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Abstract

The goal of the present thesis is a generalization of Kostant’s Convexity Theorem to split, minimal,
real or complex Kac-Moody groups. Originally, this refers to a result in Lie theory that was proved
in 1973 by B. Kostant and deals with the question how the group multiplication in the Iwasawa
decomposition of a semisimple Lie group G = K AU, can be described in Iwasawa coordinates.
More precisely, the theorem asserts that for any arbitrarily chosen a € A, the set of A-components
of all elements of the form ak € G with k € K is the exponential of the convex hull of the orbit of
log(a) € a under the action of the Weyl group of G. Questions of this kind arise in problems in
representation theory or analysis on semisimple Lie groups.

The notions of Kac-Moody groups & algebras provide natural generalizations of semisimple Lie
groups & algebras to an “infinite-dimensional” scenario. The definitions of these objects are chosen
in such a way that many results of Lie theory have close analogues in the Kac-Moody setting. In
contrast to classical “finite-dimensional” Lie groups, however, Kac-Moody groups should primarily
be viewed as abstract groups that are defined by a concrete presentation and are a priori neither
endowed with a topology nor carry any sort of manifold structure. This has the consequence that
standard arguments of Lie theory, which often rely on analytic methods, are not applicable in the
Kac-Moody setting. Instead, Kac-Moody theory focuses on a combinatorial approach: The same
role that finite root systems and finite Weyl groups play in the study of semisimple Lie groups &
algebras is taken by infinite root systems and infinite Coxeter groups on the Kac-Moody level. In
this way, many theorems of Lie theory can be generalized to Kac-Moody groups & algebras by
combinatorial arguments.

In particular, it can be shown that every (split, minimal) real or complex Kac-Moody group G
can likewise be endowed with an Iwasawa decomposition G = K AU, which coincides with the
usual decomposition in the “spherical” case of a semisimple Lie group. This makes it possible
to formulate the exact analogue of Kostant’s Convexity Theorem also for Kac-Moody groups.
However, whether this naive generalization is indeed true was hitherto an unsolved problem. The
main goal of this thesis is to give a largely positive answer to this question and to prove a natural
variant of Kostant’s Convexity Theorem for real or complex Kac-Moody groups. Based on this,
various applications of the result to study the algebraic structure of these groups will be exhibited.
In particular, it will be shown that non-spherical Kac-Moody groups in general do not possess a
“horospherical decomposition” G = KU;K and that the causal pre-order on the Kac-Moody
symmetric space (G/K, p) constructed in [FHHK20] is a partial order. In addition, the convexity
theorem provides a useful tool to investigate sub(semi-)groups of Kac-Moody groups. This seems
to be a promising approach to decide whether the compact form K of a Kac-Moody group G
is a maximal (abstract) subgroup, which is closely connected to the important open question of
simplicity of G.
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Zusammenfassung

Das Ziel der vorliegenden Arbeit ist eine Verallgemeinerung des Konvezitatssatzes von Kostant
auf zerfallende, minimale, reelle oder komplexe Kac-Moody Gruppen. Urspriinglich bezeichnet
dies ein Resultat der Lie-Theorie, das 1973 von B. Kostant bewiesen wurde und sich um die Frage
dreht, wie die Gruppenmultiplikation in der Iwasawa-Zerlegung einer halbeinfachen Lie-Gruppe
G = KAU, in Iwasawa-Koordinaten beschrieben werden kann. Genauer besagt der Satz, dass fiir
jedes beliebig gewdhlte a € A die Menge der A-Komponenten aller Elemente der Form ak € G
mit k£ € K das Exponential der konvexen Hiille der Bahn von log(a) € a unter der Wirkung der
Weyl-Gruppe von G ist. Fragestellungen dieser Art treten in Problemen der Darstellungstheorie
oder der Analysis auf halbeinfachen Lie-Gruppen auf.

Die Begriffe der Kac-Moody Gruppen & Algebren bilden natiirliche Verallgemeinerungen halbein-
facher Lie-Gruppen & Algebren in ein “unendlich-dimensionales” Szenario. Die Definitionen dieser
Objekte sind so gewdhlt, dass viele Resultate der Lie-Theorie naheliegende Entsprechungen im
Kac-Moody Setting besitzen. Im Gegensatz zu klassischen “endlich-dimensionalen” Lie-Gruppen
sind Kac-Moody Gruppen jedoch primér als abstrakte Gruppen zu verstehen, die durch eine
konkrete Prasentierung definiert sind und a priori weder eine Topologie noch irgendeine Art von
Mannigfaltigkeitsstruktur tragen. Dies hat zur Folge, dass Standardargumente der Lie-Theorie, die
oft auf analytischen Methoden beruhen, im Kac-Moody Setting nicht anwendbar sind. Stattdes-
sen konzentriert sich die Kac-Moody Theorie auf einen kombinatorischen Zugang: Dieselbe Rolle,
die endliche Wurzelsysteme und endliche Weyl-Gruppen im Studium halbeinfacher Lie-Gruppen
& Algebren spielen, nehmen unendliche Wurzelsysteme und unendliche Coxeter-Gruppen auf der
Kac-Moody Ebene ein. Auf diese Weise konnen viele Sétze der Lie-Theorie mithilfe kombinatori-
scher Argumente auf Kac-Moody Gruppen & Algebren verallgemeinert werden.

Insbesondere ldsst sich zeigen, dass jede (zerfallende, minimale) reelle oder komplexe Kac-Moody
Gruppe G ebenfalls mit einer Iwasawa-Zerlegung G = K AU, ausgestattet werden kann, die im
“sphérischen” Fall einer halbeinfachen Lie-Gruppe mit der iiblichen Zerlegung iibereinstimmt. Dies
ermdglicht es, das exakte Analogon des Konvexititssatzes von Kostant auch fiir Kac-Moody Grup-
pen zu formulieren. Ob diese naive Verallgemeinerung jedoch tatsdchlich korrekt ist, galt bislang
als ungelostes Problem. Das Hauptziel dieser Arbeit ist es, eine weitgehend positive Antwort auf
diese Frage zu geben und eine natiirliche Variante des Konvexitétssatzes von Kostant fiir reelle oder
komplexe Kac-Moody Gruppen zu beweisen. Darauf aufbauend werden verschiedene Anwendun-
gen des Resultats zum Studium der algebraischen Struktur dieser Gruppen dargelegt. Insbesonde-
re wird gezeigt, dass nicht-sphérische Kac-Moody Gruppen im Allgemeinen keine “horosphérische
Zerlegung” G = KU, K besitzen und dass die “kausale Pra-Ordnung” auf dem Kac-Moody sym-
metrischen Raum (G/K, ), der in [FHHK20] konstruiert wurde, eine Halbordnung ist. Zusétzlich
liefert der Konvexitétssatz ein praktisches Werkzeug, um Unter(halb-)gruppen von Kac-Moody
Gruppen zu untersuchen. Dies scheint ein vielversprechender Ansatz zu sein, um zu entscheiden,
ob die kompakte Form K einer Kac-Moody Gruppe G eine maximale (abstrakte) Untergruppe ist,
was eng mit der wichtigen offenen Frage nach Einfachheit von G zusammenhéngt.
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Introduction

One of the crowning achievements of 19th and 20th century mathematics is the discovery of a
deep connection between two seemingly unrelated disciplines: geometry and algebra. Its origins
are often attributed to Felix Klein and his Erlangen program who suggested to study geometric
objects intrinsically via their groups of symmetries. His ideas led to profound applications of
abstract group theory to geometry. Conversely, they also allowed for geometric interpretations
of problems in group theory that previously seemed to be entirely algebraic. To the present day,
this correspondence continues to serve as an essential tool in these fields and has influenced many
other areas of mathematics as well.

A prime example of this beautiful connection is the hugely successful development of Lie theory.
Simply put, it is the natural algebraic perspective on differential geometry. Lie groups frequently
arise as continuous groups of symmetries of smooth geometric objects, both in the realm of pure
mathematics as well as in important physical theories of the early 20th century, such as general
relativity. From the algebraic viewpoint, such a group is easiest to study through its associated Lie
algebra, which is a finite-dimensional real vector space equipped with a certain skew-symmetric
bilinear operation that, in a sense, measures the “non-commutativity” of the Lie group and makes
it possible to “linearize” group-theoretic problems in order to approach them by methods of linear
algebra. A natural transition mechanism between a Lie group and its Lie algebra is provided
by the exponential map. On the geometric side, Lie algebras can be interpreted as describing
“infinitesimal symmetries” of geometric objects which often already encode a surprising amount of
information. The algebraic correspondence between Lie groups & algebras is therefore equivalent
to a strong connection between “local” and “global” geometric properties.

One of the most important results in Lie theory is the classification of finite-dimensional, complex,
simple Lie algebras that was established by Elie Cartan at the end of the 19th century. Based
on earlier work of Wilhelm Killing, Cartan showed that, except for five isolated cases, every such
Lie algebra belongs to one of four infinite families that all have explicit realizations as matrix
algebras. Moreover, the classification is entirely “combinatorial” in the sense that the “type” of
such a Lie algebra is determined by an associated finite directed graph, called its Dynkin diagram,
or equivalently, its corresponding Cartan matriz (cf. Table 2.1). Cartan’s result, however, did
not establish the existence of the “exceptional” Lie algebras which remained an open problem for
several decades and sparked many developments in modern mathematics. Concrete realizations
of these Lie algebras and their associated Lie groups and “geometries” were constructed in the
first half of the 20th century. Finally, a truly satisfying conclusion to Cartan’s classification was
reached by Jean-Pierre Serre in 1966. Instead of giving case-by-case constructions, he proved
that every finite-dimensional, complex, simple Lie algebra can be defined abstractly by an explicit
presentation whose generators and relations depend only on the entries of its Cartan matrix.
In particular, applying this presentation to the exceptional types provided a uniform proof of
existence for the five exceptional Lie algebras.

Together with the structure theory developed along the way, Cartan’s classification also made it
possible to study finite-dimensional, complex, simple Lie algebras, which are inherently algebraic
objects, by combinatorial methods. Most importantly, every such Lie algebra g is associated with
a finite root system ® C a* in a real form a* C h* of the dual space of a Cartan subalgebra h C g
and this gives rise to a finite Weyl group W that acts on a* by orthogonal linear transformations
preserving ®. These groups are examples of finite reflection groups, which can be considered as
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xii INTRODUCTION

highly “symmetric” combinatorial objects, and their abstract theory is deeply connected to the
structure of the corresponding Lie algebras. Cartan’s ideas naturally extend to finite-dimensional,
real, semisimple Lie algebras, leading to the concepts of reducible and relative Weyl groups. By
means of the exponential map and some basic covering theory, it also provided a classification of
semisimple Lie groups for which the role of Weyl groups is equally important.

Motivated by their profound impact on Lie theory and surprising occurrences in other areas of
mathematics, finite reflection groups were axiomatized and generalized in the 1930’s by Harold
S.M. Coxeter and are nowadays known as Cozeter groups. In the finite case, they are completely
classified and essentially correspond to the Weyl groups of complex simple Lie algebras, the finite
dihedral groups and two exceptional examples. Infinite Coxeter groups, however, also soon began
to appear in various mathematical disciplines. In particular, the theory of analogues of classical Lie
groups over arbitrary fields, developed by Chevalley, Bruhat and Tits in the 1960’s, showed that
affine Coxeter groups are naturally linked to semisimple algebraic groups over non-Archimedean
local fields. While the affine groups are in a sense the “simplest” family of infinite Coxeter groups
and closely related to the finite ones, other examples made significant contributions to a number
of different areas, such as geometric group theory.

Further developments even established the relevance of much more refined combinatorial structures
to Lie theory. In the Archimedean setting, Cartan’s work on Riemannian symmetric spaces of
non-compact type linked semisimple Lie groups to metric spaces of non-positive curvature. The
subsequent construction of their visual boundaries showed that every real semisimple Lie group is
equipped with an action on a spherical building. This is a highly “symmetric” simplicial complex
assembled from subcomplexes, called apartments, that are all isomorphic to the Coxeter complex
of a finite reflection group and satisfy certain compatibility axioms. By imitating this construction,
the theory of Bruhat & Tits established the same connection between semisimple algebraic groups
over non-Archimedean local fields and affine buildings. These are simplicial complexes that are
defined as in the spherical case but modelled on affine Coxeter groups and they can reasonably
be viewed as “discrete analogues” of Riemannian symmetric spaces of non-compact type. In both
situations, these structures encode a lot of algebraic information about the respective Lie groups
and should be seen as their naturally associated geometric objects.

Apart from the non-Archimedean setting, a different generalization of Lie theory was developed
simultaneously and independently by Victor G. Kac in the Soviet Union and Robert Moody in
Canada during the 1960’s. They both introduced a family of complex Lie algebras that became to
be known as Kac-Moody algebras. Essentially, their construction imitates Serre’s presentation of
finite-dimensional, complex, semisimple Lie algebras, but allows for a broader class of generalized
Cartan matrices. The structure of the resulting Lie algebras resembles the classical case, but
some notable new phenomena arise. Every Kac-Moody algebra g, defined by a matrix A, is still
associated with a suitable notion of root system ® C a* in the dual space of a finite-dimensional
real Cartan subalgebra a C g and a corresponding Weyl group W that acts on a* by linear maps
preserving ®. However, g is infinite-dimensional, ® is an infinite set and W is an infinite Coxeter
group, unless A was one of the “original” matrices in Cartan’s classification and the associated
Kac-Moody algebra is in fact a finite-dimensional, complex, semisimple Lie algebra. The structure
theory of Kac-Moody algebras is intimately related to the general theory of Coxeter groups and
thus retains a strong combinatorial flavour. Soon afterwards, Kac also provided a first construction
of complex Kac-Moody groups, which can be viewed as “infinite-dimensional” analogues of complex
semisimple Lie groups. It was subsequently generalized by Tits who gave a natural definition of
Kac-Moody groups over arbitrary fields. In the real and complex case, they further developed
a variant of the exponential map similar to the correspondence between Lie groups & algebras.
Outside the setting of classical Lie theory, however, this mechanism is much more complicated
since the exponential map cannot be defined on the entire Kac-Moody algebra. Consequently, it
is much more difficult to translate “non-linear” questions about Kac-Moody groups into “linear”
problems about Kac-Moody algebras.

In Tits’ approach, Kac-Moody groups are defined by an explicit presentation and should therefore
be primarily viewed as abstract groups that are initially not endowed with any topology, let alone
any sort of manifold structure. Nevertheless, it is more or less a consequence of their construction
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that real and complex Kac-Moody groups share many algebraic properties with real semisimple
Lie groups. While a lot of proofs in the finite-dimensional case rely on the differentiable structure
of Lie groups, it is sometimes possible to replace them by combinatorial arguments which can
then be carried over more easily to the Kac-Moody setting. For example, every real or complex
Kac-Moody group G has an Iwasawa decomposition G = K AU, with unique factorization. If G
is a connected semisimple Lie group, the existence of such a decomposition is a well-known result
of Lie theory. In this situation, K is a maximal compact subgroup of G (if the center of G is
finite), A = exp(a) is an abelian subgroup defined as the exponential image of a real form a of
a Cartan subalgebra § of the Lie algebra g of G and U, = exp(u4) is a contractible nilpotent
subgroup that is obtained as the exponential of the direct sum uy of all positive root spaces in g.
For Kac-Moody groups, these notions are not well-defined. Instead, K is defined as the fixed-point
set of a certain involutive automorphism of G, A = exp(a) can be constructed via the exponential
map as before, and Uy is set to be the subgroup of G generated by a (typically infinite) family
of positive “root groups”. These definitions coincide with the previous ones in the Lie group case
where the automorphism defining K is a Cartan involution.

Given a real or complex Kac-Moody group G and some g € G, the unique elements k € K, a € A
and u € U, such that ¢ = kau can be viewed as “coordinates” of g which naturally raises the
question how these coordinates behave with respect to the group multiplication. More precisely,
given two elements g1, go € G, is it possible to determine the Iwasawa coordinates of the product
g192 € G from those of the individual factors? As the three subgroups do not commute with or
normalize each other, this problem is very difficult in such a general form. In the case where G is
a semisimple Lie group, questions in representation theory and analysis often require to determine
how the A-component of an element a € A is affected by right-multiplication with another element
from the maximal compact subgroup K. This problem was solved by Bertram Kostant in 1973
who proved that if one multiplies any fixed a = exp(h) € A from the right by all elements of K
and computes the A-components of all these products, the resulting subset of A is the exponential
image of the convex hull of the Weyl group orbit of h = log(a) € a. This result is nowadays
known as Kostant’s Convexity Theorem. It greatly influenced modern Lie theory, provided many
applications and allowed for vast generalizations in diverse areas of mathematics.

Overview of the main results

The exact analogue of Kostant’s Convexity Theorem can be formulated for an arbitrary real or
complex Kac-Moody group, but whether this naive generalization is indeed true was hitherto an
open problem. The principal goal of this thesis is to give a largely positive answer to this question
and to use the result to study algebraic properties of Kac-Moody groups. Throughout this section,
the notation is as follows (cf. Chapters |1 to 4| for the according definitions):

o A € 7™ is a symmetrizable generalized Cartan matrix.

e D=(I,A A, (¢ci)ier, (hi)ier) is a Kac-Moody root datum of rank d € N associated to A and
AV is the dual Z-module of A.

e g is the split real (or complex) Kac-Moody algebra of type D and a :== AY ®z R is (a real
form of) the Cartan subalgebra of g.

e G is the split, minimal, real (or complex) Kac-Moody group of type D.

o G = KAU, is an Iwasawa decomposition of G, where K is the fixed-point set of the compact
involution of G, A := exp(a) is the image of a under the exponential map, which restricts to
a bijection exp : a — A, and U, is the subgroup of G generated by all positive root groups.

o II4:G— A, g=kau > a, is the Iwasawa projection onto the A-component.

e W is the Weyl group of A which acts on a via the D-representation.

o (W, S) is the associated Coxeter system, X* (W, S) its reversed Coxeter complex and 2*(W, S)
the quotient of ¥*(W,S) by the equivalence relation defined in (4.3.19).

e C C ais the closed fundamental chamber and X, C a the Tits cone for the D-representation
of W on a.

e =5, :=conv(W - h) C ais the convex hull of the Weyl group orbit of a point h € a.
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The main result of this thesis is the following generalization of Kostant’s Convexity Theorem to
the class of real or complex Kac-Moody groups. For the notion of an almost virtually singular
element of a, the reader is referred to Definition 4.1.2l If A is indecomposable, it is equivalent to
having finite stabilizer under the W-action on a.

Theorem A (cf. [5.1.1). If h € a is almost virtually singular and a = exp(h) € A, then
{TTa(ak) | k € K} = exp(Ep).

If A is spherical, i.e. the Cartan matrix of a finite-dimensional, complex, semisimple Lie algebra,
then W is finite, X, = a and the condition on h is vacuous. In this situation, Theorem |A|reduces
to a special case of Kostant’s Convexity Theorem. In the general Kac-Moody setting, however, it
is genuinely new. It is worth noting that it only gives a description of the set I14(gK) for certain
elements g = a € A and not for an arbitrary g € G. In Kostant’s original setting, this does not pose
a restriction because a semisimple Lie group has a K AK-decomposition. For general Kac-Moody
groups, such a decomposition is not available and the theorem cannot be generalized in this way.
In addition, it is a consequence of Kostant’s Convexity Theorem and the K AK-decomposition
that a semisimple Lie group also has a KU, K-decomposition. The question whether the same is
true for Kac-Moody groups was formulated in [Horl7|. As a first application of Theorem |A] we
establish that such a decomposition only exists under very restrictive assumptions. In the next
results, a Kac-Moody root datum is said to be admissible if the topological interior X¢ of the
Tits cone X C a is not empty. This is always satisfied if no indecomposable component of A is
of affine type. In the affine case, however, there exist examples of non-admissible root data whose
rank is equal to n — 1.

Theorem B (cf. [6.2.5 and [6.2.6).
(i) If D is admissible, then G = KU, K if and only if A is spherical and d = n.
(i) If A is an indecomposable GCM of affine type and d =n — 1, then G = KU, K.

Another application of Theorem [A] yields the following algebraic property of Kac-Moody groups,
where we denote by A% = exp(X§) C A the exponential image of the topological interior of
the Tits cone. If A is spherical, then AS = A and the first statement is simply the well-known
K AK-decomposition which holds more generally for reductive Lie groups. If A is not spherical,
then Af is a proper subset of A and the second assertion is new.

Theorem C (cf. 6.2.8). If D is admissible, then exactly one of the following conditions holds:
(i) If A is spherical, then KASK = G.
(ii) If A is not spherical, then (KASK)N C KASU; C G for all N € N.

The interest in this algebraic result is rooted in a related geometric question. In [FHHK20], the
authors introduce the notion of a Kac-Moody symmetric space which serves as a useful substitute
for Riemannian symmetric spaces of non-compact type in Kac-Moody theory. Exactly as in the Lie
group case, a Kac-Moody symmetric space is defined as the quotient G/K endowed with a certain
“multiplication map” u : G/K x G/K — G/K that mirrors properties of geodesic reflections in
Riemannian symmetric spaces. In the Kac-Moody setting, however, the set G/K does not carry
any differentiable structure. Alternatively, the authors use the topological interior of the Tits cone
to construct a causal structure on G/K and show that the corresponding causal pre-order is either
trivial (i.e. any two points precede each other) or a partial order (i.e. antisymmetric), where the
first case occurs if and only if the subsemigroup of G generated by K and A is equal to G. At
the time of writing, they were not able to decide whether or not this condition is satisfied for
Kac-Moody groups, but Theorem [C| provides an immediate solution to this problem.

Theorem D (cf. [6.3.18). If A is invertible and (G/K, i) is a Kac-Moody symmetric space in the
sense of [FHHKZ2()], then ezactly one of the following conditions holds:

(i) If A is spherical, the causal pre-order on (G/K, ) is trivial.

(i5) If A is not spherical, the causal pre-order on (G/K, ) is a partial order.
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The proof of Theorem |A|is based on a detailed study of the “geometry” of convex hulls of Weyl
group orbits in a. If A is spherical, then W is finite and =} is a convex polytope for every h € a.
Such sets can be investigated by classical techniques of convex geometry. If A is not spherical,
however, W is an infinite group and these tools are not available. Convex hulls of infinite point sets
are rarely studied in full generality and often fail to have any desirable properties. In particular,
it is not clear whether =, is a closed subset of a whose relative boundary is comprised of faces
that determine the set itself in a satisfactory way. Nevertheless, in the case of an almost virtually
singular element i € a, we show that =; does indeed possess a well-behaved facial structure that
admits a completely combinatorial description in terms of the Coxeter system (W, .S).

Theorem E (cf. 4.3.38). If h € a is almost virtually singular, then Zy, is a closed subset of a and
its face poset is isomorphic to ¥*(W,S).

A particularly appealing special case occurs when h is a regular element of a, i.e. when h or —h
is contained in an open Weyl chamber of X . In this case, the equivalence relation on X*(W, S)
is trivial and the face poset of Zj is isomorphic to the reversed Coxeter complex in such a way
that if a face F' C Zj corresponds to the standard coset wW; C W under this isomorphism, the
dimension of F' coincides with the cardinality of the finite set J C I.

The most important consequence of Theorem [E|is that =, can be reconstructed from its proper
faces as the intersection of all its supporting half-spaces, which implies that another point in a is
contained in Zj, if and only if it satisfies a (typically infinite) family of weak linear inequalities
that can be determined explicitly (cf. Theorem 4.3.38 (v)). This fact will be crucial to prove one
of the inclusions in Theorem |Al To show the converse, we apply an inductive argument for which
we first study the intersections of =, with the parallel translates {E®)(t) | i € I, t € T}El)} of its
maximal supporting hyperplanes (cf. (4.3.28)) and (4.3.33)). Given any such plane, we establish
that P()(t) := Z;, N B (t) is a union of convex hulls of orbits of the corank-1 standard subgroup
W = Wi\giy C W, where the footpoint runs over a distinguished “small” subset of PO(t) that
we call the essential part (cf. Definition [4.3.52)).

Theorem F (cf. 4.3.55). If h € a is almost virtually singular, i € I;s and t € T}(Li), then every
point in P(i)(t) lies in the convex hull of the W) -orbit of a point in the essential part.

One noteworthy shortcoming of our results is that both Theorem [E| and [F| crucially rely on the
assumption that h € a is almost virtually singular and fail without this condition. Hence, our
proof strategy does not allow us to extend Theorem |A| beyond the almost virtually singular case.
Investigating whether it is still valid for a more general class of elements requires new ideas and
is a topic for further research that is beyond the scope of this thesis.

Organization of the thesis

Following the current general introduction, the thesis begins with an optional historical overview of
Kostant’s Convexity Theorem, its origins and various generalizations that is intended to motivate
the subsequent discussion. Afterwards, the core content of the text is divided into two parts:
Part [T| contains preliminary material that is largely a collection of definitions and results that are
well-known in the literature, but may need to be adapted to our setting. It also serves the purpose
of fixing much of the notation that will be used in Part [II| where we establish mostly original
results and prove our main theorems. More precisely, the text is organized as follows:

o Part [I: Preliminaries

— Chapter (1] provides a rather brief survey of the theory of Coxeter groups. Having
collected some basic definitions and properties in Section [1.1, we introduce the notion
of colourings of Coxeter diagrams in Section |1.2] which will be very useful in order to
investigate convex hulls of Weyl group orbits in Chapter [4. The material of this section
is elementary but perhaps difficult to find in the literature. It also contains some more
refined concepts that, to the best of the author’s knowledge, have hitherto not been
introduced elsewhere in the same level of detail.
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— Chapter 2|elaborates on Kac-Moody algebras. In the first three sections, we introduce

generalized Cartan matrices and use the concept of Kac-Moody root data for a flexible
definition of Kac-Moody algebras that is suitable for inductive arguments. Section [2.4
contains some basic notions from the representation theory of Kac-Moody algebras that
will be important at various stages in the text. In Section 2.5| and 2.6l we define the
Weyl group of a generalized Cartan matrix and study its D-representation provided
by a Kac-Moody root datum D. Finally, in Section 2.7, we discuss some assumptions
and conventions that will be employed in later chapters. The vast majority of this
chapter consists of standard results from Kac-Moody theory that were adapted to our
definitions and will be mentioned without proof. For the reader’s convenience, however,
we occasionally provide self-contained proofs of statements for which it is potentially
hard to give a satisfying reference.

Chapter 3| introduces the class of Kac-Moody groups for which we aim to prove our
main theorems. Using the notion of Kac-Moody root data, we define Kac-Moody groups
via a concrete presentation, called the constructive Tits functor, and study their basic
structure and representation theory in Section [3.1] and [3.2] Afterwards, we discuss the
special cases of rank-1 groups (Section [3.3) and Kac-Moody groups over the real or
complex numbers (Section |3.4), where we also establish the existence of the Iwasawa
decomposition. Section [3.5] contains a lot of explicit matrix computations inside the
groups SLy(R) and SLy(C) that will be relevant to Chapter [5| and |6/ but may freely be
skipped on first reading. In the final Section [3.6, we explain a certain “functoriality”
in the definition of a Kac-Moody group with respect to the underlying root datum.
This section is also optional and only needed for a minor aspect of the proofs of two
theorems in Chapter 5l Except for the computations in Section 3.5, most results of this
chapter are standard facts from Kac-Moody theory that might have been tailored to
our setup. When appropriate, we therefore also give self-contained proofs of statements
that appear to be known in a different context.

e Part I1I: Kostant Convexity for Kac-Moody Groups

— Chapter 4] is devoted to studying convex hulls of Weyl group orbits obtained from

the D-representation. The relevant terminology as well as some important facts from
convex geometry to be used throughout the chapter is introduced in Section |[4.1]and 4.2]
In Section 4.3 we begin to investigate the set = in the case where h € a is internal,
but as we shall see, it will soon be necessary to invoke the stronger assumption that
h € a is almost virtually singular. In this situation, we prove Theorem [E| and [F| which
are crucial ingredients for the proofs of our main theorems in Chapter [5l We also briefly
discuss other orbit types in Section [4.4] where it seems difficult to establish any general
results. Instead, we content ourselves with some interesting examples that highlight
the problematic phenomena that arise in the structure of =, when h € a is not almost
virtually singular.

Although we work in the setting of Kac-Moody theory, it is interesting to observe that
most arguments in this chapter merely rely on simple properties of Coxeter groups.
Convex sets related to Coxeter groups have been studied in the literature from various
perspectives, but most references either focus on the case of finite groups or work in a
far more abstract setting (e.g. incidence geometry) that is not suitable for our purposes
because, as we shall explain, it will be important that we view =; as a “metric” object
that is embedded in the real vector space a in a particular way. While some of our
results can surely be deduced from the existing literature, the methods we apply are
typically very simple and adapted to our purposes, so it seems appropriate to provide
self-contained proofs throughout this chapter.

Chapter [5|is the heart of this thesis and establishes the anticipated generalization of
Kostant’s Convexity Theorem to the classes of real and complex Kac-Moody groups.
Section [5.1] and [5.2] contain the statement and proof of Theorem [Al Section [5.3|and [5.4
then develop a “linear analogue” of Theorem |A| on the level of a Kac-Moody algebra.



xvii

The two results are very similar in their formulation and their proofs almost identical.
Both are divided into three steps:

* Step 1 combines Theorem [E| (more precisely, the characterization of Z;, by weak
linear inequalities in Theorem [4.3.38 (v)) with arguments about highest-weight
representations of Kac-Moody groups & algebras to establish one of the inclusions
in the respective theorem.

* Step 2 exploits Theorem |F| in order to prove the converse inclusion by induction
on the size of the generalized Cartan matrix. The base case of this induction makes
use of the matrix computations in Section [3.5]

* Step 3 uses the functoriality developed in Section [3.6] to extend the results of the
previous two steps, which require a restriction on the underlying Kac-Moody root
datum, to arbitrary root data.

Despite the resemblance between these two theorems, the author is not aware whether
one of them can be deduced from the other in a straightforward way. In Section [5.5]
we compare our “linear” result with a very similar convexity theorem for Kac-Moody
algebras due to Kac & Peterson and discuss the relationship between Theorem [A] in
the case of a spherical generalized Cartan matrix and Kostant’s original result for
semisimple Lie groups. Finally, we sketch how our arguments can be modified to prove
a close analogue of Kostant’s Convexity Theorem for groups of real or complex points
of reductive algebraic R-groups.

— Chapter [6] contains various applications of Theorem [A] to the algebraic structure of
real or complex Kac-Moody groups. In Section 6.1, we describe an algorithm that,
to a limited extent, provides a recipe for computing the group multiplication in such
a group G = KAU. in Iwasawa coordinates. This algorithm can then be used to
investigate the structure of sub(semi-)groups of G and we illustrate one such example
in Theorem [6.1.10. Inspired by [Horl7|, we study decompositions of Kac-Moody groups
in Section |6.2] where we prove Theorem [B| and |Cl Finally, in Section [6.3, we present
the construction of Kac-Moody symmetric spaces developed in [FHHK20] and then
interpret some of our theorems in this “geometric” context. Here, we closely follow
that reference, but as its setting is slightly different from ours, we have to invoke some
assumptions on the Kac-Moody groups in question and occasionally modify its proofs in
order to be consistent with our definitions. In particular, we explain the construction of
the causal pre-order on Kac-Moody symmetric spaces and establish Theorem D}, which
is the only original result of this section and an immediate consequence of Theorem |C
in that framework.

— Chapter |7 marks the conclusion to this thesis. It summarizes the principal ideas and
results as well as the difficulties that prevent further generalizations. As a consequence,
we formulate some open questions that arise naturally from our discussion and might
serve as interesting topics for future research.

Since the material of Part I mostly consists of standard results from the literature, the first three
chapters are each preceded by an introductory paragraph containing more precise references. The
final chapter is followed by a subject index and a list of symbols, where frequently used terminology
and notation can be found, as well as a bibliography.

One notable omission of this thesis is that the author has chosen not to introduce the theory of
buildings, although it is an essential tool in Kac-Moody theory and many algebraic properties
of Kac-Moody groups mentioned in Chapter [3| are proved via this machinery. In our discussion,
however, there is only one result for which such arguments are required. This is the case in
Proposition [3.4.6| where precise references for the undefined terminology and the relevant results
from building theory will be given. Affine buildings will also appear briefly at the end of the
historical introduction but only from a motivational perspective. Thus, introducing buildings in
detail would have potentially distracted the reader from the main line of reasoning. The excellent
book [ABOS] provides a thorough account of this subject.
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Notational conventions

Throughout this thesis, we employ the following conventions on notation and terminology:

Given two sets A and B, we write A C B or B D A if A is any subset of B and A C B or
B 2 Aif it is a proper subset. The symbols C and O will be avoided.

The set of natural numbers is denoted by N and does not contain zero. If we want to include
zero, we write Ng = NU {0} = {0,1,2,...}. If n € Ny is a non-negative integer that is fixed
by the context, we set I := {1,2,...,n} which is understood to be the empty set if n = 0.
We write J;; for the Kronecker delta of two symbols ¢ and j:

1 ifi=yj
5ij = { P .

0 ifis#j
A field will always be denoted by K and its multiplicative subgroup by K* := K\ {0}. Unless
explicitly stated otherwise, all fields are assumed to have characteristic zero.
For any field K and n € Ny, we write K®*" for the K-vector space of (n x m)-matrices
over K and I,, for the corresponding (n x m)-identity matrix. Likewise, we denote the set
of (n x n)-matrices with integer entries by Z"*™. For n = 0, we follow the convention that
K20 (resp. Z%*0) contains a unique element that may be thought of as the “empty matrix”.
Given a vector space V over a field K, we use angle brackets to denote the natural pairing
between V and its dual space V*:

() VXV 5K
(f,0) = (f,0) = f(v)

If AV and A are dual free Z-modules, the same notation will be applied to the dual pairing
Ax A —Z.

We usually view a basis of a K-vector space V' as a subset of V instead of a family of vectors.
For our purposes, this will be relevant in the following situation: If V is finite-dimensional
with d := dim(V') € N, we typically write a basis of V' as a subset B = {v1,...,v4} CV of
cardinality d, where it is tacitly understood that the basis is ordered in the suggested way.
More precisely, we identify the set B with the tuple (vy,...,v4) € V¢ where the indices are
ordered increasingly from 1 to d. Hence, we denote the corresponding dual basis of V* also
by B* = {vf,...,v5} C V* and implicitly require that the ordering satisfies (v}, v;) = d;;
for all i,5 € {1,...,d}. The same convention applies to bases of free Z-modules.

If AV is a free Z-module and K a field, the tensor product V := AY ®z K has a natural
structure of a K-vector space. Given any h € AV and z € K, we denote the elementary
tensor h ® z simply by zh. In particular, we view AV as a subset of V by identifying it with
the set AV®1CV.

For any two real numbers z,y € R, the closed interval between x and y may be written both
as [z,y] and [y, z], independent of whether <y or y < . The same convention applies to
open and half-open intervals.

Whenever a symbol is indexed by =+, it refers to two separate objects indexed by + and —,
respectively. Statements involving these indices are understood to hold for both choices of
the sign simultaneously.

The notions of an abelian group and a Z-module are equivalent and used interchangeably.

e The word poset is used as an abbreviation for partially-ordered set.
e Further references for notation and terminology that is specific to certain parts of the text:

— Assumptions: 2.7.1, 2.7.3, 2.7.5, 2.7.6, 4.1.3, [4.3.43, [5.2.2, [5.4.2, [6.3.13
— Conventions: [1.2.3, 2.1.2, [2.7.2, 2.7.4, 2.7.7, 3.4.9, [4.1.5
— Notation: [1.2.8,2.1.7, 2.3.6, 2.5.4, [2.6.8, [3.3.2, [3.4.13, 4.1.1, [6.1.2



A Historical Account of Kostant
Convexity

The original meaning of Kostant Convexity stands for an important convexity property of the
Iwasawa decomposition of semisimple Lie groups & algebras. More precisely, it refers to two
similar statements that are known as Kostant’s Convezity Theorems and were proved by Bertram
Kostant in 1973 (cf. [Kos73]). Historically, the origins of these results are not rooted in problems
of Lie theory but rather a seemingly elementary question in linear algebra. Nowadays, the notion
is more general and encompasses a wide range of similar and related theorems in various branches
of mathematics, including Lie theory, symplectic geometry and the theory of buildings. In this
introductory chapter, we briefly sketch some parts of the history of Kostant Convexity which is
primarily intended to motivate our desire to study this concept in the Kac-Moody setting. The
literature on Kostant Convexity is vast and we will only be able to scratch the surface. In our
exposition, we freely use standard language from Lie theory and results from the structure theory
of semisimple Lie groups & algebras, as developed in e.g. [Kna02, Chapters I, II, VI, VII].

The Schur-Horn Theorem

The concept of Kostant Convexity originates from a surprising convexity property of Hermitian
matrices that is motivated by a very simple observation. Let H(n) C C™**™ denote the set of
Hermitian (n x n)-matrices and U(n) C GL,,(C) the unitary group. It is a basic result of linear
algebra that every A € H(n) is unitarily diagonalizable with real eigenvalues A1, ..., A, € R and,
conversely, every Hermitian matrix with these eigenvalues is unitarily equivalent to the diagonal
matrix Dy = diag(A,...,\,) € H(n). Since conjugates of D) are no longer diagonal in general, it
is natural to ask whether the set of diagonal vectors of the resulting matrices can be characterized
in a simple way. More precisely, given any two vectors A = (A1,...,\,) and d = (di,...,d,)
in R™, is it possible to find necessary and sufficient conditions for the existence of a Hermitian
matrix A = (aij)?,jzl € H(n) with eigenvalues A1,...,\, and diagonal entries a;; = d; for all
i€{l,...,n}? As A must be of the form A = UD,\U~" for some U = (u;;)}*,—; € U(n) and the
trace of a matrix is invariant under conjugation, one necessary condition is the following:

=1 i=1

Clearly, this condition is not sufficient and further restrictions were found by Issai Schur in 1923.
To formulate them, we first observe that U(n) contains all permutation matrices and conjugation
by them permutes the diagonal entries of any matrix. Hence, there is no loss of generality in
assuming that A\; > ... > )\, and d; > ... > d,,. Moreover, the diagonal entries of A = UD,\U !

are given by a; = Zg;l luij|?A; for i € {1,...,n}, so the diagonal vector of A is the image
of A under multiplication by the matrix P = (p;;);';—; € R"*" whose entries are defined by
pij = |uz;|>. Since U is unitary, it follows that P is a doubly-stochastic matriz, i.e. the matrix

entries of P are non-negative real numbers and their sum in every fixed row or column of P is
equal to 1. The Birkhoff-von Neumann Theorem (cf. [GruQ7, Theorem 5.7 or 14.4]) asserts that

xix
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the set of doubly-stochastic matrices is the convex hull in R™*" of the set of permutation matrices,
so P can be written as a convex combination of permutation matrices. Combining this result with
the assumption on the orderings of A and d shows that the following inequalities found by Schur
also have to be satisfied:

k k
ddi<Y N forallke{l,...,n—1} (SH2)
=1 =1

Conversely, Alfred Horn proved in 1954 that (SH1) and (SH2) are in fact sufficient conditions for
the existence of A (cf. [Hor54al, Theorem 5]).

Schur-Horn Theorem (Version 1). Let A = (A\1,...,\,) and d = (dy,...,dy) be two vectors
in R™ such that \y > ... > A\, and dy > ... > d,. There exists a Hermitian matriz A € H(n)
with eigenvalues A1, ..., \, € R and diagonal vector d € R™ if and only if (SH1) and (SH2) are
satisfied.

While this formulation may appear to be rather technical, the theorem attains a more pleasant
form by removing the dependence on the orderings. Let A = (A1,...,A,) € R™ now be arbitrary
and denote by P, the permutation polytope of A, i.e. the convex hull of all permutations of A:

Py = conv({(As(1), -+ Aom)) | 0 € Sp}) CR"

This definition does not depend on the ordering of A and it can be shown that another vector
d=(dy,...,d,) € R" is contained in P, if and only if, after putting A and d into non-increasing
order, the conditions (SH1) and (SH2)) are satisfied (cf. [Hor54a, Theorem 1]). Thus, the previous
result may be reformulated as follows:

Schur-Horn Theorem (Version 2). Let A = (A1,...,A\n) andd = (d1, ..., dy) be any two vectors
in R"™. There exists a Hermitian matriz A € H(n) with eigenvalues A\1,..., A\, € R and diagonal
vector d € R™ if and only if d is contained in the permutation polytope of \.

At first sight, the Schur-Horn Theorem may appear to be a simple curiosity of linear algebra and,
indeed, Horn’s proof is completely elementary. However, it was soon noticed that a minor refor-
mulation suggests a far-reaching generalization to the theory of Lie groups that will be discussed
in the next section.

To conclude the current one, we remark that the Schur-Horn Theorem is just one instance of a
variety of similar results that each characterize the set of matrices with a prescribed property by
a family of inequalities. For example, the result below, which is originally due to Horn as well and
was later generalized by Thompson, can to some extent be viewed as a “multiplicative analogue”
of the Schur-Horn Theorem (cf. [Hor54b] and [Tho72, Theorem 1]).

Horn-Thompson Theorem. Let P € C"*" be a positive-definite matriz with real eigenvalues
A1 > ... >N\, > 0. Given any vector = (1, ..., in) € R™ with py > ... > py, > 0, there exists
a unitary matriz U € U(n) such that PU has eigenvalues pq, . . ., p, € Rsg if and only if

k k n n
Hm§H)\Z-f0rallk€{1,...,n—1} and H;LZ-:H)\Z-. (HT)
i=1 i=1

i=1 i=1

Although this result answers a question about eigenvalues while the Schur-Horn Theorem deals
with diagonal vectors, the two are undeniably similar in style. In fact, the inequalities in (HT) are
equivalent to (SH1) and (SH2) under the coordinate-wise exponential map exp : R™ — (Rsq)™.
Consequently, the Horn-Thompson Theorem also admits an equivalent formulation in terms of the
exponential of the permutation polytope of the vector (log(\1),...,log(A\,)) € R™.
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A Lie-theoretic reformulation

The aforementioned reinterpretation of the Schur-Horn Theorem in the language of Lie theory
becomes apparent after a slight change of notation. The map C"*™ — C"*™ M + iM, defines
a bijection between the sets of Hermitian and skew-Hermitian matrices and transforms the real
eigenvalues of A € H(n) into the purely imaginary eigenvalues of iA € iH(n). At the same time,
multiplication by i on C"” maps the permutation polytope Py C R™ to P;y := iPy C iR™. Thus,
the Schur-Horn Theorem equivalently characterizes the set of diagonal vectors of skew-Hermitian
matrices with prescribed imaginary eigenvalues. More formally, let 7 : C"*™ — C™*" denote the
map that sets all off-diagonal entries of a matrix equal to zero and ¢ : C"* — C™*"™ the map which
constructs from a vector in C” the corresponding diagonal matrix. Then ¢ defines an isomorphism
between C" and the image of 7 and the well-defined composition :~* o : C"*" — C" extracts the
diagonal vector of a matrix M € C"*", i.e. (171 om)(M) = (mi1,...,Mp,). With this notation,
the Schur-Horn Theorem is equivalent to the following statement, where D,y = iD) € iH(n):

Schur-Horn Theorem (Version 3). For every A € R", it holds that
{m(UDUY | U € U(n)} = t(Piy). (SH3)

Both sides of (SH3|) can now be viewed as objects of Lie theory. In fact, the set iH(n) of skew-
Hermitian matrices is the Lie algebra u(n) of the unitary group and the adjoint action of U(n) on
u(n) = iH(n) is simply conjugation. Hence, the set {UD;\U~! | U € U(n)} can be viewed as the
orbit of D;y € iH(n) = u(n) under the adjoint action of U(n). Moreover, there is a U(n)-invariant
inner product on u(n) defined by:

u(n) xu(n) - R
(A, B) — —tr(AB)

Let t C u(n) denote the subspace of skew-Hermitian diagonal matrices. This is a maximal abelian
subalgebra of u(n) and every element of t is equal to D;) for a unique A € R™. It is not difficult to
verify that the restriction m¢ i= [y, : u(n) — t coincides with the orthogonal projection of u(n)
to t with respect to this inner product. Thus, we may view the set on the left-hand side of (SH3)
as the image of the adjoint U(n)-orbit of D;) € t under the orthogonal projection of u(n) onto a
maximal abelian subalgebra.

To interpret the right-hand side, we consider the subgroup 7" C U(n) of unitary diagonal matrices.
It is the unique connected Lie subgroup of U(n) with Lie algebra t and a maximal torus. The group
W = N(T)/T, where N(T) denotes the normalizer of T" in U(n), is called the Weyl group of U(n).
Since the adjoint action of N(T) C U(n) on u(n) stabilizes t and T C N(T) fixes it point-wise,
it induces a well-defined action of W on t. Explicitly, the group N(T) consists of the “monomial
matrices” in U(n), i.e. those having exactly one non-zero entry in every row and column. Hence,
the set of permutation matrices forms a system of representatives for W = N(T')/T, which is
therefore isomorphic to the symmetric group S,, and under this isomorphism, the W-action on
t is equivalent to the action of S,, on t by permuting the diagonal entries. Thus, the set ¢(P;y)
coincides with the convex hull of the orbit of 1(i\) = D;\ € t under the Weyl group of U(n).
Altogether, we arrive at the fourth and final reformulation of the Schur-Horn Theorem.

Schur-Horn Theorem (Version 4). Let G := U(n) be the unitary group with Lie algebra g :== u(n)
and T C G the maximal torus of unitary diagonal matrices with Lie algebra t C g. Denote by
W = N(T)/T = S, the Weyl group of G and by 7 : g — t the orthogonal projection to t with
respect to an Ad(G)-invariant inner product on g. For every h € t, it holds that

{m(Ad(g)h) | g € G} = conv(W - h). (SH4)

This variant of the Schur-Horn Theorem is now entirely Lie-theoretic which suggests trying to
generalize it to a wider class of Lie groups. This can be achieved in two ways: On the one hand,
using tools from symplectic geometry, it is possible to extend the result to connected compact
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Lie groups. In this setting, it is a consequence of a more general convexity theorem by Atiyah,
Guillemin & Sternberg about Hamiltonian torus actions on symplectic manifolds that we will
briefly discuss in the last section of this chapter. On the other hand, B. Kostant managed in 1973
to generalize the theorem to all connected semisimple Lie groups. In his approach, it is closely
related to a similar convexity property that holds “on the group level” and will be explained in
the next section. It should be noted that U(n) is not a semisimple Lie group since its center is
one-dimensional. However, every matrix in U(n) is the product of a scalar multiple of the identity,
whose adjoint action on u(n) is trivial, and an element in the special unitary group SU(n), i.e.
having determinant 1. Likewise, one can subtract a scalar multiple of the identity from h € t to
make the matrix trace-free and thus contained in su(n). As scalar multiples of the identity are
fixed by the adjoint and W-action, (SH4) also holds with U(n) replaced by the semisimple Lie
group SU(n) and h € tNsu(n) and it is equivalent to this special case.

Kostant’s Convexity Theorems

A remarkable generalization of the Schur-Horn Theorem was established by B. Kostant in [Kos73].
In this paper, the author not only extends Version 4 of the Schur-Horn Theorem to the class of
connected semisimple Lie groups, but also proves a much more elaborate convexity property of a
certain decomposition of semisimple Lie groups. Both results are typically referred to as Kostant’s
Convezity Theorem. Guided by [LROI|, we will call the former the linear convexity theorem and
the latter the non-linear one. Its origins are related to the following problem.

Let G be a connected semisimple Lie group and let g = ¢ @ p be a Cartan decomposition of
its Lie algebra g, where £ is the fixed-point set of a Cartan involution 6 : g — g and p is the
(—1)-eigenspace of 6. If a C p is a maximal abelian subspace, the adjoint action of a on g is
simultaneously diagonalizable and the eigenvalues of ad(h) : g — g depend linearly on i € a. The
non-zero linear functionals defined by the joint eigenvalues are the roots of the pair (g,a) and
the set ® C a* of all roots is an abstract root system in the Euclidean vector space a*, whose
inner product is induced by the Killing form of g, with an associated Weyl group W, which is a
finite group generated by elements of order two that acts on a and a* by orthogonal linear maps.
Let &, C ® be a set of positive roots and u,; the subalgebra of g spanned by all positive root
spaces, then g = £ ® a @ uy as vector spaces which is known as the [wasawa decomposition of g.
A fundamental result in the theory of Lie groups asserts that the Cartan involution 6 lifts to an
involutive automorphism © : G — G with differential 0. Its fixed-point set K is a maximal compact
subgroup of G (if the center of G is finite) with Lie algebra ¢ and contains all topological information
about G in the sense that the quotient space G/K is contractible. Furthermore, G/K even has
a natural structure of a Riemannian symmetric space of non-compact type which is an invaluable
geometric tool to study the algebraic structure of the group G. The exponential map exp: g — G
is injective on a and u, and their exponential images A and U4 are contractible subgroups of G.
Here, A is an abelian group isomorphic to a through the bijective map log := (exp|q)~!: A — a,
so the W-action on a lifts to A by intertwining it with the exponential map, and U, is nilpotent.
Moreover, A normalizes U, and the multiplication map K x A x Uy — G is a diffeomorphism
which is called the Iwasawa decomposition of G. Given an arbitrary g € GG, the unique elements
ke K,a€ A and u € Uy such that g = kau can be viewed as “coordinates” of g.

However, the Iwasawa decomposition is not a homomorphism of groups which raises the question
whether the multiplication map in G can be described in Iwasawa coordinates. More precisely,
given two elements g; = kjajuy and go = ksagus of G in Iwasawa form, is it possible to compute
the Iwasawa coordinates of the product gi1g2 € G from the ones of g; and g2? The major difficulty
in this problem is the fact that K does not commute with or normalize A and U,. A simpler
question is to focus on one of the components and restrict g; and g to certain subgroups of G.
According to [Kos73|, various problems in representation theory and analysis on semisimple Lie
groups require control of the A-component and we denote by 114 : G — A, g = kau — a, the
corresponding projection. Because A normalizes U, the most difficult aspect of computing the
A-component of a product in G is to determine how this coordinate changes under multiplication
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by K. It is clear that IT4(kg) = I14(g) holds for all ¢ € G and k € K, but there is no obvious way
how to compute IT4(gk). Using that a semisimple Lie group can be decomposed as G = KAK '
this problem can be reduced to the case ¢ = a € A. In this situation, Kostant established that if
a € A and k € K are arbitrary, then IT4(ak) lies in the “multiplicative convex hull” of the Weyl
group orbit of a and as k runs through all of K, every point of this set is attained in this way.
More precisely, [Kos73, Theorem 4.1] asserts the following:

Kostant’s Non-Linear Convexity Theorem (semisimple version). Let G be a connected
semisimple Lie group with Iwasawa decomposition G = KAUL and W the associated Weyl group.
For every a € A, it holds that

{I14(ak) | k € K} = exp(conv(W -log(a))). (K1)

In the K AK-decomposition of an arbitrary element g = kjaks € G, the A-component is uniquely
determined up to a W-translate, so (K1|) immediately implies that

{Ta(gk) | k € K} = {I1s(ak) | k € K} = exp(conv(W -log(a))). (K2)

Kostant’s result in [Kos73, Corollary 4.2] is even a bit more general. As an application of his
convexity theorem and the K AK-decomposition, he further shows that every connected semisimple
Lie group has a horospherical decomposition G = KU, K (cf. [Kos73, Theorem 5.1]).

While the non-linear convexity theorem is certainly the main result of [Kos73|, the author also
proves a similar statement that can be viewed as a vast generalization of the Schur-Horn Theorem.
To this end, consider the adjoint action Ad : G — GL(g) of G on its Lie algebra and denote by
Tq : ¢ — a the linear projection induced by the Iwasawa decomposition on the Lie algebra level,
then [Kos73, Theorem 8.2] states the following:

Kostant’s Linear Convexity Theorem (semisimple version). Let G be a connected semisimple
Lie group with Lie algebra g, let G = KAU, (resp. g =t ® a®uy) be an Iwasawa decomposition
of G (resp. g) and let W denote the associated Weyl group. For every h € a, it holds that

{ma(Ad(k)h) | k € K} = conv(W - h). (K3)

Although the non-linear convexity theorem may appear to be nothing but an “exponentiated
version” of the linear one, the two results are not related in a straightforward way and neither is a
direct consequence of the other. Instead, they bear a similarity that is reminiscent of the analogy
between the Schur-Horn and the Horn-Thompson Theorem.

Remark. (i) In Kostant’s Linear Convexity Theorem, the group G does not play a major role
since it mainly serves as an ambient group to define K and a more intrinsic formulation
would be possible. However, if G is compact, the result is trivial as a = {0} and W = {1}
in this case. In particular, it does not lead to the Schur-Horn Theorem when applied to
the special unitary group SU(n). Alternatively, if G is connected, compact and semisimple,
one can replace it by its universal complezification G® (cf. [HIN12, Chapter 15]), which is a
connected, non-compact, semisimple Lie group whose Lie algebra g€ is the complexification
of g. The direct sum g€ = ¢ @ p with € := g and p = ig is a Cartan decomposition of
g® and if t C g = £ is a maximal abelian subalgebra, then a := it C ig = p is a maximal
abelian subspace which can be used to construct Iwasawa decompositions g€ = g @ a ® u,
and G® = GAU, as above. Moreover, the Weyl group of G in the sense of compact groups
coincides with that of GC in the sense of semisimple groups, the W-actions on a and t are
the same and the projection 74|, : p — a can be identified with the orthogonal projection
g — t with respect to the Killing form. For example, the universal complexification of
G = SU(n) is G€ = SL,,(C) and g© = £@p is the decomposition of s, (C) into the subspaces

IThe K AK-decomposition is occasionally also called “Cartan decomposition” in the literature. We avoid this
terminology on purpose in order not to confuse it with the Cartan decomposition g = ¢ @ p of the Lie algebra of G
which also has an analogue on the group level (cf. [Kna02, Theorem 6.31]).
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of trace-free skew-Hermitian and Hermitian matrices. If t C g is taken to be the maximal
abelian subalgebra of trace-free, purely imaginary, diagonal matrices, then A is the group
of diagonal matrices with positive real entries and determinant 1 and W is isomorphic to
the symmetric group S,. Thus, Kostant’s Linear Convexity Theorem for the group SL,,(C)
reduces to the Schur-Horn Theorem. A slightly different variant of this result which applies
more easily to compact groups and directly yields the Schur-Horn Theorem in the case of
the unitary group will be discussed in the next section.

(ii) The main reason why Kostant’s two convexity theorems are not related in a straightforward
way is that the exponential map exp : g — G does not intertwine the Iwasawa projections
in the sense that IT4 o exp # exp om,. This can already be observed in the simplest example
of G = SLy(R) with its standard Iwasawa decomposition (cf. also [LR91, Example 2.3]).
However, Duistermaat established that for every X € p, there exists an element (X) € K,
which depends analytically on X, such that

(T4 © exp)(Ad(4(X) ") X) = (exp omq)(X)

and the map k — ki(Ad(k~!)X) defines a diffeomorphism of K (cf. [Dui84, Theorem 1.1]).

To conclude this section, it is worth emphasizing that the decomposition G = K AK, which was
known before the publication of [Kos73|, and the horospherical decomposition G = KU K, which
follows from Kostant’s Non-Linear Convexity Theorem, have interesting reformulations in the lan-
guage of differential geometry. As mentioned above, there exists a natural Riemannian metric on
the quotient space G/K that turns it into a Riemannian symmetric space of non-compact type on
which G acts by isometries. This allows for a geometric interpretation of the groups K, A and U,
from the Iwasawa decomposition. By definition, the group K is the stabilizer of the “base point”
o=1-K € G/K. The orbit Fj := A -0 is a flat, totally geodesic submanifold of G/K that is
isometric to R4™(%) via the exponential map. Such a submanifold is called a flat in G /K and it
can be shown that every flat F' C G/K is contained in g(Fj) for some g € G. Hence, the maximal
flats of G/K are all isometric and simply given by the G-translates of Fy which are sometimes
called the standard flats. Moreover, every maximal flat containing the base point o is of the form
k(Fp) for some k € K, so K acts transitively on maximal flats through o. From this discussion, it
follows that the decomposition G = K AK is equivalent to the assertion that every point of G/K
lies in a maximal flat containing o. Using that the G-action on G/K is isometric and transitive,
it also implies that any two points of G/K are contained in a common maximal flat.

Likewise, a G-translate of the orbit Uy - o is sometimes called a horosphere in G/K. The motiva-
tion for this terminology comes from the fact that hyperbolic n-space can be identified with the
symmetric space G/K, where G is the identity component of the semisimple Lie group SO(n,1)
and the maximal compact subgroup K C G is SO(n). For this space, the U-orbits coincide with
the usual horospheres in the sense of hyperbolic geometry. By the same reasoning as before, the
horospherical decomposition G = KU, K is equivalent to the statement that every point of G/K
is contained in a horosphere through the base point o or, equivalently, that any two points of G/K
lie on a common horosphere.

Kostant’s Non-Linear Convexity Theorem now admits a geometric formulation in the framework
of symmetric spaces. If we write the Iwasawa decomposition equivalently as G = UL AK and
denote by II4 : G — A the projection onto the A-component,?| then IT4 factors to a well-defined
map 14 : G/K — Fy which can be viewed as the “projection” of a point in G//K onto the standard
flat Fy. Elements of A are in bijective correspondence with points in Fp, so the Weyl group acts
on Fy. Straight lines in a correspond to geodesics in Fy = exp(a) - o and multiplying an element
of A on the left by all of K is equivalent to taking the K-orbit of the corresponding point in Fjp.
Thus, we arrive at the following geometric statement:

Kostant’s Non-Linear Convexity Theorem (geometric version). For every point p € Fy, the
projection 114 (K - p) of the K-orbit of p onto the standard flat Fy is the geodesic convex hull of
the Weyl group orbit of p.

2For the usual Twasawa decomposition G = K AU, analogous statements are true for the right quotient K\G
which can be turned into a Riemannian symmetric space of non-compact type with the same properties as G/K.
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Related results

Since the publication of [Kos73|, Kostant’s Convexity Theorems have both been reformulated and
generalized in many ways. To conclude our historical introduction, we describe two interesting
variations, which are of a completely different nature, and briefly mention some other results.

On the one hand, a close analogue of Kostant’s Linear Convexity Theorem, which applies more
easily to compact groups, can be obtained by methods of symplectic geometry. In this setting,
it is derived from the following far more general result that was established independently by
Atiyah and Guillemin-Sternberg (cf. [Ati82], [GS82] and the generalizations [GS84] and [Kir84]).
In its formulation, a compact torus is defined to be a connected, compact, abelian Lie group. The
necessary terminology from symplectic geometry is explained in the cited references.

Atiyah-Guillemin-Sternberg Convexity Theorem. If (M,w) denotes a connected, compact,
symplectic manifold and T a compact torus with a Hamiltonian action on M with moment map
i M — t*, then u(M) C t* is a convex polytope. More precisely, let MT be the set of global
fized-points of the T-action on M, then un(M7T) C t* is finite and (M) = conv(u(M7T)).

We now explain how this result can be applied to Lie theory. Let G be an arbitrary Lie group with
Lie algebra g. The dual of the adjoint representation Ad : G — GL(g) defines a G-action on g*
that is called the coadjoint representation and denoted by Ad* : G — GL(g*). For every & € g*,
the coadjoint orbit O¢ := Ad*(G)¢ C g* can be endowed with a canonical closed, non-degenerate,
differential 2-form wkxks € QQ(OE), called the Kirillov-Kostant-Souriau form, which turns O into
a symplectic manifold. The G-action on (Of,wkks) is Hamiltonian with moment map Of — g*
being the inclusion of the orbit.

If G is connected and compact, so is O¢. In this case, given a maximal torus 7" C G and an
element £ € t* C g*, the restriction of the G-action to T turns (O, wkks) into a Hamiltonian
T-space whose moment map Q¢ — t* is the composition of the inclusion O¢ — g* with the natural
projection g* — t* induced by restriction. As the normalizer of T" in G stabilizes t* C g* under the
coadjoint action and T fixes it point-wise, the Weyl group W := N(T')/T acts on t* and the global
fixed-points for the T-action on O are precisely the W-translates of {. Moreover, by compactness
of G, there exists an Ad(G)-invariant inner product on g which provides an isomorphism g = g*
that is W-equivariant, intertwines the adjoint and coadjoint actions and transforms the restriction
g* — t* to the orthogonal projection 7¢ : g — t with respect to this inner product. Therefore, the
Atiyah-Guillemin-Sternberg Convexity Theorem implies the following:

Kostant’s Linear Convexity Theorem (compact version). Let G be a connected compact Lie
group, T C G a mazimal torus, W := N(T)/T the Weyl group of G and 7y : g — t the orthogonal
projection with respect to an Ad(G)-invariant inner product on g. For every h € t, it holds that

{m(Ad(g)h) | g € G} = conv(W - h). (K4)

It G = U(n), its Lie algebra g = u(n) is the space of skew-Hermitian (n x n)-matrices. Its dual
space can be identified with the set H(n) of Hermitian matrices via the following isomorphism:

¢:H(n) = g"
A ¢(A) = [Br— ¢(A)(B) :=Im(tr(AB))]

Under this isomorphism, the coadjoint action of G on g* is equivalent to its action on #H(n) by
conjugation and if " C G is the maximal torus of unitary diagonal matrices, the projection g* — t*
corresponds to the map that sets all off-diagonal entries of a Hermitian matrix equal to zero. Let
now A € H(n) be arbitrary and £ := ¢(A) € g*. The set of all Hermitian matrices with the same
eigenvalues as A can be identified with the coadjoint orbit O, and the diagonal vectors of these
matrices with the image of O in t* = R"™ under the moment map. In addition, it is not difficult
to compute that the global fixed-points for the T-action on this orbit are precisely the diagonal
matrices. Thus, the set of diagonal vectors of Hermitian matrices with the same eigenvalues as A
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is a convex polytope in R™ whose vertices are the vectors obtained from all possible permutations
of the eigenvalues of A, as claimed by the Schur-Horn Theorem. For other choices of G, the
same argument yields natural analogues of Kostant’s Linear Convexity Theorem. Several explicit
statements for the classical compact groups were worked out by Tam in [Tam97|. A reformulation
of the non-linear convexity theorem in the language of symplectic geometry was developed by Lu
and Ratiu in [LR91].

On the other hand, Kostant’s Non-Linear Convexity Theorem has been generalized to the setting
of affine buildings by Schwer?|in [Hit10]. Parallel to the way in which a real semisimple Lie group
is naturally associated with a Riemannian symmetric space of non-compact type, affine buildings
can be viewed as “discrete analogues” of symmetric spaces and are the geometric objects naturally
linked to semisimple algebraic groups over non-Archimedean local fields, for example p-adic Lie
groups such as SL, (Qp). The next result (cf. [Hit1l0, Theorem 3.1]) is similar to the geometric
formulation of Kostant’s Non-Linear Convexity Theorem in terms of symmetric spaces. We point
to the reference for the relevant terminology. It should be remarked that the notion of “convexity”
is different from the standard definition in the theory of buildings (cf. [Hit10, Definition 2.12]).

Schwer’s Convexity Theorem for affine buildings. Let X be a thick affine building of type
(W, S) and OX its spherical building at infinity of type (W,S) Let A be an apartment of X
and OA the corresponding apartment of OX. Choose a fundamental alcove ¢ € A, denote by C
the corresponding fundamental Weyl chamber in A and by OC the associated chamber of 0A. Let
r: X — A be the canonical retraction centered at ¢ and p : X — A the retraction centered at the
chamber OC°P € HA opposite to OC. If x € A is a special vertex, then p(r—*(W - x)) is the set of
all points in conv(ﬁ/ - ) having the same type as x.

Compared to the geometric version of Kostant’s Non-Linear Convexity Theorem, in the discrete
setting of a thick affine building X', maximal flats are replaced by apartments, the projection
onto a maximal flat is substituted by the retraction onto a chosen apartment A4 C X centered
at a chamber in the spherical building at infinity and the role of the K-orbit is played by the
pre-image of a Weyl group orbit of a special vertex x € A under the retraction centered at an
alcove of A. It should be observed that the sets in the assertion of the theorem only involve
the underlying finite Weyl group W of the affine Weyl group W. Interestingly, Schwer’s result is
entirely geometric and does not require any group action on the building to begin with. However,
if G is a group acting on X by type-preserving automorphisms and K is the stabilizer of a chosen
“origin” o € A, then under suitable assumptions on G (cf. [Hit10, Section 4]), the set r=1(W - z)
coincides with the K-orbit of . In this case, it resembles Kostant’s original theorem more closely.
Moreover, if G is a semisimple algebraic group over a non-Archimedean local field, then K is
also a maximal compact subgroup of G with respect to its natural non-Archimedean topology, for
example SL,,(Z,) C SL,,(Q,). Schwer even extended her result to affine A-buildings in [Hit11].

Some other noteworthy generalizations and variations of Kostant’s Convexity Theorems that we
will not explain here any further are the following:

e Based on the interpretation of Kostant’s Non-Linear Convexity Theorem as a statement
about Riemannian symmetric spaces, it has been generalized by van den Ban and Neeb to
the more general framework of semisimple symmetric spaces (cf. [vdB86] and [Nee94]). The
two results have similar formulations, but the authors consider distinct forms of the Iwasawa
decomposition and their proofs apply different methods. More recently, van den Ban’s result
was further improved by Balibanu and himself in [BvdB16].

e The connection between Kostant’s two original convexity theorems was studied by Heckman
in his PhD-thesis. He succeeded in deriving the non-linear theorem from the linear one by a
homotopy argument. His findings precede the work of Duistermaat that was mentioned in
the previous section (cf. [Hec80, Chapter 1] and [Dui84]).

e An analogue of Kostant’s Linear Convexity Theorem in the Kac-Moody setting has been
established by Kac & Peterson in [KP84]. It will be discussed in more detail in Section |5.5.
For the non-linear one, no such generalization appears to be known in this context.

3née Hitzelberger
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Chapter 1

Coxeter Groups

The notion of a Cozxeter group provides a natural way of generalizing the well-known concept of a
finite reflection group to an infinite setting. While finite reflection groups are, among other things,
famous for their deep connection to Lie groups & algebras, the general theory of Coxeter groups is
an essential tool to study the structure of Kac-Moody groups & algebras. This chapter summarizes
their most important properties and fixes a lot of notation and terminology that will be used in
later chapters. Unless stated otherwise, all assertions in Section [1.1]are basic facts that are proved
in standard textbooks on Coxeter groups such as [ABO8, Chapters 1-3] or [BB03, Chapters 1-4].
The former also contains a thorough treatment of finite reflection groups and motivates the general
definition of a Coxeter group. In Section [1.2] we introduce coloured Cozeter diagrams and some
useful related notions. This material is elementary, but has apparently not been studied in the
literature in the same level of detail, so we give self-contained proofs of all results there.

1.1 Basic notions

The classical theory of finite reflection groups naturally suggests to define the following notion of
a “generalized” reflection group:

Definition 1.1.1. A group W is called a Cozeter group if there exists a finite generating set
S ={s1,...,8,} C W such that W admits a presentation of the form

W = (S| (sis5)"% for all 4,5 € I), (1.1.1)

where m;; = 1 for all ¢ € I and m;; = m,; € {2,3,...}U{oo} whenever i # j € I. The pair (W, S)
is called a Cozeter system, the symmetric matrix M = (m;;); jer is the Cozeter matriz of (W, S)
and n = |S| € Ny is the rank of (W, S).

Here, we employ the convention that if m;; = m;; = oo, there is no relation between s; and s;.
Further, we allow the case n = 0 in which W = {1} is the trivial group. By definition, the set
S consists of involutions, i.e. elements of order two. It is called the set of simple reflections and
their conjugates R := {ws;w~! | w € W, i € I'} form the set of all reflections of (W, S) which also
have order two. More generally, given any ¢, j € I, it can be shown that m;; is equal to the order
of s;s5. In particular, m;; = 2 if and ounly if ¢ # j and the simple reflections s; and s; commute.
If m;; = oo, the subgroup generated by s; and s; is isomorphic to the free product Zs * Zs.

The Coxeter diagram of (W, S) is the graph A(W,S) whose vertices correspond to the set I and
two distinct vertices ¢ # j € I are connected by an edge if and only if m;; > 3. In addition, if
m;; > 3, the edge is labelled by m;;. This is well-defined as M is symmetric. Hence, two vertices
i # j € I are not joined by an edge if and only if the simple reflections s; and s; commute. We
say that (W, S) is irreducible if A(W,S) is connected and reducible otherwise. In the latter case,
let I,...,I,, C I denote the vertex sets of the connected components Ay,...,A,, of A(W,S),

3



4 CHAPTER 1. COXETER GROUPS

then I = I U...U I, is the disjoint union of at least two non-empty, proper subsets such that
m;; = 2 whenever 4,j € I are not both contained in I for some k € {1,...,m}. Hence, the
Coxeter group W splits as a direct product W = W; x ... x W,,, where for each k € {1,... ,m},
Wi is the subgroup of W generated by Sy = {s; | ¢ € Ix}. The pairs (W1,51),..., W, Sm)
are irreducible Coxeter systems which are called the irreducible factors of (W, S). If the Coxeter
system is clear from the context, we will often write A := A(W,S) and simply call I1,...,I,, the
connected components of I and W7, ..., W,, the irreducible factors of W.

Example 1.1.2. Some simple examples of Coxeter groups are the following:

(i) Given an arbitrary n € Ny, let W be the symmetric group S, 1. It is generated by the set
S = {s1,...,8,} of adjacent transpositions which all have order two. If |i — j| > 1, then
s; and s; commute and if i — j| = 1, then s;s; has order three. In fact, it can be shown
that (W, S) is a Coxeter system of rank n whose Coxeter diagram is e—e—--—e—se. The
symmetric group acts on R™*! by permuting the coordinates and for every i € I, the action
of s; coincides with the orthogonal reflection at the hyperplane {z € R g, = Tt}
Hence, it can also be viewed as a finite reflection group.

(ii) For every integer m > 3, the finite dihedral group Ds,, is the symmetry group of a regular
m-gon in the Euclidean plane, which is generated by the orthogonal reflections at two lines
in the plane intersecting at an angle of 7-. Tt is a Coxeter group of rank two with respect to
this generating system whose Coxeter diagram is e——e.

(iii) The infinite dihedral group D, is the Coxeter group with Coxeter diagram e—-e. It is the
only infinite Coxeter group of rank two and isomorphic to the free product Zs * Zy. It can
also be identified with the group acting on the real line that is generated by the reflections
at 0 and at %, i.e. the maps x — —z and x — 1 — x for z € R. Thus, it is the simplest
example of an “infinite reflection group”.

In a Coxeter system (W, S), we denote the length function of W with respect to the generating
set S byl : W — Ny. Trivially, it satisfies [(w) = 0 if and only if w = 1 and {(w) = 1 if and only if
w = s; for some i € I. Given any w € W, every expression of w as a product of simple reflections

W = Sj; -84, with U1yeeytp €1 (]..]..2)

is called a decomposition of w and it is said to be reduced if k = I(w). Due to the existence of
relations between the simple reflections, w typically has several distinct reduced decompositions.
However, Jacques Tits proved that the “word problem” in Coxeter groups has a simple solution.
If w=s; ...5, is any decomposition, then every reduced decomposition can be obtained from
the given one by successively applying one the following two operations:

(I) Remove a subword of the form s? for some i € I.

(IT) For i # j € I with m;; < oo, replace an alternating subword of the form s;s;s;s; ... with

m,; factors by the word s;s;s;s; ... with m,; factors.

In particular, any two reduced decompositions of w only differ by moves of type (II), which
implies that there exists a unique set S(w) C S such that every reduced decomposition of w
involves precisely the simple reflections in S(w). We call S(w) the simple factors of w and its
index set I(w) :={i € I : s; € S(w)} the support of w. For i € I, we either have I(ws;) = l(w) +1
or l(ws;) = l(w) — 1 and the same is true for multiplication from the left. The former necessarily
holds if ¢ ¢ I(w), but the converse is not true.

Given any subset J C I, we denote by W the subgroup of W generated by Sy = {s; | j € J}.
The pair (Wy, S;) is again a Coxeter system of rank |J| whose Coxeter matrix (resp. diagram)
is the submatrix M; of M (resp. the full subdiagram A; of A) whose rows and columns (resp.
vertices) are indexed by J. It is called the standard subgroup of type J of (W, S). Trivially, we
have Wy = {1} and W; = W. More generally, for w € W and J, K C I, it holds that w € W;
if and only if I(w) C J and hence W; N Wx = Wjnk. Every left (resp. right) coset of the form
wWy (resp. Wyw) for some w € W and J C I is referred to as a standard coset and the conjugate
wWw™t as a parabolic subgroup of type J of (W,S9).



1.1. BASIC NOTIONS 5

For every w € W and J C I, the standard left (resp. right) coset wW; (resp. W w) contains a
unique element of minimal length that will be denoted by 7% (w) (resp. 74 (w)). If w = 75 (w)
(resp. w = 74 (w)), we say that w is right (resp. left) J-reduced. Note that w is right J-reduced
if and only if w™! is left J-reduced. Equivalently, this property can be characterized as follows:

w=rn5(w) <= l(w)<l(ws;)forall jeJ

l

(1.1.3)
w=m(w) <<= l(w)<l(s;w)foralljeJ

More generally, if w € W is right (resp. left) J-reduced, then l(ww’) = Il(w) + I(w’) (resp.

l(w'w) = l(w")+1(w)) for all w' € W;. Furthermore, given any ¢ € I, the folding condition asserts

that if w is right J-reduced, then exactly one of the following three conditions holds for s;w:

a) l(sjw) < I(w) and s;w is right J-reduced.

b) I(s;w) > l(w) and s;w is right J-reduced.

c) I(sjw) > l(w) and s;w is not right J-reduced. In this case, there exists some j € J such that
SiW = WSsj.

The obvious analogues of these statements hold for left J-reduced elements. Finally, given any

w € W and any two subsets J, K C I, the double coset W;wWy also contains a unique element

of minimal length that we denote by 7 x(w). If w = 7y x(w), we say that w is (J, K)-reduced

which is the case if and only if w is both left J-reduced and right K-reduced.

We define a partial order on the set of standard left cosets by ‘“reverse inclusion”:
wi Wy < woWgk <= woWxg C wyW; for all wy,ws € Wand JJ K C I (1.1.4)

Definition 1.1.3. The poset of all standard left cosets of (W, S) ordered by reverse inclusion is
called the Coxeter complex of (W, S) and denoted by X (W, S). Likewise, we denote by X*(W,.S)
the poset of all standard left cosets of (W, S) ordered by (actual) inclusion and call it the reversed
Coxeter complex.

The Coxeter complex is (the underlying poset of) an (n — 1)-dimensional simplicial complex whose
barycentric subdivision is isomorphic to the order complex of X(W,.S). Under this identification,
the dimension of a simplex wWj is equal to n — 1 — |.J|. The (n — 1)-dimensional simplices, called
chambers, are singleton sets {w} = wWy with w € W and the (n — 2)-dimensional simplices,
called panels, are two-element sets of the form {w,ws;} = wW;, with w € W and i € I. For
wy # wy € W and i € I, the chambers {w;} and {wy} are said to be s;-adjacent if wy = wys; or,
equivalently, they both contain the panel w1 Wy = waWy;y. Two chambers are called adjacent if
they are s;-adjacent for some i € I. There is a unique minimal simplex, namely the entire group
W = Wy, which has dimension —1 and can be viewed as the “empty simplex”. By definition,
every simplex of (W, S) has a well-defined type and the natural left-action of W induces an
isomorphism between W and the group of type-preserving simplicial automorphisms of (W, S).

Remark 1.1.4. On the one hand, the simplicial Coxeter complex and its geometric realization
are very important tools to investigate a Coxeter group since they provide a way of transitioning
between combinatorial and geometric arguments. The reversed Coxeter complex, on the other
hand, is not simplicial which is why it appears much less often in the literature, even though its
definition might appear more natural at first glance. However, we will see in Chapter 4] that it
arises in Kac-Moody theory from the study of convex hulls of Weyl group orbits and is therefore
much more relevant to our main results than the “usual” Coxeter complex.

A special role in the theory of Coxeter groups is played by the finite ones which are precisely the
classical finite reflection groups. If (W, S) is a Coxeter system with |WW| < oo, there exists a unique
element w, € W of maximal length.!| It is called the longest word of W and satisfies

lwiw) =l(wy) — l(w) =l(wwy) for all w e W. (1.1.5)

n the literature on Coxeter groups, it is customary to denote this element by wq rather than wy. We do not
use that notation on purpose since it will sometimes be convenient to be able to list elements of W as wg, wy, w2, ...
where the first element should not be confused with w4 if W is finite.
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In particular, this shows that wy is of order two and normalizes the set S, so for every i € I,
there exists a unique o (i) € I such that wys;w; = s,(;. The map i+ o(i) defines an involutive
automorphism o of the Coxeter diagram A of (W, S). It is the identity if and only if w lies in the
center of W. Finite Coxeter groups are completely classified in terms of their Coxeter diagrams
and in each case, the automorphism induced by conjugation with the longest word is known (cf.
[ABO8, Sections 1.3, 1.5.6 and 5.7.4]). A “generic” Coxeter group should be thought of as infinite.
The following notion is useful to measure the extent to which a Coxeter group fails to be finite. It
is motivated by the fact that the geometric realization of the Coxeter complex of a finite Coxeter
group triangulates a sphere.

Definition 1.1.5. Let (W, S) be a Coxeter system of rank n € Ny. A subset J C I is said to
be spherical if the standard subgroup Wy is finite and non-spherical otherwise. Given an integer
ke {l,...,n}, we say that (W,S) is k-spherical if every subset J C I with |J| < k is spherical. If
k = n, we simply call (W, S) spherical.

Since the simple reflections have order two, every (non-trivial) Coxeter system is 1-spherical. It
is 2-spherical if and only if the subgroup generated by s; and s; is a finite dihedral group or,
equivalently, m;; < oo for all ¢ # j € I and spherical if and only if W is a finite group.

In Chapter 4, we will occasionally have to deal with the question when a standard subgroup of
a Coxeter group has finite index. This is obviously the case if the group itself is finite. If it is
infinite, however, finite-index standard subgroups only exist in a rather trivial situation.

Theorem 1.1.6. Let (W, S) be a Coxeter system, let (W1,51),...,(Win,Sn) be the irreducible
factors of (W, S) and define the following set:

Ioo = U I (1.1.6)

ke{l,....,m}: |[Wy|=00

Then Wi_ is the smallest finite-index standard subgroup of W. If Wy is a finite-index standard
subgroup of W, then I C J and Wy =Wy x Wy . In particular, if (W,S) is irreducible and
not spherical, then W does not contain a non-trivial standard subgroup of finite index.

Proof. [Hos02), Corollary 3.3 and 3.4] O

1.2 Colourings of Coxeter diagrams

Throughout this section, we fix a Coxeter system (W,S) with Coxeter diagram A = A(W,S).
We denote by Iy,...,I,, the connected components of I, i.e. the vertex sets of the connected
components Ay, ..., A, of A, and by (W1,51),..., W, Sn) the irreducible factors of (W, 5).
Every subset I* C I induces a colouring of A by declaring the vertices in I*® to be black and
those in I\ I*® to be white. Conversely, every colouring of A by black and white vertices arises in
this way. Having chosen a particular colouring, the vertices can be divided into two disjoint sets,
depending on whether or not they “see” a white vertex.

Definition 1.2.1. Suppose that A is coloured by a set I®* C I. We say that a vertex ¢ € [ is
visible (with respect to this colouring) if the unique connected component I, C I with i € I
contains a white vertex, i.e. if Iy ¢ I°®. Otherwise, we say that i is invisible. We denote by I
(resp. Iiny) the set of visible (resp. invisible) vertices. We further say that I is visible if I = .

By definition, the sets Iis and Ij,, are unions of connected components of I and partition this
set, so that W = Wy . x Wy, . Moreover, I is visible if and only if every connected component
of A contains a white vertex.

Remark 1.2.2. The notions introduced in this section will be important in order to study the
geometry of convex hulls of Weyl group orbits in Chapter 4. However, it was pointed out to the
author that some of the results established there have previously been proved in [Max89] in a
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different context. In particular, upon denoting the set I*® instead by 7T, our notion of a “visible”
subset of I coincides with that of a “T-minimal” subset in the sense of [Max89| or, equivalently,
with that of an “(I \ T')-reduced” subset in the terminology of [Tit74]. In addition, Maxwell also
acknowledges that his definitions and results can be interpreted in the framework of “shadows”
introduced by Tits (cf. [Tit74, Appendix 1]).

On the one hand, it appears that most of the other definitions in this section refine the concept
of a “visible subset” in a useful way that has not been made explicit in these references. Thus,
the author believes that the following discussion goes beyond the work of Maxwell and Tits,
although it surely does not lead to any significant new insights. On the other hand, some results
of Section [4.3| were certainly already established by Maxwell and in every such situation, we will
provide self-contained proofs of the statements in question that follow our terminology as well as
explicit references to [Max89]. It is also likely that some of them can be deduced from Tits’ theory
of shadows, which is formulated in the much more abstract language of incidence geometry, and
Scharlau’s work on geometric realizations of shadow geometries (cf. [Sch90]).

Having coloured A by a set I°® C I, we will frequently be interested in subgraphs of A which are
formed by unions of paths connecting black and white vertices in a particularly well-behaved way.
To prepare for the definition, we fix the following convention:

Convention 1.2.3. Since a Coxeter diagram does not have multiple edges, every path in A is
uniquely determined by its sequence of vertices. Thus, if v is a path in A of length § € Ny
starting at a vertex ¢g € I, running through iy,...,i5_1 € I and ending at i5 € I, we may write
~v = (do,...,15) where the dots represent the vertices i1,...,i5-1 determined by v. We will always
assume that a path is not stammering, i.e. i # ix—1 for all k € {1,...,d}, and that it does not
have backtracking, i.e. ixy1 # i1 for all k € {1,...,0 — 1}. However, we explicitly allow paths
to have length zero, i.e. to consist of a single vertex.

Hence, a vertex 4 € I is visible (with respect to the colouring defined by I*®) if and only if there
exists a path v = (g, ...,45-1,i5 = 1) in A that starts at a white vertex ig € I \ I*® and ends at i.
In this case, we denote the minimal length of such a path by §(i) € Ny. Note that §(i) = 0 if and
only if i is white, i.e. ¢ € I\ I*. If ¢ is invisible, we set (i) := oco.

Definition 1.2.4. Suppose that A is coloured by a set I®* C I. A subgraph A° of A is called an
exposing forest for A if there exist paths ~1,...,7s in A with the following properties:
(EF1) A°=J;_, 7 and A° contains every vertex of A.
(EF2) For every r € {1,...,s}, the path v, has the property that, if its sequence of vertices
is ¥ = (ir0y...,0irs,) for some §, € Ny, then 6(i, ) = k for all k € {0,...,4,}.
(EF3) For all r; # ro € {1,...,s}, the intersection ~,, N ~,, is either empty or a proper
initial segment of both v,, and ~,,.

These axioms imply that if A° is an exposing forest for A, then for every i € I, there exists a
unique path in A° which starts at a white vertex and ends at 7. Moreover, this path has length
§(%). In particular, the white vertices of A are precisely the starting points of the paths v1,. .., s,
so s > |I \ I*|, but it is possible for different paths to start at the same point. By definition, an
exposing forest for A is a union of paths that each contain precisely one white vertex and can only
meet in initial segments. It is connected if and only if A contains exactly one white vertex since
in this case, the paths v1,...,7s must all start at that vertex and otherwise, two distinct white
vertices cannot lie on the same path. More generally, this argument shows that |1\ I*| is equal to
the number of connected components of A°. Clearly, if there exists an exposing forest for A, then
every connected component of A has to contain a white vertex or, equivalently, I must be visible.
The converse is also true.

Lemma 1.2.5. If I is visible, there exists an exposing forest for A.

Proof. In general, an exposing forest for A is a disjoint union of m exposing forests, one for
each of the connected components of A, so we may w.l.o.g. assume that (W, .S) is irreducible or,
equivalently, that A is connected. Since A is finite and I is visible, we have ¢ := max;e; 6(j) < oo.
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If § = 0, then all vertices of A are white, i.e. I® = (), and we may take A° to be the subgraph of
A consisting of all vertices but no edges. If 6 > 0, we choose an arbitrary i € I such that § = 6(i)
and a minimal path
")/1 = (io,...,i(; :Z)

in A which connects i to a white vertex ig € I\ I°®. If 71 runs through every vertex of A, we are
done by taking A° := ~;. Otherwise, there exists a vertex of A that is not contained in ~; and
we repeat the construction as follows: Set I’ := I\ {ip,...,is} and ¢’ := max;ecp 6(j). If &' =0,
then all vertices in I’ are white and we may set A° to be the union of v; and all vertices in I’ as
isolated nodes. If &' > 0, we choose any i’ € I’ with §' = §(¢') and a minimal path

Y2 = (26,,23/ :Zl)

in A which connects 7' to a white vertex iy, € I\ I®. If 73 N2 = @, then either ;3 U2 contains
every vertex of A and we are done by taking A° := v, Uy, or we repeat the previous step.

If v4 N2 # (), we claim that we may choose 75 (without changing 71) in such a way that vy, N2
is a proper initial segment of v; and ~,. To see this, let k € {0,...,6} and k¥’ € {0,...,d'} be the
largest numbers with i, = ¢},. Then k # 0 since v2 does not contain ¢ = 5 and k' # ¢’ since 7,
does not contain i’ = 5. If we had ¥’ < k, then (i, ..., = ix,...,is = i) would be a path of
length less than § connecting ¢ with a white vertex, contradicting the assumption that § = §(3).
The same argument with k and %’ interchanged shows that k < k' is also impossible, so that we
must have k = k’. Hence, we may replace v, by the path (i, ..., it =i}/, ...,i5 =1i') which is a
minimal path of length ¢’ that connects i’ to a white vertex (see Figure [1.1).

