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Discharge Ratio Optimization of Supercapacitor
Storage for Size-critical Applications

Arkadeb Sengupta, Student Member, IEEE, Thiago Pereira, Student Member, IEEE, Marco Liserre, Fellow, IEEE,

Abstract—Supercapacitors (SCs) possess properties suitable for
meeting power demands over a short duration, typically up to
a few minutes. The size of an SC stack is influenced by the
discharge ratio, defined as the ratio of minimum and nominal
stack voltages. However, existing stack design algorithms present
no clear guidelines for optimizing this design parameter to obtain
minimal stack size. The discharge ratio is commonly set to an
arbitrary value such as 50%, but it has been found that an optimal
choice of discharge ratio exists. This paper proposes a size-
optimal discharge ratio (SODR) to minimize the size of SC stacks.
The proposed SODR, which can be integrated into existing stack
design algorithms, is derived analytically from considerations of
load demand, power and energy densities, and the discharge
efficiency of the stack. Based on the SODR, an iterative sizing
algorithm for SC-only and SC/battery hybrid storage is proposed.
The proposed sizing strategy is validated in simulation and in
experiments on a 1 kW laboratory prototype, achieving up to 40%
reduction in SC stack size compared to existing approaches.

Index Terms—Discharge efficiency, discharge ratio, energy
density, power density, supercapacitor.

I. INTRODUCTION

THE growth of critical electrical infrastructure and mobile
loads, combined with the intermittence of renewable

sources, translates into a steady expansion of global electric
energy storage capacity [1]. Many of these applications operate
under size constraints [2], so the optimization of volume and/or
weight is a central objective in storage system design [3].

While batteries are the predominant technology for electri-
cal energy storage, the properties of supercapacitors (SCs) are
better suited to load demands over short durations, ranging
from tens of milliseconds to a few minutes [4]. Applications
of SC storage hence include motor drives [5], uninterruptible
power supplies (UPSs) [6], and line-frequency disturbance
rejection [7]. SC-based hybrid storage is also employed to
improve the resilience of modern power grids [8], and to com-
plement power fluctuations in renewable, e.g., photovoltaic
(PV) [9] or wind [10], generation systems. The importance
of reducing the size of SC storage, in such size-critical
applications, is illustrated in Fig. 1. In various applications
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Fig. 1: Illustration of impact of size of SC storage in size-critical applications,
such as (a) electric transportation and (b) UPS for data centers. Size reduction
of SC storage allows more (a) passenger capacity and (b) computation
capacity, respectively.

such as electric transportation and UPS for data centers,
reducing the size of storage makes more space available for
passengers and rack-mount servers, respectively, as indicated
in Figs. 1a and 1b, respectively. s Hence, for a given load
requirement, the reduction of SC stack size is an engineering
necessity. The size of SC storage depends primarily on its
power and energy densities, which are defined, respectively,
as the delivered power and the stored energy per unit size
[11]. Though the nominal power and energy densities of SCs
are subject to technological limits [12], the size of an SC stack
depends on the effective values of these densities, which are
design-dependent. This motivates the investigation of design
methodologies to minimize the size of SC stacks through an
optimal choice of design parameters.

The design of SC-based hybrid and standalone storage sys-
tems is investigated in recent literature [13]–[18]. The sizing
and energy management of a hybrid SC/hydrogen storage
system for a wind energy applicaiton is proposed in [13],
based on a probabilistic sizing strategy. The optimal sizing
of hybrid SC/battery storage is executed in [14], employing
a genetic algorithm to minimize costs while ensuring the
adequacy of the storage system. A genetic algorithm is also
employed in [15] to optimize a hybrid SC-based storage for
an urban transit bus. In [16], the optimal sizing problem is
formulated as a constrained linear least squares optimization,
and verified on a metro rail application case. A case study
for a hybrid SC/battery system, showing the reduction in net
energy consumption, is presented in [17]. In [18], a load data-
driven sizing strategy for SC/battery storage is proposed, and
the superiority compared to an SC-only storage is quantified.

The discharge ratio of an SC stack, defined as the ratio be-
tween its minimum and nominal terminal voltages, influences
its effective power and energy densities, and therefore, stack
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size. In contrast to batteries, the lifetime of SCs is not directly
affected by the discharge ratio [19]. Hence, the discharge
ratio can be used as a design parameter for sizing SC stacks.
However, in designs existing in the literature, size-optimized
choices of discharge ratio are not described clearly.

A discharge ratio of 50% is employed in [20], though the
motivation for this choice is not explicitly mentioned. The
same discharge ratio is also used in [21], citing specifications
from the manufacturer as justification. Similarly, in [22] and
[23], the minimum stack voltage is selected without a clear
explanation. A cost-optimal discharge ratio is analytically
derived in the stack design algorithm described in [24]. While
these works do not explore the role of the discharge ratio in
size minimization, [21] and [24] identify a lower limit imposed
on the discharge ratio by power flow constraints. In [25], an
SC stack is designed for an elevator application, employing
power considerations to size the stack and emphasizing the
drawbacks of sizing a stack from energy considerations alone.
This observation, not developed further in [25], is central to
the size-optimal stack design approach proposed in this paper.

