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Abstract

We present an efficient polynomial-time approximation scheme (EPTAS) for the problem of
scheduling jobs on parallel uniform machines with runtime 20 "1°¢™") t O(n), for any
constant € > 0, that improves all previously known EPTAS for the problem. Our algorithm
uses a Mixed Integer Linear Program (MILP) formulation for a relaxed version of the problem.
We simplify the MILP by repeatedly removing carefully selected sets of jobs and machines
until all integer variables have been removed. Then, we build up the solution through the
use of a dynamic programming approach, enumeration, and linear program solving. Notable
about our approach is that our algorithm only uses an LP solver, different from previous EPTAS
approaches where MILP solvers are necessary.



1 Introduction

Given n jobs with processing times p; for j € [n]' and m machines with speeds s; for i € [m],
where executing a job J; on a machine M; takes time I;—Z the problem that we consider is to
schedule the jobs on the machines to minimize the makespan or maximum completion time.
This classical problem is denoted as @||Cyax in the three-field notation of Graham, Lawler,
Lenstra, and Kan [8]. Formally, the problem is to find an assignment o : [n] — [m] of jobs to
machines that minimizes max;c () > ;e o=1(3) % Q||Cinax is NP-hard in the strong sense, so
there is no Fully Polynomial Time Approximation Scheme (FPTAS) for it unless P = NP [7];
however, a Polynomial Time Approximation Scheme (PTAS) for this problem was designed by
Hochbaum and Shmoys [10] and later improved by Azar and Epstein [1].

An efficient polynomial time approximation scheme (EPTAS) for Q|| Cax computes a schedule
of makespan at most (1 + ¢) times the optimum for any constant ¢ > 0 in time f(¢~1)n®()
for some computable function f. Chen, Jansen, and Zhang [5] show that when all machines
have the same speed there is no EPTAS for Q||Cinay with runtime smaller than 20(=°™) 4 o)
for any 0 > 0 assuming the Exponential Time Hypothesis (ETH). The first EPTAS for Q||Ciax
with a runtime of 20 ?log?e™") 4 pO() yag developed by Jansen [12] and later improved
by Jansen, Klein, and Verschae [14] who reduced the runtime to 90(e™Hlogte™t) +n90) The
previously best known EPTAS for the problem was by Berndt, Brinkop, Jansen, Mnich, and
Stamm [2] who designed an algorithm with runtime of 20(¢™"leg”¢ ™" logloge™) t (). For
the case when all machines have the same speed (problem denoted as P||Cpay) the fastest
EPTAS for the problem is by Berndt, Deppert, Jansen, and Rohwedder [3] and has runtime
90(e™ loge™ logloge™) 4 O(n). A central part of all the above EPTAS is the formulation of a

restricted version of the problem as a Mixed Integer Linear Program (MILP).

1.1 Our Results

Our main result is an improvement on the previously best runtime of an EPTAS for Q||Ciax:
Theorem 1.1. There is an EPTAS for Q||Cuax with runtime 20 108<™) t O(n).

This represents a reduction by a factor of loge~!logloge~! in the exponent of the time
complexity of the previously best known EPTAS for the problem, which is a slightly larger
reduction in time complexity than that achieved by the algorithm in [2] over the algorithm in
[14], and it nearly matches the running time of the best-known EPTAS for P||Ciax-

Although this is a modest improvement over the running time of the EPTAS in [2], it highlights
the difficulty of closing the inapproximability gap of this fundamental problem and brings us
closer to the aforementioned currently best known inapproximability bound of the seemingly
simpler P||Cpax.

Our algorithm uses the MILP formulation in [2] for a relaxed version of Q||Cpax. In this MILP
formulation, we only require that a constant number of variables be integer, but the number
of constraints involving these variables is O(logn). To solve the MILP, we use a divide-and-
conquer approach that is similar to that in [16] for solving integer programs, but we require

'We write [n] for {1,...,n} and [n]o for {0,1,...,n} forn € N.



significant new ideas, as the algorithm in [16] only has to deal with integer programs with a
constant number of constraints.

First, we repeatedly simplify the MILP by reducing the values of the right-hand sides of the
constraints by nearly half through the removal of some jobs and machines, thus decreasing the
number of constraints for integer variables until eventually all of them are eliminated. At that
point, the MILP transforms into a linear program, which we can solve directly. In the second
part of our algorithm we start with the solution of this linear program and repeatedly double
the current solution and add back the jobs and machines removed during the first part of the
algorithm to create solutions for MILPs with ever larger right-hand sides until we get a solution
for the original MILP.

To reduce the right-hand sides of the constraints of the MILP we remove a set of jobs and
machines to ensure that (i) the right-hand sides of the constraints are even and hence can be
divided by 2, and (i7) the mixed integer program resulting after dividing by 2 the right-hand
sides of the constraints has a solution. As we do not know which jobs and machines to remove
to guarantee these conditions, we guess them. Guessing the largest jobs and fastest machines to
remove might seem relatively easy as there is only a small number of integer variables for them;
however, since the machines have different speeds, we need to be careful when defining the
notions of “large” and “small” jobs as a job can be large on one machine and small on another.

Another major challenge is that the number of fractional variables could be very large, so we
cannot directly guess the set of small jobs to remove from the MILP. A key idea is to instead
guess only the total processing time of these small jobs on each machine. The mixed integer
program MILP’ that we create after dividing the right-hand sides of the constraints by 2 will
then have additional constraints reserving space for the small jobs removed, so they can later
be added back to the solution.

The algorithm needs to find solutions to a large number of these MILPS, so we use dynamic
programming to efficiently compute them. Building a solution for a MILP’ from solutions to
MILPS with smaller right-hand sides requires selecting the small jobs removed in the first part
of the algorithm that will be scheduled on each machine. We formulate this selection problem
as a linear program; we show that the solutions to all linear programs needed to schedule the
small jobs throughout the entire execution of the algorithm can be stored in a single dynamic
programming table.

We note that we do not use an algorithm for directly solving an MILP, but only require
an LP solver, different from previous EPTAS approaches where MILP solvers are necessary.
This opens the possibility of an efficient implementation of the algorithm with actual practical
running time, like that in [3]. We believe that the ideas presented in this paper can be used to
find approximate solutions to other problems, such as scheduling jobs with capacity or class
constraints [4, 15], scheduling with setup times [13], and bin packing [17].

The rest of the paper is organized as follows. In Section 2 we describe preprocessing steps
that simplify the problem and we define the notions of large and small jobs. We formulate the
MILP and compute the support of a solution in Section 3. In Section 4 we show how to simplify
the MILP by reducing the values on the right-hand sides of the constraints. Section 5 presents
our algorithm.



2 Preprocessing and Rounding

A commonly used technique for designing approximation schemes is dual approximation,
introduced by Hochbaum and Shmoys [11]. For Q||Ciax, a dual approximation algorithm with
parameter € has the property that given the value of a possible makespan 7" the algorithm either
outputs a solution with value at most (1 + £)7', or it determines that no solution with value T’
exists. Combining this approach with binary search yields an approximation scheme. Using
dual approximation on Q||Cpax turns the problem into a bin packing problem with differently
sized bins. Specifically, given a makespan guess 7' the size of the bin for machine M; is equal to
T - s;. Then a set J of jobs can be scheduled on a machine 7 if ZJ el s p’ <T.

