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Abstract

The ultrafast laser excitation of materials leads to strong nonequilibrium dynam-

ics of the electronic and ionic degrees of freedom and generates transient states

of matter that differ significantly from the equilibrium properties. Novel experi-

mental techniques capable of capturing electron and lattice dynamics on ultrashort

timescales require theoretical approaches beyond simple models such as the two-

temperature model to correctly describe the time evolution from attoseconds to

picoseconds.

In this thesis, the out-of-equilibrium dynamics of coupled electron-phonon sys-

tems in crystalline solids is investigated using the time-dependent Boltzmann equa-

tion (TDBE). This captures the full temporal evolution of the electron and phonon

populations after excitation by an ultrashort laser pulse. All relevant many-body

processes, including electron-phonon and phonon-phonon scattering, are computed

ab initio without empirical parameters. The implementation in an ab initio code

allows for the determination of electronic and phononic band structures as well as

their interactions based on density functional theory (DFT) and density functional

perturbation theory (DFPT).

The approach is applied to photoexcited transition metal dichalcogenides, a

class of materials with unique optoelectronic properties due to their multivalley

band structures. In monolayers, energetically equivalent valleys can be selectively

excited using circularly polarized light, which leads to an unequal distribution of

charge carriers and, consequently, to different phonon populations in modes with

contrasting properties such as angular momentum and orbital magnetization. This

transient state exists for a few hundred femtoseconds and is dissipated within up

to 10 ps through phonon-phonon scattering.

The method is validated through comparison with ultrafast electron diffuse scat-

tering (UEDS) experiments on bulk MoS2. Three dynamic stages up to 50 ps are

identified: a strongly non-equilibrium phase in the sub-picosecond regime with pro-

nounced intensity changes at the Brillouin zone edges, a partially thermalized phase

after 5–10 ps, and a fully thermalized phonon system up to 50 ps. Comparison be-

tween simulated and measured diffuse scattering maps allows direct identification

of screening effects from free carriers.

Finally, it is shown that electron–phonon and phonon–phonon interactions also

lead to the decay of collective atomic oscillations excited by a laser pulse, known

as coherent phonons. Using many-body perturbation theory, I derive the equation

of a damped harmonic oscillator, commonly employed to describe the dynamics of



coherent phonons, and demonstrate that both the damping and frequency renor-

malization are related to the phonon self-energy.



Zusammenfassung

Die ultraschnelle Laseranregung eines Materials führt zu starken Nichtgleichgewichts-

Dynamiken der elektronischen und ionischen Freiheitsgrade und erzeugt transiente

Materiezustände, die sich deutlich von den Gleichgewichtseigenschaften unterschei-

den. Neuartige experimentelle Methoden, die Elektronen- und Gitterschwingungen

auf ultrakurzen Zeitskalen erfassen, erfordern theoretische Ansätze jenseits einfacher

Modelle wie dem Zwei-Temperaturen-Modell, um die zeitliche Entwicklung von At-

tosekunden bis Pikosekunden korrekt zu beschreiben.

In dieser Arbeit wird die Nichtgleichgewichtsdynamik gekoppelter Elektron-

Phonon-Systeme in kristallinen Festkörpern mithilfe der zeitabhängigen Boltzmann-

Gleichung untersucht. Diese erfasst die vollständige zeitliche Entwicklung der Elektronen-

und Phononenpopulationen nach Anregung durch einen ultrakurzen Laserpuls. Sämtliche

relevanten Vielteilchenprozesse, einschließlich Elektron-Phonon- und Phonon-Phonon-

Streuung, werden Ab-initio ohne empirische Parameter berechnet. Die Implemen-

tierung in einem Ab-initio-Rechenprogramm ermöglicht die Bestimmung elektronis-

cher und phononischer Bandstrukturen sowie deren Wechselwirkungen auf Basis der

Dichtefunktionaltheorie (DFT) und der Dichtefunktional-Störungstheorie (DFPT).

Der Ansatz wird auf photoangeregte Übergangsmetall-Dichalkogenide angewandt,

eine Klasse von Materialien mit einzigartigen optoelektronischen Eigenschaften auf-

grund ihrer Vieltäler-Bandstruktur. In Monolagen können energetisch äquivalente

Täler gezielt durch zirkular polarisiertes Licht angeregt werden, was zu einer ungle-

ichen Verteilung der Ladungsträger und in der Folge zu unterschiedlichen Phononen-

populationen in Moden mit kontrastierenden Eigenschaften wie Drehimpuls und

orbitaler Magnetisierung führt. Dieser transiente Zustand existiert für wenige hun-

dert Femtosekunden und wird innerhalb von bis zu 10 ps durch Phonon-Phonon-

Streuung aufgehoben.

Die Methode wird durch den Vergleich mit Experimenten der ultraschnellen

Elektronendiffusstreuung (UEDS) an bulk-MoS2 überprüft. Dabei werden drei Dy-

namikstadien bis 50 ps identifiziert: eine stark nichtgleichgewichtige Phase im sub-

pikosekundären Bereich mit ausgeprägten Intensitätsänderungen an den Brillouin-

Zonenrändern, eine teilthermalisierte Phase nach 5–10 ps und ein vollständig ther-

malisiertes Phononensystem bis 50 ps. Der Vergleich zwischen simulierten und

gemessenen Diffusstreukarten ermöglicht die direkte Identifizierung von Abschir-

mungseffekten freier Ladungsträger.

Schließlich wird gezeigt, dass Elektron-Phonon und Phonon-Phonon Wechsel-

wirkungen ebenfalls zum Zerfall kollektiver atomarer Schwingungen führen, die



durch einen Laserpuls angeregt werden und als kohärente Phononen bekannt sind.

Unter Verwendung der Vielteilchen-Störungstheorie leite ich die Gleichung des gedämpften

harmonischen Oszillators her, die üblicherweise zur Beschreibung der Dynamik

kohärenter Phononen eingesetzt wird, und zeige, dass sowohl die Dämpfung als

auch die Frequenzrenormierung mit der Phonon-Selbstenergie zusammenhängen.
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Chapter 1

Introduction

The properties of solid-state materials are governed by many-body interactions

among constituent particles, primarily electrons and nuclei. These particles inter-

act via Coulomb interactions, and their collective dynamics play a central role in

determining the fundamental physics of the many-particle system. A comprehensive

understanding of the interplay between di�erent degrees of freedoms of the parti-

cles is essential for accurately describing both equilibrium and out-of-equilibrium

properties in these materials.

In the absence of external �elds, materials remain in their equilibrium state,

where the positions of the nuclei are adjusted such that the net forces acting on

them vanish. In this state, the physical quantities are time-independent, determined

by the static Schr•odinger equation, which predicts the energy levels of the many-

particle system and static wave function describing the electrons and nuclei. A

widely adopted approach is to decouple the dynamics of electrons and nuclei using

the Born{Oppenheimer approximation (also known as the adiabatic approxima-

tion) because of the large mass disparity between nuclei and electrons. Within this

framework, it is assumed that the electronic subsystem responds instantaneously

to the slower motion of the nuclei, so the electronic wavefunction depends para-

metrically on the nuclear coordinates. Meanwhile, the nuclei evolve on a potential

energy surface determined by the ground state of electrons and inter-nuclear inter-

actions. This picture remains valid under weak external �elds, where the response

of the electronic wavefunction is expanded in powers of the perturbation. For in-

stance, when a weak electromagnetic �eld is applied, perturbation theory enables

the calculation of electronic conductivity. In summary, at equilibrium, the central

theoretical task is to solve the time-independent Schr•odinger equation to predict

the static properties of the materials.

Conversely, the equilibrium picture fails when the material is subjected to the ex-

citation of an intensive and ultrashort optical pulse that breaks the time translation

symmetry of the system, thereby making the physical properties time-dependent.
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Owing to the stronger coupling of electrons to the laser �eld compared to ions,

the electrons of the materials are immediately brought into excited states in the

timescale of the laser pulse, while the ions remain relatively unexcited, this sud-

den change is followed by the correlated dynamics of electrons and other degrees of

freedoms, such as nuclei vibration and spins, as manifested by the energy transfer

between electron and lattice. The adiabatic approximation breaks down since the

lattice driven by electronic excitation has in turn an impact on the electronic dy-

namics, and during this process the solid-state system might display properties that

do not exist in equilibrium state [1], as a result of various interactions, including

electron-electron interaction, electron-phonon (e-ph) interaction, electron-photon

interaction and phonon-phonon (ph-ph) interaction coming into play at di�erent

timescale ranging from attoseconds to picoseconds, as illustrated by the sketch in

Fig. 1.1. Recent developments of ultrafast pump-probe techniques with femtosec-

ond time resolution provide direct view of out-of-equilibrium electron and lattice

dynamics, which has motivated the discoveries of many unexpected, novel nonequi-

librium phenomena, such as excitation of coherent lattice vibration, nonthermal

phase transition, ultrafast lattice disordering, and transient metastable states in

materials with competing order parameters. The ensuing strongly out-of- equi-

librium dynamics provides nonthermal pathways towards the ultrafast control of

the material's properties instead of the traditional thermal approach that requires

longer time scale to achieve.

Figure 1.1: Schematic representation of out-of-equilibrium dynamics in lattices in-
duced by ultrashort laser pulse. The 
ow of energy inside and between di�erent
degrees of freedoms are mediated by various interactions, illustrated with arrows of
di�erent colors.
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To understand the mechanism underlying the nonequilibrium dynamics and the-

oretically simulate these processes, a real-time approach is crucial in order to reveal

the energy 
ow between di�erent degrees of freedoms. The simplest model, known

as two-temperature model (TTM) [2], partitions the lattice system into two subsys-

tems, i.e. electrons and lattice, each represented by a unique temperature. Following

optical excitation, the energy is rapidly deposited into electrons, characterized by

an increase of electronic temperatureTe, while the temperature of the lattice is not

directly a�ected by the laser pulse, and remains close to their equilibrium value

during this short timescale. The subsequent nonequilibrium relaxation dynamics is

modeled by the rate equation of the temperatures of the two subsystems, where the

key parameters are the heat capacity of electrons and the lattice, as well as the en-

ergy relaxation rate between electrons and the lattice. While these material speci�c

properties can be computed from ab initio methods: the heat capacity is related

to the band structure of electrons and phonons, and the energy relaxation rate is

closely related to the electron-lattice coupling [3], this model is only phenomeno-

logical, and the microscopic details are completely missing, because TTM assumes

that electronic and lattice subsystems are separately in thermal equilibrium. This

approximation neglects the anisotropy between di�erent electronic states and lattice

vibration modes. Even though the optical �eld varies in a spatial macroscopic scale,

i.e. the wavelength of the light is usually much longer than the lattice constant,

the electronic states of the crystals, which is described by Bloch wavefunctions,

coupled di�erently to the laser �eld, depending on the frequency and polarization

of pump �led. After the optical excitation, the scattering between carriers via

electron-electron interaction, and between carriers and lattice vibrations, de�ned as

phonon, are also momentum- and mode- resolved. Beyond TTM, recent works pro-

posed multi-temperature model (MTM) by further divide the lattice subsystem into

several subgroups [4], each with a unique temperature and energy relaxation rate,

to distinguish the modes that are strongly coupled to the electrons from the weakly

coupled modes. Via the subdivision of the lattice into several degrees of freedom,

both electron-phonon and phonon-phonon couplings come into play in the model,

such that the multistage relaxation of the lattice can be properly described [4, 5].

Furthermore, it is found that MTM is able to predict the speci�c spectral sig-

natures in time-resolved Raman spectroscopy that emerges with hot phonon in

MgB2 [6]. Besides the lack of mode- and momentum-resolution, phenomenological

models such as TTM and MTM are unable to describe other quantum e�ect during

the out-of-equilibrium process, such as the interplay between coherent and inco-

herent dynamics [7], which becomes important in ultrashort timescale and strong

coupling regimes. While the electrons can be described by distinct quasi-particle

Bloch states and lattice vibrations can be formulated in terms of phonon modes, the
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out-of-equilibrium state can also be a coherent superposition of these single particle

states, known as quantum coherence. In fact, coherence e�ect is already important

during the stage of optical excitation, where the laser �eld is directly coupled to the

interband electronic coherence between valence and conduction Bloch states, while

the photoexcited carriers distribution where electrons occupy conduction bands and

holes occupy the valence bands is only possible via the decoherence e�ects, induced

by collisions between electrons and phonon. For the lattice subsystem, the incoher-

ent state represents the eigenstates of the vibrational Hamiltonian, and the atoms

vibrate randomly, without displaying macroscopic lattice distortion, whereas the co-

herent superposition of the number states of the phonon modes, known as coherent

phonon, characterizes the collective motion of atoms and display structural oscilla-

tions on a macroscopic level. Driven by photoexcited carriers, coherent vibrations

can be generated and are proposed as the mechanism for light-induced structural

phase transition in many recent experimental and theoretical studies. Additionally,

the polaronic state created by extra carrier can also be viewed as static coherent

state of the phonon [8].

Both the macroscopic and the microscopic properties of quasi-particles during

the out-of-equilibrium process can be observed with various probing particles at

di�erent moment before and after the pumping optical �eld due to the progress in

ultrafast probe techniques. Time-resolved photoemission employs photon to map

the evolution of electrons, and yields the time-dependent electronic band structures.

X-ray and massive particles, such as electrons and neutrons, are more sensitive to

the evolution of the core electrons that follows closely the motion of ions, hence

they are more sensitive to the lattice dynamics and used in di�raction experiments

to measure the structure factor of the lattice with both time and momentum res-

olution. By analyzing the di�raction at the Bragg's peaks and di�use scattering

between the Bragg's peaks, one can extract the out-of-equilibrium phonon dynam-

ics. Furthermore, time-dependent oscillation of the re
ectivity is a direct signature

of coherent phonon dynamics induced by optical excitation, where the phonon mode

excited, the displacement amplitude, as well as the driving mechanism can be an-

alyzed from the relative intensity, frequency and phase shift of the time-dependent

oscillations [9] .

Motivated by the developments of the experimental techniques that capture

the ultrafast dynamics of the materials, it is desirable to develop real-time ab initio

approach to investigate the mechanisms that dominated the electron and lattice dy-

namics. An important approach is the real-time time-dependent DFT (rt-TDDFT)

based nonadiabatic molecular dynamics [10], where the time-dependent Kohn-Sham

equations with external optical excitation is propagated in real time. The nuclei

are treated classically by updating positions of the nuclei via the Feynman-Hellman
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forces evaluated at each time step. This approach is based on the temporal evolu-

tion of electronic wave functions, which has to be updated with time resolution of

attoseconds and poses a signi�cant challenge for simulations of several picoseonds.

Moreover, rt-TDDFT is well-suited for the description of coherent dynamics of elec-

trons and phonons, the e�ects of incoherent scatterings is however underestimated,

which requires additional algorithms in order to account for the dephasing [10, 11].

Methods based on nonequilibrium Green's function can account for both the coher-

ent and incoherent dynamics [12, 13]. The large computational cost however makes

it di�cult to apply this method to real materials other than model with reduced

degrees of freedom [12].

In this thesis, I aim to investigate the ultrafast electron and phonon dynamics

with ab initio simulations based on time-dependent Boltzmann equation (TDBE) [14,

15], which is a set of rate equations for electron and phonon populations at di�erent

states. Due to its mode- and momentum-resolution, the simulation can be directly

mapped to momentum-resolved measurements such as Angle-resolved photoemis-

sion spectroscopy (ARPES) for electronic band structure and ultrafast electron

di�use scattering (UEDS) for phonon dynamics. While TDBE is a semiclassical

approach considering only the population dynamics, it is well suited to capture

the e-ph and ph-ph scatterings that govern the out-of-equilibrium dynamics in the

timescale up to tens of picoseconds, and the time-stepping can be increased to the

level of femtoseconds at the cost of neglecting electronic coherent dynamics that are

important in femtosecond timescale during the optical excitation. As for the coher-

ent dynamics of the lattice, namely coherent phonon, it is only excited by optical

�eld at the � point of the Brillouin zone (BZ) [16], the coherent phonon dynamics

can be supplemented with an additional equation coupled to TDBE, which will be

discussed in the last chapter of the thesis.

1.1 Overview of the Dissertation

Before presenting the results of this thesis, I �rst discuss the general theoretical

background on coupled electron and nuclei, which provides a basis for deriving

equations describing the dynamics of electrons and phonons inChapter 2 . The

details of the implementation of TDBE into ab initio is described inChapter 3 .

The results presented in the following chapters are motivated by the recent

experimental progresses on the measurements of ultrafast lattice dynamics of 2D

materials and thin �lms of quasi-2D materials, as well as new perspectives of on

phonons in materials, which are listed and brie
y discussed below:

1. In Ref. [17], the UEDS measurements of graphite were performed and ana-
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lyzed in graphite. By building the connection between the di�erential scat-

tering intensity at each scattering vectors with the phonon population with

the same momentum index, UEDS becomes the standard framwork to extract

nonequilibrium phonon dynamics in materials.

2. This quantitative analysis is further used in other crystalline solids, including

black phosphorus [18], multilayer WSe2 [19], monolayer MoS2 [20] and charge

density wave materials [21].

3. The scattering theory is further generalized to incorporate multiphonon e�ects

by Zacharias [22, 23], where the authors also developed ab initio codes to sim-

ulate the di�use scattering experiments with both equilibrium and nonequi-

librium phonon distributions [18, 20, 22, 23].

