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Abstract: In this paper we present a novel noninvasive ap-
proach to estimate current densities in the heart from magne-
tocardiography. The proposed algorithm uses nested optimiza-
tion to model current densities in equally-sized voxels of my-
ocardial tissue. First-order Thiran all-pass filters are used to
describe the propagation between voxels. We demonstrate fea-
sibility of the algorithm for a noise-free single-layer simula-
tion. However, challenges remain, such as addressing measure-
ment noise and optimizing propagation velocity. Overall, this
approach has the potential to complement or replace invasive
catheter-based electrophysiological studies for localization of
arrhythmogenic tissue.
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1 Introduction

Measurement of cardiac electrical activity is critical for medi-
cal purposes, especially for localization of arrhythmogenic tis-
sue. However, invasive procedures such as cardiac catheteriza-
tion are associated with risks, making a noninvasive alternative
desirable. Therefore, a mapping must be found between the
body surface potential measured by electrocardiogram (ECG)
or the magnetic fields generated by the heart measured by mag-
netocardiogram (MCG) and the cardiac surface potential or
myocardial current densities [1].
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Fig. 1: Schematic overview of the current density estimation al-
gorithm. Yellow regions represent required inputs, green regions
indicate calculations, and blue regions denote outputs.

To this end, various approaches have been developed by
research groups around the world, each with its own advan-
tages and disadvantages. For example, the deep learning ap-
proach by Chen et al. [2] requires simultaneously recorded
body and heart surface potentials, and the electrophysiologi-
cally realistic model by Gillette et al. [3] uses parameter sam-
pling to fit the model to specific individuals.

While ECG is well established in routine clinical practice,
MCG continues to face significant challenges due to the lim-
ited availability of suitable room temperature magnetometers.
A major drawback of SQUIDs and newer optical magnetom-
etry technology is the need for a magnetically shielded envi-
ronment [4]. Magnetoelectric (ME) sensors, although not yet
capable of measuring an unaveraged cardiac signal, are becom-
ing a potential candidate for biomagnetometry [5].
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In this paper, we present a novel approach based on nested
optimization to estimate the current density in cardiac muscle
tissue using magnetic measurements. We demonstrate the va-
lidity of this approach using a simplified simulation.

2 Methods

The general function of the proposed algorithm (cf. Fig. 1) in-
volves computing an initial state space model ℳ(0) and a con-
trol function 𝑢 from segmented tomographic data ℐ and mag-
netic measurements 𝑍 = [𝑧(0), 𝑧(1), . . . , 𝑧(𝑁m − 1)], where
𝑁m is the number of consecutive measurements. Each mag-
netic measurement 𝑧(𝑛) = [𝑧0(𝑛), . . . , 𝑧𝑁s−1(𝑛)]

⊺ consists
of 𝑁s values, where 𝑁s is the number of sensors. Furthermore,
𝑧 = 𝑑+𝑠, where 𝑑 is the desired signal, i.e., the magnetic field
generated by the human heart, and 𝑠 is the noise signal.

The myocardial tissue is divided into 𝑁v equally sized
voxels 𝑣, each of which is assigned one of the types shown
in Fig. 2.
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Fig. 2: Schematic description of the assumed voxel types and
connectivities. The sinoatrial (SA) node is connected to the control
function 𝑢, which is calculated using Myokit [6]. The solid arrows
represent connections present in healthy hearts, whereas the
dashed arrows represent connections realized only in pathologies.

For each voxel, the three-dimensional current density
𝑗𝑣(𝑛) = [𝑗𝑣,x(𝑛), 𝑗𝑣,y(𝑛), 𝑗𝑣,z(𝑛)]

⊺ is tracked. The vec-

tor 𝑗 =
[︁
𝑗⊺0 (𝑛), . . . , 𝑗

⊺
𝑁v−1(𝑛)

]︁⊺
denotes the concatena-

tion of these individual current densities and the matrix
𝐽 = [𝑗(0), . . . , 𝑗(𝑁m − 1)] all current densities over time.
For readability, we omit these indices and use 𝑗 to refer to the
current density in a particular voxel and direction.

