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Abstract

We consider transcendental meromorphic functions for which the zeros, 1-points and
poles are distributed on three distinct rays. We show that such functions exist if and
only if the rays are equally spaced. We also obtain a normal family analogue of this
result.
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1 Introduction and Results

Our starting point is the following result.

Theorem A There is no transcendental entire function for which all zeros lie on one
ray and all 1-points lie on a different ray.

This was proved by Biernacki [6, p. 533] and Milloux [20] for functions of finite order;
see also [5]. The restriction on the order can be omitted by a later result of Edrei [9].
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This result yields that if all zeros and 1-points of an entire function f lie on finitely
many rays, then f has finite order.

The following normal family analogue of Theorem A was proved in [3, Thm. 1.1].
Here D denotes the unit disk.

Theorem B Letr Lo and Ly be two distinct rays emanating from the origin and let F
be the family of all functions holomorphic in D for which all zeros lie on Ly and all
1-points lie on L. Then F is normal in D\{0}.

The purpose of this paper is to consider analogues of these results for meromorphic
functions, with poles being distributed on some further ray. First we note that there exist
meromorphic functions for which zeros, 1-points and poles lie on three distinct rays.
Such a function is given by the following example. Recall here that the Airy function
Al is an entire function which satisfies the differential equation Ai”(z) = zAi(z); see,
e.g., [24, §9.2].

Example 1.1 Let

Ai (@2ni/3Z)

_ mi/3
J@)=e Ai (67271i/3z) :

(1.1)

Then all zeros of f are on the ray {re!”™/3: r > 0}, all poles of f are on {re~"/3: r >0}

and all 1-points of f are on the negative real axis.

We will verify at the beginning of Sect. 2 that the function f defined in Example 1.1
has the properties stated there.

We note that in Example 1.1 the rays are equally spaced. If the rays are not equally
spaced, then we have analogues of Theorems A and B .

Theorem 1.1 Let Lo, L1 and L be three distinct rays emanating from the origin. If
the rays are not equally spaced, then there is no transcendental meromorphic function
for which all but finitely many zeros lie on Ly, all but finitely many 1-points lie on L

and all but finitely many poles lie on L.

Theorem 1.2 Let Lo, L1 and L be three distinct rays emanating from the origin
and let 0 < r < R < oo. Let F be the family of all functions meromorphic in
{z € C: r < |z| < R} for which all zeros are on L, all 1-points are on L1 and all
poles are on L.

Then F is normal if and only if the rays are not equally spaced.

One can deduce Theorem A from Theorem B by considering the family { f (rz) : » > 0}.
Given any transcendental entire function f, this family is not normal at some point in
C\{0}. This approach does not suffice to deduce Theorem 1.1 from Theorem 1.2, since
there are meromorphic functions f for which the family { f(rz): r > 0} is normal
in C\{0}. Such functions were called Julia exceptional functions by Ostrowski [25,
Kap. II] who studied them in detail. They are also called normal functions. Lehto and
Virtanen [19] introduced this terminology for functions meromorphic in a domain G,
but in the case that G = C\ {0} it reduces to the property stated above; see also [11,12]
for a discussion of normal functions.
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Meromorphic Functions with Three Radially Distributed Values 673

The differential equation satisfied by the Airy function implies that the function f
given by (1.1) satisfies the differential equation

S(f)z) = -2z,

2 m 7"\ 2
PN (N 3
SH=\7)a3\7) =7 3\F)-
f 2\ f 2N f
denotes the Schwarzian derivative.
The following result says that—in some sense—all meromorphic functions for

which zeros, 1-points and poles are distributed on three rays are related to the function
of Example 1.1.

where

Theorem 1.3 Let L', L2 and L3 be three equally spaced rays and let f be a transcen-
dental meromorphic function. Then there exist distinct values a1, ay and az such that
all but finitely many a j-points are on L/ if and only if

S(f)(z) = e*'zR (23) , (1.2)

where 0 is the argument of one of the rays L’ and R is a real rational function satisfying
0 < R(c0) < o0.

If L is a linear fractional transformation, then S(L o f) = S(f). One may choose L
such that a, a» and a3 are mapped to 0, 1 and oo.

The rational functions Q for which the equation S(f) = Q has a meromorphic
solution f have been classified by Elfving [10, Kap. IV]; see also [7], [17, Thm. 6.7]
and [18].

An example of a rational function R with poles such that (1.2) has a solution f for
which all (and not only all but finitely many) zeros, 1-points and poles are on the rays
will be given in Remark 4.2.

Nevanlinna [22] raised the following interpolation problem: Given points cy, . . ., ¢4
on the Riemann sphere and ¢ sequences (21 i)ieNs - - - » (Z¢,k)ken in C, when does
there exists a meromorphic function f such that the c j-values are precisely the points
Zj k? For ¢ = 2 such a function exists by the Weierstral3 factorization theorem, so the
problem addresses the case that g > 3. Theorems 1.1 and 1.3 may also be considered
as a contribution to this problem of Nevanlinna.

2 Proof of Theorem 1.2

As we will use Example 1.1 in one direction of the proof, we begin by verifying the
properties of this example.

Proof (Verification of Example 1.1) The zeros of the Airy function are all negative
[24, §9.9]. This implies that all zeros of f are on {re!”™3: r > 0} and all poles of f
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674 W. Bergweiler, A. Eremenko

are on {re ""/3: r > 0}. By [24, Eq. 9.2.12] we have
Ai(z) + e 2N (72712) 4 2T Ai (2712) = 0.
This implies that

eTiBA (627'”'/3Z) — Aj (e—zm'/3z)

f@-1= A (e-27i/37)
LN (eZ”i/3z) + e~ 2mi/3AG (efzm'/az)
=—mi/3 Ai (e 271/%)
_ i3 Ai(z) .
Ai (e—2ni/3z)
Hence the 1-points of f are all negative. O

Let D(a, r) denote the closed disk of radius r around a point a. The following result
was proved in [3, Thm. 1.3] and [4, Prop. 1.1].

Lemma 2.1 Let D be a domain and let L be a straight line which divides D into two
subdomains DV and D™. Let F be a family of functions holomorphic in D which do
not have zeros in D and for which all 1-points lie on L.