The power dissipated within a stack during operation is an
additional consideration for design. This is quantified using the
discharge efficiency, defined as the ratio between the stored
energy (or power) extracted from the stack and the useful
energy (or power) delivered at the stack terminals. A non-
unity discharge efficiency entails the de-rating of nominal
stack capacity. The accurate estimation of the discharge ef-
ficiency of a stack necessitates detailed SC circuit models
[26]. However, this requires a numerical approach based on
the characterization of the SC. Energy efficiency expressions
for SC discharge are derived in [27] based on a simple circuit
model. These expressions are derivable from manufacturer-
supplied data and can be extended to stack design if their
error margins are experimentally determined.

In addition to standalone SC systems, applications in hybrid
storage, as a complement to relatively energy-dense devices
such as batteries must be considered in stack design algo-
rithms. In such cases, the relative size of the SC and battery
stacks depend on the sharing of load demands. Hence, the
size is influenced both by the temporal load profile and the
power management strategy. Existing sizing strategies for SC
stacks in hybrid SC/battery storage, e.g., [3], are executed
considering fixed load profiles. In this context, a hybrid storage
sizing algorithm that can accommodate deviations from the
considered load profile is useful to meet varying load demands.

The size-optimal discharge ratio (SODR) was introduced in
[28] to minimize the size of SC stacks. Further, preliminary
results were presented to validate the SODR. This paper
extends the discussion presented in [28] considering the losses
in the effective series resistance (ESR) of the stack. An
iterative algorithm for sizing SC stacks is proposed and a
detailed comparison to existing sizing strategies is executed.
The main contributions of this paper are as follows:

(i) An analytical size-optimal discharge ratio (SODR), which
minimizes SC stack size for a given power and en-
ergy requirement, is proposed for SCs considering load
demands, power and energy densities, and normalized

(a) (b) (c)

Fig. 2: (a) Schematic of a supercapacitor (SC) connected to a constant-voltage
DC bus through a power electronic interface (PEI). (b) Equivalent circuit of
the SC showing the extracted (Pf ) and delivered terminal (Psc) power. (c)
Representative waveforms of voltages and currents at the terminals of the SC
and the PEI, showing charging (tc), discharging (td), and idle (ti,1, ti,2)
intervals. The transferred power at the DC bus is considered constant.

analytical discharge efficiencies. This optimal discharge
ratio is not available in the existing literature.

(ii) An iterative design algorithm incorporating the proposed
SODR is proposed for SC stacks both in standalone and
hybrid (SC/battery) configurations. The main advantages
of the proposed size minimization step are the scope for
integration in existing storage sizing algorithms, and its
dependence on the parameters of the SC cell only.

(iii) The optimal sizing achieved by the proposed SODR-
based SC design methodology is demonstrated in sim-
ulations and experiments at various power and voltage
levels, and for static and dynamic load power profiles.

(iv) The stack size reduction achieved by the proposed al-
gorithm, compared to existing strategies, is verified over
a range of load power and energy. A 40% reduction is
achieved over the existing optimal design approach.

This paper is organized as follows. The analysis of the influ-
ence of the discharge ratio on various stack parameters, along
with the optimization of the discharge ratio, is presented in
Section II. An iterative sizing algorithm for SC stacks in both
standalone and hybrid energy storage systems is described in
Section III. The reduction in storage size, achieved through
the proposed sizing strategy, is validated through simulations
and experiments in Section IV. Section V concludes the paper.

II. ANALYSIS AND OPTIMIZATION OF DISCHARGE RATIO

The impact of the discharge ratio on the power and energy
densities, discharge efficiency, and size of an SC stack is
quantified to obtain the size-optimal discharge ratio (SODR).

A. System Description and Normalization

An SC stack comprises ns cells connected in series and np

cells connected in parallel. The nominal voltage, capacitance,
and ESR of each cell are denoted as V i

nom, Ci, and ri, respec-
tively. The corresponding parameters of the stack, respectively
denoted as Vnom, C, and r, are related to those of the cell as

C =
np

ns
Ci, (1)

Vnom = nsV
i
nom, (2)

r =
ns

np
ri. (3)

The power and energy delivery capabilities of a stack are
proportional to the total number of cells, N (= nsnp).
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Fig. 3: Variation of the discharge efficiency of a stack with the discharge ratio, x, and normalized terminal power, p. The efficiency reduces with an increase
in normalized power and with a decrease in the discharge ratio. (a) Power efficiency, ηp. (b) Energy efficiency, ηE . (c) Variation of the effective power and
energy densities of the stack with power level and discharge ratio. The power and energy densities are normalized with respect to their nominal values.

