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Reliable control of skyrmion lifetime is essential for realizing spintronic devices, yet the role of higher-
order exchange—which can lead to skyrmion stabilization—remains largely unexplored. Here we
calculate lifetimes of isolated skyrmions and antiskyrmions at transition-metal interfaces based on an
atomistic spin model that includes all fourth-order exchange terms. Within harmonic transition-state
theory, we evaluate both energetic and entropic contributions and find substantially enhanced
lifetimes when higher-order exchange is included. The four-spin four-site interaction raises the energy
barrier and lowers the curvature of the energy landscape at the collapse saddle point, increasing the
pre-exponential factor. We show that skyrmions and antiskyrmions can remain thermally stable even
without Dzyaloshinskii-Moriya interaction (DMI), and that tuning the four-spin term by a small amount
modulates the prefactor over orders of magnitude. Our results identify higher-order exchange as a
promising route to stabilize topological magnetic textures —in particular in systems lacking DM|—and

to engineer their thermally activated decay.

Magnetic skyrmions' and antiskyrmions” are nanoscale, topologically non-
trivial magnetic textures’ that have garnered intense interest for their
potential use in future spintronic technologies. Their small size, metast-
ability, and efficient current-driven motion*™* make them attractive candi-
dates for information storage’, logic devices, and neuromorphic computing
architectures'”"”. These magnetic textures have been observed in various
systems, including non-centrosymmetric bulk magnets'', ultrathin
transition-metal films'***, multilayers"™', and two-dimensional (2D) van
der Waals magnets™~'. A key mechanism enabling their stabilization is the
Dzyaloshinskii-Moriya interaction (DMI)*>”, which emerges from spin-
orbit coupling in systems with broken inversion symmetry such as
surfaces™. In addition to DML, frustrated Heisenberg exchange interactions
—arising from competing ferromagnetic and antiferromagnetic couplings
beyond nearest neighbors—have been shown to stabilize isolated
skyrmions™’ and antiskyrmions" even in the absence of DML

Recently, higher-order exchange interactions (HOI) have come into
focus as another interaction influencing skyrmion stability'>***"*". These
exchange interactions, which couple more than two spins, can affect the
magnetic ground-state of the system®. They can be important for magnetic
insulators™** but also for itinerant magnets*>*>*° and can lead to complex
spin structures as observed experimentally'>*~'. Extending the pairwise
Heisenberg model within perturbation theory™* gives rise to higher-order

energy contributions. In this work, we focus on the fourth-order HOI term:

E4fspin = % Cijkl(mi ' mj)(mk : ml)7 (1)

including up to four different magnetic moments m; (4-spin) of the system.
However, if i = k and j = ], effectively only two lattice sites (2-site) are
contributing to the so called biquadratic or 4-spin-2-site interaction. Similar
4-spin-3-site and 4-spin-4-site terms have been discussed™. In this work
these are referred to as the biquadratic, the 3-site and the 4-site HOI terms.
Note, that in 6th order terms such as the bicubic interaction arise, however,
their contribution is expected to be even smaller than the 4th order terms
considered here due to the perturbative expansion™.

A critical challenge in information technologies based on magnetic
textures is ensuring the stability of these nanoscale bits against thermal
fluctuations and thus maximizing their lifetime 7 given by the Arrhenius

55-57,

law’

= voe_ﬁAE , 2)

where 8 = 1/(kgT) with the temperature T. This does not only include
maximizing the corresponding energy barrier AE. It has been shown that
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entropic and dynamic contributions—incorporated in the pre-exponential
factor vo—can significantly affect the lifetime, leading to differences of
several orders of magnitude even for systems with similar energy

barriers*,

The role of HOI in stabilizing skyrmions and antiskyrmions has only
recently been appreciated. In particular, it has been demonstrated that the
4-site interaction can significantly alter the energy landscape enhancing the
energy barrier of topological spin structures*. However, despite the
importance of the entropic and dynamic contributions to lifetimes of
magnetic textures, the effect of HOI on the pre-exponential factor—essential
to quantify the stability of metastable spin states via their lifetime—has not
been investigated yet.

In this work, we present the development of a general computational
framework for lifetime calculations of topological spin states based on
transition-state theory including higher-order exchange interactions and
we use it to study lifetimes of skyrmions and antiskyrmions in ultrathin
films. An efficient implementation of HOI enables us to investigate how it
modifies the curvature of the energy landscape and thereby affects
entropic contributions to the stability of magnetic textures. We apply our
approach to study topological spin states in the famous ultrathin film
system Pd/Fe/Ir(111), in which isolated skyrmions have been experi-
mentally first observed'®'®*, and the related system Pd/Fe/Rh(111), in
which nanoscale skyrmions have been predicted based on first-principles
calculations®".

Using harmonic transition-state theory and an atomistic spin model
parameterized via density functional theory (DFT), we quantify the
impact of HOI on the lifetimes of isolated skyrmions and antiskyrmions.
We show that the pre-exponential factor in the Arrhenius law can be
modified by orders of magnitude for small changes of the 4-site 4-spin
interaction within the range of typical values. Our findings highlight the
potential role of HOI in determining the thermal robustness of topolo-
gical spin textures and provide key insights for designing stable, nanos-
cale magnetic bits for device applications. This is especially interesting in
light of the advent of defect-free 2D van der Waals magnets, which often
exhibit inversion symmetry in their structure and therefore lack DMI but
may exhibit significant HOL

Results

Atomistic spin simulations

We investigate the stability of skyrmions (Fig. 1a) and antiskyrmions (inset
of Fig. 1d) in fcc-Pd/Fe/Ir(111) and fcc-Pd/Fe/Rh(111) using an atomistic
spin model parameterized via DFT calculations (see Supplementary Note 1
and Supplementary Tables 1 and 2). Note, that fcc indicates the stacking
order of the Pd overlayer. In this spin model, the magnetic moments are
represented as classical unit vectors m; located on each site i of a 2D hex-
agonal lattice. The total energy of a magnetic configuration is given by the
Hamiltonian

The summation of the HOI (Eq. (1)) covers double counting of indices
i, j, k, I, respectively leading to three distinguished terms—the biquadratic,
3-site and 4-site exchange—restricted to shortest distances between mag-
netic moments on the hexagonal lattice, which is why we refer to the con-
stants as By, Y7, K in the following, i.e. using the same notation as in ref. 41.
Note, the magnetic field is always denoted by B, and can thus not be
confused with the biquadratic exchange interaction parameter. For a pla-
quette of four magnetic moments m;, m;, my, m these interactions are
illustrated in Fig. 1b. Here, a straight line between two magnetic moments m;
and m; symbolizes a direct dot-product m; - m;, while a curved connection
between two of such pairs represents a product of these pairs. See for
example the top sketch for the 4-site HOI in Fig. 1b representing the term
(m; - m;)(m; - my) and refer also to ref. 54. General fourth-order HOI (Eq.
(1)) include up to four different atomic sites ij,k,l. Thus, any specific HOI
term can be uniquely identified through an array of six distances between
the four sites:

d= [dz]/ dika di17 djka djl7 dkl] ’ (4)

where the distances are encoded in units of the n-th nearest neighbor dis-
tance. The unique identifier of the 4-site HOI term is for example given by d
=[1,1, 1, 1, 2, 1] meaning that all sites are in nearest neighbor distance to
each other except the sites j and J, which are in second nearest neighbor
distance (cf. Fig. 1b). We implemented an efficient and general pre-
processing routine automatically finding the contributing sites for a given
HOI identifier (see “Methods"). The identifiers for the biquadratic, 3-site
and 4-site HOI discussed in this work contain mostly nearest neighbor
distances. However, the implementations are valid for any combination and
distance of four magnetic moments and apply to any lattice model, even
three-dimensional ones®.