Suppose that F is not normal at zy € D N L and let (i) be a sequence in F which
does not have a subsequence converging in any neighborhood of zo. Suppose that
(fx|p+) converges. Then either (fi|p+) — 0 and (fx|p-) — oo or (fx|p+) — o0
and (flp-) — 0. _

Let zq be as before and let r > 0 with D(zo,r) C D. Then for sufficiently large k
there exists a 1-point ay of fx such that ay — zo and if My, is the line orthogonal to
L which intersects L at a, then | fy(z)| # 1 for all z € My N D(zo, r)\{ax}.

The following lemma is a simple consequence of Harnack’s inequality for the disk;
see [2, Harnack’s Inequality, 3.6].

Lemma2.2 Let D C C be a domain and let K C D be compact. Then there exists
C > 1 such that for any positive harmonic function u: D — R we have

max u(z) < C minu(z).
zeK zekK

Lemma 2.3 Let D be a domain and let L be a straight line. Let £ € D\L and let
K be a compact subset of D. Then there exists C > 0 such thatif f: D — Cisa
holomorphic function satisfying | f(§)| > 2 which has no zeros in D and for which
all 1-points lie on L then log | f(z)| < Clog| f(&)| forall z € K.

Proof Without loss of generality we may assume that L = R and Im & > 0. Suppose

that the conclusion is not true. Then there exists a sequence (fx) of functions holo-
morphic in D which satisfy the hypotheses of the lemma and a sequence (¢;) in K
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such that

log /(@] _

2.1
log [/ (§)]
Since the fj have no zeros and 1-points in D\R, the sequence ( fx) is normal in D\R.
Suppose first that the sequence ( fx) is normal in D. If | fx(§)| /4 o0, then there
exists a subsequence of (fx) which tends to a limit function holomorphic in D. This
contradicts (2.1). Thus | fx (§)] — oo and hence f;|p — oo. But then for large k the
functions u given by

_ log|fi(2)|

D) = e )]

(2.2)

are positive harmonic functions in some connected neighborhood of K, and a contra-
diction to (2.1) is now obtained from Lemma 2.2.
We may thus assume that ( fx) is not normal in D. In fact, with

DY :={zeD:Imz>0} and D :={ze D:Imz <0}
we may assume ( fx) converges in D but that there exists @ € D N R such that no
subsequence of (fy) converges in any neighborhood of a. It follows from Lemma 2.1

that either (fx|p+) — 0 and (fx|p-) — oo or (fx|p+) — oo and (fx|p-) — 0. The
first possibility is ruled out since we assumed that & € DT and | fx(¢)| > 2. Thus

(flp+) = o0 and  (fklp-) — 0. (2.3)
We may assume that ¢y — o € K. Lemma 2.2 implies that the functions uj given
by (2.2) are bounded on any compact subset of D, with a bound depending on this
compact subset, but not on k. Together with (2.1) this yields that §p € R. Without loss
of generality we assume that {y = 0. Choose ¢ > 0 such that D(0, 10e) C D. We

may assume that D(0, 10s) C K.
Put

Kl :={zeK:Imz>¢} and K, :={z€K:Imz< —¢}.

Then by Lemma 2.2 the functions uy are uniformly bounded on K. This means that
there exists M > 1 such that log | fi(z)| < M log| fix(¢)| and hence

@I < @M for z € K (2.4)
By (2.3) we also have
| fxk(@]>1 for z e K: 2.5)
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676 W. Bergweiler, A. Eremenko

Fig.1 The curves o and B and the domains Gy (top) and H (bottom)

and

@] <1 <|fi®)M for z € K, , (2.6)

provided k is large enough.

On the other hand, we have | fy (¢x)| > | fi (§)|Y for large k by (2.4). Since ¢, —
Zo = 0 we also have |¢x| < e for large k. By the maximum principle, there exists a
curve o connecting ¢ with the circle {z: |z| = 5S¢} such that

@] = 1@l > &M > 1 for z € oy 2.7
It follows from (2.5), (2.6) and (2.7) that
ar C D(0,5¢)\ (K7 NK,; ) ={z: |z] <5e, [Imz| < &}.

It is no loss of generality to assume that oy connects ¢ with a point on the right arc of
the boundary of the latter set; thatis, oy connects {x withthe arc {z: |z| = 5S¢, |Imz| <
e, Re z > 0}; see Fig. 1.
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Meromorphic Functions with Three Radially Distributed Values 677

It follows from (2.3) that no subsequence of (f;) is normal at any point of D N R.
We may thus apply Lemma 2.1 for any zo € D N R. Since D "R D [—10¢, 10¢]
we may, in particular, choose zp = 3¢/2 or zg = 7¢/2. Doing so we find that if k is
sufficiently large, then there exist 1-points a; and by of fi satisfying ¢ < ar < 2¢ and
3e < by < 4e such that if My and Ny are the lines orthogonal to R which intersect
R in a; and by, respectively, then we have | fi(z)| # 1 for z € My N D(0, 10e)\{ay}
and z € Ny N D(0, 10e)\{by}. This implies that

| fe(z)| > 1 for z € (M UN;)ND(O,10e) N DT, (2.8)
and | fy(z)| < 1 forz € (My U Ny) N D(0, 10e) N D™
The curve «y intersects both lines My and Ny. Let Sy be the subcurve of a; which
begins at the last intersection point of o with M and ends at the first intersection
point of oy with Ng. Note that by (2.7) the starting point uy of B lieson My N{z: 0 <
Im z < ¢} while the end point vy lieson Ny N {z: 0 < Im z < ¢}.

We consider the domain Gy bounded by the arc {z: |z| = 5S¢, Im z > ¢}, the
horizontal line segments

{x—i—ie: — /24 < x gak} and {x—i—ie: b <x < V248},
the vertical line segments
{ar +iy: Imur <y <e} and {by+iy:Imuy <y <eg},
and the curve B; see Fig. 1.
We want to show that the harmonic measure of fi in the domain Gy at the point
2ie is bounded away from 0. This will be done by comparing it with the harmonic

measure of the line segment y := {x —ig: 2¢ < x < 3¢} in the domain H which is
bounded by the horizontal line segments y,

Hx—i—is: — 24 <x < 28} and {x—i—ie: 3e<x < \/248] ,
the vertical line segments
{2e +iy: —e<y<e} and {3e+iy: —e<y<g¢g},

and the arc {z: |z] = 5¢, Im z > ¢}; see Fig. 1.

