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Abstract

We investigate the (a : b) Maker—Breaker subgraph game played on the edge set of the
complete graph K;;, where 11,4, b € N, and Maker’s objective is to construct a member of a
prescribed family of graphs H, while Breaker aims to prevent this. In our study, Breaker
moves first, and H is taken to be either the family of connected spanning subgraphs or
the family of spanning subgraphs with minimum-degree at least k = k(n). For the (a:b)
minimum-degree-k game, we determine the asymptotically optimal threshold bias across a
wide range of values for a. For the (a:b) connectivity game, we resolve an open problem
posed by Hefetz et al. (2012) by identifying the exact leading term in the asymptotic
behavior of the threshold bias when a = clnn.

Keywords: positional games; Maker-Breaker subgraph game; biased games; minimum-
degree-k game; connectivity; asymptotic optimal bias

1. Introduction

Positional game theory studies two-player games of perfect information, typically played
on discrete structures, ranging from popular leisure games such as Tic-Tac-Toe and Hex to
abstract games played on graphs and hypergraphs. Over the past 40 years, such games have
been extensively studied (Beck, 2008; Glazik & Srivastav, 2022; Hancock, 2019; Hefetz et al.,
2014; Krivelevich, 2011; Liebenau & Nenadov, 2022; Mikalacki & Stojakovi¢, 2017).

In particular, games such as the connectivity and minimum-degree-k games can model
adversarial scenarios in emergency infrastructure deployment. For instance, consider a
situation where Maker represents a government agency tasked with establishing a commu-
nication network between critical locations (e.g., hospitals, shelters, or command centers)
after a natural disaster. In the (a:b) setting, Maker secures 4 communication links per
round, while Breaker permanently blocks b links due to natural obstacles, logistical failures,
or conflicting operations. Once an edge is either claimed by Maker or blocked by Breaker,
it cannot be used again. These games capture the strategic allocation of non-shareable
resources under pressure and reveal threshold phenomena that determine the minimum
advantage Maker must have to ensure global properties such as full connectivity or fault
tolerance, even in the face of persistent disruption.

Let F be a family of subsets of a finite set X. In the biased (a : b) Maker-Breaker game
played on the hypergraph (X, F), two players, called Maker and Breaker, alternately claim a
and b—previously unclaimed elements of X, respectively. The set X is called board, and the
elements of F C 2% are the winning sets. Maker wins the game if they occupy a winning
set; otherwise, Breaker wins.
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The threshold bias for the (a : b) game is defined as follows: given a Maker—-Breaker
game (X, F) and a > 1, let by(a) be the unique positive integer such that Maker has a
winning strategy for all b < bp(a), whereas Breaker has a winning strategy for all b > by(a).
Such an integer must exist, as Maker—Breaker games are known to be bias-monotone.

Determining the asymptotic threshold bias in Maker-Breaker subgraph games remains
a significant challenge, especially for targets that contain cycles—a problem first raised
in the foundational work of (Chvétal & Erd&s, 1978). One such game is the triangle game,
where the board is the edge set of the complete graph Kj;, and Maker’s goal is to occupy all
three edges of a triangle. A notable advancement in this direction was recently made by
(Glazik & Srivastav, 2022), who substantially reduced the gap between known upper and
lower bounds in the triangle game.

In this paper, we study two variants of the Maker-Breaker game: the minimum-
degree-k game and the connectivity game. Both are played on the complete graph K;, with
n vertices, where the board is the edge set of Kj;. The winning sets for Maker consist, respec-
tively, of all spanning subgraphs with the minimum-degree at least k, and all connected
spanning subgraphs.

1.1. Previous Work

The biased (1 : b) connectivity game was introduced by (Chvatal & Erdés, 1978).
Maker wins the connectivity game if he is able to occupy the edges of a spanning tree, thus
winning. The authors proved thatif b > (1+0(1)) {Z-, then Breaker wins the game, and

Inn’

ifb < (}I — 0(1)) - then Maker has a winning strategy to occupy a spanning tree. The

problem of determining the exact leading constant for the threshold bias of the connectivity
game was one of the famous open problems in Maker—Breaker games until it was resolved
in a paper by (Gebauer & Szabo, 2009).

An earlier improvement came in a paper by (Beck, 1982), who showed that Maker wins
the connectivity game for b < (In2 — 0(1)) =% Later, (Gebauer & Szabo, 2009) established

Inn-

the asymptotically optimal threshold bias for this game, showing that Maker has a winning
strategy if b < (1 —0(1)) 2~

Inn*
They further demonstrated that Maker can occupy not only a spanning tree but even
an induced subgraph with minimum-degree k = k(n) < lan“” in the (1 : b) minimum-

degree-k game, provided that

b<(Inn—Inlnn— (2k+3)) ——.
In“n
The techniques developed in their proofs have since been used in several works on Hamil-
tonicity, connectivity, and strong connectivity of graphs, digraphs, and randomly perturbed
graphs (see, e.g., (Clemens et al., 2021; Frieze & Pegden, 2021; Hefetz et al., 2012; Krivelevich,
2011)).

Hefetz et al. (2012) considered the general (a : b) connectivity game, where both a and
b may be greater than 1. For a = cInn, where 0 < ¢ < 11is a constant, they proved that the
threshold bias lies between

(1-0(1) =" and min{cn, (1+ 0(1))2:}.

