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Inhaltsangabe

In topologischen Supraleitern kénnen Majorana Nullmoden existieren, diese konnen
fur Quantencomputer genutzt werden. Magnet-Supraleiter-Hybrid (MSH) Systeme,
hergestellt aus konventionellen Supraleitern, bilden eine vielversprechende Basis, da
die magnetische Struktur topologische Supraleitung induzieren kann. Ebenso kann die
magnetische Struktur dabei eine nicht-triviale Spin-Topologie aufweisen.

In dieser Arbeit werden realistische MSH-Systeme im Hinblick auf die magnetische Struktur
sowie auf induzierte topologische Supraleitung untersucht, wobei der Schwerpunkt auf
der Beziehung zwischen der Spin-Topologie und der Topologie des Supraleiters liegt.

Ultradiinne magnetische Filme auf der Re(0001)-Oberflache werden als Modellsysteme
fiir MSH Systeme betrachtet. Komplexe magnetische Strukturen werden mittels Dichte-
funktionaltheorie (DFT) identifiziert. Die Wechselwirkungen, welche den Grundzustand
stabilisieren, werden anschlieffend mittles eines parametrisierten atomistischen Spinmod-
ells analysiert. Die Auswirkung der Spinstruktur auf die elektronischen Eigenschaften des
supraleitenden Substrats wird mit einem Tight-Binding-Modell untersucht. Simulationen
von spinpolarisierten Rastertunnelmikroskopie-Aufnahmen (SP-STM) erlauben einen di-
rekten Vergleich zwischen den theoretisch vorhergesagten magnetischen Grundzustdnden
oder Randzustdnden in Supraleitern und experimentellen Beobachtungen. Diese wurde
von Partnern der Universitdat Hamburg durchgefiihrt.

Fiir Pd/Mn- und Rh/Mn- Doppellagen auf einer Re(0001)-Oberfliche wird der ideale
3Q-Zustand - eine nicht-koplanare magnetische Struktur mit Tetraederwinkeln zwischen
benachbarten magnetischen Momenten — tiber DFT als Grundzustand gefunden und
experimentell durch SP-STM nachgewiesen. Es wird gezeigt, dass der Spinzustand in
einer spezifischen, hochsymmetrischen Orientierung an das atomare Gitter durch den
anisotropen symmetrischen Austausch koppelt. Aufgrund der Symmetrie des magnetis-
chen Zustands tragen andere Wechselwirkungen nicht zu der Orientierung bei. Eine
Verzerrung des idealen 3Q-Zustandes, z.B. durch frustrierte Austauschwechselwirkungen
hoherer Ordnung, verringert die Symmetrie. In diesem Fall kann auch die magne-
tokristalline Anisotropie zu der Orientierung beitragen, was zu einer anderen Ausrichtung
fiihrt. Dies zeigt eine Verbindung zwischen der Verzerrung und der Orientierung des 3Q-
Zustands, wodurch eine mogliche Verzerrung durch SP-STM Experimente nachgewiesen
werden kann.

Die nicht-koplanare Spinausrichtung im 3Q-Zustand fiihrt zu topologisch orbitalen Mo-
menten (TOM). Diese treten selbst ohne Spin-Bahn-Kopplung auf und bilden eine ferromag-
ntische Ordnung. In Fe/Ir-3/Re(0001) stabilisieren Austauschwechselwirkungen hoherer
Ordnung skyrmionische Gitter auf atomarer Skala im Vergleich zu Spinspiral-Zustanden.
Verschiedene skyrmionische Gitter werden als mogliche magnetische Grundzustdnde
betrachtet und mit experimentellen Messungen verglichen. Die Ordnung der TOM ist
bei allen diesen Gittern antiferromagnetisch, kann entweder kompensiert oder nicht
kompensiert sein. Das heifst, die gesamte skalare Spinchiralitdt verschwindet oder ist von
Null verschieden.



Durch kontinuierliche Transformation eines der skyrmionischen Gitter in ein anderes
kann die skalare Spinchiralitdt zwischen Null und einem endlichen Wert variiert werden.
Es zeigt sich fiir diese Systeme, dass starke topologische Supraleitung mit einer nicht-
verschwindenen skalaren Spichiralitat korreliert. Des Weiteren nimmt die Grofie der
supraleitenden Bandliicke mit zunehmender skalarer Spinchiralitdt zu.

Trotz einer geschlossenen Bandliicke, konnen antiferromagnetische Spintrukturen, mit
verschwindender skalarer Spinchiralitat, topologische Knotenpunkt Supraleitung (TNPSC
—engl.: topologigal nodal point superconductivity) induzieren. Hier wird gezeigt, dass
Randzustinde nicht nur an dem Ubergang zu trivialen Doménen sondern auch zwischen
zwei unterschiedlichen TNSCPs auftreten konnen. Im Allgemeinen klingen Randzustdnde
dabei unterschiedlich in beide Doménen ab, was zu einer Spinpolaisation des Randzus-
tandes fiihrt.

Experimente an Mn Mono- und Bilagen auf der Ta(110) Oberfldche stimmen gut mit den
theoretischen Ergebnissen iiberein. Die Monolage und Bilage reprédsentieren dabei zwei
Doménen unterschiedlicher TNPSC.
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Abstract

Topological superconductivity can lead to the formation of Majorana zero-modes, which
could be harnessed for topological quantum computing. Magnet-superconductor-hybrid
(MSH) systems, built with conventional superconductors, are a promising host platform
as the magnetic structure can induce topological superconductivity. Also, the magnetic
state itself can exhibit a non-trivial spin topology. In this thesis realistic MSH systems
are investigated with regard to the magnetic structure as well as induced topological
superconductivity, focusing on the connection between the spin topology and the topology
of the superconductor.

Ultra-thin magnetic films on the Re(0001) surface are considered as model MSH systems.
Complex magnetic structures are identified via density functional theory (DFT) calculations.
The stabilizing mechanisms are revealed by mapping the obtained total DFT energies
of various collinear and non-collinear spin states onto an atomistic spin model. The
effect of the spin structure on the electronic properties of the superconducting substrate
is investigated by a tight-binding model. Spin-polarized scanning tunneling microscopy
(SP-STM) simulations allow a direct comparison between theoretically predicted magnetic
ground states or edge states in superconductors and experimental observations, performed
by collaborators of the University of Hamburg.

For Pd/Mn and Rh/Mn bilayers on a Re(0001) substrate the ideal 3Q state — a non-coplanar
magnetic texture with tetrahedron angles between adjacent magnetic moments — is found
via DFT as the ground state and revealed experimentally via SP-STM. It is shown that
the spin state couples in a specific, highly-symmetric orientation to the atomic lattice
by the anisotropic symmetric exchange. All other interactions are not contributing to
the orientation due to the symmetry of the magnetic state. A distortion of the ideal 3Q
structure, e.g. by frustrated higher-order exchange interactions, lowers the symmetry.
In this case the magnetocrystalline anisotropy energy can also contribute, resulting in a
different orientation. This showcases a link between the distortion and the orientation of
the 3Q state, making a possible distortion detectable by SP-STM experiments.

The non-coplanar spin alignment in the 3Q state leads to topological orbital moments.
These occur even without spin-orbit coupling and order ferromagnetically. In Fe/Ir-
3/Re(0001) higher-order exchange interactions stabilize atomic-scale skyrmionic lattices
over spin spiral states. Different skyrmionic lattices are considered as potential magnetic
ground states and compared to experimental data. The topological orbital moments
order in an antiferromagnetic pattern for all lattices but can either be compensated or
non-compensated, i.e. have a vanishing or non-zero total scalar spin chirality, respectively.
By continuously transforming one skyrmionic lattice into the other, the scalar spin chirality
can be tuned between zero and some finite value. By quantifying the topology of the
superconductor for the transforming spin textures it is indicated that non-zero total scalar
spin chirality can induce strong topological superconductivity. Further the size of the
superconducting bandgap increases with larger scalar spin chirality.

Antiferromagnetic spin textures with vanishing scalar spin chirality can still induce topo-
logical nodal point superconductivity, although the system is gapless. It is demonstrated
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here that edge modes can not only occur on boundaries to trivial states, but also between
two different domains of topological nodal point superconductors. These edge modes
in general decay differently into both domains, which leads to a spin-polarization of
the edge state. For Mn mono- and bilayer on Ta(110) as the two domains of different
topological nodal point superconductors, the theoretical findings are in good agreement
with experimental data.
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1 Introduction

Technological development, which has an impact on everyone’s life, is closely linked to the
resources and scientific tools available. While most of today’s technology is constantly being
improved, some advances open fundamentally new path and lead to a fast acceleration of
research. The invention of the computer revolutionized the possibilities of performing
large-scale calculations and lead to the new field of computer simulations. The discovery
of the giant magneto resistance (GMR) effect [1, 2] allowed to construct hard-disk drives
with a large information density, small size and fast access. This discovery has created the
tield of spintronics [3, 4], where the spin degree of freedom of electrons influences transport
properties and can lead to the formation of complex spin structures with non-trivial
topology [5-8]. The field of spintronics offers a wide variety of possible applications, such
as improved and energy-efficient computing hardware [9] or neuromorphic computing [10].
The next revolutionary step might be the usage of fully operational quantum computers
[11]. These could solve problems, that are simply unsolvable for classical computers,
even in centuries. Quantum computers have already been built, but are right now very
limited in their usage. However, a lot of research is dedicated to their improvement
[12]. Different physical concepts are used for the construction of qubits, which form
the basis of a quantum computer [13-20]. While for most approaches many qubits are
necessary for error corrections [21-23], topological quantum computers are stable against
local perturbations, which gives them an intrinsic benefit [24-28]. Topological qubits
could be realized by spatially separated Majorana states, that can emerge in topological
superconductors [29]. Topological superconductors form promising host platforms for
Majorana states. Advances have been made in semiconductor-superconductor [30-33]
systems and magnet-superconductor-hybrid (MSH) systems [34-39]. While this research
field is relatively young and a definite proof of the existence of Majorana states is still
lacking, already advances are made to fabricate devices [40]. This makes the combination of
magnetic and superconducting materials a highly interesting branch of solid-state physics
and motivates the research of this thesis.

Isolated non-collinear spin textures such as skyrmions can lead to fascinating effects,
which depend on their non-trivial topology [42—46]. Such a magnetic skyrmion is shown
in Fig. 1.1a. On one hand, isolated skyrmions are metastable states that can be created,
moved and annihilated [47-51]. On the other hand, the non-coplanar arrangement of
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Figure 1.1: Isolated skyrmion and nanoskyrmion lattice. Each sphere with an arrow represents
the local magnetic moment of an atomic site in a hexagonal lattice. a Isolated skyrmion in a
ferromagnetic background. b Nanoskyrmion lattice as found in Fe/Ir(111) [41].

magnetic moments leads to transport phenomena, such as the topological Hall effect
[52, 53], or could induce topological superconductivity [54]. For both effects large tilting
angles between neighboring spins are beneficial. Large tilting angles can be achieved in
skyrmion lattices, in which many skyrmions form a periodic arrangement. The diameter
and distance of the individual skyrmions is controlled by the magnetic interactions, mostly
the Heisenberg exchange and Dzyaloshinskii-Moriya interaction. For certain combinations
of interactions the skyrmions can come so close and become so small, that each skyrmion
only consist of a few lattice sites. These atomic-scale skyrmionic lattices share some key
properties, such as the non-coplanar spin texture or a non-trivial topology, with the larger
isolated skyrmions. The non-coplanar spin alignment is an exceptional feature, since it
breaks the time-reversal symmetry for electron moving through the magnetic layer, even
when the magnetic moments are compensated [55]. A physical consequence of the broken
time-reversal symmetry is the topological orbital moment (TOM) [56]. It occurs even
without spin-orbit coupling (SOC) and is directly linked to the topology of the spin texture.
Therefore, it can be seen as a measure of the spin topology in complex atomic-scale spin
textures [57]. An atomic-scale skyrmionic lattice, as shown in Fig. 1.1b has firstly been
reported for a Fe monolayer on an Ir(111) substrate [41]. Also in other materials skyrmionic
lattices of a small scale could be found [58, 59]. Important interactions for the stabilization
of atomic-scale skyrmion lattices are higher-order exchange interactions (HOI) [41, 60] ,
which also enhance the stability of isolated skyrmions [61]. Such atomic-scale skyrmionic
lattices on superconducting substrates could induce topological superconductivity [62].

2 Chapter 1. Introduction
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Figure 1.2: Magnet-superconductor-hybrid systems. The black spheres represent a superconduct-
ing substrate. The spheres with arrows mark atoms with local magnetic moments of a magnetic
adlayer. a Ferromagnetic chain of magnetic atoms. A schematic spatially varying band gap is
sketched. The chain is assumed to be in a topological phase, while the uncovered surface is in a
trivial phase. At the end of the chain the band gap is closed due to the phase transition. The Fermi
energy is indicated by a gray line. b A magnetic island hosting the non-coplanar 3Q state.

Topological superconductivity has become a field of great interest as it might allow the
creation of Majorana quasi-particles [63]. In contrast to the idea, that each particle has a
distinct antiparticle Ettore Majorana proposed already in 1937 a particle, which is its own
anti-particle [64]. Since particles and antiparticles have an opposite charge this Majorana-
particle would need to be charge-less. While elementary particle Majorana fermions
could not been found so far, the research is more focused on Majorana quasi-particles in
condensed matter systems [65]. Quasi-particles are an excitation of a system, which exhibit
particle-like behavior [66]. For example, they can be created, annihilated and moved. One
example of quasi-particles are the already discussed magnetic skyrmions, which are an
excitation in a uniform magnetic field. In the case of Majorana quasi-particles they have to
tulfill the properties that elementary Majorana particles would have to.

In solid state-physics superconducting materials form a promising starting point for the
search of Majorana quasi-particles, since they have particle-hole symmetry, formed by
the Cooper pairs [29, 67]. At the transition between a topological and a conventional
superconductor with trivial topology Majorana quasi-particles can form as a superposition
of electron and hole states [68]. Topological superconductors are a special phase of
superconductivity. Topological and trivial superconductors have a superconducting
band gap !, which separates occupied and unoccupied states. When a topological and
trivial superconductor are brought in contact, the band gap has to close. This is called
bulk-boundary correspondence [69, 70]. At the interface between both areas zero-energy
Majorana modes occur. These states consist formally of half of an electronic and half of

!Note, that also gap-less topological superconductors exists. These are discussed later.
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a hole state. Therefore, they always have to occur in pairs. In Fig. 1.2a a ferromagnetic
(FM) chain on a superconducting substrate is sketched. The spatially varying size of the
bandgap is schematically indicated. In general the band gap of the uncovered surface and
the magnetic chain can differ. The magnetic chain is assumed to be in a non-trivial phase.
At both ends of the chain the band gap closes and zero-energy Majorana states can exist.

This makes topological superconductors a promising system to find Majorana quasi-
particles. The arising problem is now to find topological superconductors — ideally tunable
between topological and trivial phase. A conventional superconducting pairing forms
Cooper pairs from spin-up and spin-down electrons [67, 71]. Topological superconductors
can arise for unconventional superconducting pairing [29, 72]. Here Cooper pairs can be
formed by electrons with the same spin orientation. A great route towards topological
superconductors is the usage of a conventional superconductor, which are brought in
vicinity of a thin magnetic layer. The magnetism in these so-called magnet-superconductor-
hybrid (MSH) systems can induce effective unconventional pairing [73]. Usually magnetism
and superconductivity are known to exclude each other. Conventional superconductors
are perfect diamagnets, which expel magnetic fields. If the magnetic field is strong enough
to penetrate into the superconductor it suppresses the superconductivity. A spin mixing
can circumvent this problem, so that superconductivity can exist even in the presence
of a magnetic field. Finding a system with suitable interactions to induce topological
superconductivity turns out to be challenging. Various approaches have been taken to
obtain MSH systems. A good overview is given in Ref. [54].

Motivated by the thought experiment of the so-called Kitaev-chain [68], monoatomic chains
on superconducting substrates were investigated experimentally and theoretically [74-82].
As displayed in Fig. 1.2a magnetic adatoms are arranged on a superconducting substrate.
At each end of the chain a Majorana zero mode can exist. FM islands in systems with
large SOC were applied on superconducting substrates [34, 35, 74, 83]. Also isolated spin
textures, such as skyrmions are predicted to couple to superconducting vortices [84-87].
Interesting systems are also formed by non-coplanar spin textures, where the mixing of
the spin-channels occurs even without SOC [73, 88, 89]. As an example an island hosting
the 3Q state is shown in Fig. 1.2b. Zero energy edge modes can form at the boundary of
the island [83].

Besides gapped topological superconductors also gapless superconductors, so-called
topological nodal point superconductor (TNPSC) came into focus [29, 90]. Here edge
modes can occur only at boundaries with certain crystallographic orientations. These
TNPSC can occur in antiferromagnet (AFM) spin textures [39, 91] or be induced by spin
spirals [73, 92]. Also gapped topological superconductors exist, which have edge modes
only at specific edges, which is called weak topological superconductivity [93]. For a
so-called higher order topological superconductor (HOTSC) zero modes exist only at
corners of islands [93-96].

4 Chapter 1. Introduction



Besides the fact, that the spin structure can influence the superconductor, the magnetic
ground state can also be influenced by the superconductor, which is investigated in Ref. [97,
98]. Topological superconductivity can also be induced by nanoskyrmion lattices in
formerly not superconducting materials [99, 100].

A variety of atomic scale spin textures has been investigated in recent years. However,
only a few of them have been considered in the regard of topological superconductivity in
MSH systems. This work aims to systematically vary spin textures and study the effect on
a superconducting substrate.

Experimentally feasible film systems on Re(0001) substrates are considered. Re becomes
superconducting below 1.7 K. This makes the investigated systems potential candidates
for the experimental realization of topological superconductivity in MSH systems. The
low critical temperature of Re is a hurdle, but approaches exist to use proximity induced
superconductivity of materials with a higher T, e.g. Nb, to achieve a larger band gap [101,
102].

Different theoretical methods are used in this thesis. Density functional theory (DFT) cal-
culations are used to find the magnetic ground state of specific materials and parameterize
an atomistic spin model. This atomistic spin model is used to analyze the stabilizing
interactions and examine their general behavior. Within this thesis a tight-binding model
was implemented in order to study the interplay of magnetism and superconductivity.
Spin-polarized scanning tunneling microscopy (SP-STM) simulations are used for a direct
comparison of theoretical data and experiments performed by collaborators from the
University of Hamburg 2.

Here a Pd/Mn and a Rh/Mn bilayer on the Re(0001) surface were investigated via DFT,
where the non-coplanar ideal triple-Q state was identified as the magnetic ground state.
Therefore, DFT calculations and SP-STM simulations were performed and compared to
SP-STM experiments. Previously a distorted 3Q state has been proposed as the ground state
of Mn/Re(0001) [103, 104]. A parameterized atomistic model reveals, that the stabilization
of the 3Q state and possible distortions originate from HOI. Further the coupling of
the spin-structure to the atomic lattice in a highly symmetric orientation is found. This
coupling originated from the anisotropic symmetric exchange (ASE), while other SOC
effects cancel due to symmetry as shown here. A distortion of the 3Q state would lower
the symmetry. As a consequence also the magnetocrystalline anisotropy energy (MAE)
influences the coupling, which leads to different orientations. Therefore, the distortion and
orientation of the 3Q state are linked, which allows to distinguish the ideal and distorted
3Q state via SP-STM, even when the distortion angles are not resolvable directly in the
images.

2Dr. K. von Bergmann et al.
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The non-coplanar orientation of the 3Q state leads to the formation of ferromagnetic
ordered topological orbital moments (TOMs). The TOM occurs even in the absence of SOC
and can lead to unusal transport properties. Due to large tilting angles significant TOM
can also be expected for atomic scale skyrmion lattices. In Fe/Ir-3/Re(0001) HOI stabilize
such atomic scale skyrmion lattices. Due to skyrmionic and antiskyrmionic structures
an antiferromagnetic ordering of the TOM occurs. The opposite sign of the TOM for
skyrmionic and antiskyrmionic structures coincides with an opposite topological charge
for isolated skyrmions and antiskyrmions. This shows, that properties of larger isolated
spin textures can be transferred to atomic-scale lattices. The benefit of atomic-scale lattices
are the large tilting angles, which lead to larger TOM per unit area, than for e.g. an isolated
nanometer-scale skyrmion.

Some non-coplanar spin textures are predicted to induce topological superconductivity
even in the absence of SOC [73, 88, 89]. Here it is shown that large tilting angles induce
comparably large super conducting band gaps. To realize topological superconductivity in
MSH systems the size of the band gap is a crucial factor, because only large enough band
gaps allow for an experimental detection of topological in-gap states. For atomic-scale
skyrmionic lattices it is demonstrated in this thesis, that the total scalar spin chirality can
be seen as a precursor of topological superconductivity.

Edge states cannot only occur for gapped topological superconductors but also in TNPSC.
For Mn mono- and bilayers on a Ta(110) surface it is shown here, that edge modes occur
not only between TNPSC and trivial states but also between two different TNPSC. Further
edge states induced by AFM spin textures can be spin-polarized, which is a result of
different decay length of the edge mode into both TNPSC domains, as demonstrated here.

This thesis is structured as follows: Firstly the used theoretical methods are discussed.

In Sec. 2.1 the basics of conventional and topological superconductivity are discussed
and how it can be modeled in electronic structure calculations. Also, basic principles
of Majorana zero modes (MZM), which can occur in topological superconductors, are
described.

Within this work a tight-binding model has been implemented. In Sec. 2.2 the model and all
investigated quantities are described. This section should allow anyone to implement the
same model Hamiltonian and reproduce all calculations of this thesis. Explicit examples
are given, which can be used for comparison.

A broad overview over the key concepts of DFT and some details over the used features
are introduced in Sec. 2.3. An atomistic spin model has been parameterized by DFT
calculations and is used for physical interpretations. All magnetic interactions are shortly
discussed in Sec. 2.4. Special emphasis is given to the comparison of the topological charge
of spin textures and the scalar spin chirality. The latter is used to classify topological atomic
scale spin textures in this work.
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A good comparison of theoretical predictions and experimental data can be made via
SP-STM simulations. In Sec. 2.5 the basic principles of an STM, the Tersoff-Harmann model
[105] and an extension to spin-polarization [106, 107] are described. Further it is shown,
how SP-STM simulations can be performed based on an atomistic model, a tight-binding
model or directly from DFT.

In Chap. 3 an overview is given over the key finding of this thesis. Followed by a short
summary in Chap. 4. A detailed description of the results can be found in the four
publications, which are part of this work. These papers can be found in chapters Chap. 5,
Chap. 6, Chap. 7 and Chap. 8. Each of these chapters consists of the publication and
supplementary information.
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2 Theoretical background

This chapter presents the theoretical background for the publications that are given
in the chapters 5 to 8. Firstly an overview over topological superconductivity and
related phenomena is given. Afterwards the methods, which were used in this work,
are presented. These include a tight-binding model, density functional theory (DFT)
calculations, an atomistic spin model and spin-polarized scanning tunneling microscopy
(SP-STM) simulations.

2.1 Superconductivity

Topological superconductivity is a fascinating phenomenon, which is a promising candi-
date for fault tolerant-quantum computing [25, 108, 109]. One route towards topological
superconductors is the combinations of magnetic structures with conventional supercon-
ductors. A superconducting material is resistance free for electronic current [110-112]. In
the Bardeen-Cooper-Schrieffer (BCS) [113, 114] theory this phenomenon is explained by
the formation of so-called Cooper pairs [67]. In a Cooper pair two electrons with opposite
wave vector k are coupled by a weak attractive interaction. While the BCS theory does not
require a specific origin of this attractive interaction, it is often viewed as an interaction
mediated by a phonon. Note, that a Cooper pair is an effective description for weak
attractive interactions between many electrons. Each pair of distinct electrons interacts
only for a short time, since both are moving through the lattice [115]. The Cooper pair,
consisting of two electrons, has an integer spin, as both electrons are spin-1/2 particles.
Usually in conventional superconductors both electrons have an opposite spin, which is
called a spin-singlet, but also a spin-triplet for electrons with the same spin could exist
[71]. Due to their integer spin Cooper pairs classify as bosons in contrast to their fermionic
building blocks. Under the right conditions, especially low temperatures, the bosonic
Cooper pairs can form a Bose-Einstein-condensate [116]. Here all bosons can be in the same
ground state, which can be described by a single wavefunction. This bosonic wavefunction
does not depend on the number of Cooper pairs. Therefore, the particle number of Cooper
pairs is not preserved. This allows for example for the annihilation of a Cooper pair, which
creates two electrons, that are no longer bound in a Cooper pair, without altering the
ground state. This property is reflected in the electron-hole symmetry. Via creation or
annihilation of a Cooper pair an electron can be transformed into a hole or vice versa.
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The formation of Cooper pairs at energies close to the Fermi energy creates a supercon-
ducting band gap. The width of this gap depends on the coupling of the Cooper pairs,
which is material dependent. At a critical temperature T, a phase transition occurs, where
the superconducting properties vanish for T > T, [111].

A second property of superconductors is, that they are perfect diamagnets [117], i.e.
they expel magnetic fields !. When the external magnetic field becomes too large, the
superconducting state is suppressed. Here two distinct mechanisms exist. For type-I
superconductors [119], the superconducting properties vanish in the whole sample at
once. In type-II superconductors [120] so-called vortices can exist above a critical magnetic
tield B;, where the superconducting properties are only suppressed within a vortex.
Schematically this can be viewed as holes in the superconducting state. In a vortex a
quantized magnetic flux exists. If the magnetic field is further increased to a second critical
tield B, > B; a second phase transition occurs, where superconductivity is completely
suppressed.

While magnet-superconductor-hybrid (MSH) systems might seem contradictory, they offer
a great platform for topological superconductivity. An unconventional pairing can arise
due to spin-mixing mechanisms, such as Rashba-SOC or non-collinear magnetism [29,
54, 73] . When parameters of the system, like the spin-mixing effect are varied phase
transitions can occur between topological and conventional, i.e. trivial, phases. These
phase transitions can happen in the time domain, e.g. for a magnetic field varying with
time, or spatially. This thesis focuses on spatially varying properties, especially varying
magnetic structures.

To model boundaries, like magnetic islands, often the Bogoliubov de Gennes (BdG) formal-
ism is used [121, 122]. Here a mean-field approximation is made for the superconductivity.
A simple Hamiltonian in the BCS theory can be given by [29]

1 !’
H= Z 60102(1()(5;7101(02 + E Z V01020304(k/k )Ctkalciazc—k’agck’m , (21)

kO‘]UZ kk'U1GzG3G4

where €;,,(k) gives the non-superconducting energy dispersion. The superconducting
pairing is given by V4,00, (k, k), where the creation of two electrons with opposite wave

vectorct, ¢!

! ko, Cko, €aN be interpreted as the annihilation of a Cooper pair. Now a pair potential

Adldz(k) = - Z V(716203U4(k/ k,)<c—k'03ck'd4> (2'2)

Kk’ 0304

can be defined, where {c_s,Crs,) is the expectation value of c_ys,ci5,. Using a mean
tield-approximation the pairing potential can be approximated as the k-dependent function

'The magnetic field strength is exponentially decaying into the superconductor. The decay length is material
specific [118].
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2.1. Superconductivity

Ag,6,(k) [29]. The resulting Hamiltonian has the form
1
_ t tt
H= kz s, 0+ 5 kZ‘ 200, chy, + i (2.3)

where h.c. marks the hermitian conjugate. This form is often called the BdG Hamiltonian
[29, 123]. It can now be written in a matrix form, where the vectors contain only single

orbitals
Cx1
1 €2x2(Kk) Aoyo(k) Ck|
H== ct.ocf g g ( , (2.4)
P EA N a0 010 )| iy
cikl

where €;,,(k) and Asyo(k) are (2 X 2) matrices in the spin-space. This BAG Hamiltonian is
in the following used to describe topological superconductivity.

The eigen values of the matrix

(2.5)

H:[ e2a)  Azak) )
A~k —€3(-k)

are the eigen energies of the system.

2.1.1 Topological Superconductivity

Topology is a concept to group states of a system together, which can be transformed into
each other by continuous deformations. All states, that can be transformed into each other
by some continuous transformation, are called topologically equivalent. This concept
can be applied to various systems, which can have different definitions of continuous
transformations. A well known example is the transformation from a torus into a cup,
where all deformations that do not involve gluing or ripping the surface do not alter the
topological phase. Each topological phase hereby has a distinct number of holes, which
defines the topological invariant. All deformations, that include a ripping or gluing change
the number of holes and therefore the topological phase. For topological superconductors
all transformations that do not involve a closing of the superconducting band gap are
considered to not change the topological phase. Also here a topological invariant, like the
Chern number, can be defined. When a parameter of the system is modified in a way, that
the topological phase is changing, the band gap has to close at the phase transition. This
transformation could exist in time, e.g. by applying external fields, or spatially, e.g. by
changing some property of the material in a specific region of the sample. The later case is
referred to as the bulk-boundary correspondence [69, 70]. Strictly speaking this means,
on a boundary between two regions with different topological phase (different values of
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topological topological topological

trivial trivial trivial

weak TSC
nodal point TSC

strong TSC higher order TSC nodal points

Figure 2.1: Schematic drawing of edge modes for different topological superconductivity. The
blue square represents a magnetic island on a superconducting surface (white). The localization of
zero energy modes are displayed in red. a A strong topological superconductor has edge modes
at all boundaries. b For weak topological superconductors or nodal point superconductors edge
modes appear only on specific edges. ¢ For higher order topological superconductivity modes
appear only at the corners. d Sketch of nodal points in a 2D-BZ. The purple circles mark the location
of nodal points, where the superconducting bandgap is locally zero. Edge states, that occur for
edges along the x-direction are indicated by red wavy lines. Along a y-edge no edge states would
form, like indicated in b.

the topological invariant) the band gap has to be closed. The states occurring in the bulk
band gap are called edge states. These edge states are protected by the topology of the
two superconducting areas and cannot vanish due to local perturbations of the system.
Further away from the interface the two regions develop bulk like properties including
their band gap. This makes the zero-energy state localized at the boundary. Topological
superconductors have come into focus as they are good host systems for Majorana zero
modes [29].

Different kinds of topological phases can exist. In the so-called strong topological su-
perconductivity zero energy edge modes occur all the way around a topological island
on a trivial surface as a consequence of the bulk-boundary correspondence, as shown in
Fig. 2.1a. In contrast, the weak topological phase exhibits zero-energy edge states only on
specific edges, dependent on the geometry of the island [96]. This is exemplary sketched in
Fig. 2.1b. Even if on none of the edges modes are propagating, localized modes can exist
in the corners of the island, as shown in Fig. 2.1c, which is called higher order topological
superconductivity [94, 124]. A comparison between strong-, weak- and higher order
topological superconductivity can be found in refs. [93, 95].

While for strong topological superconductivity the bulk band gap is open across the
whole Brillouin zone (BZ), also superconductors exist, which have a closed gap at specific
k-points, while the gap is open for the rest of the BZ (Fig. 2.1d). This phenomenon is called
nodal point superconductivity [90, 94, 125-127]. Topological nodal points always appear
in pairs. For certain edge orientations two nodal points are connected by an edge mode [39,
91, 125], as indicated by wavy lines in Fig. 2.1d. This can lead to edge states only on specific
edges of an island, just like for the weak topological superconductivity (cf. Fig. 2.1b). If
multiple pairs of topological nodal points exist it could also happen, that edge modes are
located at all boundaries of an island, like for strong topological superconductivity. As a
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consequence it is not possible to deduct the type of the topological superconductivity only
from the existence of zero energy modes.

If topological superconductivity can exist in general in a system depends on the symmetries
of the Hamilton operator. The symmetries can be easily investigated, when the Hamiltonian
is written in a matrix from like Eq. (2.4). For general matrices symmetries can be represented
by an antiunitary operator O [128], which can be written as a unitary operator U and the
complex conjugation operator K as O = UK. Based on three symmetries, the time-reversal
symmetry, the charge-conjugation, also-called particle-hole-symmetry, and the chiral
symmetry, a matrix can be grouped into one of ten topological classes [129, 130]. These
classes, that are defined for any matrices, can be also related to the matrix representation
of the Hamiltonian [131] (cf. Eq. (2.5)). The BAG Hamilton matrices, which are used to
describe superconducting systems in tight-binding models, correspond to four of the ten
classes [131], which are listed in Tab. 2.1. For each class, depending on the dimension of
the physical system, topological invariants can be defined. Here Z, is a binary invariant
and Z is an integer invariant, like the Chern number. An entry of 0 means, that only trivial
states exist. The class of the system depends on the symmetries of the Hamiltonian. The
particle-hole symmetry is thereby fulfilled, when

CH(C™' = -H(-k) . (2.6)
is satisfied. The time reversal-symmetry requires
THWT ' = H(-k) . (2.7)

Each of those symmetries is present if one finds anti-unitary operators C or 7, that obey
these relations. To find the topological class now the operators are squared, which gives a
unity matrix with positive or negative sign. These signs are denoted in Tab. 2.1. When
no operator exists to obey Eq. (2.6) or Eq. (2.7) a zero is written. The third symmetry, the
chiral symmetry, is fulfilled, when the system is symmetric under the combination of the
tirst two symmetries.

The here used BAG Hamilton matrices contain electronic and hole states as well as spin-up
and spin-down states (cf. Eq. (2.4)). Such a matrix has the general form of

H'(k) H"(k
Hig=| 200 H 09 28)
H™() H'(k)
called electron-hole space. Each of the entries is again a matrix of the form
HY (k) HY (k
B = ) Tt 29)
B Hy, (k) Hy, (k)
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7 C S |1d 2d 3d
D 0O +41 0|2 Z O

Dir| -1 +1 +1|2, 2, Z
C o -1 00 Z O
cT(+1 -1 41,0 0 Z

Table 2.1: Four topological classes as defined by the tenfold way. The tenfold way allows
a classification of ten topological classes [131], where the four classes, that can occur in a BdG
Hamiltonian, are given here. The classification depend on the square of the operators 7, C and S,
which represent time-reversal symmetry, charge corrugation symmetry and the combination of the
former two. A value of 0 shows, that this symmetry does not exist. If the symmetry exists, the
sign of the square of the matrix, that fulfills this symmetry, is given. For up to three dimensions is
denoted, which type of topological invariant can be defined. Z; is a binary invariant, Z represents
an integer invariant and 0 means, no topological invariant is defined. Table adapted from [131].

referred to as spin-space. The symmetry operators are often written in terms of the Pauli
spin-matrices o, 0,, 0. , where 0y = 15, is additionally defined to get a full basis (see
Appendix A for explicit matrices). These matrices act in spin space and the same matrices
are used in electron-hole space, but labeled 7, 7,, 7, and 7, to indicate in which space
they are acting.

For the here used BdG Hamiltonian the particle-hole symmetry operator C is acting in the
electron-hole space and has the form

0010
0001
= 7, ® 0K = %K 2.10
C=t®0 1000 (2.10)
0100

which squares to C? = 1. Here ® is the Kronecker product. When no magnetic moments
are considered the Hamiltonian used in this work obeys Eq. (2.7) with

0 1 0 O

-1 0 0 O
T = 0, K = K . 2.11
To @ iy, 0 0 1 (2.11)

0 0 -10

Here 7 squares to 72 = —1. For the BAG Hamiltonians the chiral symmetry is fulfilled,
when the time-reversal and the particle-hole symmetry are present. Without magnetism
the Hamiltonian corresponds therefore to class DIII (see Tab. 2.1), where a Z; invariant can
be defined. The magnetic moments break the time-reversal symmetry, so that the system
falls into class D, where the Chern number can be defined in 2D. Note that for topological
nodal point superconductors still no Chern number can be defined, as the band gap is
closed. But other possibilities for classifications exist [132].
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2.1. Superconductivity

If a 2D system is for example in the topological class D it can be in a trivial or a topological
phase, depending on the exact parameters. If the system is in a topological phase depends
for example on the pair-potential (Eq. (2.2)). This is reflected by the matrix H @) (k) from
Eq. (2.8), which is often named A(k). This matrix has four entries in the spin space and has

the form
An(k) Aq(k
AK) = k) Ag(k) 2.12)
Apk) Ayy(k)
Conventional superconductors have spin singlet pairing, which is given by [29]
ésinglet(k) = AO(k)iay ’ (213)
where A is a scalar function. A triplet pairing can be written as [29]
Aiper (k) = d(k) - oioy, (2.14)

with a vector d(k). Also, a combination of both is possible [71], leading to the total pairing
of
Alk) = A

—singlet

() + Aypie(k) = [Ao(K) + d(K) - 0]io, . (2.15)

A singlet pairing has an even angular momentum of [ = 0, 2,4, ..., where the triplet pairing
has an odd angular momentum of [ = 1, 3,5, .... Dependent on the angular momentum
the pairing is called s-wave (I = 0), p-wave (I = 1), d-wave (I = 2) and so on [29, 72]. A
conventional s-wave superconductor is described by a constant, which is independent of the
wave vector Ay(k) = Ap. But due to a magnetic structure in a MSH system effective p-wave
pairing can occur. In Ref. [73] this is demonstrated for non-collinear and non-coplanar
spin textures. Here a simple example is given using a ferromagnetic structure and spin
mixing due to SOC. This example demonstrates how the interplay of magnetism, mixing
of the spin channels and conventional superconductivity can induce unconventional
superconductivity. The explicit form of all terms is given in Appendix A.2. A Hamiltonian
with the form of Eq. (2.8) and the entries

(k) = | JS N —2a(sin (k,a) + isin (k,a)) (2.16)
—2a(sin (k,a) — isin (k.a)) -JS
and
e | 0 Ao
HEM () = ( V- ) (217)

describes a periodic square lattice with lattice constant 4, as sketched in Fig. 2.2a. The other
two entries follow from H"(k) = —H"(-k) and H"9(k) = —H“"*(-k). The lattice has
FM oriented magnetic moments, which could also be interpreted as a uniform magnetic
field. The coupling strength is given by the parameter JS. The parameter a represents a
hopping between neighboring lattice sites, where the spin is flipped. This form of hopping
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is given by Rashba-type SOC interactions. An s-wave superconducting pairing is given by
A, which is independent of the wave vector. Now a unitary transformation

H=UHU (2.18)

can be applied, which diagonalizes H*(k) and H"(k), but does not mix electronic and hole
states (see Appendix A.2 for U). The new pairing matrix then has the form

—(e-h), JS  JS-BK)
H (k) = Aol(k) 1S + () s (2.19)
with the definitions
pk) = \/4512 sin®(k,a) + 4a2 sin’(k,a) + (JS)? and (k) = !
g Y a(isin(k.a) + sin(k,a))
(2.20)

This new pairing matrix is now k-dependent. The effective paring matrix from Eq. (2.19)
can be written in terms of the vector d(k) and A(k), following Eq. (2.15) as

0
Ao(k) = =Aop(k)C(k) and d(k) = Ao| —iC(K)JS | . (2.21)
CI)JS

The effective pairing is now a combination of singlet pairing and triplet pairing, as shown
by the non-zero vector d(k). The uniform s-wave pairing from Eq. (2.17) in the k-space
is shown in Fig. 2.2b. The effective pairing from one of the diagonal elements of H (e_h)(k)
is displayed in Fig. 2.2c. This pairing has the symmetry of p-orbitals yielding the name
p-wave superconductivity [72]. The real value of the pairing is thereby aligned with the
k, direction and the imaginary part with the k, direction. Therefore, this pairing can be
called p, + ip,-pairing. Up to a phase it is equivalent to p, + ip,-pairing. This effective
unconventional p-wave pairing can lead to topological superconductivity [133, 134]. This
simple example demonstrates how MSH systems, built from conventional superconductors,

can host topological superconductivity.

2.1.2 Majorana zero mode

Majorana fermions, predicted by Ettore Majorana [64], are particles, which are their
own antiparticles. The existence of Majorana fermions as elementary particles could not
been proven so far. A different approach to find Majorana particles is the construction
of quasi-particles, which are excitations that behave in a particle like fashion. Such
Majorana quasi-particles are theoretically proposed in condensed matter physics, when
superconductivity is involved [68]. However, a doubt free experimental observation of
the Majorana quasi-particles still remains an open issue. In many cases signatures of

16 Chapter 2. Theoretical background



2.1. Superconductivity
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Figure 2.2: Effective p-wave pairing. a Square lattice with a uniform magnetic field of strength JS,
rashba-SOC « and s-wave superconductivity Ag. b Isoline for one value of A(k) for conventional
s-wave pairing. ¢ Isoline for effective p-wave pairing obtained by a unitary transformation. The
pairing has the symmetry of p, and p, orbitals. The p,-components (p,) have imaginary (real)
values.

Majorana modes could be observed in experiments [31, 32, 34-36] . But in all cases up
to date the experimental finding could alternatively be explained by other phenomena
[30, 135, 136], not allowing for a definite proof of Majorana modes. Especially so-called
Andreev bound states [137, 138] are hard to differentiate from Majorana states. Andreev
states occur on boundaries or defects and are also located in the bulk band gap. In contrast
to Majorana states they are not located at zero energy, but can exist at very small energies.
This makes a really fine energy resolution necessary to distinguish between both. However,
a lot more research is expected in the next years, making also theoretical investigations
interesting. These Majorana quasi-particles in condensed matter systems are often referred
to as Majorana zero modes (MZM), as the state needs to be located at zero energy in order
to be its own antiparticle. Majorana states always have to appear in pairs, where a pair of
Majorana states is called often a Majorana bound state (MBS). In the following the main
idea for the construction of MZM in condensed matter systems is given. One can define
two operators y; and y, using fermionic creation and annihilation operators ¢' and ¢ as
yi=2c+c)  y=ic-ch) (2.22)
Both of these operators are hermitian and fulfill y; = y! and y, = y}. Therefore, the
creation operator is the same as the annihilation operators for y; and y,. Subsequently,
both new particles can be viewed as their own antiparticles, fulfilling the requirement for
Majorana states. The definition is up to now very artificial, as the construction of y; and y»
is a superposition of fermionic creation and annihilation operators, meaning fermionic
particles and antiparticles. How this can be realized is discussed later. For now these
definitions should be used to recreate a well known thought experiment called the Kitaev
chain [68]. The chain consists of a row of N electrons, as sketched in Fig. 2.3a. Following
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Figure 2.3: Kitaev chain and exchange of anyons. a Schematic representation of the Kitaev chain.
b Trivial and non-trivial exchange of two anyons. ¢ Schematic drawing of non-equal anyon braiding
operations.

Eq. (2.22) the electronic creation and annihilation operators can be written as

= Y1t 17/2 C=Y1— 17/2 (223)

Using this basis transformation each electron can be viewed as a superposition of two
Majorana states y; and y,. Consequently, the chain consists of 2N Majorana states, where
y1 and y; are alternating. In the thought experiment this chain of Majorana states can now
be regrouped to a chain with N — 1 electrons and two unpaired Majorana states at each end
of the chain. The length of the chain prevents the two Majorana states from overlapping
and annihilating. This spatial separation is crucial for the stabilization of a pair of Majorana
states, due to their main property, being their own antiparticle. While this seems like a
very naive model a similar approach has been used in many experiments, where a chain of
magnetic atoms was arranged on a superconducting surface. Superconductors are thereby
a natural choice, as superconductors have a particle-hole symmetry, where electrons and
holes behave like antiparticles. This existence of particles and holes at zero energy does
theoretically allow for the construction of Majorana states following Eq. (2.22). The zero
energy is here referring to the Fermi energy. The Fermi energy is not the zero-energy
for electrons, but for quasi-particle excitations, which are e.g. described by the BdG
Hamiltonian. These quasi-particles are formed by superpositions of electronic and hole
states. MZM in two-dimensional systems have another interesting property. They follow
non-Abelian exchange statistics and are therefore classified as anyons [139].

2.1.3 Non-abelian Anyons

The wavefunction of bosons and fermions behave different under the exchange of two
particles. The wavefunction for bosons 1, is symmetric, when two particles are exchanged

Up(r2, 11) = Pp(ry, 12) (2.24)

where the wavefunction of fermions 1 is antisymmetric

Yi(rp, 11) = —e(ry, 12) (2.25)
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which is represented by a change of the sign. This change of sign can also be written as a
complex phase

ll)f(rZ/ 1'1) = eiglybf(rll 1'2) s (226)

where 0 = . The execution of two exchanges consequently leads to the exact same
wavefunction, represented by a phase of 2m as

Pi(ry, 1) = €Yy, 11) = eeYi(ry, 1) = YPe(ry, 1) . (2.27)

In three spatial dimensions only these two cases of a symmetric or antisymmetric wave-
function exist. However in two dimensions also a third case exists, where the phase for
an exchange of particles can change at any amount. Particles following these exchange
statistics are called anyons [25, 140]. The composition of two exchanges in clockwise
fashion leads to a phase for the anyon wavefunction

¢; (rll I'z) = eize¢a(rl/ rZ) ’ (228)

where 0 # mand 0 # 0 (the O = © case would make the particles fermions and 6 = 0 would
be bosons). The clockwise fashion means, that in the coordinate frame of one anyon the
other anyon is following a full circle around the first anyon, as shown in Fig. 2.3b. If the
second anyon would perform a half rotation clockwise and a half rotation counterclockwise
the anyons would be back in the initial state. The choice of a full clockwise rotation over a
full counterclockwise rotation is arbitrary. The important point is, that the rotational sense
does not change for the second exchange. From a topological viewpoint the full rotation of
one particle around another leads to a path encapsulating the second particle, where in
the back and forth rotation the second particle is not encapsulated in the path, making
both paths topological different. As a consequence a state after two exchange operations
is now distinguishable from the initial state [141]. In Fig. 2.3c three anyons are shown.
For three particles now also the order of exchanges is important. The exchange of anyon
1 and 2, followed by an exchange of 1 and 3 leads to a different wavefunction, than the
exchange of particles 2 and 3 followed by an exchange of 1 and 3 . In other words the
exchanges of particles do not commute as it would be the case for fermions or bosons.
The non-commutation of exchanges allows for the so-called braiding of anyons, where
the final state depends on the history of exchange operations, which is indicated by the
lines. Anyon braiding is proposed to allow for unconventional computing operations [25,
141-144].
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2.2 Tight-binding model

Figure 2.4: Sketch of the interactions included S
in the tight-binding model. The gray spheres
represent atoms of a superconducting substrate.
The superconducting lattice sites are coupled via
the hopping parameter t and the Rashba-SOC
a. Each lattice site has the chemical potential
p and the superconducting order parameter A.
The cones represent the magnetic structure with
a magnetic moment S. The parameter | gives the
coupling to the magnetic moment.
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A tight-binding model describes the electronic structure of a condensed matter system by
expanding the systems wavefunction as a superposition of localized basis functions. In this
thesis a tight-binding model was implemented to investigate topological superconductivity
in MSH systems. This self-written code has been used for all calculations. In this chapter
the here used tight-binding Hamiltonian for a MSH system is presented. Further it is
described how physical properties such as the Chern number or local density of states
(LDOS) can be calculated from the solutions of the Hamiltonian. The focus is to give a
description which allows anyone to implement the same model and reproduce the results
of this thesis. In some cases explicit matrices or small examples are given, which can
be used to compare own implementations to the one used here. For many examples an
atomic-scale skyrmionic lattice (SkX), presented in Pub. II (called s-SkX state here) and
Pub. III, is used. The magnetic moments for this spin structure are explicitly given in
Appendix A.4. A more general description of the tight-binding model can be found in
Refs. [145-148] and in Appendix A.3.

2.2.1 Hamiltonian for magnet-superconductor hybrids

The tight-binding model, used for this thesis, includes five different contributions, each
represented by an interaction parameter. The parameters acting only on one lattice site,
so-called one-site parameters, are the chemical potential 1, the coupling to a magnetic
moment S and the superconducting order parameter A. The superconducting pairing is
treated in a mean-field approximation as described in Sec. 2.1. By a coupling strength | the
lattice site r; is coupled to a magnetic moment S; with magnitude S and direction s;. For the
interaction between two lattice sites, so-called two-site terms, the hopping parameter t and
the Rashba-type SOC parameter « are considered. The later one represents a hopping with
a spin-flip, while t preserves the spin. The Hamiltonian containing these five parameters is
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given by [73, 83, 88, 89, 149, 150]
H=-u Z ¢l Cio + A Z(czTch + ¢ 1Cip)+

i
Ztc“c —iZa"ch(e X Oygr) * €,C;
L,j%i oY 0 i,j% g \®1i—1; oo’ zL 0

i,j,0 i,j,0,0’

+] Z Sic] (81 Ooor)Cigr (2:29)

where CZU and c;; are the electronic creation and annihilation operators at the position r;
with spin o and o is the vector of the Pauli spin matrices 6 = (0, 0,,0,)" (see Appendix A.1
for Pauli matrices). e,,,, is the unit vector of the connection between lattice sites i and j
and e, the unit vector in z-direction. The summation indices i and j represent the lattice
sites and o and ¢’ represent the spin channel. Usually all parameters, including the energy
E, are written in units of the hopping parameter t. All interactions are marked in Fig. 2.4,
where a superconducting layer is represented by gray spheres. The one-site interactions
and A are denoted in gray and the two site interactions t and « in green. The directions of
the magnetic moments are displayed by cones and their magnitude is given by S. As ] and
S have the same effect on the superconducting substrate mostly just their product JS is
given. Each lattice site from the superconducting substrate is connected to exactly one
magnetic moment. If for example a bilayer system is modeled, the magnetic moment S
has to represent the effective moment at the superconducting lattice site. Note, that in this
thesis only a single layer with superconducting and magnetic properties is considered. An
extension to more than one layer is straight forward. The biggest challenge here would be
to chose physically reasonable parameters.

In principle, all interactions could vary over the lattice. In the scope of this thesis the
chemical potential u and superconducting order parameter A are constant over the lattice.
The hopping parameter t;; and Rashba-SOC parameter a;; are assumed to be isotropic
and therefore only dependent on the distance between the two interacting lattice sites.
For hexagonal lattices only nearest-neighbor interactions were considered and for the
bce(110) surface up to next-next-nearest neighbors. For the latter a decrease of the coupling
strength over the distance is assumed. The magnitude of the magnetic moment S is in some
calculations spatially varied, to model for example a magnetic island. The direction of the
magnetic moment s; is unique to each lattice site in the magnetic unit cell and depends on
the considered spin structure.

The Hamiltonian in Eq. (2.29) can be rewritten in a matrix form, when the creation and
annihilation operators are written in a vector form. For the lattice site i these have the
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vector form
Cit
C.
t_( 4t .
¢ = ( Cir €y Cip Cil ) and ¢; = C?T , (2.30)
+
i,
where the annihilation of an electron c;,; with spin o corresponds to the creation of a hole,
due to the particle-hole symmetry. Therefore, the first two entries of ¢! can be understood
as electronic creation operators and the later two as hole creation operators. For all lattice

sites the operators can be written in a vector of the form

C1
t_ o o t d c= @ 2.31
C—(c1 c ... CN) and c=| | . (2.31)
CN
Now the Hamiltonian from Eq. (2.29) can be written as
H=c'He , (2.32)

where H is a matrix containing the contributions of all parameters. This matrix is of
dimension (4N X 4N), where N is the number of lattice sites. The explicit form of H is later

given for some examples.

