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Abstract
Consider two half-spaces H 1+ and H2+ in R?*! whose bounding hyperplanes H; and
H, are orthogonal and pass through the origin. The intersection Sg’ 4= S‘NH 1+ N H2+

is a spherical convex subset of the d-dimensional unit sphere S¢, which contains a great
subsphere of dimension d — 2 and is called a spherical wedge. Choose n independent
random points uniformly at random on Sg’ o and consider the expected facet number
of the spherical convex hull of these points. It is shown that, up to terms of lower
order, this expectation grows like a constant multiple of logn. A similar behaviour is
obtained for the expected facet number of a homogeneous Poisson point process on
Sg’ - The result is compared to the corresponding behaviour of classical Euclidean
random polytopes and of spherical random polytopes on a half-sphere.
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1 Introduction

One of the classical ways to construct a random polytope is based on taking a fixed
convex body K  R? and asequence (X;);> of independent random points uniformly
distributed in K. For n > d 4+ 1 we denote by

Kn = [Xlﬂ"’7Xl’l]

the convex hull of the random points X1, ..., X,;. We may consider it as a random
polytopal approximation of the set K, which approaches K, as the number n of random
points tends to infinity. There are several interesting random variables connected to
the random polytopes K, some of which can be seen as a measure of the degree of
approximation of K achieved by K,,, while others give information on the combina-
torial complexity of K. Usually one of the following notions is considered:

(i) the volume V,;(K},) of K,, and, more generally, the k-th intrinsic volume Vi (K})
of K,,k=1{0,1,...,d},

(i1) the number f;_1(K,) of facets, that is, the (d — 1)-dimensional faces, of K,,
and, more generally, the number f;(K,) of k-dimensional faces of K, k =
{0,1,...,d —1}.

From now on, we will concentrate on first-order properties of the combinatorial struc-
ture of K,,, more precisely, on the expected number E f; (K,,) of k-dimensional faces
of K. For further background material on random polytopes we refer to the survey
articles [3, 11, 15].

It is well known that the asymptotic behavior of E f;. (K},), as n — oo, depends on
the geometry of the underlying convex body K. Indeed, if K is of class Ci, that is,
if K has a boundary which is a C2-submanifold of R? with strictly positive Gaussian
curvature « (x) at every point x € dK, then

E fi(Kn) = cax QKT (1 + 0g(1), (1.1)

as n — 00, where ¢4 is a constant only depending on d and on k and Q(K) =
faK i (x)1/@+D dx is known to be the affine surface area of K , see e.g.[14, Theorem4].
Here and in the following we use the little-o notation for our error term, that is,
by f(n) = o(g(n)) we mean that lim,_,~, f(n)/g(n) = 0, where we assume that
g(n) > 0. An analogue of (1.1) in the spherical space was derived in [7] using tools
from [10].

On the other hand, if K = P is a d-dimensional polytope, then

E fi(Kn) = qxflag(P)(logn)? ' (1 + 04(1)), (1.2)

asn — oo, where ¢4  is another constant only depending on d and on &, while flag(P)
is the number of flags of P, that is, the number of chains Fp C F; C ... C Fy_1,
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Spherical convex hull of random points on a wedge 2291

where for eachi € {0, 1,...,d — 1}, F; is an i-dimensional face of P, see e.g. [14,
Theorem 8]. On different levels of generality these results can be found in [16] for
d =2,[4] fork € {0,d — 1} and [14] for general d and k. See also [6, 17] for a limit
theorem similar to (1.2) in the context of (weighted) floating bodies.

Let us also mention another model, which is often considered together with K,,.
Let n,, be a Poisson point process in R? with intensity measure given by a constant
multiple y > 0 of the Lebesgue measure restricted to some convex body K C RY. We
define the Poisson random polytope K, as a convex hull of the Poisson point process
1, . We remark in this context that the expected number of points of 1, equals y V;(K),
meaning that for a Poisson random polytope the quantity y V;(K) plays the same role
as the number #n for the classical random polytopes described at the beginning.

To motivate our results, let us recall the following setup, which has been introduced
in [5]. We assume that (X;);> is a sequence of independent random points uniformly
distributed on the d-dimensional upper halfsphere Si =S7N {x441 > 0} c RI*1,
For n > d + 1 we consider the spherical convex hull

K® =[X1,..., Xnlga

of the random points X1, ..., X, which is defined as the intersection of their positive
hull
pos(X1, ..., Xp) == {M X1+ ...+ A Xn: AL, ..., Ay > 0) € RYF

with the unit sphere S¢. This convex hull K ,5“’ is a spherical random polytope that
approximates the half-sphere S, as n — oco. Remarkably, the expected number of

k-dimensional spherical faces of K,(,S) does not grow to infinity with n — oo as it
is the case for classical random polytopes in R?. Instead we have that, without any
renormalization,
lim Efi(K®) = g, (1.3)
n—oQ

where ¢4 i is a constant only depending on d and k, see [5] for k € {0,d — 1} and
[12] for general k. We remark that after gnomonic projection with respect to the north
pole of the interior of the half-sphere SZ, the spherical random polytope K. ,ES) may
be identified with the convex hull of random points in R?, having a so-called beta-
prime distribution in R? with parameter g = %, where the probability density of a

beta-prime distribution on R? with parameter 8 > d/2 is given by

~ ~ _ ™ r
fap®) =Cap(l+IxIH7F,  xeRY Tp:= e (1.4)

75 T(B - %)

see [12, 13].

The half-sphere S‘j_ can be seen as a spherical convex polytope with a single facet and
no other boundary structure, and similarly we want to think of R? as a d-dimensional
convex ‘unbounded polytope’ with a single facet at infinity. Comparing the case of
bounded polytopes in R? with the ‘unbounded polytope’ we arrive at the following
natural question: Are there models for random polytopes that interpolate between the
behaviour of (1.2) and (1.3)?
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2292 F.Besau et al.

