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1 | INTRODUCTION

The monitoring of particle size distributions during batch or continuous operations of chemical and biological reactors is
of importance in several areas of process control.!> Modern particle size measurement devices make it possible to obtain
lumped profile information in discrete time instants. Typically such measurement information is subject to uncertainty,
coming from lumping, inaccuracies in the measurement technique and device resolution as well as interferences during
the measurement. Observer design based on such measurements thus has to account for these uncertainties in particular.

The problem addressed in the present study consists in observer design for a class of cell population balance models
for a continuous bioreactor with sampled measurements of the cell size distribution with irregular sampling instants.

Abbreviation: ISS, input-to-state stability
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This is motivated on the one side by the fact that online sensors, if they exist are often based on photometric devices
which become biased due to biofouling and also interfere, for example, with gas bubbles that are present in the reactor
due to the required aeration. Off-line measurements on the other side are typically obtained by the operation staff and
thus can not be ensured to occur at exact prescribed, regular time instances. Even if these measurements can be in some
circumstances obtained automatically, using some sophisticated mechanisms, a reduction of the sampling rate to the
minimum necessary is always of interest in order to reduce costs.

The consideration of discrete-time measurement based observer design for bioreactors using finite-dimensional
mass balance models is a well-known and well-studied problem, even in the case of irregular sampling. In partic-
ular, continuous-discrete Kalman filters have been used in References 6-9, continuous-discrete interval observers in
References 10-12, a geometric observer based approach in References 13,14, and moving horizon estimation tech-
niques in References 15,16. Impulsive observer design has been proposed in Reference 17 for the case of irregular
biomass measurements with measurement uncertainties. Rigorous conditions for the input-to-state stability (ISS)'® of
the observation error with respect to the measurement uncertainty are established and the maximum allowed sam-
pling interval is put in relation with the stationary ISS gain, that is, the uncertainty dependent size of confidence
region of the observer. Technically the Lyapunov-based approach used in Reference 17 exploits the ISS Lyapunov func-
tion approach developed in References 19-21. It should be mentioned that the Lyapunov-based ISS approach is widely
used in general purpose nonlinear systems studies. In particular, there is a variety of extensions of the Lyapunov-based
ideas to other more complicated classes of impulsive control systems. In particular, we refer the interested reader
to the studies of stochastic time-delay systems with impulses,??2* event-triggered control,?® and switching,?®?” which
provide sufficient conditions for the ISS and pth moment exponential stability in a stochastic setting different to the
deterministic and delay-free modeling setup used in the present paper. For partial differential equation models ISS
has also shown to provide an efficient means for robust design approaches (see, e.g., Reference 28 and references
therein).

It must be highlighted that the above mentioned observer design studies focus on unsegregated models that do not
account for the particular cell mass distribution, and only consider lumped, finite-dimensional models. These mod-
els are described by ordinary differential equations while segregated ones typically are given by hyperbolic partial
integro-differential equations!-* and thus correspond to infinite-dimensional models, implying a considerable additional
mathematical complexity. In many cases the unsegregated models can be obtained from segregated ones by consider-
ing the zeroth and first moment of the distribution (see, e.g., Reference 3). This fact has also been widely exploited for
moment and discrepancy-based control and observer design approaches for cell population®? and models of crystalliza-
tion processes*>3%3! that are structurally similar to cell population balance models. Distributed parameter system models
with sampled measurements have recently gained considerable interest, while most approaches consider (linear or semi-
linear) parabolic equations (see Reference 32 and references therein). Best to our knowledge the observer design problem
for the infinite-dimensional cell population balance models using sampled cell-size distribution measurements has not
been considered in the literature so far.

Based on these considerations, the main question addressed in the present study is how to establish rigorous crite-
ria on the maximum allowed sampling interval for cell population balance models with sampled cell size distribution
measurements in such a way that the observer convergence is robust against bounded measurement uncertainties. This
question will be addressed using the qualitative theory of impulsive systems to establish robust convergence conditions
in terms of the ISS with respect to the measurement uncertainties.

The subsequent sections are organized as follows. The observation problem is formally stated in Section 2. Section 3
summarizes important preliminaries about the cell count model and ISS of interconnected (impulsive) systems. Section 4
contains the main contribution about the non-local robust convergence of the impulsive cell population balance observer
which is summarized in Theorem 2. An application-oriented local corollary is derived in Section 5. A numerical
simulation study is presented in Section 6. The final conclusions and an outlook are given in Section 7.