In many calculations infinitely expanded samples are described via periodic boundary
conditions. With the Fourier transform of the creation and annihilation operators

1 .

ci(t) = — Y ci(k)er (2.33)
W L

ci(k) = % Z ci(r)e kT (2.34)

the calculation can be carried out in the magnetic unit cell, while it also has to be integrated
over the BZ. Here N is the number of lattice sites. For the numerical calculations the
integration is substituted by a summation over discrete k-points, which sample the BZ.
Using Eq. (2.33) the Hamiltonian from Eq. (2.32) can be written as

H= Z HOHK)c(k) (2.35)

keBZ

where the exponential functions are absorbed into H(k). As the entries of Eq. (2.30) can
be interpreted as electronic and hole states, also the entries of the Hamilton matrix from
Eq. (2.32) and Eq. (2.35) can be grouped into an electronic matrix H° and a hole matrix H"
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as
H'(k) A“"(K)

| a0 Ha (230

H(K)

The off-diagonal blocks describe a transition from electronic to hole states and vice versa.
The transitions can be interpreted as the respective creation and annihilation of a Cooper
pair. The entry A" describes the annihilation of a hole and creation of an electron, which
resembles the annihilation of a Cooper pair. The hole and one electron of the Cooper pair
with the same spin can annihilate, as they are antiparticles. Thereby the other electron
of the Cooper pair is left. In the case of spin singlet Cooper pairs, this electron has the
opposite spin of the hole (cf. Sec. 2.1). A°™, on the other hand, describes the opposite
process, where an electron is annihilated and a hole is formed. Here an electron-hole pair
is created, both electrons form a Cooper pair and the hole is left. The diagonal blocks obey

the relation
H'(k) = ~H(-K) (2.37)

which reflects the particle-hole symmetry (cf. Sec. 2.1). Due to this symmetry, for every
eigenvalue € at k there exists an eigenvalue —€ at —k. Accordingly, also the off-diagonal

elements fulfill
é(h_e)(k) — _é(e—h)*(_k) . (238)

Each of the entries of Eq. (2.36) is a (2 X 2) matrix in spin space. When the model contains
N types of orbitals, the matrix form of the Hamiltonian looks like

H, H, ... Hy €1
H, H H Y
H=(c o) o T S (2.39)
Hy, Hy, Hyw N
H

where each of the entries of H has the form of Eq. (2.36). Each type of orbitals consists
actually of four orbitals in the spin space and particle-hole space. Different types of
orbitals could correspond to different lattice sites or multiple orbitals at one lattice site
with different character, e.g. s and p,. In this thesis each lattice site is described by one
entry of H from Eq. (2.39), representing one type of orbital per lattice site. The one-site
interactions are contained in the diagonal elements H... The electronic (2 X 2) matrices for
the chemical potential and the coupling to a magnetic structure with the local magnetic
moment S; = (57, Siy, Sf)T are given by

¢ [+ O ’ _ Js; - J(S-iSY)
Echem. pot. — _ and Emagnetic - ¥ 1 QY _1c2 ’ (240)
0 -u J(S* +iSY) IS
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Figure 2.5: Setup to model different domains in the tight-binding model. a Sketch of magnetic
layers (red) on a superconducting surface (blue). Three different regions exist: a magnetic bilayer
(BL), a magnetic monolayer (ML) and an uncovered superconducting surface (surf). b Setup of
the tight-binding model to simulate the structure from (a). Also here three different domains
exist, which differ only in the parameter |S, which is indicated by springs. The effective magnetic
moments, forming an AFM structure, are sketched as cones.

where the contributions of the hole-like orbitals follow directly from Eq. (2.37). The two-site
interactions, the hopping parameter and Rashba-SOC, for the entries H,; from Eq. (2.39) are

t 0 0 a(—e’. +ie’)
H . = and H: = _ g g , (2.41)
—hopping 0 t ——Rashba a ( e;cj +i e?]‘ ) 0

where e;; = (ej‘]., el.y]., ef].)T is the normalized connection vector between the lattice sites r; and
r;. Note, that also the two-site interactions can be contained in the matrix elements H i with
i = j due to periodic boundary conditions. In this work only an one-site spin singlet s-wave
superconductivity is considered, which is an appropriate model for most conventional
superconductors (cf. Sec. 2.1). S-wave superconductivity can be written as (cf. Eq. (2.15))

A
A = 0 (2.42)
-A 0

for the one-site contributions H ;. The contribution A" is given by Eq. (2.38). An extension
to other forms of Cooper pair pairing, e.g. spin triplet pairing, is given by Eq. (2.15). From
these (2 X 2) matrices the Hamilton matrix Eq. (2.39) can be constructed.

2.2.2 Sample geometries

In this thesis MSH systems are modeled by a single atomic layer, which is superconducting
and magnetic. This layer can either be interpreted as the magnetic layer with proximity
induced superconductivity or as a superconducting layer with induced magnetic moments.
In either way the simplicity of this model allows to investigate fundamental features of
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MSH systems without relying on specific electronic interactions between superconducting
and magnetic layers [39, 73, 83, 88, 89, 91]. To give a more accurate electronic representation
of a specific system, the tight-binding model can straightforwardly be expanded to multiple
layers. However, in that setup more interactions parameters exist, which have to be chosen
in a way to represent the realistic system. Therefore, detailed information about the
electronic structure from first-principles calculations or experiments would be needed. In
the setup used here, which contains a single atomic layer, different domains are described
by unique sets of interaction parameters. As an example a superconducting substrate
(blue) with two magnetic layers (red) is sketched in Fig. 2.5a . Thereby three regions are
formed, one with a magnetic bilayer, one with a magnetic monolayer and the uncovered
superconducting surface. Fig. 2.5b shows the setup used for the tight-binding calculations
to model the three domains and their boundaries from Fig. 2.5a. The hopping parameter
t, the chemical potential i, the superconducting order parameter A and the Rashba-SOC
term « are set to values representing the uncovered superconducting surface. The coupling
to the magnetic layer [Ss.¢ = 0 is zero in this region, as no magnetic layer is present.
For the magnetic monolayer the parameter JSyy is set to some finite value. All other
parameters are the same as for the uncovered superconducting layer. For the bilayer a
different value JSg;, is chosen. This parameter reflects the effective magnetization from
both of the magnetic layers. As an approximation one could use the induced magnetic
moments in the first superconducting layer, calculated by DFT, as it has been done in
Pub. IV. While the tight-binding parameters in general can be chosen freely, the model
should reflect key properties of the system that is simulated, e.g. known from experimental
observations or first-principle calculations.

To calculate various properties, different geometries can be used for the tight-binding
calculations. Periodic or open boundary conditions can be assumed in each direction. For
periodic boundary conditions, lattice sites at one boundary of the unit cell are connected to
lattice sites on the opposite boundary of the unit cell. For open boundary conditions, the
lattice sites at a boundary of the unit cell have fewer binding partners, than lattice sites in
the center. In this work open boundary conditions are always assumed in the z-direction
as thin films are investigated. The plane of the thin film is spanned by two lattice vectors,
which depend on the investigated lattice and in general do not have to be perpendicular.
These lattice vectors a; and a, span the chemical unit cell. The sample can be periodic in
none, one or both of these directions. A system with uniform parameters, which is periodic
in two directions is in the sense of the tight-binding calculations also referred to as the 2D
bulk or bulk for short.

Bulk setup

The bulk represents an infinitely expanded sample of one magnetic state, as sketched in
Fig. 2.6a. All tight-binding parameters are the same over the lattice. The calculations
are performed in the magnetic unit cell with periodic boundary conditions and have to
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Figure 2.6: Sketches of different setups using periodic or open boundary conditions. Three
regions are displayed. A magnetic island is represented by one set of parameters. The uncovered
superconducting substrate is reflected by a different set of parameters. A vacuum corresponds
to the absence of lattice sites. a Bulk magnetic domain periodically repeated in both directions.
b A magnetic stripe, periodic in one direction and with a finite width in the other direction. ¢
Alternating stripes of magnetic and superconducting substrate domains. The unit cell is periodically
repeated in both directions. d A magnetic island on a superconducting surface without periodic
boundary conditions. The magnetic unit cell is marked by dashed black lines for each setup.

be performed for a mesh of discrete k-points in the first BZ. As an example a square
lattice with one atom in the magnetic unit cell is sketched in Fig. 2.7a. The hopping and
Rashba-SOC parameters for interactions between nearest neighbors are denoted, where
the exponential functions originate from Eq. (2.33). As only one atom is in the magnetic
unit cell, the Hamilton matrix from Eq. (2.39) contains only the element H,,. The electronic
part of the matrix is

e[t JS + 2t(cos (kya) + cos (k,a)) 2a(—sin (k,a) — isin (k,a))

H . . . (243)
2a(— sin (kya) +isin (k.a)) p = JS + 2t(cos (kca) + cos (k,a))

where cos (x) = (e™ + e7)/2 and isin (x) = (e — e¥)/2 were used. The BZ for this square
lattice is displayed in Fig. 2.7b. In the BZ a (10 x 10) grid of k-points is sketched, which can
be used for the numerical calculations. For all calculations the convergence with respect
to the number of k-points has to be checked. An evenly spaced grid of k-points can be
created by

Ky=-b+—b, (=012.,Nj-1 and v=0,12,.,N,~1) ,  (2.44)

Ni N;
where b, and b, are the unit vectors of the reciprocal lattice. Such a mesh of k-points is
shown for a hexagonal lattice in Fig. 2.7c in blue. By this definition it is ensured, that the
T-point is always one of the sampled points. Alternatively the Monkhorst-Pack mesh [151]

could be used.

Not all points of the mesh defined by k,,, are located in the first BZ. However, these points
k,, can always be folded back into the first BZ by finding the minimal distance ming(dc)
of dg = |k, — kg|, where k¢ can be any integer linear combination of the reciprocal lattice
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Figure 2.7: Hopping and Rashba-SOC parameters for a periodic square lattice and k-point
distributions. a A periodic square lattice with one atom in the magnetic unit cell. The hopping and
Rashba-SOC elements for the nearest neighbors are denoted. The Rasba-SOC elements are given
for a hopping from a T to a | orbital. b BZ for the lattice in a. A uniform grid of k-points, which can
be used for the numerical calculations is marked by purple points. ¢ BZ for a hexagonal lattice. A
uniform mesh of k-points generated by Eq. (2.44) (blue) and uniform grid of k-points in the first
BZ (orange), obtained by shifting of k-points by reciprocal lattice vectors. The shift of one point is
sketched in green.

vectors by and b,. The k-point k,, is shifted by the lattice vector k¢, which is closest to it.
This is indicated by the two green marked k-points in Fig. 2.7c. This procedure creates an
evenly spaced grid of k-points in the first BZ as shown by the orange mesh in Fig. 2.7c.
In the first BZ the bulk band structure can be calculated. The superconducting band gap,
which is occurring here, is referred to as the bulk band gap. Also other properties, such as
the Chern number, can be calculated in the bulk setup.

Stripe geometry

For the calculation of edge states quasi-1D systems are useful [88, 152-154], where an
infinite long stripe with finite width is formed, as sketched in Fig. 2.6b. This is sometimes
also referred to as a ribbon. In the periodic direction a,, which is one of the lattice vectors,
the Bloch condition is fulfilled, leading to

W(r) = ey (r) (2.45)

where 7 is the distance in units of the lattice vector and k,[la,. As this geometry has
only one periodic direction, the reciprocal vector k can only be chosen along this periodic
direction. To calculate the complex phase shift between two lattice sites, their distance has
to be known in units of the real space lattice vectors. If not known, these can be calculated
from the distance in cartesian units. The position in cartesian units is given by

X X X

ar a% r
r=naj+may=n|al |+m| a [=]| , (2.46)

Z Z Z

- az r
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In the non-periodic direction the stripe can have a certain width. For a hexagonal lattice
with lattice vectors a; = (1,0,0)" and a, = %(1, ﬂ3), 0)? such a stripe is sketched in Fig. 2.8.
The unit cell contains four atoms and the stripe has a width of only two rows, but it is
infinitely long in the horizontal direction. The connection vectors to the nearest neighbors
of lattice site 1 are marked in units of the lattice vectors. The lattice site 4’ represents the
periodic repetition of lattice site 4. The contributions from 1 — 4 and 1 — 4’ are both
contained in element H,, from Eq. (2.39), due to the periodic boundary conditions. The
hopping parameters and the Rashba-SOC parameters for a hopping from the T orbital
to a | orbital are given in Tab. 2.2. The Rashba-contributions for a hopping from | to T
orbitals follow by complex conjugation and multiplying with —1. From these contributions
and the one-site terms the Hamilton matrix for this stripe geometry can be constructed.
To investigate topological properties the width of the stripe has to be larger, so that the
stripe has bulk-like properties in the middle of the stripe. The necessary width of the stripe
depends thereby on the electronic structure.

3 2 hopping  Rashba-SOC
_alJA\ a}/‘ 1—2 t a(l —id)
—ika - V3 —ika
4 1 Y 1—-3 te .k a(—3 - 1T)e k
—a; a 154 tek —ae™ika
» 1— 4 teiku aeiku

periodic direction -

Table 2.2: Hopping and Rashba-SOC param-

Figure 2.8: Sketch of a stripe with a magnetic
unit cell of four lattice sites. The magnetic
unit cell is marked by a gray dashed line. The
lattice sites in the unit cell are numerated and
correspond to different orientations of the mag-
netic moment. The periodic repetition of the
lattice site 4 is marked as 4’. The connection
vectors to the nearest neighbors from lattice site
1 are given in unit of the lattice vectors. The
hopping and Rashba-SOC matrix elements for
these connections are given in Tab. 2.2.

eters for nearest neighbors of a small stripe.
The stripe wit a four atomic unit cell is sketched
in Fig. 2.8. The matrix elements are given for a
hopping from lattice site 1 to the nearest neigh-
bors. The Rashba-SOC parameters are given for
a hopping froma T to a | orbital. The matrix ele-
ments for a hopping from a | to a T state follow
from a complex conjugation and multiplying by
-1

Outside of the stripe is a vacuum, which is a trivial state. If the stripe is in a topological
superconducting phase, edge modes will occur on both sides of the stripe. Fig. 2.9a presents
the bulk band structure of the SkX state. The green sheet represents the Fermi energy and
the bulk band gap is between —0.4t < E < 0.4¢. Fig. 2.9b shows the band structure for a
stripe geometry of the same state, where vacuum is on both sides of the stripe (cf. Fig. 2.6b).
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This band structure contains also states in the bulk band gap. For a direct comparison
the projected bulk band structure is displayed together with the band structure of the
ribbon in Fig. 2.9c. The bulk band structure, calculated in the 2D-BZ (cf. Fig. 2.9a) is
thereby projected onto the periodic direction of the stripe. The states outside of the energy
interval E € [-0.4¢,0.4 ] coincide with the bulk energy bands. The modes, crossing the
superconducting gap, can therefore be accounted to the edges. The stripe has a width of
ten magnetic unit cells, which seems sufficient to reflect bulk properties in the middle of
the stripe. A drawback of this approach is, that the edge modes cannot be assigned to one
of the two edges. This problem can be solved, when the spectral function (cf. Sec. 2.2.5) is
calculated, which gives a k-resolved LDOS. The spectral function for two rows of atoms at
one boundary of the stripe is displayed in Fig. 2.9d. Here only one of the edge modes from
Fig. 2.9b is visible. The spectral function for the other boundary shows the other edge
mode. The asymmetry of the edge modes originates from different terminations of the
magnetic texture. In the middle of the stripe the spectral function would show an open
band gap (see Pub. III for the data). Via the spectral function it could be confirmed, that at
each edge one edge mode exists, while the middle of the stripe has a band gap. The edge
modes have an opposite slope, which represents a chirality of the edge modes.

Apart from a boundary to the vacuum, one might want to calculate edge modes for a
boundary to other trivial or non-trivial domains. Such a geometry is sketched in Fig. 2.6c.
In this case the wide ribbons can be repeated in the formerly non-periodic direction, where
the properties are alternating from stripe to stripe. This leads to a setup, which is periodic
in two directions. As the stripes are very wide, the energy dispersion in the alternating
direction is approximately flat. This condition can also be used to check for the convergence
of the width of the stripes. Edge modes in this setup can be investigated equivalent to the
quasi-1D stripe.

Finite sample

While the ribbon geometry allows to calculate the dispersion relation of edge modes, also
edge states for odd shaped islands can be calculated. Fig. 2.6d shows a magnetic island on
a superconducting surface. The shape of the magnetic island is inspired by an island found
in a STM measurement (see Ref. [155] and Pub. II). As this island has no periodicity, all
lattice sites have to be included explicitly in the calculation. The magenta points represent
lattice sites within the magnetic islands and the blue points lattice sites outside of the
island. Properties such as the LDOS (cf. Sec. 2.132) or the supercurrent (cf. Sec. 2.2.6) can
be calculated in order to investigate the boundary of the magnetic island. Via the LDOS the
existence of zero-energy edge states can be obtained, where the chirality is reflected in the
supercurrent. Besides the boundary at the magnetic island a second boundary exists at the
border of the simulation box, where the superconducting surface is adjacent to the vacuum.
In the case of a trivial superconducting surface no topological edge modes would arise
there, but the LDOS can still be altered compared to the bulk superconducting surface.
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Figure 2.9: Band structure for different geometries and spectral function. The magnetic structure
is given by the SkX state (see Appendix. A.4). a Bulk band structure. The green sheet marks the
Fermi energy. b Band structure in the periodic direction of a stripe with as width of 10 magnetic
unit cells. ¢ Band structure of a stripe (red) and projected band structure of the bulk (black). d

Spectral function for two rows at one boundary of the stripe. The parameters for the calculations
aret=1,u=15,]JS=3,A=07,a=0.

To avoid effects from this boundary, periodic boundary conditions can be applied but the
calculation is still restricted to k = 0. When this trick is used, it has to be made sure, that
the area of the uncovered superconducting surface is large enough, so that interactions of
the magnetic island with itself over the periodic boundaries are avoided.

2.2.3 Quantization axis

In the previously shown Hamilton matrix the quantization axis is chosen along the z-
direction. Spins aligned along the z-axis are therefore diagonal in spin space, while x
and y components are on the off-diagonal. The global quantization axis could be rotated
to any axis by a unitary transformation. Also a local rotation of the quantization axis
at each lattice site is possible [88, 89]. The local quantization axis could for example be
aligned with each magnetic moment. This would make all magnetic contributions diagonal
in spin space. Hopping elements between lattice sites with different quantization axis
can now contain off-diagonal elements, even if they were diagonal for a global uniform
quantization axis. These off-diagonal elements represent spin-flip events. In the following
is demonstrated how a local quantization axis can be obtained by unitary transformations.
Global quantization axis, differing from the z-direction can be obtained, when the same
unitary transformation is applied to all lattice sites. The Hamiltonian H;; for interactions
between the lattice sites i and j can be written in different bases, which can be transformed
into each other by unitary transformations as

Hij = C:-rﬂz-]-c]' = Cjﬂ;ﬂiﬂﬁ(l/[;qx[]’q = €i+Ei]‘€j . (248)

The unitary transformations U; and U; describe a rotation from the z-axis to the axis of the
local magnetic moment of i and j respectively. The unitary transformation for the lattice
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Figure 2.10: LDOS for a magnetic island on a
superconducting substrate. The magnetic layer
contains the SkX state (cf. Appendix A.4). a Spa-
tially resolved LDOS at zero energy. b Energy
resolved LDOS for the tree lattice sites, marked in
a. These are located on the superconducting sub-
strate (green), at the boundary (blue) and on the
magnetic island (purple). The green and purple
lattice sites have a distance of ten lattice constants
from the boundary. The parameters for the calcu-
lationaret=1,a=0,u=15A=0.7,]S=3.0
on the magnetic island and JS = 0 on the super-
conducting surface. The broadening parameter
for the LDOS is 0 = 0.05¢. The figure is adapted
from Pub. IIL

U; = 0(cos (g) +i(0 - n;) sin (9) , (2.49)

2

2

where o is the vector of the Pauli spin matrices, oy the (2 X 2) unity matrix, n; the rotation

axis and ©; the rotation angle. The rotation axis and the angle can be derived from the unit

vector in z-direction e, and the local quantization axis s; as

S; X e,
.= 2.50
" |Si X ezl ( )
and
©®; = arccos (|:—l| . ez) . (2.51)
i

2.2.4 Local density of states

The density of states (DOS) is the integration over all states in the BZ for a given energy
E. This DOS can be projected onto an orbital located at lattice site r; leading to the local
density of states (LDOS). If more than one orbital exists per lattice site, the projected DOS
can be calculated for each orbital individually or all contributions from a lattice site can be
summed. Using the BAG Hamiltonian each lattice site has at minimum four orbitals, the
electronic T, | and the hole T, | states. In the following one specific orbital is represented
by the multi indices m = (i, 0, 7) or n = (j,0’,7’). Here i represents a lattice site, o a spin
channel and 7 the electron or hole character. The LDOS can be calculated from the diagonal
elements of the retarded Greens function G},,(E) as

M) = ~=5(Gy(E)) 2.52)
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where J denotes the imaginary part. The orbital index m is given as an index here, as
the LDOS can be only calculated at lattice sites in the used tight-binding framework. For
other approaches the LDOS could also be calculated in between lattice sites. The retarded
Greens function has the form [156]

(m|W, )W, [n)

mnE: :
G (E) E—-¢,+10

, (2.53)

where 6 — 07 is an infinitesimal positive number, v is the band index and ¢, the corre-
sponding eigenenergy of the wavefunction W,. The poles of this retarded Greens function
corresponds to the eigenvalues of the Hamiltonian. Using Eq. (2.52) the LDOS has the
form [157]

M(E) = ) O(E = e,)mIW, X Wlm) . (2.54)

The state |m) is in the tight-binding simulation simply a vector with a 1 at the component
that represents the state m. All other components are zero. For the electronic spin-down
state in a system with only one lattice site, the vector would have the form

(2.55)

S O = O

following Eq. (2.30). For a periodic system each state has an additional parameter k and
for the total LDOS an integration over the BZ has to be performed. For the numerical
calculation, where the BZ integration is substituted by a summation over all k-points, the
LDOS is calculated as

M(E) = ) Y O(E = ey )(mlWyu) (W) (2.56)
k v

For the numerical calculation of the LDOS a challenge arises due to the finite number of
k-points. For a given energy E no eigenvalue might exist with the same energy, because
the respective k-point is not in the set of sampled points. For this problem two common
approaches exist, either the eigen energy €, is interpolated between neighboring k-points
or a broadening is applied on all eigen energies. While a dense mesh of k-points is beneficial
for the accuracy of both methods, especially the second method requires a relatively large
number of k-points. In this work the approach of a broadening of all states was used
together with a fine mesh of k-points leading to

(E) = Y Y S(E — €)W s X(Woslm) (2.57)
k v
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where g(E — €,) is the Gaussian distribution

(2.58)

g(x) — _(E - 61/,k)2)

1
ex
oV27 P ( 202

with o being the standard derivation defining the broadening. The LDOS can also be
calculated, when the state is only in one direction periodic or even, when it is not periodic
at all.

Fig. 2.10 shows the LDOS for a magnetic island hosting a SkX state on a superconducting
surface. The island is modeled as shown in Fig. 2.6d. Fig. 2.10a displays the spatially
resolved LDOS at zero energy. Zero-energy states are located all around the boundary of
the magnetic island. Along the boundary the intensity of the zero energy states is varying.
Reasons for this are the irregular-shaped boundary and the non-coplanar spin structure
(see Pub. III for details).

For three lattice sites the energy resolved LDOS is given in Fig. 2.10b. One lattice site is
located on the superconducting surface (green), which shows a band gap, that is defined by
the superconducting order parameter A of the calculation. States within the energy interval
E € [-A, A] exist only due to the broadening (cf. Eq. (2.58)). The lattice site on the magnetic
island (purple) has also a band gap, which is reduced in respect to the superconducting
substrate. The LDOS directly at the boundary (blue) has a peak at zero energy, representing
the edge state. While the LDOS can be used to find edge states, it still has to be investigated
if these are topological edge states, e.g. by calculating the supercurrent.

2.2.5 Spectral function

Compared to the LDOS, the spectral function resolves also the k dependence of a state
with energy E for a specific orbital v. The spectral function is given by

An(,E) = Y 8(Ex = )l ) (W) (2.59)

This spectral function can be used to determine at which lattice sites modes, occurring in
the band structure, are mostly localized. Edge modes, which are localized at the boundaries
of an island, can cross the superconducting gap. In the center of the sample the band
structure should be similar to the bulk band structure. This can be examined by calculating
the spectral function for all k-points, for a lattice site at the edge and a lattice site in the
middle of the sample. The spectral function at the boundary of a stripe is shown in Fig. 2.9d.
Here the spectral function sums over electronic, hole, spin-up and spin-down states. These
could also be calculated individually. For non-coplanar spin textures the spectral function
can vary from lattice site to lattice site. Therefore, the spectral function in Fig. 2.9d sums
also over two rows of atoms, which are closest to the boundary. The spectral function
shows, that one of the edge modes from Fig. 2.9b is located at the investigated edge.
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Figure 2.11: Supercurrent at the boundary of

a magnetic stripe. The magnetic stripe contains

the SkX state (cf. Appendix A.4). Adjacent to the
magnetic stripe is a stripe representing an uncov- a
ered superconducting surface. In the horizontal
direction the stripes are infinitely long. In the
vertical direction each stripe has a width of 10
magnetic unit cells. a Supercurrent of states in

the bulk band gap. b Supercurrent of all occu- NN NN
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2.2.6 Supercurrent

The current between two lattice sites i and j with spin 0 and ¢’ can be calculated via [83]

177 = —ng% f ) %%[T;G’Gﬂi, 0;j,0;E)] (2.60)
where g, is the gyromagnetic ratio, e the electronic charge, G is the lesser Greens-function,
T is the matrix element for both orbitals, R marks the real part and the integration is
over the whole energy. The matrix element is either the hopping parameter T =t, when
o = o’ representing the current without a spin flip, or it is the Rashba parameter T° = «,
when ¢ # 0’ representing a spin flip. The current can be calculated for all sites, that are
connected by a two-site interaction, such as the hopping term or Rashba-SOC.

Similar to the LDOS the Greens function can be calculated from the solutions of the
Hamilton matrix. Further the current can only be evaluated for a certain energy range.
Therefore, the current between the lattice sites r; and r; from states in the energy interval
[Emin, Emax] can be written as [158]

o 2eTo I — ¥
pr=—L9 Y GO0 =

Eminsen SEmax

m=r] (2.61)
where J marks the imaginary part. The whole current between two lattice sites can be
calculated from the contributions of all orbitals. The summation over the spin channels
is given by I;; = )./ I;’]."'. This now includes currents from the T and | orbitals as well as
currents with a spin flip. The current I;; has been calculated between two orbitals of the
lattice sites i and j and therefore has the direction I;; = Iijﬁ. For a better visualization the

currents between the lattice site i and all neighboring lattices sites n can be summed via

I —r,
Ii = Iin— 262
Zn: i — 1] (262)
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apf v b
. Figure 2.12: Berry curvature and real space
0 06 Chern marker. a Berry curvature of all occu-
& >| e . 0 pied bands for the SkX state. The integration
2 @ ® & over the 2D-BZ leads to the Chern number of
N Y —1. b Real space Chern markers, obtained by
= projecting the Berry curvature onto the real space
F(kk)y C(r’; orbitals. The spin structure of the SkX state is in-
[ — P S dicated by colored arrows. The used parameters
-0.0083 0.0000 0.0083 -7 00 17 aret=1,a=0,u=1,A=07]5=3.

to obtain a single current located at the lattice site i. The index 7 is over all lattice sites, that
have a non-vanishing current to or from the lattice site i. In practice, these are all lattice
sites with a non-vanishing matrix element Tj, # 0.

The supercurrent can be used to investigate the chirality of an edge state. Fig. 2.11 shows the
supercurrents for a stripe geometry, where a magnetic stripe is adjacent to a non-magnetic
stripe. This could resemble the boundary between an uncovered superconducting surface
and a magnetic island. The magnetic stripe contains the SkX state. In Fig. 2.11a the
supercurrent for states with an energy —0.4¢ < E < 0 is shown. These states are in the bulk
band gap. Therefore, only edge states, which can be located in the bulk band gap, can
contribute to the supercurrent. In the row of the magnetic stripe directly at the boundary a
current is flowing from the left to the right. In the next row a smaller current is flowing in
the opposite direction. In the non-magnetic stripe smaller currents are also flowing from
left to right. A few lattice sites away from the edge the currents are neglegibly small, due
to the decay of the edge state away from the boundary. Overall a net current is flowing
from the left to the right. If the current on the other edge of the stripe flows in the opposite
direction, this would showcase a chirality of the edge mode.

Fig. 2.11b shows the supercurrents for all occupied states E < 0 for the same system. A
similar current from left to right exists directly at the boundary. Additionally circular
currents exist around some lattice sites. These lattice sites are the centers of atomic-scale
skyrmionic structures of the magnetic state. More details about these circular supercurrents
can be found in Pub. III.

2.2.7 Chern number

The topological phase of gapped class D superconductors in two dimensions can be
described by the Chern number C (cf. Tab. 2.1). The Chern number is an integer value,
where zero corresponds to a trivial state. The Chern number depends beside the magnetic
texture also on the parameters of the calculation. If the parameters of the calculations
are varied, either in time or in space, the Chern number can change. A change in the
Chern number reflects a change in the topological phase. This phase transition has to be
accompanied by the closing of the band gap (cf. Sec. 2.1). In this work spatial changes of
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the magnetic texture are considered. Two domains, which are large enough to develop
bulk-like properties, can be in different topological phases, reflected by different Chern
numbers. On the boundary between both domains the band gap has to close, resulting in
zero energy edge modes, which are protected by topology. This phenomenon is called
bulk-boundary correspondence [69, 70].

The Chern number is defined as the integral over the 2D-BZ of the Berry-curvature F(k) as

[159]
1
C=— d’*kF(k) . (2.63)
21 Joppz
As the calculation of the Chern number includes an integration over the 2D-BZ it needs to
be calculated from the bulk band structure. The Berry curvature F(k) can be calculated

from the Berry connection A(k) via [159]

aAy(k) _ an(k)

F(k) = K *, (2.64)
where the Berry connection depends on the wave function [W(k)) via [159]
0
Ay = (YA V0) (1 =2y,2) - (265)
U

For large enough islands bulk-like properties can be assumed in the center of the island.
Therefore, the Chern number allows to predict the existence of topologically protected
edge states. In principle the Chern number can be calculated for each band individually,
but when two bands cross or are close, the compound Chern number for both bands has to
be calculated [160]. As the contributions from individual bands are not of interest and in
general many bands cross in a band structure it is most handy to calculate the compound
Chern number of all occupied bands. The Chern number of all unoccupied bands would
thereby give the exact opposite value due to the particle-hole symmetry. In a numerical
calculation the BZ integration will be substituted by a summation over k-points for which
the Schrodinger equation is solved. The BAG Hamiltonian has a freedom of gauge due
to the U(1) symmetry [161], resulting in possibly different gauges for each k-point of the
simulation. This is a challenge for the numerical calculation of the Chern number. The
Chern number is not gauge dependent, but the gauge needs to be the same over the whole
BZ, which is easy to achieve for analytical solutions, but can be challenging for numerical
calculations. If the gauge is constant over the BZ, the Chern number can be calculated
with a small amount of k-points as described in Ref. [159]. Otherwise, the projector
approach can be used, which is gauge independent. The projector can be calculated from
all eigenfunctions of the Hamilton matrix [Wy) by

Pi= ) WiV (2.66)

Ek<EF
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where the summation is over all states Ey below the Fermi energy Er, meaning all occupied
states. Note that at the Fermi energy no states exist due to the band gap, leading to Ey < Eg
instead Ey < Er. Using this projector the Chern number can be calculated as
1
C=-— | &kTr(P[d Py, ok Pil) . (2.67)
27 Jpy Y

For the numerical calculation the derivatives of the projector can be estimated by the finite
difference, e.g.

1 1

I Py = ok, [Psox, — Px] = K

Y Wio ) (Wi - WPl . (2.68)

x E<Efp

Here 6k, is a small displacement along k,. Also finite difference schemes of higher order
could be used to improve the accuracy. In general a large number of k-points has to be
used to approximate the integration over the BZ. Especially when the bandgap is small at
a certain point of the BZ, the Berry-curvature often has a large contribution localized at
this point of the smallest band gap. This makes an even finer sampling of the k-points
necessary. One can avoid regions in the parameter space with small band gaps. As the
Chern number cannot change as long as the bang gap does not close, the Chern number
can be calculated in a region of the parameter space, where the Berry curvature is relatively
homogeneous. The Chern number stays constant for all parameter transformations, where
the band gap does not close. If one uses this approach a very good knowledge over the
closing of the band gap is necessary, which could be easier to obtain than calculating the
Chern number directly for a small band gap. In general the convergence of the Chern
number with the number of k-points needs to be tested. The Chern numbers for the 3Q
state have for example been calculated on a (1000 x 1000) mesh of k-points.

Fig. 2.12a shows the Berry curvature for a C = —1 phase. The parameters are chosen in
a way, that the system is close to a phase transition and the bandgap is relatively small.
Comparably large contributions exist in the corners of the BZ, where also the band gap is
the smallest. The Chern number can also be projected on the lattice positions in real space

[83, 89, 162]
LL
cm = Sk fB & ;m 2, 0Pu[3s. P, I, Pillr, 7,0) . (2.69)

Here the sum is over electronic and hole states 7 as well as over both spin channels ¢. The
state [r, 7, 0) represents an orbital at lattice site r, with electron or hole character T and spin
0. In the here used tight-binding approach this will be a vector with one entry equal to 1
and all other entries zero. This projection gives a real space representation of the Chern
number at a lattice site r. The sum of C(r) over all lattice sites is again the Chern number
of the system. The real space projection of the Berry curvature from Fig. 2.12a is shown
in Fig. 2.12b. The spin structure of the SkX state is marked by colored arrows and the
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Figure 2.13: Complex band structure for the SkX state. a Propagation directions of kj and k,. b
Bulk band structure of the SkX state projected on the k direction of a stripe. ¢ Decay constants
x(k, E) for surface states. d Energies in dependency of k| and x. The bulk bands, closest to the
Fermi energy are marked in black. The purple line displays the decay constants for k; = 7. The red
line represents an edge mode for the stripe geometry (cf. Fig. 2.9b).

magnetic unit cell is highlighted. The contribution of the real space Chern marker varies
over the lattice.

2.2.8 Complex band structure

The complex band structure allows to calculate how edge states decay into the bulk [163].
The wavefunction for two symmetry equivalent lattice sites varies by a complex phase
el?. This complex phase can be written as e*T, where k is a reciprocal vector and r the
real space distance between both lattice sites. According to the Bloch theorem [164] the

wavefunction can be written as

Wi(r) = e*Tu(r) , (2.70)
where u(r) has the periodicity of the lattice. When the Schrédinger equation

AK)Wy = E(K)W (2.71)

is solved, the band structure is obtained. States can only exist in the energy bands E(k).
These states can propagate through the whole bulk. If a state exists outside of the bulk
band structure, e.g. due to a defect, a surface or some interface to a different material, this
state is exponentially decaying into the bulk.

This behavior is described by a complex contribution to k [165, 166]. When a generally
complex valued k is assumed, it can be written as k = kg, + kj,,, where kg, marks the real
part and k;,, the imaginary part. With this Eq. (2.70) becomes

Wi (r) = (™ - ™) u(r) (2.72)
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If one further writes the imaginary part as kj,, = ik, where i is the imaginary number and x
is real, the wavefunction can be written as a periodic and a decaying part as

Wi (r) = | et . 7T fy(r) . (2.73)

periodic decaying

In general no restrictions exist for kg, and k. A surface or interface has a periodic direction
a) parallel to the interface and a non-periodic direction a, perpendicular to the interface,
as sketched in Fig. 2.13a. Further away from the surface, the band structure in the
periodic direction k; corresponds to the bulk band structure, projected onto the kj-direction.
For the SkX state this projected band structure is shown in Fig. 2.13b, which exhibits a
superconducting band gap around the Fermi energy. In the bulk-like region, away from
the surface, states can only exist in these energy bands. At the surface, where the sample is
not bulk-like, states can also exist in the gaps between the energy bands. Most interesting
in the context of this work are states in the superconducting band gap, but states can
occur between all bands. However, these states have to decay exponentially into the
bulk-like region. The decay of these states can be calculated from the bulk band structure.
Here it is useful to use a supercell, containing several magnetic unit cells, perpendicular
to the surface. The size of the supercell should be chosen in a way, that the states are
dispersion-less in the k, direction, i.e. all energy band are flat in this direction. Periodic
boundary conditions are applied in all directions, but the band structure has only to be
calculated along k. The bands closest to the Fermi energy of Fig. 2.13b are shown in black
in Fig. 2.13d. For each k; one can now also introduce a ¥ L kj, which describes the decay
perpendicular the propagation direction, where x = [k| is the norm of k. The energies can
be calculated via the Schrodinger equation

H(k, 1) Wi, = E(kj, €)Wig e (2.74)

For each k; the energy can be calculated for various «. This is marked by a colored surface
in Fig. 2.13d. The color corresponds to the value of x. The two bulk bands, which are
closest to the Fermi energy are shown as black lines. The energies of these bands are the
solutions for ¥ = 0, which means they are not decaying. Energies slightly closer to the
Fermi energy are solutions for a small non-zero x. As an example the dispersion for kj = =
is highlighted in purple. The smaller the energy is, the larger is the corresponding x. For
this example surface states closer to the Fermi energy have to decay faster into the bulk
than surface states, which are close in energy to the bulk states. These decay parameters
are calculated from the bulk band structure and universal for all possible occurring states.
As an example one of the edge modes is marked in red, which arises in a SkX stripe (cf.
Fig. 2.9b). All energies of the edge mode exist only for x # 0, which showcases, that this
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mode has to decay into the bulk. Thereby the edge mode does not have a universal decay
constant, but it can vary for each k;.

Now the function E(kj, k) can be inverted to obtain x(k;, E). This function now gives
the decay constant x for each energy E and parallel wave vector k. The analytical
determination of x(E, kj) can be challenging, although different approaches exist [167].
In this work a numerical approach was used. Therefore, the energies E(x, k;)) have to be
calculated for one k; and a varying «x, where the sampling size of the x has to be very
fine and in an interval such that the energies in the range of interest are solutions of
the Schrodinger equation. The actual range, that has to be calculated, can vary between
systems. A good step size Ax can be determined by convergence tests.

The values for k(k, E) are displayed in Fig. 2.13c. The darkest areas correspond to the bulk
energy bands. The value of x now shows, how each state is decaying into the bulk.
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2.3 Density functional theory

DFT is an ab-initio method, meaning that the calculations are based on the fundamental
interaction of the system and no external parameters have to be given [168]. ? Traditional
methods of solving many-body Hamiltonians, like Hartree-Fock [169], are computationally
costly due to the number of particles. DFT uses thereby the electronic density of a system
together with effective single-particle orbitals, which allows for a self-consistent calculation
of the ground state electronic density and all involved properties like the total energy
or local magnetic moments. This approach reduces the computational cost dramatically,
which allows for calculations of larger systems sizes.

In this chapter a short overview over the conceptual basics of DFT is given and the basis
sets for the wave functions of the two used codes, FLEUR and VASP, are shortly described.
For a more detailed description of the DFT method Ref. [170-172] are recommended.

2.3.1 General framework

The Hamiltonian of a condensed matter system contains the kinetic energy of electrons
T, and of the atomic nucleus T, as well as interactions between electrons V,_,, between
electrons and the nucleus V,_, and between the nuclei V,,_,. The Hamilton operator is
given by

H=T,+T,+Vee+ Ve + Ve . (2.75)

The Born-Oppenheimer-approximation [173] utilizes that the nuclei have a larger mass
and assumes that the electrons follow the movement of the nuclei adiabatic. When the
kinetic energy of the cores is approximated as zero, the interactions between the cores
becomes a constant, which is neglected. Using this approximations Eq. (2.75) becomes

A=T.+V._.+V.(x) , (2.76)

where V,(r) describes the potential of the nuclei, in which the electrons are moving. For
this Hamiltonian the wavefunction can be calculated by solving the stationary Schrodinger
equation. Despite the Born-Oppenheimer approximation the computational effort is still
not feasible for larger systems. The theorems of Hohenberg and Kohn [174] allow to
describe a system in dependency of the electronic density instead of the wavefunction.
The theorems state:

1. Two Potentials, which differ by more than a constant cannot map on the same density.
Therefore, the potential is uniquely defined by the density. [174]

Eo = Eq[n] (2.77)

2Although DFT uses an exchange-correlation (XC)-functional which is in many cases obtained by other
methods like quantum monte-carlo calculations, it is still widely considered as an ab-initio method. This
can be justified as the XC-functional is not unique to a specific system.
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2. The ground state electron density 1y minimizes the Energy [174].

Ey,[n] > Ev,[no] (2.78)

Due to this theorems the energy can be written in dependency of the electronic density of
the many-body system, which can be calculated from the wavefunctions via

n(r):Nf...f|\If(r,r,...,rN)lzdrz...drN , (2.79)

where N is the total number of electrons. Further it has been shown by Kohn and Sham
[175] that a single-body wavefunction with an effective potential can lead to the same
ground state density as the many body system.

The total energy of the many body system can be written as
E[n] =(T)+(Wy+ V[n] , (2.80)

where (T) is the kinetic energy of the interacting many body system, (W) the interactions
between the electrons and V[n] the external potential given by the nuclei. An exchange-
correlation (XC) functional

Excln] = (T) = Ts[n] + (W) = V[n] (2.81)

can be defined by the difference of the many body kinetic energy (T and the single body
kinetic energy Ts[n] and the difference between the many body interaction (W) and the
Hartree-energy Vy[n]. The Hartree energy is given by

Viln] = f f ”(r)” d dr . (2.82)

This new defined Exc[rn] contains the exchange and correlation effects of the many body
system, which are not contained in the single-body Kohn-Sham equations. Now Eq. (2.80)
be written as

E[n] = Ts[n] + Vy[n] + V[n] + Exc[n] . (2.83)

The density can now be calculated from the single particle wavefunctions ¢; as
n) =Y lpmPdr . (2.84)

The conservation of the particle number requires the normalization of the single-particle
wavefunction f lp:(r)]* =1. This leads to the Kohn-Sham equations

1
_EVZ(Pz‘ + Vertpi = €i@; (2.85)
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with the Lagrange parameters €; and the effective potential

Veff = Vext + VH + VXC ’ (286)
where SExc[n(0)]
xc|mr
== v/ 2.87
Vxc ) (2.87)

This equation has the form of a single-particle Schrédinger equation, which has the same
ground state density as the many-body problem. The Kohn-Sham equations form a
self-consistency problem with the electronic density and the wavefunction. The density
can be calculated from the wavefunction, which can be calculated from the Schrodinger
equation, where the potential depends on the density. This problem can iteratively be
solved. One makes a first guess about the density, calculates the wavefunction via Eq. (2.85)
and a new density with Eq. (2.84). Then both densities are mixed and the procedure is
repeated until a convergence is achieved. Different mixing algorithms are discussed in
Ref. [176].

Besides the ground state density, other parameters like the eigen energies of the Kohn-
Sham system ¢; can not be directly connected to the many-body system. However many
investigations show, that the Kohn-Sham band structure can provide some understanding
of the physical many body system, although this is formally not given.

The total energy of the system can accurately be described, when some correction term to
the sum of Kohn-Sham eigenvalues are added [177]. The sum over all eigenenergies of the
Kohn-Sham system is

Z(—:i = Ts[n] + f n(©)o(r)dr + 2Vy[n] + f oxc(@n(r)dr, (2.88)

i

while the total energy of the many-body system is

Eiotar = Ts[n] + fn(r)V(r)dr + Vuln] + Excln]. (2.89)
By comparing both equations one can write the total energy of the many-body system in
terms of the sum of eigenvalues of the Kohn-Sham system plus some additional terms

N

Eua = &= Vil + Exe = [ n()Vxc(odr 2.90)

i

For periodic system the sum over all lattice site can be replaced by an integration over the

first BZ
. i Bke.
Ei € — E]- @ny ‘[Bzd kei(k), (2.91)
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where j is the band index. In numerical calculations the Kohn-Sham equations can only
be solved for discrete k-points k,. To approximate the integration over the BZ a mesh of
discrete k-points is created and the integrations is substituted by a sum

Y o | dreto= Y Y ek 292)
] ik

Due to the symmetries of the lattice some k-points might be symmetry equivalent. Here

only one of these k-points has to be calculated and additionally weighted with the number
of equivalent k-points. The so-called irreducible part of the BZ is formed by all k-points
that cannot be transformed into each other by symmetry operations.

So far the XC-functional Exc was assumed to be known. If this is the case, the Kohn-Sham
equations lead to the exact ground state density of the many body system. In reality
this functional is not known and approximations have to be made. This still can lead to
very good approximations of the density, since the single particle kinetic energy and the
Hartree energy are usually larger than the correlation and exchange contributions. The
two XC-functionals used in this thesis are presented in Sec. 2.3.5.

2.3.2 Magnetization in DFT

For a magnetic system the Hohenberg-Kohn theorem can be expanded to
E[n(r), m(r)] = E[no(r), mo(r)] , (2.93)

where m and my(r) are the magnetization and ground state magnetization, respectively
[176]. Alternatively the energy functional can be written in dependency of the density
matrix

1( n+m, mx—imy) (2.94)

1
pP= —nlyp +om = — .
2 my +im, n-—m,

where 1,,, is the unity matrix and o is a vector containing the Pauli spin matrices (for the
matrices see Appendix A.1). In the same fashion a potential matrix

Vess + usB; B, —iB

V = Viloo + o B =| 7t 0P (BB (2.95)
[JB(Bx + 1By) Veff — usB;

can be defined, where V. is given by Eq. (2.86). The magnetic field is given by the sum of

the external field B,(r) and the exchange-correlation field B,.(r), which is defined by [176]

OE[n(r), m(r)]

By(r) = — mm

(2.96)
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With the potential matrix the Kohn-Sham equation can be written as [178]
hz
{—%VHM + V}\I’ir =eWi(r) . (2.97)

Here the wavefunction is a spinor of the form

W, (1)
Wi(r) = ’ (2.98)
( W i(r) ]
By solving this spin dependent Kohn-Sham equation the ground state density and

magnetization density can be obtained. The density and magnetization can be calculated
by

N N
n(r) = Z VI r)W(r) and m(r) = Z Wie(r)W(r) . (2.99)
i=1 i=1

The entries of the density matrix are

N
Pap = Z W (OWiy(r) with a,Bel,2 . (2.100)

i=1

In the here investigated system the magnetization is mostly localized in the vicinity of the
nuclei. A local magnetic moment can be defined as

mi:Lim(r)dr , (2.101)

where (€); is the volume of the sphere around lattice site i. In general, the magnetization
can be non-collinear. For collinear states, in the absence of SOC, the magnetization always
can be aligned with the z-direction, which makes Eq. (2.95) a diagonal matrix in spin
space. This allows to solve the Kohn-Sham equation for each spin channel independent,
which reduces the computational cost significantly. Instead of finding the magnetization of
minimal energy via Eq. (2.97), the magnetic moments at the lattice sites can be constrained
in the direction. This allows to calculate the total energy for specific spin structures and
parameterize an atomistic spin model.

2.3.3 Spin spirals

Often spin spirals are used to calculate magnetic interactions and parameterize an atomistic
model [176]. In a spin spiral the magnetic moment is tilted from lattice site to lattice site by
a fixed angle. In Fig. 2.14 a flat spin spiral, which is rotating in the xy-plane is shown. A
conical spin spiral would rotate on the surface of a cone. For a spin spiral, rotating around
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Figure 2.14: Flat spin spiral. The local magnetic moment is rotated by a fixed angle from lattice
site to lattice site. The opening angle is 6 = 90°, the rational axis is the z-direction an the spin spiral
is propagating along the x-direction.

the z-axis, the magnetization direction at lattice site i can be written by

cos(¢;) sin (0)
S; =| sin(¢p;)sin(0) , (2.102)
cos (0)

where 0 is the opening angle and the angle ¢; is defined by the position r; and a reciprocal
lattice vector q by ¢; = q-1;. To use a different rotation axis, a global rotation can be applied
to all magnetic moments. The reciprocal vector q defines the propagation direction of
the spin spiral and the wavelength A = %”'. Since q is a reciprocal lattice vector it can be
described as a point in the BZ, where the high-symmetry points correspond to special spin
spiral states. For a hexagonal lattice the BZ is shown in Fig. 2.15a. The T point represents
the ferromagnetic state (Fig. 2.15b), the M-point the row-wise antiferromagnet (RW-AFM)
state (Fig. 2.15¢) and the K-point the Néel state (Fig. 2.15d). When the total energy is
calculated for several spin spirals an atomistic spin model can be parameterized by a fit
to these data. Although spin spirals, especially for small values of |q|, can have large
magnetic unit cells, the calculations can be performed in the chemical unit cell, as long as
SOC is neglected. In this case an extension of the Bloch theorem in spin space can be used.
The Bloch theorem states, that the wavefunction in a periodic lattice can be written as [164]

Wi (r) = e (r) (2.103)

, where u(r) is a function with the same periodicity as the lattice. The wavefunction of both
spin channels can be written as a spinor and the Bloch theorem can be generalized to [176]

w!(r)  ier et Tl (1)
(‘I’E(f))_e [ e . (2.104)

Here the spin-up and the spin-down channel have a different phase, which represents a
rotation of magnetic moments. This description of spin spirals can only be used, when the
energy is invariant under the global rotation of all spins, meaning in the absence of SOC.
The SOC contribution can be calculated in perturbation theory. Note, that in the first order
perturbation theory the Dzyaloshinskii-Moriya interaction (DMI) is contained, but e.g. the
magnetocrystalline anisotropy energy (MAE) and anisotropic symmetric exchange (ASE)
occur only in higher orders.
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Figure 2.15: Spin spirals on a hexagonal lattice. a 2D-BZ of a hexagonal lattice, where the high-
symmetry points and the reciprocal lattice vectors are marked. b Ferromagnetic state represented
by the T point. ¢ Row-vise antiferromagnetic state represented by the M point. d Neél state

represented by the K point. e 3Q state, constructed by a superposition of the M;, M, and M3 point.
The green color represents magnetic moments which are oriented in a plane parallel to the surface,
the red (blue) color indicates an outward (inward) orientation

Spin spirals sometimes are referred to as 1Q states, as they can be described by a single
q value. For so-called multi-Q states a superposition of more than one spin spirals is
created. For example the 3Q state is a superposition of three RW-AFM states represented
by M—points [179]. This 3Q or triple-Q state is shown in Fig. 2.15e.

2.3.4 Scalar-relativistic Hamiltonian and SOC contributions

Relativistic effects can be included in DFT calculations by using the relativistic Dirac
equation instead of the non-relativistic Schrodinger equation. This is in detail discussed in
Ref. [60, 176]. However the relativistic spin-orbit term couples spatial and spin coordinates
and makes the calculation therefore much more demanding. A computationally more
efficient approach is to use the so-called scalar-relativistic approximation [180]. Here all
relativistic terms except the spin-orbit coupling (SOC) are included. The total Hamiltonian
is therefore given by the sum of the scalar relativistic Hsc and SOC Hamiltonian Heoc

Hiotal = Hsr + Hsoc (2.105)
The SOC contribution can approximately be written as [176]
Hsoc =C(r)L-S (2.106)

where ((r) is the SOC constant dependent on the distance to the nucleus r.

When the charge density is calculated with the scalar-relativistic approximations, the
effect of SOC can be calculated in an additional step. As the energy contribution of SOC
compared to all other contributions is small it is nearly always useful to first calculate the
self-consistent charge density for the scalar relativistic approximation and to calculate the
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effect of SOC based on these. To calculate the effect of SOC based on a converged charge
density there are mainly three different approaches. In the so-called force theorem [181,
182] the SOC contribution is calculated based on the wavefunctions of the scalar-relativistic
charge density in a single iteration. The SOC contribution is given by the difference in
the sum of the Kohn-Sham eigenvalues. Alternatively the SOC contribution also can be
calculated self-consistently, by including the corresponding term in the Hamiltonian. This
approach is computationally more demanding, but also leads to more accurate results. For
spin spirals, which can be calculated in the chemical unit cell, the SOC contribution can be
calculated using first order perturbation theory without the need for a large unit cell [183].
Self-consistent calculations of the SOC for spin spirals are only possible for spin spirals
with a relative short period. But even for magnetic supercells containing a few chemical
unit cells is the computational effort drastically increased. Due to this the perturbation
theory is the most widely used approach for spin spirals. Note, that contributions like the
MAE and ASE do not occur in first order perturbation theory. Within the used atomistic
spin model only the DMI appears in first order perturbation theory. In this work the
perturbation theory approach was used for spin spirals and the self-consistent calculation
for all other states.

2.3.5 Exchange correlation functional

The exchange-correlation (XC) functional contains by definition all interactions of the many
body system, that can not be described by single-body orbitals (cf. Eq. (2.81)). So far it
has been assumed, that the XC functional is known, leading to an exact description of the
ground state density. But in general the XC functional is not know. Different approaches
exist to make accurate approximations. Which approximation is used depends also on the
investigated system and properties.

A variety of different approximations exist, where in many cases certain XC-functionals
reflect some properties of the system better than others. For this reason the choice of the
functional often depends on the type of system and on the quantities, that are computed.
In the scope of this thesis the local density approximation (LDA) XC-functional VWN [184]
and the generalized gradient approximation (GGA) functional PBE [185] were used.

The LDA approximates the density locally as the density of a homogeneous electron gas
[175]. The XC-functional has the form

EXPAn] = f d’r n(r)e (n(r)) (2.107)

, where €% (n(r) is the energy density of a homogeneous system. This concept can be
expanded to the local spin density approximation (LSDA) to describe spin-polarized

systems as

EXPAn, Im(n)]] = f d’r n(r)e (n(r), m(r))) . (2.108)
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Due to the local definition of €}%" it depends only on the magnitude of the magnetization.
In this work a LSDA functional in the parametrization from Vosko, Wilk and Nusair [184]
based on Quantum-Monte-Carlo simulations by Ceperley and Alder [186] is used for most
of the calculations.