To quantify the role of HOI, we compare two models previously used in
ref. 41: one including HOI and one neglecting HOL The interaction para-
meters for the latter model were obtained by DFT total energy calculations
conducted in ref. 63 for the ultrathin film system fcc-Pd/Fe/Ir(111) and in
ref. 61 for fcc-Pd/Fe/Rh(111). The HOI parameters (B;, Y}, K;) were cal-
culated in ref. 41. Note, that the inclusion of HOI modifies the first three
Heisenberg exchange parameters Jj, J, and J; (see Supplementary Table 1).

Above the critical magnetic field, B¢, the ferromagnetic (FM) align-
ment of magnetic moments corresponds to the ground state of the system.
For fcc-Pd/Fe/Ir(111) these values are Be = 2.75 T*' for the model con-
sidering HOI explicitly and B¢ = 3.17 T for the model neglecting HOI (see
Supplementary Note 2 for values of fcc-Pd/Fe/Rh(111)). We focus on the
field regime B, > B, where isolated skyrmions and antiskyrmions are meta-
stable with respect to the FM state. Such a skyrmion (antiskyrmion) at a field
of By — Bc=3.95T is visualized in Fig. 1a (inset of Fig. 1d). Note, that the
critical field values are smaller if HOI are included, which follows from the

~\2 2
H= _Z]z‘j(mi‘mj)_ZDy'(mixmj)_KuZ(mi‘ez) _#Zmi‘Bext_ZBij(mi'mj)
ij ij i i ij

(€)

-2 Zk Yijk(mi : mj)(mi Smy) — Kijkl[(mi : mj)(mk -my) + (m; - ml)(mj - my) — (m; - mk)(mj - my)]

i ijkl

including Heisenberg exchange, DMI, uniaxial magnetic anisotropy, Zee-
man interaction as well as biquadratic, 3-site and 4-site HOL The interaction
strengths are given by Jjj, Dy, K, Bexys Bjjy Yij and Kiy respectively, and p is
the size of the magnetic moment. The vector D;; is aligned perpendicular to
the connection line of the sites i and j within the plane of the magnetic film.
Together with the isotropic J; the shell resolved interaction strengths have
been included for up to 11 shells of neighbors. The magnetic anisotropy is
treated in uniaxial approximation with the easy axis perpendicular to the
film surface (&,). The external magnetic field is denoted by the component
perpendicular to the film surface B, = B €,.

fact that the skyrmion lattice phase reduces to a narrower range of magnetic
fields if HOI are included compared to the model without HOI as reported
in ref. 41.

Higher order exchange interactions in lifetime calculations

Harmonic transition-state theory (HTST) provides a framework for definite
calculations of average lifetime (Eq. (2)) of meta-stable magnetic config-
urations subject to thermal fluctuations. The Hamiltonian given in Eq. (3)
defines the material-specific energy surface for magnetic textures—such as
skyrmions, antiskyrmions, and the FM state—and allows for the
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Fig. 1| Higher-order exchange interactions and harmonic transition state theory.
a Meta-stable skyrmion at B; — B¢ =3.95 T in fcc-Pd/Fe/Ir(111) including higher-
order exchange interactions (HOI). The color-code for the orientation of magnetic
moments used in this work is shown in the lower-left corner. b The interactions of
magnetic moments due to the biquadratic (2-site, gray), the 3-site (cyan) and the
4-site (pink) HOI are schematically depicted by straight lines (products m; - m;) and
curved lines (combinations of products) (see Eq. (3)). ¢, d Total energy including all
terms in Eq. (3) (black) and HOI energy contributions (gray, cyan, pink) to the total
energy as a function of the geodesic distance R along the minimum energy path

E — Eask (MeV)

o large vg
minimum

(MEP) of a skyrmion (c) and antiskyrmion annihilation (d) at By — Bc=3.95T. The
minima (saddle points (SPs)) are visualized by red (green) circles and the energy
barrier is depicted by a vertical black line. e Schematic two-dimensional energy
landscapes with low curvature at the minimum (red) and large curvature at the SP
(green) in the upper left corner and vice versa in the lower right corner. f Schematic
adjacency pattern for a sub-matrix of the matrix of second-order derivatives for four
magnetic moments (m;, mj, my, m;) in nearest neighbor distance of each other. For
the mid row of panel b chosen as an example, each block is colored according to the
specific HOI term contributing to its values.

computation of minimum energy paths (MEP) between them. Such a path
exhibits a first-order saddle point (SP), which is the configuration with the
highest energy along the MEP and yields the energy barrier for a particular
transition:

AE = ESP - Emin (5)
such as the annihilation of a skyrmion or antiskyrmion into the FM state.
Figure 1c (Fig. 1d) shows the total energy—composed of all terms of Eq. (3)
—along the MEP of the skyrmion (antiskyrmion) annihilation at B, — Bc=
3.95 T when explicitly considering HOL The contribution of the biqua-
dratic, 3-site and 4-site HOI to the total energy along the MEP is also shown
in Fig. 1c, d. It can be seen that the 4-site HOI term plays a prominent role in
increasing the barrier for both skyrmions and antiskyrmions.

Until now, studies on the role of HOI in the meta-stability of skyrmions
and antiskyrmions have focused on their effect on the energy barrier
alone*"** while neglecting entropic stabilization or destabilization effects
included in the pre-exponential factor of the Arrhenius law (Eq. (2)). This

term reads™>";

A
L STk

vozm

©)

where A describes the dynamical contribution®, and AS = S% —
S™™ is the relevant entropy difference between the transition state
and the minimum. The 2N degrees of freedom of the system with N
magnetic moments are treated within harmonic approximation
except the unstable mode at the SP and the contribution of possible
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Fig. 2 | Effect of higher-order exchange interactions on skyrmion and anti-
skyrmion lifetime. Saddle point configuration for the collapse of the isolated sky-
rmion in fcc-Pd/Fe/Ir(111) including HOI at B — Bc=1.25T (a) and By — B¢ =
3.25 T (b) and antiskyrmion at By — B¢ = 3.25 T (c). d Radius of skyrmions (blue)
and antiskyrmions (red) in fcc-Pd/Fe/Ir(111) with (solid lines and circles) and
without (dashed line) explicitly considering HOI as a function of the magnetic field.
The magnetic field is given relative to the field B for the onset of the field polarized
phase for the respective energy model. e Energy barriers associated with the sky-
rmion and antiskyrmion collapse as a function of the magnetic field with and