For a bounded domain G and a compact subset A of 9G, let w(z, A, G) be the
harmonic measure of A at a point z € G. We want to show that

w(2ie,y, H) < w(2ie, B, Gi). (2.9)

In order to do so we note that (see [26, Cor. 4.3.9])

(z, Bk, Gr) = o(z, p N H, Gi) > w(z, py N H, Gy N H) (2.10)
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678 W. Bergweiler, A. Eremenko

forall z € Gy N H.
Another standard harmonic measure estimate (see [4, Lem. 2.6]) yields that

w(z, Bk NH,GyNH) > w(z, v, H)

for all z € Gy N H. Combining this with (2.10) we obtain (2.9).
By (2.5), (2.7) and (2.8) we have

| fi(z)| > 1 for z € 3Gk (2.11)

and large k. Since By C oy we have

[fe@| = | fe(@)|  for z € By (2.12)

by (2.7). Using the Two-Constant Theorem [26, Thm. 4.3.7] we deduce from (2.11)
and (2.12) that

log | fi(2)| = w(z, i, Gi) log | fi (¢k)| (2.13)

for all z € Gg.
Combining (2.13) with (2.4) and (2.9) we find that

Mlog| fi(§)| = log | fr (2ei)]
> w(2¢i, Br, Gi) log | fi (&)
> w(2ei, y, H)log| fi(&x)l.

This contradicts (2.1). O

Proof of Theorem 1.2 Suppose first the the rays Lo, L1 and Lo, are equally spaced.
Let f be the function of Example 1.1. Then there exists & € R such that either
g(z) == f(e"gz) or g(z) = l/f(eigz) defines a meromorphic function g for which
all zeros are on Lo, all 1-points are on L and all poles are on L. Thus for each
k € N the function g; defined by gi(z) = g(kz) is contained in F. It is easy to see
that {gr: k € N} is not normal at any point on any of the rays Lg, L1 and L. Thus
JF is not normal there.

Suppose now that F is not normal. The rays Lo, L1 and L, divide A := {z: r <
|z] < R} into three sectors which we denote by Sp, S| and So. Here Sy is the sector
“opposite” to Lo; that is, the sector bounded by L and L. Similarly, S1 and S, are
the sectors opposite to L1 and L, respectively.

By Montel’s theorem, F is normal in Sy U S1 U Soo = A\(Lo U L1 U L). Thus
our assumption that F is not normal implies that F is not normal at some point in
AN(LoU L1 U Ly). Without loss of generality we may assume that F is not normal
at some point z; € A N L. Let (fx) be a sequence in F which does not have a
subsequence converging in any neighborhood of z;. Since F is normal in Sp and S,
we may assume that (f) converges in Sy and S.. Lemma 2.1 implies that either
(filsy) = 0and (fils,,) — oo or (fils,) = oo and (fils,,) — 0.
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Meromorphic Functions with Three Radially Distributed Values 679

This implies that (f;) is not normal at some point of A N (Lo U L,). Assuming
without loss of generality that (f;) is not normal at some point zg € A N Ly, we
deduce from Lemma 2.1, applied to 1 — fi instead of f, that either (fi|s,) — 1 and
(fklss) = oo or (fkls,) = oo and (fxls,,) — 1. The latter possibility contradicts
our previous finding that either ( fi|s.,) — oo or (fkls,) — 0. Altogether we thus
have (fils,) — 0. (fils,) — 1and (fils,,) — oo: that is,

0 forze Sy,
fk(z) > 11 forz e Sy, (2.14)
oo forz € Seo.

Let now & € Se. Then | fx(§)] — o0 as k — oo. Hence we may assume that
| fx(€)] > 2 for all k € N. Lemma 2.3 yields that the functions u; defined by

log | f (2)1
= 2.15
H) = g 1 fe®) @15

are locally bounded in 77 := Sp U Seo U (L1 N A). Note that the u; are also harmonic
in 7. Passing to a subsequence if necessary we may thus assume that there exists a
function # harmonic in 77 such that

ur(z) > u(z) for z eTy. (2.16)
Similarly, put
log | fi(z) — 1]
) = 2.17
= g @) @17

Then the vy are harmonic in Ty := S; U Soo U (Lo N A). Since | fx (§)| — oo we have
| fx(§) — 1| — oo and log | fx(§)| ~ log|fk(§) — 1] as k — oo. Using Lemma 2.3
again we see that the functions

log | fi(z) — 1]
>
log | fk(§) — 1]

and hence the vy are locally bounded in 7p. Passing to a subsequence if necessary we
thus find that there exists a function v harmonic in Ty such that

v(z) = v(z) for z € To. (2.18)
Moreover,
u(z) =v(z) for zeToNTH = Sec. (2.19)
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680 W. Bergweiler, A. Eremenko

We now consider the functions wy defined by

wi(2) = up(z) — v (z) = (2.20)

fi(@) ‘

1
1
ogl i@l Clfi@ -1

These functions wy are harmonic in T, := Sop U S} U (Loo N A). We have wy — u
in S and wy — —v in . It follows that there is a function w harmonic in T, such
that

wi(z) > w(z) for z € Too, (2.21)
and

w(z) = u(z) forz e Sy, (2.22)
—v(z) forze .

Let now S/, and S/ be the two preimages of So under z — z2. Analogously we
define S, S, S| and S}. We may assume that these sectors are arranged in the cyclic
order S, Sy, Sy, Sk. i, Sy

We now define a function 2: A — R as follows:

v (zz) =u (z2 for z € S,
u(z%) = w(z?) for z € S,
w(z?) =—v (%) for z €S,
h(z) = (2.23)
—v(z?) = —u(z?) for z € S,
—u (zz) =—w (zz) for z € S/,
—w (zz) = (22) for z € §7.

Here the two expressions used in the definition are equal by (2.19) and (2.22).

It follows from (2.14) that u(z) > 0 for z € Sy While u(z) < 0 for z € Sp. Since
u (&) = 1 we see that u is non-constant and thus u(z) > 0 for z € Sy While u(z) < 0
for z € Sp. Analogously we see that v(z) > 0 for z € Sy while v(z) < 0 for z € ;.
This implies that

0 f S US US,
h(z){> OF 2€ D00 & 91 £ 90 (2.24)

<0 for z € S;USS USY.