For ¢ > 1, they showed that the threshold bias lies between

2cn

(1—o(1))" T

c+1

and (1+0(1))

In both cases, the lower and upper bounds do not match in their leading terms.
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In this paper, we resolve this problem by proving that Breaker has a winning strategy

whenever
cn

b> (1+O(1))c+1

for any a = cInn, where ¢ > 0.

1.2. Our Results

Unless stated otherwise, Breaker is assumed to move first in all (a : b) games consid-
ered in this paper.

1.2.1. The (a : b) Maker—Breaker Minimum-Degree-k Game

We show that in the (a : b) Maker-Breaker minimum-degree-k game, for

[ n
a—o( 1r1n> and k =o(lnn),

Maker has a winning strategy if

an

b=<(1 70(1))a+lnn'

thus involving the parameter 4 directly in the threshold bias. Moreover, for

a= Q<\/E) and k=o(a),

b<(1-o(1))n.

Maker wins whenever

Both results extend the work of (Gebauer & Szabd, 2009) to a wide range of values for a.

A new analytical technique is introduced for the Maker strategy, where a vertex is
considered dangerous if its degree in the Maker’s graph is less than k — 1. While (Gebauer &
Szabo, 2009) define the average danger of a multiset of vertices for Maker and Breaker based
solely on the number of distinct elements, our approach accounts for the fact that a vertex can
become dangerous multiple times during the game. Consequently, we compute the average
by considering both the distinct vertices and their repetitions. This refinement allows for a
more accurate representation of the game’s dynamics with respect to Maker’s strategy.

Moreover, the technique of computing the average value of a multiset used by
(Gebauer & Szabo, 2009) introduces complications when comparing the averages of two
multisets. In this paper, we propose an alternative approach that allows us to derive a gen-
eralized form of Theorem 1.2 from (Gebauer & Szabd, 2009), without needing to distinguish
whether the multisets are identical.

At this point, the question is whether there exists a strategy for Breaker such that he wins

ifb > (1 +0(1))% in the case where a = 0(1 /ﬁ) and k = o(Inn), orif b > (1+0(1))n

whena = Q) / ﬁ) and k = o(a). Establishing these bounds would determine the asymptoti-
cally optimal threshold bias. We are able to prove both of these statements.

Furthermore, for the (a : b) connectivity game, our result for k = 1(= o(Inn)) in the
casea < In(n) (: 0 (, / ﬁ)) implies that Breaker winsif b > (14 0(1)) #ﬁ(m, improving
upon the weaker bound b > (1+ 0(1)) ="~ stated in (Hefetz et al., 2012).

In(an)

Our proof relies on the BoxMaker game technique introduced by (Chvatal & Erdés,

1978), in which Breaker plays the role of BoxMaker. This technique was employed by
(Gebauer & Szabo, 2009) to devise a winning strategy for Breaker in the minimum-degree
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(1 : b) Maker-Breaker game. Later, Hefetz et al. (2012) adapted the same approach to
demonstrate Breaker’s win in the (a : b) Connectivity Maker-Breaker game.

In our approach, we begin by constructing an instance of the BoxMaker game using a
clique in the complete graph K. The size of this clique plays a crucial role in determining
the threshold bias: the larger the clique, the more difficult it becomes for Maker to prevent
Breaker from isolating vertices.

In the earlier work of Hefetz et al. (2012), for a < Inn, the clique size was set to

In contrast, our analysis allows for a smaller clique size, namely,

= s |

1.2.2. The (a : b) Maker—Breaker Connectivity Game

Hefetz et al. (2012) showed that if 2 = cInn for some 0 < ¢ < 1, then the threshold
bias by(a) satisfies

cn

(1= 0(1) 5 < tola) < min{en, (1-+0(1) 5 |,

and if a = cInn for some ¢ > 1, then

cn 2cn

(A —o(W) 7 <bola) < (X+o0(1)5 -

They posed as an open problem the task of narrowing the gap between the lower and upper
bounds on by(a).
Our result for the (a : b) minimum-degree-k game, witha = cIlnn (= 0( ﬁ)) for

somec > 0,k =1(=o(lnn)),and b > (1+ 0(1))%(: (1+0(1)) ), immediately

implies a win for Breaker in the connectivity game.
Remark 1. When not necessary, we omit the ceiling and floor signs.

2. Minimum-Degree-k Game

Recall that Breaker moves first.

2.1. Winning Strategy for Maker

We introduce the notion of danger for each vertex, from the perspectives of both Maker
and Breaker, and present a strategy designed to minimize the risk of losing the game
for Maker.

Definition 1. Let Gy and Gp denote the subgraphs of G formed by the edges claimed by Maker
and Breaker, respectively. For each vertex v € V, let dps(v) and dg(v) denote its degree in Gyy and
Gp, respectively.

*  Awertex v is said to be dangerous if dps(v) < k — 1.
*  The danger of v is defined by

D(v) :=dp(v) — - ~dp(v).
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e Avwertexv € V is called saturated if all its incident edges have been claimed, i.e.,

dpy(v) +dp(v) =n—1.

Maker’s Strategy. At each round i > 1, Maker makes a sequential moves. In the jth step
of the ith round (for 1 < j < a), he proceeds as follows:
()

1. Selects a vertex v;'” € V of maximum danger (i.e., one that maximizes D(v) over all

veV)
2. Claims an arbitrary free edge incident to v

()

i

This greedy strategy ensures that Maker continually reinforces the most vulnerable

vertices, with the aim of eventually achieving degree at least k for every vertex in Gy.

To analyze Maker’s minimum-degree strategy, we introduce the concept of average
danger.