15 20 25 30 35
temperature T (K)

without (see refs. 41,55) explicitly considering HOL The field regime where the
Chimera collapse of the skyrmion is favoured is colored in green. f Pre-exponential
factor v, in units of temperature T plotted over B, — B for skyrmions (blue) in the
regime of the radial collapse and antiskyrmions (red) for the energy model con-
sidering HOI (circles) and not explicitly taking HOI into account (dashed lines)

g Mean lifetime 7 (see colorbar) for different magnetic fields and different tem-
peratures for the regime of radial skyrmion collapse. As a reference, the contour line
for a lifetime of 1 h for skyrmions without considering HOI explicitly is also given
(see ref. 55). h Mean lifetime of antiskyrmions taking HOI into account.

zero modes:
e
az emm
AS 1 VSP (271) % k=14zmin g @)
e ln|— () =2
kB /min ﬂ 2N o )
Il €k
k=247
where ekmin/ S are the eigenvalues of the Hessian of the energy reflecting the

curvature of the energy surface at the critical points. An unequal number of
zero modes at the minimum (Z™") and the SP (Z%°), with volumes V™™ and
V*, yields an explicit temperature dependence with AZ = zZ™» — 7% 1
for the pre-exponential factor of skyrmions and antiskyrmions (see
“Methods"). Note, that the true entropy difference AS’, which arises from
free energy F of a canonical ensemble by &' = —0F /0T, relates to the
numerically relevant entropy by AS/ = AS + kzAZ /2.

The effect of the curvatures ¢, /S on the lifetime of a metastable state
is schematically illustrated in Fig. 1d, where two-dimensional energy
landscapes are shown with identical energy differences between a minimum
and an SP, but different shape of the energy surface around them. A flat
minimum combined with a sharply curved energy landscape at the SP
corresponds to a large entropy barrier and yields a small vy, leading to a
longer lifetime in such a situation. Conversely, a sharply curved energy
landscape at the minimum and a less curved energy landscape at the SP
increase vy, reducing the lifetime. Despite its importance, the influence of

HOI on the curvature of the energy landscape—and thus on entropy—has
not yet been systematically explored.

Similar to bilinear exchange being mediated by isotropic tensors J; €
R**? the HOI in Eq. (1) can be expressed by isotropic tensors of fourth
order Cyy; € R**3*3*3 svhich correspond to an interaction between lattice
sites with indices i, j, k, . Due to the multi-linearity of HOI the calculation of
the second-order derivatives with respect to the components of the magnetic
moments comes down to sums of quadratic forms of Cyy; (see “Methods").
Figure 1f schematically shows a part of the matrix of second-order deriva-
tives associated with the four sites i, j, k and ! depicted in Fig. 1b. Each block
in Fig. 1f corresponds to a (3 x 3)-block for the derivatives V;E, o with
respect to the m,, m, and m_-components of the magnetic moments,
respectively. The block colors indicate the contributing HOI terms in Fig. 1b.
Note, that only the contributions from the interactions presented in the mid
row of Fig. 1b are shown, which already yields a complex pattern of con-
tributions to the displayed sub-matrix. In comparison, bilinear interactions
produce a relatively simple off-diagonal pattern of the matrix of second
derivatives.

Lifetime of skyrmions and antiskyrmions

In this section we discuss numerically obtained observables, including the
radius (Fig. 2d), the energy barrier (Fig. 2e), the pre-exponential factor (Fig.
2f) and the lifetimes (Fig. 2g, h) of skyrmions and antiskyrmions in Pd/Fe/
Ir(111) as a function of the magnetic field for two cases: with and without
explicit HOL The radius—obtained through a fit of a theoretical profile® to
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Fig. 3| HOI and curvature of the energy surface for the skyrmion. Local part of the
eigenvalue spectrum of the Hessian matrix of the skyrmion (a, blue) and the sky-
rmion saddle point (SP) (b, green and blue) in fcc-Pd/Fe/Ir(111) including HOI as a
function of the magnetic field By — Bc. Eigenvalues above the magnon gap are
indicated by the orange painted area. For reference the corresponding local eigen-
value spectra in the model without considering HOI explicitly are shown as gray
dashed lines. Selected eigenmodes are labeled while the number in brakets gives their
multiplicity (see surrounding text). Curvature associated with the local eigenvalue
spectrum (see Eq. (10)) for the skyrmion (blue, ¢) and the corresponding SP (blue, )

SP without HOI, 3 4
B, -Bc=3.0T

for the energy model including HOI (solid line). The local curvatures of the sky-
rmion and the SP for the model neglecting HOI are drawn with dashed gray lines. In
e only the regime of the radial collapse is shown. d Energy along the seesaw eigen-
modes of the SP including HOI (blue, SP in f) and of the SP excluding HOI (gray, SP
in h). g Configuration obtained after displacing the SP in f along the indicated
direction (black arrow) using the corresponding eigenvector of the seesaw mode.

i Total curvature difference of the minimum and the SP for the regime of the radial
collapse mechanism.

the magnetic texture—increases upon the explicit inclusion of HOI (Fig. 2d)
but still the skyrmions and antiskyrmions are of the size of few nanometers
agreeing well with experimental data''**".

For the energy barrier, pre-exponential factor, and lifetimes, identify-
ing the relevant first-order SP—characteristic of the respective collapse
mechanism—is crucial. We compute SPs for annihilations of metastable
states for various magnetic fields in the FM phase (B, > B¢) using the
GMMF method” (see “Methods"). When HOI are taken into account
explicitly, the skyrmion annihilation proceeds via a Chimera collapse'”"® for
magnetic fields satisfying B, — B¢ < 2.25 T. The corresponding SP at a field
of By — Bc=1.25 T is shown in Fig. 2a. At higher magnetic fields, the more
commonly observed radial collapse mechanism™***** occurs, as illustrated
in Fig. 2b for B, — B¢ = 3.25 T. This SP can be characterized by four
magnetic moments forming a Bloch point-like defect.

Within the explored parameter range, the collapse mechanism of the
antiskyrmion corresponds to a radial shrinking of the configuration from
the energy minimum (Fig. 2c). The energy barriers for the collapse of the
skyrmions and antiskyrmions are shown in Fig. 2e. For comparison, the

corresponding barriers obtained in the model neglecting HOI are also
included. In agreement with ref. 41, explicitly considering HOI increases the
energy barriers by approximately 100 meV for fcc-Pd/Fe/Ir(111).