4. In recent years, the studies of phonons carrying angular momentum have

received much attention, and these phonons are de�ned as chiral phonons.

Started with 2D hexagonal lattices such as monolayer transition metal dichalco-

genides [24], chiral phonons are subsequently proposed to exist in a large

number of materials satisfying certain symmetry conditions. Besides this,

the excitation, detection and application of chiral phonons are also important

aspects of this new branch in solid state physics.

These works provide the motivation to design a pathway to create and enhance chi-

ral phonon emission in monolayer transition metal dichalcogenides under photoex-

citation with circularly polarized light. The possibility of probing the transiently

generated chiral phonons via UEDS experiments is also discussed. The results are

reported in Chapter 4 .

The generation of hot phonons following photoexcitation is attributed to the

intravalley and intervalley scattering of hot carriers, mediated by EPC arising from

the Coulomb interaction between electrons and nuclei, screened by the presence of

carriers. The role of carrier screening on e-ph coupling has been studied in di�erent

context:

1. In Ref. [25, 26], It is revealed that the free carrier screens the long-range

interaction in semiconductors, modifying the LO-TO splitting of phonons and

recuding the scattering rate of carriers upon doping.

2. In doped semiconductors, the screening from the carriers renormalizes the e-

ph coupling, and is the origin of crossover from lattice to plasmonic polarons

in polar materials [27, 28].

These works provide the motivation to investigate the e�ects of carriers screening

on the emission of phonons. By renormalizing the e-ph coupling computed with
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undoped semiconductors from standard ab initio codes, it is found that the screened

e-ph coupling leads to less phonon emission with long wavelength, which explains

the relative weak intensity around Bragg peaks in the di�erential di�use scattering

maps at time delay of less than 1 ps following photoexcitation. The relevant results

are discussed inChapter 5 .

In additional to the nonthermal lattice dynamics, which is represented by the

phonon population in the TDBE, lattices under laser irradiation can also be coher-

ently excited, which have been widely studied in semimetals regarding the excitation

mechanism as well as its measurements:

1. In semimetal antimony (Sb) and bismuth (Bi), the photoexcited carriers lead

to a sudden change of the potential energy surface, exerting forces that drives

the motion of atoms. This mechanism is known as displacive excitation of

coherent phonons [16].

2. The experimental studies of the excitation of coherent phonons in Sb and

Bi started more than 30 years ago [29, 30] by measuring the re
ectivity of

materials that oscillates with the optical phonon frequency until recent ex-

periments that use more advanced techniques, such as time resolved ARPES

(tr-ARPES) [9] and electron di�raction [31] to track the coherent motions of

atoms.

3. In Ref. [9], the excitation mechanism of coherent phonons as well as its e�ects

on band structure renormalization are simulated from ab initio calculations,

with excellent agreement with the ARPES measurements presented in the

same work.

Regardless of the mechanism that launches the coherent phonon, the oscillation is

always followed by a decaying amplitude until vanishing. The damping harmonic

oscillator is commonly employed to �t the vibration of the lattice, where the fre-

quency and decaying time can be extracted from the �tting parameter. While this

model is well accepted, a direct derivation from quantum mechanics does not seem

to direct yield a damping term. This poses the fundamental question of how the

decoherence of coherent phonons can be derived from quantum kinetic theories,

and express the decaying rate in terms of quantities that are readily available from

�rst-principle calculations. A previous work unveiled the decaying channels for the

coherent phonon [32] by employing molecular dynamics simulations, and attribute

the damping of coherent phonon to anharmonic coupling (ph-ph interaction), oth-

ers discuss the decaying mechanism in terms of resonant generation of squeezed

phonons via anharmonicity [33]. A understanding taking into account all possible



8 1.1. Overview of the Dissertation

mechanism is still missing, in particular it is insu�cient to explain the 
uence-

dependent dacaying rate found in bismuth [34], tellurium [35] and antimony, which

might be a pure electronic e�ects rather than enhanced ph-ph interaction, since

the heating of the lattice requires a few to tens of picoseconds. Motivated by these

works, I develop a theory of coherent phonon damping from many body pertur-

bation theory, and perform ab initio calculations to validate my derivations. The

details are reported inChapter 6 .

Finally, I draw the summary of this thesis, and provide outlook for future works

and perspectives inChapter 7 .
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Chapter 2

Theoretical Backgrounds

This chapter outlines the theoretical framework used to investigate ultrafast e-ph

dynamics triggered by photoexcitation. The analysis begins with a many-body

Hamiltonian describing interactions between electrons and nuclei. Assuming that

nuclear displacements are small, quantization can be introduced for both electronic

and nuclear degrees of freedom. The Hamiltonian is then expanded in increasing

orders in atomic displacements, yielding a low-energy e�ective Hamiltonian describ-

ing coupled electrons and phonons, which is appropriate for studying laser-induced

electronic and lattice responses.

To enable �rst-principles calculations, density functional theory (DFT) and den-

sity functional perturbation theory (DFPT) are introduced. The Kohn-Sham or-

bitals and eigenvalues obtained from DFT calculations can be interpreted as the

energy and wavefunctions of single particles that describe the ground state of the

system. While DFT and DFPT are limited in their description of excited-state phe-

nomena, they accurately capture total energy, electronic density, HOMO level and

vibrational properties and are widely employed to parametrize e�ective Hamiltoni-

ans. Further improvements can be achieved by incorporating more advanced com-

putational techniques. Based on quantum kinetic theory, semiclassical equations

of motion are derived for electronic states and atomic displacements, incorporating

both classical and quantum contributions to light-induced lattice vibrations. To

describe lattice dynamics over extended timescales, the Hamiltonian is expanded to

third order in atomic displacements, enabling the inclusion of anharmonic e�ects

responsible for lattice thermalization at elevated temperatures.

The �nal section introduces experimental techniques for probing ultrafast laser-

induced lattice dynamics, speci�cally ultrafast electron di�raction and di�use scat-

tering. Through the application of multiphonon scattering theory, a direct con-

nection is established between experimental observables and the kinetic variables

predicted by the theoretical model. Throughout this chapter, it is convenient to use

Hartree atomic units for derivations. In this system, fundamental constants such as



10 2.1. Many Body Formalism of the Electron-Lattice System

the reduced Planck constant~, elementary charge of the electrone, electron mass

me are set to unity. Unless otherwise noted, all equations shall be expressed in

atomic units.

2.1 Many Body Formalism of the Electron-Lattice

System

A solid consists of interacting electrons and ions bound by Coulomb forces. Its

quantum description is governed by non-relativistic quantum mechanics. The many-

body Hamiltonian in the position representation is given by [36]:

Ĥ = T̂e + T̂n + V̂e� n + V̂e� e + V̂n� n (2.1)

where the kinetic energy operators for electrons and ions are:

T̂e =
X

i

�
r 2

i

2
(2.2)

T̂n =
X

I

�
r 2

I

2M I
(2.3)

with r i and r I denoting gradient operators acting on the coordinates of electrons

and ions, respectively. The Coulomb interaction terms are given by:

V̂e� n = �
X

iI

Z I�
�
� r̂ i � R̂ I

�
�
�

; (2.4)

V̂e� e =
1
2

X

i 6= j

1
jr̂ i � r̂ j j

; (2.5)

V̂n� n =
1
2

X

I 6= J

Z I ZJ�
�
�R̂ I � R̂ J

�
�
�

; (2.6)

whereZ I and M I represent the charge and mass of ionI , respectively.

The solution of the time-independent Schr•odinger equation,̂H j	 i = E j	 i ,

yields the energy eigenvalues and many-body wavefunction 	(r 1; : : : ; r Ne ; R 1; : : : ;R Nn ),

which depends on the full set of electronic and nuclear coordinates. The wavefunc-

tion resides in the Hilbert spaceF 
 N , whereF and N indicate respectively the

Hilbert space of theNe indistinguishable electrons andNn distinguishable nuclei.

In practice, solving this equation exactly is computationally intractable. The above

formalism serves primarily as a starting point for the development of practical ap-

proximations.

An alternative and widely used approach is to reformulate the problem using
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second quantization. In this formalism, the electronic �eld is represented by the

fermionic annihilation and creation operators ̂ (r ) and  ̂ y(r ), respectively. These

satisfy the canonical anticommutation relation:

n
 ̂ (r );  ̂ y(r 0)

o
= � (r � r 0); (2.7)

where spin degrees of freedom are neglected for simplicity, but can be reintroduced

when necessary.

Unlike electrons, in solids the ions are typically treated di�erently. For small dis-

placements around equilibrium positions, they are well-localized and do not overlap.

The position of the atomI in cell p is expressed as:

R̂ p� = R p + � � + � �̂ p� ; (2.8)

where R p = n1a1 + n2a2 + n3a3, with ni 2 N, denotes the Bravais lattice vector,

� � is the equilibrium position of the ion � within the unit cell, and � � p� is the

displacement from equilibrium.

Assuming small displacements, the nuclear degrees of freedom are treated in

�rst quantization [37{39]. Instead of quantizing the nuclear �eld or �nding out

the solution to the many-body wavefunction, which is often impractical, quantum

nuclear e�ects are captured via the displacement and momentum operators, �^� p��

and p̂p�� = � i @
@� � p��

. These satisfy the canonical commutation relations:

[�^� p�� ; p̂p0� 0� 0] = i� pp0� �� 0� �� 0: (2.9)

The electronic part of the Hamiltonian in second quantization becomes:

Ĥe =
Z

dr  ̂ y(r )
�
�

r 2

2

�
 ̂ (r ) +

1
2

Z
drdr 0 ̂ y(r ) ̂ y(r 0)

1
jr � r 0j

 ̂ (r 0) ̂ (r ) ; (2.10)

V̂e� n =
Z

dr n̂(r )V ion(r ; f R̂ p� g) ; (2.11)

where the electronic density operator is de�ned as ^n(r ) �  ̂ y(r ) ̂ (r ), and the ionic

potential is given by:

V ion(r ; f R̂ p� g) � �
X

p�

Z �

jr � R p � � � � � �̂ p� j
: (2.12)

This formulation forms the basis for describing electron-lattice interactions, includ-

ing the quantized lattice vibrations (phonons) discussed in the following sections.
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2.2 Interaction of Electrons and Lattice for Small

Ionic Displacements

In the regime of small ionic displacements, the Coulomb potential exerted by the

nuclei, namely Ve� n and Vn� n can be Taylor expanded with respect to the ionic

displacements away from its equilibrium positionsf �^� p�� g, which is treated as

quantum variables satisfying commutation relations with its associated canonical

momentum. In particular, the approximation reads:

V ion(r ; f R̂ p� g) = V ion(r ; R 0) +
X

p��

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

�^� p��

+
1
2

X

p��;p 0� 0� 0

@2V ion(r ; R)
@Rp�� @Rp0� 0� 0

�
�
�
�
R 0

�^� p�� �^� p0� 0� 0 + � � � (2.13)

and

Vn� n (f R̂ p� g) = Vn� n (R 0) +
X

p��

@Vn� n (R)
@Rp��

�
�
�
�
R 0

�^� p��

+
1
2

X

p��;p 0� 0� 0

@2Vn� n (R)
@Rp�� @Rp0� 0� 0

�
�
�
�
R 0

�^� p�� �^� p0� 0� 0 + � � � (2.14)

Here, R 0 = f R p + � � ; 8 p; � g denotes the equilibrium atomic positions, while the

displaced positions are given byR = f R p + � � + � � p� ; 8 p; � g. By the above

expansion of Hamiltonian, one can obtain a low-energy e�ective Hamiltonian that

captures the essential physics of electron-ionic interactions [40], which is also called

e-ph interaction in this thesis:

Ĥ = Ĥ0;e + Ĥ0;ph + Ĥe� e + Ĥe� ph + Ĥph� ph (2.15)

The �rst two terms describe non-interacting electrons and harmonic ionic vibrations:

Ĥ0;e =
Z

dr  ̂ y(r )
�
�

r 2

2
+ V ion(r ; R 0)

�
 ̂ (r ) ; (2.16)

Ĥ0;ph =
X

p��

p̂2
p��

2M �
+

1
2

X

p��;p 0� 0� 0

�^� p�� C0
p��;p 0� 0� 0�^� p0� 0� 0 : (2.17)

The second-order force constants (or elastic tensor), evaluated at equilibrium and

de�ned with respect to the ground-state electronic densityn0(r ), are:

C0
p��;p 0� 0� 0 �

@2Vn� n (R)
@Rp�� @Rp0� 0� 0

�
�
�
�
R 0

+
Z

drn0(r )
@2V ion(r ; R)

@Rp0�� @Rp0� 0� 0

�
�
�
�
R 0

: (2.18)
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The third term in Eq. (2.15) describing electron-electron Coulomb interaction is

independent of the nuclear position, and therefore keeps its original form:

Ĥe� e =
1
2

Z
drdr 0 ̂ y(r 0) ̂ y(r )v(r ; r 0) ̂ (r ) ̂ (r 0) : (2.19)

The fourth term represents the linear e-ph coupling that arises due to atomic dis-

placements:

Ĥe� ph =
X

�p�

"
@Vn� n (R)

@Rp��

�
�
�
�
R 0

+
Z

dr
@Vion(r ; R)

@Rp��

�
�
�
�
R 0

n̂(r )

#

�^� p�� : (2.20)

Each term in the bracket corresponds to the Hellmann-Feynman force acting on

the atom (p� ) due to ionic and electronic contributions. At equilibrium, this force

vanishes, implying the condition:

Fp�� =
@Vn� n (R)

@Rp��

�
�
�
�
R 0

+
Z

dr
@Vion(r ; R)

@Rp��

�
�
�
�
R 0

n0(r ) = 0 : (2.21)

Utilizing this condition, the e-ph interaction can be recast into a more compact and

physically intuitive form:

Ĥe� ph =
X

�p�

Z
dr

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

� n̂(r )�^� p�� ; (2.22)

where the electronic density 
uctuation is de�ned as� n̂(r ) = n̂(r ) � n0(r ). This


uctuation may include contributions from lattice vibrations, laser-induced excita-

tions, or other perturbations. The detailed analysis of these contributions will be

presented in Chapter 6.

The �nal term in Eq. (2.15), Ĥph-ph , accounts for the anharmonic e�ects in

lattice vibrations, which becomes signi�cant at elevated temperatures or during

nonequilibrium dynamics. This term arises from expanding the Hamiltonian to

third order (and beyond) in atomic displacements and can be written as:

Ĥph� ph =
1
3!

X

p��;p 0� 0� 0;p00� 00� 00

� 0
p��;p 0� 0� 0;p00� 00� 00�^� p�� �^� p0� 0� 0�^� p00� 00� 00 + � � � ; (2.23)

where � 0
p��;p 0� 0� 0;p00� 00� 00 denotes the bare third-order force constants evaluated at

equilibrium. These coe�cients are derived from the third derivatives of the total

potential energy with respect to atomic displacements and encapsulate the leading-

order anharmonic contributions. Higher-order terms (quartic and beyond) may also

be included if necessary to accurately describe strongly anharmonic systems.

Anharmonic ph-ph interactions are essential for describing the thermalization of
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the lattice and the �nite lifetimes of phonons. They play a crucial role in ultrafast

dynamics following photoexcitation, where the energy absorbed by the electrons

is eventually transferred to the lattice through both e-ph and ph-ph scattering

processes.

2.3 Coupled Electrons and Phonons from Density-

Functional Theory

Many-body perturbation treatment of the coupled electron-lattice problem leads to

the low energy Hamiltonian, with well de�ned quasi-particles, i.e. electrons and

phonons. This serves as a starting point to apply many-body Green's function

theory to study the complex system with perturbation theory. Several types of

many-body interactions exist, whereas in this thesis the e�ect of linear e-ph coupling

stands out as compared to other e�ects such as electron-electron interactions, posing

challenges for the analysis of coupled electron-lattice dynamics. On the other hand,

electron-electron interaction can not be completely neglected, since it is essential

for the electronic structure of the materials, as a result, treating electron-electron

interaction in the mean �eld level. DFT with its excellent performance in computing

ground state properties of the materials, turns out to be a tradeo� to this problem.

2.3.1 Density-Functional Theory

Instead of the many-body wave function, DFT only needs to handle the electron

density n(r ) as the fundamental variable. This simpli�es considerably the struc-

ture of the problem and yields a set of single-particle electronic states that closely

resemble the ground-state electronic structure of materials, without relying on ad-

justable parameters. The foundational framework of DFT is established by the

Hohenberg-Kohn (HK) theorems [41, 42]:

Theorem 1. In the ground state, the mapping between the external potential im-

posed by ionic system to electronic systemV ion (r ) and the electronic densityn(r )

is unique, up to a constant.

This theorem implies that the total energy of the ground state can be expressed

as a functional of the electronic density:

E[n(r )] =
Z

drV ion (r ; R 0)n(r ) + F [n(r )] ; (2.24)

where the functionalF [n(r )] is a universal functional. Thus, all ground state prop-

erties|including total energy and wave functions|can be expressed as functionals
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of the electronic density, de�ned as the expectation valuen(r ) = h ̂ y(r ) ̂ (r )i . The

determination of the ground-state density follows from the second HK theorem:

Theorem 2. Any trial electronic density n(r ) satis�es E[n] � E [n0], where n0 is

the ground state electronic density.

