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A B S T R A C T

Starting from a potential-based kinematical description of continuously distributed stripe-shaped domain
walls, a mesoscopic potential is derived through an averaging procedure. The resulting mesoscopic theory
is formulated in terms of a few fields with physically meaningful microscopic interpretation. Based on a
phenomenological closure-domain extension, a constrained energy minimization principle is introduced. A
monolithic finite-element based numerical solution algorithm is proposed. Based on a consistent linearization of
the numerical algorithm, quadratic convergence is obtained for the nonlinear solution procedure. A first simple
examination of the theory is undertaken by simulating a thin film with spatially and temporally non-constant
effective anisotropy. The results are found to be consistent with analytical predictions.
1. Introduction

Nowadays, the evolution of magnetic domains through the mo-
tion of domain walls is understood to a high degree. Experimen-
tally, it is possible to observe a richly faceted spectrum of domain
patterns and corresponding observation methods are ever develop-
ing (e.g., [1,2]). These patterns are usually explained by micromagnetic
energy minimization [3]. Although the field has been extensively stud-
ied (see the textbooks by Kronmüller and Fähnle [4], Hubert and
Schäfer [5] and Coey [6]), new phenomena are still discovered and
unraveled (e.g., [7,8]). The Landau–Lifshitz–Gilbert equation is a well-
established approach to describe micromagnetic dynamics, which has
been extensively studied [9,10]. Computational micromagnetism has
been successfully coupled to mechanics, enabling the simulation of
micro-magnetostrictive systems (e.g., [11–13] amongst many others).
Being computationally demanding, related simulations are usually re-
stricted to system that are strongly limited in size and number of
domain walls, making the investigation of mesoscale or macroscale
systems virtually impossible. Although computational homogenization
techniques were developed [14], the related computationally costly
micro-scale problems limit their generality and applicability. In prac-
tice, one is usually either limited to microscopic systems (e.g. [15]) or
phenomenological magnetic material models are chosen, often being
linearized around the working point (e.g. [16]).

Continuum models on an intermediate scale – the mesoscale –
are largely missing. On this scale, the number of domains is too
large for economic micromagnetic simulations but the domain struc-
ture has a distinct effect on the overall system behavior. To give an
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1 The term ‘stripe-shaped domains’ is used to distinguish the considered domain structure from the established term ’stripe domains’. However, under certain
assumptions, the present theory could most likely be extended to include stripe domains as well.

example, recent progress in magnetoelectric sensor technology uses
magnetostrictive thin films being deposited on cantilevers with distinct
mechanical properties and with domain wall numbers in the order of
100–1000 [17]. Further, characteristic domain wall structures occur in
these thin films, often being dominated by stripe-shaped domains1 (see
Fig. 1). While the characteristic length scale of the individual domain
walls is in the nm to μm-range, the sensor dimensions are in the mm-
range, making micromagnetic simulations of the whole sensor virtually
impossible.

This observation motivates the call for new continuum models,
which are able to bridge the scale between conventional micromag-
netism and phenomenological macromagnetic material models. The
aforementioned models need to be taylored for and applicable to
mesoscale systems which frequently occur in practice (like the stripe-
shaped domains discussed above). Further, such models should enable
straightforward multiphysical extensions like a coupling with a me-
chanical FEM-model of the thin film as well as the substrate (often a
cantilever). A natural basis for such a continuum theory is to tentatively
replace the individual domain walls by a continuously distributed do-
main wall density, the evolution equations of which should be derived
from micromagnetic theory.

In the first part of this work, we propose such a theory for stripe-
shaped domains in thin films, combining modeling strategies from
micromagnetism, continuum dislocation theory [18–20], phase-field
models [21,22] and standard-dissipative solids [23]. In the second part,
a finite-element based algorithm is proposed, which uses concepts of
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Fig. 1. Top view of the domain structure of a thin film being applied in a magnetoelectric sensor, adapted from [17] under the license CC BY 4.0 (https://creativecommons.org/
licenses/by/4.0/).
variationally consistent updates [24,25] and algorithmically consistent
tangent moduli [26].

2. Kinematics

We consider a thin-film continuum model with continuously dis-
tributed stripe shaped domain walls. The aim is to derive an ‘effective’
or ‘mesoscopic’ continuum model based on averaging a microscopic do-
main (wall) model being defined on a smaller scale. On the mesoscale,
the thin film of thickness ℎ is considered as a two-dimensional object.
On the smaller microscale, the domain walls are considered as curved
surfaces with surface normals lying within the thin-film 𝒆1-𝒆2-plane.
The thin-film surface normal coincides with the 𝒆3-direction.

On the mesoscale, we describe the domain wall microstructure
in terms of the domain wall density 𝜌(𝒙, 𝑡), which is interpreted as
the total microscopic domain wall area per unit volume within a
small/microscopic averaging (thin film) volume located at (meso-
scopic) position 𝒙 at time 𝑡. We restrict ourselves to ’stripe-shaped’
domains, that is, for an arbitrary control volume or area, each domain
wall ‘enters’ and ‘leaves’ the control volume without intersecting with
any other domain wall or forming triple junctions or the like. In
that case, we can define the vector-valued domain wall density 𝜌𝒆⟂DW,
where 𝒆⟂DW(𝒙, 𝑡) denotes the local domain wall surface normal. The total
number of domain walls being pierced by a mesoscopic curve , lying
in the thin-film plane, is then given by

∫
𝜌𝒆⟂DW ⋅ d𝒔. (1)

Note that the infinitesimal number of domain walls 𝜌𝒆⟂DW ⋅ d𝒔 be-
ing pierced by the line element d𝒔 is a signed quantity. With the
aforementioned properties of stripe-shaped domains, it follows that

∮
𝜌𝒆⟂DW ⋅ d𝒔 = 0 (2)

for an arbitrary closed curve  which, with Stokes’ theorem, implies
that

curl
(

𝜌𝒆⟂DW
)

= 𝟎 ⇔
𝜕(𝜌𝑒⟂DW2)
𝜕𝑥1

−
𝜕(𝜌𝑒⟂DW1)
𝜕𝑥2

= 0. (3)

In other words, there is a domain wall potential 𝛾(𝑥1, 𝑥2), such that

𝜌𝒆⟂DW = ∇𝛾 (4)

with the property that the path-independent integral

𝛾(𝒙B) − 𝛾(𝒙A) = ∫

𝒙B

𝒙A

𝜌𝒆⟂DW ⋅ d𝒔 (5)

corresponds to the effective number of domain walls being pierced
by an arbitrary curve (within the thin film) connecting points A and
B with position vectors 𝒙A and 𝒙B. Further, the contour lines of 𝛾(𝒙)
are parallel to the domain walls and the distance between the contour
lines is proportional to the domain wall distance. This also implies
that domain walls cannot start or end within the thin film, only at its
boundaries.2 We will see below how we can also take the influence of
closure domains into account.