In order to answer this question we are focusing in this paper on the case k = d — 1
and on the following construction, which generalizes the approach in [5, 12]. Given
j €{l,....d} hyperplanes Hj, ..., H; passing through the origin of R9*! and are
otherwise in general position we define the set

d ._d + +
s, =s8'nHfn...nH,

where Hi+ denotes the positive halfspace, bounded by the hyperplane H;, i €
{1,...,j}. Then S‘;’ . is a d-dimensional spherical convex subset of S4, which con-
tains a great subsphere of dimension d — j, and its shape is determined by the angles
between Hy, ..., H;. Let further (X;);>1 be independent random points uniformly

distributed on S? " and forn > d + 1 let K,E‘Y’j ) be the spherical convex hull of
X1, ..., X,. Note that for j = 1, up to a rotation, Sfﬁ 4 can be identified with Si and

the number of facets of the spherical random polytope K, ,(,s’ " has the same distribution
as that of K ,(,S) studied in [5, 12]. On the other hand, intersecting the unit sphere with
d + 1 halfspaces one can think of K ,(f’d) after gnomonic projection as the convex
hull of n independent random points, having a beta-prime distribution with parameter
B = % restricted to the domain of a d-dimensional simplex in R¢. In parallel to this
model, to which we shall refer to as the binomial model, we also consider its analogue
for Poisson point processes, the so-called Poisson model. Namely, let ,, be a Poisson

point process in S¢ with intensity measure given by x y1ga (x). We define a
i

spherical Poisson random polytope K. ,gij ) asa spherical convex hull of 7, .

We conjecture that the models just described provide a family of examples where
the behavior of the expected facet number varies between (1.3) and (1.2) as j varies
between 1 and d. More precisely, we formulate the following conjecture, where in
each case o4(1) stands for a dimension-dependent sequence which converges to zero,
asn — oo.

Conjecture: For j € {1, ..., d} one has that

Efy 1(KS ) = cq j (logn) = (1 +04(1)),  asn — oo;
Efa-1(K$ ) = &g (logy)’ ' (1 + 0a(1)),  asy — oo,

where cq. j, Cq,j are constants that depend only on d and j. In particular, the first-

order asymptotic expansion does not depend on the actual angles between Hy, . . ., H;,
assuming they are in general position. We also conjecture that actually cq j = ¢4, j and
that the error terms 04 (1) depend on the angles between the hyperplanes Hy, . .., H;.

In this article we prove a special case of this conjecture. Namely, we consider the
case j = 2 and assume that the angle «(H;, H>) between the hyperplanes H; and H»
is a right angle. The resulting set Slzi, 4 is called a spherical wedge in this paper. Our
main result is the following theorem.
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Spherical convex hull of random points on a wedge 2293

Theorem 1.1 Let K = Sg’+ and suppose that a(Hy, Hy) = 5. Then there exists a
constant cq 2 > 0 only depending on the space dimension d such that

Efi—1(K$?) = caa (logn) (1 +04(1)),  asn — oo,
and
E fa-1(K{?) = can (logy) (1 +04(1),  asy — .

We were not able to determine the constant ¢, » explicitly. However, we have that
1 d—1
Cd2 = 32 wd-14Ad,

where A is the constant defined by (4.3) below, whose value is not known. Moreover,
for d = 2 we can determine A, explicitly, which leads to c2 2 = %, see Remark 4.3.
This in turn yields that

' 4
Efi(Ky?) = 2 (ogm(l +04(1)),  asn— oo,

for d = 2. This should be compared to the expected number of edges (or vertices)
of a random polygon K ,5“ defined as the convex hull of n independent and uniform

random points in a planar polygon with £ > 3 edges. For this model it is known from
[16, Satz 1] that

) 20
Efi(K") = S (logm)(1 +04(1)).  asn — oo,

see also [4, Eq. (1.6)] for an extension to higher dimensions. Thus, the leading-order

asymptotic behavior of the expected edge number of E fl(K,EX’Z)) is smaller than

Efi(K ,(le)) for any £ > 3 and would be similar to a hypothetical 2-dimensional convex
polygon with only ¢ = 2 edges. A similar result holds for the Poisson model as well.

While random spherical polytopes in the upper half-sphere, as discussed above,
have been studied in [5] using tools from spherical integral geometry, it has turned out
to be a fruitful idea to first apply a gnomonic projection with respect to the center of
the half-sphere. The investigation of random spherical polytopes on half-spheres then
turns into a study of a random polytope model in Euclidean space in which the points
are distributed according to a so-called beta-prime distribution (see [7, 12]). In this
paper we shall also use the gnomonic projection, this time with respect to the centre
of the spherical wedge, which maps the random spherical polytope we consider to a
random polytope defined in an bi-infinite strip in the Euclidean space, where the width
of the strip is determined by the angle of the spherical wedge. The generating points are
then distributed according to a restricted beta-prime distribution in Euclidean space,
see Fig. 1. However, and in contrast to the half-sphere model, we were neither able to
carry out the asymptotic analysis of the expected facet number entirely in the spherical
model, nor in the corresponding Euclidean model in the strip. Instead we shall switch
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2294 F.Besau et al.

Fig.1 The upper panel shows a
random spherical polygon in the
spherical wedge of dimension
two. The same random spherical
polygon is shown in the lower
panel after gnomonic projection
in the center of the spherical
wedge

between both models and employ the tools developed in this paper and methods from
both spherical and Euclidean integral geometry.

The remaining parts of this paper are structured as follows. In Sect. 2 we introduce
some notation. The proof of Theorem 1.1 is divided into four steps, which are the
content of Sects. 3—6. In the appendix we derive some analytic estimates used in our
main argument.

2 Preliminaries

By o4 we denote the spherical Lebesgue measure on the d-dimensional unit sphere
S, normalized in such a way that

d+1
2

2 2
d+1\"°
r(s)
Given vectors X,y € R4t we denote by x - y their scalar product and by ||x|| the

Euclidean norm of vector x. Given a vector u € R4t \ {0} and a number 1 > 0 we
define a hyperplane

0a(S) = wap1 =

Hu) :={xeR™*: x. u=1)

in R?*!. We define two closed halfspaces
Hwt:=xeR™: x.u>s} and H@u ={xeR*:x u=<i},

bounded by the hyperplane H;(u). In case + = 0 we simplify our notation and just
write H (u) := Hp(u). Moreover, if the dependence of the normal vector is inessential,
we will omit it and simply write H, H™ and H ™.