For geometric relaxations a GGA XC-functional in the parametrization of Perdew, Burke
and Ernzerhof [185] were used. Here also the gradient of the electronic density Vn(r) is

included for the energy density e52"(n(r), [Vn(r)|) leading to

E}G{g"‘[n]:fd3rn(r)€§gA(n(r), |Vn(r)]) . (2.109)

This combination has shown to give often a good agreement with experimental results.

2.3.6 Basis of wavefunctions

For a numerical calculation the wavefunction has to be expanded in a some basis functions.
The basis sets which are implemented in the FLEUR and VASP code are shortly introduced
here.

FLAPW

In FLEUR [187, 188] the full-potential linearized augmented plane wave (FLAPW) method
is used [189, 190]. The sample is divided into different regions, as sketched in Fig. 2.16.
One region is the vicinity of the nuclei, which is called the muffin-tin sphere. The region
outside of these spheres is referred to as the interstitial region. Also a third region,
the vacuum-region, can be defined when the no periodic boundary conditions in the
z-direction are assumed. For each of these regions different basis functions are defined.
Inside of the muffin-tin sphere spherical harmonics are used. In the interstitial region
plane waves are the basis functions. The vacuum region is represented by an exponential
decay of the wavefunction. These basis functions allow for a very good description of the
wavefunctions of the electrons as they are already reflecting the physical solution. Free
moving electrons can be described by plane waves, where bound electrons of a free atom,
would have spherical harmonics as solutions. With this spatial change in the basis functions
all electrons can be adequately described. The challenges, that arise from this approach is,
that the wavefunctions have to be smooth at the boundaries of the regions. The FLAPW
method is an extension to the augmented plane wave (APW) and linearized augmented
plane wave (LAPW) [191, 192] method. Thereby the APW method is exact, but contains
an additional self-consistency problem for the solution of the radial Schrodinger equation
inside the muffin-tin (MT) spheres. The LAPW method makes a linear approximation,
which reduces the computational cost drastically and still provides very accurate results.
A more detailed comparison between the three methods can be found in Ref. [176, 189].
Important parameters for calculations using the FLAPW method are the radius of the
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Figure 2.16: Visualization of FLAPW basis for
a film calculation. The whole space is separated
into three regions. The muffin-tin (MT) spheres
are located at the lattice sites. The interstitial re-
gion fills the space in between the MT-spheres.
On both sides of the film is a vacuum region. The
basis for the wave function varies between the
regions. Inside of the MT-spheres are spherical
harmonics used. The interstitial region is repre-
sented by plane waves and the wavefunction is
exponentially decaying into the vacuum. Figure
inspired by Ref. [176].
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MT-sphere and the cut-off parameter for the plane waves in the interstitial region. The
MT-radius can differ for each element, where the radius should be large enough to contain
the core states. The number of plane wave basis functions is determined by a cut-off
parameter kny.x , which defines the maximal energy for the plane waves by

h2k2

max

Ecut =
cut m

(2.110)

While a larger cut-off parameter gives more accurate results, it is also computationally

more costly. A good value can be found by convergence tests.

PAW

Figure 2.17: Sketch of a pseudo potential. The
potential of an atom is sketched by a blue dashed
line. The corresponding pseudo potential is
marked by a dashed orange line. For r > r. both
potentials are identical. The wavefunctions for
both potential are shown by solid lines. The wave-
function for the real potential has some nodes for
r < r.,, where the wavefunction for the pseudo
potential has none. For r > . also both wavefunc-
tions are identical. Figure inspired from Ref. [190].

0 r

The code VASP [193, 194] has the projector augmented wave (PAW) [195-197] method
implemented, which is a generalization of the pseudo potential method [198-200] and the
LAPW method. The basis functions, used for expanding the Kohn-Sham wavefunction,
are plane waves. Electrons close to the nucleus are localized and therefor many plane
waves would be needed to expand these states. The pseudo potential method circumvents
this problem by introducing a pseudo potential, which coincides with the real potential
outside of a sphere with a specific radius around the nucleus. This is sketched in Fig. 2.17.
Inside of the sphere the pseudo potential describes an effective potential from the core
and the strongly bound electrons. This method is often combined with the frozen core
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approximation, where the core electrons are not explicitly contained in the calculations,
which leads to a significant decrease in computational cost. The wavefunction for the
pseudo potential does not contain as many nodes as the wavefunction for the real potential.
Therefore, far less plane waves are necessary to expand the wavefunction. Also for the
PAW method the convergence with respect to the cut-off energy E.. has to be ensured.
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2.4 Atomistic spin model

DFT allows to accurately calculate the total energy for a given spin structure since in
principle® all quantum mechanical interactions are included. However, these calculations
require a large computational effort and allow only calculations for a relatively small
number of atoms. An atomistic model, which can be parameterized by DFT, allows for the
simulation of larger systems. In an atomistic model the magnetic moments are represented
by classical vectors instead of quantum mechanical spins. The magnetic moment of lattice
site i is given by S; = S;s;, where S; is the magnitude and s; the normalized direction.
Although this is a drastic simplification, the atomistic model has shown to give very good
agreements with experiments in many cases [201]. Besides the larger number of atoms
that can be included in the calculations, it also allows for a physical interpretation of the
interactions which define the ground state of the system. Further the atomistic spin model
allows to investigate the dynamics of a system [202].

The model is often referred to as the extended Heisenberg model, since the largest
contributions typically stem from the Heisenberg exchange. Over the time more interactions,
such as the Dzyaloshinskii-Moriya interaction (DMI), were considered. For some systems
like the nanoskyrmion lattice in Fe/Ir(111) [41], higher-order exchange interactions (HOI)
have a crucial effect for the stabilization of non-coplanar spin textures. Recently the HOI
are more often considered [58, 61]. It is likely, that the model will be extended even further
in the future. In this section all interactions, which are considered in this work, are shortly
introduced.

2.4.1 Heisenberg exchange

Typically the largest contribution to the energy of a spin texture is the Heisenberg exchange
[203, 204]. The exchange energy is given by [202]

E=- Z],-]-(si 's) (2.111)
ij

where the sum is over all pairs of lattice sites and J;; is the corresponding exchange constant.
The directions of the normalized magnetic moments of each lattice site are given by s;
and s;. A positive constant J;; favors a parallel, or ferromagnetic, alignment of magnetic
moments. A negative value of J;; leads to an antiparallel, or antiferromagnetic, alignment.
This is sketched in Fig. 2.18a,b. The interaction constants are approximated to be isotropic,
hence they depend only on the distance between two lattice sites. Using the isotropic
approximation the energy contributions can be grouped into so-called shells. All lattice
sites within one shell have the same distance to a reference atom and hence the same

3See Sec. 2.3 for more details.
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a b

‘ >0 ‘ J1<0 Figure 2.18: Sketch of the exchange interaction.
—v —v a A ferromagnetic alignment is energetically fa-
vored for a positive value of J. b For a negative
© J an antiferromagnetic orientation is preferred. c
A positive nearest neighbor interaction [; and a
negative next nearest neighbor interaction /> can
lead to a non-collinear ground state, like a spin

spiral.

jl>0

J2<0

interaction parameter. For a reference spin s, the exchange interaction can be written as
Es, = - Z Z Ju(so - Sjn) ’ (2.112)
n j,,

where J, is the exchange constant for the n" shell and the index j, runs over all lattice sites
in the shell n. The absolute value of ], will decrease with increasing distance. Therefore,
only a finite number of shells N have to be considered. The sign of ], can vary for each
shell. For example the nearest neighbors could favor a ferromagnetic order (J; > 0) but the
next nearest neighbors could favor an antiferromagnetic alignment (J, < 0). This so-called
exchange frustration can stabilize non-collinear magnetic structures [205, 206], as shown in
Fig. 2.18c.

Beside a direct interaction also the indirect Rudermann-Kittel-Kasuya-Yosida (RKKY)
interaction exist [207-209], where magnetic moment couple via valence electrons. However,
within the atomistic spin model this interaction is not distinguishable from the direct
coupling and hence is absorbed into the coupling constants J;;.

The sorting in shells with the same distance can be also done for all other interactions
in the used atomistic model. For brevity this is not explicitly written in the following.
A good way to determine the exchange interaction constants |, is to calculate the total
energy of different spin spirals via DFT and perform a fit of the model to the DFT values,
as discussed in Refs. [210, 211] in more detail.

2.4.2 Higher order exchange

Figure 2.19: Sketch of the 4" order HOIL The

i k interacting lattices sites for the biquadratic inter-

/ \ \ action B;j, the 4spin-3site interaction Y;; and the

j Yijk k | K ikl ] 4spin-4site interaction Kijk{ ona hexagonal lattice

are marked. The connecting lines represent the

; _B_ij' ; \ : scalar product. For the 4spin-4site interactions

I j—J / also a term with scalar products between i, k and
J, I exists.
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Figure 2.20: Sketch of the DMI. Shown are two
magnetic atoms (red) on the substrate with large
SOC constant (green). The interaction via the sub-
strate is indicated by arrows. The rotational sense, S; S; S; S;
favored by the DMI, depends on the direction
of the vector D;;, which depends on the sign of

Dy (cf. Eq. (2.117)). a Energetically favored rota-
1 B oforme ¢ e0® O oX
ij

a b

tional sense for Dy > 0. b Preferred orientation
for Dy < 0.

While spin spirals are solutions to the Heisenberg exchange, one can also create a su-
perposition of more than one spin spiral, like the magnetic triple-Q (3Q) state [179, 212].
Considering the Heisenberg exchange both have the same energy. This energy degeneracy
is lifted by the higher-order exchange interactions (HOI). These can therefore stabilize
multi-Q states or other non-coplanar spin structures, like a nanoskyrmion lattice [41].
Compared to the Heisenberg exchange, the HOI consider more than two magnetic mo-
ments. A systematical derivation of the HOI using a Hubbard model is given in Ref. [213].
Interactions containing four magnetic moments in the scalar product are referred to the 4"
order, while interactions with six moments in the scalar product are called the 6" order and
so on. The 4" order HOI can be further differentiated by the number of involved lattice
sites. The biquadratic, 4spin-3site and 4spin-4site interactions connect two, three and four
lattice sites respectively, as sketched exemplary in Fig. 2.19. For the Biquadratic term two
lattice sites contribute and the energy is [213]

Ebiquad = — Z Bii(si-sj)” . (2.113)
ij

Due to the square in the equation, each lattice site contributes twice. The Hubbard model
assumes here two orbitals at each lattice site occupied by the majority spin. Therefore, this
interaction can only occur for systems with a total spin greater or equal to 1 [213]. For the
Mn or Fe based systems in this work, this is always fulfilled. The 4spin-3site interaction is
given by [213]

Eyspinzsite = — Z Yiil[(si - j)(sj - s) + () - 8:)(s; - sx) + (Si - 8)(Sk - 5)] (2.114)
ijk

and involves three lattice sites. Four lattice sites contribute in the 4spin-4site interaction
with the energy [213]

Ejspindsite = — Z Kijul(si - sj)(sk - 1) + (si - 81)(s; - s) — (8i - s)(s; - s1)] - (2.115)
ik
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2.4.3 Dzyaloshinskii-Moriya-Interaction

The Dzyaloshinskii-Moriya interaction (DMI) is an interaction, that occurs due to spin-
orbit coupling (SOC) and a broken inversion symmetry. In magnetic thin film systems
the inversion symmetry is broken by the surface [214]. The DMI favors a non-collinear
alignment of the spins with a specific rotational sense. The interaction between two
magnetic lattice sites is mediated over a third lattice site. This interaction is typically
stronger, when the SOC in the mediating lattice site is stronger. The contributions of all
mediating lattice sites can be grouped into a vector D;;, which is unique for the pair of
magnetic lattice sites i and j. The energy due to DMI is then given by [215]

Epwi = — Z D;j-(siXs)) . (2.116)
if

The energy does not only depend on the angle between s; and s;, but also on the orientation
with respect to D;;. The interaction strength corresponds to the length of the vector. In
contrast to the Heisenberg exchange or the HOI, a global spin rotation can change the
energy due to the DMI. This can favor a certain orientation with respect to the atomic lattice.
To determine the direction of D;; one can use symmetry rules proposed by Dzyaloshinskii
and Moriya [215, 216]. An approximation can also be calculated as proposed by Levy and
Fert [217]

D. = Do dz‘n ’ djn(dz‘n X djn)

G LT T 1

where the index n iterates over the mediating lattice sites and the vectors d;; = r; — r;
are the connections between two lattice sites with the length d;; = |d;;|. For thin film
systems it is often a good approximation to assume the vector D;; to be perpendicular
to the connection d;; and only have an in-plane component. In Fig. 2.20a,b atoms of the
substrate (green) and magnetic atoms (red) are shown. The direction of the D;; vector is
opposite in Fig. 2.20a and Fig. 2.20b, representing an opposite sign of the interaction. The
direction of D;; leads to a clockwise rotation in Fig. 2.20a and a counterclockwise rotation
in Fig. 2.20b. Using the assumption of the in-plane oriented D;;, the DMI will favor spin
spirals which have an out of plane component. To obtain DMI parameters from spin spiral
energies calculated by DFT, the spin spirals have to be oriented accordingly. A good way
to determine the DMI constants is by calculating the SOC contribution of spin spirals via
tirst order perturbation theory. This SOC contribution can be mapped on the DMI since
other considered interactions like the magnetocrystalline anisotropy energy (MAE) or
anisotropic symmetric exchange (ASE) arise only in higher order perturbation theory.
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a b
Figure 2.21: Sketch of the MAE interactions. ‘ ‘ ‘ D
Side view of a magnetic film (red) on a non- ® 6 ¢ ® 6 o
magnetic substrate (green). a For Jyag > 0 the ® © © ® © O
preferred orientation is perpendicular to the sur-
face. b For Jmag < 0 an alignment parallel to the _/ MAE = 0 j MAE < 0

surface in energetically favored.

2.4.4 Magnetocrystalline anisotropy

Another effect of SOC is the magnetocrystalline anisotropy energy (MAE), which favors a
specific alignment of the magnetic moments with respect to the atomic lattice. In this work
the MAE is assumed to be uniaxial, which leads to the energy [201]

Enar = —-K ) (si-n)” (2.118)

where n is the unit vector of the surface normal. A positive value of K represents
an alignment with the surface normal (see Fig. 2.21a), where parallel and antiparallel
alignments are degenerate. This is named easy-axis magnetization. A negative value of
K leads to an orientation perpendicular to the surface normal (see Fig. 2.21b), called an
easy-plane magnetization. Also, specific orientations within the plane of the magnetic
layer can be energetically favored. This in-plane component of the MAE would need
to have the symmetry of the lattice. For the systems in this work this effect was tested,
but showed to be very small and is therefore neglected. The MAE could be calculated
in second order perturbation theory, via the so-called force theorem or self-consistently.
The first two approaches save computational time, since the scalar-relativistic calculation
without SOC can be used to calculate the MAE. However, for a good accuracy all MAE
energies in this work were calculated self-consistently.

2.4.5 Anisotropic symmetric exchange

The anisotropic symmetric exchange (ASE) is also an effect originating from SOC, where
an interaction between two lattice sites is coupled to the connection vector [218, 219]. The
energy contribution is given by [220]

Ease = —JasE Z(Si dij)(sj - dij) (2.119)
ij

where d;; is the normalized connection vector between the lattice sites i and j. For a
positive constant Jasg a ferromagnetic alignment along the connection is energetically
favored, where an antiferromagnetic alignment occurs for a negative Jasg. For a positive
sign the ASE leads to a similar orientation as the dipole-dipole interaction. Therefore, it is
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a b
@ O <@A ’ ’ ’ Figure 2.22: Sketch of the ASE. Top view on
a hexagonal magnetic surface witha RW-AFM
@ O O ‘ ‘ ‘ state. a The preferred orientation of the
RW-AFM state for Jasg < 0 is perpendicular
J ASE = 0 j ASE < 0 to the FM rows. b For Jasg > 0 the orientation
is along the FM rows.

sometimes referred to as the pseudo-dipolar interaction. Within this work the ASE is only
considered for nearest neighbors.

In Fig. 2.4.5 a top view on a magnetic layer, hosting an in-plane oriented RW-AFM state, is
shown. For a positive value of [5sg the magnetic moments align along to the ferromagnetic
rows (Fig. 2.4.5a). For a negative value they align perpendicular the rows (Fig. 2.4.5b).

2.4.6 Dipole-dipole interaction

Compared to all other interactions the dipole-dipole interaction is usually very small. It
does not have an interaction constant, but depends on the magnitude of the magnetic
moment. The energy of the dipole-dipole interaction is [202]

S:5;3(s; - dij)(s; - dij) — (si - s)d7;
Eop=-Y. “°4n j = . (2.120)
ij ij

where d;; = r; — r; is the connection vector between the lattice sites i and j and d;; = |d;j| is

the distance. The magnitude of the magnetic moment S; is given in units of ug.

2.4.7 Topological orbital moments

Orbital moments emerge due to SOC, which leads to magnetic interactions like the DMI
or MAE. Orbital moments can also emerge without SOC due to the topology of the spin
structure [56]. Non-coplanar oriented magnetic moments, as sketched in Fig. 2.23, can lead
to a preferred rotational sense for electrons (green arrow), which move in the plane of the
magnetic layer. The orbital moment (blue arrow) originating from this preferred rotational
sense is called the topological orbital moment (TOM), since it depends on the topology of
the spin structure. The TOM for the lattice site i is defined as [56]

LZ-TO = Z KiT]'?Xijsz’jk . (2121)
(k)

TO

ijk

is the topological orbital susceptibility, a material specific parameter. T o« (r; — 1;) X (rx — 17)

Here the summation is over triplets of magnetic moments, which are nearest neighbors. «

defines the direction, which is perpendicular to the surface (7 « e;) for thin film systems.
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Figure 2.23: Sketch of the TOM. Three lattice
sites with the non-coplanar oriented magnetic
moments s;, s; and s are shown by red arrows.
A preferred chirality for electronic motion is in-
dicated by a green round arrow. The resulting
TOM is marked by a blue arrow. Figure inspired
by Ref. [56].

Xijk is the scalar spin chirality defined as
Xijk = 8i - (8 X'sr) . (2.122)

This scalar spin chirality is zero for collinear or coplanar magnetic textures. The topological
orbital susceptibility depends on the electronic structure and can in principle vary over the
lattice. However, for most materials a similar electronic structure for all lattice sites can be
expected. Via first-principles calculations this can be verified by analyzing the electronic
structure at each lattice site, e.g. via the LDOS. As a rough indicator the variation of the
magnitude of the magnetic moments could be used. If the magnetic moments are strongly
varying, the electronic structure will also differ between the lattice sites. The TOM can be
calculated via DFT, when SOC is neglected, since in that case no other contributions to the
orbital moment exist. Therefore, the whole orbital moment can be accounted to the TOM.
However, the TOM could change, when SOC is considered, since SOC alters the electronic
structure, which also influences the TOM via KiT].S. In general this makes a clear separation
of the TOM and the orbital moment due to SOC difficult. The change of the TOM due to
SOC might be small, as the change in the electronic structure by SOC is usually small, as
shown in calculations for a skyrmion [221].

When a TOM is present also an interaction between the TOM and the emergent magnetic
field can occur. This interaction is called the chiral-chiral interaction [56]

1 2
Eca = ) nga [Si (s X Sk)] . (2.123)
ijk

As an effect of SOC an interaction between a magnetic moment and the TOM, the so-called
spin-chiral interaction, can arise [56]

Egscr = —% K;-S]%I (Tijk . Si) [Si . (S]' X Sk)] . (2124)
ijk
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2.4.8 Topological charge and scalar spin chirality

Topological spin textures can have interesting features like enhanced stability or transport
properties. To measure the topology of spin textures like Skyrmions with diameters of a
couple of nanometers or above often the topological charge is used. The topological charge

1 Jdm Jm
Q=1 f m(g X a—y)dxdy , (2.125)

where m represents a spatially continuous magnetization and the integrand is called the

is given by [222]

topological density. For the atomistic model, where the magnetization is only defined at
the lattice sites, the topological density can be calculated on a triangle between three lattice
sites. The topological density is proportional to the area on the surface of a sphere, which
is spanned by the three magnetic moments of the lattice sites. While this description works
well for most isolated spin textures, it can break down for atomic-scale spin structures with
large tilting angles between neighboring lattice sites.

This can be showcased for three lattice sites, where the tilting angles are continuously
transformed. Fig.2.24 shows the topological density for three magnetic moments, which are
continuously rotated by the same angle 3, which is sketched in the inset. ¥ = 0° represents a
FM alignment, where the topological density is zero. The topological density has a positive
value in the range of 0° < 8 < 90°. For 3 = 90° all three magnetic moments are pointing
away from the common center. Here the topological charge is not defined. Coming from
the left or right the topological charge is approaching +0.5 or —0.5, respectively.
Additionally, the scalar spin chirality (cf. Eq. (2.122)) in dependency of 9 is shown. It
has the same sign as the topological charge, but is smoothly defined for all 8. As it is
defined for all spin textures it can be used as a measure of the spin topology as proposed
in Ref. [57]. Further, the scalar spin chirality has an intrinsic connection to the topology of
the spin texture, as it breaks the time-reversal symmetry even for a zero net-magnetization
[223]. The broken time-reversal symmetry leads to effects like the topological Hall effect
[52, 53] or TOM [56].

Ref. [224] demonstrates using a simple model, how the scalar spin chirality can lead to a
chiral current, which induces a TOM [56] or a Hall effect [225]. If a conduction electron is

AN

=0

Figure 2.24: Scalar spin chirality and topolog-
ical density for three magnetic moments. The
three magnetic moments are positioned on the cor-
ners of a equilateral triangle. For a value of 9 = 0°
all magnetic moments are FM aligned upwards.

i \ o For increasing 9 they are rotating away from the
center as sketched in the inset. The scalar spin
] ‘ | ange) are given for a 360° rotation of the magnetic

chirality (purple) and the topological density (or-

moments. The values of 9 = 90° and 9 = 270°

T T
0 %0 180 270 360 correspond to a coplanar in-plane alignment.
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2.4. Atomistic spin model

scattered on a lattice site r, with magnetic moment s, the wavefunction of the electron is
multiplied by [224]
A(sy) = bel”®?  with a,beC (2.126)

and o is a vector containing the Pauli-spin matrices (see Appendix A.1). In general
multiple scattering events do not commute A(si)A(s;) # A(s1)A(sk). This follows from the
commutation relation of the Pauli-spin matrices [224]

[ox, 01] = 2i€kmom (2.127)

where €y, is the Levi-Civita symbol. However, the charge transport depends only on the
trace , which is invariant for the order of two scattering events tr [A(sx)A(s;)] = tr [A(s;)A(sk)]
[224]. This leads to a vanishing net charge transport for two lattice sites. For a scattering at
three lattice sites, the trace depends on the order of the scattering events as

tr[A (se) A (81) A ()] = tr [A (5,) A (51) A (s)] = 4a® sin®(b)sy - (51 X ) . (2.128)

The net charge transport is in general non-zero and depends on the scalar spin chirality.
Note, that in special cases the current could be very small or even vanishing, depending
on the electronic structure. The connection between the spin texture and an induced
chiral current makes the scalar spin chirality an appropriate measure of the topology for
atomic-scale spin textures. In Ref. [226] non-trivial transport properties are predicted
for such atomic-scale spin textures with non-zero scalar spin chirality. While transport
properties and TOM depends on the scalar spin chirality, a connection to topological
superconductivity has not been shown so far. Pub. III shows, that the topological charge
does not correlate with induced topological superconductivity but suggests, that the scalar
spin chirality does.
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2.5 Simulated scanning tunneling microscopy images

Scanning tunneling microscopy (STM) is a versatile and powerful experimental technique to
directly probe the surface of a sample down to atomic resolution [227-232]. Simulated STM
data are a direct way to compare theoretical calculations and experimental observations.
This section describes the basic principle of STM and how STM data can be simulated
based on DFT, a tight-binding model and an atomistic spin model.
In STM a sharp tip is brought close to the surface of the sample. The position of the tip can
be controlled in all three spatial dimensions. Based on the quantum mechanical tunnel
effect a small current I will flow between the tip and the sample, which is dependent on
the distance between tip and sample, the electronic structure of the tip and the sample and
the bias voltage Vg, which is applied between tip and sample.
When the tip is scanned across the surface a map of the electronic structure of the surface
can be created, based on the spatial change in the tunnel current. The two most well
known measurement modes are the constant-height mode, where the z-position of the tip
is constant and the constant-current mode, where the z-position is constantly adjusted to
keep the current constant. The z-position of the tip in dependency on the position (x, y)
can be used to approximate the topography of the sample *.
Magnetic properties can be probed with spin-polarized scanning tunneling microscopy
(SP-STM), in which a spin-polarized tip is used [233-237]. Here the tunnel current depends
also on the spin orientation of the sample. When the tip spin orientation is varied even
non-coplanar spin textures can be resolved. Here it can be useful if multiple rotational
domains of a spin texture exist. Even when probed with the same tip, the effective tip
magnetization direction is different for the rotational domains.
Since magnetism influences the electronic structure, magnetic structures can also be detected
without a spin-polarized tip, e.g. via the tunneling anisotropic magnetic resistance (TAMR)
[238-241] or the non-collinear magneto resistance (NCMR) [242] effect. However, this
work focuses on SP-STM.
When the bias voltage is varied scanning tunneling spectroscopy (STS) measurements can
be performed [232, 243]. Here the differential conductance dI/dVg can be measured, which
gives an approximation of the LDOS of the sample ps(r, E) [244]
dI

d—VB(rT, V) o ps(rr, Ep +eVp) (2.129)
where Ey is the Fermi energy and rr the position of the tip. This can for example be
interesting to resolve the superconducting band gap or zero-energy edge modes in MSH
systems. The Tersoff-Hamann model [105] makes, based on the work of Bardeen [113],
some assumptions for the tip to obtain an expression for the tunnel current, that only

“The topography can only be approximated, since the tunnel current depends on the electronic density,
which is not only dependent on the topography. However, when probing different bias voltages, usually
very good approximations of the topography can be made.
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Figure 2.25: Sketch of the tunneling process in STM. a Sketch of the exponential decay of
a wavefunction from the sample into the vacuum. b Sketch of surface atoms and a tip. The
exponential decay of the LDOS is sketched. The total tunnel current results from a sum over the
contributions of all lattice sites. ¢ LDOS of the tip and the sample. The occupied states are marked
by filled areas. The red area represents the electrons, that can tunnel from the sample into the tip
for the given bias voltage V. The LDOS of the tip is assumed to be constant.

depends on properties of the sample. An extension to the model has been made by Lang
[245] and Heinze et al. [106, 107, 233, 244], where the latter includes spin-polarization.

2.5.1 Tersoff-Hamann model

The tunnel probability for a single electron from a state u of the sample to a state v of
the tip depends on the overlap of the wavefunctions W, and W, of the sample and tip,
respectively. This overlap can be described by the matrix element M,

The total tunnel current follows from a sum over all matrix elements, which are weighted
with the Fermi function f(E). The Fermi function ensures, that the state y in the sample is
occupied and the state v in the tip is unoccupied.

Using first order perturbation theory the current is the given by [105]
21te ’
I(Vs) = == ) FENL — f(E, + V)M POE, ~E) . (2:130)
uv

Here e is the charge of an electron and 6 denotes the delta distribution. The bias voltage Vg
shifts the energy of the tip state with respect to the sample (see Fig. 2.25¢c). Note, that for a
negative bias voltage the current could also be flowing from the tip to the sample. For
brevity only the case of positive bias voltage is treated in the following.

By relating the matrix element to the wave functions of a state of tip and sample [246] and
approximating the wave function of the tip to be spherical symmetric the current can be
written as [244]

1673C*H°

I(rr) = ", ¢ f pr(E + eVp)ps(rr, E)[f(E — E3) — f(E+eVy —EL)IAE . (2.131)
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Here C is a constant, pr is the DOS of the tip and ps is the LDOS of the sample. The LDOS
can be calculated from the wavefunctions W, by

ps(t,E) = Y | W, ()PS(E, — E) (2.132)
u

where 0 is the Delta distribution, u corresponds to states of the sample.

Eq. (2.131) depends on the LDOS of the sample evaluated at the position of the tip ps(rr, E),
i.e. in the vacuum a few A above the surface. While this can be calculated directly via
DFT, for simpler models such as the tight-binding approach used in this thesis the LDOS
of the sample is only defined at the lattice sites of the sample. Generally a wavefunction
decays exponentially into a potential barrier, when its energy is smaller than the potential.
At a position z in the vacuum above the surface at z, the wavefunction of the sample is

Y(z) = W(zo)e M) k= \/2’;(? , (2.133)

where « is the decay constant, dependent on the electron mass m and the work function ¢.

therefore given by

For small bias voltages x can be assumed to be equal for all states [244]. This is sketched
in Fig. 2.25a. The decay constant is approximately x = 0.51 qb(eV)A_1 [231]. The work
function can for example be calculated by DFT. If x can not be determined by some
ab-initio calculations, a value of x = 11&_1 can be a reasonable estimate. When further
assuming an isotropic decay, the LDOS of the sample at the tip position is given by

p(rr, E) = Z Wy (rs)l? e 2SI §(E, — E) = p(rs, E) e 207 (2.134)
u
as visualized in Fig. 2.25b. For low temperatures the Fermi function can be approximated
by a Heaviside function, leading to

Er

) [ pr(E+ eVilpsten, EXIE .135)
EF—EVB

where the Heaviside functions are reflected in the integration boundaries. The LDOS of the

tip is in general not easy to obtain and is assumed to be constant in the Tersoff-Harmann

model pr(E) = const. [105]. With the definition

Ep
ﬁﬂﬂ@:f‘ ps(er, E) dE (2.136)
EF—EVE
the current becomes
I(xr) oc prps(rr, V) . (2.137)

In Fig. 2.25c the LDOS of the tip and the sample are sketched. The approximations for
low temperatures and constant LDOS of the tip are used. Now all states above the Fermi
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energy of the tip are assumed to be unoccupied. Due to the energy shift of eV between
the Fermi energy of the tip and the sample, all states of the sample in the energy interval
E € [-eV5, 0] can contribute to the tunnel current.

For spin-polarized tips and samples two densities exist, one for the spin up channel p'
and one for the spin down channel p!. The total LDOS is now given by p = p' + p!
and the magnetization is m = (p' — p')s, where s is the normalized direction of the tip
magnetization or a surface atom. The current then becomes [106, 107, 233]

I(rr, V) = Ip(rr, Vi) + Ip(xrr, VB, 87) < prps(rr, V) + memag(rr, V) (2.138)

where I is the non-spin-polarized part and Ip the spin-polarized part. The tilde represents
again the integration over the energy.

2.5.2 SP-STM simulations based on the atomistic spin model

The atomistic spin model uses classical vectors to represent the local magnetic moments.
As a result this model does not contain any information of the LDOS apart from the
spin-polarization, which is reflected in the magnetic moment. Therefore, also the LDOS of
the sample is modeled by a constant value p(E) = pg®(Er — E), where states are exactly
occupied up to the Fermi energy, described by the Heaviside function ®. Modeling the
LDOS of the tip and the sample as constant makes the result completely independent
on the bias voltage. Despite the simplicity of this model it still can give a quite good
agreement for SP-STM images to more sophisticated simulations based on DFT, as shown
in Sec. 2.5.4.

The LDOS at the tip position rr follows from Eq. (2.134). The total current for the
non-polarized part is then given by the summation over all lattice sites, as sketched in
Fig. 2.25b

I = Z poe2ernl (2.139)

Here py is the constant LDOS. This sum contains in principle contributions from all lattice
sites, where also periodic repetitions of the magnetic unit cell have to be considered. As the
contributions become exponentially smaller with an increasing distance, only lattice sites
up to a certain cut-off have to be considered. The cut-off distance can be determined by
convergence tests. The spin-polarized part can be calculated in the same fashion by [233]

I, = z poPrPs cos (8;)e 2l (2.140)
Here Pgr = % is the spin-polarization, which results, when the LDOS is assumed to

be constant. J; is the angle between s7, the magnetization direction of the tip, and s;, the
magnetization direction at the lattice site i.

64 Chapter 2. Theoretical background



2.5. Simulated scanning tunneling microscopy images

Figure 2.26: STM simulations for a edge state
based on a tight-binding model. The boundary
between a non-magnetic superconducting state
and the SkX state for a stripe geometry is marked
by a black dashed line. a LDOS integrated in
the energy interval E € [-0.1, 0] as calculated by
a tight-binding model. b Vacuum LDOS at a
distance of 4 A above the surface calculated from
the LDOS in a. ¢ Energy resolved LDOS for a
lattice site at the boundary (red) and at a distance
to the boundary (green). The positions of these
(Wax Olpos lattice sites are marked in a. The parameters for
the calculationaret =1, = 0,u = 1.5,A = 0.7,
JS = 3.0 on the magnetic stripe and JS = 0 for the
superconducting surface.

substrate ®

s-SkX state

max

2.5.3 SP-STM simulations based on the tight-binding model

In contrast to the atomistic model the LDOS can be calculated explicitly via a tight-binding
model. The tight-binding model used in this thesis allows only for a calculation at the
lattice sites. The contribution at the position of the tip follows from Eq. (2.134).

The contributions of all atoms i are summed and the total current is given by

L
I= f ) dE Z |(0](E) + pH(E)) + Pr(p(E) - pH(E)| e . (2.141)

Note that also the current for unoccupied states could be calculated, when the bias voltage
is inverted. Compared to Eq. (2.140), the angle dependency between the tip and the sample
is not explicitly included, since the LDOS in the tight-binding model is already calculated
with respect to the quantization axis of the tip. When tight-binding calculations are used
to simulate SP-STM images in the post-processing, the LDOS has to be calculated for the
quantization axis of the tip. Sec. 2.2.3 describes how the quantization axis can be adjusted
in tight-binding calculations.

As the tight-binding model used in this work contains superconductivity, it allows to
calculate related properties, such as emergent edge states at an interface between a
topological and a trivial domain. With the spin-polarization of the tip even the spin-
polarization of edge states can be modeled. An example for a STM simulation of an edge
state is given in Fig. 2.26. The STM simulations were performed at an interface between a
skyrmionic lattice (SkX) state and a non-magnetic stripe (cf. Fig. 2.6c). The width of each
stripe is 10 unit cells, ensuring that the boundaries are sufficiently far apart.

In Fig. 2.26a the LDOS at the lattice sites integrated in the energy interval E € [-0.1,0] is
shown. This energy interval lies in the bulk band gap of the SkX state and also of the
non-magnetic state. Therefore, only edge states, which exist in this energy interval (cf.
Fig. 2.9), contribute to the LDOS. A large contribution exists on the first row of atoms at
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the SkX side of the boundary. In Fig. 2.26b the vacuum LDOS at a height of 1.45 lattice
constants is shown, which has been calculated by Eq. 2.134. With a lattice constant of 2.76 A,
as used in Pub. III, this corresponds to a height of 4 A. This integrated vacuum LDOS
represents the simulated tunnel current for a tip polarization of Pr = 0 (cf. Fig. 2.141). A
spin-polarized SP-STM simulation would be done in the same fashion by adjusting the tip
polarization. Fig. 2.26¢ displays the energy resolved LDOS for two lattice sites marked in
Fig. 2.26a. One lattice site is located directly at the boundary (red) and one lattice site has a
small distance to the boundary (green). For both a peak at zero energy is visible, while it is
significantly smaller for the green-marked lattice site. The energy range, which has been
used for the energy integration, is indicated by gray lines. To simulate STM measurements
of edge states, the bias voltage should be chosen smaller, than the superconducting band
gap. Also the robustness of the result in dependency of the bias voltage should be tested.
In Pub. IV a small energy window symmetrical around the Fermi energy is used. This
models a so-called zero-bias measurement, where a very small DC bias voltage is applied
in the experiment. The signal is then averaged. This technique allows for measurements
directly at the Fermi energy, which can be interesting to detect superconducting properties.

2.5.4 SP-STM simulations based on DFT

b model 45%Pd + 55%Mn ¢ model Pd d model Mn

ol
¢ —

.

t.

Figure 2.27: SP-STM simulations by an atomistic spin model and by DFT. The simulations are
performed for a Pd/Mn bilayer on a Re(0001) substrate, hosting a 3Q state. The magnetization in the
Mn layer is with 3.03 up significantly larger than in the Pd layer with 0.1 ug. The tip magnetization
is chosen perpendicular to the magnetic plane and pointing outward. The tip-sample distance is
6 A for all calculations. a DFT calculated vacuum LDOS for a bias voltage of Vg = ~100 meV.b
superposition of a, b, where the Pd layer is contributing with 45% and the Mn layer with 55%. ¢
atomistic model for the Pd layer. d atomistic model for the Mn layer.

In the previous methods the LDOS of the sample at the position of the tip p(rr, E) was
calculated from the LDOS at the sample position times an exponential function in the
post-processing. The FLAPW method allows to directly calculate the wavefunction in the
vacuum region due to the form of the basis wave functions. To perform a STM or SP-STM
simulation first one starts with a converged charge density. Then a so-called energy slice
can be created, where only energies in a certain range are considered. This energy range
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needs to be set from the bias voltage to the Fermi energy which accounts for the integration
in Eq. (2.136). The calculation is possible for occupied (eVg < 0) and unoccupied (eVg > 0)
states. In the next step the charge and magnetization density on grid points in a plane can
be calculated. The plane is chosen at the considered tip height. Assuming the constant
LDOS and s-wave character of the tip, the non spin-polarized part is directly given by the
calculated charge density. The spin-polarized contribution is given by the scalar product
between the unit vector of the tip magnetization and the magnetization density, which is
given as a vector by the FLEUR code.

In Fig. 2.27a the vacuum LDOS for a Pd/Mn bilayer on a Re(0001) substrate is shown (cf.
Pub. I). The direction of the tip magnetization is perpendicular to the magnetic plane and
pointing outwards. The tip spin-polarization is assumed as 100%. The Pd and the Mn
layer, both host a 3Q state, where the induced magnetic moments of 0.10 up in the Pd layer
are significantly smaller, than the magnetic moments of 3.03 g in the Mn layer. Here the
question arises, which of the layers is mainly contributing to the spin-polarized tunnel
current. Mn has the larger magnetic moment, but is covered by the Pd layer. For other
systems it has been shown, that the main contribution does not have to originate from the
top layer, but depends on shape of the occupied orbitals [247]. The SP-STM image from
DFT can be interpreted by comparison with simulations using the atomistic model.

In Fig. 2.27c+d SP-STM images are simulated for a single Pd and Mn layer individually.
Note, that the downward pointing magnetic moment from the Mn layer has a large
contribution, although it is antiparallel to the tip magnetization. While the magnetic
moment originates from the difference in the LDOS of all occupied states, it can differ in
the small energy window around the Fermi energy probed by the SP-STM [248]. This can
be pictured as an inversion of the spin-polarized contrast. When a superposition of the
images of both layers with 45% Pd and 55% Mn is created, as shown in Fig. 2.27b, it is very
similar to the SP-STM simulation by DFT. This showcases, that both layers have a similar
contribution to the SP-STM signal.

Here only the spin-polarized contributions from the Mn and the Pd layer were used,
although also the atomic contrast contributes to the vacuum LDOS. In general the spin-
polarized contrast will be more prominent with increasing tip-sample distance. The
magnetic unit cell is larger, than the chemical unit cell and the contrast of larger unit cells
decays slower into the vacuum [106, 249]. In the example here, a good fit between the DFT
and the atomistic model could be achieved even, when the atomic contrast is completely
neglected.

The ratio of the contributions of the Mn and the Pd layer can be obtained by a fit. The
atomistic model has to be calculated on the same grid as the DFT data. In Fig. 2.27 for
example (100 x 100) grid points in the magnetic unit cell were used. For each grid point «
the difference between the DFT value and the atomistic values is weighted with a constant
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c1 and c,. The sum over the squares of these differences given by

Y (e — alyy — caly,) (2.142)

a

is the minimized with respect to ¢; and c,. This least squares fit gives the contributions
of the individual layers, and can be also expanded to more layers. For spin-polarized
simulations the constants c; and ¢, can have negative values, since the spin-polarization
in a small energy range close to the Fermi energy does not have to coincide with the
spin-polarization of all occupied states [248].
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3 Overview of results

This chapter gives a broad overview over the results obtained in this PhD thesis. A
more detailed discussion can be found in the publications reprinted in Chap. 5 to 8. The
results can be separated into two parts. In the first part the spin structures of realistic
magnetic materials are investigated via density functional theory (DFT) and spin-polarized
scanning tunneling microscopy (SP-STM) simulations, which are compared to experiments
performed by our collaborators Dr. K. von Bergmann et al. from the University of
Hamburg (Pub. I and Pub. II). These systems use a Re(0001) substrate, which becomes
superconducting below 1.7 K.

The second part (Pub. III and Pub. IV) focuses on topological superconductivity in magnet-
superconductor-hybrid (MSH) systems. Here a tight-binding model is used to investigate
the effect of complex magnetic structures on the state of the superconducting substrate.
Topological superconductivity can be induced by the spin textures even for conventional
s-wave superconductors. A variety of non-coplanar spin textures, including those found
in Pub. I and Pub. II, are investigated in Pub. III with respect to strong topological
superconductivity. Pub. IV examines topological nodal point superconductivity (TNPSC),
induced by a collinear antiferromagnetic (AFM) state and focuses also on properties of
topological edge states such as spin-polarization and decay length.

The non-coplanar structure and large tilting angles of the magnetic triple-q (3Q) state [179]
can lead to interesting phenomena [88, 250, 251], such as a topological Hall effect [252,
253] or topological superconductivity [88]. It has four magnetic moments in the unit cell,
which form tetrahedral angles (Fig. 3.1c,d). Although the magnetic spin moments are
compensated over the unit cell topological orbital moments (TOMs) arise and order with a
ferromagnetic alignment. The topological orbital moment (TOM) depends on the scalar
spin chirality x;x = s; - (s; X sx), which can be viewed as a measure of the topology of a
spin texture [57]. As the scalar spin chirality breaks time-reversal symmetry, it can lead to
interesting transport properties, such as the topological Hall effect [225].

In Pub. Iit is shown, that the ideal 3Q state will always orient in a specific highly-symmetric
orientation with respect to the atomic lattice. This allows to differentiate ideal and distorted
3Q states. In the ultra-thin film system Mn/Re(0001) the 3Q state has been found on
a surface, allowing for direct observation via SP-STM [103]. SP-STM measurements in
comparison to simulations, which are shown in Fig. 3.1a, reveal a specific orientation of the
3Q state on the surface. Here the spin state couples in the so-called 3Q°® orientation, where
two spins are oriented within the magnetic Mn layer. This is sketched in Fig. 3.1c and can
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Figure 3.1: 3Q state in Mn/Re(0001) and Pd/Mn/Re(0001). a SP-STM measurements of a Mn
monolayer on a Re(0001) substrate, showing two rotational domains of the 3Q3 state. b SP-STM
images of two Pd/Mn/Re(0001) islands. Due to a step edge is the spin structure 180° rotated between
both islands. The insets show SP-STM simulations for the 3Q! state based on DFT. The orientation
of the spin structures in the simulations reflect the two islands. ¢ The 3Q? state on a hexagonal
lattice. d Tetrahedron representation of the 3Q° orientation. e Tetrahedron representation of the
3Q! orientation. f The 3Q! state on a hexagonal lattice. The figure is modified from Ref. [103] and
Pub. I with permission of APS.

be visualized as a tetrahedron in a specific orientation (Fig. 3.1d). For this 3Q° orientation
three rotational domains exist, two of them can be seen in the sample area of Fig. 3.1a.

In Pub. I similar systems were investigated, where an additional Pd or Rh adlayer has been
grown on Mn/Re(0001) (see sketch in Fig. 3.1b). In Fig. 3.1b SP-STM measurements for
two islands of Pd/Mn bilayers on a Re(0001) substrate are shown. The spin structure is
rotated by 180° between the two islands due to a step edge, yielding effectively two tip
magnetization directions in a single image. On both islands no rotational domains exist,
which is a qualitative difference to Mn/Re(0001). The insets show SP-STM simulations
for the 3Q! state (see Fig. 3.1e+f), based on DFT calculations. A comparison to SP-STM
simulations by an atomistic model reveals, that the Pd and the Mn layer contribute roughly
equal to the spin-polarized current (cf. Fig. 2.27). Both simulations use the same spin
texture, which is rotated by 180° to model the two islands from Fig. 3.1b. These simulations
are in very good agreement with the experiment. In the 3Q! orientation one spin is pointing
out of the magnetic plane and the other three spins have the same z-component, which
can be represented by a tetrahedron in Fig. 3.1e. This orientation is rotational symmetric
around the surface normal and does not exhibit any rotational domains.
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Figure 3.2: HOI and TOM along the 2Q-3Q-1Q path. a-d Four spin structures of the 2Q-3Q-1Q
path are shown: the 2Q), 3Q, distorted 3Q and 1Q state, respectively. e The total energy along the
path, calculated via DFT and neglecting SOC interactions, is marked by points for a Mn monolayer,
a Pd/Mn bilayer and a Rh/Mn bilayer on the Re(0001) surface. The solid lines represent a fit to the
4t and 6" order HOI. The contributions are displayed separately in the insets. f Orbital moments,
calculated via DFT. Due to the absence of SOC these can be attributed to the TOM. The figure is
modified from Pub. I with permission of APS.

This leads to a qualitative difference between 3Q! and 3Q? orientation in SP-STM measure-
ments. Both states can be transformed into each other by a global spin rotation. So far it
was unclear, what leads to the different coupling of the spin texture to the atomic lattice.

In Pub. I total energy calculations by DFT and an atomistic model are used to find the
magnetic ground state and orientation with respect to the atomic lattice. DFT calculations
show that the 3Q state is energetically favored in contrast to the corresponding 1Q state,
the RW-AFM, for Mn/Re(0001) [103, 104] as well as Pd/Mn/Re(0001) (Pub. I). However, the
energy difference between 3Q and 1Q is larger for Pd/Mn/Re(0001).

In general multi-Q states can be stabilized by higher-order exchange interactions (HOI)
[41, 58]. The effect of HOI can be seen for a continuous transformation from the 2Q over
the 3Q to the 1Q state, which is illustrated in Fig. 3.2a-d. All states along this path are
superpositions of spin spirals and are degenerate with respect to the Heisenberg exchange
energy and the DMI. Total energy calculations via DFT along this path, shown in Fig. 3.2e,
reveal that the ground state of Mn/Re(0001) is a distorted 3Q state [104], while it is the ideal
3Q state for Pd/Mn/Re(0001) (Pub. I). For this distorted 3Q state one of the 1Q states has a
larger contribution, than the other one (cf. Ref. [104, 179]). By fitting an atomistic model
on the DFT data, HOI of the 4 and the 6" order can be differentiated. A frustration of the
4" order in combination with 6 order HOI in Mn/Re(0001) leads to the distorted 3Q state
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[104]. This frustration is lifted with the additional Pd or Rh layer, resulting in the ideal 3Q
state as the ground state (Pub. I).

Spin-orbit coupling (SOC) effects can couple the spin structure to the atomic lattice. The
distorted 3Q state in Mn/Re(0001) couples in the 3Q* orientation, whereas the ideal 3Q
state in Pd/Mn/Re(0001) and Rh/Mn/Re(0001) couples in a 3Q' orientation. This suggests,
that the orientation is linked to a possible distortion of the 3Q state.

The DMI does not prefer a specific orientation for all states along the path. Pub. I shows
that, depending on the sign, the magnetocrystalline anisotropy energy (MAE) favors a
specific orientation of nearly all states. The ideal 3Q state is the only exception, where
all orientations are degenerate with respect to the MAE, due to the symmetry of the
magnetic structure. A 3Q state, which is distorted toward the 1Q state, will orient in a 3Q?
orientation for an easy-axis MAE and in a 3Q° orientation for an easy-plane MAE. This
is consistent with the 3Q? orientation of the distorted 3Q state in Mn/Re(0001) [104]. A
typically even weaker interaction, the anisotropic symmetric exchange (ASE), can lift the
energetic degeneracy of all orientations even for the ideal 3Q state. Independent of its sign,
it favors the 3Q! orientation (Pub. I).

Due to the lack of rotational domains the 3Q' states looks qualitatively different than the
3Q? or 3QQ° state in SP-STM images. Therefore, the ideal and distorted 3Q states can be
differentiated by their orientation. This is especially interesting, as the ideal 3Q state has
the largest topological orbital moments along the 2Q-3Q-1Q path (Fig. 3.2f).

The topological orbital moments cannot only form a ferromagnetic pattern but also an
antiferromagnetic one as it could be shown in Pub. II. For a Fe monolayer on three Ir layers
on a Re(0001) substrate a nearly rectangular unit cell is observed via SP-STM measurements
(see Ref.[155] and Pub. II) . Due to different rotational domains a non-coplanar spin structure
is suggested by the experiment. DFT calculations, performed in this thesis, reveal a strong
exchange frustration and significant HOI (Pub. II). Under the constraint of a constant
magnetic moment a multi-Q state can be constructed from two spin spirals [41]. A multi-Q
state, consistent with the unit cell from the SP-STM measurements, is shown in Fig. 3.3a.
The spin spirals, that are used for the superposition are shown in Fig. 3.3b+c. This multi-Q
state has 16 atoms in the unit cell, where two substructures can be identified, which are
marked by purple dashed lines. One of the structures resembles an atomic-scale skyrmion
(S) and the other one an antiskyrmion (A). Although these are on an atomic scale and form
no isolated spin structures, the skyrmionic and antiskyrmionic structure have an opposite
topology in terms of their scalar spin chirality, which manifests in a topological orbital
moment (TOM). This TOM is always perpendicular to the magnetic plane. The sign and
strength of the TOM, calculated by DFT, is indicated by colored hexagons. Note that the
topological charge, that is often used for the classification of isolated spin texture cannot
be defined for these atomic scale lattices (cf. Sec. 2.4.8). This multi-Q state is energetically
clearly preferred over the spin spirals, used for its construction.
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Figure 3.3: Spin structure and topological orbital moments of a multi-Q state. a The multi-Q state
is energetically preferred over spin spirals by HOL It can be constructed from two perpendicular

spin spirals along the bTM and ¢ TK direction. The spin spirals have a vanishing TOM and are
therefore considered as a trivial topology. The multi-Q state has a non-zero TOM as calculated by
DFT. Red (blue) color denotes upwards (downwards) pointing TOM with respect to the surface
normal. The centers of atomic-scale substructures of the spin lattices are denoted by letters:
skyrmionic (S) and antiskyrmionic (A). The figure is modified from Pub. II with permission of npj
Spintronics.

While the multi-Q state is not consistent with SP-STM measurements, similar states can be
obtained by small modifications of the spin structure, that can explain the experimental
data. These states, constructed from the multi-Q state, also have a significant lower energy
than any spin spiral state (see Pub. II).

However DFT total energy calculations clearly show, that a non-coplanar spin texture will
form the ground state, which is stabilized by the 4site-4spin interaction (Pub. II). For the
multi-Q state the TOM is forming a row-wise antiferromagnetic pattern. The skyrmionic
and antiskyrmionic contributions are exactly compensating over the unit cell for the
multi-Q state. This reflects the opposite topology of the two spin structures. The TOM
calculated via DFT is in very good agreement with the atomistic model, that depends on
the scalar spin chirality [56]. This system shows, that the superposition of two topological
trivial spin spiral states can lead to a non-coplanar spin texture with non-trivial topology.
This superposition is stabilized by HOL

All systems investigated by DFT, Pd/Mn/Re(0001), Rd/Mn/Re(0001) and Fe/Ir-3/Re(0001),
are on a Re substrate, which becomes superconducting at 1.7 K. Therefore, these systems
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Figure 3.4: Topological superconductivity induced by states along the 2Q-3Q-1Q path. a Scalar
spin chirality of the spin state and minimal size of the band gap in the adjacent superconductor. b-f
The spin texture for five states along the path is shown. The color of the hexagons indicates the scalar
spin chirality. g-k Chern number as calculated via a tight-binding model. Here the parameters u
and JS are varied. The parameters for the tight-binding calculations are t =1,A = 0.4,a = 0 and
pu=-1,JS=1foraand 0 < JS <3, -4 < u < 4 for g-k. The figure is modified from Pub. III with
permission of npj Spintronics.

form a promising MSH platform with non-coplanar complex spin textures in the vicinity
of a superconductor. In Pub. III a tight-binding model is used to investigate which of these
atomic-scale spin structures can induce topological superconductivity. The topology of the
spin textures is thereby quantified by the scalar spin chirality.