Without loss of generality we may assume n > m. We define pmlX ‘= maX;e[,) pi and
Pmin = Min;e[, p;- We define Spax and spmi, analogously. To simplify the problem we perform
the same preprocessing and rounding as [2]: Let § > 0 be a constant such that 5! is integer
and let 7™ be the makespan of an optimal schedule. In this optimal schedule we move all jobs
of length at most 5%;“"“‘ to any of the fastest machines; this increases the makespan by at most
a factor of § because these jobs have total processing time at most dpmax < 67" Smax. We also
move to a fastest machine all jobs scheduled on the set S of machines of speed at most 55‘“3".
These jobs have total processing time » ;g T*s; < >, cgT™" ‘SS;;“‘X < nT* 557‘;“‘" = T*ésmax.
Thus, scheduling those jobs on a fastest machine further increases the makespan at most by a
factor of . After performing the above changes, ppin > p max and Spin > 58‘““ which implies
Dmin Smin 8 Also,

Pmax ’ Smax

P Dri op ds
Smax = r}ax > n},m > nr;—‘ax > nn;ax. (1)

Since 7' < “P= and T' > 2= we use binary search on the interval [E22 “P2x] to find the
smallest value 7" for which the algorlthrn described in the following sections finds a schedule
of makespan at most (1 + )7, for any given constant ¢ > 0. For each value of 7" selected in
the binary search we divide all job processing times by T'; in the sequel p; denotes the scaled
processing time of job .J;. Then, by (1) all processing times and job speeds are in the interval

[O5mx 500x]. Let 5 = [log(0~1n?)], then 2 Py, = 271080 05 < o= log0int) g =
65max

, and so all job processing times and machlne speeds are in the 1nterval 127" S maxs 20 Smax)-

Next, we apply the rounding from [3] to the processing times and machine speeds. Define
bro = 2 ¥ smay and by g == by, o(1 — %) for k € [k]o and £ € [§71]. This gives bp—15-1 = bro
for k € [k] and by p—1 < (1 + )by for all k € [k]o, £ € [61]. The total number of values by ¢
isT=k-6"1e€ OO0 log(671n)).

For notational simplicity we reindex the by, ¢ values to b; in non-increasing order, so b; =
btéi% ; and processing time p; in (b,41, b;] up
to b,.. Since by o1 < by ¢(1+ ) for all k € [r]o, ¢ € [6~!] this increases the makespan of the
schedule by at most a factor of 6.

A large job for a machine with speed b; is a job with processing time in (6b;, b;]. A job is
small on a machine with speed b; if its processing time is smaller than or equal to db;.

Lemma 2.1. 0b; > b; 4 5-1110g(5-1y] fori € [7], so ajob is considered large for at most 6~ [log(6—1)]
machine speeds.



Proof. There are values k, £ such that b; = syay - 27% - (1 — 25‘%1). Since 6 ![log(6!)] is a
multiple of 61, then

bi+5*1|'log(5*1)'| = Smaxz_k_ Mog(6—1)] <1 _ 2;—1) =b,;- 2_[103(571ﬂ < b; - 210g(5) — bz(s O

A configuration for a machine speed b; is a collection of large jobs of total processing time at
most b;. More formally, the set C; of configurations  for a machine speed b; is C; == {’y €7l :
v; = 0for bj < b, > 774 ;b < b; } fori € [7]. Further, we define free(i, ) := bi—> 71 7b;
for i € [7],7v € C; as the space not occupied by large jobs on a machine with speed b; when the
configuration + is placed on it. The support of a vector v € R¥ is defined as the set of indices of
its non-zero components, i.e., supp(v) = {i € [k] : v; # 0}.

3 The MILP

We formulate a relaxed version of @Q||Ciax as the following mixed integer linear program
used in [2], in which large jobs are scheduled using configurations (integral and fractional).
Configuration variables z; - indicate how often configuration +y is scheduled on machines with

speed b;. Let L := 6 ! [log(6 3log d—')]. The MILP is the following.

Z Tiy = [ fori € [7] (c1)
v€C;
T T
Z Z ViTiy + Z Yij = Mj for j € [7] (c2)
i=1 veC; i=1
T
Z free(i,y)z;~ — Z bjyi; >0 fori € [7] (c3)
~v€C; Jj=1
Tin~, Yij > 0 fori,j € [r]andy € C;
Yij =0 for i, j € [r] with b; > 0b;
Tiy € ZZO fori € [L], v e Ci

where p; is the number of machines with speed b;, 7; is the number of jobs with processing time
b;, and y; is the number of jobs of length b; in configuration +. Configuration variables x; ., are
integral for the fastest L machine speeds, and fractional for the remaining ones. A variable y; ;
specifies the number of jobs of length b; scheduled on machines of speed b;. Note that y; ; > 0
only if b; < 0b;, i.e., for jobs with length b; that are small on machines with speed b;.

The value of L ensures that the number of fastest machines storing integer configurations is
large enough to guarantee that the jobs that need to be removed to reduce the right hand sides
of the constraints can use these machines to be added back to the solution and only slightly
increasing the makespan. The constraint (c1) ensures that for every machine speed b; exactly
w; configurations from C; are selected and (c2) guarantees that all jobs are scheduled. The
constraint (c3) ensures that the time occupied by small jobs does not exceed the free space left
by the configurations.

Building a schedule from a solution to the MILP is described in Lemma 24 of [2]:



Lemma 3.1. Given a feasible solution of MILP for some makespan T', a schedule with makespan
at most (1 + 66)T can be constructed in time 200010637 L O(n).

Proof. Integral configuration variables x; , can be directly turned into a schedule for z;
machines with speed b;. The fractional configuration variables need to be handled with more
care. For every fractional variable z; , we can schedule |z; | machines with speed b; using
configuration v. Then, if ; , > ;] place a configuration « on a fastest machine. Let I" be
the set of these configurations placed on a fastest machine.

