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Abstract

For2 < p < po =~ 26.265, the hyperplane section of the l;’, -unit ball B;’, perpendicular
to a™ = L ( 1,...,1) for large n has larger volume than the one orthogonal to
a® =1L (1 1 0,...,0), as shown by Oleszkiewicz. This is different from the case

of I% con51dered by Ball. We give a quantitative estimate for which dimensions n
this happens namely for n > C(po >+ 5 ) for some absolute constant ¢ > 0.
Correspondingly for projections of By onto hyperplanes, Barthe and Naor showed

that projections onto hyperplanes perpendicular to " have smaller volume for large
n than onto the one orthogonal to a®, if ‘—‘ <q < 2 different from the case ¢ = 1.

We show that this happens for all n > 5( . + 2 )

Keywords Volume - Hyperplane sections - Projections - /7)-ball - Random variables

Mathematics Subject Classification 52A38 - 52A40 - 46 BO7 - 60F05

1 Introduction and main results

In a well-known paper Ball [2] proved that the hyperplane section of the n-cube
B! := [—1,1]" perpendicular to a® = Lz(l, 1,0,...,0) € §~! ¢ R” has
maximal volume among all hyperplane sections. Earlier Hadwiger [6] and Hensley [7]
had shown independently of one another that coordinate hyperplanes, e.g. orthogonal

toad = (1,0,...,0) € s yield the minimal (n — 1)-dimensional cubic sections.
1

For0 < p < oo, let B := {x = (xj)’}.:1 e R" | |Ix]l := (27:1 lxj1P)P <1}

be the unit ball of l;’, = (R", || - I ). Meyer and Pajor [13] found extremal sections of

the /7, balls Bj,: They proved that the normalized volume of sections of B}, by a fixed
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hyperplane is monotone increasing in p. This implies that coordinate planes provide
the minimal sections for 2 < p < oo, as for p = oo, and the maximal sections for
1 < p < 2. The minimal hyperplane sections of B} are those orthogonal to a main
diagonal, e.g. a™ = ﬁ(l, ..., 1) € §"71 see also [13]. Koldobsky [10] extended
this to the full range 1 < p < 2.

This left open the case of the maximal hyperplane section of BZ for2 < p < oc.
The situation there is more complicated, since the maximal hyperplane may depend
as well on p as on the dimension n: Oleszkiewicz [14] proved that Ball’s result
does not transfer to the balls B, if 2 < p < po = 26.265: then the intersection

of the hyperplane perpendicular to ¢ has larger volume than the one orthogo-
nal to a®, for sufficiently large dimensions n. The value pg is the unique value in
volu—1 (BpN@")*)
vol,l,l(B;ﬁ(a(z))i)
result is an asymptotic one, not determining dimensions # for which this happens.
We derive a quantitative estimate for dimensions n such that this holds, namely for

n>c (pol_p + ﬁ) On the other hand, recently Eskenazis, Nayar and Tkocz [5]

proved that Ball’s result is stable for /), and very large p: (a @yLn B, is the maximal

(2, 00) such that lim,,_, o > 1 forall 2 < p < po. Oleszkiewicz’s

hyperplane section of B; for all dimensions, provided that p; := 10 < p < oo.
They call it “resilience of cubic sections".

Dual to hyperplane sections of convex bodies are projections of convex bodies
onto hyperplanes. The known results for /) -balls show a duality between sections and
projections, when maximal and minimal directions a and p and the conjugate index
q = % are interchanged. Nevertheless the proofs in both situations are different,
since volume does not behave well under duality. Barthe and Naor [3] determined
the extremal hyperplane projections of [”-balls except for the minimal hyperplane
projections when 1 < g < 2, corresponding to the dual maximal section case men-
tioned above when 2 < p < co. For g = 1, the projection of B onto the hyperplane
perpendicular to ¢ = (1,0, ..., 0) is maximal, the projection onto the hyperplane
orthogonal to a® is minimal, which essentially is a consequence of Szarek’s result
[16] on the best constants in the Khintchine inequality for ¢ = 1. Barthe and Naor [3]
proved that this does no transfer to % < ¢ < 2, namely that the projection onto a™-+
has smaller volume than the one onto a - for large dimensions n. Here g := % is the
voly—1(P,(n)yL (By))
vol,—1 (P, 2),1 (B7))
where P,1 denotes the orthogonal projection onto the hyperplane a. In this case, we
also give a quantitative estimate for dimensions » when this happens, namely when

n>S5 <p#4 + ﬁ) Note that there is no complete duality here, since % is not the
-1 k

dual index of pg >~ 26.265.
Leta € S ! := {x € R" | |lx||2 = 1} be a direction vector. We introduce the
normalized section function

unique value in (1, 2) such that lim,_, & < 1forallgy < g < 2,

vol,_i(at N B")

vol,—1(Bp™ 1
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and the normalized projection function

vol,—1(P,1(B}))

P, ,(a) =
" vol,_1(Bp~")

In terms of this notation, Ball’s result states A, o (a) < An,oo(a(z)) =2 foralla €

1 1

§"~! and Eskenazis, Nayar and Tkocz’s result reads Appla) < An’p(a(z)) =22"7
1 1

foralla € §"~!and 101 < p < co. We note that An’p(a(z)) = 2277 is independent

of n > 2. But as shown by Oleszkiewicz, lim,_, s A,,,p(a(")) > A,,,p(a(z)) = 2%_%
for 2 < p < po. In the projection case, P,,,l(a(z)) < Py.1(a) foralla € $"~1 which
Eskenazis, Nayar and Tkocz [5] extended to P, 4 (a(z)) < Py 4(a) foralla € sn-l
and1 < g < 1+107'2. Again P, ;(a'?) = 2174 is independent of n > 2. However,
by Barthe and Naor [3], Pn,q(a(z)) > limy,— o0 Pn,q(a(")) for % <q<?2.

Our two main results study these limits in more detail.

Theorem 1.1 Let2 < p < coandn € N. Then forall2 < p < po ~ 26.265

lim Anp@™)
n—o0o A, p(a(z))

We have the following quantitative estimate: A, p(a )y > A,,,p(a(z)) holds if

(a) either5 < p < poandn > % or

®d)2<p<Sandn > 652 is satisfied.