To quantify the thermal stability of skyrmions and antiskyrmions at a
given temperature T the mean-lifetime 7 is computed using Eq. (2)*" (see
“Methods"). In magnetic systems, the entropic contribution—contained in
the pre-exponential factor vp—can vary by several orders of magnitude as a
function of the magnetic field*>”. Thus, it is essential to consider this factor
explicitly. Figure 2f shows the pre-exponential factor divided by the tem-
perature as a function of the magnetic field B, — Bc. Explicitly including
HOI yields pre-exponential factors slightly increased but of the same
order of magnitude for skyrmions, and approximately one order of mag-
nitude larger for antiskyrmions, compared to the model neglecting
HOL This consequently has to be related to effects on the curvature of
the energy surface, as discussed in the next section. It should be
noted that the pre-exponential factor is only shown in the regime B} — B¢
>2.25 T, where the radial collapse mechanism of the skyrmion is favored

(Fig. 2f).
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Using HTST considering both the effect of the energy barrier and the
entropic contributions contained in the pre-exponential factor in Eq. (2), the
mean lifetime of skyrmions (Fig. 2g) and antiskyrmions (Fig. 2h) is evaluated
across a range of temperatures and for varying By — B¢. Comparison with
the iso-lifetime line corresponding to one-hour in the model where we
neglect HOI demonstrates that the explicit consideration of HOI leads to
substantially increased thermal stability for both skyrmions and anti-
skyrmions. While skyrmions remain stable for at least one hour at T'=50 K
within the considered field range when HOI are included, the temperature
must be reduced to T < 30 K to achieve comparable stability in the model
neglecting HOI Furthermore, while the antiskyrmions are only stable up to
fields of B, — B¢ = 2.7 T without HOI, explicit consideration of HOI yields
antiskyrmion lifetimes of at least one hour for temperatures 7<20 K in the
field range of By — B¢ =3 T to By — B¢ = 4 T. Thus, we record a beneficial
effect of HOI on the lifetime and robustness of metastable magnetic states in
this material. We have performed similar calculations for fcc-Pd/Fe/Rh(111)
leading to qualitatively similar results presented in Supplementary Fig. 1.

Curvature of the energy surface

The curvature of the energy surface in the vicinity of stationary points
determines the entropic contributions to the lifetime of meta-stable con-
figurations (Eq. (2)) as sketched in Fig. 1d. Here, we explain the increased
pre-exponential factor v, when HOI are explicitly included (cf. Fig. 2f),
compared to the case in which HOI are neglected. Figure 3a, b present the
eigenvalues of the Hessian of the energy (see Eq. (15)) as functions of the
magnetic field B, — B for the skyrmion (Fig. 3a) and for the SP (Fig. 3b)
associated with skyrmion collapse in the fcc-Pd/Fe/Ir(111) system. For each
stationary point, we divide the eigenspectrum into eigenmodes with
eigenvalues below and above the boundary of the magnon gap. For the
Hamiltonian in Eq. (3) this gap reads:

emag = AuBL + 2Ku ‘ (8)

Eigenvalues below €,,4 correspond to excitations of the localized magnetic
texture in the FM background and are referred to as local part of the
eigenspectrum. For the skyrmion, this local spectrum includes two zero
modes (translations), a breathing mode, two degenerate elongation modes,
and a helicity mode (see “Methods") The eigenvalue spectrum of the sky-
rmion including HOI closely resembles that of the skyrmion in the model
without HOTI”, depicted as dashed gray lines in Fig. 3a. Quantitatively, the
eigenvalues of the rotation and elongation modes of the skyrmion shift to
lower values when HOI are explicitly included.

Considering HOI explicitly favors the Chimera collapse as the domi-
nant skyrmion annihilation mechanism for By — B¢ < 2.25 T, as shown in
Fig. 2e. The Chimera SP features a rotation mode (a zero mode) and a low-
curvature seesaw mode. This name was chosen since following this mode
leads to a 180°-rotated Chimera SP via a configuration which is very similar
to the radial SP and in fact constitutes a second-order SP on the energy
landscape. Since HTST requires a clear separation between first- and
second-order SPs, calculating the prefactor in this regime is technically
challenging. We present results for the pre-exponential factor of the Chi-
mera collapse for the case of an applied in-plane magnetic field in Supple-
mentary Note 3 and Supplementary Figs. 2, 3 and 4, since the main focus of
this paper is the effect of HOI on lifetimes and the Chimera collapse has been
discussed elsewhere'®.

However, the seesaw mode is also relevant for the radial collapse
regime. At B, — Bc=2.25 T, its eigenvalue approaches zero, signaling a flat
energy landscape between the Chimera and radial SPs, reminiscent of a
second-order phase transition”". For higher fields, the radial SP becomes a
first-order SP with two non-degenerate seesaw eigenvalues (Fig. 3b). This SP
(Fig. 3f) can be characterized by four magnetic moments, placed at the four
vertices of a diamond, pointing toward each other. The seesaw eigenmodes
act as a deformation of the diamond-like SP configuration (Fig. 3f) into
asymmetric states along the diagonals of the diamond (Fig. 3g). Since
eigenvalues are directly associated with the curvature of the energy landscape

the situation can be visualized by the parabolic energy dependence along the
eigenvectors of the two seesaw eigenmodes which is shown in Fig. 3d in blue.

In contrast, neglecting HOI yields degenerate and larger seesaw
eigenvalues (Fig. 3b, dashed gray lines), consistent with the triangular SP
configuration (Fig. 3h) that preserves lattice symmetry and explains the
degeneracy (Fig. 3h, gray). Overall, explicit HOI reduce the curvature of the
seesaw modes, because the 4-site HOI energetically favors the deformation
of the radially-symmetric SP state into the asymmetric configuration along
the seesaw mode as shown in Supplementary Note 4 and Supplementary
Fig. 5. Explicit HOI also lower the helicity and breathing eigenvalues, similar
to the shifts observed for the skyrmion elongation and helicity modes upon
consideration of explicit HOL

We define a measure C for curvature of the energy landscape at the
minimum (C = C,;,) and the SP (C = Cgp) excluding zero-modes, which
are identified below the threshold 8,;, = 102 €V, and the unstable mode of
the SP with €5F < 0. Further, in order to identify thermodynamically relevant
parts of the spectrum, we distinguish between local and magnon con-
tributions, separated by €5, from Eq. (8):

C= Clocal 4 CMagnon (9)
c= > In + > I, (10)
O ero < €k < Emag €o €k 2 €pag €o

where an energy scale ¢y = 1 eV was introduced to ensure dimensionless
expressions in the logarithms. This establishes an intuitive connection
between curvatures and the entropy from Eq. (7), which explicitly reads:

VP /on ¥
v (5o |

As shown in Fig. 3¢, e, the curvature of the local part of the spectrum at the
minimum is nearly unaffected by HOI, whereas the local curvature at the SP is
strongly reduced due to shift of the localized eigenmodes of the SP, particularly
the seesaw eigenmodes. Since SP curvature enters Eq. (11) with a negative sign,
this reduction, caused by HOI, enhances the annihilation rate. Including con-
tributions above the magnon gap (Fig. 3i) reproduces the field dependence of
the pre-exponential factor (Fig. 2f). However, it can be seen that the difference
between both models is smaller in Fig. 3i than in Fig. 3e. This implies that the
curvature contribution of the eigenspectrum above the magnon gap counteracts
—but not compensates—the entropic destabilization by the eigenvalues of the
local spectrum that are reduced upon explicit consideration of HOL In
Supplementary Note 5 and Supplementary Fig. 6 we present a similar discussion
for the curvature of the energy surface for the antiskyrmion collapse.

g — Cmin - CSP +In

0 5 (11)

Tuning the 4-site HOI interaction

Now we turn to the influence of variations in the 4-site HOI parameter K;
(see Eq. (3)) on the lifetimes of skyrmions (Fig. 4b) and antiskyrmions (Fig.
4d) with respect to thermally activated annihilation into the FM state. Since
spin spiral energies are degenerate with respect to the 4-site HOI parameter,
the parametrization of the bilinear interaction constants obtained in DFT
remains valid even if K is varied"". This allows us to analyze the role of the
4-site HOI in stabilizing topological magnetic textures. In ref. 41, a linear
dependence of the energy barriers on K; was reported for both skyrmions
and antiskyrmions. Our calculations reproduce this behavior (Fig. 4a, c).
While skyrmions remain metastable even for negative K;, the energy barrier
for antiskyrmions vanishes as K; — 0 meV.