Let L be any ray separating two of the sectors ., S, S}, S4. S; and S]. Thus L
is one of the preimages of Lo, L1 or Lo, under z +— z2. Let o7, be the reflection
in L. The reflection principle for harmonic functions [26, Thm. 1.2.9] implies that
h(o1.(z)) = —h(z). This implies that all sectors S, S, S}, Sa,, Sy and S} have the
same opening angle. It follows that Sy, S1 or S all have opening angle 2 /3. Thus
the rays Lo, L or Lo, are equally spaced. O
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Meromorphic Functions with Three Radially Distributed Values 681

3 Proof of Theorem 1.1

As mentioned in the introduction, normal functions cannot be dealt with by Theo-
rem 1.2. The results of Ostrowski [25] already mentioned imply in particular that
normal functions have order 0. The following result actually covers functions of order
less than 1.

Proposition 3.1 Let Lo, L1 and L, be three distinct rays emanating from the origin.
Then there is no transcendental meromorphic function of order less than 1 for which
all but finitely many zeros lie on Ly, all but finitely many 1-points lie on L and all
but finitely many poles lie on L.

To prove this proposition, we will use the following lemma. This lemma may be
known, but since we are not aware of any reference, we include a detailed proof.

Lemma3.1 Let a, b, p,q € C\{0} and suppose that 1, p and q are distinct. Then
there exists 5 € (0, ) such that for some arbitrarily large n € N the points 1, ap”
and bq" lie in a sector opening angle §.

Trivially, there is a half-plane (that is, a sector of opening ) containing 1, ap™ and
bq". The point is that § is strictly less than 7.
To prove Lemma 3.1, we will use several other lemmas.

Lemma3.2 Let A, B € 0D such that Re(A + B) > 0. Then 1, A and B lie on an arc
of 0D of length at most arccos(Re(A + B) — 1).

Proof The hypothesis implies that A # —1 and B # —1. We may assume that
ImB > 0, since otherwise we can pass to the complex conjugates of A and B. We
may thus write A = ¢/* and B = ¢/ witha € (=, 7) and 8 € [0, 7). Then

oa+p B—a

Re(A + B) = cosa + cos B = 2 cos cos 5

3.1

Suppose first that « < 0. Then —7 < « 4+ B < 7 and thus cos((x + B8)/2) > O.
Hence cos((B —«)/2) > 0sothat0 < | + B| < B —a < m. Hence

—

Re(A + B) > 2cos? p =1+ cos(B — a).

As the arc on 9D which connects A with B and contains 1 has length 8 — «, the
conclusion follows.

Suppose now that @ > 0. We may suppose that « < §. Then there is an arc on 9D
of length § which contains 1, A and B. Now (3.1) yields that

Re(A + B) > 2cos?

a—;—ﬂ =1+ cos(x + B).

Thus 8 < @ + B < arccos(Re(A + B) — 1), and again the conclusion follows. m]
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682 W. Bergweiler, A. Eremenko

For a sequence (z,)nen in C, we define the average
1 n
av((Zn)nen) == lim ="z,
n—-oon i

provided that the limit exists. For ¢ € C and & € 0D\ {1} we have

n+1
((cé ),,GN) = hm —CZS = lim lcg § =0.

n—oo n 1— é‘
Taking the real part yields for ¢ = ¢!¥ and £ = ¢'" that

0 ift#0 (mod2n),

av((cos(y +nT)Inen) = {cos y if t=0 (mod 2r7) (3-2)

We will use the following lemma.
Lemma 3.3 Let (x,)neN be a bounded real sequence satisfying av((x,)) = 0. If

av((x%)) exists, then

lim sup x,, - lim sup |x,| > av <(x3)) .
n— oo n— oo

Proof Let«, B > 0 and suppose that x, < « and |x,| < B for all large n € N, say for
n > N.Then (x,, — a)2 < —(a+ B)(x;, — ) for all n > N and thus

1 &, 1 o m—N+1 1 )
_ —Do— - _
nl;\]xk otnkg]:vxk+a . ”];:V(Xk o)
1 ¢ n—N+1 1 <
<—@+B- ) w—a)=(@+pa—————(@+h= ) x.
nk:N n nk:N

It follows that av((x N +e? < (ax+ B)a and hence that

av ((x,%)) < ap,
from which the conclusion follows. m|
Proofof Lemma 3.1 Since the conclusion depends only on the arguments of a, b, p
and ¢, we may assume that |a| = |b] = |p| = |g| = 1. We write a = e b = elP,

p= e'? and q = eV, with a, B,¢, ¥ € (—m, ). Since 1, p and g are distinct we
have

¢#0, ¥v#0 and ¢ #. (3.3)
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Meromorphic Functions with Three Radially Distributed Values 683

We will apply Lemma 3.3 with
xp :=Re (ap" + bq") = cos(a + np) + cos(B + n). (3.4)

It follows from (3.2) that av((x,)) = 0. We have

2

x5 = cos” (o + ng) + cos>(B + nyr) + 2 cos(a + ne) cos(B + nyr)

=1+ %cos(Za + 2n¢o) + %cos(Zﬂ +2ny) + cos(a + B + n(¢p + ¥))
+cos(a — B+ n(p — ¥)).

Suppose first that 2¢p # 0 (mod 27) and 2¢ # 0 (mod 2x). Equivalently, ¢ # 7
and ¥ # 7. It follows from (3.2) and (3.3) that

av((:2)) = {1 o

14+ cos(a + B) if ¢ = —.
Thus av((x,%)) > Qunless¢ = —Yanda+ B = (mod 27). Postponing this excep-
tional case, and noting that lim sup,,_, o, 1x,| < 2 by (3.4), we deduce from Lemma 3.3
that there exist arbitrarily large n € N such that x, > av((x,zl)) /4. Lemma 3.2
implies that for such n the points 1, ap” and bg" are contained in an arc of length
arccos(av((x,zl))/4 — 1). In this case we may thus take § = arccos(av((x,zl))/4 —1).

Suppose now that 2¢ = 0 (mod 2m). Then ¢ = 7 and thus ¢ # —. Hence

av ((x,%)) =1+ %005(205) > 0,

and the conclusion follows as before. The case that 29y = 0 (mod 27) and thus
Y = m is analogous.

It remains to consider the case that ¢ = — and « + f = 7 (mod 27). Then
q = p and b = —a. Thus ap” and bq" are symmetric with respect to the imaginary
axis so that Im(ap™) and Im(bg™) have the same sign. If § with the properties claimed
does not exist, we thus must have

min{|ap” + 11, |bg" + 1|} = min {|ap" + 11, lap™ — 1|} — 0.
Thus the only accumulation points of the sequence (ap”) are 1. This implies that

p = *x1 and g = F1, contradicting the hypothesis that 1, p and ¢ are distinct. O

Lemma3.4 Let F, G and H be transcendental entire functions for which the argu-
ments of the Taylor coefficients tend to 0. Let p, q,r € 0D be distinct. Then F(pz),
G(qz) and H(rz) are linearly independent.