NOTATION

The following notation is used in the sequel. The set of non-negative real numbers is denoted by R,. L(0,1) is the
space of real-valued, absolutely integrable functions over the domain [0, 1] with norm |[v||: = [01|v(m)|dm < oo for
v € LY(0,1). C¥(X}, X;) denotes the set of at least k-times continuously differentiable functions from X; to X, and B(X1, X5)
the set of bounded functions from X; to X,. The supremum norm of a function x € B([0, o), X) is denoted by ||x||x.co =
Sup,s, llx()|lx where ||x||x denotes the norm in X.
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2 | PROBLEM STATEMENT

Consider the following class of cell population models!-33

on(m, t) = =0 [r(m, s)n(m, )] — D(On(m, t) — I'(m, s)n(m, t) + 2 /m 11“(#, s)p(m|wn(u, H)dpu (1a)
$(t) = D(t)(se = (1)) — /0 1r(m, s)n(m, ydm (1b)
n(1,6)=0 (1c)
n(m,0) = no(m), s(0) = so (1d)
yim,t) = n(m,t) + e(m,t), teT (1e)

with m € [0, 1] being the cell mass, ¢t € R, the time, n : [0,1] x R, — R, the cell mass distribution with n(-, t) € L'(0,1)
for all t > 0, r € C1([0,1] X R,,R,) the cell growth rate function, s € C}(R,, R, ) the substrate concentration with feed
concentrations, € R,,I" : [0,1] X R, — R, thecell divisionrate, D : R, — R, the dilution rate (i.e., the quotient of feed
flow rate and reactor volume), p : [0, 1] X [0,1] — R, the partition probability density function, where p(m|u) denotes the
probability that by division of a cell of mass u a cell of mass m is produced, and y(-, t) € L'(0, 1) the measurement at time
t > 0 of the cell mass distribution n(-, t) with a time-varying bounded error e(-, t) € L! with ||¢||11.o < A.Itis assumed that
the measurement takes place at irregular sampling instants t € T = {t;, 6, ... } with0 < f; <, <---and limj_, & = oo.
Note that the division probability density function p has the properties

H
o) / pmlwdm=1, (i) Yu<m: pmiu) =0, o)
0

meaning that (i) the probability that when a cell of mass u is divided some cell of mass m < p is born is equal to one, and
(ii) by cell division no cells larger than the mother cell can be born.

Furthermore, by mass conservation it holds that the total cell mass does not change when cells divide, meaning that
I" and p are such that

1 1 1
/ mI'(m, s)n(m, t)dmz/ Zm/ p(m| ) (u, s)n(u, s)dudm 3)
0 0 m

holds true for all n being solutions of (1).
In the sequel the focusis restricted to the case of a linear dependency of r on the cell mass m as discussed in Reference 3,
that is,

r(m,s) = mp(s), 4)
with the specific growth rate p € C}(R,, R, ), and division rates I' that are proportional to the cell growth rate so that
I'(m,s) = y(m)r(m,s) = y(m)mp(s) ©)

for some function y € L'(0, 1).

It should be noted that the model (1) has been widely considered for the description of cell populations,'33* including
experimental validations (e.g., for yeast cultures'** and microalgae?).

The existence, uniqueness and positivity of solutions [n(, ), s(t)] in L' x R, for the equation set (1) with (4), (5) is
shown in Reference 36. In the following we assume that In* < co : n(m, t) < n* Vt > 0, what is satisfied in all physically
feasible scenarios.

For the class of cell population balance models (1) an impulsive observer with exponentially convergent estimate
[7,8]" € L'(0,1) x R, into a bounded set of size depending on the maximum measurement uncertainty e will be designed
in the next section. The formalization of this convergence property is given by the ISS approach,'®37 which is recalled in
Section 3.2. Note that this problem implies a considerable increase in complexity in comparison to the previous study'’
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where a finite-dimensional mass-balance biomass-substrate model with state in R? was considered with irregular sam-
pling of the biomass. While the mathematical framework in the L'(0,1) x R, space considered is quite different, the
Lyapunov-based ISS framework exploited in Reference 17 can be applied in the present context also.

Before discussing the proposed impulsive observer design some preliminary considerations about the behavior of the
cell count dynamics and the interconnection of impulsive systems follows.

3 | SOME PRELIMINARY CONSIDERATIONS
In this section some important preliminary facts about the cell mass distribution model (1) and the stability analysis of
interconnected impulsive systems are summarized.

3.1 | Cell count dynamics

In this section some important facts about the cell count dynamics associated to the cell population balance model (1)
are summarized. First, note that given the positivity of solutions » it holds that

1 1 1
s = [ ntam = [nam=n. [ mnam =, ©
0 0 0

meaning that the associated L' norm is identical to the total number N of cells in the reactor, that is, the zeroth moment,
and the first moment of n is identical to the total biomass b. The following result will be useful in the sequel.

Lemma 1. Consider (1) with (2), (4), and (5) with ny such that /Olno(m)dm € [0,Ny], and let N = folndm. Then the set
M =[0,M] X [0, s.] with M = Ny + y*s, is positively invariant, that is, for all [N(0) s(0)]T € M it holds that [N(t) s(t)]T
€ Mforallt > 0.

