint between the lowest and highest
published values we could find.

For the handling time a, we interpret it as defined originally by
Crowley & Martin (Crowley and Martin 1989) to mean the time

spent processing the prey after capture, that is, the digestion
time until renewed hunger instigates a renewed attack. Diges-
tion studies, see for example Knutsen & Salvanes (Knutsen and
Salvanes 1999), discuss the stages of prey processing and also
the time H t= 0.2d max (hours), which we incorporate here, to
be the time taken to consume the prey and resume feeding
before the entire prey bolus is digested. They also point out the
independence of predator size found by dos Santos & Jobling
(dos Santos and Jobling 1991), who conducted a digestion study
involving a wide size range of herring fed gadids.

Attack rate ω and predator interference b values for gadids
preying on clupeids have been established by Essington &
Hansson (Essington and Hansson 2004), who broke the avail-
able herring data down into five age classes and achieved a
model fit based on the attack rate/predator dependence model
of Hassell & Varley (Hassell and Varley 1969). We also note
the prior contribution of Arditi & Akçakaya (Arditi and
Akçakaya 1990), also based on the Hassell & Varley model, who
noted the tendency to underestimate the level of predator
dependence when fitting to a linear functional response. From
the work of Essington & Hansson, we make use of their attack
rate a and interference θ for herring and cod age classes 3.

Table 2 summarizes the values selected for all variables in the
numerical model. As a home port, we set the x0 location to
Rostock, due to it having the highest capacity fishing fleet in the
region (Edebohls et al. 2022).

3.3 | Initial Data

Initial conditions for the three populations were taken from the
2010 ICES Baltic Sea stock assessments (ICES 2019b). We used
u = 1000 ktons from the spawning stock biomass (SSB) esti-
mate. Based on the same stock data and the age ratio ≈u u0.1i

FIGURE 1 | The computational domain encompassing ICES subdivisions 20–24, discretized by 5 × 5 km Q1 finite elements, with the outflow

along the entire eastern dashed edge, two inlets and an otherwise closed boundary. The inset shows a subsection of the flow field b through MPA232.
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shown by Grygiel & Wyszyński (Grygiel and Wyszyński 2002)
we set u = 10i0 ktons uniformly distributed throughout the
domain. For the initial cod biomass, we took v = 150 ktons, the
SSB from the corresponding cod assessment (ICES 2019a).

The control constraint, which represents the highest per-
missible rate of extraction to prevent population collapse, was
set to q = 0.35 yearmax

−1 as taken from the ICES herring stock
assessment (ICES 2019b)F MSY value, defined as the fishing
mortality consistent with achieving a maximum sustainable
yield (MSY). For an interesting review summarizing the
MSY metric, see Quinn (Quinn 2003). As a reserve, we select
MPA232 (Kadetrinne), a 100 km 2 patch located on the
western edge of the Arkona Basin, and designate it as a

subdomain by ΩMPA . This particular MPA is chosen out of
practicality for a numerical simulation; the traveling costs
term r x( ) in the cost functional is the straight‐line distance
from the origin port, and all of MPA232 is reachable from
Rostock. Formulating the r‐term on a curved path through
out the domain would require a computationally expensive
pathfinding algorithm. MPA232 is classified as managed
(HELCOM 2013), in the sense that landings have to be re-
ported and private fishing is forbidden. In this MPA, regu-
latory measures are currently undergoing a complex
coordination process at both the national and European
levels (der Justiz 2022). For the regularization parameter on
this mesh scale, we set α = 10−5 and the salt water viscosity
μ = 1.25 × 10 N.s.m−3 −2 at ∘5 C.

TABLE 2 | Parameter values applied to the implementation of the state equations.

Parameter Description Value Source

ϵu Prey diffusivity 0.5 km year2 −1 No data

ϵv Predator diffusivity 0.9 km year2 −1 Løkkeborg (1998)

d Transition rate to mature prey 0.25 year−1 Froese and Pauly (2021), ICES (2019b)

γ Intrinsic growth of immature prey 0.3 year−1 Froese and Pauly (2021), Pauly (1978), Cohen
et al. (1990)

d1 Natural mortality of mature prey 0.22 year−1 Froese and Pauly (2021)

d2 Maximum mortality of mature
predators

0.5 year−1 ICES (2019a), Sinclair (2001)

δ Predator conversion coefficient 0.3 Neuenfeldt et al. (2019), Bethke et al. (2013)

ω Predator attack rate 0.2 year−1 Essington and Hansson (2004)

a Handling time 2.05 × 10−3 years Knutsen and Salvanes (1999)

b Interference amongst predators 0.6 Essington and Hansson (2004)

K Environment carrying capacity 200 ktons No data

FIGURE 2 | The optimal solutions to the state equations (1)–(3) subject to cost functional (11) with an open MPA condition χ x( ) = 0.
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4 | Results

4.1 | Nonpenalized Optimal Control Problem

Penalty σ in equation (12) is set to zero, forcing r x( ) in the cost
functional to consist only of transport costs, that is,  r x x( ) = 2,
the direct distance to the fishing port. The population evolution

was simulated for 15 years; long enough to allow the population
densities to reach a stable equilibrium, shown in Figure 2.
Evident is an initial ( ≤ t0 1.25 years) maximum fishing rate
(q q= max) due to initially high levels of u and a steady‐state for
u in the range ∈t [~6, ~7] years. Moreover, a continuous
reduction of the cod population can be observed, supposably due
to the high fishing activity and subsequent shortage of prey. We

FIGURE 3 | The control and state solutions at t = 2.75 years showing the emergence of MPA232 (Kadetrinne) as penalty σ increases. A

maximum fishing rate (high q) also emerges around the perimeter of ΩMPA. The radial gradient centered at Rostock with higher q values, and

correspondingly reduced biomass u, is a result of the vessel transport costs in the cost functional.

FIGURE 4 | The changing control qMPA and optimal solutions. The plots show the impact of the penalty parameter σ on the fishing rate inside

the MPA, qMPA (a), and the resulting biomass of herring u* and cod v* (b) at T = 6 years and ρ = 10−5. For ≥σ 27, the onset of a no take zone can be

observed.

8 of 13 Natural Resource Modeling, 2025

 19397445, 2025, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/nrm

.70000, W
iley O

nline L
ibrary on [18/02/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

60



also like to mention the analysis by Hutchings (Hutchings 2000),
who showed there is little evidence of rapid gadid recovery and
they may still not experience recovery as much as 15 years after
45%–99% declines.

4.2 | Penalized Fishing Strategy

To simulate the enforcement of a penalty regime, parameter
r x( ) was reenabled to contain both the transport and penalty
costs by setting σ > 0 in equation (12). The penalty was then
increased exponent‐wise within the range ∈σ [2 , 2 ]0 8 . The
remaining parameters remain consistent with the nonpenalized
version above.

Figure 3 shows the control and state solutions on the mesh in
the vicinity of ΩMPA at an early time point, showing how the
MPA appears due to addition of the σ term in (12). Observe that
the MPA first emerges from the furthest northern point from
Rostock where the penalty applies, and expands southwards.