Consider the sth round of the game, for some integer s > 2, and let v; be a particular
dangerous vertex at this stage. For each 1 < i < s, denote by M; and B; the ith move of
Maker and Breaker, respectively.

According to Maker’s strategy, the vertices Ugl), ceey vga), vgl), ceey véﬂ), eesy vgl_)l, .,
were those of maximum danger immediately before the corresponding step j in Maker’s

UsEa—)l

ith move.
Foreach1l <i<s—1,let

As_j = {{vgl_)i,. ..,vga_)i, ... ,vgljl, . ..,vgajl,vs}}

denote the multiset of vertices among
{{vgl),_ LoD, oW, e ..,vg”jl,vs}}

that are dangerous immediately before Maker’s (s — i)th move. We define A; := {vs}.
Note that the same vertex may appear multiple times in the above multiset, reflecting
the fact that a given vertex can remain dangerous over several rounds.

Definition 2 (Average Danger). We define the average danger of a multiset A;_; as follows:

D D
(i) Dm(As—i) = M

Maker’s perspective, immediately before Maker begins his moves in round s — i.
— / D w’
(i) Da(A, ) = 2wt P

Breaker’s perspective, immediately before round s — i.

is the average danger of the vertices in the multiset As_; from

is the average danger of the vertices in the multiset As_; from

Note that round s — i begins with Breaker’s move. Therefore, the values of Dy;(As_;)
and Dp(A;s_;) generally differ.

In the following two lemmas, we establish lower and upper bounds on the average
danger. Maker plays according to the strategy defined in Section 2.1. To illustrate the
definitions, we focus on rounds s — i and s — i + 1 (Figure 1):
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round s — i rounds —i+1

Dpg (Asfi) — 5M(Asfi) ———————*> 5B (Asfi+1) — 5M(Asfi+1)

Breaker moves Maker moves Breaker moves
Bs; M;_; Bs_i+1

Figure 1. Schematic representation of the evolution of the average danger during two consecu-
tive rounds.
Proposition 1. For every 1 <i < s — 1, the following inequalities hold:

Dm(As—i) > Dp(As—i) and Dp(As—i) > Dp(As_it1).

Proof. The first inequality is immediate since during Breaker’s moves the Maker degree of
each vertex in A;_; remains unchanged, implying that the danger

2b
D(w) = dp(w) — —dm(w),
for w € A;_;, can only increase.
For the second inequality, let
As_; = {vii)i,...,vgti)i,. . .,vgl_)l,...,vga_)l,vs}

and fix an arbitrary vertex u € A;_;. Since u is dangerous just before Maker’s move, M;_;,

its danger value

D) = dy(u) — odyi(u)

can only decrease during Maker’s move M;_; (because Maker’s actions increase d () or
leave it unchanged).

Moreover, by the strategy, Maker selects the vertices vgi)i, s, vgf)i — those with the
highest danger values among all vertices in A;_;—one after the other in move M;_;.
Consequently, the minimum danger among these chosen vertices (evaluated immediately
before M;_;) is at least as large as the danger of any vertex in Ag_;.

After Maker’s move M;_;, the set of dangerous vertices is updated to A;_;1; however,
since Maker’s moves do not increase danger, the maximum danger among the vertices
in As_j+1 (measured immediately before Breaker’s move B;_;;1) is no greater than the
minimum danger among {vgl_)l., ey, via_)l-} from before M;_;.

It follows that

Dpm(As—i) > Dp(As—iv1),

which is the desired inequality. O

Definition 3. Let ¢ : {1,...,s} — N be the function such that g(i) denotes the number of edges
Breaker has claimed during the first i — 1 rounds of the game, where both endpoints lie in the
multiset A;.

Lemmal. Let 1 <i <s—1,and let p be the number of edges {x,y} claimed by Breaker during
his move in round s — i, with both endpoints x,y € Ag_;. Then:

a . .
p< oAl + (3) +5ls—i+1) ~gls =)
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Proof. Before his (s — i)th move, Breaker has claimed exactly g(s — i) edges with both
endpoints in A;_;. Thus, during round s — i, he claims an additional p edges with both
endpoints in A;_;, so that by the end of the round, the total is g(s —7) + p.

Recall that the multiset A;_; consists of the a vertices selected in round s — i together
with the vertices in A;_;,1; that is,

AS*I’ = {{Ug(,lf)y o Ivgi)l}} LH AS*H*l/

where W denotes the multiset union.

There can be at most (3) edges connecting pairs of vertices within {{vilji, ceey véajl}}
Moreover, each of the a vertices in this set can be incident with at most |As_; 1| vertices
from A;_;.1, contributing at most a - |A;_; 1| additional edges.

Hence, the total number of edges with both endpoints in A;_; after round s — i is
at most

. . a
gls—i)+p<gls—i+1)+a-|Asipq|+ (2>
Rearranging the terms yields
a . .
p< o Acial+ (3) +gls—i+1) - gls =),
which is the desired inequality. O

Lemma 2. For every integer i such that 1 <i < s — 1, the following inequalities hold:

(i)

0 < Dunlfa—s) = Dplds-s) < aiz—ilil = %
(ii)
Dai(As_i) — Dp(As_) < b‘”2+ﬂ+(§)+gcl(;—i+1)—g(s—i)H'
Proof.