This variational principle enables identi�cation of the ground state by mini-

mizing the energy functional. To derive a solvable framework, Kohn and Sham

proposed decomposing the universal functional as:

F [n] = T0[n] +
1
2

Z
drdr 0n(r )n(r 0)

jr � r 0j
+ E xc[n] ; (2.25)

where T0[n] denotes the kinetic energy of non-interacting electrons, the second

term represents the classical Hartree energy, andE xc[n] encompasses the exchange-

correlation e�ects.

Additionally, it is supposed that the electronic densityn(r ) can be mapped into

a set of auxiliary independent particles such that

n(r ) =
X

nk

f nk j� nk (r )j2 ; (2.26)

with f nk representing the populations of the orbitals nk . The kinetic energy can

be expressed asT0[n] =
P

nk f nk h� nk j � 1
2r 2 j� nk i . The coulomb energies of the

independent particles, also called Hartree energyE H [n] = 1
2

R
drdr 0n(r )n(r 0)

jr � r 0j is the

classical electrostatic self interaction of the electronic density. The energy beyond

the independent particle approximation is implicitly expressed asE xc[n], which can

nevertheless be approximated with various approaches. With increasing complex-

ity, Local Density Approximation (LDA) [43], Generalized Gradient Approxima-

tion (GGA) [44], Hybrid Functionals [45] and orbital-dependent functionals [46]

have been developed. Variation of the energy functional with respect ton(r ) with

the constraint of �xed electron number results in the following Kohn-Sham (KS)

equations:

�
�

r 2

2
+ V H(r ) + V xc(r ) + V ion(r ; R 0)

�
� nk (r ) = "nk � nk (r ) ; (2.27)

where the Hartree and exchange correlation potential are given by:

V H(r ) =
Z

dr 0 n(r 0)
jr � r 0j

; (2.28)

V xc(r ) =
�E xc[n(r )]

�n (r )
: (2.29)

These are Schr•odinger-like equations, where the e�ective potential depends on the
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electronic density, making the system nonlinear and requiring iterative solution

methods.

Exchange Correlation Functional

DFT provides a framework to study the many-electron problems, however the accu-

racy relies on the exact scheme to approximate the exchange correlation functional,

which have been developed with increasing levels of sophistication and accuracy.

The �rst level of approximation is the Local Density Approximation (LDA) [41],

which assumes that the exchange-correlation energy at a point depends only on the

electron density at that point, with the following expression:

E xc
LDA [n(r )] =

Z
dr � LDA [n(r )]n(r ) ; (2.30)

where and� LDA (n(r )) is the exchange-correlation energy per particle of a homoge-

neous electron gas with the electronic densityn(r ). The assumption is that the

electron gas at each point behaves as if it were locally homogeneous. LDA further

split the exchange correlation energy into exchange and correlation component:

� xc
LDA = � x

LDA + � c
LDA ; (2.31)

where the exchange energy is calculated from the Hartree-Fock exchange energy of

a homogeneous electron gas:

� x
LDA = �

3
4

�
3
�

� 1=3

n1=3 : (2.32)

In contrast to the exchange functional, the correlation functional� c
LDA does not have

a simple analytical form. It has been computed numerically using Quantum Monte

Carlo (QMC) methods by Ceperley and Alder (1980), and parametrized by various

groups such as that of Perdew and Zunger [43].

LDA [41, 42] is relatively simple and computationally e�cient, and it works

surprisingly well for systems with slowly varying electron densities, such as bulk

metals. However, it often overbinds in molecular systems and lacks the accuracy

needed for systems with strong density inhomogeneities. To improve the accuracy,

the dependence of exchange correlation energy on the spatial variation of the elec-

tronic density, namely the gradient of electronic densityr n(r ) is also accounted for

in the functional, thereby making the functional semilocal. This leads to a family

of approximations that are named as General Gradient Approximation (GGA) [44].
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The general form of exchange correlation functional in GGA is written as:

E xc
GGA [n(r )] =

Z
drn(r )� xc

GGA (n(r ); r n(r )) ; (2.33)

where the GGA energy density functional� xc
GGA is built upon LDA functional, and

introduces spatial inhomogeneity of the electronic density via the gradient of the

electronic density. In pratical applications in solid-state calculation, the GGA in-

troduced by Perdew at al. [44] have been proved to improve the results such as the

bond length, binding energy, lattice constants of the crystals as compared to LDA.

Building on the concept of incorporating greater nonlocality into the functional,

hybrid functionals [45] and orbital-dependent functions [46] o�er more promising

approximations to describe the many-electron system.

To solve KS equations numerically, i.e. Eq. (2.27), one needs to expand the

wavefunctions in a basis set. For crystalline solids with periodic boundary condition,

plane wave is the best option for the solution of KS equations.

Plane Wave Expansion of KS Wave Function

According to the Bloch theorem, the wave function of the periodic lattice can be

expressed as� nk (r ) = ei k �r unk (r ), where the function unk (r ) is a periodic function

with the same periodicity as the lattice. As a result, plane waveei G �r with vector G

equal to the reciprocal lattice vectors is a natural basis, with the following expansion

of wave functions and periodic potentials:

� nk (r ) = ei k �r
X

G

cnk (G)ei G �r ; (2.34)

V(r ) =
X

G

V(G)ei G �r ; (2.35)

n(r ) =
X

G

n(G)ei G �r : (2.36)

In the plane wave basis, the KS equation becomes:

X

G 0

�
jk + Gj2

2
� G ;G 0 + V scf[n](G; G0)

�
cnk (G0) = "nk cnk (G) : (2.37)

In practical calculations, the number of plane wave vectorG used to the expand

the wave function is truncated to a �nite value, which is usually represented by the

cuto� of the kinetic energy:

jk + Gj2

2
< E cut : (2.38)
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The maximum value of the plane wave vectorjGjmax depends on the oscillatory of

the wave functions: If the wave function oscillates smoothly, thenjGjmax can be

limited to smaller value. However, this poses a problem when the atomic number

increases, and additional technique of smoothing the wave function in core regions

of atoms need to be developed, namely the technique of pseudopotential.

Pseudopotential

In a hypothetical calculation where all electrons from all atoms are included, the

KS wave functions would show sharp features close to the nuclei in the core regions

since all the states are nonzero there and they are constrained by the orthogonal-

ity condition between di�erent states. The strong oscillatory behavior of the wave

functions inside the core regions would require a large number of plane waves to

precisely describe all these states. On the other hand, in the interstitial region

between the atoms, the Coulomb interaction from the nuclei is screened by the

core electrons, and the wave functions are essentially those of the valence electrons,

which is spatially much smoother. The properties of the materials are essentially

determined by these outer valence electrons forming the bonds in the interstitial

regions, while the strongly nuclei bounded core electrons are irresponsive to the

external perturbation such as the displacement of the atoms or a laser �eld where

the photo energy is much lower to excite the core states. As a result, they play less

role in determining the properties of the materials and disregarding the degrees of

freedom related to these core electronic states in the calculations can signi�cantly

reduce the computational cost of DFT simulation. This simpli�cation is enabled

by the use of pseudopotential. Ideally, a pseudopotential is developed by consid-

ering an isolated atom of one element, but the resulting pseudopotential can then

be used reliably for calculations that place this atom in any chemical environment

without further adjustment of the pseudopotential. Various schemes of pseudopo-

tential have been developed and employed in DFT codes over the last few decades,

ranging from embedded core electrons (ECE) potentials [47], where the core states

are simply merged with the nuclei, to more sophisticated pseudopotentials such as

norm-conserving pseudopotential, ultrasoft pseudoptential and PAW pseudopoten-

tial where the exact wavefunction of isolated atoms from all electron calculations

are smoothen at the core regions, and then by inverting the KS equation one can

obtain the e�ective potential as the pseudopotentials of this atom. In the following

the idea of norm-conserving pseudopotential is brie
y introduced, since the results

presented in this thesis are simulated with this type of pseudopotential.

The pseudopotential �rst starts by solving the all electron radial KS equation
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of an atom [48]:

�
�

1
2

d2

dr 2
+

l(l + 1)
2r 2

+ V scf[n(r )]
�

unl (r ) = "nl unl (r ) ; (2.39)

where the self consistent potentialV scf is the sum of bare Coulomb potential of

the nucleus, Hartree and exchange-correlation potential. The radial wave functions

unl (r ) from the solution are oscillatory, whereas the desired pseudo-wavefunctions

should contain no nodes. As a result, they are smoothen by the introduction of

nodeless radial pseudo-wavefunctionups
nl (r ) such that it overlaps with unl (r ) beyond

a chosen cutto� radius r c, meanwhile conserving the norm of the wave function:

ups
nl (r ) = unl (r ) for r > r c ;

Z r c

0
dr jups

nl (r )j2 =
Z r c

0
dr junl (r )j2 : (2.40)

Additionally, the eigenvalues"nl must be the same:

"nl = "ps
nl : (2.41)

Pseudopotential satis�es these condition are de�ned as norm conserving pseudopo-

tential (NCPP). The speci�c scenarios of smoothen wavefunctions has been pro-

posed and implemented in various forms, including Troullier-Martins pseudopo-

tentials [48], Hamann-Schl•uter-Chiang (HSC) pseudopotentials [49] and Kleinman-

Bylander forms [50]. Then the screened pseudopotential is obtained by the inversion

of the radial Schr•odinger Equation:

V scf;ps
l = "nl �

l (l + 1)
2r 2

+
1

2ups
nl

d2ups
nl

dr 2
: (2.42)

To obtain the l resolved pseudopotential, one needs to further substract the Hartree

V H;ps and exchange correlationV xc;ps potentials calculated from pseudo-wavefunctions:

V ion;ps
l (r ) = V scf;ps

l (r ) � V H;ps
l (r ) � V xc;ps

l (r ) : (2.43)

From the expressions of the pseudopotentials, it is clear that each angular-momentum

component of the wave function will see a di�erent potential. However, they all

converges to the Coulomb potential� Zv=r at large distances, and can hence be

separated into local and nonlocal part:

V ion;ps
l = V ion;ps

loc + V ion;ps
nloc;l ; (2.44)
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where the nonlocal potential depends on the angular-momentum componentl . Fi-

nally, the resulting non-local ionic pseudopotential is:

V ion;ps(r ; r 0) = V ion;ps
loc (r )� (r � r 0) +

X

l

V ion;ps
nloc;l (r )P̂l (r ; r 0) ; (2.45)

whereP̂l (r ; r 0) projects out the lth angular momentum component from the wave-

function. In the DFT code employing nonlocal pseudopotential, the point-wise ionic

potential product with the wave function V ion(r ) (r ) should be replaced the the

integral
R

dr 0V ion;ps(r ; r 0) (r 0).

2.3.2 Density-Functional Perturbation Theory

The vibrational properties of the lattice are computed from DFPT. Treating atomic

displacements as perturbations to the self-consistent potential, DFPT provides

quasi-phonon states within the Born-Oppenheimer approximation [51].

While DFT yields accurate ground-state properties, its performance diminishes

in excited or out-of-equilibrium states where dynamical correlation becomes sig-

ni�cant. In such contexts, many-body techniques like the GW approximation [52]

enhance predictive capabilities. Nonetheless, DFT remains instrumental in pro-

viding well-de�ned electronic and vibrational bases essential for describing e-ph

interactions.

The DFT-based Hamiltonian in second quantization is expressed as:

ĤDFT =
Z

dr  ̂ y(r )
�
�

r 2

2
+ V scf(r ; R 0)

�
 ̂ (r ) (2.46)

+
X

p��

Z
dr

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

� n̂(r )�^� p�� (2.47)

+
X

p��

p̂2
p��

2M �
+

1
2

X

p��;p 0� 0� 0

�^� p�� C0
p��;p 0� 0� 0�^� p0� 0� 0 (2.48)

+
1
3!

X

p��;p 0� 0� 0;p00� 00� 00

� 0
p��;p 0� 0� 0;p00� 00� 00�^� p�� �^� p0� 0� 0�^� p00� 00� 00 + � � � (2.49)

In order to obtain a basis for the lattice vibrations, it is common to convert the

atomic displacement in normal modes, which have well de�ned vibration frequen-

cies. However, such frequencies do not arise naturally from diagonalizing the dy-

namical matrix constructed by the bare second order force constant tensor:

D 0
��;� 0� 0(q) �

X

p

C0
p��; 0� 0� 0

p
M � M � 0

ei q�R p ; (2.50)
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since this quantity is not necessarily positive de�nite, the eigenvalues from diago-

nalizing this tensor do not re
ect the real vibrational properties of the lattice with

any resemblance, and the eigenvectors can not form a physical basis for the atomic

vibrations either. This is because the displacement of the ions from the equilibrium

position will necessarily change the electronic density�n (r ) and renormalize the

bare second order force costants. A more realistic replacement to the bare elastic

tensor has to take the response of the electronic density into account. To form a

proper basis in reciprocal space to describe the lattice dynamic, the second order

force constants can be renormalized via DFPT calculations, where the electrons are

assumed to follow linearly and adiabatically to the atomic displacements, i.e.

�n A j � � p�� (r ) =
X

p��

�n A (r )
�R p��

�
�
�
�
R 0

�^� p�� : (2.51)

The response of charge density to the atomic displacement, is formulated via the

Kohn-Sham orbitals as:

�n A j � � p�� = 2
X

nk

� �
nk �� nk (2.52)

where the variation of the Kohn-Sham orbital is obtained via the solution of self-

consistent Sternheimer equation [51]:

�
�

r 2

2
+ V scf � "nk

�
j�� nk i = � (�V scf � � "nk ) j� nk i ; (2.53)

which is the perturbed version of Kohn-Sham equation Eq. (2.27), where �V scf is

the variation of self consistent potential induced by the variation of charge density

�n A j � � p�� . The self-consistent adiabatic electronic density can be substracted from

Eq. (2.47) and insert it into Eq. (2.48), leaving only the nonadiabtaic electronic

response� n̂NA (r ) = � n̂(r ) � �n A (r ) in the e-ph Hamiltonian [37, 40, 53]. This

separation allows us to de�ne the adiabatic force constant and dynamical matrix:

Cp��; 0� 0� 0 � C0
p��; 0� 0� 0 +

Z
dr

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

�n A (r )
�R p0� 0� 0

�
�
�
�
R 0

(2.54)

D ��;� 0� 0(q) �
X

p

Cp��; 0� 0� 0
p

M � M � 0
ei q�R p : (2.55)
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Meanwhile, the DFT Hamiltonian is transformed into:

ĤDFT =
Z

dr  ̂ y(r )
�
�

r 2

2
+ V scf(r ; R 0)

�
 ̂ (r ) (2.56)

+
X

p��

Z
dr

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

� n̂NA (r )�^� p�� (2.57)

+
X

p��

p̂2
p��

2M �
+

1
2

X

p��;p 0� 0� 0

�^� p�� Cp��;p 0� 0� 0�^� p0� 0� 0 (2.58)

+
1
3!

X

p��;p 0� 0� 0;p00� 00� 00

� p��;p 0� 0� 0;p00� 00� 00�^� p�� �^� p0� 0� 0�^� p00� 00� 00 + � � � : (2.59)

The DFPT phonon Hamiltonian Eq. (2.58) can be transformed into phonon basis,

with a well-de�ned phonon spectral by diagonalizing the dynamical matrix:

X

� 0� 0

D ��;� 0� 0(q)e� 0

q�;� 0 = ! 2
q� e�

q�;� : (2.60)

The phonon frequencies! q� are positive for dynamically stable lattices and the

eigenvectorse�
q�;� indicate the displacement patterns of the atom� along the direc-

tion � . The �eld operators of electrons can be expanded in Kohn-Sham basis and

norm modes via:

 ̂ (r ) =
X

nk

� nk (r )ĉnk ; (2.61)

�^� p�;� =
1

p
NpM �

X

q�

ei q�R p e�
q�;� Ûq� ; (2.62)

p̂p�� =

s
M �

Np

X

q�

ei q�R p e�
q�;� P̂q� ; (2.63)

where the operatorĉnk represents the creation of an electron (fermion) in the KS

state j nk i , and its adjoint operator ĉy
nk represents the destruction of an electron.

The fermion operators satisfy the anticommutation relation
n

ĉnk ; ĉy
n0k 0

o
= � kk 0� nn 0.

De�ne e-ph coupling matrix elements in position space:

gq� (r ) =
X

p��

1
p

NpM �

@Vion(r ; R)
@Rp��

�
�
�
�
R 0

ei q�R p e�
q�;� : (2.64)

The quantization of the lattice vibration is accomplished by performing canonical

quantization to the displacement �eld Ûq� resulting in the following expressions for
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the displacement and its conjugate momentum:

Ûq� =
1

p
2! q�

(âq� + ây
� q� ) ;

P̂q� = � i

r
! q�

2
(âq� � ây

� q� ) ; (2.65)

where the creation operator ^ay
q� and annihilation operatorâq� satisfying the commu-

tation relation
h
âq� ; ây

q0� 0

i
= � qq 0� �� 0. These operators describe phonon excitations

with wavevector. Under this basis, the quadratic part of the Hamiltonian can be

readily diagonalized:

Z
dr  ̂ y(r )

�
�

r 2

2
+ V scf(r ; R 0)

�
 ̂ (r ) =

X

nk

"nk ĉy
nk ĉnk ; (2.66)

X

p��

p̂2
p��

2M �
+

1
2

X

p��;p 0� 0� 0

�^� p�� Cp��;p 0� 0� 0�^� p0� 0� 0 =
X

q�

! q� ây
q� âq� : (2.67)

2.3.3 Ab Initio Hamiltonian for Coupled Electrons and Phonons

Making use of the translation symmetry of the crystal and de�ning the e-ph matrix

elements in Bloch space asgmn� (k; q) = 1p
2! q �

h mk + q j gq� (r ) j nk i . The linear e-ph

Hamiltonian and ph-ph Hamiltonian can be likewise written under the Bloch and

normal mode basis, and the total Hamiltonian of the coupled e-ph system takes the

form [37]

Ĥ =
X

nk

"nk ĉy
nk ĉnk +

X

q�

! q� ây
q� âq�

+
X

mn�; kq

gmn� (k; q)
h
ĉy

mk + q ĉmk � � mn � q0f eq
nk

i
(âq� + ây

� q� )

+
1
3!