We need to bound the increase in the makespan caused by placing the configurations in I" on
a fastest machine: Fix a value h € {L 4+ 1,...,7} and write MILP in matrix form as

(A B C) —b

SIS

where z € Z%,, u € R@fy and w € R;BLf'B " is a solution, A are the columns corresponding to
the fractional variables xy,,, B, is the number of columns in A, C' are the columns corresponding
to the integer variables, and B are the columns corresponding to the remaining fractional
variables. For vectors w and z, a vertex solution @ for the following linear program

Ad=b— (B C) <"‘;’)

has support Bh, where Bh is the number of constraints for the fractional variables xj,,. By
Lemma 2.1 the number of constraints (c2) in MILP for variables ., is at most §~![log 6 1];
also there is one constraint (c1) and one constraint (c3) in MILP for these variables, so Bh <
2 + [log6~1]61. Thus, there is a solution for MILP in which for each h € {L +1,...,7}
the number of non-zero fractional variables z}, - is at most § ! [log 6~ '] + 2 and so the total
processing time of the configurations in I" placed on a fastest machine is

(Mog(6™)167" +2) Y b < ([log(6™ 167" +2) > by
k=L+1 k=L’
5711

< ([log(67H)7107 + 2)smax Z Z 2"“(1 - 2;_1)

L’ =
k=7 ¢

< (Mlog(6™") 167" +2)0 smax »_, 27F
k=L

s—1

([og(8™1)16™" +2)6  spuax2 7 77!
2([log(5 )15 + 2)5~ sy T80 log(5~1))] ~[logd 2141
< 2([log(5 )16~ + 2)0 sypgy2 080 lok0™)



1

= 2([1og(6™)10™" + 28 sy 7051y

= QM(HO (6711671 +2) < 56s

- log(éfl) g max-
The last inequality holds for § < %. By Lemma 2.1 there are at most 6! log 6! different job
lengths that are big on machines with speed b;. Since at most 6! jobs are big on a machine With
speed b; then the number of configurations C; is |C;| < (6 'log§—1)0"" = 2log(6™ logd=1)s~"
207108 0™" Gince the number of different machine speedsis 0! log(6~'n?), then the number of
different variables ; , is at most 20 Hog?(87" 51 log(6~1n2) = 20" log® 6~* log 5~ log(6—'n?) =

905~ log®37") log n. Hence, scheduling the jobs specified by the configuration variables x; -,

can be done in time 2000~ 10g*71) | O (p).

Notice that only complete configurations y were placed into the schedule and thus potentially
more jobs were scheduled than specified by the solution of the MILP because the values for
some configuration variables were rounded up. Thus, if needed, we reduce the values of some
variables y; ; to remove any extra jobs. After this we have > 7, v; ;j € Z>¢ for every j € [7].

We sort the small jobs in non-increasing order of processing time and greedily schedule
them in the free space of the machines, taking them in non-increasing order of speed, schedul-
ing jobs on a machine until the first job scheduled there exceeds the free space of the ma-
chine. This increases the makespan on machines of speed b; by at most §b;. Since there
are at most 6! log(d~'n?) different jobs sizes and machine speeds, sorting requires time
O(6~'1og?(6~n)). Thus, this step requires O(n+d~'log?(6~'n)) = O(n)+O(5 'log? s 1).

O]

3.1 Solving the MILP: Support Bound

The first step in the solution of MILP is to compute the support of a solution. To this end, we
change the constraints (c3) to these

Z {frefl:) g ) " i > Z b 5%7] fori € [7] (cr3)

v€eC;

and obtain a new mixed integer program MILPr. For every processing time b;, i € [r] and
configuration v € C;, ||7]|lcc < 67! as every job in the configuration  has processing time at

least 0b;. Since free(i,y) < b; for every i € [7] and v € C; then [freZEigﬁ)] < 0L Thus, all the
coefficients for the integral variables in MILPr are bounded by § 1.

Lemma 3.2. If MILP is feasible, then MILPr is also feasible. Furthermore, from a solution for
MILPr we can construct a schedule with a makespan that is at most a factor of 1 + & longer than
the makespan of the schedule for a solution for MILP.

Proof. Clearly, a solution to MILP also is a solution for MILPr as only the free space in the third
constraints of MILP was increased. On the other hand, the modification of the free space in the
constraints (cr3) of MILPr increases the makespan of the schedule corresponding to a solution
for MILP by at most a factor of 1 + 0 because free(i,y) + 6b; > 0b; [free( ’7)] O



The support of solutions for MILPr can be bounded by using a result of Eisenbrand and
Shmonin [6]:

Lemma 3.3. If MILPr has a solution, then there is a solution to MILPr where the support of the
integral variables x; -, is bounded by O(6log? §71).

Proof. There are at most 4L constraints in MILPr concerning integral variables: L for constraints
(c1), L + 8 log §~1] < 2L for the constraints (c2) because by Lemma 2.1 a job is big in at
most 6! [log '] machines, and L for the constraints (cr3). Eisenbrand and Shmonin [6]
showed that if a mixed integer program has a solution, then it has a solution with support for
the integer variables bounded by 2clog(4cA), where c is the number of constraints and A is
biggest absolute value of an entry in the constraint matrix. Since L is O(6 ! log § 1), there is
a solution for MILPr for which the support for the integral variables is

2(4L) log(4(4L)6™ 1) = O(6 ' log 6 ' log(6 2 log 6~ 1))
O(6 tlog st logd?)
O og?6™h). O

4 Halving The Right Hand-Sides of the Constraints

If MILP has a solution (z, y) corresponding to a schedule of makespan 7', our algorithm computes
a schedule of makespan at most 7'(1 + O(¢)). We use a divide-and-conquer approach that
simplifies MILP by reducing the right-hand sides of the constraints to nearly half their values.
This requires that we first remove some jobs and machines to ensure that the right-hand sides
of the constraints are even.

Some of the machines removed might store fractions of jobs that belong to configurations; to
ensure that we can later schedule these fractional jobs as whole jobs, we need to create a gap
between the largest processing time of these jobs and the L-th fastest machine speed. To achieve
this, first we handle the configuration variables x; , with L < i < L' :== L + 6 '[log~?] as
integer and later we allow them to take fractional values; this creates the desired gap of size
5 log 5 1].

Consider a feasible instance of MILP, for which p; > 0 for at least one i € [L], and the
corresponding MILPr. Let (x,y) be a solution to MILPr with small support, which exists by
Lemma 3.3. We show how to construct a new mixed integer program MILP’ from MILPr where
the right-hand sides (1, 1)) of the constraints have values close to one-half of their initial values
and for which there is a solution (', y’) with small support.

To ensure that MILP' has a solution, we construct it so that for all i € [L'], 2}, = T |
is the integer part of a solution if x;  is the integer part of a solution for MILPr . Note that
by constraint (c1) rounding down IZT” might require removing some of the machines of the
L’ fastest speeds. We will denote the number of these removed machines using variables ¢;.
Similarly, the rounding will cause some of the jobs in the configurations for these rounded
variables x; , to be removed; we will denote the number of these removed jobs with variables
d;.

10



Fori € [L']letx] = |55 ] and &}, = @, — 22} € {0,1} (hence, ], = 1iff z; , is odd).
Fori > L' letx] = 2. Now we compute the values for 11/ and 77'.

(I) First we determine 4. For each i € [T], if ;i = 0 we set ,u; = 0; otherwise, we consider
two cases:

« Fori € [L'],letc; =3 cc 7. Ifc; =0foralli € [L] then we select a variable
Tp, > 2 for some h € [L ] (thls variable exists because wi > 0 for at least one
i € [L])and setcp, = 2,23, = 2,and 2 = Zh, gf € Z>o. As we explain in
Section 5.1, we need that ¢y, > 0 for at least one h € [L'] so that at least one machine
of speed sy, h € [L'] is removed; that machine is needed to schedule some of the

small jobs that will be removed in Steps (II) and (III) to create MILP"
For all i € [L'] we then set

"

Tiy — T i — C;
_ / _ ) 1,7 1 )
= E Ty = E 5 = 5 S Zzo.

veC; v€C;

Note that if p < p1;/2 we remove some machines from MILPr before dividing by 2
the right hand sides of its constraints to create MILP! By removing machines we
also remove time slots where small jobs were scheduled in the solution for MILPr.
To obtain a feasible solution for the original MILP we later introduce variables Free;
to keep track of these lost time slots for small jobs.

