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"The game is not about striving for balance.
It is about finding the seeds of order, even in the

midst of profound chaos."

— vulcan proverb
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Summary

In this thesis we study the biased Maker-Breaker k-cycle game on the complete
graph K, for a fixed k € N. This is a special case of Maker-Breaker subraph games
that are played by two players called Maker and Breaker who alternately claim
edges of K,, that were previously unclaimed by either player. Maker wins the game
if he is able to claim a complete copy of a certain subraph C', which is a k-cycle in
the case of Maker-Breaker k-cycle games studied in this thesis. Otherwise Breaker
wins. These games are typically played with a bias ¢ € N, meaning that Breaker is
allowed to claim up to g edges per turn while Maker only claims one. M. Bednarska
and T. Luczak [BLOO] proved that for every Maker-Breaker subgraph game there are
constants cg, ¢; > 0 such that for large n Maker has a winning strategy if ¢ < ¢ n™(©)
and Breaker can win if ¢ > ¢, n™©), where m(C) is only depending on the fixed
subgraph C' Maker has to build. They conjectured these constants could be choosen
arbitrarily close to each other but this conjecture remains open if C' contains a
cycle. Bednarska and Yuczak did not explicitly calculated the constants that would
emerge from their proof but L. Wolos [Wol23| gave upper and lower bounds for these
constants for some example graphs C: even for the smallest graphs the constants
are magnitudes apart from each other. To find explicit constants that are close to
each other means that the corresponding strategies are significant and therefore it
is one of the most major tasks regarding Maker-Breaker subraph games. V. Chvatal
and P. Erdos [CETS8] find such constants for one of the most famous combinatorial
games, the triangle game, by giving strategies for Maker and Breaker and prove that
Maker can win the game if ¢ < (2n +2)n'/?2 —5/2 and Breaker can win if ¢ > 2n'/2.
The constant ¢y = v/2 remains the best known value for the triangle game to date,
whereas for ¢; several further improvements have been achieved. The most recent
one is by C. Glazik and A. Srivastav [GS22] who were able to lower the constant to

c1 = 1/8/3 by using a newly invented concept of balance functions. Using similar
techniques, a strategy was given in the author’s master’s thesis [Sow21] that leads
to a win for Breaker in the Maker-Breaker Cy-game if ¢ > 3%/1 n?/?. Besides that,
no explicit upper or lower bound constants ¢y and ¢; were found for any non-trivial
Maker-Breaker subgraph game yet. In particular, no constructive Maker strategy
with large constant ¢y was known for C' = Cy, k > 3, and also no Breaker strategy
was known for C' = C%, k > 4. In Chapter 2 we introduce two new Maker-Breaker
games strongly connected to cycle games and give winning strategies for Maker under
certain assumptions. In Chapter 3 we use these results to give first explicit Maker
strategies for the Cy-game and the Cg-game respectively: we prove that Maker has
a winning strategy in the Maker-Breaker Cy-game if ¢ < 0.16 n*? and a winning
strategy in the Maker-Breaker Cg-game if ¢ < 0.007 n*/®. In Chapter 4 we generalize
the ideas used in [GS22] and [Sow21] to prove a theorem that allows to find Breaker
strategies for Maker-Breaker subraph games by using balance functions and thereby
settle, in the affirmative, a conjecture proposed by Joel Spencer in 2019. In Chapter
5 we apply this theorem to find Breaker strategies for Maker-Breaker k-cycle games
with arbitrary k£ and prove that Breaker has winning strategies in these games if

qg> " (k — 1)(2(kk—1))k—2nk—2_




Zusammenfassung

In dieser Dissertation untersuchen wir das Maker-Breaker-k-Kreis-Spiel mit Bias
auf dem vollstandigen Graphen K, fiir ein festes n € N. Dies ist ein Spezial-
fall von Maker-Breaker-Subgraphen-Spielen, oder kurz Subgraphen-Spielen, die von
zwei Spielern, genannt Maker und Breaker, gespielt werden, welche abwechselnd
bisher ungefirbte Kanten des K, in ihrer jeweiligen Farbe firben. Maker gewinnt
das Spiel, falls er es schafft, eine Kopie eines gewissen Subgraphen C' in seiner Farbe
zu farben. Anderenfalls gewinnt Breaker. Im Falle der in dieser Arbeit untersuchten
k-Kreis-Spielen, ist dieser Subraph ein Kreis der Lange k. Typischerweise werden
diese Spiele mit einem sogenannten Bias ¢ € NV gespielt, was bedeutet, dass Breaker
in jedem Zug bis zu ¢ Kanten, aber Maker nur eine Kante, farben darf. M. Bednarska
and T. Luczak [BLOQ] zeigen fiir jedes Subgraphen-Spiel Konstanten ¢y, c¢; > 0 ex-
istieren, derart, dass Maker fiir geniigend grofle n eine Gewinnstrategie besitzt,
falls fiir den Bias ¢ < c¢on™©) gilt, wobei m(C) eine Konstante ist, die nur von
dem festen Subgraphen C' abhéngt und vermuten auflerdem, dass beide Konstanten
beliebig dicht beieinander gewéhlt werden konnen. Diese Vermutung bleibt unbe-
wiesen, falls C' einen Kreis enthélt. Bednarska and f.uczak berechnen die Konstanten
nicht explizit, aber L. Wolos [Wol23| zeigt, dass diese Konstanten selbst fir kleine
Beispielgraphen C' um mehrere Groflenordnungen auseinander liegen. Konstanten
zu finden, die dicht beieinander liegen, bedeutet, dass die dazugehorigen Strategien
hochwertig sind, was es zu einer der Hauptaufgaben im Bereich der Subgraphen-
Spiele macht. V. Chvatal and P. Erdés [CETS8] finden solche Konstanten fiir eines
der berithmtesten kombinatorischen Spiele, das Dreieck-Spiel, an, indem sie Strate-
gien fiir Maker und Breaker angeben and beweisen, dass Maker das Spiel gewinnen
kann, falls ¢ < (2n+2)n'/? —5/2 und Breaker es gewinnen kann, falls ¢ > 2n'/? gilt.
Die Konstante ¢y = v/2 bleibt bis heute die beste bekannte, wihrend fiir ¢; mehrere
Fortschritte erziehlt wurden. Im jiingsten dieser Ergebnisse beschranken C. Glazik
and A. Srivastav [GS22] die Konstante ¢; von oben durch \/8/73, indem sie ein neues
Konzept von Balance-Funktionen einfithren. In seiner Masterarbeit [Sow21] nutzt
der Autor dhnliche Techniken, um eine Strategie fiir das Cy-Spiel anzugeben, die zu
einem Sieg fiir Breaker fiihrt, falls ¢ > 3%/1 n?/3 gilt. Bis auf diese Ergebnisse wurden
bisher weder untere noch obere Schranken ¢y and ¢; fiir nicht triviale Subgraphen-
Spiele gefunden. Insbesondere waren bisher keine konstruktiven Maker-Strategien
mit groffen Konstanten ¢( fiir den Fall C' = C%, & > 3 und keine Breaker-Strategien
fir den Fall C' = Cy, k > 4 bekannt. In Kapitel 2 fithren wir zwei neue Maker-
Breaker-Spiele ein, die enge Verbindungen zu Kreis-Spielen aufweisen und geben
unter gewissen Bedingungen Gewinnstrategien fiir Maker an. In Kapitel 3 nutzen
wir diese Resultate um erste explizite Maker-Strategien fiir das Cy- beziehungsweise
das Cs-Spiel zu geben: Wir beweisen das Maker eine Gewinnstrategie im Cy-Spiel,
falls ¢ < 0.16 n?? gilt, und im Cg-Spiel hat, falls ¢ < 0.007 n*/> gilt. In Kapitel 4
verallgemeinern wir die Ideen aus [GS22] and [Sow21], um Breaker-Strategien fir
allgemeine Subgraphen-Spiele zu finden, was eine Vermutung von Joel Spencer von
2019 positiv beantwortet. In Kapitel 5 wenden wir dieses Theorem auf allgemeine
k-Kreis-Spiele an und beweisen, dass Breaker in diesen Spielen Gewinnstrategien

besitzt, falls ¢ > k‘\l/(k: — 1)(%)’“*%"3*2 gilt.




Chapter 1

Introduction

In this thesis we study the biased Maker-Breaker k-cycle game on the complete
graph K,. Maker-Breaker games are finite games with perfect information that are
played by two players which are called Maker and Breaker. For a fixed n € N let
K, = (V,, E,) be the complete graph with n vertices. In Maker-Breaker games
both players alternately claim edges of K,, that were previously unclaimed by either
player. Maker starts. We call the set M of edges that are claimed by Maker the
Maker graph and the set B of edges that are claimed by Breaker the Breaker graph
respectively. Both players take turns until no unclaimed edges are left and Maker
wins the game if the Maker graph (V,,, M) fulfills certain conditions. Otherwise
Breaker wins which means that there are no draws in these games. We call this
game the Maker-Breaker subgraph game, or the Maker-Breaker H-game, if Maker
wins whenever his graph contains a copy of H, for a given subgraph H C K,. If
H is fixed and n is sufficiently large it is obvious that Maker has a big advantage
in the H-game if both players claim exactly one edge per turn, which is called the
unbiased variant of the game. To make the game fair and interesting on K, it is
usually played with a bias ¢ € N, meaning that Breaker is allowed to claim up to
q edges in each of his turns while Maker claims only one per turn. We call this
game the Maker-Breaker subraph game with bias ¢q. For each fixed n € N we call
the minimal bias ¢ for which Breaker has a winning strategy the threshold bias of
the Maker-Breaker C-game. One of the central questions regarding Maker-Breaker
subgraph games is how the threshold bias ¢ = g(n) behaves as a function on the
number of vertices.

1.1 Previous Work

Asymptotically, this question regarding the threshold bias is answered in the follow-
ing theorem by M. Bednarska and T. Luczak [BLO0] in 2000.

Theorem 1.1 Let C be a graph which contains at least 3 non-isolated vertices and
let
m(C) = max{‘E'_1 : (B, V) is a subraph of C with |V| > 3}.

V-2

Then there exist positive constants co and ¢, and N € N such that for every n > N
the following holds.




1.1. PREVIOUS WORK

(i) If ¢ < con'/™C) then Maker has a winning strategy in the Maker-Breaker
C-game with bias q.

(ii) If ¢ > cin'/™C) then Breaker has a winning strategy in the Maker-Breaker
C-game with bias q.

They further conjectured that the constants ¢y and ¢; in Theorem could be
choosen arbitrarily close to each other. This conjecture remains open for every graph
C that contains a cycle. Theorem shows that it is not hard for a player to win
the Maker-Breaker subraph with a bias with the right asymptotics. A more viable
sign of quality for a strategy would be that a player can win the Maker-Breaker
subraph with a bias that also have a high constant ¢y in Maker’s case, or a low
constant ¢; in Breaker’s case respectively, ideally ¢y and ¢; should coincide. The
proof in [BLOO| does not provide concrete values for the constants ¢y and ¢; but L.
Wolos [Wol23] extracted them for certain graphs from that proof in her bachelor’s
thesis. For example she was able to bound the ratio between both constants by
4 < 1.94 x 10" in the case of the triangle game C' = C3 and by £ < 5.64 x 10"
in the case of C' = (4. In most of the Maker-Breaker subgraph games no better
bounds were known. The only exception, besides the case where C'is a forest, is the
by far most studied Maker-Breaker C-game, the so called triangle game in which C'
is a triangle. The triangle game was introduced by V. Chvatal and P. Erdos in their
pioneering paper [CET8|. They give simple Maker and Breaker strategies that lead
to the following theorem.

Theorem 1.2 There is an N € N such that for all n > N the following holds.

(i) If ¢ < /2n'/? then Maker has a winning strategy in the Maker-Breaker Cs-
game with bias q.

(ii) If ¢ > 2n'/? then Breaker has a winning strategy in the Maker-Breaker Cs-
game with bias q.

Maker’s strategy that leads to the lower bound of v/2n'/? is the following. Maker
chooses an arbitrary vertex v € V,, and builds a star in v by claiming an arbitrary
edge {v,w} incident with v in each of his turns. To stop Maker from winning,
Breaker has to claim every edge that connects two Maker neighbors of v, because
otherwise Maker would be able to complete a triangle by claiming this edge himself.
It is shown in [CET7§| that at some point of the game the number of neighbors of v
is too large for Breaker to counter these threats, and therefore Maker wins. Even
if this strategy and the corresponding proofs are elementary, no improvements have
been made to the lower bound for the Maker-Breaker triangle game, for decades
until to date. In contrast to this, there are several results that refine the upper
bound given in Theorem (ii). J. Balogh and W. Samoti [BS11] slightly lower the
upper bound by giving a randomized Breaker strategy. The analysis of this strategy
gives the following theorem.