This is due to the furthest point having higher transport costs,
leading to lower fishing and higher prey stock u. To further
investigate the effect of penalization on rate q, we define a local
variable qMPA as the integral over all the finite‐element cells
contained within ΩMPA over the total run time,

≔  q q x t x t( , )d d .

T

MPA 0 ΩMPA

(18)

To account for the case where a cell overlaps the boundary of
the MPA, we only considered cells that had at least three out of
four Q1 element vertices contained within the MPA.

Figure 4A shows the effect of the penalty parameter σ on the
fishing rate qMPA within ΩMPA (left plot) and the corresponding
normalized optimal solutions for the biomass (u* and v*) (right
plot) at the time horizonT . The biomass shows a peak at σ = 26.
At higher penalties, qMPA is decreasing to zero (i.e. a closed
reserve), but it also leads to reduction of prey due to predator

FIGURE 5 | (a–i) Evolution of the penalized fishing problem for three time intervals of interest under five penalty regimes. The top row shows

the total prey biomass for the entire domain. The bottom two rows show the prey u and predator v biomasses respectively, contained within the MPA.
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dominance. The small difference between the maximum and
minimum can be explained by the relatively small area ofΩMPA

in relation to the whole domain.

The temporal dynamics of the biomass for different penalty
values σ are shown in Figure 5. The top row (A–C) depicts the
overall biomass of prey inside the entire domain Ω. For all
values of σ , the biomass decreases in the first 6–7 years due to
massive harvesting in Ω. Afterwards, in year 7–10, the MPA
regulation leads to a recovery of the fish stock, see plot (C).
Surprisingly, higher penalization leads to lower values of
prey. To understand this, the dynamics inside the MPA is
important. This is shown in the middle row plots (D–F) and
the lower row plots (G–I) of Figure 5. In the initial phase, the
higher penalties induce an expected higher level of u inside
the MPA, see plot (D), which in turn drives the predator
levels higher for all subsequent times, as in plots (G–I).
However, in the intermediate phase, plot (E), there is a
convergence in the prey biomass at the latter end of the
interval as predation catches up. In the late phase, plot (F),
the expectation that a fishing ban ( ≥σ q2 ; = 07

MPA ) neces-
sarily generates a higher population is reversed due to the
dominant predation. Overall, a complete reserve closure
initially provides only a short‐term benefit for the domain
wide amount of biomass, which then becomes detrimental in
the medium to long‐term. The reserve sees a longer lasting
benefit from no harvesting but only up to an intermediate
time, where the later phase then sees an equal benefit when
transitioning to a medium (σ = 24) penalty. There are then
three scenarios:

1. The maximum penalty (σ = 28) provides a whole‐domain
benefit for the prey only in the initial period and favors the
predators for all times.

2. A high penalty (σ = 27) benefits both species in the short
and intermediate term and is only detrimental to the prey
in the long term.

3. The lower penalties only start to benefit the prey in and
out the reserve at the end of the 10 year period but dis-
advantage the predators for all times.

Figure 6A,B show the prey levels in the reserve and everywhere
outside it ( ⧹Ω ΩMPA) as a function of the penalty at time points
corresponding to the interval endpoints in Figure 5. It can be
seen in Figure 6A that for the shorter time spans (2 and
3.5 years), an increasing penalty leads to a monotonic increase,
then plateau in the biomass. For the 7 year time span, there is at
first a growth in the biomass level until a maximum at σ = 26,
after which there is a decay. In the long term (10 years), the
levels remain constant for almost all σ values and then also
starts falling off after ≥σ 26. In Figure 6B (outside the reserve),
the only time span to show the slightest growth is the also
shortest. Note that the 10 year level in Figure 6A,B is always
higher than that for 7 years. This is due to the convex shape of
the growth in u as the juveniles ui approach their carrying
capacity K , and the 7 year sample point being in the region of
the minimum in Figure 5B,E. Graphs 6C,D are the corre-
sponding predator population, showing their population levels
driven higher within ΩMPA as a direct dependency on σ ,
whereas their levels remain constant on the outside of the MPA.

FIGURE 6 | (a–d) Snapshots of the mature prey u (top row) and predator v (bottom) populations at 2, 3.5, 7, and 10 year time points for all levels

of penalty σ within the MPA (left column) and its effect everywhere outside (right column).
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Hence, we observe that a high penalty effectively discourages
human fishing, offering short‐term protection for the prey.
However, this also results in an increase in the predator pop-
ulation, which ultimately harms the prey in the long term.
Moreover, a low penalty allows both humans and predators to
exploit the prey, creating competition between the two. This
consistently puts the predator at a disadvantage.

As a further enhancement, one could consider dynamic MPAs
with a time‐dependent penalty, σ σ t= ( ). This approach would
enable the use of a high penalty to initially help the prey pop-
ulation recover, followed by a lower penalty later to allow for
human fishing. Such a strategy could potentially prevent the
predator population from becoming excessively large, which
could harm the prey in the later stages.

5 | Conclusion

We have presented the results of a fishing optimization problem
that considers how the prey species in an age‐structured
predator‐prey system is affected by predation and harvesting in
the region of an MPA in the Baltic Sea. Somewhat surprisingly,
the penalization of vessels entering the reserve did not incur a
simple response of increased prey biomass, but rather displayed
a more nuanced relationship between the species in the system.
We identified three scenarios: (a) For maximal penalty in the
MPA, the prey initially benefits across the entire domain but
favors predators throughout the entire time horizon. (b) A high
penalty provides short‐ and intermediate‐term benefits to both
prey and predators, but negatively impacts prey in the long
term. (c) At lower penalties, the prey benefits both inside and
outside the reserve only toward the end of the 10‐year period,
while consistently disadvantaging predators.

It is reasonably well established that MPAs exhibit a biological
response (Lester et al. 2009; Lester and Halpern 2008) and how
this is manifested using known biological parameters is seen in
our results. Central to our problem design is the compliance of
fishing vessels to not enter a fixed protected area, or when they do,
the imposition of a penalty for doing so. The implementation of
such a compliance regime is not unfeasible due to the political
makeup of the Baltic region. First, since all the neighboring ex-
clusive economic zones are directly adjacent to each other there
can be no unregulated, unreported, and unauthorized (IUU) high
seas fishing within the basin. Second, the geofencing of ocean
patches and tracking vessels traversing them has become feasible
with the adoption of the automatic identification system (AIS), a
GPS position broadcast system. The designation of the MPAs is
already communally managed by the surrounding member states,
all that remains seems to be the willingness to enforce compliance.