« For each i > L’ we set yi; = &

We now determine 7. For each j € [7], if n; = 0 we set 7; = 0; otherwise, we specify the
value of 77; in Step (II) for j € [L'] and in Step (III) for j > L'.

Let L” € [r] be such that by > by and by q < dbp,i.e., by is the smallest job processing
time that is considered big for the machine speed b;,.

() For each j € [L'] we consider two cases.

+ If bj > dSmax, then a job of length b; is not small on any machine, so we set

J ! Tiy — T, n; —dj
:ZZ%':E;W:ZZ% ’ 5 v 32 JGZzo

=1 ~veC; i=1 ~veC;

where d; = Y7_; > ec; ViTi - Note that 0 € Z>g as z; , € Z>o.

+ If bj < dSmax, let s be the slowest speed that is at least (5*1bj; then a job of length
b; is small on machines with speed at least s;. Note that s;, = by, < b;, and thus

Zyl,]+ Z ZQ’YJ Tj~ Zyz,g+ Z Z’YJ Tipy = Tio) =15 — dj

i=k+1~vy€eC; i=k+1~v€C;

where d; = Zg:kﬂ > ec; ViTi - We know that d; is integer as 7 ., is integer;
thus, the left-hand side of the equation is integral and particularly Zle Yij is

11



integral. Furthermore, if 7; —d; is odd then Zle Y;,; must be odd and at least 1. We
select the smallest possible values y;'; < y; ; for all i € [k] so that Zle(yiyj — Y ;)

Yi,i Y}
is even and define y; ; % We then set

Zym+ Z Z'YJ iy = {%%J

i=k+1~€C;

Note that 3 37_, y;'; € {0, 1}. Observe also that the new mixed integer program
where the right-hand sides of the constraints are the 77 values does not consider the
fractions of the jobs corresponding to the values y .. To be able to schedule these
discarded jobs we need to allocate space in some of the machines for them. To this
end we will introduce variables Rsrvd;, which we explain later.

(Il) For j > L’ we consider two cases. Let siy1 = bp.1 be the fastest speed such that
bj > 6bp41.

e Ifk+1< L' soj<L” then

Z%ﬁ YDPSEIEIRED i) SEER]

i=k+1~v€C; i=L'+1~v€C;

_ U k J
where d; = Zi:k—H Zyeci %’x;/,y Note that » ;" ; v;; + Ei:L’+1 Z’yECi ViTiy
/
is integral and it is odd if 1); — d; is odd because ZiL:kH > vec; 275 is even. To

make the right-hand side even we cannot just decrease the variables y; ; as Zle Yij
may be smaller than 1. Instead, we decrease the variables y; ; and if needed we adjust
the configuration variables x; , for ¢ > L’ by removing the smallest number of
fractional jobs of length b; from them to achieve this: Specifically, if a configuration
~y contains a job of length b;, we decrease the value x; - for that configuration
and increase accordingly the value z; . of a configuration variable for which +' is
obtained from 7 by decreasing 7; by one.

We then create variables z}  and y; ; such that

EIOOITESD DI W S SR 9lp oo

1=L"+1~€C; i=L'+1~v€eC;

2y;; <wyijand } o 2x;., = p; for every i > L' Finally, we set

z S Y = |24

i=k+1~vy€eC;

Lety;; = y;j — 2y; ; for all i € [L']; this is the number of jobs of length b; removed
from machines of speed b;.

12



+ Otherwise, b; < 0br/, and so no integral configuration variable x; , has b; € ;

: P Yig 0 . Tiy
thus, we can simply set Yij = 55 Ty = 50 and
T J n;i
/. / el
DI IR DD DRI S
i=1 i=L'+1~€C;

The above description suggests that the variables :L‘g,,y and y; ; are determined one at a time, but
this might not be the case for the fractional configuration variables as they may be adjusted

several times, which the notation does not reflect.

4.1 MILP’

The values p} for i € [L'] computed in Step (I) could be such that y; > 2u, which means that
some machines of speed b; and the corresponding configurations v € C; scheduled on them by
a solution (z,y) of MILPr are removed and not considered in MILP'. Similarly, for some of the
values T];- computed in Steps (II) and (III) it might be that n; > 27];, which means that some jobs
need to be removed from MILPr to create MILP'.

We do not know the values of the variables ¢; and d; in Steps (I) to (III), or the sets of jobs and
machines that need to be removed from MILPr to construct MILP’. Instead of trying to determine
the number of small jobs removed in Step (I) when some machines and their configurations
are discarded (this information is needed to be able to construct a schedule for MILP from a
schedule for MILP’), we instead specify the amount of time that these jobs occupy on machines
of speed b; by using variables Free; for all i € [L’]. To reduce the number of possible values for
these variables we round up the space occupied by the removed jobs on machines of speed b; to
the nearest multiple of §b;. This will increase the length of the schedule by at most a factor of 4.
Hence, we define

Free; ‘= E g [ﬁe?b”)] x;’,ﬂ +1 @)

the term +1 is needed to ensure feasibility of MILP'.

Similarly, we use variables Rsrvd; to specify the amount of time needed to schedule on
machines of speed b;, i € [L'], the jobs removed when the values of the variables y; ; are
decreased in Steps (II) and (IIT). As above, to reduce the number of possible values for these
amounts of time we round them up to the nearest multiple of 0b;. This rounding further increases
the length of the schedule by at most a factor of 4. Thus, we define

R dA:lLlﬁ’.’. 3
= [4[$ ]| 0

We show in the proof of Lemma 5.4 how to schedule the jobs removed when the variables z; -,
are decreased in Step (III). Now we can specify the new mixed integer program MILP':

(MILP')
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Z%N:N;:Migq‘ fori € [L]

vE€C;
me:,u;:% fori e {L'+1,...,7}
'yGC-
i —dj o
Z Z ViTizy +Zyw { 5 J for j € [L7]
=1 vyeC;
ZZ%wz,ﬁZyw—m forj e {I'+1,....7}
i=1 ~eC;
free(s b;
Z [M—‘ Ty > Z —]yij + Rsrvd; — Free; fori € [7]
bid ' e~ b; 67"
v€C; j=1
Tiyy; Yij =0 fori,j € [r],v €C;
Yij =0 fori,j € [r],b; > 0b;
Ty € Zzo fori € [L] v € C;

Note that Free; = Rsrvd; = 0 for every i > L’. The following lemma shows that given a feasible
instance of MILPr there is a corresponding feasible mixed-integer program MILP’ in which the
right-hand sides of the constraints have nearly half the values of the constraints in MILPr and
for which there is a solution with small support for the integer variables.