Here, we also compute the pre-exponential factor for skyrmions and
antiskyrmions as a function of K;. We find that the pre-exponential factor
for antiskyrmions (Fig. 4c) remains nearly constant across the considered
range, whereas for skyrmions it decreases by about three orders of magni-
tude upon reducing K; (Fig. 4a). The local part of the Hessian eigenmode
spectrum for the skyrmion and the SP is shown in Supplementary Fig. 7 as a
function of the 4-site HOI parameter. Noteworthy, HTST is valid
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K. The value KP¥T corresponds to the one determined in DFT calculations™. Mean
lifetime 7 for isolated skyrmions (b) and antiskyrmions (d) for various temperatures
Tand values of K; calculated within HTST. The one-week- and one-hour-isoline of 7
are given as black lines.

throughout the considered range of K; as none of the eigenvalues strives
toward zero. The change of pre-exponential factor and energy barrier with
strength of the 4-site HOI, leads to opposite effects on the thermal stability of
skyrmions. While the increase of the energy barrier with K; also leads to an
enhanced lifetime, the increase of the pre-exponential factor results in a
decrease of the lifetime as seen from the Arrhenius law (cf. Eq. (2)). Note that
the variation of K; within the considered range K; € [— 0.75, 2.7] meV
represents realistic values for the 4-site HOI in transition-metal thin film
Systems4l,51,(12,72.

The lifetime of skyrmions (Fig. 4b) and antiskyrmions (Fig. 4d)
changes drastically upon variation of Kj. For instance, at T = 40 K the
predicted lifetime of a skyrmion with K; = 1.0 meV is about 45 minutes.
Increasing K; by only 0.5 meV extends the lifetime to roughly 18 days. The
effect of HOI on the stability is also visible from the increase of the tem-
perature for a given lifetime. For example, a mean lifetime of above one hour
is obtained below a temperature of about 30 K for K; = 0 and increases to
above 40 K for a small 4-site 4-spin term of K; = 1 meV. For antiskyrmions,
we observe a similar trend, however, at overall shorter lifetimes at a given
temperature due to the lower energy barriers (Fig. 4c).

Skyrmions and antiskyrmions without DMI
Designing systems hosting isolated skyrmions with maximum thermal
stability typically requires large DMI constants and/or exchange frustration.
In ref. 41, it was predicted that both skyrmions and antiskyrmions are
metastable when HOI are explicitly included, even in the absence of DMI,
based on calculations of the energy barriers for their collapse into the FM
state. However, thermal stability cannot be deduced from the barrier height
alone. In this section, we present the calculated pre-exponential factor in the
Arrhenius law and the corresponding mean lifetime for fcc-Pd/Fe/Ir(111),
including HOI but neglecting DMI (see Fig. 5). The isolated skyrmion and its
topological counterpart, the antiskyrmion, exhibit significant and identical
energy barriers for their collapse into the FM state (Fig. 5a) consistent with
previous work". The origin of the energy barrier is nearly entirely due to the
effect of the 4-site HOI while the exchange frustration contributes only little.
In addition, we quantify the pre-exponential factors and demonstrate
that they are also degenerate when DMI is neglected (Fig. 5a). The values

obtained for the pre-exponential factor are basically independent of the
applied magnetic field and of a similar order of magnitude as previously
reported for skyrmions in ultrathin films including DMI”. This indepen-
dence can be related to the skyrmion and antiskyrmion radius (Fig. 5b),
which is only changing little upon variation of the applied field. Neglecting
DMI leads to smaller values of the radius of skyrmions and antiskyrmions
and to a weaker field-dependence of the size compared to the radius of these
textures including DMI (cf. Fig. 2d). Furthermore, the SP configurations
corresponding to the annihilation of these textures into the FM state consist
of only a few magnetic moments forming the Bloch point-like defect and
consequently their size also does not change upon variation of the applied
field. Since the size and the shape of the configurations of the minima and
the SPs change only little, the curvature values of the energy landscape at the
stationary points, expressed by the respective eigenvalues of the Hessian,
and consequently also the pre-exponential factors show a minor depen-
dence on the applied magnetic field. The corresponding eigenvalue spectra
for the skyrmion and antiskyrmion—again degenerate—and the SP when
neglecting DMI but explicitly considering HOI are presented in Supple-
mentary Note 6 and Supplementary Fig. 8.

Since the pre-exponential factors are the same for skyrmions and
antiskyrmions, their mean lifetimes—as obtained from HTST—are also
identical (Fig. 5¢). Note, that in the case of skyrmions in a Hamiltonian
without DMI the helicity mode of the minimum and the SP configuration
becomes a zero mode™*’ ("Methods"). The results in Fig. 5c indicate that
skyrmions and antiskyrmions remain metastable over a broad range of
magnetic fields B; — B, at timescales and temperatures relevant to low
temperature STM experiments, even in the absence of DML

Discussion

In this work, we have investigated the effect of higher-order exchange
interactions (HOI) on the lifetimes of isolated skyrmions and antiskyrmions
in fcc-Pd/Fe/Ir(111) and fcc-Pd/Fe/Rh(111), focusing on their thermally
activated annihilation into the FM state. By implementing general fourth-
order HOI terms for the energy, gradient and Hessian of the system into our
atomistic spin simulations code, we are able to provide a comprehensive,
quantitative description of these lifetimes within the framework of HTST.
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This enables a quantitative description of lifetimes in systems with HOI that
goes well beyond simple energy-barrier arguments for the stability of sky-
rmions and antiskyrmions. Since HOI can play a key role in many materials
such as transition-metal interfaces'>*"*******'*> and 2D van der Waals
magnets and heterostructures™"** our results present an important step
towards realistic stability predictions for topological magnetic textures in
these systems.

The enhanced energy barriers observed upon explicitly considering
HOI lead to markedly increased lifetimes of skyrmions and antiskyrmions
(see Fig. 2e, g, h), which has important implications for the design of robust
topological magnetic bits. Furthermore, we report a slight reduction of the
stability of skyrmions and antiskyrmions due to changed entropic con-
tributions when including HOI in materials that are subject to our inves-
tigation (Fig 2f). We were able to identify the origin of the increased pre-
exponential factor for the skyrmion collapse as a reduced curvature of the
energy landscape due to the local Hessian eigenvalue spectrum at the SP (see
Fig. 3¢, e,1). The dynamic contributions to the pre-exponential factor change
only little upon considering HOI explicitly.