Theorem 1.3 There is an N € N such that for all n > N the following holds.
If ¢ > (2 — 1/24)n'/? then Breaker has a winning strategy in the Maker-Breaker
Cs-game with bias q.




1.1. PREVIOUS WORK

They also conjectured that the lower bound given in Theorem (i) is in fact
sharp. One of the biggest breakthroughs regarding Breaker strategies for Maker-
Breaker subgraph games is the following result by C. Glazik and A. Srivastav [GS22]
for the triangle game.

Theorem 1.4 There is an N € N such that for all n > N the following holds. If

q > 1/8/3n'/? then Breaker has a winning strategy in the Maker-Breaker Cs-game
with bias q.

With this result Glazik and Srivastav nearly closed the gap between the upper
and the lower bound by reducing the ratio to £ < \/Z Their work is also remarkable
for introducing a new kind of potential functlon approach. Breaker’s strategy is
trying to keep a healthy balance between Maker and Breaker edges in each vertex
and by this prevents Maker from building the big stars that are the key in every
Maker strategy. Notably the potential function introduced by Glazik and Srivastav
does not necessarily decrease over time like many previous potential functions used
for the analysis of positional games, for example by J. Beck [Bec82]. Instead more
delicate techniques are used to show that the potential does not exceed a certain
value and that also that this implies that Breaker can win the game. In the autor’s
master’s thesis [Sow21] similar techniques are applied to the Maker-Breaker Cy-game
which leads to the following result.

Theorem 1.5 There is an N € N such that for all n > N the following holds. If
q> \3[ n?/3 then Breaker has a winning strategy in the Maker-Breaker Cs-game with
bias q.

This result is an important step forward in understanding Maker-Breaker sub-
graph games, as it marks the first instance since the introduction of the triangle
game in [CET§|, more than 40 years earlier, where a concrete Breaker strategy is
given that leads to a explicite upper bound constant ¢; in a non-trivial Maker-
Breaker subgraph game other than the triangle game. Furthermore, a conjecture
was raised by Joel Spencer in November 2019 during a visit of Kiel University that
similar techniques could be used to find the first concrete Breaker strategies for the
Maker-Breaker Cy-game, where k£ > 4 is an arbitrary natural number.




1.2. NEW MAKER AND BREAKER STRATEGIES FOR THE Cj-GAME

1.2 New Maker and Breaker Strategies for the
Ci-Game

In this thesis we give new strategies for Maker and Breaker respectively for the
Maker-Breaker Ci-game, where k > 5 is an arbitrary natural number in Breaker’s
case and k € {4,6} in Maker’s case. We show that these strategies will lead to wins
by the respective players if the bias of the game has the asymptotics that are given
in Theorem and certain explicitly determined constants.

In Chapter 2 we introduce two games closely related to the minimum degree game,
studied by J. Beck [BecO8|, in which Maker’s goal is to achieve a certain Maker
degree in each vertex. In our first generaliziation of this game, which we call the
partial minimum degree game, Maker does not have to achieve a given degree for
every vertex. Rather it is sufficient that he is able to achieve this for every vertex of
a subset X C V,, with |X| = fn for a fixed 5 € [0, 1]. The second game we introduce
in Chapter 2, we call the (d, 3, k)-chain-game, which is a further generalization of
the partial minimum degree game in which Maker’s goal is to construct nested sets
V = X() 2 X1 2 2 Xk;—l with |Xz| Z 5|X7,—1| and |NM(I‘) N Xi—1| S d for all
x € X;,i € [k —1]. We give Maker strategies for both games and show that Maker
not only can win the games but can do so in relatively few turns. Both these games
are interesting in their own right, but they also are helpful to develop new Maker
strategies for Maker-Breaker subgraph-games.

In Chapter 3 we introduce strategies for the Maker-Breaker C'y game and the Maker-
Breaker Cg game and use the results of Chapter 2 to prove that Maker has a winning
strategy in the Maker-Breaker Cj-game if ¢ < 0.16n%/3 and a winning strategy in
the Maker-Breaker Cg-game if ¢ < 0.007n*/°. These are the first concrete winning
strategies for Maker with explicit and reasonably large constants in any non-trivial
Maker-Breaker subgraph game besides the classic result for the triangle game in
[CETS].

In Chapter 4, we introduce balance functions, define the corresponding potential
functions and explain how the so called potential function strategy for Breaker
works given the corresponding balance function. We then prove our main theo-
rem on Breaker strategies. This potential strategy theorem states that if a balance
function fulfills certain conditions Breaker automatically wins the Maker-Breaker
subgraph game if he plays the potential function strategy corresponding to the bal-
ance function at hand. This is the first universal approach to Maker-Breaker sub-
graph games that automatically leads to concrete deteministic Breaker strategies in
Maker-Breaker subgraph games and thereby settles, in the affirmative, a conjecture
proposed by Joel Spencer in 2019.

In Chapter 5 we show an application of the potential function theorem proven in
Chapter 4 by defining explicit balance functions for the Maker-Breaker C-games
for arbitrary natural numbers k£ > 3 and prove that these balance functions in
fact fulfill the assumptions required by the theorem. By applying the theorem to
these balance funcions we prove that for every k£ > 2 Breaker has a winning strat-

egy in the Maker-Breaker Cy-game if ¢ < k‘\l/(k - 1)(@)’“*%’“*2). In the case

k € {3,4}, we recover the same upper bounds that were previously established in
[GS22] and [Sow21], respectively. For k > 4, however, we obtain the first known
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winning strategies for Breaker for the Maker-Breaker Cj-game with reasonable up-
per bound constants altogether. It is worth noting that in contrast to the constants
one could obtain by Theorem (ii), which may get very large with growing &, the
constants we obtain in Chapter 5 are bounded by 2.16 and even converge to 2 for
k — oo.

Combining the results of Chapter 3 and 5 we are able to bound the ratio of the upper
and lower bounds in Theorem by % < 11.82 for the Maker-Breaker C;-game and
by o < 287.42 for the Maker-Breaker Cg-game. Both these ratios are magnitudes
apart from the previous best known bounds.




1.3. FORMAL DEFINITION OF THE MAKER-BREAKER SUBGRAPH
GAME

1.3 Formal Definition of the Maker-Breaker Sub-

graph Game

In this section, we give a formal definition of Maker-Breaker games. This definition
is less intuitive, but the rigorous is required in Chapter 5 and 6.

Definition 1.6 (Maker-Breaker Subgraph-Game)

For a set X let P(X) :== {A: A C X} denote the power set of X. For n € N let
V,, == [n] be the set of Vertices and E,, := {e € P([n]) : |e| = 2} be the set of edges
of the complete graph K,, := (V,,, E,). We define &, := P(E,).

(1)

(iii)

For ¢ € N we call a function s : &, x &, — &, a g-strategy if |s(M, B)| < q
and s(M,B) C MUB = MUB=E, forall M,B € ¢&,.

The set s(M, B) contains the edges that a player claims when he plays with
the strategy s if M is the Maker graph and B is the Breaker graph before his
turn. For technical reasons it is allowed that this set contains edges that are
already claimed. In this case he claims only the unclaimed edges of s(M, B).

We call

S(q) = {s : s is a g-strategy}

the set of g-strategies and

S = S(q)

geN

the set of strategies.
For strategies m,b € S let
M°(m,b) =0, B®(m,b) =10.

For all t € N with £ > 1 we recursively define

M (m, b) == M"(m, b) U <m(M’f(m, b), B'(m,b)) \ B'(m, b)) :

B (m, b) == B'(m,b) U <b(Mt“(m, b), B'(m,b)) \ M"*(m, b)) .
M*(m,b) is the Maker graph and B*(m,b) is the Breaker graph after the ¢-th
turn, if m is the Maker strategy and b is the Breaker strategy.

Further, for all t € N,m,b € S we define G*(m, b) := (Mt(m7 b), Bt(m, b))

Since G*(m,b) # G'*1(m,b) or M'(m,b) U B'(m,b) = E, for all t € N, we
have

T={t e N:Vt € N\[t]G"(m,b) = G'(m,b)} #0.
Let #(m, b) == min(T), G(m,b) == (G'(m, b))teﬁ( -
t is the point of time at which the game ends because all edges are claimed by
either player.
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GAME

(vi) If MY (m, b) contains a copy of C', Maker wins the Maker-Breaker C-game,
otherwise Breaker wins.

(vii) If Maker is allowed to claim only a single edge, but Breaker may claim at
most ¢ € N edges in each turn, in other words Maker choose a strategy from
S(1) and Breaker choose one from S(g), we call the game the Maker-Breaker
C-game with bias q.

Most of the time we have fixed strategies m respectively b for Maker respectively
for Breaker. In this case we usually omit them and write M* instead of M*(m,b), ¢
instead of £(m,b) and so on.




Chapter 2

Games adjacent to Cycle (Games

In this chapter we study two new Maker-Breaker games and give winning strategies
for Maker under certain assumptions for both of them.

2.1 The Partial Minimum Degree Game

In this section we introduce a generalization of the Maker-Breaker minimum degree
game. In the minimum degree game Maker’s goal is it to claim a subset M of edges
of K,, = (V, E) such that degy/(v) > d(n) for every vertex of v € V| where d is a
fixed function. Our generalization, which we call the partial minimum degree game,
is the following: Given 5 € (0, 1] Maker’s goal is it to claim a subgraph M such
that there is a subset X C V with |X| > nf and degy(z) > d(n) for every vertex
x € X. Let us define the game formally.

Definition 2.1 Let 8 € (0,1], d: N — R, and
F3,am) = {M C E(Kn)‘le CV(K,) :|X| > pnAVz € Xdegy(z) > d(n)}

We call the Maker-Breaker game with the winning sets F q(,,) the (3, d(n))-partial
minimum degree game.

For 8 = 1 the (1,d(n))-partial minimum degree game is just the well-known
minimum degree game. Beck [BecO§| showed that Maker has a winning strategy in

the minimum degree game if d(n) = q(ln_)iln, where

o= (1o n) e

Our result for the partial minimum degree game is similar to the result of Beck, but
in our setting 5 < 1 and this means that it is sufficient for Maker to achieve a high
minimal degree only on a subset of vertices. Due to this we are able not only to give
a much simpler proof but also to show that the number of rounds Maker needs to
win is at most %", where d is the target degree. In fact, this bound on the number
of turns is the key to tackle the Cy-game.

10



2.1. THE PARTIAL MINIMUM DEGREE GAME

For any d > 0 we state the d-degree strategy for Maker: In each of his turns
Maker claims an unclaimed edge {v, w} that fulfills degy/(v) < d and degp(w) < d,
where M is the graph of Maker’s current edges. If he cannot do so, he stops. We
will show that at this point Maker has already won the the partial minimum degree
game.

Theorem 2.2 Let § >0, a,3 € (0,1), and d: N — R :n > ont~« .

We consider the partial minimum degree game with regard to Fg 4 played on the
edges of K,. Let d = d(n) = dn'=. For sufficiently large n € N and a bias
q < %na Maker wins in at most gnQ’o‘ turns by playing according to the d-
degree strategy.

Proof. Let ¢ < (1_5ﬁ )27 q = cn® and let n € N be large enough so that the inequality
Dn? < A-pFp2_ 1 ((1—5)n+5(1—5)n2*0‘) holds. This is possible since ¢§ < (1—_3)?