Given vectors Vi,...,V, € RI+! we denote by Ispan{vy, ..., vy} their lin-
ear span, which is the smallest linear subspace, containing all of them. Denote by
ey, ..., ey the standard orthonormal basis of R4+ 1n what follows we will often
identify Ispanfey, ..., e} with R¥. Given a linear m-dimensional subspace M C Rk,
m < k we denote by proj,, : R¥ > M the orthogonal projection operator onto M
and by M the orthogonal complement of M.
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Given a vector u € S? we denote by S¢ := {x € S?: x - u > 0}. The gnomonic

projection operator gl‘f : Sﬁ +— H (u) with respect to point u is defined by

gl = — —u. Q.1
u-v

The inverse of the gnomonic projection (gl‘f)_1 :H(u) — Sﬁ is given by

X+u
Ix +ul’

(gH %) = (2.2)

see [8, Sect. 4] for further background material about the gnomonic projection.

3 Proof of Theorem 1.1, Step 1: Reduction

We consider first the random polytope model K ,(,i’z) based on the Poisson point pro-
cess 71,. Applying the multivariate Mecke formula for Poisson point processes [18,
Corollary 3.2.3] we find that

1

(5,2)y — (s,2)

Efd—l(Kny ) = d!E E 1{xy, ..., xg generate a facet of K,]V }
(X1, XD €(7) %

:y_"/
darJs

oq(dxy) ... 04(dxg),

(s,2)

.. ./%d P(xy, ..., x4 generate a facet of Knyu{x] ..... Xd})
2,+

d
2,+

where the sum runs over all d-tuples of distinct points of n,. Next we apply the
Blaschke—Petkantschin formula from spherical integral geometry [5, Lemma 3.2],
which states that

// f(X1,...,Xq) 0q(dxy) ...04(dxg)
Sd S

w,
_ d+l/ [[ f F&Xi, ..., Xq)
2 Jewtrra Lsinn  Jsinu

X Va(X1,...,Xg) 0g-1(dxy) .. .ad_l(dxd)] vg(dH), 3.1

where f : S? — Ris a Borel measurable function, G(d+1, d) is the Grassmannian of
d-dimensional linear subspaces of R4*! endowed with rotation invariant Haar prob-
ability measure vy and V; (X, ..., Xg) is the Euclidean volume of the d-dimensional
parallelotope spanned by X1, ..., X4. This formula is a special case of more general
kinematic formula obtained in [2] and can be easily derived from the classical linear
Blaschke—Petkantschin formula [18, Theorem 7.2.1].
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2296 F.Besau et al.

By applying (3.1) and using the counting property of a Poisson point process we
derive that

2d!

X </ / Va(Xi, ..., Xd)Gd—l(dX|)~~~<Td—|(dxd))
S§ ,NH S§ .NH

x (exp(—y0q(S3 , N H)) +exp(—yoq(SS . N H™))) va(dH)

d
= L, (/ / Va(xy, ..., Xd)Ud—l(Xm)---Ud—l(dxd)>
2d! Jsi \Jsd . nH@ 8¢, NH®)

x (exp(—y0q(S3 . N H*(2))) + exp(—y0q(S3 . N H (~2)))) 0a(dz),

d
L Y @Wd+1
Efy-1(KP?) = === /
G(d+1,d)

where in the last step we used the fact that each unit normal vector z € S? determines
a hyperplane H € G(d + 1, d). We set

I (z) 1=/ / Va(X1, ..., Xg) 04-1(dX1) ... 0q-1(dxy),
S¢ ,NH () S§ ,NH ()

h(z) = 0q(S§ , N H (2).

and write

d
Bfi (&) = 2 [ 1@)(exp-y @) + exp(—y (-2)) oa(d)

2d! sd
)/d
=7 |, 1@ exp(=y 2(2) 04(dz),
! Jsd

where we used the fact that antipodal mapping z — —z is isometric on S and we
have I1(—z) = I1(z).

As a next step we introduce spherical coordinates. For this we choose an orthonor-
mal basis e, ..., ez41 of R4+ in such a way, that Hy = H(ez+1) and Hy = H(ey).
Then

3.4 =S NH" () NH" (eq41) = (W € S/ 1w = 0, way1 = 0},
and we consider spherical coordinates, which are described by the map

Z:10,7) x [0,7) x §97% - &4
(¢, ¥, u) = (sin @) (sin Y )u — (cos @) (sin )eg — (cos ¥)ey+1,

where we identify S¢ N H (es) N H (eg1) with S?~2. Hence, for a Borel measureable
function f : SY — R, we have that

/ f@) oa(dz) = / / f F(Z(@, ¥, w) (siny)?~'dy (sin p)? "2d¢p 04> (du).
Sd sd-2 Jo 0
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Spherical convex hull of random points on a wedge 2297

Fig.2 A spherical wedge with opening angle /2 together with the great hyperspheres induced by Hy, H»
and H (z) (left) and its orthogonal projection to the hyperplane ej -y (right)

Now, due to the symmetry of the wedge Sgy 4 Wwith respect to Ispan{ey, €441}, we
have that

L(Z(p. Y. w) = I(Z(w — ¢, — Y, ),

and
L(Z(¢. Y. w) = 04(S§ ) — h(Z(r — ¢, 7 — ),

for p € [0,7), ¥ € [O, %). Thus, we may restrict ourselves to ¢ € [0, 7) and
¥ € [0, 7), see Fig. 2.
(5,2)

Applying this transformation to the last representation for E fz—1 (K3, ™) yields

) )/d T /2
Efa1(Kpy?) =" /S /O /O L(Z(¢, Y. w)
x (exp (= y2(Z(¢. ¥, w)))
+eoxp (= v[ou(Ss, ) — B(Z @, v, u))]) )

x (sing)? 2 (sin )¢~ dyr dp o4_» (du). (3.2)

Finally, for ¢, ¢ € [0, 7/2) we may reflect with respect to the hyperplane Hy :=
Ispan{e; + e4+1} + (H(eq) N H(egz+1)) and switch the role of the hyperplanes H; =
H(ey+1) and Hy = H (gd)-NThiS operation is an isometry on S‘i and maps (¢, V) €

[0, r/2) x [0, 7/2) to (¢, ) € [0, 7/2) x [0, w/2), where ¢, ¥ are determined due
to Napier’s rules for right spherical triangles by

tan 5 = (tan ) (sin ¢), tan ¢ = (tan J)(sin 5),
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2298 F.Besau et al.