A tight-binding model allows to vary the interaction parameters and the spin texture.
Therefore, a general trend for the connection between the topology of the spin structure
and the topological superconductivity can be estimated.

Topological superconductivity is known to emerge for a FM structure under the influence
of SOC. To isolate the effect of the spin topology, SOC is neglected in Pub. III. In Fig. 3.4a
the total scalar spin chirality of the unit cell for the 2Q-3Q-1Q path is shown. For five
states along this path the spin structure and the lattice site resolved scalar spin chirality
is depicted in Fig. 3.4b-f. The scalar spin chirality for all states is homogeneous over the
lattice. It is vanishing for the coplanar 2Q state and the collinear 1Q state. For all other
states it is non-zero and maximized for the 3Q state. For each of the states along the path
the band structure can be calculated via the tight-binding model. The superconducting
order parameter of the model defines the bandgap in the absence of a magnetic layer.
When the magnetic layer is introduced, the band gap will be reduced. The minimal band
gap of the 2D-BZ is shown in gray in Fig. 3.4a. The band gap is maximal for the 3Q state
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Figure 3.5: Topology of a skyrmionic and antiskyrmionic lattice. The real space topology of the
spin texture is reflected by the scalar spin chirality marked by colored hexagons for the a SkX and b
ASkX state, which contain a skyrmionic respectively antiskyrmionic spin texture on the atomic
scale. The spin texture is indicated by colored arrows and the unit cell is marked by black dashed
lines. The Chern numbers for a MSH system containing the SkX or ASkX lattice are given in ¢
for the SkX and in d for the ASkX state as a function of the chemical potential, y, and coupling
strength, |S. The other parameters of the tight-binding calculation aret = 1,a = 0,A = 0.7. The
figure is modified from Pub. III with permission of npj Spintronics.

and reducing toward the 2Q and 1Q state, where it is completely vanishing. The band
gap does not follow the same function as the scalar spin chirality, but has the same trend.
The states with large scalar spin chirality lead to a comparably large band gap. For a
distorted 3Q state at « = 55°, which could be the ground state in Mn/Re(0001) [104], the
band gap is only around half of the band gap of the ideal 3Q state. This showcases, why
the experimental distinction between the ideal and distorted 3Q state can be crucial. In
Fig. 3.4g-k the Chern numbers are shown as function of the chemical potential, i, and the
coupling strength, JS.

For the 2Q and 1Q state the Chern numbers are vanishing for the whole investigated
phase space. Hence, both states induce no strong topological superconductivity. For all
other states along the path the Chern number is non-zero for large parts of the phase
space. This holds true even for states with small scalar spin chirality, i.e. close to the 2Q
or 1Q state. Strong topological superconductivity can be induced by all, even slightly,
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non-coplanar states along the path. However, the band gap scales roughly with the scalar
spin chirality, which makes states with a large scalar spin chirality especially interesting
for an experimental realization (see Pub. III).

Besides the 3Q) state also the multi-Q state, shown in Fig. 3.3a, has a significant scalar spin
chirality. Surprisingly no topological superconductivity was found for this state (Pub. III).
Differing from the 3Q state, the multi-Q state has a non-homogeneous scalar spin chirality.
Over the magnetic unit cell the contributions of the skyrmionic and antiskyrmionic structure
are compensating and the total scalar spin chirality is vanishing. By a periodic repetition of
only the skyrmionic or antiskyrmionic part the so-called skyrmionic lattice (SkX) and the
antiskyrmionic lattice (ASkX) can be constructed. These states are shown in Fig. 3.5a+b,
with the unit cell indicated by black dashed lines. Both structures have a non-zero total
scalar spin chirality, which is Xt = 24 for the SkX and exactly opposite for the ASkX
lattice. Both spin textures can induce topological superconductivity, which is reflected by
non-zero Chern numbers obtained via the tight-binding model for large parts of the phase
space (Fig. 3.5c+d). Furthermore, the Chern number for the SkX lattice is exactly opposite
to the Chern number of the ASkX lattice for all values of u and JS. This suggests, that
besides the scalar spin chirality also the Chern number is compensated for the multi-Q
state (Fig. 3.3). Note, that both lattices have the exact opposite scalar spin chirality, but
cannot be transformed into each other by inversion, instead they form independent spin
textures. These findings from Pub. III suggest, that a connection between the topology in
spin space and topological superconductivity exists and that the total scalar spin chirality
can be a good measure to identify interesting states for topological superconductivity.
Although the effect of SOC was neglected in this study, test calculations demonstrate that
the results are stable against including SOC (see Supplementary Information of Pub. III).

Non-zero Chern numbers indicate strong topological superconductivity which manifests
in edge states all around the boundary of a magnetic island and an open band gap on
the island. But even, when the bandgap is closed at specific points of the 2D-Brillouin
zone, TNPSC can exist. Here the formation of edge modes depends on the crystallographic
direction of the edge. TNPSC can for example occur for an AFM spin structure, when SOC
is considered [39, 91].

While for strong topological superconductors the number of edge modes coincides with
the difference in the topological invariant, boundaries between two different nodal point
superconductors have not been investigated so far.

In Pub. IV a Mn monolayer (ML) and bilayer (BL) on a superconducting Ta(110) substrate
were investigated. Motivated by experiments of our collaborators, both are considered to
be TNPSC and step edges create boundaries between both phases. In the tight-binding
model the ML and BL are represented by different sets of parameters. The band structures
near the Fermi energy are shown in Fig. 3.6a+b The BL has four nodal points, while the
ML has six.
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Figure 3.6: Spin-polarized edge state at the interface of two TNPSC. The band structures close
to the Fermi energy (red sheet) is shown for a the bilayer and b the monolayer. The position of
the nodal points is highlighted. ¢ Sketch of the spin structure of an edge along the [001] direction.
d Integrated signal form zero-bias SP-STM simulations for 100 % tip polarization, a tip height of

4 A and a decay parameter of 1 A e Spin-polarization calculated from d. f, g decay constants
for surface states «(E, kjoo1]) for the bilayer and the monolayer , respectively. For details on the
calculations and the parameters of the tight-binding calculations see Pub. IV. The figure is modified
from Pub. IV.

Experimental SP-STM measurements reveal the existence of edge states for a boundary
along the [001] direction between the ML and the BL (see Pub. IV). The boundary for
this edge is sketched in Fig. 3.6¢c. Integrated zero-bias SP-STM simulations in Fig. 3.6d
show a maximum for a T and a | polarized tip near the boundary, representing an edge
mode. Both polarizations differ in their contribution, leading to a spin polarization of up
to 30 % (Fig. 3.6e). This is quite a surprising result, as the ML and BL terminate at the
boundary with the opposite orientation of the magnetic moments. The reason for this
spin-polarization lies in the different decay lengths of the edge state into the ML and the
BL, which is demonstrated in Pub. IV. The faster decay into the ML can be seen in the
vacuum LDOS (Fig. 3.6d) for both spin-polarizations. Due to the comparably fast decay the
contributions of the AFM spin texture cannot compensate, leading to a spin polarization of
the edge state defined by the termination of the ML.

The decay length of surface states depends on the electronic structure and can be calculated
via the complex band structure. In Fig. 3.6f+g the energy and ko) resolved decay
parameters x(E, kjpo1]) are given. The darkest areas with x = 0 correspond to the bulk band
structure. The comparison of « for the ML and BL show;, that the decay of surface states is
quite different, due to the different electronic structure. Generally the decay is faster, the
further a state is from bulk states. This makes different decay length of edge states and
consequently a spin polarization for AFM structures a general phenomenon.
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4 Summary

This work presents complex magnetic structures in realistic magnet-superconductor-hybrid
(MSH) systems which can also be studied experimentally. Furthermore, the etfects of the
spin texture on the superconducting state is studied. Thereby, this thesis bridges the gap
between the spin topology and the topology of the superconducting substrate.

As an example of an MSH system, Fe/Ir-3/Re(0001) is shown in Fig. 4.1. The Fe layer hosts
a complex spin structure, such as the atomic-scale skyrmionic lattice (SkX), while the Re
substrate can be superconducting. Despite the presence of Ir interlayers the magnetic
moments can interact with the superconducting substrate, as indicated by purple springs
in Fig. 4.1a. The non-trivial spin texture manifests e.g. in topological orbital moments
(TOMs) or non-trivial transport properties. A topological superconducting phase leads
to the emergence of topologically protected Majorana modes, which are of great interest,
e.g. for topological quantum computing. A central question is whether the topology of
the spin texture is connected to the topology of the superconducting phase. While several
topological spin textures are known to induce topological superconductivity [88, 89, 100] a
systematic investigation has not been made.

In this work various spin textures of different topology are investigated in their ability to
induce topological superconductivity in conventional superconductors. To examine the
connection between spin structure and superconducting phase, continuous transformations
between trivial and topological spin textures are considered. The topology of the spin
texture is measured by the scalar spin chirality x;x = s; - (s; X sx), which is non-zero
for non-coplanar spin textures, as sketched in Fig. 4.1a. The scalar spin chirality is a
good measure of spin topology, as non-coplanar spin structures break the time-reversal
symmetry even when the net magnetic moment is compensated. This leads to measurable
effects like the topological Hall effect or TOMs. Both originate from a preferred chirality of
electronic motion, as indicated a black circular arrow in Fig. 4.1b. For the SkX lattice the
total scalar spin chirality is non-zero, which indicates a non-trivial spin topology.

The superconducting properties of the MSH system depend on the band structure, which
is shown in the 2D-BZ in Fig. 4.1c. The two bands correspond to the first band under and
above the Fermi energy, respectively. The distance between both bands corresponds to
the superconducting bandgap. The topology of the electronic structure is reflected in the
Berry-curvature, which is indicated on the sheet at the Fermi energy. Positive and negative
contributions are marked in red and blue, respectively.

Chapter 4. Summary 79



topology of spin space

magnet-superconductor hybrid

Berry-curvature

band structure

topology of superconductor

Figure 4.1: Sketch of Fe/Ir-3/Re(0001) as an exemplary MSH system. a The arrows and colored
spheres represent the directions of magnetic moments and atoms in the magnetic layer. The black
spheres represent atoms from the superconducting substrate and the coupling between both is
indicated by springs. b Three lattice sites of the SkX state and an exemplary preferred chirality
of electronic motion (round black arrow). The resulting TOM is indicated by a blue arrow. ¢ The
first bands above and below the Fermi energy are shown in purple. The distance between both
bands therefore amounts to the band gap. The colored sheet is located at the Fermi energy and
the red (blue) colors represent a positive (negative) Berry curvature. The Chern number is given
by the 2D-BZ integral of the Berry curvature, which here amounts to C = —1. The tight-binding
parameters for the band structure and the Berry-curvaturearet =1,y =1,A=0.7,JS = 3.
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The topological phase is determined by a topological invariant, the Chern number,
calculated as the BZ-integral of the Berry-curvature. For this example the Chern number is
C = -1, which is a topological superconducting phase. This showcases that, for the SkX
state, a non-trivial spin topology coincides with topological superconductivity.

To find topological spin structures that exist in realistic MSH systems, several methods
were combined in this thesis. For systems such as Pd/Mn/Re(0001) or Fe/Ir-3/Re(0001)
the magnetic ground state was identified using DFT. The magnetic interactions, which
stabilize the ground state are interpreted by a parametrized atomistic spin model. Via
spin-polarized scanning tunneling microscopy (SP-STM) simulations, the theoretical data
can be compared to experimental data of collaborators from the University of Hamburg.
In Pub. I the ideal 3Q state with homogeneous topology was found as the ground state of
Pd/Mn/Re(0001) and Rh/Mn/Re(0001). Further it is shown that the orientation of the 3QQ
state on the atomic lattice depends on a possible distortion.

Pub. II presents atomic-scale skyrmion lattices with non-homogeneous spin topology for
Fe/Ir-3/Re(0001). The TOM, reflecting the topology, forms an antiferromagnetic pattern.
Higher-order exchange interactions (HOI) could be identified as crucial interactions to
stabilize atomic-scale skyrmionic lattices, while the size of the unit cell is predominantly
defined by the exchange interaction and Dzyaloshinskii-Moriya interaction (DMI).

In Pub. III a tight-binding model is applied to investigate the effect of various spin textures
on the superconducting substrate. This includes the ground states found in Pub. I and
Pub. II. STM simulations demonstrate how the signatures of topological protected edge
modes would manifest in experiments. The calculations suggest a correlation between
spin topology and topological superconductivity.

Mn mono- and bilayers on the Ta(110) surface form a model system for two different
topological nodal point superconductors (TNSCPs). Pub. IV demonstrates that spin-
polarized edge modes exist between both domains. Edge modes between two different
TNSPC domains have not been reported before. The spin-polarization can be attributed to
different decay length of the edge state in the mono- and the bilayer.

Overall various non-trivial spin textures in realistic MSH systems were found and their
stabilizing mechanisms identified. The TOM, a measurable quantity dependent on the spin
topology, is analyzed. Topological superconductivity is predicted for several atomic-scale
spin structures and a connection to the spin topology is indicated.
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We identify the triple-q (3Q) state as magnetic ground state in Pd/Mn and Rh/Mn bilayers on Re(0001) using
spin-polarized scanning tunneling microscopy and density-functional theory. An atomistic model reveals that
in general the 3Q state with tetrahedral magnetic order and zero net spin moment is coupled to a hexagonal
atomic lattice in a highly symmetric orientation via the anisotropic symmetric exchange interaction, whereas
other spin-orbit coupling terms cancel due to symmetry. Our experiments are in agreement with the predicted
orientation of the 3Q state. A distortion from the ideal tetrahedral angles would lead to other orientations of the
3Q state with a reduced topological orbital magnetization compared to the ideal 3Q state.

DOI: 10.1103/PhysRevB.108.L.180411

The triple-q (3Q) state is a three-dimensional spin structure
on a two-dimensional hexagonal lattice. It can be under-
stood as a superposition of three symmetry-equivalent spin
spiral (1Q) states resulting in a noncoplanar magnetic state
with tetrahedral angles between all adjacent magnetic mo-
ments and four atoms in the magnetic unit cell (Fig. 1).
This fascinating magnetic state was predicted more than 20
years ago [1,2], but the first experimental observation was
reported only recently for an hcp-stacked Mn monolayer
on Re(0001) using spin-polarized scanning tunneling mi-
croscopy (SP-STM) [3]. The ideal 3Q state does not exhibit
a net spin moment, however, theoretical investigations have
shown a significant topological orbital moment (TOM) and
a spontaneous topological Hall effect, without the necessity
of spin-orbit coupling (SOC) [4-7]. Recently, neutron scat-
tering experiments on the layered material Co;/3TaS, were
interpreted as validation of the 3Q state, and indeed, transport
measurements of this bulk system are in agreement with a
magnetic-field-induced switching of the TOM direction and
reveal the topological Hall effect [8,9]. For magnetic 3Q states
in a two-dimensional system the TOM is always perpendicular
to the layer and the two different directions are related to the
sign of the scalar spin chirality in an all-in versus all-out
configuration (see Fig. 1). Another emergent phenomenon
of the 3Q state is highlighted by a theoretical proposal that
demonstrates a topological superconducting phase induced
by this noncoplanar magnetic state when it is adjacent to a
conventional superconductor [10].

The 3Q state can arise in frustrated antiferromagnets, for
instance as a ground state in a hexagonal lattice of spins with
antiferromagnetic nearest- and next-nearest-neighbor interac-
tions (1 < J;/J, < 8) [2,3]. To lower the energy with respect
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to the otherwise degenerate 1Q state higher-order interac-
tions (HOI) are necessary. One prominent HOI term is the
biquadratic interaction, which is one of the four-spin interac-
tions which arise in fourth order in a perturbative expansion of
the Hubbard model [11-13]. The aforementioned TOMs that
can occur in these noncoplanar magnetic states can interact
with the emergent magnetic field leading to the topological
chiral magnetic interaction that constitutes a sixth-order term
[7]. Due to this topological chiral magnetic interaction, large
distortions from the perfect tetrahedron angle can occur as
proposed for Mn/Re(0001) [14].

The possibility of a coupling of the ideal 3Q state to the
crystal lattice is an intriguing question which has not been
addressed so far. Figure 1 displays several 3Q states which
have different orientations of the spins with respect to the
magnetic lattice plane: a 3Q state with a given TOM can
occur in three symmetric spin orientations with respect to the
plane, denoted as 3Q', 3Q?, and 3Q? [3]. An energy variation
between these states, i.e., a preferred coupling to the lattice,
must originate from SOC.

Here, we use SP-STM to investigate the magnetic ground
states of Pd/Mn and Rh/Mn bilayers on Re(0001) in real
space. We find that both systems exhibit a hexagonal mag-
netic superstructure, indicative of the 3Q state with tetrahedral
arrangement of the magnetic moments. Based on density-
functional theory (DFT) we confirm the 3Q magnetic ground
state of these two systems and calculate the resulting TOMs.
We investigate the role of different SOC terms and find
that neither the magnetocrystalline anisotropy energy (MAE)
nor the Dzyaloshinskii-Moriya interaction (DMI) contribute
to the total energy of the ideal 3Q state. Instead we show that
the anisotropic symmetric exchange interaction (ASE), also
referred to as pseudodipolar interaction or compass anisotropy
[15,16], couples the 3Q state to the atomic lattice. The ASE
has also been shown to play a role for the coupling of the
spins to the lattice in a uniaxial antiferromagnetic state [3],

©2023 American Physical Society
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FIG. 1. Illustration of the 3Q state in different highly symmetric
orientations with respect to the hexagonal atomic lattice; the respec-
tive direction of the TOM is indicated. Note that the 3Q states in
(a) and (b) are connected by an inversion of all spins, whereas the
states in (b)—(d) can be converted into each other by a continuous
rotation of the spin structure.

and it can induce skyrmion lattices in two-dimensional van der
Waals magnets [17] and in centrosymmetric crystals lacking
DMI [18].

The starting point of our SP-STM investigation is the Mn
monolayer on Re(0001), which preferentially grows in fcc
stacking. The experimentally found magnetic ground state is
the row-wise antiferromagnetic state that is the constituting
1Q state of the tetrahedral 3Q state [3], however, DFT pre-
dicts that the 1Q and the 3Q states are nearly degenerate. To
drive the system into a 3Q ground state we try to tune the
interactions by covering the extended fcc-Mn monolayer by
nonmagnetic overlayers [20,21], namely Pd and Rh. Both Pd
and Rh grow pseudomorphically as triangular-shaped islands
on the fcc-stacked Mn monolayer, see perspective view of
a Pd/Mn/Re(0001) sample in Fig. 2(a) and Supplemental
Material [22] for Rh/Mn/Re(0001); note that due to the hcp
crystal structure of Re(0001), the relative layer positions of the
Pd and Mn layers are interchanged on adjacent Re terraces, cf.
the two sketches of the bilayer structures, which are rotated by
180° with respect to each other.

In Fig. 2(b) the height contrast for the two Pd/Mn bilayer
areas is adjusted separately to the same value for better visi-
bility; the small white patches are Pd islands and clusters on
top of the Pd/Mn bilayer. We find that the Pd/Mn exhibits an
atomic-scale pattern of magnetic origin, which slightly varies
over the islands but dominantly appears as vertical stripes on
the left island, and like a hexagonal pattern on the right island,
see enlarged insets. The length scale of the magnetic super-
structure indicates that the 3Q state is the magnetic ground
state. Depending on the tip magnetization direction relative
to the 3Q state, different superstructure patterns are expected;
indeed, in a measurement with a different tip magnetization
direction, the left Pd/Mn island can also exhibit a hexagonal
pattern, see Fig. 2(c). Also the Rh/Mn bilayers show the
same magnetic superstructure unit cell, albeit with very small
contrast amplitude [22]. Nevertheless, this is an indication

FIG. 2. (a) Perspective view of a sample of about 0.3 atomic
layers of Pd on about 0.8 atomic layers of Mn on Re(0001); the dotted
white line marks a buried Re(0001) step edge. (b) Spin-resolved
constant-current STM image of the same area as shown in (a), with
the height contrast adjusted separately for the two Pd/Mn bilayer
areasto §z = £10pm (U = +10mV, I = 5nA, T = 4.2 K, Cr-bulk
tip). (c) Selected area of (b) imaged with a different tip magnetization
direction, exhibiting a different pattern. (d) SP-STM images of the
3Q! ground state of Pdg./Mng./Re(0001) calculated from DFT
based on the spin-polarized model of STM [19] for a bias voltage
of —100 meV and at a distance of 6 A above the surface. The tip
magnetization direction is indicated by the orange arrow. Green and
red spheres (arrows) denote the Pd and Mn atoms (magnetic moment
directions). The two images represent the same 3Q rotated by 180°,
as realized in two Pd/Mn bilayers on adjacent terraces. (e) Map of
differential tunnel conductance acquired simultaneously to (b).

that also the Rh/Mn bilayer exhibits the 3Q state. With the
help of SP-STM simulations we can find a combination of
3Q state and tip magnetization that reproduces the magnetic
patterns observed on the two Pd/Mn areas in the measurement
of Fig. 2(b). We use the constraint that the configuration of a
bilayer, and thus also a given 3Q state, must be rotated by 180°
on adjacent Re terraces and find a canted tip magnetization
that nicely reproduces the experimentally observed magnetic
contrast, see the DFT-based SP-STM simulations displayed in
Fig. 2(d). Note that an inversion of all sample spins (or the tip
magnetization direction) only slightly changes the observed
patterns.
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The d//dU map in Fig. 2(e) is acquired simultaneously
to (b). It shows a signal variation that is spatially correlated
to the slight changes of the magnetic pattern on the Pd/Mn
islands, suggesting a contribution of an electronic contrast
mechanism due to local changes in the magnetic state [23,24].
We interpret the darker areas as magnetic domains, and the
brighter areas as transition regions between them. Indeed,
close analysis shows that there is a phase shift between differ-
ent areas of the stripe contrast in the left island [22], indicating
that they are either phase shifted or inversional domains. In
contrast to the sharp domain walls previously observed by
SP-STM for the 3Q*-like configuration in hcp-stacked Mn
on Re(0001) [3], the transitions between different 3Q areas
in Pd/Mn are much more extended. It is worth noting that,
despite the presence of several independent domains, no ro-
tational domains are observed. For both the 3Q* and 3Q?
state rotational domains are expected to coexist, and with an
arbitrary and unknown tip magnetization direction, as in our
case, they could be easily discriminated. This suggests that we
have the 3Q! configuration in our Pd/Mn bilayer.

To understand the experimental observations we have per-
formed DFT calculations for Pd/Mn and Rh/Mn bilayers
on Re(0001) based on the full-potential linearized-augmented
plane-wave method as implemented in the FLEUR code
[25-27] and using the projector-augmented wave method as
implemented in the VASP code [28,29] (see Supplemental
Material [22] for computational details). We have calculated
the spin spiral (1Q) dispersions for both systems and extracted
the isotropic pairwise exchange constants [30]. However, if
also superposition states that can be stabilized by HOIs are
considered, our DFT calculations show that for both systems
the 3Q state (Fig. 1) is by about 20 meV/Mn atom lower
than the respective lowest 1Q state. This is in agreement with
the experimentally observed p(2 x 2) magnetic unit cell and
we conclude that the 3Q state is the ground state for both
the Pd/Mn and the Rh/Mn bilayer on Re(0001). In order to
evaluate the role of the HOIs for these systems we calculate
the energy of different superposition states along the path
continuously connecting the 1Q and the 2Q state via the 3Q
state, see Fig. 3 [14]. The configuration of the superposition
state is given by

si(@) = 57 cos(a) + s} Lsin(a), (1)

where s;(«) represents a spin at lattice site i in the state char-
acterized by o, and sl.2Q and sl.1Q are the spin orientations for the
2Q and 1Q state, respectively (Fig. 3(a), see also Ref. [22]).
The angle « is varied between 0° (2Q state) and 90° (1Q state).
The 3Q state occurs at an angle of arcsin(1 //3) ~ 35.26°.
The energy difference between the 3Q and the 1Q state
(RW-AFM) AEj3q_1q is on the order of 20 and 40 meV/Mn
atom for the Pd/Mn and the Rh/Mn bilayer, respectively.
The DFT total energy differences along the path can be fitted
by HOI contributions of fourth and sixth order [Fig. 3(b)
and insets]. We find that while AE3q_iq for both systems
is dominated by the fourth-order interaction, also the sixth-
order interaction is significant with a value of about 15%
compared to the fourth-order contribution. As a reference,
we also show the energies for the hcp-Mn/Re(0001), which
was found to exhibit a 3Q3-like state in SP-STM experiments
[3] (note that in the bilayers studied here the Mn is in fcc
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FIG. 3. (a) Sketch of the 2Q, the 3Q, a distorted 3Q, and the
1Q (RW-AFM) state. (b) Energy dispersion for spin states along
the path 2Q-3Q-1Q according to Eq. (1) for Pd/Mn/Re(0001),
Rh/Mn/Re(0001), and hep-stacked Mn/Re(0001). The symbols rep-
resent DFT data, the lines show fits to the DFT values using HOI
contributions of fourth and sixth order. The insets show the contribu-
tions of the fourth and sixth order separately. (c) Absolute value of
the TOM of the Mn atoms in the films. Symbols show DFT values
and lines a fit to the scalar spin chirality. Data for Mn/Re(0001) are
taken from Ref. [14].

stacking). We find that the energy variation along the 2Q-
3Q-1Q path is significantly smaller; here the contributions
of fourth- and sixth-order terms are of similar size, giving
rise to a minimum at an angle of about 55°, which can be
interpreted as a distorted 3Q>-like state, proposed as ground
state for Mn/Re(0001) [14]. One can also calculate the HOI
constants explicitly [13], see Supplemental Material [22] for
the values. The sixth-order terms have the largest effective
value for Rh/Mn/Re(0001). This is accompanied by a large
TOM [Fig. 3(c)], which maximizes for the 3Q state, and
decreases if the 3Q state is distorted towards the 2Q or the 1Q
state. The direction of the TOM is linked to the specific spin
configuration and inverts between the all-in and the all-out
states; however, the continuous rotation of all spin directions
does not alter the size or the sign of the TOM (cf. Fig. 1).
The presence of TOMs, which occur due to the scalar spin
chirality x;x =s; - (S; X s) even in the absence of SOC, is
an indicator for topological-chiral interactions [7,14].

We have shown that the ideal undistorted 3Q state is the
ground state of Pd/Mn and Rh/Mn bilayers on Re(0001).
Now we want to analyze the impact of SOC onto the specific
configuration of the 3Q state. In Fig. 4 we show the energy due
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FIG. 4. Energy contributions of (a) the MAE and (b) the ASE
for spin states along the path 2Q-3Q-1Q according to Eq. (1) with
interaction strengths obtained via DFT for Pd/Mn/Re(0001). The
line indicates the minimal (green) and maximal (red) energy contri-
butions out of all possible global spin rotations. For selected points
along the path the spin configurations that minimize or maximize
the energy are displayed. (c) Sketches of the two 3Q states with
minimal and maximal ASE energy, the bonds are colorized according
to their individual contributions to the total ASE. In the 3Q, state all
in-plane components are along the I'M direction, whereas in the 3Q}
state they are along T'K, i.e., the close-packed atomic rows.

to MAE and ASE along the 2Q-3Q-1Q path for the Pd/Mn bi-
layer [22,31]. For each state along the path, we allowed global
rotations of the complete spin structure. Then we performed
a global optimization to find the spin orientations of lowest
(green) and highest (red) energy. We find that an undistorted
3Q state with tetrahedral angles between all nearest-neighbor
moments cannot gain MAE [Fig. 4(a)], regardless of the orien-
tation, as obvious from symmetry considerations. In contrast,
the in-plane MAE of —1.70 meV/Mn atom [22] gives rise to
an energy gain of 0.7 meV/Mn atom for a 2Q or 1Q state

with all spins in the easy plane (cf. green line). Also in case
of an out-of-plane easy axis the 3Q state would always be
unfavored compared to the 2Q and 1Q states (cf. red line).
However, for Pd/Mn the large HOI contribution favoring the
3Q state (see inset) more than overcompensates the MAE
difference between the 3Q and the 2Q/1Q states, resulting in a
vanishing effect of the MAE on our system. In contrast, when
a distorted 3Q state is favored by the sixth-order HOIs, as is
the case for hcp-Mn/Re(0001) with o ~ 55°, the MAE can
select between different orientations of the 3Q state.

Figure 4(b) shows the same graph for the ASE energy,
which can be calculated for a given magnetic state via

Easg = — ZJASE(Si -d;j)(s; - d;j). ()
ij

Here d;; is the normalized connection vector between two
lattice sites defined by i, j, and s;, s; are the corresponding
normalized spin moments. This interaction favors either a
ferromagnetic or an antiferromagnetic alignment along the
connection d;; depending on the sign of Jasg. If one or both
magnetic moments are perpendicular to d;; the contribution
vanishes. For Pd/Mn the value of the ASE calculated by
DFT is Jasg = —0.30 meV/Mn atom [22]. In contrast to
the MAE, the ASE favors a specific orientation of the spin
structure with respect to the lattice for every «, including the
3Q state [Fig. 4(b)]. For a given sign of the ASE, the energy
difference between the different superposition states, i.e., a
variation of ¢, is small with only up to 0.2 meV/Mn atom. In
contrast, the energy difference between different spin config-
urations for the same « are much larger, on the order of up to
1 meV /Mn atom. We have also studied the effect of magnetic
dipole-dipole interactions on the different states, however, the
energy scale is much lower with a maximum energy difference
of 0.25 meV/Mn atom [22]. We find that for a 3Q ground
state the ASE always favors the 3Q! orientation, regardless
of the sign of the ASE. The sign of the ASE selects the
specific orientation of the spins within the 3Q! state, and the
lowest energy configurations for negative and positive ASE
are displayed in Fig. 4(c) left and right, respectively. For each
of these 3Q! states the energy is invariant under the inversion
of all spins (e.g., from all-out to all-in) and under the inversion
of the z components. This leads to four degenerate states,
which is confirmed for Pd/Mn/Re(0001) by self-consistent
DFT calculations including SOC for the four 3Q}, states and
one 3Qj; state [22,32].

In conclusion, we have inspected the different energy terms
that govern the detailed spin configuration of the 3Q state.
We find that in general the ASE determines both the orien-
tation and the relative spin alignments of the ideal 3Q state.
In the case of Pd/Mn/Re(0001) it is the 3Q}; configuration,
which exhibits threefold symmetry and consequently does not
show rotational domains in the experiment. A distortion of
the 3Q state can be generated by topological chiral inter-
actions, and always leads to a 3Q? or 3Q? type, depending
on the sign of the MAE. Experimentally such a distorted
3Q state with twofold symmetry can be identified by the
presence of rotational magnetic domains, as demonstrated for
hcp-Mn/Re(0001) [3], which provides strong evidence that
the predicted topological chiral interactions [7,14] play a role
in that system. However, for distorted states both the TOM
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and the topological Hall effect will be reduced compared to
the ideal 3Q state. Our work provides key microscopic insight
into the detailed spin configuration of the 3Q state. The knowl-
edge of the magnetic moment directions is important for an
understanding of the response of domains and domain walls
in such topological orbital ferromagnets to external magnetic
fields, which in turn is crucial for their transport properties.
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S1. EXPERIMENTAL DETAILS

The experiments were performed in a multi-chamber
ultra-high vacuum system. Re(0001) was cleaned by flash
annealing and occasional annealing in oxygen [1]. Mn
was evaporated from a Knudsen cell at 690° C, whereas
Pd and Rh were evaporated from rods by electron beam
heating. Mn was deposited about 10 — 15 min after the
last flash annealing, i.e., well above room temperature,
and the Pd or Rh overlayers were added about 30 min af-
ter the flash of the Re crystal; the deposition rates are on
the order of 5— 10 min per monolayer. The samples were
transferred in-vacuo into the low temperature STM. For
the spin-resolved STM measurements a Cr bulk tip was
used, which has an arbitrary tip magnetization direction.
The tip magnetization direction can be changed by gentle
tip-sample collisions or voltage pulses. In SP-STM the
magnetic contribution to the tunnel current scales with
the projection of the local sample magnetization onto the
tip magnetization direction [2].

* Email: nickel@physik.uni-kiel.de

S2. COMPUTATIONAL DETAILS

We have performed density functional theory (DFT)
calculations to investigate the magnetic interactions with
two different codes. On the one hand, we have used the
all-electron code FLEUR which uses the full-potential lin-
earized augmented plane-wave (FLAPW) method [3-5].
On the other hand, we have applied the projector aug-
mented wave (PAW) method as implemented in the VASP
code [6, 7). Here we provide the computational details of
the calculations using both codes.

Spin spirals, 3Q state and wudd states. For
most calculations using the FLEUR code the cut-off pa-
rameter for the plane waves has been set to kpax =
4.1a.u.7!. The radius of the muffin-tin spheres was cho-
sen as 2.45a.u. for Re and 2.3a.u. for Mn, Pd and Rh.
The FLEUR code has been used for the spin spiral calcula-
tions [4] neglecting and including SOC, the energy of the
uudd and 3Q states, and for the calculations of SP-STM
images of the 3Q state. The SOC contribution to the
energy of spin spirals was calculated using perturbation
theory [5]. The exchange-correlation (xc) functional for
all calculations in FLEUR was chosen in local density ap-
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FIG. S1. (a) Constant-current STM image and (b) simultaneously acquired map of differential tunnel conductance of a sample
of about 0.4 atomic layers of Rh on about 0.8 atomic layers of Mn on Re(0001), the different exposed layers are indicated
(U =+700mV, I =2nA, T =4.2K, Cr-bulk tip). (c),(d) Closer view spin-resolved constant-current STM images of the two
areas of different Rh stacking indicated by the boxes in (a), height contrast Az = £10 pm; insets show the FFT of the respective
Rh/Mn islands (U = +10mV, I = 5nA, T = 4.2K, Cr-bulk tip). (e) High-resolution SP-STM constant-current image of a
Rh/Mn bilayer area of a comparable sample (U = +5mV, I = 5nA, T = 4.2 K, Cr-bulk tip) exhibiting the hexagonal magnetic
superstructure. (f) Line profile at the position indicated in (e), demonstrating that the magnetic state has a periodicity of a
3Q state with a magnetic corrugation amplitude on the order of 2 pm.

proximation (LDA) [8]. For the spin spiral calculations
with and without SOC a mesh of (44 x 44) k-points was
used in the full 2D-BZ. The calculations for the 3Q state
and the wudd states in their respective super cells were
performed on a (22 x 22) k-point mesh, which has the
same density of k-points as that used in the spin spi-
ral calculations. The ASE and MAE energies have been
calculated with a grid of (90 x 90) k-points in the full
2D-BZ.

3Q states including SOC. For self-consistent cal-
culations of the total energy of different orientations of
the 3Q states including SOC the cut-off parameter were
increased in order to determine even small energy dif-

ferences. The calculations were performed self consis-
tently in LDA and including SOC via the FLEUR code on
a (44 x 44) k-point grid in the full 2D-BZ of the magnetic
unit cell. The cut-off parameter for the basis functions
was set t0 kpmas = 4.3a.0.7 L

Path along 2Q-3Q-1Q and relaxations. The VASP
code was used for the structural relaxation of all systems
and to calculate the energy of states along the path 2Q-
3Q-1Q. The energy difference between the 1Q state (RW-
AFM) and the 3Q) state has been calculated in both codes
and a good agreement was observed. For the total energy
calculations the VWN [8] xc-functional was used as in
FLEUR with a grid of (16 x 16) k-points in the full 2D-
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FIG. S2. (a) Same data set as Fig. 2(b) of the main text with
equally spaced red lines to visualize that the vertical stripes of
magnetic origin are phase-shifted between different domains.

BZ. The xc-functional has been treated in generalized
gradient approximation (GGA) for structural relaxations
using the PBE functional [9] and a grid of (15 x 15) k-
points has been chosen. The relaxed interlayer distances
of the adlayer, the Mn layer and the top two Re layers
have been obtained in the RW-AFM state. We chose
the experimental lattice constant of Re, 2.76 A, for all
atom distances within one layer and 2.23 A, for all non-
relaxed interlayer distances. Note, that these distances
differ by less than 0.6% from the distances obtained by
GGA calculations.

S3. SPIN SPIRAL CALCULATIONS

A spin spiral is characterized by a wave vector q, and
the spin at lattice site R,; is given by S; = S(cos(q -
R;),sin(q - R;),0), with S denoting the size of the spin
and s; = S;/S being the normalized spin moment. The
energy dispersion E(q) is calculated via the FLEUR code
using the generalized Bloch theorem [4]. Fig. S3 shows
the energy dispersion E(q) of spin spirals in Pdg../Mngc.
and Rhg../Mng.. on Re(0001). For comparison also the
data for Mnpc,/Re(0001) taken from Ref. [10] is shown.
For Mn/Re(0001) the spin spiral state with the lowest
energy is at the M-point, i.e. the row-wise antiferromag-
netic (RW-AFM) state, which is by about 240 meV/Mn
atom below the ferromagnetic (FM) state at the I point.

For Pd/Mn/Re(0001), the RW-AFM state (M point) is
also the lowest spin spiral state and the 3Q) state is even
lower in energy as it is also the case in Mn/Re(0001)
(Fig. S3). However, the energy difference between the
RW-AFM and the 3Q state, AE3q_rwarm, is greatly
enhanced. For Rh/Mn/Re(0001), a spin spiral at the K-
point, i.e. the Néel state, is the spin spiral state of lowest
energy. Since the energy gain of the 3Q state over the
RW-AFM state becomes very large in Rh/Mn/Re(0001),

K — M for Mng/Re(0001),
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FIG. S3. (a) Energy dispersion FE(q) of spin spi-
rals in the scalar-relativistic approximation, i.e. neglect-
ing SOC, along the high-symmetry direction M — T' —
Pdfcc/MnfCC/Re(O()Ol) and
Rhgee/Mnge. /Re(0001) (see icons). Symbols denote DFT val-
ues and the curves show a fit to the Heisenberg model. The
total energies of the two uudd states (open squares) and the
3Q state (open diamonds) are given at the ¢ value of the
corresponding spin spiral (1Q) state. (b) Energy contribu-
tion to spin spirals due to SOC, AEpmi(q). (¢, d) show the
magnitude of the magnetic moments of the adlayer and the
Mn layer, respectively. Data for Mn/Re(0001) are taken from
Ref. [10].

the 3Q state is even lower in energy than the Néel state
(Fig. S3).

By fitting the energy dispersion E(q) (Fig. S3(a)) with
the Heisenberg model of pair-wise exchange interactions
—Ji;(si - sj) between normalized spin moments s; and s;
at sites ¢ and j we obtain the exchange constants J;;. The
exchange constants are given in Table S1 resolved up to
seventh nearest-neighbor shells for the systems shown in
Fig. S3.

The energy contribution of SOC to the dispersion
of cycloidal spin spirals is calculated in first-order per-
turbation theory [5] and displayed in Fig. S3(b). By
fitting this energy contribution, we can determine the
Dzyaloshinskii-Moriya interaction (DMI) parameters (for
values see Table S1). Whereas in Mn/Re(0001) the DMI
favors a clockwise rotational sense of cycloidal spin spi-
rals, indicated by the negative sign, Pd/Mn/Re(0001)



system J1 Jo J3 Ja Js

Js J7 D1 D2 D3 D4 D5 D6 D7

Mitpep /Re(0001)

—21.19 —6.72 —2.00 —0.62 0.12 —0.36 0.16

1.21 1.02 0.19 0.30 —-0.05 0.13 0.01

Pdfecc/Mngec /Re(0001) —16.32 —1.39 0.70 0.26 0.23 0.32 —0.06 —1.24 1.08 —0.24 —0.02 0.09 —0.34 0.02

Rh¢oe /Mngec /Re(0001) —26.61 0.62

1.00 0.47 0.29 0.38 0.34

—-0.67 0.23 —0.36 0.03 —0.17 —0.05 —0.09

TABLE S1. Exchange (J;) and DMI (D;) constants for i-th nearest-neighbor shells as obtained from energy dispersions of spin
spirals calculated via DFT along the high symmetry lines M — I' — K — M. The constants are given for seven neighbors and
were obtained by a fit to the data shown in Fig. S3. Data for Mnncp/Re(0001) are taken from Ref. [10].

and Rh/Mn/Re(0001) both favor a counter-clockwise ro-
tational sense. The absolute value of the DMI con-
tribution is smallest for Pd/Mn/Re(0001), larger for
Rh/Mn/Re(0001) and largest for Mn/Re(0001). We can
conclude, that an overlayer changes the DMI in sign and
magnitude.

The DMI is mediated between two magnetic atoms by
an atom with a high SOC constant. With an Rh or Pd
adlayer the DMI is not only mediated by the Re sub-
strate, also interactions involving atoms from the adlayer
are possible. Further the adlayer changes the distance

between Mn and Re. This leads to different hybridiza-
tion and a further change in the DMI. This can be ex-
amined by a decomposition of the DMI contributions of
each layer (not shown).

S4. HIGHER-ORDER INTERACTION
CONSTANTS

The fourth-order HOI are the biquadratic interaction,
the three-site, and the four-site four spin interactions [11]:

Hypn = — ZBZ‘]’(S@' -85)% — ank[(si ~87)(8j - sk) + (s - 8i)(si - sk) + (si - sg) (k- 85)] +

ijk

- ZKijkl[(Si -85)(sk - s1) + (si - s1)(sj - sk) — (si - sk)(s; - 1)),

ikl

where B;;,Y;;, and Kjji; are the higher-order exchange
constants.  The nearest-neighbor HOIs can be ob-
tained via DFT [10-12] by calculating in addition to
AFE3q-rwarm the total DFT energy differences between
the two wudd states and the respective 90° spin spiral
(1Q) states. From these energy differences the HOI in
nearest neighbor approximation are:

1 1
Yi= o (B - By ) - o (B -EZ)  (52)
8 2 2 8 1 1

3 (3@ _ 1@\ _ 1 dd _ 1Q
B :—(Ef—Ef>—f puudd _ plQ S3
DRV M g8\ ¥ &K (53)

1 P Y, B
K1=8<Ez§g —E% 5t

(54)
Here the lower index defines a point in the 2D-BZ and
the upper index defines if the state is a spin spiral (1Q),
a wudd, or a 3Q) state.

The nearest-neighbor HOI constants B, Yi, and
K obtained for Mn/Re(0001) are significant, however,
their contributions nearly cancel with respect to the
energy difference between the 3Q and RW-AFM state,
AESQfRWAFM = %(QKl + By — Yi) (Cf Table 82) In
Pd/Mn/Re(0001) and Rh/Mn/Re(0001) this frustration

(1)

of the HOI is lifted which leads to a larger energy differ-
ence between 1Q and 3Q state.

Note, that the first three pair-wise exchange constants
obtained from fitting the energy dispersion of spin spirals
need to be adapted if the HOI constants are included [13].
The modified exchange constants are:

Ji=Lh-" (S5)
Jy=Jo =Y (S6)
Ty = s — % (S7)

S5. DFT CALCULATION OF THE ASE AND
MAE CONSTANTS IN PD/MN/RE(0001) AND
RH/MN/RE(0001)

To obtain the strength of the ASE we considered the
RW-AFM state, in which all spins are aligned within the
film plane. The in-plane angle ¢ of all spins is then varied
(Fig. S4) and for each angle the total energy including
SOC is calculated self-consistently using the FLEUR code.



film  J] Jy Jb B YA Ki AE

Mn —22.40 —3.40 0.88 —1.56 —2.29 —0.43 —0.7
Pd/Mn —16.16 —1.23 0.70 0.00 —0.16 —2.08 —21.35
Rh/Mn —26.56 0.67 1.79 —1.58 —0.05 —2.73 —37.28

TABLE S2. Pair-wise exchange (J;) constants for i-th nearest
neighbors and nearest-neighbor HOI (B, Y1, K1) constants
obtained via DFT for Mn/Re(0001), Pd/Mn/Re(0001) and
Rh/Mn/Re(0001). The prime denotes that the contribution
of HOI has been taken into account. All constants are given
in meV. The energy difference AE = E3q — Erw—ArM =
%(21(1 + By — Y1) is given in meV/Mn atom.

For this setup the energy depends on the angle ¢ and the
ASE constant, Jasg, as

EASE(QD) — EASE(O) = 4JASE sinz(go) (88)
In Fig. S4 the obtained DFT energies are shown as mark-
ers. The lines represent the fit to Eq. ((S8)). The small
icons represent the spin structure for each ¢ used for
the calculation. The strength of the ASE is Jasg =
—0.30 meV for Pd/Mn/Re(0001) and Jasg = —0.20meV
for Rh/Mn/Re(0001). The sign indicates, that both sys-
tems prefer an alignment of the spins perpendicular to
rows of spins which are parallel with respect to an align-
ment along these rows.

To calculate the MAE we use the RW-AFM state
and perform a self-consistent calculation including SOC,
in which all spins are aligned along the surface nor-
mal and one self-consistent calculation including SOC,
in which all spins are within the surface. Note that
the contribution of the ASE has to be subtracted, as it
also has a contribution to those two states. The MAE
constant is K = —1.70meV for Pd/Mn/Re(0001) and
K = —2.03meV for Rh/Mn/Re(0001). Due to the nega-
tive signs of the MAE constants, an in-plane orientation
is favoured.

We assume a uniaxial MAE. In principle different di-
rections within the plane could lead to a different energy.
This effect would be mapped into the ASE constant. To
check for this effect, we calculated the energy of the FM
state along different axes within the surface plane. We
found a maximal energy difference of 0.005meV. From
this small energy difference we conclude, that a varying
MAE in the plane is negligible and the energy of the ASE
constant is truly due to the ASE.

EXse(,0,9)

4v/3sin (¢) sin () cos? () cos? () 4 4sin? (1) cos? () cos? (6
4sin? () cos? (o) —

We used this expression for a fixed a and performed nu-
merically a global optimization to find all local minima

= Jasp(12sin® () sin® (¢) sin® (0) cos® (1) + 24sin* () sin () sin (1) sin (6) cos (¢) cos () +
12sin? () sin? (1) cos? (¢) ) co
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FIG. S4. DFT total energies including SOC of the RW-AFM
state with all spins aligned in the surface plane. The in-plane
angle ¢ is varied as indicated by the images on top. The total
energies are given for fcc stacked Pd/Mn/Re(0001) (green)
and Rh/Mn/Re(0001) (blue).

S6. ATOMISTIC MODEL FOR ASE AND MAE

To investigate the energy dependency of the ASE and
MAE on a global rotation of the spin structure (Fig. 4 of
the main text) we applied global rotations to each spin
in the unit cell. First the spin structure is defined for a
value a according to Eq. (2) from the main text. Now
three rotation matrices R, (¢), R, (0), R,(¢)) are applied
to every spin in the unit cell. The angles of the rotation
matrices correspond to the Euler angles and are the same
for every spin in the unit cell. The rotated spin S} at lat-
tice site ¢ then depends on the rotation angles according
to
where S; is the original spin at site ¢ and R(¢,0,¢) =
R, (¢)R,(0)R,(¢)). The energy of the ASE is defined as

EASE(¢a9aw) _JASEZ S dz])( i” z])

ij

(S10)

where S} and S} depend on the Euler angles as given by
Eq. (S9). When the sum is explicitly written out for the
four atom unit cell with o as a parameter and ¢, 6, 1 as
variables, the energy becomes

)

0)+
)_
)+
4v/3sin () cos? (a) cos (¢) cos (1)) .

— 45in? () cos? (1) cos? (
4v/3sin (¢) sin () sin® () cos? («x

(S11)

and maxima. For all minima we calculated the eigen-



values of the Hessian matrix, which contains the second
derivatives of the energy. If one or more eigenvalues are
zero a Goldstone mode exists. For the ideal 3Q state
we find no Goldstone mode. From this we can conclude,
that the 3Q! orientation is protected by an energy bar-
rier against global rotation. We used the same approach
to examine the dependency of the MAE on a global ro-
tation. The MAE is

Buar(,0,9) = =K (Si-n)* . (S12)

E¢ag(6,0,9) = 2K (—2sin? (o) sin? (¢) sin? (¢) + 4sin? () sin (¢) sin (1) sin ( s )
2sin? () sin? (8) cos? (¢) cos? (1) — sin? (¢) cos? (a) cos? (1) —
2sin () sin () sin (A) cos? () cos (¢) cos (¥) — sin? (1)) sin” (0 )

This energy was minimized with respect to (¢, 0,) as
previously for the ASE. The signs of Jasg and K were
chosen according to the values calculated by DFT for
Pd/Mn/Re(0001) to obtain the energies shown in Fig. 4
of the main text. If the sign of an interaction changes,
maxima of the energy landscape become minima and vice
versa. The energies in Fig. 4 were also scaled with the
strength of the interaction obtained by DFT.

S7. ENERGY DUE TO CHIRAL-CHIRAL AND
SPIN-CHIRAL INTERACTION

The chiral-chiral interaction (CCI) and the spin-chiral
interation (SCI) originate from the interaction of the
topological orbital moment with the emergent magnetic
field [14]. The topological orbital moment (TOM) is in-
duced from the motion of electrons in a non-collinear spin
structure. The chiral-chiral interaction has the form

(S14)

ijk
ijk

1
ECCI _ _5 Z HCCI [Sz . (Sj « Sk)]2 ,

where n%%l is the strength of the CCI on a triangle

spanned by the spins (4, j, k) [14]. The SCI has the form

1
EST = —3 D RS (Tik - Si) [Si - (S5 x Sk)],  (S15)

ijk

where 7 x (R; — R;) x (R — R;) is proportional to e,
in the case of a 2D lattice [14]. The strength of the SCI
on a triangle is /iisj%l.

For both interactions a global rotation of the spins
leaves the energy invariant. A global rotation can be
expresssed as a rotation matrix applied on each spin as

in Eq. (S9). With this rotation applied to each spin the

where the rotated spin depends on (¢, 6, v) as in Eq. (S9).
With « as a parameter the energy of the MAE for a state
on the 2Q-3Q-1Q path is given by

(S13)

\
term [S; - (S; % Si)] becomes

[Sf (8} x S}C)] = det(R(¢,0,v)) [Si - (S; x Sg)]
=1

(S16)
This shows that the energies of CCI and SCI do not
change upon a global rotation of the spins. Therefore,
the CCI and SCI do not favor a specific orientation of
the 3Q state. Further the SCI vanishes for all states
along the path 2Q-3Q-1Q.

S8. COMPARISON OF PSEUDO-DIPOLAR
AND DIPOLAR INTERACTIONS

Beside the pseudo-dipolar (or ASE) interaction also
the dipole-dipole interaction can have an influence. The
energy of the dipole-dipole interactions is given by

popg 3(myr)r — m;r?
4r rd

EDD = — m;. (817)

i,J

Analogously to the ASE, we have also applied a global
rotation in form of three rotation matrices on each spin
in the magnetic unit cell. We also performed a numer-
ical optimization to find all minima and maxima of the
energy of the dipole-dipole interaction with respect to all
possible global rotations. We found the same minima as
for the ASE energy, namely the 3Q* state.

To compare the dipole-dipole interaction to the ASE
we show in Fig. S5 the energies of the least (red) and
most (green) favored orientations of all states along the
path 2Q-3Q-1Q. Fig. S5(b) shows the same data as in
the main text. Both interactions have a qualitatively
very similar behavior. However, the sign of the ASE in
Pd/Mn/Re(0001) is opposite to the (fixed) sign of the
dipole-dipole term. In contrast to the dipole-dipole in-
teraction the sign of the ASE is material dependent. Both



3Q distorted3Q 1Q

0.05

dipole-dipole

0.00

Epp(a) (meV/Mn)

-0.05

.Enl-.l

308 ‘
L P B | IR R R |
0 10 20

30 40 . 50 I 60 70 80 90
a(®)

3Q distorted 3Q 1Q

T ! T T T T T T J

) L Py Pl

0. | \ ) ¢ N &

— - .

1
|30%|

| ASE

Ease(a) (meV/Mn)

3

[ !

K 08 1 D q]
1 L 1 L 1 1 L 1 L 1 L 1 L ]

1 1 1 1
0 10 20 30 40 50 60 70 80 90
a(®)

FIG. S5. Energy contribution of (a) the dipole-dipole interac-
tion and (b) the ASE to all states along the path 2Q-3Q-1Q.
The energies are given for the most (green) and least (red)
favored orientations. The strength of the dipole-dipole in-
teraction is calculated from the magnetic moment of Mn in
Pd/Mn/Re(0001) obtained by DFT. The strength of the ASE
is calculated by DFT as described in section S5.

interactions favor the same orientation for a positive sign
of Jasg but a different one for a negative sign of Jasg.
For the ideal 3Q state both interactions favor the 3Q!
state over the 3Q? and the 3Q3 state.