2 VT3

and the term %((1 — B)n + o(1 — B)nzfa) is negligible for large n. Maker plays
according to the (dn'~*)-degree strategy which means that he only claims edges
{v,w} with degyr(v) < on'~ and degy/(w) < dn'~® as long as he is able to do so,
where M is the graph of Maker’s edges. Note that after Maker has claimed more than
gnQ*a edges we have Y,y degys(v) > 0n?~* and thus, by the pigeonhole principle,
there has to be a vertex v with degyr(v) > on'~®. Therefore we know that after
at most Sn?~® turns there is no unclaimed edge {v,w} left with degy/(v) < dn'~®
and degy(w) < dn'~®. Let be M and B the sets of Maker- and Breaker-edges
respectively at this moment, and define X = {v € V : degy(v) > dn'~} and
Y =V \ X. We assume for a moment that the assertion of the theorem is not true.
Thus by Definition 2.1 of the winning sets, |X| < fn, therefore |Y| > (1 — fB)n.
For each y € Y, we have V' \ {y} € X U Ny(y) U Np(y) because otherwise for
v E (V\{y}) \ (XUNM(y) UNB(y)) the edge {v, y} would be still unclaimed, which
is a contradiction to the assumption that Maker cannot claim an edge containing two
vertices with degree smaller than dn'~®. Therefore, n —1 < | X|+|Na(y)| +|Ns(v)|
which implies (1 — 8)n — 1 — dn'~® < |Np(y)|. This means, Breaker has occupied
at least (1 — 8)n — 1 — dn'~* edges incident in every vertex of Y. So in total the
number of edges claimed by Breaker is at least

|2Y|((1 — B)n—1—on'")
2“‘25)”((1 — B)n—1—on'")
SO (0 gyt a1 - ayte)
>025n2 = gnQ_aq
which is a contradiction to the fact that at most gn2’a rounds were played. O

The last theorem gives a strategy for the partial minimum degree game played on
the edges of the complete graph K,,. We now consider the partial minimum degree
game played on the edges of a subgraph of K, with at most (g) — An? edges for

11



2.1. THE PARTIAL MINIMUM DEGREE GAME

a constant A € [0,1) and give a strategy for Maker in this game as well. Because
of technical reasons we will in fact look at the game played on the complete graph
and interpret the missing edges as claimed by Breaker in an additional headstart
phase of the game. We also need the following further generalization of the game.
Maker has to build the set X5 of vertices with high degree inside of a given set X,
of vertices. An additional change is that Maker’s goal is to create vertices v with
|Nasr(z) N X1| > d instead of just degps(v) > d. We define the game formally.

Definition 2.3 (Partial Minimum Degree Game with Headstart)

Let 6 > 0, a, 1, B2, A € [0, %), d:n+ én'~® and g : n — cn® for a constant ¢ > 0.
Let X; C V with |X;| = fin. At the beginning of the game Breaker is allowed to
claim at most An? edges at once and after that Maker and Breaker are alternately
claiming edges. Maker claims one edge and Breaker claims up to ¢ edges per round.
Maker’s goal is that at the end of the game there is a set of vertices Xy C X; with
| Xo| > B1fan and [Ny (x)NX;| > dfor all z € X5, We call this the partial minimum
degree game with bias ¢ and headstart A.

Note that for A = 0 and ; = 1 this is the usual partial minimum degree game
discussed above. For the partial minimum degree game with headstart we have the
following analog of Theorem

Theorem 2.4 Let § > 0, a, By, B2, A€ [0,1),d:nw+ on'=® and 0 < ¢ < 51(1%62)2 —
%,q :n — cn®. Then for large enough n, Maker has a winning strategy for the

partial minimum degree game with bias q and headstart A in at most %6712_‘1 rounds.

Proof. The proof uses ideas seen in the proof of Theorem We have to take
into account that Breaker has already claimed An? edges before Maker claims his
first one. This leads to a larger bias q. Furthermore the size of X; influences the
number of rounds Maker needs to achieve his goal. Since ¢ < 51(%[32)2 — % we have

B 4 A« BB’ Thus there i . )
5 AL 5——. Thus there is a n € N large enough, that the inequality
(9 + A)n® + %(51(1 = Ba)n+ 6P (1 — 52)”27“) < Mrﬂ (2.1)

holds. Maker plays according to the (dn'~*)-degree strategy restricted to edges
within X; which means that he only claims edges {v, w} with v, w € X and | Ny (v)N
X1 < on'~® and | Ny (w) N X;] < 0n'~ as long as he is able to do so, where M is
the graph of Maker’s edges. Note that after Maker has claimed more than %n%a
edges, we have

7 |INu(v) N Xq| = 2|M| > B1dn* .

veX
Thus since | X;| = Bin, by the pigeonhole principle, there has to be a vertex v € X;
with [Ny (v) N X;| > dn'~®. Therefore we know that after at most %n%a turns
there is no unclaimed edge {v,w} left with v,w € X; and |Ny(v) N X;| < dn'™
and |Ny(w) N X;| < on'~®. Therefore, at this point of the game Breaker has
claimed at most ¢%2n?~ + An? = (92 4 A)n? edges including the An? headstart
edges at the beginning. Let be M and B the sets of Maker- and Breaker-edges
respectively at this moment, and define X, == {v € X : |Ny(v) N X;| > dn'~*}

12
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and Y := X; \ X3. We assume for a moment that Maker has not already won. Thus
| X3| < B1Pan, therefore |Y| > | X;| — | X3| > (1 — B2)fin. For each y € Y, we have
X\ {y} € XoUNy(y)UNp(y). Otherwise for v € (X1\{y})\ (X2UNu(y)UN5(y))
the edge {v, y} would be still unclaimed, because v is neither a Maker nor a Breaker
neighbor. This is not possible since Maker already claimed all edges {v,w} with
v,w € X; and [Ny (v) N Xy < on'~ and |Ny(w) N Xy < dn'~®. Note that
X1\ {y} € XoUN¥M(y)UNp(y) implies X7\ {y} € XoU(Np(y)NX1)U(Np(y)NXy).
Therefore,
(X1 \ {y} < [Xo| + [Nu(y) N Xa| + [Np(y) N Xq].

Thus
INp(y) N Xa| > | Xa =1 = [Xo| — [Na(y) N X4
> Bin—1— B18an — on'
= 51(1 — 62)71 —1- 5n1_a

This means, Breaker has occupied at least 51(1 — B2)n — 1 — dn'~ edges incident
in every vertex of Y. So in total the number of edges claimed by Breaker is at least

’25/’(@1(1 = fo)n — 1= on'™?)
> AL (1= g — 1=t
_ 512(12—52)2n2 — 3(B1(1 = Bo)n + 681 (1 = Bo)n?~°)
>(05251+A)n2. by D

This is a contradiction to the fact proved above that breaker has claimed as most
(66% + A)n2 edges. O
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2.2 The (d, 3, k)-chain Game

In this section we consider the following generaliziation of the partial minimum
degree game: Let § > 0, o, € (0,1) and d : n — dn'~* Maker’s goal is to
claim edges such that there is a k-tupel (Xy, ..., Xp_1) € P(V)F satisfying Xy =V,
Xi Q Xi—l; |Xl| Z ﬁ|Xl_1| and |NM(JI) ﬁXZ‘_1’ Z d(n) for all ¢ c [k’ - 1] and r € Xz
We call this the Maker-Breaker (d, 3, k)-chain game. In the following definition we
define it formally.

Definition 2.5 ((d, 3, k)-chain) Let k,n € N, d € R g € (0,1). For a subgraph
(V, M) of K,, = (V, E) we call a k-tupel (X, ..., X)_1) € P(V)* a (d, 3, k)-chain in
(V, M) if the following is true for all 7 € [k — 1]:

(i) X
(i) X; C X; 4
) 1Xil = BIX]

(ii
(IV) ’NM(I’) N Xi—l’ 2 d for all x € Xz

Definition 2.6 ((d, 3, k)-chain Game) Let 5 € (0,1), k € Nand d : N = R. We
call the Maker-Breaker game played on the complete graph K, where the goal for
Maker is to build a (d(n), §, k)-chain. In other words the Maker-Breaker game has

the winning sets
F ={M C E(K,)| there is a (d(n), 8, k)-chain in (V, M)},
the Maker-Breaker (d, 3, k)-chain game.

Theorem 2.7 Let k € N, § > 0, a,8 € (0,1) and d : n — on'™. Let ¢ <
§26-D(1—p)?
S(1+pk-1(1-p))
eqy for the Maker-Breaker (d, 3, k)-chain game with bias q(n) in at most 2(15_5) n
rounds.

and q : n— cn®. Then for large enough n Maker has a winning strat-
2—a

Proof. We fixn € N, ¢ := q(n) and d := d(n) and assume that n is sufficiently large,
where we need it. For all j € [k — 1] we set A; = < 74 3%, Note that for all
J € [k — 1] we have

co
2(1-5)
We show per induction over j that the following statement is true for every j € [k—1]:
Maker has a winning strategy for the (d, 8, j + 1)-chain game with bias ¢(n) and he
can win the game in at most = n?~“ rounds. For j = k — 1 this is the statement of
the theorem.
For j = 1 the (d, 8, 2)-chain game is the partial minimum degree game and Theorem
proofs the above statement.
For the induction step let 1 < j € [k — 1]. We assume that the above statement
is true for j — 1. This means Maker can build a (d, 3, j)-chain (Xo, ..., X;_1) in at
most % n?~® turns. Since ¢ = ¢n® Breaker has not claimed more than A; n? edges.

Aj <A < (22)

14



2.2. THE (d, 8, k)-CHAIN GAME

Therefore by Theorem m (with 8y == (7 and By = B) Maker can win the partial
minimum degree game with headstart A; in at most %n%a rounds, and creates a
set X; C X;_; such that (Xo, ..., X;) is a (d, 3, j + 1)-chain in the Maker graph M if

F(1L—-p)* 24
c< 5 ~ 35 (2.3)

Using the induction hypothesis, the total number of rounds played is at most
% nt e 4 ?nzf‘l = % n?~® We complete the proof by showing that 1) holds.
We have by definition of ¢:

el Ol (el

c < = .
6(1+p1(1=p)) 5(m +1)
This implies ¢ (1 + Bk_%l,ﬁ)) < 51671(51_6)2. Therefore,
k=1(1 _ 3)2
e
0 A1 1—=p)
L= B 244,
< — by [2.2
< 5 551 (by 2.2)
< —B)? 24,
> 5 56] >
and [2.3] is proved. O
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Chapter 3

Maker Strategies for the Cycle
Game

3.1 A Winning Strategy for Maker
for the C;-Game

In this section we will give a constructive, asymptotically optimal Maker strategy for
the Maker-Breaker Cy-Game. We use Theorem for the partial minimum degree
game to establish a new lower bound for the threshold bias for the C;-Game.

Theorem 3.1 Let ¢ < 0.16 and ¢ = q(n) = cn®*? . Then for sufficiently large n
there is a winning strateqy for Maker in the Maker-Breaker-Cy-Game.

For the proof of the Theorem, we fix § > 1 with ¢d < 0.16 and

g€ (06,1— \/3) and assume that n is sufficiently large. The parameters ¢, d, ¢,
and f are fixed for the remainder of this section.

Maker’s strategy for the Ci-game: Maker plays according to the én'/>-degree
strategy. Afterwards he connects two vertices with high degree which creates more
than q immidiate threats for Breaker, so Maker can build a copy of Cy the next turn.
Note that by Theorem Maker wins the (3, 0n'/?)-partial minimum degree. We
now show that Maker needs at most two additional turns to win the Cy-game. First
we need a few definitions to analyze the game state at the point of time, when Maker
would win the partial minimum degree game. We assume that at this point of time
Maker has not yet won the C;-Game and show that he needs only two more turns
to win it.

Definition 3.2 Let M, B C E(K,) be Maker’s graph and Breaker’s graph respec-
tively, and let X == {v € V : degy(v) > on'/3}.

(i) For each a = {a1,a2} € E we call the edges in
Ty = {{b1,bs} € E: by € Nyy(ar) Aby € Niy(az)} \ {a}
the threats for Breaker induced by the edge a.
(ii) D := {e € E:|T.| > §*n%? — 1} is the set of dangerous edges (for Breaker).

16



3.1. A WINNING STRATEGY FOR MAKER
FOR THE C4-GAME

(ili) Dg:= DN B is the set of directly deactivated edges.
(iv) D; = {e eD:|T.\B| < q} is the set of indirectly deactivated edges.

(v) D, =D\ (DgU D;) is the set of active dangerous edges.

1o

Due to Maker’s strategy, we have degys(v) = [6n'/3] for each vertex v € X.
Maker can create a Cy if he claims an edge e and also an edge from T,. Because
Breaker is allowed to claim ¢ edges in each turn, Maker has to claim an edge that
induces more than ¢ threats in one of his turns in order to win the game. The edges
of D could induce the highest number of threats and are therefore called dangerous.
Breaker can stop Maker from claiming a dangerous edge by claiming the edge himself
and thereby deactivating the danger of the edge. The set of edges that are dangerous
but deactivated by Breaker in this direct way is Dy. The second way for Breaker
to deactivate a dangerous edge e is claiming enough edges of T, such that there are
no more than ¢ edges left in 7, unclaimed by Breaker. In this case Breaker would
be able to claim all remaining threats if Maker claims e. The set of the edges that
are deactivated in this indirect way is D;. The set of edges that are dangerous and
neither deactivated directly nor indirectly is D,. These are the active dangerous
edges and if at any point of time Maker is able to claim one of these he will present
more threats than Breaker can deny and Maker will win in the next turn.