We are aware of a modest bias in our parameter sources due to
the dominance of aquaculture studies in the available literature,
which is driven by a commercial interest in growth efficiency in
farmed fish. The publication of more field study data would
therefore be helpful for the further refinement of our analysis.
Another direction of future research would be the addition of a
temperature dimension to the model. Temperature variations
are known to directly affect the feeding rate, handling time
(Knutsen and Salvanes 1999), swim speed, and hence diffusion

(Claireaux et al. 1995), and attack rate (Lang et al. 2012) of
Gadus morhua. Given the difficulty in obtaining such data in
field trials, it would nevertheless make an interesting compar-
ison to our aquaculture influenced results.
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Abstract

We analyze the existence of solutions for the finite-element discretized stationary
and time-dependent sedimentation-consolidation partial differential equations
(PDEs) using recent advances in the local-projection stabilization (LPS) method.
The sedimentation model studied here couples gravitationally forced Stokes flow
and a convection-diffusion equation for the solids concentration, with boundary
conditions selected to mimic physical applications. This system is highly non-
linear and sensitive due to the non-constant velocity and concentration coupling
terms, as well as the nonlinear flux term in the convection equation. We provide
an overview of pre-existing methods already developed for solving this class of
problem, establish the coercivity of the underlying operator, as well as conditions
for the existence of discrete solutions. For convection-dominated regimes using
non-inf-sup stable finite elements with LPS, we demonstrate that stabilization
effectively eliminates interior and boundary layers in the velocity and pressure
solutions. Numerical examples in two and three dimensions for the non-stationary
case illustrate the theoretical results.
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Methods

MSC Classification: 35A01 , 35A25 , 35G61 , 35Q35 , 65N30 , 65N12

1

69



1 Introduction

The computational simulation of gravitational sedimentation and consolidation is cru-
cial for various industrial and natural processes. Despite the highly nonlinear nature of
these problems, most stabilization methods have focused on residual-based approaches,
or their variations. This paper explores the application of recent advances in LPS for
flow and convection problems applied to sedimentation-consolidation under gravity.

Such models have been used in optimizing gravity thickeners for solid-liquid separa-
tion in mineral processing (Benn et al., 2018) and wastewater treatment (Ekama et al.,
1997). A gravitational thickener is a large container where an untreated suspension
enters, sediment concentrates at the bottom, and clear liquid overflows. Flocculants
are often added to accelerate separation. For foundational studies on gravity thicken-
ers and flocculated settling, see (Fitch, 1966), and for the theory of settling convection
and boundaries, refer to (Hill et al., 1977; Acrivos and Herbolzheimer, 1979).

A general mathematical model for sedimentation-consolidation of flocculated sus-
pensions was developed by (Bürger et al., 2000), where a Navier-Stokes-type system
was coupled with a convection-diffusion equation via concentration-dependent diffu-
sion and viscosity functions. They analyzed solvability in two and three dimensions,
depending on phase and mixture viscosities, and presented numerical results for a
one-dimensional case using a finite difference operator splitting method. Subsequent
numerical solutions in two and three dimensions were explored in (Bürger et al., 2015;
Ruiz-Baier and Torres, 2015) using finite volume-element methods, while (Kleine and
Reddy, 2005) applied stabilized finite elements. (Bürger et al., 2015) modeled a settling
tank with inlet and outlet boundaries, whereas (Ruiz-Baier and Torres, 2015) focused
on gravity settling in closed channels, introducing a variational multiscale stabilization
for the Navier-Stokes component. Previously, (Bürger et al., 2012) proposed a stabi-
lized finite volume element method (FVM) using transfer maps to align test and trial
spaces, producing a scheme structurally similar to an edge-based stabilization method.

These models, including ours, are based on Kynch’s hindered settling theory
(Kynch, 1952), which describes how increasing local particle concentration slows sed-
imentation. The settling velocity V (ϕ) is a monotonically decreasing function of
concentration, playing a crucial role in the sediment transport flux function. For these
problems, Stokes viscosity is modeled as a nonlinear function, where an exponent
controls the onset and slope. The diffusivity function is also nonlinear and material-
dependent, often fitted to experimental data. For example, (Bürger et al., 2000)
calibrated their model using flocculated kaolin deposition experiments. The combina-
tion of strong nonlinearities and coupling between the incompressibility constraint and
field equations results in a highly sensitive system, making accurate numerical solutions
challenging. The finite-volume method (FVM) is widely used due to its conservation
properties and implementation simplicity, similar to finite differences. It achieves opti-
mal error estimates in the H1-norm, comparable to the linear finite-element method
(FEM) (Ewing et al., 2002; Ronghua, 1987), and optimal order estimates in the L2-
norm are also attainable (Ewing et al., 2002). Studies on FVM for generalized Stokes
problems (Chou and Kwak, 1998; Rui, 2005) leveraged its connection to FEM, obtain-
ing error estimates through finite-element techniques satisfying the discrete inf-sup
condition.
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In this work, we apply the LPS method (Becker and Braack, 2001) to these models.
LPS stabilizes gradient fluctuations by constructing a global projection from local
ones, avoiding computationally expensive second-order derivatives. Recent extensions
of LPS to non-Dirichlet boundary conditions, such as Neumann-type stabilization for
inflow and outflow conditions (Braack, 2018), motivate our approach. Here, we apply
LPS to stabilize both the flow and transport components simultaneously. The key
advantage of LPS for coupled PDE systems is its avoidance of additional couplings
between unknowns due to the absence of second-order derivatives. To our knowledge,
the full system in Section 2 has not yet been stabilized using LPS.

These models belong to a broader class of variable-coefficient coupled flow-
transport problems relevant to other fields, such as thermal convection flows with
temperature-dependent coefficients (Tabata and Tagami, 2005; Lorca and Boldrini,
1999), natural convection (Jha et al., 2023), mantle-magma dynamics with Darcy flow
(Dannberg and Heister, 2016), and soil science (Lee et al., 2000). Our results may thus
be of interest beyond sedimentation modeling.

The paper is arranged as follows: Section 2 introduces the continuous equations and
parameter definitions. Section 3 presents the discretization and stabilization terms.
Finally, Section 4 demonstrates two numerical examples: a 2D in-outflow setup and a
3D case with flow obstacles.

2 Problem description

The consolidation of a sediment suspension in a fluid is governed by the coupling
of Stokes flow with gravitational forcing, alongside a convection-diffusion-reaction
equation. The choice of the Stokes model is well-suited for describing suspension
motion, as sedimentation occurs slowly under a predominantly gravitational body
force. This justifies focusing on the laminar macroscopic flow over large temporal
scales, where turbulence would merely delay particle deposition. The suspended solid
phase is thus treated as a continuous phase within a two-phase system.

We consider the incompressible flow of a fluid in a bounded Lipschitz domain
Ω ⊂ Rd, where d ∈ {2, 3}, with boundary Γ = ∂Ω. The time interval of interest
is (0, T ), and we define the space-time domain as ΩT := Ω × (0, T ). The Stokes
problem, governing the velocity field u : ΩT → Rd and pressure p : ΩT → R, is
subject to a no-slip (homogeneous Dirichlet) condition on part of the boundary. A
zero-stress (natural outflow) condition is imposed on Γout. For the transport equation,
the solid concentration ϕ : ΩT → R satisfies a Neumann boundary condition on Γ,
except at the inflow boundary Γin, where a smooth Dirichlet condition is prescribed.
This configuration permits material entry into Ω via Stokes convection while ensuring
containment due to the no-flux barrier.