Remarks. (a) The constant 650 in the statement for 5 < p < pg is not optimal, but

by necessity fairly large since the p-derivative of f(p) = /=

with f(po) = 11is small, f'(po) =~ —ﬁ. The derivative at 2 is positive and larger
in modulus, namely f’(2) = A—IL(I —In2) >~ %
(b) The case of complex hyperplane sections of l;‘,((C) is considered in [8].

Theorem 1.2 Let1 < g <2 andn € N. Thenforall%1 <gqg<?2

(n) 1
lim ”q(az) ,/ 2r 2——)<1.
n—o0 nq(a( )) q

We have the following quantitative estimate: P, 4 @™y < Py (a®) holds if

) Birkhauser
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2
Remark. For the derivative of g(g) := \/;\/2”‘ (é) r (2 - ql> we have g’(%) =

S @—7—2In2)~ —andg'(2) = 1 (1 —n2) ~ &

The limits in Theorems 1.1 and 1.2 were already determined by Oleszkiewicz
[14] and Barthe, Naor [3]. Meyer and Pajor [13] showed that A, ,(a) is monotone
increasing in p for any fixed n and a. Barthe and Naor proved that P, , (a) is monotone
increasing in ¢ for any fixed n and a.

2 Formulas

Eskenazis, Nayar and Tkocz [5], Proposition 6, proved the following formula for the
normalized volume of hyperplane sections.

Proposition2.1 Let1 < p <oo,n € Nanda = (aj)’}.=1 € §" 1 c R". Then

1
121 ajR&;l12

Ay pl@) =T (1 + %) Ee r 2.1)

where (€ j)?:l are i.i.d. random vectors uniformly distributed on the sphere S* C
R3 and (Rj)?:l are i.i.d. random variables with density c;ltp exp(—t?) on [0, 00),

cp = %F (1 + %) independent of the (Ej);%zl.

For p = oo with R; = 1 one has A, (a) = E¢ Ty see Konig, Koldobsky
J

.
i—1a;&jll2’
[11]. We will use another formula for A, ,(a) derived from (2.1).

Proposition2.2 Let1 < p <oo,n € Nanda = (aj)’}:1 e §" 1 c R". Then

1\ 2 [*&
An,,,(a)zr(1+—> —/ [Tvpass) ds.
P/ TJo
1 o

Yp(s) == 1"(1—4—%)

Proof Define sinc(x) := % for x # 0, sinc(0) :=1.Lett > 0,e € 52 be fixed and
m denote the normalized Haar surface measure on $2. Then

/ cos(sr) exp(—rP) dr . (2.2)
0

sinc(t) = /2 exp(it{e, u)) dm(u). 2.3)
s

Here ( -, - ) denotes the standard inner product on R”. This implies for (b j)’/f:l eR”
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n

Hsinc(bjs)zf exp is<e,ijuj> []dm;)
j=1 s> J Jj=1

=1
= / sinc
(82"

where the second equality follows from (2.3) by integration over dm(e). Note that the
first equality holds for all e € S2.
For all r > 0 we have % fooo sinc(zs)ds = % and (2.1) may be rewritten

n n
D bjuj D bjEj
j=1 Jj=1

j=1

s) H dm(u ) = Egsinc (
2

2

(2.4)

1\ 2 % -
A,Lp(a):r‘(l—i——)—IEg’R/ sinc ZajRj%‘j s | ds
p) 0 ‘

Jj=1

1\ 2 [*® -
=T 1+—>—f E¢ g sinc ajR;&;|| s | ds.
( 7 Jo & ;J JSJ

p
2

The sinc-integral is only a conditionally convergent Riemann integral. The verification
that E¢ g and fooo may be interchanged is the same as in the proof of Proposition 3.2
(a) of Konig, Rudelson [12]. Using (2.4) and the independence of the (R j);le, we get

1\ 2 [® L
Ay p@)=T (1 + —) —/ Eg 1_[ sinc(a;R;s) | ds
p/ 7 Jo

j=1

1\ 2 [®F ,
=T <1 + ;) ;/0 }:IIIEstmc(ajst) ds .

Denoting y,(s) := Eg,sinc(R;s), integration by parts gives
o
—— ; p p
yp(s) =¢, / sinc(sr)r? exp(—r?)dr
0

1 [ 1 ©
= C;l —/ cos(sr) exp(—rP)dr = —/ cos(sr) exp(—rP)dr .
p Jo r (1 + %) 0

Equation (2.1) yields A, _,(a®) = 2377, see [5, Section 3.2].

Remarks. (a) Proposition 2.2 is also found in Koldobsky [9, Theorem 3.2], with a
different proof.
(b) For 1 < p < 2 the y, are just the densities of the (positive) p-stable random
variables. In the case interesting for us, namely 2 < p < oo, the functions y,, take

) Birkhauser



64 Page6o0f26 H. Konig

positive and negative values. For p ¢ 2N, y, has only finitely many real zeros, see
Pélya [15], whereas for p € 2N, y,, has infinitely many real zeros, see Boyd [4].

Barthe and Naor [3] proved the following formula for the volume of the orthogonal
projection of BZ; onto hyperplanes.

Proposition2.3 Let 1 < g < oo, p = qul be the conjugate index, n € N and
a= (aj);le e §"~1 ¢ R". Then

nq(a)—l“( ) Zax (2.5)

where the X; are iid. symmetric random variables with density function
dq’1|t|1”2 exp(—|t|P), t e R d, = %F (517) A second formula for P, 4(a) is

1 — 19
pn’q(a)zr*(l)z/ IT/- 2 (ajs) ds |
q) 7 Jo s

L) /00 cos(sr) rP™2 exp(—rP)dr . (2.6)
0

r(l
q

Note that E| X | = r+ To deduce (2.6) from (2.5), apply the usual formula

8y (s) :=

q
x| = %fR wds to find

n 1 I—Eexp(i(zl 14X )s) 1-T1] " lIEexp(zan s))
E|Y ajX; =;/ . */
j=1 R

7/001— " lEcos(a]X s)) 2/001_H7218q(aj5)ds
s

B 2 ’

5y(s) = p) /0 cos(sr) rP~ 2 exp(—rP)dr .