Remark 3.3 [t is evident that for all e € E the following two statements hold.
(i) e T, acT, foralla € E.

(it) T, ={ac E:ecT,}.

Lemma 3.4 Let e = {vy,v2} € E be an edge with d := degp(vy) = degpr(va). We
assume that M does not contain a copy of Cy.

Then |T,| € {d* — 1,d?}.

Proof. If Ny(vi) N Nys(ve) = 0, we have |T.| = degpr(v1) degas(ve) = d?. Otherwise
let x,y € Ny(v1) N Nys(vg). Since M does not contain a copy of Cy, the closed walk
(v1,x,v2,y,v1) cannot be a Cy, therefore x = y. Thus |[Nys(v1) N Np(ve)| = 1. It
follows

[ Tel = [N (00) \ {2} [N (v2)] + [Nas(02) \ {2}
=d-1d+(d-1)=d*"—1

17
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Lemma 3.5 If n is sufficiently large and M doesn’t contain a copy of Cy, the
following statements hold:

(i) | B < gn?

(ii) |D| > ()
(iii) D\ Dq C D; U D,

(iv) |D\ D4l > () = $n?
(v) |B] > |Di|(1 = 5 —n~??)
(vi) |Dg| >0

Proof. (i) By Theorem Maker can win the (3, 6n'/?)-partial minimum degree
game in at most $n*/3 rounds, so Breaker has claimed at most ¢in*/? = <n?
edges.

(i) Since degys(v) = [6n'/?] for all v € X, by Lemma [3.4we have [T, > §2n%/3 —1
for each edge e € E with e C X. Thus ()2() C D. By Theorem E, we have

X n
| X| > fn and therefore |D| > (|2|) > (BQ).
(iii) Since D, = D\ (D4 U D;), the statement is evident.

(iv) We know from (i) that £n? > |B| > |B N D| = |Dy|. The statement follows
from (ii).

(v) Since Maker plays by the dn'/3-degree strategy, each vertex has Maker degree
of at most én'/3, which implies |T,,| < §?n?/3 for each e € E.
It follows

|Dil ((82=c)n?* — 1)

=Y ((52 —)n?3 — 1)

eeD;

= Y (@ 1)
ecD;

< S (T~ q) (as D; € D)
ecD;

= Z(|TemB|+|Te\B| _Q)

EEDi

< > |T.NB] (by Definition [3.2)(iv))

eeD;

=Y {beB:bel.l}

eeD;

=Y {beB:ecT} (by Remark [3.3)

eeD;

= Z Z ]1Tb<€) = Z Z lTb(e>

eeD; beB beB eeD;
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3.1. A WINNING STRATEGY FOR MAKER
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=2 _ITynDi| < ) [Ty

beB beB
< 252 2/3 |B|52 2/3
beB
n2/3_1

Hence |B| > |D; ] > [Di|(1— & —n%3),

§2n2/d

(vi) We assume D, = (). Because > 0.6, the following inequality is true:

(B =1 =)A= (1-p8)7) > (1-p)"

Therefore, for sufficiently large n,

(B = (1=~ 1 -5 —n?) > (1-p)* (3.1)

We give upper and lower bounds for |B]:

%nQ > |B] (by (4))

> |Dil(1 -5 *2/3) (by (v))
> |D\ Dy|(1 = 5 —n7??) (by (iii))
> () - 3%2)(1 — & —n3) (by (iv))
= (3B =)A= 5 —n2?)

— (= 5 =)
> (%(52 —c6)(1 —e§ —n~2/3)

_ %(1 -5 - n—2/3))n2 (as 6 > 1)
> (387 = (=P (1~ (1= )2 =02

_ %(1 -5 - n*2/3))n2 (as ed < (1 — B)?)

(U2 S — ) )2 (by B-1))

The above chain of inequalities gives

cd > (1—p)* - 2(1 . n=2/3)
= (1= 6 —oll). (52)

Since ¢d < (1 — B)?, cannot hold for sufficiently large n. Thus the
assumption D, = () is false and we have proved (vi).
[

Proof of Theorem[3.1. We have shown in Lemma [3.5(vi) that D, # 0. To win the
Cy-game Maker can now claim one of these active dangerous edges e € D,. Since
e ¢ D;, we have |T.| \ B > ¢ and because Breaker could claim only ¢ edges, in
Maker’s next turn at least one of the edges of T, will still be not claimed and Maker
completes a copy of C, by claiming one of them. [
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3.2 A Winning Strategy for Maker
for the (s-Game

In this section we will give a constructive, asymptotically optimal Maker strategy

for the Maker-Breaker Cs-Game. We use Theorem for the (d, 3, k)-chain game
to establish a new lower bound for the threshold bias for the Cg-Game.

Theorem 3.6 Let ¢ < 0.007 and ¢ = q(n) = cn*/®. Then for sufficiently large n
there is a winning strateqy for Maker for the Maker-Breaker-Cs-Game.

The strategy for Maker consists of the following two steps. In the first step
Maker plays the (d, 3, 3)-chain game introduced in section where 5 = 0.55 and
d is slightly larger than n'/°. As a result he produces a (d, 3, 3)-chain (Xo, X1, X3).
In the second step Maker connects two vertices of X5. The key point in the proof
is to show that this move creates more threats than Breaker can answer in a single
round. For the analysis of step two of Maker’s strategy we need the following two
Lemmata.

Lemma 3.7 Let G = (VW W, E) a connected bipartite graph with |V| > 2, |W| > 1
and deg(w) > 1 for all w € W. Then there is a path (vy,...,vs) of length 4 in G
with vi,vs € V.

Proof. We assume that there is no path (vy, ..., vs) of length 4 with vy,v5 € V. Let
vy € V. Since G is connected there is a w; € N(v;) and since deg(w;) > 1 there is a
v € N(wy) \ {v1}. Because of |W| > 1 thereisaw € W\ {w;}. Let i # j € {1,2}
and wy € W such that (wy,v;, ws, ..., w) is the shortest path from w; to w in G. If
there is a v3 € N(wq) \ {v1,v2} then (vj, wy, v;, we, v3) is a path of length 4 with
endpoints in V' which is a contradiction. Therefore we have N(wq) C {vy,v2} and
since deg(wy) > 1 we have

N(wq) = {v1,v2} . (3.3)

Analogously we get
N(wy) ={v1,v2}. (3.4)

Since |V| > 2 there is a v € V \ {vy,v}, aw € W and a k € {1,2} with w €
N(v) U N(vg). From and it follows w ¢ {w;,ws}. This implies that for
I e {1,2}\ {k}, (v,w, vk, wy,v;) is a path of length 4 with endpoints in V' which is
a contradiction to the assumption at the beginning of the proof. O]

Lemma 3.8 Let n € N, G = (V, E) be a graph, x € V, Vi := {z}, V; := N(x),
Vo= N(V1)\ (Vo UWY), A < 1. The following conditions may hold:

(i) Vil = An'/?
(ii) deg(v) > An'/5 for allv € V}
(i) G contains no copy of Cs.

Then |Va| > IN2n?% — 2Xn!/5 if n is sufficiently large.
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Proof. For subsets A, B C V we write A x B := {{a,b} eF:a€Abe B}. Let
Ey = {$} X Vi, By =Wy X Vi, By =V) X Vo and Gy = (VlyE1>-

Vo Vi Va

Note that G; does not contain a path of length 4: Otherwise if P = (vy,...,v5)
is a path of length 4 in Gy, then (z,v,...,v5,2) is a cycle of lenght 6 in G which

contradicts (iii). Let A = (V(A), E(A)) be a connected component of G;. We show
[EA) <5 V(A)]. (3.5)

Since G; contains no copy of P, A does not contain any cycle Cy with k > 5. If A
contains a copy of Cy, V(A) cannot contain any further vertices because otherwise
it would contain a copy of Py. So in this case we have |[E(A)] <6 = 3|V (A4)]. If A
contains a copy of C3 and no copy of Cy, at most one of the vertices vy, v9, v3 of the
copy of C'5 has further edges beyond the edges of the C'3 and none of the additional
vertices are connected to each other because otherwise A would contain a copy of
Cy or Py. So in this case we have |E(A)| = |V(A)]. If A does not contain any cycles,
we have |E(A)| = [V(A)] — 1 < 2|V (4)], so in each case holds.

We count the edges of Es i.e. the edges that connect V; and V5 and show

|Ey| > N2n?/® —axnt/?. (3.6)

Since the neighbors of a vertex v € V(A) are all contained in {z} UV (A) UV, and
there are exactly |V (A)| edges connecting = with V' (A), we have

gdegc<v) = [V(A)| + 2|E(A)| + [V(A) x Val. (3.7)
It follows
[V(A) x Va| = UeZAdegc(v) — [V(A)| - 2|E(4)] (by (3.7)
> [V(A)An'® = [V(A)] = 2|B(A)] (by (i)
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> [V(A)|(An'® —1) = 2(3|V(A)]) (by (3.9))
= |[V(A)|(An*/° —4).

So for each connected component A of G; we have
V(A) x Va| = [V(A)|(An'® —4) (3.8)
Counting the edges of E5 seperated by the connected components of G; we get

[Ba| =[VixVal = > [V(A) x V)

A isfcgmp.

> > VAt -4 (by (B3)
Ao

=An'"—4) Y |[V(4)

A is comp.

of G1

= (An'" —4)|13|
= X2n2/% —4a\n'/o, (by (1))

which proves 3.6, We show that there is at most one vertex v € V; with degp, (v) >
Anl/® — 4. If there are two vertices vi,vs € Vi with degp, (v;) > An'/® —4 =
Vi| —4 > %\Vl\ for i € {1,2}, by the pigeonhole principle there is a vertex vy €
Ng, (v1) N Ng, (v2). So for all w; € Ng, (v;) we have the circle (x, wq, vy, v3, Vg, we, T)
in G which is a contradiction to (iii). Therefore for all vertices v except at most a
single outlier we have degg, (v) < An'/> — 4. This implies

An'/ < degg(v) = degg, (v) + degp, (v) + degp, (v)
<14 An'® —4 4+ degp, (v).

So for all vertices v € V} except at most a single one we have
3 < degg,(v). (3.9)

In the following we consider the bipartite graph Gy := (V4 U V3, Ey) and show that
for each connected component A of Gy we have

VaNV(A)| = 31E(A)]. (3.10)

Let A = (V(A), E(A)) be a connected component of Gy. We define V; == ViNV (A),
Vo o= {v € VonV(A) : dega(v) > 1}, E = E(A)N(VixV3) and L = (VaNV(A))\Va.
Gy = (‘71 U Vs, E) is a connected bipartite graph in which V5 does not contain any
vertices of degree one.
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If |V4| > 3 and Va| > 2, by Lemmathere is a copy (v1,...,vs) of Py in Gy with
v1,vs € V4. This would imply that (z,vq,...,v5,2) is a copy of Cs in G which is a
contradiction to (iii). Therefore we have

Vil <2or Vo] <1. (3.11)
We show [3.10] by the cases
1. Vi <2
2. |[Vi| > 2 and |V =0
3. [Vi| >2and [Va| =1.

In the case of [Vi| < 2 each vertex of V3NV (A) has at most 2 neighbors in V;, which
implies [Vo NV (A)| > |E(A)| directly.

Lets assume the case of [Vi| > 2 and |V3| = 0. In this case Vo N V(A) consists of
only vertices with degree one and we have [Vo NV (A)| = E(A).