2 In fact, a more general theory may exist, where curl
(

𝜌𝒆⟂DW
)

≠ 𝟎 It is
expected that the value of curl

(

𝜌𝒆⟂DW
)

may then be related to some sort of
triple junction density, which is however beyond the scope of this work.
2

We further describe the microscopic domain structure within our
averaging volume by alternating ‘+’- and ‘−’-domains with correspond-
ing alternating magnetization directions described by the in-plane unit
vectors 𝒎+ and 𝒎− (i.e., neglecting the domain wall width compared
to the domain width), which are also considered as mesoscopic field
variables. Further, we allow for different corresponding widths 𝑑+
and 𝑑− as indicated in Fig. 2 and introduce the mesoscopic field variable
(the effective domain width)

𝑑eff = 𝑑+ − 𝑑−. (6)

For simplicity, we assume that the averaging volume is sufficiently
small, such that the domain walls can be considered locally as straight.
In a first approximation, one may neglect mesoscopic gradients of 𝑑eff ,
corresponding to locally parallel domain walls in the microscopic pic-
ture (compare dashed lines in Fig. 2). However, we expect significant
stray fields related to such gradients and therefore also take ∇𝑑eff into
account by assuming corresponding line inclinations 𝜔 (compare full
lines in the figure).

In summary, the microscopic domain structure is described on the
mesoscale by the following field quantities

• domain wall potential 𝛾(𝒙, 𝑡) with ∇𝛾(𝒙, 𝑡) = 𝜌(𝒙, 𝑡)𝒆⟂DW(𝒙, 𝑡)
• effective domain width 𝑑eff (𝒙, 𝑡)
• domain magnetization directions 𝒎+(𝒙, 𝑡) and 𝒎−(𝒙, 𝑡).

Below, we will additionally introduce a closure domain phase field 𝜉(𝒙, 𝑡)
to account for the interactions of stripe-shaped domains with closure
domains.

3. Mesoscopic energy

The aim of this section is to estimate the mesoscopic energy as a
basis for a subsequent energy/potential minimization. We assume the
total energy in the averaging volume to be representable in terms of
a domain wall energy 𝐸DW, a stray field fluctuation energy 𝐸𝜑, an
anisotropy energy 𝐸a and a Zeeman-potential 𝐸Z:

𝐸 = 𝐸DW + 𝐸𝜑 + 𝐸a + 𝐸Z. (7)

Here, the interaction of the mesoscopic magnetization with the meso-
scopic stray field is still missing but will be included below.

3.1. Domain wall energy

We assume the domain wall energy to be given by

𝐸DW = ∫𝛥𝐴DW

𝜎DW d𝐴, (8)

where 𝜎DW is the domain wall energy per unit area and 𝛥𝐴DW is
the total domain wall area contained in the averaging volume 𝛥𝑉 .
Assuming 𝜎DW constant, for simplicity, we find

𝐸DW = 𝜎DW𝜌𝛥𝑉 = 𝜎DW‖∇𝛾‖𝛥𝑉 . (9)

3.2. Anisotropy energy

The anisotropy energy is given by

𝐸a = 𝜓a d𝑉 , (10)
∫𝛥𝑉

https://creativecommons.org/licenses/by/4.0/
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Fig. 2. Left: Two-dimensional mesoscopic thin film model (top view) with continuously distributed stripe-shaped domains. Right: Sketch of the microscopic model with resolved
omains and alternating ‘+’- and ‘−’-domains. Note that the averaging volume should contain a sufficiently large number of domain walls. For illustration reasons it contains only
our domain walls in the figure.
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here 𝜓a is the anisotropy energy density, depending on the micro-
copic magnetization. In this work, we choose for simplicity

a(𝒎) = 𝐾1(1 − (𝒆a ⋅𝒎)2) (11)

ith the anisotropy constant 𝐾1 and the easy axis 𝒆a (a unit vector).
efining the volume fractions

+ =
𝑑+

𝑑+ + 𝑑−

(6)
= 1

2

(

1 + 1
2
𝑑eff‖∇𝛾‖

)

,

𝜈− =
𝑑−

𝑑+ + 𝑑−
= 1

2

(

1 − 1
2
𝑑eff‖∇𝛾‖

)

(12)

and neglecting variations of 𝒎+ and 𝒎− within the averaging volume,
we find

𝐸a =
(

𝜈+𝜓a(𝒎+) + 𝜈−𝜓a(𝒎−)
)

𝛥𝑉 . (13)

3.3. Zeeman potential

Based on the aforementioned definitions, the mesoscopic Zeeman
potential is estimated as

𝐸Z = −∫𝛥𝑉
𝜇0𝑀

S𝒎 ⋅𝑯ext d𝑉 = −𝜇0𝑀S(𝜈+𝒎+ + 𝜈−𝒎−)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑴

⋅𝑯ext𝛥𝑉 , (14)

where 𝜇0 is the permeability of vacuum, 𝑀S is the spontaneous mag-
netization, 𝑴(𝒙, 𝑡) is the mesoscopic magnetization and 𝑯ext (𝒙, 𝑡) is the
(slowly fluctuating) external magnetic field.

3.4. Stray field fluctuation energy

As is well-known from micromagnetic theory, magnetization jumps
at the domain walls, given by

𝑀S[[𝒎]] ⋅ 𝒏 =𝑀S(𝒎+ −𝒎−) ⋅ 𝒏, (15)

imply magnetic surface charges. Here the domain wall normal 𝒏 points
rom ‘−’ to ‘+’. The microscopic stray field fluctuations related to such
urface charges are energetically costly, such that one usually can
xpect that |[[𝒎]] ⋅ 𝒏|≪ 1. The stray field energy related to such charges
s proportional to the square of the charges. In other words, we assume
hat there is a stray field constant 𝑘𝜑 such that

𝜑 = 𝑘𝜑
(

𝑀S[[𝒎]] ⋅ 𝒏
)2 d𝐴. (16)
3

∫𝛥𝐴DW
w

A longer analytical estimation (see Appendix C) yields

𝑘𝜑 = 𝐷
𝜇0ℎ
4𝜋

(17)

with 𝐷 = 1∕2 + ln(𝑅∕ℎ), where 𝑅 denotes the radius of a cylindrical in-
tegration domain for the stray field calculation around a single domain
wall (for details see Appendix C). For reasonable values of 𝑅 ≫ ℎ, one
obtains 𝐷 ≈ 1 − 10.