Hy

eqteqi1
leatear1l]

Fig.3 The relation between (¢, ) and ($, 1;) is derived by reflection about Hy

see Fig. 3. The mapping G (5, 17]) = (¢, ¥) does not change the value of /; and I, i.e.,
IhoG=1I1and I, 0 G = I, for ¢, ¥ € [0, 7/2). Furthermore, if tan ¢ > 1/ cos ¢,

then
~ tan¢g 1 1 1 1

tanyy = ~ ~ = ~ < ~.
tang cos¢  (tany)(cosP) cos¢  cos¢

This condition arises from the observation that for the normal ny = \L@ (eg4+1 —ey) of
Hy the angle o := «a/(¢, V) between Z(¢, ¥, u) and ny, i.e.,

1

7 <(sin Y)(cos ¢) — cos 1ﬂ>,

cosa =z-ny=

satisfies « + (¢ o G) = 7 and

a(d, V) < g = ay> o

We calculate

|det VG| = tany
V14 (tan ¥)2(sin §)2
and
sing = (tan y) (5in ¢) ., siny = (cos J)\/l + (tan )2 (sin §)2.
V1 4+ (tan )2 (sin ¢)2
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Hence,
(sin)? 2 (sin ¥)? ! det VG| = (sin $)? 2 (sin ¢r)¢~!

This yields
/2 pm/2
f / Iy exp(—y I)(sin )72 (sin )~ dy dop
/2 parctan(l/cos¢)
/ / I exp(—y I)(sin )" (sin )~ dyy dop

0
/2 arctan(l/cosa) ~
/ / (Iy 0 G)exp(—y (I 0 G))(sin §)*(sin )~ dy dgp
/2 parctan(l/cos¢)
=2 / f I exp(—y L) (sin ¢ 2 (sin !~ 1 dyr do
Since for all ¢ < 1/2, we have that
(@ 9) €10.7/27 s tanyr = 1/ cos @) € [0,7/2)%\ (10, &) x [37/8,7/2)).

see Fig. 4, together with (3.2) we conclude that for any such ¢

Efd_1<K<”>>z— / //11
d! )
exp(—y ) (sin¢)? 2 (sin y)* =" dy dp 04— (du) (3.3)

and

]Efd—l(K(S’z))
2
=57 /Sd 2/ / I exp(—y Ip) (sin )42 (sin )4~ dyr dgp 5,42 (du)

37/8
) / / I exp(—y 1) (sin )~ 2(sin y)?~! dyr dg o2 (du)

T
Q_
(=}

)/d

/d 2 / /
) 12]) (Sin¢) (Sin ¢ ) d¢ d¢ Od—z(du) (3 I)

exp(—y[o4(SS .
In order to proceed we need to derive estimates for 11 (Z (¢, ¥, w)) and I, (Z(¢, ¥, u))
for ¢ € (0, 7), ¥ € (0,7/2) and u € S?2. This is the purpose of Step 2 presented

in the next section.
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Fig.4 The domain [0, 5)? with n
the two regions bounded by the T
condition tan ¥ = sec ¢ 2
3
8
us
4
tan ) < sec o
g
T
0| ¢ T %

4 Proof of Theorem 1.1, Step 2: Estimates for /; and I,
4.1 Estimate for /4

Let us start with the analysis of 11 (Z(¢, ¥, u)). First of all we will prove, that Sg, N
H (z) is a spherical wedge.

Lemma 4.1 (The Shape of Sg’ + N H(2)) The spherical convex set Sg’ yNH®@)isa
spherical wedge of dimension d — 1 with an opening angle (z) € [0, w]. Moreover
forany ¢ € [0, ], ¢ € [0, %] andu € S72 we have for B(Z(¢p, ¥, n)) = B, that

= e :szz(sin e e ;;Sﬂ;c;:)//zismw @D
and therefore .
tan § = Ci:i.
Furthermore, if ¢ € (0, %) then
tanB = (1 + O(e))p forall ¢,y € (0, ¢). 4.2)

Proof In order to prove this statement we may consider the positive hull of S‘Zi’ LNH(2z)
in R?*! which yields a d-dimensional cone C with a lineality space L = H (eg41) N

H(eg) N H(z) of dimension d —2 if z is in general position and in this case proj; 1 C =
L+ N C is a proper 2-dimensional cone with opening angle 8 := f(z). To prove (4.1),
we choose the parametrization z = Z(¢, ¥, u) as introduced in Sect. 3. We first note
that L = H (eq11) N H(eq) N H(z) = H(ea+1) N H(eg) N H(w),

Hz)Nnsi, ={yeS':y e1>0,y e >0y z=0}
and

y-z=0 <& (sing)(siny)(y-u) = (cosy)(y - eq+1) + (cos p)(sin ) (y - eg).
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Spherical convex hull of random points on a wedge 2301

Fig.5 Illustration of the

e
2-dimensional wedge proj; 1 C d+l y1
projr. C
5
u d
y2

Thus, the 2-dimensional wedge proj; 1 C C L+ = span{es+1, €4, u} is spanned by
the two vectors

y1 = (sin@)(sin¥r)eg41 + (cos ¥u and y2 = (sin¢)ey + (cos p)u,

see Fig. 5. Thus,

., yrxyall sin ¢
sinf8 = =
Iyilllly2ll \/(cos )2 + (sin ¢)2(sin /)2
and
yi-y2 (cos ¢)(cos ¥)
cos B =

“lyilly2ll ~ icos ¥)2 + (sin )2 (sin )2

forall ¢ € [0, ] and ¥ € [0, 5], proving (4.1).
Now, if ¢ € (0, %), then

tan ¢ 1+e¢
¢ <tanf = < —¢<(1+4e)p forall ¢,y € (0,e).
cosy — 1 —e¢
Thus, tan 8 = (1 + O(g))¢, which proves (4.2). O

We are now ready to formulate the result for 71 (Z(¢, ¥, u)).

Lemma4.2 Forany ¢ € [0,7), ¥ € [0, %) and u € S?=2 we have that

wg\4

nz@.vow) = (5)
Furthermore, for any ¢ € [0, ), ¢ € [0, %) andu € SY=% we have

%)d (2 tan —'B(Z(qjéw’ u)))d+l )

Aq
n(z@.prw) = 54 (52
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and, if e € (0, %), then

Wd+1

d
) 6 vev e (0.