For the third case lets assume |V;| > 2 and |V5| = 1. We showed in that for
each vertex of v € V] except at most one we have degg,(v) > 3. So we have at least
V3| — 1 vertices v € V} with degp,(v) > 3. Since |Va| = 1 each of these vertices has
to be connected to at least two vertices of L which implies

[E(A)| = L] = 2(Vi] = 1). (3.12)
Note that since each vertex in L has a degree of one in G5 we have
Vix L|=|L| (3.13)

and since |V3| = 1 we have

Vi % V| = VA (3.14)
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It follows

sIE(A)] = [E(A)| - 51E(A)|
< |E(A)] - V| +1 (by (3.12)
= Vi x (LUW)| — Vi +1
= |(Vi x L)U (Vi x Vo)| = [Vi| + 1
= |L|+ [VA| = Vil + 1 (by (3-13) and (B.14))
= |L| + V3| = Va N V(A)]

which completes the proof of [3.10l By applying to each connected component
A of G5 we get

Vol = > [anV(4)

A is comp.

of Go
> 3 B (by (3-10))
R e
=3 X |BE(A)=;3|E]
A is comp.
of Go
> IN2n?/5 — 20!/, (by (3.6]))

O

For the proof of Theorem , we fix ¢ < 0.007, 8 = 0.55. Since ¢ < %
there is a 0 > 1 with A 5
Bl —p)

1+ 52(1-5)
We set d : n +— 0n'/® and assume that n is sufficiently large whenever needed. The
parameters n, ¢, 0, ¢ = cn®®, 5 and d are fixed for the remainder of this section.
Maker’s strategy for the Cg-game:
Maker plays with the strategy given in the proof of Theoremfor the (d, B, 3)-chain
game with bias q. This means:
Phase 1: In the first phase Maker only connects vertices with degree less that dn'/®
until this isn’t possible any more. Set X1 = {v € V : degpr(v) > dn'/} where M is
Maker’s graph at the end of this phase.
Phase 2: In the second phase Maker only connects vertices v, w of Xy with |Nys(v)N
X| < on'/® and | Ny (w) N X, | < 0n'/ until this isn’t possible any more where M is
the Maker degree before his turn. Set X, = {v € X1 : [Npr(w) N X;| > dn'/>} where
M is Maker’s graph at the end of this phase.
Phase 3: In the third phase of the game Maker connects two specific vertices of Xo
that create more than q immidiate threats for Breaker, so Maker can build a copy of
Cs the next turn.
Note that by Theorem Maker wins the (0n'/?, 3,3)-chain game in at most
2(1‘5_ B n%/5 turns. We show that Maker needs at most two additional turns to win the
Ce-game. First we need a few definitions to analyze the game state at the point of

co < (3.15)
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time, when Maker would win the chain game. We assume that at the point of time
of creating the (0n'/?, 3,3)-chain Maker has not yet won the Csg-Game and show
that he needs only two more turns to win it.

Definition 3.9 Let M, B C E(K,) be Maker’s graph and Breaker’s graph respec-
tively.

(i) For each a = {a,as} € E we call the set of edges

T, = {{01702} € (V\{azl"”}) :
E|b1 7£ b2 c V(Kn> \ {Cl, Co, a1, CLQ}
(a1,b1,c1), (a2, ba, c2) are paths in M}

the threats for Breaker induced by the edge a.

(i) D= {e € E:|T.| > (£6'"n"> — 26°n3/5 + 56°n?/° 4 66n'/° + %)} is the set of
dangerous edges (for Breaker).

(ili) Dy := D N B is the set of directly deactivated edges.
(iv) D; = {e eD:|T.\B| < q} is the set of indirectly deactivated edges.

(V) Dy =D\ (DqU D) is the set of active dangerous edges.

1,

C1p. o Co

N/

1@
a

by by

Remark 3.10 [t is evident that for all e € E the following two statements hold.
(i) ecT, < acT, forallac E.
(it) T.={a € E:ecT,}.

Lemma 3.11 Let 6 > 1 and M C E(K,) be a subgraph with maximum degree
A(M) < 26n'°. Let a = {vg,wo} € E\ M and Vy = {v}, Wy = {wo}, Vi =
Nu(vo), Wi = Ny(wo), Va = Ny (Vi) \ (Vo U Vi), Wa == Ny (Wh) \ (Wo U W7).
Furthermore we assume |Vi| > on'/® < |Wi| and |Va| > 362n%/° — 20n'/5 < |Wh|.
Then for sufficiently large n we have

. 1 3
(i) |T,| > (L5'nY5 — 28%n3/5 4 562n2/% 4 66n'/5 4 3)

(ii) |T,| < 166*n*/° .
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Proof. For each vy € V; there is a vy (ve) € Vi with vy € Nyy(v1(v2)) and analogously
for each wy € Wy there is a wq(ws) € Wy with wy € Npy(wq(ws)). We define

Ty = {(02,102) € Vo x Wa vy # wo, wy(we) ¢ {02701(02)},102 ¢ {UO;U1(02),U2}}
and show for all ve, we € V(K,):
(’Ug,’lUQ) € Ta == {Uz,wg} eT,. (316)

Let (vg, wy) € T,. Then by Vo NV = 0 = Wy N W, and the definition of T, we have
Vo, wy & {vg, wo}. Further by VNV =0 = WyN W, the definition of T, and a ¢ M
we have vy (vy), wi(wsy) € {vo, wo, v, we} and vy (vy) # wi(ws). Since (vg, v1(v2), va)
and (wg, wy (wy), ws) are paths in M, it follows {vq, ws} € T,. From it follows
directly

T,| < 2|T,|. (3.17)

Since A(M) < 26n'/® we further have
{wa € Wa - wi(ws) € {v2, 01 (v2)}}] < [Nas({v, v1(02)})] < 40n'°. (3.18)

For W (vy) := {wg € Wyt wy(ws) & {ve,v1(ve2)}, ws ¢ {vo,vl(vg),vg}} it follows

T>5 X W) (by (E1D)

va€Va\{wo}

1

5 2 (o] —4n' —3) (by B13))
szVz\{’wo}

= 3(IVa| = 1)(|W| — 46n/> — 3)

> 1

(
2( 52n 2/5 _ 25n1/5 _ )(552 2/5 _ 6(5711/5 _ 3)
= (g0 nd® — 253n3/5 4+ 552n2/5 + 66nt/° + 3).

The statement (ii) follows from
[Nar (Nar(0))] £ A Nag(0)] < AM)? < g0
for all v € V(K,,) and the fact that by Definition [3.9)i) we have
T, € Ny (Ny(ar)) x Nar(Nar(az)) .-
O]

In the following Lemma we assume that Maker already build the (6n'/®, 3,3)-
chain (Xo, X1, X3) by playing the strategy stated above. We show that there is
at least one dangerous edge that is neither directly nor indirectly deactivated by
Breaker.

Lemma 3.12 If n is sufficiently large and M doesn’t contain a copy of Cg, the
following statements hold:

n2
(i) |B|] < 2(1 5)
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(i) |D| > (%)
(iii) D\ Dy C D; U D,

. 2n Ci
(iv) D\ Dy > (%)) = 525m°

(v) |B| = ‘DJ(% - 32054 o 85731/5 + 16525n2/5 + 86323/5 + 3254:;4/5)
(vi) |Da| > 0

Proof. (i) By Theorem[2.7, Maker can win the (dn'/%, 3, 3)-chain game in at most

n%® rounds, so Breaker has claimed at most qﬁnﬁ/ 5 = 2(1Ci B) n? edges.

)
2(1-p)

(i) Maker created the (0n'/®,f,3)-chain (Xo, X1, X5) with |Xo| > BIXy| >
8% Xo| > B?n by playing the strategy given in the proof of Theorem 2.7 In
the phase of the game in which Maker builds X; he claims at most én'/®
edges adjacent to a single vertex and in the phase of the game in which
Maker builds X, the same is true. Therefore at the time Maker has build
the (0n'/?,3,3)-chain we have A(M) < 20n'/°. By Lemma we have
INy(Nar(0) \ ({v} U Nag(v))| > 16n*® — 20n'/5 for each v € X5. So by
Lemma [3.11| we have X, x X, C D. It follows |D| > (\){2'2\) > (@")

(iii) Since D, = D\ (DqU D;), the statement is evident.

(iv) We know from (i) that %Tﬂ > |B| > |BN D|=|Dy|. The statement follows
from (ii).

(v) By Lemma [3.11f(ii) we have
T, < 166*n*/® (3.19)
for each e € E. For ¢ := —26°n®® + 56%n*/> + 66n'/® + 2 it follows
|D;| ((§(54—c)n4/5 + 5)
=Y ((%54 —c)n*/’ + 6)

eeD;

= 3 (L6'n* —q+e) (as g = en'’®)
eeD;

< (T —q) (as D, C D)
eeD;

= Z(|TemB’+’Te\B‘_q)
ecD;

< > |T.n B (by Definition B.9(iv))
eeD;

=> [{beB:beT}
ecD;

=Y {beB:eeT} (by Remark [3.10))
EGDZ'
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=22 In(e) =2 > Inle)

eeD; beB beBecD;
= Z |T, N D;| < Z vy
beB beB
< Y165 (by (319))
beB
= | B|165*n*/> .
Hence |B| > |D ’(128 32664 - 857}1/5 + 16525n2/5 + 86323/5 + 3254:;4/5)‘

(vi) We assume D, = (). Because 3 = 0.55, the following inequality is true:

132 _ B*(1-B)3 1 pra-p)? B*(1-p)°
2@ (1+B2(1—/3))(1—/3))( 28 32(1+/32(1—B))) = AR (-B)(-B) -

Therefore, for sufficiently large n,

4(1_8)3 4(1-8)3 4(1—-5)3
%(52_( s 1=8) )<HIS_M+€)> ’B(,gf) . (3.20)

14+62(1-8))(1-8) 32(1+8%(1-8)) (1+52(1-5))(1-5)
where ¢ = —857111/5 + 165;’”2/5 + 85323/5 + 32543n4/5. We give upper and lower
bounds for | B]:
1?55”2 > |B| (by (7))
> |Dil(555 — g7 +€) (by (v))
> D\ Dd’(ms 3957 T €) (by (i4i) and D, = 0)
ZW@—ﬁ>W%—ﬁ+@ (by (iv))
= (305 — %) — i + )
- Tz % T 3257 +5)>
> (5087 = 1) (i — 5 +2)
- %(ﬁlg — g1 T €))n2 (as d > 1)
> (35" - @t )
(5 ~ wtrssact-an *
— 3 — i + O’ (by B19))
= ((Hﬁgiﬁ_ﬁf)ﬂ))?lfﬁ) - %(ﬁ — 5957 + 8))712. (by ([3.20))

The above chain of inequalities gives

Bgr(1-B)?  B(-B
o 2> 1+/§2(1 : B (2n )(128 5t 1 €)
_ B'(-p)?
= 11820-p) o(1). (3.21)

Since by (3.15) we have c¢d < % and therefore (3.21f) cannot hold for

sufficiently large n. Thus the assumption D, = () is false, and we have proved

(vi).

O
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Proof of Theorem[3.6, We have shown in Lemma [3.12](vi) that D, # 0. To win the
Cs-game Maker can now claim one of the active dangerous edges e € D,. Since
e ¢ D; we have |T, \ B| > ¢, by Definition of D;. Breaker can claim only ¢ edges,
so in Maker’s next turn at least one of the edges of T, will still be not claimed by
Breaker, thus Maker completes a copy of Cg by claiming one of them. m
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Chapter 4

The Potential Strategy Theorem

In this chapter we introduce balance functions and potential functions and prove
our main theorem on Breaker strategies. This potential strategy theorem confirms
the conjecture raised by Joel Spencer in 2019 during a visit of Kiel University, that
the ideas used in [GS22] and [Sow21] could be generalized to find Breaker strategies
for Maker-Breaker subraph games.

4.1 Balance Functions and Potential Functions

Definition 4.1 (Obligatory and High-Potential Edges)
Let C' be a subgraph of K,,. We write £ := &,,, V := V,, and consider the Maker-
Breaker C-game.

(i) We call pot : (£,€,V) — R, (M, B,v) ~ poty p(v) a potential function and
may think of M and B as the edge sets claimed by Maker and Breaker respec-
tively.

(ii) For all M, B € £ and edges e = {v, w} let
potar g(e) == poty g(v) + pota g(w) .
(iii) For all M, B € & let
obl(M, B) := {e € E,\(MUB): MU {e} contains a copy of C’}

be the set of obligatory edges.

(iv) For X, Y € £, Z € £\ {0} let
mazimalxy(Z) e {z € Z :Ye € Z : potxy(e) < potxy(z)}

be an edge with maximal potential in Z.

(v) Let

F(M, B) == min{q — |obl(M, B)|,n — 1 — |M| — |B| - |obl(M, B)|} .
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For all i € [f(M, B)] we recursively define X (M, B)* and hp(M, B)® as follows.
For 1 =1 set

X(M,B)' = BUobl(M, B),
hp(M, B)" s= mazimalys xarpy (En \ (M U X (M, B)"))

and if 1 > 2 and X (M, B)""! and hp(M, B)"~! were already defined, set

X (M, B)' == X (M, BY~" U {hp(M, B)'"'},
hp(M, B)' == mazimalys,x (a5 (En \ (M U X (M, B)")).

(vi) Finally
hp(M, B) == {hp(M, B)" : i € [f(M, B)]}

is the set of high-potential edges.

Remark 4.2 The set obl(M, B) are the edges that Breaker has to claim immediately
because otherwise Maker would win within his next turn. After he has claimed the
obligatory edges, the unclaimed edge with the highest potential is hp(M,B)*. If
Breaker would also claim this edge and update the potentials, the new unclaimed
edge with the highest potential would be hp(M, B)* and so on.