TABLE I
DEFINITION OF NORMALIZED QUANTITIES FOR THE SC STACK

Normalized quantity Definition

SC internal voltage, m vf/Vnom

SC terminal power, p Psc/Plim

Rated SC current, ir IrVnom/Plim

The variable terminal voltage of an SC stack is adapted to a
constant-voltage DC bus by a power electronic interface (PEI).
An SC stack and its PEI are shown in Fig. 2a. As shown in
Fig. 2b, the stack is modelled as a series R–C circuit [29].

Representative operating waveforms of the stack and the PEI
are presented in Fig. 2c. Waveforms of the terminal current
(isc) and voltage (vsc) of the SC stack, as well as the current
(idc) and voltage (Vdc) at the DC bus, are presented. The SC
supplies the power demands of a load by discharging in the
process, and is subsequently recharged. The power level is
considered constant, at distinct values, over the charging (tc)
and discharging (td) intervals.

The SC terminal voltage, vsc, is represented as the sum of a
fictitious internal voltage, vf , and a voltage drop in a lumped
ESR, as shown in Fig. 2b. The internal voltage, vf , varies
between nominal (Vnom) and minimum (Vmin) values during
operation. The discharge ratio, x, of the stack is defined as the
ratio of these minimum and nominal voltages, as (4).

x ≜
Vmin

Vnom
(4)

The normalization of circuit quantities permits the scaling of
the analysis to an arbitrary power or voltage level. The nominal
voltage of the stack, Vnom, is used as the base voltage, and
the output power limit of the stack, Plim, defined as

Plim =
V 2
nom

4r
, (5)

is used as the base power. The normalized circuit quantities
thus obtained are given in Table I and used in the analyses of
discharge efficiency and of power and energy densities.

B. Influence of Discharge Ratio on Discharge Efficiency
When the stack discharges, the stored energy extracted

from the SC is partially dissipated in the ESR, resulting in a

discharge efficiency less than unity. The discharge efficiency
is considered for both power and energy, since both power
and energy demands are imposed on the SC stack. The ratio
between the terminal power, Psc, and the power, Pf , extracted
from the capacitance, both illustrated in Fig. 2b, is defined as
the power efficiency of the stack (ηP ) as (6).

ηP ≜
Psc

Pf
(6)

Similarly, the energy efficiency of the stack. ηE , is defined as
the ratio of delivered and extracted energies, as (7).

ηE ≜

∫
Psc dt∫
Pf dt

(7)

The efficiencies, ηP and ηE , are quantified by analyzing the
equivalent circuit shown in Fig. 2b. The terminal voltage (vsc),
current (isc), and power (Psc) of the stack are related as (8).

vsc =
Psc

isc
(8)

The internal voltage, vf , and the terminal voltage, vsc, are
unequal while the stack is in operation. The analysis is, hence,
formulated in terms of the internal voltage, which determines
the stored energy in the SC. Since the terminal and internal
voltages differ by the ESR voltage drop, the power relation in
(8) is expressed in terms of the internal voltage, vf , as (9).

vf − iscr =
Psc

isc
(9)

The relation in (9) is used to eliminate the current, isc, from
subsequent expressions. Thus, expression for the power (Pf )
extracted from the capacitance is obtained in terms of the
internal voltage, vf , and the terminal power, Psc, as (10).

Pf = vf isc =
vf (vf −

√
v2f − 4Pscr)

2r
(10)

The expression for the power efficiency, ηP , is obtained as
(11) by substituting (10) into the efficiency relation in (6).

ηP =
2Pscr

vf (vf −
√
v2f − 4Pscr)

(11)
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Fig. 4: (a) Variation of the required size of an SC stack with the discharge ratio. The more demanding of the size limits derived from power (red) and energy
(blue) considerations are combined to obtain the minimum required size (dotted). Stack sizes larger than this (grey, shaded) are sufficient but unnecessary. (b)
Variation of the size-optimal discharge ratio (SODR) , xopt, with load power and energy demands. High values of the SODR are preferred for high power
demands of the load, and low values of the SODR are suitable for high energy loads. (c) Variation of the SODR with the energy to power (EL/PL) ratio of
the load for 3 different commercial SC parts - DSF357Q3R0 (blue), BCAP 0050P300X11 (red), and HV1020-2R7505-R (yellow).

The relation in (11) is normalized using the expressions in
Table I, to obtain the discharge efficiency in terms of the
normalized terminal voltage (m) and power (p), as (12).

ηP =
0.5p

m(m−
√

m2 − p)
(12)

The efficiency given by (12) increases with the normalized
stack voltage, m, which varies in the range [x, 1]. The worst-
case efficiency is obtained at the minimum voltage, m = x.
The worst-case power efficiency is hence obtained as (13).

ηP (x, p) =
0.5p

x(x−
√
x2 − p)

(13)

The variation of the power efficiency with discharge ratio
is plotted in Fig. 3a at multiple power levels. The efficiency
reduces as the power level increases, due to a higher dissipa-
tion in the ESR. The decrease in efficiency at low discharge
ratios is an added consideration in SC stack sizing.