In order to make further progress, we assume the domain wall
inclinations to be small, i.e., 𝜔 ≪ 1 (see Fig. 2). Neglecting terms
in (𝜔3) we can write (compare Fig. 2)

𝜔 ≈ 1
4
𝒆DW ⋅ ∇𝑑eff , (18)

here 𝒆DW is the domain wall direction, such that 𝒆DW ⋅ 𝒆⟂DW = 0 and
DW ⋅ 𝒆3 = 0, where 𝒆3 equals the thin-film normal direction. Conse-
uently, the domain wall normals can be approximated by

≈ −𝜔𝒆DW ±
(

1 − 𝜔2

2

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
≈cos𝜔

𝒆⟂DW. (19)

A straightforward computation yields

([[𝒎]] ⋅ 𝒏)2 ≈ ([[𝒎]] ⋅ 𝒆⟂DW)2 − 2𝜔2([[𝒎]] ⋅ 𝒆⟂DW)2 + 𝜔2
‖[[𝒎]]‖2 (20)

with 𝜔 = 𝒆DW ⋅ ∇𝑑eff∕4. Assuming that, due to energetic reasons
[[𝒎]] ⋅ 𝒏|≪ 1, which implies with |𝜔|≪ 1 that |[[𝒎]] ⋅ 𝒆⟂DW|≪ 1, the
econd term in the previous equation is small of order four and thus
egligible. Thus, we find the estimate

𝜑 = 𝑘𝜑(𝑀S)2 ‖∇𝛾‖𝛥𝑉
⏟⏞⏟⏞⏟
𝛥𝐴DW

(

([[𝒎]]⋅𝒆⟂DW)2+
(

(𝒆DW ⋅ ∇𝑑eff )∕4
)2

‖[[𝒎]]‖2
)

. (21)

.5. Further simplification of the stray field fluctuation energy

Assuming 𝑘𝜑 sufficiently large, 𝐸𝜑 will penalize any deviations of
he two quantities

[𝒎]] ⋅ 𝒆⟂DW; (𝒆DW ⋅ ∇𝑑eff ), (22)

rom zero, as long as ‖[[𝒎]]‖ takes values in the order of 1. In other
ords, we expect ∇𝑑 to be almost perpendicular to the domain wall
eff
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Fig. 3. Sketch of triangular closure domains (left) and their ‘smeared’ counterpart, which is the phase field (right).
direction 𝒆DW and the magnetization direction jump [[𝒎]] to be almost
perpendicular to 𝒆⟂DW, or alternatively:

‖[[𝒎]]‖𝒆DW ≈ ±[[𝒎]]. (23)

Interpreting 𝐸𝜑 as a penalty energy, an almost identical behavior/
solution is thus expected, if one replaces Eq. (21) by the slightly more
simple (computationally more attractive) expression

𝐸𝜑 = 𝑘𝜑(𝑀S)2‖∇𝛾‖𝛥𝑉
(

([[𝒎]] ⋅ 𝒆⟂DW)2 +
(

([[𝒎]] ⋅ ∇𝑑eff )∕4
)2
)

. (24)

3.6. Mesoscopic energy density

Summarizing all results, we obtain the following preliminary meso-
scopic potential

∫𝐴

(

𝜓DW + 𝜓𝜑 + 𝜓A + 𝜓Z + 𝜇0𝑴 ⋅ ∇𝜑
)

d𝐴 − ∫
1
2
𝜇0∇𝜑 ⋅ ∇𝜑 d𝑉 , (25)

where we also account in a phenomenological standard fashion for
contributions from the mesoscopic stray field −∇𝜑, associated with the
mesoscopic magnetization 𝑴 (see Eq. (14)). The potential in Eq. (25)
is given in terms of the mesoscopic fields {𝛾, 𝜑, 𝑑eff ,𝒎±} with the
following mesoscopic energies

• domain wall energy density (see Eq. (9)):

𝜓DW = 𝜎DW‖∇𝛾‖ (26)

• stray field fluctuation energy density (see Eq. (16)):

𝜓𝜑 = 𝑘𝜑(𝑀S)2‖∇𝛾‖
(

([[𝒎]]⋅𝒆⟂DW)2+
(

([[𝒎]] ⋅ ∇𝑑eff )∕4
)2
)

; 𝒆⟂DW =
∇𝛾

‖∇𝛾‖

(27)

• anisotropy energy (see Eq. (13)):

𝜓A = 𝜈+𝜓a(𝒎+) + 𝜈−𝜓a(𝒎−); 𝜈± = 1
2

(

1 ± 1
2
𝑑eff‖∇𝛾‖

)

, (28)

• Zeeman potential (see Eq. (14)):

𝜓Z = −𝜇0𝑀S(𝜈+𝒎+ + 𝜈−𝒎−)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑴

⋅𝑯ext (29)

4. Closure domain phase-field model

In this section, we propose a phenomenological phase-field model
to account for the influence of closure domains, which are well-known
to have a significant influence on both, the magnetic microstructure
as well as on the stray field. We have ‘small’ closure domains in mind
in the sense that the characteristic dimensions of a closure domain is
significantly smaller than the in-plane dimensions of the thin film. We
start by recalling a ‘standard’ phase-field energy ansatz, which is exten-
sively used in the context of phase-field fracture models (e.g., [22]). We
start with the one-dimensional theory:

𝜓𝜉 =
𝑎
2

(

𝜉(𝑥)2 + (𝑙𝜉′(𝑥))2
)

, (30)

where 𝑎 and 𝑙 are material parameters and 𝜉 ∈ [0, 1] is the phase-field
variable, where ‘1’ means ‘closure-domain’ and ‘0’ means ‘no closure-
domain’. The aim is to obtain a phase-field solution, which takes the
4

value 1 at the boundaries, where closure-domains are present and decay
to zero with a length scale given by the characteristic closure domain
dimensions. This mimics, in a diffuse sense, the triangular shape of the
closure domains (see Fig. 3).

Further the phase-field energy shall properly represent the closure-
domain energy. Assuming that equilibrium is characterized by an
energy-minimum and considering that the phase-field quickly decays to
zero, we search for solutions of the following boundary value problem

𝛿 ∫

∞

0
𝜓𝜉 d𝑥 = 0 ⇔ 𝜉 − 𝑙2𝜉′′ = 0 (31)

with 𝜉(0) = 1 and 𝜉′(∞) = 0. The solution and closure-domain energy
per unit length read

𝜉(𝑥) = 𝑒−
𝑥
𝑙 , 𝐸 = ∫

∞

0
𝜓𝜉 d𝑥 = 1

2
𝑙𝑎. (32)

With the aforementioned requirements

𝑙 = 𝐷̃, 𝐸 = 1
2
𝐾1𝐷̃, (33)

where 𝐷̃ !
= 1∕𝜌 = 1∕‖∇𝛾‖ is the domain wall distance (see Fig. 3), we

postulate the following thin-film (2D) phase-field energy:

𝜓𝜉 =
𝐾1
2

(

𝜉2 +
(

‖∇𝜉‖
‖∇𝛾‖

)2
)

. (34)

Note that the internal length scale is not a material constant, as in
most other phase-field models, but is given in terms of the domain wall
distance 𝑙 = 1∕‖∇𝛾‖. This coupling ensures both, the geometric compat-
ibility between the (stripe-shaped) domain fields and the phase-field as
well as a proper energy exchange between the two.

5. Total potential and boundary value problem

The formulation of the total potential and the boundary value prob-
lem follows standard lines and is therefore kept short, for convenience.