1
F(q

Differentiation and integration by parts yields a relation between the functions §,
and y,, in (2.6) and (2.2):

8;(S) = _FLI /(;OO sin(sr) P~ exp(—rP)dr
()
s 00 r (1 + %
= ——1/ cos(sr) exp(—rP)dr = S Yp(s) . 2.7)
r(;) r(1-3)
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RE))
ari)

Since y,'(s) =

yz(,fk_ b (s) = (=Dk ﬁs 12k (). Therefore the functions y»; studied by Boyd [4] satisfy

a linear differential equation.

For g ™\ 1, the variables X; tend to the Rademacher variables with 8,(s) —
81(s) = cos(s), and the best constants in the Khintchine inequality, which were deter-
mined by Szarek [16], yield the extrema of P, i: a®@ for the minimum and ¢V for
the maximum.

8% (s), we have y,"(s) = %sm(s). Similarly, for all k € N,

3 Prerequisites for the proof of Theorem 1.1

For the proof of Theorem 1.1 we need two lemmas on I"-functions.

r(1+%)
Lemma 3.1 (a) Letr f(p) := r(1+l)'

Then f(p) = 0.9429 forall 3 < p < oo.

2 3
3270 (145) \ b : .
(b) Let g(p) = (——) . Then there is exactly one solution py € (2, 00)

Tor(143
of g(p) = 1, po ~ 22.265. For all 2 < p < po we have g(p) > 1. The
function g’ has exactly one zero p| € [2,00), p1 ~4.192. For2 < p < py, g is
strictly increasing, for p1 < p < oo, g is strictly decreasing. The following lower
estimates hold:

Po—p
>1 57 )
glp) =1+ 1317 p €15, pol, g(p)
D eisl, gz 1422 pena
T PEOL 8P = 4g P ST

Proof (a) In terms of the Digamma function ¥ := (InT")’ we have

1 3
f/(p)=f(—f)<\lf(1+—)—3w<1+—>>.
p p p
For F(p) = \l’<1+%> - 3y <1+%> one has F/(p) =
L / 3) g 1 i
p (9\11 (1 + p) v (l + p>). By Abramowitz, Stegun [1, 6.3.16 and 6.4.10]
forallx > 0

]

1
Z s (3.1

n=1

ad X
Vl4+x)=—-y+y —— , ¥V(1+x)=
;n(n—i—x)

where y >~ 0.5772 denotes the Euler—Mascheroni constant. Therefore W' is decreas-
ing, and we conclude for all 0 < x < 1 that %2 -1 =vQ®2 <¥d+x <
(1) = %2. Hence F'(p) > # (% - 9) > 0 for all p > 3. Thus F is increas-
ing. Since F(9) ~ —0.012, F(10) ~ 0.084, F has exactly one zero p; € (3, 00),

) Birkhauser
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p1 = 9.115. Hence f isdecreasing in (3, p1) and increasing in (p1, 0o0). Forall p > 3,
f(p) = f(p1) > 0.9429.

2 3
2pr(1+1)
(b) Let h(p) := ————=%. Then

r(1+3)

=22 (3 (12) s (141 -2m2).
p? p

By (3.1) and the geometric series we find for p > 3

(nh)'(p) = - P —2<3Z< L - ”1)—21112)

p p nn+2)  nm+ )
1 ( 1)k 3k+1 -1
= T2 Wk pkH —2In2

1 & : 3k+1_1
- Z —1 g(k+2)—pk+1 —2In2} .

=0

The sum is an alternating series with decreasing coefficients. We find that

2In2 2 24¢(3)  137*  240¢(5) 24270
(nhy(p) < —22 7 20O Dr 24006) | 2427
p2 p3 p4 15 pS p6 315 p7

<0
(3.2)

holds forall 5 < p < oo. Thereforeln 4, hand g(p) = ,/ %h (p) are strictly decreasing

in [5. 00). We have lim .0 g(p) = \/g < 1, g(26) ~ 1.00020, g(27) ~ 0.99945:
There is exactly one pg € [5, oo) with g(po) = 1, po = 26.265, and for 5 < p < po

we have g(p) > 1. Inequality (3.2) yields for 5 < p < pg that (Inh)’'(p) < ——1'0;'2768.
Hence for these p
1N , 1 _l 1.04768 _l 1.04768 _ 1
g (p) =g(p)(Ing)(p) = g(p)(lnh) (P =—5 o <3 7 <—Gr

This implies g(p) > 1 + 37(po — p) forall 5 < p < py.
To show g(p) > 1 also for 2 < p < 5, note that g(2) = 1 and

3 1 2
£ = 28(niy(p) = 358 (w <1 ; —> v (1 ; —) 2 1n2) |
P P P 3

Again by (3.1)

@ Birkhauser
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S

3 1y & 3 x
v(1+Z)-w(14+-)= -7 —
( P) < P) ;(mmg) n(n—l—;,)) ; (np+1)(np+3)
All summands are decreasing in p. Thus k(p) := ¥ (1 + %) - v+ %) - %1n2

is strictly decreasing in p, with k(4) = 7 — % — 21n2 ~ 0.0128 > 0 and k(5) ~
—0.0470 < 0. Thus g’ has exactly one zero p; € (2,00), p1 =~ 4.193, and g is
strictly increasing in (2, p1) and strictly decreasing in (p;, 0c0). We know already
that g(5) > 1 and hence g(p) > 1forall2 < p < 5. For p € [4,5], g(p) >
min(g(4), g(5)) = g(5) > Z. Further

g(p) 3g(p) 4
<7) =358 (k0 =3r) <0

since k(p) — 3p < k(2) — 8 = — (24 %In(2)) < 0. Therefore &2 p ) and k(p) are

both strictly decreasing and positive for p € [2, p1), and with g'(p) = %k(p), g
is decreasing and hence g is concave in [2, p;]. Therefore for2 < p < 4

g4 —1 p—2
>1+=—(p-2 14+ ——
gp)zl+=——@(p-2)>1+—
which proves all lower estimates stated in Lemma 3.1. O

For p — oo, the functions y,, in (2.2) tend t0 Yo, Voo (s) = sinc(s). We estimate
their difference for p > 2.

Lemma3.2 Let2 < p < oo. Then foralls > 0

< 0.3926.

sinc(s)—/ cos(sr) exp(—r?)dr
0

This implies y,(s) > 0 forall0 <s < %rr.