Definition 4.3 (Potential Function Strategy)

(i) Given an arbitrary potential function pot we call
b:ExE—E,(M,B)— obl(M,B)U hp(M, B)

the potential function strategy for Breaker with respect to the potential func-
tion pot.

(ii) Breaker plays according to this strategy, if in each round he first claims ev-
ery edge in obl(M, B) and thereafter he successively claims an edge with the
highest potential among the unclaimed edges, and updates the potentials of
all vertices and edges. He proceeds in this way until he has claimed ¢ edges,
completing his moves in this round.

The preceding definitions formally describe a Breaker strategy with respect to a
general potential function. We proceed to specify a very special potential function
for the Maker-Breaker C-game, which will lead to Breaker’s win, if the potential
function has certain properties.

Definition 4.4 (Balance Function) Let G = (V| E) be a graph, 6,q € R and
ILJCRwithOeIn.J.

(i) We call bal : I x J — Ry a balance function if there exists a function b* :
R — R such that for all m € I and b € J the following three conditions are
true:
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(a) bal(m,-) : J — Ry, 2z + bal(m, z) is strictly decreasing
(b) bal(-,b) : I — Rsq, z +— bal(z,b) is strictly increasing
(c) baly = bal(0,0) = bal (m,b*(m)) < 1.
(ii) We call
dyar : P(E) x P(E) x V = R : (M, B,v) — b*(degar(v)) — degp(v)
the deficit function of bal.
(ili) For all ¢ € R we call the function
POtpargo : P(E) X P(E) x V — R, potpqg0(M, B,v),
where

0, if degps(v) + degp(v) = |V | —1

pOtbal,qﬂ(Mv B, U) = {(1 + e)dbal(M,B,'U)/q7 otherwise

the potential function induced by (bal, g, 8).

Definition 4.5 (Balance-Potential Function) Let C be a fixed graph. Let @ €
Nand ¢ : N — R be a decreasing function with lim f(n)=0and ¢ : N - R
an arbitrary function. We consider the Maker-Breaker C-game with bias ¢(n) on
the complete graph K, = (V,,, E,) for n € N. For all n € N let x, € R and
bal, : [0,z,] x R — Ry be a balance function such that for all n > 7, v € V,,, any
Maker graph M, and any Breaker graph B the following three properties hold:

(i) (bal,)o = (bals)o
(ii) 0 < potsar,gm)0m) (M, B,v) < 2n = degn(v) # [zn] — 1

(iii) Suppose Breaker plays according to the potential function strategy with re-
spect to the potential function potyg,, 4(n),0n) and M is the graph of Maker, B is
the graph of Breaker respectively and it holds A(M) < z,,, and M is the graph
of Maker directly after his next move and obl(v) := {0 € obl(M’, B)| v ¢ o} are
the obligatory Breaker edges not incident in v, then the following conditions
are satisfied:

(a) (baln)()(q(n) - \obz(Mf,B)D > 1

(b) (baln)()(q(n) - \obz(v)D > dyar (M, B, v) — dyar, (M, B, v)

Then we call the potential function potya, 4(n)6(n) @ balance-potential induced by
(baln)nEN-
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4.2 The Potential Strategy Theorem

We are now ready to state the central potential function strategy theorem.

Theorem 4.6 (Breaker’s Win) If Breaker plays the C-subgraph-game according
to the potential function strategy with respect to a balance-potential, then there is a
N € N such that he wins the game for any n > N.

The proof of Theorem requires considerable conceptual and technical effort.
For the readers convenience we structure it in suitable subsections.

4.2.1 Properties of the potential during the C-game

We assume that Breaker plays the Maker-Breaker C-game according to the potential
strategy with respect to a balance-potential potyg, 4(n)0n) as defined in Definition
Let ny € N be a natural number with m < n; and

0(n1) < min{3, (; —1}. (4.1)

baln, )o
Further let 5 € (0,1), 7 € (0,1 = (baln,)o(1 + 0(n1))) and e € (0, 3) with

l1—n
(1+2)(1+0(n)) (baln, )o

> 1. (4.2)

For all n € N define

c(n) = 1—1In(1—1)
" Lﬂ(l —n)—In(l+¢)—1In ((1 + e(n))(baln)o)—‘ ' (4.3)

Since ¢(n) is bounded and lim,,_,« 0(n) = 0, we can find n € N with n; < n and

2¢(n) 0(n) < min{ny,n(1 —7)(1 = (14 &)~/ Eabmlo) L. (4.4)

Since n is fixed for the remainder of this proof we omit the dependancy of 6 on
n and write @ instead of @(n). Accordingly we write V| E, &, x,bal, q, ¢ instead of
Vi Eny Eny T, baly, qn, c(n). Let =1+ 6 and b* be as in Definition 1.5.(i). For all
M,B € P(E) set

dM7BZV—)R,U'—)dbal(M,B,U), (45)
potyr gV = R, v potyyq0(M, B,v), (4.6)
POTM,B = Z pOtM,B(U) . (47)

veV

Let b be Breaker’s potential function strategy with respect to pot := potye 4,0 and let
m be an arbitrary Maker strategy. Since these strategies are fixed for the remainder
of the proof we omit the dependancy on them and write ¢ := (m,b) and for each
t € [t] we write M := M*(m,b), B* := B*(m,b). Assume ¢’ € E is the edge with
{e'} = m(M*, B"), i.e. €' is the edge chosen by Maker in turn ¢. In the following
definition we split up the change in the overall potential POT during a single turn
into several parts .
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Definition 4.7 For all M, B € & let
M’ = MUm(M,B), B = BUobl(M',B),B' = B°Uhp(M', B). (4.8)
For w,v,w € V with {{u,v}} = m(M, B) we define
(1)

dJVI’,B(w) dyr, g(w) )
Afppw) =00 o itwe{uo) (4.9)
7 0 , otherwise

A}y p(w) is the share of the change in the potential of w caused by Maker’s
move.

IL[, q _:u’ q ,iwa{u,U} , (410)

dypr pe(w) dypr ()
Al () = ,
0 , otherwise

A}ﬁ?gs(w) is the share of the change in the potential of w caused by obligatory
edges of Breaker if w is one of the vertices in the edge claimed by Maker.

(iii)
tail 0 Jif w e {u,v}
Aj\(}ll,é(w) = dpgr, ge(w) dyt, g(w) , (4.11)
I — , otherwise

Aﬁ;lg(w) is the share of the change in the potential of w caused by obligatory
edges of Breaker if w is contained in the edge claimed by Maker.

d}V[’,B’(w) d]VI’,BC(w)

AV pw)=p= o —p= T, (4.12)

Aﬁ p(w) is the share of the change in the potential of w caused by high-
potential edges of Breaker.

Al g(w) = potry g (w) — potr,p(w) — Af; p(w)
eads ails h
—ANE (0) — A (w) — AY] p(w) (4.13)
AY; p(w) is the share of the change in the potential of w caused by setting the
potential to zero if all edges incident in w were claimed.

(vi)

Aheads if AJr Aheads 0
Al () = { ) Al + AW 20
—Ayp(w) , otherwise
Al () = 0, if Afy p(w) + ARfegs(w) > 0 (4.15)
M5 Ay p(w) + ARfags(w) | otherwise '

A’XZB(w) and A’]EB(w) are defined to ensure A’J(ZB(w)+A’]t/;B(w) = A’ﬁfgs(w),
AJJ\%B(w) + AﬁZB(w) > 0, and AL’B(w) + Aﬁ[’B(w) < 0.
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(vii)

A]\+/[,B — Z Aj\_m Aheads — Z Aheads ’ (416)
weV wevV

Al =3 Alils(w), AY 5= Y AR p(w), (4.17)
weV weV

A?\/[,B = Z A(])\/[,B(w)a A}MB = Z A};ZB(M)v (4-18)
weV weV

A?\I_,B = Z A]XZ,B(U})’ Anp = AL,B + A}KZB + (1 — U)AE,Ba (4.19)

weV

mMB = A%/ZB + A?\%fé + n A?{ZB + A[J)\/[,B : (420)

Definition 4.8 (Critical Turn) We call ¢t € [t — 1] critical, if Ay g > 0.

Prop
Then

(i)
(ii)
(iii)
(iv)

Proof.

(i)

osition 4.9 Let M, B € £ be Maker’s graph and Breaker’s graph respectively.
the following holds:

POTypp — POTy p = A, p + Ahads + Alails + ARP  + A,
Aheads — AL + Al g
rve <0
Every t € [t — 1] with POTpje+1 g+ — POT e ge > 0 is critical.

(i) follows from by summation over all vertices.
For all w € V' by and we have

A}XZB(W) + A}](/[_?B(w) = A}ﬁfgs(w)

if A%y p(w)+ AR (w) > 0 and

Al p(w) + Al p(w) = =AY p(w) + Ay p(w) + AN (w) = A% (w)
otherwise. (ii) follows by summation over all w € V.

Since A}](/Z B, A, and Aﬁg p are changes in the potential caused by Breaker’s
edges, all these values are non-positiv. With A}, 5(v) € {0, —(146)da ("B v)/a}
for all v € V, (iii) follows.

Let t € [E — 1] with POTMt-H,Bt-Fl — POTMtBt > 0. We have

Ayt g = A, MmB T+ A}H_B + (1 — U)A%,B (by (4.19))
= ALB + Ahwds Aﬁf,B +(1— n)A}J:/I[),B (by (7))
= POTyer1 gror — POTye gt — T (by (4.13))
>0. (rar,s < 0)

Therefore t is critical.
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In the following we pass through a series of Lemmata, revealing useful informa-
tion about the change of the potential in single turns of the game.

Lemma 4.10 Let M, B € £ be Maker’s graph and Breaker’s graph respectively with
degy(v) < x for allv € V. Let e € E with {e} = m(M,B) and {u,v} € E with
M =MU {{u,v}} and B := BU {{u,v}} # B. Then

(1) potyr p(w) < ppoty g(w) for allw e V.

(i) Ajrp < (14— 1)potu,p(e)

dpr, gt (W) dyr,B(w)
)

1

(i) Y (55 ™) < (07 potas (. })
weV

Proof. (i) Let w € V be an arbitrary vertex and obl(w) := {o € obl(M', B)|w ¢
o}. If potyr p(w) = 0 or potyy p(w) = 0, then (i) is trivial. Otherwise, since
baly < 1, we obtain ¢ — |obl(w)| > dpy p(w) — dy p(w) and ¢ > 1 through
Definition {4.5((iii). It follows

poty g(w

<(
et 44y

o

(

potar g(w) — potar g(w) = potyr p(w

pOtMlvB(w)) B 1)

]W’ B(w d]\/[ B w)
= potMB 1 —1

o= lobl(o) )

(ii) For vy,vy € V with e = {v,v2} for the same reason as above we have

darr, g (Vi) dr, B (v;)
A = X Afiln) = T (n™5 - )
]

< potr5(

< potyp(w)

1€[2] i€[2
_ Z ( dr, B(v ) ( dM’,B(”i);dAI,B(Ui> B 1))
1€[2]
dpg, g (vg)
=D h o (M—l) = ZPOtM,B(Ui)<M_1)
i€[2] ic[2]

= poty p(e) (u — 1) .

(iii) For any w € {u,v} we have

dar, gt (W) dpr,g(w) dp, g(w) dpr, g (w)—dpr, B (w)
7] q — q =L q " q —1

_ ,udM,f(w) (Hf% _ 1)
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4.2. THE POTENTIAL STRATEGY THEOREM

= potp p(w) (,u_% - 1) :

Since
dpr, gt (w) dar, B (w)

7 q —u =0
for w ¢ {u,v}, (iii) follows.

[]

Lemma 4.11 Let M, B € £ be Maker’s graph and Breaker’s graph respectively with
A(M) < z. Let e € E with {e} =m(M,B) and M' := M Um(M, B). Then

balgf(M',B)
(v

(i) Ay p(w) + A%B(w) < a - l)potMB(w) for allw e V.

balg f(M',B)

(i) Ajpp+ AYfp < (M ¢ = 1)P0tM,B(€)-

Proof. (i) Let w € V. If A%B(w) = —Aj; p(w), then (i) trivially holds. Oth-
erwise we have Alfp(w) = At (w) and Af; 5(w) + Akfads(w) > 0 by
(4.14). Therefore w € e and for B¢ := B U obl(M’, B) and obl(w) = {o €
obl(M', B)|w ¢ o} we have

dM/,Bc(w) — dM,B(w) = dM/,Bc(w) — dM/,B(w) + dM/7B('lU) — dM’B(’LU)

< baly (q — |obl(w) ) + dap pe(w) — dyp p(w)  (Def. [4.5(iii))

< bal, (q — |obl(w)| + dapr pe(w) — dM’,B(w)>

= baly (q — |obl(w)| — | {0 € obl(M', B)|w € O}D

= baly| g — |obl(M', B)D
= baly f(M', B) . (Definition [4.1|(v))
Therefore

Afpp(w) + Al p(w) = ATy p(w) + A% (w)

dpyt, ge(w) dpg, g (w)
T (by (4.9), (4.10))

dppr ge(w)—dpr, g (w) dpr, B (w)

I g g

% a - 1>P0tM,B(w)

balg f(M',B)

T - 1>p0tM,B(w).