Ag
N(Z@. . w) = (1+ 0u(e) 5 (

Here, the constant Ay is given by

Ag :=EVy((U1,Z1, 1), ..., (Ug, 2y, 1)) 4.3)
with random variables Uy, . .., Ug uniformly distributed on [—1, 1] and random vec-
tors Ly, ..., 2Ly distributed accordlng 1o a beta-prime distribution on RI=2 with

parameter % and probability density function fd 2,441 S in (1.4) in such a way

that Uy, ..., Uy, 2Ly, ..., 2L, are independent.

Proof As it was shown in Lemma 4.1, W(¢, ¥, u) := H(Z(¢, ¢y, u)) N Sg,+ is a
(d — 1)-dimensional spherical wedge with an opening angle 8 := B(Z(¢, ¥, n)). We
recall, that

I = 11(Z(¢s!/fsll))=/ :
W(g,¥,u)

/ Vaxy, ..., Xq) 04-1(dx1) ... 0og-1(dXy).
W(¢.y,u)

Since the volume of the parallelotope w9 = {Z;'j:l AiXi o (A, ..., Ag) € [0, l]d}
is bounded by the product of its side lengths we conclude that V4(x1,...,Xq7) =
vold(W‘(}) < ]_[?’7:1 IIx; || = 1, which yields

I < 041 (W, ¥, w)? < (wa/2)".

This settles the first inequality.

For the next step we consider the gnomonic projection gd !

with respect to the
center of symmetry p € S? of the spherical wedge W (¢, ¥, u). After applying a
corresponding rotation we obtain, that the image of the set W (¢, ¥, u) under the
gnomonic projection g~ is [— tan B tan £1x R9=2, which s in particular indepen-
dent of u since B is independent of u (see Lemma 4.1). Thus, by definition of the

inverse gnomonic projection (2.2) and by [9, Proposition 4.2] we have

d
11—/ Vd( yi+p Yd +P ) dy;
= d )
([—tang,tang]de*Z) 1+ ”)'l”2 I+ |lyql |2 iz (1 + ||YI||2)2
= «Vay1+p,...,¥4 +P) 4.4)
/&[ tan £ 5 tan ﬂ]xR" ) ll_! 1+ ||YL|| )

Further applying the change of variables

Yi+l)=<tan(,3/2)ui,li,1>, 1 <i<d,
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and recalling (1.4) we obtain

G
I = (tan —) / Va((n 2 .. (ug 20, 1)
2 ([—1.1]xRd~2)d

o 1—[ du; dz;

1 (14 (tan £)2u? + ||z; 12)5

,3 d+1
< (tan—> 24674 Va(wr,zi, D, ..., (g, 24, 1))
2 d 2 2 ([—l,l]XRd*Z)d

du; ~
X 1_[ = fd 2, d+| (z;)dz;

Ag (0q+1\4 AN
=2 2tan =
2 <47‘[> < anz) ’

where we used the fact that

i () _ (5 _ 4n
-2 n%]—‘(‘%—‘g;z) 7{% Wd+1

In particular, for ¢ € (0, %) this yields, by Lemma 4.1 and the fact that 2 tan(/2) <
tan g for all B8 € [0, /2], that

Ag (was1\d [(tang \ T
et (o)
2 4 cos Y

A d
= 1+ 04 S (B) 9,

A

ﬂ (a)d+1
2

a d+1
) (1 +40)9)

for all ¢, ¥ € (0, ¢).
To conclude the lower bound we just note that by Lemma 4.1,

1 . 1 _ 1= 04(e)
d+l — d+l — d+l
(14 (tan £)2? + 12 10)F — A+l + @an 52T~ A+ |z») >

which yields, by (4.2), that

A i d+1 A d
1= (1= 0uen S () <2tan§) = (1— 04 S (5) 9.

for all ¢, ¥ € (0, ¢). |
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Remark 4.3 We were not able to determine explicitly the value of the constant Ay in
(4.3) for d > 2. However, for d = 2 we have that

1 1
dx dy 2
Ay = g EY_z
2 /,1/,1|x N5 573

4.2 Estimate for /,

We continue with investigating 1> (Z (¢, ¥, u)).

Lemma4.4 Forany ¢ € [0, ), ¥ € [O, %) andu € S we have

Wd+1
4

L(Z(p, ¥, w) = (¥ — arcsin(cos ¢ sin ¥r)).

Moreover, there exists ey > 0 such that for all € € (0, &9) we have
Wd+1 ,»
L(Z(¢,¥,w) =(1+ 0(8))V¢ Y,  forall g, ¥ € (0, ¢), 4.5)

and

Wd+1

¢21/f, forallp € (0, 7), ¥ € (0,7/2). 4.6)
273

h(Z(¢, ¥, ) =

Proof We will start with the case d = 2. In this situation S¢ N H (e3) N H (e2) = {=+e;}
and, thus,

Z(,¥) == Z(¢, ¥, 1) = (sing)(sinyr)e; — (cos @) (sin yr)e; — (cos yr)es,

which describes the usual spherical coordinates in R, Further,
L(Z($, V) = 02(S5 . N HT(Z($, ¥))),

where S%’ +NH T(Z(¢, ¥)) is a spherical triangle with angles %, Y and arccos(cos ¢
sin y). Then by Girard’s theorem about the area of a spherical triangle we conclude

02(8‘21’+HH+(Z(¢, ¥))) = ¥ +arccos(cos ¢ sin g/f)—i—%—rr = 1 —arcsin(cos ¢ siny). (4.7)
Let us now consider the case d > 3. First of all we note that for z € §¢ given by
L) =048, NH () = / I(x €S, NHT (@) 04(dx).