X

q� q0� 0q00� 00

	 q�; q0� 0;q00� 00(âq� + ây
� q� )( âq0� 0 + ây

� q0� 0)( âq00� 00 + ây
� q00� 00) ; (2.68)

wheref eq
nk denotes the Bloch basis representation of the equilibrium distribution of

the electronsn0(r ), which in semiconductors describe approximately the adiabatic

electronic density, i.e. n0(r ) + �n A (r ). The subtraction of the equilibrium term

ensures that only the perturbative part of the interaction is retained, consistent

with the linear-response formalism.

The lowest-order anharmonic term, three-phonon coupling matrix elements 	q�; q0� 0;q00� 00
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is the Fourier transform of the third order force constants:

	 q�; q0� 0;q00� 00 =
X

p0p00

X

�� 0� 00

X

�� 0� 00

� 0��;p 0� 0� 0;p00� 00� 00

e�
q�;� e� 0

q0� 0;� 0e� 00

q00� 00;� 00
p

23M � M � 0M � 00! q� ! q0� 0! q00� 00

ei(q0�R p0+ q00�R p00) ; (2.69)

where the three-phonon scattering process described by 	q�; q0� 0;q00� 00 satis�es the

quasi-momentum conservationq + q0+ q00= G, i.e. the sum is equal to a reciprocal

lattice vector G of the lattice.

This Hamiltonian represents the standard form of the coupled e-ph system and

serves as the foundational model for deriving the Boltzmann transport equation

and analyzing out-of-equilibrium electron-lattice dynamics.

2.4 Real-Time Dynamics of Electrons and Phonons

In this section, the coupled carrier and lattice dynamics in photoexcited semincon-

ductors and semimetals are studied in a quantum-kinetic approach based on the

density matrix formalism. Many experimentally observables such as current den-

sities, phonon populations or electronic polarizations can be formulated in terms

of single-particle quantities, including the electronic density matrixĥcy
mk 0ĉnk i and

phonon density matrix ĥay
q0� 0âq� i . In this formalism, the diagonal elements repre-

sents the occupation number of each states and the o�-diagonal elements determine

the degree of quantum-mechanical superposition, or coherence, of the two states.

The ensemble averages are de�ned as the trace of the product between the observ-

ables B̂ and the density operator ^� of the Hilbert space of the whole many-body

systemhB̂ i (t) = Tr
h
�̂ (t)B̂

i
.

When the light frequency is above that of the phonon frequencies, laser pulse

directly interacts with the electronic subsystem, and the light-matter interaction

should be explicitly included to the Hamiltonian Eq. (2.68). In the length gauge

and dipole approximation it reads

Ĥ e� light = �
X

mn k

E(t) � r nm k ĉy
mk ĉnk ; (2.70)

with the matrix elements of the position operatorr nm k = i r k � mn + i humk j r k junk i

evaluated between the Bloch states [54, 55].

The theoretical description of this coherent process requires the fully quantum-

mechanical treatment, where the dynamics of the full density matrix have to be

considered, and the equation is known as semiconductor Bloch equations (SBE).

From SBE, the light excites interband coherence of electron-hole pair, i.e. the o�-
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diagonal part of electronic density matrix, which then drives the variation of the

population of the carrier, as quanti�ed by the diagonal part of the density matrix.

SBE is very useful in the theoretical studies of attosecond physics, such as nonlinear

optics and high harmonic generations process driven by strong �eld.

In the realm of this thesis, the main e�ects of laser is the photodoping where free

electrons (holes) are created in the conduction (valence) bands by ultrashort laser

pulse, in the time scale of tens of femtosecond. Other interactions, such as e-ph

interactions, takes place subsequently and governs the interplay between the light-

induced coherence and energy relaxation. The scattering process in general tends to

destroy the electronic coherence established by light, accounting for the dephasing

of electronic polarization within a time scale of tens of femtoseconds. As for the

dynamics of the electronic populations, the e-ph scattering leads to the relaxation of

electronic population from higher energy states towards band edges and dissipate

the excess energy to the lattice by lauching nonthermal lattice dynamics. The

relaxation processes takes place on a longer time scale, ranging from hundreds of

femtosecond to a few picoseonds.

Considering the di�erence between time scales for coherent dynamics and relax-

ation (incoherent) dynamics, it can be assumed that they are separated and one

can focus solely on the relaxation process of the carrier, which is responsible for the

out-of-equilibrium lattice dynamics. The relaxation of the carriers population by e-

ph scatterings can be described by the TDBE [2, 5, 7, 56, 57], which can be derived

from the quantum kinetic equations after performing a series of approximations such

as perturbative treatment of e-ph interaction, and Markov approximation, which

treat the time and space in coarse grain and neglect the memory e�ects.

The lattice excited into out-of-equilibrium state also exhibits coherence, where

atoms displace or oscillates around the equilibrium positions, characterized by

nonzero expectation value of displacement amplitudeUq� = hÛq� i . This quan-

tity is de�ned as coherent phonon, and can be observed from the optical properties

and band structures modulated by coherent oscillation. In addition to coherent

displacement, the 
uctuation of the displacement, i.e. �Ûq� = Ûq� � Uq� , with zero

mean value, but nonzero correlationh� Û� q� � Ûq� i = nq � +1 =2
! q �

6= 0. The population

nq� = ĥay
q� âq� i is de�ned as incoherent phonon . It characterizes the random

motion of the atoms, and appears becausêUq� is a quantum �eld operator, hence

the generation of incoherent phonon is also interpreted as particle creation in quan-

tum �eld theory. Both coherent phonon and incoherent dynamics have a time scale

of picoseconds. From the model Hamiltonian in Eq. (2.68), a set of equation of

motion for the dynamics of coherent phonon, incoherent phonon and carriers can

be derived.



26 2.4. Real-Time Dynamics of Electrons and Phonons

2.4.1 Equation of Motion for Coherent Phonons

Applying the Heisenberg equation of motion twice toUq�

�
d2Uq�

dt2
+ ! 2

q� Uq�

�

ep

= �
p

2! q�

X

mn k

gmn� (k; � q)� nk ;mk � q ; (2.71)

where the electronic density matrix is de�ned as� nk ;mk � q � h ĉy
mk � q ĉnk i . Eq. (2.71)

describes the Ehrenfest dynamics of the atomic motion, and the driving force on

the right hand side results from the electronic excitation, requiring the knowledge

of dynamics full density matrix. Nevertheless, assuming that carrier dynamics due

to e-ph interactions can be treat semiclassically, the equation can be simpli�ed,

by noting that coherent phononUq� would act back to the electronic excitation

ĥcy
mk � q ĉnk i , leading to the damping and frequency renormalization of the phonon

frequency. The equation of motion for the electronic density matrixĥcy
mk � q ĉnk i can

be written as follows:
�

d� nk ;mk � q

dt
+ i ("nk � "mk � q )� nk ;mk � q

�

ep

= i
p

2! q� gnm� (k � q; q)(f nk � f mk � q )Uq� (2.72)

Eq. (2.72) can be integrated under the Markov approximation, which gives the

following expression:

� nk ;mk � q (t) = i
p

2! q� gnm� (k � q; q)
Z t

t0

dt0e� i (" n k � " m k � q )( t � t0) [f nk (t0) � f mk � q (t0)]

Uq� (t0) + � r
nk ;mk � q (t) : (2.73)

On the right hand side, the �rst term integrates the linear change due to e-ph cou-

pling, i.e. the right hand side of Eq. (2.72), other e�ects leading to the change of

electronic density, including higher order e-ph scattering and laser pulse excitation,

are incorporated in the second term as� r
nk ;mk � q (t). The electronic population, i.e.

the diagonal part of the density matrix has no oscillating term in the equation of

motion vanishes, as a result, it is a slow varying quantity, with the approxima-

tion f nk (t0) � f nk (t). The displacement inside the integral can be treated as a

free-oscillator, and its value at momentt0 is related to the state at momentt via

Uq� (t0) � Uq� (t)cos (! q� (t � t0)) �
_Uq � (t )
! q �

sin (! q� (t � t0)). This approach to elimi-

nate the integration over is the so-called Markov approximation. Applying it in

Eq. (2.71), a semiclassical equation of motion for the coherent phonon driven by
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slow varying excited carriers can be derived:

d2Uq�

dt2
+ 2
 ep

q�
dUq�

dt
+ 
 2

q� Uq� = �
p

2! q�

X

mn k

gmn� (k; � q)� r
nk ;mk � q (t) ; (2.74)

where the damping 2
 ep
q� and renormalized frequency 
q� are respectively given by

the imaginary and real part of the Fan-Migdal phonon self energy:

� ep
q� =

X

mn k

jgmn� (k; � q)j2
f nk � f mk � q

"nk � "mk � q � (! q� + i� )
: (2.75)

Speci�cally, the remaining density which is initially excited by laser pulse is diag-

onal, i.e. � mk � q;nk = f nk � mn � q0, because the wavelength of the light is much larger

than the size of unit cell, this means that the laser pulse can only excite coherent

phonon at � point of the BZ.

2.4.2 Time-Dependent Boltzmann Equation

The relaxation dynamics of the electron and phonon population are driven by scat-

terings between electrons and other quasiparticles. As discussed in the previous

sections, we focus on the electron-phonon coupling, which dominates the energy

transfer between electrons and phonons in nonequilibrium state. In the limit of weak

correlation and couplings, this dynamics of electrons and phonons can be described

by TDBE [7, 56, 57]. Applying Heisenberg equation to the relevant observables, i.e.

electronic population f nk = ĥcy
nk ĉnk i and phonon populationsnq� = ĥay

q� âq� i , the

e-ph contribution to the equation of motions are given by

df nk

dt

�
�
�
�
ep

= i
X

mq�

gmn� (k; q)ĥcy
mk + q ĉnk (âq� + ây

� q� )i

� gmn� (k; � q)ĥcy
nk ĉmk + q (â� q� + ây

q� )i ; (2.76)

dnq�

dt

�
�
�
�
ep

= i
X

mn k

gmn� (k; q)ĥcy
mk + q ĉnk âq� i � gmn� (k; � q)ĥcy

mk � q ĉnk ây
q� i : (2.77)

In the right hand side of the above equations, the dynamics of populations depend

on the phonon-assisted reduced density matrixGnk ;q�;m k + q = ĥcy
mk + q ĉnk âq� i , which

quanti�es the correlation between electron and phonon accumulated over time, and

the equations are not closed. To close the equations, it is necessary to investigate

the equation of motion for the three-operator density matrixGnk ;q�;m k + q , which is
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given by the following expression:

�
dGnk ;q�;m k + q

dt
+ i ("nk � "mk + q + ! q� )Gnk ;q�;m k + q

�

ep

= i
X

l0q0� 0

glm� 0(k + q; q0)ĥcy
lk + q+ q0ĉnk (âq0� 0 + ây

� q0� 0)âq� i

� i
X

l0q0� 0

gnl� 0(k � q0; q0)ĥcy
mk + q ĉlk � q0(âq0� 0 + ây

� q0� 0)âq� i

� i
X

ln 0k 0

gln 0� (k0; � q)ĥcy
mk + q ĉnk ĉy

lk 0� q ĉn0k 0i : (2.78)

The equation of motion forGnk ;q�;m k + q can be closed by making use of the Wick's

theorem, which factorizes the four operator density matrix with, e.g.ĥcy
lk + q+ q0ĉnk (âq0� 0+

ây
� q0� 0)âq� i � f nk nq� � nl � q;� q0, where only the contributions from the electron and

phonon populations are kept. As a result, Eq. (2.78) is closed with the following

equation:

hdGnk ;q�;m k + q

dt
+ i ("nk � "mk + q + ! q� )Gnk ;q�;m k + q

i

ep

= ig �
mn� (k; q) [(f nk � f mk + q )nq� � f mk + q (1 � f nk )] : (2.79)

In the weak coupling systems, the initial correlationGnk ;q�;m k + q (t0) between elec-

trons and phonons is approximately zero. The Eq. (2.79) can therefore be formally

integrated:

Gnk ;q�;m k + q (t) = g�
mn� (k; q)

Z t

t0

dt0e� i (" n k � " m k + q + ! q � )( t � t0) [(f nk � f mk + q )nq�

� f mk + q (1 � f nk )] (t0)

(2.80)

The integration over time variablet0 in Eq. (2.80) depends on the distrbution of elec-

tron and phonon populations at each previous time, and this is known as memory

e�ects. Solving Eq. (2.80) with Eq. (2.76)-(2.77) captures the memory e�ects, but it

requires the integration of two-time variables and makes the solution of population

dynamics less e�cient. Alternatively, in the weak coupling regime that applies for

many e-ph coupling systems, it can be assumed that the variation of electron and

phonon population inside thet0 integration is slower than the exponential factor

such that f nk (t0) � f nk (t). This assumption, known as Markov approximation, al-

lows to take the distribution out-of the integration, and then analytically compute
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integration

Gnk ;q�;m k + q (t) = g�
mn� (k; q) [(f nk � f mk + q )nq� � f mk + q (1 � f nk )]

�
�� ("nk � "mk + q + ! q� ) � iP(

1
"nk � "mk + q + ! q�

)
�

: (2.81)

Combining with Eq. (2.76) and (2.77), the TDBE for the population of electrons

and phonons are obtained:

df nk

dt

�
�
�
�
ep

= � ep
nk (t) (2.82)

dnq�

dt

�
�
�
�
ep

= � pe
q� (t) ; (2.83)

with the collision integral given by the following expressions [14, 58]:

� ep
nk = 2�

X

m� q

jgmn� (k; q)j2f (1 � f nk )f mk + q (nq� + 1) � ("mk + q � "nk � ! q� )

+(1 � f nk )f mk + qnq� � ("mk + q � "nk + ! q� )

� f nk (1 � f mk + q )nq� � ("mk + q � "nk � ! q� )

� f nk (1 � f mk + q )(nq� + 1) � ("mk + q � "nk + ! q� )g ;

(2.84)

and

� pe
q� = 2�

X

mn k

jgmn� (k; q)j2[(1 � f nk )f mk + q (nq� + 1)

� f nk (1 � f mk + q )nq� ]� ("mk + q � "nk � ! q� ) ; (2.85)

where the factor of 2 arises from the two terms appearing in the right hand side of

Eq. (2.76)- (2.77) and� arise from taking the imaginary part of in the integration

of Eq. (2.80).

2.4.3 The Inclusion of ph-ph Interaction

The Eq. (2.82) and Eq. (2.83) describe the e-ph scattering, where the energy 
ows

from electrons to the strongly phonon modes. However, it is unable to account for

the thermalization process taking place up to tens of picoseconds. The driving force

to the thermalization is mainly anharmonic ph-ph scattering, which redistribute the

excess energy from phonons that are strongly coupled to electrons towards other

phonons. When the thermalization is reached at a higher temperature, most of the

phonon population should be accumulated to the low frequency acoustic branches.
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The contribution of anharmonic term, Eq. (2.68), to the TDBE of phonon is derived

in a similar approach using Heisenberg equation of motion.

dnq�

dt
=

dnq�

dt

�
�
�
�
ep

+
dnq�

dt

�
�
�
�
pp

: (2.86)

The derivation of ph-ph collision integral �pp
q� = dnq �

dt

�
�
�
pp

is similar to that of � pp
q� ,

starting with the Heisenberg equation considering the free phonon Hamiltonian plus

the ph-ph Hamilatonian:

dnq�

dt

�
�
�
�
pp

= � ih
h
ây

q� âq� ; Ĥ0;ph + Ĥph� ph

i
i

=
i
2

X

q0q00� 0� 00

	 �� 0� 00

qq 0q00h(âq0� 0 + ây
� q0� 0)( âq00� 00 + ây

� q00� 00)âq� i

�
i
2

X

q0q00� 0� 00

	 �� 0� 00

� qq 0q00ĥay
q� (âq0� 0 + ây

� q0� 0)( âq00� 00 + ây
� q00� 00)i : (2.87)

The right hand side of Eq. (2.87) depends on the dynamics of the three phonon

correlators, which can not be factorized into the products of phonon occupations,

and one needs to further expand the equation by deriving the equation of motion

for the three phonon correlations. The terms containing three phonon destruction

or creation operators can be neglected due to the violation of the momentum con-

servation. The rest terms in the expansion are the mixture of phonon creation and

destruction operators. Take one example:Gpp
q0� 0;q00� 00;q� = ĥay

� q� âq0� 0âq00� 00i , where

the Heisenberg equation of motion reads:

�
dGpp

q0� 0;q00� 00;q�

dt
+ i (! q0� 0 + ! q00� 00 � ! q� )Gpp

q0� 0;q00� 00;q�

�

pp

=
i
2

	 �� 0� 00

q� q0� q00[(nq� + 1) nq0� 0nq00� 00 � nq� (nq0� 0 + 1)( nq00� 00 + 1)] ; (2.88)

which can be integrated with Markov and semiclassical approximations. Other

three phonon correlators can be derived using similar approach. Finally, the ph-ph
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collision integral is given by the following expression [14]:

� pp
q� (t) = 2 �

X

� 0� 00q0

�
�
� 	 �� 0� 00

qq 0q00

�
�
�
2

[(nq� + 1)( nq0� 0 + 1) nq00� 00 � nq� nq0� 0(nq00� 00 + 1)

� (! q� + ! q0� 0 � ! q00� 00)] � G
q+ q0� q00

+
1
2

[(nq� + 1) nq0� 0nq00� 00 � nq� (nq0� 0 + 1)( nq00� 00 + 1)]

� (! q� � ! q0� 0 � ! q00� 00)� G
q� q0� q00 : (2.89)

To conclude this section, a set of equations are derived to describe the non-equilibrium

lattice dynamics, namely, Eq. (2.74), Eq. (2.82) and Eq. (2.86), which are coupled

to each other, as shown in the sketch in Fig. 2.1. Reminiscent of the kinetic equa-

tions for the strong-�eld regime of quantum electrodynamics (QED) [59] and in

other context such as self-similar behaviour in nonequilbrium regimes [60{63] with

various model Hamiltonians, the coherent phonon and incoherent phonon can re-

spectively compared to the classical electromagnetic �eld and the photon, while

the electronic dynamics is similar to the fermion dynamics in non-equilibrium QDE

system.