Proof We have i exp(—sP)ds = T <1 + %) < 1. Since sinc(s) = fol cos(sr)dr,
we find

sinc(s) — /OO cos(sr) exp(—rP)dr
0

1 00
= ‘/ cos(sr)(1 — exp(—rP))dr —/ cos(sr) exp(—rP)dr
0 1

< (1 -T (1 + l)) —{—Z/OOexp(—r'”)dr
p 1
(1=r ()5 [
=(1-T{1+— —i——/ ur = exp(—u)du =: ¢(p) .
p pJ1

) Birkhauser
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Then ¢’ < 0, since for p > 2

/ 1 1y In(u) , 1
¢ (p)=——= (2f ur <1+—> exp(—u)du — T (l—i——)).
P 1 14 P

Since I'(x) has a (positive) minimum at ¥ >~ 1.4616, I'’(1 + %) = 0 for p >~ 2.1662.
Forp > ﬁ,F/(1+%) < Oandfor2 < p < p,0 < F’(1+%) < 1?w.Thelastinequality
holds since T is log-convex and positive in (1, 2), thus convex, and for 2 < p < p,
r'a+ %) is decreasing, with I’ (%) =T (%) \ (%) =./7(1—In2— %) < %, see
Abramowitz, Stegun [1, 6.3.4]. Therefore for all p > 2

#p) = (2 [T u eptwdu — 155 < =3 <0
P2 e ewndus o ) < -5

using that floo u! exp(—u)du ~ 0.219. We conclude ¢ (p) < ¢(2) < 0.3926.
This yields forall 0 < s < %r{ and p > 2

r (1 + ﬁ) vp(s) = /OO cos(sr) exp(—rP)dr > sinc(s)
0

3 1
—0.3926 > i —0.3926 > = 0.

Remark. The derivative of p¢(p) is increasing with

o
1
lim (pp(p)) =y +2/ —exp(—u)du < 1.016.
p—>0o0 1 u

— Jo~ cos(sr) exp(—rP)dr| < %.Actually, Yp(s) >0
forall p > 1 and s € [0, w]. However, we do not need this.

4 Proof of Theorem 1.1

Proof of Theorem 1.1.
(1) To estimate A, ,(a (”)) from below, we first find a lower bound for y,, (T) for all

S
s < %ﬁ . By the serie§ representation for cos x we have for 0 < x < % by pairing
up terms in the alternating series,

2 o4 A6 L xm
-(1-% - - 0
cos x ( + 26) 32 790 +Z( 1y ol

W Birkhauser
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2

-5+ % > 0. Therefore for s < %ﬂ

( s ) _ 1 /Sf <1 s2r? N s“r“)e (—rP)d
| — _—[ - — xp(—r¥)dr
ﬁ F(l-{-%) 0 2n 26n2

+ /;; cos (%) exp(— r”)dr] )

2 s

To estimate this from below, write = [o° =[5z and use that | cos(x)| < 1,
35

s 1 o0 s2rr strt »
Vp(ﬁ)z—r(%)[/o (“7%6”)“"( i+
_;) F(1+l)_F<l+%>s2 1"(14—%)54

= + - )
1 p 6n 130n2
r (1 +1
“.1)
where
00 §22 At
R:=/331 (2——2n +26 2)exp( rP)dr

1 o 1 2 3 4 5
+—1 sT 3 Ky 54
= ; /& ﬁ)p (21,“’ _ ﬂul) + 26n2up )exp(—u)du cu>1. 4.2

5_
(ii) We first consider the case p > 5. Since u > 1 in the above integral, u » ! <1,

2u1l’_1 <2 (%\/iﬁ)p_l andf(éﬂ)" exp(—u)du = exp (— (%‘/Tﬁ)p).Theremainder
2 s

1+2
term R will be smaller than the fourth order term % provided that

i CB) ) 6))

For s < —f the left side is decreasmg in p, and therefore this condition is the
strongest for p = 5. Writing y := f’ it means

32 4+1 A 31\’ 1,
exp|—(=— < —
s 817 T26Y )P\ 25 130"

) Birkhauser
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13 31Y 31 . 7
Or 51 < €Xp (E}) sy < 5 - ~ 1.2567. Choosing s < ¢/n, R <
In 981—13)5
F(l+%)s4 . .
—730,7— Is satisfied and therefore

> 1T (1+3)
Yp (L)zl—cs—, c = E(—:)’

r(1+3)
By the proof of Lemma 3.1 (a), F(1+i)
P

increasing for p > p;. Its value at pg is less than the one at 5, so thatc < 0.1622 < 4%,

is decreasing for 5 < p < p; ~ 9.115 and

i — 7 et o849 2
for its value at p = 5. Then for s < VI X = ¢ < g53 = 9.Wehave

OO.X 1200 k 1 .X2 9 2
1n(1—x)=—Z—>—x—§x Zx =—Xx— = > —x — —X

and hence

r(i+2
By Lemma 3.1 (a), 1“<1—+1‘)§ > 0.9429 and hence ¢ > 0.1571 and for s < %ﬁ
P

./n n Jn 9 4
6 S )
/0 P (ﬁ) ds = /0 exp(—es?) (1 B 14C2 n ) ds

o0 9 ,s4 o0 9 ,s4
= / exp(—cs2) 1 — =22 | ds —/ exp(—csz) 1— =22 | ds
0 14 n 7/ 14 n

7

For s > VN and ¢ > 0.1571 we have 1 — %cz% < 0 for all n > 35. Actually,

evaluating the last integral in terms of the error function shows that the integral is
already negative for n > 24. Thus for n > 24

[ o
— X [—
; Yp NG s > A exp(—cs

e ) 271
T2V ¢ 56n

[oEN 1

W Birkhauser
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where we used that fooo exp(—csz)ds = %\/g and fooo eXp(—CSZ)C2 stds = % %

By Lemma 3.2 we have y,(s) > 0 forall 0 < s < 2. Hence

2 2/n s \"
0< \/ﬁﬁ Yp(s)'du = /7 Yp <—) ds.
6 sV n

By the proof of Proposition 2.2

lyp(s)l = —/ sinc(sr)r? exp(—r?)dr
5) %0

r(1+
1

o
= —f sin(sr) prP~lexp(—rP)dr| , |sin(sr)| < 1
sT (1+%) 0

1 /o"
_ exp(—u)du = ——— .
st (1+4) Jo ST+ 1)