, Sd ,

Due to invariance of the spherical Lebesgue measure with respect to rotations and for
convenience, we apply a rotation p; to the wedge Sg 4 so that the normal vector to

the hyperplane H; is \%(eﬂ 1 — eg) and the normal vector to the hyperplane H> is
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Spherical convex hull of random points on a wedge 2305

\/Lz(ed_Fl + e4). We keep the notation ST ={x e€S%: x441 > 0} and let 2’ = py(z).
Consider a gnomonic projection ggd with respect to the north pole pg := (0,0, ..., 1)
of the sphere S¢

d d
. . Se — R4,
Pd " | (xq1,...,Xq, Xg+1) > (lel s ijq ),
where we identify Ispan{ey, ..., e;} with R?. Under ggd the half great hyperspheres
H N Si and H, N Si are mapped onto the hyperplanes L;(u;), Li(up) C R4 with
the normal vectors u; = (0,...,0,1) and up = (0,...,0, —1), respectively, and

the distance one to the origin. Analogously, the half great hypersphere H (z') N Si is
mapped onto the hyperplane L(w) with normal vector

W =

I T R
1-— (Zéi 1)2 1 - (Z& 1)2
+ +

and the distance Z"—“z to the origin. Thus, by [9, Proposition 4.2] we have that
1=(zg 1)

ad(gg,+ NHt(®2) i
— *d

v ap [ My eLi) NLi) NLWH(1+ Iy~ dy.
04 (S%) "7 Jre

Next, we use the fact that the beta-prime density f; 4+1 18 invariant with respect to
v 2
rotations and we consider a rotation 6 : R? — R?, such that
fu; = uy, fur, = up, Ow = (0,...,0,t5_1,1t4).

Since 0 leaves the dth coordinate axis and the hyperplanes L (u), L1 (u,) unchanged,
we have that

wg = OW)g =tg = —z4//1 = (@ D>
On the other hand ||w|| = ||0w| = 1, and so
1= (2, ) = (22
(OW)a—1 = tg—1 = ~ o
1= (z441)

Thus, applying the change of variables y = 6~ '§ we arrive at

0a(SS . N H(2)

~ _d+l
. =, 7/ 1§ € Li(u)™ N L)~ NLEW A + 51377 dy.
04(S%) R0

Now, we use another crucial property of the beta-prime distribution, which says that
under orthogonal projection proj,, : R? > M onto a k-dimensional linear subspace
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M the beta-prime distribution on R with density fd g maps to a beta-prime distribution
on M with density fk pdzk- Strictly speaking, if a random vector X on R has density

function fd, g then the prOJected random vector I (proj,, (X)) has density fk pdsks

where Iy : M +— lspan{eq, ..., e} is an isometry such that I, (proj,,(0)) = 0 (see
[13, Lemma 3.1]). We consider the projection proj; onto the 2-dimensional linear
subspace E :={y e R?: y; = ... = ys_» = 0}, which we identify with R?. Under

this projection we have

proj g (L1(up)) = {(sq—1,54) € R*: 54 = 1},
proj g (L1(w)) = {(s4—1,54) € R?: 54 = —1},

proji (LOW) = [ Gu-1.50) € B = sqm1/1 = @y )2 = @2 = sazly = 2y |

and

0a(SS . N H*(2))
0a(S9)

=0, 2 ./RZ 1((sa—1. 5a) € projg(L1(up)™ Nprojz(Li ()~ Nwp(LOW)™T)

3
02

2 2,-3
x (1 4+s;5_; +s7)" 2dsg_1dsg.

Considering the gnomonic projection g%z of the two-dimensional half-sphere Si with
respect to the north pole p2 := (0, 0, 1) we note that the integral above describes the
spherical area of the spherical triangle S*> N ﬁl‘" N ﬁ;‘ NH (V)T where H, and H, are
2-dimensional linear subspaces in R3 with normal vectors % (e3 —ey) and \/Li(% +

), respectively, and vV = (\/1 — (2)? = (24?2 244 1)- Finally we consider a
rotation p3 in R? which is defined as an image of the restriction of rotation p; on the
linear subspace Ispanf{e;+ 1, e;, €;—1} under the isometry / : Ispan{e;+1, es, €4—1} —
R3 satisfying /(e;+1) = e3 and I(e;) = e;. Since the last two coordinates of the
vectors z’ and v’ are identical, the last two coordinates of the vectors z = pgl (z') and
Vi=p5 ! (v') are identical as well. From this we finally conclude that

0a(S%)

0a(S5  NH" (2) = e

02 (S5, NHT(V)),

which has already been computed at the beginning of the proof (see (4.7)) and depends
only on the last two coordinates z441, zg of the vector z. Thus,

d+l

L(Z(p. Y. w) =

(w — arcsin(cos ¢ sin ¥r)). 4.8)
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In order to prove the second statement of the lemma we consider the function

Y — arcsin(cos ¢ sin )
V>

In Appendix A we show that there exists ¢ > 0 such that

f(@. )= . ¢€O.m], ¥ €(©,m/2]

% —e< f(p,¥) < % +¢e, forall¢, v € (0,¢), 4.9)

and that f has the absolute minimum 2/72, which is achieved along the edge ¢ = 7
in the rectangle (¢, ¥) € [0, ] x [0, %]. This yields (4.5) and (4.6). O

5 Proof of Theorem 1.1, Step 3: Conclusion for the Poisson model

We are now ready to finish the proof of Theorem 1.1 for the Poisson model K,g; 2,
Before we continue let us summarize the bounds obtained in Lemmas 4.2 and 4.4 in the
form we will apply them. There exist0 < &9 < 1/2 and constants ¢4, Cy, 64, ©4 > 0,

such that for allu € S?2 and ¢ € (0, g9) we have that

¢, ¥ €(0,e): By(l—048)¢" < (Z($, ¥, w) < By(1 + Oge)p? T,
ba(1 — 048)¢* Y < L(Z (¢, ¥, 0) < ba(1 + Oue)p*y,

where

A d
by = W +1 and By = Ad (a)d+1) ’
8 2 4

and

pe(0.6).yee3n/8): L(Z@ Y.w) <Cad™™, L(Z@, Y. w) = cad’e,
pelem)ye(0.n/2): L(Z@. Y. w) <Ca hL(Z(@. Y W) > cge’ V.

Note that we used Lemma 4.1 to derive that

sen P < 2SmB 29 66 forall € (0.2). ¢ € [e. 37/8).
M = T cosf = cosanyg) ~ 0F forallg € (0.e).yele. 3n/

Proceeding with Estimate (3.3) we find that

> = / / / (sin )2 sin ) [ (Z (¢, ¥, w))
d' §d—2
x exp(—y L(Z(¢, ¥, u))) d¥ d¢ 04— (du)

2wq—1By £re
> (1 —GdS)TVd/O fo

(sin §)? 2 (sin )4~ gt ha 140V gy, dg.