The governing system of equations is given by:

∂tϕ− div(κ(ϕ)∇ϕ) + u · ∇ϕ = ∇ · f(ϕ) in ΩT , (1)

∂tu− div(µ(ϕ)ε(u)− pI) = ϕ g in ΩT , (2)

divu = 0 in ΩT , (3)
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with boundary conditions

u = 0 on Γ× (0, T ) \ (Γin ∪ Γout) (4)

∇ϕ · n = 0 on Γ× (0, T ) \ Γin (5)

u = uin on Γin × (0, T ) (6)

ϕ = ϕin on Γin × (0, T ) (7)

µ(ϕ)∇u · n− pn = −p0n on Γout × (0, T ) (8)

and initial condition

u(0) = u0 in Ω. (9)

As usual, n denotes the boundary normal vector, and t represents time. The gravi-
tational force is given by g = gk, where k is the downward-facing unit normal. The
right-hand side of (1) represents the divergence of the Kynch flux function, a vector
oriented in the downward direction. This flux function was first introduced in (Kynch,
1952):

f(ϕ) := v∞ϕV (ϕ)k, V (ϕ) :=

{
(1− ϕ/ϕmax)

nRZ , 0 ≤ ϕ ≤ ϕmax,

0, ϕ < 0 or ϕ > ϕmax,
(10)

with Stokes settling velocity v∞ ≥ 0, and the so called hindered settling factor V (ϕ),
which represents the slip velocity of particles in a suspension, and nRZ ∈ N. A nominal
maximal concentration ϕmax is used to prevent singularities.

The body force term ϕ g : Ω → Rd on the right-hand side of (2) accounts for
local fluctuations in ϕ that influence the mixture flow. The strain tensor, defined as
ε(u) = 1

2 (∇u+∇uT), appears inside the divergence term in (2) due to the presence of
a variable viscosity µ(ϕ). The viscosity µ(ϕ) is a nonlinear, concentration-dependent
Newtonian viscosity, as described by (McLachlan, 1986; Ruiz-Baier and Torres, 2015):

µ(ϕ) := µ0(1− ϕ/ϕ̃max)
−β , β ∈ N,

with minimal viscosity µ0 > 0, and nominal maximum concentration ϕ̃max ≥ ϕmax.
If flocculation is neglected, self-diffusion can be modeled solely by the constant

κ(ϕ) ≡ D0, which remains a viable approach. However, to include flocculation effects,
the function κ(ϕ) represents a local, nonlinear, concentration-dependent diffusion
term, as documented in (Guazzelli and Hinch, 2011; Guazzelli et al., 2011):

κ(ϕ) := D0 −
v∞ϕV (ϕ)σ′

e(ϕ)

(ρs − ρf )gϕ
, where σe(ϕ) :=

σ0α

ϕα
c

ϕα−1, α ∈ N. (11)

The effective solid stress function σe(ϕ) models sediment compressibility, particularly
when particle flocculation is considered. It satisfies σe ∈ C2(R) with σ′

e ≥ 0, ensuring
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Fig. 1: The nonlinear characteristics of the continuous concentration-dependent local
diffusion (left) and viscosity functions (right) for given initial and inflow conditions.

non-negative compressive stress. Figure 1 illustrates example profiles of the diffu-
sion and viscosity functions, highlighting potential variations in initial and boundary
conditions. By κ0 we denote the lower bound

κ0 := inf {κ(ϕ) : 0 ≤ ϕ ≤ ϕmax} .

We assume that this lower bound is positive, κ0 > 0.
The coupling of the forced Stokes system with the transport equation in (1)

introduces several issues that affect the numerical stability of a solution:

• For the convection-dominated makeup, i.e. κ(ϕ) small, the problem leads to a failure
in the pure Galerkin approximation to find a solution at the discrete level without
spurious over- and undershoots.

• Additionally, the method for solving the system demands the use of inf-sup stable
finite element pairs for pressure and velocity, unless some form of stabilization is
utilized.

• Further still, the solution method also has to ensure the local conservation of mass.

3 Variational formulation and discretization

In the case of a stationary problem, the equation system (1)-(3) can be reformulated
into

−div(κ(ϕ)∇ϕ) + u · ∇ϕ−∇ · f(ϕ) = dϕ in Ω, (12)

−div(µ(ϕ)ε(u)− pI)− ϕ g = du in Ω, (13)

divu = 0 in Ω, (14)

with right-hand sides dϕ and du, accounting for the inhomogeneous Dirichlet data (6)-
(8). The sought solution is then given by ϕ + ϕin, u + uin, and p, where ϕin and uin
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are extensions of the boundary data to Ω. We now present the variational formulation
and the finite-element discretization for the stationary problem.

3.1 Variational formulation for the stationary equations

The corresponding Hilbert spaces are defined as follows:

Vϕ := {ϕ ∈ H1(Ω), : ϕ = 0 on Γin},
Vu := {u ∈ H1(Ω)3 : u = 0 on ∂Ω \ Γout},
Vp := L2

0(Ω).

Thus, we have ϕ ∈ Vϕ, u ∈ Vu, and p ∈ Vp. The inner products in L2(Ω) and L2(Γ)
are denoted by (·, ·) and (·, ·)Γ, respectively. The L2(Ω)-norm will be denoted by ∥ · ∥.
We now introduce the following three forms:

a1(ϕ,u;φ) := (κ(ϕ)∇ϕ,∇φ) + (u · ∇ϕ, φ) + (f(ϕ),∇φ)− (f(ϕ) · n, φ)Γ
+
1

2
((divu)ϕ, φ), (15)

a2(ϕ,u;φ) := (µ(ϕ)∇u,∇φ)− (ϕg, φ), (16)

b(u;φ) := (divu, φ). (17)

We assemble the three variables ϕ,u and p in the tuple x := [ϕ,u, p] ∈X := Vϕ×Vu×
Vp. Denoting the test functions by y := [y1,y2, y3], we define the form A : X×X → R
by

A(x,y) := a1(ϕ,u; y1) + a2(ϕ,u;y2)− b(y2, p) + b(u, y3). (18)

Furthermore, we define the functional d ∈X ′ defined by ⟨d,y⟩ := (dϕ, y1) + (du,y2).
The equation can now be written in the compact form

x ∈X : A(x,y) = ⟨d,y⟩ ∀y ∈X. (19)

3.2 Weak continuity of the underlying nonlinear operator

In this section, we establish the weak continuity of the operator defined above. This
property is crucial for proving the existence of weak solutions.

Lemma 3.1 The operator introduced in (18) is sequentially weakly continuous. Specifically,
if (xn)n∈N is a weakly convergent sequence in X such that xn ⇀ x, then for every y ∈ X,
it holds that:

lim
n→∞A(xn,y) = A(x,y).

Proof All linear components are obviously continuous, so we focus on the nonlinear terms of
the operator.
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Assume ϕn ⇀ ϕ in Vϕ and un ⇀ u in Vu. By a compactness argument, the weak

convergence of xn = [ϕn,un, pn] implies convergence in L2-norm for the H1-components:

lim
n→∞ (∥ϕn − ϕ∥+ ∥un − u∥) = 0.