Proof. Considering s = 0 it follows from (1b) that § = Ds, > 0 and for s =s, that § = —p(s) folmndm < 0. Thus for
all s(0) € [0, s.] it holds that s(t) € [0, s,] for all ¢ > 0. Further, with (4),(5) the associated dynamics of N are given
by
. 1 1 1
N = / ommdm = / [p(s) <—am(mn) —ymn+ 2/ p(mly)y;md,u) —Dn] dm
0 0 m

1 1
= —DN + p(s) (—anl) - / (ymn - 2/ p(ml,u)y;mdy) dm) .
0 m

By Fubinis theorem3® and property (2) it follows that

1 1 1 pru 1 1
/ 2/ p(m|u)yundudm = 2/ / p(m|pw)dmyundyu = 2/ yundu = 2/ ymndm.
0o Jm o Jo 0 0

With this relation and using the boundary condition (1c) it follows that

1
N =-DN + p(s)/ ymndm, N(0) = Nj.
0

Given the positivity of the solution n, it holds that N = 0 if and only if n = 0 and thus N = 0. By the same positivity
property the integral term can be bounded as follows

1 1
/ ymndm < y*/ mndm = y*b
0 0
with the maximum value y* of y and the total biomass b as defined in (6). Summarizing

N < —=DN + p(s)y™*b.

85UB07 SUOWWOD 8A1Te81D 3(qedtjdde aup Aq peusenob ae ssppie YO ‘88N JO Ss|n. 10} ARIqIT8UIUO A8]IM UO (SUONIPUOD-PUR-SLUBIAI0D A8 | IMATeIq 1 U UO//:SANY) SUORIPUOD pue sWiB | 84} 89S *[9202/20/8T] U0 AriqIT8UIUO AB|IM ‘BIM NZ BISBAIUN-SIYRI]| Y-UenSLYD AQ 2685 dU1/Z00T 0T/I0p/LL0d A3 1M Afelqijputjuo//Sdny Woly papeo|umod ‘Z ‘220z ‘62T660T



778 Wl LEY SCHAUM ET AL.

Introducing the variable w = N + y*s it follows that
1
w=-DN + p(S)/ ymndm + y*D(s, — ) — ¥y p(s)b
0
1
= —D(w —y7s,) + p(s) </ ymndm — y+b>
0

1 1
< —Dw — y*s,) + p(s) (y+/ mndm — y+/ mndm)
0 0

=—D(w —y%s,).

This shows that for w(0) < y*s, it holds that w(t) < y*s, and for w(0) > y™s, it follows that w(t) < w(0). In consequence,
for /Olnodm < Ny it holds that N(t) + y*s(t) = w(t) < max{y*s., Ny + y*so} < Ny + y*s. and thus N(t) < Ny + y*s, = M.
Consequently for all nj so that /01 no(m)dm < Nj it holds that N(t) € [0, M]. This implies the positive invariance of the set
M = [0,M] X [0, s]. n

3.2 | Interconnected impulsive systems

The following considerations will be used later to prove the stability of the impulsive observer. The results in this
subsection follow the developments in Reference 17.

Let T = {f1,t,, ... } be a strictly increasing sequence of impulse times in (f, o) for some initial time t, € R with
t; < t; < - - - and no finite accumulation point, that is, limy_, ., tx = co. The latter condition prevents the occurrence of the
Zeno phenomenon® that is characterized by an infinite number of impulsive jumps in a finite time. Consider a cascade
interconnection with impulsive jumps

XX =fika,x), t€T,
%) i X =f00), teR,
Zimp - X1 =g1(x7,u”), teT, @)

where ¢t € R denotes the time, x;(f) € X3, x,(t) € X, the states with some metric spaces Xj, Xz, u € B([ty, o0), U’) an exter-
nal input with ¥/ a metric space so that ||ul|;, = sup,, [lu®lly < oo, where || - ||~ stands for the norm induced by
the metric in U". Further, f; : X3 X X; —» Xj and f> : X, — X; are such that there exist a unique global solution to (7). The
state x = [x1,x,]T and the external input u are assumed to be right-continuous and to have left limits at all times. Denote
by (-)~ the left-limit operator, that is, x~(f) = limgy; x(s).

For a given set T, we denote by x = x(- ; fo, Xo, 4) a piecewise-continuous function from [fy, o) to X; X X, that is a
solution to (7) corresponding to the initial data (fy,xp) € R x X7 X X, and input u € B([ty, o0), U"). The existence and
uniqueness of such a solution is assumed in the following. The norm of the state x € X; X X, is denoted by ||x||.

For the purpose of defining a suitable notion of stability recall the following definitions of comparison functions:37-40

e a € Pifa: [0,0)— [0, 00)is continuous, «(0) = 0, and a(r) > 0 for all r > 0;

« a € Ppifa € Panditis globally Lipschitz continuous, that is, 3 L > Osuch that |a(s;) — a(sz)| < L|s; — sz| foralls;, s, €
[0, 00);

« a € Kifa € P and it is strictly increasing;

e a € Ky if a € K and it is unbounded,;

o fEeKLIfP : [0,00)X[0,00) = [0, 00) is continuous, f(-, t) is of class K for each fixed ¢t > 0 and for each fixed » > 0 the
function f(r, -) is strictly decreasing with tlir(r)loﬂ(r, t)=0.