]Efd—l(K(A 2))
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Using the bound sinx > (1 — €)x, which is valid for x € [O, e), we arrive at

2wq—1Bg & re _ 1 9 2
Efa 1(K§™) 2 (1= 0g(e) *2 1Py / [ e tue ety gy ag

_(1_0 (8)) d 1 d d/ / d— ]d 1 7yhd(]+()d€)ftdtds

B Yba(14+0,¢)>
— (1= 042 ld"/ sd”/ 41751 dt ds. (5.1
i Jo 0

For the upper bound we first note that

0a(S2 ) — L(Z(@, ¥, w) = %(n — ¥ + arcsin(cos(¢) sin(w)))
wg4+1 1 wd+1 1
= T (G- a—0) =25 (T +9).

(5.2

forall ¢ € (0,77) and ¥ € (0, 7/2) and with p = 7 — ¢ and ¥ = /2 — ¥, see
Appendix A.2 for the proof of the inequality. Using this on (3.4) and applying the
estimate sin x < x, which holds for all x € [O, 71], we find that

2 _ B & &
Efd—l(K,(]sV’Z)) < (14 04(e)) wdd’l d]/d/ / ¢2d—lwdflefybd(179d6)¢2¢ dy d¢
. 0 JO
+ 2a)dflcvd yd /S /3ﬂ/8 ¢2dflefycd¢28 dw d¢
d! 0 Je
N de—lcd i /” /”/2 Wdfle*)/cawzw dy do

(L)d lCd d/ / ¢d ZeXp yﬂ((b_,’_w)) dwdd)

=1+ L+ J3+ Js. (5.3)

Let us consider each of the terms Ji, Ja, J3, J4 separately. For J; we get

2

le ybg(1—04¢)e Joi e del st

Ji=U4+ 04 )) / s 7 e dr ds.
d'bd 0 0

Next, for J> one has that

Jy < T@d-1Ca / gy dreas gy
0

3

3nwg_1Cq Y9 _, _ 3nwi—1Cq
=" s91lems gy <« /24— 4
0

r(d).
4dledcd 4dledcd @
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Spherical convex hull of random points on a wedge 2309

and similarly

/2
Jy < 20d1Ca / gyl e v gy
0

d!
2nwi—1Cq came’y 2 d—1 —i 2nwi—1Cq4
=— t“7leTidr < Tr(d)'
dle=“cq Jo dle=“cy

Finally, for J4 we find that

“d Dd+1
L= wq—1Cq (127 d /V 127 d=2,s g /‘V o —
d! Wd+1 0 0

_ 127 \¢
L @a-1Ca <—”> rd—1).

- d! Wd+1
Thus,
. S+ I3+ Uy
limsuyp ——— =0,
y—00 log y

and finally setting

ay &
G(a,y) :=f sd—lf 19 Te=5 dr ds
0 0

we find that lim, . G(a, y) = oo for any o > 0. Using L’Hospital’s rule we
conclude that

G(a, o (a d—1 (¢ td—lo—avt g aye
fim S@) _ oy @ — lim et dz = (d — 1))
y—oo logy y—00 1/y Y= Jo

Combining all obtained bounds together with (5.1) and (5.3) yields

Efa—1(Ky? B
tim inf 4= Ky D (1 — Ou(e) a1~
y—00 logy dbd
and
Ef;_1 (K% B
lim sup M < (14 04(e)waq—1 —dd-
y—00 log y dbj

Since this is true for arbitrarily small ¢ € (0, g9) we finally derive that

delAda)d_l
— (logy)(1 +o04(1)), asy — oo.

Efa-1(K$?) =
This concludes the proof of Theorem 1.1 for the Poisson model.
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6 Proof of Theorem 1.1, Step 4: Conclusion for the binomial model

Let us now consider the binomial model K ,(,s’z). We have that

1
]Efd_l(Kigs’z)) = EE Z 1{x;,. ..., x;, generate a facet of K}gs,Z)}

1<ii<...<ig<n

(" . P(xq, ..., Xg generate a facet of K,(f’z))
d) Jsd sd
2,4+ 2,+

oq(dxy) 0q(dxg)
0a(S5.)  0a(S5 )

and by applying the spherical Blaschke-Petkantschin formula as in in Step 1 in Sect. 3,
we see that

Wd+1 n
o (0 ]
204(8§ )4 \d) Jo+1.a)

« [/ / Vd(xl,...,Xd)Ud—l(dxl)"'Ud—l(dxd):|
s¢ .NH sS4 .NH
Sd NHT n—d Sd NH™ nd
o (P2 DETN (2 N va(dH)
0a(8¢,) 0a (S5 1)
1 I ( ) n—d
n 2(Z
ot I 1- dz).
oa(84_ ) <d> /Sd '(Z)( 0d<S‘§,+)) e

Using the same parametrization as before we conclude further that

= ()L L

| 2@ w) N R R
_— + -
04(S4 04(S¢

2.+) 2.4)

x (sin )42 (siny)? ' dy dp o4_»(du).

With the same bounds on I and I, as developed in Step 2 in Sect. 4 we obtain

E fa1(K{) = (1= Ou(e)wa-1 B4 )d< ) f f gty
+

(1 _ (L+0e)by

ou(S§ )

> (1— 04(e)) By d! (n
0Ny L&
- PP b nd \a

n—d
¢2w) dy d¢
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14+O¢)b,
(+6e)bg 2

e n—d
sd ad— st
048y 1) / Sd lld 1 (1 _ _) dr ds.
0 0 n

o d' (n
lim — =1,
n—oo nd \ d

na e 4 4 st n—d
H(a, n) :=/ / sd=1pd=1 <1 - —) dr ds.
0 0 n

. H(a,n)
lim ——— =(d - 1)/,
n—oco logn

We note that
and define

Then

see, for example, [1, Lem. on p. 296]. Thus,

Efi_1(Ky? B
BJa ) (1 2 0atenus

lim inf = —a
n—00 logn dbg
The upper bound
Ef 1 (K$? B
lim sup M <+ Od(s))wd—l—il,
11— 00 logn dby

can be obtained in a similar fashion. Finally we conclude that

291 A gy
Efa-1(K§) = === (logm) (1 +04(1)). asn — oo.
This finishes the proof of Theorem 1.1. O
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A Analytic Estimates
A.1 Estimate for Step 2
We aim to show that there exists & > 0 such that