14
( d]w/’Bc(uO*dIM,B(w)

and (i) is proved.
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4.2. THE POTENTIAL STRATEGY THEOREM

(ii) From (i) and Vo € V' \ e Af; p(v) = A}f5(v) = 0 directly follows

A]T/[,B + A}]t/—[i:B => (A;\FLB(U) + A%B(”))

veV

=3 (M) + Al 5(0)
veEe

S (’u/balof(qlwf,B) B 1)pOtM7B(€)'

]

Lemma 4.12 Let t € [t] be critical with A(M') < x and e € E, \ (M U B**1).

Then bal
K 0akg t
potyret pei(e) < potare pe(e’).
(1=n)

Proof. For all i € [f(M', BY)], since X(M*! B")* C B! and because in each
step Breaker chooses an edge with maximal potential, we have

POt ppt+1 gr+1 (e) < pOtMt+1’X(Mt+1’Bt)i<€)
< pOtMt+17x(Mt+17Bt)i (hp(M7 B)l) .
With Lemma [4.10] (iii) follows
Al b

d _
dyt+1 pt+1(w) M+l x (it gty (MU, BY) (w)

:Z (u q — U q
weV

dﬂf’,X(}VIt+17Bt)(i+1) (w) d]\/[l,X(]\/[t-‘—l’Bt)i (w)
+ 2 o 7 —p g
ie[f(MH1,BY)~1]

_1 i
< Z (/L ¢ — 1)p0tMt+1’X(Mt+17Bt)i (hp(M, B) )
i€[f(MtHL,BY)]

< F(M™ BY) (175 — 1)pot e g (e)
Therefore we have
FM™, BY (1 — 77 )potapess s (e) < —AM, (4.21)
Note that for all & > 1 we have
a(1—p ) > 1= pee, (4.22)

Set a := balof(M*!, Bt). Note that by Definition |4.1(v), Definition [4.4(i)(c), and
Definition [4.5(iii)(a) we have

1<a< f(M* B <q. (4.23)
Now

(1 —n) F(M™, BY) (1 — ™) potageer g (€)
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4.2. THE POTENTIAL STRATEGY THEOREM

< —(1 =AY pe (by ([@.21))
< Ayppe+ A%’Bt (t is critical)
< (/ﬁ - 1) pot e pe(e) (Lemma [4.11](ii))

= p (1 - Mf%) potar,pi(e’)
< (1= 57 potase e (e) (by ([#.22))
< ap(1— 1) potase i (€'). (by (23))

Therefore
pot e+t peri(e) < W pote pr(e)

= E’fﬁg potase pe(er). (Definition «)
[

4.2.2 Bounding the overall Potential

In the following we will show that if a # € [f] fulfills , POTy ge < 2n for all t < #
it follows POT) i gi < 2n which implies that the overall Potential will never exceed
the value 2n, which is a crucial reason for the success of Breakers strategy. Because
the proof of this Lemma is quite intricate, we split it into smaller Lemmata.

Definition 4.13 (i) Let be { € [f] with for all t € [f — 1] POTyp e < 2n. Since
POTyy = n, {t € [f] : POTaye 5 < n} # 0. Define

tg = maa:{t € [t] : POTye gt < n} +1.

Note that to — 1 is a critical turn. Let u,v € V such that {u,v} = e~ is the
edge claimed by Maker in turn o —1 and pot ysto-1 gto—1(v) < pot preo—1 gro—1(u).

(ii) For all ¢ € [f]
K(t):={se[t—1]:ty—1<sand s is critical}
is the set of critical turns s with ¢y — 1 < s < t. Let k(t) :== |K(t)|.
(iii) Let
Ty={t € N:itg <t <t A potarepe(u) < (1= 5)potyo-t pro-1(u)} . (4.24)

(iv) Let

TQ::{tGN:tOStSf/\ JweV dseNty<s<t
/\poth,Bz(w) > (1—|—€)pOtMsst(w)}. (425)
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4.2. THE POTENTIAL STRATEGY THEOREM

(v) For all i € [2] set

LS JAf T, =0
" I min(T) , otherwise
t—1

t. :==min{t;,t2} and R := Z TMs Bs -

s=to—1

So ty — 1 is the last turn in which the overall potential is not larger than n. In
the following it will be shown that between turn ¢y — 1 and turn ¢, there are at most
¢ critical turns and that in these ¢ critical turns the overall potential can not rise
above 2n, where c is the constant defined in (4.3)).

Lemma 4.14 Lett € N with to <t <ty. Then it holds POTy gt < 2n.

Proof. Since t < ty, t ¢ T3, so for all v € V by (2.24) we have poty gr(v) <
(14 €) pot o pto (v). It follows

POTye e =Y potae pe(v)

veV

< Y (1+¢e)potaro pro(v)
veV
= (1 + 8)POTMt07BtO

< (1 + 5) (POTMtol’Btol

+ ALtO—17Bt071 + A%017Bt01> (Proposition [4.9[1i))

balg f(M*0,Bt0—1)

< (I4¢e)p a POTyto-1 pro—1 (Lemma [4.11]))
< (1+ €)MPOTMt0717Bt071 (baly < 1, f < q)
< (1+¢e)un (Definition [£.13[(i))
< % % n=2n (Definition of y, )

[]

The following Lemma is a refinement of the inequality in Lemma [£.12] Tt shows
that the potential of an unclaimed edge is bounded by a term exponentially depen-
dent on the number of critical turns.

Lemma 4.15 Let t € [t] withty <t <ty and e € E,, \ (M* U B"). Then we have

(14 ¢) pbaly

k(t)
1— 1 ) 2 pOtMt0—17Bt0—1(u) .

potare pt(e) < (

Proof. The statement will be proved by induction over k(t).
E(t) = 1:

pOtMt7Bt(€) < (1 + 5)p0tMio,Bf0 (6) (t < 19, 425)
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4.2. THE POTENTIAL STRATEGY THEOREM

wbaly

<(1+4¢) § )potMtongth(etO_l) (Lemma |4.12))
—-n
1+¢)pbal
S ((1177)0 2p0tMt0_17Bt0_1 (U) .

k(t) > 1: For all s € [t] with tg < s < ta, k(s) < k(t) and € € E, \ (M* U B®) by
the induction hypothesis we have

(1+¢) ubaly

k(s)
1— 1 ) 2 pOtMtO—l,Bto—l(u) .

potas ps(€') < <

Put s = max{s’ € t] : sis crz'tz'cal} — 1. Then, k(s) = k(t) — 1, and with the
induction hypothesis applied to e’ = e* we get

potare pt(e) < (1+ €)potps+1 gs+1(e) (t < tq, (4.25))
wbaly s
<(l1+¢) § >pOtMs7Bs(e ) (Lemma [4.12)
-n
<<1+8),ubalo (1+¢) ubaly k(S)Q ; ()
Ol prto—1 gto—1(U
A-m\ Ty Fope
1+ ) pbaly |
= <( 1 z/:;i] O) 2pOtMtO—l7Bt071 (u) .

]

The following Lemma shows that between round ¢, — 1 and ¢, there are at most
c critical turns, where c is the constant defined in (4.3)).

Lemma 4.16 We have k(t.) < c.

Proof. Let t:=t, — 1. Sot < t; and by definition of T} we have
0 S (1 — ’7)p0tMt071’Bt0—1 (U)
< pOtMt7Bt (U) . (t < tl, 424)

Therefore, by Definition [4.4[(iii), there is an e € E,, \ (M' U B') with u € e, and we

continue

k(t)
1+¢)pbal
<()’u0> 2 pot o1 gro—1 ()

(1—n)
> pot e pe(e) (Lemma [4.15))
> pot e pt(u)
> (1 - ’y) pOtMt0717Bt071 (u) (t < 1y, "
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4.2. THE POTENTIAL STRATEGY THEOREM

(14 ¢) pbaly
Z( -

Since (Hi)% <1 by 1) we have k(t) < ¢ thus k(t,) < k(t) +1 <e. O
Lemma 4.17 We have

(i) D Ay <2¢(p—1)potypo-1 po-1(w)
SEK (t«)

) 2 pot o1 gro-1(u) . (by (4.3))

(ii) POTree e — POTypt0-1 o1 < 2¢(pn — 1) potppeo-1 gro-1(u) + R
Proof. (i): We have

Aot gror < (10— 1) pot prio-1 pro-1(€7) (Lemma [4.10{(ii))
< (u— 1) 2potype-1 gro-1(u) . (Definition u)

For all s € K (t.) with t5 < s we have
ALS7BS

S (,u — 1) pOtMs7Bs (68) (Lemma M(ll))

1 baly |
<(p—1) (W) 2 pot o1 gro—1(u) (Lemma [4.15))
< (u—1)2potppio-1,pro-1 (u) . (by (4.2))

Lemma concludes the proof of (i).
(ii): We have

POTyse. g — POT i1 i1

ty—1

= Z (POTM5+17Bs+1 - POTMS7BS>
s=to—1
t—1
= > (AMS,BS - TMS’BS) (Proposition [4.9[i))
s=to—1
=R+ Y. Apsp+ >, Appsps (Definition [4.13](v))
sEK (t«) sEN\K (t+)
t0—1§8<t*
S R + Z AMS?BS (Deﬁnition
SEK (t«)
S R —I— Z AJ’_ S,BS
SEK (t+)
< 2c(pu—1)potyro-1 gro-1(u) + R. (by (7))

]

In the following two Lemmata it will be shown that if the game continues till
turn t,, then the overall potential at turn ¢, is at most at the potential of turn
to — 1. This means the game will be over before turn t,, because otherwisewe have
a contradiction to the definition of ;.
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4.2. THE POTENTIAL STRATEGY THEOREM

Lemma 4.18 Let t; =t, <t. Then it holds
POTMt*7Bt* S POTMt()fl,Btofl .
Proof. Tt holds

POTMt*’Bt* - POTMt0717Bt071

<2c(pu—1)potype-1 pro-1(u) + R (Lemma [4.17{(ii))
< 17y potaro-1 pro-1(u) + R (by (#.4))

<n (potMt0_17Bt0_1(u) — POt pste Bt (u)) + R (t. =ty (4.24)

—n< S Aty (0) + AL (W)

SEK (t+)

+ Al g (u) + AL ()

+ Aﬂf’eBs (u) + A§ syBs(u)> +R (Prop. [4.9(1))
<o X Al + A 0)
SEK (t+)
+ Aﬂif”Bs (u) + A S,Bs(u)> +R (AT +ht >0)
< - ( > AL ps(uw) + A?\C}lslsBs( )
SEK (t«)
PO + M) £ R (< 1y @)
< —( > rMs,Bs) iR (by (20))
SEK (t+)
<0. (Definition of R)

Lemma 4.19 Let t| # ty = t, < t. Than it holds
POTypte e < POTago-1 o1 .
Proof. Since t, = ty, by (2.25), there exists w € V and sg € [t, — 1] with t; < s¢ and
(14 ¢€) potarso gso(w) < potpse g (W) . (4.26)

First, we show via induction over ¢ that for all ¢ € [t,] with sy < ¢ the following
inequality is true:

balg f(M3,B5~1)
potase ge(w) < potasso pso(w) [] — : (4.27)

$=S0
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4.2. THE POTENTIAL STRATEGY THEOREM

For t = sy the statement is obviously true. So let ¢ € [t.] with sy < ¢t and let the
statement be true for t — 1. We have by Induction hypothesis

pot e pt(w)

= potare, gt (W) — pot pe-1 pe-1(w) + pot -1 gr—1(w)

< AJDt717Bt71 (w) + Ag;_tflthfl ('LU)

T potyge-t i (w) (by (E13)-(E19))

balgf(ME Bt 1
S (/,L ‘ q — 1)pOtMt—17Bt—1 (U))
+ pot -1 pe-1(w) (Lemma 4.11))
balgf (Mt Bt~
= pot pe-1 gr—1(w) p a

t—1 F(ms . Bs—1 Foyt gt—1
balg f(M®°,B ) balgf (Mt Bt 1
< <p0tM50,BSO (w) H ! q >,U q

s=80

t baly f(MS,B51)
— pOtMS(),BSO (’U]) H ILL q

S=50

(4.26) and (4.27) give
(1 + &) potarso, o (w) < potpse- pr- (w) (by (4.26))

b paig T, B8

< potysopo(w) [T n , (by (4.27))

s=580
therefore
be ol F(M5,B51)
(l+e)< [[w o
Ss=s80 .
balg Z F(ms,Bs— 1
pr—y M — q
Hence .
g In(l+¢) | 1
=2 < Ms B, 4.28
" by gy = 2, TP 42

Since t. < t; we have pot e ge«(u) > 0 which means, there is still an unclaimed edge
e with u € e. By (4.23)) and tx < ¢, for all s € [t,] with ty < sand i € [f(M?, B*™1)]

we have

(1 - 7) pOtMt0—17Bfo—1<U) < pOtMS’Bs (u)
< pot s p=(e)
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4.2. THE POTENTIAL STRATEGY THEOREM

S pOtMS7X(MS,B871)i (6)
S pOtMs7x(Ms,Bs—1)i(hp(Ms, BS_I)Z) .