For both cases—the skyrmion and the antiskyrmion collapse—the
HOI terms affect the curvature in the direction of the localized excitations at
the SP significantly more than the corresponding curvatures at the mini-
mum. These SP configurations exhibit larger canting angles between adja-
cent magnetic moments than the minima. Since the contribution of the HOI
terms to the energy is strongly affected by strong canting of the magneti-
zation this is likely to be the origin of the pronounced effect of HOI on the
energy landscape at the SP. This makes entropic stabilization by HOI, due to

increased (decreased) curvature of the energy surface at the SP (minimum),
a promising route to engineer skyrmion and antiskyrmion stability.

A particularly striking result is the sensitivity of lifetimes to the 4-site
interaction parameter K;, which underlines the critical role of HOI in deter-
mining skyrmion and antiskyrmion stability. It also suggests that targeted
manipulation of K;, for example by material choice or interface engineering,
could provide a powerful strategy to design skyrmions with lifetimes tailored
for specific experimental or technological applications. Remarkably, our study
reveals a strong dependence of the pre-exponential factor on the strength of
the 4-site interaction for skyrmions. This suggests that accurate lifetime pre-
dictions require full entropic modeling rather than assuming a constant
prefactor. The sensitivity of skyrmion and antiskyrmion stability on K; is also
interesting for future work in the light of quenched disorder”, e.g due to
impurities or adatoms™ or lattice mismatch in Moiré systems”.

Finally, we also predict that both skyrmions and antiskyrmions remain
metastable in the complete absence of DMI—stabilized almost entirely by
HOI—at timescales and temperatures relevant to experiments. While
switching off the DMI in fcc-Pd/Fe/Ir(111) represents a toy model, this limit
is physically motivated by a growing class of centrosymmetric magnetic
systems where DMI is symmetry-suppressed. In particular, it has been
demonstrated by first-principles calculations for several centrosymmetric
two-dimensional van der Waals magnets, such as transition-metal phos-
phorous trichalcogenides, that higher-order exchange interactions play a
significant role for their magnetic properties*’*. Our results therefore
highlight HOI as a viable alternative stabilization mechanism for topological
magnetic textures in materials with inversion symmetry or without heavy
elements providing strong spin-orbit coupling, and suggest a realistic
pathway toward skyrmionic textures in emerging 2D magnetic materials.
Furthermore, it is likely that engineering materials explicitly in the regard of
significant HOI impacts the stability of magnetic textures beyond skyrmions
such as bimerons or skyrmionium.

Methods

Energy parameters for the spin model

The energy parameters employed in the atomistic spin model were obtained
from density functional theory calculations’””* and adopted from the lit-
erature. Detailed computational procedures and results for structural
relaxations, exchange interactions, Dzyaloshinskii-Moriya interaction
(DMI), magnetocrystalline anisotropy energy (MAE), and magnetic
moments are reported in ref. 37 for Pd/Fe/Ir(111) and in ref. 61 for Pd/Fe/
Rh(111). Calculations of higher-order exchange interactions for both sys-
tems are presented in ref. 41. The interaction parameter values are given in
Supplementary Note 1 and Supplementary Tables 1 and 2.

Calculation of the pre-exponential factor

The mean-lifetime 7 for thermally activated annihilation of skyrmions and
antiskyrmions into the FM state are computed in this work using the
Arrhenius law (Eq. (2)) within the framework of harmonic transition state
theory (HTST)”. In HTST the transition state for a particular reaction
mechanism described by an MEP connecting two minima (skyrmion/
antiskyrmion and FM state) is chosen as the hyperplane through a first order
SP perpendicular to its unstable mode. This SP is the configuration of
highest energy along the MEP. The contributions to the Arrhenius law are,
on the one hand, the energy barrier AE, which is given as the energy dif-
ference of the SP and the energy minimum configuration (see Eq. (5)). On
the other hand, the pre-exponential factor v, is given by the entropic and the
dynamic contribution A to the transition (Eq. (6)), which are calculated
based on the complete spectrum of eigenmodes at the stationary points and
by linearizing the Landau-Lifshitz equation at the SP*.

Note, that while several formulations exist for the pre-exponential
factor™*”’, Eq. (6) is particularly useful to discuss entropic effects (Eq. (7))
While almost all degrees of freedom are treated in harmonic approximation,
translations, rotations or modes changing the helicity of the localized magnetic
texture are often better treated in Goldstone mode approximation*>*>* and
their contribution to the entropy then corresponds to the zero mode volume
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V. Additionally, a factor p for the multiplicity of identical SP per unit cell” is
required. In this work, it is either p = 1 or p = 2. Supplementary Note 7,
Supplementary Fig. 9 and Supplementary Table 3 present the values of p of the
pre-exponential factor calculations of this work. Note, that the helicity degree
of freedom of the skyrmion in the HOI model neglecting DMI, for which the
pre-exponential factor is shown in Fig, 5a, is also a zero mode with volume™

N
Vig = 2n2 [1— (m2)]. (12)
n=1
The respective degree of freedom describes the continuous deforma-
tion between Néel- and Bloch-type skyrmions, which comes down to a
collective rotation of all spins in the xy — plane.

Identification of first order saddle points

Itis essential to identify the corresponding SP in order to calculate the energy
barrier and the pre-exponential factor of the skyrmion and antiskyrmion
collapse into the FM state. In this work, these SPs are determined by
combining the geodesic nudged elastic band method (GNEB)” with the
recently developed geodesic minimum mode following method (GMMEF)*".
The GNEB method was used to determine the skyrmion or antiskyrmion
collapse mechanism and the SP for the maximum magnetic field considered
for the specific parameter set (B, — B¢ = 4 T). Subsequently, the GMMF
method was initialized using this SP and the magnetic field was reduced by a
small amount of AB = 0.05 T.

In contrast to the GNEB method, in which the GNEB force for a series
of replicas of the system (path) is minimized, the GMMF method operates
on a single magnetic configuration. The GMMEF force corresponds to the
negative energy gradient where the direction of the gradient is inverted along
the direction of the minimum mode of the Hessian of the energy:

Fouvr = —VE + 2(VE - v))v, . (13)
This yields a minimization of the energy along all degrees of freedom except
one, while the energy is maximized along the direction of the eigenvector v; of
the minimum mode. If the GMMF method is initialized with a configuration
in the vicinity of an SP, it converges to a first order SP within a few iterations.
The computational bottleneck is the repeated calculation of the eigenvector of
the lowest eigenvalue of the Hessian matrix of the energy of the system.

Recently, we introduced Rayleigh Quotient minimization®, a method
that makes an efficient calculation of the minimum mode feasible and is
based on finite difference calculations of the energy gradient without the
need for the explicit calculation of the Hessian matrix. The efficient com-
bination of these methods allowed us to calculate the activation energies
with a high resolution with respect to the values of the magnetic field with
almost negligible computational effort.