IA

This yields the tail estimate for p > 5

/oo v (i) |"as = ﬁfoo pp@ds < — Y foos—"ds
2/n 2 ) 2

"z r(i+4
n
2 1 2
_n < 20 5446
n=t\ar(14+4)) -t
P

We conclude for p > 5 and n > 24 that

o > — - N
[oo(G) o= 7wl G) - [ ()] @
r(1+4 271 2
. [ (1+3) (1__7_>_£0.5446”
24r(1+3) on/ n-1
\ »
ri+1 271
. 377: ( z)(l_%__ilo.ﬂ%"),
n n —
F(l-{-;)
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r(1+1 _
using ‘/37” f FEHg; > 2.Forn > 24, £0.5446” < 1(:1—5 and % 41070 < %, )
P

that
1\ 2 [*® s \"
App@™) =T (14— —/ —) 4
(@) <+P>7T 0 yp(ﬁ) ’

An,p(a(n)) < /3
An,p(a(z)) TV

By Lemma 3.1 (b), the quotient g(p) = /=

Vg

po =~ 26.265, with g(p) > 1 + ﬁ(po — p)forall 5 < p < po. We find for p > 5
and n > 24,

Ay pa™) 1 1931
Lt D (1 ——(pp— 11— —2).
A @) = U 3170 P 400 n

650
po—p

This is > 1 provided that 5 < p < pp and n >
satisfied.
(iii) Secondly we consider the case 2 < p < 5. To estimate the remainder R in

; n > 24 being automatically

. . 5_ 3
(4.2), we use that in this case u » ! <u2.Forx >0
1

/ ws exp(—u) du < <</ u exp(—u) du) (/ u? exp(—u) du))2

1
_ ((1 LR+ 2x + x2)) 2 exp(=x) ,

Since the function ¢ (x) := w = (l + %) (2 + % + é) is decreasing

X X

2
in x with ¢ (3) = (“g@) < (%)2, we conclude that fxoou% exp(—u) du

IA

%xz exp(—x) for all x > %. Now choose s < \/g for2 < p < 5. Then x :=

W Birkhauser
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() = (3) =1

() e ) e )

Again we want this to be smaller than the fourth order term I' (14 = )

on2» & condition

which is strongest for p = 2. We then require for y := -

1/4 81 31)\? 7\ y*
v+ —)exp|—| z— <I'(=z) ==
2\37 " 640 2y 2) 130

2
This is equivalent to g(y) := \/LE (26 =+ 13% 14) exp (— (%%) > < 1. The

function g is increasing and positiveiny > 0, with g(0.7161) < 1.Hence the condition

is satisfied for all 0 < y < 0.7161, and in particular for our choice y = % < 1

n = V2

§|

Therefore for s < \/g , as in part (ii),

s 52 1F(1+%)

NS R iG]
n 1

r(1+p)

We have ¢ < 3 for 2<p<5andx:= c% é Similarly as in (ii),

x2 4
ln(l—x)z—x—m z—x—7x and

()= (-5 won(on(s-2)

4 54 4 54
> exp <—cs2 — ?czs—> > exp(—csz) (1 — §CZS—>
n

n

and

[P () o= [ eneen(1-347) 4
; Vp NG s > ; exp(—cs 7c " s
oo 4 S4 oo
> / exp(—csz) (1 — —c2—> ds —f exp(—csz) ds
0 7o Vi
1 31 e
-/ (1 — ——) —/ exp(—csz) ds .
2V ¢ Tn JE
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To estimate the error term, note that ¢ > .16219, its approximate value for p = 5, and

/°° 2 1 * 1
exp(—cs“)ds = ——= — exp(—u)du
Vi 2ve Jsn u

1 o0 1 c 4.36
——exp(—=n) < — 0.9222" .
c/2n Sn c/2n P 2 \/ﬁ

IA

exp(—u)du =

n
Again fj/‘/g Vp (ﬁ) ds > 0, since by Lemma 3.2 y,(x) > Oforall0 < x <2

n
and, as in (ii), fzojﬁ Yp (ﬁ)’ ds < % 0.5446", so thatfor2 < p <5

%0 o 31 436 2
f o (Zo) as= 2 (1= 30) 2 (420 00000 1+ 2V saser ).
0 Jn 2V ¢ Tn Jn n—1

Since ¢ < %, % Z > /7. Further for n > 33
3 1 2
4+ —(4.364/n0.9222" + M 0.5446" ) < 1.405
7 JT n—1

00 s \" 1 /= 1.405 .
so that ;™ ) («/_ﬁ) ds > 5\/; (1 — T) For p € [2, 4], using Lemma 3.1 (b),
2 3
Anp@™) _ \/E 201 (14 5) | _ 1405
Anp@®) =¥ | (142) !

p—2 1.405
>|114+— 1— .
S [

Forn > % this is > 1, with n > 33 being automatically satisfied. For p € [4, 5],

Ap,p@™)

A (@) > 1 is satisfied for

again by Lemma 3.1 (b), \/g

6

n> 9 too. o
p—2

5 Prerequisites for the proof of Theorem 1.2

We need two lemmas for the proof of Theorem 1.2.

r(27l>
Lemma5.1 (a) For g € [1,2], let f(q) = 4

r(i)

. Then f is decreasing, with

f() =1, f2) = 4%and f (%) <0.7397.

W Birkhauser
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Vg

2
(b) Forq € [1,2], let g(q) = \/Z—qr (q) r (2 - -) Then g' has exactly one zero

inq € (1,2), g1 =~ 1.612, and g is strictly decreasing in [1, q1) and strictly
increasing in (q1, 2], with g (%) =g)=1.Forgq € (%, 2), we have

1 1\ /3 1
glg) <1 —M(— - —> (— — —), M = 0.86326.
g 2)\4 g¢q

Proof (a) Differentiation gives f'(g) = ( (é) (2 - ql)) Since I' is log-
arithmic convex,V is increasing. Hence \IJ (—) < W¥({d) = —yand ¥ (2 - l) <
V() =20-m@) -y, v () +9(2-1) = 20+m@ -1 <0
Therefore f is decreasing in [1, 2]. Moreover, f (%) < 0.7397.