The favored state of the dipole-dipole interaction is
the 3Qk state, which is linked to the 3Q%, state by a
rotation around the z-axis. Although both interactions
are competing in Pd/Mn/Re(0001), the energy of the
ASE is roughly five time as large as the energy of the
dipole-dipole interaction. To calculate the dipole-dipole
interaction we used the magnetic moment from Mn of
3.02 up obtained by DFT calculations of the 3Q state. As
the dipole-dipole interaction is long ranged, the energy
depends on the size of the considered system. We set up a
grid of (500 x 500) unit cells to calculate the dipole-dipole

interaction. We also checked for the convergence with
respect to the grid size. The ASE strength is calculated
by DFT as described in section S5 for Pd/Mn/Re(0001).

S9. STACKING OF THE ADLAYER
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FIG. S6. Energy dispersion of spin spirals along the high-
symmetry line M —T — K — M for fcc and hep stacking of the
adlayer in Pd/Mn/Re(0001) and Rh/Mn/Re(0001). Symbols
denote values obtained by DFT and lines a fit to the atomistic
spin model.

In the main text we present results for an fcc stacking
of the Pd or Rh adlayer on Mn/Re(0001). We also as-
sumed an fec stacking of the Mn layer on Re(0001) as it
grows preferably in this stacking. For Rh/Mn/Re(0001)
both stackings of the adlayer can be observed in an ex-
periment. For Pd/Mn/Re(0001) only one stacking is ob-
served, but it is unknown, if it is fcc or hep stacking. In
the main text we focused on the fcc stacking.

Here we want to show that an hcp stacking of the ad-
layer leads to qualitatively the same results. In Fig. S6
the spin spiral energy dispersions of Pdyc,/Mn/Re(0001)
and Rhpcp,/Mn/Re(0001) are shown together with
the energy dispersions of Pdg./Mn/Re(0001) and
Rhyfe./Mn/Re(0001), which were discussed in the main
text. Although there are quantitative energy differences,
the RW-AFM is the spin spiral state of lowest energy for
both stackings of Pd/Mn/Re(0001). For the hep stacking
of Rh/Mn/Re(0001) also the RW-AFM state is the spin
spiral state of lowest energy, whereas for the fcc stack-
ing the Néel state is the state of lowest energy. Due to
the high contribution of the HOI the 3Q state is lower in
energy than all spin spiral states in all four systems.

The higher order interactions differ even less with
stacking than the exchange interactions. This can be ver-
ified by the energies along the path 2Q-3Q-1Q as shown
in Fig. S7, where the energies are shown for each stack-
ing of the adlayer. The energies for both stackings show
a very similar dependency on «. Contributions to the
4th and 6th order obtained by fitting are very similar.



As the ground state is mostly defined by the HOI in
Pd/Mn/Re(0001) and Rh/Mn/Re(0001) and the HOI are
very similar for both stackings, the ground state and the
qualitative behavior will not change with the stacking of
the adlayer.
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FIG. S7. (a) Energy dispersion for spin states along the
path 2Q-3Q-1Q for a fcc and hcp stacking of the adlayer in
Pd/Mn/Re(0001) and Rh/Mn/Re(0001). The data for fcc
stacking are the same as in the main text. The points repre-
sent data from DFT calculations and the lines a fit to the HOI
of 4th and 6th order. (b) Absolute value of the topological
orbital moment of the Mn atoms. Symbols show DFT values
and lines a fit to the scalar spin chirality.

S10. THE 3Q SPIN STRUCTURE

In Tab. S3 the (z,y, z) magnetization components of
the 3Q', 3Q2%, 3Q? state as well as the 1Q and 2Q
state are displayed. Here the lattice vectors of the two-
dimensional surface unit cell

0.5
ar=al —\/3)/2 | . (S18)
0
0.5
ay=a| /(3)/2 and (S19)
0

were used, with a the bulk lattice constant.

state position mx my mz
3Q' 0a; + Oay 0 0 1
la; +0ax +/(2)/3 —/(6)/3 —1/3
la; +las —/(8)/3 0 -1/3
0a; + lax /(2)/3 /(6)/3 —1/3
3Q% 0a; +0az +/(6)/3 0 1/3
1la; + Oas 0 -/(6)/3 -1/3
la; + lax —/(6)/3 0 1/3
0a; + lag 0 V(6)/3  —1/3
3Q% 0Oai +0az —1/4/(3) 0 V(6)/3

la; +0az 1/4/(3) —+/(6)/3 0
la; + laz —1/4/(3) 0 -/(6)/3
0a; + las 1/4/(3) 1/(6)/3 0
2Q 0a; + Oaq 0 0 -1
la; + Oas 0 1 0
la; + lag 0 0 1
Oa; + lag 0 -1 0
1Q Oa; +0ay —1 0 0
la; + Oas 1 0 0
la; + las —1 0 0
Oa; + lag 1 0 0

TABLE S3. Orientations of the magnetic moments in the unit
cell for the 3Q*, 3Q%and 3Q3state. The positions are given
in units of the lattice vectors (cf. Eq. (S18) and (S19)). The
states are given in the all-out configuration as shown in Fig. 1
of the main text.
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FIG. S8. Tllustration of the 3Q! state on the hexagonal lattice
in a magnetic monolayer. All shown 3Q' states are degener-
ate in energy. (a,c) are all-in 3Q' states, whereas (b,d) are
all-out 3Q' states. Between the states the operation, which
transforms them into each other, is indicated.



The ASE always favors the 3Q3, or 3Qk state depend-
ing on the sign. For each 3Q! state four energetically de-
generate states exist. These four states are sketched for
the 3Q4; state in Fig. S8. The transformations, which
leave the energy invariant, are a 180° rotation around
the z-axis, an inversion of all spins or a combination of
both, which results in an inversion of the z-component
of each spin. To verify that these states are degener-
ate in energy, we calculated the energy of each state in
our atomistic spin model including exchange interactions,
higher-order exchange interactions, DMI, MAE, ASE,
spin-chiral-interactions and chiral-chiral interactions. We
also tested for an interlayer contribution of ASE for mag-
netic bilayers. With these contribution all four states are
energetically degenerate. To verify that we are not miss-
ing an energy contribution in our model, which could
lift the degeneracy, we calculated the total energy for all
four states in Pd/Mn/Re(0001) with DFT. We found no
energy difference between all four states within the nu-
merical accuracy of our calculations.

S12. CONTRIBUTIONS TO TOTAL ASE

Fig. S9 shows the bond-resolved contribution of the
ASE for the 3Q? and 3Q3 states of lowest energy; a
value of Jasg = —0.3meV was assumed as obtained
for Pd/Mn/Re(0001). The energies per bond for the
3Q! state which minimizes the energy and the 3Q! state
which maximizes the energy are shown in Fig. 5(c) of the
main text.
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FIG. S9. Contribution to each pair of spins due to the ASE.
A Dblue (red) line represents a negative (positive) contribution
in this specific bond. The Jasg parameter was set to Jasg =
—0.3meV.
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Topological orbital moments can arise in non-coplanar spin structures even in the absence of spin-
orbit coupling and a net topological orbital magnetization occurs for the triple-Q state and for isolated
skyrmions. For atomic-scale skyrmion lattices, a significant effect can also be expected, however, no
studies have been reported yet. Here, we observe via spin-polarized scanning tunneling microscopy
(SP-STM) a non-coplanar atomic-scale spin structure with a roughly square magnetic unit cell for a
pseudomorphic Fe monolayer on three atomic Ir layers on the Re(0001) surface. Employing density
functional theory (DFT) calculations we consider different skyrmionic lattices as potential magnetic
ground states which are found to be energetically favored with respect to any spin spiral state.
Comparison of simulated and experimental SP-STM images provides strong evidence for an atomic-
scale skyrmion lattice. By mapping the DFT total energies to an atomistic spin model we demonstrate
that these spin textures are stabilized by the interplay of the Dzyaloshinskii-Moriya and four-spin
interactions. We evaluate the emerging phenomena of the different non-coplanar magnetic states and
find significant local topological orbital moments oriented perpendicular to the surface, which order in

an antiferromagnetic fashion.

Magnetic skyrmions have raised widespread attention because of their fas-
cinating topological and dynamical properties™. Due to the spin topology of a
skyrmion an emergent magnetic field arises which causes the topological Hall
effect’ allowing electrical detection of single skyrmions’. Another key con-
sequence of electron motion in the fictitious magnetic field is the topological
orbital moment. It can occur in non-coplanar spin structures even in the
absence of spin-orbit coupling and depends on the local scalar spin
chirality**”". The scalar spin chirality is proportional to the topological charge
density and can serve as a measure of topological transport properties™**.
Topological orbital moments have been predicted for several types of
spin structures such as multi-Q states™’, atomic-scale spin lattices®, and
isolated skyrmions*"’. In the triple-Q state''""—exhibiting tetrahedron
angles between adjacent spins on a hexagonal lattice and a net vanishing
spin moment—the topological orbital moments align such that a net orbital
magnetization remains’. Such topological orbital ferromagnetism has also
been proposed for the bulk antiferromagnet y-FeMn'. A net topological
orbital moment remains as well for single skyrmions in a ferromagnetic
background and it has been suggested that these are observable via XMCD®.

The orbital magnetization can be manipulated by an external magnetic field
which has been shown via the spontaneous topological Hall effect in the
triple-Q state'>'°. Other prime candidates for the investigation of topological
orbital moments are zero-field non-coplanar magnetic states that have been
experimentally found in Fe monolayers in contact with a hexagonal Ir
film'"**. Due to the large tilting angles between adjacent spin moments such
spin textures could result in significant topological orbital moments.
Designing appropriate nano-scale non-collinear spin structures and har-
nessing their orbital moment may be of great benefit in spintronic
applications™*.

Here, we investigate the non-coplanar spin structure of Fe/Ir-3/
Re(0001) using SP-STM experiments with different tip magnetization
directions as well as DFT calculations and an atomistic spin model. We show
via DFT that multi-Q states and atomic-scale skyrmionic lattices con-
structed based on the experimentally determined magnetic unit cell are
energetically significantly favored with respect to all single-Q (spin spiral)
states due to higher order interactions. Indeed, comparison of measured and
simulated SP-STM images indicate the presence of an atomic-scale

"Institut fiir Theoretische Physik und Astrophysik, Christian-Albrechts-Universitat zu Kiel, D-24098 Kiel, Germany. Department of Physics, University of Hamburg,
JungiusstraBe 11, 20355 Hamburg, Germany. Kiel Nano, Surface, and Interface Science (KiNSIS), University of Kiel, Kiel, Germany.
e-mail: nickel@physik.uni-kiel.de; kirsten.von.bergmann@physik.uni-hamburg.de; heinze@physik.uni-kiel.de
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Fig. 1 | SP-STM measurements of Fe/Ir-3/Re(0001). a Overview partially differ-
entiated constant-current SP-STM measurement. b, ¢ SP-STM measurements of the
three Fe/Ir3 areas indicated by squares in (a), measured with two slightly different tips
as indicated; the gray scale spans 40 pm; the yellow arrows refer to tentative tip
magnetization directions and their relative orientation for the rotational magnetic
domains. Sketches at the top right explain the connection between the SP-STM image
in (a), and the zoomed and rotated areas in (b, c); the two derived possible magnetic
unit cells are purple and black, and gray dots indicate the hexagonally arranged Fe
atoms. Measurement parameters:a U= +100mV,I=1nA;b U= +40mV,I=1nA;
cU=+5mV,I=4nA;all: T=4K, Crbulk tip; the glitch in island B of b stems from a
briefly retracted tip and subsequent creep; the fast scan direction of the islands in

b and c is along the horizontal axis of the overview image in (a).

skyrmion lattice. The superposition states are stabilized by the four-site four
spin interaction as shown via mapping DFT total energies to an atomistic
spin model. Due to their non-coplanar spin textures significant local
topological orbital moments arise in these multi-Q states and atomic-scale
skyrmionic lattices. Intriguingly, these considered spin structures exhibit
antiferromagnetic order of the arising topological orbital moments.

Results

SP-STM experiments

Pseudomorphic Fe monolayers on Ir ultra-thin films on Re(0001) have been
investigated experimentally before'® and in the case of an Ir film with a
thickness of three atomic layers an atomic-scale two-dimensional magnetic

unit cell has been found. An overview SP-STM image is shown in Fig. 1aand
three Fe monolayer patches are labeled A,B,C. These three Fe islands are
embedded in an additional Ir layer and the observed modulations are of
magnetic origin. We find that these three areas represent rotational domains
of the same magnetic state. Due to the incompatibility of the symmetry of
the magnetic state and the hexagonal atomic arrangement three rotational
domains of the magnetic state can occur, and the areas labeled by A,B,C
correspond to those rotations. In Fig. 1b, ¢ the three Fe islands are shown in
the magnetic unit cell reference frame, i.e., their relative 120° rotations on the
sample have been accommodated for (cf. sketches to the right of Fig. 1a).
Each set of these SP-STM images has been measured with one magnetic tip,
but the tip changed between the data displayed in Fig. 1b, c. In the images
measured with tip#1 (Fig. 1b) a roughly square magnetic unit cell can be
seen clearly in some parts of the islands, see purple boxes. However, in other
parts of the island a larger superstructure dominates, as indicated by black
boxes. We attribute this ambiguity of the size of the magnetic unit cell to
either boundary effects that lead to an incommensurability, or to an intrinsic
incommensurability of magnetic and structural periodicities (in the vertical
direction of Fig. 1b).

Close inspection of the magnetic contrast shows that it is qualitatively
similar in all three images of Fig. 1b, whereas the observed magnetic pattern
changes for the rotational domains displayed in Fig. 1c. This is characteristic
for a non-collinear magnetic state imaged with an out-of-plane magnetized
tip in the first case (Fig. 1b), and a magnetic tip that also has an in-plane
magnetization component in the latter case (Fig. 1c)"”. Tentative tip mag-
netization directions are indicated in yellow to visualize the origin: the
sample’s out-of-plane components always show the same pattern, regardless
of the orientation of the magnetic unit cell; however, an in-plane magnetized
tip will pick up different sample magnetization components depending on
how the magnetic unit cell is rotated relative to the tip magnetization
direction. For tip#2 a two-dimensionally periodic pattern is observed in
islands A and B, whereas for island C a stripe pattern is found, which is
reminiscent of the SP-STM measurements of the Fe monolayer on Ir(111),
which exhibits a square nanoskyrmion lattice'”.

First-principles calculations

To understand the origin of the magnetic ground state of Fe/Ir-3/Re(0001),
we have performed first-principles calculations based on DFT (for com-
putational details see “Methods”). We calculate the total energy of various
collinear and non-collinear magnetic states with and without including
spin-orbit coupling (SOC). We start with spin spiral states since these
represent the general solution of the classical Heisenberg model on a peri-
odic lattice and therefore allow to scan a large part of the magnetic
phase space.

The energy dispersion E(q) of spin spirals in Fe/Ir-3/Re(0001)
neglecting the effect of SOC (gray curve in Fig. 2) displays two minima along
the high-symmetry directions T-M and T-K with an energy of about 5 meV/
Fe atom below the ferromagnetic (FM) state (T point) exhibiting a similar
length of the spin spiral vector q. This indicates the stabilization of spin
spirals by frustrated exchange interactions. Note, that the total energy scale
of the dispersion is below 25 meV/Fe atom which is an extremely small
value. This is due to a small FM nearest-neighbor (NN) exchange interac-
tion which competes with antiferromagnetic beyond-NN exchange (values
are given in Supplementary Table 1).

The influence of higher-order interactions (HOI) can be revealed by
calculating the total energy of superposition states of spin spirals, so-called
multi-Q states: the collinear up-up-down-down (uudd or double row-wise
antiferromagnetic) states along both high-symmetry directions’ ~** and the
non-collinear 3Q state™'™’. Within the Heisenberg model of pair-wise
exchange these states are degenerate with the spin spiral (single-Q) states
from which they are constructed. This degeneracy can be lifted by HOL
Therefore, a total DFT energy difference between single-Q and multi-Q
states—obtained neglecting SOC in the calculation—is an indication of
HOL Note, that within DFT all magnetic interactions are implicitly con-
tained within the exchange-correlation functional.

npj Spintronics| (2025)3:7



https://doi.org/10.1038/s44306-025-00074-3

Article

Al
=

M am T L* 1

20

| Fe |
[ Ir |
[ Ir|
[ Ir |
Re

10

el
G
o-10
1 °
-20 } P L @ [s-SkX : i
- multi-Q K
_ o 3% :d SKX |
-30 | : . i
1 1 I 1 1 1 1 1 n 1 1 1 1 1 1
04 02 00 02 04 06 08 10
a®¥)

Fig. 2 | DFT total energies of spin states in Fe/Ir-3/Re(0001). Energy dispersion of
spin spirals obtained via DFT along the high-symmetry lines M-I'-K-M with and
without including SOC displayed by filled red and gray circles, respectively. The solid
line represents a fit of the atomistic model to the DFT values. The total energies of the
two uudd states and the 3Q state calculated via DFT are marked. The self-
consistently calculated DFT total energies including SOC for the three spin lattices
(Fig. 3) are also marked. All energies are given with respect to the FM state. In the
inset the unit cells of the magnetic contrast is shown with the magnetic unit cell
vectors a; and a, and ay; and ak in purple and black, respectively obtained based on
the experimental SP-STM images (cf. Fig. 1). The Brillouin zone is also sketched as
an inset and the spin spiral vectors q;, q,, qx and qy are indicated. Dashed gray lines
indicate the experimentally determined absolute values of qx and qu.

In Fig. 2 a clear deviation of the energies of the uudd and the 3Q states
from the corresponding 1Q states is evident, which means that HOI exhibit
a significant strength in this system. Out of the spin spiral states and the
mentioned model-type multi-Q states the uudd state in TM direction has the
lowest energy by AE = 20 meV/Fe atom lower than the minima of the single-
Q state dispersion neglecting SOC (gray curve in Fig. 2). AE indicates the
energy scale of the HOL

The energy dispersion of spin spirals including the contribution of
SOC, i.e., Dzyaloshinskii-Moriya interaction (DMI), is displayed in the red
curve in Fig. 2 (for separate contributions see Supplementary Note 1 and
Supplementary Fig. 1). Due to the DMI the minima in the spin spiral
dispersion gain even more energy compared to the FM state, so that the
energy difference is about 15 meV/Fe atom. As the DMI has no contribution
to the collinear uudd state, the energy difference between the uudd state and
the spin spiral of minimal energy is reduced by SOC.

To construct a superposition state with the experimentally observed
magnetic unit cell (cf. Fig. 1), we convert the real space magnetic lattice
vectors of the roughly square commensurate unit cell a; and a, into spin
spiral vectors q; and q, in reciprocal space (see inset of Fig. 2). From q; and
q, we can obtain spin spiral vectors qy and gk in the high symmetry
directions (see inset in Fig. 2). These are given by qy = 5(q, +q,) = 53¢,
and qg =1(q, — q,) = ﬁéx, respectively, and they are related to the
larger magnetic unit cell with lattice vectors ay; and ax also observed in the
experimental data. These q vectors are close to the energy minima of E(q)
obtained from DFT calculations (Fig. 2). The size of the magnetic unit cell is
defined by the interactions with the largest energy contribution, which are
the exchange interaction and the DMI. Compared to the multi-Q state in Fe/
Ir(111)"* the minima of the spin spiral calculations are at larger values of |q|
for Fe/Ir-3/Re(0001) (Fig. 2). This leads to a reduction of the size of the
unit cell.

The multi-Q state is constructed from these spin spirals using the
analytical expression given in ref. 17 (see also “Methods” section) and its
spin texture is displayed in Fig. 3a. Within DFT it is energetically sig-
nificantly lower in total energy than the spin spiral minimum and a few
meV/Fe atom lower than the uudd state along TM (Fig. 2). The two-
dimensional magnetic unit cell of the multi-Q state contains 16 atoms (Fig.
3a) and two spins point upwards with respect to the surface (red) and two
spins point downwards (blue). All other spins are oriented in the film plane
(green arrows). From the unit cell of the multi-Q state we can identify two
substructures which show a spin configuration on an atomic scale remi-
niscent of an individual skyrmion or antiskyrmion (purple boxes in Fig. 3a).

While these atomic-scale spin structures cannot be defined as sky-
rmions within a continuum description, they still share key properties of
skyrmions such as vorticity and chirality of the spins surrounding the center.
As a measure of their topological properties, we use the scalar spin chirality
which is non-vanishing for these atomic-scale spin structures and is linked
to topological orbital moments as discussed below and the topological Hall
effect””*. The two different upward pointing spins of the multi-Q state in
Fig. 3a can be viewed as the center of an atomic-scale skyrmionic (S) or
antiskyrmionic (A) building block of the lattice, respectively, compare
purple boxes in Fig. 3a with Fig. 3d, e (In the same manner the downward
pointing spins could be seen as the centers of equivalent substructures).

Topological orbital moments

In order to gain further insight into the properties of the multi-Q state we
have calculated the topological orbital moment (TOM) per atom via DFT.
In Fig. 3a, the TOM of every Fe atom is displayed by the color of the hexagon
at the corresponding lattice site (for values see Supplementary Fig. 2). Note,
that the skyrmionic spin structure possesses a positive TOM, while the
antiskyrmionic spin structure exhibits a negative TOM, with the largest
contribution at the positions of out-of-plane spins. Therefore, we observe
rows of positive and negative TOM in the multi-Q state. The absolute value
of the TOM, calculated by DFT, per skyrmionic or antiskyrmionic plaquette
amounts to about 0.32 yp, while the sum of all TOMs in the black magnetic
unit cell vanishes (For the contribution of a plaquette, we sum the con-
tributions of all spins in the substructure, where the contributions from the
corners are considered with an factor of 3).

Starting from the multi-Q state, one can obtain other spin configurations
consistent with the experimentally determined magnetic unit cell and we
consider two other likely non-coplanar candidates. By inverting the two in-
plane oriented spins in the antiskyrmionic substructure pointing along the x-
direction (Fig. 3a), the magnetic state obtains the rotational sense favored by
the DMI (Fig. 3b). This operation transforms the antiskyrmionic structure
(Fig. 3e) into a new type of substructure which we refer to as pseudo-
skyrmionic (labeled by p-S, see Fig. 3f). The resulting spin structure contains
an atomic-scale skyrmionic and a pseudo-skyrmionic plaquette in the unit
cell (Fig. 3b) and is denoted as double-skyrmionic lattice (d-SkX). The d-SkX
state is even lower in total energy within DFT than the multi-Q state (Fig. 2).

In the d-SkX the TOM of the skyrmionic plaquette is 0.19 yp and thus
similar to that in the multi-Q state. For the pseudo-skyrmionic substructure
the TOM is smaller and inverted with respect to the corresponding anti-
skyrmionic plaquette in the multi-Q state (cf. Fig. 3a, b), leading to a
checkerboard antiferromagnetic TOM order. The total TOM is still
compensated.

Finally, we consider a spin texture which comprises only one type of
skyrmionic substructure per unit cell (Fig. 3¢), reminiscent of the nanos-
kyrmion lattice in the Fe monolayer on Ir(111)"". This single-skyrmionic
lattice (s-SkX) is obtained from the multi-Q state by replacing the anti-
skyrmionic by a skyrmionic substructure. The s-SkX contains one sky-
rmionic plaquette and the resulting TOMs at the out-of-plane spins form a
checkerboard pattern. In contrast to the previous two spin textures (multi-Q
and d-SkX) the s-SkX exhibits a net TOM of about 0.17 pp per sykrmionic
plaquette. If all spins of the displayed s-SkX are inverted an energetically
degenerate state is obtained with a total TOM in the opposite direction,
similar to the case of the triple-Q state"’. However, in our DFT calculations
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Fig. 3 | Spin structure and topological orbital moments of atomic-scale spin
lattices. a multi-Q state, b double-skyrmionic lattice (d-SkX), and ¢ single-
skyrmionic lattice (s-SkX). The multi-Q state is constructed from a superposition of
spin spirals with q vectors corresponding to the magnetic unit cell obtained in
experiment (see text for details). The d-SkX lattice has been obtained from the multi-
Q state by flipping two spins in the antiskyrmionic substructure to optimize the DMI
energy. For the s-SkX lattice the antiskyrmionic substructures in the multi-Q state
have been replaced by skyrmionic substructures to reduce the size of the magnetic

unit cell. The dashed black (purple) box marks the magnetic unit cell of the multi-Q
and d-SkX (s-SkX). The color of the hexagons display the topological orbital
moment (TOM) for each atom calculated by DFT (see color bar at bottom). Red
(blue) color denotes upwards (downwards) pointing TOM with respect to the sur-
face normal. For the ease of discussion in the text, the centers of atomic-scale
substructures of the spin lattices are denoted by letters: skyrmionic (S), anti-
skyrmionic (A), and pseudo-skyrmionic (p-S) which are also shown by the sketches

in (d)-(f).

Table 1 | DFT energies vs. atomistic spin model

DFT Spin model

w/o SOC w/SOC w/o SOC w/SOC
multi-Q state —26.7 —29.2 —22.6 -23.0
d-SkX lattice —27.2 -31.2 —24.4 —26.2
s-SkX lattice —23.4 -27.0 -20.5 -22.0

Total energies of the three atomic-scale spin lattices considered for Fe/Ir-3/Re(0001) (cf. Fig. 3) with
respect to the FM state with and without (w/0) SOC. The total energies are given as calculated by
DFT and obtained using the atomistic spin model. All energies are given in meV/Fe atom.

the s-SkX is energetically unfavorable with respect to both the multi-Q state
and the d-SkX (Fig. 2).

To understand the origin of these orbital moments emerging even
without SOC, we compare the TOM calculated via DFT with an atomistic
model. Within this atomistic model, the TOM at site i, LiTO, can be related to
the scalar spin chirality’:

LTO

Z i Xk Tik 1)

where i, j, k denote neighboring lattice sites and the sum (jk) is over all pairs
of neighboring lattice sites of site i. For the investigated lattices 7,5, = Zisthe
unit vector along the direction perpendicular to the surface.

The scalar spin chirality is defined as ;. = s; - (s; x s;) and only the spin
structure is needed for its calculation. This makes Eq. (1) appealing to
determine the TOM. Note, that the scalar spin chirality has also a profound
effect on the transport properties of a magnetic material and can lead to a
topological Hall conductivity in the absence of spin-orbit coupling™.

However, the topological orbital susceptibility « ]0 depends on the
electronic structure and can vary for each triangle (ijk). To obtain x; 1O from
our DFT calculations of the LT, we assume it to be 1ndependent of the
chosen triangle (ijk), ie., KiTO = ;,? . Indeed, for all three investigated lat-
tices, we find that KiTO is nearly independent of the site 7 of the Fe atom,
which is consistent with a nearly constant Fe spin moment on all lattice sites
(see Supplementary Fig. 2 and Supplementary Note 2).

The values obtained for the three different skyrmionic lattices show
only a very small variation among them with x'© = 0.019 £ 0.002 y1;; (see
Supplementary Table 2 for all values). The calculated TOMs at the indivi-
dual sites obtained within the atomistic model considering a constant orbital
susceptibility agree very well with the ones calculated by DFT. This
demonstrates that the spatial variation of the TOM originates mostly from
the change of the spin structure, rather than from the change in the elec-
tronic structure, and that the atomistic model already gives a good
approximation of the TOM. The nanoskyrmion lattice in Fe/Ir(111)"” shows
a similar behavior, as the TOM is vanishing for the multi-Q state and non-
vanishing if the skyrmionic structures are isolated by a scissor operation (for
these data see Supplementary Note 3 and Supplementary Figs. 3 and 4).

Atomistic spin model

An atomistic spin model (see “Methods”) has been parameterized by the
DFT data shown in Fig. 2, which includes pair-wise and higher-order
exchange (HOI), DMI, magnetocrystalline anisotropy energy (MAE) and
anisotropic symmetric exchange (ASE) (for details about the para-
meterization see Supplementary Note 1). The DFT total energies calculated
with and without SOC for the multi-Q state, the d-SkX and s-SkX lattice are
given in Table 1. The order among the three states is the same with and
without SOC, but the values show that the s-SkX and the d-SkX states gain
more energy due to SOC than the multi-Q state. The total energies of the
spin model show the same trend as the DFT calculations.

The exchange, DMI, and four-site-four-spin interaction have the lar-
gest contribution to the total energy (for all values see Supplementary Table
1 and for the other interactions see Supplementary Note 4 and Supple-
mentary Fig. 5) and we present their energy contributions per Fe atom in
Fig. 4. Among the three spin structures, the multi-Q state exhibits the lowest
exchange energy (Fig. 4a) which is due to the construction as a superposition
of spin spirals close to the energy minima of the dispersion (cf. Fig. 2).
Therefore, a flip of some spins increases the exchange energy as seen for the
d-SkX (Fig. 4b). The s-SkX is the least favored lattice concerning the
exchange interaction (Fig. 4c). Regarding the DMI the multi-Q state shows
two rows with an opposite rotational sense with positive and negative
contributions (Fig. 4d). By flipping two spins in the unfavorable row (bot-
tom and top row in Fig. 4d) the rotational sense is switched and the DMI
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Fig. 4 | Energy decomposition of magnetic interactions. Energy contributions of
a—c the exchange interaction, d-f the DMI, and g-i the four-site-four-spin inter-
action obtained in the atomistic spin model for the multi-Q state (left row), the
d-SkX lattice (middle row), and the s-SkX lattice (right row). All energies are dis-
played with respect to the FM state. The interactions of all contributing shells of
neighbors have been added. A scale bar is given for each interaction and above each
plot the sum over all atoms in the unit cell is given. All energies are given in meV
per atom.

energy can be reduced. Therefore, compared to the multi-Q state, the d-SkX
and the s-SkX optimize the DMI energy (Fig. 4e, f) with the same rotational
sense in each row.

All three spin lattices gain significant energy compared to the FM state
due to the four-site-four-spin interaction (Fig. 4g-i). Regarding the four-
site-four-spin interaction the flip of two spins in the bottom row reduces the
energy of the d-SkX with respect to the multi-Q state. The reduction of the
size of the unit cell from the d-SkX to the s-SkX is slightly unfavorable in
terms of the four-site-four-spin interaction. The role played by the four-site-
four-spin interaction is very similar to that in the nanoskyrmion lattice of
Fe/Ir(111)". Note, that the three-site-four-spin or the biquadratic interac-
tion can also favor multi-Q states or nanoskyrmion lattices. However, in the
system considered here these terms have only a minor strength (see values in
Supplementary Table 1). The d-SkX is energetically most favorable among
all considered spin lattices. It gains energy due to DMI and four-site-four-
spin interaction with respect to the multi-Q state and due to exchange and
four-site-four-spin interaction with respect to the s-SkX.

SP-STM simulations

For a direct comparison of the three spin lattices (Fig. 3) with the
experimental data (Fig. 1), we simulated SP-STM images using the spin-
polarized generalization of the Tersoff-Hamann model***. For an out-
of-plane tip magnetization as shown in Fig. 5a—c all three lattices have
the same roughly square contrast. These SP-STM simulations are in
good agreement with the experimental magnetic contrast observed with
tip#1 on all three islands in Fig. 1b. At the same time it becomes evident,
that an out-of-plane tip is not suitable to distinguish between the three
different proposed spin lattices. In contrast, different patterns are
observed for the three different magnetic states when an in-plane
magnetized tip is used, as evident from the SP-STM simulation in Fig.
5d-1. For each spin lattice a set of three different in-plane orientations of
the tip magnetization has been used that are linked by 120° angles with
respect to each other, such that they correspond to a fixed tip

multi-Q d-SkX s-SkX

Fig. 5 | SP-STM simulations. Simulated images are shown for a, d, g, j the multi-Q
state, b, e, h, k the d-SkX, and ¢, £, i, 1 the s-SkX. For each spin lattice the simulated SP-
STM image is displayed for an out-of-plane orientation of the tip magnetization (top
row) and for three in-plane orientations of the tip with an angle of 120° between the
different orientations (three lower rows). The tip magnetization direction is indi-
cated in the top right corner of each panel by a yellow arrow and the dashed lines
mark the magnetic unit cell as shown in Fig. 3.

magnetization on three different rotational domains of the spin struc-
ture as observed in the SP-STM measurements for islands A, B, and C
(Fig. 1¢).

One characteristic feature observed in the experimental SP-STM
images are the stripes visible on island C. We find a similar pattern in our SP-
STM simulations for the d-SkX and the s-SkX for an in-plane tip magne-
tization that is roughly perpendicular to the stripes, see Fig. 5k, . However,
such stripes are never observed for the multi-Q state, regardless of the tip
magnetization direction. In contrast, for the multi-Q the simulations show
wavy or straight stripes along the vertical direction for all in-plane tip
magnetization directions, see Fig. 5d, g, j. Because this kind of pattern is not
in agreement with the experimental results we rule out the presence of this
multi-Q state in our system. The patterns for the d-SkX and the s-SkX
resulting from the rotated tip magnetization directions in Fig. 5e-i can all be
recognized in the experimental images of Fig. 1¢, which makes a distinction
between those two states challenging.

Discussion

We propose a spontaneous atomic-scale skyrmionic lattice as the magnetic
ground state of an Fe monolayer on three atomic Ir layers on the Re(0001)
surface. Our first-principles calculations reveal sizeable topological orbital
magnetic moments with antiferromagnetic alignment for the different
proposed spin textures which can be explained by the local scalar spin
chirality due to the non-coplanar spin order in the skyrmionic lattices. The
topological orbital susceptibility obtained via DFT is nearly constant for all
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Fe atoms in the lattice and is nearly independent of the considered spin
lattice. This makes the atomistic model a very good approximation for the
topological orbital moments. We find that Fe-based film systems have a
significantly larger orbital susceptibility than Mn-based film systems' (see
Supplementary Table 2) which can lead to a larger topological orbital
magnetization. This might make Fe-based thin-film systems interesting
candidates for the emerging field of orbitronics and the observation of
transport phenomena such as the topological Hall effect™.

Based on the comparison with the experiment, the multi-Q state
can be ruled out as the magnetic ground state of Fe/Ir-3/Re(0001) in
agreement with the DFT calculation. While in DFT the d-SkX is slightly
lower in total energy compared to the s-SkX, in our experiments we
cannot identify whether the d-SkX or the s-SkX is realized in our system
due to the lateral variation of the apparent magnetic unit cell. Because Re
becomes superconducting below 1.7 K such a zero magnetic field spin
lattice is a promising candidate for future studies of emerging phe-
nomena in atomic-scale non-coplanar magnet-superconductor hybrid
systems™ ™, including the role of topological orbital moments in
proximity to a superconductor.

Methods

SP-STM experiments

The samples were prepared in a multi-chamber ultra-high vacuum system.
The Re(0001) surface was cleaned by high-temperature flashes™ and Ir and
Fe were evaporated from rods by electron beam heating'®. Samples were
then transferred in-vacuo into an STM that is operated at 4 K. The tip is
made of Cr bulk material. The tip magnetization direction can be changed
in-situ by gentle modifications of the tip apex. The spin-polarized con-
tribution to the tunnel current scales with the projection of tip and sample
magnetization directions, and the nano-scale magnetic order can be
detected directly in constant-current imaging mode™.

DFT calculations

We have performed density functional theory (DFT) calculations to
investigate the magnetic ground state and the magnetic interactions in Fe
monolayers on three atomic layers of Ir on the Re(0001) surface. DFT
calculations have been carried out using two different methods. We have
used the all-electron code FLEUR based on the full-potential linearized
augmented plane-wave (FLAPW) method (see https://www.flapw.de)***.
In addition, we have applied the projector augmented wave (PAW) method
as implemented in the VASP code™ (see https://www.vasp.at). Here we
provide computational details of the calculations using both codes.

The FLEUR code has been used for spin spiral calculations™ neglecting
and including spin-orbit coupling (SOC), and to obtain the total energies of
the uudd states and the 3Q state. The SOC contribution to the energy of spin
spirals was calculated using first order perturbation theory”. The magne-
tocrystalline anisotropy energy (MAE), defined as the total energy difference
between the energy for a magnetization oriented along the in-plane and the
out-of-plane direction, has been calculated self-consistently including SOC
for the FM state”.

For all calculations using the FLEUR code the cut-off parameter
for the basis functions has been set to k,,,, = 4.1a.u.”". The radius of
the muffin-tin spheres was chosen as 2.45 a.u. for Re and 2.3 a.u. for
Ir and Fe. The exchange-correlation (xc) functional for all calcula-
tions in FLEUR was chosen in local density approximation (LDA)™.
For the spin spiral calculations with and without SOC a mesh of
(44 x 44) k-points was used in the full 2D-BZ. The calculations for
the 3Q state and the uudd states in their respective super-cells were
performed on a (22 x 22) k-point mesh, which has the same density
of k-points as that used in the spin spiral calculations. For the cal-
culations of the MAE in the FM state a mesh of (223 x 223) k-points
was used. For all calculations with the FLEUR code asymmetric films
with one Fe layer, three Ir layers, and six layers of Re have been used.
The Fe and Ir layers have been chosen in fcc stacking on the
Re(0001) surface.

Structural relaxations of Fe/Ir-3/Re(0001) have been performed using
the VASP code in the RW-AFM state. For the relaxations the GGA xc-
functional PBE” and a (15 x 15) grid of k-points was used. The multi-Q state,
the d-SkX, and the s-SkX have been calculated in a supercell with 16 atoms per
layer and the same number of substrate layers as in the spin spiral calculations.
The cut-off of the wavefunctions was set to 268 eV and a grid of (15 x 15)
k-points was used for these supercell calculations. The LDA xc-functional by
Vosko, Wilk and Nusair”® has been applied. Topological orbital moments
have been calculated using the VASP code. For fcc-Fe/Ir(111) they have been
obtained based on the computational setup given in ref. 25.

Construction of the multi-Q state

The superposition of spin spirals defined by qy; and qx under the constraint
of a constant magnitude of the magnetization is given by the construction
presented in ref. 17:

sin(qy; - Ry)
cos(qy - R;) sin(qg - R;) 2
cos(qy; - R;) cos(qg - R;)

S;=S

where R; denotes the atomic site i and S; is the spin moment at this site. From
Eq. (2) it is apparent that the spin exhibits a constant value of S at every
lattice site. Note that qy; and qx are obtained from the experimentally
determined reciprocal lattice vectors q, and g, by qy, = 1(q, + g,) and
qQ = %(q1 — q,), respectively.

Atomistic spin model

The atomistic spin model applied in our work contains exchange interac-
tion, DMI, higher-order interaction (HOI), MAE and anisotropic sym-
metric exchange (ASE). The corresponding Hamiltonian is given by:

TR ST ST S
H 2 ij

DMI

exchange

=D Ylsi - )5 - 50 + (- 8)(s; - 5 + (5 - 55+ )]

ik

biquadratic

3site—4spin

= " Kyl(s; - 8))(sy - 87) + (5 - 8)(s; - 8) — (5, s)(s; - 8]

ijkl

(€)

4site—4spin

=) K2 —Tase D _(s; dy)(s; - dy),
i ij

MAE ASE

where s; = S;/|S;| denotes a normalized spin moment at a lattice site specified
by i, 2 is the unit vector perpendicular to the surface and d;; is the normalized
connection vector between the lattice sites i and j. The interactions are sorted
in shells according to the distance of the lattice sites. For all atoms of each
shell the same interaction constants are assumed. For the exchange and the
DMI the interaction parameters for the first ten shells have been calculated.
For all other interactions only the interaction parameter of the first shell has
been calculated.

SP-STM simulations

The simulations of SP-STM images are based on the spin-polarized gen-
eralization of the Tersoff-Hamann model**””. We used a simplified SP-STM
model in which the independent orbital approximation is applied™”. In this
model only the orientation of the magnetic moments with respect to the tip
magnetization and the tip-sample distance are needed.
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S1. SPIN SPIRAL ENERGY DISPERSIONS
AND INTERACTION CONSTANTS

A spin spiral is characterized by a wave vector q, and
the spin at lattice site R; is given by S; = S(cos(q -
R;),sin(q - R;),0), with S denoting the size of the spin
and s; = S;/S being the normalized spin moment. The
energy dispersion F(q) is calculated via the FLEUR code
using the generalized Bloch theorem [1].

In Fig. 2 in the main text the total energy dispersion
of spin spirals is given for an fcc stacking of the Fe layer
on Ir-3/Re(0001), which consists of the result from a
scalar-relativistic calculation and the contributions due
to SOC obtained by first order perturbation theory [2].
In Fig. S1(a) the data from Fig. 2 of the main text is re-
produced. The individual contributions from the scalar-
relativistic spin spiral calculation and the calculation of
the contributions due to SOC, i.e. the energy due to
Dzyaloshinskii-Moriya interaction (DMI), are shown in
Fig. S1(b,c), respectively.

In Fig. S1, we present for comparison the results ob-
tained for an hcp stacking of the Fe monolayer on Ir-

* Email: nickel@physik.uni-kiel.de
t Email: kirsten.von.bergmann@physik.uni-hamburg.de
f Email: heinze@physik.uni-kiel.de

3/Re(0001). For hcp-Fe/Ir-3/Re(0001) the total disper-
sion also exhibits two spin spiral energy minima. How-
ever, these are located at slightly larger q than for fcc
stacking and they are asymmetric since the depth of the
minima is very different. This means the periodicity of
the spin structure in the hcp system is smaller than in
fcc. As a result the energy minima for the hcp stack-
ing fit less well to the observed unit cell in the SP-STM
measurements (cf. Fig. 1 from the main text).

For both stackings the DMI (cf. Fig. S1(c)) has a sig-
nificant contribution to the spin spiral energy minima.
Note, that the DMI contributions for the hcp and the
fce system are very similar. In the scalar-relativistic ap-
proximation (Fig. S1(b)) hcp-Fe/Ir-3/Re(0001) exhibits
only a small energy minimum along I'-K and no minimum
along I'-M. For fcc stacking, on the other hand, the en-
ergy minima are located very close to those in the total
energy dispersion in panel (a). Therefore, we conclude
that the nearly quadratic magnetic unit cell is observed
in a fcc stacking of the Fe monolayer.

From the energy dispersion of spin spirals obtained
via DFT the exchange and DMI constants can be de-
termined by a fit. However, the energies of the scalar-
relativistic spin spiral calculations contain also contri-
bution from higher-order interactions (HOI). To differ-
entiate between higher-order exchange and Heisenberg
pair-wise exchange the energy of further multi-Q states
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FIG. S1. Energy dispersion of spin spirals in hcp-Fe/Ir-

3/Re(0001) and fcc-Fe/Ir-3/Re(0001) along the high symme-
try lines M-T'-K-M obtained via DFT (a) in scalar-relativistic
approximation plus the contribution due to SOC in first order
perturbation theory (b) in scalar-relativistic approximation
and (¢) SOC contribution calculated in first order perturba-
tion theory. Symbols denote DF'T data and lines represent the
energy of the atomistic spin model with parameters obtained
by a fit to the DFT data. For the fit only the displayed DFT
energies of spin spirals were mapped to the atomistic spin
model and no other interaction constants were obtained.

is needed, such as the uudd states and the 3Q state. One
can determine the HOI by the additional states and per-
form a correction of the Heisenberg exchange constants
obtained from the fit to the spin spiral dispersion [3-5].

To treat all magnetic interactions on equal footing, we
have chosen a different approach here, in which we fit all
parameters simultaneously. In addition to the energies of
the uudd states and the 3Q state we also calculate the to-
tal energies of the multi-Q lattice, the d-SkX, and s-SkX
state in scalar-relativistic approximation, i.e. neglecting
SOC. The MAE and ASE cannot be derived from the
SOC contributions of the spin spirals because MAE and

ASE are not included in the first-order perturbation the-
ory. To determine these interactions self-consistent cal-
culation with SOC have been performed. Here we used
the ferromagnetic state in two orientations along the z
and y direction and DFT calculations for the multi-Q,
the d-SkX, and s-SkX state including SOC. In these self-
consistent calculations the DMI as well as the MAE and
ASE contributions are contained. For each of the states
calculated by DFT we calculate the theoretical contribu-
tion by the atomistic spin model (Eq. (2) in the Methods
section of the manuscript) and fitted the parameters to
the energies from DFT. Thereby, we perform a single fit
for all calculated DFT energies to the spin model.

The parameters obtained by this fit give a good agree-
ment between the total energies from DFT and the atom-
istic spin model as shown in Tab. 1 in the main text.
In principle also other higher-order interactions such
as topological chiral interactions, next-nearest neighbor
HOI, or anisotropic HOI could contribute to the energy
of the spin structures. Based on the sufficiently good
description by our spin model we consider those interac-
tions to play a minor role in the investigated system.

S2. TOPOLOGICAL ORBITAL MOMENTS

The topological orbital moment (TOM) can be cal-
culated via DFT from a scalar-relativistic calculation in
which the effects of SOC are neglected. Thus there is no
orbital moment contribution due to SOC in such calcu-
lations and the only remaining contribution is the TOM.
The values of the TOM obtained by DFT are presented
in Fig. 3 of the main text. The same data is shown in
Fig. S2, where the values of the TOM are given explicitly
at the individual lattice sites. In the atomistic model the
TOM can be written as

L1C = Z Ko XijkTijk (S1)
(3k)

where 17, j, k denote neighboring lattice sites and the sum
(jk) is over all pairs of neighboring lattice sites from lat-
tice site i. The direction of the TOM is given by the
vector 7551 x (R; — R;) X (R — R;), where R;, Ry,
and Ry are the position vectors of lattice sites 4, 7, and
k, respectively. For a magnetic monolayer 7;;, is perpen-
dicular to the surface. In the present case 75, = 2, which
is the unit vector along the z-direction. The scalar spin
chirality is defined as x;jx = s; - (s; X sx) and niTj(,g is the
topological orbital susceptibility, which depends on the
three contributing lattice sites. The TOM at one spe-
cific lattice site is the sum of the contributions of all sur-
rounding triangles. For each surrounding triangle (ijk)
we assume for simplicity the same topological orbital sus-
ceptibility k7 © = /ﬁ?}% which only depends on the lattice
site 1.

In Fig. S2(a-c) the topological orbital moments are
given based on this model. The topological orbital sus-
ceptibility has been chosen spatially constant (H;FO =



J1 Ja J3 Ju Js J6

Js Jo Jwo Bi1 Y K

1.96 —2.36 —0.51 0.46 0.29 —-0.34 0.32 —0.87 —0.26 0.61 0.04 —0.17 —1.51

D1 Dz D3 D4 D5 DG

Ds Dy Dio Ky Jase

0.63 —0.08 0.83 —0.76 —0.81 0.59 0.77 —0.69 —0.17 0.01 2.73 0.62

TABLE S1. Interaction constants for Feg/Ir-3/Re(0001). The terms are defined in Eq. (S2). The higher-order exchange
interactions are treated in the nearest-neighbor approximation (Bi, Y1, K1). All values are given in meV.

system state  K7° (uB)

Fe/Ir-3/Re(0001) multi-Q  0.017
Fe/Ir-3/Re(0001) d-SkX  0.019
Fe/Ir-3/Re(0001)  s-SkX 0.021
Fe/Ir(111) nano-SkX  0.025
Pd/Mn/Re(0001)  3Q 0.005
Mn/Re(0001) 3Q 0.006
Rh/Mn/Re(0001)  3Q 0.008

TABLE S2. Topological orbital susceptibility «T° obtained
for Fe monolayers from DFT calculations of the TOM by a
comparison with the atomistic spin model (see text for de-
tails).
kTO) for each magnetic state according to the values
given in Tab. S2. These values were obtained by fit-
ting the maximal values of the model to the maximal
values obtained by DFT. The assumption of a constant
xTO allows to see the influence of the spin structure on
the TOM. When comparing the TOM of the model (a-c)
to the TOM obtained by DFT (d-f) one can see a very
good agreement. This agreement for an assumed con-
stant k19 = kTO shows, that the spatial variation of the
TOM mostly originates from the spin structure rather
than from a variation in H;-FO.

The approximation of a constant topological orbital
susceptibility should hold if the electronic structure varies
only slightly between the different Fe atoms. As a rough
measure of the variation, the magnetic spin moments
are displayed in Fig. S2(g-i). The maximal difference
of the magnetic moments is 0.04 up, i.e. only about
1.5% of the average moment. This small variation in
the magnetic moments indicates only a small change
in the electronic structure. In Tab. S2 are also the
topological orbital susceptibilities for Pd/Mn/Re/(0001),
Mn/Re(0001) and Rh/Mn/Re(0001) shown, calculated
for 3Q state as shown in [6]. The topological orbital sus-
ceptibility in the Mn based systems is roughly a quarter
from that one in the investigated Fe based systems.

S3. NANOSKYRMION LATTICE IN FE/IR(111)

In Fig. S3 the nanoskyrmion lattice (nano-SkX) of fce-
Fe/Ir(111) [7] is displayed. The color of the hexagons
denotes the magnitude of the z-component of the topo-
logical orbital moment in panels (a,b) and the magnitude
of the magnetic moment in panel (c). In Fig. S3(a) the

topological orbital moments are shown as obtained by
the atomistic spin model (cf. Eq. (S3)). The topologi-
cal orbital susceptibility has been calculated as 0.025 up
for all sites. In Fig. S3(b) the z-components of the or-
bital moments are shown as calculated via DFT in the
scalar-relativistic approximation. Although some devia-
tions exist between the model and the DFT values, the
overall trend fits quite well between both. The magnetic
moments also vary only very little for the different Fe
atoms (Fig. S3(c)). The topological orbital susceptibility
in Fe/Ir(111) is slightly larger, but on the same order of
magnitude as in Fe/Ir-3/Re(0001) (see values in Tab. S2).

To understand the pattern, which the TOM forms on
the lattice, Fig. S4 shows the TOM calculated by the
atomistic model for the multi-Q state (Fig. S4(a)) and
the nano-SkX (Fig. S4(b)).

The TOM in the multi-Q state forms horizontal rows of
positive and negative contributions. All these contribu-
tions are canceling each other, so that the total TOM of
the unit cell is compensated. Similar to the 2D spin struc-
tures in Fe/Ir-3/Re(0001) (cf. Fig. 3 of the main text),
one could define skyrmionic or antiskyrmionic substruc-
tures, which have an opposite contribution to the TOM.

In the nano-SkX (Fig. S4(b)), which has a smaller 2D
unit cell, the TOM forms a checkerboard pattern. The
TOM of the plaquettes of positive and negative contri-
butions have a different magnitude, which results in a
non-vanishing TOM over the whole unit cell. The net
orbital moment of the nano-SkX amounts to 0.11 pup.
Analogous to the multi-Q lattice and the s-SkX lattice in
Fig. 3 of the main text, a reduction of the unit cell size
leads to a net TOM.

S4. SITE-RESOLVED ENERGY
CONTRIBUTIONS

In Fig. S5 the energy contributions of the individual Fe
spins are given based on the atomistic spin model with
DFT interaction parameters. The plot is analogous to
Fig. 4 in the main text and shows the contributions due
to the biquadratic interaction (a-c), the 3-site-4-spin in-
teraction (d-f), the MAE (g-i) and the ASE (j-1) for the
multi-Q state, the d-SkX, and the s-SkX. Note, that for
all these interactions the three spin lattices show only
minor energy differences below 1 meV.

The biquadratic interaction disfavors these spin lat-
tices with respect to the FM state by about 0.2meV,
whereas the 3-site-4-spin interaction favors these states
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FIG. S2. (a-c) Topological orbital moments calculated in the atomistic model using the topological orbital susceptibility given in
Tab. S2. (d-f) Topological orbital moments calculated via DFT. (g-i) Magnetic moments obtained by the same DFT calculation.
Values are shown for (a, d, g) the multi-Q state, (b, e, h) the d-SkX, and (c, f, i) the s-SkX.

by about 2meV with respect to the FM state. The MAE
favors an orientation of all spins perpendicular to the sur-
face, which is why all three spin lattices are less favoured
than the FM state due to MAE. The ASE provides the
lowest energy contribution for a FM alignment along the

connection vector. This is mostly satisfied for the multi-
Q state and the least for the s-SkX lattice. As all these
interactions have only minor energy contributions, the
interactions shown in the main text are the decisive ones
for stabilizing the nanoscale spin lattices.
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Topological superconductivity can be induced in an s-wave superconductor by an adjacent magnetic
layer with a non-collinear spin structure. Good candidates are atomic-scale spin textures with large tilting
angles between neighboring spins which exhibit intriguing properties such as topological orbital
moments and topological Hall conductivity. Here we investigate the coupling of such non-coplanar spin
structures to an adjacent superconducting layer based on a tight-binding model. We consider spin
structures recently observed in ultrathin Fe and Mn-based films on the Re(0001) surface such as the triple-
Q state, atomic- and nano-scale skyrmion lattices, and study the effect of a continuous distortion of the
spin state. We characterize the topology of the spin texture via the scalar spin chirality and the topology of
the superconductor by its Chern number. We find that a non-zero total scalar spin chirality, leads to a
gapped topological superconducting phase while only trivial superconducting phases can appear for a
vanishing value. Our study shows that the size of the superconducting gap in the topological phase rises
with the total scalar spin chirality. For an atomic-scale skyrmion lattice, we predict the existence of chiral

edge modes on a realistic island structure detectable by the local density of states or supercurrents.