Definition 1. For a given sequence T of impulse times we call system (7) input-to-state stable (ISS) if there exist func-
tions f € KL and ¢ € K, such that for every initial data (f),xp) € R X X X X; and every input u € B([ty, ), U’), the
corresponding solution to (7) exists globally and satisfies

lIx(t; to, Xo, W < B(lIxoll, t = to) + E(l[ullre)  VE2 Lo (®)
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FIGURE 1 Interconnection structure of system (7) with impulses at times #, k € N. The dashed box indicates the impulsive system
(21, Zimp) with the two inputs x, and u

The cascade structure of the interconnection (7) suggests to consider x, as an external input to the system X; with
the state x; (see Figure 1). By x; = x,(t; £y, X20) We denote a solution to X, satisfying the initial condition x,(¢y) = Xy0.
In the following it is assumed that the solution remains bounded for all times, that is, ||X;[|x, . = sup;s, 2(®llx, < oo.
For a given initial value x;p € X; and inputs x, € B([to, ), X2), u € B([to, ), V") denote by x; = x1(¢; to, X10, (X2, u)) the
corresponding solution to (X1, Z;n,). The following definition specifies the ISS property for the given case of a system with
two inputs.

Definition 2. For a given sequence T of impulse times we call system (X1, ;) input-to-state stable (ISS) from (x;, u)
to x; if there exist functions g € KL and {,, {, € K such that for every initial data (¢y,x;0) € R X X; and all inputs x, €
B([ty, ), X,) and u € B([ty, c0), V"), the corresponding solution x; to (X1, Z;yp) exists globally with x;(f) € X; forall t > £,
and satisfies

ll1 (£: o, X10. (%2, W)lIx, < BlIX10llx,- £ — to) + max {Ca(1Xalx, o) SNl o)} VE > Lo )

For a proper characterization of the ISS property of the system (Z;,Z;y,) the following concept of a candidate
ISS-Lyapunov function is adapted” from References 20,41.

Definition 3.

« For a given solution x, € B([ty, ), X5) of X, the Dini derivative Vp(x;) is defined by

V(ge(t;0,x1,%2)) — V(x1)
; ,

Vp(x1) = }i%l

where ¢, is a transition map that corresponds to the continuous part of the system X, that is, ¢.(t; to, X1, X;) is the state
of the system X, at time ¢ if the state at time £, := 0 is equal to x; and no impulses have occurred.

« A Lipschitz continuous function V' : X; — [0, o) is called a candidate ISS-Lyapunov function for system X, if a1, a; €
K such that

ar(Jxllx) £V < w(xallx) Vi €Xy (10)

aswell as {,, ¢, # € K, and rate functions ¢ € P, and w € P such thatforallx; € X3,y € X;,E € U

Vo) < o(V(xy)),
V(gi(x1,8) <w(V(x))
V(x1) < max{&(l xllx,), Cullélle)} = V(g1(xa,§)) < m(max{ &l xllx,)s SulllEll)}) (11)

Vxa) 2 max{& (1l xllx,), Gulllélle)} = {

hold true V x, € B([ty, ), X5) with x,(¢y) = x.
Having these concepts at hand the following theorem provides sufficient conditions on the stability of the intercon-

nection (7), extending the result from Reference 17.

"The definition of a candidate ISS-Lyapunov function in References 20,41 allows for both positive and negative values of ¢. Here ¢ € P since the
continuous dynamics of £, is supposed to be unstable in the sequel.
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Theorem 1. Let for system (7) the following assumptions hold true

(A1) system X, is globally asymptotically stable;

(A2) fortheimpulsivesystem (X1, Zinp) there exists a candidate ISS-Lyapunov function Vy : X; — [0, co) with rate functions
pEPL,yeEP;

(A3) there exists y > 0 such that for any a > 0

/ & STy, (12)
w(a) @(s)

where T = max;en(tir1 — ;) is the maximum distance between two consecutive impulses.

Then, system (7) is ISS with respect to u € B([ty, ), U").

Proof. Conditions (A2), (A3) imply the ISS of (X1, Zinp) W.I.t to (X, u) following the reasoning of References 20,41. The
ISS of the entire system interconnection (7) follows from standard cascade arguments. n

The concepts presented in this subsection are used for the design of an impulsive observer for the cell population
balance model (1) in the next section.

4 | IMPULSIVE CELL MASS DISTRIBUTION OBSERVER

In this section an impulsive observer for estimating the cell mass distribution and substrate concentration according to
(1) is designed using the general result of Theorem 1. For this purpose the spaces are identified as X; = L'(0,1), X, = R
and U = L}(0,1). Accordingly, x; € C(R.,L'(0,1)), x, € C(R,R,), and u € B(T, L'(0, 1)). Following the reasoning for
the finite-dimensional setup in Reference 17, first a state transformation is introduced which exploits the existence of a
reaction invariant*?43

ln(-, t)] ln(-,o] _ _ 1
x(t) 1= - , v(it)y=n()+s@®), n()= / mn(m, t)Ydm (13)
s(t) v(1) 0

with the first moment 7 of the distribution n. The dynamics of v are given by
1
V= / mondm + §
0
1 1 1
= / m <—p(S)0m(mn) — p(S)ymn —Dn + 2 / p(S)p(MIM)WHCht) dm + D(s, — 5) — p(s) / mndm
0 0
1 1 " 1
= D(s, — v) — p(s) [/ mndm + / m <am(mn) +ymn — 2/ p(mly)y/mdu> dm] .
0 0 m