Using the trace theorem (Adams, 1975), which states that the trace operator γ : H1(Ω) →
Lq(∂Ω) is continuous for 2 ≤ q ≤ 4 and compact for 2 ≤ q < 4, we obtain:

lim
n→∞ ∥ϕn − ϕ∥L2(∂Ω) = 0.

Since ∥V ′∥L∞ ≤ nRZ , we get:

lim
n→∞

(
∥ϕn − ϕ∥L2(∂Ω) + ∥V (ϕn)− V (ϕ)∥L2(∂Ω)

)
→ 0.

For a test function φ ∈ C∞(Ω) with φ|Γin
= 0, we analyze the convective term:

T1,n := (div (unϕn − uϕ), φ).

Splitting and estimating yields:

T1,n = (div ((un − u)ϕ), φ) + (div (u(ϕn − ϕ)), φ) + (div ((un − u)(ϕn − ϕ)), φ).

The first term vanishes for n → ∞ by weak convergence un ⇀ u, and the second term
vanishes by weak convergence ϕn ⇀ ϕ. The third is controlled using boundedness and
convergence in the L2-norm:

(div ((un − u)(ϕn − ϕ)), φ)

= ((ϕn − ϕ)div (un − u), φ) + ((un − u)∇(ϕn − ϕ), φ)

≤


∥ϕn − ϕ∥︸ ︷︷ ︸

→0

∥div (un − u)∥︸ ︷︷ ︸
<∞

+ ∥un − u∥︸ ︷︷ ︸
→0

∥∇(ϕn − ϕ)∥︸ ︷︷ ︸
<∞


 ∥φ∥L∞ .

This results in limn→∞ T1,n = 0. For the bulk term with nonlinear flux f :

T2,n := |(f(ϕn)− f(ϕ),∇φ)|+
∣∣∣∣
∫

∂Ω
(f(ϕn)− f(ϕ)) · nφds

∣∣∣∣ ,

we estimate the differences in the L1-norm:

T2,n ≤ ∥f(ϕn)− f(ϕ)∥L1∥∇φ∥L∞ + ∥f(ϕn)− f(ϕ)∥L1(∂Ω)∥∇φ∥L∞

≤ |v∞||k|
(
∥ϕV (ϕ)− ϕnV (ϕn)∥L1 + ∥ϕV (ϕ)− ϕnV (ϕn)∥L1(∂Ω)

)
∥∇φ∥∞.

The two L1-integrals converge, because:

∥ϕV (ϕ)− ϕnV (ϕn)∥L1 ≤ ∥(ϕ− ϕn)V (ϕn)∥L1 + ∥ϕ(V (ϕ)− V (ϕn))∥L1

≤ (|Ω|1/2 + ∥ϕ∥∥V ′∥L∞) ∥ϕ− ϕn∥︸ ︷︷ ︸
→0

,

∥ϕV (ϕ)− ϕnV (ϕn)∥L1(∂Ω) ≤ (|∂Ω|1/2 + ∥ϕ∥L2(∂Ω)∥V ′∥L∞(∂Ω)) ∥ϕ− ϕn∥L2(∂Ω)︸ ︷︷ ︸
→0

.

This implies limn→∞ T2,n = 0. For the diffusive term with nonlinear coefficient

T3,n := |(κ(ϕn)∇ϕn − κ(ϕ)∇ϕ,∇φ)|,
we have ∇κ(ϕ) = κ′(ϕ)∇ϕ ∈ L2(Ω), hence, κ(ϕ) ∈ H1(Ω). This is used to derive the following
upper bound:

T3,n ≤ |((κ(ϕn)− κ(ϕ))∇ϕn,∇φ)|+ |(ϕn − ϕ, div (κ(ϕ)∇φ))|
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+

∣∣∣∣
∫

∂Ω
(ϕn − ϕ)κ(ϕ)∇φ · n ds

∣∣∣∣
≤ ∥κ(ϕn)− κ(ϕ)∥∥∇ϕn∥∥∇φ∥L∞ + ∥ϕn − ϕ∥︸ ︷︷ ︸

→0

∥div (κ(ϕ)∇φ)∥

+ ∥ϕn − ϕ∥L2(∂Ω)︸ ︷︷ ︸
→0

∥κ(ϕ)∇φ · n∥L2(∂Ω).

Using the convergence ∥κ(ϕn)− κ(ϕ)∥ ≤ ∥κ′∥L∞∥ϕ− ϕn∥ → 0 and ∥ϕn − ϕ∥ → 0 we arrive
at limn→∞ T3,n = 0. Combining all these results yields:

lim
n→∞A(xn,y) = A(x,y) ∀y ∈ C∞(Ω)d+2.

Using density and continuity with respect to the second argument, we conclude weak-*
convergence:

A(xn, ·) ∗
⇀ A(x, ·).

□

3.3 Coercivity of the underlying nonlinear operator

In this section, we establish the nonlinear coercivity of the operator restricted to
divergence-free velocities. We define the subspace of divergence-free functions:

X0 := Vϕ × (Vu ∩ {u ∈ H1(Ω)d : divu = 0}),

and introduce the operator A0 : X0 ×X0 → R, defined by restricting A:

A0(ϕ,u; y1,y2) := A(ϕ,u, 0; y1,y2, 0) = a1(ϕ,u; y1) + a2(ϕ,u;y2).

This reformulation highlights the behavior of the nonlinear operator on the divergence-
free subspace, setting the stage for demonstrating its coercivity.

Lemma 3.2 If κ0 > 0 is sufficiently large, the coercivity condition is established as

A0(ϕ,u;ϕ,u) ≥ µ0

2
∥∇ϕ∥2 +

κ0
4
∥∇u∥2 ∀[ϕ,u] ∈ X0. (20)

The lower bound for κ0 depends on v∞, k, µ0, g, Ω.

Proof 1. Testing (15) with φ = ϕ:

a1(ϕ,u;ϕ) = ∥κ(ϕ)1/2∇ϕ∥2 + (f(ϕ),∇ϕ)− (f(ϕ) · n, ϕ)Γ.
With f ◦ ϕ ∈ L2(Ω) and ∥f(ϕ)∥ ≤ |v∞|||k|∥ϕ∥, we apply the Poincaré and trace inequalities
and obtain the bound:

|(f(ϕ),∇ϕ)|+ |(f(ϕ) · n, ϕ)Γ| ≤ ∥ϕ∥|v∞||k|
(∫

Ω
|∇ϕ|+

∫

Γ
|ϕ|

)
≤ c∥∇ϕ∥2, (21)

with a constant c > 0 depending on v∞, k and Ω. If κ0 ≥ 2c, then

a1(ϕ,u;ϕ) ≥ κ0
2
∥∇ϕ∥2.
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2. Testing of (16) with φ = u, using Poincaré. and Young’s inequality, leads to

a2(ϕ,u;u) = ∥µ(ϕ)1/2∇u∥2 + (ϕg,u)

≥ µ0∥∇u∥2 − |g|∥ϕ∥∥u∥
≥ µ0

2
∥∇u∥2 − cΩµ

−1
0 |g|2∥∇ϕ∥2.