An intriguing property of superconducting materials is the possible
occurrence of various phases that are topologically protected by the
superconducting band gap'. This topological superconductivity is highly
desirable as it allows the formation of localized zero energy modes such as
Majorana bound states (MBS)’. These localized modes occur on the
boundaries of topological superconductors with different topological
phases or between a topological and a trivial superconductor™*. MBS are of
great interest for quantum computing as they obey non-Abelian
statistics””. To utilize these topological bound states a possibility of
their manipulation is required. A promising approach is to use topological
superconductivity induced by a magnetic spin structure in the vicinity of a
conventional s-wave superconductor®"’. This approach has two advan-
tages: (i) such magnet-superconductor hybrid systems represent an
experimentally feasible approach for topological superconductivity
allowing an exploration down to the atomic scale and (ii) magnetic
structures can be manipulated by external means such as fields or currents,
which may result in a control of the superconducting phase. Rashba-type
spin-orbit coupling can also induce topological superconductivity'*".
However, manipulation is not straightforward.

In the past, it has been predicted that various spin structures can induce
topological superconductivity including the magnetic triple-Q (3Q) state'’, a
lattice of skyrmions”, and an atomic-scale non-coplanar spin lattice’.

Emergent topological superconductivity due to magnon excitations has also
been proposed for a nanoskyrmion lattice”. Recently, a number of atomic-
scale non-collinear magnetic structures have been revealed based on spin-
polarized scanning tunneling microscopy (SP-STM) and explained via
density functional theory (DFT) in ultrathin magnetic films on the Re(0001)
surface” . These spin structures have been proposed to exhibit intriguing
magnetic properties such as topological orbital moments, spontaneous
topological Hall effect, and topological chiral interactions™* . Since Re
becomes superconducting below 1.7 K, it is of great interest to study the
possibility of topological superconductivity in these magnet-superconductor-
hybrid (MSH) systems and the role of the topological properties of the spin
state. An experimental verification seems feasible in the proposed systems as
well, since topological superconductivity in an MSH system with a Re sub-
strate was reported before®.

Here, we investigate whether the atomic-scale non-coplanar spin
structures recently discovered in magnetic films on the Re(0001) surface can
induce topological superconductivity. We consider the ideal and the dis-
torted triple-Q state’**** as well as atomic-scale skyrmion lattices” and
nano-scale hexagonal skyrmion lattices. We apply a tight-binding model in
order to calculate the coupling of the magnetic structure to the electronic
states of the superconductor (Fig. 1a). From the calculated band structure we
obtain the Chern number as a measure of the topological phase of the
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Fig. 1 | Setup and topological properties of a magnet-superconductor-hybrid
system. a Schematic drawing of a magnet-superconductor-hybrid (MSH) system.
Red spheres represent the atom sites in the magnetic layer and the arrows the local
direction of the magnetic spin moments s;, s;, and s;. The topological orbital
moment, L™, which can occur for a non-coplanar spin structure, is marked by a
blue arrow. The blue circle shows the preferred chirality of electron motion. Black
spheres denote the atom sites of the superconducting substrate. The coupling
between the magnetic and the superconducting layer is marked by purple spirals.
The parameter in the tight-binding calculations representing this coupling is
given by JS. The hopping parameter between two superconducting lattice sites, ,
the chemical potential, 4, and the superconducting order parameter, A, are dis-
played as well. b-d Visualization of the spin structures of the 1Q, 2Q, and 3Q

gap size (t)
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states. The color encodes the direction of each spin. An in-plane orientation is
represented by a green color. An orientation along the +z (—z) direction is
represented in red (blue). e Scalar spin chirality and gap size of states along the
2Q-3Q-1Q path. The scalar spin chirality is summed over the unit cell. The gap
size is calculated as the minimal size of the superconducting gap in the 2D-BZ
considering each state along the path. f-h Projected band structures of the
superconducting layer in a magnet-superconductor-hybrid with the 2Q state, the
3Q state, and the 1Q state, respectively, as calculated in the two-dimensional
Brillouin zone (2D-BZ) via the tight-binding model. The band structure is pro-
jected onto the reciprocal lattice vector b,. All parameters of the tight binding
calculation are the same for each state (t, y, A, JS) = (1, — 1, 0.4, 1), and only the
adjacent spin structure changes.

superconductor. The scalar spin chirality is used as a measure of the
topology of the spin structure™®. It is directly linked to the emergent magnetic
field and the topological orbital moments obtained based on DFT**.

For the atomic-scale spin structures studied here, we observe that a
non-vanishing total scalar spin chirality in the magnetic layer allows an
induced topological phase in the adjacent superconductor. However, a tri-
vial gapped superconducting phase occurs for non-coplanar spin structures
which exhibit only locally a non-zero scalar spin chirality that compensates
over the unit cell. We find that the topological superconductivity is robust
with respect to continuous distortions of the spin lattices as long as the total
scalar spin chirality is non-zero. Therefore, one can use the scalar spin
chirality, which is straightforward to calculate for a given spin structure, in
these MSH systems to check for the possibility of a topological super-
conducting phase and does not need to obtain the Chern number from the
electronic structure which is computationally much more demanding.
Further, we test the correlation of the total scalar spin chirality and topo-
logical superconductivity for various other spin textures. We underline the
topological superconductivity predicted here for a Fe monolayer on the Ir-3/
Re(0001) surface” by demonstrating the existence of chiral edge states for
islands of the atomic-scale skyrmion lattice based on the calculated local
density of states and supercurrents.

Results
Ideal and distorted triple-Q state
The 3Q state—predicted more than 20 years ago”"—is a non-coplanar spin
structure with four spins in the magnetic unit cell pointing into the direc-
tions of a tetrahedron. This intriguing three-dimensional spin structure on a
two-dimensional lattice is stabilized by higher-order exchange interactions.
The 3Q state (Fig. 1d) is constructed from the superposition of three sym-
metry equivalent spin spiral (1Q) states which correspond to the row-wise
antiferromagnetic (RW-AFM) states (Fig. 1b). A superposition of two of the
three 1Q states with a different propagation direction results in the 2Q state
(Fig. 1c). This state is non-collinear but still coplanar.

The 3Q state has been discovered only recently in a Mn monolayer on
the Re(0001) surface using spin-polarized scanning tunneling microscopy*'.

29,30

Later a distortion of the 3Q state in this ultrathin film system was proposed
due to topological chiral interactions™. An ideal 3Q state with perfect tet-
rahedral angles between adjacent spins was observed if the Mn monolayer is
covered by an atomic Pd or Rh adlayer, i.e., in Pd/Mn/Re(0001) and Rh/Mn/
Re(0001)*. In the layered bulk material Co,;3TaS,, the 3Q state was very
recently discovered using neutron scattering and the spontaneous topolo-
gical Hall effect was measured’””.

In the following, we study the topological properties of a magnet-
superconductor-hybrid (MSH) system that exhibits the 1Q, 2Q, or 3Q state
in the magnetic layer. Note that the influence of the ideal 3Q state on a
superconducting state has already been extensively studied'®. Here we build
on this previous work and investigate how a continuous transformation of
the spin state affects the adjacent superconductor. Figure 1a shows a sketch
of the MSH structure considered in our work. Due to a non-coplanar spin
structure of the spin moments in the magnetic layer (red spheres and
arrows), a specific chirality for electrons moving around the magnetic
moments can be favored (see blue circle). A topological orbital moment
(TOM) results from the preferred chirality’” which is oriented perpendicular
to the magnetic plane (see blue arrow). The TOM can be related to the scalar
spin chirality y;; given by x;;x =s; - (s; x sy) for three spins s;, s;, s at sites 4, ,
and k (see Fig. 1a). This quantity vanishes if the three spins are aligned
collinear or coplanar. The spin chirality of a spin s; is given as the sum over
the spin chiralities of all triangles containing the spin i and the neighboring
pair of spins j, k as

Xi= Zsi . (Sj Xs;) (1)
(k)

We further define the total scalar spin chirality of a spin structure as the sum
over all scalar spin chiralities of the magnetic unit cell, i.e., yrora = 2_iXi- A
non-zero scalar spin chirality, representing a non-coplanar magnetic
structure, results in topological orbitals moments” (see “Methods”) and a
topological Hall effect’”.

Below the magnetic layer, there is a superconducting substrate
(dark gray spheres in Fig. la). In our tight-binding model, the
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superconductor is parameterized by the onsite terms: chemical
potential, 4, and superconducting order parameter, A, and the hopping
term t (see “Methods” for details). The magnetic layer is coupled to the
superconductor via the coupling constant JS (indicated by purple
spirals in Fig. 1a). Due to the non-uniform magnetic structure, a dif-
ferent magnetization direction can be induced in each atom of the
superconducting layer.

The total scalar spin chirality xora is shown in Fig. le for the geodesic
path in spin space from the 2Q state via the 3Q state to the 1Q state™. The
spin at site 7 is then given by

s;(a) = s,-2Q cos(a) + s,-IQ sin(a), 2)

where the spin state is characterized by the angle a and s;< and s denotes
the spin at site i in the 2Q and 1Q state, respectively. Along this path, we find
the ideal 3Q state (« =~ 35°) realized in Pd/Mn/Re(0001)*, as well as the
distorted 3Q state (a = 55°) proposed as the ground state in Mn/Re(0001)>.
The scalar spin chirality y; on this path is the same at every lattice site, where
Xeotal VATieSs as y, .1 X cos?a sin & and vanishes for the coplanar 2Q state and
for the collinear 1Q state. As expected the 3Q state has the largest scalar spin
chirality along the path and it is decreasing toward the 2Q or 1Q state. Since
transport properties such as the topological Hall effect™ depend on the scalar
spin chirality’*”, these are maximized for the 3Q state.

In Fig. 1f-h we display the projected band structures calculated via
the tight-binding model for the superconducting layer that is coupled to
the magnetic layer with the 2Q state, the 3Q state, and the 1Q state,
respectively. For each state, the band structure has been calculated in the
whole two-dimensional Brillouin zone (2D-BZ) and is projected onto
the reciprocal lattice vector b;. The band structure for the 3Q state
shows a band gap at the Fermi energy. For the 2Q and 1Q states, this
band gap is closed. This fundamentally different state in the super-
conductor reveals already a major influence of the spin structure on the
superconductor.

On the continuous path in spin space from the 2Q to the 3Qand 1Q
state the band gap rises nearly linearly towards the 3Q state and
decreases again towards the 1Q state (Fig. le). The coplanar 2Q state
and the collinear 1Q state both lead to a vanishing scalar spin chirality
and a suppressed band gap. The 3Q state, on the other hand, has a non-
vanishing scalar spin chirality and also does not suppress the super-
conducting gap. The size of the band gap is slightly lower than half the
value of the unperturbed superconductor given by 2A. However, for the
distorted 3Q state at « = 55", the gap is reduced significantly which
makes experimental studies more challenging. As shown in Fig. le the
superconducting gap increases with rising scalar spin chirality, how-
ever, the dependence on the angle « is different. The correlation of the
band gap and the scalar spin chirality seems to be universal also for
other sets of parameters (see Supplementary Fig. 1). While the maximal
band gap at the 3Q state varies with the chemical potential 4 and the
coupling strength JS, the general dependence does not change (see
Supplementary Note 1 and Supplementary Fig. 1).

The dependence of the band gap on the scalar spin chirality can be
understood in a hand-waving fashion, because the formation of Cooper
pairs requires spin-up and spin-down electrons in the vicinity of the
Fermi energy. The band gap will be suppressed for strictly separated
spin-up and spin-down states due to an effective uniform magnetic field
created e.g., by a ferromagnet with exchange split bands. In contrast, a
non-coplanar spin structure leads to a spin mixing of the orbitals and
allows for a non-vanishing band gap. While the band gap also scales
with the superconducting order parameter, no qualitative changes
occur for a different value of A (see Supplementary Figs. 2 and 3 and
Supplementary Note 2).

From the band structure, we can conclude that the 3Q state induces a
significant band gap in the superconductor, however, we cannot conclude
whether it is in a topological trivial or non-trivial state. To classify the
superconducting phase the Chern number of the system can be calculated

from the wave functions. The Chern number is calculated as the 2D-BZ
integral of the Berry curvature given by (see refs. 35,36)

=55 BdekTr (P[0y, Py, 9 Pi]) (3)

where

b= E [ (Pl (4)

E;<Ep

is the projector of all occupied eigenstates of the Hamiltonian (see Eq. (7) in
the “Methods” section). The Chern number is an integer and a Chern
number of zero represents a trivial phase while a non-zero value
corresponds to a non-trivial superconducting phase.

While the scalar spin chirality is fixed by the spin structure of the
magnetic layer, the band structure of the superconductor depends on the
parameters used in the tight-binding calculation and a specific set has been
chosen for the results displayed in Fig. 1. In the following the tight-binding
parameters are varied in order to reveal in general the dependence between
band structure of the superconductor and spin structure of the magnetic
layer. In Fig. 2a five spin structures are chosen for the magnetic layer along
the spin path presented in Fig. le including the 1Q, 2Q, and 3Q state. The
total scalar spin chirality from Fig. le is given above each panel in Fig. 2b,
which shows the atomically resolved scalar spin chirality in the magnetic
unit cell. For each of these states, the scalar spin chirality is constant over the
four-atom magnetic unit cell as seen from the uniform color on each lat-
tice site.

Figure 2 ¢, d show the properties of the adjacent superconducting layer
obtained via the tight-binding model considering the spin structures from
Fig. 2a. The hopping parameter and the superconducting order parameter
are set to (£, A) = (1, 0.4). The chemical potential and the coupling to the
magnetic structure are varied between —4 < y <4 and 0 < JS < 3. Figure 2c
shows the Chern number and Fig. 2d the size of the superconducting gap.
Parameters in this range were suggested from ab initio calculations” and
previously used in other tight-binding investigations'®. The parameters used
in Fig. 1 are marked in Fig. 2¢, d with red stars for the 2Q, 3Q, and 1Q states.
For the 3Q) state, we can conclude that the system from Fig. 1d is in factin a
non-trivial phase with a Chern number of C = 4, while the 2Q and 1Q state
are in a trivial phase (for a closed gap the Chern number is not defined.
However, this is not marked specially in the plot since the areas with a closed
gap cannot be in a topological superconductor phase). For the ideal 3Q state
the Chern numbers and phases match with those shown in ref. 18.

When comparing the 3Q state to distorted 3Q states with o =20" or
o = 50" new phase transitions occur in the superconducting layer (Fig. 2c). For
a = 20" some of the areas that were in a non-trivial phase for the 3Q state now
display a vanishing Chern number. Note, that a zero Chern number marks a
phase with no strong topological superconductivity, however, weak- or higher-
order topological superconductivity™” could still arise (see Supplementary
Fig. 4 and Supplementary Note 3). However, topological superconductivity is
still expected for a large region of the phase space and the phase diagram is
slowly varying with the transformation of the spin structure. A distortion of the
spin structure leads to no qualitative changes in the superconducting phases,
although the size of the band gap can be altered. A fundamentally different
phase diagram occurs for the 2Q (= 0°) and the 1Q state (a« = 90°). In these
cases, the Chern number is zero for the whole sampled phase space. Therefore,
these spin structures do not induce gapped topological superconductivity.

Transitions between different superconducting phases can only occur,
if the band gap closes. Therefore, the size of the superconducting gap is
displayed in Fig. 2d. The color bar is limited to 0.1 since the regions with a
small or vanishing gap are especially interesting. For & = 0" and o = 90" the
band gap is fully closed for a large part of the phase space. Especially for
parts, where the 3Q state is in a topological phase, the 1Q and 2Q state show
a closed band gap, which was already observed in Fig. 1f, h. This goes along
with a vanishing scalar spin chirality at each lattice site. When the spin
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Fig. 2 | Topological properties of an MSH system with various spin states along
the 2Q-3Q-1Q path. a Five selected spin structures along the path, including the 2Q,
3Q, and 1Q states, are displayed. b The atom-resolved scalar spin chirality is displayed
for each spin structure and the total value y;o, is given above each panel. The magnetic
unit cell is highlighted by a parallelogram for all spin structures in (a, b). ¢ Chern

numbers calculated with the tight-binding model for the spin structures shown in (a)

2 4-4-2 0 2 4-4-20 2 4

u u

for parameters ¢ = 1, A = 0.4. The chemical potential 4 and the coupling to the mag-
netic state JS are varied between —4 <y <4and 0 < JS <3 in order to sample a large part
of the phase space. The color represents the Chern number for a specific set of
parameters. White areas represent a trivial state, which has a Chern number of 0. d Size
of the band gap around the Fermi energy E. for the calculation presented in panel c.
The size of the band gap is evaluated over the whole Brillouin zone.

structure is transformed to an angle of & < 0° or a > 90", non-coplanar spin
structures form, which have a non-vanishing Chern number (see Supple-
mentary Fig. 5 and Supplementary Note 4). Therefore, the values of a = 0°
and & = 90" mark phase transitions along the path.

The results for various spin structures along the 2Q-3Q-1Q path and
tight-binding parameters demonstrate that the 3Q state has the largest scalar
spin chirality and topological non-trivial phases with comparably large band
gaps. As the spins are tilted in a fashion to decrease the scalar spin chirality,
either towards the 2Q or the 1Q state, the size of the superconducting gap is
also decreasing (cf. Fig. le). Here topological superconductivity still exists,
but these phases might be less interesting for an experimental realization due
to the small band gap. Some changes and additional phases can occur in the
superconducting phase diagram of the Chern number. If the scalar spin
chirality finally vanishes at the 1Q or 2Q state, only trivial phases can be
found but also the superconductivity is suppressed for parameters which
formerly were representing non-trivial phases. These distortions of the 3Q
state can occur due to higher-order exchange interactions and their com-
petition with magnetocrystalline anisotropy****. Other, less-ordered, dis-
tortions could arise due to thermal spin fluctuations. For random
fluctuations of the 3Q state, the band gap is also reduced. For small fluc-
tuations, as expected at low temperatures, the effect is also relatively small
(see Supplementary Fig. 6 and Supplementary Note 5).

Atomic-scale skyrmion lattices
The spin structures studied in the previous section exhibit a spatially
homogeneous scalar spin chirality and a topological phase occurred in the

adjacent superconductor for a non-vanishing value. Now we turn to spin
lattices in which the scalar spin chirality varies within the magnetic unit cell.
There are two fundamentally different types of spin lattices: (i) spin states for
which the total scalar spin chirality over the entire magnetic unit cell van-
ishes due to a compensation of individual non-zero contributions and (ii)
spin states for which the local, as well as the total scalar spin chirality, are
finite. As representatives of both groups, we investigate in this section a
multi-Q state and an atomic-scale skyrmion lattice (SkX) constructed based
on experimental observations in a monoatomic Fe layer on three Ir layers on
a Re(0001) substrate (cf. ref. 25).

As shown previously, a spin spiral state can induce nodal point
superconductivity’. Perpendicular to the propagation direction q of a spin
spiral all magnetic moments form ferromagnetic rows making this state
coplanar. A superposition of two or more such spin spirals, coined a multi-Q
state, can be non-coplanar. An example is the triple-Q state discussed in the
previous section. A more complex multi-Q state is displayed in Fig. 3a. Itisa
superposition of two perpendicular spin spirals propagating along the wave
vectors qu and qg. These reciprocal vectors qy; and qx were constructed
from the experimentally observed real space lattice vectors ay; and ax as
sketched in Fig. 3a. The construction ensures a constant magnitude of the
magnetic moments’ and a vanishing total spin moment of the spin
structure.

Two substructures can be identified within the magnetic unit cell of the
multi-Q state which resemble an atomic-scale skyrmion and an anti-
skyrmion (see black dashed diamonds in Fig. 3a). The scalar spin chirality
obtained at each lattice site is marked in Fig. 3a by the color of the hexagons.
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Fig. 3 | Topological properties of an MSH system with a multi-Q vs skyrmion
lattice state. a Multi-Q state constructed from two perpendicular spin spiral vectors
qy and g as displayed in the inset showing the 2D-BZ. A skyrmionic and an anti-
skyrmionic substructure have been marked by black dashed lines and an S or an A at
the central spin, respectively. The scalar spin chirality is given by the color of hexagons
in the background (see color scale bar on the side). b Atomic-scale skyrmion lattice
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(SkX) constructed from the skyrmionic substructure of the multi-Q state. Scalar spin
chirality and the skyrmionic substructures have been marked as in (a). ¢, e Chern
number and d, f gap size obtained from the tight-binding model using the multi-Q
state (¢, d) and the SkX state (e, f). The calculations were performed for the parameters
(t,A)=(1,0.7), =6 < y < 6,and 0 < JS < 6. The parameter set 4 = 1.5and JS = 3 used in
further calculations using the SkX state is marked by a red star in (e, f).

The total scalar spin chirality yior of a substructure is the sum of x; from all
lattice sites within a plaquette. The skyrmionic plaquette has a positive net
Xsk and the antiskyrmionic structure exhibits a negative net yasx. As the
scalar spin chirality can be used to characterize topological properties™, the
atomic scale spin structures with opposite net X behave similarly to
isolated skyrmions and antiskyrmions, which have an opposite topological
charge. Summed over the unit cell the scalar spin chirality ys + yask of the
multi-Q states vanishes as skyrmionic and antiskyrmionic contributions
cancel each other.

The Chern number obtained for the adjacent superconductor vanishes
for the entire large range of tight-binding parameters (Fig. 3c) and the band
gap (Fig. 3d) is closed for a larger part of the phase space which indicates
suppressed superconductivity. Therefore, the multi-Q state does not induce
topological superconductivity although it represents a non-coplanar spin
structure. This is a qualitatively different behavior than that observed for the
3Q state, which is also a superposition of spin spirals, and demonstrates that
a non-coplanar spin structure alone is not sufficient to induce topological
superconductivity. Note, that in contrast to the multi-Q state studied here,
the 3Q state displays a non-vanishing total scalar spin chirality (cf. Fig. 2b).
Note that the investigated phase space here is larger than for the 2Q-3Q-1Q
path in order to include the phases investigated for the skyrmion lattice in
ref. 19. Also the superconducting order parameter has been increased to
A =0.7 to ensure a faster convergence of the Chern number. As demon-
strated in Supplementary Figs. 2 and 3 and Supplementary Note 2 the
change of the superconducting order parameter does not lead to a quali-
tative difference in the results.

Since the contributions of the scalar spin chirality of the skyrmionic
and antiskyrmionic structures cancel and no topological superconductivity
is found, we now consider a spin-lattice that contains only one of the
substructures and has been proposed as the magnetic ground state of Fe/Ir-
3/Re(0001)”. Figure 3b shows the atomic-scale skyrmion lattice, where the

antiskyrmionic structures were replaced by skyrmionic structures, which
reduces the size of the unit cell by one-half. The scalar spin chirality of the
skyrmionic structure is slightly reduced, as the neighboring spins have
changed, but it still has a significant positive contribution and the net scalar
spin chirality amounts to Yo = 24 for the 16-atom cell.

The calculated Chern number in the adjacent superconductor (Fig. 3e)
is non-zero for large parts of the phase space. Similar to the case of the 3Q
state regions with different values of the Chern number exist. The band gap
(Fig. 3f) closes at the phase transitions. For some phases the band gap is very
small, however, there are also phases with a sufficiently large band gap and a
non-zero Chern number. Note, that replacing all skyrmionic by anti-
skyrmionic spin structures, ie., constructing an antiskyrmion lattice
(ASKkX), leads to a spin state with x;oa = —24. The exact opposite topological
phases occur in the superconducting layer, i.e., the sign of the Chern number
is flipped for all parameter sets when compared to the SkX state (see Sup-
plementary Note 6 and Supplementary Fig. 7).

While the SkX and ASkX induce topological superconductivity, the
multi-Q state, as a combination of both does not. Intuitively this can be
understood as the Chern number arises from a non-zero Berry-curvature,
here induced by the non-coplanar spin structure. The time reversal of the
system would change the sign of the Berry curvature and of the scalar spin
chirality. This implies, that two substructures with opposite scalar spin
chirality induce opposite Berry curvature, which subsequently leads to a
vanishing Chern number as observed for the multi-Q state.

To check the generality of our result, we consider another non-
coplanar skyrmion lattice with locally non-zero scalar spin chirality and
vanishing y.. which has been proposed in ref. 25. In this so-called double-
skyrmion lattice (d-SkX) the antiskyrmionic spin structure of the multi-Q
state is slightly modified. Similar to the 2Q-3Q-1Q path in spin space
discussed in the previous section, we can construct a continuous transfor-
mation from the double-skyrmion lattice to the skyrmion lattice (see
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Supplementary Note 7 and Supplementary Figs. 8 and 9). Based on the tight-
binding model, we find a similar behavior of the adjacent superconductor
(Supplementary Fig. 9). For the d-SkX, the total scalar spin chirality vanishes
and a trivial topological phase occurs. Along the path in spin space towards
the SkX, one obtains yora # 0, and topological superconducting phases are
observed. Similar to the trend of the 2Q-3Q-1Q path, the size of the band
gap generally increases for a larger yor.. This suggests, that also the size of
the band gap depends on the total scalar spin chirality (see Supplementary
Fig. 1 and Supplementary Note 1).

For comparison, we studied the connection between the topology of
the spin space and the superconductor for MSH systems with the multi-Q
state and the nanoskyrmion lattice reported for Fe/Ir(111)". These spin
structures exhibit similar topological properties as the multi-Q state and SkX
in Fe/Ir-3/Re(0001). Our tight-binding calculations show that the same
behavior occurs regarding the effect on the adjacent superconductor, i.e., no
topological phase for the multi-Q state and topological superconductivity in
alarge part of the phase space for the nanoskyrmion lattice (Supplementary
Note 8 and Supplementary Fig. 10).

The studied non-coplanar atomic-scale spin textures can induce
topological superconductivity even in the absence of SOC. In real materials,
SOCis often present. To test the robustness against contributions of SOC we
calculated the Chern number for the SkX and multi-Q state for three dif-
ferent strengths of SOC (see Supplementary Fig. 11 and Supplementary
Note 9). We find small changes in the phase space of the Chern number for
the SkX state for weak to moderate SOC strength but still a zero Chern
number for the multi-Q state. Qualitatively, the results do not change upon
including SOC.

Chiral edge states of an atomic-scale skyrmion lattice

In the previous section, we discovered, that an atomic-scale skyrmion lattice
can induce topological superconductivity due to its spin topology. Here we
investigate the boundary between a topological superconducting phase
induced by the SkX state and a trivial state in order to check for the fin-
gerprints of the topological phase. At the boundary between areas with
different Chern numbers edge states should occur, where the number of
edge states coincides with the difference in the Chern numbers of the
adjacent superconducting phases. For the SkX lattice, we first study an ideal
ribbon geometry of an infinite stripe in one direction and a finite size in the
perpendicular direction. We choose a fixed set of tight-binding parameters
such that the Chern number is C= —1 (see red star in Fig. 3f, g). For this
phase, we create a ribbon with a width of 40 unit cells in one direction and an
infinite length in the other direction. In the non-periodic direction, the
ribbon adjoins the vacuum, which is in a trivial state. Qualitatively, the
results should be the same for a boundary towards any other trivial state.

In Fig. 4a the band structure is shown for the periodic direction along
a;. Only two modes are located within the energy interval of [—0.4, 0.4]
around the Fermi energy, while the majority of eigenstates are below or
above the band gap with a value of Ag = 0.8. To check whether these modes
are located at the edges of the ribbon, we analyze the spectral function
(Fig. 4b—d) which shows the localization of a state at a specific lattice site (see
sketch in Fig. 4e). Note that the contributions from all orbitals of two rows in
the periodic direction are added up. Therefore, the spectral function shows
the localization in these two rows.

Clearly, neither of the two in-gap modes appears in the center of the
ribbon and bulk-like behavior occurs indicated by the superconducting
band gap (Fig. 4c). The mode with a positive slope (387? >0) is found at the
bottom edge of the ribbon since the spectral function 1s large for this mode
(Fig. 4b). On the top edge (Fig. 4d) the other mode is located which exhibits a
negative slope (a‘% <0). The opposite direction of modes on the top and
bottom edges demonstrates the chirality of the edge mode. On each edge,
one mode crosses the band gap consistent with a change of the Chern
number by 1 from the SkX state (C = —1) to the vacuum (C = 0). This clearly
shows the topological superconducting state. Note, that one also obtains
chiral edge states for ribbons along the other lattice vector (Supplementary
Note 10 and Supplementary Fig. 12).

vacuum

min n(r, E, k) max
vacuum

Fig. 4 | Band structure of a ribbon with the SkX state adjacent to vacuum. Band
structure and spectral function are displayed for a ribbon geometry with a periodic
direction along a,. a Band structures for a ribbon along the a; direction. b-d Spectral
functions for all orbitals of two adjacent atomic rows at the bottom, middle, and top
of the ribbon (see sketch in (e). For each spectral function, the contributions of two
rows of atoms in the periodic direction are summed. The tight-binding parameters
were chosen as (¢, 4, JS, A) = (1, 1.5, 3, 0.7) marked by a red star in Fig. 3e, f.

The infinite ribbon structure resembles an idealized geometry allowing
us to see the edge modes in reciprocal space. To investigate a more realistic
geometry that is accessible by experiments we choose the shape and size of a
Fe island observed by scanning tunneling microscopy on an Ir-3/Re(0001)
substrate”. For this film system, the SkX state has been proposed as the
magnetic ground state”. We used the same tight-binding parameters as for
the ribbon geometry. The coupling of the magnetic state to the super-
conductor JS is assumed to vary spatially. On the magnetic island, the
coupling is chosen as JS = 3, and on the superconducting surface, it is JS = 0,
which reflects the absence of magnetic atoms. Due to the non-uniform
shape of the boundary, the termination of the spin structure varies along the
edge of the island. For the parameters used on the magnetic island, the
Chern number amounts to C = —1 and on the superconducting surface, it is
C=0 (cf. Fig. 3¢).

Figure 5a, b shows the energy and spatially resolved local density of
states (LDOS) obtained via tight-binding calculations for this configuration.
Alllattice sites in Fig. 5b within the black line are considered as the magnetic
island. The energy-resolved LDOS (Fig. 5a) is given for three points on the
island: on the superconducting surface, at the edge of the island, and on a
lattice site of the magnetic island. The LDOS on the superconducting surface
shows a very clear band gap around the Fermi energy, created by the
superconducting order parameter of A=0.7 leading to a band gap of
Ag=1.4. States within the interval E € [—0.7, 0.7] exist only due to a thermal
broadening. The LDOS on the magnetic island (purple curve) also displays a
band gap, however, reduced in size with respect to the free superconducting
surface. This band gap corresponds to the bulk band gap obtained due to the
coupling of the superconducting layer to the SkX state Ag = 0.8 (cf. Fig. 4a).
On lattice sites at the island edge (blue curve) a clear peak is seen at the LDOS
at zero energy (E = 0). This shows that in-gap states exist only on the edge of
the magnetic island.

To visualize these in-gap states the LDOS is displayed for E = 0 on the
island and superconducting surface (Fig. 5b). The largest contributions are
located at the edge of the island. At further distances to the edge, no states
can be observed at zero energy. The LDOS varies around the boundary, but
at each point of the boundary, some states are located at zero energy. This
shows that zero energy states are located on the boundary of the island and
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Fig. 5 | LDOS and supercurrent of a magnetic island with the SkX state on a
superconducting surface. The island is constructed based on an experimentally
observed island in Fe/Ir-3/Re(0001)***".a LDOS on the superconducting surface (green),
at the island edge (blue), and on the magnetic island (purple). b Magnetic island and
LDOS at zero energy (E = 0). The border of the magnetic island is indicated by a black
line. The positions of the three lattice sites used for the LDOS in (a) are marked. The green

0 I (arb. units) max

and the purple points have a distance of ten lattice sites from the edge. ¢ Supercurrent for
an energy interval inside of the superconducting gap E € [— % , 0]. The displayed area of
the island is marked by a black box in (b). d Supercurrent for an infinitely large sample of
the SkX state. The current has been calculated for all states below the Fermi energy. The
tight-binding parameters are (, y, A) = (1, 1.5,0.7). The magnetic island is represented by

a coupling constant of JS = 3 and the superconducting surface by JS = 0.

form edge modes. Such edge modes can be experimentally measured by
scanning tunneling microscopy (STM) or scanning tunneling spectroscopy
(STS)“%B‘

For the ribbon geometry, we found chiral edge modes using the spectral
function. To investigate a possible chirality of the edge modes observed on
the realistic island geometry (Fig. 5a, b) we have calculated supercurrents
(see “Methods” for details). In Fig. 5¢ the supercurrent is shown for an area
on the right side of the island from Fig. 5b, which is marked by a black box.
The supercurrent is only calculated for states with an energy of — % <E<0.
The obtained current is therefore only generated by edge states, since the
energies are within the bulk band gap of the superconducting layer coupled
to the SkX state. A counter-clockwise rotation of the supercurrent around
the border of the island can be seen. This shows the chirality of the edge
modes even on this experimentally motivated island. A rectangular island
with straight edges shows the same result (see Supplementary Fig. 13 and
Supplementary Note 11). The net current on the edges, indicating the
chirality of the edge states, could be measured for example by scanning
superconducting quantum interference device (SQUID)* or scanning
electron microscope®.

Besides the counter-clockwise current generated by the edge states,
there is also a current from the bulk states E < 0 of the island. This is shown
in Fig. 5d, where the currents of all states below the Fermi energy on an
infinite large SkX state are displayed. Note that the range — % <E<O0is
unoccupied for the bulk states. These currents are also circular around the
upward (red) and downward (blue) pointing spins. The rotation around the
upward spin is counter-clockwise and the rotation around the downward
pointing spin is clockwise. The upward-pointing spin is the center of a
skyrmionic substructure. For nanometer-size skyrmions, it is known that a
supercurrent around the skyrmion center will form'**. This property seems
to exist even in the atomic limit of the skyrmionic structure. Averaged over
the unit cell the current of the bulk states is compensated. Interestingly, the
central spin of the skyrmionic structure has a positive scalar spin chirality,
leading to a counter-clockwise rotation. The net scalar spin chirality of the
whole island is also positive and exhibits a counter-clockwise rotation of the
edge states.

Discussion

We have studied a variety of non-coplanar spin structures, which can
induce topological superconductivity due to their spin topology even in
the absence of spin-orbit coupling. In our work we continuously trans-
form the atomic scale spin structures and compare the topology of the
spin structures—measured via the scalar spin chirality—with possible
induced topological superconductivity. The scalar spin chirality depends

purely on the spin structure and is therefore independent of the elec-
tronic structure of the specific material. Higher-order exchange inter-
actions have been shown to stabilize non-coplanar spin textures such as
the 3Q state at interfaces™'*** and in intercalated van der Waals
materials’>”. The induced topological superconductivity is robust
against small distortions of the considered spin structures. In general,
large tilting angles lead to an increased band gap which should facilitate
the experimental observation of the superconducting phase. Many of the
investigated spin structures such as the ideal 3Q state, the distorted 3Q
state, or atomic-scale skyrmion lattices have been revealed in experi-
mentally realized MSH systems”******, which might make an observa-
tion of topological superconductivity in these systems possible. Key
properties of topological superconductivity such as chiral edge modes,
which can be observed experimentally and are known for nanometer-size
skyrmions, can also be induced by atomic-scale skyrmion lattices.

The scalar spin chirality has been used in our study as a measure of the
spin topology™. For all investigated spin lattices we found that gapped
topological superconducting phases characterized by a non-zero Chern
number can only occur if the total scalar spin chirality is non-zero as well.
Even non-coplanar spin structures such as the multi-Q and the d-SkX
lattice, which have a locally non-zero scalar spin chirality but a vanishing net
scalar spin chirality, do not induce gapped topological superconductivity.
We have confirmed this connection between spin topology and topological
superconductivity for the square nanoskyrmion lattice of fcc-Fe/Ir(111)*
(Supplementary Fig. 10), a hexagonal atomic-scale skyrmion lattice pro-
posed as the ground state of hcp-Fe/Ir(111)"*, and an antiferromagnetic
atomic-scale spin-lattice predicted as the magnetic ground state of Fe/
Ir(001)™ (see Supplementary Notes 12 and 13 and Supplementary Figs. 14,
15, and 16).

We have further investigated the collapse of a hexagonal ordered lattice
of skyrmions with a radius of around 4.4 lattice sites adjacent to a super-
conducting layer to highlight the difference between the total scalar spin
chirality and the topological charge (Supplementary Note 14 and Supple-
mentary Figs. 17 and 18). Such a nanoscale skyrmion lattice has been
observed for a Pd adlayer on Fe/Ir-3/Re(0001)*. On a Re(0001) surface the
skyrmions have a diameter of 2.4 nm. Along the minimum energy path
from the skyrmion state to the ferromagnetic state, we find that topological
superconductivity is possible as long as the total scalar spin chirality is finite.
In contrast, a topological charge of zero is not an indicator of the absence of
topological superconductivity. For a lattice of antiferromagnetic skyrmions,
we do not find a topological superconducting phase consistent with their
vanishing total scalar spin chirality (see Supplementary Note 15 and Sup-
plementary Fig. 19).
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For all non-coplanar spin structures considered in our work gap-
ped topological superconductivity can only be induced in an adjacent
superconducting layer if the net scalar spin chirality is non-zero, i.e., for
a non-trivial spin topology. The connection between the easy-to-
calculate scalar spin chirality and the possibility of topological super-
conductivity simplifies the identification of potentially interesting spin
structures and may be valuable for future explorations of magnet-
superconductor-hybrid systems.

Methods

Lattice geometry

The spin structures discussed in the main text are defined on a hexagonal
lattice with lattice vectors

T T
a; = 4a <0.57 —&, ) a, =4 (057@7 ) (5)

2

and the reciprocal vectors

T T
2m 1 21 1
blza(l,—%ﬁ) bZ:a_()(l’%’O) . ©

All states of the transformation path 2Q-3Q-1Q exhibit a magnetic
supercell with lattice vectors a’¥ = a, +a, and a2 = 2a,. The lattice
vectors for the multi-Q and SkX state are given by a{X = 4a, + 4a,
and aX = —2a, + 2a,.

Tight-binding Hamiltonian

To calculate the topological phase of an MSH, we use a tight-binding
model for a single superconducting layer which is subject to an induced
magnetic field by an adjacent magnetic layer (Fig. 1a). The coupling
strength between the superconductor and the magnetic layer is
described by a parameter JS. This coupling strength is constant over the
whole layer, but the spin structure itself is spatially varying, described by
the spins s; at each lattice site r;. The spin can be divided into the
magnetic moment S; and the spin direction as a unity vector §;, so that
s; = S; % 8;. We assume the magnetic moment to be constant over the
lattice leading to S; = S for all lattice sites i. Further, the Hamiltonian
contains the chemical potential y, the hopping parameter t between
neighboring lattice sites i, j, and the superconducting order parameter
A. The Hamiltonian is then given by:

H= -} cjiaci_’a +AY (CZTCZL + CNCM>
i i

i b Q)
+t Z CiaCia TS Zﬂ Cio(8; - 0)cip

i,

where c;, and cza are the electronic creation and annihilation operators at
the position r; with spin a and @ is the vector of the Pauli spin matrices. The
setup for these MSH systems and the calculation parameters are sketched in
Fig. la. We are interested in classifying spin structures that can induce
topological superconductivity even in the absence of spin-orbit coupling
(SOC). Therefore, we do not include SOC in our model.

One can show, that a non-uniform spin structure can induce an
effective Rashba-type SOC'®". However, not every induced SOC leads to a
topological non-trivial superconducting phase. The tight binding model
allows us to calculate the electronic structure for a model MSH system. From
the electronic structure properties such as the Chern number, the local
density of states, and the supercurrent can be calculated (see below). As real
materials often exhibit SOC, we tested the robustness of our results for non-
coplanar spin structures against including SOC. We found non-trivial
superconductivity also upon including SOC and no qualitative changes with

respect to the calculations neglecting SOC (see Supplementary Fig. 11 and
Supplementary Note 9).

Chern number

To classify the superconducting phase the Chern number of the system
can be calculated from the wave functions obtained by solving the tight-
binding model defined by Eq. (7). The Chern number is calculated as the
two-dimensional Brillouin zone (2D-BZ) integral of the Berry curvature
as given by Eqgs. (4 and 5). A uniform mesh of (1000 x 1000) k-points
was used for the calculation of the Chern numbers, as well as the band
gaps for most of the systems. Only for the nano-scale skyrmion lattice
and the AFM skyrmions on a square lattice each represented on a
10 x 10 spin-lattice we used a (100 x 100) grid of k-points as the Bril-
louin zone is smaller than in the other systems due to the increased unit
cell in the real space.

Local density of states

When the eigenenergies €,, and wavefunctions |¥,) of the tight binding
Hamiltonian are calculated one can use these to obtain the local
density of states (LDOS) at each lattice site. Here # is the band index
which also contains both spin channels, as well as electronic and hole
states. The local density of states as a function of the binding energy E is
then given by:

M(E) = O(E — e,){il¥,)(¥,]i) ®)
Supercurrents

Similar to the LDOS the eigenvectors can be used to obtain a current
between lattice site r; and r;. This current can be evaluated in an energy

interval [E, i, Epax] via™™”!
2et . R R ¥
L, =% DR I AD) o ©)

Enin<€,<E .«
Here t is the hopping parameter, e is the electronic charge and R marks the
real part. The contributions of each spin channel are added, as the band
index n included both spin channels. To obtain a current for each lattice site
the contributions between one lattice site and all neighboring lattice sites are
multiplied by the respective normalized connection vector and summed.
This gives a vectorial current at each lattice site for a given energy window.

Topological orbital moments
The topological properties of the spin structure can be described by the
scalar spin chirality” as discussed in the main text. Compared to the
topological charge™ the scalar spin chirality is also well-defined for atomic-
scale spin structures. The scalar spin chirality x;j is related to the topological
orbital moment at site 7 by ref. 27

L= D il (10)
jk

where «;; is the material-specific topological orbital susceptibility and
Tjx & (1j — 1;) X (1 — 1) is a vector dependent on the positions of the spins.
Fora 2D lattice 7;j is a unity vector along the surface normal 75, = z”7.When
one assumes a spatially constant topological orbital susceptibility, the TOM is
proportional to the scalar spin chirality. For some of the shown lattices, the
susceptibility has shown to be approximately constant in space™”, which
makes this a qualified assumption for the investigated lattices.

Continuous transformation of spin states
To investigate the change in the spin chirality or the Chern number and
its dependence on the spin structure we create a continuous

npj Spintronics| (2025)3:13
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transformation between two spin structures. A spin s; at lattice site i
along the path of the transformation can be written as

si(a) = si»"i cos(a) + sfi" sin(«),

(11)
where s is the spin at site i in the initial state, s is the spin at site i in the
final state, and & € [0, 5] a parameter. Such a path in spin space is discussed
in Fig. 1 for the 1Q, 2Q, and 3Q state and in the Supplemental Material for
the path from the skyrmion lattice to the d-SkX (Supplementary Fig. 9) and
for the antiferromagnetic square spin-lattice proposed for Fe/Ir(001)
(Supplementary Fig. 15).

Data availability
All relevant data are available from the corresponding authors upon rea-
sonable request.

Code availability
All relevant code is available from the corresponding authors upon rea-
sonable request.
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S1. SIZE OF THE BAND GAP

For the transformation between the d-SkX state and
the SkX state (cf. Fig. S3), one can find topological super-
conducting phases even for very small distortions of the
d-SkX, whereas the d-SkX can only induce trivial phases
in the superconducting layer. For an experimental ob-
servation not only the existence of a topological phase
is important, but also a sufficiently large band gap. For
the 2Q-3Q-1Q path we showed the dependence of the
band gap on the scalar spin chirality for a specific set of
parameters (Fig. 1 of the main text).

In Fig. S1, we present the band gap along the 2Q-
3Q-1Q transformation (Fig. Sla) and along the d-SkX
to SkX transformation (Fig. S1b). We chose different
values of the chemical potential pu and of the coupling
strength JS in order to get an impression about the gen-
eral trend. For the 2Q-3Q-1Q path the maximal bandg
ap varies with the parameter set. With increasing cou-
pling strength J.S, the maximal band gap decreases. For
all five selected sets of parameters chosen such that the
Chern number does not change the 3Q state leads to the
maximal band gap along the path. All sets show a similar
dependence on the scalar spin chirality. For the distorted
3Q)q state, which has been proposed as the ground state
of Mn/Re(0001) [1], the band gap is already reduced by
a factor of 2.8 with respect to the ideal 3Q state observed
for Pd/Mn/Re(0001) and for Rh/Mn/Re(0001) [2].

A more complex dependence can be seen for the path
from the d-SkX to the SkX state (Fig. S1b). This may
be due to the fact that the scalar spin chirality is locally
not uniform as it is for the 2Q-3Q-1Q path. However,
even here generally a larger yiotal iS connected with a
larger band gap. As for the 3Q state, the maximal band
gap depends on the set of parameters. Concluding from
this data, one can expect a larger band gap for a larger
net scalar spin chirality, which makes an experimental
realization more likely.

S2. INFLUENCE OF THE
SUPERCONDUCTING ORDER PARAMETER

In the main text we investigated topological proper-
ties for varying parameters of the chemical potential, u,
and the coupling strength, JS. The hopping term ¢ and
the superconducting order parameter A were kept fixed
for each system. Here we show in an example the in-
fluence of the superconducting order parameter A. In
Fig. 1e in the main text the band gaps are shown for the

transformation of the spin structure along the 2Q-3Q-
1Q path. The superconducting order parameter was set
to 0.4. In Fig. S2 we used the same set of parameters,
except for the superconducting order parameter which
was set to A = 0.2. The data from Fig. le of the main
text is also shown as a reference. For both systems the
Chern numbers are the same along the path. The size of
the band gap scales with the superconducting order pa-
rameter. Both systems show a very similar trend along
the transformation. In Fig. S3 we calculated the Chern
numbers and band gaps for the 3Q) state and varying J.S
and p. All parameters are the same as in Fig. S2. The
Chern numbers are very similar to the Chern numbers in
Fig. 2¢, where only the superconducting order parameter
is varied between both calculations. Based on this we
assume the superconducting order parameter to have no
qualitative influence on the results.

S3. POTENTIALLY WEAK TOPOLOGICAL
SUPERCONDUCTING PHASE

The focus of this work is the occurrence of strong topo-
logical superconductivity which can be measured by the
Chern number. On any boundary between a region with
non-zero Chern number and a trivial region, an edge state
will occur. Consequently, the edge state is present all
around a topological island on a trivial surface. How-
ever, even when no strong topological superconductivity
is present, weak topological superconductivity may arise
which results in edge states that occur only for certain
orientations of the edge [3, 4].

While a rigorous study of weak topological supercon-
ductivity is not in the scope of this work, we investigated
one set of parameters with a vanishing Chern number for
the a = 20° state along the 2Q-3Q-1Q path. We chose
the parameters (t,u,JS,A) = (1,2.05,1.85,0.4), which
correspond to C' = 0 in a region, which is encapsulated
by non-zero Chern numbers (cf. Fig. 2 of the main text).
For this specific set of parameters, we created an island
by 50 repetitions of the magnetic unit cell (cf. methods
section of the main text) in each periodic direction.

The LDOS at zero energy for this island is shown in
Fig. S4a. On two of the four edges there are edge modes
located, whereas the other two edges exhibit an open
band gap. A logarithmic color map has been chosen, as
modes with a large zero-energy LDOS are located at the
sharp corners. Fig. S4b,c show the spectral function for
a ribbon along the a; and ay direction, respectively. In
the non-periodic direction the ribbon has a width of 50
unit cells, which is the same width as for the island in
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FIG. S1. Band gap size for a MSH system along the 2Q-3Q-1Q and d-SKX to SkX path. The minimal band size of
the band gap in the 2D-BZ is dislpayed for a fixed set of parameters, while the spin structure is continuously transformed. a
The spin structures are transformed along the 2Q-3Q-1Q path, with parameters (¢, A) = (1,0.4) and five different sets of u, J.S,
which are shown in the legend. b The Chern numbers for the 3Q state for a large variety of values of the chemical potential
 and coupling strength J.S as shown in Fig. 2c of the main text. The parameters used in a are marked by colored circles. ¢
Spin structures along the transformation between the d-SkX and the SkX state with (¢, A) = (1,0.7) and three sets of u, JS.
d Chern numbers for the SkX state as shown in Fig. 3e of the main text with round markers indicating the parameters used
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FIG. S2. Band gap along the 2Q-3Q-1Q transforma-
tion path. The band gap is calculated for the parameters
(t,p, JS) = (1,—1,1). The superconducting order parameter
A is chosen as 0.2 and 0.4, where the later represents the data
from Fig. le of the main text.

Fig. S4a. The spectral function is summed over all four
lattice sites in the unit cell, which is directly at the edge.
In Fig. S4b the spectral function has a band gap, which
fits to the vanishing LDOS at this edge in Fig. S4a. In
Fig. S4c the band gap is closed, which fits to the edge
states at zero energy in Fig. S4a. For this specific set of
parameters the edge modes on the edges along the ay di-
rection suggest, that weak topological superconductivity
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FIG. S3. Chern number and band gap for the 3Q state.
All parameters are the same as in Fig. 2 of the main text,
except for the superconducting order parameter which has
been reduced by one half to A = 0.2.

might be present here. A more thorough investigation of
this phase concerning weak topological superconductivity



might be interesting for future investigations.

S4. EXTENDED 2Q-3Q-1Q PATH

In the main text spin structures were presented along
a transformation path between the 2Q and the 1Q state,
where the 3Q and distorted 3Q state are along this path.
The transformation follows Eq. (2) from the main text,
where values of « € [0°,90°] were considered. For the 2Q
state (a« = 0°) and the 1Q state ((a = 0°)) a closed band
gap for a large part of the phase space was observed.

To check, if the closing points at o = 0° and a = 90°
mark a phase transition, we calculated the Chern num-
ber and band gaps for values of & = —20° and o = 110°.
The data is shown in Fig. S5. For both spin structures
(Fig. S5a) which exhibit a non-zero scalar spin chiral-
ity (Fig. S5b) we observe non-zero Chern numbers and
non-vanishing band gaps (Fig. S5c,d), which implies the
existence of topological superconductivity. This shows
that the points a = 0° and o = 90° indeed represent
phase transitions along the transformation described in
the main text.

S5. RANDOM FLUCTUATIONS OF SPINS

Besides the continuous distortion of the spin structure
also other distortions, e.g. due to thermal excitations,
can occur. To estimate the influence of arbitrary distor-
tions on the superconducting substrate we used the 3Q
state and added random distortions to the spins. A sim-
ilar approch was used in Ref. [5], where no qualitative
difference due to spin fluctuations were observed. For
each of the four spins in the unit cell two random angles
were created. These angles were added to the ¢; and 9;
components of the spin s; in spherical coordinates. The
angles were created based on a normal distribution with
a given standard derivation ¢. The standard derivation
is the same for all spins in the unit cell. For one stan-
dard derivation 1000 randomly distorted spin structures
were created. For each of the spin structures the band
gap has been calculated with the same parameters as for
the ideal 3Q) state in the main text. The mean band gap
was determined from all 1000 calculations and the distri-
bution via the 80% percentile, meaning 80% of the band
gaps are within this region.

This procedure was performed for standard derivations
in the interval [0.1°,20°] and the data is shown in Fig. S6.
The yellow points mark the mean value and the blue area
gives the 80% region. The mean value is decreasing with
increasing distortion, but even for o = 20° it is not van-
ishing. With a larger ¢ also the variation of the band
gap becomes larger. A black line marks the band gap
of the ideal 3Q) state. While a distortion will always de-
crease the size of the band gap, a small distortion will not
drastically change the size. As experiments on magnet-
superconductor-hybrid systems have to be performed at

temperatures below the critical temperature (e.g. 1.7K
for Re), thermal fluctuations can be expected to have no
large influence on the measured properties.