(i) The first inequality follows immediately from Proposition 1. During round s — 1,
Breaker claims b edges, causing the total Breaker-degree of vertices in A;_; to increase
by at most 2b. Since Dp(As_;) is a linear function of these danger values, this implies

Dp(As_;) increases by at most

- during Breaker’s move.
ai+1

(ii) Letg = b— p, with p defined in Lemma 1. During Breaker’s move in round s — i, the

sum
Y (do(u) — Ldu(u))

MEAS_,'

increases by at most 2p + g = p + b. Consequently, Dg(A;_;) increases by at most

f ,trpl- Applying Lemma 1, we derive:
Du(A Ds(A._;) < 2EP
M( S—i)_ B( s—i) S S

b+alAs | + (5) +gs—i+1) — g(s—1i)
ai+1
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b+a(ai-1)+1) + (5) + gs—i+1) — g(s—i)

ai
b—a*+a+ (5 +g(s—i+1) — g(s—i) o
- ai ’
This completes the proof.
O
Corollary 1. For every integer i with 1 < i < s — 1, the following holds:
= 20 b—a?tat () +gs—it+1)—g(s—i
Dp(As—i) = Dp(As—is1) — mln{m., &) ga(i )8 )+ﬂ}-

Proof. By Proposition 1, we have

Dg(As—it1) — Dp(As—i) < Dm(As—i) — Dp(As—y).

Applying Lemma 2 then establishes the stated inequality in Corollary 1, and the proof
follows. [

Claim 1. We recall the following well-known inequalities involving the harmonic numbers

(a) Forallk €N,

(b) Forallintegersi,j € Nwithj>1,
H] — Hi S 11’1(]) - ln(z) .

Proof. We use the fact that the function f(x) = % is positive and decreasing on [1, c0).

(a) e Upper Bound

L1 kol k1
Ho=1+). - <1+) [ —dv=1+ [ Zdx=Tn()+1
i=2 ! = /i1 X 1 x
o Lower Bound
1 ko i+l q k+1 1
- > —dx = —dx =In(k+1).
i_Z/i x=[ n(k+1)

(b) We have

Lemma 3. The following inequality holds:

Ds(As) < 2 (In(s —1) +1).
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Proof. Before round one starts, neither Breaker nor Maker has claimed any edge; hence

Dy (Ar) = 0.
We proceed as follows:
0 = Dy(Ar)

= 2b

> Dp(Ay) — I (by Corollary 1)
- 2b 2b

2 DB(AS) - m — = ; (by Corollary 1)
= 2b

= Dp(As) — — He—1

> Dp(As) — Zlin(s—1) + 1],

where in the last inequality we used H;_1 < In(s — 1) + 1. Rearranging yields

2b

ﬁB (As> < P

(ln(s ~1) + 1),
as claimed. O

Lemma 4. Let r € N. The following inequalities hold:
(i) Ifs>r,then

<

-1

Dp(As) < E(Zln(s —1)—In(r)+1) - a . In(r) + ra.
(i) Ifs <r, then
Dp(A;s) < Z(l +1In(r)) — % In(r) + ra.

Proof.

(i) We start by observing that Dg(A7) = 0, since no edges have been chosen before round

one. Then:
0="D5(A)

— 2b

> Dp(Ay) — aG-1) (by Corollary 1)
— 2b 2b

> [ W A

> Dp (As r) aG—1) 20 +1) (by Corollary 1)
— 2b 2b

> _ .

= DB (A577+1) a (S — 1) P (7’ + 1)

2 a — 1) —g(s—
B b—a +a+(2)+ga(j r+1)—g(s—r) — a (by Corollary 1)
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_ 2b 2b
> —_—_— i
> Dp4s) = oo a(r+1)
b et igGoriD) g6
ar
b—a 2 —8(s—1
. b-a +a+(2)zg(5) §s-1) (by Corollary 1)
_ 2b
= DB(AS) - ;(sll + +”+Ll)
CPrar(® —a*+a+(;
ot sty

st 2 2)
> Dp(A baH—H)+H) + =iy
B( s) - ;(( s—1 — r) r) 5 7 ra

(since g(s) = 0and g(s —i) > 0)

> Dp(4s) — %(Z(IH(S—l)—ln(r))—l—ln(r)_|_1) + a;l In(r) — ra,

where in the last inequality we used H; < In(j) + 1. Rearranging gives

Dp(4s) < %(2 In(s —1) — In(r) + 1) - Q In(r) + ra,

as required.

(ii) First, recall that Dg(A;) = 0. Then, using Corollary 1 repeatedly, we obtain:

0 = Dp(Ar)

> Dp(Az) — b‘“z”l‘?_ﬁf (2)—s()

Da(a) - LoCHat @) 4@ —g)  boarat()+a()-5()

>
- , a(s—1) a(s—2)
— a — -1
N A T R RE R (L TR
_ b a—1
= DB(AS) Y s—1 + aHs_1 — Hs_q1 — THs—l

> Dp(As) — %Hs_l 4+ ! Hy_1 — (s—1)a (since g(s) =0and g(s —i) > 0)
> Dy(As) — %(1+In(s)) + ”;1 In(s) — sa
> Dp(As) — %(1—|—ln(r)) + —1 In(r) — ra
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Since s < r and the function x — ‘71 In(x) — xais decreasing on [1,+c0), we

conclude that

Dp(As) < %(1+ln(r)) _atld

In(r) + ra.

This completes the proof.
O

Theorem 1. Suppose Maker follows his strategy described in Section 2.1. Then, the following
assertions hold:

(i)  Forevery e > 0, there exists an integer no(€) such that, for all n > ng(e), Maker can construct
a spanning subgraph of Ky, with minimum-degree at least k = o(In(n)), provided that:

an

azo( ln(nn)> and bg(l—s)m.