Figure 2.1: Structure of the kinetic equations for electron, phonon populations and
coherent phonons.

2.4.4 Comparison to Stochastic Approaches

Molecular dynamics based on the generalized Langevin equation (GLE) is an al-

ternative approach to simulate the non-equilibrium ionic dynamics, where each

particle is subjected to several type of forces: (i) Conservative force from the

ionic potential and external �eld such as photo-excitation. (ii) Non-conservative

forces, including frictional force and corresponding random forces, as a result of


uctuation-dissipation theorem (FDT). The generalized Langevin equation of the
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coupled electron-ion system [64{69] is given by the following expression

M �
d2�^� p�;�

dt2
= �

@̂V(R)
@�^� p�;�

�
Z

drgp�;� (r )� n̂E (r )

� 2
X

j

� p��;p 0� 0� 0
d�^� p0� 0;� 0

dt
+ �̂ p�;� (t) : (2.90)

The �rst two terms are the conservative forces, as encountered in the previous

section. Together these two forces account for the coherent motion of atoms on

the potential energy surface: the �rst force is the restoring force when the atoms

are displaced from the equilibrium positions, the second force is propotional to

the variation of electronic density�n E (r ), which encompasses several mechanisms

of coherent phonon excitation by light: with above-gap excitation, carriers are

excited in the form of long-lived populations, giving rise to displacement excitation

of coherent phonon (DECP), while the below-gap excitation only creates short-live

interband polarization and accounts for the impulsive stimulated Raman scattering

(ISRS) mechanism of coherent phonon generation.

The third and fourth terms appears as a result of the collision of the ions with

electrons and other atoms, characterized by the friction and the stochastic forces.

Considering only the collision of electrons, the frictional force is the product of

electronic friction tensor � p��;p 0� 0� 0 and the velocity of the ions, responsible for

the damping of the coherent ionic motions. The stochastic, as opposed to the

deterministic forces with nonzero mean value, has zero expectation valueh�̂ p�� i = 0.

However, the variance of the stochastic force is non-zero, as required by the FDT

to keep the energy balance between the coherent motion and random motion of the

ions that is introduced by the stochastic force.

In Molecular dynamics simulation based on Langevin equation, the quantum

operators are replaced with random variables, the deterministic forces (the �rst

three forces on the right hand side of Eq. (2.90)) are computed as usual, while the

operator of stochastic force�̂ p�� is sampled with white Gaussian noise following

the h�̂ p�� (t)�̂ p0� 0� 0(t0)i = 4� p��;p 0� 0� 0kB Te� (t � t0) to introduce disordering into the

lattice [66, 70, 71]. The white noise sampling relation stems from the classical

limit of FDT at high temperature, and in low temperature limit where some high

frequency vibrations are frozen, the colored noise should be used, which is however

more convenient under phonon basis, with each mode having a well-de�ned eigen-

frequency.

MD based approach was mainly used to simulate ions/molecule moving on metal

surfaces [64, 72, 73]. However, in some recent works it is also successfully applied to

address the nonequilibrium lattice dynamics in crystalline solids [70, 71]. It is there-

fore of great interest to show the connection of the Langevin equation to the TDBE,
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we suppose that the potential energy surface is quadratic in atomic displacement

(harmonic approximation), and transform into phonon-mode representation


 q� =
X

�� 0�� 0p

1
p

M � M � 0
ei q�R p e��

q� � �� 0;� 0� 0pe� � 0� 0

q� ; (2.91)

�̂ q� =
X

��p

1
p

NpM �
ei q�R p e��

q� �̂ ��p (2.92)

Performing the transform, the Langevin equation in phonon basis reads

d2Ûq�

dt2
= � ! 2

q� Ûq� �
Z

drg� q� (r )� n̂E (r ) � 2
 q�
dÛq�

dt
+ �̂ q� (t) : (2.93)

It is clear that taking the expectation value on both side of the equation, the

equation of coherent phonon, i.e. Eq. (2.74) is immediately recovered, since the

expectation value of the stochastic force is zeroh�̂ q� i = 0. It remains to show that

the stochastic force gives rise to the increase of incoherent phonon. From a point

of view of energy conservation, it should be guaranteed by the FDT. In the phonon

basis, colored noise can be associated to each phonon mode with energy! q� , and

h�̂ q� (t)�̂ � q� (t0)i = ! q� coth( ! q �

2kB Te
)2
 q� � (t � t0)[65, 73, 74]. Eq. (2.83) can therefore

be derived from Eq. (2.93). To show this, one needs to write the incoherent phonon

population nq� = ĥay
q� âq� i in terms of the position and momentum operator:

ĥay
q� âq� i = h

Ĥq�

! q�
i �

1
2

; (2.94)

Ĥq� =
1
2

(P̂q� P̂� q� + ! 2
q� Ûq� Û� q� ) : (2.95)

Taking the derivative over time,

dnq�

dt
=

Re
�
hP̂q� (! 2

q� Û� q� + dP̂� q �

dt )i
�

! q�
=

Re
�
hP̂q�

dP̂� q �

dt i
�

! q�
; (2.96)

where at the second step the property Re[hP̂q� Û� q� i ] = 0 is used (see Eq. (21c)

of Ref. [75]). To proceed, Eq. (2.93) can be inserted into Eq. (2.96). Only the

friction force and stochastic force have nonzero contribution to the real part of the

expectation value

dnq�

dt
=

� 2
 q� hP̂q� P̂� q� i + hP̂q� �̂ � q� i
! q�

: (2.97)

Using the property of the momentum operator [75]hP̂q� P̂� q� i = ! q� (nq� +1=2). The

expectation value ofhP̂q� � � q� i is evaluated by taking the integration of Langevin
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equation, and the derivation is

hP̂q� � � q� i = h
Z t

�1
dt0dP̂q�

dt0
� � q� (t)i (2.98)

� h
Z t

�1
dt0� q� (t0)� � q� (t)i (2.99)

= ! q� coth(
! q�

2kB Te
)2
 q�

Z t

�1
dt0� (t � t0) (2.100)

= ! q� coth(
! q�

2kB Te
)
 q� ; (2.101)

where 2
 q� is the phonon linewith. When the electronic subsystem is described

by an e�ective electronic temperatureTe, it can be shown that coth( ! q �

2kB Te
)( f nk �

f mk + q ) = (1 � f nk )f mk + q + f nk (1 � f mk + q ). Summing up, Eq. (2.96) becomes

equivalent to the TDBE for incoherent phonon Eq. (2.83).

In classical limit, the FDT reads h�̂ q� (t)�̂ � q� (t0)i = 4kB Te
 q� � (t � t0) and the

zero-point energy of the phonon can be ignoredhP̂q� P̂� q� i = ! q� nq� . Using these

two relations and the expression of phonon linewidth in Eq. (2.75), TDBE for

phonon population can also be derived.

The ph-ph scattering can be included in a similar way by introducing nuclear

friction and stochastic force into the last two term in Eq. (2.90), as discussed in

Ref. [69]. However, in ab initio modeling using MD simulations, it is still missing

in the recent computational studies [66, 70, 71].

2.4.5 Connection to Multi-Temperature Models

While the time dependent Boltzmann equation considers each electronic state and

phonon modes as independent degrees of freedom and provides a microscopic de-

scription of the out-of-equilibrium dynamics of the lattice, it has a relative high

complexity. A lower level of theory takes a "coarse grained" view of a higher level

of theory, by regrouping several degrees of freedom into one with a common pa-

rameter. This is the idea behind the multi-temperature model. Initially developed

by Allen [2] where the nonequilibrium lattice is only characterized by temperatures

of the electron and lattice, the two-temperature model is further generalized to

three-temperature [6] and multi-temperature model [4, 76] to separate the strongly

coupled modes from the rest modes. Below, these model are revisited and derived

from TDBE.

Two Temperature Model

The temperature model is based on the conservation of energy between electrinic
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subsystem and phonon subsystem, each are in thermal equilibrium with respective

temperature Tel and Tph, and the energy transfer between the two subsystem is

modeled by the equation

Cel(Tel)
dTel

dt
= Gep(Tph � Tel) ; (2.102)

Cph(Tph)
dTph

dt
= Gep(Tel � Tph) ; (2.103)

where the the e-ph relaxation rateGep is determined by the energy conservation

between the two subsystems:

d (Eel + Eph)
dt

= Cel(Tel)
dTel

dt
+ Cph(Tph)

dTph

dt
= 0 : (2.104)

The heat capacity of the electrons and phonons are respectively

Cel(Tel) =
X

nk

("nk � " f )
df FD ("nk � " f ; Tel)

dTel
; (2.105)

Cph(Tph) =
X

q�

! q�
dnBE (! q� ; Tph)

dTph
: (2.106)

The energy transfer rate between the electron and phonon subsystems is computed

as

dEph

dt
=

X

q�

! q�
dnq�

dt

=
X

q�

! q� 
 ep
q� (Tel)

�
coth

�
! q�

2kB Tel

�
� coth

�
! q�

2kB Tph

��
; (2.107)

where Eq. (2.83) is used, andG(Tel; Tph) is related to the (half) e-ph scattering rate


 ep
q� (Tel) and mode-resolve heat capacity

Gep =
1

Cph(Tph)(Tel � Tph)

X

q�

! q� 
 ep
q� (Tel)

�
coth

�
! q�

2kB Tel

�
� coth

�
! q�

2kB Tph

��
:

(2.108)

In the high temperature limit, the classical limit for the heat capacityCph � kB and

the approximation for the hyperbolic function can be taken coth
�

!
2kB T

�
� 2kB T

! can

be taken, andGep � kB
P

q� 2
 ep
q� (Tel).

Three Temperature Model

Three temperature model accounts for the selectively coupling of electrons with
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certain phonon modes, and the phonons are subdivided into two categories, where

the strongly coupled modes are characterized by a temperature and heat capacity

di�erent from the remaining modes that are weakly coupled to electrons

Cel
dTel

dt
=

X

i = s;w

Gep;i(Ti � Tel) ; (2.109)

Cs
dTs

dt
= Gep;s(Tel � Ts) + Gs;w(Tw � Ts) ; (2.110)

Cw
dTw

dt
= Gep;w(Tel � Tw) + Gs;w(Tw � Ts) ; (2.111)

where the de�nition of heat capacity for strongly coupled and weakly coupled

phonons are the average of the mode resolved heat capacity of phonon in each

subgroup

Cs =
X

q� 2 s

! q�
dnBE (! q� ; Ts)

dTs
; (2.112)

Cw =
X

q� 2 w

! q�
dnBE (! q� ; Tw)

dTw
; (2.113)

and the mode dependent e-ph relaxation rateGep;i is obtained from the e-ph collision

integral, similar to the TTM

Gep;i =
1

Ci (Ti )(Tel � Ti )

X

q� 2 i

! q� 
 ep
q� (Tel)

�
coth

�
! q�

2kB Tel

�
� coth

�
! q�

2kB Ti

��
;

(2.114)

and the ph-ph relaxation rate between strongly and weakly coupled mode is ob-

tained from the ph-ph collision integral in the TDBE

Gsw =
1

Cw(Tw)(Ts � Tw)

X

q� 2 w

! q� 
 pp
q� (Ts)

�
coth

�
! q�

2kB Ts

�
� coth

�
! q�

2kB Tw

��
;

(2.115)

where the mode resolved phonon scattering rate
 pp
q� (Ts) results from the ph-ph

coupling


 pp
q� (Ts) =

�
2

X

q0q00� 0� 002 s

j	 �;� 0;� 00

� q;q0;q00j2 (2.116)

�
h
(nq0� 0 + nq00� 00 + 1) � (! q0� 0 + ! q00� 00 � ! q� )

+ 2( nq00� 00 � nq0� 0)� (! q0� 0 � ! q00� 00 � ! q� )
i

; (2.117)
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where the phonon population follows Bose-Einstein distribution with temperature

Ts.

2.5 Scattering Experiment and Multiphonon Dif-

fuse Scattering

Just as cameras form images by detecting light emitted or scattered by objects,

scattering experiments in quantum physics serve as powerful tools to investigate

the microscopic world. Many fundamental discoveries in quantum and condensed

matter physics have been made through scattering techniques, where particles such

as electrons, neutrons, or photons interact with matter and carry away encoded

information about its internal structure and dynamics. To study the properties

of materials at the atomic scale, both elastic and inelastic scattering processes are

employed in a range of spectroscopic methods. By analyzing changes in energy,

momentum, and angular momentum of the probing particles after interaction with

the sample, one can extract critical information about the crystal structure, elec-

tron density distribution, and the dispersion relations of elementary and collective

excitations such as phonons, excitons, plasmons, and magnons [77].

For probing lattice dynamics in particular, X-rays, neutrons, and electrons are

widely used due to their ability to penetrate materials and their sensitivity to

atomic-scale motion. A schematic view of a typical scattering experiment setup

is shown in Fig. 2.2.

At the core of any scattering experiment lies the conservation of energy and

momentum. These fundamental considerations not only govern the kinematics of

the scattering process but also determine the types of structural and dynamical

information that can be accessed. Building upon these general principles, advanced

techniques such as ultrafast electron di�raction (UED) and di�use scattering (UEDS

have been developed to probe transient states and correlated motions in materials

with high temporal and spatial resolution. These methods open a window into the

real-time evolution of atomic arrangements and quasiparticle dynamics, which will

be the focus of the following section.

The theory of multi-phonon scattering in crystalline lattices [19, 22, 23, 78{

82] provides a crucial link between the observables obtained in ultrafast pump-

probe scattering experiments and theoretical predictions from ab initio simulations.

These experiments probe lattice dynamics on femtosecond timescales by driving the

material out of equilibrium using one or more ultrafast pump pulses.

The pump pulse may directly excite speci�c vibrational modes of the lattice, such

as infrared or terahertz radiation, or excite electronic states above the bandgap with



38 2.5. Scattering Experiment and Multiphonon Di�use Scattering

Figure 2.2: Schematic experimental set-up for time-resolved scattering measure-
ments. A pump �eld is used for excitation, the probe particles (electrons, photons
or neutrons) with di�erent time delayed are then shoot to the sample. The detector
measurement the scattering vectors and/or di�erence of probing particles.

an ultrafast optical pulse. In the latter case, the excited electrons interact with the

lattice via e-ph coupling, initiating nonequilibrium lattice dynamics, as described

in previous sections.

Following the pump excitation, the lattice is probed by an ultrafast electron

beam or X-ray pulse at various time delays. These probe particles scatter o� atoms

that are momentarily displaced from equilibrium due to the ongoing dynamics. By

measuring the scattering intensity as a function of both time delay and momentum

transfer, one obtains a direct, time-resolved view of the lattice dynamics.

Scattering-based techniques using X-rays, electrons, or neutrons have long been

established for studying the structure of solids, dating back to the early days of

X-ray di�raction. A crystalline solid is characterized by a periodic Bravais lat-

tice decorated with atoms in a repeating unit cell. In an idealized static lattice,

where atoms remain �xed at their equilibrium positions, scattering occurs only at

reciprocal lattice vectors, such that the scattering vectorQ satis�es Q = G.

However, in real materials, atoms are never truly static. Even at zero tempera-
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ture, quantum zero-point vibrations cause deviations from perfect periodicity. Con-

sequently, the scattering vectorQ can assume values other than reciprocal lattice

vectors, leading to di�use scattering. The intensity of scattering at these non-Bragg

positions provides insight into atomic displacements and lattice vibrations.

The scattering intensity at an arbitrary wavevectorQ can be written as a co-

herent sum over scattering amplitudes from individual atoms in the lattice [22, 23]

I (Q) =

* �
�
�
�
�

X

p�

f � (Q)ei Q �[R p + � � +� � p� ]

�
�
�
�
�

2+

= Np

X

p�� 0

f � (Q)f �
� 0(Q)ei Q �[R p + � � � � � 0]



ei Q �[� � p� � � � 0� 0]

�
; (2.118)

where f � (Q) is the atomic form factor, andR p + � � is the equilibrium position of

the atom � in the unit cell with index p. The displacement of the atom� away

from its equilibrium position is described by� � . The scattering intensity is a result

of average over the ensemble of atomic displacementf � � g.