Figure 1.1: Replacing an initial segment

Once 1 N2 is a proper initial segment of both paths, the subgraph v; U+, of A satisfies |(EF2)
and |(EF3), If it also contains every vertex of A, we are done by taking A° := ~; U~,. Otherwise,
we repeat the process in the obvious way. As A is finite, it terminates after finitely many steps
and the resulting subgraph A° :=[J’_, v, is an exposing forest for A. O

Having chosen an exposing forest A° for A, there is a natural way of associating elements of W
to the vertices of A whose simple factors can be read off from A°.

Definition 1.2.6. Let A° be an exposing forest for A. For i € I, let v = (g, ...,is = i), where
d = (i) € Np, be the unique path in A° that connects ¢ with a white vertex ig € I\ I*. We
associate to i € I the element w; == $;8;5_, ... 8;, € W and call the resulting set {w; | i € I} C W
the exposing set for W defined by A°.

In particular, if : € T\ I® is a white vertex, the associated element w; € W is the simple reflection
s; € S. More generally, it is immediate from the solution to the word problem in Coxeter groups
that for every ¢ € I, the decomposition w; = s;8;,_, ... S, is reduced, so that {(w;) = 6(i) + 1
and S(w;) = {s;, | 0 < k < 6(4)}. This also shows that an exposing forest is uniquely determined
by its exposing set as the colouring on A can be read off from the simple reflections in that set
and the paths in A° can be reconstructed iteratively. For example, the edges emanating from the
white vertices are determined by the simple factors of elements of length two in the exposing set.
In turn, the edges emanating from the black vertices obtained in the previous step are determined
by words of length three and so on.
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Example 1.2.7. Exposing forests are usually not unique. Suppose that the Coxeter diagram A
of (W, S) has the following shape and colouring;:

4

Since [ is visible, there exists an exposing forest for A and we construct it following the proof of
Lemma [1.2.5. The unique vertex of this graph which is at maximal distance from a white vertex
is 4 and we start by choosing a minimal path from 4 to a white vertex. As every white vertex of
A has distance three to the node 4, already the first choice in the construction is not unique. Two
possible configurations are depicted in Figure[1.2] The exposing set corresponding to the exposing
forest on the left is given by {s1, s25385, S35, S4825355, S5, S65785, S7S5, S859, S9, $10S89 }, whereas the
one for the graph on the right is {si, s28351, $351, $4565859, S5, 565859, S755, $859, S9, 1059 } -

4 4
8 10 8 10
2 6@ o 0> 6
O 3 7 O—l 3 7
1 9 1 9
5 5

Figure 1.2: Two distinct exposing forests for the same coloured Coxeter diagram

We slightly generalize the notions of visible and invisible vertices to subsets of I. Given any J C I,
the colouring on A defined by I*® induces the colouring on the Coxeter diagram A of (W, Sy)
defined by J® := JNI°®. We say that a vertex j € J is visible in J if it is visible with respect to
this colouring on A ; and invisible in J otherwise. We write Jyis (resp. Jiny) for the set of vertices
that are visible (resp. invisible) in J. We further say that J is visible if J = J,;s and denote the set
of all visible subsets of I by Pyis(I). As before, Jyis and Jin, are unions of connected components
of J and form a partition of this set, so that W; = W . x W; For j € Jyis, we denote by
07(7) € Ny the minimal distance in A from j to a white vertex in J \ J® and for j € Ji,y, we set
05(j) = oo. If J = I, these notions reduce to the previous ones and we simplify the notation by
writing Wyis == Wi . and Wiy, == W An important special case occurs when J = I\ {i} for
some ¢ € I for which it will be convenient to introduce the following convention:

inv*®

inv *

Notation 1.2.8. If J = I'\ {i} for some i € I, we replace the subscript p\ ;3 by the superscript
(1) in all expression where it occurs. For example, we write W) = Wi\ sy for the corresponding
standard subgroup of W, S := Sy, ; for its canonical generating set and A®) := Ay gy for the
Coxeter diagram of (W®) S()). Also, we denote the set itself by IV := I'\ {i}.

Given any i € I, C I, the connected components of the Coxeter diagram A®) of (W), S(®)) are
the same as those of A, except for the component Ay, containing ¢ which decomposes into a finite
number of connected components after removing . If i is visible, then A contains a white vertex
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and every other vertex in [Ij, is visible too. However, once the vertex i is removed from Ay, it may
happen that some vertices of I, \ {i} are no longer visible in I). We call i € I,is degenerate if
there exists a vertex j € (") that is visible in I but invisible in (9, and non-degenerate otherwise.
We write Ije (resp. Ing) for the set of degenerate (resp. non-degenerate) vertices of Iyis. This
gives rise to the following partition:

I = Iq Ulgeg Uliny (1.2.1)

More generally, if J C I is any subset, we call a vertex j € Jyis degenerate in J if there exists a
vertex in J() := J\ {j} that is visible in J but invisible in JU). Equivalently, j is degenerate
in J if and only if removing j from A results in a Coxeter diagram that has at least one more
connected component consisting entirely of black vertices. We write Jqeg (resp. Jnq) for the set
of vertices of Jy;s that are degenerate (resp. non-degenerate) in J and we have the analogous
partition J = Jnq U Jgeg U Jiny.

Example 1.2.9. Figure [1.3| depicts a coloured Coxeter diagram where all three types of vertices
occur. In this example, we have Iin, = {1,2,3}, Ina = {4,6,7,10} and l4es = {5,8,9}. The
invisible vertices are surrounded by the dashed box and the degenerate vertices are marked by a
small dotted circle around them. Observe that an invisible vertex is necessarily black, but the
diagram contains degenerate and non-degenerate vertices of both colours.

Figure 1.3: The partition I = I,q U Igeg U finy

In the cases of the two trivial colourings I*®* = () and I°® = I, we have I,q = I if all vertices are
white and I,q = () if all vertices are black. For a non-trivial colouring, it may not be immediately
obvious whether non-degenerate vertices always exist, but this is indeed the case.

Proposition 1.2.10. |[Iq| > |\ I*|

Proof. If I* = I, then I, = 0 = I\ I°® and the inequality is trivially satisfied, so we may assume
that I* # I. We prove the assertion by induction on n = |I|. If n = 1, then I* = ) under this
assumption, so that [I,q| = |I| = 1. If n > 2, we establish the statement using the following simple
graph-theoretic property:

Claim. If T is a finite connected graph with at least two vertices, then there exist at least two
distinct vertices vy # vo of I' such that the full subgraphs I'\ {v1} and I'"\ {v2} are connected.

Proof of Claim. Let d(-,-) denote the path metric of T'. Since I is finite and connected, we may
choose vertices v1 # vy such that d(vy,v2) is finite and maximal among all pairs of vertices of T
If v is any other vertex of I', then v can be connected to vy by a minimal path which does not
pass through v; because d(v,v2) < d(v1,v2). Hence, '\ {v;} is connected and the same argument
shows that T'\ {v2} is connected as well.

Conclusion of the proof. Suppose that n > 2 and set k := |I \ I*|, so that £ > 0 by assumption.
To begin with, we further assume that (W, S) is irreducible or, equivalently, that A is connected.
In this case, the claim above shows that there exist distinct vertices i # j € I such that removing
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any one of them from A leads to a connected graph. Suppose first that one of them, say i, is
black. Then A® is connected and contains k white vertices. By the induction hypothesis, we
find iy,...,i, € IY that are non-degenerate in I, For each [ € {1,...,k}, every connected
component of A(%) is either equal to a connected component of Ap\ (i}, the union of a finite
number of such components that are all joined at the vertex i, or equal to the isolated node 1.
The last case occurs if and only if the only vertex of A that is connected to i is 4;. Since 7; is
non-degenerate in 19, no connected component of the former two types consists only of black
vertices, so 4; is degenerate in I if and only if i is an isolated node of A(#). This is only possible
for one value of [, so at least k — 1 of these vertices are also non-degenerate in I. But the vertex 4
itself is also non-degenerate in I because A() is connected and contains a white vertex, so there
exist at least k£ non-degenerate vertices.

If i and j are both white, then k > 2 and we arbitrarily choose one of them, say i. As A is
connected and contains £ — 1 > 0 white vertices, the induction hypothesis yields k& — 1 vertices
i1,...,ig—1 € I® that are non-degenerate in I(9). For each [ € {1,...,k}, the description of the
connected components of A") is exactly the same as in the previous case. This time, however,
each of the vertices i1,...,7;_1 is non-degenerate in I since if 4 happens to be an isolated node of
A1) this connected component consists of a white vertex. As before, the vertex i itself is also
non-degenerate in I since A®) is connected and still contains a white vertex, so we again find at
least k& non-degenerate vertices.

Finally, if (W, S) is not necessarily irreducible, we set I := I N I® for all k € {1,...,m}. By the
irreducible case, there exist at least |Ij, \ I}| vertices that are non-degenerate in I,. For i € I,
the connected components of A® are the same as those of A, except for the component Ay
which decomposes into a finite number of connected components after removing . Therefore, 7 is
non-degenerate in [ if and only if it is non-degenerate in Iy, which implies the following;:

m

oal = D [Ti)nal = Y e \ L2 = 1\ I°] L
k=1

k=1

Remark 1.2.11. (i) The proof of Proposition |1.2.10|is admittedly technical and a much simpler
argument was suggested to the author in a personal communicationi’| As above, we may
assume that A is connected and I*® # I, so that I is visible. Let A° be an exposing forest for
A and 71, ...,7s the paths in A° appearing in Definition [1.2.4] that join every vertex of A to
a white vertex in a unique way. Then s > |I\ I*| and every such path v, with r € {1,...,s}
contains at least one non-degenerate vertex. To see this, write v, = (ir0,...,%6,.) for some
0 € Ng and i,0 € I\ I*® and set i := i, 5.. Any other vertex j # i of A either lies on 7,
between i, o and ¢ or on 7, for some r’ # r which does not contain ¢. In both cases, j can still
be connected to a white vertex of A after removing ¢, which shows that ¢ is non-degenerate.
Because the endpoints of ~1, ..., are all distinct, the assertion follows.

(ii) For the validity of the claim in our proof of Proposition [1.2.10, the assumption that I' is a
finite graph is essential. In fact, consider an infinite graph where each vertex has degree two
(i.e. an infinite line), then removing any vertex makes the resulting graph disconnected. If
the line is finite (i.e. if there exist precisely two vertices of degree one), the two nodes at the
ends can be removed without destroying connectedness. If every vertex has degree two but
their number is finite, the graph is a circle and removing any vertex leaves it connected.

(iil) If W = S,,41 is the symmetric group with its canonical generating set S consisting of the
adjacent transpositions, then the Coxeter diagram of (W, S) is the finite line with n vertices.
Suppose that n > 2 and that I* = 1™ = {1,...,n — 1}, so that n is the only white vertex.
Then 1 is the only non-degenerate vertex, so the inequality in Proposition |1.2.10]is optimal,
even if I® is neither empty nor equal to I.

At this point, we conclude our discussion about coloured Coxeter diagrams, even though we have
only established a lot of definitions and relatively few results. However, the terminology developed
in this section, in particular the notion of an exposing forest and its existence result in Lemmal1.2.5|
will be very useful in studying convex hulls of Weyl group orbits in Chapter 4.

2The author is thankful to Richard Weidmann for proposing this simplified proof.






Chapter 2

Kac-Moody Algebras

The definition of Kac-Moody algebras is motivated by a famous theorem of Jean-Pierre Serre
which states that a finite-dimensional, complex, semisimple Lie algebra is uniquely determined by
its Cartan matrix (or, equivalently, its Dynkin diagram) and gives an explicit presentation of the
Lie algebra whose relations depend only on this matrix (cf. [Kna02, Theorem 2.108 and 2.111]).
In fact, Kac-Moody algebras are defined via presentations analogous to Serre’s but allowing for
a larger class of “generalized” Cartan matrices in the construction. Historically, they were first
introduced by Victor G. Kac and Robert Moody in the 1960’s. In their work, the authors associated
to every generalized Cartan matrix a unique Kac-Moody algebra defined over the field of complex
numbers. A refined approach to Kac-Moody theory, which is also better suited for the construction
of Kac-Moody groups to be discussed in Chapter |3, was developed by Jacques Tits in the 1980’s.
It allows for the definition of Kac-Moody algebras over arbitrary rings and provides another useful
form of flexibility. In Tits’ construction, every generalized Cartan matrix is associated not only to
one but a family of Kac-Moody algebras with similar structural properties that only depend on
the underlying matrix.

Standard references for Kac-Moody algebras in the sense of Kac & Moody are [Kac90] and [MP95].
Our definition is based on Tits’ approach which is contained in [Tit87), Section 4] and also explained
and compared to the classical case in [Rém02, Chapter 7]. Except for some results in Section [2.6}
most of the material discussed in this chapter and many more details can be found in Chapters
1-5, 9 and 11 of [Kac90|, Chapters 4-6 of [MP95], Chapters 3-7 of the excellent textbook [Mar18|
or Chapter 7 of [Rém02]. In some circumstances, however, our setup will be slightly more general,
so for the reader’s convenience, we occasionally give self-contained proofs of some results for which
it is difficult to point to a satisfying reference. As in the previous chapter, we write I := {1,...,n}
if n € Ny is a non-negative integer fixed by the context, unless Convention [2.1.2] applies.

2.1 Generalized Cartan matrices

Serre’s presentation of a finite-dimensional, complex, semisimple Lie algebra in terms of its Cartan
matrix suggests to construct a more general class of Lie algebras by allowing for a larger family
of matrices. The following definition is the fundamental notion of all of Kac-Moody theory:

Definition 2.1.1. An integer matrix A = (a;;); jer € Z"*", where n € Ny, is called a generalized
Cartan matriz (“GCM”) if it satisfies the following three conditions for all 4,j € I:

(GCM1) a;; =2.

(GCM2) Q5 < 0if 4 75 ]

(GCM3) a;; =0 if and only if aj; = 0.
It is said to be symmetrizable if there exists an invertible diagonal matrix D and a symmetric
matrix B of size n X n such that A = DB. It is called decomposable if there exist non-empty,
disjoint subsets I1,I> C I such that I = I; U, and a;; = 0 for all 4 € I; and j € I;. Otherwise,
A is said to be indecomposable.

13
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In general, a GCM A € Z™*™ is not necessarily invertible and we set ¢ := rank(A) < n. Upon
applying a suitable permutation to the index set I, we may assume that the first ¢ columns of A
are linearly independent, so that it has the form

A= (A Ay), (2.1.1)

where A; is an (n x ¢)-matrix of rank ¢ and Ag has size n x (n — £). Given any subset J C I, we
denote by Ay = (a;j)i jes the submatrix of A whose rows and columns are indexed by J, which
is a GCM as well, and we set £ := rank(A ;) < |J|. Observe that we allow the vacuous case n = 0
in Definition 2.1.1} so that Ay is also defined and can be thought of as the “empty matrix”.

If A is decomposable and I, Is C I are as in Definition [2.1.1, the matrix has a “block structure”
with respect to these subsets that we write as A = Ay, @ A;,. By refining this decomposition,
it follows that there exists a unique partition I = I, U ... U I, with the property that the
submatrix Ay = Ay, is indecomposable for every k € {1,...,m} and A = A1 @ ... D A,,. We
call Ay, ..., A, the indecomposable components of A. Upon reordering the set I, we may assume
that I, = {ig—1,...,ixt for k € {1,...,m}, where 1 = ig < iy < ... <ipm_1 < iy = n. With such
an ordering, the matrix A has the following “block-diagonal” structure, where the zeroes denote
rectangular zero-matrices of appropriate sizes:

A 0 0
0 Ay ... 0

A= . _ (2.1.2)
0 0 A,

The Dynkin diagram of A is the graph I'(A) with vertex set I whose edges are defined as follows:
If i # j € I satisfy a;;a;; < 4 and |a;j| > |aj;|, then ¢ and j are connected by |a,;| edges. If
la;j| > 1, this edge is decorated with an arrow pointing towards i. If a;;a;; > 4, then i and j are
joined by a single edge labelled by the pair (|a;;l,|a;;]). The matrix A is indecomposable if and
only if T'(A) is connected and, more generally, the sets I3, ..., I, C I indexing the indecomposable
components of A coincide with the vertex sets of the connected components of T'(A).

There is a classification of indecomposable GCM’s that is formulated in the following way (cf.
[Kac90, Theorem 4.3]): For a vector z = (z1,...,2,)T € R", we write z > 0if x; > 0 for all i € [
and analogously, we define x < 0, z > 0 and = < 0. If A is indecomposable, then exactly one of
the three conditions below holds for both A and AT. According to these cases, we say that A (and
hence AT) is of finite, affine or indefinite type.

(Fin) det(A) # 0; there exists > 0 such that Az > 0; Az > 0 implies > 0 or z = 0 for all
r € R™

(Aff) rank(A) = n — 1; there exists > 0 such that Az = 0; Az > 0 implies Az = 0 for all
xr € R™

(Ind) There exists > 0 such that Az < 0; Az > 0 and = > 0 imply = = 0 for all x € R"™.

Furthermore, the GCM’s of finite and affine type can be completely classified in terms of their
Dynkin diagrams. In fact, a GCM A is of finite type if and only if A (resp. T'(A)) is the Cartan
matrix (resp. Dynkin diagram) of a finite-dimensional, complex, simple Lie algebra. It follows
from Cartan’s classification that every such matrix is invertible and the corresponding diagram
belongs either to one of the four infinite families (A, )n>1, (Bn)n>3, (Cn)n>2, (Dp)n>4 or is one of
the five exceptional types Eg, E7, Eg, Fy, Go (cf. Table 2.1).

The GCM’s of affine type (resp. their Dynkin diagrams) are classified as well and arise as certain
“extensions” of those of finite type by a single row and column (resp. vertex). They also fall into
a small number of infinite families and a few exceptional cases and are usually separated into
three classes to distinguish the so-called “untwisted type” from two kinds of “twisted types” (cf.
Table 2.2/ and |2.3). In order to explain the labels in these diagrams and align our notation with
the existing literature, the following typical convention is useful:
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Go (== J
Table 2.1: The Dynkin diagrams of GCM’s of finite type

Convention 2.1.2. If A is a GCM of affine type and I'(A) its Dynkin diagram, then removing
the white vertex from T'(A) results in a Dynkin diagram of finite type. Hence, every Dynkin
diagram of affine type is obtained from a finite one by adjoining a single node and some edges in
a certain way. To encompass this “extension process”’, we will usually consider A to be a matrix
of size (n+1) x (n+1) and write I := {0,...,n} in this case. We order I in such a way that the
white vertex of I'(A) corresponds to 0. In addltlon we set 1 == {1,...,n} and always replace the
subscript ; by a superscript  above the respective symbol. For example we denote by A= A;

the (n x n) submatrix of A obtained by deleting the “first” (i.e. indexed by O) row and column

Hence, A is of finite type and we think of A as an extension of A. Moreover, Ais invertible, while
ker(A) is spanned by a vector x > 0. In fact, one can choose x = (ag, a1, ...,a,)" € Z"*!, where
for ¢ € I, the positive integer a; € N is the numerical label of the vertex ¢ in I'(A). Note that
ag = 1 in all but two cases and ayp = 2 in the remaining two. We call A the reduced matriz of A.
By inspecting the list of affine Dynkin diagrams, it is apparent that A is not uniquely determined
by A in general.

The Dynkin diagram T'(AT) is obtained from T'(A) by reversing all arrows but keeping the ordering
of the set I. At the same time, the numerical labels ag,...,a, of T'(A) must be replaced by
the corresponding labels ay,...,ay of T(AT). As the white vertex remains fixed, it follows by
inspecting the tables that ay =1 in all cases. For example, if T'(A) is the diagram of twisted type
Aéi) for some n > 1 where ag = 2, then I'(A”) is the same diagram but the arrows now point away
from the white vertex. Hence, the white vertex of T'(AT) is the rightmost vertex of I'(A) which
is labelled by 1. The same argument applies in all other cases. Note that if T'(A) is of untwisted
affine type, it may happen that T'(AT) is of twisted type and vice versa. For instance, if n > 2,
the diagrams of type CS) and Df)rl are related in this way.

A GCM of affine type is not invertible, but has the property that deleting any node from its
Dynkin diagram results in a union of diagrams of finite type. For GCM’s of finite or indefinite
type, this is impossible.

Lemma 2.1.3. If A € Z"™*" is an indecomposable GCM that is not invertible and has the property
that there exists some i € I such that every indecomposable component of the submatriz A® is of
finite type, then A is of affine type.

Proof. Upon reordering the index set I, we may assume that ¢ = 1. Thus, every indecomposable
component of the submatrix A’ := A() is of finite type and we may write A as a block matrix

2 T
A= (y A’)
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2
1
ALY (n>2) A E(71) Q—Q—Q—I—Q—o—o
11 11
1 3
B (n>3) }—F —o—e—» Eél) Q—Q—Q—Q—Q—I—Q—o
2 2 2 2
1

cl) (n>2) o0 —0—e=<8 Ffll) (1>—0—0:>:o—o

12 2 2 2 1
1 1

DY (n > 4) }—F 4—{ Gél) o—e=»
X 2 2 ) 123

Table 2.2: The Dynkin diagrams of GCM’s of untwisted affine type

for some z,y € Z" 1\ {0} with z,y < 0. Because A is not invertible, there exists a non-zero
vector v = (vy,...,v,)T € R" such that Av = 0 and we may w.l.o.g. suppose that v; > 0. We set
v' = (v,...,v,)7T, so that v = (vy,v")T. If vy = 0, then v’ # 0 and A’v’ = 0. This is impossible
since a GCM of finite type is invertible, so we must have v; > 0.

Assume that A is not of affine and hence of indefinite type. As v; > 0 and Av = 0 > 0, it follows
from (Ind) that some coordinate of v’ must be negative. For every j € {2,...,n}, the j-th entry
of Av is equal to zero. If y; = 0, this implies that the j-th entry of A’v’ must already be zero.
If y; <0, then v; > 0 forces the j-th entry of A’v’ to be positive. Since y # 0, the latter occurs
for at least one j € {2,...,n}, so it follows that A’v’ > 0 and A’v’ # 0. As every indecomposable
component of A’ is of finite type, (Fin) requires that v’ > 0, a contradiction. O

Remark 2.1.4. Given an arbitrary GCM A, the Dynkin diagram I'(A) not only encodes information
about decomposability of A, but also provides a graphic criterion for symmetrizability. In fact, it
is not difficult to show that A is symmetrizable if and only if it satisfies

ailigaigis e aik_likaikil = aizilaigiz - aikik_lailik for all k 2 2 and 11y € I (213)

By [(GCM3), both sides of the equation are zero if the vertices i; and 4, or ¢, and 4; for some
1 €{2,...,k}, are not connected in I'(A), so it suffices to verify (2.1.3) under the assumption that
(i1,...,1k,11) is a closed path in I'(A) which may even be assumed to be simple. In particular,
the condition is always satisfied if I'(A) does not contain any non-trivial cycles.

More generally, a precise interpretation of (2.1.3)) is the following: Suppose that we replace each
edge of T'(A) connecting two vertices i # j € I by a double-edge that is oriented in both directions
and labelled by a;; when going from 7 to j and by a;; in the other direction. Given a closed path
v = (i1,...,0k,%1) in T(A), the product a;,i,@iyis - - - @iy 14, Qipi; 7 0 can then be interpreted as a
“mass” of 7. From this perspective, (2.1.3) can be expressed by saying that for every simple closed
path v in T'(A), the mass of v is the same as the mass of the path obtained by following v in the
opposite direction.

Based on this criterion, it follows by inspecting their Dynkin diagrams that GCM’s of finite or
affine type are always symmetrizable. In fact, the only such diagrams that contain a non-trivial
cycle are those of type AS) with n > 2, but they do not have any arrows, so the corresponding
GCM’s are already symmetric. More precisely, it can be shown that A is of finite (resp. affine)
type if and only if it can be written as A = DB, where D is an invertible diagonal matrix and
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Aéz) == Df) o—e»
2 1 1 2 1
Aéi) (n>2) oc<teo o o —0—e<»
2 2 2 2 2 2 1
1
Aéi)_l (n>3) 2 —o— o9
2 2 2 2 1
1
D1 (122)  ote—e— —e—es
Eg) oO—e—e<eo—o

Table 2.3: The Dynkin diagrams of GCM’s of twisted affine type

B is symmetric and positive-definite (resp. positive-semidefinite with corank 1). However, these
matrices make up a very small subclass of all GCM’s and a “generic” indecomposable GCM is of
indefinite type and not necessarily symmetrizable. The simplest example of a non-symmetrizable
GCM is the following:

2 -1 -1

A=|-2 2 1| = F(A):A

-1 -1 2

Definition 2.1.5. Let A € Z"*"™ be a GCM. A subset J C I is said to be spherical if every
indecomposable component of the submatrix A; is of finite type and non-spherical otherwise.
Given an integer k € {1,...,n}, we say that A is k-spherical if every subset J C I with |J| <k is
spherical. If £ = n, we simply call A spherical.

Hence, a GCM is spherical if and only if every indecomposable component is of finite type or,
equivalently, it is the Cartan matrix of a finite-dimensional, complex, semisimple Lie algebra. The
only GCM of size 1 x 1 is (2) which is obviously of finite type. It is the Cartan matrix of the
simple Lie algebra sl3(C) and its Dynkin diagram is A;. Every GCM of size 2 x 2 has the form
(2, 5") for some a,b € Ny. It is indecomposable if and only if a,b > 0 and spherical if and only
if ab < 3. It is of affine type if ab = 4 and of indefinite type if ab > 4. Thus, an arbitrary GCM
A € Z"™ is 2-spherical if and only if a;;a;; < 3 for all i # j € I. If A € Z+1)*("+1) 5 of affine
type, then it follows by inspecting Table [2.1, [2.2| and [2.3| that A is n-spherical but not spherical.
The converse is not true, however.

Remark 2.1.6. Definition [2.1.5|introduces the same concepts for GCM’s as Definition [1.1.5|did for
Coxeter systems. In particular, both define the notion of a “spherical subset” of I. The reason
for this abuse of terminology will be justified in Section 2.5/ and 2.6, where we introduce the Weyl
group of a GCM and its associated Coxeter system, which is spherical if and only if the GCM is
spherical (cf. Proposition [2.6.5 (vi)).

Notation 2.1.7. As we shall see repeatedly throughout our discussion, the only GCM of size
1 x 1 plays a special role in Kac-Moody theory. Therefore, it will be convenient to denote it by
A% := (2) in order to distinguish it from an arbitrary GCM.

Example 2.1.8. Although a “randomly chosen” GCM is usually invertible, the affine type is of
particular interest in many applications of Kac-Moody theory. This is the main motivation for
developing the theory for arbitrary GCM’s, even though the possibility that the matrix may not
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have full rank adds several technicalities to many arguments. While GCM’s of finite type are
always invertible and those of affine type never, there also exist non-invertible GCM’s that are of
indefinite type, e.g. the following:

2 -2 0 0 0
-2 2 -1 0 0
A=10 -1 2 -1 0
0 0o -1 2 =2
0 0 0o -2 2

— T(A) =e=e—e—e=e

In fact, this is just the simplest instance of a more general method that combines two affine GCM’s
into a bigger one which is also indecomposable and has corank 1, but is no longer of affine type.
This is achieved by connecting two affine Dynkin diagrams by a single node and two edges (cf.
[Kac90, Exercise 4.12]). Here, we have applied this procedure to the affine diagram Agl).
It is perhaps less obvious that there also exist indecomposable GCM’s of higher corank which are
necessarily of indefinite type. The construction below shows that for every n € N, there exists an
indecomposable GCM A,, = (a;;)7"_, with corank(A,) = n—1 or, equivalently, rank(A, ) = n+1.
It is defined as follows:!

o a;=2forallie{l,...,2n}

o g;j=a;; =—6foralli#je{l,... n}

® Ginyi=anii; =—4forallie{l,...,n}

® a;; = aj; =0 for all otheri#j S {1,7277,}
In other words, if B, = (b;;)7;—; is the GCM with b;; = —6 whenever i # j € {1,...,n}, then A,
has the following block structure:

B, —4I,
An = (—4]In 2L, )

It is not difficult to verify that the vectors v, ..., v, € R?" defined by
vji=e1 —ej+2e,41 —2enq; forjed{2,...,n}

where {e1,...,e2,} denotes the standard basis of R?", are linearly independent and lie in the
kernel of A,,. Thus, corank(A,) > n — 1 and, conversely, the corank cannot be larger since the
last n + 1 column vectors of A,, are linearly independent.

The Dynkin diagram I'(A,) is obtained by first forming a complete graph on n vertices and
labelling each edge by (6,6). Afterwards, one adds n nodes to this graph and connects each of
them to a unique vertex of the complete subgraph by an edge with label (4,4). For n € {2,3,4},
the resulting graphs look as follows, where we have drawn the edges labelled by (6, 6) as thick red
lines and the ones with label (4,4) as thin blue ones. The numbers next to the vertices simply
denote the ordering of the set I = {1,...,2n} and should not be confused with the labels of the
nodes in affine Dynkin diagrams.

4 5 5 6

This construction can be slightly generalized. In fact, it is possible to replace the number —4 in
the definition of A, by an arbitrary negative even integer —2k for some k € N and then substitute
—6 by 2 — 2k2. For k = 1, the resulting matrix is decomposable. For k > 2, it is indecomposable
and the case k = 2 is the example above.

IThe author is grateful to Timothée Marquis who suggested this example to him in a personal communication.
It is presented here with his permission.
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2.2 Kac-Moody root data

Given a generalized Cartan matrix A, there are many ways of constructing a Kac-Moody algebra
g from it. First, it is certainly desirable to be able to define g over arbitrary fields.?| Second, even
once the field is fixed, there typically exist several non-isomorphic Kac-Moody algebras that can
reasonably be “associated” to A. For example, in classical Lie theory, the Cartan matrix A? = (2)
is usually associated to the Lie algebra sly(C), but one may just as well view gl,(C) as a Lie
algebra belonging to A° as it is simply a trivial central extension of sl;(C) and the structure of
these algebras is almost identical. In general, we want to be able to encompass such “degree-
zero modifications” which can be viewed as generalizing the distinction between semisimple and
reductive Lie algebras. The following definition provides enough flexibility for our purposes:

Definition 2.2.1. A Kac-Moody root datum is a quintuple
D = (I,A A, (ci)ier (hi)ier), (2.2.1)

where I = {1,...,n} for some n € Ny is a set indexing a GCM A = (a;;); jer € Z"*", A is a free
Z-module of rank d € N, (¢;);es is a family of elements in A and (h;);es is a family in the dual
Z-module A such that the dual pairing between A and A satisfies (c;, h;) = a;; for all i,j € I.
The rank of D is defined as the rank d € N of the free Z-module A. We further say that D is
(i) free (rvesp. cofree) if (¢;)icr (vesp. (h;)icr) is linearly independent.
(ii) adjoint (resp. coadjoint) if (c;);cs spans A (resp. (h;);cs; spans AV).
(iil) cotorsion-free if AV />, ; Zh; is torsion-free.

If we want to specify the GCM A appearing in (2.2.1) without writing down the entire quintuple,
we say that D is a Kac-Moody root datum associated to A. Note that the previous definition
allows the case n = 0 in which [ is the empty set and A is the “empty matrix”. By convention,
the Kac-Moody root datum D then simply consists of a (non-trivial) free Z-module A without any
additional structure. We call such a root datum trivial.

Remark 2.2.2. (i) The condition (c;, h;) = a;; for all 4,j € I in Definition [2.2.1| implies that
if D is not cofree (resp. free), then the rows (resp. columns) of the GCM A are linearly
dependent over Z. Conversely, every Z-linear dependence between the rows (resp. columns)
of A can be used to construct a root datum of rank n = |I| that is not cofree (resp. free).
Hence, a GCM is invertible (over Q) if and only if all Kac-Moody root data associated to it
are free and cofree.

(ii) A Kac-Moody root datum is cofree and cotorsion-free if and only if the family (h;);e; can
be extended to a Z-basis of AV. Since A is not a vector space over a field, this property is
stronger than linear independence and the difference between these notions is measured by
the torsion subgroup of AV /3", Zh;. Whereas the first condition is always satisfied in the
invertible case, the same is not true for the second. For example, the minimal adjoint root
datum (as defined in Example 2.2.3 (iii)) associated to A° = (2) is not cotorsion-free.

Example 2.2.3. Let A € Z"*"™ be a GCM of rank ¢ < n and suppose that A = (A1 Ag) as in
(2.1.1). The three most important Kac-Moody root data associated to A are the following:

(i) The Kac root datum Di,.: There exists a free, cofree and cotorsion-free Kac-Moody root
datum of rank 2n — ¢ associated to A which is constructed as follows: Let Ay, . and Axac
be dual free Z-modules of rank 2n — ¢ and choose dual bases {v1,...,v2,—¢} C AY,. and
{v,.. . 05, )} C Akac- Fori €I, set by :=v; and ¢; == 3.1 B,v¥, where B,; € Z is the
(r,1)-th entry of the matrix

(A A
B < ; HM)

2Kac-Moody algebras can even be defined over arbitrary rings, but in Section [2.3, we restrict our attention
to fields of characteristic zero on purpose because the general definition is more complicated to state than our
Definition |2.3.1] and later, we also want to be able to work with vector spaces instead of modules over a ring.
However, in order to develop the theory of affine Kac-Moody algebras in detail, it is actually necessary to allow
rings in the definition (cf. Example [2.3.7 (ii)).
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which has size (2n — £) x n and rank n. It is minimal with these properties in the sense that
any free and cofree root datum associated to A must have rank d > 2n — ¢ and, if it is also
cotorsion-free, contain a copy of Di,. (cf. [Marl8, Exercise 7.20]). Although D, is free,
the family (¢;);es cannot necessarily be extended to a Z-basis of Akac since Axac/ Y .7 Zc;
need not be torsion-free.

The simply connected root datum D2 : There is a unique Kac-Moody root datum of rank n
associated to A that is cofree and coadjoint. It can be constructed from Di, . by defining
A, as the submodule of Ay, . spanned by (h;);cr and restricting the functionals (¢;)ier to
this submodule. If A is invertible, it coincides with D&, .

The minimal adjoint root datum Dﬁlin: Similar to|(ii), there exists a unique Kac-Moody root
datum of rank n associated to A that is free and adjoint. It can be constructed from Dj,
by defining A, as the submodule of Ak, spanned by (¢;);er and restricting the family
(hi)icr, which we may view as functionals on Akac, to this submodule.

Whereas D&, . = D2 if A is invertible, these root data need not coincide with D2, . In fact,
the family (c¢;);er is linearly independent, but does not necessarily span Ag,c = Agc, so that
Anin may be a proper finite-index subgroup of Ak,.. As a consequence, when restricted
from Akac t0 Amin, the family (h;);er remains linearly independent, but does not have to
span AY. | so that D2. is not cotorsion-free in general. This phenomenon is easy to observe

min’ min

for the GCM A° = (2) and will be made explicit in Section |3.3|

i€l

Example 2.2.4. There are four ways of constructing new Kac-Moody root data from given ones
that will be important to our discussion:

(i)

(iii)

Restriction: Given a Kac-Moody root datum D = (I, A, A, (¢;)ier, (hi)icr) and any subset
J C I, the J-restriction of D is defined as

DJ = (J,AJ,A7 (Cj)je],(hj)iej). (222)

Note that the free Z-module A is the same in D and D;. In particular, Dy is the trivial root
datum on A. Moreover, if D = Dk, . and J C I, then D; does not coincide with Dﬁ;c and
the analogous statements are true for DA and DA, .

Duality: The dual of D is the Kac-Moody root datum
D* = (I,AT,AV7(C:)i617(h:)i61) (2.2.3)

defined by ¢} := h; and h} := ¢; for all ¢ € I, where we have used the canonical identification
A= (AV)Y.

Union: Given two Kac-Moody root data Dy, = (I, A, A, (¢i)ier,, (hi)ier, ), k € {1,2}, that
are defined on the same free Z-module A and have the property that (c;, h;) = 0 whenever
1€lyand j€lyorie€ s and j € I, we define their union by

D1 UDy = (11 Uy, Ay © Ag, A, (¢i)ienut, (hi)ier,ur,)- (2.2.4)

In particular, if D is an arbitrary Kac-Moody root datum associated to a GCM A with
indecomposable components Ay, ..., A,, indexed by I1,...,I,, CI,then D =D;U...UD,,,
where for every k € {1,...,m}, we denote by Dy, := Dy, the Ij-restriction of D. We call
Ds,..., Dy, the indecomposable components of D.

Direct sum: For two arbitrary root data Dy = (I, Ak, Ak, (¢i)icr,,, (Ri)ier,), k € {1,2}, their
direct sum is defined as

D1 & Dy = (I1 Uly, Ay @ Ag, Ay X Ao, (¢i)ienutys (hi)ienur,)- (2.2.5)

Here, we identify Ay (resp. Ag) with the submodule A; x {0} (resp. {0} x Ag) of A; x Az
and likewise for (A x Ag)V = AY x Ay. We call a Kac-Moody root datum reducible if it is
the direct sum of two root data and irreducible otherwise. We allow the factors to be trivial,
so a reducible root datum need not be associated to a decomposable GCM.
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For GCM’s of affine type, there exist Kac-Moody root data that exhibit a certain unpleasant
phenomenon that we want to avoid later. We introduce these root data now, their relevance will
be discussed in Section 2.6l Recall that Convention [2.1.2]is employed in the affine case.

Example 2.2.5. Let A € Z("+1)X(+1) he a GCM of affine type and D = (I, A, A, (¢;)ier, (hi)ier)
a Kac-Moody root datum associated to A. By omitting ¢y € A and ho € AV, i.e. by forming the
I-restriction of D, we obtain a Kac-Moody root datum D; = = (I,AA, (cl)lel, (hi);c) associated
to the reduced matrix A, which is free and cofree as A is 1nvert1ble If D is not free as well, there
exists a relation > . _; kjc; = 0, where ko, ..., k, € Z are not all equal to zero, which implies

O—Zk’ ¢ h Zk’a” for all i € I.

jel jerl

jeI

Hence, the non-zero vector (ko,...,k,)T € Z"! lies in the kernel of A, so that, up to a scalar
multiple, these integers coincide with the numerical labels ag,...,a, € N of the vertices in the
Dynkin diagram T'(A). Similarly, if D is not cofree, the same argument shows that >, ; a;/h; = 0
where ay,...,a) € N are the labels of the vertices in T'(AT).

Conversely, let D = (I, A, A, (¢i);eis (hi);c ) be a Kac-Moody root datum associated to A. Given
any ¢ € A and b’ € AV that satisfy (¢/,h;) = 0 = (¢;,h’) for all j € I and (c',h'y =0, we can
extend D to a Kac-Moody root datum D associated to A by defining?

Vv
— N~ — N~ % e AV
co = Zaocl—kc €A and hg:= Zaghl—&—h cAY.
i€l el

Since D is cofree, the functional ¢’ can only be non-zero if the quotient AY /3", ci Zh; has positive
rank or, equivalently, (h;),.; is not a Q-basis of AV ®z Q, which is the case if and only if A has
rank d > n. The analogous statement is true for 4’. Thus, if d = n, then D is uniquely determined
by D and neither free nor cofree. In particular, this is the case if D = Dk, = DA or D = DA,
If d>n+1, then D can be extended either to a free or to a cofree root datum associated to A
However, due to the additional constraint that (¢/, ') = 0, an extension that is free and cofree
requires d > n + 2.

The simplest instance of this construction will serve as a running example throughout this thesis,
so we make it more explicit. Consider the GCM of untwisted affine type A

A= (22 _22> — T(A)= Oo>e

Its reduced matrix is A = A® = (2) and the simply connected root datum D§C = ({1},A% A, c1, )
is constructed as follows: Let A and AV be dual free Z-modules of rank 1, i.e AY = Zv and A = Zv*
with (v*,v) = 1, and set h; = v and ¢; = 2v*. We extend D2, to a root datum

= ({07 1}7A’Av (60761)7 (h'07 hl))

associated to A by setting hg := —v and ¢g := —2v*. As hg + hy = 0 and ¢g + ¢; = 0, we see that
DT is neither free nor cofree.

The existence of Kac-Moody root data associated to GCM’s of affine type that are neither free nor
cofree is a problematic obstacle that we occasionally have to avoid in Part II. The exact undesirable
property of these root data is the content of Lemma [2.6.2|

3 As discussed in Convention [2.1.2] our choice of ordering on I ensures that a(\)/ =1 in all cases, so the expression
for hg is always well-defined. However, if I'(A) is of twisted type Agi) for some n € N (which has n + 1 vertices for
n > 2) where ag = 2, then a; =2 for all i € {1,...,n — 1} but an = 1. Hence, co cannot be defined in this way if
cn € A is not divisible by 2, so for this type, we need to impose the assumption that ¢, = 2¢), for some ¢}, € A.

For example, this restriction excludes the case D = Dﬁin where ¢, is contained in a Z-basis of A.
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To conclude this section and prepare for the definition of Kac-Moody algebras in the next one, we
introduce several notions that a priori only depend on the index set I of a GCM A and not on the
matrix itself. However, they are naturally related to any Kac-Moody root datum associated to A.
For the moment, our interest lies in the last part of the following definition, but the relevance of
the other notions and their connections to the GCM A will soon be apparent.

Definition 2.2.6. Let I = {1,...,n} for some n € Ny be a finite set and define two abstract sets
Oy :={a; |i eI} and ®f = {a) |i €I}

(i) The elements of @ (resp. ) are called simple roots (resp. simple coroots).

(ii) The free abelian groups

Q= @ Za; and QY = @ Zay (2.2.6)
iel iel
are called the root lattice and the coroot lattice. We also define
Q: = +@PNoai and QY =+@HNoa} (2.2.7)
iel i€l

and introduce a partial order on Q (resp. QV) by declaring o < 3 if and only if 3 —a € Q4
(resp. QY).

(iii) For an element oo = >, ksja; € Q (resp. o = )
support and height of a are defined by

e ko € QY) with k... k, € Z, the

I(a):={ie€l:k#0} and ht(a):=> k. (2.2.8)
i€l

(iv) Given a Kac-Moody root datum D = (I, A, A, (¢;)ier, (hi)ier), the Z-linear maps

c:Q—A h:QV — AV
Z kiO&i — Z kici and Z kza;/ — Z kzhz (229)
el el el el

are called the character map and cocharacter map of D. For a € Q (resp. oV € QV), we
will often write ¢, = c(a) € A (resp. hy == h(a¥) € AV).

If D is free (resp. cofree), then c¢ (resp. h) is injective and if D is adjoint (resp. coadjoint), then ¢
(resp. h) is surjective. Thus, for the simply connected root datum D2, the cocharacter map is an
isomorphism and the coroot lattice @V can be identified with the free Z-module AY, by mapping
) to h; for all i € I. Similarly, for the minimal adjoint root datum D2, | the character map is
an isomorphism and the root lattice @) can be identified with A,;,. Note, however, that @ and
@V are considered to be abstract abelian groups and not dual Z-modules. For any root datum D,
the cocharacter map h : Q¥ — AV can be viewed as a “morphism” of Kac-Moody root data in the
sense of Definition |3.6.1)

2.3 Kac-Moody algebras

With the notion of Kac-Moody root data at hand, we now proceed to define Kac-Moody algebras.
Historically, these Lie algebras were first introduced by V.G. Kac and R. Moody in the 1960’s and
the definition in [Kac90] essentially coincides with ours in the case of the field K = C and the root
datum D = D%, ., which explains the notation. Our notion of a Kac-Moody algebra is slightly
more general, but the analogy to Serre’s presentation of a finite-dimensional, complex, semisimple
Lie algebra in terms of its Cartan matrix is still clearly visible. In [MP95], Kac-Moody algebras
are treated from the perspective of “contragredient Lie algebras” that we will not follow. As stated
in the notational conventions of this thesis, we assume all fields to have characteristic zero.
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Definition 2.3.1. Let D = (I, A, A, (¢;)ier, (hi)icr) be a Kac-Moody root datum and let K be
a field. The (split) Kac-Moody algebra of type D over K is the free Lie algebra gp(K) over K
generated by the K-vector space hp(K) := AY @7 K and 2n symbols (e;);er, (fi)icr subject to the

following relations:

[h,h] =0

[h,€e;] = {(c;, h)e; and [h, f;]

les, fi] = —0iihi
ad(ei)lf‘“fej = ad(flv)l*‘“jfj =0

for h,h' € hp(K)

for h € bp(K) and i € I
fori,jel
fori,j € I with i # j

We call hp(K) the Cartan subalgebra and (e;)icr, (fi)icr the Chevalley generators of gp(K).

Remark 2.3.2. Let A € Z™"*™ be a GCM of rank ¢ < n. Our definition of Kac-Moody algebras
differs from those in the standard references [Marl8] and [Kac90] in the following ways:

(i)

(i)

In [Mari8|, Definition 3.17], the author defines a complex Kac-Moody algebra, denoted by
g(A) there, by first constructing a “realization” of A, which is a certain pairing between
the simple roots and coroots that is modelled on a complex vector space h of dimension
2n — £, and then forming the same presentation as in Definition [2.3.1] over the field C. He
proceeds to develop the basic theory of g(A), but the language of Kac-Moody root data
is only incorporated much later in the book. In [Marl8, Definition 7.13], he introduces a
complex Kac-Moody algebra gp with Cartan subalgebra hp = AY ®7 C for any Kac-Moody
root datum D associated to A and asserts that, by inspecting the proofs, all results of
earlier chapters that were proved for g(A) also hold for gp in a very similar way. The only
exception arises when the statement involves the dimension of the Cartan subalgebra hp,
which need not be 2n — £ in general, in which case it can easily be adapted. Intuitively, one
may view gp as a “degree-zero modification” of g(A) in the sense that the two Kac-Moody
algebras only differ in the dimensions of their Cartan subalgebras, but otherwise “have the
same structure” (cf. Remark [2.3.3| for a more precise statement). This can be interpreted
as the natural analogue of the similarity between semisimple and reductive Lie algebras in
the Kac-Moody setting. In the important special cases D = ’D%ac and D = D2, Marquis’
definitions imply that gps = g(A) and gps = [g(A), g(A)] is the derived algebra of g(A).
Guided by the approach déVeloped by J. Tits in [Tit87 Section 4], he further explains how
to construct appropriate analogues of the complex Kac-Moody algebra gp over arbitrary
rings (cf. [Marl8| Section 7.2 and 7.3]).

Compared to our terminology, Marquis’ notion of a “realization” of A coincides with that of
a “C-realization” of A in the sense of Definition [2.3.4. More generally, our Definition [2.3.1],
which is taken from [Rém02) Section 7.3.1], is obtained by replacing the complex numbers in
[Mar18|, Definition 7.13] by an arbitrary field K. As we only consider fields of characteristic
zero, this is equivalent to the more abstract construction in [Marlg|, Section 7.2 and 7.3].
Hence, given a Kac-Moody root datum D and a field K, our definition of the Kac-Moody
algebra gp(K) of type D over K coincides with the K-form of Marquis’ complex Kac-Moody
algebra gp. Furthermore, it also follows by inspecting the arguments that the assertions of
[Marl18l Chapters 3-6] naturally carry over to arbitrary fields of characteristic zero and are
thus applicable in our setting. For the most part, however, we will only be interested in
the case K € {R,C} and transferring the proofs from the complex to the real numbers is
straightforward. For fields of positive characteristic, on the other hand, our definition is not
suitable because, as we shall see in Section [2.4] arguments in the representation theory of
Kac-Moody algebras often involve the use of certain “exponential series” which are a priori
not well-defined in that situation.

Apart from Tits’ approach, the exposition in [Marl8| further builds upon the work of Kac
in [Kac90] who proceeds slightly differently. He begins by defining the same notion of a
“realization” of A on a (2n — ¢)-dimensional complex vector space b, but then introduces an
auxiliary complex Lie algebra g(A) which is constructed by forming the same presentation
as in Definition [2.3.1| over the field C but only imposing the relations (KMA1T)-(KMA3]).
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He shows that there exists a unique maximal ideal i C g(A) that intersects b trivially and
defines the complex Lie algebra g(A)/i which is denoted by g(A) in [Kac90] and by g(A)kac in
[Mari8]. To be precise, the two authors use slightly different conventions in their definitions
of a “realization” of A and (KMA3) does not contain the minus sign in [Kac90, §1.2], but
these choices are insignificant (cf. [Marl8, Remark 3.19]). In contrast to Tits and Marquis,
however, Kac neither introduces any notion of root data nor constructs analogues of his
Kac-Moody algebras over arbitrary rings.

(iii) In general, the two definitions of g(A) in [Kac90] and [Marl8] are not necessarily equivalent.
By [Mari8l Lemma 3.16], the ideal i C g(A) defined by Kac contains the elements

ad(e;)' "%e; and ad(f;)'7 f; for alli,j € I with i # j. (2.3.1)

Therefore, the equations (KMA4), which are often called the Serre relations, hold in g(A)/i,
so the Kac-Moody algebra g(A) defined by Kac is a quotient of Marquis’, but it is not known
whether the two always coincide. However, if A is symmetrizable, the Gabber-Kac Theorem
(cf. [Kac90l Theorem 9.11]) asserts that the ideal i C g(A) is generated by the elements in
(2.3.1). This implies that, apart from the previously mentioned irrelevant conventions, the
two definitions of g(A) are equivalent in the symmetrizable case.

As a consequence of this and other more elaborate assertions that can exclusively be found
in [Kac90], symmetrizability has become a standard assumption in Kac-Moody theory and
will also be necessary for the proofs of our main theorems. Many basic results in the field,
however, do not need this assumption and can be established for both definitions by the
same arguments. Hence, we will not require symmetrizability from the start and explicitly
point out when it is necessary.

Returning to Definition [2.3.1], if the Kac-Moody root datum D and the field K are clear from
the context, we will often simply write g := gp(K) and h = hp(K). Using this notation, the
Kac-Moody algebra g of type D over K has a natural gradation by the root lattice

g=EPua (2.3.2)

acqQ

induced by the assignment deg(e;) = —deg(f;) == a; for i € I and deg(h) := 0 for h € h. Here,
we have ug = h. The elements of @ := {a € Q \ {0} : u, # {0}} are called the roots of g, and
for @ € ®°°, the non-trivial subspace u, C g is the root space belonging to . Hence, g has the
following root space decomposition:

g=bo P ua (2.3.3)

acd>

The defining relations (KMA1)-(KMA4)) imply that every root is either contained in @, or Q_.
More precisely, for every o € Q4 (resp. a € Q_), the root space u, C g is spanned by all “iterated
brackets” of the form

[€iyy---s€i] =ad(e;)...ad(e,_,)ei,  (resp. [fiy,---, fir])s

where k = ht(a) (resp. ht(—«)) and (i1, . .., %) runs over all k-tuples in I* such that Z?:l i =«
(resp. —a). In particular, it follows that

[Ua,ug] CUqqp forall a,f € &, (2.3.4)

which is {0} if a + 8 ¢ ®°°. Moreover, the set ®( of simple roots is contained in ®*° since for
every ¢ € I, the root space belonging to «; is u; = u,, = Ke;. Likewise, we have —®, C &>
with u_;, =u_,, = Kf; for all i € I. Every root is a Z-linear combination of simple roots with

4In the literature on Kac-Moody algebras, it is customary to denote the set of roots by ® rather than ®>°. We
do not follow this convention on purpose because we want to reserve the letter ® for the subset of real roots (cf.
Definition [2.5.2)) which will occur much more often than the entire set ®>°. Our notation is motivated by the fact
that ®>° is the “root string closure” of the real roots (cf. [Marl8} Exercise 6.17]).
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coefficients of the same sign and due to the symmetry in (KMA4), the negative of any root is also
a root. Hence, the two sets ®5° := & N Q4 satisfy ¢° = —P>° and °° = ¢° L . Elements
of ®° (resp. ®°°) are called positive (resp. negative) roots. The linear subspaces

Uy = @ Ug (2.3.5)

acdy
are subalgebras of g and they give rise to the triangular decomposition
g=ur Shdu_. (2.3.6)

Furthermore, the relations (KMA1)-(KMA4) imply that the map e; — f;, fi — ¢e; (i € I) and
h — —h (h € b) uniquely extends to an involutive K-linear automorphism w : g — g that is
called the Chevalley involution of g. It stabilizes h = ug and maps u,, bijectively to u_, for every
a € ©*°. In particular, it exchanges uy and u_.

As a consequence of (KMAZ2)), the Cartan subalgebra h = ug C g acts diagonally on g by the
adjoint representation and we have u, C {z € g: [h, 2] = (ca, h)x Yh € b} for all a« € &> U {0},
but this inclusion is strict if the character map ¢ : @Q — A is not injective or, equivalently, D is not
free. Hence, g also has an eigenspace decomposition for the adjoint action of h, namely

g= @ u, where u,:= @ Uy, (2.3.7)

nEDh* aeP>U{0}: ca=p

which is coarser than the root space decomposition if D is not free. Finally, it also follows from
(KMA1) and (KMA2) that if h € b satisfies (¢;,h) = 0 for all ¢ € I, then h lies in the center 3
of g. By the proof of [Kac90, Proposition 1.6] and Remark [2.3.2] the converse is true under the
assumption of symmetrizability where the Gabber-Kac Theorem holds, i.e.

3={heb:{c,h)y=0Viecl} ifA issymmetrizable. (2.3.8)

Remark 2.3.3. Given a Kac-Moody root datum D and a field K, the structure of the Kac-Moody
algebra g = gp(K) “mostly” only depends on the GCM A appearing in D and not on the specific
root datum in the following sense:

(i) If D’ is another Kac-Moody root datum associated to A, the corresponding Kac-Moody
algebra g’ = gp/(K) over K only “differs from g in degree zero” in the sense that g and
g have the same roots and their root spaces are naturally isomorphic. Indeed, the root
spaces are spanned by iterated brackets of the Chevalley generators (e;);cr or (fi)ier and
by (KMA4), the relations among them only depend on A. Upon identifying the Chevalley
generators of g and ¢, it follows that u, = u, for all « € @ \ {0}, so g and g’ only differ in
the Cartan subalgebras h = up and §’ = uj,. In addition, > only depends on A and may
simply be called the set of roots of A. Occasionally, we will also denote it by ®>°(A) when
the GCM is not clear from the context.

(i) If 4,5 € I satisfy a;; = aj; = 0, the corresponding Chevalley generators of g commute by
(KMA4). Hence, if Aq,..., A, denote the indecomposable components of A indexed by
I,..., I, C I, then [e;,e;] = [fi, fj] = 0 whenever ¢,j € I are not both contained in I for
some k € {1,...,m}. From the description of the root spaces in terms of iterated brackets, it
therefore follows that 1, C g can only be non-trivial for a given a € @ if I(a)) C I is entirely
contained in I for some k € {1,...,m}. In this case, it is a root of Ay and, conversely,
every root, of these submatrices defines a root of A, so that

o>(4) = [T 2= (Aw). (2.3.9)
k=1

Given any o € ®*°(A), the same argument even shows that the full subdiagram of I'(A) with
vertices in I(a) C I is connected. Furthermore, if Dy,...,D,, denote the indecomposable
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components of D and g¥ = gp, (K) for every k € {1,...,m}, then g* can be identified with
the subalgebra of g spanned by b and all u, with « € ®>°(Ay), so we conclude that

g=> g~ with ghng'=pforallk#1e{1,... m} (2.3.10)
k=1

(iii) As we only work over fields, the notion of cotorsion-freeness is largely irrelevant on the level
of Kac-Moody algebras. More precisely, the K-linear subspace of the Cartan subalgebra
b C g spanned by (h;)ie; does not depend on the torsion part of AY/ >, ; Zh;. This has
the effect that distinct root data can define the same Kac-Moody algebra. For example, if
A is invertible, the minimal adjoint Kac-Moody root datum does not necessarily coincide
with the simply connected one since the former need not be cotorsion-free. Nevertheless,
the associated Kac-Moody algebras are identical because D%, is obtained from D&, = D2
by replacing As. and AY. with two finite-index subgroups A, and AY.  and restricting the
elements (c;)icr and (h;);es to these submodules. Hence, the Cartan subalgebras hp: (K) and
bps  (K) have the same dimension and the Lie algebra structures of gpe. (K) and gps  (K)
coincide as the restrictions are undone by the tensor products as well. .
However, cotorsion-freeness is an important notion in the study of Kac-Moody groups to
be discussed in Chapter 3. There, it allows to distinguish groups defined by different root
data whose associated Kac-Moody algebras are isomorphic, even though the groups are
only defined over fields. A very simple instance of this phenomenon occurs for the GCM
A% = (2). Given any field K, the Kac-Moody algebras of type Dﬁ: and Dﬁﬁn over K are both
isomorphic to sly(K), whereas the corresponding Kac-Moody group over K is isomorphic to
SL2(K) in the simply connected case and to PGLy(K) in the minimal adjoint case. We treat
this example in detail in Section |3.3.

(iv) If D is free and cofree, the character and cocharacter maps ¢ : @ — A and h : Q¥ — AV
are injective, so we may view Q and QV as subsets of A and AV and, in particular, identify
the simple coroots ®§ = {ay,...,a,} with elements of the Cartan subalgebra hh C g and
the simple roots &y = {aq,...,a,} with elements of its dual space h*. As discussed in
Remark [2.2.2] a root datum can only have this property if its rank is at least 2n — £ and this
minimal value is attained by Di,.. Thus, it gives rise to the configuration below which is
the classical approach towards defining Kac-Moody algebras taken in [Kac90] and [Mari§|
in the case K = C.

Definition 2.3.4. Let A = (a;j)ijer € Z"*" be a GCM of rank ¢ < n and let K be a field. A
K-realization of A is a triple (b, o, D) with the following properties:
(i) b is a K-vector space of dimension 2n — /.
(i) The sets @9 = {a1,...,an} C h* and ®§ = {a,..., )} C b are linearly independent.
(iii) (aj,0)) = ay; for all 4,5 € I.

The following simple result shows that the Kac-Moody algebras constructed from free and cofree
Kac-Moody root data differ from those defined by K-realizations only in a minor way. In its
formulation, we use the notation suggested by Remark 2.3.3 (iv)l

Lemma 2.3.5. Let A € Z™*" be a GCM of rank ¢ < n and let D be a free and cofree Kac-Moody
root datum of rank d > 2n — ¢ associated to A. Given any field K, denote by g = gp(K) the
Kac-Moody algebra of type D over K, by b = hp(K) its Cartan subalgebra and define the linear
subspace b = @, ; Koy’ C b.
(i) There exists a linear subspace hch of dimension 2n —{ containing §’ and a complementary
subspace ho C § of dimension d — 2n + £ such that (6, <I>0|5, DY) is a K-realization of A and
aily, =0 for all i € 1.
(i) The subalgebra g of g that is generated by b and all Chevalley generators (ei)ier, (fi)ier 1is
isomorphic to the Kac-Moody algebra of type Dk, over K and g = g ® by is a trivial central
extension of g.
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Proof. Asin|2.1.1, we may w.l.o.g. assume that A = (A1 Ag), where A; is an (n x ¢)-matrix of
rank ¢. Using that D is free and cofree, we view @y and @, as linearly independent subsets of b
and h*. In particular, we may choose an (ordered) K-basis By = {ay, ...,/ hpi1,...,ha} C b
containing the simple coroots and define the following linear map:

f:ph—=K"
hi— ({ag, ), ..., (an, b))

Since the simple roots are linearly independent on h, the map f is surjective. Its matrix repre-
sentation with respect to By and the standard basis of K™ is the (n x d)-matrix By :== (AT C),
where C is some matrix of size n x (d —n). As rank(B;) = n and rank(AT) = ¢, it follows that
rank(C) = n — ¢ and dim(ker(C)) = (d —n) — (n —¥£) = d — 2n + {. By performing column
operations, we can transform C' into (C’ 0), where C’ is some matrix of size n x (n — ¢) and
rank n — ¢ and the zero matrix has size n x (d — 2n + £). This process replaces the last d — n basis
vectors A1, ...,hq € By by other linearly independent vectors hj,,,...,h) € b that also span
a complement to b’ in h. Thus, By == {ay,...,a), Al 1,...,h} is a basis of h as well and the
matrix representation of f with respect to By and the standard basis of K" is

AT ¢ o C
By = (AT C" 0)= (A;T C% O) , where C' = <C’;> )

The assumption that rank(A?) = ¢ implies that we can add suitable linear combinations of the
columns of AT to those of C' to reduce C] to the zero matrix. At the same time, this turns the
square matrix C} of size (n — £) x (n — £) into another such matrix C% of rank n — ¢. Using
further column operations, C% can therefore be transformed to I,,_,. These two steps amount
to replacing the n — ¢ vectors hj,_ ,...,h}, _, € By by other vectors h;, _,,..., hy, _, € b with
the property that Bs :== {aY,...,a), hji y,... by, _, B, . ..., b} is also a basis of h and the
matrix representation of f with respect to Bs and the standard basis of K" is

_ (AT 0 o0

We now define the linear subspaces

2n—~ d
h=EPKay® P Kr and bo:= € Kh,.
el r=n+1 r=2n—~0+1

Then h = h @& by, every simple root vanishes on by and (67(1)0\57@8/) is a K-realization of A,
which proves the first assertion and (KMA2) shows that g = g @ g is a trivial central extension.
Finally, by comparing B3 with the matrix B in the construction of D&, . in Example [2.2.3 (i),
it follows that the Lie algebra structures of g and gps (K) are identical which establishes the
desired isomorphism. O

It is also not difficult to decompose the subalgebra g C g in the previous proof further according
to the indecomposable components of A, but we omit the precise statement. Instead, we return
to the situation where D is an arbitrary Kac-Moody root datum, not necessarily free or cofree.

Notation 2.3.6. Let J C I be any subset and consider the J-restriction Dy of D. Given a field K,
the Kac-Moody algebra gp, (K) of type D over K can be naturally identified with the subalgebra
gy of g generated by h and the Chevalley generators (e;)jes, (fj)jes. It has the same Cartan
subalgebra as g and its Chevalley involution is the restriction of w: g — g to gs. The set of roots
OP == ®>°(A) coincides with the set of all &« € $>°(A) with I(«) C J. The corresponding set of
simple roots will be denoted by ®;0 = {a; | j € J} and we define all related symbols, such as
(I)y,w Qs,QY, @74, uy+ and so on, in the obvious ways. Hence, the root space decomposition and
the triangular decomposition of g; take the following form:

0 =b0 P va=u s dhdus_ (2.3.11)

acdy
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Example 2.3.7. Parallel to the classification of indecomposable GCM’s into finite, affine and
indefinite type, Kac-Moody algebras also fall into three classes with wildly different properties.

(i)

(i)

(iii)

If A is a GCM of finite type (or, more generally, spherical), it is the Cartan matrix of a
finite-dimensional, complex, (semi)simple Lie algebra g. Let h be a Cartan subalgebra of g
in the usual sense of Lie theory, then ®>°(A) can be identified with the set of roots of the
finite root system ®(§,h) C " arising from the adjoint action of h on g. In the case of the
Kac-Moody root datum D = Di, = D%, the Kac-Moody algebra gp(K) of type D over any

field K is the split K-form of g. Hereby, we mean the tensor product g, ®zK, where g, is the
canonical Z-form of g constructed from a “Chevalley basis” (cf. [Ste68, §1]). For example, if

2 -1 0
A=1|-1 2 =2 with T'(A) = e—e=<e
0o -1 2

is of finite type C3 and D = D2 then g = sp4(C) and gp(K) = spg(K) is the set of (6 x 6)-
matrices that are skew-symmetric with respect to a non-degenerate alternating bilinear form
on Kb and the same is true for D = DA, (cf. Remark 2.3.3 (iii)). Given any other root
datum D associated to A, which is necessarily free and cofree, it follows from Lemma [2.3.5
that gp(K) is a trivial central extension of g; ®z K and therefore a K-split reductive Lie
algebra.

Let A € Z(+t)x(+1) he 3 GOM of “untwisted” affine type, so that its Dynkin diagram T'(A)
is one of the graphs in Table 2.2, Its reduced matrix A € Z"*" s the Cartan matrix of
a finite-dimensional, complex, simple Lie algebra g, so the subset P = D> (A) C P(A)
is finite. Let aop,...,a, € N denote the numerical labels of the vertices in T'(A) and set
d =) icraio; € Q4, then it can be shown that

P®(A) ={ké | ke Z\{0}}U{ké+ B | ke Z, B c D}

and such a root is positive if and only if kK > 0 or k =0 and 5 € <i>+. For every ring R, we
set g(R) == gz ®z R, where §z is the canonical Z-form of §. Given an arbitrary Kac-Moody
root datum D associated to A and any field K, the Kac-Moody algebra gp(K) of type D
over K is closely related to the “loop algebra” g(K[t,t~!]). Here, we denote by K[t,¢~!] the
ring of Laurent polynomials with coefficients in K and the fact that this is not a field is
one of the main reasons why the theory of Kac-Moody algebras is usually developed over
arbitrary rings. For instance, if D is the unique extension of DSAL to a Kac-Moody root datum
associated to A (cf. Example |2.2.5), which has rank n = |I| and is neither free nor cofree,
then gp(K) = g(K[t,t1]). If D = D%, which has rank n + 1 and is cofree but not free, then
gp(K) is a one-dimensional central extension of g(K[t,¢t~!]). If D = D%, ., which is free and
cofree with rank n + 2, then gp(K) is another one-dimensional semidirect extension of the
previous Lie algebra. We refer to [Kac90, Chapter 6 and 7] and [Marl8|, Section 5.3] for a
much more detailed discussion of untwisted affine Kac-Moody algebras and proofs of all the
assertions made here.

While the “smallest” Kac-Moody algebra associated to A, i.e. the loop algebra g(K|t,¢t~1])
constructed from the finite-dimensional, complex, simple Lie algebra g, can still be realized as
a matrix algebra over a suitable ring, this is no longer true for the extensions just described.
Thus, for computations in affine Kac-Moody algebras defined by free or cofree root data, it is
necessary to understand how the extensions alter the Lie algebra structure of the underlying
loop algebra. For the root datum D%, this can be described explicitly and the formula can
be found in [Kac90, (7.2.2)].

We briefly sketch the simplest example of the construction in |(ii). Let A = (_22 32) be of
untwisted affine type Agl), then A = A® = (2) is the Cartan matrix of sly(C), its canonical
Z-form is sly(Z) and its set of roots is ® = ®>*(A) = {ay, —a;}. The two vertices in I'(A)
are both labelled by 1, so we have 6 = ag + a7 and

°(A) = {ké | k € Z\ {0}} U {ké + a1, k6 — ay | k € Z}.
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If we take DT to be the Kac-Moody root datum of rank 1 constructed in Example 2.2.5, i.e.
the unique extension of D2 to a root datum associated to A, the Kac-Moody algebra gp+ (K)
is isomorphic to the loop algebra sly(K[t,t71]). An explicit isomorphism can be obtained
by sending v = h; € hp+(K), which is a basis for the Cartan subalgebra of gp+(K), to the

diagonal matrix ((1) _01) and mapping the Chevalley generators as follows:

. 0 O . 0 1 o> 0 tt £l 0 O
0 —t 0 a7 0 o °7 o 0 L7 -1 0
Under this identification, the Chevalley involution of gp+(K) corresponds to the automor-

phism X(¢) — —X(t 17T of sly(K[t,t!]) and the Cartan subalgebra and root spaces of
gp+ (K) coincide with the following sets of matrices:

k
w-{(G 4| {4 [oe)
k
({5 2) e} e { (0 D)

In particular, uy (resp. u_) is the subalgebra of sly(K[t]) (resp. sla(K[t!])) of all matrices
that are strictly upper-triangular (resp. lower-triangular) modulo ¢ (resp. t~1):

we = { (iggg _?]g()t > ‘ P,Q.Re K[t]} C sly(K[t])

W { <t;€(_tl)l) ftjf?P(l(ft_?Q ’ P,Q,R¢ K[t]} C sly(K[t1)

(iv) For the GCM’s of “twisted” affine type corresponding to the Dynkin diagrams in Table 2.3

the associated Kac-Moody algebras can be constructed as fixed-point sets of automorphisms
of “untwisted” affine Kac-Moody algebras. In particular, they are related to loop algebras
as well. The interested reader is referred to [Kac90, Chapter 8] or [Marl8| Section 5.3] for
more precise statements.
The affine type is special in Kac-Moody theory for two reasons: First, an affine GCM is never
invertible which is the cause of many untypical phenomena. Second, the structure of affine
Kac-Moody algebras and their root systems is particularly well-understood and their close
connection to loop algebras allows for explicit computations and arguments that exploit these
matrix realizations. Furthermore, affine Kac-Moody algebras have numerous applications in
other fields of mathematics and are also important in theoretical physics. In contrast, the
“generic” indefinite case has hitherto remained largely mysterious. It is currently not known
whether indefinite Kac-Moody algebras possess any reasonable sort of “concrete realization”
and their general theory is much less developed than in the affine case.

Given any field K, it follows from Lemma [2.3.5 and Example 2.3.7 (i) that every Kac-Moody
algebra over K associated to A = (2) is isomorphic to a trivial central extension of slz(K). More
generally, if D = (I, A, A, (¢;)ier, (hi)icr) is a Kac-Moody root datum associated to an arbitrary
GCM A and g := gp(K) the Kac-Moody algebra of type D over K, then for every ¢ € I, the
subalgebra

gi =Ke; ®Kh;, ®Kf; C g (2.3.12)

is isomorphic to sl3(K). An explicit isomorphism ¢/ : sl3(K) — g; C g is given by the map which
sends (8 §) to ze; and (PZ 8) to z f; and, consequently, (6 Pz) to zh; for all z € K. This property
sometimes allows to investigate the Kac-Moody algebra g by exploiting the well-developed theory
of sl3(K). A particularly important application of this mechanism concerns the representation
theory of g to be discussed in the next section.
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2.4 Integrable modules

To prepare for later applications, we need to collect some basic notions and results from the repre-
sentation theory of Kac-Moody algebras. Throughout this section, let D = (I, A, A, (¢;)ier, (hi)ier)
be a Kac-Moody root datum, K a field, g := gp(K) the Kac-Moody algebra of type D over K
and h := hp(K) its Cartan subalgebra. A representation p: g — gl(V) of g on a (not necessarily
finite-dimensional) K-vector space V' will be denoted by (V, p), or simply by V if the map p is
clear from the context. Occasionally, we may also call (V, p) a g-module. For x € g and v € V, we
are often going to simplify the notation by writing x - v or z(v) instead of p(z)v. The following
terminology will be useful.

First, an element f € gl(V), i.e. a K-linear map f : V — V, is said to be locally nilpotent if
for every v € V, there exists some N € N such that f¥(v) = 0. Second, a representation (V, p)
of g is h-diagonalizable if all the operators (p(h))nep € gl(V') are simultaneously diagonalizable.
Equivalently, V' decomposes into the direct sum of the joint eigenspaces for the action of h on V'
and the eigenvalues of p(h) depend linearly on h € h, so V has the weight space decomposition

V= @ Vi, where V, :={v eV :p(h)v= (u h)vVh € h}. (2.4.1)
neh*

A functional p € h* is called a weight of (V, p) if V,, # {0}. In this case, V), is the weight space and
the dimension of V,, is the multiplicity of 1 in (V, p). The set of weights of (V, p) will be denoted
by wt(V, p), or simply by wt(V) when p is clear. The defining relations of g imply that

p(ua)(Vy) C Vige, forall a € @ U {0} and p € wt(V, p). (2.4.2)

Definition 2.4.1. A g-module (V,p) is said to be integrable if it is h-diagonalizable and the
operators p(e;), p(fi) € gl(V) are locally nilpotent for every i € I.

Remark 2.4.2. If the Kac-Moody root datum D is not free, one sometimes adds an additional
technical condition in the definition of an integrable g-module (cf. [Marl8, Definition 7.21]).
It requires such a representation to have a certain “abstract gradation” that refines the weight
space decomposition (2.4.1). We omit this requirement on purpose for three reasons: First, while
representation-theoretic aspects will be essential for the proofs of two of our main theorems in
Chapter |5, they will only appear in situations where D is assumed to be free and cofree. Second,
this additional condition is satisfied for the most important examples of g-modules, namely the
adjoint representation and the irreducible highest-weight modules defined below. Third, it is not
necessary for the fundamental properties of integrable representations and the relevant arguments
of [Kac90, Chapter 3 and 9] and [Marl8 Section 4.1] apply equally well to all root data upon
incorporating the character map ¢ : Q@ — A accordingly.

The notion of integrability essentially allows to “reduce” the study of representations of g to
the representation theory of slp(K) which is well-understood and plays a prominent role in the
structure theory of finite-dimensional semisimple Lie algebras. As discussed after Example [2.3.7]
for every i € I, the subalgebra g, = Ke; ® Kh; & Kf; C g is isomorphic to sly(K). If (V,p) is an
integrable g-module considered as a g;-module, then (V] p) decomposes into a direct sum of finite-
dimensional, irreducible, h-invariant g;-submodules. Using the well-known structure of irreducible
representations of slp(K), this result leads to the following consequences:

a) If p € b* is a weight of (V,p) and ¢ € I, there exist p,q € No U {oo} such that the set
{t €Z: p+tc; € wt(V,p)} is the unbroken string of integers [—p,¢] N Z. If p,q < oo, then
p—q=(u, h;). If dim(V,) < oo, then p,q < co. In all cases, we have (u, h;) € Z.

b) The map ¢t — dim(V},14c,) is symmetric with respect to to == —1(u, h;) and monotonically
increasing for ¢ < to. If t < to, then p(e;) : Viyte, = Vig(t+1)e, is injective.

c) If pand p+ ¢; are weights of (V, p), then p(e;)(V,) # {0}

d) If pis a weight of (V, p) but 4+ ¢; is not, then (i, h;) > 0. Moreover, 1 — (i, hi)c; is also a
weight of (V, p) with the same multiplicity as pu.
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For example, it is not very difficult to conclude from the defining relations of g that the adjoint
representation ad : g — gl(g) is integrable. Its set of weights is wt(g,ad) = {co | @ € > U {0}}
and the weight space decomposition is given by (2.3.7)). In particular, if we choose D to be free
(e.g. by taking D = D%ac) and identify @@ with a subset of A via the injective character map,
the non-zero weights of the adjoint representation are precisely the roots of A. For our purposes,
a particular class of representations will be important, where we denote by U(g) the universal
enveloping algebra of g.

Definition 2.4.3. A g-module V is called a highest-weight module with highest weight A € bh* if
there exists a vector vy € V' \ {0}, called a highest-weight vector, with the following properties:
(i) ug(vr) =0.
(i) A(va) = (A h)vy for all h € b.
(iii) V is generated by vy as a U(g)-module, i.e. U(g)(vy) =V.

By the Poincaré-Birkhoff-Witt Theorem (cf. [KnaO2, Theorem 3.8]), the universal enveloping
algebra U(g) is isomorphic to the tensor product U (uy) @ U(h) @ U(u_). Together with (2.4.2),
this implies that if V and X are as in Definition 2.4.3| then V is h-diagonalizable, every weight
of V can be written as A — ¢, for some a € @, every weight space is finite-dimensional and
dim(Vy) = 1. For every A € bh*, there exists a highest-weight module M (\) with highest weight
A which is “universal” in the sense that every other such module is a quotient of M(\) by a
suitable submodule. In particular, it is unique up to isomorphism and called the Verma module
for A. It can be constructed as follows: The action of g on its universal enveloping algebra by
left-multiplication gives U(g) the structure of a g-module. The left-ideal J\ C U(g) generated by
the set up U{h — (\,R)1 | h € h} C U(g) is g-stable, so g acts on the quotient U(g)/Jx and the
image of 1 € U(g) is a highest-weight vector with weight A. It is not difficult to verify that this
quotient has the required universal property. The Verma module M (\) contains a unique maximal
proper submodule M’()), so the quotient L(A\) :== M(\)/M’()) is an irreducible highest-weight
module with highest weight A. From the universality of M(}), it also follows that L()) is unique
up to isomorphism. It is now a natural question whether this representation is integrable.

Definition 2.4.4. A linear functional A € h* is called a dominant integral weight if it satisfies
(M, h;) € Ng for all ¢ € I. In this case, we further say that \ is proper if it is contained in A C h*.

With this notion at hand, the irreducible highest-weight module L(\) can be shown to be integrable
if and only if A € h* is a dominant integral weight. In the following rather degenerate situation,
it even takes a particularly simple form.

Lemma 2.4.5. If A\ € b* satisfies (A, h;) = 0 for all i € I, then the irreducible highest-weight
module L(\) is one-dimensional. The subalgebras uy and u_ of g act trivially on L(\) and h € b
acts by multiplication with (\, h) € K.

Proof. If (A h;) = 0 for all i € I, the defining relations (KMA1)-(KMA4) imply that we may
construct a representation py : g — K = gl(K) of g on the one-dimensional vector space K by
setting px(e;) = pa(fi) =0 for all i € T and py(h) = (A, h) for all h € h. This clearly defines an
irreducible representation of g with highest weight A and highest-weight vector 1 € K. Since L(\)
is unique up to isomorphism, it follows that L(\) is one-dimensional and isomorphic to K under
the map vy — 1. The required properties are satisfied by definition. O

Remark 2.4.6. For the representation theory of Kac-Moody groups to be discussed in Section [3.2]
the notion of a “dominant integral weight” in the sense of Definition [2.4.4]is not quite sufficient.
In this context, the functional A\ has to be contained in the Z-module A C §* in order to lift the
corresponding irreducible highest-weight module L(\) to the group level. This condition ensures
that (\, h;) € Z for all i € I, but is stronger than that. On the level of Kac-Moody algebras, this
additional assumption is not necessary. This is the reason why we have also introduced the notion
of a “proper” dominant integral weight. In the literature on Kac-Moody theory, such weights are
sometimes called “integral”, but we have chosen to avoid this terminology because expressions like
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“integral dominant integral weight” might lead to confusion. Depending on the Kac-Moody root
datum D, there does not necessarily exist a non-zero dominant integral weight. For example,
the root datum DV in Example [2.2.5 has this property. If D is cofree, however, then (h;);cs is
contained in a K-basis of h and the corresponding dual basis of h* consists of dominant integral
weights. These weights need not be proper, but if D is cofree and cotorsion-free, then (h;);c; can
even be extended to a Z-basis of AV and the elements of the resulting dual basis of A are proper

dominant integral weights.

2.5 The Weyl group

With the principal notions of Kac-Moody theory at hand, we now incorporate the language of
Chapter [1]into this setting. A key property to investigate the structure and representation theory
of Kac-Moody algebras is the fact that every GCM naturally gives rise to a Coxeter group that
acts on the Cartan subalgebra of any Kac-Moody algebra associated to it.

Definition 2.5.1. Let A = (a;5); jer € Z™*™ be a GCM. The Weyl group of A is the group W(A)
generated by the abstract set S := {s; | ¢ € I'} subject to the relations (s;s;)"# = 1for all i,j € I,
where m;; is equal to 1 if ¢ = j and determined by the following table if ¢ # j:

agaj [0]1]2]3]>4
mi; |2|3]4]6] oo

(2.5.1)

If the GCM A is clear from the context, we will simply write W instead of W (A). By definition,
(W, S) is a Coxeter system with Coxeter matrix M = (m;); jer. Its Coxeter diagram A(W,.S)
can be obtained from the Dynkin diagram I'(A) by removing all arrows and multiple edges and
replacing the edge labels according to (2.5.1)). In particular, two vertices are adjacent in A(W.S)
if and only if they are adjacent in T'(A), so the two graphs have the same connected components.
Thus, the irreducible factors of (W,S) are in bijective correspondence with the indecomposable
components of A and indexed by the same subsets of I.

Whenever D = (I, A, A, (¢i)ier, (hi)ier) is a Kac-Moody root datum associated to A, the Weyl
group W := W (A) operates on @ and A, where for every i € I, the action of the generator s, € S
is given by the following maps:

Q—Q A=A
B B— (B, ) A=A — (A hy)e

Likewise, W also acts on Q¥ and AV by the respective dual actions such that the dual pairings
between @ and QV (resp. A and AY) are W-invariant® and the character and cocharacter maps
c:@Q— Aand h: QY — AV are W-equivariant. Whereas the W-actions on @) and Q" are faithful,
this is not necessarily true for the actions on A and AY. Examples of this phenomenon, which
can only occur if A has an indecomposable component of affine type, will be discussed in the next
section.

Let g :== gp(K) be the Kac-Moody algebra of type D over a field K and h == hp(K) = AV @z K
its Cartan subalgebra. By extension of scalars, the W-actions on A and AV induce K-linear
representations of W on h and its dual space h*. The subgroups of GL(h) and GL(h*) generated
by the W-actions are contragredient linear groups which are isomorphic to W if the action is
faithful. Let (V, p) be an integrable g-module, then it follows from |d)|in Section [2.4]that the set of
weights of (V] p) is W-invariant. More precisely, for every A € wt(V, p), the functional w(X) € h*
is also a weight of (V, p) with the same multiplicity as A. In particular, if D is free, applying this

(2.5.2)

5 Although Q and QV are not considered to be dual Z-modules in their own right, we may view them as subsets
of the dual Z-modules Ak, and A%ao of the free and cofree Kac-Moody root datum Dﬁae for which the character
and cocharacter maps are injective. Thus, we still have a natural dual pairing between Q and QV, so an expression
of the form (B, aV) with 8 € Q and oV € QV is a well-defined integer. Moreover, the W-action on Q (resp. QV) is

simply the restriction of the W-action on Akac (resp. Ay, .) to the W-invariant submodule @ (resp. QV).
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fact to the adjoint representation of g shows that the set of roots &> C @ is W-invariant. Hence,
every W-translate of a simple root is a root as well and the subset of ®°° constructed in this way
will be of central importance.

Definition 2.5.2. The subset ® =W - &y = {w(;) | w € W, i € I} C = is called the set of
real roots and its complement ®™ := &> \ ® is the set of imaginary roots of A.

Since ®>° depends only on A and not on the root datum D (cf. Remark 2.3.3), the same is true
for ® and ®™, so the suffix “of A” in the definition is justified and we may denote these sets by
®(A) and ®™(A) if the GCM might not be clear. As root spaces belonging to roots in the same
W-orbit have the same dimension and dim(u;) = 1 for all ¢ € I, all root spaces u, C g with o € ®
are one-dimensional. The set of imaginary roots will not play a substantial role in our discussion.
We will focus our attention on the real roots which are intimately related to the structure of the
Coxeter system (W, .5).

In fact, it follows from (2.5.2) that —a; = s;(a;) € @ for every @ € I, so the negative of a real
root is also real. This implies that ® = &, U®_ and &, = —®_, where & = & N Q4 is the
set of positive (resp. negative) real roots. If « € ® is written as o = w(«;) for some w € W and
i € I, the element o = w(e)) € QV is independent of the chosen expression. Thus, the set
PV = {a" | a € ®} is well-defined and called the set of real coroots. The canonical map ® — @V,
a — aV, is a W-equivariant bijection. Moreover, if « = w(o;) € @, we can associate to « the
reflection s, = ws;w™! € R C W which is independent of the chosen expression as well. It acts
on @ and A by the following formulas:

Q—Q A—A

B B—{(8,a") A= A= (A ha)co (253)

We clearly have s, = s_, for all & € ®. Restricted to positive roots, the map a — s, defines a
bijection between ® and the set of reflections of the Coxeter system (W, S). Exactly as the real
roots, the set of real coroots is partitioned into two opposite subsets ®Y = & N QY of positive
and negative real coroots and the canonical W-equivariant bijection ® — ®V maps @4 to Y,
respectively. The W-actions on ® and ®V, however, do not preserve positivity. More precisely,
the following criteria hold for all w € W and i € I:

w(oy) € oy <= I(w) < l(ws;)

w(@)) € ®Y = Il(w) < l(ws;) (2.5.4)

In particular, this shows that the W-actions on ® and ®V (and hence on @Q and Q") are faithful
and suggests to associate to any w € W the set

b, ={aed; wla)ecd_}. (2.5.5)
More explicitly, if w = s;, ...s;, is a reduced decomposition, then |®,,| =k = I(w) and
(Dw = {Sik .. 'Sij+1 (Oél'j) | 1 S _] S ]C} (256)

For the imaginary roots, the analogous partition ®™ = <I>i+m L @™ holds. In contrast to the real
roots, the sets @ = ®"™ N Q4 of positive and negative imaginary roots are W-invariant, so the
definition of ®,, would not change after replacing ®; by ®%° in (2.5.5). They do not correspond
to any elements of the Weyl group W and can only be “seen” as root spaces in the Kac-Moody
algebra g. Hence, the real roots can be constructed directly from the W-action on @ which is
independent of g, but the imaginary roots are “invisible” without the Kac-Moody context.

Whenever we view W as a group acting on the Cartan subalgebra h of a Kac-Moody algebra g,
the W-action on h can be “extended” to all of g in the sense that for every w € W, there exists
a canonical Lie algebra automorphism w* € Aut(g) such that w*|; = w. It is constructed in two
steps: First, if w = s; for some ¢ € I is a simple reflection, we set

st = exp(ad(f)) exp(ad(e;)) exp(ad(f;)) € GL(g) (2.5.7)
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which is well-defined since the adjoint representation is integrable. Second, if w € W is arbitrary,

we choose a reduced decomposition w = s;, ...s;, and define w* := s ...s] . It can be shown
that w* is independent of this choice and defines an automorphism of g such that w*|y = w.