Assuming a sufficiently high sampling rate, in regard to
the propagation velocities, the current density of each voxel
affects only those in neighboring voxels. To allow for arbitrary
propagation paths and velocities, the influence between voxels
is modeled using first-order Thiran all-pass filters [7]. The out-
puts of the filters 𝑦 are calculated using the equation (1). The
parameters 𝑘 define the integer part of the delays 𝜏 between

voxels, and the parameters 𝑏 are used to define the fractional
part of the delays. For each voxel, 243 = 35 all-pass filters are
computed. Three each for the x, y and z offsets and for the in-
put and output directions. The vector 𝑦𝑣 specifies all all-pass
filters corresponding to one voxel 𝑣. Using these outputs, the
new current densities are calculated according to equation (2).
The sparse matrix 𝐶𝑣 contains the 243 gains 𝑐 that determine
how strongly the voxel 𝑣 is coupled to its neighbors.

𝑦(𝑛) = 𝑏 ·
(︁
𝑗(𝑛− 𝑘 − 1)− 𝑦(𝑛− 1)

)︁
+ 𝑗(𝑛− 𝑘 − 2) (1)

𝑗𝑣(𝑛) = 𝐶𝑣𝑦𝑣(𝑛) (2)

Delays 𝜏 and gains 𝑐 are chosen to account for phys-
iologically normal propagation velocities (0.1m/s . . . 4m/s)
and propagation paths (cf. Fig. 2). The Biot-Savart law is used
to calculate an estimated measurement matrix 𝐻̂ . Using this
matrix, the estimated desired signals 𝑑(𝑛), i.e., the magnetic
fields generated by the human heart, can be calculated accord-
ing to equation (3).

𝑑(𝑛) = 𝐻̂𝑗(𝑛) (3)

The nested optimization process consists of the alternate exe-
cution of the State Estimation and Model Refinement blocks.
In the State Estimation block, a Kalman filter is used to esti-
mate the current densities 𝐽(𝑖) for a given model ℳ̂(𝑖), a con-
trol function 𝑢, and measurements 𝑍. The Model Refinement
block then computes the loss ℒ(𝑖) according to Equation (4),
where 𝐷̂ =

[︁
𝑑(0), . . . , 𝑑(𝑁m − 1)

]︁
. The gradient of this loss

function is then used to update the parameters of the model.

ℒ(𝑖) =
1

𝑁m

1

𝑁s

⃦⃦⃦
𝑍 − 𝐷̂(𝑖)

⃦⃦⃦2
2

(4)

When convergence or another termination criterion is met,
the estimated current densities 𝐽(∞) are submitted for further
analysis along with the current model ℳ̂(∞).

3 Simulation

To demonstrate the feasibility of the algorithm, we simulate
two single-layer models consisting of 𝑁v = 962 voxels with an
edge length of 2.5mm. The magnetic field is simulated in three
directions at 108 positions over the torso, yielding 𝑁s = 324

measurements. With a sampling frequency of 𝑓s = 2000Hz

and a duration of 𝑇 = 1 s, 𝑁m = 2000 time steps are calcu-
lated. The model is initialized based on the start model ℳ̂0

(Fig. 3a) and the measurements 𝑍 are simulated based on the
target model ℳ (Fig. 3b).
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(a) ℳ̂(0) (b) ℳ

Fig. 3: Used voxel types of the healthy start model (a) and the
pathological target model (b). The colors of the voxels correspond
to their respective types (cf. Fig. 2).

As control function 𝑢, we use the scaled and low-pass fil-
tered absolute derivative of the action potential of a healthy
ventricular cell calculated with Myokit [6] using the dynamic
O’Hara-Rudy model [8] (cf. Fig. 4).

0.0 0.2 0.4 0.6 0.8 1.0
t [s]

−100

−75

−50

−25

0

25

50

A
ct

io
n

P
ot

en
ti

al
[m

V
] Action Potential

Control Function

0.00

0.25

0.50

0.75

1.00

C
on

tr
ol

F
u

n
ct

io
n

u
[A
/m

m
2
]

Fig. 4: Assumed action potential shape and derived control func-
tion 𝑢.

We do not consider measurement noise in this study. It
holds that 𝑑 = 𝑧. Therefore, the updating part of the Kalman
filter cannot be applied. In the State Estimation block, the sys-
tem states are predicted based on the model only.