In virtue of (3) the last two terms cancel out. Additionally, it holds that

1 1 1
/ Mo, (mn)dm = mzn’ - / mndm
0 o Jo
so that the complete bracket becomes zero implying that
v=-=D({—-5), v(0)=vy=n(0)+so. (14)

Next, considering the relations (4) and (5) the impulsive observer is set as

1
o:a(m, t) = —p(8)dm[mi(m, )] — D(HA(m, t) — y(m)mpS)i(m, t) + 2 / y(wup@pm|wi(u, du, t¢T (15a)

m
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A1) =0, A(m,0) = fy(m)
am,t) = A = lm)n"(m,t) + (m)y(m,t), teT (15b)
() = =DO@ —s.()), V0 =Dy t>0 (15¢)
R R 1
3(t) =0(t) —n@®), n() = / mi(m, t)dm (15d)
0

with the correction gain [ € L'(0, 1). The following main result states conditions on the convergence of the observer in
the sense of its ISS with respect to the measurement uncertainty e(-, t) € L'(0,1),t € T.

Theorem 2. Consider the cell population balance model (1) with (2), (4), (5) together with the impulsive observer (15).
Let folno(m)dm < No, p* = maxyeos,) (), L, the Lipschitz constant of p, y = folmy(m)dm, y* = maxpyep1) y(m) and
FAw,6>0 50 that 0 < w = folll —Il(m)|dm < 1 — A. Then there exists K> 0 so that, if the maximum time between
measurement samples satisfies

1

o+ pty +(K+3y(No+y*+se)L, — D

T = max(tg41 — t) < -4, (16)
keN

the observation error dynamics associated to the impulsive observer is ISS with respect to the bounded measurement
uncertainty e(-,t) € L'(0,1),t € T in (1e).

Proof. Introducing the function
PG, 8) = p(s +5) — p(s) 7
and the associated cell mass observation error 7i = 1 — n with
oifi(m, t) = —p(8)0m[mii(m, )] — 53, $)0m[mn(m, t)] — y(m)m [5(3, s)n(m, t) + p(3)A(m, 1)]

1 1
+ 2p(§)/ y(Wup(m| w)au, du + 24, S)/ y(up(m|pwyn(u, ydu — D(OA(mM, 1), tgT

A(l,t) =0, a(m,0) = fig(m) = fp(m) — ne(m)
a(m,t) = (1 — I(m))i~(m, t) + l(m)e(m, t), teT

where § = § — s is the substrate observation error. Grouping terms one obtains the observation error dynamics

1

oi(m, t) = p(8) [_am[mﬁ(m9 D] = y(myma + 2/ y(uyup(m| wi(u, t)d/t]

1

+ p@,s) [—am[mn(m, D] —y(m)mn + 2 / y(wup(m|uyn(u, t)du] - Da(m,t), t¢T (18a)

AL 1) =0, 7(m,0) = fig(m) = fg(m) — no(m)

alm,t) = A = lm))i-(m,t) + I(m)e(m,t), teT (18b)
V(t) =-D(t)v, V(0)=7Vy= Vo—vg t>0 (18C)
1
5(t) = v(t) —/ mi(m, t)dm. (18d)
0

Consider the function

1
W) = V(i(m, 1) = / \A(m, Bldm = [1All () (19)
0
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1
V= / o(A)o,Aidm
0
1
p(iﬂlu)wﬁdﬂ> dm

1
=-Dv+ p(§)/ o(A) (—am(mﬁ) —yma + 2/
0 m
1 1
+ 5, ) / o(it) <—0m(mn) —ymn+2 / p(mlu)yundu> dm
0 m
with the sign function o(:). It holds that

1 1
/ —a(ﬁ)am(mﬁ)dm = / — am(m|ﬁ|)dm = —m|ﬁ||(1) =0
0 0

1 1
/ —a(ﬁ)dm(mn)dm=—a(ﬁ)mn|:+ / o (fymndm
0 0

1
/ Z a;(M)6(m — m;)mndm
0

iel(7)
Y ai@mn(m, t)
i€l(n)

Y, min(my, ) <N

iel(f)

IA

with a; € {—1,1} depending on whether the change in ¢(#) is from positive to negative or vice versa, and some K > 0.

Further

1 1
/ —y(m)mo ()i + 20 (1) / p(m|u)yunidudm
0 m
Fuﬁini

1 1 U
b _ / ymialdm +2 / / o(A)p(m| )y uid
0 0 0

1 1 m
= —/ ym|7i|dm + 2/ / o(A)p(u|m)duymiidm
0 0 0

1 m
- / ym <—|ﬁ|+2ﬁ / G(ﬁ)p(ﬂlm)du> dm
0 0
1 m
s/ ym <—|ﬂ|+2|ﬁ|/ P(ﬂlm)d#> dm
0 0

1 1 1
=/ ym(—|ﬁ|+2|ﬁ|)dm§/ ymdm/ [7i|dm = yv
0 0 0

where (2) has been used and 7 is the mean value of y. For the remaining terms which depend on # it follows that