5.1. Total potential

By collecting all relevant energy contributions, we are now ready
to formulate the following incremental potential in terms of the meso-
scopic unknown fields {𝛾, 𝑑eff , 𝜉, 𝜑,𝒎±}:

𝛱[𝛾, 𝑑eff , 𝜉, 𝜑,𝒎±] = −∫𝑉
1
2
𝜇0∇𝜑 ⋅ ∇𝜑 d𝑉 (35)

+ ℎ∫𝐴

(

𝜓DW + 𝜓𝜑 + 𝜓A + 𝜓𝜉 + 𝜙𝛥(
◦
𝒎+,

◦
𝒎−) − 𝜇0(𝑯ext − ∇𝜑) ⋅𝑴

)

d𝐴.

(36)

Here, we added the dissipation potential 𝜙𝛥 to account for Gilbert-
damping (see below), while precession effects are neglected. Note that
the formulation here is valid for both, the time-continuous as well as
the time-discrete case in the sense that

◦
𝒎+ and

◦
𝒎− are time-discrete

approximations of 𝒎̇+ and 𝒎̇−. In the simplest case
◦
𝒎±= 𝛥𝒎±∕𝛥𝑡, which

will also be adopted in this work. The time-continuous limit is recov-
ered for 𝛥𝑡 → 0.3 The volume 𝑉 in general represents the Euclidean

3 In the time-continuous limit, all fields are obtained at any time by
optimization of the total potential 𝛱 except for 𝒎±. The rates of the latter
are computed by minimization of a rate-potential being the time-continuous
counterpart of 𝛱 , which is defined in Appendix D.
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space, but will be restricted to a finite volume for practical computa-
tional reasons. We assume that the behavior of the thin film is governed
by the following optimization problem

{𝛾, 𝑑eff , 𝜉, 𝜑,𝒎±} = arg inf
𝛾∈𝜅𝛾

inf
𝑑eff

inf
𝜉∈𝜅𝜉

inf
𝒎±

sup
𝜑∈𝜅𝜑

𝛱[𝛾, 𝑑eff , 𝜉, 𝜑,𝒎±]. (37)

Here the 𝜅’s are appropriate sets of functions satisfying suitable Dirich-
let boundary conditions, which are further discussed below by means
of example. Note that for vanishing dissipation potential, i.e. 𝜙𝛥 = 0,
the statement (37) corresponds to an overall energy minimization
requirement with the constraint that Gauss’ law of magnetostatics be
satisfied (through the ‘sup’-condition, see below).

5.2. Boundary value problem

5.2.1. Weak form
For the variables {𝛾, 𝑑eff , 𝜉}, the minimization conditions read

𝛿𝛼𝛱 = ℎ∫𝐴

(

𝜕𝛼𝜋 𝛿𝛼 + 𝜕∇𝛼𝜋 ⋅ ∇𝛿𝛼
)

d𝐴 ∋ 0, (38)

here 𝛼 ∈ {𝛾, 𝑑eff , 𝜉} and 𝜋 is a short notation for the integrand in
xpression (36). Further, the notation ‘∋ 0’ accounts for the fact that 𝜋
s not differentiable in all points (in particular in the case of a vanishing
omain wall density), which in principle can be partially handled math-
matically through subdifferentials. However, for the moment we have
xclusively applications in mind which do not require the treatment of
on-differentiable points. Therefore, the ‘∋’ will be replaced by ‘=’ in
he following, for simplicity.

The ‘sup’-condition related to the magnetostatic potential 𝜑 reads

𝜑𝛱 = ℎ∫𝐴
𝜇0𝑴 ⋅ ∇𝛿𝜑 d𝐴 − ∫𝑉

𝜇0∇𝜑 ⋅ ∇𝛿𝜑 d𝑉 = 0 (39)

.2.2. Strong form
By standard calculations, we obtain from the weak form discussed

bove the following strong form (with appropriate boundary nor-
als  ):

• For 𝛼 ∈ {𝛾, 𝑑eff , 𝜉}:

𝜕𝛼𝜋 − div2(𝜕∇𝛼𝜋) = 0 in 𝐴;  ⋅ 𝜕∇𝛼𝜋 = 0 on 𝜕𝐴N, (40)

where ‘div2’ is the in-plane divergence and 𝜕𝐴N denotes the
‘Neumann’-/‘Non-Dirichlet’-part of the boundary.

• For 𝜑:

𝛥𝜑 = 0 in 𝑉 ∖𝐴; − ⋅ [[∇𝜑]] = −ℎdiv2(𝑴) on 𝐴; 𝑴 ⋅ = 0 on 𝜕𝐴

(41)

with the Laplace-operator ‘𝛥’.
• For 𝒎±:

𝜕𝜃±𝜋 = 0, (42)

with the parametrization 𝒎± = cos 𝜃±𝒆1 + sin 𝜃±𝒆2.

ere, the last equation was not discussed in the ‘weak form’-section,
s the weak form is basically equivalent to the strong form, which
ill be exploited in the numerical solution algorithm presented below.
q. (41)2 physically means that the magnetostatic stray field is created
y the mesoscopic magnetic ‘charges’ (in terms of −div2(𝑴)) located in
he thin film. Further, the parametrization of the microscopic magneti-
ation directions 𝒎± in terms of the angles 𝜃 = (𝜃+, 𝜃−)

𝖳 automatically
satisfies the constraint ‖𝒎 ‖ = 1.
5

±

6. Numerical solution algorithm

6.1. Finite element discretization

The time-discrete problem outlined above is discretized by conven-
tional finite elements with nodal variables {𝛾, 𝑑eff , 𝜉, 𝜑}. This standard
procedure leads to a monolithic nonlinear equation system as discrete
counterpart of the space-continuous Eqs. (38) and (39), which is lin-
earized in order to be solved via Newton’s method, as usual (see below).
Eq. (42) is solved locally at the Gauss points of the thin film, also using
Newton’s method, involving the Newton step

𝜃 ← 𝜃 −𝐾−1 𝜕𝜃𝜋 (43)

with 𝐾 = 𝜕2𝜃𝜋.
The overall solution in terms of the nodal degrees of freedom is

then obtained in the following standard fashion. Starting from the
solution from the previous time step, the solution of the linearized
global equations yields an increment of the nodal variables, which
are then updated. Subsequently, the local problem related to 𝜃± is
solved at all thin-film Gauss points via a local Newton procedure (see
Eq. (43)). Based on this, the global equations are consistently linearized
(see next section) in order to compute the next nodal variable update.
This procedure is repeated until convergence of the global Newton
procedure is reached.

For all initial solution guesses (required for the local and global
Newton schemes), the respective converged values from the previous
time step are used.