Moreover, it commutes with the Chevalley involution of g and permutes the root spaces as follows:
w*(Ua) = Uy forall a € (2.5.8)

A stronger property even holds for the real roots: Suppose that a = w(a;) € ® for some w € W
and ¢ € I, then the set E, = {w*(e;), —w*(e;)} C u, does not depend on the chosen expression
of a. Both vectors in E, can serve as a basis for the one-dimensional space u, C g, which is
why FE, is often called a double basis of u,. In every such set, we choose a vector e, € E, in
the following way: For every i € I, we take e,, = e; and e_,, = f;. For every other positive
real root o € &4 \ ®g, we arbitrarily choose some w, € W and ¢ € I such that & = wq(a;)
and set e, = wi(e;), e—o = wi(f;) and f, = e_o. As wi € Aut(g) and w}|, = ws, we have
[eas fa] = wi([ei, fi]) = —wa(hi) = —hq, so the subalgebra

|
[

go = Key ®Kh, ®Kf, =w)(g;) C g (2.5.9)
is isomorphic to sl (K). Explicitly, the isomorphism

ol =wk oy 5l(K) = ga Cg (2.5.10)
is the map which sends (§ ) to zeq and ( °, §) to zf, and, consequently, (§ °,) to zhq for all
z € K. We write By := {e, | @ € ®} and denote by W* the subgroup of Aut(g) generated by
{w* | w € W}. Hence, we have

w*(eq) = £ey(q) forallw e W and a € @, (2.5.11)

where the sign depends on the chosen vectors in Bg. It can be determined by computations inside
the universal enveloping algebra of g. Restriction to h C g defines a surjective homomorphism
W* — W whose kernel is the subgroup D* := ((s¥)? | i € I). For every i € I, the automorphism
(s7)? € W* preserves the root space decomposition of g, where the action is trivial on h = ug and

(s)2(x) = (1)l g = (—1){*) g for all & € ™ and z € u,. (2.5.12)

Note that s? = 1in W for all i € I, but it may or may not happen that (s})? = 1 in W*. However,
this depends only on the GCM A and not on the Kac-Moody root datum D.

Remark 2.5.3. The construction of the group W* only required that the adjoint representation
is integrable. More generally, if (V,p) is any integrable g-module, it is possible to replace the
adjoint representation by p in (2.5.7) and associate to every w € W a canonical linear operator
wf € GL(V) that permutes the weight spaces of (V, p) in a way similar to (2.5.8)) and an appropriate
analogue of (2.5.12) holds. Also, there is an equation relating w?” and w* which shows that for
every a € @, the operator p(e,) € gl(V) is locally nilpotent. We refer to [Mar18, Proposition 4.18]
for this more general statement. For our purposes, it will mostly suffice to consider the adjoint
representation. In particular, the chosen set By will be important for the definition of Kac-Moody
groups in Chapter 3|

Notation 2.5.4. Given any subset J C I, the Weyl group W (A ;) of the submatrix A; of A
indexed by J coincides with the standard subgroup W; C W. The real roots of A; will be
denoted by ®; := W, - ® ;4 and we define the sets ®; 1, P @ijf‘i, ®Y,®Y . in the obvious ways.
Each of these objects can be viewed as the subset of its analogue with respect to A consisting of
those elements that are supported in J C I. Furthermore, we define <I>Jj7jE =&, \ ®;4 which is
exactly the set of positive (resp. negative) real roots a € &1 with I(«a) ¢ J.
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2.6 The D-representation

Having defined the Weyl group, we are now in a position to introduce one of the fundamental
concepts of this thesis which will be studied extensively in Chapter |4. Throughout this section,
we fix an arbitrary Kac-Moody root datum D = (I, A, A, (¢;)icr, (hi)icr) of rank d € N and write
W = W(A) for the Weyl group of A. Moreover, we denote by Aq,...,A,, the indecomposable
components of A with index sets I,...,I,, C I, by Dy,...,D,, the indecomposable components
of D and by (W1, 51),..., Wi, Sm) the irreducible factors of (W, .S).

By extension of scalars to the field of real numbers, the W-action on the free Z-module AV induces
a real representation of W on a := AY ®z R = R?. Computing the dual of the second map in
(2.5.2) shows that it is characterized by the following equation:

si(h) =h—{c;,h)h; forallieland h€a (2.6.1)

Note that we may view a as the Cartan subalgebra hp(R) of the real Kac-Moody algebra gp(R)
of type D but for the moment, it suffices to consider the representation without this context.

Definition 2.6.1. Let D = (I, A, A, (¢;)icr, (hi)ier) be a Kac-Moody root datum of rank d € N.
The real representation of W = W (A) on the d-dimensional real vector space a = A @z R defined
by (2.6.1) is called the D-representation of W.

To investigate the D-representation, we require a couple of definitions. First of all, we introduce
the linear subspace
!/
d =) Rh;Ca (2.6.2)
iel

which is clearly W-invariant. Second, we define the following two sets:

C={hea:{ch) >0Viecl}

_ , (2.6.3)

C:={hea:{c,h)y>0Viel}
We call C (resp. C) the open (resp. closed) fundamental chamber of the D-representation of W.
The following observations are immediate:

a) If D is a trivial root datum, then C = a since the defining condition is vacuous.

b) If D = D; U Dy is the union of two root data, then C = C; N Cq, where for k € {1,2}, Ci
denotes the open fundamental chamber of the Dj-representation of Wj, = W(Ay) on a.

c) If D = Dy ® Dy is the direct sum of two root data, then a = a; @ as and C = Cy x Cy,
where for k € {1,2}, a5 := A} ®z R and C}, denotes the open fundamental chamber of the
Dy-representation of Wi, = W(Ay) on ay.

If C is not empty, it follows from simple topological arguments that C is the closure of C' with
respect to the standard Euclidean topology on a and that C is the topological interior of C.
However, there exist root data with C' = () and they can be characterized by a simple condition.
In the following, given any k € {1,...,m}, we denote by Cj C a the open fundamental chamber
of the Dy-representation of Wi, = W(Ay).

Lemma 2.6.2. The open fundamental chamber C' C a of the D-representation of W is empty if
and only if the following condition is satisfied:

If Ay, ..., Ay, denote all indecomposable components of A that are of affine

type, then (\,_; Cp, = 0. (DAC)

Moreover, if s =1, then (DAC)) holds if and only if Dy, is not free.

Proof. We have D = |J;-, Dy and thus C = (-, Cr C (o_,; Cp,, so (DAC) implies that C = 0.
Conversely, suppose that there exists a vector uag € (), _; Cp.. We define L == I, U... U I,
and Y :={1,...,m} \ {p1,...,ps}. For every k € Y, we choose a vector uy, € C, as follows:
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e If Ay is of finite type, the same is true for AT, so if we list its index set as Iy = {i1,...,4}
for some t € {1,...,n} and iy,...,i; € I, there exists a vector = (x1,...,7;)T € R? such
that > 0 and Afx > 0. We define u; = 22:1 zqhi, € a, so that ux € C} because the
following holds for all b € {1,...,t}:

t

Czbvuk Zxa Czbv za Zxaazazb - Z(Ag)baxa - (Agx)b >0

a=1

o If Ay is of indefinite type and t := |I|, there exists a vector z € R? such that < 0 and
ATz > 0 and the argument proceeds as in the finite case.

Having chosen these vectors, we set h = u.g + ZkeY up € a. By construction of the second
summand, we have (¢;, h) = (¢;, uag) > 0 for every i € I,g. Moreover, if i € I\ Lg, then i € Iy,
for a unique k € Y and (c¢;, h) = (c;, ur) + {(c;, uagr). Here, the first term is positive, but it is not
clear whether the second is non-negative. However, since u,g is fixed and C} is invariant under
multiplication by positive scalars, we may simply replace uy by a sufficiently large scalar multiple
to ensure that (c;, h) > 0. Doing this for all i € I\ Lz yields a vector in C.
Finally, suppose that s = 1, so that C' = ) if and only if C,, = 0. If D,, is free, the functionals
(Ci)ie]pl are linearly independent in a*, so there exist vectors (Ui)ie]pl € a with (¢;,v;) = d;; for
all 4,5 € I,,. Hence, their sum v := Zielpl v; € a is contained in Cp,. Conversely, if D), is not

free, we have seen in Example [2.2.5) that ) a;c; = 0, where for every i € I, the positive

i€l

integer a; € N is the label of the vertex i in the Dynkin diagram T'(Aj, ). For every h € a, we

therefore have ZieIp a;{ci, h) = 0. But if there existed a point h € Cy,,, the left-hand side of this
1

equation would be strictly positive, a contradiction. O

Definition 2.6.3. We say that a Kac-Moody root datum D has disjoint affine chambers if (DAC)
is satisfied. Otherwise, we call D admissible.

Example 2.6.4. Given a Kac-Moody root datum D, it is desirable to find necessary and sufficient
conditions for admissibility. From Lemma [2.6.2] we conclude the following;:

(i) D is always admissible if no indecomposable component of A is of affine type.

(i) If A contains exactly one indecomposable component A, of affine type, then D is admissible
if and only if the I, -restriction D, of D is free. For example, if D,, = Ds.*, then D is not
admissible.

However, as soon as A contains at least two indecomposable components A, ,..., A, of affine
type, the situation becomes much more complicated. In this case, it is clear from the previous
proof that if D is admissible, then for every r € {1, ..., s}, the I, -restriction D, of D is free, but
the converse to this assertion is false.

(iii) Suppose that A = Ay @ Ay where A = Ay = (%, %) is of untwisted affine type AWM.
Let A and AY be dual free Z-modules of rank 4 with dual bases {vy,...,v4} C AV and
{v§,...,v;} C A and define the following elements:

hi =1y ¢ = 2v] — 2v}
ha = vg ¢ = —20] + 205 + v3
hy = —v1 — Vg + 14 c3 = —vs + 20}
.- .- * *
hy == —v] — Vg — Uy €4 = —v3 — 2v;

It is straightforward to verify that D = (I, A, A, (¢;)ier, (hi)icr) defines a Kac-Moody root
datum associated to A and that its restrictions to I; = {1,2} and I, = {3,4} are free.
Hence, D = D; U D5 is a union of two free root data. However, D itself is not free since
2¢1 + 2¢o + ¢35 + ¢4 = 0. As all coefficients in this sum are positive, it follows that the open
fundamental chamber C' C a of the D-representation of W is empty although, for k € {1, 2},
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the open fundamental chamber Cy C a of the Dy-representation of Wi, = W(Ay) is not.
More precisely, we have

Cy = {avy +yva + 2v3 +uvy € a | z,y,2,u € R, 2y < 2z < 2y + 2},
Cy={zv1 +yva+ 2zv3 +uvy €a|z,y,2,u € R, 2 < 2u < —z},

and it is not difficult to see that C = R - (v; +v3) and C = C; N Cy = (. Thus, D is not
admissible even though D; and Dy are free.

Therefore, freeness of the affine components D,,,, ..., D, of D does not imply admissibility of D
if s > 2. On the other hand, freeness of the entire root datum D clearly does, but the converse to
this statement is not true either.

(iv) If we modify the Kac-Moody root datum in |(iii)| by replacing cs, c4, hs, hs by their negatives
s, ¢y, h, bly, we obtain another root datum D’ = D; U D} associated to A. This time, we
have 2¢1 + 2¢o — ¢4 — ¢, = 0, so D’ is not free either, but the open fundamental chamber
of the Dj-representation of W5 now satisfies C4, = —C5 which intersects C; non-trivially.
Hence, D’ is admissible but not free.

To conclude this example, it seems difficult to formulate a very precise criterion for admissibility.
Not only is it necessary that the affine components D,,,...,D,, of D are free, but their open
fundamental chambers also have to be “oriented” in such a way that they overlap. An interesting
sufficient condition will be proved in Corollary [2.6.12]

Whereas the open fundamental chamber C' C a of the D-representation of W may be empty, the
closed fundamental chamber C' C a at least contains the origin. It is a closed convex cone that is
bounded by the linear hyperplanes Hi,...,H, C a defined by H; := ker(¢;) for i € I. They are
called the walls of C' and coincide with the fixed-point sets of the actions of the simple reflections
$1,...,5, € S on a. Given any J C I, the cell of type J of C is the set

Dy={hea:{c;,h)y=0Vj€eJ, (c;;h) >0VieI\J}. (2.6.4)

Hence, the closed fundamental chamber has a cell decomposition C' =[] scr Dy. Every translate

w(C) (resp. w(C)) by some w € W is called an open (resp. closed) Weyl chamber and the union

X,=|Jw@ca (2.6.5)
weWw

is the Tits cone of the D-representation. The W-translates {w(H;) | w € W, i € I} are the walls
of Xy and {w(Dy) | w € W, J C I} are its cells. Every closed Weyl chamber is bounded by walls
and inherits a cell decomposition from C in the obvious way. If o = w(«;) € ® for some w € W
and i € I, then H, = w(H;) = ker(c,) is independent of the chosen expression of o and coincides
with the fixed-point set of the action of the reflection s, = ws;w™' € W on a. Note that it is
possible for cells of the Tits cone to be empty if D is not free. Moreover, it is not a priori clear
whether the non-empty cells “fit together” to form a partition of X . However, the next result
shows that this is indeed the case and establishes the most important properties of the objects
just defined. Given any h € a, we denote the stabilizer of A under the W-action by Wj,.

Proposition 2.6.5. The D-representation of W has the following properties:

(i) If J C I and h € Dy are arbitrary, then W}, coincides with the standard subgroup Wy C W.
In particular, it only depends on the cell of C' containing h.

(11) The closed fundamental chamber is a strict fundamental domain for the W-action on X .
More precisely, every Weyl group orbit W-h C a with h € X intersects C in a unique point.
Hence, if D is admissible, then W acts simply transitively on the set of open Weyl chambers
and the D-representation is faithful in this case.

(11i) Let wi,we € W and J, K C I be arbitrary. If the cells wi(Dy) and wa(Dx) are non-empty,
they are either equal or disjoint.
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(i) The Tits cone is a convex cone that can equivalently be described as
Xy ={hea:(ca,h) <0 only for finitely many o € T} (2.6.6)

In addition, (2.6.6) also holds if ® is replaced by ® .
(v) The closed fundamental chamber is given by

Cz{hea

YweW :h—w(h)= Z x;h; with x; € R>q for alli € I(w)}. (2.6.7)
i€l (w)

(vi) The following conditions are all equivalent:
a) |W|<oo b)A isspherical ¢) Xy =a d)|P®| <0 €)|P<o0 f)P=>>
(vii) A point h € X lies in the topological interior X of X if and only if Wy, is finite.

IfD = D%ac, this proposition is a standard result in Kac-Moody theory and largely proved in
[Kac90, Proposition 3.12]. For the reader’s convenience, we provide a self-contained and slightly
more detailed proof that is adjusted to the use of an arbitrary root datum, but our arguments
are almost identical to the classical case. The only difference is that we need to incorporate the
character and cocharacter maps ¢: Q — A and h: Q¥ — AY which need not be injective.

Proof. Before turning to the core of the proof, we claim that if » € C and w(h) € C for some
w € W, then w(h) = h. This is proved as follows: Let w = s;, ... s;, be a reduced decomposition,
then on the one hand, we have (w(c;,),w(h)) = (c;,,h) > 0 since h € C. On the other hand,
we also have l(ws;,) < l(w) and thus w(a;,) € ®- by (2.5.4), so that w(c;,) = cy(a;,) is a
Z-linear combination of (¢;);e; with non-positive coefficients. As w(h) € C, this implies that
(w(e;,,), w(h)) <0 and hence {(c;,,h) = 0 or, equivalently, s;, (h) = h. By induction on k = l(w),
it follows that every simple factor of w fixes h, so that w(h) = h, as claimed.

(i) If h € Dy, then (c;, h) = 0 and thus s;(h) = h for all j € J, which proves that W; C Wj,.
Conversely, if w € W}, then w(h) = h € C and the proof of the previous claim shows that
every simple factor of w fixes h, so that I(w) C J and w € W;.

(ii) The first assertion is an immediate consequence of the claim above. The second follows from
(i) since if D is admissible, open Weyl chambers are non-empty and their stabilizers under
the W-action are trivial.

(iii) Suppose that wi(Dy) Nwy(Dx) # 0, then wy 'w;(h) € D € C for some h € Dy C C, so
that w; *wy(h) = h by the initial claim. It now follows from |(i)| that w; 'w; € W), = W
fixes the entire cell D; point-wise, implying that J = K and wy(D;) = wa(Dy) = we(Dk).

(iv) Let X’ denote the set on the right-hand side of (2.6.6). It is clear that C' C X’ and we
claim that X’ is W-invariant. To see this, let 7 € I be arbitrary, then the set ®3° \ {o;}
is s;-invariant by (2.5.6) and s;(c;) = —c;. Consequently, whenever h € X’ and a € &
are such that 0 > (cq, 5i(h)) = (¢s,(a), h), then either a = o; or a # «; and (¢, (a), h) <0
with s;(a) € ®°. As h € X', there are only finitely many a € ®3° satisfying the second
condition, so that s;(h) € X’ as well. Hence, X' is s;-invariant for every ¢ € I and therefore
W-invariant. We conclude that w(C) C X' for all w € W, so that X, C X'.

Conversely, let h € X’ and consider the finite set M), = {a € ®° : (co, h) < 0}. If My, =0,
then h € C C X,. Otherwise, we have (c;,h) < 0 and thus o; € M, for some i € I.
Since ®° \ {a;} is si-invariant, it is straightforward to verify that M,y = si(Mp \ {i}),
which implies that |M,, )| < |Mp]. Iterating this process leads to some w € W such that
M, (ny = 0, which is equivalent to w(h) € C and h € w™(C) C Xy.

The second statement is proved by the same argument upon replacing ®<° by ®_. In fact,
for every a € @4, the functional ¢, € a* is non-negative on C' and hence on all of X as
¢ is W-invariant. That X is a convex cone is also a direct consequence of (2.6.6).

(v) The inclusion “2>” in (2.6.7)) follows from (2.6.1) by setting w = s; for any i € I. Conversely,
let h € C and w € W be arbitrary and choose a reduced decomposition w = s;, ...s;,. We
argue by induction on k = [(w). If k = 1, then h — w(h) = h — s;,(h) = (¢, h)h;,, where
the coefficient is non-negative as h € C. Now suppose that k > 1 and set w’ == s;, ... 8;,_,-
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Then I(w) = I(w') U {ix} and the induction hypothesis implies that for every i € I(w'),
there exists some z; € R>¢ such that

h—w(h) =h—w'(h)+w'(h—s;, (k)= > xjhi+ (ci,,h)w'(hs,).
iel(w’)

Since I(w') < l(w) = l(w's;, ), we have w'(ay, ) € <I>I(w) + by (2.5.4), so w'(hiy) = hu(a,,) i
a Z-linear combination of (h;);cr(w) With non-negative coefficients. As h € C, we also have
(¢ip., h) > 0 and the inclusion “C” follows.

(vi) a) <= b): A direct proof of this equivalence can be found in [Kac90, Proposition 4.9]. In

(vii)

addition, it also follows by comparing the list of Dynkin diagrams of the GCM’s
of finite type (cf. Table [2.1) with the Coxeter diagrams of the irreducible finite
Coxeter groups (cf. [ABO8| Section 1.3 and 1.5.6]).

b) = ¢): Let h € a be arbitrary and consider the orbit W - h C a which is finite by a).
As A is spherical and thus invertible, it follows that D is cofree, so for every
w € W, there exist unique z1,...,7, € R such that h —w(h) = >7_, z;h;.
We choose wy € W for which the sum Z _yx; € R is minimal and clalm that
h' :=wo(h) € C. Assume for a contradiction that (ci, W'y < 0 for some i € I,
then the point " == s;(h’) € W - h would satisfy

h—h"=h-—h+{c;,h')h; —ijh + (@i + (ci, W) i,
JFi

where the last coefficient would be strictly smaller than x;, contradicting the

choice of wp. It follows that h = wy * (W) € wy *(C) C X,
c¢) = d): As a is a Baire space w.r.t. its standard Euclidean topology and the Tits cone is
a countable union of closed Weyl chambers, its topological interior is non-empty
if and only if C has this property, so if X, = a, then D must be admissible. For
an arbitrary point h € C, we have (co, —h) < 0 for all a € &3, but —h is also
contained in a = X . so that |®>°| = 2|®F°| < oo by |(iv)!
This is clear by definition.
The action of W on the set ® defines a homomorphism W — Sym(®), where the
latter denotes the group of all permutations of ®. This map is injective since if
w € W\ {1}, then (2.5.6) implies that there exists some o € ¢ with w(a) € D_.
If @ is finite, then so is Sym(®) and therefore also W.
b) <= f): This is proved in [Kac90, Theorem 5.6].
To prepare for the proof, we first claim that we may w.l.o.g. assume that d = dim(a) > 2.
In fact, we must have d > ¢ and it is easy to see that the rank of a GCM A € Z"*™ cannot
be 1 if n > 3. We therefore only have the following three possibilities if d = 1: Either D
is a root datum associated to the GCM AY = (2) of finite type A; in which case W = Z,
and X; = a. Here, the assertion is correct and applies to all points of a. Otherw1se D
is a root datum of rank 1 associated to one of the two GCM’s of affine type A or A ()
whose Weyl groups are both isomorphic to the infinite dihedral group. In these cases, D is
not free and a Z-linear dependence between co, c1 € Ais necessarily given by ¢y + ¢; = 0 if
A= (272)and 2cg+c; =0if A= (2 3'), so that X, = C = {0} has empty interior
(cf. Example [2.2.5). At the same time, the reflections sg,s1 € W both induce the map
h — —h on a, so the infinite subgroup of W = D, generated by sgs; acts trivially on a.
Thus, no point in a has finite stabilizer under the W-action and the statement is vacuously
true. From now on, we may therefore suppose that d > 2.
Let h € X be arbitrary. Upon replacing h by a suitable W-translate, it can be assumed
that h € C. Moreover, by the proof of |(vi), the origin lies in the interior of X if and only
if X, = a, which is equivalent to |W| = |Wy| < oo, so we may further suppose that h # 0.
Let D be the unique cell of C' containing h, so that Wj, = Wy by |(i). It is trivial if and
only if h € Dy = C C X§, so we may assume that J # (. We set a5 := a/Rh and denote
by p : a — a, the canonical projection. Observe that dim(a,) = d —1 > 0 by assumption.
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For every j € J, we have (c;,h) =0, so ¢; € a* descends to a well-defined linear functional
¢; € aj and the Wj-action on a factors to ay, which allows us to define

Ch={heay:(¢,h)>0VjeJ} and X = U w(Cl) C ay.
weWy

Set h; = p(h;) for all j € J, let AY be a Z-form of a;, containing (h;);cs and Ay, its dual.
By definition of these representations, the induced action of Wj; on a; coincides with the
D’-representation of W belonging to the Kac-Moody root datum

D' = (J, Ay, Ap, (@j|A;)jeJ7 (i‘j)ﬂ‘@])'

Likewise, C, is its closed fundamental chamber and X}, its Tits cone. Note that p(C) C C},
and (2.6.6)) implies that p(X ) C X}. By the proof of |(vi), we have |W;| < co if and only if
X5 = a and, in turn, this condition is equivalent to the property that there exists an open
neighbourhood U of 0 € aj, that is contained in X,.

Suppose now that h € C lies in the interior of X and choose an open neighbourhood U of
h contained in X . By definition of the quotient topology, the projection p : @ — ap is an
open map, so p(U) is an open neighbourhood of p(h) = 0 € a; contained in p(X;) C Xp.
Hence, it follows that X;, = a5 and |W;| < occ.

Conversely, if |W;| < oo and X;, = ap, we construct an open neighbourhood of h that is
contained in X ;. Upon extending h # 0 to an (ordered) basis {v1,...,v4-1,h} of a, we may
identify a with R?, a;, with R~ and p : @ — a5, with the map (21,...,24) — (z1,...,74_1).
Let U C aj be an open ball of some radius r € R~ around 0 (w.r.t. the standard Euclidean
metric on a, & R471), then under this identification, the set pil(ﬁ) C a = R% is the infinite
open cylinder B,(0) xR, where B, (0) denotes the open Euclidean ball of radius r around the
origin in R4~1. Tt contains h = (0,...,0,1) where ¢, is positive if i € I \ J and zero if i € J.
For every w € Wy and i € I\ J, we have i ¢ I(w) and therefore w=!(c;) = ¢; + > jer ki
with k; € Ny for all j € J, which is positive at h. By choosing r,s € R small enough,
we may ensure that each of the finitely many functionals {w='(c;) | w € Wy, i € I\ J} is
positive on the finite open cylinder U := B,.(0) x (1—s,1+s). This is an open neighbourhood
of h in a 2 R?% and we claim that U C X,. Let ' € U be arbitrary and consider the finite
orbit Wy -h' C a. By the same argument as in the proof of the implication b) = ¢) of |(vi)}
there is some wy € W such that (¢;,wo(h')) > 0 for all ¢ € J. In addition, for i € I'\ J, we
have (c;, wo(Rh')) = (wy *(¢;), h') > 0 by construction of U, so we conclude that wy(h') € C

and thus 7’ € wy ' (C) C X . O

Consequently, the non-empty cells of X, indeed define a partition of the Tits cone and every such
cell D can be written as D = w(D ) for some w € W, where the set J C I is unique and w € W is
unique up to right-multiplication by some element of W;. Hence, D is uniquely determined by the
standard coset wW; C W and we call the set J C I the type of D. With this definition, W acts
on X, by type-preserving cellular automorphisms. The stabilizer of D = w(D) is the parabolic
subgroup wWyw~! C W and it fixes D point-wise. Since W is finite if and only if A ; is spherical,
we also conclude that the notion of a “spherical subset” J C I in the sense of Definition [2.1.5] is
consistent with Definition [1.1.5] which motivates the following definition:

Definition 2.6.6. A cell of X is said to be spherical if its stabilizer under the W-action is finite.

Hence, a cell is spherical if and only if its type is a spherical subset of I. The topological interior
X9 C X is partitioned by the (non-empty) spherical cells and the W-action on X | preserves X¢.
The entire discussion of this section applies verbatim to the set X = —X, = J,,cyp w(=C). We
will sometimes refer to X (resp. X_) as the positive (resp. negative) Tits cone. By (2.6.6)), the
intersection X N X_ consists of all h € a such that (c,,h) = 0 for all but finitely many o € ®5°.

Using that [®°| < oo if and only if A is spherical, we arrive at a simple but useful result:

Corollary 2.6.7. If A is not spherical, then X, N —C =0 and X{ N X° = 0. O
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Moreover, given any subset J C I, our arguments apply equally well to the J-restriction D of D
for which we establish the following notation:

Notation 2.6.8. For every subset J C I, the D -representation of W; = W (A ) coincides with
the restriction of the D-representation of W to the subgroup W;. We denote by C; (resp. Cj)
the open (resp. closed) fundamental chamber of the D j-representation and by X s (resp. X _)
its positive (resp. negative) Tits cone with topological interior X7, (resp. Xj_). We do not
introduce a uniform notation for the cells of X ;1 since this will rarely be necessary.

Corollary 2.6.9. For every J C I, it holds that C C C;, C C Cy, X4 C X+ and X3 C X5+

Proof. The first two assertions are clear from the definitions, the third is an immediate consequence
of (2.6.6) and the natural inclusion ®3°, C ®%° and the last one follows from the third. O

Remark 2.6.10. Up to now, all formulations in this section have included the possibility that some
cells of the Tits cone may be empty. Let us add some remarks on this subtlety.

(i) If D is free, then d > n and the functionals (c;);cs are linearly independent in a*, so there

exist vectors (v;);es in a such that (c;,v;) = d;; for all 4,5 € I. Given any subset J C I, we
therefore have v = ZieI\J v; € Dy, so no cell of X is empty in this case. More precisely,
Dy is a convex cone of dimension d — |J|. The intersection of all walls of C, i.e. the cell Dy,
is a (d — n)-dimensional linear subspace of a.
In this situation, the cellular structure of the Tits cone is closely related to that of the
Coxeter system (W.S). First of all, the map wW; — w(D) defines a bijection between the
standard left cosets of (W, S) and the cells of X . In particular, the open Weyl chambers
correspond to the elements of W. Second, the walls of X, are in bijective correspondence
with the reflections of (W, S) or, equivalently, the positive real roots of A in the sense that
every wall of X, can be written as H, = ker(c,) for a unique o € @ or, equivalently, it
can be characterized as the fixed-point set of a unique reflection s, € R C W.

(ii) If W is finite, then A is spherical and hence invertible, so that D is free and every cell of X
is non-empty. Moreover, there are only finitely many cells and walls. Therefore, empty cells
can only exist if W is infinite and a spherical cell cannot be empty.

(iii) If D is not free, it may happen that some cells of the Tits cone are empty. For instance,
this is the case whenever D is not admissible. Note that Corollary [2.6.7|is trivially true in
this situation. However, even if D is admissible or, equivalently, open Weyl chambers are
non-empty, it is possible that other cells of X, are empty. An example of this phenomenon
is provided by the admissible root datum D’ = D; U D} of Example 2.6.4 (iv)l Using the
notation introduced there, the closed fundamental chamber of the D’-representation is

C = {xv; +yva +2v3 +uvy €a|x,y,z,u €R, 2y <20 <2y + 2, —2 < 2u < z}.

On the one hand, the open fundamental chamber C' = Dy is non-empty, e.g. it contains the
point %vl +v2 +v3 € a. On the other hand, the cells Dy; oy and Dy3 4y are both empty. In
fact, we have ker(c1) Nker(cz) C Ruy @ Rug @ Ruy, but the restrictions of ¢4 and ¢} to this
subspace are negatives of each other, so there does not exist a point in that space where ¢4
and ¢} are both positive, proving that Dy oy = (. A similar argument applies to Dyg 43.

We will study the geometry of Weyl group orbits under the D-representation much more closely
in Chapter 4 where we content ourselves with the free and cofree case, but for later applications
that do not require this level of detail, it will be useful to have introduced the D-representation in
the current framework. In particular, the notion of admissibility will be relevant to various results
in Chapter |6.

To conclude this section, we prove an interesting sufficient condition for admissibility and discuss
the question of faithfulness of the D-representation. Although these results will not be needed
anywhere else in the text, they might be of independent interest. Our proof of the next proposition
relies on a lemma that we are only going to establish in Chapter 4] but we present the argument
here in order not to distract from the main line of reasoning later.
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Proposition 2.6.11. A cell of the Tits cone is non-empty in each of the following situations:
(i) Let Jy,...,J; C I and J = ﬂ;zlJl. If Dy, # 0 for all k € {1,...,1}, then Dy # 0.
(ii) Let A, ,..., Ay, denote all indecomposable components of A of affine type. If J = Uizl I,
for some q1,...,q. € {1,...,m}\ {p1,...,ps}, then Dp ; # 0.
(iii) Let J; C I be such that Dy, # 0. For every k € {1,...,m} with I, ¢ J1, there ezists a
subset Jy C Jy that satisfies Jo NI, =0 and Dy, # 0.

In the statement of [(ii), the set I \ J can equivalently be characterized as a union of connected
components of I that contains all the affine components I, , ..., I, . In order to establish |(iii), we
will make use of Lemma[4.3.16| which is proved under the global assumption of Chapter 4| that D is
free and cofree. By inspecting the argument, however, it is clear that this is not necessary and that
it can easily be adapted to the case of an arbitrary Kac-Moody root datum upon incorporating
the character and cocharacter maps. In that part of the proof, we further employ the terminology
about colourings of Coxeter diagrams introduced in Section [1.2]

Proof. (i) Choose a point hy € Dy, for every k € {1,...,1}, then it is clear from the definition
of Dy in (2.6.4) that 3\ _, hy € D;.

(i) Given any r € {1,...,t}, the indecomposable component A, of A is of finite or indefinite
type and we have seen in the proof of Lemma 2.6.2| that C,. # 0. More precisely, the vector
hq, € Cy, constructed there is a linear combination of (h;);es, and thus contained in the
cell Dpyy, C C. Hence, Dpy, # 0 for all 7 € {1,...,t} and so Dy ; # 0 by |(i)}

(iii) Suppose that the Coxeter diagram A(W,S) is equipped with the colouring defined by Ji,
i.e. the vertices in J; are black and those in I\ J; are white. Since I}, ¢ Ji, it is visible with
respect to this colouring. If J; NI, = 0, the claim is trivially satisfied by taking Jo = Ji.
Otherwise, let h € D be arbitrary, then the proof of Lemma |[4.3.16/ shows that, by forming
a convex combination of appropriate Wj-translates of h, one can construct a point that is
contained in D, for Jy == Jy \ (J1 N I). O

The assertions of Proposition [2.6.11] essentially state that whenever a cell of the Tits cone is not
empty, then a “larger” cell, i.e. one whose type is a smaller subset of I, is also not empty, and this
process can only be “blocked” by the affine components. In particular, we recover the consequence
of Lemma [2.6.2| that if no indecomposable component of A is of affine type, then D is admissible.
The following result sharpens this statement:

Corollary 2.6.12. If D is not admissible, there exists an indecomposable component A, of A of
affine type whose index set I,  C I has the property that, given any subset J C I, the cell Dj can
only be non-empty if I, C J. Moreover, the corresponding irreducible factor (W,,,S,,.) of (W,.S)
fizes Xy point-wise.

Proof. If we set I,g :== I, U...U I, , then it follows from Proposition [2.6.11 (ii) that Dy, # 0.
Let r € {1,...,s} be arbitrary and suppose that there exists a set J, C I such that I, ¢ J,
and D;, # 0. By|(i), it can be assumed to be contained in I and [(iii)| implies that D, # 0 for
J) = J, \ (Jr N 1I,.). If this argument could be applied to every r € {1,...,s}, then using the
fact that (7 _, J. C ', (Zagr \ Ip,) = 0, we would conclude from [(i)| that C = Dy # 0, i.e. that
D is admissible, a contradiction. Thus, for some r € {1,..., s}, the asserted property holds. The
stabilizer of every non-empty cell of C' therefore contains the standard subgroup Wy, C W, so the
irreducible factor (W, , S, ) fixes every non-empty cell of C point-wise and hence also X . O

Remark 2.6.13. On the one hand, if D is admissible, we have seen in Proposition 2.6.5 (ii) that the
D-representation of W is faithful. On the other hand, if D is not admissible, Corollary [2.6.12] shows
that some irreducible factor of (W,S), necessarily the Weyl group of an affine indecomposable
component of A, acts trivially on the Tits cone. However, it does not claim that this factor acts
trivially on all of a and, indeed, this assertion would not be true. Intuitively, the difference can
be understood by observing that if D is not admissible, the Tits cone has empty interior, so an
element of W can fix X point-wise without acting trivially on a. The following two examples
illustrate that admissibility is not a necessary condition for faithfulness of the D-representation:
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(i) The entire discussion of this section can also be applied to the dual root datum D*. If D*
is admissible, then W acts faithfully on a* = A ®z R via the D*-representation and the
corresponding dual action coincides with its D-representation. In general, admissibility of
D* is not equivalent to that of D. For example, if A is an indecomposable GCM of affine
type and D is cofree but not free, e.g. in the case D = D2 then D is not admissible but D*
is, which implies that the W-actions on a and a* are both faithful.

(ii) There exist root data that are neither admissible nor the dual of an admissible root datum,
but for which the D-representation of W is still faithful. An example is provided by the
root datum D in Example 2.6.4 (iii). It is not difficult to verify that neither D nor D*
are admissible. However, the admissible root datum D’ in Example 2.6.4 (iv)| was obtained
from D by replacing cs, c4, h3, hy by their negatives, so the D- and D’-representations of W
coincide and the latter is faithful since D’ is admissible.

The second example may appear somewhat artificial since D may simply be viewed as a union of
two admissible root data that are “oriented in the wrong way”. In the indecomposable case, the
next result shows that such a phenomenon is impossible. In its formulation and proof, we need
the following fact from [Kac90} §6.5]: If W = W (A) is the Weyl group of an indecomposable GCM
A e Z(TZH)X("“D) of affine type, then W has the structure of a semidirect product W = W x T,
where W = W (A) is the finite Weyl group of the reduced matrix A € Z"*™ and T = Z" is a free
abelian subgroup of rank n that is normalized by W, called the translation subgroup of W.

Lemma 2.6.14. If A is an indecomposable GCM of affine type and D a Kac-Moody root datum
associated to A that is neither free nor cofree, then the D-representation of W is not faithful. More
precisely, in the semidirect product structure W = W x T, the finite Weyl group W acts faithfully
and the translation subgroup T acts trivially on a.

Proof. _To prove the statement, we recall from [Kac90], §6.5] how the semidirect product structure
W = W x T is constructed. Let ag,...,a, € N (resp. a,...,a, € N) be the labels of the vertices
in the Dynkin diagram I'(A) (resp. I'(AT)) and define

55:2%‘%‘ €@ and 9::5—a0a0:Zaiai 6602.

iel iel

It can be shown that 6 is a root of 10%, ie. e d = <I>°°(A), which is finite and only consists of
real roots by Proposition 2.6.5 (vi), and that its corresponding real coroot 6% € ®V is given by

0v = ai(Kf agay) = iz:aivoz;/ where K = Zaivaiv €Q.

0 @0 e il
The associated reflection sy is contained in W and we set tp = sgsg- The translation subgroup
T is defined as the subgroup of W generated by the set {wtyw™' | w € W}. To prove the first
statement, it suffices to show that ¢y acts trivially on a. Since D is neither free nor cofree, we have
Yier@ici = 0and Y, a/h; = 0 or, equivalently, ¢(6) = 0 and h(K) = 0 (cf. Example 2.2.5).
Using that ay = 1 (cf. Convention [2.1.2]), we obtain the following for every h € a:

Sg(h) =h— <Cg,h>h9 =h— <7CL060, h> < — alohg) =h— <Co,h>h0 = So(h)

On the one hand, this shows that the actions of sy and sy coincide, so that ty acts trivially on a.
On the other hand, the I-restriction D of D is free and cofree and, in particular, admissible as Ais
invertible, so W acts faithfully on a via the Zo)—representation which coincides with the restriction
of the D-representation to Wcw. O

We have already discussed in Example 2.2.5| that for most GCM’s of affine type, it is possible to
construct root data that are neither free nor cofree. In general, given a Kac-Moody root datum
D associated to an arbitrary GCM A € Z™*™, the question of faithfulness of the D-representation
is fully decided by the affine indecomposable components of D. We conclude this section with a
satisfying criterion which also explains the phenomena in Remark |[2.6.13|
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Corollary 2.6.15. Let D = (I, A, A, (¢;)icr, (hi)icr) be an arbitrary Kac-Moody root datum. The
following conditions are equivalent:
(i) The D-representation of W is faithful.
(it) If Ay, ..., A,, denote all indecomposable components of A that are of affine type, then each
of the components D,,, ..., D, of D is free or cofree.

Proof. Suppose first that |(ii) is violated. If r € {1,...,s} is such that D,, is neither free nor
cofree, then Lemma [2.6.14 shows that the D), -representation of W), is not faithful. By definition,
this is simply the restriction of the D-representation of W to the subgroup W), which is therefore
not faithful either.
Conversely, assume that |(ii)| is satisfied and set I.g == I,, U...U I, . By Proposition [2.6.11 (ii),
there exists a point h € Dy,,. If w € W lies in the kernel of the D-representation, then w(h) = h,
so Proposition 2.6.5 (i) implies that w € Wr . Let uq,...,us be the unique elements such that
up € Wp, forallr € {1,...,s} and w = uy ... us. In order to conclude the proof, we need to show
that u, = 1 for any arbitrarily fixed » € {1,...,s}. To this end, our goal is to find a suitable
subspace of a or a* where each factor u,» with r’ # r acts trivially. We distinguish the following
two cases:
o If D, is free, we define A, = @ielw Zc; C A and let AY be its dual Z-module. By viewing
the elements (hi)ielm € AV as functionals on A and restricting them to the submodule A,.,
we may define a Kac-Moody root datum

D, = (Ip,, Ap,, Ar, (ci)ict,, , (hila, )ier,, )-

By construction, D]'DT is free and thereby admissible, so W), acts faithfully on a, := A ®zR
via the D}, -representation and hence on ay = A, ®z R = @,c; Re; via the dual action,
which is simply the restriction of the dual action of the D, -representation of W, to the
W), -invariant subspace a C a*. If © # r, then (c;,h;) = 0 for all i € I, and j € I, ,,
which implies that W), , fixes a; point-wise under the dual of the D-representation of W.
Because w acts trivially on a* by assumption and every factor w,» with 7’ # r acts trivially
on ay, we conclude that u, € W), acts trivially on a as well, so that u, = 1.

o If D, is cofree, the argument is very similar: Here, we set A) = @, 1, Lhi C AY and let
A, be its dual Z-module. By restricting the functionals (¢;)icr,, € A to the submodule AY,
we obtain another Kac-Moody root datum

Dy = (Ip,, Ap,, A, (cilay)ier,, , (hi)ier,)-

As D, is cofree, its dual root datum is free and thus admissible, so W}, acts faithfully
ona, =A @R = ®ieIp,,, RA; via the D;’r—representation, which is the restriction of the
D, -representation of W), to the W), -invariant subspace a,, C a. By the same argument as
above, w acts trivially on a and every factor u,» with v’ # r acts trivially on a,, so that
u, € Wy, also acts trivially on a,, proving that u, = 1. O

2.7 Some assumptions and conventions

In order to prepare for later applications, we conclude this chapter by introducing four assumptions
and some terminology that will be used freely in Part II. Each of these assumptions gives rise to
additional structure on some of the objects defined in this chapter. We continue to denote by
D= (I,A, A, (c;)ier, (hi)icr) an arbitrary Kac-Moody root datum of rank d € N and by K a field.

Assumption 2.7.1. The field K is either R or C.

Our main theorems in Chapter [5| and [6] will all be formulated for real and complex Kac-Moody
groups. As we shall see, it will mostly be possible to treat the real and complex case simultaneously,
so the following convention will be useful:
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Convention 2.7.2. If the Kac-Moody root datum D is clear from the context and K € {R, C}, we
denote by g := gp(K) either the real or the complex Kac-Moody algebra of type D. Distinguishing
these Lie algebras will rarely be necessary. However, it will be very important to distinguish the
real Cartan subalgebra from the complex one, so we are going to write a := hp(R) = AV @z R
and h == hp(C) = AV ®; C. The reason for this notation is that in the complex case, we still
often want to consider the real Cartan subalgebra instead of the complex one and notation like
hp(R) C gp(C) might lead to confusion. In fact, the real vector space a will be used to construct
the “Iwasawa decomposition” of real and complex Kac-Moody groups & algebras in Section [3.4]
If the field is irrelevant, we write hp(K) more briefly as ug.

In addition, we denote by 6 : g — g the involutive automorphism obtained from pre-composing
the Chevalley involution w : g — g with complex conjugation. More precisely, if K = R, then 6
coincides with the Chevalley involution wg of gp(R) and if K = C, then 6 is the unique extension
of wr to a C-antilinear automorphism of gp(C). In both cases, we call 6 the compact involution
and its fixed-point set € the compact form of g.

Assumption 2.7.3. The Kac-Moody root datum D is free and cofree.

Under this assumption, the character and cocharacter maps ¢ : Q@ — A and h : Q¥ — AV are
injective. This allows us to view @Q and Q" as subsets of A and AV and employ the following more
common notation that was already suggested in Remark [2.3.3 (iv):

Convention 2.7.4. If D is free and cofree, we will suppress the inclusions ¢ : Q — A and
h: QY — AV from the notation. In particular, for every i € I, we will write a; (resp. «;’) instead
of ¢; (resp. h;). For example, this will be applied to the definition of the cells of the Tits cone
of the D-representation of W(A) on a = AY ®z R in (2.6.4). Furthermore, we may extend the

linearly independent subset ®§ C QY C AY C a to an R-basis B == {af,..., ), hni1,---,ha}
of a and we denote by B* := {w1,...,wn, ®nt1,-..,dq} the corresponding dual basis of a*. The
functionals wy,...,w, € a* will be called the fundamental weights.

The fundamental weights will play a crucial role in the study of convex hulls of Weyl group orbits
in Chapter 4. Recall that D can only be free and cofree if it has rank d > 2n — ¢ > n. By
definition, the fundamental weights satisfy (wi,a}/> = ¢;; for all 4,5 € I. If d > n, they are not
uniquely determined by this condition, but their restrictions to the subspace o’ = @,; Ray Ca
are independent of the chosen extension of @ to an R-basis of a. This slight ambiguity will not
lead to any significant complications. Freeness of D further implies that no cell of the Tits cone
X4 C a of the D-representation is empty and, in particular, that D is admissible.

Assumption 2.7.5. The Kac-Moody root datum D is free, cofree and cotorsion-free.

This strengthening of Assumption [2.7.3| will be important in the proofs of Kostant’s Convexity
Theorems for Kac-Moody groups in Chapter [5] as it will enable us to combine the results of
Chapter 4] with representation-theoretic properties of Kac-Moody groups. In this situation, we
also apply Convention [2.7.4, but instead of only working in the real vector space a, we may
already extend ®y C Q¥ C AY to a Z-basis B = {of,..., ), hni1,...,ha} of AV. Hence, the
corresponding dual basis B* = {wi,...,wn, dnt1,-..,0qr defines a Z-basis of A and we have
o' =AY ®z R with AV/AY =2 747" where AV = @,.; Zay C AV.

Assumption 2.7.6. The GCM A is symmetrizable.

The relevance of this assumption to Kac-Moody theory in general has already been mentioned in
Remark [2.3.2l It ensures that the Gabber-Kac Theorem holds. For our purposes, it yields the
existence of a very useful additional structure in highest-weight representations of real or complex
Kac-Moody algebras. To explain this, we apply Convention [2.7.2]

Let A € a* C b* be a dominant integral weight and L(\)¢ the complex irreducible highest-weight
gp(C)-module with highest weight A. By [Kac90, Proposition 9.4 and Lemma 11.5], there exists a
non-degenerate Hermitian form H : L(A)¢ X L(A)¢c — C which is contravariant in the sense that

H(z-v,w)=—H(v,0(x) w) forall xz € gp(C) and v,w € L(N)c. (2.7.1)
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It is unique up to real scalar multiples and weight spaces of L(\)¢ belonging to different weights
are H-orthogonal. While the construction of H does not require symmetrizability, it is shown in
[Kac90, Theorem 11.7] that if A is symmetrizable and H is normalized such that H(vy,vy) =1
for some highest-weight vector vy € L(A)¢, then H is positive-definite.

Restriction to gp(R) turns L(X\)¢ into a complex gp(R)-module and the assumption that A|, is
real-valued implies that the U (gp(R))-submodule L(A)gr C L(\)¢ generated by v is an R-form of
L(M\)c that coincides with the real irreducible highest-weight gp (R)-module with highest weight .
Moreover, the Hermitian form H restricts to a positive-definite symmetric bilinear form on L(\)g
which is also denoted by H and contravariant in the sense of (2.7.1) with C replaced by R. Note
that if D is free and cofree, the functionals in the dual basis B* C a* defined above are dominant
integral weights and if D is also cotorsion-free, they are even proper.

Convention 2.7.7. As in the case of the Kac-Moody algebras, it will usually not be necessary
to distinguish the real highest-weight modules from the complex ones. Given a dominant integral
weight A € a* C b*, we will therefore denote by L(\) either the real or the complex irreducible
highest-weight g-module with highest weight A\ and by H the corresponding positive-definite,
contravariant, symmetric bilinear or Hermitian form on L(\).

Throughout Part |IIl we will combine the assumptions introduced in this section in various ways.
In some situations, they will be required to hold simultaneously. For ease of reference, we therefore
summarize their most important consequences in a final proposition. Its proof is immediate from
the previous discussion and Lemma [2.4.5.

Proposition 2.7.8. With the notational conventions introduced in Section |2.7, let A € Z"*"
be a symmetrizable GCM of rank ¢ < n, let D = (I, A, A, (¢;)icr, (hi)icr) be a free, cofree and
cotorsion-free Kac-Moody root datum of rank d € N and denote by g either the real or complex
Kac-Moody algebra of type D. Then d > 2n — £ and the following assertions hold:

(i) The dual basis B* = {w1,...,wn, Pnt1,-..,04} C A consists of proper dominant integral
weights. Each of the corresponding real or complex irreducible highest-weight g-modules
L(w1), -, L(wn), L(dnt1), - - -, L(¢g) can be endowed with a positive-definite, contravariant,
symmetric bilinear or Hermitian form H with the property that weight spaces belonging to
different weights are H-orthogonal.

(it) If i € {n +1,...,d}, then the irreducible highest-weight g-module L(¢;) is one-dimensional.
The subalgebras uy and u_ of g act trivially on L(¢;) and an element h € ug acts on L(¢;)
by multiplication with {¢;, h).

(iii) The open fundamental chamber C' C a of the D-representation of W (A) is not empty. O

At this point, we have gathered enough information about Kac-Moody algebras and established
a convenient setup that will turn out to be well-adapted to formulate and prove our main results.
Before, however, we still have to introduce Kac-Moody groups in this framework, where we will
encounter many definitions and properties that have close analogues on the algebra level.



Chapter 3

Kac-Moody Groups

The way in which Kac-Moody algebras successfully generalize finite-dimensional semisimple Lie
algebras naturally suggests trying to construct analogues of classical semisimple Lie groups in
the Kac-Moody setting. These Kac-Moody groups can be defined in many different ways and
varying levels of generality, depending on whether algebraic or analytic methods are preferred. A
common approach that was introduced by J. Tits — motivated by the classification of split reductive
algebraic groups over arbitrary fields and the scheme-theoretic construction of the Chevalley groups
associated to the classical Cartan matrices — is to define a Kac-Moody group over a ring R as the
group G(R) of R-points of a group-valued functor G : Z-alg — Grp satisfying a certain list of
axioms. However, Tits also shows that over a field K, this functor is uniquely determined (up
to some non-degeneracy assumption) and the group G(K) has a concrete presentation in terms
of generators and relations (cf. [Tit87, Section 2, 3.6 and 3.9, Theorem 1]). For our purposes, it
will suffice to consider Kac-Moody groups over fields defined via this presentation which is called
the constructive Tits functor in [Marl8l Section 7.4] and [Rém02) Section 8.3]. In particular, we
will view them purely as abstract groups without any topological or analytic properties. Before
the work of Tits, Kac-Moody groups were already introduced by other authors using different
procedures that are typically not suitable for our setting (cf. e.g. the construction of Kac &
Peterson in [KP85]). Another noteworthy approach towards Kac-Moody groups that we will not
follow was developed by Kumar (cf. [Kum02]). It uses the notion of “ind-varieties” which captures
the spirit of classical algebraic geometry more than the functorial perspective.

To a large extent, the material in Section 3.1} [3.2| and [3.6) is contained in [Marl8 Chapter 7]
which is based on [Tit87] and [Rém02]. The results of Section |3.3|and |3.4] are mostly well-known
facts of Kac-Moody theory but scattered through the literature with few precise proofs, so for the
reader’s convenience, we usually provide self-contained arguments there. In Section 3.5, we carry
out a number of simple but technical computations for which the author is not aware of an explicit
reference. They will be relevant to the proofs of Kostant’s Convexity Theorems for Kac-Moody
groups in Chapter |5/ and further applications in Chapter [6.

3.1 The constructive Tits functor

As in the previous chapter, we denote by A € Z"*"™ a GCM with Weyl group W = W(A), by
D = (I,A A, (¢)ier, (hi)icr) a Kac-Moody root datum of rank d € N associated to A and by K
a field with multiplicative subgroup K* = K\ {0}. The definition of Kac-Moody groups via the
constructive Tits functor involves two groups that will be introduced in the following paragraphs.

The K-split torus

The first object is an abelian group constructed from the free Z-module AV that is dual to A.
By viewing K* as a Z-module, we may define another Z-module by forming the tensor product

47
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Ta(K) := AV ®z K* which is a group that is isomorphic to (K*)¢ and called the (K-split) torus.
If {v1,...,v4} is a Z-basis of AV, then T (K) is generated by the set {v; ®r|1<:<d, re K*}.
Under the isomorphism T} (K) 2 (K*)¢, such a generator v; ®r corresponds to the vector in (K*)¢
having r in the i-th coordinate and 1’s everywhere else. The canonical action of the Weyl group
W on AV defined by the dual of the second map in (2.5.2) induces an action of W on Tx (K) by
group homomorphisms by acting on the first factor, i.e.

wh®r)=wh)®r forallweW,heA and r € K*. (3.1.1)

Equivalently, it is possible to identify Th(K) with the group Homg,p(A, K*) of homomorphisms
from the free abelian group A =2 Z? into the multiplicative group K*. More precisely, there exists
an isomorphism T (K) — Homg,p (A, K*) which maps a simple tensor of the form h @ r € Ty (K)
with h € A and r € K* to the following homomorphism:

rh A 5 KX

3.1.2
A= P (A) = R ( )

This is well-defined as (\, h) € Z. In this picture, if {v1,...,v4} is a Z-basis of AV, then Ty (K) is
generated by the homomorphisms {r* | 1 <i < d, r € K*}. Moreover, the W-action on AV @7 K*
on the first factor translates into the dual action of W on Homg,, (A, K*), i.e.

w(t) =tow ' for we W and t € Homg,,(A, K*). (3.1.3)

Indeed, this follows easily by comparing (3.1.1) with (3.1.3) in the case where ¢t = r" for some
h € AY and r € K*. We will mostly work with the identification T (K) = Homg,p(A,K*). In
particular, given any ¢ € T (K) and X € A, the expression #()) is a well-defined element of K*.

The root groups

The second ingredient is a family of groups (U, (K))qco indexed by the set @ of real roots of A
that are each isomorphic to the additive group of K and satisfy certain “commutator relations”.
For every a € ® and z € K, we introduce an abstract symbol z,(z). The root group associated to
« is the group U, (K) generated by the set {z(2) | 2 € K} subject to the relations

Za(21)xa(22) = Ta(z1 + 22) for all zq1, 29 € K. (3.1.4)

Hence, the map z — z,(z) defines an isomorphism between the additive group of K and U, (K).
In particular, there is a natural action of K* on U, (K) that is given by r - z4(2) = z(rz) for
r € K* and z € K. Observe that the root groups arise in pairs in the sense that for every a € @,
the group U_,(K) is also defined. They are assembled into a bigger group whose defining relations
require an auxiliary notion.

Definition 3.1.1. Let a, 8 € ® be two real roots with a # +3. The set {«, 8} C P is said to be
a prenilpotent pair if there exist wy,ws € W that satisfy wq({a, 8}) C @4 and we({«, 5}) C P_.
In this case, the open interval between o and S is defined as ], S[n:= (Na + Ng) N ®.

If {«, B} is a prenilpotent pair and wy,ws € W are as in Definition [3.1.1, then wy (Jor, Bn) C P4
is contained in the finite set <I>w2w;1 defined in (2.5.5), so Ja, B[y is finite as well.

With this notion, we can formulate the desired relations between the root groups. Recall from the
end of Section 2.5/ that for every a € ®, we have chosen a vector e, from the double basis F, C u,
and defined the set By = {eq | @ € ®}. The Steinberg group St(K) is the group generated by all
root groups (Uy(K))aee subject to the following commutator relations:

[Ta(z1), 5(22)] = II z,(C5 21 23) (3.1.5)
y=io+jB€la,Bn
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Here, the brackets on the left-hand side denote the commutator x,(21)xg(22)Ta(21) t2g(22) !

and these relations are imposed for all z1, zo € K whenever {«, 8} C ® is a prenilpotent pair. The
product on the right is taken in an arbitrarily chosen order on the finite set ], S[y. The symbols
Ciaﬂ denote integers that depend on « and , the vectors e,,eg € By (which are unique up to
sign) and the chosen order on |a, B[y. They can be determined explicitly by computations inside
the universal enveloping algebra of gp(K). A complete explanation of (3.1.5), which will not be
necessary for the subsequent discussion, can be found in [Marl8, Section 7.4.3].

Remark 3.1.2. In general, the commutator relations (3.1.5) may be very complicated, but they
simplify in some interesting situations.

(i) If no matrix entry of A is equal to —1, it follows from the main result of [Mor8§| that for
all o, 8 € @, the sum « + f is either not a root of A or imaginary. In the former case, the
interval |a, By is empty, so U, (K) and Ug(K) commute. In the latter, the pair {c, 8} is not
prenilpotent, so there are no relations between the corresponding root groups.

(ii) Let Aq,...,A,, be the indecomposable components of A and ®4,...,®,, their sets of real
roots. Then ® = [[}", ®; and whenever o € & and 8 € @, for some k # 1 € {1,...,m},
the pair {«, 8} C @ is prenilpotent since s, € W exchanges +a and fixes § while sg € W
exchanges +5 and fixes a. Also, no non-trivial Z-linear combination of o and f is a root,
so the open interval ]o, B[y is empty and the root groups U, (K) and Us(K) commute.

By definition, the Weyl group of A acts on the set of real roots which gives rise to an action of W
on the free product of all root groups by

W(Ta(2)) = Tya)(£z) forallwe W, ae ®and z € K, (3.1.6)

where the ambiguous sign is the same as in (2.5.11) and depends on the chosen vectors in Bg.
This preserves the commutator relations (3.1.5) and therefore induces an action of W on St(K).
For every a € ® and r € K*, we define an element of St(K) by

5a(r) = zo(M)z_o(r™Hag(r). (3.1.7)

Observe that 5,(—7) = 5,(r)~t. We further set 5, := 5,(1). Moreover, given any i € I, we write
Uyi(K) == Uy,, (K) and call UL (K) (resp. U_(K)) a positive (resp. negative) simple root group.
The elements of Uy;(K) will be denoted by z4;(z) instead of x4, (z) and we write 5;(r) := 84, (r)
and 3; = 5,;.

Kac-Moody groups via presentations

The definition of a Kac-Moody group now combines the Steinberg group with the torus and adds
conjugation relations between them that essentially turn the natural W-actions on these groups
and the action of K* on each root group into inner automorphisms.

Definition 3.1.3. Let D = (I, A, A, (¢;)ier, (hi)icr) be a Kac-Moody root datum and let K be a
field. The (split, minimal) Kac-Moody group of type D over K is the group Gp(K) generated by
the K-split torus Tx (K) and the Steinberg group St(K) subject to the following relations:

txi(2)t7 = z;(t(c;)2) forie I, t € TpA(K) and z € K (KMG1)
5it5,71 = s4(1) for i € I and t € T)(K) (KMG2)
5i(r 1) = 5;rh fori € I and r € K* (KMG3)
50 (2)5; " = 25, (0)(£2) foriel,a€ ®and z €K (KMG4)

The sign in (KMG4) is determined by (2.5.11). The rank of Gp(K) is the cardinality n = |I| of
the index set of the GCM A € Z"*™. Moreover, we define the following subgroups of Gp(K):
(i) The positive (resp. negative) unipotent subgroup: Uy(K) = (Uy(K) | o € ®4)
(ii) The positive (resp. negative) Borel subgroup: By (K) := (Tx(K), UL (K))
(iii) The extended Weyl group: W == (3; | i € I)
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Remark 3.1.4. By Definition 3.1.3| all Kac-Moody groups considered in this thesis are K-split in
the sense that, given any field K, the torus T} (K) is isomorphic to (K*)¢, where d € N is the rank
of the root datum D and thus independent of K. Note that this is not necessarily equal to the
rank of Gp(K) which we have defined as n = |I|. A theory of Galois descent that provides an
appropriate notion of “non-split” Kac-Moody groups has been developed by Rémy (cf. [Rém02]).
In addition, our groups are minimal in the sense that the definition of Gp(K) only involves root
groups that are associated to real roots. It is certainly desirable to incorporate the imaginary
roots on the group level as well. However, this is a delicate matter that can be carried out in
many non-equivalent ways and all of them require tools that are beyond the scope of this thesis.
For a very good survey of the known constructions, we refer to [Marl8, Chapter §].

If the Kac-Moody root datum D and the field K are clear from the context, we will often write
G = Gp(K) and T := T)(K) and omit the reference to K in all subgroups that we have defined.
With this notation, Definition [3.1.3|leads to the following consequences:

a) By (KMG2), the extended Weyl group normalizes the torus and conjugation by W induces
the W-action on T'. Likewise, by (KMG4), it permutes the root groups according to the
W-action on ®. In particular, every root group is conjugate to a simple one by an element
of W. More precisely, let o € ® be written as a = w(c;) for some w € W and i € I, choose
a reduced decomposition w = s;, ...s;, and set W = §;, ...§;, € W, then WU;w~ ! = U,,.
Since §; € (U;,U_;) for all ¢ € I, it also follows that G is generated by the torus together
with the positive and negative simple root groups.

b) As the W-action on @ is faithful, (KMG4) implies that the map §; — s; (¢ € I) uniquely
extends to a surjective homomorphism W — W whose kernel is the subgroup Dcw
generated by the set {52 | i € I}, where 32 = (—1)" € T for all i € I by (KMG3). Hence,
we have W = W/D and D is a finite abelian group where every element has order two.
Conversely, given any w € W, it can be shown that the element w € W defined in a)| is
independent of the chosen reduced decomposition of w (cf. [Marl8| Proposition 7.57]). We
call @ the canonical representative of w in W. The group D depends on the Kac-Moody root
datum since it is possible that (—1)" = 1 in G for some i € I. We will see in Section |3.2
that this cannot happen if D is cofree and cotorsion-free, e.g. if D = ’D%ac or D = D,
implying that D 2 (Z3)™ in this case.

c) Together with a), it follows from (KMG1) and (KMG2) that every root group is normalized
by the torus. More precisely, given a € ® and ¢t € T, conjugating the elements of U, by ¢
corresponds to multiplication by #(c,) € K* under the isomorphism U, 2K i.e.

tra(2)t7 = 24(t(co)z) for all z € K. (3.1.8)

In particular, 7" normalizes Uy and U_. Using the theory of buildings that we will not
discuss in detail (cf. Remark |3.1.5), it can even be proved that T'N Uy = {1}, so the Borel
subgroups split as semidirect products:

By =Twx Uy (3.1.9)

By similar methods, one can also establish that By N B_ =T and Uy NU_ = {1}.

d) Whenever t € T satisfies t(¢;) = 1 for all ¢ € I, it follows from (3.1.8) that ¢ commutes with
all root groups and is therefore contained in the center Z of G. The converse can be shown
to be true as well (cf. [Marl8, Corollary 7.73]), so that

Z={teT:t(c;) =1Viel}. (3.1.10)

e) Let Aq,...,A,, be the indecomposable components of A with real roots ®4,...,®,, and
D1, ..., Dy, the corresponding components of D. For every k € {1,...,m}, the Kac-Moody
group G* := Gp, (K) of type Dy, over K can be identified with the subgroup of G generated

by T and all U, with @ € ®,. Since root groups belonging to different indecomposable
components commute by Remark [3.1.2 (ii), we conclude that

G=][G" with G*NG' =Tforallk#1e{1,...,m}. (3.1.11)
k=1
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Remark 3.1.5. Although we do not have occasion to discuss this subject here in great detail, it
is important to mention that the tuple (G, (U, )acs,T) associated to a Kac-Moody group is an
RGD system of type (W, S) as defined in [ABOS8| Section 8.6.1]. This is a simple consequence of
the fact that the set of real roots ® is in bijective correspondence with the “roots” of the Coxeter
complex X(W,S) in the sense of [AB08| Definition 3.50] and the commutator relations between
the root groups that are built into the presentation of G (cf. [Marl8, Theorem 7.69]). From the
general theory of RGD systems, it follows that G acts strongly transitively by type-preserving
automorphisms on a thick Moufang twin building of type (W,S) which is an essential tool to
investigate its algebraic structure. Many of the properties of G listed above are consequences of
this result and hold more generally for groups admitting an RGD system. The reader is referred
to [ABO8, Chapter 8] for a detailed exposition of these notions. In particular, the assertions of [c)
are proved in [ABOS8| Section 8.8].

Given a Kac-Moody group G = Gp(K), there is an important family of subgroups of G that will
appear frequently throughout our discussion. To introduce them, we use Notation [2.3.6| and [2.5.4
and restrict our attention to positive roots for simplicity. For every subset J C I, we define the
following three subgroups of G:

GJ = <T,Ua|a€(I)J>
Ui, = (Us | a €®s,) (3.1.12)
Py = <T,Ua|a€¢>+u<l>J>

We call P; the standard (positive) parabolic subgroup of G of type J. As T normalizes every root
group, it follows from the commutator relations (3.1.5) that G; contains U, if and only if « € ®
satisfies I(a) C J and P; is obtained from G by including all the remaining positive root groups.
Ifa€ &; and 5 € <I>Jj)+, then I(«) C J and I(8) ¢ J. Since every root is either positive or
negative, it follows that, given any i,7 € N, the linear combination i« + j3 is either not a root
at all or a positive root that is not supported in J. Hence, we also deduce from the commutator
relations that G; normalizes U j - Using the theory of RGD systems, it can further be shown
that these groups intersect trivially, so P is a semidirect product (cf. [Mar18|, Proposition 7.75]):

P;=Gy;xUy, (3.1.13)

The splitting (3.1.13) is called the Levi decomposition of P; with Levi factor G; and unipotent
radical Uj:+. By definition, the Levi factor G is isomorphic to the Kac-Moody group Gp,(K),
where D; denotes the J-restriction of D. If J = (. then P; = B, and the Levi decomposition
reduces to (3.1.9). If J = I, then P; = G and Uf+ = {1}, so the splitting is trivial in this case.
Observe that the subgroup G; C G is the counterpart to the subalgebra g; C g on the level of
Kac-Moody algebras, but in that setting, we have not constructed any “parabolic subalgebra” of g
that would correspond to the subgroup P; C G. Also, on the group level, we have not introduced
“negative” parabolic subgroups of G. These choices were simply a matter of convenience and both
notions can be defined in the obvious ways.

Example 3.1.6. Similar to the situation on the algebra level, the properties of Kac-Moody groups
largely depend on the type of the underlying GCM. The reader may find it instructive to compare
the following assertions with Example 2.3.7. We continue to denote by K an arbitrary field.

(i) Parallel to the way in which the Kac-Moody algebras over K associated to spherical GCM’s
are finite-dimensional, K-split, reductive Lie algebras, the corresponding Kac-Moody groups
can be viewed as groups of K-points of connected, K-split, reductive algebraic K-groups. In
order to explain this in a bit more detail, it is necessary to use standard terminology from
the theory of algebraic groups and recall some deep results about reductive groups. Readers
unfamiliar with this subject are referred to [Spr09, Chapters 7-10 and 15-17] for a detailed
account. A quick introduction to affine group schemes is contained in [Marl8, Appendix A]
and a brief overview of the connection between algebraic groups and Kac-Moody groups can
be found in [Marl8, Section 7.4.1] or the introduction to [Tit8&87].
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It is known from the work of Chevalley and Demazure that the classification of connected
reductive algebraic groups that are defined and split over K is independent of the field.
More precisely, every such group G (viewed as a group-valued functor on the category of
K-algebras) is uniquely determined by a root datum in the sense of algebraic geometry. In
our terminology, this refers to a Kac-Moody root datum associated to a spherical GCM. It
is constructed as follows: Let 7 C G be a maximal K-split torus of dimension d € N and
define a free Z-module A := X (T) as the character group of T:

X(T) == Hom(T,G,,) = 2¢ (3.1.14)

Here, d = dim(7) is independent of the choice of 7 and called the rank of G. Let n € Ny
be the semisimple rank of G, i.e. the rank of the derived subgroup G’ := [G,§], then d > n
where equality holds if and only if G = G’ is semisimple. The adjoint action of 7 on the Lie
algebra of G gives rise to a finite set of roots ® := ®(G,T) C X(7) which is an abstract root
system in an n-dimensional subspace of the real vector space X (7) ®z R = R?. Moreover, G
is generated (as an algebraic group) by the torus 7 and a family of root groups (Uy)ace that
are each K-isomorphic to the one-dimensional additive group G, and normalized by 7T, while
the root groups alone generate the derived subgroup G’ C G. If G = G’ is semisimple, then
d=mnand A, C A C Ay, where A, denotes the root lattice and A,, the weight lattice of ®.
If G is reductive but not semisimple, then d > n and G contains a central torus of dimension
d—mn > 0 that is not contained in G’. If the families (¢;);c; and (h;);c; denote some choice of
simple roots and coroots for the root system ® and A € Z"*"™ is defined as its Cartan matrix,
then ® can be identified with ®(A) and D = (I, A, A, (¢;)ier, (hi)icr) is a Kac-Moody root
datum associated to a spherical GCM that determines G up to isomorphism.

Conversely, every such root datum gives rise to a unique Chevalley-Demazure group scheme
which is a connected, split, reductive, affine group scheme over Z and hence, by restriction
to the category of K-algebras, to a connected, K-split, reductive algebraic K-group G. If the
rank of D is equal to n, then G is semisimple and every lattice A satisfying A, C A C Ay
occurs in such a root datum. For example, the choice D = DA corresponds to A = A,, and
belongs to the simply connected group Gg. associated to A, whereas D = D2, is equivalent
to A = A, and arises from the adjoint group G,q- This actually motivates the names of these
root data. In general, G is a central quotient of G in the sense of algebraic varieties, while
G.q is a central quotient of G and has trivial center.

The groups obtained by evaluating a Chevalley-Demazure group scheme over a field are
known as Chevalley groups. Whenever G := G(K) is such a group, it follows from the Bruhat
decomposition that G is generated by the groups of K-points of the torus and the root groups,
ie. by T := T(K) and all U, = U,(K) with a € ®. Interestingly, including the torus in
this generating set is really necessary, even if G = G’ is semisimple, because in general, the
group G' :== (U, | a € ®) is contained in G'(K), but it may be a proper subgroup if K is not
algebraically closed /!

A different notion of “Chevalley groups” over a field K associated to a spherical GCM A
was introduced by Steinberg in [Ste68| §3]. His approach is more explicit and based on
constructing a Z-form of the finite-dimensional, complex, semisimple Lie algebra belonging
to A and “exponentiating” appropriate representations. However, it is shown in [Ste68| §5]
that if K is algebraically closed, the Chevalley groups over K in the sense of Steinberg are
precisely the K-points of the connected semisimple algebraic K-groups. Every such group
arises as the restriction to K of a unique semisimple Chevalley-Demazure group scheme and
Steinberg’s construction implies that, for any field K, his Chevalley groups over K coincide
with the groups of the form G’ = (U, | a € ®) obtained from the Chevalley-Demazure group
schemes as above. Therefore, it follows from [Ste68, p.41, Corollary 3] that every such group
G’ has a presentation whose generators (Uy)aco are the K-points of the root groups and

1For example, the semisimple group PGL2 corresponds to the root datum DrAX;n, but the subgroup of PGL2(K)
generated by the K-points of the root groups is PSL2(K). The quotient PGL2(K)/ PSL2(K) = K*/(K*)2 can be

identified with the set of square classes in K* which is trivial if K is algebraically closed.
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the relations have the same form as in the constructive Tits functor. Given an arbitrary
Chevalley-Demazure group scheme G, his result extends to a presentation for G := G(K),
i.e. a Chevalley group in the sense of schemes, by separately including the torus T' = T (K)
which acts on each root group exactly as in (3.1.8).

Hence, it holds by definition that if D is a Kac-Moody root datum associated to a spherical
GCM A and K is a field, the Kac-Moody group Gp(K) coincides with the Chevalley group
of type D over K, i.e. the group of K-points of the Chevalley-Demazure group scheme
belonging to D. In particular, it can be viewed as a Zariski-closed subgroup of GLy(K) for
some N € N. For example in the case of the smallest GCM A = A? = (2), the Kac-Moody
group of type DA over K is SLy(K) while ’Dﬁm leads to the group PGL2(K). We discuss
these examples in more detail in Section |3.3|

More information about Chevalley groups can be found in [Ste68| and [ABOS8| Section 7.9.2].
However, apart from the short Section [5.5.2 the theory of algebraic groups will not play a
major role in this thesis and even there, we will only work with reductive groups over the
fields of real or complex numbers where the abstract language of schemes is not necessary.
Thus, although the current example is rather imprecise, it does not contain any assertions
that are crucial for later arguments. It merely suggests that Kac-Moody groups over a field K
should be thought of as generalizations of groups of K-points of connected, K-split, reductive
algebraic K-groups and coincide with them in the spherical case, which is satisfied in many
concrete situations.

Similar to the connection between affine Kac-Moody algebras over K and “loop algebras”
g(K[t,t71]), where g is a Z-form of a finite-dimensional, complex, semisimple Lie algebra,
%fﬁne Kac-Moody groups over K are related to “loop groups” of the form G(K[t,t~!]), where
G is a Chevalley-Demazure group scheme in the sense of |(i). For example, if A is a GCM
of untwisted affine type with reduced matrix A and D= D2 then the Kac-Moody group
of type D over K can be identified with the group of K-points of the simply connected
Chevalley-Demazure group scheme G = G belonging to A. If D is the unique extension
of D to a Kac- Moody root datum associated to AG(WhICh always exists in the untwisted
case), then Gp(K) is isomorphic to the loop group G(K[t,t~']). If we take D = DL, it is a
one-dimensional central extension of G(K[t,t71]) and if D = D%, _, it is another semidirect
extension of the previous group. We will not make these assertions more precise here and
refer to [Marl8l Section 7.6] for much more details and proofs of all these identifications.
There, the construction of Kac-Moody groups in the twisted affine case is also outlined.

Instead, following [Marl8l, Example 7.85], we make the simplest case of the construction in
(ii)| more explicit. Consider the GCM A = ( 2, 3?) of untwisted affine type A{" and the
Kac-Moody root datum D7 of rank 1 constructed in Example|2.2.5, i.e. the unique extension
of cho to a root datum associated to A. In this situation, the underlying simply connected
Chevalley-Demazure group scheme is known to be SLg, so for any field K, the Kac-Moody
group Gp+ (K) is isomorphic to the loop group SL(K[t,¢7]). An explicit isomorphism is
provided by mapping an element of T)(K), which can be uniquely written as r”, where
r € K* and v = hy is a basis for the free Z-module AV of rank 1, to the diagonal matrix
(’“ 0 ) and sending the elements of the four simple root groups to the following matrices,

0r?t
where z € K is arbitrary:

2o(2) (121f (1)) 1(2) (é j)

v_o(z) = (é o 1) vo1(z) = (_12 ?)

Hence, it follows from (3.1.7) that the canonical representatives of sg,s1 € W = D, in the
extended Weyl group W are

. 0 t! _ 0 1
so={_, o and 5, = 1 o)
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By explicitly computing the W-action on the simple roots, it is not difficult to conclude that
the real roots of A are given by ®(A) = {kd + a1, kd — a1 | k € Z}, where § = ap + a1, and
that the torus and root groups of Gp+ (K) correspond to the following sets of matrices:

Ty (K) = { (6 T01> re K*} Ussio, = { (é Zik) ’ ze K}
(Y

In particular, Uy (resp. U-) is the subgroup of SLa(K][t]) (resp. SLo(K[t7'])) consisting
of all matrices that are upper-triangular (resp. lower-triangular) with 1’s on the diagonal
modulo ¢ (resp. t~1). Note that SLy(K[t,t7!]) is generated by the matrices on the right
and, by our definition of “minimal” Kac-Moody groups, there do not exist any root groups
associated to the imaginary roots ®™(A) = {k§ | k € Z\ {0}} C ®>=(A).

(iv) If A is of indefinite type, it is not known whether the Kac-Moody groups associated to A
have any reasonable sort of “concrete realization”, but they certainly cannot be identified
with matrix groups as for the spherical and affine types. Indeed, it was proved by Caprace
that if D is a Kac-Moody root datum associated to A and K is an infinite field, then Gp(K)
is not “linear” in the sense that it does not admit a linear representation Gp(K) — GLy (K’)
with central kernel, where N € N and K’ is another field (cf. [Cap09, Theorem 7.1]). As
on the algebra level, the absence of such a realization has the consequence that the general
theory of indefinite Kac-Moody groups is much less developed than the affine case.

3.2 Representations of Kac-Moody groups

The definition of Kac-Moody groups via the constructive Tits functor is tailored in such a way
that many concepts from the theory of Kac-Moody algebras have natural analogues on the group
level. This was already visible in some of the basic definitions, but becomes even more apparent
in the representation theory of Kac-Moody groups. We keep the notation of the previous section.
In addition, we denote by g = gp(K) the Kac-Moody algebra of type D over K with Cartan
subalgebra b := hp(K) and consider again the chosen set By = {e, | @ € ®} of vectors from the
double bases of the real root spaces of g. Whenever (V, p) is an integrable g-module, the operator
pleq) € gl(V) is locally nilpotent for every o € ®. Hence, given any z € K and v € V, the sum

exp(p(zeq))v = Z %p(ea)kv (3.2.1)

is finite, so there exists a well-defined invertible linear map p(z4(2)) = exp(p(zeq)) € GL(V)
whose action on V' is given by (3.2.1). This defines a representation of the root group U, on V.
Furthermore, if wt(V,p) C A, then as V' = €D, ¢\, Vi i assumed to be h-diagonalizable, we
may define a diagonal action of the torus 7" on V' by setting

p(t)v, =t(p)v, forteT, pewt(V,p)and v, € V,. (3.2.2)

The defining relations of the constructive Tits functor are chosen in such a way that these actions
“fit together” to define a representation of G. More precisely, the map p that is defined on the torus
and the root groups by these conditions uniquely extends to a homomorphism p : G — GL(V),
i.e. to a representation of G on V (cf. [Marl8, Theorem 7.48]). Note that if v = v, € V}, in (3.2.1)

is contained in the weight space of some p € wt(V, p) and N € Ny is such that p(e,)V v, =0,
then (2.4.2)) implies the following for all z € K:
N
p(za(2))v, = exp(p(zeq))vy = v, + Z (an element of V},4 k., ) (3.2.3)

k=1



3.3. RANK-1 GROUPS 55

In particular, if we take (V, p) = (g,ad) to be the adjoint representation of g whose set of weights
is wt(g,ad) = {cg | B € 2*° U{0}} C A, we obtain an adjoint representation Ad : G — GL(g) on
the group level that is characterized by:

Ad(z4(2)) = exp(ad(ze,)) for « € ® and z € K 594
Ad(t)zp = t(cg)xp forteT, € @ U{0} and z5 € ug (3.2.4)
It can even be shown that Ad(G) C Aut(g) and that the kernel of Ad coincides with the center
Z={teT: t(c;) =1Viel}of G (cf [Marl8 Corollary 7.54 and 7.73]). By (KMG4)), we have
§; = §_; and hence Ad(3;) = s for all i € I, so the surjective homomorphism W — W factors
through W* C Aut(g). Observe that G acts on all root spaces of g via the adjoint representation,
also the imaginary ones, but only the real roots are incorporated into the definition of G.
Similarly, if A € A C b* is a proper dominant integral weight, the irreducible highest-weight
module py : g — gl(L()\)) is integrable and every weight of L(A) is of the form p = X —cg € A for
some S € Q4. Hence, it can be lifted to a representation py : G — GL(L(A)) on the group level
that is defined as follows:

Pr(Ta(z)) = exp(par(zes)) for a € @ and z € K

pa(t)v, = t(p)vy for t € T, p € wt(L(\)) and v, € L(\), (3:2:5)

Remark 3.2.1. (i) Suppose that the Kac-Moody root datum D is cofree and cotorsion-free. Let

B={ay,...,a0/  hpi1,...,hq} and B* = {w1,...,wn, Pni1,---,0q} be the dual Z-bases of
AY and A introduced after Assumption 2.7.5/% For every i € I, the fundamental weight
w; € A is a proper dominant integral weight, so G acts on the irreducible highest-weight
module L(w;). Since (w;, o) = 1, it follows from (3.1.2) and (3.2.5) that the action of
§2 = (-=1)* € D C T is non-trivial on the highest-weight space L(w;),,, so 32 is not the
neutral element of G and D 2 (Zy)™.

(ii) For an arbitrary root datum D, a very similar argument using the adjoint representation and
a direct sum of irreducible highest-weight modules shows that the torus 7' and every root
group U, with a € ® embeds into G, i.e. the natural homomorphisms 7" — G and U, — G
are injective (cf. [Marl8, Remark 7.52 and Corollary 7.65]).

(iii) In order to lift the highest-weight g-module L()) of some dominant integral weight A € b*
to the group level, it is really necessary that A is proper, i.e. that A € A C h*. This is visible
in (3.2.5) since we need the expression ¢(A) to be a well-defined element of K* for all ¢t € T'.
Hence, the representation theory of Kac-Moody groups really depends on the precise root
datum and not only on the underlying GCM. For example, as we will see in the next section,
for the GCM A° = (2), the Kac-Moody group Gp(K) is isomorphic to SLy(K) if D = DA’
and to PGLy(K) if D = Dﬁn. However, these groups do not have the same highest-weight
representations because e.g. the standard representation of SLo(K) C GLo(K) on K2 does
not descend to PGLy(K). In fact, this phenomenon is well-known in the theory of reductive

algebraic groups.

3.3 Rank-1 groups

Although Kac-Moody groups usually cannot be viewed as matrix groups, it is sometimes possible to
reduce arguments to sufficiently small subgroups that do possess such a realization. A particularly
important fact is that every Kac-Moody group contains many subgroups that are isomorphic to
SLs(K) or PSLy(K). In order to explain this, we first discuss the structure of an arbitrary rank-1
Kac-Moody group, i.e. a group defined by a root datum associated to the GCM A° = (2). The
Weyl group of A? is W0 := W(A®) = {1,s1} & Zy and its roots are ®° := ®(A°) = {a1, —a1}.
In this section, our standing assumption that every field K has characteristic zero implies that
PSL;(K) is a simple group.

2The existence of these dual bases does not require D to be free.
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Let D% = ({1},A% A, c1, h1) be a Kac-Moody root datum of rank d € N associated to A = (2).
If d = 1, there are precisely two possibilities: Let v € AV and v* € A be dual basis vectors, then
¢1 = kv* and hy; = lv for some k,l € Z that satisfy 2 = (c¢1, h1) = kl, where we may assume that
k,l > 0 upon possibly replacing v and v* by their negatives. Hence, we either have h; = v and
c1 = 2v* or hy = 2v and ¢; = v*. Both root data are trivially free and cofree. In the former case,
DY is coadjoint but not adjoint and equal to the simply connected root datum cho. In the latter,
D is adjoint but not coadjoint and coincides with the minimal adjoint root datum D;‘ﬁn. Also,
we observe that D2 is cotorsion-free but D2 is not.

The Kac-Moody groups defined by these root data have simple descriptions. Given any field K,
we claim that G := G'po(K) is isomorphic to SLy(K) if D° = DS{*CO and to PGLy(K) if D° = Dﬁn.
To prove this, we define the following matrices in GLy(K):

2o (z) = (é :j) and () = (_1Z ?) for z € K

. (3.3.1)
h(r,s) = <O s> for r,s € K*

It is a simple consequence of the Gauss algorithm that the group SLs(K) is generated by the set
{z4+(2),2_(2) | z € K} and that GLy(K) is generated by {h(r,s),z4(z),z_(2) | r,s € K*, z € K}.
Moreover, the center of SLy(K) is {Iz, —I>} and that of GL2(K) is K*I;. We use square brackets
to denote the equivalence classes of matrices in PGL2(K) = GLy(K)/K*I5.
e Suppose first that D° = DA". Since hy = v is a Z-basis of AV = AY,, (KMG3) implies
that G is generated by the root groups U; and U_;. By inspecting the other relations, it
also follows that the map which takes x;(2) to z1(2) and z_(z) to x_1(2) for all z € K
uniquely extends to a homomorphism ¢ : SLy(K) — G mapping h(r,r~') to v € T for
every r € K*. This is surjective as both root groups of G are contained in the image of .
As PSL,(K) is simple, the only non-trivial proper normal subgroup of SLs(K) is its center
{Iy, —I5}, but —Iy = h(—1,—1) gets mapped to (—1)"* which is not the neutral element of
G by Remark [3.2.1 (i), We conclude that ¢ is injective as well and G = SLa(K).

e Assume now that PO = DA° . In this case, hy = 2v is not a Z-basis of AY = AY. | which
implies that G is not generated by the root groups alone, but the homomorphism above can
be extended to GLy(K). More precisely, the map which takes x4 (2) to x41(2) for z € K
and h(r,s) to (rs~1)? € T for r,s € K* uniquely extends to a surjective homomorphism
¢ : GLy(K) — G. Since rly = h(r,r) is mapped to 1V = 1 for all » € K*, it descends
to a surjective homomorphism ¢ : PGLy(K) — G. Restricted to the subgroup PSLy(K),
it must be trivial or injective by simplicity, but the former is impossible because if z # 0,
then ¢([z+(2)]) = z41(2) # 1 by Remark [3.2.1 (ii). Finally, the left cosets of PSLy(K) in
PGLy(K) are represented by elements of the form [h(r, 1)], where r € K* runs over a set of
representatives of the square classes of K*. If r € K* is not a square, then ¢([h(r,1)]) = rv
does not lie in the image of PSLy(K) under ¢, which implies that ¢ is injective on every left
coset and thus an isomorphism, so G = PGLy(K).
Hence, the distinct root data Dﬁ: and Dﬁn define non-isomorphic Kac-Moody groups, whereas the
corresponding Kac-Moody algebras are both isomorphic to sly(K). This phenomenon is precisely
what we alluded to in Remark 2.3.3 (iii)| where we claimed that the notion of cotorsion-freeness is
only visible on the group level.
If the rank d € N is arbitrary, then D° is either cotorsion-free or h; = 2v for some v € AV that
can be extended to a Z-basis of AY. Let v; be either h; or v, depending on which case occurs,
and set Ay = Zvy, then Dy == ({1}, A% Ay, c1]ay, ha) is a Kac-Moody root datum of rank 1 and
the associated Kac-Moody group G := Gp,(K) is isomorphic to SLy(K) or PGLy(K). It can
be identified with the subgroup of G := Gpo(K) generated by the root groups U; and U_; and
the subtorus 77 = AY ®z K* = K*. If we choose a complement Ay to A} in AY and define
Ty = Ay ®7 K* = (K*)?~! then T is a direct product T =2 T} x Ty and G a semidirect product

G = G1 X TQ. (332)
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In view of (KMG1), it is a direct product if and only if ¢(c;) = 1 for all ¢ € T or, equivalently,
c1|ay =0, but it is not necessarily possible to choose a complement with this property.