Proof Let

oo oo oo
FR) =) an". G@) =Y " and H@) =Y yu2".
n=0 n=0

n=0
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The hypothesis says that
arga, —> 0, argB, -0 and argy, — 0, 3.5
as n — 00. Suppose now that
aF(pz) +bG(qz) +cH(rz) =0,
with a, b, ¢ € C.If ¢ = 0, then we easily obtain a = b = 0. Thus suppose that ¢ # 0.

Without loss of generality we may assume that c = 1. We may also assume thatr = 1.
It follows that

apap” + Bubq" + vn =0, (3.6)

for all n > 0. Lemma 3.1 implies that there exists arbitrarily large n such that the
arguments of ap”, bg" and 1 lie in an interval of length at most §. It thus follows
from (3.5) that the arguments of «,ap”, B,bq" and y, lie in an interval of length less
than 7r. This contradicts (3.6). O

Lemma 3.5 Let F be an entire function of the form

o z
F(z) = P(2) (1+—>,
HUs

where (xi) is a sequence of positive numbers tending to oo and where P is a polynomial
with positive leading coefficient. Then the arguments of the Taylor coefficients of F
tend to 0.

Proof Let
lo_o[ (1 + i) = ia ", P(x) = ib " and F(z) = ic "
k=1 < n=0 . n=0 ' n=0 '
Then

d
e = Zbkan_k. (3.7)
k=0

Itis well-known and easy to prove thata, > 0 and a,zl > ap_1au4 foralln € N. (More
generally, the sequence (ay) is totally positive; see [1]). Thus a,+1/a, is decreasing.
Since F is entire, this implies that a,11/a, — 0.

Dividing (3.7) by a,—4 we find that

an—d an—d

d—1
Cn =by+ Zbkan_k — by,
k=0
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as n — oo. Since a,—4 > 0 and b; > 0 we conclude that arg ¢;, — 0. O

Proof of Proposition 3.1 Let f be a transcendental meromorphic function of order less
than 1 for which all but finitely many zeros lie on L, all but finitely many 1-points
lie on L and all but finitely many poles lie on L. Without loss of generality we
may assume that f(0) € C\{0}. Let I1p, IT; and 1 be the canonical products of the
zeros, 1-points and poles. Then

_ )10 o

oo

for some constant C. It follows that
fO)IIy = CII| 4 M. 3.8)

Let —p, —q and —7 be the points where the rays Lo, L; and L, intersect D). Then
[Ty can be written in the form Ilg(z) = aF(pz) where F satisfies the hypothesis
of Lemma 3.5 and @ € C\{0}. Similarly, IT;(z) = bG(pz) and I (z) = cH(pz)
for entire functions G and H satisfying the hypothesis of Lemma 3.5, and b, ¢ €
C\{0}. Equation (3.8) says that F(pz), G(gz) and H (rz) are linearly dependent. This
contradicts Lemma 3.4. O

Proof of Theorem 1.1 Let f be a transcendental meromorphic function for which all
but finitely many zeros lie on L, all but finitely many 1-points lie on L and all but
finitely many poles lie on L. Proposition 3.1 implies that f has order at least 1. The
results of Ostrowski [25] already quoted yield that the family { f(rz): r > 0} is not
normal in C\{0}. The conclusion now follows from Theorem 1.2. O

4 Proof of Theorem 1.3

Let g: [ro, 00) — R be a positive increasing function and A > 0. A sequence (rg)
tending to oo is called a sequence of Pélya peaks (of the first kind) of order A for g if
for every ¢ > 0, we have

g(try) < (1 +e)thg(ry) for e <t < —, 4.1)

™ | =

for all large k. If instead of (4.1) we have

’

™ | =

g(try) > (1 — &)t g(ry) for e <1 <

for all large k, then (ry) is called a sequence of Pélya peaks of the second kind (of
order A for g).
Put

t
p* :=sup{p e R: limsup 8(tr) =00, (4.2)
r,t—00 ﬂ’g(r)
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and
. e &)
Py 1= inf {p e R: lrlrtn_gg ) O} . 4.3)
Then
1 1
0 < py < liminf 228D _ i sup 288D _ v _ oo (4.4)

r—oo logr r—oo logr
The upper and lower limits in (4.4) are called the order and lower order of g. For a
meromorphic function f the order and lower order are obtained by taking for g(r) the
Nevanlinna characteristic 7 (r, f).

The following result is due to Drasin and Shea [8].

Lemma4.1 Let g: [rg, 00) — R be a positive increasing function and A > 0. Then
the following are equivalent:

(@) px =X = p*
(b) g has Polya peaks of the first kind of order M.
(c) g has Polya peaks of the second kind of order A.

We will also use the following standard result about positive harmonic functions.

Lemma 4.2 Let u be a positive harmonic function in the right half-plane which extends
continuously to iR\{0}, with u(iy) = 0 for y € R\{0}. Then u(z) = Re(az + b/z)
witha,b > 0.

To prove this result, we note that [2, Thm. 7.26] yields that u has the form aRe z+ P (z)
where P is a Poisson integral for the right half-plane. Applying [2, Thm. 7.19] to
u(z) — aRez shows that P has the form P(z) = Re(b/z).

Lemmas 4.1 and 4.2 will be used to prove that the Schwarzian S( f) is rational. In
order to prove that S(f) is not only rational, but has the form (1.2), we need results
of Elfving [10] and Nevanlinna [23] concerning meromorphic functions with rational
Schwarzian derivative. These results were proved by Nevanlinna for the case of a
polynomial Schwarzian derivative and extended to rational Schwarzian derivatives by
Elfving.

The first result we need is the following.

Lemma 4.3 Let Q be a rational function satisfying Q(z) ~ az® as z — oo, with
d € Nand a € C\{0}. Let f be a meromorphic function satisfying

S(f)=0. (4.5)
Then f has order (d +2)/2.