(ii)  Forevery e > 0, there exists an integer no(€) such that, for all n > ng(e), Maker can construct
a spanning subgraph of Ky, with minimum-degree at least k, given that:

a —Q( ln?n))’ k=o(a), and b<(1—¢)n.
Proof. Assume for a moment that Maker loses the game, say in round s. Then, there
exists a vertex vs with dy(vs) < k— 1. Before round s, Breaker has claimed at least
n—1—dy(vs) —b > n—k — b edges incident to vs, so we have dg(vs) > n—k —b at
that moment. Since A; = {vs}, it follows that Dg(As) = D(vs). By definition of D(vs),
we obtain:

Di(As) = D(s) = dp(v) — odpa(es) 2 n—k—p— 2EL),

Maker's strategy prescribes easing a dangerous vertices in every round. Before round s,
he has claimed exactly a(s — 1) edges. We now show thata(s — 1) < kn.

Let A = {{vgl),. .. ,Uga),vél), .. .,vga), .. .,0291, .. .,Ugi)l}} be the multiset of danger-
ous vertices up to round s — 1. Each vertex in A can be eased at most k times, because v
is still a dangerous vertex with degree less than k — 1 in Maker’s graph. Therefore, all the
a(s — 1) edges claimed by Maker until round s — 1 are incident to vertices in A and each
such vertex has Maker-degree at most k — 1. Since each vertex of K, can appear at most k
times in the multiset A, we conclude that

a(s —1) < nk.

(i) Letr= ——andb= (1—¢){i;. By assumption, a = o(,/ﬁ) and k = o(Inn).
We distinguish between two cases.

Casel:s5 > 7.
By Lemma 4, we have:

2b(k —1)

n—k—>b— (21n(s—1)—lnr+1)—@lnr+m.

<D(os) < -
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Usings —1 < & .- and r = ——, we obtain:
n—k—b—@ S(ZInn+21nk 2Ina+Inlnn —Inn+2Ina+1)
(a—1) n n
2 ln(azlnn)+alnn
b (a—1) n n
= —(1 2Ink +Inl 1) — | .
a(nn—f— nk+Inlnn+1) 2 n<a2lnn)+alnn
This leads to:
(a—1) n n b
n—k+ < ln(a21nn) —— < (Inn+2Ink+Inknn+a+2k—1).
Thus,
(a—1)
o g () ~ s
Inn+a+2k—142Ink+Inlnn’
But since b = (1 — &) ;741 we obtain:

>
2k—14+2Ink+Inlnn
a+Inn "~ a+Inn 1+ #=liznktining

1-— k—|—(n)ln _%
(1—8) an an ) ( 2 (gzlnn) alnn )

which leads to a contradiction for sufficiently large n.

Case 2:5 <.
From Lemma 4, we have:

n—k—b—wSD(vS)SZ(1+lnr)—(az;1)lnr+m.
Using r = —j—, we obtain:

2b(k—1) b (a—1) n n
n—k—b— " < S(Inn—2Ina—Inlnn +1) - 1“(a21nn>+a1nn'

This yields the inequality:

n_k+(a;1)1n( (Inn4+a+2k—1-2Ina—Inlnn).

n ) n b

a’Inn alnn a

Isolating b gives:

k+( )h’l(uzlnn)_ﬁ

b>”'1nn+a+2k—1—21na—1n1nn‘

Since b = (1 — ¢) —4—, it follows that:

11+1nn’

ko (a—1) 1
(1—e). an an '(1n+ n ln(aZ?nn)alnn),

>
2k—1-2Ina—Inlnn
a+lnn " a+Inn 1+ Z=1=2na-ininn

which clearly leads to a contradiction for sufficiently large n.
(i) Setb = (1—¢)n, and assume that

a= QQ/%) and k=o(a).
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By Lemma 3, we have:

2b(k—1)
i < D(vs) <

n—k—b—

= | R

(In(s—1)+1).
Using the estimate s — 1 < %", it follows that:

n_k_b_zb(ka—l) 2b

< ;(lnk—i—lnn —Ina+1).

This yields the inequality:

a(n —k)

b> .
2(Inn+k+ 5§ +Ink —Ina)

Since b = (1 — ¢)n, we derive:

u_k

l1—¢en>n- 1
= i+ kT 2+ Ik —Ina)

1— K

an
— 7
1+ 21nn+2k+3lnk 2Ina

which yields a contradiction when 7 is large enough.
O

Theorem 2. Let 0 < 6 < & < 1. Suppose that one of the following holds:

(i) a= 0“/%), k=o(lnn), and b= (1-c¢) A=

(i) a= Q(\/%) k=o(a), and b= (1—¢e)n.

Then, following the strategy described in Theorem 1, Maker can, in at most %” rounds, construct a

graph of minimum-degree at least k such that the Breaker-degree of any vertex v with Maker-degree
less than k is at most (1 — é)n.

Proof. Maker follows the strategy described in Section 2.1. Suppose Breaker wins in
round s, meaning that immediately after B there is a vertex vs with dg(vs) > (1 —6) n and
dp(vs) < k—1. Then,

= 2b 2b(k—1

Dp(As) = D(vs) = dp(vs) — - dy(vs) > (1-6)n — b — #.
Since this condition only affects Maker’s strategy, the conclusions of Lemmas 3 and 4
remain valid. Hence, we can proceed exactly as in the proof of Theorem 1, except that the
definition of v; is adjusted to satisfy dg(vs) > (1 — ) n.