6.2. Consistent linearization

The overall variational global equation to be solved reads

𝛿g𝛱 ∶= 𝛿𝛾𝛱+𝛿𝑑eff𝛱+𝛿𝜉𝛱+𝛿𝜑𝛱 = ℎ∫𝐴
𝜕𝑥𝜋⋅𝛿𝑥 d𝑎−∫𝑉

𝜇0∇𝜑⋅∇𝛿𝜑 d𝑉 = 0

(44)

ith 𝑥 = (∇𝛾,∇𝑑eff ,∇𝜉,∇𝜑, 𝑑eff , 𝜉). The consistent linearization is given
n terms of

(𝛿g𝛱) = ℎ∫𝐴
𝛿𝑥⋅

(

𝜕2𝑥𝜋−𝜕𝑥 𝜃𝜋 𝐾
−1 𝜕𝜃 𝑥𝜋

)

𝛥𝑥 d𝑎−∫𝑉
𝜇0∇𝛿𝜑⋅∇𝛥𝜑 d𝑉 , (45)

where 𝐾 is the tangent matrix of the local Newton scheme in the
locally) converged state. Eqs. (44) and (45) are discretized by stan-
ard finite elements, where linear tetrahedra/triangles are used in
he example discussed below. Note that all matrices are symmetric
ue to the potential-structure of the continuum model. The model is
mplemented in the finite element software FEAP.4 The related element
nd integration point subroutines can be downloaded at [27].

Analogous algorithms are frequently applied for the mechanical
imulation of materials with internal (local) variables (like plastic
trains, see [26]) and require the aforementioned consistent lineariza-
ion of the local algorithm in order to achieve quadratic convergence
n the global level. Within the context of finite elements, this algorithm
s usually preferred to other solution methods like the secant method,
uasi-Newton methods or nonlinear conjugate gradients.

. Exemplary simulation

While the primary goal of this work is the presentation of the meso-
copic continuum theory for stripe-shaped domains outlined above,
simple first simulation is performed in order to check if solutions

an be obtained in general based on the derived equations and if
hese solutions are physically plausible. More extensive simulations,
pplications and validations will be left for future work.

4 FEAP: Finite Element Analysis Program, Robert Taylor, Berkeley.
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Fig. 4. Left: simulation set-up with thin film (red rectangle) in free-space box (dimensions in mm). Right, top: ‘U-Mode’ of a vibrating cantilever (deformation strongly exaggerated).
Right, bottom: Effective anisotropy at times 𝑡 = 0 and 𝑡 = 𝑇 ∕4.
7.1. General setting

For the simulation, a rectangular magnetostrictive thin film
(10 × 2 mm2, thickness 20 μm and modeled as a 2d-object), being em-
bedded in the center of a free-space box (see Fig. 4, left) is considered.
Only one quater of the domain is meshed (by 8662 triangles and
44 915 tetrahedra) for symmetry reasons. The aim is to simulate the
application of an external field 𝐻ext = 8 × 10−4 A/μm in 𝒆1-direction,
which is ramped up during the first 0.08 s and is subsequently held
constant. The easy axis is given by 𝒆a = 𝒆2. The thin film is considered
as being deposited on top of a beam-shaped substrate (not part of the
numerical model) with the same in-plane dimensions as the thin film
and thickness in the order of 0.1 mm. The overall structure is assumed
to be mechanically clamped on its left end (the face with normal −𝒆1).
This set-up is motivated by a similar structure, which has been proposed
by Hayes et al. [17] as basis for a highly sensitive magnetic field sensor.
If the structure is stimulated to vibrate at a certain eigenfrequency, a
specific eigenmode (called ‘U-mode’) is dominant, which is essentially
characterized by a U-shaped deformation of the cross-sections (see
Fig. 4, right). This mode leads to normal stresses in 𝒆2-direction in
the thin film, which are alternately of compressive (see the figure) and
tensile nature. These induce an alternating stress-induced anisotropy
which superposes with the intrinsic anisotropy related to the easy axis.
In practice, in particular the compressive stresses are of interest, since
they induce an anisotropy opposed to the intrinsic anisotropy. As a
result, the thin film becomes periodically magnetically softer, which
can be exploited to detect weak magnetic fields in 𝒆1-direction.

7.2. Model parameters

In our model, mechanical influences are not captured and we there-
fore mimic the effect of the vibrating U-mode qualitatively by a time
and space-dependent effective anisotropy constant 𝐾𝑢 replacing 𝐾1 in
the model:

𝐾𝑢 =

{

𝐾1 − (1 − 𝜖)𝐾1
2(𝑥1−𝐿)

𝐿 sin𝛺𝑡, 𝑥1 ≤ 𝐿∕2
(46)
6

(1 − 𝜖)𝐾1 sin𝛺𝑡, 𝑥1 > 𝐿∕2
Table 1
Model parameters.
𝜇0 [N/A2] 𝑀S [A/μm] 𝐴 [pJ/m] 𝐾1 [J/m3] 𝑘𝜑 [pJ/A2] 𝜂 [J s/m3]

4𝜋 × 10−7 1.5 15 300 0.1 0.1

with 𝛺 = 2𝜋∕𝑇 = 20 s−1, 𝜖 = 0.033 and 𝐿 = 10mm. For 𝑡 = 𝑇 ∕4 (i.e., af-
ter a quater period) the anisotropy distribution is plotted in Fig. 4
(right, bottom).

The model parameters are summarized in Table 1. It is noted that
Eq. (17) for 𝑘𝜑 yields values in the order of 1 pJ/A2 or larger, which
corresponds to a very high penalty parameter. For numerical robustness
reasons, we choose a slightly smaller value. The viscosity parameter 𝜂
is chosen sufficiently small, such that viscous effects are expected to be
negligible. Further, the domain wall energy density 𝜎DW is computed
according to the following bloch wall formula

𝜎DW = 4
√

𝐴𝐾1. (47)

It is noted that, compared to a micromagnetic model, no additional
model parameters are needed.

7.3. Boundary conditions and initial solution guess

The domain walls are expected to enter and leave the thin film
on its free end, while they are essentially immobile on the clamped
side, where we consequently set the Dirichlet boundary condition 𝛾 = 0.
Further, we set the closure domain phase field variable 𝜉 equal to 1 on
the long edges and set the magnetic potential 𝜑 to zero on the outer
boundaries of the free space box. All other boundary conditions are
treated as zero Neumann boundary conditions.

Based on simple energy considerations (comp. [4]), the domain wall
distance can be estimated as

𝐷 =

√

𝑏 𝜎DW
𝐾1

= 2

√

𝑏
√

𝐴
𝐾1

, (48)

where 𝑏 denotes the size of the magnetic film in 𝒆2-direction. This equa-
tion yields a value of 𝐷 = 42.3 μm, which corresponds to approximately
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Fig. 5. Initial state.
236 domain walls in the initial state. This suggests for the initial guess5

of 𝛾(𝒙, 𝑡 = 0) as

𝛾 = 𝛾̂
𝑥1 − 𝐿
𝐿

(49)

with 𝛾̂ = 236. However, we choose a rather random value of 𝛾̂ = 41.8
for two reasons. First, the model is supposed to find the ‘correct’
value of 236 by itself. Second, we want to illustrate the robustness
of the solution algorithm in the sense that it is able to find the right
solution even if the initial guess is quite far off from the actual solution.
All other variables are initialized with the value 0 except for the
microscopic magnetization directions, which are initialized by 𝜃+ = 𝜋∕2
and 𝜃− = 3𝜋∕2. Based on this initialization, we let the algorithm find the
initial conditions itself as follows:

• We do two Newton iterations at 𝑡 = 0 as described in Section 6
where we iterate globally only in 𝜉 with all other variables fixed.