The energy efficiency, ηE , depends on the temporal variation
of the terminal power. Assuming a constant terminal power
over the SC discharging interval, (7) is rearranged to obtain

ηE =

∫
dt∫

Pf/Psc dt
=

∫
dt∫

ηP dt
. (14)

The time variable, t, in (14), and the normalized voltage
variable, m, are related through (15), which was derived for
constant-power SC discharge in [30].

dm

dt
∝ 1

m
(15)

Substituting (15) permits the evaluation of (14) considering
normalized voltage (rather than time) limits, and yields (16).

ηE =
0.5p

∫ 1

x
mdm∫ 1

x
m2(m−

√
m2 − p) dm

(16)

The evaluation of the integrals in (16) yields the normalized
closed-form expression for energy efficiency, as (17).

ηE(x, p) =
2p(1− x2)

g(1)− g(x)
, where (17)

g(m) ≜2m4−m(2m2−p)
√
m2−p+p2 sinh−1

(√
m2

p
− 1

)

The variation of the discharge efficiency, ηE , with discharge
ratio and normalized power is illustrated in Fig. 3b. The energy
efficiency decreases with a decrease in discharge ratio and with
an increase in power level. The trend is similar to the case of
power efficiency, although the reduction is less drastic with
increase in power.

The normalized power, p, is eliminated from the discharge
efficiency expressions from considerations of stack size. To
minimize the required stack size, the stack is operated at the
limit of its capacity. The maximum power, Pmax, that the stack
can safely deliver is limited by the rated current, Ir, and the
minimum voltage, Vmin, of the stack, as given by (18).

Pmax = VminIr (18)

From (18), the maximum normalized power, pmax, is ob-
tained, in terms of the normalized rated current (ir) given in
Table I, as (19).

pmax = xir (19)

Since the normalized rated current, ir, is fixed for a given
SC cell, the maximum normalized power (pmax) depends only
on the discharge ratio. The power delivery capability of the
stack is fully utilized by operating it at this power level.
Hence, the efficiency expressions in (13) and (17) are modified
considering the operation of the stack at the maximum power,
pmax. The modified efficiencies are given in (20) and (21).

ηP (x) = ηP (x, p = pmax) (20)
ηE(x) = ηE(x, p = pmax) (21)

C. Influence of Discharge Ratio on Power Density

The rated current (Ir) of an SC stack decides the limit
of power delivery. When the stack is operating at the rated
current, the delivered power is proportional to its terminal
voltage. Thus, the effective power density of the stack is
proportional to the minimum terminal voltage, Vmin.

The power density of an SC stack is defined as the maxi-
mum power that can be delivered by a stack of a given size, S.
The nominal power density, Π0, of a stack depends only on the
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properties of the constituent SC cell. However, the effective
power density, Π, is proportional to the minimum voltage and
hence related to the nominal power density as (22).

Π(x) = xΠ0 · ηP (x), Π0 ≜
VnomIr

S
(22)

Fig. 3c shows the variation of the effective power density, Π,
of a stack with discharge ratio and normalized power.

D. Influence of Discharge Ratio on Energy Density

The nominal energy density, U0, of an SC stack is the energy
stored, per unit size, at nominal voltage. Since a stack is not
discharged completely during operation, only a fraction of the
energy stored in the stack is utilized. The extracted energy,
Esc, is related to the nominal (Vnom) and minimum (Vmin)
steady-state terminal voltages of the stack, as (23).

Esc =
C(V 2

nom − V 2
min)

2
(23)

Normalizing (23), the effective energy density, U , is ob-
tained in terms of the nominal energy density, U0, as (24).

U(x) = (1− x2)U0 · ηE(x), U0 ≜
CV 2

nom

2S
(24)

The variation of the effective energy density, U , with discharge
ratio and normalized power level is also shown in Fig. 3c.

E. Derivation of the Size-optimal Discharge Ratio

The effective power and energy densities, obtained as (22)
and (24), respectively, vary with the discharge ratio in a
contrasting fashion, as shown in Fig. 3c. This observation
indicates the existence of an optimal discharge ratio.

An SC stack must satisfy both the power (PL) and energy
(EL) requirements of the load. The load power (PL), together
with the effective power density (Π) of the stack, necessitates
a stack size of at least PL/Π. Similarly, energy considerations
entail a stack size of at least EL/U . The stack must be at
least as large as each of these two quantities. This condition,
illustrated in Fig. 4a, is quantified as (25).

S = max

(
PL

Π(x)
,
EL

U(x)

)
(25)

The stack size obtained from power and energy considera-
tions, denoted by the solid curves in Fig. 4a, show opposing
trends with discharge ratio. The size, S, of the required SC
stack is hence minimized at the intersection of these curves,
where the arguments of the max(·) function in (25) are equal.
Thus, the relation to obtain the size-optimal discharge ratio,
xopt, is obtained implicitly, in terms of the load parameters
(EL, PL) and the effective density functions (U , Π), as (26).