Lemma 4.1. Given a feasible instance of MILPr where j1; > 0 for some i € [L] and in which the
support of the integral variables of a solution (x,y) is bounded by s, then there is a feasible mixed
integer program MILP' in which the right-hand sides (1, 1/, Free, Rsrvd) of the constraints are
such that

L op; —s <2p; < p;fori e [L] and 2u, = p; fori > L',

2. 2l < p; for at least one i € [L],

3m—s0t—-1< 2n; < nj forj € [L"] and 2n; = n; forj > L,
4. Free; < 86 ' + 1 fori € [L'], and

5. Rsrvd; < L' fori € [L].

Furthermore, there is a solution for MILP' for which the support of the integral variables is bounded
by s.

Proof. From the solution (z,y) define 2/, 2", 3/, and y” as in Steps (I) to (III). To prove that
MILP is feasible, we show that (z’,y’) is a solution. Observe that the first 4 constraints of
MILP’ are satisfied by the solution by defining i’ and 7’ as specified in Steps (I) to (III). To show
that the fifth constraint is satisfied, let i € [L'] (the constraint is trivially satisfied for i > L’ as
then Free; = Rsrvd; = 0). Then, by (2) and (3)

(Freez—i—Z[freeZ ’y“ m) ZQBZFRZSZ ’Y)" " " +2+22{freez 'y" /,7

vEC; ~EC;
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free(z’,y) / "
> 24 { b -‘ (2 iy T :L‘m)
v€C; !
free(z77) . J
=24 3 [ e 2 24 X
v€C; Jj=1
=24 - biﬂ(Q Loyl
- b,L yl,] yZ,]
j=1
>1_|_2Tbjy’,,+[TJy/l-‘
- L~ b;67" b0
J=1 =
T b 1 T
oN" Y, 2{,[ Y H
>2) g5 2] 5| D g

T b]
=9 (; my;] + Rsrvdi>

free(i,7v)

which implies Free; + > cc. {T] T >0 %yij + Rsrvd;.

i"y -

Thus, what remains is to show the other properties stated in the lemma.

1.

2.

3.

The bounds for i, follow from Step (I) as 0 < ¢; < s for i € [L].
Follows from Step (I) as c¢; > 0.

In Steps (II) and (III) some jobs are removed to make even the right hand sides of the
constraints of MILP for the integer configurations variables. Since every job size can
appear at most 6! times in a configuration and the number of integer variables is s, the
number of jobs removed from integer configurations specified by the variables d; for
j € [L"] is at most s6 L. A single additional job might have to be removed in Step (III)
to make even the right-hand sides of the constraints. For j > L”, 2173- = 1), as stated in
Step (1ID).

The number of integral configurations x; , removed in Step (I) to make the number of
machines p; — ¢; even is at most s; hence, since for each configuration v € C;, ¢ € [L’ I,

{w—‘ < {%—‘ = 67!, then Free; < s6~! 4 1, the 41 term comes from (2).

Step (II) makes the right-hand sides of the MILP constraints even by removing at most

one job for every size b;, j € [L’]. Since every removed job increases the value for Rsrvd;
by at most one, the claim follows.

Regarding the support of (', 3), note that the number of integral variables does not increase
in Steps (I) to (II). O

4.2 Iterating the Halving Step

We have shown that if MILP is feasible then MILP’ is also feasible for some values of 1/ and
close to half the values of i1 and 1. Now we repeatedly apply the same approach and reduce

15



by nearly half the right-hand sides of the constraints of MILP’ to get a series of mixed integer
programs with ever smaller right-hand sides to the point where all constraints for the integer
variables have been eliminated. At that moment note that the mixed integer program transforms
into a linear program.

Let MILP’(u, 17, Free, Rsrvd) be the instance of the mixed integer program MILP’ when the
right-hand sides of the constraints are the vectors p, 77, Free, and Rsrvd. To be able to repeatedly
reduce the right-hand sides of the constraints of MILP’ we use this result:

Corollary 4.1.1. If MILP'(u, 7, Free, Rsrvd) with u; > 0 for some i € [L] has a solution with s
non-zero integral variables, then there are vectors i/, ', Free’, Rsrvd’ for which MILP’ (1, /', Free/,
Rsrvd’) has a solution, and such that

L op; —s <2p; <y, fori € [L'] and 2, = p; fori > L',

2. 2} < p; for at least one i € [L],

3pj—(s+1)61-1< 2n; <mnj forj € [L"] and 2n; = n; forj > L,
4. the number of non-zero integral variables in the solution is bounded by s,
5. Free; < 2Free| < Free; + (s +1)0~1 + 2 fori € [L'], and

6. Rsrvd; < 2Rsrvd; < Rsrvd; + L' + 1 fori € [L/].

Proof. Given a solution (z,y) to MILP’ (i, n, Free, Rsrvd) with s non-zero integral variables, de-
fine 2/, 2", ¢/, and 3y as in Steps (I) to (III). We show that (', 3/’) is a solution for MILP’ (11, /', Free’,
Rsrvd’ ), where

Free, := E (Freei + Z [W—‘ x;;'ﬁ)_ +1 (4)
€c; !
and i
Rsrvd, = [; (Rsrvd + [Z 56 ym-‘)-. (5)

The first 4 constraints are satisfiable by defining ' and 7’ as specified in Steps (I) to (III). For
the fifth constraint let i € [L'], then

(Free + Z {free ) -| ’7,Y>
{ (Freez—i— Z[free i) -‘ i >-‘ +2+22{free i) W ’ﬁ

vec;
>Free2+2{ﬁeesz 4_2_'_2§:[freez'yw,v7
veC; v€C;
> 2 + Free; + Z {M—| (22} + 27 .) = 2 + Free; + Z [M—|mi
B ot ob; s by ot b;0 7
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2+Zb(5y” +Rsrvdz—2+zb5 2y”+y”)—|—Rsrvd,-

225 Ll ol i+ 35 2] 255 ).

Cq. . free(i, b; /
which implies Free] + > .. | bl(_(sy)]x;ﬁ > > 1 55Yi,; + Rsrvd;.

1-3. The proofs for the first three properties stated in the lemma and the bound for the number
of non-zero integer variables are the same as those for Lemma 4.1.

5. Follows from (4) and the fourth property of Lemma 4.1.

6. Follows from (5) and the fifth property of Lemma 4.1. O

By repeated application of Corollary 4.1.1 we can obtain a sequence of vectors
(M(O),n(o), Free(®, Rsrvd(o)), (u(l),n(l), Free(), Rsrvd(l)), e (u(p),n(p),Free(p), Rsrvd(p))

such that if MILP/ (u(o),n(o), Free(o), Rsrvd(o)) has a solution, then for every ¢ < p, mixed-
integer program MILP,(/L(E), n(z),Free(Z),Rerd(Z)) also has a solution. Furthermore, there

exists ¢ € [L] such that Mgpfl) > 0 and M§p) = 0 for every j € [L]. Note that p is O(logm)
because the number of machines in the constraints for integral variables is reduced by at least
half with every application of Corollary 4.1.1. The following corollary bounds the sets of possible

values for the vectors u(e), 77(5), Free(é), and Rsrvd®).