The previous results can now be transferred to a general Kac-Moody group in the following way:
Let D = (I, A, A, (¢i)ier, (hi)ier) be an arbitrary Kac-Moody root datum, let K be a field and
set G := Gp(K). Given any i € I, the same argument as above shows that the elements ¢; € A
and h; € AV give rise to a Kac-Moody root datum of rank 1 associated to A? such that the
corresponding Kac-Moody group G is a subgroup of G isomorphic to SLs(K) or PGL2(K). More
precisely, in either case, there exists a homomorphism ¢; : SLy(K) — G that is characterized by
@i(z1+(2)) = z2i(2) for all z € K. Its image is the subgroup G; == (U;,U_;) C G; of G generated
by the root groups U; and U_;. If Gi = SLy (K), then ¢; is injective and defines an isomorphism
onto G; = G;. If G; = PGL2(K), then the kernel of ¢; is the center {I5, —Is} of SLy(K) and its
image is isomorphic to PSLy(K). In this situation, the index of G; = PSLy(K) in G; = PGLy(K)
coincides with the number of square classes in K*. Equivalently, ¢; is injective if and only if
©i(=Iy) = (=1)" # 1. For example, this is always satisfied if D is cofree and cotorsion-free.
Observe that in the non-injective case, we could even define ¢; on all of GLy(K), but we will not
need this extension.

More generally, let & = wq(o;) € &4 be a positive real root, where w, € W and ¢ € T are the
elements that were chosen in Section 2.5/ to define the vectors e, fo € Bg. Denote by w, € W
the canonical representative of w, in W and set p, = conjg o@; : SLy(K) — G. The image
Go = ¢0a(SLa(K)) = (Uy, U_4) is a subgroup of G that is isomorphic to SLz(K) or PSLy(K) and
contains 3, (r) for every r € K*. More precisely, the following holds:

—r=

50(0) = ()0l a) = gale o o) =pa ()0 7)) (633

The group homomorphism ¢, : SLy(K) — G can be viewed as a “lift” of the corresponding Lie
algebra homomorphism ¢/, : sl3(K) — g that was defined in (2.5.10).

Example 3.3.1. If we identify SLy(K[t,t7!]) with a Kac-Moody group as in Example |3.1.6 (iii),
the homomorphism ¢q : SLa(K) — SLo(K[t,t71]) is the map

a b . d —ct?
c d —bt a
and ¢ : SLo(K) — SLo(K[t, 1)) is the natural inclusion.

Notation 3.3.2. Given an arbitrary Kac-Moody group G over a field K, we have seen that there
exist a lot of homomorphisms from SLy(K) into G and in a sense, we may view SLy(K) as the
“smallest” Kac-Moody group. In order to emphasize this special role, we will often denote SLs(K)
by GO if the field K is clear from the context and decorate all related symbols (e.g. subgroups)
also by a superscript °. For example, we will write BY for the positive Borel subgroup of SLy(K).
Under the identifications in this section, this coincides with the group of all upper-triangular
(2 x 2)-matrices having determinant 1. Likewise, we will frequently write g° := sl,(K) and apply
the same convention on the Lie algebra level. The subgroups (Go)aca, of a Kac-Moody group G
constructed above will be called the G°-images in G.

Remark 3.3.3. If a = «; for some i € I, the G%image G,, = G; = ¢;(G°) = (U;,U_;) C G
defined in this section should not be confused with the Levi factor G ;; of the standard parabolic
subgroup Py;; of type {i}. In fact, the latter contains the full torus 7', whose dimension coincides
with the rank of D, whereas G; N T is the one-dimensional subtorus {r" | r € K*} C T. However,
this is the only difference between these groups since G; C Gy and Gy = TG;. We therefore
must not omit the set brackets when working with Pp;, and its Levi factor, but this will rarely
be necessary. The group G; will play a much more prominent role in our discussion, so we have
chosen to reserve for it this characteristic notation. The subgroup G; G, which may be slightly
larger than G; if ¢; is not injective, will not be important. Finally, observe that if G; happens
to be isomorphic to PSLs(K), it is not quite a Kac-Moody group in the sense of Definition |3.1.3]
which is why we prefer to call it a “G°-image” rather than a “rank-1 subgroup” of G.
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3.4 Real and complex Kac-Moody groups

In this section, we specialize to the case K € {R,C} which will later be the framework for our
main theorems in Chapter |5/ and |6, In the following, we fix an arbitrary Kac-Moody root datum
D= (I,A A, (¢i)ier, (hi)ier) of rank d € N and set W := W(A). We denote by G := Gp(K) (resp.
g .= gp(K)) either the real or the complex Kac-Moody group (resp. algebra) of type D and only
indicate the field if there is risk of confusion. At the same time, it will be crucial to distinguish
the real Cartan subalgebra from the complex one, so we also employ Convention [2.7.2| and write
a:=hp(R) and b := hp(C) as well as ug := hp(K) when this distinction is not necessary.

Working in the real or complex setting allows for a number of new constructions. To begin with,

let {v1,...,vq} be a Z-basis of AV and consider the following map:
d d
exp:h—Ta(C) Y zvie [J(e*)” (3.4.1)
i=1 i=1

It is not difficult to verify that this definition is independent of the chosen basis and the resulting
map exp : h — T (C) is called the ezponential map. Under the natural isomorphisms b = C¢
and Ty (C) = (C*)¢ induced by this basis, it corresponds to the coordinate-wise exponential map
C — C*. Thus, it is a group homomorphism that is surjective but not injective. The Weyl group
W acts on h = AY ®7 C and T)(C) = AY ®z C* by extension of scalars of the W-action on AY
and a simple computation using (3.4.1) shows that exp is W-equivariant. Its restriction to the
real form a C b is injective, the image A := exp(a) is isomorphic to (Rs)? and the W-action on
bh (resp. TA(C)) preserves a (resp. A). Therefore, we will usually consider the exponential map
as a W-equivariant isomorphism exp : a — A. Its inverse will be denoted by log : A — a and
called the logarithm. The extended Weyl group normalizes A and conjugation by W induces the
natural W-action on A. Since A is contained in Ty (R), it can be viewed as a subgroup of Gp(R)
and Gp(C). In this picture, the polar decomposition in C and its trivial restriction to R imply
that Th(K) = M x A, where M is isomorphic to (S')? if K = C and to (Z3)? if K = R.

In addition, the compact involution 6 : g — g has an analogue on the group level. More precisely,
it follows directly from the defining relations (KMG1)-(KMG4) of G that there exists a unique
involutive automorphism © : G — G with the following properties:

O(za(2)) =2_o(Z) fora € ® and z € K

3.4.2

o(hy =7" for h € A and r € K* ( )
Here, the bars denote complex conjugation which can be omitted if K = R. Parallel to the situation
on the algebra level, we call © the compact involution of G. By definition, it preserves T := Ty (K)
and A and maps U, to U_, for all & € ®, which implies that O(U;) = U_ and ©(By) = B_.
The fixed-point set of © is denoted by K and called the compact form of G.

Example 3.4.1. Let us make these definitions explicit for the Kac-Moody group G° = SLy(K)
which is associated to the Kac-Moody root datum D;ACO. In the following, we make extensive use
of Notation |3.3.2l The construction in Section |3.3|implies that its torus 7° can be identified with
the group of diagonal matrices with determinant 1 and the positive (resp. negative) root group
UY (resp. UY) with the group of upper-triangular (resp. lower-triangular) matrices with 1’s on
the diagonal. Hence, it is immediate from (3.4.2) that the compact involution Y : G — G°
is the map g — (¢ 1)* = (g~ 1) 7. Its fixed-point set K° C G is the special orthogonal group
SO(2) if K = R and the special unitary group SU(2) if K = C. Moreover, the corresponding
Kac-Moody algebra can be identified with g° = sl5(K) and the real Cartan subalgebra a° with the
space of real trace-free diagonal matrices. The exponential map is the usual matrix exponential,
so AY = exp(a®) is the group of diagonal matrices having determinant 1 and positive real entries,
i.e. A = {h(r,r~') | r € Ry}, both in the real and complex case. The extended Weyl group W°
has order 4. It is generated by the matrix §; = (_01 (IJ), whose conjugation action on AV exchanges
the two diagonal entries, and the kernel of the canonical surjection W% — W0 is D = {I, —I,}.
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Note that KV is the subgroup of G° of matrices that are orthogonal (resp. unitary) with respect
to the standard symmetric bilinear (resp. Hermitian) form on R? (resp. C2?). Therefore, it is a
consequence of the Gram-Schmidt orthonormalization procedure that every ¢ € G° can be written
as g = kau with k € K°, a € A° and u € U_?_ and by comparing eigenvalues, it is not difficult to
see that this expression is also unique. This is known as the “Iwasawa decomposition” of SLo(K).
Analogous assertions are true for the group PGLo(K), but their precise formulation will not be
relevant in the following discussion.

A similar decomposition holds on the Lie algebra level. Here, the compact involution ° : g° — g°
is the map X — —X* := —X T and it is easy to verify that g = £€* © a® @ u& as vector spaces,
where £ is equal to s0(2) if K = R and to su(2) if K = C, and u9 is the set of upper-triangular
matrices with 0’s on the diagonal. In fact, £, a® and u. are simply the respective Lie algebras of
K° A" and UY and 6" is the tangent map at the identity of ©°. Furthermore, ¥ is precisely the
subalgebra of g° of matrices that are skew-symmetric (resp. skew-Hermitian) with respect to the
standard symmetric bilinear (resp. Hermitian) form on R? (resp. C2).

Remark 3.4.2. The previous example is prototypical in the following sense: If A is spherical, we
have seen in Example|3.1.6 (i)| that the Kac-Moody group G = Gp(K) can be viewed as the group
G(K) of real or complex points of a connected, R-split, reductive algebraic R-group G and hence
as a Zariski-closed subgroup of GLy(K) for some N € N. Thus, it is also closed with respect to
the standard Euclidean topology of GLy (K), which is finer than the Zariski topology, so it has a
natural structure of a real or complex Lie group and the fact that it “originated” from an algebraic
group gives rise to some remarkable additional properties. For the proofs of all of the following
assertions, we refer to [PR94] Section 3.2]. First of all, since G is connected as an algebraic group,
G = G(K) is also connected in its Lie group topology if K = C and has finitely many connected
components if K = R. In addition, there exists a matrix a € GLy(R) such that aGa= C GLx (K)
is stable under the map g — (g~!)*, that aT'a! is the intersection of aGa~! with the diagonal
subgroup of GLy(K) and if o € ®, (resp. o € ®_), then aU,a~! is contained in the group of
upper-triangular (resp. lower-triangular) matrices with 1’s on the diagonal. Upon replacing G by
aGa~1, the compact involution coincides with the map g ~ (¢g~!)*, so its fixed-point set K is
the intersection of G with the orthogonal or unitary group. Moreover, K is a maximal compact
subgroup of G in the Lie group topology that intersects every connected component.

The existence of an Iwasawa decomposition for all connected semisimple Lie groups & algebras
is a standard result of Lie theory (cf. [Kna02, Theorem 6.46]). An extension that applies to all
groups of real or complex points of reductive algebraic R-groups (and hence includes some Lie
groups that are not connected or semisimple) is proved in [PR94) Theorem 3.9]. The main goal of
this section is to establish an analogue also for real and complex Kac-Moody groups & algebras.
We first “lift” the SLo-case in Example 3.4.1] to the general Kac-Moody setting as follows:

Recall from Section 3.3| that for every o € @, there exists a group homomorphism ¢, : G = G
that is either injective or its kernel is {I, —I2}. Its image G = o (GY) = (U, U—,) is isomorphic
to G = SLy(K) or PSLy(K), depending on whether or not (—1)" € T coincides with the neutral
element of G. Likewise, there is an injective Lie algebra homomorphism ¢/, : g° — g whose image
0o = Keoy ®Kh, ®Kf, C g is isomorphic to g = sl3(K). The definitions of these homomorphisms
and the respective compact involutions imply that the following diagrams commute:

g " g o &5, o
o l L"; %l l% (3.4.3)
g—5 8 G—5GC

In particular, it follows that K, = ¢, (K") C K and &, = ¢/, (¢°) C €. By definition, we also have
Ay = o (A% = {r" | r e Ry} C Aand a, = ¢}, (a) = Rh, C a as well as ¢, (U?) =U, C Uy
and ¢}, (u}) = uq C uy since a € ®. In analogy with Notation 3.3.2, the subgroups (Ka)acao,
will be called the K°-images in K. If a = o; for some i € I, we again write K; instead of K,,
and use the same simplification for all the other objects just introduced.
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Lemma 3.4.3. The extended Weyl group W is contained in K.

Proof. Given any i € I and r € K*, it follows from (3.3.3) and (3.4.3) that ©(3;(r)) = 5(71).
Hence, if r = 71 or, equivalently, |r|?> = 1, then 5;(r) € K. In particular, this is the case if r = 1,
so §; = 5;(1) € K for all ¢ € I and thus W C K. O

We are now going to establish analogues of the Iwasawa decomposition for all real and complex
Kac-Moody groups & algebras. On the Lie algebra level, the argument is rather simple and works
almost exactly as in the well-known finite-dimensional case (cf. [Kna02, Proposition 6.43]).

Proposition 3.4.4. It holds that g =t ® a ® uy as vector spaces.

Proof. The compact involution 6 : g — g acts as —id on a and maps uy to u_, so uy Nu_ = {0}
yields that anuy = {0}. Similarly, if v € €N (a@uy), then z =0(x) € (a®up)N(aPu_) =a, so
that = 0(x) = —z, i.e. x = 0. It remains to prove that these subspaces span g. The root space

decomposition (2.3.3) implies that for every = € g, there exists a finite set ¥ C &>, an element
Tg € Ug, where uyg = a if K =R and uy = § if K = C, and vectors z, € u, for all « € ¥ such that

x:mo—i—Zxa.

By adding x_, = 0 for all @« € ¥ with —a ¢ U, we may assume that ¥ = —WU. If we set
¥, =¥ NP, the sum can be rewritten as

T = ( > (roa +9(x_a))) + zo + ( > (@a— 9(x—a))>’

aeWV acW

which is an element of € + ug + u;,. If K = R, then uy = a and we are done. If K = C, then
up = h = adia, so that xg = z{) + iz{ for some x{,z) € a. But ia C € because 6 is C-antilinear,
so we only need to move iz to the first sum to finish the proof. O

Definition 3.4.5. The decomposition g = €@ a@ u, established in Proposition |3.4.4]is called the
Twasawa decomposition of g. The corresponding linear projections onto these three subspaces are
the Twasawa projections of g and will be denoted by:

mpig— € MTa:g—a Ty, : @ —> Uy (3.4.4)

For z € g, the unique elements x¢ = m¢(z) € €, x4 = ma(x) € a, 2y, = T, (z) € uy such that
T = ¢ + o + 2y, are the Iwasawa components of x.

On the group level, however, we cannot proceed as in classical Lie theory where analytic methods
are usually employed (cf. [Kna02, Theorem 6.46]). Instead, we first establish a preliminary result
whose proof requires some concepts from the theory of buildings that we have not introduced. As
this will be the only instance in this thesis where this is necessary, we will not define them here
either in order not to distract from the main discussion. Our terminology is entirely standard and
follows [ABO8| where all undefined notions are carefully explained.

Proposition 3.4.6. G = KB,

Proof. As mentioned in Remark 3.1.5) the tuple (G, (Uy)aca,T) is an RGD system of type (W, S).
Following [ABOS8, Chapter 8], this implies that G acts strongly transitively on a thick Moufang
twin building of type (W, S) by type-preserving automorphisms. By definition of that building, its
positive half is the simplicial complex A(G, B.) whose simplices are the left cosets of the standard
(positive) parabolic subgroups of G ordered by reverse-inclusion. In particular, its chambers are
simply the left cosets of the positive Borel subgroup B, which is therefore precisely the stabilizer
of the fundamental chamber Cy = 1- By € A(G, B1) under the G-action. Thus, the assertion
that G = K B is equivalent to the statement that K acts chamber-transitively on A(G, By). To
prove this, we will make use of the following auxiliary observation:
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Claim. If P is a panel of A(G, By ), then the link of P is isomorphic to (the flag complex of) the
projective line over K.

Proof of Claim. Let 1k(P) denote the link of P. By definition of the building, the G-action on
A(G, By) is chamber-transitive and type-preserving, so we may assume that P is a panel of the
fundamental chamber Cy. Let ¢ € I be such that the cotype of P is s;, then its stabilizer is the
standard parabolic subgroup Py;y of G of type {i} and Ik(P) is a thick building of type (W3, Sgiy)
on which Pp;y acts strongly transitively. In the Levi decomposition Py = Gy x U {Li}’ 4 the
unipotent radical U é}, . fixes 1k(P) point-wise by [Marl8, Proposition 7.75], so the Levi factor
Gy already acts strongly transitively on lk(P). By Remark 3.3.3, we have G;; = TG; where
Gi = pi(G°) = (U;,U_;). Since T fixes the standard apartment >, of A(G, By) point-wise, the
same is true for the apartment lks, (P) of 1k(P), so it follows that G° acts strongly transitively
on 1k(P) through the map ¢; and the stabilizer of the fundamental chamber is ¢; '(By). As ¢; is
either injective or its kernel is {I5, —I5}, this is just the subgroup BS_ C GO of all upper-triangular
(2 x 2)-matrices with determinant 1. Hence, this strongly transitive action of G° on a thick rank-1
building with stabilizer B?r yields the standard BN-pair for G° and establishes an isomorphism
between the link of P and the spherical building associated to this BN-pair, which is known to be
the flag complex of non-trivial proper subspaces of K? (cf. [AB0S8| Section 4.3 and 6.5]). As every
flag consists of a single one-dimensional subspace, this is simply the set of all one-dimensional
subspaces of K2, i.e. the projective line over K.

Conclusion of the proof. We are now able to show that K acts chamber-transitively on A(G, B4.).
Let g € G be arbitrary, choose a minimal gallery I' = (Cy, C1,...,C}) from Cy = 1 - By to
Cy = gCo = gB4 and let (s,...,s;,) be its type. For every r € {1,...,t}, let P, be the panel
of A(G, By) separating C,_; from C,., so that the cotype of P, is s; . We claim that for every
r € {1,...,t}, there exists some k, € K such that C, = k,.Cy. This will prove that ¢Cy = k:Cy
or, equivalently, &k, lge B, as required. We argue by induction on 7.

If r = 1, then the link of P; can be identified with the projective line over K and G° acts strongly
transitively on lk(P;) through the map ¢;, : G° — G. Since K° C G° acts transitively on the
unit sphere in K? and hence on the projective line over K, it follows that K;, = ¢;, (K") C K
acts chamber-transitively on 1k(P;), so that C; = k;Cy for a suitable k; € K;, C K. Let now
r € {2,...,t} be arbitrary, then the induction hypothesis implies that we can find k.1 € K
such that C,_; = k,_1Cy. Thus, k;llCT is s;, -adjacent to Cy and by the same argument as
before, there exists some k’. € K;, = ¢; (K°) C K such that k. *,C, = k.Cy, which implies that
C, = k,.Cy with k, := k,_1k!. € K, as claimed. O

The desired decomposition on the group level now only requires a minor refinement of the product
G = K By into subgroups that intersect trivially. Observe that the group A = exp(a) in the next
result is the same in the real and complex case, only K and U, depend on the field.

Proposition 3.4.7. The following map is bijective:

KxAxU;s -G

3.4.5
(k,a,u) — kau ( )

Proof. Using that G = KB, = KTU, = KMAU, by Proposition [3.4.6 and ANU; = {1}, it
only remains to show that K N By = M. The compact involution © : G — G maps B to B_,
so if b € By was a fixed-point of O, then b = ©(b) € By N B_ =T and hence K N By C T. Let
{v1,...,v4} be a Z-basis of AV, then every ¢ € T' can be uniquely written as ¢t = " ...rj* with
r1,...,7q € K*. Applying O yields

OF) =71 " ...Tg = (rr ) ()Y,

so that t = O(t) if and only if r; =7; ' for alli € {1,...,d},i.e. r; € {1,-1}if K=Rand r; € S!
if K = C, which is equivalent to ¢ € M. Thus, we have shown that K "B, = KNT = M. O
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Definition 3.4.8. The decomposition G = K AU, established in Proposition |3.4.7|is called the
Twasawa decomposition of G. The corresponding projections onto these three subgroups are the
Twasawa projections of G and will be denoted by:

HK:G—>K HA:G—>A HU+:G—>U+ (346)

For g € G, the unique elements k = Ilx(g9) € K, a = I1a(g) € A, v = IIy, (g) € U4 such that
g = kau are the Iwasawa components of g.

Convention 3.4.9. To simplify the terminology, we occasionally define the Iwasawa components
of an element g € G implicitly by saying that ¢ = kau is in [wasawa form, where it is tacitly
assumed that k =Ilg(g) € K, a =1I4(g) € A and u =1y, (g) € Us.

Remark 3.4.10. The existence of the Iwasawa decomposition for certain types of Kac-Moody groups
has already been established, for example, in [KP85|, Proposition 5.1] or [FHHK20, Theorem 3.31].
On the one hand, our result is slightly more general since it applies to real and complex Kac-Moody
groups defined by arbitrary Kac-Moody root data. For ease of reference, we have therefore chosen
to provide an independent proof which is inspired by [DMGHO09, Corollary 3.11]. On the other
hand, Proposition [3.4.7| is weaker in the sense that it only states that the multiplication map
K x A x Uy — G is bijective. In fact, the authors of [FHHK20] also show that there is a natural
topology on G, called the Kac-Peterson topology, which turns G into a Hausdorff topological group
such that the Iwasawa decomposition is a homeomorphism. While their result only applies to real
Kac-Moody groups defined by simply connected root data associated to 2-spherical GCM’s, similar
techniques were used in [KV24, Theorem 3.20] to weaken some of the assumptions and extend it
to the complex case. For the purposes of our main theorems, however, it will not be necessary to
view Kac-Moody groups from a topological perspective.

Recall that G is generated by the positive and negative simple root groups together with the torus
which normalizes every root group. This implies that G = T'G’, where G’ is the subgroup of G
generated by the simple G°-images (G)icr. A nice consequence of the previous two results is that
the natural analogue of this statement is true for the compact form K.

Corollary 3.4.11. Let K’ be the subgroup of K generated by (K;);cr, then K = MK'.

Proof. Since K; = ;(K°) for all i € I, inspecting the proof of Proposition |3.4.6 actually shows
that G = K'By and therefore K = (K'B1)NK = K'(KNBy) = K'(KNT) = K'M, where
the last two equalities follow from the proof of Proposition [3.4.7. By taking inverses, we conclude
that K = MK'. O

Example 3.4.12. Now that we have an Iwasawa decomposition G = K AU, on every real or
complex Kac-Moody group, let us relate it to the Iwasawa decomposition G° = K OAOUJOr of
G° = SLy(K) discussed in Example 3.4.1L For every a € ®, the homomorphism ¢, : G° — G
maps K° to K, C K, A’ to A, C A and UY to U, C Uy. In particular, we obtain an Iwasawa
decomposition on the G%-image G, = ¢ (G°) = K,A,U,, where the three subgroups are simply
the respective intersections of G, with K, A and U;. We will often express this by saying that
o is compatible with the Iwasawa decompositions GO = KOAOUR and G = KAU, and that it
intertwines the Iwasawa projections of G° and G in the sense that the following three diagrams
commute:

GO 2, G GO 2, G GO 2, G
HKol \LHK HAOJ/ \LHA Hu_‘f_l \LHUJr (347)
K == K A A U2~ Us

Likewise, the Lie algebra homomorphism ¢/, : g° — g maps €° to &, C & a” to a, C a and ug_ to
U, C U4, so we also obtain an Iwasawa decomposition on its image g, = €, @ a, D u,, where the
three subalgebras are the respective intersections of g, with ¢, a and u,.. Hence, ¢/, is compatible
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with the Iwasawa decompositions g = £° & a® @ uY and g = ¢® a ® u; and it intertwines the
Iwasawa projections of g° and g by means of the following three commutative diagrams:

0 _¥a 0 %o 0 _ %o
g —9 g —9 g —9
- J’” .0 . X l lﬂ” (3.4.8)
EO 4/> ¢ Clo */> a US')_ */> Uy
® @ Pa

The two diagrams in the middle of (3.4.7) and (3.4.8) are connected by the respective exponential
maps. In fact, it is immediate from the definitions that the diagram below commutes as well:

’

a® oy g
exp? lexp (3.4.9)
0
A" —— A

Here, the map on the left is the usual exponential of (2 x 2)-matrices, whereas the one on the
right is defined by (3.4.1). It is also clear from the definitions that the restriction of ¢, (resp. ¢.,)
to A° (resp. a°) is W'-equivariant, where the unique non-trivial element of W9 = Z, acts on A°
(resp. a%) as the inversion map (resp. —id) and on A (resp. a) by the natural action of s, € W.
Hence, the entire diagram (3.4.9) is W0-equivariant.

The discussion of this section can also be applied to the restrictions of D which yields Iwasawa
decompositions for certain subgroups of G and subalgebras of g.

Notation 3.4.13. Let J C I be any subset and D the J-restriction of D. The real or complex
Kac-Moody group Gp, (K) of type D can be identified with the subgroup Gy C G generated by
T and the root groups (U, )aeca,. By definition, the compact involution ©; : G; — G coincides
with the restriction of © to G, so that its fixed-point set K is equal to KNG ;. Let U1 denote
the subgroup of G'; generated by (Ua)aca, ,, then the Iwasawa decomposition of G ; takes the
following form:

Gy=K;AU; (3.4.10)

Since the three groups are the respective intersections of Gy with K, A and U, it follows that
G contains the Iwasawa components of all its elements and the Iwasawa projections are simply
the restrictions of Ilx, II4 and Iy, to G5 C G.

Likewise, the real or complex Kac-Moody algebra gp,(K) of type D; can be identified with the
subalgebra gy C g generated by uy and the Chevalley generators (e;);es, (fj)jes. The compact
involution 85 : gy — gy is the restriction of 6 to g;, so its fixed-point set £; is € N g; and the
Iwasawa decomposition of g; looks as follows (cf. Notation [2.3.6):

gr=t®adus (3.4.11)

As on the group level, the three subalgebras are the respective intersections of g; with £, a and u,
which implies that g; also contains the Iwasawa components of all its elements and the Iwasawa
projections are the restrictions of m, 7 and m,, to g; C g.

Parallel to Remark [3.3.3] it should be noted that if J = {i} for some i € I, the subgroup
Ky C Gyyy defined here does usually not coincide with the K%image K; = ¢;(K°) C G;. Both
groups are the respective intersections of G'(;) and G; with K, but G, = TG, and K, = MK;
by Corollary 3.4.11, For similar reasons, £(;; C g;; is not equal to ¢; = ©L(89) C g, in general as
gy = 8i +Uo and E{i} =& + (E N uo).

The reader who has worked through the historical introduction will have realized that we now have
all the necessary ingredients to formulate natural analogues of Kostant’s Convexity Theorems for
real or complex Kac-Moody groups. The precise statements will be given in Section [5.1] and [5.3|
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In order to prove them, however, we still have to develop a lot of tools. On the one hand, we need
to study the “geometry” of convex hulls of Weyl group orbits under the D-representation which
is the content of Chapter 4. On the other hand, we also require some more information about
Kac-Moody groups and their representations. The rest of this chapter is dedicated to establishing
several auxiliary results that will be relevant to the proofs of these theorems.

Lemma 3.4.14. If h € a and a := exp(h) € A, then a(u) = e*" € Ryq for all p € A.
Proof. Choose a Z-basis {v1,...,v4} of A and let z1,...,24 € R be the unique scalars such that

h= Zle zv; and a = [[% 1(e#)¥, then we may perform the following computation:

1=

d d d
alp) = [ ()" (o) = [T (e = JTen 0
i=1 i=1 =1
— 6221:1 2i (Vi) e(“uzg=1 Zivi) _ e<u7h> O

Lemma 3.4.15. For h € a and a := exp(h) € A, the following statements are equivalent:
(i) h is central in g.
(i1) {(ci,h) =0 for alli € I.
(iii) h is a global fized-point of the D-representation of W.
(iv) h is a global fixed-point of the adjoint representation of G.
(v) a is central in G.
(vi) a(c;) =1 for allie 1.
(vii) a commutes with the extended Weyl group W C K.
(viii) a € ker(Ad).

Proof. The equivalences (i) <= (ii) <= (iii) are both immediate from (KMA2)) and (2.6.1)
and (ii) <= (iv) is proved as follows: By (3.2.4), h € a C uo is fixed by Ad(¢) for every ¢t € T.
Because G is generated by the torus and the positive and negative simple root groups, h is a global
fixed-point of the adjoint representation if and only if it is fixed by Ad(z+;(z)) = exp(ad(ze+;))
for all i € I and z € K. In view of (KMAZ2), this is equivalent to {(¢;,h) = 0 for all i € I. The
equivalence (v) <= (vi) is a consequence of (3.1.8)) since a € A C T is central in G if and only if
it commutes with every positive or negative simple root group, (vi) <= (viii) also follows from
(3.2.4) and (ii) <= (vi) from Lemma 3.4.14, Finally, (iii) <= (vii) holds as conjugation by W
induces the natural W-action on A and exp : a — A is a W-equivariant isomorphism. O

Lemma 3.4.16. Let a € ®, be arbitrary. For every h € a, there exist h1,he € a such that
h = hy + ha, h1 € a, and hy centralizes g.,. Equivalently, for every a € A, there exist ai,as € A
such that a = aiasz, a1 € Ay and as commutes with G,.

Proof. Let as be an arbitrary complement to a; = a, in a, then there exist unique elements
h} € a; and R} € as such that h = h} + hl. If we set z == (cq, hb) € R, we can rewrite h as
h = hy + hy, where hy = h} + ho € a1 and hy == hi — Shy. Since (cq, h2) = 0, it follows that
[ha,eq] = [ha, fa] = [h2,ha] = 0 and therefore [ha,go] = {0}. This proves the first statement
which is equivalent to the second by the proof of Lemma |3.4.15. O

We close this section with an important result about highest-weight representations of Kac-Moody
groups. Recall from Section 2.7] that whenever A € a* C h* is a dominant integral weight, there
exists a symmetric bilinear or Hermitian form H on the real or complex irreducible highest-weight
g-module L(A) which is contravariant in the sense of (2.7.1). Hence, the compact form ¢ C g acts
on L()) by skew-adjoint linear operators. If A is even proper, it lifts to a representation of G and
contravariance of H translates into the following property on the group level:

Lemma 3.4.17. If A € A is a proper dominant integral weight and H a contravariant symmetric
bilinear or Hermitian form on L(X), then

H(g-v,w)=H(v,0(g7 ") -w) forallge G and v,w € L(\). (3.4.12)

In particular, H is K-invariant.
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Proof. Let p : g — gl(L(A\)) and p : G — GL(L()\)) denote the respective actions of g and G.
Because G is generated by the torus and the positive and negative simple root groups and p and
© are homomorphisms, it suffices to verify the statement for these generators. For definiteness,
let us assume that if K = C where H is Hermitian, then H is C-linear in the first variable and
C-antilinear in the second. If g = z;(2) € U; for some i € T and z € K, then 6(e;) = f; = e_; and
the following computation holds, where the bars can be omitted if K = R:

H(a:(2) - v,w) = H(ple(2))v,0) = H(exp(p(zedJo.w) = 3 2 H(pler) )
s=0
_ z IR WEY in@ ple-)*w)

= H(v,exp(p(~Ze—))w) = H(v, po—i(~2))w) = H(v, p(z—i(2)~")w)
= H(v, p(O(i(2)""))w) = H(v,0(xi(2) ") - w)

The same argument applies to elements of U_;. Finally, if g =t € T, we may assume that v and
w are both contained in L(\), for some p € wt(L(\)) because T acts diagonally on L(\) and
different weight spaces are H-orthogonal. Further, we may suppose that t = 7 for some h € AY
and r € K* as elements of this form generate T'. Hence, the proof is concluded as follows:

H(rh Sv,w) = H(ﬁ(rh)v,w) = H(r<“’h>v,w) = r<“’h>H("u,w) = H(v, Flh) w)
= H(v, p(F")w) = H(v, p(O((r") ")) w) = H(v,0((r")™") - w) O

If the underlying GCM is symmetrizable, then H can be chosen to be positive-definite, so K acts
on L(X) by unitary operators. Moreover, by Lemma |3.4.14] every element of A acts diagonally on
L(\) with positive real eigenvalues and the action of U, can be computed iteratively using (3.2.3).
Altogether, we have proved the following addendum to Proposition 2.7.8:

Proposition 3.4.18. With the notational conventions introduced in Section 2.7, let A € Z"*"
be a symmetrizable GCM of rank ¢ < n, let D = (I, A, A, (¢;)icr, (hi)icr) be a free, cofree and
cotorsion-free Kac-Moody root datum of rank d > 2n — ¢ and denote by G (resp. g) either the real
or complex Kac-Moody group (resp. algebra) of type D. Then the following assertions hold:

(i) Each of the real or complex irreducible highest-weight g-modules L(w1), ..., L(wy) as well as
L(¢dnt1), .-, L(gpa) can be lifted to a representation of G that is defined by (3.2.5). FEvery
such module can be endowed with a positive-definite, contravariant, symmetric bilinear or
Hermitian form H that satisfies (3.4.12).

(i) The compact form K acts on these modules by unitary operators. Every element of A acts
diagonally with respect to the weight space decomposition and on each weight space, it acts
by multiplication with a positive real number. The action of Uy is characterized by (3.2.3)).
In particular, Uy acts trivially on the highest-weight space.

(iii) For i € {n+1,...,d}, every element of K acts on the one-dimensional module L(¢;) b
multiplication with a real or complex number of absolute value 1. An element a € A acts on
L(¢;) by multiplication with a(¢;) € Rso and the action of Uy is trivial. O

3.5 SLy-computations

At this point, it is clear that a powerful tool to investigate the structure of a Kac-Moody group G
is the existence of homomorphisms from G° = SLy(K) into G. To prepare for Chapter |5 and |6, it
is useful to carry out some explicit computations related to the Iwasawa decomposition of G°. The
results of this section are rather technical, but we will see that they have important consequences
for the Iwasawa decompositions of arbitrary Kac-Moody groups. In order not to distract from the
main arguments later, we have chosen to collect all these computations here, but the reader may
feel free to skip this part on first reading and return to it when needed.
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Throughout this section, we will denote SLy(KK) for K € {R,C} by G° and employ Notation |3.3.2.
Recall from Example 3.4.1| that in the Iwasawa decomposition G° = K°A°UY, the compact form
K9 is the special orthogonal group SO(2) if K = R and the special unitary group SU(2) if K = C,
AV is the group of diagonal matrices with determinant 1 and positive real entries (both in the
real and complex case) and UE is the group of upper-triangular matrices with 1’s on the diagonal.
Moreover, the Iwasawa components of a matrix in G° can be computed by endowing the vector
space K? with the standard symmetric bilinear or Hermitian form and applying the Gram-Schmidt
orthonormalization procedure to its column vectors. To proceed, it is useful to define

B = {(21,22) € K? : |21]* + |22|* = 1}. (3.5.1)

If K = R, then B coincides with the 1-sphere S' C R? and if K = C, it can be identified with the
3-sphere S3 C R* = C2. With this notation, the Iwasawa components can be parametrized as:

KO = {k(zl,ZQ) = (zl _Z2> ‘ (21,22) € B}

Zo  Z1

A0 = {a(r) = h(r,r ) = <6 7«91) re R>0} (3.5.2)

vl = {u(z) =y (2) = <(1) j) e K}

In the real case, we may also write K° = SO(2) as

soe) = {r, = (1) 0 | e p.2m], (353)

so that R, = k(cos(y),sin(y)) for all v € [0,27) in the notation of (3.5.2). In the complex case,
we may view SO(2) as a subgroup of K° = SU(2).

The main goal of this section is to compute some explicit formulas that describe how the Iwasawa
decomposition of GY behaves with respect to the group multiplication. In particular, we will be
interested in determining how the Iwasawa components of an element g € G° change when it is
multiplied from the right by some k € K°. First, we consider the case where g € A%, i.e. we
study a product of the form a(r)k(z1, 22) € G for some r € R+ and (21, 22) € B. To simplify
the notation in the anticipated result, we define the following two functions:

5A5R>OXB%R>O T]A:R>0XB4)K
('r_2 — 7"2)3122 (354)
gA(r7 21722)2

(r, 21, 22) — /72|21 2 4 r=2| 202 (r,21,22) —

If r € R+ is fixed, the image of the map z; — 72]21]? + r=2(1 — |21]?) for |21| < 1 is the interval
[172,72] C Rso, so €4 and ny4 are well-defined. Furthermore, we introduce:

kY :Regx B—=K k4 :Rygx B—=K
-1 3.5.5)
rz1 T Z92 (
_— T, 21, 20)
Ea(r, 21, 22) ( 1 %2) Ea(r, 21, 22)
They are also well-defined and satisfy |rY(r, 21, 22)|* + |k%(r, 21, 22)|> = 1 for all r € Ry and

(21,22) € B. In other words, the product map ka4 = k! x r?% takes values in B. These four
functions compute the Iwasawa components of elements in A°K°® C G° in the desired way.

(r, 21, 22) —

Proposition 3.5.1. For all r € Ry and (21,22) € B, the product a(r)k(z1,22) € G° has the
following Iwasawa components:
Mo (a(r)k(z1, 22))
I 40 (a(r)k(21, 22))

k(ka(r, 21, 22))
a(fA(r, 215 22)) (356)
U(UA(Tv 215 ZQ))
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Proof. Throughout this proof, we denote by (-,-) the standard symmetric bilinear or Hermitian
form on K? and by |-|| the induced norm. If K = C, we assume that (-,-) is C-linear in the first
variable and C-antilinear in the second. To compute the Iwasawa components of a(r)k(z1, z2), we
need to apply the Gram-Schmidt orthonormalization procedure to the columns of the matrix

rz )
gtk = ([T T2 ) e

Let vy, vz be the two column vectors of g. The Gram-Schmidt procedure turns {vi,vs} into an
orthonormal basis {b1, b2} of K? in two steps. First, set by := v and define by as follows:

by = v — Mv — (T2 (r?-r)zm rz1

T wl rolz 2|21 ]2 4+ 1222 \r 7 2

! —1Z(r?|z? +r220?) — (2 =) EEm ra
rzm P aP P z?) - (0 =) EEm T e

" PP 7P

_ 1 —r 1z
§a(r,z1,22)? \ 121

Then b, and by are orthogonal, so b; and by are simply obtained by normalizing these vectors
whose norms are:

~ ~ 1 1
— 2 2 —2 2 — —
HblH - \/7' |Zl‘ +r |Z2| —SA(T,21,22) HbZH - \/7"2‘21|2+7”72|22|2 - 5,4(7“,21,2’2)

The matrix k' with columns b1, by is now contained in K°. Since column operations are realized

by multiplication with elementary matrices from the right, it follows that k' = gu’~'a’~! where

the factors are the following matrices:

1 rZ —r~ 1z
] G EECUSENESS
1
— 0
o1 = (5A<T761122> £alr 21 22)) =a(éa(r,21,22)7 ") € A°

1 (1 —e=rEE 0
Wl = 0 £A(r,121722)2 = u(-na(r, 21, 22)) € U}

If we rearrange this expression as ¢ = k’a’u’, the proof is finished. O

An important consequence of this computation is the following result which can be viewed as the
simplest case of Kostant’s Non-Linear Convexity Theorem and will play a crucial role in the proof
of our anticipated generalization to the Kac-Moody setting.

Corollary 3.5.2. Let r € Ry be arbitrary, set a == a(r) € A and h = log(a) € a®. The image
of the map K° — A°, ks T 40(ak), is the exponential of the closed line segment in a° between h
and —h or, equivalently, the exponential of the convex hull of the orbit WO - h C a°.

Proof. From the definition of €4, it is clear that (z1,22) — £a(r, 21, 22) restricts to a surjection
B — [r~1,7]. Since every k € K° can be uniquely written as k = k(z1, z2) for some (21, 22) € B,
Proposition |3.5.1] yields that

(k) [ b€ K% = o) |1 €y =en{ (5 )

—S

S € [~ log(r).log(0)]}.
The last set is precisely the exponential of the closed line segment in a’ connecting

":(IO%(T) —loog(r)) e ‘h:(_loog " 1°g0<’°>>’

so the first assertion holds. As the unique non-trivial element s; € W 2 Z, acts on a° as —id,
we have —h = s1(h) and the second claim is proved as well. O
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Next, we derive an analogue of Proposition 3.5.1{for elements of Ufﬂ instead of A°, i.e. we compute
the Iwasawa components of a product u(z)k(z1, 22) for z € K and (21, 22) € B. We proceed in the
exact same way with similar definitions:

gUZKXB%R>O UUIKXB%K
-7t A+ 2Pam (35.0)
gU(Z’ 21, 22)2
Using that |21]? < 1 for (z1,29) € B, it is not difficult to check that & and 7y are well-defined.
Likewise, we introduce:
kit Kx B—K Ky :Kx B—K

Z1 + 222 29 (3.5.8)
e — H e —
EU(ZVZDZQ) fU(ZazlazQ)
They are also well-defined and |k}, (2, 21, 22)|? + |k¥ (2, 21, 22)|> = 1 for all 2z € K and (21, 22) € B,

so the product map ky = k(; X k¥, takes values in B. Exactly as before, these functions determine
the Iwasawa components of elements in U_?_K 0 c GO

Proposition 3.5.3. For all z € K and (z1,22) € B, the product u(z)k(z1,22) € G° has the
following Iwasawa components:
o (u(2)k(z1,22)) = k(ku (2, 21, 22))
a0 (u(2)k(21, 22)) = a(8u(z, 21, 22)) (3.5.9)
My (u(2)k(z21, 22)) = ulnu (2, 21, 22))

Proof. As in the proof of Proposition [3.5.1, we need to apply the Gram-Schmidt procedure to the
column vectors vq, vy of the matrix

21 +2z20 —Zo+ 2z
g =u(2)k(z1,22) = ( ! o 2 271 1) € GO

(2,21, 20) = /1 + |222|2 + 2Re(27122) (2,21,22) —

(Z,Z]_,ZQ) — (Z,Z]_,ZQ)

Again, we set by = v, and by = vy — (ﬁ’iiﬂg) v, where:

[ol> = (21 + 222) (71 + Z22) + |22* = |21* + 22122 + 2217 + |222[° + |22
=1+ |22)* + 2Re(2Z122) = €y (2, 21, 20)2
(v2,01) = (-2 +271) (AL +23) + Tl = ~mm + 24— T& + P Em + s
=2z —77m + 2Pz = (2, 21, 22)Eu (2, 21, 22)°
These expressions and the fact that |21]? + |22|? = 1 establish the following computation:
o () sl
Z1 1+ 2Z120 + 22173 + | 2222 )
1 |:<(_272+2«'Zl)(1+2'2132 +Zn7% + |ZZQ|2)>
)2

" &u(z,21,22)2 Z1(1 + 22122 + 2172 + |222|%)
_ (2’712 _7,222 + |z|2m)(zl + 229) _ ; —Z2
(221° — 223" + |2 71i72) 22 €u(z,21,2)% \Z1 + 7222
Furthermore, we have ||b1|| = &y (2, 21, 22) and ||ba|| = &y (2, 21, 22)~'. Thus, we conclude exactly
as before that k' = gu’~'a’~! with the factors listed below, so the proof is complete:
1 21 + 222 ) 0
= —F 7 ) =kky(z, 51, 2)) €K
v (2, 21, 22) ( 2 T+ 755 (kv (2,21, 22))
1
e o 0
=1 _ [ €u(z,21,22) — 1y ¢ A0
a < 0 5U(Z,Z1,Zz)> Cl(fU(Z,ZhZQ) )

1 ZZQ—ZZ22+\Z\2z1zQ
_ _
u 1 =

0 1

& Cimea” ) — u(—nu (2,21, 22)) € U =



3.5. SLe-COMPUTATIONS 69

For applications in Chapter |6, we require some additional properties of the functions introduced
in this section that we establish in the next two lemmas and their respective corollaries.

Lemma 3.5.4. Let r € Ryg and z € K be arbitrary. Each of the maps (21, 22) — ka(r, 21, 22)
and (z1,22) — Ku(z, 21, 22) defines a bijection B — B.
Proof. We first consider the map k, = ka(r,:) : B — B and show that it is injective. Suppose
that (z1, 22), (21, 25) € B have the same image under £, then

rz rz] r 1z rlz)

= and = .
Ealr,z1,22)  €a(r, 2], 25) Ea(r,z1,20)  Ealr, 21, 25)

Consequently, we have (z1,22) = (2], z5) with X := % € Ryg. As both points lie in B,
3”1
this is only possible if A =1, i.e. (21, 22) = (2], 25). ’

In order to show that s, is also surjective, we make use of the following map:

7 cos(7)
\/r2 cos2(y) + r—2sin?(y)

It is clear that f is well-defined and continuous. In addition, it satisfies f(0) = 1 and f(5) = 0,
so f is surjective by the intermediate value theorem. Let now (z1,22) € B be arbitrary. Using
polar coordinates, we find 71,7 € [0,1] and 61,60, € [0,27) such that z; = et and 2o = roe®2.
If K = R, we necessarily have 6;,60, € {0,7}. By surjectivity of f, there exists some v € [O, g]
such that f(y) = r1. Now (21, 22) € B implies that ro € [0,1] is the unique non-negative square
root of 1 — rf. Likewise, since ka(r,cos(v),sin(y)) € B and sin(y) > 0, we also conclude that

k% (r,cos(v),sin(y)) € [0, 1] is the unique non-negative square root of

1 — kY (r,cos(y),sin(y))? =1— f(7)? =1 -2

Frlog] =100 v sk cos(),sin(y) =

It follows that ro = k% (r,cos(v),sin(y)), so if we define ¢; = cos(y) and ¢ := sin(y), then
(q1,q2) € B and k4(r,q1,q2) = (r1,72). Furthermore, we also have (y1,y2) = (q1€'", 2¢'?) € B
and the definition of k4 yields that

Hr(ylny) = /QA(T, ylny) = (/{}4(7’7 Q17QQ)ei617K’124(T7 Q17Q2)6i02) = (Tlei0177‘26i02) = (ZlaZQ)'

Therefore, k., : B — B is surjective as well. Next, we investigate the map x, = ky(z,) : B — B.
If (21, 22), (21, #4) € B have the same image under &, then

29 zh

21+ 229 21 + 27 d
= an = .
gU(szI’ZQ) gU(Z’Zi7zl2) 5(](2,2’1,22) gU(ZVZ/l?Zé)

By the same reasoning as above, it follows that (z1,22) is a positive scalar multiple of (21, 25)
which is only possible if the two points coincide, so k., is injective.

To prove surjectivity, we apply an abstract argument from algebraic topology for which we refer
to [Hat02 Section 2.2|. Let ¢ : [0,1] — K be a continuous curve with ¢(0) = 0 and ¢(1) = z, then
t > k() defines a homotopy between the continuous maps ko = id and k.. If we view x, as a
map from S! or S3 to itself, it has a well-defined “degree” which is homotopy-invariant. Hence,
the degree of k. is 1. But if k, was not surjective, its degree would have to be 0 since if a point
p € B was not contained in the image, then k., would map B to the contractible space B\ {p}
and induce the zero map on every homology group. Thus, «, : B — B is surjective too. O

Corollary 3.5.5. Let g € G° be arbitrary. The map k — Ilxo(gk) defines a bijection K° — K°.

Proof. We first show that it is injective. Suppose that ki,ky € K° satisfy gk; = koa’u’ and
gko = koa'u" for some ko € K9 with a’,a” € A® and v/, u” € Ufﬂ. As A° normalizes Ug, we have

ky 'ky = (gho) " H(gk1) = u"ra" " ta'u € KON A°UY = {1}
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and therefore ki = ko. To prove surjectivity, let ¥’ € K" be arbitrary and write ¢ = kau in
Iwasawa form. In view of Proposition [3.5.1]and |3.5.3] it follows from Lemma|3.5.4/ that there exist
ki, ko € K such that Ixo(ak;) = k~'k" and Ilxo(uks) = ki, which implies

Mo (ghks) = kMl go (auks) = klgo(aky) = kb = &/
because A° normalizes UR- Thus, the map is surjective as well. O

Lemma 3.5.6. For every r € Ry, there exists some v € [0,27) such that the image of the map
K — Rsq, z — &u(z, cos(v),sin(7)), contains the interval [r,00) C Rsg.

Proof. Tt is sufficient to consider the case K = R. For every v € [0, 27), we define a map:
gy :R—=Ryg x> &u(z, cos(y),sin(y))? = 1 4 2z cos(7) sin(y) + 22 sin’(v)

Hence, we need to show that [r?,00) C g,(R) for some v € [0,27). If v € {0,7}, then g, is
the constant function z — 1. Otherwise, sin(y) # 0 and the graph of g, is an upwards-pointing
parabola whose unique global minimum z((7y) € R is located at

 2cos(y)sin(y) _ cos(y)

@o(7) = 25sin?(7) - sin(7)
and the value of g, at this minimum is
gy o) = 1 220 cosyysiny) + S50 G2 (4) = 1 — cos?(y) = sin’(1).
sin(7) sin® ()
Thus, if v € [0,27) \ {0, 7} is chosen such that sin®(y) < 72, then [r?,00) C g, (R). O

Corollary 3.5.7. For every a € A°, there exists some ~ € [0,27) such that a € I 40(ULR,). In
particular, 1140 (UL K?) = A°.

Proof. In view of Proposition [3.5.3], the assertion follows immediately from Lemma [3.5.6] O

Parallel to the Iwasawa decomposition G° = K°A°UY on the group level, there is a similar
decomposition g =t & a® G u. on the Lie algebra level, where the three components are the Lie
algebras of the corresponding subgroups. More precisely, the compact form €° of g° = sl,(K) is
the Lie algebra so(2) (resp. su(2)) of trace-free skew-symmetric (resp. skew-Hermitian) matrices if
K =R (resp. K = C), a® is the space of trace-free diagonal matrices with real entries (both in the
real and complex case) and ui is the space of upper-triangular matrices with 0’s on the diagonal.
The Lie group G° acts on its Lie algebra g° via the adjoint representation Ad’ : GO — GL(g°)
which is simply conjugation. We now arrive at the following analogue of Proposition [3.5.1}

Proposition 3.5.8. Let t € R be arbitrary and set h = (§ %) € a°. For all (21,22) € B, the
Twasawa components of Ad°(k(z1, 22))h € g° are the following:

o0 (A (k(21, 22))h) = <2t 701 . —2t0z122)
e (A 2 = (t(lzl|2()_ =0 —t<|z1|20_|222>> (3.5.10)

0 4tzi1zg
g (A1 o)) = () 5)

Proof. This is an immediate consequence of the following calculation:
27122 —(l2f® = [22]?)

2 2 —
Ado(k(zl,ZQ))h _ k(21,22)hk(21722)71 — ¢ (|21| |22| 22175 ) O
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As on the group level, this computation leads to the following statement which can be seen as the
simplest instance of Kostant’s Linear Convexity Theorem.

Corollary 3.5.9. Lett € R be arbitrary and set h = (6 _Ot) € a%. The image of the map K° — aY,
k — mq0(Ad°(K)h), is the closed line segment in a® between h and —h or, equivalently, the convex
hull of the orbit W° . h C a°.

Proof. As (z1,22) runs over B, the expression |z1|? — |22|? = 1 — 2|22|? takes every value in the
interval [—1, 1], so Proposition (3.5.8 implies that

—S

{70 (Ad° (K (21, 22))) | (21,22) € B} = { ((5) o)

s € [—t,t]}.

This is precisely the closed line segment in a® between h and —h = s;(h). O

Similarly, we could also establish an analogue of Proposition [3.5.3| on the Lie algebra level, but
this is not necessary because there, we will only be interested in generalizing Kostant’s Linear
Convexity Theorem to the Kac-Moody setting for which the previous result will be sufficient.

3.6 Functoriality in the Kac-Moody root datum

We conclude this chapter by explaining how the definitions of Kac-Moody groups & algebras are
“functorial” with respect to the underlying Kac-Moody root datum. This property will be exploited
in the proofs of our anticipated generalizations of Kostant’s Convexity Theorems in Chapter |5|
We follow the terminology of [Marl8l, Section 7.3 and 7.4.5]. In order not to overload the text with
definitions, we often employ suggestive notation that should be self-explanatory from the context.
In the beginning, K is again allowed to be an arbitrary field, not necessarily R or C.

Definition 3.6.1. Let D = (I,A, A, (¢i)ier, (hi)ier) and D = (I, A, A, (&)icr, (hi)icr) be two
Kac-Moody root data associated to the same GCM A € Z"*". A morphism between D and D is
a Z-linear map f : AV — AV such that f(h;) =h; and & o f =¢; for all 4 € I.

More succinctly, we will simply say that f : D — D is a morphism. By definition, a morphism of
Kac-Moody root data satisfies

(¢;, f(h)) = (c;,h) forallh€ AY and i € I. (3.6.1)

In particular, this implies that f is equivariant with respect to the natural actions of the Weyl
group W = W(A) on AV and AV in the sense that

fw(h)) =w(f(h)) forallwe W and h € A”. (3.6.2)

Let K be a field and denote by g and § the Kac-Moody algebras of types D and D over K with
Cartan subalgebras h = AV @z K and h = AV ®7 K and Chevalley generators (ei)ier, (fi)ier and
(¢:)icr, (fi)ier, respectively. The defining relations (KMA1)-(KMA4) imply that the map sending
e; to & and f; to fi for all 4 € T and h to b via the canonical K-linear extension of f uniquely
extends to a Lie algebra homomorphism ¢’ : g — g.

Likewise, let G and G be the Kac-Moody groups of types D and D over K with tori 7 = AY ®; K*
and T = AY ®z K* and root groups (Uy)ace and (U,)ace, respectively. By inspecting the
defining relations (KMG1)-(KMG4), it is not difficult to verify that the map taking z,(z) € U, to
#o(2) €U, for all a € ® and z € K and T to T via the canonical extension of f uniquely extends
to a group homomorphism ¢ : G — G.

By [Mari8|, Proposition 7.63 and Theorem 7.71], the kernel of the group homomorphism ¢ : G — G
is contained in the center Z = {t € T : t(¢;) = 1 Vi € I} of G and ¢ is surjective if its restriction
to T is surjective onto T'. Likewise, the kernel of the Lie algebra homomorphism ¢’ : g — § lies in
{heb:{c,hy=0VieI}Cjand ¢ issurjective if its restriction to b is surjective onto b.
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Suppose now that K € {R,C} and let a = AY ®z R and @ = AY ®z R denote the real Cartan
subalgebras of g and §. The Lie algebra homomorphism ¢’ : g — § restricts to a W-equivariant
linear map a — &, i.e. it intertwines the D-representation of W on a with the D-representation of
W on a. Combining this fact with (3.6.1) implies that the fundamental chambers and Tits cones
of these representations are related in the natural ways:

JC)cC PO cC X)Xy (X)) X2 (3.6.3)

It is also immediate from the definition of ¢’ (resp. ) that it intertwines the compact involutions
of g and g (resp. G and () in the sense that the following diagrams commute:

g LN g G —2°25aG
“’,J L"/ % Lo (3.6.4)

The first diagram implies that ¢'(£) C €, while ¢/(a) C @ and ¢/(u;) C iy hold by definition,
so ¢’ is compatible with the Iwasawa decompositions g =t daduy, and § = €D ad iy and it
intertwines the corresponding Iwasawa projections via three commutative diagrams:

’

g—— 38 g ——8 g —— 4
WtJ, l’“’é qu/ l‘n’ﬁ 7Tu+J/ iﬂ'ﬂ_'_ (365)
t — % a —— a Uy —— uyp
@ ® ®

The same argument for the diagram on the right in (3.6.4) shows that p(K) C K, ¢(A) C gl and
o(Uy) C Uy, so ¢ is compatible with the Iwasawa decompositions G = KAU, and G = KAU;
and it intertwines the associated Iwasawa projections:

G —*25@G G -25aG G —25a
HKJ lnk HAl lHA HU+J( lnmr (3.6.6)
K— K A—— A Uy —— Uy

Finally, if we denote the exponential maps of G and G both by exp, the following diagram also
commutes by definition:

a L>
expi oxp (3.6.7)

ATA

a«

Example 3.6.2. Let D = (I,A, A, (¢i)icr, (hi)icr) be a Kac-Moody root datum of rank d € N.
There are three important morphisms of Kac-Moody root data involving D.

(i) Since the simply connected root datum D% is cofree and coadjoint, the free Z-module AY,
can be canonically identified with the coroot lattice Q¥ by mapping h¢ to o for all i € I.
Under this identification, the cocharacter map h : Q¥ — AV can be viewed as a morphism of
Kac-Moody root data. Consequently, if G*¢ and G (resp. g° and g) denote the corresponding
Kac-Moody groups (resp. algebras) of types D2 and D over an arbitrary field K, then h
induces a group (resp. Lie algebra) homomorphism G*¢ — G (resp. g°° — g).

(ii) Free extension: D can be “extended” to a free Kac-Moody root datum D of rank d + n by
the following construction: Let Ay and Ay be dual free Z-modules of rank n with dual bases
{u;|i eI} c AY and {u’ | i€ I} C Ag. Define A =A@ Ag and AV := AY @ AY and set

éi=ci+ul€ A and h;:=h; €AY foralliel. (3.6.8)
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Then D = (I, A, A, (&)ier, (hz)zel) is a free Kac-Moody root datum and the natural inclusion
Av — AV defines a mOrphlSm D — D. Hence, for every field K, it induces homomorphisms
: G — G and i/ : g — § between the Kac-Moody groups & algebras of types D and D
over K that are both injective. In fact, it can be shown that G (resp. §) is isomorphic to a
semidirect extension of G (resp. g) by TO =AY ®z K* (resp. ho = Ay ®z K) whose precise
structure is described in [Mar18| Section 7.3.2 and Proposition 7.66].
(iii) Cofree extension: Dually, D can also be extended to a cofree root datum D of rank d + n.
As in|(ii)l let Ay and Ag be dual free Z-modules of rank n with dual bases {u; | i € I} C Ay
and {u} |i € I} C Ao and define A :== A @ Ag and AV := AV @ AY. This time, we set

Gi=c;eN and h;:=h;+u; €AY foralliecl. (3.6.9)

Hence, D = (I, A, A, (¢&;)ier, (hi)ier) is a cofree Kac-Moody root datum and the canonical
projection AY — AV can be viewed as a morphism D — D. Given a field K, the induced
homomorphisms p : G — G and p’ : § — g between the Kac-Moody groups & algebras of
types D and D over K are both surjective. More precisely, one can prove that G (resp. §)
is isomorphic to a central extension of G (resp. g) or, equivalently, that G (resp. g) is a
central quotient of G (resp. §) by Ty = Ay @z K* (resp. ho = Ay ®z K). More details can
be found in [Marl8| Section 7.3.2 and Proposition 7.64]. Observe that the construction of
D ensures that it is even cotorsion-free.

As the final step of this chapter, we establish a simple computational result about the adjoint
representation of a Kac-Moody group that will only be needed for the proof of Theorem [5.3.1l
Afterwards, we have collected enough preliminary material about Kac-Moody groups & algebras
to conclude Part [I] of this thesis and turn to the principal questions of research.

Lemma 3.6.3. Let D = (I, A A, (¢;)icr, (hi)icr) be a Kac-Moody root datum, let K be a field and
denote by G (resp. g) the Kac-Moody group (resp. algebra) of type D over K.
(i) Let p : g — gl(V) be an integrable g-module with wt(V,p) C A and p : G — GL(V) the
corresponding representation of G, then

p(Ad(g)x) = p(g)p(x)p(g)~" forallg e G and z € g. (3.6.10)

(ii) For every a € ®, let o, : GO — G and ¢, : g° — g be the homomorphisms associated to o
and denote by Ad° : G° — GL(g°) the adjoint representation of G° on g°, then

@ (A (g9)2°) = Ad(0a(g°)¢, (2°)  for all ¢° € G° and 2° € ¢°. (3.6.11)

(iii) Let D be another Kac-Moody root datum associated to A and denote by G (resp. §) the Kac-
Moody group (resp. algebrg) of type D over K. If f : D — D is a morphism, the canonical
homomorphisms ¢ : G — G and ¢’ : g — § induced by [ satisfy

¢ (Ad(g)z) = Ad(¢(9))¢'(z) forallge G and x € g. (3.6.12)

(iv) Suppose that K € {R,C} and let © : G — G and 0 : g — g denote the compact involutions
of G and g, then

0(Ad(g)z) = Ad(©(9))0(z) forallg € G and x € g. (3.6.13)

In particular, in the decomposition g = €@ p into the t1-eigenspaces of 0, both € and p are
Ad(K)-invariant.

Proof. (i) Since G is generated by the torus T and the root groups (Uy)ace and Ad and p are
homomorphisms, it suffices to verify the statement in the case where g is contained in one
of these subgroups. In addition, as p: g — gl(V) is a Lie algebra homomorphism, it extends
uniquely to an algebra homomorphism p : U(g) — gl(V). For arbitrary o € ® and z € K,
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we may therefore perform the following computation in U(g), where I._ (resp. r._ ) denotes
multiplication from the left (resp. right) by e, € g C U(g):

=
—~~
>
o
—
K
Q
—~
&
g
I
=
—
[¢]
"
=
[
5=
N
Q)
Q
~—
8
~
I

= exp(p(zeq))p(x) exp(p(—zeq))
= p(za(2)p(@)p(xa(~2)) = plza(2))p(@)p(zal2)) !
To establish the same result for an element ¢ € T which acts diagonally on g with respect to

the root space decomposition, we may w.l.o.g. assume that = € ug for some g € &> U {0}.
On the one hand, this implies

p(Ad(t)2) = p(t(cp)a) = t(ca)pla).

On the other hand, p(t) acts diagonally on V' with respect to the weight space decomposition.
Now for every € wt(V, p) and v € V},, we have p(z)v € V4, and thus

p)p(x)p(t) ™ v = p(t)(t™ (m)p(x)v) = tles + wt(—p)p(x)v = t(cp)p(x)v.

Since V is the direct sum of all weight spaces, it follows that

p()p(x)p(t) ™" = tep)p(x) = p(Ad(t)x).
As in the proof of |(i), it suffices to verify the statement in the case where ¢g° belongs to a
suitable generating set of G°. For this, we take the groups U and U? of upper-triangular
and lower-triangular matrices with 1’s on the diagonal. Let 20 = (? _ba) € g with a,b,c € K
be arbitrary. On the one hand, since the adjoint representation of G° is simply conjugation,
the definition of ¢/, implies that the following holds for all z € K:
c —a—cz

_ 2
LA ()29 = ¢t (P57 TR o+ (0 202 - e -
On the other hand, using the defining relations of g, we find:

Ad(pa(24(2)))¢4(2%) = Ad(za(2))(aha + bea — cfa) = exp(ad(zea))(aha + bea — cfa)

= a(hao + [2€4; ha]) + bea — C(fa + [2€a; fol + %[Zeom [Zeavfozu>

= ah, — 2aze, + bey — cfo + czhy — c2’e,
= (a4 c2)ha + (b—2az — cz*)eq — cfq

In the second line, we have used that [e,,e,] = 0 in order to truncate the exponential series
after the second, first resp. third term. Therefore, the right-hand sides of the previous two
equations coincide which proves the assertion for elements in Ufﬂ. A similar computation
can be performed for those in U°.
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(iii) The proof follows the same strategy as in |(i)| but turns out to be simpler. Suppose first that
g = xi(z) € U; for some i € I and z € K. Since ¢’ is a Lie algebra homomorphism and
¢’ (e;) = é;, the following calculation is justified:

P (Ad(ri()e) = ¢ (explad(ze)e) = 3 2o/ (ad(e) ') = 3 21 ad(9! ()" (2)
s=0 " s=0 "
= 3 2 ad(@)'¢! (@) = esplad(a£)¢'(2) = Ad(zi(2))' ()
s=0 "
= Ad(p(zi(2)))¢' (2)

Ifg=x_i(2) € U-i for some i € I and z € K, the same argument applies with e; and é;
replaced by f; and f;, respectively. Finally, if ¢ = € T, we may again w.l.o.g. assume that
x € ug for some 5 € &> U {0}, so that ¢'(z) € iz and

¢/ (Ad(t)z) = t(ca)¢' (z) = o) (€3)¢ (z) = Ad(p(t))¢' (x)-

As G is generated by the torus and the positive and negative simple root groups, the proof
of the assertion is complete.

(iv) The computations in this case are almost identical to |(iii)| and follow the same reasoning.
First, we again suppose that g = z;(z) € U; for some ¢ € I and z € K. Using that 6 is a
C-antilinear Lie algebra homomorphism with 6(e;) = f;, the following holds:

‘ I\

O(Ad(x;(2))x) = O(exp(ad(ze;))z) = » 0ad(ei)x) = > % ad((e;))*0(x)

s=0 s=0
ad(fi)°0(x) = exp(ad(zfi))0(x) = Ad(z_(2))0(x)

Ad(O(zi(2)))8(x)

I
i
E‘N

Almost the same calculation works if g = z_;(z) € U_;. Second, if g =t € T, we may even
assume that ¢ = r" for some h € AV and r € K* since elements of this form generate 7.
Given any 5 € ®>° U {0} and x € ug, we have 0(x) € u_g and therefore

O(Ad(r")z) = 0(rlee M z) = Fies M g(2) = Ad(F)0(z) = Ad(O(r"))0(z).

For the same reasons as in |(iii), these two computations conclude the proof of (3.6.13)) and
the final assertion is an immediate consequence. O
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Chapter 4

Convex Hulls of Weyl Group Orbits

The ultimate goal of the second part of this thesis is to formulate and prove analogues of Kostant’s
Convexity Theorems for real and complex Kac-Moody groups. This will be achieved in Chapter |5
and their applications to algebraic properties of Kac-Moody groups is the content of Chapter |6
As in the Lie group case investigated by Kostant, the statements of these theorems will involve
convez hulls of Weyl group orbits in the real Cartan subalgebra of a real or complex Kac-Moody
algebra. Hence, it is natural to first study these sets in their own right and, indeed, our proofs of
the convexity theorems will require rather detailed information about their “geometric structure”
in a sense that will be made more precise in the course of this chapter. Since the Weyl group
orbits arising in Kac-Moody theory are typically infinite, this is a non-trivial task and it is not
clear from the start what kind of properties and phenomena should be expected from their convex
hulls. To the best of the author’s knowledge, these sets have hitherto not been studied in this
level of detail, so we will provide full proofs of all assertions in this chapter. Occasionally, similar
statements have been established in different contexts that are not quite suitable for our purposes
and we will mention this when appropriate. Although we have chosen to work in a setting that
originates from Kac-Moody theory in order to use the results more easily in the proofs of the
anticipated convexity theorems, most of the material in this chapter primarily relies on the theory
of Coxeter groups and the Kac-Moody context will only play a subordinate role.

4.1 Preliminary definitions

Throughout this chapter, we denote by D = (I, A, A, (¢;)ier, (hi)ier) a Kac-Moody root datum
of rank d € N associated to an arbitrary GCM A = (a;;); jer € Z"*™ of rank ¢ < n and write
W = W(A) for the Weyl group of A, ® := ®(A) for its set of real roots and M = (m;;); jer for the
Coxeter matrix of (W, S). We let C (resp. C) be the open (resp. closed) fundamental chamber of
the D-representation of W on a := AV ®z R and X4 C a the positive (resp. negative) Tits cone.
Although much of the discussion could be simplified by assuming that A is indecomposable, we
prefer not to invoke this restriction and instead apply the following familiar notation:

Notation 4.1.1. We denote by Aj,..., A, the indecomposable components of A with index
sets I,..., I, C I, by Dy,...,D,, the corresponding indecomposable components of D and by
(W1, 51),..., (Wi, Sm) the irreducible factors of (W, S), which implies that A = A1 @ ... ® A,,,
D=DyU...UD,, and W 2 W; X ... x W,,. For every k € {1,...,m}, the restriction of the
D-representation of W to Wy, = W (Ay) coincides with the Dj-representation of Wy, and we write
Cy, (resp. Cy) for its open (resp. closed) fundamental chamber and X}, 4 for its positive (resp.
negative) Tits cone with interior X7 . We set ®; = ®(Ay), so that & = &, U...U P,,, and use

)

similar notation for all other sets of (co-)roots introduced in Chapter |2l These definitions yield:

m m m m
C=(1C C=(Ck Xi=[)Xex Xi=()Xiz (4.1.1)
k=1 k=1 k=1 k=1

79
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The goal of this chapter is to study the “geometry” of convex hulls of W-orbits in the d-dimensional
real vector space a under the D-representation. In other words, given an arbitrary element h € a,
we will be interested in the following set:

Ep=conv(W-h)Ca (4.1.2)

As we shall see, the “shape” of this set depends heavily on the location of A with respect to the
“double Tits cone” X UX_ C a and the union X$ U X° (resp. Xy U X_) of the topological
interiors (resp. closures) of its two halves. We distinguish the following three possibilities, where
we denote by W}, the stabilizer of h under the D-representation of W:

Definition 4.1.2. An element h € a is said to be
(i) internal if it is contained in X U X_. In this case, we further say that h is
a) regular if Wp, = {1}.
b) wvirtually singular if |Wy,| < oco.
c) almost virtually singular if |W), N W| < oo whenever k € {1,...,m} is such that the
irreducible factor Wi, C W is not entirely contained in W,.
d) essentially singular if there exists some k € {1,...,m} such that W), N W, is infinite
and a proper subgroup of W,.
(ii) critical if it is contained in (X4 \ X1)U (X_\ X_).
(iii) external if it is not contained in X, U X _.

The reason why we consider both X, and X_ = — X in this definition is that Z_; = —Z has
the same properties as Zj,. By our choice of terminology, a regular element is virtually singular
and a virtually singular element is also almost virtually singular but not essentially singular. In
view of Proposition 2.6.5], these notions admit some noteworthy equivalent characterizations:

a) h is regular if and only if h or —h lies in an open Weyl chamber of X .

b) h is virtually singular if and only if A or —h lies in a spherical cell of X, or, equivalently, in
the topological interior X{ C X .

c) h is almost virtually singular if and only if A or —h has the following property: For every
ke {1,...,m}, it is contained in a spherical cell or in the intersection of all walls of Xy, 4.
Equivalently, it lies in the topological interior Xy | C Xj 4 or is a global fixed-point for the
Wy-action on a.

For the most part, we will investigate the set =; under the assumption that h is virtually singular
since this is the setting in which it will have the most useful structure. These results also extend
to almost virtually singular elements by a simple but technical modification. In the essentially
singular case, however, it will turn out that some very important properties of Z; no longer hold.
For critical and external elements, a uniform description of =, does not seem to be available and
we will content ourselves with some interesting examples. In order to simplify the discussion, we
invoke Assumption [2.7.3| and the resulting notational conventions that we briefly repeat here.

Assumption 4.1.3. Throughout Chapter 4, we assume that the root datum D is free and cofree,
so that d > 2n — £ > n. We view Q and Q" as subsets of A and AV, write o; and ) instead of ¢;
and h; for all ¢ € I and choose the dual bases

B = {aY,...,aX,hn+1,...,hd} Ca and B*= {wl,...,wn,¢n+1,...,¢>d} C a*.
We denote by o' := P, ; Ra; the n-dimensional subspace of a spanned by the simple coroots.

Remark 4.1.4. If D is not required to be free and cofree, it seems very likely that many results of
this chapter can be restated and proved in a suitable way upon replacing «; by ¢; and o by h;
for all ¢ € I. However, we sometimes want to compute dimensions of certain sets or use arguments
that rely on dimension considerations which become more involved if D is not free or not cofree.
Also, one very important step will require the existence of regular elements or, equivalently, that
D is admissible, which is automatically satisfied if D is free. We emphasize once again that D is
necessarily free and cofree if A is invertible.
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For the convexity theorems in Chapter 5, this assumption will not be a restriction. We will first
prove them for free and cofree (and cotorsion-free) Kac-Moody root data using the results of this
chapter and afterwards generalize them to arbitrary root data via the functoriality of Section [3.6l

Convention 4.1.5. When we need to specify the Kac-Moody root datum under consideration,
we add a prefix “D-” to all notions derived from the D-representation. For instance, we call a
regular element “D-regular” in this case and speak of “D-chambers’ of the “D-Tits cone”.

Remark 4.1.6. If the Weyl group W = W (A) is finite, then X, = X{ = a by Proposition 2.6.5 (vi).
In this situation, = is a convex polytope for every h € a (cf. Definition 4.2.5) and most results
of Section 4.3/ can also be deduced from the general theory of these sets, which is a classical topic
in convex geometry. However, W is finite if and only if A is spherical or, equivalently, A is the
Cartan matrix of a finite-dimensional, complex, semisimple Lie algebra. Since this is a very small
subclass of GCM’s and we are interested in the “generic” Kac-Moody setting, the reader should
typically think of W as an infinite group. More precisely, the lemma below shows that Weyl group
orbits of points in a should generally be viewed as infinite sets. In this case, the theory of convex
polytopes cannot be applied and it is not a priori clear whether =, has any desirable properties.
For example, one major issue that we are going to encounter is the question whether =, is a closed
subset of a.

Lemma 4.1.7. If h € a is such that W - h C a is finite, then h is almost virtually singular and
contained in X4 NX_.

Proof. First, we claim that h € X,. To prove this, we define the functional n == ., w; € a*
which satisfies (n,«) =1 for all ¢ € I. As W - h is finite, there exists some wy € W such that
(n,wo(h)) = max,ew (n,w(h)). Then wy(h) € C because otherwise, there would be some i € T
with (o, wo(h)) < 0 and hence

(n, siwo(h)) = (n, wo(h)) — (n, e ) (e, wo(h)) = (n,wo(h)) — (ai, wo(h)) > (n,wo(h)),

contradicting the choice of wg, so we have wg(h) € C C X, and h € X, as claimed. The same
argument yields that —h € X and thus h € X; N X_, so it remains to show that h is almost
virtually singular. Upon replacing h by wo(h) if necessary, we may assume that h € C. Let J C [
be the unique set such that h lies in the cell Dy C C, then the stabilizer of h is the standard
subgroup W;. Since W - h is finite and the W-translates of h are in bijective correspondence with
the left cosets of Wj, = W; in W, it follows that W is a finite-index standard subgroup of W.
In the notation of Theorem [1.1.6, this implies that W;  C W; = W),. For k € {1,...,m} with
|Wy| = oo, we therefore have W), C W), so h is almost virtually singular. O

We conclude this introductory section with a simple result that will be used extensively in many
proofs in this chapter. From this point onwards, we often apply Notation |1.2.8|

Lemma 4.1.8. Given any i € I, the stabilizer of w; under the W-action on a* is the standard
subgroup W) . More precisely, for every w € W, there exists o € Q4 such that w(w;) = w; — a,
where o = 0 if and only if w € W,

Proof. The dual of the W-action on a is precisely the D*-representation of W, where D* denotes
the dual root datum of D. Let C* C a* be the closed fundamental D*-chamber and {D% | J C I}
the D*-cells of C*. Now (wi,a]V> = 0;; for all j € I implies that w; is contained in the cell D7
whose stabilizer is the standard subgroup W;u = W®,

It follows that o = w; — w(w;) = 0 if and only if w € W@, To prove the second statement, it
only remains to show that a € @4 for all w € W. We argue by induction on l(w). If [(w) = 0,
then w =1and a =0 € Q4. If (w) > 0, there exists some j € I such that w’ := ws; satisfies
l(w") < l(w). By the induction hypothesis, we have o/ = w; — w'(w;) € Q4+ and

a=w; —ww;) =w, —w(w; — ;) = + dw ().

Since w'(ej) € 4 C Q4 by (2.5.4), we conclude that « € @4, as required. O
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4.2 Some facts from convex geometry

To prepare for the study of =, in Section [4.3, we begin by collecting some notions and results
about convex sets in finite-dimensional real vector spaces. Our terminology mostly follows [Roc70].
More details and proofs of all assertions in this section are contained in [Roc70, §1, 2, 6, 11, 18]
or [Gru07, Chapters 3-5]. A thorough discussion of convex polytopes that goes way beyond what
is needed for the purposes of this thesis can be found in [Gru07, Chapters 14-20].

Throughout this section, we denote by V' a finite-dimensional real vector space of dimension d € N
equipped with its standard Euclidean topology. By an affine hyperplane in V, we always mean
an affine subspace of codimension 1. If £ C V is an affine hyperplane and P C V any subset,
we say that P lies on one side of E if P is entirely contained in one of the two closed half-spaces
defined by E. For two points x,y € V, we write [z,y] := {(1 —¢)x + ty | t € [0,1]} for the closed
line segment in V connecting x to y and (x,y), [z,y) and (x,y] for the corresponding open and
half-open line segments. A subset P C V is said to be convez if [x,y] C P for all z,y € P and
in this case, the affine span of P is defined as the smallest affine subspace of V' containing P and
denoted by aff(P). It is naturally endowed with the trace topology of V. The topological interior
of P, viewed as a subset of the topological space aff(P), is called the relative interior of P and
written as relint(P). A point x € P lies in relint(P) if and only if it satisfies any of the following
two equivalent, conditions:

a) There exists an open neighbourhood U C aff(P) of z (w.r.t. the trace topology on aff(P))
that is contained in P.

b) For every y € P\ {z}, there exists some z € P\ {z} such that € (y,2). In other words,
every closed line segment starting at a point in P\ {z} and ending at = can be extended
beyond z to another point in P\ {z}.

Since aff(P) is closed, the topological closure P of P does not depend on whether P is viewed
as a subset of aff(P) or V. The sets relint(P), P and P are all convex and they have the same
affine span and topological closure, namely aff(P) and P. The relative boundary of P is defined
as Opel(P) == P \ relint(P). If aff(P) = V, then relint(P) coincides with the topological interior
P° of Pin V and O, (P) with the usual boundary P = P\ P°.

Definition 4.2.1. Let P C V be a convex set. A non-empty convex subset F' C P is called a face
of P if it has the property that whenever p1,ps € P satisfy (p1,p2) N F # 0, then [p1,p2] C F.
The dimension dim(F) of a face F is defined as the dimension of its affine span. The set of all
faces of P, partially-ordered by inclusion, is called the face poset of P and denoted by F(P).

Given a convex set P C V, the entire set P is a face of itself, but we have excluded the empty set
from being a face. This is merely a convention that will simplify the terminology in Section 4.3/
Hence, F(P) has a maximal element but usually not a minimal one. We call P the trivial face
and every other face is said to be proper. It follows easily from the definition that the intersection
of any two faces of P is either empty or another face of P and for every F' € F(P), the faces of
F are precisely the faces of P contained in F'. Moreover, if A C P is any convex subset and F' a
face of P which contains a point from the relative interior of A, then A C F. In particular, every
proper face F' € F(P)\ {P} is contained in the relative boundary of P and the relative interiors
of different faces are disjoint. For two points p1,ps € P, it therefore follows that [p1, p2] C Orel(P)
if and only if p; and ps lie on a common proper face. Note that non-trivial faces do not exist if
P N 8e1(P) = 0 or, equivalently, if P is relatively open in aff(P). We will mostly be interested in
a slightly less general notion of faces.

Definition 4.2.2. Let P C V be a convex set. A non-empty convex subset F' C P is called an
exposed face of P if I = P or there exists an affine hyperplane £ C V such that P lies on one
side of £ and F' = PN E. In the latter case, we say that F is a supporting hyperplane of P and
that the corresponding closed half-space containing P is a supporting half-space. Exposed faces of
dimension 0 and 1 are called vertices and edges, respectively. Those of dimension dim(P) — 1 are
referred to as facets and their supporting hyperplanes (resp. supporting half-spaces) as defining
hyperplanes (resp. defining half-spaces).
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The definition easily implies that an exposed face is also a face in the sense of Definition |4.2.1]
but the converse is not true in general.

Example 4.2.3. Consider the convex set P C R? depicted as the green region in Figure
It is enclosed by two parallel line segments of equal length and two half-circles of equal radius
connecting their endpoints.

Figure 4.1: A convex set with non-exposed faces

Its proper faces are the two thick red line segments as well as every point on the two half-circles,
including the four highlighted points where the half-circles and the straight line segments meet.
Apart from those four points, all faces of P are exposed and some supporting hyperplanes are
drawn by dashed lines.

When a convex set P C V satisfies dim(P) = d, its defining hyperplanes are uniquely determined
and more generally, two defining hyperplanes give rise to the same face of P if and only if their
intersections with the affine span of P coincide. By definition, we consider the trivial face P to
be exposed and we call an affine hyperplane £ C V a trivial supporting hyperplane if P = PN E
or, equivalently, if P C E While it is possible that there exist non-exposed proper faces in the
relative boundary of P, it follows from a separation argument that every point of P N Oy (P) lies
on a non-trivial supporting hyperplane of P. Consequently, every proper face of P is contained in
a proper exposed face. This phenomenon is easy to observe in Example Moreover, if P = P
is closed, it implies that for every point in V' \ P, there exists a supporting half-space of P not
containing it, which shows that P can be reconstructed as the intersection of all its supporting
half-spaces (cf. [Roc70, Theorem 11.6] and [Gru07, Corollary 4.1]). In algebraic terms, this means
that a point in V' lies in P if and only if it satisfies a family of (weak) linear (in-)equalities. If
dim(P) = d, then every supporting hyperplane of P is non-trivial and none of these inequalities
are equalities. By replacing V with the affine span of P, it is usually no restriction to assume that
dim(P) = d, but for our purposes, it will be more convenient to avoid this assumption.

Given any F' € F(P), we have already mentioned that the faces of F' are exactly the faces of P
contained in F' and the ones that are exposed in P are also exposed in F'. More generally, if we
intersect P with any affine hyperplane E C V', not necessarily supporting, then every face of PNFE
has a canonical “pre-image” in P.

Lemma 4.2.4. Let P C V be a convex set and E C 'V an affine hyperplane with P' .= PNE # ().
For every face F' of P’, there exists a unique minimal face F of P such that F' = FNE and it
satisfies the following:

dim(F") if F' is a face of P contained in E

. , ' (4.2.1)
dim(F")+1 otherwise

dim(F) = {

! Allowing that F = P in Definition [4.2.2]is only necessary if dim(P) = d. Otherwise, P is contained in an affine
hyperplane of V, so P is exposed even when this condition is removed from the definition. If dim(P) = d, there
does not exist a trivial supporting hyperplane, but in this case, one could simply extend V' to a vector space of
dimension d + 1 in order to reduce this situation to the previous one. Hence, considering P to be an exposed face
does not cause any contradictions and will be convenient to simplify the terminology.
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Proof. First, if G is any face of P, then G’ .= G N E is either empty or a face of P’ and in the
latter case, there are three possibilities:

(i) If G C E, then G = G’. This is necessarily the case if dim(G) = 0.

(ii) If G ¢ E but there is a point z € relint(G) N E, then dim(G’) = dim(G) — 1. To see this,
set k := dim(G) € N and choose an arbitrary norm on V, which are all equivalent since V
is finite-dimensional. As x lies in the relative interior of G, there exists a k-dimensional ball
Bpg(z) of some sufficiently small radius R € R+ centered at x that is contained in G. Now
x € E but Br(x) ¢ E, so Br(z) N E is a (k — 1)-dimensional ball centered at = that is
contained in G’. Hence, the dimension of G’ is at least k — 1 > 0, but it cannot be larger as
G is not a subset of E.

(iii) If neither|(i)| nor (i) is satisfied, then G’ C 0;e1(G). Since the relative interiors of the proper
faces of G form a partition of J,1(G), there exists a proper face of G that contains a point
from the relative interior of G’, which implies that G’ is entirely contained in that face. Let
H be the intersection of all faces of G containing G’, then H is also a proper face of G (and
hence of P) such that G’ = HNE and G' Nrelint(H) # @. If H C E, then G' = H is a
face of P contained in F and dim(G’) = dim(H). Otherwise, the hyperplane E contains an
interior point of H, so that dim(G’) = dim(H) — 1 by |(ii).

Conversely, let F’ be any face of P’, choose a point x € relint(F”) and let F be the unique face of
P such that = € relint(F), then F' = F N E since both sets are faces of P’ containing x in their
relative interiors. If F' C F, then F’ = F is a face of P contained in E. Otherwise, we have F' ¢ F
and relint(F) N E # 0, so that dim(F’) = dim(F) — 1 by |(ii). If F # F is another face of P with
F' = FNE, the point 2 € F’ C F has to lie in (’)rel(l:“), which implies that F is a proper face of F'
and dim(F) < dim(f? ). Hence, F' is uniquely determined by F’ and the minimality condition. [

For an arbitrary set Y C V, the convex hull of YV is defined as the smallest convex subset of V'
containing Y and denoted by conv(Y). It consists of all finite convexr combinations of elements
of Y, i.e. all vectors of the form > .\ A,y € V, where Ay € [0,1] for all y € Y, Ay > 0 only for
finitely many y € Y and Zer Ay = 1. Trivially, every convex set is equal to its own convex hull.
An important special case occurs when it can be reduced to a finite set in this way.

Definition 4.2.5. A convex set P C V is called a convez polytope if there exists a finite set Y C V
such that P = conv(Y).

Convex polytopes enjoy many special properties that are not true for convex hulls of infinite sets.
For example, if Y is finite, then P := conv(Y) is compact and therefore closed. Moreover, it has
only finitely many faces and all of them are exposed. In fact, every face F' € F(P) is of the form
F = conv(Y”) for some subset Y/ C Y and thus again a convex polytope. Furthermore, for every
k € {0,...,dim(P)}, there exists a k-dimensional face of P and all maximal chains in the face
poset F(P) have the same length. In particular, every non-trivial face of P is contained in a facet,
i.e. a maximal proper (exposed) face.

If Y is infinite, it is not necessarily true that its convex hull is closed, not even if Y appears to
have “nice” properties, e.g. being uniformly discrete. It might even be relatively open in which
case it cannot have any non-trivial faces. Hence, there is no hope of transferring the theory of
convex polytopes to this situation and it is not guaranteed that the face poset of conv(Y’) has any
interesting structure. Nevertheless, the following result at least states that if faces exist at all,
they can be constructed in a simple way.

Lemma 4.2.6. Let Y C V be any subset and P = conv(Y).
(i) If F is a face of P, then F = conv(Y N F).
(i) If E CV is a supporting hyperplane for P, then PN E = conv(Y N E).