3. If κ0 ≥ 4cΩ|µ−1
0 g|2, then

A0(ϕ,u;ϕ,u) = a1(ϕ,u;ϕ) + a2(ϕ,u;u) ≥ µ0

2
∥∇u∥2 +

κ0
4
∥∇ϕ∥2.

This confirms the coercivity condition (20). □

3.4 Existence of weak solutions

The following Proposition states the existence of solutions:

Proposition 3.3 For sufficiently large κ0 > 0, the system (12)-(14), combined with boundary
conditions (4)-(8), admits a weak solution x = [ϕ,u, p] ∈ X.

Proof Since the bilinear form a3 is independent of p, equation (19) forms a saddle-point
problem. We decompose it into two subproblems:
1. Velocity-solid concentration pair: Find [ϕ,u] ∈ X0 such that:

A0(ϕ,u; y1,y2) = (bϕ, y1) + (bu,y2) ∀[y1,y2] ∈ X0. (22)

The form A0 is coercive (Lemma 3.2) and sequentially weak continuous (Lemma 3.1). Thus,
according to Theorem IV.1.2 from (Girault and Raviart, 1986), the nonlinear equation (22)
has a solution.

2. Pressure recovery: Determine p ∈ Vp by

b(y2, p) = (µ(ϕ)∇u,∇y2)− (ϕg,y2) ∀y2 ∈ Vu. (23)

The bilinear form b(·, ·) satisfies an inf-sup condition. Theorem IV.1.4 from (Girault and
Raviart, 1986) then guarantees a solution for subproblems (23), completing the proof. □

3.5 Finite element formulation for the stationary equations

To discretize equation (19), we employ equal-order finite elements. We denote the
underlying quadrilateral mesh (for d = 2) or hexahedral mesh (for d = 3) by Th, where
h denotes the mesh size. We define the finite-dimensional subspaceXh ⊂X, consisting
of continuous, piecewise bi-linear Q1 functions on each cell K ∈ Th for the discrete
variable xh ∈ Xh. Since equal-order elements are not inf-sup stable for the bilinear
form b(·, ·), stabilization is required. The stabilized discrete form Ah : Xh ×Xh → R
is defined as:

Ah(x,y) := A(x,y) + Sβ(ϕ, y1) + Sδ(p, y3).

where x = [ϕ,u, p] and y = [y1,y2, y3].
Both Sβ and Sδ use a local projection operator πh := id−κh, where κh : L2(Ω)d →

Dd
h is a fluctuation operator onto the space Dh of patch-wise discontinuous, constant

functions. For further details, we refer to (Becker and Braack, 2001).
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• Pressure stabilization: To address the lack of discrete inf-sup stability, we use:

Sδ(p, y) :=
∑

K∈T2h

δK

∫

K

πh∇p · πh∇y

where δK = h2
K .

• Convective stabilization: If κ is small compared to |u|, the convective term in
a1 requires stabilization via:

Sβ(ϕ, y) :=
∑

K

βK

∫

K

πh∇ϕ · πh∇y,

where βK = β0hK .

Finally, we solve the nonlinear system:

xh ∈Xh : Ah(xh,yh) = ⟨b,yh⟩ ∀yh ∈Xh. (24)

3.6 A general solvability result for finite-dimensional
nonlinear equations

To establish the existence of discrete solutions for the nonlinear system (22), the
approach used in the proof of Proposition 3.3 is not directly applicable. The main
challenge arises from the additional coupling of pressure in the divergence equation,
which disturbs the saddle-point structure. As a result, we resort to the existence theory
developed in (Becker and Braack, 2024a), along with its extension to specific systems
in (Becker and Braack, 2024b).

The starting point is a Banach space of the form X := Y × Q and an operator
A : X → X ′ defined for x = [v, p]T ∈ X as follows:

A(x) :=

(
C(v)
0

)
+

[
L −B∗

B T

] [
v
p

]
, (25)

where L ∈ L(Y, Y ′) (i.e. a linear continus operator from Y into its dual Y ′),
T ∈ L(Q,Q′), and B ∈ L(V,Q′) are linear operators. The operator C : Y → Y ′ is
not necessarily linear, but sequentially weak continuity is required: xn ⇀ x implies
C(xn)

∗
⇀ C(x). For a given right-hand side b ∈ Y ′×{0}, a sufficient condition for the

existence of a solution to the equation

x ∈ X : A(x) = b (26)

is provided by the following Proposition, see Prop. 4.3 in (Becker and Braack, 2024b).

Proposition 3.4 The operator A : X → X ′ is assumed to be of form (25) with the properties:
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• (A1) L is coercive.
• (A2a) It holds ⟨Tp, p⟩Q′,Q ≥ 0, for all p ∈ Q.
• (A2b) There exists Θ ∈ L(Q,Y ) which is onto, and a constant cT ∈ R s.t.

⟨B∗p,Θp⟩Y ′,Y ≥
1

2
∥p∥2Q − cT ⟨Tp, p⟩Q′,Q ∀p ∈ Q.

• (A3) It holds ⟨C(u), u⟩Y ′,Y ≥ 0 for all u ∈ Y .
• (A4) ∥C(u)∥Y ′ ≤ cN∥u∥2Y for all u ∈ Y .

Then, equation (26) has a solution.

Note that assumption (A2b) acts as a discrete inf-sup condition.

3.7 Solvability of the finite-dimensional sedimentation
equations

Now, we apply Proposition 3.4 to establish the solvability of the sediment equations
discretized using the finite element method described above.

Proposition 3.5 For sufficiently large κ0 > 0, equation (24) has a solution.

Proof We begin by reformulating equation (22) to match the structure required in Proposition
3.4. The operator in question takes the form in (25), where the variable v corresponds to the
tuple [ϕ,u]. Specifically, we incorporate the diffusive components of a1 and a2 into the linear
operator L, which is defined as:

⟨L[ϕ,u], [y1,y2]⟩ :=
κ0
2
(∇ϕ,∇y1) +

µ0

2
(∇u,∇y2)− (ϕg,y2) + Sβ(ϕ, y1).

The remaining (nonlinear) part is given by:

⟨C[ϕ,u], [y1,y2]⟩ = (u · ∇ϕ, y1) +
1
2 ((divu)ϕ, y1) + (f(ϕ),∇y1)− (f(ϕ) · n, y1)Γ

+((κ(ϕ)− 1
2κ0)∇ϕ,∇y1) + ((µ(ϕ)− 1

2µ0))∇u,∇y2).

As already shown in Lemma 3.1, the nonlinear terms are sequentially weakly continuous.
The operator T consists of the pressure-pressure coupling ⟨Tp, q⟩ = Sδ(p, q). We now verify
properties (A1)-(A4) step by step.
(A1): We establish a lower bound for L. We have the following estimate:

⟨L[ϕ,u], [ϕ,u]⟩ =
κ0
2
∥∇ϕ∥2 +

µ0

2
∥∇u∥2 + Sβ(ϕ, ϕ)− (ϕg,u)

≥ ( 12κ0 − c|g|µ−1
0 )∥∇ϕ∥2 +

µ0

2
∥∇u∥2.