We will see that in our case the order of f is 3/2 so thatd = 1. Thus Q(z) ~ az
as z — o0. It is no loss of generality to assume that a < 0. The asymptotics of f are
then described by the following result.
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Lemma4.4 For j € {1,2,3}, let LV = {re!@i=D7/3. p 5 0}, The rays L7 divide C
into three congruent sectors. Let V; be the sector opposite to L/.
Let ¢ > 0 and let Q be a rational function satisfying

0(z) ~ —cz as z — 0.

Let f be a meromorphic function satisfying (4.5).

Then there exist distinct values ay, az, a3 € C := CU{oo} such that f(z) — a;j as
|z] = oo in any closed subsector of V. These values aj are logarithmic singularities,
and f has no other asymptotic values.

Foreach j € {1, 2, 3}, the function f has infinitely any a j-points, and given ¢ > 0,
all but finitely many a j-points are contained in the sector of opening angle ¢ bisected
by L.

Moreover, a meromorphic function F satisfies S(F) = Q if and only if F is of the
form F = L o f with a linear fractional transformation L.

Replacing f by L o f with a linear fractional transformation L we can replace the
values ay, ay and a3 by three other distinct values, in particular by the values 0, 1
and oo.

The following result is due to Gundersen [ 14, Thm. 3]. Here a meromorphic function
f is called real if f(x) € R U {oo} for all x € R. Otherwise it is called non-real.

Lemma4.5 Let A be a non-real polynomial of degree n, put

A(z) — A®)

F(z) = T

and let p denote the number of distinct real zeros of F. Let w be a non-trivial solution

of
w’ + Aw = 0. (4.6)

Then the number k of real zeros of w is finite and we have k < p + 1. In particular,
k<n+1

If A is a polynomial, then every solution w of (4.6) is entire. It follows from Lemma 4.5
that if there is a solution of (4.6) which has infinitely many real zeros, then A is real.
If wi and w, are linearly independent solutions of (4.6) , then f := w;/w> satisfies

S(f) = 2A. (4.7)

Conversely, every solution f of (4.7) is a quotient of two linearly independent solutions
of (4.6). Thus we find that if f satisfies (4.7) for some polynomial A and if f has
infinitely many real zeros, then A is real. Since S(L o f) = S(f) for every linear
fractional transformation L we see that if a meromorphic function f* satisfying (4.7)
has infinitely many real a-points for some a € C, then A is real.

It turns out that this remains valid for rational functions A.
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Lemma 4.6 Let Q be a rational function and let f be a meromorphic functions sat-
isfying S(f) = Q. If f has infinitely many real a-points for some a € C, then Q is
real.

As explained above, this result follows from Lemma 4.5 if Q is a polynomial. However,
the proof extends to the case that Q is rational. We note that in order to prove Lemma 4.6
for rational Q it does not suffice to extend Lemma 4.5 to the case that A is rational and
w is meromorphic, since for rational A the solutions of (4.6) may be multi-valued, but
the quotient of two multi-valued solutions may be single-valued. However, the proof
of Lemma 4.5 given in [14] also extends to multi-valued functions.

The proof of the following lemma uses Lommel’s method to prove that the zeros
of Bessel functions are real; see [27, p. 482].

Lemmad4.7 Letr >0,y > —2and0 < o < 7w with 2+ y)a < w. Letu and A
be holomorphic in S = {z: |z| > r, |arg z| < «} and suppose that u” + Au = 0.
Suppose also that both u and A are real on the real axis and that there exists ¢ > 0
such that

A(R) ~cz¥ as z— 00,z €S. 4.8)

Then there exists x1 > r such that all zeros of u in {z: |larg(z — x1)| < «} are real.

Proof A classical result of Kneser [16, Sect. 6] implies that u has arbitrarily large
positive zeros. (Kneser’s result says that this is the case if there exists § > 0 such that
x2A(x) > 1/4 + & for all large x.)
It follows from (4.8) that arg A(z) = yarg z 4+ o(1) as z — oo. Since arg A(x) =
yarg x = 0 for x > r this actually implies that
argA(z) = (y +o(l))argz as 7z — oo, 7 € S. 4.9)

If x; is large and |arg z| < «, then |x; + z| is also large. Thus (4.9) yields that
arg(2A(z +x1)) = 2arg 2 + (y + o(D)arg(z + x1),

asx; — oo. Since |arg(z+x1)| < |arg z|, it now follows from the hypotheses y > —2
and (2 + y)a < m that

Im(zzA(z +x1)) ~0 for zeS with Imz > 0, (4.10)

provided x; is sufficiently large.
Put v(z) := u(x; 4+ z) and B(z) := A(x1 + z), with a large zero x; of u. Then
v+ Bv=0and v(0) =0.Leta,b €S —x; ={z—x1:z€S}. Then

% (av'(at)v(bt) — bu(at)v'(bt)) = a*v" (at)v(bt) — b*v(at)v” (br)

- (&B(m) - b2B(bt)> v(atyv(br). (4.11)
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Let now & € S7 := {z: |arg(z — x1)| < «} be a non-real zero of u. Then_g is also a
zero of u. We may assume thatIm & > 0. Witha ;=& —x; € Sandb:=& —x; € §
we have v(a) = v(b) = 0. It follows from (4.11) that

1
0= / (a2B(at) _ sz(bt)> v(at)v(bt)dt
0
1
=2 / Im<a23(m)) lv(ar)|2dt. (4.12)
0
By (4.10) we have

Im(a2B(at)) - tlzlm((ta)2A(at +x1)> 0.

This contradicts (4.12). Thus all zeros in the sector Sy lie on the positive axis. m]

Remark 4.1 Considering u(—z) instead of u(z) we see that Lemma 4.7 remains valid
ifweput S :={z: |z| > r, larg z — | < o} and assume that there exists ¢ > 0 such
that A(z) ~ —cz¥ asz — ooin S.

Proof of Theorem 1.3 Suppose first that there exist a;, a» and a3 such that all but
finitely many a;-points are on the ray L/. We may assume that a; = 0, a; = 1 and
az = 00, since otherwise we can replace f by L o f with a suitable linear fractional
transformation L. We switch to the notation previously used by putting Lo = L',
Ly=L%and Ly = L>.

Let

n(r):=n(r,0) +n, 1) +n(r, 00).

and let p, and p* be defined by (4.2) and (4.3), with g(r) replaced by n(r).

Since f has at most two Borel exceptional values [13, Cha. 3, Thm. 2.2], the order
of n(r) is equal to that of f. Since f has order at least 1 by Proposition 3.1, Lemma 4.1
yields that p* > 1.