1 1
/ o(f) <—an + 2/ p(mlu)wndﬂ> dm
0 m

Fubini

1 1 U
= —/ yma(ﬁ)ndm+2/ / o()p(m|u)dmy undu
0 o Jo

1 1 m
= —/ ymo(f)ndm + 2/ / o(A)p(u|m)duymndm
0 o Jo

1 m
= —/ ymn <0'(ﬁ) - 2/ O'(ﬁ)p(,ulm)dﬂ> dm
0 0
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1 1 1
= / ymn (2 —o())dm < 3/ ymdm/ ndm
0 0 0

1
= 3?/ ndm < 3yM,
0

with the bound M from Lemma 1. In summary one obtains

v < (p®)y — D + (K + 3yM)| 5, 9)|
< (p*7 =D + (K + 37M)L, |3

1
V- / mﬁdm’
0

1
<(p"y =D+ (K +3yM)L, <|\7| +/ m|ﬁ|dm>
0

< (p7Y =Dy + (K + 3yM)L, (|V] +v)
= (p*7 + (K + 3yM)L, = D)v + (K + 3yM)L,| V|

=(p*y —Dw+ (K +3yM)L,

which holds for ¢t ¢ T. As a consequence it holds that
V< —wv+ (w+pTy + (K +3YM)L, — Dy + (K + 3yM)L,|7|.

Accordingly, for all 7 so that

K + 3yM)L,|v
V(A) > (Y—w)”lvl =: &7

it follows that
V< (@+p7 + (K +3yM)L, — D)y =: (V)
For t € T it follows that
1
v(t) = / |(1 = l(m))ii~(m, t) + l(m)e™ (m, t)|dm
0
1
Saov @)+ lUlle I, @= / |(1 = l(m)|dm
0
so that
() < (@ + v () — @) + Il lellz.
In consequence, for all 71 so that

V() 2

l 1€t
Rl —. ¢, et

one has
V(@) < (w + A (@) =: w (1)

Thus, the following holds true

d ~
V(i) > max (¢ (lello) . &)} = {EV(”) <o) tgT

VA <w(V(#AT), teT

783

(20a)

(20b)

(21a)

(21b)

(22)
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For t € T when V(7)) < max {{. (||ellz1), & (|V])} it follows that

1
V(t)=/ |1 = im)a~(m, t) + [(m)e™(m, t)|dm
0

1
<av®+ lllpllelln, w= / (1= [m)ldm < 1
0

< wmax {{ (" [I), SUVD} + Ul lle (e

< wmax {¢ (le7[l2), &AVDY + [l ¢ max {&e (e Iz, &)

< (wid+ lp¢s) max {& (e[l &P =2 mmax {& (lle” [l & (DD,
—_—

eX

©

where id denotes the identity map, showing that V(7) = ||7i||.: is a candidate ISS Lyapunov function for the dynamics
(18a) and (18b) according to Definition 3.

Given that ¥ is exponentially stable, the ISS of the observation error with respect to e € L*(0, 1) follows from Theorem 1
if the condition

holds true for some § > 0. With the particular rates ¢ and y defined above in (20b) and (21b), respectively, this condition
is identical to

T+6< — 1 — log< 1 )
o+ pty +(K+3yM)L, - D

or equivalently (16). n

Remark 1. The preceding existence-type result establishes rigorous conditions for ISS of the combined cell-mass distri-
bution and substrate concentration error with respect to the norm ||X|| = ||7i||.1 + |3|. Most results in the literature on
stability of particulate processes in general (see, e.g., References 4,5,9,29-31,44 and references therein) focus on stabil-
ity with respect to moments of the distribution. Given that stability in the L' norm implies stability of any moment, the
present result is much stronger in nature.

Remark 2. The main degrees of freedom in the observer are the correction gain function [ : [0,1] — R and the constants
®, A > 0. Their interplay is summarized in inequality (16). The main requirement is that the maximum sampling time
T is positive. Actually, the choice of the degrees of freedom could be carried out following an optimization procedure
maximizing T.

Remark 3. The bound derived in Theorem 2 is rather conservative, given that typically the cell division rate y takes large
values for large m while the associated cell size distribution has a maximum for small values of m. In consequence, the
bound for folmyndm used in the proof of the theorem is typically too rough. In practical situations the norm will present
a much lower gain then in the presented worst case scenario, which nevertheless is necessary to obtain a global estimate.
In consequence, for practical applications a local bound which can be handled within a tuning procedure is preferrable.

5 | ALOCAL, APPLICATION ORIENTED RESULT

As pointed out in Remark 3 the global bound derived in Theorem 2 is unnecessarily conservative for practical situations
as the maximum bounds are expected to be scarcely observed in a real process. Thus a local result is probably more suited
for implementation in a real scenario. For this purpose recall that ||e]|11» < A and assume that the growth rate of the
continuous evolution of the Lyapunov function V(7i) defined in (19) can be locally approximated by

v < kv, tg¢T, v>nli (23a)
V<A +mWw, teT, v> IQWA (23b)
_ _ 1l-w
v§<w+(1—w) )v =A+wy, teT, v< A (23¢)

l1-w A
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for some constant «, y; > 0, given that the gain ¢, is linear. In (23) « is a local tuning parameter, and w depends on the
correction gain function I. Note that for a constant correction gain I(m) = [ for all m € [0, 1] it holds that w =1 — [ and
(23b) coincides with (21b). Actually, the rate x can be estimated, for example, using simulation results or experimental
data. For this slightly modified setup the following corollary is obtained.