Corollary 4.1.2. Let s be the number non-zero integral variables of a solution for MILPr. Then for
every { € [p]

w” © _ p”
1 S —s <y < S foreveryi € [L],

7" S 0 o "
2 S —(s+1)67 ' =1<n;’ < foreveryj e [L"],
3.0< Free ) < Ze' 1 SHZ‘E, 2 < (s+1)6~ 1 + 2 foreveryi € [L], and

4. 0< RsrvdZ@ < Zgl VEEL < I 1 foreveryi e [L].

ZI

Proof.
I T
o 5 < u; ° < =5 from Corollary 4.1.1. For £ > 1:
(0) (0) ¢ (0) ¢ (0) 1
i 1 s 1rp s IRYas s
QZe —s< 2@@ o Z o 5(2;71 Z 22’71> - 5(2;71 Z 22’)
=1 =1 =1
1 /—1 1 4
3 <o) =

17



(e-1) o 1u§0’ _ s
! -2

28—1 2( :

< 1
= GH
The last 4 inequalities follow from Corollary 4.1.1.
2. The proof is the same as above, but replacing y; with n; and s with s§—! — 1.

3. For/ =1, Freel(l) < L;H < s 1+1 from Corollary 4.1.1. For £ > 1, we use induction
and Corollary 4.1.1:

1 _
Freez(-g) < i(Freel@ Ysot+ 1)
-1
1 S +1
< 5( % + 5071+ 1) by induction hypothesis
=1
< N |
- 20 +1 + 2
=1
|
S
=1
<s0'+ 1
4. The proof is the same as above, but replacing s6 1 + 1 with L’. O

5 The Dynamic Program

To solve MILP we construct a dynamic programming table 7 with O(logm) entries, where
each entry corresponds to one of the values ¢ in Corollary 4.1.2. Each entry 7 [¢] of the table
will store a collection of tuples of the form (1, 7, Free, Rsrvd), where

« 1 € Q7 is a vector with the number of machines of each speed, where p; € N for i < L'
« 1 € Q7 is a vector with the number of jobs of each length, where 7; € N for i < L”
« Free € N7 is a vector with the values Free; of Corollary 4.1.1, where Free; = 0 for i > L'

« Rsrvd € N7 is a vector with the values Rsrvd; of Corollary 4.1.1, where Rsrvd; = 0 for
i> L.

The easiest way to think about our algorithm to solve MILP is that it works in three stages.
In the first stage it processes the table 7 top-down, from row ¢ = 0 to row ¢ = k, computing
all possible values for u(e), n(z), Free(g), and Rsrvd(z), as stated in Corollary 4.1.2. The first
entry of the table has a single tuple (u, 7, Free, Rsrvd), where 1 = (uq, pto, - . ., ftr) contains
the initial number p; of machines for each i € [7], n = (11,72, ..., ;) is the initial number of

jobs, Free = (0,0, ...,0) € Zg], and Rsrvd = (0,0,...,0) € Z'gtl).
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Corollary 4.1.2 allows us to bound the number of tuples in 7. For each row 7 [¢] of the table
the number of different values for j; (i € [L']) is at most s + 1 (where s is O(6 ' log?6~') as
stated in lemma 3.3), the number of different values for 7; (j € [L"]) is at most (s + 1)6 1 + 2,
the number of different values for Free; (i € [L']) is at most (s + 1)[§~!] + 3, and the number
of different values for Rsrvd; (i € [L']) is at most L’ + 2. Since L’ and L" are O(§ 1 logd—1!)
and sis O(6~ " log? 6~ 1), then every row of the table has 20(57 " log*671) tuples and so the entire
table has at most 2000 106" 6™") [0 (1) tuples.

Once the tuples for the table 7 have been computed, in the second stage of the algorithm
we consider the rows 7 [¢] of the table where there is a tuple (1", 7, Free”, Rsrvd”) for which
p = 0foralli € [L], ie., for which there are no constraints involving integral variables and
hence the corresponding mixed integer program is in fact a linear program. We solve these

linear programs using the following result.

Lemma 5.1. We can compute a basic feasible solution for MILP' (11", ", Free” , Rsrvd” ) where
! =0 foralli € [L] in time O(2° log? ™! 1965 1y).

Proof. For each machine speed b; a configuration v € C; has at most 6~ job sizes. By Lemma 2.1
at most O(6~ ' log §~1) different job sizes can appear in one such configuration, so the num-
ber of variables z; , in MILP'(1”, ", Free”, Rsrvd”) is O((671)9 108971 for each i € [7].
There are 7 = O(6 !log(6~'n)) machine speeds, and thus the number of variables z; .,
is O((6~1)7 g6 51 Jog(6~1n)) = O(29 108’3 Jog ). The number of variables Yij is
O(72), so the total number of variables is (2% log? 5~ log® n) and the number of constraints
is O(7). Using the LP solver of Lee and Sidford [18] to obtain a vertex solution (as described in
Remark 6.5.2 in [9]) yields the desired result. O

5.1 Third Stage: Computing a Solution

The third stage of the algorithm starts when the row p of the table 7 has been reached for which
in every tuple (u, 7, Free, Rsrvd), p; = 0 for all ¢ € [L], so a solution for MILP’ for these tuples
has been computed. For each row ¢ of the table, starting at row p — 1 and moving towards
the first row, we consider each tuple ¢ = (1,7, Free, Rsrvd) in row ¢ for which u; > 0 for at
least one i € [L], and each tuple t' = (1,7, Free/,Rsrvd’) in row £ + 1 and try to determine
whether ¢’ was obtained from ¢ through the application of Steps (I) to (IIl), and if so we extend
the solution for MILP’ computed for ¢’ into a solution for ¢. To do this, we first compute the
changes in the values of the components of the tuples that would be needed to produce ¢’ from
t as explained in Section 4; let these changes be 1"/, )"/, Free”, and Rsrvd”, where p” := pu — 24/,
n" = n — 27/, Free” := 2Free’ — 2 — Free, and Rsrvd” := 2Rsrvd’ — Rsrvd (the —2 term in
Free” is needed because of the +1 term in (4)).

If 1/, 1, Free” ,Rsrvd” > 0 we try to find a solution to the following mixed integer linear
program to add back the machines and jobs that would have been removed from ¢ in Steps (I)
to (II).

(MILP-DP-STEP)

Z Tiy = p1f fori € [L']
v€C;
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% %
Z Z Vi + Z Yij =1 for j € [L']
i=1

=1 veC;
r L
DD iy D i G =) forj € {L'+1,...,L"}
i=1 y€C; i=1
free(i
S [t 4 = Free! fori € [L]
veC; !
L/
Zyi’j <1 for j € [L]
i=1
Loy
Z Ly; j < Rsrvd/ for all i € [L']
— ob; 7"
7j=1
2 €{0,1}, 2, € {0,1,2} fori € [L'],v €C;
yij € [0,1] fori € [L'],j € [L"]
yj €{0,1} for j & (L]
Yij = 0 fori € [L/] and bj > 0b;
g; =0 forie {L'+1,...,L"}

The slack variables Z; are needed because of the rounding up in the definition of Free in (4). As
explained in Step (I), a variable x; , could have value 2, so the constraint variables x; , can have
values 0, 1, or 2. The variables y; ; and §J; account for the jobs that were removed in Steps (II)
and (III), respectively. First, we show that MILP-DP-STEP has a solution.