The exponent in Eq. (2.118) can be formally expanded as [22, 23]



ei Q �[� � p� � � � 0� 0]

�
= 1 + i hQ � (� � p� � � � 0� 0)i �

1
2



[Q � (� � p� � � � 0� 0)]2�

�
i
3!



[Q � (� � p� � � � 0� 0)]3�

+ � � � (2.119)

Suppose that the lattice is incoherently excited, i.e. the coherent displacement is

zero with h� �̂ p� i = 0. As a result, only the even order in the expansion is nonzero,

and following Bloch identity is obtained:



ei Q �[� � p� � � � 0� 0]

�
= e� 1

2 h[Q �(� � p� � � � 0� 0)]2 i : (2.120)

The atomic displacements can be expanded via normal mode coordinates as in

Eq. (2.62). The scattering intensity can be expressed as

I (Q) = Np

X

p�� 0

f � (Q)f �
� 0(Q)ei Q �[R p + � � � � � 0]e� W � (Q )e� W � 0(Q )ePp;�� 0(Q ) ; (2.121)

where the Debye-Waller factorW� (Q) arise from the the square ofQ � � � p� and

Q � � � p� 0 in the exponent, while phononic factor results from the cross term of two
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dot products. They are given by the following expressions [22, 23]:

W� (Q) =
1

2NpM �

X

q�

jQ � eq�;� j2
nq� + 1=2

! q�
; (2.122)

Pp;�� 0(Q) =
1

Np
p

M � M � 0

X

q�

Re
�
(Q � eq�;� )(Q � e�

q�;� 0)ei q�R p
� nq� + 1=2

! q�
: (2.123)

In Eq. (2.121), the exponent with Debye-Waller factor is always less than 1, rep-

resenting the known Debye-Waller e�ect featured by the decreasing di�raction in-

tensity at the Bragg peaks, i.e. Q = G observed in photoexcited lattice. The

phononic factor Eq. (2.123) has positive exponent, hence is larger than 1 for any

scattering vectorQ, which represents the di�use scattering intensity for scattering

vectors between the Bragg peaks. These 2 factors both dependent on the phonon

population nq� , which is time-dependent according to TDBE.

Performing the perturbative expansion of the phononic factor, Eq. (2.123), in

di�erent orders in phonon population nq� , i.e. I (Q) = I 0(Q) + I 1(Q) + � � � , the

following expressions representing di�erent orders of scatterings are obtained [22, 23]

I 0(Q) = N 2
p

�
�
�
�
�

X

�

f � (Q)e� i Q �� � e� W � (Q )

�
�
�
�
�

2

� Q ;G ; (2.124)

I 1(Q) = Np

�
�
�
�
�

X

�

f � (Q)e� i Q �� � e� W � (Q ) Q � eq�;�p
M �

�
�
�
�
�

2
nq� + 1=2

! q�
� Q ;q+ G : (2.125)

The zeroth order expansion of multiphonon scattering intensity in Eq. (2.124) de-

scribes the Bragg scattering of the vibrating lattice, which is only non-zero when

the scattering vector is a reciprocal lattice vector, i.e. Laue condition for di�raction.

The structure factor inside the absolute value is only di�erent to that of a static

lattice by a Debye-Waller factor, which demonstrates that the incoherent motion

of the crystal leads to a decrease of the scattering intensity whenever the lattice is

thermally or nonthermally excited.

The �rst order expansion of the scattering intensity in Eq. (2.125) is one order of

magnitude smaller than the Bragg scattering, and it describes the di�use scattering

intensity that accounted partially for the reduction of Bragg scattering. The factor

inside the modulus square has a similar form to the structure factor, and it is

de�ned as one-phonon structure factor. The �rst-order scattering is the result of

scattering assisted by the emission or absorption of a phonon with wave-vectorq,

which transiently break the periodicity of the lattice, and the scattering vectorQ

is equal to phonon wave-vectorq up to a reciprocal lattice vector, i.e.Q = q + G.

The intensity of the scattering is modulated by two di�erent factors : (i) the dot
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product of the scattering vector and the phonon eigenvector. As a result, it only

receive contributions from the phonon whose vibration has nonzero projections on

the direction of Q. (ii) The population of the phonon nq� , which is obtained from

the TDBE simulations. This dependence builds up a direct connection between the

phonon populations and the experimental observableI 1(Q).

Higher order expansion of the multiphonon scattering intensity, Eq. (2.121) de-

scribes the scattering assisted by simultaneous absorption or emission of several

phonon, and has a smaller magnitude inNp. Usually, the zero and �rst order

expansion can be used to account for most of di�raction and di�use scattering in-

tensity observed in experiments. However, multiphonon e�ects can be important in

certain materials such as black phosphorus [18, 22, 23].

Finally, it is worth highlighting that via TDBE it is only possible to simulate the

increase of nonthermal phonon population due to incoherent e-ph and ph-ph scatter-

ing. Nevertheless, in materials where the phonon softening due to photoexcitation

is signi�cant [83, 84], the time-dependent phonon frequency can also contribute

to the change of di�use scattering intensity. Along with the variation of phonon

frequency, the e�ects of squeezed phonon, which is characterized by the coherence

part in the variance and covariance of phonon displacement, leads to the oscillating

of di�use scattering intensity at twice of the corresponding phonon frequency. This

part is however neglected in our evaluation of mean-square displacement. Making

use of nonequilibrium Green's function [75], one can derive an additional equation

of motion for squeezed phonon dynamics, with which this �ne feature as observed

in X-ray di�raction and di�use scattering measurements can be resolved, as veri�ed

in several semimetals [33, 85, 86] and semiconducting materials [84].
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Chapter 3

Implementation of TDBE

In this chapter, I will outline the details of the implementation of TDBE, which is

a time-evolution problem with an initial condition. The main tasks of the code is

(i) the setup of initial condition that simulates photo-doped semiconductor or semi-

metals following light irradiation, (ii) calculating the electron and phonon band

structures, as well as the e-ph coupling matrix elements, ph-ph coupling matrix

elements on a dense grid of Brillouin zone sampling, (iii) and the time propagation of

electron and phonon population following TDBE. Making use of the well established

work
ow of EPWcode to calculate electron{phonon interactions from �rst principles,

I implement the real time propagation of TDBE as modules and subroutines of

EPWcode. The version ofEPWwith TDBE implementation is now available on the

gitlab [87], and all TDBE variables and subroutines are coded intdbe driver.f90,

tdbe mod.f90, tdbe common.f90and phph.f90 .

3.1 Ab Initio Calculation of e-ph Coupling Using

EPW Code

Within DFT, the Hamiltonian and the TDBE are parameterized using electronic

eigenvalues, wave functions, phonon frequencies, phonon eigenvectors, and e-ph cou-

pling matrix elements. These quantities are obtained from numerical calculations

based on DFT and DFPT calculations. Over the past few decades, the numerical

implementation of DFT for electronic structure simulations has undergone signif-

icant development. Several software packages have been established to compute

material properties with high accuracy. Among these,Quantum ESPRESSO[88, 89]

stands out as a widely used open-source suite, o�ering a range of sub-packages and

post-processing tools. It employs a plane-wave basis set for the electronic wave func-

tions and pseudopotentials to approximate the e�ects of core electrons, providing

an e�cient approach for �rst-principles calculations of material properties.
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Key quantities such as the electronic band structure, phonon dispersion rela-

tions, and e-ph coupling strengths can be extracted from DFT and DFPT calcula-

tions. These simulations commonly involve sampling the Brillouin zone with a grid

containing fewer than 20 points along each reciprocal lattice direction. While this

resolution is su�cient for converging basic electronic and vibrational properties,

it remains inadequate for accurately capturing e-ph interaction-related quantities,

such as electron and phonon linewidths. These require much denser Brillouin zone

sampling for numerical convergence.

In order to reach the precision of DFT calculations, and meanwhile avoid the

high computational cost of using very dense sampling of the Brillouin zone, in-

terpolation technique making use of Wannier function is developed [90{92]. The

idea of Wannier interpolation is to project the electronic band structure into max-

imally localized Wannier basis (MLWF) [90, 93, 94] that are located close to the

atoms or the bonding positions. The Wannier basis for phonons are constructed

by transforming the displacement patterns calculated on a coarse grid in DFPT

to real-space, corresponding to displacements of each individual ions in a supercell

with the same size as the grid employed in phonon calculations.EPW[95{97] code

exploits the real-space localization of Wannier basis and projects the e-ph coupling

matrix onto real-space and generate large numbers of �rst-principles e-ph coupling

elements through a generalized Fourier interpolation.

3.1.1 Wannier Interpolation of e-ph Coupling Matrix Ele-

ments

The electronic Wannier functionswm (r � R) = hr jmRi localized in unit cellR with

an orbital index m are constructed through a unitary transformation of the Bloch

wave functions jnki = j� nk i obtained from DFT calculations with the following

expression

jmRi =
1

p
Ne

X

nk

e� i k �R Unm; k jnki ; (3.1)

whereNe is equal to the number of wave vectors employed in the DFT calculations.

The unitary matrix Unm; k mixes the bands at each wave vectork, and di�erent

choices of unitary matrix leads to di�erent sets of Wannier orbitals, with di�erent

spatial localization. The MLWF are obtained by �nding out the unitary transfor-

mation that minimizes the total spatial spread of the corresponding orbitals, de�ned
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as the sum of the spatial variance of the all Wannier orbitals in a unit cell [93, 94]:


 =
X

m

�
hm0j r 2 jm0i � jh m0j r jm0ij 2�

: (3.2)

MLWF is hence uniquely de�ned. Moreover, di�erent Wannier orbitals are orthogo-

nal, i.e. hmR jm0R 0i = � mm 0� R ;R 0, which is di�erent to atomic or molecular orbitals

commonly used in tight-binding model Hamiltonian. The process of calculating

MLWF is implemented in the programWannier90code and run byEPWin Library

mode for the calculation of e-ph coupling from Bloch to Wannier basis, which is

de�ned as:

gmn;�� (R e; R p) = hm0j
@Vscf

@� � p��
jnR ei ; (3.3)

which characterizes the overlap of two Wannier functions with orbtial indexm and

n, centered in unit cell0 and R e, due to the perturbed potential introduced by the

displacement of ion� in unit cell R p along the spatial direction� .

In DFPT calculations as implemented inphonon code ofQuantum Espresso

package [51], the perturbation of the atomic displacements �� p�� is decomposed

making use of the symmetry. (i) The spatial periodicty indicates that the pertur-

bation can be decomposed into di�erent wave vector, which guarantees the crystal

guarantee the use of a unit cell and a homogeneous BZ sampling ofq points, in-

stead of generating perturbation in a supercell. (2) The small group of eachq can be

used to generate the 3� Nat perturbations, which is equal to the number of phonon

branches and can be classi�ed according to their irreducible representations in the

small group. DFPT introduced perturbation by generating unitary displacement

patterns, denoted asuq� for each irreducible representation and then compute the

response of the self-consistent variation of electronic density and then the varia-

tion of potential @Vscf

@u q �
. EPW code reads the perturbed potential and calculate the

deformation in Bloch basis as

dmn� (k; q) = hmk + qj
@Vscf

@uq�
jnki : (3.4)

The deformation potential is slightly di�erent from the e-ph matrix elements in

Bloch basis, since the components of the monochromatic perturbation employed

in DFPT u �
q�;� does not correspond to the displacement pattern dictated by the

eigenvector of the dynamical matrixe�
q �;�p
M �

, it is generated based on the symmetri-

cal properties of the crystal prior to the computation of dynamical matrix. The

deformation potential is converted into Wannier representation via inverse Fourier
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transform

gmn;�� (R e; R p) =
1

NeNp

X

k ;q

e� i [k �R e+ q�R p ]

�
X

m0n0� 0

Uy
mm 0;k + qdm0n0� (k; q)Un0n;k u � �

q�;� ; (3.5)

where theNp is equal to the number ofq points employed in the DFPT calculation,

and the sum is performed over coarse wave vectors. The e-ph vertex de�ned on

Wannier basis is localized both in electron and phonon variables. In metals, the

absolute value generally decreases wheneverjR ej or jR pj become su�cient large.

As a result, it is well de�ned for interpolation to a denser grid. The electron and

phonon band structures are calculated on a dense grid via the Fourier transform

from Wannier basis to Bloch basis, by diagonalizing the Hamiltonian and dynamical

matrix

gmn� (k; q) =
X

R e ;R p

ei [k �R e+ q�R p ]

�
X

m0n0;��

Umm 0;k + qgm0n0;�� (R e; R p)Uy
n0n;k

�
1

2NqM � ! q�

� 1=2

e�
q�;� : (3.6)

The Fourier and inverse Fourier transform of the e-ph vertex are implemented inEPW

code and serve as the starting point to compute all e-ph coupling related properties.

3.1.2 Ph-ph Coupling

The inclusion of ph-ph coupling requires the evaluation of the third order force

constants. In contrast to the computation of second order force constant using

DFPT calculation, the �nite displacement calculation of third order force constants

on a supercell structure is more suitable, since other quantites that DFPT can

compute such as perturbed self consistent potential are not needed. Furthermore,

the requirements on programming of this method are simpli�ed to the generation

of displaced supercell structures depending on the symmetry properties of the unit

cell. The third order force constants are evaluated from the atomic forces from the



Chapter 3. Implementation of TDBE 47

following expression:

� 0��;p 0� 0� 0;p00� 00� 00 =
@3E KS

@� � 0�� @� � p0� 0� 0@� � p00� 00� 00

=
1

2� x

"
@2E KS

@� � p0� 0� 0@� � p00� 00� 00

�
�
�
�
� � 0�� =� x

�
@2E KS

@� � p0� 0� 0@� � p00� 00� 00

�
�
�
�
� � 0�� = � � x

#

=
1

4(� x)2

h
� Fp00� 00� 00j � � 0�� =� x; � � p0� 0� 0=� x + Fp00� 00� 00j � � 0�� =� x; � � p0� 0� 0= � � x

+ Fp00� 00� 00j � � 0�� = � � x; � � p0� 0� 0=� x � Fp00� 00� 00j � � 0�� = � � x; � � p0� 0� 0= � � x

i
; (3.7)

where � x is a small displacement introduced to the atoms from their equilibrium

positions, and theFp�� represent the component of the Hellmann{Feynman forces

as predicted by the DFT calculation to the supercell con�gurations with two of the

atoms displaced with a small distance �x.

The �nite displacement methods requires the generation of a large number of

supercell con�gurations, which can nevertheless be reduced to an acceptable number

by assuming that the absolute value of �0��;p 0� 0� 0;p00� 00� 00 is a spatial local quantity, as

the e-ph matrix elements in Wannier basis. It decays rapidly with the interatomic

distance of the three atoms considered. As a result, the size of the supercell can

be reduced, and the DFT calculations are only performed when the two atoms

displaced are close enough. The algorithm based on �nite displacement method

further reduces the computational cost by using the symmetry property of the

crystal and the permutation symmetry of the third-order force constant tensor.

With the above considerations, the �nite displacement method is a portable

approach that can be interfaced to various types of DFT codes, and the detection

of crystal symmetry, generation of supercell con�guration and the extract of third

order force constants following Eq. (3.7), as implemented inthirdorder.py .

The interpolation of the ph-ph matrix elements are implemented according to

Eq. (2.69), by reading the �le containing the third force constant tensor. Currently,

the format follows from theFORCECONSTANTS3RDas produced bythirdorder.py

script. However, a simple script is also available to convert the result generated by

phono3pysoftware to the required format by the TDBE module.

3.2 Work
ow and Implementation of TDBE in

EPW code

Prior to solving TDBE, one needs to calculate the e-ph matrix elements, as well as

the eigenvalues of electrons and phonons on a �ne grid of wave vectors usingEPW

code. These quantites are then read into TDBE related modules to compute the
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collision integrals and update the population of electrons and phonons in each time

step, as illustrated by the following 
owchart in Fig. 3.1.

Figure 3.1: Work 
ow of TDBE, where the 
ow chart shadowed with light yellow
is implemented inEPWcode as described in this chapter, while the steps shadowed
in light red makes use ofthirdorder.py utility of ShengBTEcode.

3.2.1 Initial Distribution of Electrons and Phonons

To describe the photo-excited carrier distributions, I assume that for the timescale

that are the order of e-ph scattering, the light-induced carriers have been ther-

malized by the faster electron-electron scattering. Thus the initial distribution of

carriers can be approximated by Fermi-Dirac function with a high electronic tem-

peratureTe and two di�erent chemical potential for carriers in valence band (v) and
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conduction bands (c) respectively:

f nk (t0) =
�
e(" n k � � c( v ) )=kB Te + 1

� � 1
: (3.8)

The initial distribution of phonon is assumed to follow Bose-Einstein function with

the temperature of the environmentTph, which is much lower than electronic tem-

perature, since the laser irradiation resonant to the band gap does not directly

interact with the lattice vibration:

nq� (t0) =
�
e! q � =kB Tph � 1

� � 1
: (3.9)

This choice of initial distribution is a generalization of the multi-temperature

model, which attributes each subsystem with a distinct temperature. By taking

Eq. (3.8) as initial condition of electrons, the dynamics of the photoexcitation which

completes within tens of femtoseconds is neglected. The rapid establishment of the

initial distribution Eq. (3.8) is made possible by the ultrashort strong laser pulse and

the ultrafast electron-electron scatterings. On the other hand, the photoexcitation

dynamics is coherent and its description should go beyond semiclassical TDBE.