Hessian matrix including HOI

This section describes the calculation of the Hessian matrix for general fourth-
order HOI, which is required to determine the pre-exponential factors of the
skyrmion and antiskyrmion collapse. We approximate the energy surface
E(m) on the 2N-dimensional configuration space me ®5S2 up to second
order in the vicinity of critical points my. Since first order terms vanish in these
points the series expansions in terms of tangential deflections dm reads

E(m,, dm) = E(m,) + %6mTH6m + O(6m?). (14)

Due to the constraint of magnetic moments having fixed length the Hessian
H e R*™ 2N is constrained to the tangent space of the magnetic config-
uration:

N
Hy =P(V;L)P] , L=E—=) (m} - 1) (15)

i=1

with the Lagrange function £ and Lagrange multipliers w;=m - V;E/2. Here
V,=5% and V= ViVjT are the partial derivatives with respect to the
coordinates of the magnetic moment m;and P; € R**? is the projection on
the tangent space of m;***. In our setup derivatives of the Lagrange mul-
tiplier w; can be omitted, because they describe changes of the energy under
variation of the spin length. Thus, they are perpendicular to the manifold
associated with configuration space and vanish in the quadratic form of Eq.
(14), since they are perpendicular to tangential deflections dm.

While bilinear interactions between magnetic moments have been
considered extensively in the framework of HTST*>*****®| the novelty of
this work is the consideration of HOI (cf. Eq. (1)). Gradients with respect to
coordinates of magnetic moments are computed as

ViEy pin = —4 Z Cija(my - m)m; .
ki

(16)

Similar to bilinear exchange E,,. oc m!J ,m; being mediated by a tensor
J; € IR**?, HOI are mediated by a tensor Ci € R**3*3>3 Since both the
bilinear exchange as well as HOI are invariant under global rotation of all
magnetic moments, and therefore isotropic in configuration space, the HOI
tensor can be expressed in the basis of isotropic tensors of fourth-order,
which are usually denoted as products of Kronecker & symbols

Cia = Cij0;0u (17)
with interaction constant Cj. It is commonly known that this basis contains
only two more linearly independent elements, §;8;; and §;;, which in our
case correspond to certain permutations of indices (3, j, k, [). In matrix form
these tensors can be constructed as

npj Computational Materials | (2026)12:123

[f1 0 o] [o o o] [o o o0]]
010 0 0 0 0 0 0
0 0 1] |0 0 0] [0 O O]
[0 0 0] [1 0o o] [o o0 o]
80y = 0 00 010 0 0 0
(00 0f] |O O 1] [0 0 O]
[0 0 0] [o o o] [1 0 0]
0 00 0 0 0 01 0
[0 0o of |00 O] [0 0 1]]
[f1 o o] [o 1 o] [o o 177
0 00 0 0 0 0 0 0
(0 0 0] |0 0 0] [0 O O]
[0 0 0] [o 0 o] [0 0 0]
80y = 1 00 01 0 0 0 1 (18)
(0 0 0] |0 0 0] [0 O O]
[0 0 0] [o 0 0] [0 0 O]
0 00 0 0 0 0 0 0
|1 0o 0of] [0 1 0] |O 0 1]]
[f1 0 o] [o o o] [o o o07]
0 0 0 1 00 0 0 0
00 0f] |O 0 0] [1 0 O]
[0 1 0] [o o o] [o o0 0]
80y = 0 00 010 0 0 0
(00 0f] |O 0 O] [0 1 0]
[0 0 17 [o o o] [o o0 0]
0 00 0 0 1 0 0 0
L0 0 0of] |00 O] [0 O 1]]
9


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-026-02034-9

Article

In this notation the indices i, j address the position of each 3 x 3-matrix
within the tensors above. The indices k, j address the position of 1 or 0 within
these submatrices. Note, that other representations of this basis exist as well.
Intuitively, the linearly independent basis elements reflect that some
permutations of lattice sites in fourth-order HOI lead to different energies

(m, - mj)(mk ‘my) = (m mk)(mj - my)

(19)
#  (m; - my)(m; - my)
while linear dependent permutations leave the energy invariant
( i J)( k l) ( k l)( i ]) (20)

(m; - my)(m; - m;).

In order to find the most general form of second derivatives of the fourth-
order HOI energy with respect to m; and m; all linearly independent
permutations have to be considered

Vi gon = > m[ (Cijklaijakl + Cikjlaikajl
K 1)
+Cilkj5il8kj)ml
= > (Cjym O m; + Cyym; @ my
ki (22)
+Ciyj my, ® my)
where we used the abbreviations
m ®m; = mf' ;‘ mfm]y m{mf (23)
m; - m; 0 0
m;Om; = 0 m; - m; 0 (24)
0 0 m;, - m

The step between Eq. (21) and Eq. (22) involves quadratic forms of spins
with every 3 x 3-submatrix denoted within the tensors of Eq. (18)””. Since the
last two terms in Eq. (22) are related by m; ® m, = (m; ® m;)"
(transposing inverts order of magnetic moments) the construction of
Hessian blocks comes down to the two cases:

ViE

ij~4—spin

(25)

o Cumeomy forGj kD
B 7| Cigmy ®my for (i, k,j,1)’

where only the order of indices has to be considered, including variations
with repeating indices which address 3-site and biquadratic HOI terms.

Figure 6 shows exemplarily contributions of HOI to the Hessian blocks
of four magnetic moments within nearest neighbor distance to each other. It
is noteworthy that VB, o, = (VﬁE4fspin)T, so that the Hessian itself is
symmetric, as required on torsion-free configuration spaces.

Implementation of the HOI

General fourth-order HOI (Eq. (1)) were implemented in our atomistic spin
simulation package SPINAKER for arbitrary lattice models, including three-
dimensional ones. The code is capable of an efficient computation of the
energy, gradients and Hessians of user-input fourth-order HOI over arbitrary
distances of the lattice. Each term contributing to the general form of the
fourth-order HOJ, e.g. the biquadratic, 3-site or 4-site term, can be uniquely
identified through an array of six distances (Eq. (4)). These distances are given
in units of #n-th nearest neighbor distances between the atomic sites of the
respective lattice model. Based on this adjacency information the neighbor

relations of a specific HOI are derived in a pre-processing step through the
“Pairfinder"-algorithm explained below. A pseudo-code representation of the
core of the Pairfinder algorithm is given in Alg. 1.

The lattice of atoms is constructed by repetitions of the chemical unit
cell containing one or more atomic species. Consider a central atomic site
with index i. Figures 7a, b illustrate small 3 by 3 segments of a hexagonal
lattice with an exemplary central atomic site i and an integer index assigned
to each site of these nine unit cells (Fig. 7b). In Fig. 7a the Pairfinder is
illustrated for the 4-site HOI (denoted by the interaction strength K
in Eq. (3)). In this case, the array of distances is [dy, dix, di, dji» dji,
du] = (1, 1, 1, 1, 2, 1], involving only nearest neighbors except for the
connection of j and I d;; = 2.