Lemma 5.2. I[fMILP'(u, ), Free, Rsrvd) and MILP' (1, ', Free’, Rsrvd’) are as in Corollary 4.1.1,
then MILP-DP-STEP has a solution.

Proof. Let (x,y) be a solution to MILP'(y, 1), Free, Rsrvd) and 2", y” be as defined in Steps (1)
to (III) and used to derive (', 1/’, Free’, Rsrvd'). We show that (z”,3") satisfies al the constraints
of MILP-DP-STEP. The first two constraints and the fifth constraints are satisfied by definition.
By (4), for each i € [L/]:

free(s,
Free! — {Freei + ZVGCJ egéziv)]x;/ﬁ-‘
reei = 9

Since Free] = 2Free; — 2 — Free;, then Free” = 2; + > ¢, {W—‘ x; ., where &; € {0, 1}.
This shows that the configurations from z” induce a solution for MILP-DP-STEP that satisfies

the fourth constraints. By (5), for each i € [L/]:

/ by .
Rsrvd; + [Y72, J;‘gyw

begingatherx|Rsrvd, = ’V 5
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Since Rsrvd] = 2Rsrvd; — Rsrvd; then Rsrvd} > ZJL;I ;—gy;f] Finally, from Steps (II) and (III),

L L
DD i i 0 =
i=1

i=1 ~veC;

for every j € [L"]. Where y; = 0 for every j € [L'] and §; € {0,1} for every j € {L' +
1,...,L"} to account for the jobs removed in Step (III). O

We can compute a solution for MILP-DP-STEP efficiently using a simple dynamic program-
ming approach.

Lemma 5.3. MILP-DP-STEP can be solved in time 200~ log? ™),

Proof. We can solve MILP-DP-STEP using a straightforward dynamic programming approach.
We first consider only the integral part. The number of integral variables is L' + L/(6~ )% =
905~ 10g3™")  Each row of the dynamic programming table stores a tuple (u,n, F') cor-

responding to each one of the possible values of the right-hand sides of the first four con-
straints, where p, F' € Z|>L[;| andn € Z‘>L(;‘—’_6_1ﬂ°g§_lW
oll'l = 2007 10g*67Y) where o is the support for the integer variables. The number of possible
values for 1 is (§ Lo + 1)/F/1+07 legd™"] — 906~ 10g®6™1) The number of possible values for
Fis (20~10)lE'| = 20(67"10g”5™") Thys, the size of the table can be bounded by 200" log* 6™ "),

The first row of the dynamic programming table stores a tuple where all values are zero. For
each configuration variable z; ,, we process each row of the table storing a tuple (u, 7, F') and
create a tuple (1,7, F’) by adding to 12 one machine of speed b;, adding all jobs in ~ to 7, and
adding 3 . [free(i,y)/(0b;)]xi to F. Tuple (1/, 7', F') is added to the table if not already
in it. This step is performed twice for each variable x; . For each slack variable x; we process
each row of the table storing a tuple (u, 77, F') and add to the table tuple (u, 7, F”) if the tuple is

not there, where F/ = F; + 1 and F;, F] are the i-th elements in F' and F”, respectively.
51 log2 6~

. The number of possible values for x is

Thus, the entire table can be computed in time 29 "), Note that we only have to
compute this table once and can use it as a lookup table afterward: We can find the solutions
that our algorithmneeds by using the right-hand side of the MILP-DP-STEP as an index.

Now we only need to show how to compute the values of the variables y; ; and ¢;. Consider
the values of the right-hand sides of MILP-DP-STEP: 11, 0"/, Free”, 1, and Rsrvd”. We look for
a tuple (1,7, F') in the table such that = p”, F; = Free]/ for all i € [L'], and 7/ —n; € {0,1}
foralli € [L"]. We sety; = n; —n; for j € {L' +1,...,L"}. Let A be the set of jobs for
which 7} —n; = 1 with j < L. If the jobs in A can be scheduled in the time allocated by
Rsrvd”, we can sort the jobs in non-increasing order of processing times and schedule them
greedily on the corresponding machines (also sorted in non-increasing order of speed). This
schedule must be valid, as otherwise there is no valid schedule for the jobs. Calculating the
values for y; ; takes time O((n + m)log(n + m)) where n is the number of jobs and m is the
number of machines. Thus, in our case we can compute an assignment for the fractional y; ;
variables in time O(5 ' log? 6 1) asn =m = L' = O(6 ' log ). There are 2000~ logd™")
possibilities for the §j; variables and 20(5™ logo™1) possible sets A which we have to schedule.
Thus, we obtain the claimed runtime. O
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Let (", %,y",y) be a solution for MILP-DP-STEP, where 2" denotes the variables x; -, y” the
variables y; ;, & the variables Z; and ¢ the variables ;. From this solution we can build a solution
(x,y) for MILP'(u1, 1), Free, Rsrvd) from a solution (z’,3') for MILP' (1, /', Free’, Rsrvd’) as
follows. Let d € [L] be such that juq > 2/, so a machine My, of speed by was removed when
computing (1,7, Free/, Rsrvd’) from (1, n, Free, Rsrvd) using Steps (I) to (IIT); this machine
exists because of the selection of ¢y, in Step (I). The jobs described by the variables ¢ are scheduled
on this machine My, Formally, this is stated in the following corollary.

Corollary 5.3.1. A solution (x,y) for MILP' (i, n), Free, Rsrvd) is this: x = 22’ + 2" and
y =2y +y" +y", where

" yis =1 ifi=dandy; =1
oo yi; =0 otherwise.

Proof. Since (2", ,y",§) is a solution of MILP-DP-STEP, according to the definitions of n”, n”,

and MILP-DP-STEP the solution (22" + 2", 23/ + ") schedules all jobs except for up to one job

of each size b; fori € {L' +1,..., L"}. These extra jobs are scheduled by """ on the machine

M, that was just added back. Thus, all jobs are scheduled by the solution (z, ). O

Scheduling the jobs as specified above can increase the makespan due to the definition of 3"’

and the error introduced by rounding Free and Rsrvd. In the next section we show that this
increase can be bounded by O(07T).

5.2 The Algorithm

The algorithm builds a solution for MILP by first computing solutions for the tuples (u, 7, Free,
Rsrvd) for which p; = 0 for all ¢ € [L] using Lemma 5.1. Let p be the row of the dynamic
programming table in which all tuples have this property. Then, solutions for tuples in rows
p—1,p—2,...,0 are computed by solving MILP-DP-STEP and Corollary 5.3.1. The solution
computed for the unique tuple in the first row of the dynamic programming table is the solution
for MILP.