For all s € [t,] with ¢y < s and i € [f(M*, B*1)] it follows

POTMS Ms Bs 1)1+1 POTMS Ms Bs 1)

d

MS,X(J\/IS,B5 1)Z+1(v) ]\[57X(MS,B‘571)7;(’U)

< Z 7 q — W q
veV
< (/fl/q — 1)p0tMs’X(Ms’Bsfl)i (hp(MS, Bs_l)i) (Lemma M(iii))

< (qul/q — 1)(1 — ) potpro—1 pro—1(u) .
So for all s € [t,] with ¢y < s we have

i ?(M57B571)
A]\fl)s,l’Bs,l - Z (POTMS,X(MS,BS—I)i+1 — POTMS’X(MsyBS—l)i)

=1
?(MS,BS_l)

S Z (,u/fl/q — 1)(1 — "}/) pOtMt0—17Bt0—1(’U,)

=1

< f(M°, Bs_l)(u_l/q — 1)(1 — ) POt a1 gro—1(u),
therefore by (|4.28])

b
a(l- 'y)(u‘” ‘= 1) Pot a1 g1 (w) > > AW g (4.29)

S=50

It follows

POTMt*’Bt* - POTMtoflthofl

< 2c¢(p = 1) potyro-1 pro-1(u) + R (Lemma [4.17(i))

<1 =)(1 = (1+2)7") potyro-1 g1 (w) + R (by (E4))

<n(1=9)(1 = p) potyro—r pro-r(u) + R (by (4.28 -)

<an(l=)(1=p) potapo-r po-r (u) + R (by (4.22))

= —na (1 =) ("= 1) potyso-1 peo-r (u) + R

< t*zl AR o+ R (by ([#-29))

.

<_ S_;lms,gs +R (by (£.20))

<0. 0 (Definition of R)
O

We can now prove that the overall potential at turn # is strictly smaller than 2n.
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4.2. THE POTENTIAL STRATEGY THEOREM

Lemma 4.20 POTMi,B,g < 2n.

Proof. By Lemma it is sufficient to show # < t5. Assume for a moment ¢,
f. Then we have t, < to < < t. Since t, € {t1,t2} we get POT . gr. <
POT)to-1 gto—1 by Lemma [£.18]in the case ¢, = t1, and by Lemma in the case
t, = to. We know ty < ¢, by (]%I) and @D) and therefore POT)10-1 gro-1 <0 <
POT)t. pt. by Definition @ It follows n < POTyt. gt < POTypo-1 po-1 < m,
which is a contradiction. O

<
<

With the help of the previous Lemma we can now prove that the Breaker wins
the Maker-Breaker-C-game with bias ¢(n) by playing the pot-strategy.

Corollary 4.21 Breaker wins the Maker-Breaker-C-game with bias ¢ = q(n) by
playing according to the pot-strategy.

Proof. We know POT) gt < 2n for all ¢t € [t], because otherwise there would be a
first point of time t with POT it > 2n which is not possible due to Lemma .
Since POT e gt = Y ey potare pt(v) we also have potye gi(v) < 2n for all ¢ € [t].
By Definition [£.5(ii) we have

0 < potpyrp(v) < 2n = degy(v) # [x] — 1,

which assures that A(M?) the maximum degree of Maker’s graph at the end of the
game is smaller than x. Therefore by Definition [4.5[(iii)(a) we have

1 < baly (q — |obl (M1, Bt)|>
< q—|obl(M", B")].

So, in every turn Breaker can claim all edges which may lead to Maker’s win, and
therefore Breaker wins the game. O
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Chapter 5

A Breaker Strategy for the Cycle
Game

In this section we apply Theorem to the Maker-Breaker k-cycle game in which
Maker tries to claim a cycle of length &£ > 3.

k
for sufficiently large n. For n € {3,4}, these are exactly the bounds shown in [GS22]
and [Sow21], respectively. For n > 4 these are the first explicitly known upper
bound constants for the Maker-breaker k-cycle game.

k—2
We prove that for ¢ > k\l/(k — 1)(M) n*=2 Breaker has a winning strategy

5.1 A Balance Function for the C)-Game

Theorem 5.1 Let k € N3, 5 > % and q(n) = k‘\l/(k— 1)5F=2nk=2. There

evists N € N so that for n > N DBreaker has a winning strategy for the Maker-
Breaker Cy-Game with bias ¢ = q(n).
For the proof we define balance functions and show that these balance functions

fulfill the assumptions of Theorem . Let k € N>3, C == Cy, n € N, B = @,

B e (B, (k—1p), 0 € (0,1— %), q = k—\l/(k_l)ﬁk—znk—Q’ v o= g O =
28 In(n) k
dx

. Our balance function bal is defined as follows:

bal : [0,2] x R - R
n—=>ot

by gz (1l — 5)k;r((;f:12))6 + m(k2;2 mah — C]) ’ o
and with baly := bal(0,0), b* is the function
b :R—R
m +— n — baly (qm(l — 5) k;r((::f))é + m(k—;2 m k3 — q)) . (5.2)

Further pot := poty 4.0 is defined as in Definition (iii). We assume n is sufficiently
large. Note that baly is independent on n since by definition of z and ¢ we have

qr = fn. (5.3)
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We use the notions dys 5(v) and poty g(v) for dyy (M, B, v) and potya q.0(M, B,v) as

nand .

5.2 A Winning Strategy for Breaker for the Cj-
Game

Lemma 5.2 We have

(i) baly = %

(zz) b < baly < (6)<1.

Proof. (i) By (5.3]) we have

n 1
baly = bal(0,0) = — = —
gzl —9) k;((:—f))(s A1 =9) k;r((:—f))(s
(ii) Since (k —2)0 > 0, we have
1 2(k — 1) 3

baly < <1

BL—0)gty  BU—0k  B1—04)

On the other hand, since (1 6)(k; + (k — 2)5) < k, we have

n - 2(k—1)n  2(k—1)

baly = k—1)
" qa(t—6) (k + (k- 2)9) kqx k3

b
B

Lemma 5.3 Let M, B € B(F) and v € V. For sufficiently large n we have

0 < potyp(v) < 2n = degy(v) # [x] — 1.

Proof. We proof the contraposition of the statement. So, let 0 < poty p(v) and
degn (v) = [x] — 1. We show pot s g(v) > 2n for sufficiently large n. By Definition
(iii), potarp(v) = (1 + ©)4sM/a We proceed to show dyp(v) > 222, and
therefore a simple calculation Will complete the proof. Note that by definition of x,
we have 2F 35225 — g = q2(k 7y~ We bound b* (degnrp(v)) from below:

— b ([2] = 1)
( O + (el = (e 52(1a] - 1) o)
>n_m%( Hw?ux—n@k%fx—@)
G

b (degMB

=n — baly
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. gah;(qm . q(wf—?ﬁ—k»

> belogst (z6? > % for large n)
_ 4 e by E3)
>+ 28 (Lemma [5.2{(ii))

With Definition [4.4{ii) of the deficit function it follows

dyp(v) =0 (degM(v)) —degp(v) > n+ 20 —pn =20, (5.4)
We also need
(§+1) 7 2n = o 2in o Oon _ 2l _ g 1y () (5.5)
From and we get
potap(v) = (1+©)e0/E > (14 @)/t (by (5:2))
=(1+ @)($+1)(%+1)—12n5/kq
> 2 (by (5.3))
=n?> 20,
for n large enough. O

Lemma 5.4 Let v € V, M,B € B(E), e € E\ (M UB), M'" := M U {e} with
A(M) < z and let obl(v) := {0 € obl(M', B)|v ¢ o}. Then

(i) bal (q — |obi(M, B)D > 1

(ii) baly (q - \obz(v)D > dyy p(v) — darp(v))

Proof. Let u,w € V with e = {u,w}. Note that the obigatory edges of Breaker
obl(M', B) are those that connect the end points of a path in M’ of length k — 1
that contain the last claimed Maker edge e. Therefore we can bound |obl(M’, B)|
from above:

lobl(M',B)| < (k—1DAM)* 2 < (k—1)2*2 =¢. (5.6)
Also we can bound obl(w) from above:
lobl(v)| < (k — 2)degap (v)A(M)*3 (5.7)

(i) We have

baly (q ~ Jobi(M", B>|) > baly (q - 1>A<M>H) (by )
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5.2. A WINNING STRATEGY FOR BREAKER FOR THE Cj-GAME

= baly ((k — 1)z — (k- 1)A(M)k2> (Definition of z)

= balo<<k — 1) — (k= 1)(z — 1)k—2>

> baly(k — 1)
. g(k Y (Lemma [5-2/(i))
>1.

(ii) Let v € V. If v ¢ e, then trivially
dy g(v) —dyp(v) <0 < baly (q — |obl (M, B)|> :

Otherwise we have degy(v) = degp(v) + 1 and therefore by definition of d and b*
dy g(v) — dpyp(v) = b (degM/ (v)) -0 (degM(v)>

— baly (q — (k = 2) degar(v)ah=3 — k22xk—3>
< baly <q — (k-2 degM(v)A(M)H)

< baly (q — |obl(v)|> . (by (.3))

]

Proof of Theorem[5.1: Lemma [5.3]and Lemma/[5.4] ensure that our balance func-
tion fullfills the conditions in Definition . Thus Theorem can be applied and
Breaker wins by playing acoording to the potential function strategy corresponding
to this very balance function.

]
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Chapter 6

Open Problems

In this chapter we highlight two of the most prominent open questions on Maker-
Breaker Cj-games and discuss possible approaches to tackling them.

Problem 1 (Reducing the gap):

For the triangle game, the ratio between the upper bound and lower bound con-
stant for the threshold bias o< \/g is already relatively small. It is one of the most
prominent open problems to prove the conjecture made in [BLO0] that this ration
could be tightened to 1. For the C4- and Cg-game we have decreased the respec-
tive ratios to reasonable size but there is potential for optimizing. For example our
calculations of Maker’s strategy don’t take into account that Breaker have to do
multiple tasks simultaneously. In the first phase of the game we assume he devotes
all his effort in slowing down Maker’s attempt to create high degree vertices. In the
second phase we assume he does all he can to answer Maker’s threats to complete a
cycle. If one takes into account that Breaker has to compromise between these two
tasks, it could be possible to get better constants for these two games without even
altering the strategies given in Chapter 3.

Problem 2 (Finding Maker strategies for C; with k ¢ {3,4,6}):

For the case of k ¢ {3, 4,6} unfortunately we do not have any good Maker strategies
yet. Malgorzata Bednarska, in private communication with the author, suggested
that the techniques used for the Cg-game could also be used for Cy,-games where
k > 3. We too believe, that this is the case. The strategy for Maker could be the
following. In the first step he plays the (d, 5, k)-chain game for some d slightly larger
than n'/(?>*~1) and some properly choosen 3 € (0,1). By Theorem [2.7] he wins this
chain-game in relatively few turns. To prove that this strategy leads to a win in the
Cor-game in a similar way as in the Cg-game one would need statements analogous to
Lemma [3.8/ and Lemma A possible approach to this would be to use the results
from [NS95|] on bipartite graphs without even cycles of a fixed length. It seems that
this approach would work, though the resulting constants appear to be rather weak.
It may therefore be worthwhile to generalize the techniques from Lemmas [3.8 and
to this setting. Addressing Ci-games where k > 5 is odd will likely require new
ideas, yet we believe that the games introduced in Chapter 2 could be helpful in
this cases as well.
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