Corollary 1. Let the assumptions of Theorem 2 and additionally (23) hold true for some k, y1, A > 0 and let | = const. > 0,
sothat w =1 — land ||l||px = L Then the estimation error dynamics (18) X is ISS with respect to the measurement uncertainty
e € L' with0 < |le|lp < Aif

1 1
T = t -t <=1 ( )—5 24
max(ten — ) < I\ 227 (242)

Furthermore, the estimation error converges in finite time into the region defined by the ISS gain

1A
AM+w’

y(A)=e ™ (24b)

Proof. With (24a) it follows that

a
/ 9 5 (T +9),
(

twa S

with T = maxgen(tk+1 — tx) SO that condition (12) along with Assumptions 1 and 2 of Theorem 1 are satisfied. This implies
the ISS of the estimation error with respect to bounded measurement uncertainties e.
To derive the ISS gain y given in (24b) consider that for some k € N it holds that v(ty) = I_TWA, so that the condition
for (23b) is satisfied. Let t;, > ¢, with
1-w

[9(0)] = [50) el P < [0y P = T (25)

so that the condition for (23a) is also satisfied. Then it follows from (23a) that for ¢t € [ty, txs1)

l-w A
A wH+ i

At < l_—wAe"T <

w

W) = wtet = 21=Z e = 4(A)

where (24a) and 1 — w = [ have been used. Accordingly, if it is ensured that for some finite time ¢ it holds that v() <
1_T’”A and f; > t;, with £ so that (25) holds true, then the solution of v = ||7i||z: will be bounded by y for all ¢ > .

Considering v(0) > 1_TwA it follows from (24a) that the sequence v(tx) is strictly decaying according to

V(t) < v(0) ()"

so that the required t; is determined by

1-w
<1_WA> 1“<T«»A>.
K6
Accordingly, the above requirements are fulfilled and the solutions 7 are bounded by y after a finite time given by
max{t , l, }. ]

Remark 4. The result stated in Corollary 1 ensures the ISS of the estimation error ¥ locally and thus allows to be con-
siderably less restrictive than the global result of Theorem 2 (see Remark 3). To the authors knowledge this is the first
time such a strong result has been shown, ensuring the ISS of the observation error in the L' x R, state space. From a
theoretical point of view this is thus a great advance in comparison to the convergence results for the moments of the
distribution, as they are typically considered in other studies (see, e.g., References 4,5,9,29-31,44). On the other hand,
from a practical point of view the question remains open to what extent this approach yields an advantage. This ques-
tion is addressed in the subsequent section by a comparison with a state of the art estimation technique frequently
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employed in the process control community, namely the continuous—discrete extended Kalman filter (EKF) (see, e.g.,
References 9,31,45).

6 | NUMERICAL EXAMPLE
In order to illustrate the theoretical result of Theorem 2 a case example with non-monotonic Haldane growth rate

p(s) = &2, k=02, k=02, k;=03

s
kS+S+Z

i

has been considered with s, = 1g/1 and D = 0.035h™. Note that according to the analysis in References 46,47 the
mass-balance of the reactor with a continuous measurement of the biomass, that is, the first moment of the distribu-
tion, is not observable. Accordingly, the consideration of this case example with an irregular discrete-time measure-
ment of the cell size distribution represents a challenging problem, in particular for the estimation of the substrate
concentration s.

In order to prevent problems for transient negative substrate estimates p(s) = 0 for s < 0 is set artificially, motivated
by the reasoning in Reference 48.

The cell division rate y and the probability function p are considered as

.
y(m) = % (1.0 + tanh(a(m — mp))), y* =20, a=10, my=0.5

1 1/m\"" m>"‘1 f(@)?
=+ I(m 1-"™) . B = L g=2
p(m|p) B # < p ) < . Q) T q

where p is a symmetric beta distribution® and f, is the Gamma-function (i.e., the extension of the factorial to the real
numbers).

As known from studies on the corresponding mass-balance based biomass and substrate concentration models* with
a non-monotonic Haldane growth rate function the reactor model can exhibit bistability. Accordingly, the above param-
eters where chosen so that the reactor has the washout steady-state [b s]" = [0, s.]T and a high-conversion steady-state
[E s]7 as attractors, where b = folmndm is the total biomass in the reactor.