S6. ANTISKYRMION LATTICE

In the main text, we have discussed how the atomic-
scale skyrmion lattice (SkX) state is constructed from
the multi-Q state by replacing the antiskyrmionic sub-
structure with a skyrmionic one. In the same manner,
the skyrmionic spin structure can be replaced with an
antiskyrmionic one. The resulting spin state is shown
in Fig. S7a along with the spatially resolved scalar spin
chirality. One can see a mostly negative contribution
in line with the expectations from the multi-Q state, in
which the antiskyrmionic structure has a negative con-
tribution (Fig. 3a of the main text). Fig. S7b shows the
Chern number obtained from the tight-binding model
for the adjacent superconducting layer in the magnet-
superconductor-hybrid (MSH) system for a large range
of parameters. As for the SkX state (cf. Fig. 3e of the
main text), non-zero values of the Chern number can be
observed for a large part of the phase space. In fact,
the phases are exactly as for the SkX, however, with op-
posite signs of the Chern number. This strengthens the
impression, that while each of the substructures of the
multi-Q state can induce topological superconductivity
their contributions cancel in the multi-Q state since both
substructures are present. Fig. S7 ¢ displays the size of
the band gap for the same parameters as in Fig. S7 b.

S7. CONTINUOUS TRANSFORMATION OF
THE D-SKX STATE INTO THE SKX STATE

In the main text we have discussed the multi-Q and
the SkX state and their coupling to an adjacent super-
conductor. Based on DFT calculations [6] a so-called
double skyrmionic lattice (d-SkX) been proposed as an-
other potential ground state of Fe/Ir-3/Re(0001). One
can create a continuous transformation between the d-
SkX and the SkX state using Eq. (9) of the main text.
Similar as for the 2Q-3Q-1Q path, we can use this contin-
uous transformation to approximate how much the topo-
logical properties change for a deformation of the spin
structure. Similar to the multi-Q state, the d-SkX state
is a non-coplanar spin state with a locally non-zero scalar
spin chirality. However, the total scalar spin chirality
vanishes.

Along the path in spin space the net scalar spin chi-
rality is increasing towards the SkX state (Fig. S8). Five
states along the transformation have been selected in
Fig. S9a, where the result for the SkX state is known from
the main text (cf. Fig. 3 of the main text). The lattice site
resolved scalar spin chirality is displayed in Fig. S9b. For
the d-SkX lattice two areas with the same magnitude but
opposite sign are canceling each other. Along the path
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FIG. S4. Island and ribbon for the o = 20° state along the 2Q-3Q-1Q path. a Spatially resolved LDOS for magnetic
island constructed from (50 x 50) unit cells (unit cell vectors are given in the methods section of the main text). The perimeter
of the island is marked by a black dashed line. Outside of the island is vacuum, which is a trivial state. The tight-binding
parameters are (¢, u, JS,A) = (1,2.05,1.85,0.4). These parameters correspond to a phase with vanishing Chern number. On
the sharp corners, modes with large LDOS are localized. Therefore, the color bar is logarithmic, where the region [0,0.1] is
linearized, which allows to better visualize the modes on the edge. b,c Spectral function at the boundary of a ribbon along the
a; (b) and the az (c) directions. The contribution of all four atoms of the unit cell directly at the edge are summed.

the positive contributions become larger than the nega-
tive contributions resulting in a finite Yiota;. Fig. S9c,d
show the Chern numbers and band gap, respectively, of
the superconducting layer obtained via the tight-binding
model for t =1,A=0.7,0< JS <6 and —6 < u < 6.
For all spin structures except the d-SkX state regions
exist in which the Chern number is non-zero. A lot of
phase transitions occur in many areas of the phase space
resulting in small band gaps. Towards the SkX state
larger band gaps occur for non-trivial phases. Even for
a small distortions of the d-SkX state topological phases
can be found. However, the superconducting gap is very
small which makes an experimental detection difficult.
As for all states presented in the main text the existence
of a topological superconducting phase correlates with a
non-vanishing total scalar spin chirality.

S8. NANOSKYRMION LATTICE IN FE/IR(111)

In the main text, we focused on atomic-scale skyrmion
lattices in Fe/Ir-3/Re(0001). In this film system, Re
plays the role of the adjacent superconductor with a tran-
sition temperature of 1.7 K. Nanoskyrmion lattices have
previously been found in a monoatomic Fe layer on the
Ir(111) surface [7]. Although the critical temperature is
very low with 7. = 0.1K, Ir can be superconducting.
Even if an experimental realization is unlikely, the effect
of the discovered spin structures on a superconducting
substrate in such a model system is quite interesting.
Emergent topological superconductivity due to magnon
excitations of such a nanoskyrmion lattice has been al-
ready studied in Ref. [8]. Here we want to investigate the
effect on the same setup as in the main text and compare

the lattices in Fe/Ir(111) to those in Fe/Ir-3/Re(0001).

Fig. S10a shows a multi-Q state and the correspond-
ing nanoskyrmion lattice as described in Ref. [7]. The
multi-Q state was constructed as a superposition of two
spin spirals with perpendicular propagation direction. In
this state four different substructures can be identified,
two of which are reminiscent of a skyrmion and two rem-
iniscent of an antiskyrmion. By a scissor operation the
antiskyrmionic structures have been removed and the size
of the unit cell reduced by one half for the nanoskymrion
lattice, which has also been observed to be the ground
state in Fe/Ir(111) [7].

In Fig. S10b the spatial resolved scalar spin chirality is
displayed. For the multi-Q state x; forms rows with pos-
itive and negative contributions. On the nanoskyrmion
lattice y; resembles a checkerboard pattern, where the
negative (blue) contributions are slightly larger than
the positive (red) contributions. This leads to a non-
vanishing net scalar spin chirality of xiota1 = —8.29 for
the nanoskyrmion, whereas it is zero for the multi-Q
state. For the multi-Q lattice each skyrmionic structure
has an antiskyrmionic counterpart, which are canceling
in the scalar spin chirality. This counterpart is missing
in the nanoskyrmion, lifting the compensation.

The Chern number for the tight-binding parameters
(t,A) = (1, 0.7), =6 < p < 6and 0 < JS < 6 are
plotted in Fig. S10c. As for the multi-Q state in Fe/Ir-
3/Re(0001) (cf. Fig. 3 of the main paper) the Chern num-
ber is vanishing in the whole investigated phase space for
the multi-Q state. For the nanoskymrion lattice non-
trivial superconductivity exists for a variety of parame-
ters.
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FIG. S5. Topological properties of states on the ex-
tended 2Q-3Q-1Q path. a Two spin structures for a =
—20° and o = 110° are shown. b The atom resolved scalar
spin chirality is displayed for each spin structure and the to-
tal value xtotal is given above each panel. The magnetic unit
cell is highlighted by a parallelogram for all spin structures in
a and b. ¢ Chern numbers calculated with the tight-binding
model for the spin structures shown in panel a for parameters
t =1,A = 0.4. The chemical potential x and the coupling to
the magnetic state JS are varied between —4 < p < 4 and
0 < JS < 3in order to sample a large part of the phase space.
The color represents the Chern number for a specific set of
parameters. White areas represent a trivial state, which has a
Chern number of 0. d Size of the band gap around the Fermi
energy Ep for the calculation presented in panel c. The size
of the band gap is evaluated over the whole Brillouin zone.

S9. EFFECT OF SPIN-ORBIT COUPLING

The Hamiltonian from the main text can also be
extended to include Rashba-type spin-orbit coupling
(Rashba-SOC). The Hamiltonian for this contribution
has the form

Z )\ri»rjcj‘,o'(éri_rj X U)Cl‘j,U” (Sl)

r;,r;,0,0’

Hgoc = —1

where )\ is the interaction strength, o is a vector contain-
ing the Pauli spin-matrices, é, _r, is the normalized con-
nection vector between the lattice sites i and j and ¢ (cf)
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FIG. S6. Band gap for random fluctuations of the 3Q
state. Each spin i of the ideal 3Q state has been rotated by
two angles Ap; and AY;. Theses angles were chosen randomly
from a normal distribution for a given standard derivation.
The angles are chosen individually for each lattice site. For
a given standard derivation 1000 spin structures have been
constructed. For each of the spin structures was the band gap
calculated. The mean band gap for each standard derivation
is shown here along with the 80%-percentiles.
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FIG. S7. Topological properties of a MISH system with
an antiskyrmion lattice. a Atomic-scale antiskyrmion lat-
tice (ASkX) state, constructed from the multi-Q state for
Fe/Ir-3/Re(0001). The scalar spin chirality is marked as
hexagons for each lattice site. b Chern number induced by
the ASkX state in a superconductor for a wide range of chem-
ical potential p and coupling strength to the superconductor
JS. ¢ Band gap for the phase space as in c. The param-
eters for the tight-binding calculations are (¢,A) = (1,0.7),
—6<pu<6and 0<JS <6.



FIG. S8. Total scalar spin chirality for spin structures
along the path from the d-SkX to the SkX state. Net
scalar spin chirality for spin structures along the path in spin
space obtained using Eq. (9) from the main text from the
double skyrmion lattice state to the skyrmion lattice state
(for spin structures see Fig. S3a).

is the creation (annihilation) operator as described in the
methods section of the main text. With SOC topologi-
cal nodal point superconductivity can be induced even in
collinear spin states [9, 10]. With including SOC topolog-
ical nodal point superconductivity might be found even
for states with a zero Chern number presented in the
main text. While this is not the focus of this work, we
want to test how phases with non-zero Chern number are

influenced by SOC.

Fig. S11 displays calculated Chern numbers and band
gaps for the SkX state (cf. Fig. 3b,e,f from the main
text) and the multi-Q state (cf. Fig. 3c,d,e from the main
text). The strength of the Rashba-SOC has been set to
A =01, A =05 and A\ = 1.0 in units of the hopping
parameter ¢. All other parameters were kept the same
as in the main text. The data for A = 0 from the main
text are also shown as a reference. Upon including SOC
in the calculations, the phases change a bit for the SkX
state (c-f). Some formerly trivial areas can now have a
non-zero Chern number as well as the other way around
as shown in Fig. S11. However, qualitatively the phase
diagram is similar for all values of A\. Even, when A = 1.0
is as large as the hopping parameter, which marks a very
strong contribution of SOC, the phase diagram does not
drastically change.

The Chern numbers for the multi-Q state under the
influence of SOC are shown in Fig. S11k-n. For all four
SOC parameters A = 0.0, A = 0.1, A = 0.5 and A = 1.0,
only zero Chern numbers can be observed in the entire
range of the chemical potential and coupling strength.
The sizes of the band gap are changing slightly with vary-
ing A. This shows, that strong topological superconduc-
tivity can not be expected for the multi-Q state even
under the influence of SOC. Quantitative occur some
changes in the phase diagram for the SkX state, but qual-
itative are the results stable under the influence of SOC
for the SkX and multi-Q state. this holds true even if
the SOC in increased to the same value as the hopping
parameter.

S10. RIBBON GEOMETRY FOR THE SKX
STATE

In the main text, the ribbon geometry was discussed
for an infinite stripe of the SkX state along the a; direc-
tion. In Fig. S12, we show the band structure and the
spectral functions for a ribbon in ay direction. Similar to
the ribbon along a; most states are located outside of the
bulk band gap Ag. The spectral function for the middle
of the ribbon (cf. Fig. S12c¢) reveals that no states are
located in the bulk band gap. On the left (Fig. S12b) and
right (Fig. S12d) edge of the ribbon, on the other hand,
edge modes are crossing the band gap. On the left edge,
one mode is crossing the band gap and one other mode is
dispersing within the band gap. The edge modes are chi-
ral as observed also for the ribbon along the a; direction
(see main text).

S11. SKX LATTICE ON A RECTANGULAR
ISLAND

In the main text the LDOS and supercurrents are
shown for the SkX state on a realistic island as obtained
from experimental STM data of Ref. [6]. In that case
the edges of the island are not smooth and the termina-
tion of the spin structure is varying along the edges. The
termination of the spin structure can have a large effect
on the dispersion of the edge mode [11]. For comparison
we show here a rectangular island made by a repetition
of six unit cells in the a$** and a$**X directions. Analo-
gously to Fig. 5 of the main text the magnetic island is
represented by a coupling strength of JS = 3.0 and the
superconducting surface by JS = 0. The island has four
different terminations of the spin structure. These possi-
ble edges are sketched for a (2% 2) unit cell in Fig. S13(a).
The local scalar spin chirality along the edges is different.
The edge D has a constant scalar spin chirality, were all
other edges have a spatial variation. The largest contri-
butions of the scalar spin chirality can be found on the
edges A and B. The LDOS for the (6 x 6) magnetic is-
land at zero energy is shown in Fig. S13 (b). Edge modes
with zero energy can be found all around the island. The
LDOS coincides thereby with the local scalar spin chiral-
ity. For example has the edge B a fluctuation between
large and small LDOS, where also the scalar spin chiral-
ity is varying along the edge. For edge D is the LDOS
nearly constant and also the scalar spin chirality is con-
stant. The magnitude of the zero energy LDOS therefore
depends on the termination of the spin structure. Foe the
region marked by dashed black lines is the supercurrent
shown in Fig. S13(c). Here a net current in a counter
clockwise direction located on the edge can be observed.
This supercurrent exists also in the other, not shown,
edges of the island, leading a to a net current around the
island with the same rotational sense as in Fig. 5(c) of
the main text, showing the irregular shaped island.



0° (d — SkX) 22.5° 45° 67.5° 90° (SkX)
VA VAN INZ\ INZ ] \\7/ \N\//
NN/ \NZ N/ (WPAN 17NN\ VA NN
b Xwota = 0.00 3.51 12.0 20.49 24.00 9
'/ q p q p q '/ q
i‘““l ) “‘ q ] “‘ q ) “‘ q ““‘ 0
(I ) s000 cee 0000 0000 -2
¢ T T T T T T 71T 7717 T T T T T7] &
- 1 3 1 1 3W 5
4__ - - - L '... E
2 | C=0 - : 1t 1 2|} o
2r . i Y 1T oy q
L ] L AN i ¥ E g -5
0 P T T P R P T I T BT P T I T BT O
d 6 0.10
9 > b 0.05
2 a
P IR BT TR B |l~v|l|l|l|l| |-l ;lulululu |l:l|l|l|l| |l|71|17|l|l| g

6-4-20 2 46 6-4-20 2 46 6-4-20 2 46 6-4-20 2 46 6-4-20 2 4 6

u u u

u u

FIG. S9. Topological properties of a MSH system with spin states along the geodesic path in spin space from
the d-SkX to the SkX state. a Five selected spin structures along the path including the d-SkX (a = 0°) and SkX state
(o = 90°) constructed using Eq. (9) from the main text. b Atom resolved scalar spin chirality of each spin structure. Above
each panel the net scalar spin chirality of the unit cell is given. ¢ Chern numbers of the adjacent superconducting layer obtained
from a tight-binding binding model with the spin structure from panel a for tight-binding parameters of ¢ = 1, A = 0.7 and
varying chemical potential ;4 and coupling strength JS. d Size of the band gap around Er for the calculations of panel c.

S12. HEXAGONAL NANOSKYRMION
LATTICE
The multi-Q states for Fe/Ir(111) and Fe/Ir-

3/Re(0001) were constructed as a superposition from
two perpendicular spin spirals. The applied construction
scheme ensures a constant magnitude of the magnetic
moment at every lattice site [7]. However, also other su-
perpositions of spin spirals have been suggested, which in
general do not leave the magnitude of the magnetic mo-
ment constant. A constant magnitude can be achieved
by a subsequent normalization of all moments [12, 13].

A superposition state constructed in such a way from
three spin spirals, characterized by q1, q2 and qs, is dis-
played in Fig. S14a. The vectors qi, q2 and qs have
an angle of 120° between each other. The resulting spin
texture constitutes a hexagonal skyrmion lattice and has
been discussed as the magnetic ground state of an Fe
monolayer in hcp stacking on the Ir(111) surface [12].
Due to the normalization of the magnetic moments the
net magnetic moment does not vanish for this structure.
Similar to the 3Q) state all lattice sites have the same sign
of the scalar spin chirality. In contrast to the 3Q state,
the magnitude of x; is varying over the unit cell. How-
ever, due to the same sign at each lattice site the total

X; is finite.

The Chern numbers calculated for the adjacent super-
conducting layer based on the tight-binding model are
shown in Fig. S14b. For a large part of the sampled hase
space we find non-zero Chern numbers as expected from
the non-vanishing total value of the scalar spin chirality.

S13. ANTIFERROMAGNETIC SPIN LATTICE

To test whether our conclusions apply also beyond
hexagonal lattices, we created an atomic-scale non-
coplanar spin structure on a square lattice. We used the
spin structure proposed as the ground state of Fe/Ir(001)
[14], which has a square unit cell with nine atoms
(Fig. S15a). This spin structure is proposed to induce an
anomalous Hall effect due to its non-coplanar alignment
[14] and exhibits a non-vanishing net scalar spin chirality.
For comparison we set up a collinear state in the same
unit cell and create a continuous transformation between
both states (Fig. S15a). The collinear state has a van-
ishing scalar spin chirality at each lattice site, resulting
also in a zero net scalar spin chirality (Fig. S15b).

Five selected spin states along this path are shown in
Fig. S15a. The rotation angle of the transformation in
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FIG. S10. Topological properties of a MSH system
with the multi-Q state and nanoskyrmion lattice of
Fe/Ir(111). a Real space spin structures of the multi-Q and
nanoskyrmion lattice from Ref. [7]. b Scalar spin chirality x;
on every lattice site . The total value is given above the pan-
els. ¢ Chern number of the adjacent superconductor obtained
by the tight-binding model for varying chemical potential p
and coupling to the magnetic structure JS. Fixed values for
the tight binding calculations: (¢, A) = (1, 0.7)

spin space following Eq. (9) is denoted above each panel.
Initially, the net scalar spin chirality increases along the
path (Fig. S16), reaches a maximum at an angle of « ~ 20
and then decreases until it is zero for the collinear state.
Fig. S15b shows the atomically resolved contributions of
the scalar spin chirality. At each lattice site the contri-
butions are decreasing along the path. The sum over the
unit cell is displayed above each panel.

The Chern numbers are obtained for the adjacent
superconducting layer from the tight-binding model
(Fig. S15c). For all spin structures along the path ex-
cept for the collinear state (o = 90°) regions with non-
zero Chern numbers exist. These are the spin textures
which also have a non-vanishing net spin chirality. For
the collinear state the Chern number is zero for the en-
tire investigated phase space. This is consistent with the
findings of the other investigated systems.

The band gap (Fig. S15d) closes at a phase transition
between different Chern numbers for the first four dis-
played spin structures. In the collinear case (a = 90°)
the band gap vanishes in regions in which non-zero Chern
numbers were found for the other spin structures. This
is the same behavior found before for spin structures on

hexagonal lattices. This demonstrates that the connec-
tion between net scalar spin chirality and topological su-
perconductivity is not limited to hexagonal lattices.

S14. SKYRMION COLLAPSE

For atomic-scale spin structures the scalar spin chi-
rality can be used to describe its topological properties.
However, for nanometer-scale or larger structures such
as isolated skyrmions in a ferromagnetic background,
usually the topological charge is used. Here, the area
spanned by three spins s;, s;, s, is projected onto a
sphere. To investigate whether the scalar spin chirality
or the topological charge is a better measure for possible
topological superconductivity in an adjacent supercon-
ducting layer, we compare both quantities along the min-
imum energy path of the radial collapse of a skyrmion.
The Chern numbers and other effects of a periodic lattice
of isolated skyrmions have previously been investigated
for different radii of skyrmions [15]. Similar to the 3Q
state we want to follow up on these previous investiga-
tions by investigating the physical collapse path of these
skyrmions.

In order to find a continuous transformation from the
skyrmion to the ferromagnetic state we used the geodesic
nudged elastic band (GNEB) method [16]. We used a
10 x 10 hexagonal lattice with periodic boundary con-
ditions. This leads to the formation of a lattice of
skyrmions. Differing from the atomic-scale skyrmion lat-
tices discussed in the main text, each skyrmion is sur-
rounded by a ferromagnetic background. We consider
only nearest neighbor interactions such that the inter-
action between the individual skyrmions is minimized.
For the magnetic interaction parameters a toy model of
exchange (J = 1meV) and Dzyaloshinskii-Moriya inter-
action (D = 1 meV) has been used and a magnetic field
of B = 14T was chosen. The saddle point has been ob-
tained by the climbing image method. The energy along
the minimum energy path is displayed in Fig. S17a over
the so-called images, which represent spin configurations
on discrete points along the path. Image 1 represents
the initial skyrmion (Sk) state, which has been relaxed
prior to the GNEB calculation. Image 8 has the highest
energy along the path and is therefore the saddle point
(SP). Image 15 is the ferromagnetic (FM) final state.

In Fig. S17b the topological charge is shown for each
individual image. The topological charge is —1 for the
skyrmion and stays constant up to the saddle point. In
the image after the saddle point (SP+1) the topological
charge changes to 0 and stays zero for all further im-
ages. In contrast, the net scalar spin chirality, shown in
Fig. S17c, does not change in an abrupt way. It is gradu-
ally decreasing between the skyrmion and the FM state.
To investigate possible induced topological superconduc-
tivity, we calculated the Chern numbers and band gaps
for images 1 (Sk), 7 (SP-1), 8 (SP), 9 (SP+1), and 15
(FM). For the images Sk, SP-1, and SP the topological
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FIG. S11. Chern numbers and band gaps for the SkX lattice and the multi-Q state including Rashba-SOC. a,
b Spin structure of the SkX and multi-Q state, respectively. c-f Phase diagram of the Chern number in the SkX state for an
increasing value of the SOC-parameter A. g-j Minimal band gap for the same parameters as in c-f. k-n Chern numbers for
the multi-Q state with increasing value of A. o-r Corresponding band gaps. The data for A =0 (c, g, k, 0) corresponds to the
data from the main text. The chemical potential and coupling to the magnetic layer are varied in a range of —4 < p < 4 and
1 < JS < 4. The other parameters of the calculation are (¢, A) = (1,0.7), which are the same as used in Fig. 3 of the main

text.

charge and the scalar spin chirality are non-vanishing.
For the FM state both quantities are zero. However, for
SP+1 the topological charge is vanishing, while the scalar
spin chirality is still finite.

The spin structures for the five selected images are
shown in Fig. S18a and the spatially resolved spin chi-
rality is displayed in Fig. S18b. The scalar spin chi-
rality is located in the areas of the largest tilting an-
gles. The scalar spin chirality vanishes only for the FM
state. In Fig. S18c the contributions to the topological
density are shown. For the image SP+1 is the density
of the topological charge not vanishing everywhere, but
the contributions are canceling each other over the unit
cell. This is a major difference to the scalar spin chirality
(cf. Fig. S18 (b)), where the contributions are not cancel-
ing each other. For all other images both quantities be-
have similar. The Chern numbers are shown in Fig. S18d.
For image 1 we find a large variety of topological phases,
which is in accordance with the findings of Ref. [15]. Sim-
ilar to the two previous sections the phases of the Chern
numbers shift slightly, as we follow the minimum energy
path between the skyrmion and the FM state. As we

reach the FM state, only zero Chern numbers are found,
i.e. only a trivial superconducting phase occurs. Very in-
terestingly for the SP+1 the Chern numbers do not van-
ish. Here the total scalar spin chirality is non-vanishing,
but the topological charge is zero. We conclude that the
topological superconductivity is not linked to the topo-
logical charge of the spin structure. However, it seems to
be linked to the net scalar spin chirality.

S15. ANTIFERROMAGNETIC SKYRMIONS

In the previous section, we have investigated iso-
lated skyrmions and different types of atomic-scale spin
lattices. Besides an atomic-scale skyrmion and anti-
skyrmion lattice, we also considered multi-Q states in
which both skyrmionic and antiskyrmionic spin struc-
tures appeared. These spin structures are spatially sep-
arated and exhibit opposite scalar spin chirality which
results in a vanishing total value of xota1 and the Chern
number in the adjacent superconductor was also zero.

Skyrmions can also be stabilized in an antiferromag-
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FIG. S12. Band structure and spectral function of a
ribbon with the SkX state adjacent to a vacuum. The
ribbon is infinite along the as crystallographic direction and
exhibits a width of 40 unit cells in the perpendicular direction.
a Band structure obtained via the tight-binding model for
a ribbon along as. b-d Spectral functions for two atomic
rows at the left edge, in the center of the ribbon, and at
the right edge, respectively. For each spectral function the
contributions of two rows of atoms in the periodic direction
is summed.

netic (AFM) material. Such an AFM skyrmion is built
from two skyrmions with opposite polarisation on the
two sublattices of the antiferromagnet which have the
same center and are therefore entangled. Such an AFM
skyrmion on a quadratic lattice is shown in Fig. S19a.
The background of the spin structure is a checkerboard
AFM state on a square lattice. This lattice can be viewed
as two sublattices, one with spins pointing in the +z di-
rection and one with spins pointing in the —z direction.
In each of these sublattices a skyrmion is inserted with
the respective polarization.

The spin structure in Fig. S19a has been relaxed us-
ing spin dynamics in order to minimize the energy using
the nearest-neighbor interaction parameters of exchange
J1 = —1meV, DMI D; = 0.68 meV, and magnetocrys-
talline anisotropy energy K = 0.6 meV. The parameters
have been chosen in a way, that the AFM skyrmion is
sufficiently large, but that the border of the simulation
box is formed by the AFM background and the interac-
tions are short ranged, to avoid interactions due to peri-
odic boundary conditions. Periodic boundary conditions
were applied for the spindynamics simulations as well as
for the tight-binding calculations, which leads to a lattice
of AFM skyrmions.

In Fig. S19b the scalar spin chirality of the AFM
skyrmion is shown. The scalar spin chirality has the
largest contributions in the wall of the two skyrmions.
Towards the borders of the unit cell it is vanishing as the
spins align collinear in these regions. Further, the scalar
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FIG. S13. LDOS and supercurrent of a rectangular
magnetic island with the SkX state. The island is con-
structed from six repetitions of the magnetic unit cell in the
a?** and a§** directions. a Schematic drawing of a (2 x 2) is-
land with the four different edges marked by black solid lines.
The edges differ in the termination of the spinstructuture and
are labeled A-D. These are the same edges, that occur at the
(6 x 6) island used in (b, c). b LDOS at zero energy. The
position of the island is indicated by a black line and the type
of edge is indicated. c supercurrent for states in the energy
interval E € [—Az—B, 0] for the region marked by a dashed line
in a. All parameters of the calculations are the same as in
Fig. 5 of the main text.

spin chirality forms a checkerboard pattern of positive
and negative contributions. Averaged over the unit cell,
the scalar spin chirality is vanishing. The Chern num-
ber has been calculated for the adjacent superconducting
layer using the tight-binding model with parameters of
(t,A) =(1,0.7), =6 < p < 6 and 0 < JS < 6. For each
of these calculations the Chern number is zero, which rep-
resents only trivial superconductivity. This shows that
even for spatially non-separated spin structures the sum
of the scalar spin chirality over the unit cell is connected
to the existence of topological non-trivial phases.
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FIG. S15. Topological properties of a MSH system with antiferromagnetic atomic-scale spin lattices. Properties
of five images along the geodesic path between a (3 x 3) non-coplanar spin structure on a square lattice, proposed as the ground
state of Fe/Ir(001) [14], and a collinear state. a Real space spin structures. b Scalar spin chirality for every lattice site of the
spin structures. ¢ Chern number and d band gap of the adjacent superconducting layer obtained via the tight-binding model
for varying chemical potential p and coupling to the magnetic structure JS. Fixed values for the tight binding calculations:

(t,A) = (1, 0.7).
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FIG. S16. Total scalar spin chirality of antiferromag-
netic spin lattices. Net scalar spin chirality along the path
in spin space from the non-coplanar (3 X 3) spin structure to
the collinear state shown in Fig. S7a.
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FIG. S18. Topological properties of a MSH system along the transition path of an isolated skyrmion. Different
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state. Image 7 is the image before the saddle point, image 8 represents the saddle point and image 9 is the image directly
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the topological density is displayed at each lattice site. (d) shows the chern number calculated by a tight binding model with
the parameters of (¢, A) = (1, 0.8), a varying chemical potential —8 < pu < 8 and coupling to the magnetic structure JS < 4.
The chern number has been calculated on a grid of 100 x 100 k-points in the whole Brillouin zone.
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The interplay of magnetism and superconductivity can lead to intriguing emergent phenomena. Here we
combine two different two-dimensional antiferromagnetic magnet-superconductor hybrids (MSH) and study
their properties using spin-polarized scanning tunneling microscopy. Both MSHs show the characteristics of a
topological nodal point superconducting phase with edge modes to the trivial substrate superconductor. At the
boundary between the two MSHs we find low-energy modes which are spin-polarized. Based on a tight-binding
model we can explain the experimental observations by considering two different topological nodal point super-
conductors. This gives rise to spin-polarized chiral edge modes that connect topological nodal points of the two
different MSH. We demonstrate via the complex band structure that due to an asymmetric lateral decay these
edge modes are spin-polarized, regardless of the details of the spin structure at the boundary. The presence of
spin-polarized edge states between different topological superconductors enables advanced functional design
for the exploitation of MSHs as a platform for topology-based applications.

INTRODUCTION

Topological superconductivity has become of great interest,
as it allows the formation of topologically protected states,
such as Majorana bound states (MBS) and edge modes [1].
These modes can occur at the boundaries between triv-
ial and topological superconductors [2, 3] or between two
different topological superconducting phases. A promis-
ing platform to establish topological superconductivity are
magnet-superconductor hybrid (MSH) systems, where mag-
netic chains or thin layers are grown on a conventional s-wave
superconductor [4]. In particular, two-dimensional (2D) mag-
nets can host a plethora of different spin textures [5, 6] which
can be placed in direct proximity to a superconductor, emerg-
ing as an ideal material class for the search for topological
superconductivity. This is confirmed by several theoretical
predictions of the emergence of intriguing phenomena in such
hybrid systems [7-13].

In the last decade, a variety of 2D magnet-superconductor
hybrids have been investigated both experimentally and the-
oretically. For a ferromagnetic state [3, 8, 14, 15] or non-
coplanar spin textures [9, 10, 13, 16, 17] gapped topological
superconductivity has been found or predicted. Antiferromag-
netic [12, 18-20] or spin spiral [16, 21] states can induce topo-
logical nodal point superconductivity (TNPSC). In those pre-
vious studies the boundary between a topological and a trivial
superconducting phase was investigated, as it is the case for
magnetic islands on the surface of a conventional supercon-
ductor. Here, the topological phase arising due to the magnetic
island is surrounded by the trivial phase of the superconduct-
ing substrate.

Antiferromagnetism-based MSHs are of particular interest
for applications, because in addition to their intriguing topo-
logical superconductivity they exhibit a zero net moment and
ultrafast dynamics. In contrast to gapped superconductors,

such TNPSCs have at least one pair of nodal points (NP),
where the band gap is closed [22-24]. Such topological NPs
are protected against spontaneous annihilation and can only
be detached from the Fermi energy when they are merged. At
boundaries with a trivial superconducting phase, these NPs
are connected via low-energy modes. The occurrence of the
edge mode therefore depends on the projection of the NPs on
the crystallographic direction of the boundary [12, 18, 20], re-
sulting in the emergence of edge modes only on certain edges
of the MSH system.

In a recent experimental work where a magnetic spin spiral
was proximitized to an s-wave superconductor, it was shown
that the dispersion of the edge mode depends on the actual
magnetization state at the boundary of the MSH system [21].
This observation shows a possible avenue towards the tun-
ing of the properties of edge modes in 2D topological su-
perconductors. However, in view of potential applications,
a higher degree of controllability over the topological edge
modes in MSH-systems is desirable. This could potentially
be achieved by interfacing two different topological supercon-
ducting phases, whose properties could be tuned ideally via
electrical means. The observation of such edge modes at the
boundary between two different topological superconducting
phases has so far not been reported.

Here we report on the combined experimental and theoret-
ical investigation of the magnetic and superconducting prop-
erties of hybrid MSH systems consisting of a Mn-monolayer
(ML) and a Mn-bilayer (BL) on a superconducting Ta(110)
surface. Low-temperature spin-polarized scanning tunneling
microscopy (SP-STM) investigations reveal the presence of
local antiferromagnetic states in both Mn layers. Further-
more, highly spin-polarized low-energy edge modes are ob-
served between the two different magnetic regions. Tight-
binding model calculations allow us to explain the observed
edge modes at the Mn-ML/Mn-BL boundaries as the result of
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Figure 1. Superconducting properties of Mn/Ta(110). a, Par-
tially differentiated constant-current STM image of a sample of 1.25
atomic layers of Mn on Ta(110). b, Tunnel spectra acquired at 1.3 K
on the bare Ta, the Mn ML and the Mn BL, at the positions indicated
by colored crosses in a. Inset shows line profile and side view sketch
of the sample along the dashed black line in a. Measurement parame-
ters: a: U = +60mV, I = 1nA.; b: stabilization bias Us = +4 mV,
stabilization current /s = 1nA, modulation bias Upnea = 50 uV,
T = 1.3K; all: Cr-bulk tip

the presence of two different TNPSC phases in the two mag-
netic regions. Using the complex band structure we show that
the spin-polarization of the edge mode at the boundary be-
tween slightly different antiferromagnets is a general effect
originating from a different decay of the edge mode into the
bulk electronic structure of the adjacent TNPSCs.

RESULTS
Experimental results on the Mn ML and Mn BL system

We have prepared ultra-thin films of Mn on Ta(110), see
methods, and find that both the Mn ML as well as the Mn
BL grow pseudomorphically. For a coverage of approx. 1.25
atomic layers grown at elevated temperatures we observe an
almost fully closed ML with BL regions attached to the step
edges, see constant-current STM image and side view sketch
in Fig. 1a and b, respectively. Tunnel spectroscopy was per-
formed at different positions of this sample as indicated by
crosses in Fig. 1a, including the bare Ta substrate (i.e. a hole in
the Mn ML), the Mn ML and the Mn BL, see Fig. 1b. Due to

thermal broadening at the measurement temperature of 1.3 K,
the density of states in the superconducting gap of the Ta does
not go down to zero but is seen as a dip in the differential
conductance (d//dU) signal around zero energy. We observe
similar spectra for the two different Mn layers with a slight
increase of the dI/dU signal around zero-bias compared to
the Ta substrate, demonstrating that due to the proximity to
the substrate also the Mn layers are superconducting. The less
pronounced superconducting gap is a manifestation of addi-
tional states inside the gap, which is a hallmark of magnetic
moments in proximity to a superconductor [4].

First, we focus on the characterization of the Mn ML and
prepare Mn ML islands by depositing sub-monolayer amounts
at room temperature, see constant-current STM image in
Fig.2a. The islands are elongated along [001] and several
straight edges along that direction, together with some well-
developed edges along (111), can be seen. We have investi-
gated the magnetic state of these Mn ML islands at low tem-
perature using SP-STM, see current map in Fig. 2b. The lines
along [001] visible on the Mn ML island are separated by a
distance equivalent to two atomic rows, demonstrating that
the magnetic state is antiferromagnetic [25], see inset. (For
further information on the magnetic state see Supplementary
Notes 1 and 2).

Zero-bias dI /dU maps of the antiferromagnetic Mn ML is-
lands show an increased signal along their edges, see Fig. 2c.
This demonstrates an increased density of states in the cen-
ter of the superconducting gap at the edges compared to the
interior of the island. The intensity of this edge mode varies
depending on the direction of the edges, as seen in a series of
spectra taken across two different edges of this island: Fig-
ures 2d,e show the d7/dU signal (color-coded) as a function
of the bias voltage and the path across the [111] and [001]
edges indicated in Fig. 2a, respectively. While we do observe
an increase of the intensity within the gap for both edges, the
spectra at the [001] edge (Fig. 2e) clearly feature a peak close
to zero bias. Such distinct edge mode properties at different
edges are typical for TNPSC phases of this surface symmetry,
as also seen for a similar system, the antiferromagnetic Mn
ML on Nb(110)[18]. Indeed, TNPSC was predicted to occur
for various antiferromagnets [12]. (For additional data with
a different tip comparing the three high-symmetry edges, see
Supplementary Note 4).

Next, we investigate the properties of the Mn BL, and the
boundary between the ML and BL, using a sample with a
nearly closed ML and BL islands. We find that the BL is-
lands exhibit rather long straight edges along [001], see cur-
rent map in Fig. 3a (and corresponding constant-current STM
image in Supplementary Fig.S5). SP-STM reveals that the
BL is also antiferromagnetic, see Figs. 3a,b, and here both the
ML and the BL have all spins aligned out-of-plane with a strict
phase relation between them due to antiferromagnetic inter-
layer coupling, see sketch in Fig. 3c (and also Fig. S1, and S2).
The termination of the antiferromagnetic state of the BL at the
[001] edges results in an edge with parallel spins. The two op-
posite magnetization directions at the edge can be identified



B

o

= ¢
[ S IS I R |

o

lateral pos. (nm)
-

o

0 1
U (mV)

Figure 2. Magnetic State and Edge Mode of the Mn ML on
Ta(110). a, STM constant-current image showing an island of the
Mn ML with several straight edges. b, SP-STM current map of the
same island using a spin-polarized tip, inset shows the row-wise an-
tiferromagnetic order; fast scan direction is vertical. ¢, Zero-bias
dI/dU map of the same island (multi-pass mode). d,e, Spatially-
and energy-resolved dI/dU signal across a [111]/[001] edge along
the green/red line marked in a, respectively. Each spectrum was
normalized. Raw data in Fig.S4. Measurement parameters: a:
U=4+4mV,I = 1nA;b: U = +5mV, I = 1nA;c: U = OmV,
Umoa = 50 1V, measured at the tip-sample distance obtained in a;
d,e: spectra with stabilization bias Us = +4 mV, stabilization cur-
rent Iy = 1nA, modulation bias Umoa = 50 1V; all: Cr-bulk tip,
T=13K.

Figure 3. Magnetic State of the Mn ML and BL on Ta(110). a, SP-
STM current map of Mn BL islands on a nearly closed Mn ML (note
the buried Ta step edge in the center of the image); red/green markers
indicate the two different contrast levels. b, SP-STM current map of
a Mn BL island (top), next to an area of Mn ML (bottom). Both areas
show the same magnetic stripe contrast indicative of antiferromag-
netic order. ¢, Sketch of a region of Mn BL and ML. The top layer
atoms sit in the fourfold hollow site positions. Measurement para-
meters: a: U = +5mV, I = 1nA, T = 1.3K;b: U = —15mV,
I =2nA,T = 4.2K; all: Cr-bulk tip.

in the SP-STM current image in Fig. 3a by two distinct signal
intensities, see green and red markers. The edge indicated by
the left rectangle exhibits two single atomic kinks resulting
in opposite magnetization directions for adjacent segments of
this island edge. Similar to the case of the Mn ML we observe
edge states between the Mn BL and the trivial Ta substrate,
see Fig. S8. However, due to the sample morphology only the



[001] edges of the elongated BL islands to the Ta substrate
could be characterized.

The boundary between Mn ML and Mn BL

We have seen that both antiferromagnetic layers, the Mn
ML and the Mn BL, show a superconducting gap and de-
velop edge modes at the boundary to the trivial superconduct-
ing phase of the Ta substrate. This presents an opportunity
to investigate the transition between the two different antifer-
romagnetic MSH systems. For the sample area indicated by
the left rectangle in Fig.3a we have measured the zero-bias
dI/dU intensity see Fig.4a. We observe an increased zero-
bias signal at the [001] edges between the Mn BL and the Mn
ML, indicating that there is an edge mode between the two
regions. We find that this edge state vanishes when the super-
conductivity is quenched by an external magnetic field (see
Supplementary Note 6), verifying that it originates from the
superconducting state. The occurrence of an edge mode at
the boundary between these two MSHSs suggests, that they are
in different superconducting phases. Moreover, we observe
two distinct intensities for this BL/ML edge mode: as seen
in Fig.4a the middle segment of the edge has a lower inten-
sity than the ones on the left and right, which in turn have the
same intensity as the edge shown in Fig. 4b (see right rectan-
gle in Fig. 3a for its position and edge magnetization). This
two stage contrast at zero-bias is correlated to the magneti-
zation direction of the respective edges, compare Fig. 3a and
Fig.4a,b. We therefore conclude that our antiferromagnetic
Mn film exhibits an edge mode at the BL/ML boundary, which
shows a spin-polarization that is governed by the magnetiza-
tion direction at the specific edge.

In order to characterize this spin-polarized low-energy edge
mode between Mn ML and Mn BL we perform spatially-,
spin-, and energy-resolved dI/dU spectroscopy across two
[001] edges with opposite spin orientations. Spectra taken on
the two magnetically distinct [001] edges are shown in Fig. 4c,
together with the spectra on the adjacent Mn ML and Mn BL,
see inset. The spectra of both edges exhibit a peak-dip struc-
ture in the superconducting gap, but their intensity differs due
to their different spin orientations. These spectra are part of
a series of equidistant spectra across each edge, and the full
datasets are displayed in Fig. 4d,e. Indeed, when moving from
the BL (top) to the ML (bottom) we find that the d7/dU inten-
sity in the superconducting gap is significantly increased at the
edges, with a clear maximum just below zero-bias and differ-
ent signal strengths for the two oppositely magnetized edges.
The difference due to the spin-polarization can more easily be
seen in the asymmetry map displayed in Fig. 4f, where the dif-
ference of 1 (Fig.4d) and | (Fig.4e) divided by their sum is
plotted as a function of position and energy. Whereas edge
states have been observed before in two-dimensional MSH
systems, they were located at the boundary between the mag-
netic TNPSC and the non-magnetic SC substrate [18, 21]. The
existence of an edge mode at the boundary between what ap-
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Figure 4. Spin-polarized edge mode between ML and BL.
a,b Zero-bias dI/dU maps at the sample areas indicated by black
rectangles in Fig 3a (constant-height mode); red/green markers show
the magnetization of the different segments of the [001] edge be-
tween ML and BL (to scale); inset sketches the edge magnetization
across an atomic kink. ¢, Spectra of the ML, the BL, and the oppo-
sitely magnetized [001] edges; right inset shows a side view sketch
of the sample, left insets shows the positions of the spectra in an SP-
STM current map. d,e, Spatially-, spin-, and energy-resolved dI/dU
signal across [001] edges with opposite magnetization directions, see
lines in inset to c; Each spectrum was normalized. Raw data in
Fig S6. f, Calculated asymmetry of the data shown in d,e. Mea-
surement parameters: a,b: U = 0mV, Umoa = 50V, T' = 1.3K,
measured with the tip moving on a plane parallel to (110); c-e: sta-
bilization bias Us = +4 mV, stabilization current /s = 1 nA, modu-
lation bias Umoa = 50 uV. Left insetin a: U = +5mV, [ = 1nA;
all: Cr-bulk tip, T = 1.3 K.
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Figure 5. Computational setup for the tight-binding model. a
Sketch of a magnetic layer containing an AFM state (cones) and a
superconducting layer (spheres). Red and green cones represent the
directions of the magnetic moments. The onsite parameters p, A,
which reflect the chemical potential and the superconducting order
parameter, and the hopping parameter ¢ as well as the Rashba-type
SOC parameter A\ are marked. The coupling between the magnetic
and the superconducting layer is indicated by springs between the
respective lattice sites. The coupling strength is denoted as J.SwmrL
for the Mn/Ta(110) system and as JSg1. for Mn/Mn/Ta(110). The
spatial transition from a ML system to a BL system is represented by
a change in the local coupling, as marked by the springs of different
colors. b Unit cell of the AFM state in the magnetic layer. Edges
in two crystallographic directions are marked. ¢ Stripe geometry for
a ML stripe interfacing a trivial Ta domain. The stripes are periodic
in [001] direction and alternating in [110] direction. Each ML or Ta
stripe has a width of 200 unit cells in the tight-binding calculation. d
Sketch of a similar setup as in panel ¢, but here ML and BL stripes
are alternating in the [110]-direction. e 11-edge in [001] direction. f
14-edge in [001] direction.

pears to be two different magnetic TNPSCs —the antiferro-
magnetic Mn ML and BL in our case— raises questions about
how the formation of such edge modes can be understood.

Tight binding model

The experiments demonstrate a low-energy spin-polarized
edge mode between two different antiferromagnetic MHSs,
represented by a Mn ML and a Mn BL on a Ta(110) sur-

face. To understand the origin of this edge mode and its spin-
dependent properties we use a tight-binding model. In the
model we map all properties onto a single superconducting
layer, which is influenced by the magnetization of the ML or
BL via a coupling J to the spins .S (Fig. 5a). Further model
parameters are the chemical potential p, the superconducting
order parameter A, the hopping term ¢, and the Rashba-type
SOC term A. The Hamiltonian is given by

H=—p Z c;aci-ﬁ +A Z(CZ,TCI,¢ +cici)t

i,0 i

to . tora
t E :Ci,acJ,U -1 Ari,"jcl‘,a'(eri_rj X U)CP]‘,U'

1,5,0 r;,rj,o,0’
t oA
+JS E Ci,a(si co)ci o (1)
i,0,0"
where clT ., and c; , are the electronic creation and annihilation
;

operators at the position r; with spin o, and o is the vector
of the Pauli spin matrices. The values for JS are motivated
by the magnitude of the induced magnetic moments in the Ta
layer as calculated by density functional theory for the Mn ML
and Mn BL on Ta(110) (for details see Supplementary Note 7
and methods section), and a ratio of JSyr,/JSpL = 1.6 is
used while for the uncovered Ta surface we use JSt, = 0. A
sample with a boundary between different systems is modeled
by a spatially varying coupling parameter J.S (cf. Fig. 5a for
an example of a boundary between Mn ML and Mn BL).

The geometry of the bcc(110) surface and the antiferro-
magnetic ground state of the Mn ML and BL are displayed
in Fig. 5b. Based on the experimental findings together with
previous theoretical investigations [18, 21] we have chosen a
parameter set that ensures they are in a TNPSC phase (see
methods section for a detailed discussion of the values). To
model boundaries along the high-symmetry crystallographic
directions between different surfaces we use a stripe geome-
try, where each stripe represents one material and is infinite in
one direction, whereas the properties of the stripes alternate
in the other direction. This ribbon geometry is sketched in
Fig. 5c for an edge along the [001] direction (cf. Fig. 5b) be-
tween the Mn ML and Ta. In the calculations each stripe has a
width of 200 unit cells. For boundaries along [110] the stripes
are oriented accordingly. To model a ML/BL boundary we
use a stripe geometry with alternating BL and ML domains
(Fig. 5d). In this case two different spin configurations at the
boundary are possible: either the two layers terminate with
the same spin direction (Fig. Se), which leads to an 1 edge at
the boundary as in the case where the top layer of the BL is
considered (see sketch in Fig. 3¢); or the boundary continues
the antiferromagnetic order resulting in a 1| edge (Fig. 5%),
which is realized in the lower Mn layer of the BL (see sketch
in Fig. 3c).
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Figure 6. Band structure calculations for monolayer and bilayer. a,b Energy dispersion of the 2D-BZ around the Fermi energy for a Mn
monolayer a and a Mn bilayer b. The red surface represents the Fermi energy and the colored round markers highlight the positions of the
nodal points. c-f Projected band structures from an infinite sized sample (black) and the dispersion along the periodic direction of a stripe
geometry (red). The dispersions are shown for the ML (¢,d) and the BL (e,f). In both cases the magnetic domains are adjacent to Ta domains as
sketched in Fig. 5c. ¢, e Band structure projected onto the [001] direction of the 2D-BZ. The ribbon has an infinite length in the [001] direction
and a width of 200 magnetic unit cells in the [110] direction. d, f Band structure projected onto the [110] direction in which the ribbon is
periodic in the same direction. The positions of the bulk nodal points from panels a, b are marked with vertical yellow (ML) and purple (BL)
lines. g, h 2D-BZ with the positions of the nodal points marked. Nodal points, which are connected by edge states in the ribbon geometry are

connected by curved lines.

Band structures and edge modes of MSH systems

First, we characterize the bulk properties of the ML and the
BL by calculating their respective band structures (Fig. 6a,b).
The ML exhibits six nodal points at the Fermi energy (red
sheet) which are highlighted by yellow points. Two pairs
of nodal points are located on the boundary of the two-
dimensional Brillouin zone (2D-BZ) and one pair is located
in the center (Fig. 6a). The BL has only two pairs of nodal
points located on the boundary of the BZ (Fig. 6b). To iden-
tify whether these nodal points are topological we investigate
boundaries from these TNPSC to the trivial Ta surface, where
the occurrence of edge modes is a hallmark of topologically
distinct properties. The bulk band structures of ML and BL,
projected along the high symmetry direction of the 2D-BZ de-
noted by k[om], are shown in black in Figs. 6c,e. The red
points mark the additional states arising for a stripe geometry
along [001] with a boundary of the ML or BL, respectively,
to the trivial Ta surface (cf. Fig. 5c¢). For both systems, the
ML and the BL, an edge state (red line) connects the two
nodal points located on the boundary of the BZ, in agreement
with the experimental observation of low energy modes at the
boundaries between each layer and the Ta substrate. Simi-
lar stripe geometry calculations have been performed for the
[110]-direction and the corresponding projected band struc-
tures for the ML and BL are shown in Fig. 6d.f, respectively.
In this crystallographic direction only the ML has an edge

mode, which connects the two nodal points located in the mid-
dle of the 2D-BZ. The pairwise connection of nodal points by
edge modes seen in Fig. 6¢c-f is summarized in Fig. 6g,h for
the ML and BL, respectively. As all nodal points form pairs,
connected by edge modes, we conclude that all nodal points
are topological.

To investigate the boundary between the two different
TNPSCs we create a pattern of alternating stripes of the ML
and the BL with the stripes infinitely extended in the [001]-
direction (Fig. 5d). To model the antiferromagnetically cou-
pled Mn layers (cf. Fig. 3c), we assume the 1f-edge (cf.
Fig. 5e); note that similar results are found for a 1)-edge (see
Supplementary Figure S9). In the band structure along the
[001] direction (Fig. 7a) the positions of the nodal points ob-
tained from the ML and BL bulk calculations (cf. Fig. 6) are
marked by vertical yellow (ML) and purple (BL) lines. Due
to the bulk-like properties in the wide stripes the same nodal
points are also present in the stripe geometry. Two modes
emerge around zero energy between nodal points (Fig. 7a). In
contrast to the edge modes at an interface with a trivial phase
(Fig. 6) these edge modes connect nodal points of the two
different TNPSC systems, i.e. a ML nodal point is connected
to a BL nodal point. This is qualitatively different to previ-
ous work on edge modes between TNPSC and trivial states
[12, 18, 21]. Here we find edge states emerging between two
different TNPSCs, which differ only in the coupling strength
to the magnetic layer.

The spectral functions obtained in our tight-binding calcu-
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Figure 7. Band structure for the ML/BL stripe geometry with an
11 edge. a Band structure along kjgo1j for ribbons, which are peri-
odic in this direction. The positions of the nodal points from the ML
bulk and the BL bulk are marked by vertical lines (cf. Fig- 6). b,c
Spectral functions of the first two rows of the ML and the first two
rows of the BL counting from the boundary. The spectral function
is shown for the electron spin-up orbitals (b) and the electron spin-
down orbitals (c). d Sketches of the 2D-BZ with the positions of the
bulk nodal points of the ML and BL. Nodal points which are con-
nected by edge modes for the [001] or [110] geometry are indicated
by wavy lines. For a ML/BL interface with an 1 edge and a stripe
geometry in the [110]-direction see Supplementary Figures S9 and
S10.

lation for the four rows of atoms (two in the ML and two
in the BL) located closest to the boundary are displayed in
Fig. 7b,c for the spin-up (1) and spin-down () states, respec-
tively. First, these graphs demonstrate that indeed these modes
connecting NPs are located at the ML/BL boundary, and sec-
ond, it can be seen that the 1" and | channels differ in their
contribution to the edge mode (Fig. 7b,c), resulting in a finite
spin-polarization. Some states outside of the superconduct-
ing gap also show a spin polarization. A spin polarization can
also be seen for an edge along [110] (see Supplementary Fig-
ure S10).