The outermost loop in Alg. 1 iterates over the neighbors of the atomic
site { satisfying the constraint dj;. For the 4-site HOI j corresponds to a site in
nearest neighbor distance to i and for the specific system in Fig. 7b we have
e.g. j = 8 for i = 5. Subsequently the index shift n;; = j — i is stored, which is
here n;; = 3. Ascending one level in the nested loops in Alg. 1, the next loop
iterates over the neighbors with the distance constraint dy and the index
shift n; is stored. For the 4-site HOI term these are again the sites in nearest
neighbor distance to i (dy = 1). Consider e.g. the atomic site with index k=9
to be selected at this stage (see Fig. 7b) with 1 = 4. Now it has to be checked
whether the selected neighbors j and k of i fulfill also the distance constraint
dj, which is in this case again dj = 1. For this purpose the neighbors k' in
distance dy, of j are iterated. For each candidate it is tested if the index
shifts of the candidate sites correspond to a closed path via
n; + nye — ny = 0. If this equation is satisfied, as for the site K marked on
the right in Fig. 7a, we set k = k" and continue. The sites marked with blue
triangles are candidates for k, k’ satisfying the equation above. However, if
this condition is not satisfied k" is discarded and the loop over the neighbors
of j in distance dj continues with the next candidate k'. The next embedded
loop iterates over the neighbors of i within distance dj; to the site i to produce
candidates for the fourth site . For the 4-site HOI these are again the nearest
neighbors of i. For each candidate ] we now have to test whether it also fulfills
the distance constraints dj and dyy, which are d;; = 2 and dj; = 1 here. Similar
to the procedure above this is achieved by iterating the neighbors I of j in
distance d;jand iterating the neighbors ! of k in distance dj. For each I and /
" it is checked whether n; +ny —ny; =0 and ny + my — ny = 0,
respectively. Only if both conditions are satisfied the candidate / completes
the set of the four magnetic moments searched for the specific HOI term and
the six index shifts are stored.

Note, that for each specific HOI term several sets fulfilling the above
conditions exist. Consider again the 4-site HOI, where the site  has to be in
second nearest neighbor distance to j and in nearest neighbor distance to k.
In Fig. 7a this is only satisfied by the lattice site marked with the green
diamond if j and k are chosen as schematically depicted in Fig. 7. However,
also the lattice sites j = 4 and k = 1 satisfy the conditions for the first three
magnetic moments participating in the 4-site HOI term. This leaves the site [
= 2 as the only option to complete this set. Iterating over lattice sites cor-
responding to the array of distances recursively and evaluating conditions of
closed paths ensures, finding all the sets of interacting lattice sites for a
specific HOI, 12 for the case of the 4-site HOL

Given the translational symmetry of the lattice it is sufficient to calculate
these relative index shifts only once for a representative atomic site 7. Thus, the
computational complexity of this pre-processing step is negligible with respect
to the thousands of energy and energy gradient calculations employed in a
typical simulation, e.g. an iterative energy minimization algorithm.

Note, that the above representation uses single integer indices to
address atomic sites and represent relative positions of sites for the sake of
clarity. However, in practice SPINAKER stores multi-indices
(fa, s T, Ta, » Especies) @ddressing a site via the coefficients of the linear com-
bination of lattice vectors to reach its unit cell together with a unique index of
the atomic species within this cell. This allows to detect neighbors connected
via periodic boundaries. These are handled with a precomputed lookup
mask storing for each site whether a neighbor is present or not, which allows
also to simulate defects and missing atoms.
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Fig. 6 | Schematic adjacency pattern for sub-matrix of the Hessian
including HOI. Schematic adjacency pattern for sub-matrix of the Hessian for four
magnetic moments (m;, m;, my, my) in nearest neighbor distance of each other (see Fig.

1a). Each block ij corresponds to the 3 x 3 cartesian components of the second derivatives
of the energy in Eq. (1) with respect to the magnetic moments. The block colors refer to the
specific HOI term contributing (biquadratic (gray), 3-site (cyan) and 4-site (pink)) HOL

The Pairfinder algorithm explained above provides the necessary
adjacency information used in the calculation of derivatives of the
HOI energy with respect to the components of the magnetic moments
—gradient and the matrix of second-order derivatives (Egs. (16),
(25)). On the one hand, the implementations are verified through
comparing the results with analytical solutions, e.g. comparing the
energy of magnetic structures with literature®. On the other hand, the
consistency between the energy calculation and derivation of the first-
and second-order derivatives with respect to the magnetization is
checked via Euler’s theorem for homogeneous functions. The fourth-
order HOI term is a homogeneous function with order four of 3N
variables m¢ for i = 1, ..., Nand a € {x, y, z}:

E4—spin(5m11 oy SMy) = 54E4—spin(m17 ceyMmy) (26)

with s # 0. Differentiating both sides of this equation with respect to s and
taking the limit of the results with s — 1 yields:

4E4fspin = Z m; - (ViE4fspin) . (27)

Therefore the energy is expressed in terms of the gradient. Similarly, the
energy can be restored from the matrix of second derivatives via

T
12E4—spin = Z m; - (VijE4—spin) -m;. (28)
ij

Figure 7 ¢ shows the energy difference of the left sides of Eqs. (27) and
(28) computed with the HOI energy routine and the respective right sides,
computed using the gradient and second-order derivative routines,
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Fig. 7 | Pairfinder illustrations and energy derivative consistency test. a, b
Schematic illustration of the Pairfinder algorithm utilized to calculate the neighbor
relations for a specific HOI term for a 3 by 3 segment of the hexagonal lattice.
Exemplary the derivation of the 4-site HOI term is shown. The moments i and j
participate in the first scalar product and k, [ in the latter. The sites marked by blue
triangles satisfy the adjacency to i and j during the generation of the neighbor k, k.
For k, k" on the right only the site marked by the green diamond satisfies the

adjacency of the fourth moment / to the others. b The final set of four moments with
pink lines as the scalar products is illustrated in addition to the indices of the atomic
sites. ¢ Histogram of via Euler’s theorem numerically calculated 4-spin energy dif-
ferences within the atomistic spin simulation code SPINAKER. The difference
between the energy and the energy via the gradient in Eq. (27) (red) and the energy
via the matrix of second-order derivatives in Eq. (28) (blue) of 1000 states with
random magnetization is compared.

respectively. The fluctuations are on the order of machine precision. The
histogram for errors in the computation via the Hessian shows a broader
distribution of numerical fluctuations, due to a quadratically increased
amount of floating point operations.

Algorithm 1. Pairfinder
// declare i as the central atomic site
/] reset the set-counter for the specific HOI term
N<«O
/1 iterates the neighbors j of i
for j in neighbors(d;;)) do
/1 store the index shift between i and j
n;; < indexshift(dj;, 7)
for k in neighbors(dy) do
nj. < indexshift(dy, k)
for k" in neighbors(dy) do
ny < indexshift(d, k')
if n; + ny — ny#0 then
cycle
end if
// now k = K/, proceed with I, 1" and 1"
for [ in neighbors(d;) do
n;; < indexshift(dy, )
for I' in neighbors(d;) do
ny < indexshift(dy,[)
if n; + ny — ny=0 then
cycle
end if
for I in neighbors(dy;) do
Ny € indexshift(dkl, l”)
if np +mgr —ng#0 then
cycle
end if
/1 set of 4 moments found
N«N+1
// store index shifts
n[N] « [, ng 1, Mjg M 1)
end for
end for
end for
end for
end for
end for

Data availability
The data presented in this paper are available from the authors upon rea-
sonable request.

Code availability
The atomistic spin simulation code is available from the authors upon
reasonable request.
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