Proof. The first assertion is proved in [Roc70, Theorem 18.3] and the second follows immediately
by applying ()| to the exposed face F' := P N E. Alternatively, a simpler and self-contained proof
of |(ii)| goes as follows: It is clear that conv(Y N E) C PN E. Conversely, assume that x € PN E
and write this point as a convex combination z = 7 .y A\yy, where A, € [0,1] for all y € Y,
Ay > 0 only for finitely many y € ¥ and Zer Ay = 1. Choose a linear functional f € V* and a
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constant ¢ € R such that E = {v € V : (f,v) = c}. Since P lies on one side of E, we may assume
that (f,p) < cforall p e P. Now z € PN E implies that

c=(f,x) = Z)\y<f,y> < Z)\yCZC.

yey yey

This inequality would be strict if we had A, > 0 for some y € Y\ E, so it follows that A\, = 0 for
aly e Y\ FE and z € conv(Y N E). O

4.3 Orbits of internal elements

With the basic terminology from convex geometry at hand, we now return to the situation of
Section [4.1| and begin to study the set Z;, = conv(W - h) for a fixed element h € a. First, we
consider the case where h € X, U X_ is internal. As E_j, = -5 and E,,) = Ep, for all w € W,
we may w.l.o.g. assume that h € C' C X. This also implies that =, C X because the Tits cone
is W-invariant and convex. We define

I, ={iel:{a;h)=0}, (4.3.1)

so that Dy, is the unique cell of C containing h and its stabilizer W}, coincides with the standard
subgroup Wy, . Throughout this section, we suppose that the Coxeter diagram A = A(W,S)
is coloured by I (i.e. the vertices in I;, are black and those in T \ I; are white) and we adapt
the terminology of Section [1.2| (e.g. visible and invisible vertices) to the case I* = Ij,. For every
subset J C I, this induces a colouring on the subgraph A; = A(W;,S;) of A which is simply
the colouring on A defined by Jy = JN 1. We have I = LU I, and W = Wy X Wiy, where
the action of Wi,, C W}, on a fixes =, point-wise. This group may well be infinite, but it does not
have any influence on the structure of Z;, = conv(W;s - h) and Definition [4.1.2| can be simplified:
An element h € C is almost virtually singular if and only if W), N W, is finite and essentially
singular if and only if W), N W, is infinite.

One of our main objectives is to give a combinatorial description of the face poset of =} in terms
of the Coxeter system (W,S) in the case where h € a is almost virtually singular. The result
will be particularly appealing if h is regular, where we shall see that (=) is isomorphic to the
reversed Coxeter complex ¥*(W,S). Our argument consists of two steps: First, we explicitly
construct exposed faces of =, using the approach of Lemma 4.2.6l This can be carried out for
all internal elements simultaneously. Afterwards, we show that every face of =, arises from this
construction and for this step, it will be necessary to first treat the regular case separately. In
order to extend it to virtually singular elements, our assumption that the Kac-Moody root datum
D under consideration is, in particular, admissible will be crucial. Once this is achieved, the
almost virtually singular case will be a simple but technical generalization. In the second step, we
further establish that Zj is closed if h is almost virtually singular and find defining inequalities
that decide whether or not a point in a is contained in =;. This characterization of =; will be
a fundamental ingredient for the proofs of the convexity theorems in Chapter |51 For essentially
singular elements, however, a similar reduction argument to the regular case will not be possible
and, indeed, we are going to see that = is not closed in this situation. Two simple but important
observations that will be used frequently in this section are the following:

a) Since the W-action on « is linear, the set 2, is W-invariant, i.e. w(Z,) = Z, for all w € W,
and it follows immediately from Definition 4.2.1] that if F' is a face of Z; and w € W is
arbitrary, then w(F) is also a face of ;. Therefore, W acts on the face poset F(Z;) and
this preserves the partial order (i.e. inclusion) among the faces as well as their dimensions.
Moreover, if F' is exposed and E a supporting hyperplane of =, with F' = =, N E, then
w(Zp) = Ej, lies on one side of w(FE) and w(F) = w(E, N E) = Z, Nw(E), so w(F) is
an exposed face of E;, and w(F) a supporting hyperplane. Hence, the subposet of F(=;)
consisting of all exposed faces is W-invariant. Note that the properties in this paragraph do
not require h to be internal.
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b) The assumption that h € C implies the following for every real root o € ®:
a€d, = {(a,h) >0 and a€P_ = (a,h) <0 (4.3.2)
Equality holds if and only if I(a) C Ij.

Remark 4.3.1. In order to study the face poset of =, we are going to establish some properties of
the Coxeter system (W, S) that are purely algebraic and not related to the Kac-Moody setting we
work in. The notion of a “visible subset” of I plays an important role in the following discussion.
As mentioned in Remark [1.2.2] this concept had previously been introduced in [Max89] and some
results of the next section were proved there in the context of general Coxeter groups. Maxwell’s
ideas are also connected to the theory of “shadows” developed in [Tit74, Appendix 1].

Loosely speaking, in the full generality of Tits’ approach, one is interested in describing certain
partially-ordered sets constructed from coloured Coxeter diagrams. Here, the poset is viewed
from a completely combinatorial perspective and does not contain any information other than its
partial order. It is not important if and how it arises from a more “concrete” geometric object,
e.g. as the face poset of a convex polytope. Any “geometric realization” that may be associated
to a shadow is merely a particular kind of incidence geometry and not endowed with any “metric”
structure. This is intended to generalize the way in which the simplicial complex underlying a
spherical building can often be interpreted as the geometric realization of the flag complex of an
appropriate incidence geometry, such as a projective or polar geometry.

The scope of Maxwell’s work, on the other hand, is rather different. Although his arguments often
rely on purely combinatorial properties of Coxeter groups that are similar in style to Tits’ theory,
his ultimate interest lies in interpreting his “shadow lattices” as the face posets or tessellations
of “rigid” geometric objects, namely certain convex cones or polytopes in finite-dimensional real
vector spaces that are constructed using a particular action of a Coxeter group. Thus, concrete
metric considerations play an important role but even in his approach, these objects are not
uniquely determined by the underlying poset. Hence, the poset should still be viewed as the more
“fundamental” concept in Maxwell’s setting and all associated geometric objects as being “derived”
from the poset. To some extent, Scharlau’s work on geometric realizations of shadow geometries
(cf. [Sch90]) provides a link between the ideas of Maxwell and Tits, but it also tends to favour
the spirit of incidence geometry rather than the metric viewpoint.

For our purposes, it will be crucial that we do not only consider F(E},) as an abstract poset that
we want to understand from a combinatorial perspective, but instead that we view =} as a metric
object that is embedded in the real vector space a in a specified way. For the applications we have
in mind, it is not sufficient to know how the faces of =, are arranged as a poset, but we need to
know precisely which subsets of =, are faces and we require explicit equations for the supporting
hyperplanes of exposed faces. This metric aspect is completely ignored in Tits’ approach and plays
a subordinate role in the works of Maxwell and Scharlau. For the reader’s convenience, the author
has therefore chosen to provide self-contained proofs for all assertions that follow the terminology
of this thesis, but the connection to these references will be made as explicit as possible.

4.3.1 Construction of faces

We begin with the first step of our plan and try to construct faces of =5, explicitly. It follows from
Lemma |4.2.6 that every face can be written as conv(W’ - h) for a suitable subset W’ C W. In
order to find subsets of W that do indeed define a face in this way, it is natural to first consider
standard subgroups. For every J C I, we therefore write

Fy=conv(W;-h) CE, and da:= @Ra;-/ cad. (4.3.3)
jet

Hence, we have F; C h+ a/; by (2.6.1) and dim(a’;) = |J|. The Coxeter diagram A; of (W, Sy)
is the union of its connected components Ay, ,..., Ay . As in Chapter |1, we slightly abuse the
terminology by calling the corresponding index sets Ji, ..., Js the connected components of .J.
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Proposition 4.3.2. Let J C I be arbitrary and Jy,...,Js the connected components of J.
(i) For everyr € {1,...,s}, the convex set F;_ is either a single point or its dimension is |J.|.

The former is the case if and only if J,. C Ij.

(ii) Let J,,...,J., be the connected components of J that are not contained in Iy, then

t
dim(Fy) = |, | = |Juisl- (4.3.4)
p=1

(iii) If (W, Sy) is irreducible, then h is either a global fized-point of W; or dim(Fy) = |J|.

Proof. (i) Upon replacing J by J,., we may w.lo.g. assume that (W;,S;) is irreducible and

(iii)

Ay is connected. If J C Iy, i.e. if all vertices of A; are black, then W; Cc W}, and
Fy = conv(Wy - h) = conv({h}) = {h}. Hence, it remains to show that if J ¢ I, i.e. if
at least one vertex of Ay is white, then dim(Fy) = |J|. As F is contained in the affine
subspace h + a/; C a, its dimension cannot be larger than |J|, so it suffices to find |J| + 1
points in Fy that are affinely independent.

Since Ay is connected and contains a white vertex, the set J is visible, so by Lemma [1.2.5]
there exists an exposing forest A for A; and we denote by {w, | j € J} the corresponding
exposing set for W;. We claim that {h,w;(h) | j € J} C F is an affinely independent set.
To prove this, we put ¢ := max;c;s0s(j) < oo. If § =0, then J, = 0, so that w; = s; and
sj(h) = h — (aj,h)aj with (a;,h) > 0 for all j € J. As the simple coroots are linearly
independent, the claim follows in this case, so we may assume that § > 0. Suppose that
{\;j | j € J} CRis aset of real numbers such that

D (b —w;(h)) = 0. (4.3.5)

jeJ

We need to show that A; = 0 for all j € J. To this end, choose any j' € J with 6,(j') = ¢
and consider the unique path v = (jo,...,Js = j') in A9 which connects 7/ with a white
vertex jo € J \ I,. By definition, sj, does not stabilize h, mj, ,; >2forall k € {1,...,d}
and wjr = 81855, ...8j,. As mj, ;. > 2 is equivalent to aj, ,;, < 0 by (2.5.1)), it follows
by induction on § that

5
h—wj(h) = Zxka;/k for some xg,...,z5 € Ryg.
k=0

Moreover, since d;(j) < d = §;(j') for all j € J, the only element of the exposing set for
which sj/ is a simple factor is w;/ itself, so h — w;/(h) is the only summand in (4.3.5)) in
which a}’/ occurs with a positive coefficient. As the simple coroots are linearly independent,
the equation can only be satisfied if A\;; = 0. The same argument can be applied to every
other vertex whose distance to J \ Ij, is ¢.

Let now j” € J be such that d;(j”) = § — 1, then the only elements of the exposing set
containing s, as a simple factor are w;» and those w; for which j’ € J satisfies §;(j') = ¢
and the unique path in A connecting j’ with a vertex in J\ Ij, runs through j”. As A;y =0
for all indices of the latter type, we must also have A;» = 0. Iterating this process shows
that A; = 0 for all j € J, which proves the claim.

As Up_y Jr, = Juis and Wy = W, x Wy, with Wy, - h, we
may w.l.o.g. assume that Ji,, = 0 or, equivalently, that ¢t = s. We argue by induction on s.
If s = 1, the statement follows directly from |(i). If s > 1, we set J' := U:;} Jrand J" = J,
so that J = Juie = J' U J"” and Wy = W x Wn. Hence, we have dim(F.) = 227 |J,| by
the induction hypothesis and dim(Fj~) = |J"”| = |J4| by |(i). More precisely, the affine span
of Fyr (resp. Fy»)is h+a’;, (vesp. h+d'},), so aff(Fy) = h+ (a/;, ® d/;,)) = h + d;, which
implies that dim(F;) = dim(a’)) = |J| = |J'| + || = >0 _; |Jx].

This is simply a restatement of |(i)| and |(ii)k O

CWpand Wy -h=W;

vis
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For every J C I, it follows from Proposition 4.3.2| that the affine span of F; = F; _ is h+ a;

In particular, if J = I, we conclude that E, = F; = Fy ,_ has dimension || and its affine spvffn
is the W-invariant affine subspace

vis

Ep:=h+ad, Ca, where al; =aj_ . (4.3.6)

Vi1s

Since every face of =, can be written as conv(W’-h) for some W’ C W and F(E),) is W-invariant,
every face is W-equivalent to one that contains the point A € C. Recall from Proposition 2.6.5 (v)
that for every w € W, the vector h — w(h) € al;, C o is a linear combination of simple coroots
with non-negative coefficients. To construct faces of =5, containing h, it is important to understand
precisely which coefficients are positive. Note that w(h) = w’(h) for some w’ € W if and only if
wWp, = w'Wy, so the W-translates of h are in bijective correspondence with the left cosets of W,
in W. Hence, in order to investigate which coroots appear in h — w(h) with a positive coefficient,
we may assume that w is right I-reduced, i.e. I(w) < l(ws;) for all ¢ € I;,. The following simple
properties will be useful in the subsequent discussion:

Lemma 4.3.3. If h € C, w € W is right Ij,-reduced and i € I is arbitrary, then exactly one of
the following three conditions holds:

(i) If l(siw) < l(w), then s;w is right In-reduced and (o, w(h)) < 0.

(i1) If l(s;w) > l(w) and s;w is right I-reduced, then (a;,w(h)) > 0.

(ii1) If I(s;w) > l(w) and s;w is not right I-reduced, then (a;, w(h)) = 0.

Proof. That exactly one of these situations occurs is the statement of the folding condition of a
Coxeter group which has been discussed in Section [1.1l Thus, in each of the three cases, it suffices
to prove the assertion about the value of {(a;, w(h)) € R.

If I(s;w) < l(w), then w™ () € ®_ by (2.5.4) and (a, w(h)) = (w™(a;),h) < 0 by (4.3.2).
Suppose for a contradiction that equality holds, then I'(w™!(a;)) C I, which is equivalent to
way) € @y, = ®(Ay,). Hence, there exists an element u € W(Ay, ) = W;, = W), and an index
j € I, such that uw™'(a;) = a;, which implies that (vw™!)s;(uw™)~! = s; or, equivalently,
wls;w = u=ts;u € Wy. It follows that w and s;w lie in the same left coset of W), but this is
not possible as I(s;w) < I(w) and w is assumed to be of minimal length in wW},.

Similarly, if I(s;w) > I(w), then w™(a;) € ®, and (o, w(h)) = (w1 (), h) > 0. If s;w is also
right Ip-reduced, the same argument as above shows that (o, w(h)) > 0. Otherwise, the folding
condition ensures that s;w = ws; for some j € Ij, and therefore

(i, w(h)) = (si(), siw(h)) = —(ai, ws;(h)) = —(ai, w(h)).
This proves that (a;,w(h)) =0, as claimed. O
Corollary 4.3.4. If h € C, then Z), is bounded if and only if W - h C a is finite.

Proof. In this proof, we identify a with R? by mapping the basis B C a to the standard basis of
R? in the natural order and we endow a with the Euclidean norm |[|-|| of R? via this isomorphism.
In particular, this implies that ||o)|| =1 for all i € I.
If W - h is finite, then =}, is a convex polytope and hence bounded, so we may assume that W - h
is infinite. Equivalently, the quotient space W/W}, is infinite, so W contains right Ij-reduced
elements of arbitrarily large length. To conclude the proof, it suffices to show that if w € W is
right Ij,-reduced and [ := [(w), then
[h —w(h)|| = ligl\r}h<a“h>-

Note that the minimum on the right-hand side is positive because h € C and I}, has to be a proper
subset of I if W - h is infinite.
We argue by induction on [. If [ = 0, there is nothing to show. Suppose that [ > 0 and let 5 €
be such that I(s;w) < l(w). The proof of Lemma 4.3.3| shows that w’ := s;w is right Ij-reduced
and I(w'~"(a;)) € In, so that (o, w'(h)) = (w'~' (), h) > minsep g, (o, h). Now

h—w(h) = h—s;w' (h) = h —w'(h) + {a;, w'(h))ay

K3
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and the induction hypothesis yields that

h—w'h)]>(1-1 i ish).
b=/ ()] > (1= 1) min (. h)

As h —w'(h) € o' is a linear combination of the simple coroots with non-negative coefficients,
adding the vector {a;,w’(h))a; increases its norm by the required amount. O

Lemma 4.3.5. If h € C and w € W is right I),-reduced, there exist unique z1,...,x, € R such
that h —w(h) = 3, c; xia), where x; > 0 fori € I(w) and x; = 0 for i ¢ I(w).

Except for a slightly different setup, this statement is the content of [Max89), Proposition 5.4], but
its proof is not made explicit there.

Proof. Existence is clear and uniqueness holds since the simple coroots are linearly independent.
In view of (2.6.7), it suffices to show that z; > 0 for all i € I(w). Suppose that z; = 0 and thus
(wi,w(h)) = (w;, h) for some i € I(w). By Lemma 4.1.8] the stabilizer of w; under the W-action
on a* is the standard subgroup W, so every element in the double coset W (DwW), also satisfies
this equation and we may assume that w is (I, I,)-reduced. In particular, it is left I)-reduced
and s; € S(w), which implies that w = s;w’ for some w’ € W with [(w’) < [(w). By Lemma |4.3.3,
w’ and s;w’ = w are both right Ij-reduced and {(«;,w’(h)) > 0, but this leads to the following
contradiction, where the last inequality holds by (2.6.7):

<Wi7 h> = <w“w(h)> = <si(wi)7w/(h)> = <wi7w/(h)> - (ai,w’(h)) < <wi7w/(h’)> < <wi7 h> O

Lemma 4.3.5] is the crucial ingredient to construct faces of =; because it will enable us to find
supporting hyperplanes, so the resulting faces will even be exposed. Since the affine span of =, is
En = h+d,,, Ca, it suffices to study affine hyperplanes in that subspace, i.e. intersections of Ej,

with affine hyperplanes in a, which may be empty or coincide with Ej. For every i € I, we set
E(i) = {hl € Ey : <wi,h’> = (wi,h>}. (437)

By Lemma [4.1.8, E® is invariant under the standard subgroup AN (A= Iiny, then w; is
constant on Fj, and E( = E}, is a trivial supporting hyperplane as =}, is entirely contained in it.
If i € I, then w; is not constant on Ej and E® separates it into two half-spaces. In this case,
it gives rise to a non-trivial face of Zj.

Proposition 4.3.6. If h € C, then E is a supporting hyperplane of Zy, for every i € I and the
corresponding exposed face is given by =, N E@ = F@ | In addition, E@ is a defining hyperplane
and FY a facet of 25, if and only if i € I is a non-degenerate vertex of A.

Proof. First, we show that =, lies on one side of E( and F) ¢ =, N E®. Every b/ € =), can be
written as a convex combination i’ =} . Ayw(h) with A, € [0,1] for all w € W, A,, > 0 only
for finitely many w € W and }_ .y Aw = 1. Using (2.6.7), we obtain that

(wish) = > Awlwiw(h)) < Y7 Aulwi, h) = (w;, ).

weW weW

Therefore, Zj, lies on one side of (). Moreover, E() contains w(h) for every w € W since it is
W invariant and h € E®, which implies that F) = conv(W® - h) ¢ E, N E® by convexity.
In particular, it follows that =, N E® is non-empty and thus an exposed face.

Conversely, since Z, N E®) = conv((W - h) N E®) by Lemma 4.2.6, we only need to show that
whenever w € W satisfies w(h) € E®, then w(h) € W - h. Suppose that w(h) ¢ W - h, then
m (w) ¢ W@ because w(h) = 77, (w)(h), so we may assume that w € W is right [j,-reduced and
not contained in W) or, equivalently, that i € I(w). Hence, Lemma {4.3.5 states that o occurs
in h — w(h) with a positive coefficient, which implies that (w;,w(h)) < (w;, h) and w(h) ¢ E®.
Thus, we also conclude that =, N E® ¢ F®),
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To prove the final statement, we compute the dimension of F() using Proposition 4.3.2l Observe
that the connected components of I(*) are the same as that of I, except for the unique component
I, C I containing ¢ which splits into a finite number of connected components after removing i.
Hence, the proposition implies that

dim(Eh) — dlm(F(l)) = dim(FIk) — dlm(Flk\{z})

If 4 is invisible, then I}, C I, and both dimensions on the right-hand side are zero. In this case,
we have I, C I(i), which shows that =, = Fr = F® and E® = Ej is a trivial supporting
hyperplane. Thus, we may suppose that i is visible, so that dim(Fy, ) = |Ij|. If ¢ is non-degenerate,
then no connected component of Ij, \ {i} is contained in I; and the dimension of Fy,\; is the
sum of the cardinalities of all these components which is equal to |I;| — 1. In this situation, it
follows that dim(Z;,) — dim(F®) = 1, so E( is a defining hyperplane and F(*) a facet of Z,. By
the same argument, if ¢ is degenerate, then at least one component of Ij \ {i} is a subset of I,
and its cardinality is not counted in the dimension of F7,\ (3, so that dim(Fy\ ;) < [Ix| — 1 and
dim(F®) < dim(Z;,) — 1, showing that F) is not a facet. O

Using the faces F(, ..., F(") ¢ F(Z;) and W-invariance of the face poset, we can immediately
construct many other faces of =, by taking intersections and translating them by the W-action.
The next result is therefore a direct consequence of Proposition 4.3.2] and [4.3.6] and the fact that
intersections and W-translates of exposed faces remain exposed.

Corollary 4.3.7. If h € C, then for every w € W and J C I, the set
w(Fy) = conv(wWy - h) (4.3.8)
is an exposed face of 2y, of dimension |Jyis|. In particular, every W-translate of h is a vertex. [

Hence, every standard left coset of (W, S) defines a face of E;, and if one such coset is contained in
another, the corresponding faces have the same property. As a result, we obtain a W-equivariant
order-preserving map:

b1 S (W,S) = F(En)

4.3.9
wWy — w(Fy) = conv(wWy - h) ( )

Remark 4.3.8. Since ¢(wWy) = p(wWy,,) holds for all w € W and J C I, it would suffice to
restrict ¢ to the subposet of X*(W,.S) of those cosets whose type is a visible subset of I. We do
not invoke this restriction on purpose because it would lead to inconveniences in describing the
stabilizer of a face under the W-action in Corollary [4.3.14|

If h € C has non-trivial stabilizer, then v is not injective. For example, given any w € W}, \ {1},
the cosets {w} = wWy and {1} = W} are distinct, but their image under ¢ is the singleton {h}.
More generally, we now study the question under which conditions two standard cosets of (W, S)
give rise to the same face of Zj. For every J C I, we define

Jt={iel:a;=0vYj€J} and J :=(J ) =J"nN1I,. (4.3.10)

As a;; = 0 is equivalent to m;; = 2, the set J+ consists precisely of those i € I\ J that are not
connected to any j € J by an edge of A. Observe that (J+);, # (J,)* in general, so this notation
will be useful to avoid confusion. Since A j« only contains black vertices, we have (J*)yis = ) and
it is natural to write J%, == (Jyis)*. Moreover, we denote by C (W) the centralizer of W; in W
and set C,(Wy) == C(W;) N Wy. As m;; = 2 holds if and only if ¢ # j and s; commutes with s,
W1 is the largest standard subgroup of W that intersects W trivially and commutes with it. In
particular, it is contained in C(W}), but it need not coincide with the full centralizer.?

2That W ;1 is usually a proper subgroup of C(W;) can be seen in finite Coxeter groups with non-trivial center
(e.g. the even dihedral groups) or from the possibility that A ; may have isolated nodes. Alternatively, it follows from
a much more precise description of the centralizer of a simple reflection that we briefly discuss in Remark [4.3.12 (ii).
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Remark 4.3.9. (i) There is a slight subtlety in (4.3.10) that is worth mentioning: Since a;; = 2
for all i € I, the set J+ is disjoint from .J. However, if j € J is an isolated node of A,
then s; € W centralizes W; but our definition forces s; ¢ W;.. Thus, in order to relate
W;. to C(Wy), it might appear more natural to define J= as the set of all i € I that satisfy
a;; € {0,2} for all j € J or, equivalently, a;; = 0 for all j € J\ {i}, but this alternative
definition is only different from the original one if A; contains isolated nodes. Likewise, it
provides another possible definition for J*, but this only affects the resulting set if A; has
isolated black nodes. In particular, if .J is visible, then J* is the same for both choices of J=*.
The interested reader may verify that Lemma [4.3.10 does not depend on which definition of
J+ is chosen and all subsequent results only involve J¥, or explicitly require J to be visible,
so this issue will not be relevant any further.

(ii) At this point, our discussion overlaps significantly with [Max89)]. In fact, for every J C I,
the set Jyis is the largest “Ij,-minimal” subset of J in Maxwell’s terminology, J;, is the
“Ip-complement” of J and J, U Jyis is its “Ij-closure”. In addition, except for a different

setup and notation, the argument in the proof of Lemma [4.3.10] is precisely the statement

of [Max89, Proposition 1.1] which is not proved there. The assertion of Proposition |4.3.13

is identical to [Max89, Proposition 2.2] and the proof is similar to [Max89, Lemma 1.4].

Several other of Maxwell’s results also have analogues in our setting, but they will not be

needed for the purposes of this thesis.

In order to find necessary and sufficient conditions under which two standard cosets of (W, 5)
define the same face of =, we require a few purely combinatorial results that make sense for
arbitrary Coxeter systems, not just those arising from Kac-Moody theory, but we prove them in
our setting in order not to distract from the main line of reasoning.

Lemma 4.3.10. If w € W and J C I satisfy w € C(Wy) and I(w)NJ =0, then w € Wj..

Proof. Since W1 =) s Wij+ and an element of W centralizes W if and only if it commutes
with every simple reflection in S, it suffices to show the following: Whenever w € W and j € J
satisfy ws; = s;w and j ¢ I(w), then I(w) C {j}*.

Suppose to the contrary that there exist w € W and j € J for which the conclusion does not
hold and choose a reduced decomposition w = s;, ...s;,. Since we assume that I(w) ¢ {j}*, we
have t > 0 and there exists a maximal index r € {1,...,t} such that i, ¢ {j}+. We set i == i,
and write w = us;v, where u := s;, ...s;,_, and v == 5; ., ...s;,. On the one hand, we now have
I(v) C {j}* and hence v(a;) = aj. On the other hand, we also have ws;w~! = s; and thus
w(ey) € {e, —a;}, where the sign is positive by (2.5.4) as j ¢ I(w) implies that I(w) < l(ws;).
It follows that

aj = w(a;) = usi(a;) = u(ay) — aiju(a;)

with a;; < 0 since i ¢ {j}* and i # j. But I(u) < I(us;) as u and us; are initial subwords of a
reduced decomposition of w and I(u) < l(us;) because I(u) C I(w) does not contain j ¢ I(w),
so (2.5.4) yields that u(c;),u(e;) € ®4. Thus, the equation above can only hold if a;; = 0 and
u(aj) = a , a contradiction. O

Proposition 4.3.11. If J C I is visible, then Wy = Cr(Wy).

Proof. Tt is clear that Wy C Cp(Wj), so it remains to prove the converse inclusion. If J = 0§,
then W; = {1}, J* = I}, and C,({1}) = W}, so the claim is trivially true. Suppose that J # 0
and w € W), commutes with W;. By Lemma [1.2.5, there exists an exposing forest AG for A ;.
For every j € J, we are going to show by induction on § := §;(j) < co that I(w) C {j}*. Once
this is established, it will follow that w € W;, N ﬂjEJ Wi =W Wi = Wy,

If 6 = 0, then j € J\ I is not contained in I(w) C I5 but w centralizes Wy;}, so Lemma 4.3.10
shows that I(w) C {j}*. Now assume that § > 0 and let v = (jo,...,js = j) be the unique
path in A% connecting j with a white vertex jo € J \ I, then I(w) C {js—1}* by the induction
hypothesis. In particular, this implies that j ¢ I(w) because j = js and js_; are adjacent in A .
As w centralizes Wy, it follows again from Lemma |4.3.10| that J(w) C {j}*, as claimed. O
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Proposition 4.3.11} is a straightforward inductive consequence of Lemma |4.3.10, but it should be
observed that when J C [ is arbitrary, it only applies to the visible part Jyis and does not extend
to the full set if the invisible part Ji,, is non-empty. In general, it holds that

Wi = W(Jvis)* n W(va)* and Ch(WJ) = Ch(WJvis> N Ch(WJinv)'

The groups on the left in the respective intersections coincide, but the ones on the right may be
different as W, , C W},. For example, it is possible that W,  has non-trivial center. In this case,
every non-trivial central element would be contained in C},(Wy,,, ) but not in Wy, ).

Remark 4.3.12. From the general perspective of Coxeter groups, the previous results and their
proofs are interesting for two reasons:

(i) The statements of Lemma [4.3.10| and Proposition 4.3.11 make sense for any Coxeter system
(W, S), but in the special case where W = W (A) is the Weyl group of a GCM A € Z™*"| the
proof of the lemma relied on properties of the W-action on the set of real roots ® = ®(A).
In particular, it used the positivity criterion (2.5.4). As ® = W - &y C @ is defined via the
W-action on the root lattice and the simple reflections act on @ by

Si(Oéj) = Q5 — Q04 for all i, ] € I, (4311)

the definition of ® involves the matrix entries of A. However, the same arguments apply in
the general case via an analogous construction.

Let (W, S) be any Coxeter system of rank n € Ny with Coxeter matrix M = (m;;); jer and
consider the canonical linear representation of W (cf. [ABO8, Section 2.5]). By definition,
this is a representation of W on an n-dimensional real vector space V = R”™ with basis
{e1, ..., ey} which is uniquely determined by the following equation:

si(e;) = ej +2cos < T )ei foralli,j €1 (4.3.12)
mij

It can be shown that this gives rise to a faithful representation of W. Let B : V xV — R
denote the symmetric bilinear form defined by B(e;,e;) = —cos(n/m;;) for all i,j € I,
then B is W-invariant and for every ¢ € I, the simple reflection s; € S acts on V as the
linear reflection fixing the hyperplane H; .= {v € V : B(e;,v) = 0} and mapping e; to —e;.
The roots of (W, .S) are defined as the vectors in ®(W,S) = {w(e;) | w € W, i € I} and
{e1,...,en} C ®(W,S) is the set of simple roots. If & € ®(W, S) is written as a = w(e;) for
some w € W and i € I, the reflection s, = ws;w™' € R C W is independent of the chosen
expression and acts on V' as the linear reflection which fixes the plane H,, := w(H;) and maps
a to —a. By duality, W also acts on V* and there, the reflection s, € W fixes the hyperplane
H! = w(H}), where Hf = {f € V*: (f,e;) = 0}. The hyperplanes {H} | « € ®(W,S)}
are called the walls of V*. They partition V* into chambers, their intersections define
cells and the W-action on V* preserves this hyperplane arrangement. The existence of
this representation is the reason why Coxeter groups are natural generalizations of finite
reflection groups. Indeed, one can show that W is finite if and only if the symmetric bilinear
form B is an inner product, i.e. positive-definite, in which case B induces a W-equivariant
isomorphism between V' and V*. Furthermore, every root is a linear combination of the
simple roots with coefficients of the same sign, so there is an evident notion of positive and
negative roots. The map « — s, defines a bijection between the positive roots in ®(W,S)
and the set of reflections R C W and the obvious analogue of (2.5.4) holds in this setting.
With these modifications, the proof of Lemma 4.3.10| applies verbatim to (W, S).

If W =W{(A) is the Weyl group of a GCM A € Z"*", the difference between the W-action
on the root lattice @ and the canonical linear representation of the Coxeter system (W, .S)
is that the coefficients appearing in (4.3.11) and (4.3.12) do not coincide in general. The
latter definition is symmetric in ¢ and j, but for the former, this is the case if and only if
A is a symmetric matrix. More precisely, it follows from (2.5.1) that 2 cos(m/m;;) = —ai;
if and only if i = j or i # j and a;; = a;; € {0, —1}. Thus, the real representations of W
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on Q ®z R =2 R™ and V are not equivalent, but their properties are essentially the same.
Indeed, there is some degree of freedom in choosing the coefficients of the canonical linear
representation and the W-action on @) ®z R also fits into this general picture. This follows
from the fact that the matrix entries of —A fulfil the conditions in [BB05} (4.1),(4.2),(4.3)],
so [BB05, Proposition 4.2.5] implies that (2.5.4) holds for both ®(A) and ®(W,S). Not all
properties of ®(W,S) can be transferred to ®(A) in this way because some statements of
[BBO5) Section 4.4] require the coefficients to be symmetric but in such cases, the results are
usually still valid for ®(A) by an alternative argument. For example, given any o € ®(W, S),
the only scalar multiples of « that are contained in ®(W, S) are o and —«. The same is true
for o € ®(A), but the proofs of these assertions are very different (cf. [BB03) (4.27)] and
[Mar18l Lemma 3.22 (1)]). On the one hand, this connection suggests that the real roots of
a GCM “fit into” the theory of Coxeter groups. On the other hand, the imaginary roots have
no counterpart in the canonical linear representation, so their appearance is a genuinely new
phenomenon of Kac-Moody theory.

The proof of Lemma 4.3.10| shows that if w € W commutes with a simple reflection s; € S
for some j € I, then either j € I(w) or I(w) C {j}*. This statement is a weak special case
of a much more detailed result of Brink who found an explicit description of the centralizer
of a simple reflection in a Coxeter group. Let (W, S) be a Coxeter system of rank n € Ny
with Coxeter matrix M = (m;;); jer and consider its canonical linear representation on the
vector space V = R™ as defined in (4.3.12). The main theorem of [Bri96] asserts that for
every j € I, the centralizer C(s;) := C(Wy;3) C W of the simple reflection s; € S has the
structure of a semidirect product:

C(s;) = Wi, xY; (4.3.13)

Here, the first factor ij is the subgroup of W generated by all reflections s, € R C W
with v € I'; =T, U{e;, —e;}, where I'; .= {y € ®(W,S) : B(v,e;) = 0}, and the second is
Y ={w e W :w(e) =e; and &, NT'; = 0}, where ®,, C ®(W,S) is defined as in (2.5.5)
but for the roots of the canonical linear representation.

It was shown independently by Deodhar and Dyer that every subgroup of a Coxeter group
that is generated by reflections is a Coxeter group with respect to a canonical generating
set (cf. [Deo89] and [Dye90]). Hence, the first factor in (4.3.13) is again a Coxeter group,
but it need not be a standard (or parabolic) subgroup of (W, S), so its Coxeter diagram is
not necessarily a subgraph of A(W,S). The second factor is a free group of rank e — v + 1,
where e (resp. v) denotes the number of edges (resp. vertices) of the connected component
containing j of the “odd Coxeter diagram” of (W, S), i.e. the subgraph of A(W,S) where all
edges with even labels have been removed. In particular, if that component is a tree, then
Y; is trivial. The discussion in [Bri96] also shows that j € I(w) if w € Y; and that Wi
contains Wyjy1 and s; but may be larger than Wy 1. '
In the case where W = W(A) is the Weyl group of a GCM A and ®(W, S) can be identified
with the set of real roots ® = ®(A), the condition B(y,e;) = 0 is equivalent to (v, ) = 0.
Also, the only possible odd label for the edges of A(W,S) is 3, so Y; is trivial unless the
Dynkin diagram I'(A) contains a subdiagram of untwisted affine type Al(l) for some [ > 2.

Let us return to our study of the faces of Z;, for h € C. We now use the preceding results to
examine under which conditions two standard left cosets of (W,S) define the same face of Zj,
under the map ¢ : X*(W,S) — F(Ep). More generally, suppose that J, K C I and wy,wy € W
are such that we(Fg) C wi(Fy), then w = wflwg maps Fx into F; and every element in the
double coset W;wWyg C W has the same property. Upon replacing wy and ws by some elements
in wyW; and weWpg, we may therefore assume that w is (J, K)-reduced.

Proposition 4.3.13. Let h € C and J, K C I be arbitrary. If w € W is (J, K)-reduced, then the
following conditions are equivalent:

(i) w(Fg) C Fy

(Zl) K C Jyis and w € WK\tis



94 CHAPTER 4. CONVEX HULLS OF WEYL GROUP ORBITS

In order to prove the proposition, we need to distinguish the closed fundamental chambers and
Tits cones of various restrictions of D, so we apply Notation [2.6.8.

Proof. (i) = (ii): As the dimension of w(Fk) cannot exceed that of F, Corollary 4.3.7| yields
that |Kyis| < |Jvis|- If Jyis = Kyis = 0, then F; = Fx = {h}. In this case, [(i)|reduces to w(h) = h,
i.e. w € Wy, but we also have K4, = I and K, = Iy, so (ii)| is satisfied. Thus, we may assume

that |Jyis| > 0, so that F; and Fx both contain h, but F; does not only consist of that vertex.
Claim 1. w(h) =h
Proof of Claim. As h € Fx and w(h) € w(Fg) C Fy = F;

vis

Since h € C, it follows that h — w(h) = Zjeris :z:jonV, where x; € R> for all j € Jy, and

C h+a; , we have h —w(h) € a;

vis

(i, w(h)) = (i, h) = (i, b —w(h)) > = > xjaz forallicl.

jeris

If i ¢ Juis, then aj; < 0 for all j € Jyis, so that (o, w(h)) > 0. If i € Jyis, then [(w) < I(s;w)
because w is left J-reduced, so (2.5.4) implies that w™'(a;) € ®;. As h € C, we also obtain
(as, w(h)) = (w™(a;),h) > 0 in this case. We conclude that w(h) € C, but this is only possible

if w(h) = h because C is a strict fundamental domain for the W-action on X, C a. The proof of
Claim [1lis therefore finished.

Let now A% be an exposing forest for A, and {wy | k € K} C Wk, the corresponding
exposing set for Wy .. For k € K., we denote by (k) = (ko, ..., ks, (x) = k) the unique path
in A% connecting k with a white vertex ko € K \ I, and set Ky = {ko, ..., kse(r)} C Kuis-
By Definition |1.2.6, it holds that I(wx) = K ().

Claim 2. For every k € K5, we have K, ;) C Jyis and w € WK;(M' In particular, wy, € Wy,
and wwy, = wiw is (J \ Ky, K \ K, ))-reduced.

Once Claim [2| has been shown, it will follow that K C Jyis and w € Wik, so the first part of
the proof will be complete.

Proof of Claim. We argue by induction on § := dx (k). Suppose first that 6 = 0, i.e. k € K\ I,
In this situation, the claim reduces to the assertion that k € Jyis and w € Wigy.
Consider the point wsi(h) € w(Fg) C Fy. As w is left J-reduced, the folding condition ensures
that wsy, is either also left J-reduced or ws, = sjw for some j € J. If the first case occurred,
the same argument as in the proof of Claim |1| would imply that wsg(h) = h. This is impossible
since the action of w on a is bijective and w(h) = h, but si(h) # h because k € K \ I;,. Hence,
we have wsy = s;w for some j € J and h # wsk(h) = s;w(h) = s;(h), which shows that
j € J\ Iy C Jyis. Moreover, the simple reflections s and s; = wspw ™! are both contained in the
double coset Wr(ysxWiw)y C W. Since I(w) C I does not contain k € K \ Ip, it follows that
s) is the unique element of minimal length in that double coset, which implies that s; = s; and
k=je€ J\I, C Jyis- In addition, we have ws;, = spw with k ¢ I(w), so Lemma |4.3.10 yields
that I(w) C {k}* and w € Wygyo N W), = Wyy-. This proves the first assertion and the second
follows immediately as wy = s in this case.
Now assume that § > 0. Let v := (k) = (ko, ..., ks = k) be the unique path in A% from k to a
white vertex kg € K \ I, and set k¥’ == ks_1 and +' == y(k’) = (ko, ..., ks—1 = k). The induction
hypothesis yields that K, C Jus, w € Wk, and wwy = wpw is (J \ Ky, K \ K, )-reduced.
Furthermore, we have !

WWE = WSEWE = WWit,

where t = w;,'spwp € R C W satisfies l(wwyt) = [(wwy) = l(wwy) + 1 because w is right
K-reduced and I(wy) = l(wyr) + 1. It follows that wwy is covered by wwy, in the Bruhat order
of (W, S) (cf. [BBO5, Chapter 2]). As wwy is left (J\ K, )-reduced, a generalized version of the
folding condition implies that wwy, is either left (J \ K, )-reduced as well or there exists some
j € J\ K, such that wwy, = sjwwy (cf. the analogue of [BB05, Corollary 2.5.2| for right cosets).
We are going to show that the first case is impossible.
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Suppose to the contrary that wwy, is left (J \ K, )-reduced. In this case, a simple modification
of the proof of Claim |1 shows that wwy(h) € w(Fk) C Fy is contained in Cp\f_,. In addition,
we have I(wy) = Ky, so wy is left (I \ K, )-reduced and another variation of this argument
proves that wi (h) € Cn\k_,. Now ws), maps wy (h) to wwy(h) and it is an element of Wp\f_,
since I(w) C K, C I\ Ky and k ¢ K. Because Cp\x_, is a strict fundamental domain for the
action of Wn g, on Xp\k , + C a, we conclude that wwy(h) = wi (h) = wpw(h) = wwy (h).
This contradicts the fact that the action of w is bijective and wy(h) # wy (h), which is clear from
the definition of an exposing set (cf. the proof of Proposition |4.3.2)).

As a result, wwy, = sjwwy = s;wpw for some j € J\ Ky and wwy (h) # wwg(h) = sjwwy (h).
Thus, s; acts non-trivially on a point in w(Fx) C Fy, so that j € J;s. Furthermore, we obtain

SjWgr = wwpw !t = wspwpw L € Wi (w)SkWr Wr(w)-

As I(w) C K7, is disjoint from I(wy) = K, it follows that wy = spwy is the unique element
of minimal length in the double coset Wy, skwr Wiy But sjwy lies in that coset as well and
has the same length, so that sjwy = spwy, which shows that k = j € Jyis and hence K C Jyis.
In addition, we find that wwy = sjwpyw = spwpww = wiw, so w centralizes WK , and commutes
with wg, which implies that w centralizes Wy _. Since I(w) is disjoint from KA,, Lemma [4.3.10
finally yields that /(w) C K and thus w € Wi N Wy, = Wi. This completes the induction
step and the proof of Claim 2.

(if) = (i): Because Fx = F_,_ and w € Wies = WKJ_ N W, fixes h and commutes with Wiy

it fixes Fx point-wise, so Kis C Jyis implies that w(FK) Fg=Fg, CFj,. =Fj. O

Corollary 4.3.14. Suppose that h € C.
(i) For every two standard cosets w1 Wy, woWyx C W, we have wy(Fy) = wo(Fk) if and only if
Jvis = Kyis and the unique element of minimal length in the double coset WﬂufleWK cW
is contained in W= . The latter condition holds if and only if W wy Lwa Wi N Wye # 0.
(ii) For every standard coset wW; C W, the stabilizer of the face w(Fy) of 2y under the action
of W is the parabolic subgroup w(Wy» x Wy, Jw™ Lew.

vis

Proof. The first statement of |(1) is a direct consequence of Proposition 4.3.13. The second holds
because if w’ is of minimal length in WwalngK, then I(w') C I(w"”) for all w” € WwaleWK.
It remains to prove |(ii)l Since the stabilizer of w(F}) is the w-conjugate of that of F;, we may
assume that w = 1. If we have u = ujuz € Wy- x Wy, , where us € WJ stabilizes Fiy = Fj
and u; € Wy« fixes it point-wise, then u(F;) = ujua(Fy) = 'LLl(FJ) . Conversely, suppose
that u € W satisfies w(Fy) = Fy and let uy,us € WJ be such that v’ = UluUQ is (J, J)-reduced.
As W/(Fy) = Fj, Proposition 4.3.13| implies that u’ € Wy- and u = uj 1u’u2 Le WiWe Wy.
Using that W; 2 W, . x W, and Jin, C J%, it follows that u € Wye x Wy

vis inv Vvis? vis ®

If a face F' € F(E),) is of the form F = w(Fy) = ¢(wW;) for some standard left coset wW,; C W,
we define the type of F as
T(F) = 7(w(Fy)) = Juis. (4.3.14)

In view of Corollary [4.3.14] this notion is well-defined and the action of W preserves the type of
such a face. The corresponding type function 7 is defined on the subset (X*(W,S)) C F(E4)
and surjective onto the set Pyis(I) of all visible subsets of 1.

Remark 4.3.15. The proof of Proposition 4.3.13| did not fully make use of the condition that w is
(J, K)-reduced. Indeed, the argument in Claim |1 actually shows that if w(Fx) C Fy, it is sufficient
to require that w is left J,s-reduced to conclude that w € Wj. Under this assumption, the proof
of the first statement in Claim |2| works in almost the same way and yields that Kyis C Jyis and
w E WK* In particular, it follows that w commutes with Wy . C W ., which implies that w is

vis vis?

right KVls—reduced as well. What we cannot ensure in this way is that w is also left Ji,,-reduced
and right Ki,y-reduced. Geometrically, this mirrors the fact that Wy, = (resp. Wk, ) acts trivially

inv

on Fj (resp. Fk), so replacing w by an element of the double coset W, wWiy, , does not have

inv inv

any geometric impact. In fact, condition |(i)|in Proposition 4.3.13|is equivalent to w(Fk,, ) C F.

vis ®
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Thus, it would have been possible to assume from the start that J and K were visible subsets of I.
However, for the computation of the stabilizers in the proof of Corollary 4.3.14] it was convenient
that we avoided this restriction. More generally, the arguments just described also imply that

{w eWw: w(FK) C FJ} =W; WK\tis if J,K clI satisfy Kyis C Jyis- (4315)

The product on the right-hand side need not be a subgroup of W, but if J,;s = Kyis, then the
two factors commute and their product is the standard subgroup W= x W, , so we recover the
assertion of Corollary 4.3.14 (ii).

vis?

Given any J C I, the subgroup W= C W acts trivially on F; = F,,_. To conclude this section,
we show that it is precisely the subgroup of W that fixes F; point-wise. To this end, we first
establish a slightly technical lemma that allows us to perturb h in a controlled way in order to
reduce its stabilizer. This result has already been used in the proof of Proposition [2.6.11 (iii)| and
will have another very important application in the next section.

Lemma 4.3.16. Suppose that h € C. Let J C I be a visible subset, let A5 = Ui:l vs be an
exposing forest for Ay and {w; | j € J} the corresponding exposing set for W;. For every open
neighbourhood U C a of h, there exists a point p € U N conv({h,w;(h) | j € J}) C Ep, such that
(aj,p) >0 forall j € J.

Proof. After possibly replacing U by an open ball around h, we may assume that U is convex.
Set A := conv({h,w;(h) | j € J}) C E;. We are going to show that for every j € J, there exists
a point z; € U N A with the following properties, where § := §;(j) and v = (jo, ..., js = j) is the
unique path in A% connecting j with a white vertex jo € J \ I:

a) (aj,,z;) >0forall re{0,...,d}.

b) (ax,z;) > 0 for all k € J with §;(k) < 6.

) (ag,x;) =0 for all k € J with 6;(k) > .

d) z; € conv({h,wj (h) |0 <r<§—1}) C A
Once this is established, we may form a convex combination of the points xj, ,...,z;, € UNA,
where js,,...,js, € J are the endpoints of the maximal paths i, ...,7:, to find a point p e UN A
that satisfies (cvj,p) > 0 for all j € J.
We argue by induction on § = 65(j). If § = 0, then (o, h) > 0 and x; := h satisfies Ja)-d), so
we may assume that § > 0. Set ¢ := js_1, then by the induction hypothesis, there exists a point
x; € U N A having the properties [a)id) with § replaced by § — 1. Since (a;,x;) > 0 by [a), it
holds that s;(x;) # «;. In addition, we have (a;,z;) = 0 by [c) and a;; < 0 because i and j are
joined by an edge of A, Hence, every point x; on the non-empty open line segment (x;, s;(x;))
satisfies (o, z;) > 0 and by choosing z; sufficiently close to x;, we may ensure that z; € U and
(a, xj) > 0. For any other vertex k € J\ {¢,7}, we have (ag,x;) > (o, z;), where equality holds
if and only if a;;, = 0. If 6;5(k) > 6 = 6,(i) + 1, then ¢ and k are not connected in Ay, so that
a;x = 0 and (ap,z;) = (ax,x;) = 0 by c)l If 6;(k) < 9, then (ax,x;) > (o, 2;) > 0 by |b)| and
c), where the second inequality is strict if k = j, for some r € {0,...,d — 2}, so x; satisfies la)Hc)!
In view of |d)}, z; is a convex combination of {h,w, (h) |0 <r <§—2}. If § > 2, then s;(h) = h
and the definition of an exposing set yields s;w;, , = w;, , and s;w;, (k) = wj,.s;(h) = w;,(h)
for all 7 € {0,...,6 — 3}, so s;(x;) is a convex combination of {h,w;, (h) |0 <r < ¢ — 1}, which
implies that x; also has property |d)l If 6 = 1, then z; = h and xz; is a convex combination of h
and s;(h) # h, but in this case, we have w; = s; and the condition holds as well. O

Corollary 4.3.17. For every standard coset wWj; C W, the subgroup of W that fizes the face
w(Fy) of 2y, point-wise is the parabolic subgroup wWindwfl.

Proof. The subgroup of W that fixes w(Fy) point-wise is simply the w-conjugate of that of F,
so we may assume that w = 1. Since Wy- commutes with W, and fixes h, it acts trivially on
Fy = Fy,,. Conversely, the stabilizer of Iy is W= x W, by Corollary 4.3.14 (ii), so it suffices
to show that every u € W\ {1} acts non-trivially on Fj. By applying Lemma [4.3.16/ to J,
it follows that the face F); = Fj  intersects the open fundamental Dy _-chamber C; _ C a. For
every point p € F;NCj,,., the stabilizer of p under the action of W ,_ is trivial, so that u(p) # p,

O

i.e. u does not fix F;y point-wise.
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4.3.2 The face poset of =,

Although the map v : ©*(W, S) — F(Z;) is not injective if the stabilizer of h € C' is non-trivial,
we now want to prove that it is surjective if h is almost virtually singular. Hence, our goal is to
show that every face F' € F(Z},) is of the form F = w(F;) for some standard coset wW; C W.
We proceed in two steps: First, we establish the result under the assumption that h is regular.
Afterwards, we reduce the (almost) virtually singular case to this situation. In both cases, we also
show that =, is a closed subset of a and this topological property will be crucial for the proofs of
the convexity theorems in Chapter 5| as it will allow us to reconstruct =, from its proper faces.
The essentially singular case, however, is fundamentally different and will be discussed at the end
of this section.

The regular case

Throughout this subsection, we suppose that h € C is a regular element of a. This means that
h has trivial stabilizer under the W-action, i.e. W; = {1}, or equivalently, that h is already
contained in the open fundamental chamber C' C C. Hence, we specialize the previous discussion
to the case I* = I, = 0), i.e. all vertices of the Coxeter diagram A = A(W, S) are coloured white.
In particular, this implies that J.;s = J and J* = ) for every subset J C I. The following result
is therefore an immediate consequence of Corollary |4.3.7] and |4.3.14;

Corollary 4.3.18. If h € C, then the map ¢ : 5*(W,S) — F(Ep), wWy — w(Fy), is injective.
For every standard coset wW; C W, the face Y(wWy) = w(Fy) of Ep, has dimension |J| and its
stabilizer under the action of W is the parabolic subgroup wW w=! C W. O

In order to show that v is surjective as well, we need a simple topological property that will also
be useful for proving that =), is closed. Note that aff(E,) = Ej, = h+al,, =h+d.

Lemma 4.3.19. Let h € C and h' € Z}, be such that the vector v = h — h' € a is of the form
v =71 crxiey for some xy,...,x, € Rug. Then the open line segment (h,h') is contained in the
relative interior of =, C Ey,.

Proof. Let A € (0,1) be arbitrary and set p := h — Av € Z),. First, we show that for every i € I,
there exists some y; € Ryo with p — y;f € Zj, by writing this point as a convex combination of
{h,},s;(h)}. Since {a;,h) > 0 by regularity of h and A € (0,1) by assumption, we may choose
some y; € Ry such that c:= Of{h <1—X. Upon setting b :== X and a .= 1 — b — ¢, it holds
that a,b,c € (0,1) and a4+ b+ ¢ = 1, so the following computation proves that the corresponding
convex combination is the desired point:

ah + bh' + cs;(h) = ah + bh + b(h' — h) + c(h — {a;, h)a)
=(a+b+c)h—bv—cla;, h)a)
=h—X -y =p—yi) €Ep
Second, the point h =p+Av=p+>_ ,; Az also lies in =, and all coefficients in this sum are
positive. Given any i € I, it therefore follows by forming a suitable convex combination of the

points {h,p — yjoz]V |7 € I(i)} that there exists some sufficiently small y; € R such that Zj also
contains p + yj«. Altogether, we conclude that =, contains the cube

p+ > [~yiyllay Ch+d = Ey.
icl
Since the simple coroots form a basis of a’, this cube has non-empty relative interior in Ej, = h+d’,

so p lies in the relative interior of Z; C Ej,. O

Proposition 4.3.20. If h € C and F € F(E},), there exists a unique standard coset wW; C W
such that F = w(Fy). In particular, every face of Zj, is exposed.
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Proof. The uniqueness of wWW; has already been established in Corollary 4.3.18|, so it remains to
prove its existence. If F' = = is the trivial face, the assertion is satisfied by taking the trivial
standard coset W; = W, so we may assume that F'is a proper face of =,. We argue by induction
on n = |I| =dim(Ey). If n = 1, then =} is the closed line segment connecting the two distinct
points h and s1(h), so the only proper faces are these two points which correspond to the two
non-trivial standard cosets Wy = {1} and s; Wy = {s1} of W = Zy "

Suppose now that n > 1. By Lemma [4.2.6 (i), there exists a proper subset W' C W such that
F = conv(W’-h). After possibly replacing F' by w=!(F) for an arbitrary w € W', we may assume
that 1 € W’ and h € F. In this situation, we claim that W’ ¢ W® for some i € I.

Assume to the contrary that for every i € I, there exists some w; € W’ with ¢ € I(w;). As I, =0,
every element of W is trivially right I-reduced, so Lemma |4.3.5 implies that h — w;(h) € o’ is a
linear combination of the simple coroots, where all coefficients are non-negative and that of o is
positive. By forming a suitable convex combination of the points {w;(h) | ¢ € I'}, we can construct
a point h' € F such that h — h' = Y, ; x;a) for some z1,...,2, € Ryg. Now Lemma 4.3.19
states that the open line segment (h,h') C F C O0,e1(Ep) runs through the relative interior of =p,
a contradiction. Thus, the claim holds and W’ ¢ W for some i € I, which implies that F is
contained in the facet F() and is therefore a face of F(*). The induction hypothesis now yields
that there is a unique (not necessarily non-trivial) standard coset wW; ¢ W® with F = w(Fy).
As we have already shown that every face of this form is exposed, the proof is complete. O

Consequently, the map ¢ : *(W, .S) — F(E},) is surjective as well. The following theorem is now
an immediate consequence of Corollary |4.3.18 and Proposition |4.3.20| and provides a completely
combinatorial description of the face poset of =j,.

Theorem 4.3.21. If h € C, the map ¢ : ¥*(W,S) — F(Ep), wWy — w(Fy), is a well-defined
W -equivariant poset isomorphism. More precisely, for every standard left coset wW; C W, the
set w(Fy) = conv(wWy - h) is an exposed face of 2y, of dimension |J| and, conversely, every face
is of this form for a unique standard left coset of (W, S). O

In particular, it follows that the number of faces of =, is finite if and only if the group W is finite.
More precisely, for every subset J C I, the faces of =; of type J are in bijective correspondence
with the left cosets of Wy in W, so their number is equal to the index [W : W] which is finite if
and only if J contains the set I, of Theorem |1.1.6l However, as one standard left coset of (W, .S)
is contained in another if and only if the corresponding faces have the same property, only finitely
many faces of =, can intersect non-trivially.

Corollary 4.3.22. If h € C, then every face of Zp only lies in finitely many other faces. More
precisely, let k,1 € {0,...,n} with k <1 be arbitrary. For every k-dimensional face F € F(Zy),
the number of [-dimensional faces containing F is equal to (’Z__,f) and the number of all faces
containing F is 2"~ %. In particular, every vertex of Zj, is contained in precisely n edges, n facets

and 2" faces and every intersection of more than 2™ distinct faces of =5 is empty.

Proof. Let wW; C W with |J| = k be the unique standard coset such that F = w(F;), then the
I-dimensional faces of =), containing F correspond bijectively to the standard cosets w'W; Cc W
with |J’| = [ that contain wW ;. This is satisfied if and only if w'W; = wW, so these cosets are
in bijective correspondence with the subsets of I of cardinality [ containing J or, equivalently, the
subsets of I\ J of cardinality [ — k. Their number is equal to (7;__: ) and the remaining claims are
direct consequences of this result. O

We conclude from Corollary [4.3.22] that the underlying graph of =, i.e. the set of all its vertices
and edges, is n-regular and thus locally finite. Moreover, Theorem [4.3.21] provides two alternative
descriptions of this graph. In the formulation of the next result, we use the fact that the set of
chambers of the Coxeter complex (W, S), together with the n equivalence relations generated by
s;-adjacency, can be viewed as a “chamber system” in the sense of [ABO8| Definition 5.21].

31n principle, we allow the vacuous case n = 0, but Z;, = {h} does not have any non-trivial faces in this situation,
so the assumption that F' is proper forces n > 1.
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Corollary 4.3.23. If h € C, the underlying graph of =}, is isomorphic to the chamber system of
Y(W,S). In other words, given any wy,wy € W and i € I, the vertices wi(h) and wa(h) of Zp, are
joined by an edge of type {i} if and only if the chambers {w1} and {ws} of X(W,S) are s;-adjacent.
Under this isomorphism, the graph distance in = coincides with the chamber distance in (W, S)
and minimal paths between vertices of =5, are in bijective correspondence with minimal galleries
between the corresponding chambers. Equivalently, the underlying graph of Zj is also isomorphic
to the (right) Cayley graph of (W, S). O

Although we have now arrived at a satisfying combinatorial description of the face poset of =,
the result will only be useful once we know that F(Z},) contains “sufficient information” about Zj,.
More precisely, our final goal in this subsection is to show that =; can be reconstructed from its
proper faces as the intersection of all supporting half-spaces. For such a result to hold, it is clearly
necessary that Zj is a closed subset of a which does not appear to be obvious if the orbit W - h is
not finite, so we provide an explicit proof.

Proposition 4.3.24. If h € C, then =), is closed.

Proof. If W is finite, then =} is a convex polytope and thus compact, so for the rest of the proof,
we may assume that W is infinite. For every k € Ny, we set

Uy ={weW:l(w) <k} and Py :=conv(Uy-h).

Finiteness of Uy implies that Py is a convex polytope for every k € Ny. In particular, it is a closed
subset of a. Moreover, these polytopes provide a “filtration” of =, in the sense that P, C Py for
all k € Ny and =), = U;O:() P.

Let (y1)ien be a sequence in E; converging to some y € a. We are going to show that there
exists some k' € Ny such that y; € Py for all [ € N. Once this is established, it will follow that
the sequence (y;)ien is contained in the closed set Py, so that y € Py C Ej,. The proof of this
assertion will be reduced to a number of claims. Before we formulate them, we need to introduce
some notation. Throughout this proof, we identify E; = h + ¢ with R™ by moving A to 0 and
mapping P to the standard basis of R in the natural order. More precisely, for every p € Ej,
there exist unique scalars pi,...,p, € Rsuch that p=h+3",; picy and we identify p with the
vector (p1,...,pn) € R™. For every i € I, the affine map p — (w;,p — h) corresponds to the i-th
coordinate functional under this identification, so if we write =", ; w; € a*, then

n

Z(pi —4i)

i=1

[(n,p) — (n,q)| = <> lpi—ail =lp—qli forallpgeE,=R", (4.3.16)

i=1

where ||-||; denotes the ¢!-norm on R™. Since all norms on a finite-dimensional real vector space
are equivalent, the ¢!-topology on R™ coincides with the standard Euclidean topology. Next, we
set U_; = () and define the following objects for every k € Ny:

=
:

_Uk\Uk—l z{wEW:l(w):k}
= max {5, w(h))
m- (k) := min (n, w(h))

3
+
=

|

m(k) = my (k) — m_(k)

As W is assumed to be infinite, the set Vj is non-empty and finite, so my(k), m_(k) and m(k)
are well-defined real numbers for all k € Ny. We further write ¢ := min;cr(;, h) € Rso.

Claim 1. If w € W and ¢ € I satisfy I(w) < I(s;w), then (n, s;w(h)) < (n,w(h)) —c.

Proof of Claim. Since w™!(a;) € ®4 by (2.5.4), we have (a;, w(h)) = (w1 (a;),h) > c and so

(n, siw(h)) = (n,w(h)) = (s, w(h))(n, ) = (n,w(h)) = (e, w(h)) < (n,w(h)) —c.



100 CHAPTER 4. CONVEX HULLS OF WEYL GROUP ORBITS

Claim 2. For every k € Ny and R € R, there exists some k' € N with m_ (k') < m_(k) — R.

Proof of Claim. Let k' > k and w € Vs be arbitrary and write w = wjws with I(w;) = k' — k and
l(wz) = k. Iterating the computation in Claim |1/ shows that

(m,w(h)) < (n,wa(h)) — (K" = k)e < my (k) — (K" — k)e = m_(k) + m(k) — (K' = k)c.
The right-hand side does not depend on w, so we conclude that
my (k') <m_(k) +m(k) — (K —k)c.

If we choose k' € N so large that (k' — k)c > m(k) + R, the claim is satisfied.

Claim 3. Given any k € Ny, every proper face F' of Py either is the intersection of P with a
proper face of Zj, or there exists a subset U C Vj, such that F' = conv(U - h).

Proof of Claim. The statement is vacuous if k¥ = 0 since Py = {h} is a vertex of =, so we may
assume that k£ > 1. By Lemma [4.2.6| every proper face F' of Py is of the form F = conv(U - h)
for some proper subset U C Ul If U C wW; for some w € W and J C I, then F is contained
in the proper face w(Fy) = conv(wWj - h) of Z5,. In this case, we assert that if wW; C W is the
smallest standard coset with this property, then F = w(Fj) N P.

This is proved as follows: On the one hand, it is clear that w(F;) N Py # () defines a face of P.
On the other hand, F' has to intersect the relative interior of w(F;) since otherwise, it would be
contained in a proper face of w(F;) which is of the form ww’(F};:) for some w’ € Wy and J' C J
by Theorem [4.3.21} but this would only be possible if U C ww'W;, C wW was contained in a
smaller standard coset. Hence, the relative interiors of F' and w(Fy) N Py meet, so the two faces
must coincide and the assertion holds.

Suppose now that U is not contained in any non-trivial standard left coset of (W, S) and fix an
arbitrary element u € U. For every i € I, there exists some u; € U such that u; ¢ uWW® or,
equivalently, v~ 'u; ¢ W® and thus i € I(u"'u;). Since I, = 0, it follows from Lemma 4.3.5
that h — u~tu;(h) € a’ is a linear combination of the simple coroots in which all coefficients are
non-negative and that of o) is positive. Now consider the convex combination

n

h = Z %U71Ui(h) = Ul(z im(h)) eu ' (F) Cu'(P).

i=1
Then we have

"1
h—h = —(h —utu;(h)),
> (1)
so h — h' € d is a linear combination of the simple coroots in which all coefficients are positive.
By Lemma 4.3.19, the open line segment (h, k') is contained in the relative interior of Z;. More
precisely, if I(u) < k, the proof of Lemma 4.3.19 actually shows that this line segment runs
through the relative interior of u=!(P). Indeed, in the notation of that proof, we have only used
convex combinations of {h,h’,s;(h) | ¢ € I} to create an open neighbourhood of an arbitrary
point p € (h,h’) that is contained in Zj,. If I(u) < k, then l(us;) < l(u) + 1 < k and therefore
si(h) = u=tus;(h) € u=t(Py) for every i € I. Thus, the line segment (u(h),u(h’)) C F lies in the
relative interior of Py, contradicting the assumption that F' C 0yc(Py) is a proper face. As u € U
was arbitrary, F' can only be a proper face of Py if [(u) = k for all w € U, i.e. U C V.

Claim 4. If k € Ny and ¢ € E;, \ Py, then (n,q) < m4(k).

Proof of Claim. The claim clearly holds if ¥ = 0 because Py = {h} and every point ¢ € Ep, \ {h}
satisfies (n,q) < (n,h) = m4(0) by Lemma 4.3.5, so we may assume that k¥ > 1. Consider the
closed line segment L := [h,q] C Ej connecting h and ¢. Since h € Py C Py and ¢q ¢ Py, there
exists a supporting hyperplane E of P, whose supporting half-space contains h but not ¢, which

4As every face of a convex polytope is exposed, the second assertion of Lemma |4.2.6|is actually sufficient.
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implies that L meets the proper face F' := P, N E in a point = € [h,q). If F was the intersection
of P, with a face of =, we could choose F to be a supporting hyperplane of =5, but then g € =,
would require that ¢ and h were both contained in its supporting half-space. Thus, F' is of the
form F' = conv(U - h) for some U C Vj, by Claim 3| Since (n,u(h)) < m4(k) for all w € U and =
is a convex combination of these vertices, we have (n,z) < my (k). In addition, as £ > 1, Claim |1
yields that m (k) < (n,h), so x # h and 7 is strictly monotonically decreasing in the direction
from h to . Because x lies strictly between h and g, it follows that (n,q) < (n,z) < m4 (k).

Claim 5. Let k, k' € Ny be such that &’ > k and R’ .= m_(k) — m4 (k') > 0, then ||p —q|1 > R’
for all p € P, and ¢ € Ep, \ Pyr.

Proof of Claim. On the one hand, p € Py is a convex combination of W-translates of h of length
at most k. As m_ is monotonically decreasing by Claim [1, the value of n at each of these points is
at least m_(k), so that (n,p) > m_(k). On the other hand, we have (1, ¢) < m4 (k') by Claim 4,
so (4.3.16)) implies that

lp—dqlly > {0, p) — (n,q)| > m_(k) —my (k') = R".

Conclusion of the proof. A convergent sequence is bounded, so we find R € R+ such that (y;);en
is contained in a closed ball of radius R (w.r.t. the £!-norm on Ej, = R") around y;. In addition,
for every [ € N, the point y; € Zj is a finite convex combination of W-translates of h, so that
y1 € Py for some k(I) € Ng. We set k := k(1). By Claim [2, there exists some k¥’ > k with
R =m_(k) —my(k') > R. Since ||[y1 — yi]l1 < R < R for all | € N, Claim |5/ implies that the
sequence (y;)ieny must be contained in Py, as required. O

Combining this topological property with the combinatorial description of the face poset of Zj,
leads to an elegant characterization which implies that =, is completely determined by its affine
span and its proper faces.

Corollary 4.3.25. If h € C, then a point h' € a is contained in =y if and only if it satisfies the
following (in-)equalities:

{ (wi,w(h)) < {wi,h) forallw e W andiel (4.3.17)

(i, b') = (¢, h) forallie{n+1,...,d}

Proof. Since =5, C a is a closed convex set, it follows from the discussion in Section 4.2 that it
coincides with the intersection of all its supporting half-spaces. On the one hand, its affine span
E), is a trivial supporting hyperplane and the condition h' € Ej is equivalent to h — h/ € o
and hence to (¢;,h') = (¢, h) for all i € {n+ 1,...,d}. On the other hand, every proper face
of =5, is contained in a facet, so inside E}, it even suffices to intersect its defining half-spaces.
Now every facet is of the form w='(F®) = w=1(E®) N Z}, for some w € W and i € I, where
w N (EW) = {h' € Ej, : {w;,w(h)) = (w;,h)}, and the corresponding defining half-space is the
“<-side” of this plane. Thus, another point i/ € a is contained in =, if and only if it lies in Ej
and satisfies the inequalities (w;, w(h')) < {w;,h) for all w € W and i € 1. O

Remark 4.3.26. There is a lot of redundancy in the conditions of Corollary [4.3.25. For instance,
given any w € W and ¢ € I, the inequality (w;, w(h')) < (w;, h) implies (w;, w'w(h')) < {(w;, h)
for all w' € W because this standard subgroup is the stabilizer of w;. Thus, it would suffice
to require the first inequality in (4.3.17) to hold whenever w € W is left I)-reduced. For our
purposes, however, it will not be necessary to find a minimal set of defining inequalities for =j,.

Given any subset J C I, the entire discussion of this subsection also applies to the J-restriction
Dy of D and every D j-regular element h € C;. For ease of reference, we state the following more
general variant of Corollary |4.3.25| explicitly:

Corollary 4.3.27. Let J C I and heC; be arbitrary, then another point W e a is contained in
the set conv(Wy - h) C a if and only if it lies in h + o/, C a and satisfies (wj,w(h')) < (w;,h) for
allw e Wy and j € J. O
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The virtually singular case

Having successfully dealt with regular elements, we now want to extend the previous results to
the more general virtually singular case. Thus, throughout this subsection, we assume that h € C
satisfies |W},| < oo or, equivalently, that h is contained in a spherical cell of C and hence in the
topological interior X§ of the Tits cone X C a. This property will allow us to perturb A to
a regular element in a controlled way and to show directly that =, is an intersection of closed
half-spaces. The following result is a generalization of Corollary 4.3.25;

Proposition 4.3.28. If h € C with |W},| < oo, then a point h' € a is contained in =y, if and only
if it satisfies the following (in-)equalities:

(wi, w(h')) < (wi, h)  for all w € Wyis and i € I
(wi,w(h')y = (wi, h)  for all w € Wiy, and i € Ly (4.3.18)
(i, Iy = (¢, h) forallie{n+1,...,d}

Proof. Tt follows from the proof of Proposition 4.3.6) and W-invariance of Z, that (4.3.18)) holds
for every point in =, so it suffices to show the converse. If I} := (Lyis)n = Lvis N I, = 0, then I
is a union of connected components of I and every visible vertex of A is white. Equivalently, h
is contained in the open fundamental Dy _-chamber Cr,,, C a and the equalities in (4.3.18)) imply
that A’ lies in the affine subspace Ej, = h + al,; C a. Thus, we conclude from the inequalities and
Corollary 4.3.27| that h' € conv(Wis - h) = Fr,,. = Ep,.

Thus, we may suppose that k := |I}| > 0. First, we establish that (4.3.18) implies that b’ € X .
Let B .= A € ZF*F denote the submatrix of A with rows and columns indexed by I;. Since

W(B) = W, C W), is finite, every indecomposable component of B (and BT) is of finite type, so

vis

there exists a vector © = (x1,...,7;)T € RF with 2 > 0 and B”2 > 0. Equivalently, if we write
I ={i1,..., ik} with 1 <4y < ... < i <n, the vector v := Zle o) € a};L satisfies (a;,v) > 0

for all ¢ € Ij,. More generally, for every i € I, one of the following three conditions holds:

o If i € I\ I, then (a;, h) > 0 and (a;,v) <0.

o If i € I} = I}, N L, then (a;, h) = 0 and (a;,v)

o If i € I}y \ I}, = Iiny, then (o, h) =0 and (o, v)
Hence, if ¢ € R+ is chosen sufficiently small, then h := h + ev € E), satisfies (i, by > 0 for all
i € Iis = (I'\ I) U I} and is thus contained in the open fundamental Dy, -chamber Cy . C a.
As (g, iL) = 0 for all i € Iy, this point still lies in the closed fundamental D-chamber C' C a.
In particular, the convex hull of its W-orbit is a subset of X . Moreover, it follows from (4.3.18)
that A’ is contained in By, = h+a/.. = h+d/.. C a and fulfils

vis vis

> 0.
=0.

(wi, w(h")) < (wi, h) < (wi, h)  for all w € Wyis and i € L.
We now conclude that A" € conv(W,; - l~z) C X, by applying Corollary |4.3.27| to the set Iis and
the point h € Cy,,.. Because the (in-)equalities in (4.3.18) also hold for every W-translate of h’,
we may from now on assume that k' € C' and it remains to show that b’ € Zj,.
To this end, we claim that the set J = {i € I : (w;, h’) < (w;, hy} C I is visible. Suppose to the
contrary that there exists a connected component J’ of J that is contained in I and write

Wb — Z yjo) + Z yjof  with y; € Ry for all j € J.
jeJ\J’ jeJ!

Let w4 be the longest word of the finite group W C Wy, then wysjwy = s,(;) for all j € J',
where the map j — o(j) defines a diagram automorphism of A ;. Together with [(w4s;) < [(w4),
this implies that wy (o) = fag(j) for all j € J'. In addition, since W commutes with W j/,

Vv

we also have w, (o)) = o} for all j € J\ J'. Combining these observations leads to

(Wo (), b —wi (W) = (Wo(jy, we(h—h')) =—y; <0 forall jeJ.
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This is a contradiction to (4.3.18), so the claim is proved. Hence, J = Jyis and (w;, h') < (wj, h)
for all j € J, so Lemma |4.3.16| states that there is a point p € F; C Zj, with (w;, h') < (w;,p)
and (a;,p) > 0 for all j € J. It follows that p is contained in the open fundamental D ;-chamber
Cy C a while 2/ lies in the affine subspace h + o, = p + d/; C a and satisfies

{(wj,wh")) < (wj, h') < (wj,p) forallw e Wy and j € J,

where the first inequality holds by (2.6.7) and the assumption that h’ € C. Therefore, applying
Corollary 4.3.27| to the set J and the point p € C; shows that b’/ € conv(W;-p) C F; C 5. O

As in the regular case, the equalities in the third line of (4.3.18) are equivalent to the assertion
I/ € h+ a' and those in the second and third line together to ' € h + al;; = Ej, which implies
that w(h') = b’ for all w € Wi,y. In order to apply this characterization of Z; more easily later,
we establish that the equalities in the second line are consequences of the other two.

Lemma 4.3.29. Let h € C with |W),| < oo and ' € h+ o' C a be arbitrary, then the following
conditions are equivalent:
(1) {wi,w(h)) < {ws, h) for all w € Wy and i € Lis and (w;, w(h')) = (w;, h) for all w € Wipy
and i € ILiny.
(it) (wi,w(h')) < (wi, h) for allw e W and i€ I.

Proof.

(i) = (ii): Choosing w = 1 in the equalities of |(i)|shows that b’ € h+al,, = Ej,. Let w € W be
arbitrary, then there exist unique elements w; € W5 and we € Wiy, such that w = wiws.
The latter acts trivially on Ej, so given any ¢ € I, we find that (w;, w(h')) = (w;, w1 (h')).
If i € Iy, then (w;, wi(h')) < (w;, h) by assumption and if ¢ € Iy, then wfl(wi) = w; and
thus {(w;,wy (k') = {w;, h).

(ii) = (i): The inequalities in |(i) are a special case of |(ii)} so it suffices to prove the equalities.
Let w € Wi,y and i € I,y be arbitrary. As we already have (w;, w(h')) < (w;, h), it remains
to show the reverse inequality. Let w, be the longest word of the finite group Wi,, C W,
By the same argument as in the proof of Proposition [4.3.28, it satisfies w, (o)) = o if
J € Ljs and wy(a)) = —ag(j) if j € Ly, where j — o(j) defines an automorphism of
Ar,, of order two. Thus, the functionals wy (w;) and —w,(;) coincide on the linear subspace
a’ C a, so if we set ¢ = (wy (w;) + wy(;), ) € R, then wy (w;) is equal to —w,(;) + ¢ on the
affine subspace h + a’ C a. Since wy (h) = h, we may conclude the proof as follows:

(wi, w(h')) = (wi(wi), wyw(h)) = —(wo(i), wrw(h)) +c
> _<wa(i)7 h> tec= _<w0(i)a w+(h)> +c
= (wy(wi), wi(h)) = {wi, h) O

The following result is now an immediate consequence of Proposition 4.3.28| and Lemma |4.3.29]
It shows that Corollary 4.3.25|is indeed true for all virtually singular elements.

Corollary 4.3.30. If h € C with |W},| < oo, then a point h' € a is contained in =y, if and only if
it satisfies the following (in-)equalities:

{ (wi,w(h")) < (wi,h) forallw e W andi € I
(pi, I = (i, h) forallie{n+1,...,d} O
In addition, it allows us to extend Proposition 4.3.20| and [4.3.24| to the virtually singular case.

Corollary 4.3.31. If h € C with |W},| < oo, then =, is closed and for every F € F(Z},), there
exists a standard coset wWy; C W such that F = w(Fy). In particular, every face of Zj, is exposed.

Proof. Corollary [4.3.30| shows that =, is the intersection of closed half-spaces in a and therefore
closed. In order to prove the claim about its faces, we argue by induction on k = |Iis| = dim(Ep).
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If k = 0, then Zj, = {h} = Fj does not have any proper faces, so we may assume that k > 0.° Let
F be a face of =, choose a point = € relint(F) C X, and wy € W such that 2’ := wy(x) € C,
then there are two possibilities:

o If (w;,2') < (w;,h) for all i € I, then the assumption that 2/ € C and (2.6.7) show that
(wi, w(z")) < {w;,x") < (w;, by for all w € Wy and i € 5. Consequently, Proposition 4.3.28
implies that z’ does not lie on any non-trivial supporting hyperplane of Z;, and is therefore
contained in its relative interior. But this is only possible if wo(F) = =, is the trivial face,
so that F' = Zj, = Fr = Fr . holds as well.

e Otherwise, there exists some i € I,i5 with (w;, ') = (w;, h) and hence 2’ € Z, N E®) = F®)
by Proposition 4.3.6. As F(¥) meets the relative interior of wy(F), it contains the entire set,
so that wg(F) is a face of F(). Since i € I, we have dim(F") < k by Proposition |4.3.2 (i)
Thus, F* is a proper face of Zj, and the induction hypothesis yields that wo(F) = w'(F;)
for some standard coset w'W; C W® and F = w(F;) for w := wy 'w’ € W. O

Corollary [4.3.31| implies that the order-preserving map ¢ : ¥*(W,S) — F(Z;) is surjective and
we have determined in Corollary 4.3.14| under which conditions two standard left cosets of (W, .S)
give rise to the same face of =;,. This leads to a completely combinatorial description of F(Ep).
We define an equivalence relation ~ on X*(W, S) by

wi Wy ~waWg <= J,is = Kyis and WJU}II'IUQWK n WJ\Tis 75 0 (4319)

and we set f]*(VV, S) = ¥*(W,8)/~. Equivalently, it holds that w,W; ~ wsWx if and only if
V(W Wy) = Y(wa W), so 1 descends to a poset isomorphism ) : 2*(W, S) — F(Z},). Moreover,
the second condition in (4.3.19) is satisfied if and only if the unique element of minimal length in
Wle_leWK is contained in WJ\"‘is. Alternatively, it is also equivalent to wl_lwg S WJ:iS X Wrie-
The following result is a generalization of Theorem [4.3.21] and summarizes the discussion:

Theorem 4.3.32. If h € C with |[W}| < oo, the map e S (W, 8) — F(Zn), [wWy] = w(Fy),
is a well-defined W -equivariant poset isomorphism. More precisely, for every standard left coset
wWy C W, the set w(Fy) = conv(wWy - h) is an exposed face of =), of dimension |Jyis|. Every
face is of this form for some standard left coset of (W,S) and

w1(Fy) = we(F) <= w1Wy ~weWg  for all wyWy,woWg C W. O

Example 4.3.33. We illustrate the statement of Theorem |4.3.32|in the concrete example of the
GCM of finite type Cs:

A=|-1 2 =2 — TA)=ee<e — A=e o'

Tts Weyl group W = W(A) is isomorphic to the signed permutation group Ss on three letters.
Since A is invertible, the simply connected Kac-Moody root datum D = D2 is free and cofree.
Let {e1,e2,e3} denote the standard basis of R® and {e},e5,e5} the corresponding coordinate
functionals. If we identify a = AY, ®z R with R?® by mapping B = {a),ay,ay} C a to the
basis {e; — ea,e2 — e3,e3} C R3, the simple roots ai,as, a3 € ®y C a* turn into the linear
functionals e} — e5, e5 — e} and 2e3. Under this identification, the D-representation of W on a
coincides with the natural action of S3 on R3 and the simple reflections si,ss,s3 € S are the
maps (z,y,2) — (y,z,2),(x,y,2) — (z,2,y) and (z,y,2) — (x,y,—2). Moreover, the closed
fundamental chamber is given by

C:{(Jc,y,z)eR3:x2y2z20}.

5In contrast to Proposition [4.3.20| the situation k& = 0 is also possible if » > 0 and A is a “non-empty” GCM
because h might be a global fixed-point for the W-action on a. As h is assumed to be virtually singular, this is only
possible if W is finite or, equivalently, A is spherical, but we have never excluded this case from our discussion.
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b) I = {2} c) In = {3} d) In = {2,3}

Figure 4.2: Four possible shapes of =,

Figure [4.2] depicts four possible configurations of the set =;. In[4.2al we have chosen the regular
element h = (4,2,1) € C c C for which I* = I;, = § and all vertices of A = o—o—20 are white.
In this case, =5 has 48 vertices that are in bijective correspondence with the elements of W = Ss.
The two-dimensional faces come in three shapes:
e The six red octagons are the faces of type I() = {2,3}, i.e. the sets having the form
w(FM) = conv(wW® - h) for some w € W, where the standard subgroup W) c W is
isomorphic to the dihedral group Dg and its Coxeter diagram oo is the subgraph of A
obtained by removing the vertex on the left.

e The twelve green rectangles are the faces of type I(?) = {1, 3}, i.e. the sets having the form
w(F®)) = conv(wW® . h) for some w € W, where the standard subgroup W c W is
isomorphic to the product Zs x Zy and its Coxeter diagram o o is the subgraph of A
obtained by removing the vertex in the middle.

e The eight blue hexagons are the faces of type I(®) = {1,2}, i.e. the sets having the form
w(F®)) = conv(wW® - h) for some w € W, where the standard subgroup W& C W is
isomorphic to the symmetric group S3 and its Coxeter diagram o—-o is the subgraph of A
obtained by removing the vertex on the right.

There are also three types of edges, each occurring 24 times, that we have not distinguished by
distinct colours. In this situation, it is apparent that the faces of =; correspond bijectively to the
standard left cosets of (W, 5), as already claimed by Theorem /4.3.21.

In Figure 4.2b, we have used the virtually singular point h = (4,2,2) € Dygy C C whose stabilizer
is the standard subgroup Wiy, = Z,. Hence, the Coxeter diagram A = o—e-20 is coloured by
the set I* = Ij, = {2}. In this case, =, only has [W : W] = 24 vertices and the two- d1mens10na1
faces look differently. If we remove the first vertex from A, we obtain the dlagram o106 of Dy,
where one vertex is now black and the corresponding red W-translates of F(!) become rectangles
instead of octagons. Likewise, erasing the third vertex results in the diagram o—e of S35 and this
causes the blue W-translates of F(®) to turn from hexagons into triangles. Omitting the second
vertex of A, however, leads to the diagram 0 © of Zy X Zs where both vertices are white, which
is why the green W-translates of F(®) occur as rectangles as in the regular case. Since the red
and green rectangles do not have the same type, we again have three types of two-dimensional
faces, whereas the edges now only come in types {1} and {3}, each appearing 24 times, because
Fay = conv(Wyay - h) = {h} has collapsed to a point. In fact, all vertices of A are non-degenerate
with respect to this colouring and {2} is the only subset of I that is not visible.

Figure 4.2c is a visualization of =, for the point h = (4,2,0) € D3, C C, where A = ool e is
coloured by I* = I}, = {3}. As in the previous case, £, has 24 vertices and removing the left node
of A explains the appearance of the red rectangles. If we omit the one on the right, the resulting
diagram o—o of S3 only has white vertices, so the blue hexagons occur as in the regular case.
Taking out the central vertex, on the other hand, leads to the diagram 0 e of Zy x Z5 having
an isolated black node, which causes the face F®) = conv(W?) - h) = [h, s1(h)] = F{1; to become
one-dimensional. Thus, all the green faces have collapsed to edges and there are only two types
of two-dimensional faces. This reflects the fact that I,q = {1,3} and Ijes = {2} because the sets
IM = {2,3} and I® = {1,2} are visible with respect to this colouring but I? = {1,3} is not.
The edges also only come in the two types {1} and {2} since {3} is not visible.
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Finally, Figure 4.2d depicts the set =, for the virtually singular point h = (2,0,0) € D33, C C,
where A = o—e—e is coloured by I* = I}, = {2,3}. In this case, Z; only has [W : Wiy 53] = 6
vertices. If we remove the left vertex of A, the resulting diagram e—-e of Ds is entirely black, so
the face F(!) = {h} is a point and as before, it follows that F(?) = [h,s;(h)] = Fy1y is an edge.
Thus, the red and green faces have collapsed to vertices and edges, respectively. Dropping the
third vertex, however, results in the diagram o—e of S3, which explains why the blue triangles
appear exactly as in the second example. Hence, all two-dimensional faces are of type I(3) = {1,2}
and all edges are of type {1}. Equivalently, the only non-trivial subsets of I that are visible with
respect to this colouring are I®® = {1,2} and {1}, so that I,q = {3} and I4,, = {1,2}.

If the group W is finite, it is clear that F (=) is finite as well. Conversely, if W is infinite, the
assumption that |W,| < oo implies that F(Z;) contains infinitely many vertices and therefore
infinitely many faces. However, as in the regular case, we want to show that every face of Zj
is only contained in finitely many other faces and determine this number explicitly. In contrast
to the situation in Corollary 4.3.22) this is more difficult if W}, is non-trivial as the faces do not
correspond bijectively to the standard left cosets of (W, S) and the equivalence relation (4.3.19)
has to be incorporated.

Let F be an arbitrary face of Z;, and let K := 7(F) € Pyis(I) be its type. If F’ is another face
of Ej, containing F, then K C 7(F’) € Pyis(I). Thus, in order to determine the total number of
such faces, it suffices to compute the number of faces of type J containing F for every J € Pyis(1)
with K C J. Since the W-action on F(Z},) is type-preserving and transitive on faces of the same
type, these values can be calculated using the orbit-stabilizer formula. The details are given in
the result below. To simplify the notation, we define

e = Wi : Wien(gugn]  for all J, K € Pys(I) with K C J. (4.3.20)

This is always a well-defined natural number because Wi~ is contained in the finite group W,
and it is clear that Lﬁ = L{,}‘S =1 for all K € Pyis(I). Recall from Corollary 4.3.14| and |4.3.17 that
Wi+ is precisely the subgroup of W that fixes the face Fi of =, point-wise and Wic-q(juy-) 18
the subgroup of Wi~ which also stabilizes the larger face F; D Fk.