(i) Letr= p—andb=(1-¢) u-:lli:(n) By assumption,
a= 0(,/&) and k= o(In(n)).
We distinguish two cases.

Case 1: 5 > r. Arguing as in the proof of Theorem 1, Case 1 in part (i), we obtain

2b(k—1) b
(1=0)n—b - =" < D(v;) < E(Zln(s—l) —1n(r)+1)
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(ii)

Sinces — 1 < k7” and r = m, it follows that

(1-6)n —b — 2b(l;7—1) < Z(ln(n) + 2In(k) + Inln(n) + 1>
(a1 " n
2 1n<ﬂzln”) + alnn’
Hence,
a—1
b (1-d)n + (2 ) ln(uzlg(n)) = a0

In(n) + a + 2k — 1 + 21In(k) + Inln(n)

Since b = (1 —¢) % and (1 —¢) < (1 — §), the above inequality cannot hold for
sufficiently large 7.

Case 2:
s < r. As before, we get

(1-6)n — b —

and isolating b implies

(a—1)
(1=0)n + 5 ln(ﬂzlﬁ(m) ~ Th)
In(n) + a + 2k — 1 — 21In(a) — Inln(n)

b >a

For sufficiently large #, this yields a contradiction with

b:(1—e)% and (1—¢) < (1-20).

Setb = (1 — ¢) n, and assume that

a= Q(@) and k=o(a).

In the same way as in the proof of Theorem 1 (ii), we have:

2b(k — 1)

(1-8)n—b— p

< D(vs) <

=R

(In(s—1)+1).

Sinces — 1 < %”, it follows that:

(1—(5);1—b—M < za—b(lnk+lnn—lna+1).

This yields the inequality:

a(l—"9)n

b > .
2(Inn+k+ 5 +Ink —Ina)

For large n, this contradicts the assumption b = (1 — €)n, since (1 —¢) < (1 — ).
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2.2. A Winning Strategy for Breaker

In this section, we present a strategy that enables Breaker to win the minimum-degree-
k game.

For previous results on this topic, we refer the reader to the works of Hefetz et al. (2012),
and of (Chvétal & Erdos, 1978), which have already been discussed in the introduction.

The (a : b) Box Game

The (a : b) Box game is played on k pairwise disjoint sets Aq, ..., Ay of possibly
different sizes, with total size E?:l |A;| = t. These sets are often referred to as boxes, and
their elements as balls.

Two players, called BoxMaker and BoxBreaker, alternately claim a and b elements,
respectively. BoxMaker wins if he manages to claim all the balls in at least one box, while
BoxBreaker aims to prevent this.

This setting can also be described as a game played on a hypergraph # = (V,€),
where V = U;‘Zl Ajand € = {Aq,..., A} Lett:=|V].

The family {A;, ..., Ax} consists of pairwise disjoint sets whose total size is t. The
board of the Box game is said to form a canonical hypergraph of type (k, t) if the size difference
between any two boxes satisfies || A;| — |A;|| < 1forall 1 <i,j < k. We denote this game
by B(k,t,a,b).

The Box Game was introduced in 1978 by (Chvétal & Erd&s, 1978) for the special case
of one-sided bias, that is, arbitrary a but b = 1.

For the general (a : b) Box Game, (Hamidoune & Las Vergnas, 1987) provided neces-
sary and sufficient conditions under which BoxMaker can win when BoxBreaker starts the
game. Later, in 2012, Hefetz et al. (2012) established a sufficient condition for BoxMaker’s
win in the case where BoxMaker moves first.

A typical winning strategy for BoxMaker is as follows: whenever Breaker claims a
ball in a specific box, that box is considered lost for Maker. In the remaining boxes, Maker
selects balls in such a way as to maintain a balancing condition, namely |[A;| — |A;|| <1
for all boxes 7, j. Maker continues in this manner until he reaches a box that contains fewer
than a unclaimed balls.

We will use a sufficient condition for BoxMaker’s win in the game B(k, t, 4, b) as proved
by Hefetz et al. (2012).

Given positive integers a and b, define the function f as follows:

(k—1)(a+1), if1<k<b,
f(k;a,b) := { ka, ifb<k<2b,
\‘k(f(k - b]}(ﬂ;bb) ta- b) J ’ otherwise.

Lemma 5 (Lemma 6 in (Hefetz et al., 2012)). Let a, b and k be positive integers satisfying k > b
anda —b—1 > 0. Then,

k(a—b—1) M1
fla,b) > ka =1+ =——— ]; 7

Lemma 6 (Lemma 7 in (Hefetz et al., 2012)). Ift < f(k;a, b) + a, then BoxMaker has a winning
strategy for B(k,t,a,b).

Here is our strategy for Breaker:

Let
an

a+1Inn’

b=(1+e¢) a=o(yn), and h:= {"W

2(a+Inn)
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Breaker wins if and only if he manages to ensure that
dg(v) >n—k

for some vertex v € K,,.

He proceeds in two phases:

Step 1: Breaker builds a clique C of size at least & such that no vertex in C is incident to
any edge claimed by Maker. That is, Maker does not touch any vertex of C during this step.

Step 2: Breaker selects a vertex v € C, and claims n — k — h + 1 free edges incident to
v that are not in the clique C. As a result, the degree of v in Maker’s graph is strictly less
than k, and therefore Maker cannot win.