(b) For g we find (In(2))'(q) = 5 (\p (2 _ 5) 7 (ql) _ 21n(2)). The func-

tionh(q) := ¥ (2 — é) 4 (é) —21In(2) is strictly increasing, since with ql—i—% =
we have, using (3.1),

1 1 1 & 1
Wg)=— (v (2—=-)+v =— 0
=5 (1) () - () -

Moreover h(1) = —2 In(2) < 0, h(2) = 2 (1 — In(2)) > 0. Thus & has exactly one
zero q1 € (1,2), g1 ~ 1.612. We get that g is decreasing in [1, ¢1) and increasing in
(q1,2]. We have g(1) = % >1,g(3) =g =1landg(g) < lforq € (,2).

4 RS 1 3 _ 4
For§ < g < 2, choose 0 € (0,1)w1th5 =(1-0);+07,0 = 5—2,

1—-=3-— ;—‘. Since T is logarithmic convex, F := InT satisfies F”/ = W' > 0 and

by Taylor’s formula with second degree remainder we have for some 1 € (%, %)

Pg)zamor(3)ror(3)-57 (0 -3) G-2)

Since by (3.1) ¥’ is decreasing, min

nels.g

1 4 1 4 3 w1 1\ /3 1
F—53——F—+——2F——ﬁ——— ——
q q 2 q 4 2 q 2 4 q
Similarly, for 3 < 2 —5 < 3, choose 6 € (0, 1) with 2 — l = (1-6)2 +63,

4 4 . . 3
9:3—5,1—9:E—Z,suchthatwnhmlnne%% W'(n) = ( )

PG (D) 600G G0

) Birkhauser
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HORZ0

This yields after exponentiation with ¢ := T

4

"(re-)=(()r6)
(G = (=G-2)G-)

Clearly I' (3) T (3) = %, and by the complement formula for the I'-function, see
Abramowitz, Stegun [1], (%) r (%

<

KIS

- _ 7
>_ Tsn(T) 2\ﬁ,so that

25 (1 1 1 1\ /3 1
glg)= | ~-T (-) r (2 - —) < exp (—c (— - —) (— - —)) =1 k(g).
T q q q 2)\4 g

Lete := (% — %) (% — [ll) Then e < é. Numerical evaluation yields ¢ > 0.86917.
By Taylor expansion k(g) < =1- c( - %) e <1—de d =

¢ — 4 > 0.86326 =: M. Therefore g(g) < 1 — M (é -H(E-Y), o

Lemma 5.2 For all ‘—‘ <q =2and0 < s < 3, the functions 8, of (2.6) satisfy

53(5) = 84(5) = 82(s) =exp (——) Further 8 ( %) > 0and s (1) > —0.588.

Proof Let2 < p = T < 4 be the conjugate index of ¢ and s € [25 5 161 we will

show that 8 g () > O or equlvalently T +-384(s) < 0. Form > —1 we have

o0 1 [ mt1_ 1 1
/ r"™ exp(—r?)dr = —/ u p ! exp(—u)du = —T (ﬂ) . (5.
0 p Jo p p

Expanding cos(sr) into its Taylor series at zero, we find using (5.1)

o0 4,, 4n+2
Sg() = <f2n(P) o~ P (0 ,) ZF (p.s) (52
pard (@n)! (4n +2)
F(l+4n—1) F(1+4n+1)
where f7,(p) 1= ﬁ Soan+1(p) = ﬂ Since I' is logarithmic convex,

wehaveforx > 0and0 <6 < 1thatT(x +0) < T(x)'’T(x + 1)? = xT'(x). Let
6
n>2x:= 1+% > land® := %.Weclaimthatxe = (1 + ‘%) < %.This

2 2 r !
is equivalentto (4n+p —1)7 plf? < 4n+ 1. Applying the inequality ab < % + 2

r r’

2 2
Withr::%andr/zﬁ,weget(4n+p—1)ﬁpl_5 < %(4n+p—1)+p—2=

W Birkhauser



On hyperplane sections and projections

Page 190f26 64

2 (4n — 1) + p which is < 4n + 1 if and only if n > ”TH which is satisfied, since
p <4 and n > 2. Therefore

Jon1(p) r (1 + 4n+1)

p 4n + 1
= 5.3
fan(p) r (1 + 4"7_1) = p ©3)
and
4n 2
Jan+1(p) s
Fn(P,s) on(p)(4 )' <

foan(p) (4n+1)(4n + 2))
4n S2
2 a0 >'< m)”

forn > 2and s < 16

s < +/20. Hence for all m > 1, §,(s) > Yoo Fu(p,s)
In particular, for g = %,

we find by numerical evaluation 8% (%) > 0.0026 > 0
choosing m = 2, and 5% (16

2) > —0.588, choosing m = 4. Formula (5.2) implies
d > d 1 &
—38g(s) =) —Fu(p,s)=1——= ) Gu(p,s)
dp ™’ ;)dp ! p* 2O
1 o0

4n

4n+2
o (fzn(p)gzn(l?) (Z Y f2n+1(p)g2n+1(17)s—> ;
n=0

(4n 4 2)!
5.4
where in terms of the Digamma function V¥, g2,(p) = (4n — W (1 + %) +
v (1

— 1), gt () = @n+ DY (14 25) 4w (1

— %) By Abramowitz,
Stegun [1], 6.3, W' is positive, decreasing and W/ (1 4+ x) < —. Therefore

2
dn +1 dn — 1 2 n — 1
w1+ <V |1+ + — \If 1+
p
=<

p p

dn — 1 dn+ 1
xp<1+ " ) —(4n+1)\IJ<1+ "t )
p
dn — 1 —1 dn+ 1
5(4n—l)‘~I’<1 "= >+2l1/< )+ nt
p p

2n
so that
2w(1+4” ‘)+2+2 2
gn+1(p) <14+ o1+ +Cu(p) (5.5
g2n(p) 221 (p) 4n —1

) Birkhauser
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_1
RIS

where C,(p) = () . The function k(x) := ¥ + x) — In(1 4+ x) is
increasing, since using (3.1p) we find

o0

1 1 © gy 1
4 = — — =0
x) Z(n—}—x)2 1+x>/1. (y4+x)?2 14x

n=1

Further, by Abramowitz, Stegun [1, 6.3.18], limy_,co ¥ (1 + x) — In(1 4+ x) = 0.
Therefore for any x > 0, k(x) < 0. For x > 7, k(x) > k() ~ —0.193 > —1.