However, for the dynamics of longer timescales, ranging from a few hundreds of

femtoseconds to several picosecond timescales, the initial condition considered in

Eq. (3.8) and (3.9) is reasonable, especially for the precise description of picoseconds

phonon dynamics.

3.2.2 Time-Stepping Method

The time-derivative on the left hand side of the TDBE are solved with explcit

Runge-Kutta methods (RK), which is a familiy of iterative methods with accuracy

of order s, which is also called stage. The lowest orders = 1 is called Euler

method (�rst order). For s > 1, there are several variants for each order, where the

commonly employed numerical schemes include Heun's method (s = 2), 4-th order

Runge-Kutta method (s = 4). The genral form of s� stage explicit Runge-Kutta

methods can be expressed with the help of the following Butcher's table: and the

0
c2 a21

c3 a31 a32
...

...
...

. . .
cs as1 as2 � � � ass� 1

b1 b2 � � � bs� 1 bs

Table 3.1: Butcher tableau for ans-stage Runge-Kutta method
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following numerical scheme for the solution of ODEdy
dt = f (t) with initial condition

y(t0) = y0, and a time stepping of � t

k1 = f (tn ; yn ) ;

k2 = f (tn + c2� t; yn + a21k1� t) ;
... ;

ks = f (tn + cs� t; yn +
s� 1X

p=1

aspkp� t) ;

yn+1 = yn +
sX

j =1

bj kj � t : (3.10)

With this general form of explicit RK method, the following RK methods are im-

plemented:

Euler's Method

0

1

Heun's Method

0

1 1

1/2 1/2

4-th Order Runge-Kutta (RK 4) Method

0

1/2 1/2

1/2 0 1/2

1 0 0 1

1/6 1/3 1/3 1/6

3.2.3 Calculation of the Collision Integrals

The collision integrals depend explicitly on the electron and phonon populations at

the current time step, which account for the sum of the probability of all possible

scattering process that changes the population of electrons and phonons in the phase

space. The total number of scattering process is scales withNk � Nq � Nb � N � ,

whereNk , Nq are the total number ofk and q points, andNb and N � are the number

of electronic bands and phonon branches. Such number is highly computationally

demanding, and the e-ph matrix elements for all possible scattering process requires
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a large amount of memory on the high-performance computers (HPC). To enable

realistic numerical simulations, following optimizations are introduced to reduce the

demands on computational resources.

Energy Window

The collision integrals only account for the scatterings that conserve the energy,

via the delta function � (" k � " k + q � ! q� ) in the � ep
nk and � ep

q� and � (! q� � ! q0� 0 �

! q00� 00) in � pp
q� , which provides a natural mechanism to reduce the phase space of

scattering. The hot carriers generated by photo-excitation are usually distributed

above (below) a certain energy range after the fast thermalization via electron-

electron scattering, as illustrated by Fig. 3.2(a). The subsequent e-ph scatterings

essentially take place in a energy shell of the order of highest energy of phonon,

which limit the phase space of scattering for electrons, as illustrated by Fig. 3.2(b),

and only phonon with wave vectors that can assisted electronic transition within

the energy shell can be absorbed or emitted. Making use of this properties, the e-

ph matrix elements are only needed for these possible scattering channels, which is

selected by de�ning a proper thickness of the energy shell, speci�ed by the variable

fsthick and fermi energy in EPW.

Figure 3.2: Energy window around the hot carriers.

Symmetric Properties

The electronic band structures obtained from numerical diagonalization can yield

band structures that slightly break the crystal symmetry, as a result of bad disen-

tanglements of DFT band structure at the stage of Wannierization. As a result,

the eigenvalues for two symmetrically relatedk wave vector might exhibit small

di�erence in the order of a few meV, which is however not a small quantity when

compared to the phonon eigenvalues, which vary in the range of meV. In a real-time

algorithm, this error will be propagated and produce unphyiscal nonequilibrium

phonon population. To avoid this problem, the symmetry operation of the crys-
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tal is computed, and is applied to enforce the symmetry for electron and phonon

eigenvalues

"nk = "nSk ;

! q� = ! Sq� ; (3.11)

whereS is a symmetry operation of the point group of the crystal. The symmetry

is also used to reduce the demanding on memory by only save the e-ph matrix

elements fork points in the irreducible Brillouin zone (IBZ), using the following

property [98]

jgmn� (k; q)j = jgmn� (Sk; Sq)j ; (3.12)

where thek 2 IBZ and q 2 BZ. Note that this property is only valid for nonde-

generate case, where at thek and q point the electron and phonon eigenvalue has

no degeneracy. For the case of degeneracy, the e-ph matrix elements are average

over degenerate subspace [95]. The number of ph-ph coupling matrix elements that

need to be computed, can be similarly reduced with the symmetry property sim-

ilar to Eq. (3.12), where the absolute value of the ph-ph coupling matrix element

is the same upon rotating the three wave vectors with rotationS of the crystal

symmetry [99, 100].

Parallel Calculation of Collision Integral

The parallelization is performed using the Message Passing Interface (MPI) Library.

In modern HPC with multi-processors, the program can be run in parallel on these

CPUs in a relative independent way. MPI provides a set of functions allowing

the communications between the CPUs. InQuantum Espresso, MPI functions are

subdivided into several levels of parallelization. In my implementation, I only use

one level of parallelization by distributing thek points for electrons into di�erent

CPUs via their indexes, as implemented in the Moduleparallelism of EPWcode.

For electronic collision integral �ep
nk , each CPU calculates for the localk points.

For the phonon collision integral, �ep
q� perform the summation over the localk

points of the CPU. At the end of each time step, the code usesmpsum, a wrapper

of MPI reduce operation to perform the sum over CPUs, afterwards the collision

integral is constructed and used to update the electron and phonon population.

The calculation of the phonon-phonon collision integral follows similar strategy.

The expression of ph-ph collision integral �pp
q contains a sum over anotherq0 index,

which is distributed over di�erent CPUs.
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Figure 3.3: Structure of parallelization.

3.3 Performance and Data Analysis

Before using the TDBE code to explore the nonequilibrium lattice dynamics, I will

�rst present the results of hot electron and phonon dynamics of silicon and compared

it with the existing codes that develop similar algorithms, such asPERTURBO[15, 101]

and PHOEBEcodes [102] to benchmark the perform of the code.

The crystal structure of silicon is diamond-cubic, where a lattice constant of 5.43
�A is selected for DFT and DFPT calculations, using Optimized Norm-Conserving

Vanderbilt Pseudo-potential (ONCV) [103]. The coarse grid used in DFT and

DFPT calculations are respectively 6� 6� 6 for electrons and 3� 3� 3 for phonons.

The KS wave functions are then projected onto 8 Wannier functions starting from

sp3 of the two silicon atoms as initial projectors.

The hot electron dynamics are simulated by placing the carriers close to the

bottom of the conduction bands, with an electronic temperature of 1500 K and

appropriate fermi energy to keep a carrier concentration of 8� 1019 cm� 3. The BZ

sampling are tested with 45� 45� 45 or 60� 60� 60 points for both electrons (k) and

phonons (q). A gaussian broadening parameter of 5 meV is used to approximate the

delta functions in the e-ph collision integrals. The initial distribution of phonons is
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�xed to thermal equilibrium of 300 K. The TDBE is solved with a time step of 1 fs

with a total simulation time of 1 ps using heun's (RK 2) method.

In the Fig. 3.4, the performance with grid size of 45� 45� 45 and 60� 60� 60

are presented in panel (a) and (b). The computational cost is measured by the

average number of time step completed per second of wall time. It can be seen that

the TDBE code shows linear scalability.

Figure 3.4: Performance of the TDBE code, with increasing number of CPU pro-
cessors.

In Fig. 3.5, the snapshot of electron and phonon dynamics due to e-ph scat-

tering are presented. The initial hot carriers which are distributed over a broad

energy range quickly relax to lower energy band edge, as illustrated by Fig. 3.5

(a), where computational results with two di�erent grids display the convergence

with respective to the grid size. In panel (b) of Fig. 3.5, the electornic population

viewed over band structure demonstrate the relaxation pathway of the carriers,

and panel (c) illustrate the nonequilibrium phonon dynamics. In order to highlight

the nonthermal nature of the lattice dynamics, the phonon population is converted

to mode-resolved temperatureTq� = ~! q� f kB ln[1 + n� 1
q� ]g� 1, and nq� to show the

phonon modes that are strongly emitted. Due to momentum conservation, the scat-

tering of carriers inside and between di�erent pockets of the valley along �� X path

of the Brillouin zone accounts for the emission of optical phonon at �, X and K

point. The results are consistent with the hot carrier dynamics of silicon reported

previously in Ref. [104, 105].
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Figure 3.5: Snap shot of hot electrons dynamics in Si at 0, 50, 100, and 1000 fs.
(a) Electronic population versus the energy of the carrier relative to be conduction
band minimum, dynamics evaluated respectively with 45� 45� 45 and 60� 60� 60
grid, to demonstrate the convergence. Electronic population (b) and (c) mode-
resolved phonon temperature viewed on their respective band structure along high
symmetric path, the results with 60� 60� 60 grid is presented.
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Chapter 4

Ultrafast Chiral Valley Phonon

dynamics

The results discussed in this chapter are based on the references [106, 107]. I carried

out the key numerical simulations and theoretical analysis, constituting the majority

of the work.

In these two published works, the real-time electron and phonon dynamics are

explored in monolayer transition metal dichalcogenides (TMD). MoS2 and WS2 are

two examples of these materials, where a couple of degenerate valleys can be selec-

tively excited by circularly polarized light (CPL). The valley polarized electronic

excitation is believed to long-lived [108]. In this chapter, the role played by phonons

in the depolarization of valley polarized carrier distribution is unravel via the so-

lution of TDBE. By analyzing the real-time dynamics of electrons and phonons, a

novel nonequilibrium state for phonons are identi�ed. It is characterized by val-

ley polarized phonon distribution that is induced by the population inbalance of

carriers at di�erent valley and the subsequent e-ph scattering dynamics.

4.1 Fundamental properties of monolayer TMD

Monolayer TMD, with the chemical formula MX2 are a new type of 2D materials

excellent for the exploration of the semiconductor physics. The molybdenum (Mo)

and tungsten (W) based monolayers are particularly interesting, owing to the in-

terplay of their distinct crystal symmetry and electronic properties. Close to the

band gap, the electronic states stem essentially from thed orbitals of the tran-

sition metal and p orbitals of the chalogen atoms, which play an important role

in determining the optoelectronic properties of the material. The interplay of the

crystal symmetry and the spatial orientation of these orbitals give rise to a pair of

band extrema states situated at the two opposite corner of the BZ that resemble
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two valleys. The lack of inversion symmetry and leads to well-de�ned spin-valley

coupling and the chirality of the wave functions for valley states further allows the

two valley to be selectively excited by CPL of di�erent handness. Due to these

properties of valley electronic states, tuning the relative energy, excitation of the

valley states with external �elds have been the major task of studies on these ma-

terials, which is also named as "valleytronic". By analyzing the real-time dynamics

of phonon population, it is demonstrated that the lattice vibrations of MX2 also

exhibit contrasting properties in di�erent valleys [106, 107]. More interestingly,

some phonons at the valley are circularly polarized, where ions vibrate circularly

in a certain direction, which are de�ned as chiral phonons. This property arises as

a result of the distinct crystal structure of this material. As a result, considering

the valley-contrasting property in the ultrafast e-ph dynamics can extend the valley

polarization into phonon dynamics.

4.1.1 Crystal structures and valleytronics of TMD

Monolayer TMDs crystalize in an hexagonal lattice structure, as illustrated in

Fig. 4.1. The two lattice vectors are of equal length and the angle is 120 degree. In

cartesian coordinates can be de�ned as:

a1 = a(1; 0; 0) ;

a2 = a(�
1
2

;

p
3

2
; 0) ;

where the parametera is the in-plane lattice constant. The unit-cell is formed by

two sublattices of transition metal atoms and two halogen atoms. Their positions

can be described by the following cartesian coordinates:

xM = (0 ; 0; 0) ;

xX = (
a

p
3

; 0; � z) ; (4.1)

where z is the out-of-plane distance between the plane of the halogen atoms and

that of the transition metal atom.

The reciprocal lattice vector of the hexagonal lattice de�ned by vectora1 and

a2, is given by the Cartesian coordinates

b1 =
2�
a

(1;
1

p
3

; 0) ;

b2 =
2�
a

(0;
2

p
3

; 0) ; (4.2)
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and displayed in Fig. 4.1(c) in dotted line. The �rst BZ, de�ned as the Wigner-

Seitz cell in the reciprocal space, is displayed as solid line in Fig. 4.1(c). Due to

the absence of inverse symmetry in space groupP�6m2, the adjacent corners are

nonequivalent, and are indexed as K and K0. The following convention is employed

to index K and K' points :

kK =
2�
a

(
1
3

;
1

p
3

; 0) ;

kK 0 =
2�
a

(�
1
3

;
1

p
3

; 0) : (4.3)

The mid-point between the corners is another symmetry point, indexed as M. Other

points equivalent to K, K' and M are indicated with dots in the same color in

Fig. 4.1(c). From the description of the crystal structure, it can be seen that the

two parametersa and z de�ne the structure for di�erent types of MX 2, and the

common features of MX2 are essentially determined by the crystal symmetry and

the orbitals that are close to the band gap. The typical band structure of MX2 is

Figure 4.1: Top view (a) and side view (b) of monolayer TMDs. (c) The hexagonal
BZ and the indexes of the valleys.

displayed in Fig. 4.2. Despite the degeneracy of the couple of direct band gap at

K and K', the optical response display contrasting properties. In particular, the

lack of an inversion center in the lattice symmetry induces valley-dependent optical

selection rules, where interband optical transitions in the vicinity of the K (K')

high-symmetry point in the hexagonal BZ are activated by left- (right-)handed

CPL. Using simple tight-binding model analysis, the wave function of the valley

states can be expressed approximately as [108]:

j� ci = jdz2 i ; j� v i =
1

p
2

(jdx2 � y2 i + i� jdxy i ) : (4.4)

In the wave function of the valence band, the sign� = � 1 depends on the index

of the valley, as a result of the symmetry of the groupC3h at wave-vector K. The
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Figure 4.2: Electronic band structure of monolayer TMDs and valley selective op-
tical excitation.

coupling strength with CPL is propotional to the oscillator strength:

P� (k) = Px (k) � iPy(k) ; P� (k) = h� ck j r̂ � j� vk i : (4.5)

For CPL of polarization � � where the electric �eld oscillates in the in-plane direc-

tion, the matrix element is a superposition of the interband dipole matrix element

P� (k). It can be shown that the wave functions at K and K' coupled uniquely to a

certain handness, as illustrated by the carrier distribution following the excitation

of ultrashort left-handed laser pulse in Fig. 4.2 . Due to the valley-selective optical

excitation and the contrasting properties of electronic states, various topological

e�ects emerge from these properties. For example, the valley electronic states dis-

play huge and opposite Berry curvature and orbital magnetic moment, giving rise

to anomalous transport such as valley Hall e�ect [108].

4.1.2 Valley Chiral Phonons

Besides electronic properties, valley degrees of freedom further exert a striking in-


uence on the dynamics of the crystalline lattice. Intervalley scattering of electrons

and holes is a phonon-assisted process accompanied by the absorption or the emis-

sion of chiral phonons (i.e., vibrational modes of the lattice characterized by circular

motion of the metal or chalcogen atom with a de�nite helicity [24]), as illustrated by

the process shown in the panel (a) of Fig. 4.3. In monolayer MX2 chiral phonons are

located at either the K or K' points, which confers on them a well-de�ned valley po-

larization index. Additionally, they carry angular momentum and Berry curvature,

which are expected to give rise to nontrivial topological properties, for example, the

phonon valley Hall e�ect, or induce novel coupling mechanisms between magnetic
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and vibrational degrees of freedom. Di�erent from electrons, chiral valley phonons

cannot be excited by photon absorption due to momentum conservation, but they

can only emerge as a byproduct of phonon-assisted electron scattering, making them

an inherently nonequilibrium phenomenon.

Figure 4.3: (a) Schematic illustration of the 2-fold degenerate valence and conduc-
tion bands and of a valley-selective optical excitation formed upon absorption of
CPL in monolayer MoS2. Relaxation of valley-polarized electrons is governed by
electron{phonon scattering, resulting in the emissions of phonons at K or K'. (b)
BZ and high symmetry points. The red circle denotes the expected momentum dis-
tribution of emitted phonons throughout the thermalization of a valley-polarized
electron distribution. Figure adapted from Ref. [106].