Lemma 5.4. If MILP has a solution for a given makespan I' then our algorithm computes a
schedule of makespan (1 + O(5))T.

Proof. A solution (x, y) for the original MILP, i.e. a solution for MILP’(u, 1, 0, 0) where 1 is the
initial set of machines and 7 is the initial set of jobs, is obtained from solutions to a sequence of
mixed integer programs:

MILP'(;L(”), n(p), Free(p),Rsrvd(p)), ..., MILP/ (,u(l), 7](1), Free(l),Rsrvd(l)).

A solution for MILP can be transformed into a schedule of makespan (1 + O(§))T by using
Lemma 3.1. However, note that this schedule would not include the jobs that are removed by
Steps (I) to (IIT). We show how to schedule these jobs. We consider first the small jobs removed
in Step (I). To ensure that these jobs can be scheduled we introduced the Free variables. Every
time that we apply Corollary 4.1.1 to reduce the right-hand sides of MILP’ we use (4) to set the
value for each Free/, i € [L'].
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Because of the rounding and the factor +1 in equation (4), the amount of time allocated to
the small jobs in Free] can increase by up to % with respect to the actual amount of time
that these jobs need. Hence, when considering the tuples in the p-th row of the dynamic
programming table the total amount of extra time assigned to the variables Free] in that row
(compared to the actual amount of time that the small removed jobs would require if this time
had not been rounded up) can be computed by repeated application of (4) and so it is at most
30bi (5 + 32+ + 35) < 30bi.

Let t(®) = (u(a), 7@, Free(®, Rsrvd(a)) for any a € [p|. Let the solution (x, y) for MILP be
obtained by computing solutions for the MILP's corresponding to tuples ¢(?) t(°=1) (1),

(k) 5 0, or ki =—1

7

In these tuples, let k;, for each i € [L’], be the biggest value such that u
otherwise. Then, Freegg) = 0 for all £ > k;. When computing a schedule for a tuple () from a

schedule for t(**1) we multiply the values of the variables Freel(-aﬂ) by 2.
Hence, for computing the solution (z,y) of MILP the total amount of extra time allocated
to the small jobs removed in Step (I) from machines of speed b;, i € [L'], is at most 35b;(2 +

22 4 ... 4 2k) < 36b;2( D Since u§a+1) < %,uga) for all a < k; and ,ugki) > 1, then
the initial number of machines of speed b; is at least 2%, Distributing the extra amount of
time needed by the variables Free; uniformly among the machines of speed b; and greedily
scheduling the small jobs there increases the makespan on each one of these machines by at
most 36b;2F+1 /2% = 66b; < 66T.

A similar argument can be used to bound the increase in makespan caused by the rounding
of the variable Rsrvd in (5): By the rounding in (5) the time allocated to the jobs removed in
Steps (II) and (III) in Rsrvd; is at most db; larger than the actual time needed for these jobs.
Hence, the total amount of extra time allocated to the variables Rsrvd; in the p-th row of
the dynamic programming table is at most 0b;(5 + 55 + - - + 55) < 0b;. Similary as above,
distributing this extra time caused by rounding the variables Rsrvd among the machines of
speed b; and again greedily scheduling the small jobs there increases the makespan by at most
5b; 2kt /2R = 26b; < 26T

To transform a tuple ¢t(*) into a tuple ¢(*1) using Steps (I) to (III) a set ©(®) of jobs of
length smaller than by, is removed in Step (III). Also a set M(®) of machines of speed at least
by, is removed in Step (I). When building the solution for MILP’ (t(“)) from the solution for
MILP (t(‘”‘l)) the mixed integer program MILP-DP-STEP adds back the machines M(® (by
setting ;1 = pu — 24/') and these machines are used to schedule the jobs in ¢(%). Since the
processing times of the jobs in () are much smaller than the speeds of machines in M (@),
scheduling the jobs (®) only slightly increases the makespan, as shown below. Furthermore,
the sets M (%) are disjoint for different values of a, so the makespan increase caused by the jobs
©(@ is not cumulative.

The sizes of the jobs in ¢(®) are bounded by by, and all jobs in ¢(*) have different processing
time. Hence, the number of jobs in ¢(®) is at most L” — I, < §~'[log 6] by Lemma 2.1. As
explained in Section 2 the job lengths are given by the equations

!
— 9k _— e —1,2 — -1
b =2 Smax<1 2571> fork=0,1,...,[log(6 " n*)]and ¢ =0,1,...,0

and these values are reindexed as by, bo, ..., b; so b; = bLZ';lJ (i—1) mod 5-1" Therefore, the jobs
2 b
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removed throughout all applications of Step (III) have total length

—1(log5—1 —1(log 51
i=1 e i—1 e 201
51 log 611 _ » .
_ —[log(6%log6=1)]~log 6=2]— | i=} ) (1 —1) mod 0
- Z 2 g Smax 1-
i=1 251

o Hflogd -1 j i mod 5!
— 9—[log(673logd~"1)]—[log 6~ s o T

Mogé—']—-16-1-1

= b2 10T N 27}6(1 B 2;71)

k=0 =0
3 1 [logs—1]—1
— b 2—[10g6_21 (76—1 7) 2—k
L+1 1 + 1 kZ_O

< 2014102071 < 2b1,410(1 + 8) < 36by, for § < 1/2.

Thus, we greedily schedule all the jobs ¢(*) on one of the machines M(®), increasing the
makespan by at most 3dby, < 367 O

Theorem 1.1. There is an EPTAS for Q||Cunax with runtime 20" log?e™") 4 O(n).

Proof. Our algorithm produces a schedule with makespan at most (1 + O(d))OPT for any
constant § > 0. To compute the runtime of the algorithm first note that the preprocessing
described in Section 2 can be performed in O(n 4 62 log? 6~ 1).

The number of tuples in the dynamic programming table is 20(67 ! log? 571) logn, as we can
assume that the number m of machines is no larger than the number n of jobs. Therefore, the
linear program of Lemma 5.1 needs to be solved at most 20(67 " log?6™1) log n times. This linear
program can be solved in (’)(2‘5_1 log* 5~ log® n) time, and thus the total time that the algorithm
spends solving the linear programs is O(2000 ™' 108” 57 156 1),

For each row of the dynamic programming table the algorithm needs to take every tuple
(i, m, Free, Rsrvd) in that row and every tuple (y’, 7', Free’, Rsrvd’) in the next row to attempt to
produce a schedule corresponding to (u, 7, Free, Rsrvd). This requires solving MILP-DP-STEP,
which can be done in time 200" 1°¢”3™") by Lemma 5.3. Since there are 200" 108”071 typles
per row of the table, the total time needed to process all pairs of tuples in two rows of the table
is 20007 10g”3™") The table has at most log n rows, so the time to process all pairs of tuples in
the entire table is 20" 108 0™) Jog .

The total runtime of the algorithm is O(n + 200" log?6™1) g7 n) as we need O(5 1 log(n))
iterations of the binary search for dual approximation. If 20(67 log?5™1) log” n, then the
runtime is O(n). Otherwise, the runtime is O(n) + 200~ 'log” 371, O
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