This shows that L is coercive, provided that κ0 > 0 is sufficiently large, thus verifying
property (A1).
(A2a): This property is clearly satisfied because ⟨Tp, p⟩ = Sδ(p, p) ≥ 0.
(A2b): This property is shown in (Becker and Braack, 2024b) for LPS stabilization Sδ.
(A3): From the identity (u·∇ϕ, ϕ)+ 1

2 ((divu)ϕ, ϕ) = 0 we define κδ := κ(ϕ)− 1
2κ0 ≥ 1

2κ0 > 0
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and µδ := µ(ϕ) − 1
2µ0 ≥ 1

2µ0 > 0. With this notation, we obtain the following estimate for
the nonlinear term:

⟨C[ϕ,u], [ϕ,u]⟩ = (f(ϕ),∇ϕ)− (f(ϕ) · n, ϕ)Γ + ∥κ1/2δ ∇ϕ∥2L2(Ω) + ∥µ1/2
δ ∇u∥2L2(Ω).

Using the upper bound from (21), we obtain:

⟨C[ϕ,u], [ϕ,u]⟩ ≥ ( 12κ0 − c)∥∇ϕ∥2L2(Ω) +
1
2µ0∥∇u∥2L2(Ω)

For sufficiently large κ0, this verifies property (A3).
(A4) To show that the norm of C[ϕ,u] grows at most quadratically, we analyze the scaling
behavior of its individual terms. The convective terms (u · ∇ϕ, y1) +

1
2 ((divu)ϕ, y1) scale

quadratically. The diffusive terms ((κ(ϕ)− 1
2κ0)∇ϕ,∇y1) and ((µ(ϕ)− µ0))∇u,∇y2), scale

linearly, as the coefficients κ(ϕ) and µ(ϕ) are bounded in L∞(Ω). Finally, the nonlinearity
of f(ϕ) contributes at most linear growth, given that ∥f(ϕ)∥ ≤ c∥ϕ∥. Therefore, the overall
norm of C[ϕ,u] satisfies the required quadratic bound. □

3.8 Finite element formulation for the time-dependent
equations

Discretizing the time dependence with the implicit (backward) Euler method results
for xn := [ϕn,un, pn] in the system

τIxn +A(xn) = τIxn−1 n ≥ 1, (27)

with initial conditions ϕ0 and u0, the time step τ = tn − tn−1, and the operator

⟨Ix,y⟩ := (ϕ, y1) + (u,y2).

The solvability of the system (27) follows immediately with Proposition (3.5) of the
stationary case and the L2-coercivity of the operator I w.r.t. the variables ϕ and u:
⟨Ix,x⟩ = ∥ϕ∥2 + ∥u∥2.

4 Numerical examples

We now present two numerical examples to demonstrate the results of section 3. The
triangulation employs equal-order Q1 LPS-stable finite element quadrilaterals in 2D
and Q1 cuboids in 3D. In the 2D example, the elements are perfectly shape-regular in
the interior. In the 3D case, the elements remain regular in the interior but become
more loosely quasi-uniform towards the inflow and outflow regions, where they are
constricted into a tighter space. The inflow uin is prescribed using a smooth parabolic
profile to ensure that the Dirichlet conditions on the edges of the neighboring faces
are well-defined. To coerce asymmetry in the laminar stream in each case, an obstacle
is placed in the flow path. The simulation is conducted over the time interval T := [0 :
300], which is discretized into fixed timesteps of ∆t = 0.01 using the implicit Euler
method as the time integrator. In both examples, the stabilization parameters are
chosen as δTK ∝ hK and δFK ∝ hK . The nonlinear system is solved using the Newton
method with a tolerance of 10−9. The resulting linear systems are solved using the
multigrid method with LU preconditioning.
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Parameter Description Value

D0 Hydrodynamic self-diffusion constant 0.012 m2 sec−1

ρs Sediment density 1750 kg m−3

ρf Salt water density 998 kg m−3

v∞ Particle Stokes velocity 0.01 m sec−1

ϕmax Maximum sediment concentration 0.1 kg m−3

ϕ̃max Nominal maximum sediment concentration 0.12 kg m−3

β Newtonian viscosity exponent 2

nRZ Sediment dependent exponent 2

g Gravitational acceleration 9.8 m s−2

σ0 Flocculation scale 0.1 Pa

α Flocculation compressibility exponent 3

ϕc Critical sediment concentration 0.08 kg m−3

Initial and Boundary Conditions

u0 Initial velocity (0, 0, 0)T m sec−1

p0 Stationary pressure solution ϕgz

ϕ0 Initial concentration gradient 5× 10−3(H − z2)/H2 kg m−3

µ0 Viscosity scale 0.01

uin Inlet flow velocity (0.1, 0)T, (0, 0.1, 0)T m sec−1

ϕin Inflowing sediment concentration 0.05 kg m−3

Table 1: Parameters and units for the transport and flow equations designed for a
convection-dominant setting, i.e. ∥u∥ ≫ κ(ϕ). H is the maximum domain height,
i.e. the fluid depth.

o
b
st
a
cl
e

Γin→ Γout→
Ω

Fig. 2: The 2D domain Ω showing the in- and outflow boundaries and the flow hin-
drance. The gray shaded region represents the Q1-elements on the coarsest mesh.

4.1 Parameters and initial conditions

The model parameters used in the examples are listed in Table 1. They were selected so
as to induce a strong convection-dominant flow, allowing us to assess the effectiveness
of the LPS stabilization on the system. To impose an initial concentration gradient,
we set ϕ(z) = ϕ0(H − z2)/H2, resulting in a smooth vertical profile of ϕ(z) ∈ [0, ϕ0],
where H is the maximum domain height.

4.2 2D Example

The two dimensional example domain was constructed as a long 1 × 7m channel,
with a 0.3m width inlet positioned at the upper left and a 0.3m width outflow at
the upper right. Figure 2 provides a detailed illustration of the domain with the mesh

13

81



shown at its coarsest refinement. To perturb the fluid flow and break symmetry in the
stream direction, a rectangular obstacle was placed on the bottom, one-third of the
way from the inlet. Such obstacles (or baffles) are commonly found in water clarifiers
at treatment facilities and have been modeled by researchers, including (Rao et al.,
2007).

Figures 3(a) and 3(b) depict the solution norms ∥p∥L2 and ∥u∥∞ for the initial
settling phase of the pressure and velocity. Figure 3(c) depicts the expected growth in
the L1-norm due to sediment accretion. This growth occurs as material is convected
into the domain from the Dirichlet condition on the inflow face and accumulates
within the domain, owing to the no-flux boundary condition imposed on the convection
equation.

The numerical solutions to equations (1)-(8) are presented as pressure-velocity
and concentration pairs in Figure 4 for three interesting time points, illustrating the
progression of the convected material through the channel. In the left chamber, the
pressure is higher than in the right and develops a vertical gradient as sediment accu-
mulates at a higher concentration due to containment by the barrier. This behavior is
expected, as the Stokes equation (2) directly depends on ϕ.