The only difference between the target and the initial
model is in the gains of the all-pass filter 𝑐. The gains are
optimized according to Equation (5), while other parameters
remain fixed. The two-part optimization loop is executed for
20 000 iterations with a learning rate of 𝜂 = 1 · 107.

𝑐(𝑖+1) = 𝑐(𝑖) − 𝜂
𝜕ℒ(𝑖)

𝜕𝑐(𝑖)
(5)

4 Results

The resulting absolute current densities of each voxel during
the R-peak ‖𝑗𝑣(nR)‖2 are shown in Fig. 5. Whereas the start

(a)
⃦⃦⃦
𝑗(0)
𝑣 (nR)

⃦⃦⃦
2

(b)
⃦⃦⃦
𝑗𝑣(nR)

⃦⃦⃦
2

Fig. 5: Absolute current densities for each voxel during the R-peak
for the start model (a) and the target model (b). Red represents
higher absolute current densities.

(healthy) model ℳ̂(0) shows symmetrical excitation, the tar-
get (pathological) model ℳ lacks excitation of the right ven-
tricle. Excitation propagation along the His-Purkinje System
(HPS) is significantly faster than that through the ventricles.
The current density in the atrium during the R-peak is due to
its repolarization.

The simulated magnetic measurements are shown in Fig. 6
as an example for one sensor position. Although the model
is very simplified, the general shape of the sinusoidal rhythm
with P-, R-, and T-peaks can be seen. The main difference be-
tween the target and start model measurements can be seen
during the R-peak, with smaller deviations during the T-peak.
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Fig. 6: Simulated magnetic fields for one sensor position in x di-
rection for the start model and target model.

As shown in Fig. 7, the loss ℒ decreases exponentially
over the iterations. After 20 000 iterations, the loss is still de-
creasing. This suggests that the Model ℳ̂ has not yet con-
verged and that further iterations could improve the result.

Fig. 8 shows the maximum of the absolute current densi-
ties per voxel max

𝑛

{︀
‖𝑗𝑣(𝑛)‖2

}︀
. The start model assumes that

this maximum is the same for each voxel (cf. Fig. 8a), whereas
the target model has no current densities in the right ventricle
(cf. Fig. 8b). Over several iterations, the gains of the all-pass
filters are gradually adjusted to reduce the loss ℒ. This leads to
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Fig. 7: The computed loss per iteration.

the maxima shown in the second row of Fig. 8. As optimiza-
tion proceeds, the distribution of the estimated model becomes
more similar to the distribution of the target model. In particu-
lar, the estimated maximum current density in the right ventri-
cle is continuously reduced. After 20 000, there are still differ-
ences between the estimated and actual current densities. Con-
sidering Fig. 7, increasing the maximum number of iterations
or adjusting the learning rate 𝜂 could improve convergence. In
this paper, we also do not constrain parameters to physiologi-
cally reasonable values. Instead of decreasing current densities
in the right ventricle, the loss can be reduced by increasing cur-
rent densities in other parts of the heart. Since the maximum
current density per voxel is limited by the physiology of the
heart muscle, introducing a constraining term could guide the
algorithm to the desired local minimum.

(a)
max

𝑛

{︁⃦⃦⃦
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⃦⃦⃦
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}︁ (b)
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𝑛

{︁⃦⃦⃦
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⃦⃦⃦
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}︁
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𝑗(i2)
𝑣 (𝑛)

⃦⃦⃦
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⃦⃦⃦
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Fig. 8: The maximum absolute current densities for each voxel for
the start model (a), the target model (b), and the optimized models
after iterations i1 = 691 (c), i2 = 10351 (d) and i3 = 20000 (e).

5 Conclusion

The presented algorithm can learn the spatio-temporal evolu-
tion of current density distributions from magnetic measure-
ments in a noise-free single-layer simulation, demonstrating
the general feasibility of the approach. However, several chal-
lenges still need to be addressed. These include dependence on
measurement noise, grid offset, voxel size, number of sensors,
simultaneous optimization of propagation velocity and paths,
and assumptions about the control function and initial propa-
gation velocities. Overcoming these challenges could allow the
proposed algorithm to complement or replace invasive elec-
trophysiological studies for the localization of arrhythmogenic
tissue. In conjunction with stereotactic body radiation therapy
(SBRT), this could lead to completely noninvasive treatment
of, for example, ventricular arrhythmias.
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