• We do eight Newton iterations in 𝛾.

Subsequently, the simulation starts as described in Section 6.

8. Results

8.1. Initial state

Fig. 5 shows the state after one time step at 𝑡 = 1 μs, which essen-
tially corresponds to the initial state. In order to illustrate the different
solution fields, the magnetic layer is visualized twice (in the front and
in the back). The green and dark red vectors in the front represent the
microscopic magnetization directions 𝒎±, which are initially aligned
with the easy axis. The second thin film visualization in the back is
divided along its long direction. The grayscale-field in the front half
represents the closure domain phase field 𝜉. As expected, there is a thin
closure domain region (black), which quickly fades out when moving
away from the boundary. Further, the white lines are contour lines of
the domain wall potential 𝛾 (see also the detail). It is recalled, that
the contour lines are parallel to the domain walls and their distance is
proportional to the domain wall distance. The maximum value of 𝛾 is
found to be 234.6, which fits well with the aforementioned theoretical
prediction of 236 expected domain walls. We therefore choose to
plot 234 contour lines, i.e., each line may be interpreted roughly to
represent one domain wall. It is emphasized that the continuum model
is free of discrete domain walls and that the visualized lines are created
merely by a postprocessing step. Note also, that the thickness of the
closure domain layer at the boundary fits well to the domain wall
distance, as intended.

5 The global Newton scheme requires an initial solution guess.
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Finally, the rearmost half of the thin film shows the field 𝜕𝛾∕𝜕𝑥1 ≈
‖∇𝛾‖. This field can be interpreted as domain wall density, which is
mostly homogeneous, as is also illustrated by the contour lines. The
arrows in the free space indicate the direction (not magnitude) of the
stray field. However, at this stage of the simulation, the stray field is
still negligibly small.

8.2. State at maximum ‘bending’/minimum effective anisotropy

Next, we consider the situation of minimum effective anisotropy,
which mimics the maximum bending according to the U-mode in Fig. 4
(right top). In this situation, the effective anisotropy is significantly
decreased in the right part of the thin film (where 𝐾𝑢 = 𝜖𝐾1), as pre-
scribed by Eq. (46). This state is reached at 𝑡 = 0.5𝜋∕𝛺 = 𝑇 ∕4 ≈ 0.078 s
(see the diagram in Fig. 4). It is noted that the external field in 𝒆1-
direction reaches its maximum almost at the same time and is held
constant afterwards.

The predicted fields are illustrated in Fig. 6. It is observed that the
microscopic magnetization is no longer aligned with the easy axis but
rotated due to the external field (see green and dark red vectors). The
average magnetization in 𝒆1-direction, as expressed by

𝑚avg =
1
2
(𝒎+ +𝒎−) ⋅ 𝒆1, (50)

is illustrated in rainbow colors. It reaches its maximum in the center
and vanishes on the left and right ends (magnetization directions par-
allel to the edges), which corresponds to the boundary condition (41)3.
Along the length direction of the thin film, the non-vanishing diver-
gence of the effective magnetization may be interpreted as distributed
magnetic charge density. These charges act as source for the stray field
(see Eq. (41)2), the direction of which is visualized by arrows in the
free space in the rearmost part of Fig. 6. Further, the colors (blue/red)
in the free space give an impression of the magnetostatic potential.

As far as the domain wall density is concerned, a lower value is
observed in the right part of the thin film. In other words, the domain
wall distance is roughly doubled in this region. This is expected due
to the lower value of 𝐾𝑢 in this region. Theoretically, we expect a
domain wall distance of approximately 𝐷 = 99.2 μm, which is the value
that is obtained if 𝐾1 is replaced by 𝐾𝑢 = 𝜖𝐾1 in Eq. (48).6 With a
simulated domain wall density of 𝜕𝑥1𝛾 ≈ 0.01 μm−1 (see the right part
of the rearmost field in Fig. 6), we find that the numerical value of
𝐷 ≈ 100 μm is again very close to the analytical value.

6 Note that, despite the small value of 𝜖 = 0.033 the domain wall distance
does not increase as much as one might expect due to the double square root
in Eq. (48), i.e., 4

√

0.033 ≈ 0.426.
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Fig. 6. State at ∼ 𝐾𝑢,max at 𝑡 = 0.078 s (time step 63). The scale of the magnetic potential in the free space is [−3.66, 3.8] A.
Fig. 7. State at ∼ 𝐾𝑢,max at 𝑡 = 0.157 s (time step 126). The scale of the magnetic potential in the free space is again [−3.66, 3.8] A.
Finally, the closure-domain phase field appears again as a thin
boundary layer, but with the important difference that now this bound-
ary layer exhibits a non-constant thickness (see detail of Fig. 6). Indeed,
closure domains are expected to grow proportionally to the domain
wall distance.

8.3. State at zero ‘bending’

Finally, we consider the state at 𝑡 = 𝑇 ∕2 ≈ 0.157 s, which corre-
sponds to the case, where 𝐾𝑢 = 𝐾1 is homogeneous in the whole thin
film. The difference compared to the initial state in Section 8.1 is
that the external field does not vanish, but takes the same value as
in the previous Section 8.2. Accordingly, we expect a more or less
homogeneous domain wall density being essentially equal to the one in
the initial state, while the external field should rotate the magnetization
directors out of the easy axis orientation.

Indeed, Fig. 7 shows that the effective magnetization decreases
compared to the case with smaller effective anisotropy in Fig. 6. This
effect leads to a smaller stray field and magnetostatic potential, being
now visualized by slightly more pale blue and red colors in the free
space region. As expected, the domain wall density essentially returns
8

Table 2
Exemplary residual evolution during global Newton iteration.

Step 63 Step 126

1.00000000E+00 1.00000000E+00
3.80455977E−02 2.49271470E−03
3.79634742E−04 9.58880044E−08
1.08398333E−07
4.04406731E−12

to its initial state and hardly any difference can be identified between
the domain wall distances when comparing Figs. 5 and 7.