- 1
< X arcsm(su;(x) cos(y)) Lie forallx.ye 0.6
Xy

| —
)

To prove that this is indeed the case we first recall that for z € (—1, 1) we have

, i(zk—l)!! 72+l +1 N 3 N 5 .
arcsin z = —_— = —_— —_—
¢ £ TR 2k + 1 ATt 40Z T

and for x, y € R we find

sin(x + y) + sin(x — y)

sin(x) cos(y) =

2
1 00 ( k 2k+1 2k + 1 .
_ —m m l l m
3 BT 1)'2(”1) (1+(=D")
k=0
k
:i (= 1)k 3 2k+1 2k o
2k + D!
k=0 m=0
oo k
L 2 (— 2k 43\ 2(—m) 2m
=sin(x) — xy Z( .Z<2m+2 by y
k=0 m=0
2

. Xy
= sin(x) — T(l + G(x,y)),

where

0o ko k+1
(=1 2k +5 2(k+1—m) ,2m
Go,y)y=—2% — 2
() Z(2k+5)!’§<2m+2>x Y

2x +y

= tol NP = o, »I,

@ Springer


http://creativecommons.org/licenses/by/4.0/

Spherical convex hull of random points on a wedge 2313

as (x, y) — 0. Thus,

arcsin(sin(x) cos(y))
2k+1

e Qk—=DI 1 k1N e (XY "
Z QN 2k+lmZ=:0< m )Sm(x) ( ; 1+0)

00 2k+1
o Qk—D! 1 2k + 1
= aI‘CSlIl(SlIl(.X)) + kE_O Wzk——i—l P ( )

m
2

sin(x)2kH1—m (—%(1 + G))

2

Xy
—x— 20

X 5 1+ G)

o0 2k+3 2 m
Qk+ D1 43\ . errm (XY

T L EELA e

( T2 T3 Z(m+1>sm(x) ;10
k=0 m=0

2

—x— %(1 +o(l(x. YID).-

So, for

Flry) =22 arcsm(ji;(x)m(”) - % +ollx, »I)  asx,y— 0,

the total derivative of f at (x, y) = (0, 0) exists and is given by

1
X, - 5
df(0,0) = lim % =0
@)=>0.0  [[(x, Il

In particular this implies that there exists € > 0 such that

1 1
E—sgf(x,y)§§~|—s forall x, y € (0, ¢).
Next, we show that

2
flx,y) > =) forall x € [0, /2] and y € [0, ].

Let us fix yo € (0, ) and consider function gy, (x) := f(x, yo). It is clear, that for
Yo = /2 we have g, (x) = 4/7? forany x € (0, 7r/2). In the next step we will show,
that for yo € (0, 7/2) function gy, (x) is strictly increasing and for yo € (7/2, 7)
function gy, (x) is strictly decreasing on the interval x € (0, 7/2).
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Let us start with the case yo € (0, 7/2). Consider the derivative

1 ( x cos(x) cos(yo)

8y (¥) = — V1 = sin(x)2 cos(yp)?

= — arcsin(sin(x) cos(30)) ).

It is clear, that gy, (x) is strictly increasing on the interval x € (0, 7r/2) if and only if
g’yo (x) > 0 on this interval, which is equivalent to

x cos(x) cos(yp)
V1 —sin(x)2 cos(yo)?

< arcsin(sin(x) cos(yo)).

Consider a change of variables s := sin(x) € (0, 1), o := cos(yg) € (0, 1). Then the
inequality above is equivalent to

to arcsin(s)v/ 1 — 52 < arcsin(sto),/1 — s23. (A.1)

Denote by r(z) := arcsin(z)~/1 — z2 and by g(tp) := r(tos) — tor(s). Then (A.1) is
equivalent to ¢g(f9) > O for 7y € (0, 1). It is easy to verify that ¢(0) = ¢(1) = 0 and

q"(t0) = s%r"(tgs) <0, 5,19 € (0, 1),

since r(z) is strictly concave on the interval (0, 1). This finishes the proof of the first
statement.
In the case yo € (r/2, ) we apply the change of variables yy := & — yg € (0, 7)
and note that
gl () = — g} (x) <0,

as follows from the previous calculations. Thus,

T
inf ,y) = min ( inf  £(0,y), inf f(=.), —).
xe€(0,7/2),ye(0,m) f(x y) ye(0,m/2) f( y) ye(r/2,m) f( y)

We calculate

. . . . 1 —cos(y) 1
inf 0,y)= inf Ilim f(x,y)= inf ———=> —,
ye(0,7/2) F0.5) yE(O,n/2)x—>Of( y) ye(0,7/2) y2 2
and
2 2
inf  f(Z,))= inf — ==
ye(r/2,m) " \2 ye(@/2,m) ym T2

which implies that f(x, y) > 2/712 in the rectangle (x, y) € [0, 7 /2] x [0, 7].
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A.2 Proof of (5.2) in Step 3
We show that
. 1
7 — x + arcsin(sin(x) cos(y)) > 3 (/2 —x)+ (m —y))
forall x € (0,7/2),y € (0, 7).
Using the qualities sinx = cos(w/2 — x), cosy = —cos(mr — y), arcsin(—x) =

— arcsin x and making a change of variables x = 7/2 — x and y = 7w — y we see, that
the above inequality is equivalent to

1
x + /2 — arcsin(cos(x) cos(y)) > g(x + ), forall x € (0,7/2),y € (0, 7).

We use the estimate 7 /2 — arcsinz > /1 —zforz € [—1,1],andcosz < 1 — z2/5
for all z € [0, 7], to find that

x + /2 — arcsin(cos(x) cos(y))
> x + \/1 — (1 =x2/51 —y%/5)

1
=x+ g\/S(x2 +y2) —x2y2 > )% forall x € (0,7/2),y € (0, m),

where the last inequality is an exercise.
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