Let |C| denote the number of vertices in the clique C.

Breaker’s Strategy

First Step: Clique Construction

Set C; .= @.

Foreachi = 2,...,h, Breaker constructs a clique C;, as large as possible, satisfying the
following conditions:

(a) C;is a clique in Breaker’s graph such that dy;(v) = 0 for every vertex v € C; just
before Breaker’s ith turn. That is, no edge claimed by Maker is incident to any vertex
in Ci-

(b) |G| = [Ciq| +1.

After constructing C;, Maker claims a edges.

The construction process terminates once a clique C of size at least & has been built.

Second Step: Playing the Box Game

Let C be the clique constructed in the first step, so that |V (C)| > h and dp;(v) = 0 for
all v € V(C). Immediately after the construction of C, Maker may touch at most a vertices
in C. Let A C V(C) be the set of such vertices.

(¢) LetV* C C\ Abeasubsetof size h — a.

(d) For each vertex v € V*, let E, denote the set of edges incident to v that are neither
claimed by Maker nor part of the clique C.

(e) Define the hypergraph # = (V, &), where V := Uycy« Ev and € := {E, : v € V*}.
This hypergraph models an instance of the BoxMaker—Breaker game, where the nodes
are edges of Kj,.

(f) Breaker plays as BoxMaker in the auxiliary box game B(h —a, (h —a)(n —k —h +
1), b, a), and makes the first move.

Lemma 7. If Breaker, playing as BoxMaker, wins the box game
B(h—a, (h—a)(n—k—h+1), b, a),
then he also wins the minimum-degree-k game.

Proof. Let v be the vertex whose box E; is fully claimed by Breaker in the auxiliary box
game. By definition of E,, at least n — k — h + 1 free edges incident to v and lying outside
the clique C are now owned by Breaker.

Inside the clique C of size h Breaker already controls all & — 1 edges incident to .
Hence the total number of Breaker edges incident to v is

(m—k—h+1)+(h-1) = n—k
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Consequently, Maker can be incident to at most (n — 1) — (1 —k) = k — 1 edges at
v. Thus, the degree of v in Maker’s graph is strictly less than k, and Breaker wins the
minimum-degree-k game. [

We now show that, by following the strategy described above, Breaker can win the
minimum-degree-k game.

The proof will also verify that each step of the strategy, from (a) to (f), can be correctly
and effectively implemented. This includes the construction of increasingly large cliques
disjoint from Maker’s graph, the maintenance of the degree condition during the game,
and the successful reduction of the problem to an instance of the Box game where Breaker,
acting as BoxMaker, is guaranteed to win.

Theorem 3. For every € > 0, there exists no(e) € N such that for all n > ny(e), Breaker wins the
(a : b) minimum-degree-k game whenever

an
a+Inn’

k=o(n), a=o(vn), and b> (1+¢)

Proof. The first step consists of at most h moves, where

= | st |

and begins with C; := @. Suppose Breaker has already constructed cliques Cj, ..., C;, with
i € {1,...,h}. After Breaker’s i-th move, Maker has claimed at most 2 edges incident with
vertices in C;.

Claim 2. There exist at least a + 1 vertices uy, ..., u,11 that belong neither to the clique C; nor to
Maker’s graph.

Proof of Claim 2. At this stage of the game, the clique constructed by Breaker (C;) contains
at most h — 1 vertices. Additionally, Maker’s graph involves at most 2a(h — 1) vertices
(since in each of the previous & — 1 rounds, Maker claims at most a edges, each of which is
incident to two vertices). Hence, the total number of vertices occupied (those belonging to
C; and those claimed by Maker) is at most

ICil+2a(h—1) < (h—1)+2a(h —1) = (2a+ 1) (h — 1).

Sinceh —1 < m and a = o(y/n), for sufficiently large n, we have
(2a+1)n
-1 1< —0—— 1 .
2a+1)(h—1)+a+ <2(a+1nn)+a+ <n

Thus, at least a + 1 vertices uj, ..., 1,41 remain available, belonging neither to the
clique C; nor to Maker’s graph, and Claim 1 is proven. [

Breaker uses Claim 1 iteratively to enlarge the cliques C; until he obtains a clique C
with |C| > h. At that point he switches to the auxiliary box game B(h —a, (h —a)(n —k —
h+1), b, a) described in steps (c)~(f). By Lemma 7, a win for Breaker in this box game
implies a win in the minimum-degree-k game.

To justify that Breaker can always extend the current clique, note first that a = o(y/n)
implies a?> +a +alnn +Inn = o(n). Hence

a(a+1)_0 an
2 N\a+knn)
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Moreover,
(a+1)n o _an

(a+1)(—-1) < 2@+1Inn) — a+Inn’

With b = (1 +¢)

an , we therefore have, for sufficiently large 7,
a+Inn

b > (”;1> +(a+1)(h—1).

Consequently, in Breaker’s (i + 1)-st turn he can

1. claim all (“}') edges of the clique on the fresh vertices uy, . .., Uz1;

2. claim at most (a + 1)|C;| additional edges between {us, ..., 1,1} and C;.

Let X be the set of nodes of C; and let C; be the clique constructed on X U
{ur, o ugr )

Breaker may claim the remaining b — (“}') — (2 + 1)|C;| edges arbitrarily. Maker, in
contrast, can claim at most a edges incident to vertices in C; during his i-th turn. Conse-
quently, there is at least one vertex, say w, with Maker-degree 0. Vertex w can then be used
to construct a new clique C; 1 satisfying |C;| + 1 < |C;;1| and maintaining dy(v) = 0 for
all vertices v € Cj. 1.