9. Short note on convergence

The L2-norm of the global relative residual is presented in Ta-
ble 2. Due to the consistent linearization, the convergence can be
considered quadratic. The illustrated convergence behavior is represen-
tative for the whole simulation. The total CPU-time until step 126 was
∼21,77 min on an Intel(R) Core(TM) i7-8850H CPU @ 2.60 GHz with
32 GByte RAM.
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10. Summary

Starting from a potential-based kinematical description of contin-
uously distributed stripe-shaped domain walls, a mesoscopic potential
has been derived through an averaging procedure. The mesoscopic the-
ory is formulated in terms of a few fields with physically meaningful mi-
croscopic interpretation. Based on a phenomenological closure-domain
extension, a constrained energy minimization principle (extended by
‘Gilbert’-damping) has been introduced and the related boundary value
problem has been presented. A monolithic finite-element based nu-
merical solution algorithm has been proposed with local treatment
of the magnetization directors. Thanks to the consistent linearization,
quadratic convergence could be obtained. A first simple examination of
the theory has been undertaken by simulating a thin film with spatially
and timely non-constant effective anisotropy. It has been found that
the predicted results are reasonable and consistent with analytically
computed values of the domain wall density.
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Appendix A. First derivatives of potential

In the following, we give the derivatives of the potential, which
are required for the finite element implementation. In Section 3.6, the
mesoscopic energy contributions are summarized. The related deriva-
tives read

𝜕∇𝛾𝜋 = 𝑘𝜑(𝑀S)2
[

2([[𝒎]] ⋅ 𝒆⟂DW)[[𝒎]] +
( 1
16

(∇𝑑eff ⋅ [[𝒎]])2

−([[𝒎]] ⋅ 𝒆⟂DW)2
)

𝒆⟂DW
]

(A.1)

+ 𝜎DW𝒆⟂DW + 𝛥𝜓a𝜕∇𝛾𝜈+ −𝐾1
‖∇𝜉‖2

‖∇𝛾‖3
𝒆⟂DW − 𝜇0𝑀S[[𝒎]]

⋅ (𝑯ext − ∇𝜑)𝜕∇𝛾𝜈+ (A.2)

with 𝛥𝜓a = 𝜓a(𝒎+) − 𝜓a(𝒎−),

𝜕∇𝑑eff 𝜋 = 1
8
𝑘𝜑(𝑀S)2

(

∇𝑑eff ⋅ [[𝒎]]
)

‖∇𝛾‖[[𝒎]], (A.3)

𝜕𝑑eff 𝜋 = 𝛥𝜓a𝜕𝑑eff 𝜈+ − 𝜇0(𝑯ext − ∇𝜑) ⋅ 𝜕𝑑eff𝑴 , (A.4)

𝜕∇𝜉𝜋 =
𝐾1

‖∇𝛾‖2
∇𝜉, 𝜕𝜉𝜋 = 𝐾1𝜉, (A.5)

𝜕𝜃±𝜋 = 𝜕𝒎±
𝜋 ⋅𝒎⟂

± =
𝜂
𝛥𝑡
𝛥𝜃±+

[

±𝜕[[𝒎]]𝜓𝜑 + 𝜕𝒎±
𝜓A

− 𝜇0𝑀S𝜈±(𝑯ext − ∇𝜑)
]

⋅𝒎⟂
± (A.6)

with

𝒎⟂
± = − sin 𝜃±𝒆1 + cos 𝜃±𝒆2 (A.7)

𝜕[[𝒎]]𝜓𝜑 = 𝑘𝜑(𝑀S)2‖∇𝛾‖
(

2([[𝒎]] ⋅ 𝒆⟂DW)𝒆⟂DW + 1
8
(∇𝑑eff ⋅ [[𝒎]])∇𝑑eff

)

(A.8)

𝜕 𝜓 = −2𝜈 𝐾 (𝒎 ⋅ 𝒆 )𝒆 (A.9)
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𝒎± A ± 1 ± a a 𝜎
Appendix B. Second derivatives of potential

The second derivatives of the potential are summarized in the
following.

𝜕2∇𝛾𝜋 =
{

𝜎DW + 𝑘𝜑(𝑀S)2
[ 1
16

(∇𝑑eff ⋅ [[𝒎]])2

−([[𝒎]] ⋅ 𝒆⟂DW)2 + 2([[𝒎]] ⋅ 𝒆DW)2
]

(B.1)

+ 1
4
𝑑eff𝛥𝜓a −

1
4
𝑑eff𝜇0𝑀

S[[𝒎]] ⋅ (𝑯ext − ∇𝜑)
}

𝑸DW (B.2)

+
𝐾1‖∇𝜉‖2

‖∇𝛾‖4
(4𝒆⟂DW ⊗ 𝒆⟂DW − 𝑰) (B.3)

with 𝑸DW = 𝜕∇𝛾𝒆⟂DW = (𝑰 − 𝒆⟂DW ⊗ 𝒆⟂DW)∕‖∇𝛾‖.

∇𝛾∇𝑑eff 𝜋 = 1
8
𝑘𝜑(𝑀S)2(∇𝑑eff ⋅ [[𝒎]])𝒆⟂DW ⊗ [[𝒎]] (B.4)

𝜕∇𝛾∇𝜉𝜋 = −2
𝐾1

‖∇𝛾‖3
𝒆⟂DW ⊗ ∇𝜉 (B.5)

𝜕∇𝛾∇𝜑𝜋 =
𝜇0
4
𝑑eff𝒆⟂DW ⊗ (𝑀S[[𝒎]]) (B.6)

𝜕∇𝛾𝑑eff 𝜋 = 1
4
(𝛥𝜓a − 𝜇0𝑀S[[𝒎]] ⋅ (𝑯ext − ∇𝜑))𝒆⟂DW (B.7)

𝜕2∇𝑑eff 𝜋 = 1
8
𝑘𝜑(𝑀S)2‖∇𝛾‖[[𝒎]]⊗ [[𝒎]] (B.8)

𝜕2∇𝜉𝜋 =
𝐾1

‖∇𝛾‖2
𝑰 (B.9)

𝜕∇𝜑𝑑eff 𝜋 = 1
4
𝜇0𝑀

S[[𝒎]]‖∇𝛾‖ (B.10)

𝜕2𝜉𝜋 = 𝐾1 (B.11)

𝜕𝜃∇𝛾𝜋 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(𝜕∇𝛾[[𝒎]]𝜋 − 2𝜕∇𝛾𝜈+𝐾1(𝒎+ ⋅ 𝒆a)⊗ 𝒆a
−𝜇0𝑀S𝜕∇𝛾𝜈+ ⊗ (𝑯ext − ∇𝜑)) ⋅𝒎⟂

+

−(𝜕∇𝛾[[𝒎]]𝜋 − 2𝜕∇𝛾𝜈+𝐾1(𝒎− ⋅ 𝒆a)⊗ 𝒆a
−𝜇0𝑀S𝜕∇𝛾𝜈+ ⊗ (𝑯ext − ∇𝜑)) ⋅𝒎⟂

−

⎞

⎟

⎟

⎟

⎟

⎟

⎠

ith

𝜕[[𝒎]]∇𝛾𝜋 = 𝑘𝜑(𝑀S)2
[

2𝒆⟂DW ⊗ [[𝒎]] + 2([[𝒎]] ⋅ 𝒆⟂DW)𝒆DW ⊗ 𝒆DW

+1
8
(∇𝑑eff ⋅ [[𝒎]])∇𝑑eff ⊗ 𝒆⟂DW

]