Proposition 4.3.34. Let J, K € Pyis(I) be such that K C J and let F be a face of 5, of type K.
The number of faces of type J containing F is equal to 17,.

Proof. Since the W-action on F(Z},) is type-preserving and transitive on faces of the same type,
we may assume that F' = Fg and claim that Wy« acts transitively on the faces of type J
containing Fx. Suppose that Fx C w(F;) for some w € W, then w™!(Fg) C Fy and therefore
w™l € W;Wg- by (4.3.15). If w € Wy and v € Wk~ are chosen such that w™! = uv™!, then
v(Fy) = wu(Fy) = w(Fy), so the claim is proved. Because the stabilizer of F; O Fk under the
action of Wi is Wi«n(jus+), the faces of type J containing Fx are in bijective correspondence
with the left cosets of Wic-q(yu+) in Wi, so their number is equal to the index 3. O

With the previous proposition at hand, it is now straightforward to generalize Corollary 4.3.22|to
the virtually singular case.

Corollary 4.3.35. If h € C with |W},| < oo, then every face of =5, only lies in finitely many other
faces. More precisely, the following assertions hold:
(i) Let F be a face of Zp, of type K = 7(F). For every l € {|K|,...,|Ls|}, the number of
I-dimensional faces of Zp, containing F' is finite and equal to

> L. (4.3.21)

JePyis(I): KCJ, |J|=1
(ii) For everyl € {0,...,|Ls|}, the number of I-dimensional faces containing any chosen vertex

of 21, is equal to

> W W) (4.3.22)
JEPvis(1): |J|=1
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(i4i) The underlying graph of =y is locally finite and regular with degree

> W Ch(si)], (4.3.23)

i€\l
where Cy,(s;) = C(W{;y) denotes the centralizer of s; in W,.

Proof. Assertion |(i) is an immediate consequence of Proposition 4.3.34| and the statement in |(ii)
is the special case of |(i) where K = (). To see this, note that if K = (), then K* = Ij, and hence
K*N(JuJ*) = I,n(JUJ*) = J,UJ*, which implies that ¢ = [W}, : W, ;-] for all J € Pyis(I).
Finally, |(iii)| is the special case of |(ii)| where [ = 1. In fact, given any i € I, the singleton J = {i}
is visible if and only if ¢ € I\ I, so that J, = 0. By Proposition 4.3.11, W~ coincides with the
centralizer of W in W},, which is simply C}(s;) in this situation. O

Example 4.3.36. The formulas in Corollary |4.3.35| can be verified explicitly for the polytopes in
Example [4.3.33. Using the notation introduced there, let us first consider the case I, = {2}. It is
apparent from Figure [4.2b|that every vertex of Z, lies on four edges. This coincides with the value
of (4.3.23) because C(s1) = Cx(s3) = {1} both have index 2 in W}, = W9y = Zy. If we instead
take I, = {3}, then Figure [4.2¢| shows that every vertex lies on only three edges, which is caused
by the fact that Cj(s1) = W}, has index 1 and Cj,(s2) = {1} has index 2 in W), = Wygy = Zs.
Finally, if I;, = {2, 3}, we observe in Figure |4.2d| that every vertex again lies on four edges, but
this is also consistent with that formula as C(s1) = {1, s3} has index 4 in W), = Wiy 3y = Ds.
Hence, Corollary 4.3.35 (iii)| yields the correct numbers in these cases and the other formulas can
be checked similarly.

Remark 4.3.37. Let us compare the previous results with their analogues in the regular case.
(i) If h € C is regular, then W), = {1} and every subset of I is visible, so that 7. = 1 for all
J, K C I with K C J. Hence, if F is a face of E, of type K = 7(F') and dimension k := |K|,
then for every subset J C I with K C J, there exists a unique face of type J containing F.

For every I € {k,...,n}, the number of I-dimensional faces containing F' therefore coincides
with the number of subsets of I with cardinality ! containing K, which is equal to (7:,2“)

The total number of faces containing F' is the number of subsets of I containing K, which
is equal to 2"~ %. In particular, these values only depend on the dimension of F' and not
on its type. Also, we recover that every vertex of Z; is contained in precisely n edges, n
facets and 2" faces of Zj, so Corollary 4.3.35|is indeed a generalization of Corollary 4.3.22|
Moreover, we have already remarked that Theorem |[4.3.32| reduces to Theorem |4.3.21] since
the equivalence relation ~ on X*(W,.S) defined in (4.3.19) is trivial in this case.

(ii) Corollary |4.3.23| asserts that if h € C is regular, the underlying graph of Z;, is isomorphic
to the Cayley graph of (W, S). With this result in mind, it might be tempting to conjecture
that whenever h € C is virtually singular, the underlying graph of Zj, is isomorphic to the
Schreier graph of (W, S) with respect to the subgroup W}, but this naive guess is not true.
Although the vertices of these graphs are both in bijective correspondence with the left cosets
of Wy, in W, the edges are defined differently. Let wW},, w' W), C W be arbitrary:

e In the underlying graph of =, these cosets correspond to the vertices w(h) and w’(h)
which are connected by an edge if and only if w~'w’(h) is the endpoint of an edge of =,
emanating from h. Since W), acts transitively on such edges with the same type, this is
the case if and only if there exist wo € W, and i € I\ I}, such that w1 w’(h) = wos;(h),
which is equivalent to w'W}, = wwgs; Wy,. In particular, the cosets wW}, and w' W}, have
to be distinct, but this is also obvious from the fact that edges of Zj are convex.

e In the Schreier graph of (W, S) with respect to W}, these cosets have to be identified
with the vertices (i.e. right cosets) Wjw and Wjw' which are joined by an edge if and
only if W,w' = Wyws; for some ¢ € I. Here, it is possible that these vertices coincide.
For example, if w is left Ij-reduced and i € I is such that I(w) < I(ws;) but ws; is not
left Ij,-reduced, then ws; = s;w for some j € Iy, so that Wiws; = Wys;w = Whw is
connected to itself by a loop. Observe that it was necessary to use right cosets in order
to obtain the usual “right” Cayley graph in the case of trivial stabilizer.
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In addition, both graphs are regular but their degrees may be different. On the one hand,
the degree of the Schreier graph is n = |I|, irrespective of W}, but it may contain loops. The
underlying graph of Zj,, on the other hand, cannot contain loops and its degree is given by the
expression in (4.3.23). Note further that the W-action on a provided by the D-representation
induces a left-action of W on the underlying graph of Zj by graph automorphisms, but there
is no obvious left-action of W on the Schreier graph of (W,.S) with respect to Wj.

The almost virtually singular case

All of the previous results can be generalized to almost virtually singular elements by a simple
modification. Throughout this subsection, we assume that h € C is almost virtually singular.
By definition, this means that the irreducible factors (W1, S1),..., (Wi, Sm) of (W, S) have the
following property: For every k € {1,...,m}, the intersection Wj, N Wy, is finite or W}, is entirely
contained in Wj. Note that these conditions are not mutually exclusive if W}, is finite. Moreover,
h is virtually singular if and only if the former is satisfied whenever Wy is infinite, but if & is only
assumed to be almost virtually singular, it may happen that there exists some k € {1,..., m} such
that W}, is infinite and contained in W},. In either case, the condition W, C W}, is equivalent to
I, C Iy, so if this holds, then Wy, acts trivially on =j, = conv(Wi;s - h) = FJ,,.. More formally,
if we consider the Iy;s-restriction Dy .. of D, then h is almost virtually D-singular if and only if it
is virtually Dy, -singular and Zj, = Fy . does not change if we replace the D-representation of W
by the Dy, -representation. Hence, even though the stabilizer of i need not be finite, the infinite
irreducible factors of W}, have no influence on the structure of Zj,. Therefore, all results that we
proved in the virtually singular case apply verbatim to almost virtually singular elements upon
replacing the set I by Iyis. In fact, this “reduction process” was also available in the preceding
subsection since we have never required [;,, to be empty. Previously, the only restriction on this
set was that it must not contain a non-spherical connected component of I, but we could have
easily allowed this in our discussion by adjusting the notation accordingly. For ease of reference,
we summarize the most important results in the following theorem:

vis

Theorem 4.3.38. Let h € C be almost virtually singular.
(i) Zp is a closed convex subset of a of dimension |Is| and its affine span is Ep, = h +a
(ii) The following map is a well-defined W -equivariant poset isomorphism:

!
vis”©

¥ SN (W, 8) = F(Ep)

(4.3.24)
[wW;] — w(Fy) = conv(wWy - h)

More precisely, for every standard left coset wW; C W, the set w(Fy) is an exposed face of
Zp of dimension |Jyis|. Every face is of this form for some standard left coset of (W, S) and
for all Wy, waWyx C W, it holds that:

wl(FJ) = ’IUQ(FK) — Jyis = Kyis and ijfleWK N WJ\tis 75 0 (4325)
(iii) There is a well-defined type function on F(Z,) given by:

T: ]:(—'h) — PV]S(I) (4326)
w(FJ) = Jvis

The action of W on F(Zy) is type-preserving and transitive on faces of the same type. For
every standard left coset wW; C W, the stabilizer of the face w(Fy) under the action of W
is the parabolic subgroup w(Wy= X Wy, )w™t and its point-wise fizer is wWJ:iswfl.

(iv) Every face of 2y only lies in finitely many other faces. More precisely, Corollary |{.3.85
continues to hold. In particular, the underlying graph of Zy is locally finite and regular.

(v) A point h' € a is contained in Z, if and only if it lies in Ej, and satisfies

(wi,w(h")) <A{wi,h) for allw € W and i € I. (4.3.27)
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Proof. The argument merely consists of collecting results that we have already established and
modifying them in a trivial way. Let Dy . denote the I -restriction of D and view h € C as a
virtually Dy, -singular element of a.
(i) We have shown in Proposition 4.3.2|that dim(Z},) = |Lis|, so its affine span is B, = h+a
and Corollary |4.3.31] further implies that = = conv(Ws - h) = FT,,_ is closed.

(ii) First, it follows from Theorem [4.3.32| that ¥ defines a Wys-equivariant poset isomorphism
i*(ins, Svis) — F(Zr). Second, it is not difficult to check thatNE*(ins, Syis) = i*(W, S)
and that Wiy, acts trivially both on X*(W, S) and F(Z,), so 1 vacuously extends to the
required W-equivariant poset isomorphism.

(iii) It is a consequence of Proposition [4.3.13| that 7 is well-defined. By definition, the W-action
on F(Zp) is type-preserving and transitive on faces of the same type. The assertions about
the stabilizer and point-wise fixer were established in Corollary 4.3.14| and [4.3.17,

(iv) This is immediate from Corollary 4.3.35 which does not change if I is replaced by Iy;s.

(v) The assumption k' € Ej, implies that W;,, stabilizes h’, so (4.3.27)) has to be an equality
whenever w € Wy, and ¢ € I;,,,. Hence, this condition is equivalent to the equalities in the
second and third line of (4.3.18) and the inequalities in the first line are unchanged after
replacing I by I,;s. Therefore, the statement follows from Proposition 4.3.28| O

vis

li
vis?

Finally, if h € a is an arbitrary almost virtually singular element, not necessarily contained in C,
there exists e € {1,—1} and some wy € W such that ewy(h) € C and Theorem 4.3.38| applies
to that point. Since =, () = €Zp, the assertions of |(i) and |(iv) hold verbatim for =5 once A is
endowed with the colouring defined by I* = I, (). In|(ii), it is necessary to change ¢ to the map
[wW;] = e conv(wWy - wo(h)) and then |(iii)| continues to hold. In |(v), it suffices to replace h by
wp(h) and flip the inequality sign if € = —1. In particular, we have proved Theorem [E. We close
this subsection with one more simple but noteworthy consequence of the previous theorem.

Corollary 4.3.39. If hq, ho € a are two almost virtually singular elements, then =y, = Zp, holds
if and only if W -hy =W - hs.

Proof. By Theorem 4.3.38 (ii)l, the sets =j, and Zj, coincide if and only if they have the same
vertices, which are precisely the respective W-orbits of hy and hs. O

The essentially singular case

To conclude our study of internal Weyl group orbits, it remains to treat the essentially singular
case. Hence, in this subsection, we suppose that h € C is essentially singular. By definition, this
means that there exists some k € {1,...,m} such that Wj, N W}, is an infinite proper subgroup of
Wi or, equivalently, that I,is contains a non-spherical subset of Ij,. In this situation, we will see
that many assertions of Theorem [4.3.38 are no longer valid. In particular, we will establish that
Ey is not closed and therefore not defined by weak linear inequalities as in Theorem |4.3.38 (v).
Before we prove this abstractly, let us illustrate the central idea in a concrete example.

Example 4.3.40. Consider the following GCM of indefinite type:

2 -2 -1

A=(-2 2 1| = rm=/L\

-1 -1 2

Since A is invertible, the simply connected Kac-Moody root datum D = D2 is free and cofree.
We identify a = AY, ®z R with R3 by mapping B = {a},ay,ay} C a to the standard basis of R?
and endow a =2 R? with the Euclidean norm ||-|| via this isomorphism. Under this identification,
the fundamental weights w1, ws,ws € a* correspond to the standard coordinate functionals. The
point h := (—1,—1,0) satisfies (a1, h) = (a2, h) = 0 and (a3, h) = 1. Thus, it is contained in C
and its stabilizer W}, under the D-representation of W = W (A) is the infinite standard subgroup
Wii2y & Do, 80 h € C is essentially singular. We are going to show that =, is not closed by

constructing a convergent sequence in = whose limit point does not lie in that set.
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To this end, we write J := {1,2} and denote by D; the J-restriction of D. Then W), = W; and
the point p == s3(h) = h — ay = (—%,—%,—1) € Ej, now satisfies (aq,p) = (ag,p) = 1, so it is
contained in the open fundamental D j-chamber C; C a and therefore D -regular. In particular,
the set E; = conv(W; - p) C ais closed and, by construction, a subset of Z;,. We claim that E;
contains the infinite ray p — Rso(a) + o) = {(t,t,—1) [t < -1} Cp+a).

Since (a1, oy + ay) = (a2, af + ) = 0, it follows that w(ay + o) = oy + o for all w € W.
Given any A € R, the fact that p € C; now implies that

(wj, wp — May +a3))) = (wj,w(p)) — A < (wj,p) forall we W, and j € J.

Hence, Corollary [4.3.27 shows that p — A(a) + ay) € EZ and the claim is proved. For every [ € N,
the point y; := p — I(ay 4 ay) now lies in ZJ C Z, so the closed line segment [h,y,] is a subset
of = as well, and the vector v; = h —y; = (o) + o) + oy = (I,1,1) satisfies ||v;]| > 1, so this
line segment intersects the unit sphere in a centered at h in the point z; == h — v;/||vi|| € [h, yi].
On the one hand, it follows that the resulting sequence (z;);en is contained in Z; and converges
to x := h — (o) +ay)/+2. On the other hand, this limit point does not lie in Zy, since 2 # h and
(w3, ) = (w3, h), but Z, N EG) = FG) = {h} by Proposition 4.3.6!

Thus, we have proved that =, is not closed. Consequently, it cannot be written as an intersection
of closed half-spaces and is therefore not characterized by a family of weak linear inequalities.
While the same argument as in the almost virtually singular case still shows that every point
I € Ej is contained in E, = h + al;, (which is all of a in our current example) and satisfies
(wi,w(h')) < {w;, h) for all w € W and i € I, the converse is not true. For example, every point of
the form h/ = (t,¢,0) for some t < —3 is contained in C and (w;, h') < (w;, h) holds for all i € I,
so it fulfils all these inequalities, but no such point lies in =;,.

Using a simple property of unbounded convex sets, the same argument as in the previous example
applies in the general case.

Proposition 4.3.41. If h € C is essentially singular, then =, is not closed.

Proof. Throughout this proof, we endow a = R? with the Euclidean norm ||| induced by the
isomorphism that maps the basis B = {aY,..., ), hni1,--.,hq} C a to the standard basis of
R? in the natural order. To simplify the notation, we first assume that A is indecomposable, so
that (W, S) is irreducible and W}, is an infinite proper subgroup of W. Let J be a connected
component of I, such that the irreducible factor W; C W), is infinite. Because A is connected
and I, # I, there exists a white vertex ¢ € I\ I}, that is joined to some black vertex of J C Ij,.
Thus, the point p = s;(h) € Zj; does not coincide with h and satisfies (a;,p) > 0 for all j € J,
where the inequality is strict for at least one j € J. Consequently, p is contained in the closed
fundamental D j-chamber C; C a, but it is not a global fixed-point for the W -action on a. We
set Jp, = {j € J:{aj,p) =0} C J, so that W is the stabilizer of p under the W;-action on a.
As (Wy,Sy) is infinite and irreducible, it follows from Theorem |1.1.6/that W; C W has infinite
index in W;. Therefore, W; - p C a is an infinite set and Corollary 4.3.4] implies that its convex
hull Z7 := conv(W; - p) C Ej, is unbounded.

By [Roc70, Corollary 8.3.1 and Theorem 8.4], every unbounded convex set contains an infinite
half-line. More precisely, since EZ{ C p+ a/;, it implies that there exists a point ¢ € EZ and a
vector v € a’; \ {0} such that the ray ¢ + R>ov is contained in Z;J. We set y; := ¢ + lv for [ € N.
Let S1(h) denote the unit sphere in a centered at h. We may w.l.0.g. assume that |h —y|| > 1
for all I € N, which ensures that the closed line segment [h,y;] C = intersects that sphere in a
unique point x; € Z. As Sy(h) is compact, the sequence (;);en converges to a point « € Sy (h).
We are going to show that = ¢ =5, which will conclude the proof in the irreducible case.

To this end, we consider the sequence of vectors (v;);en defined by v; == h —y; = h — ¢ —lv. Then

—h_ v v _ v
r;=nh o for all | € N and the sequence <Hvll\ )leN converges to ol SO that

r=limax;=h— lim — = —|—L.
=00 =00 ||ug]| [lv]]
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It follows that z lies in the affine subspace h+a’; C a, but the only point of =;, with that property
is h itself. To see this, note that W}, fixes h and if w € W\ {1} is right Ij,-reduced, there exists
some r € I(w)\ I, C I\ J and Lemma [4.3.5 implies that (w,,w(h)) < {wr, h), so w(h) is not
contained in that subspace. Hence, every non-trivial convex combination of W-translates of h
involves a point that does not lie in h + a;. As x # h, we conclude that = ¢ Zj.

If (W,S) is not necessarily irreducible, there exists some k € {1,...,m} such that W, N W} is
an infinite proper subgroup of Wy, so the irreducible case implies that F;, = conv(W} - h) C Zj
is not closed. More precisely, the proof constructs a sequence (z;);ey in Fy, that converges to a
point ¢ Fp,, but the same argument as in the previous paragraph shows that x is not contained
in =j either. Hence, &}, is not closed, as required. O

Remark 4.3.42. In the setting of Example 4.3.40, the reader may have noticed that the submatrix
Ay = (_22 32) of A is of affine type, which is a very special case in Kac-Moody theory where it is
not uncommon to encounter phenomena that have no analogues in the “generic” indefinite case.
The fact that =5 is not closed, however, is not related to this and we could have easily replaced
A ; by any other GCM of size 2 x 2 that is not spherical. The only reason for this particular choice
is that a GCM of affine type is not invertible, which made it very simple to find an infinite ray
that is contained in EZ and write down an explicit convergent sequence in =; whose limit point
does not belong to E,. But as the proof of Proposition [4.3.41] shows, the existence of such a ray
is guaranteed by a general property of unbounded convex sets. Apart from this minor difference,
the argument in the general case is almost verbatim to the concrete example before.

Since Zj, is not closed if h € C is essentially singular, it cannot be reconstructed from its affine
span and its proper faces as the intersection of all its supporting half-spaces. Therefore, =, is
not characterized by a family of weak linear inequalities as in the almost virtually singular case
and the face poset F(E},) does not describe Zj in a satisfactory way. More precisely, recall from
Corollary 4.3.7| that every standard coset of (W,S) defines an exposed face of =, even in the
essentially singular case, so Zj indeed has many proper faces. In particular, its relative boundary
is not empty. What we cannot prove at the moment is that every face arises in this way because
the proof of Corollary [4.3.31] does not apply in this setting. The author is not aware whether the
map ¢ : 2*(W,S) — F(Z,) can be shown to be surjective in the essentially singular case by an
alternative argument. However, even if it was true, it would not allow us to extend the convexity
theorems in Chapter [5] to this situation since their proofs crucially hinge on the property that =
is an intersection of closed half-spaces.

4.3.3 Parallel slices

Altogether, we have arrived at a satisfactory and meaningful description of the face poset of Zj
whenever h € C is almost virtually singular. In this section, we investigate those convex sets that
arise as intersections of =}, with parallel translates of the supporting hyperplanes E(V) ... E(™).
As we shall see, every such “parallel slice” is the convex hull of a finite union of orbits of a maximal
proper standard subgroup of (W, S). This property will be essential to the proofs of the convexity
theorems as it will allow us to apply inductive arguments. The results of this section crucially rely
on Theorem [4.3.38] so we have to invoke the following restriction:

Assumption 4.3.43. Throughout Section [4.3.3, we suppose that h € C is almost virtually
singular or, equivalently, that W, N W is finite.

Recall from Proposition [4.3.6|that for every i € I, the set 2, N E®) = F() = COHV(W(i) -h) is an
exposed face of = and the following trichotomy holds:
a) If i € I, is invisible, then E(*) = Ej, D Z), is a trivial supporting hyperplane and F() = =),
is the trivial face.
b) If i € Iq C I is non-degenerate, then E(*) is a defining hyperplane and F() a facet of Zj,,
ie. dim(F®) = dim(Z;) — 1.
c) If i € Igeg C Iyis is degenerate, then E® is a supporting hyperplane and F*) a face of Iy,
that satisfies dim(F®)) < dim(Z;,) — 1.
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For every i € I and t € R, we define
EW) ={y € By : (wi,y) =1}. (4.3.28)

This extends the notation for the supporting hyperplanes in the sense that F® ({w;, h)) = E®).
The purpose of this section is to study sets of the form

POt) ==, nEYD(t) for someic I andteR. (4.3.29)

If i € L1y, then w; is constant on Ej, = h+al,, which implies that E()(t) = () for t # (w;, h), so it
suffices to consider the visible case. If i € I, then w; is not constant on Ej, so given any ¢t € R,
the affine hyperplane E(?) (t) separates Ej, into two closed half-spaces. We denote the resulting
“positive side” by

EV(t) = {y € By : (wi,y) > t}. (4.3.30)

Both the hyperplane E()(t) and the half-space E_(:)(t) are invariant under the standard subgroup

W@ c W since this is the stabilizer of w; under the W-action on a*. Similarly, the functional
X = D _ier,,. Wi € a¥ is not constant on £, either and for every ¢ € R, we set

Eo(t) = {y € Bn: (vy) > th (4.3.31)

Our first objective is to determine the set T,gz) = {t € R: PO(t) # (B} for an arbitrary i € Ii.
On the one hand, Proposition 4.3.6 implies that P (t) = () if # > (w;, k). On the other hand,
as PO ((w;,h)) = F% £ () and Z), is closed and convex, this set is either a finite closed interval
[to, {(ws, h)] for some ty € R with tg < (w;, h) or the half-infinite interval (—oo, (w;, h)]. As we shall
see, the existence of a lower bound depends on whether the index [W : W] is finite. In order
to prove this, we are going to show that the closed half-space ESf) (t) contains only finitely many
W@ _orbits of vertices of Zj,. These orbits are in bijective correspondence with the elements of the
double quotient space WO\ W/W),. Every double coset W ®wW),, ¢ W with w € W has a unique
representative of minimal length that is characterized by the property of being (I @, Ij,)-reduced.
To prepare for the proof of Proposition [4.3.47, we first establish a simple but slightly technical
result about this quotient space.

Lemma 4.3.44. Let i € L be arbitrary. The index [W : WD) is finite if and only if the double
quotient space W O\W /W), is finite.

Proof. Using that i € L5, W = Wi X Wipy and Wiy, C Wy, we find that
WO = (WO N W) x Wiy and - Wy, 2 (Wi, N Weis) X Winy.
This implies that the following quotient spaces coincide:

WONW = (WO 0 W)\ Wi
W(Z)\W/Wh = (W(l) N ins)\ins/(Wh N ins)

As h is assumed to be almost virtually singular, the group W) N Wy is finite. Hence, it acts on
the right quotient space (W) N W,;s)\Wyis by right-multiplication such that every orbit is finite.
But the double quotient space on the right in the second line is the orbit space for this action, so
on the one hand, this set is finite if and only if the quotient space on the right in the first line is
already finite, which is the case if and only if [W : W] < co. On the other hand, it is also finite
if and only if |WO\W/W},| < co. O

The next lemma is the essential step towards the anticipated result about T}Ei). Its proof requires
one more bit of terminology: For an element a = Y, kia; € Q (resp. a =Y. ko € QY)
with k1,...,k, € Z and a subset J C I, we define the J-height of a by

hty(a) = k. (4.3.32)

jeJ
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Lemma 4.3.45.
(i) For every i € I i and t € R, there exist only finitely many w € W that are (I, I,)-reduced

and satisfy w(h) € ES:)(t).

(ii) For every t € R, there exist only finitely many w € W that are right Ij,-reduced and satisfy

w(h) € B (t).

Proof. (i) For every w € W, we define 3;(w) :== w; — w1 (w;) € Q4, so that

(wi,w(h)y >t <= (Bi(w), h) < {w;,h) —t.

Note that these inequalities are impossible if ¢ > (w;, h). Since the stabilizer of w; under
the W-action on a* is the standard subgroup W& c W, we have §;(w;) = f;(ws) for two
elements wy,wy € W if and only if W®w; = W®w,. Thus, the set {8;(w) | w € W} C Q4
is in bijective correspondence with the right cosets of W in W and when writing S; (w),
we may assume that w is left I(¥-reduced. Moreover, the following transformation rule for
right-multiplication holds for all w € W and j € I:

Bi(ws;) = wi — sjw™ (wi) = Bi(w) + (wi, w(ay))ay

If we W is left I(Vreduced and j € I is such that {(w) < I(ws;), the folding condition
states that ws; is either left I(V)-reduced as well, and hence f3;(ws;) # B;(w), or ws; = sj;w
for some j' € I and B;(ws;) = Bi(w). In both cases, we have w(a)) € @Y by (2.5.4) and
(ws, w(a}/» > 0. If equality holds, then §;(w) = B;(ws;), implying that w and ws; lie in the
same right W (@-coset and the latter case occurs. Therefore, if ws; is left I®-reduced too,
we have (w;, w(ay)) > 0 and ht(8;(w)) < ht(8;(ws;)).

Suppose now that w € W is left I¥-reduced and set [ := I(w). Since Wi,, € W@, this
assumption implies that w € Wy, so if w = s;, ...s;, is a reduced decomposition, then
i1,...,4 € Lys. In addition, for every k € {0, ...,1}, the element wy, = s;, ...s;, is also left
I®_reduced, so we conclude from the previous paragraph that ht(8;(wy)) > ht(8;(wo)) + k,
where 5;(wo) = Bi(1) = 0. Moreover, since W), N W is finite, the maximal length of a
subword of this reduced decomposition that only involves the simple reflections in S7, 1.,
is bounded by (w4 ), where wy denotes the longest word of W}, N W;s. Since no simple
factor of w lies in Siny, it follows that if I > lg(I(wy) 4+ 1) for some |y € N, then at least
lo of these reflections must be contained in S;  \(1,n1,..) = Sn\1,, 80 we even find that
htp g, (Bi(w)) > htp g, (Bi(wo)) + lo = lp. Because (a;,h) > 0 for all j € I\ I, every left
I®_reduced element w € W with sufficiently large length satisfies (3;(w),h) > (wi, h) — t,
so there are only finitely many such elements with (w;,w(h)) > t and the same statement
then holds for (I¥), Ij,)-reduced elements as well. In fact, the value of (w;, w(h)) is constant
on the double coset WD wW),.

The proof is similar to |(i). For every w € W, we define B(w) = x — w™!(x) € Q., so that

owh) 2t <= (Bw), h) < (x,h) —t.

As (x,a)) = 1 for j € Ijs and (x,a) = 0 for j € Iy, the same argument as in the proof
of Lemma [4.1.8| shows that the stabilizer of x under the W-action on a* is the standard
subgroup Wi,, C W. Hence, the set {8(w) | w € W} C Q4 is in bijective correspondence
with the right cosets of Wi,y in W and when writing S(w), we may assume that w is left
ILiny-reduced. Now the following transformation rule holds for all w € W and j € I:

Blws;) = x = sjw™ ' (x) = Bw) + {x, w(a)))ay

Exactly as in (i), it follows that if w and ws; are both left I;n,-reduced and I(w) < l(ws;),
then ht(3(w)) < ht(f(ws;)) and this again implies that there are only finitely many left
Iiny-reduced elements w € W that satisfy (x,w(h)) > ¢, so the same statement holds for
(Linv, In)-reduced elements. To conclude the proof, it suffices to note that for every w € W,
there exist unique w; € Wy and we € Wi,y C Wp such that w = wiws, so we have
WinywWy, = Winywi Wy, = w1 Winy Wi, = w1 Wy, = wWy,. Therefore, w is (liny, I, )-reduced if
and only if it is right Ij,-reduced. O
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Given any i € I;s and t € R, the closed half-space EC )( t) C By is W®-invariant, which implies
that a vertex of = is contained in EY )( t) if and only if its entire W (®-orbit has this property.
The vertices of =5, are in bijective correspondence with the left Wj-cosets in W or, equivalently,
the right Ij,-reduced elements of W, and their W ()-orbits with the (I¥), I;;)-reduced elements.
Therefore, Lemma [4.3.45| immediately leads to the following geometric statement:

Corollary 4.3.46.

(i) For every i € Ly and t € R, the closed half-space EY )( t) C Ey contains only a finite number
of W _orbits of vertices of =p,.

(ii) For every t € R, the closed half-space E,(t) C Ej contains only a finite number of vertices
Of Eh. [

We are now in a position to determine the set T}(Lz) = {t € R: PU(t) # ()} for any fixed i € L.
To formulate the next result, recall from Theorem [1.1.6] that the index [W : W] is finite if and
only if ¢ € T\ I, where I, denotes the union of all non-spherical connected components of I. Its
complement is spherical, so Wp\j_ 1s finite and contains a unique element w, of maximal length.
Conjugation in Wy by wy = wy + maps Sp\z., to itself and induces a diagram automorphism
of Ay, . When w, is considered as an element of the ambient group W, it commutes with Wy__,
so conjugation in W by w; induces an involutive automorphism of the entire Coxeter diagram A
that is trivial on the subgraph Aj_ .

Proposition 4.3.47. Let i € Iis be arbitrary.
(i) If i € I\ I, then [W : W®] s ﬁnite. In this case, let wy be the longest word of Wp1_,
then (wi, wy (h)) < (Wi, h) and PO (t) # O if and only if t € [(wi, wy (h)), (w;, h)].
(ii) If i € I, then [W : W] is infinite and P (t) # 0 for all t € (—oo, (wi, h)].

Proof. To simplify the notation in this proof, we set Ay = (wg, h) € R for all k € I.

(i) Let wy = 77, (w4 ) be the unique element of minimal length in w, W} To prove the asserted
inequality, we claim that ¢ € I(w4 ). Our argument uses basic properties of the Bruhat order
on a finite Coxeter group. Suppose to the contrary that i ¢ I(w,) and let w € Wy 7 be
arbitrary. As w < w, in the Bruhat order on (Wp\r_, Sz, ), and thus in that of (W, S5),
and 77 is order-preserving (cf. [BB05 Proposition 2.3.1 (i) and 2.5.1]), it follows that
77, (w) <y and hence 77, (w) € W To derive a contradiction, it suffices to construct a
right Ij,-reduced element of Wi\ 1. that contains s; as a simple factor.

To achieve this, let I, C I\ I for some p € {1,...,m} be the connected component of I
containing i. Since i € Iy, this set is visible, so Lemma [1.2.5] ensures that there exists an
exposing forest A?p for Ay . Set § := 07,(i) and let v = (i, ...,i5 = i) be the unique path
in A‘} connecting ¢ with a white vertex ig € I, \ I, then the element w; = s;s;, , ... i,
from the exposing set defined by A} is contained in Wy, C Wy\;_ and satisfies i € I(w;).
We are going to show that w; is rlght Ip-reduced. Once thls is established, it will follow that
w; = 7y, (w;) ¢ W@ a contradiction.

We prove this by 1nduction ond. If 6 =0, then i = iy € I, \ Ip, so that w; = s;, € W
is obviously right I-reduced. If § > 0, then w' = s;,_, ...s;, is right I-reduced by the
induction hypothesis. Thus, the folding condition yields that w; = s;w’ is either also right
Iy,-reduced or w; = s;w’ = w'sy, for some k € Ij,. If the latter case occurred, it would follow
that s, = w'spw' =t € Wiw$kWrewy and as i ¢ I(w’), this would only be possible if i = k
and w; = s;w’ = w's;. However, by definition of an exposing forest, s; commutes with si,
for every g € {0,...,0 — 2}, so the previous equation is equivalent to s;s;,_, = $;,_, $;, which
contradicts the fact that s; does not commute with s;;_, as ¢ and i5_; are adjacent in Ajp,.
Hence, w; has to be right Ip-reduced and the proof of the claim is finished. We conclude
that ¢ € I(w4 ), so Lemma|4.3.5|implies that h — @y (h) € o’ is a linear combination of simple
coroots in which o occurs with a positive coefficient and the desired inequality follows:

(wish —wy(h)) = (wi, h — w4 (h)) >0
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It remains to prove the second statement. Let o denote the involutive automorphism of A
induced by conjugation with w., then wysyw = s, () and thus wy (o)) € {ozg(k), —ozg(k)}
for all k € I. As l(wy) < l(wysg) holds if and only if k € I and o is the identity on I,
it follows that w. (o) = oy for all k € Ic and wy(ay) = —ayy, for all k € I'\ I, so if
Jj=o0(i) € I\ I, the functionals wy (w;) and —wj; coincide on the linear subspace a’ C a
and if we define ¢ == (w4 (w;) + wj, h) € R, then w, (w;) is equal to —w; + ¢ on the affine
subspace h + a’ C a containing =j,.

Given any h' € =, we also have wy (k') € E; by W-invariance of Z},, so Proposition 4.3.6
implies that (wg, h’) < A\ and (wg, wi(h')) < A for all k£ € I. In particular, we must have
(wi, M) < A\; and

(wir W) = (wi(wi), wi (1)) = (mwjwi (W) + e = e = Xy,

so it follows that P()(t) can only be non-empty if ¢ € [¢ — Aj, A;]. Moreover, we know that
P®()\;) = F@ is a face of Z and using the same reasoning, one verifies that

PO (c—)j) = conv(WDw, - h) = conv(wy W9 - h) = wy (FY)

is a face of 2 as well. Since =), is convex, we conclude that P(*)(t) is non-empty for all
telc— A, Al As ¢ — Aj = (w;, wy(h)), the proof of |(i)|is complete.

(ii) Let to € (—oo, \;] be arbitrary. Since [V : W#)] = oo, we also have [WO\W/W},| = oo by
Lemma 4.3.44, so there are infinitely many orbits for the W-action on the vertices of =Zj,.
By Corollary [4.3.46 (i) only a finite number of them is contained in E(j)(to), so there exists
some w € W such that ¢, = (w;, w(h)) < to. Hence, P (t;) contains w(h) and convexity of
Z;, implies that P()(t) is non-empty for all ¢ € [t, \;]. As to < )\; was arbitrary and t; < to,
the assertion follows. O

Consequently, if i € I, the interval T}Ei) = {tcR: PO(t) # 0} is given by

T _ { [(wi, wy (h)), {wi,h)] if i €I\ I and wy is the longest word of Wi\ (43.33)
h (=00, (wi, hY] if i € Iog s
and we have '
== J PY). (4.3.34)

teT

Remark 4.3.48. In the proof of Proposition 4.3.47 (i), readers familiar with classical Lie theory
might be tempted to assume that wy (wy) = —ws (k) should hold on all of a for every k € I\ I,
but this need not be true if a’ is a proper subspace of a. In this case, the fundamental weights
wi,...,w, € a* are not uniquely determined by the condition (wi,aJV> = 4;; for all 4,5 € I and
depend on the chosen complement a” = @f:n 41 Rhj. For k € I'\ I, the functional —wgx)
vanishes on a” but w4 (wy) may be non-zero on this space. Indeed, we have wy (wy) = wy, — « for
some o € Q4 with I(a) C I'\ I, so this functional vanishes on a” if the simple roots (q)iep 1.

all have this property, but this is not necessarily the case without a more careful choice of a”.

For the rest of Section [4.3.3, we suppose that ¢ € I,;s and t € T}El) are arbitrary but fixed. We are
now going to study the “geometry” of P(®)(t) in more detail. Intuitively, we shall see that P()(t)
“almost looks like” the face P()((w;, h)) = F) = conv(W® . 1) of =}, and has a similar face poset.
The main difference is that P (t) need not be the convex hull of a single W()-orbit, but it is
always the convex hull of a finite union of such orbits. As a first step in this direction, let us note
two simple properties:

a) Since =, is closed and convex, the set P(*)(t) is a closed convex subset of Ej, whose faces
are precisely the non-empty intersections of E()(t) with the faces of = (cf. Lemma [4.2.4).
Hence, all faces of P(*)(t) are exposed and every vertex of P()(t) is either a vertex of =,
that happens to be contained in E®*) (t) or lies in the relative interior of a unique edge of =j,.
The first case is only possible if t = (w;, w(h)) for some w € W.
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b) Let D) := D;u) denote the I)-restriction of D, C() (resp. C()) the open (resp. closed)
fundamental D(")-chamber in a and Xg_l) the D)-Tits cone. Since P (t) is W (")-invariant,
the same is true for its face poset, so from P@(t) C E, € X, C X(j) (cf. Corollary [2.6.9),
it follows that every face of P()(t) is W(*)-equivalent to a face that meets C'(9).
In order to obtain more precise information about the faces of P()(t), we will make use of the
following rather technical lemma, which is well-known if P(*) (t) happens to be a convex polytope,
but does not appear to be obvious without this assumption.

Lemma 4.3.49. Every face of P (t) is equal to the convex hull of its vertices.

Proof. Let F’ be an arbitrary face of P()(t). By Lemma |4.2.4, there exists a unique smallest face
F of 2}, such that F’ = F N E®(t). The faces of F are all exposed as they are simply the faces
of Ej that are contained in F'. Hence, by the same result, every face of F’ is exposed as well
and every vertex of I’ is either a vertex of I’ that is contained in E(*)(t) or lies in the relative
interior of a unique edge of F. Let Y denote the set of vertices of F’, then Y is not empty and
conv(Y) C F' holds by convexity of F’. To show the converse, we claim that for every x € F”,
there exists a finite subset Yy C Y such that z € conv(Yp). To this end, set ¢, == (x,z) € R and
consider the closed half-space

Ei(t:)={y € En: (x,y) > (x,2)}.

Then F/, = F' N E4(t,) is compact as F' = F N E@(¢) is closed and all functionals in the basis
B* = {wi,...,Wn, Ont1,-..,0a} C a* are bounded on F’ . To see this, note that the functionals
Gnt1,---,¢q and each w; with i € I, are constant on Ej, D F' and every w; with i € I is
bounded from above by (w;,h) € R on Z, D F/.. By definition, x = >_;c; w; is bounded from
below by t, on F, so each w; with i € ;s is bounded from below on I, as well.

Since every face of F' is exposed, the same also holds for F,. In particular, every “extreme point”
(i.e. O-dimensional face) of F| is a vertex, so [Roc70, Corollary 18.5.1] yields that F| is the convex
hull of its vertices. Now every vertex of F is either a vertex of F’ contained in E (t,) or lies in
the relative interior of a unique edge of F’. Let Y, C Y be the set of vertices of F’ contained in
E,(t;) and let Y_ C Y be the set of all endpoints of edges of F’ which start in E, (¢,) and end
in Ep \ E4(t;). Then Y, is finite by Corollary 4.3.46 (ii) and Y_ is finite by the same result and
the fact that the underlying graph of Zj, is locally finite by Theorem 4.3.38 (iv). As every vertex
of F is either contained in Yj := Y, UY_ or a convex combination of two such points, it follows
that © € F/. C conv(Yp), as claimed. Since 2 € F’ was arbitrary, we conclude that F’ C conv(Y)
and the proof is complete. O

This lemma now enables us to show that P(®)(t) is the convex hull of a finite union of W *)-orbits.

Proposition 4.3.50. The vertices of PV (t) that are contained in C) form a non-empty finite
set {x1,...,24}. Each of these vertices is almost virtually D) _singular and

PO (t) = conv ( qu w® -xp). (4.3.35)

p=1

Proof. Replacing D by its I,is-restriction Dy, does not change Z;, = Fy,._ and P)(t) in any way,
so we may assume that h € C is virtually D-singular, i.e. |W,| < co. For every z € a, we denote
by WL the stabilizer of # under the W (®-action on a.

Applying Lemma [4.3.49| to the trivial face yields that P()(t) is the convex hull of its vertices.
Furthermore, every vertex is W(-equivalent to one in C(@, so P(®)(t) also coincides with the
convex hull of the union of all W ()-orbits of the vertices that are contained in C?). In particular,
the set of such vertices is not empty, so in order to prove the first statement, it remains to show
that it is finite. Recall that every vertex of P()(¢) belongs to one of two types: It is either a vertex
of Zj, contained in E(t), i.e. equal to w(h) for some w € W, or it lies in the relative interior of
a unique edge of =j,.
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Let z € C® be a vertex of P (t). Corollary [4.3.46 (i)|implies that E¥)(¢) contains only a finite
number of W (")-orbits of vertices of Z;,. Since every such orbit meets C(?) in a unique point, there
are only finitely many possibilities for = to be of the first type. If x is of the second type, it lies in
the relative interior of an edge of Zj, connecting a vertex on the positive side of E(?)(t) to one on

the negative side, which is W()-equivalent to an edge that starts in C(®) N E_(f)(t). By the same
argument, there are only finitely many possible choices for the initial point of this edge and by
Corollary [4.3.35 (iii), the number of edges of =, emanating from any particular vertex is finite.
Hence, there are also only finitely many possibilities for = to be of the second type and the proof
of the first assertion is complete. L

If {xy,...,7,} denotes the finite set of vertices of P()(t) that are contained in C("), then we have
also proved (4.3.35). Given any p € {1,...,q}, we now show that |W9§?| < |W}| which will imply
that x, is virtually D) _singular. Recall that we have replaced D by Dy, (and so W by W)
in the beginning of the proof to make h virtually D-singular, but the subgroup Wi,, C W fixes
=, point-wise. Thus, once the inequality has been shown under the assumption that |Wj| < oo,
it will follow immediately that if i is only required to be almost virtually D-singular, then z,, is
almost virtually D)-singular as well and the proof will be finished.

If x, = w(h) for some w € W, then Wé;) = wWpw 'NW® = w(W;,Nw W @w)w=! is conjugate
to a subgroup of W}, and the inequality is clear. Otherwise, x, lies in the relative interior of an
edge L of Z; which has the form L = [w(h),wsk(h)] for some w € W and k € I\ I, where we

may assume that w and wsj are both right Ij,-reduced. We claim that Wm(;) = quj()h) N Wﬁgk(h).
Once this is established, the required inequality will follow from the previous case. The inclusion
“2” is obvious and it remains to prove the converse.

Set J = {j € IV : (aj,z,,) = 0}. As the W -stabilizer of 2, € C(V) coincides with the standard
subgroup Wy W it suffices to show that every simple reflection in S fixes w(h) and wsy,(h).
Suppose for a contradiction that there exists some j € J such that s; does not fix both of these
points or, equivalently, that L is not contained in the wall H; = ker(a;). As xz, € H; belongs to
the relative interior of L, its endpoints lie in the two opposite open half-spaces defined by H; and
we may w.l.o.g. assume that (o, w(h)) > 0 and (a;,wsk(h)) < 0. Lemma 4.3.3| now implies that
l(w) < l(sjw) and I(sjwsk) < l(wsg). In other words, w is left {j}-reduced but wsy, is not, so that
wsy, = sjw by the folding condition. But then we have (w;, wsk(h)) = (w;, sjw(h)) = (w;, w(h)), so
w; is constant along L. Because x, € E((t) lies on L, it follows that L C E(t). Consequently,
L is an edge of =), contained in £ (¢) and thus an edge of P (t), but z,, is a vertex of P(¥)(¢)
and belongs to the relative interior of L, a contradiction. Therefore, the claim holds and the proof
is complete. O

Remark 4.3.51. The proof of Proposition [4.3.50| is more precise than the statement itself in the
following sense: In order to show that the vertices x1,...,2, € PW(t) N C® are almost virtually
D) _singular, we reduced the argument to the case where h € C is virtually D-singular and then
established that \W£Z)| < |[W}| < oo holds for all p € {1,...,¢}. Intuitively, this inequality states
that if we ignore all walls of X that do not already belong to X Sf), i.e. we only consider the walls
of the form w(H;) for some w € W@ and j € I®, then x, ... ,xq are “at most as singular” as h.
In particular, it implies that if h € C' is D-regular, then z1,...,2, € C% are DW-regular. For the
other walls of X, however, we cannot make a similar statement. It is possible that such a wall
contains some of these vertices but not h. For example, if ¢ ¢ I, then [h, s;(h)] is an edge of Zj,

which intersects the wall H; in a unique point z € C(9. Since w; is not constant along this edge,
x is a vertex of P ((w;, x)) that lies on H; but h does not.

There is even a combinatorial way to determine the W (")-stabilizers of 1, ... , 24 more precisely.
Its formulation requires the notions of Bruhat order and its associated Bruhat graph that already
briefly appeared in the proofs of Proposition |4.3.13| and 4.3.47. 'We do not introduce them here
in detail and refer the interested reader to [BB05, Chapter 2]. Let I' denote the (left) Bruhat
graph of the Coxeter system (W, S). The vertices of I" are the elements of W and two vertices
w1, wy € W are connected by a directed edge pointing from w; to wq if and only if there exists a
reflection r € R C W (which is not required to be simple) such that we = rw; and I(wy) < I(ws).
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In this situation, the edge is labelled by r. We colour the vertices of I according to the left cosets
of Wy, in W i.e. two vertices are assigned the same colour if and only if they lie in the same left
Wiy-coset. For p € {1,..., ¢}, the stabilizer of =, under the W®-action on a can be read off from
this colouring of T'.
As z, is contained in C(9), the stabilizer ng D i generated by the simple reflections in S that
fix x,. Suppose first that x, = w(h) for some w € W that we may assume to be right I;-reduced.
In this case, Lemma 4.3.3| states that the equality (o, w(h)) = 0 with j € IV holds if and only
if I(w) < I(s;w) and sjw is not right Ij-reduced. Since (a;,w(h)) > 0 for all j € IV, the same
result also shows that w is left I()-reduced, so the first condition is automatically satisfied and
the second implies that s;w = ws; for some [ € Ij,. Hence, the reflection s; € S fixes x, = w(h)
if and only if the unique edge of I" with label s; containing w is directed away from w but ends in
a vertex with the same colour. Thus, the stabilizer Wvﬁ;) can be determined by finding the unique
right Ij-reduced element w € W such that x, = w(h) and investigating which edges of I" with
labels in S connect w to a vertex with the same colour.
Otherwise, z,, lies in the relative interior of an edge of =5 having the form [w(h), wsk(h)] for some
w € W and k € I\ I}, where w and wsy may be chosen to be right Ij-reduced. In this case, we
proved that a simple reflection in S(*) fixes z,, if and only if it fixes both w(h) and ws(h). The
W(f)—stabilizers of these two endpoints can be determined by the procedure just described and
é? is their intersection. Note that this method does not require the assumption that |W},| < oc.
Moreover, if h € C is D-regular, then no two vertices of I have the same colour and we again
conclude that x1,...,24 € C% are DW-regular, as expected.

Proposition |4.3.50 states that P()(t) can be constructed by first forming the W()-orbits of the
vertices 1,...,7, € P (t) N O, then unifying these sets and finally taking the convex hull of
the resulting union. Qur next goal is to explain that the last two steps can also be carried out in
the opposite order, but it is necessary to replace {z1,...,z,} by a larger set which is uncountable
unless ¢ = 1. More precisely, we will show that P()(¢) can equivalently be constructed by first
forming the convex hulls of the W (®)-orbits of all points in a suitable subset of P()(t) and then
taking the union of these convex hulls. Trivially, the entire set P(i)(t) would have this property,
but we will be interested in a certain “small” subset that only consists of proper faces of P(%) (t)
and exploits its W (¥-invariance.

Definition 4.3.52. We call the union of all faces of P()(t) that are fully contained in C'() the
essential part of P()(t) and denote this set by P& (¢).

Remark 4.3.53. As every face of P()(t) is the convex hull of its vertices, an arbitrary point
x € PYW(t) lies in the essential part if and only if all vertices of the unique face F' of P()(t)
with € relint(F) belong to the set {z1,...,2,}. In almost every situation, this implies that
F € PU(t) is a proper face. In view of (4.3.33), it suffices to distinguish three cases:

a) If i € I and t = (w;, ), then PO)(t) = FO) = conv(W® - h) and P (t) = {h}. Therefore,
PO (t) coincides with its essential part if and only if W) < W,,. Since i € I requires
Iy, # I, this inclusion already implies W) = W}, so that i is the only white vertex of A.
Combined with the assumption that A is almost virtually singular, this is a very restrictive
condition. Let I for some k € {1,...,m} be the connected component of I containing i,
then I, is not spherical but I, N I, = Ij; \ {i} has to be.

b) If i € I'\ Io and t € {(wi, h), {wi, wi(h))}, where wy denotes the longest word of Wp__,
then P (t) is either equal to F() = conv(W® - h) or w (FY)) = conv(w, W) . h), where
j € I\ Iy is determined by s; = wys;wy. In the first case, the same statement as in |a)
holds, but I, is now already spherical and thus also I, N Ij, = I} \ {i} if W = W),. In the
second case, we have P& (t) = {wyw (h)}, where w/, is the longest word of W@ N Wy,
and this single point is equal to P (t) if and only if W) = W,.

c) In any other situation, Zj intersects both open half-spaces defined by E(i)( ), so we find
Y1,Y2 € Zp with (w;,y1) > ¢ and (wz,y2> < t. Suppose that there exists some [ € 1Y) such
that the simple reflection s; € S does not fix Z; point-wise. As these two half-spaces are
W -invariant and =, ¢ H;, we may choose yi,y2 in such a way that (o, 1), (a,y2) > 0.



4.3. ORBITS OF INTERNAL ELEMENTS 119

By forming a convex combination of y; and g, we can construct a point y € P (t) with
{oq,y) > 0, which implies that s;(y) # y. If P()(t) was equal to its essential part, then all

its vertices would have to be contained in C(© and W would fix P (t) point-wise, but
this is impossible now. The only situation in which such a reflection does not exist occurs
when W = W,,, or, equivalently, i is the only white vertex of A and an isolated node.
Here, 25 = Fy;; = [h, s;(h)] is a closed line segment and P(*)(t) a single point.
Altogether, P{2(¢) only coincides with P(@)(t) if the latter is a single point and this happens in
precisely three degenerate situations. In general, it is a union of proper faces of P(%) (t).

If ¢ = 1, then P (t) = {1} consists of a single almost virtually D()-singular point z; € C(®). In
this situation, the face poset of P (t) = conv(W(® - z;) can be described as in Theorem 4.3.38
upon replacing h by z; and all notions associated to D by their analogues for D). For example,
if z; € C® is D"-regular, then F(P®(t)) is isomorphic to £*(W®, S®). If ¢ > 1, however, the
essential part is an uncountable set as it contains a non-trivial line segment. In this case, P(*)(t) is
the convex hull of the union of at least two W ()-orbits and its face poset is more complicated. We
will not attempt to describe F(P()(t)) in the same level of detail as in the case of a single orbit.
For our purposes, it suffices to establish the following result which generalizes Proposition |4.3.50|
On the one hand, it shows that the faces of P(®)(t) are still related to the standard left cosets of
(W(i), S(i)) if the vertices x1,..., x4 are incorporated appropriately. On the other hand, it states
that a face is either equivalent to one in the essential part or has a certain degree of symmetry.

Proposition 4.3.54. If F is an arbitrary face of P (t), there exist integers s € {1,...,q} and
Piy--s0s €{1,...,q}, an element w € WO and a subset J C IV such that

S
F = conv ( U wWy - a:pr>. (4.3.36)

r=1

Moreover, if F is not W -equivalent to a face in Pe(gs)(t), there exists a parabolic subgroup of
(W® SO that stabilizes F but does not fiz it point-wise.

Proof. First, we assume that relint(F) N C() # () and denote by {z},,...,2p,} C {z1,...,2,} the
set of vertices of F' that are contained in C'D. In this situation, we claim that s > 1 and there
exists some J C I such that the set of all vertices of F is equal to the union Ui Wz
Because F' is the convex hull of its vertices by Lemma, 4.3.49| this will prove the first statement
under that assumption by taking w = 1.
We turn to the proof of the claim. Let j € I¥) be arbitrary. Since F(P®(t)) is W(®)-invariant,
F' = s;(F) is also a face of P()(t) and exactly one of the following three possibilities occurs for
the relative position of F' with respect to the wall H; = ker(qa;):
a) If F is contained in Hj, then s; fixes F' = F’ point-wise.
b) If relint(F') meets both open half-spaces defined by H;, then s; does not fix F' point-wise,
but there still exists some z € relint(F') with z = s;(z). Hence, the relative interiors of F
and F’ have a point in common, which implies that F' = F” is stabilized by s;.
c) If relint(F) is contained in one of the open half-spaces defined by Hj, then relint(F”) lies
in the opposite half-space. As the relative interiors of F' and F’ are disjoint, it follows that
F # F’ is not stabilized by s;.
We denote by J; (resp. J) the set of all j € I(¥) for which ja) (resp. b)) is satisfied and define
J = J,UJy. Given any j € I it follows that F is invariant under the simple reflection s5; €8 (@)
if and only if j € J and the action of s; on F'is trivial if and only if j € J; C J. Consequently,
F is invariant under the standard subgroup W; € W) so the union Ui_, Wy -z, also consists
of vertices of F. It remains to show that every vertex of F' is contained in this set. In particular,
this will prove that s > 1. -
Assume to the contrary that there exists a vertex y of F' that is not W-equivalent to one in C'(9).
Let w € W be such that w™'(y) € C and write w = uv, where u € W; and v € W is
left J-reduced. By assumption on y, we have w ¢ W and hence v # 1. As F is W-invariant,
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we further have y’ := u~1(y) € F and this point lies in v(C(®) but not in C(). Tt follows that
(aj,y") <0 for some j € I™, so F meets the open half-space defined by H; where o is negative.
At the same time, it also has to intersect the half-space where «; is positive because if this was
not the case, then relint(F') would be contained in the negative open half-space, contradicting the
assumption that relint(F) N C® # (). Thus, F meets both open half-spaces, so that j € J, C J.
However, we also have 0 > (a;,y') = (v (ay), v~ (y)) with v=1(y') € C, so that v~ () € D_
by (4.3.2) and I(s;v) < l(v) by (2.5.4), which contradicts the condition that v is left J-reduced.
The proof of the claim is therefore complete.

The previous argument even shows that F' ¢ P (t) if and only if J = Jj, so if this does not hold,
then J, # () and the standard subgroup W, € W) stabilizes F but does not fix it point-wise.
The second statement is therefore also proved under the assumption that relint(F) N C® # (. In
general, if F' is an arbitrary face of P()(t), we may replace F' by w~!(F) for a suitable w € W)

to ensure that relint(w=!(F)) N C® # ). By applying the same reasoning to w1 (F), it follows
that F has the form in (4.3.36) and is invariant under the parabolic subgroup wW w= c W
which acts trivially on F if and only if w=!(F) is contained in the essential part. O

Informally, Proposition 4.3.54 states that if ¢ > 1, the face poset of P(*)(t) only differs from that
of one W®-orbit in the W) -translates of the “additional” faces formed by the vertices z1, ..., Zq
which all lie in the closed fundamental D(Y)-chamber and do not cross any of its walls. In fact,
P(i)(t) is completely determined by its essential part in the following sense:

Proposition 4.3.55. Every point in P (t) lies in the convex hull of the W) -orbit of a point in
the essential part:

PO(t) = U conv(W @ . ) (4.3.37)

yePL (1)

Proof. Let x € PU(t) be arbitrary and let F be the unique face of P()(t) such that z € relint(F).
We prove the claim by induction on dim(F). Since P()(t) and its face poset are W ()-invariant,
we may w.l.o.g. assume that z € C(9). In this situation, the proof of Proposition 4.3.54] implies
that at least one of the vertices of F' is contained in {z1,...,z4}. Let x, for some p € {1,...,¢}
be such a vertex. _
If dim(F) =0, then z = z, € Pe(;) (t) and there is nothing to prove, so we may suppose that
dim(F') > 0. If all vertices of F' are contained in {x1,...,2,}, then F C P (t) and we are done.
Otherwise, Proposition 4.3.54] yields the existence of a non-empty subset J C I® such that F
is invariant under the standard subgroup W; ¢ W), Assume that x is not a global fixed-point
of W; and choose any j € J such that s;(z) # x, then the fundamental weight w; € a* is not
constant on the infinite line Ly C a spanned by z and s;j(x). But it is bounded from above by
(wj,h) € Ron E, D F, so Ly intersects the relative boundary of the closed set F' in at least one
point x4 € Oel(F) which is contained in a proper face of F. Hence, the induction hypothesis
asserts that there exists a point y € P2 (t) with 2, € conv(W® - y). Since z and s;(z) are
contained in the relative interior of F' = s;(F) and x4 in its relative boundary, it follows that
x4 cannot lie on the closed line segment [z, s;(x)] C Lo. This implies that z € [z4,s;j(z4)] is a
convex combination of . and s;(z) and we conclude that z € conv(W® . y).
If = is a global fixed-point of W, then Ly cannot be defined, but this issue is easily dealt with.
Let V' C a be the affine span of F and V := V' — x C a its parallel translate through the origin.
Since we assume that F' is not contained in the essential part, the proof of Proposition 4.3.54
shows that there exists some j € J such that the simple reflection s; does not fix F' point-wise.
Thus, it restricts to a non-trivial involution on V, so —1 is an eigenvalue of s;|i- and there exists
a non-zero eigenvector v € V '\ {0} with s;(v) = —v. Because x € relint(F'), we may choose v # 0
sufficiently small to ensure that 2’ := x +v € F and write x as the non-trivial convex combination

1 1
T = §(x+v+3c —v) = i(x’ + s;(2")).

Applying the argument above to the line spanned by 2’ and s;(z’) yields that &’ (and hence z)
lies in the convex hull of W . y for some y € PL)(¢). O
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Example 4.3.56. Figure illustrates the statement of Proposition in two examples.
Suppose that the Kac-Moody root datum D, the element h € a, the index ¢ € I and the value
te T,Ez) are chosen in such a way that P()(t) is the convex hull of the union of three D(")-regular
W@ -orbits, where W is the symmetric group S in the first situation and the abelian group
(Z5)? in the second. The respective convex hulls of the three individual W (®)-orbits are indicated
by the overlapping blue, green and orange regions. The entire set P(Y)(t) is the convex hull of
these three subsets, which is not included in the figure, and its essential part is highlighted in red.
In the first image, it is made up of two adjacent closed line segments and in the second, it consists
of a single triangle. In both cases, it is easy to imagine that as a point moves over the red region,
the convex hulls of the corresponding W ()-orbits fill up all of P®) (t). Figure also includes
the walls of the D(")-chambers. In these would be the three standard coordinate hyperplanes
in R? and the D®-chambers the eight octants bounded by them.

(b) W) = (2)°

Figure 4.3: Two possible configurations of P\ (t)

All results of this section were proved under the assumption that h is almost virtually singular
and contained in C, but they easily extend to an arbitrary almost virtually singular point h € a
after replacing h by cwo(h), where ¢ € {1,—1} and wy € W are chosen such that swq(h) € C.
In particular, Proposition implies that we have established Theorem [Fl. The property that
P®(t) can be reconstructed from its essential part will be a crucial ingredient in proving the
anticipated convexity theorems in Chapter

4.4 Other orbit types

Up to now, most of our results about =; required the assumption that h € a is almost virtually
singular. In the final section of this chapter, we take a brief look at the remaining orbit types. As
a motivation, recall that we have already shown that = is not closed if h is essentially singular,
but in that case, it was still possible to construct some faces from standard left cosets of (W, 5).
If h is critical or external, =, appears to be even less well-behaved and we will not attempt to
establish any general results. Instead, we content ourselves with some interesting examples that
illustrate the difficulties that arise in these situations. For simplicity, we restrict our attention to
indecomposable GCM’s in order to avoid possibly unpleasant mixing phenomena caused by their
indecomposable components. We begin with a result that is well-known in Kac-Moody theory,
but we have reformulated and simplified it to suit our purposes.

Proposition 4.4.1. Let A be an indecomposable GCM, D a free and cofree Kac-Moody root datum
associated to A and consider the D-representation of W = W (A) on a =AY ®z R.
(i) If A is of finite type, every element of a is virtually singular.
(i1) If A is of affine type, every element of a is almost virtually singular or critical, but there
exist critical elements.
(iii) If A is of indefinite type, there exist external elements in a.
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Proof. These assertions essentially follow from [Kac90, Proposition 5.8], but we add a few details
and simplifications for the reader’s convenience.

(i) If A is of finite type, then X, = a and |W| < oo by Proposition [2.6.5 (vi), as required.

(ii) Suppose that A € ZM+Dx(+1) ig of affine type and set § :== >, ; a;a; € Q4 C a*, where
ag, ... ,an € N are the labels of the vertices in I'(A). Using the well-known structure of the
root systems of affine GCM’s (cf. [Kac90, Theorem 5.6 b) and Proposition 6.3]), it holds
that if A is of untwisted type, then

P =dUP™ = {kd+ B |keZ BedU{kd|keZ\{0}},

where & = <I>(A) denotes the finite root system of the reduced matrix A € Z"", Such a
root is positive if and only if ¥ > 0 or ¥k = 0 and S € ®,. Thus, Proposition 2.6.5 (iv)
implies that a point h € a lies in X if and only if it satisfies (§,h) > 0 or (4,h) = 0 and
(B,hy =0 for all g € ®. In particular, X, U X_ contains the two open half-spaces where
d € a* is non-zero. It follows that X, U X_ = a, so every h € a is internal or critical. If
(6,h) # 0, then h € X$ U X° is virtually singular. If (§, ) = 0, then A is internal if and only
if (o;,h) =0 for all ¢ € T and as ag # 0, these two conditions are equivalent to (o, h) =0
for all + € I. In this case, h is a global fixed-point for the W-action on a and hence almost
virtually singular. If (5, h) = 0 but («;, h) # 0 for some ¢ € I, then h is critical. For example,
as (0,a)) = 0 for every i € I, the simple coroots ay,...,a, € a are all critical.
If A is of twisted type, its real roots look slightly differently. If A is not of type A;i) or Df),
one further has to impose that k is even if g is a “long” root in order for kd + 3 to define a
real root. For type DS’), it must be divisible by three if g is long and for type Agi), it may
be chosen arbitrarily if 8 is long but it is only true that %(ké +08) € @ if k is odd. Apart
from this subtlety, the argument above applies verbatim to the twisted types.
(iii) Let A € Z™*™ be of indefinite type and ¢ € I be arbitrary. We claim that the simple coroot
a; € ais external. On the one hand, as the set of positive imaginary roots is W-invariant,
every such root is non-negative on X ;. On the other hand, [Kac90, Theorem 5.6 c)| asserts

that there exists some v € <I>if‘ that satisfies (v,aY) < 0 for every j € I. In particular,

(7,a;) < 0 implies that o ¢ X . At the same time, since we have 7' = s;(7) € @ and

(', —a)) = {y,a)) < 0, we also conclude that —aY ¢ X, and the claim is proved. O

Observe that Proposition |4.4.1] does not make any statement about essentially singular points.
They certainly cannot exist for the finite and affine types, but even in the indefinite case, their
existence is not guaranteed. For this, it is a necessary condition that the Weyl group has a proper
infinite standard subgroup, but there are many examples of (n x n)-GCM’s of indefinite type that
are (n — 1)-spherical. To find critical elements, however, it suffices to turn to the affine case.

Example 4.4.2. The simplest example is the GCM of untwisted affine type Agl):

A=(22 _22) = F(A):?@»?

Its Weyl group W = W (A) is isomorphic to the infinite dihedral group D.,. We consider the free
and cofree Kac-Moody root datum D = D%, of rank 3 and the D-representation of W on the
three-dimensional real vector space a = Ay, . ®z R with basis B = {ay, oy, ha}, where (ag, ha) =0
and (a1, he) = 1. We denote by B* = {wg,w1, P2} the corresponding dual basis of a*, so that
ag = 2wy — 2wy and o = —2wy + 2wy + ¢o. If we identify a with R? by mapping B to the standard
basis, the closed fundamental chamber is given by

C={(z,y,2) eR’: 2y <20 < 2y + 2}

In the notation of the proof of Proposition [4.4.1, we have § = ag + a1 = ¢2, so the Tits cone of
the D-representation is the union of the open upper half-space and a line in the zy-plane where

all roots vanish:
Xy ={(z,y,2) €R*: 2> 0} UR- (1, 1,0)
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Thus, a point (x,y,2) € R? is internal if and only if 2 # 0 or z = 0 and x = y. In the first case, it
is virtually singular and in the second, it is a global fixed-point for the induced W-action on R3.
It is critical if and only if z = 0 and « # y.

The blue region in Figure 4.4a depicts the set Zj, for the critical element h == —ay = (—1,0,0)
whose affine span is the zy-plane. We observe that =, is a closed subset of a, but it has a rather
poor face poset. The relative boundary of =, consists of two parallel lines defined by the equations
y = x £ 1 and these are the only non-trivial faces. In particular, =; does not have any vertices.
Furthermore, the closed line segments [h, sq(h)] and [h, s1 (k)] run through its relative interior, so
standard left cosets of (W, S) do not define faces of =), as in the almost virtually singular case.
More generally, given any w € W, the closed line segment [h, w(h)] is contained in the relative
boundary of Zj if and only if w belongs to the subgroup of W generated by sgsi, which is the
translation subgroup of W =2 D, = Zs x Z. In terms of inequalities, it is clear that a point
B = (2',y,2") € R? is contained in =y, if and only if 2/ = 0 and |y’ — 2’| < 1. As the elements of
B* correspond to the standard coordinate functionals under the identification a = R3, the former
condition is equivalent to (@2, h') = 0 = (¢2, h) and the latter to

(w1 —wo, ) <1 ={(w; —wo,h) and {wg—wi, ') <1 = {w; —wg,h).

It is simple to compute that if (¢, ') = 0, then (wy — w1, h’) = (w1 — wo, s1(h’)), so the previous
three conditions can be rewritten as follows:

<(.d1 7(4)0,h/> (w1 7W0,h>
= =p = <(JJ1 — Wo, Sl(h/)> <w1 — Wwo, h> (441)

(P, h') = (p2,h)

In addition, it is not difficult to verify that the generator sgps; of the translation subgroup of W
acts on the zy-plane as the map b’ — h/ — 2{w; — wg, ') (o) + ), so it shifts every point in that
plane by a scalar multiple of the vector oy + o = (1,1,0) which lies in the kernel of w; — wp.
Because every w € W can be uniquely written as w = s5(sgs1)"* for some ¢ € {0,1} and k € Z,
the three conditions in (4.4.1) are already equivalent to the following:

<
<

(w1 — wo,w(h)) < {w; —wg,h) forallweW
<¢27hl> = <¢27h>

This is now an infinite set of defining conditions resembling those in the almost virtually singular
case (cf. Theorem 4.3.38 (v))), but there are two noteworthy differences. First, the inequalities in
(4.4.2) only have to be verified for w € {1,s1} = Zy and the remaining ones are all redundant.
Second, w1 —wg € a* is not a dominant integral weight, so the irreducible highest-weight module
L(wy — wy) of the Kac-Moody algebra of type D over a field K is not integrable. This is in sharp
contrast to the almost virtually singular case where the supporting hyperplanes were level sets of
dominant integral weights.

In the current example, the set =, can be constructed by translating the closed line segment
[I, s1(h)] along the infinite line spanned by o + o} and its faces also arise from the three faces
of that segment in this way. A more precise description of the face poset of =, is the following:
Let D be the I-restriction of D and consider the D-representation of W = W(A) = Zs on a.
The face poset of Ej is isomorphic to E*(W S’) but the isomorphism is not the familiar map
which takes a standard left coset of (W S) to the convex hull of its action on h. Instead, it is
defined as follows: Since (ai,h) = 2 > 0, this point lies in the open fundamental D-chamber, so
Ep = conv(W - h) = [h, sl(h)] is a convex polytope whose three faces are precisely the sets of the
form conv(wWj - h) C Z,, where wW; C W runs over the three standard left cosets of (W S)
The three faces of Zj, are obtained by extending them along the infinite line spanned by o + oy .
More formally, the map

heE, — { (4.4.2)

wWy + conv(wWy - h) + R(ag + af)

defines a poset isomorphism $*(W, S) — F(Z3,). The line R(ay + ) is the kernel of the matrix
A = AT and coincides with the set of global fixed-points for the W-action on a.
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sos150(h) sos1) ' (h)

(a) A critical orbit (b) A regular orbit

Figure 4.4: Two configurations of Zj, in the two-dimensional affine case

Altogether, it appears that the geometry of =; does not reflect the combinatorial structure of
the entire reversed Coxeter complex ¥*(W, S), but only that of the underlying finite subcomplex
¥*(W, S) in the sense that 2, = Z;, +R(ay + ) and adding the line R(oy) + oY) defines a poset
isomorphism F(Z,) — F(Z,). Moreover, the defining inequalities for =, in (4.4.2) only have to
be verified for the finite subgroup W = Z,.

To conclude this example, it is interesting to note that if & € a is any other critical element, the
set =5 looks almost the same, only the distance between the parallel lines might change because
=y, only depends on the value [(w; —wg, k)| € Rso. In particular, we observe that Corollary |4.3.39
is not valid in the critical case. However, if we consider the point h := af +3ha = (1,0, 3) instead,
then h € C is regular and the convex hull of its Weyl group orbit is shown in Figure 4.4b. Here,
we recover the expected phenomenon that the faces of =5 are in bijective correspondence with the
standard left cosets of (W, .S) and it is defined by the familiar (in-)equalities:

(wi,w(h")) < (wi,h) forallw e W and i €
<¢23h/> = <¢23h>

The crucial difference to the critical case is that the affine span of = is now the affine hyperplane
defined by the equation z = 3 and the generator sys; of the translation subgroup of W does not
simply shift every point in that plane by a scalar multiple of one fixed vector. This has the effect
that the W-translates of h do not lie on straight lines but “curve away from h”. Also, the picture
suggests that =, is not defined by any finite family of (in-)equalities.

h ez, <:>{

Example 4.4.3. Next, we apply the same considerations to the GCM of twisted affine type DéQ)
in order to verify the previous observations in a three-dimensional situation:

TIts Weyl group W = W (A) is isomorphic to the Coxeter group with the following presentation:
(50, 81,52 | 8(2)75%357 (5031)43 (5052)27 (5182)4>

Parallel to Example 4.4.2, we consider the free and cofree Kac-Moody root datum D, . of rank
4 and the D-representation of W on the four-dimensional real vector space a = Ay, . ®z R with
basis B = {ay,a,ay, hs}, where (oo, h3) = (a1, h3) = 0 and (ag, hg) = 1. As before, we denote
by B* = {wo,w1,ws, ¢3} the dual basis of a*, so that ag = 2wy — w1, a1 = —2wp + 2w; — 2w, and
g = —wy + 2wy + ¢3, and we identify a with R* by mapping B to the standard basis of R*. Hence,
the closed fundamental chamber is now given by

C={(z,y,z,u) ER* : 20 >y, y >a+2 22 +u >y}
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Figure 4.5: A visualization of =} for a critical element in the three-dimensional affine case

As 0 = ag + a1 + as = ¢3, the Tits cone is again the union of the open “upper half-space” and a
line in the “xyz-hyperplane” where all roots are identically zero:

X, ={(z,y,z,u) €R* :u >0} UR - (1,2,1,0)

Thus, a point (x,y, z,u) € R* is internal if and only if u # 0 or u = 0 and 22 = y = 2z. In the first
case, it is virtually singular and in the second, it is a global fixed-point for the induced W-action
on R%. Tt is critical if and only if v = 0 and 2z # y or 2z # y.

Figure [4.5]is an attempt to visualize the set ), for the critical point h = 3oy +ay = (0, 3,1,0),
but requires some explanation. Let D be the [-restriction of D and consider the D-representation
of W =W(A) = (s1,s5 | s3,53,(s152)*) = Ds on a. Since (a1,h) =1 > 0 and (ao,h) = 3 >0,
this point lies in the open fundamental Zo)—chamber, SO éh = Conv(W - h) is a convex polytope
whose face poset is isomorphic to X* (W, S) In fact, the dihedral group Dsg is the symmetry group
of a regular octagon and the five octagons in Figure 4.5 are the following subsets of =j,:

blue ‘ green ‘ red ‘ orange ‘ pink

505150(Zn) | s25150(Zn)

=Y ‘ s0(En) ‘8180(31)

The entire set =5, which is not included in the figure, can be constructed as the convex hull of
the union of all octagons of the form w(Z,), where w runs over the infinite set of right I-reduced
elements of W. If we enumerate them by word length, the image shows the octagons associated
to the shortest five elements 1, sq, 5150, S05150, S25150 and it highlights phenomena that are very
similar to the previous two-dimensional example.

First of all, we again observe that standard left cosets of (W,.S) do not define faces of =, in the
usual way. For instance, the left W-cosets generate the octagons, but none of them is a face.
Second, by rotating the image, it appears that all these octagons lie in a closed “octagonal tube”
that is bounded by eight hyperplanes and whose “central axis” is the infinite line spanned by
oy +2aY 4+ a = (1,2,1,0). Every such octagon w(Z),) C Zj,, where w € W is right I-reduced,
“fills out” that tube in the sense that every infinite line that is parallel to the central axis and lies
inside the tube also intersects the octagon. Moreover, increasing the word length of w increases
the diameter of w(éh). For every k € Ng, we denote by Py the convex hull of the union of all
octagons w(éh), where w € W is right I-reduced with l(w) < k. The figure suggests that, as k
tends to infinity, the sequence (Py)32, of convex polytopes “converges to” the octagonal tube in
the sense that P, C Py41 holds for all £ € Ny and =, = UZOZO Py, coincides with the entire tube.
If this visual conclusion is correct, then =, is closed and has precisely one three-dimensional face,
eight two-dimensional faces, eight edges, but no vertices.

The face poset of =5 seems to be related to that of éh exactly as in Example in the sense
that Zj, is obtained by translating =, along the line spanned by ayf + 2aY + o and the map

wWy — conv(wWy - h) + R(ag + 207 4+ o)

defines a poset isomorphism X*(W, S) — F(Z5). The line R(ay + 20) + ay) is the kernel of AT
and coincides with the set of global fixed-points for the W-action on a. It is also not difficult to
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determine the hyperplanes bounding the tube explicitly, which leads to a characterization of =,
by linear (in-)equalities. The result is that a point b’ = (2/,y/, 2',u’) € R* lies in =}, if and only
ifu' =0and |2/ —2'| <1, |y —22 < 3122 —y/| <2 and |y — 2’ — /| < 1. Moreover, by
computing the action of W on the zyz-hyperplane, one can show that these five conditions are
equivalent to the following criterion:

(ws — wo, w(h')) < (wy —wo,h) forallw e W
W €En <=  (w — 2wo,w(h')) < (w1 — 2wp,h) for allw e W (4.4.3)
<¢3; h/> <¢3; h>

In the first two lines, there are 16 inequalities, but 8 of them are redundant because s; (resp. s2)
stabilizes wo —wq (resp. w1 —2wyq), so replacing w by sjw (resp. ssw) in the first (resp. second) line
results in the same inequality. This redundancy was not visible in (4.4.1) since Zs does not have
any non-trivial standard subgroups. Figure [4.5) also suggests that these conditions are sufficient
to imply that the inequalities in the first two lines of (4.4.3) hold for all w € W. Thus, we observe
the same phenomenon as in Example [4.4.2], i.e. that Zj, is defined by an infinite set of inequalities
involving the full Weyl group W, but they only have to be verified for the finite subgroup w.
Furthermore, the functionals ws — wy and w; — 2wy whose level sets yield the defining hyperplanes
of =5 are not dominant integral weights.

The similarities between the previous two examples definitely motivate to study the set =; in the
critical affine case in more detail. In particular, it would be desirable to prove our observations
rigorously and generalize them to arbitrary GCM’s of affine type. For the purposes of this thesis,
however, we content ourselves with these examples and leave the general case open as an interesting
problem for further research. To conclude this chapter, we briefly turn to GCM’s of indefinite type
in order to look at external elements. Here, we restrict to a two-dimensional example because the
Tits cone is rather difficult to compute in higher dimensions.

Example 4.4.4. For arbitrary a,b € N with ab > 4, we consider the GCM A = (% ") of
indefinite type whose Weyl group W = W(A) is isomorphic to the infinite dihedral group Du..
We use the free and cofree Kac-Moody root datum D = D2 of rank 2 and we investigate the
D-representation of W on the two-dimensional real vector space a = AY. ®z R. We take the dual
bases B = {a},ay} C a and B* = {w;,ws} C a*, so that ay = 2wy — bwy and as = —aw; + 2ws,
and we identify a with R? by mapping B to the standard basis, so that the closed fundamental
chamber is given by
C = {(x,y) € R? : 22 > by, 2y > az}.

By explicitly computing the W-translates of C (cf. [MarI8, Exercise 4.39]), it is possible to show
that the Tits cone is the set

X, ={0}U{(z,y) eR*:nyx <y <n_x} where ny:=

ab £ \/ab(ab — 4)
2b '

The two lines defined by the equations y = n42 divide R? into four open connected components.
Two of them are the sets X§ and X2 of virtually singular elements, the other two consist of
external elements. The critical elements are precisely the non-zero points on these two lines and
the origin is the only almost virtually singular point that is not virtually singular. Observe that
there do not exist any essentially singular elements, which reflects the fact that W = D, does not
have any proper infinite standard subgroups. In the following two concrete examples, we consider
the case a = b = 3 where ny = %

(i) In Figure 4.6al, the author has made a rather poor attempt to visualize the set =, for the
critical point h = —ay — nyay = (=1, —n4). All W-translates of h lie on the two infinite
open half-lines R~ - (=1, —7), whose union is X, \ X, and the picture is intended to
suggest that they accumulate at the origin and also diverge to infinity on both rays. Thus,
=), coincides with the convex hull of these open half-lines, which is simply the set X, \ {0},
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s18281(h)

(a) A critical orbit (b) An external orbit

Figure 4.6: Two configurations of =} in the two-dimensional indefinite case

and they are the only non-trivial faces of Z,. In contrast to the critical orbit in Figure 4.4a,
these faces are only rays instead of bi-infinite lines and not parallel. Moreover, Zj is not
closed in the current situation. Every point h' = (2/,y') € = satisfies the inequalities
nea’ <y < n_z’ but conversely, an element of R? with these properties only lies in =, if
it is non-zero. Hence, =} is not determined by weak inequalities. What is also striking in
this example is that =, hardly depends on h. Any other critical element is a non-zero scalar
multiple of h or s1(h) and leads either to the same set or its negative. A similar phenomenon
occurred in Example [4.4.2] as well, but here it is even stronger. Altogether, it appears that
the face poset of E does not contain a lot of meaningful information in the critical indefinite
case. However, if h € C is regular, the set =, looks very similar to the one in Figure 4.4b|
which mirrors the fact that the GCM’s in these two examples have the same Weyl group,
even though their types are different.

(ii) Figure is an illustration of the set Zj, for the external element h := ) = (1,0), but the
colours require some explanation. For every k € Ny, we set Uy :== {w € W : l(w) < k} and
Py, = conv(Uy, - h) C Zp, then Py is a convex polytope and the five overlapping coloured
regions are the following subsets of =p:

black ‘ blue ‘ red ‘orange‘ green
Pl‘Pg‘P3‘P4‘P5

The image suggests that the sequence (Py)72, of convex polytopes “converges to” R? in the
sense that P, C Py for all k € Ny and Z), = (J,—, P = R%. In other words, =, is obtained
by stacking these convex polytopes on top of each other, but it appears that they “grow in
all directions” of R?, meaning that for every k € Ny, there exists some [ € N such that P
is contained in the relative interior of P;. Hence, Z;, = R? does not have any non-trivial
faces, let alone any other meaningful structure. The same phenomenon arises from any other
external element, so =, is even less determined by A than in the critical case. The reader
may find it instructive to compare this example with the proof of Proposition where
we have essentially shown that if h € C is regular, the sequence (Py)3, only “grows in one
direction” in the sense that if k € Ny is fixed, then “most” faces of P, are also faces of P, for
all l € N with [ > k.

While it would certainly be desirable to prove that the observations in Example 4.4.4] are generic
phenomena that occur for all GCM’s of indefinite type, it is now also clear that there is no reason
to expect any further interesting general results about Z; when h € a is critical or external. Thus,
we will not study these situations beyond the examples of this section.

Altogether, if we return to the fully general situation of an arbitrary free and cofree Kac-Moody
root datum D, the extensive discussion of this chapter can be summarized overly briefly by saying
that =5 has a rich and well-behaved facial structure whenever h € a is almost virtually singular.
In this case, it is a closed subset of a that is characterized by a family of weak linear inequalities
and its face poset has an elegant combinatorial description as a quotient of the reversed Coxeter
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complex X*(W, S). If h is essentially singular, every standard left coset of (W, S) still defines a
face of =5 in the same way, but =5 is no longer closed. If A is of affine type and h is critical, it
appears that =, is again closed and that its face poset is obtained by adding to each face of the
convex polytope Z), C E), the one-dimensional kernel of AT. In this situation, =, is determined by
a family of weak linear inequalities as well, but in contrast to the almost virtually singular case,
the functionals appearing in these inequalities are not necessarily dominant integral weights. If A
is of indefinite type and h is critical or external, it seems that =; does not have any meaningful
structure at all.



Chapter 5

Kostant’s Convexity Theorems for
Kac-Moody Groups

Armed with the rich structure theory of Kac-Moody groups & algebras and the precise geometric
information about convex hulls of Weyl group orbits, we are now finally in a position to state and
prove the anticipated generalizations of Kostant’s Convezity Theorems to the Kac-Moody setting.
At the heart of this chapter lies the proof of Theorem [A] a variant of the “non-linear” convexity
theorem for the class of split real and complex Kac-Moody groups. Its precise formulation will be
given in Section [5.1] and its proof is contained in Section |5.2| It is divided into three steps that
crucially rely on the results of the previous chapters. Afterwards, in Section|5.3|and 5.4, we proceed
in the exact same way to prove an analogue of the “linear” convexity theorem. In this situation,
our result is closely related to a convexity theorem for Kac-Moody algebras established by Kac &
Peterson in [KP84]. We conclude this chapter in Section [5.5| by comparing and contrasting our
two theorems with theirs and Kostant’s original formulations.
We retain the notation of the previous chapters. We continue to denote by A € Z"*™ a GCM, by
D = (I,A, A, (¢;)ier, (hi)icr) an arbitrary Kac-Moody root datum of rank d € N associated to A
and we again consider the D-representation of the Weyl group W := W(A) on the d-dimensional
real vector space a := A ®z R with open (resp. closed) fundamental chamber C (resp. C) and
Tits cone X;. Given any point h € a, we write Zj, := conv(W - h) C a for the convex hull of its
Weyl group orbit under the D-representation. For our theorems to be valid, we further have to
assume that the following conditions are satisfied throughout Chapter |5;

e The GCM A is symmetrizable.

e K e {R,C} is the field of real or complex numbers.
Therefore, we adopt the notational conventions and results following Assumption 2.7.1] and [2.7.6]
We also allow A to be decomposable and apply Notation 4.1.1| to denote all objects associated to
its indecomposable components.

5.1 The Non-Linear Convexity Theorem

Let G := Gp(K) be the (split, minimal) Kac-Moody group of type D over K with (K-split) torus
T := Ta(K) and root groups (Uy)aco defined via the constructive Tits functor. Let G = K AU,
be an Iwasawa decomposition of G and I14 : G — A, g = kau — a, the Iwasawa projection onto
the A-component. The following analogue of Kostant’s Non-Linear Convexity Theorem in the
Kac-Moody setting is Theorem [A] from the introduction and the principal result of this thesis:

Theorem 5.1.1 (Kostant’s Non-Linear Convexity Theorem for Kac-Moody groups). If h € a is
almost virtually singular and a = exp(h) € A, then

{Ta(ak) | k € K} = exp(Ep). (5.1.1)

129
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Remark 5.1.2. (i) Recall that the exponential map defines a W-equivariant isomorphism a — A
whose inverse is denoted by log : A — a. Thus, Theorem /5.1.1| can (and should) be viewed
as a geometric description of the set II4(aK) = {Il4(ak) | k € K} whenever a € A is such
that h :=log(a) € a is almost virtually singular.

(ii) In contrast to the abelian group A = exp(a), the compact form K depends on the field. It is
clear that K (R) C K(C), but the latter is much larger. Hence, it is a surprising consequence
of Theorem |5.1.1| that the set II4(aK) is the same in the real and complex case.