The strongly convective nature of the flow is evident in Figures 4(b), (d), and (f).
After the initial establishment of pressure and velocity solutions, achieved within 10
iterations at t = 1, Figure 4(b) shows only a minimal diffusive layer at the leading
edge of the concentration front as it begins to convect rightwards. The downward
flow driven by gravitational forces becomes visible in Figures 4(d) and (f). Over time,
the diffusive layer gradually expands, and by Figure 4(f), it stretches further along
the stream direction, feeding into the right-hand chamber. This behavior contrasts
with what may be observed using more diffusive methods such as artificial diffusion
or upwinding (Caussignac and Touzani, 1988), often causing a more pronounced or
smeared diffusive layer. Additionally, Figure 4(c) captures a transient circular motion
in the velocity field within the left chamber, which quickly dissipates. Interestingly, no
such recirculation was observed when the material flowed over the obstacle into the
right-hand chamber.
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Fig. 3: The relevant norms of the two-dimensional pressure and velocity solution over
time, and the increasing L1-norm of the concentration.

14

82



g ↓u p(a) Pressure & velocity, t = 1

Γin→
ϕ(b) Concentration, t = 1

u p(c) Pressure & velocity, t = 10

Γin→
ϕ(d) Concentration, t = 10

u p(e) Pressure & velocity, t = 80

Γin→
ϕ(f) Concentration, t = 80

Fig. 4: LPS stabilized convection-dominated sedimentation flow in 2D at three time
points, t = 1, t = 10, and t = 80. The white rectangular shape is the obstacle.
For Figures (a), (c) and (e) showing both u and p, the colored arrows represent the
direction and magnitude of the velocity u, and p as the background color gradient.

4.3 3D Example

The 3D domain is also constructed as an elongated channel with elevated inflow and
outflow faces, sloping down into a sunken basin in the center. The layout is shown in
Figure 5. In this case, the obstacle is a three-dimensional chicane that forces the flow
through an S-shaped constriction at the base of the ramp. As a result, the stream must
change direction in all three dimensions as it progresses from the inlet to the outlet.
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u

g ↓
Γ

Γin↘

Γout
↓

Fig. 5: The 3D domain Ω detailing the chicane, boundaries Γ, Γin, Γout, and the
velocity solution u(t) after a settling time at t = 120.

p

(a) Pressure

ϕ

(b) Concentration ϕ

Fig. 6: Vertical cutaway through the center of the 3D domain at t = 50 to illustrate
the internal pressure and concentration near the inlet, which has a bulge in the interior
due to the no-slip velocity boundary condition. The dark black lines are the domain
edges.

All parameters remain consistent with those used in the 2D example. As seen in Figure
6(a), a higher pressure region establishes itself in the first chamber before the obsta-
cle, similar to the behavior observed in the 2D case. Figure 7 shows two concentration
contours that illustrate convection through the chicane. The higher concentration con-
tour, shown in red, accumulates near the inflow and begins to flow around the obstacle.
A noticeable drop-off in concentration height occurs as the material moves further
from the inlet. The blue-shaded contour highlights the leading edge of the convected
quantity ϕ.
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u

Fig. 7: Contours of material under convection through the chicane shown from the
rear for improved visibility, with contours for ϕ = 0.045 (semi-transparent red), and
ϕ = 0.025 (blue).

5 Conclusions

In this study, we have developed the solution theory for a nonlinear system of par-
tial differential equations that describe the sedimentation-consolidation process. We
employed the finite element method (FEM) combined with local-projection stabiliza-
tion and demonstrated, via numerical applications of the theory, the stability of our
approach. Our results show that this method effectively captures the complex dynam-
ics of sediment transport, including the interplay between fluid flow and particle
settling. The incorporation of LPS has proven to be essential in addressing numeri-
cal instabilities that often arise in simulations of sediment-laden flows, particularly in
convective-dominated flows and the associated nonlinear behavior.

Our findings indicate that the combination of FEM and LPS provides a high fidelity
in simulation results for such problems. This pairing offers a powerful tool for predict-
ing sedimentation behavior across various environmental and industrial applications.
Furthermore, the computational efficiency of this methodology makes it suitable for
larger, more complex models, enabling further exploration of sediment dynamics under
different conditions.

Future research could extend this framework to include multi-phase flows and
examine the effects of varying particle sizes and shapes, particularly in cases where
flocculation plays a critical role. This would further enhance our understanding of sed-
imentation processes. Moreover, an a priori error estimate for these kinds of nonlinear
equations, would be desirable. Overall, this work contributes to advancing compu-
tational techniques in sedimentation dynamics and opens a new branch for future
investigations into sediment transport phenomena, with significant implications for
environmental management and engineering practices.
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6Conclusion and outlook

In this thesis we focused on solving three distinct applied problems found in natural pro-

cesses with the aim of extending current research results.

Regarding our application to the geosciences, we improved the efficiency of the recently

proposed methods involving coupled Stokes-Darcy flow by proposing a coercive linear op-

erator that allowed for the use of pure equal-order finite element pairs without the need

for additional stabilization terms in the bilinear form. Thus, while still complying with

the well known CFL condition (2.3) time-step restriction, this allowed for an explicit time

discretization in which only an inversion of the mass matrix was required.

Our investigation into sustainable fishing was focused on the enhancement and optimiza-

tion of a spatio-temporal fishing model using the concepts of optimal control discussed in

section 2.5. To achieve this we proposed broadening current models to take in to considera-

tion the environmental effects of species predation, ocean currents, and trawler monitoring

in relation to MPAs. To bring an additional level of realism to our numerical results,

we simulated the system only using previously documented biological parameters where

they were available. For undocumented parameters, such as a diffusion coefficient for the

biomass, we calculated biologically plausible values based on known limits, for example

swimming speed. Some of these parameters could only be sourced from aquaculture stud-

ies which are, admittedly, only loosely related to more realistic values one would find in

free-field studies. Since our model serves as a form of prototype, future work in this area

could be the incorporation of more complete trawler numbers, their harvesting capabili-

ties, as well as all the MPAs they have within their range. Model extensions could also
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take into account the species specific cyclical reproduction and maturation rates. A future

model expansion should also take into consideration the effects of water temperature on

the biomass life-cycle. This would involve an extension in to three dimensions so that

the movement of fish between stratified layers of varying temperatures could better reflect

their temperature sensitivity and accessibility to harvesting.

Finally, regarding our interest in the sedimentation process, we focused on stabilizing

the nonlinear and highly sensitive system through the application of the LPS method as

detailed in section 2.4.4. Prior to this research, finding sedimentation-consolidation so-

lutions was almost exclusively focused on the finite difference method with variations of

residual-based stabilization methods. The work proved the coercivity of the underlying

nonlinear operator and the existence of weak solutions in our application. Our findings

showed that the incorporation of LPS as a stabilization mechanism in a finite element

solver for this class of problem is effective in providing smooth solutions that effectively

address numerical instabilities.
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