In the experiments the BL/ML edge mode manifests as an
increased d//dU signal at zero-bias compared to the bulk of
the MSHs (Fig. 8a,b). The T-edge and the |-edge termi-
nate with an opposite magnetic moment, and using the same
magnetic tip the two edges have a different signal intensity,
demonstrating that the edge mode is spin-polarized. In the
line profiles across the edges in Fig. 8c it can be seen that the
maximum intensity for each edge is located in the ML. The
energy-dependent spin polarization SP = % is shown in
Fig. 8d. To compare the experimental findings with the cal-
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Figure 8. Measured and simulated zero-bias SP-STM images for
the ML/BL boundary with an 11 edge. a,b Zero bias d//dU maps
of an T-edge and a |-edge between the BL(top) and ML(bottom)
measured by retracing the topography measured at 4 mV. The black
dashed lines shows the estimated edge position, see Fig. S6¢ for more
information. ¢ dI/dU line profiles across the two edges in a,b cre-
ated by averaging ten scan lines. d Calculated asymmetry between
the two plots in c. e Sketch of the magnetic moment for a 11 edge in
the [001]-direction between the ML and BL. f, g Simulated zero-bias
SP-STM contrast for a 100% spin polarized tip, which is 1 polarized
(f) or | polarized (g).The boundary between both domains is dis-
played as a black dashed line. The tip height is 4 A and the averaged
voltage interval is [—0.02, 0.02]. h Integrated SP-STM signal along
[001] for spin-up (red), spin-down (green) and spin-averaged (gray).
The position of the maximum intensity is marked by a thin solid line.
i Spin polarization of the SP-STM signal calculated from the values
shown in h.

culated edge states (cf. Fig. 7a) we have performed SP-STM
simulations (Fig. 8f,g) based on the spin-polarized generaliza-
tion of the Tersoff-Hamann model [26, 27]. In this model, the
tunneling current is proportional to the spin-dependent local
density of states (LDOS) at the position of the STM tip, i.e. in
the vacuum (see methods for details on the STM simulation).

Using an 11-edge (Fig. Se and Fig. 7) we perform simula-
tions for two opposite tip magnetization directions, which is
equivalent to the case of two opposite edges measured with
the same magnetic tip as in the experimental setup (Fig. 8a,b).
For simplicity, we assume an ideal tip with a 100% spin po-
larization. In this case, the simulated SP-STM images for the
two tip magnetizations (Fig. 8f,g) correspond to the vacuum



LDOS of the spin-up (1) and spin-down (J,) channel (for sim-
ulations with a 50% tip spin-polarization see Supplementary
Figure 11 and Supplementary Note 8). Comparison shows
that the signal near the boundary is strongly spin-polarized,
with the maximum intensity in the 1 channel.

The line profiles of the two spin channels (Fig. 8h) show
that the spin-up and the spin-averaged signal have their maxi-
mum intensity on the ML side, in agreement with the experi-
mentally observed peak positions (Fig. 8c). The obtained spin
polarization (Fig. 8i) also exhibits its maximum value on the
ML side of the interface. When moving further into the ML
the spin polarization is oscillating, while it is going to zero
comparably fast in the BL. This indicates a different decay
of the edge state into both MSH systems. Given the much
smaller spin polarization of the experimental tip we find good
qualitative agreement between the experimental and theoreti-
cal data, with an increased signal at the boundary shifted into
the ML and a sizable spin polarization of this edge mode.

Spin-polarization of MSH edge modes

Based on the tight-binding model we can explain the ex-
istence of an edge state between two different TNPSC and
its spin-polarization, and found good qualitative agreement
with the experimental observations. However, two questions
immediately arise: (i) why is the spin-polarized edge state
shifted towards the ML side as seen in both experiment and
theory (cf. Fig. 8) and (ii) how general is the result of the
spin-polarized edge state, i.e. does it occur also for different
boundary terminations and other model parameters. In cor-
respondence with the experiment, we have so far discussed a
boundary with an 1-edge (Fig. 5e). However, in general an
Tl-edge can also occur (Fig. 5f), e.g. for a buried step edge in
the Ta; note that in the samples studied here the directions of
the buried Ta step edges do not coincide with the [001] direc-
tion, preventing an experimental study of this boundary type.
While the spin polarization at an T1-edge seems rather intu-
itive, it is not obvious whether an edge mode at the 1|-edge
can be spin-polarized as well (For a boundary between ML or
BL and the Ta surface see Supplementary Figure 12).

To resolve this issue, we have performed tight-binding cal-
culations for a ML/BL boundary with an 1-|-edge (Fig. 9a). As
seen from the spin-polarization of the vacuum LDOS (Fig. 9b)
and the position dependent spin-averaged LDOS at the atoms
(Fig. 9c) there is a spin-polarized edge state also at this bound-
ary (for band structure see Supplementary Figure S9 and for
SP-STM simulations see Supplementary Figure S13). Inter-
estingly, the spin polarization of the LDOS is very similar
for the 1]-edge (Fig. 9b) and the 11-edge (Fig. 8i) and both
curves show the characteristic shift towards the ML. The edge
state decays exponentially in both directions and in addition
displays oscillations in the ML (Fig. 9c), which leads also
to an enhanced oscillation of the spin polarization in the ML
(Fig. 9b). The effective decay constant is obtained from a fit to
the spin-averaged LDOS of atom sites far from the boundary
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Figure 9. LDOS for the 1)-edge and decay constants for surface
states calculated from the complex band structure. a Sketch of the
spin structure close to the edge. b Spin polarization for the 1-edge,
calculated from the vacuum LDOS at 4 A. ¢ spin-averaged LDOS
for lattice sites close to the boundary. The LDOS is integrated in an
energy interval E € [—0.02,0.02] around the Fermi energy. The
solid line represents a fit, where the fitted decay values ke and k§
are noted. The dashed line is a guide to the eye. d-g LDOS for the
spin-up (red) and spin-down (green) orbitals for the lattice sites BL2,
BL1, MLI, and ML2, respectively, as defined in (a). The energy
window used for the integration in (c¢) is marked by vertical gray
lines. h,i Decay constant x(E, k{001]) as a function of the energy E
and the wave vector kjgo1) of a surface state. h Decay constants for
the ML and i for the BL. The edge mode from the ML/BL boundary
(cf. Fig. 7a) is marked in red. The positions of the bulk nodal points
of the ML and BL (cf. Fig. 6) are indicated by purple and yellow
lines. j Decay constants for the edge modes from (h, i).



(starting from the outermost atoms from the interface visible
in Fig. 9c) and it is larger in the ML (= 0.37) than in the
BL (k¢ = 0.25) (cf. Supplementary Figure S14 and Supple-
mentary Note 9).

The spin-resolved LDOS displayed in Fig. 9d-f for the atom
sites closest to the edge (denoted according to the sketch
in Fig. 9a) demonstrates that the edge mode is highly spin-
polarized in the direction of the respective magnetic moment.
When comparing the different spin channels for these four lat-
tice sites one can see that the 1" channel dominates, leading to
a net spin polarization in the LDOS. Both spin contributions
can compensate on an atomic scale in the BL as the edge state
is only slowly decaying (Fig. 9b). Due to the faster decay of
the edge state into the ML, the spin termination on the ML
side defines the spin polarization of the edge mode and the
maximum spin polarization is shifted into the ML (Fig. 9b).

In the case of surface states it is known that their decay into
the bulk is an intrinsic material property and can be calculated
via the complex band structure [28]. In our system that cor-
responds to the decay of the edge mode into the two adjacent
antiferromagnetic MSH films. The decay constants are cal-
culated individually for the ML and the BL as they stem from
the respective bulk band structures (for details see the methods
section). Fig. 9f shows the decay constants xmr (£, kjoo1])
for the ML, which are universal for all possible boundaries.
The edge mode at the 1|-edge is marked in red and the posi-
tions of the bulk nodal points are indicated by vertical yellow
lines. The areas of vanishing x (dark blue) coincide with the
bulk band structure (cf. Fig. 6¢) and indicate an infinite decay
length. Finite values for « represent states which lie in the
projected bulk band gap, resulting in a faster exponential de-
cay. For the ML, the states of the edge mode (red line) have
a small x at the ML NPs, and it increases when moving to-
wards the position of the BL NPs (see Fig. 6h). The decay
constants for the BL (Fig. 9g) show a similar correlation with
the projected bulk band structure (cf. Fig. 6e). Also here the
edge mode states have the smallest « near the respective NP,
in this case the BL NP, and increase towards the NPs of the
other MSH system (the ML), see Fig. 6h. This k-dependent
decay of the edge mode can also be seen in the spectral func-
tion (Supplementary Figure 15).

The total decay of the edge state into each MSH system is
given by an integration of all kjgo1) contributions, weighted
with the spectral function. While the explicit calculation of
the decay length for the whole edge mode is quite tedious, an
effective decay constant of the edge state is obtained by a fit
as in Fig. 9¢, which reveals an overall faster decay into the
ML. Different decay lengths can be expected in general for
boundaries between any two systems, due to their different
electronic structures. Consequently, any edge mode between
two TNPSCs is expected to have a net spin polarization, in-
dependent of the details of the boundary and its specific ter-
mination. At an T1-edge the spin polarization can be further
enhanced by the parallel spin termination at the boundary.

DISCUSSION

The experimental observation of a spin-polarized edge
mode between the antiferromagnetic Mn ML and BL on a su-
perconductor can be explained by our tight-binding model.
The edge states connect NPs from the different TNPSCs,
which are located at different positions on the BZ boundary.
To investigate how general this finding is we have varied the
coupling strengths J.S, thereby continuously decreasing the
difference between the two neighboring MSH systems until
they become identical (Supp. Fig. S16, Supp. Fig. S17, Supp.
Fig. S18, Supp. Note 10). In this scenario, the NP structure of
one MSH transitions into that of the other MSH. Interestingly,
edge states emerge even for small differences in the coupling
strengths and for the same number of nodal points in both
MSHs. The emergent different electronic structures directly
lead to different decay lengths of the edge mode into the two
adjacent MSH systems. This in turn facilitates the develop-
ment of a net spin-polarization of the edge mode.

Based on these findings the formation of spin-polarized
edge states at the boundary between two TNPSCs is expected
to be a general phenomenon. A lateral change in the band
structure might also be achieved in a single TPNSC film by
external means such as applying local strain or electric fields.
For example, a gate could be fabricated which covers one part
of the TNPSC. An applied voltage would then change the
electronic structure below the gate with respect to the uncov-
ered TNPSC, allowing the formation of a spin-polarized edge
mode at the boundary between gated and non-gated parts of
the MSH. The combination of two or more antiferromagnetic
layers with the same superconducting substrate represents a
potential next step in the investigation of MSHs. The tailoring
of boundaries between regions hosting different topological
phases creates new possibilities for the manipulation of topo-
logical edge modes. This represents a new direction in the
investigation of MSHs and opens the path to new discoveries
and advanced functional design.

METHODS

Sample preparation

The sample preparation and experiments were done in
ultra-high vacuum. The Ta(110) single crystal surface was
cleaned by heating to temperatures > 2300 K. This removes
the oxygen reconstruction and reveals the unreconstructed
(110) surface. For more details see [29]. Mn was evapo-
rated from a PBN Knudsen cell at a temperature of 690° C
at a flux of approx. 0.2 atomic layers per minute. For sam-
ples including both the Mn ML and Mn BL, the Mn was de-
posited starting 8-10 min after the last flash annealing. This
means the Ta crystal was still at elevated temperatures of ap-
prox. 100-200° C during the deposition. For samples with
sub-monolayer coverage the Mn was deposited after the Ta
crystal had cooled to room temperature. The samples were



then cooled down to 4.2 K or 1.3 K within the STM.

STM measurements.

The STM measurements were performed using a Cr bulk
tip, etched in 1M HCI solution. The tip was first cleaned via
field emission and subsequently sharpened by voltage pulses
and tip-sample contact. Even though Cr is antiferromagnetic
the apex of our tip is not always magnetic as it can be cov-
ered by non-magnetic material. Gentle tip-surface collisions
were performed to pick up Ta or Mn atoms to make the tip
superconducting or magnetic.

For maps of differential tunnel conductance and tunnel
spectroscopy both the current and voltage offsets were ad-
justed until the current was zero at zero bias (or very close
ie. < 5 — 10uV). The dI/dU-signal was measured using
lock-in technique by modulating the bias across the tunnel
junction with a modulation amplitude Uy,0q and a frequency
of 4777 Hz or 4675 Hz. For the superconducting tunnel spec-
troscopy measurements the tip was stabilized at a stabilization
bias Uy and stabilization current I before switching off the
feedback loop. For spectroscopy a time constant of 30 ms was
used. For the zero-bias dI /dU maps it was 10 ms.

Zero-bias dI/dU maps were measured in two distinct
ways: In constant-height mode the tip was stabilized at the
stabilization parameters and the feedback loop was disabled.
The tip was then scanned across the surface on a plane parallel
to the Mn film, i.e. parallel to the (110) plane of the Ta. The
tilt of the sample was corrected using topographic measure-
ments. In multi-pass mode the constant-current topography
of each line was first measured at 4 mV (outside the supercon-
ducting gap) and then replayed during the zero-bias scan. This
allows for scanning of more corrugated surface topographies
as compared to constant-height measurements.

Tight-binding calculations

For the tight-binding calculations we used the Hamiltonian
given by Eq. (1). We assumed two-site interactions (hopping
term and Rashba-type SOC) up to third nearest neighbors.
The used parameters are p = —3.8, A = 1,t; = 1.1,t; =
1.0,t3 = 0.9,A\; = 0.55, 2 = 0.5,\3 = 045,JSur, =
4.0, JSpL, = 2.5. The hopping parameters and the Rashba
parameters decrease with increasing distance. These values
were motivated by parameters used in Ref. [18]. The ratio of
JSwmr and J Spy, is given by ‘5?}‘3‘5 = % ~ 1.63, which is
the ratio of the induced magnetic moments in the top Ta layer
as calculated by DFT (see Supplementary Note 7). In addi-
tion, the parameters u, JSwmL, and JSgr, have been chosen
such that the ML and BL have a different number of nodal
points. As shown in our work, a different number of nodal
points in the two adjacent TNPSC is not a necessary condi-
tion for the emergence of edge states, but it allows to show-
case both types of occurring edge states. Further we have used
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parameters which lead to a small amount of states within the
superconducting gap of the pure Ta substrate in accordance
with the experimental observations (for more details see Sup-
plementary Figure 19 and Supplementary Note 11).

SP-STM simulations

For the SP-STM simulations the spin-polarized generaliza-
tion [26, 27] of the Tersoff-Hamann model [30] was applied.
The tunneling current is given by

I(rr, VB) < ntg(rr, Ve) + mrmg(rr, Ve), (2)

where rt is the position of the tip, V5 the bias voltage, ng
(nT) is the vacuum LDOS of the sample (tip), and mg and m
are the respective magnetization DOS. The tilde indicates an
integration over energy. As a zero-bias STM measurement has
only a small AC bias voltage and no DC voltage, we integrate
the LDOS in a small energy range of —0.02t < F < 0.02t
around the Fermi energy. From the tight-binding calculations
the LDOS of the sample is only known at the lattice sites and
not in the vacuum at the tip position. For the wave functions
an exponential decay into the vacuum can be assumed and
the contributions of all atom sites r; to the LDOS at the tip
position are summed [27]

fis(rr, V) = S [l (V) + af(V)le 2=l @3)
where 1§ (V) is the integrated LDOS of spin channel o at lat-

tice site r; obtained from the tight-binding model and the de-

cay constant y = 4/ 2;:? with the work function ¢. For the

magnetization DOS one obtains:

l’hS(I‘T, V) - Z €e; [fl;r(v) — ﬁg’(v)]e_QV‘rT—ri‘ (4)

where e; is a unit vector denoting the local spin direction at
atom site ¢. For the tip we assume a magnetization direction
np—ny

njernfr !
We chose an in-plane lattice constant of 2.87607 A (see Sup-
plementary Note 7) and a tip height of 4A. A value of

defined by e and a spin polarization given by Pp =

v=1.0 A" was used as the decay constant.

Spectral function

The spectral function can be calculated from the solutions
for the wavefunctions |¥,, \) as

Ai(k, E) = 25(Ek — ) (V) (Tnili) . (5)

The index ¢ differentiates between the lattice sites, the spin
and between electrons and holes. For the calculation of the
spectral function in Fig. 7 the contributions of four lattice sites
were summed. The spin channels were considered individu-
ally and only electronic orbitals were considered.



Complex band structure

When assuming the wave vector to have a complex value,
i.e. k = kgre + kim = kge + ik, the Bloch theorem has the
form

U, k(1) = U ke e(r) = elkReT . gk “upx(r) . (6)

periodic decaying
Solving the Schrodinger equation
HUy g0 = B(kres ) U i (7)

therefore leads to E/(kge, k). Taking kge as a parameter and
inverting F yields k(E, kg.). The calculation unit cell con-
tained 200 magnetic unit cells in the [110]-direction and one
in the [001] direction. In both directions periodic boundaries
were assumed. Now kge was only varied along [001], lead-
ing to kjgo1). Due to the large unit cell in the [110] direction,
the dispersion is nearly flat in this direction and can be ne-
glected. k is assumed to decay perpendicular to the surface,
leaving #||[110]. The inversion of the function E(kge, &) was
performed numerically. For a given value of x the character-

istic decay length is given by its inverse 7 = % This is the

distance after which the signal decays to a value of %
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EXPERIMENTS
Supplementary Note 1: Magnetization Direction

To identify the magnetization axis of the antiferromagnetic
(AFM) states in the Mn monolayer (ML) and Mn bilayer (BL)
we use a soft-magnetic Fe/W-tip that typically has an in-plane
magnetization in zero field, and aligns its magnetization with
applied magnetic field. At zero field we observe no magnetic
contrast, see Fig. S1a,b for a constant-current topographic im-
age and current map, respectively. Note that the periodic oscil-
lation in the Mn ML near the buried Ta step edge (upper center
of Fig. S1c) originate from standing electron waves with a pe-
riod of about 0.9 nm at this bias voltage. Upon applying an
out-of-plane magnetic field of +2.5 T the fine lines, indicative
of the AFM state, are seen in both the Mn ML and Mn DL, see
Fig. S1b. At this value of applied magnetic field the tip mag-
netization aligns itself with the magnetic field and is therefore
out of plane. Reversing the field to -2.5 T shows an inversion
of the magnetic line contrast, see Fig. S1d. This inversion of
magnetic contrast can be best seen by comparing the interfer-
ence pattern of the standing electron waves on the ML and the
stripe magnetic contrast in b and d.

Supplementary Note 2: Magnetic ground state of the Mn ML.

The ground state of the extended Mn ML is a spin spiral,
where the magnetic moments rotate along [001], similar to the
one in the Cr monolayer on W(110) [1]. In the [110]-direction
the magnetic moments invert from one atomic row to the next,
resulting in a line contrast in the SP-STM images. For the
undisturbed Mn ML region at the top of Fig. S2, this contrast
vanishes periodically as the magnetic moments rotate to be
oriented perpendicular to the tip magnetization. After about
18 nm one spin spiral period is completed. However, in small
Mn ML patches and in particular in the vicinity to the Mn BL
the rotation of the spin spiral is suppressed and the magnetic
state is a collinear AFM state, see lower region in Fig. S2.
The two layers have a strict phase relation between them, sug-
gesting strong antiferromagnetic interlayer exchange coupling
between the two AFM states, see inset in Fig. S2b.

Supplementary Note 3: Mn ML bulk in-gap states

To investigate the effect of the rotation of the AFM spin
spiral on the superconducting gap of the Mn ML we mea-
sured equally spaced tunneling point spectra along the 30 nm
long red line marked in Fig. S3a. The result is plotted as a
waterfall-plot in Fig. S3b. We do not observe any modulation
inside the gap across distances larger than the spin-spiral pe-
riod (18.5nm), indicating that in-gap states for the in-plane
and out-of-plane areas of the AFM spin spiral do not differ
measurably. This is different for the Fe/Ta(110) system were
a ferromagnetic spin spiral was found to lead to a modulation
inside the superconducting gap with the spin-spiral period [2].

Supplementary Note 4: Mn ML edge state

To investigate the edge mode at the edges between Mn ML
and Ta substrate, we measure the d//dU signal at zero bias
by first tracing the topography at a bias voltage outside the
superconducting gap, typically 4 mV, and then replaying this
topography signal for the zero bias measurement (also called
multi-pass). We can show that the measured edge mode of the
Mn ML is related to the superconductivity, as the edge mode
contrast vanishes when the superconductivity is quenched at
200 mT, but reappears upon switching off the magnetic field,
see Fig. S4. The measured intensity at zero bias at the edge
depends on the edge direction. We observe the highest inten-
sity at the [001] edges and a much lower intensity at the [111]
and [110] edges. Comparing point spectra taken on the differ-
ent edges as well as the bare Ta and the Mn ML we find a clear
peak for the [001] edge close to zero bias for both the sample
area shown in the main text Fig.2 as well as for the sample
area shown in Fig. S4a.

Supplementary Note 5: Mn BL morphology

The thin film morphology of the 1.25 AL sample (see Fig. 3
main text) is shown in Fig. S5. Here the SP-STM current map
from Fig. 3 in the main text is shown next to the corresponding
constant-current topography image. Estimating the position of



FIG. S1. Magnetization Direction.. a, STM topography image of a Mn BL area (top left) next to the Mn ML. b-d, STM current maps of
the same area at the magnetic filed values indicated; because a soft magnetic Fe/W-tip is used the tip magnetization direction changes from
in-plane in c, to opposite out-of-plane in b,d. High frequency noise was removed by low-pass filtering. Measurement parameters for all:
U =10mV, I = 1nA, Fe-coated W tip, " = 8.7 K.

the last row of atoms at the edge can be done by comparing
the topography and simultaneously measured d/dU signal,
see Fig.S6c. Here one needs to adjust for the delay of the
dI/dU signal due to the lock-in technique. The raw data from
Fig. 4d,e in the main text is shown in Fig. S6a,b. For the figure
in the main text each spectrum was normalized using the y-
intercept of a line fitted to the data outside the gap.

Supplementary Note 6: Mn BL edge state

Similar to the edge mode at the boundary between Mn
ML and Ta we find that the edge mode between Mn BL and
Mn ML vanishes at an applied magnetic field of 200 mT, see
Fig. S7. For each field value in Fig. S7b-d we show the topog-
raphy, the zero bias multi-pass map and the zero bias constant
height map. One can see an inversion in contrast in the topog-
raphy for 200 mT compared to O mT seemingly indicating that
the z-component of the tip magnetization has changed. This
does, however, seem to happen at an unexpectedly low field. It
seems more likely that the spin-polarization of the states near
the Fermi energy is different for the superconducting and non-
superconducting case. While we observe no contrast at the
edge for the multi-pass mode at 200 mT we do observe a non-
vanishing spin-polarized contrast in the constant height data at
zero bias even when the superconductivity is quenched. This
contrast is just a measurement of the spin-polarized LDOS
near the Fermi-energy and similar to the contrast measured at
the edges at a bias of 5mV, see Fig. S5a. The difference be-
tween multi-pass and constant height data is not unexpected
as the changing tip-sample distance in the multi-pass modes
may exactly compensate this spin-polarization resulting in no
observable contrast.

We performed zero bias measurements at the boundary be-
tween the Mn BL and the bare Ta substrate, see Fig S8. Con-
stant height measurements across the vertical straight [001]
edges show a strong dI/dU signal at zero bias localized at
the edge, see Fig. S8b,c. As we know the Ta substrate is in a
trivial state, we conclude that the Mn BL is in a TNPSC phase.
We have not observed straight edges between the Mn BL and
Ta substrate along any other direction in our samples.



FIG. S2. Magnetic ground state of the Mn ML. a, STM constant-current topography image of a Mn BL area (bottom left) next to the Mn
ML(right). b, Simultaneously measured STM current map of the same area showing magnetic contrast on both the BL and ML regions. Inset
is a zoom-in of the area in the red rectangle. Measurement parameters for both: U = —15mV, I = 2nA, Cr bulk tip, ' = 4.2 K.
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FIG. S3. Tunneling spectra along a spin-spiral period. a, STM current map of a Mn ML region showing the presence of the AFM spin-
spiral with a period of 18.5 nm. b, 60 tunneling point spectra were taken along a 30 nm long red line shown in a. The green and cyan arrows
indicate spectra taken near the defects marked by similar arrows in a. All spectra were taken with the following parameters: stabilization bias
Us = 4mV, stabilization current Iy = 1 nA, modulation bias Umoq = 50 'V, Cr bulk tip, 7" = 1.3 K.
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FIG. S4. Mn ML edge state. a, STM topography image of a Mn ML island grown from a Ta step edge. b-d, Maps of differential tunnel
conductance (dI/dU) at zero bias of the same area as in (a) measured at the indicated applied magnetic field. e, Tunneling point spectra taken
at the locations marked in inset (bottom left). Bare Ta (blue), Mn ML island (purple), [001]-edge (red) and [111]-edge (green). f, Tunneling
point spectra taken at the locations marked (cross) in (a). Bare Ta (blue), Mn ML island (purple), [001]-edge (red), [111]-edge (green) and
[110]-edge (cyan). g-h, Raw data corresponding to the waterfall plots in Fig. 2d,e of the main text. For the main text figure each spectrum
was normalized using the y-intercept of a line fitted to the data outside the gap. Graphs on the right show the height the tip was stabilized at
before each spectrum, which was used to estimate the position of the last row of atoms at the ML edge. i-k, Waterfall plots of tunnel spectra
taken along the colored lines marked in (a). Colored arrows indicate spectra shown in (e) and (f) recorded at the marked locations in (a).
Measurement parameters: a-d: U = 4mV, I = 1nA, Unoa = 50 uV; for all spectra: stabilization bias Us = 4 mV, stabilization current
Is = 1nA, modulation bias Upoa = 50 pV; all: Cr bulk tip, 7" = 1.3 K.



FIG. S5. BL thin film morphology. a, SP-STM current map of 1.25 AL of Mn on Ta(110), directly corresponding to Fig. 3a in the main
text. b, Constant-current STM image of the same region as in a. Black rectangles indicate regions shown Fig. 3¢c,d in the main text. Measure-

ment parameters: a,b: U = +5mV, I = 1nA, T = 1.3 K, Cr bulk tip.

THEORY

Supplementary Note 7: DFT calculations

Based on density functional theory (DFT) we have calcu-
lated the Ta bulk lattice constant and performed structural
relaxations of the Mn ML and Mn BL on the Ta(110) sur-
face using the VASP code [3-6] and applying the PBE [7]
GGA exchange-correlation functional. The obtained theoret-
ical Ta lattice constant was 3.321 A which deviates by only
0.6% from the experimental value of 3.30 A. Based on this
lattice constant, a symmetric slab made from 13 Ta layers
and with a (110) surface and a Mn ML/BL on each side was
structurally relaxed to determine the interlayer distances. Re-
laxations were performed for the FM state and the RW-AFM
state in each layer. For the BL, there was always an antifer-
romagnetic alignment between two Mn layers. The RW-AFM
configurations are always preferred, by 243 meV/unit cell for
the ML and 173 meV/unit cell for the BL. The interlayer dis-
tances between the Mn layers and the topmost Ta layers of the
surface are given in Tab. I for the RW-AFM states of ML and
BL. The magnetic moments obtained for the Mn and Ta sur-
face layers are given in Tab. II. The calculated work function
is 4.23 eV for the Mn ML on Ta(110) and 4.45 eV for the Mn
BL on Ta(110).

Supplementary Note 8: Tip spin polarization

For the SP-STM simulations shown in the main text (Fig. 8)
we assumed a 100% spin polarization of the tip. Fig. S11
shows the same type of simulations as in the main text, but
with a 50% spin polarization. In Fig. S11d the 1 and the |

ML BL
Mntop — Mnpottom 1.430
Mn — Ta; 1.869| Mnpottom — Taz 1.857
Ta; — Tag 2.247 Ta; — Tas 2.237

TABLE I Interlayer distances for the Mn ML and BL on Ta(110).
The interlayer distances obtained from structural relaxations per-
formed in DFT calculations between the Mn layers and the two top-
most Ta layers of the surface. All values are given in A.

ML BL
Mngp 274
Mn 2.78| Mnpottom 1.03
Ta; 0.21 Tay 0.15
Tagz 0.02 Taz 0.04

TABLE II. Magnetic moments for the Mn ML and BL on Ta(110).
The magnetic moments calculated via DFT are given for the Mn
atoms (top and bottom layer for the BL) and for the two upmost Ta
layers of the surface. All values are given in ug.

contributions approach the spin-averaged value. This leads to
a small peak also in the | signal close to the maximum of the
spin polarization. The spin polarization in Fig. S11e displays
a maximum value of 27% which is around half the value ob-
tained for the 100% spin polarized tip cf. Fig. 8 of the main
text). If one would assume a 7% tip polarization, the peak
of the spin polarization would have about the same height
as in the experiment. Note, that in this comparison the spin
polarization incorporates the effect of a non-collinear align-
ment of the tip and sample magnetization direction. There-
fore, the small value of the effective spin polarization needed
for a quantitative agreement with the experiment still seems
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FIG. S6. BL edge state. a-b, Waterfall plots of tunneling spec-
tra taken across two BL-ML edges with opposite magnetization.,
directly corresponding to Fig. 4c,d in the main text and plotted us-
ing the raw data here. Experimental parameters: stabilization bias
Us = 4mV, stabilization current Iy = 1nA, modulation bias
Umoa = 50 V. ¢, Line profiles of the same edges measured in a
dI/dU map by retracing the topography measured at 4 mV. After
adjusting for lock-in delay we can estimate the position of the last
row of Mn atoms in the BL using the topography line profiles and
compare them to the dI/dU line profiles plotted using full/dotted
lines respectively.

reasonable.

Supplementary Note 9: Lateral decay of the vacuum LDOS

In the main text the decay parameter is calculated for
each surface state by the complex band structure (cf. Fig. 9).
Further exponential functions are fitted to the spin-averaged
LDOS at the lattice site. Here we discuss the fit to the lateral
decay of the vacuum LDOS of the spin-up, spin-down and
spin averaged data. Fig. S14 shows the integrated vacuum
LDOS from Fig. S13. For each direction from the boundary
we fit the function

A= A e_neff(z—mo) +C (1)

to the vacuum LDOS. Here z represents the distance, xg is
the position of the maximal value, Ay is the amplitude and
C an offset. The lateral decay of the vacuum LDOS towards
the side of the BL or the ML is very similar to that at the
lattice sites shown in the main text (Fig. 9c). The lateral decay
parameter into the ML is around 0.36 and larger than that for
the BL which is 0.26. Furthermore, the values are very similar
between both spin channels and the spin-averaged signal. As
expected from the complex band structure, the lateral decay
seems not to depend on the spin channel. Also the decay of
the edge state into the vacuum does not affect the lateral decay
into the BL or ML. This shows that the intrinsic decay from
the edge state is also detectable by STM.

Supplementary Note 10: transformation of nodal points

Topological nodal points are protected against spontaneous
annihilation. The ML and BL are simulated by sets of param-
eters, which differ only in the value of JS. Therefore both
systems can be transformed into each other by a continuous
transformation of J.S from JSgr, = 2.5 to JSgr, = 4.0. In
Fig. S16 the positions of bulk nodal points are marked in the
2D-BZ, where the color encodes the value of JS. When the
parameter is varied from 2.5 to 4.0 the nodal points on the
boundary of the BZ shift further to the corner. These nodal
points are considered equivalent nodal points, as they can be
transformed into each other. At a critical value of J.S = 2.9
two new nodal points form in the center of the BZ and split
for an increased value of J.S. These new nodal points, which
exist in the ML have no equivalent correspondent in the BL.

The edge modes, which were observed in Fig. 7 of the main
text, form between the equivalent nodal points on the bound-
ary of the BZ. This shows, that edge modes cannot only occur,
if the number of nodal points changes, but also if the nodal
points are just slightly shifted in one domain. To test the ro-
bustness of the edge mode observed in Fig. 7 of the main text,
Fig. S18 shows the band structure for a stripe geometry in the
[001] direction, where one domain is formed by the BL and in
the other domain the parameter .J.S is varied. Fig. S18p cor-
responds to the same band structure as in the main text and
Fig. S18a resembles the BL bulk band structure. For a value
of JSmod = 2.6 the nodal points become wider and even for
JSmod = 2.7 four distinct nodal points with edge states be-
tween them can be observed. For further increasing values of
J S, the nodal points are separating more, while the edge mode
is still connecting two equivalent nodal points. The emerging
nodal points in the middle of the BZ for JS > 2.9 are not
involved in the edge mode formation. Beside the edge modes
in the [001] direction, also a stripe geometry in [110] direction
shows edge modes.

The band structure for a stripe geometry of alternating ML
and BL stripes, equivalent to Fig. 7 of the main text, is shown
in Fig. S10a. An edge mode connects the two bulk nodal
points of the ML, indicated by yellow vertical lines. Differ-
ing for the stripes in [001] direction, here two nodal points
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FIG. S7. BL edge state in magnetic field. a, SP-STM current image of an area of Mn BL (left) next to Mn ML; U = 5mV, I = 1nA.
b-d, Mn BL edge along the [001] direction at 0 mT and 200 mT. For each field value the topography at 4 mV and 1nA (left), d//dU at 0 mV
(multi-pass, middle) and d7/dU at 0mV (constant height, right) are shown. All the dI/dU maps were recorded with a bias modulation of

50 uV.

FIG. S8. BL edge state at BL-Ta edge. a, STM topography image of 1.25 ML of Mn on Ta(110). The regions within the pink rectangles show
vertical edges from the BL directly to the bare Ta substrate running along the [001] direction. b-¢, Constant height d//dU images measured
in the regions of the pink rectangles in a at 0 mV. The tip was stabilized at 4 mV, 1 nA.

are connected which belong to the same domain. The spec-
tral function at the boundary for electronic spin-up (1) and
spin-down (J) orbitals are shown in Fig. S10b,c. Here it can
be seen that the mode is indeed an edge mode and that it
is spin-polarized. Thereby, it can be concluded that a spin-
polarization of the edge mode can also occur when two nodal
points of the same domain are connected as at the boundary

to a trivial state. Fig. S10d summarizes the emerging edge
modes from Fig. 7 of the main text and Fig. S10a.

The [110] boundary between the ML and the BL has an
edge mode, similar to the edge mode between the ML and the
bare Ta surface (cf. Fig. 6 of the main text). The ML nodal
points in the middle of the BZ have no equivalent partner in
the BL, as both nodal points meet and retract from the Fermi



surface at J.S = 2.9. The edge modes between two TNPSCs
can be of two types: (i) edge modes between equivalent nodal
points (nodal points that can be transformed into each other)
and (ii) edge modes between a pair of nodal points of one
domain, when no equivalent nodal points exist. These edge
modes also occur for boundaries to trivial states, as they host
no topological nodal points and subsequently can not have
equivalent nodal points. The novel implications of the first
mechanism are that only a small local disturbance of one MSH
system can lead to the formation of edge modes between per-
turbed and unperturbed regions. A spin polarization of the
edge mode is a general effect that can be found in both sce-
narios. Both mechanisms can also be transformed into each
other as shown in Fig. S17. Here, a stripe geometry is shown
in [110] direction for a ML and a modified layer similar to
Fig. S18. The parameter J.S in the modified domain is varied
in the range 2.5 < JSp0q4 < 4.0. Fig. S18a corresponds to
the ML bulk. For increasing .J S04 the nodal points split and
are connected by an edge mode of mechanism (i). At the value
of JSmoa = 2.9, two edge modes meet and vanish as JSp,04.
Now the edge modes are connected and form a single edge
mode connecting a pair of nodal points following mechanism

(ii).

Supplementary Note 11: Choice of TB parameters

For the tight-binding (TB) calculations, we have used the
hopping parameter ¢ and the Rashba-SOC parameter « ac-
cording to Ref. [8]. The superconducting order parameter has
been set to A = 1. For other spin structures it has been shown
that the results are qualitatively robust against the supercon-
ducting order parameter [9, 10]. For the chemical potential p
and the coupling to the magnetic state J.S three considerations
were made: (1) The number of nodal points in the ML and the
BL should differ. (2) The number of states in the band gap
of the ML should change as little as possible for an orienta-
tion of the magnetic moments in the AFM state chosen along
the [001] (in-plane) and the [110] (out-of-plane) direction. (3)
The number of states for JS # 0 should be small compared
to the band gap of Ta with JS = 0. Note that a different
number of nodal points is not a necessary condition for the
existence of edge modes as shown in the main text. However,
if the ML and BL have a different number of nodal points,
both types of edge states (between two ML nodal points and
between ML and BL nodal points) can be observed. The sec-
ond point is motivated by a spin spiral, observed in the exper-
iment, where the % signal is nearly constant along the spin
spiral (see Fig. S3). The third condition relies also on exper-
imental observations. Further the ratio of %ﬁﬁ ~ 1.63 is
chosen according to the ratio of magnetic moments found via
DFT.

Fig. S19a shows the number of nodal points in the BZ ob-
tained in the tight-binding calculations as a function of chem-
ical potential p and coupling strength J.S. The squared differ-
ence in the LDOS for an orientation of the magnetic moments
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FIG. S9. Band structure for the ML/BL stripe geometry with
an 1| edge. a Band structure along koo1) for ribbons, which are
periodic in this direction. The positions of the nodal points from the
ML bulk and the BL bulk are marked by vertical lines (cf. Fig- 6
of the main text). b,c Spectral functions of the first two rows of the
ML and the first two rows of the BL counting from the boundary.
The spectral function is shown for the electron spin-up orbitals (b)
and the electron spin-down orbitals (¢). d Sketches of the 2D-BZ
with the positions of the bulk nodal points of the ML and BL. Nodal
points which are connected by edge modes for the [001] or [110]
geometry are indicated by wavy lines.

in the AFM state along the [001] and a [110] direction is given
by

1
(= / [n001) (E) — n[llO](E)]sz )
1

and is displayed in Fig. S19b. The integral over the LDOS
within the band gap is calculated via

1
77:/ [np10)(E))>  dE. 3

-1

and shown in Fig. S19c. The values ¢ and 7 are smaller for
< 0 than for p > 0. For a value of ;1 = —3.8 two values,
JSg1, = 2.5 and JSyg, = 4.0, can be found with four and
six nodal points. Thereby, all three conditions are fulfilled for
this set of parameters.
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the ML/BL boundary. a Sketch of the magnetic moments for a 1)
edge in the [001]-direction between the ML and BL. b, ¢ Simulated
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(gray). The position of the maximum intensity is marked by a thin
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the values shown in d.
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AFM antiferromagnet

APW augmented plane wave

ASE anisotropic symmetric exchange

BCS Bardeen-Cooper-Schrieffer

BdG Bogoliubov de Gennes

BL bilayer

BZ Brillouin zone

DFT density functional theory

DMI Dzyaloshinskii-Moriya interaction
DOS density of states

FLAPW full-potential linearized augmented plane wave
FM ferromagnet

GGA generalized gradient approximation
GMR giant magneto resistance

HOI higher-order exchange interactions
HOTSC higher order topological superconductor
LAPW linearized augmented plane wave
LDA Ilocal density approximation

LDOS local density of states

LSDA local spin density approximation
MAE magnetocrystalline anisotropy energy

MBS Majorana bound state
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ML monolayer

MSH magnet-superconductor-hybrid

MT muffin-tin

MZM Majorana zero mode

NCMR non-collinear magneto resistance

PAW projector augmented wave

RKKY Rudermann-Kittel-Kasuya-Yosida
RW-AFM row-wise antiferromagnet

SOC spin-orbit coupling

SP-STM spin-polarized scanning tunneling microscope
STM scanning tunneling microscopy

STS scanning tunneling spectroscopy

TAMR tunneling anisotropic magnetic resistance
TNPSC topological nodal point superconductor
TOM topological orbital moment

XC exchange-correlation
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A Appendix

A.1 Pauli spin matrices

Here the explicit forms of the Pauli spin matrices are given.

01 0 —i 1 0
ax201:[1 0], ay:azz(i 0), 02203:[0 _1) . (A1)
In the context of electronic models for topological superconductivity often the (2 X 2) unity
matrix is often defined as
10
= . A2
0o ( 0 1 ) (A.2)

These four matrices now build a full basis.
Often a vector containing the Pauli spin matrices

o=| oy (A.3)

is used.
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A.2 Effective p-wave pairing

The Hamiltonian for a periodic square lattice is given by

JS —2a(sin (kya) + isin (ka)) 0 AV
H(k) = —2a(sin (kya) — isin (k.a)) -JS —Ag 0
- 0 —Ag -JS —2a(sin (k,a) - isin (k) |
AV 0 —2a(sin (kya) + isin (ka)) JS
(A.4)

where A represents s-wave superconductivity, /]S a homogeneous magnetic field and «
Rashba-SOC (cf. Eq. (2.43)). The electronic part of the Hamiltonian following Eq. (2.8) is

(k) = . JS N —2a(sin (k,a) + isin (k,a)) (A5)
—2a(sin (k,a) — isin (k,a)) -JS
This electronic Hamiltonian can be diagonalized via
UH U, (A.6)
with
au = * (A7)
1 1
and the definition
2 qin? 2 qin2 2
LIS+ \/40( sin? (kya) + 402 sin® (kya) + (JS)
=0 isin (kya) — sin (k,a) (A8)
Now a unitary matrix
X- x+ 0 0
U, o0 1 1 0 0
U = - (A.9)
0 -U; 0 0 —xL —=xi
0 0 1 1
can be defined. This unitary matrix can be used to perform a basis transformation
Hk) = UHK)U . (A.10)

This transformation diagonalized the electronic and hole sub-matrices H°(k) and H"(k), but
it does not mix electronic and hole states. The off-diagonal terms ﬂ‘e_h)(k) and H =9 (k) can
therefor still be associated with the superconducting pairing. This new effective pairing
matrix is now given by

~(e-h) —Ao ( JS ISP ) (A.11)

B 0= isintn +sintoa) | JS+p Js
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with the definition

B= \a2sin’(ka) + 4a? sin’(kya) + (/) . (A12)

The entry E e (k) follows from Eq. (2.38). The effective pairing matrix is now dependent
on k. It contains real values, which are k,-dependent and imaginary values, which are
k.-dependent. This represents an effective p-wave pairing of the type p, + ip,, which can
induce topological superconductivity.

With the definition
W

" a(isin(k,a) + sin(k,q))

(A.13)

the effective paring matrix from Eq. (A.11) can be written in terms of the vector d(k) and
A(k), following Eq. (2.15) as

0
A(k) = —BC and d(k)=| —-igJs | . (A.14)
cJs

As the non-zero vector d(k) shows, that effective triplet pairing exists. This minimal
example shows, that the combination of magnetic moments and Rashba-5OC can lead to
effective triplet-pairing. An effective Rashba-SOC can also be induced by a non-collinear
spin structure and spin-conserving hopping [73]. This can be shown by local unitary
transformations, that rotate the spin-quantization axis along the magnetic moment (cf.
Sec. 2.2.3). Therefore, a non-collinear spin structure, providing magnetic moments and
spin-mixing can induce topological superconductivity.
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A.3 Introduction of the tight-binding model

The tight-binding approximation assumes that electrons can be described in an appropriate
way by atomic orbitals, which are located at the lattice sites of a crystal. For each individual
atom a set of atomic orbitals @, exists. The energy of the electrons is given by the solution
of the Schrodinger equation

Hu®, = €l D, (A.15)

using the atomic Hamiltonian H,. Note that although all atoms are described individually
the underlying potential V(r) has a periodic form

V()= V(E-Ry) , (A.16)

where Ry is a lattice vector. To find an eigen state which can describe the lattice these
single atom orbitals @, can be combined in a so-called Bloch sum, which fulfills the Bloch

condition

B,x(r) = % ; ¢*RD,(r—R) . (A.17)

Here k is the wave vector and R sums over all lattice sites. The index n denotes a specific
orbital. As interactions between different types of orbitals are possible the wavefunctions
are expanded in Bluch sums by

W) = ) ba(0Buk(®) (A.18)
where b, (k) are the expansion coefficients, which fulfill

Z bR =1 . (A.19)

These Wi now form a basis wavefunction for the whole crystal and the Schrédinger
equation for the crystal has the form

H\yk = ek\pk . (AZO)

When using the wavefunction Wy from Eq. (A.18) this becomes

H Y b,(0Bux(®) = € Y b()Bi(x) (A.21)

When multiplying with B; | (r) from the left and integrating over dr it follows
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an(k) f B:n’k(r)HBn,k(r)dr:ekan(k) f B, (DB,(Ddr . (A.22)

<m|H|n>:Hm,n(k) <m|”>:sm,n(k)

Here H,, ,(k) is the matrix element of the Hamilton matrix and S,, ,(k) the matrix element
of the overlap matrix. With these two definitions, the equation looks like

Y B H(1) = €x Y bu(l)S () (A.23)

When b(k) is a vector with the components b, (k) for all orbitals 7, one can write Eq. (A.22)
as

Hb(k) = e, Sb(k) (A.24)

where H is a matrix with the elements H,, ,(k) and S is a matrix with the elements S, ,,(k).
For known matrices H and S this is a generalized eigenvalue problem of the form

(H-eaSbl) =0 . (A.25)

To solve this generalized eigenvalue problem the matrix element H,, ,(k) and S, ,(k) need
to be known. With the definition of Eq. (A.17) one can write

Hy (k) = (mHln) = f B., (0HB, x(r)dr (A.26)
_1 Z ¢ IKR1 kR f @’ (r — R)H®D,(r — Ry)dr (A.27)
N
Ry, Ry
- % Y BRI, (R, — Ry) (A.28)
Ri, R
and
S0 = Gl = [ B, (08, (1) (A.29)
_ 1 Z ¢ KRy pikR, f @ (r — Ry)D,(r — Ry)dr (A.30)
N m
Ri, Ry
_1 ik(Ro—Ry)
=5 11121:‘26 > Rig (Ra—Ry) . (A.31)

Because of the periodicity of the atomic orbitals both matrix elements depend only on the
difference between R; and R,. So with the definition R = R, — R; it follows

Hyu(k) = ) R H,y(R) (A.32)

R
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with

Hyn(R) = f @ (HD,(r—R) . (A.33)

These matrix elements can be parametrized. As an example are the contributions of the
chemical potential and the hopping term derived. The Hamiltonian for the kinetic energy
and the chemical potential € has the form

Ho=2-¢ . (A.34)

The matrix element is now given as
ﬁZ
Hy(Rs = Ry) = f ®;,(r - Ry) [% - e] ®,(r - Ry)dr (A.35)
which becomes on a discrete lattice
~2

Hy(R) = ) 0,0 [f—m - e] P,(r-R) (A36)
R

where R is a vector connecting two lattice points.

Momentum operator on a discrete lattice: The momentum operator has the form

... d
p= lhdx (A.37)

where x represents an arbitrary direction. This makes the square of the operator

d2
PP =1 A.38
P (A.38)
On a discrete lattice is the derivation after the direction x
d O(x +a) — D(x)
—d(x) = A.39
—0() ; (A.39)

where 7 is the distance between neighboring lattice points in the direction x. Now

follows )
d O(x + 2a) — O(x + a) — D(x + a) + D(x)
@@(X) = 72 (A4:0)
When summing over all lattice sites, one can shift the index by a and obtain
d? D(x + a) — 2D(x) + P(x — a)
] a0 = Z - (A.41)

With the momentum operator on the discrete lattice Eq. (A.36) can be written as
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2

Hyu(R) = Y l(—z 231 - e) @, (D, (r - R) +
R

2

(D;,(0)P,(r — R —a) + D}, (r)P,(r — R —a))

2ma?
(A.42)
With the definition of ”
= 52 (A.43)

this becomes

Hyn(R) = ) [(=2t = €) @}, ()0, (x = R) + ¢ (&}, ()Dy(r — R = ) + P}, (1), (r — R = )]

R

(A.44)
and when assuming that
D), (r)®,(r — R) = 6(R) (A.45)
it follows that
—2t-e¢ ,R=0
Hm,n(R) = (A.46)
SR ==+a

With the definition of u = -2t — € it follows

u ,onsite term
H,,,(R) = . (A.47)
t ,interaction with the next neighbor

The onsite term corresponds to the eigenenergy of the atomic orbitals and ¢ is called a
hopping term.
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A.4 SkX state

; ‘ /',//, \\\)/‘\ // E
N d Re g (5 S :
: 1,3,\/ 1{ //1‘ > \‘1‘6 :
9 «0= 11 =126 @

Figure A.1: SkX state. The arrows represent the direction of the local magnetic moment. The
green arrows are in the plane of the magnetic layer, the red arrows point outward and the blue
arrows point inward. The magnetic unit cell is indicated by black dashed lines and the unit cell
used for the calculations is marked by gray dotted lines. The lattice sites are numerated and the
positions and directions af the magnetic moments are given in Tab. A.1.

The SkX state (Fig. A.1) is an atomic-scale skyrmionic lattice, which has been investigated in
Pub. II (referred to as s-SkX state) and in Pub. III. It is also used for exemplary calculations
in Sec. 2.2. To make it possible to reproduce these examples the explicit orientations of the
normalized magnetic moments are given in Tab. A.1. The position r; of the lattice site i is
given in units of the lattice vectors a; and a, by

1 1
2 2

Y, = n;a; + mia, = n; —g + m; g (A48)
0 0

Note that Fig. A.1 displays twice the magnetic unit cell. The magnetic unit cell is marked
by a black dashed line, while the unit cell used for the calculation is indicated by a gray
dotted line. The larger unit cell has been used in order to achieve a direct comparability
with the multi-Q state and the d-SkX state (see Pub. II), which have the larger unit cell.
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n m|S S S
0|0 0| O 0 1
1|1 1 1 0 O
212 210 0 -1
313 3| -1 0 O

1 1
4 10 1 ﬁ 712 0
511 2 —ﬁ —? 0
6 |2 3 ﬁ _? 0
713 4 5 v 0
8|-1 1| 0 0 -1
910 2| -1 0 O
100(1 3] 0 0 1
1112 4| 1 0 O

1 1
12 (-1 2 ﬁ -? 0
13/0 3 _ﬁ ? 0
14| 1 4 ﬁ 712 0
152 5 5 Vv 0

Table A.1: Magnetic moments of the SkX state. The numerating corresponds to Fig. A.1. The
positions are given by n,m and Eq. (A.48). The normalized magnetic moment is s = (Sy, Sy, S;)7).
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A.5 Conference contributions

Talks

26.7.2022 Complex spin structures of ultrathin Fe/Ir films on Re(0001)
Felix Nickel, Soumyajyoti Haldar, Kirsten von Bergmann
13th Joint European Magnetic Symposia — JEMS 2022, Warsaw

28.3.2023 Lifting the frustration of higher-order exchange interactions in ultrathin
films

Felix Nickel, Soumyajyoti Haldar, Roland Wiesendanger, Stefan Heinze, Kirsten von
Bergmann

DPG-meeting, Dresden

30.8.2023 Observation of the Ideal Triple-Q State in Pd/Mn/Re(0001)

Felix Nickel, André Kubetzka, Soumyajyoti Haldar, Roland Wiesendanger, Stefan
Heinze, Kirsten von Bergmann

13th Joint European Magnetic Symposia — JEMS 2023, Madrid

14.9.2023 Coupling of the Triple-Q State to the Atomic Lattice by Anisotropic Sym-
metric Exchange

Felix Nickel, André Kubetzka, Soumyajyoti Haldar, Roland Wiesendanger, Stefan
Heinze, Kirsten von Bergmann

SPP 2137 Meeting, Hamburg

7.3.2024 Coupling of the Triple-Q State to the Atomic Lattice by Anisotropic Symmetric
Exchange

Felix Nickel, André Kubetzka, Soumyajyoti Haldar, Roland Wiesendanger, Stefan
Heinze, Kirsten von Bergmann

APS-march meeting, Minneapolis

17.3.2025 Antiferromagnetic order of topological orbital moments in atomic-scale
skyrmion lattices

Felix Nickel, André Kubetzka, Mara Gutzeit, Roland Wiesendanger, Kirsten von
Bergmann, Stefan Heinze

APS-march meeting, Anaheim

Posters

28.8.2021 First-principles study of DMI mechanisms and exchange frustration in
Rh/Co/Fe/Ir multilayers

Felix Nickel, Sebastian Meyer, Stefan Heinze

DPG-meeting, online
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e 20.9.2021 First-principles study of DMI mechanisms and exchange frustration in
Rh/Co/Fe/Ir multilayers
Felix Nickel, Sebastian Meyer, Stefan Heinze
The European School on Magnetism, Cluj-Napoca

e 24.8.2022 Complex spin structures of ultrathin Fe/Ir films on Re(0001)
Felix Nickel, Soumyajyoti Haldar, Stefan Heinze
PSI-K, Lausanne

¢ 9.7.2024 Coupling of the triple-Q state to the atomic lattice by anisotropic symmetric
exchange
Felix Nickel, André Kubetzka, Soumyajyoti Haldar, Roland Wiesendanger, Stefan
Heinze, Kirsten von Bergmann
ICM-FS, Perugia
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