For the numerical solution in MATLAB the space has been discretized using an equally spaced mesh of
60 collocation points and approximating the spatial derivative by means of backward differences and the inte-
gral term by means of the trapezoidal rule. The resulting set of odes has been solved using the Runge-Kutta
based solver ode45. The associated time evolution of the cell mass distribution for initial conditions xg,X,
chosen as

Xo =[N0, SolT, No(7) = 12.14e~@-0D/005° ¢ 08

%o = [0, 51T, Mo(7) = 6.35¢@O04/005 3 — 0.4

and lying in opposite domains of attraction is shown in Figure 2 and the associated substrate and biomass concentrations
in Figure 3. It can be seen that the state x (left side in Figure 2 and blue continuous curves in Figure 3) slowly converge
to the washout state, while X (right side in Figure 2 and orange dashed curves in Figure 3) reaches the high conversion
equilibrium state after about 150 to 200 time units.

The proposed observer has been set with [ = 0.99 =cst., and the continuous Lyapunov gain ¢(v) = kv adapted accord-
ing to the considerations in Section 5 yielding x = 0.01. Considering § = 0.5, 4 = 0.8 the allowed samples time interval
is limited by maxgen(tx+1 — t) = 20.57. The minimum time between samples has been set to mingen(fx+1 — tx) ~ 10.26.
Considering measurement uncertainty with a maximum offset of A = 0.1 the associated ISS gain is determined as
7(A) % 0.15.

The measurement uncertainty has been emulated in simulations by a uniform distribution over [0, 1] with minimum
and maximum values epiy, = —A, €max = A.

In order to compare the proposed observer scheme with a state-of-the art technique in process control applications
the following simulations additionally include results obtained with an continuous-discrete EKF*3!#5 based on the
finite-dimensional model approximation with data assimilation in the cell mass distribution only, that is, considering the
same structure as in (15), but with the correction gain [ determined using the approximated observation error covariance
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FIGURE 2 Evolution of the cell mass distributions for initial conditions in opposite domains of attraction and without measurement
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FIGURE 3 Evolution of substrate and biomass concentrations for initial conditions in opposite domains of attraction and without
measurement injection

matrix. Note that the calculation of the covariance matrix is based on the associated Ricatti-differential-equation and thus
implies a considerable higher computational effort for the EKF in comparison to the proposed scheme.

The resulting time evolution of the cell size distribution and its estimates are shown in Figure 4 and the corresponding
substrate and biomass concentrations together with their estimates in Figure 5. The yellow continuous curves correspond
to the proposed impulsive observer scheme and the red dashed curves to the EKF. The time evolution of the approximate
error norms ||X|| are shown in Figure 6. It can be seen that both estimation schemes yield almost identical results and
obtain reliable estimates for the biomass and the cell mass distribution after the second sampling instant. It can be further
seen that the observed substrate concentrations converge within approximately 20 time units.

In comparison with the approximated EKF solution the proposed scheme (i) achieves a similar accuracy in its approx-
imated implementation, (ii) has an ensured convergence in the L! x R, state-space according to Theorem 2, and (iii)
its approximate implementation does not require the solution of the 60 x 60 matrix Ricatti-differential-equation for the
approximate observation error covariance matrix.

Finally, to illustrate the exponential convergence feature in absence of measurement uncertainty, Figure 7 shows the
time evolution of the approximate error norm ||X|| for A = 0. The simulation validates the exponential convergence in
about 120 time units for both schemes.

Remark 5. As commented above, the computational load of the proposed observer scheme is considerably lower than
the one of the EKF, given that the covariance matrix does not need to be determined and the observer gains are a priori
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FIGURE 4 Actual cell mass distribution (left) and its estimate (right)
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Estimation error norm ||¥|| of Kalman-filter (continuous—red) and impulsive observer (dashed—yellow) over time. The
cyan region corresponds to the predicted ISS gain
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FIGURE 7 Estimation error norm ||X|| of Kalman-filter (continuous—red) and impulsive observer (dashed—yellow) over time in
absence of measurement uncertainty

calculated on the basis of Theorem 2 or Corollary 1. On the other side, the computational effort associated to obtain a
good approximation of the solution of the partial integro-differential Equation (1) is the same for both state estimation
schemes. This computational effort can be optimized for practical purposes following, for example, the steps outlined in
References 50,51 trying to achieve a good compromise between numerical accuracy, practical relevant perturbations and
sensor uncertainty level.

7 | CONCLUSIONS AND OUTLOOK

7.1 | Conclusions

An impulsive observer is designed for the estimation of the continuous time evolution of the cell mass density distribution
and substrate concentration in a stirred tank bioreactor with irregularly sampled measurements of the cell mass distribu-
tion. A sufficient condition for the ISS of the estimation error in the associated L(0, 1) X R, product space with respect to
the measurement uncertainty are derived in terms of the maximum interval between successive sampling instants. This
condition also implies the exponential convergence of the observer in absence of measurement uncertainty. The result is
validated using numerical simulations for a representative case study with non-monotonic Haldane growth rate and com-
pared to the results of a continuous-discrete EKF for the approximated numerical model. These comparisons show that
the proposed observer achieves a similar accuracy in its approximated implementation then the EKF with a considerably
lower computational effort.

7.2 | Outlook and future research

Future studies will consider more complex classes of cell population balance models, the combination of discrete-time
and continuous-time measurements including stochastic components and time-delays, as well as experimental imple-
mentation and validation of the observer.
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