U(xopt)

Π(xopt)
=

EL

PL
(26)

As shown in Fig. 3c, the discharge ratio, x, can be varied
to adjust the effective power (Π) and energy (U ) densities of
the stack. The relation in (26) expresses the intuitive condition
that the stack size is minimized when the densities, Π and U ,

Fig. 5: Flowchart of the proposed SODR-based SC stack sizing algorithm,
showing the steps, D1, D2, D3, and D4, for selecting the design parameters.

are adjusted in proportion to the load power (PL) and energy
(EL) requirements, respectively. The value of the SODR for
a given application is obtained by solving (26) numerically.

The variation of the SODR as per (26) is illustrated in
Figs. 4b and 4c. For power-intensive loads, corresponding to
relatively low energy and high power, the SODR is high to
obtain a high effective power density. Conversely, at relatively
low power and high energy, the SODR is low, reflecting a
requirement of high effective energy density from the stack.

III. APPLICATION OF THE SODR TO SC STACK SIZING

The discharge ratio is optimized in Section II to minimize
the size of an SC stack for a given load demand. The proposed
SODR is applied in this section to SC stack sizing.
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(a) (b)

Fig. 6: Volume/cost comparison for stacks comprising various commercial SC
cells for a 1-second backup application. The volume/cost comparison in (a) is
overlaid the information of stack voltage, and indirectly, the voltage gain of
the PEI, in (b). The preferred SC part in (a) results in a stack with a minimum
voltage of 43V. If a higher stack voltage is needed for the PEI design, the
SC part indicated in (b) is preferable. Data is obtained from online catalogs.

A. SODR-based SC Stack Sizing Algorithm

The power (PL) and energy (EL) requirements of the load
are design inputs for sizing an SC stack. The design parameters
to be selected are
D1. the SC cell, (k), selected from off-the-shelf parts,
D2. the discharge ratio of the stack, x,
D3. the number of cells in the stack, N , and
D4. the number of cells in series (ns) and parallel (np), which

also define the nominal voltage (Vnom) of the stack.
The SODR, obtained in (26), depends on the ratio of energy

and power densities (U/Π), and the ratio of the load energy
and power (EL/PL). Since both these ratios remain unchanged
when the stack size is scaled, the SODR is independent of
the size of the stack. Thus, the SODR of a stack can be
obtained from specifications of the load and the parameters
of the commercial SC cell. Hence, for a particular SC cell
selected in the design step, D1, the SODR can be calculated in
the design step, D2, before the steps, D3 and D4, are executed.

The flow of the proposed stack sizing algorithm is illustrated
in Fig. 5. The process utilizes a database of commercial SC
parts, with each part indexed by a variable, k. Using (26), the
SODR is derived for each SC cell in the database. The derived
SODR is then used to calculate the required size, S, of the
SC stack, using the relation given in (27). The number of cells
required, N , is obtained as the ratio between the required size,
S, and the size of an individual cell, S(k), as (28).

S =
PL

Π(xopt)
=

EL

U(xopt)
(27)

N =
S

S(k)
(28)

This process is repeated to obtain the SODR, stack size, and
number of cells corresponding to each SC cell in the database.
At this point in the process, the number of cells in the stack
for each part in the SC database is available for comparison.
The corresponding stack sizes, costs, etc. are calculated.

All SC parts in the database are then compared on the
basis of stack metrics such as total cost and size, obtained
as mentioned above. An example of comparison of stack size
and cost is presented in Fig. 6a, with SC parts being compared

using a cost/volume scatter diagram. Since the considered
costs are obtained directly from catalogued component prices,
this method offers an accessible low-cost design alternative to
the per-kilowatt and per-joule costs employed in [24].

The choice of SC part also depends on considerations of the
associated electronic systems, such as the power electronic
interface (PEI) and balancing circuits. This is illustrated in
Fig. 6b by overlaying the cost/volume chart in Fig. 6a with
information of minimum stack voltage. A higher stack voltage
reduces the voltage gain requirement and the current stress
imposed on the PEI, and may motivate the selection of an
SC part different from the one chosen initially, as also shown
in Fig. 6b. Thus, the selection of the SC part is iterative, as
shown in Fig. 5. This approach improves on the non-iterative
selection of SC parts, suggested in [28], which imposes more
stringent design requirements on the auxiliary circuits.

Finally, the selection of the the series/parallel combination
of SCs sets the nominal voltage (Vnom) of the stack. This
voltage is selected to conform to the minimum (VP,min) and
maximum (VP,max) voltage limits of the PEI, as (29) and (30).

VP,min ≤ xoptVnom (29)
VP,max ≥ Vnom (30)

This imposes limits on the number of SCs in series (ns), as
(31) and (32).

VP,min

xoptV i
nom

≤ ns (31)

VP,max

V i
nom

≥ ns (32)

Since open-circuit failure is dominant in SCs [31], the
parallel connection of SCs allows a stack to operate with a
reduced capacity, of kr (< 1) times the original, after the
failure of a single SC cell. This is quantified as (33).

kr = 1− 1/np (33)

The series and parallel connection scheme of the stack is
selected based on application-specific preferences, based on
the trade-offs described by (29)-(33). The nominal voltage
of the stack, Vnom, is determined by the number of series-
connected SCs, as (2).