In the second step, Breaker begins with a clique of size at least h, with dy;(v) = 0
for all v € V(C). Maker can select edges incident to at most a vertices from C. Let
A C V(C) be a subset of vertices with cardinality a, containing exactly these selected
vertices. Breaker’s goal is then to claim at least # — k — i + 1 edges incident to a particular
vertex vy € V(C) \ A.

As a result,

dB(Uo) > I’I—k, — dM(U()) = (n—l)—dB(U()) < k—l,

so Maker cannot achieve minimum-degree k. Breaker thus wins the minimum-degree-k
game.

We define the set V* = C\ A, and clearly, |V*| = h — a. For each vertex v € V*, the
number of edges incident to v not claimed by Maker and not included in C is n — h. Let E;
denote a subset of these edges with cardinality n — k — h + 1 for each vertex v € V*. We
construct the BoxMaker-Breaker hypergraph as H = (V, &) with vertex set V = J,cy+ Eo
and edge set £ = {E, | v € V*}. Breaker begins playing first as BoxMaker in the auxiliary
Box Game B(h —a,(h—a)(n —k—h+1),b,a).

By Lemma 7, if BoxMaker has a winning strategy for B(h —a, (h —a)(n —k — h +
1),b,a), then Breaker wins the (a : b) minimum-degree-k game on Kj,.

To establish that BoxMaker indeed has a winning strategy for B(h —a, (h —a)(n — k —
h+1),b,a), it suffices, according to Lemma 6, to demonstrate:

(h—a)(n—k—h+1) < f(h—a;b,a) +b.

Given a = o(y/n), we note that h —a > aand b —a —1 > 0 for sufficiently large n.
Applying Lemma 5, we have:

f(h—a;b,a) > (h—a)b—1+ (h—a)(b—a—1) W*a)/ﬂ*ll.
7 7 - a 122 i

Recall that the harmonic numbers H; = E{Zl % satisfy the following inequality (Chen, 2010).
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Therefore, we obtain:

f(h—a;b,a) > (h—a)b—1+ (h_“>(l;_“_l) <1n[h_ﬂ —1>.

a

Hence, it remains to verify that:

(h—a)(n—k—h+1) < (h—a)b—1+ (h*”)(if‘zfl) (m{haq 1) +b.

Dividing by & — a, then multiplying by a, gives:

a h—a ab
_k— <gh_ g _
a(n—k—h+1) <ab h—a+(b a 1)(ln{ p -‘ 1) to
leading finally to the condition:
a(n—k—h+mn|i2]) £in|e] — 14 po
b> .
a+1n [’%ﬂ — 14
Since this lower bound on b is asymptotically equivalent to ﬁ, and given that
b= (1+¢) %, the above inequality indeed holds for sufficiently large n. [

We note a straightforward bound on b that guarantees Breaker’s win.

Remark 2. Ifb > n — k, then Breaker can win the (a : b) minimum-degree-k game by claiming
n — k edges incident to a vertex v on his first turn, preventing Maker from reaching degree k at v.

We now determine the asymptotic optimal generalized threshold bias for this game, a
direct consequence of Theorem 1, Theorem 3, and Remark 2:

Theorem 4.

(i) Ifa= 0( m%) and k = o(In(n)), the asymptotic optimal threshold bias is a+‘f;‘(n).

(n

(ii) Ifa= Q( mn)) and k = o(a), the asymptotic optimal threshold bias is n.

Applying Theorem 4 with k = 1 immediately yields the following result for the
connectivity game:

Theorem 5.

(i) Ifa= o( 1n?n)>’ the asymptotic optimal generalized threshold bias for the connectivity

an
a+In(n)”

game is

(i) Ifa= Q< ln’(’n)> , the asymptotic optimal generalized threshold bias for the connectivity

game is 1.

As mentioned in the introduction, this resolves the open problem posed by Hefetz
et al. (2012).

3. Conclusions and Open Problems

In this paper, we investigate the (a : b) Maker-Breaker minimum-degree-k game
and establish new upper and lower bounds on the threshold bias, thereby extending the
foundational results of (Gebauer & Szabo, 2009). A key objective of our work is to identify
and analyze cases where the threshold bias can be determined precisely in the asymptotic
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sense. Notably, we resolve an open problem posed by Hefetz et al. (2012) concerning the
connectivity game, by determining its exact asymptotic threshold bias.

However, many cases remain in which the threshold bias is not yet fully character-
ized. For example, based on the proof of Theorem 1 and the result of Theorem 3, when
up <k <oy, vy = o(n), uy = Q(lnn), and a = o(v/n/Inn), the threshold bias by(a)

satisfies
an an

(1=0(1)) o < bofa) < (1+0(1))

This leaves a gap between the lower and upper bounds that still requires refinement.

‘a+1Inn’

We believe that narrowing this gap would be of significant interest and would warrant
further investigation.
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Nomenclature

Summary of main notations used in the paper:

Symbol Description

Ky Complete graph on n vertices

a,b Bias parameters in the (a:b) Maker-Breaker game
bo(a) Threshold bias function for fixed Maker power a

up =o0(vy) Ve>0,3ng e N,Vn>mng: |uy| < elvy]
Uy =Q(vy) Fc>0,3Ing eN,Vn>ng: clog| < |uy|
[x] Smallest integer that is greater than or equal to x.
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