The chirality of phonons are characterized by the angular momentum of the

phonon eigenvector [24]:

L̂ q� = heq� j
X

p�

� �̂ p� � p̂ p� jeq� i (4.6)

For 2D material, the only component of angular momentum is the out-of-plane

direction, the above de�ned can be further simpli�ed to

L z
q� = � 2

X

�

Im
�
ex

q�;� (ey
q�;� )�

�
: (4.7)

The phonon is linearly polarized whenL z
q� = 0 and chiral when 0 < jL z

q� j <

1 [24, 109]. In particular, modes withL z
q� > 0 (L z

q� < 0) exhibit right- (left-

) handed circular motion. When the phonon populations at di�erent valleys are

nonequivalent, a net population of valley polarized phonon is an indicator of chiral

phonon and produce observable e�ects in the nonequilibrium lattice dynamics.
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4.2 Ultrafast e-ph Dynamics in MoS 2

The ultrafast dynamics of electrons and phonons triggered by the relaxation of

a valley-polarized electronic excitation is investigated by solving TDBE. As ini-

tial condition, a valley-polarized state characterized by photo-excited electrons and

holes at the K valley in the conduction and valence band is employed. By contrast,

carriers in the K' valley are initially at equilibrium. The photoexcited carrier den-

sity is assumed to ben = 2:5 � 1013 cm� 2. This choice (schematically depicted in

Fig. 4.3 (a)) is consistent with the conditions realized in pump-probe experiments

using CPL [110, 111], and with earlier theoretical studies of the valley depolarization

dynamics [112, 113]. The electronic occupations in the K valley are determined by a

Fermi-Dirac function f nk (t = 0) = [ e(" n k � � )=kB Te + 1] � 1 with electronic temperature

Te = 1000 K. The chemical potential� for electrons and holes is �xed to yield the

photoexcited carrier densityn. The initial carrier distribution f nk (t = 0) in the con-

duction (valence) bands is illustrated in Fig. 4.4(b) [Fig. 4.4(e)] for crystal momenta

in the BZ. The lattice is initially at thermal equilibrium with phonon populations

nq� determined from Bose-Einstein statistics vianq� = [ e~! q � =kB T0 � 1]� 1 with T0 =

300 K. The coupled dynamics of electrons and phonons based on the solution of

the TDBE are investigated for these initial conditions, and the explicit expressions

of the collision integrals �(t) arising from di�erent scattering mechanism have been

reported in Eq. (2.84) of Chapter 2. The time derivative is discretized based on

Runge-Kutta method. The time step for the time propagation is 1 fs and the real

time dynamics are study for a total simulation time of 6 ps.

Fully-relativistic norm-conserving Vanderbilit (ONCV) pseudopotentials [103]

and Perdew-Burke-Ernzerhof generalized gradient approximation (GGA-PBE) [44]

to the exchange-correlation functional are used in the DFT calculation of ground

state. The plane-wave kinetic-energy cuto� was set to 120 Ry and the BZ was

sampled with a Monkhorst-Pack grid consisting of 20� 20� 1 points. The phonon

dispersion was obtained from DFPT calculations [51] on a 5� 5 � 1 q-point mesh.

Spin-orbit coupling is included at all steps of the calculations (DFT, DFPT, and

TDBE).

4.2.1 Valley Depolarization of Carriers in MoS 2

The valley depolarization dynamics of electrons and holes is examined by following

the evolution of electronic distributionf nk (t) for the conduction band, as reported in

Figs. 4.4 (c) and (d) fort = 300 and 900 fs, respectively. The dynamic of electrons

reveals that valley polarization decays within 1 ps and an isotropic occupation

of the K and K' valleys is re-established by phonon-assisted intervalley electron

scattering from K to K0. Conversely, the depolarization dynamics of the valence
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band occurs on longer time scales, as re
ected by the corresponding distribution

function f nk reported in Figs. 4.4 (f) and (g) fort = 300 and 900 fs. This behaviour

can be understood by noticing that phonon-assisted transitions from K to K' in the

valence band involve either a spin-
ip process (K! K') or an intermediate transition

to the � valley (K ! � ! K'). These processes occur at a slower rate, as compared

to direct K ! K' transitions in the conduction band, which do not require spin

reversal. The timescales of the valley depolarization is further illustrated by electron

distribution function f nk (t) for momenta in the vicinity of K and K' in the valence

and conduction band respectively in Fig. 4.4 (h). An exponential �t to the curves

yields decaying times 2 ps (150 fs) for the valence (conduction) band. These values

are consistent with previous �rst-principles calculations based on relaxation time

approximation [114]. Moreover, the decaying time for the conduction band is in

excellent agreement with earlier tr-ARPES experiments [115].

Figure 4.4: Valley depolarization dynamics of electrons and holes. (a) DFT band
structure and intervalley electronic scattering for valley-polarized electrons and
holes. (b{d) Time- and momentum-resolved electron distribution functionsf nk (t)
in the conduction band for t = 0, 300, and 900 fs, respectively, for momenta in the
BZ. (e{g) Electron distribution functions f nk (t) in the valence band for the same
time snapshots as in panels (b{d). (h) Time dependent valley population at the K
and K' high-symmetry points in the conduction bands. (i) Time dependent valley
population at the K and K' high-symmetry points in the valence band. Figure
adapted from Ref. [106].© 2023 American Chemical Society.

4.2.2 Emergence of Chiral Valley Phonons

The valley depolarization dynamics discussed above has important implications for

the nonequilibrium phonon distributions, which is analyzed in detail hereafter. To

inspect the non-equilibrium phonon population established upon thermalization of

valley-polarized electrons and holes, it is convenient to de�ne the e�ective temper-

ature [58]:

Tq� = ~! q� [kB ln(1 + n� 1
q� )]� 1 ; (4.8)
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wherekB is the Boltzmann constant,! q� the phonon frequency, andnq� is obtained

from TDBE calculations. All phonons exhibit identical e�ective temperatures at

thermal equilibrium (Tq� = constant), whereasTq� may change for di�erent vibra-

tional modes out of equilibrium. To exemplify the non-equilibrium vibrational states

of the lattice induced by the e-ph interaction, Fig. 4.5 (a) presents the e�ective tem-

peratureTq� at t = 900 fs, superimposed as a color coding to the phonon dispersion.

The enhanced temperature around �, K, and K0 for the longitudinal acoustic (LA)

and transverse optical (TO) phonons re
ects the enhanced bosonic occupation of

these modes, indicating that they are emitted at a higher rate during the thermal-

ization dynamics of photoexcited carriers. The mode-resolved e�ective temperature

Tq� at 900 fs in Fig. 4.5(a) indicates that e-ph interactions for photo-excited carriers

are highly mode selective. In particular, intravalley scattering is governed by the

emission of long-wavelength (q ' 0) ZO(A0
1), LO(E 0) and LA phonons, consistently

with earlier theoretical and experimental studies [116{121]. Conversely, intervalley

scattering and the ensuing valley depolarization is dominated by emission of LA,

TA, LO( E 0) and TO(E 0) phonons.

Figure 4.5: Nonequilibrium dynamics of valley-polarized phonons (a) Mode- and
momentum-resolved e�ective phonon temperature at t = 900 fs superimposed as
color coding onto the phonon dispersion. (b{d) Momentum-resolved e�ective vi-
brational temperature ~Tq for crystal momenta within the BZ at t = 30, 900, and
6000 fs, respectively. (e{g) Momentum-resolved di�erential vibrational temperature
upon switching the light pump from left- to right-hand polarized for the same times
as in panels (b{d). (h) Time-dependent average phonon temperature~Tq for modes
along the high-symmetry path �-K-M-K'-� in the BZ, marked by a dashed line in
panel (b). Figure adapted from Ref. [106]© 2023 American Chemical Society.

To visualize the nonequilibrium phonon populations with full momentum res-

olution across the BZ, I present in In Figs. 4.5 (b-d) the mode-averaged e�ective

phonon temperatureeTq = N � 1
ph

P
� Tq� , whereNph is number of distinct vibrational

modes. Already att =30 fs [Figs. 4.5 (b)] the lattice enters a nonequilibrium regime

characterized by an anisotropy in the phonon temperature at the K and K0 valleys.

The phonon valley anisotropy reaches the maximum value within 1 ps and persists
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for several picoseconds, as illustrated in Fig. 4.5 (h), where the phonon temperature
~Tq along the �-K-K 0-� path is reported as a function of time. On longer timescales,

the anisotropic population of K and K0 phonons is gradually suppressed due to ph-

ph scattering [19]. This behaviour stems from phase-space constraints in the phonon

emissions throughout the depolarization dynamics of conduction and valence bands.

In particular, for electron scattering in the conduction band (K! K'), phonon emis-

sion processes are constrained to the vicinity of the K' high-symmetry point due

to momentum conservation. Hole scattering in the valence band (K! � ! K') is

also dominated by phonon emissions at K', whereas transitions along (K! K') are

low-rate spin-
ip processes. These �ndings provide strong indications that a valley

polarization in the phonon population can be established in monolayer MoS2 (and

isostructural compounds) following photoexcitation with CPL, and it persists for

longer timescales than the electron valley polarization.

Below It is shown that light helicity enables to selectively reverse the population

of valley-polarized phonons. In Figs. 4.5 (e-g) the dichroic vibrational temperature,

de�ned as � eTq = eT 	
q � eT �

q , for t = 30, 900, and 6000 fs, is presented. Here,eT 	
q ( eT �

q )

denotes the vibrational temperature established by considering an initial popula-

tion of electrons and holes at the K (K') valley as a result of photoexcitation with

left-handed (right-handed) circularly-polarized light. Figs. 4.5 (e-g) reveal that the

valley-polarized phonon population at K and K0 is fully reversed by considering op-

posite circular polarization for the driving pulse. The helicity of circularly-polarized

light pulses thus enables to selectively excite phonons at either the K or K' high-

symmetry points, leading to the emergence of circular dichroism in the vibrational

dynamics of monolayer MoS2.

The nonequilibrium vibrational states illustrated in Fig. 4.5 are characterized by

nontrivial chirality, which can be quanti�ed by introducing the total phonon circular

polarization L = N � 1
p

P
q� nq� L z

q� . Here L z
q� denotes the circular polarization of

a single phonon mode [24] obtained by projecting the phonon eigenvector on a

circularly polarized basis. L z
q� > 0 (L z

q� < 0) corresponds to chiral phonons with

right-(left-)handed circularly polarization, and L z
q� = 0 to nonchiral phonons. The

strongly-coupled LO(E 0) and TA modes at K0 are strongly chiral with L z
q� = 1

and � 1, respectively, whereas the TO(E 0) and LA modes have trivial chirality

(L z
q� ' 0). Time-reversal symmetry requires a total vanishing chirality (L = 0)

at thermal equilibrium, whereasL 6= 0 can only arise if time-reversal symmetry is

lifted. As illustrated in Fig. 4.6, the anisotropic phonon population at K and K0

that accompanies the emergence of valley-polarized phonons breaks time-reversal

symmetry, and it confers to the nonequilibrium dynamics of the lattice a nontrivial

chiral character (L 6= 0) which persists until thermalization of the K and K0 valley

phonons.
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Figure 4.6: Total phonon circular polarization (black line) and the contributions
from ZA(orange), TA(green), LA(blue) and optic phonons(red).

4.2.3 Fingerprints of Chiral Valley Phonons in UEDS Ex-

periments

UEDS experiment enables to directly image the nonequilibrium phonon popula-

tions with time and momentum resolutions [19, 22, 23, 80, 122]. UEDS has been

widely applied in the past to layered and 2D materials [18{20, 123], making it suit-

able to explore the emergence of chiral phonons in real time in TMDs [124]. Thus

it is expected to provide a suitable route to experimentally detect occurrences of

vibrational dichroism. In the following, I show that the nonequilibrium phonon

populations established by absorption of circularly-polarized light give rise to dis-

tinctive �ngerprints in the measured UEDS signal, characterized by a reversal of

UEDS intensity upon switching of light polarization. The �rst-order di�use scat-

tering intensity is calculated according to Eq. (2.125), and the di�erential di�use

scattering intensity � I 1(Q; t) = I 	
1 (Q; t) � I 1(Q; t = 0) is plotted in Fig. 4.7 (a) for

t = 900 fs, and 	 denotes photoexcitation with left-handed CPL. Positive values

of the color scale re
ect an overall enhancement of the UEDS signal which results

from the increased phonon population.

I concentrate in the following on the crystal momenta within the blue hexagon

in Fig. 4.7 (a), which marks the BZ corresponding to the (210) reciprocal lattice

vector. Figs 4.7 (b-d) depict � I 1(Q; t) for t = 30, 900, and 6000 fs, respectively,

for transferred momenta in the hexagon. Changes of �I 1(Q; t) at the center of the

hexagon stem from changes of the phonon population at �, whereas the intensity

at the zone edges arise from the excitation of K and K0 phonons as marked in

Fig. 4.7 (b). Momenta corresponding to the K0 (K) high-symmetry point are char-

acterized by larger (lower) di�use scattering intensity fort =30 and 900 fs, thus

providing evidence of a strong dichroic vibrational response. On longer timescales,

� I 1 decreases due to the onset of ph-ph scattering that drives the lattice towards
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Figure 4.7: Vibrational dichorism of valley-polarized phonons. (a) Di�erential
di�use scattering intensity � I 1(t) = I 	

1 (t) � I 1(t = 0) for t = 900 fs after photoex-
citation. (b)-(d) � I (t) for momenta in the hexagonal region marked in panel (a)
and t = 30, 900, 6000 fs. (e) Time dependence of �I (t) for momenta around K and
K'. (f)-(h) Dichroic di�use scattering intensity D(t) = I 	

1 (t) � I �
1 (t) for t = 30, 900,

6000 fs. (i) Time dependence ofD(t) in the vicinity of K and K'. The dashed line
is an exponential �t. Figure adapted from Ref. [106].© 2023 American Chemical
Society.

thermal equilibrium. However, clear signatures of dichroism persist beyond 5 ps.

The full time-dependence of the di�erential di�use scattering intensity is illustrated

in Fig. 4.7 (e), where � I 1 for momenta in the vicinity of the K and K0 valleys are

reported. The blue (red) line has been obtained by averaging the di�erential UEDS

intensity � I over momenta within the blue (red) circle in panel Fig. 4.7 (a), which

corresponds to the K (K0) point in the BZ. These high-symmetry points are related

by time-reversal symmetry at thermal equilibrium and they exhibit identical UEDS

intensities before pump [� I 1(K ; 0) = � I 1(K 0; 0)]. After pump, conversely, time-

reversal symmetry is broken by the anisotropic population of K and K0 phonons,

leading to di�erent UEDS signals at K and K0.

To further illustrate the �ngerprints of vibrational dichroism in UEDS, we re-

port in Figs. 4.7 (f-h) the dichroic di�use scattering intensity de�ned asD(Q; t) =

I 	 (Q; t) � I � (Q; t) for t = 30, 900, and 6000 fs. Red (blue) colors mark the increase

(decrease) of UEDS intensity upon reversal of circular light polarization. The time-

dependence ofD(Q; t) is illustrated in Fig. 4.7 (i) for momenta in the K and K0

valleys. By an exponential �t, a decaying time� decay = 15 ps can be extracted from

the dichroic signalD(Q; t), which quanti�es the characteristic timescales on which

the polarization of valley phonons persists.
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4.3 Strain Engineering of Monolayer WS 2 to En-

hance Valley Phonon Emission

Monolayer WS2 is another type of monolayer TMD, with the same qualitative elec-

tronic properties as MoS2: Both can be well described by the same tight-binding

model, since the electronic band structure stems from the same type of orbitals close

to the band gap, namely thed orbitals of the transition metal. As a result, one

would expect the same valleytronic properties, as well as the nonthermal phonon

dynamics are the same as monolayer MoS2. However, recent theoretical and ex-

perimental studies on di�erent monolayer suggests that the exciton energies [125],

nonequilibrium population dynamics [126] and exciton-phonon coupling [127] are

very sensitive to the �ne details of the quantitative di�erence of each materials, such

as the di�erent spin-orbital splitting in molybdenum (Mo) and tungsten (W) [125],

the relative energy di�erence between the energy of di�erent valleys, even if the

di�erence is as small as tens to hundreds of meV.

Strain can be exploited to �ne-tune speci�c features in the electron band struc-

tures [128{130]. In particular, strain alters the energy level alignment between the

K to the Q(�) high-symmetry points in the conduction band [131{135]. This e�ect

induces a transition from direct to indirect band gap under compressive strain [136{

140], with distinctive �ngerprints in photoluminescence measurements [141{145].

Conversely, tensile strain increases the energy separation between the K and Q

high-symmetry points in the conduction band, thereby, suppressing intervalley

scattering and resulting in the increase of carrier mobility in transport measure-

ments [146{150]. More generally, the impact of strain on valley degrees of freedom

in TMD monolayers emerges as a promising route to engineer physical phenom-

ena that directly result from the multivalley character of the electron band struc-

ture [133, 149, 151, 152]. Additionally, ultrafast phenomena in TMDs are governed

by e-ph scattering processes involving inter- and intra-valley transitions accompa-

nied by the emissions or absorption of a phonon [12, 19, 20, 58, 114, 116, 153, 154].

These processes are extremely sensitive to the phase space available for phonon-

assisted transitions, and are thus likely to be largely a�ected by the strain. Overall,

these considerations suggest opportunities to directly in
uence intervalley scattering

processes and the ensuing nonequilibrium dynamics of phonons and charge carrier

using strain. Yet, these phenomena remain mostly unexplored out of equilibrium.

In this section, strain-induced modi�cations of the ultrafast electron and phonon

dynamics in monolayer WS2 are explored. I demonstrate that strain in
uences

profoundly the phase space available for e-ph scattering, altering the accessible

scattering channels for the relaxation of hot carriers. Speci�cally, for the case

of valley-polarized electronic excitations strain can be exploited to switch among
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