B. Extension of Proposed Sizing Strategy to Hybrid Storage

The stack sizing strategy in Section III-A is based on the
energy and power requirements to be met by the SC stack. In
hybrid storage, where these quantities are not explicitly spec-
ified, their derivation from a load profile is briefly discussed.

The allocation of load demands to the battery and the SC
stack depends on the power management strategy. A common
approach, illustrated in Fig. 7a, is to allocate the slow-varying
or constant component of the load demand to an energy-dense
storage such as a battery, and the variable component to the
SC stack [32]. The SC is discharged and charged depending on
the net power demand, indicated by the two shaded regions
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(a) (b)

Fig. 7: (a) Representative power profile of a time-varying load. (b) Allocation
of power demands to the SC to impose a constant load on the battery.

of the curve, respectively. Although the exact power profile
of the load is not known, sizing is commonly done using a
standard load profile for the application in question [32].

The SODR-based design strategy described in Section III-A
is adapted to this specific application considering the worst-
case power and energy demands. The peak power obtained
from the load profile is used as the load power, PL. The load
energy demand is obtained from the area under the load power
profile, as shown in Fig. 7b. The maximum energy demand,
marked as Epk in Fig. 7b, is used as the quantity, EL. The peak
power and peak energy demand thus obtained are applicable
to a set of load profiles. Hence, using these values of load
demand to size the SC stack leads to minimal size and also
meets load demands that deviate from the given profile.

C. Comparison with Existing Sizing Strategies

A methodological comparison of the proposed SODR-based
stack design approach with existing strategies is presented in
Table II. The heuristic selection of the discharge ratio using
rules of thumb is a common approach. However, neglecting the
stack power limits, as done in [20], [23], leads to an inadequate
size for given load requirements. This is addressed in works

(a) (b)

Fig. 8: (a) Fabricated SC stack. (b) Prototype with SC stack and PEI.

TABLE II
METHODOLOGICAL COMPARISON OF PROPOSED SC STACK DESIGN

APPROACH WITH ALGORITHMS IN THE LITERATURE

Method
DR Optimization Model of Dependence on DR

(Y/N) Objective Power Efficiency

Ref. [20] N - - -
Ref. [21] N - Limit only -
Ref. [22] N - Open-form Open-form
Ref. [23] N - - -
Ref. [24] Y Total cost Limit only -
Ref. [25] N - Heuristic -
Ref. [28] Y Size Closed-form -
Proposed Y Size Closed-form Closed-form

TABLE III
PARAMETERS OF THE FABRICATED SC STACK

SC cell Maxwell BCAP0050P300
Rated cell voltage, V (k) 3.0V

Nominal cell capacitance, C(k) 50F
No. of cells, N 40
No. of cells in parallel, np 1

such as [21], [24], which consider the maximum power limit
given by (5). While the inclusion of the power limit guarantees
that the load power requirement is met, an oversized stack is
obtained in general. In [22], the relevance of power delivery
on SC stack operation is outlined, although a clear formulation
of the optimal discharge ratio is not developed.

The proposed SODR-based approach is developed to ad-
dress these gaps in existing methods. The cost-oriented op-
timization of the DR, presented in [24], relies on costs “per
kilowatt” of power converters, whose quantification is itself
a complex process [33]. Further, power considerations are
heuristically used in [25] to size an SC stack, stating that an
insufficient size is obtained through energy considerations. The
present work (and its preliminary version, [28]) addresses the
opportunities indicated by these existing designs.

As illustrated in Fig. 3a, the discharge efficiency deviates
from unity. The assumption of lossless stack operation, made
in the preliminary analysis and design in [28], is addressed in
the present work by analytically quantifying the efficiency.

IV. SIMULATION AND EXPERIMENTAL RESULTS

The foregoing analysis as well as the size minimization
achieved through the proposed SODR-based stack design
algorithm are validated in circuit simulation and through
experiments on a fabricated SC stack. The SC stack and the
PEI are shown in Figs. 8a and 8b, respectively. The parameters
of the stack are presented in Table III. The series connection
of 40 SCs is suitable for the current rating of the PEI, which
is realized as a dual active bridge converter with parameters as
given in [30]. The nominal voltage of the stack is then chosen
as the difference of the maximum stack voltage, 120V, and
the voltage tolerance capability of the stack, 6V (=0.15V
per cell × 40 cells). The nominal stack voltage is thus set to
115V(≈114V).

In circuit simulations and experiments, the stack is dis-
charged to various values of discharge ratio which are higher
than, equal to, or lower than the SODR. Simulated and
experimental discharging waveforms of the system, at an
output power of 500W, a nominal stack voltage of 75V,
and three different discharge ratios, are presented in Fig. 9.
The exercise is repeated for two other nominal operating
conditions, namely, (250W, 37.5V) and (1 kW, 115V).