For a sequence (r¢) tending to oo, we consider the sequence ( fi) defined by fi(z) =
f(rkz). We will prove the following:

(a) If (fx) is normal in C\{0}, then (r¢) has a subsequence which is a sequence of
Pélya peaks of order O for n(r).

(b) px <3/2.

(c) If (rr) is a sequence of Pdlya peaks for n(r) of finite non-zero order A, then
A =3/2.

Since p* > 1 we can deduce from (b), (¢) and Lemma 4.1 that p, = p* = 3/2. This
implies that n(r) and hence f have order 3/2. Moreover, it follows from (a) that if
(rr) is a sequence tending to oo, then the sequence ( fx) cannot be normal in C\{0}.
To prove (a), let (fx) be normal in C\{0}. Passing to a subsequence if necessary,
we may assume that (fx) converges, say fx(z) = ¢(z) in C\{0}. Let 0 < ¢ < 1 and
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let K, be the number of zeros, 1-points and poles of ¢ in {z: ¢/2 < |z| < 2/e}. For
large k we then have

n(re/e) —n(ery) < Ke.
For ¢ <t < 1/¢ and large k it follows that

n(try) < n(ri/e) <n(ery) + Ke <n(ry) + Ko < (1 4+ &)n(ry),

as well as
n(tri) = n(ery) > n(ri/e) — Ke > n(ry) — Ke > (1 — &)n(rg).

Thus (1) is a sequence of Pélya peaks for n(r) of order 0 of both the first and second
kind.

To prove (b), wenote that f has order atleast 1 and thus is not normal by Ostrowski’s
result [25]. Hence there exists a sequence (rg) such that ( fx) is not normal in C\{0}.
We will proceed as in the proof of Theorem 1.2, but this time Sp will be the sector in
C which is opposite to Lg, and not its intersection with the annulus A. Similarly, S;
and Sy are sectors in C, and so are the sectors T, S, and S with a € {0, 1, oo}. For
example, 71 := So U Seo U L1\{0}. As the rays Lo, L1 and L, are equally spaced,
the sectors Sp, S1 and So, have opening angles 27 /3.

As in the proof of Theorem 1.2 we define uy, vy and wy by (2.15), (2.17) and (2.20).
Passing to a subsequence of (ry) if necessary we find as in the proof of Theorem 1.2
that these sequences converge in the appropriate sectors; that is, we have (2.16), (2.18)
and (2.21). With & defined by (2.23) we find again that (2.24) holds.

Lemma 4.2 yields that u has the form u(z) = Re(e'*(az’/? + b/z3/?)) where
a,b,t € Rwitha, b > 0. Since

log|fe@/r)l _ log|fE)N
log|fx(§/ri)l  log|f(rk&)l

we deduce that b = 0. This implies that / has the form

up(&/re) =

3

h(z) = Re (cz3) , (4.13)

for some ¢ € C\{0}.
It follows from (2.16) and (4.13) there exists a sequence (cx) in C such that

log f(rkz) ~ cxz?? for z €Ty. (4.14)

Now f(rrz) = 1 if and only if log f(rxz) = 2mwim for some m € Z. This implies that
if0 < 8§ < e < 1, then

n(tre, 1) — n(re, 1) ~ ? <t3/2 - 53/2> for e <1 <
T

™ | =
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Putting

|cx]8%2

ar =n(6ri, 1) — T and b; = M

27’

we find that there exists a sequence (&) tending to O such that

1
n(try, 1) —ap ~ bkt3/2 for gp <t < —.
&k

The same reasoning can be made for zeros and poles and this yields that

3/2 1
n(try) — Ay ~ Byt for ¢ <t < —, 4.15)
&k

for suitable Ax, Br € R with By > 0. Noting that n(exry) > 0 we deduce from (4.15)
that

A > —(14o(1))Bes;”.
Together with (4.15) this implies that if 1 <t < 1/gg, then

2020 (r) = n(er) = 262 (A + (1 + 0(1) Bi) — Ax — (1 + o(1)r*2 By
= @232 — DA+ (1 +0(1))?/* By

> (—(1 o) — e + (1 + 0(1))13/2) By
>0
for large k. Thus
n(try) 1
T o for 1<t < —,
S R

for large k. This implies that p, < 3/2.

To prove (c), let (rx) be a sequence of Pdlya peaks (of the first kind) for n(r) of
order A > 0. It follows from (a) that (f) is not normal. Thus we may assume that
(4.15) holds.

Let M > 1 > ¢ > 0. By the definition of Pdlya peaks we have

n(er) < (1+e)e*n(ry),
for large k. Together with (4.15) this yields that

(1 — &)Bre /? < n(ery) — Ax
< (1 +8&)e"n(r) — Ax
< (14 &) (Ax 4+ (1 + ) By) — Ag.
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Hence
(1= (1 +e)e*) Ay < ((1 +e)2dh —(1— 8)83/2) By
Similarly,
(1— (1 +e)M*) Ay < ((1 Feo)?MF— (1 — s)M3/2) Bi.
The last two inequalities imply that

(1 +e)%e* — (1 —g)ed?
1—(1+e)e

_ = e)M3? — (1 + &)*M*
- (14+e)M* — 1

o Ak
= B,

Suppose now that A < 3/2. Then for small ¢ the left hand side is less than 1, while
for large M the right hand side is greater than 1. This is a contradiction. This implies
that there are no P6lya peaks of the first kind of order less than 3/2.

The same arguments can be made for Pélya peaks of the second kind. This yields
there are no Pdlya peaks of the second kind of order greater than 3/2. Lemma 4.1
yields that p* = p, = 3/2, meaning that all P6lya peaks of the first or second kind
have order 3/2. This completes the proof of (c).

As explained above, it follows from (a), (b) and (c) that if (r¢) tends to oo, then
(fx) is not normal in C\{0}. Moreover, f and n(r) have order 3/2.

Next we show that f has only finitely many critical points; that is, f’ has only
finitely many zeros and f has only finitely many multiple poles. Suppose that f has
infinitely many critical points. Then one of the sectors Ty, 71 and T, contains a closed
subsector which contains infinitely many critical points. Without loss of generality we
may assume that this holds for 77; say (zx) is a sequence of critical points contained
in a closed subsector Tl/ of Tp such that ry := |zx| — 00. As the sequence (f) is not
normal, we may assume that (4.14) holds. Differentiating we obtain

ref'(rez) 3

flrz) 2

172 for 7 € T;.