Henceforn22,\ll(l+‘%) Zln<1+4"7_1>—%and

2\1/(1—%) .
Ca(p) < 1" 2 = R.
(4n — 1)1n(1+%) — dn] +\11(1 —%)

We have that W (1 - %) € [—1.964, —1.085]. The right side is maximal for p = 4,

with W (%) ~ —1.086, the logarithmic term in the denominator being minimal then,

v(3) | g
2- 4n— + 2n

= Dinfo+§) ~ 2w ()

)

—

Cn(p) <

1
foralln > 5. Forn = 2, 3, 4, keeping a dependence on p, we may estimate C, (p) <
R < ¢, (p), where

A tedious calculation yields that C,,(p) < cu(p) := #ﬂw and 725 +¢,(2) <

1 p 1 p 1 p
c(p) = ¢t E,cg(p) =t %704(17) =5t

Using this and Egs. (5.5) and (5.3) we find for n > 2

Soan+r1(P)gon+1(p) _ 4n+1 ( ) 4n +1 ( 2 )
1 n = 1 n(2
Imemp) = p T g taP)=s—— {1+ g7 +a®

. <4n—i—11 1 _4n+5
T =" to1) T
n+4

the last estimate for g,, holding for n > 5, whereas ¢» < %, q3 < 23—5 and g4 < %

This implies

G > () 4ns” =G 0
n(P,8) = fan(p)g2n(p) (n)! ( - m) =:Gu(p,s) >
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foralln >2ands < % < +/12. Hence by (5.4) forallm > 1

d 1 &
%64(@ < —chnms»

For m = 1, with go(s) = 0, we have

9565 =+ [atp) = b o + e(p)2e | =t $(prs)
—38,(s —|a — — 4 c(p)— | =: , S
dp e =T | AP TP TEAPIR6, P

with —0.972 < a(p) = fi(p)g1(p) < —0.954 varying very little, —0.255 <

b(p) == f2(p)g2(p) = 0.114,0 < b(p) for p < 2.83 and c(p) = f3(p)g3(p)
decreasing in p € [2, 4], with value 6.66 at p = 2 and 1.64 at p = 4. Therefore

360|a(p)| = 343.5 and ¢ (p, s) < 0 will be satisfied if

b b(p)\> 343.5
52 < 152P) +\/<15—(p)) 4
c(p) c(p) c(p)
This holds forall 0 < s < %6, if c(p) < 3.275,i.e. p > 2.81.For 0 < p < 2, the

right side is minimal for p = 2 and we require s < 2.72. If p < 2.8l and s > 2.72
one needs two more terms, m = 3, to show %(Sq (s) <0,

d 1 ~ -
——84(8) = —— [Go(p, $)+Gi(p,s)+ Ga(p,s) + Gz(p, S)] < 0.
dp P

Corollary 5.3 For all % <qg <2and % <s < 15—6,

84(s)| < 0.588.

Proof By Lemma 5.2, 84(s) < 8,(s) < 82(s) = exp (—%) < exp (— (%)2) <2
, by
foralls e [£, 18]. By (2.7), 8, (s) = —Fé;

3
ya(s) > 0 forall 0 < s < 3.45, the first positive zero of y4 being at s ~ 3.4535.
Therefore 8% is strictly decreasing in [%, 15—6], with % > Sg(s) > 8% (?) > —0.588
by Lemma 5.2. We conclude that

4 48 16
max | [8,(s)| | g € 32| s€|5 5 | =088

sy4(s). According to Boyd [4], page 83,

]

Remark. For g \( 1, 8,(s) — cos(s), so that |§,(r)| — 1. Corollary 5.3 does not
extend to the range 1 < g < %.
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6 Proof of Theorem 1.2

Proof of Theorem 1.1.
Barthe and Naor [3] showed for 1 < g < oo that

2
Py g(a™ 20 (1 1
lim M: _qr<_>r<2__)
n—00 Pn,q(a(2)) T q q

and this is < 1 if and only if%1 < g < 2,see Lemma 5.1 (b). Now consider % <qg<?2

and let p = qube the conjugate index, 2 < p < 4. As in the proof of Theorem 1.1,
we use cos(x) > 1 — % +)2‘—g >0forall0 <x < %,so that by (2.6) for all s < %ﬁ
3a/m 22 4 4
s )4 2 s Naa s'r 2
A - —— 4+ )P —rPyd
R (= P
q
o0 sr
2 ) 2 P d
+ gsncos<«/;l)r exp(—rt) r)
p © s2rr st 2
- — 42— )P —rPydr — R
zr(l) </(‘) ( 2n +26n2 " exp(=rT) dr
q
I F(l l) r<1+1>s2+r<1+3> A
S r(i-14) P p)m p) 26n2 ’

00 S2 s4
R = 2_%”2—*—267"4 rpfzexp(—rp)dr

1 [ o= 21 s J
= — u P ——ub + ul Jexp(—u)du.
p/(gﬁ)l’ 2n 26n2 p(=u)

_1 3
Thenu 7 < %\/Lﬁ andur <u

3. As in the proof of Theorem 1 (iii), for x > %

/ u? exp(—u)du < ((1 +xX)2+2x + xz))7 exp(—x) < %ﬂ exp(—x).

p 2
Choose again s < \/g Then with x := (%‘/—7') > (%) = % and y :=

N

L(.2 Y413 /31\% 31\”
R<—|2-yv+—=—|=z— exp|— =— .
p\737 " 2620\2y 2y

W Birkhauser



On hyperplane sections and projections... Page 23 0f26 64

4
Wewant R <T° (1 + %) %, a condition which is strongest for p = 2 when it means

5
(4 8l I (z) . 91
= — | < exp| ——
237 " 640 2% > P12
which is the same requirement as in (iii) of the proof of Theorem 1.1, being valid for
0 <y <0.7161. Thus the choice of s < \/g is allowed and then