The variation of the analytical, simulated, and experimental
discharge efficiencies of the SC stack with discharge ratio
is illustrated in Fig. 10. The power (ηP ) and energy (ηE)
efficiencies are presented, for the three power and voltage
levels, in Figs. 10a and 10b, respectively. The experimental
efficiency is estimated using the measured terminal current and
voltage of the stack and the measured value of the ESR. The
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(a) (b) (c)

(d) (e) (f)

Fig. 9: Simulated waveforms of stack operation at 500W with discharge ratios (a) higher than, (b) equal to, and (c) lower than the SODR. Corresponding
experimental waveforms for discharge ratios (d) higher than, (e) equal to, and (f) lower than the SODR. At high discharge ratios, the energy requirement
constrains stack size. At low discharge ratios, the power limit is more critical the high current at low terminal voltages, as indicated in (c) and (f).

(a) (b)

Fig. 10: Comparison of analytical (An.), simulated (Sim.), and experimental
(Exp.) discharge efficiency of the SC stack at various (nominal voltage, power)
levels. Blue - (115V, 1 kW); red - (75V, 500W); yellow - (37.5V, 250W).
(a) Power efficiency, ηP . (b) Energy efficiency, ηE .

analytical discharge efficiencies agree with the corresponding
experimental and simulated values with ∼2% worst-case error.

The size-optimality of the proposed SODR is verified
considering a target backup time of 1 s, with the results
summarized in Table IV. When the stack is operated with
discharge ratios higher than the SODR, the backup time, and
hence the energy delivered to the load, is insufficient; a larger
stack is needed to meet the load energy requirement. When the
discharge ratio is lower than the SODR, the current rating of
the stack is exceeded near the end of the discharging interval,
as indicated in Figs. 9c and 9f. In this case, the power delivery
capability of the stack is not sufficient and a larger stack is
required. When the discharge ratio is equal to the SODR, the
given stack meets both the energy and power requirements of
the load, thus verifying that this discharge ratio is size-optimal.
The adequacy of size in each case is recorded in Table IV.

The sufficiency of the stack designed through the proposed
approach is further validated with a time-varying load profile,
and the results presented in Fig. 11. The considered dynamic

load profile is synthesized as a pulse-train approximation of the
load characteristic presented in Fig. 7a. The considered load
profile and the wave shape and levels of the approximating
pulse train are illustrated in Fig. 11a. The discharging of the
designed SC stack is validated in simulations and experiments
at a power level of 250W and a DC bus voltage of 125V.
Simulated and experimental waveforms of this operation are
presented in Fig. 11b and 11c, respectively. The simulated
and measured discharge ratios of the stack, when supplying
this dynamic load, are both equal to 0.86, which is higher
than the SODR, which is 0.76 as per Table IV. Thus, the
proposed design approach is validated for static as well as
dynamic loads. A detailed discussion of the performance of
the SC-based ESS under load dynamics is considered to lie
beyond the scope of the present work; the interested reader
is referred to works, such as [34], which focus on the design
and study of the energy management of ESSs subjected to
dynamic loading requirements.

In Figs. 12a and 12b, the size of the stack obtained using the
proposed sizing algorithm is compared to the sizes obtained
through the DR choices outlined in [20] and [24], respectively.
The same commercial SC cell, Maxwell BCAP0050P300 is
considered for a range of load power (PL) and energy (EL).
The SODR-based method leads to lower stack sizes in general.

In particular, the stack size obtained using the fixed-DR
method in Fig. 12a uniformly diverges from that of the
SODR-based method; the size increase is significant for high-
power, low-energy loads, and vice-versa. The method of [24],
compared in Fig. 12b, is based primarily on energy consid-
erations of the stack, and yields a size comparable to (but
slightly larger than) the proposed method for low-power, high-
energy loads. However, as the load power becomes relatively
large, the method [23] yields stacks much larger than the
proposed approach, and in some cases, even larger than the
fixed-DR approach in Fig. 12a. In each case, the stack sizes
for the existing and proposed algorithms coincide for a set
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(a) (b) (c)

Fig. 11: Validation of stack discharge operation for a time-varying load profile. (a) A continuously varying load profile, Pdyn, such as that shown in Fig.
7a, is approximated by a train of power pulses (P ) with amplitudes as shown. (b) Simulated, (c) experimental validation of operation of the stack with the
time-varying load, at 250W peak power (Pmax) and duration of approximately 1 s, as per the stack design. The DC bus voltage is constant at 125V, and
the dynamic load profile is overlaid on the simulated DC current, idc, in (b).