(iii) The statement of Theorem [5.1.1|requires that h € a is almost virtually singular. The reason
for this restriction will be clear from the proof which involves many results of Chapter [4
that are not true without this condition. At the time of writing, the author is not aware
whether it can be extended to the essentially singular, critical or external case by a different
argument, but Proposition 4.3.41| and the discussion in Section |4.4] imply that = is simply
not sufficiently well-behaved in these situations, so that our methods do not seen to be a
promising approach. Likewise, the proof will clarify why symmetrizability of A is required.
The same assumptions are necessary in Theorem [5.3.1 which is proved in a very similar way.

5.2 Proof of the non-linear case

In order to prepare for the proof of Theorem |5.1.1, we fix an arbitrary almost virtually singular
element h € a, set a := exp(h) € A and define the set

I, = HA(aK) = {HA(ak) | ke K} (5.2.1)

Thus, we need to show that I, = exp(E;,). We often tacitly exploit two simple facts:

a) By definition of I14, it holds that I14(kg) = I14(g) for all g € G and k € K.

b) Let J C I be arbitrary and let D; denote the J-restriction of D. By construction, the
subgroup G of G generated by the entire torus T' and the subfamily (U, )qce, of the root
groups can be naturally identified with the Kac-Moody group Gp, (K) of type D; over K.
Therefore, all results of Chapter |3 can also be applied to G; upon replacing all notions
associated to D by their appropriate analogues for Dj.

Furthermore, the following restrictions will simplify the argument and introduce some notation
that will be used afterwards.

Lemma 5.2.1. It is sufficient to prove Theorem|5.1.1 under the additional assumptions that h is
contained in C C Xy and not a global fived-point of any irreducible factor of (W,S).

Proof. As h € a is assumed to be almost virtually singular, at least one of the points h and —h is
contained in X, and we claim that we may w.l.o.g. suppose that h € X;. To this end, observe
that =_;, = —Z; holds by linearity of the W-action and exp(Z_j) = exp(—Z;) = exp(Zp) !
by definition of the exponential map. Likewise, we also have exp(—h) = exp(h)™! = a~! and
II,-+ = II; ! holds by the following argument:

If o’ € 1,, there exist k, k' € K and «' € U, such that ak = k'a’u’. This can be rewritten as
a'u' = k'~tak = (k=ta='k")~!, which implies v'~ta’~! = k~ta"'k’. Since A C T normalizes U,
we have u'~'a’~! = a/~'u" for some v’ € Uy and ka’~'u” = a='K', showing that o/~ € I, 1.
We find that II;! C II,-1 and the converse inclusion follows by reversing the argument. Hence, it
suffices to prove Theorem [5.1.1] either for h or —h and it is no restriction to assume that h € X
and a € exp(X4).

Next, we claim that Z;, (resp. II,) does not depend on the W-translate of h (resp. a). For Zj,
this is obvious and for II,, we may argue as follows: Let w € W be arbitrary and let w € W C K
be the canonical representative of w in the extended Weyl group. By the defining relations of G,
conjugating the elements of A by @ induces the natural action of w on A = a, so that

Mya) = Ma(w(a)K) = Ma(baw™ "' K) = Hy (e ' K) = Ha(aK) = I,.

Since exp(w(h)) = w(exp(h)) = w(a) holds for all w € W, we may replace h and a by a suitable
common W-translate to ensure that h € C' and a € exp(C).
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Once this is satisfied, write Ij, == {i € I : (¢;, h) = 0}, so that h is contained in the cell D;, C C
and its stabilizer W), C W is the standard subgroup Wy, C W. We endow the Coxeter diagram
A = A(W,S) with the colouring defined by the set I* = I;, and apply all notions introduced
in Section [1.2| (e.g. visibility) to this situation. With this terminology, the assumption that no
irreducible factor of (W, .S) fixes h is equivalent to the condition that no connected component of
A only consists of black vertices or, equivalently, that I = I,;s. To justify this restriction, let Gy;s
(resp. Ginv) be the subgroup of G generated by the torus T and all root groups U, with o € @
(resp. o € @y, ) and set Kyis = Gyis N K (resp. Kiny = Giny N K). We claim that K = Kin, Kyis
and we only need to prove the inclusion “C”.

Let K’ be the subgroup of K generated by the K°-images (K;);cr, then K = MK’ holds by
Corollary 3.4.11] Applying the same result to the I;s-restriction of D implies that Kis = MK,
where K, is the subgroup of K, generated by (K;)icr,., and the obvious analogue of this
statement is true for Ki,,. If i € I and j € I, the G%-images G; = ¢;(G°) = (U;,U_;) and
G; = ¢;(GY) = (U;,U_;) commute by Remark|3.1.2 (i), so the same holds for K; = ¢,(K°) C G;
and K; = ¢;(K°) C G,. Hence, the decomposition K = MK’ can be refined to K = MK/, K.
By taking inverses, we conclude that K = K|, K/, M C Kin Ky, as claimed.

Given any i € I, the condition (c;,h) = 0 is equivalent to a(c;) = 1 by Lemma [3.4.15, so
(3-1.8) shows that a € A C T commutes with U, whenever o € &7, and thus with all of Giyy.
An arbitrary £ € K can now be written as k = kiko with k1 € Kj,, and ko € K., so that
T4 (ak) = 14 (aks) and hence I14(aK) = I 4(aKyis). At the same time, we also have 2, = Fy__,

so it is enough to prove Theorem [5.1.1] for the I, ;s-restriction of D. O

In particular, the assumption on the stabilizer of h has the effect that dim(Ey,) = |Lis| = |I| =n
by Proposition [4.3.2l Moreover, it implies that h is virtually singular, i.e. |[W}y| < oo, since an
almost virtually singular element can only have infinite stabilizer if it is a global fixed-point of
some infinite irreducible factor of (W, S).

The proof of Theorem [5.1.1] is divided into three steps. In the first two, we additionally require
the Kac-Moody root datum D to be free, cofree and cotorsion-free. Under this assumption, we
show that II, C exp(E,) by verifying certain inequalities in highest-weight representations of G.
Afterwards, we prove that exp(Z;) C I, by induction on the dimension of =, or, equivalently, the
size of A. In the third step, we generalize the result to arbitrary root data using the functoriality
developed in Section [3.6l For Section [5.2.1] and [5.2.2] however, we apply Assumption [2.7.5] and
the related notational conventions. In particular, d > n and we choose the usual dual Z-bases

B={af,...,a)  hpi1,...,hg} CAY and B* ={wi,...,wn, dnt1,---,0a} CA.

In contrast to Chapter |4} it is really necessary that D is cotorsion-free as well, so that B* consists
of proper dominant integral weights. The reason for this will be apparent from the first step below.
Altogether, we invoke the following restrictions:

Assumption 5.2.2. Throughout the proof of Theorem |5.1.1, we may w.l.o.g. assume that h € C
is virtually singular and that I = I, which implies dim(Z;) = n. In Step 1 and 2, we further
suppose that D is free, cofree and cotorsion-free. In Step 3, D is allowed to be arbitrary.

5.2.1 Step 1: Highest-weight representations

Having fixed the setup, we begin with the proof of Theorem |5.1.1| by showing that II, C exp(Z},).
Let k € K be arbitrary and write ak € G in Iwasawa form as

ak =kKdv with kK eK,ad €A v eU,.

We need to prove that h’ := log(a’) € a is contained in Zj. Since h € C is virtually singular,
Corollary 4.3.30| implies that it suffices to verify the following (in-)equalities:

{ (wi,w(h")) < (w;,h) forallw e W and i €I
(i, Iy = (¢, h) forallie {n+1,...,d}
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We will achieve this by comparing the actions of ak = k’a’u’ arising from the two expressions in
suitable highest-weight representations of G. Let g := gp(K) denote the Kac-Moody algebra of
type D over K. By Proposition [2.7.8 and [3.4.18], the basis B* C A consists of proper dominant
integral weights and the group G acts on the real or complex irreducible highest-weight g-modules
L(wi), ..., L(wpn), L(¢n+1), - - -, L(¢q). Since A is symmetrizable, each of these modules carries a
positive-definite, contravariant, symmetric bilinear or Hermitian form H such that weight spaces
belonging to different weights are H-orthogonal and the action of K is unitary. Every element of A
preserves the weight space decomposition and acts on each weight space by multiplication with a
positive real number. The action of U, satisfies (3.2.3). Moreover, the modules L(¢,41), .- ., L(¢q)
are one-dimensional and U, acts trivially on them. We write p1,...,pq (resp. p1,...,pq) for the
homomorphisms describing the actions of G (resp. g) in all these representations.

First, we fix an arbitrary ¢ € {n +1,...,d} and show that (¢;,h') = (¢, h). Let v € L(¢;) \ {0}
be any non-zero vector. As L(¢;) is one-dimensional and the K-action is unitary, it follows that
pi(k) acts on L(¢;) by multiplication with a complex number of the form €' for some ~ € [0, 27).
If K = R, it is necessary that v € {0,7} and p;(k) € {idp(g,), —idr(g,)}. Irrespective of the real
or complex case, we find that

pi(ak)v = e pi(a)v = e a(¢;)v.

Likewise, p;(k’) acts on L(¢;) by multiplication with ¢ for some 4 € [0,27) and U acts trivially,
so we also have

pi(K'a'u Yo = pi(K'a Yo = a/ (¢:)pi (K)o = 7" d/ ().
As ak = K'a’u/, the two resulting vectors must coincide. Now a(¢;) and a’(¢;) are both positive
real numbers and v # 0, so equality is only possible if ¢/ = ¢ and a(¢;) = a/(¢;). The former
condition is equivalent to v = 7/ and the latter to (%" = ¢{?::h") by Lemma 3.4.14| and hence to
(i, hy = (¢;, h') as the exponents are real numbers.

Second, we let w € W and i € I be arbitrary and prove that (w;, w(h')) < (w;, h). Let ||-|| be the
norm on L(w;) induced by H. Since D is free, every weight of L(w;) has the form w; — a for some
a € Q4 and the eigenvalues of the diagonal map p;(a) € GL(L(w;)) are precisely the exponentials
of that of p;(h) € gl(L(w;)). As (o, h) > 0 for all & € Q, the largest eigenvalue is a(w;) = i)
Moreover, the set of weights of L(w;) is W-invariant, so u :== w1 (w;) is also a weight and we may
choose a vector v € L(w;), with |lv|| = 1. Using that «’ € U} is a product of elements in positive
root groups, it follows from (3.2.3)) that for every v € wt(L(w;)) with p < v < w;, there exists a
suitable vector v, € L(w;), such that

On the one hand, this justifies the following computation:

ﬁi(k/a’)(v—l— > vy>

pn<v<w,;

ﬁi(kz’)<a'(u)v+ > a’(v)v,,)‘

pn<v<w;

1pi(ak)oll = [|pi(K'a"u")ol| =

a'(p)v + Z a' (v)v,

pn<v<w;
> [ld (m)v]| = d' () = a (™ (wi)) = w(a')(wi)

Here, the equalities in the second and third line are satisfied since the action of A is diagonal with

respect to the weight space decomposition and that of K is unitary. The inequality in the last line

follows from the fact that different weight spaces are orthogonal and the equality thereafter holds
as ||lv|| = 1 and a'(p) = ") > 0.
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On the other hand, the vector p;(ak)v is contained in the image of the unit sphere in L(w;) under
the diagonal map p;(a). More precisely, since L(w;) is the direct sum of all weight spaces and only
finitely many of them contain a non-zero component of p;(k)v, there exists some N € Ny with

pi(k) € P Lwu-a="Vo

a€Q4:ht(a)<N

This is a finite-dimensional real or complex vector space and p;(k)v lies on the unit sphere of V4.
As p;(a) acts diagonally on L(w;), it preserves Vj and the restriction p;(a)|v; is represented by a
finite diagonal matrix whose non-zero entries are the values a(w; — @) € Ry, where a runs over
all elements of Q4 that satisfy ht(a) < N and w; — o € wt(L(w;)). Hence, p;(ak)v is contained
in the image of the unit sphere of V; under the diagonal map p;(a)|v,. This set is an ellipsoid,
where the lengths of its half-axes are equal to the absolute values of the eigenvalues of j;(a)lv,.
Since these are all positive real numbers, the absolute values can be omitted, so the length of the
longest half-axis is the maximal eigenvalue a(w;) € Rs¢ and this is an upper bound for the norm
of any vector on the ellipsoid. Thus, we conclude that

w(a')(wi) < [|pi(ak)v]| < afw;).

As before, this is equivalent to e{@i*()) < e{wi:h) and hence to (w;, w(h')) < (w;, h) because the
exponents are real numbers. The proof of the inclusion II, C exp(Z}) is therefore finished.

5.2.2 Step 2: Induction

In order to establish the converse inclusion exp(Z,) C II, as well, we argue by induction on
dim(Zy) = |Lyis| = |I| = n. Suppose that n =1, then A = A% = (2) and W = W0 = {1,s;} & Zs,
so G is a Kac-Moody group of rank 1 and we need to show that a = exp(h) satisfies

I, D exp(En) = exp(conv({h, s1(h)})) = exp([h, s1(h)]). (5.2.2)

Recall from Corollary [3.5.2| that we already established this inclusion for the group G° = SLy(KK)
(i.e. the root datum DZ.), where s; acts as —id on the one-dimensional space a® C g° = sl5(K),
and our goal is to reduce the general rank-1 case to this situation.

By the discussion in Section |3.3, the group G is isomorphic to a semidirect extension of SLy(K)
or PGL3(K) and as D is assumed to be cofree and cotorsion-free, Remark |3.2.1 (i) implies that
(71)0‘1v # 1 and the first case occurs. More precisely, (3.3.2)) asserts that G = G; x Ty, where
G1 = ¢1(G%) = (Uy,U_1) = SLy(K) and T3 is a (d — 1)-dimensional complement to the subtorus
Ty = {r* | r € K*} C Gy. Let G° = K°A°UY be the usual Iwasawa decomposition of SLy(K).
By Example |3.4.12, the injective group homomorphism ¢, : G — G intertwines the compact
involutions of G° and G and induces an Iwasawa decomposition G; = K;A,;U; on its image,
where the three subgroups are the respective intersections of G; with K, A and U,. In particular,
the associated Iwasawa projections satisfy 1 o 140 =114 0 1.

We can now show that (5.2.2) holds. By Lemma |3.4.16, there exist a1, as € A such that a = ajas,
a; € A; and as commutes with G; or, equivalently, as(c;) = 1. This implies that ay is central in
G = Gy % Ty and hence T4 (ak) = T4 (a1k)as for all k € K. If we restrict this to the subgroup
K; € K and define a° := cpl_l(al) € AC it follows that

M, D 4(aKy) =a(a1 K1)as = HA(apl(aOKO))aQ = gal(HAo(aOKO))az.

Upon setting h° := log(a®) € a°, Corollary |3.5.2 states that IT40(a°K") is the exponential of the
closed line segment in a° between h and —h° or, equivalently, the exponential of the convex hull
of the orbit W° - h® C a% Moreover, we have also seen in Example |3.4.12| that the restriction
to a® of the injective Lie algebra homomorphism ¢} : g° — g is W%-equivariant and satisfies
exp o ) [q0 = 1 0 exp® |0, where exp® denotes the standard exponential map of (2 x 2)-matrices.
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We set hy = log(ai) and hy = log(az), so that h = hy + ha, h1 = @} (h°) € a; and (a1, he) = 0.
Putting all this information together leads to the following computation:

M, D o1 (40 (a° K%))ag = @1 (exp® (conv(W? - hY)))as = exp(¢) (conv(W? - h?)))ay
= exp(conv () (WO - h0)))ay = exp(conv(WO - hy))ag = exp(conv(WC - hy) + ho)
= exp(conv(W? - (hy + hg))) = exp(conv(W’ - h)) = exp(Zy,)

The first two equalities in the second line are justified by linearity and W°-equivariance of ¢/ |40,
the third by definition of the exponential map, and the first in the third line by the fact that
W0 =2 Z, fixes hy because (ay,ho) = 0. Thus, the proof of the case n = 1 is finished.

Suppose from now on that n > 1. Before proceeding with the main argument, it is useful to
spell out the induction hypothesis in detail. Let J C I be any proper subset, let D; denote the
J-restriction of D and consider the D j-representation of W; = W(A;) on a. The Kac-Moody
group of type Dy over K can be identified with the subgroup G; C G generated by T and the
root groups (Uy)aca,. As discussed in Notation 3.4.13] its Iwasawa decomposition has the form
G ;= K;AU; 1, where the three factors are the respective intersections of G; with K, A and Uy..
In particular, its Iwasawa projection onto the A-component coincides with the restriction I4|¢, .
Consequently, the induction hypothesis states that whenever a’ € A is such that k' :=log(a’) € a
is almost virtually Dj-singular, then'

Ma(a'Ky) D exp(conv(Wy - h')). (5.2.8)

Note that this can be applied to a’ = a because h = log(a) is assumed to be virtually D-singular
which is a stronger condition. We are going to need a minor generalization of (5.2.3)). Let w € W
be arbitrary and let w € W C K be the canonical representative of w in the extended Weyl group.
The subgroup Gy = WG Jw~! C G is isomorphic to G; and inherits an Iwasawa decomposition

Guw(r) = Ku) AUy (1), +

where K, ;) == K0~ " and Uy, = @Usrw~ " It is clear that K,y C K and Uy +
is the subgroup of G generated by all Uy, (o) with a € ®; 4, but it is not necessarily true that
Uw(s),+ C Uyt because it is possible that w maps a positive root in ®; 4 to a negative one.
However, the definition of G,,s) only depends on the left coset wW; C W, so we may w.l.o.g.
assume that w is right J-reduced. With this condition, we have [(w) < l[(ws;) and so w(q;) € @
for all j € J by (2.5.4), which implies that w(a) € @, for all @ € ®; 4 and U,y 4+ C Uy. In
this situation, the Iwasawa decomposition of G () is the restriction of that of G. In particular,
G () contains the Iwasawa components of all its elements, the projection onto the A-component
is simply the restriction Il4|g,,,, and 4 (wg' o 1) = wll4(g")w~! holds for all ¢’ € G ;. Thus,
whenever @’ € A is such that w=(h') = log(w~!(a’)) € a is almost virtually D -singular, we
obtain the following generalization of (5.2.3):

a(d' Ky(yy) = Ma(d @K 0 ") = Ma(dw (o) Ky~ ) = @lla(w (o) K)o
D exp(conv(Wy - w™ (W)™t = w[exp(conv(WJ w™(h)))) (5.2.4)
= explw(conv(Wy - w1 (h')))] = exp(conv(wW w™t - b))

This holds for the point a’ = w(a) since h = log(w™!(w(a))) is virtually D-singular.

We now return to the proof of the inclusion exp(Zy) C II,. Our strategy is to “sweep out” Z;, by
parallel translates of its supporting hyperplanes and apply the induction hypothesis to every such
“parallel slice”. We employ the notation and results of Section 4.3.3l Let i € I = I;5 be arbitrary.
In view of (4.3.34)), it suffices to show the following;:

exp(PO () c T, forall t € T." (5.2.5)

n order to simplify the argument, we have imposed Assumption |5.2.2/on h in the beginning of the proof, but
this is not a restriction, so a similar condition on h’ does not have to be included in the induction hypothesis.
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Here, PO (t) = 2, N EO(t) = {y € Zp, : (wi,y) =t} and T, = {t e R: PO (t) # 0}. Let t € T."
be arbitrary but fixed. As i is visible, Z, is not contained in the affine hyperplane E?)(t) C Ej,
which implies that dim(P®(t)) < n — 1. We prove (5.2.5) in two steps.

First, we show that exp(F’) C II, holds whenever F' is a face of P()(t) that is contained in the
essential part. By Remark 4.3.53, F” is a proper face, so that dim(F’) < dim(P®(t)) < n — 1,
unless P () is a single point, and Lemma |[4.2.4 states that there is a unique minimal face F of
=5, with F' = Fn E®(t) which satisfies dim(F) < dim(F’) + 1 < n in both cases. Hence, F C Z,
is a proper face, so Theorem |4.3.38| implies that its type J := 7(F') is a proper visible subset of T
and there exists some w € W, which may be assumed to be right J-reduced, such that

F = w(Fy) = conv(wWj - h) = conv(wWyw™" - w(h)).
Applying (5.2.4) to the subgroup G,,(;) C G and the point w(a) € A yields
exp(F') C exp(F) = exp(conv(wW w™" - w(h))) C Ha(w(a)Kypy) = a(aK o t) C1l,,

where @ € W C K denotes the canonical representative of w in the extended Weyl group. At this
point, we have proved that exp(Pegg (t)) C II, but for the second step, the more precise inclusion
exp(F') C Tla(w(a)K,(s)) will be important.

Suppose now that a” € exp(P((t)) is arbitrary and set h” := log(a”) € P®(t). It follows from
Proposition [4.3.55| that there exists a point &’ € PS(t) such that b € conv(W® - B'). We denote
by F' c P (t) the smallest face of the essential part containing h’ and write a’ := exp(h’). The
previous argument implies that if F' is the minimal face of Z;, with F/ = F n E®(t), its type
J = 7(F) is a proper visible subset of I and there exists a right J-reduced element w € W such
that F' = w(F;) and o’ € ILa(w(a)K,(s)). Hence, we find k1, k" € K,y and v’ € Uy () 4 with

w(a)ky = kK'a'u'.

Moreover, we deduce from (the proofs of ) Proposition [4.3.50/ and 4.3.54| that the face F’ C P (t)
is the convex hull of finitely many virtually D(")-singular points in C'(?). In particular, its vertices
are all contained in the topological interior of the D(*)-Tits cone, so the same is true for A’ which
is therefore virtually D(V)-singular as well. Thus, we may apply (5.2.3) to the subgroup G C G
and the point a’ € A to conclude that a” = exp(h”) € exp(conv(W® . 1)) C Ta(a’K®). This
implies that there exist some ko, k" € K and v” € UJ(:) such that

a/k2 — k/lallull
Combining the previous two equations leads to
w(a)kiky = k'a'u'ky = K a'ko(ky "u'ka) = K'K" """ (k3 'u'ks). (5.2.6)

The crucial step towards finishing the proof is to show that k;lu’kg € Uy, which is a rather
surprising property. In general, it is usually not the case that a conjugate of some element in U,
is also contained in that subgroup, but in our situation, it is a consequence of the construction.
Indeed, we even prove a stronger statement.

Claim. If g € G, then 9Uw(r),+9" " CU4.

Proof of Claim. Recall from (3.1.13) that G*) is the Levi factor of the standard parabolic subgroup
PO~ G K U_(if)L of type IV and that its unipotent radical is generated by all root groups U,
with a € @E:)J‘ =d,\ @S:). Since Uy (y,+ is generated by all Uy () with a € @4, it suffices to
prove that the g-conjugate of every such root group lies in U, . To this end, our goal is to show
that w(a) € (I)S?L
in the unipotent radical of P%). As g € G lies in its Levi factor, this will imply that gU,, ()9~

for all « € ®; 1. Once this is established, it will follow that U, ) is contained
1

is also a subgroup of the unipotent radical UJ(:-)L C U4 and the proof will be complete.
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Let o € @4 be arbitrary. First of all, we have w(a) € ®4 because w is right J-reduced, so to

prove that w(a) € CIJSf)L, we only need to show that ¢ € I(w(e)). Second, since « is an Ny-linear
combination of the simple roots (a;);cs, we may w.l.o.g. assume that o = «; for some j € J.
Suppose to the contrary that 5 := w(a;) € <I>( D e i ¢ 1(B3), then the reflection sz = ws;w! is
an element of W), so it stabilizes the affine hyperplane E@(t) and the closed half-space EY )( t).
In addition, s; € WJ preserves Fj, so sg stabilizes w(F;) = F and therefore also FNEW(t) = F'.
As s € WO and F' C 29 (t) € C®), this implies that F’ is contained in the wall Hg = ker(3).
Hence, sg fixes F” point-wise and there are two possibilities for F' = w(F):
e If F is entirely contained in E()(t), then F = F' and sp fixes F' point-wise.
e If F is not a subset of E)(t), then E = aff(F) C Ej, meets both open half-spaces in Ej,
defined by E® (t). Since sg has order two and preserves F, it restricts to an affine map on
F that is either the identity or a reflection at an affine hyperplane. Now on the one hand,
sp fixes the affine hyperplane aff(F’) = E N E(t) C E point-wise. But on the other hand,
it also preserves the “positive side” of that hyperplane, i.e. the closed half-space EN E (¢ )( t).
Thus, sg cannot act on E as an affine reflection, so it fixes F' point-wise.
In either case, it follows that s; € W, acts trivially on w=!(F) = F;. This is a contradiction to
Corollary 4.3.17| because the point-wise fixer of F; is the standard subgroup W« C W defined in
(4.3.10) which intersects W trivially. We conclude that i € I(3), as required.

The previous claim implies that the product on the right-hand side of (5.2.6) yields the Iwasawa
decomposition of w(a)kiks € G once the factors to the left (resp. right) of o’ are combined, so
we obtain

= Ila(w(a)kiks) € Ma(w(a)K) = IL(q) = Ia.

Since a” € exp(P®(t)) was arbitrary, we conclude that exp(P®(t)) C TI, holds for all ¢t € T}Ei),
which finishes the proof of Theorem [5.1.1]in the case where D is free, cofree and cotorsion-free.

5.2.3 Step 3: Generalization to arbitrary root data

Finally, we are going to prove that Theorem [5.1.1] holds for all Kac-Moody root data by using
that the definition of Kac-Moody groups is functorial with respect to the underlying root datum.
Thus, we use the notation and terminology introduced in Section |3.6. We proceed in two steps:
First, we drop the assumption that D is cofree and cotorsion-free. Afterwards, we apply a similar
argument to dispose of freeness as well. In both steps, we employ almost the same reasoning and
do not explicitly spell out the definition of every symbol, but use suggestive notation that should
be clear from the context.

Claim 1. Theorem [5.1.1 holds whenever D is free.

Proof of Claim. Let D be a free Kac-Moody root datum of rank d € N and consider its cofree
extension D (cf. Example 3.6.2 (iii)). This is a free, cofree and cotorsion-free Kac-Moody root
datum of rank d 4+ n and the dual of its underlying Z-module is a direct sum AY = AY @ AY,
where AV is the dual of the underlying Z-module of D and AY is a free Z-module of rank n.
The canonical projection AY — AY defines a morphism D — D which induces a surjective Lie
algebra homomorphism p’ : § — g with central kernel by := Aj ®z K C 3 and a surjective group
homomorphism p : G — G with central kernel T, = Ay @z K* C Z. The maps p and | p' satisfy
(3.6.4)-(3.6.7) upon renaming the symbols approprlately If k € K is arbitrary and p(k) = k for
some k € G, then k is uniquely determined up to multiplication by an element of T C Z which
splits as Ty = My x Ag, where My and Ag are the respective intersections of Ty with K and A.
Upon multiplying by some element of Ag C A if necessary, we may therefore assume that kek.
It follows that p(K) = K and the same argument shows that p(A) = A.

Let h € a be an arbitrary almost virtually D-singular element and set a := exp(h) € A. As in the
previous two steps, we may suppose that h € C is virtually D- -singular. Choose a € A such that
p(@) = a and define h := log(@) € &, so that p/(h) = h and (&, h) = (¢;, h) for all i € I by (3.6.1).
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Tt follows that h € C' C )~(+ and W; = Wy, so h is virtually D-singular. Thus, we deduce from
Theorem /5.1.1] for the free, cofree and cotorsion-free case that

I1;(aK) = exp(Zj).
Moreover, since p’ restricts to a W-equivariant linear map a — a, we also have
P (Z;) = p(conv(W - b)) = conv(W - p(h)) = conv(W - h) = Zy,.
In view of (3.6.6) and (3.6.7), the previous two equations yield
I, = ILi(aK) = ILa(p(ak)) = p(IL; (@K)) = plexp(Z;)) = exp(p'(Z5)) = exp(En).
Hence, we have proved Theorem [5.1.1 for all free Kac-Moody root data.

Claim 2. Theorem [5.1.1] holds for all Kac-Moody root data.

Proof of Claim. Let D be an arbitrary Kac-Moody root datum of rank d € N and consider its
free extension D (cf. Example [3.6.2 (ii)). This is a free Kac-Moody root datum of rank d 4+ n and
the dual of its underlying Z-module is a direct sum AY = AY @ AY, where AV is the dual of the
underlying Z-module of D and AY is a free Z-module of rank n. The canonical inclusion AY — AY
defines a morphism D — D which induces an injective Lie algebra homomorphism 4’ : g — § and
an injective group homomorphism ¢ : G — G satisfying appropriate formulations of (3.6.4)-(3.6.7)).
The group G= i(G)To = G x Ty is a semidirect product, where Ty = Ay ®z K*, and with respect
to this structure, its compact involution splits as 6=0x Og, where O is the compact involution
of G and Oy is the complex conjugate of the inversion map on Ty C T. Hence, its fixed-point set
is K = i(K)My = K x My where My := K NT.

Let h € a be an arbitrary (almost) virtually D-singular element, set a = exp(h) € A and define
i :=i(a) € A and h = log(a) = i'(h) € a. The same argument as in Claim [1| implies that / is
(almost) virtually D-singular, so we deduce from Theorem /5.1.1| for the free case that

I (ai(K)) = 1 (aK) = exp(Z;).

Here, the first equality is satisfied because K = Myi(K) and My C T' commutes with a € A c 7.
Likewise, since i restricts to a W-equivariant linear map a — a, we again find that i'(Z) = E;,,
50 (3.6.6) and (3.6.7)) yield

i(IL,) = i(TLa(aK)) = TL;(i(aK)) = T4 (ai(K)) = exp(E;) = exp(?(En)) = i(exp(Er)).

Asi: G — G is injective, we conclude that II, = exp(Zp). Altogether, we have now proved that
Theorem [5.1.1] holds for all Kac-Moody root data. O

5.3 The Linear Convexity Theorem

While Theorem [5.1.1| can be viewed as the natural variant of Kostant’s Non-Linear Convexity
Theorem for the class of split real or complex Kac-Moody groups, the linear one can also be
generalized to this setting. A close analogue of the next result has already been established by
V.G. Kac and D.H. Peterson in [KP8&4]. It will be discussed in more detail in Section [5.5.1L Their
proof relies on transferring concepts from symplectic geometry, especially the moment map, to
highest-weight modules of Kac-Moody algebras. An alternative approach that is almost identical
to the proof of Theorem [5.1.1] allows us to show a very similar statement. We continue to use the
same notation as in the non-linear case. This time, however, we consider the Kac-Moody algebra
g = gp(K) of type D over K € {R,C} with Iwasawa decomposition g = ¢ @® a @ uy and the
corresponding linear Iwasawa projection m, : ¢ — a onto the a-component.

Theorem 5.3.1 (Kostant’s Linear Convexity Theorem for Kac-Moody groups). If h € a is almost
virtually singular, then
{ma(Ad(k)h) | k € K} = Zp. (5.3.1)
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Remark 5.3.2. (i) As in the non-linear case, it is a surprising consequence of Theorem 5.3.1
that if h € a is almost virtually singular, the set {mq(Ad(k)h) | kK € K} does not depend on
the field K € {R,C}.

(ii) In the historical introduction, we mentioned that Kostant’s Non-Linear Convexity Theorem
for semisimple Lie groups may appear to be nothing but an “exponentiated version” of the
linear one, but the two are not related in such a simple way because the exponential map
does not intertwine the Iwasawa projections on the group and algebra level. This problem
continues to exist in the Kac-Moody setting and it is exacerbated by the fact that the
exponential map is not even defined on the entire Kac-Moody algebra g.?| Furthermore,
the Kac-Moody group G does not carry any sort of differentiable structure, so adapting the
analytic techniques of [Dui84] that established a link between Kostant’s original theorems
does not seem feasible in this situation. Despite the apparent absence of a direct connection
between the two results, it is possible to prove Theorem |5.3.1| with almost the same methods
as Theorem [5.1.1. Therefore, the assumptions that A is symmetrizable and h € a is almost
virtually singular are necessary for the same reasons as in the previous proof.

5.4 Proof of the linear case

In order to establish Theorem |5.3.1, we use the same notation as in the non-linear case and argue
in a very similar way. The reader is advised to refer to Section [5.2| to compare the arguments and
look up all undefined symbols. Let h € a be a fixed almost virtually singular element and set

7 = Ta(Ad(K)h) = {ma(Ad(k)h) | k € K}. (5.4.1)
We need to show that 7, = =Z;, and we may impose the same conditions as in Lemma [5.2.1}

Lemma 5.4.1. It is sufficient to prove Theorem|5.5.1 under the additional assumptions that h is
contained in C C Xy and not a global fived-point of any irreducible factor of (W, S).

Proof. Since h € a is almost virtually singular, at least one of the points h and —h lies in X .
Because Z_j = —=;, and 7_j = —mp,, we may assume that h € X, . Moreover, the definitions of
Zp and 7, do not depend on the W-translate of h. For =, this is clear and for mj, we argue as
follows: Let w € W be arbitrary and let @ € W C K be the canonical representative of w in the
extended Weyl group. As discussed in Section [2.5 and 3.2, the linear map Ad(w) = w* € Aut(g)
preserves a and Ad(w)|4 coincides with the natural action of w on a, which implies that

Tu(n) = Ta(Ad(K)w(h)) = mo(Ad(Kd)h) = mo(Ad(K)h) = 7.

Thus, we may even suppose that h € C. To justify the final simplification, recall from the proof
of Lemma 5.2.1| that K = K ixKi,,. If h € C is fixed by some irreducible factor of (W, S), then
Iiny # 0 and {(c;,h) = 0 for all i € [,y. Applying Lemma [3.4.15 to the Kac-Moody group Giny
yields that Ad(k)h = h for all k € Kj,, and hence 74 (Ad(K)h) = mq(Ad(Kyis)h). At the same
time, we have =, = F7__, so it suffices to prove Theorem [5.3.1| for the I,;s-restriction of D. O

vis?

In the proof of Kostant’s Linear Convexity Theorem for Kac-Moody groups, we may therefore
invoke the same restrictions as in the non-linear case. Likewise, it is again divided into three steps
that are very similar to their counterparts in Section [5.2.

Assumption 5.4.2. Throughout the proof of Theorem [5.3.1, we may w.l.o.g. assume that h € C
is virtually singular and that I = I, which implies dim(Z;,) = n. In Step 1 and 2, we further
suppose that D is free, cofree and cotorsion-free. In Step 3, D is allowed to be arbitrary.

2We have only defined the exponential map on the Cartan subalgebra ug C g which is not the maximal domain
where this can be done in a reasonable way. For example, using the algebro-geometric approach to Kac-Moody
theory developed by Kumar, it is possible to define the exponential map on a certain subset gg, C g whose elements
act as locally finite operators in every integrable g-module (cf. [Kum02, Proposition 6.2.11]).
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5.4.1 Step 1: Highest-weight representations

Our first goal in the proof of Theorem |5.3.1]is to establish the inclusion 7, C Z;,. Let k € K be
arbitrary and write Ad(k)h € g in Iwasawa form as

Ad(k)h =2'+h' +2 with 2/ et h e€a, 2/ cu,.

We need to show that k' € Z),. Since we assume that h € C is virtually singular, Corollary 4.3.30
asserts that it suffices to verify the following (in-)equalities:

{ (wi,w(h")) < (wi,h) forallw e W and i€ I
(i, Iy = (¢, h) forallie {n+1,...,d}

To this end, we compare the actions of Ad(k)h = 2/ + b/ 4+ 2’ arising from these two expressions
in the irreducible real or complex highest-weight g-modules L(w1), ..., L(wy), L(¢n+1), - - ., L(¢a)-
Each of these modules is endowed with a positive-definite, contravariant, symmetric bilinear or
Hermitian form H and lifts to a representation of the Kac-Moody group G.

First, we fix an arbitrary ¢ € {n + 1,...,d} and prove that (¢;, h’) = (¢, h) by considering the
actions of G and g on the highest-weight module L(¢;). Lemma 3.6.3 (i) shows that

pi(') 4 pi(h') + pi(2') = pi(Ad(k)h) = pi(k)pi(h)pi (k) = pi(h).

Here, the last equality holds since L(¢;) is one-dimensional, so that all linear operators commute.
On the one hand, we now have p;(z’) = 0 because u acts trivially on L(¢;) by Proposition [2.7.8|
On the other hand, as H is contravariant, the action of ¢ is skew-adjoint, which implies that p;(z")
acts by multiplication with a purely imaginary number. If K = R, this directly forces p;(z’) = 0.
If K = C, the same follows because h — b’ € a, so that p;(z') = p;(h — h') acts by multiplication
with (¢;, h — h') € R. We conclude that p;(h') = p;(h) and hence (¢;, h’) = (¢i, h).

Second, we let w € W and i € I be arbitrary and show that (w;, w(h')) < (w;, h) by investigating
the actions of G and g on the highest-weight module L(w;). We denote by ||| the norm on L(w;)
induced by H, write p == w™'(w;) € wt(L(w;)) and choose a vector v € L(w;), with |jv| = 1.
Using the same arguments as in Section [5.2.1] it follows that there exists some N € Ny such that
pi(k)~1v is contained in the unit sphere of the finite-dimensional real or complex vector space

VO = @ L(wi)wi,a.

a€Qy:ht(a)<N

The diagonal action of p;(h) preserves Vy and the restriction p;(h)|y, is represented by a finite
diagonal matrix whose diagonal entries are the values (w; — «,h) € R, where a runs over all
elements of Q4 such that ht(a) < N and w; — @ € wt(L(w;)). In contrast to the non-linear case,
these numbers need not be positive, but this can easily be fixed. We set

k=min{{w; —a,h) | a« € Q4+, ht(a) < N, w; —a € wt(L(w;))} —1 € R

and define the linear map
f=pi(h) = kidp(,) € gl(L(wi)).

Then f preserves Vj as well and the restriction f|y, is represented by a finite diagonal matrix
with positive entries. As h € C, the largest entry is (w;, h) —x > 1. On the one hand, the vector
fpi(k)~tv lies in the image of the unit sphere in Vy under the diagonal map f|y,, which is an
ellipsoid where the lengths of its half-axes are equal to the absolute values of the eigenvalues of
flvy- Since these are all positive, the absolute values can be omitted and the length of the longest
half-axis is the maximal eigenvalue (w;, h) — k, which implies that

i (k) fpi(k) " oll = || Fps(k) o]l < wis h) — k.
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On the other hand, Lemma [3.6.3 (i)| again yields that

pi(k) [ pi(k) ™" = pi(k)pi(R)pi(k) ™" — Kidp,) = pi(Ad(k)h) — KidLw,)

and the first term is equal to p;(z') 4+ p;(R') + pi(2’'). Now 2’ € € implies that p;(z’) is skew-adjoint
with respect to H and hence that H (v, p;(z')v) = 0if K = R and H (v, p;(z')v) € iR if K = C.
In addition, 2z’ € uy is a finite sum of vectors in positive root spaces of g, so (2.4.2) shows that
pi(2')v is a finite sum of vectors in weight spaces of the form L(w;), for some v € wt(L(w;)) with
1 < v < w;. Because distinct weight spaces are H-orthogonal, we conclude that H (v, p;(2’)v) = 0.
As H(v,v) = ||v||* =1 and (u, k') € R, it follows that

H(v, pi(Ad(k)h)0) = H(v, pia’)0) + H(v, ps(W)0) = H(v, ps(a’)o) + (. ).

The first summand on the right-hand side is a purely imaginary number and the second is real.
Moreover, §(h) = —h implies that p;(h) is self-adjoint with respect to H and as p;(k) is unitary,
we find that p;(Ad(k)h) = p;(k)p:(h)pi(k)~! is also self-adjoint, so that H (v, p;(Ad(k)h)v) € R.
Thus, the equality above can only hold if H (v, p;(z")v) = 0. Combining all our observations leads
to the following computation:

<Ma h/> — k=

(
(v, [ps
(v, pi(Ad(K)h)v) — K = H(w pz( ( ) Jv = Kv)
(v, pi(k) fpi (k)™ v) = H (pi(k) ™", £i(k) ™" v)

The vector in the left entry of the resulting inner product lies on the unit sphere of V) while the
one on the right is contained in the image of that sphere under the diagonal map f|y,. As the
norm of the second vector is at most {(w;, h) — k > 0, the Cauchy-Schwarz inequality implies that

(1) — 5 < |, 1) — 6| = [H(ps(k) " o, fi(k) )
< llpi(R) = ol 1 fps(k) ™ oll < (wiy h) — k.

Using that (u, k') = (w™(w;), k') = (w;, w(h')), we arrive at the desired inequality. The proof of
the inclusion 7, C Ej, is therefore complete.

5.4.2 Step 2: Induction

The converse inclusion =j, C m, will be proved by induction on dim(Zy) = |Iyis| = |I| = n. First,
suppose that n = 1, then A = A% = (2) and W = WY = {1, 51} = Z,, so we need to show that

7, D Zp = conv({h, s1(h)}) = [h, s1(h)]. (5.4.2)

We have already established this result for the group G° = SLy(K) (i.e. the root datum Dé‘f) in
Corollary [3.5.9 and we are going to reduce the general rank-1 case to this situation.

By Lemma 2.3.5, the Lie algebra g is isomorphic to a trivial central extension of g¥ = s5l3(K). More
pre01sely, we have g = g1 © by, where g; = ¢ (g°) = Ke; @ KoY @ Kf; = g° and by == ker(ay).
Let g =@ a® @ u denote the usual Iwasawa decomposition of sly(K). By Example |3.4.12,
the injective Lie algebra homomorphism ¢} : g° — g intertwines the compact involutions of g“
and g and induces an Iwasawa decomposition g; = ¢; & a; @ u; on its image, where the three
subalgebras are the respective intersections of g; with ¢, a and uy. In particular, the associated
Iwasawa projections satisfy ¢} om0 = 74 0 ]

We can now prove (5.4.2)). Lemma 3.4.16|states that there exist hi, ho € a such that h = hy + ho,
hi € a1 and {(ag,hs) = 0 and Lemma |3.4.15| implies that hy is a global fixed-point for both the
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adjoint action of G on g and the W%-action on a. We define h° := '~ !(h;) € a°. By restricting
the adjoint action of K to the subgroup K; = ¢;(K?), we may perform the following computation:
Th O ma(Ad(K1)h) = ma(Ad(K1)h1) 4 he = ma(Ad(p1(K))@) (R)) + he
= 7a(PL (Ad (KO)R0)) + ho = ¢! (mqo (Ad (K°)°)) + ho
@) (conv(WO - h%)) + hy = conv () (WO - h°)) + hy
= conv(WY - hy) + hy = conv(W° - h) = 5},

To obtain the first (resp. second-last) equality, we have used that hy € a is a global fixed-point of
Ad(K7) (resp. W?). In the second line, the first equality follows from Lemma 3.6.3 (ii)| and the
second from the previous paragraph. The first equality in the third line is exactly the statement
of Corollary |3.5.9 and the next two hold as ¢ restricts to a W -equivariant linear map a® — a;.
Hence, the proof is finished in the case n = 1.

If n > 1, the induction hypothesis may be formulated as follows: Let J C I be any proper subset,
let D denote the J-restriction of D and consider the D j-representation of W; = W(A;) on a. The
Kac-Moody algebra of type D over K can be identified with the subalgebra g; C g generated by
the entire Cartan subalgebra uy and the subfamilies (e;);es, (fj)jes of the Chevalley generators.
As remarked in Notation [3.4.13} its Iwasawa decomposition has the form gy = €;®a®u; 4, where
the three subalgebras are the respective intersections of g; with ¢, a and u,, and the Iwasawa
projection onto the a-component is simply the restriction mq|y,. Since the Kac-Moody group
of type Dy over K can be identified with G; = K ;AU ;, the induction hypothesis states that
whenever I/ € a is almost virtually D j-singular, it holds that

Ta(Ad(K7)h) D conv(W; - h'). (5.4.3)

In particular, this can be applied to the virtually D-singular point A’ = h. More generally, let
w € W be right J-reduced and denote by w € W C K the canonical representative of w in the
extended Weyl group. We have seen in Section [2.5/and 3.2 that Ad(w) = w* € Aut(g) maps u, to
Uy(q) for all a € &> and Ad(w)|q coincides with the action of w defined by the D-representation.
The subalgebra g,,(.7) = Ad(w)g, is isomorphic to g; and inherits an Iwasawa decomposition

Guw(r) = Luw() B aD Uy 4,

where £,(7) = Ad(@)¢; and ()4 = Ad(w)us . Here, we have ¢,y C £ by Lemma 3.6.3 (iv)
and () 4 is the direct sum of all root spaces u, (o) with o € 7, , which is contained in uy
because the assumption that w is right J-reduced ensures that w(a) € ®° for all @ € ®F,.
Consequently, the Iwasawa decomposition of g, is the restriction of that of g, so g,,(s) contains
the Iwasawa components of all its elements, the projection onto the a-component is simply the
restriction malg,,, and me(Ad(w)y) = Ad(w)ma(y) = w(ma(y)) holds for all y € g;. Hence,
whenever 1/ € a has the property that w=!(h') is almost virtually D -singular (e.g. if b’ = w(h)),
we arrive at the following generalization of (5.4.3):

Ta(Ad(K y())H) = ma(Ad(@K ji~ ")) = mo(Ad(@) Ad(K ;) Ad(w~")R)
= ma(Ad(w) Ad(K )w™ (') = w(ma(Ad(K)w™ ' (h))) (5.4.4)
> w(conv(Wy - w™(h'))) = conv(wWyw™* - h')

We now prove =; C 7, using the same strategy as in Section [5.2.2L Let ¢ € I = I;5 and t € T,gz)
be arbitrary. It suffices to show that P()(t) C 7. To this end, suppose first that F' is a face of
the essential part of P(*)(t) and let F denote the unique minimal face of Z;, with F' = FnE®(t).
As explained in the non-linear case, it satisfies dim(F) < dim(F’) + 1 < n, so its type J = 7(F)
is a proper visible subset of I and there exists a right J-reduced element w € W such that

F = w(F;) = w(conv(Wy - h)) = conv(wW,w™ " - w(h)).
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Applying (5.4.4) to the subgroup G,y C G and the point w(h) € a yields
F' C F = conv(wWyw™" - w(h)) C ma(Ad(K () w(h)) = Ta(Ad(@K 5)h) C mp,

where @ € W C K is the canonical representative of w in the extended Weyl group. Since F’
was arbitrary, we have shown that Pe(:s) (t) C 7y, but the next step again requires the more precise
inclusion F C ma(Ad(Ky(s))w(h)).

Let b € P (t) now be arbltrary Proposition 4.3.55 asserts that there exists some h' € Pe(sls( t)
with h” € conv(W® - /). Let F’ denote the smallest face of the essential part containing »’ and
F the minimal face of 2, with I’ = F N E®(t). By the previous argument, its type J := 7(F) is
a proper visible subset of I and there is a right J-reduced element w € W such that F = w(F})
and h' € mq(Ad(Kyy(5))w(h)). Thus, we find k1 € K,y and 2’ € £,(), 2’ € Uy (), With

Ad(ky)w(h) =2 + 1 + 2.

The same argument as in Section 5.2.2| shows that b’ € F' C Pe(és( t) is virtually D®-singular.
Consequently, we may apply (5.4.3) to the subgroup G C G and the point A’ € a to conclude
that h” € m,(Ad(K)h’). Hence, there exist ky € K and 2" € ¢, 2" € ugf) such that

Ad(k)l = 2" + 1" + 2",
Putting the previous two equations together leads to
Ad(kgk)w(h) = Ad(ko) (2" + 1/ + 2") = (Ad(k2)2’ + 2”) + B + (Ad(k2)2" + 2"), (5.4.5)

where Ad(kz)z’ € £ by Lemma |3.6.3 (iv)l Similar to the non-linear case, the crucial step towards
finishing the proof is to show that Ad(ke2)z’ € uy and we establish a stronger statement.

Claim. If g € G, then Ad(g) (), + C vy

Proof of Claim. As ) 4 is the direct sum of all root spaces u, () with a € 7, it suffices to
prove that Ad(g) maps every such root space into u;. Let a € ®3°, be arbitrary and § = w(a).
Although it is possible that § is an imaginary root, the same argument as in the proof of the claim
in Section |5.2.2| (which only involved the simple roots (a;);es) implies that § € ®5° and i € I(f).
Now G is generated by the torus 7" and all root groups U, with v € ®()_ By (3.2.3) and (3.2.4),
the adjoint action of 1" preserves ug and

Uy)ug C @ UB+1y-

IS\

Since every root is either positive or negative and ¢ € I(8) but ¢ ¢ I(v), we find that 8 + lv is
either not a root or positive, which implies that Ad(U,)ug C uy. Whenever the latter case occurs,
we again have ¢ € I(8 + lv), so if we act on such a root space with another root group in G,
the same argument applies. Hence, we also cannot leave u, by iterating this step. Upon writing
g € G as a product of elements in T and the root groups (Uy)yeat, it follows by induction on
the number of factors that Ad(g)ug C uy, as claimed.

This claim implies that the sum on the right-hand side of (5.4.5) coincides with the Iwasawa
decomposition of Ad(kqoki)w(h) € g once the terms to the left (resp. right) of A are combined,
so we deduce that

W' = ma(Ad(kzki)w(h)) € ma(Ad(K)w(h)) = Ty(n) = Th.

Since the point h” € P()(t) was arbitrary, we have shown that P(*)(t) C 7, holds for all ¢ € T,Ei),
which concludes the proof of Theorem |5.3.1]in the case where D is free, cofree and cotorsion-free.
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Remark 5.4.3. The proof of the claim above applies almost verbatim to establish a more general
statement. Let J C I be arbitrary and define

ujJr:: @ u, and pJ::gJGaqu’J’,:uOEB @Ua@ @ Uq.

a€PP\2T, agd a€PF_

Parallel to the definition of parabolic subgroups of G, it might be natural to call p; the standard
(positive) parabolic subalgebra of g of type J with Levi factor g; and nilpotent radical uj 4
Indeed, these notions are standard in the case where g is a finite-dimensional, complex, semisimple
Lie algebra. Here, g; is a reductive subalgebra and uj: 4 is the maximal nilpotent ideal of p;. In
the context of Kac-Moody algebras, they have also been introduced in [Kum02), Definition 1.2.2].
The Kac-Moody group GG ; now acts on g; via the adjoint representation and as a subgroup of G,
it also acts on g. A simple modification of the argument in the previous proof shows that uj 4 s
invariant under the adjoint action of G ;.

For proving the claim in Section [5.2.2] such an additional step was not necessary because there,
we made use of a reference to general Kac-Moody theory which asserted that the Levi factor G
normalizes the unipotent radical U j‘ . of the parabolic subgroup Py C G. On the Lie algebra level,
the author was not aware of a similar result, but the argument essentially expresses the fact that
ugy, is an ideal in p;.

5.4.3 Step 3: Generalization to arbitrary root data

Finally, we generalize Theorem [5.3.1|to arbitrary Kac-Moody root data by using the machinery of
morphisms and extensions. The arguments below are almost identical to the non-linear case and
we freely apply the notation and results of Section [5.2.3|

Claim 1. Theorem [5.3.1 holds whenever D is free.

Proof of Claim. Let D be a free Kac-Moody root datum and D its cofree extension, which is free,
cofree and cotorsion-free. The canonical prOJectlon AV — AV defines a morphism D — D and
induces surjective homomorphisms p : G — G and p’ : § — g. The former satisfies p(K ) = K and
p(A) A, so p'(a) = a follows from (3.6.7). If h € a is any almost virtually D-singular element
and h € @ is chosen such that p’(h) = h, then & is almost virtually D-singular. Thus, we deduce
from Theorem |5.3.1] for the free, cofree and cotorsion-free case that

ma(Ad(K)h) = =;.
Together with Lemma |3.6.3 (iii) and (3.6.5), this leads to the desired equality:
7 = Ta(Ad(K)h) = mq(Ad(p(K))
= p'(ma(Ad(K)h)) = (53,) =
Claim 2. Theorem [5.3.1| holds for all Kac-Moody root data.

(1)) = ma(p(Ad(K)R))

h

[ =

Proof of Claim. Let D be an arbitrary Kac-Moody root datum and D its free extension. The
canonical inclusion AY — AV defines a morphism D — D and induces injective homomorphisms
i:G—Gandi:g— §withi(K)C K and i(a) C a. If h € ais any almost virtually D-singular
clement, then h := i’ (h) € a is almost, virtually D-singular and we conclude from Theorem [5.3.1
for the free case that

ma(Ad((K))) = ma(Ad(R)R) = Z;.

Here, the first equality is justified by the fact that K = i(K)My, where My = KNTycT fixes
h € & C iy under the adjoint action. Hence, Lemma [3.6.3 (iii)| and (3.6.5) yield the following:

i (7h) = i (ma(Ad(K)R)) = ma(? (A(K))) = ma(Ad(i(K))¢ ()
— ma(Ad((K)h) = 5, = i'(Z5)

As 7’ is injective, it follows that 7, = =}, and the proof of Theorem |5.3.1| is complete. O
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5.5 Comparison with similar results

Having established analogues of Kostant’s Convexity Theorems for the class of (split, minimal)
real or complex Kac-Moody groups, we conclude this chapter by comparing our linear result with
an earlier convexity theorem for Kac-Moody algebras and investigate how our two theorems differ
from Kostant’s when specialized to the spherical case.

5.5.1 The Convexity Theorem of Kac & Peterson

The problem of generalizing Kostant’s Linear Convexity Theorem to the Kac-Moody setting has
already been considered much earlier by V.G. Kac and D.H. Peterson. In [KP84, Theorem 2 b)],
they proved the following result which we have translated into the terminology of this thesis:

Kac-Peterson Convexity Theorem. Let A be a symmetrizable GCM with Weyl group W and
g the Kac-Moody algebra of type Dk, . over C with Cartan subalgebra h. Denote by a := AY;, @z R
the canomical real form of b, by X C a the Tits cone of the Di, -representation of W and by
Ta : @ — a the natural projection. Moreover, let G be the Kac-Moody group of type DL over C
with compact form K. For every h € X, it holds that

{ra(Ad(K)R) | k € K} = conv(W - h). (5.5.1)

Remark 5.5.1. The terminology in [KP84] is very different from ours, so we briefly need to justify
why our formulation of the Kac-Peterson Convexity Theorem is equivalent to theirs.

(i) Kac & Peterson do not define the algebra g using a root datum but via a C-realization in
the sense of Definition [2.3.4. Apart from a slightly different sign convention, their definition
coincides with ours in the case of the root datum D%, and the field C (cf. Remark 2.3.2).
Another sign difference occurs in their construction of the compact involution of g which
cancels with the previous one and is therefore equivalent to ours. Also, their definition of a
(which is denoted by bhg in [KP84]) is the same as ours.

(ii) Likewise, the group G is not defined via a root datum either but instead via the following

representation-theoretic construction: Choose fundamental weights wq,...,w, € a* and set
Py =@, Now; C a* C h*. Recall that if A € Z"*" is not invertible, these functionals are
not uniquely determined. Since every A € P, is a dominant integral weight, the complex
irreducible highest-weight g-module L()) is integrable and the same is true for the direct
sum of these modules. The authors consider the integrable representation (V) p) of g on the
complex vector space V' := @ cp, L(A) and define G as the subgroup of GL(V) generated
by the set of operators {exp(p(ze;)), exp(p(zfi)) | i € I, z € C}. It is a slightly non-trivial
matter to verify that this coincides with the Kac-Moody group of type D2 over C and we
briefly propose the following argument:
Let Gxac (resp. Gs.) denote the complex Kac-Moody group of type Di,. (resp. DZ).
Since Dy, is free, cofree and cotorsion-free, the fundamental weights can be chosen to be
contained in Ag,. C h*, so that every A € P, becomes a proper dominant integral weight
and p : g — gl(V) lifts to a representation p : Gxac — GL(V) which may be restricted to
the subgroup Gs. C Gkac. Moreover, as the torus Ty = AY. @7 C* of Gy is generated by
the set {raiv | i€, reC*}, it follows from (KMG3) that G is generated by the positive
and negative simple root groups, so (3.2.5)) implies that p(Gs.) = G. On the one hand, it is
clear from the definition that U, acts trivially on V. On the other hand, for every i € I,
the action of U_; is non-trivial on the submodule L(w;) C V because p(f;) does not stabilize
the highest-weight space L(w;).,. Thus, it is a consequence of the “Recognition Theorem”
[Mar18, Theorem 7.71] that ker(p|c,.) C Ts- In addition, the action of Ty, on V' is faithful
since if ¢t € T \ {1}, the definition of Ty, shows that there exists some i € I with t(w;) # 1,
which implies that ¢ acts non-trivially on the submodule L(w;) C V. Hence, p induces an
isomorphism Gy, = G and under this identification, the compact involution of G defined in
[KP&4] is equivalent to ours, so the construction of the group K there coincides with the
compact form of Gg. in our sense.
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(iii) The Weyl group W is also defined in a different way, but the authors assert that it acts
faithfully on a and give explicit formulas for the actions of the generators si,...,s, that
coincide with the corresponding formulas in our definition of the D%, -representation of W.
Thus, their notions of X and conv(W - h) (which are denoted by X and [W(h)] in [KP8&4])
are equivalent to ours.

(iv) Instead of the projection 7, : g — a onto the real form a, the authors use the projection
p: g — b onto the complex Cartan subalgebra h = a ®g C, but these maps coincide on
the set Ad(K)h C g. In fact, if g = € @ p is the eigenspace decomposition of the compact
involution of g, then h = a ® ia with a C p and ia C €, so 7, and p are identical on p. By
Lemma |3.6.3 (iv), these eigenspaces are Ad(K)-invariant, so h € a implies that Ad(K)h C p.

Apart from these differences in the definitions, the Kac-Peterson Convexity Theorem is very similar
to Theorem [5.3.1. On the one hand, it is weaker in the sense that it neither incorporates the
flexibility of Kac-Moody root data nor treats the real case. On the other hand, it is stronger as
it only requires h € a to be contained in the Tits cone X and does not make any assumptions
on its stabilizer. In particular, the result applies to essentially singular elements as well which is
not the case for Theorem [5.3.1L The proof in [KP84] is very different from ours. It is based on
transferring concepts from symplectic geometry to highest-weight modules of Kac-Moody algebras.
The authors introduce an analogue of the moment map in that situation and make use of the
Atiyah-Guillemin-Sternberg Convexity Theorem. The details of the argument, however, are rather
difficult to follow and the precise way in which that theorem is applied is not entirely clear to the
author of this thesis. It is therefore an interesting but possibly hard problem to extract from their
proof why the Kac-Peterson Convexity Theorem holds for essentially singular elements as well
and whether Theorem /5.3.1| can also be proved by methods of symplectic geometry and thereby
extended to the essentially singular case.

5.5.2 Kostant’s Convexity Theorems for reductive algebraic R-groups

Although the main focus of Theorem [5.1.1]and [5.3.1] clearly lies on the general Kac-Moody setting,
they are equally valid if the underlying GCM is spherical. In this situation, they reduce to special
cases of Kostant’s original convexity theorems. More precisely, the non-linear convexity theorem
for Kac-Moody groups leads to the following result:

Using the same notation as in Theorem |5.1.1, we now additionally assume that A is spherical.
Recall from Example|3.1.6 (i)|that in this case, the Kac-Moody group G = Gp(K) over any field K
can be identified with the group G(K) of K-points of a connected reductive algebraic group G that
is defined and split over K. In particular, G & G(K) can be viewed as a Zariski-closed subgroup
of GLy(K) for some N € N. If we further suppose that K € {R,C}, we may also consider G as
a subgroup of GLy(K) that is closed in the standard Euclidean topology of KN¥*¥ and hence as
a real or complex Lie group. Consequently, Theorem [5.1.1| reduces to a convexity theorem that
applies to those Lie groups that arise as groups of real or complex points of connected, R-split,
reductive algebraic R-groups, such as SL,,1+1(K) or Sp,, (K). Moreover, the condition on h € a to
be almost virtually singular is vacuous in this case since the Weyl group of a spherical GCM is
finite. However, not all reductive algebraic groups arise from Kac-Moody theory in this way. In
particular, non-split groups are not covered by Theorem [5.1.1, This is merely a consequence of
our definition of Kac-Moody groups and our methods can be adjusted to prove another variant of
Kostant’s Non-Linear Convexity Theorem in the setting of algebraic groups.

Theorem 5.5.2 (Kostant’s Non-Linear Convexity Theorem for reductive algebraic R-groups).
Let G be a connected reductive algebraic R-group, T C G a mazimal R-split torus, & = &(G,T) the
root system of G relative to T and W the Weyl group of ®. For K € {R,C}, denote by G = G(K)
the group of K-points of G, let G = KAU, be an Iwasawa decomposition of G and I14 : G — A,
g = kau — a, the Iwasawa projection onto the A-component. Let a denote the Lie algebra of A.
For every h € a with a == exp(h) € A, it holds that

{I4(ak) | k € K} = exp(conv(WW - h)). (5.5.2)
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The major task in proving this result is to introduce all the relevant terminology. Once this is
achieved, its proof is nothing but a minor modification of that of Theorem |5.1.1. In particular,
the discussion of this thesis does not yet justify why the notions in the statement of Theorem [5.5.2
are well-defined. On the one hand, most of them are well-known from the structure theory of
connected reductive algebraic groups over arbitrary fields. We will not develop this subject in
detail and instead refer the reader to [Bor91, Chapter V, §18-21] and [Spr09, Chapter 15 and 16]
for all relevant definitions and proofs. On the other hand, some of them are simple Lie-theoretic
properties of groups of real or complex points of reductive algebraic R-groups that are proved in
[Bor91l, Chapter V, §24.6] and [PR94, Section 3.2]. We freely use these references and only briefly
introduce the required notation which will be very similar to the Kac-Moody setting. Occasionally,
we also use suggestive notation that should be clear from the context. In the following discussion,
we view all algebraic groups as affine algebraic varieties over C in the classical sense of algebraic
geometry and identify them with their groups of C-points.

Let d € Ny denote the R-rank of G, n € Ny the semisimple R-rank and set I := {1,...,n}. The
chosen maximal R-split torus 7 C G has dimension d and acts diagonally on the Lie algebra of G
via the adjoint representation, which gives rise to a finite set of roots ® = ®(G,T) C X(T) = 74
that defines a root system in the n-dimensional subspace of a* := X (7) ®z R = R? that it spans.
We choose a set @9 = {a1,...,a,} C @ of simple roots and write & C & for the resulting set of
positive roots. The Weyl group W = W (G, T) associated to this root system is a finite group that
is generated by the set S = {s1,...,s,} of reflections at the simple roots and (W, S) is a Coxeter
system. By duality, it also acts on a := (a*)* which can be identified with the Lie algebra of the
real Lie group 7 (R) = (R*)%.

Let N(T) (resp. Z(T)) be the normalizer (resp. centralizer) of T in G. The quotient N'(7)/Z(T)
is a finite group that acts faithfully on 7 by conjugation and on X (7) by the corresponding dual
action. By extension of scalars, it acts on a and a* via the adjoint and coadjoint representation.

The action on a* preserves ® and induces an isomorphism N (7)/Z(T) = W £| For every w € W,

we choose a pre-image @ € N(7) under this isomorphism and denote by W the set of all such
elements. Both AV (7) and Z(T) are defined over R and these representatives can be chosen to be
contained in N(7) := N (T)(R). This set will serve as a substitute for the extended Weyl group
which is a priori not defined in this context.

For every root a € ®, there exists a connected unipotent R-subgroup U, C G that is normalized
by Z(T). Given any subset J C I, we denote by 7T; the identity component of the subtorus
Njesker(ay) C T in the Zariski topology and by G; = Z(7;) its centralizer in G, which is a
connected reductive R-subgroup of G whose R-rank (resp. semisimple R-rank) is d (resp. |J]).
The maximal R-split torus 7 is contained in Gz, the corresponding root system ®(G;,T) C a* can
be identified with the subset ®; C ® spanned by (o;);ecs and its Weyl group with the standard
subgroup W; C W. In addition, G; = Z(7;) is generated by Z(7) and the family (Uy)acs,-

Let Uy 4+ (resp. L{,+) be the subgroup of G generated by all U, with o € &4 (resp. a € <I>,+)

then Uy, is contained in G; while U+ 7.+ is normalized by G; and intersects it trivially. Hence,
the subgroup P; C G generated by these two groups has the structure of a semidirect product
Pr=gyx Z/lJ’+. We also write Uy = U 4.

All subgroups of G that we have introduced are defined over R and we denote their groups of
K-points by the respective Roman letters*| In analogy with the definitions in Section [3.1, we call
Us = Uy (K) the root group associated to o € ® and refer to P; = P;(K) as the standard parabolic
subgroup of G of type J with Levi factor G; = G,(K) and unipotent radical Uy, = Uy, (K).
It follows from the Bruhat decomposition that G = G(K) is generated by Z(7) = Z(7T)(K) and
the root groups (U,)acs. The obvious analogues of this statement are true for the parabolic
subgroups, their Levi factors and their unipotent radicals. If G is R-split, then 7 is a maximal
torus of G and Z(7) = T. In this case, our setup is almost identical to the Kac-Moody setting.

3In fact, the group W is usually defined as N'(7)/Z(7) which is shown to be finite. This is used to prove that
there exists a W-invariant inner product on a* and that ® is a root system whose Weyl group is isomorphic to that
quotient. From the perspective of Kac-Moody theory, however, the converse approach might appear more natural.

41f K = C, this notation could be omitted since we identify an algebraic group with its group of C-points, but it
is convenient to treat the real and complex case simultaneously.
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The only noteworthy differences that can arise if G is not R-split are the following:

a) The root system ® need not be reduced, i.e. it is possible that there exists some root o € ®

such that 2« is also a root in ®.

b) The root groups (U, )ace are not necessarily all isomorphic to the additive group of K.

These details will not be relevant to our argument. We now turn to the Lie-theoretic aspects of
Theorem [5.5.2 which were already briefly mentioned in Remark|3.4.2l The Iwasawa decomposition
G = KAU, is constructed in [PR94. Section 3.2]. After possibly conjugating G C GLy(K) by
an element of GLy(R), it is stable under the involution g — (g7!)* and K is defined as its
fixed-point set in G or, equivalently, the intersection of G with the orthogonal or unitary group,
which is a maximal compact subgroup of G with respect to the Lie group topology that meets
every connected component and the elements of W can be chosen to be contained in the identity
component of K. Moreover, A = (R+()? is defined as the identity component of T(R) = (R*)4
with respect to its Lie group topology and U, = U, (K). With a suitable choice of 7 (resp. @),
it can be ensured that A (resp. U,) is the intersection of G with the group of diagonal matrices
with positive real entries (resp. the group of upper-triangular matrices with 1’s on the diagonal).
Finally, A is normalized by N(T), so the Weyl group acts on a and A and the exponential map of
matrices defines a W-equivariant isomorphism exp : ¢ — A. Having introduced all these notions,
the proof of Theorem |5.5.2| consists of a simple adaptation of the arguments in Section 5.2 and we
content ourselves with a rather brief summary of the main ideas.
Proof sketch. Since a reductive group is the product of its derived subgroup and its radical, which
is contained in its center, we may assume that G is semisimple, i.e. d = n. If G is R-anisotropic,
ie. n =0, then G = K and A = U; = {1}, so that the statement is trivial. If G is R-isotropic,
i.e. n >0, we define I, := T4 (aK) C A and Ej, := conv(W - h) C a. As these sets do not depend
on the W-translate of h € a = X, we may w.l.o.g. suppose that h € C.

(i) Step 1: Let k € K be arbitrary and write o' := II4(ak) € II,. In order to show that

a’ € exp(Zy), it suffices to prove that A’ :=log(a’) € a satisfies the following inequalities:

Wi, W < (wy, or all w € and 7 €
( (h')) < {w;, h) for all Wandiel

Here, the functionals wy, . ..,w, € a* denote the fundamental weights of the root system ®.
In fact, the W-action on a is determined by s;(y) = y — (o, y)f for all i € I and y € a,
where @Y = {ay,..., )} C ais the set of simple coroots of ®, so this characterization of

=, follows from the same results as in Section |4.3| and the assumption that d = n. Showing
that =, is closed can be omitted in this case since W is finite and =, is a convex polytope.
To prove these inequalities, we apply the same reasoning as in Section [5.2.1] to suitable
representations of G = G(K). In contrast to the Kac-Moody setting, however, where the
condition of cotorsion-freeness on the underlying root datum allowed us to consider the
highest-weight modules associated to the fundamental weights, these representations have
to be constructed in a different way which is inspired by [Hum75l Section 31.4].

For every i € I, the standard parabolic subgroup P of type I(%) is a Zariski-closed subgroup
of G, so [Bor91l Chapter II, Theorem 5.1] asserts that there exists a faithful representation
pi + G — GL(V) on a finite-dimensional complex vector space V' and a one-dimensional
subspace L C V whose stabilizer is exactly P(*). Because U, C P fixes this line, the
submodule V' C V generated by a non-zero vector in L is a highest-weight representation
of G. The action of the Weyl group on X (7) C a* permutes the weights of V' in the sense
that w(V};) = qu(u) holds for all w € W and p € wt(V”’). The highest weight A € wt(V”) is
fixed by the subgroup W) c W as the corresponding set of representatives W C G can
be chosen to be contained in G C P which stabilizes the highest-weight space Vi =1L.
This implies that A = m;w; for some m; € N. If K = C, the arguments in Section [5.2.1 now
apply to the representation of G = G(C) on V' upon replacing w; by m;w;. If K =R, then
P is defined over R and the same is true for V and L, so p; can be restricted to a real
representation of G = G(R) on an R-form of V' with identical properties. In both situations,
the positive-definite, contravariant, Hermitian (resp. symmetric bilinear) form on L(w;) has
to be replaced by a K-invariant inner product on (a real form of) V' with the property that
distinct weight spaces are orthogonal, which exists by compactness of K.
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(ii) Step 2: The proof of the inclusion exp(Z,) C II, proceeds by induction on n, but the

base case is a bit simpler than in the Kac-Moody setting. If n = 1, then ® = {a1, —a1},
W = {1,s1} = Zy and dim(a) = 1. Since the representative 5, € W of s; € W can be
chosen to be contained in the identity component of K w.r.t. the Lie group topology of G,
there exists a continuous curve ¢ : [0,1] — K such that ¢(0) = 1 and ¢(1) = $;. Moreover,
the Iwasawa decomposition K x A x Uy — G and the exponential map exp : a — A are
homeomorphisms, which implies that ¢ — log(ITa(ac(t))) is a continuous curve in a that
connects h with s1(h). As dim(a) = 1, it runs over the closed line segment [h, s1(h)] = Zp,
so II, contains the exponential of that line segment, as required.
If n > 1, the argument works verbatim as in Section [5.2.2l Let J C I be arbitrary, w € W
right J-reduced and consider the subgroup G,y C G generated by Z(T) and all U, () with
a € &;. As conjugation in G by w € W C K permutes the root groups in the sense that
WU ™" = Uy (o) holds for all o € @, it follows that Gy, ;) = WG 0! = (WG w™ ) (K) is
the group of K-points of a connected reductive algebraic R-group whose semisimple R-rank
is equal to |J|. Furthermore, 7 = @7 w ! is a maximal R-split torus of WG ;%! and the
Weyl group of the root system ® (G ;% 1, T) can be identified with the parabolic subgroup
wWw™! c W. In addition, Gw(y has an Iwasawa decomposition G 7) = Ky(7) AU (1), +
where Kw(J) =wK;w ! =Kn Gw(J) and Uw(J)’+ = ’lI)UJ,_,_’lIJ_l =0U:N Gw(J), which is
simply the restriction of the Iwasawa decomposition of G' to G,(s). Hence, the induction
hypothesis can be formulated exactly as in Section [5.2.2] where the condition of being almost
virtually singular can be omitted since W is finite. From this point onwards, the arguments
there apply without change in the present situation as well because all results of Section 4.3
that were used in that step are equally valid here.

(iii) Step 3 of the proof of Theorem [5.1.1 has no analogue in the current situation. Indeed, the
simple roots and coroots of ® are known to be linearly independent, which is the counterpart
to freeness and cofreeness of Kac-Moody root data. The assumption of cotorsion-freeness,
which was imposed in the Kac-Moody setting in order to lift highest-weight representations
to the group level, is analogous to requiring G to be simply connected. This has been avoided
by the alternative construction of appropriate representations in Step 1. O

Except for the terminology of algebraic geometry instead of Lie theory, Theorem [5.5.2] is almost
identical to the original version of Kostant’s Non-Linear Convexity Theorem. Kostant’s result is
formulated for connected semisimple Lie groups and ours for groups of real or complex points of
connected reductive algebraic R-groups, but the statement is the same in both cases. However,
it should be observed that the two notions of connectedness are not equivalent. It refers to the
Lie group topology in Kostant’s theorem and to the Zariski topology in ours. If G is a connected
algebraic R-group, then G(C) is also connected in its Lie group topology, while G(R) has finitely
many connected components but is not necessarily connected as a Lie group. On the one hand,
our result is thus more general than Kostant’s in the sense that it also deals with some Lie groups
that are not connected and only requires them to be reductive instead of semisimple. For instance,
Theorem [5.5.2) applies to GLx (R) for every N € N which is neither connected nor semisimple as
a Lie group, but GLy is a connected reductive algebraic R-group. On the other hand, not all
connected semisimple Lie groups arise as groups of real or complex points of algebraic groups.
One notable example is the universal cover of SLy(R) which cannot be realized as a matrix group.
Such groups are covered by Kostant’s theorem but not ours.

Likewise, Theorem /5.3.1 reduces to a special case of Kostant’s Linear Convexity Theorem if A is
spherical. While this variant only applies to a rather small family of groups, it can be generalized
exactly as in the non-linear setting. We conclude this chapter by stating the resulting theorem.
Its proof consists of a straightforward modification of that of Theorem [5.3.1] and will be omitted.

Theorem 5.5.3 (Kostant’s Linear Convexity Theorem for reductive algebraic R-groups). With
the assumptions and notation of Theorem |5.5.2, let g be the Lie algebra of G, g =t ® a S uy the
Iwasawa decomposition of g corresponding to G = KAU, and 7, : § — a the Iwasawa projection
onto the a-component. For every h € a, it holds that

{ma(Ad(k)h) | k € K} = conv(W - h). (5.5.3)



Chapter 6

Applications

Having successfully established a natural analogue of Kostant’s Non-Linear Convexity Theorem
for the classes of split real and complex Kac-Moody groups, we now use this result in order to
investigate their algebraic structure. Along the way, we collect several properties of the Iwasawa
projections that fit nicely into our discussion. This is the content of Section 6.1, where we describe
an algorithm that (to a certain extent) makes it possible to describe the multiplication map in
a Kac-Moody group in Iwasawa coordinates and to decide whether certain subsets are actually
sub(semi-)groups. In Section 6.2, we apply the convexity theorem to establish the (non-)existence
of various decompositions of Kac-Moody groups and prove Theorem [B| and [C|. Finally, we put
these results in a somewhat “geometric” perspective in Section [6.3 which is motivated by the
historical introduction, where we have explained how Kostant’s Non-Linear Convexity Theorem
for semisimple Lie groups can be rephrased as a geometric statement about Riemannian symmetric
spaces of non-compact type and how decompositions of semisimple Lie groups admit geometric
interpretations in that framework. In order to extend this to the Kac-Moody setting, we present
the construction of Kac-Moody symmetric spaces developed in [FHHK20| and reformulate our
results in that context. We close this chapter by proving Theorem D, which will be an immediate
consequence of Theorem |C|in the language of Kac-Moody symmetric spaces.

The notation will follow the previous chapters. Unless stated otherwise, we denote by A € Z"*"
an arbitrary GCM, by D = (I, A, A, (¢;)icr, (hi)icr) a Kac-Moody root datum of rank d € N and
we employ the familiar terminology for the D-representation of W = W (A) on a = AV ®z R. We
suppose that K € {R,C} and write G = Gp(K) for the Kac-Moody group of type D over K with
Iwasawa decomposition G = K AU, and Iwasawa projections Ilg, II4 and Ily, . In order to apply
Theorem [5.1.1, we will occasionally have to assume that A is symmetrizable, but we mention this
explicitly when necessary.

6.1 The Iwasawa algorithm

Kostant’s Non-Linear Convexity Theorem is rooted in the question how the multiplication map
G x G — G can be described in terms of Iwasawa coordinates, but Theorem 5.1.1| provides a
very limited answer as it only determines the A-components of the restricted map {a} x K — G
for certain elements a € A as a set instead of point-wise. Our first goal is to find an algorithm
that describes more explicitly how the Iwasawa coordinates in G behave with respect to the group
multiplication and reduces this problem to (2 x 2)-matrix computations as much as possible. This
section heavily relies on the computational results about G° = SLo(K) established in Section (3.5
and we freely use the notation introduced there. We begin with a straightforward generalization
of Corollary [3.5.2| which will be useful in several instances.

Lemma 6.1.1. Let a € A be arbitrary and set h == log(a) € a. For every o € @, the image of
the map K, — A, k — Il4(ak), is the exponential of the closed line segment in a between h and
sa(h) or, equivalently, the set {ar"= | r € [1,a(cs) ']} C A.
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This result is a special case of Theorem |5.1.1, but it can be proved in a much simpler way. In fact,
the following argument is almost identical to the base case of the induction in Section [5.2.2]

Proof. By Lemma 3.4.16, there exist a1, a2 € A with a = ajas, a1 € A, and as(c,) = 1, so that as
commutes with G, = ¢ (G°). Equivalently, on the Lie algebra level, we have h = hy + hy, where
h1 =log(a1) € a, and hy := log(az) € a satisfies (c,, ho) = 0, so that hs is fixed by s, € W. Since
the group homomorphism ¢, : GO = G restricts to a bijection A° — A, there exists a unique
a® € A with ¢, (a’) = a1, By (3.4.7) and (3.4.9), the Lie algebra homomorphism ¢/, : g° — g
satisfies ¢/, (h°%) = hy for h° :=log(a’) € a® and the following holds for all k° € K°:

La(apa (k) = Ha(a1pa(k°))az = Ma(pa(a’k?))az = a (40 (a”k"))az

By Corollary 3.5.2, the image of the map k° + II40(a’k?) is the exponential of the closed line
segment [h%, —h°] C a® and we have ¢/ (h°) = h; and ¢/ (—h") = —hy; = s4(h1). The image
of this set under ¢, is therefore the exponential of [hi,s,(h1)] C aq. As s4(h) = —hy + ha,
multiplying this set from the right by as = exp(hg) results in the exponential of [h, sq(h)] C a.
Since K, = ¢q(K?), the proof of the first assertion is complete and the second follows from
Lemma |3.4.14 because [k, sq(h)] = {h + the | t € [0, —(ca, h)]}- O

We will frequently make use of the following “standard” expressions for elements of K and Uy,
which will allow us to apply inductive arguments and reduce many computations in the abstract
Kac-Moody group G to explicit (2 x 2)-matrix calculations in G° = SLy(K).

Notation 6.1.2. Since K = M K’, where K’ is the subgroup of K generated by the K°-images
(Ki)ier (cf. Corollary |3.4.11), and U, is generated by the positive root groups (Uy)aca., , every
element k € K and u € Uy can be written in one of the following ways:

k = koky ... kq for some ¢ € Ny, where kg € M and for every p € {1,...,q},

the factor k, is an element of a K%image K;  for some i, € I. (6.1.1)

u = uq ...us for some s € Ny, where for every r € {1,...,s}, the factor u, is

an element of a positive root group Upg, for some 3, € ®. (6.1.2)

In both cases, we may assume that ¢, s € Ny are minimal among all such product decompositions
of k and u. In particular, this ensures that no two consecutive factors of k (resp. u) are contained
in the same K%-image (resp. root group). Moreover, it implies that ¢ = 0 if and only if k € M
and s = 0 if and only if u = 1. We call (6.1.1) (resp. (6.1.2)) a minimal expression of k (resp. u).

Suppose we are given two elements g1, g2 € G in Iwasawa form ¢g; = kjaju; and go = koasus and
we want to compute the Iwasawa components of the product g1g2 € G. This can be achieved in
three steps:

1. Compute the Iwasawa components of the subproduct uks.

2. Set k' := Ik (urke) and compute the Iwasawa components of a;k'.

3. Use the fact that A normalizes U, to bring the resulting expression into Iwasawa form.
Carrying out the first two steps is a non-trivial matter since the defining relations of G are rather
hard to control. However, to a certain extent, it is possible to apply “elementary moves” in order to
reduce them to explicit matrix computations inside the GY-images of G. The following procedure,
which will be called the Iwasawa algorithm, makes these statements more precise.

In order to bring a product of the form auk € G for some elements k € K, a € A and v € Uy
into Iwasawa form, we may choose minimal expressions k& = kok; ...k, and v = u;...us as in
(6.1.1) and (6.1.2), iteratively multiply the factors of u by those of k and compute the Iwasawa
components after each step. The first product is usky, where kg € M C T normalizes Ug_, which
can be brought into Iwasawa form by writing usky = k‘o(kalusko), so we have Il (usko) = ko,
4 (usko) = 1 and Ily, (usko) = kalusko € Ugs,. More precisely, there exists a unique z € K
with u, = x5, (2) and kg 'usko = 25, (ko(cp,)~2). Such an operation will be called an elementary
UK -move of the first type. Repeating it for all factors of u leads to the product

auk = akoty ... Usky ... kg,
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where 1, = kzglurko € Ug, for every r € {1,...,s}. If ¢ > 0, we next consider the subproduct
gk with k; € K;,. There are two possible cases, which will be called elementary UK -moves of
the second and third type:

a) If Bs # «;,, then 4, lies in the unipotent radical of the standard parabolic subgroup P;,,
of type {i1} while k; is contained in its Levi factor. Hence, we have tsk; = k;l(kl_lzlskl),
where the product in parentheses lies in the unipotent radical of Py; } and therefore in U,.
In this case, we also obtain Il (@sk1) = k1, ILa(isk1) = 1 and Iy, (4sk1) = kflﬁskzl. The
difference to a U K-move of the first type is that the U,-component need not be contained
in Ug, and may become very complicated due to the commutator relations (3.1.5).

b) If Bs = au,, then iy and k; are both contained in the G%-image G;, = ¢;, (GY). Hence,
there exist k° € K° and u° € UJOr which are mapped to k; and s by ¢;,. The latter is
uniquely determined, while the former is unique if ¢;, is injective and unique up to sign
if ker(¢;,) = {I2,—I2} C K°. Since ¢;, is compatible with the Iwasawa decompositions
G? = KYA°UY and G = KAU,, the Iwasawa components of @,k are simply the images of
those of u’k® € GY under ;, and they can be computed explicitly via Proposition |3.5.3|
More precisely, using the notation of (3.5.2), there exist unique (21, 22) € B and z € K such
that £ = k(z1, 22) and u° = u(2) and (3.5.9) yields the following:

g (tsk1) = @i, (o (u(z)k(21, 22))) = ¢i, (k(ku (2, 21, 22))) € Kiy
ILa(dsk1) = @i, (ILao (u(2)k(21, 22))) = @i, (a(8u (2, 21, 22)))
=Cu(z, 21, 2)" € A;, (6.1.3)
My, (4sk1) = %&(HUQ (u(2)k(z1, 22))) = @i, (u(nu (2, 21, 22)))
= zi, (U (2, 21, 22)) € Uy,

If ¢;, is not injective, we could have replaced ko by —ko and thus (z1,22) by (—z1, —22).
The functions £y and ny are unaffected by this change and ky (z, —z1, —22) = —ku (2, 21, 22)-
This assertion merely mirrors the fact that —I is contained in K° and central in G°. After
applying ¢;,, the minus sign disappears, so the three components are independent of the
choice of k°, as they should.

Performing one of these U K-moves results in the expression

auk = akoty ... Gs_1kjalilks ... kg,

where kjald! is the Iwasawa form of 4.k;. For a UK-move of the second type, we have &} = k;

and a’, = 1, but 4/, may become a very complicated element of U, . For the third type, we have
ki € K;y, a, € A;, and @), € U;;, = Ug,, but k] and @} might differ from k; and @, and a, may be
non-trivial. In either case, it follows that k] € Kj,, so if s > 1, we may perform another U K-move
of the second or third type to write the product 41k} in Iwasawa form as k{a”_ ;4! _, for some
K/ € K;,,al_, € A;, and 4!, € Uy, which leads to

auk = akoﬁl . ﬂs_gkllla;/_lﬁg_la;ﬂ;kg . ]{Iq.
Since A C T normalizes U, , the conjugate @/, , = a’~'4”_,a’, is contained in U,. Note that
it can be computed explicitly by choosing a minimal expression for @/_; and using the fact that
conjugation by a’~! acts on each root group by multiplication with a positive real number. Thus,
we may replace ¢! _jal, by aldl_;, which will be called an elementary UA-move. Upon setting
a,_, =al_,a), € A;,, this move transforms the previous product into

auk = akoﬂl . ﬂs_Qk/l/a;_lﬁ;_lﬁ;kg e kq.

By iterating this process, it follows that, after a finite number of U K- and U A-moves, the initial
product can be brought into the form

auk = akolibiviks ... kq,
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where I} € K;,, b} € A is the product of all the A-components created by the UK-moves, and
vy € Uy is the product of all the Uy-components arising from the UK- and U A-moves. Since
U K-moves of the second type and U A-moves simply replace the previous elements by conjugates
and do not yield any “new” factors, a non-trivial A-component can only be created if a U K-move
of the third type occurs and in this case, the result is contained in A;,, so the same holds for
i, i.e. b = ()" for some 7| € R.o. This assertion is also true if no such move has occurred
and the A-component is trivial by taking r{ = 1. The U,-component v}, however, can be very
complicated and a minimal expression of v may contain many more factors than that of w.