RV Ll G B L Gt}
(A= o g

We have by Lemma 5.1 (a)‘—l1 <c¢<0.369 < l‘oo,thelowerestlmate attamed forp =

q = 2, the maximum for c attained for p =4, q = g.nTherefore for x := ¢ 5 23070,
2 2

In(1—x) > —x—%l"—x > —x—}%gx and( c%) > exp(—cs?) ( {2gc23n )

This yields the estimate

N

/[1 ) /\fl—exp( csz)( 1002y)d

oo 1 _ 00 1 _ 2
E/ 1 exp( cs? / 1 exp( cs )d IOOc s exp(—csz) ds
0 163 n
25 1 0 1 —exp(—cs 2
=7 ds .
( 163 n ) / - 2 “

Therefore, using (2.6),

12 [°1-% (L)n
Pyg@™)y =T <—) —/ — ds
0

q

), i)
0

Il
—
~
| =
~—
QI

2 s )"

25 1 00 exp(—cs )—(Sq T

Jrell+ —— +/ <f> ds
163 n JE 52

"(@)re-a) ) ()

IA
—
/
Q| =
——
NN

2
Zs,
b4

) Birkhauser
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2\n
= [T P . Since ¢ 2 § and 3,(s) > 0 for all 0 < u < % by
Lemma 5. 2 we find

ooexp 8y (u)]"
S<_/ d +—ﬁg 3y @)

Forn > 8§, v—Tn>1and

2
1 [CXp <_MT”) 1 [*®exp(—v)
— | — L du=- | T2d
NG - u 4J)s v3

3
1 (8\2 [ 4v2 4
<- <—> / exp(—v) dv = { exp (_f) V2 0.8825" .
4 \n % n2 8

3
n2

By Corollary 5.3 we have [8,(s)| < 0.588 for all 3 < u < 8. Therefore

16 16
s, am 1 a5 1
A @I L gsggn [T Z 3 L sgen
2 2
NIE u Jn 8 u 24 /n

Integration by parts shows for %‘ <q <2,2< p<4that

p ° sin(ur) _
|84 ()| 1 / (p—2—prPy r’ exp(=rP) dr
()
1 p * _3
<——/ lp —2— prP| rP=7 exp(—rP) dr
) 0

_“F<%

1-2

1 2p AN 1

—; 1 ( e —~¢(P);,
r(i-4)

using that f(P —2—prP) Fp=3 exp(—rP) dr = FP2 exp(—rP). For ¢, we have that
Ing)(p) =L (20 (1=2) +p—w(1-1))anda(p) =21 (1-2) +p-

1\ o pGH+HE—D)—(p-2¥'(1-1) ) 1
W (1 - ;) isincreasing, since A’ (p) = T and & (1 p) <
2
1 PB+HpP—DH—(p-2 %
W (}) = T sothat ' (p) = o= > 0. Wehave A(2) < 0,A(4) > 40’

so that ¢ is first decreasing and then increasing in [2, 4]. Since ¢(2) < ¢(4) < <,

W Birkhauser



On hyperplane sections and projections... Page 250f26 64

we conclude that |6 (u)| 14 1 . Then

1 [®18,)|" 1 /14\" [ du
7/;6 |q(2)| duf—<?> ﬁﬁ e
n 2 u n 2 u

5 1 7N 51
=——— (=) ==—0875".
16,3

16 /n(n+1) \8
We finally get that
42 51 51
S < { 0.8825" + — — 0.588" + — — 0.875".
n3 24 \/n 16 ,3
0
By Lemma 5.1 (a), o < with equality for p = ¢ = 2, and fS <

™ r(z ) f ’
019539 for all n > 20. We conclude with 2 + 0.10559 < 0.25896 that

o 2 (1 1 0.25896
Pog@®)y < |Zr(=)r(2—=)(1+ .
g q q n

4, so that together with Lemma 5.2 (b)

1
By Barthe, Naor [3] P, 4 (a@?®) =22~

2
() 7
Prgl@™ _ |27 <1)r<2—1) <1+0.25896)
Pn,q(a(z)) s q q n
11\ (3 1 0.25896
<(1-M(--3)(5-=))(1+ . M =0.86326.

0.25896
n

. Then the last productis < 1, since

IA

2
Suppose that n satisfiesn > % #
8 0.25896 2

1 _1y(3_1 3o 4 8025896
M (q 2) (4 q) suffices and this requires n > —hag with 3557~ <
2 §,-2

2 2Z
The condition "— ill be satisfied if A = 315
"5 hao M " Tt T hey

where the last inequality is an equality for ¢ = % and ¢ = 2. Hence for

SIS

54°
(g-$H2—q)’
32 24
n> -1 7+ 2 7 = ¢(g) we have P,,,q(a(”)) < P,,,q(a(z)). The restriction n > 20 is

automatlcally satisfied since the minimum of ¢ is ¢ (%) = 20. We have the equality

. Pug@™) _ |ad 1 1
i 22200 [0 (1) (2 1), o
Remark. Barthe and Naor [3] show that P, ,(a) < Pn,q(a(")) foralla € $"!

and ¢ > 2. Since the quantities are differentiable and coincide for ¢ = 2, they

conclude that %P,,,q (@)|g=2 < WP g (a(”))|q 2 holds. If this inequality were strict,
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Pyga) = Py (a™) might hold for some 2 — ¢, < g < 2. In this case, for g close
to 2, a" might always yield the minimum, and no singularity O(ﬁ) would occur
in Theorem 1.2.

Similarly, in the case of sections, Koldobsky [10] showed that A, , (a my < Ay, pla)
holds forall 1 < p < 2 and a € $"~!, which together with A, 2(a™) = A, 2(a)
implies %An, (@] p=2 < %An, »(@™)] p=>. If this inequality were strict, it might be
that A, ,(a) < A, p(@™) for pclose 02,2 < p < 2+ &,.

However, numerical evaluation of (2.3) yields for p = 6, p = 8 and n = 3, 4 that
a™ is not maximal, since

Ase@®) =23 ~1.260 > A36a@®) ~ 1.250
Asg@®) =28 ~1.297 > Ay @) ~ 1.295 > Ay 5(a®) ~ 1.270.
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