𝜕𝜃∇𝑑eff 𝜋 =
(

𝜕∇𝑑eff [[𝒎]]𝜓𝜑𝒎⟂
+

−𝜕∇𝑑eff [[𝒎]]𝜓𝜑𝒎⟂
−

)

(B.12)

[[𝒎]]∇𝑑eff𝜓𝜑 =
𝑘𝜑
8
(𝑀S)2‖∇𝛾‖

(

∇𝑑eff ⊗ [[𝒎]] + (∇𝑑eff ⋅ [[𝒎]])𝑰
)

(B.13)

𝜕𝜃∇𝜑𝜋 =
(

𝜇0𝑀S𝜈+𝒎⟂
+

𝜇0𝑀S𝜈−𝒎⟂
−

)

(B.14)

𝜕𝜃𝑑eff 𝜋 =
(

−2𝐾1(𝒎+ ⋅ 𝒆a)(𝒎⟂
+ ⋅ 𝒆a) − 𝜇0𝑀S(𝑯ext − ∇𝜑) ⋅𝒎⟂

+
2𝐾1(𝒎− ⋅ 𝒆a)(𝒎⟂

− ⋅ 𝒆a) + 𝜇0𝑀S(𝑯ext − ∇𝜑) ⋅𝒎⟂
−

)

omponents of 𝐾:

𝜕2𝜃±𝜋 =
(

𝜕2[[𝒎]]𝜓𝜑 + 𝜕2𝒎±
𝜓A

)

∶ 𝒎⟂
± ⊗𝒎⟂

± − 𝜕𝒎±
𝜋 ⋅𝒎± +

𝜂
𝛥𝑡

(B.15)

= 2𝑘𝜑(𝑀S)2‖∇𝛾‖
(

(𝒆⟂DW ⋅𝒎⟂
±)

2 + 1
16

(∇𝑑eff ⋅𝒎⟂
±)

2
)

− 𝜕𝒎±
𝜋 ⋅𝒎±

(B.16)

− 2𝜈±𝐾1(𝒆a ⋅𝒎⟂
±)

2 +
𝜂
𝛥𝑡

𝜕𝜃±𝜃∓𝜋 = −2𝑘𝜑(𝑀S)2‖∇𝛾‖
(

(𝒆⟂DW ⋅𝒎⟂
+)(𝒆

⟂
DW ⋅𝒎⟂

−)

+ 1
16

(∇𝑑eff ⋅𝒎⟂
+)(∇𝑑eff ⋅𝒎

⟂
−)
)

(B.17)

Appendix C. Estimation of 𝒌𝝋

We consider a rectangle (representing a domain-wall) being occu-
ied by a surface charge

= −𝜇 𝑀S[[𝒎]] ⋅ 𝒆 (C.1)
0 𝑥
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𝐸

w

𝑘

F
i
t

A

𝛱

with height ℎ in 𝒆3∕𝑧-direction and infinite extension in 𝒆𝑦-direction
n the thin-film plane. The 𝒆𝑥-direction coincides with the rectangle
ormal. The aim is to estimate the stray field energy of this surface
harge. With the well-known potential of an infinite line-charge, we
btain for the surface charge

(𝒙) = − 1
2𝜋𝜇0 ∫

ℎ∕2

ℎ∕2

𝜎
2
ln

(

‖𝒙 − 𝒙′‖2

𝑟20

)

d𝑧′, (C.2)

where, with a little abuse of notation, we use the same symbol 𝜑 as
for the mesoscopic stray field. The parameter 𝑟0 corresponds to an
integration constant.

A lengthy derivation yields

𝜑 = − 𝜎
4𝜋𝜇0

(ℎ
2
− 𝑧

)

ln

(

𝑥2 + (𝑧 − ℎ∕2)2

𝑟20

)

− 𝜎
4𝜋𝜇0

(ℎ
2
+ 𝑧

)

ln

(

𝑥2 + (𝑧 + ℎ∕2)2

𝑟20

)

+ 𝜎ℎ
2𝜋𝜇0

+… , (C.3)

where the dots represent terms, which are not needed as they vanish
for 𝑥 → 0, i.e., within the aforementioned surface charge.

We assume that expression (C.3) represents a reasonable approxi-
mation of the stray field within a cylinder with axis given by the 𝒆𝑦-
direction, radius 𝑅 ≫ ℎ and cross section 𝐴𝑅. We do not consider the
limit 𝑅 → ∞ as the surface charge is actually not infinitely extended
in 𝒆𝑦-direction. Neglecting stray field interactions, the energy (in the
cylinder) per unit domain wall length reads

𝛥𝐸
𝛥𝐿

= 1
2
𝜇0 ∫𝐴𝑅

‖∇𝜑‖2 d𝐴 = 1
2
𝜇0 ∫𝜕𝐴𝑅

𝜑𝒏 ⋅ ∇𝜑 d𝑆 + 1
2 ∫

ℎ∕2

−ℎ∕2
𝜎𝜑 d𝑧. (C.4)

n 𝜕𝐴𝑅, 𝜑 can safely be approximated by the potential of a line
harge 𝜎ℎ and one finds

1
2
𝜇0 ∫𝜕𝐴𝑅

𝜑𝒏 ⋅ ∇𝜑 d𝑆 = 𝜎2ℎ2

4𝜋𝜇0

(

ln
(

𝑅
𝑟0

)

− 1
)

(C.5)

valuating the last integral in Eq. (C.4) and requiring energy equality
ith expression (16), i.e.,

𝜑 = 𝑘𝜑 ∫𝛥𝐴DW

(

𝑀S[[𝒎]] ⋅ 𝒏
)2 d𝐴 =

𝑘𝜑
𝜇20
𝜎2𝛥𝐴DW (C.6)

!
= 𝛥𝐸
𝛥𝐿ℎ

𝛥𝐴DW = 𝜎2ℎ2

4𝜋𝜇0

(

ln
(𝑅
ℎ

)

+ 1
2

)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐷

𝛥𝐴DW
ℎ

, (C.7)

e finally obtain

𝜑 = 𝐷
𝜇0ℎ
4𝜋

. (C.8)

or reasonable choices of 𝑅, the parameter 𝐷 can be estimated to be
n the order 1..10. Note that the integration constant 𝑟0 cancels out in
he final result and its value can therefore be chosen arbitrarily.

ppendix D. Rate potential

The time continuous counterpart of Eq. (36) reads

𝑡 = ℎ∫𝐴

(

𝜕𝜓
𝜕𝒎+

⋅𝒎̇++
𝜕𝜓
𝜕𝒎−

⋅𝒎̇−+𝜙(𝒎̇+, 𝒎̇−)−𝜇0(𝑯ext−∇𝜑)⋅𝑴̇
)

d𝐴. (D.1)
10
with

𝜙(𝒎̇+, 𝒎̇−) = lim
𝛥𝑡→0

1
𝛥𝑡
𝜙𝛥(

◦
𝒎+,

◦
𝒎−) (D.2)

with 𝜙 = 𝜂
2 (𝜃̇

2
+ + 𝜃̇2−).
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