TABLE IV
COMPARISON OF SC STACK PERFORMANCE FOR DISCHARGE RATIOS BELOW, ABOVE, AND EQUAL TO THE SODR AT VARIOUS POWER AND VOLTAGE

LEVELS

Power Voltage Discharge ratio Type Backup time (s) Adequacy of size

(kW) SC, nominal (V) DC bus (V) An. Err. (%) Sim. Err. (%) Exp. Power Energy

0.25 37.5 125
0.83 3.5 0.84 2.3 0.86 > SODR 0.75 Yes No
0.76 3.8 0.77 2.5 0.79 ≈ SODR 1.0 Yes Yes
0.69 5.5 0.69 5.5 0.73 < SODR 1.25 No Yes

0.5 75 250
0.94 1.1 0.94 1.1 0.95 > SODR 0.75 Yes No
0.92 0.0 0.93 1.1 0.92 ≈ SODR 1.0 Yes Yes
0.90 0.0 0.91 1.1 0.90 < SODR 1.25 No Yes

1.0 115 380
0.96 1.1 0.96 1.1 0.95 > SODR 0.75 Yes No
0.95 1.1 0.95 1.1 0.94 ≈ SODR 1.0 Yes Yes
0.94 2.2 0.94 2.2 0.92 < SODR 1.25 No Yes

An. – Analytical, Sim. – Simulated, Exp. – Experimental, Err. – Error

of load power and energy values for which the discharge
ratio indicated by the respective algorithm coincides with the
SODR. A reduction in stack size of 50% and 40% is achieved
with respect to the algorithms in [20] and [24], respectively.

Finally, three figures of merit (FoMs) are defined to indicate
the efficacy of a sizing algorithm. These are (i) the energy
utilization of the stack (E/Emax), (ii) the power utilization of
the stack (P/Pmax), and (iii) the ratio, denoted by (N/Nopt),
of the stack size obtained from a given algorithm, to that
obtained using the proposed optimization, for the same re-
quirements. On the basis of these FoMs, the proposed stack
design algorithm is compared to existing methods in Table
V. The power and energy utilization of the stack, obtained
through the existing and proposed approaches, reflect whether
a power-based or an energy-based approach is adopted. For
example, since energy considerations are mainly employed in
[20], [23], [24], these algorithms exhibit a high value of the
energy utilization metric but a low power utilization. The stack
size reduction achieved through the proposed discharge ratio
optimization is quantified through the oversizing metric, which
is the ratio of the stack size obtained using a given sizing
approach, to the ratio of the stack size obtained by applying
the proposed SODR-based sizing. This index is lowest for the
proposed strategy, thus demonstrating its avail in stack size
reduction.

The comparison executed in Table V uses the experimental
data presented in the respective works, which are at various
power and voltage levels, also noted in Table V. A fair

TABLE V
COMPARISON OF FOMS FOR THE PROPOSED SC STACK DESIGN APPROACH

WITH ALGORITHMS IN THE LITERATURE

Method Power Voltage Power util. Energy util. Oversizing
(kW) (V) (P/Pmax) (E/Emax) (N/Nopt)

Ref. [20] 0.1 24 0.19 0.75 1.67
Ref. [22] 35.3 540 - 0.19 >1.0
Ref. [23] 4.0 600 0.16 0.92 1.06
Ref. [24] 4.0 600 0.16 0.92 1.05
Ref. [25] 33.0 100 0.73 0.30 1.11
Proposed 1.0 115 0.67 0.28 1.0

comparison of the algorithms would necessitate experiments
at the same power and voltage level. However, the proposed
algorithm closely balances the power and energy utilization
FoMs of the stack, and hence, exhibits lower stack size
(N/Nopt) compared to the existing stack design algorithms.

V. CONCLUSION

This paper proposes an optimal discharge ratio to minimize
the size of SC stacks. The influence of the discharge ratio on
the energy and power delivery capability of the stack is de-
tailed. Expressions for the efficiency of the discharging process
are derived in terms of the discharge ratio and the parameters
of the SC cell. The size-optimal discharge ratio (SODR) is
proposed to adjust the effective power and energy density
of the stack vis-á-vis load demands. The proposed SODR
can be integrated into existing stack design algorithms and
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(a) (b)

Fig. 12: Comparison of the calculated SC stack size (quantified in terms of the number of cells required) obtained through the proposed SODR-based sizing
algorithm with that resulting from existing algorithms across a range of load power and energy requirements. (a) A stack design algorithm with a fixed DR,
x = 0.5 [20]. (b) An algorithm that selects the discharge ratio to minimize total system cost [24]. The sizes are comparable at relatively low load power, but
the proposed algorithm yields much smaller stacks at higher power. The reduction in size achieved is marked as a percentage of the original size. The same
SC part (Maxwell BCAP0050P300), whose parameters are given in Table III, is considered to ensure a uniform comparison.

employs only load parameters and datasheet parameters of SC
parts. Additionally, an iterative design algorithm incorporating
the proposed SODR, applicable to SCs in both standalone
stacks and hybrid storage, is presented. The derived closed-
form relations of power and energy efficiency are verified in
simulation and experiment to ∼ 2% error. The size-optimality
of the SODR is verified in circuit simulations and experiments
at various power and voltage levels, up to 115V and 1 kW.
The proposed sizing algorithm is compared to stacks designed
for existing studies to demonstrate the reduction in size, and
is shown to achieve up to 40% reduction in size compared to
existing methods across a range of load power and energy.
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