This contradicts the assumption that 7} contains a critical point of modulus r¢. Hence
f has only finitely many critical points. This implies that the Schwarzian S(f) has
only finitely many poles so that N (r, S(f)) = O(logr).

Since f has finite order, the lemma on the logarithmic derivative (see [13, Sect. 3.1]
or [15, Sect. 2.2]) yields that m(r, S(f)) = O(logr). It follows that

T(r,S(f))=N(@r,S(f)+mr,S(f)) = Odogr)
so that S(f) is rational.
Let Q := S(f).Since f hasorder3/2, Lemma4.3 yields that there existsa € C\{0}

such that Q(z) ~ az as z — oo. With out loss of generality we may assume that a is
negative, say a = —c with ¢ > 0.
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Lemma 4.4 implies that the set {L1 J L2, L3} of rays considered there coincides with
the set {Lo, L1, Loo}. As L? is the negative real axis, Lemma 4.6 implies that Q is
real.

Let w = ¢*™/3 and put fi(z) := f(wz). Then S(f1)(z) = 0> Q(wz). Lemma 4.6
implies that »?Q(wz) is also real.

Writing
0 .
Q@) =—cz+ Y cjz/
j=—00
we have
0 . .
0?Q(wz) = —cz + Z cja)zﬂzj.
j=—00

It follows that both ¢; and ¢ ja)2+j are real for all j < 0. This implies that ¢; = 0
if ¢ # 1 (mod 3). Hence Q has the form Q(z) = —zR(z%) where R(c0) = ¢ > 0.
Thus f satisfies (1.2).

It remains to prove the converse direction. Thus suppose that R is a real rational
functions satisfying 0 < R(00) < oo and that (1.2) has a meromorphic solution. Then,
as remarked after Lemma 4.4, the Eq. (1.2) also has a meromorphic solution f with
the asymptotic values 0, 1 and oo.

Without loss of generality we may assume that ¢’ = —1. Putting Q(z) :=
—zR(z%) we thus have S(f) = Q. In view of Lemma 4.4 we may assume with-
out loss of generality that all but finitely many 1-points of f are contained in a small
sector bisected by L? = (—o0, 0].

The functions f(Z) and 1/ f (z) have the same asymptotic values in the sectors V.
Since both functions have Schwarzian derivative Q, and thus by Lemma 4.4 differ
only by a linear fractional transformation, this yields that they are actually equal; that
is,

1 -
— = f(@. 4.16
7@ @) (4.16)

It follows from (4.16) that the 1-points of f are symmetric with respect to the real
axis.

We may write f = wi/w> where the w; satisfy w’/.’—i—ij =0withA = Q/2. We
have f = 1 if and only if w := w; — wy = 0. Thus the zeros of w are also symmetric
with respect to the real axis. This implies that w = cw(z) where ¢ = €'V for
some y € R. Thus u := ¢/¥/?w is real on the real axis. Choosing « < /3 we deduce
from Lemma 4.7 and Remark 4.1 all but finitely many zeros of u are negative.

It follows that all but finitely many 1-points are contained in the negative real
axis L2. The proof that the other two rays L' and L3 contain all but finitely many
zeros and poles follows with the same argument. O
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=X ——0=—X——0 o ——X e — O —=X——0 X —0

Fig.2 Two line complexes

Remark 4.2 The main objective of the papers of Nevanlinna [23] and Elfving [10] cited
above was to study Riemann surfaces with finitely many branch points. They showed
that such surfaces correspond to meromorphic functions with rational Schwarzian
derivative.

Elfving described such surfaces (and functions) in terms of line complexes (also
called Speiser graphs). We do not give the definition of a line complex here, but refer
to [13, Sect. 7.4] and [21, Sect. XI.2]. Two line complexes are sketched in Fig. 2.

The left one was also considered by Elfving [10, Sect. 2, Abb. 3]. The function
corresponding to this line complex has three logarithmic singularities and three critical
points, and the critical values corresponding to these three critical points coincide with
the three logarithmic singularities.

Elfving [10, Sect. 47] considered how symmetry of the line complex is reflected in
the function; see also [23, Sect. 42]. For the line complexes given in Figure 2, and the
associated meromorphic functions f, it follows [10, p. 59] that S( f) has the form (1.2)
with rational functions R satisfying R(co) € C\{0}. In addition, the mirror symmetry
of the line complexes implies that R is real.

For the left line complex in Fig. 2, the function f has only three (simple) critical
points. Hence S(f) has three (double) poles. Thus R has only one (double) pole p
and hence the form

a n b
i—p (—p?*

R(z) = —c+ (4.17)

We recall that Elfving [10, Kap. IV] determined for which rational functions Q the
equation S(f) = Q has a meromorphic solution f. It can be deduced from his result
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that if R is given by (4.17), then (1.2) has a meromorphic solution if and only if
b= —27p/2and ¢ = (4a® + 36a + 45)/72p.

We may assume that —c = R(c0) < 0 and that f has logarithmic singularities
over 0, 1 and oo, with the 1-points close to the negative real axis, corresponding to
the branch of the line complex which extends to the left. The simple 1-points then
correspond to the double edges of the line complex on this branch, and there is one
double 1-point corresponding to the diamond at the end of this branch. Since 1-points
are symmetric with respect to the real axis, it follows that all 1-points must lie on the
negative real axis.

Thus there are rational functions R with poles such that (1.2) has a solution f for
which all (and not only all but finitely many) zeros, 1-points and poles lie on three
rays.

For the right line complex in Fig. 2 the situation is different. Assume again that
the 1-points are distributed along the negative real axis, corresponding to the branch
of the line complex which extends to the left. The center of the hexagon on this
branch corresponds to a negative 1-point. However, there are also further 1-points
corresponding to double edges of the hexagons on the other branches. So it may
happen that not all but only all but finitely many zeros, 1-points and poles lie on the
rays.

Putting more than one hexagon on the branches stretching to oo, or replacing the
hexagons by (4n + 2)-gons for some n > 1, we find that the rational function R in
(1.2) may have arbitrarily high degree.

Remark 4.3 1In the proof of Theorem 1.3, we have used Lemma 4.7 to prove that zeros,
1-points and poles are on the respective rays. Alternatively, we could have used the
symmetry of the associated line complex, similarly to the reasoning in Remark 4.2.
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