In order to move kg and [} further to the left, we consider the subproduct akgli and apply the
following two operations, which will be called elementary AK-moves of the first and second type:

a) Since kg € M C T commutes with a € A C T, we have aky = koa, so that Ik (ako) = ko,
T4 (ako) = a and Ily, (ako) = 1.

b) The previous move results in akol] = koal] and we look at the subproduct al’ Asl) e K,
Lemma |6.1.1) implies that IT4(al}) = ab} with b} = (r})*1 € A;, for some r € [1, a(czl) o
which depends on a and lj. More precisely, the exact Iwasawa components of al] can be
computed using Proposition [3.5.1. In fact, if we proceed as in the proof of Lemma [6.1.1] and
write a = ajag with a;,a2 € A such that a; € A;; and ay commutes with G;,, then we can
choose a” € AY and [° € K° which are mapped to a; and I} by ¢;,. The former is always
unique and the latter is unique up to sign if ¢;, is not injective. Furthermore, there exist
unique r € Rsg and (y1,%2) € B such that a® = a(r) and 1° = k(y1, y2), so (3.5.6) yields the

following;:
Mk (aly) = i, Mxo(alr)k(y1, y2))) = @i, (k(ralr,y1,2))) € Ky
Ia(aly) = i, (a0 (a(r)k(y1, y2)))az = @i, (a(a(r, y1, y2)))az
=&a(r,y1, 2)h’1 as=a-(r" Yeq (T y17y2)) € ad;, (6.1.4)
My, (al}) = @i, (Myo (a(r)k(y1,y2))) = @i, (u(na(r,y1, y2)))

=z, (na(r,y1,12)) € Ui,

As in the case of a UK-move of the third type, the components do not depend on the choice
of 19 if ¢;, is not injective.
After these two AK-moves and a UA-move that brings b} to the left of v} := Iy, (al}), we arrive
at the product
auk = k‘ollabl’vlkg . k'q,

hz
where Iy = Ig (al}) € K;,, by = b\b) =" € Ay, for ry =77 € Rog, vy == (b0 b))v} € Uy

If ¢ = 1, the result is now in Iwasawa form If ¢ > 1, we iterate the procedure by choosing a
minimal expression of v; and applying a finite number of U K-moves of the second and third type
to the subproduct v1ks and then some U A-moves to order the appearing factors, which leads to
an expression of the form

auk = k‘ollabllé évékg N k‘q,

where I, € K;,, by € A;, and v} € U, are the Iwasawa components of v1ks. By an AK-move
of the second type applied to the subproduct ab;lj and a UA-move that brings b5 to the left of
vy = Iy, (abily), this product becomes

auk = k‘olllzablbgvgkg N k‘q,

where Iy = g (abily) € K;,, by = bh(aby) 4 (abily) = r;”‘ € A;, for some ry € Ry and
vy = (b twybh)vh € U, Tterating this process q times leads to the desired Iwasawa decomposition

auk = k‘ol1 . lqabl e bq’Uq,

hi . .
where I, € K; and b, =1," € A;, with r, € Ry for all p € {1,...,q}. However, describing v,
without further assumptions on k, a and u is hopeless because the U, -component is very difficult
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to control as soon as an elementary UK-move of the second type has occurred in the process,
which is almost always the case. In fact, since no two consecutive factors of k (resp. u) lie in the
same KY-image (resp. root group), the only three configurations that do not involve a U K-move
of the second type are the cases g=0or s =0 (i.e. k€ M oru=1)or ¢g=s=1 with 8; = a;,.
In particular, if k¥ ¢ M and w is not contained in a simple root group, then UK-moves of the
second type are always necessary.

Returning to the situation and notation before this algorithm, the three steps to compute the
Iwasawa components of a product gi1¢g2 € G involve the following operations:

1. Bring the subproduct u;ks into Iwasawa form uike = k'a’u’ by finding minimal expressions
of u; and ko and applying a finite number of elementary moves. The resulting product is
g192 = k1a1k' a’v’ asus.

2. Apply an AK-move to the subproduct a1k’ to write it in Iwasawa form as a1k’ = k”a
which leads to g1g2 = k1k”a"u"a’u’ aqus.

3. Use a UA-move to bring u”a’u'as into Iwasawa form u”a’u’as = a’’u’", where a’’ = a’as
and v = a;l((a’_lu”a’)u')ag. The final result g1 g2 = k1k”a”a’”’v/"us is in Iwasawa form
upon combining the first, middle and last two factors, respectively.

Finally, it is worth noting that the Iwasawa algorithm is “continuous” in the following sense: If we
choose a basis {v1,...,v4} of a and minimal expressions of k1, ke € K and uy,uy € Uy, we can

parametrize the Iwasawa coordinates of the factors as follows:

1,01
u b

k1 = lopin (17, 9$) i, 0P ) ke = mops, (20, 250 g, (219, 259)

d d
w1l w11
j=1 j=1
uy =g, (y1) .. 75, (ys) Uy = Ty, (21) -+ 24, (20)
Here, it is understood that ly, mg € M and (ygj),ygj)), (zij), zéj)) € B, pj,q; € Ryp and y;,2; € K

whenever j is a natural number for which the respective elements are defined. By inspecting the
Iwasawa algorithm, we conclude that the Iwasawa coordinates of g;g> have the following shape:

Tk (g192) = W (g1)mowy, (317, 557) ..y, (217, 287)
d
h; hj v,
Ma(g1g2) = Ta(gr)ry ™ .. .rg" Ta(g2) = [ £ (6.1.5)
j=1

Iy, (9192) = @s, (91) - - - s, (Ju)lu, (g2)
Moreover, the values of (éﬁj), ééj)) € B, r;,t; € Ry and g; € K depend continuously on all input
parameters. To justify this, it suffices to observe that the output parameters of every elementary
move are continuous with respect to the input. This is obvious for an AK-move of the first type.
For an AK-move of the second type or a UK-move of the third type, it holds in view of (6.1.3))
and (6.1.4) and continuity of the functions x4,&4,n4, kv, &v,nu. For a UK-move of the second
type, it follows from the commutator relations (3.1.5). Finally, a U K-move of the first type or a
U A-move acts on every root group by multiplication with a scalar that depends continuously on
the conjugating element in My or A, so the assertion is true in these cases as well. In particular,
we arrive at the following useful consequence:

Corollary 6.1.3. The map a — a, h — log(Ila(exp(h)k)), is continuous for every k € K. O

Remark 6.1.4. It might appear that our proof of Corollary |6.1.3| could be simplified considerably
by endowing G with an appropriate group topology (e.g. the Kac-Peterson topology) and showing
that the three maps involved are continuous. For the exponential map and the logarithm, this is
probably simple and in a less general setting, it is proved in [FHHEK20] Proposition 3.11]. However,
in order to show that the Iwasawa projection onto the A-component is continuous, it would be
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natural to establish the stronger statement that the Iwasawa decomposition is a homeomorphism.
Although the author is not aware whether this assertion is true without any assumptions on the
underlying Kac-Moody root datum, special cases have been proved in [FHHK20, Theorem 3.31]
and [KV24] Theorem 3.20] by similar methods that rely on non-trivial topological considerations.

We will apply the Iwasawa algorithm in various ways to obtain more detailed information on the
Iwasawa projections of G. Before, we record a very simple property.

Lemma 6.1.5. The map K — K, k— Ik (gk), is injective for every g € G.

Proof. Upon replacing G° = KOAOUJ? by G = KAU,, the argument for injectivity in the proof of
Corollary 3.5.5 applies verbatim to an arbitrary Kac-Moody group. O

Our first application of the Iwasawa algorithm will be to show that the map in the statement of
Lemma [6.1.5] is also surjective. To achieve this, we consider the cases g =a € A and g =u € Uy
separately and reduce them to the SLs-case that we have already dealt with in Corollary [3.5.5]
First, we establish the following “local” surjectivity result. Afterwards, we will derive the desired
“global” analogue.

Lemma 6.1.6. Let a € A and u € Uy be arbitrary. The maps k — Uk (ak) and k — Tl (uk)
define bijections K; — K; for every i € 1.

Proof. Tt is a consequence of the Iwasawa algorithm that k — Ik (ak) and k — TIx (uk) restrict
to maps K; — K; (cf. the first line of (6.1.5)) which are injective by Lemma [6.1.5, so it only
remains to prove surjectivity. First, we consider the A-case. Here, Lemma [3.4.16] implies that
there exist a1,a2 € A such that a = ajaq, a1 = 7 € A; for some r € Ry and as commutes
with G; = ;(G°). If a° denotes the unique element of A° with ©;(a®) = ay, then the following
diagram commutes by (3.4.7):

k9Tl 0 (a®kY)

K° K°
w{ J{w
K; K;

k—Il g (a1k)

By Corollary |3.5.5, the horizontal map on top of this diagram is bijective while ¢; : G° — G is
either bijective or its kernel is {I, —I2}. Since —I5 is contained in K° and central in G°, we have
Hgo(a®(—kY)) = —TIko(a'k?) for all k% € K. In either case, it follows that the horizontal map
on the bottom is also bijective and the same is then true for k — I (a1k)as = Uk (ak).

Next, we investigate the U,-case. If u = 1, the statement is trivial. Otherwise, we choose a
minimal expression u = uj ... us as in (6.1.2) and argue by induction on s. If s =1 and f; = «y,
then w € U; C G; and the same argument as in the A-case shows that k — Ik (uk) defines a
bijection K; — K;. If 81 # «;, then u lies in the unipotent radical of the standard parabolic
subgroup Pj;, of type {i} while K; C Gy;; is contained in its Levi factor. Thus, for every k € K,
we have k~tuk € Uy and Tk (uk) = g (k(k~tuk)) = k, so k — I (uk) restricts to the identity
map on K; which is trivially bijective.

Suppose now that s > 1, set v := ug...us € Uy and let ¥’ € K; be arbitrary. By the induction
hypothesis, there exist k1, ko € K; such that IIx (uik1) = k" and Ik (vke) = k1, which implies

HK(qu) = HK(Ulka) = HK(uan(’L}kg)) = HK(ulkl) = k‘l.

Here, the second equality is justified by the fact that A normalizes U, . Hence, the required map
is surjective and the proof is complete. O

Proposition 6.1.7. The map k — Il (gk) defines a bijection K — K for every g € G.

Proof. By Lemma [6.1.5, it remains to prove surjectivity. To this end, let ¥’ € K be arbitrary and
choose a minimal expression &’ = kok ...k} as in (6.1.1). We are going to show by induction on
¢q that there exists an element k € K such that IIx(gk) = &'
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First, we consider the special case ¢ = a € A. If ¢ =0, then ¥ = k, € M C T commutes with
a € ACT,so we may simply take k := k’. Now assume that ¢ > 0 and set I’ := kpk} ... kj_q.
By the induction hypothesis, there exists | € K such that g (al) =, i.e. al = l'a’v/ for some
a € Aand v € Uy. As k}/; € K, it follows from Lemma [6.1.6 that there exist lq,l'q € K;, with

g (a'ly) = ky and g (u'ly) = I;. The element k := ll, € K has the required property:
Ik (ak) = Uk (ally) = 'k (a'u'ly) = Tk (a'Tg (u'ly)) = Tk (a'l) = U'k;, = K

The third equality holds since A normalizes U, so the proof is finished if ¢ = a € A. Likewise, if
g =u € Uy, the case ¢ = 0 follows from the fact that M C T normalizes U; and the induction
step works verbatim upon replacing a by u. Finally, let ¢ € G be arbitrary and write it in Iwasawa
form as g = kgapup. By the previous two cases, there exist k,k” € K such that I (uok) = k"
and Mg (aok”) = kg 'k’, which leads to the desired result:

Ok (gk) = kollk (aguok) = kollk (aoIlk (uok)) = kollk (aok”) =K' O

On the one hand, Proposition [6.1.7] implies that IIx(gK) = K holds for every g € G. For the
A-projection, on the other hand, we already know from Theorem [5.1.1| that II4(¢K) may well be
a proper subset of A. Our next goal is to decide whether certain naturally occurring subsets of G
are in fact sub(semi-)groups. To this end, it is useful to establish two more results that similarly
describe the images of subsets of G under an Iwasawa projection. We require a bit of notation:
Let J C I be arbitrary and set a; := >, ;Rh; C a. This definition reduces to that in (4.3.3)
if D is cofree, which is not assumed at the moment, and a; = a’ has been introduced in (2.6.2).
We further define A’; := exp(a;), which coincides with the subgroup of A generated by the set
{rhi | j € J, v € R}, and write A’ == A/,

Proposition 6.1.8. II4(U;K) = A’

Proof. Tt follows from the Iwasawa algorithm that 14 (U K) C A’ (cf. the second line of (6.1.5))),
so it remains to show the converse inclusion. Given any subset J C I, we consider the Iwasawa
decomposition Gy = K ;AU of the Levi factor G of the standard parabolic subgroup Py C G
of type J. We are going to prove by induction on |J| that A, C II4(U;4+Ky). Once this is
established, taking J = I will conclude the proof.

If |J] = 1, then J = {i} for some i € I and the homomorphism ¢; : G° — G takes values in
Gi C Gy As ¢; is compatible with the Iwasawa decompositions G* = K’AUY and G = KAU,,
Corollary 3.5.7] implies that

a(Ugiy,+ Kgiy) D TMa(UsK3) = Ta(pi(ULK®)) = @i (a0 (UL K)) = 3(A%) = A; = Al

Suppose now that |J| > 1, choose any j € J and set J' = J \ {j}. Let a € A’; be arbitrary, then
there exist b € A’;, and r € Ry with a = brhi. By the induction hypothesis, we find u; € Uy
and k; € Ky such that TT4(u1k;) = b. Hence, the Iwasawa decomposition of u1k; € Gy is

urky = l1bv;  for some iy € Ky and vy € Uy 4.

Write q; == b(c;) € Rsg and ¢ := max{1,q; '}. By Lemma 6.1.1} the set T4 (bK;) C A’} is equal
to {bp" | p € [1,4;']}. Moreover, by Lemma [3.5.6, there exists some 4/ € [0,27) such that the
image of the map K — Rsq, 2z — &y(z, cos(y'),sin(vy’)), contains the interval [rg=!, 00) C Ry
and Proposition [3.5.3 then implies that {a(s) | s € [rg™*,00)} C 40 (UYR,/). We now define
ky = ¢;(Ry) € K; and apply ¢; to this inclusion, which shows that

{s" | s € [rg™", 00)} C Ma(Ujhy).

Furthermore, using Lemma 6.1.6|in the real case, we find v € [0, 27) such that k, == ¢;(R,) € Kj
satisfies I (bk,) = k.,. More precisely, the Iwasawa decomposition of bk, € Gy;; has the form

bk, = kzw/bqgjv for some go € [1,¢; '] and v € U;.
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As gy < ¢ implies that r¢; ' € [rg~ ", 00), there is some z € K with &y (2, cos(vy'),sin(y)) = rq; *

Thus, if we set us == z;(2) = ¢;(u(z)) € Uy, then
gk = lg(qul)hjvg for some I, € K; and vy € Uj.

All the elements introduced so far are contained in G ; and satisfy the following relations:
e uy € U; C Uj,’Jr lies in the unipotent radical of the parabolic subgroup P;: of type J',
whereas [1 € K;» C Gy is contained in its Levi factor. Hence, it holds that

uh = llqufl € Uﬁ+ﬂGJ CUyj4.

e v Uy C Ué},+ lies in the unipotent radical of the parabolic subgroup P;y of type {j},
whereas k;l € K; C Kyjy C Gyjy is contained in its Levi factor. It follows that

vy =k ok, € UGy, NGy C Uy
e vy € U;, whereas (bq;j )=t € A/, C A normalizes every root group, which implies that
hjy— h;
vh = (bgy’) tva(bgy’) € U; C Uy .

We now put all the pieces together. Upon setting u := ubu; € Uy 4 and k = kik, € K, we may
perform the following computation, where the brackets merely serve the purpose of illustrating
the order in which we apply the previous considerations:

uk = uy(urky)ky = (uhly)b(viky) = lyua(bky )V}
= ll(ugkvz)bqgjvvi = lily(rg; ) vg(bqgj)vv'l
= (I1la) (br"9) (vhovy) = (Lilz)a(vhvvy) € KyalUy 4

We conclude that a = 4 (uk) € T4 (U 4+ K ). Since a € A’; was arbitrary, the induction step is
complete and the proof is finished. O

Proposition 6.1.9. T14(A'K) = A’

Proof. On the one hand, we have 1 € K and thus A’ C II4(A’K). On the other hand, it follows
from the Iwasawa algorithm that IT14(A'K) C A’ (cf. the second line of (6.1.5)). O

We now combine the previous two propositions with Theorem [5.1.1|to prove the anticipated result
on sub(semi-)groups of G. As a motivation, recall that the positive and negative Tits cones and
their topological interiors are convex cones in a, so their exponential images Ay = exp(Xy) and
S = exp(XJ) are subsemigroups of A, but unless the GCM A is spherical, they are proper
subsets of A and not subgroups in general. Note that if D is not admissible, then X§ = A3 = (.

Theorem 6.1.10.
(i) KA'Uy is a subgroup of G.
(ii) KA U, is a subsemigroup of G if and only if A is spherical. In this case, it coincides with
the entire group G.
(i) If D is admissible and A is symmetrizable, then KAS U, is a subsemigroup of G if and
only if every indecomposable component of A is of finite or affine type. If A is spherical, it
coincides with G. Otherwise, it is not a subgroup of G.

Proof. Throughout this proof, we use Notation [4.1.1] to denote the indecomposable components
of A and all related objects.
(i) Tt is clear that 1 € KA'U,. Let g1 = kyaju; and go = ksasus be two elements of K A'U,
in Iwasawa form. Proposition 6.1.8 and |6.1.9) show that uiks = l1b1v7 and aql; = labyvs for
some l1,ls € K, by,by € A" and vy,v9 € Uy. Since A’ normalizes U, it follows that

9192 = kiay (Ule)aQUQ =k (G1l1)b1U1a2u2 = k1labavabiviasus

6.1.6
= (]ﬁlz)(bgblag)(a;lbl_lvzblvlag’lm) S KAIU+. ( )
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Hence, KA'Uy is closed under multiplication. Likewise, let ¢ = kau be any element of
KA'U, in Iwasawa form, then ¢~ = u~ta='k~!. Proposition |6.1.8 and 6.1.9 imply that
a k™! =Ibv and w1l = I'b'v’ for some I,I' € K, b,b' € A’ and v,v’ € U, which leads to

g =ua kT = (w b = U6 b = D' b(b ') € KA'U,.

Thus, K A’Uy is closed under inversion as well and therefore a subgroup of G.
If A is spherical, then X, = a and A, = A, so the statement is trivially true. Otherwise,
we have Uy K C (KA, U,)? because 1 € A, and I14(U;K) = A’ by Proposition 6.1.8.
However, we claim that a’ is not contained in X if A is not spherical. This will show that
U, K cannot be contained in KA, U, so that KA, U, is not closed under multiplication.
The following argument is a minor reformulation of the proof of Proposition [4.4.1] where we
worked with free and cofree Kac-Moody root data, and we use the same notation.
If A is not spherical, we may w.l.o.g. assume that the first indecomposable component A;
is not of finite type. Let ¢ € I; be arbitrary. If A; is of affine type and § € ®™(A;) is its
positive imaginary root of minimal height, the same argument as in that proof shows that
the D;-Tits cone is the set of all h € a that satisfy (cs,h) > 0 or (¢;,h) =0 for all j € I1.
Because (cs, h;) = (§,a)) = 0 but (¢;, h;) = 2, it follows that h; € a’ is not contained in
X1+ D Xy. Similarly, if A; is of indefinite type, there exists a positive imaginary root
v € O (Ay) with (v,a)) < 0 for all j € I;. Since ¢, is non-negative on the D;-Tits cone
but (cy, ki) = (7, ;) <0, we again conclude that h; € a’ does not lie in X; 4 D X .
Suppose first that some indecomposable component of A is of indefinite type, then we may
w.l.o.g. assume that A; has this property and that I; = {1,...,p} for some p € {2,...,n}.
Since AT is also of indefinite type, there exists some x = (z1,...,2,)7 € RP such that
x> 0 and ATz < 0. Hence, upon replacing = by a sufficiently large scalar multiple, we may
ensure that the vector h' ==} ., x;h; € o' satisfies (c;, h') < —1for all i € I;. If we set
a' = exp(h') € A, then Proposition |6.1.8 implies that there exist u € Uy and k € K such
that T4 (uk) = @/, i.e. uk = k’a’v’ for some k' € K and v’ € U,.
By Corollary |6.1.3, the map f : a — a, h — log(I14(exp(h)k’)), is continuous with respect
to the standard Euclidean topology on a = R? and we claim that it preserves X5 #0.
In fact, if h € X9, then h is virtually singular and Z;, C X¢. Since A is assumed to be
symmetrizable, we may apply Theorem [5.1.1/ to conclude that f(h) € 2, C X9, so the claim
is proved. As the origin lies in the closure of X{ and f(0) = 0, there exists a point h; € X
that is sufficiently close to 0 such that hy := f(h1) € X3 satisfies (c;, ho) < % for all i € 1.
We now define a; = exp(h;) and ay = exp(hz), so that ai,a2 € A and H4(a1k') = as,
ie. a1k’ = k"agu” for some k" € K and u” € U,. If KAS U, was a subsemigroup, then the
product a;ukas would be contained in that set. However, we have

a1 (uk)ay = (a1k")a' v ag = k" agu” a'v'ag = k" (a3a’)(ay ' a/ ' a' v az),
where the product in the last parentheses lies in Uy which is normalized by A. It follows
that a := I 4(ajukas) = a3a’, where h = log(a) = 2ho + h' satisfies (c;, h) < 0 for all i € I,
so h lies in —C which is disjoint from X; D X D X¢ by Corollary 2.6.7. Thus, a ¢ A%
and KAS Uy is not a subsemigroup in this case.
Conversely, suppose that every indecomposable component of A is of finite or affine type.
We may w.l.o.g. assume that the components are ordered such that A;,..., A, are of affine
and Agyq,..., A, are of finite type for some s € {0,...,m}. As in the proof of |(ii), given
any r € {1,...,s}, let §, € ®™(A,) be the positive imaginary root of A, of minimal height.
The D,-Tits cone X, 1 is the set of all h € a with (cs.,h) > 0 or {(¢;, h) = 0 for every i € I,
and its topological interior X2 | only contains those points for which the former condition
holds. Since D = J;L, D, and X7, = X,y = aforr € {s+1,...,m}, it follows that

X9 = ﬁXf,+= ﬁ{hea: (cs,, h) > 0}.

r=1 r=1
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We now repeat the computation in (6.1.6) with g1, g> € KAS Uy, so that I14(g192) = b2b1as,
where this time, we have ay € A% by assumption, by = Ila(aily) € exp(Zioga,)) C AS
by Theorem [5.1.1 and b; = I 4(uike) € A’ by Proposition [6.1.8, In addition, given any
r € {1,...,s}, we have (cs,, h;) = (6,,)) = 0 for every i € I, so the functional ¢5; € a*
vanishes identically on the subspace a’ C a. Hence, it is zero on log(b;) but strictly positive
on log(az) and log(bz), which implies that log(bebiaz) € X and thus gigo € KASU,.
Consequently, KAS Uy is a subsemigroup in this case. If A is spherical, it coincides with
the entire group G. If A contains at least one component of affine type and h € X<, then
—h ¢ X$ by Corollary 2.6.7, which shows that K AU, is not closed under inversion. O

While the most interesting assertion of Theorem [6.1.10]is surely the third, which is also the only
one whose proof makes use of our convexity theorem, the first implies that if A’ is a proper
subgroup of A, then KA'U, is a proper subgroup of G containing K, so in this case, K is not
maximal as an abstract subgroup of G. However, it is a surprising result of Lie theory that if G
is a connected reductive Lie group and K the fixed-point set of a Cartan involution of G, then
the subsemigroups of G containing K can be completely classified. In particular, if G is simple,
then K is a maximal subgroup of G (cf. [Nee94, Proposition 1.17 and Corollary 1.18]). The
previous result suggests that our convexity theorem might be useful to study the same question
in the Kac-Moody setting: If G = Gp(K) is a real or complex Kac-Moody group, is it possible to
classify the subsemigroups of G containing its compact form K? In particular, is K a maximal
subgroup of G7 For this statement to be true, it is certainly necessary that the underlying GCM
A is indecomposable, that A" = A and that the center Z = {t € T : t(¢;) = 1Vi € I} of G is
already contained in K NT = M. As we will explain at the end of Section [6.3, this question is
closely related to the long-standing open problem of simplicity of real and complex Kac-Moody
groups. It appears that Kostant’s Non-Linear Convexity Theorem and the Iwasawa algorithm are
promising tools to investigate this in more detail. At the time of writing, the author has obtained
some partial results on subsemigroups of G containing K, but the statements are rather weak
and technical and not worthy of reproduction. Pursuing this problem further is without doubt an
exciting and important topic for future research.

6.2 Decompositions of Kac-Moody groups

Another application of Kostant’s Non-Linear Convexity Theorem for Kac-Moody groups concerns
the question of whether certain decompositions of semisimple Lie groups continue to hold in the
Kac-Moody setting. As a motivation, we recall some famous facts from Lie theory.

Theorem 6.2.1. Let G be a connected semisimple Lie group and let G = K AUy be an Iwasawa
decomposition of G, where K C G is the fixed-point set of a Cartan involution © : G — G. Define
the set Q== {gO(g7') | g € G} C G. Then G can be decomposed in the following ways:

(i) (“Cartan decomposition”) G = KQ

(ii) (“KAK-decomposition”) G = KAK
(iii) (“horospherical decomposition”) G = KUK

Proof. All assertions are well-known results of classical Lie theory. In fact, the existence of the
Cartan decomposition G = K2 is usually proved before the Iwasawa decomposition G = K AU..
In [Kna02, Theorem 6.31], it is shown that G = K exp(p), where p is the (—1)-eigenspace of the
differential of O, but it is not difficult to see that Q = exp(p). The K AK-decomposition follows
from this and p = {J,cx Ad(k)a, where a is the maximal abelian subspace of p with A = exp(a)
(cf. [Kna02, Theorem 6.51]), and the horospherical decomposition is a consequence of Kostant’s
Non-Linear Convexity Theorem for semisimple Lie groups (cf. [Kos73, Theorem 5.1]). O

Remark 6.2.2. The first two decompositions in Theorem [6.2.1] apply more generally to suitable
notions of “reductive” Lie groups. For example, if G is a connected reductive algebraic R-group,
recall from Section [5.5.2 that G := G(K) can be identified with a closed subgroup of GLy (K) for
some N € N that is stable under the map © : G — G, g — (¢~ 1)*, but it need not be connected
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or semisimple as a Lie group. In this situation, the Cartan (or “polar”) decomposition G = K
is established in [PR94, Proposition 3.10 and 3.11] or [Kna02, Proposition 1.143]. Together with
the fact that K C U(N) is compact, this result implies that (G., K., 6, B) is a reductive Lie
group in the sense of [Kna02, Chapter VII, Section 2], where G, is the identity component of G,
K. = G, N K is a maximal compact subgroup of G, 6 : g — g is the map X — —X™* and B is
the bilinear form on g defined by B(X,Y) := Re(Tr(XY")). Hence, [Kna02, Theorem 7.39] shows
that G, = K,AK, and if G is semisimple, then G, = K .U, K, holds by [Kos73, Theorem 5.1].
Using that K intersects every connected component of G, this even implies G = KAK and if G is
semisimple, then G = KU, K.

If G = GLy(K), then Q is the set of positive-definite matrices, so the Cartan decomposition
G = KQ reduces to the assertion that every invertible matrix can be written as the product of an
orthogonal (or unitary) and a positive-definite matrix, which is well-known from linear algebra.
The K AK-decomposition is less obvious from this perspective. The horospherical decomposition,
however, is not satisfied in this example because | det(g)| = 1 for all g € KU, K. It does apply to
the semisimple subgroup SLy (K), where K is the special orthogonal (or unitary) group.

Since the Iwasawa decomposition continues to exist for real and complex Kac-Moody groups, it
is natural to ask whether the same is true for the other three decompositions in Theorem [6.2.1]
This question was studied by M. Horn who proved the result below in a slightly different setup
(cf. [Horl7]). We return to the usual notation from the beginning of this chapter and denote by
D a Kac-Moody root datum of rank d € N associated to a GCM A € Z"*", by G = Gp(K) the
real or complex Kac-Moody group of type D and by G = K AU, an Iwasawa decomposition of G,
where K is the fixed-point set of the compact involution © : G — G.

Theorem 6.2.3. If A is not spherical, the following assertions hold:
(i) G does not have a Cartan decomposition: If Q.= {gO(g~') | g € G}, then G # KQ.
(11) G does not have a K AK -decomposition: G # KAK. However, it satisfies
G=|)(KAK)N. (6.2.1)
1

(iii) If G is generated by the root groups (Uy)acs, then G = (KU K)"+L.

TCs

Before turning to the proof, we remark that the assumption in the third statement is necessary.
In general, G is generated by the torus T and the root groups (U, )aca, but in view of (KMG3),
the subgroup G’ C G generated by the root groups alone only contains the subtorus 77 C T
generated by the set {ri | i € I, »r € K*}. Similarly, G’ only contains the subgroup A’ = exp(a’)
of A = exp(a) generated by {r": | i € I, r € Rso} which coincides with A if and only if a is
spanned by (h;);c;. This is always satisfied if D is coadjoint, but it cannot hold if d > n. In the
remaining cases, the issue is more subtle and not relevant to our discussion. Since K = MK’,
where K’ C G’ is the subgroup generated by the K%-images (K;);c; and M C T normalizes G,
it follows that (KU, K)N ¢ MG’ for all N € N and MG’ is a proper subgroup of G if A’ C A.
The condition that G is generated by the root groups should be thought of as an analogue of
semisimplicity, which is not defined in the Kac-Moody setting.

Proof. The first two assertions are proved in [Horl7, Proposition 6.3], where the terminology is
different from ours and the notion of Kac-Moody root data is not built into the definitions. By
inspecting the arguments, however, it is apparent that they only require the Kac-Moody group to
give rise to an RGD system and this is true for G = Gp(K), irrespective of the underlying root
datum (cf. Remark[3.1.5), so the results also hold in our setting. The proof of (6.2.1) is contained
in [Horl7, Lemma 6.4], but the author always supposes his Kac-Moody groups to be generated
by the root groups. Hence, his argument only applies to our group G’, but we have G = TG’
and T'= MA C KAK is contained in the union on the right-hand of (6.2.1) side as well. The
third statement is shown in [Horl7, Lemma 6.6], which again applies to G’, but the condition that
G = G’ has to be generated by the root groups cannot be removed in this case because if A’ C A,
then A\ A’ is not contained in (KU, K)N C MG’ for any N € N. O
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Remark 6.2.4. Recall from the historical introduction that if G is a connected semisimple Lie
group, the K AK-decomposition enabled B. Kostant to describe the set I14(gK) for any g € G as
the exponential image of the convex hull of a Weyl group orbit. In the Kac-Moody setting, this
decomposition is not available, so Theorem [5.1.1| cannot be generalized in the same way.

The statement of Theorem [6.2.3 (iii)|is not optimal and does not decide whether the horospherical
decomposition G = KU, K might also hold for Kac-Moody groups (cf. [Horl7, Question 6.8]).
In most situations, however, our convexity theorem yields a negative answer and also provides a
slightly more precise result in the spherical case. The following is the first part of Theorem B

Theorem 6.2.5. If D is admissible and A € Z"*" is symmetrizable, then G has a horospherical
decomposition G = KU, K if and only if A is spherical and d = n.

Proof. The decomposition G = KU K is equivalent to the statement that for every g € G, there
exists some k € K such that gk € KU, or, equivalently, I14(gk) = 1. We are going to show that,
unless A is spherical and d = n, we can choose g = a € A for which this equality is not possible.
In view of Theorem [5.1.1] it suffices to prove that there is an almost virtually singular element
h € a with 0 ¢ =p,.

Assume first that A is not spherical. Since D is admissible, there exists a regular element h € C.
In particular, h lies in the topological interior of the Tits cone, which implies that =, C X7. If
the origin was contained in Zj C X3, its stabilizer under the W-action on a would be finite, but
this is the entire group W, so 0 € Zj, is only possible if |IW| < oo, contradicting the assumption
that A is not spherical.

Second, suppose that A is spherical and d # n. Because D is free and cofree as A is invertible, its
rank is at least n, so the assumption states that d > n and the subspace ag = [, ker(c;) C a
has dimension d —n > 0. If we choose some h € ag \ {0}, then h is a global fixed-point of W and
Ep = {h} does not contain the origin, as required.

Finally, if A is spherical and d = n, then Example [3.1.6 (i)| shows that G = G(K) coincides with
the group of K-points of a connected semisimple algebraic R-group G, so it has a horospherical
decomposition by Remark |6.2.2] O

The condition that D is admissible in Theorem [6.2.5is satisfied in many situations. For example,
it is guaranteed to hold if no indecomposable component of A is of affine type (cf. Lemma 2.6.2).
However, the affine case is an important part of Kac-Moody theory and the result does not apply
to some noteworthy examples. If A € Z"*TDx(+1) ig an indecomposable GCM of affine type,
there exist Kac-Moody root data associated to A that are not admissible. The first is the simply
connected root datum D2 whose rank is n+ 1. In this case, the family (c;);c; is linearly dependent
and the space ag := [, ker(¢;) C a is one-dimensional. In fact, we have C = X, = ag. Hence,
the same argument as in the first spherical case above proves that G # KU, K. Second, recall
from Example [2.2.5|that the rank of D may even be equal to n, so that D is neither free nor cofree
and C = X, = {0}. In this situation, the next result shows that a horospherical decomposition
does indeed exist, which establishes the second part of Theorem [B.

Theorem 6.2.6. If A € Z( D)X+ s an indecomposable GCM of affine type and d = n, then
G has a horospherical decomposition G = KU K

In accordance with Convention [2.1.2 we have replaced the integer n in Theorem [B| by n 4+ 1 in
the statement of Theorem |6.2.6/ and we will replace every index ; by a superscript * above the
respective symbol in its proof.

Proof. Let D denote the I-restriction of D and let P =~ G X UJ- be the parabolic subgroup of G
of type I. Tts Levi factor has the Iwasawa decomposition G = K AU+ Since A is spherical and
d = n = |I|, Theorem |6.2.5 1mp11es that G = KU, K. Given any o € @, the root group U, C G
is either contained in U or Ut +. In the former case, it lies in the Levi factor G C P. In the latter,
it is contained in the unipotent radical Ui C P, so that goU,gy ! C Ui C U, for all gy € G.
As Uy is generated by the positive root groups, it follows that Uy = U, Ut and G = K AU, U
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Thus, if g € G is arbitrary, there exist £k € K, a € A, up € [Q]+ and us € Ui with g = kauqus.
Since auq € é, we also find [, 15 € K and v e (OLr such that au; = lyvls. This implies

g = kauyug = klyvlgug = (kly) (vigualy V)l € KULK
because [y € K C G lies in the Levi factor of P and Ug € Ui‘ in its unipotent radical. O

Remark 6.2.7. (i) The proof of Theorem 6.2.6| did not use the assumption that A is of affine
type very explicitly. Instead, it exploited that A is not invertible, which is necessary for the
existence of Kac-Moody root data associated to A whose rank is smaller than |I], and that
there exists some i € I such that the submatrix A(® is spherical, which allowed us to use
Theorem [6.2.5) in a positive way. However, these two properties already imply that A is of
affine type (cf. Lemma 2.1.3)). In particular, if A is of indefinite type where D is admissible,
it is not possible to establish the horospherical decomposition by an argument that is similar
to the previous proof, so there is no contradiction to Theorem |6.2.5.

(ii) The situation in Theorem 6.2.6 is the simplest case where D is not admissible. In general,
given an arbitrary GCM A, it may happen that A has several affine components or both
affine and non-affine components. By investigating how the corresponding components of D
“overlap”, it is probably possible to give more precise conditions on D for the existence of
the horospherical decomposition, but we will not pursue this any further.

Related to the non-existence of the K AK-decomposition for Kac-Moody groups, the authors of
[FHHK20] studied the question of whether (6.2.1) also holds if A is replaced by A5 = exp(X?).
Their interest in this problem is rooted in a property of “Kac-Moody symmetric spaces” that will
be explained in the next section, where we have to pass to a restricted setting for the results of
[FHHK20] to be valid. Nevertheless, the question itself can be investigated from a purely algebraic
perspective without this geometric context and our convexity theorem provides a negative answer
in the non-spherical case. The following result is the content of Theorem |C;

Theorem 6.2.8. If D is admissible and A is symmetrizable, then exactly one of the following
conditions holds:

(i) If A is spherical, then KASK = G.

(ii) If A is not spherical, then (KASK)N c KASU; C G for all N € N.

Proof. If A is spherical, then AS = A and G = KAK holds by Remark 6.2.2| because G = G(K)
can be identified with the group of K-points of a connected reductive algebraic R-group G. If A is
not spherical, then () # X C a and K AU, is a non-empty proper subset of G = K AU, since
exp : a — A is bijective. In this case, we prove |(i1)| by induction on N.
Suppose first that N = 1 and consider an arbitrary element of the form kal € KA K C G with
k,l € K and a € AS. Then h :=log(a) € X§ C a is virtually singular, so that II, = exp(E})
holds by Theorem [5.1.1L Thus, if we write kal = k’a’v’ in Iwasawa form and set b’ :=log(a’) € a,
we conclude that ' € 2, C X§ and o’ € A%, so that kal = k'a’v’ € KAJU,.
Assume now that N > 1 and let g = Hivzl krayl,. € (KASFK)N C G be arbitrary, where k., 1, € K
and a, € A forall r € {1,...,N}. We set ¢’ = kija,l;, and ¢" = Hi-v:z kra.l,., so that g = ¢'g".
The induction hypothesis implies that ¢"” = k"a"u” € KA U, for some k" € K, a” € AS and
u” € Uy and hence

g — glg// — klalllg// — klalllk”a”u”-
The case N = 1 proves that the subproduct kjail1k"” € KAS K is contained in KA U, so its
Iwasawa form is ka1 k" = K'a’u’ for some k' € K, o' € AS and v’ € U;. As A normalizes Uy,
the following expression yields the Iwasawa decomposition of g:

g — g/g// — klalllk”a//u” — k/a/u/a//u// — k/(a/a//)(a//—lula//u//)
Since AS is a subsemigroup of A, we conclude that a’a” € AS and g € KASU,. O

At this point, we have proved most of our main results. The final goal of this thesis is to interpret
Theorem |C| as a statement about certain “geometric objects” associated to Kac-Moody groups.



162 CHAPTER 6. APPLICATIONS

6.3 Kac-Moody symmetric spaces

Although real and complex Kac-Moody groups are natural generalizations of semisimple Lie groups
from an algebraic point of view, they do not carry any differentiable structure, which makes it
difficult to extend one very important aspect of Lie theory to that setting. Every semisimple
Lie group gives rise to a Riemannian symmetric space of non-compact type, which is a complete
contractible Riemannian manifold of non-positive sectional curvature on which the Lie group
acts by isometries, and this geometric object is an essential tool to study the Lie group itself.
For a general introduction to Riemannian geometry, we refer to [Leel8]. A thorough treatment of
Riemannian symmetric spaces can be found in [Hel78] and particular emphasis on the non-compact
type is laid in [Ebe96, Chapter 2]. For Kac-Moody groups, it is not immediately obvious how
to construct a reasonable analogue of a symmetric space due to the lack of a manifold structure.
Nevertheless, the authors of [FHHK20] have developed an approach that circumvents this obstacle.
It is based on the following concept (cf. [FHHK20), Definition 2.2]):

Definition 6.3.1. Let X be aset and p: X x X — X a map.

(i) The pair (X, ) is a reflection space if the following three properties hold for all z,y, z € X:
(RS1) p(z,2) =
(RS2) p(z,pu(z,y)) =y
(RS3) u(w, uly, z)) = p(u(z,y), u(z, z))

(ii) A reflection space (X, u) is called a symmetric space if the following additional condition is
also fulfilled for all z,y € X:
(RS4) p(z,y) =y implies y = x.

(iii) A morphism between symmetric spaces (X, 1) and (X7, 1) is amap ¢ : X — X’ that satisfies

e(u(z,y)) = W (p(z), p(y)) forallz,yeX. (6.3.1)

If o is bijective, then ¢~ : X’ — X is also a morphism and ¢ is called an isomorphism.

In this case, if (X,u) = (X7, '), then ¢ is an automorphism of (X, ). The group of all
automorphisms of (X, 1) will be denoted by Aut(X, u).

Remark 6.3.2. (i) This definition of a symmetric space is motivated by the approach towards
Riemannian symmetric spaces developed by O. Loos (cf. [Loo69]). In fact, the definition of
a symmetric space in [Loo69 Chapter II, §1] is almost identical to Definition |6.3.1l The sole
differences are that Loos requires X’ to be a smooth manifold and x to be a smooth map
and only imposes that [((RS4)| holds if y is contained in a sufficiently small neighbourhood
of x. He shows that his definition is equivalent to that of a symmetric space in the language
of Riemannian geometry and manages to reprove most results of the classical theory in
his setting. For arbitrary = € X, the map y — s.(y) = u(z,y) should be thought of as
the geodesic reflection at the point z. In fact, |(RS1)| states that x is a fixed-point of s,
(RS2)| means that s, has order two and [((RS3)| that s, is an automorphism of (X, pu),
which are well-known properties of the geodesic reflections in Riemannian symmetric spaces.
The axiom |(RS4)| asserts that z is the only fixed-point of s,. This holds in Riemannian
symmetric spaces of non-compact type but fails for the compact type, such as the sphere with
its standard Riemannian metric. In general, it is only true if y lies in a sufficiently small
neighbourhood of x, which explains Loos’ variant of this condition. Hence, a symmetric
space in the sense of Definition |6.3.1/ should be viewed as a Riemannian symmetric space
of non-compact type without any differentiable structure. The notion of an automorphism
serves as a substitute for the concept of isometries.

(ii) In [FHHK20, Definition 2.12], the authors also introduce “topological” symmetric spaces and
begin to formulate analogues of classical geometric objects (e.g. geodesics) in that setting.
This is motivated by their definition of real Kac-Moody groups which they always view as
topological groups endowed with the Kac-Peterson topology, but all their results hold in a
weaker form by omitting the topological aspects. As we have not introduced this topology
formally and consider Kac-Moody groups only as abstract groups defined by a presentation,
we restate the definitions and results of [FHHK20] without any topological notions.
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Example 6.3.3. (i) Given any [ € N, the I-dimensional Euclidean symmetric space E' is the
symmetric space (R, fioue) defined by:

feuel : RE X R — R! (6.32)
(z,y) =2z —y
For each x € R!, the map s, : R! = R!, y s 22 — y = 2 + (x — ), fixes = and reflects every
point y # x along the line spanned by = and y. Hence, s, is indeed the geodesic reflection
of R! with its usual flat Riemannian metric.

(ii) One of the simplest ways to construct symmetric spaces in the sense of Definition |6.3.1] is
very general and paves the way towards Kac-Moody symmetric spaces. For the moment,
suppose that G is an arbitrary group and that © : G — G is an involutive automorphism.
Let K C G denote the fixed-point set of © and define the following map:

uw:G/KxG/K—G/K

_ (6.3.3)

(9K, hK) — gO(9~ h) K
It is straightforward to verify that (G/K, p) is a reflection space. It is symmetric, i.e. [(RS4)
is satisfied, if and only if K N {gO(¢~!) | g € G} = {1} (cf. [FHHK20, Proposition 4.2]).
Moreover, G acts transitively on G/K by automorphisms via the natural left-action and the
stabilizer of the point 1- K € G/K is precisely the subgroup K.

Remark 6.3.4. The motivation for this construction of abstract symmetric spaces comes from
Riemannian geometry. If M is a Riemannian symmetric space, its isometry group I(M) has a Lie
group structure such that its natural action on M is smooth. The action of its identity component
G = I.(M) is transitive, the stabilizer K of any chosen “base-point” o € M under the G-action
is a compact subgroup of G and M is diffeomorphic to the quotient manifold G/K. Conjugation
by the geodesic reflection s, € I(M) defines an involutive automorphism © : G — G and, under
the identification M = G/K, the geodesic reflection s, at a point = gK corresponds to the map
hK +— gO(g~th)K. Proofs of these assertions can be found in [Hel78, Chapter IV, §3].

We will apply the construction in Example|6.3.3 (ii) in the following way: Let D be a Kac-Moody
root datum, G = Gp(K) the real or complex Kac-Moody group of type D, © : G — G the compact
involution of G and K its compact form. We obtain a reflection space (G/K, u) defined by (6.3.3).
In order to show that it is even symmetric, we define the set Q :== {gO(g~1) | g € G} and need to
prove the following:

Proposition 6.3.5. K NQ = {1}

This result is established in [FHHK20l, Proposition 3.38] for a class of Kac-Moody groups that is
less general than ours (cf. Remark 6.3.7). For the reader’s convenience, we therefore provide a
self-contained proof, but our argument is almost identical to that reference.

Proof. Let g € G be such that k == gO(¢g~!) € KN, then
k=0(k)=0(g9)g ' =(90(g~") " =k,

so the order of k is at most two. By the general theory of RGD systems, the pair (B4, N), where
B, is the positive Borel subgroup of G and N the subgroup generated by the torus T" and the
extended Weyl group W, is a BN-pair for G (cf. [ABOS, Proposition 8.54]). Since k generates a
finite subgroup of G, it follows from [ABOS|, Corollary 12.68] that it lies in a parabolic subgroup of
spherical type, i.e. there exists a spherical subset J C I such that k is contained in the parabolic
subgroup P; C G. Now the Levi decomposition P; = G ; X Uf , and the fact that © stabilizes T
and maps U, to U_, for all « € ® imply that k = ©(k) € O(P;) = G x Uy_, where Uy _ is the
subgroup of U_ generated by all U, with o € ®_ \ ®&;_. These groups satisfy P; N O(P;) = G,
so k is already contained in their common Levi factor G ;.
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Since A is spherical, it follows from Example 3.1.6 (i)|that G; = Gp,(K) can be identified with
the group of K-points of a connected reductive algebraic R-group and thus with a Zariski-closed
subgroup of GLy(K) for some N € N. Moreover, as mentioned in Remark |3.4.2, after possibly
conjugating G; by an element of GLy(R), its compact involution coincides with the restriction
of the map y — (y~1!)* to G; C GLx(K). Hence, there exists an injective homomorphism
f: Gy — GLN(K) such that f(k) € U(N) is a unitary matrix. This also holds if K = R in which
case f(k) € O(N) C U(N). At the same time, f(k) = f(gO(g71)) = f(g9)f(g)* is positive-definite,
but this is only possible if f(k) = Iy is the identity matrix and therefore k = 1, as required. [

Definition 6.3.6. Let D be a Kac-Moody root datum, G = Gp(K) the Kac-Moody group of
type D over K € {R,C}, © : G — G the compact involution of G and K its compact form. The
symmetric space (G/K, i) defined by (6.3.3) is called the Kac-Moody symmetric space of G.

The Kac-Moody group G acts transitively on its symmetric space (G/K, 1) by automorphisms via
the natural left-action, which defines a homomorphism

G — Aut(G/K, p)

(6.3.4)
g—ly = (hK — ghK)
and it is simple to verify that its kernel is the normal subgroup
Cxk(Q)={keK:kp=pkVpeQt={g€G:gp=pO(g) Vp € Q} CG. (6.3.5)

Hence, the quotient Geg == G/Ck(Q) acts effectively on G/K and can be viewed as a subgroup
of Aut(G/K,u). The compact involution © : G — G descends to an involutive automorphism of
(G/K, ) which coincides with the reflection s, € Aut(G/K, p) at the base point 0 :=1-K € G/K.
Given any g € G, the reflection at the point gK € G/K is the conjugate sgx = lg 05, 0 lg-1.
Moreover, since s, has order two and s,0l,05, = lg(g), the group (s,) = Zy normalizes Gg. Thus,
the main group of (G/K, i), i.e. the subgroup of Aut(G/K, i) generated by all point reflections,
is isomorphic to the semidirect product Geg X (s,)-

Remark 6.3.7. There are some minor differences between our notion of a Kac-Moody symmetric
space and the one in [FHHK20, Definition 4.5]:

(i) The Kac-Moody groups in [FHHK20] are defined in a different way as a certain amalgamated
product that only depends on a previously fixed GCM A. If A is 2-spherical, the authors
assert that this definition coincides with the “simply connected” Kac-Moody group over K
associated to A, i.e. the group of type D%. As a consequence, their Kac-Moody groups are
already generated by the root groups and the torus does not have to be included separately.
This implies that they are generated by the subset €2, which is why their definition of Geg
is a bit simpler than ours (cf. [FHHK20, Proposition 3.39 and Lemma 4.7]).

(ii) The authors of [FHHK20] almost exclusively work over the field of real numbers. Their

construction has been extended to the complex case and the root datum D, in [KV24],
where most of their results remain true. Only the classification of automorphisms of Kac-
Moody symmetric spaces in [FHHK20, Section 6] does not readily generalize to that setting.
Moreover, they typically view Kac-Moody groups as topological groups endowed with the
Kac-Peterson topology and the resulting symmetric spaces as topological symmetric spaces
with respect to the quotient topology.
While it is very likely that a large part of the theory developed in [FHHK20] and [KV24] can
be extended to arbitrary Kac-Moody root data, performing this generalization appears to
be a difficult and lengthy task that is beyond the scope of this thesis. However, our primary
goal in this section is to interpret Theorem |C| as a statement about Kac-Moody symmetric
spaces and for this, we require the construction of the “causal boundary”, which is developed
in [FHHK20, Section 7] and relies heavily on earlier parts. This is why we will soon restrict
to the setting of that reference in order to freely use the results established there.

(iii) Definition |6.3.6|is analogous to the notion of an “unreduced” Kac-Moody symmetric space in
the sense of [FHHK20]. The authors also introduce a “reduced” space associated to A that
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is obtained from a central quotient of G'ps (K) and has many similar properties. We have
not included such a definition on purpose in order to keep the discussion relatively short and
simplify the notation. If A is invertible, the reduced and unreduced Kac-Moody symmetric
space coincide. If A is of affine type, however, there are some subtle differences between
these spaces and several assertions of [FHHK20] only hold if A is not of affine type. This
is one of the advantages of the construction in [KV24], where the choice of the root datum
Dy, . makes it possible to extend these results to the affine case as well.

Although it is not apparent from the definition that the Kac-Moody symmetric space (G/K, 1)
has any reasonable sort of “geometric structure”, the authors of [FHHK20] establish the existence
of several natural analogues of familiar geometric objects in this setting. We will only be interested
in the following notion, for which we have adjusted [FHHK20, Definition 2.18, 2.23 and 2.28| to
our purposes.

Definition 6.3.8. Let (X, 1) be a symmetric space.

(i) A subset F C X is called a Euclidean flat of rank | € N, or simply an [-flat, if pu(z,y) € F
for all x,y € F and the symmetric space (F, yt|px ) is isomorphic to E!.

(ii) A Euclidean flat of rank 1 is called a geodesic. If a point € X lies on a geodesic v C X
and ¢ : vy — R is an isomorphism with a = ¢(z), the set ¢ ~!([a,>0)) C v is a geodesic ray
emanating from z. If y € X also lies on v and b := ¢(y), the set ¢~ !([a,b]) C v is called a
geodesic segment from x to y. Here, the case x = y is allowed.

(iii) We say that (X, u) is geodesically connected if for every pair of points z,y € X, there exists
some N € N and a finite sequence z = xg,x1,...,n—1,ny = y of points in X such that
xx—1 and z lie on a common geodesic for every k € {1,..., N}.

In the case where G = Gp(K) = K AU, is a real or complex Kac-Moody group endowed with an
Iwasawa decomposition, it is simple to construct many flats in the Kac-Moody symmetric space
(G/K, 1) whose rank coincides with the rank d € N of the underlying Kac-Moody root datum D.
To this end, we define the set

Fo=A-0o={aK |a€ A} C G/K. (6.3.6)

The proof of the following proposition is a very simple formal computation based on (6.3.3) that
is identical to [FHHK20, Proposition 5.2].

Proposition 6.3.9. For every g € G, the set F = g(Fy) = gA-0 C G/K is a Euclidean flat of
rank d € N in (G/K, ). More precisely, if a = R? is endowed with the structure of a d-dimensional
Euclidean symmetric space, the following map defines an isomorphism of symmetric spaces:

pra—F
(6.3.7)
h— gexp(h)K
Moreover, for every g € G and h € a, the set {gexp(th)K |t € R} C G/K is a geodesic. O

A flat in (G/K, u) of the form g(Fp) for some g € G is called a standard flat. This notion allows
us to prove an interesting geometric property of Kac-Moody symmetric spaces. The next result
has already been established in [FHHK20, Corollary 5.12 and Proposition 5.14], but we can give
a slightly different proof that is adapted to our setting and relates nicely to Section |6.2}

Proposition 6.3.10. The Kac-Moody symmetric space (G/K, ) is always geodesically connected.
However, if A is not spherical, there exist points in G/K that do not lie on a common geodesic.

Proof. On the one hand, let x,y € G/K be arbitrary. Because G acts transitively on G/K, there
exist some g, h € G such that g-0 = x and h-0 = g~! -y. Moreover, Theorem (6.2.3 (ii)|states that
G = UN_1(KAK)N, s0 h can be written as h = HivzlpTarqr for some N € N and p,, ¢, € K,
ar € Afor all r € {1,..., N}. Consider the sequence of points zg,...,zny € G/K defined by

k
Tg=g-o=2x and xk::ngrarqr~o forall k € {1,...,N}.

r=1
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Since K stabilizes the base point 0 = 1 - K and the A-orbit through o is the standard flat Fj, the
following holds for every k € {1,...,N}:

k—1 k—1 k—1
ve1 =g [ prarae -0 =g ] prara, - (pi-0) € g( II prarCIr)pk(FO)

r=1 r=1 r=1
k k—1 k—1
zp =g [[prarar -0 =g [ prara, - (prax - 0) € g( 11 prarC,Ir>pk(F0)
r=1 r=1 r=1

Thus, the points x;_1 and xzj are contained in a common standard flat. Because every such flat is
isomorphic to the Euclidean symmetric space E?, where any two points lie on a common geodesic,
it follows that x_1 and xj, also have this property. Since 9 = g-0 =2 and zy = gh-0 = y were
arbitrary, we conclude that (G/K, ) is geodesically connected.

On the other hand, if A is not spherical, then G # KQ by Theorem 6.2.3 (i)l We claim that if
g € G\ K, then the points 0o =1- K and 7 := g~ -0 = g~ K do not lie on a common geodesic.
Suppose to the contrary that there exists a geodesic v C X containing them and let ¢ : v - R
be an isomorphism with a := ¢(0) and b := ¢(z). The midpoint ¢ := i(a + b) € [a, b] satisfies
Peuci(c,a) = b and peyci(c,b) = a. As ¢ is an isomorphism, the point y = p~1(c) € v has the
property that u(y,0) = z and p(y,x) = o. Let h € G be such that y = hK, then the first equality
can be written as ¢ 'K = u(hK,1- K) = h©(h~1)K. This is equivalent to k := gh®(h™!) € K
and hence to g = kO(h)h ™! = kO(h)O(O(h)~!) € KQ, a contradiction. O

Remark 6.3.11. Conversely, if A is spherical, then G = K AK by Theorem|[6.2.8] which implies that
any two points of G/K lie in a common standard flat and can therefore be joined by a geodesic
segment. This is a well-known property of Riemannian symmetric spaces of non-compact type,
which are complete, simply connected Riemannian manifolds of non-positive sectional curvature.
In fact, it follows from the Cartan-Hadamard Theorem that the geodesic is unique and minimizes
the Riemannian distance between the points (cf. [Leel8, Theorem 12.8 and Proposition 12.9]).

Similarly, if we define a horosphere in (G/K, i) to be any set of the form gU, - o for some g € G,
the various results on the (non-)existence of a horospherical decomposition of G in Section 6.2
have the following geometric analogues:

Proposition 6.3.12. The Kac-Moody symmetric space (G/K, ) has the following properties:
(i) If G is generated by the root groups (U, )aca, then for all z,y € G/ K, there exists a sequence
T = X0y X1y--- Ty Tns1 = Y of points in G/K such that xix—1 and xy are contained in a
common horosphere for every k € {1,...,n+ 1}.
(ii) If D is admissible and A € ZV*™ is symmetrizable, then any two points in G/ K are contained
in a common horosphere if and only if A is spherical and d = n.
(iii) If A € Z DX () s an indecomposable GCM of affine type and d = n, then any two points
in G/K are contained in a common horosphere.

Proof. Let x,y € G/K be arbitrary. By the same argument as in the proof of Proposition [6.3.10,
there exist g,h € G with g-o=xand h-0o=g ' -y and if h € (KU, K)" for some N € N, we
can construct a sequence x = xg,1,...,n—1,2y = y of points in G/K such that z;_; and zy
lie on a common horosphere for every k € {1,..., N}. If G is generated by the root groups, then
G = (KU, K)"™! by Theorem 6.2.3 (iii), so the proof of |(i)| is complete. Likewise, the assertion
of |(iii)| follows from Theorem |6.2.6. In the situation of |(ii), the condition that A is spherical and
d = n is equivalent to G = KU K by Theorem [6.2.5. If this holds, then any two points in G/ K lie
on a common horosphere. Conversely, if G # KU K and g € G\ KU K, we claim that the point
x = g0 = gK does not lie on a horosphere containing o = 1- K. Suppose to the contrary that
there is some ¢’ € G such that the horosphere ¢’U, - o contains both o and z and let ¢’ = k’a’u’ be
the Iwasawa form of ¢’. By assumption, there exists some u; € U, such that o = g’u;y - 0, which is
equivalent to g'u; € K. This implies that o/ = 1 and v/ = u] ' and therefore g'U, - 0 = K'U, - o.
Since this horosphere also contains z = ¢ - 0, we find uy € Uy with g -0 = k'uz - 0 and hence
uy 'k'~'g € K, so that g € K¥'us K C KU, K, a contradiction. O
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Proposition [6.3.10, and [6.3.12) may appear somewhat artificial in the sense that the “geometric”
results are merely restatements of algebraic properties of Kac-Moody groups and there does not
seem to be an obvious way to deduce them directly from the theory of Kac-Moody symmetric
spaces. In particular, it is not clear whether the notion of a horosphere is useful in this setting.
The standard flats, however, do indeed play an important role in [FHHK20]. It is very likely that
many of their results can be adjusted to our definitions, but in order to reproduce them without
technical comments, we now impose the following restrictions:

Assumption 6.3.13. For the rest of Section 6.3, we suppose that A € Z"*™ is an indecomposable,
symmetrizable and invertible GCM. Moreover, we assume that D = D2 is the simply connected
Kac-Moody root datum associated to A and that K = R.

Remark 6.3.14. These assumptions imply that our definition of the Kac-Moody symmetric space
(G/K, ) coincides with that of the “unreduced” symmetric space associated to A in the sense of
[FHHK20, Definition 4.5]. They also ensure that all results of [FHHK20] are true simultaneously,
but most of the properties listed below hold under weaker conditions. In fact, the authors never
suppose that A is invertible, but many results of [FHHK20, Section 6 and 7] require that A is not
of affine type or only apply to the “reduced” Kac-Moody symmetric space associated to A that we
have not defined formally. Our assumption that A is invertible guarantees that it is not of affine
type and that the “reduced” symmetric space associated to A coincides with the “unreduced” one.
This allows us to reproduce their findings without having to introduce a lot of new notation.

Some of the main results of [FHHK20] about the Kac-Moody symmetric space (G/K, ) that we
have not already mentioned are the following:

a) The standard flats of (G/K, u) are in bijective correspondence with the G-conjugates of the
torus 7' C G and with the twin apartments in the twin building associated to the RGD
system (G, (Uy)acae,T) (cf. [FHHK20, Corollary 5.6]).

b) Every flat of (G/K, 1) is contained in a standard flat. In particular, since the rank of D%
is equal to m, all maximal flats of (G/K, u) are isomorphic to E® and G acts transitively
on the set of maximal flats. Moreover, the stabilizer K of the base point o acts transitively
on the set of maximal flats containing o (cf. [FHHK20, Theorem 5.17 and Corollary 5.18]).
Consequently, given any point € G/ K, the geodesics in (G/K, 1) containing x are precisely
the sets of the form {gexp(th)K | t € R}, where ¢ € G is any element such that z = gK
and h € ais arbitrary. Analogues of these statements are classical results about Riemannian
symmetric spaces of non-compact type (cf. [Ebe96, Proposition 2.10]).

c) Based on the work of P.E. Caprace on homomorphisms of Kac-Moody groups (cf. [Cap09]),
the authors classify automorphisms of (G/K,u) and find a very precise description of its
automorphism group. In particular, they establish that Aut(G/K, ) contains a normal
subgroup Autt(G/K, ) of index 2 that satisfies Aut(G/K, u) = Aut™ (G/K, 1) x (s,) and
Gegr C Autt(G/K, ) (cf. [FHHK20, Theorem 6.12 and Remark 6.13]).

d) The authors also describe the group of “local” automorphisms of (G/K, 1), i.e. the subgroup
of Aut(G/K, ) preserving a pair (x, F'), where z is a point in G/K and F a standard flat
containing x. They define “regular” and “singular” points in F' and a “geometric Weyl group”
which acts on F' and preserves these point sets. They show that, under an isomorphism
a — F as in (6.3.7), these notions coincide with those of regular and singular points in a in
the sense of Definition [4.1.2] and the “geometric” Weyl group is isomorphic to the “algebraic”
Weyl group W(A) of the GCM A (cf. the discussion from 6.14 until the end of Section 6 in
[FHHK20]). This is another natural generalization of a well-known correspondence between
“geometric” Weyl chambers in maximal flats of Riemannian symmetric spaces of non-compact
type and “algebraic” Weyl chambers in maximal abelian subspaces of semisimple Lie algebras
(cf. [Ebe96l Section 2.9-2.12]).

Proposition |6.3.10| and 16.3.12) provide examples, where the (non-)existence of decompositions of
Kac-Moody groups can be interpreted as “geometric” properties of Kac-Moody symmetric spaces.
In order to reformulate Theorem |C|in this framework as well, we have to explain the construction
of the “causal pre-order” on Kac-Moody symmetric spaces developed in [FHHK20, Section 7].
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Since A is invertible, the root datum D = D2 is admissible, so the positive and negative Tits cone
X4 C a both have non-empty interior. If A is spherical, then X$ and X° both coincide with a,
otherwise these sets are disjoint by Corollary 2.6.7. They are open convex cones in a which can
be “exponentiated” to the standard flat Fy = A- o0 C G/K by setting

CH=(Fy) = CH(Fy) UC, (Fy) where CE(F,):= A% -o. (6.3.8)

The set C;F~ (Fp) is a “double cone” in Fy whose two “halves” CF(Fy) coincide if A is spherical and
are disjoint otherwise. If ¢ € Aut(G/K, i) is an automorphism that fixes o and maps Fj to itself,
then ¢ preserves this double cone. If it is even contained in the index-2 subgroup Aut™(G/K, ),
it preserves both halves and otherwise, it exchanges Cf(Fy) and C, (Fp). If F is an arbitrary
maximal flat of (G/K, u) containing o, there exists an element k € K such that F' = k(Fp) and
we define a double cone in F' by

CH=(F):=CHF)UC; (F) where CI(F):=kAS -o. (6.3.9)

As the G-action on G/K takes values in Gog C Aut™ (G/K, 1), these definitions are independent
of the choice of k. From this, we construct a “double cone based at o’ as

Ch™:=CfuC; where Cf:=|JCE(F). (6.3.10)

Here, the union is taken over all maximal flats F' of (G/K, ) containing o. This double cone is
invariant under all automorphisms of (G/K, 1) that map o to itself and each of its two halves is
preserved by the automorphisms in Aut™ (G /K, u) fixing o. Finally, if x € G/K is an arbitrary
point and g € G is such that x = gK, we define a double cone based at x by

CH==CfuC; where CF:=g(CF). (6.3.11)

This definition is now independent of the choice of g. The family (C}7).cq /K 1s invariant under
the automorphism group of (G/K, i) and called the canonical double cone field on (G/K, ). Its
two halves (C),eq,x are invariant under Aut*(G/K, p1) and called the positive (resp. negative)

causal structure on (G/K, ).

Definition 6.3.15. (i) A map v: U — G/K, where U C R is allowed to be any interval, is
called a causal (resp. anti-causal) curve if for every ¢ € U, there exists some ¢ > 0 such
that y((t,t +¢)) C C’;“(t) (vesp. y((t,t+¢€)) C C’,Y_(t)).1 If the image of ~ is also a geodesic,
then -y is called a causal (resp. anti-causal) geodesic and we define causal (resp. anti-causal)
geodesic rays and segments in the obvious ways.

(ii) Given two points x,y € G/K, we say that x strictly causally precedes y and write x < y if
there is some N € N and a finite sequence x = xg,1,...,2N-1,2y = y of points in G/K
such that for every k € {1,..., N}, there exists a causal geodesic segment from zj;_; to xy.
We write x < y and say that = causally precedes y if © = y or x < y. This defines a reflexive
and transitive relation on G/K that is called the causal pre-order.

(iii) For a point x € G/K, the causal future and causal past of x are the two sets (G/K); and
(G/K), defined by

(G/K)} ={yeG/K:x =<y} and (G/K), ={yeG/K:y =<z} (6.3.12)

Every geodesic in (G/K, 1) is the image of a curve of the form R — G/K, t — gexp(th)K, for some
g € G and h € a and this curve is causal (resp. anti-causal) if and only if h € X§ (resp. h € X°).
Moreover, the causal pre-order is invariant under every automorphism ¢ € Aut™(G/K, ) in the
sense that

x2y=p(x) 2 py) forallz,yecG/K. (6.3.13)

In particular, it is invariant under the action of G.

f U has a maximum tg € R, it is tacitly assumed that v can be extended to a larger interval U’ D U for which
to is not maximal.
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Remark 6.3.16. The notions of Definition [6.3.15 are interesting from a combinatorial perspective:
Let AT (resp. A7) denote the set of all causal (resp. anti-causal) geodesic rays in (G/K, i) and
AF C A* the respective subset of rays emanating from a given point € G/K. In [FHHK20,
Proposition 7.26], the authors show that A (resp. A}) can be endowed with the structure of an
“ideal polyhedral complex” whose poset of cells is isomorphic to the subcomplex of the positive
(resp. negative) half of the twin building associated to the RGD system (G, (Uy)acs,T') consisting
of all simplices of spherical type. They further introduce a notion of “asymptotic” causal (resp.
anti-causal) geodesic rays and prove that the quotient of AT (resp. A7) by this equivalence
relation has an ideal polyhedral structure with the same property (cf. [FHHK20), Corollary 7.41]).
This generalizes a well-known construction of Lie theory: If G is a connected semisimple Lie group,
K C G the fixed-point set of a Cartan involution and G/K the associated Riemannian symmetric
space of non-compact type, then geodesic rays in G/K are said to be asymptotic if their distance
with respect to the Riemannian metric is bounded. This defines an equivalence relation on the
set of unit-speed geodesic rays in G/K whose set of equivalence classes can be endowed with the
structure of a simplicial complex that is isomorphic to the spherical building associated to G.
More details about this construction can be found in [Ebe96), Section 3.6].

If A is spherical, then X = X° = a, so for every point € G/K and every maximal flat F
containing x, we have C (F) = C(F) = F. Since G = KAK, every other point in G/K lies
in some maximal flat containing z, so it even follows that C;f = C; = G/K. Therefore, every
curve in (G/K, ) is both causal and anti-causal and the causal pre-order is trivial, i.e. it holds
that z < y for all z,y € G/K or, equivalently, (G/K)} = (G/K), = G/K for all z € G/K.
If A is not spherical, then X9 and X° are proper disjoint subsets of a, which suggests that the
causal pre-order should be antisymmetric in this case and hence a partial order. In other words,
(G/K)f n(G/K),; = {x} should hold for all z € G/K. At the time of writing, the authors of
[FHHK20] were not able to prove this assertion, but they arrived at a partial result that is based
on the following observations:

Because G acts transitively on G/K and the causal pre-order is G-invariant, it is a partial order
if and only if (G/K)} N (G/K), = {o}. To decide whether this is satisfied, let S (resp. S_) be

the subsemigroup of G' generated by K and AS (resp. A°) or, equivalently:

Se=Ku [ J(KALK)N (6.3.14)
N=1

Upon replacing A by A3 in the first part of the proof of Proposition[6.3.10], the same argument can
now be used to show that (G/K)T = Sy -o. Since Sy and S_ contain K, these two subsemigroups
can be equivalently described as

Si={geG:0=<g-0} and S_={geG:g-0=0}. (6.3.15)

Hence, the causal pre-order is antisymmetric if and only if Sy N S_ = K. Although it is not
immediately apparent whether this equality holds, it can only fail for a trivial reason.

Proposition 6.3.17. The causal pre-order on the Kac-Moody symmetric space (G/K, u) satisfies
ezxactly one of the following conditions:

(i) S. =S_ =G and the causal pre-order is trivial.

(1) S+ NS_ = K and the causal pre-order is a partial order.

This result is already stated and proved in [FHHK20, Proposition 7.46], where the definitions of
Sy and S_ (resp. (G/K)} and (G/K), ) appear to contain a minor error as they are not quite
consistent with the assertions. For the reader’s convenience, we provide a self-contained and more
explicit proof, but we follow the existing one very closely.

Proof. If the causal pre-order is not antisymmetric, i.e. if|(ii)|is not satisfied, there exists a point
x € G/K such that o < ¢ < 0. Hence, we find N; < N € N and a finite sequence

O0=X0,L1y++-3TN;—1,TN; = Ty TNy+1y+--3LNy—1, TNy = Lo = O
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of points in G/K such that for every k € {1,..., N2}, there exists a causal geodesic segment from
ZTr—1 to zg. In particular, xn,—1 lies in a maximal flat containing zx, = o, so there is some [ € K
with y :==1-zn,-1 € Fy and a unique h € a with y = exp(—h)K. It follows that y and -0 = o
are both contained in Fj, where they lie on a unique common geodesic which can be parametrized
by the curve v : R — G/K, t — exp(—th)K. As there exists a causal geodesic segment from
l-2n,—1 =y =7(1) tol-xzn, = 0 = 7(0), this parametrization of the geodesic is anti-causal,
which implies that —h € X° and h € X§.

We now define 2 :== (1) = exp(—%)K € F and consider the map ¢ = s, 0 s, € Aut(G/K, p).
By the observations preceding Remark |6.3.7, the main group of (G/K, ) is isomorphic to the
semidirect product Geg X (s,) and the following computation holds:

0= 52080 = (i) 50 o 41) %0 = Lsp( ) © (30 L) 050

= loxp(~ 1) © lo(exp(t)) = lexp(~ 1) © lexp(— 1) = lexp(~h)

Hence, ¢ is contained in G.g C Autt(G/K, u). It preserves the image of v and acts on this set
by o(v(t)) = v(t + 1) for all t € R. As the causal pre-order is Aut™ (G/K, p)-invariant and o < y
by transitivity, it follows that v(r) = ¢"(0) < ¢"(y) = v(r + 1) and thus o < y(r) = exp(—rh)K
for all »r € N. We claim that this implies Fy C (G/K)/.

Let o’ € Fy be arbitrary and let A’ € a be the unique element with 2’ = exp(h’)K. Since h € X3,
there exists some w; € W such that wy(h) € C' and the set J = {i € T : {a;,wi(h)) = 0} is
spherical. Thus, the positive Tits cone X of the J-restriction of D coincides with a, so there
exists some wy € W such that w = wow; satisfies w(h') € Cy, i.e. (aj,w(h')) >0 for all j € J.
As (a;,wi(h)) > 0 for all 4 € I\ J, we may choose some sufficiently large r € N to ensure that
vy = rwi(h) +w(h') € a satisfies (o, v,) > 0 for all ¢ € I, where equality is only possible if i € J,
so that v, is contained in a spherical cell of C' and therefore in X . Because wy ! stabilizes wy (h),
we may rewrite h’ as follows:

B =wwh') =w (v, —rwi(h) =w (v,) —rh € w (X)) —rh =X —rh

Hence, there exists a causal geodesic segment in Fy from ~(r) = exp(—rh)K to 2’ = exp(h/)K,
which implies that o < v(r) < 2/, so the claim is proved. Using that A-0 = Fy C (G/K)}f =S -0
and K C Sy, we now conclude that A C S. Therefore, S, contains (KAK)Y for every N € N,
so it coincides with G by Theorem 6.2.3 (ii)l A similar argument shows that S_ = G. O

If A is spherical, we have already observed that the first case occurs because the causal structure
is trivial, but we can also deduce this from the fact that S, = 5S_ = KAK = G holds in this case.
In order to prove that the causal pre-order is a partial order if A is not spherical, it suffices to
show that Sy is a proper subset of G. In view of Assumption [6.3.13] this is exactly what we have
achieved in Theorem [6.2.8 (ii), so we arrive at the following geometric result:

Theorem 6.3.18. The causal pre-order on the Kac-Moody symmetric space (G/K, ) satisfies
ezxactly one of the following conditions:

(i) If A is spherical, then S = S_ = G and the causal pre-order is trivial.

(i) If A is not spherical, then S N S_ = K and the causal pre-order is a partial order. ]

Therefore, we have proved Theorem D] the last of our main results. It is likely that our version of
Kostant’s Non-Linear Convexity Theorem has many more applications to algebraic properties of
Kac-Moody groups and that several other results that we have established in earlier sections have
interesting geometric reformulations in the language of Kac-Moody symmetric spaces.

One noteworthy open question in this subject is whether the action of G on G/K is primitive.
By definition, this holds if and only if there does not exist any non-trivial G-invariant equivalence
relation on G/K. If such a relation exists, the stabilizer L of the equivalence class containing the
base point o is a subgroup of G with K’ C L C G. Conversely, if such a subgroup exists, the
G-translates of the L-orbit of o define a non-trivial G-invariant partition of G/K. Thus, G acts
primitively on G/K if and only if K is a maximal subgroup of G.
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If the action of G on G/K was primitive, the same would be true for the action of the main group
Geft X (S0), s0 (G/K, u) would be a primitive symmetric space in the sense of [Cap05]. The core
result of [Cap05| states that the main group of a primitive symmetric space is either simple or
a semidirect product of the form H x (o), where H is a simple group and o : H — H an outer
involutive automorphism or H = H’ x H' is the direct product of a non-abelian simple group H’
with itself and o : H — H, (hy, ha) — (he, h1), is the canonical flip. Thus, if (G/K, ) could be
shown to be primitive, the classification of Caprace would shed light on the problem of simplicity
of G and hence on that of G itself.

The question whether (split, minimal) Kac-Moody groups over fields are simple is an important
problem that is mostly open, but a few conditions are clearly necessary (cf. [Marl8, Section 9.1]):

e The subgroup G’ C G generated by the root groups (Uy)aecs is normal, so it should hold
that G’ = G. For example, this is always the case if D is coadjoint, but never if d > n.

e Root groups belonging to different indecomposable components of A commute. Therefore,
the subgroups of G’ generated by the root groups of the respective components are normal,
so A should be indecomposable.

e The center Z' C G’ may be non-trivial, so the question should be formulated for G'/Z’.

Over fields of characteristic zero, the problem of simplicity for G'/Z’ is open (unless A is of finite
type where G’ is a Chevalley group), but there do exist some partial results over finite fields. One
notable further restriction is that A should not be of affine type. This is because affine Kac-Moody
groups are related to loop groups of the form G (K[t,t~1]), where G is a Chevalley-Demazure group
scheme, which admit non-trivial quotients induced by non-injective homomorphisms from K[t, ¢~ !]
into other rings. Thus, it remains to study the indefinite type.
In the real and complex case, a major contribution to the question of simplicity would be to decide
whether the compact form K is a maximal subgroup of G. As indicated at the end of Section [6.1]
it seems that our convexity theorem might be a powerful tool to tackle this problem. Ideally, it
would be desirable to classify all sub(semi-)groups of G containing K in a way that generalizes
the known result for reductive Lie groups, but this is probably much more difficult. Investigating
these questions in greater detail would go far beyond the scope of this thesis, but they definitely
serve as interesting and promising topics for future research.






Chapter 7

Conclusion and Outlook

Although the principal goal of this thesis was merely the generalization of Kostant’s Non-Linear
Convexity Theorem to the class of split real or complex Kac-Moody groups, the pursuit of this
objective naturally led to a vast variety of different questions and required tools from diverse areas
of mathematics such as combinatorics, representation theory and convex geometry. Hence, not
only the statement of the convexity theorem, which provides a useful tool to investigate algebraic
properties of Kac-Moody groups, appears to be a valuable contribution to Kac-Moody theory, but
also its proof may be of independent interest.

From the combinatorial perspective, the core of this thesis is the investigation of the convex hull
Ep, = conv(W - h) of the Weyl group orbit of an element h € a under the D-representation and the
description of its face poset. While =, has a rather simple structure if h is regular, understanding
the way in which faces degenerate in the singular case was the motivation to introduce coloured
Coxeter diagrams and the notion of an exposing forest, which made it possible to describe the face
poset of =, in the almost virtually singular case as well. To the best of the author’s knowledge,
this concept had not been introduced in the general theory of Coxeter groups earlier and may have
further applications in this field.

For the proof of the convexity theorem, however, the combinatorial aspects of these results were
not sufficient. Instead, it was crucial to understand the facial structure of =; also from a metric
perspective in order to characterize this set by a family of weak linear inequalities. At that point,
basic notions from convex geometry entered the discussion, but they had to be applied to convex
hulls of infinite sets which are typically not studied in this way. Hence, if h is almost virtually
singular, the combinatorial description of the face poset of Z, is not implied by any general theory
and the fact that = is closed is non-trivial. Conversely, the result that =5 is not closed if h is
essentially singular is both surprising and a major obstruction to extending the convexity theorem
beyond the almost virtually singular case.

While the investigation of =; was largely independent of the Kac-Moody context and often only
required simple facts about Coxeter groups and arguments from linear algebra, the functionals
appearing in the defining inequalities of =, could be viewed as the dominant integral weights of
highest-weight representations of Kac-Moody groups. This observation provided the essential link
between the “non-linear” group-theoretic property in the statement of the convexity theorem and
the “linear” metric and combinatorial problems that were studied before and made it possible to
prove one of the inclusions in Theorem [A| by a simple geometric argument.

The main ingredient in the proof of the converse inclusion was an inductive approach that reduced
the problem to the SLs-case, where the result could be established by explicit matrix computations.
This strategy was motivated by the author’s attempt at the beginning of his research to find an
alternative proof of Kostant’s original convexity theorem for various semisimple matrix groups,
such as SL,(K) or Sp,, (K), by reducing it to subgroups that are isomorphic to SLy(K). For
every such matrix group G = K AU, the statement could be shown by an inductive argument,
where the base case could be reduced to SLo(K) and the inductive step only required a sufficient
condition for the conjugate of an upper-triangular matrix to remain upper-triangular in order to
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compute the Iwasawa components of a product aki1ke € G with a € A and ki1, ks € K by iteration.
In general, such a condition is provided by the Levi decompositions of parabolic subgroups. In the
inductive step, it was also necessary to consider subgroups of G that were only reductive instead
of semisimple. These two observations are the reason why the class of real or complex points of
connected reductive algebraic R-groups is particularly tailored to satisfy a variant of Kostant’s
Non-Linear Convexity Theorem that, in contrast to its Lie-theoretic predecessor, does not require
any analytic arguments. Therefore, the results of Section [5.5.2/ about reductive algebraic R-groups
were the author’s first steps towards the Kac-Moody case and greatly inspired the general proof.
In such finite-dimensional examples, it was also possible to visualize the convex polytope =; and
these images suggested that its defining hyperplanes were level sets of the fundamental weights of
the finite root system associated to G.

Conversely, in the spherical case, Theorem [A| reduces to a close analogue of Kostant’s original
convexity theorem and its proof provides an alternative approach that exploits combinatorial
properties of Lie groups instead of their analytic structure. In addition, the same arguments could
be applied almost verbatim to generalize Kostant’s Linear Convexity Theorem to the Kac-Moody
realm as well, which suggests that both results are perhaps instances of a more general unifying
convexity property.

Altogether, this thesis highlights that algebraic and combinatorial methods are extremely powerful
tools in Kac-Moody theory and often the best substitute for the analytic arguments that are
typical to Lie theory but not available in this generalized setting. Besides the results of Chapter 6]
Kostant’s Non-Linear Convexity Theorem is likely to have many more applications to algebraic
properties of Kac-Moody groups and the considerations of this thesis may be relevant for other
problems in this subject as well. As a complement to the principal objective, especially in Part [T,
the author has taken the liberty of providing explicit proofs for minor results about Kac-Moody
groups & algebras that appear to be well-known to experts in the field, but for which an exact
reference is perhaps difficult to find. Hence, some parts of this thesis might also serve as useful
footnotes to the existing literature about Kac-Moody theory in general.

Despite having successfully generalized both of Kostant’s Convexity Theorems to the Kac-Moody
setting, the results of this thesis have some noteworthy shortcomings and the discussion leads to
some natural open questions that might provide interesting topics for further research. The most
obvious problem concerns the statements of the main theorems.

Question 7.1. To what extent is it possible to weaken the assumptions in Kostant’s Convexity
Theorems for Kac-Moody groups? In particular, can they be generalized to points in a that are
not almost virtually singular?

On the one hand, the proofs of Theorem [5.1.1] and [5.3.1] crucially relied on two assumptions: First,
the GCM A was required to be symmetrizable. Second, the point & € a had to be almost virtually
singular. On the other hand, the statements themselves do not need these restrictions, which
raises the question whether they actually hold in greater generality by a different proof. The
methods of this thesis are probably not suitable to study this problem because Zj is not closed
in the essentially singular case and its face poset appears to contain little to no information in
the critical or external case. At the moment, however, this assertion is merely motivated by the
examples in Section 4.4] where no general results have been established. Hence, the following task
may nevertheless be of independent interest:

Problem 7.2. Investigate the structure of = if h € a is not almost virtually singular in more
detail. In particular, study the situation where the underlying GCM A is of affine type and h € a
is critical.

Although it is rather unlikely that results on this problem allow for any further generalizations
of Theorem 5.1.1] and [5.3.1], it would be interesting to explain the phenomena of Section 4.4 in
a uniform way and establish rigorous proofs. In the essentially singular case, Zj is not closed
and thus not determined by a family of weak inequalities, but perhaps it can be characterized
by adding certain strict inequalities. If such a description exists, it might actually be possible to
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extend the convexity theorems to this situation. Likewise, if A is of affine type and h is critical,
then =; appears to be closed, but the defining hyperplanes are very different from the almost
virtually singular case in the sense that they need not be level sets of dominant integral weights.
A precise explanation of these phenomena might also lead to generalizations of the main results
of this thesis and provide further applications to affine Kac-Moody groups.

Question 7.3. Is Kostant’s Non-Linear Convexity Theorem an efficient tool in order to classify
sub(semi-)groups of a real or complex Kac-Moody group G that contain its compact form K?
Under which conditions is K a maximal subgroup of G?

The findings of Chapter |6 show that Theorem |Alis occasionally useful to decide whether certain
subsets of a Kac-Moody group are sub(semi-)groups. In particular, this works well if the subset
contains the compact form K C G. Tt is likely that the full strength of this method has not been
exploited yet and that further results on the structure of sub(semi-)groups of G containing K are
within reach. For example, it was suggested to the author that the question whether KA, K and
KAS K are subsemigroups of G is relevant for applications of Kac-Moody groups to theoretical
physics. Ideally, it would be desirable to obtain a complete classification of sub(semi-)groups of
G containing K that generalizes the analogous result for reductive Lie groups. While this might
be a rather challenging task, an interesting simpler question is to decide under which conditions
the compact form K is maximal as an abstract subgroup of G, which is known to be the case for
simple Lie groups. This is closely related to the important open problem of simplicity of real and
complex Kac-Moody groups.

Question 7.4. Is it possible to formulate and prove analogues of Kostant’s Convexity Theorems
for other types of Kac-Moody groups, e.g. non-split or maximal groups?

Throughout this thesis, every Kac-Moody group G was “split” in the sense that its torus 7' was
isomorphic to (K*)? for some d € N and “minimal” as the definition of G’ only involved root groups
associated to real roots, whereas the imaginary roots were not incorporated on the group level.
A theory of Galois descent for Kac-Moody groups, which allows for the definition of “non-split”
groups, was developed by Rémy (cf. [Rém02]). Moreover, there exist various notions of “maximal”
Kac-Moody groups that arise as certain completions of the minimal ones (cf. [Marl8, Chapter 8]).
Both generalizations are significantly more involved than the split and minimal groups and have
not yet been investigated by the author. In view of Kostant’s original results and their analogues
for connected reductive algebraic R-groups in Section [5.5.2, however, it is tempting to conjecture
that suitable variants of Kostant’s Convexity Theorems should also hold for real and complex
Kac-Moody groups that are not necessarily split.

Question 7.5. Does there exist a connection between Kostant’s Non-Linear Convexity Theorem
for semisimple Lie groups, its analogue in the Kac-Moody setting and Schwer’s Convexity Theorem
for affine buildings?

As discussed in the historical introduction, the original versions of Kostant’s Convexity Theorems
for semisimple Lie groups were transferred in a multitude of ways to diverse areas of mathematics.
This thesis contributes yet another such generalization to Kac-Moody theory. The strategy in the
proof of Theorem |5.1.1) bears some resemblance to Kostant’s own proof in [Kos73| Theorem 4.1]
and to Schwer’s proof of her convexity theorem for affine buildings in [Hit10]. All three approaches
contain a representation-theoretic part and an inductive argument, although the details of these
steps are very different in the three settings. The proof of Kostant’s Linear Convexity Theorem
for Kac-Moody groups is almost identical to the non-linear case and follows this pattern as well.
This observation suggests that all these results might have a common core and perhaps arise as
different manifestations of a more abstract unifying convexity theorem. While investigating this
relationship in detail appears to be a difficult task, any results in this direction would surely serve
as major contributions to the theory of Lie and Kac-Moody groups over both Archimedean and
non-Archimedean local fields and provide deeper insights into the question which structures are
fundamental in these subjects and how they are linked with each other.
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